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PREFACE

AM glad to write a few words by way of preface
Ito the volume written by Professor Erwin Schré-
dinger, translated by Mr. James Murphy. I do so with
the greater pleasure that the author is now domiciled
in this country and is sharing in our scientific life.

As is well known, Professor Schrédinger took an
important part in the development of the new theories
which have proved so successful in the interpretation
of atomic phenomena. It is thus of special interest
to have his views on the effect of these theories on the
fundamental conceptions underlying our interpreta-
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SCIENCE THEORY AND MAN

tion of the material world. This problem is considered
from different angles in a number of addresses in this
volume, including a discussion on the laws of chance
and the principle of indeterminism, and the meaning
of a law of Nature. The last chapter, containing the
address given by him in Stockholm on the occasion of
the award of a Nobel Prize last year, is of much
interest, for it brings out in a striking way the rela-
tions between the new and older ideas, and the pos-
sible reconciliation between the different aspects of
Nature involved in the particle and wave conceptions
of matter. On these fundamental questions involving
the meaning and scope of the law of causality there
is room for much difference of opinion but many in
this country, whether they agree with the author or
not, will read these charming and simply-written
essays with much pleasure and interest.
RUTHERFORD,
Cambridge, Feb. 19, 1935.
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BIOGRAPHICAL
INTRODUCTION
BY JAMES MURPHY

MADE the notes for this Introduction on a sum-

mer afternoon while roaming in the churchyard
of Cloyne Cathedral, a place which has been familiar
to me since childhood. As everybody knows, it was
here that the great Bishop Berkeley had his See.
Nearby, in what is now the deanery, he lived for
twenty years. His ecclesiastical duties were light, be-
cause there were only very few members of the
established Protestant Church in this part of Ireland.
The Episcopal See of Cloyne was therefore a fitting
source of livelihood for a philosopher and the sur-
roundings were ideal.
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INTRODUCTION

Only a small distance from the cathedral the old
Norman castle still stands, festooned now with a pro-
fusion of ivy, in whose branches thousands of birds
have made their nests. This is probably the original
of the castle which Berkeley mentions in the Dia-
logues. The passage is worth quoting here, because
it has a very close bearing on what I shall have to say
later on.

EupHRANOR: Tell me, Alciphron, can you discern
the doors, window and battlements of that same
castle?

ArLciPHRON: I cannot. At this' distance it seems
only a small round tower.

EuPpHRANOR: But I, who have been at it, know
that it is no small round tower, but a large
square building with battlements and turrets,
which it seems you do not see.

AvLcipuronN: What will you infer from thence?

EuPHRANOR: I would infer that the very object
which you strictly and properly perceive by
sight is not that thing which is several miles dis-
tant.

He clinches the argument further on by saying: “Is it
not plain therefore, that neither the castle, the planet,
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INTRODUCTION

nor the cloud, which you see here, are those real ones
which you suppose to exist at a distance?”’

In these few passages we have a clear indication
of Berkeley’s attitude towards the epistemological
question that is agitating the minds of scientists in our
own day. And I have called attention to Berkeley here
because the trend of theoretical physics to-day, in its
search for a definite epistemological standpoint, is
somewhat in the nature of a pilgrimage to the Cathe-
dral of Cloyne. This is why Berkeley is referred to and
quoted so largely by British physicists—Jeans, Ed-
dington and Whitehead, for instance—who are anx-
ious to find philosophical justification for their own at-
titude towards the latest theories in atomic physics. I
am confident that he would be referred to also by
Professor Schroedinger in the present book, if
Schroedinger had been as familiar with the writings
of the Irish philosopher as he is with those of the
Irish scientist, Sir William Hamilton, to whom he is
so very largely indebted for the basic inspiration of
his own mathematical work. The key to much of what
Schroedinger writes in the following chapters, about
the difficulties of the epistemological problem in
quantum mechanics as a whole and especially in
wave mechanics, will be found in Berkeley. As this
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INTRODUCTION

book is written for the lay reader, and as the lay
approach to modern theoretical physics is mostly
from the philosophical side, I have thought it well to
direct attention to this source of philosophical clarity
at the very outset.

Let us now turn to Schroedinger and his work.
What place does he hold in the history of physical
science and what is the relative importance of that
place? In other words, what has he achieved and to
what further developments are his achievements likely
to lead, whether in his own hands or in those of his
colleagues?

Erwin Schroedinger is a native of Austria. He was
born at Vienna forty-seven years ago. He studied
mathematical physics at the University of Vienna,
attending the branch of that institution known as The
Physical Institute. Of this Institute Ludwig Boltz-
mann had been the inspiring genius and the founder
of its special tradition. He had just died when Schroe-
dinger became a student there. Boltzmann, of course,
was responsible for some of the most fundamental
ideas on which modern theoretical physics is based.
He it was who first gave a statistical formulation to
the heat theorem which is now called The Second
Law of Thermodynamics. In doing so he introduced
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INTRODUCTION

for the first time into exact natural science a statistical
law, to replace the strict one of cause and effect.

In 1921 Schroedinger was appointed Professor of
Mathematical Physics in the University of Zurich.
While there he propounded his theory of wave me-
chanics and published what is known as the Schroe-
dinger wave equation.

“This equation,” says Max Planck, ‘“has provided
the basis of modern Quantum-mechanics, in which it
seems to play the same part as do the equations estab-
lished by Newton, Lagrange and Hamilton, in classical
mechanics.””* In 1926 Max Planck resigned the
Chair of Theoretical Physics in the University of Ber-
lin but remained Bestaendiger Sekretar of the Prus-
sian Academy of Science. Schroedinger was called
from Zurich to succeed Planck at the Berlin Uni-
versity.

He told me his own story during the course of an
address delivered before the Prussian Academy of
Science on the occasion of his inauguration to mem-
bership of that body (July 4th, 1929). He said:—

“In expressing my sincere appreciation of the dis-
tinction which you have conferred on me to-day by
electing me a member of the Academy of Science I

1 The Universe in the Light of Modern Physics, page 29.
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INTRODUCTION

must say that it is a particular pleasure for me to see
at our head, still in the full vigor of his powers, the
master whom we all revere and whose successor in the
professorial chair I have the honor to be. I may pre-
sume that his opinion decidedly influenced you in
electing me.

“Allow me, first of all, to discharge as briefly as
possible the unpleasant task which an academic in-
augural address involves, namely, that of speaking of
myself.

“The old Vienna Institute, which had just mourned
the tragic loss of Ludwig Boltzmann, the building
where Fritz Hasenoehrl and Franz Exner carried on
their work and where I saw many others of Boltzmann’s
students coming and going, gave me a direct insight
into the ideas which had been formulated by that great
mind. His line of thought may be called my first love
in science. No other has ever thus enraptured .me or
will ever do so again. Only very slowly did I ap-
proach the modern atomic theory. Its inherent con-
tradictions sounded harsh and crude, when compared
with the pure and inexorably clear development of
Boltzmann’s reasoning. I even, as it were, fled from
it for a while and, inspired by Franz Exner and

K. W. F. Kohlrausch, I took refuge in the sphere of
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INTRODUCTION

color theory. As to atomic theory, I tested and re-
jected many an attempt (partly of my own, partly of
others) to restore at least clarity of thought even at
the expense of a most revolutionary change. The first
to bring a certain relief was de Broglie’s idea of elec-
tron waves, which I developed into the theory of wave
mechanics. But we are still pretty far from really
grasping the new way of comprehending nature which
has been initiated on the one hand by wave mechanics
and, on the other, by Heisenberg’s Quantum me-
chanics.”

He went on to say that the aim of physics must be
to discover the fewest possible simple and funda-
mental laws to which each single phenomenon in the
mass of complex empirical phenomena may be re-
ferred. Classical mechanics followed this aim and
achieved magnificent results. This led to the idea of
extending the mechanical method to all branches of
physics and trying to explain every natural process by
making a model of it. But nowadays, with the advance
of Quantum physics, this idea has to be abandoned.
The burning question here is the utility of the general
principle of causality.

“It is true,” he said, “that in practice we had had
to forgo the use of causality even within that aspect

-~

Xv



INTRODUCTION

of nature that was based on classical mechanics. To
me personally this fact is connected in my mind with
a very deep impression that I received as a young
man when I heard the inaugural address delivered by
Fritz Hasenoehrl, of whom an untimely fate robbed
us in the war, and to whom I owe my whole scientific
outlook. It would not contradict the laws of nature,
Hasenoehrl declared, if this piece of wood should lift
itself into the air without any ostensible cause. Ac-
cording to the mechanical aspect of nature such a
miracle, being a reversion of the opposite process,
would not be impossible but only extremely unlikely.
Yet the concept of probability being involved in the
laws of nature, which Hasenoehrl had in his mind
when he used these words, does not really contradict
the causal postulate. Uncertainty in this case arises
only from the practical impossibility of determining
the initial state of a body composed of billions of
atoms. To-day, however, the doubt as to whether the
processes of nature are absolutely determined is of
quite a different character. The difficulty of ascer-
taining the initial state is supposed to be not one of
practice but of principle. It is supposed to affect not
merely a complicated system, but even a single atom
or molecule. Since what is by no possible means ob-
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servable does not exist for the physicist as a physicist,
the meaning clearly is, that not even the elementary
system is so exactly defined as to let it react to a defi-
nite influence by a definite behavior.

“Franz Exner, to whom I am personally indebted
for unusually great encouragement, was the first to
mention the possibility and the advisability of an
acausal concept of nature. This he did in the lectures
which he published in 1919. Since 1926 the same
question has arisen under a new point of view in the
quantum theory. Indeed it appears to be of funda-
mental importance. But I do not believe that in this
form it will ever be answered. In my opinion this
question does not involve a decision as to what the
real character of a natural happening is, but rather
as to whether the one or the other predisposition of
mind be the more useful and convenient one with
which to approach nature. Henri Poincaré explained
that we are free to apply-Euclidian or any kind of
non-Euclidian geometry we like to real space, with-
out having to fear the contradiction of facts. But the
physical laws which we are going to discuss are a
function of the geometry which we have applied, and
it may be that the one geometry entails complicated
laws, the other much simpler ones. In that case the
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former geometry is inconvenient, the latter is con-
venient, but the words ‘right’ and ‘wrong’ are un-
suitable. The same statement probably applies to the
postulate of rigid causality. We can hardly imagine
any experimental facts which would finally decide
whether Nature is absolutely determined or is par-
tially indetermined. The most that can be decided is
whether the one or the other concept leads to the
simpler and clearer survey of all the observed facts.
Even this question will probably take a long time to
decide; for the question of world geometry also has
been rendered the more doubtful by Poincaré’s hav-
ing made us aware of the fact that we have the liberty
of choice.”

The trend of thought which underlies the last para-
graph is that which has inspired almost every chapter
of the present book. Perhaps this is the best place to
explain how the book as it now stands came to be
written.

In the summer of 1932, a few days before my de-
parture from Berlin after a residence of some years
there, Schroedinger and myself foregathered for tea
in one of the cafés in Unter den Linden. We discussed
the feasibility of making a book out of some of the
papers which he had written from time to time and
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some of the lectures which he had delivered on spe-
cial occasions. On looking over the heterogeneous ma-
terial I then felt that there would be a certain amount
of difficulty in grouping it so as to form an organic
whole. Therefore we allowed the project to drop for
the time being. It was not resumed until Schroedinger
had left Germany, in 1933, and taken a temporary
position at the University of Oxford. Meanwhile he
had been awarded the Nobel Prize in Physics for
1933, and moreover he was now able to place some
additional material at my disposal.

Some of the papers that have been incorporated in
this book are chiefly of historical interest, as they
indicate Schroedinger’s relation to the progress which
has recently been made in the theoretical development
of physical science. For that reason they have been
translated quite literally and I have assigned to them
the dates and occasions on which they were written
or delivered. Perhaps I ought to say here that Pro-
fessor Schroedinger has been in England while the
present book was being written and has worked over
my version of the original; so that the English style
is in a sense the result of a joint enterprise.

The chapter entitled What is a Law of Nature?
calls for some special mention. The original was the
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inaugural address delivered by Professor Schroe-
dinger on the occasion of his appointment to the Chair
of Physics in the University of Zurich. We have to
understand the circumstances of the time in order
to appreciate the importance of his pronouncement.
It was an exposition of Franz Exner’s view in favor
of a systematic departure from the mechanical con-
cept of cause and effect. When the new idea was first
broached by Exner it made little or no impression on
the great body of scientists in Germany, France and
the Scandinavian and Netherland countries. Schroe-
dinger’s presentation of it may be said to mark, in a
certain sense, the opening of a new epoch in physical
science.

In 1927 Heisenberg promulgated his Uncertainty
Principle. Of this event Sir Arthur Eddington writes:
“It was Heisenberg again who set in motion the new
development in the summer of 1927. The outcome of
it is a fundamental general principle which seems to
rank in importance with the principle of relativity.””
Heisenberg’s development of Quantum Mechanics
during the years immediately preceding, and the cul-
mination of that development in the 1927 pronounce-
ment, gradually led to the radical modification of the

1 The Nature of the Physical World, page 220.
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Rutherford-Bohr model of the atom. This model, the
reader will remember, pictured the atom as a sort of
miniature solar system, with a fixed nucleus around
which the electrons spin in various kinds of orbits.

In the chapter on the value of conceptual models
Schroedinger deals with the views put forward by
Professor Dirac. That was partly the theme of his
address before the Frankfort Physical Society in
1929. In order to understand the significance of this
chapter in the present book we must place it in its
historical perspective. Schroedinger deals with what
seem to be the logical consequences of Heisenberg’s
statement, though he does not actually accept these
consequences. He leaves the matter undecided. Yet it
is quite clear that he has a distinct leaning towards
that line of thought and it is clear too that his own
work has contributed to bring that line of thought into
the foreground of modern science. We may put the
general idea thus:

If it be true that, in microscopic physics, we are
prevented by the nature of things from being able to
ascertain the location and velocity of a particle at one
and the same instant we cannot, of course, predict
with certainty a subsequent state of that particle. In
other words, as we cannot ascertain the place and
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speed of an electron at the same instant it is impossi-
ble accurately to compute the future path of the elec-
tron. Any interference on our part would change the
position of the electron itself. Therefore we must
abandon the application of the causal connection here.
Whether or not the causal connection be true in reality
is a question that has no meaning for the physicist, for
the simple reason that in physics he cannot apply
it. Now if we are to abandon the causal structure we
must obviously abandon the mechanical structure. We
must turn to the statistical concept. And this means
that we must turn absolutely and entirely to the purely
mathematical concept. In other words, Schroedinger
pleads for the abandonment of what may be called
mechanicomorphism in the pursuit of natural science,
just as a former generation of scientists had success-
fully pleaded for the abandonment of anthropomor-
phism in the study of nature. The casting aside of all
models and the wholesale employment of mathe-
matical formulas in their stead, because the latter are
found more suitable for the representation of what
is called ultimate physical reality, comes very close to
the Berkeleian standpoint and, in the theory of wave
mechanics, reduces the last building stones of the
universe to something like a spiritual throb that comes
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as near as possible to our concept of pure thought.

“This concept of the universe as a world of pure
thought,” says Sir James Jeans towards the close of
his book, The Mysterious Universe, “throws a new
light in many of the situations we have encountered in
our survey of modern physics. We can now see how
the ether, in which all events of the universe take
place, could reduce to a mathematical abstraction, and
become as abstract and as mathematical as parallels
of latitude and meridians of longitude. We can also
see why energy, the fundamental entity of the uni-
verse, had again to be treated as a mathematical ab-
straction—the constant of integration of a differential
equation.

“The same concept implies of course that the final
truth about a phenomenon resides in the mathematical
description of it; so long as there is no imperfection
in this, our knowledge of the phenomenon is complete.
We go beyond the mathematical formula at our own
risk; we may find a model or picture which helps us
to understand it, but we have no right to expect this,
and our failure to find such a model or picture need
not indicate that either our reasoning or our knowl-
edge is at fault. The making of models or pictures to
explain mathematical formulae and the phenomena
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they describe, is not a step towards, but a step away
from, reality; it is like making graven images of a
spirit.”

Professor Schroedinger himself declares emphati-
cally that he cannot be looked upon as a pioneer in the
line of thought thus expressed by Sir James Jeans.
Perhaps he is not conscious of it. But the fact re-
mains that the actual work which he has achieved
must be looked upon as having a fundamental influ-
ence on this particular phase of modern physics. And
it is in this perspective that it must be viewed in re-
lation to the cultural trend of our time.
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SCIENCE, ART AND PLAY

ITH man, as with every other species, the

; » primary aim of thought and action is to satisfy
his needs and to preserve his life. Unless the condi-
tions of life are excessively unfavorable, there re-
mains a surplus force; and this is true even of
animals. Even with animals, this surplus manifests
itself in play; an animal when playing is conscious
of the fact that its activity is not directed towards any
aim or towards the satisfaction of the needs of life.
A ball of wool interests and amuses the kitten, but it
does not hope to find any hidden dainty within. The
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dog continues to roll the beslavered stone and his
eyes implore us to throw it again: “Put an aim before
me; I have none and would like to have one.” With
man the same surplus of force produces an intellec-
tual play by the side of the physical play or sport.
Instances of such intellectual play are games in the
ordinary sense, like card games, board games, domi-
noes, or riddles, and I should also count among
them every kind of intellectual activity as well as
Science ;'—and if not the whole of Science at any rate
the advance guard of Science, by which I mean re-
search work proper.

Play, art and science are the spheres of human ac-
tivity where action and aim are not as a rule deter-
mined by the aims imposed by the necessities of life;
and even in the exceptional instances where this is
the case, the creative artist or the investigating sci-
entist soon forget this fact—as indeed they must
forget it if their work is to prosper. Generally, how-
ever, the aims are chosen freely by the artist or stu-
dent himself, and are superfluous; it would cause no
immediate harm if these aims were not pursued. What
is operating here is a surplus force remaining at our

1 The word “science” is here usually the translation of Wissen-
schaft, which includes literature, archeology, philology, history, etc.
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disposal beyond the bare struggle for existence: art
and science are thus luxuries like sport and play, a
view more acceptable to the beliefs of former cen-
turies than to the present age. It was a privilege of
princes and flourishing republics to draw artists and
scientists within their sphere, and to give them a liv-
ing in exchange for an activity which yielded nothing
save entertainment, interest and repute for the prince
or the city. In every age such procedure has been re-
garded as a manifestation of internal strength and
health, and the rulers and peoples have been envied
who could afford to indulge in this noble luxury, this
source of pure and lofty pleasure.

If this view is accepted we are compelled to see the
chief and lofty aim of science to-day, as in every other
age, in the fact that it enhances the general joy of
living. It is the duty of a teacher of science to impart
to his listeners knowledge which will prove useful in
their professions; but it should also be his intense
desire to do it in such a way as to cause them pleasure.
It should cause him at least as much satisfaction to
speak before an audience of working men who have
taken an hour off their leisure time in the hope of
obtaining an intellectual joy as to speak before the
engineers of an industrial undertaking who may be
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supposed to be chiefly concerned with the practical
exploitation of the most recent results of scientific in-
vestigation. I need not here speak of the quality of the
pleasures derived from pure knowledge; those who
have experienced it will know that it contains a strong
esthetic element and is closely related to that derived
from the contemplation of a work of art. Those who
have never experienced it cannot understand it; but
that is no reason why they should “withdraw weep-
ing from our community,” since it may be supposed
that they find compensation elsewhere within the
sphere of art—as, for example, in the free and vigor-
ous exercise of a well-trained body in sport, play or
dance. Speaking generally, we may say that all this
belongs to the same category—to the free unfolding
of noble powers which remain available, beyond
purely utilitarian activities, to cause pleasure to the
individual and to others.

It might be objected that after all there is a consid-
e able difference between scientific and artistic and
even more between scientific and playful activity, the
difference residing in the fact that scientific activity
Lis a powerful influence on the practical shaping of
life and the satisfaction of its needs. It might be said
that it had eminently contributed to material well-
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being and that the doctor’s and the engineer’s skill and
the judge’s and statesman’s wisdom are the fruit it
bears; and it may be urged that, on a serious view,
these fruits in which the whole of mankind can share
are of a higher value than the pleasures of study and
discovery, which are open to a few privileged men
and their listeners and readers. It might, on the other
hand, be felt that the equation of these pleasures
with art is slightly arrogant. Moreover, are we seri-
ously to regard the practical results of science as the
acceptable by-products of learned leisure? Should
not rather the joys of research be regarded as the
pleasant accompaniment of a work which in itself, so
{ar from being playful, is entirely grave and devoted
to practical aims?

