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Preface

Quantum mechanics introduces new physical concepts “that cannot be explained in
terms of things previously known to the student, which cannot even be explained ad-
equately in words at all,” Dirac once said. This book has grown out of a quantum me-
chanics (QM) course that has been taught in our respective universities. The student
often faces three main difficulties: logic, practice, and experimental realization.

Logic. Quantum mechanics introduces so many new concepts so quickly. This is
partly due to the fact that materials are often organized in terms of dimensions—one-
dimensional, two-dimensional, and three-dimensional systems. A prime example is that
one starts from the infinite quantum well in one section and then in the next section
jumps to the harmonic oscillator. A smooth transition and logical connection are missing.

In this book, we strive to gradually weave the physical concepts and ideas into the
booklogically, with new mathematical tools introduced as needed, lessening mathemati-
cal interruption. Each chapter is partitioned into several units. One can choose just some
units for a one-semester course. To give the reader a global view, we organize materials
as follows, where Chapters 5 and 7 are on mathematical methods.

Chapter 2 3 4,6 8 9 10
matter electron nucleus atom molecules  solids special topics
themes tunneling vibration  spin & orbital molecular  energy  quantum
angular momenta  orbital bands computing,
Berry phase

Practice. Practice makes perfect! Every good textbook must have lots of exam-
ples, exercises, and computer codes to guide the reader through the material. We pro-
vide many examples, and in some cases an entire section is dedicated to examples. We
design three levels of exercises. The shorter ones, called exercises, 318 in total, should
be worked out immediately after each section, while the longer ones at the end of each
chapter, called problems, 148 in total, should be assigned after several sections have
been covered. The numerical problems, which students love most, should be assigned
whenever possible. We provide 16 computer source codes, so the reader can directly
use them. For instance, we numerically solve the finite quantum well and the hydrogen
atom. If the student cannot solve some basic problems, it is hard to say that he/she re-
ally understands the material. Once the reader is able to calculate, then the conceptual
understanding becomes easier. Richard Feynman once said “What I cannot calculate, I
do not understand,” and “know how to solve every problem that has been solved.” Com-
puting Born’s probability density for a classical object is more amenable to the student.

Experiment. To fully appreciate how QM works, the student needs a real experi-
ment to see the beauty behind QM. We went to the laboratory and did some experiments
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ourselves to discover a new way to teach quantum mechanics. The feeling is very differ-
ent. Motivated by a sketch in the manual provided by the manufacturer, we discovered
the Zeeman disk for light polarization, which never appears in any QM books.

In the following, we briefly outline each chapter and summarize the key concepts
and formulas in Table 1 at the end of this Preface. The materials are designed in such
a way that a one-semester course may need to cover the first few sections listed in the
table without any interruption to the following chapters.

Chapter 1is an introduction to QM. It starts with the quantization concept and ends
with a LED experiment to measure the Planck constant. The very first exercise immedi-
ately reveals the insight into quantization. Asking how the photon energy changes when
light enters water is the first test to see whether the student understands the photon. We
find a novel way to explain Born statistics and his probability density using an airplane.

Chapter 2 is on bound and continuous states and quantum tunneling, mainly on
electrons. It starts with a novel introduction to the time-dependent Schrddinger equa-
tion, which is based on the Noether theorem, and ends with insights into tunneling. Tun-
neling through a finite barrier is solved with a novel method, and the computer codes
provide the wavefunctions with any arbitrary potential heights.

Chapter 3 is on the harmonic oscillator; mainly on nuclear vibrations. It starts with
operators and ends with the explanation of blackbody radiation and the photoelectric
effect. The classical probability is used as an introduction to the quantum treatment.
Operators, Heisenberg uncertainty principle, and Schrédinger and Heisenberg pictures
are introduced. The actual quantum oscillator is simulated by the coherent states.

Chapter 4 is on orbital angular momentum and the hydrogen atom. It combines the
materials from Chapters 2 and 3, electron + nucleus, and extends it to three dimension. It
starts from the Bohr model and ends with the Franck-Hertz experiment. The hydrogen
code is highly recommended for the beginner.

Chapter 5is on the time-independent method. It starts with perturbation theory and
ends with the variational principle. Two entire sections are devoted to the examples.

Chapter 6 is on the electron spin. It starts from the Stern—Gerlach experiment and
ends with magnetic resonance imaging. The Pauli matrices are introduced using the
method of Fermi. Spin and orbital moments are introduced, together with the Zeeman
energy and Lande-g factor. The Stern-Gerlach experiment is explained in both the
Schrodinger and Heisenberg pictures. Covering ESR allows us to introduce the Rabi
frequency and smoothly transitions to time-dependent perturbation theory.

Chapter 7 is on time-dependent perturbation theory and its applications to optics. It
starts with the interaction between matter and radiation, time-dependent perturbation
theory, and linear optics and ends with the laser.

Chapter 8is the application of QM to molecules and a one-dimensional solid through
the Kronig—Penny model. Going beyond most textbooks that are limited to a single atom,
we introduce molecular orbitals, orbital hybridization, and charge density in atoms. We
work out all the details of the Kronig—Penny model, obtain the famous equation for the
energy band, and show how the band structure is constructed.
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Chapter 9 is on crystalline solids. It starts with crystal structure and the Bloch theo-
rem and ends with quantum transport and collective vibrations (phonons). It covers the
nearly free-electron model, where the Brillouin zone, momentum matrix elements, and
susceptibility are introduced, and the tight-binding model, where both the Berry connec-
tion and position operator are computed. The Landauer theory for quantum transport,
which is missing from almost every QM book, is introduced.

Chapter 10 is on some special topics. It starts from the particle indistinguishability
and ends on the Berry phase. It covers many-body states, fermions, bosons, spin singlet
and triplet, magnetism, and the Heisenberg model. Also, it introduces quantum comput-
ing, in particular, qubits, gates, and hardware.

We have tested our current version in our respective universities. The overwhelm-
ing feedback from the students is that they want to have more exercises, so at least one
class session in each chapter is devoted to numerical solutions. We have rederived and
checked the equations in the book and adopted the best practices in the literature, which
is greatly enriched by our own research on ultrafast dynamics in molecules and solids,
femtomagnetism, quantum materials and information, nonlinear optics and harmonic
generation, magnetic materials, and nanostructures.

In the U. S., one semester has 15 weeks, meets three times per week for 50 minutes,
for a total 45 classes. A quarter system has three 10-week sessions. In China, one semester
has 18 weeks, four classes per week. Each class is 45 minutes. We design the book in such
a way that one can use it for either two semesters or one semester or 2-3 quarters. The
table on pages XVIII-XX has a column that lists the sections of a one-semester course.

We would like to thank our students for their feedback on the draft. We also ap-
preciate the helpful communication with Dr. Hadiseh Alaeian (Purdue University) on
quantum information. We humbly recognize the formidable challenge of writing a book
on a discipline as fundamental, broad and far-reaching as quantum mechanics, where
we are only scratching the surface of various aspects. We sincerely welcome criticism,
comments, and suggestions so that we can improve the text in the future.

Although we have cited many excellent references, we should mention that our
book has been significantly influenced by
1. Books that can be used as a reference for every chapter:

(@) D.J.Griffiths and D. F. Schroeter, Introduction to Quantum Mechanics, Third Ed.,

Cambridge University Press (2018).

(b) J.Y.Zeng, Quantum Mechanics, in Chinese, Scientific Publishing, Beijing (1984).

(c) J.J.Sakurai, Modern Quantum Mechanics, ed. by S. F. Tuan, Pearson (2005).

(d) P.A.M. Dirac, The Principles of Quantum Mechanics, Oxford University Press

(1958).

(e) L.L Schiff, Quantum Mechanics, McGraw-Hill, New York (1955).
2. Books that are ideal for several specific chapters:

(@) J.S. Bell, Speakable and Unspeakable in Quantum Mechanics, Cambridge Uni-

versity Press, Cambridge, (1987). This is a collection of Bell’s papers on quantum
mechanics, including his inequality. It is ideal for Chapters 1 and 10.
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(b) E.Fermi, Notes on Quantum Mechanics, The University of Chicago Press, (1961).
Being able to read what Fermi wrote when he was teaching students allows
one to see how detailed he was, down to real numbers in the transition rate. It
is ideal for Chapters 2 and 7.

(c) (i) N.W. Ashcroft and N.D. Mermin, Solid State Physics, Cengage Learning; 1st
Ed. (1976). (ii) C. Kittel, Introduction to Solid State Physics, 7th Ed., John Wiley &
Sons, Inc., New York (1996). (iii) K. Huang, Solid State Physics, in Chinese, Peking
University Press (2009). (iv) S. H. Simon, The Oxford Solid State Basics, Oxford
(2017). These are ideal for Chapters 8 and 9.

(d) X.Sun, Solitons and Polarons in Conjugated Polymers, in Chinese, Sichuan Pub-
lishing House, (1987). This book is ideal for Chapters 8 and 9. It has a concise
presentation of one-dimensional systems.

(e) M.A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Informa-
tion, Cambridge University Press (2000). This is arguably the best book on quan-
tum computing and information and an a key reference for Chapter 10. Its pre-
sentation is accessible to readers of various backgrounds.

(f) Spin-firstbooks. (i) D. H. McIntyre, Quantum Mechanics, Pearson (2012), where a
correction to the Schrodinger equation is necessary. (ii) J. S. Townsend, A Mod-
ern Approach to Quantum Mechanics, University Science Books, New York
(2012). These books are used for Chapter 6.

(g) Additional books. (i) L. Pauling and E. B. Wilson, Introduction to Quantum Me-
chanics, McGraw-Hill Book Company, Inc., New York (1935). (ii) L.D. Landau
and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory. Vol. 3 (3rd Ed.),
Pergamon Press (1958). (iii) Claude Cohen-Tannoudji, Bernard Diu and Franck
Laloe, Quantum Mechanics, Wiley-VCH (2019).

Books with problems, solutions, and videos:

(a) F. Constantinescu and E. Magyari, Problems in Quantum Mechanics, Pergamon
Press, Oxford (1971). This has lots of excellent problems.

(b) B.C.Qian and J.Y. Zeng, Problems and Analysis in Quantum Mechanics, in Chi-
nese, China Science Publishing and Media Ltd., Beijing, China (2001).

(c) J-L. Basdevant and J. Dalibard, The Quantum Mechanics Solver, Springer-
Verlag, Berlin, Heidelberg (2006). A good option, but less systematic.

(d) S.Fligge, Practical Quantum Mechanics, Springer (1974).

(e) M. Belloni, W. Christian, and A. J. Cox, Physlet Quantum Physics, Pearson Pren-
tice Hall, New Jersey (2006).

() J.FE. Wang, X.H. Fang and C.]J. Zhang, Concepts and Problems in Solid State
Physics, in Chinese, Shangdong University Press (2010).

Terre Haute, Indiana Guo-ping Zhang
Lanzhou Mingsu Si
St. Louis, Missouri Thomas F. George
December 2023



Preface = XI

Table 1: Outline of chapters, with key concepts, formulas, experiments, and applications, Sem. denotes the
one-semester course, which only needs to cover these sections.

Chapter Key concepts Formulas Experiments Sem.
1 Energy quantum, de Broglie £, = nhv, A4z = h/p; blackbody
wavelength A, WYy = j Yr(NYrdr=1,p= |¢|2, radiation,
wavefunction [¢), Born’s  p = |y + i, |* versus p = [ih;|* + |¢),]%; Compton
probability density and p = —ihV, H = P; + V), At = 4, effect,
statistics, probability A = (WIAIP). one-photon
amplitude, measurement, interference,
operator and Hermitian cold atoms,
operator, expectation value. LED.
2 Electron tunneling, iha‘/’ Htp ;+tV-]=0, /h = [A,p]; scanning 2.1-2.6
Schrédinger equations, FI¢,, =E,0p, (¢,,|¢,,, =8pm» tunneling

Current density, Liouville Y |¢,,)(¢,,| =1L,¢9) =Y,¢ et/ - microscope.
equation, infinite and finite  f_— h ("")2 Bn(x) = \/75”1("")(

quantum wells, stationary w2
. . :7—+wcos:7, ==
state evolution, tunneling ﬂkx ma
through a barrier. $r00 = +re ™ R4 T =1,
9 T oc e~ 2V2m{Vo- )a/h’
3 Nuclear vibration, [4,B] = AB — BA, MAB > I%([;\, BY; blackbody 3.1-35
commutation relation, [X,py] = ih, [0, af1=1; radiation,
position, momentum, A=@"a 1)hw E,=(n+ %)hw, photoelectric
Heisenberg uncertainty atiny = Vn+ 1in+ 1), effect, infrared
principle, Schrodinger and — @|n) = vnln — 1), ¢g = ”"" Ze‘ﬁ"zl thermome-
Heisenberg pictures, dAg[(t) _ m[AH(f))H] aAg[m’ ters.
coherent states, black body 3 ]
radiation, photoelectric Sy = T2 kT
effect.
4 Orbital angular momentum, ay = 0.529 A, u; = ac, Ef — £ =hv; spectral series, 4.1-4.6
hydrogen atom, Bohr (L, L] = inl,, Lx L = AL, Franck-Hertz
model, spatial (vector) I:.ZY,,,, =1+ )Yy, LYy = mhY, experiment.
quantization, common LYy = VIU+1) —m(m £ VAY).q;
eigenfunctions, spherical — @pm = RoYim» D15 = \/%e"/”ﬂ,
. . na
harmonics, conservation 136V 0
law. nTo o
5 Nondegenerate and A=Hy+ HI, = (el Fr 10, van der Waals 5.1-5.4
i A
degenerat(? p.erturba.tloh 0 = 166) + Lok <¢/Enk|_le|¢k> ), force, Stark
theory, variational principle, - > " effect.
; @) _ 5 @ lHrIm) 1 .
molecular orbitals. = Zm#k '

€k—€m
F = (QIAIY) - A1), oy = Xy (09,
Has H, C ¢,
(H‘Qﬁ H:ZA)( cg 2 = 5(51* ?)(c/; )
A =T 0 (e, eh) =
A3y, ey,
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Table 1 (continued)

Chapter Key concepts Formulas Experiments Sem.

6 Electron spin, Pauli 6=(98)8,=(9¢)6,=(5 %) Stern-Gerlach 6.1-6.4
matrices, spin S = %&, (5, ‘y] = ihS, 8 x § = S, experiment,
wavefunction, to.tal angular a) = ((1)) IB) = ((1)); *X"y] = iHj,, Zeeman effect,
momentum, orbital and Tl 2 bl 5 3 = i ESR, MRL
spin moments, Zeeman Ix)= leg R HBi="¥ep
energy, Landé-g factor, Hs=—Hg %> U=-p-B;

Hund’s rules, Schrodinger g =1+ NH)@;&#,
and Heisenberg pictures, S =57 +S3,...,1s1 = S,
Rabi frequency, nuclear Ms=5,5-1,...=-5,) =
resonance. L+S,L+S-1,...,IL-S];
foe _ ( hwy yet 8y,
H(t) - (ye’il” hwy )’ Q= 1T + FTZ'
U=-ji-B=—yi-B.
7 Interaction between R [#(f)—qA(r, t))z+q<p](/)(r, t), Linear and 7.1-7.3

radiation and matter, dipole
selection rules, mechanical
momentum, canonical
momentum, generalized
Lorentz force, Coulomb
gauge, dipole
approximation, transition
matrix element, o light,
1st- order wavefunction
correction, constant and
periodic perturbation,
transition probability, linear
optics, polarization and
susceptibility,
Beer-Lambert law,
penetration depth, fluence,

absorption coefficient, laser,

absorption, stimulated
emission, population
inversion, three-level and
four-level systems.

ot

fl=p-gA(rt),V-A=0; nonlinear
Hy=-D-E(t) =er-E A = 1, optics, laser,
Am; = 0,+1; H = Hy + AH(t), optical

o(@t) = g0 ) +ApV ) + 2@ (t) +- - -, absorption.
g™ = Hop™ + Hp®, () =

t I ‘O !

7 Jo @IAEIBOE O et
O ,

Pi() = 351 [ BIAE)I) W de' |,

P="Py+ eoxén cE+ 60)(§2) < EE+--,
M) — ¢ (M
Pig = €oXe E,
D?ank

My = 1
Xaﬁ (W) = hegQ Zn Wng—W=iTpy’
I = lcegn(w)[EP, 1(2) = n(w)lpe™®,

_ 4mni(w) _ 4m (1)
a(w)1— T = Elm( T+x. (W),
I= §C€0|Emt|2 =
Jeeo(Eq | + [Ep) + 261 - Ep), Ay = o

_ hc _ _hc
A_AE_Eb—Ea'
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Chapter Key concepts Formulas Experiments Sem.
8 Molecular orbitals, 7-and ~ ¢s; = —= ($2"(4) + $2( organic LED.  8.1-8.3
E-(;)rb(ijtals, bondin?, (/Jppn _ \f((p A + ¢ B)),
idization. Pauli
o i = 07D + {®) g @
exclusion principle, (€, Gy) =
. 102
conjugated polymers, Ip(;fé(rc )Flmul‘p;t re)dr,
polyacetylene, LCAO, ! 20 2
A= ED il =t G+ 1]+ i+ 1) (i
overlap and hopping a Z,[ liy il = £ G+ 11+ 1i + 1) D],
integrals, charge density, in(aa) sinh(Bb) +
molecular energy, cos(aa) cosh(Bb) = cos[k(a + b)].
Kronig-Penny model.
9 Crystal structure, unit cell, R =/a; + ma, + nas, X-ray 9.1-94
primitive cell, lattice Ye(r+R) = e’k‘R(/Jk(r), diffraction,
constant, Block theorem, ¢y (r) = €™*Tuy (r), G = Ib, + mb, + nb; photoemis-
translational symmetry, E, =Vy+T, (02 +1+ \]4A2 |vn ) sion, STM,
Born-von Karman 5 i infrared and
boundary condition, % = ;:2 aakfzk, Raman
reciprocal lattice, Brillouin  y, (r) = \F Y LS R/¢ -R), spectrum
zone, crystal momentum, oF, 1
band st:lucture band ga Bo= £ = X tR)EY, uy = ;‘T?I((’H =
> 2ane 9ap, X tol 61 =t Tyl + 161+ 1906 + 1,
momentum, group velocity, W 810y = _a_ 7cot—
nearly free-electron model, ! o 2 o 12 e”M” 22
tight-binding model, LCAO, Kr = 51 (5 1) +( °) 2 + &
Pauli exclusion principle, Jen( Ek) FE 1’ fBE eﬁfk 7
Fermi energy, Fermi =% j dET(E)[f, (E fz(E)],
surface, Fermi velocity.
’ ’ Gy = ,P (E)=AY 7,
chemical potential, 0" h T E-E2+82
quantum transport, In fg;; —Ser VO — 25);
Landfauer’s principle, _ 2\/j| sin(ka/2 0,
density of states, H @ )h
transmission, I-V curve. Zk akak 3k
10 Many-body states, Y(1,2) = +¥(2,1), Magnetism, 10.1-10.3
symmetric and Xoo = i [a(MP2) —a()pM)]; superconduc-
antisymmetric tivity,

wavefunctions, particle

indistinguishability, bosons,

fermions, Pauli exclusion
principle, spin singlet and
triplet, qubits, Hadmard
gate, Bloch sphere, ,
Berry phase, geometrical
phase, Berry connection,
exchange interaction,
Heisenberg model.

1)5(2)r75 drydry,
4,-,50 _[1 _[zpa( )pb( ) 124 ar; Josephson
X= m [y [ Pex(Dpex@riz drydry, junction, Paul
H=-%liS S _ trap, quantum
1(6)) = cos[2221]0) + €#© sin[ &2 7|1y, cryptography,

: , , ; photon

A, (R) = i{n(R)|VgIn(R)), y,(C) = entan.gle.ment,

$, dR-A,(R) = i §, (n(R)|VeIn(R)) - dR. polarlzanon,
nonlinear
optics.
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1 Entering the Quantum World

By the end of 19th century, classical mechanics, thermodynamics and statistical mechan-
ics, and electricity and magnetism formed the three main pillars of physics. They could
successfully explain the majority of phenomena observed. Classical mechanics (CM) can
explain the motion of particles such as planets and mechanical waves, with continuous
energies. Thermodynamics and statistical mechanics can explain physical properties
of gases, liquids, and solids. Electricity and magnetism (EM) can explain electric cur-
rent, light absorption, emission, and reflection. But there were some outliers that do not
seem to fit any one of them. The emission spectra from atoms are found to be discrete,
not continuous, as would be expected from CM. When the light intensity becomes ex-
tremely weak, EM cannot explain the intrinsic fluctuation of light. Blackbody radiation
proves to be a major challenge. It is a common experience that the color of a heated iron
stove transitions from red, to yellow, and to white, but never to blue or violet. Using EM
theory and statistical mechanics helps to explain the increased emission at a shorter
wavelength, i. e., the ultraviolet catastrophe. As a result, it is apparent that the entire
physics needs a radical revolution.
This chapter is grouped into three units:
— Unit 1 consists of Sections 1.1 and 1.2, which introduces energy quantization, wave-
particle duality, and the de Broglie wavelength.
—  Unit 2includes Sections 1.3 and 1.4. These two sections form the core of this chapter:
quantum states and wavefunctions.
— Unit 3 includes Sections 1.5 and 1.6. It starts with operators and expectation values
and concludes with an elegant experiment to measure the Planck constant.

1.1 Energy quantization

In 1900, in an effort to explain blackbody radiation (Section 3.6), Max Planck postulated
that there exists a minimum energy unit, hv, which is indivisible, that he called a bundle
or energy quantum. One can have only either zero energy or integer multiples of this
minimum energy,

E, = nhy, 111

where h is the Planck constant, h = 6.626176x1072*J-s or 4.136 eV-fs, v is the frequency of
radiation, and n is the quantum number and only takes discrete integers,n = 0,1,2,....
The system energy E, has a subscript n. Quantum mechanics (QM) revolutionized 20th
century science.

Different from CM, QM connects the energy with the frequency of the radiation, not
the wavelength. This embodies the significance on the frequency of radiation.

https://doi.org/10.1515/9783110672152-001
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Equation (1.1.1) is only for blackbody radiation. The electron in a hydrogen atom has
energy of £, = ‘13,';} eV’ where n takes 1,2,3,..., not from 0.

In the words of Planck: “And now that the way was opened, a sudden flood of new-
won knowledge poured out over the whole field including the neighboring fields in
physics and chemistry.” For instance, to describe its electron orbitals in chemistry, we
need to introduce the orbital angular momentum quantum number [ to label the s, p,

and d orbitals, I = 0, 1, and 2, respectively.

Exercise 1.1.0.

1. Max Planck in his Nobel lecture stated: “In this case the quantum of action must play a fundamental role in
physics, and here was something entirely new, never before heard of, which seemed called upon to basically
revise all our physical thinking, built as this was, since the establishment of the infinitesimal calculus by Leibniz
and Newton, upon the acceptance of the continuity of all causative connections.” To illustrate this difference
between classical and quantum physics, calculate the two functions given by

[0 N exp(=ng)dn T2 nexp(-ng)

Newton(q) = = 5 Planck(q) = £2=8 ,
“ In:o exp(-ng)dn ? Zn:O exp(-nq)

where q is positive. In Newton(q), n is continuous; in Planck(g), n is a positive integer. (a) Find Newton(g) and
Planck(g). (b) Show at what value of g, Planck(g) approaches Newton(g). (c) Plot them on the same graph.

1.2 Wave-particle duality and the de Broglie wavelength

Most of us are used to viewing matter as behaving as either waves or particles. Waves
interfere with each other, but particles do not. Particles can bounce off each other, but
waves do not. This section introduces a radical concept: Matter has both wave and par-
ticle properties.

In 1905, in an effort to explain photoelectric effects (Section 3.7), Albert Einstein ap-
plied Planck’s energy quantization idea to a light wave. He introduced a new concept,
the light quantum, and in 1926 G. N. Lewis [1] coined the word “photon”, a particle. Each
photon has energy

E=hv (photon), 1.2.1)

where v is the light’s frequency. According to Einstein’s general relativity, the energy E
of a free object is

E = \p*c? + m¥c4, (1.2.2)

where p is the momentum, c is the speed of light, and m is the mass of the object. We
apply eq. (1.2.1) to a light wave, whose static mass m is zero, so that we have

E = pc. (1.2.3)
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The two energies in eqs. (1.2.1) and (1.2.3) must be equal to each other, so we obtain pc =
hvandp = % Because the wavelength of light A = ¢/v, we have p = h/A, or

A= g (for light wave). 1.2.4)

This relationship shows that photons have momentum just like regular particles, which
already differs from EM. The photon concept enabled Einstein to explain the photoelec-
tric effect, which will be addressed in Chapter 3. In 1923, A. Compton [2] demonstrated
that a beam of X-ray incident on an electron, once it has collided with the electron, loses
its momentum and has a longer wavelength, thus proving that light does behave like a
particle.

In 1924, Louis de Broglie made a revolutionary postulate: The particle nature of a
wave should be extended to all matter, not just light; a massive particle should have the
wave nature. This is the wave-particle duality. The spatial extension of the quantum
object is described by the de Broglie wavelength Ay,

Ags = g (for any quantum object), (1.2.5)

where p is the momentum. From that point on, any quantum object was understood to
have dual properties. A particle must be drawn with a wavy head and tail, so the reader
with the classical physics background can comprehend the concept. Figure 1.1is a quan-
tum illustration of a matter, a wavepacket, where the dot in the center represents the
classical location. The significance of wavepackets will become clear in Section 3.1.2. This
equation applies to both radiation and matter and sets a spatial limit as to whether the
wave nature of a quantum object is significant. If A4 is comparable to the system size,
the wave nature of an object appears. For instance, if an electron is confined in a space
whose dimension is comparable to its de Broglie wavelength, the electron’s wave na-
ture, such as diffraction and interference, appears [3]. Electron diffraction experiments
[4] use this property. Diffraction has been observed in Cg, and C,, molecules [5, 6, 7].

In another limit, if the dimension of a system is far larger than A4, the particle
nature emerges. To get a rough idea as to how large A4z is, we look at the electron in
a hydrogen atom. The electron momentum p is 1.9924 x 1072* kgm/s, which gives Agg =

}\‘dB

%\/\N

kdB

Figure 1.1: de Broglie’s wave-particle duality is characterized by the de Broglie’s wavelength Ayg. The
longer (the shorter) is A4z, the wavepacket behaves more like a wave (a particle).
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3.33A. One can recognize that, in order to see the wave nature of an electron, the spatial
dimension should be very small. In cold-atom experiments, one cools atoms down to
uK so that their p is much smaller to get a measurable Agz. Consider sodium atoms at
1uK, with velocity centered around vy, = /3kgT/m = 0.0329 m/s. We find p = mvy, =
1.25696 x 107%" kgm/s, and Aqz = 5271.14 A. This means that these Na atoms behave like
waves at such a low temperature [8].

Exercise 1.2.0.

2. A baseball of mass 140 g rests on a table at room temperature. Can its de Broglie wavelength be infinite?
3. ATi-sapphire laser has a wavelength of 800 nm. Find the photon’s momentum, energy, and frequency in
a vacuum.

1.3 Quantum states and their wavefunctions

In CM, position and velocity define what state the system is in. For instance, a car is
traveling at 40 m/s and 1km away from a city. QM uses the quantum state.

1.3.1 Describing a quantum state: wavefunction

In 1926, Erwin Schrédinger proposed a revolutionary concept: a mathematical entity
called a wavefunction, Y(r, t), to describe the quantum state of a system. (r, t) encap-
sulates the de Broglie wavelength mathematically. Schrodinger introduced an equation
that bears his name: the Schrédinger equation for ¥(r, t), which finally established the
main framework of wave mechanics and put QM on a solid mathematical footing.

Y(r, t) is a continuous function of the spatial coordinate r and time t and contains the
complete information of a quantum state. In general, ¥ is a complex function, p* # ¢,
where “*” represents a conjugation, meaning changing the sign of the imaginary part
of a complex number like ) = a + ib — Y* = a - ib with a and b being real. If the
wavefunction is for an electron, then r is the electron’s coordinate. If it is for a light pho-
ton, then r is the photon coordinate. ¥(r, t) is called the position r-representation. If we
use momentum p instead of position r as our spatial variable, this is called the momen-
tum p-representation. The wavefunction looks like ¢(p, t), These two representations
are equivalent. The p-representation is often used for delocalized states, with the r one
for localized states. If we have N particles, we write down the many-body wavefunction
as Y(ry,ry, I3, ..., Iy, t), where r; are the coordinates of the particles.
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1.3.2 Types of wavefunctions and Dirac notation

There are two different types of wavefunctions: single-component and multi-component
ones. Here, we only introduce a single-component wavefunction such as ¥(r, t), leav-
ing two-component ones to Chapter 6. To describe different wavefunctions easily, Dirac
introduced angle brackets: (| and |) are called bra and ket, respectively. This is the
Dirac notation. Here, we write y(r,t) as a ket, [) = ¥(r,t). Its complex conjugate,
Y*(r,t), is a bra, (| = Y*(r,t). The outer product of two wavefunctions ; and ¥;
is written as 1) (¥, = P,(x,)Y; (r,t). The inner product, an integral, is (i4|y,) =
j ¥1 (x, )Y, (x, t)dr. However, we will put off the product of 1,1, (see eq. (8.3.7)).

We can always discretize r in y(r,t), as ry, Iy, ..., called the mesh grid points (see
Section 4.7.2), in which case y(r, t) becomes a column vector

Y(ry, t)
Y(ry, t) ) 1.3.1)

We take the first two entries ¥ (ry, t) and §(r,, t) and denote them as a and b for simplicity.
In Dirac notation, we write the wavefunction and its conjugation as

I¢>=<Z>, Yl=(a" b"). (1.3.2)

This conjugation is a conjugate transpose, Hermitian conjugate. The outer and in-
ner products of two wavefunctions are, respectively,

(% N L1 alb;>
I¢1><¢zl—<bl)(a2 bz)—<bla; bib )’ (1.3.3)
Wlty) = (a b;)<zl>=a§a1+b;b1. 13.4)
1

Equations (1.3.1)-(1.3.4) make it clear that, once we discretize wavefunctions, the
Schrodinger equation becomes an eigenequation of a matrix, such as Ay = Ay, where A
is a matrix and A is an eigenvalue. This mechanics is called matrix mechanics, proposed
by Heisenberg, Born, and Jordan, which is completely equivalent to the wave mechanics
proposed by Schrodinger.

Exercise 1.3.2.
4.Given ) = 5 (1), 1¢2) = 5 (1), find () (4] and (@al, () 11) (Wl and 1) (W1, (€) (W 1pr) andl (W 14h2),
(d) <Py 12) and (o), (€) Ithy) (W2 lthy) and [y} (s 1)
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1.3.3 How does a wavefunction describe wave-particle duality?

A true wave must have a wavelength, while a true particle must have a position. As a
conceptual introduction but at the risk of causing confusion, we give an example of Y(r)
in one dimension, where we suppress the time variable for clarity. It has two parts like

Y(x) = u_(g(_) exp(ikx), (1.3.5)

particle ~ wave

where u(x) is a spatially localized function and represents the particle nature and
exp(ikx) represents the wave nature. We consider two cases:

First, we set u(x) = 1, so ¥ = exp(ikx). The wave vector k is related to the wavelength
through A = 27/k, where A is just A4z. This is a pure wave. Second, we choose u(x) =
exp(—’;—z), oY = exp(—’;—z + ikx). Now, we choose a so small that ¢ peaks at x = 0. This is
a particle. If a — 0, this is a pure particle that is located at x = 0.

We emphasize that our separation into the particle and wave parts in eq. (1.3.5) is
only approximate. In general, the wavefunction falls in between these two extremes.

1.4 Properties of a wavefunction

A wavefunction ¢ allows us to describe a quantum state, but it does not have a physical
meaning because it is not a physical quantity that can be measured experimentally.

1.4.1 Probability density and the normalization of a wavefunction

Schrodinger already recognized that only y(r, t)y* (r, t) has a physical meaning. Max
Born provided a statistical interpretation and called it the probability density p(r, t),
i.e,, the probability per unit length, area or volume. This means that, classically, if we
have 100 % chance to find an electron in a volume of 1m?, the probability density is
p= %; if 20 %, then p = %. In QM, p is identified with ¥(r, t) at space r and time ¢,

p(r, t) = Y(x, OY* (xr, 0) = |p(x, )| (1.4.1)

If we multiply p by the volume element dxdydz (the left-hand figure in Fig.1.2), then we
obtain the probability in dxdydz. The SI unit of p is 1/m, 1/m?, and 1/m? in one, two,
and three dimensions, respectively. Wavefunction y(r, t) is now called the probability
amplitude. Different from the classical statistics, “probability density” is not stochas-
tic or random because, once Y(r, t) is given, p(r, t) at every point in space and time is
known without any ambiguity. For a single particle, the spatial integration over the den-
sity p(r, t) must be 1 because we only have one particle,
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p(rt

=+

X

Figure 1.2: (Left) Quantum probability density p(r, t). (Right) Experimental scanning tunneling microscope
spatial image of the surface states of the electron in a quantum corral of 48 Fe atoms [9]. Used with per-
mission from AAAS.

Jp(r, t)dr = J Y (r, O, Hdr = (YY) =1, (1.4.2)

14 14

where the integration is a three-dimensional integral over a volume V and dr is the
infinitesimal volume element, dr = dxdydz. Equation (1.4.2) is called the normalization
of the wavefunction. In Dirac notation, the integral must have the bra (| first and then
the ket [). This integration becomes a summation if the wavefunction is defined on real
mesh grids (see eq. (1.3.1)). Suppose the wavefunction ¥(r, t) has values at mesh points
(Xi»Yj> zi)- Then the normalization is the triple summation,

Y Pijk = 2 VT (60 2 OO Y 25 D) = 1, (14.3)
ij.k ij.k
where X;, y;, z represent a single point in space. As a result of normalization, ¥(r, t)
multiplied by a nonzero constant c is still considered to be the same as ¥(r, t) and repre-
sents the same state. Only properly normalized wavefunctions can be used to compute
p and any other properties. For an unnormalizable wavefunction, see Section 2.6.

1.4.2 Comparison between Born statistics and Maxwell-Boltzmann statistics

Now, we explain the difference and similarity between Born statistics and Maxwell—
Boltzmann statistics (MB statistics). The simplest way to understand Born statistics is to
apply it to a classical particle, e. g., an airplane (left-hand figure in Fig. 1.2).

Consider the plane moving with a constant velocity v on a straight (1D) runway of
length a. According to Born statistics, we need to find the probability density p in the
line segment dx. We first compute the total time spent on the runway, T = a/v, and then
find the time dt spent in dx. The ratio dt/T is the probability (not probability density),

dt dx/v dx dx
T T “oT-a’- px)dx, (14.4)
where the last equation employs the definition of probability density. So, we find p(x) =
1/a in units of 1/m, which is constant everywhere, like a wave. This makes sense because
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its velocity is constant. To see whether p(x) is indeed a correct probability density, we
integrate it over space, j(;l p(x)dx = 1. Sure enough, it satisfies the normalization condi-
tion. This reveals the first key difference: Born statistics uses a single sample, or a single
event, to find the probability density.

What about its average position? Born statistics uses the same equation as MB statis-
tics: the integration over the product of the probability density and the position

X = Jp(x)xdx =a/2, (1.4.5)
0

which means the average position of the plane is in the middle of the runway. This also
makes sense. We can do the same for the average value of x*:

a
X2 = Jp(x)xzdx _ 3 (14.6)
0

Now, we can compute the uncertainty in position using the standard deviation from clas-

sical physics, Ax = \x2 — (X)? = \/iﬁ The position uncertainty highlights that the plane
behaves like a wave. Although our example is classical, once we accept Born statistics,
we can see how the wave nature also appears through the uncertainty in position.

What if the plane stops at x = b on the runway? We assume that b < a. Then, our
probability must be 1 at x = b, and the rest is zero. At x = b, dx = 0,50 p = 1/dx = oo.
This singular distribution is uneasy for many, so Dirac invented his §-function,

Jp(x)dx - J 80— bydx =1, 14.7)
0

—00

where the second equation eernds the limit to infinity and p(x) = §(x — b). We can
use p to compute both x and x? as follows: j p(x)xdx = b and j pX)x*dx = b2 Ax =

\x2 = (%)% = 0, i.e., zero uncertainty in position: The plane is a particle.

Now, we explain MB statistics. MB statistics needs a large number of planes, i.e.,
many events, so the distribution function follows the so-called MB distribution py. If
not, then the distribution depends on the number of planes, or events. This is where the
stochasticity or randomness appears. The resultant distribution takes into account the
fact that some planes may start at x = 0, while others may not. The runway length a
“distributes” as py;g(a). The final average position has an extra average over ensembles,

Maxwell-Boltzmann

j Pup(@) J p(x)xdx da, (1.4.8)
0

Born
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which is experimentally measured. We highlight the explicit difference between MB
statistics and Born statistics through the underbrace and overbrace. This is the second
key difference: In Born statistics, the system size and the boundary conditions must be
fixed from the beginning, but, in MB statistics, they are allowed to change.

These classical examples compare and contrast Born and MB statistics. In QM, the
entire procedure is similar but with two differences. Instead of using dt/T followed by
a division by dx, we compute p from i. The average value is now called the expectation
value (Section 1.5.1). Although the probability density provides the density value at a
spatial point, it is incorrect to say, for example, that a quantum object has 20 % chance
inregion A, 30 % in B, and 50 % in C. We must accept the quantum object as a whole in the
same way as we view a classical object. We cannot say this plane has 60 % chance being
a fuselage and 15 % being a wing. The wings and fuselage are just parts of the plane. We
must accept the entire spatial distribution of the quantum state as a whole.

If we have N particles, the normalization of the wavefunction is

jp(rl,rz, ..o Iy t)drydr, - -dry = N. (1.4.9)
14

If we multiply the density p with the charge, we have the charge density. Experimentally,
Crommie and coworkers probed the confined electron density from 48 Fe atoms on the
Cu surface (right-hand figure in Fig.1.2).

Exercise 1.4.2.

5. ¢(x) = sin(kx). Normalize this wavefunction within x € [-a/2,a/2].

6. If a plane starts from rest and accelerates with acceleration a on the runway of length L: (a) Find p(x); (b)
find the average position x; (c) find x_z; (d) find Ax.

1.4.3 Hilbert space and the superposition principle of wavefunctions

In CM, any vector A in Cartesian coordinates (Fig.1.3(a)) can be written as a linear su-
perposition of three components as

(a) f Physics Mathematics
Newtonian dynamics ©5> Calculus
Special relativity 0> 4-Dimensional space-time
General relativity 05" Riemannian geometry
Quantum mechanics 05> Hilbert space
Gauge fields 0¥ Fibre bundles

X Cartesian

Figure 1.3: (a) Cartesian coordinates, where a vector A can be projected to x-, y-, and z-axis. (b) In the
Hilbert space, basis functions ¢, are the “axes”, upon which a function ¢ can be “projected” through an
integration (¢,|$). (c) Physics and mathematics are connected.
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A=AX+AJ+A,z2 (1.4.10)

where 4, A,, and 4, are three components along the x-, -, and z-axes, respectively. This
is possible as long as three unit vectors, X, y, and Z, are orthogonal to each other.

In QM, the Cartesian space is not enough, since we work with wavefunctions, not
vectors alone. We need to extend it to the function space, called the Hilbert space, which
are set up by a group of basis functions. Basis functions are a special group of wave-
functions and play the same role as unit vectors in the Cartesian coordinate. If two basis
functions |¢;) and |¢]~) have a zero inner product, i.e., (¢l~|¢j) = 0, they are defined as
orthogonal to each other. Figure 1.3(b) schematically shows five basis functions. If we
can find a group of basis functions {|¢;)} that are orthogonal to each other and complete
(Section 2.2.1), we can expand any wavefunction |i) as

) = 3 cily), (14.1)

which is called the superposition of wavefunctions as {@;} are linearly added up. ¢; =
(il is a complex number and the coefficient just as 4,, A, and 4, in eq. (1.4.10). A key
difference from vectors in the Cartesian coordinates is that [¢)) must be properly normal-
ized. |ci|2 = (;|¥) |2 is called the probability density in basis functions |¢;). Figure 1.3(c)
illustrates how the novel physics is built upon different mathematical foundations.
The superposition principle allows us to understand the one-photon interference
experiment [10]. This topic often confuses the beginner: How could a single photon, a
particle, interface with itself? First, we are using the wave nature of the photon to gener-
ate the interference. Because the coherent length, the length that the photon still keeps
its coherence, is long, the phase of the photon wavefunction is not randomized dur-
ing light propagation. Second, the interference is observed because we alter the photon
wavefunction. The same thing can be said about the single electron interference. In this
case, we need a device, often a beam splitter, to split its wavefunction to generate an
interference pattern. Figure 1.4 schematically shows the Mach—Zehnder interferometer,
where the incoming light is split into two arms and then rejoins at the exit. A single
photon in state |s) hits on a beam splitter B; and splits into two paths: one along the

Figure 1.4: Single-photon interference with a Mach-Zehnder interferometer. A single photon emitted
from the source in a state |s) impinges on a beam splitter By and splits into two states |/1) and |/;). Then
the photon is reflected from mirrors M; and M, before it hits on another beam splitter B,. The photon is
detected by an avalanche photodiode D in the output port a [10].
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transmission direction and the other along the reflection direction, described by wave-
functions |};) and |1,). Since they are spatially separated, their overlap is zero, (};|1,) = 0,
i.e., orthogonal. |};) and |I,) must be indistinguishable to the photon, so the same single
photon can take “both paths”, which appears surprising if one views the photon as a par-
ticle only. But this is not surprising at all because it is the single-photon wavefunction
that spreads over both paths (see below for more). The level of the indistinguishabil-
ity is given by the transmission probability amplitude ¢ and the reflection probability
amplitude r, so B; transforms the photon from |s) into

sy = tlh) +rily), (1.4.12)

where |s) corresponds to |) in eq.(1.4.11) and |};) and |l,) correspond to |¢;). |s) is a
superposition state of |l;) and [L,). The normalization (s|s) = 1 requires rr* + tt* =
R+ T =1,whereT = tt* and R = rr* are the probabilities in |l;) and |L,), respectively.

Before we proceed, we must clarify a few common confusions. Conceptually, t and
|l;) are both probability amplitudes as they are multiplied by each other, and the same is
true for r and |1,). If we left multiply eq. (1.4.12) by ([;|, we get (};|s) = el |L)) +r{4|L) = ¢,
which explains how one can obtain ¢; from eq. (1.4.11). If, for a spatial reason or temporal
reason or both, |};) and [,) become inequivalent and distinguishable to the photon, the
photon chooses only one path, either |;) or |,), not both, then [s) = |}) or [s) = |,), and
there is no single-photon interference [10].

We assume that reflection from M;,, does not change |l;;), but the path length
affects the phase because the actual photon wavefunction is approximately like e
where k is its wavevector and x is the position. If the path length for |l ;) from B, to B,
is I 2), the phase is ehe) = e Once both have passed through B, into ports a and b,
|l;) and |l,) themselves are superpositions of |a) and |b)

L) = e (rla) + tIb)), |l = €®(tlay - rib)), (14.13)

where |a) and |b) are two new basis functions at ports a and b, i.e., (alb) = 0.In |};), r

is before |a) and ¢ is before |b) because the photon is reflected into port a by M, and is

transmitted through M, into port b. |l ) itself now is a superposition of |a) and |b).
Substituting eqs. (1.4.13) into (1.4.12) results in

Is) = rt(ei‘Sl + ei52)|a) + (tze"‘sl - rzeiaz)lb). (1.4.14)

The avalanche photodiode D detects the signal at port a. Mathematically, we need to
compute the projection of |s) on |a), {(als), the probability amplitude. Its square, p,(8) =
[{als) |2, is the probability density that is measured by the detector D through |a),

Pa(68) = |(a|s)|2 = 2RT[1 + cos(8)], (1.4.15)

where § = §; — §,. The interference emerges from p,(§) once we change the arm length
of either path 1 or path 2. It disappears if two paths are distinguishable to the photon.
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Table 1.1: First table: comparison between classical interference and quantum interference. Second table:
terminology of wavefunction, probability density, and probability.

Physics ~ Minimum No. of waves for interference  Splitting

Classical 2 No

Quantum 1 Yes

Quantity Name Other name
(r,t) probability density amplitude wavefunction
p(r, t) = |Y(r, t)|2 probability density

jp(r, t)dr probability normalization
|(a|s)|2 probability density of |s) measured through |a)

We can also use eq.(1.4.11) to represent a molecular wavefunction. Suppose the
molecule has two atoms A and B, where the electronic wavefunction at atom A is |¢,)
and that at Bis |@,, ). The wavefunction |¥) for the molecule is a superposition of |§,,)

and |, )
[¥) = caldas) + Caloap,)- (1.4.16)
The electron density in the Dirac notation is
p(r) = [ZY(P] = [cal|d25) (Ds| + Ical 102y, Y (Dap, | + 2Re[Cpl gy, YCa(Bosl], (1417)
or in a regular notation is

par) = WP (1) = [c42|dns )] + Ical|Bop, (O] +2Re[cpy, (X)C;30(D)] . (14.18)

density at atom 1 density at atom 2 hybridization

The first and second terms on the right-hand side represent the electron densities at
atoms A and B, respectively. The third term is the orbital hybridization, sp hybridization.
The level of hybridization depends on the overlap between two wavefunctions. If the
signs of ¢4 and cp are the same, we have a bonding orbital, or otherwise, an antibonding
orbital. Table 1.1 summarizes the key concepts that we have learned so far.

Exercise 1.4.3.

7.(a) Prove eq. (1.4.15). (b) If we place the photodector along the b port, find the probability P, ().

8. Suppose t = toe’“ andr = roe’ﬁ, where a, B, ty, and ry are real. (a) Using the orthogonality relationship
between (/1|/,) in egs. (1.4.13), find the relationship between phases a and . (b) Use (a) to prove (s|s) = 1.
(c) Prove P,(8) + P,(8) = 1. This means the number of photons must be 1 for a single-photon interference.
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1.5 Operators of observables and measurements

Although ¢ contains all the information about a system, p and the phase of ¥ are the
only ones that can be calculated and observed. To access other properties, one needs
the operator of an observable, denoted as 0, where the hat on O is the unique symbol
for an operator. The observable refers to the quantity that can be computed theoretically
and may be measured experimentally. For instance, if we want to compute the energy
of a system, we need the Hamiltonian operator H. The momentum needs a momentum
operator p, and so on. Therefore, except for the probability density and phase, a quan-
tum measurement is composed of the wavefunction and operator. There are two types
of measurements. Type I is based on an operator O and a wavefunction ), where 1 is not
affected by O. This is passive and is an ideal case. The final outcome is the so-called ex-
pectation value or something similar (such as transition matrix elements). Type Il is also
based on O and 1, but 1 may be affected by O or other operators. This is related more
to actual experimental measurements and causes considerable confusion. The single-
photon interference in Section 1.4.3 is an example. Another example is the double-slit
experiment, where the very action that one puts another camera immediately behind
the slits changes ¥, so the outcome is necessarily different. At the end of this section, we
will present a simple way to better understand this difference in measurements.

1.5.1 Expectation values of an operator

The expectation value is the outcome of our measurement (Type I). It is defined as
(0) = wioNy) = |y oy, 51

which is an integral of a product of 1y* O over the space. The order in eq. (1.5.1) matters:
»* is before 0, and 1) is after O, so O operates on 1 only and their result is multiplied by
¥*. One can think of the operator as a matrix, the wavefunction ¥ as a column vector,
and 1* as a row vector. We cannot swap O with ¢ in general, but if they are, we recover
the classical average value (for instance, eq. (1.4.5)). For this reason, we use the expecta-
tion value, instead of the average value, to distinguish it from CM. The particle nature
of a matter, such as position, can now be revealed through the expectation value. The
uncertainty in the wave nature is because (¥|0?|y) # ((1¥|0]y))%.

1.5.2 Hermitian operators
There are many operators of various kinds. We are mostly interested in Hermitian oper-

ators because they correspond to a physical quantity that can be measured experimen-
tally. The Hermitian conjugation of an operator O consists of two operations: complex
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conjugation and transpose, i.e., o' = (O*)T, where T indicates a transpose in the lan-
guage of a matrix or an adjoint for a differential operator. The conjugation changes the
sign of the imaginary part of the operator, and the transpose exchanges the upper tri-
angle elements with the lower triangle element, while, if written as 1;071,, it means
that O acts upon iy, instead of ¥, i. e., ¥;0"h, = (Op,)1h,. If one has a product O|y), its
Hermitian conjugate is ((A)|z/)))’r = (wlfff. If |) is a column vector, (¥| is a row vector,
with all the elements taking their Hermitian conjugates. If we have two operators A and
B, then their conjugation is (AB)" = B'A". 1f 0 = 0%, O is called a Hermitian operator.

1.5.2.1 Momentum and position
In CM, the momentum is defined as p = mv for a particle. We quantize it to a momentum
operator in QM in the r-representation as

p = —iny = —ih<)?a% " y% . z%) 152
where # is the reduced Planck constant (h/27), i is the imaginary symbol, and X, y, and
Z are the unit vectors along the x, y, and z directions, respectively. Its three components
are p, = —ih%, py = —ih% and p, = —ih%. V is a gradient operator, called nabla.
Changing from classical p to quantum mechanical p is a conceptual leap. p has no mass
in its operator and is the same for both electrons and photons, but its unit is exactly
the same as the classical one. Different from CM, p does not tell us anything about the
momentum until it applies to a state or wavefunction to reveal its true value.

p is a Hermitian operator, p* = p. Including —i in p is important because it ensures
that the momentum expectation value is a real number (see the following example).
QM does not have a specific velocity operator for all matter, but, for a massive object,
the velocity operator can be written as p/m, where m is the mass of the object, a classical
number.

The position operator f is also a Hermitian operator. In the r-representation r is r
(no hat). we can compute its expectation value similarly.

In the p-representation, the spatial variable is p, so p = p, (no hat), but the position
operator I is changed to

R )
= iV, = ih()‘(— +9-2 4 z—>. (15.3)
P opy ~opy, Op,

Example 1 (Expectation value of momentum). Suppose an electron moving along the z-axis, with the wave-
function normalized in a line segment within z € [0, L], ¢(z) = exp(ikz)/ VL. (a) Find the expectation value of
P, (b) Find the de Broglie wavelength.

(a) We can compute its expectation value of p, as

L
A\ — ~ _ i —ikz, _: EL ikz _
(pz)=(¢lpzl¢)—ldzﬁe (i) 5 <€ = ik
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(b) From eq. (1.2.5), we can compute the de Broglie wavelength Aqg = h/{p,) = 2m/k, which exactly
matches our expectation, but this represents a conceptual revolution from a classical quantity p in eq. (1.2.5)
to the quantum mechanical expectation value of an operator p,.

Example 2 (Expectation value of position). We have a wavefunction ¢(x) = §(x — a), where §(x) is a Dirac §
function.! Find the expectation value of the position operator.
We start from the definition of the expectation value of the position,

(@IAIB) = j S (x — awd(x —a) = a.

This means that the particle is located at x = a.

1.5.2.2 Kinetic energy and potential energy
The classical kinetic energy is p?/2m. The kinetic energy operator T is

~ pZ __hZVZ

= =—-—), 154
2m 2m ( )

where the negative sign does not mean that the kinetic energy is negative. It only means
that the operator itself is negative. What matters physically is the expectation value
of the kinetic energy, which must be positive. Because the kinetic energy operator is a
second-order derivative with respect to the spatial coordinate, any physical wavefunc-
tion must not be a linear function of r.

In the r-representation, the potential energy operator is

V=V, (15.5)

where V(r) is the exact same as the classical potential. However, in the p-representation,
the variable r is changed to p.

1.5.2.3 Eigenfunctions, Hamiltonian and its eigenstates

If a Hermitian operator A and a wavefunction ¢ satisfy Ag = ag, ¢ is called the eigen-
function, or eigenvector of A in matrix mechanics, and a is its eigenvalue. The total en-
ergy operator, H, called the Hamiltonian, of a system is the sum of 7 and V,

N
H=T+V==—+V(r).
2m
Given a wavefunction [¢), we can compute the expectation value of the energy,

WA = jw*amw(r)dr.

4

1 Atx =0,6 = co.Ifx # 0,6 = 0.1t has some special properties: .[f:o S(x)dx =1. j_ozof(x)é(x—a)dx = f(a).
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If H and ¢ satisfy
Ho = E¢, (1.5.6)

¢ is an eigenfunction of H. Importantly, we further call ¢ an eigenstate, to distinguish
it from other eigenfunctions. Only H’s eigenfunction can be bestowed as an eigenstate,
and E is called the eigenenergy. If H is changed, the system is changed.

1.5.2.4 Relativistic and photon Hamiltonians
For a free particle with a finite static mass, we can quantize the relativistic energy,
eq. (1.2.2), to the relativistic Hamiltonian [11],

H-= c\/mzc2 + P2+ + P2 1.5.7)

If an object has zero static mass, one can construct a similar Hamiltonian from the clas-
sical Hamiltonian. For instance, the photon has a classical energy given by eq. (1.2.3),
E = pc. The quantum Hamiltonian of photon [12] is

H=ca-p, (1.5.8)

where a is a 6 x 6 matrix (see Appendix Section 11.4). This dot product is necessary be-
cause p is a vector, while the energy is a scalar. One can compute the eigenstate of the
photon. A more rigorous approach is based on quantum field theory, where the pho-
ton polarization can be included, and the strength of the light field in classical EM, i. e.,
the vector potential, is replaced by the photon number operator. This enables one to
describe emission, spontaneous emission, and absorption.

In summary, operators are a key feature of QM, very different from CM. Table 1.2
lists a few common operators in both r- and p-representations. Missing from the list is a
force operator. Instead, in QM, we find the force operator F through the time-derivative
of p, or by taking the gradient of the Hamiltonian operator A with respect to position,

F=-VH=-VV(,t), (1.5.9)

Then we compute the expectation value of the force (|E[1)).

Table 1.2: Operators in the r- and p-representations.

Observable Energy Position Momentum

- 252
Operator (r-representation)  H —hz—; +V(rt) F=r p = -ihv

N 2
Operator (p-representation) H = —;—m +V(pt) F=ihv, p=p
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Exercise 1.5.2.

9. Show that, if ¢ is a real function, (¢|pl¢) = 0.

10. Suppose P(x) = &(x — a). Find (x%) — ((x))*.

11. Suppose an electron moving along the x-axis, with the wavefunction normalized in a line segment within
x € [0,1], p(x) = exp(ikx)/\fL. (a) Find the expectation value of p,. (b) In the r-representation, the position
operator is x. Find its expectation value. (c) Find the expectation value (¢|x2|¢).

12. Assume the photon propagating along the z-axis. For simplicity, we assume a is a unit vector k, along
the photon propagation x direction. Starting from eq. (1.5.8), find the eigenstate of the photon. Hint: Solve
an equation like eq. (1.5.6).

1.5.3 Measurements

We take the electron single-slit experiment as an example. Figure 1.5 shows that the ex-
periment consists of three parts: the electron source, the slit, and the screen or camera.
First we consider the electron is far away from the slit. Here “far away” means that the
distance between the electron and the slit is much larger than the electron’s de Broglie
wavelength, so our Hamiltonian is Hyje.;0n. We can compute a physical quantity or the
expectation value of an operator O. This is called a type I measurement, where the mea-
surement is passive and does not affect the quantum state of the system.

If the electron comes close to the slit, but far away from the screen, our total Hamil-
tonian is H = Hyocqpon + Hyie + Hy, Where H; is the interaction between the electron and
the slit. This is a type II measurement, where the slit affects the initial quantum state
of the electron. The diffraction pattern is formed on the screen. For the same Hamilto-
nian, same incoming wavefunction, and same boundary conditions, the probability den-
sity is exactly the same, regardless of whether we send in 1 or 1,000 electrons separately.
Caution: What we are saying is the same probability density, not the same diffraction
pattern. Two electrons A and B may land on two different spots of the screen, but will
never land in the spot with zero probability density. The probability density is the most
that the quantum theory can predict. The quantum theory cannot predict where the
electron lands, i. e., the diffraction pattern. This quantum indeterminacy is inexplicable
from classical physics. The classical physics reader may try to narrow the slit width a to
get some determinacy back, but only finds the probability density spreading even more
on the screen, creating a stronger indeterminacy. This quantum indeterminacy is inher-
ent in the wave-particle duality. That is why in Fig. 1.5, we purposely draw the wavy lines
around the slit and the electron.

Does the quantum indeterminacy ever disappear at least partially? Yes, it does. For
instance, we can remove the slit, and then there is no diffraction pattern. The electron
probability is now determined by its initial state with a different indeterminacy. When
we make a measurement, we force the electron to choose one eigenstate of the new
Hamiltonian, just as the single photon interference (see eq. (1.4.12)). How can we recover
the classical determinacy? This can be done by sending in lots of electrons.
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slj NP

N electrons camera

D>> kde Broglie

Figure 1.5: Electrons pass through a slit of width a that is comparable to the de Broglie wavelength of the
electrons. The measurement, i. e., placing a slit behind the electrons, alters the property of the incident
electrons. The probability density p(r, t) is detected by a camera. The density does not change its shape
even with N electrons. The wavy lines around the slit and the camera denote their respective wave nature.

In summary, what QM predicts is the probability density. What is undetermined is
the outcome of a single measurement. A measurement can affect the probability den-
sity. When we discuss measurement, we must first agree on the Hamiltonian. A sudden
change of the Hamiltonian may constitute a transition in the view of the original Hamil-
tonian (see Chapter 7). There is no measurement problem.” More detailed discussions
are presented in Section 6.4.3.

1.6 Measuring Planck’s constant using LEDs

An enjoyable experiment to measure Planck constant is to use light-emitting diodes
(LEDs). They are a quantum mechanical semiconductor device that can emit light by
applying a voltage. The color of the emitted light directly corresponds to the energy
band gap® of the semiconductor. The aluminum indium gallium phosphide (AlInGaP)
material system produces red color, while the indium gallium nitride (InGaN) system
produces blue, green, and cyan. When the externally applied voltage exceeds this gap,
light is emitted, so the voltage is directly related the photon energy. The wavelength of
modern LEDs ranges from 255 nm up to 2,600 nm. This allows one to measure Planck’s
constant quite accurately.

This experiment enters our advancd physics lab. In the following, we explain it
in details. One first measures the I-V curve. Figures 1.6(a) and (b) show experimental
curves for three diodes of red, green, and blue colors, with wavelengths of 660, 560 and
465 nm. The emitted photon energy is related to the threshold voltage V; as
c

1 (1.6.1)

eV; = nhv = nh
where one sees that, if n = 1, we can compute h. Therefore, we need to find V. Al-
though the I-V curve appears exponential, we cannot use an exponential function to fit
the curve because doing so would lead to V; — —co, which is unphysical. On the other

2 David Mermin accurately explains this issue in Physics Today, June, 2022.
3 The details will be discussed in Chapter 9.



1.7 Problems = 19

20 —TT 0.8 T T T T 2
(a) (b) (c) =
15 IS 0.6 4 =
< < 3 L {15%
£ o 3 o)
= 8 z 04 § S
= 10 1= 04 F E °
c c (S}
2 g & o
3 ol | 3 r 11 2
st DH| §{° ozt -
=
0 1 0 1 1 1 1 0_5
051 15 2 25 3 0.9 1 11 1.2 1 1.5 2 25
Potential V (V) Potential V (V) 0.001/A (1/nm)

Figure 1.6: (a,b) I-V curve for three light-emitting diodes (LEDs) of wavelengths of 560, 465 and 660 nm.
(b) A zoom-in view of the last four points. (c) The threshold voltage (V) as a function of the inverse wave-
length.

hand, we cannot rely on our ammeter reading because we are limited to the accuracy of
the meter. A reliable method is to choose three data points at the smallest possible cur-
rent that each fall on a straight line. Then, we extrapolate this line to 0 mA. The intercept
on the voltage axis is V. This also ensures that we have one photon emitted, son = 1.
Figure 1.6(b) shows a zoom-in view of the last four points for the red LED. The threshold
V,4 is found from the last two points. We can find the rest of V,;, where real values are
given in the following exercise. Figure 1.6(c) plots the the threshold voltage as a function
of inverse wavelength. Equation (1.6.1) enables us to measure g accurately. We find our
experimental value of Planck’s constant h = 6.26 x 107> s, with a 6 % deviation from
the standard value h = 6.626 x 1074 s,

Exercise 1.6.0. n

13. The following table shows the measured values of the cutoff voltage V, of seven LEDs.

Color blue green yellow orange red infrared

Wavelength (nm) 465 560 585 635 660 950
Threshold V, (V)  1.892  1.415 1.330 1.208 0.873 0.641

Assuming the speed of light is 3 x 108 m/s and the elementary charge e = 1.602 x 107'° C, compute
Planck’s constant and the percentage of error.

1.7 Problems

1. Under what condition will the Maxwell equations break down?
2. A beam of red light enters from the air to the water tank. (a) How does the light
photon energy change? (b) How does the wavelength change? (c) How does the light
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momentum change? (d) Based on the light momentum, determine the direction of
the force due to light. (¢) Where does the force come from? This problem is based
on Walter Lewin’s lecture and the more quantitative information presented in the
next problem.

3. The index of refraction of air is about 1, and that of water is 1.33. A beam of visible
light of wavelength 500 nm enters from the air to the water tank. (a) Compute the
light momentum in the air. (b) Compute the light speed in water. (c) Use eq. (1.5.7) to
find the momentum in water. Is it higher or lower than the momentum in air? Why?
(d) Show this momentum exactly matches the momentum if we use the de Broglie
wavelength to compute the momentum. Hint: See Ref. [13].

4. Aradio station has a frequency of 900 MHz and emits power of 10 kW. Compute the
number of photons per second.

5. Anelectron is accelerated from rest through the accelerating voltage V,. Show that
the de Broglie wavelength of the electron in the nonrelativistic limit is

h _1.226439 [nm]

A = >
T em,, VVa

where Agg is in units of nanometer and V, is in volts.

6. This problem uses the concepts of Born’s statistics. An electron is accelerated from
rest by the accelerating voltage V,, for a distance L on the x axis. Treat the electron
classically. (a) Find the distribution function p(x). (b) Find the average position X.
(c) Find x2 (d) Find Ax.

7. This problem uses the concepts of Born’s statistics. A classical object of mass m falls
under gravity from a height of h with zero initial velocity. (a) Find the position dis-
tribution function p(x). (b) Find the average position X. (c) Find x2.(d) Find Ax. (An-
swer: Ax = %). (e) Find the velocity distribution function p(v). (f) Find §v. (An-

swer: Av = %). (g) Find the uncertainty relation Axép, where p is the momentum
of the object. (h) Exploration. According to the Heisenberg uncertainty principle (in
Chapter 3), AxAp > /2. This might provide a hint about a region where both the
gravity and quantum effect play simultaneous roles. This problem is motivated by
Prof. Sheng-Di Lin, National Chiao Tung University.

8. Young’s double-slit experiment is commonly used to demonstrate the wave nature
of an object. (a) Suppose we send in one photon only. Describe and explain what
happens on the screen behind. (b) Now, we send in two photons. What happens? (c)
We block one slit and use one photon. In comparison to (a), what are the differences?
(d) If we remove the double slit and send in one photon, what do we see on the
screen? (e) From (a) to (d), how does the system Hamiltonian change?

9. Abeam of red light has a wavelength of 740 nm. (a) If a free electron has the same
wavelength, what is its kinetic energy in eV? (b) How do you explain the huge dif-

ference in the photon energy and electron energy?




10.

11.

12.

13.

14.
15.

1.7 Problems = 21

In laser-cooling experiments, Rb atoms can be cooled down to pK. Suppose two
atoms are separated by 1 A. What is the temperature needed so that the wave nature
of the Rb atom shows up?

According to eq. (1.4.14), |s) = rt(e’® + ®)|a) + (2% — r%e'®)|b), where |a) and |b)
are indistinguishable to the photon. However, if |a) and |b) are distinguishable to
the photon, we have two sets of wavefunctions, |s;) = rt(ei‘sl + ei‘sz)la), and |sy) =
(%€ — r2e'®2)|b). (a) Find the probability densities p; = [(als;)| detected at |a) and
py = |(b|sz)|2 detected at |b). (b) Compare them with p, = |(a|s)|2 and p;, = |<b|s)|2.
(c) What can you conclude from (b)?

A wavefunction in one dimension ¢(x) = exp(ikx) is confined in one segment x ¢
(0,L). (a) Normalize it. (b) Compute the expectation values of p,, [3)2(. (c) Find the
uncertainty Ap, = \/(p2) — (D)%

The momentum operator also allows us to compute transitions between two states
that are needed to describe optical spectra. Suppose we have two states with wave-
functions |¢;) and |@,). The strength of the transition from |, ) to |@,) is determined
by the transition matrix element, (¢, |p|@,). Show (¢;|p|@,) can be complex.

() Show x 285D — _5(x). (b) Suppose ¢(x) = 8(x - a). Find (p%) — ((,))*

We have an operator, O = Jix. (a) Find its eigenfunctions. (b) Find its eigenvalues.



2 Schrodinger equation: from bound and unbound
states to quantum tunneling

Classical physics is based on Newton’s laws of motion. Quantum physics is based on two
famous Schrodinger equations: the time-dependent Schrodinger equation (TDSE) and
the time-independent Schrodinger equation (TIDSE). This chapter introduces them and
their applications to several simple systems, with emphasis on the bound, continuous
states and quantum tunneling.

This chapter is divided into four units.

— Unit 1 consists of two sections. Section 2.1 introduces TDSE using the Noether the-
orem and the current density operator and continuity equation. Section 2.2 intro-
duces TIDSE as a special case of TDSE, where basic properties of eigenstates are
discussed.

—  Unit 2 consists of Section 2.3 which solves the Schrédinger equation for the particle
in a box, where all the eigenstates are bound states. The emphasis is on the com-
pleteness, expectation values, and stationary-state evolution.

—  Unit 3 includes Sections 2.4 and 2.5, both on the finite square well. Section 2.4 sets
up the framework, while Section 2.5 solves it. Different from Section 2.3, some eigen-
states are bound, while some are continuous. Our method is new and significantly
simpler. The codes allow the reader to explore more.

—  Unit 4 includes Sections 2.6 and 2.7 on tunneling through a barrier, where all eigen-
states are continuous. Section 2.6 shows the details how the wavefunctions, trans-
mission and current are computed, while Section 2.7 provides additional insights.

2.1 Time-dependent Schrédinger equation

In contrast to classical physics, where an object can be completely static or in motion,
quantum mechanics does not have statics. Regardless of whether the Hamiltonian is
time dependent or not, a quantum state always evolves with time.

2.1.1 Time symmetry and the derivation of time-dependent Schrédinger equation

This derivation only serves as an introduction to, instead of proof of, TDSE for the begin-
ner. Our method is based on the Noether theorem [14], which ensures every invariance
(symmetry) corresponds to a conservation law. Rotational invariance leads to the angu-
lar momentum conservation (Section 4.5.5), and spatial invariance leads to crystal mo-
mentum conservation (Section 9.2). Here, we use time invariance to derive the energy
conservation. We start from Born’s probability density, p(r, t) = |¢(r, t)|%. After time At,
the density becomes p(r, t + At). Now, we assume the following two densities are the
same:

https://doi.org/10.1515/9783110672152-002
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p(r,t) = p(r,t + At), 21.1)

just like the stationary state in classical physics. This property is formally called time
translational symmetry, where, at any two arbitrary times ¢; and t,, p(r, t;) = p(x, t,).
Equation (2.1.1) leads to

W@, O = o, t + A0 — Pir, ¢ + At) = e Py, 1), (212)

where 0 is an unknown operator with units of 1/s, but must be a Hermitian operator,
6" = 6, in order to satisfy eq. (2.1.1). One can rigorously prove the exponential form in
eq. (2.1.2) is the only acceptable expression (see problem No. 1 at the end of the chapter).
If we take 6 to zero or a constant, then the solution is trivial. Next, we subtract y(r, t)
from both sides of the second equation in eq. (2.1.2) and then divide by At,

PO, + A - Pt _ (e - 1y o)

2.1.3
At At ( )
We take the limit At — 0 to obtain

% = —idy(x, 0). @.14)

Because 8 is in units of 1/s, we can replace it by the ratio of the Hamiltonian over #, H/n,
and then we obtain the time-dependent Schrédinger equation:

202
ihw = Hy(r,t) = [—hz—:l +V(r, t)]l/)(r, t). 2.15)
In our derivation, 6 or H, can be time-dependent. Our time translational symmetry is

only imposed on the density, but in turn it requires the Hamiltonian to be real (see eq.
(2.1.12)).

Example 1 (Origin of wavefunction superposition). If ¢; and ¢, satisfy eq. (2.1.5), prove that a linear super-
position of )3 = ¢;iP1 + ;5 is also a solution of eq. (2.1.5), where ¢; and , are constants, but ), = ¢, is
not.

Since both ¢, and ¢, are solutions of eq. (2.1.5), we have

22

o nt) - W2y
n2P 0 g e = [_W + V(r,t)}(/h(r,t),

ot

and

22

; alpZ(r’t) 0 _ _hi
/hiat = H,(r,t) = [ o v(r, f)]‘/’z(l‘» t).

Next, we multiply both of the previous equations by ¢; and c;,, respectively, and add up these two resultant
equations. We find
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_oYs(rt) - [ WV?
IFIT—HIII3(r,t)— [—W‘FV t) (/13(r

Conversely, if we substitute ¢, into eq. (2.1.5), we find immediately that it cannot satisfy the equation. This is
the origin of wavefunction superposition. It must be a linear superposition, not a multiplication.

Example 2 (Normalization of wavefunction is time-independent). Prove that if the Hamiltonian is hermitian,
N = _[ " (r, t)¢(r, t)dr is time-independent and can be taken to be 1.
We take the time derivative of A/ to get

AN (W, W,
W_K a Pt )dr

Because ih% = Hp = (- h V + V)¢, we have —ihaa‘l’t (—— + V). Then we replace both partial
derivatives to find

2

dN o . B X .
ERE JP9 )0 = (P Jar = s [ V- (907 )p- Ty o

:Zlhm é[ ‘/’ N2l ]

where the last step uses the Gaussian theorem to convert a volume integral to a surface integral over da.
The integral kernel (V™) — (V¢)¢* depends on ¢. Because ¢ must be normalizable, thatis ¢ at r — +oco
must be zero, the integral is zero and A/ is a constant and can be chosen to be 1. The initial normalized
wavefunction will stay normalized at any t.

Exercise 2.1.1.

1. Why do we say that quantum dynamics is a fundamental process of a quantum system?

2. (a) Show that, if V; and V, produce the same wavefunction ¢, then V; = V,. (b) Show it is possible that two
different wavefunctions correspond to the same V.

3. Find the condition that j Y1 (r, ), (r, t)dr is time dependent, where )y and ¢, are two different wavefunc-
tions.

2.1.2 Current density and continuity equation
If we take the complex conjugate of both sides of eq. (2.1.5), we have
_in D ey g = [—ﬁw*(r 0w 0 2.16)
o L 2m ’ e "

We multiply eq. (2.1.5) by ¥* (r, t) and eq. (2.1.6) by ¢(r, t) from the left. Then, subtracting
Y* x eq.(2.1.5) by ¥ x eq. (2.1.6) yields

(w2

oy” L y e .
)‘ %(‘”‘/"WWHJ’ Vi —yviyt. 2.1.7)
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Recall that the density p(r, t) = ¥(r, t)Y* (r, t), so that the left side is ih%. Since V com-
mutes with ¥ and y*, the second term on the right side can be grouped into one term,
(V = V*)i*1. Using the identity fVig — gV?f = V- (fVg — gVf), the first term on the right
can be converted to a divergence,

2 .
SR SR )———v (" VY - yvy*). 2.18)
Dividing all the terms on both sides of eq. (2.1.7) by ik, we obtain
ap V-v*
5 = V|75 . 2.1
o vy -y |+ L=l 219)

] current density

In the first term on the right, we purposely introduce a negative sign, so the term inside
the square bracket has another negative sign, the reason for which will soon become
clear. One can check the unit for the term in the square bracket, where # has units of
Js, m is the mass in kg, and V has unit of m‘l, i.e,, Js/(kgm) or m/s. This is a velocity,
representing the flow of particles. If we multiply op/ot by charge q, gop/dt, J is related
to the electric current density. Because 1 and * have units of 1/Vm3, J is the volume
current density and is defined through the term in the square bracket as

ih . R .
J= =5 WV - gVy") = [V By - Yy’ (2.110)
= %[w*pw (¥ pY)] = Re(lﬁ*%lﬁ) = Re(y" 0p), 2110

where 0 is the velocity operator. In the second half of eq. (2.1.11), we have used p* = —p.
Caution: p’ = +p. 0 in eq. (2.1.11) is our velocity operator. If we did not introduce a neg-
ative sign in eq. (2.1.9), we could have an opposite sign for the current density with re-
spect to the velocity. This also shows that the current density is related to p, but contains
a mixed term (see eq. (2.1.10)). J in egs. (2.1.10) and (2.1.11) is still not an expectation value
since no integration over space is taken yet.

We rewrite eq. (2.1.9) as

p V-v®
ot =V ih

p. (2112)

In a closed system, the potential V must be real, so the second term is zero. The remain-
der gives us the current continuity equation, the same as the continuity equation in elec-
tromagnetism (EM) theory. In order to compare them directly, one has to multiple charge
e on both sides of the equation. In QM, the wavefunction is the fundamental quantity,
but in EM the density is the fundamental quantity. However, true physical properties
are revealed by density in both QM and EM. This is the same foundation that density
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functional theory is built upon. It is worth noting the difference hetween eqs. (2.1.12)
and (2.1.1): In (2.1.1), the spatial variable r does not change, but in (2.1.12), it does change.
The density change is equal to the negative divergence of current density,

op
9P _ v, 2113
3 J (2.1.13)
whose integration form is
op
jgdr:—jV]dr:—(J’)yda, (2.114)

where dr and da are the volume and surface infinitesimal elements, respectively. This
expression guarantees the conservation of the particle number because jpdr =10
its time-derivative is zero, with no change in the total particle numbers. The second
equation is obtained using the Gauss law, i. e., converting a volume integral to a surface
integral.

Example 3 (Current and momentum conjugation). Suppose a particle of mass m propagates along the +x-
axis, with wavefunction ¢(x) = exp(ikx)/ VL, where 1/ VL is the normalization constant. Compute its current.
The expectation value of the current density operator is

B ih jdx{exp(—/kx)aexp(ikx) B exp(ikx)gexp(—/’kx)

ih 1 ih hk
— =——(2ik)- | dx = ——(2ik) = —,
2m0 VI ox AL VI oox AL ] Zm(I)L(.)[ X Zm(l) m

which gives us the current.

Example 4 (Show p* = +p). p* = [(p)*]" means a complex conjugate followed by a transpose 1. Because

p = —ihV, we have p* = —p. For a matrix, the transpose means that we exchange the column and row

indices, i. e., element A; becoming A;. Now, we want to compute the transpose for an operator, not for a

matrix. For an operator, the transpose means that we are going to apply the operator on the function that is
aT

in front of the operator, not behind the operator. We use . as an example. We introduce two well-defined

arbitrary functions ¢,(x) and ¢, (x) that decay to zero at x = +oo, and compute the integral as

go to zero
—_—

o' 0 0
[ #1005 92000k = [ 6200 591000 = 800910~ [ 9100 h2000x.

chain rule

Because ¢, and ¢, are arbitrary, if we compare the first and last terms, we identify %; = —a%, i.e, py = —py.

So (A1)* = —(py)" = —(=Py) = Py. Using the same method for the y and z components, we can find that

p=p"

Example 5 (Time-dependent Liouville equation). Prove ih% = [H, p], the density matrix p whose element is
defined as p,, = Y, 5, where H is assumed to be hermitian.
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Once we are familiar with the density p, the extension to the density matrix is a small step. For two
states (J, and ¢,,, we define the density matrix as p,, = ¢p¥y, = 1¢,) (Y. The reader may already notice
thisin eq. (1.3.4). The diagonal element, p,,,, is the density p,. We start from the time-dependent Schrédinger
equations,

ihp, = A, (2.1.15)
Wy = Ay (2.1.16)

where the dot is a shorthand notation for 0/0t. We take the complex conjugate and transpose of eq. (2.1.16),

i. e., the Hermitian conjugate. Note that, after we take the transpose, the order of the wavefunction and the
Hamiltonian is exchanged,!

—iny = YhH. 2117

We multiply eq. (2.1.17) by ¢, from the left, and multiply (2.1.15) by ¢}, from the right, ik, g%, = i@k,
—it, %, = Y, A, and we subtract these two equations,

ih(d}n‘/};; + ‘pn‘p;l) = l:lt,l',,lll,’;, - ll'n(l';’:’ 2118)
Now, we define the density matrix as p,, = ¢,,, S0 eq. (2.1.18) can be rewritten as

P = - -
ih ’;"t'" = Ao — Pl = (o] = 102 = [,p], 2.1.19)

in matrix form ot

which is called the time-dependent Liouville equation. p in eq. (2.1.19) must be understood as a matrix. The
commutator [4, B] is defined as [4, B] = AB — BA, where A and B must be a matrix or an operator.

Exercise 2.1.2.

4. Show p* = —p. Hint: this is different from our example.

5. Show that, if a wavefunction is real, its current density J is zero.

6. A plane wave s propagating along +x, where k > 0. (a) Show J = —%(lﬁ*V(/) — V™) has a correct
sign. (b) Find the unit of .

7. Show that the operator % = —%. Hint: Follow the previous example.

8. Show that, if a system only has one state n = m = 1, eq.(2.1.19) is zero. In other words, the density is
constant if a system only has one eigenstate.

9.0 is a Hermitian operator. (a) Prove [ ; (N0, (r)dr = ([ ¢50y4dr)* = [(Oyy)* dr. (b) If ¢y = ,, prove
j or (O, (r)dr must be real, i. e., the expectation value of a Hermitian operator is real.

2.2 Time-independent Schrédinger equation and eigenstates

TDSE is the general equation for QM. If the Hamiltonian of a system is time-independent,
we have a time-independent Schrodinger equation (TIDSE).

1 In the Dirac notation, ik|(,) = H|i,), whose the Hermitian conjugate is —iz{{,| = (¢, |H.
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We rewrite TDSE as
lh% Hl/) w = —l/) 2.2.1)

where the dot on ¥ denotes the time derivative. We take another time derivative to find

ij):iéflzw _l])_ﬁlh‘/) <l;l>2¢

where in the second equation we have used the fact H is time independent, so its time
derivative is zero, H=01In addition, we have used eq. (2.2.1) to replace . For the nth
time-derivative, we have y™ = (%)"w. The only function that can produce such a nice
recursion is the exponential function. Suppose ¢ = eiott/)(O), where ¥(0) is the wave-
function at time ¢ = 0. Then we have p™ = (iQ)". If we compare it with ™ = (%)"z/),
we can identify Q = —H/h, so our final wavefunction at ¢ is linked to its value at t = 0
through

Y, t) = e By (r, 0), 222)

which is generic as long as H is time-independent. i(r, 0) is the initial wavefunction, and
in general does not allow us to separate the spatial variable from the temporal variable
in Y(r, t) to simplify the Schrédinger equation. However, if (r, 0) is an eigenfunction
o(r) of H, then it is possible to write Y(r, t) = ¢(r)f ().

2.2.1 Separation of time and space variables and properties of eigenstates

We substitute y(r, t) = ¢(r)f (¢t) into both sides of eq. (2.2.1) to get

awért 2 i f(ta):b L= gy hdf(t) = Hf ()p(r) = f(HHP(x). 2.2.3)
left side right side
We divide both sides by ¢f to obtain
ih df©) _HY® _ oo 024

foy a ¢

Most textbooks assume the left side of eq. (2.2.4) to be a constant, but this is unneces-

sary. Here, we set it to a general function E(r, t). First, we start from How _ E(r,t)

o(r)
Ho(r) ;
) = 0,i.e., E(r,t)is

and take its time derivative.? Since

is independent of tlme, ar

2 This idea is from Prof. Sheng-Di Lin, National Chiao Tung University.
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time-independent, E(r, t) — E(r). Next, we start from ,% %
OE(r)

derivative to get 0 = ==, i. e., E must be independent of space, E(r) — E, a constant.

or °
P;ng) = E, which yields the time-independent Schrodinger equation,

= E(r) and take a spatial

So, we have

9
f160) = | v o) - 9) - Frgy - Exgy (pacen 229)

where E is the eigenenergy and ¢(r) is an eigenfunction of A, called the eigenstate of
the system. Only the eigenfunction of A can be called an eigenstate. E and ¢(r) form a
pair. Because this is an eigenequation, i. e., an equation has two unknowns, E and ¢(r),
there are many possible solutions to eq. (2.2.5), so we label them as E,, and ¢,(r).

The first property of eigenstates is normalization, where all eigenstates must be
normalized as

(Dnlon) = J ¢n(X)P,(r)dr =1, (2.2.6)

to ensure the conservation of the number of particles. The integration is over the entire
space. If ¢ is discrete, the equation is changed to }; ¢, ()¢, (i) = 1.

The second property is orthogonalization. For two states ¢, and ¢,,, n # m, their
overlap integral must be zero,

(Baldm) = [ 63 @)9m(xIdx 0. 227

Eigenstates are linearly independent in the language of linear algebra.
The third property is completeness.

1) (bnl = D 9@ (x) =1, 2.2.8)

where the summation is now over the eigenstate index n and the final answer is inde-
pendent of the variable r.

2.2.2 Stationary state evolution

For a fixed E, and ¢,(r), eq.(2.2.4) has a solution of f(t — t)) = fye En(~@/" where
e En(t=t)/M 5 called the dynamical phase factor and fo is a coefficient set by the initial
condition at the initial time t,. Because f, does not change, the time-evolution is a sta-
tionary state evolution, with a fixed frequency E, /A,

P(r, 0) = e D Py, g) = e E0 MG, (1), (2.2.9)
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Equation 2.2.9 is a special case of eq. (2.2.2) when the initial state is a single eigenstate.
In the following, we set ¢, to zero, so at any moment of time ¢, the wavefunction is

p(r, 1) = ey, ) = e F g, (). (2:210)
Ify(r,0) = 3., ¢ 9,(1),

Pr.0) = e Hp0) = Y c,e i lg, = Y e B, 2.2.11)
n n
where ¢, is the amplitude of each eigenstate and must be found in the beginning. This
result will be used repeatedly. But, one must remember this result is conditional. The
condition is that the original Hamiltonian is time-independent and the system initially
is in an eigenstate. Every eigenstate has this property. The time evolution of ¢ is called
the stationary state evolution.
Ify(r, t) = e Et/Mg (1)), (YIHP) is equal to the eigenenergy,

W O 0) = (G1H18,) = [ 93 G, wdr = Ey. (2212)

One can see that the energy expectation value remains constant at the eigenenergy E,
and has no time dependence, which is the reason why we call the state a stationary state.

Example 6 (Expand a function and compute the expectation value of ). |f(r)) is a smooth function. (a) Ex-
pand it in terms of ¢,,. (b) Compute (f(r)lFl[f(r)).
(a) We write [f(r)) as

[F) = 1FE)) = Y 19X (Balf (1) = Y (Dalf(1)I8,), (2.213)

where (@,|f(r)) = I @, (Nf(r)dr is the expansion coefficient. ¢, is not necessarily an eigenstate, and, in fact,
any function that is complete and orthonormalized can be used, just as the Fourier transform does. For this
reason, these functions are often called basis functions [15]. This expansion is conditional. First the spatial
domain of ¢, (r) must be equal or larger than that of f(r). For instance, if f is defined between x = 0 and
x = 1A, then ¢ must be defined to be at least betweenx = 0and x =1 A Second, f(r) and ¢, (r) must match
the same boundary conditions. For instance, if f = 1atx = 1A, but all ¢, at the same location is zero, then
there is no way to expand f in terms of ¢,,.
(b) We can use eq. (2.2.13) to compute the energy expectation value,

=1 =1

FIBY = (£ D 1bm) Dl B Y 180) (Bl FO)) = D EnlfIdn)(Bulf) = Y. [<f ) PEns

where we have used egs. (2.2.5), (2.2.6), and (2.2.7). If f, £, and ¢, are given, we can compute (f|H|f).
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Exercise 2.2.2. n
10. What are the major differences between the time-dependent Schrédinger equation and time-independent
Schrodinger equation?

11. What are three major properties of eigenstates?

12. Some textbooks list {(x) = x as a wavefunction. Prove this wavefunction does not satisfy TIDSE.

2.3 Particle in a box: bound states

Consider a particle of mass m sealed inside a box, or a line segment between x € [0, a],
see Fig. 2.1(a). This is the particle-in-a-box (PIB) problem, also called the infinite quantum
well. The wall of the box is heavy, so the particle with nonzero initial velocity bounces
back and forth from the walls at x = 0 and x = a. This spatial restriction is the reason
why all the eigenstates are bound states in PIB, where the energy of the particle never
exceeds the infinite potential barrier. In the following, we will start with a classical ap-
proach and then introduce the quantum mechanical approach.

2.3.1 Classical treatment

Suppose the particle moves classically with velocity v. The probability for the particle
appearing in a short segment dx is given by the time dt spent in dx over the total time T,

dx
a5 dx
TS s p(x)dx, (23.1)

where p(x) = % is the probability density (the probability density per unit length since
we have one dimension). Because the total time is T = a/v, p(x) = 1/a.
With p(x), the average position x (similar to the expectation value in QM) is just

a
X = pr(x)dx - g 232)
0

which says the average position is at the center of the box. And the average x* is

¢ 2
X2 = szp(x)dx - % 233)
0

so the uncertainty in position is given by

(2.3.4)

both of which will be amazingly reproduced in QM.
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Figure 2.1: (a) Our potential. (b) Eigenvalues £, in units of % (c) Four eigenfunctions ¢, (vertically
shifted) with n = 1,2, 3, 4. As n increases, the number of nodes (wavefunction crossing the zero line) in-
creases, and the energy becomes larger.

2.3.2 Potential sets boundary conditions for wavefunctions

The QM analogy for PIB is to set the potential to infinity for the wall, called the infinite
potential barrier. But inside the box, the potential is zero. Figure 2.1(a) sketches such a
potential, V(x) = coif x < 0 or x > a; and V(x) = 0 if x € [0, a]. Its shape is like a well,
so one also calls it an infinite quantum well.
The time-independent Schrodinger equation is an eigenequation, i. e., one equation
with two unknowns. In one dimension, eq. (2.2.5) is reduced to
n d*¢ d’¢  2m[E-V(x)]

= o o +V(xX)¢ = Ep — v _Tqﬁ_ (2.3.5)

It is helpful to examine this equation closely. We notice that % depends on E - V(x).

A different E leads to a different @. IfE > V(x) everywhere, then Zi—‘f isnegative, meaning
that ¢ must change sign after the second derivative. Possible solutions are sin kx, cos kx
or e , where k is real, which corresponds to a continuous state. E is continuous and not
quantized or discrete. IfE < V(x) everywhere, ¢" > 0,50 ¢ must like e** where k is real.
They are localized in space. These states are called bound states, where E is discretized
or quantized. We emphasize everywhere because the solution is for the entire system.

In our case, V(x) = co if x < 0 or x > a. E is always smaller than V, so we only have
bound states. We have Zi—‘f = —th = oco¢, which is unphysical for any nonzero ¢.
The only meaningful solution is to set ¢ to zero for x < 0 or x > a. These two wavefunc-
tions are our boundary conditions at x = 0 and x = q,

#(x=0)=0, (2.3.6)
o(x=a)=0. 2.3.7)

Because the particle density p(x) = |¢(x)|2, p(x < 0) = 0,and p(x > a) = 0. Thus, no
particle cannot exist beyond the wall. These conditions define the spatial extension of
our system.
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2.3.3 Finding a solution that matches the boundary conditions

Our Hamiltonian within the box is H = g’% + V(x). Because V(x) = 0, our Schrédinger
equation is simplified to
n d*¢
Tl Eg¢, 2.3.8)
where E is the eigenenergy to be found. Since ¢ only depends on x, we have changed
the partial derivative to a total derivative.

The solution depends on the sign of E. If E is negative, ¢(x) must have an expres-
sion like exp(ax), where a is a real number. Such an exponential function cannot satisfy
boundary conditions (eqs. (2.3.6) and (2.3.7)) because it would increase or decrease with
x indefinitely. Any solution with a negative E must be discarded.

If E is positive, ¢(x) ~ el = cos(kx) + isin(kx), where k is a real number to be
determined. However, we cannot use cos(kx) because it violates BC. So the only solution
is sin(kx), where we drop an irrelevant “i.” Our trial wavefunction is ¢(x) = A sin(kx).
Substituting ¢ into eq. (2.3.8), we have

+ h—zsz sin(kx) = EAsin(kx) — E = @. 2.3.9)
2m 2m

But, we do not know k. This is where the boundary condition comes in. Equa-
tion (2.3.6) is of no use because x = 0. Instead, we substitute ¢(x) = Asinkx into
eq. (2.3.7) to find

sin(ka) =0 (quantization condition), (2.3.10)

whose roots ka = nrn. To distinguish a different k, we purposely add a subscript n to
k,eg, k, = % where n = 1,2,3,... is called the quantum number. Similarly, we add
a subscript n to ¢, and E,. n = 0 is excluded because this corresponds to an infinite
wavelength and not possible to fit within the well. The key insight is that the spatial
restriction leads to the energy quantization.

2.3.4 Eigenenergies and eigenstates
We plug k,, into eq. (2.3.9) to find the eigenenergy

H (nr\’ .
=om\ 7 (eigenenergy), (2.3.1D)

E, 4

which increases as n?. Figure 2.1(b) shows four such energies. If n takes -1, -2,-3,...,
this does not produce a different solution since the energy depends on n as n’. In the
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wavefunction, the negative sign can be absorbed into the coefficient A. The coefficient
A is fixed by requiring the wavefunction normalized to 1.

(Duldn) = j[A sin(k,x)][Asin(k,x)]dx =1 (normalization) — A = \/g .
0

Finally, our wavefunction is

O (x) = \/g sin(%) (eigenstate), (2.3.12)

four of which are shown in Fig. 2.1(c). One notices that, when n increases, the number of
nodes, the point that crosses the zero line, increases. The more the number of nodes is,
the higher the energy becomes. The location of nodes can be found by setting ¢,,(x) = 0,
i.e, k,x = (nm/a)x = jm, so we have x = ja/n, where j is less than or equal to n and a
larger n allows more j’s. The probability density is

m=mmm=%mﬁw:§m%%g. 2313

All the eigenstates must be orthogonal to each other and form the Hilbert space of
functions, just as x-, y- and z- axes form a three-dimensional Cartesian space. Combining
normalization with orthogonalization, we have an orthonormalization condition

<M%hjﬁm%mw=%p 2314)

where § is the Kronecker delta, i.e., § = 1if n = m, and 0 otherwise. The orthogonaliza-
tion can be understood from Fig. 2.1(c). Take n = 1 and 2 wavefunctions as an example.
One sees that the multiplication of ¢, (x)¢,(x) changes sign at the midway, so the first
part and second parts cancel each other out. For other pairs, the cancellation appears
in different parts of the position space.

Example 7 (Completeness). Few systems can have all analytic eigenstates to test the completeness. (a) Use
PIB as an example to demonstrate the completeness of eigenstates. (b) Show that f(x) = x cannot be ex-
panded by ¢,,.

(a) We show the completeness of eigenstates through the following equation:

a

a N a N N ;
Completeness = & > py = 1 2, 160) (@l = 3 D #2085 (), (2.3.15)
n=1 n=1 n=1

where the summation is over the number of states from n = 1to N. Here, the factor % is to ensure the
normalization and cancel the unit of the probability density which is 1/a. This can be easily calculated using
our code completeness in the Appendix listing 11.1.
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Completeness

Figure 2.2: Completeness of eigenstates. Here,a = 10. The figure uses the code completeness in the
Appendix listing 11.1.

Figure 2.2 shows that the completeness as a function of x for N = 10, 20, 50, and 100. One sees that, when
N is small, the completeness deviates significantly from 1, but, as N increases, the central part approaches 1.
At N =300, the entire line is at 1.

(b) Because atx = a,f = a, but ¢,(x = @) = 0, it is not possible to expand f in terms of ¢,,.

Example 8 (Expectation values of position and momentum). Compute the expectation values of position
and momentum.
For position, its expectation value is

n a

a
(a8, = [ 950088, 00 = 2 [sin(?)x sin(%) =2
0

which is the same as our classical value (eq. (2.3.2)). For (¢, (x)l)?zltpn (x)), we find (see the following exercise)

<2 _ 42 1 _ 1 = i
(¢n(X)|X |¢n(X)) =a (3 Z(HTI)Z >’ Ax 0\j12 Z(HTT)Z '

Figures 2.3(a) and (b) illustrate that both x? and Ax approach the classical ones (eq. (2.3.3)) as n increases.
Similarly, we can find the momentum’s expectation value (¢, |d,|¢,). One can prove it is always zero in
PIB. We take n = 1 as an example to see what happens. We rewrite ¢, as

E . X E’l jx _jmx
- )= =Z—( - a), 2.3.16
¢ \/asm(a) \j(JZI(e e ) ( )

(@11Py181) = G —e’%)(—ih%)(e’% —e”%)dx = 21—0 J(e”% —e’%)(?e’% + %ﬂe”% )dx

QN
=
Ot
El

a
hi oM™ i
:27’2[(1_1+e 4 —ez’?)dx.
a

Integration over the last two terms produces zero, and the first two terms yield
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Figure 2.3: (a) The expectation value of x? (circles) is compared with the classical average value (solid line).
(b) The uncertainty in x (circles) is compared with the classical one (dashed line).

a
ldx = ——. (2.317)

Had we only the previous first term, our momentum expectation value would be ;’7”20 = Z—Z = hz—k The

momentum is half the momentum of the plane wave because eq. (2.3.16) only includes half the plane wave.
If we only have the second term of eq. (2.3.17), the momentum is —%k, The momentum for the right-moving
wave cancels that for the left-moving wave. In QM, when we compute the expectation value, we sum over
both terms, so the momentum is canceled out. Physically, our solution corresponds to a standing wave.

Example 9 (Parity). The parity describes how the Hamiltonian operator A, or, more precisely, the potential
energy operator V(r), changes under the spatial inversion from r to —r. If V(-r) = V(r), then the system
has inversion symmetry or parity. If V(-r) # V(r), the system has no parity. The parity determines many
properties often without a detailed calculation. Figure 2.4(a) shows three potentials for the one-dimensional
system with x as its variable. The thin dotted line with V(x) = x? + 0.2x> has no parity because, if we change
X to —x, the potential changes. Our potential for PIB starts from 0 to a. This is convenient for us to find a
solution, but it misses a crucial property: parity. We can recover its parity by shifting the potential by —%, see
Fig. 2.4(b). (a) Find the eigenstates. (b) Find the eigenvalues.

Because the kinetic energy operator 7 = —% (Z(—Zz remains symmetric under the spatial inversion from
X to —x, our Hamiltonian is symmetric with respect to the origin of the coordinate, and has a definite parity,
A = A(-x).

If a system has parity, its eigenstates have two possible parities: even and odd parities. If ¢,(x) =
®,(—x), the eigenstate is said to have an even parity, or gerade in German. If ¢,,(x) = —¢,(—x), it has an odd

parity, or ungerade. This property is generic, not restricted to our problem, nor in a one-dimensional system.
For PIB, the even parity eigenstates are ¢;(x) = \/gcos(kﬁx), and the odd ones are ¢ (x) = \/gsin(k,"x).

In order for these eigenstates to match the boundary conditions at x = ig, ki and k7 take different values.

k& = ™, where n is odd, and k = I, where / is even.
A direct consequence of parity is that the matrix element of the position x, (¢;|x|@;), is zero if state / and

state j have the same parity,
(@5, XI95,) =0, (g} IxI¢p.) = 0.

Nonzero elements are only between states of opposite parities such as (¢%|x|¢7). In optics, this is called the
selection rule.
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V(x)

Figure 2.4: (a) Parity is determined by the symmetry of the potential energy of a system with respect to

the origin of coordinate. The thick solid line denotes a potential of V(x) = x? and the long-dashed line
V(x) = —0.4/(x2 + 0.1), both of which have parity. But the dotted thin line (V(x) = X+ 0.2x3) does not have.
(b) The parity of the PIB is restored when we center the infinite quantum well at x = 0. It accommodates
eigenstates of two types: One is even and the other is odd. ¢,,_(x) is even, while ¢,,_, is odd.

The eigenenergies are given by

f PR ram?

"= S = et (2.3.18)

which matches eq. (2.3.11). Here, n can take even or odd integers.

