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Preface

We are delighted to present Splitting Optimization: Theory, Methodology, and Appli-
cations, a comprehensive volume dedicated to the forefront of research in split-
ting methods within the field of optimization. As optimization problems become
increasingly complex and high-dimensional across various scientific and engineering
disciplines, the need for efficient and scalable algorithms is more critical than ever.
Splitting optimization has emerged as a powerful paradigm, offering robust theoret-
ical frameworks and practical algorithms for decomposing and solving large-scale
optimization problems.

This book brings together a collection of pioneering research papers authored by
leading experts and scholars. Each contribution explores innovative aspects of split-
ting optimization, encompassing theoretical advancements, methodological devel-
opments, and a diverse array of applications. Our aim is to provide readers with a
deep and cohesive understanding of the current state of splitting optimization, as
well as to inspire future research and innovations in this dynamic field.

Splitting methods have gained significant attention due to their ability to handle
complex optimization problems by breaking them down into simpler subproblems.
This decomposition not only facilitates parallel and distributed computing but also
allows for the exploitation of problem structures, leading to more efficient algo-
rithms. The versatility of splitting methods makes them applicable to a wide range
of problems, including those in machine learning, signal processing, image analysis,
and game theory.

“A Trust-Region-Based Splitting Method for Optimization Problems with Linear
Constraints” with authors Leyu Hu, Yannan Chen, Xingju Cai, and Deren Han is
presented in Chap. 1. This chapter addresses a fundamental challenge in augmented
Lagrangian-based splitting methods: the selection of penalty parameters. Fixed
parameters can lead to slow convergence or inadequate progress in either the primal
or dual variables. The authors introduce a novel trust-region-based approach that
adaptively adjusts the trust-region radius during iterations. This method smartly
balances the trade-off between primal and dual advancements, ensuring robust global
convergence under mild conditions. An O(1/¢) convergence rate is achieved in an
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ergodic sense. Numerical experiments on medical image recovery and logistic regres-
sion problems demonstrate the efficiency and potential of the proposed method,
highlighting its applicability in real-world scenarios.

The following chapter contains “Forward-Reflected-Backward Method
with Extrapolation and Linesearch for Monotone Inclusion Problems” with
authors Tanxing Wang, Heng Zhang, and Xingju Cai. Monotone inclusion problems
are central to various applications in optimization and variational analysis. The
authors present an enhanced forward-reflected-backward algorithm that incorpo-
rates a new extrapolation direction and a novel line-search procedure using locally
Lipschitz constants. Unlike existing methods that rely on global Lipschitz constants,
this approach allows for larger step sizes, improving convergence speed and compu-
tational efficiency. Weak convergence is established under standard assumptions.
Extensive numerical experiments on the lasso problem and ¢;-regularized logistic
regression illustrate the method’s superiority over classical algorithms, making it a
valuable tool for solving large-scale optimization problems.

“Fast Adaptive ADMM with Gaussian Back Substitution for Multiple Block
Linear Constrained Separable Problems” with the author Xiangfeng Wang is
presented in the following chapter. The Alternating Direction Method of Multipliers
(ADMM) is a popular algorithm for solving separable optimization problems with
linear constraints. This chapter introduces the Fast Adaptive ADMM with Gaussian
Back Substitution (ADMM-G-V), an innovative framework designed for multiple-
block settings. By integrating an adaptive penalty parameter that dynamically adjusts
during the iterative process and utilizing Gaussian back substitution, the proposed
method enhances both convergence properties and computational efficiency. Theo-
retical analyses establish global convergence and optimal convergence rates in both
ergodic and non-ergodic senses. Numerical experiments on consensus problems over
networked agents and distributed logistic regression tasks showcase the algorithm’s
effectiveness, underscoring its potential in distributed optimization and large-scale
machine learning applications.

Chapter 4 contains Inertial “Inertial Alternating Direction Method of Multipliers
with Logarithmic-Quadratic Proximal Regularization” with the author Zhongming
Wu. Acceleration techniques are crucial for improving the performance of iterative
optimization algorithms. This chapter explores the inertial proximal point method
applied to the ADMM and symmetric ADMM with logarithmic-quadratic proximal
(LQP) regularization. By incorporating inertial terms and appropriate step sizes,
the proposed methods accelerate convergence while leveraging the separable struc-
ture of the problem. The utilization of LQP regularization transforms constrained
subproblems into more manageable unconstrained ones during iterations. Under mild
conditions, global convergence is rigorously established, enriching the theoretical
understanding of inertial methods in the context of splitting optimization.

“A Class of Augmented-Lagrangian-Type Algorithms for Solving Generalized
Nash Equilibrium Problems” with authors Xiaoxi Jia, Shiwei Wang, and Lingling
Xu is presented in the following chapter. Generalized Nash Equilibrium Prob-
lems (GNEPs) with shared constraints present significant analytical and computa-
tional challenges. The authors propose a class of regularized augmented Lagrangian
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methods that penalize shared linear constraints within each player’s augmented
Lagrangian function, transforming the original GNEP into a convex Nash Equi-
librium subproblem (NEP). Under strong monotonicity and Lipschitz continuity
assumptions of the pseudo-gradient, Fejér monotonicity of iterative points is proved
with respect to the solution set. By adding a correction step, the authors relax the
cocoercivity requirement of the pseudo-gradient, broadening the applicability of
their method. Numerical examples validate the effectiveness of the proposed algo-
rithms, demonstrating their potential in economic modeling and resource allocation
problems.

The chapters in this volume collectively advance the field of splitting optimiza-
tion through:—Adaptive Strategies: Introducing adaptive mechanisms for param-
eter selection, such as trust-region adjustments and adaptive penalty parame-
ters, to enhance convergence and stability without relying on fixed or global
constants.—Acceleration Techniques: Employing inertial terms, extrapolation direc-
tions, and line-search procedures to accelerate the convergence of iterative methods,
making them more practical for large-scale and real-time applications.—Theoret-
ical Advancements: Providing rigorous convergence analyses under less restrictive
assumptions, thereby strengthening the theoretical foundations and broadening the
applicability of splitting methods.—Diverse Applications: Showcasing the versatility
of splitting optimization through practical applications in medical imaging, logistic
regression, consensus networks, and game theory, highlighting the impact of these
methods across different domains.

Splitting Optimization: Theory, Methodology, and Applications represents a
significant milestone in the ongoing evolution of optimization research. As the
demand for efficient and scalable algorithms continues to grow, splitting methods
will undoubtedly play an increasingly vital role. By presenting these innovative
contributions, we hope to foster a deeper understanding of splitting optimization and
stimulate further advancements in both theoretical and practical realms. We believe
that the insights and methodologies presented in this book will not only enrich the
knowledge of readers but also inspire new ideas and collaborations. The challenges
addressed and solutions proposed here reflect the dynamic nature of optimization,
and we are confident that this volume will serve as a valuable foundation for future
exploration and innovation.

We extend our sincere gratitude to all the contributing authors for their outstanding
work and dedication. Their commitment to excellence has made this volume possible.
We also thank the reviewers for their insightful comments and suggestions, which
have greatly enhanced the quality of the chapters. Finally, we express our appreciation
to the broader optimization community for their ongoing support and engagement.

Shanghai, China Xiangfeng Wang
Nanjing, China Xingju Cai
Beijing, China Deren Han
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Chapter 1 )
A Trust-Region-Based Splitting Method e
for Optimization Problems with Linear
Constraints

Leyu Hu, Yannan Chen, Xingju Cai, and Deren Han

Abstract The augmented Lagrangian-based splitting methods have found more and
more applications in scientific and engineering computation, such as compressive
sensing, covariance selection, image processing, and transportation research. One
of the basic difficulties in such algorithms is the selection of the parameter in the
augmented Lagrangian function; a larger one may make the primal progress too
small, while a smaller one may slow down the dual progress. To overcome this
difficulty, in this paper, we propose to solve the splitting subproblems in a trust region
manner, and the radius can be adjusted smartly. Under the same mild conditions as
those for classical augmented Lagrangian-based splitting methods, we prove the
global convergence of the proposed algorithm. Moreover, the O(1/¢) convergence
rate is also analyzed in an ergodic sense. We present some preliminary numerical
experiments on medical image recovery and logistic regression, which show that the
trust region-based splitting method is efficient and promising.

Keywords Trust region - Splitting method - Separable convex optimization *
Convergence rate
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1.1 Introduction

We consider the following separable convex optimization problem with linear
constraints: )

min f(x) + g(y)

s.t. Ax 4+ By =c, (1.1)

x eR", yeR",

where A € R" and B € RY are two fixed matrices, the vector ¢ € R¢, and f
and g are convex and smooth functions with Lipschitz continuous Hessian matrices.
Hence, the solution set of (1.1) is convex, and we assume it is nonempty.

Numerous applications from science and engineering fall into the well-structured
model (1.1). For example, the sparse solution recovery problem in compressive sens-
ing (basis pursuit) [4, 25]; the matrix completion problem with or without noise [3];
the nonnegative tensor factorization [2]; the constrained total-variation image restora-
tion and reconstruction problems [18]; the estimation of the higher-order generalized
diffusion tensor in nuclear magnetic resonance imaging of medical engineering [5];
the ¢;-norm penalized log-likelihood covariance selection models [28]; the route
based traffic assignment problems in transportation [14]; etc. Boyd et al. [1] show
that several problems from statistical and machine learning can be modeled naturally
as the separable convex optimization problem (1.1).

One of the efficient numerical algorithms for solving (1.1) is the classical aug-
mented Lagrangian function method [19, 21]. At iteration k with an estimator of
multiplier A¥ € RY, it minimizes variables x and y simultaneously to get the next
iterate

("1 YAy = argmin, | Ly (x, y, 1Y), (1.2)

and then update the multiplier
A= 0k — H(AXM 4+ By* — ). (1.3)

Here, the augmented Lagrangian function is defined as

1
Ly(x,y,2) = f(x)+g(») =1 (Ax + By —¢) + SllAx + By — cl%
for (x, y, 1) € R™mxt, (1.4)

and H € R“** is a penalized symmetric positive definite matrix. In many classical
literatures, the matrix H is a scalar matrix H = 1, where f is a positive scalar and
I is the identity matrix.

To exploit the inherent separable structure, the alternating direction method of
multiplier (ADMM) [10, 12] minimizes the variables x and y separately. Given
current iterates y* and A%, it generates the next iterate via the following three steps
successively:
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. . k 2k
X ;= argmin, cp. Ly (x, y°, A%),

Y= argmin, g Ly (1 y, 49, (1.5)

)\'k+1 = )\'k _ H(Axk+1 + Byk+1 _ C).

That is to say, the large optimization problem (1.2) is divided into two small optimiza-
tion problems in (1.5). The global convergence of ADMM is extensively studied by
many researchers including Gabay [9], Tseng [22], and Eckstein and Bertsekas [7].
Recently, He and Yuan [17] show that ADMM admits the O(1/€) convergence rate
in an ergodic sense.

Both in (1.2) and (1.5), the matrix H plays an important role by penalizing the
violation of the linear constraint. Although theoretically the algorithms converge for
any positive definite matrix H, the numerical performance varies significantly for
different choices. Generally, a larger one may lead to larger progress for the dual
variable (it can be viewed as the stepsize for the dual variable A), while it may cause
smaller progress for the primal variables, and vice versa. Hence, how to choose a
reasonable one is a difficult task. He et al. [15] propose to add proximal point terms
to the subproblems,

. 1
T = argmin g L (x, ¥, AF) + EHX — xk||?ek,

k+1

. I 1.6
yr = argmm),eRMLH(ka, v, A5+ 5”)’ - yk”%k» (1.0

)\.k+l — )\.k _ H(Axk+1 + Byk+1 _ C),

where {Ry} and {S;} are symmetric positive definite matrices. So the resulting sub-
problems in (1.6) are strongly convex. Alternatively, Xu [24] and Yuan [27] prefer to
use fixed matrices R and S in the proximal point terms. It is worthwhile to note that a
special choice of matrices R and S reduces to the split Bregman method [13], which
is powerful for problems arising from compressive sensing and image denoising.
In this paper, we propose to solve the subproblems in a trust region framework,
since the trust region method [6] is robust and efficient in nonlinear programming.
Different from the soft regularization, trust region methods impose an explicit trust
region constraint to force the new iterate being in a neighborhood of the current
iterate. Formally, we represent the trust region-based splitting method as follows:

X = argmin, e { Lo (x, 5 A5 Y6 0 [llx — XK < AL

Y = argmin g { L 5Ty ARV A5 [y = 4 < T
)\k-'rl — )\,k _ H(Axk+] + Byk+l _C),
where Ay and Iy, are trust region radii for x-subproblem and y-subproblem, respec-

tively, and Ly isthe quadratic approximation of the augmented Lagrangian function,
which is defined as
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Lu(x, y, Alx*, v, 00 (1.7)
= POV ION T 1) 4 50— TR - b
+8() + Ve (v =y + %(y —yHTV2 (M =y
—(Ax + By — o) + %Ile + By — |3,

where V2 f(x*) and %Zg(yk) are the Hessian-like matrices of f and g at x* and y*
respectively obtained by certain mechanism such as BFGS. Theoretically, finding a
solution to an optimization problem in a trust region is equivalent to solve a quadratic
proximal regularized optimization problem with a suitable regularization parameter.
However, for the regularization-based method, the selection of the regularization
parameter in each iteration is a challenging problem. It is noteworthy that in a trust
region framework, we do not need to directly choose the regularization parameter.
This is because the concept of the trust region is geometric and more intuitive.
According to nonlinear programming [6, 19, 21], dozens of algorithms and codes
have been established to solve the trust region subproblem fast and accurately.

The proposed trust region-based splitting method is built in a prediction and
correction framework. In the prediction step, we solve the x-subproblem and y-
subproblem in an explicit trust region constraint and construct an efficient descent
direction. In the correction step, a suitable step length is customized for the descent
direction to accelerate the convergence of the proposed algorithm. Combining these
two steps, we show that the sequence of iterates generated by the trust region-based
splitting method is globally convergent to the optimal solution set. Moreover, an
e-approximate optimal solution of the equivalent variational inequality is obtained
within the O(1/€) number of iterations in the worst case. Numerical experiments on
the constrained TV-¢, image deblurring and denoising problem and the £, regularized
logistic regression problem are performed. The results indicate that the novel trust
region-based splitting method is efficient and promising. Significantly, in the image
processing example, the involved trust region subproblem is solved efficiently and
accurately when the classical fast Fourier transformation is explored.

The outline of this paper is as follows. In Sect. 1.2, we give some useful notations
and the variational characterization of the separable convex optimization with linear
constraints. The prediction and correction steps of the trust region-based splitting
method are described in Sect. 1.3. The global convergence of the proposed algorithm
is given in Sect. 1.4.1. And in Sect. 1.4.2, the O(1/€) convergence rate is analyzed in
an ergodic sense. Numerical validation on some real problems is reported in Sect. 1.5.
Finally, we complete the paper by drawing some conclusions in Sect. 1.6.
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1.2 Variational Characterization

In this section, we give some notations and preliminary results that are useful in the
rest of this paper. Let A € RY be a multiplier corresponding to the equality constraint
Ax 4+ By — c =01in (1.1). We define

U= <x),w:= (u)’ then w € Q = RV™*¢,
y A

The presentation of the new splitting method is in the framework of variational
inequalities. Now, we give the variational characterization of the separable convex
optimization (1.1).

The Lagrangian function of the original optimization problem (1.1) is

L(x,y, %) := f(x) +g(y) — 2" (Ax + By — ), (1.8)

where (x, y, A) € Q. Suppose (x*, y*, 1*) € Q is a primal-dual solution of the con-
vex optimization (1.1). Then, it must be a saddle point of the Lagrangian function,
ie.,

L(x*, y*, 1) < L(x*, y*, ") < L(x, y, A%).

From the viewpoint of variational inequalities, (x*, y*, A*) € Q is a saddle point of
the Lagrangian function (1.8) if and only if it satisfies

(x —x)(Vf(x) = ATA") >0,
=y (Vgly) — B"Ax") >0, V(x,y, 1) € Q. (1.9)
(.= 2T (Ax* + By* —¢) > 0,

For convenience, we define a mapping F:

Vf(x)—ATx 00 —AT Vf(x) 0
Fw):=|Vgy)—B™A|=]100-B" Jw+| Vel | +|0
Ax+ By —c¢ AB O 0 c

(1.10)

Obviously, the linear mapping F is a monotone operator since the coefficient matrix
is skew-symmetric and the convexity of f and g. Then, the variational inequality
(VD (1.9) has a compact form: find w* € 2 such that

(w—w")"Fw*) >0, VYweQ. (1.11)
Since we suppose the solution set of the convex optimization (1.1) is nonempty, the

solution set 2* of the VI (1.11), which is convex, is also nonempty. We remark that
the VI (1.11) plays a critical role in the following analysis.



6 L. Huetal.

1.3 The Trust-Region-Based Splitting Method

The trust region method is a powerful and robust method in nonlinear program-
ming [6, 19, 21]. At each iteration, the trust region method finds the solution of a
subproblem in a special neighborhood of the current iterate, which is called a trust
region. In the process of iteration, the size of the trust region could be enlarged or
contracted according to some rules.

Our trust region-based splitting method for solving the separable optimization
problem (1.1) contains two steps: prediction and correction. We now describe the
prediction step in detail.

1.3.1 The Prediction Step

Algorithm 1 (Prediction Step) In iteration k, (x*, y*, 1*) is given. we perform
the following three steps successively.

Xk = argmin, .. Lp (x, yk, K|k, yk, A5

(1.12)
st flx — xX|| < A,
3" := argmin gn Lu @, y, MRy a0 (1.13)
s.t. |ly — Y| < Ty,
and -
W= Ak — H(AR* + B — o). (1.14)

The quadratic approximation of the augmented Lagrangian function Ly is defined
in (1.7). The optimal condition for the trust region subproblem (1.12) in the variable
x. For the convenience of the following discussion, we rewrite (1.12) as follows, by
removing the irrelevant terms and rearranging the terms:

1 ~
min VT —xb) + S0 = )TV R (e = xF)
XG n
1
+ 3 llAx + By — e — H™LI,

s.t. flx — x¥|| < A

According to nonlinear programming, the first-order necessary condition for the
trust region subproblem (1.12') is
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0 V" + V2 k) — x5 + ATHAx + ByS — ¢ — H™135) + N e ap (0)

where Ngt a,) () is the normal cone at x of the trust region constraint ||x — x| <
Ay at x* was

No(xk x):={velR" ,
outan () i 0, v = < A,

_ Lk _ ok —
vz{m ), e =5k = A, 620}.

Then we have the KKT conditions of (1.12') as, for ||X* — x¥|| < Ag, 8 > 0,

VR + V2R Gr — xb) + ATHAT 4+ ByF —c — H™1A%) + 8. GF — xb) = 0,
Ve(*) + V2 g(v))* — y*) + BTH(AX + BY* — c — H™'25) + 3 GF = yb) = 0.
(1.15)

where §; here is the optimal Lagrange multiplier for the trust region constraint.
Through this, we could get the optimal §; when we solve the trust region subproblem
(1.12):

IV f (k) + V2 £ (b GF — xF) + ATH(AT* + Byk — ¢ — H1)0)|

O =
X% — xk||

when ¥* # x*. And we define §; = 0 when X* = x*. For convenience, we denote

VEL = V5 + ATHAX* + By —c — H™')F),

~ N (1.16)
ViL:=Vg(y") + B"H(AX" + By* —c — H™'A").
Then we have
IVEZ+ (V2 £ () + ATHA) G — x|
K = , (1.17)
[l¥% — x|
and same for the trust region subproblem (1.13) in the variable y as
|VEZ+ (V2g(y%) + BTHB) 5% — yb)|
Vi = . (1.18)

9% — vkl

Similarly to (1.15), we could get the KKT conditions of the trust region
subproblem (1.13) as, for ||y — oI < T, yi = 0.
Combining (1.15) and substituting (1.14), we get the following equations:

V) + V) E -2 — AT + 8 GE — x5 — HATBGF — yh) =0,
V(") + Vg0 G* =) = BTA + i (5F — 5 =0,

(AZ* + BY* — o) + H'(OF — 25 =o0.
(1.19)
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Note that by the mean value theorem for integrals, we have for some g“f =xk+
05X —xb), ¢f = yF + 05 (F* — yh), where 6, 65 € (0, 1),

VIGE) = VY = VFEHE - x5,

- (1.20)
V() — Ve(y") =V eH* - ¥h,
Denote -
Rk VI = Vireh), it £
o, if 7 = x*, .
e | e0H = VReeh, i '
y 0’ if yk — yk’
&I, + R
M = B'HB + il + R} , (1.22)
Hfl
and
0—-ATHB
N = —B"HB . (1.23)
0
Then, the equations (1.19) can be rewritten as
F @) + (Mg + N)(@* — wk) =0. (1.24)

Lemma 1.1 Suppose " is generated by Algorithm 1 from an iterate w*. And
suppose My, = 0, then,

(w* — wh) T M@ — wh) > |T* — w3, + GF =29 BGF - 5

=t — wh (2
where matrices My, is defined in (1.22).
Proof Since w* € Q* and the mapping F (1.10) is monotone, we have
(@ — w)TF@" > @ — w)TF(w*) =0. (1.26)

Thus, we have

(w* _ wk)TMk(wk _ wk)

= |@* — w3, + (w* — T M@ — w)
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1.24) | ~ ~ ~ ~ ~
.24 ”wk _ wk”%”k + (wk _ w*)TF(wk) + (wk _ w*)TN(wk _ wk)

(1.26) N _
> @ — whi3, + @ - wh) TN @ - wh).

According to the definition (1.22) of N, we have

~k *\ | T
~k Tk ky X X —A ~ k
(@ — w") N @ w)—<yk_y*> (_BT>HB(y )
= —(AX* + BY* — Ax* — By") THB(* — yb)
~ ~] T ~]
= (-H(AX* + BY* —¢)) B3 —»H

(1.14) ~ ~
=" = AHBGE - yh

v

L k2 Lopsk kg2
=5 I = Al = SIBGE = y0lly

v

> =S I = whi,.
Here, Ax* + By* = c is used in the second equality. And we prove the inequality
(1.25). O

Remark 1.1 Note that if M, is positive semi-definite, then we could use M; to
construct a merit function to characterize the decline after the prediction step, which
is k 2 k 2
lw® — w*ly, — 1W" — w*ly,
k 2 ~ k k 2
= [[w® —wljy, — 10" —w" +w" —w*[, (1.27)

=2(w* — w) "M@ — wh) — T — k)3, > 0.

1.3.2 Prediction Step with Trust Region Radii Update

Lemma 1.1 shows that the prediction step is a descent direction of the merit function

|lw— w*||12m. But we need to ensure (w* — w®)T M (wF — w*) > ||wF — wk||ﬁ,1k >

0 to guarantee the descent property, and we need M; > 0 to ensure the norm is valid.
By definition,

k|2

~k | psk 2
AXx By" —c|%-
yeln+RE+pTrp T 1AX+ By =cly

~k k2 _ ok kg2 ~k
lw™ —w™liyy, = 18" —x ||5k1n+R’; +Iy =y
To ensure ||w* — wX ||12V1k > 0, it suffices to demonstrate under the following condi-
tions:

(i) Either ¥* = x* or 81, + R* is positive definite;
(ii) Either 3¢ = y¥ or y; 1, + Rfj + BT HB is positive definite;
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(iii) Either AX* + B y — ¢ = 0 or H is positive definite;
(iv) Either X* # x*, 3% # y*, or AX* 4+ BY* — ¢ # 0.

Since H is positive definite, the condition (iii) is always satisfied. We first study
when the matrix §; 1, + Rfﬁ and y I, + R’; + BTHB are positive definite.

Assumption 1.1 The Hessian matrix V2 f (x) and V?g(y) are Lipschitz continuous,
which means there exist positive constants L s and L, such that

IV2F ) = V2O < Lyllx —yll, V2 gx) — V2 gl < Lgllx — yll.
(1.28)

Assumption 1.2 The BFGS-like matrix V2 f (x*) and V2g(y*) are close to the Hes-
sian matrix V2 f(x) and V2g(y), respectively. Specifically, there exists a positive
constant ¢ such that

IV2F(R) = V2R <6, V2G5 — VEgM)) <e. (1.29)

Note that, by (1.20), and Lipschitz continuity of the Hessian matrix, and the error
bound of the BFGS-like matrix, we have

IR = IV2 £ (k) = V2 F O < Lyllch — xF| & < LR — x| +¢,

IR = 1V2 g(¢f) — V2 g5l < Lellgk — y¥ I + & < L5 — Y +e.
(1.30)
Now we can see if §; and y; are large enough, we could have the positive defi-
niteness. And this can always be satisfied as long as the trust region radii Ay and I'y
are small enough. We can see this through (1.16). By using the triangle inequality
and induced norm, we have

.l VL] - [(Proh) + ATHA) G =]

1X% — x|l
- IVEZ] — (V2 F (%) + ATHA) G* — x4 |
T R 0
o~
> ”vx‘LH _ ||§2f(xk)+AT
Ay

where the last inequality is due to the trust region constraint ||X* — x*|| < A;. This
lower bound of §; is not tight, but it gives us an approximate lower bound before we
solve the trust region subproblem (1.12). Similarly, we also have a lower bound of
¥k, combine the two lower bounds, we have
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IVELI/ Ak = IV? F (x5 + ATHA| < 8,
IVEZIl/ T = IV2 g(0%) + BTHBJ| < y. (132
So, it suffices to have
8 = IVELI/ Ak = IV ) + ATHA| = LI = 55 +6 > 0,
to ensure &1, + R’; is positive definite. And since then §; > 0, the constraint is

active, | X% — x*|| = Aj. We can then solve the above inequality to get the necessary
condition of A;. When

JAT2FGR) + ATHA| + )2 +4LpIVEZ] — (192 (%) + ATHA| + )

2L, (1.33)

Ay <

8 1, + R* is positive definite.

Note that when ||Vk.£|| approaches to zero, the valid range of A; vanishes. And
also note that, || V¥ .£|| = 0 means the subproblem (1.12) attains its minimum at x*. So
we could set a tolerance TOL, to determine whether the subproblem (1.12) is solved
to optimality. When ||Vk.£|| < TOL,, we set 3k = x and solve other subproblems
or update A. And if ||V"L IIVkL and ||AX* 4+ BY* — c|| are all small enough, then
we find the saddle point of the Lagrangian function, and we stop the algorithm.
Following this logic, we could have Algorithm 2 below.

Algorithm 2 (Prediction Step with Trust Region Radii Update)

1. Set 1 < n < n, tolerance TOL,, TOL,, TOL, > 0. Calculate estimated
Hessians V2 f (x*) and V2g(y*) by a BFGS-like scheme satisfying (1.29)
and calculate V¥ £ and V{‘,L by (1.16);

2. If |[VEL|| < TOL,, then set % = x¥, A1 = Ay; otherwise, obtain X* and
update the trust region radii Az through Step 2';

3. If ||V§£|| < TOL,, then set ¢ = y*, Twy1 = Tk; otherwise, obtain * and
update the trust region radii 'y through Step 3’;

4, If * = u* and ||AX* + BY* — c|| < TOL,, then stop;

For the x-subproblem, if ||V)’§Z|| > TOL,, we update Ay as follows:
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Step 2'(x-subproblem). Set r = 0, and Ay o := Ay.

(a) For given Ay, complete a prediction step of the x-subproblem (1.12) to
get X' and evaluate &, by (1.17);
(b) If
P I e [ (1.34)

then go to step (c), otherwise set Ay 1 = [|X* — x*| /4, t := ¢+ 1 and
then go back to step (a);
(c) SetX* = %%, and

max { A, L5IF — x*|}, 8k € [mark!, +00),
Apy1 = 1 Agy,s Sk € It mark,
max {0.5A,, 0.75%" — x*|[}, Skr € [P myrk].

(1.35)

Similarly, for the y-subproblem, if ||V§Z|| > TOL,, we update I'y4 as follows:

Step 3'(y-subproblem). Set t = 0, and Iy ¢ := [.

(a) For given I'y ;, complete a prediction step of the y-subproblem (1.13) to get
y%! and evaluate y; , by (1.18);
(b) If
Via = Ll =yl + & =y, (1.36)

then go to step (c), otherwise set I'y 41 = |7 — y*||/4, t := ¢+ 1 and
then go back to step (a);
(c) Set y* = y%!, and

max {Ty ., 155 = y*11} Viu € [narh!, +00),
Cevr =4 Thors Veu € [mry! J)zry’ 1,
max {0.5T,, 0755 = Y I}, wr € Iy mry'].

(1.37)

Following the analysis above, we the lemma below to illustrate how we get || % —
w*[|3;, > 0and M = 0.

Lemma 1.2 Suppose W is generated by Algorithm 2, which means for the x-
subproblem, either ||VkL|| < TOL, or (1.34) holds, for the y-subproblem, either
I Vk_£|| < TOL, or (1.36) holds. Then one of the following conditions holds:
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(1) IVXZ)| < TOL,, | V¥Z| < TOL,, and | A%* + B¥* — c|| < TOL;;
(2) We have
lw* — w3, >0, M > 0. (1.38)

Proof 1f | VEZ| < TOL, and |VEZ| < TOL,, then we have ¥ = x* and 7% = y*.
Then by the definition of [|@* — w||3, , we have [|[@* — wX||}, = % — Ak
| Axk + Byk — c||%.

Thus, either ||AX* + By* — c|| < TOL, which means statement (1) holds or
lw* — w¥|3, = TOL] > 0. Since ¥* = x* and * = y*, we have ¢} = x* so that
RN = R" = O which means M; > 0.

If ||V§L|| > TOL, then

15 =

" — w13, = I8¢ = x*113, > & — IRSIDIRS — x*)1°.
By (1.30) and (1.34), we have ||W* — w*||3, > Oand ||§¢1, — R{| > 0. Similarly, if
IVSL] > TOL,, we also have [|* — w*||3, > 0 and ||yiL,, — R}| > 0. Combine
the above analysis, we have the statement (2) holds.

Remark 1.2 When the condition (1) in Lemma 1.2 hold, we have X* = x*,
and 7% = y*. Thus the condition is equivalent to ||F(w*)|| < TOL with TOL =

\/ TOL? +TOL§ + TOLZ. This means the algorithm stops when the optimality
condition (1.11) is satisfied with tolerance TOL.

Next, we will show that given the tolerance, || My || has an upper bound globally.
We could prove it by giving an upper bound of both §; and y,. And this could be
done by showing the lower bound of the trust region radii A; and I';. Note that we
could get an upper bound of §; by the same way as we get the lower bound in (1.31):

”L |,|<” + |Vt + ATHA] .

If |X* — x*|| < Ar, which means the trust region constraint is inactive, we
have & =0, so that & < IVEZ| / Ak + | V2 £ (%) + ATHA| > 0. And when
[|X* — x*|| = Ay, this upper bound is also valid. Thus we have

& < IVEZI/ A + IV F (%) + ATHA],

~ ~ (1.39)
ve < IVSLI/ Tk +1IV? ¢0*) + BTHB]|.

By Assumption 1.1, if the iteration points are bounded, we would have a uniform
upper bound of the Hessian matrix V2 f (x*), V2g(y*), and the gradients V)’j L, V;‘.E.
Then we could have a uniform upper bound of §; and y4 in the following lemma.
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Lemma 1.3 Suppose @ is generated by the prediction step with trust region radii
update above from an iterate wk. Assume ||V2f(xk)|| < Xy, and ||V2g(yk)|| <X,
then we have

\/(zf+s)2+4LfT0L —(Zy +£)
2Ly

1 ) 21 4L, TOL, — (X
1—‘k>Fmin::O.S-—~\/( g+8) + 8 y ( g+8)
4 2L,

Ak > Amm =0.5-
(1.40)

And further assume |V¥L| < VI, IIV;‘-E" < V)™, then there exists a constant
k1 > 0 such that for all k > 0, we have

| M|l < k1. (141)

Proof According to (1.32), before we conduct a prediction step, in order to ensure
(1.34) holds, it is sufficient to let A, satisfy

LR =¥ +e =LA +6 < VKL A — V2 () + ATHA| < 5.

