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Preface

Optimization problems in practice depend mostly on several model parameters, noise
factors, uncontrollable parameters, etc., which are not given fixed quantities at the
planning stage. Due to several types of stochastic uncertainties (physical uncertainty,
economic uncertainty, statistical uncertainty, model uncertainty), these parameters
must be modeled by random variables having a certain probability distribution. In
most cases at least certain moments of this distribution are known.

In order to cope with these uncertainties, a basic procedure in the behavior of
the structure/system from the prescribed performance (output, behavior), i.e., the
tracking error, is compensated by (online) input corrections. However, the online
correction of a system/structure is often time consuming and causes mostly increasing
expenses (correction, repair, or recourse costs). Very large recourse costs may arise in
case of damages or failures of the plant. This can be omitted to a large extent by taking
into account already at the planning stage the possible consequences of the tracking
errors and the known prior and sample information about the random data of the
problem. Hence, instead of relying on ordinary deterministic parameter optimization
methods—based on some nominal parameter values—and applying then just some
correction actions, stochastic optimization methods should be applied: Incorporating
the consequences of stochastic parameter variations into the optimization process,
large and increasing recourse, repair, recovery costs can be omitted or at least reduced
to a large extent.

Consequently, for the computation of robust optimal decisions/designs, i.e.,
optimal decisions which are insensitive with respect to random parameter varia-
tions, appropriate deterministic substitute problems must be formulated first. Based
on decision theoretical principles, these substitute problems depend on probabilities
of failure/success and/or on more general expected cost/loss terms. Since proba-
bilities and expectations are defined by multiple integrals in general, the resulting
often nonlinear and also non-convex deterministic substitute problems can be solved
by approximate methods only. Two basic types of deterministic substitute problems
occur mostly in practice:
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e Minimization of the expected primary costs subject to expected recourse cost
constraints (reliability constraints) and remaining deterministic constraints, e.g.,
box constraints.

e FExpected Total Cost Minimization Problems subject to deterministic constraints.

In case of piecewise constant cost functions, probabilistic objective functions and/or
probabilistic constraints occur.

Main analytical properties of the substitute problems have been examined in the
first three editions of the book, where also appropriate deterministic and stochastic
approximation and solution procedures can be found.

The aim of the present fourth edition is the presentation of updated methods
for the transformation of actual technical and economic optimization problems
with random parameters into appropriate deterministic substitute problems. Hence,
updated analytical and numerical tools are provided for the approximate computa-
tion of robust optimal decisions/designs/control, as needed in concrete engineering/
economic applications.

Last but not least I would like to thank Dipl. Math. Ina Stein, Munich, for her excel-
lent support in the LaTeX-typesetting as well as in the final proofreading. Moreover, I
amindebted to Springer Nature for inviting a new edition of the monograph Stochastic
Optimization Methods.1 would like to thank especially the Senior Editor for Business/
Economics/Operations Research of Springer-Verlag Heidelberg, Germany, Christian
Rauscher and the Springer Editors Yvonne Schwark-Reiber, Books Editorial Projects
Management, and Jialin Yan, Book Editor Operations Research and Management,
Information Systems and Applied Statistics, for their advice during the preparation
of this new edition.

Munich, Germany Kurt Marti
March 2024
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Chapter 1 ®)
Stochastic Optimization Methods ez

Abstract Basic methods for treating stochastic optimization problems (SOP),
hence, optimization problems with random data are presented: Optimization prob-
lems in practice depend mostly on several model parameters, noise factors, uncon-
trollable parameters, etc., which are not given fixed quantities at the planning stage.
Typical examples from engineering and economics/operations research are: Material
parameters (e.g., elasticity moduli, yield stresses, allowable stresses, moment capac-
ities, specific gravity), external loadings, friction coefficients, moments of inertia,
length of links, mass of links, location of the center of gravity of links, manufactur-
ing errors, tolerances, noise terms, demand parameters, technological coefficients in
input-output functions, cost factors, interest rates, exchange rates, etc. Due to sev-
eral types of stochastic uncertainties (physical uncertainty, economic uncertainty,
statistical uncertainty, model uncertainty) these parameters must be modeled by ran-
dom variables having a certain probability distribution. In most cases at least certain
moments of this distribution are known.n order to cope with these uncertainties, a
basic procedure in the engineering/economic practice is to replace first the unknown
parameters by some chosen nominal values, e.g., estimates, guesses, of the parame-
ters. Then, the resulting and mostly increasing deviation of the performance (output,
behavior) of the structure/system from the prescribed performance (output, behavior),
i.e., the tracking error, is compensated by (online) input corrections. However, the
online correction of a system/structure is often time consuming and causes mostly
increasing expenses (correction or recourse costs). Very large recourse costs may
arise in case of damages or failures of the plant. This can be omitted to a large extent
by taking into account already at the planning stage the possible consequences of the
tracking errors and the known prior and sample information about the random data
of the problem. Hence, instead of relying on ordinary deterministic parameter opti-
mization methods - based on some nominal parameter values—and applying then
just some correction actions, stochastic optimization methods should be applied:
Incorporating stochastic parameter variations into the optimization process, expen-
sive and increasing online correction expenses can be omitted or at least reduced to a
large extent. Consequently, for the computation of robust optimal decisions/designs,
i.e., optimal decisions which are insensitive with respect to random parameter varia-
tions, appropriate deterministic substitute problems must be formulated first. Based
on decision theoretical principles, these substitute problems depend on probabilities

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 1
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2 1 Stochastic Optimization Methods

of failure/success and/or on more general expected cost/loss terms. Two basic types
of deterministic substitute problems occur mostly in practice:

e Reliability-Based Optimization Problems: primary cost minimization subject to
expected recourse (correction) cost constraints: Minimization of the expected pri-
mary costs subject to expected recourse cost constraints (reliability constraints)
and remaining deterministic constraints, e.g., box constraints. In case of piece-
wise constant cost functions, probabilistic objective functions and/or probabilistic
constraints occur;

e Expected Total Cost Minimization Problems: Minimization of the expected total
costs (costs of construction, design, recourse/correction, repair costs, etc.) subject
to the remaining deterministic constraints.

Since probabilities and expectations are defined by multiple integrals in general, the
resulting often nonlinear and also non-convex deterministic substitute problems can
be solved by approximate methods only.

1.1 Introduction

Many concrete problems from engineering, economics, operations research, etc., can
be formulated by an optimization problem of the type

min fy(a, x) (1.1a)
S.t.
fila,x) <0, i=1,...,my (1.1b)
gila,x) =0, i=1,...,myg (1.1¢)
x € Dy. (1.1d)

Here, the objective (goal) function fy = fy(a, x) and the constraint functions
fi=fia,x),i=1,...,myand g =g;(a,x),i =1,...,m,, defined on a joint
subset of R” x R", depend on a decision, design, control orinput vector x =
(x1,x2,...,%)T and a vector a = (aj, az, ..., a,)T ofmodel parameters. Typical
model parameters in technical applications, operations research, and economics are
material parameters, external load parameters, cost factors, technological parameters
in input-output operators, demand factors. Furthermore, manufacturing and model-
ing errors, disturbances or noise factors, etc., may occur. Frequent decision, control,
or input variables are material, topological, geometrical and cross-sectional design
variables in structural optimization [23], forces and moments in optimal control of
dynamic systems and factors of production in operations research and economic
design.

The objective function (1.1a) to be optimized describes the aim, the goal of the
modeled optimal decision/design problem or the performance of a technical, eco-
nomic system or process to be controlled optimally. Furthermore, the constraints
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(1.1b)—(1.1d) represent the operating conditions guaranteeing a safe structure, a cor-
rect functioning of the underlying system, process, etc. Note that the constraint (1.1d)
with a given, fixed convex subset Dy C R” summarizes all (deterministic) constraints
being independent of unknown model parameters a, as, e.g., box constraints:

xf<x<x? (1.1e)

with given bounds x%, xY.

Important concrete optimization problems, which may be formulated, at least
approximate, this way, are problems from optimal design of mechanical structures
and structural systems [1, 23, 43, 48], adaptive trajectory planning for robots [2,
3, 14, 30, 37, 45], adaptive control of dynamic system [46, 47], optimal design of
economic systems [22], production planning, manufacturing [26, 38] and sequential
decision processes [34], etc.

In optimal control, cf. Chap. 3, the input vector x := u(-) is interpreted as a
function, a control or input function u = u(t),tg <t < ty, on a certain given time
interval [7y, t]. Moreover, see Chap. 3, the objective function fy = fo(a, u(-)) is
defined by a certain integral over the time interval [#y, ¢ /]. In addition, the constraint
functions f; = f;(a, u(-)) are defined by integrals over [y, tf],0r f; = fj(t, a, u(t))
may be functions of time ¢ and the control input u(¢) at time ¢.

A basic problem in practice is that the vector of model parameters a = (ay, ...,
a,)T is not a given, fixed quantity. Model parameters are often unknown, only partly
known and/or may vary randomly to some extent.

Several techniques have been developed in the recent years in order to cope with
uncertainty with respect to model parameters a. A well-known basic method, often
used in engineering practice, is the following two-step procedure [3, 14, 37, 45, 46]:

(I) Parameter Estimation and Approximation:
First, replace first the v-vector a of the unknown or stochastic varying model
parameters ay, ..., a, by some estimated/chosen fixed vector a( of so-called
nominal values ag;, [ =1, ..., v.
Then, apply an optimal decision (control) x* = x*(ag) with respect to the result-
ing approximate optimization problem

min  fo(ao, x) (1.2a)
S.t.
fitap, x) <0, i=1,...,my (1.2b)
gi(ap, x) =0, i=1,...,myg (1.2¢)
x € Dy. (1.2d)

Due to the deviation of the actual parameter vector a from the nominal vector
ay of model parameters, deviations of the actual state, trajectory or performance
of the system from the prescribed state, trajectory, goal values occur.
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(I) Compensation or correction:
Then, the deviation of the actual state, trajectory or performance of the system
from the prescribed values/functions is compensated by online measurement and
correction actions (decisions or controls). Consequently, in general, increasing
measurement and correction expenses result in course of time.

Considerable improvements of this standard procedure can be obtained by taking
into account already at the planning stage, i.e., offline, the mostly available a priori
(e.g., the type of random variability) and sample information about the parameter
vector a. Indeed, based, e.g., on some structural insight, or by parameter identification
methods, regression techniques, calibration methods, etc., in most cases information
about the vector a of model parameters can be extracted. Repeating this information
gathering procedure at some later time points f; > #, (= initial time point), j =
1,2, ..., adaptive decision/control procedures occur [34].

Based on the inherent random nature of the parameter vector a, the observation
or measurement mechanism, resp., or adopting a Bayesian approach concerning
unknown parameter values [6], here we make the following basic assumption:

Stochastic (Probabilistic) Uncertainty : The unknown parameter vector a is a
realization

a=a(lww e R, (1.3)

of a random v-vector a(w) on a certain probability space (2, Ay, P), where the
probability distribution P, of a(w) is known, or it is known that P, lies within
a given range W of probability measures on R". Using a Bayesian approach, the
probability distribution P,y of a(w) may also describe the subjective or personal
probability of the decision maker, the designer.

Hence, in order to take into account the stochastic variations of the parameter
vector a, to incorporate the a priori and/or sample information about the unknown
vector a, resp., the standard approach “insert a certain nominal parameter vector
ap, and correct then the resulting error”, must be replaced by a more appropriate
deterministic substitute problem for the basic optimization problem (1.1a)—(1.1d)
under stochastic uncertainty.

1.2 Deterministic Substitute Problems: Basic Formulation

The proper selection of a deterministic substitute problem is a decision theoretical
task, see [27]. Hence, for (1.1a)—(1.1d) we have first to consider the outcome map

e=c¢e(a,x)
T
= (fo(a,x),fl(a,X),.'.,fmf(a,x),gl(a,X),-~-,gmg(a,X)) . (l4a)

acR", x eR, (x € Dy),
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and to evaluate then the outcomes e € & C R0 mg := m; + m,, by means of
certain loss or cost functions

y; : € > R, i=0,1,...,m (1.4b)

with an integer m > 0. For the processing of the numerical outcomes y; (e (a, x)), i =
0, 1, ..., m, there are two basic concepts:

1.2.1 Minimum or Bounded Expected Costs

Consider the vector of (conditional) expected losses or costs

Fo(x) Eyy(e(a(w), x))

Fi(x) Eyi(e(a(w), x))
F(x) = . )

) xeR, (1.5)

Fp(x) Eyn(e(a(w), x))

where the (conditional) expectation “E” is taken with respect to the time history
A =2, (A;) C Ao up to a certain time point ¢ or stage j. A short definition of
expectations is given in Sect. 1.3, for more details, see, e.g., [5, 18, 40].

Having different expected cost or performance functions Fy, Fi, ..., F,, to be
minimized or bounded, as a basic deterministic substitute problem for (1.1a)—(1.1d)
with a random parameter vector a = a(w) we may consider the multi-objective
expected cost minimization problem

“min” F(x) (1.6a)
s.t. x € Dy. (1.6b)

Obviously, a good compromise solution x* of this vector optimization problem
should have at least one of the following properties [13, 41]:

Definition 1.1

(a) A vector x° € Dy is called a functional-efficient or Pareto optimal solution of
the vector optimization problem (1.6a), (1.6b) if there is no x € Dy such that

Fi(x) < F;(x%), i=0,1,...,m (1.72)
and

F,,(x) < F,(x°) for at least one ig, 0 < iy < m. (1.7b)
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(b) Avector x° € Dy is called a weak functional-efficient or weak Pareto optimal
solution of (1.6a)—(1.6b) if there is no x € Dy such that

Fi(x) < Fi(x%, i=0,1,....,m (1.8)

(Weak) Pareto optimal solutions of (1.6a)—(1.6b) may be obtained now by means
of scalarizations of the vector optimization problem (1.6a)—(1.6b). Three main ver-
sions are stated in the following:

(D Minimization of primary expected cost/loss under expected cost constraints

min Fy(x) (1.9a)
S.t.
FF(x) < F™, i=1,...,m (1.9b)
x € Dy. (1.9¢)

Here, Fy = Fy(x) is assumed to describe the primary goal of the design/decision-
making problem, while F; = F;(x), i = 1,...,m, describe secondary goals.
Moreover, F"*, i =1, ..., m, denote given upper cost/loss bounds.

Remark 1.1 An optimal solution x* of (1.9a)—(1.9¢c) is a weak Pareto optimal solu-
tion of (1.6a)—(1.6b).

(I) Minimization of the total weighted expected costs
Selecting certain positive weight factors ¢y, cy, . . ., ¢, the expected weighted
total costs are defined by

Fx) = Zm:c,-F,-(x) = Ef(a(a)),x), (1.10a)
i=0
where
fla,x) =3 cv (e(a,x)). (1.10b)
i=0

Consequently, minimizing the expected weighted total costs F = F(x) subject
to the remaining deterministic constraint (1.1d), the following deterministic
substitute problem for (1.1a)—(1.1d) occurs

min Zc,ﬂ(x) (1.11a)
i=0
st. x € Dy. (1.11b)
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Remark 1.2 Letc; > 0,i =1, 1, ..., m, be any positive weight factors. Then, an
optimal solution x* of (1.11a)—(1.11b) is a Pareto optimal solution of (1.6a)—(1.6b).

(IIT) Minimization of the maximum weighted expected costs
Instead of adding weighted expected costs, we may consider the maximum of
the weighted expected costs:

F(x) = max ¢; F;(x) = max ¢;Ey; (e(a(a)), x)) (1.12)
0<i<m 0<i<m
Here again, cy, ci, <oy Cpy, AT positive weight factors.

Thus, minimizing F = F(x) we have the deterministic substitute problem

min Omax ¢ Fi(x) (1.13a)
s.t. x € Dy. (1.13b)
Remark 1.3 Let ¢;,i =0, 1,...,m, be any positive weight factors. An optimal

solution of x* of (1.13a)—(1.13b) is a weak Pareto optimal solution of (1.6a)—(1.6b).

1.2.2 Minimum or Bounded Maximum Costs (Worst Case)

Instead of taking expectations, we may consider the worst case with respect to the
cost variations caused by the random parameter vector a = a(w). Hence, the random
cost function

w =Y (e(a(w),x)) (1.14a)

is evaluated by means of
FP(x) = esssup y; (e(a(w),x)), i=0,1,....m. (1.14b)

Here, ess sup (. ..) denotes the (conditional) essential supremum with respect to the

random vector ¢ = a(w), given information %, i.e., the infimum of the supremum of

(1.14a) on sets A € 2y of (conditional) probability one, see, e.g., [40].
Consequently, the vector function F = F*"P(x) is then defined by

Folx) esssup yl el a(w), x
Fi(x) esssup (el a(w), x

FSP(x) = = _ . (1.15)

Fm'(x) €ss Sup Y (6 (“ (@), x))



8 1 Stochastic Optimization Methods

Working with the vector function F = F*"P(x), we have then the vector minimization
problem

“min” F*P(x) (1.16a)
st. x € Dy. (1.16b)

By scalarization of (1.16a)—(1.16b) we then obtain deterministic substitute prob-
lems for (1.1a)—(1.1d) related to the substitute problem (1.6a)—(1.6b) introduced in
Sect. 1.2.1.

More details on the selection and solution of appropriate deterministic substitute
problems for (1.1a)—(1.1d) are given in the next sections. Deterministic substitute
problems for optimal control problems under stochastic uncertainty are considered
in Chap. 3.

1.3 Optimal Decision/Design Problems with Random
Parameters

In the optimal design of technical or economic structures/systems, in optimal decision
problems arising in technical or economic systems, resp., two basic classes of criteria
appear.

First there is a primary cost function

Go = Go(a, x). (1.17a)

Important examples are the total weight or volume of a mechanical structure, the
costs of construction, design of a certain technical or economic structure/system,
or the negative utility or reward in a general decision situation. Basic examples in
optimal control, cf. Chap. 3, are the total run time, the total energy consumption of
the process or a weighted mean of these two cost functions.

For the representation of the structural/system safety or failure, for the represen-
tation of the admissibility of the state, or for the formulation of the basic operating
conditions of the , certain state, performance or response functions

yi=yila,x), i=1,....,my (1.17b)

are chosen. In structural design these functions are also called “limit state func-
tions” or “safety margins”. Frequent examples are some displacement, stress, load
(force and moment) components in structural design, or more general system output
functions in engineering design. Furthermore, production functions and several cost
functions are possible performance functions in production planning problems, opti-
mal mix problems, transportation problems, allocation problems and other problems
of economic decision.
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In (1.17a,b), the design or input vector x denotes the r-vector of design or input
variables, xp, x2, ..., X, as, e.g., structural dimensions, sizing variables, such as
cross-sectional areas, thickness in structural design, or factors of production, actions
in economic decision problems. For the decision, design or input vector x one has
mostly some basic deterministic constraints, e.g., nonnegativity constraints, box con-
straints, represented by

x €D, (1.17¢)

where D is a given convex subset of R". Moreover, a is the v-vector of model
parameters. In optimal structural/engineering design

a= (l;) (1.17d)

is composed of the following two subvectors: R is the m-vector of the acting external
loads or structural/system inputs, e.g., wave, wind loads, payload, etc. Moreover,
p denotes the (v — m)-vector of the further model parameters, as, e.g., material
parameters, like strength parameters, yield/allowable stresses, elastic moduli, plastic
capacities, etc., of the members of a mechanical structure, parameters of an electric
circuit, such as resistances, inductances, capacitances, the manufacturing tolerances
and weight or more general cost coefficients.
In linear programming, as, e.g., in production planning problems,

a=(Ab,c) (1.17e)

is composed of the m x r matrix A of technological coefficients, the demand m-
vector b and the r-vector ¢ of unit costs.
Based on the m -vector of state functions
T
y@,x) = (1@, 0, 2@ ), .y, (@0 (1.176)
the admissible or safe states of the structure/system can be characterized by the

condition
y(a,x) € B, (1.17g)

where B is a certain subset of R™; B = B(a) may depend also on some model
parameters.

In production planning problems, typical operating conditions are given, cf.
(1.17e), by

y(@a,x):=Ax—-b>0 or y(a,x)=0, x >0. (1.18a)

In mechanical structures/structural systems, the safety (survival) of the struc-
ture/system is described by the operating conditions
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vita,x) >0 forall i=1,...,m, (1.18b)
with state functions y; = y;(a,x), i =1, ..., m,, depending on certain response
components of the structure/system, such as displacement, stress, force, moment

components.
Hence, a failure occurs if and only if the structure/system is in the i-th failure
mode (failure domain)
vi(a,x) <0 (1.18¢)

for at least one index i, 1 <i < m,.

Note 1.1 Thenumberm, of safety margins or limit state functions y; = y;(a, x), i =
1,...,m,, may be very large. For example, in optimal plastic design the limit state
functions are determined by the extreme points of the admissible domain of the dual
pair of static/kinematic LPs related to the equilibrium and linearized convex yield
condition, see [32, 33].

Basic problems in optimal decision/design are

(I) Primary (construction, planning, investment, etc.) cost minimization under oper-
ating or safety conditions

min Gy(a, x) (1.19a)
S.t.
y(a,x) € B (1.19b)
x €D. (1.19¢)

Obviously we have B = (0, +00)™ in (1.18b) and B = [0, +00)"> or B = {0} in
(1.18a).

(I1) Failure or recourse cost minimization under primary cost constraints

“min” y(y(a, x)) (1.20a)
S.t.

Gola, x) < G™ (1.20b)

xeD. (1.20¢)

In (1.20a) y = y(y) is a scalar or vector valued cost/loss function evaluating viola-
tions of the operating conditions (1.19b). Depending on the application, these costs
are called “failure” or “recourse” costs [20, 21, 31, 39, 43, 44]. As already discussed
in Sect. 1.1, solving problems of the above type, a basic difficulty is the uncertainty
about the true value of the vector a of model parameters or the (random) variability
of a. In practice, due to several types of uncertainties such as, see [49],
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physical uncertainty (variability of physical quantities, like material, loads, dimen-

sions, etc.)

economic uncertainty (trade, demand, costs, etc.)

e statistical uncertainty (e.g., estimation errors of parameters due to limited sample
data)

e model uncertainty (model errors).

The v-vector a of model parameters must be modeled by a random vector
a=a(w),we Q, (1.21a)

on a certain probability space (€2, 2(y, P) with sample space 2 having elements w,
see (1.3). For the mathematical representation of the corresponding (conditional)
probability distribution P,.) = Pf(‘,) of the random vector a = a(w) (given the time
history or information 2l C %), two main distribution models are taken into account
in practice:

(i) Discrete probability distributions,
(ii) Continuous probability distributions.

In the first case there is a finite or countably infinite number [y € N U {oo} of

realizations or scenarios @' € R*, I =1,...,1,
P(a(a)):al> —a, 1=1,....1, (1.21b)
taken with probabilities oy, [ =1, ..., .

In the second case, the probability that the realization a(w) = a lies in a certain
(measurable) subset B C R" is described by the multiple integral

P(a(a)) c B) — /go(a) da (1.21¢)

B
with a certain probability density function ¢ = ¢(a) >0, a € R”, [@(a)da = 1.
The properties of the probability distribution P,., may be described—fully or in

part—by certain numerical characteristics, called parameters of P,.,. These distri-
bution parameters 6 = 6, are obtained by considering expectations

0, := Eh (a(w)) (1.22a)
of some (measurable) functions

(hoa)(w) = h(a(a))) (1.22b)
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composed of the random vector a = a(w) with certain (measurable) mappings

h:RY— R, s, >1. (1.22¢)

According to the type of the probability distribution P, ., of a = a(w), the expec-

tation Eh (a (a))) is defined, cf. [4, 5], by

lo
> h(a’) o, in the discrete case (1.21b)
I=1

Eh (a (w)) - (1.22d)
f h(a)p(a) da, in the continuous case (1.21c).
RV
Further distribution parameters 6 are functions
0=V, ...,0h,) (1.23)
of certain “A-moments” y,, ..., 6, of the type (1.22a). Important examples of the
type (1.22a), (1.23), resp., are the expectation
a=Ea(w) (forhi(a):=a, aeR") (1.24a)
and the covariance matrix
T
0= E(a(a)) —a) (a(a)) —a) = Ea(w)a(w)| —aa’ (1.24b)

of the random vector a = a(w).

Due to the stochastic variability of the random vector a(-) of model parameters,
and since the realization a(w) = a is not available at the decision-making stage, the
optimal design problem (1.19a)—(1.19¢) or (1.20a)—(1.20c) under stochastic uncer-
tainty cannot be solved directly.

Hence, appropriate deterministic substitute problems must be chosen taking into
account the randomness of a = a(w), cf. Sect. 1.2.

1.4 Deterministic Substitute Problems in Optimal
Decision/Design

According to Sect. 1.2, a basic deterministic substitute problem in optimal design
under stochastic uncertainty is the minimization of the total expected costs including
the expected costs of failure
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min cg - EGO(a(w),x) Yepoprx) (1.25a)

st. xeD. (1.25b)
Here,

pr=psx) =P (y(a(w),X) ¢ B) (1.25¢)

is the probability of failure or the probability that a safe function of the structure,
the system is not guaranteed. Furthermore, ¢ is a certain weight factor, and ¢y > 0
describes the failure or recourse costs. In the present definition of expected failure
costs, constant costs for each realization a = a(w) of a(-) are assumed. Obviously,
itis

pr(x) =1—=ps(x) (1.25d)

with the probability of safety or survival
pi(x) = P (y(a(a)),x) c B) . (1.25¢)
In case (1.18b) we have
pr(x)="P (y,- (a(a)), x) < Oforatleastoneindex i, 1 <i < my> . (1.25f)

The objective function (1.25a) may be interpreted as the Lagrangian (with given
cost multiplier c¢) of the following reliability-based optimization (RBO) problem,
cf. [1, 29, 39, 43, 49]:

min EG, (a(a)), x) (1.26a)
S.t.
pr(x) < o™ (1.26b)
xeD, (1.26¢)

max

where o > ( is a prescribed maximum failure probability, e.g., «™* = 0.001, cf.
(1.19a)—(1.19c¢).
The “dual” version of (1.26a)—(1.26¢) reads

min  pr(x) (1.27a)
S.t.
EGO(a(a)),x) < Gm (1.27b)
xeD (1.27¢)

with a maximal (upper) cost bound G™**, see (1.20a)—(1.20c).
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1.4.1 Expected Cost or Loss Functions

Further substitute problems are obtained by considering more general expected fail-
ure or recourse cost functions

I'(x) = Ey (y(a(a)),x)) (1.282)

arising from structural systems weakness or failure, or because of false operation.
Here,

T
y(a@), x) = (3(a@), x). ... v, (a@). %)) (1.28b)

is again the random vector of state or performance functions, and
y R™ — R™ (1.28¢)

is a scalar or vector valued cost or loss function. In case B = (0, +00)™ or B =
[0, 4-00)™> it is often assumed that y = y (y) is a non-increasing function, hence,

vy =>y@), if y <z, (1.28d)

where inequalities between vectors are defined component-by-component.

Example 1.1 If y(y) = 1 for y € B¢ (complement of B) and y(y) =0 fory € B,
then I'(x) = p(x).

Example 1.2 Suppose that y = y(y) is a nonnegative measurable scalar function
on R™» such that
y(y) >y >O0forally ¢ B (1.29a)

with a constant yy > 0. Then for the probability of failure we find the following
upper bound

pr(x) =P (y(a(w), x) ¢ B) < %Ey (y(a(a)),x)), (1.29b)

where the right-hand side of (1.29b) is obviously an expected cost function of type
(1.28a)—(1.28c). Hence, the condition (1.26b) can be guaranteed by the expected cost
constraint

Ey(y(a(w),x)) < yoo™™. (1.29¢)
Example 1.3 If the loss function y(y) is defined by a vector of individual loss
functions y; for each state function y; = y;(a, x),i =1, ..., my, hence,

T
y(y) = <Vl O1)seees ymy(ym,)) , (1.30a)
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then

P = (M1, T, ) Tiw) = By (i(a(@), x)) 1 i = my,
(1.30b)
i.e., the m, state functions y;,i =1, ..., m,, will be treated separately.

Working with the more general expected failure or recourse cost functions I' =
I'(x), instead of (1.25a)—(1.25¢), (1.26a)—(1.26¢) and (1.27a)—(1.27¢c) we have the
related substitute problems:

(I) Expected total cost minimization

min CGEG0<a(w),x) +cIT ), (131a)
st. xeD. (131b)

(Il) Expected primary cost minimization under expected failure or recourse cost

constraints
min EGo<a(a)),x) (1.32a)
S.t.
I'x) <rmx (1.32b)
x €D, (1.32¢)

(II) Expected failure or recourse cost minimization under expected primary cost

constraints
min I'(x) (1.33a)
S.t.
EG()(a(a)),x) < gm (1.33b)
x € D. (1.33¢)

Here, cg, ¢y are (vectorial) weight coefficients, I'™™ is the vector of upper loss
bounds, and “min” indicates again that I'(x) may be a vector valued function.

1.5 Basic Properties of Deterministic Substitute Problems

As can be seen from the conversion of an optimization problem with random param-
eters into a deterministic substitute problem, cf. Sect. 1.4.1, a central role is played
by expectation or mean value functions of the type
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F(x) = Ey (y(a(a)), x)) x € Dy, (1.34a)

or more general
F(x) = Eg(a(a)), x), x € Dy. (1.34b)

Here, a = a(w) is a random v-vector, y = y(a, x) is an m-vector valued function
on a certain subset of R¥ x R", and ¥ = y(z) is a real-valued function on a certain
subset of R,

Furthermore, g = g(a, x) denotes a real-valued function on a certain subset of
RY x R”". In the following we suppose that the expectation in (1.34a)—(1.34b) exists
and is finite for all input vectors x lying in an appropriate set Dy C R", cf. [7].

The following basic properties of the mean value functions I" are needed in the
following again and again.

Lemma 1.1 (Convexity) Suppose that x — g (a (w), x) is convex a.s. (almost sure)

on a fixed convex domain Dy CR". If Eg (a(a)), x) exists and is finite for each
x € Dy, then T = I'(x) is convex on Dy.

Proof This property follows [20, 21, 27] directly from the linearity of the expectation
operator. ([l

If ¢ = g(a, x) is defined by g(a, x) = y(y(a,x)), see (1.34a), then the above
theorem yields the following result:

Corollary 1.1 Suppose that y is convex and Ey (y (a(a)), x)) exists and is finite
for each x € Dy.

(a) If x — y(a(a)), x) is linear a.s., then I' = I'(x) is convex.

(b) Ifx —> y (a (w), x) is convex a.s., and y is a convex, monotoneous nondecreasing

function, then I’ = T"(x) is convex.

It is well known [25] that a convex function is continuous on each open subset of
its domain. A general sufficient condition for the continuity of I" is given next.

Lemma 1.2 (Continuity) Suppose that Eg (a(a)), x) exists and is finite for each
x € Dy, and assume that x — g(a (w), x) is continuous at xy € Dy a.s.. If there is

a function = (a (a))) having finite expectation such that

‘g(a(a)), x)‘ < 1/f(a(a))) a.s. forall x € U(x) N Dy, (1.35)

where U (x¢) is a neighborhood of xg, then I' = T"(x) is continuous at x.
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Proof The assertion can be shown by using Lebesgue’s dominated convergence
theorem, see, e.g., [27]. [l

For the consideration of the differentiability of I = I'(x), let D denote an open
subset of the domain Dy of I.

Lemma 1.3 (Differentiability) Suppose that

(i) Eg (a (w), x) exists and is finite for each x € Dy,

(ii) x —> g(a(a)), x) is differentiable on the open subset D of Dy a.s. and
(iii)

Hng(a(w),x) H < w(a(w)), x €D, as., (1.36a)

where ¥ = (a (a))) is a function having finite expectation. Then the expectation of

Vi g(a (w), x) exists and is finite, I' = I (x) is differentiable on D and
VI (x) = Vng(a(a)), x) - EVXg<a(a)), x), xeD. (1.36b)

AT
Proof Considering the difference quotients A k=1,...,r,of I"atafixed point
X

k
xo € D, the assertion follows by means of the mean value theorem, inequality (1.36a)
and Lebesgue’s dominated convergence theorem, cf. [20, 21, 27]. ([

Example 1.4 In case (1.34a), under obvious differentiability assumptions con-
cerning ¥ and y we have V,g(a, x) = V.y(a, x)"Vy (y(a, x)), where V,y(a, x)
denotes the Jacobian of y = y(a, x) with respect to a. Hence, if (1.36b) holds, then

VI (x) = EVXy(a(a)),x)TVy (y(a(a)), x)) (1.36¢)

1.6 Approximations of Deterministic Substitute Problems
in Optimal Design/Decision

The main problem in solving the deterministic substitute problems defined above is
that the arising probability and expected cost functions py = ps(x),I' =T'(x), x €
R", are defined by means of multiple integrals over a v-dimensional space.

Thus, the substitute problems may be solved, in practice, only by some approx-
imative analytical and numerical methods [16, 20, 27, 33]. In the following we
consider possible approximations for substitute problems based on general expected
recourse cost functions I' = I'(x) according to (1.34a) having a real-valued convex
loss function y (z). Note that the probability of failure function p; = p(x) may be
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approximated from above, see (1.29a)—(1.29b), by expected cost functions I' = I"(x)

having a nonnegative function y = y(z) being bounded from below on the failure
domain B¢. In the following several basic approximation methods are presented.

1.6.1 Approximation of the Loss Function

Suppose here that y = y (y) is a continuously differentiable, convex loss function
on R™ . Let then denote

F(x) := Ey(a(a)),x) = (Ey1 (a(a)),x), oo Eym, (a(a)), x))T (1.37)

the expectation of the vector y = y(a (w), x) of state functions y; = y; (a (w), x),
i=1,...,m,.
For an arbitrary continuously differentiable, convex loss function y we have

y (3(a@.x)) = (50) + V2 (50) " (s(at@). x) ~3w). (.38
Thus, taking expectations in (1.38a), we find Jensen’s inequality
re = Ey (y(a@),x)) 2 v (7)) (1.38b)
which holds for any convex function y. Using the mean value theorem, we have

YO =y®+Vr® -, (1.38c)

where J is a point on the line segment yy between y and y. By means of (1.38b),
(1.38¢c) we get

0T —y(Fw) = £|vy (3(at@. x)) | |y(at@. x) =5 . @38
(a) Bounded gradient

If the gradient Vy is bounded on convex hull R’ (y(-,-)) of the range of
y = y(a(w),x), we,x € D,ie.,if

VyI < 9™ foreachy € R“"(y(-,)), (1.39a)

with a constant ¥™* > 0, then
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, xeD. (1.39)

0=Tw —y(5w) = 9™E | y(a@). x) - 5

Since t — +/f,t > 0, is a concave function, we get

0=T -y (F) = 9™ /g0, (1.39¢)
where 5
¢x):=E Hy(a(a)), x) — y(x)H = 1rQ(x) (1.39d)

is the generalized variance, and
0(x) = cov (y(a(-),x)) (1.3%)

denotes the covariance matrix of the random vector y = y(a (w), x). Conse-
quently, the expected loss function I'(x) can be approximated from above by

r'(x) < y(y(x)) + 9™ Ja(x) forx € D. (1.39f)
(b) Bounded eigenvalues of the Hessian

Considering second-order expansions of y, with a vector ¥ € yy we find
— — _ 1 _ ~ —
YO =y =Vr®' -7+ SO = NVYG -3, (1.402)

Suppose that the eigenvalues A of V2y (y) are bounded from below and above on
the convex hull R“"?(y(-, -)) of therange of y = y(a(a)), x) forallw € Q,x €
D,ie.,

0 <A™ <A (V?y(y)) <A™ < +oo0, foreachy € R“"(y(-,-)), (1.40b)

with constants 0 < A™" < A™3_Taking expectations in (1.40a), we get
min

2

max

2

7(F) + 5-a@ =T <y (500) + 5—q(0). xeD. (1400)

Consequently, using (1.39f) or (1.40c), various approximations for the determinis-
tic substitute problems, (1.31a), (1.31b), (1.32a)—(1.32¢), (1.33a)—(1.33c) may be
obtained.
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Based on the above approximations of expected cost functions, we state the fol-
lowing two approximates to (1.32a)—(1.32c¢), (1.33a)—(1.33c), resp., which are well
known in robust optimal design:

(1) Expected primary cost minimization under approximate expected failure or
recourse cost constraints

min EGy(a(w), x) (141a)
S.t.
y (7)) + cog ) < T (1.41b)
xeD, (1.41c)

where cy is a scale factor, cf. (1.39f) and (1.40c);

(ii) Approximate expected failure or recourse cost minimization under expected pri-
mary cost constraints

min V(Y(X)) + cogq (x) (1.42a)
S.t.
EGo(a(w), x) < G™ (1.42b)
x e D. (1.42¢)

Obviously, by means of (1.41a)-(1.41c) or (1.42a)—(1.42¢c) optimal designs x*
are achieved which

e yield a high mean performance of the structure/structural system

e are minimally sensitive or have a limited sensitivity with respect to random param-
eter variations (material, load, manufacturing, process, etc.) and

e cause only limited costs for design, construction, maintenance, etc.

1.6.2 Approximation of State (Performance) Functions

The numerical solution is simplified considerably if one can work with one single
state function y = y(a, x). Formally, this is possible by defining the function

Y™ (a, x) = min (@, x). (1.43a)
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Indeed, according to (1.18b), (1.18c) the failure of the structure, the system can
be represented by the condition

y™(a, x) < 0. (1.43b)

Thus, the weakness or failure of the technical or economic device can be evaluated
numerically by the function

I(x):= Ey (ymi“ (a(a)), x)) (1.43¢)

with a non-increasing loss function y : R — R, see Fig. 1.1.

However, the “min”-operator in (1.43a) yields a nonsmooth function y™" =
y™n(a, x) in general, and the straightforward computation of the mean and vari-
ance function

ymin(x) 1= Ey™n (a (), x) (1.43d)

02 (x) = Var(y"“'“ (a(-), x)) (1.43¢)

by means of Taylor expansion with respect to the model parameter vector a at a =
Ea(w) is not possible, cf. Sect. 1.6.3.
According to the definition (1.43a), an upper bound for y™(x) is given by

ymin(x) < min y;(x) = min Ey; (a(a)),x).
1<i<m, 1<i<m,

Further approximations of y™"(a, x) and its moments can be found by using the
representation

min(a, b) = %(a tb—la— b|)
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of the minimum of two numbers a, b € R. For example, for an even index m, we
have

y™(a,x) =  min min(yi(a,X),ym(a,X))
i=1,3,...,my—1

1
= o min 5 (@0 i@ = 3@ 0 ~ i@ 0l).

In many cases we may suppose that the state (performance) functions y; =
vi(a,x),i =1,...,m,, are bounded from below, hence,

yvila,x) >—A, i=1,...,m,,
for all (a, x) under consideration with a positive constant A > 0. Thus, defining
S)i(a9-x) :zyi(a’x)+Aa i=19'-'5my7

and therefore
mm

(a,x):= min ¥i(a,x)=y""(a,x)+ A,
1<i<m,

we have ' '
y™(a,x) <0 ifandonlyif y™(a,x) < A.

Hence, the survival/failure of the system or structure can also be studied by means
of the positive function ™" = $™i" (4, x). Using now the theory of power or Holder
means [12], the minimum $™"(a, x) of positive functions can be represented also
by the limit

1/A
7@, x) = lim ( Zy, (a, x)*)
of the decreasing family of power means
L om 1/2
MPG) =—>"3] . r<o.
My i

Consequently, for each fixed p > 0 we also have

my /A
. 1
~min P . 5. A
y*ia,x)f = lim (m—y E,, yila, x) ) :
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yi(a,x)

Y (@ X))@, X)—_

domain of model parameters

Fig. 1.2 Approximation (a, x) of y™"(a, x) for given x

Assuming that the expectation E M m( (a()), ) exists for an exponent A =

Ao < 0, by means of Lebesgue’s bounded convergence theorem we get the moment
representation

Eymin(a(a)),x)p = hm E( Zy,(a(a)) x) )pm.

Yoi=1

Since t — /%, ¢t > 0, is convex for each fixed p > 0and A <0, by Jensen’s
inequality we have the lower moment bound

E);min<a(a)),x)p > hm (m ZEy,(a(w) x) )P/x.

i=1

Hence, for the pth order moment of ™" (a(~), x) we get the approximations

(ymiy,(a(w) x))m ( miEx(a(w) x) )M

i=1

for some A < 0.

Using regression techniques, Response Surface Methods (RSM), etc., for given
vector x, the function a — ymi“(a, x) can be approximated [8, 11, 19, 24, 42] by
functions ¥ = V(a, x) being sufficiently smooth with respect to the parameter vector
a (Fig. 1.2).

In many important cases, foreachi =1, ..., m,, the state functions

(a,x) — yia, x)
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are bilinear functions. Thus, in this case y™" = y™"(q, x) is a piecewise linear
function with respect to a. Fitting a linear or quadratic Response Surface Model
[9, 10, 35, 36]

Ya,x) =cx)+qx) T a—a)+ @—a)Y(x)(a—a) (1.43f)
to a — y™"(a, x), after the selection of appropriate reference points
aV=a+dV, j=1,...,p, (1.43g)

with “design” points déj ) e R, j=1,..., p, the unknown coefficients ¢ = c(x),
q = q(x) and Y = Y (x) are obtained by minimizing the mean square error

p
plc,q,Y):= Z (5@, x) - ymin (g P, x))2 (1.43h)
=1

with respect to (c, g, Y). Since the model (1.43f) depends linearly on the function
parameters (c, g, Y), explicit formulas for the optimal coefficients

cF=c*(x),q" =q*(x), Y =Y*(x) (1.431)

are obtained from this least squares estimation method, cf. [33].

1.6.2.1 Approximation of Expected Loss Functions

Corresponding to the approximation (1.43f) of y™" = y™i"(q, x), using again least
squares techniques, a mean value function I'(x) = Ey (y a(w), x)), cf. (1.28a),
can be approximated at a given point xo € R" by a linear or quadratic Response

Surface Function
T(x) = o+ B] (x — x0) + (x — x0)" B(x — x0), (1.43j)
with scalar, vector and matrix parameters Sy, 8;, B. In this case estimates y(i) = [®

of I'(x) are needed at some reference points x) = xo +d®,i =1, ..., p. Details
are given in [33].
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1.6.3 Taylor Expansion Methods

As can be seen above, cf. (1.34a)—(1.34b), in the objective and/or in the constraints
of substitute problems for optimization problems with random data mean value func-
tions of the type

'x):= Eg(a(a)), x)

occur. Here, g = g(a, x) is a real-valued function on a subset of R" x R", and a =
a(w) is a random v vector.

1.6.3.1 (Complete) Expansion with Respect to a

Suppose that on its domain the function g = g(a,x) has partial derivatives

Vflg(a, x),l=0,1,...,l, + 1, up to order [, + 1. Note that the gradient V,g(a, x)
0

contains the so-called sensitivities a—g(a, x),j=1,...,v,of g with respect to the
a:

parameter vector a at (a, x). In the same way, the higher order partial derivatives
V!g(a,x),l > 1, represent the higher order sensitivities of g with respect to a at
(a, x). Taylor expansion of g = g(a, x) with respect to a at a := Ea(w) yields
L 1
gla,x) =Y ~Vig(@x) (a—a) + ———Vite@, x)-(@—a'",

) U+ D! e

(1.44a)
whered :==a + 9 (a —a),0 < ® < 1,and (a — a)’ denotes the system of /-th order

products
v
- I
[T@-ay"
=1

withl; e NU{O}, j=1,...,v,li+bL+... 4+, =1.1f g = g(a, x) is defined by
gla,x) = V(y(a, x)>,
see (1.34a), then the partial derivatives V(’lg of g up to the second-order read
T
Vag(@, ) = (Vay(@, ) Vy(y(@ ) (1.44b)

VZg(a, x) = (Vay(a, x))TVZy(y(a, x)) V.y(a, x) (1.44c¢)

+ Vy(y(a, x)) -V2y(a, x),
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where
9%y

2
(Vy)-Viy:=(Vp)' : (1.44d)
aakaal k=1 v

Taking expectations in (1.44a), I'(x) can be approximated, cf. Sect. 1.6.1, by

lg

Foo) = g@x) +) Vig@x- E(a(w) —a)l, (1.45a)
=2

i
where E (a (w) — Ez) denotes the system of mixed /th central moments of the random
T
vector a(w) = (al (w), ..., a\,(w)) . Assuming that the domain of g = g(a, x) is

convex with respect to a, we get the error estimate

~ 1
T(x) — F(x)‘ <—— _Esu
| U+ DI omyey

Vit g(a+(at@ - a). %)

(1.45b)

x ”a(a)) —a

In many practical cases the random parameter v-vector a = a(w) has a convex,
e+l . .
bounded support, and Vj+ g is continuous. Then the L ,-norm

r(x) = ﬁ ess sup H ylet! g(a(a)), x) H (1.45¢)

is finite for all x under consideration, and (1.45b), (1.45c¢) yield the error bound

ngJrl

‘F(x) —F(x)‘ §r(x)EHa(a))—Zz (1.45d)

Remark 1.4 The above-described method can bfT: extended to the case of vector

valued loss functions y (z) = ()/1 (@5 Vi, (Z)) .

1.6.3.2 Inner (Partial) Expansions with Respect to a

In generalization of (1.34a), in many cases I"(x) is defined by

T(x) = Ey (a(a)), y(a(a)),x)) : (1.46a)

hence, the loss function y = y (a, y) depends also explicitly on the parameter vector
a. This may occur, e.g., in case of randomly varying cost factors.



1.6 Approximations of Deterministic Substitute Problems in Optimal Design/Decision 27
Linearizing now the vector function y = y(a, x) with respect to a at a, thus,
yla, x) = ya(a, x) == y(a,x) + Vay(a, x)(a — a), (1.46b)

the mean value function I'(x) is approximated by

F) = Ey (a(a)), v(@, x) + Vay(@, x)(a(w) - a)) . (1.46¢)

This approximation is very advantageous in case that the cost function y = y (a, y)
is a quadratic function in y. In case of a cost function y = y (a, y) being linear in
the vector y, also quadratic expansions of y = y(a, x) with respect to a many be
taken into account.

Corresponding to (1.37), (1.39¢), define

¥y () == Eyoy (a(@). x) = y@.x) (1.46)

0 (x) = cov (y(1)<a(-), x)) = V,y@, x) cov(a(-))Vay(E, 0. (146e)

In case of convex loss functions y, approximates of I and the corresponding substi-
tute problems based on r may be obtained now by applying the methods described
in Sect. 1.6.1 Explicit representations for I are obtained in case of quadratic loss
functions y.

Error estimates can be derived easily for Lipschitz(L)-continuous or convex loss
function y. In case of a Lipschitz-continuous loss function y (a, -) with Lipschitz
constant L = L(a) > 0, e.g., for sublinear [27, 28] loss functions, using (1.46d) we
have

reo —Fw| < Lo- £ y(at@). x) =y (a). x)

, (1.46f)

provided that L, denotes a finite upper bound of the L-constants L = L(a).

Applying the mean value theorem [15], under appropriate second-order differ-
entiability assumptions, for the right-hand side of (1.46f) we find the following
stochastic version of the mean value theorem

£ [50) - o)

<E

a(w) —5H2 sup ‘ij (E+19(a(w)—5),x>”. (1.46g)

0<v<1
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1.7 Approximation of Probabilities—Probability
Inequalities

In reliability analysis of engineering/economic structures or systems, a main problem
is the computation of probabilities

N N
P (U v,») =P (a(a)) e v,-) (1.47a)
i=1

i=1

N N

PISi]|=Pla@ e[S (1.47b)

j=l1 j=1

of unions and intersections of certain failure/survival domains (events) V;, S;,
Jj =1,..., N.These domains (events) arise from the representation of the structure
or system by a combination of certain series and/or parallel substructures/systems.
Due to the high complexity of the basic physical relations, several approximation
techniques are needed for the evaluation of (1.47a), (1.47b).

1.7.1 Bonferroni-Type Inequalities

In the following Vi, V,, ..., Vy denote arbitrary (Borel-)measurable subsets of the
parameter space R", and the abbreviation

P(V) = P(a(a)) e v) (1.47¢)

is used for any measurable subset V of R".
Starting from the representation of the probability of a union of N events,

N N
PV =D D" s, (1.482)
j=1 k=1

where

k
Sk = > P (ﬂ v,-,) : (1.48b)
=1

1<iy<ip<--<ix<N

we obtain [17] the well-known basic Bonferroni bounds
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N P

P U v | < Z(—l)k’lskw for p > 1, p odd (1.48¢)
j=1 k=1
N P

P U vi| > Z(-l)“sk,N for p > 1, p even. (1.48d)
j=1 k=1

Besides (1.48c), (1.48d), a large amount of related bounds of different complexity
are available, cf. [17, 50]. Important bounds of first and second degree are given
below:

N

max q; < P U1 Vil <0 (1.49a)
j:
N

0 - =PJVvi|=z0- lr;%Zq,-z (1.49b)
Jj=1 i#l

03 N
—_ <P vi| <o (1.49¢)
01+20, — U )=

The above quantities g, g;;, Q1, Q> are defined as follows:

N
Q1:=Y g, withg; := P(V)) (1.49d)
j=1
N j-1
Qy:= )Y i withg;; := P(V; N V)). (1.49)
j=2 i=1
Moreover, defining
q:=(q1,...,qn), O := (gij)1<i,j<N> (1.491)
we have
N
PIUVi|zd"0q. (1.49g)
j=1

where O~ denotes the generalized inverse of Q, cf. [50].
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1.7.2 Tschebyscheff-Type Inequalities

In many cases the survival or feasible domain (event) S = ﬂ:"zl S; is represented by
a certain number m of inequality constraints of the type

i < Qyila, x) < (Syui, i=1,...,m, (1.50a)

as, e.g., operating conditions, behavioral constraints. Hence, for a fixed input, design
or control vector x, the event § = S(x) is given by

S={aeR" :y; < (Dyia,x) < (SDyui, i =1,...,m}. (1.50b)

Here,
yi=yila,x), i=1....,m (1.50¢)

are certain functions, e.g., response, output, or performance functions of the structure,
system, defined on (a subset of) R” x R".

Moreover, y; < yui,i = 1,...,m, are lower and upper bounds for the variables
vi,i = 1, ..., m.Inthe case of one-sided constraints some bounds y;;, y,; are infinite.

1.7.2.1 Two-Sided Constraints

If yii < yui,i =1,...,m,are finite bounds, (1.50a) can be represented by
lyi(a, x) — yiel < (Spi, i=1,...,m, (1.50d)
where the quantities y;., p;, i = 1, ..., m, are defined by
Vi + Yui Yui — i
ic ‘= ———, j = . 1.50e
Y 2 Jo > ( )

Consequently, for the probability P (S) of the event S, defined by (1.50b), we have

P(S) =P ()yi (a(a)),x) e < i i =1, m) . (1.50f)

Introducing the random variables

5 (a(a)),x) Y (a(w):) _ yic, i=1,....m, (1.51a)

and the set
B:={yeR":|yl< (DL i=1,...,m}, (1.51b)
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with y = (3i)1<i<m, We get

P(S)=P (f}(a(w),x) c B) . (1.51¢)
Considering any (measurable) function ¢ : R™ — R such that

De(y) =20, y e R" (1.51d)
iNe(y) = ¢ >0, ify ¢ B, (1.51e)

with a positive constant ¢y, we find the following result:

Theorem 1.1 For any (measurable) function ¢ :R™ — R  fulfilling
conditions (1.51d), (1.51e), the following Tschebyscheff-type inequality holds

P (i < @i(a@).x) < @yasi=1,....m)
>1- %Eq) (y(a(w),x)), (1.52)

provided that the expectation in (1.52) exists and is finite.

Proof 1f Pi' (a(») X) denotes the probability distribution of the random m-vector y =

i(a(a)), x), then

20 (3(e@.x)) = [ 00)Praon@ + [ 00 Py

yeB yeB¢
> / ©() Pya).0(dy) = 9o / Pja(y,n (dy)
yeB¢ yeB¢
=@y P (}(a(w),x) ¢ B) = @o <1 - P (ﬁ(a(a)),x) S B)) ,
which yields the assertion, cf. (1.51c). ([

Remark 1.5 Note that P(S) > «; with a given minimum reliability o, € (0, 1] can
be guaranteed by the expected cost constraint

Eg ((at@). %)) = (1 = a)en.

Example 1.5 If ¢ = 1. is the indicator function of the complement B¢ of B, then
@o = 1 and (1.52) holds with the equality sign (Fig. 1.3).

Example 1.6 For a given positive definite m x m matrix C, define ¢(y) := y7Cy,
y € R™. Then, cf. (1.51b), (1.51d), (1.51e),
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Ao(y)
P(y)=y’
1\ 1
(p=18 (P=13
: >y
B* -1 B*
Fig. 1.3 Function ¢ = ¢(y)
minye 5p(y) = min {miny"Cy. min 7 Cy}. (1.53a)

Thus, the lower bound ¢, follows by considering the convex optimization prob-
lems arising in the right-hand side of (1.53a). Moreover, the expectation E¢(y)
needed in (1.52) is given, see (1.51a), by

E¢(y) = Ej' C§ = EuCyy’,
T
= rC(diag p)”" (cov ¥(a0.x) + (50 =) (50 = ) ) (diag )",
(1.53b)

where tr” denotes the trace of a matrix, diag p is the diagonal matrix diag p :=

(0i6ij), Yo := (Yic), see (1.50¢), and y = y(x) := (Ey,- (a(a)), x)) Moreover, for
E¢(y) we have the upper bound

E¢(®) = ICI lidiag p)~' 12 (1r covy(a(), x) + IF) = well?).  (1.530)

Example 1.7 Assuming in Example 1.6 that C = diag (c;;) is a diagonal matrix
with positive elements ¢;; > 0,i = 1, ..., m, then

miny¢3<p(y) = mil’l|5i5mci,‘ > 0, (153d)

and E¢(y) is given by
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2
Ep(y) = icu : (yi (a(w)’ x) _ yic) (1.53¢)

m . .
=E Cii )

i

1.7.2.2 One-Sided Inequalities

Suppose that exactly one of the two bounds y;; < y,; isinfinite foreachi =1, ..., m.

Multiplying the corresponding constraints in (1.50a) by —1, the admissible domain

S = S(x), cf. (1.50b), can be represented by
Sx)={aeR":y(a,x)<()0,i=1,...,m}, (1.54a)

where y; := y; — yu;, if y; = —00, and y; := yi; — yi, if y,; = +00. If we set

yia,x) = (ffi(a,x)) and

B::{yeRm:y,-<(5)0,i:l,...,m}, (1.54b)

then
P(S(x)) —P (y(a(w), x) e é) . (1.54¢)

In this case, cf. (1.51d), (1.51e), also consider a function ¢ : R” — R such that

De(y) =0, y eR" (1.55a)
iNe(y) = ¢o > 0, ify ¢ B. (1.55b)

Then, corresponding to Theorem 1.1, we have this result:

Theorem 1.2 (Markov-type inequality) If ¢ : R — R is any (measurable) func-
tion fulfilling conditions (1.55a,b), then

P (y(a(w),x) < (<) 0) > 11— %Eq) (y(a(w),x)) , (1.56)

provided that the expectation in (1.56) exists and is finite.

Remark 1.6 Note that a related inequality was already used in Example 1.2.

m

Example 1.8 If ¢(y) := > w;e*” with positive constants w;, «;, i = 1,...,m,
i=1

then
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inf @(y) = minj<j<pw; > 0 (1.57a)
yéB
and .
Eg (&(a(w), x)) = wEe” (ax), (1.57b)
i=1

where the expectation in (1.57b) can be computed approximately by Taylor expan-
sion:

Ee%¥ — ea;i(x) Ee% ()7[—,51 (X))

w70 (14 % (3 at0x) - 5,0))

2
3o (x 9
_ aF (1 n TG;MW)) _ (1.57¢)

Supposing that y; = y; (a (w), x) is a normal distributed random variable, then

~ = 1,22
Ee%Vi — eﬂli)’i(x)eiai %y @) (157d)

Example 1.9 Consider ¢(y) := (y — b)T C(y — b), where, cf. Example 1.6, C is a
positive definite m x m matrix and b < 0 a fixed m-vector. In this case we again
have

min,,, 3@ (y) = min <<, miny, o9 (y)

and
Eo) = E (§(at@).x) =b)' € (3(a(@). x) ~b)

— uCE (y(a(w),x) - b) (y(a(w),x) - b)T

vila, x) — (Yui + b;), if y; = —00
i —bi —yi(a,x), if y,; =400,

Note that
yila,x) —b; = {

where y,; +b; < y,; and y;; < yi; — b;.

Remark 1.7 The one-sided case can also be reduced approximatively to the two-
sided case by selecting a sufficiently large, but finite upper bound y,; € R, lower
bound y; € R, resp., if y,; = +00, y;; = —o0.
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Chapter 2 ®)
Solution of Stochastic Linear Programs oo
by Discretization Methods

Abstract Solution procedures for stochastic linear optimization problems (also
called stochastic linear programs (SLP)) by means of discretization of the probability
distribution of the random parameters are treated in this chapter: Given a stochastic
cost vector c(w), a stochastic technology matrix 7 (w) and a stochastic right-hand
side, h(w), consider a linear program for minimizing a linear function c¢(w)”x of
the design vector x subject to the linear constraints 7' (w)x = h(w), x > 0. Due to
the stochastic variations of the data (c, T, h) = (c(w), T (w), h(w)), for the selection
of an optimal decision vector x*, an appropriate deterministic substitute problem
has to be chosen. Here, we look for optimal decision vectors x* > 0 minimizing
the expected total cost defined by the sum of the primal costs c(w)” x and the costs
p(T (w)x — h(w)) caused by the violation of the equality constraints 7 (w)x = h(w).
These costs are determined here by means of sublinear functions p = p(z), involving,
e.g., the class of norms for an error vector z. Moreover, several sublinear cost func-
tions can be represented by the value function of an optimization problem, as, e.g.,
a Minkowski functional, see Chap. 11. Then, error estimates are given, and a priori
bounds for the approximation error are derived. Furthermore, exploiting invariance
properties of the probability distribution of the random parameters, problem-oriented
discretizations are derived which simplify then the computation of admissible descent
directions at non-stationary points.

Reproduced with permission from Springer Nature: Marti, K. (2002). On Solution of Stochastic
Linear Programs by Discretization Methods. In: Dzemyda, G., §altenis, V., 2ilinskas, A. (eds)
Stochastic and Global Optimization. Nonconvex Optimization and Its Applications, vol 59. Springer,
Boston, MA. https://doi.org/10.1007/0-306-47648-7_11.
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2.1 A Priori Error Bounds

A well-known method to handle linear programs

min c(w)’x (2.1
S.t.
T (w)x = h(w),
xeD

with random data (c(a)), T (w), h(a))) on a probability space (€2, A, P) istoreplace
(2.1), cf. [5, 10], by the stochastic optimization problem

min F(x) (2.2a)
s.t. x €D,
where
Fx) = E(c(a))Tx n p(h(a)) - T(w)x)) (2.2b)

and p = p(z) denote the so-called second stage costs defined by
p(2) =inf{gly : Wy =12,y>0}, zeR" (2.2¢)

Here, D is a fixed convex polyhedron in R”, hence, “x € D” represents the deter-
ministic constraints in (2.1), and “E” denotes the expectation operator. In the follow-
ing we suppose that the m x n; matrix W and the m vector ¢ are related such that

{(Wy:x >0} =R" (2.3a)
w: Wl <gq) #0. (2.3b)

Thus, the loss function p is defined on the whole R™. If ¢ > 0, then (2.3b) holds,
and p is nonnegative. According to [4] we know that p is a sublinear function on
R™, thus

piz4+w) < pz)+ p(w) forall z, w € R™ (2.4a)
p(Az) = Ap(2) forall z e R, A > 0. (2.4b)

Consequently, p is a convex function on R™, and we have that

p(o) =0 (240)
— p(=2) < p(@) for all z € R™ (2.4d)
—pz—w) = pw) = p2) < p(w—2z) forall z, w € R™. (2.4e)
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Moreover, if

p@| = sup [p@| (< +o0) 2.4)

lzlle=1

Ipll = sup

lzlle<l

denotes the norm of the sublinear function p, then

P = lpl izl for all z € R™, (2.4g)
lp(w) — p@)| < llpll llw —zll forall z, w € R™. (2.4h)

Denoting Ec(w) by ¢, (2.2b) reads

Fx)=¢x + Ep(h(a)) _ T(w)x). (2.5)

2.2 Disretization and Error Bounds

Approximating now the m x (n 4+ 1) random matrix (T(a)), h(a))) by a certain
sequence of random matrices

(Tl(a)), h'(a))), (T2(a)), hz)(a))), o (TN(a)), hN(w)>, o

converging in some probabilistic sense to (T (w), h (w)) , we obtain the approximative
objective functions

F¥x) =Tx + Ep(hN(a)) _ TN(a))x), N=1,2 ... (2.6)
Using (2.4d), for F(x) — F" (x) we obtain, see [4].
=9V @) < F) = FY(x) = 0" (), (2.72)
where the lower, upper error term oV (x), nN (x), resp., is defined by

N (x) == Ep ((T(a)) - TN(a)))x + (hN(a)) - h(w))) (2.7b)
7V (x) = Ep ((TN(w) — T(w))x + (h(a)) - hN(a)))) . 2.7¢)

Using discretization methods, the approximations (TN (w), kY (a))) are piecewise
constant random variables, hence

(TN(w), hN(a))> - (TN*f, h’”) forall we @V, j=1,2,...,ry, (2.8a)
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where '
oVt N2 QN ., QN is a partition of Q. (2.8b)

Consequently, FV(x), given by (2.6), reads
rN . . .
FN) =¢"x+ ) P@")ph™i — TNix). (2.8¢)
=1

Using Jensen’s inequality, for the error estimate 9" (x) we get
OV (x) = /p ((T(a)) — TN(a)))x n (hN(a)) - h(w))) Pdw)

_ Z / p((T@ =1 )x + (" = h@)) P(de)

leﬂN,j

> Z P@V9)p ((TQN'j =TV x4 (n - EQM)) - %

j=1

where
7o L / T(w) P(dw) (2.9b)
P(QN) ’
QN
o 1 / h(w) P (dw) (2.9¢)
P(QN)
QN.J

are the conditional expectation of T (w), h(w), resp., with respect to QN-J, Obviously,
for ™V (x) we obtain

N (x) > XN: P@")p ((TN'j _ TQN'/)x + (E“N'/ _ h’”)) . (29d)

Jj=1

Several publications [1, 2, 11] suggest to select the values T"+/, hV*/ | resp., accord-
ing to

TN — T _ / T (w) P(dw) (2.10a)
- T P(QN) ’ '
QN
—QN.J

N _ _ 1 /
W — = P h(w)P(dw). (2.10b)
QM.
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In this case, (2.9a), (2.9d) and (2.4c) immediately yield this result:

Lemma 2.1 [f the approximation (TN(a)), hN(a))) of (T(a)), h(a))) is defined by

(2.82), (2.8b) and (2.10a), (2.10b), then ¥V (x) > 0, n™ (x) > 0 for all x € R".

If the norm || p|| of the sublinear loss function is known, then the error terms
OV (x), nV (x) can be further estimated from above. Indeed, (2.7b), (2.7¢) and (2.4f)
yield

Y@l @1 < el (E |(T@) = TV@)x] + E |4 @) - h@)]).
2.11a)
Denoting by
; 1
N, _ .
PV (dw) = mlgN,j P(dw) (2.11b)

the restriction of P to the subdomains QN7 of Q, according to (2.8a)—(2.8c), from
(2.11a), (2.11b) we obtain

9N I, In™ (0l

§||p||§:P(QN’j) /H(T(w)—TN'j>xH P (dw)
j=1 oN.J

+/ AN — h(w)|| PV (dw) | . (2.11¢c)
QN-J

Remark 2.1 (More general loss functions) If the sublinear loss function p is
replaced by a more general convex loss function u, then the inequalities (2.11a),
(2.11c) remain true if the left-hand side in (2.11a), (2.11c) is simply replaced by
|F(x) — FN(x)|, and || p|| is replaced by a Lipschitz constant L > 0 of u, provided
that u is Lipschitzian with constant L on the union of the supports of the random
m-vectors T (w)x — h(w) and TV (w)x — hN(w), N =1,2,..., x € D, cf. [4].

Because of

v =17} = (| -r)e)
_ (xT(T(a)) — TN’j)T(T(w) - TN"i>x>l/2

and the concavity of t — J/t, we have that
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12
/ H(T(a))—TN’/)xH PN (dw) < / H (T(a))—TN’j)xHZPN*j(dw)
| o 12
_ e (@) — TN r (@) — TN\ PN
x ;:QN// <T(w) T, ) (T(co) T, )P Idw) | x
1/2
< x|y / i (@) — £ )PNJ(dw) (2.12a)

i=1 k= QN.j

where T}, T,»N'j is the i-th row of the m x n matrices T (w) = (tl-k(a))>, TNV =

(tf,f ) respectively. Moreover,

/||hN’j—h(w)||PN*f(da))§ 3 /(hfv’j—h,-(a)))zPN*j(dw) . (2.12b)
) i=1 )

Clearly, if (2.10a), (2.10b) holds, then

172

- A ' Y N.j (.
Q‘N// H(T(a)) T J)xH PY(dw) < <x <ZZ:1: var™+/ (T,( ))) x) (2.12¢)
/ 1KY = h(@)|| PY (dw) < <§: var™+/ (h;(-)))l/z, (2.12d)
a i=1

where varV (T( )) is the covariance matrix of the i-th row T;(w) of T (w), and

varV-J (h,-(-)) is the variance of the i-th component 4; (w) of h(w) with respect to

the conditional distribution P¥/ = P|qn..

Remark 2.2 For the general case given by (2.12a), (2.12b) we have that

Ti) —TV) (Ti(w) — TV ) PN (dw) = var™ (T;()
[ (mr=5)'( ) < )

Q.
—_ON.Jj T .
+( ¢ TZN]> ( iN”>,(2.126)

/(h () — ) PV (dw) = vaer(h ()) ( " —hN’) L (2.12f)

QN

respectively.
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Because of (2.11c) and (2.12a), (2.12b) we still have to compute an upper estimate
of || p|l. Representing any vector z € R” by z = Z;”:l z;e;, where 71, 22, ..., Z,, are
the components of z and ey, e, ..., e, are the unit vectors of the m coordinate
directions, because of the sublinearity of p we find

pix)=p (Z z,-ei) = Zp(ziei) = 2:10((@+ - z[)ei)

i=1 i=1

si( Gren) + (s —e0) = Y (s pten + 57 pi-en)

i=1

= 3G+ )y max| plen). p(-en] = Z i1z, (2.13a)
i=1 i=1
where
7 =max{p(e,-),p(—e,-)], i=1,2,...,m. (2.13b)
Note that for the computation of the m coefficients my, w7, ..., 7, we have to solve

the following 2m linear programs

ming’y st Wy==e, y>0 for i=1,2,...,m. (2.13¢)

From (2.13a) we obtain
p@) ==l -zl (2.13d)
where |||, ||z]| denote the Euclidean norm of w = (71, m2, ..., m,,)" and z, respec-

tively.
Thus, according to (2.4f) we have the upper norm bound

m 1/2 m 172
Ipll < Izl = (Znﬁ) = (Z (max| peen). p(—e,»)])2> SENCAE)
i=1 i

i=1

where ||| can be calculated from the given data, cf. (2.2c), (2.13c).
Summarizing the above consierations, from (2.11c), (2.12a)—(2.12f), and (2.14)
we get

Theorem 2.1 If(TN(a)), hN(a))) is given by (2.8a), (2.8b) and (2.3a), (2.3b) holds,
then for each x € R" we have that
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12

m

N . N2y
09" 0 < el Y @) [t | 0 [ (et 1) P )

j=1 ik=1g. ;

+ Xn: /(hi(w)—hfv’j>2PN’-f(dw) (2.152)

i=1 Q.j

Moreover, if equations (2.10a)—(2.10b) hold, then

N m 12
0= oY@, < 7l Y P@¥) ||x||( var'J (mo))

j=1 i,k=1

m 12
+ (Z varV+J (h,-(.))) ) . (2.15b)
i=1

2.2.1 Special Representations of the Random Matrix
(1), 1))

A common, well-known representation of (T(a)), h(w)) is given by

(7@ h@) = (T(s@). h(s@)) = T. 7 + S e (19, 59),
s=1

(2.16)
where (T, h) denotes the mean of (T(a)), h(a))), (T(‘V), h‘”), s=1,2,...,L,are
givenm x (n + 1) matrices, and & (w), & (w), . . ., &1, are zero-mean, stochastically

independent random variables.
Based on representation (2.16), the approximation (TN (w), kN (a))) of (T(a)),

h(a))) according to (2.8a), (2.8b) can be described then by the following piecewise
constant approximation £ (w) of the random L-vector &(w) = (51 (w), &(w), ...,

£.©)).

Let E denote the support of £ (w) or a set containing the support of £ (w). Moreover,
let
ghrw (2.17a)

be the partition of E generated by the partition (2.8b) of €2, hence
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g = |s(w) we QN'j]. (2.17b)
Thus, with fixed L-vectors £V/ = (élN’j, e évj) e ENJ we have that
EN(w) = N forall w € QN (2.17¢c)
and therefore ;
(@M V) = @R+ Y& (19, 19)), (2.17d)
s=1
Because of the properties of the random variables & (w), . . ., &1 (@) in the representa-

tion (2.16) of (T(a)), h(w)), we suppose that E&N (w) = 0 and E&N ()& (w) = 0
foralls =1,...,L,t=1,...,L,t # s, hence

'n I'n
NI P, (V) = 0, eNgN py(ENY) =0, (2.17¢)
s O] x £()
j=1 j=1
whereas s,t =1,...,L,t #s.

In many cases we may suppose that

= =
o=

8y, By = [ay, By) (2.18a)

L
=1

s

is a half-open L-dimensional interval. In this case E is then partitioned into certain
subintervals EV-/. Hence, we set

J=C0J2s o5 jr)stn = (N1, TN2, -, FNL), (2.18b)
N = (k62 (2.18¢)

where j, =1,2,...,rys,5s =1,..., L, and a cell EV*/ is given by
=N — gV — 1_[ =N.Js (2.18d)

©
—_

with certain half-open subintervals
Eiva = [ay*j.r7ﬂyaj,v)’ js = 1,2,...,}’]\].\'7 s = 1’2’...’L (2186)

with
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gV e ol YY), =12 e s=12,0 L0 (218D)

Moreover, (2.17d) reads in the present case

L
T = Z N (T(s), h(s))' (2.18g)

For the integrals in the error estimation (2.15a), by (2.16), (2.17d), (2.18g) and
the cell representation (2.18d), we get

2 ) 1 N2
: _ N N,j - - ) _ 4N
[ (iw@ = 17) P N / | (e @® = 1)) Pecy (@)
QN.J E€BNJ

and therefore

[ (w7 o = Yo (5 ) (877 )

s,0=1

QN.J s#O
L
4 f,:”ﬁ / (& — £V 9)2Pe ) (d8) (2.192)
= P0G
as well as
N, o0 (55 v (55 v
[ (1) =) i) = Y- (ss -¢ ,) (sa —s(,’fﬂ)
Qi g
£ e / (& — 9Py d5), (2.190)
=1 s, () (B s
where
=N.Js
£ -k "Nh):—— / £ Pe o (d5) 2.19)
Pe () (B

N, js

€&

in the cond1t10nal mean of & (w) with respect to Eg N.gs , cf. (2.9b), (2.9¢).
N.Jjs
Since &' € [afv g fvj) cf. (2.18f), and E € [afv o NJ‘) the first
terms in (2.19a), (2.19b) can be estimated from above as follows:
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Js =N.jo
(5) (o) N, j, +Eo N.js

Ztlk ik <s Ssj>(sa _ggj>§
;;Ul

L

Z t,(/f) l(;:) (lBsN,Jx _ aivq./x)(ﬂ(lrva./a _ a(Ir\/,Jr,)’ (2.19d)
5,;;?1

0@ (F5 e (55w

YOO (ET g ) (8 e =
s,o=1

L
> ‘hf”hl@ (ﬂsN"h - aﬁv"’*')(ﬁf,”" - aﬁ"fﬂ). (2.19%)
s,o=1
s#o

Agf theNmterval Es; = [y, Bs) 1s partitioned into ry, equidistant subintervals
[y My, je=1,2,..., rys, then

L
(s) () N, js N, jg N,jo N, js
Zt,; 1;: (:Bv ! — J)(ﬂa g _acrj)
A;-;il
(Bs — &) (Bo — %) =
s — O o — Qo () ( )
= Dol (2.19f)
rNs INo

s.o=1

s#o

N, j N, js N,jo N, jo
(B — o) (g0 — ')

XL:)h@h(”)

s,o=1

s#o
L
(Bs — ay)?
== 7 (2.19g)
INs'No HZ::I
s#o
If the values SN LI 1,2,...,rys, s=1,2,..., L, are selected such that
} _gis
§SN’/~‘ =&, j=12,...,rys, s=1,2,...,L, (2.20a)

see (2.10a), (2.10b) then (2.19a), (2.19b) is reduced to

f (lk(a))—t )PN/(dw) Zt“ﬂ varNJs (ss(.)), (2.20b)

o
f (h () — ) PV (dw) = ih,@z varVi (&(-)), (2.20¢)

QN s=1
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where

var® (g()) };;;%iwx; _/‘ (&-—Efﬁh) Pyy(dg)  (2.20d)

~N.js
£, By

is the conditional variance of & (w) with respect to &

Example 2.1 Suppose that & (w) has adensity f;(z) suchthatforalls =1,2,..., L
and j, = 1,2, ..., ry we have that

0<ﬁyw=mqﬁ@yzeaﬁﬂ

< ff’M =sup{fi(2) 1z € BV} < +o0. (2.21a)
This yields
Peiy(B1) = [ (BY = alh), (2.21b)
s
_E?"h 2 N.js _E?l'ii 2
f (6 -5 ) Puots) = £ / (6 -8 )as 219
SYE’:N Js a?’Jx

and therefore

; J
) fSNajx 1 N 2 Js + IBN JJs
varVJs <Ev()> =< I’VA,/IJY IBN'j‘ N / & — 72 d$3
s Vs N

N NJA + ﬂN JJs —E.{-V’/x 2
2 s

Nojs N.Jjs N.js N, js N.js 1\ 2
_ f&,M (Bs / — Oy ! )2 (O[X ! + Bs ! EEQI“)

i\ e T\
(2.21d)
HN Js . .
Since & ;ﬂ“ and &, are elements of ) = [a‘ﬁv”i, . ’5) from (2.20d)
and (2.21a)— (2.21d) we obtain
. Foid 137 N
aI.N,jx (Es()) < NMJT E([Bijv _ ai\/»/,‘) (2.22a)

s,m
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If each E; is partitioned into ry, equidistant subintervals Eﬁv'js, Js=12,...,

rys, then /3N s i\’/ = # forall j =1,2,...,ry, and therefore
N.Jjs
13 1
var® (gs( )) < Bl . (2.22b)
12 fs m rNs

2.3 Approximations of F with a Given Error Level ¢

According to (2.7a)—(2.7¢) and (2.15a), (2.15b) we have that
Fe) = FY | < 71 ) P@™) (v (T6) + v (h0)) . @23)
j=1

with the estimation errors

12
N
N 2 .
VNJ<T() 3 / fi (@) —z,.’,f’f) PYidey| . (2.23b)
lk:l .
N 12
VN’(h() 3 / h () — ) PYidey | . (223¢)
1k:l
Knowing that D is bounded, hence
DcC {x R ||x| < po} (2.242)

for some pg > 0, from (2.23a) we obviously get
'n
= FY < ) P@Y) (o0V ™ (TO) + VY (h())), (2.24b)
j=1
where F* is the optimal value of (2.2a)—(2.2c) and FN™ the optimal value of the
approximating problem

min F¥(x) st x € D. (2.24¢)

Furthermore, if it is known that there is an optimal solution x* of (2.2a)—(2.2c)
such that with some p > 1 we have that

lx*|I, < po, for some given po, > O, (2.25a)
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where ||x||, is the p-norm of x, then again (2.7a)—(2.7¢) and (2.15a), (2.15b) yield
F = FY' < Il Y P& (v (1) + vV (h())), @225b)

j=1

where py := pg, max{||ul| : ||ul|, < 1}, and Flﬁz* is the optimal value of the approx-
imation

min F¥(x) s.t.x €D, |x]|, < pop- (2.25¢)

Note that if FV(x) is generated by a discretization process of P , and
T(~)Jl(~)>

p=1lor p=1or p=+o0, then (2.25c) can again be represented by a linear

program.
The above considerations yield now the following result:

Theorem 2.2 Selecting the approximation (TN (w), kN (a))) of (T(a)), h(a))) such
that

1S P@Y) (50 (1) + VI () <o (2.260)

j=1

where ¢ > 0 is an a priori given error bound, then in cases (2.24a) and (2.25a) we
have the a priori error bound

|F*—FV'| <e, |[F*— FN'| <&, (2.26b)

respectively.

