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Introduction

Inequalities that estimate the deviation of a value of a function at some point from its
mean value using some characteristics of the function, are sometimes called Ostrowski-
type inequalities. The first result of this kind was obtained by Ostrowski in 1938 and such
inequalities were heavily studied since then. Ostrowski-type inequalities can be viewed as
a partial case of the problem to find the deviation between operators, or as a simplest form
of the problem of optimization of cubature formulae. At the same time, it appears that
such inequalities are often a key step in solutions of other important extremal problems
in approximation theory, including the problems of optimization of cubature formulae,
the Stechkin problem about approximation of unbounded operators by bounded ones,
inequalities for derivatives of Landau—Kolmogorov type and of Nagy type, and others.

In Chap. 1 we discuss a general approach to some extremal problems of approxima-
tion theory, which in particular allows us to obtain many Ostrowski-type inequalities for
various classes of functions. We show how Ostrowski-type inequalities can be applied
to obtain sharp inequalities for derivatives and related problems. Using Ostrowski-type
inequalities as a primary tool, we obtain solutions for problems of optimization of
cubature formulae.

It is well known that the problem to find a sharp constant in a Kolmogorov type
inequality for functions defined on the real axis, is equivalent to the extremal Kolmogorov
problem to find the exact upper bound of the norm of an intermediate derivative of a func-
tion on the class of functions with restrictions on the norms of the function and its higher
derivative. Despite a large number of works devoted to Kolmogorov-type inequalities,
sharp constants for derivatives of arbitrary order are known only in a few cases. There-
fore, the modification of the Kolmogorov problem considered by Boyanov and Naidyonov
is interesting. In this modification, the norm of the intermediate derivative on the entire
line is substituted by its norm on an arbitrary finite segment.

In Chap. 2, the Boyanov-Naidyonov problem is solved on classes of functions with a
given comparison function for norms of the positive and negative parts of the intermediate
derivative of the function. In particular, this problem is solved on the Sobolev classes and
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on the spaces of trigonometric polynomials and polynomial splines. In addition, a solution
to an analogue of the Erdos problem is obtained; we characterize a polynomial (spline)
with a given uniform norm that has maximal possible total length of the arcs of the graph
of its positive (negative) part on a given segment.

Remez-type inequalities play an important role in approximation theory. This topic
was initiated in the work of Remez in 1936, in which he found a sharp constant in an
inequality of this type for algebraic polynomials. At the end of the 20th century, a new
surge of works on this topic was observed. The efforts of many mathematicians aimed
at finding the sharp constant in the Remez-type inequality for trigonometric polynomials.
Only in 2019 this problem was solved in the work of Tikhonov and Yuditski.

In the author’s works, Remez-type inequalities were extended to wider classes of func-
tions. In Chap. 3, sharp Remez-type inequalities for functions with a given comparison
function are obtained in various metrics. As a result, such type of inequalities were proved
for functions from the Sobolev classes, for trigonometric polynomials and polynomial
splines with a given ratio of norms of their positive and negative parts.

In Chap. 4, we focus on the development of a variational approach for simultaneous
contrast enhancement of color images and their denoising. With that in mind we propose
a new variational model in Sobolev-Orlicz spaces with non-standard growth conditions
of the objective functional and discuss its applications to the simultaneous fusion and
denoising of each spectral channel for an input color images. The characteristic feature of
the proposed model is the fact that we deal with a constrained minimization problem with
a special objective functional that lives in variable Sobolev-Orlicz spaces. This functional
contains a spatially variable exponent characterizing the growth conditions and it can be
seen as a replacement for the standard 1-norm in TV regularization. We show that the
proposed model allows to synthesize at a high level of accuracy noise- and blur-free color
images, which were captured in extremely low light conditions.

The main purpose of Chap. 5 is to describe a robust approach for the simultaneous
fusion and denoising of non-smooth multispectral images defined on grids with different
resolution using for that a special extremal problem with nonstandard growth of the energy
functional. In fact, we use the L'-norm of the noise in the minimization function and a
special form of anisotropic diffusion tensor for the regularization term. Following this
approach, we increase the noise robustness of the proposed model albeit it makes such
variational problem completely non-smooth, non-convex, and, hence, significantly more
difficult from a minimization point of view. The principle characteristic feature of the
proposed model is that we consider the energy functional with nonstandard growth for
each spectral channel separately. The second point that should be emphasized is the fact
that we do not predefine the variable exponents a priori using for that the original noisy
images, but instead we associate these characteristics with each feasible solution.
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On Ostrowski-Type Inequalities and Their
Applications

Abstract

Inequalities that estimate the deviation of a value of a function at some point from its
mean value using some characteristics of the function, are sometimes called Ostrowski-
type inequalities. The first result of this kind was obtained by Ostrowski in 1938 and such
inequalities were heavily studied since then. Ostrowski-type inequalities can be viewed as
a partial case of the problem to find the deviation between operators, or as a simplest form
of the problem of optimization of cubature formulae. At the same time, it appears that
such inequalities are often a key step in solutions of other important extremal problems
in approximation theory, including the problems of optimization of cubature formulae,
the Stechkin problem about approximation of unbounded operators by bounded ones,
inequalities for derivatives of Landau—Kolmogorov type and of Nagy type, and others.
In this chapter we discuss a general approach to some extremal problems of approxima-
tion theory, which in particular allows us to obtain many Ostrowski-type inequalities for
various classes of functions. We show how Ostrowski-type inequalities can be applied
to obtain sharp inequalities for derivatives and related problems. Using Ostrowski-type
inequalities as a primary tool, we obtain solutions for problems of optimization of cuba-
ture formulae.

1.1 Introduction

Let two operators A and I defined on a set A of functions f be given, and & measure distance
in the range of the operators A and /. The quantity

UN,T; A):=sup h(Af,If) (1.1)
feA
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
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defines the deviation between operators A and / on the set A. The problem to find such devia-
tion occurs in many questions of approximation theory and numerical analysis. For example,
if A is a set of continuous functions f: T — R, Af = [ f(s)ds, If =D} _j ek f(xx)
(ck eR,x, €T, k=1,...,n)and h is the usual metric in R, then (1.1) gives the worst-
case error of the cubature formula I on the class A; if A f is the identity operator, & is
some metric, and / is the operator of the best approximation by elements from a set 8 i.e.,
If = argmin, g h(f, &), then quantity (1.1) becomes the best approximation of the set A
by the set 8 in metric & that is given by the formula sup ;.  infeeg h(f, &), provided the
minimum in the definition of I exists for each f € A.
In 1938 Ostrowski [66] proved the following theorem.

Theorem 1.1 Let f: [—1, 1] — R be a differentiable function and let for all t € (—1, 1),
| f/ ()| < 1. Then for all x € [—1, 1] the following inequality holds

1 ! 1 + x?
< - |t — x|dt = . (1.2)
2J. 2

1 1
‘5/ fdr — f(x)
-1

The inequality is sharp in the sense that for each fixed x € [—1, 1], the upper bound ~5—
cannot be reduced.

Inequalities that estimate the deviation of a value of a function at some point from its
mean value using some characteristics of the function, are sometimes called Ostrowski-type
inequalities. Such inequalities were intensively studied, see for example [40, 41, 63].

Observe that this theorem can be rewritten as

1+ x2
2 b

sup
supye—1,1) [f/(DI=1

1 1
Ef f@de — f(x)
_1

and hence this kind of inequalities are in fact a partial case of the problem to find the deviation
between operators.

At the same time, it appears that such inequalities are often a key step in solutions of other
important extremal problems in approximation theory, including the problems of optimal
recovery of operators and functionals (in particular, the problems of optimization of cubature
formulae) and the questions of inequalities for derivatives.

Let X and Y be linear spaces equipped with a seminorm || - || x and a norm || - ||y respec-
tively. A linear operator A: X — Y is called bounded if

Al = lAllx—>y :== sup [[Ax|y < oo.
xllx=<1

Otherwise, the operator A is called unbounded. By £(X, Y)) we denote the space of all linear
bounded operators §: X — Y.
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Quantity (1.1) was stated using an abstract notion of a distance. It will be discussed in
such a general form in Sects.1.2.1 and 1.2.2, but more often is considered in metric or
normed spaces. If A, I: X — Y and A C X, then quantity (1.1) becomes

UA, I; A) .= sup{||Ax — Ix]|ly: x € A}.

The Stechkin problem of approximation of a generally speaking unbounded operator A
by linear bounded operators on (A is stated as follows. For a given number N > 0 find the
quantity

EN(A, A) =inf {U(A, S; A): S e LIX,Y), |IS]| <N}, (1.3)

and an operator S on which the infimum is attained, if such an operator exists. The statement

of this problem, first important results, and solutions to this problem for differential operators

of small orders were presented in [71]. For a survey of further results on this problem see [5].
Inequalities of the form

1z, = KIAIE, )17 6

where 0 <k <r, 1 <qg,p,s <oo,u=1—A, A= %, and G is some domain
of definition are called Kolmogorov-type (or Landau—Kolmogorov-type) inequalities in the
multiplicative form. The first results of this kind were obtained by Hardy and Littlewood [47]
in 1912. The first sharp (i.e., with the smallest possible constant) inequalities for derivatives
were obtained by Landau [61] and Hadamard [46]. In these articles for functions defined on
R or R inequalities that estimate the uniform norm of the derivative of a function via its
uniform norm and the uniform norm of its second derivative were obtained. Kolmogorov [54]
proved sharp inequalities for all natural » and k in the case G = R, g = p = s = co. Many
results in this topic for univariate functions can be found in [27]. The multivariate situation
is substantially harder to study and only results for classes of low smoothness are known.
In Sect. 1.3 we discuss inequalities for derivatives mainly for multivariate functions.

Quantity (1.1) also appears in problems of optimal recovery of operators and functionals.
Let a metric space (X, hx), sets Y and W, and mappings A: W — X and [: W — Y be
given. An arbitrary function ®: ¥ — X is called a method of recovery of the mapping A
on the class W using the information given by the mapping /. The error of recovery of the
operator A on the class W by the method & using the information given by the mapping
is defined by the formula

EAW,I,d,X)=U(A, ®ol; W)= sup hy(Aw), D (w))).
weW

The quantity
EAN, W, I, X):ing(A,W,I,CD, X) (1.4)

is called the optimal error of recovery of the operator A on the class W, using the information
given by the operator /. The problem of optimal recovery is to find quantity (1.4) and a
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method ®* (if it exists), on which the infimum on the right-hand side of (1.4) is attained. If
7 is some class of informational operators, then it is interesting to find the quantity

EN, W, IT,X)=1inf &A, W, I, X)
lel

and an optimal information operator (if it exists), or a sequence of asymptotically optimal
operators, if an optimal operator does not exists, or it is hard to find one.

In Sect. 1.4 we consider problems of optimization of cubature formulae i.e., problems of
optimal recovery of the integral operator Aw = |, 7 w(x)dx for some classes of functions
w. It is well known that under rather mild conditions on the classes of functions, there exist
linear methods among the optimal methods of recovery. If the informational operator I gives

the values of a function at n points x1, ..., x, € T, then the error of recovery (1.4) becomes
n
inf sup f w(s)ds — chw(xk) .
%k wew |JT =1

Observe that for n = 1 the problem of optimization of the cubature formula essentially
becomes a problem to find a sharp Ostrowski-type inequality. Thus Ostrowski-type inequal-
ities might be also viewed as a partial case of the problem of optimal recovery. On the other
hand, for classes of functions of low smoothness, it is sometimes possible to obtain a solution
to the problem of optimal cubature formulae for arbitrary n, from the corresponding sharp
Ostrowski-type inequality. Some applications of this kind will be given in Sect. 1.4.

This chapter is organized as follows. In Sect. 1.2 we discuss a general approach that allows
to compute quantity (1.1), and using this approach deduce many Ostrowski-type inequalities
for various classes of functions. In Sect. 1.3 we show how Ostrowski-type inequalities can
be applied to obtain sharp inequalities for derivatives and related problems. Finally, in
Sect. 1.4 we apply some Ostrowski-type inequalities to problems of optimization of cubature
formulae.

1.2 Ostrowski-Type Inequalities
1.2.1 Abstract Distance Spaces

1.2.1.1 Notations and Definitions
The results of this section are contained in [15]. The notion of a distance (in particular, a
metric) plays an important role in many branches of mathematics. Definitions of numeric-
valued distances or metrics and a detailed discussion of these notions can be found e.g., in
monograph [52]. We refer to [12, 13, 48, 77] for metrics that take value in more general sets.
We consider a rather general definition for this notion.

A set M with a reflexive, antisymmetric and transitive relation < is called partially
ordered.
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Let X be an arbitrary set and M be a partially ordered set that has a smallest element,
which we denote by 6 (i.e., & < m forany m € M). A function hy: X x X — M is called
an M-distance in X, if for arbitrary x, y € X

L. hx(x,x) =0,
2. hx(x,y) =hx(y, x).

The pair (X, hy) will be called an M-distance space.

In [12, 13] the notion of M-distance was introduced for the case when M is a partially
ordered monoid.

Lettwo M -distance spaces (X, hy) and (Y, hy) be given. The class H (X, Y) of mappings
f: X — Y that satisfy the Lipschitz condition can be defined in a standard way:

HX,Y)={f: X = Y:hy(f(x1), f(x2)) < hx(x1,x2) VX1, x2 € X}.

In this section, speaking of a partially ordered set M, we assume that some M -distance
hyy is defined in M.
We say that an M-distance iy in X agrees with an M-distance hjs in M, if

hay(hyx(x,x1), hx(x,x2)) < hx(x1,x2)Vx,x1,x € X. (L.5)

Note that inequality (1.5) holds (and is equivalent to the triangle inequality) if M = R4
with the usual metric, and (X, hy) is a pseudo metric space (for a definition of a pseudo
metric and a pseudo metric space see, for example [51, Chapter 4]). That is why we introduce
the following definition.

An M-distance hx on a set X will be called an M-pseudo metric, if it agrees with
M-distance hy; i.e., inequality (1.5) holds. In this case the pair (X, hx) will be called an
M -pseudo metric space.

In Lemma 1.2 we will give a general sufficient condition that an M-metric & (see the
definition prior to Lemma 1.2) agrees with /.

We need the following lemma.

Lemma 1.1 Let T, X, Y be M-distance spaces. Then

1. If feHT,X)andg e H(X,Y), thengo f € H(T,Y).
2. If f € H(T, X) and hy is an M-pseudo metric, then hx(f(-), f(t)) € H(T, M) for
any fixedt € T. In particular, if T = X, then hr(-,t) € H(T, M).

Proof The first statement of the lemma is obvious.
If f € H(T, X) and hy is an M-pseudo metric, then for arbitrary t1,# € T,

H

(1.5) fEH(T,X)
hvhx[f (D), fOL hx[f (), fO) < hx(f(t1), f(©)) <  hr(t, 0).
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Therefore hx(f(-), f(¢)) e H(T,M). If T =X and f(r) =1, T € T, we obtain that
hr(-,t) e H(T, M).

1.2.1.2 Classes of Operators and an Ostrowski-Type Inequality
For an M-distance space X, an operator A: H (X, M) — M will be called monotone, if for
arbitrary u, v € H(X, M)

VMxeXukx)<vix) = A < A)).

Let T, Y be M-distance spaces, X be an M-pseudo metric space, and t € T be fixed. We
say that an operator A: H(T, X) — Y and a monotone operator A.: H(T, M) — M agree,
iftVf e H(T, X)

hy(Af(), Af@) < Ahx(f (), f(2))). (1.6)

Here and below A f(#) means the value of the operator A on the constant function
T — f(t), T € T (the same notation will be used for other operators whose arguments are
functions).

Theorem 1.2 Let (T, hr) and (X, hyx) be M-pseudo metric spaces, (Y, hy) be an M-
distance space, and t € T be fixed. Assume that an operator A: H(T,X) — Y and a
monotone operator .. H(T, M) — M agree. Then for arbitrary function f € H(T, X)
the following Ostrowski-type inequality holds:

hy(AfC), Af @) < Ahr (-, 1)). (1.7)

If
r0) =9, (1.8)

and there exists an operator ¢px: H(T, M) — H(T, X) and ¢y € H(M, Y) with the fol-
lowing property
hy (¢y (m), ¢y (0)) = m, if m = A(hr (-, 1)), (1.9)

such that the diagram

HT,X) 25 v

¢XT T‘f)y

H(T,M) 25 M

is commutative i.e.,
Aodx = dy oA, (1.10)

then inequality (1.7) is sharp and becomes equality on the function

fi1() = ¢x(hr (-, 1)). (1.11)
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Proof Let f € H(T, X). Since (T, hr) and (X, hx) are M-pseudo metric spaces, we have
due to Lemma 1.1 that hx(f(-), f(¢)) € H(T, M) and hy(-,t) € H(T, M). So both of
these functions belong to the domain of A.

Since the operators A and A agree, and the operator X is monotone, foreach f € H(T, X)
one has

hy(AfC), Af @) < A(hx(fC), f(0))) < Ahr (-, 1)),

and inequality (1.7) is proved.
The function from (1.11) belongs to the class H(T', X), since hr(-,t) € H(T, M) and
¢x: H(T,M) - H(T, X). Using condition (1.10), one has

hy (Afi (), A fi (1) = hy (A(px (hr (-, 1)), Apx (hr(1,1))))

= hy((A o ¢x)(hr (-, 1)), (Ao dx)(hr(t,1)))
(1.10)

=" hy((¢y o M)(hr (-, 1)), (¢y 0 1)(0))

= hy (y Oz (. 1)), py 0@)) Y Ahr (1)),

The theorem is proved.

Note that classes of operators that satisfy the properties analogous to properties (1.6), (1.9)
and (1.10) were considered in [20]. In order to explain the nature of these properties we give
the following example. Condition (1.6) is a relaxed version of the following condition:

hy(Af, Ag) = Mhx(f(), g()))

forall f,g.If M = Ry, X = YisaBanachspace, A f = f_ll f(t)dt is the Bochner integral
of f, and A is the Lebesgue integral on [—1, 1], then this condition becomes

1 1
H / Fldi - / g(dt
-1 .

Moreover, if ¢ is an integrable real-valued function and x € X, then

1 1
f a(t) - xdt = </ a(t)dt> - X
-1 -1

i.e., condition (1.10) is satisfied with ¢x and ¢y being multiplication by a fixed element
x € X. If the element x is such that ||x|| = 1, then the operator ¢x preserves the Lipschitz
property, and condition (1.9) holds for arbitrary m € R . The function A7 (-,t) = | - —t] is
extremal in inequality (1.2) for the real-valued functions from H ([—1, 1], R). Therefore for
any x such that ||x|| = 1 the function f;(-) = |- —¢| - x is extremal in the Ostrowski-type
inequality for Banach space-valued functions.

In the majority results that we know (see e.g. [3, 4, 14, 20]) for extremal problems on
classes of non-numeric-valued functions f: T — X, extremal functions are built based on

1
< f @) = gldr.
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the real-valued extremal function for the extremal problem on the corresponding class of
real-valued functions f: T — R:if f,: T — R is an extremal function in the real-valued
case, then the function f, - x: T — X usually becomes an extremal function in the non-
numeric-valued situation for some specially chosen element x € X. This corresponds to the
described above approach in the case, when ¢x and ¢y are operators of multiplication by
some elements.

More generally, if for the operators A: H(T,M) — M and A = A, fixed t € T and
f € H(T, M) inequality (1.6) holds, then

hvf (), Af (D) = A(hr (-, 1)).

If in addition, property (1.9) holds with Y = M and ¢y being the identity function, then the
latter inequality become equality on the function a7 (f (-, ¢)). Function (1.11) is obtained
from this function as a result of applying to it the operator ¢x : H(T, M) — H(T, X).

Recall that an operator ¢: H(T, M) — X can be considered as an operator ¢: M — X
(ifm € M, then ¢ (m) := ¢(f), where f(-)=monT).

Corollary 1.1 Assume that operators A, ) and ¢x and ¢y = ¢x satisfy the conditions of
Theorem 1.2 with X = Y. Let also there exist an operator P € H (X, X) such that

I. Af=AoP)f=(PoA)f VfeH(T,X),
2. Afty=(AoP)f(t)y=Pf(@t) YteTVfe H(T,X),
3. ForanyteT

hx((P o ¢x)(m), (P o ¢x)(0)) =m, if m = r(hr (-, 1)). (1.12)

Then for arbitrary t € T the following sharp inequality holds:
hx(AfC), Pf(0) < A(hr (-, 1)). (1.13)

The inequality becomes equality for the function

fi() = (Podx)(hx(,1).

If P = 1d (the identity operator) satisfies the above conditions, then inequality (1.13) has
the form

hx(AfC), f(0) = Ahr (- 1)).

and becomes equality for function (1.11).
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Proof 1t is easy to check that operators A, A and ¢~5x = P o ¢ and ay = 5 x instead of ¢x
and ¢y satisfy the conditions of Theorem 1.2 with X = Y. Therefore for hx (A f(-), A f(2))
we obtain

hx(Af(C), Af(0) = My (-, 1)).

Due to the properties of P

hx(AfC), Pf(0) =hx(Af(), Af() < A(hr (-, 1)),

and the inequality (1.13) is proved.
For the function f,(-) = (P og¢x)(hx(-,t)) we have

hx(Afi (), Afi(8) = hx((A o (P o ¢x))(hr (. D). (A o (P o ¢x))(hr(t. 1))
L 1 (P o gx) o (T (1)), (P o %) 0 1)(0))
= hx((P o px)(A(hT (. 1)), (P 0 ¢x)(h(0))) "2 A(hr (-, 1)).
Therefore inequality (1.13) becomes equality for the function f;(-).
The last statement of the Corollary is obvious.

The case when A is the integral operator and P is the convexifying operator for multi-
valued (see e.g. [43]), L-space-valued (see e.g. [20, 75]), or quasilinear-space-valued func-
tions (see e.g. [7]), is an important example of the operators that satisfy the conditions of
Corollary 1.1. The case, when A is the integral operator, and P is the identity operator occurs
in the case of real-valued functions and functions with values in Banach spaces. Thus in the
case M = R, many known Ostrowski-type inequalities for real-valued, multi-valued and
fuzzy-valued functions, as well as for functions with values in Banach spaces (in particu-
lar, random processes) and in L-spaces follow from Theorem 1.2 and Corollary 1.1 with
appropriately chosen spaces T, X and Y and operators A, A, P, ¢x and ¢y.

The only result that we know, where related questions were considered for M # R, is
article [59].

1.2.1.3 Classes H*(T, X) and Ostrowski-Type Inequalities
Let iy bean M-distanceinaset M. A functionw: M — M is called amodulus of continuity,
if it satisfies the following properties:

1. w(@)=20;
2. w is non-decreasing i.e., w(m1) < w(my), whenever m| < my;
3. w is semi-additive in the following sense: for all m, mr, € M

hy(w(@my), w(my)) < w(hy(my, my)).
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In the case of M = R a modulus of continuity as an independent notion was introduced
by Nikolsky [65].

Let a modulus of continuity w and two M-distance spaces (T, ht), (X, hx) be given.
We consider the classes

H(T,X)={f:T — X: hx(f(t1), f(2)) < w(hr(t1,12)) V11,12 € X}.

Classes H(T, X) play an important role in approximation theory. Many papers are
devoted to solutions of different extremal problems for these classes. Some results for real-
valued functions can be found e.g., in [33, 55, 73]. Some results regarding extremal problems
for classes H® (T, X) of functions with non-numeric values can be found in [14, 16, 20, 21,
42, 58].

Observe that the class H(T, X) is a partial case of the class H*(T, X) in the case, when
w =1d, where Id: M — M is the identity mapping. On the other hand, as it is easy to see,
the function h%: T x T — M, given by the formula

h7(t1, ) = w(hr (11, 12))

is anew M -distance in 7', which becomes a M -pseudo metric, if 47 is an M-pseudo metric.
Consideration of the classes H* (T, X) with different @ and fixed distance 47 in T allows
to appreciate the properties of the functions f: T — X in a more detailed manner. This
makes the classes H“(T', X) important for approximation theory.

If in Theorem 1.2 the M-pseudo metric in 7 is understood as /%, then we obtain the
following

Corollary 1.2 For arbitrary modulus of continuity w and arbitrary function f € H*(T, X)
the following inequality holds:

hy(AfC), Af (@) < Mo(hr (-, 1)),

which is sharp under the corresponding conditions and becomes equality on the function

Jo.i() = ¢x(@(hr (-, 1))).

1.2.1.4 On Agreement of M-Distances
A partially ordered set M with a smallest element 6 will be called a partially ordered monoid,
if an associative binary operation + is defined in M and the following properties hold:

1. Foralme M,0 +m=m=m+6.
2. If m,n € M are such thatm <n,thenm + p <n+ pforall p e M.
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Anelement s in a partially ordered set M is called a supremum of two elementsm, n € M,
if the following two conditions are satisfied

1. s>mands > n;
2. fu>mandu > n,thenu > s.

If a supremum of m, n € M exists, then it is unique and we denote it by sup{m, n}.
A mapping hy: X x X — M is called an M-metric, if the following conditions hold:

1. Forallx,y e X,x =yifandonlyif hx(x,y) =0;
2. Forallx,y € X, hx(x,y) = hx(y, x);
3. Forallx,y,ze€ X, hx(x,y) < hx(x,z) +hx(z,y).

Next we give a sufficient condition on an M-metric /)y in a partially ordered monoid M
to agree with an arbitrary M-metric hy on a set X. Before doing so, we note that generally
speaking M-metric hx need not agree with /). For example, if M = Ry, hy is a metric
such that 0 < hx(a, B) < 1 for some «, 8 € X, and hy, is the discrete metric on R (i.e.,
hy(a,b) =0,ifa = b and hy(a, b) = 1 forall a # b), then inequality (1.5) does not hold
for x = x; = « and xp, = 8. Moreover, an M-metric i) does not necessarily agree with
itself. Consider for example M = R, and let

0, a=b=0,
hy(a,b) = %, exactly one of a, b is 0,
min {1, [In¢|}, a#0andb #0.

It is easy to verify that it is actually a metric on M (the fact that this function satisfies the
property hy(ra, rb) = hy(a, b) forall a, b > 0 and » > 0 allows to reduce the number of
different cases to consider during verification of the triangle inequality). Since In2 < %, for
x = x1 = 1, xo = 2 inequality (1.5) with hx substituted by %, does not hold.

Lemma 1.2 Let M be a partially ordered monoid and assume there is a function e: M x
M — M such that for all x, y, z € M the following properties hold:

X <y <= e(x,y)=0;
e(x,0) <x;
e(x,y) <e(x,z)+e(z,y);
e(z+x,z+y) <e(x,y).

If for arbitrary x, y € M the supremum sup{x, y} exists, then
hm(x,y) = sup{e(x, ), e(y, x)}

is an M-metric. Moreover, arbitrary M-metric h agrees with hyy.
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For example, if M = R4, the function e(x, y) = max{x — y, 0}, x, y € Ry, satisfies the
conditions of Lemma 1.2. In this case ks (x, y) = |x — y|.

Proof We prove that ki is an M-metric first. If x € M, then
hy(x, x) = supfe(x, x), e(x, x)} = sup{@, 60} = 6.

Moreover, if iy (x, y) = 0,thene(x, y) = e(y,x) = 0,hencex < yandy < x,thusx = y.
Since sup{a, b} = sup{b, a} for all a, b € M, we obtain that hy(x, y) = hy(y, x) for all
x,y € M. Finally, forall x, y,z € X,

hm(x,y) = supfe(x, y), e(y, x)} < suple(x, z) + e(z, ¥), e(y, 2) + e(z, x)}
< supfe(x, z), e(z, x)} + suple(z, ¥), e(y, 2)} = hm (x, 2) + hm (2, y).

Letx < yandz € M. Then e(x, y) =6, and

e(y,z) =e(x,y)te(y,z) > e(x,2)

i.e., the function e is non-decreasing in its first variable.
Finally, if / is an M-metric on a set T, then for arbitrary ¢, t1, 1, € T,

hy(h(z, 11), h(t, 1)) = suple[h(t, 1), h(t, )], e[h(t, 12), h(t, 1)1}
< suplelh(t, ) + h(t2, 1), h(t, )], elh(t, t1) + h(t1, 12), h(t, 1)1}
< suplelh(t2, t1), 0], e[h(11, 12), 01} = e(h(t1, 1), 0) < h(ty, o).

The idea to use an order-defining function e (with properties similar to the ones stated in
the lemma) as a tool to define partially ordered metric spaces was introduced in [11].

1.2.2 Some Notes About Estimates for the Deviation Between Operators

We start with some remarks that apply to an arbitrary partially ordered set.

A sequence {x,} C N will be called extremal for a set N in a partially ordered space M,
if y e M and y > x, for all n € N implies that y > x forall x € N.

Note that if sup N exists and belongs to NV, then the constant sequence {sup N} is extremal
for the set V.

The following observation holds.

Lemma 1.3 Let a set A, a partially ordered set M, and two functions ¢, ®: A — M be
given. Assume the following properties hold.

(a) Forall f € Aonehasp(f) < D(f).
(b) There exists a subset B C A such that ¢ (f) = ©(f) foreach f € B.
(c) For some sequence { f,,} C B the sequence {® (f,,)} is extremal for the set ® (A).



1.2 Ostrowski-Type Inequalities 13

Then the sequence {¢ (f,)} is extremal for the set ¢ (A). If there exists sup ® (A), then
sup ¢ (A) exists and the following equality holds

sup ¢ (A) = sup P (A). (1.14)

Proof Let {f,} C B be as in property (c). Assume that m € M is such that m > ¢ (f;,) for
all n € N. Since { f,} C B, we obtain that m > ®(f,,) for all n € N, due to condition (b).
Hence m > ®(x) > ¢(x) for all x € A, due to conditions (c) and (a), which implies the
first statement of the lemma.

Suppose that s := sup O (A) exists. Then due to condition (a) for any f € A one has
s > ¢(f). Moreover, if u € M is such that u > ¢ (f) for any f € A, then for the sequence
{f} from condition (c), due to condition (b) we obtain u > ¢ (f,,) = ®(f,) foralln € N.
Therefore u > ®(f) forany f € A, and hence by the definition of supremum, # = s. This
implies (1.14). The lemma is proved.

It appears that in many known situations, the solution of the problem to find quantity (1.1)
uses the scheme of Lemma 1.3. We restate it in Lemma 1.4 in slightly different notations,
which are closer to the ones used below. The motivation for these notations is as follows.
Information about many classes of functions A is given in terms of the value L f, f € A, of
some operator A. For example, the Sobolev classes W[; (a,b),r €N, g €[l,00], (a,b) C
R, are determined by the condition || f (r)||L,,(a,b) <1 on the function A f = ). More
examples will be considered below.

For two sets A and B, by B4 we denote the set of all functions f:A— B.

Lemma 1.4 Let M be apartially ordered set, S, T, X, Y, Z be some setsandhy : Y x Y —
M be some function. Assume also A C XT, A, I: A— Y, A: A— Z5 and ¢ : M(A) —
M be such that the following properties hold.

(a) Forall f € A one has
hy(Af,If) < @od(f). (1.15)

(b) There exists a subset B C A such that inequality (1.15) becomes equality for each
fes
(c) For some sequence { f,} C Bthe sequence {¢ o A( f,)} is extremal for the set ¢ o A(A).

Then the sequence {hy (A fn, 1fn)} is extremal for the set {hy (A f, If): f € A}.
Proof 1t is enough to apply Lemma 1.3 to ¢ (f) = hy(Af, If),and ® = ¢ o A.

The statement of Lemma 1.4 can be rephrased as follows. Under the conditions of
Lemma 1.4 the inequality
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hy(Af,If) <supg o rA(A) (1.16)

holds for all f € A, provided the supremum on the right-hand side of the inequality exists.
Inequalities (1.15) and (1.16) are sharp.

There are two key steps in the application of Lemma 1.4: the first one is to obtain
inequality (1.15) that becomes equality for an enough wide family of functions; the second
one is to solve extremal problem

¢(g) — sup over g € A(A).

Each of these steps can be non-trivial, but in some known in the literature results both
of them are either trivial, or already known. In particular we show that many results on
the Ostrowski type inequalities in fact can be obtained using standard arguments as an
application of Lemma 1.4. For example, a majority of results from survey [41] in fact follow
from Theorem 1.5 withn = 1 and n = 2.

1.2.3 Classes of Smooth Functions Defined on a Segment

The results of this section are mainly from [59].

1.2.3.1 Auxiliary Results
Using the following technical lemmas, we give several applications of Lemma 1.4. For a
given integrable on [a, b] function w and x € [a, b] set

—f; wt)dt, s <x,

1.17
ff wt)dt, s> x; (117

ri(s) = ry(w; s) ={

Lemma 1.5 Let f, w: [a, b] — R be absolutely continuous functions, w be positive on
[a,b] and p: [a, b] — R be an integrable on [a, b] function. Then for each x € [a, b]

b b b
/ p() (1) — ( / p(r)w(r)dz) &) f e (pw; $)Df (s)ds,

w(x)
where Df = (%f)/

Proof

b b
/ p(t)f(t)dt—< f p(t)w(t)dr) AL
a a w(x)

b
_ 0 f)
_/a P (w(r) w(x))dt




1.2 Ostrowski-Type Inequalities 15

* b
=f pOw(t) (M - f(x))dt+/ p(OHw(t) (M _ f(x))dz

w()  wx) w()  wx)

X X b
= —f p(t)w(t)/ Df (s)dsdt +/ pOw(t) /t Df (s)dsdt
a t x x

by K b b
:/ Df(s) <—/ p(t)w(t)dt) ds+/ Df (s) (/ p(t)w(t)dt) ds

b
= [ nwpses.
a
as required.
Assume thatn € N positive on [a, b] functions wy, ..., w, such that w,(cn_k) is absolutely
continuous, k = 1, ..., n, are given. Consider differential operators
1 /

Such type of operators were studied in [50, Chapter 6]. Starting with an integrable function
p: la,b] — Randapoint x € [a, b], we define a sequence of functions rfc‘ : [a, b] - Rby
the formula

0

PO =p, andrf = r (urth, k=1,...,n, (1.19)

where the function r, is defined by (1.17). The following representation holds.

Lemma 1.6
b n—1 b D b
f p(r)f(r)dr—Z( / rf(t)wk+1(t>dt) w;fl (:) = / ri(6) Dy f (1),
a k=0 a a

Proof We proceed by induction on n. The case n = 1 immediately follows from Lemma 1.5.
Assume the lemma is true for n = s. Then

s

b b D
[ porwa =3 ([ omaoa) S

a k=0

b b
:/ V;([)Dsf([)d[ — (/ r)sc(t)ws+1(t)dt> Dy f(x)

Wy1(x) .

Applying Lemma 1.5 with p = r} and w = w1, we obtain the required.

In the case, when wy = 1 forallk =1, ..., n, the previous lemma can be rewritten in a
more explicit way.
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Lemma 1.7 Ifn € N, f hasn — 1 derivatives on [a, b] and f "~V is absolutely continuous
on |a, b], then

n—1

b 1 b
/a p(0) f(t)dt — sz: o ( / p()(t — x)kdt) £ x)

b
= / @) f W (e)de. (1.20)

a

Moreover, forallk =1, ...,n,
b b
k 1 k
L(dt = 0 p(t)(t —x)"dt. (1.21)
a

Proof First of all note that the left-hand side of (1.20) becomes zero, if f is a polynomial
of degree less than n; this easily follows from the expansion f (1) =Y ;- rAleo] (x) (r — x)¥
for polynomials of degree less than n.

Next by induction on n we simultaneously prove that equalities (1.20) and (1.21) hold.
For n = 1 equality (1.20) follows from Lemma 1.5. Since the left-hand side of (1.20) with
n = 2 is zero for f(¢) = ¢, using (1.20) for n = 1, we obtain

b b b
0=f p(H)tdt — (/ p(t)dt)x—/ p()(t — x)dt

b b
=/ r;(;)dr—f p()(t — x)dt

and equality (1.21) for k = 1 follows.

Assume that equalities (1.20) and (1.21) hold for some n = s € N. Since the left-hand
side of (1.20) with n = s + 2 is zero for the function f(t) = (§A+—+11),,
inductive assumptions for n = s,

s+l s+1 1 b } s —k+1
0=/a p(r)( —y dt — %E(/ p(t)(t—x)dt)—(s_k+1)!
s+l s—1 1 b . S —k+1
:/a p()( S _,gﬁ(/a p(t)(t—x)dt>4(s_k+l)!
b b
-1 p@)(t —x)*dt | x — L p(O)(t —x)*Tdr
s! a s+ D!/,

b s b s 1 b "
:/u rx(t)-tdt—</a rx(t)dt)x—m/a p@)( —x)*Tdt

b 1 b
=f rstieydr — m/ p() (& — x)ds,

we obtain, using the
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which proves (1.21) for k = s + 1. Finally,

N

fa P f(tydt = o (/a pO)(t — x)kdt) £ (x)

k=0
b s—1 1 b
= / p(0) f(D)dt — ,;) a ( f Pt — x)kdt> JAC))

1 b
-5 ( / p()(t — x)“dr) F9)

b b b
- f P FO(0)dr — ( / r;(r)dr) FOG) = f P £ (1)

a a

1.2.3.2 Ostrowski-Type Inequality for the Classes W;’ [a, b]
Forn € Nand 1 < g < codenote by W[’; [a, b] the class of continuous functions f: [a, b] —
R such that £~ is absolutely continuous on [a, b], and || f lyta.p1 < 1.

Note that class W;’ [a, b] contains all polynomials of degree less than n. If x € [a, b] is
fixed, p is an integrable on [a, b] functions and

b n—1
sup / pOf0dt =Y e fP )] < 00 (1.22)
fewa,b] |Ja =0
for some numbers co, . .., c,—1, then the value of the expression under the supremum must
be zero for all polynomials of degree less than . Setting f tobet — 1, t >t —x, ..., 1
(t —x)""1, we get
1 b
=17 p(O(t —x)dt, k=0,1,...,n—1.
s Ja

This means that (1.22) can hold only for the above choice of the coefficients ci, k =
0,...,n — 1. At the same time, for these values of the coefficients, the supremum is indeed
finite and is found in the following theorem.

Theorem 1.3 Letn € N, 1 < g < o0, x € [a, b] and an integrable on [a, b] function p be
given. Then

n—1

/ p f(Hydt =) o (/a pO)(t — x)kdt> FO ()

a k=0

sup
JeWpa.b]

= sup
llgllzyta,p1=1

b
/r)'}(t)g(t)dl = IrilL s, (1.23)
a

where 1/q + 1/q" = 1 and r? is defined in (1.19) withwy =1, k=1, ..., n.
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Proof The right equality in (1.23) is true due to the Holder inequality. To obtain the left

one, it is sufficient to apply Lemma 1.4 with S =T =[a,b], X =Y =Z =M =R, A=
b

B=Wpa,bl, Af = [, p()f(D)dr,

n—1 b
1
If=> jﬁ ( / Pt —x)kdr) O,
k=0 "~ a

Af=f™ and g =
Lemma 1.7.

f ab r)’g(t)g(t)dt‘. Inequality (1.15) becomes equality due to

Related results with p(¢#) = 1 can be found in [2, 45].

Note that inequality (1.23) can be stated for all x € [a, b] at once as follows. Assume
that $ =T =1[a,b], X =Z =R, A=8=W/[a,b], f = f™.Let ¥ = M be the set
of measurable essentially bounded on [a, b] functions with pointwise addition and partial
order;

hy(f.g) =s = [f(s) —g(s)l|.s € [a, b],

Af=x+ fab p(t) f(t)dt be the constant function,
n—1 1 b
If=xm> o (/ Pt —x)kdt) O, x €la,bl,
k=0 " 4

and pg = x — ‘fab re (t)g(t)dt‘. Applying Lemma 1.4 we obtain sharp inequality (1.23);
the fact that sup ¢(A(A)) is well defined is contained in [76, Chapter IV, § 1].

1.2.3.3 Ostrowski-Type Inequality for the Classes W" H®[a, b]

Recall that a continuous non-decreasing subadditive function w: [0, c0) — [0, co) that
vanishes at zero is called a modulus of continuity. For n € N denote by W" H*[a, b] the
class of continuous on [a, b] functions f such that f M) e H®[a, b], that is for all & > 0,

1™ (x) — f™(y)| < w(h), whenever |x — y| < h.

Using the same arguments as in the proof of Theorem 1.3, we obtain

b n—1 1 b
sup / p@) f®)dt — Z a (/ p((t — x)kdt> 0 (x)
fewnHela,b]|Ja =k \

= sup
g€H®[a,b]

b
/ ri(r)gt)dt
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Since the class H®”[a, b] contains all constants, the right-hand side of the latter equality can
be finite only in the case

b
/ P (t)dt = 0. (1.24)

Assume that p is non-negative on [a, b] and fub p()dt > 0.Due to (1.21), condition (1.24)
does not hold for any even n. On the other hand, for each odd » there exist x € [a, b] such
that condition (1.24) holds (and such x is unique provided p is positive almost everywhere).

Theorem 1.4 Let n € N be odd, w be a modulus of continuity, p be an integrable positive
almost everywhere on [a, b] function, and x € [a, b] be such that condition (1.24) holds.
Then

n—1

/ pOf(tdt =) o (/a pO(t — x)kdt> 0 ()

a k=0

sup
feWnHe[a,b]

= sup
g€H®a,b]

b
/ ri(t)g()dt

< /x Iry Ol (p@) —ndt,  (1.25)

where p: [a, x] — [x, b] is uniquely determined by the condition

t p)
/ ri(s)ds = / ri(s)ds.
a a

If w is concave, then the inequality in (1.25) becomes equality.

Proof The equality in (1.25) can be proved using the arguments from the proof of Theo-
rem 1.3. Since 7 is odd, from the definition of the function ! we obtain that }/ is non-positive
on [a, x] and non-negative on [x, b]. Taking into account equality (1.24), we may apply the
Korneichuk—Stechkin lemma, see e.g. [55, § 7.1], which gives the inequality in (1.25).
Moreover, it becomes equality in the case of a concave modulus of continuity .

1.2.3.4 Ostrowski-Type Inequality for Classes Defined by a General
Differential Operator

Let operators D, k = 1, ..., n be defined by (1.18). Denote by D7, g € [1, oo], the space

of continuous functions f: [a,b] — R such that | Dy f|lL,a.p) < 1. Using Lemma 1.4

together with Lemma 1.6, we obtain the following result.

Theorem 1.5 Letn e N, 1 < g < oo, x € [a, b] and an integrable on [a, b] function p be
given. Then
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b n—l b
Dy f (x)
sup f p(r)f(r)dr—Z( / rﬁ(r)wkmt)dt)—
feonabl|Ja = \Va Wi1(x)
b
= sup fr,’:mg(r)dr = 1PNz ta.b1-
lglglap=l1Ja

where 1/q +1/q" =1, r!' is defined in (1.19), and the operators Dy, k =1, ..., n, are
defined in (1.18).

1.2.4 Some Auxiliary Results

In this section we give some definitions and auxiliary results which will be used in Ostrowski-
type and Kolmogorov-type inequalities later. These results are mainly from [29].

For x, y € R? denote by (x, y) the dot product of x and y. Let K C R? be an open convex
symmetric with respect to the origin & bounded set with 6 € int K. Denote by K the family
of all such sets K. For K € K and x € R denote by |x|x the norm of x generated by the
set K, i.e.,

x|k :=inf{A > 0: x € AK}.