Exercise 2.3.4. n
13. Use an Excel spreadsheet to test the completeness of eigenstates of PIB for the potential (a) without
parity and (b) with parity.

14. (a) Compute the expectation value (¢,|%%|¢,). (b) Compute the uncertainty in position, Ax =
\/(¢,,(x)|)?2|¢n(x)) - (¢n(x)|)?|¢n(x))2, and compare it with the classical approach.

15. Compute (a) the expectation value (¢, |ﬁ)2(|¢,,), and (b) the uncertainty in momentum Ap, .

16. Prove (a) if n = m, (¢,|$,,) = 1, which is called the normalization, and (b) if n # m, (¢,|¢,) = 0, which is
called the orthogonalization.

17. Use the eigenfunctions with parity to prove (a) ((j)f,1 |x|¢f,2) =0and (b) (¢,°1 |x|¢;’2) =0.(c) Find (¢Z |x|¢f,2).
18. From x = 0to a/2, f(x) = Ax, and, from x = a/2to a, f(x) = A(=x + a). (a) Normalize f(x) for x € (0, a). (b)
Expand f(x) in terms of ¢, up to n = 3. (c) Based on (b), find the expectation value of (le/U‘).

2.3.5 Time-dependent state evolution: stationary-state evolution

In the following, we show two examples of the time-evolution of a state as we briefly
mentioned in the previous section. This time evolution is a stationary-state evolution,
and the energy of the system is unchanged from the beginning.
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2.3.5.1 Pure state

First, we assume that the system is in a single eigenstate ¢,(r). This is called the pure
state evolution. At any instant of time ¢, the wavefunction is ¥, (t) = e Ent/ "¢,. Essen-
tially, we multiply the phase factor e Ent/h with the original eigenstate to find a state
at time t. The coefficient e /" only provides a phase and oscillates periodically with
time. The larger E, is, the shorter the period becomes. If E,, = 1€V, we find the period
of the state oscillation, 7,, = h/|E,|, to be 4.14fs. If we compute the energy using this
wavefunction, we have

@(OHIPR(0)) = (ppe" B ™Al B g ) = E,, (2.3.19)

which isindependent of ¢. For other quantities, their expectation values are also time in-
dependent as long as their operators are time independent. For instance,
(W (OIX1Y, (1) = (@, IX]@) = % However, this is not necessarily true for a mixed state. It
depends on whether the operator commutes with the Hamiltonian (see Chapter 3).

2.3.5.2 Mixed states with known coefficients

Second, our system is in a mixed state, a state which consists of more than one eigenstate.
Suppose our systemat t = Oisinastate (0) = ¢;¢;+¢,¢,, where c; and ¢, are coefficients
of these two states and |61|2 and |cz|2 represent the probabilities in these two states,
ley)? + lcy? = 1. At time ¢, Y(t) = c,e B¢, + c,e” B,

If we compute the expectation value of the energy, (1/)(t)|PI ) = |cf|E1 + |C§|E2, again
independent of time (see Fig. 2.5(a)). This is a character of the stationary state. For other
quantities, it may or may not depend on time.? For instance, the position of the par-
ticle, ((t)|x[y(t)), depends on time as (Y(O)x[Y(®)) = |F[($1lxIs) + |5 IXIdo) +
o7 @ ETE (G, 1x16y) + 5 ¢y ETEM (G |xIgy) = & + tRe(c] c,en"), where wy, =

27 o?
T T T T T T T T 08
(a) (b)

= - 06 =
§ (E,+E,)2 -5
[0} =
c (/2]
L - 404 8

1 1 1 1 1 1 02

0 2 4 6 10 2 4 6 10
Time t Time t

Figure 2.5: (a) Energy does not change with time. (b) Position changes with time.

3 This depends on whether the operator A commutes with A, 1. e., [A, H] = 0.1fzero, then the expectation
value of A is also time-independent. Otherwise, it will change with time.
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(Eq — E;)/h. This shows that the position oscillates with time. Suppose ¢; = ¢, = % and
a = 1. Figure 2.5(b) illustrates an example.

2.3.5.3 Mixed states with unknown coefficients
The previous coefficients of eigenstates for the initial state ¥(r, 0) are given, but, if not,
we must find them first by expanding ¥ (x, 0) (in 1D) in terms of eigenstates ¢, like,

Y(60) = D Crpn(X), (2.3.20)

where ¢, = f P(x,0)¢; (X)dx (see eq. (2.2.13)). Then, at time ¢, the wavefunction is

YOG = Y cup(x)e B, (2.3.21)

Caution must be taken that this expansion is conditional. First, {¢,(x)} must be com-
plete, ¥, ¢, ¢, = 1. This is the reason why we emphasize the Hilbert space for functions.
Second, ¥(x,0) must have the same boundary condition as ¢, and exist in the spatial
domain as ¢,. For instance, if ¢(x,0) = x?, we cannot expand in the eigenstates of PIB
¢, becauseatx =a, ¢y = a%, not 0.

Example 10 (Find the coefficient). Given §(x,0) = bx(a — x), where b is a normalization constant, find c,,.
First, we multiply eq. (2.3.20) by ¢,,,(x)* from the left and integrate both sides,

a a
J 91000, 0)dx = Y e, J 81 (08, 0. 2322)
0

0
Then, we use the orthogonality (¢,,|9,) = 8, to simplify the right side,

J¢;(x>¢(x, 00 = ¥ C4Sum = G — C = j¢;;<x)¢(x, 0)dx.
0 n 0

After integration, we find ¢, = Sx/ﬁ/(mn)3, where mis an odd number.

Exercise 2.3.5.

19. Att = 0, our system is in a mixed state with the wavefunction ¢/t = 0) = 1/ V3¢, + v2/3¢3, where ¢, and
5 are the eigenstates of PIB. (a) Write down ¢(t # 0). (b) Find the expectation value of energy (¢(t)|A|¢(t)),
where f is the Hamiltonian of PIB. (c) Find (W@IXIPt)y and (PY®)|p,|¢(t)) and sketch a diagram of x — p,.
(d) Why is the momentum no longer zero?

20. ¢y(x, 0) = bx(a —x). (a) Using the normalization condition to find b. (b) Find ¢, for ¢,,. (c) Compute ¢(x, t),
and find ((x, ORI, 1)) and (P(x, £)[plp(x, 1)).

21. Att = 0, the particle is in a state |()(x, 0)), where, from x = 0to a/2, ¢(x) = Ax, and, from x = a/2 to a,
$(x,0) = A(—x + a). (a) Normalize ¢(x, 0) for x € (0, a). (b) Compute (Y(x, 0)|¢,) up to n = 3. (c) Based on
(b), find ¢(x, ).
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Figure 2.6: Finite quantum well. (a) The potential is zero in the well, but is V; outside the well. The entire

potential is separated into three regions. Region Iis from x = —co to 7% IIis between x = —g and % III

isfromx = g to co. We can choose an energy window which is either higher than the well height V; or
lower than V. For the former, we will get unbound states; for the latter, we will get bound states. The actual
parameters shown are taken from Ref. [16]. (b) The equivalent well as in (a) but the potential inside the well
is =V and is zero outside the well.

2.4 The finite square well: bound and unbound states

In PIB, the potential outside the well is infinite and inside the well is zero, where all
the eigenstates are bound states. A more practical case is that the potential outside the
well is finite, where both bound and unbound states appear, depending on whether the
particle energy is above or below the barrier height V,,. Semiconductor quantum wells
are examples. These wells are built from two types of semiconductors, such as GaAs
and Al,,Ga, gAs [16]. They are used in semiconductor and other optoelectronic devices.
Figure 2.6(a) illustrates such a potential for our finite square well, where the potential
inside the wellis zero, but outside the well is a positive constant, V;, > 0. If we rigidly shift
the origin of the potential by —V;, we end up with Fig. 2.6(b). These two are equivalent
physically, and both are used in textbooks.

The finite square well introduces several important differences from PIB. First of
all, the potential is now

v=o, if -2

2
V=V, if x<-
This potential separates the space into three regions, so our wavefunction consists of
three subwavefunctions in three regions, ¢;(x), ¢;(x) and ¢y;(x) for Regions [, II, and
III. In the end, three subwavefunctions must be stitched together at the boundaries
smoothly to form the final wavefunction. In PIB, we only have two boundaries, but here

we have four, x = +co and x = +7.
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2.4.1 Finding boundary conditions for wavefunctions

When we have boundaries, a part of the wavefunction in one region must be mathe-
matically connected to another part in a different region. Boundary conditions (BCs)
are the relationships between different parts of the same wavefunction, and they put
a constraint on the wavefunction and build the physics into the Schrédinger equation.
Take x = +oo as an example. If we want to describe a traveling wave, which is spatially
delocalized, then ¢(+oc0) must be finite. If we want to describe a bound state, spatially
localized in the finite region, @(+co) must be zero. In the following, we seek a bound
state solution, so we choose @(+co0) = 0. We will explain why only ¢ and Zx_q& can be used
as the boundary conditions.

The beginner may wonder why we cannot use the second-order derivative ¢ to set
up the BCs. We take x = —g as an example, which is the boundary between Regions I
and II. The Schrédinger equation in Region I is

h2 d K d?
d;’;‘ + Voor = E¢p, — - m dle = (E- V)¢, 4.
but in Region II the wavefunction ¢y; satisfies
HAd?
" il dfg = (E-0)¢y. (242)

As far as V,, differs from 0, ‘ZX"ZI # & ¢" . This means that the second-order derivative of

the wavefunction at the BCs cannot be used.
Next, we consider ¢'. The generic Schrodinger equation with one-dimensional po-

tential V(x) is
d*¢(x)  2m[E - V(x)]

+V0PX) = Ep(X) > — 5= =-—3 P(x). (24.3)

_ Hdox)
2mdx®

We integrate eq. (2.4.3) to get

d Xy 9 Xy
£ = J[E V(x)]¢(x)dx = —h—m“m( )dx — J V(x)q’)(X)dX], 244

X1 X1 X1

where the boundary falls between x; and x,. As x; approaches x,, the first integral is
always zero, but the second integral depends on V(x). If V(x) is not singular, such as
our current case, then the integral must be the same as we approach —% from Region I
or from Region II, which is also true between Regions II and III:

4 Because two limits become the same, the integral is zero.
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2(-0)- 1) (-9)- ()

But, if the potential has a singularity (see problems 9 and 10 at the end of the chapter),
such as V(x) = V,8(x — ¢), where c is a constant,

Xy,

jv05<x AP = 23 Vo(0).

Xy

a9y doy _ 2m
d dx W

Finally, we consider ¢. We integrate eq. (2.4.4) to get ¢ = f 9 ix. Since 92 1s always

finite, ¢ is unconditionally continuous, ¢;(x = 2) = ¢oplx = 2) and ¢H(x = 2) =
¢ur(x = 7). The following table summarizes our BCs.

boundary wavefunction first-order derivative

x=-00  ¢(-00) = o ¢1(—00) =

X =00 $m(c0) = $m(c0) =0

x=-0a/2  ¢(-0a/2) = ¢11 -a/2)  ¢i{(-a/2) = ¢py(-a/2)
x=af2 ém(a/2) = ¢y(a/2) dm(a/2) = ¢yy(a/2)

2.4.2 Wavefunctions in three regions

We start to solve the Schrodinger equation in I and I1I since they have the same potential,

W d¢
C2mdx®

d’¢ 2m(E Vo) 9
+Vop =Ep — 7 = Yo=Kk, 2.4.5)
where we define k through the last equation, k = v2m(V, — E)/h. We are interested in
a bound state solution, so we choose E < Vj; then, k is a real and positive number. This
differential equation has two possible solutions, ¢(x) = Ae**. To determine which one is
valid, we now impose our boundary condition to ¢(x). For I, we only choose ¢;(x) = AIekX
S0 at x — —oo, ¢; = 0. For Region III, ¢y (x) = Ame’k", since as X — oo, ¢y; — 0.
In Region II, with V = 0, our Schrédinger equation is
n d*¢

Tmacd T

d* 2mE
i A R

where g = V2mE/#h is defined through the last equation as previously. We choose E > 0.
This equation has two independent roots, ¢;(x) = Ay cos(gx) and Ay sin(gx). In the
following, we choose ¢;;(x) = Ay cos(gx), and the calculation for ¢y (x) = Ay sin(gx) is
left as an exercise.
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2.5 Eigenenergies and eigenstates in the finite quantum well

In order to find ¢;(x), ¢;;(x) and @y;(x), we must find k and q. In PIB, k is related to the
width of the well (eq. (2.3.10)), but this is not the case for the finite quantum well, because
in Regions I and III, x goes to +co. To reduce the number of unknowns, we can write k
in terms of E and V,

k =+2m(Vy - E)/h, 251

and combine it with g through

> (2.5.2)

which shows that k and ¢q are dependent on each other.

2.5.1 Eigenenergies and boundary conditions

The BCs build in physics and deliver k and q. We choose x = —% between Regions I and
I1. Since ¢;(x) = AIekX and ¢y;(x) = A cos gx, their values and derivatives satisfy BCs,

Ae ¥ = A cos(—qa/2) = Ay cos(qa/2), (2.5.3)
Arke™¥4% = AL (-q) sin(-qa/2) = Apqsin(qa/2). (2.5.4)

Introducing two dimensionless quantities £ and n, § = % andn = %, wedivide eq. (2.5.4)
by eq. (2.5.3) and multiply both sides with a/2. The result is

¢ =ntann. (2.5.5)
Equation (2.5.2) leads to
2mv, 2mVoa®>  mV,a®
2, 2 2 2 2
K+ = h20_>f+n: 4h<2’ = 2;2 = (2.5.6)
where w = mzvrfzaz is a dimensionless quantity.

Most textbooks [17, 18] stop here and resort to the numerical solution. In fact, one
can simplify it further by substituting eq. (2.5.5) into eq. (2.5.6), so the equation becomes

172 tan’ n+ nz =0’ > nz sec’ n= w? - n=z+wcosn (energy quantization), (2.5.7)

which finally constrains our solution and leads to energy quantization, just as eq. (2.3.10)
does to PIB. These two equations are elementary. For a given w (given V;, and a), one can
find a set of . This equation shows that, regardless of V;, there is always at least one root.
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Figure 2.7: (a) Roots of n = zw cosnand n = +wsinn. Odd states only appear after /2 (the vertical line).
These roots are computed from two codes evenroot. f and oddroot. f in the Appendix listings 11.2 and

2
11.4, respectively. (b) Eigenenergies at w = 2 and 4m, in units of %2 As w increases, the number of roots
increases. At w = 5m, there are ten bound states (Tab. 2.1), whose eigenfunctions are plotted in Fig. 2.8.

This is because cosn = 1 - n%/2 + ---. If n is very small, cos p =~ 1, so we have j ~ w, at
least one bound state. In the another limit, if V; is large, i. e., a large w, there are multiple
bound-state solutions. We add two comments: n must be expressed in radians, and only
the positive roots of  and ¢ are kept.

Figure 2.7(a) shows the numerical roots for w = 0 to 3r for both even and odd eigen-
states. It is interesting to note that the odd roots do not start until w = g Below this,
all roots are even. The programs to find these roots are in the Appendix listings 11.2 and
11.4. We find that these roots are very easily missed. In the code, we first roughly screen
where roots appear and then use a middle-point method to find their exact values. The
negative roots are discarded because we assume both k and g, or n and ¢, are positive.
The reader is strongly encouraged to try them out.

¢ is found through ¢ = \/wz -0t = \/wz - w?cos’n = wsinn. Once n and & are
found, the eigenenergy can be calculated from (note n = %)
2 2 2.2
F- rq”  2n°n

— = . 2.5.8
2m ma® 258)

These eigenenergies are discrete, though we cannot assign a quantum number n to it
because it depends on n.> Figure 2.7(b) shows two sets of eigenenergies E at w = 27
and 4, in units of riiazz k and q also give us de Broglie wavelengths, 27” in Regions I and
II and 2 in II. They are different, even though the energy is the same. This further
demonstrates that the wavelength can change, but the energy does not, which is why
the light photon energy stays the same in water and air (see the problems in Chapter 1).
Table 2.1 lists the numerical eigenenergies with w = 57.

5 We could write E as E,.
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2
Table 2.1: Eigenenergies £ in units of (%) at w = 5m. The parity alternates with E.
No. 1 2 3 4 5 6 7 8 9 10
E 0.221 0.883 1985 3.524 5497 7.89% 10.71 13.92 1750 21.38

parity  even odd even odd even odd even odd even odd

Our energy quantization condition (eq.(2.5.7)) is very convenient. It allows us to
recover all the prior results in PIB. We take V; — oo, 1.e., w — oo, in eq.(2.5.7) to get
cosn=0,n=02n+ 1)%, where n is an integer. Then the energy is

W

= o @n+1y,

n

which matches the eigenenergies of an odd n in eq.(2.3.18). The eigenenergies in
eq. (2.3.18) with an even n are from the odd root ¢y = Ay sin(gx).

Example 11 (Compute an even root with a calculator). For w = 1, use a calculator to find (a) n, (b) £, and (c) E.

We start from = +w cos ). Since w = 1, our equation is n = cos n. We start from n = 0 to see whether
it satisfies both sides of the equation. Clearly, n = 0 is too small. We gradually increase in small steps up to
n=1.Forn=0.1,wegetcosn = 0.995.Atn = 0.7, we have 0.7648, close to the exact value of 0.739095133214,
which is computed using Code evenroot. f in the Appendix listing 11.2. We find § = 1xsin 0.739095133214 =
0.673612029, which is positive and is a valid root. One must check this, though we do not need ¢ to compute
the eigenenergy. Sincew =1,V = r%zz We can find the eigenenergy £ = Z:‘:zz = n?V, = 0.453753166V; <
Vy. This means that the particle can exist even if its energy is below the potential barrier, a finding that classical
physics cannot explain.

Exercise 2.5.1.

22. Use evenroot. f and oddroot. f to find all the roots shown in Fig. 2.7(a).

23. Compute the energy levels for w = 3m.

24. (a) Show that, if we start from the odd root ¢y = Ay sin(gx), the energy quantization condition is n =

2
+wsin ). (b) In the limit  — o0, £, = " (2n)”.

2.5.2 Eigenstates and physical meanings
To determine the eigenfunctions, we need to find the coefficients A;, Ay, and Ay;. The

symmetry in the potential leads to A; = Ay;.® Equations (2.5.3) and (2.5.4) provide Ale‘f =
Ajcosnand Ay = AIe_‘C/ cosn, where § = % andn = % are used.

6 For odd eigenstates, they may differ by a sign.
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The eigenfunction has three parts for three regions I, II, and III,

d1(x) =A™, if x < -a/2,
¢u(x) =Agcosqx, if -a/2<x<al2,
P (x) = Ame_kx, if x>aj2

We use the normalization condition to find (see the details in the following exercise)

A= \j7 (2.5.9)
2/]+31n Zr;
\ 211 2ncosty
which can be used to find Aj; and Ay;.

As an example, we choose w = 5m and compute 10 eigenfunctions, with their
eigenenergies given in Table 2.1. Figure 2.8(a) shows five even eigenfunctions as a func-
tion of x with 5 increasing from the bottom to top. They are symmetric with respect to

= 0, ¢(—x) = ¢(x). Within the well, the wavefunction is a cosine function. To have

even function odd function
5 . . . 5 . . .
W=5T la (a) ®=571 las$ical (b)
4 n=4.1843n | 7.296%| n=4.62421 12.263%)
N=+®COSN ﬁ:ﬂosinn
5 [1=8:25957 3.627%| , [n=8.73181) 4.863%
) 'm=—wcosn =S|
2, =2:3446n ) | 1.478%] , [n=2.81007 ) 2.257%
< TN=+mCOSN  n=rwsinn
h=1.409071 0.494% n=1 -877575 0.906%
! N=—0cosn ! n=-wsinn
o =0.4700z TN o.0s% o [n=0.9398x N\ 0.215%
nN=+mCosn \/ n=t+wsinm
1 L L _ L L
-20 -10 0 10 20 -20 -10 0 10 20

=

X

Figure 2.8: (a) Even eigenfunctions at w = 5m as a function of x. All the wavefunctions are normalized and
are shifted vertically by one unit, except the lowest one. The classical region is denoted by two vertical solid
lines. The percentage denotes the probability for the particle found outside the classical region. i is from
Fig.2.7. (b) Odd eigenfunctions. Their energies are higher, so the probability for the particle existing out-
side the well is larger. The codes used to find these eigenstates are finite.well.odd.wavefunction.f
and finite.well.even.wavefunction.f in Appendix listings 11.3 and 11.5, whose input parameters are
read from odd.w.eta.used and even.w.eta.used.
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an easy view, we vertically shift all the wavefunctions by 1, except the first one. We
first note that the number of nodes in the wavefunction is 0, 2, 4, 6, and 8, increasing in
energy. The ground state has = 0.47007, with no node.

Figure 2.8(b) shows the odd eigenfunctions. They are antisymmetric, ¢(—x) = —¢(x),
with odd numbers of nodes, 1, 3, 5, 7, and 9, increasing in energy. Within the well, the
wavefunction is a sine function.

The most striking feature of the eigenfunction is that, although E < V,, i.e., the
particle’s energy is lower than the barrier height, its has a finite probability density be-
ing outside the well, increasing from only 0.05 % to 7.296 % for the even eigenfunctions
(Fig.2.8(a)) and from 0.215% to 12.163 % for the odd eigenfunctions (Fig. 2.8(b)). This is
purely quantum mechanical: Due to the wave nature of the particle, even for bound
states, a quantum particle can appear in the classically forbidden region.

It is also interesting to see how the particle can manage to appear in a nonclassical
region even if its energy is below the potential barrier. It turns out that the local energy
in Region II (the well where the potential is zero), Ey; = (¢y;|H|¢y), where the integration
is over Region II only, is far below V;,. The particle has a larger probability, which leaves
some room for the particle in Regions I and III to have a higher local energy, higher than
Vy, but with a much lower probability. This ensures the resultant total energy is still
below V. Essentially, we have E = |¢;|E; + | |*Eyy + |oy|*Eqy < Vo, Where |¢;f?, e |? and
|leyr|? represent the probabilities in three regions, respectively.

To this end, all the eigenfunctions are even or gerade because we have chosen an
even symmetry solution. If we choose an odd function for Region I, the eigenfunction
is ¢y (x) = A sin gx. Similarly, we can use the boundary conditions at x = —%, o(x =
-%) = op(x = -%) and ¢;(x = -F) = Py (x = -9):

Ae™ " = Ay sin(-qa/2) = Ay sin(qa/2),
kAje ™ = qAy cos(-qa/2) = qAy cos(qa/2).

Dividing the first equation by the second one leads to % = —w. Then, we again

introduce ¢ = % andn = q—za, which gives us the similar equation & = —n cot 5.

Exercise 2.5.2.

25. Use the normalization condition to find A; in eq. (2.5.9). Hint: Compute three separate integrals, and then
addupto1.

26. Compute the local energy £;, Eyp, and Eyyy.

27. This needs a computer. Use Code evenroot. f in Appendix listing 11.2 to find all the roots and plot them as
Fig.2.7. The roots are stored in files evenroot.eta-omegaxcoseta and evenroot.eta+
omegaxcoseta.
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2.5.3 E > V; and unbound states

The states that we have computed so far have the eigenenergy 0 < E < V. These are
bound states, whose eigenenergies are discrete. This conclusion is generic, even if our
potential is not a constant. In other words, we get a bound state if the eigenenergy is
below the potential everywhere in space. In the other limit, if the eigenenergy is above
the potential everywhere in space, we get an unbound state, whose eigenenergies may
or may not be discrete (see Chapters 8 and 9). If E > V, our states are not bound states
and are delocalized continuous states across the entire space. For instance, Region I has
the Schrodinger equation,

d*¢p  2m(E - V)
w70

+iky X —ikyx

which has two roots, e and e"™". The general solution is

¢; = A;e™* + Be™™*  for Region . (2.5.10)

Additional information about the system is necessary to decide whether we want to keep
both terms A; and B;. For instance, if we are only interested in a particle moving to the
right (+x), then we only keep the A; term. This situation occurs for a voltage bias on a
device. If we are interested in both the right and left propagating waves, then both terms
are kept. This occurs in scattering from a potential barrier. In solids, both terms are kept.
Once we choose a solution like eq. (2.5.10) for Region I, the solution for Region II is
similar, ¢; = Aye™* + Bye X We use the boundary condition at x = -5, x=-9) =
¢ (x = -3), which leads to Ae /2 g etkial2 - g emtheal2 B otkal2 and ¢l (x = -2) =
{{(x = =%), which leads to ik;A ;e "% — ik, Be™1%/? = ik,A;e ™ — ik,By ™% We
have the normalization condition j dx|<;5()<)|2 =1
In total, we have three equations but we have four unknowns, Ay, B, Ay;, and By;. This
shows that we have to put more constraints on our wavefunctions in order to describe
a physical process, which is the goal of the next section. What we should emphasize is
that the energy spectrum for E > V; is continuous. This means, for any E, we always
can find a wavefunction. E is not quantized any more, similar to CM, but not exactly the
same, as will be seen in the next section.

2.6 Tunneling through a barrier: unbound states

The previous section concerns a particle confined in a finite quantum well, which is
an eigenvalue problem of bound states with the boundary conditions. This section deals
with a different problem: tunneling through a quantum barrier. This is not an eigenvalue
problem. Instead, it describes that a particle or a wave propagates toward a barrier, then
reflects from and transmits through the barrier. Importantly, all the states are unbound
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(a) Real systems

barrier

Figure 2.9: (a) Quantum scattering and tunneling are a quantum mechanical way to describe a chemical
reaction or a matter passing through a barrier. (b) Our model potential barrier, with height Vy, has a finite
width a, whose solution is sought in Regions I, II, and III.

states, i. e., continuous states. We know the incident energy of the particle, but we need to
find the reflection and transmission coefficients. This simulates a variety of phenomena
in physics and chemistry. The chemical reactants is such a process, where two reactions
pass through a barrier to form a new product. Figure 2.9(a) shows such a process. The
ultimate goal of our model is to reveal that even if a particle’s initial energy is lower
than the barrier height, it can still have a finite probability to tunnel through a barrier,
i.e,, quantum tunneling. This has a practical application in the quantum transport in a
device.

2.6.1 Boundary conditions

We consider a particle traveling toward a square potential barrier (Fig. 2.9(b)),

V=0 if x<0, or x>a,
V=Vy>0, if 0<x<a

We have three regions and two boundary conditions: one at x = 0 and the other atx = a,
where the wavefunction itself and its derivatives must match. The following table lists
these conditions:

position wavefunction first derivative

x=0 $1(0) = ¢y, (0) $1(0) = ¢1,(0)

Xx=a pnx=0a)=pyx=0a) Pyl =0a) = x = a)

We want to know how much it is reflected and transmitted through the barrier. In
contrast to the square well, where eigenfunctions are bound states, here we look for
a traveling state for a given incident energy E of the wave. For this reason, E is com-
monly not called eigenenergy because it is the energy of an incident particle. Another
difference is that here our wavefunction is delocalized, meaning that the wavefunction
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at x = +oo is not zero and is not normalized because we only know where the barrier is
but do not know the system size. We are only interested in reflection and transmission
of the incident particle. These differences require us to adopt a different strategy.

2.6.2 Wavefunctions

We first consider the solution in Region I (Fig. 2.9(b)). Here, a free particle with energy
E < V, approaches the potential barrier from the left side. The potential is zero, so the
Schrodinger equation is

W d*g,

Tamae PN

d 2mE
?’;1 =S 0= —K* ¢y, 261

where k = —zglE We choose V, > E > 0, ¢ has two roots of e*® where the positive
(negative) exponent denotes which way the wave travels to the + (-) x-axis.

Before the particle hits the barrier (x < 0), the incident wavefunction is etk , where
we only choose a positive k, because the wave propagation direction is along the +x-axis.
Note that ¢(x) is not normalized and has the coefficient of 1. Once the particle hits the
barrier, it reflects back, so its wavefunction is re ik« ,where |r|z represents the probabil-
ity of the reflected wavefunction. The reflected wave has the same wavevector with the
direction flipped since both the incident and reflected waves are in the same medium
and their wavelength and wavevector must be the same.® Our total wavefunction is a
superposition of the incident and reflected wavefunctions,

d1(x) = ™ +re ™ (x < 0), Region L. (2.6.2)

Similarly, in Region III with x > a, the wave, after it tunnels through the barrier
(Region II), enters the same medium as that in Region I with x < 0. The wavefunction
has a similar form but has no reflected wave,

o = te™, (x> a), Region III, (2.6.3)
where [t[? is the probability of the wave in region x > a. t and r are complex numbers.

Next, we consider II, 0 < x < a, where the potential is V,

3 h_z d* ¢y
2m dx?

d*¢y  2m(Vy - E)

+ Voo = E¢y — F ) ¢u —

dy
dx?

= o (2.6.4)

7 Here E must be positive. For a negative E, the wavefunction would look like exp(+kx), and it is not the
traveling wave that we want.

8 If we consider two different media, we must have a different wavelength.
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where q = y2m(V,, — E)/h. Its general solution is?
¢y = Ae"® + Be™®, (0 <x < a), RegionTl, (2.6.5)

where A and B are complex coefficients.

2.6.3 Imposing boundary conditions and transmission and reflection

We have four BCs and four unknowns, r, t, 4, B. To simplify our notation, we set = ’a‘.
The boundary conditions at x = 0 are ¢;(x = 0) = ¢y(x = 0), p{(x = 0) = ¢;(x = 0),
which leads to

1+r=A+B3B, (2.6.6)
ik(1-1) = q(A - B). 2.6.7)

The boundary conditions at x = a are ¢y (x = a) = ¢y(x = @), P (x = a) = P (x = a),
which yields

Ae®™ + Be 1 = te'*, (2.6.8)
q(Ae™ — Be ) = ikte'®. (2.6.9)

Solving these four equations (with details in the following exercise and problem at
the end of the chapter), we find

i -2in
te'*® = , 2.6.10
¢ (1 - n?) sinh qa - 2in cosh qa ( )
2 .
- (1+n*)sinhqa 2610

T la- n?) sinh qa + 2in coshqa’

By definition, the reflection coefficient R and transmission coefficient T (dimension-
less) are given by

" [1+ nz) sinh qa]2
R=rr = - s
[(1 - %) sinh qa)? + 4n2(cosh ga)?
2
T=tt" 40

T - n?) sinh ga)? + 4n%(cosh qa)?’

9 In contrast with Region IT of the finite quantum well problem previously addressed, where the sin(gx)
and cos(gx) terms can be treated separately, the transport problem does not have symmetry. We either
choose the wave moving from left to right or right to left, so there is no symmetry.
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and

A+ nz) sinh qa]2 + 4r]2
[(1 - p?) sinh qa]? + 4n%(cosh ga)?

R+T=

Because [(1- r]z) sinh qa]2 +4n2(cosh qa)2 =[(1+ r]z)(sinh qa)]2 +4r]2, R+T =1.Thisis
the result of the particle number conservation. The sum of the reflected and transmitted
particle numbers must be equal to the incident one.

Exercise 2.6.3.
28.ShowA=[1+r+in(1-n)1/2,B=[1+r—in(1 - r)]/2.v

_ . —ga-+ik . y Tk

29.In a similar manner, show A = #(te +inte @y = %t(‘Hm),B = ?(te'k”—ir]te’k”) = @tﬂ—h]).
30. Show r, t, 5 satisfy r(1— i) = (1+ i) [te™ 9@ — 1], r(1 + in) = (1 - in)[te9°**@ —1]. Hint: Use the previous
two results.

31. Prove [(1 - 172) sinh qa]2 + 4172(cosh qa)2 =[(1+ r]z)(sinh qa)]2 + 4r)2.

ika

2.7 Physical insights into quantum tunneling

We now reveal the physics behind our equations of quantum tunneling by directly com-
puting the wavefunction, transmission coefficient, and current.

2.7.1 Wavefunctions of continuous states and transmission

We take the electron as an example in a region from x = —50 A to +50 A. We choose
the barrier width @ = 5A, which starts at x = 0 and ends at 5A. The barrier height
is 1eV and the incident electron energy is 0.9 eV, from which we can compute k and g
numerically, k = 0.486 A and q = 0.162 A™*. Both r and t are complex: r = 0.554 — 0.621i
and t = —0.072 — 0.549i. Although the wavefunctions are relatively simple, it is difficult
to see them clearly because our states are traveling states, i. e., continuous states, and
their wavefunctions are not normalized. The amplitude of the incident wave is set at 1.
Figure 2.10(a) shows the incident wave from —50 to 0 A. The solid and dashed lines are
the real and imaginary parts of ¢. The reflected wave is shown in Fig.2.10(b), whose
amplitude is less than the incident wave. One might expect a larger reduction, but this is
not the case because only |r|* = 0.693 determines the amplitude. What is nontrivial is the
wavefunction inside the barrier (Fig. 2.10(c)). One can see that its amplitude is close to 2.
This is because the incident and reflected wavefunctions are not normalized. In order
to match the boundary condition at x = 0, A and B become larger: A = -0.154 + 0.358i
and B = 1.709 — 0.979i. Figure 2.10(d) illustrates that the transmitted wave has a smaller
amplitude, where t|* = 0.307. The entire wavefunction across all three regions is shown
in Fig. 2.10(e).
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Figure 2.10: (a) Incident wave. (b) Reflected wave. (c) Wave in the barrier. (d) Transmitted wave. (e) Sum of
all the waves. The dashed box represents the barrier.

Now, we systematically investigate how quantum tunneling depends on the system
parameters. First, we choose the barrier width a = 10 A, which is from x = 0to = 10A
(the two vertical lines in Fig. 2.11(a)). The barrier height is V; = 1eV, and the incident
electron energy Eis 0.2 eV, E = 0.2V,,. Note that our wave is a traveling wave and contains
both incident and reflected waves. Here the wavefunction is complex and has hoth real
and imaginary parts: ¢,(x) and ¢;(x), denoted by the solid and dashed lines in Fig. 2.11(a),
respectively. Figure 2.11(a) displays the wavefunction as a function of x. We focus on the
wavefunction amplitude. In Region I, i. e., x < 0 A, the majority of the electron wave re-
flects from the barrier; and only a small portion of the wave tunnels through the barrier
(Region II) and enters Region III. Tunneling can be enhanced if we decrease the barrier
width to a = 5A, while keeping the rest of the parameters unchanged (see Fig. 2.11(b)).
We can also enhance tunneling by increasing the incident energy E (compare Figs. 2.11(a)
with 2.11(c)).

So far, we have only investigated the wavefunction change. Next, we explore how
the transmission changes with E. First, we fix V; = 2eV but change E from 0 to 2eV.
Figure 2.11(d) shows that, when the barrier width a is 1A, the transmission increases
sharply with E and then tapers off. If we use a larger a = 3A, the increase is much
smaller (indicated by the dashed line). We stay with a = 3A and plot both T and R in
the same figure (Fig. 2.11(e)) as a function of a, where a is defined through E = aV;,. We
notice that, as T becomes larger, R decreases sharply, but the sum is 1.

The dependence of T on a is shown in Fig. 2.11(f). The transmission is extremely sen-
sitive to the barrier width a. Beyond 5 A, the transmission is reduced to a small number,
which can be analytically proven.
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Figure 2.11: (a,b,c) The incident wave is from the left (Region I), tunnels through a barrier (Region II), and
reaches the right side (Region III). (a) Unnormalized wavefunctions in three regions. The solid line is the
real part of the wavefunction, while the dotted line is the imaginary part. All the parameters are given in
the figure. The barrier is denoted by a box. (b) Same as (a), but witha = 5 A (c) Same as (b), but with a
higher incident energy. (d) Transmission as a function of the incident particle’s energy £ ata = 1 Aand
3A. (e) Transmission T (dashed line) and reflection R (dotted line) coefficients as a function of the energy
parameter a, where a is the proportional constant for £ = al/y. The sum of R + T is shown in the solid
line. (f) Transmission T as a function of barrier width a. The codes are transmission.f and tunnel.f in
Appendix listings 11.6 and 11.7, respectively.

2.7.2 Quantum tunneling

In CM, a particle cannot pass through a potential energy barrier if the particle’s kinetic
energy is smaller than the barrier height, i. e., the transmission coefficient T = 0. In QM,
due to the wave nature of a particle, T can differ from zero. This phenomenon is called
quantum tunneling.

In the following, we start from

_ 4n’
" [(1- n?)sinh qa)? + 4n%(cosh qa)?
- sl , @7.)
[(1 - k2/g?) sinh ga]® + 4(k/q)(cosh qa)?
and then take a limit of gqa > 1to get
_ 16E(V, - E) o NIV Ela/h _ 16E(V, - E) o 2NV Eja/h 272)

(Vo-E+E)? 16

The details are relegated to the following exercise. We see that indeed the transmission
decreases exponentially with the barrier width a.
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Example 12 (Transmission through a barrier). An electron with kinetic energy of 0.1eV tunnels through a
potential barrier V, of 0.2 eV with the barrier width of 20 A. Find the transmission.

We are going to use eq. (2.7.2), but we must convert the units in its exponent to the SI units first, so our
transmission is

—10
16 x 0.1 (0.2 — 0.1) -~ Z20XI0 2,5, 17,110-31x(0.2-0.1)x1.602x10~19
= T T2 /e 6626x10
0.22

25
4x10%” x2m *25\%
- 2 X107 VIOTXOTXTK02 _ 4,-6.480

=4de =0.00613.

This shows that the transmission through such a barrier is very small, which is very important to the success
of scanning tunneling microscopy (see Section 9.7).

Exercise 2.7.2.

32.Startfromeq. (2.7.1) to geteq. (2.7.2), T = 165(&/%5)(2 vamVo-Balhi Hing: Expand both cosh ga and sinh qa.
0
33.(a) Using eq.(2.7.2) with E = 1eV,Vy = 2eV,and a = 2A, find T and compare it with the previous T.

34. Following (a), plot T as a function of a, with a from 1A to 10 A, where the rest of the parameters are the
same.

2.7.3 Current

The microscopic current density, /, can be calculated in each region. For Region I, J; is
computed from eq. (2.1.11) as J; = Ziml.(¢1* a%‘pl - ¢Ia%¢l* ). Since ¢; = e + re ™ we have
Ji = %(1 — |r[%). The net current flowing from the left to right is the difference between
the incident and reflected currents.

The current in Region Il is Jj; = %(AB* —BAY) = %(l — |r|%), and the current in
Region 1L is Jj; = % It]? = %(1 — |r[%). This shows that the currents in the three regions
are exactly the same. We can use the continuity equation (eq. (2.1.9)) to find the charge
density change,

B _ yy-_95
A EEs

So we can see that the charge density is constant and is independent of time.

Exercise 2.7.3.
35. Show the currents in Regions I, I, and I are j; = Jyy = Jiy = X (1 - |r[?).
36. Prove % = 0. What does this tell us?
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2.8 Problems

1

10.

A time-translational operator T, will shift the time variable of a function f(0) to
f),i.e, T,f(0) = f(t) = C()f(0). Show C(t) must have an exponential form. All
translational operators have this property. Hint: Follow eq. (9.2.6) on Section 9.2.1.
Starting from eq. (2.1.4), show that if we replace ] by the ratio of the relativistic
Hamiltonian (eq. (1.5.7)) with respect to /, we have a relativistic Schrédinger equa-
tion.

Suppose an eigenfunction of a one-dimensional potential V(x) is ¢;(x) =
exp(—x%/a?) and the eigenvalue is E; = mh—;z where a is a constant. Find the po-
tential.

(@) In a one-dimensional system, if two eigenstates ¢,(x) and ¢,(x) have the same
eigenenergy E, then ¢, ¢} — @] ¢, = C must be a constant C. (b) If both ¢ (x) and ¢, (x)
are bound states, ¢,(x), ¢,(x) — 0 at x — +oco, C = 0 and ¢, differs from ¢, by a
constant, i. e., there is no degeneracy in nondegenerate. Adopted from [19].

o, (x) and ¢;(x) are two bound eigenstates of a one-dimensional system with poten-
tial V(x), with the eigenenergies E, and E;. Assume that at x — +co, ¢, and ¢; — 0.
Show 0 = (Ex — Ep) [ g ()¢ (x)dx.

¢,(x) and ¢,,(x) are two eigenstates of PIB, where x € (0, a) (eq. (2.3.12)). Compute
the transition matrix elements of (a) the position and (b) the momentum operators
(D |X|0y,) and (@, |Py|dp), Where n + m. These matrix elements are called the tran-
sition matrix element, often used in optics as on Section 7.6.

A particle is in an eigenstate of PIB, ¢,. Compute the uncertainty relation AxAp,,
where A = /($,14%6,)% — (($,lAI¢,))2

A particle is initially in a mixed state of PIB, ¥(t = 0) = A(¢; + ¢,), where ¢;
is an eigenstate of PIB. (a) If (¥(0)[¥(0)) = 1, find A. (b) Find ¢(t # 0). (c) Find
W@y [P(8)). (d) Find (¥() P, x1Y(2)). (e) Find (Y (t)|xpy (). Hint: (d) and (e) have
a different order of p, and x. (f) Do (d) and (e) have the same results?

A particle is initially in §(x, 0), which consists of two segments. From x = 0 to a/2,
¥(x,0) = Axand from a/2 to a, itis ¥(x, 0) = A(—x+a). (a) Use the normalization con-
dition to find A. (b) Expand it in terms of eigenstates of PIB and find c,. (c) Compute
Y(x, t) and find (¥(x, t)[X[Y(x, t)) and (Y(x, O)|p,|Y(x, t)). Adopted from [17].

A particle of mass m is subject to a § potential, V(x) = -V;,6(x), where §(x) is the
Dirac delta function

+00
S(X)=0, ifx£0; Sx) =1 ifx=0; J SOdx = 1.

-0

(a) Find its eigenfunction of the bound state, where the wavefunction is zero at
X = +oo. Hint: This problem only has one bound state. (b) Find its eigenenergy. (c)
Suppose we confine the particle in a box with x within —a/2 and a/2. The potential
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remains the same. Find the eigenfunctions of continuous states and normalize the
wavefunction within this box.

A particle of mass m is inside a double-delta potential, V(x) = V(8(x - %) +8(x+ %))_
(a) Find the bound eigenstates. (b) Find the bound eigenenergies.

Suppose V(x) = 0if x < —-§ orx > 7, and V(x) = -V, for -3 < x < 3. A particle of
mass m is placed inside the potential just cited. (a) Write down the wavefunctions
in three regions. (b) Write down their boundary conditions. (c) Match the houndary
conditions to find an equation for the eigenvalues.

Suppose that a particle is in the ground state of PIB. Compute the force on the wall
due to the particle using two different methods: (a) %, and (b) —%. (Answer: % )
A one-dimensional rotator with a fixed rotation axis can simulate the photoisomer-
ization of bacteria rhodopsin. Suppose the moment of inertia is I. The potential is
V(0) = -V, cos(0), where 6 is the rotational angle and V, is a positive constant. (a)
Write down the time-independent Schrodinger equation for this rotator. Hint: Find
the rotational kinetic energy operator. (b) Solve the Schrodinger equation to find the
eigenstates and eigenenergies.

A particle of mass m is subject to a one-dimensional potential, where V(x) = 0 if
-3 < x < 3; otherwise V(x) = V; > 0. (a) Find the odd eigenstates. (b) Find their
respective eigenvalues.

Consider tunneling through a § potential, V(x) = V,6(x), where V, > 0. Suppose
a particle has mass of m. (a) Find the reflection coefficient R = rr*. (b) Find the
transmission coefficient T = tt*.

Code finite.well.even.wavefunction. fin Appendix listing 11.3 uses an input file
called even.w.eta.used which is created from the two files. In the code, a = 10 A.
Compute and plot the wavefunctions as done in Fig. 2.8.

In the tunneling through a potential on Section 2.6.3, prove eqs. (2.6.10) and (2.6.11):

(a)

ek _ —2in
sinh ga(1 - %) - 2in coshqa’

(b)

1+ n?)sinhqa

= —(1-n?)sinh qa + 2in coshqa’




3 Harmonic oscillator and blackbody radiation

Starting from this chapter, we are going to apply the Schrodinger equation to a har-

monic oscillator. The harmonic oscillator model historically has served as the beginning

of QM, where Planck employed the energy quatum of the harmonic oscillator to sim-
ulate blackbody radiation and overcame the old theory’s ultraviolet catastrophe. The
harmonic oscillator has lots of applications. Nuclear vibrations can be approximated by

a harmonic oscillator. Its extension to solids allows us to introduce phonons.

This chapter is grouped into four units.

— Unit1is Section 3.1. This introduces some basic operations of operators and Heisen-
berg’s uncertainty principle and concludes with the ladder operators, ready for the
harmonic oscillator.

— Unit 2 consists of Sections 3.2 and 3.3. Section 3.2 starts with a classical prediction
of the probability and introduces the QM Hamiltonian for the harmonic oscillator.
Then, it explains how to solve the Schrddinger equation for the harmonic oscillator.
Section 3.3 digs into the ladder operators to finally compute the expectation values
of position and momentum. This connects with the uncertainty principle in Unit 1.

— Unit 3 is on dynamic evolution and consists of Sections 3.4 and 3.5. Section 3.4 is
on the Schrodinger picture and stationary state. Section 3.5 is on the Heisenberg’s
picture and equation of motion.

— Unit 4 addresses applications to blackbody radiation and the photoelectric effect
and includes Sections 3.6 and 3.7. Section 3.6 explains why Planck’s quantization
is essential to blackbody radiation, and Section 3.7 presents an experiment on the
photoelectric effect and Einstein’s theory.

3.1 Operators and Heisenberg’s uncertainty principle

In Chapter 1, we briefly discussed operators. Since operators are at the center of mea-
surement, it is necessary to explore some crucial properties. We warn the reader this
section is somewhat abstract.

3.1.1 Basic properties of operators

In CM, two quantities A and B, each of which is a function of canonical positions {g;} and
momenta {p;}, have the Poisson brackets

(31D

“B=) 0q; op;  Ip; 9q;

i

<BA 0B 0A 6B>

where the summation is over components i. Then, {4, A} = 0, {A, B} = —{B, A}, {A,B+C} =
{A,B} + {A, C}, {A,BC} = {A,B}C + B{A, C}.

https://doi.org/10.1515/9783110672152-003
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Dirac proposed a similar relation for QM but with some key differences. The right
side of the equation must be divided by if. A and B are replaced by two operators A and
B, where the hat is used as a reminder for operators. Different from regular numbers
but like matrices, operators are normally noncommutable, AB # BA. Dirac uses a square
bracket to denote this commutation as

[A,B] = AB - BA, (31.2)

which is called the commutation relation of A and B. It is easy to show [A, B] = —[B, A],
very much similar to the Poisson brackets. To find what [A, B] is, we need to apply AB
and BA to an auxiliary wavefunction £, which has the same variables that A and B have.

Example 1 (Commutation). Find the fundamental commutation relation [X, py].
Since both x and p, depend on x, we choose a function f(x). We compute p,(f) and then p, (xf).} We
apply p, first to a wavefunction f and then apply X to f,

. =xeind = &
Xpyf = x(—=ih) Fvi ihx v (3.1.3)
Next, if we reverse the order of application, we have
Lo .0 . o of
Py(Xf) = —/hax (Xf) = —ikf —ihx Fra (3.14)

We see the order of operators matters. We subtract (3.1.4) from (3.1.3). Since f is an arbitrary function, we
have

Xpuf = BxXf = ibf, — [X, byl = ih.

In matrix mechanics, we write [%, p,] = ik, where I is an identity matrix.

Example 2 (Operator commutation). Prove [4B,C] = [A, C]B + A[B, C].
We use our definition of the commutation relation (eq. (3.1.2)) to write [4B, ] = ABC — CAB = ABC —
ACB + ACB — CAB = A(BC — AC) + (AC — CA)B = A[B,C] + [A, C1B = [A,C1B + A[B, C].

We would like to mention some other properties. Suppose c is a classical number. Oper-
ators also obey the distribution, A(c;i; + ¢,,) = ¢; A, + C,Ath,. A linear combination of
operators, ¢;A + ¢,B, is a good operator. If the operator applied to a function returns to
the original function, the operator is called the identity operator I. 1) = y. A Hermitian
operator is A" = A, where T represents complex conjugation followed by transpose. We
can multiply several operators such as ABC, A%, or exponents exp(-A). Division of the

1 Because p, contains a partial derivative, it must apply to both x and f. For this reason, we use paren-
theses around x and f, such as (xf), to remind us about the unique feature of differential operators.
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operators is also possible, such as A/B, but this is often written as AB™. A square root of
Ais written as VA.

Exercise 3.1.1.

1.(a) Prove [A + B,C] = [A, C] + [B, C]. (b) Find [A, BC]. (c) Prove [A, [B, C]] + [B, [C,A]] + [C, [A, B]] = 0.

2. Compute [X, 5y, [, py], (0.7, [P 71, [P B, [Py 321, and [P fOX)).

3. Prove [A-B,C - D] = [A C] + [B,D] - [A,D] - [B,C).

4. (a) Show [A, BC] can be written as [4,B]C + B[4, C]. (b) The brackets like [A,B]_ = AB — BA are called
commutators, where we purposely add a subscript “~”. There is another type of bracket, [4,B], = AB + BA,
called anticommutator. Show [A, BC]_ = [A,B],C - B[A, C],.

3.1.2 Heisenberg uncertainty principle

The Heisenberg uncertainty principle constitutes a milestone for QM. It states that the
expectation values of two noncommutable Hermitian operators AandB,i.e., [A,B] #0,
cannot be determined accurately and simultaneously for the same state |). This prin-
ciple has two conditions: |1) cannot be an eigenstate of A or B, and A and B must be
Hermitian.? The experimental evidence of the uncertainty principle is overwhelming.
When a single beam of electrons passes through a narrower slit (a smaller position of un-
certainty Ax), the wave behind the slit spreads more (a larger momentum of uncertainty
Ap,) or AxAp, > h/2.Time and energy form another pair of these quantities, where time
and energy cannot be determined simultaneously, AtAE > #/2, just as a Fourier trans-
form requires. When we introduced the de Broglie wavelength in Section 1.2 through
the momentum p, we invoked the wavepacket concept to avoid a conceptual difficulty.
This is because, if p is known with 100 % certainty, then the position is completely un-
determined, a wave, not a particle. For a wavepacket, with multiple wavelengths and
various frequencies, its group momentum is used as the de Broglie’s momentum p [11].
Now, we prove Heisenberg’s uncertainty principle mathematically,

AAAB >

%([A, B])‘, (3.1.5)

where ( and ) denote states (¢| and |¢), respectively. The respective uncertainties of A

and B are defined as AA = \(A2) — (A)2 and AB = \/(B2) — (B)2, where the two terms
under the square root are the expectation value of the operator squared and the square
of the expectation value of the operator. This definition follows the uncertainty used
in classical physics, and the only difference is that we use the expectation values. We
caution that here |¢) cannot be chosen as an eigenfunction of either A or B because

2 This condition is not stringent since operators of physical observables are Hermitian operators.
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doing so is equivalent to setting one of terms on the left side of eq. (3.1.5) to zero since
there is no uncertainty in its eigenfunction.
First, we form a state [1) which is a linear combination of A|¢) and B|¢),

lY) = aAl¢) + iBl¢), (3.1.6)

where a is a real number and [¢) is not necessarily normalized. The i in front of Ben-
sures that the norm (Y|y) is B?, not —B%. which simplifies the derivation. For any wave-
function, its norm (y|y), the probability density, must be nonnegative,

Yly) = J Y pdr > 0, (3.1.7)

where the equality corresponds to |)) = 0. If we substitute eq. (3.1.6) into eq. (3.1.7), we
have

WIY) = ((PlaA’-i(p|B)(aAlp) +iBIp)) = a*(PIA%|$) +ai(I[A, BlI§) +($B*|¢), (3.1.8)

where we have used A" = A and B" = B. We introduce a shorthand notation for i[4, B] =
C, where C is also Hermitian. So, eq. (3.1.7) becomes

W) = d*(PIA%9) + a(PICIP) + (PIB*|@) > 0. (3.1.9)

Because a is a real number as we assumed above, to satisfy eq. (3.1.9), the discrimi-
nant of the equation must be negative or zero, ((¢|C [0} )2 - 4(¢)|A2|¢) (¢|J§2 |¢) < 0, which
can be simplified to

V9lA%10)(156) > S(@1CI6), (3.10)

provided (@|C|¢) is positive. If it is not, we must take its absolute value, since uncertain-
ties must be positive.

Next, we use a trick. Since A and B can be any operators, we set A to A — (A) and B
to B — (B). This does not change C because we just subtract the expectation value from
the original operator. But doing so changes (¢|A%|@) in the square root of eq. (3.1.10) to
(9lA%|p) — ((|A|¢))?, and a similar expression for B. According to our stated definition
of uncertainty, (¢|A%|¢) — ((p|A|p))* is just AA?, so eq. (3.1.10) becomes

AAB > %<¢|é|¢> = S(GIABlIg) (3.111)

ifi(¢|[A, B]|@) is positive. Otherwise, one has to take the absolute value of the expression
as eq. (3.1.5). This concludes our proof. We note in passing that the uncertainty AA is a
classical number, not an operator.
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Thereis alarge group of operator pairs that are subject to this relation. For instance,
. byl [2,p,], i, iy], [7y, 1), [1,,1,], where I; is the angular momentum operator. It is in-
teresting to examine the lower limit of the uncertainty principle, AAAB = %(¢| (A, Bl|¢),
and in particular what wavefunction ¢ satisfies this relation.

Take X and p, as an example, whose uncertainty relation is AxAp, > g Recall the
equality in eq. (3.1.7) corresponds to [¢) = 0, [¢) = aX|@) + ip,|¢) = 0, whose solution ¢
is the basis of ladder operators.

Exercise 3.1.2.

5. Show that, if A and B are Hermitian, then i[A, B] = C is also Hermitian.

6. Prove that, if we change A to A — (A), (¢|A%|¢) becomes (9|A%|¢) — ((plA|$))>.
7.If ax|¢) + ip,1¢) = 0, find an expression for ¢.

3.1.3 Ladder operators

The previous subsection shows that operators can be added or subtracted from each
other. Here we introduce two auxiliary dimensionless operators @ and a', which help us
find the eigenvalues and eigenfunctions of the harmonic oscillator.

In CM, the one-dimensional harmonic oscillator has the Hamiltonian

where m is the mass, w is its angular frequency, and K is the spring constant, K = mw?.

We obtain the QM Hamiltonian operator by quantizing the position and momentum,

- 1 1. o2
H=—"=+-mwx =— mwx)”|, 3.1.12
om 2 g (Px + (MeX)'] (3.112)
where X and p, are position and momentum operators, respectively. We consider the
commutation of position and Hamiltonian [X, H,

)
(X, H] = |X, B | 1mcuz)‘(z

52
AN
om ¥ 7 = [x, m] = mlpx. (3.1.13)

This means the commutation of the position operator with the Hamiltonian gives us the
momentum operator. Similarly, we can derive

(P, H] = —ihmw®x, (3.1.14)
which is equivalent to

lipy, H] = hmw’X = homws. (3.1.15)
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We multiply (3.1.13) by a constant a and (3.1.15) by 3, and then add both sides to get

o i B 7
[ax + Bip,,H] = hw(ﬁmwx + %lp)(), (3.1.16)

which reveals a crucial fact: Although X and p, each do not commute with the Hamil-
tonian, the commutation of their linear combination with the Hamiltonian produces a
similar linear combination of x and p,. We can make the underlined terms exactly the
same by matching the respective coefficients of x and p, on both sides by setting

a=pmw, f= % (3.117)

Consequently, eq. (3.1.16) becomes

lax + Bip,, H] = hwlax + Bip,]. (3.1.18)
a and f§ can take any values so long as they satisfy (3.1.17) or % = mw. This is where the
ladder operators come in.
We define the ladder operator a as
a= (MwX + ipy). (3.1.19)

2mhw

First, we check the units of both terms. Note that both X and p, have units. The units of

2
the coefficient and those in the parenthesis are mkg% = \fk%‘ =1, dimensionless.
So a is dimensionless, and its conjugate is

it = — 1 (mwf — ip,), (31.20)
2mhw

where we have used the properties of X" = X and p! = p,. @ and @' form a pair of ladder
operators. Since @ # @', @ is not a Hermitian operator. This means that @ or ' alone does
not represent a physical quantity, but a'a and aa’ do. Let’s compute a'a.

1 1
apa o s o5 ) A2 A2 . I
a'a= e (MwX — ip,)(MwX + ip,) e [(mwX)” + p; + imw (pr(, pxx)]
[X.px]=in
29
= ﬁ[(mwk)2 +pE - mhw] = +% [%mwzf(z + sz’;l] —%. (3121
H

The first term in eq. (3.1.21) contains the harmonic oscillator Hamiltonian. So, we can
rewrite the Hamiltonian in terms of @ and a' as

a- hw(&fa N %) (31.22)
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Exercise 3.1.3.
8. Using the definitions of & and &, compute the following commutations: (a) [d,"] and (b) [a", a].
9. Use [4,a'] to compute [a',4%].

3.2 Harmonic oscillator

In molecules, atoms vibrate with respect to their equilibrium positions. Figure 3.1(a)
shows the Lennard-Jones potential around x.,. When atoms are not far from their equi-
librium positions, the potential can be simulated by a harmonic potential (dashed line)
as it in a pendulum. The harmonic oscillator is a model for molecular vibrations. The
energy scale is on the order of meV, i. e., the infrared region. Although the model is quite
simple, it helps us understand the coherent motion of iodine in I, under ultrafast laser
excitation. The harmonic oscillator is analytically solvable. In the following, we will con-
sider a one-dimensional system and shift the equilibrium position x, to 0.

3.2.1 Classical physics

According to classical Newtonian dynamics, the one-dimensional equation of motion of
a particle of mass m in a harmonic potential is

—=-Kx, or — =-WwX, (3.2.1)

where K is the spring constant and the angular frequency is w = \/g . The period is
T = 2rr/w. The solution is

X = X, sin(wt + ¢), (3.2.2)

where x; is the maximum amplitude of position and ¢ is the initial phase, not to be
confused with wavefunctions. The velocity and momentum are v, = wXx, Cos(wt + ¢)
and p, = mwx, cos(wt + @). x-p, forms the Lissajous orbit.

We can find the probability of the particle within the line segment dx by computing
the time dt that it needs to transverse dx,

(x)dx = de 2 d&x_w dx _ i
PO T " oo, T maxeos(@i 9 g (323)
0

where in the last step we have used eq. (3.2.2) to get \/xg — x2. Here, a factor of 2is present
because the bob passes through the same segment twice for a single period T = 277/w.
We find the classical probability density to be
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Figure 3.1: (a) The harmonic potential (dashed line), V(x) = V, + %k(x - xeq)z, is an approximation to
the Lennard-Jones potential (solid line), V(r) = 46[(%)12 - (%)6]. (b) Classical probability density p(x) as
a function of ax (dimensionless), where a = \/Eh"’ The largest p(x) is infinite at its position maximum X,
which is computed by matching the classical energy to the quantum one through %wzxé =(n+ %)hw, i.e.,

2 _ (n+Dh _
Xg = 5, -Heren=5.

px) = ; 3.2.4)

Ix2 _ y2
T\ Xg — X

for a particle with the fixed energy. Figure 3.1(b) shows the probability as a function of
displacement. In classical physics, x, can take any values, but, in QM, this is not possi-
ble. In the figure, our maximum displacement ¢, (§, = ax, = \/@xo) is computed by
equating the classical energy to the quantum energy with n = 5.

Exercise 3.2.1. n
10. (a) Avibrational mode in fcc Ni has frequency 1 THz (v = 10" Hz) at room temperature T = 300 K. According

to the equipartition theorem in classical statistics, each degree of freedom has the same energy of %kBT.
Assuming that at one instance all the energy is the potential energy %mwzxz, where m is the mass of Ni at
58.699 amu (58.699 x 1.66 x 1072" kg) and w = 27V, find Xsssicar- (b) According to QM, even at T = 0K, an
oscillator has energy of iw/2. Assuming that the energy is all stored in the potential energy, find Xqyantum for

Ni atom.

11. Using the classical probability density (eq. (3.2.4)), (a) prove p(x) is normalized to 1, and find (b) X, (c) X2,

(d) py, (e) p_f, (f) Ax, (g) Apy, and (h) AxAp,. Note that the quantum treatment must approach them in the large
quantum number n limit.

3.2.2 Quantum theory for a harmonic oscillator

The quantum mechanical Hamiltonian of a one-dimensional harmonic oscillator is

N s
H = ——— V 5 .2.
amox? ) (323)
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where the first term is the kinetic energy operator T and V(x) is the potential energy
operator. In the x-representation, V(x) is just a regular function and contains no partial
derivative. Specifically, V(x) is %mwzxz, where m is the mass, w is the angular frequency
and x is the position. Since this is a one-dimensional problem, we can change the partial
derivative to a full derivative, so the Schrodinger equation becomes

<___ + tmaix >¢ _ g, (3.26)

where E and ¢ are the eigenvalues and eigenfunctions to be found.
Before we solve eq. (3.2.6), we make some observations about ¢. To ensure that the
wavefunction remains finite at infinity, the boundary condition for ¢ is

X — +00, ¢ — 0.

Second, E cannot be negative for a harmonic oscillator. To see why this is the case, we
2Ly _
2m dx* ~

be positive, forcing Zi—? to grow with ¢ infinitely, which is unphysical. Therefore, the
eigenenergies of a harmonic oscillator must be positive.

There are two ways to solve this differential equation. One is to employ the Tay-
lor expansion, and the other is to use ladder operators. We pursue the second method,
which is much more elegant. There are three steps. First, we rewrite the Hamiltonian in
terms of @ and a'. Then, we find the eigenenergy and finally the eigenfunction.

With the help of eq. (3.1.21), we rewrite the Hamiltonian as

rewrite eq. (3.2.6) as (-E+ %mwzxz)q). If E is negative, then —E + %mwzx2 must

j=})

fa=-; +%ﬁ_>ﬁ=hw<a*a+%>. 327
This shows that, once we convert the kinetic energy operator and potential energy op-
erator to @ and @', the Hamiltonian becomes “diagonal” in @ and a' if we consider a as
arow vector and @' as a column vector. If we could find the expectation values of the
diagonal elements @@, we would find the eigenvalues of the harmonic oscillator, even
though we have not started our calculation. This is the beauty of lowering and raising
operators.

3.2.3 Eigenvalues and eigenfunctions

In the following, we first find the eigenvalues and then the eigenfunctions. Suppose that
we find an eigenfunction ¢ and eigenenergy E of H, i. e., H¢ = Ep, where we do not need
to know or assume what E and ¢ are. This assumption is always possible for any A. For
our problem, this means that
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o = Ep — hw<a*a . %>¢ _ B, (3.28)

where we have used eq. (3.2.7). Next, we shall show a'¢ is also an eigenstate of H, if ¢ is
an eigenstate, i.e., H(a'¢) = E'(a'¢), where E' is the eigenenergy corresponding to the
eigenstate @'¢. The same can be said about a¢.

First, we apply H to a'¢,

fa'g - hw(&* i+ %)zﬂq) - hw(&Taa* . %a*>¢. (3.2.9)

In order to use our assumption (eq. (3.2.8)), we need to exchange a with a' in aa’. We
use the relation proven in the above exercise [@,a'] = 1,aa’ - a'a =1,s0aa’ =1+ a'a.
Then a'aa’ = a’(1+ a*a), so the terms before ¢ in eq. (3.2.9) can be rewritten as

hola'(1+a'a) + %a*] - hwaf<a*a ; % + 1) _ a*[h(,J(aTa N %) +hw] M+ hl.

"
We apply this expression to ¢ and use (3.2.8) to get
a'[H+hwlp=a"[E+hwlp = [E+hwla’'¢p=Ead'¢p - Ha'¢g=Ea'e,

which proves a'¢ is also an eigenstate, but with the eigenenergy E’ increased by i, i. e.,
E' = E + hw. Similarly, we can show Ha¢ = [E — hw]ag, with the eigenenergy decreased
by Aw.

This concludes that, if ¢ is an eigenstate, both a¢ and a'¢ are eigenstates, with the
eigenenergy decreased or increased by hw, i. e, (E — hw) and (E + hw), respectively. The
energy gap between the subsequent two levels is always Aw (see Figure 3.2(a)). If we
successively apply (a")" to ¢ n times, we get nhiw. On the other hand, a¢ reduces the
energy by —hw, and in the end, we get n = 0. Since /f = hw(a'a+3) has an extra 1, when
n = 0, the minimum eigenenergy is +%hw. For n # 0, the subsequent eigenenergies must
be (n + %)hw.

In other words, our final Schrodinger equation is

Ho, = hw(&*a + %)% = <n + %)hw(pn = E 0y, (3.2.10)
whose eigenvalues E,, are

E,= <n + %)hw (3.211)

3 For this reason, we call these operators ladder operators, just like climbing up or down a ladder.
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Figure 3.2: (a) Eigenvalues from n = 0 to 3. (b) Harmonic potential and eigenfunctions ¢, (x) which are
vertically shifted for clarity.

Here, nis called quantum number and only takes nonnegative integers. This expression
is similar to what Planck used (see Section 1.1.1), except that we use # and w instead of
h and v, but the main difference is an extra term %hw, which is called the zero-point
energy. Physically, this means that even if the atom is at a temperature of 0 K, its energy
cannot be zero. This quantum feature is rooted in the Heisenberg uncertainty principle.

Next, we search for eigenfunctions. We employ the fact that every application of
the lowering operator a to an eigenfunction ¢, produces another eigenfunction with
the eigenenergy lowered by Aiw. However, when we hit the ground state ¢, further ap-
plication must yield zero, i. e., ag, = 0, whose explicit expression is

mw hi

. 1 <
ady = —|[ \—x + ——
%o V2 h Vmhw 0x

The subscript 0 denotes the ground state. This differential equation has a root,

>¢0 _ 0, (3:2.12)

o = Ae" X, (32.13)

where A is the normalization coefficient to be determined through

[ 1
me 4
J¢E§¢odx = A J e W dx=1,>A= (%) , (3.2.14)

whose detailed derivation is left as an exercise. Then, the ground state has the following
eigenfunction and eigenvalue:

4 mw
6, = <@> A %hw, (3.215)
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Figure 3.3: (a) ¢4 as a function of €. (b) Probability (wavefunction squared). The dashed line is the classical
result from eq. (3.2.4), whose x is computed by setting the classical maximum energy to the quantum

; 12,2 1
energy, i. €., Eqassical = 3Mw Xy = (N + 5)hw.

The remaining eigenstates, denoted as ¢,, can be found by (a")"@,,

1
P mw\* 1 _g
¢n(x) = (@") ' @p/ V! = (E) WHH(E)e &, (3.216)
where 1/vn! is to ensure the normalization, £ is a dimensionless quantity, & = %x

and H,(¢) is the so-called Hermite polynomial, with a first few terms Hy = 1, H; = 2¢,
H, = 4% — 2. More generally, one can find them through the Rodrigues formula

n

Hy(é) = (—1)"efz<i> et 3.2.17)
14

or through the recursion relation H,(§) = 2¢H,,_1(¢) — 2(n — 1)H,_,(&).

Figure 3.2(a) shows four eigenvalues, whose eigenfunctions from n = 0 to 3 are
displayed in Fig. 3.2(b) on top of the harmonic potential. As nincreases, the wavefunction
spreads out, and the number of nodes in ¢,(x) crossing zero increases. The more nodes
a wavefunction has, the higher energy it has.

Recall from Fig.3.1(b) that the classical prediction has the largest probability at
the position maximum. We can make a comparison with this classical prediction. Fig-
ure 3.2(b) shows that, at n = 0, the maximum of the wavefunction ¢,(x) is situated at
x = 0, and the probability Iqb(x)l2 has the maximum at x = 0, which is very different
from the classical prediction (see eq. (3.2.4)). But, as n, i. e, the eigenenergy, increases, we
notice the wavefunction starts to spread away from x = 0. We choose a state with alarge
quantum number, here n = 10, and compute the probability |¢10|2 using the recursion
relation with code Hermite. f as listed in the Appendix 11.8. Figure 3.3(a) shows ¢, as a
function of £. There are 10 nodes crossing 0. Figure 3.3(b) compares the quantum (solid
line) with the classical results (dashed line). As n becomes larger, the quantum results
approach the classical limit. There is a small probability for the quantum oscillator to
appear in the classically forbidden region, i.e., beyond the dashed line. Note that, in
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order to make a proper comparison, the classical result x, is computed by setting the

classical maximum energy to the quantum energy, i. e., Eqjassical = %mwzxg =(n+ %)hw.

Exercise 3.2.3.

12. Suppose ¢ is an eigenstate of the harmonic oscillator Hamiltonian A, where A¢ = E¢. Show d¢ is also an
eigenstate of A, i. e., Hag = (F — hw)ag.

13. The Hermite polynomial is used to construct the wavefunctions for the harmonic oscillator under code
Hermite. f in Appendix listing 11.8. (a) Based on the code, how does the code compute the classical analogue
of xo? (b) Plot three wavefunctions, at n = 2,6, and 9, and denote which one represents the wavefunctions,
probability, and classical probability.

3.3 Applications of ladder operators in position and momentum

In this section we are going to demonstrate the power of ladder operators through the
expectation values of position and momentum. These operators also allow us to compute
the time dependence of position and momentum.

3.3.1 Basic properties of @ and a"

We start from eq. (3.210), hw(@'a + 1)@, = (n + Hhwe,, so a'ag, = ng,. In the Dirac
notation, we denote ¢, as |n), so a'aln) = n|n), where the n in front of |n) is an integer,
0,1,2,... and the n in [n) must be understood as a label for the nth eigenstate.

From the previous section, we know that afin) is also an eigenstate,

In+1) = c,4a'|n), (3.3
where the normalization coefficient ¢,,,4 is determined by requiring

(n+1n+1) = (njaa’ |n)|cp,l* = 1. (3.3.2)

Here, we have used the complex conjugate of |n + 1), (n + 1| = (nlac,,,. Then, we use
aa" = a'a+1and a'aln) = n|n) to reduce eq. (3.3.2) to

M+ DNyl =1 - (n+Dcyql* = 1.

1

We take a real value for ¢, = T and substitute it into eq. (3.3.1) to find
a'lny = Vn+1ln +1). (333)

Similarly, one can find

any = vnjn-1), ifn>1. (3.3.4)
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Ifn =0, aln) = 0. Since @' and a are related to X and p,, we are going to show that the
expectation values of X and p, can be computed using these two relations.

Exercise 3.3.1. n

14. (a) Show @|n) = v/nln — 1). (b) Then use (a) to show &°|n) = Vn(n —1)|n - 2).
15. Use the previous result and a"|n) = v+ 1|n + 1) to show @' aln) = n|n).
16. Find (a")2|n).

3.3.2 Expectation values of X and x*

We can use ¢,, in eq. (3.2.16) to compute expectation values, but using @ and a' is much
simpler. We compute (n|x|n) first. In the x-representation, X = x. Recall

1
a=———(muwx +ip,), (3.3.5)
—thw( Dx)
L 1 FON
a = mwx - ip, ). (3.3.6)
o hw( Dx)

We add eqgs. (3.3.5) and (3.3.6) and divide by 2 to get

avan LM o @37
2(a+a)—\/z X k= me(a +a).

We apply X to |n) first and then find (n|x|n),

X|n) = i(a* +a)n) =y i(\/n +1n+1) + Vvnln -1)), (3.3.8)
2mw 2mw
(n|x|n) = i(\/n +1(nin + 1) + Vn(njn - 1)). (3.3.9
2mw

Because all the eigenstates are orthogonal, (njn + 1) and (n|n — 1) must be zero. This
means in the harmonic oscillator the position’s expectation value is always zero, which
matches exactly the classical result (see No. 2 in Exercise 3.2.1).
Does this indicate that in QM the oscillator does not move at all? Let’s compute
(n|x*|n). We start from eq. (3.3.8), and apply X to X|n) to obtain
) h

P Oy N L 7S v SIS PO e )
Xny = me(a +a)a" +any = me[(a) +a'a+aa’ +a|n). (3.3.10)

Using eqs. (3.3.3) and (3.3.4), we can reduce the three terms in the square bracket to
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@)y =a Vit in+1) = Vin+ D+ 2)n +2),
an) = avnin-1) = Vn(n - )|n - 2),

(@'a+aa")n) = (2a'a +1)|n) = 2n + 1n).
Finally, employing (n|m) = 6,,,, we find the only nonzero term

@n +Dh

(3.3.11)
2mw

. h
(nig*n) = —(nl@n +1)in) =
2mw
which is slightly smaller than the classical prediction, that is % Even though (X) is
Z€ro, (5(2) is nonzero, so our oscillator does move, with the standard deviation being

Ax = \[(nI2In) — (nlxin)? = \/M. (3312)
2mw

This deviation has nothing to do with our measurement tool. Even if we had a perfect
tool, we still would have this deviation because this originates from the wave nature
of the oscillator in QM. The higher the energy is (larger n), the larger the deviation or
uncertainty becomes. In the literature, this is called quantum fluctuation.

3.3.3 Expectation values of p, and i),z( and the uncertainty principle

Using the same method, we can find (n|p,|n) = 0 and (nlj)iln) = (n + 1/2)mhw, whose
derivation is left as an exercise.
The uncertainty in momentum is (see the following exercise)

Apy = IR In) — (pyIn)? = Vin + /2 mho.

If we multiply two uncertainties AxAp,, we find the uncertainty in the position and mo-
mentum as

AxAp, = % Vi + 1/2ymhw = (n +1/2)h, (3313)

which satisfies the Heisenberg uncertainty principle, AxAp, > %h Importantly, if we set
n = 0in eq. (3.3.13), we obtain an equality AxAp, = %h which represents the lowest
bound that the Heisenberg uncertainty principle allows.

Consequently, even at 0K, the system cannot stand still and has to vibrate. So, the
sum of the potential energy and kinetic energy cannot be zero, the zero-point energy.
The origin of the zero-point energy is related to the wave nature of particles and is a
direct consequence of the Heisenberg uncertainty principle. It is a well-known fact that
helium atoms do not form solids, even if we cool them down to a very low temperature,
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such as 4.2K. Research on cold atoms is a hot topic. It is possible to compute the kinetic
energy from the thermal energy kzT/2, where kg is the Boltzmann constant and T is
temperature. From the kinetic energy we can compute the momentum. Now, if we take
this momentum as the momentum uncertainty Ap,, we can estimate Ax, the position
uncertainty of a cold atom.

Exercise 3.3.3.

17. |n) is an eigenstate of the harmonic oscillator. (a) Find (n|p,|m) and (n|%|m) for general n and m and, if
n = m, prove (n|p,In) = (n|xIn) = 0. (b) Find (n|p2|m); is (n|p2|n) zero?

18. The classical maximum displacement x, can be linked to the quantum value through %mwzxé =(n+ %)hw.
Show the average value X2 is %

19. |n) and |m) are two eigenstates of the harmonic oscillator, where n # m. Compute (nlazlm) and then find
the condition when (n|a?|m) # 0.

20. At 4.2 K, compute the position uncertainty of a helium atom.

3.4 Time evolution in harmonic oscillator: Schrédinger picture

As clear from classical physics (see Section 3.2.1), in the harmonic oscillator both position
and momentum change with time. In QM, there are several ways to describe the time de-
pendence. We introduce the Schrodinger picture, where the state y(t) evolves with time
according to TDSE, but the operator O does not. The expectation value has time depen-
dence from the state through (1(¢)|0|y(t)). Since the harmonic oscillator Hamiltonian
is time independent, 1(t) can be found through the stationary-state evolution.*

3.4.1 Stationary solutions

Given an initial wavefunction ¥(r,t = 0) at t = 0, we expand it in terms of eigenstates
O, (x), Y(xr,t = 0) = Y, f0,(r), whose expansion coefficient f, is f,, = f @, @)P(r, 0)dr.
This step is similar to the projection of a vector onto an axis to find its component. The
only difference here is that we are working in a function space, Hilbert space, where
eigenfunctions serve as our “coordinates” and the vector projection becomes an inte-
gration. If ¢,,(r) is exp(ik - r), this is just a Fourier transform.

For any eigenstate |¢,(r)), its time-dependent state |, (r, t)) is

|¢n(r> t)) = exp(_wnt/h)|¢n(r)>>

which is only possible with a time-independent Hamiltonian. Then ¥(r, t) is

4 If H is time dependent, we have to solve TDSE.
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Y, = ) fun(r,t) = Y fr eXp(—iEnt/h) Py (1)
n n
Then, we compute the expectation value of a physical quantity A via

W, OIANY(r, 1) = J " (1, OAY(r, )dr = Y [ (1AL,

3.4.2 Examples

Example 3 (Heisenberg uncertainty principle in the time domain). A harmonic oscillator is initially in a
mixed state ¢ and ¢y, (t = 0) = fodo + fi1, Where fy and f; are real and f2 + fZ = 1. Find (a) ¢(t # 0), (b)
GOIRIP@)), (© (Y@)IF1¢(8)), and (d) (Axdp)(t).

(a) The initial wavefunction ¢(r,0) is ¢(r,0) = f;]0) + f1|1), where we use Dirac notation for ¢,. Its
time-dependent wavefunction is

(/}(I‘, t) :foe—ifgt/hl()) +f1€—if1t/h|1>.

Since X = 5= (@' + @), (%) is

%(aT +8)1g(r, 1))

&) = (y(r, t)l\j

_ (foeifot/h<0| +f1€iE11/h<1|)\/ h

At~ —iEgt/h —iEyt/h

—(a' +a)(foe 0) +fie 1)).

s (@ + @)™ 10) + e D)

We are going to use a'lny = Vn+1|n +1) and a|n) = vn|n — 1). This means that (0]&|0) = 0, (1|a|1) = 0,
(0]a*|0y = 0, and (1]a"|1) = 0, so all the diagonal terms with the same states on both sides are zero. We are
left with off-diagonal terms,

o | B iRt at _ifot/h B iEgtih o a _iEyt/h
®) = \/meﬁe (118"10)fpe + mefoe (Olalmfre
- \j S o (¢ b \j 21y cos[ &~ Eot/].

2mw

One can see that (X) oscillates with time because we are in a mixed state.
(b) Since x = \/#(&T + &), we then have

2= %(aT va)(a +a) = %((a*)2 vi+itavaat) = %((a*)2 vi+2i"a+1).

Caution: We cannot use regular algebra, (a + b)> = a* + 2ab + b*. When we have operators, this does not
work if the operators do not commute. The terms (aT)Z and & contribute zero, and only 2a%d + 1 remains:

N . . h o s s
(XZ) — (foelEgt/h<0| +f1€,E1t/h(1|)m(20Ta+1)(foe /Eot/h|0> +f1€ /E1l/h|,|>) —

h
5= (fo +37).
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Figure 3.4: (a) Uncertainty principle in the time domain. Here,f02 :f12 =05w= LHE") The uncertainty is

always above the minimum #/2 or h/(4m), due to the presence of a higher state |1). (b) Quantum mechan-
ical description of a harmonic oscillator. Classically, when we move the pendulum to its maximum position
Xo, in QM this corresponds to an initial Gaussian wavepack, which is a coherent state and centered at xg.
The time evolution of this pendulum is the center shifting of the initial Gaussian wavefunction.

(c) Finally, we find the uncertainty in X as

2nfifs
mw

20 h
(M) = (@) - (%)% = m(foz +3f7) - cos’[ (&, - Eg)t/h].

Similarly for p, and the uncertainty relation, we find (see the following below)

mhw
(

@p)* = (B = (o) = == (fo +£7) - 2mhufo  sin®[ (6 — Eq)t/m],

12
()2 (bp,)? = n (fg +3f7 - 4f}fZ cos? wt)(fo2 + fE — Af2f7 sin? wt),

h .
Debpy = 5 \/(fo2 +3f2 — 422 cos? wt ) (f2 + f2 — Af2f2 sin wt),

(E1-Eg)
h

where w = and the uncertainty is time dependent (Fig. 3.4(a)).

e—mw(x—xo )Z /2h

Example 4 (Eigenfunction of @). Show ¢(x,0) = A is an eigenfunction of @, where Ay is a nor-

malization constant.

First, note that § = —.

V2mhw

(mwX + ip,). We apply it on ¢(x, 0),

w(x-xg)?/2h

ayP(x,0) = Ay (mws +ip,)e™™

1
V2mhw
whose second term is

- —mw(x—xo)z/zh - _ih 0 (e—mw(x—xo)z/zh)

—mw(x—xo)z/zh
e - e .
Px x

= mwi(x — Xg)
The final expression is

_ i -
apx, 0) = \j %onoe‘"’”(x‘W /2 _ \j %xoga(x,m, 341
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which concludes our proof. The eigenvalue of @ is 4/ %xo. If we repeatedly apply @ to the previous equation,

we have @"(x, 0) = ( xO) Y(x,0).

Example 5 (Coherent states). In CM, we start a harmonic oscillation by moving the pendulum’s bob to posi-
tion xq (see Fig. 3.4(b)). Its quantum mechanical equivalence is to prepare an initial state at t = 0 as (x, 0) =
Age™0—0)° 121 \yhere A, is the normalization constant. This state is an eigenfunction of the operator & and
is called the coherent state. (a) Find ¢/(x,t) at time t. (b) Find the expectation value of (((x, t)IX|¢(x, t)). ()
Find the expectation value (¢(x, t)|p, ¢ (x, t)).

(a) According to our recipe, we must first expand ¢(x, 0) in terms of the eigenstates of the harmonic
oscillator, ¢, (x),

$x,0) = )" cry (), (34.2)
n
where ¢,(x) = NyH, (ax)e’%“zxZ a = %, and N, = [(2,, l] So the difficulty is to find c,. Due to

the orthogonality among ¢,(x), we multlply both sides of eq. (3.4.2) by ¢,(x) and integrate it to get ¢, =
| o(x, 008, (x)ax.

We introduce a dimensionless quantity §, where £ = ax and § = axg, so we can simplify ¢, as

(=22 —1g2 AN, (-5 )2 -1 g2
G = Aoty [ €023 rax = 20T [ 0 eyaan)

A N _(£2_ 122,122 A N _7
= B0 [ €Dy (g - Ao J o

2
Using the identity relation [ ™" H, (t)dt = 2" viiz", we find

! m V2
So, our (x, t) can be written as Y (x,t) = Y, c e Bt (x), with £, = (n + %)hw. Specifically,

e inut, z(f)

Y(x,t) e*’“”zz T( \F)svn(x ) =e e z"oz [b(t)] $n (),

where b(t) = e"“" f" = nee™™ and ny = % = % = %xo. The summation is the expansion of ¢, but

with the center moved to x — Xq cos wt. Finally, we have

wt mwxox

sin? wt— sin mt]

Yix,t) = do(x —Xg coswt)e'[ o

This is a wavepacket that oscillates with time but keeps its original shape.
(b) To compute the expectation value of %, we express it in terms of & and &' because (x, t) is already

expressed in terms of the eigenstates of @, X = \lﬁ(a +6). Since (&) = b* (t) and (@) = b(t),

®) = \j%[b*(t) +b(0)] = \/ﬁ ”;l“’ f;Z[coswt] = xo cos wt,

where we have used a'|((x, t)) = b* ()|(x, 1)) and al(x, t)) = bE)|Y(x,1)).
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(c) We can exploit the same idea as the position operator to compute the expectation value of the mo-
mentum,

(Py) = I\/m7wh [b"(t) = b(®)] = ~mwxy sin wt.

This example shows that the quantum mechanical results agree with the classical ones once we find the
expectation values.

Exercise 3.4.2.

21. A harmonic oscillator is initially in a mixed state ¢q and ¢4, ¥(t = 0) = fodg + f¢1, where f and f;
are real and fo2 +f12 = 1. (a) Show (p,)(t) = —V2mhwfyf; sin[(E; — Eg)t/A]. (b) Sketch a diagram position-
versus-momentum, (X)(t)-{p,)(t). (X)(t) is from our previous example.

22. Show that an eigenfunction |¢) of the lowering operator @ is not an eigenfunction of the raising operator
a'.

23. Although @ and @' do not share a common eigenfunction, it is possible to find the eigenfunction of &

from that of @. Hint: Examine the result if we apply p, to the eigenfunction of a.

3.5 Heisenberg’s picture and Heisenberg equation of motion

In the Schrédinger picture, states evolve with time, but operators do not. This is conve-
nient for some problems, but not for others, in particular for the harmonic oscillator
problem as already seen. The Heisenberg picture offers an alternative, where states are
static, but operators evolve with time. The Heisenberg picture works with operators, so
its connection to CM is closer. Table 3.1 compares these two pictures. Mathematically,
these two pictures are equivalent.

3.5.1 Heisenberg equation of motion
In order to distinguish the Heisenberg picture from the Schrodinger picture, in the fol-

lowing, we denote wavefunctions and operators using the subscript H for the former
and S for the latter. We start with the standard Schrodinger equation,

o
i % - Agys. (35.0)

Table 3.1: Operators and states in the Schrodinger and Heisenberg pictures have respective subscripts S
and H. t, is the initial time. U is a unitary operator.

Picture State ¢ Operator A Hamiltonian

Schrodinger  ih%S = Asps  As = Ay(t = tg) H
Heisenberg ¢y = Ys(t =t5) 22 = L[Ay, Hyl + a;%t”,AH =0'A0  Hy = Hq
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3.5.1.1 Unitary operator U

In order to derive the form of an operator in the Heisenberg picture, we introduce the
time evolution operator U(t, t,) that transforms the initial wavefunction ¥s(t,) at time
to to Yg(t) at t as

Ys(t) = UL, t)Ps(ty). (35.2)

For brevity, we denote U = U(t, t,). To reveal what U is, we substitute i5(t) into both
sides of eq. (3.5.1) to get

ih‘;—lt]zps(to) = HUg(ty), (35.3)

where the time derivative is only on U because 1g(t,) does not depend on t. Here we
have changed 9/dt to d/dt since the U operator only has time as its variable.

Since yY;(t,) is an arbitrary wavefunction, the coefficients of ¥¢(¢;) on both sides
must be the same,i. e.,

ih‘ii—lt] = HyU, (3.5.4)
and its Hermitian conjugate is
Frt
- ihddlt =U"H. (35.5)

Multiplying eq. (3.5.4) by U from the left, multiplying eq. (3.5.5) by U from the right, and
then subtracting one from the other, we obtain i#(U* ‘Z—It] + dd—UtT U) = 0, or UTU is constant,
which can be chosen as 1, UTU = 1. U is called a unitary operator. To see what U" does

to a wavefunction, we left multiply U to eq. (3.5.2) to have

UTys(t) = UTTs(ty) = Ys(te) — UTIPs(®) = 19s(t)), (3.5.6)

which shows that U" transforms 1g(t) at t back to s(t,) at to. U' reverses the time
arrow for a ket vector |Y5(t)), 1. e, a column vector in the matrix mechanics. Using Dirac
notation in eq. (3.5.6) is purposeful. We take the Hermitian conjugate of eq. (3.5.6) to get
a row vector, or, a bra vector,

(WsOIT = Ws(to)l, (3.5.7)

which shows that U transforms a bra vector (Ys(t)] at t to another bra vector (Ps(t,)| at
to. U reverses the time arrow for a bra vector.
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If H is time independent, we integrate eq. (3.5.4) to obtain
0(t, tg) = e Hst-/h, (35.8)

If H is time dependent, we relegate the discussion to Appendix 11.2. So, the time-
evolution operator U essentially takes the responsibility of time integration for the
wavefunction. What is more important is that it helps construct an operator.

Exercise 3.5.1.

24. Equation (3.5.7) is obtained by taking the Hermitian conjugate of eq. (3.5.6). (a) Can we take the conjuga-
tion of eq. (3.5.6) to obtain the same results? Why? (b) Show 0 = (? 5’) is an unitary operator. (c) Suppose
[y = %( ’,’) is a state at time t. Use O to check your answer to ().

25. Equation (3.5.5) has a negative sign on the left side. (a) Under what condition can we interpret it as a time
reversal symmetry? (b) Prove it mathematically.

3.5.1.2 Operator in the Heisenberg picture
Suppose we want to compute the expectation value (ig(t)|Ag|¥s(t)) of an operator Ag
in the Schrodinger picture. Employing UU" = 1, we can rewrite it as

Ws(OIAglps(0)) = Ws(OTUNAGTT Ys(0)) = (Ps(to) UT1AGIU Ys(ty)),  (35.9)
(Vg Ay(t) V)

where we have used eqs. (3.5.6) and (3.5.7).

According to our convention, the state in the Heisenberg’s picture is same as the
initial state (i5(ty)) of the Schrodinger picture, Yy = ¥s(ty). Based on eq. (3.5.9), we
define the operator in the Heisenberg’s picture as

Ay = UTAgU, (3.5.10)

where U is determined by eq. (3.5.4). We take the derivative of eq. (3.5.10) with respect
to time to obtain
dAy dU'. . 4. dU - 0Ag -
— = —AU+U'As— + U —=U.
at  ar ST S T ot
Then we substitute eqs. (3.5.4) and (3.5.5) into the previous equation, and, after a simple
rearrangement, we derive

ddn®) L. 0 +

0A(t)
dt ih ’

3.5.11
3 ( )

which is the Heisenberg’s equation of motion, derived by Dirac first.

0Ay(t) _ frt 04s
ot =U ot U.
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3.5.2 Examples

To appreciate the power of the Heisenberg picture, we present some examples. To dis-
tinguish the position operator from the position variable, we put a hat over the position
operator, X, in all the following examples.

Example 6 (Conservation law). A is an operator and commutes with A, [4, /] = 0. (a) Show 4 is a conserved
quantity. (b) A system consists of a molecule Flm0| and a light source Flnght, so the total Hamiltonian is A =
Hnol + Hiight- Show the molecule can gain or lose energy. (c) A represents the particle number operator N. If
[N, H] = 0, show the number of particles of the system is conserved and does not change with time.

(a) Since [A, f] = 0, from eq. (3.5.11) we have dA/dt = 0. So, A must be a conserved quantity and does
not change with time.

(b) Since we are interested in the energy of the molecule, A = A,,,;. We compute its time change ififl,o =
[Amols Fmol + Flight] = [Amols Aight]- As far as [Amr, Aight] # 0, Amgr # 0. This means the molecule will gain
or lose energy, which happens in photosynthesis and chemical reactions.

(c) Since [N,H] = 0 and ihdN/dt = [N,H] = 0, there is no particle number change. If we use the
Schrédinger picture, we have to solve the Schrédinger equation to get ¢(t), and then compute the expecta-
tion value ((,b(t)lNltp(t)). In this sense, the Heisenberg picture is simpler.

Example 7 (Free particle). The Hamiltonian of a free particleis H = %. (a) Find how its momentum changes
with time. (b) Find how its position changes with time.

(a) In this case, A = p,. We have ihﬁx = [py,H], and ﬁx = 0, so p, is a constant operator. This means
that the particle moves with a constant momentum, or its momentum is conserved. This result is not sur-
prising. But, if one wants to know how large the momentum is, then, one has to know its initial state, its
wavefunction. If our initial wavefunction ¢y (x, ty) is e”‘x/\ﬁ, which is normalized in a box of length L, then,
(P (te)1pxly(ty)) = Rk att = ty. The momentum has the same value at any later time t.

(b) The position operator is %, so its equation of motion is i/iX = [X,H] = [%, %] = SL[%,p] =
#(ﬁX[i,ﬁX] + [%,pelpy) = ’% The position changes as X = %‘, which matches the CM. If we integrate
over time, the position is X(t) = X(ty) + %‘t, where both X and p, are operators. Physically, the position of the
particle changes with time at a rate of p, /m (velocity operator).

If we want to compute the expectation value of X(t), we must provide the initial wavefunction. If we
adopt the same wavefunction e/ VL, we find ((to)IR(©)|¢(to)) = (olX(tg)Ip) + LMD _ gy 4

%kt, where the first term is the initial position. This is a constant velocity motion.

Example 8 (Time evolution of ladder operators & and a%). In Heisenberg’s equation of motion, any reason-
able operator can be used. For instance, a translational operator of position can be used. Here, we take a and
" of the harmonic oscillator as an example. At initial time ty, the initial operators of @ and atare a(ty) and
@' (o), respectively. Find their operators at time t.

The Hamiltonian, in terms of @ and &', is #/ = (7@ + })hw. The equations of motion for & and & are,
respectively, ihd = [&,A] = [6,(8"a + 3)]hw = hwé, and ikd" = [6",A] = (&', (@"a + D)]Aw = —hwa',
which can be simplified as & = —iwd and ' = iwa'. The solution is straightforward: a(t) = e ™ a(t,) and
' (t) = €4’ (ty). These operators are useful if we want to compute the position and momentum operators.
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For instance, at t, X(t) = \lﬁ(a(t) +at(t), p(t) =i me’(—a(t) + @' (t)). These are all operators. If we
want to compute their expectation values, we need an initial wavefunction.

Exercise 3.5.2.
26. Ehrenfest’s theorem. A particle moves in a potential V(x). Use the Heisenberg equation of motion to derive
the expectation value of position X in a state |((t;)) which changes as

d’ o d(py)
mﬁ(x)— dt

=—(VV(x)).

27. Use a'(t) = a'(tp)e™ and (1) = a(ty)e™ to (a) find (X(£)) in an eigenstate |¢,) of the harmonic

oscillator, (b) find (¥%(t)), and (c) find \/ (£2(t)) — ((X(1)))2.

52
28. A free particle has the Hamiltonian, H = f—f". Prove the position uncertainty at two different times ¢t and
to fulfilling Ax(£)Ax(ty) > 2£.

3.6 Blackbody radiation

A blackbody is an ideal model object that can absorb or emit more radiation than any
other objects. A common example is a cavity as illustrated in Fig. 3.5(a). Gustav Kirch-
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Figure 3.5: (a) Blackbody radiation in a one-dimensional cavity. Only standing waves can survive in the
cavity. The number of waves N, is inversely proportional to its wavelength A as N, = 2L/A. (b) Schematic ra-
diation as a function of wavelength and temperature. From the top to bottom, the temperature decreases.
The curve is plotted using a function A'3/(exp(B/A) =1). (c) Three-dimensional system has N, N, and N,. (d)
Radiation is spherical, but only 1/8th of the volume should be included since all N are positive.
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hoff showed that the state of the heat radiation in a cavity is entirely independent of
the properties of the substances in question. The distribution of radiation is a univer-
sal function of temperature and wavelength of radiation. A common experience with a
stove is helpful here. When we heat the stove, the color of radiation is red, but as the
emperature increases, it turns white, but not blue. The wavelength of the maximum
radiation shifts toward to a shorter wavelength, but never to blue. Figure 3.5(b) shows
that, for a fixed temperature, the radiation first increases with wavelength, reaches a
maximum, and then decays to zero. This prediction is further confirmed by the cosmic
microwave blackbody radiation at 2.73 K left over from the Big Bang measured by the
COBE satellite. It is this blackbody radiation that constitutes a major challenge for clas-
sical thermodynamics.

3.6.1 Failure of classical physics

In the following, we show how classical physics fails to explain blackbody radiation.
We adopt the linear harmonic oscillator model for emission in the cavity introduced by
Heinrich Hertz. Figure 3.5(a) shows a one-dimensional example where the waves are
sealed within the cavity of length L and they only can bounce back and forth.

Microscopically, energy follows the Maxwell-Boltzmann distribution, so the aver-
age energy E is

5. Iy exp[-E/(kpT))EdE _ [y exp[-E/(kpT)]EAE
[5” exp[-E/(kyT)IE A

> (3.6.1)

where E is the total energy of the system and A, a normalization constant, is defined
through the last equation. For a one-dimensional harmonic oscillator, the total energy
consists of the potential energy and the kinetic energy, i.e., E = %mvi + %m(uzx2 and
dE = dt = dxdv,, and the Maxwell-Boltzmann distribution is

1 1 1
fup(E) = 2 exp[—(imvi + zmw2x2>/(kBT)}, (3.6.2)

which allows us to compute v_)z( and x? through

_ 02
o = H fupvdxdv, = kyT/m — 1% _ kT2, (36.3)
— ( 2 2 mwz)?
2= ” fupx“dxdv, = kgT/(mw®) — = kT /2. (3.6.4)
—00

This means that each degree of freedom, or each mode, either in terms of potential en-
ergy or kinetic energy, has a fixed energy of kzT/2, so the total energy is E = kgT. This
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is the famous equipartition theorem. In order to compute the total energy, we need to
find out the number of modes for our cavity.

For a one-dimensional cavity of length L, the number of modes N, depends on the
wavelength of the mode. The only mode that can survive in a cavity of length L is a
standing wave, so its wavelength A satisfies

A 2L
L:NXE, or NXZ 7,
where N, is positive and % is due to the standing wave. Since the wavelength A is related
to the angular frequency w through A = ¢ = w/czﬂ = 2% we can rewrite N, = Lw/(rc).”
This shows that, for the same L, the higher w is, the larger N, becomes.