So, as long as Ay satisfies

\/(nvz R+ ATHA| + )2 + 4L |VEZ| — (1IV2 £ (%) + ATHA| + )
2Lf

Ag >

s

Since V2 £ (x*)|| < £, and A; only shrink when we update the trust region radii,
which means ||Vk.£|| > TOL,, we have for all k > 0,

\/(zf +¢6)2+4L,TOL, — (= —i—e)
2Ly

A > Apin =05

The other inequality for Iy, is similar.

Having the uniform lower bound of the trust region radii, the uniform upper bound
of the Hessian matrix V2 f(x*), V2g(y¥), and the gradients VL, Vi L, we could
obtain a uniform upper bound of §; and y; through (1.39) as

Sk S V™ /Apin+ X7 +e+ |ATHA|,

< V™ + T B'HB (142)
Yk = y / min T g+8+” ”

Thus there exists x; > 0 such that for all k > 0, we have (1.41).

Remark 1.3 The x-subproblem and y-subproblem are solved by trust region sub-
problems. The reason we use trust region subproblems is usually that the actual
subproblems are hard to solve exactly. If one of the subproblems is easy to solve
or even has a closed-form solution, we could use the exact solution to update the
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corresponding variable. In this case, we see the variable to be solved exactly as
y-subproblem. Since the y-subproblem is solved exactly, we have R’j = 0andy;, = 0.
Then we always have the y-part of M is BTHB > 0.

As a result, this version of the Algorithm still satisfies all the Lemmas above.
Specifically, (1.25), (1.38), and (1.41) still hold for this version of Algorithm 2 with
Step 3”.

Step 3" (exact y-subproblem). Obtain y by solving the exact y-subproblem:

¥ = argmin, . Ly (3, y, 15, (1.43)

1.3.3 The Correction Step

Through Remark 1.1 and Lemma 1.2, we know that the direction achieved by the
prediction step is a descent direction of the merit function ||w — w*lﬁuk. However,
M is not a constant matrix, so we need a correction step to handle this issue.

Let W be a symmetric positive definite matrix and w* € Q*. Then, ||w — w* ||%/V,I
could be viewed as a measurement for the iterate w being an optimal solution.
Next, we show that WM, (¥ — w¥) is a descent direction of the merit function
lw — w*||%4,,l at an iterate w*.

Before we proceed, it is worth noting that W M, (w* — w*) is calculable although
M. is unknown. Specifically, we have

My (@F — wh)

(8k1 +Rk)(x —x)
= (BTHB+ykI +R’<) (CARSEL)

AX* + By — ¢
8 (¥ — xb) + V2 f (xR — xb) — V&) + Vf(x")
= | nG* —y)+(V2g(y")+BTHB)( -y = Vg + Vg (rh)

AX* 4+ BY* — ¢
(1.44)
So WM (@ — wk) is a well-defined descent direction. We also have terms like
@k — wkll%wk be calculable. Next, we equip the descent direction with a suitable
step length.
For convenience, we define

Q(@F, wh) = |T* — wh 3, + GF = 2AHTBGH - yh. (1.45)

To obtain the maximal decrease of the merit function ||w — w*||2 w-1> we define
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w (@) = wk + a WM (TF — wb)
and the maximal following difference
lw* = w*[I5, - = w** (@) = w5,
= [[w* — w*{lf — " — w* + WM (@" — w5,
= 20w — w") " M@" — w*) — W M@ — w5,

> 2a0(@*, wh) — | My(@* — wh)II3,
= W(a),

It is worthwhile to note that the quadratic function W () attains its maximum at

~k k
oy = g0(~u])( W 2 7 (146)
M (W — w) Iy,

Since ||w* — w*||?> — |w* (@) — w*||*> > W(«), we choose a larger step size pay,

where p = [1, 2). The resulting correction step is drawn as follows.

Algorithm 3 (Correction step) Obtain a prediction step w* by Algorithm 2.
Compute a step size o by (1.46) and generate the new iterate:

Wt = Wk + po WML (T — wb). (1.47)

From this correction step, we show the decrease of the merit function |jw —
w*[|2,, in the next lemma.

Lemma 1.4 Suppose Wy and w**! are generated by Algorithms 2 and 3, respec-
tively. Suppose Lemma 1.2 (2) holds. Then,

2—p
k+1 2 k 2 k+1 k2
Jw " —w* 5o < lw" —w*[lj- — —— " — w5, (1.48)

Proof ByLemma 1.2 (2), we have Lemma 1.1. By Lemma 1.1, (1.45), the definition
(1.46) of o and the update rule (1.47) for wkt! we have
k+1

2 k 2
[w™ = w*lly — lw" — wlly,-

(1.47) ~
= Nwk — w* + pa WM (@* — w15, — [w* — w* 15,
= P WM (" — w151 + 2par(w* — w*) "My (@ — w)
(1. 25) (1.45) ~
< PR} IM(@F — w13 — 2pa0 (@, wh)
(1.46)
=" — (2 = p)pog | M (@* — wh)|3,
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= —(2 — p)pa} | WM (" — wh)|[3,,

(1.47) j

k2
w ||

w-ls

—Q2=p)p Hw

1.4 Convergence Analysis

To prove the global convergence of the trust region-based splitting method, we need
an additional assumption.
According to (1.41), there exists a positive constant x such that

WMl < i [Wll :=x,  Vk. (1.49)

Along with Lemma 1.1, the step size o defined in (1.46) is obviously bounded away
from zero:

~k ok Lk — wk]?
o = w&w,w) > i| u;HMk _2i Vk. (1.50)
[ M (@ = w8 =t [y, 2

1.4.1 Global Convergence

Now, we present the main convergence result.

Theorem 1.1 Given an arbitrary initial iterate w° and let sequences {w**'} be
generated by Algorithm 3. Then, either we have Lemma 1.2 (1) holds some k or

o limy_, oo W T — w¥|y—1 = 0.

o limy o || My (@* — w*)| = 0.
e Any accumulation point of {W*} is a solution of VI (1.11).
o {wF} converges to a solution of VI (1.11).

Proof Once the initial iterate w?is given, according to Lemma 1.2, either (1) holds or
(2) holds for every k. If (1) holds for some k, then the theorem is proved. Otherwise,
we have (2) holds for every k, then by Lemma 1.4, the sequence of merit function
{llw* — w*||3,,} is decrease. So {w*} is bounded above and [[w**! — wk|| -1 must
be vanish as k — oo.

By the update rule (1.47) of wkt! and the low bound (1.50) of the step size o,
we get the second assertion.

Since the merit function {|lw* — w*[|},_,} is decreasing, {w*} is bounded, so
Lemma 1.3 holds. Thus we have (1.41) and then the lower bound (1.50) of «y.
Combining with Lemma 1.1, (1.47), and the definitions (1.22) of matrices M} and
N, we have
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M (i~ )] = e (i )

1 1

> _ . _

2 2

1 ~
LisE -l

~ 2
| — '],

v

Since || M (% — w*)||w — Oask — oo, weget | B(Y* — y*) |z — 0.So||N(wk —
wk)|| = 0. Recalling the important inequality (1.24), we obtain

IF@1 = Il (Mx 4+ N) (@ = w*) || - 0.

So, the third assertion is also valid.

Since {wF} is bounded, it has at least one accumulation point, which is also an
accumulation point of {@X}; hence solution point of VI (1.11). The inequality (1.48)
implies that {w*} has just one accumulation point, and the last assertion follows
immediately. O

1.4.2 Convergence Rate

In this section, we show that the proposed trust region-based splitting method enjoys
the O(1/¢) convergence rate in an ergodic sense.

Theorem 1.2 ([Theorem 2.1 in [17]) The optimal solution set Q* of the VI (1.11)
is convex and can be characterized as

Q= {TeQlw-i) Fw) >0} (1.51)

we

According to this theorem, we say that w;, is an e-approximate optimal solution
if it satisfies
(w—-w) F(w)>—€ VYweQ, (1.52)

where € is a small positive number. To obtain an €, e-approximate optimal solution,
we reveal that the worst-case iterative number ¢ satisfies t = O(1/¢).
Next, we introduce a new vector

x* Xk
k=5 ] = y* , (1.53)
2K A — H(AX* + Byk —¢)

and a new matrix
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Sily + RE
M = B"HB + y 1, + R§ , (1.54)
—B H™!

that will be used in this section. By some calculation, we obtain the following Lemma.

Lemma 1.5 According to the new notations (1.53) and (1.54), the prediction step
produces Wk € Q satisfying

(w — BT [F@") + M (@* —wh)] >0, VYweg. (1.55)
Moreover, the following equalities hold
M (@F — w*) = My (@F — wh), (1.56)
and R
(@, wk) = @ — wh)TM] @ — wh). (1.57)
Proof Based on the new vector Wk, (1.19) could be rewritten as
VIE) + V2 FEHE x5 — AT 4+ 8@ - xh) =0,
Ve + V2 ()G =y — BTN + BTHB + nil,)G* — y*) =0,
(AT* + BY* —¢) = BGF =y + H'GF =2k =o.
In a compact form, the above VI equals to (1.55). R
Since H'(A* — A%) = —(AX* + BY* —c) = H~'(\F — AF) — B(G* — ¥5), the
equation (1.56) hold.

From the definition of ¢ (¥, w¥) in  (1.45), the equality (1.56) and the definitions
(1.22) and (1.54) of matrices M and M, we have

Q@ w*) = 1T* — wh|3, + RF =29 TBGEF - yH)
= (@ — )T M@ — wh) + X = AHTBGF - yb)
— (wk _ wk)TMk(wk _ wk)
— (ﬁk _ wk)TMk(wk _ wk)

= (@ — wh)T M @ — wh).
The proof is complete.

Lemma 1.6 Suppose the sequence {*} is generated by the trust region-based
splitting method. Then, we get

(w— T Fw) > @ — w)"M@" — wh), (1.58)
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Proof Since the mapping F (1.10) is monotone, we have
(w—=TFw) — (w—-o5TF@") > 0.
From the VI (1.55) in Lemma 1.5, we get
(w— @Y F@") = @ — w) M@ — w)
Adding the above two inequalities, we obtain the validation of this lemma.
Lemma 1.7 Suppose the sequences {W*} and {w**'} are generated by the prediction

and correction steps, respectively. Then, we have

~ _ 1
@ —w) "W @ —wh = 2 (lw = w0 =l = wfa), (159)
Proof By some calculation, we have

@ — w)TW @k — k)
1 1 _ —~
= 5 (I =W By = o= b 1) + 5 (b = @41 = I = @415, )
Hence, the rest of the proof is to show that the second term is nonnegative. By the

update rule (1.47) of w**1, the definition (1.46) of ay, and Lemma 1.5, we get the
following equality.

(u)]‘Jrl — wk)T w! (wk — 1’17]‘) = [pakWMk (ﬁk — wk)]T w! (wk — @k)

= —pay (B* — w¥) " M (@ — w¥)
= —poyp (T, wh)

= —pa |y (@ = w) [,
—— ||wk+1 _wk H;H )

So, the second term is

k+1 =~k 2 k =~k 2

" — @55 = flw* = @5,

— ||wk+l _ U)k”%[/,l + 2(wk+1 _ U)k)TW_](wk _ ﬁk)
k+1 k)2 —1 ||, k+1 k|2

L L Yl IR

p—2
= " Jw — w2, > 0.

Therefore, this lemma is proved.

Finally, we give the main theorem.
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Theorem 1.3 For any positive integer t, we define

— Z;czo aw*

w, = (1.60)
t Zizo 23

Then, w; € Q2 and

W, —w) F(w) < lw— w3, (1.61)

e
p(t+1)

which means that the proposed trust region-based splitting method enjoys the O(1/¢)
convergence rate in an ergodic sense.

Proof Since w, is a convex combination of iterates {w°, W', ..., W'} and the set
is convex, we get w, € Q.
From Lemmas 1.5, 1.6 and 1.7, we get for all w € €,

pay (w— 0T F(w)) = @ —w)" (por Me(@* — w"))

— (wk _ w)Tw—l(wk+l _ wk)

1
k+12 k2
z 3 (Ilw — w5 — llw — w*|[5,)
Then, we sum over the above inequalities for k = 0, 1, ..., t and divide p Z;(:o oy,
ZZ:O o ' 1 t+1)2 02
w— =20 ) Fw) = ——— (lw — w50 — llw — w’5,-)
Zkzo Ok 2p Zk=0 (273
e [ VRV A
= 7 w

2p Zk:o e

Furthermore, we note that o > i by (1.50), so we have 2 Zi:o oy > %(t +1).
Hence, we conclude that

(w—) Fw) > —————[w—u° ., VYweQ.
ot +1) v

The proof is complete.

Therefore, for any given initial iterate w® €  and any nonempty compact set
D e Q, we denote d := max{||lw — w’||y-1 | w € D}. Then, for any small positive

number ¢, after
]
t=|—
€

iterations, the trust region-based splitting method produces a point w; (1.60) such
that
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sup {(w, —w) Fw)} <.

weD

In this viewpoint, we approve that the trust region-based splitting method enjoys the
O(1/€) convergence rate in an ergodic sense.

1.5 Numerical Experiments

In this section, we apply the proposed trust region-based splitting method to image
recovery problems and logistic regression problems, and compare it with some
existing splitting methods.

1.5.1 Constrained TV-t* Image Recovery Problems

The image recovery problem is a sort of inverse problem in image analysis. Our
interest is in finding the true image z from its degraded observation zo. The degra-
dation comes from two facts. The first one is blur which is created by an improper
lens adjustment or a movement. The other one is random noise b that is assumed to
be Gaussian, white, and additive. The linear model of the degradation process is

70 =Pz 4+ b,
where zg, z, b € R", ® € R"" is a linear blur map and » is the number of pixels.
Next, we give the definition of the total variation (TV) of a two-dimensional (2D)

image [20]. For a given image z, its discrete derivative Vz in horizontal and vertical
directions are denoted by 9;z and 9,z, respectively. Then,

. 01z 2n
Vz = (32Z) e R*. (1.62)

When the circular boundary conditions are assumed, these two partial derivatives
could be efficiently computed using the 2D discrete Fourier transformation ¥ :

0iz=F 'DiFz, and dz=F 'D,Fz,

where Dy, D, € C"*" are two diagonal matrices. Moreover, the blur map is also
diagonalized as ® = F ' KF, where K € C"*" is the blur kernel. Then, the TV of

z is defined as:
V2l =D [0z + [92]F € R (1.63)
i=1
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In this experiment, we consider the constrained TV-£? model for image recovery
which is studied in [18]:

{min 1Vzllh (164

s.t. |@z — zol* < o,
where o denotes a noise level which is known in advance. To apply the proposed

trust region-based splitting algorithm, we introduce two auxiliary variables s = Vz,
t = &z — zo and an indicator function of a ball © = {z | ||¢||> < o}

o 0 if|t]* <o,
TT, =
© +00 otherwise.

Then, the constrained TV-£2 model (1.64) is equivalent to

min ||[s]]l; + 7o (1)
s.t. Vz—s=0, s € R*,
Oz —t =7z9, t €R".

X =2, y:(j>, k:(ﬁ)eRanRn’

f@) =0, g =lllsllh +7a(),
(Vv (=L, 0 (0 (&L, 0O
2=(a) o= () = (0) = ()

The augmented Lagrangian function is represented as follows:

Let

Len(s,t,z,10,0) = lIsllh + 7o) —n" (Vz —5) — v (7 — 1 — z0)
& 2 n 2
+ =|Vz—=s|"4+ = ||Pz —t — z0]|".
2|I I 2|| oll

whereafter, we give the initial image z° = z¢, initial auxiliary variables s = 0 and
t = 0, initial multiplier u° = 0 and v’ = 0 and begin the following loops withk < 0.

e Update the variable x = z in a trust region ||z — z¥|| < Aq.

7 = argmin, {—(,uk)TVZ — W Toz + %nw —sk12 + g||<1>z — k- z0||2}

st llz =281 < Ax
. |é - n -
=argmlnz{§||vz_sk_$ IMk||2+§“(DZ_tk_ZO—77 lvk”2

st |z — 25| < A
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Let d := z — zF. Then we turn to minimize d

& k k —1, k2, " k Lk —1 k2
argmin, =||Vd +Vz" —s% — + —||Pd + P — 1" —z9 — v
’ gmin, 2|| z ET 2|| z 20—7 [ (1.65)

st ||d|l < Ag.
When the 2D discrete Fourier transformation is employed, we define d:=

Fd. Then, the trust region constraint [|d| < A is equivalent to ||d|| < /AA;.
Furthermore, let

<S):= Vb —sk—&7 b and  ri= @ - zp — DK,

where p,q,r € R". And we define p:= F(p), ¢ := F(q), 7 := ¥ (r). Then,
solving the optimization problem (1.65) is equivalent to minimizing d

argming > (IID1d + PII* + | D2d + q1I°) + SIHd + 712
s.t. ||ld|l < V/nAg.

(1.66)

This trust region subproblem, whose Hessian is diagonal, could be solved by a
dozen of classical algorithm, and the corresponding multiplier &; is estimated
simultaneously. Here, we prefer to use a nearly exact solver which is introduced
in the famous book [19, Algorithm 4.4].

After the solution of the trust region subproblem (1.66) is obtained, we compute

= 4+F4.

e Update y = (s, ). Since variables s and ¢ are not coupled. we could update them
separately. For the simplicity of the computation, we set the trust region radius I'y
of this subproblem is large enough. So, the trust region constraints for variables s
and ¢ are inactive and the corresponding multiplier y;, = 0.

First, we consider the variable s.

5" = argmin, {|||s|||1 + 5 Ts + %nv%" - s||2}
= argmin, {|||s|||1 + %ns — (VZ* — s—lu%nz} . (1.67)

According to the definition (1.63) of TV, the above optimization problem is separa-
ble. Recalling that the auxiliary variable s(= Vz) € R?" and the special structure
(1.62) of Vz, we correspondingly rewrite

_. (51 ~k _ =1,k _. [ V1
s =: <s2) and Vz E _.(Uz),
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where s1, $2, U1, 2 € R”. Let

vi . Is1]i 2 vi . [ [ul; 2
= ([SZ]i) eR and v = <[U2]i> e R-.

Then, the separable optimization problem (1.67) is equivalent to the following
small problems:

mgnma{ufu4—§nﬁ-—bWV}, fori=1,...,n.

The closed-form solution of this 2D optimization is given by the 2D shrinkage
formula [23]:

vi vi 1 Di .
s' =max{||I0'|| — =, 0¢ ——, fori =1,...,n,
3 ol

where 0 - (0/0) = 0 is followed. So 5* is obtained cheaply.
Second, we turn to the variable ¢.

* = argmin, {JT@(I) + 05T+ gIICDZk —t— Zo||2]
= argmin, {n@(t) + gllt — (P — 70— ﬂ_lvk)”z}
= Po(DT" —z9 — =W,

where P (-) is the projective operator onto the ball ©:

a ifllal? <o,

Pola) =
© ”—ﬁa otherwise.
a

e Update the multiplier A = (u, v).
=t - s (VT =T,
K= vk — (@ =T — 20).
e The correction step is straightforward.

Then, we apply the novel trust region-based splitting method (TRSP) to a T1-
weighted magnetic resonance image. Figure 1.1a, which is the true image, shows a
horizontal slice of a human brain and Fig. 1.1b illustrates its gradient map

<\/ (0121 + [32Z],<2>

i=1,2,....n
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Fig. 1.1 A Tl-weighted magnetic resonance image on a horizontal slice of a human brain. The
true image (a) and its gradient map (b). The blurry and noisy image (c) and its gradient map (d)

A blurry and noisy image and its gradient are shown in Fig. 1.1c and d. Obviously,
the degraded image has thick and blurry edges. The TV-based model is an efficient
way to impose sharp edges.

Here, we compare the novel TRSP with the basic ADMM (bADM) and the descent
ADMM (dADM) [26]. In the first 50 iterations of TRSP, we allow parameters £ and
n in the penalty matrix adjust adaptively [8, 16]. All these algorithms start from the
same initial points, and stop when the relative improvement of the objective TV of
the restored image is small enough:

L e}
<

_ <107°.
I1ZX I

To measure the quality of restored images, we employ the scalar measurement
named the signal-to-noise ratio (SNR):

llze — Zall?

SNR = 10logp -\ -—

where z, is the true image and Z, is its mean intensity value. We draw the SNRs
versus iterations for bADM, dADM, and TRSP in Fig. 1.2. While the SNR of images
obtained by bADM and dADM are respectively 26.5 and 27.2, TRSP returns an image
with largest SNR= 27.5 which means that a higher quality image is reconstructed.
We illustrate restored images and corresponding gradient maps in Fig. 1.3. However,
all the restored images have little difference in visualization.

Finally, we turn to compare the convergence rate of bADM, dADM, and TRSP.
The detailed results on the number of iterations and CPU times are shown in Table 1.1.
Compared with the basic ADM, the proposed TRSP saves about 59% iterations and
44% CPU times. These results indicate that the trust region-based splitting algorithm
is efficient and promising.
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Fig. 1.2 Comparison of SNRs for bADM, dADM and TRSP

(a) bADM solution

(b) dADM solution  (c¢) TRSP solution

(d) bADM gradient (e) dADM gradient  (f) TRSP gradient

Fig. 1.3 Restored images and their gradient maps
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Table 1.1 Iterations and CPU times (second) for the image recovery problem

bADM dADM TRSP
Iterations 2352 1351 969
CPU times 44.7 31.8 249

1.5.2 {1 Regularized Logistic Regression

The image recovery problem has a quadratic objective function, which lacks analysis
between TRSP, linearized ADMM (IADM), and majorized ADMM (mADM). In
this section, we consider a £; regularized logistic regression problem for binary
classification in [1, p. 92, (11.1)]. The problem is

m

min Zlog (1 + exp(—b; (al-Tw + v))) + ullwll, (1.68)
i=1

weR" veR

with the training set consists of m pairs (a;, b;), where a; € R" is the feature vector
and b; € {—1, 1} is the label. The parameter j is the regularization parameter.

We generated a problem instance with m = 2000 training examples and n = 200
features. Each feature vector a; has a random number of nonzero features which were
drawn from a standard normal distribution. The number of nonzero features was
generated by a Poisson distribution with mean 40, and the positions of the nonzero
features were chosen uniformly at random. We pick a random vector w* and arandom
scalar v* to be the true solution. w* € R" was generated to have approximately 40
nonzero entries each row, and v* was sampled from a standard normal distribution.
The number of nonzero entries in w* was generated by a binomial distribution with
probability 0.2 with a uniformly random position. The labels b; were generated by

b; = sign(a] w* 4+ v* +¢€),

where ¢; is a random variable drawn from N (0, 0.1).
Asin [1, p. 92, (11.1)], we set i = 0.1 max, Where pmax 1s obtained by timax =
| AT b]| s, Where
~ | oPs, if b =1,
T {eneg, if b = —1,

where 6P and 6"°¢ are the fraction of positive and negative labels, respectively.
We fit the ¢; regularized logistic regression model (1.68) into a global consensus
problem as

m

i li i >
E}}}EZ (xi) + izl

i=1

(1.69)

st. x;=2z, i=1,2,...,m,
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where x; = (v, w))", z= (@, w"’, v, eR, w,w; €eR", [;i(x;) =log(l +
exp(—b; (a,'Twi + v;))).

Let
X1 A
X2 )\2
X = , Yy=2, A= R I
X Am
fO =" L), g = wllylh,
—1,
—1,
A:Imna B = . eRmnxn’ C:O, stlmna
—1,

For TRSP, we give initial points x° = 0, y* = 0, A° = 0 and begin the following
loops. Before the iteration, we set proper TOL,, TOL, and TOL,, and give a guess
of L ; and approximate error of Hessian matrix e.

e Update the variable x in a trust region ||x — x*|| < Ay, due to the separability of
the objective function, we could update x; separately.

~ . & _
X} = argming, s, {5”’@' =Y e TG

wherezz( (x;) is the quadratic approximation of /; (x;) at xf. According to Sect. 1.3.1,
we have the subproblem is equivalent to (1.15). Then we could solve the
subproblem by

X = (V) + (E + 80 L) T (VE(x) + Gk =y — &7k (1.70)

This inverse matrix could be computed under an L-BFGS framework, such as
in[11].If ||Vl (x;) + E(xF — yk — =125 < TOL,, we skip the subproblem and
set X¥ = xF. Otherwise, we need to ensure Sk, > L% — x Kl + ¢ to get X¥

Here we let 8k < &,; for all i such that X’ xl %+ xl After we get x*, we update §; in a

similar way in Algorithm 2, Step 2. For given boundaries 1 < n; < n,, we recall

the notation r = Lf||x — xK|| + & and update §; by
0.5 max (8, (1 +n)rt,), 8i € [Uzrx,,+00),
Siv1,i = | Sk Sk € [mrk . mrk ),
S8, Sei € lrkjomrf ).

e Update the variable y in an exact solution as the soft-thresholding operator

~ . 1 «
5 = shrinkage (— Z XE+ETIY) )
m i=1

ué/m
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Solve the y-subproblem exactly is valid in the TRSP scheme as discussed in
Remark 1.3.
e Update the multiplier A by

W=k —g& — BY).

Here we compare the TRSP with the basic ADMM, with the subproblem solved
by the L-BFGS method. All the algorithms start from the same initial points, x = 0,
y =0, A = 0. Through Fig. 1.4a, we observe the convergence rate of the resid-

ual norm, which is the residual of the consensus constraint, defined as X :=

\/ >i = 1"|xk — zK|12, for the three algorithms. The TRSP method demonstrates a
significantly faster convergence compared to both the basic ADMM and Majorized
iPADMM (MADMM), with the residual norm decreasing more rapidly and smoothly.
Figure 1.4b shows the dual residual norm, defined as s¥ . := ||z* — z*~!||,. The
TRSP method again exhibits superior performance, converging faster and achieving
lower dual residual norms compared to the basic ADMM and MADMM. Figure 1.4c

presents the comparison of the objective values among the methods. We calculate

10* " " " 10° "
= = =bADM = = =bADM
TRSP TRSP
MADMM | } MADMM
107 L -=o

40 60 80 0 20 40 60 80

CPU time CPU time
(a) Primal Residual ryorm (b) Dual Residual sporm
100% —
1500 - = —bADM v
TRSP |
H
B MADMM 80% h
g > i ee%
= S ]
£ 1000 s ! g -
5 8 60% i 94% .-
] o |
© 92% .
I o t ¢
'?: Z 40% + 90% ,’
Z s i
3 500 = ] 0 2 4 6
20% - = = =bADM
| TRSP
I MADMM
0 0%
0 20 40 60 80 0 20 40 60 80
CPU time CPU time
(c) Objective Value 3.7, I; (x;) + pllz]l1 (d) Training Accuracy

Fig. 1.4 Comparison among TRSP, basic ADMM and majorized iPADMM for ¢; regularized
logistic regression
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the objective value of the k-th iteration and true solution with x}* = z* = (v*, w*HT
as

objvaly = > L (xf) + pliz* 1. objvaly, = Y Li(xf) + ullz* I

i=1 i=1

and compare objval, — objval,,. for all methods. The TRSP method consistently
achieves lower objective values faster than both the basic ADMM and MADMM.
Lastly, Fig. 1.4d illustrates the training accuracy for all methods. The training accu-
racy is defined as the percentage of correctly classified training examples, and is
calculated as

1
k k
ACCypyin = 'm ”bpred = bl,

where bi;red = sign [(l + exp(—aika — k)~ — 0.5]. All algorithms achieve an
accuracy over 90%.

In summary, the numerical experiments clearly demonstrate that TRSP outper-
forms both the basic ADMM and Majorized iPADMM (MADMM) in terms of
convergence rate, dual residual norm reduction, objective value optimization, and
training accuracy. The use of L-BFGS for solving subproblems in TRSP contributes

to its enhanced performance.

1.6 Conclusion

In this paper, we propose to solve the subproblems of a splitting method in an explicit
trust region constraint. As a result, we established an efficient trust region-based
splitting method for solving a class of separable convex optimization and variational
inequalities. We analyzed the global convergence of the new algorithm under some
mild assumptions. Moreover, we proved that the new algorithm enjoys the O(1/¢)
convergence rate in an ergodic sense. Numerical experiments showed that the novel
trust region-based splitting method is competitive with many existing algorithms for
image recovery and logistic regression problems.