If K is the unit ball in Rf, ie.,

K = 1(x; xq) € RY: ZZ:I el” = 1, p &ll,c0)
dlxk| <1, p=oo

.....

then we write | - |, instead of |x|x.

Aset C C R is called a cone, if x e C = Ax e C forall » > 0. By C we denote the
set of all open convex cones in R?.

For R > 0, Bg denotes the Euclidean ball with center at the origin # of R?. By 9!
we denote the unit Euclidean sphere in R with the center §. Let a set C € C be given, and
Q: C — R be a non-negative homogeneous of degree 0 (i.e., 2(Ax) = Q(x) forall A > 0
and x € C) integrable on C N $9~! with respect to the spherical measure function. This
function 2 will be referred to as a non-negative characteristic.

For a set K € K, denote by K° its polar set (see e.g. [68, Section 14]),

K° = {y eR?: sup (x, y) < 1}.
xekK

It is well known that
|zlke =sup{(x,2): |x|x < 1}.

In particular for all x, y € RY (see e.g., [68, Sect.15]), (x,y) < |x|k - |y|ke. From the
definition of the set K° it also follows that |y|ge =1 == sup,cx(x,y) = 1.
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A d — 1 dimensional hyperplane « is called a supporting hyperplane for a convex set
K, if K is contained in one of the two closed half-spaces generated by o, and @ N 9K # .
A supporting hyperplane « of a convex set K is called a tangent hyperplane at x € 0K, if
x € « and there is only one supporting hyperplane of the set K that contains x.

Lemma 1.8 Let K € K, a be a supporting hyperplane of K, & be the distance between o
and the origin 6, and n be the unit (i.e., |n|» = 1) external normal of a. Then |n|gxo = 8. In
particular, this equality holds if K is a polytope and o contains a face y of K.

Proof By definition, K lies on one side of the hyperplane «, hence
Inlge = sup{(x,n): |x|g <1} <3.

On the other hand, if y € « N 9K, and {y,,} C K is a sequence of points converging to y,
then |y, |k — 1 and (y,,,, n) — 8 as m — oo.

The following consequence of the coarea (see e.g. [44, Theorem 3.2.12]) formula will
be needed. This result is essentially contained in [28].

Lemma 1.9 LetC € C, K € Kbeapolytope, y be aface of K N C that does not contain the
origin 6 and § be the distance between 0 and the plane that contains y. For (a, b) C (0, 00)
setI' := U)\e(a’b) Ay. For all integrable g: ' — R

b
fr g(0)dx = 5 f P! / ¢(py)dydp.
a y

Proof Letn be the unit external normal of the face y. Consider the function u(x) = %(n, X).
Then |Vu(x)|, = % forall x € RY, y Clx e R?: u(x) = 1}, and using the coarea formula
we obtain

b
/ g(0)dx = 5 f (0| Vu(x)ladx = 5 / / ¢(dydp
r r a Jpy

b
=8/ pd*l/g(pz)dzdp-
a y

Observe that the set y is contained in a d — 1-dimensional hyperplane and we can inte-
grate over the d — 1-dimensional Lebesgue measure (and write dz) instead of the d — 1-
dimensional Hausdorff measure H;_ 1.

If K € K, then | - |k is a finite convex homogeneous function on R, According to [68,
Theorem 25.5] the set D C RY of points where | - |k is differentiable is dense in R4 and its
complement has Lebesgue measure zero. Due to homogeneity of | - |x, R? \ D is a cone
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in R4, and hence the set 9K \ D has zero d — 1-dimensional Hausdorff measure H;_1.
At each point x € 9K N D the function | - |g is differentiable, and hence K has a tangent
hyperplane (with a normal V|x|g). Thus H;_1-almost everywhere on d K we can define a
function » that maps a point x to the external unit normal of the tangent hyperplane of K at x.

For a convex function f by 9 f(x) we denote the subgradient of f at x i.e., the set
of all vectors x* € R such that f(z) > f(x) 4+ (x*, z — x) for all z from the domain of
definition of f (seee.g., [68, Sect.23]). If K € Kiis a polytope, and x belongs to the interior
of a face y of K, then the subgradient d|x|g is a singleton that contains an orthogonal to
y vector; if x € dK is not in the interior of a face, then d|x|x contains vectors orthogonal
to all supporting planes of K at x, in particular it contains vectors orthogonal to each of the
adjacent to x faces of K.

Let 2 be a non-negative characteristic defined on a cone C € C. From the homogeneity
of Q it follows that for each K € K, € is integrable on the set K N C with respect to
d — 1-dimensional Hausdorff measure Hy_;.

For K € K, C € C and a non-negative characteristic €2 set

Qm:cy=/n

In (1) k=$2(t) Hy—1(d1),
Cnak

where 7 is the unit external normal of K. We need the following lemma.

Lemma 1.10 Ler K € K, C € C, and a non-negative characteristic 2 be given. Let {K;} C
K, be a sequence of polytopes that converges to K in the Hausdorff metric. Then asi — o0

Q(K;,C) > Q(K,C).
Proof The functions | - |k, converge to | - |k uniformly on §4=1_and due to positive homo-
geneity of the support functions, pointwisely on R¢. For each £ € S9!, let x;(£), i € N,
and x(£) be the points where the ray {A&: A > 0} intersects dK; and d K respectively. Let

¢ > 0 be fixed. For each & € §9~! such that | - |g is differentiable at x(£), applying [68,
Theorem 24.5] to the sequence {x; (§)}, wecanfind N = N (&) suchthatforalli > N one has

alxi (§)k; COlx(E)lk + Be = VI|x(§)Ix + Be.
Hence if y is a face of K; that contains x;(§) and n,, € 9|x;(§)|g, is its normal, then
Iny = Vix@&)lgl2 < €. (1.26)

By [68, Theorem 24.7] the set G := | J cax 91x|k is closed. Moreover, since the function
| - |k is positively homogeneous, it does not have extrema on 0K, and hence 0 ¢ G. Thus
G is separated from zero and due to (1.26) for almost all £ € $9=1 one has

Ini (xi (§)) | ge — [n(x(§))|ke asi — oo.
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Moreover, since |n; (x; (§))| k- is the distance from the origin to a hyperplane that contains
1
one of the faces of K;, there exists A > 0 such that

Ini (6§ g - [xi©)13 " < A
for all £ € S9! and i € N. The functions & [mi (xi (§)) | ke |xi (5)|g_19(§)’ §esi,

are majorated by an integrable on C N $9~! function & — AQ(£) and converge almost
everywhere to the function |n(x(§))|ge|x(§) |‘21_1 Q(&). Thusasi — oo,

[ oo = [ @l 2
CNIK; cnsd-1

N / G kelx )1 QE)dE = /
cnsd-1

In()| ko $2(t) Hy—1(d1),
CNakK

as desired.

For0 <a < b < +o0 and p € [1, o], denote by L, (a, b) the space of all measurable
functions w: (a, b) — R with finite norm

1/
(fab td_lw”(t)dt) p, p < 00,

€SS SUP; ¢ (4, 1) td_lw(t), p = oo.

lwllz,@.p = 1.27)

For (a, b) C (0, 00) and K € K we set

K(a.b)y:= | »-9K.
re(a,b)

The following lemma is a key tool to prove the Ostrowski-type inequality for the class
HEZ (K N C) defined in Sect. 1.2.5 (see Theorem 1.6 below), which in turn is a key step in
the proof of a sharp Kolmogorov-type inequality formulated in Theorem 1.13.

Lemma 1.11 Let K € K, C € C, (a,b) C (0, 00), w € L1(a, b) and Q be a non-negative
characteristics. Then

/ WO = 2K, ©) - 1wz @
CNK (a.b)

Proof Assume that K is a polytope first. Let y, I, § and n be as in Lemma 1.9. Using
Lemmas 1.8 and 1.9 we obtain
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b
fw(|r|1<)9(t>dr=af p"*‘/w(|ps|z<)sz(ps)dsdp
r a y
= Il f Inlk-Q(s)ds.
Y

Summing all such equalitites, we obtain the required equality.

Let K € K be an arbitrary set now, and let {K;} C K be a sequence of polytopes that
converges to K in the Hausdorff metric.

Foreach& € S¢ 1 setr(£) = sup{A > 0: A£ € K} and analogously setr; (£) = sup{A >
0: A¢ € K;}. Switching to the spherical coordinates, and using homogeneity of €2, we obtain

/ w(|t|g)R()dt — / w(|t|k;)Q2(t)dt =
CNK (a,b) CNK;(a,b)

br(§) bri (&)
d—1 4 d—1 14
— | QE)dpdE — Q(&)dopd
f /p w(V(E)) ©)dpds / /p w(n@)) ©)dpds
cnsd—1ar(§) cnsd—lar;(&)

b
[ 20 [ (1© - r©) 0" uordpde > 0asi > oo,
cnsd-l a

since r; uniformly on C N $9~! converges to r and hence the internal integral tends to 0 as
i — oo uniformly on C N §¢~!. Using Lemma 1.10 and already proved case of the lemma
for polytopes, we obtain as i — 0o

/ w(|t|x)Q2()dr = / w(|t|k)(@)dt +o(1) =
CNK (a,b) CNKi(a,b)

= Q(Ki, CO) - |lwllgy@p) +o(1) =Q(K, C) - [wllg @b + o).

This finishes the proof of the lemma for arbitrary K € K.

The following lemma is a key tool to prove Theorem 1.7. Note that the techniques of
its proof was gradually refined in several works. The case d = 1 is contained e.g., in [64,
Theorem 4.1]. The case K = B is contained in [31]; note that in this case, a switch to the
polar coordinate system and back can be (and was) used instead of the arguments related
to the coarea formula (see formula (1.31) below). In [22] the techniques was extended
to the case K = (—1, 1)¢, which has the property that V| - | is piecewise-constant and
has constant Euclidean length H;_1-almost everywhere on d K. In [22] this technique was
extended to polytopial sets K, for which 0K (up to a set of Hy_ zero measure) can be split
into a finite number of subsets with constant Euclidean length of V| - |k (but the length may
differ on different pieces). Finally, the following lemma was proved in [29].

Lemma 1.12 Let K € K, C € C, h > 0, Q be a non-negative characteristics and non-
negative measurable functions f: CNK(0,h) - R, w: (0,h) - R be such that w €
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Li1(u, h) forallu € (0, h), and the integral fCﬂK(O,h) gw(tlx) f(1)2(t)dt exist, where

1 h
guw: (0,h) > R, gy(u) = F/ w(p)p?ldp. (1.28)

Then

1
// w(lsIK)llef(,os)Q(s)dsdp=/ guw(ltlg) f(O)Q(n)dr.
0 Jenk©.h) CNK (0,h)

Proof Since | - |k is a convex function on R?, by [68, Theorem 24.7] it is Lipschitz on the
unit ball B;. Since in addition | - |g is positively homogeneous, | - |k is Lipschitz on the
whole space R (with the same Lipschitz constant). Thus by the Rademacher theorem, it is
differentiable almost everywhere. Again by positively homogeneity of | - | we obtain that
ViAx|k = V|x|g for all A > 0.

Let R > 0 be such that K C Bpg. For arbitrary 6 # x € R? such that V|x|x exists, set

v = 2—. Then
lx|2

vk — 1
s vk =k 1
s ~ R

IVixlxl2 = (VIx|g, v) = Slg% (1.29)

On the other hand, according to [68, Theorem 24.7] applied to the function | - |x and § = 0K,
we obtain that there exists » > 0 such that at each point x € 9 K where | - |k is differentiable
(and hence for each x € R?, where | - | is differentiable), one has

1
IVixlglz = (1.30)

Let A C C be an open cone. From (1.29) and (1.30) it follows that the numbers R4 and
r4 such that

1 . 1
— =inf [V|x|k|2, — = sup [VIx|k|2
R4 X ra x
are finite and positive, where the supremum and the infimum are taken over points x €
ANJK, where | - |k is differentiable.

Applying the coarea formula, changing the order of integration, and then again the coarea
formula, we obtain

1
/ f wyl Oy lk £ ()2 ()dydi
0 Jank©.n)
1
sRAff Wy & ARV IyIk ladydi
0 JAnK(©0.h)

1 h
— Ry / / / w(lxlo)lx k£ ()R Haot (dx)dpdi
o Jo Janpak
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1 h
— Ry f f f PV (x| )k £ px) R (px) Hyy (dx)d pdt
0 0 ANOK
h 1
— Ra / Q) / / phw(p) f (tpx)didpHy (dx)
ANOK 0 0
h prp
— Ry / Q) / / P w(p) £ (sx)dsdpHy—1(dx)
ANOK 0 0
h h
=Ry / Q(x) / f(sx) / o w(p)dpdsHy—1(dx)
ANOK 0 K
h
= R4 / Q(x) / 597V f (sx)gu (s)ds Hy—1 (dx)
ANOK 0
h
— Ra f f $41 F (52w (15 k) (5:) Hy 1 (dx)dis
0 ANOK

= RA/ F&uwylx)L2MIVIylkl2dy
ANK (0,h)

R
<A FMgwllylx)2(y)dy. (1.31)
ra Jank©.n

This estimate in particular implies that the integral on the left-hand side of (1.31) exists.
Applying the same arguments, but using an estimate from below for |V|y|x|2 in the first
inequality, and from above for |V|y|k |2 in the second inequality in (1.31), one can obtain
the inequality

1
/ / wyl Oy Ik £ ()2 ()dyds
0 Jank©.n)

Z;—A FMgwlylx)2(ydy.  (1.32)
A JANK(0,h)

Next we fix an arbitrary ¢ > 0. Since | - | is differentiable almost everywhere in R, we
can find an open cone A, C R¥ such that meas A, N K < ¢ and | - |g is differentiable on
dK \ A;. Using (1.30) and (1.29) together with (1.31) we obtain that

1
// Wyl |k fENQO)dydt = o(). & — 0. (1.33)
o Jenko.mna,

For the chosen ¢ and each x € dK by [68, Corollary 24.5.1] we find §(x) > 0 such that
dlzlk C Alx|xk + B Vz: |z — x]2 < §(x).
Thus [68, Theorem 25.1] implies that for all x € 0K \ Ag

[Vix|lk — Vizlkla < eVz € (K \ Ag) N (x + Bs(x))- (1.34)
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The family of open balls with center x and radius §(x), x € 0K \ A, is an open cover of
the compact set 9K \ A, and hence it has a finite subcover. Let it be determined by points

X1s...,Xxm, m € N. Let A; be the interior of the cone generated by the set dK N (x; +
Bsx) \ Ae, i =1,...,m, and set A; = Ay, Aj+1 = Ajq1 \U;ZIA,-, i=1,...,m—1.
From the construction it follows that the sets CN K NA;,i =1,....mand CNK N A,

up to a set of zero measure form a partition of the set C N K, and from (1.29) and (1.34) it
follows that

Ry, .
l<—<1l+4a(e),i=1,...,m,
raA;
where o = o(1) as ¢ — 0. Thus from (1.31), (1.32) applied to each of the sets K N A; N C,
i=1,...,m,and (1.33) we obtain that as ¢ — 0,

1
/ / w(ly Ik F0)Q)dydr
0 CNK (0,h)
—a +o<1)>/ FOgullyl)2Mdy +o(1),
CNK(0,h)
which implies the required.

Lemma 1.13 Let K € Kandy € RY, y # 0 be such that | - |k is differentiable at K. Then

(v, Vlylx) = |yl and
IVIylglge = 1. (1.35)

Proof We prove (1.35) first. According to [68, Theorem 14.5], the function |y|g is equal to
the support function of K°. Hence all subgradient vectors of | - | belong to d K ° in virtue
of [68, Corollary 23.5.3]. Thus |V|y|k|ke = 1, since V|y|k is the unique subgradient of
| - |k at y (see [68, Theorem 25.1]).

The hyperplane orthogonal to V|y|g that contains y is a supporting hyperplane of |y|x -
K, and hence (the first equality holds due to (1.35))

1 1
I'=sup(x,Vlylg) = —— sup (x,V]|ylg) =—, VIylk).
xek |y|K x€|ylg-K |y|K

Lemma 1.14 Let K € K and g be an integrable on (0, 1) function. For the function
Iylx
Fik R0 = [ swdi y ek
0

almost everywhere (more precisely, at all points y € K, where V|y|k exists)

Vi) =gylk) - Viylk and |V f (Yo = gyl (1.36)
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Proof Lete; be the j-th element of the usual basis in RY, j=1,...,d. Assumethaty € K
is such that V|y|g exists. Consider a function F'(n) = ()WJFW""‘K g(u)du of real variable 7.
Then

S0 =F0) =gyl - (Iy + nejlk) [,_o = UI(VIylk, €))
J

and the first equality in (1.36) follows. The second equality now follows from (1.35).

1.2.5 Classes of Functions with Given Majorant of Modulus of Continuity

For arbitrary & > 0, K € K and C € C, we consider the following quantity

S(fiw, Q. h) =S8h) = _/ w(|tlg)(f (1) — f(O)L(1)dt,
hKNC

where f(0) := limy_.¢ f(x), we assume the existence of this limit, and further conditions
on the function f and weights w and €2 will be specified later. This quantity on the one hand
is related to Ostrowski type inequalities, and on the other hand is intimately connected to
fractional derivatives.

Let w be a modulus of continuity i.e., w: [0, 00) — [0, 00) is a continuous non-
decreasing semi-additive function such that @ (0) = 0. For K € Kand C C R4 we consider
the space Hy (C) of functions f: C — R such that the quantity

I gy = sup If®) = fOl

x,yeC,x#y o(lx —ylk)

is finite. It is easy to see that all functions from Hg (C) are continuous.
The following theorem is contained in [29]; the case when C = R4, and K is the unit
Euclidean ball and w(r) = t~@+®) « € (0, 1), was known earlier, see [24].

Theorem 1.6 Assume that a set K € K, a cone C € C, a weight function w, a modulus of
continuity w, and a non-negative characteristic 2 are given. If w - w € L1(0, h) for some
h > 0, then

sup S(fiw, Q. h) = QK. C) - w- ol z0m-

I fHH([J() (hKNC) <1

The supremum is attained on functions

f@) =Fo(tlk) + A, AR (1.37)

Proof For each f such that ||f||H;(J(thC) < 1, using Lemma 1.11 we obtain
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‘ / w(ltlR)(f (1) — FO@)QD)dr
hKNC

=QK,0) - |lw-ollgwon-

5/ w0t
hKNC

Moreover, the inequality becomes equality for the functions defined in (1.37).

It is now enough to show that for functions (1.37), || || HE(hKNC) = 1 (in fact equality
holds). It is sufficient to show this for the function f(¢#) = w(|t|x). For arbitrary ¢, s €
hK N C, using semi-additivity and monotonicity of w we obtain

Lf @) — f() = leo(tlk) —o(slx)] < otk —Islk]) = ot —s|k),

as desired.

1.2.6 Classes of Functions with a Restriction on Their Gradient

For p €[1, oo] and an open set Q C R4, we consider the Sobolev class Wl’l’(Q) that
consists of all functions f € L,(Q) such that all their partial derivatives (understood in
the distributional sense) belong to L, (Q) (see e.g. [62, Section6.7]). We also consider the
classes Wllo’cp (Q) of functions that belong to WLP(T) for each compactset T C Q.

We need the following lemma, which follows from the results in [62, Chapter 6.9].

Lemma 1.15 Suppose Q C R? is an open convex set, f € WIL’CI(Q) andx,y € Q. Then

1
FO) - f() = fo (v =, VAI(1 = t)x + 1y]) d.

For a cone C € C, a non-negative characteristic Q2: C — R, and an open set Q C C
that contains 6 in its closure, by Lffo’ p(Q) we denote the class of continuous at 6 functions

1
f € Loo(Q) suchthatforalli =1,...,d, Q7 - f;i € L,(Q). Due to equivalence of finite-

1
dimensional norms, for each K € K and f € ngo’p(Q) one has Q7 - |V flxo € L,(Q). It

is easy to see that Lgo, »(Q) C WIL’CI(Q), and hence Lemma 1.15 holds for all functions
f e Lgoyp(Q), provided Q is convex.

For h > 0 and p € [1, co] denote by W, (0, k) the space of all non-negative func-
tions w: (0, h) — R such that w € L (u, h) for all u € (0, k) and the function g,, defined
in (1.28) belongs to £, (0, h). If a non-zero weight w belongs to W (0, ), then the integral
foh u@=DU=P) 4t converges, which happens only for p > d.

Observe that for a convex bounded set Q, an embedding of the class wbP(Q) into the
space of bounded continuous on Q functions holds, see [1, Chapter 4]. Hence in the case
Q2 = 1, the class Lf)?o, p(Q) consists of continuous functions.



30 1 On Ostrowski-Type Inequalities and Their Applications

Theorem 1.7 Letp € (d, 0], C € C, K € K Q: C — Rbeanon-negative characteristic,
h>0and f € Lgoﬁp(hK N C). For each w € W (0, h) one has

‘/ w(ylOLF () - f(é’)]Q(y)dy‘
hKNC
L 1
< (QK, N7 lgwl g, om 127 -1V flkellL,mrnc)-  (1.38)
The inequality is sharp. It becomes equality for the functions a - f + b, where a, b € R and

Iyl
fy) = / ’ g{;*](u)du, yehKNC. (1.39)
0

Proof We begin with the case p € (d, 00). Using Lemmas 1.15, 1.12, the Holder inequality,
and Lemma 1.11, we obtain

‘/ w(ylLf () — f(9)]Q(y)dy’
hKNC

1
/ w(yl0)20) / . Vf(ty))dtdy‘ <
hKNC 0

1
f /w(IYIK)IyIKIVf(IY)IKoQ(y)dfdy=f IV £ ) ke gu(¥1 ) () dy
hKNC JO hKNC

==

1
/ p/
<127 19 flxe L, aknoy ( / e (|y|K>sz<y)dy>
hKNC

i 1
= (QK, N7 gl om 127 - IV flkellL,mknc).  (1.40)

By the definition, the function f defined in (1.39) is continuous. The fact that it belongs to
the class Lffo, p(hK N C), follows from equality

(p'—Dp=p (1.41)

and Lemmas 1.11 and 1.14. Next we prove that both inequalities in (1.40) turn into equality
for the function f defined in (1.39). Using Lemmas 1.14 and 1.13 we obtain

(5. VF@y) = (v 85~ ey 1) - Viylk) = [VF@y)lke - |yl

and the first inequality indeed becomes an equality. Using (1.41) together with Lemma 1.14
we obtain |V f (y) |5, = gf)/ (]ylk), and hence the second inequality in (1.40) also becomes
an equality for f.

In the case p = oo, f(y) = |y|k, and the fact that chain (1.40) holds and all inequalities
in it become equalities can be checked directly, under the agreement that Q° = 1. Moreover,
it is easy to see that f € Lffo’oo(hK N C) in this case too.
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Observe that this theorem solves the extremal problem to find the quantity

sup
IV flgellLpmkne)=1

/ w0 — FOIRG)dy].
hKNC

which under an assumption of integrability of w(| - |[x) on #K N C is the deviation between
the operators A f := fhlmc w(ylg)fy)dyand If := A(xnknc(-) f(0)), where x is the
characteristic function. Moreover, the proof of Theorem 1.7 follows the approach outlined in
Lemma 1.4; the key step of the proof'is a piece of inequality (1.40) that estimates from above
the left-hand side of (1.40) by the quantity fhlmc VIO |keogw(yIx)(y)dy, which is a
functional of A f := |V f(y)| k- and becomes equality for a large enough set of functions
fell ,(hKNO).

1.2.7 Classes of Functions with Bounded Norms of Their Laplacian

Let A = % +...+ % be the Laplace operator, where the derivatives are understood in
1 d

the distributional sense. For an open set 0 C R? by L?o, »(@) 1 = p < oo we denote the set

of functions f € Loo(Q) such that A f € L,(Q). The results of this section are contained

in [30, 32].

1.2.7.1 Construction of Extremal Functions
We consider the function

s (7 — ), 423,
Gi: (0,00) — R, Gy(1) = § "D AT ATt (1.42)
7 (111 7)_"_ N d= 2,

here a4 := max{a, 0} and o,_1 is the area of the unit sphere $9=1 in R4. The function
G(| - |) it the Green function for the ball By, from R?. For & > 0 set

Fp(t) =

h dp
{({ Gp) ey, 1€ (0,hl, 143

t > h.

If p > d/2,then G, (|y]2) € L,,/(]Rd),p’ = p/(p — 1).Ifinaddition,0 < @ <2 —d/p,
then Fj,(|yl2) € L,y (R%). Since (p’ — 1)p = p’, we obtain that for all ¢ € R, the function
vy |Fp(lylr) —c- Gh(|y|2)|”,_l belongs to Lp(]Rd), and hence is integrable on By,.

For each h > 0 we set

@1.(p) = Fr(p) —cn - Gu(p), p € (0, ], (1.44)
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with the number ¢ = ¢j, chosen from the condition

Un(lyl)dy =0, (1.45)
By,
where
7o) —| @4 ()P Tsgn @1 (p), p € (0, A,
0, p > h.
We set
Pn2(p) = %< )fth - ll/fh(”)d”zd . p€l0.h]
’ % fthud lwh(u)dutd -, o> h,
let ¥,(y) = ¥ (lyl2) and
on2(y) = Pna(lyl2), y € RY. (1.46)

We note that in the case p = oo the function ¢y, 7 can be written explicitly and can be viewed
as a multidimensional analogue of the Euler perfect spline of the second order, see [32].

Lemma 1.16 Ifp > d/2and0 <a <2 —d/p,thengp o € Lvo’p(Rd), it is a continuously
differentiable function with piecewise-continuous second derivatives and

Agp2(y) = —vn(y). (1.47)

Moreover, maxycgd ¢p,2(y) = — minycpa ¢ 2(y).

Proof First of all we prove that the function @, » is well-defined on [0, /] i.e., the integrals
in its definition converge. Using (1.45), we obtain

h h
01 / u gy (u)du = / d& / ul™ gy (Ju& ) du
t §d—1 t
=/ 1’/7h<|y|z)dy=—f Un(lyla)dy.
Bp\B; B,

Hence

g /h d_l‘ﬂ (u)du| = ’/p dt_/ Yn(lyl2)d ’
u hru)au n(|yl2)ay
=1 J o 141 [y

5/ pray (/ |’ﬂh(|y|2)|de> (measB,)P dt

d
. 4 (-
< (meas B)) 7 ||¥n(] - 121, By / e
0

0d—1

1)a’t<oo,

since%—(d—1)>—1 <= p>%.
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Taking into account that the Laplace transform for radial functions becomes

" d—1 /
Ap(p) = ¢ (p) + Tw (0),

it is now easy to verify equality (1.47).
Statement about smoothness of ¢, » and the last equality in the lemma follow from the
definition of the function ¢y, 5.

1.2.7.2 Ostrowski-Type Inequality
For x € R? and i > 0 we consider the following quantity

~ 1

flx, h)=— fx +hy)dy, (1.48)

Od—1 Jgsd-1

which is the average value of f over the sphere of radius 4 with center at 6. It is well
known (see e.g. [38, Section4.3]) that for a continuously differentiable function f that has
piecewise-continuous second derivatives one has

£ = f(x,h>+/ Gllyl) (—Af(x £ y)) dy. (1.49)

By,

For any f € L?O’ p(Rd) and arbitrary infinitely differentiable function ¢ with a compact
support one has

f @(x) f(x)dx =/ Jx) [a(X,h) +f Gr(lyl2)(—Ap(x q:y))dy] dx =
R4 R4 By

= f @(x) |:]?(X, h) +/ Gr(lyl)(=Af(x £ y)) dY] dx.
R4 By,

Hence for a function f € Lgo’ p(Rd) and almost all x € R4 equality (1.49) holds.
For h > 0, x € R? and a function f such that f € Lﬁo’p(x + Bj,) we set

2 — —_ J— ~
Sh(fin) = /B S f(ft'jfj LD 4 depoa 1 (£ () — Fx ).
h 2

Theorem 1.8 Let d/2 < p<ooand 0 <a <2 —d/p, or p=00 and 0 < o < 2. For
arbitrary h > 0, function f € mye]R" L?o,p(y + By,) and almost all x € R?

1Sh (fs 01 = 204111 Pa(l - DIz, By) - I1AFIL, 481

[
=204-1h" "2 1®1( - DllL,y sy IAflL, ety (1.50)
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where the function ®j, is defined in (1.44). The inequality is sharp. It becomes equality for
the function f = @p2(- + x).

Proof For simplicity of notations we assume that x = 6 and equality (1.49) holds forx = 6.
Then

ARG — ~
SH(f360) = / G |;f|y+) LD 41— 2ep001(£0) — 76, 1)

2f(© — f(— _
/s f IR fs(ﬁi L) 45— 2enou1(£6) — 70, 1)

6) — ~
2 a IO L6 b (1 6) — 6. 1)
sd—1 0 A

0 0, ~
_20,/ f() f( S 45 — 2epoai(F(6) — 6. 1))

ds
— 204 (/0 (— fB G(Iylz)Af(y)dy) ten /B Gh(|y|2)Af()’)dY)

— ooy fB Af(3)®(lyDdy,
h

since switching to the polar coordinates and changing the order of integrals, we obtain
h h s
ds _ ds
[ [ aswarmariz= [ [ [ o Gawnseeands T
0 By S 0 sd—1 Jo S

h h d
[ [ ([ oo ) ot astoeraoas
sd-1 Jo o N

h
_ / / Fa(0)o ™' A f (pE)dpdis = / Fa(yDAF(dy.
sd=1.Jo By

Applying the Holder inequality we obtain the inequality in (1.50). Moreover, from (1.47)
it follows that the inequality in (1.50) becomes equality for function (1.46), and hence is
sharp.

It is easy to see that for the functions G, and F}, defined in (1.42) and (1.43), one has

Gn(p) = h*"*Gi(p/h) and Fy(p) = h* " Fi(p/h). (1.51)

Moreover, from (1.51) it follows that for all # > 0 one has ¢, = h~%c¢;. Direct computations
now show that the equality in (1.50) holds.



1.2 Ostrowski-Type Inequalities 35

1.2.8 Classes of Random Processes

Let {2, 7, P} be a probability space. For a random variable 7, defined on the probability
space {2, 7, P}, set || ]loc := €SS Sup,,cq [n(w)|.

For a > 0 denote by R(a) the space of all random variables 1 on the space {2, 7, P}
such that n(w) € [0, a] for all w € Q.

In this section w denotes a concave modulus of continuity and for brevity we denote
by H“(a) the class of functions x : [0, a] — R such that [x(s) — x(¢)| < & (|t — s]|) for all
t,s €[0,al.

For a fixed t € R(a) denote by H(a) the set of all measurable random processes &;,
t € [0, a], defined on the probability space {2, ¥, P}, and such that for all € R(a)

El§: — &l = w(llt — Olloo)- (1.52)

Set H?(a) := ﬂrE,R(a) H?(a), so that H®(a) is the class of measurable processes such
that inequality (1.52) holds for all 7, 8 € R(a).

In the case, whena = 1, we write H*, H®, HY and R instead of H*(1), H*(1), H (1)
and R(1) respectively.

The following theorem gives an Ostrowski type inequality for random processes of the
class H®(a), see [58].

Theorem 1.9 Leta > 0 and © € R(a) be given. Set t* .= ”r(-) — %”OO . Then
a_ ¥

/:E,dt—a~§, =/02

We prove the theorem in the case a = 1, the general case can be proved similarly. The
proof of the theorem is given in the following paragraphs.

sup E

41"
w(s)ds +/ w(s)ds. (1.53)
EeH(a) 0

1.2.8.1 Some Remarks About the Proof of Theorem 1.9
It is enough to prove (1.53) for the case of a simple random variable 7. The general case can
be obtained using approximation of t by simple random variables.

Let Qp,...,Q, € ¥ be pairwise disjoint sets with positive measures such that
P(U’Zzlﬂk) =landt(w) =1 forwe Q,k=1,...,n.
Forafixedk € {1, ..., n} set
T(w), w e Q\ Qu,
e |T® \ Qi

- tw), we Q.

Since together with arbitrary § € H? (or & € H®), the process &%, ¢ € [0, 1],
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E(w), we\Q,
E1r(w), we

& (w) = {
belongs to H?. (to H® respectively), and for almost all w €

Volstdr—sf =‘/Ols,*dr—s;i

)

one has X .
sup E / &dt —&;| = sup E / Edt — &
EcH? 0 EeH, 0
and
1 1
sup E / &dt —& | = sup E / Edt — &+
EeH® 0 EeH® 0

Hence without loss of generality we may assume that
0<mn =<

Moreover, we can also assume that

1 <...<T1,.

1

(1.54)

(1.55)

Under the assumptions above, we have t* = 53— T and the right hand side of (1.53)

becomes

T 1-t
/ 1 w(s)ds + / 1 w(s)ds.
0 0

1.2.8.2 Estimate From Above

(1.56)

Lemma 1.17 Let the assumptions of Theorem 1.9 and (1.54), (1.55) hold. The inequality

1
EV Edi — &
0

holds for all £ € H, in particular for all § € H®.

Proof For all £ € HY one has

1 n
E dr — & | =
‘/Ogtt & kg}:fg}(

P(dw)

1
/ (& — &g)dt
0

n 1 n 1
<[ [la-elaran =30 [ [ o e pawar
k=1 Qr JO k=1 0 Qx

Lt $Ht*
5/ a)(s)ds—i—/ w(s)ds
0 0

(1.57)
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n % —T1
T—11 J Q%

Tk+1 T
/ / — &y | P(dw)dt +/ / & — &, P(dw)dt)
k+1 T, J
% —T]
= Z (/ / $rk| P(dw)dt + / |§t - $7k| P(dw)dt)
k=1 /0 Qk -1, Jou
R 1-1,
+/ Z/ |Erk—s _Efk| P(dw)ds +/ Z/ |$rk+s _éfki P(dw)dt (1.58)

0 o 0 2 Ja,

Setting 65 (w) := t(w) — s, we obtain that ||6; — 7|lcc = s, s € [0, 71], and hence

T N 71 Ll
f > / |&q—s — & | P(dw)ds = f E|gy, — & |ds < f o(s)ds.
0 =/ 0 0

Analogously
-7, -1,
/ Z/ |&i45 — £ | P(dw)dt 5/ w(s)ds.
0 od 0
Now set
T + 5, el -z, 1 — 7,
8, (w) = k+s sel n g
a+d—-—t1—w%—s5), sel -5, 1-1],
weQ,k=1,...,n.Sinceti+ 1w <1,k=1,...,n,|0; — t|] < s for almost all w €

ands € [1 — t,;, 1 — 71]. Hence

n -1
Z (/(; /Q Erk| P(dw)dt + i, /5‘2,{ |%'t - Efk| P(dw)dt)

k=1
n 1-11
Z (f / |$1 —T1—S %"Ek| P(dw)ds +/ / {éu—i—v Erk| P(dw)ds)
k=1 \1 S
1-11 n 1-71 1-11
= [ ¥ [1e - saipauds = [ B - glas = [ owas. 159
1—1, k= ISZk 1—1, 1—1,

Finally, inequalities (1.58)—(1.59), together with observation (1.56), give inequality (1.57).
The lemma is proved.

1.2.8.3 A Random Process Generated by a Function
The following lemma gives a way to generate random processes from the class H, given
a functionx € H®.
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Lemma 1.18 Letx € H” and F € ¥, P(F) > 0, be given. Then the process & = & (x, F),

t €[0,1],
1
St(w) — Wx(t), w e F,
0, weQ\F
belongs to H® and
E&§ =x(). (1.60)

Proof In order to prove that § € H®, it is enough to show that the inequality
E |6, — &,| < o (|61 — 62]l0)

holds for arbitrary two simple random variables 61 and 6;.

Assume that the pairwise disjoint measurable sets F; C F with positive measures are
such that ¢ (w) = 0F € [0, 1, w € Fy,i =1,...,n,k=1,2,and P (U, Fi) = P(F).
Taking into account that w is a non-decreasing concave function, one has

P(F;)
 P(F)

P(F-)

P(F;
Sw(Z P((F)) 6; 92|> <w(,_n;ax |9i‘—9,2|) < w161 = 62lloc) -

Equality (1.60) follows from the definition of the process.

(0 )| - (|9i1 - 91'2|)

1.2.8.4 Estimate From Below
Let the assumptions (1.54) and (1.55) hold. Consider the process & € H, built according
to Lemma 1.18 with F = Q and x(-) := w(] - —71]) € H?®. Then

1
‘/ g dr — /E,*dt /Eé,*dt:/ w (|t — 71])dt
0 0

T] 1—1
= / w(t)dt + / w(t)dt,
0 0
which together with (1.56) gives the estimate

7*1* %+t*
f &dt —&; _/ a)(s)ds—i—/ w(s)ds.
0

sup E
EeH®
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1.2.9 Sets and Functions of Bounded Variation

1.2.9.1 Univariate Functions of Bounded Variation
In [39] the following Ostrowki-type inequality for univariate functions of bounded variation
was proved.

Theorem 1.10 For a function f with bounded on [0, 1] variation and arbitrary x € [0, 1]
the following inequality holds.

1

<max{x, 1 —x}\/ f. (1.61)

0

1
VO f@®dt — f(x)

It is sharp in the sense that for each fixed x the number max{x, 1 — x} can not be decreased.

In order to give motivation for the definitions considered below and to outline the main
idea of the proof of Theorems 1.11 and 1.12 below, we give a different then in [39] proof in
the case of continuous functions of bounded variation.

Proof Let f: [0, 1] — R be acontinuous function of bounded variation. Denote by n(f, y)
the number of solutions of the equation

f@)y=y,1el0,1],yeR (1.62)

(wesetn(f,y) =0,if equation (1.62) has no solutions, and n( f, y) = 400, if the equation
has infinite set of solutions). By the Banach indicatrix theorem, the function n is measurable

and 1
\/ 7 = [ nrody.
0 R

Both sides of inequality (1.61) do not change if f is substituted by f + 8, 8 € R, thus
we can assume that f(x) = 0.Fora € Rset{f >a} = {r € [0, 1]: f(¢r) > a}.Itiseasy to
see that for all @ > 0 (u denotes the Lebesgue measure)

0, n(f,a) =0,
w{f > a} < {max{x,1 —x}, n(f,a)=1,
L n(f,a) > 2,

and hence u{f > a} < max{x, 1 —x} - n(f, a) foralla > 0. Integrating this inequality we
obtain
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1 o) 00
/f(t)dtf/ u{fZa}daff max{x, | —x}-n(f,a)da
0 0 0
1
§max{x,1—x}\/f,
0

as desired.

Observe that if f is an arbitrary function, then the family of level sets that contain
an extremum is at most countable. Thus the value n(f, y) can be defined as the number
of connected components of the set of solutions of the equation f(¢) = y (instead of the
number of solutions).

1.2.9.2 Multidimensional Sets and Multivariate Functions of Bounded
Variation

Many ways to extend the notion of a function of bounded variation from the case of univariate
to the case of multivariate functions are known, see e.g., [37] for a survey of different
approaches for functions of two variables. We propose a new way for such a generalization.
The approach is based on the Kronrod—Vitushkin variations (which, in turn, are based on
the Banach indicatrix theorem). Unlike the Kronrod—Vitushkin variations, the proposed
definition satisfies the following two properties: the variation of a function does not change
after multiplication of its argument by a non-zero constant; the variation of a radial function
is twice as big as the variation of the generating univariate function (see Lemma 1.19 for a
precise statement).

For a set F C R? we denote by F its closure; B denotes the unit Euclidean ball in RY.
By P4~! we denote the d — 1 dimensional real projective space i.e., the set of all lines in
R¢ that contain §. The measure of a set A C P?~! is by definition equal to the spherical
measure of the set | ;4 NS4~

Foreachr € P?~! by 19~ (r) we denote the hyperplane that contains # and is orthogonal
to the line r; TTY~1(r) is considered as a d — 1-dimensional space with d — 1-dimensional
Lebesgue measure and Euclidean metric. For each 8 € me-1() by I(r, B) we denote the
line that contains 8 and is parallel to 7. By u*, k € N, we denote the k-dimensional Lebesgue
measure in R¥; by 2 we denote the measure on the projective space P4~

Denote by N (F) the number of connected components of the set F C R?; 0 for empty
set, and +oo if the set of connected components is infinite. Variation of a compact set F in
direction » € P! is by definition

v(F,r):= esssup N (FNI(r,pB)).
Belld=1(r)

For a compact set F' C R? and a number p € [1, oo] set
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1
vp(F) == (ﬁ Joar VP, r)dr)p + pEll oo

€ess sup,.cpi—1 V(F, r), p = o0.

If d = 1thenforall p € [1, oo] we set v, (F) = N(F).
Letaset E C R and a function f: E — R be given. For ¢ € R the set

L(f;t):={xe€E: f(x)=t}

is called a level set of the function f.
The variation of a continuous function is defined as follows. Let E ¢ RY, f: E — Rbe
a continuous on a compact subset ' C E function, and p € [1, oo]. Set

o0

vp(fi F) :=/ vp(FNL(f;1)dt.

If F = E, then we write v, (f) instead of v, (f; E). In [56] it was shown that the functions
under the integral signs in the definitions of the variations are measurable.

The following property of the variation will be needed, more properties were considered
in [56].

Lemma 1.19 Let ¢: [0, 1] — R be a continuous function and d € N. Let f,: B¢ > R,
Jo(x) = @(|x|). Then for all p € [1, o0]

1
v, (fpi BY=2-\/ 0.
0

Proof Inthe case d = 1 the property follows from the Banach indicatrix theorem, so we can
assume thatd > 2. Let arbitrary 1 # ¢(0) be fixed. For arbitrary » € P! and 8 € T19~1(r)
the number N (L(fy;t) NI(r, B)) can be obtained by the following procedure: consider the
line » = I(r, 0) and mark points of the set L(fy;t) NI(r,6); cut the interval (—|B], |B])
from the line and stick the points —|8| and |8]| together; the number of components of
marked points on the obtained ”cut” line is equal to N (L(fy; ) NI(r, B)). This shows that
for arbitrary B

N(L(fo; ) NI(r, B)) < N(L(fp; 1) NI(r,0)). (1.63)

From the choice of ¢ it follows that
0 ¢ L(fp;1) (1.64)

and hence there exists ¢ > 0 such that B(¢) N L(f,;t) = @. This implies that the set
L(fy;t) NI(r,0) does not contain points x with |x| < & and hence for all 8 such that
|B] < & (1.63) becomes equality. This implies that v(L(fy; 1), 7) = N(L(fy;t) NI(r,0)).
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From (1.64) it follows that N(L(fy;t) NI(r,0)) =2 - N(L(g; t)). Equality v,(f,; B) =
2. \/(1) ¢ follows from the Banach indicatrix theorem now.

1.2.9.3 Ostrowski-Type Inequalities
The following result is the main tool to prove Ostrowski type inequalities for functions and
sets of bounded variation below.

Lemma 1.20 Let d € N and two sets F, W C B? be given. Assume that the following
properties hold:

1. F is measurable and 6 ¢ F;
2. Wisclosed and 0 ¢ W and
3. IfxeFandy e B\ F, then xy N W # {.

Then for all p € [1, o0]
dBd

wiF <22y (). (1.65)

The inequality is sharp in the sense that for arbitrary ¢ > 0 there exist sets F and W that
satisfy the conditions above and such that

d pd
u¢B
wlF > ( 5 s) v, (W).