Judgments of value are problematical. There can
be no discussion as to the thanks due by mankind to
modern surgery, and to the men who have combated
epidemic diseases. Yet it should not be forgotten that
the advances of surgery were an antidote desperately
needed against the advances of applied science, which
would be almost unbearable without the relief pro-
vided by the surgeon’s ready hand. I do not wish to
speak ill of the advances of applied science; indeed
it seems to me that one of the chief claims to fame
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of modern applied science is that it disregards ma-
terial welfare and personal security and promotes
and even creates purely intellectual values which
exist for their own sake and not for any given mate-
rial purpose. I have here in mind chiefly, because
this seems to me to be the most important point, the
overcoming of distances in order to promote communi-
cation and understanding. I admit that this overcom-
ing of distances has its material aspects. A merchant
in Hamburg can reach New York in four days; he
learns the exchange quotations daily on board by
wireless, can give instructions to his office, and so
on. But are we, mankind in general, really interested
so very much in the rapidity of business transactions?
I venture to deny it. What we really have at heart is
something very different. What really gives us pleas-
ure is something very different: far more people than
formerly can visit different countries; the nations are
brought nearer to each other, can appreciate each
other’s civilizations, and learn to understand each
other. Daring men can penetrate into the polar ice
without our being compelled to feel anxiety during
months and years; for we receive signals from them,
we know where they are, and we can render them
assistance. Last, not least, the pure technical pleasure
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of overcoming difficulties, the pleasure of succeeding,
apart from practical advantages, is continually win-
ning a greater place, not only in the minds of those
immediately concerned, for these probably experi-
enced it at all times, but also in the minds of entire
peoples. The Zeppelin and the Blue Ribbon of the
Atlantic obtained for Germany a reputation kindred
to that obtained by Walther, Tasso, and Ariosto for
the courts where they wrote their poetry.

These and similar considerations lead to the con-
viction that science with all its consequences is not
such a desperately serious affair and that, all things
considered, it contributes less to material well-being
than is generally assumed, while it contributes more
than is generally assumed to purely ideal pleasures.
True, its effect on the multitude is generally indirect
and the occasions are rare when science can give joy
to the many by laying before it its immediate results:
indeed, this happens only in those cases where it lays
before the community a work of art. At any rate
those who have stood with bated breath and trembling
knees before the two thousand years’ old dream of
beauty created of white marble which the industry
of archeologists has erected in the Berlin Museum
will consider that at least as far as the science of
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archeology is concerned the question as to why it
is being pursued has been answered. As a rule the
way to the masses is long and less direct and in cer-
tain rare cases it may appear as though a complete
barrier existed. However, we would ask that the right
to exist should be acknowledged even for these dis-
tant blossoms on the Tree of Knowledge; our reason
being that they must first fertilize each other in order
that other branches shall be able to bear such obvious
fruits, palpable to the entire community, as the Graf
Zeppelin® or the Pergamon Altar.

From a certain standpoint, indeed, the number of
individuals sharing in a given cultural achievement
is really irrelevant. The truth is that arithmetic can-
not be applied to matters of the mind any more than
to any other manifestation of life: multiplication here
becomes impossible. Once a thought has flashed in the
thinker’s brain it is in existence and is not increased
in value by the fact that a hundred other brains follow
it. This argument is correct; yet the fact must be re-
membered that we are not dealing with a single

1pauTHOR’S NOTE: Had this array been primarily written for
English readers, another example would very probably have been
chosen instead of the “Zep.” But since it stands, let us take it at
the same time as an impressive instance of how the latest and most
outstanding achievements of science often fail to augment material
welfare!
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achievement of civilization or a single sphere of ideas,
but with a multiplicity; and for this reason it is de-
sirable even from the purely esoteric and scientific
point of view that the approaches to these intellectual
treasures should be facilitated and thrown open to
the greatest possible number of persons, even if they
partake of them less completely than the “initiated.”
In this manner there is an increasing chance that a
number of cultural values may become the property,
in favorable circumstances, of one individual; and
this amounts to a real “multiplication” of cultural
values, and indeed to more than that. When thoughts
fructify they lead to new and undreamed of develop-

ments.
*

IT is sometimes said that physics is to-day in a stage
of transformation and revolution; a stage described
by some as a crisis. Such a stage is one of abnormal
activity and of enhanced vital power. Linguistically
the expression “crisis” (the Greek xglow equals “de-
cision’) is appropriate; yet it is misleading if it sug-
gests anything resembling a crisis in a business under-
taking, a cabinet, or in the course of a disease. In
these cases we are thinking of a dangerous stage of
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decision followed by complete collapse; whereas in
science we mean that new facts or ideas have occurred
which compel us to take up a definite position in
questions which had hitherto been open or, more fre-
quently, had never passed beyond a kind of vague
awareness. It is precisely our desire to be compelled
to take up a definitive position; and in the exact sci-
ences such a compulsion is frequently enough brought
about deliberately by so-called crucial experiments.
The more important the issue happens to be, the
“worse” the “crisis” will be; and the more certainly
will it lead to an extension and illumination of our
scientific knowledge. I admit that the critical stage
itself bears a certain similarity to the feverish stages
of an illness, which is due to the sudden upsetting of
opinions which had hitherto been regarded as secure;
a learned delirium is no rarity. But the comparison is
invalid unless we add that in the case of science the
disease guarantees the patient a freer, happier, and
more intensive life on his recovery. To infer from the
crisis in individual sciences that there is such a thing
as a general twilight of science is a mistake resting
upon a confusion of words.

But though we have grasped that this critical stage
is not abnormal, and still less is any harbinger of dis-
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aster, we are still faced by the question why it is that
the transvaluation of all values, which is really a
permanent phenomenon, has taken such an acute form
not in one science, but in many, and perhaps in most.
Such is the case in mathematics, chemistry, astronomy
and psychology. Can this be an accident?

In experimental science facts of the greatest impor-
tance are rarely discovered accidentally: more fre-
quently new ideas point the way towards them. The
ideas which form the background of the individual
sciences have an internal inter-connection, but they
are also firmly connected with each other and with the
ideas of the age in a far more primitive manner. This
inter-connection consists in the simple fact that a far
from negligible and steadily growing percentage of
the men who devote themselves to scientific studies
are also human beings who share in the general
world of ideas of the age. The influence of these ideas
can often be traced into unexpected ramifications.
Thus some years ago astronomy was threatened with
a kind of arterio-sclerosis due to the fact that no crisis
was on the horizon; and it was saved from this phe-
nomenon of old age, not so much by the perfection
of its instruments and by the progress made by
physics in the interpretation of astral spectra, as by

37



SCIENCE THEORY AND MAN

a new and a wholly independent idea. It was sug-
gested that really new discoveries could be reached
not by careful study of individual stars, but by com-
parative statistics applied to vast groups of stars.
This idea, which is so clearly connected with other
tendencies of the times, has opened up vast new tracts
and has extended our apprehension of space almost
to infinity.

Our age is possessed by a strong urge towards the
criticism of traditional customs and opinions. A new
spirit is arising which is unwilling to accept anything
on authority, which does not so much permit as de-
mand independent, rational thought on every subject,
and which refrains from hampering any attack based
upon such thought, even though it be directed against
things which formerly were considered to be sacro-
sanct as you please. In my opinion this spirit is the
common cause underlying the crisis of every science
to-day. Its results can only be advantageous: no scien-
tific structure falls entirely into ruin: what is worth
preserving preserves itself and requires no protection.

In my opinion this is true not only of science: it is
of a far more universal application. There is never
any need to oppose the assaults of the spirit of the
age: that which is fit to live will successfully resist.
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THE LAW OF CHANCE

THE PROBLEM OF CAUSATION IN
MODERN SCIENCE

BOUT the middle of the eighteenth century
A_David Hume pointed out that there is no in-
trinsic connection between cause and effect which can
be perceived and understood by the human mind. He
further held that the causation of one phenomenon
by another (such as the warming of the earth’s sur-
face by the rising of the sun) is not directly per-
ceptible. We can only perceive that one phenomenon
—the rising of the sun—is always followed by an-
other phenomenon, namely, the warming of the earth’s
surface. It is also observed that the unfailing suc-
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cession of certain events after certain others is not
confined to any special range of phenomena but is
a characteristic feature of Nature. But neither the
connection between a single cause and its effect, nor
the universality of this connection throughout Nature,
is in itself manifest or forms a necessary element in
our thought.

The constancy of the laws of nature is guaranteed
to us only by experience. Why then do we value
this experience for any other reason than that it
chronicles past events? Why do we concede to what
has happened in the past a controlling influence on
our expectation of what is to happen in the future?
It is no answer to this question to say that this method
of controlling our expectation has proved very use-
ful up to the present, and therefore we cling to it.
Such an answer is simply a begging of the question.
For that is just the point: why do we expect that what
has proved useful hitherto will continue to be so in
future? Of course arguments can be advanced for
adopting this attitude; but this becomes possible only
when we change our standpoint. We then perceive
that, since the course of events in nature has been
governed by regularity up to the present, any species
of animals which failed to reap the advantages of
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allowing their behavior and expectations to be guided
by past experience, could not possibly have survived
in the struggle for life, but would long ago have
been eliminated by so severe a handicap. Hence the
mere fact that we, human beings, have survived to
raise the question, in a certain sense indicates the re-
quired answer!

Hume by no means doubted that in the external
world a certain regularity prevails, the observation
of which has led us to the very useful and practical
concept of a necessary causal connection between one
natural occurrence and another. Within the last few
years, however, the objective existence of this very
regularity has been questioned. The doubts arose
from a branch of human study within which we
should least expect them—that is to say, the exact
science of physics. The basis of this skepticism is
the altered viewpoint which we have been compelled
to adopt. We have learned to look upon the over-
whelming majority of physical and chemical proc-
esses as mass phenomena produced by an immensely
large number of single individual entities which we
call atoms and electrons and molecules. And we have
further learned that the extraordinarily precise and
exact regularity which we observe in these physical
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and chemical processes is due to one general law
which can be stated thus: In every physical and
chemical process there is a transition from relatively
well-ordered conditions among the groups of atoms
and molecules to less orderly conditions—in other
words, a transition from order to disorder, just as
might be expected if each individual member of the
mass followed its own way more or less without any
plan and under no definite law. The exact laws which
we observe are “statistical laws.” In each mass phe-
nomenon these laws appear all the more clearly, the
greater the number of individuals that cooperate in the
phenomenon. And the statistical Iaws are even more
clearly manifested when the behavior of each individ-
ual entity is not strictly determined, but conditioned
only by chance. It is quite understandable under such
circumstances that a steady transition from regularity
to irregularity must result, as a governing Law and as
a general basal characteristic of all natural processes.
In physics this is believed to be the source from which
the very definite one-directional tendency of all
natural happenings arises. If an initial state, which
may be called the cause, entails a subsequent state,
which may be called its effect, the latter, according
to the teaching of molecular physics, is always the
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more haphazard or less orderly one. It is, moreover,
precisely the state which can be anticipated with over-
whelming probability provided it is admitted that the
behavior of the single molecule is absolutely hap-
hazard. And so we have the paradox that, from the
point of view of the physicist, chance lies at the root
of causality.

I shall now bring forward some examples from
every-day life to illustrate how the play of pure chance
can result in predictable consequences. Let us take,
for instance, a huge library which is visited by thou-
sands of curious people day after day and where all
the books are in their regular places on the shelves
on the Monday morning when the visitors enter. We
shall imagine that these visitors are an unruly pack,
badly brought up, and that they have come to sample
the books in the library merely out of vulgar curi-
osity. Let us suppose that whenever they have taken
a book from its position on the shelves they never
trouble to put it back where it should be placed but
replace it quite at random. The general result will
be that the library will be submitted to a definite one-
directional transition from order to disorder. Now the
astonishing feature is that this process proves to be
subject to very definite laws, especially if we suppose
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that the volumes are taken from the shelves in the
same haphazard way as they are put back.

Let us investigate the condition of affairs after one
week of this barbaric invasion. If we suppose that
there were eighty volumes of Goethe’s works, for in-
stance, neatly arranged in one section of the library
when the casual mob entered, and if we find that only
sixty volumes are now in their places while the other
twenty are scattered about here and there, then we can
expect that during the second week about fifteen vol-
umes will disappear from the row, and about eleven
volumes will vanish during the third week, etc. For
since we have supposed that the books are taken out
quite at random, the probability that one of the re-
maining volumes will meet with this misfortune de-
creases as their number decreases. Here we have a
general law arising from a mass of chaotic events.
The number of volumes in their proper positions
diminishes in accordance with the exponential law,
or Law of Geometrical Progression, as the mathe-
maticians call it.

We find the very same law verified in many chemi-
cal and physical processes, such as the spontaneous
transformation of one element into another, in the
so-called disintegration of radioactive matter. Now I
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am sure that in the case of the books in the library
the reader will hesitate to admit that the dispersal of
Goethe’s works would actually follow the predicted
law with any appreciable accuracy. And his hesita-
tion is justified. In such a case as this, then, is there
any justification whatever for positing any “Law”?
Surely the utmost we may legitimately attempt to do
is to forecast probabilities. What will actually hap-
pen depends on chance. In answer to these objections
it must be observed that when we are concerned with
only such a small number as eighty volumes of a work
in a library, we must indeed be prepared to find that
the number actually in place at any given stage will
deviate appreciably from the number to be expected
according to the “Law.” But on the other hand, with
80,000 instead of eighty volumes (in a library con-
taining many millions of books) the casual deviations
would amount to only a much smaller fraction of the
total number predicted. It is possible to calculate that
owing to the myriads of atoms engaged in every
physical and chemical process the purely statistical
forecasts will be verified with the same degree of ex-
actitude as is actually observed in Nature’s laws. But
of course they can never hold good with absolute ex-
actitude. Now it is the greatest triumph of the statis-
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tical theory of natural law, and the most convincing
argument in its favor, that in many cases, such as the
radioactive transformation that I have spoken of,
small and quite irregular departures from the law
really are observed. And they have proved to be of
just the type and magnitude which the statistical
theory had previously calculated.

As a further example of how orderliness springs
from chance, we may take the case of insurance com-
panies. The eventualities against which we are in-
sured—accident, death, fire, burglary—depend on a
thousand chances. But to the insurance company it
makes no difference which of the insured buildings
will be burned during the coming year or which of the
insured persons will meet with an accident. The only
consideration that matters to the company is what per-
centage of the insured meets with a misfortune that
has to be compensated. That percentage can be an-
ticipated from the statistics of former years. There-
fore, despite the impossibility of foretelling the fate
of any given person, the company may safely under-
take, for a relatively small premium, to cover possible
damages up to a high multiple of the annual pay-
ment.

I have said the statistical theory provides an in-
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telligible explanation of the fact that the course of
natural events follows a definite direction, which can-
not be reversed. The explanation consists in regarding
this unidirectional tendency as a development from a
better ordered to a less ordered state (in every single
case) of the atomic aggregation involved. We are here
concerned with a very general law, the so-called Sec-
ond Law of Thermodynamics, or the Law of Entropy.
We are convinced that this Law governs all physical
and chemical processes, even if they result in the most
intricate and tangled phenomena, such as organic life,
the genesis of a complicated world of organisms from
primitive beginnings, the rise and growth of human
cultures. In this connection the physicist’s belief in a
continually increasing disorder seems somewhat para-
doxical, and may easily lead to a dreadfully pessimis-
tic misunderstanding of a thesis which actually implies
nothing more than the specific meaning assigned to it
by the physicist. Therefore a word of explanation will
be necessary. \

We do not wish to assert anything more than that
the total balance of disorder in nature is steadily on
the increase. In individual sections of the universe, or
in definite material systems, the movement may very
well be towards a higher degree of order, which is
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made possible because an adequate compensation
occurs in some other systems. Now according to what
the physicist calls “order” the heat stored up in the
sun represents a fabulous provision for order, insofar
as this heat has not yet been distributed equally over
the whole universe (though its definite tendency is
towards that dispersion), but is for the time being
concentrated within a relatively small portion of
space. The radiation of heat from the sun, of which
a small proportion reaches us, is the compensating
process making possible the manifold forms of life
and movement on the earth, which frequently present
the features of increasing order. A small fraction of
the tremendous dissipation suffices to maintain life
on the earth by supplying the necessary amount of
“order” but of course only so long as the prodigal
parent, in its own frantically uneconomic ways, is still
able to afford the luxury of a planet which is decked
out with cloud and wind and rushing rivers and foam-
ing seas and the gorgeous finery of flora and fauna
and the striving millions of mankind.

Let us return to the specific question of causality.
Here we are still faced with a dilemma. Either one
can form the opinion that the real essence, or the in-
trinsic constitution, of the Laws of Nature has been
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exhaustively discovered through the revelation of their
statistical character, and that consequently the idea
of a necessary causal connection between natural oc-
currences ought to be banished from our world pic-
ture, just as the concept of heat as a fluid disappeared
from physics the moment it was discovered that heat
is nothing more than a random movement of the
smallest particles. We shall be especially inclined to
sacrifice the causal principle if we follow Hume in
recognizing that it is not a necessary feature of our
thought, but only a convenient habit, generated by
the observation of that regularity in the course of
actual occurrences the merely statistical character of
which is now clearly perceived.

If, however, we disagree with Hume and hold that
the causal principle is something of an a priori nature,
forming a necessary element in our thought, and in-
evitably marking every possible experience with its
stamp, then we must adopt the second alternative,
which may be expressed as follows: We shall main-
tain that the behavior of each atom is in every single
event determined by rigid causality. And we shall
even contend that strictly causal determinism of
the elementary processes, although we cannot observe
their details, must necessarily be admitted, in order to
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allow the mass phenomena, which result from their
cooperation, to be treated by the methods of statistics
and the probability calculus. From this viewpoint
causality would lie at the basis of statistical law.

This second view is the conservative one. The
former is extremely revolutionary. And the one is the
direct antithesis of the other. According to the revolu-
tionary view, undetermined chance is primary and is
not further explicable. Law arises only statistically in
mass phenomena owing to the cooperation of myriads
of chances at play in these phenomena. According
to the conservative view the compulsion of law is
primary and not further explicable, whereas chance
is due to the cooperation of innumerable partial
causes which cannot be perceived. Therefore chance
here is something subjective—only a name for our
own inability to discover the detailed action of numer-
ous small component causes.

There is scarcely any possibility of deciding this
issue by experiment. For the methods of pure reason-
ing evidently allow us either to derive chance from
law, or law from chance, whichever we prefer.
Wherever we are concerned with a law-determined
process forming the ultimate recognizable structural
element in our world picture, a domain of chance be-
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hind it can be supposed to produce the law statisti-
cally, if anybody desires to suppose this. And in a
similar way the champion of the causal principle is
justified in thinking that any chance he observes is
dependent on the action of uncontrollable changing
causes which give rise to this or that effect, but always
compulsorily.

The current controversy about the principle of caus-
ality is a phase in our changing intellectual outlook,
which is paralleled by the problem of the true char-
acter of space and time, a question which has arisen
anew as a result of Einstein’s theories. The old links
between philosophy and physical science, after hav-
ing been temporarily frayed in many places, are be-
ing more closely renewed. The farther physical
science progresses the less can it dispense with philo-
sophical criticism. But at the same time philosophers
are increasingly obliged to become intimately ac-
quainted with the sphere of research, to which
they undertake to prescribe the governing laws of
knowledge.
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INDETERMINISM IN PHYSICS®

HE profound changes which the picture of the
Tworld as presented by Physics has undergone in
recent years has brought it about that the so-called
problem of causality has come into the limelight; and
discussion of this problem, far from being confined to
technical and scientific publications, has found a place
in the daily press. I do not here wish to pre-judge the
question whether the problem discussed is in fact the
problem of causality in the philosophical sense merely

1 Paper read before the Congress of the Society for Philosophical
Instruction, Berlin, 16th June, 1931.
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by using the label of causality. This name has come
to be applied to these matters, they sail under this
flag, and that is why I employ the expression.

The question at issue is this: given any physical
system, is it possible, at any rate in theory, to make an
exact prediction of its future behavior, provided that
its nature and condition at one given point of time are
exactly known? It is assumed, of course, that no ex-
ternal and unforeseen influences act upon the system
from without; but such influences can always be
eliminated, at least theoretically, if all bodies, fields
of force and the like capable of acting upon the sys-
tem are included within it. It is assumed, in other
words, that the condition of these external elements,
too, is exactly known at the initial moment of time. It
is possible, and indeed if we argue rigorously it is
certain, that in order to do so, the system under con-
sideration has to be extended to comprehend the
entire universe. Yet it is possible to imagine a finite,
self-contained system, and in practice this abstraction
is invariably made use of whenever a law of physics
is enunciated. The question therefore is whether it is
possible exactly to predict the behavior of such a sys-
tem provided its initial condition be exactly known.

Some fifteen years ago this was never doubted:
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absolute determinism was, in a manner, the funda-
mental dogma of practical physics. The clearest ex-
ample, which had given this direction to physics, was
classical mechanics: given a system of mass points,
their masses, positions and velocities at an initial
point of time, and given the laws of force in accordance
with which they act upon one another, it was possible
to calculate in advance their movements for all future
time. And when applied to the celestial bodies, this
theory had been triumphantly confirmed.

To-day many physicists assert that such a strictly
determinist view cannot do justice to nature, and that
this applies equally whether mass points, fields of
force or waves are used as the bricks from which we
build our system. They make this assertion on the
strength of the experimental results obtained in
physics during the last thirty years—results which
relate to measurements of every kind; on the strength
of the long-continued failure of all attempts at com-
prehending satisfactorily the totality of these experi-
ments through the medium of a deterministic model;
and finally on the strength of the very creditable suc-
cess which has been reached by a departure from a
strict determinism.