In the three-dimensional system, the number of modes is N,N,N,, where N,, N,,
and N, are the number of modes along the x-, y-, and z-axes, respectively. For a cube,
NXNyNZ = ZTL ZTL ZTL = (ZTL)g. However, since radiation is spherical, not cubic, we need to
compute the volume of the sphere, with radius of (%). We cannot use the entire sphere
because only one-eighth of a sphere has positive Ny, Ny, and N,. Therefore, our final

number of modes is

~ 1471<2L>3X 8V 8V s

_1an , 3.6.5
83 3 33 (3.63)

A

where 2 accounts for two polarizations of radiation and we have set L* to V. One sees
that the number of modes is inversely proportional to A%, or proportional to v°.

Experiments measure the radiation energy as a function of v or A, so we need to
know how many modes dN are within an interval from v to v + dv, or in terms of wave-
length, A to A + dA. From eq. (3.6.5), N is the total number of modes, but we need dN. All
we need to do is to take the derivative of N with respect to v,

dN = Sf_;’vzdv. (3.6.6)

Within dv, the energy per volume, E, is the number of modes dN multiplied by the
average energy per mode E = kT, then divided by volume V,

= dN 81
E=E— = kBT?vzdv = u,dv, (3.6.7)

where all the terms before dv are defined as the classical spectral energy density u,. The
radiance S,, is

22 . -
S, = MLHC = C—VszT (classical prediction). (3.6.8)

5 Here, the speed of light c is used because we are considering the radiation.
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This equation shows that, the higher the frequency is, the more the energy is emitted,
contradicting the experimental finding as illustrated in Fig. 3.5(b). This leads to the fa-
mous ultraviolet catastrophe. Classical physics fails to explain blackbody radiation be-
cause the continuous energy leads to integration in eqs. (3.6.3) and (3.6.4).

Exercise 3.6.1.
29. The Boltzmann distribution is fyg (£) = 3 exp[~(3mw’x*)]. @) If [ fygdx = 1,find A. (b) ComputeX. (¢)

Compute X

3.6.2 Quantum theory: importance of quantization

Planck postulated that the blackbody only emits or absorbs energies in integer multiples
of hv. Under thermal equilibrium, each oscillator holds only discrete energies, E,, = Ohv,
hv, 2hv, ..., each of which corresponds to a mode or quantum state of the harmonic os-
cillator. According to the Boltzmann distribution, the probabilities for the harmonics in
these energy states are exp(~E,/kzT).° Using E,, we have probabilities for each energy:
1, e/ kBT, e 2l kBT, .... The probability sum is just our normalization constant A (same
asAineq. (3.6.1)),

hv/ksT 1

—_ —nhv —_

A= Eoe BT = 1= o hikT’ (3.6.9)
n=

which converts the Boltzmann factor exp(-E, /kzT) into a probability [20]. The total en-
ergy of the oscillators is the sum over the product of exp(-E, /kzT)E,, i.e.

e~ hV/ksT

EW) =Y nhve™™/ksT = py (3.6.10)
n

where £ is written as £(v), because this average energy depends on frequency v, a fea-
ture that CM does not have. Here we have a geometric series summation, not an integral,
the mathematical reason for Planck’s success, representing a key difference between CM
and QM, as our first exercise in Chapter 1 is intended to explain.

To find the average energy of each oscillator, we divide £ in eq. (3.6.10) by A in eq.
(3.6.9) to find (compare with eq. (3.6.1)),”

hv

E=EW/A =S

(3.6.11)

which is no longer the classical value E = kzT.

6 Quantum statistics has the same expression as classical statistics for each individual energy state.

7 e™/%sT is eliminated from the numerator, so the denominator has e*"/sT
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Our final radiation energy per volume (in units of J/m®) is the average energy E
multiplied by dN/V (same as eq. (3.6.7))
~dN hv  8rn

_ 2 _ . .
E=E V- mc_Sv dv = u,dv (quantum prediction), (3.6.12)

Uy

where we have introduced the spectral energy density u,. The same radiation is in all
directions. When the radiation exits through a small hole, the fluence S, (in units of J/m?)
measured experimentally is equal to u,c/(4m),2 yielding
2?1

SV = Tm, (3613)
which is Planck’s law. Equation (3.6.13) is different from our classical one (eq. (3.6.8))
and has no divergence as v — oo (Fig. 3.5(b)).” This law enables us to compute the total
intensity (in units of W/mz),

® 5 4
J S, dv = %”;ﬁ% - oT*, (3.6.14)
0

which is the Stefan-Boltzmann law. The Stefan-Boltzmann constant is ¢ = 5.6703 x
1078 W/(m* - K*).
Taking the limit A — 0 yields the Wien law,
2hc _

Sidh==5e helAksT g, (3.6.15)
where we have converted v to A. In fact, the Wien law is an empirical formula with two
fitted parameters in history, but here we obtain it from Planck’s law. As temperature T
increases, Planck’s law goes back to the classical prediction (eq. (3.6.8)).

Exercise 3.6.2.

30. Show Mﬁ approaches kgT as T becomes larger.

31. Show that when A — 0, 304 = 2e™ /o7 g,
32. Show that, at the limit of high T, eq. (3.6.13) can be reduced to (3.6.8).
33. Starting from eq. (3.6.13), (a) show the maximum S, is determined by

hv th/kBT

T T 1

and (b) show numerically that at the maximum S,,, vz = 2.822kgT /h, Wien’s displacement law.

8 4r is the solid angle over a sphere.
9 Planck proved the average radiation energy is equal to the above-average energy.
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3.6.3 Insights

In classical physics, the energy is continuous, and the energy interval can be infinitely
small. Mathematically, this leads to an integral in eqs. (3.6.3) and (3.6.4). The original
potential energy term (mw”x%/2) depends on w?, but using the Boltzmann distribution
(e EkTyto compute the average potential energy, i. e., )ﬁ, produces X2 o 1/w? which ex-
actly cancels w? in the potential energy term, so the energy for each degree of freedom is
%kB T, independent of frequency v or w. Because the number of modes N is proportional
to v* (eq. (3.6.5)), this leads to the ultraviolet catastrophe.

QM adopts the energy quantization, so, mathematically, the total energy is a sum,
not integral. Two insights are: (i) A classical stronger oscillator with a larger amplitude
corresponds to a larger quantum number n in QM; (ii) A higher frequency v, whose ef-
fect is canceled in classical physics, affects its probability through the Boltzmann factor
(eIksT), E, = nhy puts the frequency of radiation at the center, where the Boltzmann
factor (e™/ksT) weighs the frequency v and n from the beginning. As a result, the aver-
age energy (eq. (3.6.11)) depends on v and T. Although both QM and CM have the same N,
the exponential dependence on v significantly suppresses the contribution from higher-
energy modes and eliminates the ultraviolet catastrophe.

Exercise 3.6.3.

34. What are the mathematical reasons for the failure of CM and the success of QM?

35. What is the reason why the CM energy does not depend on v?

36. Use a function f(x) = ﬁ as an example, where x is hv/kgT. (a) Plot f(x). (b) Plot xzf(x) to explain why
the ultraviolet catastrophe disappears.

3.7 Photoelectric effects

When a light photon strikes a metallic surface, electrons can be knocked out. This is the
photoelectric effect. Experimentally, Heinrich Hertz showed that, when ultraviolet light
illuminates metal electrodes, the light changes the voltage between these two electrodes.
Classically, one would expect that the electron emission should be related to the light in-
tensity. A stronger light field, regardless of light frequency, should be able to knock out
electrons, just like a water wave where a strong enough force splashes water droplets
out of water. But, this does not happen in the photoelectric effect, where experiments
point out that the light frequency, not light intensity, is in control. Subsequent experi-
ments reveal that to emit electrons, the frequency v of the incident light must be above a
particular threshold vy,. If the frequency is below this threshold, no matter how strong
the light is, no electron can be emitted. If v above vy, a weaker light field can emit fewer
electrons, and a stronger field emits more electrons, but each electron gains the same
energy.



3.7 Photoelectric effects == 87

) 1 v ©
Vin
Vin Vv
"/
—Yutott
25 T T T T T T 25
ot _
S 2§ 12 =
s s
=2 1.5 F o—6—0— 1 1.5
2 2
1 A—b—h 11 &
0-5 'l 'l 'l 'l 'l 'l 05
20 40 60 80 100 5 6 7 8 9

Light intensity (%) v (10" Hz)

Figure 3.6: (a) Photoelectric effect. Light hits a metal plate and electrons are emitted toward the right
electrode. (Bottom) A modern design replaces the battery by a voltmeter. (b) Light cannot emit electrons
until its frequency v is above vy,. Current can be generated even at V = 0V. A reverse bias voltage —V,off
must be applied to reduce the current to zero. (c) Once v is above the threshold frequency, vy, current
increases with v. (d) Dependence of our experimental voltage as a function of light intensity. (e) Voltage
change as a function of light frequency at 100% intensity. The light source is a mercury lamp.

3.7.1 Experiment

The photoelectric effect now enters a regular advanced physics laboratory. We will use
an actual experiment to demonstrate many aspects of the effect. But, first, we show a
typical apparatus in Fig. 3.6(a), where two electrodes are sealed inside a vacuum tube.
The incident light through a window hits one electrode. A power supply is linked to a
galvanometer to measure the current. If v is below a threshold, no matter how strong
the light is, no electron is emitted, i. e., no current exists. If v is above vy,, even without
a power supply, i.e., V = 0, it produces a current (Fig. 3.6(b)).1° To suppress the current,
one has to apply a reverse bias —V,,ofr- These observations directly contradict the clas-
sical physics prediction, where the current should be independent of light wavelength
A or frequency v; and light with a sufficient high intensity should be able to knock out
electrons. Figure 3.6(c) shows the current linearly increases with v, once v is above the
threshold frequency.

A modern version that we used is shown in the bottom of Fig. 3.6(a), where there is
no power supply and instead a voltmeter is inserted. This setup is simpler than the tradi-
tional one. The beauty of this experiment is that there is little error in the measurement,
except the current leakage in the circuit. Our equipment, called h/e, is from PASCO. The

10 This is the principle of solar cells in photovoltaics.
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Table 3.2: (Left) Wavelengths and frequencies of the mercury spectral lines. The wavelengths are from
Handbook of Chemistry and Physics, 46th Ed. (1965-66). The yellow line, with a doublet of 578 and 580 nm,
was determined using a 600 line/mm grating by PASCO. (Right) Work function of common materials.

Color Wavelength (nm)  Frequency (10" Hz)  Element ¢ (eV)
Yellow 578 5.18672 Na 2.28
Green 546.074 54899 C 4.81
Blue 435.835 6.87858 Al 4.08
Violet 404.656 7.40858 Ag 473
Ultraviolet 365.483 8.20264  Ni 5.01

cathode in Fig. 3.6(d) is made of a semiconductor, Cs3Sh, and has a high sensitivity in the
visible spectrum. The anode of the photodiode is a nickel alloy."! Light from a mercury
lamp is dispersed, through a grating of 600 lines/nm, into five spectral lines. We’ll come
back to the spectral lines in the next chapter. These lines have known wavelengths and
frequencies, listed in Table 3.2. After illumination with light, the electrons are ejected
from the cathode and reach the anode. This process continues until the electric poten-
tial in the tube becomes strong enough to completely suppress the flow of electrons.
Once this equilibrium is established and the current drops to zero, a voltage reading is
taken. The time to reach zero current is shorter for a stronger intensity.

By putting a filter in the light path to reduce the light intensity, we can study how the
voltage depends on the light intensity. Figure 3.6(d) shows our experimental voltage as
a function of light intensity for five spectrum lines. One sees that the light intensity has
no effect on the voltage. This contradicts our classical prediction. The small reduction
at two weaker intensities is due to current leakage in our circuit. By tuning to different
colors, we measure the wavelength dependence of the voltage. Figure 3.6(e) illustrates
the voltage as a function of frequency. When we change color from yellow to ultraviolet,
the voltage increases linearly. This also contradicts the classical prediction.

3.7.2 Einstein’s theory of the photoelectric effect

To explain the photoelectric effect, Einstein postulated the quantum concept of light,
and G. N. Lewis [1] called it the photon. Light must be considered as a particle, each of
which carries a fixed energy, hv. In classical EM, a stronger light intensity means a larger
field amplitude. But in QM, this means the number of photons is larger, but each photon
carries the same energy hv, a prediction that is verified in our experiment. We find that,
for a stronger intensity, the time that it takes the system to reach equilibrium become
shorter. This demonstrates that indeed more electrons are emitted with a stronger inten-

11 Technical details are provided by PASCO.
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Figure 3.7: (a) (Top) Zoom-in view of the surface. (Bottom) The potential energy (thick solid curve) as a
function of position z. E; denotes the Fermi level of the electrode (the first horizontal thin line from the
bottom). The second solid line from the bottom denotes the vacuum level, where the electrons are free.
The difference between the vacuum level and the Fermi level is defined as the work function ¢.

sity. But the voltage is the same at the end, regardless of light intensity (see Fig. 3.6(d)).
If we used the apparatus with a battery as shown in Fig. 3.6(a), we would see a larger
current with a strong radiation. Figure 3.6(e) experimentally reveals that, to knock out
electrons, the light frequency must be above a threshold frequency, or its energy coun-
terpart, ¢, which is defined as the work function.

The physics is shown in Fig. 3.7(a). The shaded area represents a material with a sur-
face. Once electrons leave the surface, positive charges (called holes) are left behind, so
there is a net attraction between them. To liberate the electron from the surface, the elec-
tron has to overcome the potential energy difference between the vacuum level and the
Fermi energy.!? This difference is defined as the work function ¢ which is the minimum
energy that the incident photon must have to free an electron. This sets the threshold
frequency vy, = % as previously discussed. If the photon energy hv is higher than ¢, the
remaining energy goes to kinetic energy which contributes to the current in the circuit.
Therefore, we have

KE = hv - ¢, (3.7.1)

which is the Einstein photoelectric equation. In our experiment, because the potential
completely suppresses the current flow, KE = eV. Then, our voltage Vis V = %v - %)
which explains why our V linearly depends on v in Fig. 3.7(b). This is the reason behind
the experimental data in Fig. 3.6(b). This equation allows us to measure the work func-
tion. For our sample, the average work function ¢ is 1.36 + 0.08 eV. Table 3.2 shows the
work functions for some common materials. The next exercise shows one such example.

12 The vacuum level is where electrons are free from any interaction with the surface of a material. The
Fermi energy is defined as the highest energy level that electrons in a material have at 0 K.
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The photoelectric effect is now developed into a major technique, photoemission,
to probe surface properties of a sample. In two-photon photoemission, an electron can
absorb two photons. In the angular resolved photoemission, one can measure how the
electron energy distributes with angles to detect the energy dispersion in solids. Inverse
photoemission uses electrons to hombard a surface to release light photons. The rich
information from these techniques has made significant progress on our understanding
of physics in materials of different kinds.

Exercise 3.7.2.

37. The mercury lamp is a good light source. Dispersing the light using a grating and focusing with a lens
onto the Cs-Sb sample, two students, Nicole Hostetter and Tanner Latta, in 2015 collected the voltage change
as a function of various colors from the h/e apparatus of PASCO. The following table summarizes their data:

Color Ultraviolet Violet Blue Green Yellow

Voltage (V) 2030 1719 1507 0.902 0.767

The first row refers to the spectral lines of the mercury lamp, whose wavelengths and frequencies are
given in Table 3.2. (a) Plot a voltage-frequency graph. (b) Fit your data to a line and find the slope. Given
e = 1.602 x 107°C, find Planck’s constant h and compute the percentage error. (c) From the same graph, find
the work function of the Cs-Sb sample.

3.8 Problems

1. (a) Prove the Cauchy-Schwarz inequality [(u|v)| < (ulu)(v|v), where u and v are
wavefunctions. Hint: Start from (u — vju — v) > 0, and then rewrite u as u/c and
v as cv. Finally, show the discriminant is not positive. (b) Prove \/{u + vlu + v) <
V{ulu) + v{v|v). Adopted from [21].

2. (a) Prove [p,f(r)] = —iAVf(r), and then use it to prove [e" X%, p] = hke . Hint:

Compute the commutation for the x-, y-, and z-components separately and then add

them up. (b) Prove [f)z, fol] = —hzvzf (r) - 2ih(Vf)P, and use it to prove [e7T [)2] =

e Tk - p + H*k?). Adopted from [22].

If H is a Hermitian operator, show that its eigenvalue must be real.

Find the following commutations: (a) [x, d/dx]; (b) [x%, d/dx]; and (c) [x", d%/dx?].

Starting from [p,, x] = ik, prove [p,, x"] = ~ihnx™1. Adopted from [21].

Aand Bare two operators. Prove e*Be™ = B+[A, B]+ 2 [A, [A, B+ 4 [A, [A, [A, B]]]+

IS

7. A particle of mass m is in the infinite quantum well of length a. (a) Assume the
position uncertainty Ax = a. From the Heisenberg uncertainty principle, estimate
the minimum Ap,. (b) Set the momentum square (p)z() = Ap, and find the energy of
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the particle of m, which is the minimum energy that the particle that can have. (c)
Prove all the eigenenergies are higher than this minimum energy.

A particle is in the ground state of PIB, ¢;(x) = \/g sin(%). (a) Compute the expec-
tation values of %, X%, p,, and 13,2(. (b) Find the uncertainty AxAp,, and check whether
it satisfies the Heisenberg uncertainty principle.

Suppose we have a wavefunction ¢(x) = x, where 0 < x < a. (a) Normalize the
wavefunction. (b) Show AxAp, does not obey the Heisenberg uncertainty principle.
This shows that ¢ is not a valid wavefunction.

¢, is the ground-state wavefunction of the harmonic oscillator. (a) Use @' to analyt-
ically find ¢,. (b) Normalize ¢,. (c) Find the expectation values of X, p,, X%, [9)2(. (D
Find the uncertainty relation AxAp,.

|n) is an eigenstate of the harmonic oscillator. Use @' and a to find the expectation
values of the kinetic energy and potential energy operators, (n|T|n) and (n|V|n).
Show the eigenfunction |¢) of the lowering operator a can be expanded in terms of
the harmonic oscillator’s eigenstates |n),

T
lp) =e ;)m'")’

where a = /mw/h. Hint: Expand eq. (3.4.1).

A particle of mass m is in the ground state of a harmonic potential Vy(x) = %sz.
(a) If, at t = 0, we suddenly decrease K to half K/2, V;(x) = }IKXZ. What is the
probability for the particle in the ground state of V;? (b) If now we wait for two
periods of the original period of the oscillator, find the expectation values of the
position and momentum. Hint: This is a stationary problem, but in which system
does the states evolve after ¢t = 0? ,

The harmonic oscillator has the following Hamiltonian: A = f—rxn + %mwz)‘(z. (a) Find
the equation of motion for the momentum operator p,. (b) Find the equation of
motion for the position operator X. (c) If the initial momentum operator is p, (t, = 0)
and that of the position operator is x(¢, = 0), find an analytic expression for p, (¢)
and x(t). (d) Use the expression of x(t) to show that two position operators at two
different times ¢; and ¢, do not commute in general, [X(t;), X(t,)] # 0. What about
[P, (t), Py (t,)] # 0? (e) Find the times when [X(t,), X(t,)] = 0. (f) Suppose that initially
the expectation value of X is (X(t;)) = X,. Find the expectation value of x at time ¢.
Consider a particle of mass m, which is close to the surface of the earth, with the
initial momentum (p,(¢,)) and position (y(t,)), and falls under gravity (acceleration
is g). Ignore the air resistance. (a) Find the momentum (p,)(t) at time t. (b) Find its
position (y)(t) at t. Hint: You need to write down the Hamiltonian for the free fall,
and choose the upward direction as the +y-axis. (c) Discuss what happens to your
result if the particle is far above the surface of the earth with the initial momentum
along the x-axis.



92 —— 3 Harmonic oscillator and blackbody radiation

16.

17.

18.

19.

20.

21.

22.

The relativistic Hamiltonian of a free particle is H = c/m2c? + p2 + p; + b3, where
m is the rest mass and c is the speed of light. (a) Using the Heisenberg equation of

: i di _ Hp b Ehy a _ & .
motion, show the velocities T = HX’ R and T = HZ' (b) Show that, if
m = 0, all the velocities are equal to c. Hint: Use p-representation to convert x to

ih%. Adopted from [11].

H is a Hamiltonian and contains the kinetic energy T = % and the potential energy
V(r). (@) Show the commutation of the position operator r and H, [t,H] = l;’[—p M) If
[n) and |m) are two eigenstates of H, with eigenvalues E, and E,;, show the matrix
element of I is given by

ih({n|p|m) h(n|plm)

IEm) = S S T (B, —E)

This equation is used to convert the position operator to the momentum operator,
or vice versa.

A harmonic oscillator has an initial wavefunction W(x) = Nye ™0 Vin, (a)
Through the wavefunction normalization, determine N,. (b) Find the expectation
value (x).

Aradio station has a frequency of 900 MHz and emits power of 10 kW. Compute the
number of photons per second.

Infrared thermometers enable one to measure the temperature of the surface of an
object, without making physical contact. This is based on the Stefan—Boltzmann law,

5 4
%” ;S*ZZT ). Hint: This

where the intensity of radiation is 6T*. Show that f(;)o S,dv =

problem needs the Bose-Einstein integral, J = j;o ef—ildx = ’11—;

A beam of light with wavelength 2,000 A is incident on a silver surface. The work
function of silver is given in Table 3.2. Find the kinetic energy of the emitted elec-
trons.

For a one-dimensional harmonic oscillator, (a) prove the identity
1 Sa e s
o 2B (Bl = T,
j
without using the completeness of the eigenstates, where T; is the kinetic energy of

eigenstate i and the summation is from j = 0 to co. (b) Prove % Zj(i|)“(|j)(j|)‘(|i) =V,
where V; is the potential energy of eigenstate i.



4 Orbital angular momentum and hydrogen atom

The discovery of electrons by J. J. Thomson and the planetary model of nuclei formulated

by Rutherford allowed Bohr to construct a semiclassical model for hydrogen. The first

successful application of the Bohr model to the hydrogen atom finally connected the

energy spectrum to the spectral lines observed many decades earlier than the incipient

quantum idea. This paved the way for the quantum mechanical treatment of real atoms.
This chapter has four units:

— Unit 1 consists of Sections 4.1 and 4.2. It starts with the classical Bohr model of hy-
drogen to prepare the reader for orbital and energy quantization. Then, it discusses
how two commutable operators share a common eigenfunction, a property that will
be used in the next unit.

— Unit 2 includes Sections 4.3 and 4.4. It uses the above property of two commutable
operators to find eigenfunctions for the orbital angular momentum operator, sim-
ilar to raising and lowering operators in the harmonic oscillator. To supplement
Section 4.3, Section 4.4 further explores physical and chemical meanings of orbital
angular momentum. This includes the transformation between two different rep-
resentations.

—  Unit 3 consists of Sections 4.5, 4.6, and 4.7. The central theme is to solve the Schro-
dinger equation of hydrogen. Section 4.5 focuses on the concept of symmetry and
the law of conservation so that Section 4.6 can separate the radial and angular parts
of wavefunctions. Using the radial Hamiltonian, Section 4.7 numerically solves the
radial Schrddinger equation through a code. The reader is highly encouraged to try
the code.

— Unit 4 has one section, Section 4.8. It presents the experimental evidence of energy
level quantization through the Franck-Hertz experiment. The experimental data
are contributed by the authors.

4.1 Bohr model for the hydrogen atom: a bridge from CM to QM

The hydrogen atom consists of an electron orbiting around a proton. According to classi-
cal electrodynamics, an accelerating charge radiates energy; as the electron loses energy,
it must eventually collapse toward the nucleus. But this never happens! In contrast to
the prediction of classical electrodynamics, the radiation spectrum is discrete, not con-
tinuous, and it forms the so-called spectral lines as shown in Fig.4.1(a). This apparent
contradiction forces one to make radical assumptions.

Bohr postulated that the electron orbiting around the proton and its radiation must
be understood as two different atomic processes. In his mind, even though the electron
is orbiting around the proton, if it is in a stable orbit, i. e., a stationary state, it does not
radiate. But if the electron makes a transition from one orbit to a lower orbit, it radi-
ates photons whose energy matches the energy difference between the initial and final

https://doi.org/10.1515/9783110672152-004
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(a) Balmer series
800 700 600 500 400 300 -10 } J
Wavelength A (nm) 15 ground state ]

Figure 4.1: (a) Spectral lines of the Balmer series. Because they are in the visible light wavelengths, the
Balmer series was the first to be discovered. Other series were found later. (b) Energy spectrum of the hy-
drogen atom. The electron transition from higher energy levels to level n = 2 produces the visible spectral
lines, the Balmer series. n represents the quantum number. The ground state is at —13.6 eV. At and above
0 eV, the electron is in the continuum.

states. This is the Bohr model, where both the electron and proton are treated classically,
but with one exception as explained in the next section. As the model is still classical, it
is amenable to the beginner.

4.1.1 Energy

Consider an electron of mass m, orbiting around the proton with velocity v. The proton
is assumed to be at rest. The Coulomb force provides a centripetal force for the electron
asF = ﬁ"f—z = me”?z, where e is the elementary charge, r is the radius of the circular
motion, m, is the electron mass, and ¢ is the permittivity in vacuum. Eliminating r on

both sides yields

2
e 1
myuvt = —=, 4.11)
4meg r
so the kinetic energy T is
1 5, 1 é
T=-myu = .
2 ¢ 2 4meyr
Since the potential energy is
 Ane,r’

we have T = —-V/2. The total energy is a sum of the kinetic energy and potential energy,

1 1
Eq=T+V=-3V+V=_V.
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Although this relation E,,, = V/2 is derived within CM, it is also valid in QM, which is
known as the virial theorem. We will come back to this in Section 5.5.2.

4.1.2 Spatial quantization of angular momentum

To this end, the quantization really refers to the energy quantization. This is a scalar
quantization. In the Bohr model, everything else is classical, except angular momentum.
Bohr extended this quantum idea to vectors and quantized the angular momentum for
the circular motion. He assumed that the magnitude of angular momentum is

|L| = nh, 4.1.2)

where n is the main quantum number.! de Broglie showed that eq. (4.1.2) can be derived
if we assume the number n of waves with wavelength A that can be fitted into a circle
isn = 2nr/A,p. Because Agz = h/p, one has nh = 2nrp, i.e., |[L| = nh. This angular mo-
mentum is called orbital angular momentum because it is associated with the electron
orbital motion.? By definition, |L| = |r x p| = rm,u, so we have

rm,U = nh (Bohr’s postulate). (4.1.3)

This postulate completely changes our view of angular momentum: It cannot take just
any arbitrary value. Instead, it takes on multiples of 4, i. e., spatial quantization. # has
the units of ] - s, which is the same as kgm2 /s.

4.1.3 Bohr radius

Equation (4.1.3) gives the velocity v = nh/rm,. Using eq. (4.1.1), we find r as

Iy = n° =nay, 4.14)

where a subscript n is added tor.If n = 1, ry is defined as the Bohr radius ay,

4greyh? .
ap = ”GZZ = 05294 (ry = ap). (4.15)

m,

a, is the length unit in atomic units and represents the smallest radius of the hydrogen
atomic orbital. The radius r increases with n?.

1 As will be seen later, n will be replaced by [, but, as an introduction, it is convenient to use n.
2 In QM we use the word “orbital” instead of “orbit.”
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4.1.4 Velocity and period

From Bohr’s postulate, we can compute the electron velocity v, as

h h h v
L "2 - = A (4.1.6)
myr, myn?a, nm.a; n

Un

—34
Forn=1uv, = % = 911Xf(‘ﬁ§f3 Té[io 5;;1 ig,m — =2188x 10® m/s. v, is the velocity unit in
e“0 . .

atomic units. This is the largest velocity that the electron in a hydrogen atom has, and its
ratio to the speed oflight is called the fine structure constant a = % = 13% The relativistic
effect becomes important. In hydrogen, the effect is already observed as the hyperfine
spectral lines, where the spectral lines just discussed are further split into finer lines.
In heavier atoms with a large atomic number Z, v can approach the speed of light. Part
of the reasons why mercury is a liquid at room temperature is due to relativity. As n
increases, v, decreases as %

We can also find the period 7, of the circular motion as

2, 27may 2

,7;'. =
Un Vg

4.1.7)

The period of the n = 1 orbital is defined as the atomic time unit.

Exercise 4.1.4.

1. Graph r,, and u,, as a function of n.

2. Taking aq as the position uncertainty Ar, find the momentum uncertainty Ap and compare it with the mo-
mentum p; which is directly computed from v;. What can you conclude?

3. Find the period of the circular motion at n = 1 and convert it to femtoseconds. This period sets the atomic
unit of time.

4.1.5 Eigenenergies and their connections to the spectral lines

Once we know the velocity and radius, we can compute the total energy, which is the
eigenenergy of the system, with

E,=T,+V,= %Vn =z . (4.1.8)

The state with n = 1is the ground state. We write it out as

1 é 1 é?
24me,r,  24meqga,’

E1:T1+V1:—

where
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2 2
1 5 1 h > e
Ty=-myj=-m|\——|) =-E, Vi=- = 2E;. 4.1.9

1727172 e< m,a, YT 4nega, 1 (419
Here, we have expressed T; and V; in terms of ay—ready for calculation for the next
chapter. E; = —13.6 eV, whose absolute value is defined as the atomic energy unit, called
Rydberg, 1 Ry = 13.6 eV. Another atomic energy unit is also used in the literature, called

2
Hartree, 1 Hartree = 2 Ry. In general, since r,, = 4:5‘;? nz, we have
1 e'm, 13.6 eV
=—= =— . 4.1.10
"2 (4mey)*HAn? n? ( )

Figure 4.1(b) shows a series of eigenenergies from n = 1to n = co. The first excited
state, E,, has energy of —13.6/22 eV. E, increases (becomes less negative) as n increases.
Below n = oo, the electron is in a bound state, with a negative energy. Above n = oo,
the electron is in the continuum and has a positive energy. In the photoelectric effect
discussed in Chapter 3, where electrons are liberated from the surface of a sample, they
have a positive energy.

The success of the Bohr model is manifested in its explanation of the spectral lines.
The spectral lines seen in Fig. 4.1(a) are the result of transitions from a higher state n, to
a lower state n,, with the emitted light frequency v and wavelength A determined by

hv=E, -E,, hc/A=E, —E,. 4.1.11)
The Balmer series corresponds to transitions from n > 2 to n = 2; it was first observed
because its wavelength is in the visible light regime.

Exercise 4.1.5.
4. Consider a transition n = 3 — n = 2. Show the emitted light wavelength falls in the visible regime.
5. If we have a transition from n = oo to £,, what is the wavelength of the light?

Quantization of orbital angular momentum is a crucial step in understanding the wave
nature of electrons in atoms, molecules, and solids. A direct experimental measurement
of orbital angular momenta is now possible with the development of X-ray magnetic
circular dichroism.

This section prepares us to solve the Schrédinger equation for the hydrogen atom in
the next section by taking a detour. The detour is to find eigenfunctions and eigenvalues
of the orbital angular momentum operator first. Then, we employ the property between
the angular momentum operator and the Hamiltonian operator: Two commutable op-
erators share a subset of the same eigenfunctions. This partially bypasses the difficulty
in solving the Schrodinger equation for the hydrogen atom directly.
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Gy @k

Figure 4.2: (Left) Even if two operators A and B commute, only a subset of the eigenfunctions are the same.
This applies to any pair of operators. (Right) L? only commutes with [, I_, and L, separately, so they share
a subset of eigenfunctions of L. But I,,I_, and I, do not commute.

4.2 Commutable operators and their common eigenfunctions

First, we will prove the theorem that two commutable operators may share a subset of
eigenfunctions. We solve the eigenequation of a simpler operator first and then use its
eigenfunctions to solve the eigenequation of a more complicated operator. Sometimes it
is necessary to solve the eigenfunctions of multiple simpler operators first, which is the
case for the orbital angular momentum operator and the Hamiltonian of the hydrogen
atom. Figure 4.2 (right-hand figure) schematically shows an example of the L2 operator.

4.2.1 Nondegenerate eigenfunctions

We start with a case whose eigenfunctions are not degenerate, where an eigenvalue
only corresponds to a single eigenfunction. To avoid confusions with the eigenstates of
a system (defined by the Hamiltonian operator), we purposely use eigenvectors or eigen-
functions for a regular operator. We will prove that, if two operators, A and B, commute
with each other, i. e., [4, B] = 0, then A and B share a subset of eigenfunctions.?

Suppose |a) is an eigenfunction of operator A, with eigenvalue a, Ala) = ala). We
multiply both sides by B to get

BA|a) = Bala) = aB|a). 4.2.1)

Since [A, B] = 0, BA = AB, we canrewrite eq. (4.2.1) as BA|a) = AB|a) = aB|a). This means
Bla) is also an eigenfunction of A with the same eigenvalue a. Because we assume that

3 Suppose A only depends on x, and its eigenfunction is sin(x). Then, for any function that is not a func-
tion of x, such as cos(y), once it is multiplied by sin(x) such as cos(y) sin(x), it is still an eigenfunction of A.
The subset of eigenfunctions refers to sin(x). Eigenfunctions are completely equivalent to eigenvectors
in a matrix.
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our eigenfunction is not degenerate, this means that Bla) and |a) at maximum differ by
a constant coefficient b, i. e.,

Bla) = bla),

which proves that |a) is an eigenfunction of B. A and B share the common eigenfunc-
tion. Caution must be taken here. This common eigenfunction does not mean that all
the eigenfunctions of A are completely the same as those of B. It only means that part
of the eigenfunctions are the same. If A and B share a common eigenfunction, and A
and C share another common eigenfunction, it does not mean or imply B and C would
necessarily share a common eigenfunction (see Fig.4.2).

Exercise 4.2.1. n

6. It is known that p, and p, commute with each other. Find their common eigenfunction.

7.Suppose A = ( 9 (1,) (a) Find its eigenvalues and eigenvectors. (b) If another operator B commutes with A
and shares the first eigenvector, what is 8?

4.2.2 Degenerate eigenfunctions

Suppose two Hermitian operators A and B have N degenerate eigenfunctions: Ala,) =
alay,), Blbn) = blb,), where nruns from1to N and a and b are their eigenvalues. One can
show that, if A and B commute, their respective eigenfunctions are a linear combination
of another operator’s eigenfunctions. The opposite is also true.

Here we are going to prove [A, B] = 0 if eigenfunctions |b,) of B can be expanded in
terms of eigenfunctions |a;) of A, |b,) = Zj]\il cjnlaj), where c}' is an expansion coefficient.
We multiply AB and BA to both sides of the equation to get

N N
ABIb,) = bAlb,) = ) ABc}la;), BAlby) = ) Bclalay).
Jj=1 j=1
We subtract these two equations from each other and then multiply (b, | from the left,
A -~ N A~ A
(bal(b - B)AID,) = ) ¢ ((bylABla;) — ab(b,|a)).
j=1

We use (b,|B" = (b,|B = (b,|b because B is assumed to be a Hermitian operator, so the
left side is zero, i. e., Zjl\il c]U(<bn|AB|aj) - ab(bnlaj)) = 0. In general, every c}’ is nonzero,
so the terms in the parenthesis must be zero:

(b,|AB|a;) = ab(b,|a;). 4.2.2)
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Next, we prove it by contradiction. Assuming AB # BA leads to
(b,|AB|a;) # (by|BAla;) = ab(b,|a;),

which contradicts eq. (4.2.2). This proves our assumption AB # BA is invalid, so the only
choice is AB = BA, or [A,B] = 0.

4.3 Orbital angular momentum

We are going to use the theorem that two commutable operators share common eigen-
functions. While the Bohr model treats all quantities classically, QM treats the orbital
angular momentum as an operator, a cross product of the position operator and mo-
mentum operator. Because the level of difficulty to find an eigenfunction is different for
three components of the orbital angular momentum operator, we will find the eigen-
function of an easier operator that commutes with the total orbital angular momentum
operator. To avoid confusion, we state clearly here that we use 7 for the radial unit vec-
tor, T for the position operator, and r for the radius. In the r-representation, where all
functions are a function of r, we have r =r.

4.3.1 Orbital angular momentum operators: L, L2, [,, L, and

4.3.1.1 Operators in Cartesian coordinates
The orbital angular momentum operator is defined as

L=fxP=rx(-ih)V,

where f must be placed before p because p is an operator. Three components of L are

- " . (0 0
Ly =yp, —Zpy = _lh<y§ _Z_>’

ay
2 . . ; 0 )
Ly =zpy-xp, = —lh(za - x§>, 4.31)

. . . d 0
L, =Xpy—Ypx = —lh<x@ —y&)

Example 1 (Commutation among orbital angular momentum operators). Show [L,, Zy] = jhl,.
From the definition of L, and L, we have [L,,L,] = [yp, — 2,2y — Xp,] = ypxlb,»2) + xby12,p,] =
ih(xﬁy ~Yby) = ihlL,.
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Together we have
(Ly,Ly] = ihL,, [Ly,L,] = ihLy, [L,, Ly] = ihL, — L x L = iAL. (43.2)

The raising and lowering operators L, and L_ are defined as

L,=L,+ily; L =L,-iL, 433)

where LT =L_and LT =L,

This shows that L, L, and L, do not share a common eigenfunction. Next, we check
whether L commutes with them, but unfortunately, it does not either. Then we move on
to L and find [L2,L,] = [L3 L Yl = [L%,L,] = 0, so we can use any pairs of operators. It
is difficult to work with Cartesian coordinates since three coordinates are correlated to
each other. Spherical coordinates are relatively simpler.

4.3.1.2 Operators in spherical coordinates
The momentum operator is p = —ihV. In spherical coordinates,

9,
d

)
rsingog’

o
verd 4
"ot

N
Q:a
e»

where 7, fand (i) are unit vectors, not operators, along the 7, 6, and &) directions. We write
the momentum operator as p = f[), + 91”)9 + (i)m, and by comparison, we find p, = —ih%,
Po =~ eandp¢ hrsmeaqb

We can now compute L = r x p. Because 7 x 7 = x0=¢,7x¢p=-0,andr =17,
L only has two terms, with no dependence on r:

9 .1 0
:_m<¢a(9 9_0%> 434

instead of three in Cartesian coordinates, greatly simplifying our calculation.
To find spherical expressions for L, ﬁy, and L,, the easiest way is to express ¢ and
6 in Cartesian coordinates,

6 = cos 0 cos ¢x + cos O'sin ¢y — sin 6,

¢ = —sin ¢x + cos ¢y,

where %, §, and  are unit vectors, not an operator. We plug 6 and ¢ into eq. (4.3.4) to get
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1h<sm ¢— + cot0c05¢a¢>

= ih( cos ¢— + cot Qsmgba(p) (4.3.5)

0
= —lh%

Another way to derive Ly, L, and L, is to start directly from eq. (4.3.1) and then transform
(x,y,z) to (r, 6, ¢). This is left as a homework assignment.

4.3.2 Eigenfunctions of L? are spherical harmonics Y,,,

The beginner may attempt to find the eigenfunction of L, but this is very difficult be-
cause essentially we have to solve three eigenequations for its three components. A bet-
ter strategy is to use L2 This is because [L?,L,] = 0 and because it is much simpler
to find an eigenfunction for L,. But first, to appreciate the enormous complexity of the
eigenequation of L?, we work out an expression for L%:

f2-0.1- —h2<¢3 _@Li> . (@i _@Li). 436)

This dot product harbors a hidden difficulty because 8 depends on ¢ as well, not just 6
and because operators act upon functions that follow them. To demonstrate this, we take
—Gﬁ % . ¢% as an example. For a normal vector product, this must be zero because
0 - ¢ = 0, but here it is complicated. In the following derivation, we will temporarily
switch to Cartesian coordinates since they do not have this complicated relationship:

g L 0 50 _ 51 o.\o . 0
SeE R e'[(%*”)—*%qﬁ]
9 [—( smtj)x+cos¢y)a ¢a—2]
sinf |[o¢ 0900
-1 e . .0
0—0 [cos ¢x + sin ¢y]% +0

sin
= LB (cos 6 cos ¢x + cos 6 sin @y — sin 6Z) -(cos ¢X + sin ¢)j})a%
b
0

1
s ——[cos B(cos ¢) + cos O(sin ¢) ]— = cot 0£

where 0 is due to 6 - ¢ = 0. The rest of the terms are left as an exercise. Finally, we have

. 1 9 d 1 &
SRR AN | 4.3.7
singoo\"""38) " sinZ g 307 (437
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To find the eigenfunctions of L2, we employ repeatedly what we have learned from
the previous section: Two commutable operators share the common eigenfunction. Es-
sentially, we first find the eigenfunctions of simpler operators and then assemble the
entire solution at the end. Since L? commutes with L,, L, and L,, we can choose anyone
of them, but, in spherical coordinates, L, is the simplest (see eq. (4.3.5)).

We denote the eigenfunction of L? as ¥}, the spherical harmonics, L?Y},, = AY,,,,
where 1 is its eigenvalue. Since L2 and L, commute and share part of eigenfunctions,
we will use L, to help us determine the ¢-dependent part of ¥;,, n(¢), L,n(¢) = cn(¢),
where c is the eigenvalue of L,. Another part of ¥}, is denoted as g(8), so we can write
Yy = £(0)n(@). g itself is independent of ¢, so L,gn = gL,n, i.e., L,¥}, = ¢V},

Exercise 4.3.2.

8.1t is easy to show [L2, L] = 0. Can we say that L and L share the common eigenfunction? And why?
9.Show [L,, L] = ikl,, [L,,1,] = itly, [L,,L,] = ik,

10. Show [i2, [,] = [[%,1,] = [L%,1,] = 0.

11. Two ladder operators are defined as [, = L, +iL,. Show [L,, [, ] = +hl,.

12. Starting from eq. (4.3.6), show that the final expression for L2 is eq. (4.3.7).

4.3.3 Eigenfunction of L,

Because L, physically represents a rotation by angle ¢ about the z-axis, it is independent
of r or 6,* and we can change a partial differentiation equation to a full differentiation
equation,

ir] =cn, (4.3.8)

—ihiq =cn,— —ihd¢

op

where 5 is the eigenfunction and c is its eigenvalue. Its solution is n(¢) = qoei§¢, where
o is a normalization constant. In general, ¢ can take any value. However, if the sys-
tem has a rotational symmetry, such as the hydrogen atom, where the system after
360° rotation returns to its original state, meaning n(¢ + 27) = n(¢), then we have
n(@) = nee ™ = n(¢ + 2m) = nye' /" 2enh _, exp(i2cm/h) = 1. This means the eigen-
value c only takes on some restricted values %271 = m2m or ¢ = mh, where mis an integer
and is called the magnetic angular momentum quantum number.

4 This step is not possible for ]:X and Zy because they depend on both ¢ and 6. We cannot convert the
partial differentiation to the full differentiation.

5 The reason we call it a magnetic angular momentum quantum number is that we assume a tiny artifi-
cial magnetic field along the z-axis to set our quantization axis. Equally, we would set the magnetic field
along the x-axis, and the entire argument would remain. The only difference is that we exchange the z-
with the x-axis. Note that this magnetic field is not present in reality, and it is used for our convenience.
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This shows that the eigenvalues of L, are quantized. This quantization derives from
the rotational symmetry. The eigenfunction is n(¢) = qoe‘m¢, where 1, is determined
by the normalization of the eigenfunction jozn n*(o)n(p)de = q%Zn =1—ny = %

ne) = ”"‘7’ . We have the eigenequation for L, as

L,n(¢) = mhn(¢). 43.9)

If we multiply n(¢) by another g(0) that is independent of ¢, the resultant function is
still an eigenfunction of L,. This is the reason why in the last subsection our resultant
function is written as Y, = ng.

Because L, and L? share the same 1, we can use 7(¢) to get rid of 3*/0¢* in L? (see
eq. (4.3.7).% Specifically, we plug Y;n (6, ¢) into L?Y,,(6,8) = AY,,(6,9) to get a new
eigenequation for L hz[sm 550 = (sin 0=5 ae) m’ ——1g(0) = Ag(0),1.e,

sin® 9

Li(siwi) A _m
sin 6 00 00 H  sin%0
whose solution g(6) is an associated Legendre function P{"(cos 0). But, to find P{"(cos 0)
mathematically is laborious and does not add any physical insights to our solution. We
prefer the ladder operators to find the expression for Y;,. A crucial feature of the as-
sociated Legendre function is that, although the equation is independent of I, P]"(cos 6)
depends on [ through m. [l is called the angular momentum quantum number, and m
is the magnetic angular momentum quantum number and takes only the values m =
-1,-1+1,...,1-1,1. Thus, our eigenfunction Yy, is completely determined once [ and m
are given. As we will prove in the following, A = I(I + 1)#%, where [ = 0,1,2,3,....L? and
L, satisfy the following eigenequations:

£0)=0

L2V, = (1 + DA*Y,y,  L,Y), = MYy, (4.3.10)

4.3.4 Using the angular momentum ladder operators to find Y,

In the harmonic oscillator, the ladder operators enabled us to find a series of eigenfunc-
tions. Here, an identical method is used. The raising and lowering operators L, and L_
are constructed from ﬁx and Ey (egs. (4.3.3) and (4.3.5)),

L,=L,+il, = J_rheﬂ¢< aae +icot 6%) 4311

6 When we say two operators share the same eigenfunction, what we really mean is that they share part
of the same eigenfunction. For I, this means the n(¢) part of the eigenfunction ¥, of L.2.
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where L_ = L. Because [L,,L*] = 0, [ﬁy,i,z] = 0 and [L,,[?] = 0, L, and L? share
the same eigenfunctions, then, if ¥,,(6,¢) = g(0)n(¢) is an eigenfunction of L2, then
L.Y,,(6,¢) and L_Y,,,(6, ¢) are also eigenfunctions of L? (see Section 4.2.1). This is the
key relationship to be used to find g(0). However, different from the harmonic oscilla-
tor, we do not know what L, ¥, or L_Y,,, produces, so we cannot find an equation like
eq. (3.2.12). We need help from L.

We apply L,L, to Yy, to obtain

2 Lo ¥im = (L Ly + BL )Yy = Ly + HE,) Yy = (M + DAL, Vi, 4.3.12)

focus focus

where we have used L,L, = L,L, + hL, and L,Y;,, = mhY,,,. L, Y, is a different eigen-
function of L,, but increases its eigenvalue by +14. This is why L, is called the raising
operator. L, changes the eigenvalue for L,, but it keeps the eigenvalue of L2, This shows
a crucial difference between two sets of operators: (1) Since [L +,L2] = 0, the applica-
tion of L, to ¥}, does not change the eigenvalue for L?, and (2) since [L,,L,] # 0, the
application of L, to Y}, does change the eigenvalue of L,.

Now we are ready to find the eigenfunction of L? in the same fashion as eq. (3.2.12)
(@l¢,) = 0). Supposing that the eigenvalue of L, already reaches its maximum value I#,
i.e., L,Y; = InYy, a further application of L, to Y; should produce zero,

LYy =L, [g®n¢)]=0,— he"”(ai +icotO— )gl(e)q,((p) (4.3.13)

0

We plug n;(¢) = 1 ”¢ into eq. (4.3.13) to find an equation for g;(6),

0 1
hel¢<— +icot0— ) 0)——e'? =0,
30 1% 10

which can be reduced to

a9 0 i nold _ o _, 981(0)
e aegl((?)ﬂcoteg,(e)(ll)e =0 o

= lcot0g;(0) (4.3.14)

dgl(O) lcos 6df _ ydsinf
- s1n9 ~ " sin@

and integrate it to obtain In(g;(6)) = lIn(sinf) = In sin! 0, or gl(B) = sin' 6. This is a
special solution (m = 0) of the associated Legendre function.

Because g;(0) = sin' 0is the 6 part of the eigenfunction of L2, our final eigenfunction
Y}, with [ and m = [ can be written as

because g;(0) is a function of 0 only. We simplify eq. (4.3.14) to

Yl,m:l = gl’]l = Bl Sinl 9ei1¢, (4315)

where B, is the normalization constant. Table 4.1 shows a few normalized spherical har-
monics, where eq. (4.3.15) matches all Y; in the table. In the previous derivation, we
started from L, Yy, = 0 to obtain g;. We can also start from L_ Y, ;= 0toobtaing ;.
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Table 4.1: Spherical harmonics Y, (6, ¢) with orbital characters.

hLmy Y, Orbital Lm)y Y, Orbital

00 & s

(1,0) \/%cos 0 b, (1,£1) i\/gsin ge*i® P> Py

(2,0) \/%(3 cos?6—1) dy 2,£1) =¥ g cosBsinge™™ d, dy,
(2,£2) % sin? ge*%? dy, d_y2

These spherical harmonics Yy, form a special series of functions. They are orthonor-
malized as

2t m
(V| V) = j J Y (6,9)Yy (6. 9) sin 6d0d = Sy 6. (4:316)
$=06=0

If we apply L? (eq. (4.3.7) to the spherical harmonics Y;,,_; in eq. (4.3.15), we can
find the eigenvalue of L2 as A = I(I + 1)% whose detailed derivation is relegated to the
ensuing exercise. Its eigenfunction is independent of m, though the eigenequation of L2
depends on m. For this reason, if m # [, the 0 and ¢ terms in Y; .., must be adjusted (see
Table 4.1) in such a way that the terms with m are all canceled out. Y} ,,,; can be found
by repeatedly applying L_Y);, is subsequently shown.

4.3.4.1 Getting the rest of the spherical harmonics ¥, from L, and [_
To obtain the rest of the eigenfunctions, we go back to eqs. (4.3.12) and (4.3.10),
LL, Y] = M+ DAL, Y], L[Vl = M+ DAY, ],

and compare the terms in the square brackets in the previous two equations. We con-
clude that these two terms must be equal to each other up to a constant C,

LYy = Cin Yy (4.3.17)

This shows that, if ¥, is known, we can generate a new eigenfunction by applying L, to
it. But, first we need to determine C;,,. We take the Hermitian conjugate of eq. (4.3.17),

Yol = Cp¥imens (4.3.18)
and multiply eq. (4.3.18) with eq. (4.3.17) from the left to get
Yljni’—i‘-*— Yim = Cim |2 Yle+1 Yt (4.3.19)

where we have used LT = L_owing to L, = L, + iL.
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Our focus is on L_L, ¥;,. Note that L* = L3 + L3 + L2 = L7 + 3(L,L_+L_L,). Because
(L,,L_]1=2hL, L .L_~L_L,=2hl,orL,L_=L_L,+2hL, wehavel?=12+L_L,+hL,,
ie,L_L, =0*-[2-hL, ThenL_L,Y;, = (I(l + 1) — m* - m)i*Y,,, where we have used
eq. (4.3.10). Equation (4.3.19) can be simplified to

V(A + 1) - m? = m)B* Yy = 1Ci* Y1 Vimat- (4.3.20)
We integrate both sides over 6 and ¢,

J v; (I + 1) - m* — m)H*Y,, sin 0d6dg = |y J Y} 1 ¥imss SN 6d0d9,

and use the orthonormalization relation in eq. (4.3.16) to get Cy,, = VI(I + 1) — m(m + 1)h,
where we choose a real Cy,. Finally, we have

L, Y = VI + 1) - m(m + DAY, (4.3.21)
L_Yy, = VIl +1) - m(m - DAYy, (4.3.22)

where the derivation of the second equation is given in the following exercise. We can
find the rest of Y}, from these two equations.

Example 2 (Find Y,; from ¥,,). Use the lowering operator to find Y,; from Y,, in Table 4.1.
We apply L_ (eq. (4.3.11)) to ¥, as

[_Yy = —he I¢(a879 —lcot9—¢)\l 15 (sin”8)e e#® = _ape’? 5|n9c056\j325

From eq. (4.3.22), L_Y,, = 2hY,,. These two equations must be the same, so we can find

Yo = —\jE sin 6 cos 6e®,
8m

which matches the entry in Table 4.1.

4.3.4.2 Eigenvalues of L2

Equations (4.3.21) and (4.3.22) make it possible to compute the expectation values of L,
Ly, LX, L2 and L2 +L2 Here, we use them to find the eigenvalues of iz, but there are two
ways to obtam them. One is to use the ladder operators, and the other is to apply L? to
Yy (see the following exercise).

We rewrite L2 in terms of L.,, L_ and L,

1 211 :
Pofefefl= |50 L] 4|50 10| 4



108 —— 4 Orbital angular momentum and hydrogen atom

Using [L,,L_] = 2hL, to change L,L_to L L, + 2hL,, we obtain L* = $(L_L, + 2L, +
L.L,)+IL%=hL,+L_L, +L% BecauseL,Y; = 0and LYy = lh, L*Y; = (W*l + PRY)Y; =
I(1+ 1)h*Yy. So, the eigenvalue of L? is (I + 1)k

Exercise 4.3.4.

13. Starting from I_g_je™™® /+/2r = 0, find g_,(8).

14. Show I_Y,,, = VIT + 1) — m(m — 1)hY},,_;. Hint: Follow eq. (4.3.22).

15. Use eqs. (4.3.21) and (4.3.22) to compute (Y |LyVjm11) and (YL, [Yins1)-

16. Directly apply L? to ¥, to find the eigenvalue of L. Hint: One has to start with the operator L and then
applyitto V.

17. Using L_, (a) find ¥; o from ¥, 1, and (b) find ¥; _; from Y; . (c) Show [_Y; _; = 0, without using eq. (4.3.22).

4.4 Understanding orbital angular momentum

In CM, the magnitude of a vector A is given by V|A]> = /A% + A% + AZ, where any com-
ponent A,, Ay, or A, must be less or equal to |A%. In QM, these basic rules are different
because we use the wavefunction to compute the expectation value of an operator in
place of the magnitude. Vectors add another layer of difficulties. The expectation value
of an operator squared (Az) differs from the expectation value squared, (AZ) + (A)Z.

4.4.1 Physical meanings: magnitude of a quantum vector

The orbital angular momentum serves as an excellent example. The first difficulty is
that Ly, L, L, do not commute, where the measurement of L, will affect those of L, and
Ly, and vice versa. If the system is in the eigenfunction of L,, L, gets a definitive value
with no uncertainty, but then L, and L, are completely uncertain. The second difficulty
is that, although we can write down at the operator level, L* = [2 + ﬁf, + L%, we cannot
use it to find the expectation value (L*) because (L} + L) is unknown.

Supposing the system is in an eigenstate Y},,, which is an eigenfunction of L and L,
then we have

L2V, = I+ DAYy, L,Y), = mAY,,.

This shows that we know the expectation values of both L2 and L, immediately, before
we can find (Ef() and (i,)z,). This is different from CM. Because Yy, is an eigenfunction of
L? and L,, there is no uncertainty in their expectation values. Since m runs from —I to
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(a) (b)
mk L AL
3
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1
0 0n
.y 2 3 1 y
-2 ZIn
-3

_27
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Figure 4.3: (a) m is limited between —/ and /. (b) Projection of angular momentum on to the z-axis. Its
z-component cannot reach the full magnitude of L2 because L has a projection on the xy-plane. The ellipse
on the top denotes the case with the same L,, but with different i, and Zy.

+1 (see Fig. 4.3(a)), the maximum value of (L,) never reaches /(I + 1)k, which is again
different from CM. Figure 4.3(b) shows an example of [ = 2, where L, only takes five
discrete values, the spatial quantization, all less than /I(I + 1)k. The difference between
I(1+ 1)h* and m*k? reflects Heisenberg’s uncertainty principle.

Although the expectation values of L, and L, are zero, those of L} and L are not.
We can use L? = [2 +i)2, +L2tofind L2 +£)2, = 1212 as (L% +I:)2,) = (I(I+1)-m*)H* # 0. For
our example, [ = 2 and m = 2, the expectation value of L% + ﬁ}% is (L2) + (11)2,) = 2h%. This
means that the projection of L? on to the xy-plane has a length of 2> which L, misses.
This explains why in Fig. 4.3(b) all the arrows are tilted away from the z-axis.

Further insights can be gained from the uncertainty principle. The uncertainty AA

is defined as AA = \(A?) - (A). The uncertainties AL, and AL, in L, and L, must obey

mi?

(L A .
B Wil ¥ = T

[LX,LyD{ -2 2

i
§<

AL ALy >

Using m = 2, the minimum uncertainty is (24%/2) = k% so AL, and AL, must not be

smaller than . Therefore, (L,) cannot take the maximum length V6% of /(L2).

Example 3 (Compute (L,) and (L,)). Given an eigenfunction ¥, _;, find: (a) (L,), (L,), (L,); (b) (L), (L), (L2);
(c) verify (I2) + (L) +([2) = (L% = I/ + .

(a) A general strategy is to express L, interms of [, and [_. Since L, = L, +iL,,we have L, = (I, +1_)/2.
So (L) = ({L,) + (L_))/2. We first compute L, |V; ) = VT(T+ 1) = (=)(=1+ DiYyy = V2hY, o, where we
have used the identity eq. (4.3.21). Then (L, ) = V2(¥; _41Y10) = 0, due to the orthogonalization between
spherical harmonics. Similarly, we can find <Y1>_1|Z_|Y1,_1) = 0. Therefore, we find (L) = 0. Similarly we find
(Zy) =0. Zz is in its eigenfunction, so (ZZ) =mh=-h.
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(b) We need to express the operator [ interms of L, and [_. We note that 12 # (12 +12 +21,1_)/4.Thisis
because i, and [_ do not commute. Instead, we must multiply it out as 12 = (12 +12 +1,1_+1_,)/4. Because
Zi(i%) increases (decreases) m by 2, its expectation value must be zero with ¥; _;. In addition, Z,Y1,,1 =0,
so we are left with the last term [_L, Y, ; = V2hl_Y,y = V2V2h?Y,_y = 2K*Y, ;. Finally, we have [2Y, ; =
27V, _1/4,50 (I7) = SH*. Similarly,we find (L) = h?. Because ¥, _; is an eigenfunction of L,, (I3) = h’.

(0) Because ¥, _, is an eigenfunction of L2, (%) = /(/+1)h* = 21?. On the other hand, (I2) + (Z)Z,) +(I%)
W + 31+ 1? = 217 This s verified.

Exercise 4.4.1.

18. Suppose the system is in an eigenstate ¥ ,,, where m takes +2, +1and 0. Find (a) (L), (L), {L,); (b) (I3,
(L), (L3 () verify (I3) + (L)) + (I5) = (L) = I + K.

19. Asystem i in state ¥; _,. (a) Find the angle between L, and the z-axis. (b) Find (L + 7).

4.4.2 Matrix representations and representation theory

As stated in Section 1.3.1, wave and matrix mechanics are equivalent. The angular mo-
mentum operator can be represented through matrices. This is a general property of an
operator with the condition that we need to choose a basis (a coordinate) to represent it.
A convenient basis for orbital angular momentum is ¥;,,. We take [ = 1 as an example.
m has three values +1, 0, so we have three basis functions, Y; , Y; o, Y14, just like x-, y-,
and z-axes in Cartesian coordinates. Thus, we have a 3 x 3 matrix. But, different from
the Cartesian coordinates, once we have a basis, we can represent operators in higher
dimensions such as 5 x 5. The simplest operators are L, and L _. Let us first start from L._
in eq. (4.3.22). If we number ¥; _;, Y}, and Yy, as our basis functions 1, 2, and 3, respec-
tively, then QL_|2) = (Yl,_1|1:_|Y1,o)- The rest of the matrix elements follow the same
convention. These elements are found as follows. Since i,IYm) = \/ZhIYLO), the matrix
element s (Y L_|Yy1) = V2h(Y;|Yy0) = V2h, which corresponds to (2|L_|3). We have

Y1) 1Y) [Yi0)

i = (Mal/ 0 Vzh 0N 4.4.1)
(Yl 0 0 V2h
(Yiql 0 0 0

which is called the matrix representation of _. Similarly, we can find

Y1) 1Y) [Y10)

(Yp4l/ 0 0 0
+= (Yl v2h 0 0o |- (442

(Yl 0 V2h 0

B~
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Since Yy, is an eigenfunction of L,, the L, matrix is diagonal, but the L, and L,
matrices have off-diagonal elements. We can use L_ and L, to find the matrices for L,
and L, through L, = (L, + L_)/2and L, = (L, - L_)/(2i) as follows:

L [0 10 L [0 10 1.0 0
Ly=—(1 0 1), Ly=—/|1 0 -1, L,=h[ 0 0 0|. (443
V2\o 1 0 V2i\g 1 o 0 0 1

It is important to note that the order of these elements is tied to the order of the basis
functions Y;,,. The matrix representation succinctly offers a different way to understand
the underlying properties of angular momentum.

In general, any operator O can be converted, or projected, between two representa-
tions A and B that have two different bases {|a;)}, {|b;)}. Every element can be written as
(@101a;) = (@l Xy i) DiclO1 Yy by) (bylay) = ¥ jq{a;lbi) (biclOly) (byla;), where we have
used the completeness of basis functions ) |b,)(bx| = 1 and (a;|b;) is one element of
transformation matrix R. The beauty here is that the completeness is limited to a partic-
ular [, instead of a summation over an infinite basis. In the matrix form, the operator in
two representations transforms as 0, = ROzR . Section 4.5 extends this idea further,

Example 4 (Quantization axis along L,). L, is given by the matrix in eq. (4.4.3). (a) Diagonalize it to find its
eigenvalues and eigenvectors. (b) Within the eigenvectors of L, compute (L,).
(a) To find the eigenvalues and eigenvectors of L,, we start from

a h 0 1 0 a a
Lb]l=—=|1 0 1 b |=2{b], (4449
c V2 0 1 0 4 4

where A is the eigenvalue and (a, b, ¢)T is the eigenvector (1 is a transpose). In order to have a nontrivial root,
the determinant of the coefficients must be zero,

A h/V2 0
mN2 A R/V2|=0,
0 mV2 A

which is a secular equation. Solving it yields three roots, A = #, 0%k, and —h. One can see that L, in its own
eigenvectors also has the same three possible values as L,. Substituting these three eigenvalues into eq.

i i =1y = (1 L Iy - = (L g Ly - 1) =
(4.4.4) gives us three eigenvectors as |m, = 1) = (5, 5 )T Imy = 0} = (ﬁ,o, ﬁ) ,and Im, = -1) =
(%, —%, %)T, where we have used |m,) to denote the eigenfunction of L,. If we include the basis functions,
these three eigenvectors are
1 1 1
Imy=1) = Sha+ 6)/1'0 5N (4.4.5)
1 1
Im, =0) = —=Y, 1+ —=VY14, (4.4.6)
x VR Y S
1 1 1
Imy=-0=5Y4-—=Vo+5 447

2 2"
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where we see the eigenfunction of L, is a mixture of Y10 and ¥ . R matrix is just the coefficient matrix from
the previous three equations,

1 a2 1

2 vz 2

re| L o L
- V2 V2
4 1

2 v 2

(b) We have two ways to compute the expectation value of L,. We take |m, = 1) as an example. The
simplest one is to use the L, matrix given in eq. (4.4.3). The expectation value of , is

1 1
1.0 0\/ 2 b
1 1 1 1 _ 1 1 1 _
(G % 2rl 0 0 ol 5 )=n(-z 0 -3)| 5 |=0
o o 1)\ 71 1
2 2

oh

Another way is to compute L,|m, = 1) from eq. (4.4.5) to get -Thy1,_1 +5

Yio+ %Ym. Then, multiply (m,|
from the left and integrate to get ‘Th + % =0.

The matrix representation is not limited to orbital angular momentum. We can start
from the position operator applied to the harmonic oscillator’s eigenstates (eq. (3.3.8))

NN ISP IR ]
X|n) = me(a +a)n) = me( n+1n+1)+ Vnjn-1)).

The position operator becomes the matrix,

0 Vi 0

hx/iofzo

xzﬁozoﬁ
0 3

0 V3 0

Exercise 4.4.2.

20. Find all the matrix elements of eq. (4.4.2).

21. Using the matrices from eq. (4.4.3), prove [ZX,Zy] = ihl,. This shows that it is equivalent if we use the
matrices for angular momentum operators.

22. Use R to convert [, matrix in the [, basis to the L, basis.

4.4.3 Chemical meanings: atomic orbitals

We have spent a significant amount of time to introduce orbital angular momenta. It is
time to get some insights into chemistry through spherical harmonics Y;,,.
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Table 4.2: Some Legendre polynomials.

I Pi(x) P;(cos 6)

0 1 1

1 x cosf

2 13 -1 1(Bos’f-1)

3 %(Sx3 - 3x) %(5 cos> 6 - 3 cos 0)

Spherical harmonics Y;,, consist of the products of Legendre polynomials with polar
eigenfunctions,

Ylm(e’ ¢) = NlmP;n(COS 9)I1m(¢),

2l+1) (I-m)!

where 1,,(¢) = e™. The normalization constant Ny, = (-1)™ St @my; s found by
requiring

[ ¥i0.90¥im(0. 9040 = 1.
where dQ is the solid angle sin 6d6d¢. The complicated form of (2;1) 3;23: will be ex-

plained later. Table 4.2 shows a list of Legendre polynomials from [ = 0 to 3. These math-
ematical polynomials take on new meanings once we replace x by cos 0: They represent
the polar angular () distribution of atomic orbitals in chemistry. The right-hand column
is a function of cos 6, which contains the angular information of spherical harmonics
Y;,,- However, it is not possible to display it in a two-dimensional figure because it only
contains a single variable cos 6.

We find a good method by converting it to Cartesian coordinates through

X = |Py(cos )| cos 6,
Y = |P;(cos 0)| sin 6,

where the “radius” is |P;(cos 6)[; cos 0 and sin 0 convert the radius to x- and y-values. The
reader can plot them directly with an Excel spreadsheet and is strongly encouraged to
try it out. I = 0 corresponds to a circle. [ = 1 corresponds to a dumbbell shape, and so
on. Figure 4.4 shows six different orbitals. In chemistry, these are atomic orbitals, s, p,
d up to m. For this reason, [ is called the orbital angular momentum quantum number.
The p-orbital in the figure is a p,-orbital since its main lobes are along the x-axis. If we
change P;(cos 0) to P;[cos(6 + %)], we have a py-orbital. Remember the actual orbitals
are three-dimensional, so we have to imagine a rotation of the orbital by 360° along its
axis. The p,-orbital can also be generated. To distinguish orbitals with the same [, m; is
introduced for -, -1 +1, ..., +L7 That is why we need the associated P{" instead of P;.

7 We use m; to highlight the fact that m pertains to [, though there is no confusion in this chapter.
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&rbital/ p orbital d orbital

e el —

f orbital g orbital m orbital

Figure 4.4: Atomic orbitals. (Top row) s-, p-, and d-orbitals, which correspond to / = 0, 1, and 2. The s-orbital
is spherical. The p-orbital has a dumbbell shape. (Bottom row) f-, g-, and m-orbitals, with / = 3,4,10.

The orbital splits as we increase the orbital angular momentum /. These orbitals are computed from code
legendre. f in the Appendix listing 11.9.

The reason why we call P;" the associated Legendre polynomial is because PJ" is found
from P, by taking additional derivatives.
We start from the Legendre polynomial definition P;(x) (Rodrigues’ formula),

(x*-1)], (4.4.8)

where the variable is x, but in eq. (4.3.15) the variable is sin 6. To match them, we must
set x = cos 0, so x> — 1 = —sin? @, which explains why we must write P;(x) as P;(cos 0)
in physics. The highest order in (x* - 1! is x%. If we take I times of derivatives, we still
have x'. So we can keep on going for another [ times of derivatives. This second group
of derivatives is denoted by m and is defined as the associated Legendre polynomials

m

d
2o D10); (4.4.9)

B

2

P = (-)™(1-x%)

where the front factor is introduced to merely cancel out unwanted terms. If we substi-
tute eq. (4.4.8) into (4.4.9), we can combine two derivatives into a single one,

l+m

dxl+m

m 1
am=ﬁuﬂ5

|3

l

(x*-1). (4.4.10)

Mathematically, if m > [, P" is zero because the highest order is x4, 50 only m < lre-

mains. Physically, the magnetic orbital quantum number m is bounded by the orbital
quantum number . If m = -, we have no derivative, just (1 - xz)’l/ 2(x2 - 1)1/(211!) =
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1- xz)l/ 2(—1)1/ (le!) = (—1)l sin! 6/(211!) (eq. (4.3.15)), which shows how the front factor
cancels out unwanted terms. This expression matches eq. (4.3.15). Since [ is an integer,
(—1)’ only takes two values, +1. If [ = 1, then Pf corresponds to the p,-orbital, P% corre-
sponds to the p,-orbital, and P; 1 corresponds to the py-orbital. If there is a symmetry in
the xy-plane, then p, and p,, can take either P% or Py L

Exercise 4.4.3.

23. Suppose / = 1. Starting from eq. (4.4.10), find P}, P;", and PY.

24. Use the code legendre. f in the Appendix 11.9 to generate orbitals in Fig. 4.4.

25. Another way to plot atomic orbitals is to use gnuplot, which works on PC/Windows and Linux systems.
Use the scripts that Moore [23] provided to plot the dy,-orbital.

4.5 Central field potentials: symmetry and conservation law

A quantum mechanical treatment provides unprecedented insight into the electronic
structures of an atom, but very few problems can be solved analytically. For this rea-
son, one often employs the symmetry of atoms, molecules, and solids. The central field
potential is a starting point. This section starts with a brief introduction of symmetry op-
eration and its associated law of conservation and then uses the common eigenfunction
properties to simplify and solve the hydrogen problem.

4.5.1 Symmetry and conservation

Symmetry in QM plays a bigger role than in CM and underlines many laws of conserva-
tion. Chapter 2 introduces the Schrodinger equation through the time-invariance sym-
metry. Every symmetry introduces a hidden degeneracy. An extensive discussion can be
found elsewhere [24, 25, 26, 27]. Here, we introduce the rotational symmetry. The central
field potential V(r) only depends on the radius r, not the direction of r, so we can write
the potential as V(r). If we rotate the system by any angle, V(r) remains the same. Be-
cause the Hamiltonian is the sum of the kinetic energy and potential energy H = T + V
and T is always rotationally symmetric, the Hamiltonian is said to have rotational sym-
metry.

4.5.2 Rotation of coordinates

It is helpful to start with the rotation of a coordinate. Supposing we have the initial
coordinate r, a rotation, defined by R, will send r to the new coordinate r/,

r'=Rr, rl= ZRijrj in components, (4.5.1)
j
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where the general expressions of R are given in Section 11.3.1. If one requires the length
of r' is equal to that of r, one can show that the inverse of R, R}, must satisfy R'R = I,
where I is the identity matrix and R is called the unitary matrix and satisfies R = R'.

Exercise 4.5.2.
26. If the length of r' is equal to that of r, prove B'R = I.

4.5.3 Rotation of a wavefunction in the function space

Rotation of a wavefunction ¢(r) means that (i) we change the variable r to r', and (ii)
require the rotated wavefunction ' (r') be equal to the initial ((r), i. e., ¥(r) = ¢'(r"). (i)
is purely due to the physical reason: Two wavefunctions must contain the same physics
in space. Similar to eq. (4.5.1), we define the rotation of a wavefunction as

y'(r) = Ry(r), 4.52)

where r is fixed and ' (r) is the rotated wavefunction to be found. We start from ' (r")
and use eq. (4.5.1) to rewrite it as ' (r') = 3’ (Rr). Then, using (ii), we find

P'(r') = ¢ Rr) = Y(x). 453)
Next, we change r — R'r in the second equation in eq. (4.5.3) to obtain
Y (RR7'r) = p(R7'r) - ' (r) = (R 'r), (4.5.4)

where we have used R™'R = I. Now, comparing egs. (4.5.2) and (4.5.4), we obtain the final
rotated wavefunction ¢’ (r),

Y'(r) = Ry(r) = p(R7'r) - ¢'(r) = (R 7'r), 4.5.5)

which shows that the rotated wavefunction is the same as ¥, except the coordinate r
rotates in the opposite direction. If we want to rotate the wavefunction by +30° along
the z axis, all we need to do is to rotate the coordinate r in ¥(r) by —30° along the z axis.

4.5.4 Rotation of an operator

Rotation of an operator is different. Consider the time-dependent Schrédinger equations
for 1 and ¢, ih% = Hy, ih% = H'Y', where H' is the Hamiltonian after rotation R. We
plug ¥’ = Ry into the second term to get

L ORY) s oY
ih ~ —HRzp—uhRat—HRl/).
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Multiplying both sides by R, we get

mrlze?f ARy, — m% _RA'Ry.

If we compare it with ih% = Hip, we have

This reveals an important relation for a general operator O. If we want to rotate an
operator O, the operator transforms to ROR™L. This is an extension of representation
theory given in Section 4.4.2, where 0, = ROzR™. This is in contrast to a wavefunction,
Ry(r), where the rotation R only appears once. But, for an operator, R appears twice.

4.5.5 Conservation of angular momentum

Next, we consider what happens if H is invariant under rotation R, i.e., H' = H:
H=RAR' > HR=RH - [H,R] =0

This means R commutes with A, so R and H share some common eigenvectors.
Consider that R represents a rotation by a small angle ¢ along the z-axis, so the
wavefunction changes as ¥(¢) — y(¢ — &), which can be Taylor expanded to

e o
RP(d) = Y(d - ) = Y(§) - ¢l/)(¢) + ; o5 »(g) -
L,
- 9@ - el @) + 3 = ) OR
[y 1 del\T _ el /n
o e, Ay ]w<¢> )
where we have used L, = —ih%. This reveals that RE = e‘% represents a rotation

operator, which is realized by L,. If [RS, H] = 0, then [L,,H] = 0. Although we have
previously encountered this same commutation, the difference here is that we derive
it through the rotational symmetry. The same [ has 21 + 1 different m, m = -L,...,+[,
degeneracy as previously discussed.

In summary, the rotational symmetry of a system underlines a conservation law.
Mathematically, it is realized through the commutation of an operator O with PI Accord-
ing to the Heisenberg equation of motion (Section 3.5), for L,, we have % e [LZ,H 1=
0, which means that L, is constant and is a conserved quantity, a key 1n31ght that under-
lines our solution for the hydrogen atom in the following sections.
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Exercise 4.5.5.

27. Starting from eq. (4.5.2), if we require the probability density p(r) to be the same for ¢/ (r) and ¢(r), show
R7'R = I, where I is the identity matrix. Hint: The conjugation of eq. (4.5.2) is ¢’ * = ¢* (nR'.

28. T, a translation operator, transforms f(x) to f(x — a), i.e., Taf(x) = f(x — a), where a is a finite distance
along the x-axis. Find the expression for the operator 7.

4.6 Hydrogen atom

Our goal is to find the solution to the Schrodinger equation of the hydrogen atom, that
is, the eigenfunction of the Hamiltonian operator H, but this is a difficult task. The ro-
tational symmetry of the hydrogen atom and its subsequent commutations, [L2, H] = 0
and [L,, H] = 0, allow us to get the angular part of the eigenfunction of the hydrogen
Hamiltonian, Y}, without even solving the Schrodinger equation. We will repeatedly
use Y;,,. The central potential simplifies the equation further to a radial equation.

4.6.1 Spherical symmetry

The Hamiltonian consists of the kinetic energy and the potential energy due to the
Coulombic attraction from the proton,

v e
- + .

2m,  4megr

H=T+V=

Since the analytical solution in Cartesian coordinates is difficult to find, we convert it to
spherical coordinates.
First, we change the Laplacian to spherical coordinates,

V2= lﬂ(rzi) N Li(smgi> , 17
T r2or or r2sin 0 00 00 r2sin @ a¢2

(4.6.1)
_12<r22>+l[il<31n02>+ 1 a_z]
“r2or\ or/) r2[sin6o@ 90/ singo¢? ]

Because

. 1 0 0 1 9
o ilsdlens) i)
singo6\"" 38 " sin g 3¢

the second term in the brackets in eq. (4.6.1) is just —L2/#?, and the Laplacian operator
is

5 1a<za> L . h2[18<26> 1:2]
Vi= - — — [ T =- —_— — |- == 4.6.2
2o\ or )t T 7 2m, | r2or Tor)  wr .
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Since L? and L, only act upon the angular part, not on the radial part of the wave-
function, the following commutation relationships are valid: [Vz,iz] =0, [Vz,f,z] =0,
(T,L2] = 0,and [T, L,] = 0. Since the potential does not depend on the angular variables
6 and ¢, [V,L*] = 0, [V, L,] = 0. Therefore, we have [H,L?] = 0 and [H,L,] = 0, so the
eigenfunction Y;, of L and L, is also the eigenfunction of H.

4.6.2 Separation of variables and the radial Schrodinger equation

Because our potential V(r) does not depend on either 6 or ¢, this allows us to separate
the radial part R,; from the angular part Y;,, of the wavefunction, i.e., ¥,;;,,(r, 6, 9) =
Ry (Y, (6, ¢), where y has three quantum numbers, n, [, m, the main quantum num-
ber, orbital, and magnetic orbital angular momentum quantum numbers, respectively.
Because we already know the spherical harmonics Yy, (6, ¢), our job is to find R,;. We
substitute ¥ into the Schrédinger equation Hy = Eyp and obtain (T + V)R (1) Yy (6, ¢) =
ER,(1)Y},,(6, ¢). According to eq. (4.6.2), we have

hz 19 3 I(1 + DA
TRy ()Y (6, 9) = [ <r2_>RnlYlm - anlYlm]

r2or\ or h2r2
hZYlm 19(/,0 [1+1)
= R,,— —R. |,
2m, [r28r<r ar> r2 "l]

where we have used the fact that the first term in the kinetic energy operator does not
depend on angles 6 and ¢. We can cancel Yy, on both sides to get

2 2
[ [12(p2) D] € Hp pryn, o3

2m, [ rtor\ or r 4me, 1

In the following, we suppress the subscript nl in R. The convoluted derivative in the
first term can be simplified further if weletR = 5 , where u is a function of r. Taking the

derivative of R with respect to r leads to % S du e multiply r* on both sides to
T r dar:
get T = r% — u and take another derivative with respect to r to obtain

d < 2dR> du d*u du d*u
—|r—=)=—=+r-—=-—=r—.
dr\ dr dr dr* dr dr?

Substituting the above expression into eq. (4.6.3), we find

W [1d%u I(I+1R
-~ -~ | +VR=ER.
[r dr? r2 ] "

Replacing the remaining R in the above equation by u yields
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Table 4.3: Radial wavefunctions R, (r) of the hydrogen atom. Only the radial wavefunctions can distinguish
3

different n. All have a factor aai . The key variable is r/(nagy), where ay is the Bohr radius. As n increases,
the wavefunction decays more slowly with r.

3 1

Ryg(r) = 2a,%e % (1s)
3

Ryo(r) = ﬁ 2(1- E)e = (2s)
3 I

RZ‘I (I’) = ‘/’ OZ Z‘rJUe 200 (Zp)

Rao(r) = 3fa I 300 P2 (39)
R3‘I (I') = 9\/’ 0i 3;0 (1 2 30 )E 300 (3p)

Ry (r) = ﬁaoz(%) e (3d)

hz du 1+ 1u
-— ——u +Vu=Eu,
dr? r2
L . (4.6.4)
k" d‘u 1+ 1Dk e
- - u = Eu,
- 2m, dr? 2m,r?  Ameyr

where in the last step we have replaced V by its Coulomb potential energy —e?/4re,r.
Equation (4.6.4) is an eigenequation with a boundary condition u — 0 asr — oo.

For the same [, there are infinite solutions, so we assign two quantum numbers n
and ! to u and E as u,; and E,;, where n runs from 1 to co and [ from 0 to co. R,; is given
as

2r ! r
Ry(r) = Nyje nﬂo<na0>Li’+}1< ) (4.6.5)

nay

where N,; is a normalization constant, LZL 1-1 is an associated Laguerre polynomial, and
ay is the Bohr radius. Table 4.3 lists a few radial wavefunctions. The 1s wavefunction is

3 _r . . .
Ryy(r) = 2a,*e . The entire wavefunction is

Yuim(r> 6, @) = Ry (1) Yy, (6, 9), (4.6.6)
and the eigenenergies are
4 2 2
En:—l&:—l e _ 1 e :_13.6eV. 46.7)
2 (4meg)?n’n? - 24megagn’? 2 4mer? n?

Analytically solving eq. (4.6.4) is tedious, has little value for latter sections, and also hides
the true meaning of n.
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Exercise 4.6.2.

29. Show the ground-state wavefunction Ryq(r) is normalized, j(;x’ |R10(r)|2r2dr =1

30. The radial probability p(r) is defined as r2|R10(r)|2. (a) Show the maximum probability is at r = ag, and (b)
find the probability.

31. Supposing an electron is in the ground state of the hydrogen atom, find: (a) (¥); (b) (i‘z); (c) (x); and (d)
()‘(2). Here, X is the position operator, not a unit vector.

4.7 Numerical solution of the hydrogen atom: hydrogen code

This section employs a numerical method that translates a differential equation into
a matrix, i.e., matrix mechanics in Section 1.3.1. After diagonalizing the Hamiltonian
matrix, one has both eigenvalues and eigenstates. Our hydrogen code is attached in an
appendix to this book. The results are highly accurate and also contain continuum states
with positive eigenenergies. The matrix mechanics is equivalent to the wave mechanics,
but it is much more powerful. The only requirement is that one has a way to diagonal-
ize a matrix, but in the 1980s Jack Dongarra and associates developed LAPACK (linear
algebra package). We highly recommend this to the beginner, so he/she can appreciate
insights into eigenstates.

4.7.1 Atomic units

In CM, the SI unit is the norm, but in QM it is too small to handle numerically. For in-
stance, 1 eV = 1.602 x 107 J. Therefore, nearly all numerical calculations use atomic
units, or a.u.. In the literature, the energy has two atomic units as briefly mentioned in
Section 4.4.1: One is the Hartree (Ha), and the other is the Rydberg (Ry). 1 Ry = 13.6 eV
and1Ha = 2Ry =2x13.6 eV = 27.2 eV. The angular momentum’s a. u. is /. The electron
mass is defined as the atomic unit of mass, i. e., 1 m, = 1, and its charge squared as =1
The Bohr radius a, = 0.529 A is the length unit. In addition, we set 47¢, = 1. Doing so
converts the eigenequation from

W duy [h21(1+1) ¢ ]u .
2m, dr? am,r?  Ameor | M MM
to
1duy [l0+D) 1
9 drznl + [ e ;]”nl = Epjlty.
This can be simplified to
d*u +1) 2
- drznl + [ r2 - ’_,.:|unl = 2‘Enlunb 4.71)
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Figure 4.5: Effective potentials W(r) for (a) s-, (b) p-, and (c) d-orbitals. The same type of orbitals has the
same potential. For instance, all the d-orbitals have the same potential.

where the terms before u,; defines the actual Hamiltonian operator in our code as

2
= d + W(r). 4.7.2)

H=- d2

& T+ 2
are o

r2 r

Here, W(r) acts as an effective orbital-dependent potential® for our eigenequation for
Uy, Up (1) = TRy (r). Figure 4.5(a) shows W(r) for all the s states. Because I = 0, it only
has -2/r,soasr — 0, W(r) — —oo. This represents a strong attraction for the elec-
tron, where the electron stays closer to the proton. As we increase [ to 1, this attrac-
tion becomes weaker (see Fig. 4.5(b)) because of the increase in the centrifugal potential
I(1+1)/r%. Atl = 2,i.e., the d-orbital, the potential becomes much shallower (Fig. 4.5(c)),
and the electron tends to become more diffusive.

4.7.2 Discretization of the eigenequation

A computer can often handle a function at discrete points, ry, 1y, . .., I'y. These points are
called mesh grid points. Our u is defined at these points, u(ry), u(ry), ..., u(ry), where N
is the number of points. For a straightforward calculation, we use a uniform mesh, so
the step size Ar is the same. This means thatry = ry + Ar, 1y = ry + 24r, ..., where ry is
the first radius and can be chosen to be 0.

Now, consider u(r + Ar) and u(r — Ar). We can expand them around r as

du 1 d*u 2 1 d*u 3 n
u(r +Ar) = u(r) + d—Ar + gﬁ(Ar) + §F(Ar) +---+0((AN™"),

du 1 d*u 1 d%u n
u(r —Ar) = u(r) - d—Ar + = A 2( r? - o — () +- +0((ar)™).

We keep all the terms up to second order and sum both sides to get

8 The pseudopotential calculation in the actual research is similar to this potential.
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d*u(r)  u(r + Ar) + u(r — Ar) - 2u(r)
ar2 (Ar)? '

2
To see why d d”r(z” is a matrix, we introduce the mesh index k for r, k + 1 for r + Ar, and

k —1for r — Ar, and the equation becomes

duk)  uk+1) +uk-1) - 2uk)
pea a7 . 4.73)

2
For a fixed index k on the left, d d”r(zr) has three nonzero elements. The coefficient of the

last term u(k) on the right contributes a diagonal element —2/(Ar)2 to the Hamiltonian
matrix H(k, k). Two coefficients of u(k — 1) and u(k + 1), i.e,, 1/(Ar)2, are just two off-
diagonal elements H(k, k — 1) and H(k, k + 1). Note that u(k) is an element of the eigen-
vector to be found and should not be considered as a matrix element.

2

Therefore, —% contributes three nonzero elements. W(r) in eq. (4.7.2) contributes

. W+ 2
a diagonal term, r—; -
2 (i+1 2 1
Hk, k)= — -—-, Hkk+l) =-—.
k=gt —m —p H )=~y

The left side of eq. (4.7.1) becomes a product of the matrix with a vector {u,} and the
right side eq. (4.7.1) is 2E,; multiplied by a vector,

u(k‘— 1) u(k.— 1)

Hk k-1 Hk k) Hkk+1) - u(k) =2Ey|  uk)

ukk +1) u(k +1)

As k runs from 1 to N, we can complete a full matrix. This matrix is programmed into
our code hydrogen. f in the Appendix listing 11.10.

4.7.3 Hamiltonian matrix and its eigenstates on the grid mesh

The Schrodinger equation, eq. (4.7.1), has [, but has no n. How n enters our solution is
not obvious.” Numerically, the maximum n is determined by the number of mesh grid
points, N.If N — oo, then n — co. If we choose N = 10, then the maximum n is 10. How-
ever, these ten eigenstates do not necessarily correspond to the same 10 lowest eigen-

9 One way to understand this is to note that the Schrodinger equation is an eigenequation with two
unknowns, eigenstates and eigenenergy. For every eigenenergy, one has an eigenstate, so n is infinite.
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Figure 4.6: Radial wavefunctions of 1s, 2s, 3s, 2p, 3p, 4p, 3d, 4d, and 5d. Going from top to bottom with the
same /, the number of nodes increases by one with the main quantum number n. Going from left to right,
the wavefunction is similar across different /, but with an increase in /, the wavefunction becomes more
diffusive or delocalized. To convert the numerical wavefunction to rR,,(r), one has to divide it by VAr (see
the text). Caution: the horizontal axes are not the same in each subfigure.

states of hydrogen. This is because both N and Ar affect our results, as NAr sets the
maximum spatial extension of a wavefunction.

In the code, we choose N = 1,600 and the mesh size Ar is 0.05 Bohr, so the matrix
size is 1,600 x 1,600, n,,., = 1,600, and the maximum spatial extension is NAr = 80 Bohr.
After setting up the Hamiltonian matrix, we diagonalize it with the LAPACk code to find
the eigenvalues and eigenvectors. The eigenvalue produced from the code is 2E,;, and
because eq. (4.7.1) has 2E,; as its eigenvalues, our actual E,; is half the eigenvalues from
the code.

Figure 4.6 shows our numerical solutions for the hydrogen atom using code
hydrogen.f. To run the code, one must choose I. For instance, if [ = 0, all the s-states
are calculated. The lowest state has n = 1 and is a 1s-state. This is the ground state of the
hydrogen atom. Our numerical wavefunction Z(i, n) directly from the code differs from
TR, (r) by VAr.!® Figure 4.6 has a general trend of these wavefunctions. Going from

10 Z(i,n) is normalized as }; |Z(i, n)|2 = 1, but R;; is normalized as f(;)o Rﬁl(r)rzdr =1,s0 Zz(i, n) =

Rﬁl(r)rzdr, i.e., TR, (r) = Z/VAr, where dr is written as Ar in the last step.
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top to bottom with a fixed [, the number of nodes increases by one. Going from left to
right, the number of nodes™ is always the same, and the shape of the wavefunction is
similar, but the wavefunction becomes more extended and delocalized as [ increases. It
is easy to remember that the first orbital for each [ has no node, the second orbital has
1node, and the third one has 2 nodes. In fact, it would be much simpler if we could call
these first orbitals in each [, 1s, 1p, 1d, .. ., but this is not used.”? This convention is the
well-known aufbau (building-up) principle.

It is interesting to focus on the 1s-orbital. Figure 4.6 (top left) shows that our nu-
merical solution matches perfectly the analytical solution (from Table 4.3) since the two
curves overlap. The wavefunction peaks at exactly one Bohr radius, r = ay, as also can
be seen in the prior exercise in Section 4.6.2. To be more precise, this is the square root
of the probability +/p(r). The reader must be cautious that the radial wavefunction is
normalized as

(o0}

Janz(r)Izrzdr = J p(rdr, (4.7.4)
0 0

not [ Ry (r)*dr, so that the probability is p(r) = r*|Ry(r) .

4.7.4 Hydrogen-like ions: ionic radii and Alzheimer’s disease

What we have learned so far concerns one single H atom. Many ions such as He*, Li*™,
Be**" are similar to hydrogen. They also have a single electron in the outer shell. The
main difference is that their ionic core has Z protons, so the nuclear charge increases
from +e to +Ze, which in turn reduces the atomic radius from the Bohr radius a, to
r, = ay/Z. Here, Z is the atomic number or the effective atomic number Zeg."*

So the eigenenergy is changed from eq. (4.6.7) to

) 2" 9 2 - 2
2 4megapn 2 4meyrs n

252 252 2
1 eZ 1 eZ __Z 13.6eV, 475)

n

and in the eigenfunctions (see Table 4.3) every a, becomes a,/Z. This is the reason why,
in the periodic table across the same row, atomic radii decrease from left to right. Their
ionic radii with the same outer-shell charges decrease in the same fashion. For instance,

11 Here, nodes refer to the wavefunction crossing the zero line.

12 Because 2s and 2p have the same eigenenergy, and 3s and 3d have the same energy, and so on, the
main quantum number n for p must start from n = 2, and for d it must start from n = 3.

13 Due to the screening effect by the innermost electrons, the outermost electrons experience the charge
less than the actual nuclear charge +Ze.
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Figure 4.7: 1s radial wavefunctions for Z = 1 (solid line) and 2 (dashed line). The larger Z wavefunction is
contracted and has a higher peak.

Na*, Mg?* and AI** have radii of 1.02, 0.72, and 0.53 A, respectively. Different radii af-
fect how these ions pass through blood-brain barriers and directly affect brain func-
tion. There is an ongoing investigation as to whether Al or other metals could lead to
Alzheimer’s disease or other types of dementia. What can be ascertained here is that the
AI** jon almost has the same size as the H atom and is likely to have a higher mobility.

We can use the same hydrogen code to compute this numerically. The only change
is in the function v(r, ) in the code. Figure 4.7 shows two 1s-states for Z = 1 (solid line)
and Z = 2 (dashed line). One can see a larger Z shifts the peak toward r = 0 where the
ionic core situates.

Exercise 4.7.4.
32. The Schrédinger equation has no variable n, the main quantum number. Explain how it enters our calcu-
lation.

The following exercises are based on code hydrogen. f in the Appendix listing 11.10.
33. Use the existing nm and dr (a) to compute the 1s-, 2p-, and 3d-wavefunctions v, (r), and (b) plot them and
compare them with Fig. 4.6. Note that our wavefunction is really rR,,(r).
34. (a) Investigate how nm affects the wavefunctions and eigenenergies for / = 2 with nm increasing from
400 to 1,500 for Z = 1and Z = 2. (b) For s-states, compare the numerical eigenenergies with the theoretical
ones, as you increase nm from 400 to 1,200. What can you conclude by comparing these results?
35. It is possible to compute the radial transition matrix elements between 1s and 2p by properly modify-
ing the code. Hint: One can save the wavefunctions first and then use these wavefunctions to compute the
transition matrix elements.

4.8 Franck-Hertz experiment

Although spectral lines from atoms provide evidence of energy quantization, it is indi-
rect because one relies on optics. Franck and Hertz provided a direct proof of energy
quantization through electric current and voltage. They discovered that the collisions
between energetic incident electrons and mercury atoms are both elastic and, more im-
portantly, inelastic. It is the latter that directly proves the energy quantization.
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However, they were unaware of Bohr’s theory when they carried out the experi-
ment. Here is an excerpt from James Franck in “On the recent past of physics” by Gerald
Holton, American Journal of Physics, Vol. 29, p. 805 (1961). “It might interest you to know
that when we made the experiments that we did not know Bohr’s theory. We had neither
read nor heard about it. We had not read it because we were negligent to read the liter-
ature well enough - and you know how that happens. - - - . But we made that experiment
(and got the result that confirmed Bohr’s theory) because we hoped that if we found
out where the borderline between elastic and inelastic impact lies... only one line might
appear. But we did not know whether that would be so, and we did not know whether
at all an emission of an atom is of such a type that one line alone can be emitted and
all the energy can be used for that purpose. The experiment gave it to us, and we were
surprised about it. But we were not surprised after we read Bohr’s paper later, after our
publication.”

4.8.1 Experiment

This experiment now can be carried out in an advanced physics lab. We carry out the
experiment ourselves. Figure 4.8 schematically shows our Franck-Hertz experiment
setup, which consists of a heater (H) that vaporizes the mercury liquid, a cathode (C,
another heater) that ejects electrons, a grid mesh (G) which serves as an anode to accel-
erate the electrons, and a reverse bias (R, also called the collector) which suppresses the
current noise. The accelerating voltage V, is applied between C and G, and V, between
G and R. The ammeter A measures the current through the collector, which is converted
to the voltage V.. In the experiment, one measures V, versus V,,.

Classically, one would expect that accelerated electrons, once having collided with
the Hg atoms, lose energy and slow down. As V, increases, one expects an increase in the
collector current. Because the current is converted to the collector voltage, one would
see a monotonic increase in V,, just like a regular resistor: The larger the voltage is, the
higher the current is. This process should be the same for any V. But, this is not what is
observed. Figure 4.8(b) shows that, as we increase V,, V, increases smoothly, but, once
it is close to 4.86 eV, V.. drops. This repeats itself for every 4.86 eV. Our experimental data
are at 9.10, 13.87, 18.77, and 23.97V, with uncertainty of 0.2 V. Beyond 27V, V, saturates
due to our measurement limit. These peaks and troughs cannot be explained by classical
physics.
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Figure 4.8: (a) Franck-Hertz scheme. A drop of mercury liquid is sealed inside the tube. A heater outside
the tube heats the tube above 170°C, so the mercury liquid is vaporized. A different heater (H) heats the
electrons that eject from the cathode (C). Under the influence of the acceleration voltage V,, the electrons
accelerate toward the grid mesh (G), which also serves as the anode. The collision occurs between the
accelerated electrons and mercury atoms. A reverse bias (R) V, is applied to suppress the noise current.
This reverse bias electrode is also called the collector. The current, after magnification (M), is measured.

(b) Collector voltage V, versus the accelerating voltage V,. The collector current is amplified and converted
into the collector voltage V., which is measured by the oscilloscope. V, is the accelerating voltage which
peaks at 9.10V, 13.87V,18.77V, and 23.97 V (see the vertical lines). The separation between them is 4.77,
4.90, and 5.20 V. The average is about 4.96 V with experimental uncertainty of 0.2 V. Before 5V, there is only
pure elastic collision. The first inelastic collision occurs slightly above 5V, but its V,, is difficult to determine.
However, the second, third, fourth, and fifth collisions are very clear.

4.8.2 Verification of quantum theory

Before colliding with incident electrons, mercury atoms are in their ground state, with
the two outermost electrons occupying (6s)%, i.e., with n = 6 and [ = 0. There is an
excited state (6s6p) at AE = 4.86 eV.}* Figure 4.9(a) illustrates the energy level.

The electron ejected from the cathode is accelerated, with maximum energy up to
—eV,. Figure 4.9(b) illustrates what happens inside the vacuum tube. The horizontal di-
rection is along the tube direction. Electrons are incident from the left; and for a fixed
V,, they need to travel a distance to reach the maximum kinetic energy eV,

If|-eV,| < AE, then there is no place in the tube where the electron can accumulate
enough kinetic energy to match AE, so the electrons inside the Hg atom remain in the
ground state. The collision between the incident electron and Hg atoms is elastic.

14 In fact, there are three excited states, with slightly different energies due to electron spins. Hertz’s
Nobel lecture includes this energy diagram. But here, we ignore this difference.