If (1.65) becomes equality, then u’ F = 0.

We will prove Lemma 1.20 in the next subsections. Here we state two consequences of
this theorem, which can be considered as Ostrowski type inequalities. We state them in the
cases, when the domain of definition is the unit ball B9, see [56]. Results for more general
domains were obtained in [57].

Theorem 1.11 Let d € N and a continuous function f: B* — R be given. Then for all
p €[l 00]
1 vp(f)
- dx — ] < P_
g [, roodx = ro| < 225

The inequality is sharp. It becomes equality only in the case when f is constant.

Proof From the definition of the variation it follows that v, (f + 8) = v, (f) for arbitrary
B € R, hence we can assume that f(6) = 0 and it is sufficient to prove that

dBd
f fdx < K v, (f). (1.66)
Bd 2
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SetT := {(x,1) € B x [0,00): f(x) > t}. Then
/Bd F()dx < ptir =f Oud(r NRITNyds, (1.67)
1>

whereR;"’+l = {(x,7): x € R?}.Foreacht > O considerthesets F := ' N R;Hl and W :=
I'(f) NR! where

L(f):={(x,0) eRI*: x € E, f(x) =1}.

Both F and W are closed sets that do not contain 6, since f(0) = 0.Ifx € Fandy € B \ F,
then f(x) >t and f(y) < t and hence the segment xy contains a point z with f(z) = ¢,
i.e. xy N W # (. This means that all conditions of Lemma 1.20 are satisfied and hence

dpd dpd

B
v,(W) =&

"
p! (@ NRIY = pd(F) < >

vp(L(f:1)

with equality possible only in the case when u? F = 0. Taking into account (1.67) we obtain

d d pd

/ op(L(f; nde < X8
>0

Md Bd

2

n!B

pIr < | wntcrioar =00
teR

and inequality (1.66) is proved; moreover due to continuity of f we obtain that equality

in (1.66) can hold only if f = 0.

For all ¢ > 0 consider the function ¢, : [0, 1] = R, ¢.(t) = 1 fort > ¢, ¢.(0) = 0 and
@¢ 1s linear on [0, ¢]. Due to Lemma 1.19 for the radial function f(x): B? > R, fe(x) =
@e(|x[), and arbitrary p € [1, o0] v, (fe) = 2; moreover de fe(x)dx — /,LdBd
This proves the sharpness of the stated inequality.

ase — 0.

Theorem 1.12 Let d € N and a closed set F C BY be given. If 0 ¢ F, then for all p €

[1, oo]
d pd

wiF <22y (F).

The inequality is sharp. If equality holds, then u¢F = 0.

Proof 1t is enough to apply Lemma 1.20 with W = F’; all three conditions of Lemma 1.20
are satisfied.

For arbitrary ¢ > O consideraset F, := {x € B4 |x| > g}.Forall p € [1, 00] v, (Fe) =
2; u¢F; — n?B? as ¢ — 0. This proves that the stated inequality is sharp.

The proof of Theorem 1.11 again uses the scheme from Lemma 1.4. Indeed, let T be
the unitball B, X =Y =M =R, S = [0, 00), A be the space of continuous functions
f: B¢ — R with bounded variation vp(f) <1, p € [1, 00], Z be the family of all closed
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subsets of BY. For each s € § set
Af()={xeBls<|fx)— fOI} € Z.

For the operators A f = [pa f(x)dx, If = u?B?- f(0) and (L f) = [5° w (A f(s))ds,
one has

‘ /B Feodx — uB! £(6)

< / £ () = FO)ldx = 0.1,
Bd

so inequality (1.15) holds for all f € A. It turns into equality for all functions

feB = {feﬂ: ) zf(@)forallxeBd}.

Theorem 1.12 states that sup ;. 7 ¢(A f) = “TBd and there is an extremal sequence of func-
tions from the set 8. Hence Lemma 1.4 implies the statement of Theorem 1.11.

1.2.9.4 Auxiliary Results

Lemmal2l Let deN, d>2 ¢>0 xR reP ! and a measurable set F C
Be(x, ¢) be given. For arbitrary A € (0, 1) there exists « = a(A) € (0, 1) that does not
depend on ¢, x and r such that

p=HB e =Ny FNIG, B) # 0} > A-u?~ "B (e)

whenever n?F > a - n? B4 (¢).

Proof The fact that o does not depend on ¢ follows from the observation, that

1
p!F _ 1! (3F)
;LdBd(s) pLdBd

and

pé=Yp e =) FNIG, B) # 0}
,u.d_le_l(S)

d—1 d—1 .1
ptH{p e I (r): S F NI, B) # )
= ey . (1.68)

The fact that « is independent of x and r is obvious. The existence of « follows from the
equality

piF = f w' e, BN P’ dp), (1.69)
n4=1(rHNB4(y,e)
where y € T19~1(r) is such, that the line /(r, y) contains x, and equality

p M) N By ) = pT B
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Lemma 1.22 Let p € [1,00), A > 0and B € [0, A] be given. Then
! (B+2P(A-B)) = (2 B\
A - A)

Proof 1t is sufficient to prove that the function ¢(x) = 2”7 4+ (1 — 2”)x — (2 — x)” is non-
negative on [0, 1]. Since ¢(0) = ¢(1) = 0, the function ¢’ has at least one zero on (0, 1).
The function ¢’ (x) = p(2 — x)?~! 4+ 1 — 27 is decreasing on [0, 1], hence has at most one
zero on (0, 1). This implies that ¢’(0) > 0 and hence the function g is increasing on [0, x*]
and is decreasing on [x*, 1], where x* is zero of ¢’ on (0, 1); hence ¢ is non-negative on
[0, 17.

d d
pUEOBYD) | Then

Denote by F the set of all points x € F such that lims_, ¢ BT

F N S9! = ¢ and by Lebesgue density theorem

wlF = ulF. (1.70)

Lemma 1.23 Assume that conditions of Lemma 1.20 hold. If r € P4~" is such that
v(W,r) =0, then for arbitrary B € 14! either F > intB? N I(r, B), or FnN I(r,B) =0.

Proof Assume that for some 8 € 19~ 1(r) there exist x € Fn l(r,B) and y € (intB4 N
I(r, )\ F . From the definition of F it follows that there exista > Oand a sequence o, — 0
as n — oo such that u?(B4(y, pp) \ F) > a - u¢ B (p,) for all n € N. From (1.69) (with
F substituted by B (y, p,) \ F) it follows that there exists A > 0 such that

w711 (on) > A - pnd B (py) (1.71)
for all n € N, where
Qi(pn) = (B € 17 ) (BY(y, pa) \ F)NI(r, B) # D).

Since x € F, there exists § > 0 such that for all p<é /Ld(Bd(x, P)NF)>a(l—A)-
/LdBd(,o) (the number (1 — A) is defined in Lemma 1.21). Lemma 1.21 implies that

' 0(p) > 1= A) - u "B (p) (1.72)
for all p < §, where
Q(p) ={B e (r): BY(x, p) N F NI, B) # 0.
Choose n so big, that p, < §. Then

19711 (o) + 197 22(00) > 1B (0p) (1.73)
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due to (1.71) and (1.72). Moreover, since x, y € [(r, B), we receive that

Q1(pn), 22(on) € 171 (r) N BB, pn) (1.74)

and
pd= @ ) N BB, pn)) = n B (pn)). (1.75)

Set Q = Q1(o,) N 22(pn). Then due to (1.73), (1.74) and (1.75) wd=1Q > 0. But each
line I(r, B), B € 2, contains a point from W due to Condition 3 of Lemma 1.20 and the
definitions of the sets €21(p,) and €22(p,); this contradicts to assumption v(W, r) = 0 of
the lemma.

Lemma 1.24 Assume that conditions of Lemma 1.20 hold. Let R C P4~ be such that
v(W,r) =0 for all r € R. If R contains d lines that are not contained in any d — 1-
dimensional hyperplane, then u¢(F) = 0.

Proof Due to (1.70) it is enough to prove that F =0. Let ri, ..., rq be the lines from
the statement of the lemma and let py, ..., pg be unit vectors parallel to these lines. Set
P .= {Zle okt € (=1, D, k=1,.. .,d], then P is an open in R? set.

Consider arbitrary x € intB?. Choose & > 0 such that x + &P C B?. Then for all points
y from the segment 0x, Py :=y + &P C B4. | Py is an open cover of a compact set

yebx
6x, hence it contains a finite subcover Py, P,, ..., P,,m € N. From Lemma 1.23 it follows
that foreachs = 1, ..., m either Py C F,or
P,NF =4. (1.76)

Since 6 ¢ F we obtain that (1.76) holds for each s = 1, ..., m and hence x ¢ F.

1.2.9.5 Proof of Lemma 1.20
Proof Tfv(W,r) > 2foralmostall » € P4~ then v, (W) > 2 and inequality (1.65) holds.
It is strict because Condition 1 of Lemma 1.20 holds. If there is a set R C P?~! of posi-
tive measure such that v(W, r) = 0 for all r € R, then ,udF = 0 due to Lemma 1.24 and
inequality (1.65) holds.

Assume there exists R ¢ P~!, uR > 0, such that v(W,r) =1 for all r € R and
v(W, r) > 2 for almost all » € P41\ R. Then

WR

ST (1.77)

vy (W) =2 —

Really, if p = oo, then v (W) > 2 in the case uR < /,L]P)d_l and voo (W) = 1 in the case
uR = puP4! = 1§41 In both cases (1.77) holds. In the case p € [1, 00)
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UR
,uSd*I

1
! _ G
vp(W) = <W (MR +27 - (s - /LR))> >2-

due to Lemma 1.22.
Conditions 1 and 2 of the lemma imply that there exists ¢ > 0 such that B4(e) N W =
and BY(e) N F = . Set A := U,er(rn B%). Below we prove that

nt A

wl(ANF) < = (1.78)
In order to prove (1.78) it is enough to show that
d
~ A
ud(ANE) < MT (1.79)

due to (1.70). Consider arbitrary r € R. Then all points of the intersection » N F are from
one side of » N B%(g). This fact can be proved using arguments similar to the proof of
Lemma 1.23. Denote by yx the characteristic function of the set A N F.Then x(x) = 0 for
all |x| < e and x(x) + x(—x) < 1for all x € A. This implies (1.79).

Finally, having (1.78), we can write

1
WF < p(F 08+ pf (BN A) < n'BY = ZpfA
 dpd 1 /LdBd _/LdBd MR
=u*BY ——- UR = 2 — .
2 /JLSdfl 2 MSd—l

The latter together with (1.77) proves (1.65).
The same example as in Theorem 1.12 shows that inequality (1.65) is sharp.

1.3  Inequalities for Derivatives

1.3.1 Hypersingular Integral Operator

Inequalities for derivatives is an important topic in approximation theory. It has a rich more
than century-long history and is still actively researched. We refer to [27] for many results
related to the Kolmogorov-type inequalities for univariate functions and the derivatives of
integer orders. Kolmogorov-type inequalities for multivariate functions for derivatives of
both integer and fractional orders were also heavily studied. A survey on Kolmogorov-type
inequalities for fractional derivatives for functions of one and many variables is contained
in [64, Chapter 2]. In this section we focus on Kolmogorov-type and Nagy-type inequalities
that use Ostrowski-type inequalities in their proofs.
In this section we follow the notations from Sects. 1.2.4, 1.2.5 and 1.2.6.
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For a set K € K, cone C € C and a non-negative characteristic 2 we consider the fol-
lowing integral operator

Dllg’gf(x) = /; w(t|g)(f(x +1) — f(x)Q)dt, x € C, (1.80)

where w: (0, 00) — R is some non-negative weight; precise definitions for the classes of
function where D%‘Q is defined and conditions on the functions w and 2 will be given
later. Note that in the case when K is the Euclidean unit ball in R, Q =1, C = R? and
w(t) = t~@+®) (0 < ¢ < 1, we obtain the Riesz derivative D® of order «, see [69, §26.7].

In [23] the univariate case d = 1 with C = (0, 00), w(t) =t~ « € (0, 1), Q =
1, K = (—1, 1) was considered. In this case operator D[“é’Q becomes the Marchaud (see
e.g. [69, §5.4]) fractional derivative, and a sharp Kolmogorov-type inequality that estimates
||DZ’Qf||Loo(R) via || fllL,®) and || f|l o) Was obtained. In the same situation, a sharp
inequality that estimates IID}?QfIILm(Rg via || fllo®yy and | f . 1 <5 < o0,
O<a<l1-— %, is contained in [64, §2.4].

In the case when C = RY, K = B, andw(t) = (md+a) g sharp inequality that estimates
||D1“()’Qf||LOO(Rd) via || f Il 1 rdy and || || o ra), where the modulus of continuity w is such

that fol ;“,‘;3 dt converges, was obtained in [24].

In the case when C = R?, K = By, and w(z) = 1~ @+ 4 sharp inequality that esti-

mates [ DY ?f 1l ey via | fll, ey and 15 - V flall, gays s > d, 0 <@ < 1= < is
contained in [67]. The corresponding result for 2 = 1 was obtained earlier in [31].

Finally, the case when 2 = 1 and the cone C is generated by a finite set of points was
considered in [28]. Below we follow [29], where the results from [28] were further refined
in several directions: first of all, 2 was allowed to be non-unit, and the cone C—to be an
arbitrary convex cone; moreover, the additional conditions imposed in [28] on the weight w
for the case, when K is not a polytope (by a polytope we mean the convex hull of a finite
number of points) was removed. The results of [24] were also generalized by allowing C to
be an arbitrary convex cone, K to be a unit ball of an arbitrary norm in R¢, and weight w to
belong to a rather large set of functions.

Below on the classes Hg (C) N Lo (C) and L?O’p (C) (see Sects. 1.2.5 and 1.2.6) together
with hypersingular operator (1.80) we also consider the operator

D??’,ff(x) = /C\hK w(|tlg)(f(x+1) — f(x)Q()dt, h > 0. (1.81)

Lemma 1.25 For any function w € L (h, 00) the operator D}?? Loo(C) = Loo(C) is
bounded and
IDERI =2 2K, C) - [[wll£,h.00)-

The supremum in the definition of the norm of operator Dluéiz is attained on the function
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o(xlx) = yo(h), |xlk <h,
fo =1, : (1.82)
sw(h), lx|g > h,
which is continuous and belongs to HZ(C) N Lo (C), and on
o = Tk b aydu — L [ gh T @du, x|k < b (153
%f()hgll;_l(u)du, x|k > h,

provided additionally w € ‘W (0, h), p € (d, o0]. Under this additional assumption on w,
function (1.83) is continuous and belongs to Lgo)p(C).

Proof Using Lemma 1.11 for each f # 0 and x € C, we obtain

1
2 fllLooo)

/ w(t|g)(fx+1) — f(x)Q()dt 5/ w(|t| k)2 (2)dt
C\hK C\hK
= lwllg(,00) - R(K, C).

This implies
,Q
IDg Il < 2 [wll £y (h,00) - K, ©).

The fact that function (1.82) belongs to HZ(C) can be proved similarly to the proof
that function (1.37) belongs to HZ(hK N C). For arbitrary K € K and the function f
defined in (1.82), the function D%f} f is continuous at 6, since for arbitrary x € C, due
to Lemma 1.11

Dy ) - D)
=‘/ w(tlK)(f(x +1) — f(x) = f@) + f(O)QD)dt
C\hK
S/ w(tl ) f(x+1) — fFOI+ 1 f(x) = fONDQ(1)dt
C\hK

<2w(|x|g) — Qasx — 6.

f w(lt Q)
C\hK

For the function f defined in (1.82), we have || |, (c) = %a)(h) and
IDEI = DR = o [ w0 - FenR@ds
: o) * w(h) Jevnk
= 2/ w(lt|x)Q@)dr = 2||wll £, (h,00) - Q(K, C),
C\hK

which proves the statement of the lemma for function (1.82).



50 1 On Ostrowski-Type Inequalities and Their Applications

Observe that function (1.83) is continuous on C and constant outside a compact set.
Thus it is uniformly continuous, and hence the same arguments as for function (1.82) imply
continuity of D,"(}? f at @ for function (1.83). Hence

1D fllLwic) = DR f(0) = fc e VOGO = fOIR0dr

=2||f||LDO(C)/ w(t k) QLO)dt = 2| fllLoo) lwllgy (00 - (K, C),
C\hK

which implies the desired.

1.3.2 Kolmogorov-Type Inequalities for Classes Hp (C)

The following theorem is contained in [29]; in the partial case when C = R4, w(t) =
fEdte) o e (0, 1), and K is the unit Euclidean ball it is contained in [24].

Theorem 1.13 Let a set K € K, a cone C € C, and a homogeneous characteristic 2 be
given. Then for a modulus of continuity w and a weight w such that for some h > 0, w - w €
L1(0, h) and w € L (h, o) the inequality
,Q
IDE™ fllLsc) < K, C) - ISl Wl £y .00

+ 1f gl ol om) (184

holds for each function f € Hg(C) N Loo(C) andis sharp. The inequality becomes equality
on function (1.82).

Proof For arbitrary x € C using Theorem 1.6 we obtain the following estimate

0% s - Dgiw)| = [

hKN
= W llagx+nkney - K, O)-llwligyo.m < 1flHgc) - (K, C) - [wll£0.h)-

. w({t| ) f(x +1) — f(O)IQ@)dt

Using the triangle inequality

IDE ™ fllLac) < 1D = D) FllLac) + 1D fllLac(0)s

and applying the obtained estimate together with Lemma 1.25, we obtain inequality (1.84).
Forall x € C andt € hK N C, on the one hand

Ifx+0) = fX) = fOFfOI=1fx+1) = fOOI+1fO) = FO)] =20(]k),
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and on the other hand

Ifx+0) = f) = fO+fOI=<|fx+1)—=fOI+]f@x) = fO)] = 20(x[k).

For a fixed x € C set w,(8) := 2min{w(5), w(|x|x)}, > 0. Using Lemma 1.11 we obtain
asx — 6

(D% = D f0) = (D = DR 1)
<[ w6 = £ = FO + £O)] R0
hKNC

< / w(|t[g)ox(|1lk)2(1)dt = Q(K, C) - |w - wxll£;0.n) — 0.
hKNC

Thus (D% — D';;:?) f 1is continuous at 6. In the proof of Lemma 1.25 it was shown that

D%’ff is continuous at 6. Thus D%f is continuous at 6.
The function f defined in (1.82) is extremal in Lemma 1.25 and its restriction to kK N C
is extremal in Theorem 1.6, hence

IDE fllLaicy ZIDEE F©O)] = D P £(0) = (D® — DiH f(0) + D3t £(6)
=Q(K,C)- (2||f||Loc(C)”w”L](h,oo) + 11/ lag o) llw - w||£1((),h)> ,

which finishes the proof of the theorem.

1.3.3 Kolmogorov-Type Inequalities for Classes Li’ »(©O)

This theorem is contained in [29]. Partial cases of the following theorem are contained in
[22, 31, 67].

Theorem 1.14 Let p € (d, 0], C € C, K € K, Q: C — R be a non-negative character-
istic, and f € L?O,p(C). Foreach h > 0 and w € W (0, h) N Ly(h, 00) one has
1D fllLsic) <2 QUK. C) - [wll 2,000 |l Looc)

. 1
+ (KON Ngwllz,0m 1927 -1V flkellL, ). (1.85)

The inequality is sharp. It becomes equality on the functions a - f, where a € R and f is
defined in (1.83).

Proof The proof of inequality (1.85) and the fact that for function (1.83), DI“{”Q f() is
equal to the right-hand side of (1.85), can be done using the same arguments as in the proof
of Theorem 1.13, because function (1.83) is extremal in Lemma 1.25 and its restriction
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to hK N C is extremal in Theorem 1.7. In the proof of Lemma 1.25 it was shown that
for function (1.83), D,"(’zz f is continuous at 6, thus to finish the proof of the theorem, it
is sufficient to prove that (DI";’S2 — D}?’j}) f is also continuous at 6. For a fixed x € R4,
applying Theorem 1.6 we obtain

(D% — DS f(x) — (DE® — DD £ 9)]

/ w(lt[)([f(x+1) = fFO = [f(x) = fO)DQ()dt
hKNC

< QK. N7 ligwlz, 0. 1927 () - IVf(x+) = VIiOlkelL,mknc).  (1.86)

Due to Lemma 1.11, Q € Li(hK N C); due to (1.41), Lemmas 1.11 and 1.14, |V f|go €
1
L,(hKNC)and Q7 |V f|xo € L,(hK N C). Moreover,

f / QU f(x + ) [Dodydx
hKNC JhKNC

=f sz(y)/ V£ Cx 4+ 9|2 odxdy
hKNC hKNC

= f QNI FIkeI] engney® < 12060 IV FIkl? gxne:
hKNC

where the last inequality is true, since V f is zero outside 2K N C. This implies that

Q% DIV +x)ke € Lp(hK N C) for almost all x € hK N C, and hence the right-hand
side of (1.86) is finite for almost all x.

For arbitrary ¢ > 0 and any compactset T C (hK N C) \ B such that | - |x is differen-
tiable on 7', the function V f is uniformly continuous on 7 due to Lemma 1.14, continuity
of the function g, on sets separated from O and continuity of the gradient V| - | (see [68,
Theorem 25.5]). Thus the quantity |V f(x 4+ -) — V f(-)| k- can be made arbitrarily small on
theset T, :={y € T: y + B, C T} by choosing x close enough to §. Moreover, by absolute
continuity of the integral the quantity ||Q% ) IVfx+)—=Vf(O)lke ||L,,(hImC\Tg) can be
made arbitrary small by appropriate choices of T and ¢. This implies that the right-hand
side of (1.86) tends to 0 as x — 6, which implies continuity of (Dlu()’Q - Dll’é:?)f até.

1.3.4 Kolmogorov-Type Inequalities for Classes L go, p(Rd )

For 0 < o < 2, we consider the following integral operator

R4 |[b

(1.87)
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Up to a normalization factor, D* is the Riesz derivative of the order «, see e.g., [69, Sect. 25].
Note that the Riesz derivative can be considered as a functional power (—A)%/? of the Laplace
operator.

1.3.4.1 Bounded Operator Dj
Together with operator (1.87) we consider the operator Dj, f(x): Loo(RY) = Loo(RY),

2f0) - fx—0) — fx+1)

= dt + 2choq-1 (f(x) — f(x. ),
2

(1.88)

Dy f(x) = /

R4\ By, |t

where ¢}, is chosen from condition (1.45), and f (x, h) is defined in (1.48).
The next lemma shows that this operator is bounded and computes its norm.

Lemma 1.26 Leth >0, p >d/2and0 <a <2 —d/p,orp =00and0 < a < 2. Then
o —o 1
Dy || =404-1h - +c1 .

The supremum in the definition of the norm of the operator D} is attained on the func-
tion ¢y 2.
Proof For any function f € Loo(RY) and i > 0
2f()—fC+1)—f(—t
JO=fC+0)—f(—1) dt

|t|d+"‘

1Dy fllL ey = H /Rd\B
h
+2¢300-1 (£ = FC )| ey <

dt h—o
= 4 fllLo ) {/Rd\s [rdTe +Ch(7d—1} =4l L weyod—1 < " +Ch>
h

_ 1
= 4| fll L me)Oa—1h™* (E + Cl) .

This implies
(1
Dyl <dog_1h™ [ —+c1). (1.89)
o

Recall that the function ¢, > defined in (1.46) is continuous and hence D} ¢y 2 is also
continuous. Thus for each 2 > 0 one has

1Dy on2ll Lo ey = | D)y en,2(0)]

/ 20p,2(0) — 2¢p,2(y)
R4\ B, |y|d+e

dy + 2cpo4—1(pp,2(0) — ah,Z(O))‘ =
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dy
= 4{lgpn,2|| d </ — + ChUdl)
Loo(R?) R\ B, |y|d+e

o1
=4on2llL, wd)oa—1h~" (; + Cl) )

hence,

1
Dyl = 404-1h™¢ (& + Cl) ) (1.90)

Now the statement of the lemma follows from inequalities (1.89) and (1.90).

1.3.4.2 Kolmogorov-Type Inequalities
Theorem 1.15 Letd/2 < p <00,0<a <2 —d/porp=00and0 < a < 2. Then for
an arbitrary function f € Lgo’p(Rd) and each h > 0 one has

o
1D fll o may < 20a—1th™ "7 [|[@1(] - Dlle oy - 1AF L, e

(1
+4O’d7]h « <&+C]> ”f”Loo(]Rd) (191)
Inequality (1.91) becomes equality for the function gy, 2.

Proof Using Lemma 1.26 and Theorem 1.8 and the triangle inequality

1D fllL ey < I1D* f — Dy fllL ey + 1Dy fllL, ra)s

we obtain inequality (1.91) for all 2 > 0 and f € L@o, p(Rd ). It becomes equality for the
function ¢y, », since it is extremal both in Lemma 1.26 and Theorem 1.8, and is constant
outside Bj,, which implies the equality

1A¢n2llL,®ey = 1APR2IIL, 8-

Using standard arguments (e.g., by minimizing the right-hand side of (1.91) with respect
to i) and homogeneity of the functions involved in the obtained Kolmogorov-type inequality,
one can obtain a Kolmogorov-type inequality in the multiplicative form. The constant may
be written in terms of «, p, d, ¢y and || P (] - |)||L,,f(31>’ or in terms of the function ¢; 2. We

formulate the theorem using the latter approach.

Theorem 1.16 Letd/2 < p <ooand0 <a <2 —d/porp=00and0 < «a < 2. Then
for all functions f € L?o, p(]Rd) one has

”Da‘pll”Loo(R ) zzad/d/p =d7p
ID% fll Lo ety = WHJCHL (RZ) Iafl;, (Hgd)
||¢1,2||LOO<RZ’)
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The inequality is sharp and becomes equality for the functions f(t) = apy2(t), h > 0,
aelR

1.3.5 Nagy-Type Inequalities

In 1941 for all admissible parameters p, g, s, Nagy [74] proved sharp inequalities of the
following type

1
ez, @ < K xS g - 121 -

In the periodic case inequalities of Nagy type are contained in [25, 26, 53]. The results of
Sects. 1.3.5, 1.3.6, and 1.3.7 are contained in [17-19].

1.3.5.1 Notations
A tripe (X, p, ), where (X, p) is a metric space with a Borel measure v will be called a
metric space with measure. We assume that X is a commutative monoid (i.e., an associative
and commutative binary operation + is defined on X, and there exists an element § € X
such that x +6 = 6 + x = x for all x € X) such that for each measurable set Q C X and
each x € X one has

ux + Q) = u(Q).
Suppose that for all x, y € X,

px+y,x) < pl,0).

Everywhere below Bj, = Bj,(0) is an open ball of radius 7 > 0 with center 8; we suppose
that 0 < w(Bp) < oo and B, # {0} for all h > 0.

For p € [1, 00) by L ,(X) we denote the space of measurable functions f: Q — Rsuch
that the function | f|? is integrable on X with the corresponding norm; L, (X) denotes the
space of measurable essentially bounded on X functions. By Ljoc(X) we denote the space
of all functions f: X — R that are integrable on each open ball of X. In the space Ljoc(X)
we introduce a family of seminorms

1fTh=sup , h >0,

xeX

/ f@)u(du)
x+Bj

1fT=sup] fTn.
h>0

and a seminorm

By L., (X) (L}.[(X)) we denote the family of functions f € Ljoc(X) with a finite seminorm
1 - [n (resp. ] - ). Itis clear that the space L(X) is contained in each of these sets.

By Cp(X) we denote the space of continuous functions f: X — R that have a finite
norm
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I fllcyxy = sup [ f(x)I;
xeX
by B(X) we denote the space of bounded functions f: X — R with a norm

I fllsx) = sup NACIIE (1.92)

In this section we assume that the measure w is such that each continuous function belongs
to Lioc(X).

Let w be a modulus of continuity. Recall that by H*(X) we denote the space of functions
f: X — Rsuch that

I Flgo = sup 1f) = FOI _
oo X, yeX,x#£y w(p(x,y))

We also consider the case, when X is some open convex cone C in the space RY d >1,
the metric p is determined by a set K i.e., p(x, y) = |x — y¥|kx, and u = m is the Lebesgue
measure in the space R? (see Sect. 1.2.4 for the definitions of the norms | - | and | - |go).
In this case we write (C, K, m) instead of (X, p, u), B, = hK N C, and the introduced
seminorms | - [; and | - [ become

1fTh=sup / f(x +udu
hKNC

xeC

,h >0, and | f[= sup] f[x.
h>0

1.3.5.2 Averaging Operator
For each h > 0 we define an operator Sy, : L., (X) — B(X) by the following rule:

1
Spf(x) = —f f&x+uwu(du). (1.93)
uBy Jp,

It is clear that this operator is bounded and

b
w(Bi)

In the case, when (X, p, u) = (C, K, m), due to absolute continuity of the Lebesgue inte-
gral, the image S, f of each locally integrable function f, is continuous (and hence mea-
surable) bounded function. Thus in this case we can count that the operator Sy, acts into the
space Loo(C).

For & > 0 define a function g : (0, h) — R,

ISullz,.p, x)—8x) = (1.94)

(i)
S =k n ey \ud =1 " hd )

Using Lemma 1.11 we obtain that for all p € (d, oo]
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L
llgn (- 1L, k) = (d - (KN CN P lignll 2, 0.n) »

where, as in (1.27) for 1 < p < oo,

h 1/p
||w||£p<o,h>=(/0 td_lw”(t)dt) .

Thus the next lemma is a partial case of Theorem 1.7.

Lemma 1.27 Let p € (d,o0), h > 0and f € WP (hK N C). Then

|FO) = Suf O = llgn (- 1L, k) IV Flkellz,mkne)-

The inequality is sharp. It becomes equality for the functions o - f + B, where o, B € R and
Iyl =
F) =/ gy " (w)du, y e hK N C.
0

Note that the quantity || g, (| - |x) ]l L, (hKNC) can be expressed via the Euler beta func-
tion B.

Lemma 1.28 For p € (d, oo] one has

’ _1 _d
lgn (- 1N, ke = (d - (K N CNYPligullz, 0 = An™7 (K N CA' 77,

where

1 d—1Dp
A=A, p)=d 'BY (1 —%,p/—l—l). (1.95)
In particular, for p = 00,
lgn(l- 1)1 AL
8h K Ll(hKﬂC)—d+1-

Proof The first equality follows from 1.11. The second one can be obtained via direct
calculations. The last equality follows from (1.95) and properties of the function B.

1.3.5.3 Nagy-Type Inequalities in the Spaces W17 (C)
Theorem 1.17 Ifh > 0, p € (d,00) and f € W"P(C) N L|.1,(C), then f € Loo(C) and
the following inequality holds:

[ f Loy = If = SnfllLeee) + IShllLy g, ) Looe) 1 Th
= llgnCl- 1ML, xney NV Flkellz, +u N K NOR fTh. (1.96)

Inequality (1.96) is sharp. It becomes equality on the functions
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1
o (fen + B), wherea >0, > —Efe,h(O), (1.97)
h p'—1
du, hKNC,
fen() = S & @,y € (1.98)
0, yeC\hK.
For each function f € WhP(C) N L,.1(C) the following multiplicative inequality holds
1f oy < ald. P~ T (K NOLFI IV F Ik IS, (1.99)
where
pd (p —d)Ad, p))“ ( pd )
a=———"7—,a(d,p) = ( +1], (1.100)
p+(p—na P pd p—d

and A(d, p) is defined in (1.95). Inequality (1.99) is sharp, it becomes equality on each of
the functions f, 5, h > 0.

Taking into account Lemma 1.28, inequality (1.96) can be rewritten in the form

_1 _d _ _
1flLaoic) < AW, p)u” P (K DO 2|V flkellL ) + 1~ (K 0 O™ f T,

where A(d, p) is defined in (1.95). From the statement about sharpness of inequality (1.99)
it follows that it can also be rewritten as follows:

Il fe.1ll Loo(C)
I fllLec) < ——=
er,l|—1_a|||vfe,l|K°”%p(C)

LT MV £ Ikl o)
Proof For each x € C one has

1
[f)] < f(x)—m Mmcf(x‘f‘y)dy‘
I 1

uhK NC) Jrknc

Using Lemma 1.27 for the function F(y) = f(x+y), yehKNC,x € C, and
Lemma 1.28, one obtains

flx + y)dy‘ . (L.101)

1
- d
fx) KN O) hmcf(x+y) y‘

1
uwhK NC) Jhgnc

1
Sd-wKNCH? lgn ||1:[,/(0,h) IIVFlkellL,nknc)

(F(©) — F(y)dy
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_1 1-4
=Aw P (KNOh PV flgellL,x+hknc)
1-4

_1
<Aw »(KNCOh 7V flkell,c)- (1.102)

Hence L 4
If=ShfllLac) = A P(KNCOR PV flgellL,c)- (1.103)
It is easy to see that
IShllLyp, (€)= Lec(0) = wNKNCR. (1.104)

From inequalities (1.103) and (1.104) together with Lemma 1.28, inequality (1.96) follows.
Next we prove its sharpness. Since the function g, is non-negative,

Ixlx < ylk = fern(X) = fen(y). (1.105)

Moreover, the function f, ; is continuous. Hence || fe nllr..(c) = f(@) and, moreover,
inequality (1.101) becomes equality for x = 6 and the function f, ,. Moreover, due to
Lemma 1.27, the first inequality in (1.102) for x = 6 becomes equality for the function f, .
Notice that the function f, , vanishes outside the set #K N C, and hence

IV fenlkelL,ikncy = IV fenlkollL, )

thus the second inequality in (1.102) also becomes equality. Finally, taking into account
(1.105), we obtain | fo p[n= fhlmc Jfe.n(y)dy, which finishes the proof of sharpness of
inequality (1.96).

From (1.96) it follows that for all f € whrc)yn L,.(C)and h > 0 one has

1) < AW, )7 (K VORIV flgell 0 + 1~ (K N ORI £T.
(1.106)

Moreover, for each h > 0, | fe.n[n=]fe.rn[, and hence inequality (1.106) is sharp and
becomes equality for the function f, ;. If B satisfies the inequalities from (1.97), then
after the substitution of f, j by f.., + B both side of inequality (1.106) change by S, hence
remain equal. Finally, the equality remain true if the extremal function is multiplied by a
positive constant. Thus inequality (1.106) becomes equality on each of the functions (1.97).

Minimizing the right-hand side of (1.106) with respect to 4 i.e., choosing

4
p+d

_1
pdu " (KNO)JfT
(p =AW, PNV flkellL,©)

one obtains inequality (1.99).
Next we prove sharpness of inequality (1.99). Setg = é and ¢’ = ﬁ Foreachh > 0
consider the numbers

==

1-4

_1
u= (AW, P T KN ORIV flkellL, )
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and 1
v=(guKnomisr)”.

Using inequality (1.99), Young’s inequality and straightforward computations, we obtain

L B ud e
1/ L) < ad, P d(K NOLFTNV flgel§ (o) = uv < ;Jr?
-4

= AW, )7 (K N ORIV flkell, o + 1™ (K A ORI FT.

Since inequality (1.106) becomes equality for the function f, 5, we obtain that inequal-
ity (1.99) also becomes equality on the function f, j;, and hence is sharp.

Corollary 1.3 Ifh >0, p > d and f € WLP(C) N L1(C), then f € Loo(C) and the fol-
lowing inequalities hold:

I lLoocey = Ngn(l-TONL ,hrne) NV flkellz, ) + 1w HE N ORI il

1f oy < atd. P~ T (K OO LI IV ke NS -

where o and a(d, p) are defined in (1.100). Both inequalities are sharp. The additive one
becomes equality on the function f, , the multiplicative one—on each of the functions f, p,
h > 0.

Proof Since L1(C) C L.((C) C L1, (C),1fTn=lfT= | fllL,(c) foreachof the functions
f e Li(C),and || fe.nllL,c) =] fe.n[n=] fe n[ foreach h > 0, the statement of the corollary
follows from Theorem 1.17.

1.3.6 Kolmogorov-Type Inequalities for Charges

By 91(X) we denote the family of charges v defined on the family of all u—measurable
subsets of X and that are absolutely continuous with respect to the measure u, see e.g., [34,
Chap. 5]. By the Radon—-Nikodym theorem, for a charge v € 91(X) there exists an integrable
function f: X — R such that for arbitrary measurable set Q0 C X

v(Q)=/Qf(x),u(dx). (1.107)

This function f is called the Radon—Nikodym derivative of the charge v with respect to the
measure 4 and will be denoted by D,,v. The family 91(X) is a linear space with respect to
the standard addition and multiplication by a real number. Define a family of seminorms
{1- Ln, h > 0} as follows:

Tvlr= llv(- + Bu)llsx),
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where the norm || - ||g(x) was defined in (1.92), and let v |:= sup,_o]v|x. It is clear that if
a charge v and a function f are related via (1.107), then

Tvlh=1fTn.h >0, and Tv[=] fT.

For h > 0 by 91y.,,(X) (9. (X)) we denote the set of charges v € 91(X) with a finite
seminorm | - | (resp. ] - |).
In the case, when (X, p, ) = (C, K, m), we obtain
Tvla=sup [v(x +hK)],

xeC

and, moreover, the function x — v(x + £ K) is continuous.

Theorem 1.18 Ifh > 0 and the charge v € M.\, (C) is such that D,,v € WP (C), then

IDpvliLoic) < | Duv — EhU”LOO(C) + ||§h||‘JT1.[,1(C)—>LOO(C)-|V|_h
_1 1-4 _ _
< ApTP(K OO TP [VDuvlke i, + 1T (K N O vy, (1.108)

where A(d, p) is defined in (1.95), and

vix +hKNC)

Spv) = h (K N C)

Inequality (1.108) is sharp. It becomes equality on the charge v, that is determined by
the equality Dy v, ;, = fen, where the function fe  is defined in (1.98). If the charge v €
M. (C) is such that D,,v € WLP(C), then the following multiplicative inequality holds

IDuvllaeiey < ad. p)u™ 3 (K N OV Duvlke IS, - (1.109)

where a and a(d, p) are defined in (1.100). Inequality (1.109) is sharp. It becomes equality
for each charge v such that D, v = fe p, h > 0.

Proof Itis enough to apply Theorem 1.17 to the function f = D, v and to take into account
that Ehv =Sf.

1.3.7 Inequalities for a Mixed Derivative of a Function

1.3.7.1 Assumptions and Notations
In this section (X,p,u)=(,K,m), C= ngr = R’fﬁ xRI-™m 0 <m <d,
K = (=1, 1)? so that |x|g = |x|eo = maxj—| 4 |xi|. Then B, = hK N C = (0, h)™ x
(—h, h)4=™ and u(hK N C) = 24-"mpd,

.....
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LetI=(l,...,1) € R? For alocally integrable function f: X — R set

ad
onf = L -
0x

) 1.110
1...0xg ( )

where the derivatives are understood in the distributional sense.
Let {e,-}?:1 be the standard basis in R? and for & > 0

AfLf(x) = f(x+he) — f(x), and App f (x) := f(x + he;) — f(x — hey).

According to the Fubini theorem for almost all x € Ri’ - one has

/ of (wydu = (Atho...oA;’hoAm_,_l,ho...oAd,h)f(x). (1.111)
x+hKNC

Define an operator G,y Loo(C) = Loo(C), setting

|
Shon f () = 3757 (A{h 0. oAt 0 Amsin0.. .0 Ad,h) fx).

It is easy to see that
16 hm Lo (C)— Lo(c) = 2"h ™7, (1.112)

and for arbitrary function f € LOO(Rg,’ 4) such that dy f € WLP(an, +), one has

1
Ohnl = LKA Joeangoe M

1
~ w(hKNC) Juknc

where the operator S, is defined in (1.93).

Af(x +u)du = Spdf(x), (1.113)

1.3.7.2 Classes WI’P(R;ln’+)
Theorem 1.19 For h > 0 and a function f € Loo(Rfl,,,+) such that oy f € WI’P(RﬁL_F),
one has

||aIf||Loo(]R,dnv+) = Half - Gh’meLoo(angr) + ||6h,m”||f”Loo(]an

D
1-4

m=d _
< AW, ph' P2 T NVOL kel e+ 2 S g e (1114)

where A(d, p) is defined in (1.95). The inequality (1.114) can be rewritten in the multiplica-
tive form:

m_d
ANT— 5 1—« o
o0 f e = ad. pp2° P)||f||Lm(Rg“+)|||va1f|Ko||me_+), (1.115)
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where « and a(d, p) are defined in (1.100). For m = 0 and m = 1 inequalities (1.114)
and (1.115) are sharp.

Proof Taking into account u(K N C) = 2d=m_(1.103), (1.112) and (1.113), one obtains

101 f | Loo©) S NOLS — Gnn [ llLoo(©) + 16 hml Log (€)= Los@) | [ | Los(C)
= 180f — Skt fllLwcc) + 2" N fllLcc)
_1 1—-4 _
< AW, p)-w P(KNCOK 7 [IVarflkellz, ) + 2" fllLwio)

m—d |_d _
=AW, p)-2 7 h'P IVaLfIkeli, )+ 2" fll s )

and inequality (1.114) is proved. Using inequality (1.99) for the function d; f as well as
equality (1.111), one has

100f | Lwio) < atd, pyn™ T (K N O Lo f T NIVaLf ke l9 e

o 1—a
<ald, I KNO) (20 f o) NVOS Ik NS )

(m—d)a

=ad, p2 7 MO F S IVaLf ke NS o)

_d
P

= atd. p2°(t )nfnz;";c) V3L flkellS s

and inequality (1.115) is proved.
Next we prove sharpness of inequalities (1.114) and (1.115) for m = 0. Consider the

X1 Xd
Fun(x) = / / FonGodu,
0 0

where the function f, ; is defined in (1.98). For this function one has 01F, » = fe.n,
Vo1 Fe n(:)lko = |V fe.n(-)| ko and due to symmetry considerations

function

21 ey =2 [ fentdu= [ fondu =) feali=)fnl. (1116
(0,h)d (—h,h)d
Since inequalities (1.96) and (1.99) become equalities on the function f, ;, then taking
into account (1.116), we obtain sharpness of inequalities (1.114) and (1.115) for m = 0.
Finally, we prove sharpness of inequalities (1.114) and (1.115) in the case m = 1. In
this case hK N C = (0, h) x (—h, h)4~! and WK NC) = 24-1 There exists a number
a € (0, h) such that

/<0 )% (—h,hyd-! Jen)du :f Jen(u)du. (1.117)

(a,h)x(—h,h)d-1

Consider the function
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X1 px2 X4
R A A R
a 0 0

Foritone has 01Ge,n = fe,ns IVOIGen()lke = |V fen()lke.

The hyperplanes x; =aandx; =0, j =2, ..., d, splitthe set (0, 1) x (—h, h)d_1 into
24 hoxes Iy, ..., I1,«; moreover, due to the symmetry of the plot of the function f, , with
respect to the coordinate hyperplanes and due to equality (1.117), we obtain

1 .
f fen)du = —d/ fen@ydui=1,....2%
m; 2% J 0,y x (=h, =1

hence

1 1 1
1Genlinicr = g / feadu = 571 fonln= 5g)fe:

(0,h) x (—h,h)d-1

Due to this equality and the fact that inequalities (1.96) and (1.99) become equalities for the
function f, 5, we obtain sharpness of inequalities (1.114) and (1.115) form = 1.