References

1. Boyd, S., Parikh, N., Chu, E., Peleato, B., Eckstein, J.: Distributed optimization and statistical
learning via the alternating direction method of multipliers. Found. Trends Mach. Learn. 3(1),
1-122 (2010). https://doi.org/10.1561/2200000016

2. Cai, X., Chen, Y., Han, D.: Nonnegative tensor factorizations using an alternating direction
method. Front. Math. China 8(1), 3—18 (2013). https://doi.org/10.1007/s11464-012-0264-8

3. Chen, C., He, B., Yuan, X.: Matrix completion via an alternating direction method. IMA J.
Numer. Anal. 32(1), 227-245 (2012). https://doi.org/10.1093/imanum/drq039


https://doi.org/10.1561/2200000016
https://doi.org/10.1561/2200000016
https://doi.org/10.1561/2200000016
https://doi.org/10.1561/2200000016
https://doi.org/10.1561/2200000016
https://doi.org/10.1561/2200000016
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1007/s11464-012-0264-8
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039
https://doi.org/10.1093/imanum/drq039

32

11.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

L. Huetal.

Chen, S.S., Donoho, D.L., Saunders, M.A.: Atomic decomposition by basis pursuit. SIAM J.
Sci. Comput. 20(1), 33-61 (1998). https://doi.org/10.1137/S1064827596304010

. Chen, Y., Dai, Y., Han, D., Sun, W.: Positive semidefinite generalized diffusion tensor imaging

via quadratic semidefinite programming. SIAM J. Imaging Sci. 6(3), 1531-1552 (2013). https://
doi.org/10.1137/110843526

. Conn, A.R., Gould, N.I.M., Toint, P.L.: Trust-Region Methods. SIAM (2000)
. Eckstein, J., Bertsekas, D.P.: On the Douglas-Rachford splitting method and the proximal point

algorithm for maximal monotone operators. Math. Program. 55(1-3), 293-318 (1992). https://
doi.org/10.1007/BF01581204

. Fu, X., He, B.: Self-adaptive projection-based prediction-correction method for constrained

variational inequalities. Front. Math. China 5(1), 3-21 (2010). https://doi.org/10.1007/s11464-
009-0045-1

. Gabay, D.: Applications of the method of multipliers to variational inequalities. In: Fortin,

M., Glowinski, R. (eds.) Augmented Lagrangian Methods: Applications to the Numerical
Solution of Boundary-Value Problems. Studies in Mathematics and its Applications, vol. 15,
chap. IX, pp. 299-331. Elsevier (1983)

. Gabay, D., Mercier, B.: A dual algorithm for the solution of nonlinear variational problems

via finite element approximation. Comput. Math. Appl. 2(1), 17-40 (1976). https://doi.org/10.
1016/0898-1221(76)90003-1

Gao, G., Florez, H., Vink, J.C., Wells, T.J., Saaf, F., Blom, C.P.: Performance analysis of trust
region subproblem solvers for limited-memory distributed BFGS optimization method. Front.
Appl. Math. Stat. 7, 673412 (2021). https://doi.org/10.3389/fams.2021.673412

. Glowinski, R., Marroco, A.: Sur I’approximation, par éléments finis et la résolution par

pénalisation-dualité d’une classe de problémes de Dirichlet non linéaires. Rev. Fr. Autom.
Inform. Rech. Oper. 9(R-2), 41-76 (1975). https://doi.org/10.1051/m2an/197509R20041 1
Goldstein, T., Osher, S.: The split Bregman method for L1-regularized problems. SIAM J.
Imaging Sci. 2(2), 323-343 (2009). https://doi.org/10.1137/080725891

Han, D., Lo, H.K.: Solving non-additive traffic assignment problems: A descent method for
co-coercive variational inequalities. Eur. J. Oper. Res. 159(3), 529-544 (2004). https://doi.org/
10.1016/S0377-2217(03)00423-5

He, B., Liao, L.Z., Han, D., Yang, H.: A new inexact alternating directions method for mono-
tone variational inequalities. Math. Program. 92(1), 103-118 (2002). https://doi.org/10.1007/
$101070100280

He, B., Yang, H., Wang, S.: Alternating direction method with self-adaptive penalty parameters
for monotone variational inequalities. J. Optim. Theory Appl. 106(2), 337-356 (2000). https://
doi.org/10.1023/A:1004603514434

He, B., Yuan, X.: On the O(1/n) convergence rate of the Douglas Rachford alternating direction
method. SIAM J. Numer. Anal. 52(2), 700-709 (2012). https://doi.org/10.1137/110836936
Ng, M.K., Weiss, P., Yuan, X.: Solving constrained total-variation image restoration and recon-
struction problems via alternating direction methods. SIAM J. Sci. Comput. 32(5), 2710-2736
(2010). https://doi.org/10.1137/090774823

Nocedal, J., Wright, S.J.: Numerical Optimization. Science Press, Beijing (2006)

Rudin, L.I., Osher, S., Fatemi, E.: Nonlinear total variation based noise removal algo-
rithms. Phys. D Nonlinear Phenom. 60(1—4), 259-268 (1992). https://doi.org/10.1016/0167-
2789(92)90242-F

Sun, W., Yuan, Y.X.: Optimization Theory and Methods: Nonlinear Programming. Springer,
New York (2006)

Tseng, P.: Applications of a splitting algorithm to decomposition in convex programming and
variational inequalities. SIAM J. Control Optim. 29(1), 119-138 (1991). https://doi.org/10.
1137/0329006

Wang, Y., Yang, J., Yin, W., Zhang, Y.: A new alternating minimization algorithm for total
variation image reconstruction. SIAM J. Imaging Sci. 1(3), 248-272 (2008). https://doi.org/
10.1137/080724265


https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/S1064827596304010
https://doi.org/10.1137/110843526
https://doi.org/10.1137/110843526
https://doi.org/10.1137/110843526
https://doi.org/10.1137/110843526
https://doi.org/10.1137/110843526
https://doi.org/10.1137/110843526
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1007/s11464-009-0045-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.1016/0898-1221(76)90003-1
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.3389/fams.2021.673412
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1051/m2an/197509R200411
https://doi.org/10.1137/080725891
https://doi.org/10.1137/080725891
https://doi.org/10.1137/080725891
https://doi.org/10.1137/080725891
https://doi.org/10.1137/080725891
https://doi.org/10.1137/080725891
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1016/S0377-2217(03)00423-5
https://doi.org/10.1007/s101070100280
https://doi.org/10.1007/s101070100280
https://doi.org/10.1007/s101070100280
https://doi.org/10.1007/s101070100280
https://doi.org/10.1007/s101070100280
https://doi.org/10.1007/s101070100280
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1023/A:1004603514434
https://doi.org/10.1137/110836936
https://doi.org/10.1137/110836936
https://doi.org/10.1137/110836936
https://doi.org/10.1137/110836936
https://doi.org/10.1137/110836936
https://doi.org/10.1137/110836936
https://doi.org/10.1137/090774823
https://doi.org/10.1137/090774823
https://doi.org/10.1137/090774823
https://doi.org/10.1137/090774823
https://doi.org/10.1137/090774823
https://doi.org/10.1137/090774823
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1137/0329006
https://doi.org/10.1137/0329006
https://doi.org/10.1137/0329006
https://doi.org/10.1137/0329006
https://doi.org/10.1137/0329006
https://doi.org/10.1137/0329006
https://doi.org/10.1137/080724265
https://doi.org/10.1137/080724265
https://doi.org/10.1137/080724265
https://doi.org/10.1137/080724265
https://doi.org/10.1137/080724265
https://doi.org/10.1137/080724265

1

24.

25.

26.

27.

28.

A Trust-Region-Based Splitting Method for Optimization ... 33

Xu, M.: Proximal alternating directions method for structured variational inequalities. J. Optim.
Theory Appl. 134(1), 107-117 (2007). https://doi.org/10.1007/s10957-007-9192-2

Yang, J., Zhang, Y.: Alternating direction algorithms for £1-problems in compressive sensing.
SIAM J. Sci. Comput. 31(1), 250-278 (2011). https://doi.org/10.1137/090777761

Ye, C., Yuan, X.: A descent method for structured monotone variational inequalities. Optim.
Methods Softw. 22(2), 329-338 (2007). https://doi.org/10.1080/10556780600552693

Yuan, X.: Animproved proximal alternating direction method for monotone variational inequal-
ities with separable structure. Comput. Optim. Appl. 49(1), 17-29 (2011). https://doi.org/10.
1007/510589-009-9293-y

Yuan, X.: Alternating direction method for covariance selection models. J. Sci. Comput. 51(2),
261-273 (2012). https://doi.org/10.1007/310915-011-9507- 1


https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1007/s10957-007-9192-2
https://doi.org/10.1137/090777761
https://doi.org/10.1137/090777761
https://doi.org/10.1137/090777761
https://doi.org/10.1137/090777761
https://doi.org/10.1137/090777761
https://doi.org/10.1137/090777761
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1080/10556780600552693
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10589-009-9293-y
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1
https://doi.org/10.1007/s10915-011-9507-1

Chapter 2 ®)
Forward-Reflected-Backward Method Gedar

with Extrapolation and Linesearch
for Monotone Inclusion Problems

Tanxing Wang, Heng Zhang, and Xingju Cai

Abstract The extrapolation technique has been widely used to accelerate the
forward-reflected-backward method for monotone inclusion problems. This paper
considers a new forward-reflected-backward method with extrapolation (FRB.),
which adapts a new extrapolation direction different from the existing acceleration
method and uses the latest extrapolation point for the Lipschitz operator. Further, to
improve the numerical performance, we propose the linesearch procedure based on
the FRB, by using only the locally Lipschitz constant. Compared to existing meth-
ods, our proposed methods not only cover some classical methods, but can also offer
a larger stepsize that does not depend on the global Lipschitz constant. We establish
the weak convergence of the proposed methods under mild and standard assump-
tions. In addition, we conduct some numerical experiments on the lasso problem and
the ¢; regularized logistic regression problem to demonstrate the advantage of the
proposed methods.

Keywords Forward-reflected-backward method + Monotone inclusion *
Extrapolation - Linesearch - Weak convergence

2.1 Introduction

In this paper, we propose two methods for finding a zero in the sum of two monotone
operators in a real Hilbert space H. Specifically, we consider the monotone inclusion
problem:

find x € H such that 0 € (A + B)x, 2.1
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where A: H = H and B: H — H are two (maximally) monotone operators with
B (locally) Lipschitz continuous such that (A + B)~1(0) # @. The monotone inclu-
sion problem (2.1) has drawn much attention because it provides a broad unifying
framework for variational inequalities, convex minimization problems, split fea-
sibility problems and equilibrium problems, and has been applied to solve various
real-world problems from machine learning, signal processing and image restoration,
see [1, 2, 5, 10, 13, 27, 32].

A popular model, which can be formulated under the monotone inclusion, is the
following optimization problem of the sum of two functions:

min /(x) + g(x), 2.2)

where f: H — (—o0, 00] is proper, closed, convex, and g: H — R is convex
with (locally) Lipschitz continuous gradient denoted as Vg. The solutions to this
minimization problem are precisely the points x € 9 which satisfy the first-order
optimality condition:

0€df(x)+ Vg(x),

where df is the subdifferential of f. In this case, the optimization problem is
equivalent to the monotone inclusion problem (2.1) with A = df and B = Vg.

In recent years, there is a growing interest in the design and analysis of splitting
algorithms for solving the monotone inclusion problem (2.1). In 1979, Passty [24]
and Lions et al. [16] proposed the following forward-backward (FB) method, which
combines one forward evaluation of B and one backward evaluation of A in each
iteration. More precisely, the method generates a sequence {x*};cy according to

X = (X = ABxb),

where A € (0,2/L), L is the Lipschitz continuity modulus of B and J;4 = (I +
AA)~!. Under the assumption that the operator B: H — H is 1/L-cocoercive, the
authors proved that each bounded sequence generated by FB converges weakly to a
solution.

It is worthing that coercivity of an operator is a stronger property than Lipschitz
continuity and hence can be difficult to satisfy for a general monotone inclusion
problem. In 2000, Tseng [33] proposed a modification of the forward-backward
method to relax the coercivity assumption, which is known as Tseng’s method or the
forward-backward-forward (FBF) method. It only requires the Lipschitzness of B at
the expense of an additional forward evaluation. Applied to (2.1), Tseng’s method
generates sequences {x};cy according to

yk = J)LA(Xk - )\.B.xk),
XM= yk — ABy* + ABx,
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where A € (0, 1/L) and converges weakly to a solution.

Under the same assumptions as Tseng’s method [33], Malitsky and Tam [18]
proposed the forward-reflected-backward (FRB) method for solving (2.1), which
requires only one forward evaluation per iteration instead of two. The corresponding
update scheme reads as

X = Ja(x* — ABx* — A(Bx* — Bx*71)),

and converges weakly if B is L-Lipschitz and the stepsize is chosen to satisfy
A< 1/2L.

As FB, FBF, and FRB are the first-order splitting algorithms, acceleration tech-
niques are of great practical interest to improve the performance of these algorithms.
One simple and efficient strategy is to incorporate the inertial technique, which
was first introduced by Polyak [25] in 1964. Recently, there are increasing inter-
ests in studying inertial type algorithms, such as inertial forward-backward splitting
methods for separable optimization problems under the nonconvex setting [20] and
strongly convex setting [ 19], inertial versions of the Douglas-Rachford operator split-
ting method [4], inertial forward-backward-forward method [3] based on Tseng’s
approach [33] and general inertial proximal point method for the mixed variational
inequality problem [9]. Specially, motivated by the idea of the heavy-ball method
[25], Malitsky and Tam [18] proposed an inertial forward-reflected-backward split-
ting algorithm (iFRB) for solving problem (2.1). The corresponding update scheme
reads as

{yk — .Xk —I—a(xk _ Xk_l), (23)

XU = Ja(% — ABx* — A(BxF — Bx*1y),

where o € [0,1/3), 0 < AL < (1 —3w)/2. It is worth noting that the iteration
scheme (2.3) does not use the latest extrapolation point y* for the calculation of oper-
ator B. In view of this, in this paper, we propose a new forward-reflected-backward
method with extrapolation (FRB, ) for solving the monotone inclusion problem (2.1).
Further, taking into account that the global Lipschitz constant is not easily obtained
and it can often lead to overconservative stepsize, we propose a forward-reflected-
backward method with extrapolation and linesearch (FRB,;). Under mild and stan-
dard assumptions, we establish the weak convergence of the sequences generated
by the proposed methods. Numerical experiments on the lasso problem and the ¢;
regularized logistic regression problem to demonstrate the advantage of the proposed
methods.

The rest of this paper is organized as follows. In Sect.2.2, we recall some defi-
nitions and results for further analysis. In Sect.2.3, we introduce FRB, and FRB
and investigate their convergence. Some numerical results are reported in Sect.2.4.
Finally, we draw some conclusions in Sect.2.5.
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2.2 Preliminaries

In this section, we summarize some necessary notations and results for further anal-
ysis.

Let H be a real Hilbert space with the inner product (-, -) and the induced norm
Il - 1l, and use || - ||, to denote the £; norm. Let {x*};cy be a sequence in H. We
write x*¥ — x to stand for the weak convergence of the sequence {x*};cy to x € H
as k — +o00. Let A: H = H be a set-valued operator. The graph of A: H = H,
denoted by gph(A) is defined by

gph(A) == {(x,u) € H x H|§ € H,M € A§}.

Let us review some basic definitions and concepts.
Definition 2.1 ([2]) We say that the operator A is
(i) monotone if

<)C -y, u—- U) 2 07 V(x7u)7 (y’ U) € gph(A)7

(i) maximal monotone if it is monotone and gph(A)D gph(B) where B is any other
monotone operator.

Remark 2.1 An important property of a maximal monotone operator A: H = H
is that, if a pair (x,u) € H x H and (x — y,u —v) > 0 for all (y, v) € gph(A),
thenu € A(x).

For a given maximal monotone operator A, the resolvent
Jia() = (I +2.4)7 (), 2.4
for x € H and A > 0 is a single-valued mapping, where [ is the identity operator on
H. Furthermore, ||J;4(x) — Jia(W) || < |lx — y| for all x, y € H. A single-valued
operator B: H — H is L-Lipschitz continuous if there exists L > 0 such that
[Bx — Byl< Llix — yll, Vx, y € H,
and B is B-cocoercive if there exists 8 > 0 such that

(Bx — By, x —y) > BlIBx — By|*>, Vx, y € H.

Let C(x, §) denote the open ball in H with centra x and radius § > 0. Recall that
B: H — ‘H is called locally Lipschitz provided for each x € H, there exists §, > 0
such that the restriction of B to C(x, §,) is Lipschitz. The following result gives the
maximal monotonicity of the sum of two monotone operators.
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Lemma 2.1 ([23]) Suppose A: H = H is a maximal monotone operator and
B: H — H is a Lipschitz continuous and monotone operator. Then A + B is a
maximal monotone operator.

We use the following identities in our convergence analysis.
Lemma 2.2 ([2, 14]) For any vectors a, b, c and d € H, the following identity holds

1 1
<a—hc—d>=Ewa—dW—Ha—ﬂ5+Eﬂw—cW—Hb—dW)

Lemma 2.3 ([2]) For any vectors x and y € H, o € R, then
lox 4+ (1 = o)y [*= ellx|*+(1 — &)l yl*—a(l —a)llx — y|*.

The lemma below is quite well known and plays an important role in proving
weak convergence of sequences in a Hilbert space.

Lemma 2.4 ([21]) Let K be a nonempty subset of a Hilbert space H and let {x*}cn
be bounded sequence in H. Assume the following two conditions are satisfied:

(i) limg_oollx — x¥|| exists for each x € K;
(ii) every weak cluster point of {x*}ren belongs to K.

Then {x*}ren is weakly converges to a point in K.

Lemma 2.5 ([2]) Let A: H = H be maximally monotone and let x € H. Set
(V)\ (S] R++) X, = JAAx~

Then x; — P4 (x) as A | 0, and exactly one of the following holds:

(i) zerA # 0 and x;, — Pyerp as A +00;
(ii) zerA = 0 and ||x,|| — oo as A 1 +o0.

2.3 Algorithms and Convergence Analysis

In this section, we first introduce a forward-reflected-backward method with extrapo-
lation (FRB,) for solving the monotone inclusion problem (2.1), described in Algo-
rithm 1 in Sect.2.3.1 This method adapts a new extrapolation direction different
from the existing acceleration method [5, 7, 8, 11, 12, 22, 29-31] and uses the
latest extrapolation point for operator B. Then, we establish the convergence results
of FRB, in Sect.2.3.2 Furthermore, we incorporate a linesearch procedure into the
FRB. method, named forward-reflected-backward method with extrapolation and
linesearch (FRBy)) in Sect.2.3.3 To this end, we make some necessary assumptions
on problem (2.1) below, which will be used throughout this section.
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Assumption 2.1 (i) A: H = H is a set-valued maximal monotone operator;
(i) B: H — ‘H is a single-valued monotone operator and L-Lipschitz continuous;
(iii) The solution set (A 4+ B)~!(0) of inclusion problem (2.1) is nonempty.

Note that points (i), (ii), and (ii7) in Assumption 2.1 are the common assumptions
for monotone inclusion problem, which are consistent with the forward-backward-
forward method in [33], the forward-reflected-backward method in [18] and the
double inertial forward-backward-forward method in [34].

2.3.1 Proposed FRBe for Solving Inclusion Problem

Motivated by the idea of forward-reflected-backward method in [18] and the inertial
algorithmsin [5, 7, 8, 11, 12, 22, 29-31], we propose a forward-reflected-backward
method with extrapolation, denoted as FRB., in Algorithm 1. Compared with existing
algorithms, our algorithm provides more flexibility in choosing parameters, which
would potentially enhance the algorithm’s performance.

Algorithm 1 Forward-reflected-backward method with extrapolation (FRB.)

1: Choose Aoy > 0, € > 0 which are close to 0, « € [0, 1). Set x0 = )Fl eH.
2: Fork =0,1---, compute

{ Y=k p ok — ko,
K = 1 a(F — M By — a1 (BxK — Byk1y), 2.5

where the stepsize sequence {A;}xen is nondecreasing and satisfies

l—a—e€
INESYES

<——27c 2.6
S T+ 2a 1 2) 2.6)

Remark 2.2 FRB, can reduce to some classical algorithms when the operators and
the parameters take specific values, such as proximal point algorithm [28], Popov’s
method [26], projected reflected gradient method [17], forward-reflected-backward
method [18], and so on. For simplicity, we only consider the fixed stepsize case, i.e.,
there exists A € (0, (1 — oz)/L(oz2 + 2a + 2)) such that A; = A for all k. In this case,
FRB. can be expressed compactly as

{yk = 3k b a(xk — ykh, 07

1 = a0 — ABy* — A(BxF — By*1)).
(i) If @« = 0, FRB, reduce to the forward-reflected-backward method [18], that is,

= Joa(x* = ABx* — A(Bx* — BxFY)).
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(i) If « =0 and B =0, then FRB. simplifies to the proximal point algo-
rithm [14, 28]. That is,
xk+1 — J)\A(.Xk).

(iii) If « =0, A = N¢ is the normal cone to a set C, and B is an affine operator,
then FRB, can be expressed as

K = Pe(xk — AB@2x* — Xk,

which coincides with the projected reflected gradient method [17] for VIs.
(iv) If @« = 0and A = Ny = 0, then FRB, method (2.7) becomes

K = xF —2aBxk 4+ ABx* . (2.8)

Itis worth noting that the iteration scheme (2.8) can be expressed as the two-step
recursion

Y+ = yk 3 Bk,

xk = kT A Bk,

This is exactly Popov’s algorithm [26] for unconstrained VIs. Furthermore,

in the GANS literature, (2.8) is also known to be equivalent to the optimistic
gradient method. For details, see the discussion in [15].

2.3.2 Convergence Analysis of FRB,

In this section, we investigate the weak convergence of the proposed FRB, with the
help of Assumption 2.1. To this aim, we consider the metric function

Ey: llx* — Y¥IIP 42201 (x* — x*, BxF — By*!)

= 14+«
+ o1 L@ 4 o + Df|lx* — yF 12, (2.9)

where x* € (A + B)~'(0), i.e., the element of the solution set. In the following, we
show that the sequence { E; }xcn 1S monotonically nonincreasing.

Lemma 2.6 Suppose that Assumption 2.1 holds. Let {x*}icn be the sequence gen-
erated by Algorithm 1. Then, the sequence {Ey}rcn is monotonically nonincreasing.
In particular, for any k > 0, it holds that

Epi1 < Ep — Cllx*th — y4)2, (2.10)

where C = (1 —a) — A L(0®> +2a +2) > 0.
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Proof Using the definition of the resolvent in (2.4) and the x%*+1in (2.5), we obtain
XK YK BYR 4 a1 (Bxh — ByFl) e —a Axkt (2.11)
By the monotonicity of A, we have
(x* = XM A Axt — A > 0. (2.12)
Pick x* € (A + B)~!(0), then
— M Bx* € M Ax™. (2.13)
Plugging (2.11) and (2.13) into (2.12), we have
(x* = XML Rk aBYE o (BxK — By — A Bx*) > 0.
Rearranging the above inequality gives

0 <2(x* — xFH1 XK 3Ky 4 2 (0" — XM Byk — Bx*)
+ 201 (x* — x*TL Bxk — Byt
=[xt — Y = et = P = —
+ 20 (x* — XM Byk — BafHly o (x* — XM BxFt — Bx*)
+ 201 (x* — xb, BxF — ByFTly 20y (xF — x*HL Bxk — By
Sha® = yE1% = o = 22— =y

+ 20 (x* — XM Byk — BxMFly oa (v — xF, BxF — ByFT!)

M LI — )2 dg Ll =y (2.14)
where the equality follows from Lemma 2.2 and the second inequality holds by using
the monotonicity of B, the Lipschitz continuity of B, and the Cauchy inequality
2ab < a* + b witha = ||x¥ — x**1| and b = ||x* — y*¥~ 1.

Therefore, we have
Il = T2 4 20 (et — 2 Bt — By o Iy
<Ux* = YA 4 2k (et = b, Bt — By o LI - )
+ g Ll =y (2.15)

From (2.5), we obtain

Xk

ko A (2.16)

=

_ k+1
1+(xy +1+oc
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Y =y = (1 + ) (* T = yb, 2.17)

v —xk = ok =y, (2.18)

Thus, it follows from (2.16), (2.17), (2.18) and Lemma 2.3, we have

”x* _ karl ”2

* [ I
=|x* - +—
‘x (l—i—ay 1+ay

_ 1 * k+1 o * k
—H x* =y )+1+a(x )

2

2

14+«

1 . 2 o . 2 o 2
1T1a [ =+ Tra R TS [yt =]
1 N 2 o N 2 2
e ||x _yk-H” + a Hx _ka — ka+1 _yk| 7 (2.19)
and
||xk+] _xk”Z
:”xk+1 _ yk + yk _ xk||2 — ”xk+1 _ yk +a(xk _ ykfl)”Z
=||xk+1 _ yk”Z +a2”xk _ yk71||2 + za(xk+1 _ yk’xk _ ykfl)
<A+ )l =y 1P + (@ + ) Ix* — P, (2.20)

where the last inequality follows from Cauchy-Schwarz and Young inequalities.
Substituting (2.19) and (2.20) into (2.15), we get

1
H—a”x* _ yk+1“2 + 2)‘-k<x* _xk+l’ Bxk+1 _ Byk) + (1 _ a)”xk+1 _ yk”Z

STl - VI + 20 (x* = x*, BxF — By + o LiIxF — 4112

K+l kg2
+ At LI — XN

< VI 4+ 22y (" — x5, Bk — By 4+ o Lk — 412

+ dt L(L 4 o) [IxX*H — 38|12 + g L@® + o) IxF =y 112 (2.21)
Combining the definition of { Ey }rcn in (2.9) and (2.21), we obtain

Ern1
<E— (1 —a) = ML +a+ 1) — oy Ll + D) x5 — )12
<Ep — (1 — ) — ML(0? + 20 +2) ¥ — ¥ |12
=E; — Cllx**" = y"|1%,
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where the second inequality holds follows from the stepsize sequence {Ai}ien i
nondecreasing. Therefore, we get assertion (2.10). In addition, it follows from (2.6)

that
C=(—-a)—ML*+2a+2)>0.

Therefore, the sequence { E;}rcn is monotonically nonincreasing. (I

Theorem 2.1 The sequence {x*};cn generated by Algorithm 1 converges weakly to
a point in (A + B)~' (0) when Assumption 2.1 is satisfied.

Proof We first show that sequence {Ey }ren is bounded. It follows from (2.10) that
Epy1 <Ep — CllxM1 = 42

1
T l+4a

(2.22)

<E. <...<Ep ”x*—yOHZ<+oo.

Therefore, the sequence { E; }icn has an upper bound. And we will next prove that it
has a lower bound. Indeed, we can find that

2 (x* — xMHL By — Byky
— 20 Lx* — xR — R

>
x_ k+1)2 K+l _ k2
> = M L(fl" = X =01

1 * 2 o N 2 2
z_)‘kL<1+a”x _yk+l|| +1+aHx —ka +(0—-a) ||xk+1—yk||>

1 o
— L X — k2 4 x* — kR k2
k <1+all Y —1+all y y hall

— ML(1 = a)[| ¥ — ¥ 2

3a
> L *_ pkHlp2 4 k2 k+1 _ k2
k(1+aw VP g I = 20+aﬂy Al
— ML(1 = a)|lx*H — k|
1 3w
=L * k12 * k12
k(1+aw V4 e =
3c(1 + )
—ML<——5—4u“thP+a—awﬁ“—ywﬁ
1+3a, 3¢ «
=— L % — Y2 = L [ = + = + 1) I = )12, (2.23)
14+« 2 2

where the first inequality follows from the Cauchy-Schwarz inequality and the Lip-
schitz continuity of B, the second inequality follows from the Young inequality,
the third inequality follows from the Cauchy-Schwarz inequality ab < £a® + ﬁbz,

B > Owitha = ||x* — y**|, b = || y**! — y¥|| and B = 2, and the first equality and



2 Forward-Reflected-Backward Method with Extrapolation ... 45

the third equality follows from (2.19) and (2.17), respectively.
We then obtain from (2.6) and (2.23) that

Er1

”x* _ yk+1”2 + 2)\./{()6* _xk+1’ Bxk+1 _ Byk)

:1 + o
+ L@ +a + DX — 42

1 1+ 3a X a(a — 1)
2 — L * +12_)\,L7 k+l_k2>o’
<1+a k 1+O{)II)C Yyl k 5 llx Vo

(2.24)

we know that the sequence {Ej}rcn is lower bounded. So we can get {E}ren i
bounded. Then, summing up (2.10) fromk =0, - -- , N, it yields

N N
D CIH =y 1P Y (B — Ex) = Eo — Ey1 < Eg < 400,
k=0 k=0

Therefore, we can deduce that

Jim [t =y =0, (2.25)

One can then obtain from (2.22) and (2.24) that {y*};cy is bounded. Similarly, by
the definition of x**! in (2.16), we have that {x*};c is also bounded. Then {x*},cn
has a weakly convergent subsequence {x*/} jen such that {xki }jen converges weakly
to x> e H.

Multiplying both sides by —1/1; and adding Bx**! to both sides in (2.11) and
choosing k = k; — 1, we have

k=2
(ki — yki=ly 4 pxki — yki—l = 22 (pxki—l — Byki=2) e (A + B)xki .

Aj—1 Aj—1

(2.26)
Since limg_, 10 || x**! — y¥|| = 0 and B is Lipschitz continuous, we have Bx* —
By*~! — 0, as j — 4o00. By Lemma 2.1, we have that A + B is maximal mono-
tone. Therefore, the graph of A + B is demiclosed. From (2.6), we obtain {At}ren
is bounded and far away from zero. Further, passing to the limit in (2.26), we have
0 € (A + B)x®. To show that {x¥};cy is weakly convergent, first note that, by the
boundedness of { E;}reny and (2.10), we deduce the existence of the limit

lim x* — y¥FU12 4 20, (0% — XK1 BxMH — By

k—+o0o 1l 4+ o
+ M@ 4 o+ DaET — 52
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Further, it follows from (2.5), we know

: * k+1)2 o k+1 k2
Jim ot =t
2a
C1+a
+ he(@® a4 D —

(x* — xFHL ML yky oo (o — XML BxRE — ByK)

exists. Let
Fr = =2 (x* — x*H1 Ba* ! — ByR) — ap(@ 4+ o + D — 42,

and
k+1 k2
Gr = —— X1 =17 =

— 1+a ()C* —Xk+], Bxk+l _ Byk)

14+«

Since Bx**! — By¥— 0, as k — 400, x**!1 — y¥ — 0, as k — 400 and {x*};ey

and {A}ren are bounded, we have that F, — 0,k — +ocand G, — 0,k — +o0.
Then

e — X" = By — Gy + F.

Since limy_, 4~ E} exists and 1%& > 0, we then have that lim_, ;oo || x* — x*| exists.

By Lemma 2.4, we conclude that {x*};cy converges weakly to a point in (A +
B)~!(0). The proof is complete. [l

Theorem 2.1 has an immediate result when the steps of the sequence {A;}rcy are
constant, and we obtain the following corollary.

Corollary 2.1 Let A: H = H be maximally monotone, let B: H — H be
monotone and L-Lipschitz and suppose that (A + B)~'(0) # . Choose X €

(0, (azjra%m) Givens x°, y~' € H, the sequence {x*}rcn generated by

yk — Xk +0[()Ck _ ykfl)’
2 = Ja(% — ABy* — A(Bx* — By*1).

Then {x*}ren converges weakly to a point contained in (A + B)~'(0).
2.3.3 Forward-Reflected-Backward Method
with Extrapolation and Linesearch

The algorithm presented in Sect.2.3.1 requires information about the single-valued
operator’s Lipschitz constant in order to choose an appropriate stepsize. But for many
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practical problems, this requirement is difficult to meet. On the one hand, obtaining
the global Lipschitz constant of a single-valued operator requires a significant cost
in many cases and leading to poor numerical performance. On the other hand, we
can only obtain a locally Lipschitz constant in practical problems. In view of these,
we propose a forward-reflected-backward method with a linesearch procedure based
on FRB, (FRB,)), which converges whenever the single-valued operator is locally
Lipschitz.

Algorithm 2 Forward-reflected-backward method with extrapolation and linesearch
(FRB.)

1: Choose x° = y~! € H, hp, At > 0,8 € (o, aﬁ;‘;a‘ﬁz),a €l0,1),0 €0, 1), p€(l,o7").

2: Fork =0,1---, compute

iyk=xk+auk—w—m
A = g aOF — MBy* — Moy (Bxh — Byk1y),

where Ay = pAs_1o’, with i being the smallest nonnegative integer satisfying

) )
Ml |Bx*H — Byk|| < Enx"“ — 1. (2.27)

Remark 2.3 As discussed at the beginning of this section, FRB; combines an iner-
tial step with a linesearch step and a resolvent step. It is worth noting that it is not
necessary to estimate the Lipschitz constant of the Lipschitz continuous monotone
operator B in our proposed Algorithm 2.

The following lemma shows that the linesearch procedure described in Algorithm
2 is well-defined when operator B is locally Lipschitz continuous.

Lemma 2.7 Suppose that operator B: H — H islocally Lipschitz. Then the line-
search criterion (2.27) is well defined, which means that it will be satisfied after a
finite number of iterations.

Proof Let x**'()) := J,4(y* — ABY* — i1 (Bx* — By*~1)). According to the
Lemma 2.5, we obtain that J; 4 (x**1(0)) — Pgma(x*T1(0)) when A | 0. Since
operator A is maximal monotone, we know that J, 4 is nonexpansive. Therefore,
we have

x5 (1) = Proma KON |
LI ) = Ba O [+ T4 FFH(0)) — Prgma FFHO)) |
KIABY |4+ 114 FFH0)) — Proma FFHOD].

By taking the limitas A | O,

) = P (6FTH(0)).
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Assuming that linesearch finds A at the kth iteration failed, then for all A =
phi—1ot,i =0,1...,itimplies

. )
pri—10t | Bx*T (1) — ByY||> 3 [ ) — YEI.

Since operator B is locally Lipschitz, there exists L > 0 when i is large enough. And
we have

. ) é
pre—1o’ | Bx*T (1) — By*|> Enx"“(x) —yHI= iank“(A) — By

Therefore, it implies
Aol > —.
PAk—1 2L
Since 6! — 0 asi — oo, this inequality gives a contradiction, which completes the
proof. (]

The next Lemma 2.8 is a direct extension of Lemma 2.6.

Lemma 2.8 Let {x"}icn be the sequence generated by Algorithm 2. Then, the
sequence {Ey}ren is monotonically nonincreasing. In particular, for any k > 0, it
holds that

Egsr < Ex — Cla"*! — 4%,

where C = (1 — &) — 3(o> 4+ 20 +2) > 0.