15 Collisions between the incident electron and Hg atoms occur all the time. Experiments critically de-
pend on the temperature in the tube. If the temperature is too high, too many vaporized Hg atoms in
the way shorten the mean-free path of the incident electrons, the path length that electrons can travel
without collisions. On the other hand, if the temperature is too low, then there are not enough vaporized
Hg atoms to collide with incident electrons. In our experiment, the temperature is set at 170°.
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Figure 4.9: (a) Energy level scheme of Hg. The energy difference is AF = 4.86 eV between the ground state
(65%) and the excited state (6s6p). (b) Collision in real space. The boxes denote collision zones. At eV, = AF,
there is one zone. The number of zones increases with eV/,.

Next, we increase V, so eV, matches the energy difference AE. Once the incident
electrons reach G, they acquire the kinetic energy AE. When they collide with Hg atoms
around G, the energy is transferred to the Hg atom’s electrons. These electrons in the
Hg atoms obtain AE to make a transition from 6s* to 6s6p. In the meantime, due to the
energy conservation, the incident electrons lose almost all the kinetic energy. This is an
inelastic collision. The box on the first line in Fig. 4.9(b) shows the location of collision.
Very few of the incident electrons can cross the grid mesh G to contribute to the current.
As a result, the current is reduced sharply, leading to the voltage trough in Fig. 4.8(b).

If we increase eV, to 2AE = 2 x 4.86 eV, there are two inelastic collisions. The first
occurs in the middle of the line connecting the C and G electrodes (see the second line
in Fig.4.9(b)). After the collision, the incident electron can regain the energy to make a
second inelastic collision (see the second box) before it hits G. Every inelastic collision
slows down the incident electrons. With eV, = 2AE, the number of electrons that reach
the collector increases, so the collector current and voltage increase, which explains a
baseline increase in Fig. 4.8(b). If we increase eV, to three or four times AE, we will have
three or four inelastic collisions.

Importantly, every peak observed in Fig. 4.8(b) corresponds to the same two energy
levels in Fig.4.9(a). This experimental result demonstrates that, indeed, in the Hg atom
the energy levels are quantized. Lastly, it might be interesting to note that collision zones
in the tube can be identified by looking at the bluish disks of wavelength 4,358 A, an emis-
sion from a high level to one of the (6s6p)-states.!® These higher states are reached by
the already excited electrons in the Hg atoms through successive collisions with incident
electrons [28]. This is possible because not all the states can decay to the ground state at
the same rate.

16 This is the transition from a spin triplet state 3S to another spin triplet state >P;. See Chapter 6.
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Exercise 4.8.2.

36. In the Franck-Hertz experiment with mercury, the first trough appears at 4.86 eV. Suppose the incident
electron has zero kinetic energy. Find the minimum distance between the cathode and the grid mesh.

37.1In neon, the first excitation potential to 3p is about 19 V. (a) Find the minimum potential to have an inelastic
collision. (b) Suppose the incident electron has zero kinetic energy. What is the minimum length of the neon
tube if the electron only has one inelastic collision at the minimum potential?

4.9 Problems

1

A

Prove the following relationships: (a) [Ly,x] = 0, [L,y] = 0, and [L,,z] = 0. (b)
[Ly,y] = ihz, [Ly,z] = ihx, [L,, X] = ihy. (0) [Ly,z] = —ihy, [Ly,x] = —ihz, [L »Y] =
—ihx.

Prove [1,, Dpl = €qpyihD,, Where €., is the Levi-Civita symbol.

Prove (a) [L,,r*] = 0 and (b) [L,,r-p] = 0

Prove L2x — xI.2 = in[(r x L), — (L x1),].

Derive L, L,, and L, directly from eq. (4.3.1) by transforming (x,y, z) to (r’, 6, ¢). This
isahard problem. Hint: (i) To change the partial derivatives in Cartesian coordinates
to the spherical ones, use r = \x2 +y2 + z2, tan @ = y/x, cos@ = z//x% + y? + 72,
not & = cos*z/+/x? +y? + z2. (ii) For example, we compute a/az as 3 = X0,

oz or
ocosf 0 otang 0
% 5058 T 5z a g (iii) One needs to keep derivatives 11ke but can simplify

operations like by taking the derivative in the denommator with respect to

atan¢
¢, and the same for o_~—. (iv) In the end, convert all the Cartesian coordinates to

spherical ones, using X = r sinfcos @,y = rsin@sin ¢,z = r cos 6. It is just when one
converts the derivatives that one must use r = \x* +y? + 2%, tan¢ = y/x, cos0 =

Z/\IX% + Y2 + 22

Use eqs. (4.3.21) and (4.3.22) to compute (Y}, |L, | Yjn_1) and (YL |Ylm_1).

The electron in hydrogen atom is in a mixed state. [¢)) = Yn + 5 Ylo- (a) Find the
probabilities of ,, with eigenvalues of 0 and +h. (b) Compute the expectation value
of L,. (c) Find the probabilities of L, with eigenvalues of 0 and +h. Hint: Find the
eigenstates of L, first and dot-product with [1). (d) Compute the expectation values
of L, and L% (e) Find the uncertainty in L,. (f) Use the matrix form to compute (c)
and (d).

Ahydrogen atom is in a state [¢) = ¢;Yy; + ¢, Y5, Where ¢; and ¢, are the normaliza-
tion constants. (a) Write out all the possible values of L, and their respective prob-
abilities. (b) Write out all the possible values of L and their respective probabilities.
(c) Find the expectation values of EX, Ly, L)z(, and L2

Refer to Fig.4.3. Suppose [ = 2. Compute all ﬁve angles of I, with respect to the
z-axis. Hint: First compute the length of L and then compute the expectation value
of L,.
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~ where a > 0 and C is a normal-

Suppose a particle in state Y(r) = C(x +y + 2z)e
ization constant. (a) Find (L?). (b) Find (L,).
Diagonalizing the iy matrix (see eq. (4.4.3)), find: (a) its eigenvalues and (b) its eigen-
vectors |m,); (c) find the expectation values of (my|L,|m,) and (m,|L,|m,); (d) com-
pute (my |L,Ly —LxLz|my) and then check whether your results match ih(my |Ly|my).
Using the eigenstates |n) of the harmonic oscillator as the basis, write down the
matrix for (a) ¥* (eq. (3.3.10)), (b) py, and (c) p%.

[¥) = |nlm) is an eigenstate of the hydrogen atom. Show (a) (r) = % [3n2 -1l +1)].

(B) () = B (5% 41— 311+ D] (© (L) = Lo (@ (L) = 2

agn®’ a@ni+})’
1’17

An interesting integral is the Coulomb integra
X=+hy=+h z=+h 1
j 1 iz 49.)

| oo
x=—hy=-hz=-h Xty +z

If we integrate using Cartesian coordinates, this integral has a divergence at (0, 0, 0).
Away around this is to use spherical coordinates. In Fig. 4.10 we choose a pyramid of
ABCO with four surfaces—ABC, ABO, ACO, and BOC—which are described by four
equations, z = h, x = z,y = 0, and x = y. These four equations are going to guide us
to determine the integral limits for r, 6, and ¢. The integration must start from dr
because the volume element is r* sin §d@d¢dr and r* cancels 1/r in the integrand.
Since x = rsinf@cos@,y = rsinfsing, and z = rcosf, we will use z = h as our
constraint for r. The limit for r is from 0 to h/ cos 6. Using other relationships is
difficult because x and y both change. Next, we use the second surface, x = z, to
determine the limits for 6, while x = 0 and x = y are used to determine the limits
for ¢. The reason is that 6 starts from the z-axis and its maximum angle is bounded
by the xz-plane. Equating x = r sin 6 cos ¢ to z = r cos 0, we find that tan 6 = 1/ cos ¢,
orf = tan’l(l/ cos ¢). The lower limit for ¢ is determined by x = 0, while x = y sets
the upper limit, ¢ = 77/4. Then the equation becomes

7/4 tan"'(1/ cos ¢) h/ cos O .
j j J rdrsin 0d6dg, 4.92)
$=0 60 ro

which can be analytically integrated.
Prove

x=+hy=+hz=+h 1 3 \/§ 1
j J —dxdydz=h2<—’1 + I —+>

| —— T
iy YR+ 2 V3-1

17 Thanks to Dr. C. Zhao at Indiana State University.
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Figure 4.10: Coulomb integral. The integration is taken over the ABCO pyramid. A cube consists of 6 pyra-
mids, each of which is defined by four planes, ABC, ABO, ACO, and BOC.



5 Time-independent approximate methods

The hydrogen or hydrogen-like atom is the only system that can be solved analytically.

The rest of the systems must be solved by either numerical or approximate methods.

Approximate methods are much more powerful and allow us to solve problems beyond

a single-atom limit. In this chapter, we introduce two time-independent approximate

methods: perturbation theory and variational principle. This opens the door to prob-

lems of practical importance.
This chapter can be grouped into three units.

—  Unit 1includes Sections 5.1 and 5.2. It first introduces nondegenerate perturbation
theory. Section 5.2 provides two examples: charged harmonic oscillator and van der
Waals force.

— Unit 2 includes Sections 5.3 and 5.4. Degenerate perturbation theory is more in-
volved than the nondegenerate one as we work with a matrix. Section 5.4 shows
two examples: the H; molecule and the Stark effect.

—  Unit 3 includes Sections 5.5 and 5.6. Section 5.5 introduces the variational principle
and provides an example. Section 5.6 takes H; as an example again to complement
our degenerate treatment, so the reader can see how the variational principle works
and how the theoretical results compare with the experimental ones.

5.1 Nondegenerate perturbation theory

Perturbation theory is an approximate method. It does not aim to find all the eigenstates
of a system. Instead, it targets one single state. In the following, we shall assume that the
target state has an index of k. This section focuses on a state that is nondegenerate, i. e.,
no two states having the same eigenenergy of the unperturbed system.

5.1.1 Expanding the energy and wavefunction
The goal is to find an approximate solution to a specific state §;, not for all states,

Hyy = Exty, (5.1.1)

where H = H, + AH; and H; is our small perturbation. A is a parameter to help us deter-
mine the order. If A is zero, then we go back to the unperturbed Hamiltonian H,. If it is
1, then we have the perturbed Hamiltonian H. The theory assumes that the eigenstates
¢; and eigenvalues ¢; of an unperturbed Hamiltonian H, are known, i. e.,

I:I0¢i = ei¢i' (512)

https://doi.org/10.1515/9783110672152-005
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The perturbation expands an unknown ¥, into nth orders of corrections 11)5("),
Ve =90 + Y + PP+, (5.13)

where w;{o), ;{D, ... are to be determined. The hope is that, after a few limited terms, the
wavefunction converges to its exact function. The superscripts of these wavefunctions
identify their orders in A, while the subscript k denotes the state targeted. This is the
only state that is computed. Similarly, the energy E,, is expanded as

Ex=EQ +AED + VEP +---. (5.14)

We always keep the indices of the eigenstates of H, for a reason which will soon become
clear.

We substitute eqgs. (5.1.3) and (5.1.4) into Hi, = Eiy. The left side of the equation
must be equal to the right side of the equation,

Hy + A1) (P + A + 2P + -0

(5.15)
= (EQ + AED + PEP + ) (L + gL + 222 + ).

Equation (5.1.5) is the mother of perturbation theory and contains all the details. We are
going to multiply them out on both sides and compare them term by term according to
the order in A.

5.1.2 Zeroth-order perturbation
We start with eq. (5.1.5) and focus on the zeroth-order terms with AO,

2% Hy? = EOy©, (5.1.6)

where the heading A° reminds us that we are working on the zeroth order. Comparing
it with eq. (5.1.2) reveals that the zeroth-order wavefunction 1/)5{0) is just the eigenstate
¢y of Hy, 1,[)5(0) = ¢y, and E,({O) is just €, E,((O) = €, This makes sense since, if there is no
external perturbation, we surely get the eigenstates of Hy.

5.1.3 First-order perturbation

Next, we consider AL terms,
A ) + By = EOy + EDyQ. G.17)

Plugging w;{o) = ¢, and Ef(o) = € into this equation yields
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Ayl + B¢y = gy + EL ¢y (.1.8)

The reader can easily remember how these terms are written by noting that every term
consists of two terms, where one term is in the zeroth order and the other is the first
order in H;.

To get E;(l) and w;{l), we carry out two calculations: (a) multiplying eq. (5.1.8) by ¢y
from the left and then integrating, and (b) doing the same as (a) but with ¢, This
procedure is standard and works for the second-order corrections as well.

5.1.3.1 First-order energy correction E."
Multiplying eq. (5.1.8) by ¢, from the left and integrating, we have

(GlHo Yy + (Dl HLl 1) = (DY) + ED (el ) (5.19)

Using (¢y|H, = € (@] and canceling terms with €,, we have the first-order energy cor-
rection,

= (q’)k|HI|¢k) (First-order energy correction). (5.1.10)

This shows that the first-order energy correction is the expectation value of H; in |¢y).

5.1.3.2 First-order wavefunction correction z[:f:)
Multiplying eq. (5.1.8) by ¢, from the left and then integrating, we have

(DmlHlde) = (e — ) (DulYL), (5.1.11)
which gives
(Dml¥}) = m (m # k). (51.12)

This represents an overlap between l,b;{l) and ¢,, and means that the first-order per-
turbed wavefunction has contributions from eigenstates other than ¢,. We have to in-
clude all the eigenstates {¢;}, which is why we emphasized that we need to keep index
i for ¢. To have a correct zp(l), we must add them up. To see this clearly, we place the
completeness of eigenstates, Y, ;) (¢ | = 1, before |¢§<1)>:

(m|H| )
Z¢ 1¢k

e lom). (5.1.13)

BP) = 16 (DmlpY) =

m+k

Since m # k and (¢,,|9x) = 0, 1/;}}’ is orthogonal to ¢;. Equation (5.1.13) means that the
wavefunction correction is a linear combination of unperturbed eigenstates ¢,,, but it
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is weighted by the coefficient <¢’"|H’€|¢k ) If a state’s unperturbed eigenenergy €,, is closer

to our targeted state’s eigenenergy €, it has a larger contribution.
The unnormalized wavefunction up to the first-order correction is

(Dl Hyl0r)
¥ O | Hy

m#k €k~ €m

B) = 1) + 19) = 1) + |Opm)- (5.1.14)

To normalize it, one can compute (Y, |¢,) and rescale [;) /(Y |¥y)-

5.1.4 Second-order correction

We again start from eq. (5.1.5) and match terms in A2,

Hy® + By = EOy® + EOy® 4 FOy®

(5.1.15)
= ep® + EVYD L ED g,
which shows that the second-order correction depends on the first-order correction.
Such a hierarchy is the hallmark of perturbation theory. The remaining procedure is
exactly the same as the first-order one.

5.1.4.1 Second-order energy correction E*

We also left multiply eq. (5.1.15) by ¢, and 1ntegrate to find

(Gl Holp?) + @l H 1Y) = (DYDY + ED (i lpV) + ED(Brldr).  (5.116)

Using (¢y|H, = & (¢x|, we can cancel the first terms on both sides of the equation. The
second term on the right is zero because (¢k|¢g)) = 0 due to eq. (5.1.13). Employing the
normalization condition (@, |¢,) = 1, we obtain the second-order energy correction as

ED = (¢ 1H 1Y) (5.1.17)

To appreciate the beauty of perturbation theory, we pause here to explain the struc-
ture of El({z): The entire expression is just like the “expectation value,” but the wavefunc-
tion on the right is replaced by the wavefunction which is one order lower. Our first-
order energy correction is E(l) (¢r|H ,Il,b(o)). If we compare the structure of these two
equations, we find that they are similar.

This nice connection is hidden if we replace w;{l) by ¢,

(Gl Hi i) Dy | H 1) (Ol Hy ) (Dl H i)
E£2)=Z O Hy D) (Pic|H 19 -y OxlHy|pm) (P I¢k)

= (5.118)
ide B -En A Gken
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which can be rewritten as

; 2
9=y [(Dx|H D)

(Second-order energy correction). (5.119)
€k — €m

m#k

5.1.4.2 Second-order wavefunction correction ¢
We multiply eq. (5.1.15) by a state ¢, from the left and integrate to get

en(@mlV®) + (Dl HYY) = € Dml®) + ED(Dlp L) + ED(Dpldy),  (51.20)

which yields the overlap between zpf) and ¢,

o (@nlE 1Y) - ED(@lp)
k €x — €m '

(Pl¥p (5.1.21)

Here, we have used (¢, |¢y) = 0. Since ¢, is closer to €, this overlap is larger. Similar

to lp;(l), ¢msx is not the only state that contributes to w;{z), but all other states do. So we

sum up all possible states to get our second-order wavefunction correction

Dy @) @
z <¢m|HI|l/)k ) Ek <¢m|¢k >|¢m> (5.1.22)

€k —€m

) -

m+k

One sees that it depends on the first-order w;{l) and E,((l). For this reason, its expression is
rather cumbersome.

5.2 Examples of nondegenerate perturbation theory

Nondegenerate perturbation theory is an important tool. We present two major exam-

ples. But first we would like to highlight the key steps:

—  Separate the system Hamiltonian into two parts, H, and H;, where H, has a known
solution and H; is small in comparison with Hj.

— Choose a targeted state k of interest.

- Construct the matrix elements of H; among the eigenstates of H,.

— Compute the energy correction and wavefunction correction.

5.2.1 Charged harmonic oscillator in a weak electric field F
A one-dimensional harmonic oscillator carries charge q and is placed in an external

electric field F, not to be confused with energy E. Compute (a) the energy correction up
to the second order in the electric field and (b) the wavefunction to the first order.
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(a) Since the electric field is weak, we will treat it as a perturbation. The total Hamil-
tonian of the system is split into two parts: H = H, + H;, where H, is the unperturbed
harmonic oscillator Hamiltonian and A is the interaction between the electric field and
the system, i.e.,

Hy=-—— +-mwx’, H=-D-F. (6.21)

Here, D is the dipole g% and A; = —qF, X. The eigenvalues and eigenstates of the unper-
turbed system are Eflo) = (n+1/2)hw and |¢@,), denoted as |n).

Nondegenerate perturbation theory handles only one state at one time. Suppose we
are interested in state |k), with energy up to the second order, E, = E(O) E(1 E,({Z). The
zeroth-order energy is Eko) = (k+ é)hw. Next, we compute the ﬁrst order correction,
which is given by the expectation value of H; in the zeroth-order wavefunction,

= YY) = (kIH; k) = —qF, (kIxIk) = 0, (52.2)

where we have used (k|x|k) = 0 for the harmonic oscillator, with no contribution from
the first-order perturbation. So, we need to compute the second-order energy,

ED-Y (kiH ) (ni k) 523)

k 0 0
& E-E0

where the summation excludes n = k.
In order to compute E,((z), we first calculate (klﬁ,ln) = —qF,(k|x|n). Since X =

si(@+a"), XIn) = \ 7o (VAln - 1) + Vi + 1jn + 1)), we have

. h
(kIxIn) = \[z—— (VNS p_1 + VN + 18} 41), (5.2.4)
2mw
which yields

@ v () KkIXIn)(nIx|k)
B = ,#zk hw(k - n)
_ (qF)* ( (kIxlk — 1) (k ~ 151Ky ¢klxlk + 1)k + 1U%1k) )
T hw —(k-1) k-(k+1) :

Since (k|xlk - 1) = |/ VK and (k|%|k +1) = \/7= VK + L, EP = (qF . Our final

energy for level k up to the second-order is
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1 (qF,)’
Ex=(k+ = |hw- S 5.2.5
k < i 2) “ ome? 625
This shows that the energy spectrum is downshifted by ZqF w)2
(b) The wavefunction up to the first order is
n|H;lk k - 11H,|k k +11H;|k
P = 1) + Y Dy ey o LT gy Mw D, 6526
nek B —En B -ES E Ek+1

where the second item can be written as M“{ 1) = _qF \/ —Vklk - 1), and

Vk+1
the third item is Mlk 1) = 1:5 \lm vk + 1]k + 1). Therefore, the wavefunc-
tion up to the first order is

) = k) + ZI—IZ %(Vk +1lk+1) - Vklk-1)), k>1 (5.2.7)

5.2.2 van der Waals force

It is well known that neutral atoms and molecules experience Coulomb forces among
themselves. This is collectively called the van der Waals force. In classical physics, this
force is attributed to the charge fluctuation. In QM, we can clearly show this charge
fluctuation is due to the wavefunction. Figure 5.1 schematically shows the diagram of
two hydrogen atoms A and B separated by a distance R. Let us compute the total energy
of the ground state as a function of R.

Our Hamiltonian consists of H = Hy, + H;. The unperturbed one, H,, represents two
isolated H atoms and is the sum of two Hamiltonians at atoms A and B,

L W, s é
H, :HA+HB=—2_(V1 +Vy) = -

, (5.2.8)
m, 4megryy  4megryp

where 1(2) refers to electron 1(2). Our targeted state is the 1s-orbital. Because H, and
Hj, are two isolated hydrogen atom’s Hamiltonians, the zeroth-order eigenenergy is just

Figure 5.1: Two hydrogen atoms A and B separated by a distance R are placed along the z-axis, with A at
the origin and B at z = R. Empty circles denote electrons —e; and —e,.
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2E,,. The zeroth-order wavefunction is a product of two wavefunctions,!

¥ = G100 (r1a)P100(T25)- (5.2.9)

The remaining interaction is lumped into the perturbation j,

~ 62 62 82 62

H; = + - - , (5.2.10)
4megR  Amegryy,  4megry,  4megrip

where four terms represent the nuclear repulsion between two protons A and B, the
repulsion between two electrons, the attraction between A and electron 2, and the at-
traction between B and electron 1, respectively.

Since we are going to evaluate H; using the wavefunction in eq. (5.2.9), we must
simplify it by expanding H; in terms of R and dropping those small terms. We choose
the z-axis along the line which links A and B (see Fig. 5.1), and place atom A at the origin
with coordinate (0,0,0) and B at z = R with coordinate (0, 0, R). The following table
shows the details:

Electron 1 (x4,)1,2¢) Electron2  (xp,)7,2; +R).
Atom A (0,0,0) Atom B (0,0,R).

With these coordinates, the distances in eq. (5.2.10) can be written out as

1”12 = \/(Xl - Xz)z + (yl —yz)z + (21 - Zz - R)Z, (5211)
rop N 3+ 2 R, 6212)
rip =\ +Y2+ (2 - R?, (5.2.13)

which must be inverted (see eq. (5.2.10)). We take r;, as an example, leaving r,, and ry as
an exercise. We introduce a shorthand notation for x; — X, = 8,,y1 -y, = 6,21 -2, = 6§,
and 8 + 8} + &, = A*:

28 272 2 4 A : 25, % (5.2.14)
rg =[Sy +68,+ (8, ~R)|* = [R"+ A _2R5z]2:R<1_7+1§>’ L

. L1 1 25, | A*\-1
whose inversion is .- = z(1- Z* + )2

1 Rigorously speaking, this expression is not entirely correct, since it ignores the particle exchange in
the wavefunction by assuming these two H atoms are sufficiently far apart. This will become clear in
Chapter 10.
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We need to expand 1n R. Using the relationship

(1+x) 2—1+;x+%§1x2+ (5.2.15)
we have
1 1 25, A 25, A2\
— =1 =z = A 5.2.16
I R[ +2< R R2> 24( R R2> ' ] (216

where we keep the last term on the right up to 62, since the remammg higher-order

terms are much smaller and can be dropped. Keeping terms up to RZ and, after simple
rearrangement, we get

2 2 2
1 1/, 8, 26,-6;-6,
e ) (G217
Similarly, we can find
1 1 Z, r% 32%
—rmzﬁ( "R wmtaE) G219
2 2
1 1 Z1 rl 3 Zl
el R in) G219

where 17 = X} +y; + z and 15 = X; +Y5 + z5. The detailed derivation is in the following
exercise. Finally, our H; in eq. (5.2.10) is

2
lee_<1+i_i_i> (5.2.20)
4meg\R 1y T9y Iy
2
e
~ ——— (2242 — XXy — , 5221
4neOR3( 122 = XX = Y1Y2) (5.:2.21)

where all 1/R terms cancel out and the interaction decays much faster with R. To reveal
the physics behind €?(2z,z, — x;X, — y;y,), we introduce two dipoles, D; = —ef; and
D, = —ef,, to rewrite €*(22,2, — X,X, — y;y,) = Dy - D, — 3(D; - R)(D, - R). This reveals
that this term is the dipole-dipole interaction, which is the origin of the van der Waals
force. R (not operator) is the unit vector along the bond direction. Physically, this means
each H atom behaves like a dipole. The attraction between two H atoms occurs when
the charge on one dipole attracts to the opposite charge on another dipole.

Once we have an expression for H ;, we can determine its value. However, for xy, X,
Y1, Y2, Z1, and z,, their expectation value is zero with the zeroth-order wavefunction (eq.
(5.2.9)). This is because, due to the orthogonality in the spherical harmonics, the angular
integral (Y, |X(y, 2)| Y}, ) differs from zero only if I-1I' = 1, m—m’ = 0, +1. The integral
for x;x, is
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WOl = (D100 (1)1 100 (T14)) (Bro0 (o) Xa |10 (Tap)) = 0x 0 = 0,  (5.2.22)

while other pairs are similar. This means the first-order produces no correction.

The second-order energy correction is based on eq. (5.1.19), but with one extension
because we have two electrons instead of one. The zeroth-order wavefunction and en-
ergy is that of two electrons, not a single electron as intended in eq. (5.1.19). Specifically,
the zeroth-order ground-state energy is £yq = Eq5(1) + Eq(2) = -13.6 x 2 = -27.2¢V,
where (1) and (2) denote electron 1 and electron 2. The zeroth-order excited-state energy
is Enyny = E, (1) +E, (2) -13. 6( 7 + Z)eV where n; and n, are the main quantum
numbers of electrons 1and 2. The mtermedlate state ¢, in eq. (5.1.19) is now a product
of @y, 1, m, (T14)Pn, 1, m, (¥2p)- We then have

|<¢(0) |HI|¢’nll1m1(rlA)(rbnzlzm2 (rZB)> |2
é’00 - 5n1n2 ’

£ _

nll,my;n2 b,my;

(5.2.23)

where [}, my, and others are the angular momentum quantum numbers, and n; and n,
both cannot be the 1s orbital. Since H; is proportional to 1/R?, the numerator is propor-
tional to 1/R®. The denominator is negative, £y, — Enyn, < 0,50 our E@is

<

@ _
E¥Y 5

(5.2.24)

where C is positive. This lowers the total energy and is responsible for the van der Waals
force among neutral atoms and molecules.

Exercise 5.2.2.

1. (a) Following Example 1, compute the expectation value (¢ |X|¢y) of X with ¢, up to the first order. (b)
This problem can be solved analytically by directly factoring I:II into I:IO, Find the exact eigenenergy and the
wavefunction without using perturbation theory and compare both results.

2. Suppose a system has an unperturbed Hamiltonian F/o = (EO 5 ) where E; < E,. A small perturbation
Hamiltonian is f; = ( 4% ’f ), where g and b are real. (a) Use perturbation theory to find the first-order energy
correction for the lowest energy state. (b) Find the first-order wavefunction correction. (c) Solve the same
problem A = F/O + H; by diagonalizing the matrix and without using perturbation theory, and then compare
the perturbed results with the exact results.

3.(a) Prove egs. (5.2.18) and (5.2.19). (b) Prove eq. (5.2.21).

- A 2
4. A hydrogen atom placed in a uniform magnetic field has the following Hamiltonian: H = —% + V(r).
e
Suppose the magnetic field is along the z-axis, with the vector potential A being A, = —gy, A, = +§x, A, =0.
Find the eigenvalues. Hint: Rewrite A as Ay + A;. Ignore B terms, so A; can be written as £21,.

5.3 Degenerate and nearly-degenerate perturbation theory

Degenerate perturbation theory is a natural extension to nondegenerate perturbation
theory. A degenerate state means that more than one state share the same eigenenergy.
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These degenerate eigenstates belong to the unperturbed Hamiltonian Hj. If we have a
perturbation H;, we cannot use nondegenerate perturbation theory. This is because eq.
(5.1.13) has the denominator €, — €,

ooy <¢£n|I;IIe|‘¢k> IBr).
m#k kT Em

Although m # k, a degenerate state has ¢,, = €, (a nearly degenerate state has a very
small ¢, — €;), leading to divergence, which is clearly unphysical. This points out a path
forward: Degenerate states dominate over all the other states. Although we target a sin-
gle state |k), we must include all v degenerate states, |k;), |k;), ..., |k,), as the first-order
correction. A nearly degenerate case needs to choose v. This constitutes a major dif-
ference from nondegenerate perturbation theory: We form and diagonalize a matrix
for the interaction Hamiltonian using the eigenstates of the unperturbed Hamiltonian,
while nondegenerate perturbation theory is a summation over unperturbed states.

5.3.1 Expanding the wavefunction and energy

We start with a Hamiltonian A, which consists of the unperturbed Hamiltonian A, and
the perturbation H; as

H=Hy+H, (5.3.1)

where as before Ais a parameter to denote the order and has no impact on our solution,
since A goes to 1 at the end of calculation. The theory assumes that the eigenstates and
eigenenergies of the unperturbed H,, are known: Hy¢; = €;¢;, where i runs from 1 to
v and v is the degeneracy. Our goal is to find an approximate solution to Hip, = Exty,
using ¢; as the basis functions, where k denotes our targeted state. The entire formalism
is the matrix mechanics.

Degenerate perturbation theory expands ¥, in terms of a group of v-degenerate
eigenstates ¢;* as 1), = Yv_, Cip;, where C; = Ci(o) + )tCi(l) + AZCIQ) +---.Our job is to
determine C\”, ¢V, ... Ey is expanded similarly as Ej = E + AE” + ’EP +---. We
substitute both ¥, and E;, into Hy;, = E;§y, to get

2 Once we decide to expand ¥ in {@;}, Y is restricted to a state whose eigenenergy Ey is close to the
eigenvalue ¢; of ¢;. In other words, degenerate perturbation theory, similar to nondegenerate perturba-
tion theory, provides only approximate eigenstates within a particular energy window. To get a different
energy window, one has to choose a different set of states.
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\4
(Hy + AH;) Z(Ci(o) + 2P + 2P 4 )9,
- ; (5.32)
_(p0) D, 42p@) (0) (1) | 32,(2)
= (B +AE,’ + Ef +)Z(C] +AGT + X°C; +o) P

J

where we purposely choose i and j as indices for two summations for ; and C; because
they are completely independent. Equation (5.3.2) is the mother of degenerate perturba-
tion theory. The following step resembles nondegenerate perturbation theory. For the
same A, we match terms on both sides of the equation.

5.3.2 Zeroth-order correction

For A°, we have

4 4
2y BP9 =EY Y V9. (5.3.3)
i=1 j=1
We multiply (@, from the left and integrate it to obtain

C@ilHolg) = E Y ¢V (916)). .34
i=1 Jj=1

Since ¢; is an eigenstate of Hy, Hy|¢;) = €;¢;), we can rewrite the previous equation as

C%prlg)) — e = EY, (535)

v

0 0
Y CVeiigrlen) =EQ Y ¢
i=1

\4
j=1
where we have used the orthogonality (¢;|¢;) = &;. This proves that the zeroth-order

energy E,((O) isjust ey. Cl((o) can choose any values, so the zeroth-order wavefunction is the
same as the unperturbed wavefunction.

5.3.3 First-order correction

Now, we consider the first-order correction Al term
1 N7 D L gy o0 [ (0) () @) ~(0)
A Y HC 9+ BiCUV¢il = Y [E)CU¢ + EVCUV gl (5.3.6)
i=1 j=1

We multiply (@[ from the left and integrate the resultant equation to obtain
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D1 olHole) + GV GulHI8)] = Y (B GGkl + BV Dilgp].  6537)
j=1

i=1

Since (9 l¢;) = 6;; and (Pyl¢;) = 6y, the equation can be further reduced to

\4
EQCV + Y ¢4y lilg) = EXCY + ES . (5.3.8)
i=1

Canceling the first term on both sides and rewriting Eg)C,({O) as E,(:) Y C}O)Sik, we have
the following secular equation:

\4

Y (DelHrlo) - EL8)c® =0, (5.3.9)
i=1

where Cl.(o) is no longer arbitrary, in contrast to the zeroth order.
In order to have a nontrivial solution to the secular equation, the determinant must
be zero, i. e,

QY -EP  QE2) - Al

(2|H;11) (2/H;12) - E{" 0, (5.3.10)

(VIHI1) : D (viEv) - EY

where |i) is our shorthand notation for ¢;. E,(g) has v roots. Thus, the final eigenenergy
Ey, up to the first order, is

E=EY+EDY, (5.3.11)

where k runs from 1 to v.
Substituting E,(:) back into eq. (5.3.9), we can find v sets of Cl.(o) to form our wave-
function ¥, up to the first-order correction,

v
Y= %, (5.3.12)
i=1

where the wavefunction is expanded in the basis of the unperturbed ¢;. If we compare
it with nondegenerate perturbation theory where its wavefunction up to the first order
(eq. 5.1.14) is Y = &y + zp = Ok + Ymsk (¢”|H’ '¢k> |¢,,), the degenerate theory now
eliminates the divergence.

Since nearly all calculations in research focus on first-order degenerate perturba-
tion, we end here, but higher-order perturbation can be done similarly.
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5.4 Examples of degenerate perturbation theory

Many aspects of degenerate perturbation theory are similar to nondegenerate pertur-

bation theory. We outline some similar steps:

—  Separate the system Hamiltonian into two parts, H, and H;, where H;, has a known
solution and H; is small in comparison with H,.

— Target a degenerate state k of interest.

—  Construct the matrix elements of H; among the eigenstates of Hj.

— Diagonalize the matrix to find the eigenvalues and eigenstates.

5.4.1 Asimplified approach to the H; molecule

The H; molecule consists of two protons, A and B, and one electron. Before two hydro-
gen atoms form a molecule, assume both are in their respective ground states, |1s). So,
we have a degenerate case. The new ground state should not differ from the 1s-orbital
localized on two atoms. This is because, in the limit of the infinite separation between
two atoms, the wavefunction should approach ¢,(1s) at atom A and ¢5(1s) at B as

o

e “w, 541

1 _r
e > ¢B(1s) =
naj

Pp(ls) =

na3
where r(r') is referenced to A(B). So, we are going to start with these two wavefunctions
as our zeroth-order wavefunction. The zeroth-order energy is E = Ei;. We target the
new ground state of the molecule.

The electron Hamiltonian for H; is given by

2 2
o 2 e <1+l>, G42)
2m, 4dmeg\1r 1’

where the first term is the kinetic energy of the electron and the second and third terms
are the Coulombic attractions between the electron and atoms A and B, respectively.
We separate eq. (5.4.2) into the unperturbed H, and the perturbed H;. We note that, for
A, its unperturbed Hamiltonian is just the atomic hydrogen Hamiltonian: A, = H, =
zi’;e V2 - %% So, H; = —%% is its perturbation. Similarly, for B, H; = —%%.
note in passing that whether we use r or r/, V2 stays the same.’
Next, we are going to form the matrix elements for Hj, (§,|H;|¢,), (41H;|dp),

and (¢p|H;|¢p). Here we take a simplified approach by denoting (@, |H;|¢,) = -A,

R S ) . . :
o = Bl = where x, and xp are the x-coordinates of atoms A and B, respectively. The y.

and z-coordinates are the same.
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(pplH;lpg) = —A, and (@, |H;|pz) = —t, without explicitly computing these integrals.
Both ¢ and A are positive. Doing so leads to the following eigenequation:

(4 2E) ()
-t -AJ\Cy Cp
which has a nontrivial solution only if its determinant is zero,

-A-ED -t
’ = 0. (5.4.4)

-t -A-ED

We obtain the first-order energy correction, ED = A+ t. The eigenenergies up to the
first order are E;, = E;; — A + t, where Ey; is the zeroth-order energy. H; has one root
above E;; — A by t and another below the limit by ¢.

Plugging E, , into eq. (5.4.3), we find two eigenvectors: C, = Cp = \/ii andC, = -Cz =

%. Our eigenfunction for Eil) in the basis of ¢, and ¢ is
1
V2

which is a sso-bonding state because ¢, and ¢z add up. The eigenfunction for the higher
energy Eél) is an antibonding state,

Vsso = —=(a + Pp), (5.4.5)

1
V2

Antibonding orbitals are not stable, but they often participate in chemical reactions.

lpssa* = (¢A - ¢B) (5.4.6)

Exercise 5.4.1.

5. A system has the Hamiltonian A, = (501 L?z ) Hp = (:,% i"A ),where Ay is much smaller than Ay. (a) If £, < £,
use the degenerate perturbation theory to find the first-order energy and second-order energy corrections
to the lowest eigenstate. (b) If £; = E,, use the nondegenerate perturbation theory to find the first-order

energy to the lowest eigenstate. (c) Under what condition will the result in (b) approach that in (a)?

5.4.2 Stark effect in hydrogen atom

The Stark effect refers to the spectral line splitting under an external electric field. Hy-
drogen’s n = 2 state is fourfold degenerate: 2s, 2p,, 2p,, and 2p,. When it is placed in a
uniform electric field F along the z-axis, this state splits. (a) Compute the split eigenen-
ergies. (b) Compute its wavefunctions in terms of unperturbed eigenstates.

(a) First, we need to find the interaction Hamiltonian, 4, 1. From EM, we know this is
the dipole interaction H; = -D - F = +ef - F = erF cos 6, with 0 being the angle between
the dipole moment and electric field. Because we have a fourfold degenerate state, we
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need to form a 4 x 4 matrix for Hy, (¢;|H;|¢;), where {¢;} are [2s) = Ry Yy, 12py) =
Ry Y111, 12py) = Ry Y14, 12p,) = Ry Yy . Since the spatial part R(r) and the angular part
Yim (0, ¢) are separated, the integration (¢;|H;|¢;) can be carried out separately. Because
the radial integration over r is almost always nonzero and the angular part may be zero,
we carry out the angular integration first. For instance,

(2s|H;12p,) = ”] Ry YgoerF cos ORy, Y, 11 sin 0d0dear, (5.4.7)
whose angular part is
” Y, cos 6, ; sin 0d0dg = ” Y, 05 0, 1d9. (54.8)

One may directly plug in Yy, and Y;; and integrate, but it is easier to use the following
relationship:

(1+1)2 - m? 2 - m?

@y T\ @ naren e (5.4.9)

cos Yy, =

This shows that cos 08Y;,, can be represented by two other spherical harmonics.
Therefore, cos 8Y;; only yields Y, and Y, ;. Because all the spherical harmonics must
be orthonormalized,

21
[[ 05 b - |
0

where dQ = sinfdOd¢ is the solid-angle finite element. Then, we have
[[ Y5, cos 6Y;,dQ = 0. Therefore, the only nonzero element is (2s|H;(2p,),

$in 6d0dY; , Yiym, = 611, 8mm, (5.4.10)

Otm—y

00 2n m
(2s|H;|2p,) = J eFRZO(r)rR21(r)r2dr X J J Yy0(6, @) cos 0Y,,dQ. (5.4.11)
0 ¢=06=0
The angular integral is
mTn
(1+1)2 - 02 \/12—02 ) 1
Y, Y. Y, Q=—. 4.12
J I °°<\/<2+1)(2+3> 20\ T3 Y00 )= A

$=0 6=0

The radial integral is (see the exercise)

9a,

— 5.4.13
7 ( )

J Rzo(r)rR21(r)r2dr =-
0
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No F with F
2s,2p / -
p ll{;’\lﬁ
Y
1s ¥ YV Vg

spectral lines

Energy increase

Figure 5.2: The Stark effect in a hydrogen atom. Without an electric field F, 2s, 2p are degenerate, but
with F, they split, and the transition from the higher level to the lower level produces three spectral lines,
instead of one without F.

Finally, (2s|H;|2p,) = eF %(—gﬂ) = —3eFay. Our final matrix A, is

V3
0 -3eFa, 0 O
-3eFa, 0 0 0
4.14
0 0 0 0 (6414)
0 0 0 0

Diagonalizing it produces four roots, E = +3eFa,,0, 0. The eigenenergies of = H, +
H 1, to the first order, are EO 4 3eFay, EO_ 3eFa,, E©® and E(O), where E© is the external
field-free 2s2p energy. The two roots, i. e., E,, are doubly degenerate.

(b) The wavefunctions for the two sp-hybridized levels, with E; = E¥) — 3eFa, and
E, = E© 4 3¢Fay, are i, = \/ié(|23) +12p,)) and ¥, = %(lZS) —12p,)). In the absence of
an external electric field, the transition from the 2p-state to 1s-state emits a photon with
energy 6E = E) - E,. With the external field, if the electron is initially in the ), -state, its
transition to the [1s)-state emits a photon with energy AE = E; — E;5 = E®_ Eis — 3eFay,
which is 3eFa, less than SE. But, if the electron initially is in t,, then the photon energy is
3eFa higher than 6E. The two states 15 and ¢, that do not have energy change produce a
single line. This means that spectrally one single line is split into three lines (see Fig. 5.2),
the Stark effect.

Exercise 5.4.2.
6. A three-level system has double-degenerate level E1(°) and one nondegenerate level E‘O), with Eéo) > E1(°).
Its unperturbed and perturbed Hamiltonian matrices are

9 0 o0 0 0 a
Ho={ o E2 o |, =[0 o0 b
0 o £9 a b 0

2
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(a) Use degenerate perturbation theory to find the energy correction to the first eigenstate up to the second
order. (b) Use the exact diagonalization method to compute the first eigenstate energy and compare the
results with (a).
_r _r

7. Prove eq. (5.4.13), where Ry = %(1 - ﬁ)e % and Ry = —! 5 e o Hint: This integral uses the

Vaa? 2vBaZ
following relationship: j(;)ox"e'”xdx = a% (@>0,n>0).
8.Ahydrogen atominn = 2is placed in an electric field in the xy-plane which makes an angle of a with respect
to the x-axis. The interaction Hamiltonian is /; = —D - F. (a) Compute the energy splitting as a function of a
and plot the results. (b) Find the wavefunction correction as a function of a. (c) How many spectral lines are
there?

5.5 Variational principle

Perturbation theory (PT) is an important approximate method. Another approximate
method is the variational principle. Different from PT, we do not separate the Hamilto-
nian into two parts; instead, we use the system Hamiltonian directly, but rely on a trial
wavefunction that contains multiple variables to be optimized. These variables can be a
function or coefficients of a function. Mathematically, the variational principle is equiv-
alent to a constrained optimization based on Lagrange multipliers. A good trial wave-
function can deliver an excellent result, but having such a good wavefunction requires
good physical intuition. The variational principle is very flexible. One can optimize the
wavefunction ¥ directly through functionals, or additional variational variables if de-
sired. In density-functional theory, one uses the density as a variable.

5.5.1 Functional derivatives

Functionals are a function of the function. For instance, F[p] is a functional of p, where
p itself is a function of position r. Here, we use square brackets to denote a functional.
Its functional derivative is denoted by 6F or oF, instead of dF.

We take F[p] = ap® + b as an example, where a and b are constants. The functional
derivative of F, §F can be found through the regular Taylor expansion,

Flp+ép] =a(p+ 6p)2 +b= apZ + 2apép + a(cSp)2 +b = F[p] +2apdp + a(6p)2,
Flp +8p] - Flp] = 2apSp + a(8p)”.

The finite difference, AF = F[p + 8p] — F[p] = 2ap&p + a(8p)*, becomes a functional
derivative in the limit §p — 0,

6F
= 1 2 = 2 N B .1
5 5,}I—I}o( ap + aép) = 2ap (5.5.1)

where one sees the functional derivative is similar to a regular derivative.
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In QM, F[p] may contain an integration with a gradient term Vp such as

Flp] = jf[r,p(r), Vp(r)]dr. (5.5.2)

We change the function p to p + &p to get

Flp+6p] = Jf[r p +6p,Vp + Vépldr. (5.5.3)

We subtract eq. (5.5.2) from eq. (5.5.3) to generate

6F
Flp-+ 80] = Flp] = [ (. p-+ 5p,Yp + V6]~ [r,p), Vp(0))dr = | - 5pdr, G5
where the final equation is our definition of the functional derivative g—F to be found.
We first carry out a similar Taylor expansion for f up to the first order since all the
higher orders go to zero once we take the limit §p — 0 (see eq. (5.5.1)). This leads to

¥y,

flr,p+6p,Vp+Vép] =flr,p,Vp] + 3 ép + ﬁ - Vép. (5.5.5)

If we compare the right-most term of eq. (5.5.5) and the right-most equation of (5.5.4),
we see V&p does not have the desired form because 6p is behind V and does not stand
alone. We employ the divergence identity for the product of a scalar ¢ with a vector A,

V-(A) = ¢(V-A) +A- (V) — A- (V) = V- (Ad) — $(V - A), (5.5.6)

to rewrite (recognizing 6p as ¢ and =2 av 5 as A)

w05 v =7 (580) - 59( ;)
vp Vép=V- ép | -6p vp (5.5.7)
So, the integral becomes
s 0P e = Jon(v o ar.
J 5 Vépdr—I ( 50590 Jar = | o0 v 50 (55.8)

The divergence theorem allows us to convert the first term to a surface integral
#(%@) - da. Because any physically meaningful quantity is zero at infinity, this
surface integral must be zero. Then we have

Ei —(v- of >]6pdr (55.9)

Flp+8p] - Flp] =J % vp

where both terms have our desired form, i. e., §p multiplied by other terms. By the defi-
nition of the functional derivative in the last equation of eq. (5.5.4), we always can write
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Flp +8p] - F[p] = J g—iapdr. (5.5.10)

If we compare egs. (5.5.9) and (5.5.10), we find

FY g T (5.5.11)
ép Oop 6Vp

where 0 on the right side must be understood as a functional derivative. This is a generic
expression for an integral form of a functional derivative. The key message is that we
can ignore the integral over dr if we only have one integral over r. If we have more than
one integral over r, we keep one fewer integral. If f does not contain Vp, then one only

has the first term %.

Exercise 5.5.1.
9. The Thomas-Fermi kinetic energy functional is the first functional used in the pre-density functional theory
era. It connects the kinetic energy to the electron density p(r) and has the form

Trelpl = G Jps/gdr’

where p is a function of r and (¢ = ( )2/3 Find the functlonal derivative 8T /6p with respect to p.

10m

10. The electron-electron repulsion energy is E[p] = 2 WO ﬂ £p(r) p(r drdr’. (a) Find £ . (b) Find

Sp(r)° 6p(r 6p(r )"

5.5.2 Spatial scaling as a variational parameter: the virial theorem

The variational principle is very flexible. We can use the spatial scaling as a variational
parameter. In the following, we take the Coulomb potential as an example for a system
of N electrons. Suppose ¥(ry, ...,Ty) is a normalized eigenstate of the system,

h2v2

Hy=T+Vyp=- = = Ey. 5.5.12
b= = ZLUW Jo -2 6512
If we rescale every degree of freedom from x; to x{ = Ax;, i.e. setting x; = x{/A, from y; to

Y} = Ay;, and from z; to z} = Az;, then the kinetic energy operator T is changed to A*T”,
while the potential energy operator V is changed to AV'. So our Hamiltonian rescales as

H = 2T + V. (5.5.13)

The wavefunction must be rescaled as well because it must be normalized as
jdrl —oedry|Y(ry,...,xy)l* = 1, where dr; must be understood as dx;dy;dz; and all
the rest are the same. It can be shown that
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W', rh) = 7NV 2, ry). (5.5.14)

The details are relegated to the following exercise.
Based on eq. (5.5.13), we find

E = @H' 1YY = 2Ty + V). (5.5.15)

Finally, we take the derivative with respect to A to get the energy minimum,

OF;

—_ T/ A, —_
7 2Ty +(V') =0. (5.5.16)

This means that (V') = —2A(T"). Because the true eigenenergy is at A = 1, where T’ = T
and V' = V, this leads to the virial theorem for the Coulomb potential,

U

2T +(Vy =0 v
(T) +(V) )

2. (5.5.17)
The potential energy is twice the negative kinetic energy. If the potential deviates from
the Coulomb potential, the ratio % differs from 2. This is the application of the virial
theorem for Coulombic potentials in QM (see Section 4.1.1).

Exercise 5.5.2.

11. Ritz method. Prove that the minimum energy of the expectation value of the Hamiltonian ((|A|¢) cor-
responds to the time-independent Schrédinger equation H|@) = E|), where |¢b) is the wavefunction to be
optimized and £ is just A. Hint: Choose a functional F = ((|H|¢) — A{i|), where A is the Lagrange multiplier.
12. (a) If we rescale from x; to X} = Ax;, y; toy/ = Ay;, and z; to z] = Az;, show that the wavefunction will be
rescaled to ¢(r!,...,ry) = A3V2y(r,,..., ry). (b) Following (a), prove (@' [H|¢") = (YIAIY), where |¢') is
the scaled wavefunction. (c) Prove, after recalingr — r' = Ar, T — A27’, while ¥/ is changed to AV

5.6 Examples of the variational principle in the H; molecule

Very few examples other than the H; molecule can demonstrate the full power of the
variational principles. In the following, we carry out two variations. We start with the
optimization over the coefficients of the wavefunction, which we call the first variation.

5.6.1 Firstvariation
H; has two protons and one electron. Physically, the molecular orbital should not differ

too much from its atomic orbital, so we adopt a linear combination of atomic orbitals
(LCAO) as our trial wavefunction,
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Y =Cyo4 + Cpdp, (5.6.1)

where C, and Cy are two coefficients to be optimized. The variational principle hinges on
an optimization principle. Suppose we are interested in the ground-state energy. Then,
we minimize the energy expectation value F,

F= <l/)|g|¢> = <CZ¢A + C;¢B|H|CA¢A + Cpop)

. . R . (5.6.2)
= CyCy(dalH|Pa) + CoCrldplH|dp) + CyCp(PalHIpp) + C5CaldplH|Ps).

However, we cannot minimize it without any constraint because doing so would yield
C4 = Cz = 0. The constraint is the wavefunction normalization, i. e.,

WIY) = 1Cal*(Palda) + IC5I (Dpl0p) + CiCo(Paldp) + ChCalPplPa) =1 (563)

To simplify our notation, we define Hyy = (¢4lHI|ps), Hps = (¢plH|Pp), Hps =
(¢plH|94), and Hyp = (94lH|¢p). We denote S = (¢4l¢p) and S* = (¢pl¢,) and
assume (P419,4) = (Pplpp) = 1.

The function to be optimized is G = F - E(Yly) - 1) = C;CyHyy + C5CpHpp +
CiCgHyp + CgCyHpy — E(C4Cy + C5C + C4CpS + C5C4S™ — 1), where E is the Lagrange
multiplier and gives the eigenenergy. Next, we decide what variables to be optimized. In
order to make connections with Subsection 5.4.1, we keep ¢, and ¢ fixed and optimize
Cy, Cg. The variational principle is realized by taking the derivative of G with respect to
C, and C; and setting them to zero

aaci = CaHpp + CpHypp — E(Cy + (3S) = 0, (5.6.4)
A

3G .

aC* :CBHBB+CAHBA_E(CB+CAS ) = 0, (565)
B

which can be cast into a matrix form as

G BE)e( DG e
This is a generic matrix eigenvalue problem, matrix mechanics.

Before we proceed, we pause to make connections to the degenerate perturbation
theory. If we set Hyy = Hpp = E;s — A, Hyp = Hgy = —t, and S = 0, then we have the

t Els A CB [B ’ o

which is exactly the same as eq. (5.4.3), except for Ej;.
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(a) (b) o—¢
Eas r
14
¢A ¢B "
7
A R B Z

Figure 5.3: (a) Energy diagram. The symmetric bonding orbital energy E; is lowered, while the antibonding
and asymmetric orbital energy £, is increased (eq. (5.6.8)). (b) H; model. We align the z-axis along the
bond that connects two H atoms A and B (two filled circles) which are separated by distance R. The electron
(empty circle) is r;4 and ryg away from these two atoms.

Here, we can solve eq. (5.6.6) directly with the details left to the following exercise.
Two eigenenergies that which correspond to one symmetric (bonding) and one antisym-
metric (antibonding) eigenstates are

ST 148
(5.6.8)

E. = HAA _HAB

as — 1 _ S .

Which one has a lower energy depends on the signs of Hy, and Hyp. If ¢, and ¢ are
chosen as a localized state, such as the 1s-orbital of the H atom, then H,, and H,y are
both negative, while S is always positive and less than one. Therefore, E, is lower than
E . (see Fig. 5.3(a)). This is the same reason why in the matrix we have —t, where ¢ itself
is positive. As discussed before, this corresponds to a bonding state, and E corresponds
to an antibonding state.

Exercise 5.6.1.71
13.Prove (1) = é(js 7).
14. Starting from eq. (5.6.6), show its eigenvalues are given by eq. (5.6.8).

5.6.2 Second variation

The second variation includes all the features of the first variation and has an additional
spatial extension of the atomic wavefunction. This new feature produces results that are
accurate enough to be compared with experiments.

5.6.2.1 Geometry and trial wavefunction

We place two H atoms separated by a distance R along the z-axis (see Fig. 5.3(b)). The
distance between the electron and atom A is ;4 and that between the electron and atom
B is ry3. Since we are interested in the ground-state wavefunction of Hj, we expect that
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the wavefunction should not be different from its atomic wavefunction as the molecular
orbital should return to the atomic orbital as R — co.

Our variational molecular wavefunction is a linear combination of two atomic 1s-
orbital wavefunctions just as eq. (5.6.1),

¥ = Ca@a(ria) + Cpop(rsp), (5.6.9)

where two 1s-orbitals for atoms A and B are

AS/Z —Ary/a A /2 —Ar/a
¢A(I‘1A) = ——==e 1 0, ¢ﬂB(I‘13) = ——== 1B 0. (5610)
naj naj
Here, r, = ry — ry, ry is the coordinate of the electron, r, is the coordinate of atom A,
14 = Ir4l, and a, is the Bohr radius. Different from eq. (5.6.1), we have a new variational
parameter A that allows us to fine-tune the spatial extension of the original atomic or-
bital to get a more accurate molecular orbital since, when atoms form molecules, the
atomic wavefunction must always undergo some changes.
Different from eq. (5.6.6), our wavefunction has two sets of variational parameters,
{C;} and A. Our first variation with respect to C4 and Cp yields eq. (5.6.6),

i mp)e) s 1)(e)
<HBA o)) =5(s 1)) (5.6.11)

Our second variation with respect to A allows us to further optimize the atomic orbitals.
This needs the explicit expressions of Hy 4, Hpp, Hyp, Hgy, and S.

5.6.2.2 Overlap integral §
Recall that the overlap integral S is defined as

B _ 2 “A(ria+T15)/ 0
S = (Pa(0)|Pp(r)) = @ j j j ¢ dr. (5.6.12)

Because ¢, and ¢ are referenced with respect to atoms A and B separately, we cannot
integrate directly. We must choose an appropriate coordinate to simplify the integral.
We first place atom A at the origin (see Fig.5.3(b)),r, = 0,sory4 = r; —r, = r, where we
have removed the subscript “1” in r. This way we can express r;z in terms of the polar
angle 6 and R as [r;| = VR? + rZ — 2Rr cos 6. This allows us to rewrite S as

3

5= 2 [[[ e VRS 2 i ggdgar. (56.13)
na

0

After a lengthy but straightforward integration, we find
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AR AR\ _
S= (1 + 55 —2>e AR/ay (5.6.14)
ay  3ag

whose derivation is included as a homework exercise.

5.6.2.3 Hamiltonian matrix elements
The molecular Hamiltonian of Hj consists of electronic and nuclear parts, 4, and Flp,

2v2
H= -0 T4 Viry) + Vi),
e
(5.6.15)
N A hv§+V(r )
P 2m,  2m, AB%

where m, and m,, are the electron and proton masses, respectively, and V(ry4) and V(ryp)
are the attraction between the electron and proton A and that between the electron and
proton B,

1 é 1 é
1% - _ I 14 - = 5.6.16
T1a) 47ey 1 (T1p) 47e rqp ( )
1 é

The proton-proton repulsion is given by V(rygp) = where R is the distance be-

4mey R’
tween them. The variational calculation is carried out over H, and V(r,5), where the
kinetic energy of the protons does not enter the calculation since we ignore the zero-
point vibration of the nucleus.

Because all the Hamiltonian matrix elements have forms like (¢(r1A)|I:Ie|¢(r1A)), we
compute H,|¢(r,)). The potential energy terms are straightforward since they present
a simple product, but the kinetic energy operator needs some caution. Since ¢, has no
angular dependence, we can drop the angular terms in V* to get % %(rlﬂ)(rm)).4

A direct calculation yields

2 A A\
V2o(r :(——— —>e Tl 5.6.17
¢( 1A) r]_A ao + a% ( )

So the kinetic energy term is

nv? ( n2a? 2 ) ( n2? 2 )
_ r) = - r)=(-——2_ ry), (5.6.18
2m, 9(rua) 2m,az " M, ayris P(ria) 2m,az * 4regryy Plr), )

where we have used eq. (4.1.5) to replace W /(m,ay) by ¢ /(47ey). Then, we obtain

4 InV, the variable is r, but, since here ¢ is centered at atom A, we replace r by ry4.
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N Wy 1 &1
i =(-
P (T1) < 2m, 471'80 ’”1A 4n£0 Iip >¢(r]A)
Sy ’ (5.6.19)
<_ A A N e (A- 1) e ) B(rL,).
2mea  Angy 1y, Anggrg) M

The diagonal matrix element Hy, = (¢(r4)|H,|p(ry,)) is

242
) +e(/1 1)

HAA = =
2mea  Ame,

<¢(r1A)I—I¢(r1A)> - —<¢(rm)|—|¢(rm)> (5.6.20)

and the off-diagonal one Hp, = (¢(rw)|ﬁe|¢(rm)) is

W22 L€ 2(A-1) e

Hip = =g+ e 00 1B)|—|¢(1'1A))——<¢(r13)|—|¢(r1A)> (5.621)

where the last two integrals are the same and can be combined into one,

H22® e(1-2)
HBA—_ZmeagS"' 4z, <¢(rw)l—l¢(rm)> (5.6.22)

Now, we are left with three integrals, (¢(rm)|%|¢(rm)>, (¢(rm)|%|¢(rm)), and
(@(rep)l % |¢(r14)). We introduce a shorthand notation for them,

Q = GE) L lpr)), D= ()l 2idr)), X = (D)l Lo, (5.623)
T4 I I

where we have purposely multiplied the original integrals by a, so that Q, D, and X are
dimensionless. After a lengthy integration, we find

Q=1 D= % —/1<1 + AR) R /1<1 + ’;—R)e“R/“O. (5.6.24)
0

We can directly plot S, D, and X as a function of R. Figure 5.4(a) shows that they are all
positive and decrease with R, but the “exchange” integral X decreases more slowly.
Because we have multiplied all the integrals by a,, every term with coefficient -— 47[6
in egs. (5.6.20) and (5.6.22) must be divided by a,. Next, we use eq. (4.1.9) to rewrite the
coefficients of the potential and the kinetic energy terms in egs. (5.6.20) and (5.6.22) as

2

mzoa = -2E; and - z = Ej, respectively. Here, E; = -13.6eV. This simplifies the

Hamiltonian matrix elements to (note Q = A)

Hyy = EA® = 2E,(A-1)Q + 2E,D = E;A* = 2E,(A — 1)A + 2E,D,

9 (5.6.25)
HBA = E1A S - ZEl(ﬂ - Z)X

Since E; < 0, —2E; is positive. If we use —2E; as our energy unit, then
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Figure 5.4: (a) Overlap integral S, direct interaction integral D, and “exchange” integral X as a function

of R. (b) £ @s a function of the variational parameter A. (c) Total molecule energy £,,o1, proton-proton
repulsion £, and electron energy £; as a function of distance R between two protons at the optimal A =
1.238. (d) o is minimized with respect to both R and A. The vertical bar is the experimental bond length.
Ruin = 1.060064 A,

2 2
Hy, = -% FAA-1)-D, Hgy - —%s e (5.6.26)

Here the off-diagonal element Hy, is negative since A < 2 and both S and X are positive.
This is the reason why we have consistently pointed out that the hopping integral ¢ in
eq. (5.6.7) is positive, so —t is negative.

5.6.3 Variational minimization of the molecular energy

The electronic energy for the bonding state (see E; in eq. (5.6.8)) is

H H
E = Aa t gy

= .6.27
§ 1+8 (5.6.27)

Before we carry out the variational minimization of E; with respect to both A and R, we
must further simplify H,, and Hg,. We set p = ’;—f, so the ratio p/A is just the distance
between two protons, R/a,. The overlap integral S is a function of p alone,

2
S(p) = <1 ip+ % )e‘P. (5.6.28)
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We rewrite D = % - A(1+ /‘ll—l‘g)e’z’m/“0 = AD, and X = A(1+AR/ay)e **/% = \X, where
D and X are also a function of p alone,

D(p) = % - <1 + %)e*zﬂ, X(p) = 1+ p)e’. (5.6.29)

This has an advantage because we can minimize the total energy with respect to two
independent variables, A and p.
We substitute H,, and Hg, into E to get

A AA-1) - AD(p) + A - 2)X(p)
Edpy ==+ 1+5(p) '

(5.6.30)

The proton—proton repulsion energy is

1 2 2
¢ - ¢ Y_ % (5.6.31)
R

P 4me, R Amegdy R

We write it in the unit of (-2E), E,, = f—), where we have used % = %. Now, the total
molecular energy is

Emol = Es + Epps (5.6.32)

which must be minimized with respect to A and p. Figure 5.4(b) plots E,,,; as a function
of A for a fixed p. One can see a local minimum around A = 1.238. Figure 5.4(c) shows
that the proton-proton interaction Ey,, is always repulsive (long dashed line) since both
protons carry positive charges, but E¢ provides the necessary attraction (short dashed
line). The competition between them leads to an energy minimum. In this figure, we
already use the optimized A. The solid line is an extended view of the molecular energy
as a function of R, with a local minimum.

We optimize both A and p simultaneously. E,,,, in Fig. 5.4(d) is computed using the
code flugge.f in the Appendix listing 11.13. There is a tiny kink because we must manu-
ally choose a smaller total energy. The vertical line shows the experimentally measured
bond length of H*. One can see the theoretical value of 1.0600642 A matches the experi-
mental one of 1.05278 A, within 0.69 %. This demonstrates the high accuracy of quantum
theory. This small deviation is due to our limited basis (only two 1s orbitals included)
and by neglecting zero-point proton fluctuation.

5.6.4 Molecular orbitals
Now, we are ready to find the molecular wavefunction with the optimal A and R. Once

all the matrix elements are known, we can find C, and Cy by solving eq. (5.6.11) and then
plugging them into eq. (5.6.9) to get the wavefunction y.
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Antibonding orbital
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Figure 5.5: (a) One-dimensional scan of the bonding orbital in H3 with nonzero electron density along
the bond direction. (b) Contour of the bonding orbital on the xy-plane. (c) One-dimensional scan of the
antibonding orbital with zero charge density in the middle of the bond. (d) Contour of the antibonding
orbital on the xy-plane.

Figure 5.5(a) shows a line-cut of i through the x-axis, and its two-dimensional con-
tour plot is shown in Fig.5.5(b). One can see a nonzero charge density along the bond
direction, typical of a g-orbital. This reveals how the chemical bond is formed: The over-
lap of the atomic wavefunctions lowers the overall energy from 2E;.

The antibonding state can be found similarly. Figure 5.5(c) shows a line-cut of ¢
through the x-axis, and its two-dimensional contour plot is shown in Fig. 5.5(d). We note
that, in contrast to the bonding orbital, there is no charge density between two atoms.
This is the key feature of antibonding states.

Exercise 5.6.4.

15. Compute the overlap matrix element S. Hint: You need the two integrals jxea"dx = (% - a%)e
2

[ x*e™dx = (X - i—’z‘ + a%)e”x.

A d “Mraldoyy — 2 A, Ay ~Aralag
16. Prove i dr [ria(e ) =( v p )e .

™ and

2
17. (a) Show —2,:?—02 = F;, where £; is the ground-state energy of the H atom and ay is the Bohr radius. (b)
e

Show Q = (P(rp)| 2 1p(r10)) = A.

A
18. Use flugge. f in Appendix listing 11.13 to compute the total energy change as a function of A.
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5.7 Problems

1

A particle of mass m is in the ground state of a one-dimensional infinite quantum
well with V(x) = 0, where 0 < x < a, otherwise V(x) = co. It experiences a small
perturbation H;(x) = -bif 0 < x < a/2 and H;(x) = bif a/2 < x < a, where b is
a positive constant. (a) Find the energy correction up to the second order. (b) Find
the wavefunction correction up to the first order. (c) Find the probabilities between
0O<x<a/2anda/2<x < a.

A particle of mass m is sealed inside an infinite quantum well of length a within
x € (0, a). The particle is subject to a small perturbation, W(x) = B§(x — %), where
Bis a small constant in units of energy. (a) Compute the energy correction up to the
first order. (b) This problem is exactly solvable without approximation. Show the
exact energy E is given by k which satisfies tan(%) = —%. (c) Take the limitB — 0
to check the results from (a).

For the particle-in-a-box problem, suppose we add a small electric field £ along the
x-direction, H; = —e&x. (a) Find the first-order ground-state energy correction. (b)
Find the first-order wavefunction correction. (c) Find the second-order ground-state
energy correction.

A particle is placed in the infinite quantum well with x € (0, a). It experiences a
weak perturbation H; = ex6(x — a/2), where € is a small positive number. (a) Find
the first- and second-order energy corrections to the first-excited state n = 2. (b) Find
the wavefunction correction to it up to the first order [¢)V). (c) Find the expectation
values of X and p, with |V). (d) Check how the uncertainty AxAp, is changed.

A harmonic oscillator with angular frequency w and mass m is subject to a small
perturbation A, = Ax>. For the ground state ¢,,_o, (a) find its first-order energy cor-
rection E?; (b) compute the second-order energy correction E?; (c) for a general
state ¢,,, show that the first-order wavefunction correction ™ only contains four
unperturbed wavefunctions, ¢,.,1, #,_1, ®,_s, and ¢, . Hint: Convert x° to @ and &'
and then apply them to the unperturbed eigenstates.

A hydrogen atom is in its ground state. We apply a uniform electric field along the
z-axis, H; = eFz = eFr cos 0, where F is the electric field. (a) Prove the ground state
up to the first-order wavefunction correction is

2
Y= Le’r/“"[l— FCTOSG<aor+ r_)]

(b) Based on this wavefunction, show that the second-order energy correction is
—2agF%. (c) What if we apply the electric field along the y-axis? How do the above
results change?

A system has an unperturbed Hamiltonian H,, = % + V(r) with eigenfunction |¢,)
and eigenvalue €,. (a) Prove the matrix element of p between two eigenstates |m)
and |n) is connected with that of F through
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{m|T|n).

(mlpln) = —im(e";l_ )

Hint: [f,p] = ik and [f,H,] = ikp/m. (b) Suppose that the system is subject to a
perturbation with the interaction Hamiltonian f, = —2A® A @) where A is the vector

potential and its spatial dependence is ignored, i. e., A(r = 0) Show the second-order
energy correction is

@) A? L2
Ey) = =7 D (e = )l
K

A system is described by the unperturbed Hamiltonian matrix

EL 0 O
H=(0 E o0
0 0 E
A small perturbation is given by
0 e €
H=(e¢ 0 €
e ¢ 0

(@) If E; < E, < Es, find the energy and wavefunction correction for the lowest
eigenstate. (b) If E; = E, < Es, find the energy and wavefunction correction for the
lowest eigenstate. (c) Without using the perturbation theory, find the exact solution
and then find the condition that the results will reproduce (a) and (b).

The molecular orbital contour plot can reveal information about chemical bonding.
Take H; as an example, and place two protons at x = —R/2 and x = R/2, where

R = 1.06 A. Suppose the wavefunction is ¢ = VORI 1Y ay | gN0cHR/2P 452 0o, @
Given ¢ = 1, 0.8, and 0.2, explain how you plot such an orbital in the xy-plane. (b)
Plot your orbital.

Suppose ¢, = e and O = e”'5, where ry = \Jx-R/2?+Yy* and ry =

\(x + R/2)* + y%. (a) Find an equation of x and y, where ¥ = ¢, + ¢ is equal to a
constant c. These pairs of (x, y) are the coordinates of the contour plot. Hint: For our
present ¢, and ¢y, itis possible to solve for y for a fixed x. (b) Choose ¢ = 0.2,0.4,0.8,
and plot a figure like Figure 5.5(b). (c) Do the same but for ¢ = ¢, — @5, which mim-
icks an antibonding orbital.

Prove the Hellmann-Feynman theorem,

oH (/1)

E(A) = (W) ——19(D)),
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12.
13.
14.

15.

16.

17.

18.

19.

where E(A) is an eigenvalue of the Hamiltonian H(A), ¢(A) is its eigenstate, i.e.,
HN)$A) = EQ)¢(A) and ($(D)Ip(A)) = 1. Ais a parameter.

Show D = (@(ry)| 72 [9(ryy)) = F — AL+ 7p)e /%,

Show X = (¢(rw)|flz [p(r,,)) = A(l + a_o) 7)LR/aU.

Suppose ¢(x) = e

dimensional harmonic oscillator with H = — %il d‘i—zz + % mwzxz, where N is the normal-
ization constant. (a) Use the variational principle to find a. (b) Find the eigenenergy.
(c) Replace ¢(x) = Ne‘a"2 by ¢(x) = N cos(ax) and find a that minimizes the total
energy and find the energy.

¢, = x and ¢, = x> form a variational wavefunction, ) = ¢;¢; + c,,, for the infinite
quantum well with x € (0, a). (a) Find the overlap matrix S = (¢4|¢,). (b) Set up
a Hamiltonian matrix. (c) Diagonalize the matrix and find ¢; and c,. (d) Find the
energy for the ground state. (e) Sketch the wavefunction and compare it with the

is a variational wavefunction for the ground state of the one-

exact one (\/_ sin(7%)). (f) Explain why we choose odd functions for ¢; and ¢,.
Consider a trial wavefunction f(x) for the harmonic oscillator, H= p X+ 1mw X°,
where f(x) is an isoceles triangle centered at x = 0, with a height of 1 and base
length of a. (a) Use the variational principle to find a at the minimal energy. (b) Find
the energy and compute the percentage error. (c) Find the overlap between f(x) and
the exact ground state wavefunction. (Answers: a = 2.34 and E = +0.548hw). From
[29].

(a) Assume a trial wavefunction for PIB, ¢(x) = a®-x*. Normalize it, compute the ex-
pectation value of H, and compare it with the exact ground-state energy. (b) Choose
ox) = a" - x*, where 1 is a variational parameter. Find A at the energy minimum
and compare it with the exact ground state energy From [30].

(a) For a harmonic oscillator, H = p* + mw 2. Find - <V> . (b) Prove that for a
stationary state, a more general virlal theorem is

2Ty = (r-vV),

where T and V are the kinetic energy and potential energy operators, respectively.
Hint: Starting from the Heisenberg equation of motion for the productr - p,
dir-py 1 .-
—— = —{[r-p, HI1).
i o ([r-p.H])
For a stationary state, the left side must be time-averaged to zero.

2
The Weizsécker kinetic energy functional is E; [p] = e j YeO-Vp®) g Pind 2Lk

8 4ire, p(r) ép(r)”
1 Vp(r) Vpr) 1V )
pA(r) ip

(Answer:



6 Electron spin

Few observables are as exceptional as spin. It is present only in QM and has no classical
analogue. It is a separate degree of freedom that a quantum object possesses and runs
in parallel with the spatial degree of freedom. Conceptually, it is incorrect to say that we
locate spin at a particular spatial point. Mathematically, the spatial derivative (either
gradient, divergence, or curl) of spin is zero. Spin is the reason why we have magnetism,
just as charge is the reason for electricity, but the situation is much more complicated.

Electrons, protons, and neutrons have half-integer spins, while photons and phonons

have integer spins.

This chapter is grouped into four basic units.

— Unit 1 consists of the first two sections. It introduces the Stern-Gerlach experiment
and four key concepts: Pauli matrices, spin operators, their commutation relations,
and the total angular momentum.

— Unit 2 includes Sections 6.3 and 6.4. Section 6.3 explains how the spin interacts
with the magnetic field, while Section 6.4 explains how one can explain the Stern—
Gerlach experiment. The purpose is to close the loop that we started in Section 6.1.

—  Unit 3 consists of Sections 6.5 and 6.6. Section 6.5 introduces the Zeeman effect that
extends Section 6.4 to spectrum. While the Zeeman effect uses one static magnetic
field, the electron spin resonance (ESR) in Section 6.6 uses two fields, one static and
one dynamic. This dynamic field connects us to the time-dependence, which lays
the ground work for the time-dependent perturbation theory in the next chapter.

— Unit 4 consists of Section 6.7 which extends all the basic knowledge previously
gained to nuclear spins; this enables spatial resolution to be achieved in MRI.

6.1 Discovery of electron spin and representation of spin states

6.1.1 Stern-Gerlach experiment: spin is another degree of freedom

Between 1921 and 1922, in Germany, Walter Gerlach and Otto Stern [31] sent a beam of
Ag atoms through a gradient magnetic field. If only classical physics were at work, they
would have expected the atoms to form a single distribution on the screen with the
maximum in the middle. But, this did not happen; instead, they found the atoms split
into two groups, and so discovered the existence of spin in electrons.

Figure 6.1 schematically reproduces their experimental setup. Ag atoms pass
through a collimator before entering a gradient field B. If we choose the vertical axis

as the z-axis, aaliz # 0. According to the Maxwell equation, the divergence of a magnetic

field is zero,i.e., V-B = 0, so % # 0 and/or aa% # 0, but their values are smaller. The
Ag atom is electrically neutral because there are 47 electrons and protons. All the shells
are closed (15%25%2p®3s?3p®4s?3d'%4p®4d'%5s?), except the 47th 5s' electron. On the right
side, a photographic plate captures the Ag atoms. Without B, they observed only a single

https://doi.org/10.1515/9783110672152-006
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silver atoms

Figure 6.1: Stern-Gerlach experiment setup of silver atoms. The length of their magnetic field is about 10
cm. According to Stern’s Nobel Lecture, the slit in the collimator cannot be made too narrow because the
atom beam deflects too much to overshadow the deflection due to the magnetic field. Their original paper
(W. Gerlach and O. Stern, Zeit fiir Physik, 9, 353 (1922)) gave B = 0.1T, the magnetic field gradient of 10 T/m
and the vertical splitting of Az = 0.22 mm.

line; with B, the single line splits into two. This is the first experimental demonstration
of spin. The spin only take one of two values: up or down.

Does a uniform magnetic field work? In classical E&M, the interaction between a
magnetic moment U, and a magnetic field B is described by the potential energy
U,

U= ~Mlassical * B,

but, for the spin, we change it to
U= —Us - B,

where g is the spin moment. The force along the z-axis due to spin is

U _, 9B, oK

— = -B.
z z %

If a uniform magnetic field had an effect, then this would prove that the spin moment
must depend on the space. But the experiment shows that this is not the case. Therefore,
the spin moment is completely decoupled from the space, a_;;s = 0, and the electron spin
is a degree of freedom separate from its charge counterpart. For this reason, in order to
detect the spatial deviation, the magnetic field gradient is nonzero, % # 0.In an inter-
esting historical note, 2022 was the 100th anniversary of the famous 1922 experiment.

6.1.2 Pauli matrices

We start with a three-dimensional Cartesian spatial space and consider three unit vec-
tors ey, e,, e,, each of which has e, - e; = |e;[> = 1. We do not assume any other rela-
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tionships among them. We express another unit vector I = c,e; + c;€, + c3e3, where ¢;
is the direction cosine (¥; ¢’ = 1). Imposing |#|* = 1 and invoking the arbitrariness of
cileadtoe;-e, = 0,e;-e; =0,and e, - e; = 0. This shows that, if we impose the unit
vector constraint on three spatial vectors, we can generate three unit vectors that are
orthogonal to each other.

For the spin space, we do the same, but with a 2 x 2 matrix, represented by A [29],

A= <“11 au). 6.1.1)

ay ay

Just like |f'|2 =1, we impose one constraint: A%isan identity matrix I, i. e.,

2 . 1 0
A _1_(0 1), 612)

which leads to a;; = —a,, and a%l + apay; = 1. This means that matrix elements, ayy, ay,,
ay, are not independent. A has two eigenvalues of +1 (see Problem No. 1).

If we choose a real a;; = cos 6, then a;,a,; = sin® 6, where aj, and a,, must be both
pure real or pure imaginary. The two simplest choices are (1) a;; = a5 = sinf and (2)
gy = —0yy = —isin 0. If we set 6 = 77/2, these two choices yield the Pauli matrices, 6, (the
x-component) and g, (the y-component) respectively,

. 0 1 - 0 -i
= 5 = . . .1.
% <1 0) % (z 0) 613
Setting 6 = 0 gives us the Pauli matrix 6, (the z-component),
. 1 0
= . 14
g, < 0 1) (6.1.4)

We see 6 = 0, = &, = I, with eigenvalues being +1. They are all Hermitian operators,
6] = 6, and so on. Then we have 617 0; = I, so they are also unitary matrices. Following
the example with £, we express any 2 x 2 matrix X as X = ¢;6, + €0y + €30, Where ¢; is
the direction cosine in the spin space. We require X to satisfy

X = (Clé-x + Cza-y + C36-Z)(C16-X + Cza-y + C36-Z) = I,

whose diagonal terms are summed up to c6% + czoy +c262 = (E+ 5+ chHI = Tand

thus cancel I on the right side of the equation. Because {c;} is arbitrary, the off-diagonal
terms, ¢;¢,(0,0y, + G,0y) + €,¢3(6,0, + G,0,) + €,63(0,0, + 6,0), must be zero for each
combination: 6,6, + 6,6, = 0, 6,0, + 6,0, = 0, 6,0, + 6,0, = 0. These are called the
anticommutation relatlons, as opposed to a regular commutator [A, B] = AB - BA. They
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are the matrix equivalence of the orthogonalization, e; - ¢; = 0 for i # j. One may use
eqs. (6.1.3) and (6.1.4) to verify these relationships, but we derive it without using them.

These Pauli matrices remained mysterious until Dirac discovered through his rela-
tivistic equation that the most natural representation for the electron is four 4 x 4 ma-
trices g, 1, > and P, called Dirac matrices. Each matrix consists of two 2 x 2 matrices,

(I 0\ . (0 &\ . [0 ay> A < 0 az>
— S = R s = . s = . N g,
Yo (0 —I) h <—0X 0) Ve (—oy o) 1=\l o) 619

where I is the identity matrix (eq. (6.1.2)). To Dirac’s amazement, gy, G, and g, (egs. (6.1.3)
and (6.1.4)) are the Pauli matrices proposed by Pauli earlier.

The Pauli matrix, denoted as 6, has three components 6, 6y, and g, (eqgs. (6.1.3) and
(6.1.4)). If we compute 0,0, and 0,0, and subtract them from each other,

AA_Aa_<0 1><0 —i>_<0 —i)<0 1>—Zi<1 0)—21’6
Vo1 o/J\i o i o/\1 0/ “\o -1/ 7%
this can be written as a commutation as

(6,8, ] = 216, (6,

.0,) = 2i6,,[6,, 6] = 2i6, — 6 x & = 2i6. (6.1.6)

Similar to the orbital angular momentum operators, we also introduce two auxiliary
operators, raising and lowering operators, ¢, and 6_,

1. .. . 1. ..
0, = E(GX + lO'y), 0= E(GX - lO'y).

Example 1 (Anticommutation). Prove the following anticommutation relationship: 6,6, + 6,6, = 0.

We first note that [dy, 6,] = 2i6,, which yields 6,6, — 6,6, = 2id,. We then left multiply it with &, to
obtain 28, — 8,8,6, = 2i6,0,. Using 67 = 1, we further simplify it to 6, — 6,8,8, = 2i3,0,. Next, we right
multiply 6,6, — 6,6, = 2i6, by 0, to get 6,0,0, — G, = 2i0,0,. We add these two equations and obtain
0,0, + 0,0, = 0.

Example 2 (Another identity). Prove 6,6, = —G,0, = id,.
This relationship can be proven in two ways. We note first that 6,8, — 8,0y = 2iG,. Since 6,8, +0,0, = 0,

we have -0, 0, = 0,,. Then, we have 26,6, = 2i6,, or 6,0, = id,. Another way is to directly use the matrices:

(B)(%5T)=(F%)=i(5 %)

Exercise 6.1.2.

1.F=ce;+ e, +es. Ifeache; hase; - e; = g = Tand [f|° = 1, prove e; - ¢ = 0if i .
2. Prove that A> = I'in eq. (6.1.2) leads to ay = —ay, and a% + 01205 = 1.

3. (a) Prove [6},,611 = 2i0,. (b) Prove [G,,0,] = 2i6y.

4.showthat o} =6, =67 =1=(39).
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5. Prove 6,6, + 6,0, = 0, 6,6, + 6,0, = 0,8,6, = —6,0, = i6y, 6,0, = —0,0, = iG,, and 6,6,6, = I, where
is an identity matrix.

6.Prove (6-A)(G-B)=A-B+id-(AxB).

7.Although in our derivation, we set § = m/2 to obtain 6, and &, one can use 6,3, +0,0, = 0and 6,0, +0,0, =
0to prove 8 = m/2.

6.1.3 Spin matrices

At the nonrelativistic limit, one retains a subset of y, so we have the electron spin, S,
which is defined as

B, . R{0 1\ . K0 i\ . K/l 0
§-"5 5 -1 5= (P s =n . 617
2% 7 x 2<1 0) Y 2<z 0) z 2<0 —1) 617)

6.1.3.1 Spin eigenfunctions and spinors

Now we are ready to explain the spin vector. § has three components, S, S, and S,, just
like any spatial vector A, which has A,, A, and A,. But different from A, each component
of S is a 2x2 matrix, not a scalar number. This 2x2 matrix is intrinsic to spin. In Chapter 4,
we learned that we can convert a differentiation operator to a matrix, but here the spin
comes with a matrix and cannot be reduced to a differentiation operator. In other words,
once we have spin, we are forced to adopt the matrix notation.

The eigenvalues of $,, S, and §, are +5. Take S, as an example

201 0)()-4()

In order to have a nontrivial solution, the determinant of the matrix must be zero,

h
0-2 &
0-2

[S1

Sowe have A = +z. Its eigenvector is found by solving

(2 50)--0)

ifA = +§, gb = ga, or a = b. Using the normalization condition |a|2 + |b|2 =1, we have

the eigenfunction n, for 4, = % and 1y, for A, = —%,

1 /71 1 /1
Ny, = % (1) and 1y, = ﬁ (_1)‘ (6.1.8)
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These wavefunctions are called spinors since they have two components. For S, its
eigenfunctions are

1 h 0 h
Ny, = <0> for A, = 3 and 1, = <1> for A, = -3

We introduce a shorthand notation by denoting n, as|a), or a or |T) for spin-up and n,,
as |B), or Bor ||) for spin-down. So 1, and ,, can be written in terms of a and B.

6.1.3.2 Raising and lowering spin operators and spin operations
The spin’s three components do not commute and instead follow a cyclic relationship

(S5, 5] = ihep S, — S x S = kS, (6.1.9)

where €, is the Levi-Civita symbol. ey, = +1if jk = xyz,yzx, zxy; ;3 = —1if any index
does not follow the order; €3 = 0 if any two indices are the same. Equation (6.1.9) has
the same form as our orbital angular momentum in eq. (4.3.2). For this reason, spin is
considered as an intrinsic angular momentum, spin angular momentum. Caution must
be taken that eq. (6.1.9) has a factor of 1, but eq. (6.1.6) has a factor of 2.

As a consequence of noncommutation, S, Sy, and S, do not share a common eigen-
function. This means that, if the system is in an eigenfunction of S,, neither S, nor , is
in its eigenfunction, so their expectation values are zero. Take |a) as an example

(o) = 7 (1 o)(i’ é)(é):%(o 1)(3):0.

Experimentally, this means, if we place another magnetic field B, along the x-axis after
B, (| | z-axis), we will change the eigenfunction, say |a), to a mixed state of ,,

Ia>—(1)B—”>i( +n,.) (6.1.10)
- 0 \/z ,]XI r]xz > A

with 50 % chance in 1, and another 50 % in 1, . This shows that the very measurement,
that is placing B, in the path of electron, changes the state. This is of no surprise be-
cause the measurement changes the Hamiltonian of the system. Specifically, we have
the following relationships:

A h h

Sxa = Eﬁ, Sxﬁ = Ea,

- A “ h

Sa=izh SB=-iza (6.1.1)
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The relationships can be made clearer if we define the raising and lowering opera-
tors for spin as

S, =S +iS), S =(5-1iS), (6.1.12)
508, = (8, +S8_)/2and S, = (8, - §_)/(2i). S, flips a spin from B to a, S, B = ha, while S_

does the opposite, S_a = hp.

6.1.3.3 Total spin for a single electron

To this end, we only compute the components of the spin. Now, we compute the total spin
S. Similar to L%, we compute S - § = §* = §2 + 3)2, + 8.1t is easy to show that [$%,§;] = 0,
where i = Xx,y,z, so $* shares common eigenfunctions with ;. To obtain %, we first

compute 82 as
o h.h. h2<o 1)(0 1> h2<1 0)
Sy = 0y-0y = — =— .
2 72 4\1 0/\1 0 4\0 1

§; and S} have the same results. Thus, our §* is

2
Shﬂ(l °>. (6.113)
2 \o 1

To find its eigenvalue, we can apply $ to any eigenfunction of §,, 5, and S, such as

" 32 (1 0\ 1 [/1\ 3# 1/1 )
1,27 (o 1) ()= 1=z 1)

We see the eigenvalue of §* is %(% + 1)h%, where we purposely rewrite the eigenvalue
as a product of % and % +1, in a similar fashion as L2Y;,, = I(I + 1)A%Y,,,. The magnetic
spin quantum number m; takes +% and —% for spin-up and spin-down. If we represent
the common eigenfunctions of $? and S, as |sm,), we have §?|smy) = s(s + 1)h%|sm,) and
S,lsmg) = mgh|smy).

Exercise 6.1.3.

8. Express 5, and 5_ in matrix form.

9. Using egs. (6.1.7), prove [§X,§y] = ihS,, [§y,§z] = ihS,, [5,,5,] = ih§y.

10. Show [82,5;] = 0, where i represents x, y, and z, respectively.

11. (a) Find the eigenvalues and eigenvectors of §y. (b) Compute the expectation values of S, and S,.
12. Compute the following commutations: [S_, S, ], [S_,S5,] and [S,., S,].

13.Prove $,a=0,5_a = hB,5,8 = ha,and 5_B = 0.

14. Use the matrix form to prove all the relationships in eq. (6.1.11).
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6.1.4 Total wavefunction of an electron

The wavefunction of a single electron is the product of spatial and spin wavefunctions,

1 ag,(r)\ ap,(r)a + bo,(r)B
o1 _ agy(r)a+ bgy(r)B 6114
Wr.s) lal® + |b2 <b¢z(r)> laf? + |bJ? o

where a and b are two normalization constants and ¢, and ¢, are two normalized spa-
tial wavefunctions that are associated with the spin-up and spin-down channels, respec-
tively. ¥(r, s) is now a spinor. When we apply operators to ¥(r, s), spin operators only act
upon the spin wavefunction, while spatial operators act on the spatial wavefunction. For
instance, pla) = |a)p, and §¢1(r) = ¢1(r)S. In the same manner that we cannot use the
spin wavefunction to find the position of an electron, neither can we find the spin from
the spatial wavefunction.

Exercise 6.1.4.

15.In QM, can we say we put a spin at a position of space r?

16. Based on eq. (6.1.14), suppose ¢4 (r) = Yim, and ¢,(r) = Vi, Show ¢(r, s) is an eigenfunction of (a) 2, (b)
§. (c) Find the condition where §(r, s) is an eigenfunction of L, + S,.

17. An electron has the wavefunction (eq. (6.1.14)). Compute (a) (¢|3,|¢), (b) (tplffyltp), and (c) (Y16,|¢).

6.2 Total angular momentum ]

With the presence of spin, we need to introduce the total angular momentum J, which
is defined as j = L + S, a vector addition of spin $ and orbital L. Because L belongs to
the spatial space and S pertains to the spin space, [L,S] = 0. Similar to § x § = i#S and
L x L = iAL, J has similar commutations,

Ux’jy] = ihjp Uy’jz] = ihjx’ Uz’jx] = ihjy - j Xj = lhj (6.2.1)

%121 = J%.8% = ], L] = [J,»$?] = [J,,J*] = 0. The proof is left as an exercise.

6.2.1 Quantum number addition and spectroscopic notation

Given L and S, how could we get J? In CM, when given two vectors A and B, their sum
C = A + B is determined. In QM, we cannot do this because we must specify which
state the system is in, but then we lose the connection with CM. A compromise is that we
assume L, S, and j share a common eigenfunction. Since we know the quantum numbers
for L and S, all we need is to find the quantum number for J.
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(a) (b)
L
s | S I S
j=l+s j=l-s
J
Figure 6.2: (a) Angular-momentum quantum number addition for s = % and / = 1. (b) Addition of angular
momenta. The magnitudes of §, L and J are \/gh, V2h, \/?h, wheres = 3,/ =1andj = 3.

Given [l and s, the total angular-momentum quantum number j is given by
j=l+sl+s-1,...,]l-5|,

where j only takes a positive number. The magnetic total angular momentum quantum
number m; is given by

mi=j,j-1...,j. (6.2.2)

This expression is due to the projection of J on to the z-axis, similar to L and S. Let’s
consider a p-orbital with [ = 1 and spin with s = % Figure 6.2(a) shows that quantum
number j has two possible choices: either the spin in the same direction as the orbital
or in the opposite direction. For the former, j takes % and for the latter %

Since S, L, and J are in a common eigenfunction, their magnitudes are given by
(8% = s(s + D%, KEH)| = I+ DHZ, and |(?)| = j(j + 1)*. As a result, we can use the law
of cosines to find angles between them. Figure 6.2(b) shows a triangle formed by three
vectors.

Using three quantum numbers j, [, and s to specify a particular configuration is cum-
bersome. This is where the spectroscopic term notation comes in. It is used more often
in many-electron configurations. To represent the electron configuration, one combines
(, 1, s) into a single term

28+1Lj>
where the superscript 2s + 1 refers to the spin and the subscript j is the total angular
momentum. L is not a quantum number. Instead, it uses a letter, S, P, D, F. and so on,
for the orbital angular-momentum quantum number ! being 0, 1, 2, 3 .... For instance,
ifl=1j= %,ands = 1,wehave2P%.

Example 3 (Vector addition in QM). An electron is in a p state. (a) Compute the angles between ] and S for
all possible j. (b) Compute the angles between L and § for all possible j.
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1542

The eigenvalues of j? are j(j + )i = 2 and

(a) For a p-state, we have/ = 1and s = % Soj = % %
212, The eigenvalue of L is 2i” and that of 8 is 217
To find the angle betweenj and §, we start from j—§ = L and square both sides to getj? +§2—2j-§ = (2,

whose expectation values lead to j(j + 1)i% + s(s + 1)h2 2cos G5 \j(j + NH2s(s + DI = I( + k%, We take
j=5,5= l = 1 as an example to find cos 65 = and 6)s = 41.81°. This case is shown in Figure 6.2(b). For
j= 2, cos@ls =—3,50 05 =109.47".

(b) To find the angle betweenj and L, we start from] — L = S. The rest of the steps are the same as (a).
Forj = 3, cosf = \/>and 6, = 24.095°. Forj = —, cosfy = \/%and 6, = 68.58". We note these angles
are not arbltrary, different from CM. They are the result of quantization of J, S, and L.

Exercise 6.2.1.

18. Show (a) [J%, 1] = 0; (b) [J%,8%] = 0; (O Uy.Jy] = it,, UyJ,] = it,, and [,.)] = it (d) % 0%] =
0%.81 =0, = 1,81 = ,,}]"1 = 0.

19. (a) An electron is in a d state with s = % What are the possible j? What are the possible m;? (b) Following
(a), write down their respective spectroscopic terms.

20. Sodium’s ground state has its outer shell 3s'. (a) Find its ground state spectroscopic configuration. (b)
Assume the 3s' electron is excited to 3p. What are the possible j? (c) Following (b), find the term notations for
its excited states.

21. An electron with spin's = 1/2 is in a 3d-orbital. (a) Write down all the possible total angular-momentum
quantum numbers j. (b) Choose a state with the largest j and write down the spectroscopic term notation
for this state. (c) Following (b), if this electron is in its eigenfunction of J, compute the magnitude of J. (d)
Compute the angle between L and J.

6.2.2 Spin-orbit coupling in a central field

In the previous subsection, we assumed that we are in a common eigenfunction of J,
L, S, but this is rarely the case. Electrons move rapidly around the nuclei. In the refer-
ence frame of the electron, the proton is orbiting, which generates an effective magnetic
field for the electron spin. The spin experiences this effective magnetic field, so the spin
starts to precess around this field. This generates a coupling between the spin and the
orbital motion, namely, spin-orbit coupling. Quantum mechanically, the Hamiltonian in
the nonrelativistic limit of the Dirac equation is %’ +V- B vo + 2m12c2 i ‘fi"f L-S,

8mict  4mic* dr or
where the last term is called spin-orbit coupling,

- 1 1dv.

o = 5oy L 8=20L 8. (6.2.3)

Here A(r) is called the spin-orbit coupling (SOC) constant. Since L and § are in units of 2, A
must be in units of J /4%, The derivation of eq. (6.2.3) is quite involved and not introduced
here, but can be found in Ref. [32]. We will simply write A(r) as A.
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We can estimate the magnitude of SOC. Since J = L+ §, J? = L? + §? + 2L - S. We have
L-S = (j*-12-8%)/2. Suppose the system is in the common eigenfunction of J, L, S. Then
the expectation value (L-S) = (j(j + 1) — I(I+1) — s(s + 1))4*/2. Now, we can compare the
energy difference AE between *P; , and *Py 5, which is

ME=Eyp—E yp = A(gg - %g>h2/z - gﬂhz. (6.2.4)

In sodium, the magnitude of A can be estimated from the energy difference between
two D lines, M = 2136 meV, which is smaller than the Coulomb interaction of several
eV, but it is larger than the magnetic field energy of 1T, uzB = 0.057 meV, where ug is the
Bohr magneton (see the next section). SOC cannot be ignored in a weak magnetic field.
In heavy atoms such as Hg, SOC can be very large and the length contraction leads to a
smaller radius for the orbiting electrons in the outer shell, which is largely responsible
for its liquid phase.!

In the presence of SOC, L and S do not commute with the Hamiltonian, so the eigen-
state of the system is no longer an eigenfunction of either L or S. We work with J.

6.2.3 Eigenfunctions and eigenvalues of ] and J,

In the presence of SOC in a single atom, only J is a conserved quantity since it commutes
with the Hamiltonian. We are going to first find the eigenfunctions & of j*.

We use the same property that two commutable operators share common eigen-
functions. For a fixed [, L?’s eigenfunction is ¥,,,. Because [J% L?] = 0, £ must contain ¥,
But [J, L,] # 0,50 & must contain more than one ¥;,, such as Y;,, and ¥, . Similarly, since
(j%. 8% = 0 but [j% §,] # 0, & must contain both |a) and |8). With fixed I and s, the prod-
ucts of the orbital and spin eigenfunctions, Y, |a) and Y;, |B), form a complete group
of basis functions for J2. Thus, in general, our eigenfunction is & = aYyn la) + bYy, |1B).
Next, we need to determine the relationship between m; and m,.

Recall > = (L +8)* = L* + 8% + 2L - § = L? + §* + 2L,S, + 2(L,S, + L,S,). Since we
are looking for a solution for jzf = A&, where A is the eigenvalue of jz, not to be confused
with the spin-orbit coupling above, terms in the above equation must produce a constant
multiplied by . This is possible for L2, and $2, but not possible for the last three terms.
To see this clearly, we rewrite 2(L,S, + L,S,) =L,S_+L_S,. We apply L,S_ to £ to get

L.8 (a¥yp |a) + bY,p 1B)) = ah®\IT+ 1) — my(my + DY alB),  (625)

and apply L_S, to & to obtain

1 Lars]. Norrby [33] once asked, “Why is mercury liquid, or why do relativistic effects not get into chem-
istry textbooks?”
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L 8, (a¥yp @) + Y, 1B)) = DIA\I0 +1) — my(my ~ DYy 4la).  (6.2.6)

If we compare egs. (6.2.5) and (6.2.6) with § = aY;,, |a) + DYy, |B), itis clear that in order
for £ to be the eigenfunction of J%, we must require m, = m, + 1. Otherwise, £ cannot be
an eigenfunction J. Below, we denote my by m and m, by m+1, where m is the magnetic
orbital angular-momentum quantum number? Next, we will use Y, pla) and ¥y, 41B) as
the basis functions to construct a matrix for J? and then solve the eigenequation.