1.3.8 Approximation of Unbounded Operators by Bounded Ones
and Related Problems

1.3.8.1 General Facts
Let X and Y be linear spaces equipped with a seminorm || - || x and anorm | - ||y respectively.
By L(X, Y) we denote the space of all linear bounded operators S: X — Y.LetA: X — Y
be an operator (not necessarily linear) with a domain D4 C X. Let also 9t C D4 be some
class of elements. The problem to find the modulus of continuity of the operator A on the
class 9 i.e., the function

Q) = Q(A,IM; 8) = sup{[|Ax]ly : x € M, |lx|x =6}, 8 =0, (1.118)

is an abstract version of the problem about the Landau-Kolmogorov type inequalities.

In Introduction we formulated a series of related problems. Here we formulate some
general results on the connection of these problems. The Stechkin problem is intimately
connected to Landau-Kolmogorov type inequalities. The following theorem describes this
connection, see [71].

Theorem 1.20 For any x € I C X and arbitrary S € L(X,Y) the following inequality
holds
[Ax| < [[Ax — Sx|| + [ISIHIx]l < U(A, S; 90 + [IS] - llxll, (1.119)

and, therefore for all x € M and N > 0,

[Ax|| < En(A,900) + Nllx]|.
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If in addition there exist S e L(X,Y)andx € M such that both inequalities in (1.119) turn
into equalities, then

QIxI) = I1AX]l and EHEH (A, ) = U(A, S; M) = [|AX]| — || S| I=].

Thus the element X is extremal for problem (1.118), and the operator S is optimal for
problem (1.3).

Remark 1.1 In Stechkin’s article [71] it is assumed that X and Y are Banach spaces.
However, as it is easy to see, completeness, and even presence of a norm in X is not
necessary. It is sufficient to have a seminorm in X. Completeness of Y is also not necessary.

Let9 C D(A)and S € L(X, Y). For § > 0 the value
Us(A, S,90) = sup{l|Ax — Sqlly :x € M, n € X, lx —nllx <6}

if called the deviation of the operator S € L(X, Y) from the operator A on the class 901,
where elements are known with error §. The problem of optimal recovery of the operator A
by linear operators on such class 91 consists of finding the quantity

E(A, M) = inf  Us(A, S,9)
SeL(X.Y)

and an operator S, on which the infimum on the right-hand side is attained, if it exists.
The connection of this problem with the Landau-Kolmogorov-type inequalities and the
Stechkin problem is given by the following theorem, see e.g. [5, Theorem 2.1].

Theorem 1.21 If9N is a convex centrally-symmetric set and A is a homogeneous operator,
then for all 5§ > 0

Q(A, M 8) < Es(A, M) = Ii,nfO{EN(A, M) + N&}.

If in addition there exist an element X € M and an operator S such that both inequalities
in (1.119) become equalities, then

Ejx) (A, M) = QA, M; |IX]]) = [|AX].

1.3.8.2 Extremal Problems for Hypersingular Integral Operators
In Sect.1.3.1 we studied a hypersingular integral operator DI"S’Q defined in (1.80) and a
truncated operator D%? defined in (1.81).
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Theorem 1.22 Let a set K € K, a cone C € C, and a homogeneous characteristic 2 be
given. Assume also that a modulus of continuity w and a weight w are such that for all

h>0w-we L1(0,h)andw € L1(h, 00). If

(0, 00), D,u(}’g2 is unbounded,
(0, ||DZ’Q||) . otherwise,

and hy is such that Wl £,(hy,00) = % then
En(D?, o) = Q(K, ©) - lw - ll £, 0.1)» (1.120)

where M = {f € HZ(C) N Lo (C): ||f||H1u;(C) < 1}. The extremal operator is D}??N

Proof From the choice of 1y and Lemma 1.25, we have || D,"()’?N || = N.Moreover, from the
proof of Theorem 1.13 is follows that the condition of Theorem 1.20 are satisfied, and hence

Eyn (D%‘Q, m) = U(D}?’Q, D%ZfN; ). Now equality (1.120) follows from Theorem 1.6.

Analogously using Theorems 1.7 and 1.14 we obtain the following result.

Theorem 1.23 Let p € (d, 0], C € C, K € K, Q: C — R be a non-negative character-
istic, and a weight w be such that for each h > 0 and w € W (0, h) N Ly (h, o). For N
and hy as in Theorem 1.22,

1
En(D®, 0 = (K, O)7 1wl £, 0.0y -

1
where M= {f € ngo’p(C): 127 - |Vf|K°||L1,(C) < 1}. The extremal operator is D%?N

1.3.8.3 Extremal Problems on Classes of Charges

Theorem 1.24 For p € (d, 00] set X = WP (C) N L|.[(C), let M be the family of func-
tions f € X such that |||V f|ke ||LP(C) < l,and J: X — L (C) be the embedding opera-
tor. For all § > 0 the following equalities hold:

d, _
Es(J. M) = Q(J. M 8) = — 4P gia (1.121)
na(KNC)
where o and a(d, p) are defined in (1.100). For all N > 0,
En(D,, M) = A, P d(KNC)Nv 4, (1.122)

where the quantity A(d, p) is defined in (1.95).
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Proof First of all note that if inequality (1.99) turns into equality for some function f, then
it becomes equality for the function ¢ - f, ¢ € R, and hence from sharpness of (1.99) if
follows that the second equality in (1.121) holds.

From sharpness of (1.38) and Theorem 1.20 it follows that for all & > 0, Ejs, (J, 9) =
llgn(| - |K)||Lp/(hKﬂC)~ Using equality (1.94) and Lemma 1.28 we obtain (1.122). Finally,
the first equality in (1.121) follows from Theorem 1.21.

The following two theorems can be obtained from Theorems 1.18 and 1.19 using the
same arguments.

Theorem 1.25 Denote by I the family of charges v € Ny. (C) such that
IVDyvlkellr, ) = 1.
For all § > 0 the following equalities hold:

a(d, p) 51—

SS(DpLa m) = Q(D/u M; 8) = r——
ui(KNC)

where a and a(d, p) are defined in (1.100). For all N > 0,

En(Dy, M) = A(d, py~# (K N C)N 4,

where A(d, p) is defined in (1.95).
Recall that the differential operator d1 f was defined in (1.110).

Theorem 1.26 Let p > d and m = 0 or m = 1. Denote by I the family of functions f €
LOO(IR%+) such that |||Voy f11 ||Lp(Rd D < 1. For all § > 0 the following equalities hold.

m

d
Es (1, M) = Q (31, M; ) = a(d, p)z“(ﬁ)al—“,

where o and a(d, p) are defined in (1.100). For all N > 0

ASIEW

m 1_1
En(r, M) = A(d, p)-27 PN» 4.

where A(d, p) is defined in (1.95).
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1.4  Optimization of Cubature Formulae

1.4.1 Optimization of Cubature Formulae on Multivariate Sobolev
Classes

The results of this section in the case K = (—1, 1)¢ were obtained in [22]. In the case of
arbitrary K € K they are new.

1.4.1.1 Statement of the Problem and Extremal Functions
Let Q be a bounded open set, p > d and K € K be given. We consider the problem of
optimal recovery for the integral |’ 0 f(x)dx using the values of the function

feWi (@) ={f e Wh(Q): IV fixelL, o <1}

atn € N points xq, ..., x, € Q. Any function ®: R” — R is called a method of recovery.
For given points xq, ..., x, € Q, the error of recovery of the integral using information
f(x1), ..., f(xn) by the method ® is defined by the following equality

e(Wf(Q),@,xl,...,xn) = sup ‘/ fx)dx —D(f(x1), ..., fxa)]|.
rewk 10

The problem of the optimal recovery of the integral is to find the best error of recovery

K o . K

E,(W, (Q)) = x]wl.l’;anQ @%RI}}C_)Re(Wp (Q), @, x1,...,xp), (1.123)

the best method of recovery, and the best position of the information points x1, ..., x, (i.e.,
such method ®: R" — R and points x1, ..., x, € Q, for which the infima in (1.123) are

attained, if they exist).

Note, that it is sufficient to consider only linear methods of recovery in (1.123). The
existence of an optimal linear method of recovery is well known in many situations. See for
example [70]. We will not prove it here.

Letxi,...,x, € Q and h > 0. The function f, defined by (1.39), is well defined on the
boundary 0K and is constant there; hence we can continuously extend the function f to all
of R? by setting f(y) equal to the value of f on the boundary of K for all y ¢ K. For all
y € R?, we set

So(x1, oo X0y y) = kznglinnf(y — Xk).

It is easy to see that fj(x1,...,x,;y) € whr(Q) for all p € (d, o<].
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1.4.1.2 Simple Domains

LetK € Kandn € N.Aset Q C R4 is called n-simple, if there exist points X1, ..., X, € Q
such that for .
a
hi= (ﬂ) (1.124)
n - meas K

the sets
Cr={xeR%: |x—Xklg <h}), k=1,....n,

are pairwise disjoint and meas [Q \ Uiy Ck] = 0. Such set O will also be called
x1,...,xy)-simple.

Lemma 1.29 Letn € N, points x1,...,X, € RY and a (x1,...,xy)-simple domain Q be
given. If h is defined by (1.124), then for arbitrary points x1, ..., x, € Q

/ Jn(x1, oo xns y)dy 2/ Jn(X1, oo Xns y)dy > 0 (1.125)
o o
and for all p € (d, o0]

MV fnCers oo xilkelle, o < NV fa(xr, ..o X)lkellL, ) (1.126)

Proof First, we prove inequality (1.125). For all A > 0 and arbitrary x1,...,x, € Q, we
consider the set

Sty xn; M) i={y € Q: fulx1,..., x5 y) < AL

Definition of the function f;,(x1, ..., x,; y) implies that the set S(xy, ..., x,; A) is the inter-
section of Q with the union of n sets C (xg, A) := xx + (i) K, where u is anon-decreasing
function of A. Moreover, if Ag := inf{A > 0: meas S(xy, ..., X,; A) = meas Q}, then the
sets Cr (X, 1) that define the set S(xy, ..., X,; A) are pairwise disjoint for all . < Ag and
S(X1,...,X; M) = Q for A > Ag. This implies that for all A > 0,

meas S(xX1,...,X; A) >meas S(x1,..., X, A)
and, hence,
meas{y € Q: fp(x1,...,%5;y) > A} > meas{y € Q: fp(¥1,...,%;y) > A}.

The latter inequality implies the first inequality in (1.125) (see [72, §1.1]). The second
inequality in (1.125) follows from the definition of the functions fj (x1, ..., X,).
Next, we prove inequality (1.126). Fork =1, ..., n, we set

Api={x e Q:|x —xxlx < |x —x5lx, Vs #k}.
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From the definition of the function fj(x1, ..., x,), it follows that
Jn(xt, oo Xy x) = fe(x — xi)
on By :={xe€Ar:|x —xxlg <h}l,k=1,...,n,and
IV fn(x1, ..oy Xn; X)| ke =0 (1.127)
almost everywhere on the set Q \ (UZ:1 Bk). Forallk =1, ..., n,
IV frxers ooy xns kel B = NIV fe(- = xi) ke llL, By

< MV eOlkellL,mk)y = IV fe(- = X ke L, @+hK)

=1V fa(xr, ooy X0 Dlke L, e +hK)-

The latter together with (1.127) implies inequality (1.126). The lemma is proved.

1.4.1.3 Optimal Recovery of the Integral
Applying Theorem 1.7 to Q@ = 1, C = R?, w = 1 we can find a constant c(d, p) such that
inequality

d
. 1f () — f@ldx < c(d.p)-h' TV IV flkellL, k)

is sharp on Wf (hK) (cf. with Lemma 1.28). The following theorem generalizes [22, The-
orem 4], where the case K = (—1, l)d was considered.

Theorem 1.27 Let K € K, n € N, and an n-simple domain Q C R? be given. For p €

(d; 0]
1 1
c(d, p) [meas QW
En (WK (@) = [ .
n 1 meas K
IfQis(x1, ..., %Xy)-simple, then the optimal information set is {xy }j, _ |, and the best recovery
method is

O @, fE) = "L S p.

k=1

Proof Let h be defined in (1.124). For arbitrary f € W,{((Q),

‘/Qf(x)dx— easQZf(x,) <Z/ @ = f@pldx

1+4
<cd.p)-h 7 Z IV flkellL,mx+))
j=1
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44 1 c(d, p) [meas Q7777
<cd.p)-h n? IV flkell,0 £ —

nd meas K
For arbitrary x1, ..., x,, using Lemma 1.29,
n
sup f fdx =Y afx)|=  sup ‘ / fx)dx
fewk | /o =1 rewk(o, 0
f(xx)=0, k=1,...,n
‘ J
> Jn(xt, ..o, xp; x)dx
IV fa s x)lke 0 Jo !
1

c(d, p) |:meas Qi|5+#

meas K

/ Sn(X1, . Xy x)dx =
0

>
TV G X)lke L0 ni

Finally, taking into account the existence of the optimal linear method of recov-
ery and arbitrariness of xq,...,x, € Q and cy,...,c, € R, we obtain the estimate for

E, (Wf (Q)) from below, which completes the proof of the theorem.

Theorem 1.27 gives an optimal cubature formula for simple domains. It can be used to
obtain asymptotically optimal cubature formulae for more complicated domains, see e.g.
[22, 28, 60]. Asymptotically optimal cubature formulae for various classes of multivariate
functions can be found in [8-10, 35, 36].

1.4.2 Optimization of Cubature Formulae on Classes of Random
Processes

We consider the problem of optimal recovery of the integral

1
Int El = / gld t
0
on the class of random processes H, given the information operator

J(Sl) = (é‘l’]’ RN} Efn)»

where n e N, iy =t +1, t€R, and t = (t1, 12, ...,1,), where the numbers 0 = #; <
. < ty are such that t + #, < 1 almost everywhere. The error of recovery is measured in

the space R with metric (¢, n) — E|¢ — n|. Everywhere below we write E (t, t) instead of
E(Int, H?®, J, R) (see (1.4) in Introduction). For ¢ > 0 set

t
1(1) ::/ w(s)ds.
0

The following theorem is contained in [58].
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Theorem 1.28 Letn € N, v € Randthe numbers0 =t < ... < t,besuchthatt +t, <1

almost everywhere. Set ty .=t +ty, k=1,...,n, and t* := H‘L’ — % ” . Then
o0

Euo_22:<%“ )+1€2Q—ﬁ>+lcgi+ﬁ>. (1.128)

# _ Ikl —le—1
G =T o

The optimal recovery method is U = Y _| i€y, where ¢f =1 + boi t‘
k=2,...,n—landci =1—7 — 2Eh=L,

In [42], the problem of integral optimal recovery was considered in the case when 7 is
a constant on an analogue of the class H®. The proof of this theorem will follow from the
results of subsequent paragraphs.

1.4.2.1 Auxiliary Result
Lemma 1.30 Leta > 0, t € R(a) and b > 0 be such that T + b < a almost everywhere.
For a process &€ € H®(a) set

& (w) = & (w), 0<t=<t(w),
Gr(w) :=
Ervb(w) —&rqp(w), T(w) <t <a-—>b.
Thent € H®(a — b) and ¢ = 0.

Proof Equality ¢; = 0 follows from the definition of the process ¢. For a random variable
6 € R(a — b) set

and T(w) =

b(w) 0(w), 0(w) < 7(w) T(w), O(w) < t(w)
w) =
O(w)+b, O(w) > t(w) t(w) + b, (w) > t(w).

Then
El¢p — &I = Elso| = El§; — &z < 0 (10 — Tlloo) = @ (|0 — Tllo0)-

Hence ¢ € H(a — b) and the lemma is proved.

1.4.2.2 Estimate from Above
In this paragraph we prove that

n—1
Tk1 — l_tn % l_n
E(r,t) <2 1 —t 1
0=23 (B ) e (=)

*) (1.129)
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Set ap : =0, o :=r~|—”‘+%,k=1,...,n—1, and o, = 1. Then ¢} = ox — a1,

k=1,...,n.Hence

n

1 n a
E(t,t) < sup E / &dt — Zc,fg,k = sup E Z/ (E, —’g‘rk) dt
EeH® 0 k=1 geHY |21 Jau-1
o 1
< sup E f (& —gﬂ)dz+/ (& — &) dr
§6‘H‘” 0 Up—1

273

n—1
+ sup ZE/
o

& — &y |dr. (1.130)

E§eH® | o k—1
Leté e H® and k € {2,...,n — 1}. Then
o T+’k+‘2k+l
B Ja-gla=E[ | l6-ear
ap—1 T+%
Tk+fk+{fk fk+12*tk
k[ mtaldr=E [ leu - gl
Kkt 2
L Ik el T
=ﬁj%mQH4ﬂmsﬁq%mwm
2
’k_‘zk—l ’k+12_’k
2/ a)(t)dt—i—f w@®)dr. (1.131)
0 0

For arbitrary & € H®,

n

T+7
/ (& — &) di

T+,
[SRRCEEAY.
e

T+

A%aﬁum+f T Y

2
+/ E|€‘[1+t _Erl}dt
T+ 0
tn—t,_1 1

+f ’ E|Ern—t_érn{dt§E‘/ (ét_éffl)dt_"/ (St—éfn)dt
0 0 T+
21 i SN
+/ > oyt +/ T wmdr. (1.132)
0 0

E <E

o 1
A(&%ﬁﬁ+/ (& — &) di

+E +E

T 1
/O(s,—gn)mf (& — &) di

+t,

1

<E

Due to Lemmas 1.30 and 1.17,



T 1
E/O (ét_é‘r])dt‘k/; (éz—étn)dt <

+n
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sup E
ceHP(1—t),

1—t,
/ rdt
0
{r=0

1*%_[* l;fn e
5/ a)(s)ds+/ w(s)ds
0 0

The latter inequality, together with inequalities (1.130), (1.131) and (1.132) give the
estimate from above (1.129).

1.4.2.3 Estimate from Below
Below we prove that

E(rt)>22 (tk-',-l >+1<1—2m_t*)+1<1—n

It is enough to prove this inequality for the case of simple random variable t such that
assumptions (1.54) and (1.55) hold.

For each ¢ : R" — R, taking into account that the class H¢ is centrally symmetric, one
has

) (1.133)

sup E| | &di — o, .. &)= sup di — <0>'
EeH® EE‘H‘” s, _0
1
= sup max (E ‘/ &dt — E ‘/ (—&)dr — <p(0)‘>
eH?, £y =0, 0 0
k=1,...n
1 1 1
> — sup (E / &dt — (p(O)‘ +E ‘/ &dt + w(O)‘)
2 geH®, £, =0, 0 0
k=1,...n
1
> sup E / &dt| = sup / &dt,
ge'H‘“,S,kEO, 0 SE‘H”’ ka =0,
k=1,...n k=1,.., n
hence .
E(t,t) > sup / E&dt. (1.134)
geH? £, =0,J0
k=1,....,n

Setso := 0, s 1= 71 + EEIHL =1,

a random process &/ := (1, x), where

.,n—lands, := 1. Using Lemma 1.18, define

x(@) =ow(t — (1 + ).t € [sk—1,8), k=1,...,n. (1.135)

From the equivalent definition
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x(t) = k:rrllinnw(lt —(t1+ 1)), t €10, 1],

,,,,,

if follows that x () € H®, hence £ € H®. Moreover, since x(t1 +#%) =0,k =1,...,n,
one has Er*k =0,k=1,...,n,and hence, due to (1.134),

1 1
E(t,t) zf Eéfdt:/ x(t)dt.
0 0

Evaluating the right hand side of the latter inequality, using representation (1.135) and the
fact that * = I_Tt" — 11, we obtain the right hand side of (1.133).

1.4.2.4 Measurement Times Optimization

We consider the problem of optimization of the information set {z1, ..., t,}, in order to
minimize the error of recovery. We consider the random process &; as some physical quantity
and the random variables &, to be the measurements of this quantity at (possibly random)
times tx, k=1,...,n.

It appears that if the error of recovery is measured by the error for the “worst” function,
then the possibility to choose time for measurements randomly does not give benefits com-
pared to the case, when the measurements are done at some fixed, non-random times. More
precisely, the following statement holds.

Corollary 1.4 Under the assumptions of Theorem 1.28,

1
inf E(t,t) =2nl (—) .
Tly-e0sTn 2”

The optimal measurement times are given by ty, = 2’;;1, k=1,...,n.

Proof Recall that I(¢) = fot w(s)ds. Since w is non-decreasing, /(-) is a convex function.
Then for arbitrary o, . .. a2, > 0 one has

2n 1 2n
Z I(ag) > 2nl (E ;as>

s=1

and the statement of the corollary follows from (1.128).

Let now the measurements be done by such a device that the first measurement is triggered
by some random event (which occurs at the random time 71) and each of the rest n — 1
measurements are done at time t; = 1| + # i.e., in #; time units after the first measurement,
k =2, ..., n. The following statement optimizes the choice of the numbers #, . . ., t,,, given
the information about ;.
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Theorem 1.29 Let the assumptions of Theorem 1.28 hold and

m = essinf 7 (w), M := esssup 7(w).
we

we2
If
Cn—1m+M=>1, (1.136)
then
. - M
inf E(r,t)=2n—1)I (—) + I(M)
0ol 2n —1
. . . _ 2(k=DU-M) ; _
and the infimum is attained for t;, = B e el k=2,...,n.
If
@n—-—1)M+m <1, (1.137)
then
. 1—m
inf E(t,t)=Qn—DI|——)+1(m)
12seemrty 2n —1

and the infimum is attained for t;, = W k=2,...,n. Otherwise,

. 1l—-m-—-—M
inf E(r,t) = (2n —2)I (7> + I(m) + I(M)
1200ty 2n —2

and the infimum is attained for t; = W, k=2,...,n.

The proof of this statement will be given in subsequent paragraphs.

1.4.2.5 Auxiliary Results
Recall that a vector @ € R? majorizes a vector b € RY (denoted by a > b), iff Zle ag) >
K by, k=1,...,d —1,and Y% a; = Y%, b;, where aj;; and by;; denote the i-th
biggest coordinates of the vectors a and b respectively.

Karamata’s inequality [49] states that for every convex function f and vectors x, y € R?
such that x > y, one has

d d
D FG =D foo-
k=1 k=1
We need the following lemma.

Lemma 1.31 Let x, y € R? be such that x > y and a € R. Then

(X1, ..., xg,a) > (Y1, -+, Ya, @). (1.138)
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Proof 1t is well known, see for example [6, Theorem 2.1] that x > y if and only if there

. . . . A .
exists a double stochastic matrix A such that y = Ax. Then the matrix B = ( 0 (1)) is also

double stochastic and (y ) =B (x)’ hence (1.138) holds. The lemma is proved.
a a

Avectors:(sl,...,sn)ER”withskzO,kzl,...,n—l,s,,zM,ZZlekzl
will be called admissible.
For an admissible vector s = (s, ..., s,), set
P (B2 e ety
2 2 22 2 2
and
m (S1 5182 82 Sn—1 Sn—1 )
sti= = = = =,/ ,Sp —m,m).
22 22 2 2

The following lemmas will be used during the proof of Theorem 1.29.

Lemma 1.32 Let inequality (1.136) hold and s € R" be admissible. Set

1-M 1-M
L = LRI ’ M
2n — 1 2n — 1
2n—1
Then sM = L. Moreover, if
Sp > M +m, (1.139)

then s™ > L.
Proof Note that for arbitrary («q, ..., o) € RY, o = (% ZZ:] oy, one has (o, ..., aq) >
(a,a,...,a) € R4, Hence, due to Lemma 1.31, for arbitrary admissible vector s, S

If (1.139) holds, then (s, — m, m) > (s, — M, M), hence, due to Lemma 1.31, s >
sM » L. The lemma is proved.

Lemma 1.33 Let inequality (1.137) hold and s € R" be admissible. Set

1—m 1—m
2n —1 2n—1
2n—1
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Then s™ > L. If
Sn <M+ m, (1.140)

then sM = L.

The proof is similar to the proof of Lemma 1.32.

Lemma 1.34 Let neither of inequalities (1.136) and (1.137) hold and s € R" be admissible.
Set

1l—-m-—-—M 1l—-—m-—-—M
L := yeeey ,m, M
2n —2 2n —2

2n—-2

If inequality (1.139) holds, then s™ > L. If inequality (1.140) holds, then s™ > L.

Proof From the conditions of the lemma it follows that m < ]EQ/[_ -+ < M. Let inequal-

ity (1.139) hold. Then

S1 S1 S2 S Sn—1 Sn—1 11—y, 1—s,
(_1_3_»_7"'7 ) ,S”_m)> [IRICECIE) s Sp —m
22 2 2 2 2 2n —2 2n —2
2n—1
1l—-m-—-M 1l—-m-—-M
2n —2 2n—2
2n—2

where the first majorization follows from Lemma 1.31 and the second one follows from the
inequalities s, —m > M > 1_22/1_ >". The inequality s™ > L now follows from Lemma 1.31.
The second statement of the lemma follows from similar arguments, using the inequalities

sn—M<m < 152”__2”’. The lemma is proved.

1.4.2.6 Proof of Theorem 1.29

Proof The vector with coordinates sy := txy1 — tx,k = 1,...,n — 1,5, := 1 — f, isadmis-
sible. Obviously, the numbers #, k = 1, ..., n, are uniquely determined by an admissible
vector s € R”.

Note that if (1.139) holds, then Hr - = % _  and hence, due to Theorem 1.28,

o0 2

n—1
Ect=23"1 (%") FI1m) + 1 (sy —m).
k=1
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Sn

T2

=M — s" and hence, due to Theorem 1.28,

E(r, )_22 ( )+1(M)+1(s,, M).

The estimates from below for the value of E (z, t) follow from Lemmas 1.32, 1.33 and 1.34
and Karamata’s inequality. Thus it is sufficient to show that the estimates from below are
attained.

Let inequality (1.136) hold. Then %;—7 < m and hence for the set s} =
I,...,n—1lands} = M + =M ‘inequality (1.140) holds, thus

2(1—M)
=1 k=

1-M
E(t,t*) = Qn — I <ﬁ> + (M),

where the vector t* is determined by the numbers s/, k = 1,..., n.
Let inequality (1.137) hold. Then 21n;’" > M and hence for the set s = 21— m) , k=

I,...,n—lands}=m+ % inequality (1.139) holds, thus

E(t,t) = 2n—-1I (1—> + I(m).
2n —1

Finally, let neither of inequalities (1.136) and (1.137) hold. Then for the set s = %
k=1,...,n—1lands=m+M

1l—-m-—-M
E(z,t%) :(2n—2)1< >+I(m)+I(M).

20n — 1)

The theorem is proved.
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The Bojanov-Naidenov Problem for Differentiable 2
Functions and the Erdos Problem for Polynomials
and Splines

Abstract

Itis well known that the problem to find a sharp constant in a Kolmogorov-type inequality
for functions defined on the real axis, is equivalent to the extremal Kolmogorov problem
to find the exact upper bound of the norm of an intermediate derivative of a function
on the class of functions with restrictions on the norms of the function and its higher
derivative. Despite a large number of works devoted to Kolmogorov-type inequalities,
sharp constants for derivatives of arbitrary order are known only in a few cases. Therefore,
the modification of the Kolmogorov problem considered by Boyanov and Naidyonov is
interesting. In this modification, the norm of the intermediate derivative on the entire line
is substituted by its norm on an arbitrary finite segment. In this chapter, the Boyanov-
Naidyonov problem is solved on classes of functions with a given comparison function for
norms of the positive and negative parts of the intermediate derivative of the function. In
particular, this problem is solved on the Sobolev classes and on the spaces of trigonometric
polynomials and polynomial splines. In addition, a solution to an analogue of the Erdos
problem is obtained; we characterize a polynomial (spline) with a given uniform norm
that has maximal possible total length of the arcs of the graph of its positive (negative)
part on a given segment.

2.1 Introduction

Let G =R or G = [a, B]. Consider the spaces L,(G), 0 < p < oo, of all Lebesgue-
measurable functions such that || x|z, ) < oo, where

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 85
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1/p
(flx(t)lpdt) , if0 < p < o0;
Ixllz,@) =1 \6

esssup |x (1), if p = oo.
teG
Forr € Nand p, s € (0, o0], by L), ; we denote the space of all functions x € L,(R)
with locally absolutely continuous derivatives up to the (r — 1)-th order inclusively and such
that ) € L;(R). We write || x |, instead of ||| ) and L instead of L7 .
It is known (see e.g., [3, p. 47]) that the problem to determine the sharp constant C in the
Kolmogorov—Nagy-type inequality

l—a

Ix®lly < Cllxll x

2.1
on the class L), ., where & = %, g, p,s > 1, and the parameters r € N and k €
Np :=NU {0}, k < r satisfy the condition « < (r — k)/r, is equivalent to the extremal
problem

||x(k)||q — sup 2.2)

on the class of functions x € L}, ¢ with the following restrictions:
x5 < Ar. llxllp < Ao, 23)

where Ag and A, are given positive numbers.

There are numerous works devoted to this class of problems (for a detailed bibliography,
see [1, 3, 16]). Note that the question of coincidence of the sharp constants in inequalities of
type (2.1) for periodic functions and the same inequalities for non-periodic functions on the
axis was investigated in [2]. Despite a large number of works devoted to inequalities of the
form (2.1), a sharp constant C in this inequality is known for all » € N and all k < r only in
a few cases. For this reason it is of interest to analyze the Bojanov—Naidenov modification
of problem (2.2) with restrictions (2.3) proposed in [4].

We say that f € Léo is a comparison function for x € Léo, if |[x+lloo < |l fxllco and the
equality x(§) = f(n), &, n € R, yields the inequality

X' @1 = 1f

provided that the indicated derivatives exist.
We say that an odd 2w-periodic function ¢ € L is an S-function, if it has the following
properties:

1. ¢ is even with respect to w/2;
2. |¢]| is concave on [0, w];
3. |e] is strictly monotone on [0, w/2].
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For k =0,1,2,... and an S-function ¢ € L’ég‘l, by S(]/‘) we denote the class of functions
X € L’ég‘l such that go(i) is a comparison function for x®D i=0,1,... k. As examples of
the classes S(];, we can mention the Sobolev classes

(xe Ly 1xPe < A, x]loo < Aol

bounded subsets of the spaces 7, (of trigonometric polynomials of degree < n), and the
spaces S, - (of splines of order r with defect 1 and nodes at the points I /n, [ € Z).
For an arbitrary segment [«, 8] C R, in [4], Bojanov and Naidenov solved the following

problem
B

/CI>(|x(k)(t)|)dt —sup,k=1,2,...

o
on the class S(’;, where ® is a continuously differentiable function on [0, co) such that & (7) /¢
is non-decreasing and @ (0) = 0. As a result, they solved the Erdos problem to characterize
a trigonometric polynomial with fixed uniform norm whose graph has the maximal length
on a given segment [, 8] C R, see [5]. For continuous splines on the axis, this problem
was solved in [10].

By W we denote the class of continuous, nonnegative, and convex functions ® defined
on [0, co) and such that (0) = 0. For p > 0, we set [17]

b »
L(x)p :=sup (/ |x (t)IPdt) ca,beR,|x(t)] >0,te(a,b)y. 2.4)

Note that L(x)oo = || x]lco and L(x")1 < 2||x | 00-
In [6-8] the Bojanov—Naidenov problem was also solved for £ = 0, namely the extremal

problem
B

/Cb(lx(t)|p)dt —sup, & e W, p >0,
o

was solved on the class of functions Sg satisfying the condition L(x), < L(¢),. As aresult,
we obtained a solution of the problem

B
/q>(|x<’<>(z)|)dt —sup,de W, k=1,2,...

o

on the classes of functions x € S(’;.

The Bojanov—Naidenov problem and the Kolmogorov—Nagy-type inequalities for func-
tions with asymmetric restrictions imposed on the higher derivative were studied in [9, 12].
Among other works devoted to related problems, we can mention [11, 13].
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In this chapter, we solve the problem (see Theorem 2.1)

b
fcp(xi(t))dr —sup,de W, p >0, (2.5)

a

on the class of pairs (x, 1) of functions x € Sg and segments [ = [a, b] such that L(x), <
L(¢), and the following condition is satisfied:

1% (SuPp[a,b]xi) <u,pu>0. (2.6)
In addition, we also solve (Theorem 2.2) the problem

b
/cb(xi‘)(t))dt Ssup, de W, k=1,2,... 2.7)

a

on the class of pairs (x, I) of functions x € S(’; and segments I = [a, b] for which the
following condition is satisfied:

p (supppe, ) < e > 0, 2.8)

where
SUPP(g p)* = {t € [a,b]: |x(t)] > 0}.

In particular, problems (2.5) and (2.7) with restrictions (2.6) and (2.8) are solved, respec-
tively, on the classes

Q' (Ao, Ar) = {x € L, : X"l < Ar, L(x), < Ao}

(Theorem 2.2) and on bounded subsets of the spaces 7;, and S, , (Theorems 2.4 and 2.5).

In addition, we obtain a solution (Theorem 2.6) of an analogue of the Erdds problem of
characterization of a pair (x, I') formed by a polynomial 7T € T, with given uniform norm
and a segment / whose support measure (& (supp I Tj’t) is bounded by a given number and is
such that the total length of arcs of the graph of positive (negative) part of the polynomial 7+
is maximal on the segment /. A similar problem is solved by the same theorem for splines
from the set

Spri={s¢C+1):5€8,,,7 R}

The main results of this chapter are contained in [14].
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2.2  Auxiliary Statements

Note that if a function x € Sg satisfies the condition L(x), < oo withsome p > 0, [x(t)| >
0 for ¢t € (a, b), and moreover, a = —oo or b = +00, then x(t) — 0,ast — —ocoort —
+00. In this case, we assume that x(—o0) = 0 or x(+00) = 0.

For a summable function x on the segment [a, b], by r(x, t) we denote the permutation
of the function |x| (see, e.g., [15, Sect. 1.3]). Moreover, we set r(x,t) = 0fort > b — a.

Lemma 2.1 Suppose that ¢ is a function with period 2w, p > 0, ® € W, and a function
X € Sg satisfies
Lx)p < L(¢)p, (2.9)

where the quantity L(x), is given by equality (2.4).
If a (finite or infinite) interval (a+, b+) C R and a segment [A+, B+] C R are such that

x(as+) =x(b+) =0,x£(t) > 0,1 € (ax, b+), (2.10)

and
9(Ax) =¢(B1) =0,0+() > 0,1 € (Ax, By), (2.11)

then, for any & > 0 and any function ® € W, the following inequalities are true

ar+& Ar+é
/@(Ei(r))dtg f ® (plL(1))dt (2.12)
at At

and
bt By
/op(x;’(r))dtg / P (@h(n)dt, (2.13)
by—§& Bi—&

where X+ is the restriction of x4 to (a+, b+) and @ is the restriction of ¢+ to [A+, B+].
Moreover, outside the corresponding intervals, the functions X+ and ¢4 are set to be equal
to zero.
In addition, if
by —atx < By — Ay, (2.14)

then for any segment [a+, B+] C [A+, B1] such that

Bt —oar =by —ay, (2.15)
the following inequality is true:
by B+
/ d (xL(n))dr < / P (ph (1)) dt, ® e W. (2.16)

at at
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Proof We fix a function x and segments (a4, b+) and [AL, B4 ] satisfying the conditions
of the lemma. We now establish inequality (2.12); inequality (2.13) can be proved similarly.
We first establish the inequality

/Oé r? (x4, t)dt < /OE rP (g, )dt, & > 0. 2.17)
To do this, we first show that the difference
8+(t) ==r(x+, 1) —r(@x,1)
changes its sign (from minus to plus) on [0, co) at most once. To prove this, we note that

6+(0) < lIxtllooc — ll¢lloo =0 (2.18)

because x € SS. In view of this inequality and relations (2.10) and (2.11), for any z+ €
[0, X+l Lo [ax,by])> there exist points

i €las,bel,i=1,...,m,m>2,y7 €[Ax, B+], j = 1,2,

such that
2 =X+ () =91 (7). (2.19)

In view of the inclusion x € Sg, the following inequality
XL < @O (2.20)

holds for points tl.jE and y;—L satisfying relation (2.19). Thus if the points Gli, 92i > 0 are
chosen such that

2e = r(Xs, 07) = r(@y, 65),

then, by the theorem on the derivative of permutation (see, e.g., [15, Proposition 1.3.2]), in
view of inequality (2.20), we get

-1

m -1 2
I (. 07)| = [Z |f’i(r?>|—l} < | DIRLGHIT =1 @ 6.
j=1

i=1

By virtue of (2.18), this implies that the difference §E@) == r(xy, 1) — r(p4, t) changes
its sign (from minus to plus) on [0, co) at most once. The same is also true for the difference

55 (t) :=rP(Xx, 1) = rP @y, 1).

Consider an integral

£
I7(§) = f(sf;(t)dz,g > 0.
0



2.2 Auxiliary Statements 91

Itis clear that Iff (0) = 0 and, in view of condition (2.9), for & > max{by+ —ax, B+ — A1},
we ge

I7(§) < L(x+)p — L (1), < 0.
Moreover, the derivative (Ipi)’ (1) = Sf(t) changes its sign (from minus to plus) at most

once. Thus,
Iy <0

for all & > 0. Inequality (2.17) is true. By the Hardy—Littlewood—Polya theorem (see, e.g.,
[15, Theorem 1.3.11]), this inequality implies that

bi By
/@(xi(r))dr 5/¢(¢i(z)) dt,® e W. (2.21)
at Ap

We now establish inequality (2.12). Passing to the shifts of the functions X and @, we can
assume that
ar =Ax =0. (2.22)

In view of the inclusion x € Sg, the difference A*(r) := X+ (t) — @4 () changes its sign
(from minus to plus) on [0, co) at most once. Since the functions f(¢) = t” and ® € W are
monotonically increasing, the same is also true for the difference

A1) = (Fh 1) — @ (FL1).

We set

£
I3 = / AS(t)dt, & > 0.
0

It is clear that I§(0) = 0. Further, using inequality (2.21) and assumption (2.22), we obtain

by By
15 s/@(fi(ﬂ)dt—/@(@i(o)dr <0
at At

for & > max{b+ — a+, B+ — A1}. In addition, the derivative (qu)/(t) = Ai(l) changes its
sign (from minus to plus) on [0, c0) at most once. Thus,

1£() <Oforall £ > 0.

In view of assumption (2.22), this is equivalent to inequality (2.12).

It remains to establish inequality (2.16) under conditions (2.14) and (2.15). Assume that
the last two conditions are satisfied. Thus, passing, if necessary, to a shift of the function x,
we can assume that
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a+ = o4, by = Ba. (2.23)

Hence, using the inclusion x € Sg and condition (2.10), we arrive at the inequality

x+(t) < o+(1),t € lax, b+].

In view of assumption (2.23), this directly yields inequality (2.16).

In the proof of Lemma 2.1, we have established inequality (2.21). Thus, the following
corollary is true:

Corollary 2.1 Under the conditions of Lemma 2.1, for any function ® € W, the inequality

by B+ 20
/  (xL(1))dt < / P (L)) dt = / ® (@ (1)) dt (2.24)
at At 0

is true.

Lemma 2.2 Suppose that ¢ is an S-function with period 2w, p > 0, ® € W, [a, b] C R.
If the function x € Sg satisfies the condition

L(x)p = L(®)p, (2.25)
where the quantity L(x), is given by equality (2.4), and one of the requirements
81 = 1 (suppp, p1x+) < @, (2.26)

then, for any function ® € W, the following inequality is true:

b m*40*
f ® (L)) di < / ® (p2(1)) dr. 2.27)
a m*—-@*
Here, m* are points of local maximum of the functions ¢+ and the numbers ®F > 0 are
such that
p(m™* — ©0F) = p(m™ + ©%), (2.28)
and, moreover,
20F =45, (2.29)

Proof We fix a functionx € Sg and a segment [a, b] satisfying the conditions of Lemma 2.1.
Inequality (2.27) is established for x4 ; for x_, the proof is similar. Suppose that the segment
[a, b] satisfies the corresponding requirement (2.26). Assume that
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x4(a) > 0,x4(b) >0 (2.30)

[if atleast one of these inequalities is not true, then the proof of inequality (2.27) is simplified].
Assume that the function x does not have zeros on (a, b). Since L(x), < oo by condi-
tion (2.25), there exists a (finite or infinite) interval (c, d) such that (a, b) C (¢, d) and, in
addition,
X+(¢) =x4(d) =0,x4() >0,¢t € (¢c,d).

By X we denote the restriction of x4 to (c, d). Moreover, by ¢, we denote the restriction
of ¢4 to [0, 2w]. Applying inequality(2.24) to the interval (c, d), we arrive at the estimate

d 2w

/ (7 (1)) di < / ® (7. (1) d,

c 0

which can be rewritten in the form

QU

—c 2w

D (rP (x4, 1) dt §/<I>(r1’(¢+,t))dt. (2.31)
0

o

As in the proof of Lemma 2.1, we can show that the difference
So(t) = @ (r’@ 1. 1) — @ (" @ 1)

changes its sign (from minus to plus) on [0, co) at most once. In view of this fact and
inequality (2.31), we get the following inequality:

£ £
/d>(r”(f+,t))dt §/¢(rp(¢+,t))dt,§ > 0.
0 0

It is clear that this inequality also holds if X is the restriction of x4 to (a, b). For the same
restriction X4 we conclude that

b b—a b—a
/ @((Yﬁ(r))dt:/ O (rP(xy, 1) dt 5/ d (rP (@, 1)) dt
a 0 0
mt+et

= / P (ol (1) dt,

mt—et

where m™ is a point of local maximum of the spline ¢, and ® > 0 satisfies condi-
tions (2.28) and (2.29). Moreover, 6. = b — a. Thus, in the case where x does not have
zeros on (a, b), inequality (2.27) is true.
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We now assume that x has zeros on (a, b). We set
a =inf(t € (a,b) : x4 (t) =0}, :=sup{t € (a,b) : x4 (t) =0}.

In view of (2.30), the support supp, »)x+ has the form

suppy, p1 X+ = (a,a’) U (v, by U J(ar. be). (2.32)
k

where (ay, by) C (a’, b"). Moreover,
x(ax) = x(by) = 0,x4(t) > 0,1 € (ax, by)

(the set of these intervals (ay, by ) can be empty). In view of relation (2.26), assumption (2.30),
and the definitions of the numbers a’ and b’, we obtain

bp=( —a)+b—b)+ > (b —ap) < . (2.33)
k

Let A4 and B4 be two neighboring zeros of the function ¢ and, moreover, ¢ (¢) > 0 for
t € (A4, By). Inview of (2.25), we have L(x), < oo. Hence, there exist (finite or infinite)
intervals (o, a’) and (b', B’) such that

xp(@)=x4@)=0,x:(0) >0,t € (&, a)

and
xp (b)) = x4 () =0,x(1) > 0,1 € &, B).

Applying inequalities (2.12) and (2.13) to the intervals (o’, a”) and (&', B’) and the segment
[A+, B+]’ we find

b Ay+E
/ ® (xF () dr < / D (pf (1)) dt,E=b-1V, (2.34)
b Ay
and
a By
/  (xf 1)) dt < / (el (1)) dt,n=d —a. (2.35)
a Bi—n

In view of (2.33), Xt ininequality (2.12) can be replaced by x , whereas ¢, can be replaced
by ¢4. By virtue of (2.33), there exist mutually disjoint intervals (o, Bx) such that

(@, Br) C (A4 + &, By —n) and fr — ax = by — a.