Proof The proof is similar to Lemma 2.6. We use inequality (2.27), which is well-
defined due to Lemma 2.7, instead of the Lipschitzness of B to get the inequalities
(2.14) and (2.23). O

Theorem 2.2 Let H be finite dimensional, A: H = H be maximally monotone,
and B: H — H be monotone and locally Lipschitz continuous, and suppose that
(A 4+ B)~'(0) is nonempty. Then the sequence {x*}icn generated by Algorithm 2
converges to a point contained in (A + B)~1(0).

Proof 1t is similar to Theorem 2.1 but using Lemma 2.8 instead of Lemma 2.6, and
(2.27) instead of the Lipschitzness of B. We take A, L = §/2 for all k € N in (2.22)
and (2.24), so we can deduce {y*};cy is bounded. Since (2.16) and (2.25), we know
that {x*};cy is bounded and ||x**! — y¥|| = 0. As a locally Lipschitz operator on
a finite-dimensional space, B is Lipschitz on bounded sets. Thus, since {x Y} ren is
bounded, there exists a constant L > 0 such that

| Bx*t! — By || < L|Ix*t — y¥. (2.28)

Combining (2.27) and (2.28), we see that {A;};cn is bounded away from zero. The
remainder of the proof is similar to Theorem 2.1. O
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2.4 Numerical Experiment

In this section, to demonstrate the effectiveness of the proposed FRB, and FRB,,
we apply them to solve the lasso problem and the ¢; regularized logistic regression
problem. All experiments are performed in MATLAB R2021a on a PC with Intel
Core i7-13700H and 16.0 GB of RAM.

2.4.1 Lasso Problem

In this subsection, we consider the lasso problem:
. 1 )
min F(x) := || Dx — bl|"+pllx]l1, (2.29)
X€ER" 2

where D € R™*",b € R™ and u > 0. We observe that (2.29) is in the form of (2.2)
1
with f(x) = p||lx||; and g(x) = 3 ||Dx — b||. Therefore, the minimization problem

(2.29) is equivalent to the following monotone inclusion problem
find x € R" such that 0 € (A + B)x,

where A = d(ux||;) and B = DT(Dx — b).

Itis clear that g has a Lipschitz continuous gradient and f + g has compact lower
level sets. Thus, Assumption 2.1 is satisfied for (2.29), we can apply Algorithms
1 and 2 to solve (2.29). In addition, it is not hard to show that Vg has a Lipschitz
continuity modulus of Amax (DT D). In view of this, in the experiment below, we take
L = Amax (DT D) for iFRB and FRB..

Now we perform numerical experiments to study the performance of FRB, and
FRB,;. We choose . = 1 and i = 3 in (2.29), initialize all algorithms at the origin,
and use the duality gap of the primal problem (2.29) and its dual problem to terminate
the algorithms as in [35]. Specifically, we define

n

l, ————t Vh(A k ,
||DTh<Axk>||oo} (A

uk = min{

and terminate the algorithms when the duality gap is small, i.e.,

8GN + f (") — dis ()] _ 10~
max{f(x¥) + g(x¥), 1} — '

1
where g(x) = h(Ax) = §||Ax — b)), and dj(u) is the optimal value of dual

problem.
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Table 2.1 Numerical comparisons of different algorithms for solving the lasso problem. In this
paper, we use the notation (m, n) to denote the corresponding choices of m and n (u = 1)

(100, 200) (200, 1000) (400, 2000) (600, 3000)

Iter Time Iter Time Iter Time Iter Time
iFRB 1900 0.058 11924 0.677 19513 2.148 28368 8.285
FRB, 1210 0.036 7579 0.620 12401 1.967 18028 7.475
FRB; 399 0.017 1762 0.138 3040 0.429 4572 1.578
FRB 341 0.013 1390 0.120 2325 0.375 3389 1.521

Table 2.2 Numerical comparisons of different algorithms for solving the lasso problem. In this
paper, we use the notation (m, n) to denote the corresponding choices of m and n (u = 3)

(100, 200) (200, 1000) (400, 2000) (600, 3000)

Iter Time Iter Time Iter Time Iter Time
iFRB 1122 0.028 4800 0.313 7343 0.897 10272 3.100
FRB, 715 0.025 3053 0.297 4668 0.839 6530 2.987
FRB, 204 0.011 661 0.052 1463 0.159 1470 0.542
FRBg 183 0.009 573 0.045 1172 0.151 1175 0.507

The problems used in our experiments are generated as follows. For each m and
n, we generate an m x n matrix D with i.i.d. standard Gaussian entries. We then
choose a support set T of size s uniformly at random, and generate an s-sparse
vector x supported on T with i.i.d. standard Gaussian entries. The vector b is then
generated as b = DX + 0.01e, where ¢ has standard i.i.d. Gaussian entries.

To illustrate the effectiveness of FRB, and FRB,|, we compare them with iFRB
[18] and FRB; [18]. In the experiment, we choose the values of stepsize and inertial
parameter to achieve the optimal performance for each algorithm. As outlined in
[18], we specify the parameters as follows: @ = 0.2, 1 = 0.99 x SLL foriFRB;«a = 0,
§=0.99,0 =0.7, p = o~ !, and the stepsize sequence {Ai}ren satisfy (2.27) with
yk = x* for FRB,. As for FRB, and FRB,, we choose: & = 0.2, A = 0.99 x 3

2(1 — )
for FRB.; o = 0.3, § = 0.99 x ———
o+ 2a
sequence {Ag}rey satisfy (2.27) for FRBy;.

The computational results with © = 1 and u = 3 averaged over 50 instances
for a range of choices of m and n are presented in Tables2.1 and 2.2. From these
two tables, we can see that FRB. outperforms the iFRB, and FRB, outperforms
the FRB; in terms of the number of iterations and CPU time for all scenarios. To
further observe the convergence of the tested algorithms, we plot the evolutions of
F (x*) — F* with respect to the iteration numbers for each algorithm in Figs.2.1 and
2.2, where F* represents the minimum of the objective function values obtained by
all tested algorithms. The results show that the FRB. converges faster than the iFRB,

,o0=07,p= o~ ! and the stepsize
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Fig. 2.1 Evolutions of F(x*) — F* with respect to the number of iterations for solving the lasso
problem with . = 1

and the FRB, converges faster than the FRB;, demonstrating the advantage of the
FRB. and FRB.

2.4.2 {1 Regularized Logistic Regression Problem

In this subsection, we consider the £; regularized logistic regression problem,

min  F(x) = Y log(l +e @) 1y 5|, (2.30)

XeR", x"eR :
i=1

where a; € R", b; € {—1,1},i =1,--- , m, with b; not all the same, m < n, and
y > 0 is the regularization parameter. So we can apply our methods for solving
the problem (2.2) in case f(¥) = y[I%[1, g(X) = D", log(l + 7% FHi) where
x := (X, x% e R"*!, and P is the matrix whose ith row is given by (al.T 1). Moreover,
one can show that Vg is Lipschitz continuous with modulus 0.25Amax (PTP) [35].
Thus, in our experiments below we take L = 0.25Amax (PTP).
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Fig. 2.2 Evolutions of F(x*) — F* with respect to the number of iterations for solving the lasso
problem with u =3

As that in [35], Assumption 2.1 is satisfied for (2.30). Thus, Algorithm 1 and
Algorithm 2 are applicable. In the experiments below, we choose y = 1 and y =3
in (2.30). We initialize all algorithms at the origin, and terminate the algorithms as
in [35].

We consider random instances for our experiments. For each m and n, we generate
anm x n matrix A with i.i.d. standard Gaussian entries, where A is the matrix whose
ith row is a]. We then choose a support set 7' of size s uniformly at random and
generate an s-sparse vector X supported on 7 with i.i.d. standard Gaussian entries.
The vector b is then generated as b = sign(AX + ce), where ¢ is chosen uniformly
at random from [0, 1].

We now perform numerical experiments to verify the efficiency of FRB, and
FRB,,. In the experiment, we choose the values of stepsize and inertial parameter to
achieve the optimal performance for each algorithm. As outlined in [18], we specify
the parameters as follows: @ = 0.2, A = 0.99 x ﬁ foriFRB; o = 0,8 =0.99,0 =
0.8, p = 1 and the stepsize sequence {A; }xen satisfy (2.27) with y* = x* for FRB,.
As for FRB, and FRB,;, we choose: « = 0.2, A = 0.99 x 13% for FRB.; o = 0.3,
6§ =0.99 x M o = 0.8, p = 1 and the stepsize sequence {A; }rey satisfy

o +20+2’
(2.27) for FRBy.
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Table 2.3 Numerical comparisons of different algorithms for solving the logistic regression prob-
lem. In this paper, we use the notation (m, n) to denote the corresponding choices of m and n
r=1

(200, 400) (400, 1000) (600, 2000) (1000, 3000)

Iter Time Iter Time Iter Time Iter Time
iFRB 21861 12.108 | 67358 257.697 | 119334 |1097.831| 166041 |3727.979
FRB. 13890 7.616 | 42803 163.784 | 75829 670.698 | 105511 |2353.380
FRB, 650 0.696 1253 10.355 1545 30.246| 1918 99.612
FRB,| 478 0.496 914 7.923 1126 23.103| 1204 61.330

Table 2.4 Numerical comparisons of different algorithms for solving the logistic regression prob-
lem. In this paper, we use the notation (m, n) to denote the corresponding choices of m and n
r=3

(200, 400) (400, 1000) (600, 2000) (1000, 3000)

Iter Time Tter Time Iter Time Iter Time
iFRB 6178 3.348 13008 50.094 26691 243.296 |37269 863.537
FRB. 3928 2.160 8269 33.829 | 16963 157.555 |23683 564.829
FRB, 378 0.409 541 4.786 845 16.440 | 1032 53.490
FRB| 319 0.342 412 3.599 668 13.675 791 41.608

The computational results averaged over 50 instances for a range of choices of m
and n are presented in Tables 2.3 and 2.4. From these two tables, we can see that FRB,
outperforms the iFRB, and FRB,, outperforms the FRB; in terms of the number of
iterations and CPU time for all scenarios. The results show that the FRB, converges
faster than the iFRB, and the FRB, converges faster than the FRB;, demonstrating
the advantage of the FRB, and FRB,,.

2.5 Conclusion

In this paper, we propose two forward-reflected-backward type methods, named
FRB, and FRB,, for monotone inclusion problems. The proposed methods not
only unify some well-known operator splitting methods based on the inertial and
linesearch techniques, but can also leads to improved numerical performance. We
establish the weak convergence of the proposed methods under mild and standard
assumptions. Further, we apply FRB, and FRB,; to solve the lasso problem and the £,
regularized logistic regression problem. The numerical results on these two impor-
tant problems verify the efficiency of our proposed methods. In the future, we shall
investigate how to combine the relaxation technique and two different extrapolation
steps in order to have better performance.
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Chapter 3 ®)
Fast Adaptive ADMM with Gaussian e
Back Substitution for Multiple Block

Linear Constrained Separable Problems

Xiangfeng Wang

Abstract This work presents a novel algorithmic framework, called Fast Adap-
tive Alternating Direction Method of Multipliers with Gaussian Back Substitution
(ADMM-G-V), tailored for solving multiple block linear constrained separable prob-
lems. The proposed method extends the classical multi-block ADMM by incorporat-
ing an adaptive penalty parameter, which is dynamically adjusted during the iterative
process to enhance convergence properties and computational efficiency. A compre-
hensive theoretical analysis is provided by establishing the global convergence and
worst-case convergence rate of the algorithm in both ergodic and non-ergodic senses.
We demonstrate the effectiveness of our method through numerical experiments on
consensus problems over networked agents and distributed logistic regression tasks.

Keywords ADMM - Self-adaptive - Gaussian back substitution - Multiple-block

3.1 Introduction and Motivation

In this paper, we consider a general structured multiple block minimization model,
i.e.,

g, ;9"(’“)\ ;ﬂi(xz‘) =b } (3.1)

whereeach 6; : & — Risaconvex real-valued function, each A; : & — R’ denotes
a linear operator with b € R’ be a given vector. Throughout, the solution set X* of
(3.1) is assumed to be nonempty. This general formulation (3.1) includes the pop-
ular two-block problem as a special case, which has proved to be a reasonable and
effective model in plenty of applications [1]. The motivation for considering this
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Table 3.1 A, B, C, C and D for RASL and TILT: 7 denotes the identity transform; I, J;, €;, M
and 7 are all given matrix or vector; o denotes a given linear operation

Model A B c(0) C D
RASL I I =30 JiAt(eie)) | At Mot
TILT I I —-J At At Mot

particular, more general structured problem (3.1) is that for many interesting appli-
cations, the goal (objective) and environment (constraint) become more complicated,
especially as more and more application-driven distinctive structures or information
are introduced to guarantee better performance. In the following, we propose some
practical applications to draw forth our work.

Motivation applications (Low-rank or sparse structure-based image processing
problems): The low-rank structure is popularly used to model the invariant property
or great relevance between images, while the sparse structure is a byproduct of
modeling uncorrelated information. A general formulation can be summarized as

min LI+ v 1S (32)
s.t. A(L) + B(S) +C(C) = D,

where the matrix L € R™*" denotes the low-rank part, the matrix S € R"*" repre-
sents the sparse part, while A usually additional parameters driven by the application
task. Concretely, we evoke two popular models, e.g., robust alignment by sparse
and low-rank decomposition (RASL) [2] and transform invariant low-rank textures
(TILT) [3]. In order to solve these two models, some subproblem has to be efficiently
calculated, which can be included into (3.2) as in Table 3.1.

The unified formulation (3.2) can be contained in the general model (3.1); as
a result, the requirement of efficiently computing impels us to design a structured
algorithm framework for (3.1). For algorithmic-design purposes, we may need to
consider using these two functions individually as well because they usually have
different properties/structures. Define the augmented Lagrange function of (3.1) for
the case m = 2 be

Lp (x1,x2, 1) = 01(x1) + 02(x2) — AT (A1x1 + Apxz — b) + g A1x1 + Asxa —bI1*,  (3.3)

with A € R™ denotes the Lagrange multiplier and 8 > 0 the penalty parameter. The
alternating direction method of multipliers (ADMM) was first proposed by Glowinski
and Marrocco in [4] for solving specific nonlinear elliptic equations, and its iterative
scheme for (3.1) reads as

! = argmin {Lﬂ (x, vk, )»k) ’ X € X} ; (3.4a)
y**! = arg min {L,s (xk+l, Y, )»k) | y € y} ; (3.4b)
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A =28 — B (Ax* 4+ By —b). (3.4¢)

Recently, ADMM has found many applications arising in different areas such as
image processing, statistical learning, computer vision, and wireless communication
network. We refer to [1, 5, 6] for some review papers of ADMM. The convergence
of ADMM has been well analyzed in some earlier references such as [7, 8]. For the
convergence rate, according to the known explanation in [7, 9] that the ADMM is
a special case of the proximal point algorithm (PPA) in [10] and the convergence
results of PPA in [11], it is easy to perceive that the ADMM scheme (3.4), without
further assumptions such as the strong convexity or special structure assumptions on
one or both the functions in the objective, some restrictions on the penalty parameter
B, or some error bounds or metric subregularity assumptions on the solution set, is
sublinear. In [12, 13], the authors established the sublinear convergence rate for the
ADMM scheme (3.4), in sense of both the egrodic and non-ergodic worst-case O (%)
natures respectively measured by the iteration complexity where »n is the iteration
counter.

The classical ADMM (3.4) has been comparatively thoroughly analyzed and
understood. In this paper, we mainly focus on the multiple-block case, which also
has popular applications in image processing, machine learning, etc. In order to
take advantage of each 6;’s properties individually, a natural idea for solving the
general case of (3.1) with m > 3 is to extend the classical ADMM scheme (3.4)
straightforwardly—yielding the following scheme for iteration k+1:

X! = arg min (L (x1, x5, ... xK2k) | x1 € X1},
i =argmin { Lg (xS xb LXK [ e X
(3.5)
Xkt =argmin {Lg (¢, L X6 X A | X € X
m
MH =2k — B (Z Apxi - b) :
i=1
with the introduction of the augmented Lagrangian function as follows
Lg (X1, ..., Xm, A) = 21:9;()@) -t <Z:Aixi —b) + ) X]:Aixi -b
1= 1= =
(3.6)

Just as the original ADMM scheme (3.4), the iterative scheme (3.5) can be easily
derived by decomposing the augmented Lagrangian function of (3.1) in the Gauss-
Seidel fashion. In (3.5), the variables x;’s are minimized in alternating order, and
the decomposed subproblems are much easier than the original problem (3.1) since
only one function 6; is involved in its x;-subproblem. Then, the step of updating
the Lagrange multiplier coordinates all these solutions to local small subproblems
to find a solution to a global large problem. Note that the direct extension of the
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ADMM scheme (3.5) reduces to the augmented Lagrangian method (ALM) [14] and
the standard ADMM scheme when m = 1 and m = 2 in (3.1), respectively.

The convergence of the scheme (3.5), however, had perplexed authors for a long
time. On one hand, the scheme (3.5) empirically works well for some applications,
see [2, 15]. On the other hand, in the literature, its convergence could be shown
only under some further assumptions. For example, in [16—18], the convergence of
(3.5) was shown under some additional strongly convex conditions, and the penalty
parameter B should be chosen judiciously within a certain interval. Moreover, when
each function 6; in (3.1) is of particular structure and the update of A**! in (3.5) is
required to adopt a new step size rather than g, i.e.,

A=Ak 1B (Z ApxFr — b) , (3.7)
i=1

where t > 0is sufficiently small to fulfill certain error bound conditions, the resulting
scheme was proved to be convergent in [19], together with some linear convergent
results. In fact, the scheme (3.5) but with the new update of A in (3.7) can be regarded
as an implementation of the dual ascent method to the dual of (3.1) with a shrunk
step size. A counterexample was given in [20] showing that the scheme (3.5) is
not necessarily convergent without further assumptions, and a sufficient condition
ensuring the convergence of (3.5) was given therein.

In general, it is not easy to verify whether the step size t in (3.7) is small enough
to satisfy the desired error bound. Thus it should be stick to the direct extension
of ADMM (3.5) where the step size for updating XA is taken as the same as the
penalty parameter (thus it is not necessarily very small) and the function 6;’s in (3.5)
are only assumed to be generic nonsmooth convex functions, and study in which
way the convergence of (3.5) can be derived. In [21], the authors have shown that
the resulting sequence is convergent if the output of (3.5) is further corrected by
a Gaussian back substitution procedure. The numerical efficiency of the Gaussian
back substitution procedure, together with its superiority to some other relevant work
based on (3.5), has been illustrated numerically in [15, 22]. The detailed algorithm
framework of ADMM with Gaussian back substitution (ADMM-G) is presented as
follows, in which the direct extension of ADMM (3.5) can be considered as the first
prediction step:

Lg (xl,xlz‘,... xk kk) | x| € /\’1},

s Mmoo

)Zlk = argmin Lﬁ (i’f,...,iﬁl,xi,x{;l, ...,xfn,kk) | X; € X,} y
(3.8a)
)Z,’jl =argmin {Lg i{‘,...,i,’;hl,x,,l,kk) ’xm EXm},
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At :Ak+a<5\k_Ak>,

X = e (¥, —x)

i 3.8b
X = xF o (75— xF) - ‘il (ATA) ! (ATA;) (Xf+l _ xf) , (3.8b)
j=i

where we need to assume that all A;s have full column rank. The above Gaussian
back substitution procedure (3.8) still requires to compute the inverses of AI-TAI-
for i =2,...,m — 1, which could be computationally expensive for generic A;’s
arising in some image processing applications. The computing procedure of ADMM-
G can be graphically explained through the following Fig.3.1. If we choose o = 1,
it is obvious that the direct extension of ADMM with Gaussian back substitution
can reduce to the classical original ADMM (3.4a)—(3.4c) for (3.1) with m = 2. In
classical ADMM and ADMM-G, the penalty parameter 8 can be an arbitrary positive
scalar to theoretically guarantee the convergence. This is a nice property, and it
provides flexibility in choosing different values when the ADMM is implemented
for various specific applications. Meanwhile, it is well known that the efficiency
of ADMM highly depends on the appropriate choice of the penalty parameter, and
the efficiency can vary dramatically with different values of the penalty parameter
for the same problem. Moreover, choosing a good value of the penalty parameter is
application-sensitive; a value working well for one application might be completely
ineffective for another one. Indeed, so far, this is no general theory for how to choose
the “optimal” value of 8 for the ADMM-type scheme (3.4) or (3.8). This concern
forces practitioners to tune the penalty parameter a priori for the specific application
under discussion when the ADMM-type scheme (3.4) or (3.8) is implemented. There
is a large volume of literature mentioning this issue.

On the other hand, the penalty parameter 8 can be adjusted dynamically subject to
certain rules and it results in the ADMM-type methods with variable penalty param-
eter. The prior searching for an appropriate value of § can thus be avoided. Indeed,
the convergence of ADMM with variable penalty parameter can be theoretically
carried over if the rules are meticulously chosen; see, e.g., [21, 23-25], for some
relatively earlier literature for the convergence analysis. Some important properties
for establishing the convergence of ADMM with variable penalty parameter can be

<k {8 b—-- o —s - {a —12
2 i m L
1
Next iteration |
1
_x{ul Xé’“ - x'_k#l A x";':l [;;+l

Fig. 3.1 Computing procedure of ADMM-G
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found in [24]. Empirically, it is arguable to say which one is preferred: tuning the
ADMM-type scheme a prior to find a suitable choice of g8 or iteratively adjusting
the parameters in the iterative process. We believe there is no conclusive assertion in
this regard, and both methodologies are equally important from either the mathemat-
ical or empirical perspective. Depending on different computation loads in different
phases, each of the strategies can find supportive applications in the very large set
of literature. Recently, [26] extends the self-adaptive penalty parameter scheme to
the consensus problem, which is in a special form of (3.1). Another adaptive penalty
scheme is proposed in [27], which also can be included in the framework of [21].
[27] introduces an adaptive relaxed ADMM, which is a popular practical variant
of ADMM, and proves the convergence result for the adaptive penalty parameter
case. In applications, the rule initiated in [21] for adjusting the penalty parame-
ter has been well verified in many applications such as machine learning [28, 29],
computer vision [30], computer graphics [31], smart grid [32], geophysical image
processing [33, 34] and elucidated in [1].

Nevertheless, until now, there is no result about adaptive ADMM-G (3.8) with
variable penalty parameters in which the penalty parameters are iteratively adjusted.
In this paper, we will propose an adaptive ADMM-G algorithm framework, while
further establishing the global convergence and worst-case convergence rate of the
ADMM with variable penalty parameters in both the ergodic and non-ergodic senses.
Before presenting the algorithm framework, we mention that we have to compute
all inverses of AiTAi i=1,...,m—1) in ADMM-G, which maybe heavy com-
putational complexity. In this paper, we introduce a new variable u(w) which will
help modify ADMM-G to avoid calculating the inverses, and some concrete related
definitions are as follows

X M X
1 2
X2 *2 :
X = . , W= : , U= : , (3.9a)
. x‘ Xm
x”’l )\‘ A‘
v(w) Arxg
v(w)2 Azxo Az.xz
v(w) = : = : , u(w) = : , (3.9b)
v(w)ﬂl Amxln n;\:xm
U(w)m+l A

and we further rewrite the augmented Lagrangian function (3.6) into the following
equivalent reformulation, e.g.,
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2

m

Z Aix; — b
i=1

Lg(x1,..., xms)‘):Zei(xi)_)bT<ZAixi_b>+§
i=1 i=1

m 2

Zv(w)i—b

i=1

=6~ v @]’ (Zv (w); —b) + g

i=1 i=1

We re-record the above equation when only focusing on x; as

Lﬂ (v (W)s--es v(w);_,%i, v (w)i+] """ v (W), , v (w)m+l) (3'10)
2
=6, (1) — [v W)ps1] " (A,-x,- + Z v w) —b) +§ Aixi+ Z ww);—b
J=1j#i j=1j#i

As a result, each subproblem with respect to x; is determined only by

v(w)_; = [U (W)py,i-17 -V (w)[i+l,m+1]]

= [U (w)l seees U (w)ifl , U (w)iJrl yeeen U (w)m , U (w)m+1] )

which means in iteration k+1 of (3.8), we have

& = argmin {Lg (5, ..., & x,xf . x AY) | x € X
. B S by S al
:arg){irgxni 0,~(x,~)+5 A;x; +Zv(w )i+ Z v(w"); — b — F
j=1 j=i+l
= arg){gixn[ {.21,3 (v(zI)k)l, e @)y, X, v Wi, (W), v(wk)m+1)} .
(3.11)

Thus, the recursion of ADMM-G with adaptive variable penalty parameter (ADMM-
spsGspsV) for the structured convex optimization (3.1) can be written as follows in
Algorithm 1. We give some further explanations of Algorithm 1 (ADMMspsGspsV)
as follows:

e The matrix M in each iteration is defined as

L —I, 0 -« .. 0
0o 1, -1
Mk — e R(mi)x(ml);
. . . —I( 0
0 -« -~ 0 I, 0
C=Bdy - - =Bl I
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Algorithm 1 ADMM-G with adaptive variable penalty parameters (ADMM-G-V)
1: Require u (wo) eR x--- xR By >0, € (0, 1);
—

m
2: Calculate a new adaptive variable penalty parameter Sy ;
3: while not converged do

4: For given u (wk), Wk = ()E’f e, i,’f,, ):k) are calculated according to (3.8a), e.g.,
# = argmin [‘Z:ﬁk (x], v(wh),. ..., v (wk), v (w")mﬂ) |x1 € X } ,
)E’k = arg min [‘Zﬁk (v (ﬁ)k)l v (ﬁ)")i_l L Xi U (wk)H_1 ..... v (wk)m v (w")m_H) ! X € X,-} s
i,’; = arg min {J:ﬁ‘ (v (u')k)l ..... v (ﬁ}k)m ,U (wk)mﬂ) | Xi € X,-} ,
=k — gy (AleJriAixihb); (3.12)
i=2

5: Generate the new iterate u**+! and x{"“ by correcting @* in the backward order, e.g.,

u@ Yy = w (k) — aMy [u(wk) fu(ﬁ)k)}; (3.13)

6: end while=0

e Two sequences are iteratively computed in ADMM-G, e.g., {w*} and {u (w")}.
{u (wk)} denotes the truly iterative sequence with {ﬁ)k} being an intermediate
iterative sequence. As a result, we will consider the theoretical results on both
sequences.

The computing procedure of ADMM-G can be graphically explained through the
following Fig.3.2.

This algorithm framework, ADMM-G-V, obviously includes ADMM-G if the
penalty parameter is set to be a constant 8. In the following, we will consider this
new algorithm in a general prediction-contraction framework form. We would like
to mention that for succinctness, we skip the rapidly increasing references appearing
in the literature for discussing sharper convergence rate results of the ADMM-type
methods from various perspectives under stronger assumptions. Instead, we stick

<
\\
Br = B+l ~
N

R
1 k! e Cen

% u(@k*l)) = gkt u@k*);_y = a;xlet 4—{ w@k*l),, | = Amxki! H w(wk+lyy, = ak+l
I

Fig. 3.2 Computing procedure of ADMM-G
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to the most general model setting in (3.1) and the iterative scheme in Algorithm 1;
and only discuss the global convergence and sublinear convergence rate. The results
in this plain context can immediately boost further analysis for deriving sharper
convergence rates under various stronger assumptions for the ADMM with variable
penalty parameters.

The rest of the paper is organized as follows. In Sect.3.2, we will first propose
some preliminaries and notations. Discussions about the adaptive variable penalty
parameter f; will be given in Sect. 3.3. A prediction-correction reformulation frame-
work will be given in Sect.3.4. In Sect.3.5, we will prove the global convergence
result and will establish the convergence rate analysis in both ergodic and non-ergodic
sense. Section 3.6 contains some numerical experiments to prove the efficiency of
variable penalty parameters and the well-established theoretical results. Conclusions
are presented in Sect.3.7.

3.2 Preliminaries and Notations

In this section, we summarize some preliminaries that will be used later in our
analysis. Recall we have defined X as the Lagrange multiplier of the linear constraints
in (3.1). Then, the Lagrangian function of this problem is

L1, X, 1) =Zei<xi)—AT(ZAixi —b>,
i=1 i=1

which is defined on W = X; x --- x X,, x Rf. Let (xf, . ..,x,’;,)»*) € W be an
saddle point of the Lagrangian function, then as discussed in [35] that finding a
saddle point of £ (x, ..., x,;, A) is equivalent to finding a vector

O1(x1) — 01 (x7) + (x1 — x7)" (—ATA%) = 0,Vx; € Xy,

X T
x% 02(x2) — 02(x3) + (x2 — x3) " (—ATA¥) > 0,Vx; € X2,
w* =1 such that
. T

X Om (Xm) = Om (53) + (X — x3) " (= ARA) = 0, Vo € X,
m

A (=57 ( Aix} — b) >0,VA € RE
i=1

(3.14)

More compactly, the inequalities in (3.14) can be equivalently rewritten as the
following variational inequality (V]), e.g.,

VI(W,F,0): w* e W, 6(x) —0x*) + (w—w*) F(w*) >0, YweW,
(3.15a)
where
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—ATA
—ATA
0(x) =Y 6i(x), F(w)= 2 (3.15b)
i=1 . —A, 2
Z Al'X,' —-b
i=1

Note that the operator F (w) defined in (3.15b) is monotone because it is affine with
a skew-symmetric matrix. Let “W* be the solution set of VI(‘W, F, 6). Since the
solution set of (3.1) is assumed to be nonempty, so that ‘W* is also nonempty. In the
convergence rate analysis, we shall use a characterization of the solution set ‘W* of
VI (3.15a). We present it as the following theorem, and its proof can be found in [36,
Theorem 2.3.5] or [12, Theorem 2.1].

Theorem 3.1 The solution set of VI(W, F, 0) is convex and it can be characterized
as

w = {ﬁ)GWZG(X)—G(J?)Jr(w—zD)TF(w)zo}. (3.16)
weW

In the following, we summarize some notations which will be used in later anal-
ysis. These notations will make the presentation of our theoretical analysis in later
sections more compact. Also, these notations are based on previous work [35, 37],
and you can find more details in these references. Define V = X, x - -+ x X, x R,
and accordingly we also use the notation

V* = {(xik, .. .,x,*;l,k*) | x5, xn A € W*} .
Further define a matrix sequence {Hk = Bl € R’ZX‘Z} and a new variable sequence
{ux} based on the variable w and the matrix Hy, e.g.,

ug (x2) ~ HiAzx,
way=|  |= : eR™, (3.17)
Uy (xm) Vv HkAmxm
ur(A) A/ Hk_l)\,
from which the notation uy (w*) = {ux(x5), ..., ux(xk), up (A} is also clear. For

some concrete applications of (3.1) such as those in [22, 37], the matrices A, - - - A,
are all identity matrices. For these cases, u; (w) reduces to v if all 8; equal to 1. With
these notations, the scheme (1) can be summarized as generating the new iteration
Uj (wk“) with the input u, (wk). Further based on some notations in [35], we define
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Ay = diag (\/FkAz, JHiAs, .../ Hi A, \/E_llg) = Rm@"’“), (3.18)

which indicates that u; (w) = A z. Then, we introduce several matrices in block-wise
form as follows:

Iy 0 - .- 0 Iy =1, 0 0 O
Iy Iy . 0 Iy ’ .
Q= . ) ) ) . c Rmﬁxmﬁ, M= . ) ) c Rméxme’
: oot T : o= 0
Iy --- I Ip O o --- 0 I, O
—Ie —=Ip - —Ie Lo —Ie =l - —Ie e

(3.19)
which will be used in the substitution procedures to be proposed. Note that Q and
M are all well-structured block lower triangular matrices, and for (3.1) with m = 2,
we have

— — IE 0 2¢x2¢L
Q_M_(—Igl)eR .