We denote Y; ,la) as [1) and Y;,,,,4|B8) as |2), and compute the matrix elements for
J% (ilJ?lj), where i and j run from 1 to 2. A lengthy but straightforward calculation (see
the following exercise) yields the eigenequation for J as

(6.2.7)

h2< (+D+3+m \/l(l+1)—m(m+1))<a>_l<a>

((+D-mm+1) Il+D+3-m-1/\b b

which has a nontrivial solution if its determinant is zero. Setting the determinant to zero
yields the following equation for A in units of 4%

2 1 2 2 1 3 _
A A[Zl(l+1)+i]+l(l+1) El(l+1) E_O' (6.2.8)

This shows that the eigenvalue A of j* does not depend on m. The reason is because
the total angular-momentum magnitude does not depend the magnetic orbital quantum
number, in the same way as L% A has two roots, A = (l—%)(l+%)h2, and A, = (l+%)(l+%)h2.
Because s = % andj =[l+s,werewrite Aasj(j + 1) to get

& =28 = j( + DHE,.

Next, we substitute A back into eq. (6.2.7) to find two sets of a and b (the details are
relegated to the following exercise):

L 1 -
i ;ﬁ; Yim VﬁYl,m
§otet = oG = : (6.2.9)

l+m+1

l-m
20+1 Yl,m+1 2041 Yl,m+1

We apply J, to either &_;,1 or &, 1 to find J,§ = m;h¢, where m; = m + 3- Note that
2 2

m is really m;. These eigenfunctions of J* are very peculiar. They belong to the same I

and my, but different}j. j, s, m;, and [ are good quantum numbers, but mg; and m; are not.

Except for the [ = 0 state, the same j appears in two different [. Table 6.1 summarizes

this connection, together with the X-ray edges.

2 To avoid too many subscripts, we suppress [ in m.
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Table 6.1: (Top) Relation between /, j and the spectroscopic notation. (Bottom) In X-ray spectroscopy, the
spectroscopic notation carries the main quantum number n. X-ray edges start from K, L, up to P; edges. 1s,
2s and 3s are traditionally not written in spectroscopic terms because / = 0 andj = s.

I 0 1 2 3 4
J 172 (1/2,3/2)  (3/2,5/2)  (5/2,7/2) (7/2,9/2)
Configuration S1/2 (P]/Z, P3/2) (D3/2, Ds/z) (Fs/z, F7/2) (67/2, 69/2)

Xrayedge K L L, L3 My M, M; M,  Ms
Conﬁguration 1s 25 2P1 2 2P3/2 3s 3P1 2 3P3/2 3D3/2 3D5/2

Exercise 6.2.3. n
22. Find the matrix elements of j? within the basis functions: ¥ mla) denoted as [1) and ¥, ,,4|B) denoted as

[2). And compare your results with eq. (6.2.7).

23. Starting from the determinant of eq. (6.2.7), derive and solve for A, i. e., eq. (6.2.8).

24. Substitute two roots A of eq. (6.2.8) into (6.2.7) to find the eigenfunctions osz, that is (a, b) in eq. (6.2.7)

and then compute the eigenvalue of J,.

25. One way to appreciate why S, and L, are no longer conserved with the eigenfunctions osz is to compute

their expectation values. (a) Using eq. (6.2.9), compute the expectation values of §, and L,. (b) Compute the
expectation values of 5, 5, I, and [,,.

6.3 Interaction of spin and orbital moments with a magnetic field

Spin is magnetic. Only a magnetic field or another spin can affect it directly. This section
focuses on a direct interaction with a magnetic field, so we can better understand the
Stern—Gerlach experiment and other experiments.

6.3.1 Magnetic orbital and spin moments

A magnetic field interacts with a system through spin and orbital moments. In a classical
current loop, the magnetic dipole moment is defined as g ,4ca1 = IAR, where I is the
current through the loop, A is the area of the loop, and 7 is the surface normal defined
by the right-hand rule. If a single electron is orbiting around a proton with velocity v
and radius r (see Fig. 6.3(a)), its area A is 7'(7‘2, and the currentis ] = ‘Te where the period
T is 27tr/v. Then the magnitude of the orbital moment is

eur em,ur eL
Uelassical = _T == Zfile = _Zme . 6.3.1)
In QM, we follow the same logic to define the orbital angular moment as
N el
W=-—, (6.3.2)

2m,
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Voo )
5 ;7

L

Figure 6.3: (a) Orbital angular momentum. (b) Derivation of the Lande g-factor proceeds in two steps. The
first projects L + 25 on to J, and second one projects j to J,.

where the orbital moment is proportional to the orbital angular momentum. To simplify
the expression, we rewrite gi; as
R eh L L

- e 2, 6.3.3
w 2m, 7 quh ( )

whose coefficient of Iﬁ“ is defined as the Bohr magneton

Uy = ze—h — 9.27401 x 1072 J/T.

M,

The reason why we have % in up is to make L/ dimensionless. Suppose we want to
compute the z-component of f; and its expectation value, we have

lllz = —.UBizz/h, - (ﬂlz) = _#Bmlh/h = —mylp, (6.34)

where in the second equation we have used the eigenfunction of L,.
Although the orbital moment has a classical analogue, the spin moment does not.
Instead, we define it as

§=- T2 2 - Y8 =y, (6.3.5)

where y is called the gyromagnetic ratio and the last equation uses § = gc‘r. For a free
electron, y is just the electron charge-mass ratio, but, in a molecule or a solid, y may
change significantly and is often used as a way to detect spin states. Equations (6.3.5)
and (6.3.2) differ by a factor of 2. The expectation value of ii; in the eigenfunction of S,
is

S

N mgsh
(W) = —ZuBT = —2mglp. (6.3.6)
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Table 6.2: Moments used in CM, EM, and QM.

Physics Quantity Expression Variables; SI units

™ moment of inertia I=mr? mass m, radius r. kg - m?

EM electric dipole moment D=gr qg: charge; r: position. C- m

EM magnetic dipole moment M = IAfh current I, area A, normal . A - m?
QM magnetic orbital moment @, = —ugl/h  orbital: L. A- m?

Q™ magnetic spin moment i, = —up28/h  spin:S. A - m?

6.3.2 Interaction with the B field

It can be confusing to the beginner that different physics courses introduce multiple
moments with entirely different meanings. Table 6.2 compares them. In electricity, the
electric dipole moment describes the interaction between a charge and an electric field.
In magnetism, the interaction between a magnetic field B and the spin and orbital is
through the magnetic dipole moment, it = fi; + fi;. They contribute an extra term, called
Zeeman energy, to our Hamiltonian as

U:-ﬁ-B=—(gl+ﬂs)-B=‘%(mzs)-B. 6.3.7)

Without spin, the potential energy is U = ‘%i, - B. If we set B along the z-axis, we have

0 =—iL,B, = %Bisz U = (0) = muB,, (6.3.8)
where the last step used the eigenfunction of L,. It is clear that U is directly proportional
to the magnetic orbital angular-momentum quantum number m;. If we know my, the
interaction energy can be found immediately. Without L, we have only the spin term
which will be used to explain the Stern—Gerlach experiment in the next section.

The most complicated case is when both spin and orbital are present. We must con-
sider whether SOC is weaker or stronger than the external magnetic field. If the magnetic
field is very strong, L and § are still approximately conserved and can still be repre-
sented by their respective quantum numbers, m; and m, so the total moment along the
z-axis is the sum of eqs. (6.3.4) and (6.3.6). The energy due to B is

U = (m; + 2my)ugB,. (6.3.9)

If the magnetic field and SOC are comparable, this does not have a simple solution, where
j is no longer a good quantum number and the eigenfunctions of J must be used as the
basis functions for the Hamiltonian matrix of the system. If SOC is stronger than the
magnetic field, we need to introduce Lande’s method.
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6.3.3 Derivation of Lande-g factor

At first glance, one would expect that the energy is now proportional to m;. However,
eq. (6.3.7) introduces a complication because it has L + 2§, not L + § = J, and there is no
quantum number for 1 + 28. Lande found a solution which consists of two steps. First,
we assume that the system is in a common eigenfunction of j, L, and §, so (J?) = j(j+1)#?,
(L2 = 1(1+1)H?, and (8%) = s(s+1)k%, same as in Section 6.2.1. Since in general §, L, and J
point in different directions in space, we use two angles 6;; and 6g; to characterize their
relative orientations with respect to J (see Fig. 6.3(b)). Therefore, the projection of L + 2S
on j has the length of

VI(l + 1)k cos OL] +2+/s(s +1)hcos 95]. (6.3.10)
To find cos 6;; and cos f;, we square $ = J - Land L = J - § to get
=j+0-2j-1, L*=7+8-2j-§. (6.3.11)

In an eigenfunction of J, its amplitude is just the square root of that of J?, \j(j+ Dh.
Similarly, § and L have alength of /s(s + 1) and vI(I + 1)k (J-L) in eq. (6.3.11) is written
as (J) - (L) cos 6, which is just j§+ 1) VI + 1)4* cos ;. A similar expression is used
for (J - ). Equation (6.3.11) in their common eigenfunction yields

_Ji+D+ I+ -s(s+1) _Ji+D+s(s+ D) -U1T+1)

cosB;; = , €0SO¢ =
e 2j+ DI+ D) g 2\jG+ DsGs+ D)

which are substituted into eq. (6.3.10) to get

3j(j+1)+s(s+1)—l(l+1)h
20jG+1) )

The next step is critical. In experiments, we apply a magnetic field, which breaks
the spherical symmetry of the system and destroys the quantization of j. To salvage the
situation, we let the field set a quantization z-axis, so J,, not J, has a good quantum num-
ber. Because we are only interested in the interaction between the magnetic field and the
system, ], is enough to save us. But, we must correct the eigenfunction assumption. To do
so, we project J on to J, by rescaling the unit vector of J through (f,)/(J) = m;/\jG +1).
We multiply eq. (6.3.12) by m;/+/j(j + 1) and —e/2m, to get the total magnetic moment
along the z-axis,

(6.3.12)

([, = —gmyug, (6.3.13)
where the Lande’s g-factor is

g=1+j(]'+l)+s(s+1)—l(l+l)

%G+ 1) (6.3.14)
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Physically, g properly rescales the total magnetic moment value according to [, s
and j. For example, we can compute g for a spectroscopic term >P; as
2

IG+D+1A+D -1a+1) 3
2 T2

g=1+

NI
NI w

With (f,) in eq. (6.3.13), the Zeeman energy due to the magnetic field along the z-axis
is the product of ({1,) and B,,

U = gimjugB, (6.3.15)

where g; pertains to j and m; runs from —j, —j +1,...,J.

Exercise 6.3.3.

26. Show that the units of J/T are the same as A - m?, where | is joules and T is teslas.
27. Why do we need to introduce the Lande-g factor?

28. (a) Find the Lande-g factor for an atom in 25%. (b) Find the Zeeman energies.

6.4 Explanation of Stern-Gerlach experiment and measurement

Rigorously speaking, the Stern—Gerlach experiment is a true time-dependent problem.
Figure 6.4 illustrates this process. Before Ag atoms enter the magnetic field, they are
described by H,, field-free. When they enter the magnetic field, the Hamiltonian is H,.
After they exit the magnetic field, the Hamiltonian goes back to H,. In the following, we
treat these three processes separately. The time dependence is only included through a
stationary state evolution under different Hamiltonians.

magnetic
field

Ag atoms

‘{—J HA—J hf—d.z

HO H1 HO

Figure 6.4: The Stern-Gerlach experiment has two different Hamiltonians, before and after the silver
atoms enter the gradient magnetic field.



182 —— 6 Electron spin

A beam of Ag atoms is incident along the y-axis. Because there is no magnetic field,

~ 2
its electron spin is described by a nonmagnetic Hamiltonian H, = r‘;—. The electronic
state must be the a spin-mixed state at ¢ = 0,

¥(0) = (aa + bB)e™ = ™ <Z> , 6.4.1)

where |a|2 and |b|2 represent the probability in the spin-up |a) and spin-down |B) states,
respectively, |al® + |b]> = 1. e is a planewave and represents the spatial part of the
wavefunction of the electron that is propagating along the +y-axis (see eq. (6.1.14)), so
the orbital angular momentum is zero.

Inside the magnetic field, the Hamiltonian is

i, B (6.4.2)

where the total moment ji is just the spin moment .. Since B is nonuniform and must
have at least two nonzero components to satisfy the zero divergence of the B-field, V-B =
0, we assume

B,=By+Az and B, =-Ax. (6.4.3)

The magnetic field is mainly along the z-axis, so B, is much larger than the gradient
term. We do not include B, because the Ag atoms move along the y-axis and experience
no force on them. A characterizes the gradient of the B field. In the Stern—-Gerlach exper-
; : ; 0B, | 0B, _
iment, A = 10 T/m. It is easy to verify that 72 + 7> = 0.

Since

N N N 2 2
—lis - B = — (L By + f15,B,) = _% %

L Ah(0 Ty, (10,
T R 2\1 0/ m2\0 -1)°7

SXBX - S‘sz

B B o .
=—Up <BZ . > = —UpB,0; — B0y,

X
our Hamiltonian A, in matrix form is

P
I:Il _ (ﬁ — lgB, —lpBy > .

P
—lpBy m T UpB,
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6.4.1 Schrodinger picture

In the Schrodinger picture, states evolve with time, and operators are time-independent.
This means that we must find the eigenstates of A first. The vertical motion of the elec-
tron along the z-axis is of interest, i. e., p,, the z- component of the electron momentum.

Therefore, we ignore the off-diagonal elements in . £ o can be ignored as well since it
only contributes an energy shift. Our approximate Hamiltonian is

. B, 0
Hy = —ug < 0 _B > (6.4.4)
Z

which has two eigenvalues: E;, = FupB, and eigenvectors a and . We start with our
initial state ¥(0) in eq. (6.4.1), so ¥(¢) at time ¢ is just

Y(t) = (ae” By + peE2t/M|gy)e™ (6.4.5)
The expectation value of p, is
WO, 1P =(¢ala” ™" + (Bb* e /")p,(ae™ B a) + be /" py).

(p,) for the spin-up electron is

(B,) = (ale™"p,e M) = (alemlt/h(—ih%)(—it/h)e_mlt/hlw

= —%t = —(—ﬂw%t = UpAt.
Since A is positive, as ¢t increases, the electron moves along the +z-axis. t is determined
by the length of the nonuniform portion of the magnetic field.

For the spin-down electron, (p,) = —upAt, so it moves to the —z-axis. This is the origin
of the Stern—Gerlach experiment. The approximation made above, i. ., ignoring the off-
diagonal element, has no effect on the motion along the z-axis, which can be proved
using the Heisenberg equation of motion.

6.4.2 Heisenberg picture

In the Heisenberg plcture the operator evolves with time through the Heisenberg equa-
tion of motion, lh— [A, H]. Our Hamiltonian is H; = — UgB,6, — ugB,0,. So the
equation of motlon for P, is

. ~2
ihpz = [pZ’Hl] = pz’ %’l _.uBBza-z - .uBBxa-x
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With the help of eq. (6.4.3), the right side can be reduced to
—Up0, [Pz, By + Az] = UpG,Alz, p,] = UpG,Alh.

Integrating over t, we obtain p, = uzG,At. For a spin-up state, (p,) = Augt. For a spin-
down state, (p,) = —Augt. One sees these results match the above results, without mak-
ing any approximation. Before entering the magnetic field, the spin does not favor one
particular orientation, and it is in a spin mixed state ¥(0) = (aa + b[i)eiky . Along the x
axis, (p,) is nonzero, i. e. a spread of electrons along the x-axis, consistent with the ex-
periment. This proves that the electrons in the Ag atoms are not in an eigenfunction of
S,. The calculation is left as a homework assignment.

Exercise 6.4.2.

29. Suppose a system is in a mixed-spin state, with £y, = +ugB,, (t = 0) = %la) + \/glﬁ). (a) Find the
expectation values of (¢(t)|§xltp(t)) and (tp(t)lﬁyltp(t)). (b) Find the expectation values of (gb(t)liflw(t)) and
WOI5190).

30. In accordance with the previous question, (a) find the uncertainty relationship between S, and §y asa
function of time. (b) Assuming B, = 2T, plot the relationship as a function of time. (c) What can you conclude
from the figure?

31. Using the Schrédinger picture: (a) for the spin-down state, show that (,) = —ppAt; (b) show the unit of
lgAt is indeed the unit of momentum; (c) Stern-Gerlach’s A is 10 T/m, and Az is 0.22 mm. Assume that (p,) is
the momentum of the electron. How long does it take the electron to reach Az?

6.4.3 Quantum measurement

In Chapter 1, we stated that there are two different types of measurement. Now, prior
chapters have prepared us for a comprehensive discussion of this. Specifically, Type I
measurement means that the module of a state (y|¢) is kept, and Type Il measurement
means that the module of a state (¥|y) is changed. The Hamiltonians that we are about
to use are all time-independent, leaving time-dependent Hamiltonians to Chapter 7.

We start with a state described by |(r, ¢,)) at time ¢, = 0. Our goal is to compute
the expectation value of an observable whose operator is A at several different times,
with different Hamiltonians.

At t,,, the expectation value is (Y(r, tO)lAlzp(r, tp)). What about at ¢;? Answer: un-
known. This is because how |¢) evolves with time depends on the Hamiltonian H, of a
system between ¢, and ¢;. For instance, in vacuum (ignoring the vacuum fluctuation),
the Hamiltonian is A; = — p , and then a planewave, with the initial wavefunction of
Y(r, ty = 0) = &V YV, becomes Y(r, b)) = e €794 /ST This example uses an eigen-
state, but in general |)) may not be an eigenstate. The following table shows the steps
to calculate ((r, )|A[p(r, 1)), with t, < t < t;.
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Step Procedure

Find the eigenstates {|@,)} and eigenenergies £,, of A.

Project [(r, ty)) to {|¢,)} to find ¢, = (Yl@,). _
Evolve the state in time t from ¢y to t;, [(r,t)) = 3, c,,e”E"t/hlqb,,(r)),

Find ((r, O)Al(r, 1)).

A W N =

If, after t;, we have a new Hamiltonian H, from ¢, to t,. All the steps are the same,
except that in step 2 we expand [(r, t;)) instead of [Y(r, ty)). At any time &, < t < &,
(U(r, t)|Y(r, t)) remains the same. This is the key feature of the Type I measurement.

The Type Il measurement alters the state, so (¢(r, t)|¥(r, t)) is changed. We will take
the Stern—Gerlach experiment as an example. Figure 6.5 plots a beam of electrons with
mixed spin polarizations enter three different magnetic fields, two of them along the
z-axis and one along the x-axis, in two time periods: (y, t;) and (;, t,).

At ty = 0, the electron is prepared in a state

Y(r, ty) = F(r)e™ (alay + bIB)), (6.4.6)

where f(r) is the spatial profile of a wavepacket propagating along the y-axis, k, is the
wavevector of the wavepacket, and a and b are the coefficients of the spin up |a) and
spin down |f) states. From ¢, to t;, the electron enters the first gradient magnetic field
which is mainly along the z-axis (see Fig. 6.5(a)). We ignore a minor component along the
x-axis for the reason already described. The Hamiltonian H, is the same as eq. (6.4.4),

PIl = —‘ﬂZBZ = _yBBlé-Z’ (6.4.7)
and at time t the state is

Y(r, 0) = f)e™ (ae™ | a) + be 17 By
= f(r)e’™ (ae™'|a) + be 1| B))
= ¢, |a) + c,e | B) (6.4.8)
Y; to H, Y, to Hy

where E; = —upB,, E; = +upB, and w; = upB,/h. After t;, the spin-up and spin-down
electrons are spatially separated and are channeled into two different magnetic fields
(Figs. 6.5(b) and (c)) with Hamiltonians A, and H;. Equation (6.4.8) shows that their initial
states are different for A, and H, i.e., (Y11¥,) = 0. This is the key feature of the Type
IT measurement. We purposely choose H; = Hj, so at any time after ¢;, the spin-down
channel state evolves with time as

Y, (1) = ce ). (6.4.9)

Different from Hj, H, is chosen as H, = —uipB,dy. Its eigenstates are 1), , 1, (see eq.
(6.1.8)), with the respective eigenvalues E; = —upB, and E, = +ugB,. Next, we follow
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Figure 6.5: (a) A beam of Ag atoms pass through a gradient magnetic field with the field direction mainly
along the z-axis and split into two groups: spin-up and spin-down. Spin-up atoms enter (b) another gradi-
ent field with the direction along the x-axis, while spin-down ones enter (c) a same magnetic field as (a).
After (b) and (c), those atoms are brought together at (d) to interfere.

Step 21in the previous table to project the initial state at time ¢, on to 5, , 11, and denote
the coefficient as ¢/,

¢ = (M IP1(8)) = € /V2, ¢ = (gl (t))) = ¢ e/ V2.
The spin-up channel state evolves as
Pr(0) = e i) + e ny,), (6.4.10)

where w, = ugB,/h. This is an incredible state. Although at t = t;, 14 (t) is a pure spin-up
state, as far as t > t;, ¥;(t) has both spin-up and spin-down contributions, which can be
revealed if we express |, ) and |, ) in terms of a and B,

Y1) = ¢ [cos(wyt)la) + isin(w,t)]1B). (6.4.11)

The second term contains the spin-down state! The reason why we still have a spin-down
state is because, although we decompose the spin along x-, y- and z-axes, they are not
orthogonal at all: (a) Their operators do not commute such as [d,, 6] # 0, and (b) their
eigenstates are not orthogonal such as (n,. a) # 0. Equation (6.1.10) shows that a “pure”
spin-up |a) can be expressed in terms of . and n,,,. Despite of our best efforts to “purify”
states with different magnetic fields, we cannot get a pure state. In fact, if we bring ¥ (¢)
and ¥, (t) together, they will interfere as shown in Fig. 6.5(d) because

]_ . i . . _
WO 0) = a6 el () ()t _ pllwr=0y)ty (6.4.12)
The measurement H, is in fact a perturbation and changes the states to be measured.

To this point, as in many books [30], we have never discussed the spatial part of the
wavefunction, which is a shortcoming. The next exercise suggests a solution.
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Exercise 6.4.3.

32. Show, for the Type I measurement, {((r, t)|(r, t)) remains time-independent.

33. Prove egs. (6.4.11) and (6.4.12).

34. Suppose f(y,t) = e'(y'“')z, a Gaussian wavepacket moving along the y-axis with velocity v. We fur-
ther assume that this wavepacket does not change its shape as it passing through A, and fs. (a) Compute
(Y (Olg1()) and compare it with eq. (6.4.12). (b) Explain your finding.

35. Using ¢1 (1) in eq. (6.4.11), compute (¢ (D)1S,14.(6)), (1 (©)IS, g7 (D) and (y (IS, 11 (©)).

6.5 Zeeman effect

Chapter 4 discusses how atoms emit discrete spectral lines. Chapter 5 introduces how
these spectral lines are further split under an electric field, i. e., Stark effect. In 1896,
Pieter Zeeman discovered that, if a sodium flame is placed under a strong magnetic
field, a single spectral line is split into several lines, on the order of 0.2 A. This is called the
normal Zeeman effect. A weaker magnetic field produces many more lines, which is now
called the anomalous Zeeman effect. As will be seen in the following, the normal Zeeman
effect is the making of orbital angular momentum and is not normal at all. It only occurs
under zero-spin momentum. By contrast, the anomalous Zeeman effect is normal and
appears more frequently. It is the joint effect of the orbital and spin angular momenta.
The Zeeman effect demonstrated what the spatial quantization means optically.

Zeeman also used Cd, Fe and Zn flames. However, the Zeeman effect in the Na lamp is
conceptually more difficult to explain because it does not have a zero-spin to start with,
and one has to use a strong magnetic field to suppress the spin effect to get a “cleaner”
normal Zeeman effect. In our experiment, we will use a cadmium lamp, instead of a Na
lamp, and then present our observation and explanation of the Zeeman effect.

6.5.1 Experiment

We place our Cd lamp between two pole pieces of an electromagnet. The magnetic field
B generated by the electromagnet goes up to 0.45T, with a current through the coils of
the electromagnet up to 9.5 A. The emitted light from the Cd lamp goes through a Fabry—
Perot etalon with a resolution of approximately 4,000,000 and a telescope to form inter-
ference rings on our charge-coupled device (CCD) camera. It can resolve a wavelength
change of less than 0.002 nm, and the camera is operated by a computer. Figure 6.6(a)
shows that our magnetic field (the vertical hallow arrow) defines the z-axis for the spin.
In the xy-plane, we draw a circular disk (shaded) with the lamp at the center, perpendic-
ular to the z-axis. We call this the Zeeman disk.

3 We are unaware of anyone else using this notation, but the idea is already in Zeeman’s Nobel lecture.
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(a) S — o

Figure 6.6: (a) Zeeman effect. The external magnetic field B, which is powered by an electromagnet with
current up to 9.5A, is set along the z-axis, and the sample, the Cd lamp, is placed at the origin. The light
that propagates along the different directions has different polarizations. The circular disk, which we call
the Zeeman disk, has its surface normal along B. (b) In the absence of a magnetic field, each order of inter-
ference has one ring. Our CCD camera is placed along the transverse direction. (c) With the presence of the
magpnetic field, each ring is split into three rings, where no polarizer is inserted.

Because light is a transverse wave, its propagation direction and the polarization
must be perpendicular to each other. With the presence of B, the space is quantized.
Along different directions, the light polarizes differently. If we choose to observe the
light along the longitudinal direction of B (see Fig. 6.6(a)), either in the same or opposite
direction to B, i. e., +z, we only see the circularly polarized light (the left o* or right ¢~
circularly polarized light). Here, o denotes the circular polarization, not to be confused
with the Pauli matrices above. The polarization plane is parallel to the Zeeman disk.

If we observe the light along the transversal direction of B, we observe two types
of polarization: The linearly polarized light (;7) is along B, and the circularly polarized
light (¢°) is perpendicular to B. This ¢° light is linear! It is also in the same plane of the
Zeeman disk. Figure 6.6(a) shows two examples of the transversal detection. In fact, the
polarization is always tangential to the Zeeman disk if one probes the emitted light along
the circumference of the Zeeman disk.

Figures 6.6(b) and 6.6(c) are our interference rings without and with a magnetic
field, respectively. Our camera is placed in the transversal direction with respect to B.
When we apply a magnetic field, each ring is split into three rings (Fig. 6.6(c)). If we place
a polarizer along the B direction, the three rings at each order become one ring, i.e.,
only the center ring remains. This ring is due to the sr-light. But, if we rotate the polarizer
perpendicular to B, the three rings hecome two rings, i. e., only the inner and outer most
rings remain. They are from the ¢%-light, with a linear polarization. This demonstrates
that the magnetic field sets a spatial quantization axis and breaks the spatial symmetry.
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Exercise 6.5.1. n

36. (a) What is the Zeeman disk? (b) What does it tell us?
37.If we apply a magnetic field along the x-axis, show in which direction we can observe (a) the linearly polar-
ized light, (b) the circularly polarized light, and (c) the circularly polarized light but with the linear polarization.

6.5.2 Theory and Hund’s rules

What we have seen so far is the normal Zeeman effect, where the electron spin does not
contribute. But how is it possible that Cd has no spin? After all, Cd has 48 electrons. The
answer is that Cd has two 5s® in its outermost shell. This involves the addition of spin
angular momenta.

6.5.2.1 Angular momentum addition for multiple electrons
Consider two electrons, with spin s; and s,. The total spin angular-momentum quantum
number S and its magnetic counterpart M are given by, respectively,

S=8+5,..,I81-8], Mg=§S-1,...-8§. (6.5.1)

Since both electrons have s = %, S =1,0.For § = 0, M = 0, called a spin singlet, with
zero-spin and responsible for the normal Zeeman effect. This is the case for Cd. For S =1,
M, has three values 0, +1, corresponding to three states, a spin triplet, responsible for
the anomalous Zeeman effect. We will encounter them in Section 10.3.

The addition of orbital angular-momentum quantum numbers proceeds similarly:

L:ll+lz,ll+lz—1,...,|ll—lz|, ML:—L,_L+1,...,L. (652)
The eigenequations for total orbital angular momentum L* and L, are, respectively,
L2LM;) = L(L + DA*|LM;), L,|ILM) = M;h|LM;). (6.5.3)

Finally, we discuss the addition of total angular momenta J. Because the total angu-
lar momentum is a sum of /; and s;, there are two ways to sum them up, depending on
whether the spin-orbit coupling (SOC)* is weaker than the exchange interaction between
spins and the Coulomb interaction between orbitals. If so, we add up all the [; to get L
and all the s; to get S, and then we find J from L and S. The total angular-momentum
quantum number J is given by

J=L+SL+S-1..,IL-Sl, My=JJ-1....]. (6.5.4)

4 See Section 6.2.2. The exchange and Coulomb interactions will be discussed in Chapter 10.
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Table 6.3: Additional rules for total angular-momentum quantum numbers L, S, and J. The right-most
column lists conditions related to the state of spin-orbit coupling.

Quantum number Sum Total quantum numbers Spin-orbit coupling
orbital L (L +L) h+bh+h=1,..,lh—-hLl  absent

spin § (§1+8,) S1+5,5+5,—1,...,1s; —5,| absent

total / (L+S)  L+SL+S—1,...,]L-5| weak

total / Gi+kh) fi+iph+i=N sl - Al strong

This is called the Russell-Saunders or LS coupling. The LS coupling is often used in light
atoms, where SOC is weak.
If SOC is strong, we first add [; and s; to get j;. Then, for j; and j,, we add them up to

get]:
J=h+jph+ia-L..olh—jl Mp=]]-1....].

This s called the jj coupling, which often occurs in heavy atoms. Table 6.3 summarizes all
these different scenarios. The difference between our rules and the rules on Section 6.2.1
is that those only apply to a single electron.

Example 4 (Orbital angular momentum addition). For two electrons in a p-state, find (a) all possible L and
(b) the orbital angular momentum.

(a) Since two electrons are in a p-state, /; =/, =1,L = 2,1, 0. (b) The total orbital magnitudes, L(L + 1)h2
are 67°, 2% and 0F°.

6.5.2.2 Spectroscopic notations for many-electron configurations and Hund’s rules
A system consists of many interactions, from electron—electron repulsion, electron-
nucleus interaction, and exchange interaction to spin-orbit coupling. Hund developed
three rules to determine the ground-state electronic configurations in many-electron
atoms, without a detailed calculation. The results can be compared with the experiment.
We denote the total spin and magnetic spin quantum numbers of the system by S
and Mg, the total orbital and magnetic orbital quantum numbers by L and M, and the
total angular-momentum quantum number by J. Note that the maximum positive Mg is
just S, and the maximum positive M; is just L. His rules ignore all the closed inner shells
and rather focus on the unfilled shells to minimize three energies. The order of these
rules matters. We must proceed as follows:
Rule 1: Minimize the exchange energy between electrons to determine Ms. Among the
available electronic configurations, choose the one that gives a positive maxi-
mum S = Mg. Its origin is given in eq. (10.4.5).
Rule 2: Minimize the Coulomb repulsion to determine M;. Among the configurations
with the same S, choose the configuration that has a positive maximum L = M;.
Its origin is given in eq. (10.4.4).
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Rule 3: Minimize the spin-orbit coupling energy to determine J from [ = L+ S,L + S -
.»|L = §|. If the number of electrons is less or equal to the half-filling of the
shell, choose the smallest J. Otherwise, choose the largest J. The reason is due
to eq. (6.2.3), where the spin and orbital directions are affected by the electron
filling.

Example 5 (Use Hund’s rule to find the ground-state configuration). (a) The carbon atom has the shell
structure of 1522522p2. Find the spectroscopic term notation for its ground state. (b) Nitrogen has the
shell structure of 1522522p3. Find its ground-state notation.

(a) Carbon has the atomic number Z = 6, with the shell structure of 1522522;)2. First, we ignore two
filled shells 15> and 2s2. So, two p electrons are going to fill six (3 x 2) orbitals, including spins. There are ('62

B S S Sy
possible configurations, such as D and D , where each box represents an orbital

and accommodates 2 electrons, and the numbers over them are m;. 1 0 _1

Now we apply RuIe 1. Among all the possible configurations, only the conﬁguranons . . D

D..and.D. havethemaX|mumM57§ 571505—15 Lo

NS

Next we apply Rule 2 to them to get a maximum M. So, the only first configuration, D s
has the maximumM, =1+0=10rlL=1.

Finally, we use Rule 3. Since S = 1and L = 1,/ = 0,1,2. Then, we check the filling. Since we have
6 possible orbitals and have two electrons, the filling is less than half-filling; thus, we choose the smallest
J = 0. The ground-state configuration for carbon is 3PO.

(b) Nitrogen has 15?2s22p>. Rule 1 gives M, = mg, + Mg, +ms, = ; + ; + 2 SoS = % Rule 2 yields
M =my +m, +my =1+0-1=0.So, we have only one/ because L =0,/ = L + S = % The ground-state
configuration is *S3);.

6.5.2.3 Configuration for excited states

Hund'’s rules take care of ground-state configurations. However, the Zeeman effect in-
volves a transition from a higher energy state to a lower energy state. So, we need to
find out all possible configurations for excited states in spectroscopic notation. This is an
extension from our single-electron notation. Here, we use L, S and J to uniquely identify
a state that a system is in, *'L;, where L is replaced by a particular orbital symbol. For
L =0,1,2, we use S, P and D. Its corresponding g factor is computed in a similar way
using eq. (6.3.14), where [, s and j are replaced by L, S, and J. We note that spectroscopic
notation only works for LS coupling.

5 Since Ms = 5,5 —1,...,-S, the maximum positive Ms is just S.
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Figure 6.7: Energy diagram of Cd. (a) The transition from 1Dz to 1P1 leads to the normal Zeeman effect. (b)
The transition from 351 to 3P2 leads to the anomalous Zeeman effect.

Example 6 (Spectroscopic notation of excited states for multielectron atoms). Cd has the ground-state con-
figuration of 552, and three excited-state configurations of 5s6s, 5s5p and 5s5d. (a) Find all the possible  and
the spectroscopic notations for 5s6s. (b) Write down all possible spectroscopic notations for 5s5p and 5s5d
states.

(a) For 5s6s, we have S = s; + 55,51+ S, — 1,...,1s; — S,|. Since s; = 1/2and s, = 1/2, S = 0,1. Since
Iy = I, = 0,then L = 0, and J takes 0 and 1, which yields two possible notations, 'S, and 35,. (We learned this
from https://physics.nist.gov/PhysRefData/Handbook/Tables/cadmiumtable5.htm).

(b) For 5s5p,5 = 0,1.Since/; = 0and /, =1,L = 1. Inthe LS coupling, if S =0and L =1,/ = 1, we have
1P1. If S =1and L =1,/ has three values, 0, 1 and 2, so we have 3P0, 3P1, and 3P2. Similarly, for 5s5d, S = 0, 1.
Since/; =0and /, = 2,L = 2. Next, we determine . For S = 0,/ = L = 2, so our configuration is1Dz. ForS =1,
J =3,2,1. We have three configurations, 303, 3p,,and 3p,.

The normal Zeeman effect from our Cd lamp is due to a transition between two singlets,
from D, to 'P;, where the spin is zero. Figure 6.7(a) shows the energy diagram of Cd
atom for this transition. These two states are not a ground state 1S,. For this reason, in
our experiment, we supply a voltage to light the Cd lamp to excite these states. Now, we
are ready to explain the normal Zeeman effect quantitatively.

6.5.2.4 Explanation of Zeeman effects
The wavelength shift A1 observed in Zeeman effects is the single most important quan-
tity to be calculated. We denote the photon energy by E,;, = hc/A, so its derivative is
dEph = —hci—f, and AA in its finite difference form is

= —-2AE,, (6.5.5)

where A, is the field-free wavelength. Our job is to find AEy,.
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We consider two states i and f, with the initial magnetic-field free energy E; and the
final one by E;, with E; > E;. With the magnetic field, we denote the energy by &,

gi = Ei + Ui = Ei +g,-M]i‘uBBZ, 8f = Ef + Uf = Ef +ng]fquBZ’ (656)

where the Zeeman energy U is from eq. (6.3.15), but with m; replaced by M; because we
may have more than one single electron, and the same thing is true for g. The photon
energy difference between two states is the difference between &; - & and E; - E; as

AEph =(& - gf) - (E; - Ef) = (giM]i _ng]f)#BBz’ (6.5.7)

so the wavelength shift becomes

2 G
A = —h_(():AEph = (grM), _giM]i)ﬂBBzh_(z,' (6.5.8)

Whether the Zeeman effect is normal or anomalous hinges on gM;.
First, we focus on the normal Zeeman effect. In this case, S = 0, so M] = M; and
g = 1and the wavelength shift is

22 G
M = _h_?:AEph = (MLf _MLi)quBzh_(z,’ (6.5.9)

where M, L~ M, is subject to the dipole selection rule. The rule states that allowed tran-
sitions must have the magnetic orbital quantum number changed as AM; = 0,1 (see
the following example and more in the next chapter).

Example 7 (Normal Zeeman effect in Cd). Cd has a transition from 'D, — 'p,, emitting red light at A, =
643.8 nm (Fig. 6.7(a)). If we place it under a magnetic field of 0.45T, find the wavelength shift.

We start from the initial state 'D,. It has L = 2, so M,, = 0,1, £2. Similarly, for'p,, MLf = 0,+1. Then,
the allowed transitions obey AM = 0, +1. We have the energy shift Af,, = +pigB,, or 0, where 0 corresponds
to no shift and represents the m-light, while B, represents o*. Using eq. (6.5.9), we find M = —0.087 A for
a positive AEpy, or +0.087 Afor a negative AE,p. Thus, we see that o*-light increases its wavelength by 0.087 A,
while ¢~ reduces by the same amount. The spectral line is split into three lines. The following table shows
the details.

+ -

Helicity g m o

M, +1 0 -1
ML,-gi_M[fgf -1 0 +1
M +0.087A 0A -0.087A

Now, we explain the anomalous Zeeman effect. Since S # 0, we must use eq. (6.5.8). AA
has many more different wavelengths, so the spectral lines for the anomalous Zeeman
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effect are messy, or anomalous. The clean spectral line in Fig. 6.6 is obtained through a
red filter to filter out the greenish color at 508.6 nm. The calculation is more complicated.
We need to compute the Lande-g factors for each state. Because M; is no longer a good
quantum number; the selection rule is based on M], where AM] =0, +1.

Example 8 (Anomalous Zeeman effect in Cd). Cd has a transition from 351 - 3P2, emitting green light at
Ay = 508.6 nm (Fig. 6.7(b)). If we place it under a magnetic field of 0.45T, find the wavelength shift for the
transition from M, = -1to M, = 0.

This transition is between two triplet states S = 1. First of all, we compute g; and gy using eq. (6.3.14).
For 351,5 =1L =0and/ =1g; = 2 for 3P2,S =1L =1and/ = 2, gr = 3/2. Next, according to
the selection rule AM; = 0,1, there are nine possible transitions. We consider a transition from M/f = -1
to Mjf = 0, and we find (g;M), - ngJf) =2(-1) - %(0) = —2. Thus, the energy shift is AE,, = 2pgB,, and
M = -A32u5B, /hc = —0.1086 A.

Exercise 6.5.2.

38. Show, if S = 0, then M, = M, and g = 1.

39. Consider the Cd lamp placed in a magnetic field. Show how one can detect the linearly polarized light,
the circularly polarized light, and the circularly polarized light with the linear polarization.

40. (a) Find the ground-state configuration for oxygen. (b) Find its Lande-g factor.

41. The nickel atom has an outer-shell electron configuration 3d®4s2. (a) Use Hund’s rules to determine the
ground-state configuration. (b) Express the configuration in terms of the spectroscopic term notation. (c)
Compute the Lande-g factor.

42. Cd has the excited-state configuration 5s5d. (a) Find all the possible S, L, and J. (b) Find all the possible
spectroscopic notations and (c) their g.

43. Figure 6.7(b) shows the Cd emission from 35, to 3P, with the native wavelength A,. Now, we place it in
a magnetic field B,. One single spectral line is split into nine lines. Find the wavelength shift analytically in
units of Aé,uBBZ/hc for (a) o™ with AM; = +1, (b) m with AM; = 0, and (c) o~ with AM, = 1.

6.6 Electron spin resonance (ESR)

Zeeman used one magnetic field to split a single spectral line into several lines. In 1945,
E. K. Zavoisky used two orthogonal magnetic fields,® where one splits the single energy
level into two and the other induces the transition between these two energy levels. Our
sample, 1,1-diphenyl-2-picryl-hydrazyl (DPPH), has a lone electron at N (Fig. 6.8(a)) and
is placed in two orthogonal magnetic fields (Fig. 6.8(c)), where one is static and the other
is alternating with a maximum frequency of 130 MHz. Two Helmholtz coils (Fig. 6.8(c))
generate a uniform static magnetic field across the sample. This magnetic field splits the
energy state into the spin-up and the spin-down states (see Fig. 6.8(b)). The small colil,
which holds the sample, generates a high-frequency field. If this frequency matches the

6 The two fields must be orthogonal. If these two magnetic fields are in parallel, there is no transition
between split energy levels since they share the same eigenstate.
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Figure 6.8: (a) 1,1-diphenyl-2-picryl-hydrazyl (DPPH) has one lone electron on the nitrogen atom. (b) The
energy level splits upon the static magnetic field By. If hv matches the energy splitting AE, the electron in
the lower level absorbs the magnetic field energy from the high-frequency field and makes a transition
from the lower level to the high level. (c) Two Helmholtz coils generate a uniform and static magnetic field
By across the sample. The small coil, which holds the sample, creates a MHz field.

frequency difference between these two levels, the sample absorbs magnetic energy
from this high-frequency magnetic field and reaches resonance. This is called electron
spin resonance, ESR.

6.6.1 Rotating wave approximation and Rabi Hamiltonian

We focus on the lone electron at the N site in DPPH (Fig. 6.8(a)). Without a magnetic
field, the electron has an equal probability in the spin-up or spin-down states. If we
apply By, = —ByZ to the sample, the energy level splits into two (Fig. 6.8(b)). We choose
a negative B, so our lower energy state is a spin-up state. Experimentally, one applies
the high-frequency magnetic field along either the x- or y-axis, but the field of this kind
has no analytical solution. Instead, one often uses a rotating field, i. e., a high-frequency
magnetic field in the xy-plane, B;(t) = B;(cos wt X — sin wt y). This is called the rotating-
wave approximation (RWA), under which our Hamiltonian H(t) = —[t- (By + By(t)). For
a single electron without orbital moment, fi = fi; = —uz6 (eq. (6.3.5)), so H = up6 - (B, +
B,(t)). Since our By = —B,Z, we have a negative sign in the first term of our Hamiltonian,

H(t) = —upBy 6, + By (G, cos wt — Gy, sin wt)

LB (1 O>+ B ( 0 coswt+isinwt>

=M% g _q) TP coswt - isinwt 0

- < —HpBy #BBleiwt> _ < hwy Veiwt> 6.6.1)
~\upBie™™  +ugBy ) \ye' hw, )’ o

which is just the well-known Rabi model. Here, hw; = —ugBy, hw, = ugBy, y = UgB;
(not to be confused with the gyromagnetic ratio). |w| or w, = ugBy/k is the Larmor
frequency, the precession frequency of the B, field.
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6.6.2 Rabi model
We start with the time-dependent Schrodinger equation,
ih— = Hy. (6.6.2)

A crucial step to solve this equation is to start with a trial wavefunction y(t), Y(t) =
C(t)e ™ (1) + Cy(0)e > (9), where |C;(t)[* and |C,(t)|* are the probability in the spin-
up state [1)(Ja)) and spin-down state |2)(|B)), respectively. We substitute eq. (6.6.1) and
Y(t) into eq. (6.6.2), whose left side is

ih [Cl(t)e‘i“1‘ <(1)> + Cy(t)(—iwy)e 1t <(1)>
+ e (1) ocive (7)),

and whose right side is

hwy ye“"){ _W<1> W(O)}
(ye‘i‘*’t he, Ci(t)e 0 + Cy(t)e 1

vt [ hw iyt [y
= Cy(t)e (Ve—ii)t> +Cy(t)e™ ! < b )

Wy

We cancel terms with coefficients sw; and hw, from both sides to find

ihCe 1t <(1)> +ihCye ! <(1)> = pCye @t <(1)> + yCyel @)t (é) .

The coefficients of (}) or (9) must match on both sides, so the original Schrodinger
equation produces two sets of equations:

ihCe 1t = yC,e" @ inCyeTt = yee et (6.6.3)

Eliminating C, yields a second-order differential equation,

2
&+ i(wy - wy - W)Ey + %Cl -0,

whose generic solution is C; = Ae™'+Be’2!. A and B are two parameters to be determined
by the initial condition. Suppose that at t = 0 the system is in the |1) state, C;(t = 0) =1
and Cy(t = 0) = 0. We find A = -A,/(4; - 4)) and B = A;/(A; — 4;). Two roots are
A = i(—g +Q)and A, = i(—% — Q), where the detuning is § = w, — w; — w and Q is called

the Rabi frequency, Q = %2 + §
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Figure 6.9: (a) Rabi oscillations in p(t) and p,(t) in states |1) and |2). The period is determined by the
Rabi frequency Q. Every half period, the system absorbs (abs) the energy and the other half period it emits
(ems) the energy. (b) Theoretical prediction of the maximum p,(t) as a function of the magnetic field’s
angular frequency w. The plot is referenced to the frequency difference between two energy level’s fre-
quencies, wy and w,. The y-axis is flipped. (c) Experimental ESR signal from channel 2 (providing the high-
frequency magnetic field B;(t)) while we sweep the voltage from channel 1 (providing the static field By).

6.6.3 Rabi frequency

The meaning of the Rabi frequency can be revealed by examining what happens
to the population in each state. With the electron initially in |1), we can find C, =

bt Srae, W : : :
%e"”xll_—;z(—ellt +ehl) = _%elat/z sin Qt. So, the population p,(t) in |2) is

(sm Szt)

(sm .Qt) = o

py(t) = C3Cy = , (6.6.4)

hZQZ
where we purposely rewrite the last term as ~=—— (Sm Q‘ because this same dependence will
appear in our perturbation theory in the next chapter. Figure 6.9(a) shows that the pop-
ulation oscillates between these two states. In the first half of the Rabi period (77/Q), the
system absorbs the energy from the MHz magnetic field, and in the next half, it emits.
The maximum population is a Lorentzian distribution (shown in Fig. 6.9(b))

pz(max) =

A key feature of the Rabi frequency Q is that it depends on the field strength B,
through y and detuning § = w, — w; — w. In the photoelectric effect, the photon frequency
isindependent of the light intensity. What we have seen here is that the frequency of the
population depends on B,. Since y is related to B, through y = %gijBO, the resonance
peak is linearly proportional to the external magnetic field. Although Fig. 6.9(b) shows
that one can tune the B,’s frequency to get a resonance, in the actual experiment, we do
the opposite. We choose a frequency for B,(t), and then we change B, by sweeping the
voltage to find a resonance. The experimental ESR signal is shown in Fig. 6.9(c), where
the horizontal axis is our sweeping voltage and has a periodic ramp with time. The ver-
tical axis is the voltage change due to the impedance change of the loaded circuit upon
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resonance. The agreement with the theory is very good, so we can find the g-factor for
our sample by measuring the width of the signal.

A natural extension of the Rabi two-level system is the three-level A process. Ex-
perimentally, Harris and coworkers [34] demonstrated the electromagnetically induced
transparency, where one control pulse can eliminate the absorption due to the probe
pulse and induces coherent population trapping [35, 36].

Exercise 6.6.3.

44.Suppose that, att = 0, the systemisin the |1) state, G;(t = 0) = Tand G,(t = 0) = 0. Prove A = -A,/(A1—A,)
and B =A;/(4 = Ay).

45, Prove (a) -1 + &2 = —2ie 82 sin Qt; (b) 1A,/ (A — Ay) = y2/(Q2iHQ).

46.1f t = 0, the system is in the [1) state, G, (t = 0) = 1and G,(t = 0) = 0, show (a) A = — 22— = &22 4pq4

- 0
A _ —ist/2 . . A ;. .
B = 32 = a2 (0) (D) = S5 (8 sin At + 20 cos Q1); (1) (1) = — g™ sin Q.
47. Based on the Rabi model under the rotating-wave approximation, two roots are A; = i(—% + Q) and

A = i(—% -Q),whered =w, —w;—wandQ = \j% + ;’l—i y is the coupling constant between states |1) and
2). (@) Find |G, (¢)[? and |C,(£)[? in terms of 8, Q, and t. (b) Prove |G, (t)[? + G, (t)[? = 1.

6.7 Medical applications: magnetic resonance imaging

In many aspects, nuclear magnetic resonance (NMR) is similar to electron spin reso-
nance (ESR) since they both employ the absorption of the external magnetic energy. But
different from ESR, which uses the electron spin, NMR uses the nuclear spin in nuclei,
such as ™H and 1?’C, where the number of nucleons is odd. Same nuclei in a different
chemical environment resonate at different frequencies, contributing to a chemical shift
that can pinpoint the minute difference. This makes NMR very powerful. Magnetic res-
onance imaging (MRI) is built upon NMR but adds a spatial resolution. In essence, MRI
is the making of QM.

The nuclear spin moment is much smaller than the Bohr magneton ug = % be-
cause the proton mass is three orders of magnitude larger than the electron mass. The
nuclear magneton, the unit of nuclear spin moment, is y = % where m,, is the proton
mass. Despite this small value, the signal from the nuclei is detpectable.

6.7.1 Interaction between a nuclear spin and magnetic field

The Zeeman energy is given by’

U=-it-B=-yl-B, (6.7.1)

7 In real samples, there is a chemical shielding from the electron density, so the equation should be
multiplied by a shielding constant like 1 — I. This contributes to the chemical shift. T is a tensor.
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where [t is the nuclear magnetic moment and y is the nuclear gyromagnetic ratio (in
comparison to the gyromagnetic ratio in eq. (6.3.5)). I is the nuclear spin operator and
follows the same commutation roles as the electron spins, [I,,I,] = ihl,, or I xI = ial.
Assuming B along the z-axis, the energy splitting due to B is

AU = —yB,(I,) = ~w(l,), (6.7.2)
where w, is the Larmor frequency. According to the Heisenberg equation of motion,

% = %[IX,U], % = %[iy, U], % = %[IZ,U], (6.7.3)
where we divide both sides by i%. It is easy to show that the transverse components I,
and fy precess with B with w,. If another magnetic field oscillates at this frequency, then
the energy is absorbed into the system. A 2-T magnetic field corresponds to w, 0f 10 MHz.

A crucial feature is that resonance peaks are extremely sharp. Bloembergen et al.
[37] found the peak width of 0.00005T for a magnetic field of 0.705T. Because the peak
width is related to the relaxation time of nuclear spin, both the longitudinal relaxation
time T; and the transverse time T, can be measured. T; is the time it takes protons to
realign their spins with the external magnetic field. If we align B along the z-axis, the
third equation for I, in eq. (6.7.3) now must include an extra term —I,/T,.2 The same
thing is true for I, and fy. Recall the magnetization is the magnetic dipole moment per

volume. The nuclear magnetization M(t) precesses as
M,(t) = M,(0)(1-e /™). (6.7.4)
The transverse components M, , precess as
M,/ (t) = M, (0)e /™. (6.7.5)
T, characterizes how quickly M, and M, drop to zero. Equations (6.7.4) and (6.7.5) ap-

proximate the Bloch equation for the nuclear spins. Here, M, (0), My(O) and M,(0) are
the initial nuclear magnetizations, respectively.

Exercise 6.7.1.

48. (a) Solve three equations in eq. (6.7.3). (b) Show fx and Ty precess with wy.

al, _

49. The magnetization M, is described by =z = —(M, — M,(0))/T. Show its solution is given by eq. (6.7.4).

8 This is because U does not include all the interactions for nuclear spins.
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B

B Z

Figure 6.10: (a) The resonance frequency is linearly proportional to the magnetic field B. (b) In MRL, a gra-
dient magnetic field is used across a patient. This allows us to correlate the frequency to the spatial loca-
tion on a patient.

6.7.2 Spatial resolution

In ESR, although the signal is strong, it is difficult to correlate it to the location of the sig-
nal because electrons in many regions of a sample can contribute to the signal. In other
words, it has no spatial resolution. In NMR, we use a uniform magnetic field, so we can-
not pinpoint where the signal comes from either. But from eq. (6.7.2), we see the Larmor
frequency is linearly proportional to the magnetic field (see Fig. 6.10(a)). A different B
leads to a different wy. This is the most important finding.

In magnetic resonance imaging, a gradient magnetic field is used across a patient.
Figure 6.10(b) shows such a design. At one end, B is B, and at the other end B,,;,, S0 B
changes along the z-axis linearly as

X Bmin _ 0B

2 = a—Zz, (6.7.6)

where Az is the spatial separation between B, and B,;, (see Fig. 6.10(b)). If we substi-
tute B(z) into eq. (6.7.2), then our frequency has a spatial resolution through

wo(2) = yB(2). (6.7.7)

This is the basic principle of MRI. Signals with different frequencies reveal the loca-
tion of tissues under investigation, so a doctor can examine chemical and physical con-
ditions of these tissues. Because the magnetic field causes no damage on human bodies,
MRI is a safe alternative to X-ray and other means. By measuring T; and T,, one can
further enhance the sensitivity.

Exercise 6.7.2.
50. Explain how the spatial resolution is achieved in MRI.
51. The following table shows the gyromagnetic ratio for some elements.
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Element H B¢ o 9
y (MHz/T) 426 10.7 58 40.0

In hospitals, the MRI machine requires a magnetic field of 2T. (a) Compute their resonance frequencies
of MRI. (b) The gray matter in brains has T; = 530 ms at 0.25 T. How many cycles are there for each scan?

6.8 Problems

1. Show the eigenvalues of matrix A in eq. (6.1.1) are +1 under the constraint on Sec-
tion 6.1.2.

2. OnSection 6.1.2, G,, 0, and G, are found by setting 6 to 0 and /2. (a) Start from eq.
(6.1.1) and choose a nonzero 6 to form a real matrix for g,. (c) Use 6,6, + 6,0, = 0
and 6,0, + 6,0, = 0 to find 6, and .

3. The Pauli matrices can be found from the square root of a two-dimensional rota-
tion matrix. (a) Compute the eigenvalues of and eigenvectors of the matrix R =
(cosf-sinf) (b) Compute VR. (c) Find the relationship between VR and the Pauli
matrices.

4. (a) When Dirac developed the relativistic quantum mechanics, he realized that, if
one requires the dot product (6 - p)* = [3)2( + [))2, + pﬁ, one immediately gets the per-
mutation among the Pauli matrix. Derive them. (b) But then, if he includes the mass
with the Hamiltonian H = c\/mzc2 + P} + P} + b}, Pauli matrices 6 are not enough.
So, he extended it to Dirac matrices y. Find the permutations among j.

5. Suppose the spin points in the direction 7t = sin(6) sin(¢)x + sin(0) sin(@)y + cos(¢)z.
(a) Find its eigenstates in terms of 6 and ¢. (b) Supposing we want to measure the
spins along the +z-axis, what are the probabilities for the spin being +#/2?

6. This problem is modeled on the Stern-Gerlach experiment. A beam of electrons en-
teres a magnetic field along a unit vector u(¢) = cos ¢x + sin ¢z in the spin x - z
plane, where % and Z are unit vectors in the spin space, not operators. $ is a spin
operator. (a) Find the eigenvalues and eigenvectors of the operator S - u(¢). (b) Sup-
pose the system is in a state given by these two eigenvectors, find the expectation
values of S, S, and S,. Here the external magnetic field effect is ignored, except
the orientiation of the electron spin. (c) We denote the eigenvector with the lowest
eigenvalue as ¥;. Now suppose we place a new magnetic field along the direction
where the electron with the smallest eigenvalue travels. This new magneic field is
along a different unit vector u(6) direction, where 6 is an angle in the spin space,
find the expectation value of the operator $ - u(6). (d) In view of the new magnetic
field, what are the probabilities when one finds the spin expectation values of /1/2
and —#/2? Hints: Project y; on to the eigenvectors of the operator $ - u(6). (e) After
the electron passes through the second magnetic field, what are the expectation val-
ues of S, S‘y and §,? Hints: There are two possible answers because there are two
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10.

11.

12.

13.

eigenvectors of the operator S-u(6). Adopted from [38] but we significantly modified
it for clarity.

(a) Find the eigenvalues and eigenfunctions of 6,. (b) Compute the expectation value
of (nylayIny). )
An electron is placed in a magnetic field B. The Hamiltonian of the system is H =
% — ugB,06, — upB, 0y, where B, = —Ax and B, = B, + Az, and A is the magnetic
field gradient. (a) Suppose that initially the electron is in a mixed-spin state, W (t =
0) = aa + bB, where a and b are the square root of the probability in the spin-up
and spin-down sates. Use the Heisenberg equations of motion to compute the time-
dependent p, (t) and p,(t). (b) Consider two cases, a = v1/3,b = v2/3 and a = /2/3,
b = /1/3. Show there is no way to distinguish between these two spin states based
on p, alone.

An electron is in its two S, ’s eigenstates. (a) If we want to measure the z-component
of the spin, what are the expectation values for these two states? What about the
probability? (b) At t = 0, the spin is in the S,’s eigenstate with eigenvalue of —//2.
At t; > 0, we turn on the magnetic field B along the z-axis, with H = —uBS,. Find
the state at t; and the expectation values of S,, S, and S,. (c) At t, > t;, we switch
the magnetic field to the x-axis, with A = —uzBS,. Find the state at t; > t, and the
expectation values of §,, S, and S,

(a) The normal Zeeman effect in Cd is due to a transition between 'P; level at
43692.384 cm™! and its 1D2 level at 59219.734 cm‘l, where cm™! is called the wave-
number, the number of waves per cm, and is the inverse of wavelength A. A tran-
sition from 1D, to 'P, emits a single photon. Find the wavelength of the emitted
photon. Hint: Compare your results with Fig. 6.7. (b) The anomalous Zeeman effect
is between 35, at 51483.980 cm™ to °P, at 31826.952 cm ™. Find the wavelength of the
emitted phton.

The sodium atom is known to have two D spectral lines, D; and D,, at 5895.93 A and
5889.96 A, respectively. While D is due to the transition from the excited state 2P, /2
to the ground state 25, /2> the D, line in sodium is due to the transition from 2P3 /2 10
281/2 (see the exercise on Section 6.2.1). Under the influence of a magnetic field of
0.2 T, D; splits into four lines. (a) Compute four wavelength shifts with respect to the
original spectral line. (b) Compute the wavelength shifts for the D, line which splits
into six spectral lines.

The Rabi Hamiltonian (eq. (6.6.1)) is very special. (a) Show that even though it is
time-dependent, its instantaneous eigenvalues do not change with time. (b) Find its
instantaneous eigenvectors.

Consider a A system, which has three levels, |a), |b) and |c). The transitions are only
between |a) and |b), and |b) and |c). The Hamiltonian is

H = hwgla){al + hwg|b) (bl + hwglc)(c| — ugEr(0)la) (|
= tpEr () D)@l = ppcEo(8)ID){cl — uepEx ()" [c) (DI,
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where E;(t) and E,(t) are probe and coupling laser fields, respectively, and can be
either a continuous wave or pulse and with a complex envelope. |a) (and others)
refers to the eigenstate of the system, with the eigenvalue of fiw,. We assume that
the electric fields of the laser are

E(t) = F iét) [0t gont-id]
The generic time-dependent wavefunction for the system takes the form
W(t) = Co(t)e " |a) + Cy(6)e ™" [b) + C (e “"|c),

where C,(t), C,(t) and C.(¢) are probability amplitudes. Taking a rotating-wave ap-
proximation, show that C,(t), C,(t), and C.(t) obey three coupled equations,

; I iy t+i
Co =5 (0 1 C

A _  Hpa —it-igp Upe —iyt—igh

= = 1 1 _ U 2 2 ;
Gy Zihfl(t)e C, 2mfz(t)e C.
. y A .
¢, = __ngpz(t)el 2L+

where A; = wy - (W — w,), and A, = w, — (W, — W,). (This problem is adopted from
[391)

The longitudinal and transverse times in MRI are derived from the Bloch equation.
Suppose the Hamiltonian is A = —I - B, where B is along the z-axis. (a) Derive an
equation of motion for I, and determine under what condition it approaches to eq.
(6.7.4). (b) Derive an equation of motion for I, » and find under what condition it
approaches to eq. (6.7.5).



7 Time-dependent perturbation theory: application
to optics

Stationary state evolution is rare. Many physical, chemical and biological processes,

such as molecular vibrations, spin precession, chemical reaction and photosynthesis,

are truly time-dependent. Only a few simple problems, such as Rabi oscillation treated
in Chapter 6, can be solved analytically; most problems demand numerical or approxi-
mate methods. Time-dependent perturbation theory (TDPT) is an approximate method

and plays a role similar to time-independent perturbation theory (TIDPT) in Chapter 5.

The time-dependent part of the Hamiltonian represents a weak perturbation. Different

from TIDPT, TDPT does not aim to find an energy correction to the eigenenergy, instead

it aims to find the probability change in the unperturbed eigenstates and describes how
this change can be linked to experimental observations. The emphasis is on the tran-
sitions among the unperturbed eigenstates. While it is possible to include high-order
perturbations, nearly all the texthooks exclusively focuses on the first-order because of
high-level complexity encountered in high-order perturbations. In optics, the high-order
perturbation theory lays the foundation for nonlinear optics, where one uses multiple
pulses [40, 41, 42, 43] to detect both electron and nuclei motions [44]. Another differ-
ence is that TDPT has no well-developed degenerate theory. Some of these issues will be
addressed in Chapter 10.
This chapter consists of three units:

— Unit1includes Section 7.1. It introduces the interaction between radiation and mat-
ter as an example of external perturbations and then discusses the Coulomb gauge.
Finally, it focuses on the dipole selection rules and transition matrix elements.

— Unit2 contains Sections 7.2 and 7.3. It formally introduces time-dependent perturba-
tion theory. Section 7.3 provides three examples, where the perturbation is constant,
periodic in time, or a pulse.

— Unit 3 includes Sections 7.4 and 7.5. It applies perturbation theory to linear optics
and explains how the polarization and susceptibility are computed quantum me-
chanically. It introduces population inversion and stimulated emission, essential to
the laser.

7.1 Interaction between radiation and matter and its selection
rules

In EM, a free charge q with mass m in an electromagnetic field has the vector potential
A(r,t) and scalar potential ¢(r), where the electric and magnetic fields are given by
E=-Vp- %i? and B = V x A (in SI). Its classical Hamiltonian (kinetic energy + potential

energy) is H = %n(p - qA)? + qo. The difference between the field-free Hamiltonian %
and H constitutes the interaction Hamiltonian, H, = —qp - A/m + (qA)%*/m + qo.

https://doi.org/10.1515/9783110672152-007
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7.1.1 Quantization of interaction

QM follows EM, but has some key differences. The momentum p becomes the momen-
tum operator p. The Hamiltonian operator is

- 1 . 2
H=—(p-qA(r,t R 7.1.1
o (B = GA(X, )"+ qp (71D
and the time-dependent Schrodinger equation becomes

@0 [ 1

= | (P - 0A, ) +qo [p(. 0). (7.12)

With the presence of A(r, t), p is now called the canonical momentum because, if we
calculate the change in position r with time through the Heisenberg equation of motion,

pP AT dr p-gAry I _ o

in® _ (v - == =y, (713)
m

dat m dat m
where we see that p alone does not determine the position change. Instead, IT = p —
gA(r, t) does, and it represents a momentum, called the mechanical momentum. In other
words, when we want to compute the velocity 0, %, we must use I1, not P. In deriving
eq. (7.1.3), we have used [r, p] = ih.

Since A(r, t) depends on both r and ¢, p does not commute with it, i. e., [p, A] # 0. As
aresult, (p — gA)* must be written as p> — qp - A — gA - p + (qA)>. Then, our interaction
Hamiltonian for the electron (q = —e) is

2
€ (p-Am 6+ A0 -p)+ LD

H =
I 2m, 2m,

eq, (7.1.4)

where we have used the standard SI units for all the terms and the key term is p- A(r, ¢t).
This expression is often employed in solids and is still considered to be semiclassical
because the radiation field, A(r, t), is still classical. Such an approach is valid if we have
many photons, as more photons appear to be more classical.!

Exercise 7.1.1.

1. Prove [fi;, ﬁj] = ih€jBy.

2. (a) Start from eq. (7.1.3) and use the Heisenberg equation of motion to show the force on a particle of mass
m and charge q is

2

ey 9 5T
mdtz_qE+2m(p><B B x p) m(AxB),

1 In the advanced QM and quantum optics, the quantization of A(r, t) is realized by introducing annihi-
lation and creation operators for the radiation field.
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where the electric field E, magnetic field B and vector potential A are functions of r and t. (b) Show the last
term is related to the Poynting vector. Hint: Why do we have ¢?? (c) In the limit, where B is independent of
space, show

2
m%:qEHJOXB,

where 0 is given in eq. (7.1.3). This recovers the classical Lorentz force.

7.1.2 Coulomb gauge and dipole approximation

The simplest vector potential for an EM wave is A(r, t) = Aye'® Y If the wavelength
isvery long, longer than the size of atoms and molecules, the wavevector k is very small,
sothatk-r < 1and e*T ~ 1. A(r, t) can be approximated as

A(t) = Age ™",

under which V - A = 0. This is called the Coulomb gauge. A has no spatial dependence
and no magnetic field. Then, A, is very similar to the classical Hamiltonian,

2
A = miA(t) P+ % —ep, (7.15)

e e

where the second term is often neglected (see the following exercise). The total Hamilto-
A ~ A ~ 52
nian for the electron system is H = H, + H;, where H, = % + V(r), as will be discussed.

Example 1 (Coulomb gauge). (a) Show thatan EM wave with the vector potential A(r, t), A(r, t) = Aoe’(k'r’“‘),
obeys the Coulomb gauge. Here, k is the wavevector and denotes the light propagation direction, and A,
denotes the polarization direction. (b) Find E. (c) Find B. (d) Prove |E|/|B| = c.

(a) Suppose the propagation direction is along the z-axis and the polarization along the x-axis, so
Art) = Age® % V. A = A, 0¢/*% 0 jax = 0. (b) E = —0A/dt = iwAg€® Y% (OB = V x A =

ik Aoy ** 0. (d) o = % =AT =c.

We start from the time-dependent Schrédinger equation,

) [ R ieA(t) \*
lhT = [—z—me(v+ - > +V(r)—e(p]l/1(r, t). (7.1.6)

We carry out a unitary transformation U by replacing ¢ (r, t) in eq. (7.1.6) by ¢(r, t),
P(r,0) = U(r, t) = e A g (r, 1),

to find a simplified version,
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ih(r,t) = [Hy + er - E(t) — e@](r, t). (7.1.7)

The details are relegated to the following exercise. If we drop —e@, we can see that the
new interaction Hamiltonian is just the dipole multiplied by the electric field E(t),

H, = -D-E(t) = —(—er) - E(t) = er - E(t), (7.1.8)

where D is a dipole operator. This is called the dipole approximation, which has no mag-
netic field and thus violates the Maxwell equation (Ampere’s law).

Exercise 7.1.2.
3. Alaser pulse has the vector potential |A| = 0.01 st/A. The electron’s velocity is 108 m/s. Estimate the ratio
leAl/|pl. ) )
The following exercises use U = e and ¢ = U, where Ais independent of r.
4.(a)Prove V{ = J%"U. (b) V20 = (%A)ZU. (c) Show V(U¢(r, 1)) = J%"Ud)(r, t) + OVe(r,t).
5. Using these relationships, show V2(U¢) = (“2)*0¢ + 20" - Vg + UV?¢.
6. Show the time derivative ¢ = U¢ + %0.

—ieA-r/h

. ~ 2 .
7. Starting from ihy = Hy, where H = —;‘E(V + %)2, show the new Schrédinger equation for ¢(r, t) is
N 292
ing(r,t) = (—% +eE-r)¢(r,1). Hint: E = - 2.

7.1.3 Dipole selection rules

Equation (7.1.8) provides the dipole interaction between the system and the light as
Hy = -D - E(t) = exE,(t) + eyE, (1) + ezE, (1), (7.1.9)

where E,, E,, and E, are three components of the light electric field. Whether one can
observe an optical transition depends on matrix elements D; = (fID[i) between the
initial state |i) and final state |[f). Assuming that the system has a spherical symmetry,
like hydrogen atoms, then their wavefunctions y,;,, are products of the radial function
R,;(r) and spherical harmonics Y, (6, @), Yyum = Ru(r) Y (6, 9).

We first convert x, y, and z to the spherical coordinates in a complex form (Euler
form), x = g sin H(ei¢ + e‘i¢), y= % sin 0(ei¢ - e‘i¢), z =rcos(0),so eq.(7.1.9) is

Ey(t) - iE,(t o E() +iE,(t :
EO-BO o g, EOTEO & 06] 110

H; = er|cosOE,(t) +
which contains the information of light polarization. If both E, and E, are zero, then this
represents the linearly polarized light along the z-axis. Other polarizations are possible.
If E,(t) = E; cos(wt) and Ey(t) = E, sin(wt) have the same amplitude E, but differ by a
7/2phase, then E, (t)-iE,(t) = Eoe"i“’t represents right-circularly polarized light because
at t = 0 the x-component has the largest value first. As t increases, it decreases, but the
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y-component increases. Had we not made a dipole approximation, the spatial part of
the light wave would be e, propagating along the z-axis.? If E, and E, differ in their
amplitude, then we have elliptically polarized light. The third term represents the left-
circularly polarized light E,e™".

To compute the matrix element for a transition from |n;im;) to [nglem;), we first
note that the matrix element (nflfmle In;l;m;) is a product of the radial and the angular
parts. The radial one is the same for all three terms in eq. (7.1.10) [29],

J = J Ry, (M)Ryy, (1dr, (7.1.12)
0

but the angular part is not,
J Yy, €0S 07 AQ, J Y\, 5007, dQ, J Yy, sin0e 0, dQ.  (7112)

We use the recursion relationship of spherical harmonics ¥, [19] with a correction,®

sin 6el¢Ylm = (bl—l,f(m+1) Yigme - bl,mYl+1,m+1)Cl> (7.113)
€08 0Yyy = (A1 Y1 m + QamYi1m)Cr> (7.114)
sin 0" Yy, = (~bp-1m1Yi1m1 + D-mYisim1)Co (7.115)

where ay,, by, ¢; are given by

G = A+ 12 -m2, by = VirmiDIim+2), ¢=[Cl+nE+3] "

We plug eqgs. (7.1.13), (7.1.14), and (7.1.15) into eq. (7.1.12), and, then, using the orthog-
onality relationship for spherical harmonics

j Y Yind® = 84S (7.116)
to find that the transition is not possible unless
Al=+1, Am;=0,4], (7.1.17)

where Al = [; - [; and Am; = my — m;. Equation (7.1.17) is called the dipole selection rule.
Al = +1 means that the system (the medium) will gain from or lose to the light field by

2 If we align the thumb of our right hand along the propagation direction, the fingers are in the direction
of the electric field vector.

3 a;, and by, in [19] include ¢;. When we compare the resultant equations with those in [29], we find ¢;
should stand alone and not change for the same Yy,,.
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angular momentum 4. Am; = 0,+1 means the system will retain, gain from, or lose to
the light field by magnetic angular momentum #. 0, +1 and —1 correspond to the light
helicity, linear, right or left circular polarizations, respectively. With the selection rule,
we can tell that a 1s — 2s transition is forbidden, while 1s — 2p is allowed.

The following table delineates the important physics behind the selection rules:

Am, +1 0 -1
Polarization at m o

Propagation direction  longitudinal transversal longitudinal

Example 2 (Transition matrix elements). Compute the transition matrix element (', 1+1,mlz|n,I,m).
We first note that (n',/ + 1, m|z|n, I, m) is

(o)
(', 1+ 1,mlz|n, 1, m)y = J Rt i (NIRy ()Y 2dr J Yis1.m €OS 6Y) ndQ.

r=

o

We use eq. (7.1.14) to find (n',/ + 1, m|z|n, |, m) = J\jé’,ﬂ);;,'z;

Exercise 7.1.3. n

8. Compute the transition matrix element due to the radial part of the wavefunctions 7 from the hydrogen
1s- to the 2p-state (see Table 4.3 on Section 4.6.2). (Answer: 19;23“)

9.In the hydrogen atom, the Lyman series is due to the emission from a higher level to n = 1(1s). The first two
lines are from 2p to 1s and 3p to 1s, called Lyman-a and Lyman-f lines, respectively. The intensity of emission
I'is proportional to AEf,-(f|r|i). Find the ratio I/l Adopted from [45]. (Answer: 3.18).

10. Compute the transition matrix element (a) between the 2s- and 3p-orbitals of the hydrogen atoms and

(b) between 2s- and 4p-orbitals. These matrix elements are used in the problem at the end of the chapter.

7.2 Time-dependent perturbation theory

In many aspects, TDPT is similar to time-independent perturbation theory, though we do
not have a degenerate counterpart. Consider that an unperturbed system is described
by time-independent H,, whose eigenvalues E,, and eigenfunctions ¢,, are known, i.e.,
Hy¢,, = E,¢,. Now, we subject it to a time-dependent perturbation H;(t). The total Hamil-
tonian for the entire system is

H = Hy + AH,(t),

where A is the usual dimensionless parameter to track the order of perturbation. Our
goal is to solve the time-dependent Schrodinger equation approximately,

oy -
ih=- = Hy. (7.2.1)
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Figure 7.1: Hierarchy of time-dependent perturbation theory. The order increases by one every time the
system interacts with the external field A;.

We follow the same idea of TIDPT and expand ¥(t) as
() = OO + PO + PP () + - (7.2.2)

where l,b(o)(t), w(l)(t), w(z)(t), ..., are the zeroth-, first-, and second-order wavefunctions,
and so on. We substitute 1)(t) and H into both sides of eq. (7.2.1) to get

ih(¢(o) +/W)(1) +/121])(2) +o) = (ﬁ0+ﬁffz)(¢(0) ”“p(l) +7lzl/1(2) Y

Then we collect terms with the same order of A on both sides:

2 i@ = gy @, (7.2.3)
A ing® = Hyp® + 72,p©, (7.2.4)
A iny® = By® + By, (7.25)
A inp®™ = Ayp™ + By, (7.2.6)

Except for the zeroth order, a general pattern emerges from these equations: The
current order wavefunction is connected with one lower order wavefunction through
H;. Figure 7.1 shows such a hierarchy, underlying perturbative nonlinear optics [40].

7.2.1 Zeroth order

We consider the zeroth order first, i. e., A = 0. Because ﬁo is time-independent, l,b(o) isa
stationary state solution

pO(t) = ey Oe = 0).

1f (¢ = 0) is an eigenstate of H,, ¢y, then P O(t) = e B/ hqﬁk, where the exponential
is called the dynamic phase factor. If @ (¢t = 0) is a mixed state, pO(t = 0) = Y Cnbns
and then at time t we have pV(t) = ¥, c,e Ent/mg  Here, c, is a constant given in the
beginning and should not be confused with C; used subsequently.
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7.2.2 First order

Similar to TIDPT, we target an eigenstate ¢y, so the zeroth-order wavefunction is (¢ =
0) = ¢, and at t, pO(t # 0) = e L/ ¢, . Equation (7.2.4) becomes

inp® = HpW + B Ethg, (7.2.7)

We expand the unknown ¥ in terms of the eigenstates of the unperturbed Hamil-
tonian Hy, called the energy representation because we use the eigenstates of A, to rep-
resent an unknown function, p(t = 0) = ¥, Cfllk)(t = 0)¢,, s0,att # 0, pD(t # 0) =
20 Cor )(t)e Ent/ h¢n.4 Doing so is tantamount to changing a partial differential equation
for Y (t) to an ordinary differential equation for C(1 (t). Y is a function of both r and
t, but Cr(llk)(t) is a function of ¢ only, a key advantage in the energy representation. We
substitute @ (t # 0) onto the left side of eq. (7.2.7) to find

lhl’b(l ih z C 1)(t)e—lE I/Fl¢n +ih z C(l)(t)< > —iE, t/h(pn

=iny Qe g, + Z cOEe B,
n

(7.2.8)

The first term Hy™® on the right side of eq. (7.2.7) becomes

Hyy® = ZC Ditye Bt iy g, = Zc (t)E e Entlhg, .

which cancels the last term on the right of eq. (7.2.8). After a straightforward simplifica-
tion, eq. (7.2.7) is reduced to

iny CQme e, = Be g, (7.2.9)
n

which is an ordinary differential equation for Cr(llk)(t), with H; as its source. If we want
to target N eigenstates of H, then we have N differential equations.

The energy representation is convenient because it allows us to further simplify
the equation. Suppose that we want to find Cl(;) (t) for eigenstate I. We multiply eq. (7.2.9)
by eigenstate (¢;| from the left, integrate it, and then employ the orthonormalization
condition, {(¢;|¢,) = &y, to find

HCP O P = (@RI e B 6 = (@B,

4 This equation is fundamentally different from y® (¢) = Yn cpe”Ent/hg  where the summation is over
a list of predefined states with a time-independent c,,. Here the expansion is based on the completeness
Yalon)(¢nl = 1, where the summation is. over all the unperturbed eigenstates. C;lk)(t) is unknown and
time-dependent, and may even absorb e £/" such as ™ (t) = 20 Cox >(t)¢n
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whose integral form is

t
j<¢zlﬁ1(t')|¢k>ei(E"Ek”'/hdt’. (7.2.10)

ty

Wy 1
Coe (0= o
This is the first-order time-dependent wavefunction correction to ¥ due to state |¢;).
Including all the states, we obtain the first-order wavefunction correction as

) =Y e g, (7.2.11)
l

where eq. (7.2.10) provides Cl(;)(t).
Physically, |Cl(,?(t)|2 is the probability Py (t) into state ¢; from ¢, under the pertur-
bation Hj,

t 2

2 1 . i(E—E Nt
Py = |00 :ﬁj(q)llHI(t’)lqbk)el(El EQ Mgyt (7.2.12)
[}

and (¢;|H,(t")|¢)) quantifies how strong the transition from ¢, to ¢; is. Once we have
M (t), we can obtain the second-order correction (y®(t) by solving eq. (7.2.5) in a similar
fashion. While linear optics is based on the first-order wavefunction correction, nonlin-
ear optics is based on the second order and higher.

7.3 Examples of time-dependent perturbation theory

TDPT is more complicated than TIDPT. Even the first-order TDPT has more nuisances.
For instance, because the probability cannot be larger than 1, this requires that
(¢III:II(t)|¢k> cannot be too large. Here, we provide three examples for TDPT. In the
next section, we will apply TDPT to linear optics.

7.3.1 Hy(t) is time independent

If A,(t) is time independent, find Py (t) and explain what it means physically.

Since Hj is constant, we can remove it from eq. (7.2.12). We introduce the angular
frequencies for E;, w; = E;/h and for Ey, wy = Ep/h, wy = w; — wy, and set £, = 0in
eq. (7.2.12), to find the probability,

eiwlkt -1 2

) in? 2

(Wye/2)?

Pi(t) = =5 G I9)

Wik
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t-t,=0 t-t,=0.17 t-t,=0.21 t-1,=0.31
1 T 1 T 1 T 1 T

I /-\ al 1 \a

0 L 0 0 0
-i10 0 10-10 O 10-10 O 10 -10 O 10
Q Q Q Q

Figure 7.2: Transition probability Py as a function of energy detuning Q at four different times t — ¢y, from
right to left. As time increases, the energy domain narrows, and only a few states can make the transition,
sin? (Q(t—tg)/2)

due to the energy-time uncertainty principle. The figure is plotted using a function /22

t — to is in units of .

, where

which reveals that Py (t) oscillates with time ¢, a dynamical interference. Figure 7.2
shows the probability with Q = wy, at four different times. The probability must be
smaller than 1. But as time goes by, it grows. The largest probability is at w;, — 0 and
proportional to 2. This reveals a difficulty with TDPT. To overcome this difficulty, one
can diagonalize the new Hamiltonian with the presence of H; to find new eigenstates,
and then expand the initial state in terms of new eigenstates. The following exercise
includes a case with (E; — E;) = 0.

7.3.2 H,(t) is a periodic perturbation

Alight field H;(t) = er - E(t) = er - E cos(wt) (eq. (7.1.8)) is applied to a hydrogen atom,
where w is the light angular frequency and E, is the amplitude. The atom is initially in
the 1s-state. (a) Find the probability Py, that the electron is in the 2s-state. (b) Find the
probability P;g,, for the electron to be in the 2p-state. (c) Determine the condition for
first-order perturbation theory. (d) Find the rate of the probability of the transition.

(a) We choose that |¢;) is the 1s-state and |¢;) is the 2s-state. Then, <¢1|H,(t)|¢k> =
e{dyIr|gi)-Eq cos(wt). (@;|r|¢;) is the transition matrix element. According to Section 7.1,
this element is zero, so there is no transition between them and Py, = |Cl(,?|2 = 0. For
this reason, the dipole selection rule is so powerful.

(b) Here, |¢;) is a 2p-state, and the transition is allowed. All the spectral lines on
Section 4.1in Chapter 4 follow thisrule. The magnitude of these transitions is determined
by Cl(;)(t). We denote (¢;|r|@;) asry, and wy = w; — wy. To ease our integration, we write
cos(wt) as %(ei‘"t + e For the e term, eq. (7.2.10) yields

(wye—w)t _ Li(wg—w)ty

t
ery -E (W —w)t' ery -Eye e
D gy = e Eo J pli-)t' g _ € Bo 3
w (® 2ih 2ih i(wy - w) (7:31)

ty



214 — 7 Time-dependent perturbation theory: application to optics

For the e term, we replace every —w by +w in eq.(7.3.1). Because wy, > 0 and w >
0, wy, + w is positive and the resultant term is smaller than eq. (7.3.1) and ignored in
the absorption process. We set Q = wy, — w and denote ery, - Ej as 4, so Cl(;)(t) =

L Q(t+ty)
—Ael™7" (20) sin(2E1), The probability Py, (Q) = [CD(0) is

Q(t— to)) Q(t— to))

AZ sin?( |rlk E0| sin®(

Py 5p(Q) =

Figure 7.2 shows the probability with Q at four different times (¢t - ¢;) = 0, 0.1, 0.2 and
0.3m. Att-t, = 0, there isno transition. If t - ¢, is smaller, the peak is broader, but, as t ¢,
increases, the peak becomes narrower. This is the manifestation of the frequency-time
or energy-time uncertainty principle.

Now, if we compare it with eq. (6.6.4) in Section 6.3.3, we see they agree with each
other very well, except that in eq. (6.6.4) the Rabi frequency Q has an additional contri-
bution from the strength of the magnetic field there. But, here our frequency is just Q.

©IfQ — 0,ie, w = w; - wg, we reach a resonance, and |Cl(,1)(t)|2 %.
Because |Cl(l?(t)|2 or Py, cannot be larger than 1, this means that |ery, - E0|2(t - to)2 <K,
which sets the limit for E; in order for first-order perturbation theory to work.

(d) To compute the rate of the probability, we need to extract the time first from

eq. (7.3.2). As t — oo, we can use the identify lim,,_, S?ZX‘EX = &(x) to simplify

sin ( Ui t"))

W = 27T(t - to)(‘)‘(Q)

Next, we need to take into account the orientation of the electric field with respect
to r. Suppose the angle between r and E, is 6, so yy, - Ey = |ry|[Eo| cos 6 and |1y - Eg|* =
|r,k|2|EO |z cos? 6. If the orientation is random, we can take the average of cos® 0 as

2m s
cos? 0 = 41_71 J de J cos® @sin OdO = % — |y - Egl? = %|r1k|2|E0|2. (7.3.3)
0 0

For a single angular frequency w (monochromatic light), the energy density for a single
cycle of light is u(w) = ¢, jEé cosz(wt)dt = %eOE(Z), S0 |E0|2 in eq. (7.3.3) can be replaced
by 2u(w)/e,. However, for a broad spectrum of many different frequencies, u(w) should
be further replaced by the energy density per frequency p(w) because this way we can
compare it with experiments. Mathematically, we rewrite u(w) = p(w)dw, and convert
eq.(7.3.2) to an integral over w,

2.2
7ie” |1y |
3egh?

2
e | lk|

Prgop = (t— to) Jp(w)s(ﬁ)dw (t—tp) p(wy), (7.3.4)
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where the second equation uses the § function property, that is f fFOO6(x — a)dx = f(a).
So, we can define the transition rate Ry, = %,

20 12
_ Tet|ry]
k= "3e,12

p(wlk), (735)

which represents the rate of the probability for the transition from 1s- to 2p-states.

7.3.3 Excitation of a charged harmonic oscillator by a pulse

A charged harmonic oscillator carries charge g and is initially in the ground state |n = 0)
at t, = —co. We excite it with a pulsed laser and , = —qEy%e™" /" e, where E, is the
field amplitude, Q is the angular frequency, and 7 is the pulse duration. (a) Find the
probabilities in all the excited states at ¢ = co. (b) Find the probability in the ground
state. (c) Suppose the laser has E, = 0.01 V/A, T = 100fs, and AQ = hw = 0.01eV. Take
q=e=1602x10"Y Cand m = 1.66 x107*" kg. Compute numerically C{(l))(oo) and discuss
the issue with TDPT.

(a) According to eq. (7.2.10), we need to compute the transition matrix elements be-
tween the ground state |k = 0) and state |I), (I|%|0). We convert X to @ and a', X =
\/% (@+a"), so (|x|0) = o1 %, where m is the mass of the harmonic oscillator and

w is its angular frequency. This means only one state can be excited. Our Cfé)(t) is
E [ n |
12,2 o4l iel
C(l) t) = _u Je—l /T e—th elwt dt'.
10 (0 ih \2mw
)

In the limit ¢ = co and ¢, = —co, we integrate over t' to get

; T -2 (Q-w)*/4
¢V (co0) = igE, \/ Te " ,
10 (00) = gEo 2hwm

which has a Gaussian dependence on Q, instead of the Bessel function in the periodic
perturbation. This shows that the pulse shape will alter the shape of the probability. The
maximum probability is at Q = w, whose probability P, = |C{é) I is

)
TqEy o
Py = [P (c0)f = L2072
10 = [Cyg (00)] o
272
(b) The probability in the ground state is just 1 - |C{|* =1~ ggwb;;’l .

(c) We plug these parameters into the expression to find Cl(g (c0) = 1.23122i, which is
larger than 1. This is clearly incorrect since one cannot have a probability larger than 1.
We note that the parameters used are quite realistic for an actual laser pulse. The failure
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reflects the limitation of first-order perturbation theory, where we have to keep the field
amplitude low. Otherwise, we have to use higher-order perturbation theories.

Exercise 7.3.3.

11. Show that C/(k” in eq. (7.2.10) has no unit.

12. (a) Show that, if in eq. (7.32) Q — 0,i.e, w = w;, - w, [ (O — *‘2(;;2‘0)2 (b) Show eq. (7.3.2) indeed
obeys the energy-time uncertainty principles, AAQAt > #/2. Hint: Find two first zeros of sinz(w)(ﬂ/Z)2
and their difference is AQ, and set At to t — t,.

13. A hydrogen atom is in the ground state. Suddenly, we apply an electric field pulse along the z axis, £, =
Ey6(t), where E is the amplitude of the field. (a) Find the probabilities in each eigenstate under the dipole
approximation. (b) Find the probability for the electron remaining in the ground state.

14. A system has two degenerate states |a) and |b), with eigenenergies £, = E;,. A constant perturbation, A,
which couples them as (all:lllb) = ¢, isturned on att = 0. Suppose initially the systemis in |a). (a) Find P, (t)
without using TDPT. (b) Suppose now that £, is slightly higher than £, by 6. Use TDPT to find P, (¢) and find
the condition when first-order TDPT is still valid.

7.4 Linear optics: polarization and susceptibility

Many predictions of time-dependent perturbation theory can be realized in optics. This
section provides the connection between theory and experiment.

7.4.1 Classical optics

In classical optics, the material response is characterized by the electric polarization P,
which can be expanded according to the orders of interaction with the external electric
field E in SI units [42]:
P=Py+ey :E+ey? EE+egy® :: EEE+- -,

where )(é”) is the nth-order susceptibility in SI units of (m/V)"}, P, is the static polar-
ization, and “:” denotes the tensor product. Nonlinear optics is concerned with )((52) and
higher. When the external electric field is weak, we are in the linear optical regime.’ At
this limit, the induced polarization Pi(rll)d (the second term in the equation) by an external
electric field E is given by

PV = exVE, (7.4.1)
where )(gl) is the linear electric susceptibility. The SI units of P are C/m? the same as the
surface charge density. )(él) is dimensionless [42] and is a 3 x 3 matrix. For simplicity, we

5 Astrong field, such as one produced by a laser, can induce a strong nonlinear optical effect [40, 41, 42].
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suppress its indices. Since 1+ )(él) = €, €, can be found once )(él) isknown. In general, )(él)
and ¢, are functions of the incident field angular frequency w, which will be discussed
later.

According to the Maxwell equation, the speed of light in a vacuum is ¢ = —

VHo€y
a medium, the speed of light is reduced to v = \/%Te where u and e are the permeability

and permittivity in the medium, respectively. The index of refraction n is defined as

_ ¢ 1/up& _ 13
YT v Ve/e‘)\/;'

Since u = Uy, n = \e/ey = /€., where ¢, is the relative permittivity and is also called
the dielectric constant. €, is dimensionless as is n. If we find )(él), both n and €, can be
obtained.

.In

7.4.2 Quantum optics

In QM, similarly we start with the polarization operator P defined through the dipole
moment per volume Q. The dipole moment is D = —ef, in units of Cm, so P is

O ) QR
P=—=—,
Q Q
whose expectation value in a state [((t)) is (¥(¢)|P|Y(t)), a real quantity. We utilize
eq. (7.2.2) to expand [Y(t)), SO (z/)(t)|13|lp(t)) becomes

WORY©) = @O0 + @) + - PO 0 + pP (@) + )
= @R ©) + @O ORBO©O) + O ORYD©) +---,
where the order of interaction in each is just the sum of the superscripts on two wave-
functions. The first term is the zeroth order, a static polarization, present in polar

molecules, semiconductors, and insulators. The second and third are the first order,
induced by E, and constitute the first-order induced polarization,

PP = PP 0) + @R ). (7.4.2)

We first note that P (¢) is time-dependent and is always real because two terms form a
pair of complex conjugation.’ Only one term is unique, and we choose the second term.

6 This is because the second term represents the light absorption and the first term the light emission.
However, as will be seen, if we only compute the absorption or emission, we must choose one term, and
the P(l)(t) becomes a complex number.
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7.4.3 Linear susceptibility: specialized to state |k)

We suppose that the unperturbed system is already solved with eigenstates {¢;} and
eigenvalues {E;}, Hy¢; = E;¢;. A cw electromagnetic radiation perturbs the system
through the interaction Hamiltonian,

H; = -D - E(t), (7.4.3)

where D is the dipole moment and E(t) is the light field. We choose a complex form for
the field’ E(t) = Eoe"""t because we only include the second term in eq. (7.4.2).

Equation (7.4.2) is quite generic. We specialize it to an initial state |k). This means
that our electron is initially in |k) or ¢y, so its zeroth-order wavefunction at time ¢
is p () = ¢ke‘“5"‘/ " We expand the first-order V() in terms of eigenstates (see
eq. (7.2.11)), so the first-order polarization becomes

WOORY ) = (g™ Py e )

fr N 1 s N
= Y GG g BIg,) = o 3 CRlOe AT g, DIg),
n n

where in the last equation we have replaced P by D. To simplify our notation, we denote
E,E ;
Tk = Wy — Wy = Wy, and (P |D|¢,) = Dy, SO

WOORBO©) = 5 Y e Dy, (7.4.4)

The number of times that D enters polarization is always equal to the order plus one. For
the linear process, D enters the polarization, 1+1 = 2, twice, once through the definition
of polarization and the other through the interaction Hamiltonian (eq. (7.4.3)).

7.4.3.1 Lifetime and initial condition

Because excited states have limited lifetimes, electrons in those states will decay to
lower-energy states. To properly take this into account, for eigenstate |n), we multiply
et by 7Tl to get e7@ntTnl where T, is the inverse of the lifetime of state ¢, and is
positive. Similarly, the term e”! in eq. (7.4.4) becomes e~ n!Tuct,

7 In principle, this also has a spatial component like T but, once we take the dipole approximation,
the spatial dependence is dropped. This approach is valid as long as the wavelength of the light is much
larger than the system size. Otherwise, one must keep it.
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We find Cr(llk) from eq. (7.2.10), with H; replaced by eq. (7.4.3),

t
ey = — J-an CE(t))ent Tt g (7.4.5)

)

We want to alert the reader about a subtlety in D: in eq. (7.4.5), D is D, but in (7.4.4)
it is Dy,. They are conjugate to each other, called a parametric process in optics. We
substitute E(t') = Ege ™" into eq. (7.4.5) and then integrate over t' from ¢, to ¢ to get

7t
)
Wy + Tppe — 10

eiwnkt’+1“nk t'—iwt

ct) = ——an E,

where the upper limit gives us C(1 (t) at ¢, but the lower 11m1t at to must be treated care-
fully. In the beginning, the external field E(t) is off, so C (tO) must be zero. Mathemati-
cally, we set ¢, to —co and assume I'; > 0, so an(to = —00) = 0. Our final Cr(llk(t) is

1 t+Tpy t—iwt
k . Eoe

W = :
AWy = Ty — w)

7.4.3.2 Susceptibility

We substitute Cr(lllg(t) into eq. (7.4.4) and cancel two factors, et and e’i“’"kt, to obtain
DD,y - Ege ™" DDy - E
WO BlyDy = z DinDuic Boe — _ 1§ DD B 74
hQ Wpe —w =Ty HQ 4 Wy — W — Ty
Now, we compare it with our definition (eq. (7.4.1)) to identify )((1) (w) in its component
format as
DknDﬁk
W , 7.4.7
Xaﬁ( ) heO ; Wnk — lrnk ( )

where a and f denote the Cartesian coordinates x, y, and z. It is important to emphasize
that the order of D;,, and D, matters because the second D is dot-producted with the
field, so its direction B is really the direction of the incident external field. On the other
hand, a is the direction of the outgoing field. )( (w) hasbothreal and imaginary parts. If
W = Wy, we have a resonance, with the peak broademng determined by I'. Figure 7.3(a)
shows an example, where we choose the energy difference of 1.5 eV. The dashed line is
m((u) and represents an absorption of light and has a peak at Aw = 1.5eV. The solid
line is )( D(w), and represents the reflection. X(l)(w) and X(l)(w) are linked through the
Kramer-Kronig relationship (see the problem).
We can work out a similar formula for the emission (see the exercise) and add up
the absorption and emission to obtain
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Figure 7.3: (a) Real and imaginary parts of y. The imaginary part is positive, with a peak at the same
location as the kink in the real part. (b) Real and imaginary parts of index of refraction n. Both are positive.

1 D;,D DD i
P<1>:_z< knZnk nk=kn >.}30e wr (7.4.8)

hQ T\ Wpi — W — lTnk Wpg + W + lTnk T

which yields the susceptibility with both absorption and emission as

) ! <w DinDrc, DriDin ) (7.4.9)

w) = - -
Xe (@) €hQ S\ Wy —w— T Wy + W+ 1Ty

If wyy > 0, the first term refers to the absorption and the second one the emission. The
reader can that check y{ is dimensionless.

Exercise 7.4.3.

15. Starting from eq. (7.4.9), showxg) is dimensionless.

16. Prove the first-order polarization P is real. Hint: Start with P = (@ |pjp®My 4 (M py©@y,

17. A system is under a periodic perturbation of E(t) = Eqe™™'. The polarization expectation value is
a P . t P !

WOy = 3%, cVentp,,. (a) It is known that C{P(t) = x Lo(—nan - E(t')e"n" dt'. Integrate

it to find C,(,”(t). (b) In (a), the integral does not converge. We need to introduce the lifetime, or damping

t

! !
term for the excited states. Which one, e ore*"™, can converge the integral?