According to relation (2.16), for these intervals, the following inequality is true:
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by Bk
/cb(xﬁ(t))dt §/q>(¢i(t))dt. (2.36)
ay (273

Using estimates (2.34) to (2.36) and relation (2.32), we get

a

b b by
/cb(xi(t))dz =fc1>(x£(t)) dr+/d>(xﬁ(z))dr+2/d>(xi(t))dt
a k ay

a b
Ai+§ By B

< / @ (p? (1)) dr + / ¢(¢£(t))dt+2/q>(¢i(t))dt.
At Bi—n k- oy

Since Br — ax = by — ay, in view of (2.33), we can write

E+n+ ) (B —a) =64
k

Thus, the sum of integrals on the right-hand side of the obtained estimate does not exceed

84 mt+et
/ F (@ (7)) 1) di = f & (o7 (1) dr.
0 mt—e+

where m™ is the point of local maximum of the function ¢+ and ®T > 0 satisfies rela-
tions (2.28) and (2.29). Inequality (2.27) is proved.

Corollary 2.2 Under the conditions of Lemma 2.2 and in the case where one of the assump-
tions | (supp[a,h]xi) < w is true, the corresponding inequality

b 2w
/ ® (L)) di < / ® (p2(0) di (2.37)
a 0

holds.

2.3  The Bojanov-Naidenov Problem for the Classes of Functions
with a Given Comparison Function

Let p, w > 0 and ¢ be an S-function with period 2w. We set

Ly(p, w):={x € S): L(x), <L(¢),}. (2.38)
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where the quantity L(x), is given by equality (2.4). We fix a number 1 > 0 and introduce
a class L(f( p, w, ) of pairs (x, I) of functions x and segments I = [a, b] by the formula

Li(p, w, ) = {(x, I):xe€Ly(p, ), (supp,xi) < /L} (2.39)
We rewrite the number w in the form
nw=n-w+20,n e NU{0},0 € [0, w/2). (2.40)
Note that if the numbers T € R and the segment [A, B] are such that
B—A=2n-0w+20, (2.41)

Pr(A+0+15) =0 (B—0+15) = |9l (2.42)
then (¢(- + %), [A, B]) € LS (p, o, ).

Theorem 2.1 Suppose that p, w, ;v > 0, and ¢ is an S-function with period 2w. Then, for
any function ® € W,

b B

sup /@(xi(r))dz: (x.[a, b)) € Ly (p. », p) =/d>(<pi(t+ri))dt,
a A

where the sets L(f(p, w, 1), the numbers T+, and the segment [A, B] are given by rela-
tions (2.38) to (2.42).

Proof We fix an arbitrary pair (x, I) € L(f( p, o, n) formed by a function x and a segment
I = [a, b]. We prove the theorem for x;; for x_ the proof is similar. To do this, we first
establish the inequality

b B
I= / (! (1)) dr < / ® (¢ + 7)) dt == T(). (2.43)
A

a

We first consider the case where suppy, ,x+ = . Since u satisfies relation (2.40), the
segment [a, b] can be rewritten in the form

[a, b] = | lex, il U e, BI.

k=1

Moreover, the intervals (oex, Bx) and (¢, B) are mutually disjoint and

W(SUPP[y, g X+) = @, L(SUPP[y g1 X+) = 2O.
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Hence,
b

P B
/ o (L) =Y / & (! (1)) di + / ® (7 (1)) dr.
a kzlak o

To estimate the integrals on the right-hand side of this equality, we apply inequalities (2.37)
and (2.27) and

b 2w mt+0
/CD(xf:(t))dt < n/q>(¢£(t))dt+ / D (pf (1)) dt
a 0 mt—0

B
= / D (@t + 1)) dt,
A

where m™ is the point of local maximum of the function ¢, and the last equality in this
sequence of relations follows from (2.41). Thus, inequality (2.43) is established in the case
where supp, p1X+ = K-

Now let w1 := suppy, X+ < K-

Note that the number @ can be uniquely represented in the form (2.40). Hence, the
segment [A, B] and the number T are uniquely (up to a shift) determined by this number.
Therefore, the integral 7 () on the right-hand side of (2.43) is uniquely determined by the
number w. Moreover, it is clear that 7 (u) does not decrease as a function of w. Hence,
repeating the reasoning used in the previous case, we obtain the following estimate for the
integral 7 on the left-hand side of (2.43):

I < I(uy) < 1(w).

Thus, the proof of inequality (2.43) is completed.

Note that, for the pair (¢(- + t$), [A, B]) € Lf;(p, w, i) formed by a function x(-) =
@(-+1T) and a segment [A, B] given by relations (2.40)—(2.42), inequality (2.43) turns
into equality.

Letk € N, and let ¢ be an S-function with period 2w such that ¢ € LX¥!. Thus, ¢ is
a comparison function for x), i =0, 1, ..., k. Therefore,

Lex®); <2)x® Ve < 209* Vo = L9 (2.44)

Hence, x® ¢ S(p(k) (1, w). We fix a number u > 0 and introduce a class of pairs (x, I) of
functions x and segments I = [a, b] by the formula

SE (@, ) = {(x, D:xeS pu (supp,xf) < u} . (2.45)
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Using these definitions and relation (2.44), we arrive at the implication
D e S, on = VD el d o mw, (2.46)

where the sets L:; (p, w, w) are determined in (2.39).
We represent the number p in the form

u=n-0+20,ne NU{0},® € (0, w/2). 2.47)
Further, we choose the numbers tki € R and the segment [A, B] such that
B—A=2n-w+20, (2.48)
ouaro+g)=ef B0+ =] . (2.49)
Then (p(- + %), [A, B) € S, (@, ).
Theorem 2.2 Suppose that k € N, w, u > 0, and ¢ is an S-function with period 2w such

that ¢ € L];SL L. Then, for any function ® € W,

b B

sup /cb(xf)(t)) dt: (x.1) € SE (0, ) =/d><¢§f)(t+‘cki)> dt,
a A

where the set S;t’k(a), W), the numbers tki, and the segment [A, B] are given by rela-
tions (2.45) to (2.49).

Proof Inview of implication (2.46),if (x, I) € S, (@, ). then (x®, 1) € L5y, (1, o, ),
where the set Lj(p, w, i) is given by (2.39). Thus, applying Theorem 2.1 to the class
Lj(k) (1, w, u), we arrive at the assertion of Theorem 2.2.

Setting ® (1) = r9/? in (2.1) and ®(¢) = 17 in Theorem 2.2, we get the following corol-
lary.

Corollary 2.3 Letk € N, p,w, u > 0, ¢ be an S-function with period 2w, and suppose
® € W. Then for any q > p

b B
sup /xi(t)dt c(x. D) e Ly (p. o, p) =/wi(t+r*)dz,

a A

where the sets L(f(p, w, 1), the numbers T+, and the segment [A, B] are given by rela-
tions (2.38) to (2.42).
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In addition, ifk e N, u > 0, and ¢ € L{;fl, then, for any q > 1,

b B

sup /(x;’”(z))th L. D) € 5E o, =f(go§f)(r+r,f))qdz,

a A

where the sets S;E’ (@, 1), the numbers tki, and the segment [A, B] are given by rela-
tions (2.45) to (2.49).

24 The Bojanov-Naidenov Problem for Sobolev Classes

By ¢, (t),r € N, we denote a shift of the r-th 2r-periodic integral with zero mean value over
a period of the function ¢q () = sgnsin¢. This quantity satisfies the condition ¢, (0) = 0.
For A > 0, we set ¢, » (t) := X7 "¢, (A1).

Let A, Ag, p > 0. We choose A > 0 such that

Ay = ArL((p)»,r)p ’ (2.50)
where the quantity L(x), is given by equality (2.4), and set
(1) == Argy r (7). 2.51)

Itis clear that ¢ is an S-function with period 27 /A; moreover, ¢ || = A, L(9), = Ao.
Consider the class of functions

Q) (A0, Ap) == {x € Ll : [x7]loo < A, L(x), < Ao} (2.52)
Lemma 2.3 ([8]) Suppose thatr € N, Ag, Ay, p > 0. Then, foranyk =0,1,...,r — 1
Q" (Ag. Ap) C Sy

where the function ¢ is defined by equality (2.51) and the number A is given by equality (2.50).

Letr e N,k=0,1,...,r — 1; u > 0. Consider the set of pairs (x, /) of functions x
and segments I = [«, 8] given by the formula

(Ao, Ap)s 1= (0, D) x € R (Ao, A (suppy ) < ). (253)
We represent the number u in the form

w=n- % +20,n e NU0}, O € (0, 7/(21)). (2.54)
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Further, we choose numbers 7+ € R and a segment [A, B] such that

B—A:Zn-%—i—Z@, (2.55)

(@rrt)y A+O0+75) = (93,4), B=0O+7) = [@p k] - (2.56)

Thus, (@3- (- + 7), [4, B]) € 25" (A0, A\
Theorems 2.1 and 2.2 and Lemma 2.3 imply the following statement.

Theorem 2.3 Suppose thatr € N, Ag, Ay, p >0, ® € W. Then

s
sup /@(x:pt(t))dt: (x. [, B) € %A, Ar)+

o

B
/cb( @) i (t + T5))dt.
A

At the same time, ifk € N, k < r, then

B
sup / O (0)dr = (x, [o, B1) € ¥ (A0, Ar)x

o

B
/@(Ar Orr—t), (6 + 75,
A

where the classes Q;;k(Ao, A1, the numbers ), t=, and the segment [A, B] are given
by (2.52) to (2.56).

Setting ®(r) = 19/P, ¢ > p, in the first relation of Theorem 2.3 and ®(r) =19, ¢ >
1, in the second relation, we obtain, as in Corollary 2.3, sharp estimates for the norms
||x£_Lk)I|Lq[a,ﬂ], k=0,1,...,r — 1, in the classes Q;’k(Ao, At

2,5 The Bojanov-Naidenov Problem for Trigonometric Polynomials

By T,, we denote the space of trigonometric polynomials of degree at most n. For Ag, p > 0,
we se
Ty (Ao, p) :=={T € T, : L(T), < AoL(sinn(-))p},

where the quantity L(x), is given by equality (2.4).
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Lemma 2.4 ([8]) Suppose thatn € N, Ag, p > 0. Then foranyk =0, 1, ...,
T.(Ao, p) C Sy,

where @(t) = Ag sin nt.

Letk € NU {0} and u > 0. We introduce a set of pairs (7', I) formed by polynomials T
and the segment I = [«, 8] by the formula

T (Ao, p, ) = {(T, 1) : T € Ty (Ao, p) , it (supp, TE) < b 2.57)

The number y is represented in the form
pw=m-Z 420, meNU{0},0 e (0, 7/2n)). (2.58)
n
Further, we choose the numbers 7+ € R and the segment [A, B] such that
T
B—A=2m-—+20, (2.59)
n

(sinn(A+©+1F)), = (sinn(B-0+1%)), =1. (2.60)

+

By Theorems 2.1 and 2.2 and Lemma 2.4, we obtain the following statement.

Theorem 2.4 Suppose that Ay, p, u > 0, ® € W. Then

B
sup /¢(Tf-_’(t))df (T, [, B)) € T, (Ao, po o)

o

B
= / ) ((Ao sinn (t + ri))i) dt
A
and, for any k € N,
B
sup | [ @(r 02+ (Lo B € T (Ao, po1o)
B
/db kAo smn(t—I—r ))i)dt,
A

where the classes Tfk (Ao, p, 1), the numbers t*, and the segment [A, B] are given by
(2.57) to (2.60).
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2.6 The Bojanov-Naidenov Problem for Splines

By S,.» we denote the space of 27 -periodic polynomial splines of order r with defect 1 and
nodes at the points krr/n, k € Z. For Ag, p > 0, we set

Sn,r(AOs p)={s(+71):5€ Sn,ra L(s)p < AOL((pn,r)ps T € R},

where the quantity L(x) is given by equality (2.4).
Lemma 2.5 ([8]) Suppose thatr,n € Nand Ag, p > 0. Then foranyk =0,1,...,r — 1,

Su.r (Ao, p) C S,

where () = Aogn.r (0).

Letr,ne Nk=0,1,...,r — 1, u > 0. We consider the set of pairs (s, I) of splines s
and segments I = [«, B] given by the formula

Sk (Ao, oz = (s, D) 1 s € S (Ao, ) 1 (suppys) < ). (2.61)

We rewrite the number p in the form
M:m-£+2®,meNU{O},@e(O,n/(Zn)). (2.62)
n
Further, we choose the numbers ¥ and the segment [A, B] such that

B-—A=2m-L 420, (2.63)
n

(gon,r—k)i (A +0+ Ti) = ((pn,r—k)i (B -0+ Ti) = ”‘pn,r—k”o& (2.64)

Using Theorems 2.1 and 2.2 and Lemma 2.5, we obtain the following statement.

Theorem 2.5 Suppose thatr,n € N, Ag, p, it > 0and ® € W. Then

B
sup /CD(Si(t))dt: (s, [, B]) € Sy, (Ao, p, 1)+

o
B

= f O ((Aogn )i (t +T¥))dt,
A

andforanyk =1,2,...,r — 1
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B B
sup / s (1)t i s € SE, (Ao, po s § = f ®(Ag(pnr—i)+(t + TH)])dt,

o o

where the classes Sﬁ’r(Ao, P, W)+, the numbers *, and the segment [A, B] are given
by (2.61) to (2.64).

2.7 The Erdds Problem for Spaces of Trigonometric Polynomials
and Splines

In [4], Bojanov and Naidenov solved the Erdos problem [5] of characterization of a trigono-
metric polynomial 7' € T,, with fixed uniform norm whose graph has the maximal length
on a given segment [, B] C R.

In the next theorem, we solve a similar problem of characterization of a pair (7', I) formed
by a polynomial T € T, with given uniform norm and a segment / whose support measure
7 (supp I Tj’E) is bounded by a given number, and is such that the total length of arcs of the
graph of positive (negative) part of the polynomial 7" on the segment / is maximal. In this
theorem, the same problem is solved for splines from the set

Sn,r ={sC¢+71):5€S,,, TR}l

It is known that the length of an arc /[a, b] of the graph of a function x € La, b] is

given by the formula I[a, b] = fab V1 +x/(2)2dr.
It is clear that, for the function ®¢(t) = ~/1 + ¢2, the inclusion &y € W is true. Setting
® = &g,k =1, p = oo in Theorems 2.4 and 2.5, we obtain the following assertion:

Theorem 2.6 Suppose thatn € N, M, u > 0 and w has the form
w=m-L +20,meNU{0},0 ¢ (0, 7/(2n)).
n

Among all pairs (x, I) of polynomials x € T, with given uniform norm M and segments
I from the family
S:={I CR:p(supp;xy) < u},

the maximal total length of arcs of the graph of positive (negative) part x+ on the segment
I has the polynomial x(t) = M sinn(t + %) on the segment [A, B] such that

B—A=2m- X +20, (2.65)
n

(sinn(A +(~)—{—1:i))i = (sinn(B — (H)—{—ri))jE =1.

Among all pairs (x, 1) of shifts of the splines x € S'n,r with given uniform norm M and
segments I of the family S, the maximal total length of arcs of the graph of positive (negative)
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part x4 on the segment I is observed for the shift of the spline x(t) = Hwn%q)”*’ (t+1%)

on the segment [A, B] such that equality (2.65) is true and, in addition,

(‘pn,r—l)i (A +0+ ti) = (gon,r—l)i (B -0+ T:t) = ll@n.r—1lloo-
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Remez-Type Inequalities

Abstract

Remez-type inequalities play an important role in approximation theory. This topic was
initiated in the work of Remez in 1936, in which he found a sharp constant in an inequality
of this type for algebraic polynomials. At the end of the 20th century, a new surge of
works on this topic was observed. The efforts of many mathematicians aimed at finding
the sharp constant in the Remez-type inequality for trigonometric polynomials. Only in
2019 this problem was solved in the work of Tikhonov and Yuditski. In the author’s works,
Remez-type inequalities were extended to wider classes of functions. In this chapter, sharp
Remez-type inequalities for functions with a given comparison function are obtained in
various metrics. As a result, such type of inequalities were proved for functions from the
Sobolev classes, for trigonometric polynomials and polynomial splines with a given ratio
of norms of their positive and negative parts.

3.1 Introduction

By I; we denote a circle realized in the form of a segment [0, d] whose ends are identified.
For the sake of brevity, we write || x|, instead of [|x]|L,,1,,)-

Forr e N,G =Ror G = I, by L _(G) we denote the set of all functions x € Ly (G)
with locally absolutely continuous derivatives up to the (r — 1)-th order satisfying the con-
dition x € L (G).

By ¢, (t) we denote the shift of the r-th 27 -periodic integral of the function ¢ (¢) =
sgnsin? with zero mean value over the period such that ¢,(0) = 0. For A > 0, we set
93 (1) 1= A" g (A1),

The following theorem was proved in [1]:
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Theorem A. Suppose thatr € N and g > p > 0. Then for any function x € L7 (l2z) that
has zeroes, the following sharp on class L (l>y) inequality holds.

ller +clig

11—«
Ixlly < sup =——L x| x50, (3.1)
cet0.k,1 lor +cllg ™77 >
where o = :i};g, K, := ||¢r || co is the Favard constant.

In the proof of inequality (3.1) in [1] it was established that if for a given function
x € L7 _(Irr) that has zeroes, the number ¢ € [—K,, K,] is chosen to guarantee that the

condition
Ixtllp  Ior +0)4llp

Ix=llp — Ipr +o)-llp

is satisfied, then the inequality

l(@r + )=l _
lxzlly < mnxingnx“)n;“ (3.2)
r p

is true.

An analog of inequality (3.1) in which the L,-norm of a periodic function is estimated
via its local L ,-norm was established in [8]. Sufficient conditions under which the least
upper bound in inequality (3.1) is attained for ¢ = 0 were established in [10].

In this chapter we generalize inequalities (3.1) and (3.2) to the classes of functions with
given comparison function. Moreover, these generalizations contain the “Remez effect”, We
now present necessary definitions.

Let us remind that a function f € Léo(]R) is called a comparison function for a function
X € Léo(]R), if there exists ¢ € R such that

min f(¢) +c < x(t) <max f(t) +c,t € R,
teR teR

and the equality x(§) = f(n) + ¢, where &, n € R, yields the inequality |x'(§)| < | f'(n)|
provided that the indicated derivatives exist. An odd 2w-periodic function ¢ € L Cl,o(Izw) is
called an S-function if it has the following properties: ¢ is even with respect to /2, |¢] is
convex upward on [0, w] and strictly monotone on [0, w/2]. For a 2w-periodic S-function ¢,
by S, (@) we denote the class of functionsx € L })o (1) for which ¢ is a comparison function.
Note that the classes S, (w) were considered in [3, 9].

An important role in the approximation theory is played by the Remez-type inequalities

1T Lo re) < C, BYNT L (1r0\ B (3.3)

on the class T, where B is an arbitrary Lebesgue-measurable set B C I, uB < B.

The foundations of this direction were laid by Remez [20] who determined the sharp
constant C(n, 8) in an inequality of the form (3.3) for algebraic polynomials. In inequal-
ity (3.3) for trigonometric polynomials, two-sided estimates for the sharp constants C(n, 8)
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were established in a series of works. Moreover, the asymptotic behaviors of the constants
C(n,B) as p — 2m [7] and as B — 0 [19] are known. For the bibliography in this field,
see [4, 6, 7, 19]. In [19], the inequality

np
1T Lo (hr) = (1 + 2tan? m) 1T 1l 2o (1o \ B) (34

was proved for any polynomial T € T,, with the minimal period 27r/m and any Lebesgue-
measurable set B C I, uB < B, where 8 € (0, 2rm /n). The equality in (3.4) is attained
for the polynomial

T(t) =cosnx + %(1 —cos 8/2).

Recently, a sharp constant for the Remez-type inequality (3.3) for trigonometric polyno-
mials has been found in [22].

In[11], the result obtained in [22] was generalized to the classes S, (w). As a consequence,
an analog of inequality (3.4) for polynomial splines and functions from the classes L. (1)
was obtained. In [5, 12-14, 16] some sharp Remez-type inequalities of different metrics and
Kolmogorov—Remez-type inequalities were proved for the classes Sy (w) and, in particular,
for the differentiable periodic functions, trigonometric polynomials, and splines.

In the present chapter, we prove sharp Remez-type inequalities of different metrics for the
functions x € S, (w) with given ratio of the L ,-norms of their positive and negative parts.
As a consequence, we prove these inequalities for functions from the classes L] (I2x),
trigonometric polynomials, and polynomial splines with given ratio of the L ,-norms of
their positive and negative parts.

The main results of this chapter are published in [15].

3.2 Classes Sy (@)

Theorem 3.1 Suppose that q, p > 0, g > p, ¢ is an S-function with period 2w, and B €
[0, 2w). Iffor ad-periodic function x € S,(w) with zeroes there exists ¢ € x[—||¢|loo, |¢lloo]
satisfying the condition

Ix+llz, ) = 1@+ )+, () (3.5)

then for any Lebesgue-measurable set B C 1z, uB < B, the following inequality is true:

+c
el < o +cllL, ()

= Ixllz, B (3.6)
@ + cllL, (1u\Bys) pUa\B)

where
By :={t € [0, 20] : |@() +c| > y},

and, moreover, y = y(B) is chosen such that uBygy = B.
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For any fixed ¢ € [—||¢]lco, 1¢llc], inequality (3.6) is sharp on the class of functions
x € Sy(w) with zeroes satisfying condition (3.5). Equality in (3.6) is attained for the function
x(t) = ¢(t) + c and the set B = Byg).

‘We prove Theorem 3.1 by a series of lemmas, which are also used in the proofs of other
theorems. We set

Eo(X)oo := inf [lx — alloo.

Lemma 3.1 Under the conditions of Theorem 3.1,

[x£lloo < (@ + €)£lloos (3.7

and, in addition,
d > 2w. (3.8)

Proof We fix a function x € S,(w) and a number ¢ € [—[|¢ 0o, [|¢]loo] satisfying the con-
ditions of Theorem 3.1. Assume that inequality (3.7) is not true for the function x. Since
¢ is the comparison function for the function x, we have Ep(x)s < Eo(¢)so. Hence, the
assumption made above means that exactly one inequality (3.7) is not true. Thus, let

lx+lloo < (@ + ) tlloos X=lloo > (@ + ) lloo-
Then there exists a > 0 such that
x4+ @) tlloo = 1@ + Dt lloos (X + @) -lloc = (¢ + ) -l o- (3.9)

Itis clear that x + a € Sy, (w). By m we denote the point of minimum of the function ¢ + ¢
and assume that #1(#p) is the left (right) zero of this function nearest to m. In view of the
second relation in (3.9), there exists a shift x (- 4+ t) of the function x such that

x(m+1)+a=¢@m)+c.
In addition, since ¢ + ¢ is the comparison function for the function x, we get
x+1)+a<et)+c<0,te ().
In view of @ > 0, this yields the estimate
lx-Nz,ay > 1 +a)-llz,ay = 1@+ -IIL, o)

which contradicts to condition (3.5). Thus inequality (3.7) is proved. Relation (3.8) directly
follows from (3.5) and (3.7) in view of the inclusion x € Sy (w).
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For f € Li[a, b],by r(f,t),t € [0, b — a], we denote the permutation of the function
| f| (see,e.g., [18, §1.3]) and setr(f,t) =0fort > b —a.

Lemma 3.2 Under the conditions of Theorem 3.1

& &
/rp(ii,t)dt < frp(éi,t)dt,é > 0, (3.10)
0 0

where X is the restriction of x to 15 and @ is the restriction of ¢ + c to Ip,. In particular

IX+llz, ) < 1@ + O)+llL, () (3.11)

Proof To prove (3.10), we note that, in view of (3.7), for any y+ € [0, ||X+ | c0), there exist
points

el i=1,2...mm=>=2yfeh, j=12

i ’ 3 Sy ey kl — s j w>s ,] s~

such that
v = () = g )

Since ¢ + c is a comparison function for x, we obtain
(5] < 195 ().
We now show that if the points 91i € [0, d] and Ozi € [0, 2w] satisfy the condition
vi =r(Fe, 00) = r(@x, 0),

then
Ir (2, )] < Ir' @+, 650)].

Indeed, this directly follows from the theorem on the derivative of permutation (see, e.g., [18,
Proposition 1.3.2]). According to this theorem, we get

-1

m -1 2
| (%, 07| = [Z wi(ri)rl} < DDIBLODIT | =1 (@, 671
i=1 j=1

Using the relation
r(x+,0) = [X£lloo < ll9xlloc = r(9x, 0),

which follows from (3.7), and the fact that the Lo.-norm is preserved by permutations, we
conclude that the difference

AE() i=r(Fe, 1) — 1 (ge, 1)



110 3 Remez-Type Inequalities

changes sign on [0, o) at most once (from minus to plus). The same is also true for the
difference

AT() = rP (e, 1) — rP (@, D).

We set
&

IL(§) = / AT (ndt.
0

Hence 1+ (0) = 0. Since permutations preserve the L ,-norm, in view of (3.5) and (3.8), we
get
I(d) = Ix£llL,uy — lloxllL,(n,) = 0.

Moreover, I’ (§) = A,jf(é) changes sign (from minus to plus) at most once. Thus, I (§) < 0,
& > 0, which is equivalent to (3.10). In view of the Hardy-Littlewood—Polya theorem (see
e.g., [18, Theorem 1.3.1]), inequality (3.10) yields inequality (3.11).

Lemma 3.3 Under the conditions of Theorem 3.1
Ixllz, (B = 19 + CllL, (1\Bys)- (3.12)

Proof As above, let x be the restriction of x to I; and let ¢ be the restriction of ¢ + ¢ to
I,,. For any measurable set B C I;, uB < 8, we have, in view of the well-known property

B
/Ix(t)l"dt S/rp(i,t)dt. (3.13)
B 0

Further, since permutations preserve the L ,-norm, we get

d

B
||x||fp(1d\3) =/|x(t)|”dt—/|x(t)|”dt > /r”(i,t)dt—fr”(i,t)dt.
1 B 0

0

Using (3.5) and the inequality

H &
/r”(i,t)dt < /rp((ﬁ,t)dt,f;' >0,
0 0

which follows from (3.10) according to Proposition 1.3.6 in [18], we obtain

2w B 2w

e = [P @nde~ [ @i = [r@and= [ jorar

0 0 B Do\ Byp)
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This yields (3.12).
Finally, we return to the proof of Theorem 3.1.

Proof We fix a d-periodic function x € S, (w) that has zeroes and satisfies conditions (3.5)
with some ¢ € [—|¢]loo, l¢lloo]. By Lemmas 3.2 and 3.3, this function admits esti-
mates (3.11) and (3.12), which directly imply inequality (3.6). It is clear that this inequality
is sharp.

3.3 Classes L (I2:)

Recall that the symbol ¢, (¢), r € N, denotes a shift of the r-th 2w -periodic integral with
zero mean value over the period of the function ¢q (#) = sgnsin ¢ satisfying the condition
¢r(0) = 0.1tis clear that the spline ¢, (¢) := A7 ¢, (At), A > Oisan S-function with period
2 /A

Forr e N, p > 0and f), € [0, oo], we consider a class

fPLgo(Izﬂ) = {x c L’(;O(Izﬂ) . ||-x+||.” — fp} .
llx—1lp

It is clear that, for given p and f,, there exists a unique number ¢ € [—K,, K, ] for which

@r +c € fpLi (Ix). (3.14)

Theorem 3.2 Suppose that r €N, p,q >0, g > p, f, €[0,00], B €[0,2m). For any
Sunctionx e f,LL (I2x) with zeroes, and any measurable set B C Iry suchthat uB < B/2,
where A is chosen from the condition

Ixllp = @5 + 27" €l - 157 oo, (3.15)
and the number c satisfies condition (3.14), the following inequality is true:

llor +cllg

Ixllg < - (BRIl 2k o (3.16)
llor +C||Lp(12n\3y(/5)) P
where ey
r q
o=y B e hr o) el > ),

and, in addition, y = y(B) is chosen such that wBygy = B.
Inequality (3.16) is sharp in the class of all pairs (x, B) formed by a function x €
fpLlo(I2z) that has zeroes, and a measurable set B C Ip; for which uB < B/, where A
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satisfies condition (3.15). The equality in (3.16) is attained for the pair (x, By(g)), where
x(t) =@ (1) +c

Proof We fix a function x € f, L (I2;) satisfying the conditions of the theorem. Since
inequality (3.16) is homogeneous, we can assume that

[ loo = 1. (3.17)
Thus, in view of (3.14), (3.15) and the definition of the class f, L. (12;), we get

xellpy = 1(@n,r + A7)t L, (Lan)n)- (3.18)
For functions x € f,L{ (I27) satisfying this condition, inequality (3.2) holds

ll(@r +)xllg Ix

e T e CL o
r P

Using this inequality, relations (3.17) and (3.18), and the following obvious equality

1@nr + 27Ol tanp) = 2~ PN(@r + O 2llp. p > 0,

we arrive at the estimate

x£lly < 1@nr + 27"l Ly (han))- (3.19)
q /

In particular, in view of (3.17) and (3.19) (¢ = 00), the function x satisfies the conditions
of the Kolmogorov comparison theorem [17].

According to this theorem, the spline ¢(t) = ¢, ,(¢) is a comparison function for the
functionx i.e., x € S(p(%). Hence, in view of (3.18), the function x satisfies all conditions of
Theorem 3.1. By virtue of this theorem, for ¢ > p and an arbitrary measurable set B C I»,,
uB < B/A, the inequality

l@ar + A7 CllLy (han/)
+ A Tc
2 ||Lp(12”/x\3yl<ﬁ>)

lxllg < XNz, 5n\B)
=g pl2n

is true. It follows from the last inequality (for ¢ = p) and conditions (3.15) and (3.17) that

A

—r
Xl (b \B) = l@3,r + 2 cIILp(]M\By(ﬁ)).

Combining the obtained lower estimate with inequality (3.19), in view of the obvious relation

loar +2""cll =1, 4+ CllL,(lax\Byp)

B,
Ly (1271/1\7";}8) )
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is __r+l/q .
and the definition o = 1/, We obtain
lxllg _ lonr + 27"l ey lor + cllg
a —= [T = x .
”x”LP(IZn\B) lpn.r + 2 C”Lp (IZM\Byfﬂ>) llor + C”Lp(lzn\By(ﬁ))

By virtue of (3.17), this estimate yields (3.16). Thus, it is clear that inequality (3.16) is sharp.

Corollary 3.1 Supposethatr €N, p,g > 0,9 > p, o = :_‘H;Z, B € [0, 2m), and the num-
ber ¢ € [0, K,] realizes the upper bound

llor + C”q
sup m ,
cel0,K,] ||(Pr + c”Lp(IZr[\B;(ﬁ))

where B; = {t € Iy : o (t) +c| > y}, and, moreover, y = y(B) such thal/,LB§(/3) =B.
Then for any functionx € L (I ) withzeroes and an arbitrary measurable set B C Iy,
uB < B/A, where ) is chosen to guarantee that

1xlp = l@ar + 27" CllL, s - 1X7 oo, (3.20)

and c satisfies the condition

I llp - x50 = 1er + ) llp - e + o113,
the following inequality is true:
lgr + ¢l

el < o e el ) 1 (3.21)
" Lp(12n\B;(ﬂ))

Inequality (3.21) is sharp on the class of all pairs (x, B) formed by a function x € L (I27)
with zeroes and a measurable set B C I, such that uB < B/, where X satisfies condi-
tion (3.20). Equality in (3.21) is attained for the pair (x, B;(ﬁ)), where x(t) = ¢, (t) + C.

‘We note that:

1. For g = 0, Theorem 3.2 and Corollary 3.1 were proved in [1].

2. For functions x € L (I>5) satisfying the condition ||x4 |, = [lx_||,, the constant in
inequality (3.16) is equal to zero.

3. For functions of constant sign x € LI (l2;) with zeroes, inequality (3.16) turns into the
inequality for the best one-sided approximations by the constant

Ey (X)) = jglg{llx —cllLyGy: Vt € G, £(x(t) — )+ = 0}, (3.22)
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L.e., thenorms x|l and || x|z ,(1,,\ B in inequality (3.16) for these functions are replaced
by E (j)t (x)g and E Oi (X)L, (1, \B) Tespectively. Moreover, the constant ¢ in this inequality
is replaced by the Favard constant K.

3.4 Classes of Trigonometric Polynomials

Recall that T;, is the space of trigonometric polynomials of degree at most n. For p > 0,

fp €10, 00], we set

17|
prnzz{TeTn: TP _ gt
171

Theorem 3.3 Suppose that n,m €N, p,q >0, ¢ > p, fp € [0, 00l. If a trigonometric
polynomial T € f,T, with the minimal period 21 /m has zeroes, then for any measurable
set B C Iy, uB < %/3, B € [0, 2m), the following inequality is true:

1

1 .
nyEE_ llsinG) +clly
17l = ()" " 1712 1o\ (3.23)

= \m IsinG) + cllz, (s

where the number ¢ € [—1, 1] satisfies the condition
sin(-) +c € fpTy, (3.24)

By :={t € Iy : |sint +c| > y}, and y = y(B) is such that uByg) = B.
Inequality (3.23) is sharp in the following sense:

sup sup 1714
(m)eNum (T.BYe Py (0/M)VP=YANT || (1,,\B)

| sin(-) +cllq
Isin(-) + cllz, (1,\Byg))

, (325

where Ny, is the set of pairs (n, m) of natural numbers such that m < n and P is the
set of pairs (T, B) formed by a polynomial T € f,T, with zeroes and the minimal period
27 /m, and a measurable set B C Iz, uB < %,3

Proof We fix apolynomial T’ € f,T, satisfying the conditions of Theorem 3.3. For the sake
of brevity, we set ¢(t) := sinnt, ¥ (t) := ¢(t) + ¢, t € R. In view of the homogeneity of
inequality (3.23), we can assume that

W7z, hnpm) = WL, (2 - (3.26)
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In view of condition (3.24) and the definition of the class f, T}, this yields the equality

T2 Ly (o) = 1V L, (2 - (3.27)

We now show that
1T+:ll0 < 1V+llco- (3.28)

Indeed, assume the contrary i.e., that there exists y € (0, 1) such that
lyTelloo < 1Y+ lloo-

Moreover, one of these inequalities turns into equality. Thus let

1V Tt lloo = 1¥4lloos 1Y T-lloo = 1Y~ lloo-

Then the polynomial ¥ is a comparison function for the polynomial y 7' (see the proof of [2,
Theorem 8.1.1]). Let m be a point of minimum of the function ¥ and let #1 (#,) be the nearest
(to m) from the left (resp. right) zero of this function. Passing, if necessary, to the shift of
the polynomial y T', we can assume that

[y T-lloo = =y T (m).
Since ¥ is a comparison function for the polynomial y 7', we get
yT(t) <y() <0,1 € (t1,1).
This yields the estimate
N T-llL,@r/m) > WY T-\L,@a/m) = I¥-IIL,@x/m)s

which contradicts to (3.27). Thus inequality (3.28) is proved.

This inequality and the proof of [2, Theorem 8.1.1] imply that ¢(¢) = sinnt is a com-
parison function for the polynomial 7'(¢) i.e., T € Sy(7). Hence, in view of (3.26), the
polynomial T satisfies all conditions of Theorem 3.1 and, therefore, also the conditions of
Lemmas 3.1, 3.2 and 3.3.

Next we establish the inequality

mN1l/a .
1Ty = (%) isine) +clly. (3.29)
By virtue of inequality (3.11), we obtain

N TN Ly (Tmym) S 1@ F €Uy (T n)-

This immediately yields (3.29), because the polynomial 7" is 27 /m-periodic and the function
@ is 27 /n-periodic.
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We now prove the inequality

m\l/p .
170tz = (5) 7 1SI0C) + €l 01 (3.30)

y(ﬁ))
for any measurable set B C Iz, uB < 7 B.

Let T be the restriction of the polynomial T to I, /m and let ¢ be the restriction of ¢ + ¢
to I25 /. Using inequality (3.13), in view of the fact that permutation preserves the L ,-norm,
we get

2 2 %13
||T||{I)(,2”\B) :/|T(t)|Pdt—/|T(t)|Pdtz/rP(T,t)dt—/rP(T,t)dt
0 B 0 0
21 /m B/n
=m / r”(T,t)dt—/rp(T,t)dt
0 0

Thus, by virtue of (3.26) and the inequality

£ £
/rl’(f,t)dt < frl’(qs,t)dt,g >0,
0 0

which follows from (3.10), according to [18, Proposition 1.3.6], we arrive at the following
lower estimate:

27 /n B/n 2m/n
1T (1) Z / rP (@, t)dt — / rP(@. 0dt | =m / rP (@, ndt
0 0 B/n

2
— ﬂ/rp(wrc, ndr =2 / lo(t) + c|Pdt
n n
B 1271\By(n)

_ m . p
= |Isin(-) + C”Lp(Izﬂ\By(ﬁ)) ’

where By(n) := {t € Iz : |sinnt +c| > y}, and y = y(B) is such that uBy(n) = B. The
obtained estimate yields inequality (3.30). Combining (3.29) and (3.30), we arrive atinequal-
ity (3.23). It is clear that (3.23) is sharp in the sense of (3.25).

Corollary 3.2 Suppose thatn,m € N, g, p > 0, g > p, B € [0, 2r), and the number ¢ €
[0, 1] realizes the upper bound

| sin(-) +clly
ceo.11 II'sin() +¢llL, .\

V)
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where By :={t € by :|sint +c| > y} and y = y(B) is such that MB;(/S) = B. Then for
any trigonometric polynomial T € T, with zeroes and the minimal period 2w /m and any
measurable set B C Iz, uB < 7B, the following inequality is true:

11 . -
nyEe_ llsinG) +él
17 = ()" Tl 12\ (3:31)

[ sin(-) + C||L,;([27T\B§(ﬁ))

Inequality (3.31) is sharp in the following sense:

ITlq | sin(-) + cllg
sup sup 751 = — = ,
(1.m) Ny (T.BYeQr (0/m) P T\, By |sin() +C||LI,([27T\B;';(5))

where Ny, is the set of pairs (n, m) of natural numbers such that m < n and Q) is the set
of pairs (T, B) formed by a polynomial T € T, with zeroes and the minimal period 25 /m,
and a measurable set B C I, uB < %,B.

We note that:

1. For 8 = 0and m = 1, Theorem 3.3 and Corollary 3.2 were proved in [1].

2. For polynomials T € T, satisfying the condition || 74|, = |[T-]l, the constant ¢ in
inequality (3.23) is equal to zero.

3. For sign-preserving polynomials 7 € T, that have zeroes, inequality (3.23) turns into the
equality for the best one-sided approximations by a constant [see (3.22)] i.e., the norms
Tl and || T|| L, (1, \B) in inequality(3.23) for these polynomials should be replaced by
E(:)t(T)q and Ey(T)L »(Ihz\B)) respectively. Moreover, the constant c¢ in this inequality
is equal to 1.

3.5 Classes of Splines

Recall that S, , is a space of 2w -periodic splines of order r with defect 1 and nodes at the
points kr /n, k € Z. For p > 0, f, € [0, oo], we set

s+l
fpSnyr = {s € Snr: tp foi-

lls—1lp

Theorem 3.4 Suppose thatn,m e Np,q > 0,q > p, fp € [0, 00].
Ifasplines € f, Sy, with the minimal period 27 /m has zeroes, then for any measurable
set B C Iy, nB < 5B, B € [0, 2m), the following inequality is true:

”l)%_ql ||(/7r+c||q

Islly < (=
m lor + cliL, (1 \Bys)

IS L, (1 \B)> (3.32)
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where ¢ € [—K,, K] satisfies the condition
On,r + n~'ce fpSn,ra (3.33)

By :={t € hg: |lo,(t) +c| > y}, and y = y(B) is such that uBy@g) = B.
Inequality (3.32) is sharp in the following sense:

sup sup Isllq
(n.m)eNum (s.B)esp (0/m)VP=Va 5| L o1, \B)

- ller +cllq
lor + cliz, (1e\By )

. (334)

where Ny, is the set of pairs (n, m) of natural numbers such that m < n, and S)' is the
set of pairs (s, B) formed by a spline s € f},S, , with zeroes and the minimal period 27 /m,
and a measurable set B C Iy, uB < %,3.

Proof We fix a spline s € f),S, , satisfying the conditions of Theorem 3.4. For the sake of
brevity, we set ¢(t) 1= @ r(t), ¥ (t) := ¢, (1) + n""c, t € R. In view of the homogeneity
of inequality (3.32), we can assume that

1112, (ango) = IV 1Ly Chan - (3.35)

Thus, in view of (3.33) and the definition of the class f}, S, ., we arrive at the equality

ISz, (harm) = WL, (Barym)- (3.36)
Next we show that
Is£lloo < 1¥£lloo- (3.37)

Assume the contrary i.e., that there exists y € (0, 1) such that ||ys+]lco < ||¥+]lo and, in
addition, that one of these inequalities turns into the equality; e.g., that

1Ys+lloo = 1¥+lloo, 1Y5—lloo = l1¥—lloo-
Then
Eo(¥$)oo = Eo(¥)oo = ll¢n,rlloc
and, by virtue of the Tikhomirov inequality [21]

< Eo(s)co

= )
00 llon,rlloo

o

where E(x)co is the best uniform approximation of the function x by constants, we arrive
at the inequality
(r)

Hys <1.
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Thus, the spline ys satisfies the conditions of the Kolmogorov comparison theorem [17].
By this theorem, the spline ¢ is a comparison function for the spline ys. Let m be the point
of minimum of the function ¢ and let #; (#2) be the left (resp. right) nearest (to m) zero of
this function. Passing, if necessary, to a shift of the spline ys, we can assume that

Vs—lloo = —ys(m).

Since the spline 1 is a comparison function for the spline ys, we get

ys(t) =¥ () < 0,1 € (11, 12).

This yields the estimate

Is—Nz,@z/m) > lys—L,@r/m) = 1¥-NL,@m/m)

which contradicts (3.36). Thus, inequality (3.37) is proved. Using inequality (3.37), we
obtain

Eo($)oo < Eo(Y)oo = ||§0n,r||oo~

Applying the Tikhomirov inequality, we obtain

_ B _

oo~ |gnrlleo —

H NG

Therefore, the spline s satisfies the conditions of the Kolmogorov comparison theorem [17].
According to this theorem, the spline ¢ is a comparison function for the spline s. Hence,
s € S(p(%) and, in view of (3.36), the spline s satisfies the conditions of Theorem 3.1 and,
therefore, also the conditions of Lemmas 3.1, 3.2 and 3.3.