While (2.24a) is a simple property of the convex polyhedron D which may hold
or not, the relation (2.25a) is more involved.

2.4 Norm Bounds for Optimal Solutions of (2.2a)—(2.2¢)

For finding upper norm bounds py for an optimal solution x* of (2.2a)—(2.2c) we
have to study the growth properties of F' first. These can be obtained if for the loss
function p, see (2.2c), appropriate lower bounds can be derived.

Using condition (2.3a), (2.3b), where we assume that g has components

q1>0,q.>0,...,9,>0, (2.27a)

we define now the closed, convex polyhedron K by

1 1 1
K = conv {—wl,—wz,...,—wu}, (2.27b)
q1 q2 m
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where gy >0,k =1,..., u, are the components of ¢ and wy, ws, ..., w, are
the columns of the matrix W, cf. (2.13c), where we may assume—without any
restrictions—that wy, 7%= O forall k = 1, ..., u. According to [3, 4] we know that in
this situation the loss function p has the representation

P(Z)zinf{k>0:§eK},zeR’”. (2.28)
Having (2.27a), (2.27b) and defining

1
go = max — [Jwll, (2.29a)
1=k=n gy

where gy > 0, we find

llz]l < go foreach z € K.

1 1
Since the relation XZ € K obviously implies that ” XZ < qo, for the loss function

P, having representation (2.28), for each z € R™ we have that

. Z 1
p@zinf [1>0: ] <q0] = -lell = (]n}( n ”> Izl (2:290)
If (2.29b) holds, then (2.5) yields
F(x) = ex + pE|IT (@)x — h(@)], (2.30a)
where
p= min X (2.30b)
B= S ol

In the following we assume that (T(a)), h(a))) is bounded a.s., hence, there is a
constant I' > O such that

H(T(a)), h(a))) H <T wp. 1. 2.31)

Defining for any x € R”

=

A T T
x=",1)", e =

Al

llx1l

we find

IT@)x = h@) = | (T@), h)3

= 1#1 - | (T (@), h@)es
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furthermore, we have that

” (T(a)) h(a)))ex

= H (T(a)), h(w))e,;
= (1@ h@)es

N (T@), h@))es

and therefore

HT(w)x — h(w) H < —||x|| H (T(w),h(w))ef 2,

(2.32a)
see (2.31). Taking expectations on both sides of (2.32a), we get
| B T
EIT@x —h@)] = zl2le] E(T@). h@) (T(@.h@))es.  (2:320)

Denoting by Anyin (Q) the minimal eigenvalue of any symmetric matrix Q, from
(2.32b) we obtain

1. T
=1 A (E(T(a», @) (T, h(w)))

v

E|T(w)x — h(o)|l

v

%nﬁnmmin ((T(w), h(a)))T(T(w), h(w))> . (2.320)

Note that

E(T@.h@) (1@ h@) = Y- (cov (10010 + (T2 ) (o)

i=1

N

(2.32d)
where cov (T,- (), h; (~)) designates the covariance matrix of the i-th row (7;, h;) of

(T(w), h(a))). If the random matrix (T(w), h(a))) is represented by (2.16), then

L
E(T(a)), h(a)))T(T(w), h(w)) =TT+ cov & T TV, (2.32)

s=1

hence, this matrix can be computed easily. Let then Ay be defined by

20 = Amin (E(T(a)), h(w))T(T(a)), h(a)))) or

Ao = E,\mm<T(w), h(a)))T<T(w), h(a))). (2.33)
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Summarizing the above considerations, according to (2.30a) and (2.32b) we find
the following result.

Lemma 2.2 Suppose that conditions (2.3a), (2.3b) and (2.31) hold true. If p, T, Ao
are defined by (2.30b), (2.31), (2.33), resp., then

T pho n
F(x)>¢ x4+ T||x|| forall x e R". (2.34)

Consider now any element x° of the feasible domain D of (2.2a). If x* is an optimal
solution of (2.2a)—(2.2¢), then (2.34) and (2.13d) yield the following inequalities

Pro
clat+ _Tonx*n < F(x*) < FQ°) =" x° + |7 | E|IT (0)x° — h(w) ||

. . 1/2
<X+ |7 (xOE(T(w), h(w))T(T(a)), h(a)))xo)

= FY, (2.35)

where the last inequality is guaranteed by the concavity of the function z — ,/z. Note
that the upper bound F° can be computed easily, see (2.14), (2.32e). Since [|x*| =

172
(1 + ||x*||2) , we now have the following norm bounds for optimal solutions x*
of (2.2a)—(2.2¢c).

Theorem 2.3 Suppose that the assumptions of Lemma 2.2 hold, and let x° be any
feasible solution of (2.2a)—(2.2¢c). Moreover; let FY be defined as in (2.35).

(a) If ¢’x = 0 for all x € D, then for any optimal solution x* of (2.2a)—(2.2¢) we
have that

172 172

2 2
r Al
Il < [ ———F&Y ) =1 <|[—=—) —-1] . @362
pro —Tlicll Pho

A
(b) If el < %, then for any optimal solution x* of (2.2a)—(2.2¢) it holds

1/2 1/2

2 2
FOT Fr
lx*|| < (xi)_ -1 <\l—=] -
pro— Tl pro—TLlell

(2.36b)
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Proof
(a) Here, from (2.34) and (2.35) we get

DPAo pro 1/2
P2 a0 2 e+ E000 2 2 (14 1)

which yields the first assertion (2.36a).
(b) The next assertion (2.36b) follows from

Pho pro
W>F@%>Jﬁ+},wn>—M|Ww+ﬁTWW

Pro
(—IICII + —) (14 1%,

2.5 Invariant Discretizations

According to Theorem 2.1, (2.23a)—(2.23c¢), there is a large variety of possible dis-
cretizations (T, h™) of (T(a)), h(a))) guaranteeing a certain given a priori error
bound, see (2.26b). Hence, the problem is to find discretizations taking into consid-
eration the special structure of the underlying problem [6]. A main idea in stochastic
linear programming with recourse is the use of special refining strategies for refin-
ing the partitions EV'!, ..., E¥N'V of E, see (2.17a)—(2.17¢), such that only cells
8N/ are further partitioned which contribute most to the increase of the accuracy of
approximation, see [1, 2].

Very often the probability distribution P ( ) has certain symmetry or invari-

T().h()
ance properties, [7]. Not destroying these invariance properties during the discretiza-
tion process, in several cases descent discretions can be constructed very easily.

Considering the approximation (TN (@), k" (a))), given by (2.8a), (2.8b) or
(2.172)~(2.17¢), we define (TON (), hY (w)) by

(TON (), hY (a))) = (TN(a)) TV, h¥(w) - EN), (2.37a)

where (TN, EN> is the mean of (TN (w), KN (a))). Using the results of [9], we define
the distribution invariance as follows, where the set B, of ry x ry matrices B = (b;;)
is given by

By, ={B:1"B=1", Ba =, B > 0}. (2.37b)
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Here, 1 denotes the ry-vector 1 = (1,1, ..., 1) and « is the ry-vector
T
o= (P@", P@"),.... P@"™)) (2.370)
or ;
@ = (Pg(,)(EN’l), Pey(BV2), ... Pg(.)(aN*’N)) (2.37d)

and B > 0 means that b;; > 0 for all elements b;; of B.

Definition 2.1 The distribution P/~ of (7" (@), hf/ (@)) is called invari-
Ty (‘)vho “)

ant if there is a matrix B € B, and an n x n matrix C such that for each row

i=1,2,..., m we have that

N,1 N,1
TONiz TO]\;Z
T T
B Y =" |c (2.382)
Ty "™ Ty
N,1 N,1
A
hy hy';
B " =" | (2.38b)
N, N.
TO,i /”N hO,irN

For the general case, we have to introduce some more notations:
Let denote 7 the (1 + m)-vector

t
7= ( ) with r € R, z € R", (2.39a)
Z

where we set Z = (2o, Z1, .- ., Zm) WithZg =¢,Z; = z;,i = 1, ..., m;. Furthermore,
let u(Z) denote the total loss function

uz) =1+ p@) (2.39b)

of (2.2a)—(2.2¢).

Obviously, the total loss function # = u(z) is monotonous nondecreasing with
respect to the component zo = f. In many cases the loss function p itself has
some (partial) monotonicity properties, see, e.g., [8]. Hence, supposing in the
following—for example—that p is also partially nondecreasing, we have a subset
J C{0,1,...,m} with O € J and a corresponding partition

Z= <~Zl >, 21 = @iies, Zir = @)igs (2.40a)
211
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of 7 into two subvectors Z;, Z;; such that for any vectors 7, w € R'*" the following
relation hold:
Zp S wy, Zpp=wy = u@) <u(w), (2.40b)

where Z; < w; means that z; < w; for all i € J. Of course, in many cases we also
have the stronger condition

71 < Wy, 21 =Wy, Z; < w; foratleastone i € J = u(?) < u(w).
(2.40¢)
Based on the above definitions, the invariance of an arbitrary distribution

P with
(AN('),bN(-)>

¢’ 0
(AN(w), bN(w)) = (TN(w) hN(a))) (2.41)

is stated as follows, where the following inclusion is still assumed:
D C RL. (2.42)

Definition 2.2 The probability distribution P of (AN(w), bN(w)) is
AN(),bN ()

called invariant it there is a matrix B € B, and an n x n matrix C such that the
following relations hold:

(i)
c>clcC (2.43a)

(ii)
T, <T,C (2.43b)
T =T;C (2.43¢)

(iii)
(2.8a) and (2.38b) are fulfilled. (2.43d)

where T;, T, resp. is the matrix containing the rows T; withi € J,i ¢ J, respec-
tively.

Remark 2.3 Note that condition (2.43d), hence, relations (2.38a) and (2.38b) can be
interpreted as conditions for the discretization of the distribution of the centralized

random matrix (To(a)), ho(a))) = (T(a)) —T,h(w) — E), where (T, 1) is the mean
of (T(a)), h(w)).
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The significance of the above invariance concept follows from the following result,
cf. [9].

Theorem 2.4 Suppose that D C R’ If (AN (), bN (-) has an invariant distribution
with matrices B € B, C according to Definition 2.2, then

(I) FN(y) < FN(x) with y := Cx for every x € R"
(II) h =y — x is a descent direction for FN at x, provided that only FN is not
constant on the line segment xy joining x and y # x.

As an important consequence of Theorem 5.1 we find the following result:

Corollary 2.1 Assume that P is invariant with matrices B € 8,, C
AN(')J?N(-))

according to Definition 2.2. Furthermore, suppose that F" (x) is not constant on
each line segment xy in D. If x* is an optimal solution of the approximating problem
(2.24¢), then

Cx* =x*or
h = Cx* — x* is not a feasible direction for D at x*.

Note 2.1 Corollary 2.1 holds also under weaker conditions concerning FV.
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Chapter 3 ®)
Optimal Control Under Stochastic oo
Uncertainty

Abstract Optimal control problems as arising in different technical (mechanical,
electrical, thermodynamic, chemical, etc.) plants and economic systems are modeled
mathematically by a system of first-order nonlinear differential equations for the plant
state vector z = z(t) involving, e.g., displacements, stresses, voltages, currents, pres-
sures, concentration of chemicals, demands, etc. This system of differential equations
depends on the vector u(¢) of input or control variables and a vector a = a(w) of
certain random model parameters. Moreover, also the vector zq of initial values of
the plant state vector z = z(¢) at the initial time ¢t = fy may be subject to random
variations. While the actual realizations of the random parameters and initial values
are not known at the planning stage, we may assume that the probability distribution
or at least the occurring moments, such as expectations, variances, etc., are known.
Moreover, we suppose that the costs along the trajectory and the terminal costs G are
convex functions with respect to the pair (u, z) of control and state variables u, z, the
final state z(), respectively. The problem is then to determine an open-loop, closed-
loop, or an intermediate open-loop feedback control law minimizing the expected
total costs consisting of the sum of the costs along the trajectory and the terminal
costs. For the computation of stochastic optimal open-loop controls at each starting
time point #;, the stochastic Hamilton function of the control problem is introduced
first. Then, a H-minimal control can be determined by solving a finite-dimensional
stochastic optimization problem for minimizing the conditional expectation of the
stochastic Hamiltonian subject to the remaining deterministic control constraints at
each time point 7. Having a H-minimal control, the related Hamiltonian two-point
boundary value problem with random parameters is formulated for the computation
of the stochastic optimal state and adjoint state trajectory. In the case of a linear-
quadratic control problem the state and adjoint state trajectory can be determined
analytically to a large extent. Inserting then these trajectories into the H-minimal
control, stochastic optimal open-loop controls are found. For approximate solutions
of the stochastic two-point boundary problem, cf. [31].
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60 3 Optimal Control Under Stochastic Uncertainty

3.1 Stochastic Control Systems

Optimal control and regulator problems arise in many concrete applications (mechan-
ical, electrical, thermodynamical, chemical, etc.) are modeled [3, 17, 34, 37] by
dynamical control systems obtained from physical measurements and/or known
physical laws. The basic control system (input-output system) is mathematically
represented [18, 38] by a system of first-order random differential equations:

z(t) = g(t, w, z(1), u(t)), fh<t=<t;, e (3.1a)
z(t) = zo(w). (3.1b)

Here, w is the basic random element taking values in a probability space (2, A, P),
and describing the present random variations of model parameters or the influence
of noise terms. The probability space (€2, 2(, P) consists of the sample space or set
of elementary events €2, the o-algebra 2 of events and the probability measure P.
The plant state vector z = z(¢, ®) is an m-vector involving direct or indirect mea-
surable/observable quantities like displacements, stresses, voltage, current, pressure,
concentrations, etc., and their time derivatives (velocities), zo(w) is the random initial
state. The plant control or control input u(¢) is a deterministic or stochastic n-vector
denoting system inputs like external forces or moments, voltages, field current, thrust
program, fuel consumption, production rate, etc. Furthermore, z denotes the deriva-
tive with respect to the time 7. We assume that an input # = u(¢) is chosen such that
u(-) € U, where U is a suitable linear space of input functions u(-) : [fo, t;] — R”
on the time interval [#o, ¢ ]. Examples for U are subspaces of the space P Cy[ty, t¢] of
piecewise continuous functions u(-) : [fo, ;] — R" normed by the supremum norm

Hu(-)Hoo = sup[”u(t)” tfy <t < tf}.

Note that a function on a closed, bounded interval is called piecewise continuous if it
is continuous up to at most a finite number of points, where the one-sided limits of the
function exist. Other important examples for U are the Banach spaces of integrable,
essentially bounded measurable or regulated [8] functions L7, ([f0, 771, BN, p >
1, L ([to, 1], B', &), Reg([to, t¢]; R™), resp., on [to, t7]. Here, ([to, t/], B', A")
denotes the measure space on [fg, t;] with the o — algebra B! of Borel sets and
the Lebesgue-measure A1 on [to, tr]. Obviously, PCilto, tr] C L7 ([to, tf], B ah.
If u=u(t,w),thp <t <ty is a random input function, then correspondingly we
suppose that u(-, w) € U a.s. (almost sure or with probability 1). Moreover, we
suppose that the function g = g(¢, w, z, u) of the plant differential equation (3.1a)
and its partial derivatives (Jacobians) D, g, D, g with respect to z and u are at least
measurable on the space [, 7] x  x R™ x R".

The possible trajectories of the plant, hence, absolutely continuous [32] m-vector
functions, are contained in the linear space Z = C{'[f, t7] of continuous functions
z(-) : [to, tf] = R™ on [to, t7]. The space Z contains the set PCY"[tg, 7] of con-
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tinuous, piecewise differentiable functions on the interval [fy, ]. A function on a
closed, bounded interval is called piecewise differentiable if the function is differen-
tiable up to at most a finite number of points, where the function and its derivative
have existing one-sided limits. The space Z is also normed by the supremum norm.
D(C U) denotes the convex set of admissible controls #(-), defined, e.g., by some
box constraints. Using the available information 2(, up to a certain time ¢, the problem
is then to find an optimal control function u* = u*(¢) being most insensitive with
respect to random parameter variations. This can be obtained by minimizing the
total (conditional) expected costs arising along the trajectory z = z(¢) and/or at the
terminal state z ; = z(t7) subject to the plant differential equation (3.1a), (3.1b) and
the required control and state constraints. Optimal controls being most insensitive
with respect to random parameter variations are also called robust controls. Such
controls can be obtained by stochastic optimization methods [26].

Since feedback control (FB) laws can be approximated very efficiently, cf. [2,
19, 34], by means of open-loop feedback (OLF) control laws, see Sect.3.2, for
practical purposes we may confine to the computation of deterministic stochastic
optimal open-loop (OL) controls u = u(-; ), 1, <t < ty, on arbitrary “remaining
time intervals” [t,, ty] of [to, t]. Here, u = u(-; 1) is stochastic optimal with respect
to the information 2, at the “initial” time point 7.

3.1.1 Random Differential and Integral Equations

In many technical applications the random variations are not caused by an additive
white noise term, but by means of possibly time-dependent random parameters.
Hence, in the following the dynamics of the control system is represented by random
differential equation, i.e., a system of ordinary differential equations (3.1a), (3.1b)
with random parameters. Furthermore, solutions of random differential equations
are defined here in the parameter (point)-wise sense, cf. [4, 6].

In case of a discrete or discretized probability distribution of the random ele-

ments, model parameters, i.e., 2 = {w, @, ..., 0}, Plw=w;) =a; >0, j =
0
1,...,0, Y a; =1, we can redefine (3.1a), (3.1b) by
j=1
20 =g(rz.um), wsr=t, (3.1¢)
z(ty) = zo, (3.1d)

with the vectors and vector functions

z2(1) = (z(t,a)j)> L 20 1= (Zo(wj))

,,,,,,,,,,,,

gl z,w) = (g(”wj’zuw “)). = 2= (2)) j=1,..0 € RO
j=1,..., o
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Hence, in this case (3.1c¢), (3.1d) represent again an ordinary system of first order
differential equations for the om unknown functions

ZijZZ,‘([,a)j), i=l,...,m, ]21,,Q

Results on the existence and uniqueness of the systems (3.1a), (3.1b) and (3.1c¢),
(3.1d) and their dependence on the inputs can be found in [8].

Also in the general case we consider a solution in the point-wise sense. This
means that for each random element w € €2, (3.1a), (3.1b) is interpreted as a system
of ordinary first-order differential equations with the initial values zop = zo(w) and
control input u = u(¢). Hence, we assume that to each deterministic control u(-) € U
and each random element w € €2 there exists a unique solution

) = S(a), u(-)> - S(w, u(-)), (3.22)

z2(-, w) € Cy'lto, tr], of the integral equation

t

(1) = zo(w) + f g(s, w, z(s), u(s))ds, th <t =<ty (3.2b)

fo
such that (t, w) — § (w, u(~)) (t) is measurable. This solution is also denoted by

2(t,w) =z,(t, w) = z(t, 0, u(-)), o <t =<ty. (3.2¢0)

Obviously, the integral equation (3.2b) is the integral version of the initial value
problem (3.1a), (3.1b): Indeed, if, for given w € 2, z = z(¢, w) is a solution of (3.1a),
(3.1b), i.e., z(-, w) is absolutely continuous, satisfies (3.1a) for almost all 7 € [1y, /]
and fulfills (3.1b), then z = z(¢, w) is also a solution of (3.2b). Conversely, if, for
given w € 2, 7z = z(t, w) is a solution of (3.2b), such that the integral on the right-
hand side exists in the Lebesgue-sense for each # € [19, 7], then this integral as a
function of the upper bound ¢ and therefore also the function z = z(¢, w) is absolutely
continuous. Hence, by taking ¢ = fy and by differentiation of (3.2b) with respect to
t, cf. [32], we have that z = z(¢, w) is also a solution of (3.1a), (3.1b).

3.1.1.1 Parametric Representation of the Random Differential/Integral
Equation

In the following we want to justify the above assumption that the initial value problem
(3.1a), (3.1b), the equivalent integral equation (3.2b), resp., has a unique solution
z = z(t, w). For this purpose, let & = 6 (¢, w) be an r-dimensional stochastic process,
as, e.g., time-varying disturbances, random parameters, etc., of the system, such that
the sample functions 6 (-, @) are continuous with probability one. Furthermore, let



3.1 Stochastic Control Systems 63
g :to, 1] x R" x R" x R" - R"

be a continuous function having continuous Jacobians Dy g, D, g, D, g withrespect to
0, z, u. Now consider the case that the function g of the process differential equation
(3.1a), (3.1b) is given by

gt,w, z,u) = g(t, 0, w), z, u), (t,w,z,u) € 19, t5] x @ x R" x R".

The spaces U, Z of possible inputs, trajectories, resp., of the plant are chosen as
follows: U := Reg([to, t7]; R") is the Banach space of all regulated functions u(-) :
[%, tr] — R", normed by the supremum norm || - ||oc.

Furthermore, we set Z := C{'[fo, 7] and © := C{[t, t7]. Here, for an integer v,
Cylto, t¢] denotes the Banach space of all continuous functions of [#y, #¢] into R"
normed by the supremum norm || - ||. By our assumption we have 6(-, w) € ® a.s.
(almost sure). Define

E=R"x0O xU;

E is the space of possible initial values, time-varying model/environmental param-
eters and inputs of the dynamic system. Hence, £ may be considered as the total
space of inputs
20
§:=100)
u(-)

into the plant, consisting of the random initial state z, the random input function
6 = 6(t, w) and the control function u = u(t). Letnow the mappingt : E x Z — Z
related to the plant equation (3.1a), (3.1b) or (3.2b) be given by

t

r(f, z(-))(t) =z() — | 20 +/§(s, a(s), z(s), u(s))ds , fy <t <ty
fo
(3.2d)

Note that for each input vector £ € E and function z(-) € Z the integrand in (3.2d)
is piecewise continuous, bounded or at least essentially bounded on [7y, #]. Hence,
the integral in (3.2d) as a function of its upper limit ¢ yields again a continuous
function on the interval [fy, f7], and therefore an element of Z. This shows that t
maps E x Z into Z.

Obviously, the initial value problem (3.1a), (3.1b) or its integral form (3.2b) can
be represented by the operator equation

7(§,2(:) =0. (3.2¢)



64 3 Optimal Control Under Stochastic Uncertainty

Operators of the type (3.2d) are well studied, see, e.g., [8, 20]: It is known that
7 is continuously Fréchet (F')-differentiable [8, 20]. Note that the F-differential is a
generalization of the derivatives (Jacobians) of mappings between finite-dimensional
spaces to mappings between arbitrary normed spaces. Thus, the F-derivative Dt of

T at a certain point (E, Z(-)) is given by

Dt(€,2()) - (&.20))) @ (3.22)
(Pr(&.20) - (5:200))

=2 — (ZO + [ D506 200, 10))z(51ds

fo

+/Dggf(s,@_(s),Z(s),ﬁ(s))@(s)ds

t

+/Dué'(s,é(S),Z(S),IZ(S))u(S)ds o St =ty

fo
where £ = (zo, a0, ﬁ(-)) and & = (zo, 6(), u(-)). Especially, for the derivative of
T with respect to z(-) we find

t

(Dzr(é, 20)) ~z(~)>(t) =20~ [ D.§(5.06). 260, 70) )20)ds. 1 =t < 1.

to
(3.2g)
The related equation

D.r(8.20)) - 2() = y().y() € Z (3.2)

is a linear vectorial Volterra integral equation. By our assumptions this equation has
a unique solution z(-) € Z. Note, that the corresponding result for scalar Volterra
equations, see, e.g., [36], can be transferred to the present vectorial case. Therefore,

D.t(&,7(-)) is a linear, continuous one-to-one map from Z onto Z.
-1
Hence, its inverse <Dzr (5, Z(-))) exists. Using the implicit function theorem
[8, 20], we now obtain the following result:

Lemma 3.1 For givené‘ = (Zo, 0(-), ﬁ(-)), let (é, Z(-)) € E X Z be selected such

that t (é‘, Z(-)) = 0, hence, Z(-) € Z is supposed to be the solution of
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20 =§(1. 600, 20,40, 1 <1 <1y, (33a)
z(t0) = Zo (3.3b)
in the integral sense (3.2b). Then there is an open neighborhood of &, denoted by

V0(§ ), such that for each open connected neighborhood V() of & contained in
V(&) there exists a unique continuous mapping S : V() — Z such that (a) S(§) =

20); (b) r(g, S(g)) = 0foreacht € V(E), i.e. S(E) = SE)(1). 10 <t <1y, is the
solution of

t

2(t) = 2o +/§<s,0(s),z(s),u(s)>ds, fh<t<tg (3.3¢)

fo

where & = (zo, 0(-), u(-)); (c) S is continuously differentiable on V(é), and it holds

D5 = —(Dr(6.5©)) Dur(5.50)). £ eV (3.3d)

An immediate consequence is given next:

Corollary 3.1 Thedirectional derivative ¢ (-) = ¢, 1, (-) = D,S(E)h(-)(€ Z), h(:) €
U, satisfies the integral equation

t

¢ ~ [ D (5,661, 5. u(s))c(s)ds

fo
t

=[Dug(s,e(s),S(g)(s),u(s))h(s)ds, (3.3¢)
wherety <t <t;and & = <Zo, 0., M('))~

Remark 3.1 Taking the time derivative of equation (3.3e) shows that this integral
equation is equivalent to the so-called perturbation equation, see, e.g., [18].
For an arbitrary h(-) € U the mappings

(t,§) = SE), (1,8) — (DMS(S)h(-))(t), (t,8) € lto, 171 x V(E) (3.3f)

are continuous and therefore also measurable.

The existence of a unique solution z = z(¢), 7o <t < ty, of the reference dif-
ferential equation (3.3a), (3.3b) can be guaranteed as follows, where solution is
interpreted in the integral sense, i.e., 2 = z(t), fo < t < ty, is absolutely continuous,



66 3 Optimal Control Under Stochastic Uncertainty

satisfies equation (3.3a) almost everywhere in the time interval [#y, ¢ ] and the initial
condition (3.3b), cf. [7, 40].

Lemma 3.2 Consider an arbitrary input vector & = (20,0_(-), ﬁ(-)) € &, and

define, see (3.3a), (3.3b), the function &3, a = 8acy.a00 (1> 2) 1= g(z, 6(1), z, ﬁ(t)).
Suppose that

(i) z— gg(.)yﬁt)(t, z) is continuous for each time t € [ty, tf],
(ii) t — gg(,),,;(_)(t, z) is measurable for each vector z,
(iii) generalized Lipschitz condition: For each closed sphere K C R" there exists
a nonnegative, integrable function Lg(-) on [ty, t7] such that
(V) 11850y, (1. O) I < L (), and 11850, (t: 2) = &ay.acr (2 )l < L (©)
lz — wll on [1, 7] x K.

Then, the initial value problem (3.3a), (3.3b) has a unique solution 7 = 7(t; é).
Proof Proofs can be found in [7, 40]. O

‘We observe that the controlled stochastic process z = z(¢, w) defined by the plant
differential equation (3.1a), (3.1b) may be a non Markovian stochastic process, see
[3, 17]. Moreover, note that the random input function 6 = 6(¢, w) is not just an
additive noise term, but may describe also a disturbance which is part of the nonlinear
dynamics of the plant, random varying model parameters such as material, load or
cost parameters, etc.

3.1.1.2 Stochastic Differential Equations

In some applications [3], instead of the system (3.1a), (3.1b) of ordinary differential
equations with (time-varying) random parameters, a so-called stochastic differential
equation [33] is taken into account:

dz(t, w) = g(z, 2(t, w), u(t))dt n iz(z, 2(t, w), u(t))d@(t, ). (3.42)

Here, the “noise” term 6 = (¢, w) is a certain stochastic process, as, e.g., the Brow-
nian motion, having continuous paths, and g = g(¢, z, u), h= ﬁ(l, Z, u) are given,
sufficiently smooth vector/matrix functions.

Corresponding to the integral equation (3.2a), (3.2b), the above stochastic differ-
ential equation is replaced by the stochastic integral equation

1 t

z2(t, w) = zo(w) + f (s, z(s, w), u(s))ds + / ﬁ(s, z(s, w), u(s))d@(s, w).

to fo
(3.4b)
The meaning of this equation depends essentially on the definition (interpretation)
of the “stochastic integral”
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t

1(§(~, 9,2, -))(r) - /ﬁ(s,z(s, w),u(s))d@(s,a)). (3.4¢)

fo

Note, that in case of closed-loop and open-loop feedback controls, see the next
Sect. 3.2, the control function u = u(s, w) is random. If

s, zou) = ﬁ(s, u(s)) (3.52)

with a deterministic control u = u(t) and a matrix function h= fz(s, u), such that
s — fz(s, u(s)) is differentiable, by partial integration we get, cf. [33],

1(8:20) @) = 1(00).u0)) @) = (1, u®))00) = h(10, u(10) ) 010

_ / G(S)dd—sfz(s, u(s))ds, (3.5b)

fo

where 6 = 0(s) denotes a sample function of the stochastic process 6 = 6(z, w).
Hence, in this case the operator T = 1 (5 , z(-)), cf. (3.2d), is defined by

t

r(8.200) 1) == 2() - (ZO + [ 8520000 )ds + B u)ow

to

—E(zo, u(t0)>9(to) - / 9(s)%ﬁ<s, u(s))ds>. (3.5¢)

to

Obviously, for the consideration of the existence and differentiability of solutions
z(-) = z(+, &) of the operator equation 1:(&‘, z(-)) = 0, the same procedure as in
Sect. 3.1.1 may be applied.

3.1.2 Objective Function

The aim is to obtain optimal controls being robust, i.e., most insensitive with respect
to stochastic variations of the model/environmental parameters and initial values of
the process. Hence, incorporating stochastic parameter variations into the optimiza-
tion process, for a deterministic control function u = u(t), ty <t < t, the objective

function F = F(u(-)) of the controlled process z = z(t, w, u(-)) is defined, cf. [26],
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by the conditional expectation of the total costs arising along the whole control pro-
cess:

F(u0)) = Ef (0, S(@,u0), u(). (3.62)

Here, E = E(:|2,,), denotes the conditional expectation given the information 2,
about the control process up to the considered starting time point #). Moreover,

f=f (w, z(+), u(~)) denote the stochastic total costs arising along the trajectory
z = z(t, w) and at the terminal point z = z(ff, w), cf. [3, 38]. Hence,

f(w,z(-),u(-)) = /fL(t,a),Z(t),u(t))dt+G(tf,a),z(tf)), (3.6b)

fo
z(:) € Z,u(:) € U. Here,

L:[t,tr] x Q xR" xR" - R,
G:lto,tp] x Q@ x R™ — R

are given measurable cost functions. We suppose that L(¢, o, -, -) and G (¢, w, -) are
convex functions for each (t, ) € [to, tr] x £2, having continuous partial derivatives
V.L(-,w,-,-),V,L(-,w, ), V.G(-, w, -). Note that in this case

(Z(~),u(~)> = /L(t,w,z(t),u(t))dt +G<tf,a),z(tf)) (3.6¢)

to

isaconvex functionon Z x U foreachw € Q2. Moreover, assume that the expectation
F (u(-)) exists and is finite for each admissible control u(-) € D.

In the case of random inputs u = u(t, ), thy <t < tr, w € Q, with definition
(3.6b), the objective function F = F (u(~, ~)> reads

F(u(-, -)) = Ef(a), S(a),u(~,a))),u(-,w)). (3.6d)

Example 3.1 (Tracking problems) If a trajectory zy = z¢(t, w), e.g., the trajectory
of a moving target, known up to a certain stochastic uncertainty, must be followed
or reached during the control process, then the cost function L along the trajectory
can be defined by

L(t, . 2(1), u) — ‘ r, (z(t) — 24, w)) H2 + o). (3.6¢)

In (3.6e) I, is a weight matrix, and ¢ = ¢(u) denotes the control costs, as, e.g.,
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Q@) = |Tull? (3.6f)

with a further weight matrix I',.
If arandom target z ; = z s () has to be reached at the terminal time point ¢ only,
then the terminal cost function G may be defined, e.g., by

G(tfvva(’f)) = HGf(Z(ff) —Zf(w))H2 (3.6g)

with a weight matrix G ;.

Example 3.2 (Active structural control, control of robots) In case of active structural
control or for optimal regulator design of robots, cf. [24, 37], the total cost function
f is given by defining the individual cost functions L and G as follows:

L(t,w,z,u) :=z' Q(t, w)z + u’ R(t, w)u (3.6h)
G(ty,w,7) =G(w, 2). (3.61)

Here, Q = Q(t, w) and R = R(¢, w), resp., are certain positive (semi)definite
m X m,n X n matrices which may depend also on (¢, ®). Moreover, the terminal
cost function G depends then on (w, z). For example, in case of endpoint control,
the cost function G is given by

G(w,2) =(z—27)"Gr(@)(z—zy) (3.6))

with a certain desired, possibly random terminal point z; = zs(w) and a positive
(semi)definite, possibly random weight matrix Gy = G ().
3.1.2.1 Optimal Control Under Stochastic Uncertainty
For finding optimal controls being robust with respect to stochastic parameter vari-

ations u*(-), u*(-, -), resp., in this chapter we are presenting now several methods for
approximation of the following minimum expected total cost problem:

min F(u(~)> st.u(-)eD, 3.7)

min F(u(', -)) s.t. u(-,w) € D a.s. (almost sure) ,

u(t, -) 4,-measurable, (3F.v7)

where 2, C 2, t > t;, denotes the o -algebra of events A € 2 until time 7.
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Information set 2, at time t: In many cases, as, e.g., for PD— and PID— con-
trollers, see Chap. 10, the information o-algebra 2, is given by 2, = 2A(y(t, -)),
where y = y(¢, w) denotes the m—vector function of state-measurements or -
observations at time . Then, an 2, — measurable control # = u (¢, w) has the repre-
sentation, cf. [5],

u(t,w) =n(t, y(t, o)) (3.8)

with a measurable function n(z, -) : R — R™,

Since parameter-insensitive optimal controls can be obtained by stochastic opti-
mization methods incorporating random parameter variations into the optimization
procedure, see [26], the aim is to determine stochastic optimal controls:

Definition 3.1 An optimal solution of the expected total cost minimization problem
(3.7), (3.7), resp., providing robust optimal controls, is called a stochastic optimal
control.

Note 3.1 For controlled processes working on a time range #, <t <ty with an
intermediate starting time point 75, the objective function F = F(u(-)) is defined
also by (3.6a), but with the conditional expectation operator £ = E(-|2,,), where
2, denotes the information about the controlled process available up to time 1.

Problem (3.7) is of course equivalent (E =E( |AO)> to the optimal control prob-
lem under stochastic uncertainty:

Iy

min E fL(t,w,z(t),u(t))dt +G(1. 0,200 )|, (3.92)
S.t.
2(0) =g(t,a),z(t),u(t)), fh<t <ty as. (3.9b)
z(to, w) =zo(w), as. (3.9¢)
u() €D, (3.9d)
of. [21, 22].

Remark 3.2 Similar representations can be obtained also for the second type of
stochastic control problem (3.7).

Remark 3.3 State constraints. In addition to the plant differential equation (dynamic
equation) (3.9b), (3.9¢c) and the control constraints (3.9d), we may still have some
stochastic state constraints

h,(t, w21, a))) < (=)0 as. (3.9¢)
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as well as state constraints involving (conditional) expectations

Eh,,(t, w, 2(t, a))) - E(h”(t, w, 2(t, a)))‘i’lm) <(=)0. (3.9

Here, h; = h;(t, w, 2), hy; = hy;(t, w, 7) are given vector functions of (¢, w, 7). By
means of (penalty) cost functions, the random condition (3.9¢) can be incorporated
into the objective function (3.9a). As explained in Sect. 3.8, the expectations arising
in the mean value constraints (3.9f) and in the objective function (3.9a) can be
computed approximatively by means of Taylor expansion with respect to the vector
¥ = ¥ (w) := (z0(w), 8(w) of random initial values and model parameters at the

conditionalmeand = 97 := E <19 (w) |2l,0) . This yields then ordinary deterministic

constraints for the extended deterministic trajectory (nominal state and sensitivity)

t— (1(1,5), Daz(t,ﬁ)), t > 1.

3.2 Control Laws

Control or guidance usually refers [3, 18, 20] to direct influence on a dynamic system
to achieve the desired performance. In optimal control of dynamic systems mostly
the following types of control laws or control policies are considered:
(I) Open-Loop Control (OL)
Here, the control function # = u(¢) is a deterministic function depending only
on the (a priori) information I, about the system, the model parameters, resp.,

available at the starting time point #. Hence, for the optimal selection of optimal
(OL) controls

u(t) = M<t; fo, ]t[))v t =1, (3.10a)
we get optimal control problems of type (3.7).

(IT) Closed-Loop control (CL) or Feedback Control
In this case the control function u = u(t) is a stochastic function

u=ult,w)=u(t, L), t>t (3.10b)

depending on time ¢ and the total information I, about the system available up to
time ¢. Especially I, may contain information about the state z(¢) = z(¢, w) up to
time 7. Optimal (CL) or feedback controls are obtained by solving problems of
type (3.7).

Remark 3.4 Information set 2, at time ¢: Often the information I, available up to
time ¢ is described by the information set or o —algebra2(; C 4 of events A occurred
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» time

t t t

0

f

Fig. 3.1 Remaining time interval for intermediate time points ¢

up to time ¢. In the important case 2, = A(y(t, -)), where y = y(¢, w) denotes the
m—vector function of state-measurements or -observations at time ¢, then an 2/, —
measurable control u = u(¢, w), see problem (3.7), has the representation, cf. [5],

u(t, w) = (y(t, w)) (3.10c)

with a measurable function 7, : R” — R™. Important examples of this type are the
PD— and PID—controllers, see Chap. 10.

(IIT) Open-Loop Feedback (OLF) Control/Stochastic Open-Loop Feedback (SOLF)
Control
Due to their large complexity, in general, optimal feedback control laws can
be determined approximatively only. A very efficient approximation procedure
for optimal feedback controls, being functions of the information I, is the
approximation by means of optimal open-loop controls. In this combination
of (OL) and (CL) control, at each intermediate time point #;, := ¢, ) <t < ty,
given the information I, up to time ¢, first the open-loop control function for
the remaining time interval ¢ < s < t;, see Fig.3.1, is computed, hence,

Ui 1(8) = u(s; t, 1,), §s>1. (3.10d)

Then, an approximate feedback control policy, originally proposed by Dreyfus
(1964), cf. [10], can be defined as follows:

Definition 3.2 The hybrid control law, defined by
o, I) = u(t; £, It),t >ty (3.10e)

is called open-loop feedback (OLF) control law.

Thus, the OL control u(,,,(s), s > t, for the remaining time interval [z, ¢7] is
used only at time s = ¢, see also [2, 9—11, 15, 19, 39]. Optimal (OLF) controls
are obtained therefore by solving again control problems of the type (3.7) at each
intermediate starting time point #, :=1¢,t € [fy, t/].

A major issue in optimal control is the robustness, cf. [12], i.e., the insensitivity of
an optimal control with respect to parameter variations. In case of random parameter
variations robust optimal controls can be obtained by means of stochastic optimiza-
tion methods, cf. [26], incorporating the probability distribution, i.e., the random
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characteristics, of the random parameter variation into the optimization process, cf.
Definition 3.1.

Thus, constructing stochastic optimal open-loop feedback controls, hence, optimal
open-loop feedback control laws being insensitive as far as possible with respect
to random parameter variations, means that besides the optimality of the control
policy also its insensitivity with respect to stochastic parameter variations should be
guaranteed. Hence, in the following sections we also develop a stochastic version
of the optimal open-loop feedback control method, cf. [25, 27-29]. A short overview
on this novel stochastic optimal open-loop feedback control concept is given below:

Ateach intermediate time pointf, =t € [#o, #7], based on the given process obser-
vation I, e.g., the observed state z; = z(¢) at #, = t, a stochastic optimal open-loop
control u* = u*(s) = u*(s; t, I;),t <s < ty, is determined first on the remaining
time interval [z, 7], see Fig. 3.1, by stochastic optimization methods, cf. [26] .

Having a stochastic optimal open-loop control u* = u*(s; t, I),t < s < ty, on
each remaining time interval [¢, f;] with an arbitrary starting time point ¢, fo < ¢ <
tr, a stochastic optimal open-loop feedback (SOLF) control law is then defined—
corresponding to Definition 3.2—as follows:

Definition 3.3 The hybrid control law, defined by
0 (t, 1) = u*(t;t, 1,), t > to. (3.10f)

is called the stochastic optimal open-loop feedback (SOLF) control law.

Thus, at time f, = ¢ just the “first” control value u*(t) = u*(¢;¢, I,) of u* =
u*(-;t, I) is used only.

For finding stochastic optimal open-loop controls, on the remaining time inter-
vals 1, <t <ty with 1y <1, < ty, the stochastic Hamilton function of the control
problem is introduced. Then, the class of H-minimal controls, cf. [18], can be deter-
mined in case of stochastic uncertainty by solving a finite-dimensional stochastic
optimization problem for minimizing the conditional expectation of the stochastic
Hamiltonian subject to the remaining deterministic control constraints at each time
point ¢. Having a H-minimal control, the related two-point boundary value problem
with random parameters will be formulated for the computation of a stochastic opti-
mal state- and costate-trajectory. In the important case of a linear-quadratic structure
of the underlying control problem, the state and costate trajectory can be determined
analytically to a large extent. Inserting then these trajectories into the H-minimal
control, stochastic optimal open-loop controls are found on an arbitrary remaining
time interval. According to Definition 3.2, these controls yield then immediately a
stochastic optimal open-loop feedback control law. Moreover, the obtained controls
can be realized in real-time, which is already shown for applications in optimal
control of industrial robots, cf. [35].
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(ITII.1) Nonlinear Model Predictive Control (NMPC)/Stochastic Nonlinear Model
Predictive Control (SNMPC)
Optimal open-loop feedback (OLF) control is the basic tool in Nonlinear
Model Predictive Control (NMPC). Corresponding to the approximation tech-
nique for feedback controls described above, (NMPC) is a method to solve
complicated feedback control problems by means of stepwise computations
of open-loop controls. Hence, in (NMPC), see [1, 13, 14, 34] optimal open-
loop controls

U=upr,)(8), t<s=t+T,, (3.10g)

cf. (3.8), are determined first on the time interval [z, ¢ + T,] with a certain
so-called prediction time horizon T, > 0. In sampled-data MPC, cf. [13],
optimal open-loop controls u = uy, ,+,), are determined at certain sampling
instants #;, i =0, 1, .. ., using the information £, about the control process
and its neighborhood up to time ¢;,i = 0, 1, .. ., see also [24]. The optimal

[7XE1)

open-loop control at stage “i” is applied then,
u=up 41,0, i STt (3.10h)

until the next sampling instant #; ;. This method is closely related to the
Adaptive Optimal Stochastic Trajectory Planning and Control (AOSTPC)
procedure described in [23, 24].
Corresponding to the extension of (OLF) control to (SOLF) control, (NMPC)
can be extended to Stochastic Nonlinear Model Predictive Control (SNMPC). For
control policies of this type, robust (NMPC) with respect to stochastic variations
of model parameters and initial values are determined in the following way:

e Use the a posteriori distribution P(dw|%;) of the basic random element w € €2,
given the process information 2, up to time ¢, and

e apply stochastic optimization methods to incorporate random parameter variations
into the optimal (NMPC) control design.

3.3 Convex Approximation by Inner Linearization

We observe first that (3.7), (ﬁ), resp., is in general a non-convex optimization
problem, cf. [20]. Since for convex (deterministic) optimization problems there is
a well-established theory, we approximate the original problems (3.7), (37 by a
sequence of suitable convex problems. In the following we describe first a single
step of this procedure. Due to the consideration in Sect.3.2, we may concentrate
here to problem (3.7) or (3.92)—(3.9d) for deterministic controls u(-), as needed in
the computation of optimal (OL), (OLF), (SOLF) as well as (NMP), (SNMP) controls
being most important for practical problems.
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Fig. 3.2 Convex approximation

Let v(-) € D be an arbitrary, but fixed admissible initial or reference control and
assume, see Lemma 3.1, for the input-output map z(-) = S(w, u(-)):

Assumption 3.1 S(w, -) is F-differentiable at v(-) for each w € Q.
Denote the F-derivative of S(w, -) at v(-) by DS (w, v(-)) and replace the cost
function F = F (u(-)) with

Foo) (u(~)) — Ef(a), S(w, v()) + DS(w, v()) () — v()), u(-)) 3.11)

where u(-) € U, cf. Fig. 3.2. Assume that Fy, (u(~)) € R for all pairs (u(.), u(-)) e

D x D.
Then, replace the optimization problem (3.7), see [21], by

min Fy(, (u(-)) s.t.u() eD. BTy

Lemma 3.3 (3.7),, is a convex optimization problem.

Proof According to Sect.3.1, function (3.6¢) is convex. The assertion follows now
from the linearity of the F-differential of S(w, ). O

Remark 3.5 Note that the approximate F,., of F is obtained from (3.6a), (3.6b)
by means of linearization of the input-output map S = S(a), u(-)) with respect to

the control u(-) at v(-), hence, by inner linearization of the control problem with
respect to the control u(-) at v(-).

Remark 3.6 (Linear input-output map) In case that S = S(w, u(-)) := S(w)u(-)
is linear with respect to the control u(-), then DS(w, v(-) = S(w) and we have

Fy) (u(~)> = F(u(-)). In this case the problems (3.7) and (3.7),(., coincide for each

input vector v(-).
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For a real-valued convex function ¢ : X — R on a linear space X the directional
derivative d)jr (x; y) exists, see, e.g., [16], at each point x € X and in each direction
y € X. According to Lemma 3.3 the objective function F) of the approximate
problem (3.7),. is convex. Using the theorem of the monotone convergence, [5], for
all u(-), v(-) € D and h(-) € U the directional derivative of F,, is given, see [22],
Satz 1.4, by

Floe (00 h0) = Eff (@, 8(0.00)) + DS(0.00)) (1) = v0)),
u(); DS(@, 00 )h() 7). (3.12a)

In the special case u(-) = v(-) we get

F;(,)+(u(.); h(-)) = Ef] (a) S(a), v(-)), (3.12b)
v(); DS(,v0) ) (), h()).

A solution u#(-) € D of the convex problem (3.7),, is then characterized cf. [30],
by
Floy (ﬁ(-); () — 12(-)) >0 forallu(-) € D. (3.13)

Definition 3.4 For each v(-) € D, let M (v(')) be the set of solutions of problem
(2.7)1,(.), i.e.,

M(v(-)) = !u0(~) eD: F;(_)+(u°(-); u(-) — uO(-)) >0,u() € D} .

Note 3.2 If the input-output operator S = S(w, u(-)) := S(w)u(-) is linear, then
M (v(-)) = M for each input v(-), where M denotes the set of solutions of problem
(3.7.

In the following we suppose that optimal solutions of (2.7),. exist for each v(-).

Assumption 3.2 M(v(-)) =% () for each v(-) € D.

A first relation between our original problem (3.7) and the family of its approxi-
mates (3.7)y¢), v(-) € D, is shown in the following:

Theorem 3.1 Suppose that the directional derivative F = F (v(~); h(~)) exists
and

FL(v0: hO) = Flps (v0: 1)) (3.14)

foreachv(-) € D and h(-) € D — D. Then:
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(I) If u(-) is an optimal control, then u(-) € M(L_t(~)), i.e., u(-) is a solution of
B Dy

(Il) If (3.7) is convex, then u(-) is an optimal control if and only if u(-) € M(L_l(~)).

Proof Because of the convexity of the approximate control problem (3.7),., the

condition u(-) € M (v(:)) holds, cf. (3.13), ifand only if ., (v(); u() = v()) =

Ofor all u(-) € D. Because of (3.14), this is equivalent with F/, (v(.); u() — v(-)) >

0 for all u(-) € D. However, since the admissible control domain D is convex, for

an optimal solution v(-) := u(-) of (3.7) this condition is necessary, and necessary
as also sufficient in case that (3.7) is convex. (Il

Assuming that f = f(w, -, -) is F-differentiable for each w, by means of (3.12b)
and the chain rule we have

Flos (v(-); h(~)) = Ef, (a), S(a), v(~)>, V() DS(a), v(~)>h(-), h(-))
= Elim é (f (@ S(@.v0) +en()), v0) +eh()
—f(w, S(w, v()), v(-))) : (3.15)

Note 3.3 Because of the properties of the operator S = S(w, u(-)), the above equa-
tions holds also for arbitrary convex functions f such that the expectations under
consideration exist, see [22].

Due to the definition (3.6a) of the objective function F = F(u(-)) for condition
(3.14) the following criterion holds.

Lemma 3.4
(a) Condition (3.14) in Theorem 3.1 holds if and only if the expectation operator
“E” and the limit process “liirol 7 in (3.15) may be interchanged.
&
(b) This interchangeability holds, e.g., if sup { ||DS(a), v(-) + 8h(~)) “ 0<e< 1}

is bounded with probability one, and the convex function f(w, -,-) satisfies a
Lipschitz condition

[£(0:20.u0)) = £ (@.20.30)| = v@ | (z0.60) = (0.a0)|
onaset Q C Z x U containing all vectors (S(a), v(-) + 8h(~)), v() + eh(')>,
0 <e <1, where Ey(w) < 400, and |||z« denotes the normon Z x U.

Proof The first assertion (a) follows immediately from (3.15) and the definition of
the objective function F. Assertion (b) can be obtained by means of the general-
ized mean value theorem for vector functions and Lebesgue’s bounded convergence
theorem. (]
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Remark 3.7 Further conditions are given in [22].

A second relation between our original problem (3.7) and the family of its approx-
imates (3.7),(,, v(:) € D, is shown next.

Lemma 3.5

(@) Ifi(-) ¢ M(ﬁ(~)) for a control i(-) € D, then

Fae) (u(-)) < Fay (ﬁ(-)) - F(ﬁ(~)> for each u(") € M(ﬁ(-))
(b) Let the controls u(-), v(-) € D be related such that
Fuey (u(-)) < Fuy (u(-)).

If (3.14) holds for the pair (u(-),h(-)),h(-) — () — u("), then h(-) is an
admissible direction of decrease for F at u(-), i.e., we have F(u(-) + sh(-)) <
F(u(~)> and u(-) + €h(-) € D on a suitable interval 0 < ¢ < &.

Proof According to Definition 3.4, for u(-) € M(ﬁ(~)) we have Fj,(u(-)) < Fyey
(v(-))forallv(-) € D andtherefore also Fj)(u(-)) < Fy()(ie(-)).a)Incase Fj¢y(u(-))
= Faiy(u(-)) weget Fy(u(-)) < Fz.y(v(-))forallv(-) € D,hence,u(-) € M(ﬁ(-)).
Since this is in contradiction to the assumption, it follows F;)(u(-)) < Fyy(u(-)).
b) If controls u(-), v(-) € D are related F,, (v(~)> < Fu( (u(-)), then due to the

convexity of Fy(, we have Fy,, (u(~); v(:) — u(-)) < Fu () — Fuy(u(-)) <O.

With (3.14) we then get F, (u(-); () — u(-)) —Fl,, (u(-); () — u(~)) < 0. This
yields now that 4(-) := v(-) — u(-) is a feasible descent direction for F at u(-). U

Ifu()eM (ﬂ(-)), then the convex approximate Fj; of F at u cannot be decreased
further on D. Thus, the above results suggest the following definition:

Definition 3.5 A control u#(-) € D suchthatu(-) e M (ﬁ(~)) is called a stationary
control of the optimal control problem (3.7).

Under the rather weak assumptions in Theorem 3.1 an optimal control is also
stationary, and in the case of a convex problem (3.7) the two concepts coincide.
Hence, stationary controls are candidates for optimal controls. As an appropriate
substitute/approximate for an optimal control we may determine therefore stationary
controls. For this purpose algorithms of the following conditional gradient-type may
be applied:
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Algorithm 3.1 (I) Choose u' € D,put j =1
a fu/(yeM (uf (-)), then u/ () is stationary and the algorithm stops; otherwise
find a control v/ (-) € M(uj(-))
(Ill) Set u/*'(-) = v/(-) and go to II), putting j — j + 1.
Algorithm 3.2 (I) Choose u'(-) € D,put j =1
I fu/()yeM (uf (-)), then u/ () is stationary and the algorithm stops; otherwise
find a v () € M(W(-)), define A/ () 1= v/ (-) — ul (")
(II) Calculateii() € m(uj(~), hf(.)),setuf+1(-) .= ii(-) and go to IT), putting j —
jtl.

Here, based on line search, m (u(-), h(-)) is defined by

m(u(), h)) {u(-) e h(): F () + ()

= min F(u(-) +£h(-)) for £* € [0, 1]}, u(), h(-) € U.

0O<e<l

Concerning Algorithm 3.1 we have the following result.
Theorem 3.2 Let the set valued mapping u(-) — M(u(-)) be closed at each u(-) €

D(,i.e., the relations ul(-) — @(-), vi(-) € M(uf(~)>,j —1,2.., and vi() —

3(-) imply that also () € M(ﬁ(-))).

If a sequence u'(-), u*(-), ... of controls generated by Algorithm 3.1 converges to
an element u(-) € D, then u(-) is a stationary control.

A sufficient condition for the closedness of the algorithmic map u(-) - M (u (-))
is given next:

Lemma 3.6 Let D be a closed set of admissible controls, and let
(402 00) > Floyi (00 w0) = 00)

be continuous on D x D foreachw(-) € D. Thenu(-) — M(u(~)) is closed at each
element of D.

While the convergence assumption for a sequence u!(-), u%(-), ... generated by
Algorithm 3.1 is rather strong, only the existence of accumulation points of u/ (-), j =
1,2, ..., has to be required in Algorithm 3.2.
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3.4 Computation of Directional Derivatives

Suppose here again that U := L ([to, t], B!, A1) is the Banach space of all essen-
tially bounded measurable functions u(-) : [f, 1y] — R", normed by the essential
supremum norm. According to Definitions 3.4, 3.5 of a stationary control and
characterization (3.13) of an optimal solution of (3.7),.,, we first have to deter-
mined the directional derivative F;(,) 4 Based on the justification in Sect.3.1, we
assume again that the solution z(¢, w) = S(a), u(~))(t) of (3.2b) is measurable in
(t,w) € [ty, 7] x Qforeachu(-) € D,and u(-) — S(a), u(-)) is continuously dif-
ferentiable on D for each w € Q2. Furthermore, we suppose that the F-differential
) =¢(t,w) = (D,,S(a), u(~))h(-)) (t), h(-) € U, is measurable and essentially

bounded in (¢, w), and is given according to (3.3a)—(3.3f) by the linear integral equa-
tion

t t

;(r)—/A(r,w,u(-))g(s)ds=/ B(t,cu,u(-))h(s)ds, (3.162)

fo fo

to <t <ty
with the Jacobians
A(t,co,u(-)) - ng<t,a),zu(t,a)),u(t)> (3.16b)
B(t,a),u(~)> = D,,g(t,co,zu(t,a)),u(t)) (3.16¢)
and z, = z,(t, ) defined, cf. (3.30), by
Zult, @) = S(w, u(~))(t), (r, , u(-)) € lto. 171 x 2 x U. (3.16d)

Here, the random element “w” is also used, cf. Sect.3.1.1, to denote the realization
of the random inputs zg = zo(w), 0(:) = 0(-, w).

_{ 2o
“=\o0

Remark 3.8 Due to the measurability of the functions z, = z,,(f, w) andu = u(¢) on
[f0, t7] X R, [t0, t7], resp., and the assumptions on the function g and its Jacobians
D.g, D,g, see Sect.3.1, also the matrix-valued functions (¢, ) — A(¢, w, u(-)),
(t, w) — B(t, w,u(-)) are measurable and essentially bounded on [y, #/] x .
Equation (3.16a) is again a vectorial Volterra integral equation, and the existence
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of a unique measurable solution ¢(¢) = { (¢, w) can be shown as for the Volterra
integral equation (3.2g), 3.2h).

The differential form of (3.16a) is then the linear perturbation equation

[ = A(t, w, u(~))§(t) + B(z,w, u(~)>h(t), fh<t<tr,wel (3.16¢)
L(to) =0. (3.16f)

The solution ¢ = ¢ (¢, w) of (3.16a), (3.16e), (3.16f), resp., is also denoted, cf. (3.3f),
by

cmwﬁammww=Q%%mu@V@)@ﬁ@eu. (3.169)

This means that the approximate (3.7),., of (3.7) has the following explicit form:

l/
minE(/L(t,w,zv(t,w) +§(t,w),u(t)>dt

to

+G(tf,w,z,,(zf,w)+g(rf,w))> (3.17a)
S.t.

i, w) = A(t, o, v(~))§(t, w) + B(t, , v(-)) (u(t) - v(t))a.s. (3.17b)
(ty, w) =0a.s. (3.17¢)
u() € D. (3.174d)

With the convexity assumptions in Sect.3.1.2, Lemma 3.3 yields that (3.17a)—
(3.174) is a convex stochastic control problem, with a linear plant differential equa-
tion.

For the subsequent analysis of the stochastic control problem we need now a

representation of the directional derivative F,j(,) + (u(~); h(-)) by a scalar product

Iy

Flou (40:00)) = [ a0y

4]

with a certain deterministic vector function ¢ = ¢(¢). From representation (3.12a)

of the directional derivative F, . of the convex approximate Fy(, of F, definition

(3.6b) of f = f(a), 209, u(.)) by an integral over [fo, 7] and [22], Satz 1.4, with
(3.16g) we obtain
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ty .
Fliye (1) h0)) =E< / (%L(r,w,zv(r,chU,MU<z,w>,u<r>) Cont, @)

fo

T
+VML(I7 C(), Zv(tv (1)) + ;v,ufv(tv C()), u(t)> h(t))
T
V.6 (17, @, 20017, @) + G a7, @) Gy, w)). (3.18)

Defining the gradients

a(r,0.00),u0)) = VoL(1,0,20(0,0) + Guua(t, 0, u(®) - (3.19)
b(t 0,00, u0)) = Vil (10,2000, @) + Lot @), 1)) (3.19b)
e(tr, 0,00, u0) 1= V.G (17,0, 2(t7, @) + Guualt, @), (3.190)
measurable with respect to (¢, w), the directional derivative F’ v’(.)  can be represented
by
y
T
Floye (u0500)) =E< / (a(r,w,v(~>,u<->) ot @)
fo

T T
—I—b(t,a),v(-),u(-)) h(t))dt—I—c(tf,w,v(-),u(-)) cvy,,(zf,w)) (3.20a)

According to (3.16a), for &, 5 = {y.n(t, @) we have

5

;,J,h(rf,w)=/(A(t,w,u(-));v,h(t,w)+B(;,w,v(.))h(t)>dr. (3.20b)

to
Putting (3.20b) into (3.20a), we find

Iy
Fliy (00 h()) = E( [t 0. 00100) Gt i

Iy

~ T
+fb(t,w,v(~),u(~)> h(t)dt), (3.20¢)

fo
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where

a(r, ®, v(), u(-)) = a(t, ®, v(), u(-)) + A(t, o, v(-))Tc(z_f, ®, v(), u(-)) (3.20d)

l;(r, w,v(), u(-)) = b(t, w,v(), u(~)) + B(t, , v(-))Tc(tf, w,v(), u(-)). (3.20e)

Remark 3.9 According to Remark 3.8 also the functions (¢, w) — El(t, w, v(-),
u(-)), (t, w) — l;(t, w,v(), u(-)) are measurable on [, 77] x Q.

In order to transform the first integral in (3.20c) into the form of the second integral
in (3.20c), we introduce the m-vector function

A= dyu(t, w)
defined by the following integral equation depending on the random parameter w:

Iy

) — A(t, , v(~))T/A(s)ds - a(t, w, v(), u(~)). 3.21)

t

Under the present assumptions, this Volterra integral equation has [22] a unique
measurable solution (¢, ) — A, , (¢, ®), see also Remark 3.8. By means of (3.21)
we obtain

l‘f r
/a(t,w, v(~),u(-)) Lo n(t, w)dt
0]

Ly ty

T T
=/<A(t)—A<t,a),v(-)> /A(s)ds) Con(t, w)dt
1o !
Iy

- / A0 £y 4, w)dr

fo

Iy ty
—/dz/dsj(s,n/\(s)TA(r,w,v(-))gv,h(z,w)
1o o
Iy iy Ly
= /)»(S)Tgv)h(s,w)ds—/ds/dt](s,t)k(s)TA(t,w,v(v))gv’h(t,a))
to fo fo
Iy s
= /)»(S)T<§v’h(s,a)) —/A(t,w,v(-));v,h(t,w)dt>ds, (3.22a)

fo fo
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where J = J (s, t) is defined by

0,10 <s<t
1,t<s§tf.

J(s, 1) :={

Using now again the perturbation equation (3.16a), (3.16b), from (3.22a) we get

Iy iy s
/d(t,w, u(-),u(-))Tf;v,h(z,w)dt - /A(S)T<f3(t,w, v(-))h(t)dt)ds
to o to
ty ty 1y iy
- /dsk(s)T/dtJ(s,t)B(t,w, v(~)>h(t) - /dtfds](s,t)k(s)TB(t,w, v(-))h(t)
1 1 o fo
to1p . tr . tr r
:/(/A(s)ds) B(t,w, v(-))h(t)dt:/(B(z,w,v()) /,\(s)ds) h(t)dt. (3.22b)
fo t to t

Inserting (3.22b) into (3.20c), we have

t ty

S/ f
Floye (w0: 1) =E< / (B(r,w, w)" [ rsrds

T
+B<t, w, (), u(-))) h(t)dt). (3.23)

By means of (3.20d), the integral equation (3.21) may be written by

Iy

() — A(t, o, v(-))T<C<tf, ®,v(), u(-)) ~|—/k(s)ds> — a(t, ®, (), u(-)).
t (3.24)
According to (3.24), defining the m-vector function
i
y=yult,w) = c(tf, w,v(), u(-)) + / Ayu(s, w)ds, (3.25a)

t

we get

A — A(t, , u(-))TyM(r, w) = a(t, @, v(), u(-)). (3.25b)

Replacing in (3.25b) the variable 7 by s and integrating then the equation (3.25b)
over the time interval [z, t 7], yields
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Iy ty

T
/A(s)ds = / <A<s, w, v(~)> You(s, ®) + a(s, w,v(), u(~)))ds. (3.25¢)

t t
Finally, using again (3.25a), from (3.25¢) we get

4

yatteo) = c(tp.0,00.000) + [ (A(s,w,vc))Tyv,u(s,w)+a(s,w, v(-),u<->))ds.
’ (3.25d)

Obviously, the differential form of the Volterra integral equation (3.25d) for y =
Yo.u(t, ®) reads

T
y(6) = —A(t, , v(-)) Y1) — a(t, o, v(), u(~)>, to<t<t; (3.26a)
¥ty = et 0, 00),40)). (3.266)
System (3.25d), (3.26a), (3.26b), resp., is called the adjoint integral, differential

equation related to the perturbation equation (3.16a), (3.16b).
By means of (3.25a), from (3.20e) and (3.23) we now obtain

ty ty

Floy (10 h0)) = E/ (B(t,a), v(~))T/A(s)ds +b(1, 0, 00), u))
t

0]
T

+8(r.0.00) et 0.00. u(~))> h(ydt

1
- E/ (B(z,w,v(.))Tyv,u(r,w)+b(z,w, v(-),u(-)))Th(t)dt.

1o
Summarizing the above transformations, we have the following result.

Theorem 3.3 Let (w,t) = y,,(t, w) be the unique measurable solution of the
adjoint integral, differential equation (3.25d), (3.26a), (3.26b), respectively. Then,

Iy

Flou(uine) = £ (B(t,w,vc))Tyv,u(r,w)

fo

T
+b<t, w, (), u(~))> h(t)dt. (3.27)
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Note that F, )

(u(-); ) is also the Gateaux-differential of F.) at u(-).
For a further discussion of formula (3.27) for Flj(,) + (u ); h(-)), in generalization

of the Hamiltonian of a deterministic control problem, see, e.g., [18], we introduce
now the stochastic Hamiltonian related to the partly linearized control problem
(3.17a)—(3.17d) based on a reference control v(-):

Hv() (t7 Cl), gv yv u) = L<t7 (,U, Zv(ta (,U) + ;a u)

+y" (A(z, o, v(~)); + B(t, , v(.)) (u - v(t))), (3.28a)

(t,w,z,y,u) €[to, tr] x 2 x R" x R" x R". Using H,(,, for F;(.)Jr we find the
representation

y

Flj(.)+ (u(), h()) = / Equv(~) ([, w, ;v,u—v(ta a))a

fo

T
Yoult, w), u(t)) h(t)dt, (3.28b)

where &y ,—y = &y.u—v (¢, @) is the solution of the perturbation differential, integral
equation (3.17b), (3.17c¢), (3.20b), resp., and y, , = ¥, (¢, @) denotes the solution
of the adjoint differential, integral equation (3.26a), (3.26b), (3.25d).

Let u°(-) € U denote a given initial control. By means of (3.28a), (3.28b), the
necessary and sufficient condition for a control u!(-) to be an element of the set
M (uo(-)), i.e., a solution of the approximate convex problem (3.7),0(., reads, see

Definition 3.4 and (3.13):

ty
/ EVuHuO(~) (t’ , é-uo,ulfu0 (t7 a)), Yuo,u! (tv (,()),

fo

ul(t))T(u(t) - ul(t))dt >0,u() € D. (3.29)

Introducing, for given controls u°(-), u'(-), the convex mean value function

HMO(,),MI(,) = HMU(_)’MI(,) (M()) defined by

y

Hu0(<),u‘(-)(u(')> ZZ/EHuO(.)(l,a), ;uo,ul_uo(t,a)),

4]

Vb (1, @), u(®) ), (3.30a)



3.4 Computation of Directional Derivatives 87

corresponding to the representation (3.12a) and (3.18) of the directional derivative
of F, it is seen that the left hand side of (3.29) is the directional derivative of the
function ﬁuﬂ(.)yul(.) = ﬁu()(.),ul(.)(u(')) at u'(-) with increment A (-) := u(-) — u' ().
Consequently, (3.29) is equivalent with the condition:

—_—

H,,o(,),ulm(ul(-)); (u() — ul(-)> >0,u() € D. (3.30b)

Due to the equivalence of the conditions (3.29) and (3.30b), for a control u!(-) €
M (uo(-)), i.e., a solution of (3.7),0, we have the following characterization:

Theorem 3.4 Let u®(-) € D be a given initial control. A control uV(-) e U is a
solution of (3.7),0(), i-e., u'(-) € M(uo(-)>, ifand only ifu' () is an optimal solution

of the convex stochastic optimization problem
min Hoyogat () (u(-)) st u() e D. (3.31a)

In the following we study therefore the convex optimization problem (3.31a),
where we replace next to the yet unknown functions ¢ = £,0 1 _,0(t, @), y = Y041
(t, w) by arbitrary stochastic functions ¢ = ¢ (¢, w), y = y(¢, w). Hence, we consider
the mean value function ﬁuo(,),g(.,.),y(.,.) = EMO(,)!I(,!.)’),(,’,) (u(+)) defined, see (3.30a),
by

ty

Hu°<->,;<-,~>,><-,->(M(')) =/EHuoo(f,w,C(t,w),y(l,w),u(t))dt. (3.31b)

Iy

In practice, the admissible domain D is often given by
D= {u(-)eU:u(t)eDt,togtftf}, (3.32)

where D, C R" is a given convex subset of R” for each time 7, #o <t < t;. Since

H 00,0099, (u(-)) has an integral form, the minimum value of H 00 ¢(..y(.)

(u(-)) on D can be obtained—in case (3.32)—by solving the finite-dimensional
stochastic optimization problem

min EHMO(.) (f, w, (1, w),

¥(t, @), 1) st e D, (PYhoccs

for each t € [tg, t7]. Let denote then
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w* = U0 (t, o, ), y(t, -)), o<t <ty (3.33a)

a solution of (P);O(-), ty for each tp <t < t;. Obviously, if

P00, ( £, ), v, -)) e U( and therefore J*uo(_)(-, (), y(, -)) c D>,

(3.33b)
then

00 ( (), v, -)) € argmin Hoo )¢y <u(~)>.
u()eD (3.33¢)

Because of Theorem 3.4, problems (P)’u and (3.33a)—(3.33c), we introduce,

cf. [18], the following definition:

HONSY

Definition 3.6 Let u°(-) € D be a given initial control. For measurable functions
¢ =¢(t,w),y = y(t,w)on (22,2, P), let denote

u ZDFKMO(-)(I,C(E ), y(t, ')), fo <t =<ty,

a solution of (P);OC),L)" fo <t < ty. The function ur = l;‘uom (t, c(t, ), y(t, .))
is called a Hyo()-minimal control of (3.17a)—(3.17d). The stochastic Hamiltonian
H,o., is called regular, strictly regular, resp., if a H,o.,-minimal control exists and
is determined uniquely.

Remark 3.10 Obviously, by means of Definition 3.6, for an optimal solution u'(-)
of (3.7),0() we have then the “model control law” ur = 1;“,40(.) (t, c(t, ), y(t, -))
depending on still unknown state, costate functions ¢ (z, -), y(-), respectively.

3.5 Canonical (Hamiltonian) System of Differential
Equations/Two-Point Boundary Value Problem

For a given initial control u’() € D, let wr = l;‘u()(.) (t, (), 77(-)), fh <t =<ty
denote a H,o()-minimal control of (3.17a)-(3.17d) according to Definition 3.6.
Due to (3.17b), (3.17c) and (3.26a), (3.26b) we consider, cf. [18], the following
so-called canonical or Hamiltonian system of differential equations, hence, a two-
point boundary value problem, with random parameters for the vector functions

€ =(ttoee)nr<y o
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() = A(t, , uo(-))g“(t, )

+ B(t, w, u0(~)> <LT*,,0(.) (t, c(, ), y(, ')) - uo(l‘)>,

th <t <ty, (3.34a)
¢(ty, @) = 0 as. (3.34b)

T
3t @) = —A(t, o, uo(-)> (1, ®)

- V:L(r, @, 201, ©) + £, @) 0 (1.5, ). ¥, )))
o=t =ty, (3.34¢)
Yy, ®) = VzG(tf, w,z0(tp, ©) + ¢y, w)). (3.34d)

Remark 3.11 Note that the (deterministic) control law zﬁ:ﬁuo(.) (t, c(t, ), y(t, ~))

depends on the whole random variable ({ (t, w), y(t, a))), w € 2, or the occurring

moments. In the case of a discrete parameter distribution Q = {wy, ..., w,}, see
Sect. 3.1, the control law u*,0..y depends,

L’Fin(,) = ”;kuo(-)(t’ C(ti 0)1), ey {(tv a),g)v )’(t, wl)a ey )’(L w,g)),
on the 2p unknown functions ¢ (¢, w;), y(t, w;),i =1, ..., 0.

Suppose now that (¢!, y!) = (;1(1‘, ), y'(t, a))), o<t =<tsy, we (Q,AP),
is the unique measurable solution of the canonical stochastic system (3.34a)—(3.34d),
and define

' (1) = 00, (z, el ), v, .)), fh<t<ts (3.35)

System (3.34a)—(3.34d) takes then the following form:

N w) = A(t, o, uO(.))gl(z, ) + B(t, o, uo(.)) (u'(z) — uo(t)>,
fo <t =ty, (3.344")
¢, w) =0as. (3.34b)

. T
3t w) = —A(t, o, u0(~)) y(t, w)

—VZL<t, o, 20 (t, @) + (1, ), ul(z)), h<t<t;, (334c)
Yty w) = VZG<tf, . 20 (tp, @) + (1, a))). (3.34d))

Assuming that

u'() e, (3.36a)
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due to the definition of a H,0,-minimal control we also have
u'(:) e D. (3.36b)

According to the notation introduced in (3.16a)—(3.16g), (3.25a)—(3.25d)/(3.26a),
(3.26b), resp., and the above-assumed uniqueness of the solution (¢!, y') of (3.34a)—
(3.34d) we have

Nt ) =G (f, ©) (3.37a)
Yt ) = Yo (t, 0) (3.37b)

with the control u!(-) given by (3.35).

Due to the above construction, we know that u!(¢) solves (P)’

u0().c.p 0T

{=C(tw) =Nt o) = Lo (t, w)
n=nt ) =yt w =yt o)

for each 1y < t < 7. Hence, control u'(-), given by (3.35), is a solution of (3.31a).
Summarizing the above construction, from Theorem 3.4 we obtain this result.

u%(),¢,y
an optimal solution for each t, ty <t < ty, and measurable functions ¢(t, -), y(t, -).
Moreover, suppose that the canonical system (3.34a)—(3.34d) has a unique measur-

able solution (Cl(t, w), yl(t, w)), to <t =< tf,w € K, such that u'(:) € U, where
u' () is defined by (3.35). Then u'(-) is a solution of B. Doy

Theorem 3.5 Suppose that D is given by (3.32), M<u0(~)) # 0, and (P)' has

3.6 Stationary Controls

Suppose here that condition (3.14) holds for all controls v(-) under consideration,
cf. Lemma 3.4. Having a method for the construction of improved approximative

controls u!(-) € M(uo(-)) related to an initial control u°(-) € D, we consider now
the construction of stationary controls of the control problem (3.7), i.e., elements
ii(-) € D such that () € M(ﬁ(~)>, see Definition 3.5.

Starting again with formula (3.27), by means of (3.14), for an element v(-) € D
we have
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FL(v0:hO) = iy (v 1))

Iy

|

to

T T
E(B(t,a),v(~)) yv(t,a))+b<t,a), v(-),v(-))) h(t)dt, (3.38a)

where
Y(t, w) =y, ,(t, w) (3.38b)

fulfills, cf. (3.26a), (3.26b), the adjoint differential equation

T
() =—A<t,w,v(~)) y(t,a))—VZL<t,w,ZU(t,w),v(t)> (3.39a)

¥ty @) =617, 0,205 ). (3.39b)

Moreover, cf. (3.16b), (3.16¢),

A(r o, 00)) = Deg(r 0, 201, @), () (339)
B(r.0.v0) = Dug(t, 02,00, v0)) (3.39d)

and, see (3.19b),
b(r, @, 00, v0)) = VuL(1, 0, 2,01, ), v(0)), (3:39%)

where z, = z,(¢, w) solves the dynamic equation

2t 0) =g(to.2,0,00).0 <1 1y, (3.396)
Z(ty, w) = zo(w). (3.39g)

Using now the stochastic Hamiltonian, cf. (3.28a),
H(t,w,z,y,u):=L(t,0,z,u) +y g(t,w,z,u) (3.40a)

related to the basic control problem (3.9a)—(3.9d), from (3.38a), (3.38b), (3.39a)—
(3.39g) we get the representation, cf. (3.28a), (3.28b),
ty
) T
FL(p0ih0) = [ EVH(n 050,00 50000.00) hodr. G400

fo
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According to condition (3.13), a stationary control of (3.7), hence, an element
u(-) € D such thati(-) is an optimal solution of (3.7);. is characterized, see (3.14),
by

FL(a();u() = a()) = 0 forall u() € D.