Evidently such success and failure cannot in itself
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determine so grave a question. However firmly we
may be convinced that it was determinism which was
the stumbling block in all the attempts that had been
made hitherto, and however strongly we may believe
that it is the obstacle preventing a completely satis-
factory explanation of all the observed phenomena;
however considerable finally the successes achieved by
the employment of an undeterministic picture may be,
it is unlikely that we shall ever be able to demonstrate
the impossibility of finding any deterministic model
of nature capable of doing justice to the facts.

The modern attempts to relinquish determinism are
rendered particularly interesting by the fact that their
claims with regard to the absence of determinism, far
from being vague and inaccurate, are quantitatively
quite definite and can be expressed in centimeters,
grams and seconds. As a simple example, we may
take a mass point in motion either in a state of isola-
tion from others or as a member of a system of many
mass points exerting force upon each other. The claim
which is made is that its movement cannot be fore-
told with complete accuracy because, among other
things, it would be necessary to know its position and
velocity at the initial point of time; and it is claimed
that it is impossible in principle to determine both
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of these exactly. Let us assume that we have suc-
ceeded in ascertaining that the point must at any rate
be situated somewhere within a small area whose
linear dimensions I will call A. Let us take any point

A 2 A
Fig. 1

within this area and from it draw an arrow to denote
velocity in the customary way. Let us next assume
that we have succeeded in determining the direction
and magnitude of the velocity sufficiently to enable
us to restrict the point of the arrow which symbolizes
these latter to a small area, whose linear dimensions
I propose to denote by y. Finally let m denote the
mass of this material point. The sufficiently peculiar
assertion then is that the product myA cannot be
reduced beneath a certain definite limit. It is
claimed that the inaccuracy which is inherent in the
position (A) and that which adheres to the velocity
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at the same time (Yy) cannot both be reduced to a
greater degree, than to give the product myA, the ap-
proximate magnitude of what is known as' Planck’s
constant h:

myA approximately equalsh=—=6+5 X 10*" g. cm.?

sec.'

Now although the value of this constant is ex-
tremely small, yet it can be expressed with per-
fect accuracy in centimeters, grams and seconds;
it can be derived from the laws governing heat radia-
tion and by many other extremely exact methods.
What is claimed then is that, while it is possible to
make one of the two regions (A) and (y) as small as
may be desired, and the relative statements as exact as
may be desired, this is achieved only at the cost of
increasing the other. In other words, it is impossible
to make both as small as may be desired (Heisen-
berg’s relation of inexactitude). I cannot here under-
take to explain in a few words the manner in which
this peculiar assertion has been reached; I have
quoted it merely as an example to give you a concrete
instance of “indeterminism.” This, however, is not all.

1]n the above equation it might appear that “approximately equals
h” implies that the exact value of h is irrelevant. A more exact
formulation is possible if, instead of the vague idea of inaccuracy,
the more precise one of mean error is used.
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According to classical physics, and especially mechan-
ics, it would be necessary to undertake certain opera-
tions in order to take a mass point to a given place
at the initial point of time and in order to impress
upon it a given velocity. Thus we might take it be-
tween nippers, carry it to the place in question and
push it in an appropriate direction. Quantum mechan-
ics teaches us that if such an operation is undertaken
with a mass point a great number of times, the same
result does not invariably come about even if the
operation is always exactly the same. But it further
teaches that the result obtained is not entirely a mat-
ter of chance. What is claimed is that if you repeat
the same experiment a million times and register the
frequency with which the different possible results
occur, they will in a second million experiments repeat
themselves with exactly the same frequency. It is as-
sumed, of course, that all the experiments are exactly
identical.

It will be seen that this claim approximates closely
to the so-called law of trial and error governing actual
measurements. What is peculiar in this theoretical
assertion is the fact that there is a rigid limit to the
accuracy of observation, a limit which in its turn is
determined by a constant of Nature. Hitherto in all

58



INDETERMINISM IN PHYSICS

our theoretical considerations we had quite uncon-
sciously assumed, that at any rate in principle,
observations could be carried out with any degree
of accuracy; nobody had dreamed that a correlation
of the kind mentioned between the accuracies of the
different measurements (in the present instance posi-
tion and velocity) did in fact exist.

The other assertions made by modem physics in
support of indeterminism are essentially of a similar
kind, although they are less easily comprehensible,
especially to non-physicists; and a discussion of them
would not promote our present argument. My further
observations really consist only in a number of foot-
notes referring to this example, but otherwise only
loosely connected with one another. A final and com-
prehensive judgment on these matters is at the present
moment impossible.

The first footnote refers to the relation of the new
theory to classical mechanics.

According to the new theory, identical conditions at
the beginning do not invariably lead to identical results;
all that they lead to is identical statistics (= rela-
tive frequency of the various possible events) ; indeed
this is precisely what we mean by indeterminateness.

Now what I wish to claim is that from a purely
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naive point of view classical mechanics itself is un-
determinate. The opposite is generally asserted; but
this is due merely to a technique to which we have
grown so accustomed in course of time that we take it
for granted.

Let us take a mass point in motion. We find that at
a certain moment it is at a given point; we are per-
fectly acquainted with the nature and condition of its
entire environment: thus, for example, in the case of a
stone which has been thrown and is situated in a gravi-
tational field, we know all the forces acting upon it.
In such circumstances, can we tell on the lines of
classical mechanics how the body will be moving in
the next instant of time? And if the experiment is re-
peated and we find the same body in the same sur-
roundings and at exactly the same place, will the
identical circumstances at the beginning be followed
invariably by an identical trajectory?

We know that such is not the case; we know, on the
contrary, that the mere notion of its position and of
the forces acting on the body in one moment, leaves us
in the completest ignorance of what is going to hap-
pen in the next moment. It is only when we know what
it will be doing at the next moment that we can make
precise predictions relating to the “next but one” (as
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it were) and to all the following: for, according to
classical mechanics, it is accelerations and not veloci-
ties that the bodies determine in each other.

A good deal of time had to elapse before this fact
was grasped: the ancient Greeks and, as I believe, the
Middle Ages up to and including Descartes were of a
different opinion. Aristotle held that a central body
impressed upon its satellites a uniform circular mo-
tion, and it was Galileo and Newton who realized that,
while their velocities remained undetermined, it was
their acceleration which was determined. If the ques-
tion is asked how a mass point will be moving in the
next moment the only answer furnished by classical
mechanics is: “I do not know; if you want to know,
watch it!”

Now the special technique by which classical me-
chanics dodges the awkward fact of indeterminate-
ness (the fact that equal initial conditions are fol-
lowed by different consequences) consists in includ-
ing the initial velocity within the initial conditions. It
simply states that the initial velocity must be given
because unless it is given we are not fully acquainted
with the initial condition: the initial velocity is taken
as forming part of the initial condition at any given
moment. Now if we look at the matter carefully it will
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appear very dubious whether such a procedure is per-
missible. Velocity, after all, is defined as a differen-
tial quotient with respect to time:

dx

X 1
_—=the limit Of fO]’.' tz -t - 0.

dt to—

This definition refers to two moments of time and not
to the state at one moment. True, it is believed that
these two moments can at will be taken so close to
each other as to make them “coincide” in the limit.
Possibly, however, this is incorrect; possibly this
mathematical process of approach to the limit, which
was specially invented by Newton for mechanical pur-
poses, is inadmissible. It may be that the mathemati-

cal apparatus de-

X .

il : =~ vised by Newton

b ta is inadequately
Fig. 2

adapted to nature;
and the modern claim that the concept of velocity
becomes meaningless for a precisely defined posi-
tion in space points strongly in that direction.
So much for the first footnote which I wish to make.
In order to avoid misunderstanding I would like to
state that the above is a consideration which I have
added as an afterthought to the indeterminism which
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has arisen in modern theory. It is not the case that
the modern view is a natural growth arising out of a
hypercritical scrutiny of Newton’s differential cal-
culus; if it had been possible to deal adequately with
actually observed phenomena by means of Newtonian
mechanics, no physicist would have found any fault
with them.

My second footnote is of a somewhat different kind.
Here it is necessary to make some preliminary re-
marks.

Presumably I may take it as known that some fifty
years ago it was grasped that a very large num-
ber of so-called natural laws were statistical laws
which were fulfilled with extreme accuracy only be-
cause the number of individual entities concerned was
extremely great. Thus, for example, the pressure ex-
erted by a gas on the walls of the container is taken
to be the resultant of a very large number of individ-
ual impulses exerted by molecules striking against
the container and rebounding from it. Now the kinetic
energy of an individual molecule at a given tempera-
ture is far from being exactly determined; all that
is determined is its average value, while the individual
values vary somewhat considerably (their law of dis-
tribution being exactly known both theoretically and
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experimentally). The direction in which the molecules
strike the container is wholly contingent and the num-
ber of molecules striking it in any unit of time is also,
of course, subject to variations. Nevertheless, the
average value of the pressure is a well-defined physi-
cal quantity. Its casual fluctuations
are far beyond the limit of experi-
mental accuracy, provided that the

P> surface of the body, which experi-
(fastr) | Glwer) ences the pressure, and the time
which is physically involved in the
“process of averaging” is not too
small. If, however, a very light and small body is
subjected to pressure these conditions are not ful-
filled and, as might have been expected, the purely
contingent variations in pressure cause it to execute
a trembling motion known as Brownian movement.

But not only the laws governing the stationary equi-
libria have disclosed their statistical nature: the
same holds, in most cases, for the dynamic evolution
of physical happening. To put it briefly, all the laws
relating to irreversible natural processes are now
known definitely to be of a statistical kind; and this
means, of course, the great majority of laws, since
in the main the course of events in nature is irrevers-
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ible. As an example I may quote the conduction of
heat in a gas. An arbitrary distribution of tempera-
ture gradually approaches uniformity in a definite
manner, governed by the law that the current of heat
runs in the direction of the steepest fall of tempera-
ture and is proportional to the thermal gradient. To
explain this on a statistical basis, let us imagine
a surface within a gas, its left-hand side being
warm and its right-hand side relatively cold; in
other words, having relatively fast and slow-moving
molecules on its left and right-hand side respectively.
In accordance with the calculus of probability, ap-
proximately equal numbers of molecules will move
from left to right and from right to left. The former,
however, transport more energy than the latter, with
the result that the thermal current flows in the direc-
tion of the gradient. The degree of exactness with
which the law is fulfilled is once again due to the
great number of molecules concerned. Theoretically,
indeed, it would be easy to imagine cases in which
the exact opposite would arise. In order to construct
such a case, let us imagine that the process towards
the thermal equilibrium has been going on for some
time; and let us now assume that by some conjuring
trick all the various velocities were exactly reversed:
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this conjuring trick would leave the distribution of
temperature unaltered and would produce a perfectly
possible state of the system. But from this initial state
onwards the differences in temperature would be in-
creased through the action of thermal currents op-
posed to the fall of temperature until finally the origi-
nal initial stage would be reached. Fortunately it can
be shown by calculation that such a happening is un-
likely in the extreme.

Since the time of Ludwig Boltzmann this view has
come to be applied to the vast majority of the laws de-
termining the events in our organic and our inorganic
surroundings. All chemical transformations, the ve-
locity of chemical reactions and their variation ac-
cording to temperature, the processes of melting and
evaporation, the laws of vapor pressure, etc., every-
thing, in fact, with the possible exception of gravita-
tion, is governed by laws of this kind, and all
the “predictions” derived from these laws are of a
statistical nature and are true only within limits, al-
though these limits can be determined with complete
accuracy.

Now surely we have here a striking resemblance to
the modern statements concerning “indeterminate-
ness,” and it may be worth while asking why similar

66



INDETERMINISM IN PHYSICS

statements made at that earlier time did not cause
quite the same degree of excitement (though they
did evoke quite a little stir!) Why did nobody say,
forty or fifty years ago, that modern physics (modern
as it was then) was compelled to give up causality and
determinism? Why was this sort of thing being said
only five or six years ago?

The answer is easy. At that time the negation of de-
terminism would have been a practical negation:
to-day it is supposed to be a theoretical one. Fifty
years ago it was held that, if the position and velocity
of every molecule was completely known at the be-
ginning, and if the trouble were taken to make an
exact mathematical calculation of all the collisions
between the molecules, then it would be possible to
predict exactly what would happen. It was believed
that what forced us to content ourselves with average
laws was merely the practical impossibility (1) of
finding out exactly what was the initial condition of
the molecules and (2) of pursuing the fate of the
molecules with complete mathematical accuracy. Nor
was any regret felt at this confinement to average
laws, because average values were all that our crude
senses enabled us to observe; therefore the laws cal-
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culated on this basis proved sufficiently accurate to
predict our observations with all desirable preci-
sion.

To sum up: it was held that the individual atoms
and molecules were subject to a rigid determinism
which formed a kind of background to those statistical
mass laws which in practice were alone available
empirically. And the majority of physicists consid-
ered this deterministic background to be a most
essential foundation for the physical universe. They
considered it a logical contradiction to surrender such
a belief, and held it necessary to assume that in such
an elementary event as the collision of two atoms, the
result was predetermined by the preceding conditions
fully and with complete accuracy. It was said (and
continues to be said) that an exact knowledge of nature
is impossible on any other basis, that all the founda-
tions would be lost, that without a determinist back-
ground our view of nature would become wholly
chaotic and that accordingly it would not fit the nature
actually given to us, since this nature is not a com-
plete chaos.

Now this view is certainly erroneous. It is quite cer-
tain that the view of the events within a gas as held
by the kinetic theory of gases may be modified to the
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effect that the future trajectory of two molecules, after
they have collided, is determined, not by the well-
known laws of impact, but by an appropriate law of
chance. All we have to do is to see that the laws of
chance which we admit should, with reasonable ac-
curacy, take care of certain “bookkeeping” laws (or
“laws of conservation,” to use the technical term);
e.g., that the sum of the energies before and after the
collision shall be approximately the same. For this
much has been empirically demonstrated even for in-
dividual molecules. These bookkeeping laws do not,
however, determine the result of the collision un-
equivocally: and it might be the case that, apart from
them, there predominated a “prior” contingency. For
this would not introduce a further degree of uncer-
tainty into the result of the collision than there already
is from the determinist view. We do not know whether,
e.g. in the case of a given collision, the one molecule
hits the other a little further to the right ar to the left,
which affects the result of the collision immensely
(though not the conservation laws, of course).
Whether we regard the result of the collision as be-
ing determined by this “a little further to the right or
left” or whether we regard it as primarily undeter-
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mined (the “conservation laws” at the same time re-
maining unaffected) is a matter of indifference.

Fifty years ago it was simply a matter of taste

Fig. 4

or philosophic prejudice
whether the preference
was given to determinism
or indeterminism. The
former was favored by
ancient custom, or pos-
sibly by an @ priori be-
lief. In favor of the lat-
ter it could be urged that
this ancient habit demon-
strably rested on the ac-

tual laws which we observe functioning in our

surroundings. As soon, however, as the great ma-
jority or possibly all of these laws are seen to be of
a statistical nature, they cease to provide a rational

argument for the retention of determinism.

We may briefly summarize this second footnote as
follows: Long before modern quantum mechanics
made its quantitative statements with respect to the

degree of inaccuracy, it was possible, although it was

not necessary, to doubt the justification of determin-

ism from a far more general point of view. In fact,
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such doubts were raised in 1918 by Franz Exner, nine
years before Heisenberg set up his relation of in-
determinacy. Little attention was paid to them, how-
ever, and if support was given to them, as by the
author in his inaugural dissertation at Zurich,' they
met with considerable shaking of heads.

So much for the second footnote. In turning to the
third footmote we reach a very different group of con-
siderations.

Let us begin by reverting to the indeterminacy
which quantum mechanics predicates of the material
point (see remarks on Fig. 1). On a little reflection it
will be clear that the object referred to by quantum
mechanics in this connection is not a material point
in the old sense of the word. A material point in that
sense is a thing situated at a given place, whether this
place is discovered or not. And if it has a given place
at any given moment then surely it must have a defi-
nite trajectory, and also, as might be assumed, at any
rate at first sight, a definite velocity. However this may
be, quantum mechanics forbids the conception of a
well determined trajectory. It is admitted merely as a
large scale approximation; after all, we can photo-

1 Die Naturwissenschaften 17-9-1929 (delivered 1922). See Chapter
VI of this book.
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graph the trajectory even of atoms (the Wilson cham-
ber cloud track). But on a microscopic scale—e.g. to
the electron within the atom—the conception has to be
abandoned. We have ceased to believe in the circular
and elliptical orbits within the atom. To speak of elec-
trons and protons as material points and yet to deny
that they have definite orbits appears to be both con-
tradictory and absurd. Again it should neither be dis-
puted nor passed over in tactful silence (as is done in
certain quarters) that the concept of the material
point undergoes a considerable change which as yet
we fail thoroughly to understand.

On the other hand the atomistic point of view itself
can afford an understanding or at least raise the sus-
picion that the concept of the orbit should be lost
when we deal with extremely small dimensions. To
explain this we must, however, begin with the phe-
nomenology of the matter—with the manner in which
we actually observe the phenomena and with the aids
theoretically available for that purpose.

I propose to begin with the assertion that every
quantitative observation, every observation making
use of measurement, is, by its nature, discontinuous.

To take the simplest possible example—that of
measuring a length. For the purpose we use a rod
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divided into millimeters, and we find a length of 23,
24 or 25 millimeters as the case may be: our instru-
ment gives us nothing intermediate. However, we may
be able to estimate tenths of a millimeter or we may
use a vernier which may give us 23.6 or 23.7 or 23.8;
but again we can get nothing intermediate. With prac-
tice we may be able to guess half vernier divisions;
but even then all we can obtain is a series of figures
with intervals between them—23.6, 23.65, 23.7,
23.75, etc. And however far we go in the pursuit of
accuracy we shall never get anything other than a
finite series of discrete results which are a priori
settled by the nature of the instrument.

In principle this is the case with every measure-
ment; every measurement is an interrogation of nature
and it is we who have arranged in advance a finite
number of replies, while nature is always in the posi-
tion of a voter in a ballot, with the difference that
in the majority of cases nature is not given two balls,
one black, one white, but a green and a yellow as
well; indeed, the number may be 20, or even 10,000:
but it is always a finite number. Nature never is in
the position of a man filling in a voting paper on
which he can write what he likes.

The instance of measuring a length may appear
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somewhat trivial; yet if we consider the case in its
universal application we must admit that the manner
in which we obtain our quantitative knowledge of
nature (the only manner in which we can obtain it),
is rather primitive. The result

will largely depend on the order

in which we put our questions.’

If we want to we can reduce the

questions to a series to be an-

swered by either yes or no, as

in the well-known parlor game.

It follows that the raw mate-

rial of our’quantitative cogni-

Fig. 5 tion of nature will always have

this primitive and discontinuous
character. We decline to remain satisfied with it and
we supplement it. Our chief aid to this end is in-
terpolation. We rightly consider it more or less a
matter of contingency if our measuring rod hap-
pens to allow us to read nothing below millimeters
and our watch nothing below fifths of a second.
Let us assume that we are attempting in this way

1 Qur “contact” with nature evidently is relatively loose; yet it is
the best available in the form of existence which, faute de mieux,
may be called the “present” (although if there are other forms the
concept of time would probably not be common to all).
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to determine the trajectory of a stone and have de-
termined its coordinates to the nearest millimeter at
every fifth of a second. We interpolate the intermedi-
ate points and thus reach the concept of a continuous
trajectory—a trajectory, however, which itself has not
been the subject of immediate quantitative observation.

What right have we thus to practice interpolation?
Our justification consists in the fact that we rightly
assume that we might employ a different method of
measurement and could observe the position at any
intermediate stage and with greater exactness.

The question now arises whether this method of
interpolation is really valid: we must ask whether the
concept of the continuous trajectory—which is pos-
terior to this method—is being subjected to abuse if we
believe that it must inevitably be applicable to spaces
and periods of time, however small. Interpolation is
justified whenever we have a right to assume that
measurements made at a number of intermediate
points are capable of being undertaken in principle;
and when this is the case, interpolation always has
a meaning and is always justified. Now, when we are
dealing with the movement of an electron within an
atom, it is subject to the gravest doubt whether a
number of measurements along its orbit can be im-
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agined as capable of being undertaken even in prin-
ciple, the aim being that the coordinated spatial
and temporal measurements should be exact enough
to allow at least the rough construction of an orbit
by interpolation. For such a purpose our yard-sticks
would have to be constructed of “ultra-matter” and
not of common atoms and molecules: these would be
far too coarse. We would require watches making ten
or twenty ticks in the time of a single revolution; and
it must probably be regarded as a matter, not of con-
tingency, but as an essential feature of the physical
world, that such instruments are not available.
Accordingly when we speak of such trajectories we
must not forget that they go beyond that which can
actually be observed and that the observed has been
supplemented by fictitious observations of which it
is practically certain that they cannot be carried
through in reality. I would not go so far as to say that
an attempt in that direction would be a contradiction
in terms, leading inevitably to difficulties; in the first
instance, at any rate, it might have been considered
permissible to complete the picture presented by
nature by measurements with watches and instruments
of optimum accuracy, even if in fact these watches and
instruments do not exist: for after all, we are bound
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to supplement our immediate observations, in order
not to be left with a patchwork of individual facts in-
stead of reaching some sort of “Weltbild.”” Again, cer-
tain of the complements which we cannot avoid mak-
ing are of the kind which relate to facts incapable of
observation in principle. Among these we may per-
haps count the simple fact that we are convinced of
the three-dimensional nature of objects although the
image on the retina is two-dimensional; we are con-
viiiced that the two fronts of the Marble Arch exist
simultaneously although at any one moment we can
see only one or the other.