3.3 Adaptive Variable Penalty Parameter S

In this section, we will discuss the adaptive updating scheme of the important penalty
parameter ;. The main concern is not only to efficiently accelerate our algorithm
framework, but also to guarantee better theoretical results, which include global
convergence and iteration complexity for general convex problems. At the beginning,
we present the following generic property that the sequence {f;} needs to satisfy,
and our theoretical analysis is based on the following property.

Summable Bounded Property: there exists another non-negative sequence
{ni} such that {8, ni} satisfies

1
14+ n

+o00
Br < Br+1 < (1 + ni) Br, an < +o00. (3.20)
k=0

\.

This summable bounded property indicates that although the penalty parameter By
can be dynamically adjusted, each pair B; and By, should be “close.” They have at
most 1 4 n; times the gap.

Motivated by [21], in which residual balancing scheme is applied to adaptively
tune the parameter sequence {8}, we define the primal and dual “residuals” with
respect to iterations u (wk’l) and u (wk) as follows

pei= Al (W) —u (@],
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m

di =) Aixf —b,

i=1

where A := diag (A, -+, Ap) € R=DExY o ni According to the convergence
results in the following sections, we guarantee that both of these two residuals
approach zero as the iterates become more accurate. We observe that increasing S
strengthens the penalty term, yielding larger primal residual but smaller dual residual;
conversely, decreasing B leads to smaller primal residual but larger dual residual.
Both residuals must be small enough at convergence, it makes sense to “balance”
them, i.e., tune By to keep both residuals of similar magnitude, i.e., || px|l =~ |||l
Given a constant i € (0, 1) and a non-negative sequence {17, } that satisfies

400
> i < oo, 3.21)
k=0

we consider the following three strategies, where t € N, :

1. {Bi} is monotonically nondecreasing:

1 ,if dill,
Best = {,Bk( + i), if I pell < wlldill (3.22)

Bk, otherwise,

with n, = 0 if (k mod ¢) # 0;
2. {Bk} is monotonically nonincreasing:

B
o — { e A lldell < il 323

Br, otherwise,
with n; = 0 if (k mod ) # 0;
3. {Bx} is self-adaptive:

B (Lm0, if [l < e lldell
Ber = | 2, if il < el pell. (3.24)
Bk otherwise,

with 1 = 0if (k mod ¢) # 0.

All the above three cases indicate that we will adjust S every ¢ iterations if possible
and we always have

Brr1 =B (1 +mi), or By = , or By = B,

B
1+ me

which demonstrates that these strategies all guarantee the summable bounded
property, i.e., (3.20). Furthermore, under condition (3.21), we can obtain that
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]_[(1 + k) < +o00.

i=1

Hence, the sequence {8} is both upper bounded and bounded below away from zero;
that is, we have
inf (B} > 0. sup () < +oo.
k

3.4 Prediction-Correction Reformulation Framework

In this section, we reformulate the proposed Algorithm 1 as a prediction-correction
framework; some lemmas are proved accordingly. Note that this prediction-
correction framework is simply a theoretical revisit to the scheme (3.8) that is more
convenient for the coming convergence analysis; it is not necessary to obey this
framework for implementing the scheme (3.12). In the following, we propose a key
lemma of this paper, which immediately enables us to reformulate the Algorithm 1
with adaptive variable penalty parameters as a prediction-correction framework.

Lemma 3.1 Let u**' and w* are generated by Algorithm 1 with given u*, together

with u, (w*) = Arzk and u, (W) = Azk. Then we have

1. Prediction step: for all w € ‘W
60 —66) + (w— 1) F@H) 2 () — @)’ Q (uewh) —w(@h)):  (3.25)
2. Correction-step: relationship between up (WY and u (W) with « € (0, 1)
we (W) = g (w*) — e M (up (W) — up (@) ; (3.26)
3. Based on matrices Q and M in (3.19), we define matrix H and G
H=QM ' eR""™, G=Q"+Q- M'HMecR">*" (327

where matrix H is symmetric and positive definite, while matrix G is also
symmetric but positive semi-definite.

Proof The prediction-step (3.25) can be obtained through the same inference as [35,
Theorem 3.3] except that u; (w) is based on the adaptive penalty parameter 8. So
that we ignore the detailed proof here, please check [35, Theorem 3.3] for more
details.

As for the correction-step, it can be directly obtained by using the notations
urp (W), wp (WF), urp (w1 and N. Also, the positive semi-definiteness of H and G
can be obtained through some basic matrix calculations. Almost the same technique
has been used in [12, 35, 37]. (I
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Moreover, based on the above Lemma 3.1 and more structure-driven properties of
the above-defined notations, we prove two contraction-type convergence properties.

Lemma 3.2 Let u**! and w* are generated by Algorithm 1 with given u*, together
with ug(w*) = A" and u (%) = Azk. Then we have

1. Basic-contraction-function: for all w € ‘W
6(x) = 0G) + (w — w")T F (")

11—«
202

2
k k+1
”uk(w ) — up(w* )HH;

(3.28)

1 k14|12 NE
Z£<”uk(w)—uk(w )H(H—”uk(w)—uk(w )Hw)+
2. Strictly-contraction-function: for all w* € W*

2 l—«
H o

Huk(wkﬂ)fuk(w*) Huk(wk) *Mk(wkH)H;-

(3.29)

< oty = ey

2
H

Proof For the first basic-contraction-function, recall (3.25) and the definition of H,
we have for all w € W

0(x) — () + (w - LD")T F (11)") > é (uk(w) - uk(a;k)>TfH (uk(wk) _ uk(wk+1)) .

Further applying the identity

1 1
a@a=b"He—d) = E{Ila—dllél— lla—C||§,}+5{llc—b||§(— ld = bli5} .

to the right-hand side of the above inequality with

a=u(w), b=u (@), ¢ =u (W), d=wu @),

we thus obtain
(e (w) — e ()T H (ux (w*) — g (k)

1
= o (L) = e D 3, = ) = [,

2
) -

1
(VR R A PR C
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As for the last term, we can prove that

Jux@h) =@~ Jt™) — |
= [uxcwt - Mk(i)k)H; — () = @) = (@) = e @) H:

b Huk(wk) - uk(ﬁ)k)H; B H (Mk(wk) - uk(’bk)) —aM (uk(wk) B u/‘(ﬁ)k)) HZH
2

— 2% (uk(wk) _ uk(ﬁ)k)>T7'[M (uk(wk) — uk(ﬁ;k)) —a? Huk(wk) - uk(zbk)) MIHM

= o (wwh) - uk(w’f))T (@ +@Q— MMHM) (") — e ()

o (1 - o) () — @) MU (1) — ()

3.2 21—
(:)a Huk(wk) - uk(wk)”g +

= Huk(wk) *“k(wk+l)H;

i —wt (3.30)

with @ € (0, 1) and further the assertion of the first part in this theorem is proved. In
the following, recall (3.28) and set w = w*, we get

Jux wh) = u (w5, — e

v

) )3,

ITT“ ik (W) — w5, + 20 {9(;2") — 0" + (0 —w)' F (wk)}
1770‘ s ) = up |5, + 2 {e(xk) — o) + (i —w*)" F (w*)}

1_
— @) = @,

where the second last inequality is based on the monotonicity of F (w) and the last
inequality is obtained by using the optimality of w*. Thus, the assertion (3.29) follows
directly. (]

3.5

Theoretical Analysis

In this section, we will establish the theoretical results for ADMM-G-V, which
includes the global convergence and the worst case O (%) convergence rate in both
ergodic and non-ergodic senses.
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3.5.1 Global Convergence

The proved lemmas are adequate for establishing the global convergence of the pro-
posed ADMM-G-V algorithm, and the analytic framework is standard in the context
of contractive-type methods. Before presenting the main theorem, we introduce the
variable u#, which has no H, after comparing with u;(w). Actually, {uk} is the
sequence that we should pay more attention to, which is iteratively computed in
ADMM-G-V.

Theorem 3.2 Let {u (wk)} and {ﬁ)k} be the sequence generated by the proposed
ADMM-G-V. Then, we have

1. Hu(wk)—u(w"H)”ﬂlH—o)OO, %A,&f—b ]H—O>OO;1
i=1 2
2. 0(xF) —0(x") gy for any given x* e X*. where Ay = diag

(AZa A37 MR Ama Il)'

Proof Recall the strictly-contraction-function property, e.g., for all w* € W* we
have

2 1—
(Hi o

ki — = Huk(wk) — up(w*) : Huk(wk} B Mk(wk+l)"fzf{'

2
H

H ug(w up(w*)

Mention again the step-size property (3.20), we have

e (w) — Mk(wk)”.i, < (1 + M) - J|ug—r (w) — ukfl(wk)”;'

By applying this property in the above contractive property with w = w*, we can
obtain

1 2 1+ 2
—o Jaenn @D — g )| = S et = wews)|
"1 Y1
1 2 —a 2
= = fu@h) —wew)|| = = fu) = wwt |
Vi H ay; H

where

t—1
vi ' =[]a+np. v '=1
j=k

! Ju (wk) = u (wk+1)|,, has no relationship with the adaptive By, and is only determined by the
iterative sequence {u (wk)}.
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Summing the above inequality from & = 1 to k = ¢, we have

1
S Jotrr ™) = gy (w*) i{
1
1 1 2 ! 1l -« i L2
Sl GICRIICRIEDY ok Jur ) — we |,
! k=1 1
1 tq—
< or i @h =@ = 30— b — w5 @3
i P aC)

As a result, we obtain that for all iterations k

: (l—a)min{ﬂk,ﬁ}

t
Z —aC,, Hu (wk) —u (wk+l) H(ZH < ]; laz': Huk(w/‘) — uk(wk-%—l)H;

k=1

1
=7 Jur "y = w1 w5, < 00. (3.32)
1

. . (lfa)min{ﬂk,ﬁ}
Further more with the unified boundedness of the sequence { ——=— ¢ , we
»
k

can guarantee that
2k
—

[ () = (@) [,

0. (3.33)

As follows, we have || AF — 2%+ ¥2% 0, which indicates

m

> AF —b
i=l

k— 00

— 0.
2

Recall the optimality condition with respect to )Elk and x/ respectively, we have

6 (x) = 6 (&) + (v — &) [—aTak + paT () 4T (% - )} =0,
6; (x;) — 0; (x7) + (xi — xi*)T (—Afx) = 0.

1

Then by subscribing x and )Elk into the above two inequalities respectively, we can
obtain

(7 =) (alw) =0 () o ()
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Summing the above inequality from i = 1 to i = m, we can further obtain
1 (& !
— AZE—b) A <0 (FF) -0 (x*
3 (St o) w206 -06e)
T i -
< (o) 5 S [t (a0
j=2

ba|._.

=& (Z“k‘b) [ 0) = (8] L[ ()~ ()],
(3.35)

where matrix L is defined as

I O «onne 0
Iy I,
L= -
Ipooe-e- I, 0
() R 0
We know that
k— ~ ke
=0, Jlu (@*) —u (w)[ =0
2

together the boundedness of sequence u (wk), u (ﬁ)k) and u (w*) (strictly-
contraction-function property), we can conclude that both sides of (3.35) converge
to 0. As a result, we guarantee that

O —0(x*) =20, Vx* e X",
This finishes the proof of this theorem. (]

Besides the global convergence of ADMM-G-V, the convergence rate is also
another focus of attention. In the following two subsections, we will establish the
worst-case iteration complexity in both the ergodic sense and the non-ergodic sense.
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3.5.2 Convergence Rate in the Ergodic Sense

In Theorem 3.1, we can prove the equivalence of the following two conditions (see
[36, Theorem 2.3.5] or [12, Theorem 2.1]), e.g., for all w € ‘W

weW, 0(x)—0(F +w—w)Fw) >0,
which is equivalent to
0(x) =) + (w — ) F(w) = 0.
We use the late one to define the approximate solution of VI. Namely, for given
€ >0, w € W is called an e-approximate solution of VI (W, F, 0), if it satisfies
forallw € W) :=={we W| |w— bl <1}

B(x) —OF) + (w— )" F(w) > —e.

We need to show that for given € > 0, after some iterations, it can offer a w € W,
such that

weW, sup {9(:;) —0) + (b —w) F (w)} <e. (3.36)
wE(W(““,)

Lemma 3.2 is the base for the convergence rate proof. Using the monotonicity of F,
we have

T

(w— ") Fw) > (w—a*)" F(@).

Substituting it in (3.28), we obtain for all w € W

o uk(w“‘)H; :

(3.37)

0(x) — OG) + (w - a)k)T F(w) + % Huk(w) - uk(wk)H; > %

Lemma 3.3 Let {w} be the sequence generated by Algorithm-G-V for the problem
(3.1) and W is obtained in the k+ 1-th iteration, together with u;(w*) = Av* and
up (W) = AL, Then, we have

t -1

t t t T I3
kgoy,jfle(ik) - kgoyklfle(x) + (,Z::O yf]ﬁ)k - Zy,ﬁflw) F(w) < y;a o (w) — uo(wo)”(ZH, (3.38)

k=0

where
-1

vi'=[]a+np. v =1 (3.39)
j=k
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Proof First, it holds that Wk € W forall k > 0 and for all w € ‘W
T 1 2 1 2
000 —0GH) + (w =) F @)+ o i) — @b = Junw) —we@ ]|
According to (3.20), we have

e (w) — w5, < 4+ men) - Juearw) — ey @) |5, (3.40)

consequently, it follows that for all w € ‘W

1
9()2") —00x) + (0 —w)" F (w) + o i (w) — g (w

(3.41)

<— ||uk<w> — W) "

1 a2
w0 < = () w1 (w) — gy (w*)
2
Therefore, we have the following sequential inequalities

0G0 = 0(x) + (1° = w)" F () + 2 [uo(w) — uo(w") |7, < 2,1 o) — o3, .
0 —0x) + (8" — w)" F () + oL [urw) — w23, = 2L (1 + n0) o (w) — wo(wh) |,

A

) —0(0) + (0F —w)T F () + & Jux ) = ux N |3, < b (U4 memp) [k ) — ugmy b [,

A

0 = 0() + (@' —w)" F (W) + 24 Jurw) —ur w2, < ok (1 memp) g @) — w5,

-1
For the (k+1)-th inequality, we multiply it by a desirable factor y; ~ ! =11 (1 + 7 j),
j=k
we can get

v 0G0 — 000 + (80 — w) F @) + & Juo@) —ue@h |3} < Ly Juow) — o], .

oG =000 + (8" — w)T F @)+ & Jur) —u @} < & A+ 00y fuow) —uowh], .

v o) =060 + (@4 = w)" F @)+ & fu) — @ [} < o (e y T fuer ) = weea b,

v oG =000 + (@ = w)" F )+ & Juw) — w5} = £ @m0y i) - we @,

Using the notations in (3.39), the above inequalities can be rewritten as
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=1 r—1
77 0G0 = 000 + (@0 — )" F )} + Lo Juow) = wo@h ], = 8o Juotw) - uo@)3,

=1 -1
i o) = 00 + (@' = w)" F @)+ T i) =, = B fuotw) = wowh|f,.

—1 ' ')‘71
7o) =000 + (@ —w)" F @)} + A e w) = e D [ = B2 s ) — e b [,

-1 ’ ./fl
oG =000+ (0 = )" F @)} 4+ B s ) = w5, = B e w) = g w5,

Adding all the above inequalities together, we get (3.38) and the lemma is
proved. (]

Theorem 3.3 Let {wX} be the sequence generated by Algorithm-G-V for the prob-
lem (3.1) and W* is obtained in the k + 1-th iteration, together with u; (w*) = Agv*
and uy (W*) = A k. Then, for any integer number t > 0, we have for all w € W

t—1

- - 2
0(F) — 00x) + (@ — w)" F () < 22— [Juo(w) — up(w) |2, (3.42)
20,
where . )
- 1 1~ _
b= — Y ywt, =)y (3.43)
! k=0 k=0
and y!~" is defined in (3.39).
Proof Use the notation of w,, (3.38) can be written as for all w € W
’ yz—] )
T 2 VO =000 + (@ — w) F () = 5o Juo(w) = uo(w] -
(3.44)
Since 0 (u) is convex and
~ ¢ =12k
Xt = ?z Z Yk ,
k=0
we have that
1 t
0G) < — ) y'oGEh.
" k=0
Substituting it in (3.44), the assertion of this theorem follows directly. O

Further since

t—1 t

v '=]Ja+np<C, and Ti=) yT=i+41,
j=0 k=0
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2 1
woli)

and it follows from (3.42) that for all w € W

0(%,) — () + (i, — )" F (w) < —2 luo(w) — ug(w')
! ! = 2a(t+1)

3.5.3 Convergence Rate in a Non-ergodic Sense

2
k+1) H can

At the beginning, we first discuss that the quantity ||uk(wk) —ug(w
be used to measure the accuracy of the iterate WX to a solution point of
VI(W, F,0). More specifically, since H is positive definite, we conclude that
up(w*) — g (W) = 0 and ug (w*) — up (W) = 0 if [ (k) — g (W) ||; =0.
In other words, recall (3.25), we can obtain the following variational inequality
characterization

B e W, 0(x) — ) + (w— ") F (@) =0, YweW,

which indicates wF is a solution of VI (W, F, 6). Therefore, \uk W) — up(w*thH L
can be considered as an error measurement after k iterates of the ADMM-G-V
scheme, and it is reasonable to seek an upper bound of Huk(w") - uk(wk“)”i{
in term of the quantity of O (%) for the purpose of investigating the convergence rate
of ADMM-G-V. Based on this fact, we have the following theorem.

Theorem 3.4 Let {wX)} be the sequence generated by Algorithm-G-V for the prob-
lem (3.1) and W* is obtained in the k+1-th iteration, together with u; (w*) = A
and uy (%) = A vk, Then, for any integer number t > 0, we have for all w € ‘W

OlC;ﬂo

. 2
mll’lr { ||u(wk) — u(u)kH)“ﬂ} < m

1<k<

1
”ul(wl) — ul(w*)“i{ ~0 (—) .

t
(3.45)

Proof Recall the strictly-contraction-function property in Lemma 3.2, for any w* €
wH
21—

k+1)
H o

—ue @) = Jur @) = ) “ ) — wt o[

2
H

e

Mention again the step-size property (3.40)

e (w) = w5, < (4 men) - e () — ey @) |5, -
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By applying this property in the above contractive property with w = w*, we can
obtain

2 - 14+ n
o= 1
H y1k+

1
"

2
H

Jie 1) = ity

1 :
T H“kJrl(w‘H) = g1 (W)
71

—Z Huk(w") - uk(w"“)“;

2
< —
= H Dé]/]k

Huk(w") — up(w*)

Summing the above inequality from & = 1 to k = ¢, we have

1 2 1 2 N Y 2
F [[ate41 ™t —u,+1(w*)‘|ﬂ < J/_ll ur 'y — ul(w*)Hﬂ - ; arF Huk(wk) —uk(le)Hﬂ

1 N *2_‘1—06” K k+1“2

2
H

Ju@®) — u |,

2
H

further we have

e ky _ okt
{ - min iacgﬂo [ (w*) — u(w*h
(1 —a)min[ﬂk, é}

<t -min
aC,

1—
<t -min {_a Huk(wk) — uk(wkH)
aC,

t 1 _
<> 2 ey — w7,

P aC,

IA

1
o Jurw"y =y )], .

which directly supports the above assertion (3.45). (]

3.6 Numerical Experiments

We consider the consensus problem over a network A as follows

mingerr f(x) = Y fi(x). (3.46)

i=1

This multi-agent system with m agents and the set of agents is denoted by V =
{1,---, m}. The agents communicate with each other via this undirected and con-
nected graph topology G = (V, &) where & is the edge set with & C V x V. Each
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agent i has a local objective function f;(x). The agents coordinate with each other
to minimize the global objective function f(x) defined above. In order to apply
our proposed algorithm framework ADMM-G-V, we first equivalently reformulate
(3.46) into the following linear constrained separable problem, i.e.,

m

ming e Y fi(x), (3.47)
i=1

st xi=x5,0,j)e&i<].

In this reformulation, each edge is considered only once; as a result, the i < j
constraint is additionally added.

3.6.1 Undirected and Connected Graph G

Equation (3.47) can be considered as an m-blocks separable problem which is a
special case of the general problem (3.1). However, if we take into consideration the
network structure, (3.47) could be formulated as a multiple block separable problem
with fewer blocks. By taking the following three specific graph examples in Fig. 3.3,
we obtain the following observations:

1. Tree: When the network structure is a tree graph as in Fig. 3.3a, we can separate
the nodes into two groups, e.g., V| = {1,4,5,6,7} and V, = {2, 3, 8,9} as in
Fig.3.3d. It is obvious that the nodes in V; and V, only have a relationship
with the nodes in another group, not with the nodes in their own group. In other
words, problem (3.47) can be formulated into a two-block separable problem, not
a multiple block problem.

2. Bipartite Graph: When the network structure is a bipartite graph as in Fig. 3.3b,
we can separate the nodes into two groups, e.g., V| = {1,2,3,4,5} and V, =
{6,7, 8,9} as in Fig.3.3e. It is obvious that the nodes in V; and V, only have
a relationship with the nodes in another group, not with the nodes in their own
group. In other words, problem (3.47) can also be formulated into a two-block
separable problem, not a multiple block problem;

3. General Graph: When the network structure is a general graph as in Fig.3.3c
with 6 nodes, we can separate the nodes into three groups, e.g., V| = {1, 6},
V, ={2,3} and V; = {4, 5} as in 3.3f. It is obvious that the nodes in V;, V>,
and V; only have relationships with the nodes in other groups, not with the nodes
in their own group. In other words, problem (3.47) can be formulated into a three-
block separable problem while {x;, x¢}, {x2, x3} and {x4, x5} are considered as
three variable blocks.

All these examples show that with proper rearrangement (3.47) can be considered
as a multiple block problem with much less block number than the node number in
the constraint graph G. The greedy algorithm can be used to determine the groups in
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(a) Tree

(c) General Graph

@
®R oo ®

(d) Tree (e) Bipartite Graph (f) General Graph

Fig. 3.3 Undirected and connected graph examples G

G by considering this problem as the graph coloring problem [38]. We assume that
the nodes V in graph G can be separated into m, groups, i.e., {(Vl, s Vi, }, as a
result problem (3.47) can be further reformulated as

my m,
min Yo i st Y A Axt =0, (3.48)
i=1 | jeV; i=1 | jev;

where A; € R™*" and
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ﬂj — , A[j = Rnxn
Anj

and

_Inxn 1f(£7])€8»£<]»
Ay =13 Luxn if (4,j)eé&, £> ], Vi<i<nl1l<j<n.
O,«xn  oOtherwise,

3.6.2 Distributed Logistic Regression

Logistic regression (LR) is a popular classification method that has been widely intro-
duced to lots of machine learning applications, including computer vision, natural
language processing and etc. The distributed Logistic regression problem consid-
ered in this paper implies that the datasets are separated in different nodes; however,
we need to learn the overall LR parameter in order to guarantee a complete model.

AN
Given m distributed datasets {(A;, b;)}/L,, where A; = {ag ] - denotes the data sam-
j:
. AN
ples distributed in node i with aj € R™ and b; = {b{}
. j=l
bg € {+1, —1}. We have the following formulation of each f;, i.e.,

denotes the label set with

fitx) = ilog (1+exp (b} (xal))).
| =

where x; € R” denotes the parameter with respect to the i-th dataset.

3.6.3 Datasets, Network Structure and Computing
Environment

We apply the model (3.47) on two real datasets. The first is the RCV1 dataset, which
is used for text binary classification research [39]. The other dataset is the large-
scale URL dataset, which is used for identifying suspicious URLs [40]. The detailed
sample number and feature dimension are stated in the following Table 3.2. We notice
that both the sample number and feature dimension are huge for the URL dataset,
but because of the limitation of processing capacity in each node, we only randomly
choose 160,000 data samples for this numerical experiment.

After establishing the graph G, we will separate the datasets into the nodes in G.
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Table 3.2 Description of real datasetsDatasets

Dataset RCV1 URL
#Examples 20000 2.4M
#Features 47236 3.2M
Label ratio +1: -1 1:1 1:2

The connected network G is randomly generated with m = 100 nodes and con-
nectivity ratio r = 0.2. Both datasets are randomly and uniformly separated into m
nodes, i.g., N; = 200 and N; = 24, 000 for each dataset, respectively. By applying
the greedy algorithm, we can dye the generated graph with « colors (without loss
of generality, we assume « > 2). Further, we can consider the guaranteed problem
(3.47) as a «k-block linear constrained separable problem (k = 17 for our gener-
ated problem). Our algorithm framework will be employed to solve this distributed
Logistic regression problem on the generated network &E.

All the numerical experiments were implemented on a Laptop with Intel(R)
Core(TM) i5-6300U CPU@ 2.40GHz 2.50GHz and 8.00 GB Memory. All the
codes were written in MATLAB2016A. We compare with two other algorithms: direct
extension of multiple block ADMM (D-ADMM) and Algorithm 1 with constant
(Constant-beta). All the three 8 adjustment schemes (3.22), (3.23), (3.24) will the
compared, which all start from g = 1. The stopping criteria for all the algorithms
are set to be

max {||pill . lldillo} < 1075,

while the iteration number (“Iter. #”), objective function value (“Objective”), the
constraint violation value ||dy ||, (“Constraint”’) and the computation time (“Time(s)”)
will be presented in the following tables.

3.6.4 Numerical Performance

In the above Table 3.3, generally Algorithm 1 with self-adaptive g schemes perform
better than multiple block ADMM with Gaussian back substitution technique, even
better the direct extension of multiple block ADMM. In Table 3.4, we compare
Algorithm 1 for 8 schemes (3.22) (3.23) and (3.24) with respect to different . We
can find that although for some cases (like (3.22) with = 2 and (3.23) with t = 2),
a less self-adaptive frequency can guarantee faster convergence. However, overall
the self-adaptive 8 scheme is not computationally consuming for our experiment, so
that performing the self-adaptive scheme in each iteration (+ = 1) will accelerate the
algorithm framework.
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Table 3.3 Numerical comparison of D-ADMM and Algorithm 1 for different  scheme

Dataset Algorithm Br Iter. # Objective Constraint Time(s)
RCV1 D-ADMM 10 721 230.0599 9.76e-07 551.15
1 337 230.0599 9.71e-07 283.14

0.1 2000 229.8048 2.46e-06 1565.57

Algorithm 1 10 811 230.0602 9.35e-07 606.42

1 382 230.0600 9.37e-07 327.93

0.1 1839 230.0600 9.76e-07 1695.98

(3.22) 223 230.0600 9.29e-07 236.93

(3.23) 331 230.0600 9.46e-07 276.69

(3.24) 136 230.0600 9.82e-07 153.21

URL D-ADMM 10 889 478.4982 9.78e-07 1122.43
1 529 478.4974 9.65e-07 632.14

0.1 2000 471.9725 1.95e-05 2756.87

Algorithm 1 10 1188 478.4980 9.33e-07 1671.57

1 654 478.4978 9.45e-07 776.42

0.1 1976 478.4878 9.69¢-07 3097.53

(3.22) 373 478.4978 9.65¢-07 527.82

(3.23) 362 478.4978 9.57e-07 496.45

(3.24) 228 478.4978 9.54e-07 332.39

Table 3.4 Numerical comparison of Algorithm 1 for 8 schemes (3.22), (3.23) and (3.24) with
respect to different ¢

Dataset Algorithm Br t Iter. # Objective | Constraint| Time(s)
RCV1 Algorithm 1 | (3.22) 1 223 230.0600 |9.29¢-07 |236.93
2 246 230.0600 |9.67¢-07 |224.38
5 313 230.0600 |9.31e-07 |245.29
(3.23) 1 331 230.0600 |9.46e-07 |276.69
2 347 230.0600 |9.49¢-07 |280.16
5 362 230.0600 |9.37e-07 |311.84
(3.24) 1 136 230.0600 |9.82e-07 |153.21
2 175 230.0600 |9.75e-07 |176.87
5 224 230.0600 |9.81e-07 |226.25
URL Algorithm 1 | (3.22) 1 373 478.4978 | 9.65e-07 |527.82
2 423 478.4978 | 9.57e-07 |578.57
5 469 478.4978 | 9.69¢e-07 | 620.67
(3.23) 1 362 478.4978 | 9.57¢-07 |496.45
2 396 478.4978 | 9.29¢-07 |503.54
5 423 478.4978 | 9.42¢-07 |559.58
(3.24) 1 228 478.4978 | 9.54e-07 |332.39
2 247 478.4978 | 9.46e-07 |329.63
5 284 478.4978 |9.39¢-07 |393.54
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3.7 Conclusion and Future Work

In this paper, we propose a theoretical analysis of the alternating direction method of
multipliers with a Gaussian back substitution step for the variable penalty parameters
case. Both non-ergodic and ergodic worst-case convergence rates are established.
Specifically, classical two-block ADMM with variable penalty parameters can be
included in the framework. A better penalty parameter tuning mechanism should be
further analyzed and considered.
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Chapter 4 ®)
Inertial Alternating Direction Grest o
Method of Multipliers

with Logarithmic-Quadratic Proximal
Regularization

Zhongming Wu

Abstract It has been demonstrated that the alternating direction method of multi-
pliers (ADMM) with logarithmic-quadratic proximal (LQP) regularization is effi-
cient in solving a specific class of separable convex optimization problems. This
method capitalizes on the individual separable properties and transforms the con-
strained subproblems into more manageable unconstrained subproblems during the
iterative process. In this paper, we investigate the application of the inertial proximal
point method and focus on studying the inertial ADMM and symmetric ADMM with
LQP regularization for solving constrained separable convex optimization problems.
These approaches employ ADMM or symmetric ADMM on extrapolated points with
appropriate step sizes to accelerate the convergence rate. Under some mild conditions,
we establish the global convergence of the proposed methods.

Keywords Alternating direction method of multipliers + Logarithmicquadratic
proximal regularization - Inertial - Convergence analysis

4.1 Introduction

In this paper, we consider the following separable constrained optimization problem
min {6, (x) +6:(y) | Ax + By =b,x e R}, y e R} }, 4.1

where ) : R, — Rand 6, : Ri — R are closed convex functions, A € R™"*" B €
R™*P and b € R™. The solution set of (4.1) is assumed to be nonempty throughout
our discussions in this paper. The augmented Lagrangian function of the problem
(4.1) is defined by
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Lp(x,y,0) =601(x) +62(y) — A" (Ax + By — b) + glle + By —blI’, (42

where . € R™ is the Lagrange multiplier associated with the linear constraint in (4.1)
and B > 0isapenalty parameter. Problem (4.1) captures many applications in various
fields such as financial portfolio optimization [34] and traffic management [40, 47].
The alternating direction method of multipliers (ADMM), originally proposed
in [22, 23], is widely recognized for its efficient solution to (4.1). This method
leverages the individual properties of 6; and 6,. For a comprehensive understanding
of ADMM’s theoretical analysis and diverse applications, we refer readers to [11, 13,
20, 26, 29, 30, 46] and the relevant references therein. In this paper, we introduce a
cyclically equivalent form of ADMM, with further details on this cyclic equivalence
provided in [12, 14]. The iterative scheme of ADMM in “x — A — y” order for
(4.1) can be read as
1 = argmin{Lg(x, Y, 25) [x e R%},
Al = 3k — B(AxKH! 4 Byk — b), (4.3)
Yy = argmin{ L (x**1, y, A+ |y e R}

Another influential and important method for solving problem (4.1) is the
Peaceman-Rachford splitting (PRS) method, initially proposed in [37, 41]. When
applying the PRS method to the dual of the considered problem, we obtain another
alternating method, known as symmetric ADMM [18, 24, 28, 33, 49, 50]. The
iterative scheme of symmetric ADMM for solving (4.1) can be read as follows:

M = argmin{ Ly (x, Y, 25 | x e R},
ARH12 — 3k ,3(Axk+l + Byk _ b),

Y = argmin{Lp (xFFL, y, AF2) |y € REY,
)\.k-H — )\k-‘rl/Z _ ,B(Ax’”'l + Byk-H —b)

4.4)

The symmetric ADMM (4.4) differs from ADMM due to the additional Lagrange
multiplier update step, as analyzed in [22]. It has been observed that the symmetric
ADMM converges faster than ADMM if it does converge [21, 27]. However, sym-
metric ADMM (4.4) may fail to converge without further assumptions. To address this
limitation, He et al. [27] introduced an underdetermined relaxation factor y € (0, 1)
to both Lagrange multiplier updating steps of (4.4). The parameter y € (0, 1) plays
a crucial role in ensuring the strict contractiveness of the generated sequence. Under
this condition, they established convergence results and demonstrated the same
sublinear convergence rate as that of ADMM [29].