Thus, for stationary controls u(-) € D of problem (3.7) we have the characterization

[f .
/EVMH(t,a),zg(t,a)),yg(t,a)),ﬁ(t)) (u(t) —_ ﬁ(t))dt >0,u(-) € D. (3.41)

fo

Comparing (3.29) and (3.41), corresponding to (3.30a), (3.30b), for given w(-) € D
we introduce here the function

Iy

ﬁw(u(.)) :=/EH(t,a),zw(t,a)),yw(t,a)),u(t))dt, (3.42a)

fo
and we consider the optimization problem
min 7, (u()) st u() € D. (3.42b)
Remark 3.12 Because of the assumptions in Sect. 3.1.2, problem (3.42b) is (strictly)
convex, provided that the process differential equation (3.1a) is affine-linear with
respect to u, hence,

it w) = g(t, o, z,u) = §(t,w,2) + B(t, 0, 2)u (3.43)

with a given vector-, matrix-valued function ¢ = (¢, w, z), B = l§(t, w, 7).

If differentiation and integration/expectation in (3.42a) may be interchanged,
which is assumed in the following, then (3.41) is a necessary condition for
i(-) € argmin H; (u(-)), (3.44)
u(tye D

cf. (3.30a), (3.30b), (3.31a), (3.31b). Corresponding to Theorem 3.4, here we have
this result:

Theorem 3.6 (Optimality condition for stationary controls) Suppose that a control
u(-) € D fulfills (3.44). Then u(-) is a stationary control of (3.7).
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3.7 Canonical (Hamiltonian) System of Differential

Assume now again that the feasible domain D is given by (3.32). In order to solve the

optimization problem (3.42a), (3.42b), corresponding to (P)L0 Ot here we consider
the finite-dimensional optimization problem
min EH(t, o, ¢ (w), n(w), u) st.ue D; (Pt

for each ¢, tp <t < t;. Furthermore, we use again the following definition, cf. Def-
inition 3.6.

Definition 3.7 For measurable functions ¢ (-), n(-) on (2, 4, P), let denote
u* = ﬁ(;, 4O} n(~)), th <t <ty

a solution of (P)’M. The function u* = LF‘(I, (), n()),t0 <t <ty,is called a
H-minimal control of (3.92)—(3.9d). The stochastic Hamiltonian H is called regu-
lar, strictly regular, resp., if a H-minimal control exists, exists and is determined
uniquely.

For a given H-minimal control u* = u*(t, (@), n(~)) we consider now, see

(3.34a)—(3.34d), the following canonical (Hamiltonian) two-point boundary value
problem with random parameters:

2(t, w) = g(t,a),z(t,w), u*(t,z(t, ), y(t, ))) fy <t <ty (345a)
2(tg, w) = zo(w) (3.45b)

T
y(t,w) =—D,g (t, w, 7(t, w), u*(t, z(t, ), y(¢, ))) y(t, w)

—sz<z, w, 2(t, »), u*(t, 21, ), y(t, ))) fo<t<t; (345¢)

Yt w) = VZG(zf, . 2(t;, a))). (3.45d)
Remark 3.13 In case of a discrete distribution Q@ = {wy, ..., w,}, P(0w = w;), j =
1, ..., o, corresponding to Sect. 3.1, for the H-minimal control we have

":;k ZL?(([,Z(I,Q)]), ...,Z(I,C()Q), y(tawl)a "'7y(t7a)g))'

Thus, (3.45a)—(3.45d) is then an ordinary two-point boundary value problem for the
20 unknown functions z = z(f, w;), y = y(t,w;), j =1,..., 0.



94 3 Optimal Control Under Stochastic Uncertainty

Let denote (Z, y) = (Z(l, ), y(t, a))), fh <t <ts, we (Q, P), the unique
measurable solution of (3.45a)—(3.45d) and define:

(1) = ﬁ(t, 2, ), 5, -)), fh<t <t (3.46)

Due to (3.16e) and (3.38b), (3.39a), (3.39b) we have

(t,w) =z;t,w), th<t=<ty, we (Q,AP) (3.47a)
Y, o) =yit,w), tg<t=tr, € (A P), (3.47b)

hence,
i) = (12030, 9), 0=y (3.47¢)

Assuming that
u(-) € U (and therefore u(-) € D), (3.48)
we get this result:

Theorem 3.7 Suppose that the Hamiltonian system (3.45a)—(3.45d) has a unique
measurable solution (Z,y) = <Z(t, w), y(t, w)), and define u(-) by (3.46) with a
H -minimal control u* = u*(t, ). Ifu(-) € U, then u(-) is a stationary control.

Proof According to the construction of (z, y, i), the control u#(-) € D minimizes
H; (u(-)) on D. Hence,

u(-) € argmin ﬁg(bt(-)).
u(-) e D

Theorem 3.6 yields then that () is a stationary control. (]

3.8 Computation of Expectations by Means of Taylor
Expansions

Corresponding to the assumptions in Sect.3.1, based on a parametric representa-
tion of the random differential equation with a finite-dimensional random parameter
vector 6 = 6 (w), we suppose that
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gt,w,z,u) =g(t,0,z,u) (3.49a)
Z0(w) =2Zo(0) (3.49b)
L(t,w,z,u) = L(t,60,2z,u) (3.49¢)
Gt,w,2) =G(t,0,2). (3.49d)
Here,
0 =0(w),we QA P) (3.49¢)

denotes the time-independent r-vector of random model parameters and random ini-
tial values, and g, zo, L, G are sufficiently smooth functions of the variables indicated

in (3.492)—(3.49d). For simplification of notation we omit symbol “~”" and write
glt,w, z,u) = g(t,@(w),z,u) (3.49a")
20(@) = 20(0()) (3.49b")
L(t, 0,7, u) = L(t, 0(w), z, u) (3.49¢")
G(t, 0,2 1) = G(t,@(a)),z). (3.49d")

Since the approximate problem (3.17a)—(3.17d), obtained by the above described
inner linearization, has the same basic structure as the original problem (3.9a)—
(3.9d), it is sufficient to describe the procedure for problem (3.9a)—(3.9d). Again,
for simplification, the conditional expectation E(. .. |2, ) given the information 2,
up to the considered starting time # is denoted by “E”. Thus, let denote

9=0"= E0(w) = E(e (w)|m,o) (3.50a)

the conditional expectation of the random vector 6 (w) given the information 2, at
time point #. Taking into account the properties of the solution

2 =2(,6) = S(200),0,u()) (0, 1 = 10, (3.50b)
of the dynamic equation (3.3a)—(3.3d), see Lemma 3.1, the expectations arising in

the objective function (3.9a) can be computed approximatively by means of Taylor
expansion with respect to 6 at 6.
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3.8.1 Complete Taylor Expansion
Considering first the costs L along the trajectory we obtain, cf. [26],
L(1,6,2(1,0),u) = L(1.8. 26,0, u()
T
+<V9L(t, 9.2(1,0). u(t)) + Dyz(t, G)TVZL<t, 7.2(1,0), u(t))) @ —8)

- o _ _
+56-0)70, (r, 8,2(1,9), Dyz(t,9), u(z))(e —B)+.... (3.51a)

Retaining only first-order derivatives of z = z(¢, #) with respect to 6, the approxi-
mative Hessian Q; of § — L(t, 0, z(t, 0), u) at @ = 0 is given by
01(1,8,21,8), Dyz(t, ), u(®) =V L(1,8, 26, 8), u(v))
_ _ _ _ _ T _
Dz (1.8)T V2, L(t, 9,2(t,0), u(t)) +V2 L(t, 9,2(t,0), u(z)) Dyz(1,0)

+Dyz(t,0)" V2 L(t, 0,z(t,0), u(t))Dez(t, 0). (3.51b)

Here, VoL, V. L denotes the gradient of L with respect to 6, z, resp., Dyz is the
Jacobian of z = z(¢, #) with respect to 6, and Vg L, sz L, resp., denotes the Hessian
of L with respect to 6, z. Moreover, ngL is the r x m matrix of partial derivatives
of L with respect to 6; and zi, in this order.

Taking expectations in (3.51a), from (3.51b) we obtain the expansion

EL (r, 0(w), z(z, Q(a))), u(z)) - L(t, 8, 2(t,0), u(z))

+%E<9(a)) - §>TQL(t, 8, 2(t,0), Doz(1,0), u(t)) (e(w) - 5) ...

= L(1,8,2,0), u(t)) + %erL(t,é, 2(1,9), Daz(t,g),u(t))c0v<9(~)) +....3.52)

For the terminal costs G, corresponding to the above expansion we find
G(17.6.267.0)) = G(17.9.207.9))
T
+(v@G(zf, 8,20, 5)) + Dozt E)Tvzc(zf, 8,25, 5))) © —8)

+%(9 - 5)TQG(tf, 0, z(t7,0), Doz(ty, 5))(9 —0)+..., (3.53a)
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where Q¢ is defined in the same way as Oy, see (3.51a). Taking expectations with
respect to 6 (w), we get

EG(tf, 0(w), z(tf, G(cu))) = G(tf, 8,20y, 5))

| L _
+EtrQ(;(tf,9,Z(tf,9), Dgz(tf,e))cov(e(-)) F....  (3.53b)

Note 3.4 Corresponding to Definition 3.1 and (3.50a), for the mean and covariance
matrix of the random parameter vector 6 = 6(w) we have

7= . E(@(w)m[fo)

cov(01) = cov® (009) 1= £ (660 -8 (0600 -8 o, ).

3.8.2 Inner or Partial Taylor Expansion

Instead of a complete expansion of L, G with respect to 8, appropriate approxima-
tions of the expected costs EL,EG, resp., may be obtained by the inner first-order
approximation of the trajectory, hence,

L(t, 0,2(t,0), u(t)) ~ L(t, 0, 2(t,8) + Doz(t,8)(6 — 9), u(t)). (3.54a)

Taking expectations in (3.54a), for the expected cost function we get the approx-
imation

EL(t, 0,2(1,6), u(t)>

~ EL(t, 0(w), 2(,8) + Dez(t,8)(O(w) — 0), u(t)). (3.54b)

In many important cases, as, e.g., for cost functions L being quadratic with respect to
the state variable z, the above expectation can be computed analytically. Moreover,
if the cost function L is convex with respect to z, then the expected cost function
EL is convex with respect to both, the state vector z(, 5) and the Jacobian matrix
of sensitivities Dyz(z, 0) evaluated at the mean parameter vector 6.

Having the approximate representations (3.52), (3.53b), (3.54b), resp., of the
expectations occurring in the objective function (3.9a), we still have to compute the
trajectory t — z(t 0),t > to, related to the mean parameter vector § = 6 and the
sensitivities ¢t — —(t 9) i=1, , 1, t > 1o, of the state z = z(¢, ) with respect



98 3 Optimal Control Under Stochastic Uncertainty

to the parameters 6;,i = 1,...,r, at 0 = . According to (3.3a), (3.3b) or (3.9b),
(3.9¢), for z = z(t, ) we have the system of differential equations

20,0) =g(1.0.26,0),u0). 1 2 1, (3.55)
2(19,0) = zo(0). (3.55b)
Moreover, assuming that differentiation with respect to 6;,i =1, ..., r, and inte-

gration with respect to time 7 can be interchanged, see Lemma 3.1, from (3.3c) we
obtain the following system of linear perturbation the differential equation for the

Jacobian Dyz(t, §) = (;‘Tﬁ(z,é) 9 (1.9, ... %(z,@)) > 1

) 60;
d _ _ _ _
E(Dgz(t,Q)) = ng(t,O,z(t,O),u(t))Dgz(t,B)
+D9g(t7§7 Z(t,§),u(t)>,t > tO, (3563.)
Dyz(ty,0) = Dyz(0). (3.56b)

Note 3.5 Equations (3.56a), (3.56b) is closely related to the perturbation equation
(3.16a), (3.16b) for representing the derivative D,z of z with respect to the control
u. Moreover, the matrix differential equation (3.56a) can be decomposed into the

following r differential equations for the columns %(:, 5), j=1,...,r:

d iz - g / = — 0z -
(¢ :—(t,@, 1,9), r)— 10
dt(agj( )) g, (1020000 2.

+8—g<t 9, 2(1,9) u(t)) t>10,j=1,....r. (3.56c)

agj b b b 9 9 p— 0’ J 9 . .
Denoting by
i= i(r, 0,2(t,0), Dyz(t, ), u(t)), (3.57a)
G= G(tf,e,z(zf,é), Dgz(tf,é)), (3.57b)

the approximation of the cost functions L, G by complete, partial Taylor expansion,
for the optimal control problem under stochastic uncertainty (3.9a)—(3.9d) we now
obtain the following approximation:

Theorem 3.8 Suppose that differentiation with respect to the parameters 6;,i =
1, ..., r, and integration with respect to time t can be interchanged in (3.3c). Retain-
ing only first-order derivatives of z = z(t, 0) with respect to 6, the optimal control
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problem under stochastic uncertainty (3.9a)—(3.9d) can be approximated by the ordi-
nary deterministic control problem:

Iy
min/ Ei(l, 0(w), z(t, 0), Dyz(t,0), M(f))df

to

+Eé(tf, 0(w). 2(t7. 8, Doz(t, 5)) (3.582)

subject to
2(t,9) =g(r,§,z(t,§),u(t)),z > 1o, (3.58b)
2(1,8) = z0(8) (3.58¢)

%(Dgz(t,g)) - ng(t,é, 2(1,0), u(t))Dgz(t,é)

+D9g(t7§7 Z(t,§),u(t)>,t = I, (358(1)
Dyz(ty, 0) = Dyzo(0) (3.58¢)
u(-) €D. (3.58f)

Remark 3.14 Obviously, the trajectory of the above deterministic substitute control
problem (3.58a)—(3.58f) of the original optimal control problem under stochastic
uncertainty (3.9a)—(3.9d) can be represented by the m(r 4+ 1)— vector function:

z(¢,9)

2(1,0)
e ="

, o=t =ty (3.59)
9z L5
3—3'_(@9)

Remark 3.15 Constraints of the expectation type (3.9f), i.e.,

Ehu<t, 0@, z(r, e(w))) = (=)0
can be evaluated as in (3.52) and (3.§3b). This yields thein deterministic constraints
for the unknown functions t — z(¢,0) and t — Dyz(t,0),t > 1.

Remark 3.16 The expectations E H,-(,, EH arising in (P);"(M.n’ (P)TM, resp.,
can be determined approximatively as described above.
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Chapter 4 ®
Random Search Methods for Global Geda

Optimization—Basics

Abstract Random Search Methods for solving deterministic optimization prob-
lems, as arising in the deterministic substitute problems of stochastic optimiza-
tion and stochastic optimal control problems, are considered in this chapter and
Chaps. 5-7. Besides mathematical optimization techniques, one of the major meth-
ods for solving deterministic parameter optimization problems is random search
methods (RSM), for the following reason: Solving optimization problems from engi-
neering and economics, one meets often the following situation: One should find the
global optimum, hence, most of the deterministic programming procedures, which
are based on local improvements of the performance index F'(x), will fail: Concern-
ing the objective function F one has a black-box—situation, i.e., there is only few a
priori information about the structure of F, especially there is no knowledge about the
direct functional relationship between the control or input vector x € D and its index
of performance F(x); hence—besides the more or less detailed a priori information
about F—the only way of getting objective information about the structure of F is
via evaluations of its values F'(x) by experiments or by means of a numerical pro-
cedure simulating the technical plant. After explaining the basic (RSM)-algorithm,
conditions are presented guaranteeing the convergence, in some stochastic sense, of
the search method to a global optimum. As an example, the random search method
bis applied to discrete optimization problems. Since, especially toward the optimum,
the speed of convergence may become rather low, possibilities for acceleration of
(RSM) are considered. A basic method, which will be further developed in the next
chapters, is to control the distribution of the search variates.

4.1 Introduction

Solving optimization problems from engineering, as, e.g., parameter—or process—
optimization problems
min F(x) s.t.x €D, 4.1)

where D is a subset of R”, one meets often the following situation:
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 103
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(a) One should find the global optimum in (4.1), hence most of the deterministic
programming procedures, which are based on local improvements of the perfor-
mance index F'(x), will fail.

(b) Concerning the objective function F one has a black-box—situation, i.e., there
is only few a priori information about the structure of F, especially there is no
knowledge about the direct functional relationship between the control or input
vector x € D and its index of performance F(x); hence—besides the more or
less detailed a priori information about F—the only way of getting objective
information about the structure of F is via evaluations of its values F(x) by
experiments or by means of a numerical procedure simulating the technical
plant.

Consequently, engineers use in these situations often a certain search procedure
for finding an optimal vector x, see, e.g., Box’” EVOP method in [2] and the random
search methods as first proposed by Anderson [1], Brooks [3] and Karnopp [5].
Obviously, deterministic search methods can be considered as special stochastic
ones.

In the basic random search routine considered in this section—allowing not only
local improvements as in mathematical programming—a sequence of n-random vec-

tors X, X1, ..., X;, ... in D is constructed according to the following recurrence
relation:
Zi+1, 241 € D and F(z;41) < F(Xy)
X = . 4.2a
i {X if 21 ¢ Dor F(zip1) = F(X), (422)
t =0,1,2,..., where the starting point X := xq is a realization xy of the random

vector X having the given distribution Py, := mgart concentrated on the domain
Dgtart- In many cases we have Dgtart C D. If the search process starts at a given,
fixed point xp, then mgiart = €y, Where &, denotes the one-point measure at the
point xo. Moreover, z; = Z1(w), 20 = Z>(w), . .. are realizations of n-random vec-
tors Zy, Z», ... such that

P(Zi€BlXo=x0,X1=x1,.... X, =x.Z1=21.Z2=22,.... Z1 =7
= P(ZH_] € B|X() =.X(),X1 =Xx1,..., Xt ZXZ) =T[,(x’, B), (42b)

where x' := (xo, x1, ..., x,) and 7, (x’, -) is a given transition probability distribu-
tion, as, e.g., a joint normal distribution with mean x, and covariance matrix Q = Q.

According to Definition (4.2a), given the states X' = x’, first an n-vector z,, is
generated randomly according to the distribution 7;(x’, -). Then, if z;; drops into
the area of success G g (x;), where

Gr(x):={yeD:F(y) < F)}, (4.3)

we move to X,y = Z;41, otherwise we stay at X,,; = X;. Thus, the whole search
process X,) stays within the union Dy := Dgtyart U D of the domain of the starting
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points and the feasible domain of the basic optimization problem (4.1). If the set of
starting points Dgtart C D is contained in the feasible domain D, then Dy = D.

Moreover, we observe thatif X, € Gg(x;),thenalso Xy € Gg(x,) foralls > ¢.
Furthermore, if F* = inf { F(x) : x € D} and, for given levels ¢ > 0, M < 0, resp.,
the set of e—, M —optimal solutions of (4.1) is defined by

Bey = {ye D:F(y) < FF+¢,if FFeR, F(y) < M,if F* = —oo,resp.},

(4.4a)
then
Xs€Bey = Xsy1€Bey, s=0,1,2,.... (4.4b)
Hence,
P(X; € Bey) < P(Xs41 € Bey), s=0,1,2,.... (4.4¢)

In the following we assume that the objective function F of (4.1) is a measurable
function on R".

4.2 The Convergence of the Basic Random Search
Procedure

For considering the convergence behavior of the search method (4.2a), we examine
the probability
P(XIGBS,M), t=0,1,2,...,

that the 7-th iterate X, is an e-, M —optimal solution, resp., of (4.1), where & >
0, M < 0 are given numbers. According to the considerations at the end of Sect. 4.1
these probabilities form a nondecreasing, convergent sequence, and due to (4.4b) we
have that

X ¢ Bey © Xo ¢ Beyr, X1 ¢ Bewr, ..., Xi & Bems (4.5a)

hence,
P(X,€By)=1—P(Xo¢ By, X1 € Bemty ..., X & Bem) (4.5b)

=1- / P(X] ¢BS,M,--~aXt ¢BS_M|X0=X())T[(dX0).

Xo&Bem

Denoting by K,(x’, - - -) the conditional distribution of X, | given X = xo, X| =
X1, ..., X; = x;, we have

Ki(x', B) = m(x', BN Grx)) + (1 — i ((x Gp(x,)))sx, (B),  (4.62)
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where ¢, is the one-point-measure at x. Thus, with B, 3 := Do\ B, y, wWe get

P(X1 & Bem, ..., Xi & By m|Xo =x0) = f Ko(xo,dxy) ...
X1€Bey

/ Kia (2, dxiy) - / Koo (e dx,). (4.6b)

Xi—1€Bem Xt€Bem

Considering first the ¢-th integral in the above equation, we obtain

/ K,_1(x"7" dx;) = K,_ 1 (x""", Do\ Be.yr) (4.6¢)
X €Be
=K, (""", Do) — Ky (x"7", Bew)
=1-K_ (""", Bew).

Having x;_; ¢ B. » we get ey, (Be.y) = 0and B,y C Gp(x;—1), see the defi-
nitions (4.3), (4.4a). Hence, (4.6a)—(4.6¢) yield

/ Ki1(x"'dx) <1 —mo ("7, Bow) 4.7)
x,EEEYM

< 1—inf {m 1 (""", Bew) i % € Do\Bew, 0 <5 <1 —1}

forall x; € Do\B; .y, s =0.1,...,¢ — 1.
Defining now o, t =0, 1, ..., by

o 1= 0 (Be ) = inf {7, (x', Bea) 1%, € Do\Beys, 0<s <1}, (4.8

from (4.6a), (4.6b) we now obtain

t—1

P(Xi ¢ Bewt oo Xo & Bew|Xo=x0) < [ [0 —ae(Bea))  (4.92)
s=0

Hence, by (4.5b) and (4.9a) it is

P(X, € By y) >
1— [ P(X1¢Bem,.... X & Bem|Xo = x0)7start (dxo)
Xo&Be.m
-1

> 1 — (1 = mgtart(Be.m)) [[(1 — o5 (Be ). (4.9b)
s=0



4.2 The Convergence of the Basic Random Search Procedure 107

Since logu < u — 1, for u > 0 we have

t—1 t—1

(1 = start(Bew) [ [(1 — o) < exp (= 7spart(Bew) — Y ) (4.9¢)
s=0 s=0

and therefore also

t—1

P(X, € Bey) = 1 —exp (= mgtart(Be) — Y_ ). (4.9d)
s=0

Thus, from (4.9d) we get the following convergence result.

Theorem 4.1 The search process (4.2a) has the following convergence properties:

(a) Ifforane >0, M <O, resp.,

o0
> ety (Bew) = +oo, (4.10)
s=0
then lim P(X, € Boy) = 1.
—00
(b) Suppose that F* € R and
lim P(X, € B,) =1 foreverye > Q. “4.11)
n—00

Then lim F(X,) = F* a.s. (with probability one),

n—oo
(c) Assume that F* € Rand F is continuous and that the level sets D, are nonempty

and compact for each € > 0. Then lim F(X,) = F* implies that also lim dist

—>00 —00
(X;, D*) = 0, where dist (X;, D*) denotes the distance between X, and the set
D* of global minimum points of (4.1).

Proof For a proof of assertions (b) and (c), see [8]. [l
Note 4.1

(a) For the case that the distribution 7; of Z,, does not depend on the states x’,
preliminary versions of the decisive inequality (4.9a) may already be found in
the early Random Search literature, see, e.g., [3].

(b) Comparing the above theorem with the 0-1-laws of probability theory we observe
that this result is essentially a consequence from the Borel-Cantelli-type laws,
see, e.g., [9, p. 400] and [4, pp. 1-6, 51-52].

Working with random search procedures, one observes that the rate of
convergence—especially near to the optimum—may be very poor. Hence, in the
following we consider modified random search procedures with an improved con-
vergence behavior.
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4.2.1 Discrete Optimization Problems

Consider now the case that D contains a finite number r of elements d; € R", thus,
D=1{d,d,,...,d}. (4.12a)

Furthermore, assume that Dgtart C D, hence Dy = D, and let
P(Z+1 € BlXo. X1, .... X;) = P(Zi1 € BIX,). (4.12b)

Hence, (Z;) and (X,) are discrete-time stochastic processes. Therefore (Z;) is
described by a transition matrix (ni’j) from X, =i to Z,,; = j, and the iterates (X,)
are described by the transition matrix (pl?j) from X, =itoX,,1=j,t=0,1,....
For X, =d; we have Gr(d;) = Gr(i) = {j 1 F(dj) < F(di)}. The relationship
between (ni’j) and (p} ;) reads then:

0, ifj ¢ Gr(i)and j #i
3 Poie
Py =py"" = : IGGZF:(I')T[IZ’ = (4.12¢)
7, if j € Gr).

Assuming now stationary search variables Z;(w), i.e., in case ni’j = m;; for all
t =0,1,...,thenalso (X,) is stationary and by searching for stationary distributions
of (p;;) we get this result.

Theorem 4.2 Let mr;; > O forall i, j =1, ...,r or suppose that )" m;; > 0 for
JEGF()

all 1 <i <r such that d; is not a solution of the optimization problem (4.1). Then

(X t (a))) converges with probability one to a solution of problem (4.1).

Proof Without limitation we may assume here that 0 < ¢ < F,,,, — F*. According
to (4.8) and the above assumptions, for the minimum probabilities «; = o, (&) we
have

a;(¢) = inf {m,(x", Bs) : x; € D\B,,0 < s <t} =inf {7 (x,, B) : x; € D\B;}
=inf{ Y mj:d;i ¢ B} =09 > 0, (4.12d)

d;jeB,

provided that 7z;; > O for all indices i, j. Since a;(¢) = a9 > O forallt =0, 1, ...,
andeache, 0 < ¢ < F,,, — F*, the assertion follows now from Theorem 4.1. Since
in the present case there are a finite number elements of feasible points d;, i..., r, and
the sets G (i), B, are contained in each other for corresponding values of ¢, F(d;),
resp., the proof for the second case follows then also from (4.12d). (]

Example 4.1 For illustration we may assume—without limitation—that the ele-
ments dy, da, ..., d, of the feasible domain D are arranged such that
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F(d\) < F(dy) < ... < Fd,). (4.132)

Hence, d is the unique minimum point, and the remaining points d; are arranged in

strictly increasing order of the function values F'(d;). With the stationary transition
probabilities JTI({’IJFI) = m;; from X, to Z,,, the stationary transition matrix P’ =

P := (p;j) from X, to X, reads

1 0 0 .0
nél l—tnél tO IR 0

p=|m 7 1-@g+73y)... 0| (4.13b)
T T e R L

Corresponding to Theorem 4.2 we find that ¢ := (1,0, ...,0) is a left fixed
point of P and lim X, = g with probability 1.
—>00

4.3 Adaptive Random Search Methods

In this section we describe a general method how to find search variables (Z;) such
that the convergence of (X;) toward a solution of our basic problem (4.1) is acceler-
ated. This can be achieved by an adaptive selection of the probability distribution of
the search variates Z;, Z, . ... In order to control the sequence (Z,) we assume that
the probability distribution

nl(x()’xl» B ) ) = ﬂl(ahx()vxlv cees Xpy ) (4143)
of Z,;; depends on a control parameter vector a; € A;(xg, X1, ..., X;), where
A, C A is the set of admissible controls at time ¢ and given state-history x’ :=
(x0, X1, ..., Xx;). Moreover A, is assumed to be contained in a fixed set A. By

8§=(8)=0, & R 5 A +=0,1,... (4.14b)

we denote a decision rule, composed of the control functions or strategies §;, t =
0, 1, ..., such that the control parameter vectors a, are given by

a;:=8,(x") € A,(x") forx,e D, 0<s<t, t=0,1,.... (4.14c¢)
The set A of admissible decision rules § is defined then by

A= {5 28 = (81)=0, 8¢ (x0, X1, .. ., X1) € Ar(X0, X1, ..+, Xp)
forx,e D, 0<s<t,1=0,1,...}. (4.14d)
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Note 4.2 Since the transition probabilities m;(a;, xo, X1, ..., X;, -) depend on the
controls a,, the expectation operator E = E°® depends on the decision rule §.

Looking for an optimal decision rule §*, clearly we have to guarantee that the
process (X;) generated by §* converges actually to a solution of (4.1).

Note that the reachability property in Theorem 4.1 holds, e.g., if the decision rules
satisfies the condition, see (4.8),

o0
> inf (8 (), o, B 15! = (o, 41, x0), %5 € D\Bg, 0 <5 = 1] = oo,
t=0
(4.15a)
where, cf. (4.4a)
B.:={yeD:F(y) < F*+¢}. (4.15b)

In the stationary case m,(a;, x', ) = w(a,, x;,-) and §,(x") =8(x,),t=0,1,...
(4.14a) is reduced to the much simpler condition

inf {n(a(x),x, BF):xe D\Bg} > 0. (4.15¢)

Appropriate utility- or reward-criterion for the evaluation of the individual steps
(X;) = X4 of the search process (X;) are, e.g.,

(a) Probability of success

L xi41 € Gp(xy)

0, otherwise, (4.16a)

u (X, X41) = {

hence E°(u(ar, Xi, Xi11)1X;) = P(X141 € G(X,)|X,) is the (conditional)
probability of a success in the state S;.
(b) Step length

| X:+1 — XelI?, Xer1 € Gr(Xy)

u (X, Xi11) = { 0 otherwise (4.16b)

where p > 1 is a fixed number. Here E(ut(at, X, Xig1 |X,) is the average step
length of X, into the area of success G (X;).

A modification of the above case is
(c) Relative step length

X4 — X\ Xoi1 € Gr(X)
uy(Xy, Xog1) = X, Al FA2 (4.16¢)
0 , otherwise.

Obviously, any linear combination of the above three criteria yields criterion. In
the following we suppose
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F* =inf{F(x) : x € D} > —o0.

Search procedures with an improved performance can be constructed now by maxi-
mizing [7] the expected (total) reward function

oo
Uno(x0,8) := E* Y~ 0°us(8:(x"), Xy, X,11), (4.172)
s=0

with respect to the decision rule § = (,) involving the control functions §; satisfying
the constraints (4.14¢). Here, 0, 0 < o < 1, denotes still a certain discount factor.

For the maximization of the expectation of Uy (x¢, §) next to we consider the
(T — r)-stage search processes (X;) starting at time ¢ and running then up to time
T > t. Hence, with X* = (Xo, Xy, ..., X,), Xo :=xp, and a;, = §(X*),s =1, ¢t +
..., T — 1, let

Ur(t,x";8;, ..., 8r-1)
T-1
= E* () 0" us(8:(X"), Xy, Xon)|Xo = %0, X1 =x1,..., X, =x,) (4.17b)

s=t

denote the conditional expected reward of this (T" — t)—stage process, given the time
history X; = x,,s =0, 1, ..., t, and the control functions &, ..., §7—_;.
Denote by K;(a,, x', -) the transition probabilities for X, — X,

K.(a;, x', B) = P(X,+ € B|X' = x") (4.18a)

of the process (X;) based on search variates (Z,) controlled by control inputs a,, t =
0,1,...,where X' = (Xy, X1, ..., X;) and B is any Borel subset of R". According
to the basic definition (4.2a), (4.2b) of X, and (4.14a)—(4.14d) it holds

K (a;, x', B) = K,(a;, x', B) = ”t(at, xt7 BN G(xt))
+(1 = (a2, G ) )ex, (B), (4.18b)
cf. (4.6b), where a, = §,(x"), and ¢, denotes again the one-point measure at the point
x € R".
Due to the above definitions, the reward functions Ur (¢, x'; 8, ..., 87—1), t =
0,1..., 7T =2, T — 1, see (4.17b), satisfy the recurrence rations

Ur(t, 581, 8r-0) = [ (10 (8, 1, %001)

+oUr (t 4+ 1, (&', Xp41); 841, - - - » Sr_l)))Kz(c?(X’), dxi 1) = i; (8, (x"), x")
+o [Ur(t+1,(x", ¥); 8is1s -, 87-D)) K (8(x), X', dy), (4.19a)
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where

(a5 = Euy(ar. Xo. Xpa) [ X' = x') = /ut(at,x,, WK (@, x', dy).

(4.19b)
With the set A of admissible decision rules §, cf. (4.14d), the value function of the
(T — 1)-stage process X, ..., X7 with given state-history x’ is now defined by
Vi = sup {Ur(t,x'58,....87-1):
R
8 (x") € Ag(x*), x, € DV 1 <5 <T —1}, (4.20)

where D¢*D denotes the (s 4 1)-fold Carthesian product of D.

As mentioned already above, the set of restrictions in (4.20) should also include a
condition guaranteeing that the whole search process (X;) controlled by the decision
rule § = (§;) satisfies a reachability condition according to Theorem 4.1. However,
in many practical problems this condition may be deleted since the optimal decision
functions §; defined by the optimization problem (4.20) can be shown to generate a
search process (X;) fulfilling a sufficient reachability condition.

From (4.19a), (4.19b), for the value functions V,” (x") we get then the following
recurrence relation:

Theorem 4.3 Let V} (x7) = 0 for all x™ € RTV"_[f for all steps t under consid-
eration the maximum is attained in (4.20), then the following backwards recurrence
relation holds

Vi) = sup [ (wlax + VL (600) Kitaodcdy) @2
acA;,(x")

= sup (ﬁ,(a,x’)—l—/V,fr,(x’,y)Kr(a,xt,dy)),
acA;(x")

t=T-1,T—-2,...,1,0, where a = §;(x").

Proof Omitting for simplification the constraint set in (4.20), from (4.19a), (4.19b)
we get

vIia):= sup Ur(t,x';6,..., Sr—_1)=sup sup Ur(t,x';6,..., 87-1)
ER 8 SislvendT1

=sup sup (12,(8;()6[), x')

8t Sr41s,071
+Q/UT(r+ LG 93 80 07D K0, ', d))

= swp (@ x)
ar€A;(xt)

+o0 sup /UT(r+1,(x’,y);8,+1 ..... 87_1))K,(6(x’),x’,dy)). (4.22a)

81415871
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Now, according to (4.17b) we have

Ur(t+ 1, (x", ¥); 841, ..., 87—1) = Exyur(t + 1, (X', y), S (X', y),
6l+2(x[7 y5 Xl+2)5 ey (ST—](xla y5 Xt+27 ey XT—]))a (4'22b)

where E,: , denotes the conditional expectation given X'*! = (x’, y) and X; are
random vectors defined by (4.2a), (4.2b) and u7 is the sum in (4.17b). Taking
now, cf. (4.22a), the integral in (4.22b) with respect to y and then the supre-
mum with respect to 8§41, ..., r—; under the constraints §;(x*) € A;(x*), x* €
DD 41 <5 <T —1,see (4.20), the question is whether the integral and the
supremum can be interchanged. Assuming that the suprema in (4.22b) are attained
at a* = §*(x%), x* € D™V t +1 <5 < T — 1, with the conditional expectation
operator E,: with respect to X’ = x’, from (4.22b) we get

EerT(t + 1, (" y)i 8 8;_1)
< sup EoUr(t+1,(" )81, ....87-1)
Sr41sees0T—1
<E« sup Ur(t+ 1" )840, ....0r-1))
Sr41sees07—1
=E.Ur(t+1,(x", )85, ....87_)). (4.22¢)

Thus, (4.22c) yields

sup  ExUr(t+1,(x", y): 8is1s ..., 87-1))

Bi1seend7 -1
=Ev sup Ur(t+ 1, 9)5801,...,8r-0) = Vi, y). (422d)
Sr41sees0T—1
The assertion follows now from equation (4.22a) and (4.22d). ([l

Remark 4.1 According to the definition (4.18b) of K, (a;, x', -) we have

fvzz_l(-xts )’)Kt(a,x[»dy) = f ‘/;fj.;_l(-xta Y)ﬂt(a’xt,d}’)
yeG(x;)
+VL ) (1= (a4, G ) ). (4.23a)
Furthermore, assuming u,(a, x, x) = Oforallt =0, 1,...,and x € R", we have,
cf. (4.19b),
i;(a, x") = / u(a, x;, y)m;(a, x', dy). (4.23b)
yeG(x;)

In the important Markovian case, i.e., if

mi(a,x', ) = m(a, x;,-) and A, (x") = A, (x,), (4.23¢)
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the value function VZT depends only on x;, see (4.14a)—(4.14d), (4.17b), (4.18a),
(4.18b), and (4.21) has the form

VtT(x,) = sup (ﬁ,(a,x,)+/th_l(y)K,(a,x,,dy)). (4.23d)

acA;(x;)

In the one-stage case t = T — 1 equation (4.21) has the simple form

Vi " Y =suplir_i(a,x" N rae Ar_ x"H} (4.23¢)

4.3.1 Infinite-Stage Search Processes

The decision process defined by (4.21) is called the sequential stochastic decision
process associated with the random search procedure (4.2a), (4.2b). An important
variant of this decision process results in the infinite-stage stationary Markovian case.

Letm, (a;, x',-) = w(a,, x;, ), A, (x") = A(x)) ,u (ay, X, Xi11) = ulay, x;, X141),
8 (x") =38(x,),t =0,1,.... Moreover, let 0 < 0 < 1 be a certain discount factor.
According to Theorem 4.3, the value function VZT = V,T (x) of the (T-t)-stage process
depends only on the state x, = x and fulfills the recurrence relation:

VI (x) = sup (ﬁ(a, x) + / v (K@ x, dy)), (4.24a)
acA(x)
t=T-1,T—-2,...,1,0, where a = §(x;). Introducing the stage transformation

(T —t) — t, the transformed value function
Wi(x) == Vi, (x),t=0,1,... (4.24b)

satisfies (insert s := 7 — ¢ and replace then again s — ¢) the forward recurrence
relations

Wi (x) = sup (ﬁ(a,x) +o0 / Wi_1(y)K (a, x, dy)),t =0,1,..., (4.24¢)
acA(x)

where the functional equation (4.24c) holds for each integer T, and we have, cf.
Theorem 4.3, Wy(x) = 0.

Under certain conditions the sequence (Wt (x)) is convergent to the function
W*(x) satisfying the asymptotic functional equation

W*(x) = sup (ﬁ(a,x)—I—Q/W*(y)K(a,x,dy)). (4.244d)

acA(x)
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Moreover, an optimal decision rule §* is then given by 6*(x) = a™ € A(x), where
a* is a solution of the maximization problem in (4.24d).

4.4 Convex Problems

For simplicity, here we only consider here the minimization of a real-valued convex
function F : R — R with respect to D = R. Assuming the second derivative F”
exists and F”(x) > 0 for all x € R, the interval G(x) = {y e R: F(y) < F(x)}
may be approximated by the interval

, F//(x) )
H(x):{yeK:F(x)(y—x)—i— (y —x) <0}. (4.25a)
It is easy to see that

{ Pl

Hx)=3yeR:x<y<x-2 , if F'(x) <0, (4.25b)
F//(x)

Hx)=Gx) =40, if F/(x) =0, (4.25¢)

{ F'(x) } e
Hx)y={yeR : x-2 <y<xyg, if F'(x) > 0. (4.25d)

F//(x)

For the conditional distribution 7 (a, x, -) of the search variables (Z;) given X; = x
we choose now a normal distribution with mean y = x and variance o> = a?. Hence,
in this case our decision parameter a is then the standard deviation o. Furthermore,
according to the above approximation of G (x) by H (x), we approximate the utility
function u(a, x, y) of Sect. 4.3, by

ii(a, x,y) = { ly 5’” » YEH®E) (4.26a)

, otherwise.

Obviously, the stochastic decision process associated with the random search
procedure (4.2a), (4.2b) is stationary and i (a, x) may be approximated by

ﬁ(a,x) = / ua, x, y)r(a, x,dy)

YEH (x)

o 1/ 2F (x)\?
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Starting from Wo(x) = Wy(x) =0, the approximate Wl x) = supﬁ(a, x) to the
>0
value function W(x), see (4.24c) and the approximative decision function o =

01(x), defined by W1 (x) = u(oy, x), are given by the following theorem.

Theorem 4.4 Let g be the function g(t) = (1 — exp(——tz)) and let denote

t* > 0 the number where g attains its maxlmum g Then,

’

F"(x)

2F' ()|
F//( )

Wix) = g* and &, (x) = 4.27)

2F (x)

o , according to (4.26b) and the

Proof Using the transformation o — t := %

20| (1), This yields

the assertion. O

above definition of the function g = g(¢), wehave it (o, xX) = ‘

Obviously, according to (4.26a), VT’l (x)=g* 25((;‘))

average step length s;(x) of the first step Xo — X; of the search process (X;).
Comparing this result with Newton’s method x — y = x — a(x) =3 L) alx) >0

(x)’
for the minimization of F, we observe that in Newton’s method the step length

) = Iy — x| ()| £22

s1(x).

Similar results are obtained from comparisons of Theorem 4.4 with deterministic
and stochastic gradient procedures.

In general, the computation of the further iterates VT/, and &, 1 =2,3,... will
be in general hardly carried out in practice, because of its difficulty and because

~ 2F
G(x) =1(x) ‘ F(()f))
to the optimal decision rule. This is also confirmed by numerical experiments. On

the other hand, for the quadratic case

is an approximate to the

has—up to a normalizing factor—the same form as

with a normalizing factor 7 (x) > 0 is a reasonable approximate

F(x) = x*

we can obtain the exact results. In fact, then we have that H(x) = G(x) and
Wi(x) = Wi(x) = 2g*|x| asalso oy (x) = 71(x) = t%lx|. For solving now the func-
tional equation (4.24b) we work therefore with the assumptions

W*(x) = Clx| and o*(x) = c|x|, (4.28)

where C, ¢ are positive constants.

Theorem 4.5 The optimal value W* and the optimal decision rule §* (x) = o*(x) of
the infinite-stage stationary stochastic decision process associated with the random
search procedure for the minimization of F(x) = x? has the form (4.28), where

8J/m 1 0
R and C ~ —— — —.
4ﬁ—gf 2w 4w
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Proof See [6]. O

Note 4.3 As was mentioned in Sect. 4.1, often an analytic expression for F is not

known and only the function values F(x) may be obtained. Hence the derivatives
2F (x)

77y | Must be estimated

F’(x), F”(x) in the “optimal” decision rule 6 (x) = 7(x) ‘

from observations of F'.
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Chapter 5 )
Controlled Random Search Methods Chack or
as a Stochastic Decision Process

Abstract As already discussed in the preceding chapter, in order to develop proce-
dures for increasing the rate of convergence of the basic search method, the stochas-
tic search procedure is equipped with a mechanism for controlling the conditional
probability distributions of the search variates at the iteration points, generating the
new trial points for improving the current iteration point. In an attendant control or
stochastic decision process, the parameters of the search variables can be selected to
maximize criteria for measuring the progress of the search, such as the probability
of a step into the area of success, or the mean step length into the area of success
at a certain iteration point. Due to the black-box situation concerning the objective
function F, we have a stochastic control or decision process under uncertainty con-
cerning the objective function. Based on a Bayesian approach, with the obtained
information from the search algorithm, the conditional distribution of F, given the
information obtained during the search, can be determined.

5.1 The Controlled (or Adaptive) Random Search Method

In order to increase the rate of convergence of the basic search method (4.2a), accord-
ing to Sect. 4.3 we consider the following procedure, cf. [2, 3]. Based on the basic
random search method (4.2a), by means of the definitions (I)-(II) we describe first
an (infinite-stage) sequential stochastic decision process associated to (4.2a).

(I) We use next to the fact that the transition probabilities 7, (x’, -) depend
(') =m(a, x', )

usually on certain parameters a = (a;) .y € A, as, e.g., on certain (mixed)
moments of the random vector Z;, ;. Let

h' = (X0, X1y ooy Xy 20y v ey Zi—1)
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5 Controlled Random Search Methods as a Stochastic Decision Process

be the process history of X;, Z; up to time ¢. The idea, developed first in [2,
3], is now to run the random search not with a fixed parameter a, but to use an
“optimal” control

a=a’(x")ora= at*(fz’)

of the parameter a such that a certain criterion measuring the progress of the
search, as, e.g., the probability of a search success or the mean step length
into the area of success at each step X; — X, is as large as possible. In the
following,

t
h :(.X(),.X],...,Xr,Zl,ZZ,...,Z[,a(),al,...,azfl)

denotes the total process history up to time ¢.
To each step x, — X, there is associated a conditional mean (search-) gain

E(uy(ar, 30 Xe ) l') E i@, i Zi) ). (5.1a)

Working, e.g., with the probability of a search success resp. the mean improve-
ment of F resp. the mean (relative) step length into the area of success, i, is
given by

ui(a, X, 2i41) = 1, = F(x)) — F(z441), = % — 241l
= w, resp., if z.41 € Gr(x;)
flx: I
u, =0ifz 4 € Gr(x,). (5.1b)

Calculating the conditional mean again in (5.1a) we have to solve next to inte-
grals of the type

J(x', F) = / up(ar, X;, 2 )7 (ar, x', dzig). (5.2)

F(zp11)<F(xr)
i+1€D

However, because of the black-box-situation concerning the objective func-
tion F of (4.1), i.e., having available at stage ¢ only the discrete F-values
F(x0), F(z1), ..., F(z;) as also the given some a priori information on F, the
inequality F(z;,+1) < F(x;) in (5.2) can not be evaluated in general. Conse-
quently, the integral J(x’, F) can not be computed in general because of the
missing knowledge about F.

In order to cope with this uncertainty, we may proceed in the following two
different ways:

III.1 Approximation of the area of success Gg(x;), see (4.3), by a set G r(xr)

which may be described by the information available on F up to the current
time 7.
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As an example we mention here the following Random-Search-Newton-
Method [3]: Similar to the (deterministic) Newton method in optimization,
at state x, we approximate first the value F'(z;) by the second-order Taylor
polynomial

F(zi41)

1
~AF(x) + VF @) (21 — x0) + 5@ = x) VEF () (Ze1 — X1)
(5.3a)

at x;, where the derivatives VF, V2F of F may be obtained approximately
by a numerical differentiation procedure using the process history h’.
Then, G r(x;) can be approximated by the set

Grx;h') == {y e D:VF(x; i) (y —x)
L TV3F (e B
5 = x0T VEF (s ) (y = x) < 0}, (5.3b)

where ﬁ’(x,; ht ), 627@,; ht ) are approximations to the gradient, Hessian,
resp., VF(x;), V2F(x;) of F at x, based on the process history h’. The
conditional mean gain (5.1a), (5.1b) be approximated now by

E(ut(atv Xt Zz+l)|ht) ~ E(ﬁz(az, Xt ZH—I)VAZI)

- f i (s %o 20 ) ' ). (530)

Zr+155F(Xrli1')

By (D), (I), (ITI.1) we have now an infinite-stage sequential stochastic deci-
sion process for the definition of an optimal parameter control a; = a(h")
speeding up the random search according to the chosen searching-gain crite-
ria u,. Since in practice our aim is to speed up to some extent the convergence
of the basic random search procedure (4.2a) for solving (4.1), the compu-
tational effort for finding an optimal decision rule a;, t =0, 1, .. ., should
remain in realistic bounds. Hence, for practical purposes we are not inter-
ested in the exact solution a = a(h") of the associated decision process,
but we are looking for a sub-optimal control a; obtainable by a reasonable
computational effort. Approximating therefore the infinite-stage decision
process by the family of 1-stage decision processes, a; may be defined by

af =a;(h') e arg max E(ii,(a, x;, Zi11)|h'), (5.4)

acA;(x;)

where A; = A,(x;) denotes still the set of parameters available at (¢, x;).
Having by the application of a; a local improvement of the convergence
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behavior of the random search, we will show later on also the convergence
of the controlled process X toward B y.
Now the second method for handling the uncertainty concerning F is
described.

II1.2 Because of the missing information about the objective function F, actu-
ally we have a sequential stochastic decision process under uncertainty.
Hence, the conditional mean search gain (5.1a), (5.1b) must be defined by

E (u,(ar, %1, Xpsn)h') = / J(!, F)uye (dF), (5.5)

where J(x', F) is given by (5.2), and u;: is the conditional distribution
of the unknown F, given the process history ht. For the proper definition
of p, we need first a mathematical representation of the given a priori
information about F, as, e.g., “F is an unknown polynomial in n variables”
or “a(x) < F(x) < b(x) forall x € D with given functions a(-), b(-)”.
We use a Bayesian model for the unknown F: We assume that there is
a measurable space (6, A) of parameters 6§ and an a priori distribution 1°
of the parameters 6 on A such that the objective function F of (4.1) is a
realization

F(x) = f(x,0%, xeR", (5.6a)

a. of a stochastic function y = f(x,0),x € R",0 € ©®,on R", where 090 is the
true, but unknown parameter. We assume that each realization f (-, 6) of f
is a measurable function on R”.

Note 5.1 We observe that similar models for unknown functions in engineering have
been used also in [1, 4].

In the next Sect. 5.2 we will show that

Mnt = Kpes
i.e., the posterior distribution MZ of F depends only on ht = (X0, X1y oo oy X153 21,
...,Z:), butnotonag, ay, ..., a;—;. Hence, due to (5.5) it is

E(ul(ahxtv Xz+l)|ht) = / J(&x', Py (dF)

= [ 16 o) = Efutar, i X)) (5.72)
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Approximating as in approach III.1 the associated infinite-stage stochastic decision
process by the family of 1-stage decision processes, a (sub-) optimal control a; may
be defined by

af = al(h') = a7 (xi, pj) € arg max E(ui(ap, xi, Xpe)|A'). (5.7b)
Hence inboth cases (5.4), (5.7b), the 7r;-parameter control a; depends on the (X;, Z;)-
history A’ only.

5.1.1 The Convergence of the Controlled Random Search
Procedure

As mentioned at the end of III.1 we have now to consider the convergence of the
process X, X7, ... controlled by af,t =0, 1, ..., toward the set B, y of (¢, M)-
optimal solutions of (4.1), cf. (4.4a).

For this controlled procedure, denoted by Z, X7, we consider similar to Sect.
4.3 first the conditional distribution K, (i', -) of the tuple (Z}, |, X, ), given Z*' =
7', X* = x' as also given the unknown F. Denoting by TF , the mapping

v, ify € Gr(x),

x, else ’ (5.8)

TF,x(y) = {

obviously we have that X, = TF y,(Z,+) and therefore

K/(h',Ax B):= P(Z,, € A, X}, € BIZ" = 7', X* =x")
=P(Z},, € A, Tr\(Z},) € BIZ" =7/, X" =x')

= / ﬂ[(a;*(ﬁt)sxt’dzﬂrl)

21 €A
TF x; z41)€B

_ / (@ x dzp) + f (@ dze) | e (B), (5.9)

21 41€ANB 41 €A
244+1€G F (xr) t+1¢G F (1)

where the last equality follows from z,41 € Gr(x;) = Try, (2i41) = Zry1and 2,4 ¢
Gr(x) = Trx, (241) = X;.

Corresponding to (4.5a), (4.5b), (4.6a), and (4.6b), for the unknown, but fixed
objective function F it holds then that

P(X; € BoylF)=1—(1—1p,,(x0)P(X} ¢ Bem.,.... X; & Bem|F).
(5.10)
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Putting B, y := D\B..y, we get

P(X ¢ Bey,.... X; ¢ BemlF) =
=P((Z}, X)) € R" x By, (Z35,X3) €R" X By, ..., (Z}, X))

€ R" x B, y|F)
= / Ko(xo, dz1,dxy) . .. / Ki2(W' 2, dz, 1, dx, 1),

z1€R? 71 €R"

1B x1—1€Bg

fl?tfl(ﬁ"l,dz,,dx,). (5.11)
erR"

Proceeding now as in (4.7)—(4.9d), we obtain next to by means of x,_; ¢ B ) and
(5.8)

Ki—1(h'~' dzy dx)) = Koy (M1 R x (D\Be.yp))

zt€R"
xt€Bg m

=1-K,_1(A""",R" x Be.yr)

=1- moi(a@_y, x"dz) =1 —moy(af_ . X', Bey N Grxi—1))
TFx,_1 (2)€Be,m

=1 —nt_l(a;il,xtfl,Bg,M), (5.12a)

where the last two equalities hold because of x;_; ¢ B, j. Denoting by U a subset of
R" containing all supports of the conditional distributions =, (a;, x;, -), t =0, 1, ...,
corresponding to «; in Sect. 4.2.1

af =a; (e, M, F)
— inf [m(a:‘(ﬁ’),x’, Boy) iz € U.x, € D\Bey, 1 <s < t} (5.12b)

is the minimal probability for finding an (¢, M)-optimal solution of (4.1) at stage
t=1,2,.... Because of

K (W dz,dx) <1—af |, 1=1,2,..., (5.12¢)

zt€R?
xt€Bg pm

from (5.11) we obtain with of = 7o (ag (xo), X0, Bs,u) that
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P(XT ¢ BS,Ma"'7X;k ¢ BS,M|F)

t—1 t—1
< (1 — 70 (ag (o), X0, BE,M)) Sa-ay=[Ja-ap. (5.13)
s=1 s=0

Thus, by (5.10) and (5.13) yield, cf. (4.92)~(4.9d),

t—1 i—1
P(X] € Beu|F) > 1—]_[(1—a§‘)z I —exp (—Za:). (5.14)

5s=0 s=0

Hence, we proved the following result, see Theorem 4.1.

Theorem 5.1 (Convergence of the controlled Random Search Method)

[o¢]
IfZa;‘(e, M, F)=+oo, then lim P(X} € B, y|F) = 1.
—1 —00
Example 5.1 Let 7, (a,, x', -) be a normal distribution with mean x, and covariance
matrix Q = (0/8;), where

a = a, (') = (o1(h"), o2 (R), ..., G (A1)

andé;; = lifi = j, §;; = 0ifi # j.If we know about F at least that B; j, is bounded
and has non-zero measure, then from the above theorem we get immediately this
consequence.

Corollary 5.1 Let B; y be bounded and have non-zero Lebesgue-measure.
Ifthe variance controla; = (al*(l;’), o (ﬁ’))Tful]ills a,*(ft’) > o9 > Oforallt =

1,2, ... and all values ofﬁ’, then ) af = oo and therefore tlim P(X} € B, y|F)
s=1 —> 00
=1

For practical purposes—besides the convergence of X} toward an (¢, M)-optimal
solution of (4.1)—of great importance is a stopping criterion for the searching
procedure.

5.1.2 A Stopping Rule

A suitable criterion for terminating the search at stage t = T would be
P(X] ¢ Bey) < P, (5.15)
i.e., the probability that X7 is not an (¢, M)-optimal solution of (4.1) is not greater

than a prescribed small value p. By (5.11) and (5.13) for this probability we have
the estimate
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T-1

P(X} ¢ Bew) = P(X} ¢ Bow|F) < [[ (1 —ai(e, M, F)). (5.16)
s=0

If the minimal probabilities o (¢, M, F') have alower bound & > 0, then from (5.15)
we get obviously this next result.

Lemma 5.1 Leta;(e, M, F)>a >O0forallt =0,1,2,...
Then, the stopping criterion (5.15) is satisfied if

. _logp (5.17)
log(1 — @)

Due to the uncertainty concerning F' we can not work in general with the expression

in (5.15) and (5.16) directly. However, replacing the unknown function F by its

conditional distribution w7 _; known at stage T — 1, we may approximate (5.15) by

the stopping rules

/P(X? ¢ By (D)|F)pyr-1(dF) < p, (5.182)
T-1

/ ]_[ (1 —ai(e, M, F))uyr-1(dF) < p, (5.18b)
s=0

5.2 Computation of the Conditional Distribution of F
Given the Process History: Information Processing

According to the uncertainty-model for the unknown objective function F of (5.6a)
described in Sect. 5.1, (II.2), we assume that F is a realization F(x) = f(x, 8%)
of a stochastic function y = f(x, 0), 0 € ®. Moreover, u‘) denotes the a priori dis-
tribution (on a o-algebra 2 on ®) of the stochastic parameter 6, and by f = f(x)
we denote any realization f (-, 0) of the stochastic function y = f(x, 0). Instead
of 1°(d0), uu (d), we also write u°(df), wp (df), resp., interpreting then u°, 1,
as conditional probability distributions on a certain o -algebra 2+ on an appropriate
space F of possible objective functions f defined (at least) on the admissible domain
D, D C R".

Given the process history A’ = (X0, X1, .. X1y 215 225+« + » Zts Q0» Q15 -+ - 5 Ar—1)
obtained from the search process (Z,, X,,t =1, 2, ..., to find the minimum of the
function F = F(x), according to the definition of the random search process we
have the following relations:

Tp o, (Zs11) = Xgp1, 00, L ooy 0 = 1 (5.19)

where Ty (zs+1) 1s defined by (4.3), (5.8).
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Ateachstage s =0, 1,...,t — 1, there are then three different possibilities:

@

(ii)

(iii)

Zs+1 € D (search failure I).
In this case itis z;41 ¢ G r(xs) and therefore

Xs4+1 = TF,)c.r (Zerl) = Xs.

But in the same way, for each realization f of f(x, 6) because of z;,1 ¢ D we
find that

Tf,xx (Zs41) = X;.

Hence, because of x;.; = x;, in this case (i) the constraint

Tf,xx (Z‘H—l) = Xs+1
is satisfied automatically and can therefore be omitted.

zs+1 € D and F(z341) = F(x5) (search failure II).
In this case we again have that

Xs4+1 = TF,)(v (Zerl) = Xg.

Now for f we have the constraint

Tf,xs (ZH-I) = Xs4+1 = Xs

which holds if and only if
f(Zs+1) > f(-xs)~

Indeed, assume that f(z;+1) < f(xy). But this implies that z,,; # x; and
Xs41 = Tpx, (Zs41) = Zs41 7 Xy Which is a contradiction to the constraint

Tf,x,Y (Zerl) = Xs41 = Xs-
zs+1 € D and F(z541) < F(x;) (search success).
Here it is

Xsr1 = Fra(Zs41) = 2541 7 X
hence for f we have the constraint
Tf,x.; (Zs41) = X541 = Zs41 # X5
which is possible if and only if
S @) < f(x).

Indeed, assume that f(z,41) > f(xs). This implies T (zs41) = x,, which is
a contradiction.
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Based on the segment x;, z,41, Zs4+1 of the time history h' and the observed
values of the true, but unknown function F(x) = f(x, 0%), we find that the
following constraints for the parameter 6 of the unknown model function f =

f(x,0):

no constraint, if z;4| ¢ D

f(ZS+1) = f(xs)v ifZ_erl €D
Tt (Z541) = Xg41 isequivalent to § and F(zey1) > F(x;) (5.20a)

fZsq1) < fx), if 2341 € D
and F(z,41) < F(xy).

Consequently, given the time history © (h'), i, the set Oh' = O (h") of admis-
sible parameters 6 up to stage ¢ is defined recursively by
Oh%) =0h" =06 (5.20b)
O(h"), if zi41 ¢ D
R [0 €M) : f(zi41.0) = f(x,,0)}, ifz, € D
O™ = 1 and F(z41) = F(x) (5.200)

{6 e®@®): fz41,0) < f(x,0)}, ifz € D
and F(z;41 < F(xy).

Note 5.2 Obviously we have
0 ecOm)cOm Y, tr=0,1,....

From the above consideration we get the following result:
Theorem 5.2 (Representation of the admissible set of parameters)
(a) Given the time history h!, the recursion for the admissible parameter domains
O (h") can be given by
onY) =01’ =0, (5.21a)
O™ =10 € O : Ty x, (zr1) = Xip1}, t=0,1,...  (5.21b)

(b) Let then the index sets I, (h'), I,(h') be defined by

Ly ={s:0<s<i—1, z4 €Dand F(zy) 2 T(x)}, (5210
L") = [s:0<s=<t—1, z1 € Dand F(z41) < F(x))}.  (5.21d)

By these definitions the set O(h'") of admissible parameters at stage t can be
represented in the following form:
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OU')=1{0€O®: f(z,41,.0) > f(x;,0) fors € I;(h"),  (52le)
(2541, 0) < f(x5,0) fors € Iz(fzt)}.

Having the set @(fz’ ) of admissible parameters 6 of the model f = f (x,0) for
the analytically not given objective function F, given the process history A’, we get
this result:

Theorem 5.3 (Conditional probability of F) With the a priori distribution u° of the
model parameters 6 of the unknown objective function F, the conditional probability
of F, given the process history h', reads

0 nt
w(WNem)
Wi (W) = % (5.22)
nO(O(h))
for each measurable set W C ©.
Example 5.2
[0 =) fi(x)6: (5.23)
i=1
for F, where fi, fa, ..., f, are known functions and 6;,i = 1, ..., r, are unknown

real parameters with an a priori distribution 1% on (®, A) = (R",B"), then @(fz’ ) is
described by a finite number (< ¢) of linear inequalities.
Here, the conditional distribution ), of F, given the search history h', is the

restriction of the a priori distribution u° to set ©(h"). Thus, if w? has a probability
density ¢o = ¢o(6), then the probability density ¢;, = ¢;, () of u;, reads

$o(6)

B0 (0) = Loj) () ————.
" ICI

(5.23b)
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Chapter 6 ®
Applications to Random Search Methods | @i
with Joint Normal Search Variates

Abstract As an application of the previous description of a general method to accel-
erate random search algorithms, in the following we consider search variates Z, |
at an iteration point X, = x, having a joint normal conditional distribution with
mean and covariance matrix (@, A) = (u(x,), A(x,)). The mean search gain for
a step X, = X,+ is determined by means of the mean decrease of the objective
function. For simplification, instead of the infinite-stage optimal decision process
for the selection of the parameters of the joint normal distribution, only the optimal
one-step, X,, = X,+1, gains are taken into account, where the convergence rate of
the fixed parameter and the optimized search method is evaluated. Since the optimal
parameters of the normal distribution depend on the gradient and Hesse matrix of the
objective function F', in a numerical realization of the optimal RSM, Quasi-Newton
methods can be applied.

6.1 Introduction

Solving optimization problems arising from engineering and economics, as, e.g.,
parameter- or process-optimization problems,

min F(x) s.t.x € D, 6.1)

where D is a measurable subset of R? and F is a measurable real function defined
(at least) on D, one meets often the following situation:

(I) One should find the global minimum F* and/or a global minimum point x*
of (6.1). Hence, most of the deterministic programming procedures, which are
based on local improvements of the objective function F(x), will fail.

(II) Concerning the objective function F (x) one has a black-box-situation, i.e., there
is only few a priori information about F especially there is no (complete) knowl-
edge about the direct functional relationship between the control or input vector
x € D andits function value y = F (x). Hence, besides the limited a priori infor-
mation about F', only by evaluating F numerically or by experiments at certain
points z1, 22, ... of R? one gets further information on F.
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Consequently, engineers use in these situations usually a certain search procedure
for finding the global minimum F and an optimal solution x* of (6.1), see, e.g., Box’
EVOP method [2] and the random search methods as first proposed by Anderson [1],
Brooks [3] and Karnopp [5]. More recent descriptions of random search procedures
were given by [6-8, 10, 12—14].

In the random search method considered here the sequence Xo(w), X;(w), ...,

X, (w), ... of random iterates is constructed according to the following recurrence
schema:
[ zut1, if zy1 € D and F(zy11) < F(Xa())

Xnt1(w) = {X,,(a)), else . (6.2)
n=0,1,..., where xo(w) = xo € D is a given starting point in D and zy, 2, ...,
Zn, - . . are realizations of a sequence of random d-vectors

Z[(C()), ZZ(CU)» AR ] Zn(w)» ...
having conditional distributions
P(Zn+l(w) E B|X0 ZXO,X] lea"‘vxn =.xn,Z] =Z17'-'azn =Zn)
= P(ZnJrl(w) € B|X, = -xn) = 7, (X, B) (6.3a)
for each Borel subset B of R¢. Here, 7, (x,, ), n =0, 1,...,isa sequence of transi-

tion probability measures to be selected by the user of the search procedure. In many
concrete cases Z, 1 has a d—dimensional normal distribution with mean vector (@,
and covariance matrix A,, i.e.,

an(-xn’.) =N(/'Ln7An)a n =07 15'-" (6'3b)

where w, = w,(x,) and A, = A, (x,) are certain functions of the last state (n, x,).
Let the area of success G ¢ (x) at a point x € RY be defined by

Grx)=|yeD:F(y) < F)}. (6.4)

At an iteration point x,, by the random search procedure (6.2) a d-vector z,4 is
generated randomly according to the transition probability distribution 7, (x,, -) and
from x,, we move to x,,1; = 7,41 provided that z,,1; < Gr(x,). Otherwise we stay
at x,+1 = x, and generate a new random point z,,, according to the distribution
g1 Xng1, ) = Mgt (X, -).

We observe that X, .| € Gp(x,) implies X, € Gp(x,) for all > n. Let the set
D, of e-optimal solutions of our global minimization problem (6.1) be defined by

D.={y<D:F(y) <T*+c}, (6.5)

where ¢ > 0 and F* is given by
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F* =inf {F(x) : x € D};

let F* > —oo. Note that S, € D, implies X, < D, for all # > n. Hence,
P(X,eD,), n=1,72,...

is a non-increasing sequence for each fixed ¢ > 0.

6.2 Convergence of the Random Search Procedure (6.2)

Let o, (D, ) denote the minimal probability that at the n-th iteration step X,, — S,+1
we reach the set D, from any point X, = x,, outside this set, i.e.,

a,(D,) = inf {7, (x,, D) : x, € D\D,}. (6.6)

According to [6] we have

Theorem 6.1 (a) Ifforane >0

D an(Dy) = +o, ©.7)

n=0

then lim P(X, € D,) =1 for every ¢ > 0.

n— 00

(b) Suppose that
lim P(X, € D;) =1 foreverye > 0. (6.8)
n—o00

Then lim F(X,) = F* a.s. (with probability one) for every starting point xo €
n—oo

n.

(c) Assume that F is continuous and that the level sets D, are nonempty and compact
foreache > 0.Then lim F(X,) = F*implies that also lim dist (X,,, D*) =0,

n—oo n—o0

where dist (X,,, D*) denotes the distance between X, and the set D* = Dy of
global minimum points x* of (6.1).

Example 6.1 If 7, (x,, ) = 7 (-) is a fixed probability measure, then lim F(X,) =
n—o00
F* a.s. holds, provided that

n({yeD:F(y) < Fx—i—e}) >0 foreache > 0.

This is true, e.g., is D, has a non-zero Lebesque measure for all ¢ > 0 and 7 has a
probability density ¢ with ¢ (x) > 0 almost everywhere.
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Note 6.1 Further convergence results of this type were given by [11, 13].

Knowing several (weak) conditions which guarantee the convergence a.s. of (X,,)
to the global minimum F*, to the set of global minimum points D*, resp., one should
also have some information concerning the rate of convergence of F(X,), (X,) to
F*, D*, respectively.

By [13] we have now the following result. Of course, as in the deterministic opti-
mization, in order to prove theorems about the speed of convergence, the optimization
problem (6.1) must fulfill some additional regularity conditions.

Theorem 6.2 Suppose that D* # () and the transition probability measure 7w (x,, -)
is a d-dimensional normal distribution N (,u(x,,), A) with a fixed covariance
matrix A.

(a) Let D, be bonded for some ¢ = g9 > 0 and assume that F is convex in a certain
neighborhood of D*. Then

lim n” (F(X,) — F*) =0 a.s. (6.9)

n—0oo

for each constant y such that 0 <y < 5 and every starting point x.

(b) Let D, be compact, D* = {x*}, where s* € int(D) ( = interior of D), and sup-
pose that F is continuous and twice continuously differentiable in a certain
neighborhood of x*. Moreover, assume that F has a positive definite Hessian
matrix at x*. Then for each starting point xo € D it is

. 2
lim nV(F(Xn) — F*) =0 a.s. foreach) <y < —,
n—oo d
(6.10a)
1
lim n” || X, —x*|| =0 a.s. foreach0 <y < 7 (6.10b)
limsupni E(F(X,) — F*) < t(xg) < oo, (6.10¢)
n—o0

where T(xg) is a nonnegative finite constant depending on the starting point
Xo € D and E denotes the expectation operator.
(c) Under the same assumptions as in (b) we also have for each starting point
X0 € D, xo # x¥,
liminfn%L(F(X,,) — F*) > h(xp), (6.11)
n—oo
where h(x) is a nonnegative constant depending on the starting point xq. Fur-
thermore for each xy € D, xo # x*, it is

2
liminf n" || X, — x*|| = +00 foreachy > 7 (6.12)
n—oo
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Note 6.2 (a) Theorem 6.2 holds also for many non-normal classes of transition

(b)

()

6.3

probability measures m, (x,, -)), see [13].
It turns out that under the assumptions of Theorem 6.2b the speed of convergence
of (6.2) to the global minimum of (6.1) is exactly given by

E(F(X,) — F* = 0(n™1). (6.13)

The above convergence rates reflect the fact that in practice one observes that the
speed of convergence may be very poor—especially near to the optimum of (6.1).

Hence, using random search procedures, a main problem is the control of the

basic random search algorithm (6.2) such that the speed of convergence of (X,,)
of F*, D*, resp., is increased.

Controlled Random Search Methods

A general procedure how to speed up the search routine (6.2) is described in [6—
8]. The idea is to associated with the random search routine (6.2) a sequential

stoc

@

ey

hastic decision process defined by the following items (I)—(III):
We observe that the conditional probability distribution 7, (x,, -) of Z,,1; given
X, = x, depends in general on a certain (vector valued) parameter a, i.e.,

nn(xns )= 7'[,,(61, Xns ')s acA, (614)

where A is the set of admissible parameters a. The method, developed first in
[6-8], is now to run the algorithm (6.2) not with a fixed parameter a, but to use
an optimal control

a=a,(x,) (6.15)

of a such that a certain criterion—to be explained in (II)—is maximized.

Exemplary, 7, (x,, -) is assumed to be a d-dimensional normal distribution with

mean u, and covariance matrix A,. Hence, in this case we have
a=W,AN)eA:=M x Q, (6.16)

where M C R? and Q is the set containing all symmetric, positive definite

d x d matrices and the zero matrix.

To search step X, — X4 there is associated a mean search gain

U, (ay,, -xn) = E(u(xm Xn+1)|Xn = Xn), (617)

where the gain function u(x,, x,+) is defined, e.g., by
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1, ifx,11 € Gr(x,

o Yot =10 opee +1 € Grlu) (6.182)
F(x,) — F(xpq1), ifx,11 € Gp(x,

Uy, Xs1) = . (xn) (*n+1) else+1 F(xa) (6.18b)
Xn — Xn s if Xn eG Xn

U(Xn, Xps1) = g +l el F (%) (6.18¢)

Hence, in the first case U, (a,, x,) is the probability of a search success, in the
second case U, (a,, x,) is the mean improvement of the value of the objective
function and in case (6.18c) U, (ay,, x,) is the mean step length of a successful
iteration step X,, = X,+1-

(II) Obviously, the convergence behavior of the random search process (.5,) can be
improved now by maximizing the mean total search gain

00
Uy = Uxlag,ay,...) =E anu(xna Xnt1)
n=0

subject to the controls a,, = a,(x,) € A, n =0, 1, ..., where p > Qisacertain
discount factor. This maximization can be done in principle by the methods of
stochastic dynamic programming, see, e.g., [9].

6.4 Computation of Optimal Controls

In order to weaken the computational complexity, the infinite-stage stochastic deci-
sion process defined in Sect. 6.3 is replaced by the sequence of 1-stage decision
problems

max U,(a,,x,) s.t. a, €A,

n=0,1,2,.... Hence the optimal control a; = a*(x,) is defined as a solution of
max / u(x, y)yr(a, x,dy). (6.19)
acA
YEGF(x)

In the following we consider the gain function (6.18b), i.e.,
u(x,y) = F(x) — F(y).

Since an exact analytical solution of (6.19) is not possible in general, we have to apply
some approximations. Firstly, the area of success G ¢ (x) is approximated according
to
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Gr(x) ~ (y eRVIVF) (v —x) + %(y -0 VPF@)(y—x) <0},

(6.20)
where V F (x) denotes the gradient of F and V> F is the Hessian matrix of F at x. We
assume that V2 F (x) is regular and V F (x) # 0. Defining then the vector w € R¢ by

y—x=w—VFx)'VF®x), (6.21)
the quadratic inequality contained in (6.20) has the form

7 V2F(x)
w —w
r

< 9

where r > 0 is defined by

r=VFxX)V?Fx)'VF(x).

v? . .
we can determine a matrix I" such that

By the Cholesky-decomposition of

V2F
X _ ppr
r

(6.22)

Defining
v=TTw, (6.23)

the approximation (6.20) of G ¢ (x) can be represented according to (6.21) and (6.22)
b
’ Grx)~ (xy +T v )l < 1), (6.24)
where || - || is the Euclidean norm and x is given by
Xy =x — V2F(x)'VF(x).
It is then easy to verify that by the same transformation
v="1() =T"(y(@) —xy)
the search gain u(x, y) = I'(x) — F(y) can be approximated by

ur.y) ~ 3 (1= vl?). (6.25)

By means of (6.24) and (6.25) the objective function U (a, x), a = (u, A), of (6.19)
can be approximated by
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U@ 0 =7 / (1— 1vIP) £(g. Q. v)dv, 6.26)

lvll<1

where the probability density f = f(g, Q, v) of the transformation v = v(w) of
y = y(w) is given by

1 T -1
fQq, Q,v)= —E(v—q) 0 (U—Cl)>~

1
@m)in(det 0)12 P (
Here the d-vector ¢ and the positive definite d x d matrix Q are given by

g =Ev(w) =TT(u—x,), (6.27)
Q = cov(v(-)) = ' AT. (6.28)

By the 1-1-transformations (6.27) and (6.28), the maximization problem (6.19) can
be approximated by

U 6.2
AoV O (629

where K and Q are defined by

K=KWM) ={I"(n—xy):neM}
Q = {0} U {A : A positive definite d x d matrix}

and M is a certain subset of R,
By the preceding considerations we obtain the following result:
Theorem 6.3 Let g*, Q* be an optimal solution of (6.29) and define u*, A* by
l,l,* = XN =+ FTﬁlq*,
A* =@ o'TTH-L (6.30)
Then the 1-stage optimal control a*(x) = (u*, A*) is given approximately by (6.30).
In order to determine ¢g* and Q*, we suppose now that the feasible set M for the
mean value p is defined by

M={peR:ylr <(u—xy)"VPF@x)(u —xy) < y57), (6.31)

where 0 < y; < y, are arbitrary, but fixed constants. In this case K = K (M) is given
by
K={geR :y <lql <1}

where || - || denotes the Euclidean norm. Note that the important case M = {x}, i.e.,
= x(=last iteration point), corresponds to the case y; = y» = 1.
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Assume now that M is given by (6.31). Since each Q has the form Q = TATT,
where T is an orthogonal matrix and A is a diagonal matrix, the minimization problem
(6.29) is equivalent to

max U(q, A) (6.32)

st. v =gl < a2,
A € Q, A diagonal.

By a further approximation, we find then that an optimal solution g*, Q* of (6.32)
is given approximately by this equations

g =k"1,1=(1,....,DT k*eR (6.33)
Q" = ¢*I, I = identity matrix, ¢* > 0.

Now (6.30), (6.33) and (6.22) yield

w=xy+ k*FT_ll,

1\5!< = (FLFT)_l = C*(FFT)_] = C* (UZ(F(X)>_1
c*

r

= rViF(x)"n

Hence, we have this result.

Theorem 6.4 The 1-stage optimal control a*(x) = (u*, A*) of the random search
procedure (6.2) is given approximately by

W= xy 4+ T (6.34)

A* = c* (VF(x)TVZF(x)_IVF(x)>VZF(x)_l,

where k* € R, ¢* > 0 are certain fixed parameters.

