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[ 59 J 

IV. 

A NEW EXACT SOLUTION IN NON-LINEAR OPTICS 

(TWO - WAVE - SYSTEM). 

[FROM THE DUBLIN INSTITUTE FOR ADVANCED STUDIES.] 

By ERWIN SCHRODINGER. 

[Read 12 APRIL. Published 16 JUNE, 1943.] 

? 1. INTRODUCTION. 

IN any nlon-linear theory of light the first task is to find the mnutual influence 

of two' plane waves of suchi further specification (as to wave-forml anid 

polarizationi) as may renider the answer siniplest. Whlen I tackled this 

problem last year by methods of approximiiation, at the outset of mny 

investigations of Born's theory,2 it escaped me that ani exact soluItioin is 

accessible. As iisual, it is simpler tharn the approximate one. I commnunicatc 

it here by itself. For all that I know it is onily the second non-trivial exact 

solution of anly problem in anly nion-linear electrodynamics (the first being the 

centrally syminetric static solution, "B orn's electron '3). 

? 2. SIMPLIFYING TRANSFORMATION. 

If it is at all possible to satisfy Born's theory exactly by the superposition 

of two planie waves crossing each other under an arbitrary angle, a suitable 

Lorentz-transforination will make the two waves antiparallel. Hence we can 

simplify our task by investigating the antiparallel case oIly, being sure that 

by this specialisation we lose nothing in generality. 

, 3. COMPLYING WITH THE FIELD-EQUATIONS. 

Using the lnotations inltrodutced in sect. 3 of N.O., the anialytic expiession 

of a single plane, circularly polatrized wave is 

as = CaeX(Vt - fr) 

(1) 
(M -iAtI 

1 One plane Maxwellian wave is almost of necessity an exact solution. See appendix I. 

2 Proc. Roy Irish Acad. (A) 47, 77 ; 48, 91, 1942. The first of these two papets (" Non-linear 

Optics") is referred to here as N 0. Only its first few pages are needed here. 
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See (3, 1) N.O. But we have here enhanced the setting by the real constant 

A, which (see (2, 1) N.O.) allows for a " dielectric conistant" = permeability 

= A- . We allow it to be negative, whein the wave is called " abnormal." 

The necessity of including here abnormal waves, even though we are not 

interested in them per se, will emerge later. 
We recall that for the complex polarization-vector a 

a2 c*Z , 0 (a I ) = , (af () 
= (a ) 0. (2) 

From these relations one easily infers I that the cross-product 

[ta] = - iE I f j a (3) 

with E ? I (unidecided). To satisfy the field-eqnations 

curl @ + W = 0 , div a = 0(, (4) 

we insert (1) into (4), anid find the only further demand. 

Hence 
sign. Ar4 (6) 

and 
I A I = phase velocity. (7) 

Since a', f, A can independently be replaced by their negatives, eight 

different types of wave are associated witlh an (ambivalent) directioni. The 

corresponding tlhree geometrical characteristics of the wave are: direction of 

propagation (?); polarization (1?, L); "normality" (n = normal, a = ab 

normnal). The association of geometrical and analytical characteristics is 

indicated by the following table: 

Geometiical Analytical Characteiistic 

+ a n A 

+ L n -v -t a A 

-XXn w -# e A 

-L -- t4 ( A (8) 
tR a - -f a -A 

d L a v f -4 

-L a -vt - 

-L a A - a -A 

3 Relations which contain a within a cross-product are better not taken over from N.O., but 

established anew, because the sign of A interferes with them. The derivation of (3) is given 

here in appendix II 
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EExPlanation: I;n this table v arid A mean positive numbers and f and a 

nmean certain vectors, the relationis (3) anid (5) holding between them, with 

+ 1. On replacing tlhe quantities v, f, a, A in equations (1) by the 
quanitities indicated in the 2nd-5th columns of the table, you obtain a wave 

with the chalacteristics indicatWd in the first colunln, where the sign + means 

propagatioXn ing the direction of t. Behold that for abnormal waves v > 0 
means left-hanid-polarization. 

? 4. COMPLYING WITHI THB ALGEBRAIC CONDITIONS. 