We prove the inequality

Islly =07 (%) o + el (3.38)
Indeed, by virtue of inequality (3.11), we get
IS 1Ly (L) < N@nr + 17"l Ly ()
This directly yields (3.38) because the spline s is 27 /m-periodic and the spline ¢, , is

27 /n-periodic.
We now prove the inequality

_/mn\1/p
Izt =07 (5) 10+ iy tamn (3.39)

for any measurable set B C I, uB < % B. Let s be the restriction of the spline s to I/
and let v/ be the restriction of the spline v/ to I, /n- As in the proof of Theorem 3.3, using
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inequality (3.13) and taking into account the fact that permutations preserve the L ,-norm,
we obtain

21 /m B/n
[RIT—— / rP (s, t)dt—/rp(i, 1)dt
0 0

Further, using (3.35) and the inequality

£ £
/rf’(s, Hdt < /rp(iﬁ,t)dt,é > 0,
0 0

which follows from (3.10) according to [18, Proposition 1.3.6], as in the proof of Theo-
rem 3.3, we obtain the following lower bound

27 /n B/n 27 /n
T / PP i — / PPt | =m / PG 1
0 0 B/n

2
- @/rf’(w, Ndt = Lpr / gy (nt) + c|Pdt
n n
B

D \Byp)(n)
m
— TP p
=n"r 1er + L, e\ By *
where By g)(n) := {t € Iy : |@-(nt) +c| > y}, and y = y(B) is such that u By () (n) = B.

The obtained lower bound is equivalent to (3.39). Inequality (3.32) directly follows
from (3.38) and (3.39). It is clear that inequality (3.32) is sharp in the sense of (3.34).

Corollary 3.3 Supposethatn,m e NNm <n,q,p >0,q > p, B € [0,2n), and the num-
ber ¢ € [0, K,] realizes the upper bound

llor + C”q
sup )
cel0,k,] llor + C”L,,(IM\B;(ﬂ))

where B; ={t € Ly | (t) +c| >y}, and y = y(B) is such that /LB;(ﬂ) = B. Then for
any spline s € S, , with zeroes and the minimal period 2m /m, and an arbitrary measurable
set B C Ly, uB < %,8, the following inequality is true:

1_1

n\p"g lor + <l
Islly = ()" 7 e sl 18- (3.40)
m lor + C||Lp(12”\3;(ﬁ))
Inequality (3.40) is sharp in the following sense:
lIsllg _ llor +cllg

sup sup Y=y = — ,
(n.m)eNpm (s.Byezm (/M) P=A|s|L, By l0r + ClIL, (1 \By)
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where Ny, , is the set of pairs (n, m) of natural numbers such that m < n, and X" is the set
of pairs (s, B) formed by a spline s € S, , with zeroes and the minimal period 2 /m, and
a measurable set B C Ipy, uB < %ﬂ

‘We note that:

. For B = 0and m = 1, Theorem 3.4 and Corollary 3.3 were obtained in [1].
. For splines s € S, , satisfying the condition ||s4 |, = [ls— ||, the constant ¢ in inequal-

ity (3.32) is equal to zero.

. Forsplines of constantsigns € S, , with zeroes, inequality (3.32) turns into the inequality

for the best one-sided approximations by a constanti.e., the norms ||s ||, and ||s L »(Iax\B)
in inequality (3.32) for these splines should be replaced by EgE (s)q and Eéc (s) Lp(I2x\B)
respectively. Moreover, the constant ¢ in this inequality is equal to the Favard constant K.
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Restoration of the Noise Corrupted Optical Images
with Their Simultaneous Contrast Enhancement

Abstract

In this chapter, we focus on the development of a variational approach for simultaneous
contrast enhancement of color images and their denoising. With that in mind we propose
a new variational model in Sobolev-Orlicz spaces with non-standard growth conditions
of the objective functional and discuss its applications to the simultaneous fusion and
denoising of each spectral channel for an input color images. The characteristic feature of
the proposed model is the fact that we deal with a constrained minimization problem with
a special objective functional that lives in variable Sobolev-Orlicz spaces. This functional
contains a spatially variable exponent characterizing the growth conditions and it can be
seen as a replacement for the standard 1-norm in TV regularization. We show that the
proposed model allows to synthesize at a high level of accuracy noise- and blur-free color
images, which were captured in extremely low light conditions.

A very promising approach to image quality enhancement is to reduce the influence from
the noise and improve the perceptibility of objects in the scene by increasing the brightness
difference between objects and their background. In recent years, many contrast enhance-
ment techniques have been proposed for digital images. Some approaches allow to improve
image contrast just in low light conditions [39, 44]. Other methods, called sharpening, focus
on enforcing strong contours in order to remove the obtained blur, e.g., by Gaussian convo-
Iution [38]. However, this kind of enhancement concerns only strong image contours while
the contrast enhancement attempts to modify gray level of objects not only in the contours
neighborhood. In recent years, many different techniques have been proposed for recon-
struction of noise-affected digital images and their contrast enhancement. We refer to [40],
where the authors focus on the problem of contrast enhancement of natural images captured
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with a digital camera, and give a sufficiently complete overview of the existing methods
with detailed analysis of all pros and cons.

In this chapter, we mainly focus on the development of a variational approach for simul-
taneous contrast enhancement of color images and their denoising. With that in mind we
propose a new variational model in Sobolev-Orlicz spaces with non-standard growth condi-
tions of the objective functional and discuss its applications to the simultaneous fusion and
denoising of each spectral channel for an input color images. In contrast to [26], we don’t
provided the color image restoration using saturation-value Total Variation, but instead we
are working just with the RGB-representation of color images. However, as follows from
the results of numerical simulations, the proposed approach does not strongly modify the
histogram of the original image. This enables the model to preserve the global lighting
sensation and to show that the hue of the main objects does not drastically change with
the illumination. One of the most important advantages of this approach is the fact that the
proposed model allows to synthesize at a high level of accuracy noise- and blur-free color
images, that were captured in extremely low light conditions. This situation is typical for
the most of remote sensing problems. Indeed, the real-life satellite images frequently suffer
from different types of noise, blur, and other atmosphere artifacts that can affect the radiation
recovered by the sensors. As a result, such images lose their efficiency for the crop field
monitoring problems and their utilization can lead to erroneous results and inferences.

The characteristic feature of the proposed model is that we deal with a constrained min-
imization problem with a special objective functional that lives in variable Sobolev-Orlicz
spaces. This functional contains a spatially variable exponent characterizing the growth con-
ditions and it can be seen as a replacement for the 1-norm in TV regularization. Moreover,
the variable exponent, which is associated with non-standard growth, is unknown a priori
and it depends on a particular function that belongs to the domain of objective functional.

The idea of using a spatially varying exponent in a TV-like regularization method for
image denoising dates back as early as 1997 [7] and it has been put into practice in 2006
[11]. Both papers as well as some subsequent articles try to tackle variants of the problem

Jw) = D) + x/ |Vu(x) [PV gx — inf, 4.1
Q

where the exponent depends directly on the image u, e.g.,
2

a
Vi) =14 —+
POV =14 NG, v ul?

4.2)
Here, (G, * v) (x) determines the convolution of function v with the 2-dimensional Gaussian
filter kernel G .

It has been demonstrated that this model possesses some favorable properties, partic-
ularly when edge preservation and effective noise suppression are primary goals in image
reconstruction. Furthermore, this model has been introduced specifically to address the issue
of staircasing [42], which refers to the regularizer’s inclination towards piecewise constant



4 Restoration of the Noise Corrupted Optical Images ... 125

functions. The appearance of the staircasing effect is a notable drawback of the classical TV
model. However, the non-convex model (4.1) did not gain significant attention for a long
period due to its high numerical complexity and the absence of a rigorous mathematical
substantiation of its consistency. Only particular solutions to this problem have been derived
for a smoothed version of the integrand, using a weak notion of solution (see, for instance,
[45]).

A recently developed alternative variant is the TV-like method [35] (see also [1, 12]),
which computes the variable exponent p in an offline step and keeps it as a fixed parameter
in the final optimization problem This approach allows the exponent to vary based on spatial
location, enabling users to locally select whether to preserve edges or smooth intensity vari-
ations. However, there are only two natural types of imaging problems where this approach
can be applied:

e single-channel imaging where first the exponent is computed from the given data and
then is applied as prior in the subsequent minimization problem;

e dual-channel imaging where the secondary channel provides the exponent map that is
used for regularization of the primary channel.

Thus, this circumstance imposes significant limitations from practical point of view, espe-
cially in the case of multi-spectral satellite noisy images, where different channels can differ
drastically.

Our main purpose in this chapter is to describe a robust approach for the simultaneous
contrast enhancement and denoising of non-smooth multispectral images using an energy
functional with nonstandard growth following the recent results that were obtained in coop-
eration with C.D’Apice, R. Manzo, and A. Parisi (see [21]). In particular, we apply a special
form of anisotropic diffusion tensor for the regularization term and a term which is inspired
by the variational model of Bertalmio et al. [5]. Following this approach, we aim to increase
the perceptibility of objects in the scene and the noise robustness of the proposed model
albeit it makes such variational problem completely non-smooth, non-convex, and, hence,
significantly more difficult from a minimization point of view.

We consider a variational problem for the energy functional with nonstandard growth
p(x), where the principle edge information for the contrast enhancement is mainly accumu-
lated. Namely, for the simultaneous denoising and contrast enhancement of color images,
we propose to solve the following constrained minimization problems

L) = inf Jiw). =123 4.3)

for each spectral channel of an input image separately, where the objective functional is
non-convex and it takes the form

Ji(v) :f IR, V()PP dx + 0; (v). (4.4)
Q
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Here, Q; (v) stands for the fidelity term and its specific form is described in details in Sect. 4.2
together with the operator R,,. The principle point that should be emphasized is the fact that
we do not predefine the exponent p(x) a priori using for that the original image, but instead
we associate this characteristic with the current state of their spectral channels. In fact, we

take it as follows s

p(Vu) =1+ 4.5

a
a? + |Vul|?
So, in contrast to the well-know approach, coming from the pioneering papers [2, 10], the
principle difference of the models (4.5) and (4.2) is that we do not apply in (4.5) any spatial
regularization of gradient Vu. Because of this, the model (4.3)—(4.4) becomes an ill-posed
problem from the mathematical point of view and can produce many unexpected phenomena.
In particular, to our best knowledge we have no results of existence and consistency of
the optimization problem (4.3)—(4.4). To overcome this problem, we could apply some
regularization of the variable exponent p(x) in the form like (4.2).

However, it is well-known that optimization problem (4.3)—(4.4) with the spatially reg-
ularized gradient has several serious practical and theoretical difficulties. The first one is
that the spatial regularization of gradient in the form (4.2) leads to the loss of accuracy in
the case when the signal is noisy, with white noise (see, for instance, [10]). Then the noise
introduces very large, in theory unbounded, oscillations of the gradient Vu. As a result, the
conditional smoothing introduced by the model will not help, since all these noise edges
will be kept.

The second drawback of the model with the regularized gradient is the fact that the
space-invariant Gaussian smoothing inside the divergent term tends to push the edges in u
away from their original locations. We refer to [41] where this issue is studied in details.
This effect, known as edge dislocation, can be detrimental especially in the context of the
boundary detection problem and its application to the remote sensing and monitoring. So,
our prime interest in this chapter is to study the optimization problem (4.3)—(4.4) without
the space-invariant Gaussian smoothing of the variable exponent p(x).

4.1 Preliminaries

Let us recall some useful notations. For vectors £ € R? and 5 € R2, (&, n) = &' denotes
the standard vector inner product in R?, where / stands for the transpose operator. The norm
|€] is the Euclidean norm given by |£| = /(€, £). Let @ C R? be a bounded open set with
a Lipschitz boundary 02 and nonzero Lebesgue measure. For any subset E C €2 we denote
by | E| its 2-dimensional Lebesgue measure L2(E). Let E denote the closure of E, and 9 E
stands for its boundary.
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4.1.1 Functional Spaces

For convenience of the reader, we collect here the basic facts on functional spaces that will
be used in the sequel. Let X denote a real Banach space with norm || - || x, and let X’ be

its dual. Let (-, ) . x be the duality form on X’ x X. By — and X we denote the weak
and weak™ convergence in normed spaces, respectively. For given 1 < p < 400, the space
LP(Q; R?) is defined by

LP(RY) ={f: Q=R : | fllpqr) < +00),

where || 1l Lo @:r2) = (fol f(O)IP dx)l/p for 1 < p < +o0. The inner product of two func-
tions f and g in L?($2; R?) with p € [1, 00) is given by

2
(Fr ) Lrauzs) = fQ (F(), g(x)) dx = /Q 3 fi@)gi) dx.
k=1

We denote by C° (R?) alocally convex space of all infinitely differentiable functions with
compact support in R?. We recall here some functional spaces that will be used throughout
this paper. We define the Banach space H ' (£2) as the closure of C o0 (R?) with respect to the

norm
1/2
||y||H1<Q>=(fQ (v + IVyl?) dx) .

We denote by (H I(Q))/ the dual space of H 1(). Hereinafter, W!-1(Q) stands for the
Banach space of all functions u € L'(£2) with respect to the norm

lullwii@) = lullpig) + 1IVuliLyq):-

Given a real Banach space X, we will denote by C ([0, T']; X) the space of all continuous
functions from [0, 7] into X. We recall that a function & : [0, T] — X is said to be Lebesgue
measurable if there exists a sequence {uy };cn of step functions (i.e., uy = Z;”‘: 1 af X 4k Tor

J

a finite number n; of Borel subsets A’; C [0, T] and with a’]‘. € X) converging to u almost
everywhere with respect to the Lebesgue measure in [0, T'].
Then for 1 < p < oo, L?(0, T; X) is the space of all measurable functions u : [0, T] —

X such that 1

T P
lullLro,7:x) = (/0 ||u(t)||§dt> < 00,

while L*°(0, T; X) is the space of measurable functions such that

lull oo, 7;x) = esssup [[u(?)llx < oo.
t€[0,T]

A full presentation of this topic can be found in [23].
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Let us recall that, for 1 < p < oo, L?(0,T; X) is a Banach space. Moreover, if X
is separable and 1 < p < oo, then the dual space of L?(0, T; X) can be identified with
LP (0, T; X').

4.,1.2 Basic Facts on the Lebesgue and Sobolev Spaces with Variable
Exponents

Let p:Q — [p~, pt1 C (1, +00), with p* = const, be a given measurable function.
Denote by L”")(Q) the set of all measurable functions f(x) on € such that [, | f(x)[?™)
dx < 0o.Then L) () is areflexive separable Banach space with respect to the Luxemburg

norm
px)
1 ll Loy = inf 12> 0 : f dr <1},
Q

Moreover, in this case the set Cgo () is dense in LPV) (§2). The relation between the modular
fQ | £(x)|P®) dx and the norm follows from the definition

J )
A

. P pt
min {112 0 1 12|
- +
< /Q |f )P dx < max{nfnfp(m), ||f||§,,(.>(g)].

If p(-) = const > 1 then these inequalities transform into equalities. The following estimates
are also well-known (see, for instance, [24, 46]): if f € L? (')(Q) then

£l @ < A+ 1RDYP 1 £l Lo @) (4.6)
+ ’
£ 1zrog) < A+ 12DV N Fll 0+ g 4.7)
JF
pH' =L —, vierr (@,
pt—1
- +
LA oy — 1 < fQ FEOPOdx <1 f11] 00 + 1 YFELPO®@.  43)

The next result can be viewed as an analogous of the Holder inequality in Lebesgue
spaces with variable exponents: If f € LP0)(Q) and g € L”/(')(Q) with

p(x)

P elp™, pT1Cd,+00), p'(¥)=——",
px)—1
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then fg € L'(Q) and

1 1
( ) ) dx 5 (_ + —) p(- /(-
/Q /.8 () ”f”L]()(Q)”gHLP()(Q)

= 2||f||LIJ('>(Q) ”g”Lp’(»)(Q)- 4.9)

Let p1(-) and p2(-) be measurable on €2 functions such that p; (x) € [p; , pi+] C (1, 400)
a.e.in Q.Incase p1(x) > p2(x) a.e.in €2, the inclusion L?! O(Q) c L2 (Q) is continuous
and

lull L r2ory < Cllutllpprorgys Yu € LPTO(R) (4.10)

with a constant C = C(|2|, pf, pzi).
The variable Sobolev space W17()(Q) is defined as the set of functions

whro)(Q) = {u e WH(Q) NLPOQ) : |Vux)|PW e L‘(Q)}
equipped with the norm

||u||wl-1>(~)(§z) = ||u||LI’(~)(Q) + ”VMHLP(‘)(Q;RN)' 4.11)

Unlike classical Sobolev spaces, smooth functions are not necessarily dense in W7 ().
Therefore, we define H!P) () as the closure of the set C°(2) in W70 (Q)-norm.
Let C'°¢(Q) be the set of functions continuous on € with the logarithmic modulus of
continuity, i.e.
Ip(x1) — p(x2)| < w(lx1 — x2)),

1
where w > 0 satisfies the condition: limsup,_, o+ @ (t)log — = C < 400, C = const. It
T

is well-known that for p € C'°8(Q) the set C*°(Q) is dense in W!-P()(Q) and the space
W1PO(Q) coincides with the closure of C°(£2) with respect to the norm (4.11), i.e. in this
case WhrO(Q) = HPO)(Q). In particular, if there exists § € (0, 1]such that p € C%3(Q),
then the set C*°(Q) is dense in WO (). Indeed, since

1
lim |7]? log(—) =0 with § € (0, 1],
t—0 |t|

it follows from the Holder continuity of p(-) that

Ip(x) — p(] < Clx — yI° <w(lx =y sup [|x — y°log(lx — y|™H]

x,yeQ

<Co(x -y, Vx,yeQ,

with w(t) = C/log(Jt|™1).
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Let p(-), g(-) € C(R) be such that p(x) € [p~, pT1 C (1,2] and ¢ (x) < 22_1’;8) in Q.
Then the embedding W7 (Q) ¢ L1 (Q) is continuous and compact. Moreover, accord-
ing to (4.10), we have a continuous embedding W70 (Q) ¢ Whr™ (Q).

For a more detailed presentation of the theory of these spaces, we refer to the mono-

graph [24].

4.1.3 On the Dual Sobolev Space H~1(Q)

Let HO1 (£2) be the standard Sobolev space, i.e. HOl (R2) is the closure of Cé (£2) with respect

to the norm ]

2
o = ( [ Wacor ax)

It is well-known that for any u* € H~'(2) there can be found a vector-function g = [g1, g2]
in L2($2; R?) such that

. v ou ou
(u ’”>H*1(SZ);H(}(Q): Q(g, g2 dx = . gla—xl-f-gzﬁ dx.

Therefore, it is clear now that

lu*ll =10 < \/f (87(0) + g3 (x)) dx. (4.12)

Q
On the other hand, due to the Lax-Milgram Theorem, the Dirichlet boundary value problem
—Ay=u*in Q, y=0 on 3%, (4.13)

has a unique solution y = (—A)lux e H& () for each u* € H~' (). Moreover, in view
of the energy equality

— 2 _ 2 Y
L (Vy, V)’)RZ dx = ||V)’||L2(Q;R2) - ”y”H(} Q) — (I/t s y>H—I(Q);H01(Q) ’ (414)

which holds true for the weak solution of Dirichlet problems (4.13), we can deduce the
following a priori estimate for the weak solution of Dirichlet problem (4.13)

IVl = 1Dl @) = IV w2 @m) < et a-1o)-

Combining this result with (4.12), we get
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IV(=8)" [ 2 qure) < 0¥l g-1(9) < \// (e1(x) + g3(x)) dx
Q

by (4.14)
9 | f V32, dx = 193]l 2z,
Q

= Iyl @y = IV =27 | 2 oim2)-
Hence, the norm in H ' (§2) can be defined as follows

””*”H*I(Q) = ||V(_A)_1”*”L2(Q;R2)~ (415)

4.1.4 Level Sets, Directional Gradients, and Texture Indexes

Let u : @ — R be a given function. Then for each A € R we can define the upper level set
of u as follows
Zyw)={u>A1:={xeQ : ulx)=>A1r}.

In order to describe this set, we assume that u € W!-1(Q). It was proven in [3] that if
u € WH(Q) then its upper level sets Z; (u) are sets of finite perimeter. So, the boundaries
of level sets can be described by a countable family of Jordan curves with finite length, i.e.,
by continuous maps from the circle into the plane R? without crossing points. As a result, at
almost all points of almost all level sets of u € W!-1(Q) we may define a unit normal vector
0(x). This vector field formally satisfies the following relations

(0,Vu) =|Vu| and |0] <1a.e.in Q.

In the sequel, we will refer to 8 as the vector field of unit normals to the topographic map
of a function u.

If & € L*(Q,R?) is a vector field of unit normals to the topographic map of some
function u(-), then for any function v € W 1(Q) we can define the so-called directional
gradient of v following the rule (see [8, 9])

R, Vv :=Vv—1*@6, V)6, (4.16)

where n € (0, 1) is a given threshold. Since, for each function v € wh1(Q), the expression
R, Vv can be reduced to (1 — nz)Vv in those places of 2 where Vv is collinear to the unit
normal 6, and to Vv if Vv is orthogonal to 8, we have the following estimate

(1—n?)|Vv| < |R,Vv| < |Vv| inQ.

In what follows, with each function u € Wl’l(Q), we associate the so-called texture
index p(|Vu|) using the rule (see [18, 20, 22] for comparison)
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a%(1—9)
p(s) =148+ ——=, Vsel0,+00), 4.17)
a“—+s

where 0 < § « 1 is a given threshold. It is clear now that
p(IVu)) e [p~,pT1C(1,2] a.e.inQwith p~ =1+ 8and pT =2

foreach u € WH-H(Q).

4.2 Statement of the Problem

In this section we present a novel variational problem for the denoising and contrast enhance-
ment of non-smooth RGB images which can be viewed as an improved version of the
variational model that has been recently proposed in [17].

Let f=[f1, o, f3]' € L>(Q;R3) be an original color image. Let 6 = 0(f;) =
[01, 621" € L®(2, R?) be a vector field of unit normals to the topographic map of the
spectral channel f;,

0(x)] <1 and (B(x), Vfi(x)) =|Vfi(x)| ae.in Q.
In fact, this vector field can be defined by the rule 8 (x) = \ggg’& with ¢ > 0 small enough,
where U (¢, x) is a solution of the following initial-boundary value problem

U _ g vy t€(0,4+00), x €Q (4.18)

- = av T~7 ) ) , X 5 .

ot VU] +«

U@, x) = filx), xeq, (4.19)

aU (¢,

% =0, 1e(0,+00), x € IR (4.20)
%

with a relaxed version of the 1D-Laplace operator in the principle part of (4.18). Here,
k > 0 1is a sufficiently small positive value.
Let n € (0,1) be a given threshold. We define the linear operator R;, : R? — R? as
follows
R,Vv :=Vv—1*(©,Vv)0, VveWw'l(Q. 4.21)

Since R, Vv reduces to (1 — nz)Vv in those regions where the gradient Vv is co-linear to
0, and to Vv, where Vv is orthogonal to 0, this operator does not enforce gradients in the
direction 6.

Remark 4.1 In the sequel, in order to reduce the number of parameters in the proposed
model, we will set § = k in (4.18) and (4.17), and n = 1 — « in (4.16).

We also introduce the following set
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vio <I1(x) <yi1 ae.ing,
Ei={1eH "N@NLYQ)|  yio=infreq fi(x),
Vil = SUPcq fi(x),
where p(-) is given by (4.17), and HPUVID(Q) is the variable Sobolev space that can be

defined as follows
1,p(IVI o 2
HPIVID(Q) = Sy p91n g Cor R (4.22)

Further, for a given gray-scale image I € L?(R2), we define its average local contrast
measure D(I) as follows (for comparison, we refer to [40])

D) = [ [ Weroyi 1100~ 1P dxay.
QJIQ

where k > 0 is the same parameter as in (4.18), and W € L%(2 x Q) is a symmetric non-
negative kernel such that

/ Wkx,y)dx =1, VyeQ.
Q

A typical example of this function is the Gaussian kernel,

1 ( |x —y|2> 0
exp[————1], o >0.
S 2ro P 202

As aresult, the proposed variational approach for the contrast enhancement and denoising
of color images can be stated as follows:

Wi(x,y) =

For each spectral channel f;, (i =1, 2, 3), of a given image f = [ f1, f2, £l e LZ(Q; R3),
we generate a new one fio € Lz(Q) as a solution of the following constrained minimization
problem

L = inf J;(v), (4.23)
ver;

where
(1)) — p(Vv) LTI
LM—LWWWH dx+ 5= il g

A
+ 5[0 - D], (4.24)

Here, A > 0 and p € (0, 1) are tuning parameters. The parameter A manages the trade-off
between the fidelity term & [lv — f; ”%1—1(9) and the contrast term % [D() — cD(f,~)]2. As

for the multiplier ¢ > 0, we always suppose that ¢ > 1 and it provides a control of the contrast
level expected for the result.

Before proceeding further, we provide some qualitative analysis of the variational problem
(4.23)—(4.24). To begin with, we notice that, for each feasible solution v € E, the following
two-sides estimate
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T=2>p(Vy) >14+8=:p, foraa xeQ 4.25)
holds true with 0 < § < 1. Moreover, since € (0, 1) and n > 0, we see that
(1- n2)|Vv| <|R,Vv| < |Vv| inQ, (4.26)

/ IRy V()P g z/(l ) PIVD 9y () POV g
Q Q

(1 —n?? / Vv ()| PV g, (4.27)
Q
Vv e whrivh (@),

As aresult, Vv € E;, we have

”V”Wl PAVV(Q) = (”V”Ln(\WD(Q) + ”vv”LP(\VL’\)(Q;RZ))p
P P~
<C (”V”quvw)(m + ||Vv||Lp(|VVD(Q~R2))
by (4 8)
(/ (o) |PIVYD gx +/ Vv () [PV gx +2)

<C (mw{‘ﬁl + /Q [V [PV dx +2)

by (4.27)
=<

c (IQlyfl +2+ W/ IR, VV(x)|P<'VV>dx)
1

Thus, the first term in the cost functional (4.24) can be considered as a regularizing term.
As for the second term in (4.24), we make use of the following observation.

Remark 4.2 The model (4.24) is aimed not only to the contrast enhancement, but also to
remove the additive noise in the so-called structured images, i.e. in images where the portion
of high oscillatory edges is rather significant. In mostly cases the satellite images with crop
fields typically contain many high oscillatory edges (boundaries of the crop locations).
Moreover, “the portion of noise” in such images can be different from channel to channel.
Because of this an important question is to separate pure noise from high oscillatory edges
in each spectral channel. To handle this problem, Y. Meyer [37] suggested to replace the
standard L2-fidelity term %llv — fi ||i2 @ which is a typical component in the standard
denoising models, by a weaker norm. As a plausible option of such weakening, Lieu and
Vese [36] (see also Schonlieb [43]) have proposed to involve H _I(Q)-norm instead of
I II22(q)- Thus, from this point of view it is plausible to interpret the second term in (4.24)
as a fidelity term.
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Before we move on to the existence issues, we make use of the following result concerning
the lower semicontinuity property of the modular |, ol f(O)IP @) dx with respect to the weak
convergence in L”¢()(€2). The proof of this assertion has been mainly inspired by the elegant
proof of Lemma 1 in [13] (see also [47, Lemma 13.3] for comparison).

Proposition 4.3 Let {p}reny C [p~, pT] be a given sequence such that
pr(x) = p(x) almost everywhere in Q2 as k — oo. 4.29)
Let {vk € Wl’f”"(')(Q)}keN be a sequence such that
Vye—=Vv  weakly in L'(S2; R?), (4.30)

HIVVk(-)I”k("‘ oy =€ 431)

for some positive constant C not depending on k,

and let Ry, : R2 — R2 pe the operator defined in (4.21) with some 6 € L*°(S2, R2). Then
Vv e LPO(Q; R?) and

lim inf / |R, Vvi (x)[PF) dx > f IR, Vv(x)|[P® dx. (4.32)
k—oco Jo Q

Proof By Young’s inequality we have for &, ¢ e R and 1 < p < oo,

P’ 11
<] —4+—=1. (4.33)

,6) = < &7 + e
€O S lCI <67+

If now ¢ is a function in L*°(£2; R?) and we make p = pk in (4.33) and use the assumption
p~ < pir(x) < pTforall k € N, then we derive

|§-|P1’<(X)
/ (Rank, ¢) — 7 dx 5/ |anvk|pk(x) dx. (4.34)
¢ P;Q(X)Pk(x)Pk(x)/Pk(X) o

Using (4.21) and assumptions (4.29) and (4.30), we can pass to the limitin (4.34) ask — oo.
As a result, we have

g |7
/g <anv’f)_p’(x)p(x)pf<x>/p<x> a

§liminf/ IR, Vv |P¥® dx .= L. (4.35)
Q

k—o00

Then we consider the following function:
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R, Vv =
I p()|R, V|7 ™", with |R,Vvl, := max {|R,Vv|,n}, n > 0.

¢= IR, V|

Inserting this function ¢ into (4.35), we get

L P p(x)
IR, Vv|p(X)|R, V| O™ — R, VY|P W "2 ) dx < L
n n n /
Q p'(x)
This implies
%'Fl
/ IR, Vv|7 ™ dx < L.
Q
Since ﬁ + 1 = p(x), it follows that
Vin x < L. .
IR, VP ™ dx < L (4.36)
Q

To conclude the proof, it remains to notice that the announced inequality (4.32) follows by
letting n — oo in (4.36). As for the inclusion Vv € L) (Q; R?) it is a direct consequence
of assumption (4.31) and estimate (4.26).

Before proceeding to the existence issues, in the next section we provide a formal analysis
of the optimality system for the problem (4.23)—(4.24).

4.3 Optimality Conditions

Let fio € 8;, withi = 1, 2, 3, be a point of local minimum in the problem (4.23)—(4.24),
i.e., there exists a positive value t > 0 such that

(D) =0 <0, VveE st v—fllyi, g <t 4.37)
For simplicity, we assume that the two-side inequality
via < () < via

holds true almost everywhere in €2. Then condition (4.37) can be rewritten as follows: for
any smooth function ¢ € C*® (), the inequality

Ji(ﬁo) — Ji(fio +0¢) <0 for osmall enough

holds true. Hence, the scalar function
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V() = Ji(f +op) = f IR, (V2(x) +0Ve(x)) PV 4o VoD 4
Q
A
+ 28+ o0 = fillig + 7 [PUL +00) = DT

has a minimum at 6 = 0.

Thus, to characterize the given feasible solution fio € E; to optimization problem (4.23)—
(4.24), we make use of the Ferma’s Theorem. To do so, we show that the objective functional
Ji (v) is Giteaux differentiable at v = fl.o, that is, there exists a linear bounded functional

/
Deli(f) e [H V@) = £(H V@), R)
such that

Ji (f0 +ah) = J; (£2) + o D6 Ji (fOIh] +ri(h, o),
Vhe H'"PVA(Q),

where |r;j(h,o)| = o(Jo]) as o — 0. Then the condition 0 € Argmin /(o) can be inter-
preted as
DGJi(f)lpl =0, Vg e C¥(Q).

Keeping in mind the fact that the set of feasible solutions E; to the problem (4.23)—
(4.24) has an empty topological interior, we begin with the following auxiliary results,
where F’(u)[h] stands for the directional derivative of a functional F : X — R at the point
u € X along a vector h € X, i.e.,

Fu+oh)— F(u)

o

F'(u)lh] = lim

Proposition 4.4 Let f € L*(Q2) be a given distribution and let
1
Fiw) = Jllu = [y Vit € L),

Then
Fi@)h] = (=) @ = f),h) oq)> Vh € LX)

Proof The announced result immediately follows from the definition of the directional
derivative and the following chain of transformations

by (4.15) 1 _
Fiu+oh) = Fi " =7 SIVE8) "t oh = )l 2gm

1
- 5||V<—A>—1(u — Hll2r)
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1
=0 (V(=A)"'u— f),V(=A)"'h) 2Enw—A)—‘hn2

@Ry TO LR

1
= —o‘/QdiV V(=)' - )] (—A)*‘hdx+o—25||h||§,_l(m
= A)(—A)"! INRRLY! 2L
=0 Q(— Y(=A)" (= fH(=A4) x+o EII [

=0 (=) U= f) 1) 2q) +0(0), Yue LX)

Proposition 4.5 Let p: Q — [p~, pt1 C (1, 2], with p* = const, be a given exponent
and let

Fu) = / IVu@)|P® dx, Yu e WhrO(Q).
Q
Then, for each u € WP (Q), we have

Fé(u)[h]:/ p(x) (|Vu(x)|p(x)_2Vu(x),Vv(x)) dx, (4.38)
Q

Vhe whrO(Q).

Proof Letu,h € WHPO(Q) be given functions. We notice that

|Vu + o Vh|P — |Vul|?
o

—p (|Vu|p72Vu, Vh)
as 0 — 0 almost everywhere in 2. Furthermore, by convexity,

E1P — [n1” < 2p (1177 + [n1P7Y) 1& — nl,

we have

‘l(lw(x) + o Vh(x)|P® — |W(x)|p(x>)‘

o

=2px) <|Vu(x) + o Vh(x)|PWD~1 4 |Vu(x)|”(x)_1) IVA(x)]

< const (|Vu() [P~ 4 VA PO VA, (4.39)

Taking into account that

fQ IVu@) PO~ Vv dx < 201Vu@) PO o VA o g)
< 20IVu@) P Lo @ IVR) oo @ r2)

and
by (4.8)
/Q|Vh(x)|p(X>dx < IIVh||ip(.)(QvR2)+1,
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we see that the right hand side of inequality (4.39) is an L' (2)-function. Therefore,

li

o—0 o o—0

:f () <|Vu(x)|p(")_2Vu(x),Vh(x)) dx
Q

Fr(u+oh) — Bw) IVu(x) + 0 VA(x)|? — |Vu(x)|?
m = hm/ dx
Q o

by the Lebesgue dominated convergence theorem. From this the representation (4.38) fol-
lows.

Proposition 4.6 Let p: Q — [p—, pt1 C (1, 2], with p* = const, be a given exponent
and let
Fy(u) = / IR, Vu(x)|”™ dx, Vue whrO (),
Q

where the linear operator R, : R? — R? is defined by the rule (4.21). Then, for each u €
WLPO(Q), we have

Fé(u)[h]:/gp(x) (|anM(x)|P<x)*2R,7w(x),Vh(x)) dx

= [ ) (1R Va7 2R, V), 0)) 6), Vh) d

Vhe WhPO(Q).  (4.40)

Proof The representation (4.40) immediately follows from definition of the directional
derivative and from Proposition 4.5.

Proposition 4.7 Let u € E; be a given feasible solution, let

a%(l —¢)

Vul =146+ —,
plVu] + +a2—|—|Vu|2

and let the functional F3 : WH143(Q) — R be defined as follows,
F3(u) = / IR, Vv() [PV dx, Yue W),
Q

where v € WhPIVUN(Q) is a given function. Then, for each element v € WV-PIV\(Q) and
forall h € WH1H8(Q), we have

2a°(1 = 8) log (IR, Vv(x)])
(a2 + 1Vup)’

Fj(w)[h] = —fQ|R,,vV(x)|PW“] x (Vu, Vh) dx. (4.41)
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Proof The representation (4.41) immediately follows from definition of the directional
derivative.

Proposition 4.8 Let u € E be a feasible solution, and let
A 2
Fa(u) = 1 [D(u) —cD(f)],

where f; € L>(R) is a given spectral channel, ¢ = const > 1, and

D(u)=/ f W(x,y)\//cz—f-|u(x)—u(y)|2dxdy.
QJQ

Then the directional derivative of Fy : L*(Q2) — R at the given point u along a vector
h € L*(R) takes the form

Fy(u)[h] = 1 (D) —cD(Iy))

u(x) —u(y)

x/ /W(x,y) dy | h(x)dx. (4.42)
2\ /o Je2 ) — u(n)P

Proof The representation (4.42) immediately follows from definition of the directional
derivative and the following chain of transformations

D(u+oh) — D(u)
=Ja o W, y)(\/x2 +[u@) = u(y) + o (hx) = k()P
2+ a0 — ()P ) dxdy

= Jo Jo Wer ) (14 = 1) + 0 (h) = hGDP = fux) = u)P)
X L d
ViU =1 () +0 () —h()) P/ K2+ () —u(y)

= W(x, y) + W(y, x)] -2 gy ) h(x)d
Ufg<f9[ (x, y) + W(y x)]m y ) h(x)dy

+o(c?).

xdy

We are now able to show that the objective functional J; (v) is Gateaux differentiable at
v = fio. With that in mind, we utilize the representation (4.24). As a result, we see that
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T (f)le) = fg AV 12D (IR, LIV R, £06), V() dx
i /Q AV 12D (IR, LIV R, £06),66)) (0, Vo)) dx
_/ R,V £00) [PV
Q

+2(D(f0) — eD(f)
2 = £20)

X/ /W(x,y)
Q Q \/KZ + |f10(x) _ fIO(y){Z

—|—/Q [(—A)fl(fio — ﬁ)](p(x) dx =0, Y¢eC®Q). (4.43)

24%(1 — 8)log (IR, V 2 (x)])
(@ +1V o))

(V£ Vo) dx

dy | ¢(x)dx

Thus, Ji/(fio) : C®(Q) — R is a linear functional.
Let us show that each term in (4.43) can be extended by continuity to the entire Sobolev
0 . - . .
space HPUV/iD (). To this end, it is enough to establish the existence of a constant M > 0
such that

[T = MG e ) Y9 € @, (4.44)

Indeed, rewriting (4.43) in the form
J(Olpl = S1+ S2+ S35+ Su + S5,
where the one-to-one correspondence to (4.43) is preserved, we see that

0y
il = Iplma [ (1R A2 R,V 2. V) dx
Q

by (4

9) 0,p(IV fO)-2 0
= 20 MRV PP RV LN 4990 ) 199 owion @y

1/(p)~
by (4.8) 0
+ 01p(IV £
< 2p (1+/;2|RnVﬁ [PV, dx) ||<p||Wl,p(Wfl_oD(Q),

where pT =2, (p)” =pt/(pT — 1) =2, and

on . by@8) ;
/ |RyV APV dx =< 14 v 17 v
Q LY R?)

<1+ < +00
fi whPIVIPD g
by the assumption fl.o € &;. Thus, there exists a constant M; > 0 such that

[S1] < M, ||§0||W1,p(\v_/'i0\)(m~ (4.45)
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Arguing in a similar manner, it can be shown that a constant M» > 0 exists such that
[S2] < M2||(P||W1.p<\wi0\)(m-
As for the third term in (4.43), we notice that

= < 400 as|Vf.0|—>oo
(@ +197R) @+ IVEP |

by the L’Hopital’s rule. Using similar arguments, we see that

o2 1og (IV£7]) |

IV £ < iIVf-Olzllog(IVfOI)l <400 as|Vf) =0
L@ pvpp)y et l o
1

Thus, we can deduce the existence a constant M» > 0 such that

|log (IR, V £01) |

52| < 2a*(1 - §)
(@ + 19 £P)°

IR,V 0

L>® ()
x / <|R,7Vfi0|p(|vfi0|)_2R,7Vin, V(p) dx
Q
= M3||§0|| W],,,(|v_fl()|)(9)- (446)
It remains to notice that in view of the obvious inclusions
2O =20
/ W(,y) L : =
2 S+ 1100 = 220

[ = o] e L,

dy € L*(Q),

the existence of constants M3 and M4 such that
|Sj| =< Mj ”§0”L2(Q) = Mj ||§0||W1_p(wfl.0\)(9)s j=45, (4.47)

immediately follows from (4.43) and the Cauchy inequality.

Utilizing the estimates (4.45), (4.46), and (4.47), we finally arrive at the inequality (4.44)
with M = max{Mi, M, M3, M4, Ms}. Thus, the mapping ¢ > Jl.’(fiﬂ)[(p] can be defined
for all ¢ € HPUV/'D(Q) using the density of C*(2) in H-PIV/'D(Q) (see (4.22)) and
the standard rule

DeJi(f)lg] = lim Do Ji(f)lgel.

where {gk}reny € C°(R?) and g — ¢ strongly in Hl'p(lvfiol)(Q). Hence, the objective
functional J; (v) is Gateaux differentiable at v = fl.o, and
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DaJi(fO1h] = J'(fO1h], ¥Yh e H-PIVID(q).

In order to get the final relations for optimality conditions, it remains to observe that
identity (4.43) implies the following equalities in the sense of distributions

— div [ p0)IR,V £21P V2R,V

']
+n2div[p(x) (|R,,Vfi0|1’(|vfi 2R,V f0. 6 ) ]

0
+2a2(1 —§)div |:|Rani0|p(|Vfi0|) log (|R Vf :|
(@ +IV 1)
0 _ £0
)\(D(fio)—cD(fi))/ W(x, y) fi) =i dy
@ et - o)
+u(=0)7N (= fi) =0, in Q, (4.48)
(VP29 £ 0) =0 on 92, (4.49)

where v denotes the unit outward normal to the boundary 9€2.

4.4  Existence Issues and Regularization of the Original
Optimization Problem

The main question we are going to discuss in this section is to find out whether the problem
(4.23)—(4.24) admits at least one solution. With that in mind, we make use of the so-called
indirect approach [16, 28] (for comparison, we refer to the recent publication [19]). The
main idea of this approach is to show that the original minimization problem (4.23)—(4.24)
can be efficiently approximated by a special family of optimization problems of a similar
structure but with the spatial regularization of the exponent p(|Vu|) in the form

a*(1 =)
a? + (VK x w)(x))*

pe(lVul) =145+ (4.50)

where (VK * u) stands for the Steklov smoothing operator.
Let K : R? — R be a positive compactly supported function such that

K € C°(R?), f K(x)dx =1, and K(x) = K(—x), Vx € R
R2
Forany & > 0, we set K, (x) = ¢ 2K (fg—‘) Then the following properties of the convolution

e () = (Ko % u)(x) =/ Ko — yu(y)dy, Yue LX),
Q
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are well-known [25]:

(i) u, € C®°(Q) forall e > 0;
(1) ug(x) — u(x) almost everywhere in €2;
(iii) Ifu € LP () with 1 < p < o0, then ug; — u in L? ().

We introduce the following family of approximating problems to the problem (4.23)—
(4.24):
Ji,g(fiog) = inf J;i.(v), i=123, (4.51)
’ ve Ei.s

where ¢ is a small parameter which varies within a strictly decreasing sequence of positive
numbers converging to 0,

A
Jie(v) = fg |Ry V() [P VD dx + % Iv = filfg10) + 5 [P0 = eDUDP,

I € H-2«(VID(Q) N L®(Q),
yio<I(x) <y ae.inQ,
Yi.0 = infyeq fi(x),

Yi,l = Sup,cq fi(x),

Bie={1(x) 4.52)

and p.(|Vv]) is defined in (4.50).
Before proceeding further, we make use of a few technical results.

Lemma 4.9 [17, Lemma 1] Let {vi}reny C L°°(2) be a sequence of measurable functions
such that vi(x) — v(x) weakly-* in L°°(2) for some v € L*®°(R2). Let

a1 —¢)
pk=14+686+ 5 3
a® + |(VKe # vi)(X)|° ) gen

be the corresponding sequence of exponents. Then
a%(1 = 9)

a2 + |[(VK, u)|?

a*(1 —9)

2 2
a’ + ||Ks||cl(m) SUPkeN ||Vk||L1(Q)

Dk —> Pe=1+06+ uniformly in Q as k — oo,

1+56+ < Pke(x) <2, VkeN,

where

IKelleramey = max 1K@+ VK.
xeQ,yeQ
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Lemma 4.10 [40, Proposition B.2] The mapping v +—> % [D(y) — cD(f,-)]2 is continuous
from L*(2) endowed with thee strong topology to R with pointwise convergence.