6.5 Convergence Rates of Controlled Random Search
Procedures

Assume that the random search procedure (6.2) has normal distributed search variates
Z\(w), Zr(w), ..., Z,(w), ...controlled by means of the following control law

nl(x) = x
A%(x) = c(VF(x)TVZF(x)’lVF(x))VzF(x)’l, (6.35)
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where ¢ > 0 is a fixed parameter. For control (6.35) we obtain, see the later consid-
erations, this result:

Theorem 6.5 Suppose that D is a compact, convex subset of R and let x* be the
unique optimal solution of (6.1). Let x* € int(D) (= interior of D) and assume that
F is twice continuously differentiable in a certain neighborhood of x*. Moreover,
suppose that V*F is positive definite at x*. Then there is a constant k > 1 such that

K”E(F(X,,) - F*) -0 asn— o0

and
K"(F(X,) — F*) >0 asn— o0, a.s. (6.36)

for all starting points contained in a certain neighborhood of x*.

Note 6.3 (a) Comparing Theorem 6.2 and Theorem 6.5, we find that—at least
locally—the convergence rate of (6.2) is increased very much by applying a
suitable control, as, e.g., the control (6.35).

(b) However, the high convergence rate (6.36) holds only if the starting point xg is
sufficiently close to x*, while the low convergence rate found in Theorem 6.2
holds for arbitrary starting points xo € D.

Hence, the question arises whether by a certain combination of a controlled ran-
dom search procedure we also can guarantee a linear convergence rate for all starting
points xo € D.

Given an increasing sequence N of integers

np <ny <...<np <Nyl <...,

let the controls a, — (u,, A,) of the normal distributed search variates Z,,, | (w), n =
0,1,2,..., be defined by

Mp = Xp

and 0
_ Ay, ifneN
A, = {R ifn¢ N, (6.37)
where A%(x) is defined by (6.35) and R is a fixed positive definite d x d matrix.
Hence, according to (6.37), the search procedure is controlled only at the times
ny,ny,....
Now, we have this result.

Theorem 6.6 Suppose that D is a compact, convex subset o RY and let x* € int (D)
be the unique optimal solution of (6.1). Assume that F is twice continuously differ-
entiable in a certain neighborhood of x* and let V* F (x*) be positive definite. Define
then

h, = max{k : ny < n}.



6.6 Numerical Realizations of Optimal Control Laws 141
Then for every starting point xo € D there is a constant 8 > 1 such that
B"E(F(X,) —T*) > 0 asn— oo

and
B (F(X,l) — F*) -0 asn— o0, a.s., (6.38)

hy,
provided that lim sup — < 1.

n—oo N
Note 6.4 (a) Hence, the linear convergence rate (6.38) can be obtained by a suitable
control of the type (6.37) for each starting points xo € D.

k
(b) If ny = — for some p € N, then g = (J/B)".
p

6.6 Numerical Realizations of Optimal Control Laws

In order to realize the control laws obtained in (6.34), (6.35), (6.37), one has to
compute the gradient VF(x) and the inverse Hessian Matrix V?F(x)~! of F at
x. However, since the derivatives VF and V2F of F are not given in analytical
form in practice, the gradient and the Hessian matrix of I' must be approximated
by means of the information obtained about I" during the search process. Hence, for
an approximate computation of vF and V2>F we may use the sequence of sample
points, iteration points and function values

xo0, F(x0), z1, F(21), x1, 22, F(22), X2, .. . .
In order to define a recursive approximation procedure, forn = 0, 1, 2, ... let denote

gn the approximation of V F'(x,),
B,, the approximation of V2F (xn),
H, the approximation of V’F (o)L

Proceeding recursively, we suppose at the n-th stage of the search process we
know the approximations g,, B, and H, of VF(x,), V*F(x,) and V?>F(x,)"!,
respectively. Hence, we may compute—approximately—the control a, = (u,, A,)
according to one of the formulas (6.34), (6.35) or (6.37) by replacing V F(x,) and
V2F (x,)~! by g., H,, respectively. The search process (6.2) yields then the sample
point z,,41, its function value F(z,+1) and the next iteration point x,,;;. Now we have
to perform the update

&n = &n+1, Bn — Bn+1 and Hn — HnJrl (639)

by using the information s,,, F(x), Zu+1, F (Zu+1), Xn+1 about F.
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(a) Search failure at x,
If z,41 ¢ D or F(z,41) = F(x,), then x,,+; = x,. Since in this case we stay at
X, we may define the update (6.39) by

En+1 = &n,»
Bn+1 == B}‘h
Hn+] = Hn

(b) Search success at x,,
In this case it is z,4+; € D and F(z,+1) < F(x,), hence x,4+1 = 2,41 # x,. By
a quadratic approximation of F at x,.; we find then

F(x,) =~ Fxpq1) + VF(xn-H)T(xn — Xn41)

+%(xn - xn+l)TV2F(~xn+l)(~xn - xn-H)

and therefore :
VF ! s, — Es,{ V2F (Xpi1)sp = AF,, (6.40)

where

Sn = Xn+1 — Xn = Zn+1 — Xn,
AF, = F(-xn-H) - F(xn) = F(ZH-H) - F(-xn)~

Now we have to define the new approximations g,+; and B, of VF (x,n + 1)
and V2 F (x,.41), respectively.

Because of (6.40), in order to define the update (6.39), we demand next to the
following

Modified Quasi-Newton Condition

T L 7
8ni1Sn — ES" B,i15, = AF, (6.41)
or
oo _1org 0 42
8n+15n 2Sn n+18p < U. (6 )

Note 6.5 (i) In contrary to (6.41), the modified Quasi-Newton condition (6.42)
uses only the information that the function value of F at x,.; is less than that
at x,,.

(i) If AF, = F(x+1) - F(x,) < 0, then —s,, = x,, — x,,4 is an ascent direction of
F at x,41. Hence, since V F(x,+1) is the best ascent direction of F at x,, 1, —S,
may be used to define the approximation g,+; of VF (x,41).
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Since g,+ is not completely determined by the modified Quasi-Newton condi-
tion (6.41) or (6.42), resp., there are still many possibilities to define the update
formulas (6.39). Clearly, since B, is an approximation to a symmetric matrix,
we suppose that B, is a symmetric matrix.

(A) Additive rank-one-updates
In order to select aparticulzg tuple (g,+1, Bu+1) we may require that (g,+1, By+1)
is an optimal solution (g, B) of the distance-minimization problem

min d;(B, B) + d>(g, &) (6.43)

st. g's—1sTBs=AF,

where B = B,,, g = g,, AF = AF, and d,, d, are certain distance measures.
We suppose here that d;, d, are defined by

— d pa—
di(B,B) =1 Y (bi; — b;)*,

i,j—1
— 1 d —
dr(2.8) =52 @ —g)h (6.44)
j—1
where b; j» bij are the elements of B and B, resp.,and g i 8J denote the compo-
nents of g, g, respectively.

Note 6.6 The minimization (6.43) is a generalization of the minimality principles
characterizing some of the well-known Quasi-Newton update formulas, see, e.g., [4].

Solving (6.43), (6.44), we find that g, B are given by

§ =g—As (6.45)
B =B+ 4ss”, (6.46)

where the Lagrange multiplier A is given by

gls — %STBS — AT

sTs (1 + %sTs)

(6.47)

If the distance functions d;, d, are changed, then other update formulas may

1
be generated. If, e.g., d, is replaced by d»(g, g) = E(g — 9B (g—g), theng =
g — ABs.

Supposing now that B is positive definite, it is known that the matrix B defined
by (6.46) is positive definite if and only if

Aor
1+ ES Hs > 0, (6.48)
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where H = B~! is our approximation to the inverse Hessian matrix V2F(x)~! of
F at x = x,,. Hence, if H = B~ denotes the approximation of the inverse Hessian
matrix of F at x,, then by (6.46) and (6.48) the following update formula H — H
for the inverse Hessian matrix of I' may be established:

1 T :
y H— 5 > TH —~—Hss' H, if (6.48) holds (6.49)
H, else,

Updates in the Case of a Search Failure

If z,.1 ¢ D or F(an) > F(xn) then we stay at x,; = x, and we may define
thereforeg = g, B = B and H = H.However, also in the case of a search failure the
tuple (z,,+ ., F (z,,_H)) yields new information about F', provided only that z,+| # x,.
Hence, replacing the modified Quasi-Newton condition (6.41) by

R
gls + EsTBs = AF,

where now s = 7,11 — X, AF = F(2,41) — Fan), we may derive by the above
procedure also update formulas ¢ — g, B — B, H — H for defining improved
approximation g, B, H of VF, V2 and V2F~!, respectively, at x,41 = x,,.

(B) Multiplicative rank-one-updates
By (6.45)-(6.49) we have given a first concrete procedure for the realization of
the optimal control laws (6.34), (6.35) and (6.37), respectively. Indeed, having,
e.g., the mean pu, = x, and the covariance matrix

A, =c (gn ngn)Hm (6.50)
the random variable Z, | may be defined by
Zn+1 = Un + FnZS.H

where Z,? 41 is anormal distributed with mean zero and covariance matrix equal
to the identity matrix, and I, is a d x d matrix such that

I =A,. (6.51)

Hence, at each iteration point x, the (Cholesky-)decomposition (6.51) of A,
have to be computed.
In order to omit this time consuming step, we still ask whether update formulas
I', — I'y4q for the Cholesky-factors I',, may be obtained.
Since H, = B, ! we suppose that B, may be represented by

T,T! = B,.

n
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Then A, is given by
Ao = (T, g0 T, ) T 7!
and the factor I, may be defined, cf. (6.50) by
Ty = Ve |IT, gl T, (6.52)
In order to define the update 7 — T, where T=T, and T = T..1 with

Tn+1TnT+1 = By, we require that 7 is changed only in the direction of s =
Xn+1 — X,. Hence, we assume that

T=U+ ssHT,

Y
9
sTs

where y is real parameter to be determined. Furthermore, the distance-
minimization problem (6.43) is then replaced by

min d(T,T) +d>(g, 8) (6.53)
st. gls= %STES = AF,

where now

_ 1 —1
B=<1+VT ssT)B<I+y ssT>, with B=TTT.  (6.54)

sTs sTs

If the distance functions d, d, are again defined corresponding to (6.44), then

_ 1/y—1\°
a(T.T) = (T) lss™ T3 (6.55)

where | T ||g denotes the Euclidian norm of 7. Hence, by (6.53) a particular
tuple (g, y) is selected. Because of (6.54) and (6.55), the minimization problem
(6.53) has the form

ssTT|2% — 2 o
min 12T (V/l) +lz—gl? (6.56)

s's

st. g's —%sTBs — AF,

hence, the tuple (g, y) is projected onto the parabola in R?*! defined by the
constraint in (6.56).
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Note 6.7

(a) Other update formulas may be gained by changing the objective function of
(6.56).

(b) Also in the case of a search failure, a similar method updates formulas may be
derived.
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Chapter 7 ®)
Random Search Methods with Multiple Guca i
Search Points

Abstract Similar to the multi-start procedures in mathematical programming, here
we consider random search methods working with multiple search variates (points) at
an iteration point. The probability of failure, success, resp., and their properties at an
iteration point are then evaluated for conditional independent, i.i.d., resp, stochastic
search points. Furthermore, reachability results are given, i.e., results on the proba-
bility to reach an e-optimal point with increasing stage or time. Finally, an optimized
search process is studied based on the search point with minimum function value
among all successful search points at the current iteration point.

7.1 Standard RSM

Given the optimization problem
min F(x) subjecttox € D (7.1)
with the objective function F = F(x) on R" and the feasible domain D C R", the
Random Search Method (RSM) for solving (7.1) generates a (minimizing) random
sequence (X,) by the algorithm
Xiy1:=Tpy(Zy), for X, =x;,1t=0,1,2,..., (7.2a)

where xo € D is a given starting point,

|z, forz e Gr(x)
Trx(2) == { x, else (7.2b)
and
Gr(x):={zeD: F(z) < Fix)}. (7.2¢)
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The sequence (X;) can also be represented by
Xt+l = ZtlcF(X,)(Zt) + thc,-(x,)ﬁ (Z), t=0,1,2,..., (7.3)

where 1y = 1p(x), 1,6 = 1,,6(x), resp. denote the characteristic functions of the
set M C R" and its complement M C,

7.2 Multiple RSM

In contrast to standard RSM, in multiple RSM for eachiiteration staget =0, 1,2, ...,
we have a number r € N of stochastic search variables at point X;:

Yf,lsYt,27"'9YI,j7"'7YI,r1 tzo. (7.4)
The random search process (X;) is then defined as follows:

Y1 if Y1 € Gp(X)),
Yo if Y1 ¢ Gr(X)), Y2 € Gr(Xy),

Xepri=Y, Y, ;¢GrXpforl <j<i—1,Y,;€GrXy), (1.5)

Y, if Vi ¢Gr(X)forl < j<r—1,Y,€Gr(X),
X, it Y, ¢Gr(Xy)forl <j<r.

For each stage r = 0, 1, 2, ... the algorithm (7.5) is based on the events
Si=[Y;¢Gr(X), 1<j<i—1 Y, €GpX)], i=12,...r, (7.6)
of a search success after i — 1 search failures. Moreover,
Sifi= [Y,_j ¢Grp(Xy), j=1,2,.. .r] (7.6b)
denotes the complete failure event that no search variable drops into the domain of

success G (X;) at stage 7.
According to the definitions (7.6a), (7.6b), the following properties hold:
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Lemma 7.1
(a) For each given stage t,t >0, S,;, i = 1,2, ..., r are disjoint events.
r
(b) S, := U S;.i denotes the event of a search success at stage t. (7.6¢)

i=1

(c) The event being represented by the complement of S;,
SE=(\SF = Sus (7.6d)

represents the complete search failure at stage t.

Proof Properties in (a) and (b) follow directly from the definitions (7.6a) and (7.6c).
From (7.6¢c) we get, with G = Gp(x)

Stc = h SE,‘
i=1
=[¥i1 ¢ GF] n ([¥i1 ¢ G£] N [Yi2 € G£))°
N ([Ye1 ¢ Gr]N[Yi2 ¢ Gr]N[Yi3 € GF])C
N N ([Yt,l ¢GF]ﬁ~~~ﬂ[Y,’i_1 ¢ GF]H[YM' EG[:])E
n n ([¥i1 ¢ Ge]N N [Yi,1 ¢ Ge]N[Yir € G£))E,
hence,

SE=[Yi1 ¢ Ge]N([Y1 € GF]U[Yi2 ¢ GF))
N ([Yt,l € GF] U [Yt’z € GF] U [Yt’g, ¢ GF])
n...

=[Y1 ¢ Gr. Y2 ¢ Gr|N([Yi1 € GF]U[Yi2 € GF]U[Yi3 ¢ GF])
n...

=[Y1¢Gr.Yi2¢Gr.Y,3¢Gr|N....

Proceeding this way, we find (7.6d). (]

7.3 Probability of Failure, Probability of Success

According to (7.6b) and Lemma 7.1, the probability of failure p, at point X, = x;
is given by

pr=rst,X):=P(Y; ¢ Gr(x), j=1,2,....r). (7.72)
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If, as assumed in many (practical) cases, the search variables Y; ;, j =1, ...r, are
stochastically independent for given X, = x,, then

prt,x) =[P (Yj ¢ Gr(x))
j=1

=[](1 =P, eGrix)). (7.7b)

j=1
Consequently, the probability of success at point X, = x; reads

ps(t, x;) =1 — ps(t, x;)

=1—P(Y,,; ¢Gr(x), j=12,....r), (7.8a)
and for stochastically independent search variables Y; ;, j =1,2,...,r,at Xt =x,
we have
pst.x)=1=J](1=P(Y.; € Gr(x))). (7.8b)
j=1

For the important special case
P(Yt,jGGF(xt)):aF(tsxt)’ j:132""7r7 (79)

e.g., for i.i.d. search variables at X, = x;, with a probability «r(x,;) independent of
index j, according to (7.7b), (7.8b) and (7.9), we have the following result.

Lemma 7.2 In case of independent search variables Y, j, j =1,2,...,r, having
probability of success ar = ap(t, x;) at point X; = x;, the probability functions p ¢
and py are given by

prt,x) =1 —ap) (7.10a)
ps(t,x) =1— (1 —ap), (7.10b)

with ap = arp(t, x;)

According to the above lemma, the probability functions p ¢, p, canbe represented
by means of the binomial formula. Hence, for p; we get

ps(tvxl‘) = p~S(r7 C(F)

= Z (;) (—1)j+1a£ =ror — <;>otfF + <;>a% +... 4 (_1)r+1ar.
j=1
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For a search success with probability 1 at an index j = jo, special values of p, p;,
result, cf. (7.7b), (7.8b).

Remark 7.1 Let Y, ;, j =1,2,...,r be stochastically independent.
If P(Y,; € Gp(x))=1forj=jo, 1 <jo=<r,then

pf(t’-xt):O and ps(t,xt)zl'

7.3.1 Monotonicity of the Probability Functions p s, ps

We now examine the dependence of py, p; on r, the number of the used search vari-
ables Y; ;, j =1,...,r,fora given stage . According to (7.7a) for the probability
of failure we get

([Y; ¢ Grx), j=1,....r] N [Yir41 ¢ Gr(x)])

pf(r—‘f_ lvtsxf) =P
SP(Yt] ¢ GF(.X[), .]: 1,...,7') =pf(r7t’-xt)' (7123)

For stochastically independent search variables Y; ;, j = 1,2, ..., r, this decrease
of pr = ps(r, t, x;) with respect to r can be seen directly from (7.7b). In this case
we have

pf(r+17t5xt)<pf(r7t5xl) (712b)

if pr(rt,x,) >0and0 < P (Y, ,41 ¢ Gp(x)) < L.
Consequently, from (7.12a), (7.12b) we have

pf(rvtvxt)§(<)pf(pﬂt7xt)v r>p. (7120)

Comparing the multiple search (Y,,j, 1<j< r) with the single search Y; =Y,
we get

P(Y; ¢ Gr(x)) =) pr(r,t,x), r > 1. (7.12d)
Hence, with increasing number of search variables Y, ;, j =1,...,r the search

failure is decreasing. According to (7.8a), (7.8b) for the probability of a search
success p; = ps(r, t, x,) at stage t we have

ps(rit,x)) = (>) ps(p,t,x) = (>) P(Y; € Gp(xp)), 1> p. (7.12e)

Thus, the probability of success can be increased by this method.
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7.3.2 Asymptotic Behavior in Case of i.i.d. Search Variables

Suppose here that Y; ;, 1 < j <r, are i.i.d. stochastic search variables such that
(7.9) holds. According to Lemma 7.2, we then have

pr(t,x) =ps(roap) = (1 —ap)
ps(t,x) =ps(ryap) =1— (1 —ap),

with oy = ap(t, x;) > 0. In order to consider the asymptotic behavior of p, p, for
r — 00, we use the inequality

A—=xy)"<l—x+4+e, 0<x,y<1, n>0. (7.13)
see [1], Lemma 10.5.3, p. 320. Applying (7.13) to pr = pr(r, @), we get
prit,x)=U—ap) <e, r=1,2,.... (7.14)

Inequality (7.14) yields the following result.

Lemma 7.3 Suppose ap = ap(t, x;) > 0. Then

prt,x;)) = psr,ap) = 0,r — 00 (7.15a)
ps(t, x;) = ps(r,ap) = 1,r — oo. (7.15b)

7.3.3 Estimation of p s and ps in Case of Arbitrary
Stochastically Independent Search Variables Y; j =Y j

In general we have
py(r.x) = 1_[(1 —aj), aj:=P(Y;€Gpr).
j=1
In the following we assume that
a<a;<wa, j=12,...,r (7.16a)

with given, fixed probability bounds o, @, 0 <o <o <1 forall valuesof aj, 1 <
J < r. The above inequalities for &;, 1 < j < r then yield

0<l-a=<l-a;j<l—-a=<l1 1=<j=<r
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Multiplying these inequalities by nonnegative values we get

I-@ <[[ad-ep=d-o

j=1
and therefore

I-o) =prrnx) =1-a).
Moreover, for p; = 1 — p, we get

l-(l-o) =p,=1-(1-)".

7.3.3.1 Error Estimation
Considering ps = p(r, x;), we have the errors

e(r,a) : = py — (1 —@)" (left error)
e(r,a) : = (1 —a)" — py (right error)

from using the lower, upper, resp. , approximation of p .
Thus

e(r,x;) :=e(r,a)+e(r,a) =1—-—a) — (1 —a)"
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(7.16b)

(7.16¢)

(7.16d)

(7.172)

denotes the maximum error for approximating py by a value of the interval [(1 —

), (I—a)].

Estimation of the maximum error e(r, x;) by the mean value theorem

ernx)=>0-a —(1-a)

= (1-@+v@-o) ' @-
=r(1-@+0@-®)  @-0

<r(l—a) Y& —a), 0<?® <.

Using (7.13) in Sect. 7.3.2, we finally have

errx)=>0—-a) —(1—-a)
<re " V%@ —a)
ra@—a)

B e—(r—Da ’

(7.17b)

(7.17¢)
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Since the exponential function increases much faster than any power of r, for@ > 0
we have

ernx))=01—-a) —(1—a) =0, r — 00. (7.174d)

7.4 Reachability Results Multiple RSM

According to Chap. 4, here we have to study the sequence of probabilities
P(X,€B), t=1,2,... (7.18a)
for
B.:={xeD: Fx) <F*+¢}, €>0, (7.18b)
where the iterates X;, t = 1,2, ... are given by (7.5). We have

P(X: € Bo) =1— P(X; ¢ Be)
=1—P(X, ¢ Be,X>¢ Be,...,B ¢ B), (7.19a)

with
P(Xl ¢B€7X2¢B€""7Bl ¢ BE)

_ / Ko(xo,dx1) ... / Kya (s, dxi_y) / Kio1 (o, dx,),  (7.19b)

X1¢Be Xi—1¢ B X1 ¢ Be

where K (x;, -) denotes the probability distribution of X, given X; = x,. The par-
tial integrals on [x; ¢ Be], s = 1,2, ..., t, are now estimated from above stepwise
s=t,t—1,...,1. Fors =t we get

f Kior(ror.dxy) = Kooy (ier. D\ Bo)
xr¢Be
=K, 1(x—1, D) — K;_1(x;—1, B) =1 — K;_1(x;—1, Be), x1—1 ¢ Be, (7.20)

sinceC D, xope Dand X; e D, s =1,2,....
Because of x,_; ¢ B, hence,

F(x) < F*+e€ < F(x;_1) forallx € B,
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we have
B. C Gp(x;—1). (7.21a)
Consequently, for x,_; ¢ B, we get

Ki_1(x;—1, B)) = P(X; € Be | x1—1)
=P (X; € Gp(xi—1), X; € B | x-1) . (7.21b)

According to the definition of (X,);>;, since X, € Gr(x,_;) in this case we get
X; =Y, jforoneindex 1 < j <r,and

Ki1(xi—1, Bo) = P(Sp, | xi—1), Xi—1 & Be, (7.21¢)

where S, the set of elementary events having search variables reaching the set B,
of e-optimal points, is given by

Sp, =1Y;-1,1 € BJUY:—11 ¢ Be, Y112 € BJJU...
U [thl,l ¢ Bev cees thl,rfl ¢ Be» thl,r € Be] (721d)

Corresponding to the domain of success G g (x;), in case of stochastically independent
search variables Y;_; ;, 1 < j <r, we have, cf. (7.8a), (7.8b),

r

Kii(x1, B)=1—=]](1=P(Yiorj € B | x,1))
j=1

r

=1- l_[ (1 =Ty, ; (-1, Bo)) (7.22a)

J=1

where IT;_; j(x;_1, -) denotes the probability distribution of Y,_; ;, given X,_| =
x,«_[.
Thus, for x,_; ¢ B. we have

/ KirGondx) =[[(1=T 1,001, B0).  (7.22b)

X1 ¢ Be j=l
For the probability that X, does not reach the set B,, provided that the realization

X,_1 = x,_ is also outside of B,, we get the upper bound

/ Ki_1(x—1,dx;) < l_[ (1 —inf {Hz—l,j(xr—l, Be) i xi1 ¢ Be}) . (7.23a)

X ¢Be j=1
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In the special case
My, (o1, B) =T, 1(x—1, Be), j=1,...,r, (7.23b)
we get
f Kior(r,dxy) < (1 —inf (T (ot Be) = xier ¢ B)Y . (1230)
X ¢ B,

After estimating the last integral, i.e., the probability that X, does not reach B,
given X;_| = x,_1 ¢ B¢, we get

P(Xl ¢BeaX2¢Bea--~’Xt¢Be)

< [ Kotndn) o [ Koateadnoo[Ja-any. 024

x1¢B. X 1¢Be =1
where
Or—1,j <= inf {Ht—l,j(xt—l’ Be) . . | ¢ Be} . (724b)

Proceeding this way, we obtain

t—1 r
P(X1¢Be.Xa¢Be..... X ¢ B) < [[[]0 — ) (7.25a)
s=0 j=1
with
g c=inf {1 ;j(x,, B) @ x, ¢ B} s=0,1,...,t—1. (7.25b)
Since Inu < u — 1, for u > 0, we have
t—1 r =1 r
m{[T]]0—en ] =D I -q
s=0 j=1 s=0 j=1

r t—1 r

t—1
<D Y a ==Y > (7.26a)

s=0 j=1 s=0 j=1
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and therefore

t—1 r t—1 r

[TTT]Jao ey <exp [ =D D e |- (7.26b)

s=0 j=1 s=0 j=1
With the above inequalities, for P(X,; € B.) we now find

P(X,eB)=1-P(X, ¢B.,....,X, ¢ B)

t—1 r

t—1 r
I-TI[JO0-ep=t-exp[ =D > ;| (727

s=0 j=1 s=0 j=1

v

Consequently, we now get the following result.

Theorem 7.1 Suppose that

t—1 r

(i) ZZ“S’/ — 00, t — 00, fora given integerr > 1, or (7.28a)
s=0 j=1
t—1 r r t—1
(ii) ZZ“S’/ = ZZO‘S’/ — 00, Fr — 00, fora given staget > 1,
s=0 j=1 j=1 s=0
(7.28b)

then, with X, = X, , we have
P(X;,, € B)— 1, t— oo, r — 00, respectively, (7.28¢)
In the special case
as ;i =0a,, j=1,...,r (7.29a)

with a fixed probability oy > 0, we get

t—1
P(X;, € B) > 1—exp (—r Z%) . (7.29b)

s=0

In this case we have P(X,, € B.) > 1 — § with a given § > 0, provided that

—1
1
r Z oy > In 3 (7.29c¢)

s=0
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7.5 Optimal Search Point Among Multiple Search
Variables

Amongthesearchvariables Y; ; =Y, j(w), j=1,...,r, ® € Q,attimet,see(7.4),
the best search variable is given at a point x; by

Y=Y, = argmin  F(Y, ;). (7.30)

Y j€Gr(x),1<j<r

If the minimum is attained at several indices j, j* = j*(f, @) denotes the smallest
index.

7.5.1 The Optimized Search Process

Corresponding to the search process (X,;) with multiple search variables Y, ;, j =
1,...,r,see (7.4), (7.5), using the best search variable Y, =Y, -, j* = j*(t, »),
defined by (7.30), we now consider the optimized search process (X;) with the
realizations X (w) = x;, defined, cf. Fig. 7.1, by

X5 = x5 = xo (7.31a)
Y: j*¢,w)» if there exists at least one variable
; (x* <j<
Xl = Y, €eGex)), 1<j=r (7.31b)
x;, else.
A
GF(XI)
Yr,l
Y,
F(x)=F(x,)
B,

Fig. 7.1 Feasible points, e-optimal points
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Remark 7.2 (Multi-Start Methods) Instead of the iteration process (7.31a), (7.31a)
and corresponding to multi-start methods, cf. [2], we may use the 1-step iterations

Xi=xi=xox > Xi=X{,, k=12,....K, (7.31¢)

based on a random variation of the initial point xo = xo, k = 1,2, ..., K, accord-
ing to a certain probability distribution on the feasible domain D.

7.5.2 Probability of Reaching B from the Outside

Having a point X} = x; ¢ B, outside the set B, of e-optimal points, we consider

the probability that the next iteration point Xj, is in Be.

Assuming F* + € < F(x*) and therefore B, C Gr(x;), we have
Y/ e B < Y, ;€ B. C Gp(x]) for atleast one index j, 1 < j <r. (7.32a)
Thus,
P(Y ¢B|x)=PY;1¢Be,....Y:, ¢ B | x))
and therefore
P(Y eB|x)=1—PY;1 & Be,.... Y., ¢ B | x)). (7.32b)

According to the definition (7.31a), (7.31b) of X}, |, we then get

P(X7y1 € Be | X)) = P(Y[ € Be | X))
=1-P(Y,;¢B,1<j<rl|x), x'¢B. (132)

t

Hence, from (7.32c) and inequality (7.13) we get the following result.

Lemma 7.4 Let x; ¢ Be be a realization of an iteration point X} outside the set of
€-optimal points Be.

(a) IfY;;, 1 < j <r,arestochastically independent search points, given X; = x[,

then

P(X;, €Bc|x)=1-]]P(Y; ¢ Bc|x)). (7.32d)
j=1
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(b) In case of i.i.d. (independent, identically distributed) variables Y, ; =Y,, j =
1,...,r itis

P(X; € B |x)=1—(P(Y, ¢ B |x}))". (7.32¢)
(c) Foriid. variablesY; ; =Y;, j=1,...,r wealso have
PX;,e€B)=1—(1-PY, €B|x)) =1—e "Bl (732f)
and therefore

P(X/, ,€Bc|x))—1, r— oo (7.32g)
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Chapter 8 ®)
Approximation of Feedback Control e
Systems

Abstract Optimal feedback controls under stochastic uncertainty can be obtained in
general by approximate methods only. In this chapter approximate feedback controls
are obtained by Taylor expansion of the state function with respect to the gain matrix
or the gain parameters. Since the state function is the solution of the state equation,
hence, a first-order system of differential equations, corresponding systems of dif-
ferential equations for the partial derivatives of the state function with respect to the
gain matrix, the gain parameters, resp., can be obtained by partial differentiation of
the state equation with respect to the gain matrix, the gain parameters. Corresponding
approximate optimal stochastic feedback control problems are then derived.

8.1 Introduction

In addition to the approximation method based on open-loop feedback control, pre-
sented in Sect. 3.2, an approximation procedure for feedback control systems is
proposed by using Taylor expansion methods.

Here, we consider nonlinear and linear control systems:

z2(t) = f(t,a,z(t),u(®)), t>1 (8.1a)
z(to) = zo0(a), (8.1b)
and
z2(t) = A(t,a)z(t) + B(t,a)u) +c(t,a), t>1 (8.2a)
z(to) = zo0(a). (8.2b)

In (8.1a)—(8.2b), t denotes the continuous time, #; the initial time. z = z(¢) and u =
u(t) are the state n-vector and the control m-vector, resp.. a denotes a possibly random
parameter r-vector on a probability space (2, 2, P). Moreover, f = f(¢,a, z,u) is
a sufficiently smooth function of (¢, a, z, u).

For the linear case A = A(t,a), B = B(t,a) are n X n, m X m matrices and
¢ = c(t, a) is an n-vector. They all may depend on time ¢ and parameter vector a.
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Furthermore, we assume that the systems of differential equations (8.1a)—(8.1b)
and (8.2a)—(8.2b) have a unique solution

z = z(t, 1, z0, a, u(-)), 1t <t =<ty, (8.3)

on the time intervals [#o; 7] under consideration and that this solution is sufficiently
differentiable with respect to the parameters arising, e.g., in the feedback control
function.

Optimizing the underlying control system (8.1a)—(8.1b) or (8.2a)—(8.2b), one has
an objective function f = F(u(-)) defined by the total costs

iy
Fue) = [ Lita,z0.u0) dt + LGr.a.207) (8.4)

fo

along the trajectory z = z(t) and the terminal point zy = z(#r). In case of optimal
control systems under stochastic uncertainty, the objective function is defined by the
expected total costs

ty
Fu()) :=E / L(t,a(w),z(t,w), u(t,w))dt + Ly(ts, a(w), z(ts, ®))

fo

(8.4b)

8.2 Control Laws

There are three main types of control functions, see Sect. 3.2:

(i) open-loop control u = u(t), t >t
Here, the control is a m-vector valued function on the time interval [fy; /] with
a certain initial and terminal time 7y, ;.

(ii) closed-loop or (state-) feedback control u = u(z, z(¢)), t > 1
The (state-) feedback control is a function depending on time ¢ and the state
z = z(¢) arising at time ¢. More general, the feedback control can be defined
by a function of time ¢ and the information %, available up to time . In many
cases linear feedback functions

u(t) =uo(t) + G()z(t), t>1t (8.5)

are taken, where G = G(t) is the so-called n x m gain matrix which may
depend on time ¢. Furthermore, 1y = u((¢) is a certain function on time 7.
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(iii) open-loop feedback control
This is an approximate feedback control obtained by means of repeated open-
loop control:
Based on the time interval [#o; 7], consider an intermediate time point, selected
continuously
=11 <1t <ty, (8.6a)

or selected stepwise with a time step At > 0,
h=t:=t+kAt <t;,k=0,1,2,..., (8.6b)

and the information 2, , known up to time #, as, e.g., the state vector z, = z(tp)
at time #,. Then, determine the open-loop control

U= U085 153 Ap,) 1y <5 <1y, (8.6¢)

for the remaining time interval [#;; t¢]. Taking then only the control value at
time s = 7, the open-loop feedback control is defined by

uoLr (tp) = Uy, (s trs As,) (8.6d)

continuously, stepwise, resp., fort, =1, tg <t < ty,0rty =ty ;=19 + kAt <
tr, k=0,1,2,....

8.3 Linear State-Feedback Control Systems

We start our feedback control approximation method with the linear control system
(8.2a)—(8.2b) and the state-feedback control (8.5).

Hence, for the state n-vector z = z(t) we have the system of first-order differential
equations

2(t) = A)z(t) + B(1) (uo(1) + Gz(1) +¢(@), 1= 1to. (8.7)

The m x n gain matrix G is represented by

G = ZZgijEij (8821)

i=1 j=1

with the elements g;; of the matrix G and the m x n matrices

Eij = (e[(]ij)>l,k=1....m,n (8.8b)



164 8  Approximation of Feedback Control Systems
with
e’ =1, (k) =G, ), e =0, (1K) # G, j). (8.80)
Inserting (8.8a) into (8.7), we get
i=AWMz+BO) [uo®)+ Y D gijEijz | +ct), =t (8.92)
i=1 j=I
Now it holds
Eijz=zje;, i=1,...m, j=1,...,n (8.9b)
and with the i-th column e; of the m x m unit matrix / and the i-th column b; of B,
B(t)Ejjz =B(t)zje; =zjb;, i=1,....m, j=1,...,n. (8.9¢)
Because of (8.9b)-(8.9¢), system (8.9a) can be represented by

t=AMz+ BOuot) + Y Y gijzibi(t) +c(t), t= 1. (8.10)
i=1 j=1

8.3.1 Taylor Expansion of the Feedback Control System with
Respect to the Gain Matrix G = (g;j)

Based on calculus, see, e.g., [1, 2], we assume that for the initial state z, the prior
control function ug = uo(t) and the elements g;; of the gain matrix G under consid-
eration there exists a unique solution

z=2z(t, 1o, 20, u0(-), &ij, i =1,...m, j=1,...n), t>1 (8.11)

of (8.10) on the time interval [fo; #7].

Moreover, we assume that the state function (8.11) is sufficiently often differen-
tiable with respect to the gain elements g;;, 1 =1,...,m j =1,..., n and that the
time derivative 4 4, and the partial derivatives % can be mterchanged

Starting now the expansion of the solution (8.11) of the state equation (8.10) with

respect to the elements g;; of G at G = 0, for G = 0 we get the open-loop system:

z=AM)z@) + B(Oug(t) +c@), t>1 (8.12a)
z(ty) = 20- (8.12b)
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If ® = ®(¢, s) denotes the fundamental matrix of the system matrix A = A(¢),
(8.12a)—(8.12b) has the solution

z(t) = z(z, zo, uo(-), 0)

1

= D(t, t9)z0 + / (¢, 5) (B(S)ug(s) + c(s)) ds, t > ty. (8.12¢)

fo
According to the above assumptions, for the partial derivatives

0z .
()_—(t t()’ZO’uO()G) l=17"'5m,]=19""n
Ogik

we get the following systems of differential equations (variational or perturbation
equations):

n

d az 3z,
Ea—()—A(t)—+zkbl+;;g,, b, >t (8.13a)
0z
() =0, I=1,...m, k=1,...n. (8.13b)
gk

Taking G = 0 in (8.13a)—(8.13b), for the partial derivatives

0z 9z .
—(t)Z—(t,tO,ZO,M()('), G)a l=1’~--m7 J =17~--n7
08k 08k

we have the system of linear differential equations

d o

Eﬁ( ) = A(f)—(t) + zx(t, to, 20, uo(t), )by (1), t >t (8.14a)
92 =0, (8.14b)
08k

where function z; (t) = z; (¢, to, 20, Uo(2), 0) is determined by (8.12c). Correspond-
ing to (8.12c¢), the solution of (8.14a)—(8.14b) reads

t

0
ﬁ(t,lo-m,uo('),o) :/q’(l,S)Zk(S,lo,Zo,uo(')’o)bl(s)d& t>1. (8.15)
Ik

fo

By further partial differentiation of (8.13a)—(8.13b), for the second-order partial
derivatives we get
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d 8%z 0%z 0Zk
dtagfk() ()82()+8, 1(1)
92
+22g~ib» ] t>1
i=1 j=I1
0%z
aglzk
and for (u, v) # (I, k)
d 37 827 9z
T () = A (1) + —=by(1)
dt 08,,08k uva 81k 08uv

02y
+ i———(Obi + —b, (), >t
Z Z $ii 3guv381k 08k 0

i=1 j=1
2

70 ) =0.
aguvaglk 0

Taking G = 0 in (8.16a)—(8.16d) for the derivatives

2 2

907z
t, 1o, 20, 0), ——— (1, %, z0, uo(+), 0
alzk( 05 20, 10(+), 0), 3guv3g1k( 0, 20, 4o (+), 0)

we have the following systems of linear differential equations:

d 9%z 2 azx
—— ) =A0)— 2——(t, ty, 20, 0)by (¢ t>t
dt@gfk() A1) glk+ o2 (. 10, 20, 10 (), 0)by (1), 0

8%z
—5 () =0
3812k

+ ﬁ(l fo, 20, uo(-), 0)by (1), 1> 1o
2
m(l‘o) =0.

(8.16a)

(8.16b)

(8.16c)

(8.16d)

(8.17a)

(8.17b)

(8.17¢)

(8.17d)

Consequently, corresponding to the first-order derivatives of z = z(¢, ty, 2o, 4o(-), G)
at G = 0 and according to (8.17a)—(8.17d), the second-order derivatives can be rep-

resented by
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327
N~ ta /f ) ) ‘) O
3guv3g1k( 0> 205 Uo(+), 0)

t 9
:/dJ(t,s) (agi(s,to,z(),uo(-),o)bz(s)

to

82,
+i<s,ro,zo,uo(->,0>bu(s)) ds, 1> 1. (8.18)
8k

According to (8.12c), (8.15), (8.18) with further partial differentiation of (8.17a)—
(8.17d) and stepwise setting G = 0, we get the following result:

Theorem 8.1 For each order p = 1,2, ... the partial derivatives with respect to
the gain elements g;; at G = 0 of the state function z = z(t, ty, 2o, uo(+), G) of the
feedback control system (8.7), (8.10) resp., have an integral representation involving
the p — 1th order partial derivatives of z = z(t, o, 2o, uo(-), G) with respect to g;;
atG =0.

8.3.2 Time-Dependent Gain Matrices

Considering now time-dependent gain matrices G = G (t), we suppose that G () can
be represented by

G)=)Y 171G, =Go+ Y 71)G, (8.19a)

s=0 s=1
with time functions t; = 7,(¢), s =0, 1,...,5, and 79(¢) := 1 as, e.g., for the pow-
erst,(t) =t°, s =0,1,...,s.Moreover, G5, s,=0,...,5s, are fixed m x n matri-

ces, represented, cf. (8.8a)—(8.8c), by their elements gg; 75 hence

Gy =) gEi. (8.19b)

i=1 j=I

Thus, we have

i=1 j=I1

COEDY (Z Tx(t)gs,-j) Eij. (8.19¢)

s=0

Inserting (8.19¢) into the feedback control system (8.7), due to (8.9b)—(8.9c) and
corresponding to case (8.10) with fixed matrices G, we get
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£ = Az + B(Ouo(t) + Y (Z zs(t)gw> 2 (Obi(1) + ), 1> 1o,
i=1

j=1 \s=0

(8.20a)
z2(ty) = 20. (8.20b)

Corresponding to (8.10) and (8.11), we also assume, that for the initial state z, the
prior control uy = u(¢) and the time-dependent gain matrix G = G(¢), (8.20a)—
(8.20b) has a unique solution

< ZZ(tvtO’ZO’MO(')’gS[jvo S N SEa 1 Sl S m, 1 S J S n) (8'21)

on the time interval [#o; 7] under consideration. Moreover, we suppose, see [1, 2],
that the state function (8.21) is sufficiently often differentiable with respect to the
gain parameters gg;;.

According to the above remarks, also in the time-dependent case, the partial
derivatives with respect to the gain parameters 8sij» § = 0,....5,i=1,....,m,j=
1,...,n of the state function (8.21) can be obtained by the same method as for
constant gain matrices.

We show this for the first-order derivatives of (8.21) with respect to a gain param-
eter g, WithO <r <s5,1 <l <m,1 <k <n.

By partial differentiation of (8.20a)—(8.20b) with respect to g,;, we get

d Bz Bz 9 5 m n
dt = A + Sij s i t b,‘
dt 3g, (1) (t)ag”k 2 ; ; ;g i (22 ()b (1))
0
=AW L (O%Ob(0)
8rik
5 m n 9
+2.2.2 8y, (B0 Ob0), (8.22a)
s=0 i=1 j=1 8rik
" =0. (8.22b)
08rik

Setting now g;; ;= 0 for all indices s, i, j for the partial derivative

0z 0z
() =
08rik 081k

(7, 10-z0-uo(-), gs;; = O for all s, 7, j), (8.22¢)



8.4 Optimal Feedback Control Problem 169

we have the ordinary linear system of differential equations

d o 9
£ = () =AQ@) < + 7. ()2 ()b (1), (8.23a)
dt 0gr 081k
3z
* (t) =0, (8.23b)
081k

with z; (1) = zx(, to, uo(-), 8sij = 0 for all s, i, j).

Remark 8.1 In the time-dependent case (8.19a)—(8.19b), the partial derivatives of
the state function z(-) at G = 0 have the same properties as stated in theorem 8.1 for
the time-independent case treated in Sect. 8.3.1.

8.4 Optimal Feedback Control Problem

Based on the Taylor expansion of the state function (8.11), we now present an approx-
imate optimal feedback control problem for the case of a time-independent gain
matrix G = (g;;) , including a first-order approximation of the state function z(-)
with respect to G at G = (. Hence, let

Z(l) = Z(l)(t, t(), 20, u()(')’ G)

m n

= z(t, to, 2o, Uo(:), 0) + Z Z

i=1 j=I

Z
~(t, 0, 20, 10 (*), 0)gij (8.24a)

3
98ij

denote the first-order approximation of the state function (8.11), where the zero-
and first-order derivatives at (¢, to, zo, 4o(-), 0) are determined by the systems of
linear differential equations (8.12a)—(8.12b) and (8.14a)—(8.14b). Moreover, using
here the approximate state function (8.24a), the feedback control function (8.5) can
be approximated by

u® =u(t, 10, 20, u0(-), G) 1= uo(t) + G2V (¢, 10, 20, (), G).  (8.24b)
In the optimal feedback control problem with an objective function (8.4b) we now

apply the state and feedback control functions (8.24a)—(8.24b). This yields the fol-
lowing approximate optimal feedback control problem under stochastic uncertainty
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Ly
min E /L(t,a(w),z<‘>(t,to,zO(w),uo(-),G),u<‘>(t,zo,zo(w),uo(.),G)) dt

fo

+Ly (tr. a(@), 2V (7, 10, 20 (@), a(@), uo (), G))) (8.252)

S.t.
conditions (8.12a) — (8.12b), (8.14a) — (8.14b) for zV, u™® (8.25b)
uo() eU, G €T, (8.25¢)

where U, T resp., denote feasible domains for uy(-), G.

8.4.1 Stepwise Optimization of uo(-), G

Solving (8.25a)—(8.25¢) approximately, we may first optimize the open-loop control
uo(-) with the corresponding zero-state function

79 =20, 1, 20, a, uo()) := z(t, to, 20, 5, uo(-), 0) (8.26)

by
Step 1: Optimization of the open-loop control u((-) only.
Solve (8.25a)—(8.25¢) with the following changes:

(i) In (8.25a), replace zV — z @, u® — 4 (),
(i) in (8.25b), only use (8.12a)—(8.12b),
(iii) in (8.25c), only use “ug(-) € U”.

Let then ug(-) denote the optimal solution of the resulting simplified control problem
(8.24&)—(8.250)1,0(.).
Step 2: Optimization of the gain matrix G Solve (8.25a)—(8.25c) with these changes:

(1) In (8.25a), replace uo(-) by ug(-),
(ii) in (8.25b), replace ug(-) by ug(-),
(>iii) in (8.25c¢), only use “G € I'”".

Denote then G* = (g;;) the optimal solution of the resulting simplified control prob-
lem (8.25a)—(8.25¢)¢.

Having an optimal solution (uj(-), G*) of (8.25a)—(8.25¢), or an approximate
stepwise solution of (8.25a)—(8.25c¢) as described above, the optimal control of the
original problem of minimizing (8.4b) subject to (8.1a)—(8.1b), (8.2a)—(8.2b), resp.
and possible constraints for the control u(-) and the gain matrix G can be approxi-
mated, cf. (8.5), by

u(t) = uft) + G*z(t), (8.27a)

where z = z(#) denotes the state vector observed/measured at time f, f) <t < 1.
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Improvements of this method can be obtained by updating (u(-), G*) at certain
intermediate initial data

Ty, 2b), 26 = 2(tp), to < 1p < Iy, (8.27b)

where z;, denotes the actual state vector at an intermediate time 2.

8.5 Approximation of Nonlinear Feedback Control Systems

We now consider nonlinear control systems represented, see (8.1a)—(8.1b), by

z2(t) = f(t,a,z(z), u®)), fhy <t <ty, (8.28a)
z(t) = 2o, (8.28b)

where the control function u = u(t) is given, cf. (8.5), by
u(t) = uo(t) + Gz(t), o <t =<ty (8.28¢)
with an open-loop control ug = ug(¢).
Since time-dependent gain matrices G = G(¢) can be treated similar to stationary

ones, we only consider here time-independent gain matrices represented, see (8.8a),
by

G=> > gk (8.28d)
i=1 j=1
Thus, corresponding to (8.10), in the present case, for the state function
z=(t, 10,20, a,uo(-), gij,i=1,....,m, j=1,...,n), th=<t=tr, (828¢)
we have, see (8.9b), the following system of differential equations

(1) = f(t,a,z(t), uo(r) + Gz(1))

m n
=f|ta.z0,uo)+ Y > gyziei |, t<t<ty,  (829)

i=1 j=I

z(t0) = zo, (8.29b)

where ¢; denotes again the i-th column of the m x m unit matrix.
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Corresponding to (8.13a)—(8.13b), by differentiation of (8.292)—(8.29b) with
respect to a gain parameter gy, for the partial derivative of the state function (8.28e)
with respect to g;; we get the system of linear differential equations

d 3z of 3z
E@(t) = az (t, a, Z(t), M(t))—aglk (t)
+ ¥ ¢ a2, u0) (Zka)el 4 Gﬁ<r>> (8.302)
ou gk
9 =0, I=1....om k=1 ..n (8.30b)
0gik

Taking G = 0, for the derivative

9z 0z
— = —(t, 1y, 20, a, up(-), 0)
ogie  Ogn

we get the system of linear differential equations

L2 4y = Lt a, 200, wo) 1)
. A 71 = \u,da, U o
dt aglk PR O dgu
of
+ E(I’ a,z(t), uo(t)zx()e, fo <t <ty (8.31a)
0z
—(ty) =0, (8.31b)
gk
where z(t) = z1(t), ..., z.(t))T = z(t, ty, 20, a, uo(-), 0) is determined by the sys-
tems of differential equations
z2(t) = f(t,a,z(t), up(t)), ty <t =ty, (8.31¢)
z(tp) = 20- (8.31d)

Remark 8.2 Second and higher order derivatives of z = z(¢), see (8.28a)—(8.28e),
with respect to g;;, i =1,...,m j =1, ..., n can be obtained as shown in case of
state linear differential equations.

8.6 Approximation Error

According to the properties of parameter-dependent systems of differential equations,
see [1, 2], under weak assumptions, the unique solution

2= (wlt, 1o, 20, u0 (), gijs i =1, ooom, j=1,..m) (8.32a)
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of (8.1a)—(8.1b), (8.2a)—(8.2b), (8.282)—(8.28b), (8.292)—(8.29b), resp., is a suffi-

ciently differentiable n-vector function of, among other variables, the gain parame-
ters

g = (gls g21 e ang)T = (gllv .. '9g1ns L 7gm11 s agmn)T' (832b)

Hence, the accuracy of a linear or higher order approximation of the state variables
zr = zx(t), k =1, ..., n by the Taylor polynomials with respect to g,

Ty(t) = Tp(t, to, 20, uo(-), &)

m-n az
= Z(ta t()a 20, uO(‘)’ O) + Z 8_gl(t’ th 20, uO(’), O)gl + e
=1

l m-n 3pZ m-n
+ ——————(t, 10,20, u0("), 0) | | & (8.32¢)
p! 11,122;1:1 agll aglz s agln ll:!

can be evaluated by means of the Taylor formula. The corresponding Lagrange
remainder term reads

mn 1 p+1
L» LA S 0.9 ]
R(t7g50):= —tvtvz , uo(), gl,
’ (P D!, S dgdgn g,
(8.32d)
with0 < & < 1.
Remark 8.3

(a) The sums and products in (8.32¢)—(8.32d) can be represented component-wise
for the components z;, k = 1, 2, ..., n of the state vector function z = z().

(b) The derivatives aglla__p_f)glp are build, see Theorem 8.1, in nested way by the corre-
sponding lower order, p — 1, p — 2, ..., 0, derivatives up to the state function

z = z(t, to, 2o, uo(-), 8)-

8.7 Extensions

In this Section, first special representations of the open-loop or prior control function
uog = uo(t) are presented. Moreover, generalizations of the approximation method
for feedback control systems with linear to nonlinear feedback functions of the state
z = z(t) are presented.



174 8 Approximation of Feedback Control Systems

8.7.1 Special Representations of the Open-Loop (Prior)
Control Function u(-)

Solving optimal (feedback) control problems as considered in Sect. 8.6, advantages
can be obtained if the open-loop control m-vector function uy = u(¢) is represented
by

L
uo(t) =Y Ty, (8.33a)

=1
where

T @) ) . T @)
T() = : 3 : , t>t),l=1,...,L, (8.33b)
Tlml(t) TlmZ(t) cee rlmm(t)
are (m,m)-matrix functions involving given time functions 7;;; = 7;;;(?), i, j =
,....m, I =1,...,L,as, e.g., certain powers of time 7.

Furthermore, u;, [ = 1, ..., L, are unknown m-vectors to be determined opti-
mally.

8.7.1.1 Linear State Equations

In case of optimal open-loop control problems with linear state equations, cf. (8.12a),
(8.12b) and Sect. 8.4, the state function z(¢) = z(¢, to, 2o, 4o(+)) is given by

z(t, ty, 2o, uo(+)) = D (¢, 0)z0 —l—/ (1, 5) (B(S)ug(s) + c(s)) ds,

where, with the fundamental matrix ¥ = Y (¢) of the system matrix A = A(¢), it
holds ®(¢,s) = Y ()Y (s)~".
Using now definition (8.33a), (8.33b) of uy(-), we find

L
2(t, 10, 20, w0 (-)) = D(t, 10)z0 + Y (

I=1

' t
/ (¢, s)B(s)Y}(s)ds) uj +/ (¢, s)c(s)ds.
10 [}

(8.34a)

Thus, the state function z = z(¢) can be represented as an affine-linear function
2(t) = z(t, to, zo, U1, - - -, ur) (8.34b)

of the parameter m-vectors u;, [ =1,..., L.
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This yields considerable simplifications, e.g., in endpoint control problems and
trajectory optimization problems, see Chapters 9 and 10.

8.7.2 Nonlinear Feedback Function

Generalizing the control function (8.5) with a linear feedback term u ¢ (¢, z) = G(t)z,
we consider here control functions with nonlinear feedback laws

u(t,z) = uo(t) + G(t, 2). (8.35a)

Here, G = G(¢, z) is defined by

L
G(t,2) =) &aGi(t,2) (8.35b)
=1
with given m-vector functions G; = Gy(¢t,z), [ =1, ..., L, being nonlinear in z,
and scalar parameters g;, [ = 1, ..., L. A further representation is
L
G(t,2) =Y Gi(t, g (8.35¢)

=1

with matrix functions G; = G,(t, z), being nonlinear in state z, and corresponding
vectorial parameters g;, [ = 1, ..., L. Using the feedback representation defined by
(8.35a)—(8.35c¢), the state function z(¢) = z(t, fo, zo, u(-, -)) is reduced to

z = z(t, t0, o, uo(), &1» - - -, L) (8.36a)

involving the open-loop control u(-) and the parameter vector

g:=1(g1,8,.--80)", g=(gl.¢et,...,g)" resp.. (8.36b)

For simplicity, consider only linear systems of differential equations for the state
function (8.36a), (8.36b). In case of scalar feedback parameters g, ..., g, we have
the differential equation

d L
d—j(r) = An)z(t) + B() (uo(t) + Z 81Gi(t, z(t))) +c(?) (8.37a)

=1
z(ty) = zo. (8.37b)
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Using the method suggested above for linear feedback, under corresponding assump-
tions, Taylor expansions of the state function (8.36a), (8.36b) with respect to g at
g = 0 can be derived.

For g = 0 we start again with the solution

z(t) = z(t, 1y, 20, uo(:), 0) (8.38)

of the open-loop state equation (8.12a), (8.12b). Corresponding to (8.13a), (8.13b),
for the partial derivatives of the state function (8.36a) withrespecttog;, [ =1, ..., L,
by partial differentiation of system (8.37a), (8.37b) with respecttog;, [ =1, ..., L,
we get the systems

d 0z
Ea_(t) = A(t)—(f)
L
+ B() (GI(I,Z(t))+;&%(I,ZU))§—;(O,) (8.39a)
E(to) =0. (8.39b)
g

Taking now g = 0, for the partial derivatives

0z 0z
— = —(t,t, 20, 40(-),0), I=1,...L,
g1 Ag

we get the linear differential equations

Ea_( ) = A(t)—(t) + B(t)G(t, z(¢, to, zo, u(-),0)), t>0 (8.40a)

8—(to) =0. (8.40b)
81

Remark 8.4

(a) Obviously, similar systems of differential equations for higher order partial
derivatives of (8.36a) with respect to the parameters g;, [ =1,...,Latg =0
can be obtained.

(b) Furthermore, comparing the above system of differential equations for the case
of nonlinear feedback with the related systems (8.7), (8.13a), (8.13b), (8.14a),
(8.14b) for linear feedback, we find that they have the same structures concerning
the sequence of higher partial derivatives, cf. Theorem 8.1.
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Chapter 9 ®)
Stochastic Optimal Open-Loop Feedback | ¢
Control

Abstract In this chapter a second procedure for an approximate determination of
stochastic optimal feedback controls is based on the stochastic open-loop feedback
method. This very efficient approximation method is also the basis of the model
predictive control procedures. Using the methods mentioned in Chap. 3, stochastic
optimal open-loop feedback controls are constructed by computing next to stochastic
optimal open-loop controls on the remaining time intervals t, <t <ty with fo <
1, < ty. Having stochastic optimal open-loop feedback controls on each remaining
time interval 7, <t <ty with#y <, < t, a stochastic optimal open-loop feedback
control law follows then immediately by evaluating each of the stochastic optimal
open-loop controls on #, <t < ¢y at the corresponding initial time point ¢t = #;,. The
efficiency of this method has been proved already by applications to the stochastic
optimization of regulators for robots.

9.1 Dynamic Structural Systems Under Stochastic
Uncertainty

9.1.1 Stochastic Optimal Structural Control: Active Control

In order to omit structural damages and therefore high compensation (recourse) costs,
active control techniques are used in structural engineering. The structures usually
are stationary, safe, and stable without considerable external dynamic disturbances.
Thus, in case of heavy dynamic external loads, such as earthquakes, wind turbulences,
water waves, etc., which cause large vibrations with possible damages, additional
control elements can be installed in order to counteract applied dynamic loads, see
[3, 18, 19].

The structural dynamics is modeled mathematically by means of a linear system
of second-order differential equations for the m —vector ¢ = g (t) of displacements.
The system of differential equations involves random dynamic parameters, random
initial values, the random dynamic load vector, and a control force vector depending
on an input control function u = u(¢). Robust, i.e., parameter-insensitive optimal
feedback controls u* are determined in order to cope with the stochastic uncertainty
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involved in the dynamic parameters, the initial values, and the applied loadings. In
practice, the design of controls is directed often to reduce the mean square response
(displacements and their time derivatives) of the system to a desired level within a
reasonable span of time.

The performance of the resulting structural control problem under stochastic
uncertainty is evaluated therefore by means of a convex quadratic cost function
L = L(t, z,u) of the state vector z = z(¢) and the control input vector u = u(t).
While the actual time path of the random external load is not known at the planning
stage, we may assume that the probability distribution or at least the moments under
consideration of the applied load and other random parameters are known. The prob-
lem is then to determine a robust, i.e., parameter-insensitive (open-loop) feedback
control law by minimization of the expected total costs, hence, a stochastic optimal
control law.

As mentioned above, in active control of dynamic structures, cf. [3, 14, 18-22],
the behavior of the m-vector g = g (¢) of displacements with respect to time ¢ is
described by a system of second-order linear differential equations for ¢ (¢) having a
right-hand side being the sum of the stochastic applied load process and the control
force depending on a control n-vector function u(t):

MG+ D+ Kq(t) = f(t,a),u(t)), h<t<t;. (9.1a)

Hence, the force vector f = f (t, w, u(t)) on the right-hand side of the dynamic
equation (9.1a) is given by the sum

ft, w,u) = fo(t,w) + fu(t,w, u) (9.1b)

of the applied load fy = fy(¢, w) being a vector valued stochastic process describing,
e.g., external loads or excitation of the structure caused by earthquakes, wind turbu-
lences, water waves, etc., and the actuator or control force vector f, = f,(t, w, u)
depending on an input or control n-vector function u = u(t), fo <t < ty. Here, o
denotes the random element, lying in a certain probability space (€2, A, P), used to
represent random variations. Furthermore, M, D, K, resp., denotes the m x m mass,
damping and stiffness matrix. In many cases the actuator or control force f, is linear,
ie.,

Ja=Tyu 9.1¢)

with a certain m x n matrix I',,.

By introducing appropriate matrices, the linear system of second-order differential
equations (9.1a), (9.1b) can be represented by a system of first-order differential
equations as follows:

z=g(, w,z(t,w),u) == Az(t, w) + Bu + b(t, ®) (9.2a)
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with

0 I 0
A= (—MlK —M1D>’ b= (Mll"u>’ ©-20)
_ 0
b(t, ) == (leo(t’ w).> (9.2¢)

Moreover, z = z(¢) is the 2m-state vector defined by

q
z=1\* 9.2d)
(q ) (
fulfilling a certain initial condition

_(a®)\ . (q0
o) = <CJ(1‘0)> o (40) ©-2¢)

with given or stochastic initial values gp = go(®), go = go(®).

9.1.2 Stochastic Optimal Design of Regulators

In the optimal design of regulators for dynamic systems, see also Chap. 10, the
(m-) vector g = q(t) of tracking errors is described by a system of 2nd order linear
differential equations:

M)+ D(t)g+K(t)gt) ==Y (@) App(w) + Au(t,w), to <t <t;. (9.3)

Here, M(¢t), D(¢), K(t), Y (¢) denote certain time-dependent Jacobians arising
from the linearization of the dynamic equation around the stochastic optimal refer-
ence trajectory and the conditional expectation pj, of the vector of dynamic param-
eters pp(w). The deviation between the vector of dynamic parameters pp(w) and
its conditional expectation pp, is denoted by Ap,(w) := pp(w) — pp. Furthermore,
Au(t) denotes the correction of the feedforward control u® = u®(¢).

By introducing appropriate matrices, system (9.3) can be represented by the 1s¢
order system of linear differential equations:

z=A(t)z(t, w) + BAu + b(t, w) (9.4a)

with
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_ 0 I (0
AlD) = (—M(t)‘lK —M(z)—lD(z)>’ B = <M(t)" ) (9.4b)

0
b(t,w) = (—M(t)_lY(t)ApD(a))> . (94¢)

Again, the (2m-) state vector z = z(t) is defined by
q
z=\.). 9.4d
(4) 040

9.1.3 Robust (Optimal) Open-Loop Feedback Control

According to the description in Sect. 3.2, a feedback control is defined, cf. (3.10b),
by
u) =, 1;),t > 1, (9.5a)

where 7, denotes again the total information about the control system up to time ¢
and ¢ (-, -) designates the feedback control law. If the state z, := z(¢) is available at
each time point 7, the control input n-vector function u = u(t), Au = Au(t), resp.,
can be generated by means of a P D -controller, hence,

u (@) (Au(t)) = (p(t, z(t)), e (9.5b)

with a feedback control law ¢ = ¢(t, q, ¢) = ¢(t, z(t)). Efficient approximate feed-
back control laws are constructed here by using the concept of open-loop feedback
control. Open-loop feedback control is the main tool in model predictive control, cf.
[1, 8, 16], which is very often used to solve optimal control problems in practice.
The idea of open-loop feedback control is to construct a feedback control law quasi
argument-wise, see cf. [2, 5].

A major issue in optimal control is the robustness, cf. [4], i.e., the insensitivity of
the optimal control with respect to parameter variations. In case of random parameter
variations, robust optimal controls can be obtained by means of stochastic optimiza-
tion methods, cf. [10]. Thus, we introduce the following concept of an stochastic
optimal (open-loop) feedback control.

Definition 9.1 In case of stochastic parameter variations, robust, hence, parameter-
insensitive optimal (open-loop) feedback controls obtained by stochastic optimiza-
tion methods are also called stochastic optimal (open-loop) feedback controls.
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9.1.4 Stochastic Optimal Open-Loop Feedback Control

Finding a stochastic optimal open-loop feedback control, hence, an optimal (open-
loop) feedback control law, see Sect. 3.2, being insensitive as far as possible with
respect to random parameter variations, means that besides optimality of the control
law also its insensitivity with respect to stochastic parameter variations should be
guaranteed. Hence, in the following sections we develop now a stochastic version of
the (optimal) open-loop feedback control method, cf. [9, 11-13]. A short overview
on this novel stochastic optimal open-loop feedback control concept is given below.

Ateachintermediate time point?, € [fy, ¢s], based on the information 7, available
at time 15, a stochastic optimal open-loop control u* = u* (t; ty, I ,b), t, <t <ty,is
determined first on the remaining time interval [1, ¢/], see Fig. 9.1, by stochastic
optimization methods, cf. [10].

Having a stochastic optimal open-loop control u* = u*(t; tp, Lb), f, <t <ty,on
each remaining time interval [1,,, /] with an arbitrary starting time #,, fo <, < ty,
a stochastic optimal open-loop feedback control law is then defined, see Definition
3.2, as follows:

Definition 9.2
0" =ty 1) i= u*(ty) = u*(ty; 1o, I1,), to <1ty < 1. (9.5¢)

Hence, at time ¢ = 1, just the “first” control value u*(,) = u*(1y; 1y, I;,) of
u*(-; ty, I ,b) is used only. For each other argument (t, 7 ,) the same construction
is applied.

For finding stochastic optimal open-loop controls, based on the methods devel-
oped in Chap. 3, on the remaining time intervals #, <t <ty with fyp <, < t7, the
stochastic Hamilton function of the control problem is introduced. Then, the class
of H— minimal controls, cf. Definitions 3.6 and 3.7, can be determined in case of
stochastic uncertainty by solving a finite-dimensional stochastic optimization prob-
lem for minimizing the conditional expectation of the stochastic Hamiltonian sub-
ject to the remaining deterministic control constraints at each time point ¢. Having
a H— minimal control, the related two-point boundary value problem with random
parameters can be formulated for the computation of a stochastic optimal state- and
costate trajectory. Due to the linear-quadratic structure of the underlying control
problem, the state and costate trajectory can be determined analytically to a large
extent. Inserting then these trajectories into the H-minimal control, stochastic optimal
open-loop controls are found on an arbitrary remaining time interval. According to

\
~

Fig. 9.1 Remaining time interval
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Definition 9.2, these controls yield then immediately a stochastic optimal open-loop
feedback control law. Moreover, the obtained controls can be realized in real-time,
which is already shown for applications in optimal control of industrial robots, cf.
[17].

Summarizing, we get optimal (open-loop) feedback controls under stochastic
uncertainty minimizing the effects of external influences on system behavior, subject
to the constraints of not having a complete representation of the system, cf. [4].
Hence, robust or stochastic optimal active controls are obtained by new techniques
from Stochastic Optimization, see [10]. Of course, the construction can be applied
also to P D— and P D—controllers.

9.2 Expected Total Cost Function

The performance function F for active structural control systems is defined, cf.
[6-8], by the conditional expectation of the total costs being the sum of costs L
along the trajectory, arising from the displacements z = z(¢, w) and the control input
u = u(t, ) , and possible terminal costs G arising at the final state z ;. Hence, on the
remaining time interval #, <t < t; we have the following conditional expectation
of the total cost function with respect to the information 2, available up to time #;:

1
F:=E fL(t,w,z(t,a)),u(t,a)))dt+G(tf,a),z(tf,a)))|Q[,b . (9.6a)

1)

Supposing quadratic costs along the trajectory, the function L is given by
17 [y
Lt o,z u) = 527 Qt, @)z + Su” R(t, w)u (9.6b)

with positive (semi) definite 2m x 2m, n X n, resp., matrix functions Q = Q (¢, w),
R = R(¢, w). In the simplest case the weight matrices Q, R are fixed. A special

selection for Q reads
(2 0

with positive (semi) definite weight matrices Q,, Q4. resp., for g, g. Furthermore,

G = G(ty, w, z(tf, w)) describes possible terminal costs. In case of endpoint control
G is defined by

1
Gy, w,z(ty, w)) = 5(z(tf, o) — 2, (@) G (z(ty, w) — zp(w)), (9.6d)

where Gy = G (w) is a positive (semi) definite, possible random weight matrix,
and z;y = z(w) denotes the (possible random) final state.
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1
Remark 9.1 Instead of EMT Ru, in the following we also use a more general convex
control cost function C = C(u).

9.3 Open-Loop Control Problem on the Remaining Time
Interval [#p, ¢ 7]

In the following we suppose next to that the 2m x 2m matrix A and the 2m x n
matrix B are given, fixed matrices.

Having the differential equation with random coefficients derived above, describ-
ing the behavior of the dynamic mechanical structure/system under stochastic
uncertainty, and the costs arising from displacements and at the terminal state,
on a given remaining time interval [#;, 77] a stochastic optimal open-loop control
w* =u*(t; 15, 1,,), t, <t < ty, is a solution of the following optimal control prob-
lem under stochastic uncertainty:

ty
min E /%(Z(t,w)TQz(t,a))+u(t)TRu(t)) dt + G(ty, o, z(tf, )|,

Iy

(9.7a)

s.t. z(t,w) = Az(t, w) + Bu(t) + b(t, w), a.s., I, <t =ty (9.7b)
2(ty, @) = 7, (estimated state at time 7;,) (9.7¢)

u(r) € Dy, Ih =t =1y. (9.7d)

An important property of (9.7a)—(9.7d) is stated next:

Lemma 9.1 If the terminal cost function G = G(tf, w, z) is convex in z, and the
feasible domain D is convex for each time point t, tg < t < ty, then the stochastic
optimal control problem (9.7a)—(9.7d) is a convex optimization problem.

9.4 The Stochastic Hamiltonian of (9.7a)—(9.7d)

According to (3.28a), (3.40a), see also [8], the stochastic Hamiltonian H related to
the stochastic optimal control problem (9.7a)—(9.7d) reads

H(t,w,z,y,u) == L(t,0,z,u) + y" g(t, 0, z, u)

= %ZT Q7+ C(u)+y" (Az+ Bu +b(t, w)) . (9.8a)
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9.4.1 Expected Hamiltonian (with Respect to the Time
Interval [ty, t ] and Information 2A,)

For the definition of a H —minimal control the conditional expectation of the stochas-
tic Hamiltonian is needed:

_ I
H” =E(H(t 0,2 y,0),)=E (EZT 0z + " (Az + b(1, w)) |Ql,,,>

+Cu)+ E (yTBu‘Ql,b)

=C(u)+ E (B"y(, w)|91z,,)T u+--=Cu)+h®)u+...
(9.8b)

with

h(t)=h(t; 15, 1,) == E (B(@) y(t,0)|%,), t>1. (9.8¢)

9.4.2 H-Minimal Control on [tp, ts]

In order to formulate the two-point boundary value problem for a stochastic opti-
mal open-loop control u* = u*(t; t,, ), t, <t <1y, we need first an H-minimal
control

W= b?"(t, 2(t, ), y(t, ); tb,It,,), <t <ty

defined, see Definitions 3.6 and 3.7 and cf. also [8], for 7, <t < ¢ as a solution of
the following convex stochastic optimization problem, cf. [10]:

min E (H(t, w, z(t, ©), y(t, ), u)|2,,) (9.9a)

S.t.
ue D, (9.9b)

where z = z(t, w), y = y(t, w) are certain trajectories.
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According to (9.9a), (9.9b) the H-minimal control

= (1200, 3 1, 1) = 0 R (515, 7)) (9.10a)
is defined by

u~*(t, h( tp, I,b)) := argmin C (1) + h(t; tp, Itb)Tu fort > t,. (9.10b)

uebD;

9.4.2.1 Strictly Convex Cost Function, no Control Constraints
For strictly convex, differentiable cost functions C = C(u), as, e.g., C(u) = juT Ru
with positive definite matrix R, the necessary and sufficient condition for u* reads
in case D, = R":
VC(u)+h(t;tb,I,h) =0. 9.11a)

If u — VC(u) is a 1-1-operator, then the solution of (9.11a) reads

u= v(h(t; tp, I,b)) = VC’I(—h(t; tp, Lb)) . (9.11b)
With (9.8¢) and (9.10b) we then have

w (t,h) = u*(h(t; 15, 7,,))) = VC ' (—E (B@)"y(t,0)|Y,)) . (9.11c)

9.5 Canonical (Hamiltonian) System

We suppose here that a H-minimal control wr = l;*(t, z(t, ), y(¢, ); tp, I,b), t <
t <ty,i.e., asolution u* = u*(t, h) = v(h(t))) of the stochastic optimization prob-
lem (9.9a), (9.9b) is available. Moreover, the conditional expectation E (“;‘ |Q(,b) of a
random variable £ is also denoted by E“’), cf. (9.8b). According to (3.46), Theorem
3.7, a stochastic optimal open-loop control u* = u*(t; ty, 1;,), t, <t < ty,

u*(tsty, I,) = %(:, (@, ), v, ) tb,I,,,), t, <t <ty, 9.12)
of the stochastic optimal control problem (9.7a)—(9.7d), can be obtained, see also

[8], by solving the following stochastic two-point boundary value problem related
to (9.7a)—(9.7d).
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Theorem 9.1 Ifz* = z*(t, w), y* = y*(t, w), ty <t < ty, is a solution of

2t w) = Az(t, @) + BVC™! (—BTy(t)(b)) bt ), <t<t; (9.13a)

2(tpy, w) = 7, (9.13b)
y(t,0) = —ATy(t, 0) — Qz(t, ) (9.13¢)
y(tr, w) =VG(ty, w, z2(tr, w)), (9.13d)

then the function u* = u*(t;t,, 1), 1, <t < ts, defined by (9.12) is a stochastic
optimal open-loop control for the remaining time interval t, <t < t;.

9.6 Minimum-Energy Control

In this case we have Q = 0, i.e., there are no costs for the displacements z = <Z )

In this case the solution of (9.13c), (9.13d) reads

Y1, ) =N UGy, 0, 2(tp, @), B <t <tf. (9.14a)
This yields for fixed Matrix B

(1, h(1) = v(h(1) = VC ! (=BT VGl 2 ).

I, <t =<ty. (9.14b)

Having (9.14a), (9.14b), for the state trajectory z = z(f, w) we get, see (9.13a),
(9.13b), the following system of ordinary differential equations

it w) = Az(t, 0) + BVC (= BTN OV Gty 2G,) )
+b(t,w), 1 =t=ty, (9.15a)
2(ty, ) = 7,7 (9.15b)
The solution of system (9.15a), (9.15b) reads

t
2(t, ) = AT O 4 / A= <b(s, )

173
+BYC (=BT UV Gy, 2 ) ) ds,

f, <t =<ty. (9.16)
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For the final state z = z(f;, w) we get the relation:

ty
Z(l‘f, w) = eA(ff*th)E(b) + / eA(ff*S) <b(s, w)

73

+BVC! (—BTeA”f/—ﬂ‘sz(tf, Z(tf))(b)>) ds . 9.17)

9.6.1 Endpoint Control

In the case of endpoint control, the terminal cost function is given by the following
definition (9.18a), where zy = zr(w) denotes the desired—possible random—final
state:

G(tr, w, z(ty, ®)) i= %nz(rf, w) — z5(@)]*. (9.18a)
Hence,
VG(ty, 0, 2(tf, w) = z2(ty, 0) — 25 (w) (9.18b)
and therefore
VG zu ) =2ap” —z7® (9.18¢)

= E (zt7, 0)|A,) — E (27 (@) |2A,,) -
Thus

Iy
Z(tf,a)) — eA(tf_tb)E(b) +/€A(lf_s) (b(s,a))

ty

+BVC! (—BTeAT“f*” (m“’) - a@)) ) ds. (9.19)

Taking expectations E(. . . [2;,) in (9.19a), we get the following condition for z(tf)(b) :

ty
- — - b
Z(tf)( ) zeAuffzh)Zb(b)_F/eA(’f 95" ds
13
t/

+/6A([f7s)BVC71 <_BT6AT(ff*S) <z(tf)(b) — E(b))> ds. (9.19b)

Iy
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9.6.1.1 Quadratic Control Costs

Here, the control cost function C = C (u) reads

Cu) = %uTRu, (9.20a)
hence,
VC = Ru (9.20b)
and therefore
Ve '(w)=R'w. (9.20c)

Consequently, (9.19b) reads

ty
— (b r—11) — F—S b
T = tb>Zb<b>+/eA<ff 95()" ds
)
Ly
. —
_/eA(tmeRleTeA’(ff*S) dsz(tf)()
Iy
t
n / eAUr=9) pR=1 BT A" (1 =5) dsZ_f(b) . (9.21)

Iy

Define now

Lf
U= / A BRI BT A 9 g | (9.22)
173
Lemma 9.2 [ + U is regular.

Proof Due to the previous considerations, U is a positive semidefinite 2m x 2m
matrix. Hence, U has only nonnegative eigenvalues.
Assuming that the matrix I + U is singular, there is a 2m-vector w # 0 such that
(I+U)w=0.