For the generic convex objective function in (4.1), the constrained subproblems in
(4.3) and (4.4) typically require iterative and approximate solutions. However, due
to the specific nature of the constraints in these (symmetric) ADMM subproblems,
several studies [6-8, 36, 38, 47, 51] propose appropriate regularization of the objec-
tive functions to strictly confine the solutions within the interiors of R’, and RY . This
regularization allows the constrained subproblems in (4.3) and (4.4) to be converted
into unconstrained subproblems. An excellent choice for such regularization is the
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logarithmic-quadratic proximal (LQP) regularization, initially proposed in [6], and
extensively studied in various articles such as [4, 5, 51]. The iterative scheme of
ADMM with LQP regularization is as follows:

1 = arg min{Lg (x, y*, A%) + rd(x, x*) | x € R% },
W Z 0K — B(AXFH & Byk — b, (4.5)
Yy = argmin{ Ls (x* 1, y, A+ +5d (y, y5) |y € RE},

and the iterative scheme of symmetric ADMM with LQP regularization is

M = argmin{Lg (x, Y, A%) + rd (x, x*) | x e R},
A2 = 3k — B(AXFT 4+ By* — b),

YA = argmin{ Ly (4, y, APV sd(y, y4) |y € RYY,
)\‘k+l — kk+l/2 _ ﬂ(Akarl + Byk+1 —b),

(4.6)

where d (-, -) is the LQP function defined by

N
W0 =1 & (3 =)' + n(Blog % + 22— 2)|, if 2 e RY,;
+o00, otherwise,

4.7)
for any z € Rﬁ +» I and s are two positive scalars. Indeed, the LQP regularization
terms rd (x, x*) and sd(y, y*) inherently constrain x**! and y**! to belong to R’}
and R?,, respectively, rendering the constraints x € R and y € R’? inactive. Con-
sequently, only two unconstrained minimization subproblems are involved in (4.5).
The convergence and the rate of convergence of these two methods have been widely
discussed in the literature [15, 35, 36, 44].

Proximal point algorithm (PPA) [43, 52] is a closely related method with the
existing splitting methods such as ADMM and Douglas-Rachford splitting method
[19], which is to minimize a differentiable function ¢y : R* — R, it can be interpreted
as an implicit one-step discretization method for the ordinary differential equation
w’ + Vi (w) = 0, where w : R — R” is differentiable, w’ denotes its derivative and
V1 denotes the gradient of . To accelerate the convergence speed of the PPA, one
can adopt the multi-step methods, which

W = (1 + o V) T W + et — ), (4.8)

whereo = h%/(1 + th),a = 1/(1 + th) and I represents the identity operator. Note
that the iterative scheme (4.8) can be regarded as applying the PPA to the extrapolated
point wk + a(w* — w*=1), whichis usually the so-called inertial PPA [1, 16].Indeed,
this inertial technique can be traced back to [42], and recently there has been extensive
work in studying inertial-type algorithms, including the inertial forward-backward
splitting method [2, 10, 39, 48], inertial Douglas-Rachford splitting method [9], and
so forth.

Inspired by the inertial PPA aforementioned, Chen et al. [14] introduced an inertial
proximal ADMM to enhance the convergence speed of ADMM (4.3). This approach
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canbe seen as applying ADMM (4.3) to an extrapolated point with an appropriate step
size. Subsequently, the inertial ADMM has been further investigated in [3], where
the authors proposed an inertial proximal ADMM with an appropriate adjustment
of the viscosity and proximal parameters. The fast convergence properties, as well
as the convergence of the iterates to saddle points of the Lagrangian function, can
be guaranteed. Recently, the inertial acceleration techniques have been extended to
handle nonconvex optimization problems with linear constraints [17, 31, 32, 45].
However, the resulting method still requires iterative and approximate solutions for
the constrained subproblems.

In this paper, we apply the inertial technique to ADMM and symmetric ADMM
with LQP regularization for solving the linearly constrained separable convex opti-
mization problem (4.1). These proposed methods not only enforce the solutions of
the constrained subproblems in (4.3) and (4.4) to remain strictly within the interiors
of R’ and Rﬁ, facilitating their conversion into easier unconstrained subproblems,
but also accelerate the convergence speed of the iterative schemes (4.5) and (4.6)
through extrapolation-based steps. Under mild assumptions, we establish the global
convergence of the proposed methods.

The remainder of this paper is organized as follows. Section4.2 provides a sum-
mary of relevant preliminary results and introduces the definition of LQP regulariza-
tion. In Sects. 4.3 and 4.4, we present the inertial ADMM and symmetric ADMM with
LQP regularization, respectively, and analyze their convergence properties. Finally,
Sect. 4.5 concludes this paper.

4.2 Preliminaries

We first summarize some useful preliminaries known in the literature and present
some simple conclusions for further analysis.

4.2.1 The Logarithmic-Quadratic Proximal Regularization

In this subsection, we give some basic knowledge about the LQP regularization.
More details are also provided in [6]. Let us define

%(c — 1)+ u(c—loge —1), ifc>0;
+o00, otherwise,

w(c) == {
where u € (0, 1) is a given constant. Associated with ¢, we define

Q'(z,7) = (219 (2 /21)s - ang@ @y /zn) T, V2,7 e RY

where
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(&) = 2fz; =1+ =25/z), j=1.2,....N.

Forany 7,z € RﬁJr, we have d(z/, z) > ||z’ — z||*/2 and d(7/, z) = O if and only if

7/ = z. Moreover, the function d(-, -) defined in (4.7) can be rewritten as
N
d(Z,2) =) Ze()/z), ¥,z eRY,,
j=1
and then we have
P'(z,2)) = Vod(Z,2) = (2 = 2) + pulz = Z*@) 7',

where Z :=diag(z;, 22,...,2n) € RVV, ()" € RV is a vector whose j-th
element is 1/z/;.

We now summarize an important lemma, proven in [36], which will be useful for
the convergence analysis in subsequent sections.

Lemma 4.1 Let P := diag(pi, pa, ..., py) € RV*N be a positive definite diag-

onal matrix, q(z) € RN be a monotone mapping of z with respect to Rﬁ, and
9 :RY — R. Let u € (0, 1) be a constant. For given Z, z € RY ., we define Z :=

diag(z1, 22, ..., 2¥), 27V i= (1/z1, ..., 1/zy) T and
®'(Z,2) 1= - +pE—2%".
Then, the variational inequality
9() =@+ (@ -2 'lg@) + PP (Z,2)] >0, V' eRY,

has the unique positive solution z. Besides, for this positive solution 7 € Rf 4 and
any 7 € RY, we have

P =@+ E -2 @) = U+wGE -2 PE —2) —ulz—zl3. 49

4.2.2 Variational Reformulation

In this subsection, we use a variational inequality (VI) reformulation of the model
(4.1) and a characterization of its solution set. Let the Lagrangian function of (4.1)
be

L(x,y,4) = 01(x) +6:(y) = 1T (Ax + By = b),

where x e R}, y € R? and A € R™ be the Lagrange multiplier. Then finding a
saddle point of L(x, y, 1) is to find (x*, y*, A*) € R% x Ri x R™ such that
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Ly 0 < L5, y*, 0% < Lx, y, 1), Vx* eRL, y* e R}, A* e R™.

Therefore, solving (4.1) is equivalent to finding w* = (x*, y*,1*) € Q := R/} x
R” x R™ such that

VI(,F,0): 0(u) —0w™) + (w—w")TFw*) >0, Yw e Q, (4.10)
where
N X —ATA
Ow) =6,(x) +6:(y), u= < > , w= [y | and F(w) = —BTA
Y A Ax+By—b
4.11)

Since the mapping F (w) defined in (4.11) is affine with a skew-symmetric matrix,
it is monotone. We denote by 2* the solution set of VI(2, F, 0), and suppose that it
is nonempty.

4.2.3 Some Notations

For notational simplicity, we first define two matrices which will simplify our further
analysis in the following sections. Specifically, let

(1+wR 0 0 UwR 0 0
G = 0 BB'B+(1+w)S—BT |, N:=| 0 uS0 |, (412
0 —B %Im 0 00
and
(I+wR 0 0
+p— T T
M= 0 ELEBB §+(1+,U«)S —{TpB : 4.13)
0 ~y B B Im

where R :=rl,, S:=sl, and y, p are two positive constants. Indeed, it is not
difficult to verify that the matrices G, N, and M are positive symmetric definite
whenr, s >0andy, p € (0, 1).

4.3 Inertial ADMM with LQP Regularization

In this section, we first introduce the inertial ADMM with LQP regularization as
a solution approach for problem (4.1). We then analyze its convergence using a
variational inequality framework.
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4.3.1 Inertial ADMM with LQP Regularization

‘We now present the inertial ADMM with LQP regularization. The method first extrap-
olates the current point in the direction of the last movement and then applies the
ADMM with LQP regularization to the extrapolated point. Below, we summarize
the overall algorithm framework.

Algorithm 1 Inertial ADMM with LQP regularization

Initialization: Choose the constants r, s > 0 and 8 > 0, and a sequence of nonnegative parameters
(o} Let 7y a7 o= (0,)0, 09 e R%, x RY | x R™.

fork=0,1,2,...do

Step 1. Update

k= wk 4 oy (wh — wk), 4.14)

ensuring that % € R%, x RY | x R™
Step 2. Update the new iterate w**! by

w

xk = argmin{Lg(x, 7, ) +rdx, i) | x € R%},
Ak =k ﬂ(Axk+l + B&k —b), (4.15)
Y = argmin{ L K, y, 25 4 5d (0, ) |y € RE)

end
Return: w**!.

Remark 4.1 Note that Lemma 4.1 guarantees the existence of a unique solu-
tion, denoted as x*™! € R", for subproblem (4.15), and y**! € R”, for subprob-
lem (4.15). Additionally, the condition w* € R"” | x RY, x R™ can be satisfied by

wh—wk

choosing o = max {0, min; l — }] Moreover, the effectiveness of LQP regu-

larization has been showcased in [417] for a traffic management problem, and the ben-
efits of the inertial technique have been extensively confirmed in various real-world
applications, as seen in, for instance, [9, 10, 14]. Hence, we exclude the numerical
experiments in this paper.

We now introduce the following assumption for the sequence of parameters
{O‘k};:i(y

Assumption 4.1 Suppose that the sequence of parameters {ox )72, is chosen such
that

(i) forallk > 0,0 < a; < «a forsome o € [0, 1),
(i) the sequence {w* oo generated by (4.15) satisfies

o0
> aullwt — wE < oo (4.16)
k=0
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Note that in order to ensure Assumption 4.1, we can choose {o )32, adaptively
based on the historical iterative information in practice such that (4.16) holds. Alter-
natively, it is simultaneously satisfied if {oy}72, satisfies some further conditions;
see, e.g., [1, Prop. 2.1].

4.3.2 Convergence Analysis

Below, we start our convergence analysis by proving some properties for the sequence
{w*} according to the first-order optimality condition.

Lemma 4.2 Let the sequence {w*} be generated by the iterative scheme of the
inertial ADMM with LQP regularization given in Algorithm 1, and G be defined in
(4.12). Then, for any w € 2, we have wktl e Q and

O(u) — 9(uk+1) + (w— wk+l)T[F(wk+l) + G(wk+l _ u~}k)] + ”wk-H _ a)k”?v > 0. (417)

Proof From the first-order optimality condition of the x-subproblem in (4.15), we
have x*t1 e R, and for any x € R’,, it holds that

01 (x) — 01 () + (x — XM T
(—AT[AF — BAX*! + BF* — b)) + r &' (&5, XK1} > 0.

Applying Lemma 4.1 to above inequality with P = R, 7 = ¥, 7 = x**1, 7/ = x,
¥ = 0, and

q(x) = —AT[AF — B(AX*T! + BF* — b)]

1

. k
in (4.9), then for any x € R, we have x**' e R" | and

01()(:) _ 91(Xk+]) + (x —Xk+])T(—AT)\k+])

> (1+ ) (x — X THRE — X — 1 — 2413
Rearranging the inequality, we have

el(x) _ 91(.xk+1) + (x _ xk+1)T[—AT)\,k+l + (l + M)R(xk+1 _ik)]

(4.18)
+ = 3% > 0.

1

Similarly, for the y-subproblem (4.15), we have y**! € RY ,and forany y € RY,

it holds that
0:(y) — (5 + (v — YT = BT — B(Ax T + ByF! — b))

+ (14 ) SOM = 591 + iy = 512 > o.
(4.19)



4 Inertial Alternating Direction Method of Multipliers ... 95
Moreover, it follows from (4.15) that
,B(Axk+1 + Byk+1 _ b) — ik _ )\'k+1 + IBB(yk+1 _ _)N)k) — 0’ (420)

then the inequality (4.19) can be rewritten as

023 = ) + (= T = BT L BBTB + (14 SIGH - 5

— BTG =3 | 4y = 513 2 0.
4.21)

Combining (4.18), (4.20) and (4.21), and using the notations in (4.11) and (4.12),
we obtain the assertion (4.17) immediately. This completes the proof.
(]

Theorem 4.1 Suppose that {ai};2,, satisfies Assumption 4.1. Let the sequence
{u)"},fio be generated by the inertial ADMM with LOP regularization given in
Algorithm 1. Then, it holds that

(i) forany w* € Q*, lim |Jw* — w*||g exists,
k—o00

(i) i lwkt —ok)12 < oo

Proof (i) Setting w = w* in (4.17) and w = w*t! in (4.10), adding these two
inequalities and using the monotonicity of F, we obtain

W —wH TG — wF) — Jw*t! — @F )% < 0. (4.22)
It follows from (4.14) that
(wk+1 _ w*)TG(wk+1 _ ﬁ)k) — (wk+1 _ w*)TG[wk+1 _ wk _ ak(wk _ wk*l)].

(4.23)
Define ¢ = 1[lw* — w*||%, then we have

. 1
@ —w) G —w") = gepr — g+ S —whG,
and
(wk+l _ w*)TG(wk _ wk—l)

1
=@k — Q1 + Enwk — w4+ T = wh) TG — wk ).
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Together with (4.22) and (4.23), we have

1 _
Gt — Ok — (P — Q1) < — Enw"*l —w — o (w* — W

1 _ -
+ 5 (e +ap)wk — w % + T — 213

It follows from (4.14) and %(ak + oz,%) < oy for any o € [0, 1) that

Gkl — Ok — (P — Px—1)

1 - - -
= =t =BG +allw® = w G 4w — B (4.24)

ko k12
< arllw” —w G,

where the second inequality follows from G > 2N since p € (0, 1), G and N are
defined in (4.12).

Define v := ¢ — i1 and 8 := o |[w* — w*~1||Z. Then, the inequality (4.24)
implies that vii < agvi + 6 < @[vi]+ + 8k, where [¢], = max{t, 0} for ¢ € R.
Also, we have

k
Wil < aludy +8 < --- <o uly + Zajrsk_j.
=0

Note that w® = w~!, which implies that vy = [vo] = 0, §o = 0. Thus, it follows
from the above inequalities and Assumption 4.1 (ii) that

o0 1 o0
;[mlh < ;sk < 0. (4.25)

Let oy := ¢ — Zl;zl[vjh. Then, it follows from (4.25) and ¢; > O that oy is
bounded from below. Besides, we have

k
Okt = Qi1 — [ ly — Y w14
j=1

k k
<@ — v — Y il See— Y vl = o,
=1 j=I

thus oy is nonincreasing. Consequently, {0} };2, converges as k — 00, and the limit

k o)
lim g, = lim (o + Z;[vjh) = lim oy + ;[vkh
j= =
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exists. This completes the proof of assertion (i).
(ii) Applying the identity

lall% — 1613 = lla — bl% +2b" G(a — b),

and setting

* ~ k

a:=w*— ok b:=w" —wt!

s

we have

~ 1 - 1 -
@ —w) TG — k) = S — @b+ o (b — w10 - weI).

Together with (4.22), we obtain

"

—w*|g — Wt —w g = T = @G = 2w — a1

Recalling the definition of G and N in (4.12) and u € (0, 1), there exists a positive
constant 0 < ¢ < i;—ﬁ < 1 suchthat G — 2N > cG. Then, the above inequality can
be written as

~k 2 k+1 2 k+1 ~ k2
15" — w*lig — ' —wlg = cllw™" — a*|g. (4.26)
Since
_ 1 1 _ 1 _
@ —wH TGk —w ™l = Sk —wHg = S = wtig + St - w
4.27)

Combining (4.26), (4.27) and (4.14), we obtain

k+1 ~ k2
lwht! — a4
1
k 2 k+1 2 2 k k=12
<~ It = w1 = 0 — w4 v+ (o) —
1
k 2 k+1 2 k k=12
= —[1wf = wr i = ot — W+ el + 2t — Wt

By taking sum over k, we obtain
oo 1 oo
St = 1E = [+ Y (fends +250) |
k=1 k=1

Together with (4.25) and Assumption 4.1 (i), we obtain Y ;o [w* ™! — @k |12 <
oo immediately. O
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The following lemma presents the feasibility and convergence of the objective
function value for the inertial ADMM with LQP regularization, and the proof can
refer to [14, Theorem 4.3]. Here, we omit the details.

Lemma 4.3 Suppose that {a; ;2 , satisfies Assumption4.1. Let the sequence {wi}32
be generated by the inertial ADMM with LQOP regularization given in Algorithm 1.
Then, we have

(i) Y ||Ax* 4+ By* — b||*> < oo, and hence klim |Ax* + By* — b|| = 0.
k=0 — 00

(ii) The objective function value f(x*) + g(y*) converges to the optimal value of
“4.1)as k — oc.

Note that the results presented in Theorem 4.1 does not ensure the convergence
of {wk }oeo- In the following theorem, we present the convergence analysis for the
sequence {wk},fio generated by inertial ADMM with LQP regularization scheme
(4.15).

Theorem 4.2 Suppose that {ai};2,, satisfies Assumption 4.1. Let the sequence
{u)"},‘fio be generated by the inertial ADMM with LOP regularization given in
Algorithm 1. Then, {wk},fio converges to a point w* € Q* as k — oo.

Proof 1t follows from Theorem 4.1 that klim |w* — w*| s exists for any w* € Q*,
—00

thus the sequence {ka},fio is bounded. By the definition of G in (4.12), we have
that the sequences {Rx¥ Yoo {Sy* Joeo and {By* — %}}:io are bounded, and thus
{xk Jooos { yk},fio are bounded by the definition of R and S, respectively. Besides,

the assertion of Lemma 4.3 (i) implies that { Ax* + %k},f‘;o is bounded. On the other
hand, setting x = x™* in (4.18), we obtain

01(x") = 01T + o — D AT + (1 R - )]

+ = 7% > 0.

Since w* = (x*, y*, A*) € Q*, thus setting x = x**!, y = y* and A = A* in
(4.10), we have

91 (xk+l) _ 91 (x*) + (xk+1 _ x*)T(—ATA*) > 0.
Adding the above two inequalities, it holds that

(AGKRHT — ) 2R o0y > R+ (L4 ) RGEFFD — 50)) — ok + ! — 5012

From the above inequality, we have

14+ h— k—
(A =) 2 =) = 2B (k= 1R+ = PR ) — i -G
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By the boundedness of {Rx¥}2°, and the assertion in Theorem 4.1 (ii), we know
that (A(x* — x*), A¥ — 1*) is bounded from below for k > 1. Then, according to

TAGE — x*17 + K = A9 /B17 = I(Ax* +215/B) — (Ax* + 1/ B)II?

- %(A(xk —x®), Ak — ).

It holds that {Axk},fio and {Ak},‘j‘;o are bounded. Therefore, the sequence { wk},fio
is bounded and at least has a limit point. Let w* be any limit point of {w*}?,, and
thus there exists a sequence wk — w* as Jj — oo. First, we have w* € Q since
Q is closed. Furthermore, taking limits over k = k; — 00 in (4.17) and note that
Gwh — w%~1) = 0, we have

f(w) —0(w*) + (w —w*, F(w")) = 0.

Since we can choose w € 2 vary arbitrarily, thus w* € Q*. Next, it is routine to
prove the uniqueness of the limit points of {w* } oo, based on the results presented in
[1, Lemma 2.1] and [14, Theorem 4.7]. Therefore, the sequence {wy}72, converges
to a point w* € Q* as k — oo. O

Remark 4.2 Note that the convergence result does not need any assumptions for the
matrices A and B; the result also holds when A = 0 or/and B = 0 in problem (4.1).
Compared with the algorithm presented in [14], the inertial ADMM with LQP reg-
ularization not only can force the subproblems in (4.15) converted to unconstrained,
but also needs less assumptions for deriving the convergence results.

4.4 Inertial Symmetric ADMM with LQP Regularization

In this section, we propose the inertial symmetric ADMM with LQP regularization
for solving the problem (4.1), and analyze its convergence in a similar way as that
in Sect.4.3.

4.4.1 Inertial Symmetric ADMM with LQP Regularization

We now present the inertial symmetric ADMM with LQP regularization, which dif-
fers from Algorithm 1 with the additional Lagrange multiplier updating step. Besides,
we add two contractive factors to the dual step sizes to guarantee the convergence as
that in [27, 36]. More details can be found in the following algorithm framework.
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Algorithm 2 Inertial symmetric ADMM with LQP regularization

Initialization: Choose the constants r,s >0, y,p € (0,1) and B > 0, and a sequence of
nonnegative parameters {o }22 . Let @ Ly hah = (9, yo, 20y e R%, x RL_ x R™,
fork=0,1,2,...do

Step 1. Update

W = w4+ o (wh — wk, (4.28)
ensuring that % e R%, xRY | x R™

Step 2. Update the new iterate w*t! by

A = argmin{Lg (x, 75, AF) + rd(x, F) | x € R},
AkH1/2 — 3k Vﬂ(Axk+l + Byk —b),

Y = argmin{ L (K y, A5H2) 4sd (v, 5 |y € RE)
)\k-%—l — )\k+1/2 _ p,B(AXk+1 + Byk+1 —b).

(4.29)

end
return w¥*1,

Remark 4.3 Note that there exists a unique solution x*™' € R” _ and y*™' € R,
in subproblems (4.28) and (4.29) respectively as that in Algorithm 1. Besides, the
Assumption 4.1 also should be satisfied for Algorithm 2. In addition, when choosing
o = 0, the algorithm reduces to the method studied in [36]. Note that Algorithm 2
cannot include Algorithm 1 as a special case, since the step sizes of the Lagrange
multiplier update are constrained to (0, 1). This implies that we need to conduct a
separate convergence analysis for both algorithms.

4.4.2 Convergence Analysis

Similar to Lemma 4.2 and [25, Lemma 3.1], we give the following lemma which is
mainly based on the first-order optimality conditions of (4.28) and (4.29).

Lemma 4.4 Let the sequence {w*} be generated by the iterative scheme of the
inertial symmetric ADMM with LQP regularization given in Algorithm 2, N and
M are defined in (4.12) and (4.13), respectively. Then, for any w € Q, we have
w! e Q and

0(u) — 9(uk+1) +(w— wk+l)T[F(wk+l) + M(wk+1 _ li)k)] + ”wk+1 _ wk”%\’

AT

> Wkt —u)T (BT) [ =BG =y + (1 —y — pprkth,
0

(4.30)

where r*T! := Ax**t! 4 Byl — b,
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Proof From the first-order optimality condition of (4.29), and applying the Lemma

4.1, we have x*t! e R’ ,, and for any x € R’ it holds that

0,(x) — 0, (1) + (x _xk+l)T{ ATk +'3ATrk+1 +[3ATB(5)k _ yk-H)

+ (L4 WRE =79+ pld* = 5% 2 0.

4.31)
Similarly, from (4.29), for any y € RY, we have y**! € RY , and
0,(y) — 6y + (v — yk+l)T[ _ BTAkHI2 L ggT ke
(4.32)
+ 1+ SO = |+l - 54 = 0.
It follows from (4.29) that
M2 kel gkt
and _
M= v+ )BT+ ypBGE -y . (4.33)

Substituting the above equalities into (4.31) and (4.32), we have

01(x) — 01 (xk-H) +(x— xk-H)T{ AT (1—y— p),BATrk+]

+ (1= PATBGE =y + (1 + wREHT =59 4 - = 0.
(4.34)

and
60 = B0 + (= YT = BT 4 (1= p)pBT

+ A+ SO = |+l -5 = 0.

(4.35)
On the other hand, it follows from (4.33) that
1 -
P X B —— o —TH =0, (4.36)
y+p (y +p)B

Combining (4.34), (4.35) and (4.36), the assertion (4.30) is obtained immediately.
|

Theorem 4.3 Suppose that {ai)il,, satisfies Assumption 4.1. Let the sequence
{wk}i‘;o be generated by the inertial symmetric ADMM with LOP regularization
given in Algorithm 2. Then, we have
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(i) for any w* € Q*, lim [[wX — w*||y exists,
k—00
(i) Y gy lwkt — @k, < oo
Proof (i) Setting w = w* in (4.30) and w = w**! in (4.10), adding these two
inequalities, using the monotonicity of F and the fact Ax* 4+ By* — b = 0, we obtain

(wk+l _ u)*)TM(wk+l _ lj)k)

<=1 =BEHTGE =y — A =y — p)BIF I + ! — w¥ 3,

4.37)
Let
1 - BB —yBT
H:=_<(y+p vP)p 1y )andC::( I 0 )
y+op —yB 51n YBB (y + p)Bln
(4.38)
Then, it is easy to verify that H is positive semidefinite if ) < y < 1 and p > 0,
and 1 -
(1-y)BB'B 0 )
C'HC := —— . 4.39
y+,0< 0 (v +pBl (439)

Let v := (y, A), together with (4.33) and (4.38), we have
L (iz :iﬁi) —C (ik ;gf“) , (4.40)
With (4.39) and (4.40), we obtain
17° = v = A = )BIBGE = YDHIP + (v + pBIFTIP. (441
Applying the inequality 2a b < ||a||® + ||b||?, we have
— A =pBEHTE =y = A =y = p) I

_rt2p—

1 1—vy _ (4.42)
< 5 Bl IR+ TﬂllB(y" -y )R

Combining (4.41), (4.42) and y € [0, 1), we conclude

N 1 N
—A=p)BEHTE =y — A —y = p)BIAH ) < Env“‘ — ol

It follows from (4.37) that

- 1 -
(wk+1 _ w*)TM(warl _ wk) < E”u)kle _ wk”%JrZN’ (443)

where
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~ 00
i (05)

Then, we can derive the assertion (i) similar to the proof of Theorem 4.1 (i) and
omit it here.
(ii) Applying the identity

lalle = lIbllg = lla = bllg +2b" G(a — b),

and setting

* ~ k

a:=w"—wk b:=w" —wt,

we have

1
k+1 T M+l o~k k1 ~ky2
(W —w* T MWt —w)=§||w+ — Wy

1 ., *
5 (1" = i = 1t — v, ).
Together with (4.37), we obtain

" —w*l13, — Il — w3,

> [lw* ! — @13, + 201 = BETH TBGE —
+2(1—y — p)BIFHE = 2wkt — Bk}

= (1= wllw*™ =@} + (1 = »BIBG =y
+2(1 = )BT TBG =y + @ =y — p)BIF

= (1 — wlw™ — a3 + @ =TT ke @ — vFth, (4.44)
the last equality follows from (4.40), where

K = <(1 —y)BB'B (1-y)BB" )
' (I=v)BB Q2—=y —p)Bln

and C is defined in (4.38). It is easy to verify that K is positive definite if 0 <y < 1
and 0 < p < 1. Moreover, by some simple calculations, we have

K = ¢éCTHC

when taking ¢ := = 1=rreU=p) Vﬂ’(l ) € (0, 1). On the other hand, if 0 < ¢ < m <1,

we have (1 — ,u)R > c(l + w)Rand (1 — p)S > ¢(1 + w)S. Therefore, taking n =
min{c, c}, by the definition of M in (4.13), and together with (4.44), we have

= k 2 k1 2 K+l =ky2
0" — w3 = lw ™ — w3, = nllw ™" — 2|35,
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Then, it is easy to obtain the assertion (ii) similar to the proof of Theorem 4.1 (ii).
This completes the proof. O

Similar to Lemma 4.3, we first obtain the results of the feasibility and the conver-
gence of the objective function value for the inertial symmetric ADMM with LQP
regularization.

Lemma 4.5 Suppose that {a;};2 , satisfies Assumption 4.1. Let the sequence {w* 1o
be generated by the inertial symmetric ADMM with LOP regularization given in
Algorithm 2. Then, we have

(i) > ||Ax* 4+ Byk — b||? < oo, and hence Jim |Ax* + By* —b|| = 0.
k=0 — 00

(ii) The objective function value f(x*) + g(y*) converges to the optimal value of
4.1) as k — oo.

The following theorem presents the convergence analysis for the sequence {w* Foco
generated by inertial symmetric ADMM with LQP regularization scheme (4.29).

Theorem 4.4 Suppose that {ai};2,, satisfies Assumption 4.1. Let the sequence
{wFk Yoo be generated by the inertial symmetric ADMM with LOP regularization
given in Algorithm 2. Then, {wk}ff;o converges to a point w* € Q* as k — oo.

Proof We prove it in a similar way as that in Theorem 4.2. It follows from Theorem
4.3 that klirn [w* — w*| 5 exists for any w* € Q*, thus the sequence {ka},fio is
— 00

bounded. By the definition of M in (4.13), we have that the sequences {Rx* Yoeos
{Syk},fio and {y By* — %k},fio are bounded, and thus {xk},fio, {yk},fio are bounded
by the definition of R and S, respectively. Besides, the assertion of Lemma 4.5 (i)
implies that {y Ax* + %},‘3‘;0 is bounded. On the other hand, setting x = x* in (4.34),
we obtain

01 (x*) — 0; K1)+ (* _xk—i-l)'l" AT L (1 —y = p)BAT A
+ (= BATBGE = Y 4 (1 wRET = ) - g 2 0

Since w* = (x*, y*, A*) € Q*, thus setting x = x**!, y = y* and A = A* in
(4.10), we have

O = 01 () + T =) T(=ATA) = 0.
Adding the above two inequalities, and let k := k — 1, it holds that

(AGH =), 05 = 2%+ ( + p = DB + (1= )BBOF = 571)
> (¢ —x*, (1 4+ wREF = 77N) — pllxb — #71)%

e
2

v

k 2 k ~k—1,2 k ~k—1,2
(et = 1 It = #13) — et =
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By the boundedness of {Rx¥}2°, and the assertion in Theorem 4.3 (ii), we know
that

(A =X M =+ (v +p— DBATH + (1 —y)BAT BG! — 7))
is bounded from below for k£ > 1. On the other hand, we have

ly A  —x)2+ 105 =29 /B+ (v +p = DBATH* + (1 — )BATBGF — 75711
<2|(yAx* + 25 /B) — (y Ax* + 27 /B)|1?
+2/l(y + p = DBrF + (1 = )BBGF =5 H)2
2
- %m(x" XA = o= DB A =) BPBON - ). (4.45)

It follows from Theorem 4.3 (ii) that limy_, o ||vf — %! ||%1 =0, and it also
have limy_, o 7* = 0 follows from Lemma 4.5 (i), thus it holds that limy_, o, B(y* —

751y =0, and

Jlim 2[\(y + p = D+ (1= )BBOE = FHIP =0.