7.4.4 Experimental connection: penetration depth and Beer-Lambert law

To connect with the experimental observation, consider that a beam of light impinges
on a sample. Before the light hits the sample, the light intensity I (SI units of 7 is®

8 The intensity is defined as the power per unit area. The fluence is defined as the energy per unit
area. To compute the fluence, we need to integrate the intensity over time. Here, 1/2 is from the time
integration.
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1 .
Iy = éceono(w)|E0|2 (in vacuum),

where E, is the light electric field, with the index of refraction ny(w) = 1in a vacuum.
Suppose that the light is propagating along the z-axis with the polarization along the
x-axis, so Ey(z,t) = Axei(kzw)“"”, where kéo) is the wavevector in a vacuum, w is the
angular frequency, and |Eo|* = AZ2. After the light impinges the sample, some of the
light is absorbed, or reflected, or transmitted through the sample, so the light intensity
isreduced from I, to I. Inside the medium, the intensity is given by

I= %ceon(w)lﬂ2 (in medium),

where E is the field in the medium. To simplify our derivation, we further assume that
E polarizes in the same direction as Eg, so its E(z,t) = Axei(klz""t), where k, is changed
from kz(o), but w remains unchanged as discussed in Chapter 1. To find k,, recall that the
wavevector is connected to the wavelength and the index of refraction n(w) through

2 2y 2mv W
k(w) = VU c/n(w) - ?n(w).

Definition of n(w)

Sincen = €, and e, =1+ )(S)(w), the index of refraction is n(w) = 1 + )(él)(w) whose
real and imaginary parts, ng, and n;, are both positive as can been in Fig. 7.3(b). Because
n(w) = ng(w) + in;(w), k(w) also has both real and imaginary parts.

We find E(z,t) = Axei(kf”"kéz“"t) = Axei(kfz‘“‘)e‘kgz, so |E(z,t)* = A)Z(e_Zk;Z. The
intensity in the medium is reduced from I to

1 _
1(2) = 5een(@)[Eol"e ™,

which is now a function of z. Here, we have used |A)2(| = |E, |2. As the light intensity drops
to % of the initial intensity, this z is defined as the light penetration depth Ay,

1 c c Ao

2kl 2xon(w)  4nvn(w)  4nng(w)’

e

pen = 71 _, Apen =

where we have used k; = %nl(w) and A, is the wavelength in vacuum. A, is a measur-
able quantity.
If we rewrite I in terms of I, we have the Beer-Lambert law,

1(z) = n(w)le .

a (in units of 1/m) is called the absorption coefficient,

a(w) = 4n;i(w) = j—”lm(\/l +X§1)(w)).
0 0
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Since y; is positive, a(w) is always positive. It is clear that the absorption a(w) is related
to the imaginary part of Xgl)(w). Since )(E,D(w) is inversely proportional to (w,; — @ +
iT'h) (see eq.(7.4.9)), when w approaches w, )(él)(w) becomes very large and so does
a(w). In this case, the material strongly absorbs light, and I(z) decays very quickly. On
the other hand, if w is away from the frequency difference between two energy states,
a(w) becomes very small. This happens in a transparent material. Therefore, we reveal
a crucial physical insight. The absorption significantly depends on whether the incident
photon energy matches the energy difference between the eigenstates.

Exercise 7.4.4.

18.Usen = 1 +)(§,1)(w) to prove n, and n; are both positive.

19. Pure gold has the index of refraction n = 0.18 + 4.91/ at 780 nm [46]. (a) Find its )(S)(w). (b) Find the
penetration depth at this wavelength. (c) Find the absorption coefficient. (d) Use the Beer-Lambert law to
plot the light intensity change as a function of z.

20. In a Heusler compound Mn,RuGa, there are two eigenstates |a) and |b), with eigenenergies of £, =
0.5578 Ry and £, = 0.672 Ry, respectively. Note that 1 Ry is 13.6 eV. The momentum matrix element is
(alp,lb) = 0.03493 — 0.01616/ in the unit of i/ag, wherg h is the reduced Planck constant, h/2m, and ay is
the Bohr radius. (a) Use the relationship {a|X|b) = ,’n—i “E’IL”%E'? to compute (a|X|b) and then the dipole matrix
element (alﬁxlb) in units of Cm. (b) The volume of Mn,RuGa is 358.97158 ag. Just use these two eigenstates
to compute y (w) as a function of the photon energy 7w in units of eV. (c) Plot and compare your figure with
Fig.7.3.

7.5 Laser

Laser stands for Light Amplification of Stimulated Emission of Radiation. In 1960,
Theodore Maiman was the first to develop a solid-state ruby laser [47, 48]. The ruby
rod is 10-cm long and has diameter of 0.8 cm and is surrounded by a helical xenon
flashtube. Ruby is made of Al,0; with chromium impurities. When he irradiated the
ruby rod, he discovered a pulse of red light of wavelength 694.3nm emitting through
the partially silvered mirror. This discovery changed the world forever. Lexicologically,
lase is a verb. A lasing material such as ruby, is also called the gain medium. This section
aims to explain what the light amplification is and why one needs a stimulated emission.

7.5.1 Absorption and emission

In electronics, transistors are used to amplify electric signals. In photonics, a laser is
used to amplify light signals. Both transistors and lasers are quantum mechanical, but
work differently. In order to understand the working principles of the laser, first we
need to explain how the light interacts with a medium. Consider a beam oflight incident
on a material. The light can be reflected, absorbed, or simply transmitted through the
medium. Figure 7.4(a) shows the reflection and transmission from the medium.
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Figure 7.4: (a) Reflection and transmission of light through a medium. (b) During absorption an electron
absorbs a light photon and makes a transition from a lower level |1) to a higher level |2). (c) Emission is
reversed where the electron is initially in the excited state |2) and transitions back to |1), with a photon
emitted. (d) The emitted light intensity depends on the phase between two light fields emitted from the
two separate atoms.

However, central to the laser is the absorption (Fig.7.4(b)) and emission (Fig.7.4(c)).
During absorption, if the incident photon energy hv matches the gap AE = E, — E;, an
electron in state |1) absorbs a photon and transitions to state |2). In a laser, the initial ex-
citation to a high level may not be optically driven. In semiconductor lasers, it is electric
bias. The emission is opposite, where the electron jumps to a lower state |1) by emitting
aphoton (Fig. 7.4(c)). We denote the electric field of the emitted light from atom 1 by E,. If
we have two identical atoms, the total electric field is E; + E,, where its time-dependence
is omitted for simplicity. According to the classical EM, the light intensity is defined as

I= %ceouamﬁ = %ceo(lEllz + |Ey* + 2E; - Ey). (75.)
If the emission is spontaneous among atoms, the phases of the fields from different
atoms are random (see Fig.7.4(d)), so E; - E, is time-averaged to zero. This shows I =
I + I, = 2I;. If we have N atoms, I = NI;. This does not represent a gain.

If the emitted light fields all have the same phase, (E, - E)) = |E;|* = |E,* and
Ly, = I + I, + 2I, = 4I;. For N atoms, I = N°I;, a huge gain. But, how can one synchronize
these fields?

7.5.2 Population inversion and stimulated emission
A typical laser consists of a cavity and a lasing medium. At both ends of the cavity are
two reflecting mirrors, one completely and one partially silvered (Fig. 7.5(a)). Surviving

light waves inside the cavity are standing waves, whose wavelength is given by

Ay = —, (7.5.2)
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Figure 7.5: (a) Laser cavity consists of a lasing medium, an external power, and two reflecting mirrors, one
of which is only partially reflecting so the laser light can emit. The cavity length is L. (b) Three-level systems.
Here, ruby is used as the example, where the levels are a, b, and c. (c) Four-level system of the He-Ne laser.

where n takes a positive integer and L is the cavity length. Since L is usually much larger
than the light wavelength A, n can be a big number. As will be seen, the light amplifica-
tion is limited to those wavelengths.

The lasing medium determines the type of a system. A two-level system cannot lead
to lasing because statistically there is a higher population in a lower state than in a
higher state, and there is no way to maintain the electron in a higher state. A minimum
system must have three levels. Figure 7.5(b) shows a three-level system in ruby. All the
atoms have exactly the same level scheme. First, an external field, such as a flash lamp,
excites electrons from level a to c or ¢’ with the very shortlifetime 0f 10 ns. Then, the elec-
trons transition down to level b (b is a metastable state), with a lifetime of 5 ms,9 where
electrons can stay for a while, without transiting back to a immediately. It is much like a
waiting room. During this waiting period, unexcited atoms get excited so their electrons
proceed to level b. This creates a situation, where more atoms have electrons on the high
level b than those in the lower level a. This is called population inversion.

Now, suppose that atom 1 undergoes spontaneous emission from b to a. The emitted
light starts the clock and is going to stimulate emission in other atoms. But there is no
guarantee that it will stimulate others to radiate. This is where two reflecting mirrors
come in. The light from atom 1 is reflected back and forth from the mirrors and passes
through other atoms many times since the cavity length is very short, until the rest of the
atoms are stimulated to irradiate almost simultaneously. Because almost all the atoms
radiate in phase, this generates a coherent (in phase) light emission, lasing.

The emitted photon energy is AE = Ej, — E,, so its wavelength is
_he hc

= . (7.5.3)

A=— =
AE  E,-E,

However, as already stated, not all the wavelengths can survive in the cavity. A must
match one of A, = ZL_n Therefore, one type of medium corresponds to one type of cavity

9 If such a level does not exist, then we do not have lasing.
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length. In ruby, only the light of wavelength 694.3 nm is amplified, the rest is suppressed.
This is quite different from the electric amplification in transistors, where all signals,
regardless of their frequencies, are amplified.

If we want to amplify light of different wavelengths, we must find a different las-
ing medium. There are other types of systems with four levels. Figure 7.5(c) is a 4-level
system, representing the He-Ne laser, where the pumping prompts electrons from the
He 1s-state to its 2s-state. Through the collision between He and Ne atoms, the electron
occupies Ne’s 5s-state. The lasing occurs between Ne’s 5s- and 3p-states. Because there
is no electron in the 3p-state, the population inversion is readily achieved. The He-Ne
laser radiates 632.8 nm.

Exercise 7.5.2. n
21. The ruby laser emits red light of 694.3 nm. Find the energy difference between levels a and b in Fig. 7.5.
22. Suppose a ruby rod is 10-cm long. Find the number of the possible waves for the red light of 694.3 nm.

7.6 Problems

1. Starting from eqs. (7.1.13), (7.1.14), (7.1.15), (a) prove the following equations: [29]

(l+m+2)1+1+m)
Q@l+1)(21+3)

>

(n',1+1,m +1|x + iy|n, I, m) =—J\/

(n',1+1,m+1)x —iyln,l,m) = 0,

, a2 -m?
(s L mee 1z Lo = T\ o) @+ 3)'

(n',1+1,m-1|x +iyln,l,m) = 0,

(I+1-m{+2-m)
@2l+1)(2l+3)

(n',1+1,m-1|x - iy|n,I,m) :j\/

() Prove z|(n', 1+ L, m + 1| (x + iy)in, Lm)* + 11, 1+ Lm = 1(x - iy)|n, Lm)[* +
(n', 1+ 1, m+1z|n, 1, m)l2 = .722%11, independent of m.

2. Upon being radiated with light, an electron in the hydrogen atom is knocked out
from the 1s-orbital to the vacuum. The electron in the vacuum has a continuous
wavefunction |k') = e ¥ T/v/Q, where K’ is the wavevector of the outgoing electron
and Q is the volume. Without making the dipole approximation of the light field, the
transition matrix element is (k' |eik'rlls), where |1s) is the electron 1s-wavefunction
and k is the incident photon wavevector. Show the matrix element is 1y(q)/ VS,
where ¥y(q) = Sﬁag/ 211+ qzaé)Z and q = k - k'. This problem is adopted from
Gottfried and Yang [49], with some modifications.

3. An electron of m, and —e is in the ground state of the one-dimensional infinite
square well of length a, which is centered at x = 0. An electric field is suddenly
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10.

applied along the x axis, E(t) = £,4(t). (a) Based on the parity and within the dipole
approximation, derive the selection rule for the electric field. (b) Find the probabil-
ity in the first and second odd states.

An electric field pulse is applied to a ground-state hydrogen atom. The pulse starts
at t = 0 and decays as E(t) = &e "7, where 7 is a decay constant and 7 is the
unit vector along the radial direction. (a) Take the dipole approximation and write
down the interaction Hamiltonian, H;(t). (b) Use perturbation theory to find the
probability that the electron is in |2s), |2p,), |2p,) and |2p,) at time ¢ — co.

A periodic electric field E(¢t) = Soei‘“’ is applied to the one-dimensional infinite well
of length a, which is centered at x = 0. Initially, the electron is in the ground state.
Compute the susceptibility y (w).

A charged (q) one-dimensional harmonic oscillator is in the ground state. A small
electric field, E(t) = %e‘tz/ TZ, is applied to the oscillator. (a) Use first-order pertur-

bation theory to find the probability in all the states. (b) Change E(¢) to E(t) = Eoei“"
and find the susceptibility y¥ (w).

A hydrogen atom is in the 2s state. Suddenly, we apply an electric field pulse along
the x axis, E, = E,6(t), where E; is the amplitude of the field. (a) Find the proba-
bilities in each eigenstate. (b) Find the probability for the electron remaining in the
ground state.

An electron is initially in a state ¢; = "*/VL with k > 0, normalized in a line
segment, x € (0,L), and is perturbed by a potential V(x, t) = V,6(t) for x € (L/2,L),
where V; is positive. (a) Find the probability for the electron in ¢y = '™ /L. (b)
What is the probability for the electron bouncing back? Hint: Choose g < 0.

(a) Use the expression of (lp(o) |P|¢(1)) to find (w(l) |f’|¢(0)) which represents an emis-
sion process. (b) In the emission process, the excited state is occupied in the begin-
ning. This is equivalent to the time-reversal, or the frequency changes sign from +w
to —w. Use this fact to prove the susceptibility for the emission is

ikx

1 D, Din
€M & Wy + W + Ty

P (w) =

(a) Prove the Kramers-Kronig relationship for susceptibility y,

(o]

!
pV. I )(,(w) dw' = iny(w),
W -

—00

where the integral is over the principle value only. (b) Prove the real and imaginary
parts of y are related to each other through

20, T @ g 2,1 0@
Xi(w) = ﬂpb[ (w’)Z_wzdw’ Xr(©) = nPJ (w’)z—wzdw'
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An electron is in the ground state (1s) of the hydrogen atom. (a) Find ¥ (w) with the
highest states up to 2s and 2p. (b) Plot ¥ (w) as a function of /w, where hw starts
from 0 to 20 eV.

The Balmer series covers the visible wavelength, which is the reason why it was
discovered first. Here, the emission is from a high level to n = 2. (a) Find yV(w)
at the lowest energy hw for the first line. (b) Find y®(w) at the lowest energy hw
for the second line. (c) Compare their magnitudes. Hint: You need to compute the
transition matrix elements first for several different light polarization (o*, 7).

An electron is confined in the one-dimensional infinite quantum well x € (0, a).
(a) Show their matrix elements (@, |X|¢,,) and (¢, |p|¢,,) (see Section 2.8) obey the
Hellmann-Feynman theorem (E,, — E,,){®,|X|¢,,) = ,;l—he(d)nlﬁxld)m). (b) Assume the

electron initially is in the ground state n = 1. Find the expression for y¥(w). (c)
Compute the real and imaginary parts of the index of refraction.

¢,(x) and ¢,,(x) are two eigenstates of the one-dimensional harmonic oscillator. (a)
Compute the transition matrix elements (n|x|m) and (n|p,|m) (see Section 3.3.3). (b)
Find)((l)(w).



8 Electrons in molecules and one-dimensional solids

The progress in applying using quantum mechanics to atoms and small molecules has

encouraged us to advance toward larger and more complicated systems. However, solids

have 10% atoms and many more electrons. DNA double helices have a radius of about

10 A, and as long as 34 A per full helical turn. Each complete turn consists of about 10

base pairs. Each pair consists of either adenine (A), thymine (T), or cytosine (C)-guanine

(G), each of which consists of dozens of atoms attached to the sugar-phosphate back-

bone. The length of human DNA is close to 1m. Charge transfer in the photosynthesis

reaction center is a real-time dependent process. These structures do not have a sym-
metry to be exploited. A quantum-mechanical description of this size is difficult and still
an active research field. For these reasons, we will employ smaller molecules and crys-
talline solids with orderly structures. Even within these systems, we encounter many
new interactions. While the electrons still interact with other electrons and protons in
the same atom, they also interact with those from other atoms. A direct treatment of
these interactions requires a self-consistent approach that falls beyond the scope of this
chapter.

This chapter can be grouped into three units:

—  Unit 1 consists of Sections 8.1 and 8.2, which introduce molecular orbitals and hy-
bridization.

—  Unit 2 consists of Sections 8.3 and 8.4 on the two molecules: allyl and polyacetylene,
where both molecular orbital wavefunctions and molecular eigenvalues are intro-
duced.

—  Unit 3 consists of Section 8.5, an introduction to the 1D solid, where we provide a
significant amount of detail of all the derivations, going beyond that in other books.
If there is not sufficient time for a course to cover Chapter 9, this section serves as
a good overview of solids.

8.1 Molecular orbitals

Molecules are made of atoms. When atoms move closer, their mutual interaction low-
ers the total energy, below the energy sum of isolated atoms. As a result, forming bonds
between atoms becomes energetically favorable, with atomic orbitals (AOs) forming a
molecular orbital (MO). Chemical intuition helps to guide us to develop the machinery.
This section introduces the basic framework for the quantum-mechanical treatment of
molecules. We consider the g-orbitals first, then s-orbitals, and finally orbital hybridiza-
tion. Different from atoms, the quantization axis is no longer arbitrary and not simple.
For orbitals between two atoms, the quantization axis can be chosen along the line con-
necting these two atoms. If more than two atoms contribute to bonding, a unique quanti-
zation axis is not possible, so the concept of - and 77-orbitals becomes ill-defined because
of orbital hybridization.

https://doi.org/10.1515/9783110672152-008
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Figure 8.1: (a) o bonding orbital in H,, where the charge density appears along the line linking two atoms.
(b) How two atomic orbitals form a molecular orbital. (c) ¢* anti-bonding orbital in H,.

8.1.1 o-orbitals

o-orbitals are formed when two atomic orbitals approach each other along the line that
links two atoms. In H,, the molecular g-wavefunction is formed from two s-orbitals as,

1

7 S+ 05(®), 8.11)

l/)ssa =

where ¢§t(A) is the s-orbital on A and (/)‘s’t(B) is the s-orbital on B. % is the normalization

constant. In Dirac notation, we write it as [, ) = (|A)+|B))/ V2. Figure 8.1(a) shows that
the g-orbital of H, has charge density between two H atoms. Energetically, two electrons
occupy the lower MO (see Fig. 8.1(b)). The higher MO, the antibonding orbital, is shifted
upward energetically, with the wavefunction

1 at at
* = —— A - B 5 1-2
wsso \/z(‘ps (4) s ( )) (8.1.2)

which has a node (zero charge density) between two atoms crossing the zero line
(Fig. 8.1(c)).

Figure 8.2(a) shows that spatially s-orbitals at A and B atoms overlap, so the charge
density is present along the AB line. This is called the ssg-orbital and the bond is called
the o-bond. The Greek letter g has two meanings: First, it is an atomic equivalent of the
s-orbital; second, it is symmetric with respect to the bond direction. If we choose this
bond direction as a quantization axis for the mole(:ule,1 the molecular orbital momen-
tum quantum number is M = 0, just as m = 0 for atoms. Therefore, all o-orbitals have a
zero magnetic quantum number.

Different from s-orbitals, p-orbitals are not spherically symmetric. If we have an
s-orbital and a p-orbital, there are many possible arrangements between them. One ex-
ample is shown in Fig. 8.2(b). Here the overlap of two orbitals is along the AB line. Al-
though the p-orbital at atom B is along the horizontal direction, this orbital is still called

1 This is the z-axis for the molecule, though the AB line is along the x-axis in the figure. This demonstrates
that, once we have a multiple-atom system, the quantization axis must be chosen along a high-symmetry
direction, in order to simplify our analysis.
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Figure 8.2: Molecular orbitals. Atoms A and B are linked with a line which is defined as the bond direction.
o-bonds have charge density along the line, but m-bonds have the charge density above and below the line.
(a) g-orbital is formed by two s-orbitals. (b) g-orbital is formed by s- and p-orbitals. (c) g-orbital is formed by
p- and p-orbitals. (d) g-orbital is formed by d- and p-orbitals. (e) g-orbital is formed by d- and d-orbitals.

p,, hot p,, because the horizontal direction is our quantization axis, or our z-axis. The
molecular wavefunction for this case is

1
V2
Since the magnetic orbital angular-momentum quantum number for s- and p,-orbitals
ismy = m, = 0, the total orbital quantum number of the molecule is M = my + my = 0,
corresponding to a g-orbital, denoted as spo, to differentiate it from the previous sso-

orbital. We can use the same method to form many different o-orbitals, such as ppo-
orbital in Fig. 8.2(c), dpo-orbital in Fig. 8.2(d), and ddo-orbital in Fig. 8.2(e).

Yops = —= (95 (A) + 95 (B)). (8.13)

8.1.2 m-orbitals

If we put two p-orbitals side by side, then we have a s-orbital (see Fig.8.3(a)). The
mr-orbital has no charge density along the AB line, but has density above and below the
line (Fig. 8.3(b)), and in 3D is a torus along the AB line. Its molecular wavefunction is

L

Yppr = \/z(¢§§ (4) + ¢y (B)). (8.14)

Different from ¢ orbitals, 7 MOs can be in different planes. Figure 8.3(a) is in the yz
plane, while that in Fig. 8.3(b) is in the xy plane.
8.1.3 Orbital hybridization and linear combination of atomic orbitals

o- and mr-orbitals are a result of atomic orbital hybridization. In molecules with more
than an atom, the molecular wavefunction is often a linear combination of atomic or-



8.1 Molecular orbitals == 231

@ .
RS e

Figure 8.3: (a) ™ MO is in the yz plane. (b) m MO is in the xy plane.

bitals (LCAOs). For instance, in benzene, the molecular orbital at minimum consists of six
AOs. These orbitals are highly delocalized. In chemistry, these orbitals are called conju-
gated molecular orbitals. The level of delocalization in conjugated orbitals is in general
less extended than the plane wave encountered in metals, except for some synthetic
metals such as polyacetylene [50].

LCAO expresses the MO as

N M .
Vol = Z z Ciq ?a’ (8.1.5)

i=1a=1

where i is the atomic index, a is the orbital index, and c;, is the coefficient to be found
below. We show one example how hybridization enters our wavefunction.
Consider a sp>-hybridization for two atoms. Its wavefunction is

Yo = G105 (A) + p¢5' (B) + c3¢;; (B), (8.1.6)

which includes s-, py-, and py-orbitals. They are called sp*-hybridization, but the level
of hybridization is determined by c;. If we set ¢; = 0 and change p, to p,, we have a
standard sp-hybridization and spa-orbital. Conceptually, LCAO is a simple method to de-
scribe MOs, and is very powerful. While we choose AOs as our basis functions for MOs
to describe complex molecular orbitals, we can include extra orbitals. This is because
what we are doing is to use the variational principle to convert a difficult molecular
Schrodinger equation, a complicated Schrodinger equation in three-dimensional space,
to a matrix that is formed by AOs, or more precisely the basis functions, matrix mechan-
ics. In the following, we explain how to form such a molecular Hamiltonian matrix.

Exercise 8.1.3.

1. For a diatomic molecule, write down the MO wavefunction for the sp>-hybridization.

2. Explain why we have to change p, to p, when we want to describe the sp-hybridization and spo-orbital.
3. What are the main differences between the g- and m-orbitals?
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8.2 Molecular Hamiltonian, overlap and hopping integrals

The molecular Hamiltonian for N,, atoms and M orbitals is given by
v Ngat, 1
Huar = Y B+ 53 3 Uy, (82.1)

where A" is the native atomic Hamiltonian of atom i and Uy is the mutual interaction
between atoms i and j that provides the attraction to form molecules. % is added to elim-
inate double counting. We start from eq. (8.1.5) with our molecular wavefunction as-
sumed to be Y, = ZZ&{ Zﬁf:l cl-ad)?;.z Because i runs from 1 to N, and a runs from 1
to M, we combine them into a single index I running from 1 to N,;M. We employ the
variational principle to minimize the total energy with respect to c;, through

F[l/)] = <¢mol|gmol|wmol> _A(<¢mol|lpmol> - 1)

to get an eigenequation spanned by those AOs,

c

Hy Hy, - Hymwu 1

c

Hyp Hy -+ Hynwm 2
Hyma Hymz - Hymwnwm CN, M

S S .. S G

1 12 1N, M
S S . S G
=2 12 22 2,N M ' , (8.2.2)

Snoma SN2t SNLMN.M N M

where Hy; = (¢?‘§|Hmoll¢]‘?‘l§) and S = (¢?§|¢ff§). The procedure is exactly the same as
Subsection 5.6.1.

Whether and how atoms can form chemical bonds depends on the molecular Hamil-
tonian and overlap matrix elements in eq. (8.2.2). This is where AOs come in. AOs have
different shapes and orientations, and, when they form MOs, their traits matter. Only
s-orbitals are spherical, and the rest are not. Consider two atoms A and B separated by
a distance R, with an s-orbital on A and p,-orbital on B. They can have many different
relative orientations. Figure 8.4(a) shows that both A and B are along the x-axis, and

2 The variational principle always starts from prior knowledge. This wavefunction is based on our prior
discussion on the molecular orbital, but it may not be the best one. Here, ¢3; refers to the atomic wave-
function of atom i and orbital a. For instance, for the carbon atom, if we only include four 2s and 2p
orbitals, then a runs from 1 to 4.
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S Py s

Figure 8.4: (a) s on atom A and p, on B are placed along the x-axis. Atomic wavefunctions have a nonzero
overlap integral and are able to form bonds. (b) Atom B is placed along the y-axis. The overlap integral

is zero due to the cancellation of two lobes of the p,-orbital. (c) Atom B is shifted upward. The overlap is
reduced by a factor of cos a.

the axis of the p,-orbital is through the center of the s-orbital. The overlap integral S
between them is given by

S, :J ()9 (rp)dr.

On the other hand, if we move atom B along the y-axis, we have another configu-
ration. Here p, is on the top of A (see Fig. 8.4(b)), where the p,-axis does not go through
the center of the s-orbital. The negative and positive lobes of the p,-orbital inside the
previous integrals cancel out. Therefore, Fig. 8.4(b) has zero overlap, and A and B do not
form a bond. We can show how this is realized mathematically. Suppose the p,-orbital
is shifted sideways of atom A (Fig. 8.4(b)). We must carry out a projection of p, on the
line AB. Assume AB makes an angle of a with respect to the x-axis (see Fig. 8.4(c)). The
original ¢;§ must be projected to the line AB using the new x’- and y’-axes as

at at at s
¢, — ¢, cosa+ (1)1,y sina.

The reason behind this projection is that the “true” p,- and p,-orbitals are only defined
with respect to the bond, line AB. Then, both S;; and Hy; pick up a factor cosa, S —
Sy cos(a), and Hy; — Hy cos(a). If a = 0, we have a standard sp-hybridization. If a = 90°,
we have no bonding, SIJ = HI] =0.

We can use the same method for two p-orbitals

¢y (A) = cos a; @}y (A) + sin a; 9 (A),

8.2.3)
¢;§ (B) = cos aZd’ZE (B) + sin a2¢gi (B),

which represent hybridization of two p-orbitals.
The Hamiltonian matrix can be formulated similarly. For instance, the element be-
tween ¢¢' at atom A and ¢y at B is given by

H3>Px = J ?t*(rA)gmol¢;§(rB)dr,
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which can be calculated once a specific Hamiltonian is known. In a qualitative calcu-
lation, the Hamiltonian matrix element is denoted by —t, often called the hopping inte-
gral. For some well-known materials, these matrix elements are already tabulated [51];
depending on the atomic orbitals and orientation of the orbitals, their values vary con-
siderably.

Exercise 8.2.0.

4. Starting from F[(/] = (WmoilAmol [¥mol) = AUWmol[¥mo1) — 1), Prove eq. (8.2.2).
5. Consider two p-orbitals given in eq. (8.2.3). Find the overlap matrix S.

8.3 Application to small molecules: the allyl radical

We consider the allyl radical, C3Hs, a planar molecule which has eight atoms, but the
major backbone comprises three carbon atoms that form a chain [52]. Each carbon has
four valence electrons in four orbitals, 2s, 2p,, 2p, and 2p,. We limit ourselves to three
2p,-orbitals which stick out of the plane of the molecule (see Fig. 8.5), ignoring the rest
of the orbitals. Whether such an approach is adequate must be checked by experiment
or a higher-level theory.

We first construct the Hamiltonian for allyl. As in many molecules, in allyl each
carbon atom has two contributions. One is its original atomic energy and constitutes
the main part of the diagonal elements for the Hamiltonian. For atom C;, we have

Hy , (C1,Cp) = J O (v, o 82 (x¢, )dr = Eo, (83.1)

where ¢;§ (r¢,) isreferenced to atom C;. We assume that the diagonal element for the rest
of atoms is the same H; = E,. This energy is commonly called the site energy because
it is on the atom itself. The energy contributed by neighboring atoms constitutes the
off-diagonal elements. For C; and C,, the element is given by

G
Eo + V2t ¥, CIH\YCS
G
_ — — —E, v, C c
1
EO EO EO ? ?

G
E, - \/Et v, ¢ (o
atoms molecule

Figure 8.5: (left) A single atomic energy level is split into three levels. (right) The molecular orbitals of the
allyl radical, where only three carbon atoms, C;, G, and G, are shown.
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H, , (C,C)) = j v (¢, ) Hynoa 5, (rc,)dr = —t, (8.3.2)

which describes the electron hopping from one atom to another and are mainly con-
tributed by the kinetic energy term. t is called the hopping integral. We keep the off-
diagonal elements to the nearest neighbor atoms only, i.e., Hy, = —t, Hy; = —t, while
setting the hopping integral between the next neighbors, atoms 1 and 3, to zero, Hy3 = 0.
This approach is called the tight-binding approximation. Now, our Hamiltonian is a ma-
trix and its eigenequation is

E, -t 0 o} ot
-t EO —t CZ = E Cz 5 (833)
0 -t E, C3 C3

which can be solved analytically by setting the determinant to zero. We find E; = E; —
V2t, E, = Ey and E; = E, + V2t. Figure 8.5 (left) shows that the original single atomic
energy is split into three (see Fig.8.5 (middle)).

Their respective eigenstates are

1 V2 1
¥ = EICl> + TICZ> + E'C3>’ (8.3.4)
1 1
= —[C)) - —IC3), 8.3.5
¥y \/§| 1) \/z| 3) ( )
and
1 V2 1
Y3 = E'Cl) - 7I62> + E'C3>’ (8.3.6)

where |C;) is a shorthand notation for ¢;§(rci). We plot them in Fig. 8.5 (right). ¢ is a
bonding state and spreads over three atoms. This is a 7-state since the 2p,-orbitals over-
lap above and below the bond between two carbon atoms. The second state ¥, is a non-
bonding state, isolated by C,. 15 is an antibonding state because the positive and negative
lobes are not on the same side of the molecule.

Finally, we should point out the limitations of our model. First, we only include one
orbital for each carbon atom, where whether three carbon atoms are in line or not
has no effect on our Hamiltonian. So, our MO is approximate. But in reality, molecu-
lar structures often twist. Besides 2p,-orbitals, we may add 2p,, 2p, and, in some cases
d- or f-orbitals, even though the orbital in question is primarily a p-orbital.

8.3.1 Occupying the molecular orbitals and many-body wavefunctions

The neutral allyl radical has three s-electrons, denoted as a, b, ¢. The Pauli exclusion
principle (see Chapter 10) dictates that each molecular orbital can take two electrons at
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maximum: one for spin-up and the other for spin-down. Three electrons need to occupy
at minimum two MOs, ¥; and ¥,. The highest occupied molecular orbital, HOMO, is ¥,.
The lowest unoccupied molecular orbital, LUMO, is 5. The total wavefunction is a many-
body wavefunction, denoted as ¥, which is a Slater determinant,3

Yi(@a(a) Pib)alb) Yi(c)alc)
W(a,b,c) = 3 P(@pB(a@)  PY(b)Bb)  Yi(c)B(o)|, 8.3.7)
y(@ala)  Yy(b)a(b)  Py(c)alc)

where ¢ (a)a(a) means that the electron a is in ; with spin-up and the remaining
terms have a similar meaning. This wavefunction is rather complicated. We take the
diagonal element as an approximation because doing so does not affect the chemistry
here: ¥(a, b, ¢) = Y(a)a(a)y,(b)B(D)Y,(c)a(c). We further drop the spin wavefunction,
so W(a,b,c) = Pi(a)Y1(b)Yy(c). This simplified many-body wavefunction already con-
tains some new information that we have not encountered hefore.

First, ¥(a, b, c) is a product of single-electron wavefunctions which is a many-body
wavefunction, different from a sum of single-electron wavefunctions which is the super-
position of single-electron wavefunctions and remains a single-electron wavefunction.

Second, when we compute the electron probability density from ¥(a, b, ¢) for a par-
ticular electron, we must integrate coordinates over other electrons. For instance, if we
want to find out the density of electron a, we must integrate over the coordinates of
electrons b and c as

j j W(a,b, o) drydr, = |9y(@)]’ jlwl(b>|2drb j|w2<c)|2drc - [p@,  (838)

which is significantly more complicated than a single-electron wavefunction. We need
to introduce a new operator.

8.3.2 Charge density

We use the Dirac notation to define the charge density operator p, = |a){al. p, is better
considered as a projector, which projects out the single-particle wavefunction pertaining
to electron a, without integrating over its coordinates. For instance, eq. (8.3.8) is exactly
equivalent to

(F1Pa®) = (Y1(@) 1 (D) (C)pg|th1 (@)1 (D)1, (0)) = (Yry(@)la)(aly (@), (83.9)

where the integration is only over electrons b and ¢ and leaves electron a intact. Impor-
tantly, (¢, (a)la) = ¥; (a) and {a|);(a)) = ¥;(a) are not integral, which extends our Dirac

3 In Chapter 10, we will present more details on this, but for now we only need the determinant itself.
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notation. This notation simplifies our procedure. If we want to compute the total charge
density, our total density operator p is the sum of all three electrons,

p=ha+Dy+Po
which allows us to compute the total charge density (see the ensuing exercise for details),

WRIW) = 2y, + [Pl =20 Wyl + 1) (Y. (8.3.10)

ik L T
electrons a,b  electron ¢

If we integrate it over the coordinates of three electrons, we find

”J(‘Pl[)l‘l’)dradrbdrc = j Iy (yldr, + 1J 0,) (Wyldr, =2+1=3,  (83.11)

which shows the normalization of a many-body wavefunction is equal to the number of
electrons that we have, not 1 anymore (see eq. (1.4.9)). These new features are crucial to
understanding the chemistry of each atom.

Next, we can find out how many electrons each atom has. We start with eq. (8.3.10)
and substitute each term with their eigenstates (egs. (8.3.4), (8.3.5) and (8.3.6)),

V2 V2

200 il =2( 5160 + 160 + 5169 ) (G461 + Gl + 56l ). @3

To find the number of electrons at carbon atom C,, all we need is to find the coefficient
of |C;) (G|, where |C;)(C,| identifies atom C;. In this case, we find 2 x % X % = % We can
work this out for [¢,) (¥, | as well.

If a molecule loses or gains electrons, due to oxidation or reduction, the numbers of
electrons at C;, C,, and C; change. This is how a chemical reaction is understood on the

molecular level.

Exercise 8.3.2.
6. Cyclopropenyl is a triangular system, where three carbons are all linked to each other. The Hamiltonian
matrix is

Ey -t -t
-t E -t
-t -t E

(a) Compute the eigenvalues. (b) Find the eigenvectors. Hint: This problem has a degeneracy. Any linear
combination is a good wavefunction.

7. Prove egs. (8.3.10) and (8.3.11).

8. (a) The neutral allyl has the ground state as W = ;(a)(b),(c). Find the number of electrons at the
carbon atoms (;, G,, and Cz. (b) If we remove one electron from the system, we have the ground state as
Y = ¢1(a)y,(b). Find the number of electrons at (;, (;, and C3. (c) If we add one electron to the system, we
have W = ¢, (a)1 (b)Y, (c)y,(d). Find the number of electrons at (y, (5, and (.
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8.3.3 Dirac notation

To ease our presentation with the Hamiltonian matrix, we introduce the Dirac notation
to represent a matrix without using a matrix.* We take a 2 x 2 matrix as an example. The

matrix form is

N H, H

o < 1 12)_

Hy Hy
If we apply it to a column vector [¢) = (¢, ¢;)7, we have
H<C1> _ <H11 H12><C1> _ <H1101 +Hyp6 ) (8.313)
&) Hy Hy/\c Hyi¢ + Hyty
In the Dirac notation, H becomes

H = Hy 1)1l + Hppl1)(2l + Hy |2) (1 + Hypl2)(2] = ) Hyldl, (83.14)
g

where [i)(j| holds row i and column j indices for an entry Hj;. More importantly, |i) (j|
represents a projector that projects state |j) to a state |i). For instance, if |1)(2| applies
to |2), we obtain |1)(2|2) = |1); if [1)(2| applies to |1), we get |1)(2|1) = 0, where we have
used (2]2) = 1and (2[1) = 0. This explains what the projector means.

In the Dirac notation, the column vector ( g ) is now written as ¥ = ¢;|1) + ¢,|2). The
same product Hy is

Hy = Y (Hyliy(i1)(c11) + 212)) = Y e, Hyliy(GI1) + ). ¢ Hyli) (j12)
= Z(C1H11|i) + CoHpli)) = (¢ Hyy + CoHypp)I1) + (€ Hyy + CHypp)|2),

where the coefficient of |1) is the first row of eq. (8.3.13) and that of |2) is the second row
of eq. (8.3.13). The Dirac notation allows us to carry out matrix operations without the
complexity of a matrix.

Exercise 8.3.3.
9. Suppose we have the following eigenequation:

(5 ale)-dc)

Rewrite it in terms of the Dirac notation.

4 In advanced quantum mechanics, this is equivalent to the second quantization operator.
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8.4 Applications to conjugated polymers: polyacetylene

In physical chemistry, conjugation means that n-electrons from multiple atoms of a
molecule strongly overlap across the entire molecule. Polyacetylene (PA) is a conjugated
polymer. It has extraordinary electronic and optical properties and opened the era of
synthetic metals. Three pioneers, Hideki Shirakawa [53], Alan G. MacDiarmid [54], and
Alan J. Heeger [55], shared the Nobel Prize in Chemistry in 2000. PA consists of C,H, re-
peating units, forming a quasi-one-dimensional chain. It can adopt two conformations:
cis and trans. Figure 8.6 shows trans-polyacetylene, with similar ligands on the opposite
side of the chain, whereas the cis structure has similar ligands on the same side of the
chain. The bond lengths for single and double bonds are 1.36 and 1.44 A, [50, 53]. Essen-
tial to PA are the p,-orbitals of carbon atoms [50], which appear either above or below
the chain. These orbitals are our focus.

We consider a simple model chain of N units of (CH), instead of (C,H,). This is tanta-
mount to ignoring the difference between the single and double bonds in Fig. 8.6. Each
unit has a single 2p,-orbital (due to the carbon atom) denoted as |i). The minimum dis-
tance between two neighboring units is denoted by a constant a, called lattice constant.
So, the total length of our system is L = Na. We adopt the tight-binding idea and only con-
sider the interaction between the nearest-neighbor units. Although there is a difference
in the hopping integral between the single and double bonds, we ignore this difference
as already stated, so the hopping integral is —t. We further assume that orbitals are or-
thonormalized, i. e., (i]j) = 6ij. With these approximations in mind, our Hamiltonian in
the Dirac notation is

H = Y [Egliyil — t(1i) ¢+ 11 + i+ 1)), 8.4.1)

where [i) is the atomic orbital at atomic site i and serves as a basis function. The first
term in eq. (8.4.1) is the site energy and is diagonal. The second term has two parts: The
first is the hopping from site i + 1 to i, corresponding to the upper triangle of the matrix,
while the second is from site i to i + 1, corresponding to the lower triangle.

Next, we find the eigenvalues and eigenvectors of H. For a chain of N sites, H cor-
responds to a N x N matrix with N eigenstates, which is difficult to diagonalize. So, we
must examine the physics first. The eigenstate §,, must be a linear superposition of the
AOs as ¥, = Z]- C}l |}, where j runs from 1 to N, and n is the eigenstate index from 1
to N. C]T‘ is unknown. Since our chain length is L = Na, the wavefunction at x = 0 and
Xy = Na must be zero to match the boundary conditions, similar to PIB in Chapter 2.
In addition, in order for the wavefunction to fit inside the chain, the wavelength A of
the wavefunction must take a limited number of values A = %, wheren =1,2...N. To
satisfy both conditions, our wavefunction, or more precisely the coefficient Cj” at site j,
must be a sine function of position x; as C]?l = Csin(B,x;), where B, = 21/A = n/L and
Xj = ja. Therefore, our unnormalized trial function is



240 — 3 Electrons in molecules and one-dimensional solids

(@) H H H H

Structure
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Figure 8.6: (a) Short segment of trans-polyacetylene. Single and double bonds alternate along the chain,
but our model ignores this difference. (b) Site index starts from 1to N. 0 is ignored. (c) Energy dispersion as
a function of g.

) = Y €y = € Y sin(B )l
J j

where x; = ja. We can find C by requiring (¢,,|¢,,) = 1 (see the exercise for details) to get

C= \/% . The normalized trial wavefunction is

o) = {2 3 sin(Bl.
]

Now, we prove |,,) is indeed an eigenstate of H, H[1),) = E,[1),,). We write
H _ ﬂ. 2 . .
) = H\ 1 2 sin(Bl)
j

- \/%(Z[Esliﬂu —t(liy(i+1] + |i+1)(i|)]> Y sin(B,x)lj)
j

which has three terms (i|j), (i + 1|j), and (i|j).
Because we assume the orthogonality among the atomic orbitals, (ilj) = 6;, we can

eliminate ) ; from the equation to obtain
- 2 . . . . . .
Hy,) = J;(Z Eg sin(B,x)lj) - tz sin(B,x;)lj - 1) - tz sin(B,x;)|j + 1))
j j j

= Egpp - t\/% Z 7 Sin(ﬁan+1) - t\/%z i) Sin(ﬁan_l),
j j

where in the second equation, we have rewritten the second and third terms by increas-
ing and decreasing j by 1, respectively. This shift has no effect on the summation (see
the exercise). Now we can combine sin(B,x;,1) + sin(B,X;_1). Since x;,; = X; + a and
Xji—1 = Xj — @, SIN(BX;,q) + sin(BpX;_1) = 2sin(B,x;) cos(B,a). Equation (8.4.2) is reduced

(8.4.2)
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to HY,, = Eq,, — 2t\/% cos Bya ¥; sin(Bx)lj), i e.,
Hy,, = [Es - 2t cos(B,a) |, = Eylthy). (8.4.3)

This shows that |y,,) is indeed an eigenstate of H and E,, is the eigenenergy.

Eachn,i.e, B,, has an eigenenergy E,. Figure 8.6 shows the energy dispersion of E,,
versus f3,, with N = 8. There are only 8 eigenstates. As N gets larger, discrete eigenener-
gies form a band of energy, known as energy bands. Here we only consider p,-orbitals
for each carbon atom. If we include M orbitals for each atom, we will have M bands.
The number of bands can also be changed if we change the unit size. For instance, if we
distinguish double and single bonds, i. e., each unit containing units of (CH),, instead of
(CH), for the same length L = 8a only four units of (CH), are possible, so there are four
B, But, ateach §,,, it now has two eigenstates. These two eigenstates form two distinctive
bands. This leads us to the formal presentation of solids.

Exercise 8.4.0.

10. Prove 3 sin(Bix;)lj — 1) = X sin(Byx;) ).

11. Prove 3 sin(Bx)lj + 1) = % sin(Bx;_1)lj).

12. Assume the lattice constant @ = 1.42 A for PA, and N = 16. (a) Find all the possible B,. (b) Set £, = 0 and
t =1.0eV, and plot £, as a function of 8,a.

8.5 One-dimensional solid: Kronig-Penney model

Nearly all the models for crystalline solids cannot be solved analytically. Kronig and
Penney [56] proposed a model that bears their names and can be solved analytically up
to a convoluted equation. The rest must be solved numerically. It has all the features
that a one-dimensional periodic system possesses. We introduce it here.

The model adopts a square-well potential (Chapter 2), but repeats itself periodically
every a + b, where a + b is called the lattice constant denoted as L = a + b. Figure 8.7
shows that, between x = —b and x = 0, the potential V(x) is V;, and between x = 0 and
X = a, V(x) is 0, where V, is positive. We consider three regions.

o [l
eoe Vil Vv, |V XX
_| 1 2 |Y3 I_ .
b 0 a atb X

—(a+h) -

Figure 8.7: Kronig-Penny model. The barrier height is set by V. Two boundary conditions are highlighted
by two vertical arrows. Three wavefunctions in three regions are denoted by ¢;, {,, and (3. {5 is obtained
by the Bloch theorem from ¢;.
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8.5.1 Region1: -b < x < 0

Between x = —b and x = 0, the potential is V(x) = V;, so our Schrédinger equation is

_12 g d? 2m(V, - E)
O v =By — S =Ty gy s

where B2 = 2'"(:2_5),/3 = vm(; B IfF < Vy, this gives a bound state. If E > V,, then our

solution is a continuous state, and we simply change S to if, as seen in the next equation.
For either case, i, can be written as

Wy = CeP* + De P, (8.5.2)

8.5.2 Region2:0 < x < a

Between x = 0 and x = a, V(x) = 0, the Schrodinger equation is

H diy, dy,  2mE 2
“mae T e ST = (853

where a® = % ile,a= —Z;lnE Because E is positive, a is real. Its solution is

P, = Ae'™ + Be™™, (8.5.4)

where a is the wavevector in the zero-potential.

Boundary conditions require that, at x = 0, ; and ¥, must have the same values
as well as its derivatives, ¥;(x = 0) = Y,(x = 0), leading to A + B = C + D, while its
derivative, j(x = 0) = ¥5(x = 0), yielding ia(A — B) = B(C — D). However, these two
equations are not enough to determine four unknown coefficients: A, B, C, and D.

8.5.3 Bloch theorem

Crystalline solids have the special property that the potential repeats periodically after
a distance L. It can be proven that, if we shift our wavefunction by L, it only differs from
our original wavefunction by a phase,

Yix + L) = " y(x), (85.5)

which is called the Bloch theorem. Its formal approval is left to the next chapter. k is a
wavevector for our wavefunction. #k is called the crystal momentum, but sometimes
one also calls k the crystal momentum, for brevity.
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8.5.4 Region3:a<x<a+b

We denote the wavefunction as 5 for a < x < a + b. Then, §, and 5 just separate by L
(see Fig.8.7), so we can use the Bloch theorem (eq. (8.5.5)) to get 3(x +L) = etk Y,(x) and
Py(x+L) = ekt ¥;(x). Caution must be taken as how to find the expression for 3 atx = a
from y,. Because i5’s variable is x+L, we must set x+L = a. Then, x = a-L = a-a-b = -b,
which enters ¥;(x = -b). So, Y3(x + L) = eikapl(x) yields ¥s(a) = eikLl/h(—b), while
Y + L) = e ! (x) yields py(a) = e L (-b).

Since i, and i are connected at x = q, this gives a new boundary condition. Specif-
ically, at x = a, we have

s(a) = "Ly, (-b) = e*L(Ce P’ + DeP?) = y,(a) = Ae™™® + Be ™9,

which can be simplified to Ae® + Be™%® = (@) (e 4 Def?). The derivative i}(a) =
¥h(a) leads to ia(Ae™ — Be™™) = B (@) (ce P _ pefl),
In total, we have four equations,

A+B=C+D, (8.5.6)

ia(A - B) = B(C - D), (8.5.7)

Ae'™ 4 Be™% = (Ce ™ 4 pefP)elk(@+h) (8.5.8)
ia(Ae'™ — Be %) = B(Ce P’ — DeP)e(@h), (85.9)

Eliminating all the unknowns leads to

2 2
B za_ﬁa sin(aa) sinh(Bb) + cos(aa) cosh(Bb) = cos[k(a + b)], (8.5.10)

whose solution is the eigenenergy E for every k. Before we solve it numerically, we show
next how to find this complicated equation.

8.5.5 Derivation of the secular equation

A common strategy is to compute the 4 x4 determinant and then set it to zero. However,
this is quite complicated. There has been no detailed derivation that we can find, except
a short note by McQuarrie [57].

In the following, we introduce a relatively simpler method. We start from eqs. (8.5.6)
and (8.5.7) to get

24 = <1 + E)C + (1 - E)D (8.5.11)

a

2B = <1 - %)c + <1 + ﬁ)D, (8.5.12)

a
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and from eqs. (8.5.8) and (8.5.9) to get

e - (1 B )oran e, (1 B)grawwmp sy
ia a
e (12 B)raorsc, (1, B)rewmp, g5

The next step is most crucial. We substitute eq. (8.5.11) into (8.5.13) and eq. (8.5.12)
into (8.5.14) to replace both 24 and 2B. Two resultant equations contain C and D terms
only. We then combine the C and D terms and put them on two sides of the equations,

(1 + %)[ei"“ - k@ - <1 - %)[—em“ + elk@bypb)p. (8.5.15)

(1 B % >[ ¢ _ glk@h)-phyc <1 N % >[_ o0y k@ D)sfby (85.16)

We divide eq. (8.5.15) by (8.5.16) to eliminate C and D on both sides,

A+ %)[eiaa _ eik(a+b)fﬁb] a- %)[_eiaa + eik(a+b)+ﬂb]

(1 _ %)[e—iaa _ eik(a+b)—ﬁb] - (1 + %)[_e—iaa + eik(a+b)+ﬁb] ’

We cross-multiply it out to get a single equation, whose left side is

2
<1 + ﬁ) [_1 _ eZik(a+b) 4 eiaa+ik(a+b)+ﬁb 4 e—iaa+ik(a+b)—ﬂb],

and whose right side is

2
< B ) 1= k(@D | goiaarik@b)sb | gaarik(es)-ph)
ia
We now multiply out both (1 + %)2 and (1- %)2 to get ready for a combination of
various terms. We combine the coefficients of the —1 — e?*(@*?) terms and then those of
the third and fourth terms on both sides to obtain three terms, respectively,

‘%_[7)(_1 _ e21k(a+b)), (8.5.17)
ia
B\, . . ik(a+b)+pb . 2B ik(a+b)+Bb
<1 - E)Zl sin(aa)e + EZ cos(aa)e , (8.5.18)
i ik(a+b)-pb , 2B ik(a-+b)~pb
<1— 2)(—20 sin(aa)eX @b 52 cos(aa)e X @=Fb, (8.5.19)

the sum of which is zero.
We add the terms (8.5.18) and (8.5.19) and then multiply all the terms by %e’lk(‘“b),
so that the term (8.5.17) is reduced to -2 cos[k(a + b)]. The resultant equation is
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2
—2cosk(a+b) - %(1 - 5—2> sin(aa) sinh(fb) + 2 cos(aa) cosh(Bb) = 0, (8.5.20)

which can be further simplified to our final equation,

g -

205 sin(aa) sinh(Bb) + cos(aa) cosh(Bb) = cos[k(a + b)]. (8.5.21)

Exercise 8.5.5.

13. For the Kronig-Penny model, using the Bloch theorem, (a) write down the wavefunction ¢, (x) fora+ b <
X < 2a + binterms of ¢, (x). (b) Show at x = a + b that the boundary conditions for ()5 and ¢, generate two
equations of the coefficients A, B, C, and D, exactly the same as x = 0.

8.5.6 Band structure

Now, we follow McQuarrie [57] to introduce shorthand notations for our variables, so eq.
2
(8.5.21) only depends on three parameters: € = VEO r= g, and A = a\lzr';—zv", or 2o _ A

T
The right side of eq. (8.5.21) becomes cos[k(a + b)] = cos[ka(1 + r)].
2
Next, we treat aa and Bb. From eq. (8.5.3), we have a® = M £ _ 2, _ A,
7z V, 7 a
2
so aa = Ave. Equation (8.5.1) leads to g2 = W = 2’Z—zvo(l —¢) = %(1 - £), 50

B= é V1-¢,and b = rAv1 - e. With these substitutions, eq. (8.5.21) becomes

1-2¢
———sin(AVe)sinh(rAv1-¢)
24(1-¢)e (8.5.22)

+ cos(AVe) cosh(rAvV1 - €) = cos[ka(l +1)].

Because this equation depends on &, we consider three cases. If 0 < £ < 1, this corre-
sponds to a bound state, and eq. (8.5.22) can be used directly.

If £ = 1, the first term must be treated with care since both the denominator and
numerator go to zero. We expand it to

sinh(rAvl-e¢)/Vl-¢= %(em«/ﬁ - e‘rA‘/lj?)/m

M+rAVI=€+- —(A-rAVI=€+--)] y
_ =rA.
1-¢

Thus, the first term in eq. (8.5.22) is —%rA sin A4, and eq. (8.5.22) becomes

- %rA sin A + cos A = cos[ka(l +1)]. (8.5.23)
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Figure 8.8: (a) F(¢) as a function of €. F is given in the text. Allowed bands fall between two vertical lines at
—1and 1that are given by cos[k(a + b)]. There are six bands labeled 1 to 6 from bottom to top, between
which are the band gaps. (b) Band dispersion (in units of V) in the first reduced Brillouin zone. (c) Band
energy dispersion £ (in units of V) in the extended Brillouin zone by shifting and inverting those bands in
(b). This figure’s data is from code KP. f.

If ¢ > 1, this corresponds to an unbound state since the electron energy is higher
than V,, and 8 becomes imaginary. This requires us to change S to if. So, all sinh b and
. 1 1.

cosh b become i sin b, and cos b, = becomes =t
1-2¢

m sin(AVe) sin(rAv1 - €) + cos(AVe) cos(rAve — 1) = cos[ka(1+r)]. (8.5.24)
g(e -

We denote eqs. (8.5.22), (8.5.23), and (8.5.24) as F(¢) = cos[ka(1+r)]. F depends on .4 and
r. As an example, in Fig. 8.8(a), we choose A = 10 and r = 0.2, which uniquely determine
F(g). We plot F(¢) as a function of € up to € = 3. One can see F(¢) swings strongly with a
large amplitude for a small g, very similar to the first-order Bessel function sin(x)/x, but
then it slows down as € becomes larger. Because € = E/V,, e reflects how the eigenenergy
changes. When ¢ is small, the Kronig—Penney model reduces to the infinite well problem,
where only a discrete energy is allowed. One thing is new. Because cos[ka(1+r)] is bound
within [-1,1], not all € are allowed for a set of (r, .4). Two vertical lines are drawn at -1
and 1. Allowed energies are only between these two lines. Because k is a wavevector
and changes continuously, allowed regions form a band of energy, or an energy band,
denoted as Ej, in units of V;, while those forbidden regions represent the band gaps. We
also call E; the band structure or band dispersion. We always plot E;, versus k. If one
plots E; versus cos[ka(l + r)], then the band disperses as just as shown in Fig. 8.8(a).
The bending of the band at k(a + b) = 0 and 7 in Fig. 8.8(b) is due mainly to the cosine
function.
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Now, we show how to obtain E, as a function of k for a fixed set of .4 and r. Because
k enters through cos[ka(1 + r)], i. e., cos[k(a + b)], k and —k produce the same cos[k(a +
b)]. This shows there is an intrinsic inversion symmetry, i.e., E, = E_;. In the band
dispersion, we only need to compute results for a positive k.

We choose a value, say 0.5, for cos[ka(1+r)], draw a vertical line at 0.5 in Fig. 8.8(a),
and then find ¢ at all the possible intercepts between this vertical line and F(g). The first
intercept, counting from the bottom, is our first band, E,,_, ;, which falls on the segment
AB in Fig. 8.8(a). Point A is at cos[k(a + b)] = 1, so its phase is k(a + b) = 0, while B has
k(a + b) = m. What about C? Since C and B are on the same segment just like F and G, C
also has phase k(a+b) = m. But D is different from A. Because C already has 7z and k(a+b)
only can increase, D must take k(a + b) = 27 higher than A. Similar to B and C, E has
the same phase as D. In summary, phases are A(0), B(7), C(rr), D(271), E(2r), F(37), G(37),
H(4n), I(47), ] (51), K(57), and L(677). To distinguish multiple roots for the same phase, we
introduce an index n, the band index, besides k. Band 2 is on the CD segment, band 3 is
on the EF segment, and so on. In principle, we have an infinite number of bands, and
Fig. 8.8(a) only shows six bands. We read off  from those intercepts.’ Then, we choose
a different value for cos[ka(1 + r)], which gives us a different set of €. Because € = E/V,
we can find every Ej, for every k.

Figure 8.8(b) shows our numerical band dispersion with k(a + b) € (0, ), where
k € (0, ﬁ) defines the first Brillouin zone.® One sees that E; for all the even bands,
i.e., bands 2, 4 and 6, decrease with k, and all the odd bands increase. This is because
F(¢) is oscillatory with ¢. If we want to express the band dispersion in the extended
Brillouin zone, we need to shift the crystal momentum k as follows. We first note that,
when we search roots of F(¢) from -1to 1, k(a+b) only changes from r to 0 and does not
exceed 7. But, physically, k(a + b) should start from 77 and end at 27 for the second band.
The remaining even bands must have a similar change in their k(a + b). We can correct
this ordering of k(a + b) by first changing k(a + b) to —k(a + b) and adding 27 for band 2,
47 for band 4, and 67 for band 6. For all the odd bands, we must shift by 27 for band 3
and 4 for band 5. The results are shown in Fig. 8.8(c). One sees that a gap is open at the
Brillouin zone boundaries, with k(a + b) being 17, 27, 31, 477, and so on. The KP model
finally allows us to connect with the free-electron model and the infinite quantum-well
model.

Exercise 8.5.6.
14. Explain how to shift bands in order to have a band structure like Fig. 8.8.

5 Our code KP. f uses the middle point method to find accurate values for €.

6 Because k enters the equation through cos[k(a+b)], which is a periodic function of k(a+b), shifting 1t
produces the negative of cos[k(a + b)], and shifting 277 produces the same solution mathematically. But,
physically, k represents a different wavevector. This contradiction must be corrected. We must manually
extend our Brillouin zone, called the extended Brillouin zone in Chapter 9.
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15. Find the roots of F(¢), where A =10 and r = 0.2.
16. Choose A = 5and r = 0.2. (a) Use the code KP. f to compute and plot the band structure as a function of
k(a + b). (b) Investigate how the band gap changes with A.

8.6 Problems

1

Ethylene has the chemical formula C,H,. The 7 molecular orbital can be represented
by two p, AOs at two carbon atoms that stick out from the main chain. The overlap
integral S between two p, AOs is S;, = acos(a), where a is the angle between two
AOs and a is a constant. Assume S;; = Sy, = 1. The Hamiltonian Hy; = Hy, = € and
Hy, = Hy; = —t. (a) Find the eigenvalues and eigenvectors. (b) Based on (a), describe
what happens when we change a from 0 to 7.

Butadiene (C,Hg) has four carbon atoms forming a chain, whose Hamiltonian ma-
trix is

E, -t 0 0
-t Ej -t 0
0 -t E, -t
0 0 -t E

(a) Compute the eigenvalues. (b) Find the eigenvectors. (c) Assume that we have
four 7 electrons occupying the lowest two MOs. Which MO is HOMO? Which one is
LUMO? (d) Following (c), find the number of electrons at each C;. (¢) What happens
to (d) if we only have three electrons?

Cyclobutadiene (C4H,) has four carbon atoms forming a ring, whose Hamiltonian
matrix is

E, -t 0 -t

-t E, -t 0
0 -t E, -t
-t 0 -t E

(a) Compute the eigenvalues. (b) Find the eigenvectors. (c) Assume that we have
four 7 electrons occupying the lowest two MOs. Which MO is HOMO? Which one is
LUMO? (d) Following (c), find the number of electrons at each C;. (e) What happens
to (d), if we only have three electrons?

Benzene has six 7 electrons. Its Hamiltonian is B = ZL Eyli) (il - tziﬁ:l [iY(i + 1],
where i + 1 in the second summation is changed to 1if i = 6. (a) Diagonalize this
matrix to find the eigenvalues and eigenvectors. (b) find the number of electrons at
each C;.

Polyacetylene normally has dimerization due to the electron-lattice interaction,
where one bond is longer with the hopping integral —t; and the other is shorter



8.6 Problems == 249

with hopping integral —t,. The on-site energy is E,,. (a) Write down the Hamiltonian.
(b) Suppose the chain length is L = N(a, +a,), where a; and a, are the bond lengths,
find the energy dispersion Eg.

Starting from our Kronig—Penney periodic potential, choose two different sets of A,
r to demonstrate that one can reproduce the results in the free electron model and
the infinite quantum-well model.

In the Kronig-Penney potential, one can compute the linear momentum between
two eigenstates at k; and k, (k;|p,|k;). (a) Show that this matrix is nonzero only if
(ky — ky)a = 2nmt, where n is an integer. (b) Find (k|p,|k). Hint: Check Ref. [56].



9 Electrons in crystalline solids

Solids come in different sizes and shapes: Some are amorphous and some are crys-

tallines. As briefly discussed in the previous chapter, larger systems are still off limits for

QM. This chapter focuses on crystalline solids, where we are going to introduce some of

the basic concepts in solid-state physics.
This chapter is grouped into five units:

— Unit 1, consisting of Sections 9.1 and 9.2, introduces the crystal structure, transla-
tional symmetry, the Bloch theorem, crystal momentum, and Brillouin zones.

— Unit 2, including Sections 9.3 and 9.4, presents the nearly free-electron model and
the tight-binding model.

—  Unit 3 includes Section 9.5 and introduces three major topics in solid state physics:
Fermi surface, Fermi energy, and chemical potential.

— Unit4 consists of Sections 9.6 and 9.7 covering quantum transports through conduc-
tion and transmission via the Landauer’s formalism, and, finally, with application
to scanning tunneling microscopy.

—  Unit 5 (Section 9.8) introduces nuclear vibrations, the normal mode, and phonon
concepts.

9.1 Crystal structure

Crystalline solids are a special group of solids, in which atoms form a regular pattern
repeating itself infinitely in space. To understand the structures and properties of solids,
it often suffices to look at these repeating patterns.

9.1.1 Unit cell and primitive cell

Figure 9.1(a) shows an example in a two-dimensional space, where two different types
of atoms A (small circles) and B (big circles) are arranged on a chessboard. If we group
two adjacent A and B atoms into a cell, we can completely cover the entire solely by
translating the cell. This cell is called the primitive unit cell or the minimum cell. We can
also choose ABAB as our cell. If we translate over a longer distance, we can again cover
the entire crystal completely solely by translating the cell, so ABAB is also a unit cell, but
contains two primitive unit cells and gains a different name, a supercell. One can have
many different supercells, but only one primitive cell. So the ability to completely cover
the entire crystal solely by translating the cell is a key characteristics of a unit cell. Cells
such as ABA or BBA are not unit cells. All other symmetry operations, such as rotation
or inversion, are not permitted when we define a unit cell.

https://doi.org/10.1515/9783110672152-009
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Figure 9.1: (a) A two-dimensional square lattice with two types of atoms: A (small circles) and B (big cir-
cles). (b) A basis consists of two different types of atoms, and is conceptualized to a single point, called the
lattice point. (c) A crystal structure consists of basis and lattice. The two shortest vectors a; and a,, prim-
itive translational vectors, defines the lattice. (d) Simple cube. (e) Body-centered cube. (f) Face-centered
cube. (g) Tetragonal lattice. (h) Hexagonal lattice.

Exercise 9.1.1. E

1. Show that neither ABB nor ABA is not a unit cell, but AABB and BBAA are.

9.1.2 Basis and lattice points

A basis is a compartment that hosts a group of atoms. Figure 9.1(b) shows a basis that
houses a primitive unit cell that has two atoms. There are many different ways of choos-
ing a primitive cell. Mathematically, one conceptualizes the basis as a single point, the
lattice point, by replacing every unit cell in a real crystal by a single lattice point (the
grey circle). These lattice points form a scaffold, called the lattice, as shown in Fig. 9.1(c).
The basis and the lattice point are the same thing, except that the former emphasizes the
arrangement of the atoms inside each basis while the latter comprises rather abstract
points. For this reason, one needs both the basis and the lattice to describe a crystal. The
lattice provides lattice points to which a basis can be attached, while the basis specifies
what atoms are there and how they are arranged: crystal structure = lattice + basis [22].

Exercise 9.1.2. n

2. What is the main difference between the basis and lattice points?
3. To describe a crystal structure, what are the two key elements?
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9.1.3 Primitive lattice vectors and lattice vectors

The concept of the lattice is formalized by the lattice vectors R, pointing from one lat-
tice point to another. The minimum lattice vectors are the primitive lattice vectors. Fig-
ure 9.1(c) shows two primitive vectors a; and a,, so R can be written as R = la; + ma,
for two-dimensional systems, or in three dimensions, R = la; + ma, + nas, where [, m,
and n are integers. The repeating pattern is mathematically realized by R.

Exercise 9.1.3.
4. Figure 9.1(c) shows two vectors Ry and R;,. Express them in terms of two primitive vectors a; and a,.

9.1.4 Bravais lattice and lattice constant

Although there are many different crystal structures, there are only 14 unique lat-
tice structures. These unique structures have a special name, Bravais lattices. Fig-
ures 9.1(d)-(h) show some of the most common structures, simple cubic (sc), body-
centered cubic (bcc), face-centered cubic (fcc), tetragonal and hexagonal. All other
lattice structures can be mapped onto 14 Bravais lattices. When we discuss lattice struc-
tures, we must use the Bravais lattices that enable us to define the lattice constant. The
side lengths of Bravais lattices, not of primitive cells, are defined as the lattice constant.
An exception is that sc, bce, and fcc use the simple cube to define the lattice constant,
even though their primitive cells are different. But a Bravais lattice, by definition, has
no information about the basis. We often want to know both the Bravais lattice and the
basis. For instance, NaCl and diamond both have a fcc Bravais lattice, but their bases are
different. In diamond, the basis consists of two types of carbon atoms: one is (0, 0, 0) and
the other is at (g, 7, 7), but in NaCl, Na is at (0,0,0) and Clis at (, 5, 5). Here, a is the
lattice constant. This basis difference manifests itself when we carry out the symmetry
operation such as rotation, inversion, and mirroring of the basis. These symmetry oper-
ations are not allowed when we define a lattice, but they are allowed when we define a
basis. Fourteen Bravais lattices, together with many more types of basis, introduce 230
space groups [58]. This is the mathematical realization of our conclusion that crystal
structure = lattice + basis.

9.2 Translational symmetry and Bloch theorem

9.2.1 Bloch theorem, Born-von Karman boundary condition and Bloch waves

A system property is determined by the Hamiltonian. Since the kinetic energy opera-
22
tor —% depends only on the derivative of the coordinate, a rigid shift in position has
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no effect on it. So the translational symmetry is reflected in the potential energy. If the
potential remains the same after shifting the potential by a lattice vector R,

V(r+R) = V(r), 9.2.1)

then the Hamiltonian is said to have the translational symmetry, H(r + R) = H(r).

We introduce the translation operator T _g that shifts any operator O(r) or function
f(r)to O(r + R) or f(r + R), i.e, T gO(r) = O(r + R), T_gf(r) = f(r + R). Note that the
result with Ty is equivalent because it shifts r to r— R (recall Section 4.5.3). We apply T_g
to Hi(r), where 1 is an arbitrary wavefunction, to obtain

T gHY(r) = Hr + R)Y(r + R) = H(r + R)T_g(r) = H(T@)T_g(r). 9.2.2)

Since y is arbitrary, comparing the first and last terms of eq. (9.2.2) shows that T_z and A
commute, [T g, H] = 0, so they share common eigenfunctions. By examining the eigen-
functions of 7_g, we can gain insights into the crystal eigenequation,

H@)y(r) = EY(r), 9.2.3)

where 1(r) is an eigenstate, not an arbitrary function. We apply 7 g to eq. (9.2.3) and
then use H(r + R) = H(r) to find

Hr+R)pr+R) = EY(r +R) - H@)Y(r + R) = EP(r + R),

which proves that ¥ (r + R) is also an eigenstate with the same eigenenergy E. One can
see Y(r + R) must be related to y(r).
Because Ty and H share common eigenfunctions (r), we must have

T r¥(r) = CR)Y(r), (9.2.4)

where C(R) is the eigenvalue of T_g. On the other hand, by virtue of the definition of the
translation operator T_R, we must have

T g¥(r) = Y(r +R). (9.2.5)
Comparing these two equations yields
Y(r +R) = CR)Y(r).
To find C(R), we apply T_g and T_g, consecutively to y(r) to get
T g, T_g,P(r) = T_g CR)WY(r) = C(R)C(RY)Y(x),

which must be equal to a single translation T_Rl_Rzzp(r) = C(Ry + Ry)Y(r) (eq. (9.2.5)).
Comparing both sides, we obtain
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If we let R; = 0, then C(R,) = C(0)C(R,) and C(0) = 1. IfR; = R, = R, (C(R))* = C(2R). If
R, =-R,, C(R)) = (C(—Rl))‘l. This shows C(R) has some special properties.

Next, following [20], we start from eq. (9.2.6) to derive an expression for C(R). We
first take the logarithm of both sides,

InC(R, + Ry) = InC(Ry) + In C(Ry). 9.2.7)

We denote In C(R) by g(R), g(Ry) + g(Ry) = g(R; + R,). Then we take the derivative with
respect to R, to find g'(R,) = g'(R; + R,) and take another derivative with respect to R,
to find g’ (R; +R,) = 0. This proves that g must be a linear function of R, g(R) = B-R+D.
Because C(0) = 1and g(0) = 0, D = 0. Then, g(R) = B-R = In C(R), or C(R) = e®®. Hence,
the eigenvalue of 7_g is e®® and the eigenfunction is ¥ (r), which satisfies eq. (9.2.4),

Y(r+R) = PRy(r). (9.2.8)

This shows that there is no need to assume the form of C(R), and (r) must be identified
with a free parameter B. Now, we introduce an extra constraint to determine B.

9.2.1.1 Born-von Karman boundary condition

Consider a crystal consisting of N;, N,, and Nj cells along its three primitive basis vectors,
a,, a,, and a;. We assume that the wavefunction remains the same after a rigid shift of
the entire crystal by N;a;, the Born-von Karman periodic boundary condition,

Y(r + N;a;) = (). (9.2.9)

This periodic boundary condition has nothing to do with the translational symmetry. It
is an extra constraint for us to fix B. We specialize T_ to T_ Nay with translation along
the a; direction byNj times, i.e,R = Nja]-. Equation (9.2.8) becomes

Y(r + Njaj) = B y(r), (9.2.10)

where we have added a subscript j to B since our translation is specialized along a;.
Comparing egs. (9.2.9) and (9.2.10), we find V%% = 1. If we choose B, to be real, B;
must be zero since N; and a; cannot be zero. This is trivial. If B; is imaginary, denoted
as ikj, then e™M%% — 1. Because iNjk]- - @; must be dimensionless, k has the dimension of
the inverse of length, so it is a wavevector, and %k is called the crystal momentum. To
identify ¥ with k, we write it as iy, where k plays the same role as a quantum number.
It allows us to solve N;N,N; Schrodinger equations separately, one k at a time, instead
of a coupled giant equation, with the dimension at least of NyN,N; x N;N,N; in terms
of a matrix. It is also similar to a Fourier transform, but the transform is only limited to
the Bravais lattice R, but not r, so the wavefunction is in a mixed representation (K, r).
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9.2.1.2 Bloch theorem
Now, we can replace B by ik in eq. (9.2.8) to have

T RUk(X) = P (r + R) = ¥Ry (x), 9.2.11)

which is the Bloch theorem. iy is called the Bloch wavefunction. A different k produces a
different phase factor. Because 7 and H share the common eigenstate, {y (r) is an eigen-
state of H. Equation (9.2.11) connects the wavefunction at lattice point R with that at
R = 0. We note that although the system’s crystal structure is periodic at every R, its
wavefunction is not; instead, every shift R produces a phase factor e*® for the wave-
function. To isolate this phase factor; we introduce

P (r) = X Uy (v), 9.2.12)

where uy(r) is now periodic in R, u(r + R) = uy(r), and ¥ (r) obeys the Bloch theorem
(see the exercise). We used u(r)e’™ in Chapter 1 to demonstrate the wave—-particle du-
ality. Finally, we should emphasize that not all Bloch wavefunctions can be written as
eq. (9.2.12) (see eq. (9.4.13), but all Bloch wavefunctions can be written as ¢ (r + R) =
eik'ka(r). This is a consequence of the translational symmetry. A complication arises if
we have a k' that differs from k by G,i.e,k’ =k + G, and G - R = 2myr, with m being an
integer. Then our phase factor is the same ¥R = oK' R g g Yk = Yksg- This G is called
the reciprocal lattice vector, which will be discussed in the next section.

Exercise 9.2.1.

5. A translational operator in space, 7’5, translates a one-dimensional function §(x) to ¢(x — ¢€), Tetp(x) =
¥(x — £). Show that, if £ is an infinitesimal number, 7s corresponding operator is p,.

6. () Prove g (r) = e™"u, (r) obeys the Bloch theorem. (b) Prove uy,g(r) = e /S u(r).

7.(a) From eq. (9.2.11), prove |, (r + R)|2 = |tpk(r)|2. (b) Explain this result.

9.2.2 Reciprocal lattice vectors and Brillouin zones

The previous subsection shows the translation property of the Bloch wavefunction.
Here, we take a one-dimensional chain as an example to reveal further insights into the
reciprocal lattice and, more importantly, introduce the Brillouin zone. Here K is just k
for one dimension.

We consider a chain oflength L = Na, which has N lattice sites and lattice constant a.
As required by the Born-von Karman periodic boundary condition, i (x + L) = ¥, (x).
On the other hand, the Bloch theorem requires ¥, (x + L) = etk Yr(x). Comparing these
two equations leads to e = 1,50k = Z”T" = z]g_;’ where n is an integer. If N is even, n

N-1

starts from —% +1and ends at %V so there are N different ks. If N is odd, —]% <n< -

The number of k points is the same as the number of lattice points. A positive (negative)
k refers to the wave propagating along the +x (—x) direction.
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Figure 9.2: (a) The first (filled circles) and second (empty boxes) Brillouin zone with N = 10. b = 2m/a. (b)
The extended Brillouin zone is identified by G. It is customary that, if the wavevector is smaller than b, we
use k; but if larger than b, we use G. Once we combine k with G, k + G can cover any wavevectors.

Among all possible ks, the smallest ki, is i%. Because the wavevector and the
wavelength are reciprocal to each other, A = 2, the longest wavelength is A = Na = L,
which is the system length. The largest k;,.x = i%” is defined as the primitive reciprocal
lattice vector b = 2m/a, ab = 2. We can use b as units of k, and then k., = +b. If k
falls within [-b/2, b/2], this region is called the first Brillouin zone (BZ) (see the filled
circles in Fig.9.2(a)). Here we set N = 10. The second BZ has two segments, [-b, —b/2]
and [b/2, b] (see the empty boxes), but the length of the second BZ is the same as the first
BZ, always b.

So far, we have only discussed the influence of the lattice structure on k. Now, we
consider what happens if we introduce electrons into the system. An electron may have
a higher energy and take a wavevector larger than k which is capped at b by the Born—
von Karman condition. To go beyond b, we introduce a non-primitive reciprocal lattice
vector G, where G = mb and m is an integer, so we extend the reciprocal zone from
|k] < bto k + G, called extended zones. Figure 9.2(b) shows those extended zones. To
see how this changes the wavefunction, consider a free electron, with its wavefunction
(unnormalized) e, Then, in solids, we write it as e/®*®* where |k| < b and G = mb,
and m can be an integer.

In summary, in solid-state physics, k runs from —b/2 to b/2 in units of % and G
runs from b to mb in units of b. In three dimensions, a regular reciprocal-lattice vector
G = b, + mb, + nh; plays the same role as R = la; + ma, + nag in real space.

9.3 Nearly free-electron model

The previous section presents the framework for a solid. Now, we are ready to explore
the nature of electronic states. The simplest model is the one-dimensional nearly free-
electron model, where an electron experiences a periodic potential (see Fig. 9.3) that is
contributed to by all the atoms. This potential energy is assumed weaker than the kinetic
energy, so the electron still retains its free-electron character, which is the reason why
we call it a nearly free-electron model. To simplify our problem further, we assume that
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Figure 9.3: Periodic potential V(x) in a one-dimensional nearly free-electron model of length L = Na. The
lattice constant is a. We assume that a primitive cell contains only one atom.

the primitive cell contains only one atom, and the system has a length L = Na. N is the
total number of lattice sites, and a is the lattice constant. The crystal Hamiltonian can
be written as

R W d

H=2mmﬁwm (9.3.1)

where we have changed the partial derivative with respect to x to the full derivative
because both the kinetic energy and potential energy V(x) are a function of x.

9.3.1 Nondegenerate perturbation treatment

The crystal potential (Fig. 9.3) differs from the atomic one in two aspects. First, the poten-
tial at every atom is contributed by potentials from all the atoms. Second, the potential
does not decay to zero and instead repeats itself, V(x + na) = V(x), at every lattice point.
For these reasons, both bound and unbound states are present.

The Bloch wavefunction ¥, is characterized by k, meaning that the solutions at dif-
ferent k are decoupled, in contrast to Section 8.2. Since V(x) in eq. (9.3.1) is not expressed
in the k space, we need to transform it to the k-space. Since the period of V(x) is a, its
Fourier transform is defined only at discrete lattice points as

Vx) = vam—%+ZVw“ 9.3.2)
n#0

where b is the reciprocal lattice vector (b = 2m/a), V; is the average potential, and
v, = A}a 0 e "Xy (x)dx. We separate the Hamiltonian into the unperturbed H, and
perturbed H; as

H=H,+H, (9.3.3)

where A, = - a JO 4 Voand Hy = Y, V,e™™. V, is assumed to be so small that the
problem can be treated by perturbation theory, but how small it is will become clear.
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9.3.1.1 Zeroth-order perturbation
Perturbation theory only targets a state k in a system of length L = Na. At the zeroth
order, we have only Hj,, and our Schrédinger equation is

n d*¢
“om, dxzk Voo = E b
which has a known solution,
£O _ ﬁ 1 ikx

= Vo, = —e
k zme + Vo ¢k \/z

Here, the electron wavefunction is just like a regular plane wave of a free electron, ex-
cept that its energy is shifted by V. So, the zeroth-order wavefunction is ” = ¢.

9.3.1.2 First-order perturbation
The first-order energy correction is

Na

A . 1 " . 1 .
E(l) :<¢ |H |¢ > — 1% <¢ Ielan|¢ > — 1% J e lkxembx elkXdX,
k k11K r;) n\¥Yk k ’;) n ) \/z \/E

whose integral is

Na

, 1
J embx dx = — embx
inb

- in%t
x=Na e Na _ 1

=~ =0
x=0 inb

0

So, E,(f) =0, 1. e., no correction at the first order.
The first-order wavefunction correction is

5 @oliid) <¢q|HI|¢k>

-3 &
ik B~ E

I¢q (9.3.4)

2.2 ~
where Eflo) = ’;Tq + V,. There are two ways to compute (¢4|H;|@;). One is to directly

integrate it (see the homework exercise). The other is to break the integral over x in

Na
(Bl = Y Vo j i ginb ik gy 935)
n#0 0

into N segments of equal distance of a, i. e., N unit cells,

Na a 2a Na
[ewemama [y s | . 030
0 a (N-Da
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As an example, we choose a generic one

(m+1)a

J' e(—iq+ik+inb)xdx (9.3.7

ma
and shift x, including its limits, by ma to get

a a
J e(—1q+mb+lk)(ma+x)dx _ el(—q+nb+k)ma J el(—q+nb+k)xdx’

0 0

which reveals that each term in eq. (9.3.6) has a common integral multiplied by a term
depending on m. Thus we can rewrite eq. (9.3.6) as the summation over m from 0 to N -1:

N-1 i
elm( q+nb+k)a Jel(k—‘ﬁnb)xdx) 9.3.8)
m=0 0

where the sum over all the lattice points m is called the Bloch sum. If (k — q + nb) = 0,

the sum is N and the integral is a, so we have Na = L for eq. (9.3.6). If (k — q + nb) +# 0,

the sum is zero (see the following exercise). So, we can write eq. (9.3.8) as 8_g.n,0-
Inserting &y_q.np,0 into eq. (9.3.5), we get

1
<¢q|HI|¢k> = Z Vo Na‘sk q+nb,0 = Z VnZL‘Sk—q+nb,0 = Vn(sk—qunb,O’
n#0 n+0

where n, g, k are linked by n = # or q = nb + k, so the summation over q can be

converted to the summation over n in eq. (9.3.4), or vice versa. So, our first-order wave-
function correction (eq. (9.3.4)) is

lp(l) _ z <¢q| I|¢k> |¢ - Z V, ei(k+nb)x 039)

kT L TpO) _p0) 1747 0 0 , 3.
Gk Ek q¢kEl(()—Ef;) VL

where we have converted e to e!**"™X and the summation over q in the second equa-

tion must be understood as being over n as well.
The unnormalized ;, up to first order, is

1 /A
wk = ﬁ(l + Z Ernf:([))emm()elkx =Uu (X)elkx (9310)
atk Zk T g

where the summation over ¢ is also over n because of n b k and the periodic function
w, (x) in eq. (9.2.12) is defined by those terms before ¢’ in eq. (9.3.10).

To reveal some physical insights concerning this new wavefunction, we choose a
single term from the summation in eq. (9.3.10) (unnormalized),
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Figure 9.4: (a)-(c) are for the nearly free electron model. (d)-(f) are for the tight-binding model, with the
horizonal axis in units of a. (a) and (d) The periodic function vy (x). In (d), it is the s orbital. The solid line
denotes the real part and the dashed line is the imaginary part. (b) and (e) The Bloch envelope. (c) and (f)
The Bloch wavefunction.
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wk _ € Vn einbx>.

_<1+—
) _ O
VL\  EY-Ey

Figure 9.4(a) shows u (x) is indeed periodic at every lattice site, where a = 1A, n = 1,
b = 27” N =4L = Na,and k = 12\77; The Bloch envelope function e yses the small-
est k (Fig. 9.4(b)). The final Bloch wavefunction is a product of the above two functions.
Figure 9.4(c) reveals how complicated ¥, is even for a nearly-free electron. This demon-
strates the necessity of the Bloch wave. After normalization, we can compute the expec-
tation value of the momentum p, as

. ~ nhb|Q, |
(U lbxYy) = Ak + m>

where Q,, = ﬁ One sees that the electron momentum in a solid consists of two
parts [58]. One kis tﬁe crystal momentum #k, and the other is from the potential V,,. Only
in the limit V,, = 0 are they the same.

The second-order energy correction is

El({z) _ z |<¢q|HI|¢k>|2

[V, [*
©) _ 10 :Z I
e B -Eq

W 2"
n#0 op- = m(k +nb)
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Figure 9.5: (a) Band dispersion of the free electron as a function of k. (b) Nearly-free electron band dis-
persion. The dotted line is from nondegenerate perturbation theory; the solid line is from degenerate
perturbation theory; and the long-dashed line reproduces the free electron band. Energy gaps are open at
+b/2.

So, the energy up to the second order is

H2K2 v |2
E,=EY+E® - "~ 4 n . (9.3.11)
T am, ,gozz—n’i—%(k+nb)2

This shows that the crystal field adds an extra term to the otherwise free-electron energy.
Figure 9.5(a) plots the energy dispersion for the free electron as a function of k. The
dotted line in Fig. 9.5(b) reveals that if the denominator in eq. (9.3.11) is large, this extra
term is small, so we have a nearly-free electron which follows the free-electron energy
(long-dashed line). But as k approaches +b/2, there is a huge spike because, if k* = (k +
nb)?,ork = - "7”, the energy cor;lputed from eq. (9.3.11) diverges. Figure 9.5(b) shows that

the divergence occurs at k = +7, which is exactly at the Brillouin zone boundaries. This

unphysical feature must be removed.

Exercise 9.3.1.

8. Prove the Bloch sum Z%ﬁo M4m0 s £ if (—g + nb + k) = 0 and is zero if (=g + nb + k) # 0, where g
and k are crystal momenta, b is the primitive reciprocal lattice vector, b = 2r/a, and N is the number of lattice
sites.

9. Show vy in eq. (9.3.10) is indeed periodic, meaning uy (x + na) = uy.

10. Starting from eq. (9.3.2), show V(x) indeed satisfies V(x) = V(x + na).

11.V(x) is a periodic function, V(x+a) = V(x). Find its Fourier transform in the reciprocal k space and compare
your result with eq. (9.3.2).
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9.3.2 Degenerate perturbation and energy band gap

The nondegenerate perturbation theory allowed us to address the band dispersion, but
left an unresolved divergence. Equation (9.3.11) diverges if k* = (k + nb)% i.e, k = —
Sincen = qb ,we find q = +"b S0 E(O) Eéo), i.e, q and k have degenerate energies.
This divergence occurs at every nb/Z. This is the reason why our Brillouin zones are
defined at +b/2 and its multiples in Fig. 9.2. Having understood the origin of divergence,
the solution is straightforward. We adopt the degenerate perturbation theory.

In the following, we choose two points, k = nTb(A —1)andq = ”Tb(A + 1), that satisfy
k — q = nb, as required by the Bloch sum. Here, A is a small dimensionless number and
allows us to investigate the k- dependence of both the wavefunction and the eigenenergy
around the BZ boundaries 5 b Our Hamiltonian is the same as before, H = H, + H; =

2
—% 22 T Vo+ Xnso Ve, The degenerate perturbation theory takes the unperturbed

eigenstates |@;) and |¢,) as the basis functions for H.
The Hamiltonian matrix elements are (¢k|H [r) = + Vo, (¢q|H |¢q = + Vos
(¢k|H|¢q) =V, and (d)qul(pk) = V. Soour elgenequatlon is

"4, v,
e v " <C1> ~E <C1>, (9312)
v +V ) \G G

n

which has nontrivial solutions only if its determinant is zero, i. e.,

21,2 2 2 21,2 2 2
Ez—<ﬂ+hq +2V0>E+<hk +VO><hq +V0>—|Vn|2:0.

2m,  2m, m 2m,
Solving it produces two roots:
21,2 322 212 B2
E+:1<hk +hq>+V0i (hk ' >/4+|V|2 93.13)
= 2\2m, 2m, 2m, 2m,
93.21A=0
IfA=0k=-q=-5 and E, = 7= + Vy = |V,|. We see that V(x) splits the initial

degenerate band into two bands and opens agapAE =E, —-E_=2|V,| atevery nb/2. To

see why this happens, we compute the wavefunction.
Rk

We choose alower energy state, E_ = st Vo—1V,|, and substitute it into eq. (9.3.12)
tofind G, = - 'g"l C,. Although one may wonder whether V,, is positive or negative [58],

in the case of nearly free electrons, V, is always negative because of the ion-core attrac-
tion, leading to C; = C, = i . The wavefunction is ¢_ = %(e”‘x +e oy = \/% cos("Tbx),

a standing wave with a wavelength nb 5= %‘1 The wavefunction has the maximum
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value and a zero slope at x = ja, characteristic of a bonding state. It has zero momen-
tum, (Y_|p,|¥_) = 0. In the presence of V(x), the incident wave e s completely re-
flected from the lattice site once k matches nb/2, so the reflected and incident waves are
counter-propagating to form a standing wave.

Similarly, the other eigenstate, ¢, = \/_ isinkx = l\/_ sin == ”b" , is also a standing
wave, an antibonding state, with zero momentum. Between E, and E_, no state exists,
so an energy gap is open at the BZ boundaries. This is the same quantization of energy as
PIB, but here it is due to V(x) and occurs once k matches nb/2. Away from the Brillouin
zone boundaries, energy is continuous (as will be seen).

9322 A+0
We substitute k = ""b b -Aandg="2 Z(1+A) into eq. (9.3.13) to obtain

2
E, =Vy+ Tn<A2 +1 \’4A2 + %) (9.3.14)
n

Z
where T, ) If we take the derivative of E+ with respect to A, % is zero as

A — 0 for both E_ and E, . This means that E, is always perpendicular to the Brillouin
zone boundary. Figure 9.6(a) shows that E+ both approach BZ at the right angle (solid

lines), where E_ is concave up. But, how E_ behaves depends on |V, | and T;,. We take the

at A = 0, with the details relegated to the following exercise:

:T<2 AT, >
4-0 V2l

So, if |V,,| < 2Ty, E_ is concave down. For a practical material, this condition can easily
be met. This constitutes the condition for the nearly-free electron model: The electron’s
kinetic energy is larger than half of the potential energy T, > |V,|/2. Because E, curves
up, while E_ curves down, they open a gap at the Brillouin zone boundary (Fig. 9.6(a)).
Our treatment avoids the complication of the expansion of the square root in E in eq.
(9.3.14) because it is difficult to justify whether 4A? or 'V '
stipulating the values of A, |V, | and T,.

BAZ

0’E,
on?

is a small quality, without

9.3.2.3 Momentum

The group momentum is defined as %BBER" Since Ej, is even with k, 2 5% is odd, and
px(-k) = —p,(k) is an odd function of k. If we divide p,(k) by m,, we get velocity
U,(-=k) = -u,(k). Figure 9.6(b) shows that, away from the nb/2, the velocity is similar
to that of the free electron (long-dashed line), but close to nb/2, it drops to zero. This
means that the electron stops at the BZ boundary.
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Figure 9.6: (a) Band structure of the nearly-free electron model (solid line). The band splits into two at
nb/2. The long-dashed line is for the free electron. (b) Velocity dispersion. The velocity is in units of %.
e

We can also compute the expectation value of momentum p, as well as (¥_|p,|¥_)
and (¥_|p,|v, ) (see the following exercise), from which we can obtain the susceptibility

(9.3.15)

0 _ hez <lp+|px|¢_>(l/)—|px|l/)+> f+ _f—
Xxx (w) - 2 Z . >

mgepQ o= hw-(E, —E_)+il E, -E_
where the summation is over all the k points, k index on E and ¥ is omitted, Q is the
length of the system (same as L, but used to be consistent with the three-dimensional
formula), T is a small damping, and f is the occupation. We note that the conductivity
and susceptibility are linked through, o = —iweo)((l) in SI units.

9.3.2.4 Effective mass

The inverse of the effective mass 1/m”* is defined as %aﬂ

ok
L _1_ 19p_ 1 2(&%)_18%
m*  hok hm, 0k hm,0k\ h ok ) H® ok?’

which is generic. For instance, for a free-electron E;, = %’i n} = mie For our nearly

free-electron model,

1 1( 1 BT
m*  m,

1+ ——), valid fOI'A — 0.
2182 + v, 12/ 1203

The periodic potential V,, changes the effective mass as the electron moves through the

crystal. At A = 0, its mass is renormalized to m* = IvllL:'T"me. For the upper band, m*
nl="7"

is reduced; for the lower band, m* is negative because |V,| < % This means that the
electron has a negative acceleration even if a positive force applies on it. This is the
consequence of the lattice potential.
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Exercise 9.3.2.
12. Find the Hamiltonian matrix elements in eq. (9.3.12).
13. Show that, as far as k — g = nb, (¢ |Hl¢,) = V, and (@,|H|¢y) = V;, are independent of A.

2
14. Starting from eq. (9.3.14): (a) prove Z% is zero for A — 0 for both £_ and £, ; and (b) prove aaAEzi o
To2 % ).
15. At A # 0, compute the momentum matrix elements (i, |p,|)_) between two eigenstates _ and ¢, .
16. Show at A — 0 thatm* = —Lal_p,.

.
WVal£g

9.4 Tight-binding model

The nearly-free electron model reveals the rich physics of a crystal: band structure,
Brillouin zone, and energy gap. But the model itself is more suitable for mobile elec-
trons in metals that move around different atoms. The tight-binding model (TB) does
the opposite, where the electron is assumed to be tightly bound to its parent atom and
only hops between neighboring atoms, simulating semiconductors and insulators. We
encountered the tight-binding model in Section 8.3. In chemistry, TB is also called the
Hiickel model. The words “tight” and “binding” refer to the fact that electron wavefunc-
tions are tightly-bound to their parent atoms, with only a small overlap with neighboring
atoms. The TB model is often used jointly with the linear combination of atomic orbitals
(LCAO) (see Section 8.1.3). Here, we extend it to many atoms, so we can describe solids.
Because of its flexibility, the TB model can simulate millions of atoms.

9.4.1 Three-dimensional systems

We consider a simple cubic structure (Fig. 9.7(a)), where the primitive cell has one atom.
We place a single atom [ at a lattice point R;, where R; is the lattice vector, R; = £ax +
8,ay + £;aZ, a is the lattice constant, ¢, ¢, and ¢; are integers, and X, y, and Z are the unit
vectors along the x-, y-, and z-axes, respectively. We further assume that only one atomic
orbital, ¢2t, an s orbital, participates in bonding. If we have more than one orbital, we
can change the subscript s to a more general index.
The tight-binding approximation starts from the isolated atomic Schrédinger equa-
tion for atom [, which is
H{'93 (R) = ES'9'(Ry), 9.4.1)

s TS

or more specifically,

N nv?
H'¢"R) = | -—L + V*'(r-R) |¢¥(r - R) = E*¢¥(r - R)), 9.4.2)

zme s TS
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Figure 9.7: (a) Simple cubic structure, where the primitive cell contains one atom. a is the lattice constant.
(b) Band dispersion along the I — M direction. Here, we set £%' — t, to zero, and the energy unit is in t,. (c)
Band dispersion along the I' — X direction.

where E2' is the atomic orbital energy of eigenstate ¢3' and H;" is the atomic Hamilto-
nian. For atoms [, I, ..., ly, we have a similar equation, with R, in the equation changed
to Rll’Rlz’ . ’RIN'

When N atoms form a solid, we have a new Hamiltonian at the lattice point R;,

VP .
H=- zml +U(r-R) =H"+Ur-R)-V*(r-R), (9.4.3)

e

where ﬁ{’t in the last equation is recovered by adding and then subtracting V®'(r-R;). To
avoid confusion with V*'(r — R;), we denote the crystal potential by U(r - R;). U(r - R;)
contains hoth the atomic potential Var - R;) and the interatomic interactions. If we
apply H to ¢'(r - R;), we obtain

Hgg'(r —R) = E{'¢'(r — R) + [U( ~ R) - V*'(r ~R)]¢5'(r ~ Ry), 9.4.4)
where we have used eq. (9.4.1). It is clear that ¢§“(r — R)) is not an eigenstate of H,. In
fact, other atoms have a similar equation, with the same ESat but its wavefunction is cen-
tered at different lattice sites. U(r — R;) — Var - R)) in eq. (9.4.3) constitutes the small
perturbation H; to H}". Because every {¢2'} corresponds to the same E2', we have a de-
generate problem and can solve the problem using the degenerate perturbation theory,
where the eigenstate i, (r) of Hj, up to the first-order correction, is a linear combination
of atomic orbitals {¢2'},

i) = Y G~ Ry, (9.4.5)
l

where CJ is to be found.
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9.4.1.1 Eigenstates
Because ¥y (r) is a Bloch wavefunction, it must satisfy the Bloch theorem, ¥ (r + R;)
xR Yk (1), where Kk is the crystal momentum. This theorem itself demands that C,k =
eik'RlCO (see the next exercise), where Cj is the normalization constant. This shows that
we can find C}‘ without solving the crystal Schrodinger equation.

Now we can find the eigenenergy E from the crystal Schrodinger equation

hZ
[—z—mevz + U(r)] Uy (1) = Epy (). (9.4.6)

We substitute yy (r) of eq. (9.4.5) into the left side of eq. (9.4.6) and use eq. (9.4.4) to get

E'Y Cf¢3'(r-R) + Y CF[U) - V*(r - R)]¢3(r - Ry),
l l

which equals the right side E ) ; C}‘q&a‘(r —R)). After some arrangement, we obtain

(B -E)Y 2R+ Y Cf[Ux) - V¥ (r - R)]¢'(x - R)) = 0. (9.4.7)
l l

Next, we multiply ¢§t* (r — R,,) by both sides and integrate over r, so we have two inte-

grals. The first is called the overlap integral,
j A (r - Ry (r - R)Ar = 8, (9.4.8)

where we have made the tight-binding approximation by setting the overlap integral to
zero, except for I = m on the same lattice site. This simplifies the integral of the first ),
in eq. (9.4.7) to (E* - E)CK.