However, this yields

Uw=—-Iw=—-—w=(—Dw,



9.6 Minimum-Energy Control 191

which means that . = —1 is an eigenvalue of U. Since this contradicts to the above
mentioned property of U, the matrix I + U must be regular. ]
From (9.21) we get

tp
I+ U2 = A=z ® 4 / AU9p) " ds + UZF?,  (9.23a)

173
hence,

tp
N =+ Uy e, 4 (1 + Uy / A=9505)” ds
173

+U+U) " 'uz?. (9.23b)

Now, (9.23b) and (9.18b) yield

V-G ) =2 — 25 =2ap” -z ®
= _{_U)*l eAltr— fb)zb()
tf
+(I+U)71/€A(tf7s)m(b) dS

tp

+(+)'U-1)Z7;. (9.24)
Thus, a stochastic optimal open-loop control u* = u*(t; 15, 1), t, <t <tf, on
[7,, ] is given by, cf. (9.11b),
w*(t; 1y, I,,) = —R“' BTN W70 ( (I +U)~ " eAlr=inz,®

ly
+ (I + U)—l f eA(t/—s)W(b) ds
73
+(T+uv)'u —I)z,«(b)) <t <ty

(9.25)

Finally, the stochastic optimal open-loop feedback control law ¢ = ¢(, Z,) is then
given by
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@(ty, Ip,) := u*(tp; 1y, I4,)
— _RIBT A (1) I+ U)—l eA(t/—tb)E(h)
Iy
_ R—IBTeAT(z,-—tb) (I+U)_l /eA(rf—s)%(b) ds
I

—R7'BTA U (1 +U)T'U - 1) Z®

. _ —) ——(b) __
with 7, := (z;,(”) =2 ) ),zf“’)).
Replacing 7, — ¢, we find this result:

(9.26)

Theorem 9.2 The stochastic optimal open-loop feedback control law ¢ = ¢(t, I;)

is given by
o, I;) = _RIBT A=) (I + U)_l I m([)
W (1)
1
_R*IBTEAT(U*I) I+ U)fl'/eA(tf,s)W(r) ds
t
w507
_R*IBTeAT(tfft) ((I + U)flU _ I) Z—f(t) ,
W (1)
hence,

o(t, ) = W)z + 011, 5()") + ()77,
I, := (mm, mm,ﬁ(’))

(9.27a)

(9.27b)

Remark 9.2 Note that the stochastic optimal open-loop feedback law m(” —

@(t, I,) is not linear in general, but affine linear.

9.6.2 Endpoint Control with Different Cost Functions

In this section we consider more general terminal cost functions G. Hence, suppose

Gty w,z2(ty, ) : =k (z2(ty, w) — 27 (w)),
VG(ty, w, z2(ty, w)) = Vi (z2(ty, 0) — zf(@)) .

(9.28a)
(9.28b)
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Consequently,
i gy _ -1 T ATt D)
u*(t, h(t)) =v*(h(t)) = VC (B e WTUVK(z(ty) — zy ) (9.29a)

and therefore, see (9.17)

Iy
(ty, ) = A=) 7 4 / AU Ip(s, w) ds

tp
ly

+/eA(ff—S)BVC—l (_BreATaf—s)W(b)) ds.

Iy

t, <t <ty. (9.29b)
Special case:

Now a special terminal cost function is considered in more detail:

2m

k(z—zp) = Z(zi — Zfi)4 (9.30a)
i=1

Vik(z—z5) =4 ((Zl - Zfl)S, cooy (zom — Zfzm)3)T . (9.30b)

Here,

VK= =4 (E (=2 1) - B (o = 2, 120,))
T
= 4(m{ @1l ) 20, O Ganler, 5 212, (D)

= 4mP (2(t7, ): 2 () . 9.31)
Thus,

ty
2ty w) = ez 4 f AU b (s, w) ds
Iy
ty
+ f A= By CT! (—BTeAT(tf_S)4m§b)(Z(tf,');Zf(~))> ds . (9.32)

)

Iy 2i2000)

Equation (9.32) yields then



194 9 Stochastic Optimal Open-Loop Feedback Control

(z(tf, @) —zf(w))3|

c—by

tr 3

— [ ererwy, o, +/6A(t/—5)b(s7a)) ds+J(m§”)(z(tf, .);Zf(.))) \ ,
cfby+c
I N

(9.33a)

where “c-by-c” means “component-by-component”. Taking expectations in (9.33a),
we get the following relation for the moment vector mgb):

m @ty )i 2p() = W (m @ )i 2,() (9.33)

Remark 9.3

E ((z(tf, w) — Zf(w))3 ’91,,})\
c—bytc
— g® (207, ) — 0@ +70()) — Zf(a)))s

= £ ( (2(ty, @) —2PUp) +3 (27, 0) = 2p) EV0p) — 25(@))
+3 (2t 0) —2P) G2t — 25@) + G t)) — 25 (@) ) (9.33¢)
Assuming that z(¢/, ) and z s (w) are stochastic independent, then

E ((z(tf, w) — 25 (@)’ |2A;,)
=m{ (2(ty, ) + 3020 @ty NEP (tp) = T7") + @2 (1) — 2 f)3(b),

(9.33d)

where o2(® (z(ts, -) denotes the conditional variance of the state reached at the final
time point ¢, given the information at time 7.

9.6.3 Weighted Quadratic Terminal Costs

With a certain (possibly random) weight matrix I' = I' (w), we consider the following
terminal cost function:

Gy, w,z2(ty, w)) := fracl2 ||1"(a)) (z(tf, w) — zf(a))) Hz . (9.34a)

This yields
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VG(ts, w, z(ts, ) = (@) T(0)(z(tr, 0) — 77 (@), (9.34b)
and from (9.14a) we get

y(t, w) = eV UGty w, 2(t5, @)
= VU () T () (2, 0) — 25 (@), (9.35a)

hence,

(b)
FO) (1) = ATUG=DTT (l"z(lf) - FZf)

— AT 1) (rrrz(rf)”’) _ rTrzf"’)) . (9.35b)
Thus, for the H— minimal control we find

u*(t, h) = v(h(t))
=vCc ' (-BTy" 1))

=vCc™! ( — BT A0 (FTFZ(tf)(b)
_T7T; f(b))> . 9.36)

We obtain therefore, see (9.16),

t

2(t, w) = ez, + / A=) (b(s, )

Ip

T (b (b
+BVC! <— BT et <’f*S><rTrz(tf) ' _TTTs; ))>> ds. (9.37)

9.6.3.1 Quadratic Control Costs

Assume that the control costs and their gradient are given by
17
C(u) = Eu Ru, VC(u) = Ru. (9.37b)

Here, (9.37a) yields



196 9 Stochastic Optimal Open-Loop Feedback Control

tr
2(ty, ) = ez, + / eAr=s) (b(s, )

Iy

r b ®
~ BR BTN 0 (P72, — T2, ))) ds.  (9.37c)

Multiplying with I'(w)” T'(w) and taking expectations, from (9.37c) we get

tr
b) b) . B e ()]
FTFZ(tf)\ =FT]"\ eA(lf—tb)Zb(b)_{_/FTFeA(lffs)b(s ds

I
)
—7=®) — _ _s
—-I7r /eA“f DBRT'BT A ds

)

® b
x (rTrz(tf) ' _TTTs; )) . (9.382)

According to a former lemma, we define the matrix

Iy
U= /eA(’f’S)BR’lBTeAT(’f’S) ds .

Iy

From (9.38a) we get then

» »
(1 +T7T )U) TTTz(;)
tr
— FTF(b)eA(tf_t”)E(b)~|—/I_‘TFeA(’f*S)b(S)(b) ds
173

+ T UT T, . (9.38b)

——
Lemma 9.3 [ + FTF( )U is regular.

. . —7=® . ... . .
Proof First notice that not only U, but also '"T" " is positive semidefinite:

\b \b) \b)
W TTT v =TT Ty = (Tw)! To . = ITvl3 >0.
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——0
Then their product FTF( )U is positive semidefinite as well. This follows immedi-
ately from [15] as T' (@) T'(w) is symmetric. U

Since the matrix / + FTI"(b)U is regular, we get cf. (9.23a), (9.23b),

- -1
FTFZ(l‘f)(b) — (] + FT]'*‘b)U> FTF\b)eA(“_”’)E(b)
Iy
— b —1 — (b
n (1 4T )U) / TTTeAt—b(s)  ds

1)

b -1 ) —
+(1+FTF )U) T vtz ", (9.38¢)

Putting (9.38c) into (9.36), corresponding to (9.25) we get the stochastic optimal
open-loop control

o ®
W (s 1y, I,) = —R™VBT A 00 (FTFZ(l‘f) ' _T7T, ))

=..., B, <t=<ty, (9.39)

which yields then the related stochastic optimal open-loop feedback control ¢ =
@(t, I,) law corresponding to Theorem 9.2.

9.7 Nonzero Costs for Displacements

Suppose here that Q # 0. According to (9.13a)—(9.13d), for the adjoint trajectory
y = y(t, ®) we have the system of differential equations

y(t, 0) = —ATy(t, 0) — Qz(t, w)
y(tr, w) =VG(ty, 0, z(ty, w)),

which has the following solution for given z(¢, ) and VG (¢f, w, z(t5, w)):

Iy
y(t, w) = /eAT(“_’)Qz(s,w) ds + e UTING (14, 0, 217, ). (9.40)

t

Indeed, we get
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y(itr, w)=04+1V.G(t;, w,z(ty, w) = V,G(t7, 0, 2(t;, ))
3, ) = — e 00z(1, )
Iy
—/ATeAT(’_’)Qz(s,w) ds — ATV UING (17, 0, 2(17, )
t
= —e"00z(t, w)
Iy
AT [0 00x65,0) ds 4 U IVG g 0,207 )
t

=—ATy(t, 0) - Qz(t, w) .
From (9.40) we then get

YO ) = EP(y(t, w) = E (y(t, 0)|2A,,)
ty
= / 6D 07O () ds + A UV G (s ) (9.41)

t

. —0 L .
The unknown function z(l)( ) and the vector z(fy, ) in this equation are both

given, based on m(b), by the initial value problem, see (9.13a), (9.13b),

i(t,w) = Az(t, ) + BVC™' (=B"y" (1)) + b(t, w) (9.42a)
2(tp, @) = 2 - (9.42b)

Taking expectations, considering the state vector at the final time point ¢/, resp.,
yields the expressions:

t
Z(b)(t) :eA(t—t;,)E(b) +v/\eA(tfs) (m(b) +BvC! (_BTy(b)(S))) ds,

I

(9.43a)
tr
2ty @) =Nz, + / e (b(s, ) + BVC™' (—-B"y"(s))) ds.

Iy

(9.43b)
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9.7.1 Quadratic Control and Terminal Costs

Corresponding to (9.18a), (9.18b) and (9.20a), (9.20b), suppose

VG(l‘f, w, Z(tf, w)) = Z(l‘f, a)) —Zr (a)) s
Ve ' (w)=R'w.

According to (9.12) and (9.11c¢), in the present case the stochastic optimal open-
loop control is given by

Wt 1y, T,,) = w(t, (1)) = R (—E (BT y(t, 0)|%,)) = =R B"y(®)".
(9.44a)

Hence, we need the function ' = m(b). From (9.41) and (9.18a), (9.18b) we
have

l/‘
YO = eV (2" -7 ) + f A0z P ds. (9.44b)

t

Inserting (9.43a), (9.43b) into (9.44b), we have

——) (= C—h) | —
O = AT (eA(zf Wz, ® — 77®

Iy

+/6A<szs> (W(b) —BR”BT—y(s)(”)> ds)
73
ty

+feAT(st)Q<eA(stb)E(b)

t

N

b [ (5" - BT ar)as. a0

Ip

In the following we develop a condition that guarantees the existence and unique-

ness of a solution 3° = m(b) of equation (9.44c).

Theorem 9.3 In the space of continuous functions, the above Eq. (9.44c) has a

unique solution if

1
cp < . (9.45)

CA\/CRl(lf — 1) (1 + %)
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Here,

) Al— ) ) 1 )
ca:= sup [[e* Vg cp:=IBlr crr:=IR"Ir co:=IQlr,
ty<t<s<ts

and the index F denotes the Frobenius-Norm.

Proof The proof of the existence and uniqueness of such a solution is based on
the Banach fixed point theorem. For applying this theorem, we consider the Banach
space

X = {f Sty tp]l = R>" : f continuous } (9.46a)

equipped with the supremum norm

I fllL == sup If @2, (9.46b)
Ipy<t=ty
where || - ||, denotes the Euclidean norm on R",

Now we study the operator 7 : X — X defined by

T, — ) — .
(Tf)(t) =eA (ty—1) <eA(tf tb)zb(h) _ Zf(b)

Iy

_’_/‘eA(tf*A‘) (m@ _ BRleTf(S)) ds>

13
Iy
+ / eAT (s—t) Q <eA(st;,)E(b)

t

) / o (55" — BRB ) d,) ds. 9.47)

Ip

The norm of the difference 7 f — 7 g of the images of two different elements f, g €
X with respect to 7~ may be estimated as follows:

7 f —Tzgll
Iy
= sup { eAT(’f_t)/eA(’f_S)BR_IBT(g(s)—f(s)) ds

tpy<t<ty
Iy

tf K
+ /eAT(S_’)Q/eA("_’)BR_lBT(g(t) — f(r))drds| ¢. (9.48a)

t tp 2
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Note that the Frobenius norm is submultiplicative and compatible with the Euclidian
norm. Using these properties, we get

17 f =T¢ll

ly

< sup {cA f cacrericall f(s) — gl ds
ty<t<ts
13

t/ s
+eaco / / cacsercsl f(2) — g0 dr ds}
o

ty

< sup {CA/CACBCRICB sup || f(s) —g(s)ll2 ds

Ip<t=<ty tp<t=<ty

p<t<ts

tp
Iy s
verco [ [excacren sup 17(0) - glade ds}
[

= | f — glicicpcr-sup i(tf — 1) + CTQ ((ty —tp)* — (¢ — tb)z)}

Hp=<t<tf

C
<Ilf — glicicger(ty — tp)(1 + 7%,« — ). (9.48b)

Thus, 7 is a contraction if

1
A < ~ (9.48¢)
B CiCR—l(l‘f — 1) (1+7Q(lf —lb))

and therefore

1
cp < . (9.48d)

cA\/cR_l(tf — 1) (14 2@tp — 1))

In order to get a condition that is independent of #;,, we take the worst case t, = 1y,
hence,

1

cp <

(9.48¢)

]

Remark 9.4 Condition (9.48e) holds if the matrix I" in (9.1c) has a sufficiently small
Frobenius norm. Indeed, according to (9.2b) we have
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and therefore
cg =Bl =IIM'"TIr <M p-ITIF.

Having 7 (1), according to (9.44a) a stochastic optimal open-loop control
u*(t) =u*(t; 5, I,,), t, <t < ty,reads

w ity I,) = —R'BTYD)". (9.49a)

Moreover,
Py, I,) = u"(tp), to < tp <t (9.49b)

is then a stochastic optimal open-loop feedback control law.

Remark 9.5 Putting QO = 0 in (9.40), we again obtain the stochastic optimal open-
loop feedback control law (9.26) in Sect. 9.6.1.1.

9.8 Stochastic Weight Matrix Q = Q(¢, ®)

In the following we consider the case that, cf. (3.6h,i), the weight matrix for the
evaluation of the displacements z = z(¢, w) is stochastic and may depend also on
time ¢, fo <t < ts. In order to take into account especially the size of the additive
disturbance term b = b(¢, w), cf. (9.7b), in the following we consider the stochastic
weight matrix

0(t, w) = ||b(t, ) |*Q, (9.50a)

where Q is again a positive (semi) definite 2m x 2m matrix, and || - || denotes the
Euclidian norm.

According to (9.13c¢), (9.13d), for the adjoint variable y = y(¢, w) we then have
the system of differential equations

y(t,w) = —ATy(t, ®) — B(t, ) Qz(t, ®)
y(ts, w) =VG(ty, w, 2(tf, w)),

where the stochastic function 8 = (¢, w) is defined by
B(t, w) := |b(t, ®)||*. (9.50b)

Assuming that we have also the weighted terminal costs,
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1
Gty 0, 2017, @) 1= 5B, @)|2(t5, 0) = 2 ()2, (9.50c)

for the adjoint variable y = y(¢, w), we have the boundary value problem

y(t, w) = —ATy(t, w) — B, w)Qz(t, w) (9.51a)
y(ty, ®) = B(tp, w) (2(tf, w) — 25 ()
= B(ty, w)z(ty, w) — B(tf, w)zp(w). (9.51b)

Corresponding to (9.40), from (9.51a), (9.51b) we then get the solution

ff
y(t, w) = /eAT(‘Y_’)Q,B(s,w)z(s,a)) ds

t

1 eATUD (,B(tf, w)z(ts, w) — Blty, a))zf(a))) , <t <ty (9.52a)

Taking conditional expectations of (9.52a) with respect to 2, corresponding to
(9.41) we obtain

¥ = e (Bpzan” — Bz ")
iy
+/ QB ds. 1z 1. (9.52b)

t

Since the matrices A, B are assumed to be fixed, see (9.7b), from (9.8¢c) and (9.52b)
we get

h(t) = E (B"y(t, »)|%,) = BTYP (1), t =1, (9.53a)

Consequently, corresponding to (9.11c) and (9.12), with (9.53a) the optimal open-
loop control u* = u*(t) is given then by

u*(t; I,) = RV (=h(1)). (9.53b)

Moreover, the weighted conditional mean trajectory
t—> Bz = E (Bt )zt 0)U,,), 1> 1, (9.54a)
is determined in the present open-loop feedback approach as follows. We first remem-

ber that the optimal trajectory is defined by the initial value problem (9.13a), (9.13b).
Approximating the weighted conditional mean trajectory (9.54a) by
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t = E (B, 0)z(t, 0)|A,,), 1 <t <ty (9.54b)

we multiply (9.13a), (9.13b) by B(#, w). Thus, the trajectory t — B(,, w)z(t, w),
t > ty, is the solution of the initial value problem

%ﬁ(tb, w)z(t, w) = AB(ty, ®)z(t, @) — BR™'BB(ty, 0)7? (1)

+ B (1, w)b(1, w) (9.552)
Bty 0)z(ty, ) = B(tp, @)2p . (9.55b)
Taking conditional expectations of (9.55a), (9.55b) with respect to 2, , for the approx-

imate weighted conditional mean trajectory (9.54b) we obtain the initial value prob-
lem

d ( ( e _
Bz Y~ ABw)z 0" — BR'BB” (1,)7? (1)
+ Bnb @) (9.562)
Bz =B . (9.56b)

where B(b) t):=FE (,B (t, a))|9ltb), t > t,. Consequently, the approximate weighted
conditional mean trajectory (9.54b) can be represented, cf. (9.43a), (9.43b), by

ﬂ(tb)z(t)(b) = eA([_lb)ﬂ(tb)Zb(b)

_I_/eA(H) (m“’) _ BR-'B"E"

Iy

th <t <ty. (9.57)

)5 () ds.

Obviously, a corresponding approximate representation for

t = Bl

can be obtained, cf. (9.43b), by using (9.57) for t = t;.

Inserting now (9.57) into (9.52b), corresponding to (9.44c) we find the following
approximate fixed point condition for the conditional mean adjoint trajectory ¢ +—
i(b) (t), tp <t < ty, needed in the representation (9.53b) of the stochastic optimal
open-loop control u™ = u*(t), t, <t <ty:
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lf
FO (1) = A" (ﬁ(zf>z(tf>"” _ ﬁ(tf)zf”’)) + / A6 0Bz ds

Iy

AT 1) (eA(tftb)ﬂ(tb)Zb(b) _ ,B(tf)Zf(h)
ty
+ [t (Fane)” - Br5TE w5 ) s

1
Iy

T(g— s—t) o (b)
+ / el ’>Q(eA“ "B (t)z

t
s

+fef‘<H> (,B(t;,)b(r)(h) — BR'BTB"”

Iy

(t,,)y@(r)) dr) ds.
(9.58)

Corresponding to Theorem 9.3 we can also develop a condition that guarantees
the existence and uniqueness of a solution y* = 7 (1) of equation (9.58).

Theorem 9.4 In the space of continuous functions, Eq. (9.58) has a unique solution
if
1
cp < . (9.59)

CA\/ cx T )1y — 1) (14 22 )

Here again,

. A(t—s . . —1 .
ca:= sup [[e*Vp cp:=IBlr crr:=IR"Ir co:=I1QlFr,
1, <t<s<ty

and the index F denotes the Frobenius-Norm.

According to (9.53a), (9.53b), the stochastic optimal open-loop control u*(¢),
f, <t < ty, can be obtained as follows:

Theorem 9.5 Witha solution?) (1) of the fixed point condition (9.58), the stochastic
optimal open-loop control u*(t), t, <t < ty, reads

u*(t; I,) = —R'BTyO(1). (9.60a)
Moreover,
oy, I;) :==u*(ty: Lp,), to <t <ty (9.60b)

is then the stochastic optimal open-loop feedback control law.
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9.9 Uniformly Bounded Sets of Controls D, f) <t <ty

The above-shown Theorem 9.4 guaranteeing the existence of a solution of the fixed
point condition (9.58) can be generalized considerably if we suppose that the sets
D, of feasible controls u = u(¢) are uniformly bounded with respect to the time
t,tp <t < ty. Hence, in the following we suppose again:

¢ time-independent and deterministic matrices of coefficients, hence
Alt,w)=A B(t,w) =B (9.61a)

e quadratic cost functions,

Cu) = %uTRu 0@) = %ZT 0z

Gltp, 0, 2(ty, ) = = |2y, ) — 27 (@) (9.61b)

1
5|
¢ uniformly bounded sets of feasible controls, hence, we assume that there exists a

constant Cp > 0 such that

lully < cp forallu e | JD. 9.61c)

teT

According to the above assumed deterministic coefficient matrices A, b, the H -
minimal control depends only on the conditional expectation of the adjoint trajectory,
hence,

) = a4,y ). (9.62)

Thus, the integral form of the related 2-point boundary value problem reads

2w, 1) =12, +/ (Az(a),s) 4 b(s, w) + Bﬁ(s,m(b)) ds (9.63a)

Iy
Iy

y(w, 1) = (z(tf,w)—zf(w))+/(ATy(w,s)+ Qz(s, w)) ds. (9.63b)

t

Consequently, for the conditional expectations of the trajectories we get
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t
0” =50 + / (Aﬁ(") 15" + Bt s, m“’)) ds (9.642)

Iy

Iy

Yo = (W(”) - Z”’)) + / (ATW“’) +0:0” ) ds. (9.64b)

t
Using the matrix exponential function with respect to A, we have

t
m@ :eA(t—lb)E(b)_i_/eA(l—S) (W(b)—i-Bzf*(s,m(b)) ds (9.652)

)
Iy

YO = (2 - ) + / 00 07() " ds. (9.65b)

t

Putting (9.65a) into (9.65b), for m(h) we get then the following fixed point
condition

——(b) Tty (——b)
y([) = eA (tf 1) <Z(tf) _ Zf(b)>
tr s
AT (s—1) A(s—1p)=—(b) A=) (7 ® ~ . —(b
+ [ e Ole D7+ | e b(t) "+ Bu*(tr,y(r) )drt |ds

t 1)

(9.66)

For the consideration of the existence of a solution of the above fixed point equa-
tion (9.66) we need several auxiliary tools. According to the assumption (9.61c¢),
next we have the following lemma:

Lemma 9.4 There exist constants c,, cg > 0 such that

IZFO DN <e.  and  |IV.GGRUFO, D < cq (9.67a)

foreach timet,t, <t <ts,andall f € C(T;R™), where

2O, D7 = Atz 4 f A=) (W“” + Bk f(s),s)) ds  (9.67b)

73
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Proof With ¢ = elAlrt=) cp .= ||B||p and czo := ||m(b) s the following
inequalities hold:
12700l = ea (1512 + (cg0 +epen) (¢ — 1) < e (9.682)
IV-GGFO, 0" 12 = 12O, 10" =TV < o + 157702 < cg, (9.68b)
where c,, c¢ are arbitrary upper bounds of the corresponding left quantities. O
In the next lemma the operator defined by the right-hand side of (9.66) is studied:

Lemma 9.5 Let denote again X := C(T'; R™) the space of continuous functions f
on T equipped with the supremum norm. If T : X — X denotes the operator defined
by

(T @) =0 (" - )
I s

+ / N0 | ATz 4 f et (W“”wﬁ(r, f(r))> dr | ds,
t Iy

(9.69)

then the image of T is relative compact.
Proof Letcg := || Q| r. We have to show that 7’(2( ) is bounded and equicontinuous.

e 7(X) is bounded:

eAT(szz) (@(b) _ ﬁ(b))

ty s
+feAT(H)Q A=) 7-(0) —I—/eA(S_T) (b(r)(b) + Bt (z, f(r))) de | ds

t Ip

—(b) t% - ll%
scacG +eacg | callzp 2ty — 1) + (cacyer +cpep)=— (9.70)

e 7(X) is equicontinuous.
We have to show that for each € > 0 there exists a § > 0 such that, independent
of the mapped function f, the following inequality holds:

t—sl<8 = |TfO)—Tf$l<e

Defining the function
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t
o(t) = ez, 4 / AE " ap, 9.71)

Iy

the following inequalities hold:

[7r0 - T 1]

S— gy —
A0 (Z(lf)( ) Zf(b)) — A=) (Z(tf)( ) Zf(b))

ty T
+/eAT(r—t)Q (eA(T”’)Zb-ﬁ-/eA(TM) (b(ﬂ_)(b)'f‘Bl;‘(li,f(ll))) du) dt

t p

1y T
_/eAT(r—s)Q (eA(T_tl’)Zb+/eA(T_H) (m(b)-FBI;F(M,f(M))) du) del. (9723.)

s

I

From Eq. (9.72a) we get then

|7ro-Tre)|,

= ‘ <eAT(ff*f) _ eAT(ff*S)) (m@) _ ﬁw))

ty .
+/.eAT(rft)Q (Q(r)+/81;*(,u, f(w) du) dr

t

I

tf T
_feAT(’*S)Q (Q(r)+/3ﬁ(u,f(u)) du) dt

s 1)

2

< HeAT(tfft) — AT U9

CcG
2

If T
+ (EAT(ft)_eAT(*s))/eATrQ (Q(T)‘F/Bl;k(ﬂ,f(lt)) d/"-) dt
t

b

t T
- eA”—")/eATIQ (@(r)+/BL7*(/L,f(u)) du) dt

s

173 2

< HeAT(tfft) — AT U9

cG
2

T T
e = AT A e e+ epentey — )@y — 1)

+cacolco +cpep(ty — )|t —s|. (9.72b)
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Obviously, the final expression in (9.72b) is independent of f(-). Hence, due to
the continuity of the matrix exponential function and the function o(-), the assertion
follows. (]

From the above Lemma 9.5 we now obtain this result:

Theorem 9.6 The fixed point Eq. (9.66) has a continuous, bounded solution.

Proof Define againX := C(T; R™) and consider the set M C X

M= {f(-)EXI Supllf(t)llsz}, (9.73a)
teT
where
12—t}
C :=cuc +cacq (CA||Zb||2(tf —t) + (CACB(M ~+ cpcp) ! ) . (9.73b)
Moreover, let 7 denote the restriction of T to M, hence,
T M>M, f>TFf (9.74)

Obviously, the operator 7 is continuous and, according to Lemma 9.5, the image of
T is relative compact. Moreover, the set M is closed and convex. Hence, according
to the fixed point theorem of Schauder, 7 has a fixed point in M. (]

9.10 Approximate Solution of the Two-Point Boundary
Value Problem (BVP)

According to the previous sections, the remaining problem is then to solve the fixed
point Eq. (9.44c) or (9.58). In the first case, the corresponding equation reads

— T, — — ) — J—
y(b)(t) — A t)Gf <eA(tf tb)zh(b) _ Zf(b)

ff

- / A9 (55"~ BRBTYV () ds)
Iy
Iy

+/eAT(S—I)Q<eA(S—tb)E(b)

t
s

+/‘6A(s7t) (m(m _ BRABTy(b)(t)) dr) ds. (9.75)

Iy
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Based on the present stochastic open-loop feedback control approach, we present
the following approximation method:

9.10.1 Approximate Solution of the Fixed Point Eq. (9.75)

StepI According to the equations (9.12) and (9.44a) of the stochastic optimal
O LFC,foreachremaining time interval [1;,, ¢ /] the value of the stochastic optimal
open-loop control u* = u*(¢; t,, I,,),t <15, is needed at the left time point #,
only.

Thus, putting first ¢ = ¢, in (9.75), we get

y(b)(tb) — eAT(tf_tb)GfeA(t’_tb)E(b) _ eAT(rf_th)GfE(b)
I
T ——(b

+ eAl(;ffz,,)Gf f eA(’ffs)b(s)( )ds
th
tr

_ eAT(tffzb)Gf/eA(szs)BRleTy(b)(s) ds
t

ly

+/eAT(s—zb)QeA(s—zb)dsi(b)

Iy
tf K

+/eAT(s—zb)Q</eA(s—r)TT)(b)dt) ds

tp Iy

tf s
— /eA’“—’b)Q(/eA“—f)BR—lBTy(b)(z)dr) ds.  (9.76a)

Iy Iy

Step I  Due to the representation (9.44a) of the stochastic optimal open-loop con-
trol u* and the stochastic OLF construction principle (3.10d,e), the value of the
conditional mean adjoint variable ¥ (¢) is needed at the left boundary point
t = 1, only. Consequently, y* = 3 (s) is approximated on [f;, tr] by the con-
stant function

FOU) TP W) 1y <5 <15 (9.76b)

In addition, the related matrix exponential function s — e*® = is approximated
on [#, tr] in the same way.
This approach is justified especially if one works with a receding time horizon or
moving time horizon

tri=t,+A
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with a short prediction time horizon A.

y(b) (1) %eAT(tf_l”)GfeA(t/_tb)E(h) _ eAT(tf_l”)GfZ(b)
Iy
eV G [ b ds
Iy
_ (tf _ tb)eAT(zf—tb)GfeA(t/—tb)BR—lBTy(b)(tb)
Iy
+[eAT(S*th)QeA(S*Ih)dSE(b)
173

ty

+/eAT(s—th)Q<\/eA(sfr)%(h) dl') ds

173

173
Iy

- / (s — tp)e™ 7 QA=) gs BRTVBTY®) (1,). (9.76¢)
173

Step III  Rearranging terms, (9.76¢) yields a system of linear equations for 7 (#,,):

— - T _ —_
YO (ty) Ao((ty, t7, G, Q)7 — e G ;77O
—(b)

+ Aty 15, Gy, Q) - by, ()

— An(ty, 1y, G, Q)BR' B3 (1), (9.76d)
where the matrices, linear operator and function, resp., Ag, A1, Azs, EEZ), 1,1 €an be
easily read from relation (9.76c). Consequently, (9.76d) yields

(1 + Ax(s 17, G OBR™BT )5V 1) ~ Ao((th: 7, G . OF”

T, _ 7 )
—eM [”)Gfo(b) + A1ty 17, Gy, Q) - b[zb,r/](')‘ (9.76e)

For the matrix occurring in (9.76e) we have this result:
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Lemma 9.6 The matrix I + Ay (ty,t7, G, Q)BR™'BT is regular.

Proof According to (9.76¢), (9.76d) we have

Axs(ty.tr, Gy, Q) = (t — tp)ed =) G peAlr=n)

f/
—l—/(s _ tb)eAT(s—tb)QeA(s—tb) ds .
173

Hence, Ay = Axs(tp, tr, Gy, Q) is a positive definite matrix. Moreover, U :=
BR~' BT isatleast positive semidefinite. Consider now the equation (/ + A3 U)w =
0. We get Ap3Uw = —w and therefore Uw = —A2_31w, hence, (U + A2_31)w =0.
Howeyver, since the matrix U + A2_31 is positive definite, we have w = 0, which
proves now the assertion. ]

The above lemma and (9.76e) yields now

-1
¥ )~ (1+ Axst, 17, G QBRBT) (Aot 17, Gy 07

T, . —(b
—e UG T 4 A1, G Q) B () (9766)

According to (9.75) and (3.10d,e), the stochastic optimal open-loop feedback control
©* = ¢*(tp, I,,) att =1, is obtained as follows:

Theorem 9.7 With the approximative solution 3 (1) of the fixed point condition
(9.75) at t = t, represented by (9.76f), the stochastic optimal open-loop feedback
control law at t = t,, is given by

¢ (ty, I,,) = —R'B"3y 1), (9.76g)

Moreover, the whole approximate stochastic optimal open-loop feedback control law
©* = ¢*(t, I,) is obtained from (9.76g) by replacing t, — t for arbitraryt,ty <t <
Ir.

9.11 Example

We consider the structure according to Fig.9.2, see [3], where we want to control
the supplementary active system while minimizing the expected total costs for the
control and the terminal costs.

The behavior of the vector of displacements ¢ (¢, w) can be described by a system
of differential equations of second order:



214 9 Stochastic Optimal Open-Loop Feedback Control

Fig. 9.2 Principle of active

structural control
q m,

SO

90 Tfo My

ko tj d,

M ('q'O(” ‘”)) +D (‘?O“’ ‘“") +K ("‘)“’ ‘“i) = folt. ) + i) O

G:(t, w) q:(t, w) q.(t, o
with
ni 0 .

M = 0 m mass matrix (9.78a)
D= (do tldz _§z> damping matrix (9.78b)

Uz z
K = (ko —;kz _ZZ ) stiffness matrix (9.78¢)

Rz Z
falt) = (:L}) u(t) actuator force (9.78d)
folt, ) = (f"‘(é’ “”) applied load . (9.78¢)

Here wehaven = 1,i.e.,u(-) € C(T, R), and the weight matrix R becomes a positive
real number.
To represent the equation of motion (9.77) as a first-order differential equation
we set
qo(t, w)
q:(t, )
qo(t, )
q.z (t, w)

2(t, @) = (q(t, w), §(t, 0)" =
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This yields the dynamical equation

: _ 0 L 0 0 _
i, ) = (_MIK M 1D>Z(“‘))Jr (lea(s)> * (leo(s,w)) a

0 0 1 0 0 0
0 0 0 1 0 0
= kotk, k. _dotd; 4. |z, @)+ | _ 1 |u@)+ ] peo |-
A N e
m; m; m; m; me
——— —_——
—A =B =b(t,w)

(9.79)

where I, denotes the p x p identity matrix. Furthermore, we have the optimal control
problem under stochastic uncertainty:

ty
min  F(u(-)) = E% /R(u(s))z ds + z(ty, 0)" Gz(ty, w)| A, (9.80a)

Iy
t

skt. z(t,w) =z + / (Az(s, ) + Bu(s) + b(s, a)))ds (9.80b)

Iy

u(-) € C(T,R). (9.80c)

Note that this problem is of the “Minimum-Energy Control”-type, if we apply no
extra costs for the displacements, i.e., Q = 0.
The two-point-boundary problem to be solved reads then, cf. (9.132)—(9.13d),

. 1 7——(b)

z(t, w) = Az(t, w) — EBB y(i#) +b(w,t) (9.81a)
¥t 0) = —ATy(t, o) (9.81b)
2(tp, @) = 2p (9.81¢)
y(tr, w) = Gz(ty, ). (9.81d)

Hence, the solution of (9.81a)—(9.81d), i.e., the optimal trajectories, reads, cf. (9.14a),
(9.37a),

y(t, w) = eV UGty w) (9.82a)

t

2(t, w) = AWz, + / A=) (b(s, )

73

1 -
_ EBBTeAT(’f—S)Gz(tf)(b)> ds. (9.82b)
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Finally, we get the optimal control, see (9.38c) and (9.39) :

Iy
1 -
ut(0) = = BTN (14 GUY T GeMr | ez + / e ) ds

Iy

(9.83)
with

Ly
1
U=~ [ A= BRT A=) g, (9.84)

Iy
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Chapter 10 ®)
Adaptive Optimal Stochastic Trajectory Gzt
Planning and Control (AOSTPC)

Abstract Adaptive Optimal Stochastic Trajectory Planning and Control (AOSTPC)
are considered in this chapter: In optimal control of dynamic systems the standard
procedure is to determine first offline an optimal open-loop control, using some nom-
inal or estimated values of the model parameters, and to correct then the resulting
deviation of the actual trajectory or system performance from the prescribed trajec-
tory (prescribed system performance) by online measurement and control actions.
However, online measurement and control actions are very expensive and time con-
suming. By adaptive optimal stochastic trajectory planning and control (AOSTPC),
based on stochastic optimization methods, the available a priori and statistical infor-
mation about the unknown model parameters is incorporating into the optimal control
design. Consequently, the mean absolute deviation between the actual and prescribed
trajectory can be reduced considerably, and robust controls are obtained. Using only
some necessary stability conditions, by means of stochastic optimization methods
also sufficient stability properties of the corresponding feedforward, feedback (PD-
, PID-) controls, resp., are obtained. Moreover, analytical estimates are given for
the reduction of the tracking error, hence, for the reduction of the online correction
expenses by applying (AOSTPC).

10.1 Introduction

An industrial, service, or field robot is modeled mathematically by its dynamic
equation, being a system of second-order differential equations for the robot or con-
figuration coordinates ¢ = (g1, ..., g,)” (rotation angles in case of revolute links,
length of translations in case of prismatic links), and the kinematic equation, relat-
ing the space {¢g} of robot coordinates to the work space {x} of the robot. Thereby
one meets [4, 34, 42, 45, 47, 49] several model parameters, such as length of links,
l;(m), location of center of gravity of links, [.; (m), mass of links, m; (kg), payload
(N), moments of inertia about centroid, I; (kgm?), (Coulomb-) friction coefficients,
Rijo(N), etc. Let pp, px denote the vector of model parameters contained in the
dynamic, kinematic equation, respectively. A further vector pc of model parame-
ters occurs in the formulation of several constraints, especially initial and terminal
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conditions, control and state constraints of the robot, as, e.g., maximum, minimum
torques or forces in the links, bounds for the position, maximum joint, path velocities.
Moreover, certain parameters p;, e.g., cost factors, may occur also in the objective
(performance, goal) functional J.

Due to stochastic variations of the material, manufacturing errors, measurement
(identification) errors, stochastic variations of the workspace environment, as, e.g.,
stochastic uncertainty of the payload, randomly changing obstacles, errors in the
selection of appropriate bounds for the moments, forces, resp., in the links, for the
position and path velocities, errors in the selection of random cost factors, modeling
errors, disturbances, etc., the total vector

p=|P¥ (10.1a)

of model parameters is not a given fixed quantity. The vector p must be represented
therefore by a random vector

p=pw), we(Q AP) (10.1b)

on a certain probability space (2, A, P), see [3, 14, 32, 45, 50].
Having to control a robotic or more general dynamical system, the control law
u = u(t), is represented usually by the sum

u(t) = uQ @) + Au(t), to<t<ty, (10.2)

of a feedforward control (open-loop-control) ug(t), fo < t < ty, and an online local
control correction (feedback control) Au(t).

In actual engineering practice [19, 33, 35, 51], the feedforward control u© (¢)
is determined offline based on a certain reference trajectory ¢V (1), to <t <1y,
in configuration space, where the unknown parameter vector p is replaced by a
certain vector p® of nominal parameter values, as, e.g., the expectation p©® :=
P = Ep(w). The increasing deviation of the actual position and velocity of the robot
from the prescribed values, caused by the deviation of the actual parameter values
p(w) from the chosen nominal values p®, must be compensated by online control
corrections Au(t),t > ty. This requires usually extensive online state observations
(measurements) and feedback control actions.

In order to determine a more reliable reference path ¢ = g(¢), 7 <t < ty, in
configuration space, being robust with respect to stochastic parameter variations, the a
priori information (e.g., certain moments or parameters of the probability distribution
of p(-)) about the random variations of the vector p(w) of model parameters of the
robot and its working environment is taken into account already at the planning
phase. Thus, instead of solving a deterministic trajectory planning problem with
a fixed nominal parameter vector p©, here, an optimal velocity profile B©, sy <
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s < sy, and—in case of point-to-point control problems—also an optimal geometric
path ¢V (s),s0 <s <s r»in configuration space is determined by using a stochastic
optimization approach [25, 28-30, 36]. By means of ,8(0) (s)and qefo) (s),50 < s <57,
we then find a more reliable, robust reference trajectory ¢©(¢), 1, <t < 1}0) , in
configuration space. Applying now the so-called “inverse dynamics approach” [1,
4, 15], more reliable, robust open-loop controls uO@), 1<t < t}o), are obtained.

Moreover, by linearization of the dynamic equation of the robot in a neighborhood
of (u(o) ®),q@), E(pM(a))|ﬂ,n)) .t > ty, where A, denotes the o-algebra of

informations up to the initial time point £y, a control correction Au©@ @), t > 1, is
obtained which is related to the so-called feedback linearization of a system [4, 15,
37, 47].

At later moments (main correction time points) #;,

hh<th<h<---<ti_]<tj<..., (10.3)

further information on the parameters of the control system and its environment
are available, e.g., by process observation, identification, calibration procedures,
etc. Improvements ¢ (¢), u'(¢), AuP(t), t > t;, j =1,2,..., of the preced-
ing reference trajectory ¢~V (¢), open-loop control /= (z), and local control
correction (feedback control) Au'/~D(¢) can be determined by replanning, i.e.,
by optimal stochastic trajectory planning (OSTP) for the remaining time interval
t>1t;,j=1,2,..., and by using the information A,; on the robot and its working
environment available up to the time point #; > #, j = 1,2, ..., see [16, 40, 41].

10.2 Optimal Trajectory Planning for Robots

According to [4, 34, 45], the dynamic equation for a robot is given by the following
system of second-order differential equations

M(po.a®)i®) +h(pp.a®.4®) = u®, 1=, (10.42)

for the n-vector g = ¢(t) of the robot or configuration coordinates g1, g2, . .., gu.
Here, M = M(pp, q) denotes the n x n inertia (or mass) matrix, and the vector
function » = h(pp, q, q) is given by

where C(pp, q,q) = C(pp, q9)4,and C(pp, q) = (Cijk(po, q)) is the ten-

1<i,j,k<n
sor of Coriolis and centrifugal terms, Fg = Fr(pp, ¢, ¢) denotes the vector of fric-
tional forces and G = G(pp, q) is the vector of gravitational forces. Moreover,
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u = u(t) is the vector of controls, i.e., the vector of torques/forces in the joints of
the robot. Standard representations of the friction term Fy are given [4, 19, 45] by

FR(st q, CI) = Rv(st Q)q’ (1040)
FR(pDa q, ‘I) = R(pD’ ‘I)sg”@)’ (104d)

T
where sgn(q) := (sgn(c}l), R sgn(cjn)> . In the first case (10.4¢c), R, =
R,(pp, q) is the viscous friction matrix, and in the Coulomb approach (10.4d),
R=R(pp,q) = (R,-(p, q)ai,-) is a diagonal matrix.

Remark 10.1 (Inverse dynamics) Reading the dynamic equation (10.4a) from the
left to the right-hand side, hence, by inverse dynamics [1, 4, 15], the control function
u = u(t) may be described in terms of the trajectory ¢ = ¢ (¢) in configuration space.

The relationship between the so-called configuration space {g} of robot coordi-

nates ¢ = (q1, - - ., ¢n)" and the work space {x} of world coordinates (position and
orientation of the end-effector) x = (xy, ..., x,) is represented by the kinematic
equation

x=T(pk,q). (10.5)

As mentioned already in the introduction, pp, pg, denote the vectors of dynamic,
kinematic parameters arising in the dynamic and kinematic equation (10.4a)—(10.4d),
(10.5).

Remark 10.2 (Linear parameterization of robots) Note that the parameterization
of a robot can be chosen, cf. [1, 4, 15], so that the dynamic and kinematic equation
depend linearly on the parameter vectors pp, pg-

The objective of optimal trajectory planning is to determine [7, 8, 19, 35, 46] a
control function u = u(t), t > ty, so that the cost functional

)
1wO) i= [ 2(0pr a0 d@.00) dr+6(t pratep ) 106

fo

is minimized, where the terminal time 7 may be given explicitly or implicitly, as,
e.g., in minimum-time problems. Standard examples are, see, e.g., [34]:

(a) ¢ =0, L =1 (minimum time),
(b) ¢ =0, L = sum of potential, translatory, and rotational energy of the robot
(minimum energy),

2
(c) p=0,L = Z(ql (t)u,(t)) (minimum fuel consumption),
i=1

n )
d ¢=0L= Z(ui(t)) (minimum force and moment).
i=1
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Furthermore, an optimal control function #* = u*(¢) and the related optimal trajec-
tory ¢* = g*(t), t > ty, in configuration space must satisfy the dynamic equation
(10.4a2)—(10.4d) and the following constraints [7, 8, 10]:

(i) The initial conditions

q(t0) = qo(®), (1) = Go(w) (10.7)

Note that by means of the kinematic equation (10.5), the initial state (go(®),

qo(w)) in configuration space can be represented by the initial state (xo (w),

Xo (w)) in work space.
(i1) The terminal conditions

w(tp Py q(ts), q‘(tf)) =0, (10.8a)

e.g.,
q(ty) = qp(w), q(ty) = qr(w). (10.8b)

Again, by means of (10.5), (g7, ¢ ) may be described in terms of the final state

(x#, xr) in work space. Note that more general boundary conditions of this type

may occur at some intermediate time points fp < 7] < Tp < -+ < T, < I5.
(iii) Control constraints

U™z, p) < u(r) < u™>(z, p), th<t<ts (10.92)
g1(r. poa). 4. um) <o, n<t<t;  (109b)
g (1 poa®). 4, u®) =0, n=rst. (109)

(iv) State constraints

$i(r. p.a.40) <0, n<t<t (10.10a)

Su(t p.a®.40) =0, <t<t. (10.10b)

Using the kinematic equation (10.5), different types of obstacles in the work
space can be described by (time-invariant) state constraints of the type (10.10a),
(10.10b).

In robotics [35] often the following state constraints are used:

Qmin(pC) =< Cl(f) E qmax(pC)v tO <t S tf (10100)
gmin(Pc) < 4(1) < gmax(pc), fto <t =<ty, (10.10d)

with certain vectors ¢min, ¢max, gmin» gmax Of (random) bounds.
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A special constraint of the type (10.10b) occurs if the trajectory in work space

x() =T (pr. g () (10.11)
should follow as precise as possible a geometric path in work space
Xe = Xe(Pxy§)s S0 <8 =5y (10.12)

being known up to a certain random parameter vector p, = p,(w), which then is
added to the total vector p of model parameters, cf. (10.4a), (10.4b).

Remark 10.3 In the following we suppose that the functions M, h, L,¢ and T
arising in (10.4a)—(10.4d), (10.5), (10.6) as well as the functions ¥, gr, g7, S1, Si1
arising in the constraints (10.8a)—(10.10b) are sufficiently smooth.

10.3 Problem Transformation

Since the terminal time 7 may be given explicitly or implicitly, the trajectory g(-)
in configuration space may have a varying domain [fo, 7 ]. Hence, in order to work
with a given fixed domain of the unknown functions, the reference trajectory g =
q(t), t > ty, in configuration space is represented, cf. [19], by

9) =q.(s0), 1= 1 (10.130)

Here,
s=us(), to<t=ty (10.13b)

is a strictly monotonous increasing transformation from the possibly varying time
domain 79, #¢] into a given fixed parameter interval [so, s 7 ]. For example, s € [so, 5¢]
may be the path parameter of a given path in work space, cf. (10.12). Moreover,

Ge = q.(s), so <5 =<5y (10.13¢)

denotes the so-called geometric path in configuration space.

Remark 10.4 In many more complicated industrial robot tasks such as grinding,
welding, driving around difficult obstacles, complex assembly, etc., the geometric
path g.(-) in configuration space is predetermined offline [9, 16, 17] by a separate
path planning procedure for g, = g.(s), so < s < sy, only. Hence, the trajectory
planning/replanning is reduced then to the computation/adaptation of the transfor-
mation s = s(¢) along a given fixed path ¢.(-) = ¢V (").

Assuming that the transformation s = s(¢) is differentiable on [fy, ] with the
exception of at most a finite number of points, we introduce now the so-called velocity



10.3 Problem Transformation 225

profile B = B(s), so < s =< s, along the geometric path g, (-) in configuration space

by
B(s) i= $2<t(s)) - (Z—j)z (t(s)), (10.14)

where t = 1(s), so < s < sy, is the inverse of s = s(¢), tp <t < t;. Thus, we have

that
1

~/B(s)

and the time ¢ > f#; can be represented by the integral

dt = ds, (10.15a)

s

do
t=t =1+ | ——. 10.15b
(s) 0 s NGl ( )

Using the integral transformation o :=s9+ (s —s0)p,0 < p <1, ¢t =1(s)
may be also represented by

1
d
1(s) = to + (s — 50) p . 5> 5. (10.16a)

0 \//3<S0 + (s — So)p)

By numerical quadrature, i.e., by applying a certain numerical integration formula
of order v and having weights ag, a;, az, . .., a, to the integral in (10.16a), the time
function ¢ = #(s) can be represented approximatively (with an &y > 0) by

3

, §>s9. (10.16b)

1(s) := 1ty + (s — 50)
kX—;\/ﬂ (50 + €0 + (s — 50 — 2€0) %)

In case of Simpson’s rule (v = 2) we have that

— 50 1 n 4 n 1
6 N B(so + €0) \/ﬂ(s+so) N B(s — &)

f(s) = 1o+ > (10.16¢)

2

As long as the basic mechanical equations, the cost and constraint functions do not
depend explicitly on time #, the transformation of the robot control problem from the
time onto the s-parameter domain causes no difficulties. In the more general case one
has to use the time representation (10.15b), (10.16a) or its approximates (10.16b),
(10.16¢).
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Obviously, the terminal time ¢ is given, cf. (10.15b), (10.16a), by

Sf

do
tr=tsp)=to+ | —— (10.17)
RN /T
50
\ d
=l‘o+(Sf—So)/ i .
0 \/,3(50 + (sp — So)ﬂ)
10.3.1 Transformation of the Dynamic Equation
Because of (10.13a), (10.13b), we find
(1) = 4,()3 = D) = L (10.18a)
=q.(s)s §i=—,q.(s) = .18a
7 =4 dr e ds
§(1) = qu()3 + q; ()3, (10.18b)
Moreover, according to (10.14) we have that
§2=BGs), § =B, (10.18¢)
and the differentiation of (10.18c) with respect to time ¢ yields
. L,
§= Eﬁ (s). (10.18d)
Hence, (10.18a)—(10.18d) yields the following representation
q(t) = q,(s)y B(s) (10.19a)
.. 1 ,
g@) = qé(S)Eﬂ (5) +q.()B(s) (10.19b)

of ¢(t), g(t) in terms of the new unknown functions ¢, (-), 8().
Inserting now (10.19a), (10.19b) into the dynamic equation (10.4a), we find the
equivalent relation

ue (pp,s; ge(-), B()) = u() with s =s(t),t =1(s), (10.20a)

where the function u, is defined by
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l 4 / "
ue(pos5: 0.0, B0) 1= M(pp, 4.(s)) <§qe(S)ﬁ () + 4. (s)ﬂ(s))
+h (po. 45, 4L )VBG)) (10.20b)

The initial and terminal conditions (10.7)—(10.8b) are transformed, see (10.13a),
(10.13b) and (10.19a), as follows

qe(50) = qo(®),  q,(50)v/B(50) = Go(®) (10.21a)
W(l(Sf), P:qe(sy), qé(Sf)\/ﬂ(Sf)) =0 (10.21b)

or
qe(sp) = q (@), q,(s)V/B(sp) = qy(w). (10.21¢)

Remark 10.5 In most cases we have the robot resting at time ¢ = fp and t = t, i.e.,
q(t0) = q(ty) = 0, hence,

B(so) = B(sy) = 0. (10.21d)

10.3.2 Transformation of the Control Constraints

Using (10.13a), (10.13b), the control constraints (10.92)—(10.9¢c) read in s-form as
follows:

u (1), pe ) < e(pp.siae(), BO) = u™ (1), pe). s =s <5

(10.22a)
81 (16), pe 0e), aL6IVBE). e (.5 000, BO) ) 0. s =5 =

(10.22b)
g1 (1), pes 40(). gLOVBG). e (po 51 9.0, BO)) =0, s =5 =55,

(10.22¢)

where t = t(s) = t(s; ﬂ(o)> or its approximation ¢t = f(s) = f(s; ,3(~)) is defined
by (10.15b), (10.16a)—(10.16¢).
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Remark 10.6

(D In the important case that the bounds for # = u(¢) depend on the system state
(q ®, cﬂt)) in configuration space,i.e.,
W1, pe) = u™(pe, (1), 4(0) ).
WG, pe) =™ (pe, g0, 40)) (10.23a)
condition (10.22a) is reduced to
u™(pe. 0(s), al6)VB®)) = e o, 53 (), BO))
= u™ (pe. e9). GLVB®)). 50 =5 <55 (10.23b)
(II) Ifthebounds for u(¢) in (10.23a) do not depend on the velocity ¢ (¢) in configura-

tion space, and the geometric path g, (s) = g.(s), so < s < s, in configuration
space is known in advance, then the bounds

W (pe. ge(s)) = @™ (pe, 5)
u(pe. ge(®) =™ (pe.s), s <5 <8y (10.23¢)
depend on (pc, s) only.

Bounds of the type (10.23c) for the control function u(¢) may be taken into
account as an approximation of the more general bounds in (10.22a).

10.3.3 Transformation of the State Constraints

Applying the transformations (10.13a), (10.13b), (10.18a) and (10.15b) to the state
constraints (10.10a), (10.10b), we find the following s-form of the state constraints:

$i(16), pe. 0o, qUVB®) <0, se=s=sp (10240)
Si(t6), pe. 0. GlOVE®) =0, s=s=s;. (1024)

Obviously, the s-form of the special state constraints (10.10c), (10.10d) read

qmin(pc) < qe(s) < qmaX(pc)’ S0 <s < st (10240)
qmin(PC) < qé(s) /,B(S) < qmaX(pc)’ S0 <8 =<sy. (10.24d)
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In the case that the end-effector of the robot has to follow a given path (10.12) in
work space, Eq. (10.24b) reads

T(PK» qe(s)) —Xe(px,8) =0, so =5 =5/, (10.24e)

with the parameter vector p, describing possible uncertainties in the selection of the
path to be followed by the roboter in work space.

10.3.4 Transformation of the Objective Function

Applying the integral transformation ¢ = #(s), dt = to the integral in the

ds
VB(s)
representation (10.6) of the objective function J = J (u(-)), and transforming also
the terminal costs, we find the following s-form of the objective function:

st
1(100) = [ LCO). 210 GLWFD. (0510000, B0) ) 5

50

vﬂ(v

+ ¢ (16 pa.aesp). alis ) [Bsp)) . (10.25a)

Note that B(sy) = 0 holds in many practical situations.
For the class of time-minimum problems we have that

I (u0)) —tf—to—/dt /W (10.25b)

Optimal deterministic trajectory planning (OSTP). By means of the ¢ — s-
transformation onto the fixed s—parameter domain [so, s ], the optimal control prob-
lem (10.42)—(10.4d), (10.6)—(10.12) is transformed into a variational problem for
finding, see (10.13a)-(10.13c) and (10.14), an optimal velocity profile B(s) and
an optimal geometric path g.(s), so < s < s,. In the deterministic case, i.e., if the
parameter vector p is assumed to be known, then for the numerical solution of the
resulting optimal deterministic trajectory planning problem several efficient solution
techniques are available, cf. [7, 8, 10, 19, 25, 30, 46].
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10.4 OSTP—Optimal Stochastic Trajectory Planning

In the following we suppose that the initial and terminal conditions (10.21d) hold,
ie.,
Bo = B(so) = By = B(sy) =0o0rq(t) =q(ty) =0.

Based on the (# — s)—transformation described in Sect. 10.3, and relying on
the inverse dynamics approach, the robot control problem (10.6), (10.7)—(10.8b),
(10.92)—(10.9¢), (10.10a)—(10.10c) can be represented now by a variational prob-
lem for (qe(-), ,3(-)), B(-), resp., given in the following. Having (qe(-), ,3(')), B(E),
resp., a reference trajectory and a feedforward control can then be constructed.

(A) Time-invariant case (autonomous systems)
If the objective function and the constraint functions do not depend explicitly on
time 7, then the optimal control problem takes the following equivalent s-forms:

s f

min [ 27(ps.06).4/05).4206). B). 5'0)) ds + 0" (1. 0.657)

So

(10.26a)
S.t.

F1(Pae). 4/, 4/), B6). B©) <0, sy=s=s;  (1026b)

F11( Py qe(5), q,(5), g (s), B(s), ﬂ’(s)) =0, sp<s<s; (10.26c)

FP (P2 ae(s), q.(s), ﬂ(s)) <0, so<s <s; (10.26d)
£5(p 4.9, 4/(6), B®) =0, so<s<s;  (10260)
B(s) =0, s0<s5 <sf (10.26f)
ge(s0) = qo(®), ¢.(s0)y/B(s0) = Go(w) (10.26¢)
ge(sp) = qr(w), PBlsy) = By. (10.26h)

Under condition (10.21d), a more general version of the terminal condition
(10.26h) reads, cf. (10.21b),

w(p, qe(Sf)) =0, BGsy)=ps:=0. (10.26h)

Here,
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L =1 (ps.aealal B B). 6" =¢"(ps g0 (10.27a)
=W aeq..9).8.8),  fit=fl1(p.qe.q..4.., 8. B) (10.27b)
L=, g4 B, =15, g g, B) (10.27¢)

are the functions representing the s-form of the objective function (10.25a),
the constraint functions in the control constraints (10.22a)—(10.22c¢), and in the
state constraints (10.24a)—(10.24e), respectively. Define then f* and f5 by

u . flu S ._ fIS>
fh= <flu1), fo= <f’51 . (10.27d)

(B) Time-varying case (non autonomous systems)
If the time ¢ occurs explicitly in the objective and/or in some of the constraints
of the robot control problem, then, using (10.15a), (10.15b), (10.16a)-(10.16c),

we have that 7 = t(s; t, 5o, ,3(-)), and the functions (10.27a)~(10.27d) and v

may depend then also on (s, to, So, ,3(-)), <Sf, to, 50, ﬂ(o)), resp., hence,

L =17 (s, 10,50, BC). 1. sl 4l B B')
¢’ = (510,50, B0, Py, )

F' = (s 10,50, BOY PG 0l 0l BB
£ = £5(5 1050, BO), P e . B)

¥ = (57,1050, BC). g ).

In order to get a reliable optimal geometric path ¢} = ¢ (s) in configuration
space and a reliable optimal velocity profile 8* = B*(s), so < s < sy, being robust
with respect to random parameter variations of p = p(w), the variational problem
(10.26a)—(10.26h) under stochastic uncertainty must be replaced by an appropriate
deterministic substitute problem which is defined according to the following princi-
ples [21-24, 30], cf. also [20, 21, 24, 26, 27].

Assume first that the a priori information about the robot and its environment up
to time £y is described by means of a o —algebra A,,, and let then

PO = P,,(.)(-m,o) (10.28)

denote the a priori distribution of the random vector p = p(w) given A,,.

Depending on the decision theoretical point of view, different approaches are
possible, e.g., reliability-based substitute problems, belonging essentially to one of
the following two basic classes of substitute problems:
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(D Risk(recourse)-constrained minimum expected cost problems
(IT) Expected total cost-minimum problems.

Substitute problems are constructed by selecting certain scalar or vectorial loss
or cost functions

iyl vEvi vt (10.29a)

evaluating the violation of the random constraints (10.26b), (10.26¢), (10.26d),
(10.26e), (10.26h’), respectively.

In the following all exgectations are conditional expectations with respect to
the a priori distribution P;i(-)) of the random parameter vector p(w). Moreover, the
following compositions are introduced:

w._(vioff 5. stofls> 10.29b
Ty <V}’1°f1"1)’ Ty (Vlsloflsl (10290
Uy =y oy (10.29¢)

Now the two basic types of substitute problems are described.

(D) Risk(recourse)-based minimum expected cost problems
Minimizing the expected (primal) costs E (J (710))] |3{,0), and demanding that the

risk, i.e., the expected (recourse) costs arising from the violation of the constraints
of the variational problem (10.26a)—(10.26h) do not exceed given upper bounds,
in the time-invariant case we find the following substitute problem:

Sf
min [ £ (L (p1.0.05).4.9). 421, B). F©))I8,) ds (10300

S0

+E (¢>’ (pj, Qe(s<f)>|ﬂ10>

S.t.

E (fy“ (p, 3e(5). 44(5). q) (), B(s). ﬂ(ﬂ)lﬂm) <T" so<s<ss

(10.30b)
E(£5(p a:). 4/ B®)IA,) =TS, soss s, (10300
B(s) =0, so<s<s; (10.30d)
9e(s0) =0, 4.(50)VB(s0) = do (10.30¢)

qe(sp) =7, (if ¢’ =0), B(sy) = By, (10.30f)
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and the more general terminal condition (10.26h’) is replaced by

B =By =0, E(vy(p.aels)1 %) =Ty (10.30f")

Here,
M =r%s), TS=T%%s), Ty =Tys) (10.30g)

denote scalar or vectorial upper risk bounds which may depend on the path
parameter s € [so, s¢]. Furthermore, the initial, terminal values gy, ¢4, ¢ L in
(10.30e), (10.30f) are determined according to one of the following relations:

a.
qo:=4(t0), qo:=q0), q;:=q(y), (10.30h)

where (é (1), c}(t)) denotes an estimate, observation, etc., of the state in

configuration space at time ¢;
b.

Go = E(a0(@)|, ), o = E(do(@)]A,),

7 =7, = E(qf(a))L?llo), (10.30i)

where go(w), go(w) is a random initial position, and g () is a random
terminal position.

Having corresponding information about initial and terminal values x, Xo, X ¢
in work space, related equations for g, 4o, g may be obtained by means of the
kinematic equation (10.5).

Remark 10.7 (Average constraints) Taking the average of the pointwise constraints
(10.30b), (10.30c) with respect to the path parameter s, sy < s < sy, we get the
simplified integrated constraints

Sf
[ E(5(p 009002000260, 500 5 )i1,) ds < F* (10308

S0
Sf

[ E(5(r-0.9.0:0) b)) a5 < (10.30c")

So

Remark 10.8 (Generalized area of admissible motion) In generalization of the
admissible area of motion [19, 25, 33] for path planning problems with a prescribed
geometrical path g, (-) = ¢q,(-) in configuration space, for point-to-point problems the
constraints (10.30b)—(10.301) define for each path point s, so < s < s, a generalized
admissible area of motion for the vector
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x(s) == (qe(S), q,(5), g, (s), B(s), ﬁ’(S)>, so < s < sy, (10.30j)

including information about the magnitude (ﬂ (s), ﬂ’(s)) of the motion as well as

information about the direction (qe (), q.(s),q) (s)) of the motion.

Remark 10.9 (Problems with Chance Constraints) Substitute problems having
chance constraints are obtained if the loss functions y*, ¥ for evaluating the viola-
tion of the inequality constraints in (10.26a)-(10.26h), (10.26h’) are 0—1 functions,
cf. [25].

To give a characteristic example, we demand that the control, state constraints
(10.22a), (10.24c), (10.24d), resp., have to be fulfilled at least with probability
oy, o, o for sp < s < s¢, hence,

P (™ (pe) < ue(pp 53 6e0), BO) < w™ polA) = o, (10312)
P (g™ (pc) = qe(s) < ™™ (po)lAy) = o, (10:31b)
P (4™ (pe) = L VBE) = d™ ()l = ag. (1031¢)

Sufficient conditions for the chance constraints (10.31a)—(10.31¢) can be obtained
by applying certain probability inequalities, see [25]. Defining

U™ (pc) + u™"(pe)
2 9

U™ (pc) — u™n(pe)
5 ,

u‘(pe) ==

pu(pc) = (10.31d)

then a sufficient conditions for (10.31a) reads, cf. [25],

E <trB,ou(pc);] (ue — uc(pc)) (ue — MC(PC)>TPu(Pc),;1 |ﬂ,0)

<l-oa, s0=<s=<sy, (10.31e)

where u, = u, ( Pp,S;q.(:), B (~)) and p, (pc)q denotes the diagonal matrix contain-

ing the elements of p,(pc) on its diagonal. Moreover, B denotes a positive definite
matrix such that z7 Bz > 1 for all vectors z such that ||z||o > 1. Taking,e.g., B =1,
(10.31e) reads

E (loutpe)z (e(po. 53 000, BO) = (pe) ) IP1A,,
<1l—-a, so=<s<=<sy. (10.31f)

Obviously, similar sufficient conditions may be derived for (10.31b), (10.31c).
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We observe that the above class of risk-based minimum expected cost problems
for the computation of (qe('), ﬂ(-)), B(-), resp., is represented completely by the
following set of

initial parameters &y : ty, So, qg, q_'o, Pzg(()-)) or vy (10.32a)

and
terminal parameters&y: tr,s¢, Br,q (10.32b)

In case of problems with a given geometric path g, = ¢.(s) in configuration space, the
values g, g r may be deleted. Moreover, approximating the expectations in (10.30a)—
(10.30f), (10.30f*) by means of Taylor expansions with respect to the parameter
vector p at the conditional mean

50 .= E(p(a))lﬂlo), (10.32¢)

the a priori distribution P;E(()-)) may be replaced by a certain vector

v = <E(]‘[ p,<w)|ﬂ,0)(h iiiii , )€A> (10.32d)

k=1

of a priori moments of p(w) with respect to A;,.

Here, A denotes a certain finite set of multiple indices (/1, ...,l;),r < 1.

Of course, in the time-variant case the functions L”, ¢”7, f*, f 5 Y as described
in item (B) have to be used. Thus, #o, f; occur then explicitly in the parameter list
(10.32a), (10.32b).

(IT) Expected total cost-minimum problem
Here, the total costs arising from violations of the constraints in the variational
problem (10.30a)—(10.30f), (10.30f”) are added to the (primary) costs arising
along the trajectory, to the terminal costs, respectively. Of course, correspond-
ing weight factors may be included in the cost functions (10.29a). Taking expec-
tations with respect to Ay, in the time-invariant case the following substitute
problem is obtained:

Sf

min f E(LY(P.4:6), 40, 4/ ), Bs). B'®))IA, ) ds

5o

+E (97 (p.a.sp) 1A, (10332)

S.t.
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B(s) >0, so<s<s/ (10.33b)
qe(s0) = Go,  q.(s0)v/B(s0) = G (10.33¢)
qe(sp) =q, (f ¢f =0), B(sy) = By, (10.33d)

where L]f , ¢>]f are defined by

Ly =L +v7 i+ 057 f3 (10.33e)
¢y =0 or ¢ :=¢' +v)¥,, (10.33f)

and vy, vy, vIS, vf,, vy > 0 are certain nonnegative (vectorial) scale factors
which may depend on the path parameter s.

We observe that also in this case the initial/terminal parameters characterizing the
second class of substitute problems (10.33a)—(10.33f) are given again by (10.32a),
(10.32b).

In the time-varying case the present substitute problems of class II reads

Sf

min [ £ (L] (5. 10.50. 6. 1. 0.). 005,09 5). B 9))A, ) ds

S0

+ E ((ﬁ; (Sf, tOv 50, /3()7 P, Q()(sf)) |u?{t0) (10343)
S.t.
B(s) =0, so=<s5 =5y (10.34b)
ge(s0) = qo,  q.(50)v/ B(s0) = 4o (10.34c)
qe(sp) =qy (if @) =0), B(sy) = By. (10.34d)

Remark 10.10 (Mixtures of (I), (1I)) Several mixtures of the classes (I) and (II) of
substitute problems are possible.

10.4.1 Computational Aspects

The following techniques are available for solving substitutes problems of type (1),
1):
(a) Reduction to a finite-dimensional parameter optimization problem

Here, the unknown functions (qe ), B (~)) or B(-) are approximated by a linear
combination
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(b)

©

lq

qe(s) =Y @B (s). sy <5 <s¢ (10.35a)
=1
lg

B(s) =D BBl (s). so<s<sy, (10.35b)

=1

where B = Bf(s), B = B (s),s0 <s < sp. 1 =1,...,1,(l5),are given basis
functions, e.g., B-splines, and g;, ,31, I=1,...,1;(p), are vectorial, scalar coef-
ficients. Putting (10.35a), (10.35b) into (10.30a)—(10.30f), (10.30f”), (10.33a)-
(10.33f), resp., a semiinfinite optimization problem is obtained. If the inequal-
ities involving explicitly the path parameter s, so < s < s, are required for a
finite number N of parameter values sy, s», ..., sy only, then this problem is
reduced finally to a finite-dimensional parameter optimization problem which
can be solved now numerically by standard mathematical programming routines
or search techniques. Of course, a major problem is the approximative computa-
tion of the conditional expectations which is done essentially by means of Taylor
expansion with respect to the parameter vector p at p”. Consequently, several
conditional moments have to be determined (online, for stage j > 1). For details,
see [28-30, 36] and the program package “OSTP” [3].

Variational techniques

Using methods from calculus of variations, necessary and—in some cases—also
sufficient conditions in terms of certain differential equations may be derived

for the optimal solutions (qéo), ,3(0)), B©, resp., of the variational problems

(10.30a)—(10.30f), (10.30f”), (10.33a)—(10.33f). For more details, see [36].
Linearization methods
Here, we assume that we already have an approximative optimal solution

(56 ). E(s)), so<s<s; of the substitute problem (10.30a)~(10.30f),
(10.30f) or (10.33a)—(10.33f) under consideration. For example, an approxi-
mative optimal solution (ﬁe ), E(-)) can be obtained by starting from the deter-
ministic substitute problem obtained by replacing the random parameter vector
p(w) just by its conditional mean p© := E ( p(w) |ﬂt0).

Given an approximate optimal solution <§g(~), E(')) of substitute problem (I)
or (II), the unknown optimal solution (q O, ,3(0)(-)) to be determined is rep-
resented by
g (5) == qo(5) + Aqe(s), so <5 <55 (10.36a)
BO(s) == B(s) + AB(s).50 < 5 < 57, (10.36b)
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where (Aqe (s), A,B(s)), so < § < sy, are certain (small) correction terms. In

the following we assume that the changes Ag.(s), AB(s) and their first and
resp. second order derivatives Ag,(s), Ag. (s), AB'(s) are small.

We observe that the function arising in the constraints and in the objective of
(10.302)—(10.30f), (10.30f”), (10.33a)—(10.331), resp., are of the following type:

Rl CXORAORHONIONAO)
= E(3(p(©). 4:6). /), ¢/, B, B®)IA, ), (1037a)
57 (a.66p) = E (#(p@). ae(s) 1, (10.37b)

and

St
(0) — " /
FO (000 80)) i= [ 29(0.00.4/00.426). B). 5 ) ds (10370
50
with certain functions g, ¢. Moreover, if for simplification the pointwise (cost-)
constraints (10.30b), (10.30c) are averaged with respect to the path parameter
s, So < sy, then also constraint functions of the type (10.37¢) arise, see (10.30b’),

(10.30c’).
By means of first-order Taylor expansion of g, ¢ with respect to (Ag.(s),

Ag/(s). Ag/(s). AB(s). AF'(9)) at (T,().7.(). TU(). B&). B ()50 < s <
s, we find then the following approximations

(qe<s> 44(5).4/(5). B(s), B')) ~ “”(qe(S) AORHONIONAO)
+Agn, ﬁ<s)TAqe(s>+B 5O Ag5) + Ty 56)7 Agl(5)
+Dyr 5(ABG) + Eyr 5(5)AB(5) (10.38a)

and
5(0)(‘”(”))“ a(())(‘_f’e(sf)) + ayr (sp)"Age(sp),  (10.38b)

where the expected sensitivities of g, ¢ with respect to ¢, ¢’, q”, B and B’ are
given by
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Aoy 50 = E (Vag(p(©). 7.0, 7., 7). B6). B 9)) 19, )

(10.38¢)
By 56 = E (Vg (p©). 7.0), 7,60, 7L). B). B 9)) 14, )
(10.38d)
Con.5®) = E (V8 (p(@). 7.6).7,65). 7). Bs). B ) 14, )
(10.38¢)
ol —
Dy) () i=E <a—g(p(w),ms),q;(s),a;’(s),ﬂ(s>,ﬂ (s))mm) (10.38f)
a — =
Ey) 5(s) = E (a ;’, (P(@).7.).7.).7.(). Bs), B (s))mm)
(10.38¢)
agy (sp):=E (Vq¢(p(w), %(s))lﬂzo) ,So <5 < sy (10.38h)

As mentioned before, cf. (10.32c), (10.32d), the expected values §(O), 5(0) in

(10.38a), (10.38b) and the expected sensitivities defined by (10.38¢)—(10.38h)
can be computed approximatively by means of Taylor expansion with respect to

patp® = E(p@)7, ).

According to (10.38a), and using partial integration, for the total costs F” along
the path we get the following approximation:

Sf

FO ~ / 79(7.6).7,6). 7). Bs). B ) ds (10.3%)

Sy

sy
—( —(0
+/Gg,)aP,B(S)TAqe(S) dS+/H;,)m,B(S)Aﬂ(S) ds

+ (Bt - fgge,z(Sf))T Age(sy)

+ (2B 560 + T 560) At
+Con 51T AgL(sy) — Ty 5(50)" Al (s0)
+ ES)%B(W)AIB (sp) — ES)@(,E(SO)Aﬂ (50),

where
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- — O -0 =(0)"

Gg@j(s) = Ag@,g(s) — Bg,qg,E(s) + Cg@j(s) (10.39b)
O —© —=(0)

Hg,qe,E(s) = Dg,qe,E(s) - Eg@,ﬁ(s)' (10.39¢)

Conditions (10.30e)—(10.30f), (10.30f”), (10.33c¢), (10.33d), resp., yield the fol-
lowing initial and terminal conditions for the changes Ag,(s), AB(s) :

AB(s0) =0, Ag.(s0) = qo — q.(s0) (10.39d)
AB(sy) =0, Aqe(sp) =G —q,(sp). if ¢7 = 0. (10.3%)

Moreover, if 50 # 0 (as in later correction stages, cf. Sect. 10.5), according to
(10.30e) or (10.33c¢), condition AB(sp) = 0 must be replaced by the more general

one
(?2(50) + Aq, (So)>\/ B(so) + AB(so) = § (10.39f)

which can be approximated by

1 AB(s0) _,

————7q.(50) ~ §o —
2By ¢

Applying the above-described linearization (10.38a)—(10.38h) to (10.30a)-
(10.30e) or to the constraints (10.30b), (10.30c) only, problem (10.30a)—(10.30f),
(10.30f”) is approximated by a linear variational problem or a variational prob-
lem having linear constraints for the changes Ag.(-), AB(-). On the other hand,
using linearizations of the type (10.38a)—(10.38h) in the variational problem
(10.332)—(10.33f), in the average constraints (10.30b), (10.30c’), resp., an opti-
mization problem for Ag,(-), AB(-) is obtained which is linear, which has linear
constraints, respectively.

Separated computation of q.(-) and B(-)

In order to reduce the computational complexity, the given trajectory planning
problem is often split up [16] into the following two separated problems for g, (-)
and B(-):

(i) Optimal path planning: find the shortest collision-free geometric path ¥ =
g% (s), so < s < sy, in configuration space from a given initial point go to
a prescribed terminal point g ¢. Alternatively, with a given initial velocity
profile 8(-) = B(+), see (10.36b), the substitute problem (10.30a)—(10.30f),
(10.30f7), (10.33a2)—(10.33f), resp., may be solved for an approximate geo-
metric path g,(-) = ¢ (-) only.

(ii) Velocity planning: Determine then an optimal velocity profile 8 = B© (s),
so < s < sy, along the predetermined path ¢ ().

B(s0) Aq, (s0) + B(50)q, (s0).  (10.39f")

Having a certain collection {qe, A() A e A} of admissible paths in configuration
space, a variant of the above procedure (i), (ii) is to determine—in an inner
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optimization loop—the optimal velocity profile S, (-) with respect to a given
path g, , (), and to optimize then the parameter A in an outer optimization loop,
see [19].