Together with the boundedness of {y Ax* + %k},fio and (4.45), it holds that

{AxF}22, and {AF}22 are bounded. Therefore, the sequence {w*}?2, is bounded
and at least has a limit point. Let w* be any limit point of {wk},fio and thus exists a
sequence w* — w* as j — oo. First, we have w* € Q since Q is closed. Further-
more, taking limits over k = k; — o0 in (4.17) and note that Mw* — o5~ — 0,
we have

f(w) —0(w*) + (w —w*, F(w")) = 0.

Since we can choose w € 2 vary arbitrarily, thus w* € Q*. Next, it is routine to
prove the uniqueness of the limit points of {w* }o, based on the results presented in
[1, Lemma 2.1] and [14, Theorem 4.7]. Therefore, the sequence {wk},fio converges
to a point w* € Q* as k — oo. ]

4.5 Conclusion

We revisited the alternating direction method of multipliers (ADMM) with
logarithmic- quadratic proximal (LQP) regularization, which can be utilized to solve
aclass of convex optimization problems with linear constraints. By incorporating the
inertial extrapolation step, we proposed an inertial ADMM and an inertial symmet-
ric ADMM with LQP regularization, respectively. Additionally, the convergence of
the proposed methods was established under the framework of variational inequality.
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Chapter 5 ®)
A Class of Augmented-Lagrangian-Type e
Algorithms for Solving Generalized Nash
Equilibrium Problems

Xiaoxi Jia, Shiwei Wang, and Lingling Xu

Abstract In this paper, we study the solution of convex generalized Nash equilib-
rium problems (GNEP) with shared linear constraints, and propose a class of reg-
ularized augmented Lagrangian methods. The idea is to penalize the shared linear
constraints into the augmented Lagrangian function of each player, so as to con-
struct a convex Nash equilibrium subproblem (NEP). Under the strong monotonicity
and Lipschitz continuity assumptions of pseudo-gradient, we prove the Fejér mono-
tonicity of iterative points with respect to the set of solutions. Under the cocoercivity
assumption of pseudo-gradient, the iterative scheme of the algorithm is equivalent
to the forward-backward splitting algorithm for solving the zero of an operator. If
one more correction step is added, the cocoercivity hypothesis of pseudo-gradient
can be weakened to the Lipschitz continuity hypothesis. Some numerical examples
are given to verify the effectiveness of the algorithm.

Keywords Generalized Nash equilibrium problem - Augmented Lagrangian
method + Forward-backward splitting - Convergence analysis
5.1 Introduction

We consider the GNEP of N players with common linear equality constraints, and
the optimization problem of each player is as follows
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x,€X,

N
min 6,(x,, X_y) St ZA\,xU =b. (5.1)
v=1

More generally, common linear inequality constraints are also considered

N
min 6,(x,, x-) st > Ax, <b, (5.2)

x,€X, !

v=
where x,, € R" denotes the decision set vector of playerv,v = 1,2,..., N, Zlvvzl n,

= n. Write x := (x,, x_,), where x_, represents all decision vectors except x,,. This
notation is used to emphasize the role of the sub-vector block x,,. Therefore, we have
X=Xy, X ) = (X1, X2, ..o, XN)s (Yoo X)) = (X1, oo, X1y Yoo Xugds -+ XN
X, € R™ is a non-empty closed convex set. 8, : R" x --- x R" — R is a con-
tinuous differentiable function. For the fixed x_,, 6, (-, x_,) is convex. A, € R
and b € R™ are constraint matrix and constraint vector, respectively.

For convenience, we introduce notation

X=X x...x Xy CR", x:=(x,x,...,xy) € R",
A= (A, Ay, ..., AN) e R F :={x € X| Ax = b}.

The general GNEP is expressed as (5.3).

min 6, (x,,x_,) st x, € X,(x_,), (5.3)

x,€X,

where X, represents the feasible set mapping of the v-th player. After the other
players’ strategies x_, are given, the v-th player’s feasible strategy set can be
obtained through X,. Generally, the solution of GNEP is to find a strategy vector
x* = (x{,...,xx),such that forany v =1, ..., N, we have

O (x™) < Op(xy, x%,) Vx, € Xy (xZ).

As early as 1955, Nikaido and Isoda [1] proposed the NI function to reformulate
the general GNEP in a constrained quasi-optimization problem, where the objective
function can be regarded as an evaluation function constructed from the NI function.
Here, “quasi-optimization” means that the problem is not a standard optimization
problem because the set of constraints is closely related to the decision variables. In
1974, Bensoussan [2] transformed convex GNEP into a quasi-variational inequality
problem (QVI for short). Correspondingly, it is also obtained that the convex NEP
can be equivalent to a certain variational inequality (VI for short) problem. But the
solution for QVI s also very difficult. Rosen [3] considered the jointly convex case in
1965. At this time, the constraint expressions of each player are characterized as the
same non-positive convex function. The idea still needs to minimize the evaluation
function, so the solution to this problem is still quite difficult. Under the assumption
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of joint convexity, a solution of QVI, which is the so-called variational equilibrium
or regular equilibrium, is the definite solution of GNEP. In addition to the algorithms
for solving the GNEP problem, research on the existence, uniqueness, stability, and
KKT-type conditions of its solutions is also being followed up. For details, please
refer to the two review papers in 2010 and 2014 [4, 5].

The algorithms of convex GNEP include augmented Lagrangian methods (ALM),
penalty function methods, Newton methods, split methods, etc. In GNEP, when some
players have common constraints, inherent singularities arise when solving GNEP,
see [6] for details, which causes much difficulty in designing proper second-order
methods where Hessian or Hessian approximation is necessary, such as Newton-type
methods [6, 7]. This difficulty inspired us to start looking for algorithms with at least
good information about differentiation. Penalty function algorithms are one of them.
The first penalty function algorithm for GNEP was proposed by Fukushima [8], and
the literature [9, 10] also proposed similar penalty algorithms. But these algorithms
have a common defect. Their subproblems are non-smooth NEP, so it is difficult to
solve numerically. However, this disadvantage can be overcome by introducing the
multiplier, that is, applying the ALM-type methods.

The ALM methods (or multiplier penalty function methods) are the classic meth-
ods for solving constrained optimization problems. This type of method is often
applied to GNEP. For details, please refer to the review literature [4, 5]. The sub-
problems of ALM-type methods are generally highly smooth and therefore easier to
solve. Pang and Fukushima [11] used ALM-type methods to solve quasi-variational
inequality (QVI) problems, and GNEP is a special class of QVI problems. [12] pro-
posed an improved ALM algorithm for QVI. Kanzow in [13] also proposed an ALM
algorithm directly for GNEP.

The splitting-type approach can be applied to NEP with relative ease. For
example, applying the Gauss-Seidel-type algorithms to NEP, i.e., for participants
v=12,...,N,do

:argmin@u(xf“,... xktl xv,x{ffl,...,xﬁ,).

k+1
Xy »y—12
x,eX,

But its generalization on GNEP becomes more complicated because the feasi-
ble set of each participant in GNEP is influenced by the decision variables of the
remaining participants. The literature [14] applied this type of splitting method to a
class of potential game problems and obtained the corresponding convergence anal-
ysis, where the inner semi-continuity of feasible set-valued maps is required, which,
however, is usually not easy to verify. The so-called ADMM is also proposed in the
literature [15, 16] where the (multiplier) penalty term was employed to get rid of the
assumption of inner semi-continuity.
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The ADMM method is a well-known algorithm for large-scale optimization prob-
lems with block structures. It is efficient for the problems with two-block struc-
tures, but for problems with three or more blocks, the classical iterative schemes
should be properly corrected or more restricted assumptions should be addicted.
For details, please refer to the literature [17-25]. Recently, Kanzow et al. proposed
Jacobi-ADMM-type methods [26] and Gauss-Seidel-ADMM-type methods [27] for
GNEP with common linear constraints in an infinite-dimensional space, referring to
ADMM-type algorithms for solving classical optimization problems.

The Jacobi-ADMM method minimizes the augmented Lagrangian function of the
linearized objective function for each participant with an additional regularization
term, and then solves it in parallel. Its algorithm is shown in Algorithm 1. Bérgens and
Kanzow [26] prove that its iterative format (5.4), (5.5) is equivalent to a forward-
backward splitting algorithm for solving the zero point of an operator. And the
convergence of iterative schemes (5.4) and (5.5) can be obtained by the related
theory of operator splitting.

Algorithm 1 Regularized linearized Jacobi-type ADMM method

1: Choose a starting point (x°, 1) € X x R™, parameters 8, y > 0.
2: If a suitable termination criterion is satisfied: STOP.
3: Forv=1,2,3,..., N, compute

x{j“ = arg min{ <VXU9U(xk), Xy — x,’j) + (Ak, Apxy)

xp€Xy
B k 2 k2 -4
+ 5 (1Avxe + 3 Anxf = b1 + vl — x31%)}.
i#v
4: Compute
N
A=k 4 <Z Apxkrt — b) ) (5.5
v=1

5: Setk :=k + 1, and go to Step 1.

The Gauss-Seidel-ADMM-type method is shown in Algorithm 2. Different from
Algorithms 1 and 2 only adds a regular term to the augmented Lagrangian function,
and then solves the subproblems one by one in sequence. Under strong assumptions
(such as strong monotonicity of pseudo-gradients, etc.), Fejér monotonicity of iterates
can be obtained.
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Algorithm 2 Regularized Gauss-Seidel-type ADMM method

1: Choose a starting point (xo, ko) € X x R™, parameters 8, y > 0.
2: If a suitable termination criterion is satisfied: STOP.
3: Forv=1,2,3,..., N, compute

k+1 k+1 k+1
Xy 1

. : k k
= argmm{é‘,(x ,...,xv_l,xu,xvﬂ,...,xN)
xyeXy

X 2
v

+ ()"kv Ayxy) + %

Xy — X

(5.6)

v—1 N
+ §||Avxv + 3 A ST Ak b))
i=1 i=v+1

4: Compute
N
M kg (Z Apxtt - b) . (5.7)
v=I

5: Setk :=k + 1, and go to Step 1.

Based on these two ADMM-type methods, we propose the corresponding aug-
mented Lagrangian method in this paper. The difference is that we do not solve the
subproblems with a block-by-block strategy like the two ADMM-type algorithms,
but solve a convex NEP. The connection between the proposed algorithms and opera-
tor splitting methods is discussed. We prove the convergence of the algorithms under
mild assumptions.

This paper contains four sections. The first section describes the GNEP with a lin-
ear equality constraint and introduces several existing related algorithms. In Sect. 5.2
we recall some basic knowledge and notation. In the third section, several types of
augmented Lagrangian-type algorithms are proposed, namely, the regularized lin-
earized augmented Lagrangian algorithm, the regularized augmented Lagrangian
algorithm, and the corrected regularized linearized augmented Lagrangian algorithm,
where a correction step is added to the regularized linearized augmented Lagrangian
algorithm. Under the mild assumptions, their Fejér monotonicity of the iterative
point sequence is obtained. Section 5.4 carries out the numerical experiments. Seven
numerical examples of GNEP are solved by several augmented Lagrangian-type
algorithms.

5.2 Preliminaries

In this section, some basic definitions and notations are listed first. Then, a reformu-
lation of the GNEP is given, which aims to find the zero point of the corresponding
operator. Finally, the splitting algorithm is briefly introduced for tracking the zero
point.
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5.2.1 Basic Definitions

Let R" be areal n dimensional vector space, (-, -) is the inner product defined on R”",
ie. (x,y) = xTy. Define ||x|| = ~/xTx. Given a symmetric positive definite matrix
0, we define the inner product induced by Q as

(x, )0 = (x, Qy) = x" Qy.

The norm induced by the inner product is denoted as ||x| g = v/xT Qx. When the
sign of the norm has no subscript, it still defaults to 2-norm.

For the theoretical proof, we need to recall some knowledge of operator theory.
Let H be a Hilbert space. For the set-valued operator T : H — 2% its domain is
defined asdom T := {x € H | T (x) # #}. The graph of the operator T is defined as
grap T :={(x,u) € H x H|u € T(x)}. Its zero point set is defined as zer T :=
{x e H|0 e T(x)}.

An operator T is called monotonic if it satisfies

u—v,x—y)y>0 Vx,u),(y,v)egrapT.

On the basis of monotonicity, we give the definition of a maximal monotone
operator.

Definition 5.1 Let the operator A : H — 2" be a monotone operator. A is called
a maximal monotone operator if there is no monotone operator B : H — 2% that
satisfies grap A ; grap B. That s, for all (x, u) € H x H, we have

(x,u)egrapA <— (x—y,u—v)>0 V(y,v) € grap A. (5.8)

The set-valued operator T is called strongly monotonic, if there exists a constant
p > 0, such that

w—v,x—y)=>plx —ylI* Y(x,u),(y,v) egrapT.

The subdifferential of a convex function f : H — (—o00, 00] at a point xq is
defined as

af (xo) :={g € H| f(x) — f(x0) = (8, x — xo), Vx € H}.

It is easy to know that the subdifferential operator of a closed, convex function is
a maximal monotone operator.
The single-valued operator T : H — H is called a-cocoercive, if for « > 0, we
have
(Tx) =T, x—y) Za|T&) -TWI* Vx,y e H.
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By the Cauchy-Schwarz inequality, it is easy to prove that the «-cocoercive opera-
toris also 1 /a-Lipschitz continuous. And itis easy to prove that an operator satisfying
p-strong monotonicity and L-Lipschitz continuity is p/L?-cocoercive. On the other
hand, cocoercivity cannot infer strong monotonicity. In the GNEP for inequality
constraints proposed later, after the introduction of new variables, the gradient of the
objective function will no longer maintain strong monotonicity, but the cocoercivity
can be retained.

Given a set X C H, its normal cone is defined as

_JlseH]|(s,y—x)<0,Vy e X} ifxeX,
NX(X)'_{QJ if x ¢ X.

Now we introduce an important concept about iterative sequences.

Definition 5.2 (Fejér monotonicity) Let C be a non-empty subset of H, {x; }ren is
the point sequence in H, we call that {x; };cn is Fejér monotone about the set C, if

[x**1 — x| < |Ix* = x|| VkeN, x eC.

There is an important result about Fejér monotone sequences. See the proofin [28].

Lemma 5.1 Let {x;}ren be the sequence in H, and C is a non-empty subset of H.
If {xi }ren is Fejér monotone about the set C, and each cluster point of the sequence
is in the set C, then {x;}ren converges to a certain point in C.

Some common basic inequalities, such as the Cauchy-Schwarz inequality and the
following Young inequality, will also be used in the theoretical analysis.

Lemma 5.2 (Young’s inequality) For all a, b € R, ¢ > 0, we have |a - b| < %a2 +
12

=—b*.

2e

5.2.2 Reformulation of GNEP

In this subsection, we will reformulate the GNEP (5.1) considered in this paper as
the problem of finding the zeros of a maximal monotone operator. For this purpose,
two special types of solutions to GNEP (5.1) need to be considered.

First, two classes of convexity assumptions about general GNEP are introduced.
For the general GNEP (5.3), the constraint X, (x_,) = {x, € X, | g, (xy, x_,) <0},
then GNEP (5.3) can be reformulated as

min 6,(x,, x_,) s.t. g,(x,,x_,) <0, (5.9)

x,€X,

where g, : H — R™ is the constraint function of the v-th player, and the objective
function is continuously differentiable. The problem is said to satisfy the player
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convexity, if for fixed x_,, 6, (-, x_,)) is convex, and the feasible set X, (x_,) is also
convex. Under the framework of linear equality or inequality constraints in this paper,
the player convexity is obviously satisfied.

Joint convexity means that the GNEP is first of all player convex, and there is a
closed convex set ¥ C ‘H, such that X, (x_,) = {x, € X, | (x,, x_,) € F}. Under
the framework of the problem in this paper, joint convexity is obviously satisfied.
Some properties of joint convex GNEP are given below.

Let us now define the pseudo-gradient of GNEP (or NEP), which represents the
re-aggregation of the gradient of each player’s objective function with respect to its
own decision variable, i.e.,

Vi, 01(x)
P(x) = :
VXNGN (x)

For the jointly convex GNEP, we define a corresponding variational inequality
(VD) problem, that is, to find x* € ¥, such that

(x —x*, P(x*)) >0 Vxe7F.

Let us write this variational inequality problem as VI(F, P). According to the
literature [4], for joint convex GNEP, the solution of this VI is also the solution
of GNEP. The solution of GNEP corresponding to this VI is called the variational
equilibrium or normalized equilibrium.

Lemma 5.3 ([26]) x* is the variational equilibrium of joint convex GNEF, which is
equivalent to 0 € P(x*) + Ng(x™).

In this manuscript, we consider the constraints as ¥ = {x € X | Ax = b}, that is,
a linear constraints Ax = b and an abstract constraint x € X. For this purpose, the
concept of variational KKT point is introduced.

Definition 5.3 (Variational KKT point) The point (x*, 1*) € R" x R™ is called a
variational KKT point (or a variational KKT pair) of GNEP (5.1), if it satisfies the
KKT-type condition

0e P(x*)+ ATA* + Nx(x*) Ax*—b=0. (5.10)

From this definition, it can be intuitively seen that the variational KKT point can
be regarded as the KKT point in the case where the multipliers of each player are
the same. Regarding the relationship between the variational KKT point and the
variational equilibrium, the following results are obtained.

Proposition 5.1 If (x*, A*) is the variational KKT point of GNEP (5.1), then x* is
also the variational equilibrium for GNEP.
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Note that the converse of Proposition 5.1 does not hold, which can be achieved
under the regularity conditions [26].

The above results tell us that a variational KKT point is the variational equilibrium,
and a variational equilibrium is the solution of GNEP. Therefore, a solution of the
variational KKT point is a candidate for obtaining the solution of GNEP.

Now we write the variational KKT condition in a compact form. Let

W =X x---xXyxR", w:=(x,...,xn5,A\).

The pseudo-gradient is consequently expanded and regarded as a function of w,
denoted as R
P(x)
P = .
(w) ( 0 )

Define operator G : R" x R — R" x R™ as

AT
G(w) := : (5.11)
AT
N
b—>Y _ Awx,
and
o --- 0 AIT 0
Gom | E b | ]
o --- 0 A]Tv 0
—A; - —AyN O b

Therefore, we have G(w) = Gow + by. Since Gy is an antisymmetric matrix, so
we have
(Gx,x) =0 Vx e R".

With the above notation, the variational KKT condition can also be expressed in
a compact form, see the following lemma.

Lemma 5.4 ([26]) The point w* = (x*, A*) € R" x R™ is a variational KKT point
of GNEP (5.1) if and only if w* € W*, where W* ={w e R" x R" |0 € P(w) +
G(w) + Nw(w)}.

Define a set-valued operator
T(w) := P(w) + G(w) + Nw(w). (5.12)

Its domain is obviously the non-empty set ‘W, and its zero point is the variational
KKT point of GNEP (5.1).



118 X. Jia et al.

We next prove the maximal monotonicity of the operator 7. This conclusion
can be proved by proving that each part of the operator T is maximally monotone,
and each part satisfies the condition of the addition operation, maintaining maximal
monotonicity. Please see the following lemmas, which are generally from [28, 29].

Lemma 5.5 Let the single-valued operator A : H — H be continuous and mono-
tone, then A is a maximal monotone operator.

We then illustrate that the operator G defined in (5.11) is maximally monotone.

Lemma 5.6 Let ‘W C ‘H be a non-empty closed convex set, A : W — H is a con-
tinuous monotone operator, then the operators Nqy(-) and A 4+ Ny (-) are both
maximally monotone.

Lemma 5.7 Let A, B : H — 2" be two maximal monotone operators, if any of the
following conditions hold:

1. domB =H,
2. domANintdomB # ,

Then A + B is also a maximal monotone operator.

The maximal monotonicity of the operator P also needs to be explained below.
Since P is a single-valued mapping, from Lemma 5.5, it is only necessary to assume
that it is a monotone operator.

Proposition 5.2 Suppose operator P : R" x R" — R" x R" is monotone, then the
set-valued operator T is maximally monotone.

Till now, we have already obtained that operator 7 is maximally monotone pro-
vided that P is monotone. In the finite-dimensional Euclidean space, the maximal
monotonicity of the operator T can lead to the closedness of its image. However, this
conclusion is not true in infinite dimensions, and the strong or weak convergence of
the sequence needs to be taken into account. Under the condition of infinite dimen-
sion, the strong-weak sequential closedness of the operator 7' can be derived. See
the following lemma, and its proof, see [28].

Lemma 5.8 Ler A : H — 2M be a maximal monotone operator, and {(xy., Ur) }reN is
abounded sequence in gra A, for (x, u) € H x H, ifany of the following conditions
are true:

1. xp — x, uy — u,
2. X — X, U — U,

then we have (x,u) € gra A.
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5.2.3 Splitting-Type Methods

This section introduces some basics about the forward-backward splitting algo-
rithm. We first recall the classic forward-backward splitting algorithm, which is
employed for solving the zeros of the set-valued operator T : H — 27, where
T can be expressed as A + B, with A : H — 2™ operator B : H — H. Let
x*+1 = (I + BA)~'(I — BB)x*. This iteration can also be divided into two steps,
denoted as y* := x* — BBx*, xk*! := (I + BA)~'y*. The explicit calculation of y*
is called the forward step, and the solution of x*+1 s called the backward step, which
is the so-called forward-backward splitting algorithm.

Under appropriate conditions, the forward-backward splitting algorithm can
converge to the zero point of the operator 7.

Lemma 5.9 ([29]) (Forward-backward splitting) Let T : H — 2H be a set-valued
map with at least one zero. T := A + B, where the mapping A : H — 2" is max-
imally monotone, the mapping B : H — H is single-valued and o-cocoercive. Let
x% € H, and generate the sequence {x*}ren as follows

Y= —aB)(xh),
xk+l = ]CkA(yk)s

where the parameter cy. satisfies the existence of M > m > 0, such that
O<m<c, <M <20 Vk.

Then the sequence {(x*een converges to a zero of T.

Another class of split-type algorithms is proposed by Tseng in [28], a simpli-
fied version is that x**! = [(I — BB)(I + BA)~'(I — BB) + BB]x*. Respectively
denote y* := x* — BBx¥, X = (I + BA)~'y¥, then x**! := z¥ + B(Bx* — BZH).
This algorithm is also known as the forward-backward-forward algorithm.

Under some mild conditions, the algorithm can converge to the zero of the operator
T.

Lemma 5.10 ([28]) Let D be a non-empty subset of H, f, g are appropriate convex
lower semicontinuous functions on H, domdf C D, g is G-differentiable on D,
argmin (f + g) # 0, and Vg is 1/a-Lipschitz continuous on domdf (a > 0). Let
x% e H, B € (0, ), and generate the sequence {x*}ren as follows

vk =xk — BVg(xh),
78 = Proxgr(y"), (5.13)
A =2k B(Vg(xh) — Vg(2h).

Then the sequence {x*};en converges to a zero of T.
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5.2.4 Assumptions

This subsection introduces four assumptions, which are the basic assumptions that
need to be satisfied throughout the paper, as well as the strong monotonicity assump-
tion, the cocoercivity assumption, and the Lipschitz continuity assumption of the
pseudo-gradients. They will be used successively in the following convergence
proofs.

Assumption 5.1 Forallv=1,...,N, A, e R™" b e R", assuming 0, (-, x_,)
is convex and continuously differentiable, and its gradient is continuous about x =
(x1, ..., xN), the pseudo-gradient P is monotone with respectto x = (X1, ...,XN).
Let X be a non-empty closed convex set, and the feasible set = {x € X | Ax = b}
is non-empty.

Assumption 5.2 Suppose the pseudo-gradient P is p-strongly monotone at the
solution point x*, that is, for p > 0, we have

(P(x) — P(x*), x — x*) > pllx — x*||> Vx e R". (5.14)

Assumption 5.3 Suppose the pseudo-gradient P isa-cocoercive, that is, fora > 0,
we have

(P(x) = P(y).x —y) = a| P(x) — PO Vx,y eR". (5.15)
Assumption 5.4 For all v=1,..., N, assuming gradient V, 6, is L,-Lipschitz
continuous. That is, for L, > 0, v=1,..., N, we have

Vi, 60, (x) = Vi, 0, < Lyllx — yll Vx,y e R". (5.16)

Strong monotonicity and Assumption 5.4 are employed in [27] for Algorithm 2.
Strong monotonicity, Assumptions 5.3, and 5.4 are employed for Algorithm 1 in
[26], respectively. Note that the assumption of strong monotonicity in [26, 27] has
been weakened in this paper, i.e., which only needs to be satisfied at the solution
point.

5.3 Augmented Lagrangian-Type Algorithms

In this section, several types of augmented Lagrangian-type algorithms for solv-
ing convex generalized Nash equilibrium problems with separable linearly com-
mon equality constraints are presented, which are called regularized linearized
augmented Lagrangian algorithm (RLALM), regularized augmented Lagrangian
algorithm (RALM), and corrected regularized linearization augmented Lagrangian
algorithm (CRLALM), respectively.

Under the assumptions of basic convexity, strong monotonicity, cocoercivity,
and Lipschitz continuity of pseudo-gradients, several convergence proofs are given
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respectively. Specifically, under the assumption of basic convexity, strong mono-
tonicity and Lipschitz continuity of pseudo-gradients, the Fejér monotonicity of the
iterative sequence of RLALM can be proved. Similarly, we can prove the Fejér mono-
tonicity of the iterative sequence of RALM only with the basic convexity assumption.
Under the coercivity condition, it can be proved that RLALM is equivalent to the
forward-backward splitting algorithm, thus proving the convergence. In addition, if
an additional correction step is added to RLALM, which is CRLALM, then only the
basic convexity assumption and Lipschitz continuity assumption of the gradient (or
pseudo-gradient) can be used for convergence. In addition, if an additional correction
step is added to RLALM, which is CRLALM, then only the basic convexity assump-
tion and Lipschitz continuity assumption of the gradient (or pseudo-gradient) can be
used for convergence. At the end of this section, we take a closer look at GNEP with
inequality constraints will also be given. The idea is to convert inequality constraints
into equality constraints and then use the algorithms proposed in this section.

For each player, we define the regularized linearized (partial) augmented
Lagrangian function as

N
Ly, x5, 25 := V0,6 (e, — x) + 05T (Z Ayx, — b)

v=1

(5.17)
B w 14 k2
+ 21D Avey = BIP + Sl — 12,
v=1

where f is penalty parameter, and y is the regularization parameter. Note that each
player will have their own augmented Lagrangian function, and each function is
still related to the decision variables of all participants, but no longer has constraints
besides their own abstract constraints. In this way, the subproblems of the algo-
rithm will become a convex Nash equilibrium problem (NEP) with convex abstract
constraints.

5.3.1 Regularized Linearized Augmented Lagrangian
Algorithm

The first augmented Lagrangian algorithm proposed in this paper is shown in Algo-
rithm 3, where subproblems (5.18) should be solved at each iteration, we then update
the multiplier, where the parameters y and § are fixed.
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Algorithm 3 Regularized linearized augmented Lagrangian algorithm

1: Choose a starting point (x°, A%) € X x R™, parameters 8, y > 0.
2: If a suitable termination criterion is satisfied: STOP.
3: Calculate the solution x**! of the following NEP problem

min L,(Cx, x*, 2%, v=1,2,3,...,N.

xyeXy

4: Compute
N
A=k g (Z Apxktt b) .
v=I1

5: Setk :=k + 1, and go to Step 1.

(5.18)

(5.19)

Note that the subproblems of this algorithm are a convex NEP problem. According
to [4], the solution of the NEP is equivalent to the solution of the variational inequality

VI(X, Pf), where P} is defined as

Vi L1 (x, xk, AF)
Pf(x) = :
Vi Ly (x, x5, 25

Then the subproblem is equivalent to find x**! € X, such that
(x — XM PFR)y >0 vx e X.

The optimality condition of the variational inequality VI(X, Pf) is

V., 61 (xh) ATk AT (T At =)
0¢ ; + : + B :
V., Oy (x5) AT Ak ALY Axktt —p)
xi"“ - xll‘ Ny, (xi"“)
+vy : + :
va“ _ va Ny, (xlkvﬂ)

(5.20)

(5.21)

The third term in (5.21) reflects the essential difference between the algorithm and
the Jacobi-type ADMM algorithm in Algorithm 1 and the Gauss-Seidel-ADMM-type
algorithm in Algorithm 2. First, review the optimality conditions for the subproblems
of Algorithms 1 and 2. The optimality conditions for the subproblems of the Jacobi-

type ADMM in Algorithm 1 are given below.
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V01 (x5) AT )k ATAXT + 3,2, Auxk — b)
0¢€ : +1 | tA 5
Vi On (x5 ARk ALAyx + 3y Auxk = D)
A =af) (N
+vy : + :
oyt —ay) o W 0D

(5.22)

The difference between (5.22) and (5.21) is the third term; the third term of (5.21)
is more concise.

The optimality conditions for the subproblems of the Gauss-Seidel-type ADMM
in Algorithm 2 are given below.

Ve, 01 (i k) AT )k

0€| VoGl xkihy | + | ATA*

V., Oy (xFF1) AT K
AT (AT 4+ Y, Auxkt — b)

+8 A\T(Zugv AI/-‘x;]iJrl + Z[L>U AM‘x;]j._H —b) (5.23)

AR A

k+1 k k+1
X=X Ny, (x;™)
1 1
+y | =XKL+ | Ny, (5

k+1 k k41
Xy — Xy Ny, (xy"™)

In the (5.23), x<, represents all decision variable blocks whose subscripts do not
exceed v, and other similar symbols have similar meanings. The difference between
(5.23) and (5.21) lies in the first term and the third term. Due to the characteristics of
serial calculation of subproblems of the Gauss-Seidel-type ADMM algorithm, the
form of its optimality condition is more complicated.

Since the subproblem of Algorithm 3 is to solve a NEP as a whole, the third term
in the (5.21) only appears in the iteration point x**! of the (k + 1)-th step, which is
well symmetry. And combining with (5.19), the second term and the third term on
the right-hand side of the above formula can be directly combined, so that the above
optimality is simplified.
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V,, 01 (x5 AT pf1 xb ek Ny, (x¥+h)
0¢ : + : +y : + : . (5.24)
VXNGN(xk) A]T\"/)\’kJrl x;cv-H _ va NXN (xllif+l)

Note that (5.19) can also be transformed into a form consistent with the above.
Use square brackets [-] to group the terms of (5.19), which becomes

N
0=1[0]+ |:b — Z Avxf+l:| + [%(Wl — kk)} + [0], (5.25)
v=1

and considering Ng» (A**!) = 0, replacing the last term on the right-hand side of the
above equation, the optimality condition can be extended to

V,,01(x%) Afa
0e : + :
ViyOn (%) AR A
0 b—3 0 Al 56
(5.26)
yGT =D\ (Nx Gl
yy —xy) N, eyt
%(}\k-‘rl _ )Lk) N]Rm (}\kJrl)
The matrix Q € RO*+™*®+m g introduced as follows.
¥ I,
I,
0= = <y 1 ) (5.27)
VInN ] ﬂ m
p1m
Hence, (5.26) can be reformulated by
0 e P(wh) + Gu* ™ + Q(w*t! — w*) + Ngy (). (5.28)

Based on this formula and different assumptions, two types of proofs are given
below. That is to prove the Fejér monotonicity of the iterative point or prove that
(5.28) is equivalent to finding the zero of the operator 7 using a forward-backward
splitting algorithm.