The second is called the hopping integral. We do it differently" by keeping the hop-
ping integral up to the nearest neighbors of R,, in the summation over [.

j A (r - Ry [U(r) - V¥(r - R)] ¢ (r - R))dr. (9.4.9)
Because U(r) = U(r — R;), we can rewrite it as U(r — R;) and then shift all r by R, so the
integral only depends on R, - R,,

j 3 (r - Ry —~RY)[U@) - V' (1)]¢3 (0)dr = ~t(R,, ~ R)) = ~Lpys (9.4.10)
where t,,; is called the hopping integral. Because U(r) - V¥(r) is negative, tm,1 18 positive
and t,; = t; . If m = 1, t,; = ¢, is the atomic energy shift due to the difference between
the crystal and atomic potentials U(r) — Va(r).

1 We cannot limit it to [ = m because only doing so returns to a group of isolated atoms, not a solid.
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Equation (9.4.7) becomes
(E ~E)Cp ~ > t(R,, ~R)C =0, (9.4.11)

s
l

which is a secular equation if we write the Hamiltonian matrix out completely,

K

E'—ty-E ~t1, 0 - 0 ~tiy G

—t E'-ty-E -tz 0 0 c
0 -0.

K

- —IN-1Nn Cnaa

t
~tna 0 e 0 —tyyg ES -t -E ck

(9.4.12)
Its eigenvector is just {C}‘} as previously given, C}‘ = Coeik'Rl.
To determine the normalization constant C,, we start from our wavefunction
Y™ =Cy Y, € ’leq{) (r — R;). We invoke the normalization (i (r)|¢y(r)) =

U@y = G Y e R (@2 (r — Ry )93 (r - Ry)) = CININ,Ng = 1,
Ll

so Cy = 1/+4/N;N,N;, where N; is the number of cells along three directions. Our final
normalized wavefunction is

1 iR, ,at
= — 1 -R)). 41
Yi(r) MMM;e ¢ (r-Ry) (9.4.13)

This shows that, at every lattice site, the wavefunction is modulated by the phase fac-
tor. Our periodic function u(r) in the standard Bloch wavefunction (eq. (9.2.12)) is just

the atomic function ¢2'(r — R;). ¢y (r) does not have e in contrast to the nearly free-
electron model (eq. (9.3.10)).

9.4.1.2 Band energy
Once we have the wavefunction, we can find the band energy. We insert C}‘ into eq.
(9.4.11) to get

By =EX' = ) t(R,, - R ™),
l

where we have added a subscript k to E to remind us that the energy disperses with k.
Since the summation depends on R, — R;, we can set R,, to zero,

B =E' =Y tR)e™™. (9.4.14)
l
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If we only include terms up to the nearest neighbors and denote ¢(R; = 0) = ¢, and
t(Ry) = t; (for the nearest neighbor), we have

E =E"-t,-t, Y R (9.4.15)

s
I(nearest neighbor)

where ¢, is the onsite energy shift with respect to Ej‘t.

Example 1 (Band structure in a simple cubic structure). Use eq. (9.4.15) to calculate the band dispersion in
a simple cubic structure up to the first neighbors along two directions, one from ' to M and the other from I'
to X. Here, the I point is at coordinate (0, 0, 0)27", M at (%, % 0)27", and X at (%, 0, 0)27".

We directly use eq. (9.4.15). We choose the origin at (0,0, 0), and then six neighbors are located at
(24,0,0), (0,a,0) and (0,0, +a), respectively. The summation over (+a,0,0) is —t;e 9 — g0 =
=2t cos kya. The other two can be found similarly, -2t cos k,a and 2, cos k,a. Then, the energy dispersion
is By = E* — tg — 2t;(cos k,a + cos k,a + cos k,a).

In solid state physics, high symmetry k points are denoted by special letters. Different crystal structures
use different labels, except the I point whose coordinate is always (0, 0, 0)27". For a simple cubic structure, X
has the coordinate (%, 0, 0) in units of 2—: with its six equivalent points (i%, 0,0), (0, i%, 0),and (0, 0, i%) in
units of 2%, We have £(T) = £% — to — 6t;, E(X) = E* — ty — 2t,. The band dispersion is £y = E* — ty — 2,2 +
cos(kya)] for the I-X line, where k, runs from 0 to b/2. Since M is at (%, % 0)27”, E = £ —to—2t;[1+2 cos(ka)]
for I — M, where k runs from 0 to b/2.

Figure 9.7(b) shows the band dispersion along the '-M direction, where we have set Eat—to to 0. It starts
from —6 (in units of t;) to 2. However, along the I'-X direction, Fig. 9.7(c) shows the band disperses from —6 to

—2, weaker than that of the I-M direction, because the M point is at (%, % 0)27".

Equation (9.4.15) is our key result. It shows that, if we had no neighbor, then Ej is just
the atomic energy plus an average potential —t;, just a single energy level. With the
neighboring atoms, a single energy level broadens into a band, a continuous energy
regime, called the energy band. For different k, E, disperses differently.

For other structures, we can carry out a similar calculation. The only difference is
that the number of neighbors and their coordinates can be different. In the exercise, one
uses a body-centered cubic structure and the other uses a face-centered cubic structure.
The validity of tight-binding approximation depends on the overlap of the atomic orbital
with neighboring atoms. If the overlap is small, this approximation is very good.

Exercise 9.4.1.

17. Starting from ¢ (r) = ), C," 2(r — R;), show that if @ (r) is a Bloch wave, then C,k must take the form of
kR

18. The body-centered cubic lattice has eight nearest neighbors. (a) Starting from eq. (9.4.14), show its band
dispersion £y, = ESat —ty — ty cos(k,a/2) cos(kya/Z) cos(k,a/2). (b) Choose the I'-X line to plot the band.
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9.4.2 One-dimensional ring

In polyacetylene, we employed a simple model to describe its band structure. Here, we
adopt a similar model by considering a one-dimensional ring, with a periodic boundary
condition. Our Hamiltonian is

H= tols)(s| -t Y (Is +1)(s] + [s)(s +11), (9.4.16)

where s is the site index and runs from 1 to N and |s) is the orthonormalized atomic
orbital, (syls,) = &, ,- The periodic boundary condition (PBC) means that, if s = N + 1,
thissiteis interpreted as s = 1;if s = 0, thisis s = N. Similar to eq. (9.4.5), the translational
symmetry ensures that the eigenstate must be a Bloch wave (unnormalized), |¢;) =
¥, e*%s), where k replaces f in Section 8.4.

Next, we apply H to i, to test whether i, is an eigenstate of H. First, we change s
tosyin [g) = X, e*?sy and s in A in eq. (9.4.16) to s,.

Hige) = Y tolsy) (521 sy =Y (Isy + 1) (51500 + [s) (s, + 1lsy)e™*?).

53,51 53,51

Using (syls1) = &, and changing s; and s, to s simplify the equation to
ﬁwk _ z toeiska|s> _ tz(eiskals 4 1) 4 ei(s+1)kals>))
N N

i(s-1ka

where the second term can be written as ) ¢ |s)e . Then, we combine the last two

terms to get

-t Z(ei(s_l)k“ + &SR oy = ot cos ka Z €"k|sy = —2t cos kalipy).
S

N

Putting all the terms together yields Hy, = (t, — 2t cos ka)y, = Ex ¥y, which proves that
1y is indeed an eigenstate of H and E, is the eigenenergy.

9.4.2.1 Group velocity
We can compute the group velocity of the band,

v _lﬁ_zmsinka
K“hok ~  n

Ifk = %b, ka = ZZ"Tfa = nm, and vy is zero, where the band is perpendicular to the

Brillouin zone edge, same as the nearly free-electron model.
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9.4.2.2 Wavefunction, position matrix elements and Berry connections
To normalize ¥, we compute (PxlPy) = Y e ikaginkarg sy = 215\1:11 = N, s0
must be divided by VN,

= 752 Ly giskayg) (9.4.17)

We notice that the wavefunction of the ring is modulated through the crystal momen-
tum k. k is different from f (Section 8.4): k is % = i]lal = 2”1 ,but g, = ”l. This is because in
a chain with an open boundary condition, the waves are standlng waves, but, in a chain
with a periodic boundary, the waves are traveling waves, and at least one cycle of the
wave must fit inside the system. Figures 9.4(d)-(f) show the atomic periodic wavefunc-
tion, the Bloch enevelope and Bloch wavefunction in a system with four lattice sites and
with the smallest k-

With the wavefunction, we can compute various properties. We take the position

operator as an example, X = ), sals)(s|, whose expectation value in |i; ) is

Wy IR :zlv Y e ikt sq s [s)(sls,). (9.4.18)

$,51,Sy
To compute this, we take the derivative of ¥, (eq. (9.4.17)) with respect to k,

agg 2 Z(lsa)e

lska

Then, we multiply —i(y, | from the left and obtain

a 1 is ka is,ka N 1
iy wk) —\/—_— Y e s,a)e" (s, ]s,) = ;ZS= ( Z )a, (9.4.19)
51, B

which is called the Berry connection. Equation (9.4.19) is exactly the same as eq. (9.4.18),
the expectation value of the position operator. Since our chain starts at a and ends at
Na, one sees that the expectation value is just at the middle of the system. This is well
defined, in contrast to the common belief in the literature [59]. f N — oo, (Uy|X|¥y)
goes to infinity, but this never happens because a solid is always finite.

We can also compute the transition matrix element between ;. and ¥y,

Wi X1y, = H%m - g - % cot AT’“I, (9.4.20)
where Ak = k; — k,. Equation (9.4.20) never approaches eq. (9.4.19) at Ak — 0. If Ak = 0,
we use eq. (9.4.19). In [60, 61], the continuous crystal momentum is used, which leads
to the 6 function and thus a highly singular expression 06(k — q)/ok,, where k and q
are two different wavevectors. This hides the beauty of the orthogonalization between
two wavefunctions. Here, in the discrete crystal momentum, which represents an ac-
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tual crystal of finite size, such a singular term does not occur. Instead, we obtain a well-
defined matrix element. This demonstrates the position operator in crystals is a valid
operator, in contrast to the literature [59, 62].

Exercise 9.4.2.

19. Three atoms form a ring. It is known that the site energy is £y, and the nearest-neighbor integral is —t,
where t is positive. Find its eigenstates and eigenenergies.

20. Suppose i (s) = e**9|s). Show ¢, (s + 1) = €%y (s). Hint: Use |s) = [s +1).

21. Without using the Berry connection, use the normalized wavefunction (eq. (9.4.17)) to directly compute
the expectation value of the position operator.

9.5 Occupying the energy band: Fermi surface and Fermi velocity

The previous section explained how the band is formed. This section explains how the
electrons fill up energy bands in the crystal momentum space. Therefore, we must first
find out the number of k points, N, and then the number of bands per k. For a three-
dimensional system, Nja; x Nya, x Naag, N, = N{N,N3, where a; is the primitive lattice
vector.

9.5.1 Fermi energy in metals, semiconductors and insulators

According to the Pauli exclusion principle, each state takes only two electrons at max-
imum, one for a spin-up and the other for a spin-down channel. Assuming that each k
point has a single band such as s-orbitals,> we have 2N, states available.

To be definitive, we consider only a case at T = 0K, with N, electrons filling these
band states from a lower to a higher energy state. The highest occupied band state has a
special significance because electrons in this state are most energetic and are most likely
to interact with external fields and electrons, responsible for an array of chemical and
physical properties.® The energy of this state is defined as the Fermi energy Ey, which
separates the occupied from the unoccupied states. Figure 9.8 shows three examples.
Figure 9.8(a) shows a case for metals, where the number of electrons N, is fewer than
the number of available states 2N,.. Electrons only partially occupy a band (filled circles),
leaving some part of the band unoccupied (empty circles). Er cuts through the band. If
we apply an electric field on the system, the electron can easily move to the next k and
occupy a state that is slightly above the Fermi level, leaving a state unoccupied, i.e., a
hole, behind. This explains why metals can conduct electricity.

2 If we have a p- or d-orbital, each k point has 3 and 5 bands, respectively.

3 In chemistry, in molecules these orbitals are called frontier orbitals because those orbitals are at the
front to react.
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Figure 9.8: (a) Band dispersion in metals, where the number of electrons is less than the available states
provided by the lattice. The band is only partially filled (filled circles). The dashed line denotes ;. Electrons
are ready to move into an unoccupied state (unfilled circles). (b) In semiconductors, the number of elec-
trons is the same as the number of available states. The valence band is filled completely, but the unfilled
conduction band is only 1-2 eV above the valence band, i. e., a small band gap, ;. (c) Insulators are similar
to semiconductors, but the band gap £, is much larger, typically above 5 eV.

If we have more electrons, Er increases. If the number of electrons N, is equal to the
number of available states 2N, for a low-lying band, the band is completely occupied.
These occupied bands are called valence bands (VBs in Fig. 9.8(b)). Figure 9.8(b) shows
that Er is now at the top of the highest VB. In the meantime, the unoccupied band is
1-2 eV above the highest VB. This is a semiconductor. All unoccupied bands are called
conduction bands (CBs). The energy gap between the highest VB and the lowest CB is
defined as the band gap E,. This can be compared with HOMO and LUMO in Section 8.3.1.
Semiconductors conduct electricity not as well as a metal, but one often uses thermal,
electric, and optical fields to excite electrons from VB to CB and conduct electricity. This
property underlines the semiconductor industry. Figure 9.8(c) shows the band structure
for insulators. They are similar to semiconductors, but with a larger Eg, above 5 eV. Both
E, and Ep are determined by band structures of a material. In the following, we show
one example of Er.

Example 2 (Fermi energy and Fermi wavevector). N, free electrons are sealed inside a chain of length L =
Na, where N, is even, a is the lattice constant, and N is the number of lattice sites. The electron has energy

dispersion £, = % where k is the crystal momentum. (a) Find the Fermi wavevector k. (b) Find the Fermi
energy as a function of electron line density n, = N, /L.

(a) We start with the energy dispersion £, = % At Eg,itis Er = % where k; is the Fermi wavevector.
First, we need to see what kr can take. According to the Born-von Karman boundary condition (Section 9.2.1),
" = 1,50k = 2nn/L = Zn, where n is an integer, 1,..., . So, the first k; is 2= If we had one electron,
then kr would be kq; two electrons, & is still k; since every k takes two electrons. So, all we need to do is to
find how many states are available between the Fermi wavevectors —k; and k¢, and what the minimum gap
Ak is between two adjacent k points. Ak is just % So, now the number of available states is %. Because
each state can accommodate two electrons, spin-up and spin-down, the total number of electrons N, must
be equal to [50], N, = 2 x ¢ New _ net

% — ke = 57 = =5, showing that the Fermi wavevector k is directly related to
the electron line density.

Wk HnPn
(b) Using the energy dispersion, we can find £f = W: = Em,
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Exercise 9.5.1.

22. What are the band structure differences among metals, semiconductors, and insulators?

23. Which metal, sodium or potassium, has a higher Fermi energy?

24. A one-dimensional system has the band dispersion £, = £, cos(ka), where E; is an energy constant, k is
the wavevector, and a is the lattice constant. Suppose we have N, electrons. (a) Find the Fermi wavevector.
(b) Find the Fermi energy.

9.5.2 Fermi surface

The Fermi level separates the occupied from unoccupied bands in the band structure
along a single-crystal momentum direction. A surface that separates the occupied from
the unoccupied states in the k space is called the Fermi surface, where every point has
Er. In one dimension, the Fermi surface is just two dots, defined by +kp, the Fermi
wavevector. In two dimension, the Fermi surface is a two-dimensional curve, and, in
three dimensions, we have a surface. Within the surface, all the states are occupied.
The Fermi surface provides the band structure information in the reciprocal space. We
have only the coordinates of Fermi vector kg, and the Fermi energy and the number of
electrons become our input parameters to construct such a surface.

We take the free-electron gas an example. A free electron has energy E;, =
% If we fix Ey at Ef, then k,, k, and k, form a sphere of equal energy cen-
tered at (0, 0, 0). The surface of this sphere is the Fermi surface. Only the free electron
has such a sphere. The rest have some distortions.

We take the band structure of the tight-binding model in the previous section (eq.
(9.4.15)) as our second example. We slightly modify the band dispersion to

(Ex - E* +t5)/(2t)) = cos kea + cos kya + cos k,a.

For an easy illustration in the two dimension, we let cos k,a = 0 or k,a = % and denote
the term on the left side as a dimensionless —¢, so we have

— & = cosk,a + cos kya, (9.5.1)

which lies between -2 and +2. E is also dimensionless. In principle, we should choose
N, and then find E, but this is tedious. Instead, we choose a Er, which is equivalent to
choosing a N,, and then set —&; = Er.

To appreciate how the Fermi surface changes, we start with a small Er and kg, i. e.,
very few electrons. To be more precise, we assume Er = —1.95. In this case, our k is small,
so we can expand cos k,a and cos k,a around k = 0 as

2 2
B kxa kya
—Ek—l (T) +1 <T> L RN
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Figure 9.9: Fermi surfaces at five different Fermi energies (thin lines): (a) £z = =1.95, (b) £ = -1, (c) £ = 0,
(d) £r = 1,and (e) £r = 1.95. E; is dimensionless due to eq. (9.5.1). All the states are filled from the I' point
(ky = 0, k, = 0) to the Fermi surface. These surfaces are created using the fermisurface. f.

Ignoring higher-order terms, we find

2 2
k.a kya
<%> +<y7> =2+ &

On the Fermi surface, & is fixed at E, so k, and k,, form a circle with radius @ The
pair of (k,, k,) represents a Fermi wavevector. Figure 9.9(a) shows all the states inside
the circle are filled with electrons, and outside they are unfilled. This means that, if Er
is small, the highest occupied g is small as well.

Our actual Fermi surface is computed numerically from eq. (9.5.1) where we set E
in the code fermisurface. f to —1.95. Then, we scan k, from -m/a to ir/a, i. e., from —b/2
to b/2. For every k,, we solve for k, from eq. (9.5.1).4

If we have more electrons, Er becomes larger, and so is &. At Er = -1, our Fermi
surface is distorted. Figure 9.9(b) shows the distortion is stronger as k, and k,, approach
the BZ boundaries. At g, = 0, the distortion is so strong that we cannot use the same
expansion anymore. Instead, we can directly solve coskya + cosk,a = 0 to get k,a =
tk,a + 71, which produces four line equations. It is extraordinary that the Fermi surface
collapses into four lines (see Fig. 9.9(c)).

For a larger ka close to 7, we need to expand cos ka around 7,

1 d* cos(k,a)

d cos(k,a) 2
—& = COS(TT) + ——2—= (ka-m)+ = (kya—m)°“+---
k Ay on 20 dkaP | ger
d cos(k,a d? cos(k,a
+cos(n)+¢ (kya — 1) + 1#2) (kya—n)2+-~-,
dka |, . 2! d(kya) ka=r

which can be reorganized into a simple form by dropping higher-order terms,

4 In the code, we denote k, by x and denote k, by y.
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2

(kea — )" + (K a—ﬂ)2=2(2—e)—><k _7_T> +<k _7_T>2: 22 - &)
X y k X a y a a2 .

So, thisis a circle centered around % with radius of —Vz(fl_e“) which is plotted in Fig. 9.9(d).
Caution must be taken that those four corner quarter circles are unoccupied regions. As
Ep is increased to 1.95, almost the entire zone is filled, with four tiny unfilled quarter-
circles at four corners (Fig. 9.9(e)). Finally, we should note again that, although we in-
crease Er here, what is really increased is the number of electrons.

Exercise 9.5.2.
25. Use the code fermisurface. f to produce the entire set of Fermi surfaces as shown in Fig. 9.9(e).
26. Emulating the previous case, find the coordinates of (k,, ky).

9.5.3 Chemical potential

To this end, we limit ourselves to T = 0K, where we can define the Fermi energy Er,
the Fermi wavevector ky and the velocity is called the Fermi velocity vy = %‘% lk=k, -
Figure 9.10(a) reviews a typical band structure for a metal, where the Fermi energy Er
is denoted by a horizontal line.

When T # 0K, the Fermi energy must be replaced by the chemical potential be-
cause electron occupation follows the Fermi-Dirac distribution fpp. For the single-spin
channel, the distribution is given by

1

JeoB) = gy 9.5.2)
where Ej is the band energy, B = 1/kgT, k is the Boltzmann constant, and u is the
chemical potential. Figure 9.10(b) is the Fermi distribution (eq. (9.5.2)) for kzT = 0.05eV.

For a single energy state such as Fig. 9.10(b), u is equal to the energy with f¢, = 1/2.

kgT=0.05 eV
0 T 1 T -2.2 —T -2.28 T
0.8 F B
- @] \ o) { - (©) (d
3 \ / oot 13 26} ] 23t ]
LLIX 2} EF i — . E
\./ 0.2 F \ b
- L 0 L -3 L -2.32 .
-1 0 1 -3 -2 - 10 20 30 40 0 0.1 02
ka (m) E (eV) N, ks T (eV)

Figure 9.10: (a) Band dispersion with the Fermi energy £; highlighted. (b) Fermi-Dirac distribution f(£). (c)
and (d) Chemical potential p as a function of the number of electrons N, and kgT, respectively.



9.6 Transport on a nanometer scale =— 277

To see why we call u a chemical potential, consider a specific system with N, elec-
trons. Then, the sum of f;;, over E; must equal N,,

1
;fFD(Ek) = % P e N..

For a given T and N,, u is the only variable to be adjusted until the sum is N,. Different
N, produces a different y, so we call it the chemical potential.

In the following, we take a simple cubic structure as an example. Its band dispersion
is By = E*'~t,—2t, cos k,a, where we drop the terms cos kya and cos k,a for simplicity. We
set E* —t, to —3 eV and t, to 1eV. k,a runs from —7 to 77 in steps of /100, so there are 100
k points. First, we fix kzT = 0.05 eV and change N, from 10 to 40.° The result is computed
using code fermi200. f in the Appendix 11.16. We use the middle point method to find .
The chemical potential sensitively depends on N, (see Fig. 9.10(c)). A larger N, pushes u
upward. The dependence of i on kT is shown in Fig. 9.10(d), and, if we extrapolate u to
kT = 0, we get Er.

Exercise 9.5.3.

27. Use the code fermi200. f to reproduce data shown in Figs. 9.10(c) and (d).

28. Use the same code fermi200.f, but change the band dispersion from cos k,a to a free-electron one
hzkz/(Zme). (a) Plot the chemical potential as a function of N,. (b) Extrapolate the chemical potentialto 7 = 0
just as Figs. 9.10(c) and (d).

9.6 Transport on a nanometer scale

Chemical potential introduced in the previous section is important for transport on a
nanometer scale. Since the 1980s, the electronic device size shrunk to a few hundred
nanometers, where the quantum effects of electrons become very important. We en-
ter the quantum transport era, which is fueled by the scanning tunneling microscope,
the discovery of Cq, the quantum Hall effect, giant magnetoresistance, and tunneling
magnetoresistance, each awarded a Nobel prize. To our knowledge, very few QM text-
book has introduced quantum transport, partly because an open-system is too difficult
to describe with the Schrodinger equation. A detailed treatment of quantum transport
involves several advanced topics [63, 64]. We find a simple way to introduce this exciting
topic to the reader through the transmission coefficients and Landauer’s formalism.

5 Itis important to note that we cannot arbitrarily choose N, for two reasons. First, to accommodate N,
electrons, the number of k points must be larger than N, /2 for a single band. Second, our band dispersion
E; has a limited energy range. If we choose N, too large, the top occupied level may be close to the
maximum band energy, so frp, abruptly stops at the maximum energy. This limitation is due to our band
structure in the tight-binding model. In reality, this should not happen as there are always unoccupied
bands available.
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9.6.1 Minimum conductance and von Klitzing resistance constant

We consider a special case of direct current through our device. Figure 9.11(a) shows
our device (the central part) connected with two leads (contacts), source and drain. In
general, the device should also be connected with a gate, which is ignored here. We start
with our current continuity equation,

op Uu-u*
- VIt TR

P, 9.6.1)

where p is the density pertaining to our device or the channel® in the device. The density
in the source and drain is not considered, different from our prior presentations. We
purposely use U to represent the potential energy to avoid confusion with voltage V.
The effect of the source and drain enters through U.’

Different from the closed system (see eq.(2.1.13)), the open system must keep the
second term in eq. (9.6.1). In particular, for DC, where V - J = 0,% the second term is the
only source for the density change. We rewrite U as U = e(V, + iVp/2), where V, is the
real part of the potential and Vj/2is the imaginary part, representing the voltage at one
lead. We use % so U — U™ depends only on the potential difference between two leads,
U-U" = ieV}.To find the electric current I, we multiply the equation by —e and integrate
over space to get

¢
h

I= =

2
% der MV, 962)

9P 4| _
—ej gdr‘ =

The integration over space j pdr is a charge-carrier number M. Different from the
normalization condition in a closed system in eq. (1.4.2), this is not the total number of
charge carriers in the device; instead, it represents the number of charge carriers that
can physically move through the device from the source to the drain (Fig. 9.11(a)) to con-
tribute to the current. To extract the crucial physics, we replace j pdr in eq. (9.6.2) by the
number of channels M in the device.’ The carts in Fig. 9.11(b) represent the charge car-
riers. Inside the device, we have five carts, but only one in channel B can move through.
The bottom four carts in channel C cannot move easily because their energy level is
lower than the energy level in the drain. Channel A has no contribution since there is

6 Itis common that one uses “channel” instead of “energy level” in transport, although they are exactly
the same thing. Using channels highlights the transport nature.

7 Inthe advanced transport theory, only small portions of the source and drain are included to improve
the wavefunction accuracy on the interfaces between the device and the source/drain [63].

8 Even if we do not make this assumption, we can drop off the first term because, experimentally, with-
out bias the current must be zero. This means only the second term remains in the equation.

9 This avoids the problem that we have to specify how many electrons are in the channel.
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A\

e

Source Drain Source Device Drain

Figure 9.11: (a) A typical quantum transport device is connected to the power supply through the source
on the left and drain on the right. (b) The current flow depends on p; — p, and the number of available
channels in the device. The small carts in the figure represent the charge carriers such as electrons. The
quantization of energy level in the nanodevice represents a resistance to carriers at contacts between the
device and source/drain, while in the channel there is no resistance, just like bullets, ballistic transport. (c)
Energy diagram across the source, device, and drain, where the shaded regions are filled states according
to the Fermi distribution.

no charge carrier. Figure 9.11(c) highlights three conditions for channel B to be opera-
tive. First, the chemical potential in the source is higher than that in channel B of the
device, while the drain chemical potential is lower than channel B. Finally, the device
still has enough states to be occupied [63]. These three conditions allow the device to
discharge the old charge carrier to the drain and ready to receive new charge carries
from the source. If for some reason one of three conditions is not fulfilled, the current
flow stops, leading to spatial charge accumulation.
Figure 9.11(c) has one channel, M =1,

2 2
1
1=%v, G =—=% -

38.7 41, 9.63
h v, h # (963)

which is the maximum conductance (h without 277). One can see that the conductance is
not infinite, in contrast to the classical physics prediction. Its reciprocal is the minimum
resistance, the von Klitzing constant, Ry = Gio = 258 KQ.° This resistance cannot be
described by Ohm’s law. It is purely due to the quantum nature of the device at a small
scale. Because the channel length is so short, charge carriers inside the channel of the de-
vice travel like a bullet, i. e., ballistic transport, without resistance, but when they enter
the device from the source and when they leave the channel, they encounter resistance
because the energy level quantization restricts them to a few channels. This is similar to

the situation that when 100 students enter the classroom through one door, and every-

10 In 1985, Klaus von Klitzing received the Nobel prize for the discovery of the quantum Hall effect.
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Figure 9.12: (Left) Conductance in carbon nanotube [65]. (A) Conductance change as a tube moves in and
out of mercury. (B) Statistics. (C) Conductance plateaus as a function of position z. (D) Tip effects. Note
their Gy is Zez/h. Used with permission from AAAS. (Right) (A) Conductance-time curves in Cu nanowires
taken at room temperature [66]. (B) The half-step size of G, shows the broken spin degeneracy. Used with
permission from AIP.

one experiences resistance. In nanodevices, such as our cell phones, the heating occurs
at contacts between the device and source/drain.

In nanowires, one can directly measure G,. Franck et al. [65] moved their nanotube
in and out of mercury and found that the conductance shows a short jump (left figure in
Fig. 9.12). Gillingham et al. [66] used a much simpler method. They employed two copper
nanowires and measured the conductance by a Tektronix TDS430A digital oscilloscope
at room temperature. They detected jumps in conductance as they vibrated the wires
at 5-10 Hz. The right figure in Fig. 9.12 (Fig. A) is their experimental results, and Fig. 9.12
(Fig. B) shows that the broken spin degeneracy (see Chapter 6) leads to the half steps.
If we have M channels, we have M times more current. This is the reason why we use
M instead. Ohm’s law can be recovered if the device is much longer and the diffusive
resistance in the channel dominates over the resistance at contacts.

Exercise 9.6.1.

29. Another way to derive G is to use the group velocity of the charge carrier, uy. This, however, slightly mixes

the quantum and classical treatments [63]. Suppose the charges move along the +x-direction. The current is

I= —% 2o, Uy, where the summation is over all the contributing charges, L is the length of the device, and
19

Uy is their velocity. Using the relationship between u, and energy £, u, = —7 5, where k, is the wavevector,
X
dk

2
and converting }, 1/Lto j o> Show I = %(V1 — ;). Here V; and V, are voltages at two contacts.

9.6.2 Landauer theory: conductance is transmission

To understand quantum transport brings us back to our source and drain introduced in
the previous subsection. We recall that chemical potential u changes with the number of
electrons N. The source, which is connected to the negative and electron rich electrode,
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(a) (b)

Source Drain Source

- Drain
Device Device

Figure 9.13: (a) The source tries to move electrons from left to right. (b) The drain tries to move electrons
from right to left. The competition between them gives the net current. This is the origin of the subtraction
between two Fermi functions.

has a higher chemical potential g, than u, of the drain, i.e., #; > p,.!! The difference
isyy — Uy = e(Vy - V,) = eVp, where Vj, is the power supply’s voltage. In Fig.9.13, we
schematically illustrate this connection. Figure 9.13(a) illustrates that the source pushes
the electrons (carts) to the right, while Fig. 9.13(b) shows that the drain pushes the elec-
tron to the left. A competition between these two gives the current. We should emphasize
several theoretical difficulties here. A single chemical potential is well defined for a sin-
gle material, but, when our system has three parts, the device, source, and drain, they
cannot have the same chemical potential.’? Second, the entire system cannot be treated
in the crystal momentum space, as we did previously using Bloch wavefunctions, be-
cause there is no translational symmetry among the device, source, and drain. Thus, we
are forced to work in real space, not reciprocal space, where Schrédinger equation even
for a simplest case is unsolvable. Third, this is a truly nonequilibrium process.

In 1957, R. Landauer [67] pioneered the idea that conductance is transmission. It
allows us to connect the current with transmission through [63],

I=

3Im

J dET(E)(f,(E) - f,(E)), (9.6.4)

where T(E) is the transmission of the device and is dimensionless. The integration is
over energy states of the device. The source and drain enter the equation through their
respective Fermi functions, f; and f,. The competition between the source and drain as
seen in Fig. 9.13 is now realized mathematically by the Fermi function difference (f;(E) -
fo(E)), where f; = m and f, = W One cansee, if 4y = uy, I = 0.If f; > f,
I > 0; otherwise, I < 0. This shows that the current does change sign if we switch the
polarity of the power supply. If y is very close to w,, f; — f5 is

fi-fi= —f(u1 —Up) = ——fe(Vl -V), (9.6.5)

11 Rigorously speaking, the chemical potential energy becomes more negative once we have more elec-
trons. Here, in order to simplify our explanation, we make a compromise: A higher chemical potential
leads to a higher chemical potential energy by assuming the electron carries a positive charge. It is in
this spirit that Fig. 9.11(b) has a higher u; on the source side and lower u, on the drain side.

12 If they do, there is no current.
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and then the current is

2 (o0}
—e of
I=— | dE=(V; - V,)T(E). 9.6.6
v | s - wTe 9.6.6)
—00
Since 2{1 = SE, whose proof is left as a homework assignment, we have

K
"

j Y T(E)(VI—VZ) (9.6.7)

If the transmission T(E) = 1, which is called the ballistic transport since any electrons
move through without reflection, just like a bullet, then the integral of 7 over E is just

f(+00) — f(—00), which is —1. We take the absolute value and have I = 7 ( V; - V,), which

gives conductance G, = % This proof is more rigorous than we just did.

Here, the Fermi function f is just for one channel, i. e., one state. If we have M degen-
erate states, i. e., M channels, we have to sum over all the these channels, but, since each
channel contributes the same amount of current, our current will be M times larger,

2
I= M‘%(v1 —Vy). 9.6.8)

If T(E) < 1, the conductance G is smaller than G,. This is called the scattered transport,
where not all the electrons can go through the barrier. This connects with the quantum
tunneling of Chapter 2. The actual dependence of I on V depends on the transmission
T(E).

In the following, we present a numerical example to reveal all the details in eq.
(9.6.4), without making a low-bias approximation. At zero bias, we set the chemical po-
tential for two contacts, source, and drain, to ¢y = y, = —1eV. Figure 9.14(a) shows the
Fermi function in the source or the drain, with § = m
If the bias voltage V is applied, g, is changed to u; + eV/2 for the source, and y; is

changed to yy — eV/2 for the drain, so the Fermi functions are

1 1
fi= » fi= = .
ePE+u+eV/2) 4 1 eB(E+u—eV/2) | 1

Figure 9.14(b) shows the difference f; — f, as a function of E for two biases. As we
increase V, the nonzero window widens. We again take the ballistic limit, with T(E) =
and numerically integrate eq. (9.6.4) over E to find the current I. The results are shown in
Fig. 9.14(c). The current strictly linearly increases with V. The slope is our conductance
Gy = 38.7 uS. In practice, one often computes the conductance by dI/dV, which is shown
in Fig. 9.14(d). This conductance is independent of V. This means our current I = %Z(Vl -
V,), even without the low-bias approximation and even at a finite temperature. This
explains why experimentally Fig. 9.12 shows steps at G,. However, mathematically it is
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Figure 9.14: (a) Fermi distribution in the device alone. (b) Difference between two Fermi functions at two
biases of 0.4 (circles) and 1.0V (squares). The temperature is fixed at 8 = 1/(0.025 eV). (c) I-V curve with
transmission T = 1 (ballistic limit) (d) Conductance does not change with V for the ballistic transport.

not obvious why, I = % jfzo dE(T(E) = D(fi(E) - fo(E)) = e—;(Vl - V), whose proof is
rendered as a homework exercise.

Exercise 9.6.2. n
. ) of _ Oof .y _ ) . . &

30. Show (a) for the Fermi function f, %= (b) if T(E) =1, use this relationship to prove I = V.

31. Consider a ballistic transport with the transmission T = 1. Prove the currentis independent of temperature

and can be written as

o 2

I=1 [ (R +en) -+ ev)de = 54 - Vo),

-0

where f; and f, are two Fermi functions.

9.6.3 Device’s density of states (DOS)

So far, we have investigated only how the voltage bias affects the I-V curve through
the source (f;) and drain (f;), but the details of the device information are absent. In
particular, there is no information on the eigenstates, i. e., channels, of the device. In fact,
Landauer’s formula (eq. (9.6.4)) in its present form does not allow to include eigenstates,
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such as those illustrated in Fig. 9.11(c). If the device has 1 or 10 eigenstates per unit energy,
this integration stays the same. So, we need a quantity to tell the difference between 1
or 10 eigenstates per unit energy.”® This quantity is called the density of states (DOS), the
number of states at energy E per unit energy, p(E),4

1

; \(E - Ep)? + &2

where the summation is over the eigenenergy E, of the channel device and 6 is a broad-
ening to avoid divergence. A is a constant to ensure that the normalization of p(E) is
equal to the number of electrons in the device, N,

pE)=A (states/energy), (9.6.9)

(o]

j p(E)YdE = N.

—00
With p(E), we now rewrite eq. (9.6.4) as

[ee]

J dET(E)p(E)(fL(E) - f,(E)). (9.6.10)

-0

e
I=—
h

In the following, as an example we suppose that the device only has one electron and
one eigenenergy E, = 2eV. Our next example uses E,, = 1eV. Figure 9.15(a) is our nor-
malized DOS, which peaks at E,,. The normalization is done within [-20 eV, 20 eV]. The
channel restriction with a single state reduces the current significantly. Figure 9.15(b)
shows that, at V. = 1V, I = 0.071nA, but in our ballistic case (Fig.9.14(b)), I = 3.87nA.
It saturates with V (see the circles in Fig.9.15(b)). What is more interesting is how G
changes. It peaks at 2V, which exactly corresponds to E, = 2€V in our DOS. This ex-
plains why the current flows only if there is a channel between two chemical potentials
of the drain and source. G peaks whenever there is such a channel.

To this end, our calculation is limited to the ballistic transport T(E) = 1. Next, we
consider a case with E,, = 1eV. Figure 9.15(c) shows our DOS, which is normalized be-
tween 0 and 2 eV. We now see that it peaks at 1€V, in contrast to Fig. 9.15(a). In order to
see how transmission T(E) affects transport, we use the transmission from Chapter 2,
where the finite barrier height V, is 2eV and the barrier width is 3 A. The current and
conductance are given in Fig. 9.15(d). One sees that the current is further reduced since
T(E) becomes smaller. The current has a plateau after 2 eV because there are no more

13 M in eq. (9.6.2) gives us good guidance.
14 Unfortunately, p has been overly used, but it is mostly related to density.
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Figure 9.15: (a) The normalized density of states p(£) as a function of £ within [-20 eV, 20 eV]. Only a sin-
gle eigenstate at 2 eV is included. The broadening ¢ is 0.1eV. (b) Current-voltage curve (empty circles) and
conductance-voltage curve (filled circles) under a single eigenvalue limit and ballistic limit. (c) The nor-
malized density of states with £, = 1eV. (d) IV (solid) and G-V (dashed) curves with a realistic T(£) from
quantum tunneling.

states larger than 2 eV that we set. The conductance no longer peaks at E,, due to the
influence of T(E). This shows that in a practical device, I-V and G-V curves sensitively
depend on both the transmission and DOS of the device.

What we have presented so far is an introduction to quantum transport. One
might wonder why we take the Landauer approach, instead of the time-dependent
Schrodinger equation. The answer is that we cannot solve the Schrédinger equation,
even numerically, because we are dealing with three subsystems, two semi-infinite sub-
systems, source and drain, and one finite device. These semi-infinite systems cannot be
treated in the momentum space either, as solid-state physics would. Essentially, we are
forced to compute everything in real space. Landauer’s idea is to use a transmission co-
efficient as a way to investigate transport properties. The advanced reader may consult
several excellent books on this topic [63].

Exercise 9.6.3.
32. Suppose that £, = 0.5eV and § = 0.01eV. Compute the I-V curve as a function of voltage for the trans-
mission (a) T(E) = 1and (b) T(E) = 0.5. (c) Compare the results from (a) and (b) and explain the difference.
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9.7 Scanning tunneling microscope

In 1981, Gerd Binnig and Heinrich Rohrer [68] invented the scanning tunneling micro-
scope (STM), for which they were awarded a Nobel Prize in Physics in 1986. STM for
the first time enables one to “visualize” atoms on atomic scales. It represents a triumph
of quantum tunneling in real applications from surface structure characterization to
surface reconstructions. A subsequent discovery of the atomic force microscope (AFM)
enables one to investigate insulating samples, such as DNA and polymers. This section
is devoted to some of its basic principles and operations.

9.7.1 Principle of the STM

A typical STM consists of a metallic tip, which scans across the surface of a sample, a
power supply, and a current detection system, which may include a feedback loop. Fig-
ure 9.16(a) shows a typical scheme. Three piezodrives, made of a piezomaterial, move
the tip along the x-, y-, and z-axes. The piezodrives are calibrated by capacitor plates.
A typical sensitivity is 2.0 + 0.2 A/V. This means, for every volt, the tip moves 2 A. One
brings the tip close to the sample’s surface, without touching the surface. Once a bias
is applied between the tip and sample, electrons can tunnel through a vacuum bar-
rier and generate a current of nA or pA. Experimentally, one measures the current as
a function of position x, y and z. The current change encodes the electron density and
its spatial profile that reflect the underlying atomic arrangement. The tip is usually very
sharp. One can use a pair of scissors to cut a wire at 90°, post-processed by chemical
etching.

PSPD

T

Figure 9.16: (a)Typical scanning tunneling microscope (STM) setup. A sharp tip, usually mounted on a
piezomaterial, such as Pb(Ti, Zr)O, (PZT), is brought close to a conductor surface. Electrons tunnel through
the gap between the tip and the surface, and under an external voltage bias, they contribute a current.
The current sensitively depends on the distance between the tip and surface. The image in Fig. 1.2 is pro-
duced by STM. (b) For insulating surfaces such as DNA, one detects the attractive force between the tip
and surface by measuring the reflected light from the back of the tip. The reflected signal is recorded by a
position-sensitive photodetector.
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9.7.2 How STM gains atomic resolution and the Binnig-Rohrer factor

Itis the quantum tunneling that enables STM to obtain atomic resolution. In Section 2.7.2,
we showed that transmission exponentially depends on the barrier width. From Sec-
tion 9.6, we see that the current is directly proportional to the transmission.

Suppose the distance between the atoms on a sample surface and those on the tip
is z, which is the same as a in Section 2.7.2, and the transmission is

T(E) = g(E)e™ 7 Vet E) (9.7.1)

where g(E) is a function of E and V|, and is less than 1. To simplify our notation, we define
% y/2m, as the Binnig-Rohrer factor,

2 o _ _
Spr = 3 \2me = 1025 A ey, 9.7.2)

Assume that we only apply a low bias, so E can be approximated by the Fermi energy
E;. Vy is the barrier potential due to the surface confinement, where electrons cannot
escape from the surface, and V, - Ef is defined as the work function, ¢. We caution
again that V; is a potential energy. Under the low-bias limit (see Section 9.6), the current
is proportional to T'(E;):

2
1) = ~g(Epe *\Fav, 9.7.3)

which is found from eq. (9.6.7). If we have two barrier widths, z; and z,, and if we further
assume the charge density is the same, then the ratio of two currents I; and I, is

I(z) _ —s-2)V8
—— = @ TBRTTINE, (9.7.4)
1(z,)
Its logarithm is
1(zy)
n—-:=-§ Zy — Z9). (9.7.5)
1z, BR\P(Z1 — 22)

So, the slope of InT is a direct measurement of \/5 Ifzisin A, then ¢ is in eV. The reduc-
tion of current is exponentially dependent of z. So any atoms, slightly away from the tip,
have a negligible contribution to the total current. This provides the atomic sensitivity.

In experiments, one can fix the current and change z, while scanning along the xy-
plane. This is called the constant current mode, by adjusting z. This can be done by
changing the voltage to the piezodrive along the z-axis. If the surface is electronically
homogeneous, the constant current means the same height z everywhere. Then, the
current is a function of x, y, z, or I(x,y,z), which encodes the surface information of
a sample.
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STM is restricted to conducting surfaces and does not work for insulating materials.
The atomic force microscope (AFM) is used instead. It uses the force between the tip
and sample. The cantilever deflects up or down, depending on the force. Figure 9.16(b)
shows the setup. Modern STM and AFM are much more sophisticated and widely used
in research and industry.

Exercise 9.7.2. :
33. Show the Binnig-Rohrer factor Sgg = % 2m, = 1.025A "ev"2.

34. The tunnel current is roughly of the form [68] I = f(V) exp(—\/g -z), where f(V) is a weighted joint local
density of states of tip and object, @ is the average tunnel barrier height in eV, and z is the separation of two
metals in A. (a) It is clear that the unit of the exponential function is not correct. What are missing? Hints:
Check eq. (2.7.2). (b) Given ¢ = 5 eV, after correction of the units, compute the current ratio at z, = 1A and
7 =1A.

35. Tungsten tips are used for STM. The work function of tungsten is 4.5 eV. When the barrier width z is 1A
between the tungsten tip and a sample, the current is 2 nA. Find the currents at z = 2A and 4A.

9.8 Lattice vibrations

The harmonic oscillator is a model for a single atom. In real materials, we have many
atoms, often coupled to each other. For instance, in CO, the carbon is bonded to two
oxygen atoms. In Cg, each carbon has three neighboring carbon atoms. We have 174
vibrational modes. In fact, for a system with N atoms, the total number of the degrees
of freedom is 3N. We subtract 3 translational modes and 3 rotational modes, and we
have 3N -6 normal modes of nonzero frequency and 3N — 6 normal modes of molecular
vibrations. This section starts with classical physics and then introduces the quantum
concept: phonon.

9.8.1 Normal modes

We consider a chain of N identical atoms along the x-axis, situated at X, Xy, ... Xy (see
Fig.9.17(a)). The spatial separation between two neighboring atoms is a, so x; = la, where
a is the lattice constant. Every atom has two neighbors. Consider atom [, with position
x;, which has two neighbors: atom [+ 1 and atom [ - 1. The interaction between atoms is
modeled by an ideal harmonic oscillator, with spring constant C."° The force from atom
l+1onatom!lis C[(x;4—Xp) — (x,o+1 —xlo)] and that from [ - 1is C[(x;_; — X;) — (x?f1 —xlo)],
where x? is the equilibrium position of atom [, so the total force on [ is

Fy = C[(x41 = x0q) — (0 = x))] + Cl (g1 = x0) = 0 = x7)]

= Clugyy —up) + Cupg — ) = Cupg + Uy = 2wp),

(9.8.1)

15 We do not use k here since k is reserved for a wavevector.
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Figure 9.17: (a) A chain of atoms are arranged along the x-axis. Each atom / has two neighbors, / — 1 and

| + 1. At the end of the chain, we connect atom 1 and atom N. (b) The displacement u(/, t) as a function of
time ¢t for atom /. (c) Collective vibration in a chain of 12 atoms at time t, (filled circles) and ¢, (empty boxes),
where t; < t,. The displacement u(/, t) is plotted as a function of atom index /. The wave moves to the right.
(d) The same as (c), but the wave moves to the left.

where y; = x,—x? isthe displacement of atom l. Equation (9.8.1) works for any atom away
from two ends of the chain, but, for [ = 1and [ = N, the atom only has one neighbor,
so the force cannot be balanced, which is unphysical. To resolve this issue, one either
manually fixes these two end atoms or one links the [ = 1 atom to the [ = N atom.
This second method is called the periodic boundary condition, which is used below. The
dashed line in Fig. 9.17(a) shows this periodic condition.

Suppose that all the atoms have the same mass m. Equation (9.8.1) provides an ac-
celeration for atoms, and the Newtonian equation of motion is

oy

mﬁ = C(Upyq + Uy — 2uy). (9.8.2)
Given an initial condition, this equation describes various dynamics, where u depends
on both time and space. To simplify our calculation, we examine only a normal-mode
solution, where y;(t = 0) contains a single frequency, w, and u(l,t) = w(t = O)ei“’t.
Figure 9.17(b) shows an example of u; for one period of time for atom L. Figure 9.17(c)
shows u(l, t) at a fixed time ¢, (filled dots) as a function of atom [ for a chain of 12 atoms
for the wave traveling to the +x-axis, or the wavevector k > 0. This is a snapshot of all
the atoms in space, so one sees that a wave across all the atoms appears. The vertical
arrows in Figs. 9.17(c) and 9.17(d) denote moving directions of the atoms at the next time
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t, (empty boxes). A simple way to find those directions is: (i) Locate the atoms at their
maximum positive and negative displacements, i. e., crests or troughs, here, Il = 3 and
l = 9; (ii) draw two arrows toward the u = 0 line; and (iii) check which direction the
collective wave propagates. In our case, it is to the right. All the atoms behind these
extreme atoms, i.e., [ = 3and [ = 9, have the same moving direction until one hits on
the next extreme atom. Figure 9.17(d) shows a wave propagating to the left, or k < 0.

The normal-mode solution decouples the spatial dependence of ; from its time de-
pendence, i. e, y;(t) = y(t = O)ei“’t. Substituting u;(t) into eq. (9.8.2) yields

— mwuy(t = 0) = C(upq(t = 0) + w4 (t = 0) — 2uy(t = 0)), (9.8.3)

where the time dependence of y;(t) is eliminated. Because the expression u;,4(t = 0) +
2

u_4(t = 0) — 2y (t = 0) is a finite difference form of ZX—LZ‘ if u were continuous, eq. (9.8.3)

is similar to the differential equation

d’u
CKZZ(AX)Z + mw'y; =0,

which suggests a solution of u; ~ ™ In our case, u;(t = 0) must take a traveling wave
solution, y;(t = 0) = uoeikla, since we are interested in wave propagation. Here, u, is a
constant and determined by the initial boundary condition. In Fig. 9.17, u is written as
u(l, t) to highlight the fact that u depends on the atom position [ and time ¢.

To see whether u; = uoeikl“ is indeed a solution, we substitute it into eq. (9.8.3),

— mwuge®™ = C(uge VK 4 gDk _ gy pllak) 9.8.4)

ilak

Canceling the factor uye™" on both sides yields

—mw? = C(2cos(ak) - 2) = 2C(cos(ak) — 1) = 2C(-2sin*(ka/2)),
W= ac sin®(ka/2) — wy, = 2\]§|Sin(ka/2)|.
m m

This demonstrates that, if we choose a proper w, both sides have no dependence on [
anymore, so that our trial solution is a correct solution. We purposely add a subscript
k to w to denote that w is a function of k. For this reason, we call wj, a dispersion rela-
tionship of lattice vibrations. Figure 9.18 shows this dispersion. Between —rr/a and /a
is called the first Brillouin zone, as known from the prior sections. Although the disper-
sion repeats itself outside this region, they are unphysical. This is because, physically,
the longest wavelength of A = Na covers all the atoms, and the shortest wavelength of
A = 2a only spans two atoms. Shorter than 2a is unphysical. This implies that the largest
|k| is 7r/a, and the smallest k is 27/ Na, which is also the step size, Ak. To match the peri-
odic boundary condition, k must take the integer multiple, nAk = n(2r)/(Na), where n
runs from —-N/2 to N/2, excluding n = 0. The solid line in Fig. 9.18 is an ideal case with
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Figure 9.18: Vibrational frequency dispersion w,, i. e., phonon dispersion as a function of crystal momen-
tum k. The crystal momentum range within [-m/a : m/a] defines the first Brillouin zone. Although w is
periodic in k, it does not mean that k can take values beyond the Brillouin zone, which is different from the
electron band structure. The unit of wy is 2+/C/m, where C is the spring constant and m is the mass of the
particle.

N — oo, which never exists in a real sample, so the k = 0 point must be excluded. For 12
atoms there are only 12 k’s. If k < 0, this means that our wave moves along the —x-axis,
which is illustrated in Fig. 9.17(d). The wave nature of the collective motion involving all
the atoms is better reflected with a longer A or smaller k. This corresponds to the linear
portion of the dispersion in Fig. 9.18, where for a small k, w; = \/gka, S0 wy, is linearly
proportional to k.

For the same reason, we write u; as uf = uoeikl“. The displacement of neighboring
atoms forms a continuous wave, with a fixed phase difference,

Wy upe™ R

ui‘

= 11 ela Ok =€

which is independent of . When the next moment comes, the wave simply shifts toward
the propagation direction. This is the collective motion of all the atoms in the chain.

In molecules and three-dimensional solids, one normally computes the normal
mode frequency by diagonalizing dynamic matrices. Cq, is one example. Sixty carbon
atoms form a Buckminister fullerene cage structure with the highest point group sym-
metry I,. Table 9.1 shows the frequencies of vibrational modes in Cg, for both the Raman
and infrared active modes.

Exercise 9.8.1.

36. A chain of 60 carbon atoms has a phonon frequency of 5 THz. Compute the spring constant C in the units
of eV/A.

37. C¢o has a mode of frequency 481 cm™". The units are in wavenumbers, i. e., the number of waves per cm.
Usev = % to convert it to the units of THz.

38. For a small k, show wy = \/%ka, where wy is linearly proportional to k.
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Table 9.1: Main normal mode frequencies in Cqy computed with our parameters and comparison with the
experiments [69, 70]. The agreement with theory [71] is excellent, where the difference is less than 1%, so
their numerical results are not listed. The frequencies are in the unit of cm™.

Raman modes Ag(1) Ag(Z) Hy Hy Hy Hy H, H,

v (theory) 481 1476 245 374 479 772 1184 1410 1545 1817
v (experiment) 49 1470 273 437 710 774 1099 1250 1428 1575

IR modes T T Tiu Tiu

v (theory) 427 583 1326 1498
v (experiment) 528 577 1183 1429

9.8.2 Phonons

If we quantize collective vibrational excitations in a molecule or solid, we have phonons.
Then, the dispersion shown in Fig. 9.18 is called the phonon dispersion. The phonon fre-
quency is typically on the order of THz (= 10'2 Hz). The phonon’s Hamiltonian is

H= Z(a;ak + %)hwk,
k

where the ladder operators &,T( and @, are now called creation and annihilation opera-
tors, respectively, with a subscript, k. The number operator is i, = a;ak. The eigenen-
ergyis £, = (ny + %)hwk. The connection between the number of phonons and the dis-
placement of the nuclear vibration is also the same as the harmonic oscillator. A larger
displacement corresponds to many excited phonons.

Phonons and photons are bosons. A single energy level can have many phonons.
They follow the Bose-Einstein distribution,

(Mye) = for = - (9.8.5)
Pl —1
where = 1/kT. Because fr must be positive, E; for bosons must be positive. If E; is
small, fzr o< 1/(BE)) can be a huge number. If lots of phonons occupy the same level,
we have Bose-Einstein condensation. This happens in cold atoms and superconductors.
Figure 9.19 compares three distributions: Maxwell-Boltzmann, Fermi-Dirac, and Bose—
Einstein distributions.

Quantization of the phonon energy does not only explain the blackbody radiation
as seen in Chapter 3 but also, more importantly, explains the specific heat change with
temperature. The specific heat c is defined as the amount of heat energy needed to raise
the temperature of a matter per unit of mass,

dE

= —, 9.8.6
c T ( )
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Figure 9.19: (a) Maxwell-Boltzmann, (b) Fermi-Dirac and (c) Bose-Einstein distributions.

where E is the heat energy and T is the temperature. In SI units, c is in J/K. Classical
Maxwell-Boltzmann distribution predicts the thermal energy for a three-dimensional
oscillator is 3kzT. Because one over the unit of mass (in grams) is the Avogadro number
N,, the total heat energy is E = 3N,kgT, which leads to ¢ = 3N kg. This means that ¢
is independent of temperature, which contradicts the experimental observation. Exper-
imentally, it is observed that ¢ goes to zero as T — 0 and approaches a constant as T
becomes very high. In 1907, Einstein adopted the quantum concept and finally resolved

this issue.
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Exercise 9.8.2.

39. Cgg has a mode of 1817 cm™". Find its corresponding energy £ in eV. (Answer: 0.225 eV).

40. According to eq. (9.8.5), find E/kgT if fge = 1000.

41. Einstein used the thermal energy per mole £ = 3thA/(e""/kBT —1). (a) Compute c. (b) Plot c as a function

of T forv =0.1eVand v = 1eV. What do you find?

9.9 Problems

1

Consider an operator, T, which transforms a wavefunction ¥(t) of a system from
time ¢ to ¢ + At, where At is infinitesimal. If (¢ + At) = e"“2'(t), show the operator

that can perform such change is a Hamiltonian operator.
(a) Directly integrate

N

Na
J o lax embx elkX dx,
0

where L = na, b is the primitive reciprocal lattice vector, b = 2r/a, q, and k
is the crystal momentum. (b) Consider two cases: (i) (-q + nb + k) = 0 and (ii)

(-q+nb+k)+0.
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10.

11

12.

In the nearly free-electron model, at A # 0, (a) compute the expectation value of
Py from E; using the Hellmann-Feynman theorem (i |p,|¥y) = %%—i". (b) Com-
pute (Yx|Py|¥y) using the eigenfunction to prove that they are exactly the same. (c)

Compute the velocity v,. (d) Show the expectation value of (¢_|p,|¥_) = (A - %)(l -
1 oF_

m), which matches Mmioz.

Starting from eq. (9.3.10), (a) normalize it; (b) compute the expectation of p,; (c)
compute (¥ |x|¥,) (Answer: (Y |x|¢y) = %); (d) compute (¥ x|y, ), where ky and
k, are different.

According to Section 9.4.1.1, prove the Berry connection —i(lﬁH%) is equal to the
lattice site expectation value le iR

(a) Starting from eq. (9.4.17), prove ¥y, = Y. (b) Directly starting from two eigen-
states |1y, ) and [¢y, ), show that the transition matrix elements (¥, Xy, ) are given
by eq. (9.4.20).

(a) Starting from eq. (9.4.14), find the energy dispersion E;, of the face-centered cubic.
(b) Choose the I-X line to plot the band.

The body-centered cubic has the energy dispersion E;, = -t cos(k,a)cos(k,a) x
cos(k,a). Setting k,a = 0, plot the Fermi surfaces at several different Fermi ener-
gies, Ep = —0.9t,-0.5¢, 0, 0.5¢, 0.9¢.

(a) Show that a free-electron gas model in a two-dimensional square lattice has the
Fermi wavevector of kp = +/27n,, where n, is the electron surface density n, =
N,/ (Na)z, N is the number of lattice sites, a is the lattice constant, and N, is the num-
ber of electrons. (b) Show that in a free-electron gas model in a three-dimensional

cubic lattice, the Fermi wavevector is kp = /37%n,, where n, = N,/(Na)>.

A one-dimensional system has band dispersion E, = E, cos(ka), where E is an en-
ergy constant, k is the wavevector, and a is the lattice constant. Suppose we have N,
electrons. Draw the Fermi surfaces by choosing several different N,.

A one-dimensional system has the band structure E; = mh—; (1-cos(ka) +2 cos(2ka)).
(a) Find the energy bandwidth (defined as the difference between the band maxi-
mum and minimum). (b) Calculate the group velocity. (c) Compute the effective mass
of the electron at T point.

A one-dimensional periodic potential is given as V(x) = -V, Z],\[:l 6(x — na), where
a is the lattice constant, & is the Dirac delta function, and V; is a constant. Before
forming a solid, atoms are in the atomic one-dimensional s orbital, «pat(x -na) =
\ce 14 () Using the tight-binding approximation, compute the energy band Ej.
Hint: Follow egs. (9.4.9), (9.4.10), and (9.4.14). You can set the atomic energy to E;“.
(Answer: E;. = E&'-2Vce ™ cos(ka)). (b) Using the variational principle to minimize
E, tofind c.



10 Special topics: many-body systems, magnetism,
and quantum information

This chapter introduces some advanced topics: electron correlation, magnetism, the

Berry phase, and quantum information processing. Except for the Berry phase, the re-

maining sections heavily rely on many-body wavefunctions, so it is necessary to first

cover Unit 1. The Berry phase is included since it finds many applications in condensed
matter and provides some additional insights into QM.
This chapter consists of four units:

— Unit 1, containing Sections 10.1 and 10.2, introduces several approximations for
many-body problems and then focuses on particle indistinguishability and many-
body wavefunctions of bosons and fermions.

— Unit 2 includes Sections 10.3, 10.4, and 10.5. It introduces the spin singlet and spin
triplet, the Coulomb and exchange correlation, and explains where magnetism
comes from. The Heisenberg exchange spin model is also introduced.

— Unit 3 contains Section 10.6. It addresses quantum information, where quantum
bits, gates and the hardware for quantum computers are introduced.

— Unit 4 contains Section 10.7. It starts with the adiabatic approximation, leading to
the geometrical phase. Then it introduces the Berry connection and the Berry phase.

10.1 Many-body systems under various approximations

Molecules and solids contain lots of electrons and nuclei, given by the Avogadro number
N, = 6.023 x10* per mole. Note N, is the inverse of the atomic mass unit m,, (in grams):
N, x m, = 1(chemistry x physics = 1). In a system of N nuclei and M electrons, even if
we treat them all classically, this is not an easy task. The normal-mode nuclear vibration
and its quantum, the phonon, in molecules and solids discussed in Section 9.8 are a way
to describe their collective interactions. If treated fully quantum mechanically, the total
wavefunction is W(Ry,...,Ry; Ty, ..., Ty,), where R; is the nuclear coordinates, and r; is
the electron’s coordinates. A full quantum mechanical treatment is nearly impossible
except for a few small systems. Various levels of theory are developed.

10.1.1 Born-Oppenheimer approximation
The first approximation is called the Born-Oppenheimer approximation. Because nu-
clei are at least four orders of magnitude heavier than the mass of electrons, one can

approximate W(Ry,...,Ry;1y,...,Iy,) by a product of the nuclear ¥,,(Ry,...,Ry) and
electronic wavefunctions Wy (ry,...,Iy), 1. e,

https://doi.org/10.1515/9783110672152-010
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1P(l‘l, cees RN; I’l, ceey I‘M) = lpnu(Rl’ PPN RN)‘Pel(rl, ceey I‘M).

Here, ¥ represents a many-body (many nuclei or many electrons) wavefunction.

We denote the nuclear Hamiltonian as H,,,, which includes nucleus-nucleus inter-
action, nucleus—electron interaction as Hne, and the electron Hamiltonian as PIel, which
includes the electron—electron interaction. So, the total Hamiltonian is A = Hy, + H,, +
H,). Our approximate Schrédinger equation is

HY = FY. (10.1.1)

To find the effective Schrodinger equation for electrons, we left multiply the nuclear
wavefunction (¥, | and integrate over the nuclear coordinates to get

[<lpnu|Hnu|lpnu> + <lpnu|gne|lpnu> + I:Iel]|lpe1> = EP’pel)' (10'1'2)

One sees that the electrons move in the effective potential created by the nuclei. The first
term is a constant and represents the nuclear energy. The second term is still an operator
because the electronic part is not integrated over. The last term is the pure electron
Hamiltonian. Similarly, we can find the effective Schrédinger equation for nuclei by left
multiplying (¥,,| and integrating over the electronic coordinates,

[I:Inu + <lpel|ﬁne|lpel> + <lpe1|Hel|‘Pel>]|lpnu> = E|anu>' (10'1'3)

The time-dependent Schrédinger equations are similar. Although we separate the nu-
clear and electronic wavefunctions, this does not mean that nuclei and electrons are
independent of each other. In fact, the solution in eq. (10.1.2) affects the solution in eq.
(10.1.3), and vice versa. Therefore, one has to solve them self-consistently. Essentially,
when we solve electronic wavefunctions, we assume that the nuclei coordinates do not
change. For this reason, this approximation is also called the adiabatic approximation.

10.1.2 Independent electron approximation

To further simplify our equation, we take another approximation: independent particle
approximation, where particles do not interact each other. We use M electrons as an
example. The total Hamiltonian is

Hy=H +Hy+-+Hy, (10.1.4)

where H; only acts upon electron 1, A, on 2, and so on. Assuming their eigenfunction is
;) for electron i, H;|¢;) = E;|¢;), the eigenfunction of A, must be

M
Wa(L,2,....M) = ¢y by = [ [ 00 (10.15)
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which can be checked by directly substituting ¥, (1,2, ..., M) into Hy¥, = E¥,. And
the total eigenenergy E is

M
E=E +E+ Ey=)YE (10.1.6)
i

This shows two crucial features of the independent electron approximation: (1) The total
energy is the sum over all the individual eigenenergies (eq. (10.1.6)), but (2) the total
eigenfunction is the product of individual eigenfunctions (eq. (10.1.5)). A wavefunction
of this type is called an uncorrelated (in correlated electron physics), or unentangled (in
quantum information), wavefunction or state.

The adiabatic and independent-electron approximations have been very successful
in describing various phenomena in chemistry and physics and explain, why in atoms,
molecules, and solids we can add the energies of each electron to get an approximate
total energy. This also includes the band structure in solids and molecular orbitals in
molecules.

10.1.3 Hartree-Fock approximation and density functional theory

To this end, our QM treatment is limited to the single independent-particle level. Both
the molecular orbital theory and the band-structure theory in prior chapters are based
on this picture. Once we include the electron—electron interaction, our electronic Hamil-
tonian is H, + H,,, where H, is the single-electron Hamiltonian and H,, is the electron-
electron interaction.

We consider two electrons, with Hy = H,y + Hy + Hee and our many-electron
Schrodinger equation is

HY(1,2) = E¥(1,2) — (Hy + H,, + H,,)¥(1,2) = E¥(1,2), (10.1.7)

where we have removed the subscript “el” on W. If we assume ¥(1,2) can be written as
a product of two single-electron wavefunctions ¢, and ¢,, ¥(1,2) = ¢,¢,, this is called
the Hartree—Fock approximation.

However, the independent-particle theory cannot explain the Pauli exclusion prin-
ciple, magnetism, superconductivity, and other properties. This is because, in general,
the two-electron wavefunction ¥ cannot be written as a product of two single-electron
wavefunctions. The wavefunction of this type is called the correlated wavefunction, or
the entangled wavefunction. It is this wavefunction that introduces magnetism, strongly
correlated systems, quantum computing, and quantum cryptography. Modern theories
are mostly based on the density-functional theory [72] and the Kohn-Sham equation
[73], where the electron-electron interactions, Coulomb interaction, and exchange cor-
relation are treated by approximate density functionals.
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Exercise 10.1.3.

1. Use the independent-particle method to write down the total energy and eigenfunction for benzene in
terms of £¢,_ps and £¢,_p,, where C; refers to six carbon atoms and 2s and 2p are the electrons. Ignore the
1s-electron.

2. Consider a carbon atom. (a) Show W = ¢,$15¢,,8, is not an eigenfunction of H = Hy + Hig + Fys + Hzp
Ay + Hyog + Ay _2p- (D) Show the sum, £ # E, + Eyg + Eps + Eyp, is not the eigenenergy of A.

3. Derive egs. (10.1.2) and (10.1.3).

4. Suppose ¥(1,2) = ¢,¢, for a system of two electrons. Derive the Hartree-Fock equations for electrons 1
and 2, in a similar manner as egs. (10.1.2) and (10.1.3).

10.2 Particle indistinguishability in many-body systems

In CM, particles are distinguishable by their shapes, colors, locations, or other attributes.
For instance, two identical cars can be distinguished by their locations. In QM, we can
also distinguish them in the same way as CM. For instance, we can tell the electron from
the proton in the H atom by mass and charge. However, this is no longer possible if we
have two identical particles. Two quantum particles are defined as identical or indis-
tinguishable (i) if they have the same physical properties, such as mass, charge, spin,
polarization, and frequency, and (ii) if they appear in the same location and at the same
time. Here, the same location means two spatial wavefunctions are overlapped in space.
In short, overlap = indistinguishability = entanglement [10]. When any identical parti-
cles exchange, they are indistinguishable from the viewpoint of probability density.
But, the wavefunction is always distinguishable. Suppose a system consists of N
identical particles. Its wavefunction is a many-body wavefunction, denoted as
Y(ry,ry,..., TIN50, Sy, -..,Sy: t), where r; and s; are the spatial and spin coordinates
and t is time. If we exchange particle i with j, we have a new wavefunction
Pij‘{’(rl,rz,...,ri,...,rj,...,rN;sl,sz,...,si,...,sj,...,sN;t) (10.2.1)

T TN S8, 5 Sn a5 Si - > S 1)y (10.2.2)

=¥(r,ry,...,1r e

j’ ..
where P is defined as the exchange operator that exchanges i with j. How this new
wavefunction is related to the old wavefunction is the topic of this section.

10.2.1 Identical particles and entanglement

We start with a system with two identical particles at the same time and the same place,
such as two electrons in H,, but not one electron and one proton in the H atom. If we
have two photons, they must have the same frequency, polarization, and other physical
properties, and arrive at the same time. The indistinguishability depends on space and
time, which underlies linear optical quantum computing.
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We use ¥(1,2;t) to denote the many-body wavefunction (here the two-body wave-
function), where 1 and 2 denote particles 1 and 2, respectively, and ¢ is the time that will
be omitted in the following. We want to make this more explicit. Suppose particle 11is at
spatial coordinates ry with spin s;, where r; refers to (xy, y;,z;) and s; refers to a partic-
ular spin state such as |T) or ||} or any mixture of spin-up and spin-down. So, ¥(1, 2) is
really W(ry, STy, Sy).

When we exchange two particles1 « 2, we move particle 1tor, and assign spin s, to
it, while particle 2 to r; with spin s;. We define the exchange operator P;, as P;,|¥(1,2)) =
[¥(2,1)), where Py, = P by definition. It is easy to show 73122 =1. Asseen in Chapter 1,in
QM only the probability density p has a physical meaning. For a single-body wavefunc-
tion, ¥(1), p(1) = [¥() |2, where we have already integrated over the spin wavefunction y.
For a two-body state, we define the density as p(1,2) = ¥*(1,2)¥(1,2) = [¥(1, 2)|2. Now,
we exchange 1 & 2, P;pp(1,2) = p(2,1). If p(1,2) = p(2,1), then we have two identi-
cal particles; otherwise we don’t, such as one electron and one proton. The meaning of
identical particles is realized mathematically through the density, i. e.,

p(1,2) = p2.1) — P12 = [P 1 — ¥(1,2) = w2, 1),

where 0 is a real phase. This means that every exchange in the identical particle indices
1with 2 in the wavefunction ¥(1, 2) produces a phase factor of . Now, if we do it again,
we should get another phase factor as

W(1,2) = w2, 1) = e%e%w(1,2) = XPw(1,2) > ¥ =15 0=00rm

Before we discuss the phase 6, we should emphasize the general property of ¥(1, 2):
Y in general cannot be written as a product of the spin and spatial wavefunctions and
even the spatial wavefunction alone cannot be rewritten as a product of two spatial
single-particle wavefunctions. Therefore, a many-body state is entangled. The entangle-
ment can be in space or in spin or both. These general cases are rather complicated for
the beginner, so our following presentation is an approximate version of ¥, where W is
approximated as a product of ¥ and y, i.e., ¥ = y ® y, with ¥(ry,r,,...,ry) being the
spatial part and y(s;, Sy, ...,Sy) the spin part. ® represents a product. As before, ¢(r)
denotes a single-body spatial wavefunction. Here, time ¢ is omitted.

Exercise 10.2.1.
5. Show Pg = 1.
6. Suppose a system has two particles. (a) Show, if particle 1 is a proton and particle 2 is an electron, the
density p(1,2) # p(2,1). (b) If p(1,2) + p(2,1), prove ¥(1, 2) cannot differ from ¥(2, 1) only by a phase factor.
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10.2.2 Bosons

If we choose 6 = 0, we have ¥(1,2) = ¥(2,1), where the wavefunction does not change
signs when we exchange two particles. The wavefunction of this type is called symmet-
ric, and its corresponding particles are called bosons. A photon and phonon (quantum
of vibration) are bosons. Bosons have integer spin angular-momentum quantum num-
berss = 0,1,.... If we have three bosons, the wavefunction does not change sign if we
perform an exchange of any pairs of particles, ¥(1,2,3) = ¥(2,1,3) = ¥(1,3,2),.... The
many-body wavefunction introduces entanglement, in general, p(1, 2) # p(1)p(2).

Example 1 (Many-body wavefunction for bosons). (a) A system has two bosons in the same single-particle
normalized state ¢,. Write down the wavefunction and check whether p(1,2) = p(1)p(2). (b) If two bosons
occupy two different states ¢, and ¢;,, write down all the possible wavefunctions and check whether p(1,2) =
p(Mp(2).

(a) Since we only have a single-particle state, there is only one possible configuration, ¥(1,2) =
Y, (M,(2), where indices 1and 2 refer to particles 1and 2, respectively. Exchanging 1 with 2 does not change
W, so we say the bosonic wavefunction is symmetric. According to the definition, p(1,2) = ¥(1,2)¥*(1,2) =
Py M5 (2) = p(Mp(2).

(b) In this case, we have many possible wavefunctions. We can put both bosons into the same wave-
function as (a), ¥(1,2) = ¢,(My,(2) to get p(1,2) = p(1)p(2). Next, if we want to put them in different wave-
functions, caution must be taken to make the wavefunction symmetric. Suppose we have ), (1), (2), but this
configuration is not symmetric because, if we exchange 1 < 2, we get ,(2)¢, (1), which is not the same as
(M (2). This means that we need to add these two configurations up, W(1,2) = ¢,(1) ¢, (2) + ¢, (2)¢, (1).
Now, if we exchange 1 « 2, ¥(1,2) = W(2,1). The normalized wavefunction is ¥(1,2) = %((ﬂa(‘l)lﬁb(Z) +

Ya@Pp(1)). p(1,2) = 3 (0o (1NPy(2) + pa(2)pp(1) + Yo (D Y (N R)e(2) + Ya(2)* Y )5 (Nhe(1)), which
shows that p(1,2) # %(pa(1)pb(2) +pa(2)ppy(M).

Exercise 10.2.2.

7.If a system has three bosons occupying two normalized single-particle states ), and ¢, write down all the
possible wavefunctions.

8. If a system has two bosons occupying three normalized single-particle states ¢, ¥, and ¢, write down
all the possible wavefunctions.

9. Suppose at t = 0 the wavefunction is symmetric, ¥(1,2,t = 0) = W(2,1,t = 0). Prove that, at time ¢, it is
also symmetric, W(1,2,t) = W(2,1,t). Hints: use time-dependent Schrédinger equation in Appendix 11.2.

10. Asystem consists of two identical particles, whose wavefunction is W(1,2) = (4 (1) (2)+¥, () (1))/ V2,
where both ¢, and ¢, are normalized. (a) What is the probability to find particle 1? (b) What is the probability
to find particle 2?

10.2.3 Fermions and the Pauli exclusion principle

If we choose 8 = m, we have fermions, ¥(1,2) = -%¥(2,1), where the wavefunction
changes sign for each exchange of particles and is said to be antisymmetric. These par-
ticles are called fermions. Electrons and protons are fermions, and a single fermion has
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only spin half-integers, such as % % .... We must emphasize that, to tell whether a par-

ticle is a fermion or not, we must use its single particle’s spin quantum number. This
complication arises from the fact that two fermions can form a boson. For instance, the
ground state of Cd (see Section 6.5.2) has zero spin. In superconductors, the Cooper pair
which has two electrons behaves like a composite boson. Any odd number of fermions
still behave as a fermion.

If we have N particles, ¥ must be written as W(r;S, 58y, ..., IySy), where r; and s;
are the spatial and spin indices. Before we provide an example on a many-body state
P, we recall that for a single fermion, such as electrons, its single-particle state ¥ is a
product of the spatial (orbital) ¢ and spin parts (a, 8) as i = da or i = ¢S (see eq. (6.1.14)).
Similar to bosons, in general, p(1,2) # p(1)p(2).

Example 2 (Two-body wavefunctions for electrons). If a system has two electrons in the same single-particle
normalized spatial orbital ¢, write down the possible wavefunction.

We first notice that the problem provides a spatial orbital ¢ without specifying the spin state. This allows
us to form two possible ¢: Y, = ¢a and ¢, = @pB. If we place both electrons in the same ¢,, we have
Y(1,2) = (M, (2). Ifwe exchange 1 & 2,¥(2,1) = ()¢, (1) = ¥(1,2). This is asymmetric wavefunction,
so it violates the antisymmetric requirement, and we cannot use this one. What if we place them in two
different orbitals? Suppose we start with W(1,2) = ¢,(1)¢,(2). But if we exchange 1 < 2, we get ¢, (2),, (1).
This shows that this new combination must be appended to ¢, (1)¢,(2). However, if we directly add them up,
then we end up with a symmetric wavefunction again. The only choice is to subtract them from each other
toget¥(1,2) = %(%(1)%(2) — ,(2)¢ (1)), which is a Slater determinant,

b )| _ 1

w6 ﬁ(w,,(nwb(z)—¢a<2)wb<1>).

w(1,2) = %

Exchanging 1 < 2 produces a sign change for ¥(1,2) = -W¥(2,1), antisymmetric. The density is p(1,2) =
%(p,,(1)pb(2) + Pp(1p4(2) = pap (1P5a(2) — Pap ()5 (1) # pa(1)py(2), where poy = 5y is also called the
exchange charge.

The previous example prepares us to explain the Pauli exclusion principle: Each orbital
can take a maximum of two electrons. If two electrons have the same spin orientation,
i. e,, both up or both down, we have to put them into two different orbitals. Here, we can
show the reason behind this. Suppose that we want to put two electrons into the same
1s-orbital with the same spin a. Then, the single electron wavefunction is ¥, = ¢;a. The
two-electron wavefunction is ¥(1,2) = \/lzl ‘ézg; i;%l = 0. This is how mathematically
the many-body wavefunction forbids such a configuration.

On the other hand, if two electrons are in the same 1s-orbital, but in two different
spin states a and S, then we have two distinctive single-particle states ¥, = ¢;;a and

Y, = @150 The many-body state ¥(1, 2) is allowed since

1
V2

Vo) Ya(2)) _ 1

(D) Yp(2)] V2

¢ls(1)a(1) ¢ls(2)a(2)

1,2) =
v(,2) $is(DBA)  §15(2)B(2)

#0. (10.2.3)
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Exercise 10.2.3.

11.1f a system has two electrons occupying two different normalized single-particle orbitals ¢, and ¢,, where
the spin states for each electron are not specified, (a) write down all the possible wavefunctions; (b) find
p(1,2); and (c) show p(1,2) # p(1)p(2).

12. If a system has two electrons occupying three normalized single-particle orbitals ¢,, ¢4, and ¢, write
down all the possible wavefunction; (b) find p(1, 2); and (c) show p(1,2) # p(1)p(2).

13.1fW(Q1,2,t = 0) = —=W(2,1,t = 0), prove that, at time t, ¥(1,2,t) = —¥(2,1,¢t). Hint: Use egs. (11.5) and
(3.5.2) to rewrite W(1, 2, t) in terms of ¥(1, 2, 0).

10.3 Spin singlet and triplet and spatial entanglement

According to the combinatorial rules of spins (Section 6.5.1), two spins s; and s, can pro-
duce the total spin § = 1 + 85,81+, — 1,..., [$; — S|. We use y 5, to denote a many-spin
state, where S and M are the total spin quantum number and the magnetic spin quan-
tum number, respectively. For two electrons with spin1/2, S = 0 and 1. For S = 0, Mg = 0,
we only have one single spin state, called the spin singlet. We denote its wavefunction
as Yo,0, where the first subscript refers to S and the second to M. For § = 1, Mg = 0, £1,
called the spin triplet, with three eigenfunctions, y; ., and y; q.

10.3.1 Singlet and triplet

We use the previous example to demonstrate this clearly by rewriting eq. (10.2.3) as,

1
ﬁ(bls(l)(pls(z)

a(l) a(2)

¥h2)= B1) B2

= P15 (D2 (1,2) (10.3.1)

which reveals that the spatial part of the wavefunction is symmetric, i. e., ¢15(1)915(2) =
015(2)915(1), but the spin part is antisymmetric, x(1,2) = —x(2,1). The whole wavefunc-
tion is still antisymmetric, ¥(1,2) = -¥(2,1).

The spin wavefunction is called the spin singlet because we only have one single
spin state for the same spatial wavefunction. The spin singlet can have another type of
spatial wavefunction, if we choose two different spatial wavefunctions, say ¢;; and ¢y,
The spatial symmetric wavefunction is % (D15(1)P2p(2) + P15(2) P2 (1)).

al) a2

. 10.3.2
B BER) 1032

W1,2) = 2 (W@ + G12) (D)

The spin singlet wavefunction has zero spin, so we rewrite it as g o(1,2),

Yoo(12) = iz(aa)ﬁ@) _ a@B)). 1033)
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Example 3 (Spin singlet is an eigenfunction of the total spin). Prove that x, ¢ is an eigenfunction of both S,
and §2.
We apply $, = S, + 5, to the first term in xo (. (10.3.3)),

Siz + 52)aMBQ) = 5,a()BR) + S,a(MBQ) = ga(ﬂﬁ(z) + a(1)_7hﬁ<2),

where §1Z only acts upon a(1) since it belongs to electron 1 and has no effect on (2). §Za(2)ﬁ(1) ineq.(10.3.3)
can be worked out similarly. Finally, we have

- N - N 1
Giz + S2000 = Grz +S22) 7= [a(MBR) - a)B()] = Ohxyp,

which shows that x; ¢ is an eigenfunction with the eigenvalue of 0% as expected.
Similarly, we can apply the total spin operator 5§ to xp,0 and write out §%as

§ = (§1 + §2)2 = §12 + §§ + 2§1 . §2 = §12 + §§ + 2(§1X§2X + §1y§2y + §1z§22)-
We use egs. (6.1.13) and (6.1.11) to find
$X00(1,2) = 000 + Vi’xo0(1,2),

which proves that y (1, 2) is indeed an eigenfunction for the total spin.

Spin triplet wavefunctions are different from those in singlets. They are symmetric if
we exchange two spins, 1 < 2. The spin triplet wavefunctions y(1, 2) are

1

Y10 = \/z(a(l)ﬁ(z) +a@)BW), -1 =PpOBQR), (10.3.4)

X1 = a(Da(2),

each of which is symmetric. y, o, x1,0, and y; .4 are also eigenfunctions of $%and$,.

Exercise 10.3.1.
14. Show the three triplets in eq. (10.3.4) are the eigenfunctions of §% and §,.

10.3.2 Entanglement between spin and spatial spaces

Spin wavefunctions y do not exist alone. It is incorrect to say that we can move two spins
far apart because “far apart” refers to the spatial dimension. Neither can we say that we
allow the spin going into a detector at a particular location because spin has no spatial
dependence Vy = 0 (recall the Stern—Gerlach experiment). A correct way to understand
spin wavefunctions is to include the spatial part of the wavefunction, true for single-
electron and many-electron wavefunctions. Only the spatial part of the wavefunction
can be identified with a particular location, namely, entanglement.
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Singlet Triplet
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Figure 10.1: (Left) Two-body spatial density p(xy, x,) for two electrons (xq, x,) in a spin singlet state in the
infinite quantum well. The well starts at x = 0 and ends atx = 10. The centerisatx; = x, = 5. (Right)
Two-body density p(x;, x,) of a spin triplet.

To be specific, we consider two electrons occupying two spatial eigenstates of the
infinite quantum well, ¢,(x) = \/_ sin(%) and ¢ (x) = \/% sin(3”") First, we construct
a spatial wavefunction for the singlet. Because Xoo is antisymmetric, the spatial part
must be symmetric, so the only possible wavefunction is

1
%(‘paa)d’b(z) + ¢a(2)¢b(1)))(0,0 = ¢singlet(1’ 2))(0,0»

whose spatial wavefunction Y1 (1, 2) is

<7T 1) . <37‘[X2> <7‘[X> <3n 1>]

sin sinf —= ] +sin sin

a a a a

Figure 10.1 (left) shows that its probability density p(1,2) = [¥singier (1, 2)[* has a maxi-
mum in the middle of the box. This reveals an important property: In spin singlets, two

electrons spatially can be as close as possible, only subject to the Coulomb repulsion.
The spin triplets allow only an antisymmetric spatial wavefunction ¥y (1, 2),

W(1,2) =

V2

l/)singlet(l» 2) =

%(%(1)%(2) ~ 6. Dp(D)

V2

. <7TX1> . <37TX2> <7TX> <37'[x1>
—|sin[ — ]sinf —= ] —sin sinf — | |.
a a a a

wtriplet(L 2)=

a

Figure 10.1 (right) shows its probability density p(1,2) = [Wiper (1, 2)[2. The density does
not peak at the center; instead, it spreads around. Even before we consider the Coulomb
repulsion, the electrons already repel each other due to the antisymmetry of the spatial

1 Choosing ¢,(x) = \/7 sm(—) and ¢, (x) = \/7sm( zﬂ) is not ideal because ¢, and ¢;, do not share the
same parity, and the difference between the antisymmetric and symmetric many-body wavefunctions
is less obvious. Choosing ¢, = ¢, is not an option either because it only provides a symmetric spatial
wavefunction that cannot be used for a triplet.
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wavefunction. It is qualitatively different from the spatial wavefunction for a spin sin-
glet. This demonstrates the entanglement between the spin and spatial degrees of free-
dom. In the density functional theory, this antisymmetry creates a hole, i.e, an exchange
hole, for other electrons if an electron is already present.

Exercise 10.3.2.

15. Why cannot we say a spin is located at a position in space?

16. Two electrons sealed inside a box with dimension a x a x a are two eigenfunctions |k;) = a and
lky) = a~32e™2_ (a) If both electrons have the same spin orientation, write down the many-body wave-
function, normalize it, and find p(1, 2). (b) If both electrons have opposite spin orientations, write down the
many-body wavefunction and normalize it. (c) Find p(1, 2), and show that p(1, 2) cannot be written as a prod-
uct of single densities p(1) and p(2).

-3/2 kit

10.4 Kinetic, Coulomb and exchange correlation energies

To appreciate new features of a many-body state, we consider single-body operators O(i)
and two-body operators O(i, j).

10.4.1 Single-particle operators: kinetic energy

Since spin operators have just been examined, here we focus on the spatial part of many-
electron states, ¥(ry, ..., ry). We will omit the spin wavefunctions y, but one must re-
member that the product of ¢ and y must be antisymmetric for electrons.

To be more definitive, we also consider a two-electron state ¥(1, 2) that consists of
two different normalized single-particle states, ¢, and ¢, (¢;|¢;) =1,

1
i

L

1,2) =
$(1,2) 7

(0a(D9p(2) £ 9p(1)Pa(2)) (A+B),

where A = ¢,(1)¢,(2), B = ¢,(2)¢,(1), and + and — denote the symmetric and antisym-
metric wavefunctions, respectively.
The expectation value of the single-electron operator O(1) for electron 11is,

wiowiw = [ [ 80w = Barr,
12
= %((AIO(DIA) + (BIO(1)|B) + (AlO1)|B) + (BIO(1)|A)),  (10.4.1)

which contains four integrals over electron coordinates r; and r,. We first compute the
diagonal terms with AA* and BB,
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(AIOD)IA) = j j¢>;; D)6} 200, (1), (2)dr, dr, = j¢; DOD)P,(L)dry,
12

1

and

(BIO(1)[B) = j j o1 ()P’ 200D Py (Dpe(2)drdr, = j o1 (DO, dry,
12

1

where we have used the normalization condition (¢;|¢;) = 1. The crossing terms
(A|0(1)|B) and (B|O(1)|A) are complicated since they depend on the overlap (¢,|¢;).

If (¢,|¢),) = 0, then the crossing terms are zero. (1|0(1)[1)) is just the average value
of two states, (Y|O()[Y) = 1((AIO(1)|A) + (B|O(1)|B)). Take the position operator in
PIB as an example. Since (@,(1)|x;|p,(1)) = § and (#,(1)Ix;|¢,(1)) = 5, the expecta-
tion valu(? is (YIxq|yY) = % Whether ¥(1, 2) is symmetric or antisymmetric produces the
same (Y|O(1)[Y).

If (¢,|dp) # 0,then the crossing terms are nonzero, and whether §(1, 2) is symmetric
or antisymmetric makes a big difference,

WIOWIY) = 2 ((9OMIB,) + (BI0MIg,))
£ 1((Bal0MI6) B1l00) = (BlOMIB) Bald).  (1042)

For the single-electron operator O(2) for electron 2, we only need to change 1 to 2 in the
eq. (10.4.2).

In summary, a key feature of the expectation values of single-body operators for the
many-body wavefunctions is that, if the spatial wavefunction is a product of two single-
particle wavefunctions, their expectation values are formed by their expectation values
of the single-body wavefunction. In the following, we show two examples.

Example 4 (Single-particle probability in a many-body state). Two electrons are in two different single-
particle normalized functions ¢, and ¢,,. Their total wavefunction is ¢(1,2) = %(¢a(1)¢b(2) - 0,(2)p,(1)).
(a) Find the probability density p(1) to find electron 1. (b) Find the probability density p(2) to find electron 2.
(c) What can we conclude from (a) and (b)?

(a) There are two methods to find the single-particle probability from a many-particle state. One is to use
the single-particle operator, and the other is to integrate over coordinates of the rest of particles. Here, we
use the second method. p(1) = [, " (1,2)" (1,2)dr, = J(I$, (DI + g, (DI = ¢ (1N (1) [, b5 (Do (2)dr, -
¢y (Mda(1) fz 92 2y (2)dry).

(b) For electron 2, we only need to exchange 1and 2, p2) = [, §*(1,2¢"(1,2)dr; = 3(1$,21° +
1652 - 83 25(2) [, &5 o)ty = B 2a(2) [, B3 (D (1)dry).

(c) If we compare p(1) and p(2), we see they are exactly the same, p(1) = p(2). This means that they are
identical particles.
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Example 5 (Kinetic energy expectation in a many-body state). Suppose
1
002) = 58N + $,(1)94(2),

where ¢, and ¢, are normalized but not orthogonal. Find the total kinetic energy (¢(1, 2)|(T; + T,)|¥(1,2)),
where T is the kinetic energy operator.

We can directly use eq. (10.4.2) to get (¢(1,2)|(7’1 + T2)|¢(1,2)). Since the expression is too long, we
denote |¢,) by |a) and (¢,|@,) by (alb). The rest is the same. (¢(1,2)|(7’1 + TZ)I(IJ(LZ)) is

2
! > ((alTila) + (bIT;1b) + (alT;|b)(bla) + (bIT;la)¢alb)),
i=1

N

which shows that the kinetic energy is also additive.

Exercise 10.4.1. n
17. Two electrons are in two single-particle wavefunctions sealed inside a line segment between x €
(=L/2,L/2), pu(x) = e’kax/\ﬁ and ¢,(x) = eikbx/\fL, where k, # kp. (a) Write down a symmetric two-body
wavefunction and compute the expectation value of the position operator. (b) Write down an antisymmetric
two-body wavefunction and compute the expectation value of the position operator.

18. Two electrons are confined in x € —%,%). Suppose they are in a wavefunction ¢(1,2) =

_ I .
%(%(1)%(2) + ¢p(MP,(2)), where ¢,(x) = cos(’%) and ¢, = e @ . (a) Normalize both ¢, and ¢, and
find (¢419p). (b) Compute the expectation value of the total kinetic energy. (c) Find the difference in kinetic
energy between the symmetric and antisymmetric wavefunctions.

10.4.2 Coulomb and exchange correlation energies

A two-body operator O(1, 2) has the hallmark of many-body states. The Coulomb repul-
sion between two electrons is such an operator, where in 3D V(ry,) = %. In CM, the
Coulomb repulsion is the only force between two electrons. But in QM, the many-body
state produces something extra.

Let’s assume again the symmetric (+) and antisymmetric (-) wavefunctions (1, 2) =

12 (A + B), where A = ¢,(1)9,,(2) and B = ¢;,(1)¢,(2). The expectation value of V(r;,) is

sl

(PIV|¥) = %((AIVIA) + (BIV|B) = (A|V|B) + (B|V|A)). (10.4.3)

We examine the first two terms

2
(AIVIA) = (BIVIB) = 1 j j¢; W9} Pa() By @)rsidr,dr,
0 12
(10.4.4)
2
— e -1
= Ineg J ija(l)/)b(z)ru drydrj,
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which is the Coulomb repulsion between electrons, p,(1) and p,(2), called the Coulomb
integral. E- = %(<A|V|A) + (B|V|B)) = (A|V|A)). Here, we have introduced the charge
density p, = ¢,¢, and p, = ¢ ¢,, Because p > 0, E; > 0. Hund’s second rule (Sec-
tion 6.5.2.2) requires the sum of orbital angular-momentum quantum numbers to be the
largest to reduce E.. We provide one problem at the end to demonstrate this. But, the
last two terms in eq. (10.4.3) have no classical analogue,

2
Ex = (AIVIB) = o | [ 406} @6.@9yrg dryar,
0
2

! (10.4.5)

2
e _
= e, J ijex(l)l)ex(z)’"lzldrldrb

where ¢, (1)¢,(1) is not a regular density, so we write it as poy = ¢, ¢,. We add a subscript
“ex” to p to denote an exchange between ¢, and ¢;. (A|V|B) is called the exchange inte-
gral, Ex. It can be proven that Ey is also positive [74] (see the following exercise). Then,
our total potential energy is

(P|V|¥W) =E; £ Ey, (10.4.6)

where +(-) is due to the symmetric (antisymmetric) wavefunction. Because E- and Ey
are both positive, the symmetric spatial wavefunction (+) has a higher potential en-
ergy because the electrons in spin singlets tend to move closer to each other as seen
in Fig.10.1. This is the origin of Hund’s first rule (Section 6.5.2.2), where we force the
electrons into a spin symmetric state. If the potential energy were the only determin-
ing factor of a system, the system would always be in an antisymmetric state (-), where
the spin wavefunction is symmetric with spins pointing in the same direction. In other
words, we would never have the H, molecule.

The missing piece is the contribution of the kinetic energy. Following the second
example in the last section, we have

DN =

2
((alTila) + (bIT;Ib) + (a|T;|b)(bla) + (b|T;la)(alb)).
=1

If (b|la) and {a|b) are nonzero and (aITl-lb) and (blTi|a> are negative, then the spatial
symmetric wavefunction (+) has a lower energy. Because the total wavefunction must
be antisymmetric, this means the spin wavefunction is antisymmetric in a singlet state.
This is the case for the H, molecule, He, and other light elements in the first and second
rows of the period table. Caution must be taken since actual situations are much more
complicated, whenever electron correlation becomes strong [15].
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Exercise 10.4.2.

19. Based on eq. (10.4.6), under what conditions can we ignore the difference between symmetric and anti-
symmetric wavefunctions?

20. ¥(1,2) = %(A + B), where A = ¢,(1)¢,(2) and B = ¢,(1)p4(2). Show (a) (AIVIA) = (B|V|B), and (b)
(A|V|B) = (B|V|A), where V is the potential.

21. The kinetic energy operator for a two-electron system is —% - %. Its wavefunction is ¢(1,2) =
%[¢a(1)¢b(2) + ¢,(2)p,(1)]. (a) Show, if (¢,l¢,) = 0, the expectation value of the kinetic energy is the
same for the symmetric and antisymmetric wavefunctions. (b) If (¢,|¢,) # 0, show they are different.

22. Suppose §(1,2) = %(¢u(1)¢b(2) + ¢,(1)¢,(2)), where ¢, and ¢, are two eigenfunctions of PIB for

x €(0,a), ¢, = \Esin(%), oy = \/gsin(z%). Compute the expectation value of x;x, for (a) the symmetric
two-body state and (b) the antisymmetric two-body state.

23. Prove both the Coulomb and exchange integrals are positive. Hint for the exchange integral: Choose
two arbitrary points A and B and then assume p,, at A is negative and at B is positive (both positive or
both negative always lead to a positive £y). Then, compute pex(1)pex(2)r1’21 for four possible combinations
for two electrons: both at A or B, and one at A and the other at B. Then, write down four expressions such as
pex(1A)peX(ZB)r{21. Since r1'21 is much larger when both electrons are at the same location than at two different
locations, the positive term is much larger than the negative term.

10.5 Origin of magnetism and the Heisenberg model

Modern information technology depends on magnetism. Big data centers house enor-
mous magnetic storage disks. Magnetism is quantum mechanical and is rooted in the
electron-exchange interaction. The exchange interaction consists of two contributions:
one is from the Coulomb interaction and the other is from the kinetic energy term. The
exchange integral in eq. (10.4.4) represents part of the exchange interaction. Whether
a system becomes magnetic depends on the competition between the kinetic energy
and exchange interaction. If the exchange interaction wins, then we have a magnetic
material. This stringent condition is difficult to meet in solids. We only have four ele-
ment ferromagnets, Fe, Co, Ni, and Gd at room temperature, and Dy at 85K, and one
antiferromagnet Cr at 311 K. Most magnetic materials are alloys [75, 76]. More recently,
nitrogen-vacancy (NV) in diamond has been found to be magnetic.

The simplest model to describe magnetism is the Heisenberg spin model. It ignores
the kinetic energy term completely and retains the exchange term between two spins
(see Fig.10.2(a)):

H=-Y7;8"8, (10.5.1)
:

where J; is called the Heisenberg exchange constant between atoms i and j, and S;hasa
site index i because J;; depends on i. J; is related to Ex but contains other contributions,?

2 This is because Ey is always positive. To get a negative Ji;, one has to include other terms.
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so it can be positive or negative. J; is typically on the order of meV. If J; is positive, we
have a ferromagnet, where spins at each atomic site point in the same direction. If J; is
negative, we have an antiferromagnetic coupling, where spins at two neighboring atoms
point in two opposite directions. If J; is negative, and spins also point in two opposite
directions, but the magnitudes of the spins at two neighboring atoms differ, then we have
a ferrimagnet. There are more complicated spin configurations [76]. A direct calculation
of J;; is possible by using the Green function, or by the spin singlet and triplet energy
difference.