10.4.2 Optimal Reference Trajectory, Optimal Feedforward
Control

Having, at least approximatively, the optimal geometric path ¢® = ¢(®(s) and
the optimal velocity profile B = B©(s), 50 < s < s/, i.e., the optimal solution
(¢, BO) = (g (s), BQ(s)) , 5o < s < 5/, of one of the stochastic path planning
problems (10.30a)—(10.30f), (10.30f”), (10.33a)—(10.33f), (10.34a)—(10.34d), resp.,
then, according to (10.13a), (10.13b), (10.14), the optimal reference trajectory in
configuration space ¢© = ¢©(¢), t > 1o, is defined by

g0 ) == q® (s<0> (;)), 1>t (10.40a)

Here, the optimal (¢ <> s)-transformation s© = 5@ (), t > 1, is determined by the
initial value problem

$(t) = VBO®), t>to, st) := so. (10.40b)

By means of the kinematic equation (10.5), the corresponding reference trajectory
x© =xO@), t > 1y, in workspace may be defined by

xO4) = E (T(pK(a)), q“’)(t))m,o) =T (ﬁﬁ?), q(o)(t)> . t>1, (10.40c)

where
7Y = E (px (@) A,). (10.40d)

Based on the inverse dynamics approach, see Remark 10.1, the optimal reference
trajectory g 0 — q(o) (1), t > ty,1s inserted now into the left-hand side of the dynamic
equation (10.4a). This yields next to the random optimal control function

VO (1, pp(@)) = M (pp(@), 4" ) )
+h(pp@),¢®), 47 ®), t=1. (10.41)
Starting at the initial state (7o, ¢¢) := (¢ (t0), ¢ (1)), this control obviously

keeps the robot exactly on the optimal trajectory ¢'© (¢), t > to, provided that pp (w)
is the true vector of dynamic parameters.
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An optimal feedforward control law @ = u@ (), t > 1,, related to the optimal
reference trajectory ¢ = ¢© (¢), t > t, can be obtained then by applying a certain

averaging or estimating operator W = W ( |ﬂ,0> to (10.41), hence,

u® =y (u<°> (z, pD(-))Lﬂ,O) > 1o (10.42)

If W(-|A,) is the conditional expectation, then we find the optimal feedforward
control law

u® = £ (M(pp@). 4% 0)i 0 +h(po@.q”®).4"0)IA, ).

= M(75.4°0)i"0 +h (5. a%0.d"0), =0, (10432)

where ﬁ(g) denotes the conditional mean of pp(w) defined by (10.32¢), and the
second equation in formula (10.43a) holds since the dynamic equation of a robot
depends linearly on the parameter vector pp, see Remark 10.2.

Inserting into the dynamic equation (10.4a), instead of the conditional mean ﬁ(l()D
of pp(w) given A,, another estimator pg) of the true parameter vector pp or a
certain realization pg) of pp(w) at the time instant #;, then we obtain the optimal
feedforward control law

u®@) == M(p 4" 0)i"O +h (p5. a0 ©.4"®) . 1210, (10435)

10.5 AOSTP—Adaptive Optimal Stochastic Trajectory
Planning

As already mentioned in the introduction, by means of direct or indirect measure-
ments, observations of the robot and its environment, as, e.g., by observations of the
state (x, x), (¢, ¢), resp., of the mechanical system in work or configuration space,
further information about the unknown parameter vector p = p(w) is available at
each moment ¢ > fj. Let denote, cf. [5],

ﬂl(c ﬂ)v = t(]’ (10443)

the o -algebra of all information about the random parameter vector p = p(w) up
to time ¢. Hence, (A;) is an increasing family of o -algebras. Note that the flow of
information in this control process can be described also by means of the stochastic
process

pi(w) = E(p(w)lﬂt), t > to, (10.44b)

see [5].
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By parameter identification [18, 43] or robot calibration techniques [6, 44] we
may then determine the conditional distribution

P = Pz, (10.44c)

of p(w) given A;. Alternatively, we may determine the vector of conditional moments

b0 (E(H i (w)m,)) (10.444)
(I

k=1

arising in the approximate computation of conditional expectations in (OSTP) with
respect to A, cf. (10.32¢), (10.32d).

The increase of information about the unknown parameter vector p(w) from one
moment ¢ to the next ¢ + dr may be rather low, and the determination of P,Et().) or v®
at each time point ¢ may be very expensive, though identification methods in real-
time exist [43]. Hence, as already mentioned briefly in Sect. 10.1, the conditional
distribution Pp('(?) or the vector of conditional moments v is determined/updated at
discrete moments (z;):

h<h <bh<---<tj<tjy; <.... (10.45a)

The optimal functions g% (s), B (s), so < s < sy, based on the a priori infor-
mation A,,, loose in course of time more or less their qualification to provide a
satisfactory pair of guiding functions (¢© (1), u® (1)), t > 1.

However, having at the main correction time points ¢;, j = 1, 2, .. ., the updated

information o-algebras A, and then the a posteriori probability distributions P;(/ i
or the updated conditional moments v of p(w), j = 1,2, ..., the pair of guid-
ing functions (¢ (1), u® (1)), 1 > o, is replaced by a sequence of renewed pairs
(¢ @), u @), t >1;,j=1,2,..., of guiding functions determined by replan-
ning, i.e., by repeated (OSTP) for the remaining time intervals [¢;, t;j '] and by using
the new information given by A,;. Since replanning at a later main correction time
point ¢;, j > 1, hence on-line, may be very time consuming, in order to maintain
the real-time capability of the method, we may start the replanning procedure for
an update of the guiding functions at time #; already at some earlier time 7; with

tiog < fj < tj, j = 1. Of course, in this case
Ay = .?{;j (10.45b)

is defined to contain only the information about the control process up to time 7; in
which replanning, cf. Fig. 10.1, for time ¢#; starts.
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(z(t), &(t))

—

(zO(), a0 (¢))

pp l PK
0
ul(t) u(t) dynamic 2(t) kinematic
i equation =(t) equation
Au(t)

feedback

J 2O (t)

2(t) — 20 -

Fig. 10.1 Start of replanning

The resulting substitute problem at a stage j > 1 follows from
substitute problem for the previous stage j — 1justby updating ¢;_

29(t) (given directly)

the corresponding
1
gy é.(J )

;“ ). the initial and terminal parameters, see (10.32a), (10.32b). The renewed

initial parameters ¢; : t;,s;, q; qT_/, PIS{)) or v;
for the j-th stage, j > 1, are determined recursively as follows:
§j = s(jfl)(tj) (1 — 1 — transformation s = s(t))
q;1=40)).4;:=q"" @) org; == E(qt)|A,)
q; =407, =4 ) or g, = E(4)|A, )

(observation or estimate of g(¢;), g (t;))

@ ._ pp
Ppiy = Ppiy = Proia,
v =,
The renewed
(j) (J —(J) X
terminal parameters ¢ ; SE gy s By
for the j-th stage, j > 1, are defined by
sr (given)
7 =qp) or 7 = E(qr@)A,)
Br=0

O (1) = .

(10.46a)

(10.46b)
(10.46¢)

(10.46d)

(10.46e)
(10.46f)

(10.47a)

(10.47b)
(10.47¢)
(10.47d)
(10.47¢)
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Asalready mentioned above, the (OSTP) for the j-th stage, j > 1, is obtained from
the substitute problems (10.30a)-(10.30f), (10.30f”), (10.33a)—(10.33f), (10.34a)—
(10.344d), resp., formulated for the 0-th stage, j = 0, just by substituting

to— ¢ and & — ¢ (10.48)
Let then denote

(qe(j)’ ,B(j)) — (q;j)(s), lg(j)(s))’ sj<s <sy, (10.49)

the corresponding pair of optimal solutions of the resulting substitute problem for
the j-th stage, j > 1.

The pair of guiding functions (¢ (1), u'” (1)) , t > t;,forthe j-thstage, j > 1,is
then defined as described in Sect. 10.4.2 for the O-th stage. Hence, for the j-th stage,
the reference trajectory in configuration space ¢/ (1), ¢ > t;, reads cf. (10.40a),

gV @) =qP (V). t=>1, (10.50a)

where the transformation s : [tj, t}j )] — [s;, s¢] is defined by the initial value
problem

S() =V BI(s), =1, st;)=s;. (10.50b)
The terminal time t}j ) for the Jj-th stage is defined by the equation

50 (z;”) _— (10.50¢)

Moreover, again by the inverse dynamics approach, the feedforward control u/) =
u (1), t > t;, for the j-th stage is defined, see (10.41), (10.42), (10.43a), (10.43b),
by

u (1) = W (v(j) (z, pD(w)) |ﬂtj) , (10.51a)
where

v, pp) = M(pu, q(j)(t))c'i(j’(t) + h(pn, gV @), é“)(t)), t>1.
(10.51b)
Using the conditional expectation W (:|A;;) := E(:|A;,), we find the feedforward
control

@ =M (5340 0) 0 +h (55.40.400) .1 =1, (10510)

where, cf. (10.32¢), .
79 = E (pp(@)|A,). (10.51d)
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Corresponding to (10.40c), (10.40d), the reference trajectory in work space x'/) =
xU(t),t > t;, for the remaining time interval 7; < ¢ < t}’ ), is defined by

0@ = E (T (pe@.a?0)17,) = T(7{. 4V ),
y<t=t,  (1052a)

where '
7Y = E(pK(w)L?I,/.). (10.52b)

10.5.1 (OSTP)-Transformation

The variational problems (OSTP) at the different stages j =0, 1,2... are deter-

mined uniquely by the set of initial and terminal parameters (¢, ¢ ;j )), cf. (10.46a)-
(10.46f), (10.47a)—(10.47¢). Thus, these problems can be transformed to a reference

problem depending on (§ i ¢ }”) and having a certain fixed reference s-interval.

Theorem 10.1 Let [5o, S¢], So < §¢ := 5y, be a given, fixed reference s-interval,
and consider for a certain stage j, j =0, 1, ..., the transformation
- <, Sr—5%
s =15(s) =50+ !
Sf =S

(s —s;), s; <5 =<5y, (10.53a)

Sfrom [s;, s¢] onto [So, s¢] having the inverse

s=5@) =5+ LG —5), So<5<3r. (10.53b)
Sf S

Represent then the geometric path in work space g, = g.(s) and the velocity profile
B = B(s),s; <s < sy, for the j-th stage by

ge(s) := ée(§(s)), sj<s<sy (10.54a)

B(s) == B(E(s)), s; <s <sy, (10.54b)

where g, = q.(5), B = B (5), 50 < § <5y, denote the corresponding functions on
[50, 5 r]. Then the (OSTP) for the j-th stage is transformed into a reference variational
problem (stated in the following) for (§., B) depending on the parameters

€.t =.¢/eZxzy (10.55)



10.5 AOSTP—Adaptive Optimal Stochastic Trajectory Planning 247

and having the fixed reference s-interval [5o, §7]. Moreover, the optimal solution
(qéj), ,30')) = (qéj)(S), ﬂ(f)(s)> ,s5; <5 < sy, may be represented by the optimal
adaptive law

g (s) = 6?:(5(5"); ¢ {_;-j)), s; <s <sy, (10.56a)
B (s) = B*(m); ¢, c}”), sj<s<ss (10.56b)

where
Gr=q:G: 0.8, Br=B"Git.tp), fo<5<5; (10560

denotes the optimal solution of the above-mentioned reference variational problem.

Proof According to (10.54a), (10.54b) and (10.53a), (10.53b), the derivatives of the
functions g, (s), B(s), s; < s < sy, are given by

/ = Sf— 50 )
qc(s) = q,(5(s) s =5 <s <sy, (10.57a)
J J
~ -\ 2
q'(s) =gg<§(s)) (H) , sj<s<sp (10.57b)
J
()= F(E) LR << 10.57
P& =F(0) = s=s sy (10.57¢)

Now putting the transformation (10.53a), (10.53b) and the representation (10.54a),
(10.54b), (10.57a)—(10.57¢) of q.(x), B(s),s; < s < sy, and their derivatives into
one of the substitute problems (10.30a)-(10.30f), (10.30f”), (10.33a)—-(10.33f) or
their time-variant versions, the chosen substitute problem is transformed into a
corresponding reference variational problem (stated in the following Sect. 10.5.2)
having the fixed reference interval [So, 5] and depending on the parameter vectors

i ;“;:" ). Moreover, according to (10.54a), (10.54b), the optimal solution (qéj ) U ))
of the substitute problem for the j-th stage may be represented then by
(10.56a)—(10.56¢). d

Remark 10.11 Based on the above theorem, the stage-independent functions g, ,3 *
can be determined now offline by using an appropriate numerical procedure.

10.5.2 The Reference Variational Problem

After the (OSTP)-transformation described in Sect. 10.5.1, in the time- invariant
case for the problems of type (10.30a)—(10.30f), (10.30f”) we find
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Ef

min/E(L (ps 3. qe(n 0 ””()( “’) G,

Y Sj
50

5o SF =50 Sf =8 e I a e
FOT _Sj)m;,) R +E(¢ (p,,qguf)m,,) (10.58a)

S.t.
S0 -, §r—50\* - _Sr—3%
E( £ (p 3@ qem _,qem( ) : )i,
=S Sf—5j =S
<1y, (10.58b)
B3 =0, 5o <5<3y (10.58¢)
3.Go) =7, .60 j; —0 JBGy =14, (10.58d)
3G =77 (¢’ =0, BGH=0 (10.58¢)
BGsp=0. E(v(p.a6n)lA,) =Ty, (10.58¢)

where f,, I'; are defined by

fy = (;y) T, = (Ef) (10.58f)

Moreover, for the problem type (10.33a)—(10.33f) we get

S5

So -5\ -
min/E (L;(p,ée@,c?;(f) 4G )( ) @),
J Sf—Sj Sf—Sj

~, S: Sj ~ J ~ ~

pG )Sf - s])lﬂt’) 5f—3So ds+ E (¢V (p’qg(sf))m’f) (10.59a)
S.t.
BG) =0, 5o <5<3s (10.59b)
Ge(50) =9, éé(io)jj : BGo) =4q; (10.59¢)
J

G.Gp =gy (if ¢ =0), BGE)=0. (10.59d)

For the consideration of the time-variant case we note first that by using the
transformation (10.53a), (10.53b) and (10.54b) the time ¢ > ¢; can be represented,
cf. (10.15a), (10.15b) and (10.16a), also by
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(10.60a)

t—t(s z,,s,,ﬁ()) f / s
sf—so \/%

Hence, if the variational problems (10.58a)—(10.58f) and (10.59)—(10.59d) for the
Jj-th stage depend explicitly on time ¢ > ¢;, then, corresponding to Sect. 10.4, item
(B), for the constituting functions L7, ¢”, LJ{, q&){ of the variational problems we
have that

L’('s‘ 17,87 B, p1.ges qL0 gl B ﬂ) So<5 <3 (10.60b)
¢’ = o7 (57 15,55, BC), pj,qe) (10.60c)
fy = fy(§ tjosj, BC) P e 4. 4. B, ﬂ) fo<3<iy (10.60d)
L = Li(f .55, BC). P.des 4. B, ﬁ) So<5 <3 (10.60¢)
¢ =, ( 15,57, B(). p. qe) (10.60f)

10.5.2.1 Transformation of the Initial State Values

Suppose here that ¢’ #0, qb}{ # 0, resp., and the terminal state condition (10.58e),
(10.58e’), (10.59d), resp., is reduced to

BGy) = 0. (10.61a)
Representing then the unknown functions B (), ge(-) on [50, §¢] by

BG) = BiB.(3). 50 =<5<3s (10.61b)
Ge(S) :=q4Gea(8), So <5 <35y, (10.61¢)

where g ;, denotes the diagonal matrix with the components of g ; on its main diag-

onal, then in terms of the new unknowns (Ba(-), éea(')) on [5o, §¢] we have the
nonnegativity and fixed initial/terminal conditions

Bu(3) =0, 50<5<5; (10.62a)
BaGo) = 1. GealGo) =1 (10.62b)
Ba(5p) =0, (10.62¢)

where 1:=(1,...,1)".
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10.5.3 Numerical Solutions of (OSTP) in Real-Time

With the exception of field robots (e.g., Mars rover) and service robots [16], becoming
increasingly important, the standard industrial robots move very fast. Hence, for

industrial robots the optimal solution (qéj )(s), U )(s)) , BY(s), resp., s; <5 < sy,
generating the renewed pair of guiding functions (¢ (r), u(t)) , ¢ > t;, on each
stage j = 1,2, ... should be provided in real-time. This means that the optimal
solutions ( o ,3“ )) , BY), resp., must be prepared offline as far as possible such

that only relatively simple numerical operations are left online.

Numerical methods capable to generate approximate optimal solutions in real-
time are based mostly on discretization techniques, neural network (NN) approxi-
mation [3, 30, 31, 38], linearization techniques (sensitivity analysis) [48].

10.5.3.1 Discretization Techniques

Partitioning the space Z x Zy of initial/terminal parameters (¢, {r) into a certain
(small) number /y of subdomains

lo
Z><zf=sz x Z', (10.63a)
=1

and selecting then a reference parameter vector
ez xzhi=1,... 1, (10.63b)

in each subdomain Z' x Z’f, the optimal adaptive law (10.56¢) can be approximated,
cf. [47], by
@8, 5 =G G0 8. S <5 < )

for (¢,¢7) € Z! x Z..  (10.63c)
BrGit. o) =BG e gl s <5 < ! /

5y
<3

10.5.3.2 NN-Approximation

For the determination of the optimal adaptive law (10.56a)—(10.56¢) in real-time,
according to (10.35a), (10.35b), the reference variational problem (10.58a)—(10.58f)
or (10.59)—(10.59d) is reduced first to a finite-dimensional parameter optimization
problem by

(i) representing the unknown functions g, = g.(5), ,5 = B (8), 50 <§ <5y, as lin-
ear combinations
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I

Ge(®) ==Y 4.Bl(§).5% <5 <5, (10.64a)
=1
lp

BG =Y BBl <5 <3 (10.64b)

=1

of certain basis functions, e.g., cubic B-splines, B/ = B/ (5), B,’3 = B,ﬂ 3,5 <
§<5§s,1=1,...,1,(p), withunknown vectorial (scalar) coefficients g, ﬁ/,l =
1,...,1;(p), and

(i) demanding the inequalities in (10.58b), (10.58c), (10.59b), resp., only for a finite
set of 5-parameter values §p < 51 < -+ < S < Sgq1 < *c- < S = 5y,

By means of the above-described procedure (i), (ii), the optimal coefficients

a ' =4'¢.¢p), 1=1,....] (10.64c¢)
B =8¢t I=1,....14 (10.64d)
become functions of the initial/terminal parameters ¢, ¢, cf. (10.56¢). Now, for the

numerical realization of the optimal parameter functions (10.64c), (10.64d), a Neural
Network (NN) is employed generating an approximative representation

@) =N e rwy), =1, (10.652)
Brc.cp~ BNV @ criwp), 1=1,....1, (10.65b)

where the vectors w,, wg of NN-weights are determined optimally
w, = w;‘ (data), wg = wz (data) (10.65¢)

in an offline training procedure [3, 30, 38]. Here, the model (10.65a), (10.65b) is
fitted in the LSQ-sense to given data

&% ¢ SNy
7 "\ cot=1,....%  (10.65d
(q[”,l:l,,_,,lq Brrl=1,...,1 T 70 ( )

where
€5¢p), t=1...,10 (10.65¢)

is a certain collection of initial/terminal parameter vectors, and

G =qrCTep), 1=, t=1,....7 (10.65f)
BT =BT P, I=1,. 0, T=1,....1 (10.65g)
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are the related optimal coefficients in (10.64a), (10.64b) which are determined offline
by an appropriate parameter optimization procedure.
Having the vectors wy, wg of optimal NN-weights, by means of (10.65a)-

(10.65¢), for given actual initial/terminal parameters (¢, {7) = (¢, ;/ )) at stage
Jj = 0, the NN yields then the optimal parameters

Q@ e B e, T=1. 1)

inreal-time; consequently, by means of (10.64a), (10.64b), also the optimal functions
q;(5), B*(5), 5o < § < 3y, are then available very fast. For more details, see [3, 30].

10.5.3.3 Linearization Methods

(I) Linearization of the optimal feedforward control law
Expanding the optimal control laws (10.56¢) with respect to the initial/terminal
parameter vectorg“ = (¢, ) atits value {0 (%o, ;; )) for stage j = 0, approx-
imatively we have that

EC = 0.8 =)+

6:(3‘(’ ;7 {f) = é:(gv {0’ é‘f

(10.66a)
B*Gi¢.¢p) = ﬂ(mﬂ%+€<am®m—@g—wvaw
(10.66b)

where the 0pt1mal starting functions g, (s; o, g“(o)) B*(5; ¢o. ;_;.0)) and the

ﬂ

derivative Ly (0)) ... can be determined—on a cer-

S380, & ¢

tain grid of [so, § ]—offline by using sensitivity analysis [48]. The actual values
of g}, B* at later stages can then be obtained very rapidly by means of simple
matrix operations. If necessary, the derivatives can be updated later on by a
numerical procedure running in parallel to the control process.
(I1) Sequential linearization of the (AOSTP) process

Given the optimal guiding functions ¢ = ¢\ (s), B = BU)(s), 5; <s <sy
for the j-th stage, corresponding to the representation (10.36a), (10.36b), the
optimal guiding functions ¢&' ™" (s), BU+D(s), s i+1 <5 < sy, are represented,
cf. Fig. 10.2, by

97"0(s) = ¢ (5) + Aqe(s), sje1 <5 <5y, (10.672)
BUTV(s) 1= BU(s) + AB(s). sju1 <5 <57, (10.67b)
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Fig. 10.2 Sequential linearization of (AOSTP)

wheres; < ;. < sy,and (Aqe(s), A,B(s)), Sjiy1 <5 < sy, arecertain (small)

changes of the j-th stage optimal guiding functions (q(fj (), BDO)).

Obviously, the linearization technique described in Sect. 10.5.3.3 can be
applied now also to the approximate computation of the optimal changes
Ag.(s), AB(s), sj41 <5 < sy, if the following replacements are made in the

formulas (10.36a),
(10.39a)—(10.39f):

So =8 =S¢ —> Sj41 =8 =S¢
qe’ :3 - qﬁ(j)s ﬂ('])
ﬂfo - ﬂf +1
g(z)o))7 6(0) f(o) Y N g((H—ll)) ¢(1+1) f(](-H)I)
- —G+ U+
A Heg s = A9 g Hy 0 g0
AB(so) =0 = AB(sj+1) = Bj+1 — 5(’)(5 i+1)
Age(so) = qo — ae(SO) g Aqe(sﬁ-l) = q]+1 Qe (Sj+1)
AB(sp) =0 — AB(sp) =0

1 —
Aqe(sy) = 61} —q.(sp) = Aqe(sy) = q(’“ q}”, if 7 =0,

—(+1
where X(JJr )

(10.36b),

(10.372)—(10.37¢),

(10.382)—(10.38h) and

(10.67¢)

denotes the conditional expectation of a random variable X with

respect to A, cf. (10.51d), (10.52b). Furthermore, (10.38f) yields

( D sy + Aqe(SjJFl)) VB =41 (10.67d)
which can be approximated, cf. (10.39f”), by
VBI G50 Aq(sj41) + 5 j[%qéﬂ(mo
~ g — BD (s 151 (sj+1). (10.67d°)

Depending on the chosen substitute problem, by this linearization method we
obtain then a variational problem, an optimization problem, resp., for the changes

(Aqe(s), A,B(s)), sj+1 <5 < sy, having a linear objective function and/or linear

constraints.

To give a typical example, we consider now (AOSTP) on the (j + 1)th stage
with substitute problem (10.33a)—(10.33f). Hence, the functions g, ¢ in (10.40a)—
(10.40c), (10.382)—(10.38h), and (10.39a2)—(10.39¢f) are given by
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g:=L).¢:=¢;.

Applying the linearization techniques developed in Sect. 10.4.1c now to (10.33a)—
(10.33f), according to (10.39a)—(10.39¢), (10.38b) and (10.67d’), for the correction
terms Agq.(s), AB(s), sj+1 <5 < sy, we find the following linear optimization prob-
lem:

A‘f
. —=(j+1 1
min / G0y () Age(s)ds + / HY'D 0 (9)A(s)ds (10.68a)

Sj+ Sj+1

+R] Aqe(s) + ST Aq,(sy) + T; AB(sjs1)

S.t.
AGe(sjt1) =G jp1 — 4 (sj41) (10.68b)
Age(sp) =q7 ™" =7, it ¢! = (10.68¢)
AB(s;) =0
AB(s) = —BY(s), sj41 <5 <ss, (10.68d)
where
—( +1) ( +1)
Ry =B yor(57) = Co iy () a5 0 s) (10.68¢)
1
S; = C(”(/f o (5p) (10.68f)
=G+ (S/+1) (J+1)

Lo Ti
Tj : 2Cg q(}) ﬁ(/)( J+1) ﬁ(])(sj-ﬁ-])

(/) ﬁ(j)(sj+l) (1068g)
The linear optimization problem (10.68a)—(10.68g) can be solved now by the
methods developed, e.g., in [13], where for the correction terms Ag,.(s), AB(s),
sj+1 <5 < sy, some box constraints or norm bounds have to be added to (10.68a)—
(10.68g). In case of AB(-) we may replace, e.g., (10.68d) by the condition

—BV(s) < AB(s) < AB™ 511 <5 <55, (10.68d")

with some upper bound Ag™**.

It is easy to see that (10.68a)—(10.68g) can be split up into two separated lin-
ear optimization problems for Ag.(-), AB(-), respectively. Hence, according to the
simple structure of the objective function (10.68a), we observe that

j+D

sign (H o ﬁm(s)) Sit1 <8 < s, and sign(T;)
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indicates the points s in the interval [s;41, s s] with AB(s) < 0 or AB(s) > 0, hence,
the points s, 5,11 < s < s, where the velocity profile should be decreased/increased.
Moreover, using (10.68d”), the optimal correction AS(s) is equal to the lower/upper
bound in (10.68d’) depending on the above-mentioned signs.

Obviously, the correction vectors Ag,(s), sj4+1 < § < sy, for the geometric path
in configuration space can be determined in the same way. Similar results are obtained
also if we use L,-norm bounds for the correction terms.

If the pointwise constraints (10.29b), (10.29¢) in (10.30a)—(10.30f), (10.30f”) are
averaged with respect to s, 5.1 < s < s, then functions of the type (10.37c) arise,
cf. (10.30b’), (10.30c’), which can be linearized again by the same techniques as dis-
cussed above. In this case, linear constraints are obtained for AB(s), Aq.(s), Sj+1 <
s < sy, with constraint functions of the type (10.39a)-(10.39c¢), cf. also (10.68a).

10.5.3.4 Combination of Discretization and Linearization

Obviously, the methods described briefly in Sects. 10.5.3.1 and 10.5.3.2 can be
combined in the following way, cf. Fig. 10.4.

First, by means of discretization (Finite Element Methods), an approximate opti-
mal control law (g}, 8*) is searched in a class of finitely generated functions of
the type (10.64a), (10.64b). Corresponding to (10.66a), (10.66b), by means of Tay-
lor expansion here the optimal coefficients g;", ﬁl*,l =1,...,1,(p), in the corre-
sponding linear combination of type (10.64a), (10.64b) are represented, cf. (10.64c¢),
(10.64d), by

i@ e = at (20, 6@) + 2L g, () (¢ —t0.r =)+, (10.69a)
i =it (o062) - -
Brc.cn=p (a0.c) + ﬁ’ Fo ) (e-ae =)+ (10:69)
I =1,...,1,(p). Here, the derivatives
& © ﬂz © _
" (g“o, ¢ ) (;o,; ) =1, () (10.69¢)

can be determined again by sensitivity analysis [48] of a finite dimensional parameter-
dependent optimization problem which may be much simpler than the sensitiv-
ity analysis of the parameter-dependent variational problem (10.58a)-(10.58f) or
(10.59)-(10.594).

Stating the necessary (and under additional conditions also sufficient) Kuhn-
Tucker conditions for the optimal coefficients é,*, ﬁl*,l =1,...,1,(p), formulas
for the derivatives (10.69c) may be obtained by partial differentiation with respect
to the complete vector z = (¢, ¢) of initial/terminal parameters.
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10.6 Online Control Corrections: PD-Controller

‘We now consider the control of the robot at the j-th stage, i.e., for time ¢t > ¢;, see [1,
2,4, 7, 14, 15]. In practice we have random variations of the vector p of the model
parameters of the robot and its environment, moreover, there are possible deviations

of the true initial state (g;,g;) := (q (), Q(tj)) in configuration space from the
corresponding initial values (g, q_'j) = (ﬁj, qe(j Y (s))+/B j> of the (OSTP) at stage
Jj . Thus, the actual trajectory

q() =q(t,pD,q;,éj,u(-)),t >t (10.70a)

in configuration space of the robot will deviate more or less from the optimal reference
trajectory

g0 =g (s 0) =q (1.75.7,.3,,u00). (10.70b)

see (10.45a), (10.45b), (10.46a)—(10.46f), (10.50a), (10.50b) and (10.51c). In the fol-
lowing we assume that the state (¢ (¢), ¢ (t)) in configuration space may be observed

fort > t;. Now, in order to define an appropriate control correction (feedback control
law), see (10.2) and Fig. 10.3,

AuP (1) = ut) —u? (1) := oY (t, AZV (1)), t>1, (10.71a)

for the compensation of the tracking error

D ey o W) _(a® Dem o {q9@®
AP (1) = 2() — 2D (@), 2(r) = (é(ﬂ)’ () = <q<f'>(t) . (10.71b)

where ) = ) (¢, Aq, Ag) is such a function that
e (t,0,0) =0 forall t > t;, (10.71c¢)

the trajectories ¢ () and ¢/ (1), t > t;, are embedded into a one-parameter family of
trajectories ¢ = q(t, €),t > t;, 0 < € < 1, in configuration space which are defined
as follows:

Consider first the following initial data for stage j:

qj(€):=q;+eAq;, Aq;j:=q;—q; (10.72a)
gj(€):=q;+eAq;, Aqj:=4q;—4q; (10.72b)

pp(€) =Py +€App, Appi=pp—Pj, 0<e<l. (10.72¢)
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Moreover, define the control input u(t), t > t;, by (10.71a), hence,

u@) = u@) + Au' (1)
=u ) + ¢ (1.90) —¢V(0).¢0) =4V ®), r =1, (10.72d)
Let then denote
q(t.€) =q (1, pp(€), qj(€),gj(€),u()), 0<e<l, 1>1, (10.73)
the solution of the following initial value problem consisting of the dynamic equation
(10.4a) with the initial values, the vector of dynamic parameters and the total control

input u(¢) given by (10.72a)—(10.72d) (Fig. 10.4):

F(pp(€),q(t,€),q4(t,€),4t,€) =u,e), 0<e=<l11>1, (10.74a)

where
q(tj,€) =q;€), 4, €)=q,(e), (10.74b)
u(t, €) = u (1) + oV (z, gt €) — gV (1), 4t, €) — q<f>(z)), (10.74¢)

and F = F(pp, q, 4, g) is defined, cf. (10.4a), by

F(pp.q.49,q) := M(pp,q)§ +h(pp,q,q). (10.74d)

In the following we suppose [22] that the initial value problem (10.74a)—(10.74d)
has a unique solution g = g(t, €), t > t;, for each parameter value €, 0 < ¢ < 1.

10.6.1 Basic Properties of the Embedding q(t, €)
10.6.1.1 e€=¢):=0
Because of condition (10.71c) of the feedback control law ¢ to be determined,
and due to the unique solvability assumption of the initial value problem (10.74a)—
(10.74d) at the j-th stage, for ¢ = 0 we have that

qt,0) =g, t>1,. (10.75a)

e=¢ :=1
According to (10.70a), (10.71a)—(10.71c¢) and (10.72a)—(10.724d),

g, 1) =q® =q (1, po.aj 45, u0)), 121, (10.75b)
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is the actual trajectory in configuration space under the total control input u(¢) =
ul () + Aul (1), t > t;, given by (10.72d).

Taylor expansion with respect to €.

Let Ae =€ — €y =1, and suppose that the following property known from
parameter-dependent differential equations, cf. [22], holds.

Assumption 10.1 The solution ¢ = g(t,€),t > t;,0 < € < 1, of the initial value
problem (10.72a)—(10.72d) has continuous derivatives with respect to € up to order
v> lforallt; <t <t;+ At;,0 < e <1, with a certain At; > 0.
Note that (t,€) — g(t,€),t > t;,0 < € < 1, can be interpreted as a homotopy
from the reference trajectory ¢/ (¢) to the actual trajectory g (), t > t;, cf. [39].
Based on the above assumption and (10.75a), (10.75b), by Taylor expansion with
respect to € at € = €y = 0, the actual trajectory of the robot can be represented by

a® =aq(t, P47, 45, 40)) =41, 1) = g1, € + A€)
=q(1,00+ Aq(1) = ¢ (1) + Aq(1), (10.76a)

where the expansion of the tracking error Ag(t),t > t;, is given by

v—1
I 19'g
Ag(t) =) —d'qt)(Ae) + ——(t,9)(Ae)"
90 ;l! g(O(Ae) + =1, D)(Ae)
v—1 1 , 1 avq
=Y ~dlqgt) + ——t.9), t=1. (10.76b)
okl vl de”
Here, 9 = 9(t,v),0 < ¥ < 1, and
dq
d'q@0) =270, 1=1,1=12,... (10.76¢)
€

denote the /-th order differentials of g = ¢(¢, €) with respect to € at € = ¢y = 0.
Obviously, differential equations for the differentials dlq(t), l=1,2,..., may be
obtained, cf. [22], by successive differentiation of the initial value problem (10.74a)—
(10.74d) with respect to € at €y = O.

Furthermore, based on the Taylor expansion of the tracking error Ag(t),t >
tj, using some stability requirements, the tensorial coefficients Dlzgo(j)(t, 0),] =
1,2, ..., of the Taylor expansion

oo
o1, A7) =) Dl (1,0) - (A2 (10.76d)
=1

of the feedback control law ) = ¢/ (¢, Az) can be determined at the same time.
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10.6.2 The First-Order Differential dq

Next we have to introduce some definitions. Corresponding to (10.71b) and (10.73)
we put

z2(t, €) := <Z$3) , t>t;, 0<e<1; (10.77a)

then, we define the following Jacobians of the function F' given by (10.74d):
K(pDv q, q.v 61) = Fq(pDv q, q'» q) = DqF(pD’ q, qv q) (1077b)
D(pp.q.9) = Fj(pp,q.4,4) = hi(pp,q.9)- (10.77¢)

Moreover, it is
M(pp,q) = F;(pp.q.4,4): (10.77d)

and due to the linear parameterization property of robots, see Remark 10.2, F may
be represented by
F(pp.4.4.4) =Y(q.4.4)pp (10.77¢)

with a certain matrix function Y = Y (q, ¢, §)-
By differentiation of (10.74a)—(10.77d) with respect to €, for the partial derivative

0
a—q(t, €) of g = q(t, €) with respect to € we find, cf. (10.71b), the following linear
€

initial value problem (error differential equation)

: . : " dq
Y(9(t..4(. €. 4. 0) App + K (po(€). 91, €).4(1.€). (1. ©)) 5L (1. €)

+D(po(@.qt. .40, 0) -2 1.6+ M (pp(©).a(r.0)) L X 1)
€), , €), , € —— € €), , € —— €
ppie)- 4 q dt de pp a dt? de
9 doW) ) P
=M o) = *"—(t, Az(/)(t)>—z(t, €) (10.78a)
de 0z de
with the initial values, see (10.72a), (10.72b),
aq d dq .
x(l‘j,G):Aq]',EE(l‘j,é):qu'. (1078b)

Putting now € = €y = 0, because of (10.71a), (10.71b) and (10.75a), system
(10.78a), (10.78b) yields then this system of second-order differential equations
for the first-order differential dq (¢) = ?TZ(I’ 0):

YO app + KD 0dq@) + DV (1)dg () + MY (0dg (1)
= dut) = ¢ (1, 0)dz(0) = ¢ (1, 0)dg () + ¢ 1, 0)dg(),1 = 1, (10.79%)
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with the initial values

dq(tj) = Aq;, dq(t;) = Ag;. (10.79b)
Here,
u
du() = 2=(1,0), (10.79¢)
€
dq(t) . d - d?
dz(t) = , dq:=—dq, dq:=-—dq, 10.79d
2 (dq(t),) =gt = g (1075

and the matrices Y (¢), KD (¢), DY (¢) and MY (¢) are defined, cf. (10.77b)—
(10.77¢), by

Y9 = Y(q“)(t), q (), ti“')(z)) (10.79)
KO0 =K (754" 0.470).57 1) (10.79f)
DY) = D(ﬁg% 90, q'(j)(t)), MY () = M(ﬁgl qU)(z)). (10.79g)

Local (PD-) control corrections du = du(t) stabilizing system (10.79a), (10.79b)
can now be obtained by the following definition of the Jacobian of ¢/ (¢, z) with
respect to z at z = O:

01,0 = (7. 4V 0.4V 0). 57 1)) = MV WK, Ka)
= (K@) - MP0)K,, DV 1) — MV 1)K,) ., (10.80)
where K, = (¥pr0kv), Ka = (Vax0kv) are positive definite diagonal matrices with
positive diagonal elements y,¢, yax > 0,k =1,...,n. A
Inserting (10.80) into (10.79a), and assuming that M) = M) (¢) is regular [4]

fort > t;, we find the following linear system of second-order differential equations
fordg = dq(t):

dq(t) + Kadq(t) + K,dq(t) = —MYP)'YD()App, t>1;,  (10.81a)
dq(t)) = Aq;, dq(t;) = Ag;. (10.81b)

Considering the right-hand side of (10.81a), according to (10.79¢), (10.77¢) and
(10.74d) we have that

Y@ App =Y (V). ¢V 1),V @®) App = F (App, ¢ (1), ¢V (1), (1))
=M (App, ¢V ®) GV @) +h (Bpp, ¢V (), 4V ). (10.82a)

Using the definition (10.50a), (10.50b) of ¢’ (¢) and the representation (10.19a),
(10.19b) of ¢ (2), G (¢), we get
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Y9 (1) App
. . Sl | TN
=M (APD, Qe(J) (s(j)(t))> <Qe(j) (s(j)(t)> 513(1) (s(j)(t)>
g (Sm(t))ﬂ(j) (s<_i>(,)))
+h <ApD, g (sP0).q? (s 1) /BY (s<f'>(r>)> . (10.82b)

From (10.20b) we now obtain the following important representations, where we
suppose that the feedforward control u'/)(¢), t > t;, is given by (10.51c), (10.51d).

Lemma 10.1 The following representations hold:

(a)
YV App = ue (App, s 0:q,”(), BV0), t=1;5  (10.83a)
(b) |
O o S O ON R O) I (10.83b)
(c)

w0 + YV 0 App = u. (pp, sV 0: ¢ (), V), 1 =15 (10.83¢)

Proof The first equation follows from (10.82b) and (10.20b). Equations (10.51c),
(10.19a), (10.19b) and (10.20b) yield (10.83b). Finally, (10.83c) follows from
(10.83a), (10.83b) and the linear parameterization of robots, cf. Remark 10.2. [

Remark 10.12 Note that according to the transformation (10.20a) of the dynamic
equation onto the s-domain, for the control input u(¢) we have the representation

u(t) = ue (pp. $: qe(-), B()
= e (53)’ 5 4 (), ﬂ<->) +tte (App, 53 4e (), B()) (10.83d)

with s = s(¢).

Using (10.794d), it is easy to see that (10.81a), (10.81b) can be described also by the
first-order initial value problem

- 0
dz(t) = Adz(t) + <1ﬂ(j’1)(l‘)>’ > (10.84a)
dz(t;) = Az = (;”] :%j) : (10.84b)
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where A is the stability or Hurwitz matrix

0 I
A= (—K,, _Kd), (10.84c)

and ¥ V-V (1) is defined, cf. (10.83a), by

YUl @) = —MP O YV (1) App
=M ue (App. s (10: 4 (), V(). (10.84d)

Consequently, for the first-order expansion term dz(¢) of the deviation Az (¢)
q(t)

between the actual state z(r) = °
® (q(t)

) and the prescribed state z)(t) =

q(f)(t) .
c}(f)(t) ,t > t;, we have the representation [11, 22]
t
; s _ 0
dz(t) = dz7(t) = e t,)AZ]_ +/eA(t 1) (Iﬁ(j'])(‘f)> dr. (10.85a)

I
Because of E(ApD(w) |ﬂ,j) = 0, we have that
E (l/f(j"l)(t)|ﬂ;j) =0, (10.85b)
E (dz(t)lfﬂf_,-) = eA(zfzj)E<Azj|ﬂ,j), t>t, (10.85¢)
where, see (10.84a), (10.84b),
E(azlA,) = E(zupla, ) = ;. (10.85d)
It is easy to see that the diagonal elements yu, Yy > 0,k =1, ..., n, of the pos-
itive definite diagonal matrices K4, K, rep., can be chosen so that the fundamental
matrix ® (¢, 1) = eA?~P ¢ > 1, is exponentially stable, i.e.,
I, O < ae™™ ™, t>r1, (10.86a)

with positive constants ag, Ag. A sufficient condition for (10.86a) reads

Yar, Vpk > 0,k =1,...,n, and yg > 2 in case of double eigenvalues of A.
(10.86b)
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Define the generalized variance var (Z|A;,) of a random vector Z = Z(w) given A,
by var(Z|A,) = E(||Z - E(Zlﬂ,/)llzlﬂ,j>, and let oy’ := /var (Z|#A,,). Then,

for the behavior of the first-order error term dz(t),t > t;, we have the following
result:

Theorem 10.2 Suppose that the diagonal matrices K4, K, are selected such that
(10.86a) holds. Moreover, apply the local (i.e., first order) control correction (PD-
controller)

du(t) := o (t,0)dz(1), (10.87a)

where <p§j )(t, 0) is defined by (10.80). Then, the following relations hold:

(a) Asymptotic local stability in the mean:
E(dz(z)m,j) S50, - oo (10.87b)

(b) Mean absolute first-order tracking error:

. 2 —
E(ldzlla, ) < aoe—*v“—’ﬂ\/o;(,j.) +IE(2IA, ) = F1°
t

+ap / e E (WD @IRIA,) dr. 12 1, (10.87¢)

1j

where
E(ly""0IP1A,) < ||M(f>(r>—‘||za;{>2(s<”<t>), (10.87d)
o (sV®) = 1YV var (po ()1, ) (10.87¢)

with

o (s) = \/var (ue(pDC), 53950, ﬂ“)(-))lﬂr,), s; <s <sg. (10.87f)

Proof Follows from (10.85a), (10.83a)—(10.83d) and the fact that by Jensen’s
inequality E/X (w) < +/EX (w) for a nonnegative random variable X = X (w). O

Note that o,/ (s(f )(t)) can be interpreted as the risk of the feedforward con-

trol u/(¢), t > t;. Using (10.70b), (10.79g), (10.87d), (10.87¢) and then changing
variables T — s in the integral in (10.87c), we obtain the following result:
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Theorem 10.3 Let denote t) = 1P (s), s > s, the inverse of the parameter trans-
formation sV = sV (1), 1 > t;. Under the assumptions of Theorem 10.2, the follow-
ing inequality holds fort; <t < t;/):

E(laz0llI5, ) < aoe—‘“’—m\/ O HIEEIA,) ~ 71

sO@) o (t*t('”(f)) —(j) D) -1
ape 1M (75, qe” () I

VED(s)

+

oV (s)ds. (10.88a)

Sj

The minimality or boundedness of the right-hand side of (10.88a), hence, the robust-
ness [12] of the present control scheme, is shown next:

Corollary 10.1 The meaning of the above inequality (10.88a) follows from the
following important minimality/boundedness properties depending on the chosen
substitute problem in (OSTP) for the trajectory planning problem under stochastic
uncertainty:

(i) The error contribution of the initial value 7; takes a minimum for 7; :=
E(z(zj)mlj), of (10.45a), (10.45D).
(ii) The factor Ay can be increased by an appropriate selection of the matrices
Kp’ Kd;
(iii)
1
cy < IIM(pﬁ)” q‘”(s)) | <cu. sj<s<s/. (10.88b)

with positive constants c¢,;, cy > 0. This follows from the fact that the mass
matrix is always positive definite [4].
(iv)
(/)(,)
()

ﬂ(/)(s //5(J>(S =1

— 1, (10.88¢)

where according to (OSTP), for minimum-time and related substitute problems,
the right-hand side is a minimum.

(v) Dependmg on the chosen substitute problem in (OSTP), the generalized vari-
ance alft (s), sp < s < sy, is bounded pointwise by an appropriate upper risk

level, or o(j )( ) minimized in a certain weighted mean sense.

For the minimality or boundedness of the generalized variance a(] > (8),8; <s <
sy, mentioned above, we give the following examples:
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Working with the probabilistic control constraints (10.31a) and assuming that the
vectors u and p, are fixed, see (10.31d), according to (10.31f) we find that (10.31a)
can be guaranteed by

oI () + 179 (s) — ull? < (1 — ) min pi. s;<s<sp (10.88)

where 1 (s) := u, (ﬁg{ 51970, ﬂ<f>(-)). Hence, with (10.88d) we have then the
condition

o))" (5) = (1 =) min pi, 55 <5 =57, (10.88d")

cf. (10.88a). Under special distribution assumptions for pp(w) more exact explicit
deterministic conditions for (10.31a) may be derived, see Remark 10.2.

If minimum force and moment should be achieved along the trajectory, hence, if
¢ =0and L = |Ju(t)||?, see (10.6), then, according to substitute problem (10.30a)-
(10.30f), (10.30f”) we have the following minimality property:

Sf

lf
()? =) ()12 ds . / 2
/ (au( (s) + [u ()| ) 750 q:&l}gl(_)E( lu@)|l dtlﬂt/). (10.88¢)

Mean/variance condition for #,: Condition (10.30b) in substitute problem (10.30a)—

(10.30f), (10.30f”) may read in case of fixed bounds u™in M for the control u(f)
as follows:

u < (P51 0.0, BO) = u™, 5y <5 <55 (10.88f)

aLfej)(s) faLf':aX, sp<s<sy (10.88¢g)

with a given upper bound o,"**, cf. (10.88d").
According to Theorem 10.3, further stability results, especially the convergence
E<||dz(t)|||?{,j> 0 forj — 00,1 — 00 (10.89)

of the mean absolute first-order tracking error can be obtained if, by using a suitable
update law [1, 2, 4, 11] for the parameter estimates, hence, for the a posteriori
distribution P(-|A;,), we have that, see (10.871),

var (pD(-)Iﬂ,/> = var (pD(-)I?{,/> — 0 for j — oo. (10.89b)



10.6 Online Control Corrections: PD-Controller 267

10.6.3 The Second-Order Differential d*q

In order to derive a representation of the second-order differential d2q, Eq. (10.78a)

d
for a—q (t, €) is represented as follows:
€

9z | 8§ _du 8z

_ , 10.90
a+”ae de 7 e (10.502)

where F = F(pp,z,4),z2 = (g), is given by (10.74d), see also (10.77e), and there-
fore

Foo = Fpo(@.0:0) = Y(@.4. @), Fi = Fi(pp,a) = M(pp.)  (10.90b)
F.=Fpp.a.4.8) = (Fys Fi) = (K(p0,4.4. @), D(pp.4.)).  (10.900)

Moreover, we have that

D — oD s m D _(a.e _
@Y —W(t,z z’(t)), z_<q(t7€)), pp = pple). (10.90d)

By differentiation of (10.90a) with respect to €, we obtain

2F App. 22\ 1 2F App. N g (222
Ppz PDs — Je ppg * PD, Je 2z 867 9e

9z 3§ 327 824
2F; | —, = |+ F.
el (ae ae)+ e Tliga
; 0z 0z 0%z
— ). = = (])_’ 10.91
Yz (36 86) T de ( 2)
with the second-order partial derivatives

Fppe = Fpye(2, ), Fppj = Fpyi(q) = Mp, (q) (10.91b)
Fo=Falpp.2d)s Fi=Fi(pp.2) = (M,(pp.).0).  (1091¢)

Moreover, differentiation of (10.78b) with respect to € yields the initial values

9 8% 8%
a—:z’(zj,e)zo, R o, = 6‘5(;,,@:0 (10.91d)

3%z 9%g
for — = —(t,¢) = (te) (te) ,t>t,0<e=<l
€ de?
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Putting now € = 0, from (10.91a) we obtain the following differential equation
. . 2
for the second-order differential d?q(¢) = gT?(t, 0)of g =q(t,€):
) 2 )] d 2 @)] d’ 2
K (0d q(0) + DV(0) - d g () + M7 (1) —=dq (1)
+(Fa(79. 470,40 0,39 ®) = ¢ 0) - (d2(1). d=(1)

—pU (1, 0d*2(t) = —2F).(1) - (ApD, dz(t)>

+2F9 (1) - (App, éiq(z)) +2FP 1) - (dz(t), d‘q(t)). (10.92a)
Here, we set ,
2 _f d7q()
21 = <%d2q(t)), (10.92b)

and the vectorial Hessians F’ ,5{31 ), F ;{) )q @), F Z(qj ) (t) follow from (10.91b) by insert-
ing there the argument (pp, ¢, 4, §) = (ﬁg), g @), ¢V @), éj(f>(t)) .Furthermore,
(10.914d) yields the following initial condition for d2q (1)

2 N — i 2 ) —
d°q(t;) =0, dtd q(t;) =0. (10.92¢)

According to (10.92a) we define now, cf. (10.80), the second-order derivative of
@) with respect to z at Az = 0 by

1,0 = F (75,400,470 0,49 0), 121 (10.93)

Using the definition (10.80) of the Jacobian of ¢/) with respect to z at Az = 0,
for d2q =d 2q (t),t > t;, we find the following the initial value problem

d2 2 d 2 2
——dq(t) + Kdad qt) + K,d"q(1)

dt?
. ——(j) . 2
= MP0)D2F 1) <ApD, dz(1), dq(t)) Lt (10.94a)
d
d*q(tj) =0, Edzq(r_,-) =0, (10.94b)
where the sub-Hessian
——(J) —— ; ) . .
D2F (1) = D2F(ﬁg>, D), 490, 51'0)(;)), (10.94c)

of F results from the Hessian of F by replacing the diagonal block F_, by zero. Of
course, we have that, cf. (10.92a),
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vir . (Ap, dz(0), c'iq(r))z =2(FL.0 - (app, dz)

+ED @ - (8pp, dg) + FL @) - (dq ), dz)) ) . (10.94d)

Ppq

Comparing now the initial value problems (10.81a), (10.81b) and (10.94a),
(10.94b) for the first and second-order differential of ¢ = ¢(¢, €), we recognize that
the linear second-order differential equations have—up to the right-hand side—
exactly the same form.

According to (10.84a)—(10.84d) and (10.85a) we know that the first-order expan-
sion terms

(dz(t), éz'q(r)) = (dq(t), dq (1), c'iq(t)), 1>,

in the tracking error depend linearly on the error term

A(t—t;)
D — ApDin . (€ Az 0 )
ABY = AGD (1) = ( Apn ) (—> <Apn) > 00 (10.95)

corresponding to the variations/disturbances of the initial values (g, ¢;) and dynamic
parameters pp. Consequently, we have this observation:

Lemma 10.2 The right-hand side
G2 PN =t) . 2
YU(0) = —MPO " DF (1) (App.dz(0), dq®) =1, (1096)

of the error differential equation (10.94a) for d*q(t) is quadratic in the error term
Aé(j)(-).
According to (10.94a)—(10.94c¢), the second-order expansion term

d*z(t) = <d2q(t), %d%](;)) . t>t,

of the Taylor expansion of the tracking error can be represented again by the solu-
tion of the system of linear differential equations (10.84a)—(10.84c), where now
Y U:D(t) is replaced by ¥ V2 (¢) defined by (10.96), and the initial values are given
by d?z(t;) = 0. Thus, applying again solution formula (10.85a), we find

d2z(t) — \/\eA(t*T) (w(]’g)(t)> d'[. (1097)

Zj

From (10.95)—(10.97) and Lemma 10.2 we get now the following result.

Theorem 10.4 The second-order  tracking error  expansion  terms
2

d? d d
(dzz(t), ﬁdzqm) = (dzq(m Edzqm, ﬁdzqu)) .t > t;, depend
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(i) quadratically on the first-order error terms (ApD, dz(1), dg (t)) and

(ii) quadratically on the error term AOY(.) corresponding to the variations/
disturbances of the initial values and dynamics parameters.

Because of (10.97), the stability properties of the second-order tracking error expan-
sion term d?q(t),t >t j, are determined again by the matrix exponential function
®(t, 1) = eA’~ and the remainder ¥ /-2 (¢) given by (10.96).

According to Theorem 10.3 and Corollary 10.1 we know that the disturbance
term ¥ V-V (¢) of (10.81a), (10.84a) is reduced directly by control constraints (for )
present in (OSTP). Concerning the next disturbance term U2 (¢) of (10.94a), by

(10.96) we note first that a reduction of the 1st order error terms (Apu, dz(+), qu (-))

) d?
yields a reduction of ¥/*?) and by (10.97) also a reduction of dz(t), ﬁd%] @®,t >

t;. Comparing then definitions (10.84d) and (10.96) of the disturbances y V-V, 42
we observe that, corresponding to V-, certain terms in 1> depend only on the
reference trajectory q(j (1), t >t j, of stage j. Hence, this observation yields the
following result.

Theorem 10.5 The disturbance 92 of (10.94a), and consequently also the second-

d d?
order tracking error expansion terms d2q (1), —dzq (1), —d2q (t), t > tj, can be

diminished by

(i) reducing the first-order error terms (ApD, dz(), ij(~)) and by
(ii) taking into (OSTP) additional conditions for the unknown functions q.(s), B(s),
——0)
sj < < sy, guaranteeing that (the norm of) the sub-HessianD*>F = (1), t > t;,
fulfills a certain minimality or boundedness condition.

Proof Follows from definition (10.96) of ¥V» and representation (10.97) of the
second-order tracking error expansion term d*z. ]

10.6.4 Third and Higher Order Differentials

By further differentiation of equations (10.91a), (10.91d) with respect to € and by
putting € = 0, also the third and higher order differentials d'q(t), t >t j,1 >3, can
be obtained. We observe that the basic structure of the differential equations for the
differentials d' q,! > 1, remains the same. Hence, by induction for the differentials
d'z, 1 > 1, we have the following representation:

Theorem 10.6 Defining the tensorial coefficients of the Taylor expansion (10.76d)
for the feedback control law (p(j) = (p(j)(t, Az) by

Dip(1,0):=DLF (73,470, 40).5V 1), (10.98)
t>t;, 1=12,..,
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d
the differentials d'z(t) = dlq(t), Ecﬂq(t)) , t > t;, may be represented by the

systems of linear differential equations

d i l 0
EdZ(t):AdZ(t)—i_(w(j’l)(t)>’ tth,lzl,z,..., (10993.)

with the same system matrix A and the disturbance terms ¥ (t), t > tj, given by
. . —— () .
Y@ = MO0 7 (DF (0,2 <0 <15 App, d'2(0),

d2
ﬁqu(t), l<jk<i— 1), 1>2, (10.99b)

) d?
where 1 is a polynomial in the variables App and d’z(t), ﬁqu(t)’ 1<j,k<

[ — 1, having coefficients from the sub-operators W(J)(t) of D* FU)(t) containing
mixed partial derivatives of F with respectto App, z,q of order A =2,3,...,1 — 1
at(pp,q,4,4) = (p_D(j), g @), ¢v @), éj(-f)(t)) such that the disturbance ") is
a polynomial of order | with respect to the error term AW ().

According to (10.74d), (10.4a)—(10.4d) and Remark 10.2 we know that the vector
function F = F(pp, q, 4, ¢) islinearin pp, linear in § and quadratic in g (supposing
case 10.4c)) and analytical with respect to g. Hence, working with a polynomial
approximation with respect to ¢, we may assume that

D'FO1) =D'F (pp, ¢(1), ¢V 1), § ) ~0, t>1;,1>1y (10.100)

for some index /.

According to the expansion (10.76d) of the feedback control law ¢\ =
@Y (t, A7), definition (10.98) of the corresponding coefficients and Theorem 10.5
we have now this robustness [12] result.

Theorem 10.7 The Taylor expansion (10.76d) of the feedback control law ¢V =
oUW (t, A7) stops after a finite number (< ly) of terms. Besides the conditions for u,
contained automatically in (OSTP) via the control constraints, the mean absolute

tracking error E (II Az |ﬂtf) can be diminished further by including additional
conditions for the functions (qe (s), ,B(S)), sj < s < sy, in(OSTP)which guarantee
a minimality or boundedness condition for (the norm of) the sub-operators of mixed

——(J)
partial derivatives D>°F ~ (1), t > t;, L =2,3,..., 1.
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10.7 Online Control Corrections: PID Controllers

Corresponding to Sect. 10.5, Egs. (10.71a)—(10.71c), at stage j we consider here
control corrections, hence, feedback control laws, of the type

AuP () = u(t) —uV (1) = oV (t, Az (1)), t =1, (10.101a)

where ‘ .
Az =z(t) — 2P @0), t=1,

is the tracking error related now to the state vector

(#)
z1(8) qr
@)=\ | =] fasds |, >y (10.101b)
z3(1) i
q()
. W (1)
| ORI
Dy= 0 | =] SaV s |, 1> (10.101c)
) 1
z3 (1) g9 (1)
Furthermore,
§0('i) — (p(j)(l‘, AZ(I))
= ¢V(1, Az1(1), Aza(D), Az (1)), 1= 1, (10.101d)
is a feedback control law such that
¢(,0,0,0) =0, > . (10.101e)

Of course, we have

qt) —q" (1)

t

Az(t) = Az = | [(96) =gV ))ds |, 1>1;. (10.102)
B TR LRI

Corresponding to Sect. 10.5, the trajectories ¢ = ¢(¢) and ¢ = ¢ (1), t > t;, are
embedded into a one-parameter family of trajectoriesg = g(t,¢),t > t;,0 <¢e <1,
in configuration space which is defined as follows.
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At stage j, here we have the following initial data:

q;(€) :==¢q; +¢&eAgq;, Agj=q;—q; (10.103a)
q;(e) :==q; +elAq;, Agj:=q;—q; (10.103b)
pp(e) :=Pj +eApp, App = pp — P, (10.103¢)

0 < & < 1. Moreover, the control input u = u(t), t > t;, is defined by

u(®) = u (1) + Au (1)
= uD (1) + o) (,’ () — gV @), / (q(s) — gV (s))ds,

g1 — ci(")(t)), 1>t (10.103d)
Let denote now

q(t, &) =q(t, pp(e), q;(e), g; (&), u()), t=1;,0<e<1, (10.104)

the solution of the following initial value problem based on the dynamic equation
(10.42) having the initial values and total control input u(¢) given by (10.103a)—
(10.103d):

F(pp(e),q(t,€),q(t, &), G(t,e)) =u(t,e), t>1,0<e=<1,  (10.105)

where

q;(€),q(tj,e) =q;(e) (10.105b)

q(tj,e):

u(t,e): u<f>(t)+¢<-">(t,q<t,s)—qm(r), f (q(s. &) — g (s))ds,

g(r,e) — é(”(t)), (10.105¢)
and the vector function F = F(pp, q, ¢, ¢) is again defined by

F(pp.q.q.4) = M(pp,q)§ + h(pp.q.9), (10.105d)
cf. (10.105a).

In the following we assume that problem (10.105a)—(10.105d) has a unique solu-
tiong = ¢q(t,€),t > t;, for each parameter ¢,0 < & < 1.



274 10 Adaptive Optimal Stochastic Trajectory Planning and Control (AOSTPC)

10.7.1 Basic Properties of the Embedding q(t, &)
According to (10.103a)—(10.103c¢), for £ = 0 system (10.105a)—(10.105d) reads
F(PY.q(t,0),4(t,0),5(,0)

=P )+0 (1,9(1,0) = gV 0), / (4(s.0) =g (5))ds,

J

§.0=4Vm). =1, (10.1062)
where _

q(t;,0)=q;, q(;,0)=q;. (10.106b)
Since, due to (OSTP), _ . .

aV ) =q;, ¢Vt =4q;
and

F(P3. 4V ®.4V®.40) =uP0), 121,
according to the unique solvability assumption for (10.105a)—(10.105d) and condi-
tion (10.101e) we have _
qt,0)=qV ), t>1;. (10.107)

For ¢ = 1, from (10.1032)—(10.103¢) and (10.105a)—(10.105d) we obtain the system

F(pp.q(t, 1, gt 1), 4@ 1) =u" @)

+o(t.q, D= q" ), / (a6 D) =gV )ds. 4, D =4V 1),

t>1 (10.108a)

with
q@;, 1) =gq;, q@;,1)=q;. (10.108b)

However, since the control input is defined by (10.103d), again due to the unique
solvability property of (10.105a)—(10.105d), (10.108a), (10.108b) yields

qt, 1) =q@), 1>ty (10.109)

where g = g (¢) denotes the actual trajectory.
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Remark 10.13 The integro-differential equation (10.1052)—(10.105d) can be easily
converted into an ordinary initial value problem. Indeed, using the state variables

q(t; e)
Z([,S): QI(t’g) 5 fifj,
q(t, )

where g; = q;(t, €),t > t;, is defined, see (10.101b), by

t

qr(t,¢€) :=/q(s,£)ds, (10.110)

1

problem (10.105a)—(10.105d) can be represented by the equivalent second-order
initial value problem:

F(pD(€)7 q(tv 8)7 é(ﬁ 8)7 é(n 8))
=uP() + 9V (t,q(t,8) — gV (1), q1(t, &) — q}” (1),

gt &) —qv 1)) (10.111a)
qi(t, &) :=q(t,¢) (10.111b)
with

qtj,€) =q;(e) (10.111c¢)
q(tj,e) =q,;(e) (10.111d)
q:(tj,€) =0. (10.111e)

and t
(1) = / g (s)ds. (10.112)

1j

10.7.2 Taylor Expansion with Respect to

Based on representation (10.111a)—(10.111e) of problem (10.105a)—-(10.105d), we
may again assume, cf. Assumption 10.1, that the solution g = g(¢,¢),t > ¢;,0 <
¢ < 1, has continuous derivatives with respect to ¢ up to a certain order v > 1 for all
t € [tj,t; + At;],0 < ¢ < 1, with a certain At; > 0.

Corresponding to (10.76a)—(10.76¢), the actual trajectory of the robot can be
represented then, see (10.109), (10.107), (10.104), by
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q(t) =q(t. pp.qj. 4. u()) = q(t,1) = q(t, & + Ae)
=q(t,0) + Ag(t) = gV (1) + Aq(r), (10.113a)

with &9 = 0, Ae = 1. Moreover, the expansion on the tracking error Ag = Aq(¢),
t > t;, is given by

v

1 19
Aq() = 1d'q(Ae) + ———q(t,9)(Ae)"
=1 "

v!de?
v—1
1, 1 3%q
=D da+ @), 1= (10.113b)
=1 ’

Here, 9 = 9(t,v),0 < ¥ < 1, and

al
d'q(t) = 8—5(;,0), t>t,0=12,... (10.113c)

denote the /-th order differentials of g = ¢ (¢, ¢) with respectto € at ¢ = gy = 0. Dif-
ferential equations for the differentials d! q(),l =1,2,..., may be obtained by suc-
cessive differentiation of the initial value problem (10.105a)—(10.105d) with respect
toeate = 0.

10.7.3 The First-Order Differential dq

Corresponding to Sect. 10.6.2, we consider now the partial derivative in the Egs.
(10.111a)—(10.111e) with respect to ¢. Let

K(pp.q.4.4) = Fy(pp. 4.4, §) (10.114a)
D(pp.q.9) = F3;(pp.q.9,9) = hi(pp,q,q) (10.114b)
Y(q.,q.9) == Fp,(pp.4.9,q) (10.114c)
M(pp.q) = F;j(pp.q.4.4) (10.114d)

denote again the Jacobians of the vector function F' = F(pp, q, ¢, g) with respect to
q,q,q and pp. According to the linear parametrization property of robots we have,
see (10.77¢)

F(PD»‘L‘],‘I)=Y(CI,QJ])PD (10.114e)

Taking the partial derivative with respect to €, from (10.111a)—(10.111e) we obtain
the following equations, cf. (10.78a), (10.78b),
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. . . .. dq
Y(q(t. ). q(t.€).G(t.€))App + K(pp(e). 4(t.8). 4z, 8))5(& €)
2

) .. d dq d? dq
+ D(pD(8)1 q(tv 8)’ q(tv 8)7 Cl(t» 8))5%(1‘7 8) + M(pD(S)s Q(t’ 8)) (tv 8)

dr? de
. ‘ , . L 9

= (t.qt. &) —qV ). qi(t. &) — q;” (). 4(t. &) — qm(r))%a, £)
, : 4 . » 9

+ 0P (1 q(t.e) — gV (). qr(t. ) — g (1). (1. &) — qm(t))%(r, £)

| | . iy d D
+(ﬂ;j)(l‘,51(f78)—q(])(f),CII(t,S)_‘I;j)(t)7q(t’8)_q(j)(t))aa_z(t’g)'

(10.115a)
d 9q; aq
——(1,8) = — 10.11
77 96 (t, e) 88(1,8) (10.115b)
dq
g(l‘ju’?) = Ag; (10.115¢)
d dq .
——(tj, &) = Ag; 10.115d
dt de (1. €) 4 ( )
0
L ) =o0. (10.115¢)
de

Putting now ¢ = gy = 0, due to (10.107), (10.110), 10.113c) we obtain

YD) App + KD (1)dg(t) + DV (1)dq (1) + MY (t)dq(t)

t
=¢(1,0,0,0)dgq(r) + ¢%(t,0,0,0) / dq(s)ds + 3" (t,0,0,0)dq(t).1 > 1;
J

J

(10.116a)
dq(t;) = Ag; (10.116b)
dq(t;) = Aq;, (10.116¢)

where
g = Lag. g = dzd (10.117a)
=gt T gt '
From (10.115b), (10.115¢e) we obtain
t
0q1
8—@,0) = | dq(s)ds, (10.117b)
&

Ij

which is already used in (10.116a). Moreover, the matrices Y, K, DU) and M)
are defined as in Egs. (10.79¢)—(10.79g) of Sect. 10.6.2, hence,
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Y(j)(t) = Y(q(j)(t), q(j)(t)ij(j)(t)) (10.118a)
K(j)(t) — K(ﬁg), q(j)([)’ q-(j)([)’ q-(j)([)) (10.118b)
DY) == DB, ¢V (1), 4 (1)) (10.118¢)
MOy = M(BY, ¢V 1), 1 > 1), (10.118d)

see also (10.114a)—(10.114d).
Multiplying now (10.116a) with the inverse M) (t)~! of M/ (¢) and rearranging
terms, we get

dq(t) + MV 0)" (DY) — ¢ (£,0,0,0))dq (1)
n M(j)(t)fl(K(j)([) — (p;j)([, 0,0, 0))d(](f)

t
— MV (1) (1.0.0.0) / dq(s)ds = =MD )YV App.t = 1;
;

J

(10.119)

with the initial conditions (10.116b), (10.116b).
For given matrices K4, K, K; to be selected later on, the unknown Jacobians

go;j ), <p;j ) and go;f ) are defined now by the equations

MY @) (DY () — (p;ﬂ(t, 0,0,0)) = Ky (10.120a)
M(j)(t)fl(K(j)(t) _ (Péj)(t, 0,0, ())) =K, (10.120b)
Thus, we have
go;j)(t,(), 0,0) = K(j)(t) _ M(j)(t)Kp (10.121a)
goé,[f)(L 0,0,0) = —MY()K; (10.121b)
(pz(;j)(t’ 0,0,0) = D(j)(t) _ M(j)(t)Kd. (10.121¢c)

Putting (10.120a)—(10.120c¢) into system (10.119), we find

t

dq(t) + Kadq(t) + K ,dq(t) + K; /dq(s)ds =yUV@), =1, (10.122a)

t!
with

dq(t)) = Ag; (10.122b)
dq(tj) = Aqg;, (10.122¢)
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where ¥ U>71(¢) is given, cf. (10.84d), by

vOUD@) = =MD YD) App. (10.122d)
If K, K; and K; are fixed matrices, then by differentiation of the integro-differential
equation (10.122a) with respect to time ¢ we obtain the following third-order system
of linear differential equations

dq() + Kadq(t) + K,dq(t) + Kidg(t) = ¢V @), t>1;,  (10.123a)

for the first-order tracking error term dg = dq(t), t = t;. Moreover, the initial con-
ditions read, see (10.122b), (10.122¢),

dq(t;) = Ag; (10.123b)
dq(t;) = Aq; (10.123¢)
dq(t)) = Aq; = G; — GV, (10.123d)

where ¢; 1= G (t;), see (10.103a)—(10.103c).

Corresponding to (10.84a)—(10.84c), the system (10.122a) of third-order linear
differential equations can be converted easily into the following system of first-order
differential equations

0
dz(t) = Adz(t) + | 0 . t>1, (10.124a)
A0
where
0o I 0
A= 0 o 1 |, (10.124b)
~K; —K, —Ky4
Ag
dz(tj) == é‘[i = Az (10.124c¢)
Ag;j
and
dq (1)
dz(1) == | dq() | . (10.124d)
dq(1)

With the fundamental matrix ®(z, 7) := e*“~? ¢ > 1, the solution of (10.124a)—
(10.124d) reads
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! 0
dz(1) :eAU*ff)Aszr/eA“*f) 0 de.t > t;, (10.125a)
; 1p(J,l)(l-)
where, see (10.122d),
(. D d G~y )
§ U (t)=—E(M o'y (t))ApD. (10.125b)

Because of _
App = pp(@) =B = po(@) — E(po@],),

see (10.103c¢), for the conditional mean first-order error term E (dz(t)|91t].> from
(10.125a), (10.125b) we get

E(dz(r)m,,) = MDE(AZ A, 1> 15 (10.125¢)
Obviously, the properties of the first-order error terms dz (1), E(dz(1)|2;,), resp.,

t > t;, or the stability properties of the 1st order system (10.124a)—(10.124d) depend
on the eigenvalues of the matrix A.

10.7.3.1 Diagonalmatrices K, K4, K;
Supposing here, cf. Sect. 10.5, that K ,, K4, K; are diagonal matrices
K, = (Vpkbic)s Ka = Vakbic)s Ki = (VikSiuc) (10.126)

with diagonal elements yx, Vax, Vik.1€sp.,k = 1, ..., n,system (10.123a) is divided
into the separated ordinary differential equations

dar() + yadar(t) + yprdgi (1) + viadgi 1) = 4V @), t>1;,  (10.127a)

k=1,2,...,n. The related homogeneous differential equations read
daqi + ded.CIk + Vpkqu + yirdqr = 0, (10.127b)
k =1, ..., n, which have the characteristic equations
My +yph v =) =0, k=1,...,n, (10.127¢)

with the polynomials py = px(A),k =1, ..., n, of degree = 3.
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A system described by the homogeneous differential equation (10.127b) is called
uniformly (asymptotic) stable if

lim dgi(t) = 0 (10.128a)
11— 00

for arbitrary initial values (10.123b)—(10.123d). It is well known that property
(10.128a) holds if
Re(Ay) <0, 1=1,2,3, (10.128b)

where Re(Ar;) denotes the real part of the zeros Ay, Ar2, Ax3 of the characteristic
equation (10.127¢). According to the Hurwitz criterion, a necessary and sufficient
condition for (10.128b) is the set of inequalities

det(ya) > 0 (10.1292)
Yar 1
det = -V 0 10.129b
<m )/pk) YakVpk — Vik > ( )
vaw 1 0
det | Yik Vpk Var | = VikVaxVpk — Vir) > 0. (10.129¢)
0 0 yu
Note that
vaw 1 0
Hy := | Vik Vpk Vak (10.129d)
0 0 yu

is the so-called Hurwitz matrix of (10.127b).
Obviously, from (10.1292)—(10.129¢) we now obtain this result:

Theorem 10.8 The system represented by the homogeneous third-order linear dif-
ferential equation (10.127b) is uniformly (asymptotic) stable if the (feedback) coef-
ficients ypk, Vak, Yir are selected such that

Yok >0, %4k > 0, %% >0 (10.130a)
YakYpk > Yik- (10.130b)

10.7.3.2 Mean Absolute First-Order Tracking Error

Because of E(ApD(a))&(,j) =0 and the representation (10.125b) of U-D =
YD (1), corresponding to (10.85b) we have

E(lﬁ(j’l)(t)l%_/) =0, t>t. (10.131a)
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Hence, (10.125a) yields
E(dz(t)l%l,j) _ eA(FWE(AZﬂQl;/.), (10.131b)

where
E(azi,) = E(zupla, ) - % (10.131c)

with, cf. (10.106a), (10.123d),

) i qj
=\ 4q; |-.zt)=1{4;]- (10.131d)
éj(]) gj

The matrices K, K;, K, in the definition (10.120a)—(10.120c) or (10.121a)-
(10.121c) of the Jacobians ¢ (1, 0,0, 0), ¢§ (2, 0,0, 0), 93 (1, 0,0, 0) of the feed-
back control law Au (1) = (¢, Aq, Aq;, Ag) can be chosen now, see Theorem
10.8, such that the fundamental matrix ® (¢, ) = eA¢~™, ¢ > 1, is exponentially

stable, hence,
@, DIl < age ™, 1>, (10.132)

with constants ay > 0, Ao > 0, see also (10.86a).
Considering the Euclidean norm ||dz(¢)|| of the first-order error term dz(t), from
(10.125a), (10.125b) and with (10.132) we obtain

! 0
ldz(@)|l < €A~ Az; || + fef“’*f) 0 dt
f YD)
! 0

< ae 0 azy) + [ e [0 dr

YU ()

‘ t
< ape T Az; | + / age Oy D (0) | d . (10.133)

Z
Taking the conditional expectation in (10.133), we find

E(Idz0)1[2,) saoe " E (1402,

1

—i—aofe_’\(’(’_f)E(Ill/'/(j’])(t)||‘Ql,j)dt. (10.134)

tj
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Applying Jensen’s inequality

VEX(0) = E{/X (w),

where X = X(w) is a nonnegative random variable, with (10.125b) we get, cf.

(10.87d), (10.87c),
%) = E(JI D @P
< \/E(||¢<-f’l><r>||2

d(M(j)(t)q y(j)(t)>
dt

2, )

A ) (10.135a)

E(IY0 @

()

var (pp ()|, ).

where
var (po()[2, ) = E(IlApp@)I*[2,). (10.135b)

In the following we study the inhomogeneous term v (-1 (r) of the third-order
linear differential equation (10.123a) in more detail. According to (10.122d) we
have

Gy = 4 (MO YD) Apy

di

d . ,
=— (EM(/)(t)l) YVt App

. d ..
—MD()! (EYU)(I)) App. (10.136a)
and therefore

Y@ Appll

.o d .
U < =MDt
2l = | = M)

+ MO - [ (YO 0) Apo |- (10.136b)

Now, according to (10.20a), (10.20b), (10.83a)—(10.83c¢) it holds

u; App) = YV 0 Ay = e (App. sV 1) 4P (), BV ) ).t = 15,
(10.137a)
Thus, we find
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i (t; App) = (Y (1)) App

iue<ApD, s g9 ), ﬂu)(.))