Since the field equtationis (4) are linear, ainy niumiiber of waves like (1) can 

be superimiiposed. But in o:der to obtaini a solution we must also satiefy the 

conditioins of conjugateness 
= 2 

@_(g2iM) (B _ LI@3) 
(9) 

-- 
= <(- @ - ALB) 

See (2, 4) N.O. For a single wave they demand A ? 1, and thus 

f I = I J I . We shiall now show that they can be satisfied for a couple of 

waves, onie of wlhiclh carries the polarizationi vector a, the othler a. So we 

plut 

= OC a eG~ 6 P - f In) B2 c,a ~,(vZt - e 

(10) 
B - B1 + B2 @I i(A1 + A2a2). 

Here f2 meanls julst a real numlillerical m lultiple of f 1, the two being either 

parallel or anitiparallel. Conisuiltinig the 1st anid tlhe 4tl coltumniii of (8) we 

see that the two waves ruin aiutiparallel if they have the same " normality," but 

directly parallel if onie is normal, ole abnormial. 

We have to insort (10) inlto (9). Payinig atteintioni to (2) we easily find 

B2 - @2 2(1 + AIA2) (BIB2) 

(B?) - i(A, + A2) (aIg'2) 

L - 2(1 + A1 A,) (11) 
i(A1 + A2) 

(Bt B2) - 2 C1 C2 C i'v + v)t - (t, + t,)vJ 

Now the salielnt point is tlhis. Whien (10) anid (1 1) are iniserted into (9) 

and the denomiiinator (B B ,) appearinlg on the riglht is removed to the left, 

then the wave-ftunictionis turniing up there are precisely the original ones, viz. 

a*(Rl a2) = 2 J C, 1 2 a2, P 2*( Ia2) = 2 J C2 1 2 a,. (12) 
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Equatinig the coefficieiits of , and 3 2 separately, you get from the first 

equ. (9) 

12- 22 2 12_ 

0 2, = (A1 - A2)2 ' 0212 = I- A )2 (13) 
(A I + A 2- (1 + A2) 

The second equ. (9) only repeats this demand.-Subtracting the two 

equationls (13) 

6 2 IC 2 
A 2 = - A22 _ A1 - A (14) 

C A 2 1- | | | . (14 
(l+ A 2) A1 + A2 

or 

442- - I~ +C121 
A1 - I + I Cl 2 - 2 02 r( 

To simiplify writing put 

IC jJ12 ', 1C212 = W2 (16) 

the W's beinig 47 times the energy-density of a single (niormiial) wave of that 

aimplitude. Then fromii (15) anid (13) 

1 - 1+ 2W2 
AL2 (1 + - W2) > 

(17) 
1 1+ 2W1 >1 

-A (1-W I + W2 

showingu that both waves miove with less than light velocity (see (7)) 

? 5. THE SIGNS OF THE A's. Two CASES. 

To finld the combination of signs adnmissible for the A's we make out 

from (17) 

A12 (1 + 
WYI - W2) 2 

W2 

(1- W, + 0") (18) 

where W stands for the real ' positive quantity 

W (1 + WI + W2) 2 - 4 [JIr J2 > 1. (19) 

Regard to (14) 

WI- 
- W2 Al + A2 (14 bis) 

4 Observe that W' = 1 + (WI - fV2)2 + 2W1V + 2W2. 
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leaves two ways of extractinig the squ%re-loots in (18), to wit, either 

A1 _ 
1 + WI - W. 

W I - 2 (20) 
A2 W 

or (distinguished by A) 

A w - - 
W 

A 1 -W, + W (21) 

giving 

A, + A = (22) 

Ai + At = - = W < 0 , (23) 

respectively. Henice iil the first case at least one of the A's must be 

positive (nornmal wave), in the second case at least onle of the A's must 

be niegative (abnormal wave). 

? 6. LONGITUDINAL TRANSFORMATIONS. 

'1'he two cases remain clearly separated under the aspect of "lonigi 

tudinal" Loreintz-transformations. Indeed, such a transformation preserves 
the general form (10) and has thierefore, from (11), the invariants 

(1 + AIA2)CIC , , (A, + A,)C1C2 . (24) 

The second one shows that A, , + A 2 cannot vaniish anid thus caiinot 

change signl. 
Moreover, since the phases must be invarianits, f., nliust be a 

4-vector, anid so intist fI , v,2 Their invariants, to wit, 

- 12 _I 12 
2 , - 2 (425) 

are positive (under-light-velocity!); hence either of the frequencies can be 

anniihilated and cani be inade to chanige sign, which involves a chanige of sign 

of the correspondinig A and of the directioii of propagation of that wave. 