However that may be, in the present case the pos-
stbility remains that the complements we interpolate
are a mistake and serve merely to confuse our idea of
nature. To avoid misunderstanding I would add that
I am not speaking of the comparatively simple possi-
bility that we may be mistaken in the form of the
orbit and that we may take ellipses for circles or some
more complicated curves for ellipses. Philosophically
this possibility is wholly uninteresting. My point is
that it may be possible that the very ideas of position
and trajectory may be seen to be inapplicable, when
used with reference to such extremely small spatial
and temporal dimensions.
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This is the present-day attitude of physics: tiie
will show whether it is right or wrong.

I should like finally to revert to our original ques-
tion of determinism as against indeterminism. The
question was whether, given complete knowledge of
the state of an isolated system, it is possible to predict
its future behavior accurately and unequivocally. Is
nature of such a kind that this might be possible, at
any rate theoretically, even if we are practically un-
able to obtain the necessary data?

Let us now consider the question from the phenom-
enological standpoint previously mentioned. From this
point of view the number of answers possible to any
question addressed to nature must be finite: in fact
we may safely say that there can only be two answers,
yes or no. If there are more they can be analyzed into
a series of consecutive questions. Now in practice we
can inform ourselves on the condition of a system at
any given moment only by a number of individual
observations: in principle any other method is impos-
sible. And if we have made a merely finite number of
observations our information on the initial state must
consist in a finite series of ayes and noes. In writing,
the series might be expressed as a succession of 0’

and 1’s.
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It is possible that a physical system might be so
simple that this meager information would suffice to
settle its fate: in that case nature would not be more
complicated than a game of chess. To determine the
positions in a game of chess, thirty-three facts suffice.
If T know of every piece where it is or whether it has
been taken, and if I know whose move it is, then I know
the position of the game, and a super-player would be
able to state definitely whether White could force a
win by playing correctly or whether he could only
force a draw or whether, if Black plays correctly,
White must lose.

If nature is more complicated than a game of chess,
a belief to which one tends to incline, then a physi-
cal system cannot be determined by a finite number
of observations. But in practice a finite number of
observations is all that we can make. All that is left
to determinism is to believe that an infinite accumula-
tion of observations would in principle enable it
completely to determine the system. Such was the
standpoint and view of classical physics, which latter
certainly had a right to see what it could make of it.
But the opposite standpoint has an equal justification:
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we are not compelled to assume that an infinite num-
ber of observations, which cannot in any case be car-
ried out in practice, would suffice to give us a complete
determination.

This is the direction in which modern physics has
led us without really intending it.
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IV

IS SCIENCE A FASHION
OF THE TIMES?*

HERE is a well-known saying of Zola’s, that art
Tis nature seen through the medium of a tempera-
ment—L’art c’est la nature vue au travers d’un
tempérament. Can the same be said of science? The
question is an important one, because it affects a
fundamental claim which is nowadays frequently put
forward in the name of science. Unlike painting and
literature and music, which are subjective ways of

1 Expanded from an Address to the Physics and Mathematics
Section of the Prussian Academy of Science, February 18, 1932, and
freely rendered by Dr. James Murphy.
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apprehending reality and, therefore, liable to alter
with the alteration of the cultural environment, science
is said to furnish us with a body of truth which has
not been molded by the human temperament, and is
accordingly objective and stable. How far is this true?

Before answering the question directly it will be
necessary to make a distinction between two groups of
sciences. On the one hand we have what are called the
“exact” sciences and, on the other, those that deal
with the human spirit and its activities. To the latter
group belong such sciences as history, sociology, psy-
chology, etc.

Now it is obvious, I think, that the body of truth
which these humanist sciences put forward cannot
claim to be entirely objective. Let us take history as
an instance. Although we demand of the historian
that he will keep to the objective truth of the events
he describes, yet if he is to be something more than
a mere chronicler, his work must go beyond the dis-
covery and narration of bald fact. Therefore, the
selection which he makes from the raw material at his
disposal, his formulation of it, and his final presenta-
tion must necessarily be influenced by his whole per-
sonality. And indeed we gladly forgive the subjective
intrusion of the historian into the material he is deal-
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ing with, provided we feel the touch of a strong per-
sonality weaving for us an interesting human pattern
from the bald events of history. Indeed, it is here that
scientific history begins, while the work of the con-
scientious chronicler is looked upon as merely fur-
nishing its raw material.

Similar remarks apply to all those sciences that
deal with human life and conduct. One and all, the
presentation of their truths must necessarily show the
active influence of the human temperament. Of course
there is always the ideal of maintaining the greatest
possible degree of objectivity in the procedure of
these sciences, and a work in this branch of study
will be considered scientific or otherwise insofar as
it remains faithful to or falls away from the objective
ideal. Yet there is not one of those humanist sciences
that has not a certain artistic element in it. And in
so far as they have this they come under Zola’s de-
scription. The object with which they deal is always
vue au travers d’un tempérament.

Let us now turn to the “exact” sciences. From the
procedure followed in these sciences everything sub-
jective is excluded on principle. Physical Science be-
longs essentially to this category. From all physical
research the subjective intrusion of the researcher is
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rigorously barred so that the purely objective truth
about inanimate nature may be arrived at. Once this
truth is finally stated it can be put to the test of ex-
periment by anybody and everybody all the world
over, and always with the same result. Thus far
Physics is entirely independent of the human tempera-
ment, and this is put forward as its chief claim to
acceptance. Some of the champions of Physical
Science go so far as to postulate that not only must
the individual human mind be ruled out in the ulti-
mate statements of physical research, but that the
human aspect as a whole must also be excluded. Every
degree of anthropomorphism is rigorously shut out;
so that at least in this branch of science man would
no longer be the measure of all things, as the Greek
Sophists used to maintain.

Is that claim entirely true? To a greater degree
than in the case of any other science it is true. But I
think it goes too far. We may readily grant that a phy-
sical experiment, say, for simplicity’s sake, a counting
of stars, is independent of the question whether it is
carried out by Mr. Wilson in New York or Fraulein
Mueller in Berlin. The result will always be the same,
provided of course that the requisite technical condi-
tions are fulfilled.
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The same is true of all established experiments in
Physics. The first and indispensable condition that
we demand of any process of experiment before it can
be admitted into the regular procedure of physical re-
search is that it will invariably reproduce the same
results. We do not consider an experiment worthy of
scientific consideration or acceptance unless it can ful-
fill this condition. Now, it is from the immense mass
of individual results accruing from such reproducible
experiments that the whole texture of Physical Science
is woven. And these clacsical results are the only raw
material allowed to be used in the further develop-
ment of scientific truth. Therefore, as no other source
of knowledge than that of exact experiment is ad-
mitted here, it would seem at first sight that Physical
Science is wholly within its rights in putting forward
its claim to be the authentic bearer of absolutely
objective truth. But in estimating that claim certain
further considerations must be taken into account.

The legitimate data of Physical Science are always
and exclusively those arrived at by means of experi-
ment. But consider the number of experiments which
have actually furnished the data on which the struc-
ture of Physical Science is based. That number is un-
doubtedly very large. But it is infinitesimal when
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compared with the number of experiments that might
have been carried out, but never actually have been.
Therefore, a selection has been made in choosing the
raw material on which the present structure of science
is built. That selection must have been influenced by
circumstances that are other than purely scientific.
And thus far Physical Science cannot claim to be
absolutely independent of its environment.

Let us take some of the factors that come into play
when a selection has to be made from the experiments
that offer themselves as possibilities if somebody
wishes to undertake a work of research in some new
direction. Obviously there is first and foremost the
question of what experiments are practical in the cir-
cumstances. Certain experiments demand complicated
and expensive apparatus, and the means of securing
these are not always at hand. No matter how promis-
ing these experiments may be, they have to be set
aside by reason of the high expense which they would
entail.

Another group of possible experiments is set aside
for entirely different and more subjective reasons.
They suggest themselves to the mind of the scientist,
but for the moment he finds them uninteresting, not
only because they are not related directly to the un-
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dertaking that he has on hand but also because he may
think he already knows the results to which they
would lead. And even if he feels that he cannot ex-
actly forecast such results, he may find them of
secondary importance at the moment and thus neglect
them. Moreover, there is the consideration that if he
were to take all such results into consideration he
would not know what to do with their immense num-
ber. Add to this the fact that our minds are not of
infinite compass in their range of interests. Certain
things absorb our attention for the moment. The re-
sult is that there must always be a large number of
alternative experiments—and very practical experi-
ments too—which we do not think of at all, simply
because our interest is attracted in other directions.

All this leads to the inevitable conclusion that we
cannot close the door to the entry of subjective factors
in determining our scientific policy and in giving a
definite direction to our line of further advance.

Of course it goes without saying that any advance
which we undertake is immediately dependent on the
data here and now at our disposal. And these data
represent results that have been achieved by former
researchers. These results are the outcome of selec-
tions formerly made. Those selections were due to a
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certain train of thought working on the mass of ex-
perimental data then at hand. And so if we go back
through an indefinite series of stages in scientific
advance, we shall finally come to the first conscious
attempt of primitive man to understand and form a
logical mental picture of events observed in the world
around him.

These first observations of nature by primitive man
did not arise from any consciously constructed men-
tal pattern. The image of nature which primitive man
formed for himself emerged automatically, as it were,
from the surrounding conditions, being determined
by the biological situation, the necessity of bodily
sustenance within the environment, and the whole
interplay between bodily life and its vicissitudes on
the one hand and the natural environment on the
other. I mention this point in order to forestall the
objection that from the very start a compulsory ele-
ment might be attributed to the overpowering sway of
objective facts. This is certainly not true, the origin
of science being without any doubt the very anthropo-
morphic necessity of man’s struggle for life.

It often happens that a certain idea, or group of
ideas, becomes vital and dominant at a certain junc-
ture and illuminates with a new significance certain
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lines of experiment which hitherto have been consid-
ered uninteresting and unimportant. Thirty years ago,
for instance, nobody was particularly interested in
asking how the thermal capacity of a body changes
with the temperature, and scarcely anybody dreamed
of placing any importance on the reaction of thermal
capacity to extremely low temperatures. Perhaps
some old crank, entirely devoid of ideas, might have
been interested in the question—or maybe a very
brilliant genius. But once Nernst put forward his
famous “third law of thermodynamics” the whole situ-
ation suddenly altered. The Nernst theorem not only
embodied the surprising prediction that the thermal
capacity of all bodies at an extremely low tempera-
ture would tend toward zero, but it also proved that
all chemical equilibria could be calculated in advance
if the heat of reaction at a certain temperature were
known, together with the thermal capacity of the re-
acting bodies, down to a sufficiently low temperature.

Much the same sort of thing has taken place in re-
gard to the so-called elasticity constants. The physi-
cist had hitherto ignored the significance of the
numerical value of these constants and left the whole
question to the interest of the practical engineer, the
bridge-builder, and the seismologist. But when Ein-
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stein and, after him, Debye, put forward a general
theory for the lowering of the thermal capacity of
bodies at low grades of temperature, whereby the
temperature at which the lowering of the thermal ca-
pacity first became manifest is shown to be related to
the elastic properties of the material in question, this
absolutely novel and unexpected connection aroused
a new interest which led to widespread experimental
researches in this domain, extending it, for example,
to crystals in the various crystallographic directions,
etc., etc.

Another instance, which now appears almost as an
example of tragic neglect, is the experiment in the
diffraction of light which was carried out by Grimaldi
(1613-1663). This Italian scientist discovered that the
shadow of a wire formed by intercepting a beam of
light coming through a slit from a distant source does
not show the characteristics that might have been ex-
pected; that is to say, it is not a simple dark band
across a light field. The dark band is a complex affair.
It is bordered by three colored stripes whose respec-
tive widths become smaller toward the outside, while
the inner part of the shadow is traversed by an odd
number of light-colored lines parallel to the borders
of the shadow. This experiment, which was carried out
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long before Huygens’ wave theory and Newton’s cor-
puscular theory of light were put forward, was the first
experiment of its kind to prove clearly and definitely
that rays of light do not travel strictly in straight lines
and that the deviation from the direct line is very
closely connected with the color or, as we should say
to-day, with the wave-length.

In our day this is considered a fundamental fact
not only for the understanding of the propagation of
light but also in our general scientific picture of the
physical universe. If we were to express the sig-
nificance of Grimaldi’s experiment in contemporary
terms, we should say that Grimaldi had made the first
demonstration of that indeterminacy in Quantum
mechanics which was formulated by Heisenberg in
1927. Until the time of Young and Fresnel, Grimaldi’s
observations attracted little or no attention and no-
body attached any great importance to them. They
were regarded as pointing to a phenomenon which
had no general interest for science as such, and for
the following one hundred and fifty years no similar
experiments were carried out, though this could have
been done with the simplest and cheapest material.
The reason for this was that, of the two theories of
light which soon afterward were put forward, New-
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ton’s corpuscular theory gained general acceptance
against the wave theory of Huygens, and thus the
general interest was directed along a different path.
Following this path, other interesting experiments
were carried out which were of practical importance
and led to correct practical conclusions, such as the
laws of reflection and refraction and their application
to the construction of optical instruments. We have
no right to-day to say that Newton’s corpuscular theory
was the wrong one, though it was the custom for a
long time to declare it so. The latest conclusions of
modern science conform neither to the corpuscular
theory nor to the wave theory. According to modern
scientific conclusions, the two theories throw light
upon two quite different aspects of the phenomenon,
and we have not been able up to the present to bring
these two aspects into harmony with each other. The in-
terest which was taken in the one side of the question
for a long time absolutely submerged any interest
that might have been taken in the other. Re-
ferring to the history of experimental research
into the nature of light, and various theories
that arose at one time or another from this re-
search, Ernst Mach remarks “how little the develop-
ment of science takes place in a logical and systematic
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way.” A very similar—or rather the reverse—case
occurred with the theories relating to the constitution
of matter. In the case of matter, the corpuscular
theory was the one to hold the field up to very recent
days, because it is much more difficult to bring
forward experimental confirmation of the wave the-
ory in regard to matter than was the case in regard to
light.

Following Kirchoff we have become accustomed to
admit that science is ultimately concerned with noth-
ing else than a precise and conscientious description
of what has been perceived through the senses. The
dictum of this eminent theorist has often been quoted
as a prudent warning to all those who engage in the
construction of theories. From the epistemological
point of view it undoubtedly contains a good deal of
truth; but it is not in accord with the psychology of
research. It is completely erroneous to believe that
anybody attaches any interest whatsoever to the quan-
titative laws that are discovered during experimental
research—if we take these laws by themselves, such
as the fact, for instance, that the vapor pressure of
some organic compounds or the specific heat of the
elements depends in this way or that way on tempera-
ture. Our interest in any investigation of this type is
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due to some further consideration which we intend to
attach to the result, that we try to get hold of. And
here it is immaterial whether this anticipated con-
sideration, or line of thought, be already existent in
the shape of a clearly defined and elaborate theory or
whether it be still in the embryonic stage of being a
mere vague intuition in the brain of some genius in
experimental research.

The psychological truth of what I have said be-
comes manifest the moment we are faced with the
difficulty of explaining to the layman just why one is
carrying out this or that investigation. When I speak
of the layman here I do not mean the term to apply
just to those people who do not give their minds to
the consideration of impractical things, either because
they are not interested in them or because they are
overwhelmed by everyday matters. I mean the term to
extend much wider. In the circle of a learned society
which unites representatives of the various branches
of science and literature in order to codperate in re-
search work, every day one finds one’s self a lay-
man in the sense quoted above. Each of one’s fellow-
members finds himself to be a layman in the same
sense. For after having attended a lecture given by a
colleague he frequently cannot help asking himself
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(disrespectful though it may sound): what, in the
name of Providence, is the fellow making such a fuss
about? That attitude is of course not really meant
offensively. But it is a very good illustration of the
point that I am making, namely, that quite a spe-
cial trend of interest is needed in order that a man
may readily admit the extreme importance of some—
and the unimportance of others—of the multitudinous
questions that can be put to nature. In the case just
mentioned (let us say it was your own lecture) it may
happen that a colleague comes up to you and says:
“Look here, do tell me why that particular thing in-
terests you. To me it seems quite immaterial whether,
etc., etc. ...” Then you will endeavor to explain. You
will try to show all the connections your theme has
with others. You will try to defend your own interest
in the matter. I mean that you will try to defend the
reason why you are interested. Then you will prob-
ably notice that your feelings are much more
ardently aroused in this discussion than they were
during the lecture itself. And you will become aware
of the fact that only now, in your discussion with your
colleague, have you reached those aspects of the sub-
ject that are, so to speak, nearest to your heart.

In passing, I may say that here we meet one of the
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strongest arguments in favor of bringing together the
representatives of the remote branches of science or
of literature into associations for collaboration in re-
search work. These associations are helpful and re-
cuperative in compelling a man to reflect now and
again on what he is doing and to give an account of
his aims and motives to others whom he considers his
equals in a different province of the realm of knowl-
edge. Therefore, he will take the trouble to prepare
a proper answer to their questions. For he will feel
himself responsible for their lack of comprehension
and will not haughtily look upon it as their fault in-
stead of his own.

But though it be granted that the special impor-
tance of an investigation cannot of course be grasped
without knowing the whole trend of research that had
preceded it and had attracted attention to that par-
ticular line of experimentation, it might still be seri-
ously questioned whether this fact really points to a
highly subjective element in science. For on the other
side it might be said that scientists all the world over
are fairly well agreed as to what further investiga-
tions in their respective branches of study would be
appreciated or not. One may reasonably ask whether
that is not a proof of objectivity.
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Let us be definite. The argument applies to the re-
search workers all the world over, but only of one
branch of science and of one epoch. These men prac-
tically form a unit. It is a relatively small community,
though widely scattered, and modern methods of com-
munication have knit it into one. The members read
the same periodicals. They exchange ideas with one
another. And the result is that there is a fairly defi-
nite agreement as to what opinions are sound on this
point or that. There is professional enthusiasm about
any progress that may be made, and whatever particu-
lar success may be achieved in one country, or by one
man or group of men, will be hailed as a common
triumph by the profession as a whole. In this respect
international science is like international sport and
also, as nothing immediately utilitarian is expected
from either, they both belong to the higher and de-
tached realm of human activity.

Now, the internationality of science is a very fine
and inspiring thing; but it just renders this “con-
sensus omnium” slightly suspicious as an argument
in favor of the objectivity of science. Take the case
of international sport. It is perfectly true that we have
conditions which secure an objective and impartial
registration of how high So-and-So jumped or how
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far So-and-So threw the discus. But are not the high
jump and the discus-throwing largely a question of
fashion? And is it not the same with this or that line
of experiments in physics?

In public sport we are acquainted only with certain
kinds of games that have been developed, largely
because of some current interest or because of racial
tastes or climatic conditions; but we have no grounds
for saying that these furnish a thoroughly exhaustive
or objective picture of what human muscular ability
is capable of. And in science we are acquainted only
with a certain bulk of experimental results which is
infinitesimally small compared with the results that
might have been obtained from other experiments.
Just as it would be useless for some athlete in the
world of sport to puzzle his brain in order to initiate
something new—for he would have little or no hope
of being able to “put it over,” as the saying is—so
too it would, generally speaking, be a vain endeavor
on the part of some scientist to strain his imaginative
vision toward initiating a line of research hitherto
not thought of. The incidents that I have already
quoted from the history of science are proof of that
point.

Our civilization forms an organic whole. Those
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fortunate individuals who can devote their lives to the
profession of scientific research are not merely bot-
anists or physicists or chemists, as the case may be.
They are men and they are children of their age. The
scientist cannot shuffle off his mundane coil when he
enters his laboratory or ascends the rostrum in his
lecture hall. In the morning his leading interest in
class or in the laboratory may be his research; but
what was he doing the aftemoon and evening before?
He attends public meetings just as others do or he
reads about them in the press. He cannot and does not
wish to escape discussion of the mass of ideas that are
constantly thronging into the foreground of public
interest, especially in our day. Some scientists are
lovers of music, some read novels and poetry, some
frequent the theaters. Some will be interested in paint-
ing and sculpture. And if any one should believe that
he could really escape the influence of the cinema,
because he does not care for it, he is surely mistaken.
For he cannot even walk along the street without
paying attention to the pictures of cinema stars and
advertisement tableaux. In short, we are all members
of our cultural environment.