T dr
du, A . A 4
= == (8p0. sV : 40 (). B0) - 2V ()
= 88{ (Apzy s (1): qe(f)(-), ,3(1‘)(.)) . ﬂ(.i)(s(j)(,))’ (10.137b)

see (10.18c), (10.50b). Note that

u(t; App), i (t; App)

are linear with respectto App = pp — E(pD(a))l.?{tf).
From (10.136a), (10.136b) and (10.137a), (10.137b) we get

%,)

d .
ZMDpH!
T ®)

’ E(17 0 apo

%,)
Q[Tj )

22ltj) =

E(IU @l

+ M@ E (|(79®) Apo]

d(M(j)(t)_])
dt

 E(lu() @ App)
MO0 E(1a9: apoil[2, )
d(MU)(z)—‘)

= | E(Jue(apo. 5P @: 90, 500 21,

+IMP 07 - E (H %(Al’w s g ), ﬂ(”(~))\//3<-")(S(-”(t))H 9{) :

(10.138a)

Using again Jensen’s inequality, from (10.138a) we obtain

E(1 o2, )

%)

g[[j> B (sm(t)),
(10.138b)

d(M(j)(t)71> '
= —a \/V21r<ue(pD(.)’s(j)([); qe(J)(_)"B(j)(_))

+IMP @) ||\/var (a”‘f (o). 590347 (), O
as
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where
var (e (pp (), s 03 45" (), B9 ()|,

= E([uc(apo@). s 0: 490 870 [ [a1,). (10.138¢)

var (88”; (o). 5203921, BP0 /B (50 ‘m)
e (

According to the representation (10.125a), (10.125b) of the first-order tracking
error form dz = dz(t),t > t;, the behavior of dz(¢) is determined mainly by the
system matrix A and the “inhomogeneous term” /D (¢), ¢t > t;. Obviously, this
term plays the same role as the expression ¥V (¢), 1 > t;, in the representation
(10.85a) for the first-order error term in case of PD-controllers.

However, in the present case of PID-control the error estimates (10.138a)—
(10.138d) show that for a satisfactory behavior of the first-order error term dz =
dz(t),t > t;, besides the control constraints (10.9a)—(10.9¢), (10.22a)—(10.22c),
(10.31a)—(10.31f) for

du,
as

2
(Ap,)(w),s<f>(t);qgﬂ(.),ﬁc/‘)(.))” ‘mn) ﬁ<.f><s<-f>(t)). (10.138d)

u(t) = ue(pD, 51 q0(), ,3(.)) with s = s(7), (10.139a)

here, also corresponding constraints for the input rate, i.e., the time derivative of the
control

. du, .
(1) = S (Po.5:.(). B ) VBE) with s = s(1) (10.139b)
are needed!
The above results can be summarized by the following theorem:

Theorem 10.9 Suppose that the matrices Kp, K;, K, are selected such that the
fundamental matrix ®(t, ) = AT p > ¢ s exponentially stable (cf. Theorem
10.8). Then, based on the definition (10.121a)—(10.121c¢) of the linear approximation
of the PID-controller, the following properties hold:

(a) Asymptotic local stability in the mean

E(dz()|™,) > 0, t — oo (10.140a)
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(b) Mean absolute first-order tracking error

E(ldz()[I|,;) < age "V E(|| Az;]l|24;,)

t

d M(j)(t)_l ' ‘
+a0/e—xo(t—r) ( = >(7:) GLSZ)(S(J)(T))dT
1

t

+ ap / e—ko(t—f) M(/)(‘[)_l ‘ o’gaL]L) (S(])('C)) ﬁ(j)(s(j)(f))df,t > tj
ll
(10.140b)
with
o (s) == \/var(ue(pD(.), 5398 (), BOC)) m,j), (10.140c)
j du, ; .
01 (5) 1= \/Var<a—(pn(~), 539 (), BO()) 91,,-), (10.140d)
ds S
s > sj. Moreover,
E(ldz0ll[2,) = ave™ " E(1 Az,
; d(M(D(t)—ly(j)(t)) A
+ao</ e 0(=1) - (1) d.E)UIS{))’t > 1;,
]
(10.140e)
where
o) = [var(pp()|2;)). (10.140f)

Using the t-s-transformation s = s"/)(t), T > t;, the time-integrals in (10.140b)
can be represented also in the following form:

t

I Gl b v

s(”(t) . _ .
v d(MD @)~ ()
_ / e o(=17®) 7( © )(t(j)(s)) o
‘ dt /B (s)

(10.141a)
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t

/ e*)no(tff)

1

M@)ol (s0)) B (s (2))d

S(/)(t)

= f e to(1=170) HMU)(,(/‘)(S))*I’

Sj

oD (s)ds, (10.141b)

where T = tY)(s), s > s;, denotes the inverse of s = s (1), T > 1;.

10.7.3.3 Minimality or Boundedness Properties

Several terms in the above estimates of the first-order tracking error dz = dz(t),t >
t;, are influenced by means of (OSTP) as shown in the following:
(i) Optimal velocity profile 5/
For minimum-time and related substitute problems the total runtime

s(j)(t)
/ﬂ(/)(s / /,3(1)(s

is minimized by (OSTP).
(ii) Properties of the coefficient A,
According to Theorems 10.8 and 10.9 the matrices K ,, K;, K, can be selected

=1 —1 (10.142)

such that real parts Re()»kl), k=1,...,n,1=1,2,3, of the eigenvalues
Ma,k=1,...,n,1=1,2,3, of the matrix A, cf. (10.124b), are negative,
see (10.128b), (10.129a)—(10.129d). Then, the decisive coefficient Ay > 0 in
the norm estimate (10.132) of the fundamental matrix ® (¢, ), > 7, can be
selected such that
0< X <— 1I£1/?<Xn Re(Ay). (10.143)
1=1,2,3

(iii) Chance constraints for the input
With certain lower and upper vector bounds u™" < u
input or control constraints, cf. (10.9a),

M one usually has the

U™ < u(t) < U™t >t

In the following we suppose that the bounds ™", 1™

vectors. After the transformation

are given deterministic

s=sP@), t>1,
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from the time domain [z}, t}j ) ] to the s-domain [s;, s¢], see (10.50b), due to
(10.22a) we have the stochastic constraint for (g.(-), B(-)):

u™ < u.(pp(@), 5:q.(), B()) < u™, 5; <5 <s4.

Demanding that the above constraint holds at least with the probability «,,, we
get, cf. (10.31a), the probabilistic constraint

P(™ < ue(po (@), 53 0e), BO)) = u™

91;,) >y, s <5 <sf.
(10.144a)
Defining again, see (10.31d),

. umln + umax umax _ umm
U= ——— =,
2

by means of Tschebyscheff-type inequalities, the chance constraint (10.144a)
can be guaranteed, see (10.31e), (10.31f), (10.88d), by the condition

c2 .
E(Jue(po@). 5:.6:0), BO) = u*|2,) = (1 = a) min o2, 55 =5 <5y,
‘ o (10.144b)
According to the definition (10.140c) of o, (), inequality (10.144b) is equiv-
alent to

o (s)* + [ul(s) — ucnz <1 - 121/32" pg. s <s<ss;, (10.145a)

where
7 1= E(ue(po@), 5: 4000, 82 0) |2, )
= ue(ﬁ‘g), 53490, ﬂ‘j)(-)). (10.145b)

Hence, the sufficient condition (10.145a) for the reliability constraint (10.144a)
yields the variance constraint

o5 < (1 — ) min Pu. Sj <5 =<5y (10.145¢)

Minimum force and moment

According to the different performance functions J (u(.)) mentioned after the
definition (10.6), in case of minimum expected force and moment we have,
using transformation formula (10.20a),
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m
%) =k ( / Juto|a

sf

:/E(||ue(pu<w>,s;qe(-xﬂ(-)H

Si

E(J(u0)

) ds
m) B()

Sf

:f< (Hue PD (@), 55 ¢e() BC) — ue (B 51 4e(). BO)||

Si

2 Ql,j)

+ [ue(@), 5340, BO)| )
Sf

d
f(a ) + Jue(BY s: qe(),ﬁ(.)nz)w%, (10.1462)

5j

N B(s)

where

Gli(s) = E(

:E(

Hence, (OSTP) yields the following minimum property:

ue(Po(@), 5: 4.0, BO) = ue(P) 53 0.0, BO)) Hz‘mt,)

ue(ApD(w), 554.(), B() H2

m,j). (10.146b)

(j)

sy

' i ds

) 2+ —(j) 2 _as </ 2d mt)
f(aug (s) Hue (S)H )\/m q(()f(c)) J ()| [| :

(10a—d)
(10.147)

where #'/) (s) is defined by (10.145b).
(v) Decreasing stochastic uncertainty
According to (10.133), (10.134) and (10.135a), (10.135b) we have

%,)
< /f . d(M(j)(t)—ly(j)(t))
+la, [ et "

dt

E(ldz0l2, ) < aoe™ " E(1az;]

(7) d‘t) var(pp()|24,,)-

(10.148)

Thus, the mean absolute first-order tracking error can be decreased further by
removing step by step the uncertainty about the vector pp = pp(w) of dynamic
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parameter. This is done in practice by a parameter identification procedure
running parallel to control process of the robot.

Chance constraints for the input rate
According to the representation (10.139b) of the input or control rate we have

i) = 2 (pp.5: 00, BO)VBG), s = 5(0).
From the input rate condition

L-tmin < Ll(t) < I/'tmax,l > tj1 (101493)

0ue

with given, fixed vector bounds ™" < 7™, for the input rate
to the path parameter s > s; we obtain the constraint

with respect

jm S (@), 53 4.0, BO)) = T s =s <a (01490)

If we require that the input rate condition (10.149a) holds at least with proba-
bility «;;, then corresponding to (10.144a) we get the chance constraint

P( i = e (pu(a)) $34e(-), B()) = i
VB(s) VB®

In the same way as in (iii), condition (10.150) can be guaranteed, cf. (10.140d),
by

%)_%.(mwm

a— ) . 2
)2, || Ote _ 3 1 . _
Uau ()" + H 35 (s) \/m < (1 )ﬂ(l)(s) l<k<n puk <s <sy,
(10.151a)
where
. L'tmin + gmax gmax _ L'tmin
I = =, 10.151b
u > p 5 ( )
a— )
ou, ou, —() )
= e (P saP0.B00). sz (10.1510)

Hence, corresponding to (10.145c), here we get the following variance con-
straint:

1
(D)2 < ) .2
O‘a“ ()" = ( u) B(j)(s) lglklgn P> Sj =5 =5y (10.151d)
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(vii) Minimum force and moment rate

Corresponding to (10.146a) we may consider the integral

iy

E(J @O, ) = E(/ i) | dr

tj

m,j). (10.152a)

Again with (10.139b) we find

2

ds
E(J@o,) = (/H— P (@), 5:4c(), BO)VB() W‘%)
sy
ou, 2
-/ E(Hg(po(w),s; 0.0, BO)| m,,)w(s)ds
3 a
-/ (var(%(pa(w),s;qe<-),ﬁ(->) 2,)
2
2@ 5500, 0)| )\/ﬂ(s)ds. (10.152b)
If we consider
E(J@o),) = (/||u(t)||dt‘2l,,) (10.153a)
then we get
Sf 3
E(Ta0)|2, ) = / E(H%(m(a)),s;%(-Lﬁ(-))MQl,,)ds. (10.153b)

S
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Chapter 11 ®)
Machine Learning Under Stochastic oo
Uncertainty

Abstract New methods for machine learning under stochastic uncertainty, espe-
cially for regression problems under uncertainty are described in this chapter. Given
a set of input-output data, a certain, often parametric set of functions is adapted by
evaluating and then minimizing the approximation error by quadratic cost functions.
Here, instead of quadratic cost functions, sublinear cost functions, involving, e.g., the
maximum absolute error, are taken into account. In this case the regression problem
under stochastic uncertainty yields a stochastic linear program with a dual decom-
position data structure which enables the use of very efficient linear programming
algorithms. Two and multi-group classification problems are considered in the sec-
ond part of this chapter. Here, the separation of the data points in a certain space
R™ and the representation of the groups or classes of data points is described by
means of hyperplanes in R”. Instead of the often used discrete data points, for the
classification process convex or stochastic convex hulls of the given data points are
taken into account.

11.1 Foundations

In machine meaning [2] one has the problem to determine an unknown or partly
known functional relation, cf. Fig. 11.1,

y =h(x) (11.1a)

between a stochastic input n-vector x, called regressor in regression analysis and a
stochastic output m-vector y, also called regressand.

For the estimation of the function 4 : R* — R™, called response function in
response surface methods (RSM) [12], besides eventually some a priori information
on h, one has some data, as observations, measurements or scenarios of a discrete
distribution, etc.,

(xi, yi), yi = h(x;) + € (error), i=1,2,...r, (11.1b)

of the input-output pair (x, y), y = h(x).
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Ay

=hix)=hixg, x5 —__
4 r | ¥

v

Fig. 11.1 Response function £, data (x;, y;)

For the estimation of the response function y = h(x), usually parametric models
h =h(x; B) (11.2a)

are used, which are linear in the parameter vector or matrix 8, B and linear, quadratic
or, more general, nonlinear in x:

Bo + B] x,
T 1.7
hix: gy = | Po T Prx+ax Bx, (11.2b)
P
Bo+ 2 Brow(x)
k=1
with parameters By, Br, k = 1,2, ..., p and/or vectorial, matrix parameters 8; =
Bi, B2y ..., BT, B = (br.1)1<k.1<n and certain, linear/nonlinear functions ¢; =

wr(x), k=1,...,pinx.
For a vectorial response function

Y=y B) = (i(x, B), 26, B), s ymlx, BT (11.3)
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with components as defined in (11.2b), having a joint parameter vector/matrix §, in
the general case we may write

y =3 Bo, Br) = Bo+e(x)Br = (I, p(x)) (gf) , (11.42)
where By = (Bo1, Bozs - - - » ,BO,m)T is the initial parameter vector, 8; = (81, B2, - - .,

B ,,)T, I is the unit matrix and ¢ = ¢(x) is the (m, p)-matrix

@1(x) o11(x) ... @1p(x)
@2(x) ©21(x) ... @2p(x)
p(x) = . = . . (11.4b)
(Pm()C) (pml(x) R §0mp(x)
with given functions ¢y = g (x), [ =1,...,m, k=1,..., p. According to the

stochastic data (11.1b), including measurements, observational and modeling errors,
for the unknown or partly known parameter vectors By, 8; with (11.4a) and (11.4b)
we have the following relations:

Vi~ Bo+ox)pr, i=1,2,...r1 (11.52)
with the rn-, rm-vectors and the (rm, m + p)-matrix

X1 Vi Lo(xy)
X=\|:1, Y=1:1, H(X) = s (11.5b)
Xy Yr To(x,)

the above relations (11.5a) can be represented by

Y ~ H(X) <§f) (11.5¢)

Considering standard regression techniques, the deviation between the vector ¥ of
Bo

Bi
outputs by the model (11.5a)-(11.5c) with respect to the vector X of all inputs

xi, i =1,...,r is evaluated by means of a loss function ¢ = ¢(z), as, e.g., the

all observed outputs y;, i =1, ..., r, and the vector H(X) of the predicted

squared Euclidean norm g(z) = ||z]lg = Y ||zi||2E.
i=1
This leads to the optimization problem

. _ Bo
(ﬁul.%}?qu(Y H(X) <’31 )). (11.5d)
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11.2 Stochastic Optimization Methods in Machine

Learning
Thedata (x;, y;), i =1, ..., r,asstated in (11.1b), can be interpreted as realizations
of a pair
(X,Y) = X(w),Y(w)), we (2,AP), (11.6a)

of stochastic scalar or vectorial input-output variables on a probability space
(2,2, P).

Taking possible constraints 8 € D and/or costs c(8) = c(Bo, B;) into account for
the parameter vector

_( Bo
8= <ﬁ1) (11.6b)

with a loss function ¢ = ¢(z), the machine learning or regression problem can be
formulated by the stochastic optimization problem

IﬂneigC(ﬁ) + Eq (Y(0) — HX(®)B) , (11.6¢)

where

H(X(w))B = po+ ¢(X (@)1, (11.6d)

E denotes the expectation operator and X = X (w) € R", Y = Y(w) € R™ denotes
the underlying input-output pair.

11.2.1 Least Squares Estimation of the Parameter Vector

One of the most frequently used loss functions is the squared Euclidean norm g (z) =
||z||zE = zTz. Assuming zero parameter costs c(8) = 0 and no constraints for 8 =
(Bo, Br)T, the estimation problem (11.6c), (11.6d) reads

2

(11.72)

gnlﬂn E Hy(w) — H(X(w)) (§?>

E

Due to the strict convexity of the loss function ¢(z) = ||z||%, the necessary and
sufficient optimality condition reads
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EH(X ()" H(X (w)) (g‘;) = EH(X ()Y ().

This yields the following result:

Lemma 11.1 [f the loss function q is defined by the squared Euclidean norm and
the matrix EH (X ()T H(X (w)) is regular, then the optimal parameter vector is
given by

(g‘)) = (EH(X(a)))TH(X(a))))_l EHX ()Y (w). (11.7b)
1

11.3 Estimation with Sublinear Loss Function ¢ = ¢(z)

In addition to the stochastic optimization problem (11.6¢)—(11.6d), we now con-
sider the parameter optimization problem in the following form, where Z = Z(w) €
R™, w e (2,2, P), denotes the approximated and realized output

min ¢(By, Br) + Eq(Z(w)) (11.8a)

s.t. H(X () <g°> 1 Z(w) = Y (o) (11.8b)
1

(Bo. BT € D. (11.8¢)

Here, ¢ = ¢(z) is a sublinear function [7, 9] having the following properties:

q(Az) = Aq(2), A>0,zeR"
q(z+w) < q() +q(w), z,w € R™,

Sublinear functionals can be represented in the following way [8]:

(a) Maximum (supremum) of linear functions
Letc¢;, j € J be a finite or infinite number of vectors ¢; € R™. Then

q(z) := max(sup)c] z, z € R" (11.92)
jeJ

is a sublinear function on R, assuming that for an infinite index set the supre-
mum is finite.

(b) Distance or Minkowski functional
For a given closed, convex set K € R™ containing the origin as an interior point,
the distance or Minkowski functional ¢(z) = gk (z) is defined by

g(z) == inf{A > 0 : % €K}, z e R™. (11.9b)
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(c) Sublinear functions generated by linear programs
Let M an (m, s)-matrix such that

{weR" : Mw=2z, w>0}#@forallz e R" (11.9¢)
and y >0, y € R*. Then
q(@) =min{y"w : Mw=2z, w>0}, zeR" (11.94d)

i.e., the solution of the linear program

min yTw
st. Mw=z (11.9¢)
w>0

is a sublinear function on R”.

Remark 11.1 For the interrelation of the three representations of sublinear func-
tions, see [7, 8].

Some sublinear functions g = ¢(z), as the maximum norm, also called Chebyshev
norm, i.e.,q(z) = ||zllec = sup|z;|, evaluate the componentsz;, j € J of adeviation
vector z = (2;) jes in a uniform way.

Remark 11.2 The matrix M is called recourse matrix in cases where (11.9¢)—
(11.9d) models a correction step, see later.

Using the LP version (11.9d) for the representation of the sublinear function,
the estimation problem (11.8a)—(11.8c) can be represented, using a possibly random
matrix M = M (w) and a random cost vector y = y (w), by

min ¢(Bo, B1) + Ey (@) w(w) (11.10a)
st. H(X () <§‘1’) + M(w)w(w) = Y (w) a.s. (11.10b)
(’30) e D, w(w) >0, a.s. (11.10c)

Bi

11.3.1 Representation by a Stochastic Linear Optimization
Problem (SLOP)

Under weak assumptions (11.10a)—(11.10c) can be represented by an (LP):

e Suppose that the cost function ¢ = ¢(Bo, B;) is defined by the sublinear function,
c.f. (11.9a),
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._ T ( Bo
c(Bo, Br) = 11213552 C (ﬂ1> , (11.11a)
where ¢;, [ =1, ..., L, are given (m + p)-vectors.
e Moreover, assume (8o, B;)7 € D is given by
G<’3°> <g. (11.11b)
Bi

e Defining the (L, m + p)-matrix C and the L-vector e; by

cl 1
C .= : , ep:=|: 1], (11.11¢)
! 1

and selecting auxiliary vectorial variables ¢, 7,
for problem (11.8a)—(11.8c) we have the following representation [9]

Lemma 11.2 Using (11.11a)—(11.11c), problem (11.8a)—(11.8c) can be represented
in the form of a stochastic linear optimization problem (SLOP)

min ¢+ Ey(0)Tw(w) (11.12a)
s.t. H(X(w)) (§°> + M(@)w(w) = Y (o) a.s. (11.12b)
1

C<ﬂ0)—ceL+8=0 (11.12¢)

Bi
G(’B0>+r/=g (11.12d)

Br
6,n>0, ww)>0 a.s. (11.12e)

Remark 11.3 (SLOP)Condition (11.12a) and (11.12¢) mean that the objective func-
tion of the SLOP (11.12a)—(11.12¢),

f(ﬁ?) = pax o (ﬁ‘j) +Ey (@) w(o), (11.13)

i.e., the sum of the costs (11.11a) for the parameters 8 = (8o, B;)7 and the expected
costs (11.9d) for the deviation between the actual realization Y (w) of the output Y
Bo

and the approximated output H (Y (w)) ( 8
I

) have to be minimized.
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11.3.2 Numerical Solution of the (SLOP)

A main procedure for the numerical solution of problems of the type (11.12a)—
(11.12e) is based on the discretization of the probability measure P, see, e.g.,
[10, Chap. 2].

Here, P is approximated by discrete distributions

Pyi=) dj€y, dYaj=1, ;=0 1<j<r (11.14a)
j=1 j=1

where €, denotes the one-point measure at point w;, and o; = P(€2;) are the prob-
r
abilities of a certain partition | Q;=QofQwithw; € Q;, j=1,...,r.

Jj=1
Defining then x;, y;, w;, M;, j=1,...,r by

x; = X(wj), yj =Y (w)), w; = w(w;),
Mj = Mj(a)j), Yi = ]/((,()j), (1114]:))

problem (11.12a)—(11.12¢e) can be approximated by

min c+ijijwj (11.15a)
j=1

S.t. H(Xj),B-i-Mij':yj, j=1,...,l’ (1115b)

cf—ceL +85§=0 (11.15¢)

GB+n=g (11.15d)

w;>0,j=1,...r, §=0,n>0, (11.15¢)

. Bo )
with B := .
A <ﬁ1
Next, basic properties of problem (11.15a)—(11.15e) are given:

Theorem 11.1 (Stochastic Linear Program (SLP))

(a) The discretized problem (11.15a)—(11.15¢) is a linear program (LP).

(b) Increasing the refinement of the discretization of the probability space (2, U, P),
the optimal solution B and the related optimal value of (11.15a)—(11.15¢) con-
verge to the optimal solution, the optimal value, resp., of (11.12a)—(11.12e).

Proof The first assertion can be seen directly in (11.15a)—(11.15¢). The second one
can be found in the literature on stochastic linear programming (SLP), see, e.g.,
(4, 5]. O
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Table 11.1 Data structure of the (SLP) (11.15a)—(11.15¢)

B [¢ ) n w1 wo w3 . wy

0 1 0 0 aryr Oy a3y3 ... oYy 0
H(x;) |0 0 0 M, Vi
H(xy) |0 0 0 M, 2
H(x3) |0 0 0 M3 3
H(x;) |0 0 0 M, Vr
C —er 1 0

G 0 0 I

Another important property for the solution (11.15a)—(11.15¢) follows from its
special data structure, see Table 11.1 The following variables and data occur:

(i) In the first line all variables 8, c, §, n, wy, ..., w, are shown.
(i) In the second line the coefficients of the objective function appear.
(iii) Inthe following large block the discretized input-output equation involving the
unknown parameters to be determined occurs.
(iv) In the next to last line the coefficients for the representation of the objective
function C as a maximum of linear functions of 8 are shown.
(v) The last line shows the coefficients of possible inequality constraints of the
parameter vector .

According to Table 11.1, (SLP) (11.15a)—(11.15e) has the following data structure
which guarantees considerable advantages in the numerical solution of this LP, see
[5, 11].

Theorem 11.2 The LP (11.15a)—(11.15e) has a dual decomposition or dual block
angular data structure.

Proof See the consideration of (SLOP), e.g., in [4, 5, 11]. U

11.3.3 Two-Stage Stochastic Linear Programs (SLP)

In problem (11.12a)—-(11.12e), (11.15a)—(11.15¢e), the system of linear equations
(11.12b), (11.15b), resp. , together with the second cost term in (11.12a), (11.15a),
can be interpreted as a cost-based evaluation of the accuracy of the approximation of
the output Y (w) by H(X (w))B, w € Q, y; by H(x;)B, i =1, ..., r, respectively.

Assume now, that after taking the coefficient vector 8 at an initial time 7y, the
random data input-output vector (X (), Y (w)) is realized at a later time ¢#;. This
enables then an improvement of the initial function approximation
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h(x) ~ h(x; B) = H(x)B = o + ¢(x)Br, (11.16a)

see (11.1a)—(11.1b) and (11.2a)-(11.2b), (11.3), (11.4a)—(11.4b), by adding the
extended correction term

L

M ==y ()b + Mw =Y () + Mw, (11.16b)
=1

where the first term is used to improve the analytical approximation of the input-
output function y = h(x), hence

h(x) = p(x)B — h = (x)B + ¥ (x)b, (11.16¢)

adding, e.g., quadratic terms to an initially linear approximation of 4. Moreover,
the second term in (11.16b) is devoted to measure, minimize, resp. , the remaining
analytical and measurement/observational errors.

Using the extended correction term (11.16b) and taking, for simplification, linear
cost functions for the evaluation of the coefficient vectors  and b, corresponding to
(11.12a)—(11.12¢) the (SLOP) reads

min By + B+ E (dL(0)bi(w) + dT (0)b_(w)

By Bobibw
+ y (@) w(w)) (11.17a)
st. HX(0)(B+ — B-) + ¥ (X (@) (by(w) — b_(w))
+ M@@w(w) =Y () as. (11.17b)
GB+—p-)+n=g (11.17¢)
Bi, B >0, bi(w),b_(w), ww) >0 as. (11.17d)

Remark 11.4 The vectors B, b(w) of coefficients in the approximation of the input-
output function y = h(x), sf. (11.1a)—(11.1b) are represented by

B=ps—p, b =bi(w)—b_() (11.18a)

with nonnegative vectors B, B_, by (w), b_(w) > 0.Note, that in the present 2-stage
setting of the (SLOP) the vectors b(w), b (w) and b_ (w) may be random. Moreover,
Cct,C—, dy =di(w),d- = d_(w), resp., are deterministic, stochastic, resp., cost
vectors.

Approximating, corresponding to (11.12a)—(11.12e), the 2-stage (SLOP)
(11.17a)—~(11.17d) by means of discretization of the probability distribution P, see
(11.14a)—(11.14b), we set

b+j = b+(a)j), b,j = b,(a)j), Mj = M(C()j), wj = LU(Cl)j),
dyj=dy(@)), d_j:=d_(©)), yj=y@w;). j=1,....r. (11.18b)
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Corresponding to (SLP) (11.15a)—(11.15e) the 2-stage (SLOP) (11.17a)—(11.17d)

is approximated, cf. (11.14a)—(11.14b), by discretization of the probability distribu-
tion P, by the 2-stage stochastic linear program

min ciﬂ++cfﬂ_+2aj (dijbﬂ'—l—dzjb_j

B+.B—.n
b+,-,b,j,wj j=1
+v] w;) (11.19a)
s.t. H(Olj)(,B.»,. - B+ 1//(x.,~)(b+_,- — b_j) + Mjw_,- =Yy; j=1,...r
(11.19b)
Gy —B)+n=g (11.19¢)
By, B—sn =0, byj,b_j,w; >0, j=1,...r (11.19d)

Since the (SLP) (11.19a)—(11.19d) and (11.15a)—(11.15e) have the same LP structure,
all properties which are valid for (11.15a)—(11.15¢), see Theorem 11.2, hold for
(11.19a)—(11.19d), too.

Especially, we mention the following property which is important for the numer-
ical solution of (11.19a)—(11.194d).

Theorem 11.3 The LP (11.19a)—(11.19d) has a dual decomposition or dual block
angular data structure.

Proof See, e.g., the consideration of the stochastic linear programs in [4, 5, 11]. O

11.4 Two and Multiple Group Classification Under
Stochastic Uncertainty

Consider a set of data points x;,
M={x; :i=1,...,1} cR", (11.20a)

which are realizations of a random n-vector ¢ = ¢(w) on a probability space
(2, %, P). Assume that a certain grouping, cf. Fig. 11.2,

J
M=\ Mj, My:={x:iel}, j=1,--J (11.20b)

j=1
into disjoint sets of points M;, j =1, ..., J, can be observed, where also the further

realizations belong to one of the observed classes.
The problem now is to give a suitable mathematical description of the observed
classification such that the class of a new data point can be predicted.
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Fig. 11.2 Observed grouping of the data set M

As indicated in Fig. 11.2, the observed classes of data points can be represented
in many cases [1-3, 6] by means of a certain number of straight lines (in R?) or
hyperplanes in R” :

Hy={xeR" :wx=b}, v= <'Z> e R™, (11.21a)

v:vlz(;:), I=1,....L. (11.21b)

The parameter vectors v;, [ = 1, ... L are chosen in a way that point sets, represent-
ing the J classes, can be subdivided by the hyperplanes and their sides in a certain
optimal sense, described as follows:

11.4.1 Two Classes (J =2,L =1)

Separating in case of two classes, cf. Fig. 11.3, the corresponding data sets M, M,

with a hyperplane H,, v = (w ), for the parameter (n + 1)-vector v, we have the

b
basic condition

wix—b>0, xeM,, (11.22a)
wix—b<0, xeM,. (11.22b)
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Fig. 11.3 Separation of data sets M, M>, related to two classes, by the hyperplane H,

Obviously, there are many possible separating hyperplanes H, in general. Hence,
in order to get a unique, sharp separation of the data sets M;, M,, we consider the
minimum distance df, d;, resp., between a separating hyperplane H, and a point x
of My, M,, respectively.

The distances dy = di(x), dy = d,(X) between a point x € My, X € M, resp.,
and the hyperplane H, are given by, cf. Fig. 11.4

wlix —b
@) = e —ull = S e My, (11.23a)
X
b—w'F
d>(X) = |IF —ii|| = ”7w||x ie M, (11.23b)
w

where u, i, resp., denotes the projection of a point x € M, X € M,, resp., onto
H,. The minimum distances df, d;, resp., between M, M,, resp., and a separating
hyperplane H, then read

T
—b
= d¥(My) = min —— 2, (11.24a)
xeMy ||x]|
b—w'F
df = d¥(Ms) = min — . (11.24b)
R

Consequently, the optimal separating hyperplane H* = H, is achieved for equal
and maximum distances d;, d;. Hence, we have the following conditions:
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A
M,

wlx<b P

w'x>b w

v

Fig. 11.4 Distances between a separating hyperplane H, and a point x in M or M»

Theorem 11.4 (Optimal separating hyperplane H* = H,+) The parameter vector

V= 12)* of the optimal separating hyperplane H* = H« is an optimal solution
of the optimization problem
o Cwix—b
maximize min —— (11.25a)
xem fw]
S.t.
w'x—b>0, xeM, (11.25b)
wix—b <0, xeM, (11.25¢)
T T
b b—
min wr=o = min ﬁ, (11.25d)
xeM [l veMz  Jwl|

(w> e R, (11.25¢)
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Remark 11.5 Because of Eqs. (11.24a), (11.24b), the equality condition d} (M;) =
d; (M) is stated in the form (11.25d). Of course, it can also be given by

min w/x —b=minb — w’x. (11.25f)
xXeM, xeM,

Corollary 11.1 Simplified versions of the optimization problem (11.25a)—(11.25f)
can be obtained if the variable b is replaced

b= by (11.25g)

by a preselected fixed parameter value by € R.

In the following we denote, cf. Fig. 11.5, by

xF = xt(w, b) € M, (11.262)
x5 =x5(w, b) € My, (11.26b)

an optimal solution (observed data pointin M|, M,, resp.) of the internal optimization
problems in condition (11.25d) or (11.25f%).

Due to the uncertainties of stochastic variations of the observed data sets M| =
{x; 1 i€}, My ={x; : i € I}, see (11.20a), (11.20b), we may replace (approxi-
mate) M, M,, resp., by their convex hull

M™ = conv(M}), M5°™ = conv(M) (11.26¢)
In this case the equations, see Fig. 11.5,

wlx = bt = w'x}, (11.27a)

wx = b} = w'x} (11.27b)

denote the tangent hyperplanes to M7°"™, M5°™, resp., at x|, x5, resp., parallel to the
w
;)
(11.27a), (11.27b), cf. Fig. 11.5.

According to the construction, with the hyperplanes (11.27a), (11.27b) we now
obtain the following classification method for two class problems.

hyperplane H,, v = ( lying in th middle of the area between the two hyperplanes

*
w
« | bean

b
optimal solution of the optimization problem (11.25a)—(11.25f) and x| = x{(v*),
x5 = x5 (v*) the optimal solutions resulting from (11.25d) or (11.25f).

To classify a new data point x, we may proceed as follows:

Theorem 11.5 (Classification rule for two class problems) Let v* =

O If wlx> by = w*Txi‘(v*), then  x belongs to Class 1.  (11.28a)
UDIf  w'x <bi:=wTxi(v*), then x belongsto Class2. (11.28b)
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Ty ¥ e, T o *
w x=b,=w’ X,

and M, M,

w

Fig. 11.5 Equal minimum distances dj (M) = d; (M>) between H (
b

11.5 Multi-classification

J
In case of data sets M = J M, cf. (11.20a), (11.20b), containing elements of a
j=1
larger number, J > 2, of djifferent properties, the structure of data set M, especially
the configuration of the appearing data classes, plays an important role for the design
of appropriate classifiers.
An important basic data structure depends on the property that the data set M; C
R" of each class j, j=1,...,J, can be separated by a hyperplane H; from the
data points of the other classes [ # j.
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11.5.1 Reduction of a Multi-classifier to Several Two-Class
Classifiers

As indicated by Fig. 11.6, in certain cases for each class j = 1, ..., J, the data set
M can be separated into the two subsets

M; and UM», j=1,...,J (11.29a)
I#]

by a hyperplane. This allows the application of the described two-class classifier to
the reduced two-class problem:

class j and not class j. (11.29b)

Thus, we have the following result.

Theorem 11.6 (Classification rule for the reduction method of multi-classification
problems to two-class classifiers) Suppose that the data set M of a multi-classification
problem has the structure described in Sect. 11.5.1. Then, for a given new data point
x, by the J-th two-class classification, the class of x is known.

Hl

v

H,

Fig. 11.6 Reduction of a four-class problem to four two-class problems
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Chapter 12 ®)
Stochastic Structural Optimization st
with Quadratic Loss Functions

Abstract Structural Analysis and Optimal Structural Design under Stochastic
Uncertainty using Quadratic Cost Functions are treated in this chapter: Problems
from plastic analysis and optimal plastic design are based on the convex, linear or
linearized yield/strength condition and the linear equilibrium equation for the stress
(state) vector. In practice one has to take into account stochastic variations of the
vector a = a(w) of model parameters (e.g., yield stresses, plastic capacities, exter-
nal load factors, cost factors, etc.). Hence, in order to get robust optimal load factors
X, robust optimal designs x, resp., the basic plastic analysis or optimal plastic design
problem with random parameters has to be replaced by an appropriate deterministic
substitute problem. As a basic tool in the analysis and optimal design of mechanical
structures under uncertainty, a state function s* = s*(a, x) of the underlying struc-
ture is introduced. The survival of the structure can be described then by the condition
s* < 0. Interpreting the state function s* as a cost function, several relations s* to
other cost functions, especially quadratic cost functions, are derived. Bounds for the
probability of survival p, are obtained then by means of the Tschebyscheff inequality.
In order to obtain robust optimal decisions x*, i.e., maximum load factors, optimal
designs insensitive with respect to variations of the model parameters a = a(w), a
direct approach is presented then based on the primary costs (weight, volume, costs
of construction, costs for missing carrying capacity, etc.) and the recourse costs (e.g.,
costs for repair, compensation for weakness within the structure, damage, failure,
etc.), where the above-mentioned quadratic cost criterion is used. The minimum
recourse costs can be determined then by solving an optimization problem having
a quadratic objective function and linear constraints. For each vector a = a(w) of
model parameters and each design vector x one obtains then an explicit representation
of the best internal load distribution F*. Moreover, also the expected recourse costs
can be determined explicitly. The expected recourse function may be represented
by means of a “generalized stiffness matrix”. Hence, corresponding to an elastic
approach, the expected recourse function can be interpreted here as a generalized
expected compliance function, which depends on a generalized “stiffness matrix”.
Based on the minimization of the generalized compliance or the minimization of the
expected total primary and recourse costs, explicit finite-dimensional parameter opti-
mization problems are achieved for finding robust optimal design x* or a maximal
load factor x*. The analytical properties of the resulting programming problem are
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314 12 Stochastic Structural Optimization with Quadratic Loss Functions

discussed, and applications, such as limit load/shakedown analysis, are considered.
Furthermore, based on the expected “compliance function”, explicit upper and lower
bounds for the probability p, of survival.

12.1 Introduction

Problems from plastic analysis and optimal plastic design are based on the convex,
linear, or linearized yield/strength condition and the linear equilibrium equation for
the stress (state) vector. In practice one has to take into account stochastic variations
of several model parameters. Hence, in order to get robust optimal decisions, the
structural optimization problem with random parameters must be replaced by an
appropriate deterministic substitute problem. A direct approach is proposed based
on the primary costs (weight, volume, costs of construction, costs for missing car-
rying capacity, etc.) and the recourse costs (e.g., costs for repair, compensation for
weakness within the structure, damage, failure, etc.). Based on the mechanical sur-
vival conditions of plasticity theory, a quadratic error/loss criterion is developed. The
minimum recourse costs can be determined then by solving an optimization problem
having a quadratic objective function and linear constraints. For each vector a(-)
of model parameters and each design vector x, one obtains then an explicit repre-
sentation of the “best” internal load distribution F*. Moreover, also the expected
recourse costs can be determined explicitly. It turns out that this function plays the
role of a generalized expected compliance function involving a generalized stiff-
ness matrix. For the solution of the resulting deterministic substitute problems, i.e.,
the minimization of the expected primary cost (e.g., volume, weight) subject to
expected recourse cost constraints or the minimization of the expected total primary
and recourse costs, explicit finite-dimensional parameter optimization problems are
obtained. Furthermore, based on the quadratic cost approach, lower and upper bounds
for the probability of survival can be derived.

In optimal plastic design of mechanical structure [2] one has to minimize a weight,
volume or more general cost function ¢, while in limit load analysis [5] of plastic
mechanical structures the problem is to maximize the load factor t—in both cases—
subject to the survival or safety conditions, consisting of the equilibrium equation
and the so-called yield (feasibility) condition of the structure.

Thus, the objective function G to be minimized is defined by

B
Go(x) =Y vio(@)Li Ai(x) (12.1a)
i=1
in the case of optimal plastic design, and by
Go=Gola,x) :==—nu (12.1b)

in the second case of limit load analysis.
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Here, x = (x1, x2, ..., x)7, x := (x1) = (w) is the decision vector, hence, the
r-vector x of design variables x, ..., x,, such as sizing variables, in the first case
and the load factor x; = u in the second case. For the decision vector x one has mostly
simple feasibility conditions represented by x € D, where D C R" is a given closed
convex set such as D = R in the second case. Moreover, a = a(w) is the v-vector
of all random model parameters arising in the underlying mechanical model, such as
weight or cost factors y;0 = y;0(w), yield stresses in compression and tension ayLl. =

oyL[ (w), a)l,{ = a)l,{ (w),i =1,..., B, load factors contained in the external loading
P=P (a (w), x), etc. Furthermore, in the general cost function defined by (12.1a),
A; = A;(x),i =1,..., B,denote the cross-sectional areas of the bars having length
Li,i=1,...,B.

As already mentioned above, the optimization of the function Gy = Gg(a, x)

is done under the safety or survival conditions of plasticity theory which can be
described [6, 10] for plane frames as follows:

() Equilibrium condition
After taking into account the boundary conditions, the equilibrium between the
m-vector of external loads P = P (a (w), x) and the 3 B-vector of internal loads

F=(Fl,Fl, ..., F})T can be described by
CF = P(a(a)),x), (12.2)

where C is the m x 3B equilibrium matrix having rank C = m.

(Il) Yield condition (feasibility condition)
If no interactions between normal (axial) forces ¢; and bending moments mf, my,
resp., at the left, right end of the oriented i-th bar of the structure are taken into
account, then the feasibility condition for the generalized forces of the bar

F=|m], i=1...,B (12.3)
m;
reads
EL(a(w),x) <F < F}’(a(a),x), i=1,...,B, (12.42)

where the bounds I?iL, I:";U containing the plastic capacities with respect to axial
forces and moments are given by
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_NL (a(a)) x) 0L<a(a))>A<(x)
ipl ? i 1
E’L(a(w),x) = —Mip a(a)),x) = —ayl{ a(w))Wipz(x) (12.4b)
— Mipl a(w), X) —O'g a(a)))Wi,,l(x)
Ny (a@.x) ) (oY(a@)aico
7 (at@, x) = | Min (“(‘”)’ x) = | o)/ (a(@) ) Wip () (12.4¢)
Mipi(a(@), x) 0¥ (a(@) ) Wipi (x)
Here,
Wipi = A Yic (12.4d)
denotes the plastic section modulus with the arithmetic mean
_ 1
Vie = E(Yil + yi2) (12.4e)

of the centroids y;1, y;» of the two half areas of the cross-sectional areas A; of
thebarsi =1, ..., B.

Taking into account also interactions between normal forces #; and moments
mf m?, besides (12.4a) we have additional feasibility conditions of the type

— hynt (a(a)), x) < HF < hin? (a(a)), x), (12.4f)

where (Hl(i)(NiO, M), hl), I =4,...,1ly+ 3, are given row vectors depending
on the yield domains of the bars, and niL, niU are defined by

; NHLDI (a(a)),x) M,-,,;(a(w),x)
! , = mi , 12.4
i (ato), x) = min § 2 i (12.4¢)
! (a@), x) = min Mip(0(.3) M (a(@). 1) (12.4h)
g ) Ni, ' M;o .
with certain chosen reference values Njo, M;0,i = 1,..., B, for the plastic

capacities.

According to (12.4a), (12.4f), the feasibility condition for the vector F of interior
loads (member forces and moments) can be represented uniformly by the conditions
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Fiﬁ(a(w),x) <HVF < Fl-llj(a(a)),x), i=1,...,B, 1=12...1+3,
(12.5a)

where the row 3-vectors H;i) and thebounds F, FY,i=1,...,B,l=1,...,1h+
3, are defined by (12.4a)—(12.4c) and (12.4f)~(12.4h). Lete; =: H],es =: HY ,e3 =
HYT denote the unit vectors of R>.

Defining the (Ip + 3) x 3 matrix H® by

HO = | H,(Nyo, Mio) (12.5b)

Hy,13(Nio, Mjo)

and the (I + 3)-vectors FF = FL<a(a)) x) FV = FU<a(a)) x) y

I’FiL }’}‘iU
—hink hin?
FF = : , FV .= : , (12.5¢)
_hloniL hloniU

the feasibility condition can also be represented by

FiL(a(a)),x) <HOF, < EU(a(a)),x>, i=1,...,B. (12.6)

12.2 State and Cost Functions

Defining the quantities

Fi+F]

Fj = Ff,(a(w) x) = T (12.7a)
FY — FL

Qi1 = Qiz(a(w), x) = % (12.7b)

i=1,...,B,l=1,...,1y+ 3, the feasibility condition (12.5a) or (12.6) can be
described by
lzul <1, i=1,....,B, l=1,...,1p+3, (12.82)
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with the quotients

HOF — Fe
zi=zu(Fia@),x)=———— i=1...,B1=1..1I+3
Qi
(12.8b)
The quotient z;;,i = 1,..., B, =1,...,1y+ 3, denotes the relative deviation

of the load component H;”F,- from its “ideal” value Fj with respect to the radius
oi1 of the feasible interval [F, Ffl/]. According to (12.8a), (12.8b), the absolute
values |z;;| of the quotients z;; should not exceed the value 1. The absolute value
|zi1| of the quotient z;; denotes the percentage of use of the available plastic capacity
by the corresponding load component. Obviously, |z;;| = 1, |z;| > 1, resp., means
maximal use, overcharge of the available resources.

Consider now the (Ip + 3)-vectors

H'F = Fj H'Fi—F;

. T _
Zi = (Zi1, 22y -+ -5 Zilg43) = (

Oi1 0i2
HOLF— Fe L\
b3 " ib+3 ) (12.8¢)
Qilo+3
With
0il 010 ...0 F§
0i2 0 0i2...0 F;,
0 = : , Qid = | . , Ff:= : (12.8d)
Qilo+3 0 0 ...o0i+3 Ficlo.t,_3
we get '
zi =0 (HYF, — F). (12.8¢)
Using (12.4b)—(12.4d), we find
UL»+UU nU—n.L nU—n.L !
Ff = Ai%, 0,0, h“T . h,oH# (12.8f)
O‘l,l{—dlf r]U—|—n.L r]U—|—n.L ’
0i = (Ai"Tyl7 Ainl,{)_’ic, AiU;,{yic, h4%, ---,hlo+3% .

(12.8g)

The vector z; can be represented then, cf. (12.3), by
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L U
t — Am 1 i) nu_nL
S R m; mi  Hy ki —him5
. ’ - - U L .y
Gyll{ — GyLi A[GyL,{yic A,'Gyll{yic hy ‘zf"li
iT
T
: U L
H(l) F — hl 3 ni —n;
s - 2 (12.9a)
h 0 N
I3
L U
In case of symmetry o, = —o we get
! r (@) gD "
li m; m; H, Fi, lor3 L
Zi = T T e T i . (12.9b)
Aio'y,. Aia);i Yic A,'O'yi Yic h477l~ h10+31’]i

According to the methods introduced in [6-8], the fulfillment of the survival
condition for elastoplastic frame structures, hence, the equilibrium condition (12.2)
and the feasibility condition (12.6) or (12.8a), (12.8b), can be described by means

of the state function s* = s* (a (w), x) defined, in the present case, by

st = s*(a(a)), x) := min {s :

ziz(Fi;a(w),x)‘ —1<s,i=1,...,B,
1=1,2,....lp+3,CF = P(a(a)),x)} . (12.10)
Hence, the state function s* is the minimum value function of the linear program

(LP)
min s (12.11a)

S.t.

—1<s, i=1,...,B, I=1,...,[p+3 (12.11b)

2u(Fis a(@), x)

CF = P(a(a)), x>. (12.11¢)
Since the objective function s is bounded from below and a feasible solution
(s, F) always exists, LP (12.11a)—(12.11c) has an optimal solution (s*, F*) =
(s*(a(a)), x), F *(a(a)), x)) for each configuration (a(a)), x) of the structure.

Consequently, for the survival of the structure we have the following criterion,
cf. [7].

Theorem 12.1 The elastoplastic frame structure having configuration (a, x) carries
the exterior load P = P(a, x) safely if and only if
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s*(a,x) <0. (12.12)

Obviously, the constraint (12.11b) in the LP (12.11a)—(12.11c) can also be repre-
sented by

z(F;a(w),x) —1<s, (12.13a)

‘ [e¢]

where z = z(F ;a(w), x) denotes the B(ly + 3)-vector

Z(F; a(a)),x) = (zl(F; a(w),x)T, e, zB(F; a(a)),x)T)T, (12.13b)

and ||z is the maximum norm

Zlloo := max|z;]. (12.13¢)
lsfs’foﬂ
If we put
s=14s or s=5§5—1, (12.14)
from (12.10) we obtain
s*(a,x) =8%(a,x) —1, (12.15a)

where the transformed state function §* = §*(a, x) reads
. x) == min{Hz(F; a, x)H . CF = P(a, x)}. (12.15b)
oo

Remark 12.1 According to (12.15a), (12.15b) and (12.12), the safety or survival
condition of the plane frame with plastic material can be represented also by

s¥(a, x) < 1.

The state function s* = §*(a, x) describes the maximum percentage of use of the
available plastic capacity within the plane frame for the best internal load distribution
with respect to the configuration (a, x).

Obviously, §* = §*(a, x) is the minimum value function of the LP

min z(F;a,x)H . (12.16)
CF=P(a,x) o0

The following inequalities for norms or power/Holder means ||z|| in RB@*3 are well
known [1, 4]:
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1
lzlloo = 7=zl

B(ly+3) B(ly +3)

1
< ——————1zll2 £ Izlloo = lIzll2, 12.17a
< B(lo+3)” 2 = llzlloe < lizll2 ( )

where
B [h+3

lzlh =) > " lzal. Izl =

i=1 I=1

z}. (12.17b)

Using (12.17a), we find

(a,x) <

§5(a, x) <§%(a, x) < §;(a, x), (12.18a)

1
VB(ly+3)

where §5 = §5 (a, x) is the modified state function defined by

§*
B(lp + 3)

gwﬁﬁ=mdeRaJWfCF=PWJﬂ. (12.18b)

Obviously, we have

S$3(a, x) =+/Gi(a, x), (12.18¢)

where G7(a, x) is the minimum value function of the quadratic program

B Ip+3

min Y Y zu(Fiia.x)’. (12.19)

CF:P(a(w),x i=1 I=1

12.2.1 Cost Functions

The inequalities in (12.18a) show that for structural analysis and optimal design
purposes we may work also with the state function §5 = §5(a, x) which can be
defined easily by means of the quadratic program (12.19).

According to the definition (12.8b) and the corresponding technical interpretation
of the quotients z;;, the transformed state function §* = §*(a, x) represents—for
the best internal load distribution—the maximum percentage of use of the plastic
capacities relative to the available plastic capacities in the members (bars) of the
plane frame with configuration (a, x). While the definition (12.15b) of §* is based
on the absolute value function

c1(zi) = lzuls (12.20a)
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Fig. 12.1 Cost functions ¢,

in definition (12.18b) of §3 occur quadratic functions
i) =24 i=1,...,B, I=1,....lp+3. (12.20b)

Obviously,
cp(zig) = |zyl? with p =1,2 (oralso p > 1)

are possible convex functions, cf. Fig. 12.1, measuring the costs resulting from the
position z;; of a load component ﬁ;') F; relative to the corresponding safety interval
(plastic capacity) [F}, FV].
If different weights are used in the objective function (12.19), then for the bars

we obtain, cf. (12.8¢), the cost functions
qi(zi) = [IWiozi 1%, (12.20c)

with (lp + 3) x (Ip + 3) weight matrices W;o,i =1, ..., B.

The total weighted quadratic costs resulting from a load distribution F acting on
the plastic plane frame having configuration (a, x) are given, cf. (12.18c), (12.19),
(12.20c), by

B B
Gii=Y IWiozll* =)zl WiWiz:. (12.21a)
i=1 i=1
Defining
W]() O PN O 21
0 W20 o O 22
Wy = e , =1 , (12.21b)
O O PN WB() ZB

we also have
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G, =G(a,x; F) =ZTWOTWOZ

= | Wozll3 = llzlI3, - (12.21¢c)
where || - [|l2,w, denotes the weighted Euclidean norm
lzll2,wy :== I Wozll2- (12.21d)

Using the weighted quadratic cost function (12.20c), the state function §5 = 55 (a, x)
is replaced by

§§7W0(a,x) = min{“z(F; cz,x)HlW0 :CF = P(a,x)}
=min{\/G1(a,x;F) . CF = P(a,x)}. (12.21¢)

Since
zllz,wy = IWozll2 < [IWoll - izl

with the norm || Wy|| of the matrix W, we find
§5 w, (a, x) < [ W85 (a, x). (12.21f)

On the other hand, in case
Wozll2 = Wyllzll2

with a positive constant W, > 0, we have

1
85w, (@, x) = Ws5(a, x) or §5(a, x) < W“G;,Wo(a’ X). (12.21g)
Wy

12.3 Minimum Expected Quadratic Costs

Putting
H® Fy 01
H® C 2 02
H = ) , Fo=|." |, o=|. |, @221h)
H® Fy (9]

with (12.8¢) we find

G =G, (a(a)), x; F) = (HF — F)"0;'WJ Woo,'(HF — F%).  (12.22a)
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If

(12.22b)

' FL 4 FU
F¢ = HF¢ with F¢ .= [ —
i=1 B

44444

as in the case of no interaction between normal forces and moments, see (12.4a)—
(12.4¢), and in the case of symmetric yield stresses

L __ U .
Oy =—0y, [= 1,..., B, (12.22¢)
we also have
G, (a(a)), X; F) = (F - F)"H o'W Woo,; ' H(F — F°). (12.22d)

Moreover, if (12.22c¢) holds, then F¢ = 0 and therefore
G1<a(w),x; F) = FTH0;'WI Woo; 'HF. (12.22¢)

For simplification, we assume first in this section that the total cost representation
(12.22d) or (12.22¢) holds.

According to the equilibrium condition (12.2), the total vector F of generalized
forces of the members fulfills

CF = P(a(w), x).

Let x € D denote a given vector of decision variables, and let be a = a(w) a real-
ization of vector a(-) of model parameters. Based on (12.22d) or (12.22e), a cost
minimum or “best” internal distribution of the generalized forces

F* = F*(a(w), x)

of the structure can be obtained by solving the following optimization problem with
quadratic objective function and linear constraints

min Gi(a(w), x; F). (12.23)
CF=P(a(w),x)

Solving the related stochastic optimization problem [8]

min EGi(a(w), x; F), (12.24)
CF=P(a(w),x)a.S.

for the random configuration (a(w),x) we get the minimum expected (total)
quadratic costs o
G, =G,(x), xe D, (12.25a)
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where ET (x) may be obtained by interchanging expectation and minimization
ET(x) = G_T(x) = Emin{G(a(w), x; F) : CF = P(a(w), x)}. (12.25b)
The internal minimization problem (12.23)
min G;(a(w),x; F) s.t.CF = P(a(w), x),

hence,
CF:IIEI(iaI}w) x)(F — F)TH o'W Woo,'H(F — F°), (12.26)

with quadratic objective function and linear constraints with respect to F can be
solved by means of Lagrange techniques. We put

W = W(a,x):=H o'W Woo,'H (12.27)

and define the Lagrangian of (12.26):
L=L(F, ) :=(F—F) WF-F)+A(CF—P(a(w),x)). (12.28a)
Based on the corresponding piecewise linearized yield domain, W describes the
plastic capacity of the plane frame with respect to axial forces and bending moments.

The necessary and sufficient optimality conditions for a minimum point (F*, A*)
read

0=VpL=2W(F — F)+CTx, (12.28b)
0=V,L=CF—P. (12.28¢)

Supposing that W is regular, we get

1

F=F— EW—ICTA (12.28d)
and |
P=CF=CF°— ECW*‘CT,\, (12.28e)
hence,
1
F*=F°— 5W—‘CT)\* =F —wlcTecw ¢~ (CF° - P). (12.28f)

Inserting (12.28f) into the objective function G;(a(w), x; F), according to
(12.22a) and (12.27) we find
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GT = GT(a(w),x)
— (F* — FO)TW(F* — F9
= (cre=pTew e lew ) w (wlcTew="ch) e - p)
= (CF - pP)ew eyl cF - p)
=tr(cw-tchy~Y(cF¢ - P)(CF® - P)T, (12.282)

where “t” denotes the trace of a matrix. The minimal expected value G7 is then
given by
Gi(x) = EG}(a(®), x)
= E(CF(a(w), x) — P(a(a)),x))T<Cw(a(w),x)"CT)_l
x (CF*(a@), ) = P(a(®).x))
—E tr(CW(a(a)),x)_lCT>_1(CF"(a(a)),x) ~ P(a(@).x))

x (CF*(a@), x) - P(a(a)),x))T. (12.29a)

Ifol = —oU

Vi yi» i=1,..., B, then F* =0 and

Gi(x) = EP(a(w), x))" (CW(a(w), x)"'CT)"' P(a(w), x)

_ trE(CW(a(a)), x)_1CT>_1P(a(a)), X)Pa(w), x)".  (12.29b)

Since the vector P = P(a(w), x) of external generalized forces and the vector of

yield stresses 0¥ = oV (a(w), x) are stochastically independent, then in case ayLl. =
—a;{, i=1,..., B, we have
Gi(x) = EP(a(w), x))"U(x)P(a(w), x)
= 1trU(x)EP(a(w), x)P(a(w), x)T, (12.29¢)

where -

U(x) := EK(a(w), x)! (12.29d)
with the matrices

K (a,x) == CKy(a, x)CT (12.30a)

and
Ko(a,x) == W(a,x)"" = (H o;'WI Woo,; ' H)™". (12.30b)
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We compare now, especially in case F¢ = 0, formula (12.28g) for the costs G} =
Gi(a, x) with formula
r:=u'pP

for the compliance of an elastic structure, where
u:=K;'P

is the vector of displacements, and K,; denotes the stiffness matrix in case of an
elastic structure. Obviously, the cost function G} = G} (a, x) may be interpreted
as a generalized compliance function, and the m x m matrix K = K (a, x) can be
interpreted as the “generalized stiffness matrix” of the underlying plastic mechanical
structure. If we suppose that

Wio = (wdin), 1 ppss =1, B (12.30c)
are diagonal weight matrices, then, cf. (12.8g),
0 2
—1y,T T Wy
0; Wy Woo, = diag ((Q_> ) (12.30d)
il

If condition (12.22b) and therefore representation (12.22d) or (12.22e) does not
hold, then the minimum total costs G} = G} (a (w), x) are determined by the more
general quadratic program, cf. (12.22a), (12.23), (12.26),

min  (HF — F)'W, (a(a)),x)(HF — F9), (12.31a)
CF:P(a(w),x

where
W,(a, x) = 05" (a, X)W Woo; " (a, x). (12.31b)

Though also in this case problem (12.31a) can be solved explicitly, the resulting
total cost function has a difficult form. In order to apply the previous technique,
the vector F¢ is approximated—in the least squares sense—by vectors H F with
F € R38 Hence, we write

F¢~ HF, (12.32a)

where the (3B)-vector F* is the optimal solution of the optimization problem
min || H F — Fe|%. (12.32b)

We obtain
F* = F*(F°) .= (HTH)"'HT F°. (12.32¢)
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The error e(F°*) of this approximation reads

e(F€) := |HF* — F°||

_ H (H(HTH)’IHT - I)FC . (12.32d)

With the vector F* = F®*(F°) the total costs G = G (a(a)), X; F) can be
approximated now, see (12.22a), by

G (@), x: F) = (HF = HF™)" W, (a(), x ) (HF — HF")

= (F— F"THTW, (a(a)), x)H(F o

—(F - F"*)TW<a(w), x)(F _FoY, (12.33a)
where, cf. (12.27),

W =W(a,x):=H W,(a,x)H. (12.33b)
Obviously, the approximate cost function G{ = G{(a, x; F) has the same form
as the cost function G| = G(a, x; F) under the assumption (12.22b), see (12.22d).
Hence, the minimum cost function G{* = G{*(a, x) can be determined by solving,

cf. (12.23),

min  Gi(a, x; F). (12.34a)
CF=P(a,x)

We get, see (12.28g),
-1
G?*(a, )C) - tr(CW(a, x)71CT> (CFC* _ P)(CFC* _ P)T’ (1234b)

where F“* = F“*(a, x) is given here by (12.32c). Taking expectations in (12.34b),
we obtain the approximate minimum expected total cost function

G = G (x) = EG’f*(a(a)), x). (12.34¢)

12.4 Deterministic Substitute Problems

In order to determine robust optimal designs x*, appropriate deterministic substitute
problems, cf. [8], must be formulated.
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12.4.1 Weight (Volume)-Minimization Subject to Expected
Cost Constraints

With the expected primary cost function, see (12.1a), (12.1b),
Go(x) = EGo(a(w), x)
and the expected cost function G_T = G_T(x) representing the expected total weighted

quadratic costs resulting from a violation of the feasibility condition (12.4a), (12.4f),
we get [3, 9] the optimization problem

min Go(x) (12.35a)
s.t. Gi(x) < T (12.35b)
xeD, (12.35¢)

where I'; is a certain upper cost bound. In case (12.1a) we have

B
Go(x) =Y TioLiAi(x) (12.35d)
i=1

with 7ig 1= Eyio(w), and GT = G*(x) is defined by (12.29a) or (12.29b).
Due to (12.20c) and (12.21a)—(12.21c), the upper cost bound I'; can be defined
by
I =g G™, (12.35¢)

where g; > 0isacertainreliability factor, and G'** denotes the maximum of the total
cost function G; = G (z) on the total admissible z-domain [—1, 1]%+35 Hence,

GI™ = Z 1Wiozi |
ze[—1, IJ(IU+3)B

2
max || Wizl
zie[—1,1]%+>

2

max _[|Wige”|I%, (12.35f)
1<J <2lo+
where e, j =1, ..., 20%3 denote the extreme points of the hypercube [—1, 1]%0+3,

As shown in the following, for Wy = I (identity matrix) the expected cost con-
straint (12.35b) can also be interpreted as a reliability constraint.

According to Theorem 12.1, (12.12) and (12.15a), (12.15b), for the probability of
survival p; = ps(x) of the elastoplastic structure represented by the design vector x
we have
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ps(x) = P(s*(a(a)), x) < O)
- P<§*(a(a)),x) 1< 0) = P(§*(a(a)), x) < 1). (12.36)

Knowing from (12.18a), (12.18b) that, in case Wy = I,

§5(a, x) < §%(a, x) < §5(a, x),

1
By +3)
we obtain the probability inequalities
P(ﬁé‘(a(w),X) = 1) < ps(x) = P(fé‘(a,x) < VBl + 3)). (12.37a)

Due to the first definition of G} = Gj(a, x) by (12.18c) and (12.19), related to the
case Wy = I, we also have

P(G’f(a(a)),x) < 1) < py(x) < P(G’f(a(a)),x) < B(y +3)). (12.37b)

Using now a nonnegative, nondecreasing, measurable function 2 on R, for any
g1 > 0 we find [8]

Eh(Gi(a(), x))

P(Gi(a(@).x) <g1) =1- 12.38
( H(a(w), x) < gl) > s ( a)
In the case h(t) = t we get the inequality
G*
P(GT(a(w),X) < gl) > - 49 (12.38b)
81

where the expectation G_T(x) = EG} (a (w), x) is given by (12.29a) or (12.29b). The
probabilistic constraint

P(GT(a(w), x) < gl) > Olmin (12.39a)

for the quadratic mean rate §5 = ,/G7(a, x) of minimum possible use of plastic
capacity within the plane frame with configuration (a, x) implies p;(x) > Gmin
for gy = 1, cf. (12.37b). Hence, due to (12.38b), constraint (12.39a) and therefore
Ps(X) > amin can be guaranteed then by the condition

Giw) < g1l — ), (12.39b)

see (12.35b).



12.4 Deterministic Substitute Problems 331

12.4.2 Minimum Expected Total Costs

For a vector x € D of decision variables and a vector F of internal generalized
forces fulfilling the equilibrium condition (12.2), from (12.1a), (12.1b) and (12.22a),
(12.22b) we have the total costs

Ga(w),x; F) = Gyla(w), x) + Gi(a(w), x; F). (12.40a)

Here, the weight or scale matrices W;o and the weight or cost factors y;g, | =
1, ..., B, must be selected such that the dimensions of Gy and G, coincide. For
example, if Wyo =1,i =1,..., B, and /G, (a, x) is then the quadratic mean rate
of use of plastic capacity for a given distribution of generalized forces F, then we
may replace y;o by the relative weight/cost coefficients

rel .__ Yio ;
Yio = G(r)efv l_la"'vBa

with a certain weight or cost reference value Ggef .

Minimizing now the expected total costs

G =G(x) = EG(a(w), x; F(w))
= E(Go(a(w), x) + Gi(a(w), x; F(w)))
= EGy(a(w), x) + EG(a(w), x; F(w))
=Go(x) + EG (a(w), x; F(w)) (12.40b)

subject to the equilibrium conditions (12.2) and the remaining condition for the

decision variables
x €D, (12.40¢)

we obtain the stochastic optimization problem

min E(Gola(w), x) + Gi(a(w), x; F(w)). (12.41)
CF(w)=P\a(w),x) a.s.
xeD

Obviously, (12.41) has the following two-stage structure:

Step 1:  Select x € D without knowledge of the actual realization a = a(w) of
the model parameters, but knowing the probability distribution or certain
moments of a(-);

Step 2:  Determine the best internal distribution of generalized forces F = F*(w)
after realization of ¢ = a(w).
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Therefore, problem (12.41) is equivalent to

min E (Go(a(a)), x) + min Gi(a(w), x; F)) . (12.42)
xeD CF=P(a(w),x)

According to the definitions (12.35d) of G, and (12.25b) of G*, problem (12.42)
can be represented also by

min (G_O(x) n G_T(x)>. (12.43)

12.5 Stochastic Nonlinear Programming

We first suppose that the structure consists of a uniform material with a symmetric
random yield stress in compression and tension. Hence, we assume next to

U}{{ = —(7;;. = a}’,f = UyU(a)), i=1,...,B, (12.44)
with a random yield stress 0)[,] (w). Due to (12.8e) we have
0i(a(®), x) = Ai(0}], 04 Ficr 031 Vier Oy halis . 0y g y3mi)

=0y Ai(L, Vi, Vies hatiin - higyan) " =07 8i(x)  (12.452)

and therefore, see (12.8d),

o(a(), x) = o (@b (x) (12.45b)
With 8;(¥) = Ar(L, ¥ Foos hatits - igssn) T i = min { ——, i L ang
Qi . i Yies Yieo aNiy oo o5 Ng43Ni) " 5 Ni 2 NiO’MiO
01(x)
o(x) = : . (12.45¢)
0p(x)

According to (12.30a), (12.30b), for fixed weight matrices Wiy, i =1, ..., B, we
obtain
K(a(w), x) = CKo(a(w), x)C” (12.46a)

with
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Ko(a(w),x) = (H" o'Wy Woo; ' H)™

= o/ (@)’ Ko(x),

where 1
Ko(x) := (H 8(x); W Wob(x); ' H) ™.

Now, (12.30a), (12.30b), and (12.46a)—(12.46¢) yield
K (a(@), x) = o/ (0)* CKo(x)CT = o (0)*K (x)
with the deterministic matrix
K(x) := CKo(x)CT.

Moreover, we get

U(a(a)),x) = K(a(a)),x)_1 = (GyU(a))ZI%(x))_l

o

Hence, see (12.294),

— 1 .
Ux) = EU(a(a)),x) = (EW) K(x)™n

333

(12.46b)

(12.46¢)

(12.47a)

(12.47b)

(12.47¢)

(12.47d)

In case of a random weight matrix Wy = W, (a (a))), for U(x) we also obtain a

representation of the type (12.47d), provided that i) the random variables W, (a (a)))

and o;] (w) are stochastically independent and ii) K (x) is defined by

1\ !
K(x) = (E(Cko(w(a(w)),x)cr) )
From (12.29¢) we obtain

Gi(x) = EGj(a(w), x)
= trﬁ(x)EP(a(a)), x) P(a(w), x)T

1 .
- (anl](—w)Q> trK (x)"'EP(a(w), x) P(a(), x) .

Representing the m x m matrix

(12.48)
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B(x) := EP(a(a)), x)P(a(a))x)T
— PP + cov(P(a(-), x))
= (b1(x), ba(x), ..., by (x)) (12.49a)
by its columns b;(x), j = 1, ..., m, where we still set
P(x) := EP(a(w), x) (12.49b)

cov(P(a(), %)) = E(P(a@). x) = P) (P (a@). ) - F(x))T, (12.49¢)

we find
1 5
Z(x) = (Z],ZZ, . ,Zm) =F <W> K(x)_lB(x)

1 o . o
:E<W> (K)™'b1(x), K@) 'ba(x), ..., K(x) by (x)). (12.49d)

However, (12.49d) is equivalent to the following equations for the columns z;, j =
1,...,B,

. 1
K(x)z; =E <W> bi(x), j=1,...,m. (12.50)
y

With equations (12.50) for z;, j =1, ..., m, the expected cost function G_T(x) can
be represented now by o
GT(X)=”’(Z1,Zz,~-«,Zm)- (1251)

Having (12.50), (12.51), the deterministic substitute problems (12.35a)—(12.35d)
and (12.43) can be represented as follows:

Theorem 12.2 (Expected cost-based optimization (ECBO)) Suppose that Wy, i =
1, ..., B, are given fixed weight matrices. Then the expected cost-based optimization
problem (12.35a)—(12.35¢c) can be represented by

min  Go(x) (12.52a)
s.1.
tr(z1, 200 oy Zm) < T (12.52b)
. 1
K@)z, =E|—— | b0, j=1,..., 12.52
@)z <o—;f(w>2> N m (12.52¢)
x eD, (12.52d)

where the vectors b; = bj(x), j =1,..., m, are given by (12.49a).
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Obviously, (12.52a)—(12.52d) is an ordinary deterministic parameter optimization
problem having the additional auxiliary variables z; € R, j =1, ..., m. In many
important cases the external generalized forces P = P(a (a))) does not depend on
the design vector x. In this case by, b, ..., b, are the fixed columns of the matrix
B = EP(a(w))P(a(w)) " of second-order moments of the random vector of external
generalized forces P = P(a(w)), see (12.492)~(12.49c).

For the second substitute problem we get this result:

Theorem 12.3 (Minimum expected costs (MEC)) Suppose that Wy;,i =1, ..., B,
are given fixed weight matrices. Then the minimum expected cost problem (12.43)
can be represented by

min Go(x) +t7(21,22, - -+ » Zm) (12.53a)
s.t.
. 1 ,
K(x)z; =E W bi(x), j=1,....,m (12.53b)
x € D. (12.53¢)

Remark 12.2 According to (12.47b) and (12.46¢), the matrix K= k(x) isasimple
function of the design vector x.

12.5.1 Symmetric, Non-uniform Yield Stresses

If a representation of

U(x) = EU(a(w), x) = EK (a(w), x)“ = B(w)K(x)™",
see (12.29d), (12.30a), (12.30b), of the type (12.47d) does not hold, then we may
apply the approximative procedure described in the following.

First, the probability distribution P,., of the random vector a = a(w) of model
parameters is approximated, as far it concerns the subvector a; = a;(w) of a = a(w)
of model parameters arising in the matrix

K = K(a(a)),x) = K(al(a)),x),

by a discrete distribution

N
Pay =) asg,e (12.54)
s=1

having realizations a}s) taken with probabilities g, s = 1, ..., N.
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Then, the matrix function U = U (x) can be approximated by

N
Ux) =) a,K9x)", (12.55a)

s=1

where
K9(x) := K@, x) = CKoa?, x)CT, (12.55b)

see (12.30b). Consequently, the expected cost function G_’f = G_T(x) is approximated
by

GLT(X) = trl}(x)EP(a(a)),x)P(a(a)),x)T
N
=Y arK ) EP(a(w), x) P(a(). x)". (12.56)

s=1

Corresponding to (12.49d), we now define the auxiliary matrix variables

29 =@, 2 = KO T B
= (KD@) b1 (x), KO )'ha(x) ..., KO(x) by (), (12.57)

where B = B(x) is defined again by (12.49a). Thus, for the columns zj,s), j=

1, ..., m, we obtain the conditions
K(S)(X)Z‘(,-‘v) =bj(x), j=1,....m, (12.58)

foreachs =1, ..., N. According to (12.56) and (12.60), the approximate expected

cost function G¥ = G7 reads

n N
Gi) =) aytr(z. 2. 2. (12.59)
s=1

s

where Z.(i ),j =1,...,m;s=1,..., N, are given by (12.58).
Because of the close relationship between the representations (12.59) and (12.51)

for G_T G_’l‘ approximate mathematical optimization problems result from (12.59)
which are similar to (12.52a)—(12.52d), (12.53a)—(12.53c), respectively.
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12.5.2 Non Symmetric Yield Stresses

In generalization of (12.44), here we suppose
ol () =y oy(@), 0} (@) = yFoy(0), (12.60)
where o, = 0, (w) > 0is anonnegative random variable with a given probability dis-

tribution, and ¥V > 0,y < 0,i = 1,... B, denote given, fixed yield coefficients.
However, if (12.60) holds, then

oV +ok U 4 ,L
Ut TR (M2 (12.61a)
2 2
and U L U L
S+ n- + 7
ni En _ o, n; (x) £ (x)’ (12.61b)
2 - 2
where, cf (12.4b, (12.4¢), (12.4g), (12.4h),
~ A, Yw;
78 (x) := min VA v Wi | (12.61¢)
N; M;
Corresponding to (12.45a), (12.45b), from (12.8f), (12.8g) we obtain
Fic(a(w), x) = ay(w)}%f(x) (12.62a)
of (a@), ¥) = oy (@0 (x), (12.62b)
where the deterministic functions
Fi=Ff(x), & =bi(x) (12.62¢)

follow from (12.8f), (12.8g), resp., by inserting formula (12.60) and extracting then
the random variable o (w). Because of (12.62a)—(12.62c), the generalized stiffness
matrix K = K (a, x) can be represented again in the form (12.47a), hence,

K(a(a)), x) = o2 K (x), (12.63a)

where the deterministic matrix function K = K (x) is defined corresponding to
(12.47b). Furthermore, according to (12.21h) and (12.62a), for F°¢ (a(a)),x) we

have
F”(a(w), x) = o (W) EC(x), (12.63b)
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where ;
F(x) = (ﬁf(x)T, o ﬁg(x)T) . (12.63¢)

Thus, due to (12.32b), (12.32¢), for the vector F¢* = F* (a(a)),x) defined by
(12.32a)—(12.32c) we find

Fer (a(a)), x) = o () F™ (x) (12.63d)

with
F*(x) .= (HTH) "HT F°(x). (12.63e)

Inserting now (12.63a), (12.63d) into formula (12.34b), for the (approximate) mini-
mum total costs we finally have, cf. (12.47c), (12.48),

67*(a(w),x) L (a(w)CFC**(x) - P(a(a)),x))

o (w)?

y (U(w)CFc**(x) - p(a(w),x))T
_ Ltrk(x)—lp(a(a)),x)P<a(a)),x)T

o(w)?

trk ()~ <CF”**(x)P<a(a)),x>T

o(w)
+P(a(w), x)F”**(x)TCT) + 1R (x)" CF™ (x) F** (x)T CT.
(12.64)

The minimum expected cost function G_‘f*(x) is then given, cf. (12.48), by

G (x)=E ( )trlé(x)—lB(x)

o (w)?

_ E (L) tr]%(x)—l<CFc**(x)F(x)T +F(X)FC**(X)TCT>
o(w)

+trK(x) ' CF** (x) F** (x)" CT, (12.65)

where P = P(x), B = B(x) are again given by (12.49a), (12.49b). Obviously, also
in the present more general case G{* can be represented by

G (x) = trZ(x), (12.66a)

where the matrix Z = Z(x) is given by
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Py— % 71 1 - 1
Z(x) = K(x) <E (_oy(a))2> B(x)—E <Gy(a)))

x (CFC**(x)F(x)T + F(x)FC**(x)TcT) + CF”**(x)F”**(x)TCT),

(12.66b)

see (12.51). Hence, due to the close relationship between (12.49d), (12.51) and
(12.66a), (12.66b), the deterministic substitute problems stated in Sect. 12.4 can be
treated as described in Sect. 12.5.1.

12.6 Reliability Analysis

For the approximate computation of the probability of survival p; = p,(x) in
Sect. 12.4.1 a first method was presented based on certain probability inequalities.
In the following subsection we suppose that x = xj is a fixed design vector, and the

vector of yield stresses
o (@)i=1..8\ _ o
= = 0,0
Y (o ;{)i:l ..... B y

is a given deterministic vector of material strength parameters. Moreover, we assume
that the weight matrix Wy, cf. (12.20c), (12.21a)—-(12.21c), is fixed. According to
(12.8f), (12.8g), (12.21h) and (12.30a), (12.30b), the vectors 176, ¢ and the general-
ized stiffness matrix K = K (0,0, xo) are given, fixed quantities. Hence, in this case
the cost function

G*(a,x) = g (P) := (CF* — P)TK~'(CF* — P), (12.67)

see (12.282), is a quadratic, strictly convex function of the m-vector P of external
generalized forces. Hence, the condition G (a, xp) < g1, see (12.37a), (12.37b), or

gi(P) =g (12.68a)
describes an ellipsoid in the space R” of generalized forces.