Under Assumptions 5.1, 5.2, and 5.4, we will prove the Fejér monotonicity of the
iterative sequence of Algorithm 3, and then use Lemma 5.1 to prove the convergence
of Algorithm 3. Now introduce the notation
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AW, wh) = Q! — wh) + P — P (5.29)

By (5.12), T (w) := P(w) 4+ G(w) + Nqy(w). Optimality condition (5.28) can
be rewritten as
0 e T(w) + A, wh). (5.30)

Lemma 5.11 Let w* = (x*, 1%) be the variational KKT point of GNEP (5.1),
the pseudo-gradient P(x) is the p-strongly monotone operator, then for any w =
(x, 1) € X x R™, we have

(P(w) + Gw, w —w*) > pllx —x*||% (5.31)
Proof According to the characterization of the variational KKT point by Lemma
5.4, we have

(P(w*) + Gw*,w —w*) >0 Yw=(x,1) € X x R". (5.32)

When the pseudo-gradient P(x)is strong monotone, combined with the properties
(5.2.2) of G, we have

(P(w) + Gw — (P(w*) + Guw*), w — w*) > pllx —x*||. (5.33)

Adding (5.32) and (5.33) results in (5.31). O

According to the definition of normal cone (5.2.1), the optimality condition can
be rewritten in an equality form, see the following lemma.

Lemma 5.12 The iterative steps (5.18) and (5.19), i.e. (5.26), is equivalent to find
whtt = F Tk AR, such that

<P(wk+1) + ka+1 + Q(wk+1 _ wk)’ w — wk+1)

N (5.34)
+ Y (Ve 0 (6F) = Vi (5, x, — 2 > 0 Yw e W

v=I
Based on the above results, the convergence analysis of Algorithm 3 can be given.

Theorem 5.1 Assume that GNEP (5.1) has variational KKT points. Assumptions
5.1,5.2, and 5.4 hold. Parametersy > ¢L > 0, B > 0, then the iterative point w**!
generated by Algorithm 3 converges to the variational KKT point (x{, ..., x5, A¥)

of (5.1).

Proof Since the parameters y > 0, B > 0, it can be seen that the matrix Q is a
symmetric positive definite matrix.
Using Lemma 5.11, we have

<P(wk+]) + ka+1’ wk+1 _ w*> > p”xk+1 _x*||2. (535)
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Taking w = w* into (5.34), using Cauchy-Schwarz inequality and Young’s
inequality (Lemma 5.2), for parameters &, psatisfying & > ﬁ (consequently 2p —
% > 0), we have

0 §<P(wk+]) + ka+1 + Q(wk+1 _ wk)’ w* _ wk+1>

N
+ ) (Vi 65 = Vi 6,65, xp — Xt
v=1

< —wh wt —w g — pll T -

N

+ D (Ve b (h) = 7, 0,4, x — 1k )
v=1

§<wk+l _ wk’ w* _ wk+l>Q _ p||xk+l _ x*”Z

N
+ D IV, 0 = Vo 0, D - g — x|
v=1

<<wk+1 _ wk’ w* _ warl)Q _ p”xk+1 _ X*HZ

N
€ k kriyg2 L k+12
*ZIE”VXV‘%(’“ )= Ve DI+ e —
V=
S<wk-‘rl _ wk’ w* _ wk+l>Q _ ,O||Xk+l _x*HZ
Ve 1
2.k k412 k+12
+;§Lu||x =X+ ol =
1
= — (W —wf Wt —w)g — (o — ) -
2¢e
&
+ Ll — 2.
From the identity 2(w, v) = |w||?> + [[v]|> — [lw — v||%, we have
1 k * 1 k+1 k 1 k+1 *
Osillw —w ”Q_E”w —w ”Q_E”w —wlo

1 N 3

After arranging the above equation, we can get
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||wk+1 —w

2 k 2 k+1
I3 <llwt — wrl — k! —w

1
— (2p - g> [a* ! — x*)|? + eL||x* — x5

k2
I

1
k 2 K+l _ k2 K+l _ 4 k2
=[w" — wy = I = = A =

1

1
=t =iy = (= e — P — S =P

1
_ (2[0 _ g) ||xk+l _-x*||2~
(5.36)

Note that in the above steps, when using Young’s inequality. On the other hand,
after selecting the parameter ¢, the regular term parameter y can be sufficiently large,
so that y > ¢L, then we have y — ¢L > 0. In this way, the Fejér monotonicity of
the iterative point sequence with respect to the variational KKT point set is obtained.
Thus, the sequence {w**'} is bounded, so it has cluster points. Below, we will prove
that the cluster point of the sequence is a variational KKT point.

Let {w**1}; be the subsequence convergent to the cluster point w with 7 C N,
denote as w**! — ; . Since X}, ..., Xy are closed convex sets, so ‘W = X x
... x Xy x R™ is also closed convex set. So w € W.

Letp =2p — % > 0, 7 =y — eL > 0, then Fejér monotonicity can be rewritten
as

1
skl k2 K+l ky2 o oAy ke 2 k 2 k+1 2
I — X -I-Ell?\+ — A7+ A — P <t = wIg — T —w .

(5.37)
In (5.37), summation of k =0, 1, ..., t yields that
d 1
e e e e e B )
k=0 ’B
t
< wh = w1y = W = w*lIR) (5.38)
k=0
= [’ —w*[Iy — llw™ — w5
< w’ — w*[|3.
Let t — oo in the above formula, we can get
x5t — Xk =0, A=Ak =0, Ix*—x*| — 0. (5.39)

So we have
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Jw ! — w|| - 0, x*T = x*. (5.40)
Combining w**! —; w, we get w* —; w. Then by Assumption 5.4, i.e., the
Lipschitz continuity of V, 6,, we have

IV, 0, (xF) — Vo 0, || < Ly [lx* — x| — 0. (5.41)

That is
[P(x*) — P(x* ™) = 0, k— oo. (5.42)

So
IA@, wh ) < 1olwt — w ) + PG — PGETH -0, k> 00, (5.43)

So there is A(w**!, w*) — 7 0. (5.30) can be rewritten as —Aw* !, w¥)
T (w**"). Using the Lemma 5.8, and A (w**!, w*) —7 0, w**! —; 0, we get 0 €
T (w). So it is proved that w is a variational KKT point. By Lemma 5.1, it is known
that the iterative sequence {w**'} converges to a certain variational KKT point. [J

So far, we have proved the convergence of RLALM under the strong monotonic-
ity and Lipschitz continuity assumptions of pseudo-gradients. Next, we consider
“weakening” the assumptions. Note that “weakening” here is not strictly speaking,
since the strong monotonicity assumption of pseudo-gradients is only satisfied at
the solution points. Below we will illustrate that Algorithm 3 is equivalent to the
forward-backward splitting algorithm based on (5.28) under Assumptions 5.1 and
5.3, the convergence analysis will be implied.

Let

0:=p0= (‘3”1” Im) : (5.44)

The parameter 8 > 0, so Q is also a positive definite matrix. Then the inner
product (-, -) 5 and its induced norm || - || can be defined. Convergence is proved
under this norm later in this subsection. In finite-dimensional Euclidean space, by
the equivalence of any two norms, the corresponding convergence of different norms
is also equivalent.

Rewrite (5.28) with Q:

0 € P(w*) + Guw*' + Q"' — wk) + Nop(wFhH

1— 1—
— Eka _ P(wk) c ka+1 + Eka+1 + wa(wk+1)

—-1 ——1
= —-B0 PYw)eT+BO (G+ Ny .
LetT =P+ G+ Nyw =T, + T,where T} = P, T, = G + Nqy. By Assump-

tion 5.1, Lemmas 5.5, and 5.7, we know that 77, T, are both maximally monotonic.
And denote
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—1 —1 —1 —1
A=0 Ih=0 (G+Nw), B:=0Q T1=0 P

So
A+B=0 (+T)=0 T. (5:45)

.=, o T . .
Since Q  is positive definite, it is an invertible matrix. So the zero of the operator

§_1T is the same as the zero of T. That is, the zero point of A + B is equivalent
to the zero point of 7. Below we will prove that Algorithm 3 is equivalent to the

forward-backward splitting algorithm that finds the zero point of E_] T=A+B.

. ——1 —1
Although T}, T, are maximal monotone operators,butA =Q T, B=Q T
is not necessarily a maximal monotone operator. After defining the induced norm
| - Ig, it can be proved that A, B are maximally monotone under the induced norm.

Lemma 5.13 Let Q € R”" be a positive definite matrix, the operator T : R" — 2F'
is a maximal monotone operator about the norm || - ||, then the operator Q - T is a
maximal monotone operator about the norm || - || g1

Proof According to the definition of the maximal monotone operator in view of (5.8),
for the operator Q - T, and the point (x, u) € R" x R” proves this equivalence.

Ontheonehand,ifu € QAx,thatis, 0~ 'u € Ax,forVv € QAy,i.e. 0" 'v € Ay,
using the maximal monotonicity of A, we have

(x—=y,0'u—0"v) >0,

That is
(x —y,u—v)pgr >0.

Conversely, for all v € QAy, we have
(x —y,u—v)p-1 >0,
Then for all v" € Ay, thereis Qv’ € QAy, and
x=y, 0 'u—vy=(x—y,u-— Qv')p1 > 0.

From the maximal monotonicity of A, we can get O~ 'u € Ax and hence u €
Q Ax. The proof is complete. |

According to Lemma 5.13, the following conclusions can be drawn.

Proposition 5.3 Let Assumption 5.1 hold, parameters § > 0, y > 0, then under the
norm|| - g, the operators A = a_l T,, B = E_l T\ are both maximally monotonic.

Based on the above notation, (5.28) can be further rewritten as

(I — BBY(WX) € (I + BA) (W',
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where the operator A is maximally monotonic, then its resolution Jg4 = (I + BA)™!
is a single-valued mapping. In addition, the operator 7; = P is obviously a single-
valued mapping, so B = a_] T, is also a single-valued mapping. Then the above
formula is equivalent to

wt = (I + AU — BB)(wh).

This gives the iterative form of the forward-backward splitting algorithm for
finding the zeros of A 4 B.

To prove the convergence, we also need to consider the cocoercivity of the operator
B. Under Assumption 5.3, i.e.,16 is a-cocoercive, obviously P is also «-cocoercive.

. . . L= .
The following results give the effect of the composite matrix O  on the cocoercivity.

Lemma 5.14 ([26]) Let the operator P : R" — 2F" be a-cocoercive about the inner
product (-, -), Q is a symmetric positive definite matrix of order n, then the operator
Q7 'Pisa/|| Q7" ||-cocoercive about the inner product {-, Yo

The inverse of the matrix Q can be directly obtained:

1
—1 —1,
= Br™" .
Q ( Im)

The eigenvalues of E_l are 1/By and 1, so
o { : 1}
=max{—,1¢,
By

1
——— =min{By, 1}.
e |
— 1 . .-
We want the operator B = Q P to be a-cocoercive. From the definition of
cocoercivity, it can be seen that the operator of §-cocoercive (§ > «) is also «-

cocoercive. So just let 1/ ||§_] | > 1,ie. By > 1, then we get the w-cocoercivity of

the operator B.
Therefore, applying the convergence Theorem 5.9 of the forward-backward
splitting algorithm, the following result can be obtained.

Theorem 5.2 Assume that GNEP (5.1) has variational KKT points, and that
Assumptions 5.1 and 5.3 hold. Parameters y > 0, B > 0, and satisfy By > 1, B €
(0, 2a). Then the iteration point w*t! generated by Algorithm 3 converges to the
variational KKT point (x}, ..., x}, A*) of the problem under inner product (-, ~)Q
and its induced norm | - || 5.
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5.3.2 Regularized Augmented Lagrangian Algorithm

This subsection will propose the second augmented Lagrangian-type algorithm. Con-
sidering that the augmented Lagrangian function is not linearized in the subproblem
(5.18), then in addition to Assumption 5.1, the convergence can be proved with-
out any additional conditions. That is, using the following augmented Lagrangian
function

N
Ly(x, x5, 2%) =6,(x) + 0HT (D Avx, — b)
v=1

N
p Y
+ 1D Avey = IP + 2l — 1.

v=1

The algorithm is modified to the following Algorithm 4.

Algorithm 4 Regularized augmented Lagrangian algorithm

1: Choose a starting point (x°, A%) € X x R™, parameters 8, y > 0.
2: If a suitable termination criterion is satisfied: STOP.
3: Calculate the solution x**! of the following NEP problem

min l_,v(x,xk,kk), v=1,2,3,...,N. (5.46)

Xy €AY

4: Compute
N
MLk 4 g <Z Ayxk! — b> .
v=1

5: Setk :=k + 1, and go to Step 1.

The optimality condition of (5.46) can be rewritten as
0 e P + Guw ! + Q(w* — wk) + Nay(w ).

Redefine the residual notation A (w**!, w*) = Q(w**! — wX). Then the optimal-
ity condition is still rewritten as 0 € T (w1 + A !, wh). Its form is simpler,
and convergence can be easily proved by a similar method.

Similar to Lemma 5.11, we have the following result.

Lemma 5.15 Ler w* = (x*, A*) be the variational KKT point of GNEP (5.1), if
Assumption 5.1 is established, then for any w = (x, A) € X x R™, we have

(P(w) + Gw, w — w*) > 0. (5.47)
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Proof According to the characterization of the variational KKT point by Lemma
5.4, we have
(P(w*) + Gw*, w — w*) > 0. (5.48)

When Assumption 5.1 is satisfied, by the monotonicity of P (x) and the property
(5.2.2) of G, we get

(P(w) + Gw — (P(w*) + Gw"),w —w*) >0 (5.49)

Adding (5.48) and (5.49) together yields (5.47). O

Due to the changes made in this lemma and the lack of linearization, compared
with the proof of the convergence theorem under the strong monotonic assumption,
there will be no more two differences about P and strong monotonic parameter terms
in the process. Then we have

0 < (Q(wk+l _ wk)’ w* _ wk+l>

k+1 ”wk+1

2 k 2 k)2
Sllwh —w I} < Jwk —w} - — w3

That is, the Fejér monotonicity of the variational KKT point set with a simpler
form. The following proofs are basically the same. So the convergence theorem of

Algorithm 4 can be obtained.

Theorem 5.3 Assume that GNEP (5.1) has variational KKT points, and that
Assumption 5.1 holds, parameters y > 0, B > 0. Then the iterative point w**' gen-
erated by Algorithm 4 converges to the variational KKT point (x{, ..., x5, ") of
(5.1).

For ALM without linearization in Algorithm 4, the corresponding convergence is
easier to prove; however, the solution of algorithmic subproblems tends to be more
complicated. The solution method of the subproblems is still similar to the inner
iterative solution method, but each inner iteration will recall the pseudo-gradient
function once, which will increase a lot of computation. But for small-scale problems,
its numerical performance is often better.

5.3.3 Corrected Regularized Linearized Augmented
Lagrangian Algorithm

This section will focus on the corrected regularized linearized augmented Lagrangian
algorithm, which requires weaker assumptions to guarantee the corresponding con-
vergence results. Referring to Tseng’s algorithm (Lemma 5.10), which is a forward-
backward splitting algorithm, where a correction step is added at each iteration. In
this case, the cocoercivity assumption about operator B can be weakened into the
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Lipschitz continuity assumption. Inspired by this, the corresponding correction step
is added to Algorithms 3, and 5 is obtained.

Algorithm 5 Corrected regularized linearized augmented Lagrangian algorithm

1: Choose a starting point (x°, 1%) € X x R™, parameters 8, y > 0.
2: If a suitable termination criterion is satisfied: STOP.
3: Calculate the solution y¥ of the following NEP problem

. k 4k _
nyIél{{}leU(x,x LAY, v=1,2,3,...,N. (5.50)
4: Compute
N
ALk 4 g (ZA‘,y’v‘b>. (5.51)
v=1
5: Compute
1 /4 .
W =gk = (PR = POY). (5.52)
4

6: Setk :=k + 1, and go to Step 1.

A correction step (5.52) has been added to Algorithm 5, which can be calculated
explicitly. This section will give the equivalence of Algorithm 5 and Tseng’s splitting
algorithm under Assumptions 5.1 and 5.4 to prove the convergence. Denote

k
. y

The correction step (5.52) should be

Wkl = k1 4 g (B(wk) _ B(vk—H)) — B (Q—lp(wk) _ Q—lP(vk-H)).

Then the update of the decision variable x should be
k+1 k U = &y 5ok koL sk Bk
=y +ﬂ'E(P(X)—P(y)=y +;(P(X)—P(y))'

This is the correction step in Algorithm 5.

Next, we discuss the Lipschitz continuity of the operator B=P T, = P P.
Based on Assumption 5.4, for all v=1,..., N, gradient V, 6, is L,-Lipschitz
continuous. Then for the operator P, for Vw = (x, 1), v = (y, u) € R"*™ we have
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Vxlel(x) - vxlgl(y)

1P (w) = P :
VanOn (X) = Vi, On ()
0

N

= Z Vs, 00 (x) = Vi, 0,

v=1
N N
< <ZLV> lx =yl < (Z Lv> lw — vll.
v=l1 v=1

Denote L = Zf)v:l L,, we know that P is L-Lipschitz continuous. Obviously, we

know that the operator B = @71 P is also ||§71 || L-Lipschitz continuous. So we just
require ||§_1 | <1,ie. By > 1 to get the L-Lipschitz continuity of the operator B.
Therefore, using Lemma 5.10 of Tseng’s splitting algorithm, the following results

can be obtained.

Theorem 5.4 Suppose GNEP (5.1) has variational KKT points, and Assumptions
5.1 and 5.4 hold. Denote L = Zlvv:] L, parametersy > 0, 8 > 0, and satisfy By >
1, B € (0, L). Then the iteration point w**' generated by Algorithm 5 converges to
the variational KKT point (x{, ..., xy, A*) of the problem (5.1).

5.3.4 Treatment of Inequality Constraints

So far, we have considered algorithms for convex GNEP with common linear equality
constraints. Now generalize the previous results to linear inequality constraints. By
introducing new variables, the inequality constraints are transformed into equality
constraints, and the constraints of the new variables are incorporated into the abstract
constraints. This allows the use of algorithms for equality constraints.

Borgens and Kanzow [26] give two transformation methods to convert GNEP (5.2)
to linear equality-constrained GNEP. One is to introduce a new decision variable s,

for each player, that is, forv =1, ..., N, solve
N N

min 0,(xy, xy) st 21: Ayx, — b — Xl:su =0. (5.53)
sy eR™M . -

Or we just introduce a new decision variable s for the last player, i.e., for v =
1,..., N — 1, solve

x,eX,

N
min 6,(r,, x-) St Z} Ax, —b—s=0. (5.54a)
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And for the N-th player, solve

xNeXy
seR™M

N
min Oy(xy. x_y) st Y Ax,—b—s=0. (5.54b)
v=1
Regarding the relationship between their solutions and the solution of the original
problem, we have the following results.

Proposition 5.4 ([26]) The following statements are equivalent:

1. x* = (x{, ..., x}) is the solution of GNEP (5.2).

2. Forsome sy e R", v=1,..., N, (x{,s],...,xy, sy) is the solution of GNEP
(5.53).

3. Forsome s* € R™, (x{,...,xy,s") is the solution of GNEP (5.54).

Regarding the relationship between their variational KKT points and the varia-
tional KKT points of the original problem, we have the following results.

Proposition 5.5 ([26]) The following statements are equivalent:

1. (x*, A%) = (x{, ..., x}) is the variational KKT point of GNEP (5.2).

2. Forsomes; e R", v=1,...,N, ((x{,s],..., x5, Sy), A*) is the variational
KKT point of GNEP (5.53).

3. Forsomes* e R™, ((xf,..., xl\?‘”, §*), A*) is the variational KKT point of GNEP
(5.54).

Note that after employing new variables, the gradient of the objective function
with respect to the new decision variables no longer maintains strong monotonicity,
but its cocoercivity can still be maintained. In addition, regarding the solution of
the subproblems at each iteration, the idea of this paper is to solve the old and new
decision variables separately.

5.4 Numerical Experiment

In this section, some numerical examples will be given to verify the effectiveness of
the proposed algorithms.

5.4.1 Numerical Examples

Example 5.1 The first example was proposed by Facchinei and Fischer [6] and
tested by Facchinei and Kanzow [9] and Han et al. [30]. There are two players in this
question, each player v controls a decision variable x,, € R. The objective function
and constraints of each player are as follows
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: 2
min (x; — 1)
X1
St. X1 +x <1,

and
in (1, - 2)?
min (x, — —
X2 2 2
S.t. x1+x <1.

The generalized Nash equilibrium point set of this example is {(s, 1 —s)|s €
[3. 11}, and the unique variational equilibrium point is (3, ).

Example 5.2 The second example, taken from [6, 9], also consists of two players.
The first player controls a two-dimensional decision variable x; = (x11, x;2)7 =:
O, )T € R2, another participant controls a one-dimensional decision variable
xp =: y3 € R. The objective functions of the two participants are

01(x) = yi +y1y2 + 5 + (1 + y2)y3 — 25y1 — 38,

and
62(x) = y; + (y1 + y2)y3 — 25ys.

They all have non-negative constraints y;, y;, y3 > 0, and common linear
constraints
yi + 2y, — y3 < 14,

3y1 + 2y, + y3 < 30.

The generalized Nash equilibrium point set of this example is {(s, 11 — 5,8 —
s)|s € [0, 2]}, and the only variational equilibrium point is (0, 11, 8).

Example 5.3 The third example is a modified version [26] of the duopoly model
introduced by Krawczyk and Uryasev [31]. Two players v control a decision variable
x, € R, representing their production of a given product. The objective function
representing their profit is given by

O(x) =x,(p(x1+x2)+2—-d), v=12

The productive capacity of each participant is limited by individual constraints
x, € [0, 10]. Furthermore, both participants have a common resource limit constraint
X1 + xp < r.Here we choose parametersd =20, A =4, p=1, r =9.

Example 5.4 The fourth example is from Harker [32]. There are two players in this
problem, player v controls a decision variable x,, € R. The objective functions and
constraints of each player are as follows
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Table 5.1 Parameters of a river basin pollution model
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Player v Cly oy ey Uyl Uy
1 0.10 0.01 0.50 6.5 4.583
2 0.12 0.05 0.25 5.0 6.250
3 0.15 0.01 0.75 55 3.750
. ) 8
min (x1)” + —x1x2 — 34x;
X1 3
s.t. 0 <x; <10,
x1 +x <15,
and

5
min  (x2)? 4+ Sx1x, — 24.25x,
x2 4

s.t. 0<xp, <10,

X1 +xp < 15.

The generalized Nash equilibrium point set for this example is {(5, 9)} U {(s, 15 —
s)|s € [9, 10]}. The variational equilibrium is (5, 9).

Example 5.5 This example is a river basin pollution model introduced by Krawczyk

and Uryasev [31] and tested by Han [30] et al. There are three players in this problem,

player v controls a decision variable x, € R. The objective function is given by
0,(x) = x,(cry + cpxy —di +da(x1 +x2 +x3)), v=172,3.

And there are common linear constraints
X1
uper Uziep Uzres x| < K,
ujpe; uper Uze; s —\ K2

The parameters cy,, €2y, €y, Uy, U,y are shown in TableS5.1, and setting the
parameters K| = K, = 100,d; = 3, d, = 0.01. An approximate solution for this
example is (21.1448, 16.0279, 2.7260).

Example 5.6 This example is the oligopoly model described in the literature [33],
which was tested by Facchinei and Kanzow [9]. The problem has N players, each
player has a decision variable x,, € R, and the objective function is as follows

ev(-x) = fl)(x\)) - SOOOI/nxv(-xl +-x2 +... +xN)_1/n7 V= 1’ 27 D) N?

where
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Table 5.2 Oligopoly model parameters

Player v 1 2 3 4 5
cy 10 8
K, 5 5 5 5 5
Sy 1.2 1.1 1.0 0.9 0.8
Sy ~1/s 143y
fv(xv):Cvxv+ KV "), v=1,2,...,N.
146,

All of them have non-negative constraints x, > 0, v =1,2, ..., N, and common
linear constraints

X1+x+...+xy <P.

Take the parameters N =5, n = 1.1, P =75. The remaining parameters
¢y, K,, 8, are shown in Table 5.2. An approximate solution for this example is

(10.4038, 13.0359, 15.4074, 17.3815, 18.7713).

Example 5.7 A final example is the electricity market model. It is presented in [11]
and further studied in [34]. The problem has 2 players, each with a power plant on 2
of the 3 regions, which can be defined on the nodes of the graph (this is a simplified
model of the literature [11]). First denote

40
S =40— %(xl + X4 + X7 + X10),
S, =35 5 (x2 + x5 + x3 + x11)
2= 200 X2 T X5 T X8 T X11),
32
S3 =32 — @(m + X6 + X9 + x12).
The objective functions of the two players are as follows
O1(x) = (15 = S (x1 +xa) + (15 = 5)(x2 + x5) + (15 — §3) (x3 + x6),
r(x) = (15 = S1)(x7 + x10) + (15 = $2) (xg + x11) + (15 — $3)(x9 + x12).

They all have non-negative constraints x, > 0, v=1,2,..., 12, and common

linear constraints
X1+ x2 + x3 < 100,

X4 + x5 + x6 < 50,
X7 4+ xg + x9 < 100,

X10 + x11 + x12 < 50,
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S;—8 =<0, Vi,j=1,2,3, i#]j.
After testing, an approximate solution for this example is

(43.5364, 28.1381, 28.3255, 26.8698, 11.4714, 11.6588,
43.5364, 28.1381, 28.3255, 26.8698, 11.4714, 11.6588).

5.4.2 Numerical Results

We test all examples in Example 5.6 using the regularized linearized aug-
mented Lagrangian algorithm in Algorithm 3 (RLALM), the regularized augmented
Lagrangian algorithm in Algorithm 4 (RALM), the corrected regularized linear aug-
mented Lagrangian algorithm in 5 (CRLALM), the Jacobi-type ADMM method in
Algorithm 1 (JADMM), and the Gauss-Seidel-type ADMM method in Algorithm 2
(GADMM).

The subproblems for each algorithm are solved by the self-adjusting ratio pro-
jected gradient method. The termination condition of the inner loop is that the dif-
ference of the iterates || x* — x*~!|| is less than 10~8. The termination condition of
the outer iteration is taken as

IP(x*) + ATAM < 1079,
| min(A%, b — Ax*)|| < 107S.

Regarding the adjustment of parameters, JADMM adopts the same parameter
settings in [26] on the one hand, that is, for the «-cocoercive operator P, taking
B = {a, 0.2}, y = 1/B% + ||M]|. On the other hand, this paper will manually adjust
its parameters, denoted JADMMa, to further obtain better results. For GADMM, we
take the adaptive strategy of the parameter y in [27]. The residual of the iterates is

N N
=3 V0,65 + ATE 1 1Y Ak - b7,

v=1 v=1

where v’v‘ € Ny, (x*). This residual characterizes how well the iterate satisfies the
variational KKT condition. Borgens and Kanzow [27] proposed that the condition
that y is sufficiently large is not a necessary condition for convergence, so they
proposed an adaptive method to update y when the following three conditions are
satisfied at the same time:

1. y is less than the given upper bound.
2. Residuals do not fall sufficiently: kS ¢k where parameter ¢’ € (0, 1).
3. y has not been updated in the previous « steps, where « is a given constant.
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Table 5.3 Numerical results of RLALM with different ways of introducing new variables

Example RLALM RLALM2

Iter. Time Iter. Time
3.1 14 54 14 4.9
32 22 34.1 22 26.8
33 8 3.8 8 2.7
34 92 80.8 92 62.4
3.5 23 779 31 90.7
3.6 23 44.5 23 48.9
3.7 46 124.6 46 105.0

Table 5.4 Numerical results of several ALM-type algorithms

Example RLALM RALM CRLALM

Iter. Time Iter. Time Iter. Time
4.1 14 54 6 4.1 47 15.2
4.2 22 34.1 9 36.0 93 98.8
4.3 8 3.8 7 3.0 29 11.7
4.4 92 80.8 5 11.5 326 88.8
4.5 23 77.9 10 66.8 97 924
4.6 23 47.5 7 29.5 346 149.8
4.7 46 124.6 13 131.1 114 194.8
y can be updated by accumulation or multiplication, in other words, y**! := ¥ 4+ ¢
or y¥*1 := 1 . y*. Here, we use the accumulation principle to update y .

First, we test and compare the two ways of converting inequality constraints into
equality constraints.

In Table 5.3, the column RLALM represents the transformation of inequality con-
straints into equality constraints by introducing N block new variables, then using
the regularized linearized augmented Lagrangian algorithm for equality constraints
proposed in this paper to solve the problem. The column RLALM?2 indicates that
only one new variable is introduced, and then the regularized linearized augmented
Lagrangian algorithm is used to solve it. It can be seen that the numerical perfor-
mance of the two is relatively close in terms of the number of iterations and time. All
the following algorithms will uniformly adopt the method of introducing N blocks
of new variables (Table 5.4).

Several augmented Lagrangian-type algorithms proposed in this paper are com-
pared. It can be found from Algorithm 5.4 that for RALM, generally when the regular
parameter y is relatively small, the performance is better. Compared with RLALM,
the number of iterations of RLALM is significantly smaller, and the iteration time
of some examples is also significantly shorter. The parameters of CRLALM have to
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Table 5.5 Numerical results for JADMM and RLALM

Example JADMM JADMMa RLALM

Iter. Time Iter. Time Iter. Time
4.1 53 21.3 22 8.5 14 5.4
4.2 87 99.1 34 31.0 22 34.1
4.3 112 39.6 23 9.5 8 3.8
4.4 536 171.0 202 81.6 92 80.8
4.5 4511 13868.4 361 499.7 23 101.5
4.6 - - 156 175.0 23 61.0
4.7 788 874.4 190 261.9 46 124.6

Table 5.6 Numerical results for GADMM and RLALM

Example GADMM LGADMM RLALM

Iter. Time Iter. Time Iter. Time
4.1 22 10.5 35 18.8 14 54
4.2 36 32.5 366 512.3 22 34.1
4.3 36 29.5 197 93.7 8 3.8
4.4 100 72.0 364 191.2 92 80.8
4.5 500 772.9 711 990.2 23 101.5
4.6 60 86.9 187 221.8 23 61.0
4.7 91 428.5 160 580.6 46 124.6

be re-adjusted to have better results. Its numerical performance is obviously inferior
to that of RLALM.

Next, we examine the comparison between JADMM in [26] and RLALM in this
paper (Table 5.5).

It can be seen from Algorithm 5.5 that the iteration of JADMM using the orig-
inal parameter settings in [26] is too many, and JADMMa with manual parameter
adjustment can greatly speed up the convergence. And RLALM is also significantly
faster than the tuned JADMM. Note that since Example 5.6 is difficult to track the
cocoercivity parameters of the pseudo-gradient, the numerical results of JADMM
are not given.

Finally, we will examine the numerical performance comparison between the
Gauss-Seidel-type ADMM method of the literature [27] and the RLALM (Table
5.6).

Both GADMM and LGADMM in Algorithm 5.6 use the adaptive strategy in the
literature [27] to adjust the parameters y. LGADMM represents the linearization of
the objective function part of the GADMM algorithm. We examine the effect of this
operation on numerical performance. The parameter requirements of LGADMM are
different from those of GADMM, and it needs a larger initial y and growth span
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than GADMM in order to have better convergence performance. But its numerical
performance is not as good as GADMM. In addition, the numerical performance of
RLALM is obviously better than that of GADMM.

5.5 Conclusions

In this paper, we propose several augmented Lagrange-type algorithms for solving
generalized Nash equilibrium problems with linear common equality or inequality
constraints. Under different assumptions, there were different technical methods for
convergence, i.e., the Fejér monotonicity of the corresponding iterative sequences or
the equivalence with forward-backward splitting theoretically. In the future, we may
consider adapting the parameters to give full play to the efficiency of the algorithms.

Acknowledgements This work was supported by National Natural Science Foundation of China
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