From all this it follows that the engaging of one’s
interest in a certain subject and in certain directions
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must necessarily be influenced by the environment, or
what may be called the cultural milieu or the spirit of
the age in which one lives. In all branches of our
civilization there is one general world outlook domi-
nant and there are numerous lines of activity which
are attractive because they are the fashion of the
age, whether in politics or in art or in science. These
also make themselves felt in the “exact” science of
physics.

Now how can we perceive and point out such sub-
jective influences actually at work? It is not easy to
do so if we confine ourselves to the contemporary
perspective; because there are no coérdinates of ref-
erence within the same cultural milieu to show how
far individual directions are influenced by the spirit
of the milieu as a whole. At the present moment prac-
tically one culture spans the whole earth, and so the
development of science and art in different countries
is to a great extent influenced by one and the same
general trend of the times. For that reason it is best
to take historical instances to elucidate what I have
said, because in the past organic cultures were con-
fined to much smaller territories and there was a
greater variety of them at the same iime on this planet.

Grecian culture is a classic example of how every
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line of activity within the one cultural milieu is
dominated by the general trend of the culture itself.
In Hellenic science and art and in the whole Hellenic
outlook on life we can immediately discern a common
characteristic. The clear, transparent and rigid struc-
ture of Euclidian geometry corresponds to the plain,
simple, and limited forms of the Grecian temple. The
whole structure of the temple is small, near at hand,
completely visible within the range of the onlooker’s
eye, losing itself nowhere and escaping the eye no-
where either in its extension or form. This is some-
thing quite different from Gothic architecture. So, too,
in the case of Greek science the idea of the infinite is
scarcely understood. The concept of a limitless proc-
ess frightened the Greek, as is evidenced in the well-
known paradox of Achilles and the tortoise. The Hel-
lenic mind could not have interested itself in the
Dedekind definition of the irrational number,
although the idea of the irrational was already present
in the synoptic form of the diagonal of the square or
of the cube.

Greek drama, especially that of the earlier epochs,
is absolutely static when compared to ours. There is
little or no action. We are presented with a tragic
situation and the action is limited to the decision
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which a human being makes in certain definite cir-
cumstances. So also in Greek physics the dynamic is
missing, The Greek did not dream of analyzing mo-
tion in its single subsequent phases, of asking at any
moment for the cause of what would happen in the
next moment, as Newton did. The Greek would have
found this sort of analysis petty and incompatible
with his esthetic sense. He thought of the path along
which a body moved as a whole, not as something that
develops but as something that is already there in its
entirety. In looking for the simplest type of motion
the rectilinear one was excluded because the straight
line is not perceptible in its entire range—rectilinear
motion is never completed, can never be grasped as a
whole. By observing the star-strewn heavens the
Greek was helped over his difficulty in regard to the
concept of motion. He concluded from this that a cir-
cular path uniformly traversed is the most perfect
and natural movement of a body, and that it is con-
trolled and actuated in this movement by a greater
central body. 1 do not think that we are warranted
to-day in laughing at this naive construction of the
Greek mind. Until a short time ago we have been do-
ing a very similar thing ourselves in the quantum
theory of the atom. Faute de mieux, we have ccntented
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ourselves with similar naivetés and the steps that we
tried beyond them have emphasized rather than liqui-
dated the fiasco of the Newtonian differential analysis.

Let me now turn to another instance. The idea of
evolution has had more dominant influence than any
other idea in all spheres of modern science and, in-
deed, of modern life as a whole, in its general form as
well as in the special presentation of it by Darwin
(namely, automatic adjustment by the survival of the
fittest). As an indication of how profound the idea
was, we may first recall to mind the fact that even
such a clear-sighted intellect as that of Schopenhauer
was incapable of grasping it (indeed he violently re-
jected it because he considered it to be in contradic-
tion to his own, equally profound, conception that
“Now” is always one and the same instant of time
and that the “I” is always one and the same person)
—while, on the other hand, Hegel’s philosophy, by
embodying that idea, has prolonged its life up to our
day—far beyond its natural span. Moreover, Ernst
Mach has applied it to the scientific process itself,
which he looked upon as a gradual accommodation of
thoughts to facts through a choice of what we find
most useful to fit in with the facts and a rejection
of the less appropriate. In astrophysics we have
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learned to look on the various types of stars as differ-
ent stages in one and the same stellar evolution. And
quite recently we have seen the idea put forward that
perhaps the universe on the whole is not in a station-
ary stage, but that at a definite point of time, which
is relatively not very long ago, it changed from quite
a different condition into a steadily expansive stage
which, according to the results of Hubble’s extraordi-
nary observations, seems to be its present stage.
(These observations show that the spectral lines of
very distant nebule are appreciably shifted to greater
wave-lengths and that this displacement is propor-
tioned to the distance of the nebule. This points to im-
mensely great velocities on the part of these systems
moving away from us, so that it would appear as if the
whole universe is in the process of a general expan-
sion.) We do not consider this hypothesis as mere
empty phantasy, because we have grown accustomed
to the evolutionary idea. If such ideas had been put
forward in a former age they certainly would have
been rejected as nonsensical.

All this shows how dependent science is on the
fashionable frame of mind of the epoch of which it
forms a part. When we are in the midst of a general
situation ourselves it is difficult for us to see general
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resemblances. Being so near, we are apt to perceive
only the marked distinctions and not to notice the like-
nesses. It is just as when we first see the several mem-
bers of the same family one after another we readily
perceive the resemblances, but if we come to know
the family intimately then we see only the differences.
So too when we live in the midst of a cultural epoch
it is difficult to perceive the characteristics that are
common to various branches of human activity with-
in that epoch. Let us take another example to illustrate
this. A German father looking at the drawings of a
ten-year-old son will mark only the individual quali-
ties and will not readily perceive the influence of a
general European type of drawing and painting. But
if he looks at the drawings of a young Japanese boy
he will readily recognize the influence of the Japanese
style as a whole. In each case the naive attempt of the
boy is controlled and molded even in its smallest de-
tail by the artistic tradition amid which he lives.
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PHYSICAL SCIENCE AND THE
TEMPER OF THE AGE

N this chapter I shall discuss the question of how
Ifar the picture of the physical universe as pre-
sented to us by modemn science has been outlined
under the influence of certain contemporary trends
which are not peculiar to science at all. We find
these same trends dominating our arts and crafts, our
politics and our industrial and social organizations.
In art, for instance, a dominant idea is that of sim-
plicity and purposefulness—reine Sachlichkeit, to use
a German expression—and in all our crafts the same
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thought rules. In politics and in the social order the
desire for change and freedom from the yoke of law,
convention and authority, are outstanding features.
Our philosophical and ethical outlook is distinctly
relative rather than absolute. In our social and com-
mercial and industrial organizations the methods of
mass control and rationalization are the vogue of the
day. To these are allied that extraordinary invention
of our time which goes by the name of statistics. Let
us take each of these main trends and discuss it sepa-
rately, pointing out similar features in contemporary
physical science. \

Simplicity and purposefulness in the arts and the
crafts. Few portrait painters of our day—to take this
one branch of art as an illustration—would think of
painting a portrait like that of Raphael’s Leo X,
where every detail of dress and furniture is worked
out with consummate care. Qur artists will be satis-
fied to catch the main features of their sitter and they
will consider all attempts at decoration or careful
painting of accessories as a hindrance to the main
purpose, which is to present the character of the sitter
as expressed in its main features. Behind all our
craftsmanship there is the very same will to pur-
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posefulness. In the construction of our houses, in the
manufacture of our furniture and all our domestic
accessories, in the lines of construction followed by
our motor car and railway and naval engineers, every-
thing is banished which does not contribute to the
main purpose in view. We feel that we do not want
any ornamentation that would not be in harmony with
the keynote of practical usefulness. And we banish
these decorative accessories not in any spirit of phil-
istinism or vulgar utilitarianism, but rather because
we are convinced that if the criterion of usefulness be
thoroughly carried out it will evolve its own type of
beauty. We are no longer afraid of broad empty spaces
in our furniture or on our walls. We haven’t what the
Germans call Platzangst, the fear of empty spaces,
any more. Indeed we should consider it bad taste to
fill those empty spaces on our walls with meaningless
pictures set in gorgeously carved frames, or to vary
the monotony of the unbroken wall with scroll work
or panels or other carved ornamentation.

Now, there is something similar in our science. We
are beginning to make a point of constructing our
picture of the physical universe in such a way as to
represent only the facts that can be actually verified
through experiment and we eschew as far as possible
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all voluntary theories or assumptions. We want no
ornamental accessories. Just as we are no longer
afraid of bare surfaces in our furniture and our
dwelling rooms, so in our scientific picture of the ex-
ternal world we do not try to fill up the empty spaces.
We try to exclude everything that in principle can-
not be the object of experimental observation. And we
think it better to leave our feeling of incompleteness
unsatisfied rather than to introduce mental construc-
tions which cannot by their nature be experimentally
controlled or tested for their correspondence to ex-
ternal reality.

As an example of this I may take the development
of the kinetic theory of gases. Formerly the molecules
of gases were looked upon as smooth elastic balls or
spheroids, like microscopic billiard balls—but per-
fectly elastic—rebounding from one another or from
the walls of the container. Gradually it was found
sufficient and indeed preferable to substitute for the
billiard balls mechanical systems the exact nature of
which can remain undefined provided only they ex-
actly obey mechanical laws. These in their turn, how-
ever, came gradually to be considered as unsuitable
in their application to the inner construction of the
atoms and molecules, and then it turned out that the
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principal results given by the older gas theory could
be accounted for without any other assumptions than
that the laws of conservation of energy and momentum
are admitted to rule the impacts of the molecules
against one another or against the walls of the con-
tainer. And it is even sufficient to take these laws as
merely expressing averages, that is to say, holding
good only for a large number of molecular impacts
taken in bulk.

Another illustration is to be found in the striking
attitude adopted by the modern concept of quantum
mechanics as applied to the atomic problems that con-
fronted the earlier formulation. It is a fundamental
axiom of the modern quantum theory that, when giv-
ing out radiation, an atom changes from a very dis-
tinctly defined level of higher energy to a distinctly
defined level of lower energy, and that it radiates a
quantum of energy as a light wave whose frequency
is sharply defined. Let us call the first energy level
E1, and the second E-, then the frequency of the light
wave is (E,—F,) where h is Planck’s constant. It is

h
an essential part of this theory that intermediate values
of energy, between E,, and E,, are never encountered.
Does the atom then suddenly, that is to say, timelessly,
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change from one energy state to another? That can’t
be, since the wave-train which it sends out can be
proved to be of quite a considerable length, more than
a yard in some cases; therefore the emission must re-
quire time which, from the standpoint of atomic re-
action, is quite considerable. What energy has the
atom during this time—that is to say, while the wave-
train is being emitted? Is it E,, or E,? Whichever we
choose to answer, certain difficulties will be involved.
Because as long as the atomic energy is still E,, the
light energy would be emitted “on tick” as it were.
And if the atom does the jump to E; before the radia-
tion process is complete then it makes payment “in
advance.” In either case what happens to the sac-
rosanct Principle of the Conservation of Energy if,
for instance, some violent interference occurred to in-
terrupt the process, such as collision with another
atom? This dilemma remained unsolved in the older
quantum theory: but the newer quantum theory takes
up the extraordinary attitude that the question is
meaningless. We must not ask what energy the atom
“really” has at any certain time, unless we can meas-
ure it. And, according to Heisenberg, that measure-
ment is in principle impossible without an energetic
interference with the system, which becomes more
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serious the more precise the measurement becomes
(this concerns the uncertainty relation between energy
and time). If we decide to carry out the measurement,
then it is maintained that we shall actually find either
E, or E,, never an intermediate value; and also that,
in exact correspondence, we shall detect in the neigh-
borhood of the atom either the total amount of energy,
E,—E,, in the form of radiation or nothing at all. So
if we investigate experimentally we shall never find
the Principle of Conservation of Energy violated. If
we don’t, well then—we are requested to refrain from
giving any meaning at all to the conception of the
actual energy of the system! Our world picture has to
remain bare and empty in this respect—we are not
afraid of the empty space on our canvas. I have been
giving here the current view without criticizing it. You
may call it the scientific fashion of the day, if you
like, for that is what we are interested in for the
purpose of the present discussion.

Desire for Change and Freedom from Authority:
In nearly every branch of human activity, whether po-
litical or social or artistic or religious, there is to-day
a profound skepticism in regard to traditionally ac-
cepted principles. Of course in all ages there has been
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a certain desire for change; otherwise life would not
progress. But what strikes one most forcibly to-day is
that this desire to evade being carried on the current
of accepted ideas extends not only to every branch of
human activity, but is also a common attitude with
all classes. And furthermore the radicals as such are
no longer a cranky and noisy minority; the desire for
change is universal. It is a mental characteristic of
our most responsible and serious people, and not
merely a crazy notion of the common herd who are
always ready to blame the stupidity of others for the
distress they meet with in life and think that any-
thing would be better than the present order. The
tendency to belittle the worth of existing institutions
shows itself most forcibly in the general attitude to-
wards authority of every kind, especially that author-
ity which is based on mere tradition. Everything must
be submitted to independent rational scrutiny and an
institution which cannot justify itself on these grounds
has to go by the board. It must have something else to
recommend it than mere historical development or the
acceptance of former generations.

I shall not plead here in favor of this tendency nor
against it. It is there and we just take it as a fact. And
we find its influence very definitely felt in contempo-
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rary physics. In the case of physical science, however,
we can trace the beginnings of the movement much
further back than the world war. The first step in the
direction of radical change was the discovery of what
is called non-Euclidian geometry more than a hun-
dred years ago. Slowly and unobtrusively but with
increasing vigor the question arose as to which geom-
etry is really true—the traditionally sacrosanct
geometry of Euclid, according to which three-dimen-
sional space is analogous to an infinitely extended
plane in two dimensions, or one of the newly invented
geometries presenting a definite positively or nega-
tively curved space. The boldness of this idea will
strike you when you remember that with positive
curvature the three-dimensional space would find its
two-dimensional analogue in the surface of a huge
ball and, like the ball’s surface, would be finite,
though unbounded.

It is frequently reported—though I am told that it
cannot be proved by anything that Gauss has written
in his papers or letters—that this great mathematician,
in carrying out a triangulation in North Germany, re-
tained a certain hope of a possible experimental de-
cision between the different geometries. For accord-
ing to both types of non-Euclidian geometry the sum
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of the angles of a triangle should deviate from 180°,
either in the positive or in the negative, the value
of 180° being characteristic only for the ordinary
Euclidian case, which is exactly intermediate between
the two. Moreover, the deviation should be propor-
tional to the area of the triangle. If this legend of
Gauss be true, one might consider it an indication of
his progressive genius, since he did not hesitate to
break away from the sacred tradition, which
held that anything other than the hitherto ac-
cepted geometry was impossible. On the other
hand, if the legend is untrue, it may be Dbe-
cause he had a still deeper insight into the ques-
tion! For since that time we have learned from Henri
Poincaré that an experimental decision could hardly
be expected, in fact that it is in a certain sense impos-
sible in principle. As the measurement of the
angles obviously has to be carried out by means of
optical instruments, it depends, in the first place, on
the action of the light rays, and then on the action of
the metal pivots and other accessories moving in what
was perhaps non-Euclidian space. These considera-
tions led Poincaré to the conclusion that we are abso-
lutely free to believe any geometry we like to be true.
We choose the one that is most convenient to us—that
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is to say, the geometry according to which the laws
of nature appear in their simplest forms and accord-
ing to which we can in the simplest way express the
laws of transmission of light, the movement of real
solid bodies, and so on.

The revolutionary tendency of contemporary
physics has shown itself most strikingly in the theory
of relativity and the quantum theory. The latter even
throws doubt on the validity of the principle of
causality. I may say here in passing that I think what
applies to geometry applies also to causality. It can
never be decided experimentally whether causality
in nature is “true” or “untrue.” The relation of cause
and effect, as Hume pointed out long ago, is not some-
thing that we find in nature but is rather a characteris-
tic of the way in which we regard nature. We are
quite free to maintain this principle of causality or to
alter it according to our convenience, in the sense of
taking it in whatever way makes for a simpler de-
scription of natural phenomena. And it must be
pointed out here that not only are we free to drop a
long-accepted principle when we think we have found
something more convenient from the viewpoint of
physical research, but that we are also free to re-
adopt the rejected principle when we find we have

116



PHYSICAL SCIENCE AND TEMPER OF AGE

made a mistake in laying it aside. This mistake may
easily come to light with the discovery of new facts. A
developing empirical science need not and must not be
afraid of being taunted with a-lack of consistency be-
tween its announcements at subsequent epochs.

The Idea of Relativity and Invariance: 1 think that
this group of ideas should be treated quite apart from
its revolutionary aspect, because in itself it extends
beyond the scope of physics. The idea of relativity is
much older than Einstein’s Theory of Relativity. The
first historically known relativists of the Occident were
the Greek Sophists, who held that they were able by the
art of words equally to establish the truth of either
the one or the other of two contradictory statements.
Though such an advertisement may have been useful
to solicitors and politicians, yet I am inclined to be-
lieve that the Sophists originally intended something
more serious than merely to boast of their excel-
lence in overwhelmingly persuasive talk. I am sure
they meant to emphasize the truth that a statement is
very seldom simply either right or wrong, but that
nearly always a point of view is to be found from
which it is right and another point of view from which
it is wrong. Stated very generally, the kernel of the
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relativity idea is this: Even to a very definite ques-
tion precisely put (for instance: does the earth move
against the medium through which light waves are
propagated or does it not?), though the question ap-
parently admits of only “Yes” or “No” as an answer,
yet one sometimes has to answer by saying: That de-
pends on how you look at it. That depends. But of
course it is not this evasive reply which contains the
great thought. The real crux is to construct this That
depends in such a way that the contradictions which
led to the dilemma cancel out.

In the example which I have alluded to the so-called
aberration of the light coming from a fixed star
seemed to contradict the results of the Michelson ex-
periment. By aberration we denote the fact that the
direction in which we see a fixed star alters slightly
when the earth alters the direction of its movement
during its yearly course. The evident inference was
that the earth is moving against the light waves, just
as the driver of a motor car is moving against the rain
that strikes his wind shield. It looks to him as if the
rain were coming against him from the front. If this
inference were correct, one would further infer that
in a laboratory, which is moving along with the earth,
a ray of light should take a longer time to travel, say,
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from one end of the laboratory to the other end, if
this happens to be the direction of motion of the earth
(and therefore of the laboratory) than if it happens
to be the opposite direction. For when the goal is mov-
ing towards the runner he will reach it earlier than
when the goal is moving away. But the Michelson ex-
periment proves that it takes the same time in each
case. Various explanations have been put forward to
meet this difficulty, but none is satisfactory. For in-
stance, there is one which tries to explain the puzzle
by suggesting that the beam of light coming from a
laboratory-source takes on the velocity of the source
at the moment of emission, that is to say, the earth’s
velocity, in much the same way as a bullet shot for-
ward from an aeroplane receives the velocity of the
fast-moving plane in addition to the velocity given it
by the gun from which it is discharged.

But this hypothesis does not work. For we know of
distant twin stars which revolve around one another.
Now, if the above explanation were true, it would
have to apply to the light emitted from the stars
as well. Therefore the light which is sent out when
the star is moving away from us ought to start its
journey with a slower velocity than the light which
is emitted some time later, when the star is moving
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towards us. If this were so it would lead to hopeless
“confusion”; for it would mean that light which had
been emitted later would reach us earlier, if we sup-
pose the change of direction of the star’s motion to
have taken place in the interval. But we can find no
traces whatsoever of this confusion of the light com-
ing from distant twin sources.

The extreme difficulty of reconciling all these facts
ultimately gave birth to what is called the Special
Theory of Relativity. Here I can only indicate its
essential point. The movement of a body can be di-
rectly observed only relative to another body as a
“reference system.” Now just let us try to assume that
the concept of motion has no other meaning than the
relative motion of material bodies. If it were possible
to formulate all laws of Nature, including the laws of
optics, so that they only imply the relative velocities
of material bodies, then it would follow as a matter
of course that in the Michelson experiment, where all
the bodies in question (the earth, the optical instru-
ments and the observer) do not move at all in relation
to one another, no velocity of a body can appear in
the results of the experiment. In the case, however, of
the aberration of light coming from a distant star
there are in reality two material systems, namely, the
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observer on the earth and the fixed star. It is conceiv-
able that their relative velocities have to be taken into
account.

This case may serve also as an example of the
elimination of unnecessary features in our scientific
picture of the physical universe. If we eliminate the
abstract notion which we call “motion” and also the
notion of “simultaneity” (on which I shall not enter
here), then we are face to face with those “empty
spaces” which caused a certain amount of uneasiness
to most of us when the idea of eliminating those
features was first suggested.