Proposition 4.11 []7] Let { Dk.e } ren be a sequence of exponents that satisfies all precon-
ditions of Lemma 4.9. If a bounded sequence

{fk e LPk,s(‘)(Q)}

keN

converges weakly in L'Y3(Q) to f, then f € LP<")(Q), fi— f in variable LP++") (Q).

We are now in a position to prove the existence of minimizers for the proposed approxi-
mating problem (4.51)-(4.52).

Theorem 4.12 Let Q be an open bounded and connected sub-domain of R* with a Lips-
chitz boundary. Let f; € L>(Q) be a given spectral channel of an image arguably contam-
inated by additive Gaussian noise with zero mean. Then, for each ¢ > 0, the minimization
problem (4.51)—(4.52) admits at least one solution fi(,)s in WLP™ () N L®(Q) such that

0
10, e BV (@),

Proof To begin with, let us notice that, for each ¢ > 0, the indicated minimization problem

is consistent, i.e. J; ¢(#) < 4oo for any u € E; .. Since 8; o # ¥ and 0 < J; .(v) < +o00

for all v € E; ,, it follows that there exists a non-negative value ¢, > 0 such that ¢, =
inf J; .(v). Let {v,i }keN be a minimizing sequence for (4.51)-(4.52), i.e.

VEL ¢
{Vibeen C Bie and klfgo Jie (V) = &e-

Without lost of generality, we can suppose that J; . (v,"i) < ¢ + 1 for all k£ € N. From this
and estimate (4.28), we deduce

Ce +1
||v]§||€v‘-ps(|wil) =C ('Qlyiz,l +24 =

(1—n%)?
Vil < vi1, Yk eN.

) , YkeN, (4.53)

Hence, in view of (4.6) and (4.25), the sequence {v,f }
there exist a subsequence of {v,‘i}

[ € WP (Q) such that

s 1 bounded in WLP™(Q). Therefore,
still denoted by the same index, and a vector function

keN’
Vi — ffs strongly in LY(2) forall g € [1, (p7)*) as k — oo, (4.54)

Vi S0 weakly-# in L¥(@)ask > o0, (455)
Vi £ weakly in WP (Q) as k — oo, (4.56)
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where, by Sobolev embedding theorem,

2p~ 2+25

= > 2.
2—p~ 1-346

(p)' =
In view of this and the smoothness of the kernel K., we see that the operator
L (R 3 Vv > p(IVv]) € C(Q)
is compact (see Lemma 4.9). So, (4.55)—(4.56) imply that

Pe(IVVED = pe(IV £, in C(Q).
Passing then to a subsequence if necessary, we have (see Propositions 4.3 and 4.11):
Vi) = f2(x) ae.in Q. (4.57)
viéfiﬁ)e weakly in variable L7 Vi) (@),
VviAVfi(’)g weakly in variable LP=UViD(Q: R?).
Hence, 0, € W'Y/l (@),

Further we notice that, for each k € N, y; 0 < v,i (x) < y;1 a.a. in Q. Then it follows
from (4.57) that the limit function ffa (x) is also subjected to the same restriction. Thus,

i?e € Wl’pg(lvﬁ'?fl)(ﬂ) N L*°(R) is a feasible solution to minimization problem (4.51)—
(4.52).
It remains to show that fi0£ is a minimizer of this problem. Indeed, taking into account
the properties (4.53), (4.56) and the fact that 0 € L°°(2, R?), we see that the sequence

{|R77VV/§ = VV]i - 772 (9’ VVli) 0| € LPE(WV}ED(Q; Rz)}keN

is bounded in variable space Ll’e('VVi')(sz; ]Rz) and weakly convergent to |R,V ]‘i(?sl in

LP™ (2; R?). Hence, by Proposition 4.3, the following lower semicontinuous property
lim 1nf/ IR, VvE ()P VYD gy > / IR,V £2, )PV
holds true. Combining this relation with the following ones
Jim (v g = 1~ Al
lim [D)) = D] = [D(fL) — D] .

which are direct consequence of Lemma 4.10 and compactness of the embedding L?($2) C
H~1(), we finally obtain
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ved; ¢

¢ = inf Jiﬁs(v)zkliﬁrgo Jie (V) =likrg'£f Jie (V)

e (|V f0 M 2
o N A V] P

A
+ 2 [P = eDUI] = die (1.

Thus, ffs is a minimizer to the problem (4.51)—(4.52).

Taking this existence result into account, we pass to the study of approximation properties
of the problems (4.51)—(4.52). Namely, the main question we are going to discuss further is
whether we can establish the convergence of minima of (4.51)—(4.52) to minima of (4.23)—
(4.24) as ¢ tends to zero. In other words, our aim is to show that some optimal solutions to
(4.23)—(4.24) can be approximated by the solutions of (4.51)—(4.52). To this end, we make
use of some results of the variational convergence of minimization problems [29-31, 33,
34] and begin with some auxiliaries (see also [14, 15, 32] for other aspects of this concept).

Lemma 4.13 Let {ex}ycn be a sequence of positive numbers converging to zero as k — 00.

Let

21—
{Vitren and {pk =146+ a( )
keN

@ + | (VK v’

be sequences such that

Vi € Big, YkeN,

vr(x) = v(x) a.e in Q,

vk — v strongly in L% (),
Vvi—Vv weakly in LP (; R?),

()
[vnorof | e
for some positive constant Cnot depending on k,
a*(1-9) .
pr(x) = px) =148+ m a.e.in Q.

Then

ve g and Ji(v) <liminf J; ;, (v¢), Vi=1,2,3.
k— 00

Proof The following relations
lim (v = fillg-1 0y = IV = fill3-
ko0 H-1(Q) H-1(Q)°

Jim D) - eD(f)1F = [D() — eD(fi))?

(4.58)
(4.59)
(4.60)
4.61)

4.62)

(4.63)

(4.64)

(4.65)

(4.66)
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are a direct consequence of Lemma 4.10, compactness of the embedding L3(Q) c H (),
and condition (4.60). We also notice that, in view of representation

RyVvi := Vg — > (0, Vi) 0, VkeN,

Proposition 4.3 and the initial assumptions (4.61)—(4.63) lead to the conclusion:
Vv e LPO(Q; R?), lim inf/ |Ry Vi (x)[PF) dx > / IR, Vv(x)|P™) dx.
k—oco Jo Q

As a result, combining the last inequality with (4.65)—(4.66), we arrive at the announced
relation (4.64),.

It remains to show that v is a feasible solution to the problem (4.23)—-(4.24),i.e.,v € E;.
To this end, we take into account the inclusion Vv € LP©) (2;; Rz) established above and
the fact that vy € E; ¢, for each k € N. Then it follows from (4.59) that y; o < v(x) < ¥ 1
almost everywhere in €2, and, therefore, v € E;.

Lemma 4.14 For each feasible solution v € E; to the original problem (4.23)—(4.24), there
can be found a sequence {v¢},_ ¢ such that

Ve € Bje, Ve €(0,e0) with &g > Osufficiently small, 4.67)
Ve(x) = v(x) a.e. in Qase — 0, (4.68)
Ve — Vv strongly in L2(Q), (4.69)
Vv, — Vv strongly in LP (S2: R?), (4.70)
[ivveoro] | <c 71
L'(Q)
for some positive constant C not depending on &,
PR S ) 4.72)
X) = — .
P a4+ (VK % ve)
(x) =146+ > - %) in Q
— p(x) = ————— ae. inf,
P a2 +|Vv|?
Ji(v) > limsup J; ¢ (ve). “4.73)
e—0

Proof Let v be an arbitrary feasible solution to the problem (4.23)—(4.24). We define the
sequence {vg},_,o as a smooth mollification of v with the kernel K,, i.e.,

ve(x) i= (K¢ ¥ v)(x) =/ Ke(x —ypv(y)dy, VxeQ.
Q

Then properties (4.68)—(4.70) are direct consequence of the Steklov smoothing procedure
(see (i)—(iii)). Moreover, in view of (4.68) and the fact that y; o < v(x) < y;,1 a.e. in 2, we
can suppose that the same restriction for v,
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Vio <ve(x) <y;1 ae.inQ (4.74)

holds true with ¢ > 0 small enough.

Since ve — v strongly in W7 (), we can suppose (without loss of generality) that
Vve(x) — Vv(x) almost everywhere in 2. As a result, this implies the pointwise conver-
gence (4.72). Hence,

IR, Vve(x)|[Pe®) — |R, Vv(x)[P™) ae.in Q.
From this and the fact that | R, Vv(x)|?™ € L'(£), we deduce:

IR, Vve|Pe®) — |R,Vv|P) strongly in L'(S). 4.75)

Thus, |[|R, Vve ()7, (@ = C for some positive constant C not depending on ¢. Hence,

in view of estimates (4.26), we get: Vv, € LPeO(Q:: R?) for & small enough. From this
and (4.74), the assertion (4.67) follows. Moreover, the following equality

lim f IR, Vve|Pe®) dx = / IR, Vv|P") dx (4.76)
g—0 Q Q

immediately follows from (4.75).
It remains to observe that

Jim v = il ) = v = fillf1q) 4.77)
Jim [D() —eD(f)F = D) = D), (4.78)

by Lemma 4.10 and compactness of the embedding L>(Q2) ¢ H~'(RQ). As a result, we
conclude from (4.76), (4.77), and (4.78) that, in fact, instead of the announced inequality
(4.73), we have J; (v) = limg_,¢ J; ¢ (v¢). The proof is complete.

We are now in a position to prove the main result of this section.

Theorem 4.15 Assume that original minimization problem (4.23)—(4.24) has a non-empty
set of minimizers. Let [fio‘,3 € E[,‘g] o be a sequence of solutions to the corresponding
i &

minimization problems (4.51)—(4.52). >Let

a*(1 —9)
pe =143+ 5

a2+ |(VKex £0)

e>0

be the sequence of associated exponents. Assume that the sequence {pg},- ¢ is compact with
respect to the pointwise convergence in 2. Then there exists an element fl.o € B such that,
up to a subsequence,
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J‘i(?g(x) — fio(x) a.e.in2ase — 0, 4.79)
£ — f strongly in L* (), (4.80)
V2,V weakly in LV (Q; R?), (4.81)
V%00 482
AT (4:82)
for some positive constant C not depending on ¢,
inf J;(v) = J; (f ) = 11m Ji, E(f o) = 11m inf J; o (ve). (4.83)
vel; e —0vel; ¢

Proof First, we observe that a given sequence of minimizers for approximating problems
(4.51)—(4.52) is compact with respect to the convergence (4.79)—(4.81). Indeed, for an arbi-
trary test function ¢ € Cfo(Rz), we have:

¢ e H'PO(Q), Ve>0.

Let’s assume that this function satisfies the pointwise constraints y; o < ¢(x) < ;.1 in Q.
Then, ¢ € &; ; for all ¢ > 0, and, therefore, we can suppose that

Ji s(f, ¢) = lnf Jz e(ve) < Jie(@) <supJie(p) <C <+o0 Ve >D0.

e>0
Hence,

sup/ IRy Vf2.()17*Vdx < C and Sup||fl€||L2(Q)< 120y 1. (4.84)

>0

Combining this issue with estimates (4.26), we see that { f € &j 8} is a bounded

>0
sequence in WLP™(Q). Hence, there exist a subsequence

{ffk S Ei’sk}keN of {fi(?g € Ei,sL o and a function fl.o e WP (Q) such that
>

ffk — fio strongly in L9(2) for all ¢ € [1, (p7)"),
£ = f° weakly in WP (Q) as k — oo, (4.85)

where, by Sobolev embedding theorem,

2p7 24126

— 245
1= T a=s °t

(p )=

From this, the conditions (4.79)—(4.81) follow, whereas (4.82) is a consequence of (4.26)
and the boundedness property (4.84).

Thus, we may suppose that for the subsequence [ fiok € Bg }k N all preconditions of
’ (S

Lemma 4.13 are fulfilled. Therefore, property (4.64) leads us to the conclusion that fl.o € g;
and
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liminf inf J; . (v) = hmmf Jier (i k) > J; (fO

k—o00 veE;, ex

> ing- Jiw) = Ji(f"), (4.86)

where fl* € E is a minimizer for (4.23)—(4.24).
Then Lemma 4.14 implies the existence of a sequence [ fl*g € Bie }£>0 such that fl*e —
fi¥ as & — 0 in the sense of relations (4.68)—(4.72), and
Ji(fF) = limsup J; o (f7,).

e—0

Utilizing this fact, we have

mf Jiw) = Ji(ff )>11msupl,s(f ¢) > limsup inf J; . (v)

e—0 e—>0 VEEie

> limsup inf J; g (v) =lim sup Ji g (f - “4.87)
k—

k—oo VEEig

From this and (4.86) we deduce that
liminf J; ¢, (£%) = limsup J; o, (f2)-
k—o0 k— 00
Hence, we can combine (4.86) and (4.87) to get

J,(f )= Ji(ff) = 1nf Ji(v) = l1m inf J; . (v). (4.88)
k—ooveE; ek
Using these relations and the fact that the problem (4.23)-(4.24) is solvable, we may
suppose that f* = fio. Since equality (4.88) holds for all subsequences of { fiog} . which
T le>
are convergent in the sense of relations (4.79)—(4.81), it follows that these limits coincide and,

therefore, fi0 is the limit of the whole sequence { fios} o Then, using the same argument
e
for the sequence of minimizers as we did it for the subsequence { fiogk } e N we finally
’ S
obtain

liminf inf J; (v) = hm 1nf Ji, E(f o) = Ji(fl-o) = inf J;(v)
VE &

e—>0 vegi,

> lim sup J; g(f ¢) = limsup inf J; .(v)

e—0 e—0 VEEis

= lim sup Ji,e(fi(,)s)

e—0

and this concludes the proof.

Remark 4.16 It is worth focusing on a few principal issues related to Theorem 4.15. The
first one is that, in practice, the assumption concerning solvability of the original optimization
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problem is not so restricted and, in principle, it can be omitted. Indeed, any digital color
image f = [f1, f>, f3] is originally defined on some grid G. So, each of its spectral channel

fi G can be associated with some real-valued matrix. Hence, we can always suppose that

the exponent p(|V fi]) ‘G is the restriction on the same grid of some Lipschitz-continuous

function p(-) : 2 — R. Then arguing as in the proof of Theorem 4.12, the solvability of the
problem (4.23)—(4.24) can be easily established.

The second point, that should be emphasized here, is the assumption about compactness
property of the sequence of associated exponents

a%(1—9)

pe =146+ 3

e ‘(VKS * f2)

e>0

with respect to the pointwise convergence in 2. Since this property is crucial in Theo-
rem 4.15, we propose to consider it as an easy realized in practice criterion for the verifica-

tion whether the approximating sequence { fio‘8 €t ,-,5} 0 leads to some optimal solution
’ &>

of the original problem.

4.5 Numerical Results

To illustrate the implementation of the proposed model (4.23)—(4.23) to the simultaneous
denoising and contrast enhancement of color images, we make use of the optimality con-
ditions in the form of (4.49). In other words, we have dropped the two-side constraints
¥i.0 < v(x) <y 1 from the sets E;, and instead we control the fulfilment of this two-side
constraint at each step of the numerical approximations (Figs.4.1 and 4.2).

Since, in practical implementations, it is reasonable to define the solution of the problem
(4.23)—(4.23) using a “gradient descent” strategy, we can start with some initial image
f=10f1, f f3l' € LZ(Q; R3) and pass to the following system of three initial-boundary
value problems for quasi-linear parabolic equations with Nuemann boundary conditions

0

af; . opy_
2L = div [ p)| Ry VA1V 2R,V

— 2 div [p(x) (anVfl.O|P(‘Vfio|)_2R,,Vfi0, 9) 9]
log (IR, £71) 0:|
Loe (IR V1) g
(@+ 1V £P)
200 - 2o
e+ 1100 = £

— 202(1 — (S) div |:|Ranl0|p(|Vf10|)

~ A (DU — eD(f)) /Q Wx, ) dy
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Fig.4.1 Original image (left) and its smoothed version without contrasting (u = 0) (right)

— (=N = fi)=0, in (0,T) xR, (4.89)
(|Vfi0|p(|Vfi0|)_2Viny U) =0 on (0,T) x 9%, (4.90)
20,9=£0), i=1,23 inQ. (4.91)

For numerical simulations, we set: § = « in (4.18) and (4.17), and n = 1 — k in (4.16),
k = 0.001, A = 0.1, and u = 2. As for the noise estimator a > 0in (4.17), we use the choice

of Bl

ack et al. [6], i.e.

1'4826MAD(Vf )
a=——- i),
ﬁ L

where MAD denotes the median absolute deviation of the corresponding spectral channel

fiof

original image f = [f1, f>, f3]' that can be computed as

MAD(V f;) = median H|Vf,-| — median (|V f;]) H
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Fig. 4.2 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): ¢ = 2 and window = 5, ¢ = 2 and window =7

and median (|V f;|) represents the median over the band f; to the gradient amplitude
(Fig.4.5).

To guarantee the stability of the proposed algorithm, we make use of the following
condition

1
2[—+x+u}m<1.
K

There are numerous approaches to solve quasi-linear partial differential equations (see
the references [4, 27] for various techniques). Since we are dealing with pixels in image
processing, finite differences approaches and an explicit scheme of the forward Euler method
are arguably the best options. The number of iterations for each spectral channel can be
defined experimentally. We used 10°-iterations. As for the size of the kernel W (x, y) used
for D, this size manages the scale of the contrast enhancement. In our experiments we used
it equals to 3, 5, 7, 15, albeit it can be related to the size of the input image.
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The most expensive computation is the one of D and VD embedded in the computation
of the right-hand side of the system (4.89). For acceleration of these computation, we can
refer to [40], where the efficient Bernstein polynomials approximation has been proposed.

As follows from the result of numerical simulations (see Fig.4.3, 4.4, 4.5, 4.6, 4.7, 4.8
and 4.9), parameters c, i, A, and the size of window for the kernel W (x, y) are crucial for the
contrast enhancement and these parameters have to be tuned in dependence on the desired
result. In particular, we observe that at a large scale (window) and low contrast level c, the
proposed model is able to produce an image with more details, but with the same lighting
sensation as the original one. In order to show how the choice of the parameters c, u, A,
and window affect the results of contrast enhancement, we supplied all images in Fig. 4.1,
4.2,43,4.4,45,4.6,4.7,4.8 and 4.9 by the histograms of their luma components which
represent the perceptual brightness of the color images I : & — R3. To this end we used
the following representation for the luma Y;(x) = aglg(x) + aglc(x) + aplp(x) with

agr =0.299, ac =0.587, ap =0.114.

1600 b 1600
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1200
1000
800
600
400
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B ° __

150 200 =0 150 200 250

Fig. 4.3 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): ¢ = 10 and window = 5, ¢ = 10 and window =7
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Fig. 4.4 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): original image, restored image with ¢ = 20 and window = 15

Here, I, I, and Iy stand for the intensities of a given image in R,G and B spectral channels,
respectively.
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Fig. 4.5 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): original and restored with ¢ = 10 and window =7
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Fig. 4.6 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): original image, restored image with ¢ = 10 and window = 5
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Fig.4.7 Influence of the contrast enhancement scale on the result (from the left to the right): original,
¢ =10 and window = 5, ¢ = 20 and window =5
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Fig. 4.8 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): original image, restored image with ¢ = 10 and window =5

In particular, as follows from the obtained histograms, the proposed variational model is
sufficiently sensitive to the choice of the weight coefficient ¢, whereas the size of window
for the kernel W (x, y) affects the contrast enhancement in rather mild manner (see Figs. 4.2
and 4.3).
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Fig. 4.9 Variants of contrast enhancement with the corresponding histograms (from the left to the
right): original image, restored image with ¢ = 10 and window =5

4.6 Conclusions

We introduced a variational model with nonstandard growth condition for the restoration
and contrast enhancement of multi-band images. We show that increasing the average local
contrast measure improves the perceived contrast of the image. We have obtained sufficient
conditions for the convergence of the minimization algorithm. The contrast scale and level in
our model are adjustable, so that the proposed approach can be considered as fully adaptive.
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Our enhancement method for color images works directly on the RGB images without any
pre- and/or post-processing. The automatic adaptation of the parameters to the content of
the considered image could be a future direction of research.
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Variational Approach to Simultaneous Fusion
and Denoising of the Color Images with Different
Spatial Resolution

Abstract

The main purpose of in this chapter is to describe a robust approach for the simultaneous
fusion and denoising of non-smooth multispectral images defined on grids with different
resolution using for that a special extremal problem with nonstandard growth of the
energy functional. In fact, we use the L!-norm of the noise in the minimization function
and a special form of anisotropic diffusion tensor for the regularization term. Following
this approach, we increase the noise robustness of the proposed model albeit it makes
such variational problem completely non-smooth, non-convex, and, hence, significantly
more difficult from a minimization point of view. The principle characteristic feature of
the proposed model is that we consider the energy functional with nonstandard growth
for each spectral channel separately. The second point that should be emphasized is the
fact that we do not predefine the variable exponents a priori using for that the original
noisy images, but instead we associate these characteristics with each feasible solution.

The synthesis of several source images of the same scene into a single image that would
contain much more visual information (see, for instance, [6, 8, 39]) is an important issue
appearing in various fields such as remote sensing, medical diagnosis, defect inspection, and
military surveillance. Since the observed source images are inevitably corrupted by noise,
they can be blurred, and arguably, are geometrically. A very promising approach to image
quality enhancement is to fuse several sources with different degradations together in order
to extract as much useful information as possible.

A significant part of the existing fusion methods (the so-called pixel-level methods) is
based on the estimation of the value for each point in the fused image through some feature
selection rule [27]. In particular, several methods have been developed such as spatial domain
fusion methods [38], transform domain fusion methods [34], variational methods based on
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fusing the gradient information [45], or their combinations [35]. In [30], the authors proposed
a new variational model by fusing the first- and second-order gradient information from the
source images. However, this approach has originally been aimed at the fusion of images
without visible noise corruptions.

Regarding the fusion methods of the noisy source images, apparently, [40] was one of the
first paper dedicated to this problem. The authors proposed a weighted variational method
based on the total variation (TV) regularization and with some regularization parameter in
the objective functional that trades off the fit to the noisy source images and the smoothness
from TV. So, the TV regularization term was added to the proposed model to reduce the
influence from the noise.

Another approach has been introduced in [33], where the authors considered fractional-
order derivatives as regularization in the variational model for image fusion and denoising.
Their goal is to obtain a fused image of high quality, preserving sharp edges while main-
taining smoothness in homogeneous regions, even when the source images are corrupted
by noise. To achieve this, the authors of [33] aim to match the fractional-order gradient of
the fused image with a target fractional-order gradient, using either L?-norm or L'-norm.
However, selecting the appropriate target fractional-order gradient is a challenging task, and
the practical implementation of this approach becomes complicated as a result.

Recent papers [18, 19, 32] also deserve mention, where the authors address the contrast
enhancement, multimodal image fusion, and denoising problem using different techniques,
such as a Retinex-based variational model, a Siamese convolutional neural network, and
quaternion-based dictionary learning with saturation-value Total Variation regularization.

In this chapter we consider a constrained minimization problem with a special objective
functional. The main feature of this functional is the fact that it contains a spatially variable
exponent characterizing the growth conditions of the objective functional and it can be seen
as a replacement for the 1-norm in TV regularization. The idea of using a spatially varying
exponent in a TV-like regularization method for image denoising dates back as early as 1997
[5] and put into practice in 2006 [9]. Both papers as well as some subsequent articles try to
tackle variants of the problem

J(u) = D) + xf |Vu(x) [PV gx — inf, (5.1
Q

where the exponent depends directly on the image, e.g.,
2

a
Vi) =14 —+
POV =14 o G, v ul?

Here, (G, * v) (x) determines the convolution of function v with the 2-dimensional Gaussian
filter kernel G,

2
x
—u) , X € Rz, o > 0 is a fixed parameter, (5.2)

Golx) = 70

el
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(VGs *u) (x) = / VGy(x —y)u(y)dy, VxeQ, 5.3)
R2

il is zero-extension of u outside 2, |£| stands for the Euclidean norm of £ € R? given by
the rule [§] = /(§,§),

It has been demonstrated that this model possesses some favorable properties, particu-
larly when edge preservation and effective noise suppression are primary goals in image
reconstruction.

Furthermore, this model has been introduces specifically to address the issue of staircasing
[36], which refers to the regularizer’s inclination towards piecewise constant functions.
The appearance of the staircasing effect is a notable drawback of the classical TV model.
However, the non-convex model (5.1) did not gain significant attention for a long period due
to its high numerical complexity and the absence of a rigorous mathematical substantiation
of its consistency. Only partial solutions to this problem have been derived for a smoothed
version of the integrand, using a weak notion of solution (see, for instance, [41]).

A recently developed alternative variant is the TV-like method [26], which computes
the variable exponent p in an offline step and keeps it as a fixed parameter in the final
optimization problem This approach allows the exponent to vary based on spatial location,
enabling users to locally select whether to preserve edges or smooth intensity variations.
However, there are only two natural types of imaging problems where this approach can be
applied:

e single-channel imaging where first the exponent is computed from the given data and
then is applied as prior in the subsequent minimization problem;

e dual-channel imaging where the secondary channel provides the exponent map that is
used for regularization of the primary channel.

Thus, this circumstance imposes significant limitations from practical point of view, espe-
cially in the case of multi-spectral satellite noisy images, where different channels can differ
drastically (for instance, red and infrared channels).

The main purpose of this chapter is to describe a robust approach for the simultaneous
fusion and denoising of non-smooth multispectral images defined on grids with different
resolution using for that the energy functional with nonstandard growth. In fact, we use the
L'-norm of the noise in the minimization function and a special form of anisotropic diffusion
tensor for the regularization term. By following this approach, we aim to increase the noise
robustness of the proposed model albeit it makes such variational problem completely non-
smooth, non-convex, and, hence, significantly more difficult from a minimization point of
view. The key results of this chapter has been obtained in cooperation with C. D’ Apice, R.
Manzo, and C. Pipino (see [15]).

The principle characteristic feature of the proposed model is that we consider the energy
functional with nonstandard growth for each spectral channel separately. Moreover, the edge
information for fusion of two images with different resolution is mainly accumulated in the
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variable exponents pi(x), p2(x), ..., pm(x). The second point that should be emphasized
is the fact that we do not predefine the variable exponents p;(x) a priori using for that
the original noisy images, but instead we associate these characteristics with each feasible
solution.

5.1 Preliminaries

Let Q C R? be a bounded connected open set with a sufficiently smooth boundary 92 and
nonzero Lebesgue measure. In majority cases €2 can be interpreted as a rectangle domain.

Let Gy and G, be two sample grids on Q suchthat Gy = Gy NQand Gy = Gy N Q,
where

Gy — {(xi,yj)‘ X1 =Xy, Xi = X1 +AH,X(i.— 1), i.: 1,..., Ny, }
Yi=YH, Yi=1+tAgy(G—1, j=1,..., Ny,

G, - {(Xi’yj)‘ X1 = XL, Xj = X] +AL,x(i’— 1), i.= 1,..., M,, },
yi=yL, yj=n+AL,G—1, j=1,....,M,,

with some fixed points (xy, yy) and (xz, yr). Hereinafter, it is assumed that N, >> M,
and Ny >> M,.

Let S:Gyg —> R" and M : G — R™, m > 1, be a couple of multispectral images,
containing the same scene albeit they are defined on grids with different resolution. The
principle point is that the image with low resolution M : G, — R™ contains some extra
objects which are invisible or absent in the image S : Gy — R™. It is assumed that:

(i) Eachofthe givenimages S : Gy — R and M : G — R can be corrupted by some
additive Gaussian noise with zero mean.

(i) All spectral channels of the image M = [M1, M>, ..., M,,] have similar spectral char-
acteristics to the corresponding channels of the image S = [S1, S2, ..., Su], respec-
tively;

(iii) The images M : Gy — R™ and S : Gy — R™ are rigidly co-registered. This means
that the image M, after arguably some affine transformation and the image S after the
resampling to the grid with low resolution G, could be successfully matched with the
exception of the zone where there are new objects.

In practice, the co-registration procedure is usually applied not to the original images
directly, but rather to their spectral energies Yy : G, — Rand Yg : Gy — R, where
the last ones should be previously resampled to the grid of the low resolution G . Here,

Yu) :=a1Mi(2) + aaMa(2) + - -+ oMy (z), Yz=(x,y) € Gy,
Ys(z) i=a1851(z) + a282(2) + - + oS (z), Yz=(x,y) € Gpg

with appropriate weight coefficients o;, i = 1, ..., m.
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Our main purpose is to present a robust approach for the simultaneous denoising and
fusion of non-smooth multi-spectral images defined on grids with different resolution. With
that in mind, we use a special form of anisotropic diffusion tensor for the regularization
term and the L'-norms for the fidelity terms. Namely, we deal with the following family of
optimization problems:

Ji(v) :/|W(x)|3<v@>) dx+k/|Vv(x) — VS;i(x)|dx
Q Q
+M/ [Tsv(x) — Si(x)|dx
Q

1 —
+ TMTM (I(Go % v) () = M;()]?) —> inf, (5.4)

subject to the constraints
ve WHMON(Q), 1<y 0=<v(x) <y aeing, (5.5)

wherei = 1,...,m,S; € LY(Q)and M; € LY(Q) are a particular spectral channel of the ori
ginal noisy images S = [S1, S2, ..., Spl’ € LY(Q; R™) and M = [M{, M, ... , M, ]" €
LY(Q; R™), respectively, A > 0 and u € (0, 1) are the tuning parameters, W30 (Q)
stands for the so-called Sobolev-Orlicz space associated with a feasible solution v, Ts €
L(LY(R)) and Ty, € L(L'(L2), R) are bounded linear operators with unbounded inverse,

SOv@) =14+g((VGs *v) (X))  in €,

and g : [0, c0) — (0, 00) is a continuous monotone decreasing function such that g(0) = 1
and g(¢) > Oforallt > 0 witht ligl g@®) =0.
— 400

In particular, if we set p(x) := 1 + g (|(VG4 *v) (x)]), where the edge-stopping func-
tion g(s) is taken in the form of the Cauchy law

g(®)

1
= ———— with an appropriate a > 0,
1+ (1/a)? ppropuiate @
itimplies that p(x) ~ 1in places in 2 where edges or discontinuities are present in the image
v(x), and p(x) =~ 2 in places where v(x) is smooth or contains homogeneous features.
We define the parameters y; o, ¥i.1, and the operator Tys € L(LYQ), R), as follows:

vio= min S;(x,y), y1= max Six,y), Tuy= E Sy, (5.6)
x, )Gy x, )Gy
(xi,y;)€SL

where 8y, y;) is the Dirac’s delta at the point (x;, y;) of the sample grid G .

It is worth to emphasize that, in contrast to the quadratic data-fitting term in the well-
known model, introduced by Rudin et al. [37], we take the fidelity terms in L'-norm just
in order to increase the noise robustness of the model (5.4) albeit it makes such variational
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problem completely non-smooth and, hence, significantly more difficult from a minimization
point of view.

Thus, the problem of simultaneous fusion and denoising of multi-spectral images
with different spatial resolution consists in generation of a new multi-spectral image

=[nn .. In(z]t : Gy — R™, which would be well defined on the entire grid G,
such that
Ji(I)) = inf Ji(v), Vi=1,...,m, (5.7)
veg;
where
= = {u e WISOO(Q) 1 1 <y0<ux) <y aein sz} (5.8)

stands for the set of feasible solutions to the minimization problem (5.4).

So, the main characteristic feature of the model (5.4) is the energy functional with non-
standard growth where the main information for the simultaneous fusion and denoising of
images S and M is accumulated in the variable exponents [§(vi(x)), ..., §(vm(x))]. How-
ever, in contrast to [1, 9, 10, 29], we do not predefine the variable exponents p(x) a priori
using for that the original noisy images S or/and M, but instead we associate this charac-
teristic with each feasible solution. As a result, we admit that each feasible solution to this
problem lives in the corresponding “individual” functional space. Formally it means that we

look for the true image 1° = [I?, 19, ", 1,2][ such that
10 WSO Q) x WISEO(Q) x ... x WHEUnO) ().

As follows from the definition of Sobolev-Orlicz space Wl’g(lio('))(Q), its regular-
ity is completely determined by the exponent 3(1,.0(-)) which depends on i-th spectral
channel of the true image /° and, hence, is unknown a priori. Moreover, the exponents
{8’([?(0), 8(1§(~)), e 8(1,?1(0)} may significantly differ from channel to channel. In
particular, some pixels, which are the local minimum points in the red channel, become
local maximum points in near-infrared channel and wise versa. Moreover, the different
feasible solutions v # u to the above problem live in different functional spaces: we have
v e WHS0O)(Q) whereas u € WHSHO)(Q). As a consequence, any minimizing sequence
to this problem is, in fact, a sequence living in the scale of variable spaces. As a result, the
notions such as convergence concept, compactness, density and others should be specified
for the case of variable Sobolev-Orlicz spaces.

Thus, in spite of the fact that in the literature there are many approaches to the study
of variational problems in abstract functional spaces, the above mentioned circumstances
make the problem (5.4) rather challenging (see [7, 9, 10, 12, 13, 21] for recent studies in
this field).
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5.2 Existence Result

Our main intention in this section is to show that constrained minimization problem (5.4)—
(5.5) is consistent and admits at least one solution. Because of the specific form of the energy
functional J; (v), the structure and main topological properties of the set of feasible solution
to minimization problem (5.4)—(5.5) are challenging issues. So, the study of these issues is
the main subject of this section (we can refer to [5, 7, 9, 14, 16] for some specific details
that can appear in this case).

We begin with the following key assumptions:

(A1) The true intensities Il.O of all spectral channels for the retrieved image 10 =
[1),.... I,%]t are subjected to the constraints y;,0 < I'(x) < y;,1 a.e. in Q, where
the thresholds y; o and y; 1 are defined in (5.6).

(A2) There exist a couple of vector value functions S € W1(€; R™) and M € C(Q; R™)
such that the grids G g and G, are the sets of Lebesgue point of § and M, respectively,
and

Slg, =S, Ml =M. (5.9)

Remark 5.1 Let us mention that in the case of digital images, the only accessible informa-
tion is a sampled and quantized versionof / :  — R™,i.e., I (x;, y;), where {(x;, y;) € @}
is a set of discrete points and for each spectral channel k = 1, ..., m, Ix(x;, y;) belongs in
fact to a discrete set of values, 0, 1, ..., 255 in the mostly cases. Due to the Shannon’s the-
ory, it is plausible to assume that I is recoverable at any point (x, y) € €2 from the samples
Ii(x;, yj). So, in view of assumption (A2), we may assume that the images S and M are
known in a continuous domain €2 and, therefore, the objective functional (5.4) should be
interpreted as follows

Ji(v) = f V() SO gy + A/ IVv(x) — VS (x)| dx
Q Q
~ 1— % ~ 5
+u f [Tsv(x) = S;(x)|dx + TTM (1(Go xv) () = M; ().
Q
However, in practice, such reconstruction is not a trivial problem.

We say that a function 19 = [110, el I,(,)l]t : @ — R™ is the result of simultaneous fusion
and denoising of the noise contaminated images S : Gy — R” and M : G — R™ if for
given regularization parameters A > 0, p € (0, 1), and a given linear blur operator Ts €
L(L'()), each spectral component Il.0 is the solution of the corresponding constrained
minimization problem (5.7)—(5.8), i.e., foreachi =1, ..., m,

1’ €& and J;(I)) = inf J; ().
ver;
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Hereinafter, we associate with each spectral channel v; of an arbitrary image v =
Vi, V2, ..., ] : @ — R™ the so-called texture index p; : 2 — R following the rule

pix) =Fix) =14+g((VGs*vi)(x)]), Vx e, Vi=1,...,m, (5.10)

where g:[0, co) — (0, co) is the edge-stopping function that we take in the form of the
Cauchy law g(¢) = m

As follows from representation (5.10) and smoothness of the Gaussian filter kernel G,
we have the following estimates

(VGo *v) (0)] < fQIVGa(x —»Ilv(yldy

< Gl cr@ey IVl < IGollcr g Qv Ve,

2
a
vx) =1+
S (x)) a2 + (|(VGgy % v) (x)])2
a2
+— 2 2 Z 4o, Vre
az +1Gollcr =g, V71 q)
Fv(x)) <2 inQ,
where
o a2 <1 (5.11)
=— 2 2 2 ' '
a“ + ||Go||C1(M)|Q| 11;11515Xm Vii

-1

e
1Goleiagy = max [1Go @)1 +1VG @] 3
xeQ,yeQ

1
[1 + —diam sz] . (5.12)
o

Hence,
a<Fvx) <B inQ,wherex :=14+4§ and B :=2.

The following results play a crucial role in the sequel (for the proof, we refer to [14]).

Lemma 5.2 Let {vi};eny C L(R2) be a sequence of measurable non-negative functions
such that ;.0 < vi(x) < yi1 a.e. in Q and vi(x) — v(x) weakly-x in L*(2) for some
v € L*(Q), and each element of this sequence is extended by zero outside of Q. Let
{Pk =14+ g ((VGs x Vi) ) }ren be the corresponding sequence of texture indices. Then

pr() = p() = 1+ g((VGs xv) (-)]) uniformly inQask — oo,
a=14+8<prx)<B:=2, VxeQ, VkeN. (5.13)
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Proposition 5.3 Let {pr = 14 g ([(VGs * vi)|)}ren be a sequence of texture indices such
that
k()= p() =1+ g((VGg *v) ()|) uniformly in Q as k — oo

and conditions (5.13) hold true. If a bounded sequence { fr € L”k(')(Q)} keN converges
weakly in L't3(Q) to f, then f € LPO(Q), fi— f in variable LPx")(Q), and

liminfflfk(x)|pk(x) dx > / | £ () P™) dx. (5.14)
k—oo Jo Q

Following, in some technical aspects,recent studies [ 12—14, 21], we can give the following
existence result.

Theorem 5.4 For each i =1,...,m and given n € (0,1), A >0, S € LI(Q; R™), M :
Gr — R™ and Ts € L(L'(RQ)), the minimization problem (5.7)—(5.8) admits at least one
solution Il.o € &i.

Proof Since E; 2@ and 0 < J;(v) < 4ooforall v € E;, it follows that there exists a non-
negative value { > O such that ¢ = inf J; (v). Let {vg};cy C E; be a minimizing sequence

ver;
to the problem (5.7)—(5.8), i.e.
vk € Bi, VkeN, and 1lim J; () =¢.
k— 00

So, without loss of generality, we can suppose that J; (vy) < ¢ + 1 forall k € N.
Utilizing the fact that vy € E;, Yk € N and, therefore, v (x) < y1; for almost all x € €,
we see that
Ivillzi) < »,ilS2l, Yk eN.

Then setting pr(x) =1+ g (|(VGs *xvi) (x)]) in Q2 and arguing as in the proof of
Lemma 5.2, it can be shown that p; € C%1(Q) and

a:=14+8<pr(x) <B:=2, VxeQ, Vkel, (5.15)
where § is defined by the rule (5.11). From this, we deduce that
/ e ()% dx < / yiidx <yl YkeN,
Q Q ’
f V()| dx < +1, VkeN, (5.16)
Q

witha = 1 4.
Taking this fact into account, we infer from (5.16), (5.15), and (5.5) that

1/a
ellwroggy = ( /Q [ o + 9] dx)
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1/a
< (+]@)'/ (/ [ o1 4 [V (@)1 dx + 2)
Q

by (5.16) 1/
< aA+@pe i+ +3) "

uniformly with respect to k € N. Therefore, there exist a subsequence of {vi}ien, still
denoted by the same index, and a function Il.0 e WH¥(Q) such that

Vi —> Iio strongly in L4(2) for all g € [1,a™),
v — I? weakly in W' (Q) as k — oo, (5.17)

where, by Sobolev embedding theorem, o™ = 22_—"‘a = % > 2+ 6.

Moreover, passing to a subsequence if necessary, we have (see Proposition 5.3 and
Lemma 5.2):

vk(x) = I(x) a.e.in Q (5.18)
ve—I? weakly in LPEO(Q),
Vv—VI? weakly in Lt (Q; RV),
pr(-) — p?(-) =14g (| (VGU * Iio) (-)|) uniformly inQas k — oo,

where 10 € W1"0(Q).

Since yp,; < vk(x) < y1,; a.a. in Q for all k € N, it follows from (5.18) that the limit
function I,.O is also subjected to the same restriction. Thus, Il.o is a feasible solution to
minimization problem (5.7)—(5.8).

Let us show that Il.0 is a minimizer of this problem. With that in mind we note that due to
the obvious inequality

ITs k() = S; O] < (sl e vii + 1S (01)

we have: the sequence {Ts (v (x)) — S; (x)}, oy is bounded in L'(Q), equi-integrable in £,
and because of (5.18), it strongly converges in L' (Q) to T (I°) — S;. Hence,

likminf/ | Ts (i (x)) — S (x)| dx =/ |Ts (12(x)) — $; (x)| dx. (5.19)

In view of the piecewise convergence (5.18), we have a similar relation for the last term
in (5.4)

lim inf Ty (|(Go #vi) () = M; ) = Tur (I(Go # 1) () = Mi )).

It remains to notice that due to the properties (5.16), (5.17), the sequence
{IVvk] € LPEO(Q)}, _ is bounded and weakly convergent to |VI?| in L*(). Hence, by
Proposition 5.3, the following lower semicontinuous properties
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lim inf / [V () |PF9) dy > f |v1,.0(x)|1’?<x) dx, (5.20)
k—oo Jo Q
liminf/ [Vve(x) — VS (x)| dx > / IVI2(x) — VS; (x)| dx (5.21)
k—oo Jo Q

hold true.
As aresult, utilizing relations (5.19)—(5.21), we finally obtain
¢ = inf J;(v) = lim J; () = liminf J; (w) > Ji(I0).
k— 00 k— 00

veo;

Thus, I l.o is a minimizer to the problem (5.7)—(5.8), whereas its uniqueness remains an
open question.

5.3 On Relaxation of the Minimization Problem (5.7)-(5.8)

It is clear that because of the specific choice of the exponent
SOv@) =14+¢g((VGs *v) (x)]) in €2,

constrained minimization problem (5.7)—(5.8) is not trivial in its practical implementation.
Moreover, in this case the objective functional J; (v) is not convex. Even if we represent the
minimization problem (5.7)—(5.8) in the form

Find (10, p) € A; suchthat F; (17, p}) = n}fA F; (v, p), (5.22)
V,p)EN;

where
Fi(v, p) = fg IVv() [P dx + 2 /Q IVv(x) — V5(x)| dx
-HL/QITsv(x) — S (x)|dx
+ l_T”TM (IGo xv) () = M; ()I), (5.23)
A ={w, p) e WHO(@) x @) |

1 <y < < Vv Q
<70 =ux) <y, ae.in } (5.24)

p(x) =1+g((VGo *u) (x)]) inL

the main difficulty in its study comes from the state constraints

p(x)=14+g((VGs *v) (x)])
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with the non-convex right-hand side. This motivates us to pass to some relaxation scheme
of variational problem (5.22)—(5.24). It will be shown in the sequel that using this approach,
the non-convexity can be negligible in practice and that reliable solutions can be computed
using a variety of different optimization algorithms.