Theiefore if in a case covered by (20) alnd (22) one of the A's is niegative, 

a Lorentz tranisformation with gradually incieasinig parameter will suieceed in 

reversing its sign-and, of course, before the other A changes sigt, since their 
sum munst remain positive throughout. So we get both of them positive. 

The same, if in a case covered by (21) anid (23) one of the A's is positive, 

you will succeed in making it negative, whilst the other one remainis so. 

And so you get them both negative. 
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Summiing uip we mnay saIy that (20) really refers to a couple of antiparallel 

normal waves, but possibly viewed from a Lorentz-frame in which one of thenm 

has become so ilntense as to iimjpose the features of abniormity on the other 

one and to reverse its directiou.-'(21) is the exact countelpart for a couple of 

antiparallel abnormal waves. 

Even mnore strikinig is the reversal of these colnsiderations. Given e.g. a 

couple of antiparallel normnal waves, however weak, you can always inidicate 

a frame of referenice, in which one of them hias its direction reversed, dragged 

along, as it were, by the other one and exhibiting the features of abnormity. 

In one particular frame it becomes petrified, static, as it were (v = 0). 

Moreover you are, in every case, free to choose whiich of the two you want to 

subject to such extremiity. 
It will now be appreciated that we had to include abnormal waves at the 

outset; lnot because we are particularly interested in the abnormal couple 
described by (21', but because the normal couple (20) could otherwise lnot be 
exhaustively described. 

The quiantity W initroduced ill (19) has a physical meaning, viz. (speaking 

of the normal couple), 

1-U"- 1 1 (1; A2 1 )= energy denlsity . (26) 

A Lorentz-transformation in an arbitrary directioln would produce the 
mnore genieral kind of soltutioni with an arbitrary angle between the two wave 

normals, liquidatinig the simplification introduced in ? 2. There is no reason 
to follow that up for the inoment. But let it be noted that in this case the 

general features of (10) are no longer preserved. E g. the single waves do not 

remain transversal. (This had already beeni revealed by the approximate 
treatment in N.O.) 

APPENDIX I. 

IL wish to show that a single plane Maxwellian wave is an exact solution of 

any non-linear electrodynamics of that very genieral type whiclh Gustav Mie 

was the first to enlvisage more thian 30 years ago and of which Borin's theory 

is a special case. The general features are these. 

Maxwell's equations are forinally retained: 

clrlb' ? B = 0 div B 0 

(ar) 
curlI D - O div D Q. 
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The second six-vector H, D is defined by 

H - _ = BE (a2) 

whlere L is an arbitrary fuinction of the fundamental six-vector B, E. 

Lorentz-invariance is demianded. Moreover it is demanded that in the limit 
for weak fields 

11*- B D *D ?E (a3) 

Now, sinice l is to be aln invariant, it can only be a function of 

t= , (B' 
2 

E)2 a-nd J2 (BE) . (a4) 

From (a2) and (a4) 

a _ B t 
E 

X 

(a ) 

D=bkE 31B 
3J2 

'ro comply with, (a2), anid iamtust telnd to 
I 

and 0 
respectively WIT, ~a A2 

when both B and N tend to zero. 13tBt since those derivatives are functions 
of J, and J2 only, which tend to zero whon B aind V (1o, we must have 

aL ,= 0 . (a6 
J2 0 1. 

Now for a plane Maxwellian wave J, = 0 . Hence in this 
case, fr om (a5) andi (a8) 

11= B , P -E . 

That turns (a,) into Maxwell's vacuum-equations, which are indeed satisfied 
by a plane Maxwelliani wave. Q.E.1). 

APPENDIX IT. 

(Der ivation of CqU (:3)). 

The eross-prodtuct [f al , since it is orthogonial to f, must be a linear 

conmbinationi of a and a*: 

[fa] = p a + qa , (a7) 
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r and q being complex numbers. Scalar multiplication by a, with regard 
to (2), gives q 0 . Thus 

Ifh = pa . (a8) 

Scalar multiplication by a' gives 

(fat [ *]) = 2p , (a9) 

Vectorial multiplicationi of (a,) by ac gives 

- 2t = p[aa*] . (alo) 

The last two equationls give 

P 2 _ ththu s p-?< , (a1) 

which inserted in (a,) gives equ. (3) Q.E.i). 
Beholcl that the ambivalent signi is genuine, as long as we only use (2). 

For (2) is symmuetric with respect to a and a, whereas from (a,), since 

f is real andl p imaginary, follows 

[ ftG ] _ pa~ .$ ,(a12) 
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