The concept of Invariance is the necessary comple-
mentary idea to the general idea of relativity. If you
declare that the question, which we have put, cannot
be answered by “Yes” or “No”—which means to say
bluntly, that we have put a nonsensical question—
then let us know how we ought to formulate a ques-
tion so that it will have a meaning! What things are
independent of your wretched It Depends? In the Rel-
ativity Theory, for instance, what things are inde-
pendent of the Reference System?—These questions
show exactly what is meant by the concept of Invari-
ance. Once we formulate the idea, it proves so com-
prehensive that all human ideation seems to be subject
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to it. I have said in the former chapter that in
scientific practice we accept an experiment as a legiti-
mate part of our group of established scientific data,
only if the result of the experiment is reproducible.
This means that it must be an Invariant, not merely
in reference to the observer but in reference also to a
great many other things. In short, it must be an In-
variant in reference to everything except those con-
ditions which we specially point out as essential when
describing the experiment. And in a much more gen-
eral sense the whole question discussed in this and
the preceding chapter is a question of invariance. It
is inquired whether the conclusions of physical science
are invariants with reference to the cultural milieu in
which we live or whether they must be referred to this
milieu as a Reference Frame. If the latter be the case,
when the cultural milieu undergoes a radical change
the conclusions of science, even though they may not
become false in detail, would yet acquire an essen-
tially different meaning and interest.

Let us come to the next feature I have mentioned as
a leading characteristic of our time. I shall call it
mass control. In using this term I mean to indicate
our highly-developed technique of marvellously re-
ducing the outlay of time and labor in dealing with
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huge totals, the single elements of which demand in-
dividual handling. These totals are, for instance,
groups of inhabitants (of a country, province, city or
parish), electors, taxpayers, consumers, subscribers
(to libraries, newspapers, insurance companies, rail-
ways, etc.); the masses of books in libraries, motor
cars and so on. The means of controlling all these as
totalities are registration, cartography, catalogues,
official forms, ledgers, with organized bodies of ofh-
cials in each branch whose activities are rationalized
under general laws and special instructions. The mak-
ing of laws and the administration of justice come
under the same technique of mass control. In drawing
up laws we endeavor to forecast all imaginable types
of lawsuits and misdeameanors, so that we can draw
up a general law which will make it easy for a judge
to pass his verdict, because otherwise it would be im-
possible to deal in a fair and uniform way with each
case as it comes up.

Last, but by no means least, comes the marvellous
system of factory output whereby we can satisfy the
enormous demand for goods in our time. If each type-
writer, for instance, were to be turned out indi-
vidually, each part being made singly for a definite
machine, then the utility of the work to be done by
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the typewriter would never balance the immense
amount of time and thought and energy put into the
manufacture of it. But when we standardize the type-
writer and all its parts so that one factory machine
can turn out each part in series, then it is possible to
manufacture typewriters in the bulk, so that the cost
of each machine as a member of the mass will be in
proportion to its utility. The greatest part of the ex-
penditure for manufacturing can be made once and
for all by the setting up of the necessary factory plant
whereby the single parts are manufactured. By an
output of many thousands a day the ingenious idea is
so to speak multiplied by this factor, the expenditure
for the single sample is proportionately diminished
and we are left with what would really deserve the
name of miracle, had we modern people not got so
used to it that we buy for say ten or twelve pounds
a little marvel, which as a single construction would
not be available for a thousand pounds. It is to this
system of mass control in manufacture that so many
of our modern products owe their fabulous perfection.
It really means the employment of hundreds of thou-
sands of servants in order to make it easier for His
Majesty the Consumer to have his requirements ful-

filled.
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The most perfect instance of our domination of
matter by an organized system of control, and at the
same time economizing labor by making only an
initial expenditure for our working machinery, is to
be found in mathematical analysis. The use of mathe-
matical analysis is the dominating feature of physical
science to-day. If a philosopher or scientist in ancient
Greece were told how we solve a simple problem in
hydrodynamics to-day: if he were told, for instance,
that we can follow every small portion of a liquid
and that we can take into account at any moment
all the forces which act upon this portion, and which
change continually because they issue from other sec-
tions of the liquid, the movement of which forms
itself a part of the problem—the Greek would not
believe that a finite human intelligence could ever
perform such an intricate task, even if several years
were devoted to it. Yet the problem might be one
which we may give to-day as an ordinary exercise in a
class room.

The fact is that we have learned how to dominate
the whole process with one differential equation,

thus:
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I have said: “With one equation.” In reality the
equation states what is true for every single particle
and at any given time. The art lies in formulating our
knowledge in such a way that the form of the state-
ment is the same for every point in time and space.
That is the -way of adapting our knowledge so
that it can be dealt with in the same manner with
regard to time and labor as the manufacturer deals
with his machinery.

Another example may be found in components of
tensors and vectors. We write down a single letter of
the alphabet with various subscripts, such as the fol-
lowing:—

Iy, or Ry, mn

The subscripts stand for some number, such as 1,
2, 3, or 4, and represent the numbers of a systemati-
cally arranged register.

Thus the first of the symbols given above is used
in the General Relativity Theory to represent one of
forty magnitudes which are entered in such a register.
The second symbol stands for twenty various magni-
tudes. Such magnitudes are often connected up with
one another by systems of 20, 40 or 100 equations,
which have to be combined with one another in a most
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elaborate way. Exact rules, however (such as those
for the so-called raising and lowering of the indices),
bring the half dozen magnitudes or equations that are
required, automatically from the drawer, so that the
computation can be made just as simply and clearly
as with one or two equations. These examples might
be increased ad libitum. Economical simplification is
the essential feature of mathematical progress,
whereby a constantly developing sphere of in-
vestigation is brought within the practical limits of
our quantitative thought.

The employment of statistics, which plays such an
important réle in modern physics and astronomy, is
one of the methods that belong to our modern system
of controlling huge totalities. Here, however, it has a
more particular and more profound significance, for
it introduces an entirely new idea which has proved
marvellously productive of results. Cartography and
registration are used by all of us for the purpose
of securing the correct orientation quickly in regard
to each single case as it turns up; but the essen-
tial feature of statistics is the prudent and systematic
ignoring of details. This is a typical instance wherein
a new trend of interest entails a shifting of all ques-
tions and gives rise to entirely new ones. Even when it
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is possible to secure a knowledge of the particular
details regarding individual features or events, this
knowledge is not what interests the statistician; for he
looks out for laws of quite another kind that furnish
new information. This is more easily recognized in
the case of astronomy than in the case of physics. In
physics it may seem to those who are not sufficiently
acquainted with the essential idea that the employ-
ment of statistics indicates an acknowledgment of
defeat, inasmuch as it suggests that we have fallen
back on this method because we have found that it
would be impossible to give a detailed account of the
position and movement of single molecules, even if
we wished to do so. In the case of astronomical statis-
tics we possess the detailed knowledge but we find that
it leads us nowhere. We are completely uninterested
in the question whether one particular star be redder
or paler, what is the intensity of the light emitted
from it, whether it is moving towards us or away from
us and what is the velocity of its movement. We are
forced to ignore details here in order to reach con-
clusions which are inaccessible to any system of in-
vestigation based on the knowledge of these details.
Let us quote here only one well-known case as a
typical example of what I mean:—
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Only in the case of comparatively few stars in the
“immediate neighborhood” of the sun can we measure
their distance from us directly, by the so-called paral-
lactic displacement which takes place in the course
of the year. As to the distance of the stars that are
farther away we do not know anything directly; but
we conclude that, on an average, the weaker their light
appears to us the farther away they are from us.
On this assumption we surmise that the weaker stars
must be much more numerous than the brighter ones.
And this turns out to be actually the case. It also
turns out that the number of stars with decreasing
brilliancy increases exactly in the same degree as
might be expected if the stars, taking a broad aver-
age, were distributed uniformly throughout space and
with the same density as in our immediate neighbor-
hood. For if this be the case, then—since the
brilliancy decreases in proportion to the square of the
distance—we can calculate exactly the increasing
number of the stars as their brilliancy decreases, and,
as I said, observation shows these calculations to be
correct. But only up to a certain magnitude. Be-
yond this we find that the number of weaker stars
that can be observed ceases to increase in the way we
should anticipate on the hypothesis of uniform dis-
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tribution throughout space. The actual number falls
more and more short of the calculated one. For stars
of this definite magnitude the observer with his tele-
scope has evidently reached the border of our “near”
stellar environment—the Milky Way or Galaxy. As
we know the statistical relation between magnitude
and distance, we can in this way estimate the dimen-
sions of the Milky Way in all directions (you know
that it turns out to be lens-shaped), although the di-
mensions are far too great to allow us to ascertain
the distance of a single star. In this way the judicious
elimination of detail, which the statistical system has
taught us, has brought about a complete transforma-
tion of our knowledge of the heavens.

It is manifest on all sides that this statistical meth-
od is a dominant feature of our epoch and an impor-
tant instrument of progress in almost every sphere of
public life. But it is unfortunately an instrument that
is employed all too indiscriminately and without sufh-
cient critical judgment. It appears very simple but it
is extremely complex. In its application to human
life, where more complex and quite unexpected fea-
tures arise, it is far more difficult to handle than when
dealing with stars and molecules. To add up columns
and make up averages or percentages seems very sim-
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ple. And thus the method itself is brought into dis-
credit by the lack of mathematical and logical train-
ing of those who use it—not to speak of a lack of
impartiality. It is so much easier to make a wrong
“statistic’ than a true one, that whoever has a liking
for it can easily enjoy it!

The statistics of economists, sociologists, and so
on—in short, human statistics—are more akin to the
statistics of physics than to those of astronomy. The
astronomer observes his object and cannot influence
it because he is outside of it and distant from it; but
the physicist and the human statistician endeavor to
forecast the laws according to which the statistics will
alter if the external conditions are arbitrarily
changed. In a former chapter I have spoken very
definitely of the “law of averages” as known in physi-
cal science. This law enables the physicist to master
matter very completely, though he can never know
the fate of a single molecule; nor can he affect its
course.

May I be allowed to express a hope that the analogy
between this state of affairs in physical science and
the marked trend of our epoch will become closer as
time goes on; for the ultimate goal which I have in
mind at the moment is certainly not yet reached.
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To establish the necessary order and lawfulness in
the human community, with the least possible inter-
ference in the private affairs of the individual, seems
to me to be the aim of a highly developing culture.
For this purpose the statistical method as used by the
physicist appears very appropriate. In the case of the
human community it would mean the study of the
average mind and the average human gifts, taking into
account their range of variation, and from this to infer
what the motives are that must be put before human
beings to appeal to their desires so as to secure a social
order that is at least bearable in all its essential
features.
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VI

WHAT IS A LAW OF NATURE?

HE laws of physics are generally looked upon
Tas a paradigm of exactitude. Therefore one
would naturally take it for granted that probably no
other science would be able to give such a clear and
definite answer when asked what is meant when we
speak of a law of nature.

1 (Inaugural Address at the University of Zurich, December 9th,
1922.) This address was not printed on the occasion of its de-
livery. Some time afterwards the development of quantum mechanics
brought Exner’s ideas into the foreground of scientific interest, with-
out, however, Exner’s name being mentioned. The text as here
printed follows the original manuscript from which the address
was read.
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What is a Law of Nature? The answer does not
really seem to be very difficult. When man’s higher
consciousness first awakens he finds himself in an
environment whose changing elements are of the
highest significance for his weal or woe. Experience
—first the unsystematized experience of his daily
struggle for life and afterwards the experience de-
rived from systematically and rationally planned
scientific experiments—shows him that the natural
processes which take place in his environment do not
follow one another in an arbitrary, kaleidoscopic
manner, but that they present a notable degree of
regularity. He eagerly strives to become acquainted
with the nature of this regularity, because such
knowledge will be of tremendous advantage to him
in his struggle for life. The order of nature thus per-
ceived by man is of the same type throughout. Cer-
tain features in the succession of natural events
always and everywhere show themselves to be con-
nected with certain other features. Of special biologi-
cal significance is that case in which the one group
of characters precedes the other group in time.
The circumstances preceding a certain happening
(A) which is often observed in nature, divide them-
selves into two typical groups: (1) circumstances
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that are always present—the invariable, and (2)
those which are only sometimes present—the vari-
able. When it is further discovered that conversely
the unchanging group is always followed by A, this
discovery gives rise to the statement that this invari-
able group of circumstances is the cause that brings
about the phenomenon A. Thus, hand-in-hand with
the discovery of special regular connections, we come
to the idea of a general necessary connectedness be-
tween one phenomenon and others as an abstraction
from the mass of connections as a whole. Above and
beyond our actual experience, the general postulate
is laid down that in those cases in which we have not
yet succeeded in isolating the causal source of any
specific phenomenon, such a source must surely exist
—in other words, that every natural process or event
is absolutely and quantitatively determined at least
through the totality of the circumstances or physical
conditions that accompany its appearance. This
postulate is sometimes called the “principle of causal-
ity.” Our belief in it has been steadily confirmed
again and again by the progressive discovery of
causes that specially condition each event.

Now, what we call a “law of nature” is nothing
else than any one of the regularities observed in
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natural occurrences, insofar as it is looked upon as
necessary, in the sense of the above-mentioned
postulate.

Is there still some obscurity here, some occasion
for doubt? And, if so, where? Since about the actual
facts there can be no doubt whatever, the only ques-
tionable feature is the justifiability or universal ap-
plicability of the causal postulate.

Within the past four or five decades physical re-
search has clearly and definitely shown—strange
discovery—that chance is the common root of all the
rigid conformity to Law that has been observed, at
least in the overwhelming majority of natural proc-
esses, the regularity and invariability of which have
led to the establishment of the postulate of universal
causality.

In order to produce a physical process wherein we
observe such conformity to Law innumerable thou-
sands, often billions, of single atoms or molecules
must combine. (For professional physicists I may
say here in parenthesis that this is also true of those
phenomena in which, as we often say to-day, the ef-
fect produced by a single atom can be successfully
studied; because in truth the interaction of this atom
with thousands of others determines the observed
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effect.) In a very large number of cases of totally
different types, we have now succeeded in explaining
the observed regularity as completely due to the
tremendously large number of molecular processes
that are co6perating. The individual process may, or
may not, have its own strict regularity. In the ob-
served regularity of the mass phenomenon the in-
dividual regularity (if any) need not be considered
as a factor. On the contrary, it is completely effaced
by averaging millions of single processes, the average
values being the only things that are observable to us.
The average values manifest their own purely statis-
tical regularity, which they would also do if the out-
come of each single molecular process were
determined by the throwing of dice, the spinning of
a roulette wheel or the drawing of sweepstake tickets
from a drum.

The statistical interpretation of the laws is illus-
trated in the simplest and clearest manner by the
phenomena of gases, from which, by the way, the new
ideas started. In this case the individual process is
the collision of two gas molecules, either with one
another or with the wall of the container. The pres-
sure of the gas against the walls of the container was
formerly attributed to a specific expansive force of
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matter in the gaseous state; but according to the mo-
lecular theory it is due to the bombardment of the
molecules. The number of collisions per second
against one square centimeter of the surface of the
wall is tremendous. For atmospheric pressure at
zero degrees Centigrade it runs into twenty-four figures
(2.2. X 10*). Even in the most complete terrestrial
vacuum and for only one square millimeter and only
one-thousandth of a second the number still runs into
a figure of eleven places. Besides giving a complete
account of the so-called gas laws, that is, of the de-
pendence of pressure on temperature and volume,
the molecular theory also explains all other proper-
ties of real gases, such as friction, heat conduction,
diffusion—and this purely statistically, as a conse-
quence of the molecules being exchanged between
different parts of the gas by individual processes of
the utmost irregularity. In performing the correspond-
ing calculations and discussing the relevant consid-
erations we generally assume the validity of the
mechanical laws for the single happening, the col-
lision. But it must be stated that this is not at all
ncessary. It would be quite sufficient to assume that
at each individual collision an increase in mechanical
energy and mechanical momentum is just as probable
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as a decrease, so that taking the average of a great
many collisions, these quantities remain constant in
much the same way as two dice cubes, if thrown a
million times, will yield the average 7 whereas the
result of each single throw is a pure matter of chance.

From what has been said it follows that the sta-
tistical interpretation of the gas laws is possible, per-
haps also that it is the most simple; yet we cannot
conclude that it is the only possible interpretation.
But a crucial test is furnished by the following ex-
periment. If the pressure of a gas is really only a
statistical average value it must be subject to fluctua-
tions. These must become all the more obvious the
more the number of codperating elementary processes
is reduced by reducing (1) the surface against which
the pressure is exerted and (2) the inertia of the
body which experiences the pressure, in order to al-
low a prompt reaction to a fluctuation that occurs
within a short period of time. Both these conditions
can be attained by suspending tiny, ultra-microscopi-
cal particles in the gas. These actually show a zig-zag
movement of extreme irregularity, long known as
the Brownian movement, which never comes to rest
and agrees in all particulars with the theoretical pre-
dictions. Although the number of molecules which
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hit the particle during a measurable period of time
is still very large, it is yet not large enough to pro-
duce an absolutely uniform pressure from all sides.
Through a chance preponderance of the impact in a
chance direction, which changes quite irregularly
from moment to moment, the particle will be driven
hither and thither on quite an irregular path. Here,
therefore, we see a law of nature—the law of gas
pressure—losing its exact validity in proportion as
the number of cooperating individual processes de-
creases. One cannot easily imagine a more convincing
proof of the essentially statistical character of at least
this law.

I could here mention numerous other cases that
have been experimentally and theoretically investi-
gated, such as the uniform blue of the sky, which
results from entirely irregular variations of atmos-
pheric densities (consequent upon their molecular
constitution), or the strictly law-governed decay of
radioactive substances which results from the disin-
tegration of the individual atoms, whereby it appears
to depend entirely on chance whether an individual
atom will disintegrate immediately or to-morrow or
in a year’s time. But however many examples are
considered, they scarcely suffice to render our belief
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in the statistical character of physical laws as certain
as does the fact that the Second Law of Thermo-
dynamics, or Law of Entropy, which plays a réle in
positively every physical process, has clearly proved
to be the prototype of statistical law. Although this
matter would justify a closer examination, on account
of its extraordinary interest, I must confine myself
here to the very cursory remark that empirically the
Law of Entropy is very intimately connected with the
typical one-directional character of all natural proc-
esses. Although the Law of Entropy by itself is not
sufficient to determine the direction in which the state
of a material system will change in the next instant,
it always excludes certain directions of change, the
direction exactly opposite to the one which actually
occurs being always excluded. By virtue of the sta-
tistical method the Law of Entropy has taken on the
following content: namely, that every process or
event proceeds from a relatively improbable—that
is to say, more or less molecularly ordered—state
to a more probable one—that is to say, to a state
of increasing disorder among the molecules.

In regard to what I have said up to now there is no
essential difference of opinion among physicists. But
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the case is otherwise in regard to what I shall have to
say from now on.

Although we have discovered physical laws to be
of a statistical character, which does not necessarily
imply the strictly causal determination of individual
molecular processes, still the general opinion is that
we should find the individual process—for instance,
the collision of two gas molecules—determined by
rigid causality, if we could trace it. (In a similar way
the result of a game of roulette would not be some-
thing haphazard for any one who could measure
exactly the impetus given to the wheel, the resistance
of the air, the friction on the axis, etc., etc.) In some
cases, among which is also the one of colliding gas
molecules, it is even claimed that quite definite fea-
tures of the individual process can be ascertained; viz.,
the conservation of energy and momentum at every
single impact, not merely in the average.

It was the experimental physicist, Franz Exmer,
who for the first time, in 1919, launched a very acute
philosophical criticism against the taken-for-granted
manner in which the absolute determinism of molec-
ular processes was accepted by everybody. He came
to the conclusion that the assertion of determinism
was certainly possible, yet by no means necessary,
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and when more closely examined not at all very prob-
able.

As to the non-necessity, I have already given my
opinion; and I believe with Exner that it can be up-
held, even despite the fact that most physicists claim
quite definite characteristics for the elementary laws
which they postulate. Naturally we can explain the
energy principle on the large scale by its already
holding good in the single events. But I do not see that
we are bound to do so. In like manner we can ex-
plain the expansive force of a gas as the sum of the
expansive forces of its elementary particles. But this
interpretation is here decidedly incorrect, and I do
not see why there it should be looked upon as the
only possible one. 1 may further remark that the
energy-momentum theorem provides us with only
four equations, thus leaving the elementary process
to a great extent undetermined, even if it complies
with them.

Whence arises the widespread belief that the be-
havior of molecules is determined by absolute
causality, whence the conviction that the contrary is
unthinkable? Simply from the custom, inherited
through thousands of years, of thinking causally,
which makes the idea of determined events, of abso-

143



SCIENCE THEORY AND MAN

lute, primary causalness, seem complete nonsense, a
logical absurdity.

But from what source was this habit of causal think-
ing derived? Why, from observing for hundreds and
thousands of years precisely those regularities in the
natural course of events which, in the light of our
present knowledge, are most certainly not governed
by causality; or at least not so governed essentially,
since we now know them to be statistically regulated
phenomena. Therewith this traditional habit of think-
ing loses its rational foundation. In practice, of course,
the habit may safely be retained, since it predicts the
outcomes satisfactorily. But to allow this habit to force
upon us the postulate that, behind the observed sta-
tistical regularities, there must be causal laws, would
quite obviously involve a logically vicious circle.