In case of normal distributed external generalized forces P = P(w), the
probability

Ds(Xo; g1) 1= P<GT(6yo, P(w), xO) < g1>

— P<gf(P(w)) < g1> (12.68b)
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can be determined approximatively by means of linearization
g (P) = gf(P*) + Vpgi(PH (P — P*) + - (12.69)
at a so-called design point P*, see [2, 3, 9]. Since g = g{(P) is convex, we have
gi(P) > gi(P*) + Vpgi(PY)' (P — P*), P eR", (12.70a)

and p;(xo; g1) can be approximated from above by
Bolro: 81) = P<gi"(P*) +Vrgi (P (P@) — P*) < g1> (12.70b)
= P(Vrgi(P) P(@) = g1 = gi(P") + Vpgi (P") P")

g1 — gF(P*) + Vpgi(PHT(P* —P)

\/vpgnp*)Tcov(Pc))vpgﬁP*)

- , (12.70c)

where ® denotes the distribution function of the N (0, 1)-normal distribution,
cov(P(~)) denotes the covariance matrix of P = P(w), and the gradient Vp g (P*)

reads B
Vpg(P*) = —2K '(CF* — P¥). (12.70d)

Moreover, B
P = EP(w) (12.70e)

denotes the mean of the external vector of generalized forces P = P (w). In practice,
the following two cases are taken into account [2, 3, 9]:

Case I: Linearization at P* := P
Under the above assumptions in this case we have

g1 — gi(P)

\/ Vrgi(P)cov(P()) Vpgi (P)

Ds(x0; 81) = @ > ps(xo; gn).  (12.71)

Case 2: Linearization at a boundary point P* of [g] (P) < gi1]
Here it is g{(P*) = g; and therefore
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Vegi(PH)T(P* = P)

Ps(xo; g1) = @ (12.72)
\/ Vg (P cov(P())Vrgi(P?)
Because of (12.70a), for each boundary point P* we have again
Ds(X0; g1) < Py(xo; g1)- (12.73)

Boundary points P* of the ellipsoid [gi‘ (P) < gl] can be determined by minimizing

a linear form ¢’ P on [gT(P) <gi ] Thus, we consider [7] the convex minimization

problem

~ min _ cp, (12.74)
(CFe—P)TK-1(CFe—P)<g

where c is a given, fixed m-vector.
By means of Lagrange techniques we obtain this result.

Theorem 12.4 For each vector ¢ # 0 the unique minimum point of (12.74) reads

pr=cF - |-&
cTKc

(12.75a)

The gradient of g7 = g{(P) at P* is then given by

Vpgh(PY) = —2 /chll(cc‘ (12.75b)

Consequently, for the quotient ¢ arising in formula (12.72) we get

_ mVCTKC—CT(CﬁC —P)

qg=q(c) = (12.76a)
cTcov(P(-))c
Obviously, this function fulfills the equation
q(re) =q(c), A >0, (12.76b)

for each m-vector ¢ such that CTCOV(P(-))C # 0.

Since
Ps(x0; &1) = P(g(c)) = ps(xo; g1), ¢ #0, (12.77a)
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see (12.72), (12.73), the best upper bound p,(xp, g1) can be obtained by solving the
minimization problem
II_l;(I)lq(C). (12.77b)

Because of (12.76b), problem (12.77b) is equivalent to the convex optimization
problem

min  J/givVcTKe—c"(CFC —P), (12.78)

cTcov (P(-))c:l

provided that cov(P(-)) is regular. Representing the covariance matrix of P = P(w)
by

cov(P()) =070
with a regular matrix Q, problem (12.78) can be represented also by

min /gvw Q' TKQ'w —w’ Q7' (CF* - P). (12.79)

lwi=1

12.7 Numerical Example: 12-Bar Truss

The new approach for the optimal design of elastoplastic mechanical structures under
stochastic uncertainty is illustrated now by means of the 12-bar truss according to
Fig.12.2.

N

Suppose that L = 1000 mm, E = 7200—— is the elasticity modulus, and the
mm

yield stresses with respect to tension and compression are given by a)(,] = —cryL =

N . .
o, =216 —. Furthermore, assume that the structure is loaded by the deterministic
mm

force components
Py, =P;, =10°N

Fig. 12.2 12-bar truss Psy Py
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and the random force component
~ 2
Py =N(u,0%)

having a normal distribution with mean u and variance o%. The standard deviation
o is always 10% of the mean .

The numerical results presented in this section have been obtained by
Dipl.Math.oec. Simone Zier, Institute for Mathematics and Computer Applications,
Federal Armed Forces University, Munich.

The equilibrium matrix C of the 12-bar truss is given by

0 0 0 1.0 0 0 0 0 0.894427 0 0 0.707107
0O 0 0 0 1.0 0 0 0 0.447214 0 0 0.707107
0 1.0 0 0 0 0 0 0 0 0.894427 0.707107 0
Cc= 0 0 0 0 —-10 0 0 0 0 —0.447214 —0.707107 0
0O 0 1.0-10 0 0 0.707107 0 0 0 —0.707107 0
0 0 0 0 0 1.0 0.707107 0 0 0 0.707107 0
1.0 -10 0 O 0 0 0 0.707107 0 0 0 —0.707107
0O 0 0 O 0 —-1.0 0 —0.707107 0 0 0 —0.707107
(12.80)

Note that under the above assumptions, condition (12.22b) holds.

Since in the present case of a truss we have H = I (B x B identity matrix),
cf. (12.5b) and (12.21h), the matrix Ko = Ko(a, x) = Ko(0,, x), see (12.30b) and
(12.46b), is a diagonal matrix represented by

) 2
Ko(ox) = diag ((Q’(ff ) ) (12.81a)
w;

cf. (12.30d). Here, w? is the element of the 1 x 1 weight matrix W;g, and o; = 0;(x)
is defined, cf. (12.7b), by

U_ gL
0i(x) = % =o0yA;(x), i=1,...,B. (12.81b)
Defining
A 2. 1co A
w; = w;(x) = o , i=1,...,B, (12.81c¢c)
w;

the generalized stiffness matrix K = K (oy, x), see (12.30a), reads
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K(oy,x) = CKo(oy, x)CT

Wy + 0.8W9 + 0.5 0.4w9 + 0.5w12 0 0
0.4w9 + 0.5w12 w5 + 0.2w9 + 0.5w12 0 —Ws
0 0 wy 4+ 0.8wW10 4 0.5wy; 0.4w19 — 0.5W1;
_ 0 —Ws —0.4w10 — 0.5w;  Wws + 0.2w9 + 0.5w;
- — Wy 0 —0.5w1; 0.5w1;
0 0 0.5 —0.5w1;
—0.5w1, —0.5w1, —1y 0
—0.5w12 —0.5w12 0 0
—Wy 0 —0.5w12 —0.5w012
0 0 —0.5w12 —0.5ws
—0.5w1; 0.5w11 —wn 0
0.5y —0.5wy 0 0
w3 + Wq + 0.5W7 + 0.5W1 0.5w7 — 0.5y 0 0
0.5w7 — 0.5w; we + 0.5w7 + 0.5wy 0 —We
0 0 w1 + Wy + 0.5wg + 0.5w1; —0.5wg + 0.5w,
0 —We —0.5wg + 0.5%12 we + 0.5wg + 0.5w12

(12.82)

12.7.1 Numerical Results: MEC

In the present case the cost factors y;o in the primary cost function Go(x) = Go(x),
cf. (12.1a), are defined by

=L 64104
Yio == Vo =9, mm3

corresponding to the chosen reference volume V) = 1562, 5 mm?>. Thus, the cost
function Go(x) and the recourse cost function G_’f(x) are dimensionless,
cf. Sect.4.2. Furthermore, the weight factors in the recourse costs G (x) are defined
by

w? = 100.

In Fig. 12.3a, b the optimal cross-sectional areas AY,i =1, ..., 12, and the total
volume are shown as functions fo the expectation Fly = E Py (w) of the random
force component P;, = Pj,(w). With increasing expected force ?1),, the cross-
sectional areas of bar 1,3,4,8,12 are increasing too, while the other remain constant
or are near zero. The resulting optimal design of the truss can be seen in Fig. 12.4.
Here, bars with cross-sectional areas below A, = 100 mm? have been deleted.

InFigs. 12.3aand 12.5a by the symbol “x” the almost equal optimal cross-sectional
areas of bar 8 and 12 are marked.
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Numerical Example: 12-Bar Truss
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Fig. 12.3 Optimal design using (MEC)
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The probability of failure of an (MEC)-optimal truss is always zero showing also
the robustness of the optimal 6-bar truss according to Fig. 12.4.

12.7.2 Numerical Results: ECBO

The related numerical results obtained for the expected cost-based optimization prob-
lem (ECBO) are presented in Fig. 12.5a—c. Here, the optimal cross-sectional areas,
the expected minimum volume, and the related probability of failure are represented
again as functions of the expected form P y. The resulting optimal design is the same
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Fig. 12.5 Optimal design using (ECBO)

as in (MEC), where in this case the probability of failure is also zero, which confirms
again the robustness of this optimal design.
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Chapter 13 ®)
Maximum Entropy Techniques oo

Abstract Finally, in this chapter the inference and decision strategies applied in
stochastic optimization methods are considered in more detail: A large number
of optimization problems arising in engineering, control, and economics can be
described by the minimization of a certain (cost) function v = v(a, x) depending on
a random parameter vector a = a(w) and a decision vector x € D lying in a given
set D of feasible decision, design or control variables. Hence, in order to get robust
optimal decisions, i.e., optimal decisions being most insensitive with respect to varia-
tions of the random parameter vector a = a(w), the original optimization problem is
replaced by the deterministic substitute problem which consists in the minimization
of the expected objective function Ev = Ev(a(w), x) subject to x € D. Since the
true probability distribution A of @ = a(w) is not exactly known in practice, one has
to replace A by a certain estimate or guess 8. Consequently, one has the following
inference and decision problem:

e inference/estimation step

Determine an estimation 8 of the true probability distribution A of a = a(w),
e decision step

Determine an optimal solution x* of min f v(a(w), x)B(dw) s.t. x € D.

Computing approximation, estimation 8 of A, the criterion for judging an approxi-
mation 8 of A should be based on its utility for the decision-making process, i.e., one
should weight the approximation error according to its influence on decision errors,
and the decision errors should be weighted in turn according to the loss caused by
an incorrect decision.

Based on inferential ideas developed among others by Kerridge, Kullback, in this
chapter generalized decision-oriented inaccuracy and divergence functions for prob-
ability distributions A, 8 are developed, taking into account that the outcome § of the
inferential stage is used in a subsequent (ultimate) decision-making problem mod-
eled by the above-mentioned stochastic optimization problem. In addition, stability
properties of the inference and decision process
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A— B —> x € D.(B)

are studied, where D.(8) denotes the set of e —optimal decisions with respect to
probability distribution P,y = § of the random parameter vector a = a(®).

13.1 Uncertainty Functions Based on Decision Problems

13.1.1 Optimal Decisions Based on the Two-Stage Hypothesis
Finding (Estimation) and Decision-Making Procedure

According to the considerations in the former chapters, in the following we suppose
that v = v(w, x) denotes the costs or the loss arising in a decision or design problem
if the action or design x € D is taken, and the elementary event @ = w has been
realized. Note that v = v(w, x) is an abbreviation for v = v(a(w), x), where a(w)
denotes the vector of all random parameters under consideration. As a deterministic
substitute for the optimal decision/design problem under stochastic uncertainty

minimize v(w, x) st x € D (13.1)
we consider, cf. Chap. 1, the expectation or mean value minimization problem
minimize v(A, x) st x € D, (13.2a)

where
v(A,x) =v(Py,x) := Ev(®w, x) = / v(w, x)A(dw). (13.2b)

Here, “E” denotes the expectation operator, and the probability distribution A on
the measurable space (€2, ) denotes the true probability distribution P; := A of the
random element w. We may assume that A lies in a certain given set A of probability
measures on 2 (a priori information about A). In the following we suppose that all
integrals, expectations, probabilities, resp., under consideration exist and are finite.

Because in practice also the true probability distribution “P; = A” of w is not
known in general, one works mostly with the following two-step Inference and Deci-
sion Procedure (IDP), according to Fig. 13.1:

StepI:  Accept the hypothesis “Pz = 7. Hence, work with the hypothesis that
 has the distribution 8, where 8 results from a certain estimation or
hypothesis-finding procedure (suitable to (A, D, v));

Step II:  Instead of (1), solve the approximate optimization problem:

minimize v(B,x) s.t.x €D (13.3)
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Fig. 13.1 Inference and Decision Procedure (IDP)

and take an ¢—optimal decision x € D.(B) with an appropriate bound
& > 0. Here, the set D,(8) of e—optimal decisions is defined by

D.(B) :={x € D:v(B,x) =v*(B) +¢}. (13.4a)

Of course,

Dy(B) :={x € D:v(B,x) =v"(B)} (13.4b)

denotes the set of optimal solutions of (13.3). Note thatin (13.4a), (13.4b)
we use the minimum value of (13.3):

v*(B) := inf{v(B, x) : x € D}. (13.5)

Remark 13.1 Hypothesis-finding in case that there is some a priori information, but
no sample information oV = (o, ..., wy) of &.
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In the above case a so-called e—estimate 8 of P can be applied which is defined
as follows:

Definition 13.1 Lete : A x A — R denote a function on the product A x A of the
given set A of probability measures—containing the true distribution A of ®—such
that e(A, ) can be considered as a measure for the error selecting the distribution
7, while P; = X is the true distribution. An e—estimate of P; is then a distribution
B € A such that

supe(A, B) = inf\ (sup e(r, ) ). (13.6)

rel rEA

If e(-, -) is a metric on A, then the e—estimate B of P; is also called a “Tchebychev-
center” of A.

Though in many cases the approximation, estimation § of A is computed by
standard statistical estimation procedures, the criterion for judging an approximation
B of A should be based on its utility for the decision-making process, i.e., one should
weight the approximation error according to its influence on decision errors, and
the decision errors should be weighted in turn according to the loss caused by an
incorrect decision, cf. [12, 15]. A detailed consideration of this concept is given in
the following.

In order to study first the properties of the above defined 2-step procedure
(I, IT), resulting from using an estimation/approximation of the unknown or only
partly known parameter distribution, we suppose that the set Dy (8) of optimal deci-
sions with respect to 8, see (13.4b), is non empty. Because P; = A is the true distri-
bution, according to the 2-step procedure (1, 1) we (I), replacing A by its estimate 3,
and (II) applying then a certain 8-optimal decision xg € Do(8), we have the expected
loss v(A, xg). Consequently,

Hy(x, B) = sup{v(A, x) : x € Do(B)} (13.7)
denotes therefore the maximum expected loss if Py = A is the true distribution of
, and the decision maker uses a certain S-optimal decision. Because of v(A, x) >
v*(A), x € D, cf. (13.5), we have

Hy(x, B) = v* (1) (13.8a)

and
v*(}) = Hy(x, 1) (13.8b)

provided that also Dy(X) # @. If Dy(B) = {x;}, then

Ho(x, B) = v(X, xp). (13.9)
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In case Dy(X) # @, the difference
Io(x, B) := Ho(r, B) — v* (1) = Hy(x, B) — Ho(%, 1) (13.10)

is the maximum error relative to the decision-making problem (€2, D, v), if any
B-optimal decision is applied, while P; = A is the true distribution of @. Obviously,

Io(h, B) > 0 and Iy(x, B) = 0 if B = A. (13.11)

Though, according to the above assumption, problem (13.3) is solvable in principle,
due to the complexity of mean value minimization problems, we have to confine in
general with a certain ¢ —optimal solution, hence, with an element of D.(8), ¢ >
0. However, applying any decision xg of D.(B), cf. (13.4a), we have to face the
maximum expected loss

H (X, B) = sup{v(A, x) : x € D:(B)}. (13.12)
In order to study the function
&€= Hy(h, B), e > (=)0,

we introduce still the following notation:

Definition 13.2 Let V denote the loss set defined by
V:i={v(,x):x € D}. (13.13a)
Moreover, corresponding to D, (8), the subset V. (8) of V is defined by
Ve(B) :={v(-,x) : x € D.(B)}. (13.13b)

Based on the loss set V, the functions H = H.(A, 8) and v*(X) can be represented
also as follows:

H.(A, B) = sup {/ viwi(dw) :v e Vs(ﬂ)} , (13.13¢)

v*(A) :=inf {/ v(w)A(dw) v € V}. (13.13d)

Remark 13.2 According to the above assumptions, the loss set V' lies in the space
L1(2, %, m) of all m —integrable functions f = f(w for each probability distribution
m = A, = B under consideration.

Remark 13.3 Identifying the decision vector x € D with the related loss function
v = v(w, x), the set D of decisions can be identified with the related loss set V.
Hence, we can consider the loss set V as the generalized admissible set of decision
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or design vectors. On the other hand, the optimal decision problem under stochastic
uncertainty can also be described by the set €2 of elementary events and a certain set
V of measurable real functions f = f(w) on €2 playing the role of loss functions
related to the decision vector x = f(-).

We have then the following properties:
Lemma 13.1 Suppose that D.(B) # @ for all ¢ > 0.

(I) ¢ > H.(\, B) is monotonous increasing on (0, +00);
() H: (A, B) =v*(1), e >0;
(I11) If the loss set V is convex, then ¢ — H (A, B) is concave;
(IV) If v(B,x) <v*(B) + ¢ for all x € D and a fixed ¢ > 0, then H,(A, B) =
supfv(A,x) :x € D},e > ¢
(V) The assertions (1)—(4) hold also for ¢ > 0, provided that Dy(8) # 0.

Proof Because of D.(B) # ¥, ¢ > 0, the maximum expected loss H(A, §) is
defined for all ¢ > 0. (I) The monotonicity of ¢ — H, (A, B) follows from D.(8) C
Ds(B), if € < 6. (Il) The inequality v(A, x) > v*(X),x € D, yields H.(x, B) =
sup{(A,x) : x € D.(B)} = v*(A). (IIl) Let be €] > 0,6, > 0,0 <o <1 and x; €
D,,(B), x2 € D.,(B). Because of the convexity of the loss set V, there exists
x3 € D, suchthatv(-, x3) = av(, x1) + (1 — @)v(-, x3). Thisyields then v(8, x3) =
av(B, x1) + (1 —a)v(B, x2) < a(@*(B) +¢&1) + (1 —)(v*(B) + &) =v*(B) + ¢
with& = ae; + (1 — a)e,. Hence, x3 € D;(B) and therefore Hz (A, B) > v(A, x3) =
av(A, x1) + (1 —@)v(X, xp). Since xj,x, were chosen arbitrarily, we get now
H: (A, B) = aH, (A, B) + (1 —a)H,, (A, B). The rest of the assertion is clear. [

Remark 13.4 According to Lemma 13.1(V) we have H. (A, 8) > Hy(A, B), & > 0,
provided that Dy(8) # 0.

By the above result the limit “liﬂ}” exists, and we have
&

HG., p) = lim H, (., f) = inf H.(, B). (13.14a)
H(, B) = v (D) (13.14b)

and
H(\, B) = Ho(x, B) = v* (1) if Do(B) # . (13.14c)

A detailed study of H(A, 8) and I (A, B) := H(X, B) — v*(}) follows in Sects. 13.1
and 13.2, where we find a close relationship of H, I, resp., with the inaccuracy
function of Kerridge [8], the divergence of Kullback [9]. Thus, we use the following
notation:

Definition 13.3 The function H = H (A, B) is called the generalized inaccuracy
function, and I = I (A, B) := H(A, B) — v*(A) is called the generalized divergence
function.
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13.1.2 Stability/Instability Properties

As shown by the following examples, there are families (x§)€>0 of e-optimal deci-
sions xg with respect to 8, hence, xg € D.(B), e > 0, such that

v(k,xg) > Hy(A,B)+ 8 forall0 < e < g, (13.15)

with a fixed constant § > 0 and for a positive &g.

Thus, with a certain distance § > 0, the expected loss remains—also for arbi-
trarily small accuracy value ¢ > 0 — outside the error interval [v* (A1), Hy(A, B)],
which must be taken into account in any case due to the estimation of (13.2a) by
the approximate optimization problem (13.3). However, this indicates a possible
instability of the 2-step procedure (I, IT).

Example 13.1 Let Q := {w;, w;} with discrete probability distributions X, 8 €
R% | :={* € RY : &1 4 A, = 1}. Moreover, define the set of decisions, the loss set,
resp., by D = V, where

vV = conv{(1,0)7, 2,0)7, (0,2)7, (0, l)T}\conv{(%, %)T, o, DT},

1 l)T
9

where “conv” denotes the convex hull of aset. Selecting A = (0, 1)7 and 8 = (3> 3

we get
1
V') = 5. He(h, B) = v, xp) = 2007(B) + &) = 1 +2¢

with xf = (0, 2(v*(8) + &))" =(0,1+2¢)" € D,(B) for0 < & < 1. On the other
hand, Do(B) = conv{(3, 3", (1,00"]\{(3, )"}, and therefore Hy(%,B) = 3.
Hence, (13.15) holds, i.e., H:(A, B) = (A, xé) =142e>1=HyA,B)+65,¢>
0, with § = 1.

Remark 13.5 As it turns out later, the instability (13.15) follows from the fact that
V is not closed.

Example 13.2 LetQ = {w, w»},and suppose that D = V is givenby V = {(0, 0)7}
U{z e Ri 2122 > 1}. Moreover, 8 = (1,0) and A € Ri,l with A, > 0. Then,
v¥*(B) =0 and Dy(B) = {(0,0)"}. Furthermore, H,(A, ) = 400, and xg =
(e, D" € D.(B), where v(k, x§) = A€ + Az1, & > 0.Thus, Ho(%, 8) = 0,and also
(13.15) holds

1
vk, xp) = hie + Ao > Ho(h, B) +8 =5

forall0 < ¢ < A(S—z and each (fixed) § > 0.

Remark 13.6 Here, V is closed, but it is not convex, which is the reason for the
instability (13.15) in the present case.
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A necessary and sufficient condition excluding the instability (13.15) of the two-
step procedure (I, I1) procedure:

(13.1) = (13.2a) ~ (13.1) ~ select anx§ € D, (p)

is given in the following result.

Lemma 13.2 The instability (13.15) of the two-step procedure (1, I1) is excluded
if and only if He (A, B) { Ho(A, B), € | O, hence, H(X, B) = Ho(X, p).

Proof

(I) Suppose that H(A, B) = Hy(A, B). Assuming that (13.15) holds, then
Hy(A, B) < 400 and therefore H (A, 8) € Ras well as Hy(A, B) < Hy(A, B) +
s <v(r, xg) < H.(A, B), ¢ > 0. However, this is a contradiction to H. (X, ) |
Hy (X, B) for ¢ | 0. Consequently, (13.15) is excluded in this case.

(IT) Suppose now that the instability (13.15) is excluded. Assuming that H (A, 8) >
Hy(A, B), then Hy(A, B) € R, and there is ¢ € R, such that H(A, 8) > ¢ >
Hy(, B). Because of H.(A,B) > H(A,B) > c,e >0, to each ¢ > 0 there
exists an xg € D.(B) such that v(A, xg) > c¢. Hence, (13.15) holds with § :=
¢ — Hy(A, B), which is in contradiction to the assumption. Consequently, we
have H (A, B) = Hy(\, B) . O

In the following we give now sufficient conditions for the stability condition
H(k, B) = Ho(x, B) or He(%, B) | Ho(x, B) fore | 0.

Theorem 13.1

(I) Let D.(B) # @, ¢ > 0, and suppose that there is € > 0 such that Dz (B) is com-
pact und x — v(A,x),x = v(B,x),x € Dz(B) are real valued, continuous
functions on Dz(B). Then, v*(B) € R, Do(B) # @, and H(A, B) = Hy(X, B).

(1) Replacing x — v(A, x), x € Dz(B), by an arbitrary continuous function F :

Dz (B) — R and assuming that the remaining assumptions of the first part are
unchanged, then sup{F (x) : x € D.(B)} | sup{F(x) : x € Do(B)} fore | 0.

Proof Obviously, with F(x) := v(X, x) the first assertion follows from the second
one. Thus, we have to prove only the second part of Theorem 13.1. We therefore
set Fy := sup{F(x) : x € D;(B)} for ¢ > 0. Corresponding to Lemma 13.1, one
can prove that F,;, < F,,, provided that ¢ < &;. In the first part of the proof we
show that Dy(B) # @, hence, the expression Hy(X, ) is defined therefore. Since
D;(B) # ¥ and v(B, x) € R for all x € Dz(B), we get v*(8) > —& + v(B, x) >
—oo with some x € D;z(8). Thus, v*(8) € R. Assuming that Dy(8) = @, we would
have No<.<z D:(B) = Do(B) = ¥J. However, according to our assumptions, the set
D.(B) ={x € Dz(B) : v(B,x) <v*(B) <v*(B) +¢},0 < ¢ < ¢isclosed for each
0 < & < &. Due to the compactness of Dz(f), this yields then N_, D, () = @ fora
finite number of 0 < ¢; < &,i =1, 2, ..., n. Defining ¢y = 112121 gi, then gy > 0 and

D, (B) = N?_, D, (B) = ¥, which contradicts to D, # @, ¢ > 0. Thus, we must have
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Dy(B) # 0. Since the sets D.(8), 0 < ¢ < ¢ are closed and therefore also compact,
we have

F.=sup{F(x):x € D,(B)} =max{F(x) :x € D,(8)}, 0<e<g, (13.16)

where, because of the continuity of F, the maximum is taken. In the second part we

show that F, | Fyfore | 0.Due to the monotonicity of ¢ — F,and F, > Fy, ¢ > 0,

we have lig)l F, > Fy. Moreover, with (13.16), for 0 < ¢ < g and each ¢ € R itholds
&€

Ari={e:0<e<g F.>cl={c:0<e<gmax{F(x):x € D,(B)} > c}
(13.17a)
and therefore

Ac={e:0<e <&, thereis x € Dz(B) with v(8, x) < v*(B) + ¢ and F(x) > c}.
(13.17b)
Ife¥ — &%k — oois aconvergent sequence in A, for afixed ¢ € R, then, according
to (13.17a), (13.17b), there are elements x* € D;(B), such that

v(B, x*) < v (B) +eand Fx*) >¢, k=1,2,.... (13.18)

Since D;(B) is compact, sequence (x*) has an accumulation point x° € D;(8), and
the continuity of x — F(x) and x — v(B, x) on Dz () yield the existence of a sub-
sequence (x*/) of (x¥), such that F(X*) — F(x°) and v(B, xX) — v(B, x?), j —
oo. From (13.18) we get then v (g, x% < v*(B) + &%and F(x°) > c.Hence, F0 > ¢
and therefore €0 € A, because we have 0 < ¢ < &, since 0 < &%/ < &. The above
considerations yield that A, is closed for all ¢ € R. Assuming that there is ¢ € R,
such that 18%1 F, > ¢ > Fy,,wehave F, > ¢ > F;forall ¢ > 0. However, this yields

thenA; = {0 <e <& : F, > ¢ :} = (0, €], which contradicts to the closedness of A
for each ¢ € R shown above.
Thus, lim F, = Fj. [l
el0

Remark 13.7 According to (13.1)—(13.3), the second part of Theorem 13.1 is used
mainly for F(x) = —v(A, x). In this case we have

inf{v(d, x) : x € D.(B)} 1 inf{v(A,x) : x € Do(B)} fore | 0. (13.19)

Obviously, the above result can be formulated also with the loss set V' in the
following way:
Corollary 13.1

(I) LetV.(B) # 0, ¢ > 0and suppose that there is ¢ > O such that Vz(B) is compact
and f — Af, f — Bf, f € Vi(B) are real valued and continuous functions on
Ve(B). Then v*(B) € R, Vo(B) # ¥, and H(X, B) = Ho(A, B);
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(II) Replacing f — Af, f € Ve(B) by an arbitrary continuous function
F : Vz(B) — R, and keeping the remaining assumptions in(I), then sup{F (f) :

FeVeBY | sup{F(f): f € Vo(B)}fore | 0.
Proof The assertion follows immediately from V,(8) = {v(.,x) : x € D,(8)}. O

13.2 The Generalized Inaccuracy Function H (A, )

Let denote P; = A the true distribution of @, and suppose that the hypothesis “P; =
B’ has been accepted. Moreover, assume that D,(8) # @ for all ¢ > 0; This holds
if and only if v*(8) > —oo or v*() = —oo and then v(B, x) = —oco foran x € D.
Using a decision x € D.(B), then we have a loss from {v(X, x) : x € D.(8)}, and

H,(A, B) = sup{v(A, x) : x € D:(B)},
he (A, B) = inf{v(r, x) : x € D,(B)}

denotes the maximum, minimum, resp., expected loss, if the computation of an ¢-
optimal decision is based on the hypothesis “P; = 8, while Py = A is the true
probability distribution of @. Corresponding to Lemma 13.1 on H. (A, 8), we can
show this result:

Lemma 13.3 Suppose that D.(8) # 0, & > 0. Then,

(I) ¢ > he(A, B), with h,(\,B) =inf{v(A,x) :x € D.(B)}, is monotonous

decreasing on (0, +00);

(1) he(A, B) = v*(\) forall e > 0;

(Ill) &€ — h.(X\, B), e > 0 is convex, provided that the loss set V is convex;

(IV) Ifv(B,x) <v*(B) + e forallx € Dandafixede > 0, then h,(x, B) = v*(X),
&> &;

(V) The assertions (a)—(c) hold also for ¢ > 0, in case that D,(8) # 0.

Lemmas 13.1 and 13.3 yield then this corollary:

Corollary 13.2 For two numbers €1, &, > 0 (> 0, if D,(B8) # @, resp.) we have

hey (A, B) < He, (X, B). (13.20)

Proof If ¢| < &), then H,,(A, B) = H; (X, B) = he (A, B), and in case g| > &, itis
he, (A, B) < he, (A, B) < H, (A, B) according to (a) of Lemmas 13.1, 13.3. ([l

Hence, the limit liilol he(X, B) =suph.(X, B), exists, and corresponding to
€ >0
(13.14a) we define

h, ) = limh. .. B) = suphe (. B). (13.21)
€ e>0
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For the functions A (X, 8), H(X, B) defined by (13.14a) and (13.21) the following
result holds:

Theorem 13.2
(I) Let D.(B) # ¥ fore > 0. Then

V') < h(X, B) < H(A, B);
(II) Let D.(\) # @ for ¢ > 0. Then

VM) = h(A, ) = H(A, ).

Proof
(I) Lemma 13.3 yields A(X, 8) = sup h (X, B) > v*(1). Because of (13.20) we

e>0
have h.(A, B) < Hz(X, B), & > 0 for each fixed € > 0. From this we obtain
h(x, B) =suph.(A, B) < Hz(%, B), & > 0, hence, h(h,B) < ing H.(, B) =
E>

e>0

H(, B).

(IT) According to Theorem 13.2 (I) and the Definition of H(A,A), we get
v*(A) < H(A, X)) < Ho (M, A) = sup{v(r, x) : x € D.(A)} = sup{v(A, x) :
v(A,x) <v*(L) + e} <v*(A) + e foreach e > 0. Thus, H(A, L) = v*(A), and
due to the first part we also have v*(A) = h(X, A). O

For the geometrical interpretation of the values h(X, B8), H(A, B) consider now
the transformed loss set

Vig={Of, BT : fe VHCRY). (13.22)

If the loss set V is convex, then the linear transformation V, g = T g(V) of V with
respectto T; g : f — (Af, Bf)T is again a convex set. Hence, () =inf{zr:z €
Vi.p), which means that v*(8) can be interpreted as the second coordinate of one of
the deepest points of V, g. In the same way, v*(A) is the first coordinate one of the
points lying on the left boundary of V) g.

According to Fig. 13.2, the values h(A, B), H(X, B) and also the divergences
IA,B):=HM,B)—HMK, N, JO,B) :=h(, B) —h(x,A) can be interpreted
corresponding to Vj g in this way:

h(X, B) := first coordinate of the deepest point of V) g being most left
H, B):

first coordinate of the deepest point of V, g being most right.

The remaining H, h- and I, J-functions can be interpreted in V) g in the same way.
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Fig. 13.2 The H, h- and I, J-functions

13.2.1 Special Loss Sets V

In the following we give a justification for the notation “generalized inaccu-
racy function” for H(A, 8) and h(X, ). For this aim, assume next to that Q =
{wy, wy, ..., w,} contains a finite number of realizations or scenarios. Moreover,
suppose that f : R, — R U {400} is a convex, monotonous decreasing function
such that f(tr) € R for t > 0 and f(0) = }irr(l) f (@) =sup f(¢). Putting f(x) =
- t>0
(f(ay), f(ea), ..., f(a,))T and riR’fhl ={oeR| i >0,k=12,..,n} let
then the loss set

V:=Cy,
be defined by
Cr=clconv{f(a):ac rin’H}; . (13.23)
Here, “clconv” denotes the closed, convex hull of a set. We still put
vi(B) =inf{fTz:z€ Cr}, BERY .

Some properties of C; are stated in the following:
Lemma 13.4

(I) Cy is closed and convex;
(ll) From z € Cy we also have (z:(y, -.., z,(,,))T € Cy for each permutation T of
the index set {1, 2, ..., n};



13.2 The Generalized Inaccuracy Function H (1, 8) 359

(i) If f(t)>0,0<t <1, thenCy CR},0 < v}(,B) < 400, and for Bi > 0 we
get0 <z < (HO)YWH(B) + &),z € Ve(B);

(IV) If f(0) € R, then Cy is a compact, convex subset of R", it also holds C; =
conv{f(a):a € R} |}, and to each z € Cy there is an o € R, | with z >
f(@);

(V) If f(0) = 400, then for each z € Cy there exists an a € rilR| | such that
2= f(a).

Proof
(I) The first part follows from the definition of Cy.

(II) Eachz € Cyhastherepresentationz = lim z"withz" = Zv‘” f@'), e

V—00 i=1

riRY |, yi>0i=12,..n,, z;v;i = 1. Consequently, with a permuta-
tion T of 1,2, ..., n, also (x;(1), ..., xr(,,))T has a representation of this type.
ThU.S (xr(l), . xr(,,))T € Cf

(III) From f(t) >,0 <t < 1land0 < oy < 1forex € rz]RJr 1»weget f(a) € RY for
a € rilR, | and therefore Cy C R’}. Hence, vf(ﬁ) inf{fTz:2€Cs} >0
and z > 0. Because of (f(1/n),. f(l/n))T € Cyand f(1/n) € R, we find

vf(,B) < Z Bir f(1/n) < 4+oc. In addition, because of z; > 0,k = 1,2, .

forz € Cf andw1thﬂ > 0wegetzi B < BTz < v*(B) + eforeachz € V.(B),
hence, 0 < z; < (1/,8k)(v’]'2(/3) + ¢), provided that 8; > 0.

(IV) Since{f(a) : @ € riR |} C{f(a) 1@ € RY j}anda — f(a) = (f(e1), ...,
fla,))T, a > 0 is a continuous mapping for real f(0) , we find that { f () :
a € riR’ |} is bounded as a subset of the compact set {f (@) : « € riR’} |}.
Dueto [14], Theorem 17.2 we obtain then Cy = clconv{f (@) : a € riR’} |} =
conv(cl{f(a) : o € riR’ }) = conv{f(a); « € R }; indeed, if f(a") —
zZ,v — oo with ¥ € rlR " 1> then, due to the compactness of R, ; we have
a subsequence («'/) of («”), such that ¢/ — « € ]R+ 1» J — 0o. Because of
f (&%) — z, j = oo and the continuity of f, we getthen f(«) = z, hence, z €
{f(@) : a € R, ;}and therefore, as asserted, c/{ f (@) : « € riR’} |} = {f (@) :
a € RY ;}. Being the convex hull of a compact set, C s is also a compact set. For

zewaehavez—Zy fl@),y' =0, eR} ,i=1,2,..,and) y' =
i=1 i=1

v . .
1. Thus, z; = Z Y fleg) > f(z viep = fla) witha = Y yla’ e R |
i=1
Hence, we have therefore found an o € RY | suchthatz > f(a).

(V) Dueto the representatlon of an element z € C r stated in part (II), we have z; =
n, .
lim z,‘(’, where z;) = Z YU f(o") with o € riR’ | and yi=>0,Y yvi =
i=1
1 As above for each v=1,2,... we have the relation z" > f(«"), with

a’ = Z y"ia"!. However, the sequence (") has an accumulation point o in
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R’jﬁl; We show now that o € riR’jﬂl. Assuming that o = 0 for an index 1 <

k < n, with a sequence o — «, j — 0o we get the relation a,‘:’f —a; =0

and therefore f (a,‘:" ) = f(0)= +o00, j — oco. However, this is not possible,

. Uj vj v .

since z;” > f(«’) and (z") is a convergent sequence. Thus, oy > 0. Fur-
Vj l)j . l)/' Uj .

thermore, from z,’ > f(o,’), j=1,2,..., 2,/ = zr, o) — o, j — 00 we

finally obtain z; > f(o4), hence, z > f(«) withan o € riR’iyl. O

The above lemma yields now several consequences on H, (A, B), h.(A, B).

Corollary 13.3 For each A € R, | the value v} (L) has the representation
vi(h) = inf(AT f(a) :x € riRY |} (13.24)

and for f(0) € R we may replace riR} | also by R, .

For H(x, )= HY (A, B) and h(r,B)=h (%, B), with V =Cy, from
Lemma 13.4 we get this result:

Corollary 134
() If £(0) R, then HD(, B) = Hy" (x, p) and h'D (. p) = h’ (1, B) =
inf{?»Tf(oz) (BT fla) = vi(B)}  for all A, BeRL,. Furthermore,
Hy” (0, ) = sup{a” f(e) : BT f(a) = vi(B)} for all AeR™, and
B eriRL .

(1) If f(0) = +ooand f(1) >0, 0<t <1, then HD (A, B) = H (1, B), h/)
(A, B) = h§’(x, B), provided that » € R". | and B € riR" . If A, € R,
are selected such that Ay > 0, B = O0foranl <k <n, then H(A, ) = +o0.

For the case B € R’} |\riRR’, | we obtain this result:

Corollary 13.5 If 8. = Oforanindexl < k < n, then

vi(B) =inf(D>_ Bef (o)t > 0.k # i, Y o = 1}, (13.25)

k=« k#K

and in the case f(0) € R the inequality “o > 0” may be replaced also by “a;, > 0.
If £(0) = 400 and in addition f is strictly monotonous decreasing on [0, 1], then
Vo(B) = 0.

Indicating the dependence of the set Cy, cf. (13.23), as well as the values v;iv(ﬂ)
on the index n (= number of elements of ©2) by means of C}"), vj?)*(ﬁ), resp., then
v;")*(ﬂ) =inf{BTz:z ¢ C}")}. Moreover, fora g € R | with gy =0, 1 <k <n,

and using the notation ,é = (B1s-oer Bi=15 Brt1s oo BT, the equations (13.24) and
(13.25) yield

v}n)*(ﬁ) — U;l'l_l)*(B)' (13.26)
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Extending (13.26), we find the following corollary:

Corollary 13.6 Supposethat i, B € R, | withd; = B = 0foranindex1 < k < n.
Moreover, the notation hg”) (A, B), K™ (A, B) indicates the dependence of the func-
tions he(x, B), h(x, B) on the dimension n. Then, h® (1, B) = h"~V (%, B) for & >
0, as well as h™ (1, B) = h"=V(&, B). provided that i = (A1, ..., k=1, it oo
An), and B is defined in the same way.

A corresponding result for H (X, B) is stated below:

Corollary 13.7 Consider A, B € ]R’fh] with Ay = B = 0 for a certain | <k <n,
and let indicate H™ (1, B) the dependence of H(\, B) on n. Then, H™ (1, B) =
H® D\, B), provided that A, B are defined as above, and the implication ;=
0= A; =0 holds for j # k.

A relationship between v’} (A) and vji(e), e=(1/n,...,1/n)T is shown in the
following.

Corollary 13.8 Forall 1 € R, | we have v}i()») < f(1/n) < v’j'i(l/n, ..., 1/n).

Proof Equation (13.24) in Corollary 13.3 yields v’;- M) < AT f(e) = f(1/n). Select

then an arbitrary ¢ > 0. According to (13.24) there exists an «® € ri R’jﬁl, such that

v¥*(e) + & > el f(a®). Hence, v*(e) > —& + i flaf) = —e+ f(i(l/n)a,’i) =
k=1 k=1

—&+ f(1/n). Since & > 0 was chosen arbitrarily, we have vi(e) = f(1/n) and

therefore vji(e) > f(1/n) > vji(k). (Il

Note that the assertion in this corollary can also be found in [1]. Having some
properties of H™ and 4™, we determine now these functions for some important

Fig. 13.3 Functions f
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] Cf% m Cf, o Cy, m Cy,

Fig. 13.4 Convex sets Cy,

special cases of f. Next to we consider, see Fig. 13.3, the family ( f;,);>0, defined by
(cf. [1])

1 1-b
—(1—t ,t>0 for b>0,b#£1
VACES R -7
—logt ,t>0 for b=1.

The corresponding sets C, are shown in the next Fig. 13.4.

It is easy to see that each f} is a strictly monotonous decreasing, convex and for
b > 0 strictly convex function on [0, +o0], such that —co < f,(f) < 400, > 0
and

1
— for 0<b<1
1 = = = 1-b - -
}E}(l) So(®) fl:g S (@) = f(0) { Yoo for b > 1.
Moreover, f,(t) > 0= f(1) for 0 <t < 1. Hence, f = f;, fulfills all needed con-
ditions. Next to we want to determine v;‘f (&) and V, (1), where the dependence on
b = is denoted by the notations vy, (1), Vi5)o(2) and C) .
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Theorem 13.3

(I) Foreach i € R, | we have

vz“o) (M) =1— max A (13.27a)
1<k=<n
1< Ml 1P
Vi (A) = ﬁzlk(l —( ,,k / ) ) forb>0,b#1
- T k=1 PP
k=1
(13.27b)
vy () =Y A log(1/Ax) (13.27¢)
k=1
() If A1 >0, ..., Ay > 0, L1 = ... = A, = 0, then for b > 0 we also have
v, () = A" f,@®) (13.27d)

with & = Ay e An) T, @ = @\, ..., a7 and

o A forb>0,b £ 1
Q= k=1
Mk forb =1

and k=1, ...,m,

where @ is determined uniquely.

(I1I) We have

n

Vo) = {fo(@) sa € RY 1. ) heoy = max A, A eRY,, (1327)
k=1 -

Vi) = {fo@®)} witha® = (@) % e riR% |, b >0 (13.27f)

1
Vo) = {2 : 2% = fola”), ae > 0 and 7 = ——, A = 0}

1-b
={fp@M}, 1 e R} \riRY 1,0 < b < 1, and certain a®
(13.27g)
Vo) =0, A€ R} \riR yandb > 1. (13.27h)

Proof Consider first the case b = 0. From (13.23) we easily find that C,) =
cleonv{ fo(a) : ¢ € riR’jﬁl} ={(1—o)ey n: Q€ Ri’l}.Because of (13.24) we
further have vf, (1) = inf{l =2\ "o :0 € R} |} =1 —supMa:aeR} }=1-
max Ag. Hence, V(p)o(A) = {z € Cy) : AMa = lmkax A, € R1,1}7 which shows the

1<k<n
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assertion for b = 0. Thus, let now b >0 and Ay >0, k=1, ...,m, Am+1 =..=

An = 0. From (13.24) and (13.26) we get then v(y)* (A) = vg"))*()\) inf{(A7 £, (&) :

@ € riR’ |} with A= 1. i)’ and & = (ay, ..., )T . The Lagrangian of the
convex optimization problem

min A7 £, (&) (13.28a)
st. @ eriRY, (13.28b)

is then given by L(&,u) = AT (@) + u(Y_ ar — 1). Moreover, the optimality

k=1
conditions—without considering the constraints oy > 0,k = 1, ..., m—read
L m
== Z (13.29a)
k=1
aL
0= 8_ = MDfp(or) +u (13.29b)

Inserting Df;,(¢) = —t7% t > 0forb > 0,b # land Dfi(t) = —1/t,t > Ofordb =
1 into (13.29a), yields

l/b 1/b
A forb > 0,b# 1
ozkzozlib)z /Z ore = 7 andk=1,...,m
Mk forb=1
Since oz,ﬁb) >0,k =1, ..., m, also the conditions ¢« > 0,k =1, ..., m, hold. More-

over, a® = (@\”, ..., a®)T is the unique solution of (13.28a), (13.28b), since
a — AT f(a)is strictly convex onriR”} . Hence, v(")*(k) (m)*(k) =T f,@a®).
Using the convention 0 - (4-00) = 0, yields the rest of (13. 27b) In addition, this
proves also part (I). For showing (III) and therefore also (I), let A € riR’L1 and
Z € Vip)o(A), b > 0. We remember that f,(0) = +oo for b > 1 and f,(0) € R for
0 <b < 1. Part (II) yields then «® = (@, ...,a®)T € riR' | and véz))*(k) =
AT fi(@®), hence, f,(@®) € Vipo(W)( 9).

According to Lemma 134, for 0 <b < 1, b > 1, resp., there is o € RJr 1
a € riRY |, resp., such that z > f,(a) (to each z € Vi;),(2)). This immediately
yields v((Z))*(A) = ATz = AT f, (), since fy(a) € C(py. Thus, z = fy(a), because of
M >0,k =1, .., n Assumingo # o®, for@ = 1o + %a(b) we get on the one hand
a € rin‘H, hence, fj(&) € C), b > 0, and on the other hand we have UEZ))*(A) <
AT f@) < AT fi() + AT fi(@®) = v((Z))*(A), since f;, is strictly convex for b >
0. Consequently, & = a® and therefore Vi)o(A) = { fp(@®)}, b > 0,1 € riR"
Now consider A; > 0, ..., Ay, > 0, 441 = ... = A, = 0. Again from part (I[) we
get v () = v)* () = AT f,@®). We put &® = (af”, ..., a.,0,...,0)T. Let

(b)
0 <b < 1. Because of f(0)=1/(1 —b) € R, due to Lemma 13.4 we obtain
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Cpy = conv{fy(a) : a € R’ ,}, hence, f,(@®) € Vi), (1), since @® € R" | and
W f@®) =47 f@") = v“”*(m
Consider now z € V),(A). Accordlng to Lemma 13.4, part V, there is o € Ri’l
with z > fj,(e0). Because of A7% = A7z = v(y)*(A) = A7 fy(a) = A" f;,(&) we have
fr(@) € Vip)o(A) and Z = f,(&), since Ay > 0,k = 1,2, ..., m. Assuming & # &
and considering then under this assumption y = %a + %d(b), we get f,(y) € Cpy,
since y € % and v))* (W) < AT f,(y) = AT f,(P) < 347 f(@) + 3AT £,@®) =
((Z))*(A) However, this yields a contradiction, hence, it holds @® = &. Obviously,
eacha € R’jﬁl fulfilling this equation is contained in V{3, ().

Thus, Vo) = {fp(@) s € R’i L@ =a" = {fp(@™) = ((fla®™),

1/(1=b), ... 1/(1 — b))}, since Z a” =1 and therefore oy =0,k =m +
k=1

1,...,n. Finally, let 5> 1. Due to f,(@?) = (f,@®)7, +o0, ..., +00)” and

Cpy CR", we find f,(@?) ¢ C,. Suppose that z lies in Vi), (1). According to

Lemma 13.4 (f(0) = +00) there is then an « € riR’}, | with z > f(«) and there-

fore v((Z))*(k) =Tz =2T% =17 () = AT f,(&). Because of « € riRY |, it is

m
> o < 1 and therefore & # &®). On the other hand we have y = 1o + 1a® ¢
k=1

riRY . This yields v * (1) < A7 fy(y) = AT f,(9) < L& f(@) + 137 f@)®) =

<")*(,\) which is
V()

again a contradiction. Consequently, V(y),(A) = @ forb > 1 and A ¢ riRR ;. ]
Remark 13.8

(I) Obviously, v("l)(A) = ];1 A log )\l—k is the (Shannon-) entropy of the discrete

distribution A.
(II) Assumethati; > 0,..., 1, >0, 01 =... = X, =0.Forb > 0,b # 1, from
(13.27b) we get

m

Vi, () = Zxka—(xk‘/”/zx /)1y
= —1 — (- Zxk‘/”/@ a0
= —(1 — Zx 1/byb =10~ (Zx byby (13.30)

Hence,
Ui M) = (1 — Mupy(A)),
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provided that—see [6]—the mean M, (z), z € R’} is defined by M, (z) = (>_ V.

k=1
According to [6], where one finds also other properties of M,., M, is convex forr > 1
and concave for r < 1, which follows from the concavity of v*(-).

Having V(4),(1), b > 0, also the functions H® = H and h® = h») can be
determined.

Corollary 13.9
(I) For b =0 we have

HOM, B) =sup{l —2Ta:a e RY |, Bla = max B} forall &, B € R 4,

R0, B) =inf{l —A"a:a e R}, pla= max Bi) forall &, B € R, |,

n we get

(1) If0 < b < 1, then witha® = ('?) Y a'/)i=s
k=1

HO 0, 8) = hO () = 3" g filon®)
k=1
=L - ékk(ﬂk”b/é B! forall ., B € R ;.

(IIl) If b =1, then
HY0, B =hP0, B) = Z)“k log(1/B:), A, B € R'jr,l(withlog% = +00).
k=1
(IV) Ifb > 1, then
H" (G, ) =hP G, B) = AT fi(a®)

= kzlxkﬁ(l — (ﬁk‘/”/kzlﬁk‘/”)l—h), forallx, B €R" .

Remark 13.9 Corresponding to Theorem 13.3, we observe that

HY0,8) =m0, B) = Mclog(1/8), 1, B € RY |
k=1

is the Kerridge-Inaccuracy for the hypothesis “P, = 7, while P, = A is the true
distribution. However, this justifies the notation generalized inaccuracy function for
H(%, B) and h(2, ).
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13.2.2 Representation of H:(\, ) and H (), ) by Means
of Lagrange Duality

In the following we derive a representation of H, (), B) and H (), B) which can be
used also to find sufficient conditions for H (A, ) = Hy(A, B). For this we make
the following assumptions on the loss set V, cf. (13.13a), (13.13b), of the decision
problem (€2, D, v) and the probability measure A, 8 on 2(: V is a convex subset
of L1(2,2,A) N Li(2,%, B), where —oo < v*(B) < +00. Defining the mappings
F:V—>Randg,: Li(R2,2%, 8) > R, e>0by

F(f) = / F@dw), f eV

and

g:(f) = / f@pBdw) — W' (B)+e), feLi(QAP),e=0,

F is an affine, real-valued functional on V and g, an affine, real valued functional
on the linear space X = L(R2, 2, B). Moreover, it holds

He (%, B) = sup{F(f) : g(f) =0, f eV}, ¢ =0.
Thus, we have to consider the following convex program in space X:
min —F(f)stg.(f) <0, feV. (13.31)

According to Luenberger [10], Sect. 8.6, Theorem 1, concerning programs of the
type (13.31), we get immediately this result:

Theorem 13.4 If H.(1, B) € R for e > 0, then
H.(\, B) = mig(sup(v()\, x) —av(B,x)) +a(@*(B) +¢) (13.32)
az0 yeD

= min(sup(v(x. ) — a(v(B, x) = v (B)) + ae).

=Y xeD
where the minimum in (13.32) is taken in a point a, > 0.

Proof The dual functional related to (13.31) is defined here by

¢e(a) = }iclg/(—F(f) +ag:(f)) =inf f € V(—/f(w)?»(dw)

+ a(f f@)B(dw) —v*(B) —¢))
= —(sup(v(2, x) — av(B, x) + a(v*(B) + ¢)).

xeD
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Due to v*(8) > —oo, we also have D, ,,(B8) # @. Hence, there is f; € V such that
Bfi <v*(B) + 5 < v*(B) + ¢ and therefore g.(f;) < O for all & > 0. According
to our assumptions, (13.31) has a finite infimum, hence, all assumptions in the
above-mentioned theorem of Luenberger are fulfilled. Consequently, inf (13.31) =
1}1138( ¢.(a),, where the maximum is taken in a point @, > 0. Thus,

He (A, p) = —inf (13.32) = —max ¢,(a) = min(—¢;(a))

= mi(r)l(sup(v(/\, x) —av(B, x) +a(*(B) + ¢))
az0 yep
and the maximum is taken in point a, > 0. |
Remark 13.10 Note that for the derivation of (13.32) only the convexity of V =
{v(,x):x e D} C Li(Q,A 1) NL(XQ,A B), D.(B) @ and the condition
H.(\, B) € R was needed.
For a comparison between H (A, 8) and Hy(A, B) we show the following result:

Theorem 13.5 Suppose that Hz (A, B) < 400 for an & > 0. Then H (A, B) has the
representation

H(, B) = in£(sup(v(k, x) —av(B, x)) + av*(B)). (13.33)
A€R xeD
Proof Let h denote the right-hand side of (13.33). Then, 2 < H (A, ). Put now

é(a) = sug(v()», x) —a(@(B, x) —v*(B))), ack.
Ifa; < ap, thena; (v(B, x) — v*(B) < ax(v(B, x) — v*(B)), x € D, sincev(f, x) >
v*(B), x € D. Hence, —a;(v(B,x) —v*(B)) = —ax(v(B, x) —v*(B)), v(A,x) —
ai(v(B, x) —v*(B)) = v(A, x) —ax(v(B, x) — v*(B)) and therefore 8 (a;) > 5(ay).
Thus, § is monotonous decreasing. However, this yields & = inf,cr 8(a) =
1111;1:)5(41) =H(Q, B). O

Suppose now that Dy(8) # ¥ and Hz (A, B) < 4oo forané > 0, hence, H, (A, )
€ Rfor0 < ¢ < &. Because of Hy(A, ) = sup{F (f) : go(f) =0, f € V}, for the
consideration of Hy(A, 8), in stead of (13.31), we have to consider the optimization
problem

min  — F(f) (13.34a)
st. g(f) =0, feV. (13.34b)

The dual functional related to this program reads

¢o(a@) = inf (=F(f) +ago(f)) = —sup((v(x, x) — av(B, x)) + av*(B)) = —8(a).
fev eD
(13.35)
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A Kuhn-Tucker-coefficient related to (13.34a) is, cf. e.g., [14], Sect. 28, a value ay,
such that

inf(13.34a) = ¢g(ag) or Hy(r, B) = —do(agp). (13.36)
In case that such an aq exists, then

Ho (X, B) = inf(13.34a) = —¢o(ao) = Sug(v(?», x) —ao(v(B, x) —v*(B))),

due to Hy(A, B) < H(X, B) and (13.33), we have

Ho(x, B) = H(%, ) = inf (sup(v(&, x) — a(v(B, x) — vi(B))))

xeD

< sup(v(A, x) —ap(v(B, x) — v*(B))) = Ho(%, B),

xeD
hence,
H(, B) = Hy(A, B) = raneiﬂrg(sup(v(k, x) —a((B, x) —v*(B)))).

xeD
Thus, we have this result.

Theorem 13.6 Let Dy(B) # ¥, and assume Hz (A, B) < +00 for a certain € > 0.
If the program

max Af
st Bf=v*B), feV

admits a Kuhn-Tucker coefficient, i.e., an ay € R, such that

sup{Af : Bf =v*(B), f € V}=sup{f € VIS —ao(Bf —v"(B))),

then

H(x; p) = Ho(%, ) = Igleiﬂg(sug(v(k, x) —a(B, x) —v(B))), (13.37)

and the minimum in (13.37) is taken at a point ay € R.
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13.3 Generalized Divergence and Generalized Minimum
Discrimination Information

13.3.1 Generalized Divergence

As in the preceding section, assume that P; = X is the true probability distribution
of @ and let denote P; = B a certain hypothesis on the true distribution A; For all
e > 0 suppose that D, # (. Selecting a decision x € D,, then with respect to the
true distribution A, with respect to the hypothesis 8, resp., we have the error

er =e1(A, x) = vk, x) —v*(}),
er = e2(A, x) = v(A, x) —v*(B),
resp., where e (X, x), e2(A, x), are defined only if v*(1) € R, v*(8) € R, respec-

tively.
Evaluating this error still by means of a function y, then

Iy (A, B) = sup{y(e(r,x)) : x € D:(B)}, e=ei e,

Jy (A, B) =inf{y(e(r,x)) 1 x € D:(B)}, e=e1,e
denotes the maximum, minimum error relative to y, for the computation of an e—
optimal decision based on the hypothesis 8, while P; = X is the true distribution.

Hence, as far as the limits under consideration exist, we define the class of generalized
divergences by

Iy (A, B) =lmI; (&, B) =lim( sup y(e(r,x))),e=el, e
a0 &40 xen.(p)

and
e 6 = lim J¢ 6 = lim inf e(h, x e =eq, eéH.
J]/( 4 ) ‘gll() y,é‘()\‘? ) Sli()(xE] 1 ))/( ( ) )))1 1, €2

We consider now 1¢, J¢, e, for some special cases of the cost function y. For this
purpose we set

IO, B)=HO, B) — HOLA) = HO, B) — v* (D), (13.38a)
T, B) = h(x, B) — h(h, X)) = h(x, B) — v*(L). (13.38b)
(M) Ify(t) =t,t € R, then

. B)= sup ex(h,x) = sup (v(k,x) —v* (1) = He (2, B) — v* ()
xeD:(B) X€D:(B)
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I3, B)= sup ex(r,x) = sup (v(A,x)—v"(B)) = H:(% B) —v"(})
xeDg(B) xeD:(B)

Sy B) = xeilr)lf(ﬁ)el(k, x) = xeilliﬁﬂ)(v(l, x) = v Q) = he(2, B) — v (1)

3

F0.B) = inf .0 = inf 0000 = (B) = ek B) = v ().

Taking the limit & |, 0, we obtain then
L'(h, B) = H(, B) —v*(A) = 1(%, B),
120, B)=HO, ) —v*(B) =1, B) + (HA, 2) — H(B, B)),
S B) =h(, B) —v* (M) = J (A, B),
2, B) = h(k, B) —v*(B) = J (&, B) + (h(x, 1) — h(B, B)).
Remark 13.11 Estimations of the variation H(X, %) — H(B, B) = h(A, 1) —

h(B, B) = v*(A) — v*(B) of the inaccuracy function A — v*(}) in the transfer from
A to B can be found, e.g., in [13].

(II) Letnow y(t) =] ¢|. Because of v(A, x) > v*(%) for all x € D we have

L', B)= sup [er(hx) = sup (v, x) —v* (W) = He (%, B) — v* (M),
xeD(B) xeD:(B)

Fleopy =t le10o2) |= Sp (060 x) = v* () = he (0, B) — v* ().

Thus, also here we get
L', B) = H(QO, B) —v*(A) =1, B),

Jy A B) =h(k, B) —v* (M) = J (A, B).

Furthermore, we have

LZ%GuB)= sup |ex(h,x) [=max{| inf er(h,x)[,| sup er(r,x) |}
xeDe(B) xeD () xeDe(B)
= max{| _inf (G,x)=v"B)[| sup (G,x) = V() I}
x€De(B) xeD:(B)

= max{| he (2, B) = v*(B) |, | He (., B) — v*(B) I}.
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Because of the continuity of (x, y) — max{x, y}, x, y € R, by means of the
limit ¢ | 0 we find

17 (%, B) = max{| h(x, B) —v*(B) |.| H(A, B) —v™(B) |} =
= max{| h(A, B) —h(B, B) |.| H(A, B) — H(B, B) |}.

In the special case H (A, ) = h(A, B), we get

IPA,B)=IHA, B)—HB,B) |

Especially important are the generalized divergences defined by (13.38a) and
(13.38b), hence, I (A, B) = H(A, B) — H(X, A) and J(X, B) = h(X, B) — h(X, A).
We study now 1, J, where—as above—D,(8) % 0, > Oand H(A, A) = h(L, L) =
v*(L) € R.

Corollary 13.10 We have I1(A,B8) >0, J(A,8) >0 and I(A,B)=J(A,8)=0
for B = X\. Moreover, 1(A,B) > J(A,B) und I(A, B) = J(X, B) if and only if
H@, B) =h(, B).

Proof According to Theorem 13.2 we have H(A,B8) > h(A, B) > v*(A) =
h(x, X) = H(A, L), which yields all assertions in the above corollary. O

In order to justify the notation generalized divergence for the class of functions
I;(A, B), J;(A, B), e = ey, ex , we consider now the case 2 = {w;, wy, ..., w,} with
the loss set, cf. (13.23),

V=Cf,f=fb,b20

treated in detail in the former section.
Denoting the dependence of the divergences I, J on b by I®), J® | then Corollary
13.9 yields immediately this result:

Corollary 13.11 Forall A, B € R} | we have

(1)
190, B) = max A —inf(M a:a eR),, Ta = max B},
I<k=n 1<k=n
JOM, B) = max A —sup{ATa:ac R’ |, BTa = max B}
1<k=<n 1<k=<n
(1)

1 n n
190, ) =100, ) = 7= > (@ =By p0"")
k=1 k=1

forb>0,b # 1;
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(1)
D0, 8) =TV0, B) =D Mlog(he/Bi)-

k=1

Remark 13.12 Obviously, we see now that IV (1, ) = J (A, ) is the Kullback-
divergence between A and 8, which justifies now the notation generalized divergence
for I; , J;.

According to Corollary 13.10 we have I(A,8)=0= J(X,8) =0, and
I(A, B) =J(, B) =0 for g = A. However, I (A, B) =0 or J(A, 8) = 0 does not
imply B = X in general.

Example 13.3 Putting A = (1/n, ..., 1/n)7 in the above Corollary 13.11, then for
all B € RY | we get

1 | 1 1
1(0))L — — —inf - . R" T, _ _ - _ 1 _
(*, B) L {;:l S E b Bl lrgggnﬂk} P 0,
TOM ﬂ)=l—sup{2n:la-aeR” ‘BTO[ZmaXﬂ}zl—lzo
’ n nok 1 I<kn ¥ n o n ’

k=1
In this case we have therefore {8 : IO, 8) =0} ={8: JO, B) =0} = RY ;.

Theorem 13.7

(I) Suppose again Do(B) #0. If I, B)=0, then Dy(r)#9,

Dy(B) C Dy(X), and H(X, B) = Ho(X, B) = ho(A, B). Ifin addition Dy(A) =
{x1}, then Do(B) = {xg} with xg = x,.

(II) Inthe case Do(B) = {xg}, H(A, B) = v(A, xp) for all A, B € A with a subset
Aofcay 1(2,2), then I (A, B) = A(v(.,, xg) —v(.,,x3))and I (X, B) = 0 <=
X, = xg, provided that )., B € A.

(III) Let Dy(B) = {xp}and H(\, B) = v(x, xg) forall A, B € A.If X € D denotes
then a least element of D with respect to the order “<,”, then xg =X, €
AHA B) =v(A, X)and I(A, B) =0,A, 8 € A.

The representations of H (A, 8) and (A, B) given in the Theorems 13.4 and 13.5
yield the following representation of I, J:

Corollary 13.12
(I) If H: (A, B) < +oo foran € > 0 and v* (L) € R, then

20 ye

I, B) = ;nf(sug((v()\, x) —v*(A) —a(B, x) —v*(B)));
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(1) Ifv*(}) € Rand v*(B) € R, then

J(A, B) = sup(sup((v(, x) — v* (1)) — a(v(B, x) — v*(B))).

a>0 xeD

Remark 13.13 Equation I (A, 8) =0, J(A, 8) = 0. Having I (A, B) = v(A, xg) —
v(A, x), J(A, B) = v(A, xp) — v(A, x;), resp., with two elements x;, xg € D, such
that Do(A) = {x;}, Do(B) = {xg}, then I (X, B) =0, J(A, B) =0, resp., provided
that x, = xg = x%, hence, if the true distribution A as well as the hypothesis 8 yield
the same (unique) optimal decision x° € D. See also the following interpretation of
1,J.

As can be seen from Corollaries 13.10, 13.11 and Theorem 13.7 the general-
ized divergences I (A, ), J (A, B) can be considered as measures for the deviation
between the probability measures A and B relative to the decision problem (€2, D, v)
or to the loss set V.

Based on the meaning of I and J, we introduce the following definition:

Definition 13.4

(I) The right-I-p-, right-J-p-neighborhood of a distribution A € ca ; (€2, 2) with
v*(A) € Ris the set defined by

ULT G (), resp) = {B € cay 1(2,%) : De(B) # W, e > 0,1(, p) < p
resp.J (&, B) < p}

(II) The left-1-p-, left-J-p-neighborhood of a distribution g8 € ca, (€2, 2) with
D.(B) # 0, ¢ > 0is the set defined by

UM BYUL (B).resp) = {L € car (.2 :v* (W) R I, B) < p
resp.J (A, B) < p}.

Of course, the divergences I, J, yield also the notion of a “convergence”:
Definition 13.5

(I) A sequence (B87) in cay (2, %) is called right-I-, right-J-convergent, resp.,
toward an element A € ca, 1(Q, ), 8/ =" A, B/ =77 A, j — oo, resp.,
provided that D.(8/) #@,6 >0,j=1,2,..,v*(A) e R and I(A, /) — 0
,J(A, B/) — 0, j — oo, respectively.

(II) A sequence (A¥) in cay (2, 2A) is called left-I- , left-J-convergent, resp.,
toward an element 8 € ca; (2, 2A),A* =11 g Ak =11 B, j — oo, resp,
provided that D.(B) # @, & > 0,v* (M) e R,k =1,2, ..., and I(A, B) — 0,
JOF, B) — 0,k — oo, respectively.
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Remark 13.14 The distinction between the left- and right-convergence, see the
above definitions, is necessary, since I (A, 8) # I (X, B), J(X, B) # J(A, B) in gen-
eral, see the following example.

Example 13.4 Consider Q = w1, ..., w,) and V = C(y,2). According to Corollary

13.11b we have IV/2(n, B) = JY2(, B) =2(] A || —ﬁ;jﬁ),)», B € R |, where

| - || denotes the Euclidean norm. Then, /2 (8, 1) = 2(]| B || —%), and for A =

(1,0,...,007, B=(/n, ... 1/n)T we get IVD, B)=2(1—1/n"?) and
TY2(B, 1) =2(1/n'? = 1/n) = (1/n'/*)I (A, B) . Hence, we have 11/2 (8, ) #
142, B) for n > 1. We still mention that H/2 (A, B) = 2(1 — ﬁ), hence,

HY2(8,0) =2(1 — ﬁ). Consequently, H1/? (1, B) = H/? (B, 1) holds if and
only if || B ||=]|| A || . However, this holds not for all A, 8 € R" .

For the class of inaccuracy functions H® (A, ), h®(x, B),b >0 with
H® ., B) =h® (i, ) for b > 0, given in Corollary 13.9, we have this result:

Corollary 13.13 LetI(A, ) = H? (1, ) — HP (A, 1), 1, B € R’ |, b > 0.Then
Ulf'l(ﬁ) is convex for all p > 0, B € R} | and each b > 0; Ulf"()») is convex for all

,0>0,)»6R1’1andeach1/2§b§ 1.

Remark 13.15 Generalizations of the Kullback-Divergence.
Pure mathematical generalizations of the Kullback-divergence

10, p) = f pi(@) log(ps(w)/ ps(w))m(dw)

as well as of the related Kerridge-inaccuracy
HO(, B) = f Pi()log(1/ ps(@))m(dw),

where p; = j—;}t, pg = % and m denotes a measure on (2, ), are suggested by
several authors, see, e.g., [2, 3, 5]. We mention here, cf. [2], the f-divergence

Jr(x, B) =/Pﬁ(w)f(m(w)/l?ﬁ(w))m(dw),

where f: R, — R is a convex function.

In these papers information can be found about the type of geometry induced by
an f-divergence, i.e., by the related system of J¢-neighborhoods, see Definition 13.4
on (subsets of) ca ;. For example, in [4] is shown that certain topological properties
of Jr(x, B) with f(t) = tlog(t), hence, J; (A, B) = IV (A, B)), are related to the
squared distance d*(A, B) of the Euclidean distance d(A, B) =|| A — B |, A, B € H
in a Hilbert space.
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In the following we show now that also the generalized divergences I, J defined
by (13.38a), (13.38b) have similar properties as the squared Euclidean distance in a
Hilbert space.

13.3.2 I-, J-Projections

As was shown in the literature, see, e.g., [5, 7, 9], in the information-theoretical
foundation of statistics, the following minimization problem plays a major role:

min IV (1, B) (13.39)
s.t. AeC.

Here, 1V (1, B) denotes the die Kullback-divergence between a given probability
measure 8 < m(measure on ) and A € C, where C is a certain subset of {A €
cay 1(2,2) : A K m}.

In order to find a further relation between the divergences /, J and the squared
Euclidean distance in a Hilbert space H, we replace the divergence 1(x, ) in
(13.39) by || A — B ||, where A, B, C, resp., are considered as elements, a subset of
a Hilbert space H, then we obtain the optimization problem

min | A — 8 |? (13.40)
s.t. AeC.

However, this problem represents the projection of 8 € H ontothe subset C C H. As
is well known, in case of a convex set C, a solution 8y of (13.40) is then characterized
by the condition

<Bo—B,A—Bp> =0 forall x € C, (13.41)

where < A, 8 > denotes the scalar product in the Hilbert space H. Putting
d*(x, B) =|| A — B ||%, then (13.41) is equivalent with

d*(n, B) = d*(x, Bo) +d*(Bo, B) forall A € C, (13.42)
wherein (13.41) and in (13.42) the equality sign (and therefore, of course, the theorem
of Pythagoras) holds, if By lies in the relative algebraic interior of C. As was shown
in [4], the optimization problem (13.39) can also be interpreted as a (generalized)
projection problem, sind a solution Sy (13.39) can be characterized by the condition

IV, B) = T1V0, Bo) + 1V (Bo, B) forall L e C (13.43)

analogous to (13.42).
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We now show that a corresponding result can also be obtained for the minimization
problems

min (X, B) (13.44)
st. LeC
and
min J(XA, B) (13.45)
s.t. LeC,

where I (X, ), J(X, B) denote the divergences according to (13.38a), (13.38b).

Letdenote A aconvex subset of cay 1, such that H (A, B), h(A, B) are defined and
H, B) e R (A, B) € R,v*(M) € R forall A, 8 € A. Moreover, let be 8 a fixed
element of A and C a subset of A. Now, a “projection” of § onto C is defined as
follows:

Definition 13.6 A solution By of (13.44), (13.45), resp., is called an 7-, an J-
projection, resp., of 8 onto C.

Some properties of /-, J-projections are given in the following:

Theorem 13.8 Suppose that C is convex, and . — H (A, Lo), A — h(X, Xg), resp.,
is affine linear on A for Lo = B and all Ay € C. Moreover, assume that for all
A, Ao € C the continuity condition H(A, Ao +t (L — Ag)) = H(XA, Ag), h(X, Ao +
t(A — Ag)) = h(X, L) holds fort | 0.

(I) A necessary condition for an I-, J-projection By, resp., of B onto C is then the
condition (analogous to (13.42), (13.43))

I(A, B) = I(A, Bo)+1(Bo, B) forallk € C, (13.46)
S, B) = I, Bo) + 1(Bo, B) forall i € C, (13.47)
resp., where the sign “=" holds, provided that By lies in the relative algebraic

interior of C.

(1) If Ximy o 11 (Bo, Bo + 1O — Bo)) = limyyo 1 (H (Bo, Bo + 1 (h — Bo)) — H (o,
Bo)) =0, lim, o 17 (Bo, Bo + 1 (A — Bo)) = lim,yo L (h(Bo, Bo + 1 (A — Bo)) —
h(Bo, Bo)) =0, resp., forall x € C and a B, € C, then (13.46), (13.47) is also
sufficient for an I-, J-projection By of B onto C.
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13.3.3 Minimum Discrimination Information

An important reason for the consideration of the /-, J-projections according to
Definition 13.6 is the following generalization of the minimum discrimination infor-
mation, aconcept that was introduced in [9] for the foundation of methods of statistics.
We suppose here the unknown (partly known) probability distribution P; = A of @
lies in a subset A of cay 1 (€2, ) and satisfies an equation of the type

/T(w)/\(dw) =0(= ET (w)), (13.48)

where T : 2 — 6 is ameasurable mapping from (€2, ) into a further measurable set
(®, B), and 6 is an element of ®. The element 6 is interpreted as a certain parameter
of the distribution P, ; moreover, it is assumed that estimates 6 = 9~N (w1, ..., w,) are
available for 6, where wy, is a realization of ®.

For a known parameter 6 the set

C=C®) ={reca, (U :1eA, / T (w)A(dw) = 6}

describes the information available on P; = A. For a given hypothesis P; = f the
I-projection of B onto C(6) describes then the nearest element of C = C(6) to 8,
and

I(x, ) =1(,B;0) =inf{I (X, B) : 1 € C(H)}

=inf{1(x,,3):xeA,/T(w)x(dw) =0} (13.49)

denotes the distance between g and C(0) (often identified with 8). Hence, an increas-
ing distance / (x, 8) between 8 and C () means a decreasing quality of the hypothesis
P; = B.

Corresponding to [9] we introduce therefore the following notion.

Definition 13.7 The value I (x, 8) = I (x, 8; 6) is called the minimum useful dis-
crimination information—relative to the decision problem (2, D, v)—against the
(zero-) hypothesis Py = B.

Remark 13.16 Useful Discrimination Information.

The notion useful discrimination information emphasizes the fact that the gener-
alized divergence I (1, B) measures the difference between the distributions A and
B relative to a (subsequent) decision problem (€2, D, v); see also the definition of
economic information measures used in [5, 11].

We show now some properties of the function 8 — I (%, 8; 0).
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Lemma 13.5 Let A be convex, © a linear parameter space and A — I (A, B) convex
on \. Furthermore, let ©¢g = {6 € O :thereis . € A, such thatf T (w)A(dw) = 0}.
Then ®g is convex, and 0 — I (x, B; 0) is convex on ©y.

Proof Let0;,60, € ©®gand0 < o < 1. Then there are elements A1, A, € A, such that
0; = [T(w)ri(dw),i =1,2. This yields [T(w)(ar + (1 —a)r)(dw)=
o [ T(w)r(dw) + (1 —a) [ T(w)rr(dw) andakr; + (1 — a)Ay € A, hence, ab +
(1 — @)6, € Og. Furthermore,

I(x, 5001 + (1 — )by < I(ah1 + (1 — )iz, f) < al(iy, B) + (1 —a) (X, B),

which yields the rest of the assertion, since, up to the above conditions, Aj, A, were
arbitrary. (]

Remark 13.17 Convexity of I(., 8). Because of the concavity of A — v*(A) =
H (A, A), the function A — I (X, B) is convex, provided that H(X, 8) = Ho(X, B) =

sup{rf 2 f € Vo(B)}.

If ® is a finite-dimensional space, then the convexity of 8 — I (%, 8;6) on ©
yields the continuity of this function—at least—on the relative interior ri ®( of ®. If
the function . — I (%, 8; 1) is continuous on a sufficiently large range of definition,
then

I B;08) = I+, ;) = I(x, ) as.,

provided that éN — 0 a.s., where él, éz, ... 1s a sequence of estimation functions for
6. In this case we interpret then

[(x, B) = I(x, B; On(@1, ..., 0n)) (N=1,2,..)

as an estimate of 7 (x, 8). For the testing of hypotheses we have then, cf. [9] the
following procedure:

Definition 13.8 Reject the (null-) hypothesis P; = 8, if I(x, B) is significantly
large.

For illustration of this test procedure we give still the following example:

Example 13.5 Let Q = ® = D = R and v(w, x) = (a(w)x — b(w))?, where x €
R and a(-), b(-) are square integrable random variables. Then,

0B =a® (%*/EA - %f’/a_z‘g)z,
where ;I\ = fa(w)zk(dw), etc. If now T(w)=a(w)b(w), then [(x, B) =
inf{?k(ﬁl\/ﬁx —ab’ 12" : [ a@)b@)r(dw) = 0} = inf u(6/u — ab’ )

a_zﬁ)Z, hence, I(x, ) =0, provided that signf = sign(%ﬁ) and I(x, ) =4 |
0ab” |, if sign = —sign(ab’).
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