In the following, we show an example of two spins located at two atomic sites. This
identification of spin to a site is made possible because J; is spatially dependent. Our
Hamiltonian is

H=-]5,5-8S, (10.5.2)

where J;, is units of J /4% since $ is units of 4. There are four possible spin configurations
for two sites, denoted as |a) = a(1)a(2), |b) = BD)B(2), |c) = a(1)B(2), and |d) = B(1)a(2).
From eq. (10.3.4), we recognize that |a) is just y;, and |b) is y; ;. Indeed, because of the
decoupling between the spin and spatial dimensions, the knowledge from multiple spins
can be directly used. This also applies to |c) and |d), but for the moment, they are not an
eigenstate of H. We can prove a linear combination of them can become an eigenstate.
Without relying on eq. (10.3.4), first, we rewrite H as

. P 1. . PO
H = —]12 Sl,ZSZ,Z + E(Slfrszr + Sl),SZ’Jr) . (1053)
If we apply H to |a) and |b), respectively, we get

R hz R hZ
= -T2, ) = e,

which shows that both |a) and |b) are the eigenstates of H, with eigenvalue —%. But,
when we apply H to |c) and |d), we find

2 2 2 2
Hic) =]12Th|c> —hzThm), H|d) :JlZThm) -J”Thm, (10.5.4)

where neither |c) nor |d) is an eigenstate of H. Instead, we obtain the matrix

= T i ] (10.5.5)
Tz 4

We can diagonalize it to find its eigenvalues and eigenvectors (see the following exer-
cise). These two eigenvectors are exactly y; o and y, o, whose respective eigenvalues are
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Figure 10.2: (a) Top view of spin precession. Spins at atomic sites are exchange coupled to each other and
precess with time with a fixed phase difference between them. This forms a collective spin wave excitation,
whose quantum is a magnon. (b) Three-dimensional view of spin waves.

X

E = —% and Egy = Sf‘%. Now, the difference between the singlet and triplet is
AE = Egg - Ejp = h%J,. This is how one can compute the exchange interaction J,. If
Jiz > 0, three triplet states have a lower energy, so each site has spin pointing in the
same direction, an ferromagnetic phase. On the other hand, if J;, < 0, the singlet has a
lower energy, where the spins at different sites point in opposite directions. This is an
antiferromagnetic phase.

Just as the nuclear vibrations show a collective behavior, spins at different lattice
sites precess with a fixed phase with time. This is mediated by the exchange interaction.
Figure 10.2(a) is a top view of spin waves. These collective spin excitations, once quan-
tized, are called magnons. Magnons are bosons, like photons and phonons. Figure 10.2(b)
shows the three-dimensional picture, where atoms are on the y-axis.

Exercise 10.5.0.

24.Show that §, - §, can be written as 5,5, + 35,5, + 5,5, ,).
- 2 ~ 2

25. Prove Alla) = "2 |a), Alb) = - 42 b).

26. Prove egs. (10.5.4).

27. Find the eigenvalues and eigenvectors of eq. (10.5.5).

10.6 Quantum information technology

Quantum information technology has two major branches: quantum computing and
quantum communication (quantum cryptography). Quantum computing employs the
state superposition of single-body and many-body states. Quantum communication is
based on the state entanglement in a correlated many-body state. For this reason, these
two simple QM concepts are accessible to those who have little background in QM and
are partly responsible for rapid dissemination of quantum technology into other fields.
We will limit ourselves to quantum computing. Quantum computers have advantages
over classical computers. For instance, the Shor factoring method is much faster, and
the Grover search scheme provides a square-root speedup. But not just any quantum
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systems are suitable for a quantum computer. In 2000, DiVincenzo [77] proposed five
criteria for quantum computation: (1) a scalable physical system with well characterized
qubits; (2) the ability to initialize the state of the qubits to a simple fiducial state, such
as |000...); (3) long relevant decoherence times, much longer than the gate operation
time; (4) a “universal” set of quantum gates; (5) a qubit-specific measurement capability;
and two additional ones for communication; (6) the ability to interconvert stationary
and flying qubits; (7) the ability faithfully to transmit flying qubits between specified
locations. The rest of the criteria are self-explanatory, but (3) needs some explanation.
Here, the decoherence refers to the loss of quantum coherence in quantum systems due
to the influence from the environment. Suppose we have a state of superposition of two
states e @al Vol |q) 4 7N |y where yla and ylb are the decoherence times for states
|a) and |b) and w, and w,, are the frequencies. Our presentation follows [78].

10.6.1 Quantum bits or qubits

A classical computer relies on a binary bit, 0 or 1, to store, retrieve and transfer the
information. This is realized in a binary circuit with transistors. A single circuit can have
a high voltage or low voltage, thus, either 0 or 1.

Quantum computation is built upon an analogous concept, the quantum bit, or qubit
for short. These qubits are quantum states, not a circuit like a classical computer. Switch-
ing is between quantum states. For this reason, a qubit must contain two or more states.
A qubit that contains just one single state does not work, nor does a qubit that contains
too many states to be selective. To this end, a single qubit consists of two states, |0) and
[1). This is the first big difference between a classical bit, , and a qubit,

|0) and |1) | Because a qubit has both |0) and [1), according to the superposition prin-
ciple of a wavefunction (see Section 1.4.3), any possible combinations of |0) and |1) are
a good wavefunction, or a good qubit.
We can represent these qubits through a general wavefunction,

[Y(t)) = cos(e( )>|0) +e sm< o) >|1) (10.6.1)

where 6(t) and ¢(t) are polar and azimuthal angles on the unit three-dimensional sphere
as shown in Fig.10.3. This sphere is often called the Bloch sphere. A qubit state is a
unit vector in a two-dimensional complex vector space. It provides a useful means of
visualizing the state of a single qubit and often serves as an excellent testbed for ideas
about quantum computation. Because there are an infinite number of points on the unit
sphere, in principle, it could store infinite information as far as we can operate on them.
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Figure 10.3: Bloch sphere representation of a qubit shows an infinitely possible number of qubits.

10.6.2 Single qubit and gates

A physical qubit is an atom, or a group of atoms. States can be nuclear, electronic, vibra-
tional, photonic, or other. Consider a single qubit A that is a two-level system, with two
computational basis states |0) and |1).3 The system is in state |Y(¢)),

[Y(t)) = a(t)|0) + b(t)[1), (10.6.2)

where a(t) and b(t) are shorthand notations of coefficients in eq. (10.6.1). We carry out a

measurement by left multiplying either (0| or (1]; then, we find the probability is |a(t)|2

in |0y and |b(¢)|* in [1). Since the probability sum must be one, we have |a(t)|*+|b(t)|* = 1.
Suppose we have an operator | U that is applied to [)(t)). The resultant state is

g (6)) = [U]lw(e.

Because any wavefunction must be normalized, this requires

@' O o) = O[] [u]wo) =1.

Since we do not impose any restriction on ¥ and ¥, this equation is generic and proves

that T =|I|and|U |mustbe a2x2 unitary matrix. | I |isa2x2 identity matrix. This

is the rotation matrix for a special unitary transformation group for two-dimensional
vectors, SU(2) symmetry. Before we proceed, we highlight two cautions: (i) Here, the ro-
tation has nothing to do with rotation of a physical qubit by some angles. Rather, we
carry out a unitary transformation for basis states. Because it is easier for the reader
to see the effect of the transformation, one usually adopts a geometrical view of trans-
formation. (ii) Although one often invokes the similarity between a qubit and a spin,

3 The reason why we use the term “computational basis” is because |0) and [1) are the eigenstates of
the initial A. If H starts to change, |0) and |1) are only the basis functions of the eigenstates of the new
H. From the point of view of computational basis, the new eigenstates can be considered entangled.
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we must ignore improper rotations, such as inversion and reflection, for qubits, except
qubits themselves are spins because spins are axial vectors (see the Appendix).

We first rotate the “object” along the z-axis by y, then along the y-axis by f8, and
finally along the z-axis by a, where q, B, and y are the Eulerian angles. | U |is given by

—i(a+y) B —ila-y) ﬁ
e 2 COSE —€ SIHE
(a,B,y)=< wo 5 e > (10.6.3)
2

e 2z SsIn e 2 COSl—;

In principle, there is another common phase factor in , but it does not matter for a
wavefunction since it is normalized anyway. Because a, f, y are totally independent of
each other, we have infinite possible| U |and (a(¢), b(t)). One may already recognize some
of them when we introduced the Pauli matrices (Section 6.1.2). In quantum computing,
one uses different notations and introduces some extra matrices:

:<0 1)’ :<1 o)’ =<l- 0>, =<0 _1>, (10.6.4)
1/1 1 10 "
:@<1 —1>’ :<0 i)’ ::<0 ein/4>- (10.6.5)

Instead of naming them as a unitary matrix, in quantum computing, we call them gates.
For instance, and [ S| are called the Hadamard* and phase gates, respectively.
is called 71/8 gates because one can pull out ¢”/® and then two nonzero elements are
e*i/8, , , are called Pauli-X, Pauli-Y, and Pauli-Z gates, where X, Y and Z do not
necessarily correspond to Cartesian coordinates x, y, z.

Take a classical bit as an example. If we write classical bits 0 and 1 as column vectors
(3)and (9), respectively, then the very operation of | X |is

()= (). 0)-(2)

What it does is to change 0 to 1, and 1 to 0. This is the NOT gate. For a classical computer,
is the only single-bit operation gate, and other gates need at least two bits.

As can be seen, for qubits, we have more gates even for a single qubit because a
qubit has a phase and consists of both computational basis states, simultaneously. If we
apply | X | to our qubit above, we find

<g§2> = (58) (10.6.7)

4 Named after the French mathematician Jacques Hadamard.



10.6 Quantum information technology =—— 315

which shows that exchanges the coefficients for two qubits, but does not switch
qubits. This is the direct consequence of superposition. Naturally, one may ask whether
this is indeed useful. The answer is affirmative and is part of ongoing research.

Example 6 (Hadamard gate). Suppose a qubit is in the state |¢) = %lO) + %H). (a) Find |¢>‘ (b) Find
the percentage in |0) and |1).

(a) We first rewrite ¢ in a matrix form, %(] ). Then, we applyto it, |¢) tofind (§) = 10). (b) We
have 100 % in |0). This demonstrates that even our initial state has a 50 % chance in either |0) and |1), but
the Hadamard gate can force the system to a definite |0). This provides the certainty needed for computing.

Exercise 10.6.2.
28. Suppose a qubit is in the state () = %lO) + % |1). (a) Find |¢). (b) Find the percentage in |0) and |1).
29. Suppose a qubit is in the state |¢/) = |0). (a) Find |¢). (b) Find the percentage in |0) and |1).

30. Suppose a qubit is in the state |¢) = % 10) + \irz 11). (@) Apply, , and consecutivelyto . (b) Find
the percentage in [0) and [1).

10.6.3 More than one qubit and entanglement

When we have more than one qubit, there are more gates. In fact, a classical computer
already has many gates because one can individually address each bit. Quantum adds
entanglement. To explain this clearly, let’s assume that we have two qubits, A and B. One
immediate question is: Are they indistinguishable just like identical particles? Yes and
no. Yes, if we want to entangle or correlate them. No, if we want to control them.

We start with two qubits A and B, isolated from each other, with zero overlap be-
tween their respective spatial (not spin) wavefunctions, i.e., (¢z|¢,) = 0, where ¢,
and ¢y are wavefunctions localized at A and B, respectively.5 Each can take |0) and |1)
separately, so there are four possible eigenstates, [(),), = [00),|01), [10), [11), where n
runs from 1 to 4. Here the first digit in |ij) belongs to A and the second to B. Because
(P5le4) = 0, |j) can be written as |i) ® |j), where ® means a direct product of two func-
tions such as ¢, ¢5. These four states have no entanglement. If entangled, we remove the
subscript 0 in [).

To entangle two qubits, their spatial wavefunctions must overlap, or there is a cou-
pling between them [79]. So, we move A and B closer until their wavefunctions overlap.
From the view of point of the isolated case, A and B are entangled. The stated four basis
states are no longer the eigenstate of the new composite system AB and instead serve

5 Even if (¢g|¢,) is zero at discrete single points in space, this is not considered as zero overlap. Zero
overlap means that (¢p|¢,) is zero on a finite line segment.
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as four computational basis states. The new wavefunction y(t) is a superposition of the
basis states,6

[(6)) = Coo(1)]00) + Coy (D)]01) + c30()[10) + ey (£)[11) . (10.6.8)
1 2 3 4

It is no longer possible to write [¢) as a product of two states, so [¢) is an entangled
state.” In addition, even basis states |ij) are also slightly different from those |ij) when A
and B are isolated, but this is often ignored for simplicity.

Next, we operate on |i) using gates to generate different qubits. A single qubit gate
is a 2x 2 matrix. A two-qubit gate is a 4 x 4 matrix because the matrix size is 2",2 where n
is the number of qubits. In eq. (10.6.8) we specifically label those terms from 1 to 4. Here,
a subtle physics problem, not a math problem, emerges which does not happen for a
classical computer. For instance, the classical control-NOT, or CNOT, chooses a specific
classical bit as the control and the other as the target bit to be controlled, without ambi-
guity. How do we know in advance which qubit is the target and which is the control in
an entangled state? For this reason, we have to make A and B distinguishable so we can
apply a gate. The only way we could do this is to move A and B slightly apart. Once we
are done with gating, we move them back. Many researchers are using different nomen-
clatures for this, but basically this is what one is doing. Monroe and coworkers [79] used
two different qubits: the hyperfine states of the Be ion as B, and the nuclear harmonic
oscillation of the Be ion as A. Doing so loses many possible configurations (qubits) of
Y(t), but there is no way out. Once one understands this, there is nothing fancy about
two-qubit gates. The reliability of the CNOT-operation was measured to be on the order
0f 90 % in the beryllium ion trap in 1995 [79], and this is good enough for quantum com-
puting.

With the stated caveat, we assume A is the control bit and B is the target bit. CNOT
means that, if A is in |0), B keeps its state; if A is in |1), B flips its state, |0) — [1) or
[1) — |0). Here, A never changes its state. We now develop a matrix for the gate. If
A1is |0), by the definition of , B should not change its state, so we have |00) =

|00) and |01) = |01). To this end, we get two nonzero elements, (1, =1
and [ CNOT |(2,2) = 1, where 1 and 2 are indices of |00) and |01) in eq. (10.6.8). Next, we

apply to |10), and we have |10) = |11), so (3, 4) = 1. This means that,

if we apply | CNOT | to the third state, we obtain the fourth state. Similarly, we can find
CNOT |(4,3) = 1. Only these four elements are nonzero, and the rest are zero. | CNOT |in

6 Provided the four basis states are complete and can represent (t).

7 In many-body physics, an entangled state is called a correlated state; an uncorrelated one is called a
Hartree-Fock state.

8 For those who are familiar with tensors, cy.. is in fact a tensor. When we represent a tensor by a
matrix, the matrix size grows as 2". This already happens in many-body physics, such as the Gutzwiller—
Hubbard model, suitable for quantum computing.
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matrix form is

[evor -

(10.6.9)

O O O =
oS O = O
= O O O
o = O O

If we apply| CNOT [to |1(t)) in eq. (10.6.8), we get [/ (£)) = cgpl00)+Coq101) +34[10)+¢4q]11).
Other gates can be developed through and single qubit gates [78].

Before we move on to the hardware, we wish to discuss the quantum information
flow. Two qubits are particularly simple to demonstrate if we follow the idea of the den-
sity matrix renormalization group (DMRG) [80, 81] by writing y(t) = }; c;lij). Now,
suppose we are interested in qubit A. We define a density matrix (not to be confused
with charge densities) as

Pﬁ,iz = Z CiiCizy (10.6.10)
)

where the summation is over j (over environment B in DMRG). In DMRG, one diagonal-
izes this matrix and uses the eigenvectors with the largest eigenvalues to form a new
operator for the next iteration. Here, the matrix is

2 2 * *
4 < Icool” + lcol”  CopCio + 001011> (10.6.11)
* * 2 2 . -0.
C10C00 + C11Co1  lcpol” + [epl

Taking one of the Bell states [);) = %(lOO) + [11)) as an example, we find pA only has
diagonal elements of 1/2 and qubit A has a 50 % chance in the |0) and |1) states.

Exercise 10.6.3.

31. Where does the state entanglement come from?

32. Show that the trace of the density matrix in eq. (10.6.11) is 1.

33. Construct a controlled-Pauli-Z gate and find the matrix form for two qubits.

10.6.4 Hardware and quantum bits

A classical central processing unit (CPU) is based on a field transistor and a capacitor.
Figure 10.4(a) shows an example. Similarly, a quantum processing unit (QPU) also needs
hardware to operate [82], to store information, to correct errors, and to interface with
a classical computer to carry out the instruction. At the core of hardware is to design
and operate two quantum states. The recent quantum computing roadmap, currently
hosted at gist.lanl.gov, identifies the following physical protocols: (1) nuclear mag-
netic resonance; (2) ion trap (Ba*, Be*, Ca*, Cd*, In*, Mg*, Sr*, Yb*); (3) neutral atoms;



318 —— 10 Special topics: many-body systems, magnetism, and quantum information

(a) Classical bit (b) 1on trap (c) Josephson junction
A203 :3‘
field — l }
transistor
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Figure 10.4: (a) A classical bit consists of a field transistor and a capacitor. (b) Quantum bits based on the
Paul ion trap, where ions are trapped inside a harmonic potential well generated by four electrodes. Ions
(circles) form a line. Two qubits are optical qubits derived from a ground state and an excited state and
hyperfine qubits derived from the electronic ground state. (c) Josephson junction qubits. A resonator cou-
ples to the junction and reads out the state of qubits. Three types of qubits are phase qubit, flux qubit, and
charge qubit.

(4) cavity quantum electrodynamics (QED) (Ba, Ca®*, Cs, Rb) (specifically, candidate sys-
tems include Rydberg atoms in microwave cavities, neutral atoms in optical cavities, and
trapped ion cavities QED); (5) optics using photons; (6) the solid state has four systems:
spins in confined structure, impurity spins, charged or excitonic systems, and mechani-
cal systems (example systems include nuclear spin of P donors in Si, high-spin magnetic
nanoparticles, shallow donors in Si, SiGe, or GaAs, paramagnetic ions in Cg,, nitrogen
vacancy (NV) diamond centers or rare-earth color centers, SiC, paramagnetic ions in
carbon nanotubes, and high-Q nanocantilevers); (7) superconducting Josephson tunnel-
ing junctions.

We discuss only a few of them. Figure 10.4(b) shows QPU based on trapped ions.
Radio-frequency electric and DC fields are employed to form a harmonic potential well
for ions, called the Paul trap, where ions and atoms are confined and suspended [83].
The third dimension allows ions stacking on the top of each other. Due to the coulombic
repulsion, ions are separated from each other. Qubits are two hyperfine electronic states.

Solid-state devices include superconducting Josephson tunneling junction
(Fig. 10.4(c)). The Josephson junction is built from a superconductor and a thin insulat-
inglayer. Current tunneling through the insulator barrier has an intrinsic aharmonicity,
where the ground and excited states are not evenly spaced and can be isolated from the
rest. A microwave resonator is coupled to the junction to read qubits.

A viable qubit has four common features. First, quantum states must retain its co-
herence as long as possible, so one can operate on them. For this reason, one has to
isolate qubits from the environment. Second, one has to be able to scale up multiple in-
teracting qubits. The third is to manipulate qubits and interface with classical computers
as cleanly as possible. However, the third requirement poses a fundamental contradic-
tion to the first one. Fourth, qubits must have error correction.

It is probably the best to use an example to demonstrate what qubits look like. We
are going to take the two lowest states of PIB (Fig. 10.5(a)), ¢, and ¢,. Because the quan-
tum number n in PIB cannot be zero, we will not use the quantum computing notation
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Figure 10.5: (a) Two eigenstates in an infinite quantum well of width a as a single qubit. The thin line de-
notes the perturbation or a gate, . (b) Two finite quantum wells form two qubits, A and B.

2 s nnx Rt :
for states. Recall ¢, = /7 sin(=;") and E, = 5 —. In the energy representation, the

Hamiltonian for these two levels is diagonal and can be converted to and ,

fy - (% h ) A ;Ez) +AZh) (10.6.12)
2

Since H, is time-independent, the state evolves as [((t)) = c,e"E1/"|¢,) + c,e”E/M|,),
where c; is the coefficient and may depend on time ¢. [()(t)) is our qubit.

Next, we turn on a perturbation (the thin line in Fig. 10.5(a)) EI, = A(t)(%—%), where %
isintroduced to cancel the diagonal element (¢, |x|®,), so only the off-diagonal elements

(B11x]¢y) = —91% are retained (see the problems on Section 2.8). H; is

- 16a (0 1 16a
H = -A(t) — = —A(t)—[x] 10.6.13
1= A0 <1 o) ()9n2 ( )

If we apply H; to i(t) at time t, we get a new qubit |1’ (¢)) as

1y’ (1)) = —A(t)%(cle‘wm +cpe Mgy, (10.6.14)

where A(t) is a time-dependent amplitude. If A(t) is a constant, then we only have a
beating between these two states, no switching. If A(t) is time-dependent, it must act
during which coherence between these two states is active. In actual systems, excited
states decay with time, i.e., ¢,(t) oc e, where T is positive. [¢'(t)) in eq. (10.6.14) only
sets up the initial state for the system. How [¢’(t)) evolves with time must follow the
time-dependent Schrodinger equation,

20

" (Hy + H)IY(1)). (10.6.15)

The application of | X |gate H;(t) is just part of the story. Now, suppose that we want to
develop a gate which needs two qubits, A and B. PIB does not work, because there
is no coupling with other qubits. Figure 10.5(b) adopts two finite quantum wells, two
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qubits, A and B.? Because the potential barrier is low, A and B interact with each other.
There are numerous challenges to make this model work as a gate. For instance,
how could one apply a perturbation H; on A (as the target qubit) without affecting B
(as the control)? We have to end here. The future of quantum information science and
technology belongs to those who are prepared to make it.

Exercise 10.6.4.

34, Starting from |(t)) = ;e /g1y + e E21 |y, find |¢ (2)) if we applyto it.
35. What happens if we use two Hadamard gates to operate on |((t))?

10.7 Berry phase

In general, phases in a wavefunction ¥ are purely arbitrary and have been largely ig-
nored for a good reason. If we compute the density, we find immediately that the phase
drops out because of y* 1. However, as Berry pointed out [84], in some cases, the phase
cannot be dropped, and more importantly, the phase can be detected. This section intro-
duces a different phase, the Berry phase. This all starts from an apparent problem in the
time-dependent Schrodinger equation where the time-derivative is a partial derivative.

10.7.1 Dynamical phase factor with time-independent Hamiltonian

We start from a time-independent Hamiltonian H(0). The eigenequation is,
H(0)[n(0)) = E,|n(0)), (10.7.1)
where E,, is the eigenvalue of the eigenstate |n(0)). At time ¢, the eigenstate evolves to
In(®)) = e 5" in(0)), (10.7.2)

where |n(0)) is the eigenfunction at t = 0, and the exponential is the familiar dynamical
phase factor. If we want to compute the expectation value of an operator O, this phase
factor does not change the result (n®0In(t)) = (n(0)|0n(0)). Therefore, for a time-
independent Hamiltonian, |n(t)) is a stationary state. If the initial state is a superposition
of several eigenstates, then each state carries a separate dynamical phase factor.

9 This is an oversimplified model. In real experiments, as shown by Monroe and coworkers [79], their
two qubits consist of two hyperfine states and two vibrational harmonic states.
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10.7.2 Time-dependent Hamiltonian and transition between states

However, if the Hamiltonian is time-dependent, the situation is different. A state evolves
with time according to the time-dependent Schrodinger equation,

¥ H()y. (10.7.3)
ot

As seen in Chapter 7, if H(t) changes with time rapidly, there will be transitions between

eigenstates of the unperturbed Hamiltonian. Treating the partial time-derivative as a

full-time derivative, we obtain eq. (7.3.1) as

ery - E, elWmw—w)t _ plw-w-w)t

ih (W) — W — W)

c(t) =

We see the phase change depends on w; - w; — w. If there is a resonant transition between
states l and k, w; — Wy, — w = 0, the phase changes slowly. Otherwise, it changes rapidly.

10.7.3 Adiabatic approximation

In physics and chemistry, an adiabatic process means that a system evolves with time
slowly, so slowly that there is no transition between eigenstates during the time propaga-
tion. The time evolution may be due to parameters in the system, such as the coordinates
of a molecules and the direction of a magnetic field. We denote them as {R(t)}, so the en-
tire Hamiltonian is H(R(t)). Different from time-dependent perturbation theory, we do
not separate the Hamiltonian into one unperturbed and the other external perturbed
Hamiltonians. During the time evolution, an eigenstate, denoted as |n(R(t))), remains
an instantaneous eigenstate of an instantaneous Hamiltonian H (R(t)),lo

HR@®)In(R(®))) = E,(R®®))In(R(D))), (10.7.4)

where E,(R(t)) is the instantaneous eigenvalue obtained by diagonalizing A. All the
eigenstates are orthonormalized, (n(R(t))|m(R(¢))) = &, at the same time ¢, but not
at two different times ¢; and t, (see the following exercise).

In the meantime, regardless of whether we take an adiabatic approximation or not,
the state must evolve according to the time-dependent Schrédinger equation,

indNROD _ 5

P (R())In(R(D))), (10.7.5)

From eqs. (10.7.4) and (10.7.5), we find

10 What we are doing here is to diagonalize the Hamiltonian at each time ¢.
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i, INR@)) _

= E,(R(®))In(R())), (10.7.6)

which can be integrated to yield

t

In(R@))) = exp[—% j dt’En(R(t'))] In(R(0))). (10.7.7)

0

If we compare this expression with eq. (10.7.2), we see the dynamical phase factor is
changed to the integration because the eigenenergy changes with time. However, go-
ing from eq. (10.7.6) to (10.7.7) explicitly assumes that one can convert the partial time
derivative eq. (10.7.6) to a full time derivative, i. e., in essence, we have changed a partial
differential equation to an ordinary differential equation. This, in general, is not possi-
ble, and is valid only if there is no other parameter changing.

We can make this clearly by seeking a general solution [¢(t)) to the ordinary time-
derivative Schrodinger equation and by expanding |¢(t)) in [n(R(t))), not In(R(O))),11

Lt
() = Y 1Up(0) = ) an(®In(R(D))) exp[—% jdt’En(R(t’))], (10.7.8)

0

where [¢,,(t)) is defined through eq. (10.7.8) and a,(t) is a coefficient to be determined.
We plug it into the ordinary time-differential Schrédinger equation,

i)y = HR@®)|WY(D), (10.7.9)

where the dot over |)) denotes the ordinary time derivative (%), and then left multiply
(m(R(t))| and integrate the resultant equation to get (see the exercises)

t

ap(t) = = ) a,(O(m(R(®))|(R(1))) exp [—% J dt'(E,(R(t")) - E,(R(t"))) |, (10.7.10)

0

which shows that a,, depends on (m(R(t))|[n(R(?))). If (m(R(?))|n(R(¢t))) = 0, then a,, is
simply a constant. This happens if [n(R(t))) is real. But if it is a complex function, then
(m(R(t))|n(R(t))) may differ from zero, and we can estimate how large it is.

For n # m, from eq. (10.7.4) we can find

. (@) HInR(®D)))
(m(R(D)IA(R(D))) = E (R(©) _E, (R(0)

11 This is the key difference. If the Hamiltonian is time independent, we always use [n(R(0))), but here
the Hamiltonian changes with time. The completeness is fulfilled only at each time ¢. In general, states
at different times are not even orthogonal.
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If E,(R(t)) — E,,(R(?)) is large, while the change in H is small, then the ratio is small. This
is the condition for the adiabatic approximation. Then, we can ignore terms withn # m
and only retain terms with n = m. Doing so simplifies eq. (10.7.10) to

ap(t) = —a, (O){m(R@))|M(R(D))).

We integrate over time t to obtain

t
Ay (t) = @,y (0) exp[— J(m(R(t'))lr’n(R(t’)))dt' = a,,(0)e"n®), (10.7.11)
0

where we have defined a phase y,,, through the exponential term. Equation (10.7.11) is
true only if crossing terms are ignored, i. e., no transitions between states, which is the
adiabatic approximation. From now on, we only focus on a single state. The key mes-
sage here is that the phase y,, appears because, once we have a time-dependent R(¢),
the physics goes beyond the partial time-differential Schrédinger equation. We need an
ordinary time-differential Schrédinger equation. Going from a partial differential equa-
tion to an ordinary differential equation admits more roots.

Exercise 10.7.3. n
36. (a) Show at two different times t; and t, that two states are not orthogonal, i. e., (1(R(t))Im(R(t,))) # S,m-

(b) Find a condition under which they are orthogonal.

37. Prove eq. (10.7.7) satisfies eq. (10.7.6).

38. Show that, if [n(R(¢))) is real, (m(R())|A(R(t))) = 0.

39. Starting from eq. (10.7.4), use the Hellmann-Feynman theorem to prove (m(R(t))[n(R(t))) =

(mREO)IHINRD))
Ep(R(®)—Em(R(®)) *

10.7.4 Geometric phase factor: a conceptual change

We pick up one state [, (t)) from the summation of eq. (10.7.8) and substitute a,(t) of
eq. (10.7.11) into |1, (t)) to find [84] (setting a,(0) to 1 in eq. (10.7.11)),

t

1, (1)) = e"V exp [—% Jdt’En(R(t'))] In(R(t))). (10.7.12)

0

Att =0, [Y,(0)) = eiV"(0)|n(R(0))) corresponds to the initial state. The extra phase y,(t)
can be found by requiring [¢,,) to satisfy

ih% = H(t)|y, (D). (10.7.13)
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Doing so, we find

9yn(t)
ot

- i(n(R(t))l%ln(R(t))). (10.7.14)

Before we move further, we pause to explain what we are doing. Equation (10.7.12)
replaces |[n(R(0))) in eq. (10.7.7) with e |n(R(t))), so it goes beyond the dynamical
phase factor. We can show this explicitly. We change the time derivative on [n(R(t))) to

the derivative on the parameters % =Vg- ‘;—1; (see the exercise). Because y,, is a function

of only ¢, % can be written as a full derivative, %, S0 eq. (10.7.14) becomes
dy,(t) . dR
BT i(n(R)|Vg|n(R)) i (10.7.15)

Eliminating dt from both sides converts the time dependence to the parameter depen-
dence,

dy,(t) = i{n(R)|Vg|n(R)) - dR,

and we integrate it along a path P in the parameter space (Fig. 10.6(a))."2
R
P ,
PR > Ry) = [ iR Vyln(R) - dR. (10.716)
R;

Different from the dynamical phase factor (eq. (10.7.2)), y,(t) only parametrically de-
pends on t, where the initial and final times ¢; and ¢; enter y,(t) through R; and Ry,
respectively, with the geometry at the center of y,(t), the geometrical phase factor.”®
Because y,(t) appears in e @ it must be real; otherwise, it becomes unphysical. This
requires that (n(R)|Vg|n(R)) must be imaginary. To simplify our notation, we define

A, (R) = i{n(R)|VgIn(R)), (10.7.17)

where A, (R) is called the Berry connection or Berry vector potential, already used in
eq. (9.4.19) on Section 9.4.2.2. In this way, eq. (10.7.16) has a simpler form as

Yult) = j dR - A,(R). (10.7.18)
P

12 Because we have not specified what the parameters are, we can only choose a path. This is a path
integral. We cannot use y,(Ry) - y,(R;) because the integral depends on the path.

13 We do not call it a spatial phase factor because R does not necessarily represent space as it can rep-
resent a magnetic field or crystal momentum.
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_—

Figure 10.6: (a) Geometrical phase factor y,. (b) The triple product dS - (Vgn(R)| x |[Vgn(R)) represents a
“volume”.

Unfortunately, A,(R) has an undesirqble problem: It is not gauge invariant. Suppose
we multiply |[n(R)) by a phase factor e“® ‘and we find A, (R) changes as

In®R)) — e“®|n(R)),

(10.7.19)
Ap(R) — Ap(R) - Vg((R).
This causes the problem for the geometrical phase y,(t),
a(®) = | dR- 2, (R) - [ dR-Vag®)
b (10.7.20)

dR-A,(R) + {(R(0)) - {(R(D)),

T — T ——

where R(0) and R(¢) are the initial and final parameters in the parameter space.

Example 7 (Berry connection for a two-dimensional planewave). A two-dimensional planewave has the
wavefunction ¢(x, y; k. k,) = " +%Y 14 normalized with a square a x a, where the parameters are k, and
ky. Find the Berry connection A.

We take the partial derivatives with respect to k, and k, to find aaT'p = ixe** %Y 1g and gT'p =
x Y
IyelkXXHkyy/G. So,
) e—ikXx—ikyy ) eikXkayy
A =i ” dxdy ix . -a/2,
p ) o e—ikxx—ikyy ) eikxx+ikyy 5
= X I =—a/l.

Y U VY VT /
Finally, A = —2(% +).
Exercise 10.7.4. n

40. Prove eq. (10.7.14).

41. Show % can be written as Vg - ‘2—':.

42.(a) Prove (n(R)|Vg|n(R)) must be imaginary. (b) If |n(R)) is a real wavefunction, show the Berry connection
must be zero.
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43. Take the wavevector k as the parameter R to compute the Berry connections for a (unnormalized)

planewave ((r) = %% in (a) a one-dimensional chain of length a and (b) a three-dimensional cube @,

10.7.5 Berry phase

The only way we can get rid of the extra term in eq. (10.7.20) is to choose a closed path
C, so R(0) = R(t). For { in eq. (10.7.19), this means

RO = 6RO, r(R(0)) - {(R(t) = 2 x 1, (10.7.21)

wheren = 1,2,3,... and y, can change by an integer multiple of 2 under the gauge
transformation from eq. (10.7.19). This was first discovered by Berry [84].

This treatment is tantamount to assuming that, after a period 7, the system returns
to its original system, where H(T) = H(0) and R(0) = R(T). For a closed path C,y,isa
gauge-invariant physical quantity,

Yu(C) = (J;dR -A,(R) = i(j)(n(R)IVRIn(R)) -dR, (10.7.22)
C C

which is called Berry’s phase, a geometric phase in the parameter space. One may di-
rectly compute it with an eigenstate (see the exercise). We wish to make a few comments
on the structure of eq. (10.7.22). Whenever the Berry connection is zero, the Berry phase
is zero. Any real wavefunctions have a zero Berry phase. On the other hand, spinor
wavefunctions can have a nonzero Berry phase.

Second, this integral has two separate integrations. One is over the spatial coordi-
nate dr of the wavefunction [n(R, r)), which is denoted by two angle brackets in the Dirac
notation. The other is the integration over R. We must compute the derivative Vi|n(R))
first. If {R} is one dimensional, then the integrations over r and dR can be swapped, and
the entire integral is zero, or y,(C) = 0 (see the exercise).

Example 8 (Berry phase for a two-dimensional planewave). A two-dimensional planewave has the wave-
function Y (x,y; ky, k,) = %k 13 normalized with a square a x a, where the parameters are k, and k.. Find
the Berry phase y, over a loop starting from (k,, k,) = (0,0)% — (1,0)27’T - (1,1)27" - (0,1)%” — (0, 0)27”.

We start from the Berry connection on Section 10.7.4: A, = —%()”( + ). There are four segments. From
(0,0)27" - (1,0)%", de A= —% jdkx = —. For the next three segments, their geometrical phases are
—m, +1, and +1. So, we have the Berry phase y,(C) = -m —m+m+m = 0. The phases in each segment cancel
out.

Another way to calculate the Berry phase is to utilize Stokes’ theorem to convert the loop
integral in eq. (10.7.22) into a surface integral,
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Vn(C) =-Im

D—

j dS - [V x (n(R)|VgIn(R))] (10.7.23)
=-Im

J ds - V,(R) (10.7.24)

—Im

A AT 0

j ds - (Vgn(R)| x |Vgn(R)). (10.7.25)

Ineq.(10.7.24) V,,(R) = Vg xA, (R) is called the Berry curvature, the curl of the Berry con-
nection A, (R), and the integrand in eq. (10.7.25) is just like the enclosed volume by three
vectors (Fig.10.6(b)). For this reason, to have a nonzero y,(C), [Vgn(R)) and (Vgn(R)|
must be two different vectors. Here is an example.

Example 9 (Berry phase for a two-dimensional planewave). A two-dimensional planewave has the wave-
function g(x, y; ke, ky) = %Y 1o normalized with a square a x a, where the parameters are k, and ky. Find
the Berry phase y, over a loop using eq. (10.7.25).

We first compute Vg|y = ie®** %Y (x% + yj)/a. Its conjugation is (Vg| = —ie Y(xX +yy)/a.1tis
easy to see that these two vectors are parallel to each other. Therefore, eq. (10.7.25) yields y,(C) = 0.

ik x—ik,

In case the Hamiltonian H(R) of the system is given and its eigenstates [n(R)) can be
computed, we can insert the completeness of the eigenstates into the cross-product in
eq. (10.7.25), Y., (VR(R)IM(R)) x (m(R)|Vxn(R)), where we exclude m = n because
(VRn(R)|n(R)) and (n(R)|Vxn(R)) are the same vector and their cross-product is zero.
Starting from (10.7.4), we use the Hellmann-Feynman theorem (Section 5.7) to rewrite
the derivative as

(M(R)|Vn(R)) = (M(R)[VgHINR))/(E, — Ep), m#n,

which translates the derivatives on the wavefunction to the Hamiltonian. Doing so leads
to a more manageable expression for the Berry phase

Yn(C) = -Im ” ds-v,(R), (10.7.26)
c
where the Berry curvature V,(R) is given by

(n(R)|IVRH(R)IM(R)) x (m(R)|VRH(R)In(R))
(En(R) - Ep(R))? '

V,R) = ) (10.7.27)

m#n

We present these two examples, but their Berry phases are all zero because the

phase from one part of the closed path cancels that from the other part. Equation

(10.7.27) reveals some interesting features to us. If we have a degeneracy, E,,, = E, with

m # n, then V can be very large. Next, we introduce an example with degeneracy that
Berry used [84], and the problem at the end of this chapter uses a different method.
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C
@ (6)
G

degeneracy

Figure 10.7: (a) We rotate & to R first and then back. (b) The closed path C is around R, with the polar angle
of 01.

Example 10 (Berry phase for a spin). Suppose we have a Hamiltonian, A(R) = 1 (%, *-3 ), where X, ¥, and
Z are the Cartesian coordinates of a vector R. Compute the Berry phase for the eigenstate with the largest
eigenvalue over a circle C over the solid angle Q(C), where C subtends at the degeneracy. In Q(C), 8 starts
from 0 to 6.

We first find the eigenvalues of A by diagonalizing the Hamiltonian, £ = 1 VX2 + Y2 + 2% = 1R, and
E, = —%R. The degeneracy occurs at R = 0. According to eq. (10.7.27), we need to find VA. We note that the
Hamiltonian can be written as / = %R - &, where @ is the Pauli matrix of the spin, so VgH = %&. Because @’s
quantization axis is not always along R, we temporally rotate the spin’s z-axis along R (see Fig. 10.7(a)), so the
eigenstates of A are simply |1) = |a) and |2) = |B). This eases the calculation of V in eq. (10.7.27),

Vi(R) = (1IVRAI2) x 2IVRAN) /(E - E2)° = (11812) x (21811)/(4R*),
which can be cast into the determinant

1 £ y z
Vi(R) = " (leyl2) g, 12y (116,12}
216,11 (2lg, 11y (215,11

Three components are given by

Vi = ;?(<1|6y|2><2|6z|1> ~ (116,12)(216,11)),
Vy = 41?(<1|6Z|2><2|ax|1> ~ (116,12)(216, 1)),

Vi, = $(<1|6X|2><2|6y|1> = (116,12) (216, 11)).

Because both (1/6,]2) and (2|5,|1) are zero, V;, = Vi =0, where [1) and 2) are just |a) and |B). However,
A

Oxla(B)) = IB(a)) and Gyla(B)) = +(=)ilB(@)), so Vi, = = ({111 (21i12) - (212)N(-NIN) = ﬁ Next, we
rotate V; back to the unrotated axis,

which is plugged into eq. (10.7.27) to get

y1(o_/ﬂv1 ds_,IZR3 RR smeded¢_lﬂzsmeded¢_ ZHdQ.
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After integration, we have y;(C) = —%, which shows the Berry phase is half the solid angle Q that C subtends
at the degeneracy. The degeneracy is just the origin of R (Fig. 10.7(b)). We now choose a circle around R with
0 at 0, so the Berry phase is y;(C) = —(1 — cos 6;)m. We see that, if 6; = 0, y;(C) = 0. In this case, the
Hamiltonian is real. If 8; # 0, y;(C) is nonzero. This means that the path encloses the degeneracy. It can be
shown that the other eigenvalue has y,(C) = —y;(C). They appear in pairs. a

In the beginning of this book, we emphasized that one needs both the wavefunction and
operator to make a measurement. But the Berry phase changes this viewpoint. Here, ev-
erything is based on the wavefunction itself. There is no operator. Both Berry connection
and curvature are the making of a wavefunction. Although most of the examples that
have been used here are related to the spin, the Berry phase has found many applica-
tions, such as polarization [59].

Exercise 10.7.5.

44. What is the relationship between the geometrical phase and the Berry phase?

45. According to eq. (10.7.4), what can we say about the total energy of the system?

46. Show Vg x (n(R)|VgIn(R)) = (Vgn(R)| x |[Vgn(R)).

47. Show y,(C) = 0 if the parameter space is one dimensional.

48. Compute the Berry phase for a (unnormalized) planewave ¢(r) = " in a three-dimensional cube a*
using a path (0,0,0) — (1,0,0) — (1,1,0) — (0,1,0) — (0,0, 0) in the unit of %”

k-

10.8 Problems

1. Two electrons are confined in x € (—%, %). Suppose they are in a wavefunction
¥(1,2) = %(q)a(l)gbb(Z) + 0p(1)9,(2)), where ¢,(x) = cos(%) and ¢, = e_%l. @
Normalize both ¢, and ¢, and find (¢,|¢;). (b) Find the expectation values of x;
and x,. (c) Find the expectation value of x;x, for the symmetric and antisymmetric
wavefunctions and compare it with (b). What can you conclude?

2. Two identical quantum particles occupy two single-particle orbitals ¥, and ¥,
It is known that the density p(1,2) includes following two terms: p,(1)p,(2) and
Pap(DPpa(2), where p,(1) = [ (DF, pp2) = [Yp@)F pap(D) = ¥ (DY,(1) and
Ppa(2) = Y3, (2)1h,(2), but the remaining terms are unknown. (a) Because exchanging
two identical particles should not change p(1, 2), write down all the possible expres-
sions for p(1,2). (b) Prove that, if ¥, = ¥, and p(1,2) = 0, these particles must be a
fermion. (c) Prove that, if , = ¥, and p(1,2) # 0, these particles must be a boson.

3. Two electrons in an atom have two different configurations: (1) One electron is in
the 2p, orbital and the other is in the 2p, orbital and (2) one electron is in the 2p,
orbital and the other is in the 2p,, orbital. The spherical harmonics for 2p,, 2p, and
2p, are given in Table 4.1. (a) Use eq. (10.4.4) to compute the energies for (1) and (2).
Since the radial integrals for (1) and (2) are exactly the same, only the integral over



330 — 10 Special topics: many-body systems, magnetism, and quantum information

10.

11

12.

the angle is needed. (b) According to the Hund second rule, (1) should have a lower
Coulomb energy than (2). What can you conclude from your results?

Two qubits are in the state |[¥') = %000) +|11)), where the first bit belongs to qubit
A and the second one belongs to B. (a) Suppose one applies the Hadamard gate on
qubit A and | T |on qubit B. What is the final state? (b) Find the percentages of qubit
Ain |0) and |1).

Construct a controlled-Hadamard gate and find the matrix form for two qubits.

It is often customary that one writes four computational basis states as the Bell
bases, [$) = ~5(100) + [11)), i) = 5(100) — 1), [hs) = —5(I01) + [10)), and
[Yy) = %(IOI} —[10)). (a) Apply to each basis. (b) Set up the density matrices
and diagonalize their eigenvalues and eigenvectors.

Starting from eq. (10.7.8), prove eq. (10.7.10).

Start from H(R) = %( Ly XjZiY ), where X, Y and Z are the Cartesian coordinates
of a vector R. (a) Diagonalize H to find the eigenvalues and eigenvectors. (b) Find
the Berry connection A for both eigenstates. (c) Compute the Berry phases for both
eigenstates directly from eq. (10.7.21), without using eq. (10.7.27), and then compare
the results on Section 10.7.5.

An electron is placed in a uniform magnetic field with B(t) = B[sin(0(t)) cos(¢(t))X +
sin(0(t)) sin(¢(t))y + cos(0(t))]z, where B is the amplitude of the magnetic field and
¢ and 6 are the azimuthal and polar angles at time t. The Hamiltonian is H(t) =
—%B(t) -S. (a) Find the eigenvalues and eigenvectors. (b) Find the Berry connection
A for both eigenstates. (c) Compute the Berry phases for both eigenstates. (d) If at t =
0 the system starts from a superposition state [¢(0) = (|a)+|B))/ V2, and after time T,
H(t) returns to its initial form H(T) = H(0), find the wavefunction y(T) at t = T. (e)
Find the expectation values of ({(T)|6,|¥(T)), (1/)(T)|6y|1/)(T)), and (Y(T)|6,1¥(T)),
and compare their respective values at t = 0.

This problem is modeled on the Rabi Hamiltonian on Section 6.6.1. A system has
three magnetic fields, By, By, B,, H=( Bj;y BX;ZLBY ), where B, and B, return to their
original values after T. (a) Find the eigenvalues and eigenstates. (b) Find the Berry
curvature. (c) Find the Berry phase. (d) If B, and B, are constant, but B, returns to
its initial value after T, what is the Berry phase?

The Berry phase can be defined around a discrete path [59], called Pancharat-
nam phase, instead of continuous paths given above. Suppose we have N num-
ber of states {¢;} which are not orthogonal to each other. We go from ¢, to ¢,
all the way to ¢, and then back to ¢;. The Berry phase y(C) is defined as y(C) =
—ImIn[{g|05)(Ps|03) - - - (Dn_11@n)]- Now suppose we start from the eigenfunctions
of §,, the eigenfunctions of S,, the eigenfunctions of §y, back to the eigenfunctions
of S,. Compute y(C).

Show around a closed path C, the energy conservation is violated in general.
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13. Suppose ¥y is a Bloch function (eq. (9.2.11)). Prove the lattice vector R can be calcu-
lated from the difference between two Berry connections

R=-i((p®+) |w Y- (e lalgklir) )

This problem shows the connection between k and R, which is independent of r.



11 Appendix

11.1 Atomic units

Quantum mechanics uses atomic units since many quantities are extremely small in SI
units. While the most used atomic units are broadly accepted in the community, two
different energy units are used: Hartree and Rydberg units. They differ by a factor of 2.
In this book, we will explicitly state which units we are using. The following table lists
some of the most common physical quantities. The Planck constantis h = 6.626x1072*J-s,
and the reduced one is & = h/(2m). The Bohr radiusis a, = 0.529177210903 A.The electron
mass is m, = 9.11 x 10~3' kg. The chargeis e = 1.602 x 107 C.

Quantity Value

Time h/E,

Length ag

Mass me

Charge e

Energy (Hartree) Ey = hz/(meaé)
Energy (Rydberg) E, = K?/(2m,a5)
Conductance Gy = €*/h
Conductivity & /(hag)
Resistance Ry = h/e2
Resistivity hag /e2
Velocity agkp/h
Angular momentum h

Momentum h/ag

Force Ep/agor E./agy
Electric current efy/h

Electric field En/(eaq)
Electric dipole moment eaq

Spin moment (Bohr magneton)  pp = eh/(2m,)

11.2 Time-order operator

If we integrate Eq. (3.5.4) once, we have

t
U(t,ty) = Uty t,) + (i) JHS I(t', tp)dt', a1
)

which means that U at time ¢t depends on U at time t'. If we use the same equation
repeatedly, we end up with terms within the integral on the right side like
(in)™ j: e jtt" dt, - - - dt,. This means that their coefficient is just (i) ™.

0 0

https://doi.org/10.1515/9783110672152-011
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If we want to start from Eq. (3.5.8) and if Hg depends on time, —iH(t - t,)/h must be
L N
changed to an integral, —i Lt H S(t’ Ydt' /h, so U=¢"' Lo Hy(e)de/ h. However, this expression
0

is different from Eq. (11.1). To see this clearly, we expand it to the second order,

t t 2

o U B _ g (—ijf[s(t’)dt’/h> + %(-ijf{s(t’)dt’/h> +oee (11.2)
& ’ &
where the second-order term has 1/2!, but (11.1) does not have. In addition, it has two

time-integrals. In general, operators at different times are not commutable, [ﬁs(t’ ),
H,(t'")] # 0. Ignoring (—i/h), we have

t 2 t t
<Jﬁ5(t')dt'> = J dt' J dt" H(t")Hs(t"). 11.3)
t to t

So, we have to know the time order ¢’ and ¢”, i. e., which one occurs earlier. Freeman
Dyson introduced the time order operator 7', so

t 2 t t
T< J Hs(t')dt'> =2 J dat' J dt" Hy (¢ Hg(t"), (11.4)
t

) )

where t" < t'. This 2! cancels % in Eq. (11.2), so all the terms in the expansion have no
factorials in the denominator. T allows us to write U(t, t;) more easily as

t

Ut,ty) =T exp(—% jﬁ(t')dt' ) (11.5)

[}

11.3 Spin rotation

In physics, there are two types of vectors. One comprises the polar vectors, such as po-
sition and momentum, and the other the axial vectors, such as angular momentum and
spin. Their main difference is that, if we invert a polar vector A, it changes from A to -A,
but, if we invert an axial vector A, it does not change sign. We will explain the reason
behind this by first reviewing the rotation for a polar vector A in a three-dimensional
system.

11.3.1 Polar vectors

We denote R as a 3 x 3 rotation matrix. We first rotate the object along the z-axis by y,
then along the y-axis by , and finally along the z-axis by a. a, 5, and y are the Eulerian
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angles. These three rotations are called the proper rotations because they do not involve
inversion or mirror operations. R,(a), Ry(ﬁ), and R,(y), respectively [27], are,

cosa -sina 0 cosfp 0 sinf cosy -siny 0
sina cosa O |, 0 1 0 , siny cosy 0 ]. (11.6)
0 0 1 -sinf 0 cosp 0 0 1

One key feature of the proper rotation is that the determinant of these matrices is al-
ways 1. If we want to rotate a vector A, we can left multiply it by R, such as A’ = RA.

Improper rotations contain mirror operations and inversion. The following first
three matrices, denoted by £, ¥,,, and X,,, represent the mirror operation with respect
to the xy-, yz- and zx-planes, respectively. The last one, Z, is the inversion matrix.

1 0 0 -1 0 0 1 0 0 -1 0 O
01 0], 0 1 0}, 0 -1 0], 0o -1 0|, (11.7)
0 0 -1 0 0 1 0 0 1 0o 0 -1

These rotations form a group known as the O(3) group.

11.3.2 Axial vectors: spin rotation and SU(2) rotation matrices

Axial vectors form a special group of vectors. If we apply an inversion Z to them, they
do not change signs. Take the angular momentum L = F x p as an example: Zf = —F
and Zp = —p, but ZL = L, no sign changes. So, L is an axial vector. This is a vector in
three-dimensional space, where each component is a scalar in CM and a scalar operator
in QM.

Spin is also an axial vector, but, different from I, each component of spinisa 2 x 2
matrix, which cannot be operated by a 3 x 3 rotation matrix R. Instead, we must first
find a rotation matrix that works in the two-dimension [24]. A set of these matrices
form a group, called the SU(2) group, a special unitary transformation group for two-
dimensional vectors. The respective rotation matrices about the z- and y-axes are [27],1

a2 ) Uy(ﬁ):<cos([3/2) —Sin(ﬁ/2)>.

e
Uz(a>:< 0 el sin(B/2)  cos(B/2)

1 Our matrices can be applied to spins directly and differ by a Hermite conjugation from those in [24].
The matrices given on page 105 of [24], pertain to the axis rotation, not the spin rotation, but the final
U(a, B,y) on page 109 of [24], which includes this Hermite conjugation, is identical to ours and those in
[27].
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For the same three rotations with Eulerian angles, a, §, and y, the 2 x 2 rotation
matrix is the product matrix U(a, B, y) = Uz(a)Uy(B)UZ(y),

—i(a+y) B —ilay) | B
e 2 CoS 3 —€ 2 SIn 3
U(a’ ﬁ’ V) = i(a-y) . B i(a+y) ﬁ N
e 2 sin 3 e 2 COoS 3

Because SX is a matrix, the matrix rotation is different from the vector rotation.
Suppose our rotation operator is U. To rotate S,, we must proceed as

§-usu?,

where S, is given in Eq. (6.1.7). Caution must be taken: Only one component can be ma-
nipulated at one time, and it is not possible to rotate all three components at the same
time like L. To rotate S, and S,, we have to carry out two different rotations. After a
lengthy calculation, we find [27]

S} = (cosacos Bcosy — sinasiny)S, + (cos asiny + sin a cos B cos y)S, 115)
—sin B cos yS,. .

This method takes care only of proper rotations, leaving out improper rotations.

11.3.3 0(3) rotation matrices

A much simpler method was revealed to us by Rodriguez—Carvajal [85], Birss [86], and
Chen [87], and employed in our own research [88]. Here, we introduce this much simpler
procedure. To carry out the same three subsequent rotations of a spin S, R(a,8,y) =
Ri(a)R,(B)R5(y), we need only

>
>
>

X X Rll R12 ng X
Sy | =R@pB.y)Det®R) | S, | =DetR)| Ry Ry Ry y
S S, Ry R3pp R S,

For instance S, = (RyyS, + Rlzs‘y + Ry3S,)Det(R). In this way, we can finish the job for all
three spin components at once. The determinant Det(R) is the only difference between
the spin and a regular vector. For this reason, spin is called an axial vector. The regular
vector is renamed as a polar vector. When we apply an inversion Z to a regular vector
A, it produces ZA = —A. But, if it applies to a spin S, Det(Z)ZS = §, so it does not change
its direction. For a mirror operation, such as

|
-

M:

(=



336 — 11 Appendix

it represents a reflection with respect to the yz-plane. We can do the same. For S,, we
have
-1 0 0 S, S,
0 1 0 |DettM)| 0 |=( 0 ],
0 0 1 0 0

which does not change the direction of S,. But for S‘y, the reflection does change:

-1.0 0 0 0
0 1 0 |DetM)| S, |=[-S,
0 0 1 0 0

At no point, should we use U to rotate spin vectors.

11.3.4 What about spin eigenfunctions?

However, this method does not work for spin eigenfunctions because the spin eigenfunc-

tions are spinors and double-valued. We have to use U. Suppose a spin state n whose

rotated function is U(a, B, v)1. Because U only has half-angles like 5, ’; % a 2rmr-rotation,
i2n

e2 = —1produces a negative sign for the eigenfunction. For this reason,  are named

as spinors. The reader may consult the books [86, 24] for a more advanced discussion.

11.4 Spin matrices for photon and useful math formulas

One key difference between electron spin and photon spin is that the photon spin ma-
trices are 3 x 3 matrices, but the electron spin matrices are 2 x 2 matrices. They can be
found in the same way as the electron spin. They are

1 01 0 i -1 0 1 0 O
o,=—|1 0 1 0, = — 0 1 6,=10 0 0 |. @119
X > 'y > z

V2 0 1 0 V2 0 1 0 0 0 -1

The identity matrix I is a 3 x 3 matrix as well. Four Dirac matrices in Eq. (6.1.5) become

. (I 0 R 0 &,\ . 0 ay> R ( 0 6Z>
_ o= A N g , a1
Yo (0 —I> 41 <—0x 0) |2 <—Gy 0 V3 5, 0 (11.10)

where 6,, 6,, g, are replaced by those in Eq. (11.9). In contrast to Ref. [12] which uses t,

we use 0 instead. Three components of a are a; = y,);, where i runs from 1 to 3.
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Table 11.1: The following expansions have been used in the coulomb potential 1/r.

1 ix)’”2 =15 ix+ 132 4. wherex < 1.

Cartesian V = %f( n %y + %2
Cylindrical v = g{ P }%&, n %JZ‘Z
Spherical V = alf %a%é+ rs:negl‘i’

Table 11.3: Divergence. F is a vector function.

oF L Oy O
ox oy 0z
1090F) |, 19 BFI

CartesianV - F =

Cylindrical vV - F = ¢ o + 58
1 (°F,) 1 (smé)Fg) )
Spherical V- F = 2 or rsind ~ 00 rsind o¢

Table 11.4: Curl. F is a vector function.

F) 3 -
Carte5|anV><F_(W_aizy) +(7_%)y+(j_%)z
indri 9, o,
Cylindrical V x F = (}%% BT (aFr - %yg o 1 (r ¢) aFr)
. A(Fg sin6) E)F a(”_.) SuF o
Spherical V x F = r5|n9( ¢ ) 7(Slﬂ937(];_ ar¢J )0 7(% ’)¢

Table 11.5: Laplacian. f is a scalar function.

2 2
Cartesian V2f = —§ + Y

ay oz 5 )
Cylindrical V?f = 1 2.+ Z) + lzs¢f + gf
3
Spherical V2f = izg rza%) rz;ﬂg; (sin6Z, sy - SI1n HTJQ

Table 11.6: Conversion of Cartesian coordinates to the spherical coordinates. We use cos 8 instead of 8
and tan ¢ instead of ¢ because it is simpler. They are used to compute partial derivatives such as or/ox. To
compute 0x/or, the second table should be used.

r=\/xz+}’2+22 x =rsinfcos¢
05 = z/\x? + y? + 7 y=rsinfsing
tang =y/x z=cosf




338 — 11 Appendix

Table 11.7: The first table: spherical unit vectors (7, 6, (fb) expressed in Cartesian unit vectors (X, 7, 2). The
second table: Cartesian unit vectors (X, , Z) expressed in spherical unit vectors (7, 6, ¢).

(sin 6 cos ¢)7 + (cos 8 cos §)8 — (sin ¢)¢
(sin @sin ¢)F + (cos Bsin ¢)0 (cos ¢)¢
(cos 8)F — (sin 6)0

7 =(sinfcos@)X + (sinfsing)y + (cos) X =(s
6= (cosBcos )X + (cosBsing)y — (sinB)z  j =
¢ = —(sin )% + (cos p)y z

Table 11.8: The first table: cylindrical unit vectors (7, 6, t}) expressed in Cartesian unit vectors (%, 7, 2). The
second table: Cartesian unit vectors (X, ¥, Z) expressed in spherical unit vectors (7, 0, ¢).

(sin 6 cos ¢)7 + (cos B cos §)8 — (sin ¢)¢
(sin@sin ¢)F + (cos Bsin ¢)6 (cos ¢)¢
(cos B)F — (sin 9)0

7= (sinfcos@)X + (sinfsing)y + (cosB) X =(s
6= (cos@cos @)X + (cosBsing)y — (sinf)z =
¢ = —(sin ) + (cos p)y 7

Table 11.9: Trigonometry.

sinz(a) + cosz(a) =1, cosz(a) - sinz(a) =cos(2a), 1 + tanz(a) = secz(a), 1+ cotz(a) = cscz(a)
sin(a £ b) = sin(a) cos(b) + cos(a) sin(b), cos(a = b) = cos(a) cos(b) ¥ sin(a) sin(b)

sin(a) sin(b) = =~ [cos(a + b) — cos(a — b)], cos(a) cos(b) = 7 [cos(a +b) + cos(a — b)],

sin(a) cos(b) = 3 [sm(a +b) + sin(a — b)]

sina +sinb = 25|n(”+b) cos(%? by,
cosa+cosh =2 cos(‘”b

sing —sinb = 2sin(%52 by cos(”;b)

) cos(52 ),cosa—cosb——Zsm("*b)sm( )

Table 11.10: Integration.

_[xsin(ax)dx = —5 cos(ax) + 12 sin(ax)

_[x sin(ax)dx = 2 sm(ax) + cos(ax)

| x cos(ax)dx = % sin(ax) + aZ cos(ax)

sz cos(ax)dx = 5—’2( cos(ax) + "2"2’2 sin(ax)

| sin(ax) cos(bx)dx = —oslla-b)] _ cosl(a+b)x] |a| # |b|

2(a-b) 2(a+b)
jxsin ax) sin(bx)dx = 1 [— sin[(a — b)x] + b)2 cos[(a — b)x]
_ m sm[(a + b) Xx] — @ b)Z cos[(a + b)x]]

| bﬂexp(ax) In[b + cexp(ax)]

_[exp(ax)xdx = "X 1 exp(ax)

_[exp(ax)x dx = ( - <y = ) exp(ax)

[ee] 2
[ exp(—ax® + bx)dx = \/;exp(@), Looxexp(—ax2 + bx)dx = Z‘[T”/bz exp(%a)

2 2
fzo x% exp(—ax? + bx)dx = % exp(%))
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11.5 Computer codes

Listing 11.1: Completeness.

!

this code checks the completeness of eigenfunctions for PIB
implicit double precision (a-h,o0-z)
pi=dacos(-1d0)
x=0.5465d0
a=10do
open(1,file='completeness’)
n=7
one=0do
dx=1d-2*a
do ix=1,100
x=1ix*dx
psi=dsqrt(2/a)*dsin(n*pixx/a)
one=one+psi*psi
enddo
write(*,*)one*dx
stop
mesh=300
numberofstates=300
do ix=1,mesh
x=ix*a/mesh
one=0do
do n=1,numberofstates
psi=dsqrt(2/a)*dsin(n*pi*xx/a)
one=one+psi*psi
enddo
write(1,*)x,one/(numberofstates/a)
enddo
close(1)
end

Listing 11.2: Even roots of finite square well.

!
!
!
!

This code computes the roots of
Equation: eta = +/- omega cos(eta)
written on Aug, 2021,

revised on Sept. 27, 2021

to Run: compile the code: ifort evenroot.f or gfortran evenroot.f
then: ./a.out

press enter if the code produces warnings.

Results: Final results are stored in evenroot.eta-omegaxcoseta,

implicit double precision (a-h,o0-z)

double precision root(100),m

integer debug

debug=0

open(10,file="evenroot.eta-omegaxcoseta’)

write(10,927) '#0mega (pi),eta, eta,zero,zero, xi (positive root)’

— 339
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927 format(a)
open(20,file="evenroot.etatomegaxcoseta')
write(20,927) '#0Omega (pi),eta,eta,zero,zero, xi (negative root)’
pi=dacos(-1d@)

! this is tolerance of my solution
tol=1d-12

! this runs over omega. For each omega, I found a multiple roots for

! eta
do iw=1,80

w=0.1do*iwxpi
d=0.1
! goto 123
icount=0
open(1,file="tmp")
do i=1,10000
g=ixd
write(1,*)q,fp(q,w)
if(fp(q,w)*xfp(g+d,w).1t.0de)then
icount=icount+1
root(icount)=q
endif
enddo
close(1)
gap=1deo Imust a small one
do i=1,icount
write(x,*)i,root(i), 'positive possible root',w
if(i.ne.1)then
if(root(i)-root(i-1).1t.gap)then
gap=root(i)-root(i-1)
endif
endif
enddo
! read(*, *)
do i=1,icount
b=root (i)+gap/5do
a=root(i)-gap/5deo
write(x,*)'initial a and b',a,b
do while((b-a)>tol)
m=a+(b-a)/2d0
if(fp(a,w)*xfp(m,w).gt.0do) then
a=m
else
b=m
endif
if(debug.eq.1) write(*x,*)a,b
enddo
103 xi=axdtan(a)
write(x,*)'w',w/pi,a/pi,b,fp(a,w),fp(b,w),xi
if(dabs(fp(a,w)).gt.5d-12)then
write(*,*) 'positive root not accurate,increase gap,press..’
gap=2*gap
b=root(i)+gap/5d0
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a=root(i)-gap/5do
write(*,*)'initial a and b’',a,b
do while((b-a)>tol)
m=a+(b-a)/2do
if(fp(a,w)*xfp(m,w).gt.0do) then
a=m
else
b=m
endif
if(debug.eq.1) write(*,*)a,b
enddo
read(*,*)
goto 103
endif
! read(*, *)
if(xi.gt.0do)then
write(10,*x)w/pi,a/pi,b/pi,fp(a,w),fp(b,w),xi/pi
endif
enddo
! second equation starts here eta = - w cos(eta)
123 icount=0

! / the following is to get approximate roots. \
open(1,file="tmp"')
do i=1,10000
g=i*d
write(1,*)q,fn(q,w)
! if two values of function fn at q and g+d change sign, this means
! it crosses a root.
if(fn(q,w)*fn(g+d,w).1t.0de)then
! count how many roots are found
icount=icount+1
if(icount.gt.100)stop’increase dimension for root’
! root records the actual roots
root(icount)=q
endif
enddo
close(1)
! \ end. /

! in order to avoid the code missing a root, I need to find the minimum
! gap that I can choose. The default is 1do
gap=1d0o
do i=1,icount
write(x,*)i,root(i), 'negative possible root’,w/pi
if(i.ne.1)then
if(root(i)-root(i-1).1t.gap)then
gap=root(i)-root(i-1)
endif
endif
enddo
if(debug.eq.1)read(*,*)
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! stop
tol=1d-12
!--accurate root finder----from Michael Heath'’s book: Middle point method.

do i=1,icount
b=root (i)+gap/5d0 !b is chosen slightly higher than root
!by gap/5
a=root(i)-gap/5do !a is chosen slightly lower than root by
lgap/5
if(debug.eq.1)then
write(x,x)'initial a b’,a,b
endif
do while((b-a)>tol)
m=a+(b-a)/2do
! this is from Michael Heath's book: Middle point method.
if(fn(a,w)*fn(m,w).gt.0do) then
a=m
else
b=m
endif
enddo
! here a is the root for eta. From eta, we can find xi. xi=eta\tan(eta)
104 xi=axdtan(a)
write(x,*)'w',w/pi,a/pi,b,fn(a,w),fn(b,w),xi
if(debug.eq.1)read(*,*)
if(dabs(fn(a,w)).gt.1d-12)then
write(x,*)'This root not accurate, increase gap, press..'’
gap=2*gap
b=root(i)+gap/5d0
a=root(i)-gap/5do
do while((b-a)>tol)
m=a+(b-a)/2de
! this is from Michael Heath's book: Middle point method.
if(fn(a,w)*fn(m,w).gt.0dd) then
a=m
else
b=m
endif
enddo
read(*,*)
goto 104
endif
! we only accept roots with both xi and eta positive.
if(xi.gt.0do)then
write(20,*)w/pi,a/pi,b/pi,fn(a,w),fn(b,w),xi/pi
endif
enddo
enddo
close(10)
close(20)
end

double precision function fp(q,w)
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implicit double precision (a-h,o0-z)
fp=q/w-dcos(q) !positive root
end

double precision function fn(q,w)
implicit double precision (a-h,o0-z)
fn=q/w+dcos(q) Inegative root
end

Listing 11.3: Even wavefunction of finite square well

! This code computes finite.well.wavefunction.

! input: even.w.eta.used. This file is selectively copied from

! evenroot.eta-omegaxcoseta or evenroot.etatomegaxcoseta, depending
! on whether you want to have both roots. In general, you do. If so,
! you need to copy the root for the same w into even.w.eta.used.

! Selectively means: you have to choose a w (in pi).

! Sept. 29, 2021 written.
! Sept. 30, I convert it to AI

program even_wavefunction

implicit double precision (a-h,o0-z)

double precision normil,norm2

w=1.0000000000000000

eta=0.73908513321475766

w=0.31415926535897931

eta=0.30011694986751536

pi=dacos(-1d0)
! Quantum well width

a=10do
! Grid mesh size
dx=0.02d0
open(1,file="even.w.eta.used') !this includes a few root for one w
file: w.eta.even is taken from the output file of
evenroot.f. There are two files: root.eta-omegaxcoseta and
root.etatomegaxcoseta

here is an example

5.0000000000000000 0.47003254934310262
5.0000000000000000 1.4090642703195637
5.0000000000000000 2.3446403463001162
5.0000000000000000 3.2594932830920658
5.0000000000000000 4.1843795598082147
10 read(1,*,end=1,err=1)w,eta
W=w*pi
eta=eta*pi

! find xi from eta and w
xi=dsqrt(wxx2-eta*x*2)

! the following is from Eq. XXX
denom=a/2*(1d0+dcos(eta)**2/xi+dsin(2doxeta)/(2do*xeta))
denom=dsqrt(denom)
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AII=1d@/denom
AI=dcos(eta)*dexp(xi)*AII
AIII=AI
the following formula is from Eq. on page 14. AI=. Here BI and AI
are the same thing. I want to check whether using AII or AI has
any difference. Finding: There is no difference.
BI=2d0@/a*dexp(xi*2)/(1d0/xi+(2d@*eta+dsin(2d@xeta))/(2doxeta
*dcos(eta)**2))
BI=dsqrt(BI)
write(*,*)AI,BI
read(*, *)
write(*,*)'AI AII and AIII',AI,AII,AIII, 'denom’,denom
open(2,file="even.wavefunction',position="append’)
open(20,file="even.eigenvalue',position="append’)
write(20,*)etax*2/ax*2
close(20)
do i=-100,100
x=dx*ix*a
if(x.1t.-a/2)then !wavefunction from - infinity to -a/2
write(2,*)x,AIxdexp(xi*x2d@*x/a)
else if(x.ge.-a/2.and.x.1lt.a/2)then !wavefunction [-a/2, a/2]
write(2,*)x,AlIxdcos(etax2*x/a)
else if(x.ge.a/2)then
write(2,*)x,AIII*xdexp(-xix2d@xx/a) ![a/2,infinity]
endif
enddo
write(2,*)'&’
close(2)
normi=a/2xAI*x2xdexp (-2*xi)/xi
norm2=a/2*AIIx*2%(1d0+dsin(2d0*eta)/eta/2d0)
write(*,*) 'Plotting wavefunction',w,eta,norml,norm2,norml+norm2
read(*,*)
goto 10
close(1)
end

Listing 11.4: Odd roots of Finite square well.

!
!
!

927

This gives the odd root.
This code computes the roots of Equation: eta = +/- omega sin(eta)
written on Aug, 2021, revised on Sept. 27, 2021

Oct. 1, 2021. I found a bug in eta = +/- omega sin(eta). Solution:
eta must give a negative ctan(eta) to be accepted as a root since
xi=-eta tan(eta) and xi and eta must be both positive.

implicit double precision (a-h,o0-z)

double precision root(100),m

open(10, file="oddroot.eta-omegaxsineta')

write(10,927) '#0Omega (pi),eta, eta,zero,zero, xi (positive root)’
format(a)

open(20,file="oddroot.etatomegaxsineta')
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write(20,927) '#0mega (pi),eta,eta,zero,zero, xi (negative root)’
pi=dacos(-1d@)
this is tolerance of my solution
tol=1d-12
this runs over omega. For each omega, I found a multiple roots for
eta
do iw=1,80
w=0.1d@*iw*pi
d=0.1
goto 123
icount=0
open(1,file="tmp"')
do i=1,10000
g=i*d
write(1,*)q,fp(q,w)
if(fp(q,w)*fp(g+d,w).1t.0do)then
icount=icount+1
root(icount)=q
endif
enddo
close(1)
gap=1d0o Ithis is the initial gap
do i=1,icount
write(x,x)i,root(i), 'positive part possible root’
if(i.ne.1)then
if(root(i)-root(i-1).1t.gap)then
gap=root(i)-root(i-1)
endif
endif
enddo
do i=1,icount
b=root(i)+gap/5de@
a=root(i)-gap/5de@
write(x,x)'my initial a and b',a,b
do while((b-a)>tol)
m=a+(b-a)/2d0
if(fp(a,w)*fp(m,w).gt.0do) then
a=m
else
b=m
endif
write(*,%*)’'a b’,a,b
enddo
xi=-a/dtan(a) I'this is xi=-eta ctan(a)
write(x,*x)'w +',iw,w,a,b,fp(a,w),fp(b,w),xi
if(dabs(fp(a,w)).gt.1d-12)then
write(x,x)'This root is not accurate, increase gap, press..’
gap=5*gap
read(*,*)
goto 103
endif
if(iw.le.10)read(*, *)
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if(xi.gt.1d-12)then !70.17.2021
write(10,*)w/pi,a/pi,b/pi,fp(a,w),fp(b,w),xi/pi
endif
enddo
! second equation starts here eta = - w sin(eta)
123 icount=0
write(x,*) 'negative root iw',iw

! / the following is to get approximate roots. \
open(1,file="tmp')
do i=1,10000
g=ix*d
write(1,*)q,fn(q,w)
! if two values of function fn at q and g+d change sign, this means
! it crosses a root.
if(fn(qg,w)*fn(g+d,w).1t.0do)then
! count how many roots are found
icount=icount+1
if(icount.gt.100)stop’'increase dimension for root’

! root records the actual roots
root(icount)=q
endif
enddo
close(1)
! \ end.

! in order to avoid the code misses a root, I need to find the minimum
gap that I can choose. The default is 1d@. do not choose a big one.
gap=1do
do i=1,icount
write(x,*)i,root(i), 'possible root’
if(i.ne.1)then
if(root(i)-root(i-1).1t.gap)then
gap=root(i)-root(i-1)

endif
endif
enddo
! stop
tol=1d-12
Jmmmmm - accurate root finder----------------- \
104 do i=1,icount
b=root(i)+gap/5d@ !b is chosen slightly higher than root
!by gap/5
a=root(i)-gap/5do la is chosen slightly lower than root by
lgap/5
do while((b-a)>tol)
m=a+(b-a)/2do
! this is from Michael Heath's book: Middle point method.
if(fn(a,w)*fn(m,w).gt.0do) then
a=m
else

b=m
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endif
enddo
here a is the root for eta. From eta, we can find xi. xi=eta\tan(eta)
xi=-a/dtan(a) 110.1.2021
write(x,x)'w -',iw, w,a,b,fn(a,w),fn(b,w),xi

if(dabs(fn(a,w)).gt.1d-12)then
write(x,x) 'This root is not accurate, increase gap, press..'
gap=5*gap
read(*,*)
goto 104
endif

read(*, *)
if(iw.le.10)read(*, *)
we only accept roots with both xi and eta positive.
if(xi.gt.1d-12)then
write(x,*) 'success’
write(20,*)w/pi,a/pi,b/pi,fn(a,w),fn(b,w),xi/pi
endif
enddo
enddo
close(10)
close(20)
end

double precision function fp(q,w)
implicit double precision (a-h,o0-z)
fp=q/w-dsin(q) !positive root
end

double precision function fn(qg,w)
implicit double precision (a-h,o0-z)
fn=q/w+dsin(q) Inegative root
end

Listing 11.5: Odd wavefunction of finite square well

!
!
!
!

10

Quantum Mechanics by Guo-ping Zhang, Mingsu Si, Thomas F. George.
Finite.well.wavefunction.

Sept. 29, 2021 written.

Sept. 30, 2021. Revised to compute the odd wavefunction.

implicit double precision (a-h,o0-z)

double precision normi1,norm2

pi=dacos(-1d0)

Quantum well width

a=10do

Grid mesh size

dx=0.02d0

open(1,file="odd.w.eta.used') !this includes a few root for one w
read(1,*,end=1,err=1)w,eta

W=W*pi
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eta=eta*pi

find xi from eta and w
xi=dsqrt(wxx2-etax*2)
from page 20

den=a/2xdexp(-xi*2d@)*(1d0/xi+(2*eta-dsin(2xeta))/
c (2xetaxdsin(eta)**x2))
AI=1/dsqrt(den)
AIII=-AI Ipage 19
AII=-AI*dexp(-xi)/dsin(eta)
write(x,x)'Al AII and AIII' AI,AII,AIII, 'denom’,denom
open(2,file='odd.wavefunction’, position="append’)
open(20,file="odd.eigenenergy’',position="append’)
write(20,x)etax*2/ax*2
close(20)
do i=-100,100
x=dx*ix*a
if(x.1t.-a/2)then !wavefunction from - infinity to -a/2
write(2,*)x,AIxdexp(xi*x2d@*x/a)
else if(x.ge.-a/2.and.x.1t.a/2)then !wavefunction [-a/2, a/2]
write(2,*)x,AIIl*dsin(etax2*x/a)
else if(x.ge.a/2)then
write(2,*)x,AIII*xdexp(-xix2d@xx/a) ![a/2,infinity]
endif
enddo
write(2,*)'8&’
close(2)
normi=a/2xAI*x2xdexp(-2*x1i)/xi
norm2=a/2*AIIx*2*(1d0-dsin(2do*eta)/eta/2d0)
write(x,*) 'Plotting wavefunction',w,eta,norml,norm2,norml+norm2
read(*,*)
goto 10
close(1)
end

Listing 11.6: Transmission coefficient

!
!
!

written in 2021.

this code computes the transmission coefficient, reflection
coefficient.

implicit double precision (a-h,o0-z)
double precision me
echarge=1.602d-19

me=9.11d-31

h=6.626d-34

pi=dacos(-1d@)

hbar=h/(2*pi)

potential energy barrier Vo= 2eV

VO=2do*echarge lev
barrier width[0,a] in units of angstrom.
a=3d-10

open(1,file="transmission.versus.E.with.a.is.3Angstrom")
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do ie=1,99
E=ie/50d@*echarge
ga=dsqrt(2*me*(VO-E))*a/hbar
T=((dsqrt((Ve-E)/E)-dsqrt(E/(Ve-E)))*dsinh(qa))*x2/4
T=T+(dcosh(qga))**2
T=1/T
write(1,*)e/echarge,T!,ie,qga
enddo
close(1)
open(1,file='transmission.versus.a.E.is.1eV")
E=1d@*echarge
do ie=1,10
a=ie*1d-10
ga=dsqrt(2*me*(VO-E))*a/hbar
T=((dsqrt((Ve-E)/E)-dsqrt(E/(V@-E)))*dsinh(qga))**2/4
T=T+(dcosh(qa))**2
T=1/T
write(1,*)a/1d-10,T!,ie,qga
enddo
close(1)
end

Listing 11.7: Tunneling wavefunction

!
!

Fri Dec 17 09:36:39 EST 2021
this code computes the scattering wavefunctions.

E: energy for the incident electron, E=alphaxVo
alpha: must be between @ to 1. this is the ratio
aa: the barrier width in Angstrom

implicit double precision (a-h,o-z)

implicit none

double precision ga,ka,q,k,alpha,m

double complex t,r,a,b,i,dem,wave,cxp

double precision pi,hbar,aa,v0,x,step,echarge
i=dcmplx(@.d0,1d0)

pi=dacos(-1d0)

hbar=6.626d-34/(2d0o*pi) !reduced planck constant

m=9.11d-31 lelectron mass
echarge=1.602d-19 lelectron charge
alpha=0.6d0 lratio

aa=10do !barrier width

Vo=1d0o Ipotential barrier height

k=dsqrt (2dexmxalphaxVoxecharge)/hbar*1d-10
g=dsqrt(2doxm*(1d@-alpha)*V@*echarge)/hbarx1d-10
ka=kx*aa

ga=g*aa

write(x,*) 'wavevectors k q ',k,q
dem=(1d0-ka*x2/qax*2)*sinh(qga)-2*i*xka/qa*cosh(qga)
t=dcmplx(dcos(ka),-dsin(ka))*(-2xi*xka/qa)/dem
write(x,*) 'Transmitted t',t,t*dconjg(t)
dem=sinh(qga)* (ka*x2-qa**2)+2*xixkaxqaxcosh(qa)

— 349
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r=(ka*x2+qax*2)*sinh(qga)/dem
write(*x,*) 'Reflected r',r,rxdconjg(r)
write(*,*) 'T+R’', txdconjg(t)+rxdconjg(r)
a=0.5do*((1do+ixka/ga)+rx(1-ixka/qa)) !Coefficient A of wavefunction
!in Region II
b=0.5d0ox((1d0-i*xka/ga)+rx(1+ixka/qa)) !Coefficient B of
!wavefunction in Region II
write(*,*) 'Coefficient A and B',a,b
step=0.01d0
open(1,file="'tunnel.wave')
do x=-100d0@,100d0, step
if(x.1t.0de) then
wave=1doxcxp (kxx)+1d@*xrxcxp(-k*x)
endif
if(x.ge.aa) then
wave=txcxp(kxx)
endif
if(x.ge.0d0.and.x.le.aa) then
wave=axdexp (q*x)+bxdexp(-q*x)
endif
write(1,1)x,wave
enddo
1 format(d10.3,2(d20.10,1x))
close(1)
end
double precision function sinh(x)
double precision x
sinh=(dexp(x)-dexp(-x))/2d0
end
double precision function cosh(x)
double precision x
coshh=(dexp(x)+dexp(-x))/2do
end
double complex function cxp(x)
double precision x
cxp=dcmplx(dcos(x),dsin(x))
end

Listing 11.8: Hermite function.

! this code generates Hermite polynomials and wavefunction for
! harmonic oscillator
implicit double precision (a-h,o0-z)
character*x40 wf
pi=dacos(-1d@)
do n=2,10
write(wf, '(a,12.2)') 'wavefunction’, n
write(x,*x)wf
open(n+50, file=wf)
enddo
do ieta=-100,100
eta=ieta*0.1do
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ho=1d0
h1=2%eta
m=1
do n=2,10
! write(wf, '(a,I2.2)"') 'wavefunction’,n
! write(*,*)wf
! read(*, *)
m=m*n
factor=dexp(-eta**2/2)/dsqrt(2d@x*n*m)
h2=h(h@,h1,n,eta)
ho=h1
h1=h2
psi=h2*factor
! classical x0 (dimensionless). this is the classical maximum,
! i.e. amplitude of the pendulum. x@ is computed from
! E=(1/2)mw*2x0*2=(n+1/2)hbar w.

x0=dsqrt (2do*n+1d0)
if(dabs(x@).gt.dabs(eta))then !if eta < x0, classical has value
p=1d@/ (pi*dsqrt(x@**2-eta**2))
else
p=0do
endif
! if(n.eq.10)write(*,*)eta,psi**2,p !*eta
50 format(f12.5,3x,3(e16.10,1x))
write(n+50,50)eta,psi,psi**2,p !*eta
lif(n.eq.2)write(*,*)eta,psi**2,p !*eta
enddo
enddo
do n=2,10
close(n+50)

enddo

end

double precision function h(ho,h1,n,eta)

implicit double precision (a-h,o0-z)

double precision ho,h1

h=2d@*eta*h1-2x(n-1)*ho

end

Listing 11.9: Atomic orbitals.

! This code allows one to plot, s, p, d, f, g, h and m orbitals, one at a time
program legendre
implicit double precision (a-h,o0-z)
double precision neutral,charged
pi=dacos(-1d0)
open(1,file="orbital")
do theta=0,2*pi,0.001*pi
u=dcos(theta)
func=1de !s orbital
func=dcos(theta) Ip orbital
goto 1
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move this line to your desired location. Currently, it is p orbital
func=0.5d0*(3xdcos(theta)**2-1d@) ! d orbital
func=0.5dox(5xu*x3-3xu) ! f orbital
func=(35*uxx4-30xu**x2+3)/8 ! g orbital
func=(63*uxx5-70xu**x3+15%u) /8! h orbital
func=(46189*%ux*10-109395%ux*8+90090*u**x6-30030*U**4+3465%u**2
-63)/256 !m orbital
x=dabs (func )*dcos(theta)
X= (dcos(theta))*dcos(theta)
y=dabs(func )xdsin(theta)
y= (dcos(theta))*dsin(theta)
write(1,*)x,y
enddo
close(1)
end

Listing 11.10: Hydrogen wavefunction.

!

0o o0 o0

Thu Mar 17 15:14:36 EDT 2022
ab initio calculation for hydrogen atom, and other spherical
potentials. Atomic units are used. The potential is defined in the
potential subroutine.
implicit double precision (a-h,o0-z)
nm: dimension of the matrix. You want to be large enough
dr: this is Delta r, your mesh grid size. Length in unit of bohr.
parameter (nm=400,dr=0.06d0)
a: Hamiltonian matrix
e: eigenvalues: to get the true value. we need to divide it by 2,
but the equation has 2 in it.
f: used internal for the diagonalization routine.
z: wavefunction
dimension a(nm,nm),e(nm),f(nm),z(nm,nm), h_kin(nm,nm)
do i=1,nm

do j=1,nm

a(i,j)=0.de

enddo
enddo
write(*,*) 'Input angular quantum number'’
read(*,*)1
do i=1,nm

r=i*dr

a(i,i)=v(r,1)+2/(dr*x2)
enddo

do i=1,nm-1
a(i,i+t1)=-1/dr*x2
a(i+1,i)=-1/dr*x2
enddo

CALL TRED2(nm,nm,a,E,F,Z) !diagonalization code
CALL TQL2(nm,nm,E,F,Z,IERR) !we obtain from the LAPACK
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open(1,file="eigenvalue')
do i=1,nm
write(1,*)i,e(i)

enddo

close(1)

open(1,file='transitionmatrix.incorrect’)
Isince the transition is forbidden
!'for the same quantum number 1
Ithat is why they are not correct here

Ito calculate the s-->p, you need

lcalculate at least twice, one for S
!wave, the other for P wave, then you
Ican calculate the transition matrix

lelements.
do i=1,nm
do j=1,nm
tr=0.do
do k=1,nm

dipole=kx*dr
tr=tr+z(k,i)*z(k, j)*dipole
enddo
write(1,10)i,]j,tr
enddo
enddo
close(1)
10 format(1x,2I5,1x,f10.3)
c kinetic energy operator is a matrix with off-diagonal elements
c equal to -1/dr*x2, diagal equal +2/dr**2
open(1,file="kineticenergy')
do i=1,nm
do j=1,nm
H_kin(i, j)=0.do
enddo
enddo
do i=1,nm
H_kin(i,i)=2.d@/dr**2! this is diagonal
enddo
do i=1,nm-1
H_kin(i+1,i)=-1.d@/dr*x2 !off-diagonal
H_kin(i,i+1)=-1.d@/dr*x2 !off-diagonal
enddo
do n=1,nm
e_kin=0.do
do i=1,nm
do j=1,nm
e_kin=e_kin+z(i,n)*h_kin(i, j)*z(j,n)
enddo
enddo
write(1,11)n,e_kin
enddo
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close(1)
1 format(1x,14,d16.8)
1 write(*,*) 'input which state you want to view’

read(*,*)kk !choose main quantum number
open(2,file="wf")

do i=1,nm
c write(x,*)i,e(i)
write(2,x)ixdr,z(i,kk)! z is the wavefunction, i is mesh grid index
enddo
close(2)
goto 1
end

double precision function v(r,1l)
implicit double precision (a-h,o0-z)
! v==2.d0  /r+(1+1)*1/r**2 Ithis is a hydrogen
v==-2.d0  /r+(1+1)*x1/rx*2 Ithis is a hydrogen
I'this simulates the well potential, you can uncomment them, if you want to use.

!
L V=5
! / /

! / /

! oo | v=-5

! r=0 r=2

c if(r.1t.2.de)then
c v=-5.d0

¢ else

¢ v=5.d0

c endif

end

Listing 11.11: Molecular orbital.

implicit double precision (a-h,o0-z)
c1=1d0/sqrt(2do)
! c1=1do/sqrt (3do)
c2=-dsqrt (1do-c1**x2)
xA=-1d0@
xB=1d0@
a0=0.529d0
do ix=-50,50
X=1x*0.1d0
p1=dexp(-dabs(x-xA)/a0)
p2=dexp(-dabs(x-xB)/a0)
psi=cl*pl+c2*p2
rho=psix**2
write(x,*)x,rho

enddo

end
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Listing 11.12: Hermite function.

implicit double precision (a-h,o0-z)
c1=1d0/sqrt(2d0)
! c1=1do/sqrt (3d0)
c2=-dsqrt (1do-c1**2)
xA=-1d0@
xB=1d0@
a0=0.529d0
do ix=-50,50
X=1x*0.1d0
p1=dexp(-dabs(x-xA)/a@)
p2=dexp(-dabs(x-xB)/a0)
psi=cl*pl+c2*p2
rho=psi*x2
write(*,*)x,rho

enddo

end

Listing 11.13: flugge.f.

! this code plots, the energy as a function of distance R between two protons
! this code finds the energy minimum for several lambdas
! use the formula from our book, more accurate than Zeng's and Flugge's books.
implicit none
double precision dx,rho,L,S,D,X,energy,emin,rhomin,bohr
double precision K,E,Es
integer i,il
dx=0.01d0
bohr=5.29177210903d-1
rhomin=0do
open(1,file='flugge.energy.versus.rho')
open(2,file='flugge.lambda.energy')
open(3,file='flugge.energy.versus.R")
open(4,file='flugge.S.D.X.versus.R")
do iL=0,500
L=1d0+IL*dx*0.1d0 Ithis is lambda
emin=100d0@
do i=1,1000
rho=dxxi
S=(1d@+rho+rho*x2/3d@)*xdexp(-rho) !overlap matrix
K=1/rhox(1d@-(1d@+rho)*dexp(-2xrho))
E=(1+rho)*dexp(-rho)
Es=-L*%2/2d0+(L*(L-1d@)-L*K+L*(L-2)*E)/(1d@+S)
energy=Es+L/rho !the second term is proton-proton repulsion
write(1,*)rho,energy
if(dabs(L-1.238d0).1t.1d-6)then
write(3,*)rho/L*xbohr,energy,Es,L/rho
write(4,*)rho/L*bohr,S,K,E
endif
if(energy.le.emin)then
emin=energy
rhomin=rho
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endif
enddo
write(1,*)'&",L
write(x,*)'Lambda’,L, 'E_min’,emin,’ rho_min’,rhomin/L!*bohr
write(2,*)L,emin, rhomin/Lxbohr
enddo
close(1)
close(2)
close(3)
close(4)
end

Listing 11.14: Kronig-Penney model.

implicit double precision (a-h,o0-z)
double precision root(100),m
double precision k
pi=dacos(-1d@)
tol=1d-12
A=10d0
R=0.2d0
open(1,file='F.versus.epsilon')
do i=0,300
€=0.01d0*i+1d-10
write(1,x)e,f0(A,R,E)

enddo
close(1)
! stop
delta=1d-2
Emax=5d0 I'this is the maximum energy that I want
E=1d-5 Ithis is starting E
Ebandtop=E !T set the maximum energy for the last band
bandtop=E I'this is to collect the band top
open(11,file="allowed.band’)
2 do icoska=-100,100 lcos(ka) runs from -1 to 1.
! 2 do icoska=@,100 IThis runs from -1 to 1.
coska=icoska*0.01d@
E=EBandtop+delta Ithis is starting E, I have to add
la small amount to skip the top of
I'the last band
sign=1do
10 do while (sign>0do) !test whether F-coska crosses zero. If

!so, sign must be negative.
sign=f(A,R,E, coska)*f(A,R,E+Delta, coska)
E=E+delta
write(x,x)'E' E,sign
! read(*, *)
if(E.gt.Emax) goto 1
enddo
if(sign>0)stop’'wrong sign’
! start to search for the exact value of the root.
bb=E
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aa=E-delta
! write(*,*)’aa bb line 30',aa,bb,f(A,R,aa,coska),f(A,R,bb,coska)
! read(*, *)
! this method is from Michael T. Heath's Scientific Computing book, page 224.
do while((bb-aa)>tol)
m=aa+(bb-aa)/2deo
! write(*,*) '>------ ', ff(A,R,aa), ff(A,R,m)
if(f(A,R,aa,coska)*f(A,R,m,coska).gt.0do) then
aa=m
else
bb=m
endif
enddo
write(x,*)'aa’,aa,' bb',bb,coska,dacos(coska)
! read(*, *)
write(x,*)f(A,R,aa,coska),f(A,R,bb,coska),aa,bb
Inote that bands are plotted as Energy versus ka, not coska.
IIf plotted versus coska, it is pretty much a straight line.
write(11,*)dacos(coska)/pi,aa
bandtop=max(bandtop, aa)
write(*,*) 'bandtop’,bandtop
enddo licoska
Ebandtop=bandtop !T want to get ready for next band.
if(Ebandtop.gt.Emax) goto 1 /I am done
write(11,*)'&’
write(x,*) 'Next band starts’
! read(*, *)
goto 2
1 continue
close(11)
stop
end
double precision function fQ(A,R,E)!this is F function in the book.
implicit double precision (a-h,o0-z)
if(E.1t.1d0)then
f0=(1d0-2doxe)/ (2do*dsqrt (Ex(1d0-E)))*dsinh(rxAxdsqrt(1d0-E))
fo=foxdsin(Axdsqrt(E))
fo=f0+dcosh(r*A*dsqrt (1d@-E))*dcos(Axdsqrt(E))
else if (E.eq.1d@)then
f@=dcos(A)-R*Axdsin(A)/2d@
else if (E.gt.1d@)then
f0=(1d0-2d0*e)/(2d0*dsqrt(E*(-1d@+E)))*dsin(r*Axdsqrt (-1d0+E))
fo=foxdsin(Axdsqrt(E))
fo=f0+dcos(r*Axdsqrt(-1do+E))*dcos(Axdsqrt(E))
else
stop'wrong’
endif
end
double precision function f(A,R,E,coska)
implicit double precision (a-h,o0-z)
f=0do
if(E.1t.1do)then
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f=(1d0-2doxe)/ (2doxdsqrt (Ex(1d0-E)))*dsinh(rxAxdsqrt(1de-E))
f=fxdsin(Axdsqrt(E))
f=f+dcosh(rxAxdsqrt(1de-E))*dcos(A*xdsqrt(E))

else if (E.eq.1d@)then
f=dcos(A)-RxAxdsin(A)/2d@

else if (E.gt.1do)then
f=(1d0-2doxe)/ (2doxdsqrt (Ex(-1d@+E)))*dsin(r*Axdsqrt(-1do+E))
f=fxdsin(Axdsqrt(E))
f=f+dcos (r*A*dsqrt(-1d@+E))*dcos(Axdsqrt(E))

else
stop’'wrong’

endif

f=f-coska

end

Listing 11.15: Fermi surface.

! this code computes the Fermi surface in two-dimensional system.
implicit none
integer N,i,ix,1iy
double precision pi,dx,E,x,y
N=1000
pi=dacos(-1d@)
dx=0.001d0*pi
E=1.d0 Ithis the energy that I set
goto 1
do ix=-n,n
X=dx*ix
write(*,*)x,dcos(x)
enddo
stop
1 continue
do i=-n,0
x=1*dx
y=-E-dcos(x)
if(dabs(y).le.1d@)then
y=dacos(y)
write(x,*)x/pi,y/pi
endif
enddo
write(x,*)'&"’
do i=1,n
x=1i*dx
y=-E-dcos(x)
if(dabs(y).le.1d@)then
y=dacos(y)
write(x,*)x/pi,y/pi
endif
enddo
! stop
write(*x,*)'&"’
do i=n,0,-1



11.5 Computer codes

x=ixdx
y=-E-dcos(x)
if(dabs(y).le.1d@)then
y=dacos(y)
write(x,*x)x/pi,-y/pi
endif
enddo
write(x,x)'&’
do i=0,-n,-1
x=1*dx
y=-E-dcos(x)
if(dabs(y).le.1d@)then
y=dacos(y)
write(x,*)x/pi,-y/pi
endif
enddo
end

Listing 11.16: fermi200.f.

!
!

this code computers the chemical potential as a function of kt for
a fixed number of electrons.

implicit none

double precision a,b,fermi,m,tol, kt

integer ikt

tol=1d-14
open(3,file='chemical.versus.kt')
do ikt=1,18

kt=0.01do*ikt

a=-10deo

b=10d0@

do while ((b-a)>tol)
m=a+(b-a)/2do
if(fermi(a,kt)*fermi(m,kt).gt.0do) then
a=m
else
b=m
endif
write(x,*)a,b,'a,b’
enddo
write(*,*) 'Fermi energy’,a,b
write(3,*)kt,a
enddo
close(3)
end
double precision function fermi(ef, kt)
implicit none
integer ktot,ne, n,nkl,nk2,nk3,m,i
double precision ek,ef,sum,kt,f
double precision pi,lambda,h,e,emass,hbar,number
parameter (NE=40,Ktot=100)
double precision EQ Ithis is the site energy

— 359
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double precision t lhopping integral
double precision ka I'the product k and a (lattice constant),
Istarts from -pi to pi
double precision dk !k mesh
pi=dacos(-1d@)
EQ=-2d0 leV
t=1d0 leV
! kt=0.12d0o lev
number=0do

dk=2*pi/ktot
open(1,file="out.fermi200"')
open(2,file='out1.fermi200")
do i=-ktot/2,ktot/2 !ka from -pi to pi
ka=i*dk
ek=E0@-txdcos(ka)
f=dexp((ek-ef)/kt)+1d0
f=1do/f
number=number+f
write(1,x)ek,f,number
write(2,*)ka/pi,ek

enddo

close(1)

close(2)
! write(*,*) 'number ', number/ktot, number
! goto 1

fermi=number-NE

write(*,*) 'number’,number
! read(*, *)

end
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