Not only are there no considerations that force
this assumption upon us, but we should realize, still
further, that such a duality in the laws of Nature is
somewhat improbable. On the one hand we should
have the intrinsic, genuine, absolute laws of the in-
finitesimal domain; while on the other there would
be that observed macroscopic regularity of events
which in its most essential features is not due to the
existence of the genuine laws but is determined rather
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by the concept of pure number, the most translucent
and simple creation of the human mind. Clear and
definite intelligibility in the world of outer appear-
ances, and behind this a dark, eternally unintelligible
imperative, a mysterious Kismet! The possibility that
this may be in reality the case must be admitted;
but this duplication of natural law so closely resem-
bles the animistic duplication of natural objects, that
I cannot regard it as at all tenable.

It must not be supposed, however, that I consider
it a simple and easy matter to carry through and de-
fend this new, a-causal (i.e., not necessarily causal)
point of view. The ruling opinion to-day is that at
least the laws of gravitation and electro-dynamics are
of the absolute, elementary type, that they also gov-
ern the world of atoms and electrons and are per-
haps at the basis of everything as the primary and
fundamental Law. You are all familiar with the amaz-
ing success of Einstein’s gravitation theory. Must we
conclude from this that his gravitational equations are
an elementary law? 1 hardly think so. In no case of
a natural process is the number of single atoms which
must codperate in order that an observable effect may
be produced so vast as in the case of gravitational
phenomena. This would explain, from the statistical
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point of view, why we can attain such extraordinary
accuracy in forecasting movements of the planets cen-
turies ahead. Moreover I shall not deny that Ein-
stein’s theory yields powerful support to the belief
in the absolute validity of the energy and momentum
principles. With reference to the particle, these prin-
ciples actually involve nothing more than a tendency
towards absolute perseverance. For Einstein’s gravi-
tation theory is not really anything more than the re-
duction of gravitation to the law of inertia. That under
certain conditions nothing changes is surely the sim-
plest Law that can be conceived, and hardly falls
within the concept of causal determination. It may
after all be reconcilable with a strictly a-causal view
of Nature.

In contradistinction to gravitation, the laws of
electro-dynamics are quite generally applied to-day
to processes within the atom itself, and indeed with
amazing success. These positive results will be con-
sidered the most serious objection that can be ad-
vanced against the a-causal view. The space at my
disposal does not allow of my going further into this
question. I must confine myself to the following gen-
eral remark, which at the same time briefly sums up
the conclusions we have reached:—
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Exner’s assertion amounts to this: It is quite pos-
sible that Nature’s laws are of thoroughly statistical
character. The demand for an absolute law in the
background of the statistical law—a demand which
at the present day almost everybody considers impera-
tive—goes beyond the reach of experience. Such a
dual foundation for the orderly course of events in
Nature is in itself improbable. The burden of proof
falls on those who champion absolute causality, and
not on those who question it. For a doubtful attitude
in this respect is to-day by far the more natural.

The electro-dynamic theory of the atom appears un-
suited to furnish the proof, because this theory itself
is universally recognized to be suffering from serious
intrinsic incoherences which are often felt to be of a
logical character. I prefer to believe that, once we
have discarded our rooted predilection for absolute
Causality, we shall succeed in overcoming these diffi-
culties, rather than expect atomic theory to substan-
tiate the dogma of Causality.
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VII

CONCEPTUAL MODELS IN
PHYSICS AND THEIR
PHILOSOPHICAL VALUE®

BELIEVE that every one interested in the prog-
I ress of research into the structure of matter,
during the past few decades, must occasionally have
felt like a suddenly awakened somnambulist, taken
by surprise in face of the amazingly precise and de-
tailed assertions which we claim to be able to prove.
At such moments we are inclined to exclaim:
Heavens! Is all that really proved and certain? Do
these atoms and electrons, etc., really exist and, if so,

1 Address delivered before the Physical Socwty of Frankfort-on-
Main, December 8th, 1928.
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are they in precisely the configurations we attribute to
them? Is their existence, as many declare, as defi-
nitely guaranteed as the objects of my environment
which can be touched and handled?

Let us take any object near at hand—this little
fruit basket, for instance—and ask why, and in what
sense, we attribute real existence to it. In what way
does it differ from a picture of a fruit basket or from
an hallucination? More exact analysis shows that this
fruit basket is really nothing more than a frame which
serves to unite certain sense-perceptions, some of
which are actual, whereas the majority are only vir-
tual; and we anticipate their occasional occurrence in
definite relationship to one another. The visual image
will endure as long as we do not change our stand-
point, and thus it differs from an hallucination. It
will change in quite a definite way when we change
our standpoint in regard to it. We expect certain tac-
tile sensations if we touch it, sensations of taste if we
bite through a fruit, a crackling of the basket if we
press it together. We are usually not aware of all these
expectations; we focus them unconsciously into what
we call a fruit basket which really exists. And so it
is with other objects in our environment. That is the
reality which surrounds us: some actual perceptions

149



SCIENCE THEORY AND MAN

and sensations become automatically supplemented
by a number of virtual perceptions and appear con-
nected in independent complexes, which we call ex-
isting objects. Different human individuals accomplish
this supplementation in very different degrees, and
more or less vividly. We characterize them as alert
or slow-witted, stupid or clever, intelligent or ignorant.

I believe that, with respect to objects of science,
we cannot really attribute another meaning than the
one just indicated to the concept of “really existing.”
For the sciences of biology, geology and astronomy it
is easy to show that this is the case. The biology
of living species does not depart notably from the
modes of thought of every-day life. Paleobiology and
geology, when they speak of what took place on the
earth thousands or millions of years ago, supplement
what has been actually experienced by the virtual,
and in principle possible, observations of a human
witness retrojected into that time of long ago. The
matter is perhaps a little more subtle in the case of
astronomy. But still its statements have, correctly
speaking, no other meaning except in connection with
virtual observations. We are all familiar viith the
habit of popular lecturers in saying to their audiences,
e.g., that if one could sit in an aeroplane going at a
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rate of two hundred miles an hour one would, in
order to arrive at such and such a star, require so
much time, etc.

Now let us turn to the objects of Physics. What
perplexes us here, from the epistemological point of
view, is the preoccupation as to whether in this case,
in principle, virtual observations are at all conceiv-
able, on which the “real existence” of these objects
can be based. This preoccupation is not unjustified.
It arises from the extraordinary subtlety of the sup-
posed structures. Consider the space-lattice of a crys-
tal, or Bohr’s atom, with its nucleus and interlacing
electron orbits. Large-scale models of these can be
observed on all sides, and handled. Is there anything,
any kind of observation, which could be performed
or at least imagined to be performed with the atoms
and electrons themselves, and which would correspond
to the visibility and tangibility of a large-scale model?

You know where the difficulties lie, with respect to
visibility. You know that these structures are much
too fine to form an image by means of light that is
visible to our eyes. There is a limit to the efficiency
of the microscope; for only structures whose minute-
ness is not less than about the wave-length of light
can be perceived to some extent. As to the objects in
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question, ordinary light is many thousand times too
coarse to reveal their structure. We should have to
employ finer light—the short wave X-rays. And with
these there is actually one case—the space-lattice of
a crystal—in which we have been so successful that
we are justified in answering the question as to its
virtual visibility in the affirmative. The Laue diffrac-
tion figure of a crystal with X-rays is entirely analo-
gous to the diffraction figure produced by a micro-
scopical object in the focal plane. It is true that we
have no lenses which would actually focus this to
an image; but we can so unmistakably infer what
the nature of the image would be that we can thus,
in an entirely satisfactory way, dispense with the
actual observation.

Now, how is it in the case of the atom? To a cer-
tain extent the Laue diagrams give us an equally di-
rect insight into the arrangement of electrons within
the atom. The atoms are situated in the lattice points,
and one can infer from the diagram that what scatters
(electrons, according to the theory) has a definite
spatial extension and arrangement: but unfortunately,
after we have obtained this very refined spatial analy-
sis, the want of precision in our means of analyzing
the events with respect to time stands in the way of
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further progress. We cannot get direct evidence of
the instantaneous distribution of the “scattering sub-
stance,” but only of the average distribution for a
period of time, during which the electrons in Bohr’s
model are supposed to have executed very many revo-
lutions, sweeping the whole spatial region in the
neighborhood of the nucleus (for the orbits are not
exactly periodic, but execute precessions and revolu-
tions of the perihelia). Thus we are not concerned
here with actually locating the individual electrons
at certain points, nor even with discriminating the
shape of their orbits. If the “scattering substance”
were continuously spatially distributed in a diffuse
manner it would produce the same impression.

Of course the virtual observation, on which to base
our conviction that electron orbits really exist, need
not be a visual one, similar to an act of sight. We
might argue that the electrons, being field centers,
naturally cannot be directly “seen.” All that is ob-
servable in their case is their field. From macroscopic
experiments we know the laws that govern the field
of moving electric charges and we further know the
laws according to which the electrons move in an ex-
ternal electro-magnetic field, principally from experi-
ments with cathode rays. To assert that really such
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electrons, as we are acquainted with in cathode
rays, move in these tiny orbits can have no other mean-
ing than that they move according to the same laws
and are surrounded by a field, as in a cathode ray.
For in this case, too, the electron is to our mind noth-
ing but a field center influenced by the external field
in a special way. Let us ask then: Can it be maintained
that in principle it is possible, by exact registration
of the electro-magnetic alternating field, which sur-
rounds a single atom, to infer the revolutions of the
electrons as described in Bohr’s theory?

You know that the answer is in the negative. And
indeed quite independently of the question whether
or not one considers it possible to obtain such an exact
field registration of the individual atom. Not only do
the orbits themselves not obey “the ordinary laws of
electro-dynamics,” but the field is also totally differ-
ent from what might be expected. It is made up of
quite other frequencies than the frequencies of elec-
tron revolutions are supposed to be. The average effect
resulting from the coGperation of many atoms suffices
to reveal this discrepancy, which was admitted in
Bohr’s theory from the very start.

Once we have become aware of this state of affairs,
the epistemological question: “Do the electrons really
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exist in these orbits within the atom?” is to be an-
swered with a decisive No, unless we prefer to say
that the putting of the question itself has absolutely
no meaning. Indeed there does not seem to be much
sense in inquiring about the real existence of some-
thing, if one is convinced that the effect through which
the thing would manifest itself, in case it existed, is
certainly not observed. Despite the immeasurable
progress which we owe to Bohr’s theory, I consider it
very regrettable that the long and successful handling
of its models has blunted our theoretical delicacy of
feeling with reference to such questions. We must not
hesitate to sharpen it again, lest we may be in too
great haste to content ourselves with the new theories
which are now supplanting Bohr’s theory, and believe
that we have reached the goal which indeed is still
far away.

I do not intend to expound here these new theories,
not even in their fundamental characteristics. What 1
wish to deal with is a new point of view which has
manifested itself in their development, and which has
remarkable consequences as regards philosophy. Re-
call to mind the efficiency limit of the microscope, of

which I spoke before. Consider a texture whose meshes
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or interstices are, let us say, 100 A in width." With
visible light of wave length A—a few 1000 A,
this structure cannot be made visible, simply because
so fine a structure cannot be impressed on so coarse-
grained an agent. But if we employ X-raysof A—=1 A
we shall succeed without difficulty. This limit of
observation is a relative one, depending on the fine-
ness of the light employed. Now the new discovery
(or presumed discovery) of which I wish to speak
maintains that there is an absolute limit of a similar
kind, Nature itself, not containing more than a definite
amount of structural detail, at least insofar as she
is accessible to any observation at all and what is over
and above this is not the object of scientific research.
Certain details are supposed to be missing in Na-
ture as a whole in much the same way that yellow
light diffracted by too fine a tissue simply will not
contain its structural details (this being the reason
why they cannot be detected in the diffraction
image).

This absolute limit, however, is not a purely spatial
one—in this the analogy fails. With respect to space

1 (Translator’s note.) A is the initial of a Swedish physicist’s
name (Angstrém) and is used for a unit length equal to the ten-
millionth part of a millimeter. One inch equals 254 million A units.
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we can, in principle, increase precision arbitrarily—
we need only employ light of shorter and shorter
wave lengths. The limit is concerned with space and
time simultaneously, which is fairly satisfactory,
since it is precisely that union of space and time on
the basis of which, according to relativity theory,
we are to construct our physical world outlook.

To make this a little clearer let us return to the
practical example to which I referred previously. By
employing short-wave X-rays we have succeeded in
refining discrimination in space to within atomic di-
mensions; but the lack of time for discrimination
prevented us after all from attaining more than a
blurred scheme (blurred with respect to time) of the
electronic arrangement.1

Another example of a purely theoretical kind is the fol-
lowing. We measure atomic energy by measuring frequency?
according to the fundamental equation of the Quantum
Theory:

E=hy

To measure frequency we need a certain time. Let us

1Footnote. (In what follows small print indicates those sections
which may be omitted by readers not interested in the somewhat
technical issues.)

2 (Translator’s note.) The term “frequency” has here the same
meaning as in wireless transmission, only the frequencies involved are
usually much higher in the atom.
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think of the primitive procedure of actually counting n vi-
brations within a definite time A¢. Then:

n

At

Y =

but manifestly with a possible error of A¥ = —— because
t

the process of counting necessarily results in giving a whole
number, which is subject to an error of == 4. This entails

h
At

a possible error with respect to energy of AE = 3
hence At X AE = h.

The product of the uncertainty with respect to energy
multiplied by the uncertainty with respect to time, has the
order of magnitude of Planck’s constant A. Now,- rela-
tivistically, the energy is the fourth component of the
energy-momentum vector; the time, that of the vector of
position. Therefore the uncertainty relation can be trans-
ferred to the other components as well, for example:

Ax * Apz == h,
where p, is the momentum in the x-direction. Thus two
variables are always associated together, each of which
affects the accuracy of the other, the product of their un-
certainties being h (in order of magnitude). They are what
in Hamiltonian mechanics are called “conjugate” variables.

These ideas, which originated with Heisenberg, are
satisfactory in a way, since they console us for the
unsuccessful attempts we had made to claim the predi-
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cate of real existence for our detailed schemata by
means of virtual (if not actual) observations. Evi-
dently we have, in some cases, believed in the feasi-
bility of observations which are impracticable, and
that is why we were involved in contradictions—con-
tradictions of the type that light shares the proper-
ties of an undulatory radiation and of a corpuscular
radiation (the same difhculty appearing for the
cathode rays, as we know to-day). On the other hand,
however, Heisenberg’s idea is profoundly disconcert-
ing. It makes it exceedingly dificult to use all the
terms and concepts we have employed hitherto. Many
serious questions that were previously asked are ren-
dered illusory. To inquire what is the energy of a
system at a definite instant is now supposed to have
no meaning. But then the problem which ardently
interested us before, namely, whether energy actually
passed by jumps or in a steady flow from one atom
to another, naturally becomes illusory. The position
and velocity of a particle cannot both be accurately
indicated simultaneously. Thus, since the particle now
becomes a thing which does not describe a definite
path, the question as to which path it describes is
illusory, in the way it was expressed hitherto. The
new line of thought clearly prohibits the construction
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of any schemes or models extending throughout space
and time and filling it, so to speak, continuously and
unambiguously without leaving gaps in our supposed
knowledge. Maybe the world that can be observed
(and no other world matters to us as physicists) is
no continuum at all. Of course, when faced with the
question of how to represent it otherwise, we are still
confronted by an insoluble conundrum. I do be-
lieve that we cannot be satisfied in the long run with
the answer which I once received in conversation with
a young physicist of outstanding genius *: Beware of
forming models or pictures at all!

It is very remarkable that the new point of view,
of which we are speaking, was first recognized while
employing a very definite model of nature, which de-
termines the events at every point of space and
instant of time more completely and unambiguously
than any of the former models. I allude to the so-
called wave-mechanics. That seems indeed astonish-
ing. But if Heisenberg be right, if this fundamental
restriction of our observational accuracy really exists,
it is not very surprising that we who are familiar with
the analogous situation in wave optics should find an

1 Professor P. A. M. Dirac.
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undulatory theory of matter specially suitable, in or-
der to understand this universal limit.

We need but replace the particle by a wave-group and

let the wave-length 2 and the momentum P have the rela-
tion:

p—_t

2

In order to build up such a group a certain A— interval
is required. Let Ax be the length of the group, then it can

be shown that the ratio % must be allowed to vary by

one unit (this ratio indicating the number of wave-crests
along the group). Thus:

1
Ax . A (T) =1
Multiply by A, then h A—%— is the uncertainty Ap. And
so Ax. Ap=nrh.

The mathematical relation between the uncertainty
principle and the wave theory is extremely simple.
The difficulty is what philosophical attitude to adopt
towards this relation. One may believe either (1) that
matter has really a wave structure. Then the uncer-
tainty principle is an immediate consequence. Or
(2) one may think that the uncertainty principle is
the more fundamental. The wave theory then is
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simply an auxiliary construction for the convenience
of grasping and representing the principle.

The relation of the uncertainty principle to the older
presentations of the quantum theory is very peculiar. Here
it must first be called to mind that, properly speak-
ing, the principle was known long ago. Think of
Planck’s work on quantum statistics, of his dividing the
phase space into cells and maintaining that there is no
meaning in carrying statistics further than to indicate in
which of the cells of magnitude & or h® or Af for 3 or f
degrees of freedom respectively) the point, representing the
system, is situated. That corresponds exactly to adopting
Heisenberg’s uncertainty A for every pair of canonical con-
jugate variables. In its further development we were more
inclined to the following interpretation: “In reality”’ the
phase point is situated on the boundaries of the cells, which
corresponds to a sharp quantization. Now when we remem-
ber that Heisenberg’s uncertainty relation corresponds ex-
actly to the cell dimensions—that it just fills them out, so
to speak—then we become extremely alarmed, since this is
equivalent to abolishing sharp quantization completely, be-
cause the uncertainty corresponds exactly to the distance
between adjacent energy levels.

Now it is not quite so, although at first sight it appears
so. Let us apply the uncertainty relation to one of the so-
called “action variables” J and its canonically conjugate
“angle variable” w:

Aw - AJl=h
What we call sharp quantization consists precisely in re-
stricting all the J’s (the action variables) to integral mul-
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tiples of A. On the other hand the w’s are quantities with
respect to which everything is periodic with period 1; that
is to say, w <4~ 1 means the same as w (just as an angle of
369° means the same as an angle of 9°). Therefore the
greatest possible “inaccuracy” Aw actually seems to be
unity, with a corresponding smallest value of 4] — h, that
is to say equal to the whole quantum step. In order to be
able to speak of anything like sharp quantization, AJ must
of course be made much smaller, which cannot be done,
unless after all we admit much larger values of Aw. The
physical meaning of having to admit an uncertainty of the
angle variable much greater than the period is obviously
that sharp quantization is not a property which the system
can be said to possess at a definite moment. It is a property
which cannot even be ascertained after one revolution, but
only after the system has undergone a great many revo-
lutions.

Let us return to our original consideration. We
doubted whether the detailed images, by which we try
to visualize the structure of matter, might be thought
of as “really existing” in the same sense as palpable
objects around us, the fruit basket for instance. Do
they resemble the latter in being the scaffolding for
a series of perceptions, which can be conceived, if not
actually experienced?

We were allowed to answer this question in the
affirmative in many cases, such as the space-lattice of
the atoms in a crystal. Yet our doubts seem to be con-
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firmed in the most brutal fashion by the attitude
which quantum theory forces upon us (as discussed
in the last sections). If the claim to “real existence”
be based on the possibility of at least conceiving (if
not performing) certain observctions, and if the ob-
servations in question be in principle restricted by
an impassable limit, then our claim for “real exist-
ence” will be in vain, not only with respect to the
particular models of the interior of the atom, to which
we had clung up to the present, (following Ruther-
ford and Bohr) but also with respect to any other
model which is satisfactorily distinct and definite.
To this desperate situation let me add a word of
consolation from the philosophical point of view. We
must remember, after all, that it really is the ultimate
purpose of all schemes and models to serve as scaf-
folding for any observations that are at all conceiv-
able. The prohibition against clothing them with de-
tails, that are by no possible means observable, is a
matter for no more regret than was formerly caused
by our ignorance as to whether the “microscopic ten-
nis ball” electron was red, yellow or white. If Heisen-
berg’s assertion be correct, and if it appears at first
sight to make gaps in our picture of the world which
cannot be filled, then the obvious thing to do is to
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eliminate the regions which refuse to be filled with
thought; in other words, to form a view of the world
which does not contain those regions at all. Of course
that is not quite easy; because the regions in question
are not certain domains in space and time (not, to
put it bluntly, the interiors of the atoms!) but domains
of abstract thought. Yet I definitely believe that the
elimination ought to be possible without leading to
the consequence, that no visualizable scheme of the
physical universe whatever will prove feasible. The
situation will turn out similarly to that of the “‘color
of the electron.” * The clearness of the idea of the
electron was not seriously interfered with by the
fact that the property of possessing this or that defi-
nite color, though common to all perceptible objects,
could not be attributed to the electron. In the same
way it will be necessary to acquire a definite sense of
what is irrelevant in our new models and schemes,
before we can trust to their guidance with more equa-
nimity and confidence.