As the main step of this procedure we propose to consider the function p(-) := F(v(-))
as a fictitious control subjected to some special constraints and interpret the fulfillment of
equality §(v(x)) = 1+ g (|(VGs *v) (x)|) with some accuracy in 2. To do so, we notice
that if v € E; is a feasible solution to the problem (5.7)—(5.8) then §(v(-)) is subjected to
the two-side inequality (5.15) with § € (0, 1) given by (5.11). Keeping this in mind and
following in some aspects the standard penalty method [42, Chapter 2] (see also [22-25,
28]), we consider the following family of approximating problems:

Minimize J; ¢ (v, p) = / [Vv(x)|P™ dx + Af |Vv(x) — VS (x)| dx
Q Q
~ 1 — ~
+ ML|TSV(X) = Si(x)|dx + TMTM (1(Go %) () — Mi(')|2)
1
+ . /Q|P(x) — 1= g(I(VGo *v) (x))]*dx (5.25)

subject to the constraints (v, p) € &; , where

ve W (Q), p e B, Jiev,p) < oo,
Bie= ’ 5.26
b {(V’ & 0<yo=<vix)<yaeinQ, (5-26)
|h(x) —h(y)| < Clx —y|, YVx,y € Q,
= Q - 2
Sad {hec( )‘ l<a<h()<BinQ. (3.27)
Here,a« =1+6,8 > Ois given by (5.11), 8 = 2, and
2Goll 1 g Vi 1921CG
€= 2@ (5.28)

a2

with a positive constant Cg coming from the inequality
[ 196o =2 = V6o s = ldz < Calx =51, Vxyee.
Q

To justify the choice (5.28) for the constant C, we make use of the following observation.
If we assume for a moment that p(x) =1 4+ g (|(VG4 *v)|) for some v € E;, then the
following chain of estimates holds true

[(VGo %) (X)]* = [(VGy % v) (W)
(@ + [(VGy % v) (0)2) (a2 + [(VGqy % v) (1))
- 20Gollcr @@=y IVliLi@)

= a2

Ip(x) — p(y)| < a*

I((VGo *v) ()] = [(VGg * V) (y)l’
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_ 2Gsllcr =gy 11

a2 L|VGG(X_Z)_VGU(y_Z)|dZ7

Vx,yeQ withy; = |vlize@) < ¥i1-

Then taking into account the smoothness of the function VG (), we deduce: there exists a
positive constant Cg > 0 independent of k such that

2||Gg||cl<m>yﬁ,-|sz|cgl
2

[p(x) — pWI < x—yl, Vx,y e Q.

a

Hereinafter, we assume that the parameter ¢ varies within a strictly decreasing sequence
of positive real numbers which converges to 0. So, when we write ¢ > 0, we consider only
the elements of this sequence.

Definition 5.5 We say that a pair (v, p) is quasi-feasible to minimization problem (5.22)—
(5.24) if (v, p) € E;, for some ¢ > 0 small enough. We also say that (u?’s, pgg) €

WhPEO(Q) x €%1(Q) is a quasi-optimal solution to the problem (5.22)~(5.24) if

0 0 o) 0 0 .
U s i) € Bip and Ji o (u; ., p; ) = inf  Ji (v, p).
(v,P)EE; ¢

Remark 5.6 Itis clear that condition p € &,y together with the fact that S, is a compact
subset in C(2) implies: every cluster point of a sequence {pi ey C Saq With respect to
the uniform topology is a regular exponent, i.e. it is an exponent satisfying the log-Holder
continuity condition [44]. In this case the set C‘O>o (R?) is dense in W20 () [11] and this
fact plays a crucial role in the study of minimization problem (5.25).

The principle point in the statement of approximated problem (5.25) is the fact that we
pass from the state constrained optimization problem (5.22) with the variable exponent
p(x) = §(v(x)) strongly depending on the function of interest v to its approximation where
we eliminate the equality constraint p(x) = §(v(x)) for the state v(x) and the exponent
p(x) and allow such pairs run freely in their respective sets of feasibility.

We begin with the following existence result.

Theorem 5.7 Foreachi = 1,..., M, every positive value ¢ > 0, and given t > 0, A > 0,
Si, M; € LY (Q), and Ts € L(L'(RQ)), the minimization problem (5.25) has at least one
solution.

Proof Since the set E; . is nonempty, we can assert the existence of a minimizing sequence
{(uk, pi)lreny C Eie. Then arguing as in the proof of Theorem 5.4, we deduce the bound-
edness of the sequence {uy}; <y in wL-Pc()(Q) and, hence, the existence of a subsequence,
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still denoted in the same way, such that uk—\ug in W () and in variable W17+ (Q). As
for the sequence { px};cn, We see that

—h(M|I<Clx—yl, Vx,y,€Q, }

_ 0.1 A (x)
{pk(~)}c6—{heC (9)‘ | ca<h()<ping.

and max  g|pr(x)| < B. Since each element of the sequence { pi }; <y has the same modulus
of continuity, it follows that this sequence is uniformly bounded and equi-continuous. Hence,
by Arzela—Ascoli Theorem the sequence {py };cy is relatively compact with respect to the
norm topology of C(£2). Since the set & is closed with respect to the uniform convergence,
it follows that

pr() — pg(-) uniformly in @ as k — oo and, therefore, pg € Gu4.

Thus, we can suppose that for a given minimizing sequence there exists a subsequence of
{(ur, pr)}ren in WO (Q) x €%1(Q), still denoted in the same way, and a pair (ug, pg)
such that py — p? in C(Q), ux—u? in W*(Q) and in variable W!-P)(Q). Then, by
the Sobolev embedding theorem, we deduce that u; — ug strongly in L4(2) for all ¢ €
[1, %), and, therefore, we can suppose that uy(x) — ug(x) almost everywhere in €2 as
k — 00. As a result, we have

Y. <ud(x) < yi; and  « < pl(x) < Baaing,
lim / | Ts(ue(x)) — S;(x0)|dx = f T @2(x)) — S (x)] dx,
k—o00 Q N Q _
Jim Ty (IGo % w) () = MiO)P) = T (1(Go *ug) () = Mi()P)

y

by (5.14)
timint [ (Vo @ ax " 2 [ 9ot an.
k—oo Jo Q

Thus, (12, p?) € E; ;. It remains to notice that
Pk = 1= g (I(VGo %) D [ = [p — 1= ¢ (| (VGo +u?) )]) |*

in C(R), and the Lebesgue dominated convergence theorem implies

lim /Q o= 1= g (VG %) )] | dx

k— 00
= [1r = 1= (1 (76, ) ][ ax.
Utilizing the above mentioned properties, we finally obtain

Jie (g, pe) < liminf JioCue p) = inf Jio (v, p)-

Thus, (ug, pg) € &; ¢ is an optimal pair to the problem (5.25).
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Taking this existence result into account, we pass to the study of approximation properties
of the problems (5.25). Namely, we establish the convergence of minima of (5.25) to minima
of (5.22)—(5.24) as ¢ tends to zero. In other words, we show that some optimal solutions to
(5.22)—(5.24) can be approximated by the quasi-optimal solutions of this problem.

Theorem 5.8 Let {(ug, pg) € B¢ }£>0 be a sequence of minimizers to the problem (5.25).
Then there exists a subsequence of {(ug, pg)} still denoted by the same index ¢, such

e>0’
that
p? = p? inC@)ase— 0, (5.29)
ug —~u inwh¥Q)as e — 0, (5.30)
W0 — w0 in WhPEOQ), 1® e wh'O (@), (5.31)
PP) = 1+g(| (VGy xu®) 0)|) in @, (5.32)
Ji@w®) = inf J;()
ver;
= lim inf_ J; (v, p) = lim J; . ?, p?), (5.33)
e—>0 (u,p)€E; ¢ e—0
and u® € F;.

Proof Let u* € E; be an arbitrary feasible solution to the original problem (5.7)—(5.8).
We set p* = F(u*(-))in Q. Then u* € Wh¥(Q), p* € Guu, Ji. (u*, p*) = Ji (™) < +o00,
and, as a consequence, (u*, p*) € E; . for each ¢ > 0.

Since J; . (0, p¥) < J; o (u*, p*) = J;(u*) =: C*, it follows from (5.25) that

sup / VO (0)|PE dx < C*, (5.34)
e>0JQ
f 1p00) =1 —g (| (VGo #u?) (0)]) | dx < eC*, Ve =o0. (5.35)
Q

Since { pg e 0! (ﬁ)} is a bounded sequence in C () with the same modulus of continuity,
it follows, by Arzela—Ascoli Theorem, that this sequence is relatively compact with respect
to the norm topology of C (R2). Without loss of generality, we can suppose that there exists a
function p0 € C(Q) such that assertion (5.29) is valid. Moreover, as follows from definition
of the set G4, the limit function p? is subjected to the pointwise constraints

a=14+8<p’(x)<B:=2, Vxeq.
Arguing in a similar manner, we can infer from (5.34) and the two-side inequality

0<y; <u’(x) <y, aainQ, Ve >0 (5.36)



180 5 Variational Approach to Simultaneous Fusion and Denoising ...

that the sequence {ug} is relatively compact with respect to the weak topology of W% ().

Indeed, taking into account (5.36) and observing that

by (5.36)
sup/ |ug(x)|p2(x) dx = < +oo,
Q

e>0

we see that u? € W1PEO(Q) for all & > 0 and the sequence {u?} is bounded in variable

space Wwlpe© (£2). Hence, this sequence is bounded in WL (Q). Therefore, in view of com-
pleteness of We(Q), there exists a function u® € W% () such that, up to a subsequence,
property (5.30) holds true. As a result, Proposition 5.3 and Sobolev embedding theorem lead
us to the conclusion:

W0 = 1% in WHEO@Q), u® e wh'O(Q),

0
&
ug — uY strongly in LY(Q) for all ¢ € [1, a™), (5.37)

where o* = 22_—0‘0[ So, we can suppose that ug(x) — u%(x) a.e. in Q. Then passing to the
limit in (5.36) as ¢ — 0, we see that the limit function «° is also subjected to the point-wise
constraints

0<y;<u’(x)<y; aainQ. (5.38)

Moreover, utilizing the estimate (5.35) and properties (5.29)—(5.30), we get
tim 16200 =1 ¢ (| (VGq +u) 0)) P
= fg 1P°) — 1= ¢ (| (VGo % u’) 0)])|*dx = 0.

Hence, p°(x) =1+ g (| (VGo *u°) (x)]) in Q. Thus, u° € w86’ (Q). Combining
this fact with (5.38), we see that the limit function 1
problem (5.7)—(5.8).

Let us show that this function is optimal to the problem (5.7)—(5.8). Since

is a feasible solution to minimization

li
e—0

m fQ ITs @0 (x)) — 8 ()] dx ™ &7 /Q s (x)) — S (x)] dx,

by (5.37)

lim Ty (1(Go % uf) () = i ()P?) To (I(Go +u°) () — M; ()%,

it follows from Proposition 5.3 that

lim inf Jie@?, p%) = J; ). (5.39)
E—>

Then, assuming the converse—namely, there is a function 7 € E; such that J; (7)) < J; %),
we get:
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(@, p) € Bie Ve >0 with p:=F®@()),

T@ = Jie@ Pz i Sy p) = Jie (e, py).

V,p)EE; ¢

Hence,

by (5.39)
Ji@ = limsup Jio(l, p0) = limin gy @l p8) T 2 S0, (540)
e—

e—0

and we come into contradiction with the initial assumptions. Thus, 19 is a solution of the
original problem (5.7)—(5.8). In order to establish the equality (5.33), it is enough, instead
of (i1, p), to take (u°, p°) in (5.40).

Since Theorem 5.8 does not give an answer whether the entire set of solutions to the
problem (5.7)—(5.8) can be attained in such a way, the following result sheds some light on
this matter.

Corollary 5.9 Let u® € 8; be a minimizer to optimization problem (5.7)—(5.8) such that
there is a closed neighborhood U u®) of u® in the norm topology of L*(R) satisfying

Jiw® < Liv) YveE NUUY).

Then there exists a sequence of local minima {(ug, pg)} of problems (5.25) such that

e>0

(ug, pg) — (uo, 3(u0(~))) in the sense of Theorem 5.8.

Proof By the strict local optimality of u°, we have that it is the unique solution of the
problem
min Ji(v). (5.41)

ve&;,veUuO)

For every ¢ > 0 let us consider the following optimization problems

min Jio(v, p). (5.42)
v,p)e E,‘,g,ve’u(uo)

Since the set {(v, p)E€EBi,vel (uo)} is nonempty, it follows that the problem (5.42) has
at least one solution (ug, pg) for every ¢ > (. Now, arguing as in the proof of Theorem 5.8,
we deduce that (ug, pg) — (@, p°) in the sense of convergences (5.29)—(5.33), and i is
a solution of (5.41). Since uY is the unique solution of (5.41), we infer that 1% = i and,
therefore, (ug, pg) — (Y, FP("))) in the sense of Theorem 5.8. This implies the existence
of £¥ > 0 such that ug belongs to the interior of U (u) for every & < £°. Consequently,

(ug, pg) is a local minimum of (5.25) for every & < . This concludes the proof.
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5.4  Proximal Alternating Minimization Algorithm and Its
Modification

In this section we discuss an algorithm that will attempt to numerically compute the solutions
to the state constrained minimization problem (5.22)—(5.24). As follows from Theorem 5.8,
some optimal solutions to (5.22)—(5.24) can be obtained as cluster points of the quasi-optimal
solutions to this problem. From practical point of view, it means that we can focus on the
mathematical model of approximating problem (5.25)—(5.26), with & > 0 small enough,
which models the solution that we are after. For a concise presentation, we cast problem
(5.25)—(5.26) in the form

v*, p*) € Argmin J; . (v, p). (5.43)

(v.p)€E; ¢

Since the objective functional J; . (v, p) is neither convex in the joint variables (v, p) nor
bi-convex (i.e., convex in each of the variables v and p), an abstract algorithm for finding
solution of (5.43) is the proximal alternating minimization algorithm [2]. Given the initial
pair (vo, po) € A; C &; ¢, where

vo(x) = M;(x) and po(x) =14 g (|(VGy % v0) (x)]) in Q

and the step sizes 7}/, r,? > (0, the next iterations can be computed by the update scheme

k> P) —> k15 k) —> Vi1, Prt+1)s (5.44)
Vk+1 € Argmin {2 llu— Vk||iz(9) + Jie(u, Pk)} , (5.45)
uewhe(Q) Tk
Vi, 0<u(x)<yi1
. 1
Pk+1 € Argmin [—qHCI - Pk”iz(g) + Jie Vi1, 61)} . (5.46)
q€Guq Tk

It is well known that under reasonably mild conditions on the regularity of J; . (which are
obviously satisfied in our case, see [2] for the details), the proximal alternating minimization
algorithm monotonously decreases the objective functional and its iterates converge to a
critical point of J; .. However, as it was mentioned in [2], very few general results ensure
that the sequence {(vk, px)}ren converges to a global minimizer of (5.22)—(5.24), even for
strictly convex functions. Meanwhile, exploiting the fact that minimization problem (5.46)
with ¢ small enough admits a unique minimizer py41 at each step of iteration, we see that

Pre1(x) = 1+ g (I(VGo * vig1) (X)]) in Q. (5.47)

In fact, it means that due to the equality (5.47), we can alleviate this approach. Indeed, in
view of the representation (5.47), we can specify the above mentioned iteration procedure
as follows
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(ks Pk) —> Vit 15 Pr+1)s (5.43)
. 1
Vk+1 € Argmm {F flu — Vk”%Z(Q) + Ji,s(uv Pk)} ’ (5.49)
uewhe(Q) Tk
Vi, 0<u(x)<vi1
Pik+1(x) =1+ g ([(VGs * viy1) (X)]) in €, (5.50)

provided the parameter ¢ > 01is chosen small enough. However, as follows from the structure
of the penalized objective functional J; ., we still deal with a non-convex optimization
problem in (5.49).

In view of this, the main idea, we are going to push forward in this section, is to represent
the iteration procedure (5.48)—(5.50) as follows

ks pe) —> (Vk+1s Pk+1)s (5.51)

Vk+1 € Argmin { lu — vell2s,o + Fi(u, Pk)} , (5.52)
uEB[‘pk() 21’]? Lz(Q) l

Pir1(x) =14+ g ([(VGs *viy) (X)) in L, (5.53)

where the cost functional F; is defined in (5.23) and
Bipy = {ve WHPOQ) 1 1<y 0 < v(x) < yi1 ace.in Q.

The main benefit of this modification is to pass to convex optimization problems at each
step of iteration. Then arguing as in the proof of Theorem 5.4 and using convexity arguments,
it can be shown that, for each py(-) € G4, there exists a unique element viq1 € B; p ()
such that vy = Arg;gmin [%}5 flu — Vk||iz(9) + Fi(u, pk)]. This fact reflects the principle

ueB; p ()
difference between optlijlr(r(lization problems (5.52) and (5.22), where the problem (5.52) can be
viewed as a minimization of the growth energy functional (5.23) with “the frozen exponent”
pk(x). Thus, the sequence {vi}; <y can be defined in a unique way. Moreover, the iteration
procedure (5.48)—(5.50) possesses the following property.

oy ; u q u .49
Proposition 5.10 For any sequences of stepsizes { T } kel {rk } ken Such that ©f, vo €
(r—, 400) for all k € N with some positive r_, the numerical sequence {F;(Vk, pr)}ren
does not increase and the estimates

1
Fiiet, i) + S g Ik = pilzagy + 5 v = vz,
k

< Fi(vk, px), VkeN, (5.54)
o0
>[Ik = vt By + 19k = il | < +o00 (5.55)
k=1

hold true.
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Proof To begin with, we notice that the equality (5.53) can be rewritten in an equivalent
form as follows

. 1
pi1 € Argmin { ——llq — pell 72, + Fi (i1, q)} (5.56)
9€Saq tk

provided the stepsizes tkq is greater than a fixed positive parameter which can be chosen
arbitrarily large. In this case the algorithm (5.48)—(5.50) is very close to a coordinate descent
method. Then

by (5.52)
it = vellfag = Filves po),

F; ,
i Vk+1, pr) + 2

by (5.56)

Fi Vi1, pr+1) + ||Pk+1—17k||%2(9) < Fi(k+1, po)-

q
27,

Hence, an elementary induction

1 2 1 2
Fi Vi1, pes1) + ﬁllpkﬂ = Pill72) + ﬂ”"kﬂ = Vill72q)

< Fi(k+1, pi) + 5 Vi1 — Vklliz(m < Fi(vt, pr), VkeN

21
ensures that estimate (5.54) is valid.

As for estimate (5.55), it is enough to observe that F;(v, p) > 0 for all feasible pairs
(v, p). Hence, (5.55) immediately follows from (5.54). As a consequence, we have,

lim |jvg —vk— = lim — Dk— = 0.
k_)oo” k k 1||L2(Q) k_)ooHPk Pk 1||L2(Q)

We say that a function %; is a weak solution to the original problem (5.7)—(5.8) if

u; = Argmin F; (v, p; (1)), u; € B; 5:(),
veB;, (5.57)
Pix) =14+g((VGs *u;) (x)]), Vx € Q.

Remark 5.11 The relation between a weak solution and a solution to the problem (5.7)—
(5.8) is rather intricate. Since the uniqueness of solutions to (5.7)—(5.8) is a questionable
option, it follows that, in principle, these definitions can describe the different functions in
E;. As immediately follows from (5.57), a weak solution is a merely feasible one to the
original problem. However, if the problem (5.22) admits a unique solution (u?, p?) € A,
then (5.57) implies that the function u?

; can be considered as a weak solution.

Before proceeding further, we note that, for giveni = 1, ..., m, the sequence of expo-
nents {py ey is compact with respect to the strong topology of C (). Our next goal is to
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establish the existence of a weak solution to the original problem (5.7)—(5.8) and show that
it can be attained by the iterative algorithm (5.51)—(5.53). To do so, we begin with some
technical results.

Lemma 5.12 For each i = 1,...,m and given u € (0,1), A > 0, Se LI(Q; R™), M:
G — R™, and Ts € L(L'(RQ)), the sequence of minimizers {vk € Wl”’k(‘)(Q)}kGN of
(5.52) is compact with respect to the weak topology of W% (Q).

Proof Let us show that the sequence of minimizers {vi};cn of (5.52) is bounded in the
following sense

lim sup/ i ()P0 dx < 4o00.
Q

k— o0

Letw € C'(Q) be an arbitrary function such that yp ; < u(x) < y;; in Q. Since

Fi(ve, po) < i@, pr) + 17— vi-ill2 gy VE=1,2,...

u
271{—1
and

Pk (x)
)k dx

/|Vﬁ(x)|Pk(X)dx 5/ (1 +||ﬁ||cl(§)
Q Q
N 2
<19l (1+ lileig)
/ |Vii(x) — V5 (x)| dx < / [||ﬁ||cl(§)+|v§,-(x>|] dx
Q Q
< 1Ql@l 1 g + 1S llw -
/|T5ﬁ(x>—§i<x)|dx 5/ (ITsll £y + 18i@0)1] dx
Q Q
<1QUTsl gz @pyii + 181

~ ~ 2
Tu (IGo () = 1;0P) = (1Go *Tle + 17l e )

< | —— e + 1 ilcg | -
(\/2710)

-~ 2 2
17— vi-1l220, < 4¥E:192.

it follows that

sup F; (v, px) < sup |:Fi(ﬁ, pi) +

o~ 2 -
luw — vi—1ll72 <C
keN keN L7

u
2t

with some appropriate constant C>0.
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From this and definition of the set B; ,,(.), we deduce
f9|vk<x)|°‘dx <y&IQl, VkeN,
/Qka(x)wk(x) dx <C, YkeN.
Since (see [11, 17, 43] for the details)

I po @ — 1= fQ FOPOdx <1 f1] 00 + 1. YFELPO®@,  (558)

it follows that the sequence {vy };cy is bounded in W1 (). So, its weak compactness is a
direct consequence of the reflexivity of W1%(Q).

We notice that boundedness of the sequence {vj}cry in W1¥(Q) and compactness of

the embedding whe(Q) — L1() for q € [1, 22?"‘) imply the existence of an element

o

u* € Whe(Q) such that, up to a subsequence,

vk (x) = u*(x) a.e. in 2, (5.59)
ve = u* in LY(Q), and Vvy—Vu* in LY (; R?). (5.60)

Then using (5.59) and passing to the limit in two-side inequality yp; < vk (x) < y1,;, we
obtain
vo. <u*(x) <y1; fora.a. xeQ.

Utilizing this fact together with the pointwise convergence (5.59), by the Lebesgue domi-
nated convergence theorem, we have

2
a
Iim pr(x) = lim (v (x)) =1+
k—00 Pk koo O K a’ + (klim ‘ (VGy *vi) (x)‘)2
a2
— 14+ — 3 (x), VxeQ.(560)

a?+ (| (VG,,  lim vk> @)

Since, by Arzela-Ascoli theorem, the set { py = 14 g (| (VGo * i) (x) )}, oy is compact
with respect to the norm topology of C (), it follows from (5.61) (see also the proof of
Lemma 5.2) that

pk — p* = F*(x)) strongly in C(Q) as k — oo, and p* € Gyq. (5.62)
Then properties (5.59)—(5.62) and Proposition 5.3 imply:

U € B ey = {u e WP OQ) 1 1< yi0<u@®) <yipae in Q} .



5.4 Proximal Alternating Minimization Algorithm and Its Modification 187

Thus, the iterative procedure (5.48)—(5.50) has a cluster point (u*, p*) € B; p«() X Guq
with respect to the convergence (5.59)—(5.60), (5.62).
We are now in a position to state the main result of this section.

Theorem 5.13 Let e (0,1), »>0, Se L' (QR™), M:G, — R", and Ts € L
(L' (Q)) be given data. Let {r,é’} ren be a monotonically increasing sequence of posi-
tive stepsizes such that T;' — oo as k — oo. Then, for each i =1, ..., m, the sequence
{(Vk, pk)}ren, coming from the iteration procedure (5.48)—(5.50), possesses the following
asymptotic properties:

vie(x) = u;i(x) a.e in Q, (5.63)
~ . 2a ~ . o 2
vk = u; in L1(Q), Yq € |1, oy , V=V, in LY(2; RY), (5.64)
-«
Pk — Di = S(;) strongly in C(Q) as k — oo, (5.65)

where W; is a weak solution to the problem (5.7)—(5.8), that is,

u; € B 5y, Ui = Argmin F; (v, p;),
VEBI',F,'(')

and, in addition, the following variational property holds true

Fi(vk, px) = Fi(ve+1, pr+1), Vk €N, (5.66)
lim F;(vg, pe(-)) = lim |: inf  Fi(v, Pk):|
k— 00 k—o00 | v€Bi ()
= inf F(v, pi() = Ji (). (5.67)
veBi 5 ()

Proof “Lemma5.12, the sequence {(vk, px)}icn 1S compact with respect to the convergence
(5.63)—(5.65). Let (u;, p;) be its cluster point. In order to show that the function i; is a weak
solution to the problem (5.7)—(5.8), we assume the converse—namely, there is another
function z € B; () such that

Fi(z,pi) = inf F(v,p;) < F;(u;, p;) = Ji (). (5.68)

veB,-_;’. )

Using the procedure of the standard direct smoothing, we set

1o (x) = 8%/2 K (x;s)’z(s)ds,
R

where ¢ > 0 is a small parameter, K is a positive compactly supported smooth function with
properties
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K € CP(R?), f K(x)dx =1, and K(x)= K(—x),
RZ

and 7 is zero extension of z outside of .
Since z € WO (Q) and p(x) > o = 1 + 8 in Q, it follows that z € W% (). Then

Uug € CSO(RZ) foreach ¢ > 0,
ug = z in L*(Q), Vu, — Vz in LY(Q: R?) (5.69)

by the classical properties of smoothing operators. From this we deduce that
us(x) = z(x) a.e.in Q. (5.70)

Moreover, taking into account the estimates
we = [ K0 —endy <y [ K0 dy=n..
R2 R2
ug(x) > / K ()7Z(x —ey)dy > VO,i/ K (y) dy = v.i»
yee~l(x—Q) yee 1 (x—Q)
we see that each element u, is subjected to the pointwise constraints

v0i <ug(x) <y ae.in, Ve>0.

Since, foreach ¢ > 0, u, € WP (Q) forall k € N, it follows that u, € Bi pi(),1.€., each
element of the sequence {u,},-q is a feasible solution to all approximating problems

1
inf —ve|)? Fi(v, , keN. 5.71
VEZl;?,pk(A) { 'L']? ||V Vk”LZ(Q) + l(v Pk)} ( )

Hence,

by (5.52
st =l 2 Fitte pi) + —— e = viZaren
L2(Q) 277 L2(Q)

1
Fi (Vit1, +
i (Vk+1, Pk) 2e0
1 ) by (5.56)
Fi(Vk+l,Pk+l)+ﬁ||Pk+l —Pilliag = FiOksr, pr)
k

foralle > 0Oand k = 0, 1, .. .. From this we deduce that

Fi (Veg1, pis1) < Fi(ue, pr)

+ ||us—vk||iz(m, Ve>0, Vk=0,1,... (572

u
2Tk

Further, we notice that
liminf F; (vi, px) > Fi (Wi, pi) (5.73)
k—o00
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by Proposition 5.3 and Fatou’s lemma. Since
| Vg (x)|PF® — |Vu8(x)|’7"(x) uniformly in  as k — oo,

it follows from the Lebesgue dominated convergence theorem that the objective functional
F;(ug, -) is continuous with respect to the norm convergence in C (Q), ie.

klim Fi(ug, pr) = Fi(ug, pi), Ve > 0. (5.74)
—00

As aresult, passing to the limit in (5.72) and utilizing properties (5.73)—(5.74), we obtain

lim — [Jue — vi)? = e — Wi ? =0.
K00 271 [lue k”LZ(Q) 2 lim ¢* [luee l”LZ(Q)
k k—o00 k

Therefore,
Fi@, i) < Fl-(ug,ﬁn=f|ws(x>|f’f<">dx
Q
+xf |Vite (x) — VS; (x)| dx + uf | Tsue (x) — S; (x)| dx
Q Q
1—u ~ 5
+—Tu ((Go *ue) () — M;()*), Ve >O0. (5.75)

Taking into account the pointwise convergence (see (5.70) and property (5.69))

[Viue ()P @) = |Vz() P, ae.in €,

|Tsue(x) — S;(x)| = |Tsz(x) — Si(x)|, ae.in Q,
[Qlwg(x) — VSi(x)|dx — /QIVZ(X) — VS ()] dx,
(Go *ug) (x) — Mi(x) > (Gg %2) (x) — M;(x), in
as ¢ — 0, and the fact that, for &£ small enough,

IVue |70 < (14 |Vz)PO e L1(Q),
|Tsue () — ;)] < [ITsl (1 + 1z + 15 ()] € L'<),

we can pass to the limitin (5.75) as ¢ — 0 by the Lebesgue dominated convergence theorem.
This yields

Fi(ui, pi(+)) < im F;(ug, pi(+) = Fi(z, pi()).
e—0
Combining this inequality with (5.75) and (5.68), we finally get

Fi(z, pi) = %ﬁf Fi(v, pi) < F;(u;, pi) < Fi(z, pi),

ve i.5; ()
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that leads us into conflict with the initial assumption. Thus,
Ji () = Fi(ui, pi () = ,inf Fi(v, pi() (5.76)
i.p; ()

and, therefore, ; is a weak solution to the original problem (5.7)—(5.8). As for the varia-
tional property (5.67) and property (5.66), they immediately follow from (5.76), (5.74), and
Proposition 5.10.

5.5 Optimality Conditions

To characterize the solution u%?") € B; p(- of the approximating optimization problem
<infveg;i.p0 Fi(v, p(-))), we check whether the objective functional J; (v, p)

Fi(v,p) = / [Vv(x) [P dx+kf IVv(x) — VS (x)| dx
Q Q
+ M/ Tsv(x) — §i ()] dx
Q
1— -
+ TMTM (1(Go *v) () — Mi(')|2) (5.77)

is Gateaux differentiable with respect to v. Namely, let us show that

. FE PO +1v, p) — F%P0), p)
lim
t—0 t

- / p(x) (|Vu0’p(')(x)|p(x)_2Vu0’p(')(x),Vv(x)) dx
Q

o [ L0 VRO [ D)
& a ITs

~ ~T d
V020 (x) = V5; ()] (o) =5

+ (1= )Ty ([(GU % uo’p('>) - M’i] Go * v) . Vve WhPO@). (5.8

To this end, we note that

[Vu2PO (x) 4+ Vv () [P — V0P (x)|P&)
Pt

— (|Vu0”’(')(x)|”(x)_2Vu0”’(')(x), Vv(x))
as t — 0 almost everywhere in 2. Indeed, by convexity,

1E17 — 0P <2p (I€lp — 1+ 1P~ ") 1€ —nl,

it follows that
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’ (|VMO,P(‘)(X) + th(x)|p(x) _ |Vu0’p(') (x)|l7(x)> ‘

px)t

=2 (IVu®PO @) + (V707 + VOO @) |79 Vv

< const (|vu°’1’<'> () [P~ ¢ |Vv(x)|p(x)_1) Vv (x)]. (5.79)

Taking into account that

/|Vu0’P(')(x)|p(")_l|Vv(x)|dx
Q

< 20|V PO @O ) VY o0 )

< 201vu®PO PO o gy IV oo @ v2)-

P (5.58) ) . .
and fQ|Vv(x)| dx < ”VV”LP(')(Q,]RZ) + 1, we see that the right hand side of

inequality (5.79) is an L' (2)-function. Therefore,

dx

/ Vi PO (x) 4+ 1 Vv (x) [P — |Vu® PO (x)|PX)
Q t

— / p(x) (|Vuo’p(')(x)|p(x)_2VuO’p(')(x), Vv(x)) dx as t = 0
Q

by the Lebesgue dominated convergence theorem.

Utilizing similar arguments to the rest of terms in (5.77), we deduce that the representation
(5.78) for the Gateaux differential of F; (-, p(-)) at the point u0r0) ¢ Bi p( 1s valid.

Thus, in order to derive some optimality conditions for the minimizing element vy, €
Bi, pe() to the problem (5.71), we note that B; () is a nonempty convex subset of
w1.PkO)(Q) and the objective functional

1 2
{2.[;: ” : _vk”LZ(Q) + E(s pk)} . Bi,pk(-) — R

is strictly convex. Hence, the well known classical result (see [31, Theorem 1.1.3]) and
representation (5.78) lead us to the following conclusion.

Theorem 5.14 Let py(-) € G be an exponent given by the iterative rule (5.53). Let i €
{1, ..., m} be the number of a fixed spectral channel. Then the unique minimizer viy| €
Bi, () to the approximating problem (5.71) is characterized by

/Q (PECOITVA OO 2P0 (), () = Vi1 (1) ) dx

= / (Vi1 () = VSi(x), Vv = Vg1 (x))
Q

~ dx
[Vvip1(x) — VS (x)]
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Ts (Vi+1)
M/ T (v — Vg1 1) dX
@ |Ts (viy1) — Sil

+ (1= W Ty ([(Go #vis1) — Mi] Go % (v — vit1))

1
+ ‘E_” Vk+1 — Vi,V — Vk+1)L2(S2) >0, Vve Bi,pk(-)- (5.80)
k

5.6  Numerical Scheme and Settings

In order to illustrate the proposed algorithm for the simultaneous fusion and denoising of
color images with different spacial resolution, we conduct the numerical simulations setting
Ts = Id for each spectral channels i = R, G, B and extending the set of feasible solutions
Bi p( to the form B; () = WEPO(Q). In other words, we have dropped the two-side
constraints y; o < u(x) < y;,1 from the sets B; ,, (., and instead we control the fulfilment
of this two-side constraints at each step of the numerical approximations. We also use the
L!'-norm for the fidelity terms. As a result, it allows us to rewrite the variational problem
(5.80) in the form of the following boundary value problem

—div (PkIVVk+1 I”"(')_ZVVkH)

v — VS, T
s div ( Vit i ) —MTS*( s (Vk+1) )

[Vver1 — VS| | Ts vk+1) — Sil
—( = D S [(Go #viy1) — M;]
(xi,y;)€SL
1 .
T Vk+1 — Vi), in £, (5.81)
k
0
Ml =0 on IR (5.82)
on

with pi(-) defined in (5.53),and k =1, 2, ....

Since, in practical implementations, it is reasonable to define the solution of the problem
(5.81)—(5.82) using a “gradient descent” strategy, we can start with some initial image u;_, |
and pass to the following initial-boundary value problem for quasi-linear parabolic equation
with Nuemann boundary conditions

0Vk+1
dt

VWH—V§>

= div (pk|Vvk+1|pk(')_2Vvk+1) + A div (7~
Vvt — Vi

T
_uT} ( s Mkr1) )
|Ts (vi+1) — Sil
—(1—p Z 8xiy) [(Go * vig1) — Mi]
(xi,y;)ESL
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1 :
- % Vk+1 —vk), in (0,T) x €, (5.83)
5
S =0 on (0.7) x 92, (5.84)
n
10, ) =l (), k=0,1,.... v(0,)=5() in Q. (5.85)

There are numerous approaches to solve quasi-linear partial differential equations (see
the references [3, 20] for various techniques). Since we are dealing with pixels in image
processing, finite differences approaches and an explicit scheme of the forward Euler method
are arguably the best options. Let At be a time step size. Then setting

t=nAt,n=0,1,2,..., x=[(1<I<Ny), y=jd=j=N,),

where (x, y) stands for image pixel and N, x Ny is the original image size at the grid Gy,
we define the following discrete notations

X .n __ n o, yon __ n o,
+Vij = + (Vlil,j VIJ')’ ALy = + (Vl,jil Vlj)’

m(a, b) = minmod (a, b) = Wmin (lal, b)),

where vl’f j denotes the approximation of v 1 (nAt, [, j). Then the numerical approximation
of the principle components of the boundary value problem (5.83)—(5.85) takes the form

n n+l_ . n
AV S| o L VL
at 1,j At

(v (el Vvt [O2Vu))) | ~ A (7)) + A% (2, ).

Pl
n __ 5 X ,,n
Flj= - T, AV
(\/52+(AX+V7,J‘) +(m(Aiv;’~j,A{v}fj)) )
P y
n o _ 5] n
Ql,j = ”}A+Vl,j’

2 A)' n 2 AX Yt AX 2 2717]’]
8+( +V1,j) +<m< VLo _vl,j))

V1 =V8 ) o Ax n y n
(dlvww—vs,-l)z,j N A (Rw‘) A (Ww') ’

ALV ALY

)

R!'. =
Ly 2 X n x (S 2 2
e2+(ayp—at Gy ) a3

w2, Gt

)

n —
Wl’j N y YT 2
82+(A+v;{_/.—A+(si);{_/) +B?
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Av=m (A, - ALG . AL, - AXGp,).

where

2

a
a2+[(|(VGorv) D]}

(VG 5 ve) D} = X0 5 Xtoms Go (ki k] i,

As a result, utilizing the formulas given above and associating each stepk = 1,2, ... of
the iterative procedure (5.51)—(5.53) with the corresponding time step n At in the numerical
approximation of the parabolic problem (5.83)—(5.85), we arrive at the following numerical
scheme associated with the initial boundary problem (5.83)—(5.85):

it = A e ] A At [0 ] A
+aar [RY | ac+aal [wy] ar

n
vl,j

\/gz + (v;j,.)z + ((5);{].)2

+u

"o, -]'f I, j) e sy,
+d-p I:Vl,j L |1« J') L (5.86)
0 otherwise
Vi=1,...,Ny, Vj=1,...,Ny, Vn=0,1,...
with the initial conditions
v?yj:(i-)l,j, Vi=1,....,Ny, Vj=1,...,N,

and boundary conditions

v(')’,j = vi',j, V”NX,J- = Van—l,j’ vio ="V, VZNy = vf’Ny_l, (5.87)

Vi=1,...,N,, Vj=1,...N,.

To conclude this section, we note that the step size At should be small enough in order to
guarantee the stability of the numerical scheme (5.86)—(5.87). As for the stopping condition

Vl";fl ~vf'; forall land j
it can be formalized as follows

max max
I<I<N; I<j<Ny
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5.7 Numerical Results

For numerical simulations in this section, we set: o = 0.5, ¢ = 0.001, rk” =100%k, A =
0.01, u = 0.1. As for the noise estimator a > 0, we use the choice of Black et al. [4], i.e.
1.4826 MADVS)
a=———-"> i)
V2 ’
where M AD denotes the median absolute deviation of the corresponding spectral channel
S; : Gg — Rof original image S : Gy — R™ that can bee computed as

MAD(VS;) = median [|V§, — median (|V§, DI]

and median (|v§, D represents the median over theband S; : Gy — Rto the gradient ampli-
tude. To guarantee the stability of the proposed algorithm, we make use of the following
condition
2 |:1 + A:I At <1,
€

where & comes from the approximation formulae for P;' ; and Qf i and we set ¢ = 0.001.

In order to illustrate the proposed approach we have used three images S’ : G{q — R3
(Dog), S’ : GI — R! (Barbara),and S'/7 : G/ — R? (Christmas Tree) with the resolu-
tions in pixels G4, = 342 x 458, G/ = 512 x 512, and G}/’ = 1200 x 800, respectively.
Each of these images has been previously corrupted by the additive zero-mean Gaussian
white noise with variance 0.01 (see Figs.5.1, 5.2 and 5.3).

As for the images of the same scenes with low resolution and with some extra objects,
we have considered two collections. The first one is defined on the grids Gi =114 x 152,

Fig.5.1 Noisy image
st: 6L, — R3 (Dog) defined
on the grid G/, = 342 x 458
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Fig.5.2 Noisy image '/ : GI/ — R! (Barbara) defined on the grid G}/ = 512 x 512

Gi’ =170 x 170, and Gil I — 400 x 266, respectively, and the second one has the resolu-
tion Gi =68 x 91, Gil =102 x 102, and Gi” = 240 x 160, respectively (see Figs.5.4
and 5.5).

Then following the proximal alternating minimization algorithm described in Sect.5.4,
we realize the fusion procedure of given images with simultaneous denoising procedure.
Obtained results are depicted in Figs. 5.6, 5.7 and 5.8.

It is worth to emphasize that the proposed algorithm is rather sensitive to the choice of
parameter u (see Fig. 5.9 for illustration). As for the running time of processing, it takes for
the Matlab-realization about 30, 95, and 280 s for the images depicted in Figs.5.6, 5.7 and
5.8, respectively.
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Fig.5.3 Noisy image ST/7 : Gg I _ R3 (Christmas Tree) defined on the grid Gg I = 1200 x 800
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254844,
-
$4bensay,

Fig. 5.4 Images with extra objects and which are defined on the grids with low resolution (G =
114 x 152, GH =170 x 170, and G1T = 400 x 266), respectively

Fig. 5.5 Images with extra objects and which are defined on the grids with low resolution (G =
68 x 91, GI1 =102 x 102, and G111 = 240 x 160), respectively
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Fig.5.6 Result of Simultaneous Fusion and Denoising of st G% — R3with M! : (114 x 152) —
R3 (left) and ST : GL, — R3 with M7 : (68 x 91) — R3 (right)

Fig. 5.7 Result of Simultaneous Fusion and Denoising of sl qul — R3 with M1 : (170 x
170) — R3 (up) and 77 : GEI — R3 with M1 : (102 x 102) — R3 (bottom)

The next portion of numerical simulations shows that the proposed technique can be
successfully applied to the well-known spatial increasing resolution problem of MODIS-
like multi-spectral satellite images via their fusion with the Lansat-like imagery at higher
resolution. As input data we have used a MODIS (the Moderate Resolution Imaging Spectro-
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Fig. 5.8 Result of Simultaneous Fusion and Denoising of S Hr- G;II I R3 with M1 (400 x
266) — R3 (left) and ST/1 : GHIT — R3 with M11T : (240 x 160) — R3 (right)

radiometer) image of some region with resolution 350m / pixel (see Fig.5.10). This region
represents a typical agricultural area with medium sides fields of various shapes.

We also have the image of the same territory with resolution 25m / pi x el that was delivered
from Landsat satellite at higher resolution. Figure 5.11 shows the RGB spectral channels of
this image.

Figure5.12 displays the result of image fusion corresponding to the data given by
Figs.5.10 and 5.11. In order to validate the obtained result for satellite images, we have
provided the following calculations.

e Closednees of the means p, = [Mean I — Mean L| = 0;
e Closedness of the variances p3 = 100% ~ 6%;
e ERGAS metric

3 2
1 RMSE (k
ERGAS = 100E = E (ﬁ) =2.24,

I3\ otk

where h/1 is the ratio between the size of the high spatial resolution image pixel and the
size of the pixel in the MODIS-like image.
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Fig. 5.9 Data Fusion of S'/7:GIIT — R3 with M7 : (400 x 266) — R® with a semi-
transparency effect (u = 0.8 left) and u = 0.4 (right)

Fig.5.10 The MODIS image
with resolution 350m / pixel
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Fig.5.11 The Landsat image with resolution 25m/ pixel

It is worth to notice that in view of the suggestions of Prof. L. Wald, if the ERGAS value
is less than 3, the spectral quality of an image is satisfactory.
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Fig.5.12 The retrieved image at high resolution 25m/ pixel as a result of simultaneous fusion and
denoising of the MODIS and Landsat images
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