1 (Note added in translation.) It need hardly be emphasized that
this example is a fictitious one, which never actually worried the
mind of a physicist!
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VIII

THE FUNDAMENTAL IDEA
OF WAVE MECHANICS®

‘ ‘ THEN a ray of light passes through an optical

instrument, such as a telescope or a photo-
graphic lens, it undergoes a change of direction as it
strikes each refractive or reflective surface. We can
describe the path of the light ray once we know the
two simple laws which govern the change of direction.
One of these is the law of refraction, which was dis-
covered by Snell about three hundred years ago; and
the other is the law of reflection, which was known to

1 Nobel Address delivered at Stockholm on December 12th, 1933.
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Archimedes nearly two thousand years before. Figure
1 gives a simple example of a ray, A—B, passing
through two lenses and undergoing a change of direc-
tion at each of the four surfaces in accordance with
Snell’s law.

A\

Fig. 1

From a much more general point of view, Fermat
summed up the whole career of a light ray. In passing
through media of varying optical densities light is
propagated at correspondingly varying speeds, and the
path which it follows is such as would have to be
chosen by the light if it had the purpose of arriving
within the shortest possible time at the destination
which it actually reaches. (Here it may be remarked,
in parenthesis, that any two points along the path of
the light ray can be chosen as the points of departure
and arrival respectively.) Any deviation from the
path which the ray has actually chosen would mean a
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delay. This is Fermat’s famous Principle of Least
Time. In one admirably concise statement it defines
the whole career of a ray of light, including also
the more general case where the nature of the medium
does not change suddenly but alters gradually from

SII24 7777770/l 7777777777777/
Fig. 2

point to point. The atmosphere surrounding our earth
is an example of this. When a ray of light, coming
from outside, enters the earth’s atmosphere, the ray
travels more slowly as it penetrates into deeper and
increasingly denser layers. And although the dif-
ference in the speed of propagation is extremely small,
yet under these circumstances Fermat’s Principle de-
mands that the ray of light must bend earthwards (see
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Fig. 2), because by doing so it travels for a some-
what longer time in the higher “speedier” layers and
comes sooner to its destination than if it were to
choose the straight and shorter way (the dotted line in
Fig. 2, the small quadrangle WW W*W* to be ignored
for the present). Most people will have noticed how
the sun no longer presents the shape of a circular disk
when it is low on the horizon, but is somewhat flat-
tened, its vertical diameter appearing shortened. That
phenomenon is caused by the bending of the light rays
as they traverse the earth’s atmosphere.

According to the wave theory of light, what we call
light rays have, correctly speaking, only a fictitious
meaning. They are not the physical tracks of any par-
ticles of light, but a purely mathematical construc-
tion. The mathematician calls them “orthogonal
trajectories” of the wave-fronts, that is, lines which at
every point run at right angles to the wave-surface.
Hence they point in the direction in which the light
is propagated and, as it were, guide the light’s propa-
gation. (See Fig. 3, which represents the simplest
case of concentric spherical wave-fronts and the cor-
responding rectilinear rays, while Fig. 4 illustrates
the case of bent rays.) It seems strange that a general
principle of such great importance as that of Fermat
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should be stated directly in reference to these mathe-
matical lines, which are only a mental construction,
and not in reference to the wave-fronts themselves.
One might therefore be inclined to take it merely for a
mathematical curiosity. But that would be a serious
mistake. For only from the
viewpoint of the wave the-
ory does this principle
become directly and im-
mediately intelligible and
cease to be a miracle. What

v we called bending of the
Fig. 3 light ray presents itself to
the wave theory as a turning of the wave-front, and
is much more readily understood. For that is just
what we must expect in consequence of the fact that
neighboring portions of the wave-front advance at
various speeds; the turning is effected in the same
way as with a company of soldiers marching in line,
who are ordered to “right wheel.” Here the soldiers
in each rank take steps of varying lengths, the man
on the right wing taking the shortest steps and the
man on the left taking the longest. In the case of
atmospheric refraction (Fig. 2) consider a small por-
tion WW of the wave-surface. This portion must
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necessarily perform a “right wheel” towards W'W,’
because its left part is in the somewhat higher and
rarer air and therefore is moving forward faster than
the right, which is in the deeper layer." Now in exam-
ining the case more closely it is found that the state-
ment made in Fermat’s
Principle 1is virtually
identical with the trivial
and obvious assertion
that, because the veloc-
ity of light varies from
point to point, the wave-
front must turm, as in
the instance I have re-
ferred to. I cannot prove
that here; but I shall ’
try to show that it is Fig. 4
quite reasonable.

Let us revert to the row of soldiers marching in line.
To prevent the front rank losing its perfect alignment,
let us suppose that a long pole is placed abreast of the

11In passing, I may call attention to a point in which Snell’s con-
cept fails. A ray of light emitted horizontally ought to remain hori-
zontal, because in the horizontal direction the index of refraction does
not vary. But, as a matter of fact, a horizontal ray is deflected to a
greater degree than any other. According to the concept of the “wheel-
ing” wave-front, this is obvious.
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men and that each man holds it firmly with his hand
against his chest. No word of command as to direction
is given, but simply the order that each man must
march or run as fast as he can. If the condition of
the ground slowly changes from place to place, then
either the left or the right section of the line advances
more quickly than the other and this inevitably pro-
duces quite spontaneously a wheeling of the whole
line to the right or left respectively. After a time it
will be noticed that the line of advance, when looked
upon as a whole, is not straight, but shows a definite
curvature. Now this curved route is precisely the one
along which the soldiers reach any place on their
way in the shortest possible time, taking into account
the nature of the ground. Although this may seem re-
markable there is actually nothing strange about it,
for after all, by hypothesis, each soldier has done his
best to travel as quickly as possible. And it may be
further noticed that the bending will always have
taken place in the direction towards which the condi-
tion of the ground underfoot is less favorable; so that
finally it will appear as if the marchers had purposely
avoided unfavorable conditions by making a detour
around those regions where they would have found
their forward pace slackened.
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Thus Fermat’s Principle directly appears as the
trivial quintessence of the wave theory. Hence it was
a very remarkable event when Hamilton one day made
the theoretical discovery that the orbit of a mass point
moving in a field of force (for instance, of a stone
thrown in the gravitational field of the earth or of
some planet in its course around the sun) is governed
by a very similar general principle, which thenceforth
bore the name of the discoverer and made him
famous. Although Hamilton’s principle does not pre-
cisely consist in the statement that the mass point
chooses the quickest way, yet it states something so
similar—that is to say, it is so closely analogous to
the principle of minimum light time—that one is
faced with a puzzle. It seemed as if Nature had ef-
fected exactly the same thing twice, but in two
very different ways—once, in the case of light,
through a fairly transparent wave-mechanism, and on
the other occasion, in the case of mass points, by
methods which were utterly mysterious, unless one
was prepared to believe in some underlying undula-
tory character in the second case also. But at first
sight this idea seemed impossible. For the laws of
mechanics had at that time only been established and
confirmed experimentally on a large scale for bodies
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of visible and (in the case of the planets) even huge
dimensions which played the réle of “mass points,”
so that something like an ‘“‘undulatory nature” here
appeared to be inconceivable.

The smallest and ultimate constructive elements
in the constitution of matter, which we now call “mass
points” in a much more particular sense, were at
that time purely hypothetical. It was not until the
discovery of radio-activity that the process of stead-
ily refining our methods of measurement inaugurated
a more detailed investigation of these corpuscles or
particles; the development was crowned by C. T. R.
Wilson’s highly ingenious method, which succeeded in
taking snap-shots of the track of a single particle and
measuring it very accurately by means of stereometric
photographs. As far as the measurements go they con-
firm, in the case of corpuscles, the validity of the
same mechanical laws that hold on a large scale, as
with planets, etc. Moreover, it was found that neither
the molecules nor the atoms are to be considered as
the ultimate building stones of matter, but that the
atom itself is an extremely complicated composite sys-
tem. Definite ideas were formed of the way in which
atoms are composed of corpuscles, leading to models
that closely resembled the celestial planetary system.
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And it was natural that in the theoretical construction
of these tiny systems the attempt was at first made to
use the same laws of motion as had been so success-
fully proved to hold good on a large scale. In other
words, we endeavored to conceive the “inner” life of
the atoms in terms of Hamiltonian mechanics, which,
as I have said, have their culmination in the Hamil-
tonian principle. Meanwhile the very close analogy
between the latter and Fermat’s optical principle had
been almost entirely forgotten. Or if any thought were
given to this at all, the analogy was looked upon as
merely a curious feature of the mathematical theory
of the subject.

Now it is very difficult, without going closely into
details, to give a correct notion of the success or
failure encountered in the attempt to explain the struc-
ture of matter by this picture of the atom which was
based on classical mechanics. On the one hand the
Hamiltonian principle directly proved itself to be the
truest and most reliable guide; so much so as to be
considered absolutely indispensable. On the other
hand, in order to account for certain facts, one had to
tolerate the “rude intrusion” (groben Eingriff) of
quite new and incomprehensible postulates, which
were called quantum conditions and quantum postu-

175



SCIENCE THEORY AND MAN

lates. These were gross dissonances in the symphony
of classical mechanics—and yet they were curiously
chiming in with it, as if they were being played on the
same instrument. In mathematical language, the situa-
tion may be stated thus: The Hamiltonian principle
demands only that a certain integral must be a mini-
mum, without laying down the numerical value of the
minimum in this demand; the new postulates require
that the numerical value of the minimum must be a
whole multiple of a universal constant, which is
Planck’s Quantum of Action. But this, only in paren-
thesis. The situation was rather hopeless. If the old
mechanics had failed entirely, that would have been
tolerable, for thus the ground would have been cleared
for a new theory. But as it was, we were faced with
the difficult problem of saving its soul, whose breath
could be palpably detected in this microcosm, and at
the same time persuading it, so to speak, not to con-
sider the quantum conditions “rude intruders” but
something arising out of the inner nature of the situa-
tion itself.

The way out of the difficulty was actually (though
unexpectedly) found in the possibility I have already
mentioned, namely, that in the Hamiltonian Principle
we might also assume the manifestation of a “wave-
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mechanism,” which we supposed to lie at the basis of
events in point mechanics, just as we have been long
accustomed to acknowledge it in the phenomena of
light and in the governing principle enunciated by
Fermat. By this, of course, the individual “path”
of a mass point absolutely loses its inherent physical
significance and becomes something fictitious, just as
the individual light ray. Yet the “soul” of the theory,
the minimum principle, not only remains inviolate
but we could even never reveal its true and simple
meaning, as was stated above, without introducing the
wave theory. The new theory is in reality no new
theory, but is a thorough organic expansion and de-
velopment, one might almost say merely a re-state-
ment of the old theory in more subtle terms.

But how could this new and more “subtle” interpre-
tation lead to results that are appreciably different?
When applied to the atom, how could it solve any difh-
culty which the old interpretation could not cope
with? How can this new standpoint make that “rude
intruder” not merely tolerable but even a welcome
guest and part of the household, as it were?

These questions, too, can best be elucidated by
reference to the analogy with optics. Although I have
asserted, and with good reason, that Fermat’s prin-
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ciple is the quintessence of the wave theory of light,
yet that principle is not such as to render superfluous
a more detailed study of wave processes. The optical
phenomena of diffraction and interference can be un-
derstood only when we follow up the particulars of
the wave process; because these phenomena depend
not merely upon where the wave finally arrives but
also on whether at a given ‘moment it arrives there as
a wave-crest or a wave-trough. To the older and
cruder methods of investigation interference phenom-
ena appeared as only small details and escaped obser-
vation. But as soon as they were observed and
properly accounted for by means of the undulatory
theory, quite a number of experimental devices could
be easily arranged in which the undulatory character
of light was prominently displayed, not only in the
finer details but also in the general character of the
experiment.

To explain this I shall bring forward two examples:
the first is that of an optical instrument, such as a
telescope or a microscope. With such an instrument
we aim at obtaining a sharp image. This means that
we endeavor to focus all the rays emitted from an
object point and re-unite them at what is called the
image point (see Fig. 1la). Formerly it was thought
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that the difficulties which stood in the way were only
those of geometrical optics, which are actually very
considerable. Later it turned out that even in the
best constructed instruments lack of precise focusing
was considerably greater than might have been ex-
pected if in reality each ray, independently of its
neighboring ray, followed Fermat’s principle exactly.
The light which is emitted from a luminous point
and received by an instrument does not focus at an

A

\ 1

v

Fig. 1a

exact point after it has passed the instrument. Instead
of this, it covers a small circular area, which is called
the diffraction image and which is mostly circular
only because the diaphragms and the circumference
of the lenses are usually circular. For diffraction re-
sults from the fact that the instrument cannot
possibly receive the whole of the spherical waves
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which are emitted from a luminous point. The borders
of the lenses, and sometimes the diaphragms, cut off
a part of the wave surface (Fig. 1b) and—if I may
use a somewhat crude expression—the torn edges of
the wound prevent an exact focus at a point and bring
about the indistinctness or blurring of the image. This

Fig. 1b

blurring is closely connected with the wave-length of
the light and is absolutely unavoidable, owing to this
deep seated theoretical connection. This phenome-
non, originally scarcely noticed, now completely gov-
erns and inescapably limits the efficiency of the
modern microscope, all the other causes of a lack
of distinctness in the image having been successfully
overcome. With respect to details, which are not much
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more coarse-grained than the wave-length of light,
the optical image can only reach a distant similarity
to the original, and none at all whenever the struc-
tural details in the object are finer than the wave-
length.

The second example is of a simpler nature. Let us

take a tiny source of light, just a point only. If we
place an opaque body between it and a screen we find
a shadow thrown on the screen. To construct the
shadow theoretically we should follow each ray of
light emitted from the point and should ascertain
whether the opaque body prevents it from reaching
the screen. The rim of the shadow is formed by those
light rays which just graze and pass by the outline of
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the opaque body. But it can be shown by experiment
that even where the light source is made as minute as
possible, and the outline of the opaque body as sharp
as possible, the outer rim of the shadow cast by the
opaque body on the screen is not really sharp. The
cause of this is again the same as in the former ex-
ample. The wave-front is split, as it were (Fig. 5),
by the outline of the opaque body; and the traces of
this lesion blur the rim of the shadow. This would be
inexplicable if the individual light rays were inde-
pendent in themselves and traveled independently
with no reference to one another.

This phenomenon, which is also called diffraction,
is generally speaking not very noticeable where larger
bodies are concerned. But if the opaque body which
throws the shadow be very small, at least in one
dimension, then the diffraction has two effects, first,
nothing like a true shadow is produced and, secondly
—which is far more striking—the tiny body seems to
be glowing with its own light and emitting rays in all
directions (predominantly, however, at very narrow
angles with the incoming rays). Everybody is familiar
with the so-called “motes” that appear in the track
of a sunbeam entering a dark room. In the same way
the filigree of tiny strands and cobwebs that appear
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around the brow of a hill behind which the sun is
hidden, or even the hair of a person standing against
the sun, sometimes glows marvelously with diffracted
light. The visibility of smoke and fog is due to the
same phenomenon. In all these cases the light does
not really issue from the opaque body itself but from
its immediate surroundings, that is to say, from the
area in which the body produces a considerable per-
turbation of the incident wave-fronts. It is interest-
ing, and for what follows very important, to note
that the area of perturbation is always and in every
direction at least as large as one or a few wave-lengths,
no matter how small the opaque body may be. Here
again, therefore, we see the close relation between
wave-length and the phenomenon of diffraction. Per-
haps this tan be more palpably illustrated by refer-
ence to another wave process, namely, that of sound.
Here, on account of the much longer wave-length,
which extends into centimeters and meters, the
shadow loses all distinctness and the diffraction pre-
dominates to a degree that is of practical importance.
We can distinctly hear a call from behind a high wall
or around the corner of a solid building, although we
cannot see the person who calls.

Let us now return from optics to mechanics and
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try to develop the analogy fully. The optical parallel
of the old mechanics is the method of dealing with iso-
lated rays of light, which are supposed not to in-
fluence one another. The new wave mechanics has its
parallel in the undulatory theory of light. The advan-
tage of changing from the old concept to the new
must obviously consist in clearer insight into diffrac-
tion phenomena, or rather into something that is
strictly analogous to the diffraction of light, although
ordinarily even less significant; for otherwise the old
mechanics could not have been accepted as satisfactory
for so long a time. But it is not difficult to conjecture
the conditions in which the neglected phenomenon
must become very prominent, entirely dominate the
mechanical process and present problems that are in-
soluble under the old concept. This occurs inevitably
whenever the entire mechanical system is comparable
in its extension with the wave-lengths of “material
waves,” which play the same rdle in mechanical
processes as light waves do in optics.

That is the reason why, in the tiny system of the
atom, the old concept is bound to fail. In mechanical
phenomena on a large scale it will retain its validity
as an excellent approximation, but it must be replaced
by the new concept if we wish to deal with the fine
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interplay which takes place within regions of the order
of magnitude of only one or a few wave-lengths. It
was amazing to see all the strange additional postu-
lates, which I have mentioned, arising quite automati-
cally from the new undulatory concept, whereas they
had to be artificially grafted onto the old one in order
to make it fit in with the internal processes of the atom
and yield a tolerable explanation of its actually ob-
served manifestations.

In this connection it is, of course, of outstanding im-
portance that the diameter of the atom and the wave-
length of these hypothetical “material” waves should
be very nearly of the same order of magnitude. And
you will undoubtedly ask whether we are to consider
it as purely an accident that in the progressive analy-
sis of the structure of matter we should just here en-
counter the wave-length order of magnitude, or
whether this can be explained. Is there any further
evidence of the equality in question? Since the ma-
terial waves are an entirely new requisite of this
theory, which had not been hitherto discerned else-
where, one might suspect that it is merely a question
of suitable assumption as to their wave-length, an as-
sumption forced upon us in order to support the pre-

ceding arguments.
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Well, the coincidence between the two orders of
magnitude is by no means a mere accident, and there
is no necessity to make any particular assumption
in this regard; the coincidence follows naturally from
the theory, on account of the following remarkable
circumstances. Let us begin by stating that Ruther-
ford’s and Chadwick’s experiments on the dispersion
of Alpha rays have firmly established the fact that the
heavy nucleus of the atom is very much smaller than
the atom, which justifies us in treating it as a point-
like center of attraction in all the argument which
follows. Instead of the electron we introduce hypo-
thetical waves, the wave-length of which is left an
open question as yet, because we do not know any-
thing about it. It is true that this introduces into
our calculations a symbol, say a, which represents a
number as yet undefined. But in such calculations we
are accustomed to that sort of thing and it does not
hinder us from inferring that the nucleus of the atom
will inevitably produce a sort of diffraction phenome-
non of these waves, just as a minute mote does
with light waves. Precisely as with light waves, here
too the extension of the perturbed area surrounding
the nucleus turns out to bear a close relation to the
wave-length and to be of the same order of magnitude.
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Remember that the latter had to be left an open
question! But now comes the most important step: we
identify the perturbed area, the diffraction halo, with
the atom; the atom being thus regarded as really
nothing more than the diffraction phenomenon arising
from an electron wave that has been intercepted by the
nucleus of the atom. Thus it is no longer an accident
that the size of the atom is of the same order of mag-
nitude as the wave-length. It is in the nature of the
case itself. Of course numerically we know neither the
one nor the other; because in our calculation there
always remains this one undefined constant which we
have called a. It can, however, be determined in two
ways, which control one another reciprocally. Either
we can choose for a that value which will quantita-
tively account for the observable effects produced by
the atom, especially for the emitted spectral lines,
which can be measured with extreme accuracy; or, in
the second place, the value of a can be adapted in
order to give to the diffraction halo the right size,
v.hich from other evidence is to be expected for the
atom. These two ways of defining a (of which the sec-
ond is, of course, much less definite, because the
phrase “size of the atom” is somewhat indefinite) are
in perfect accord with one another. Thirdly, and
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finally, it may be remarked that the constant which
has remained indeterminate has not really the physi-
cal dimension of Length, but of Action, that is, energy
multiplied by time. It is, then, very tempting to as-
sign to it the numerical value of Planck’s universal
Quantum of Action, which is known with fair accuracy
from the laws of heat radiation. The result is that
with all desirable exactitude, we now fall back upon
the first (the most exact) method of determining a.
Thus, from the quantitative point of view, the
theory answers its purpose with a minimum of new
assumptions. It involves a single available constant, to
which we only have to assign a numerical value that
is already quite familiar to us in the earlier Quantum
Theory, in order, first, to give the proper magnitude
to the diffraction halos and therewith render possible
their identification with the atoms; and, secondly, to
calculate with quantitative exactitude all the observ-
able effects produced by the atoms, their radiation of
light, the energy required for ionization, etc., etc.

I have tried to explain to you in the simplest pos-
sible manner the fundamental concept on which this
wave theory of matter is based. Let me confess that,
in order to avoid bringing the subject before you in
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an abstruse form at the very outset, I have embellished
it somewhat. Not indeed as regards the thoroughness
with which conclusions properly deduced from the
theory have been corroborated by experiment, but
rather as regards the conceptual simplicity and ab-
sence of difficulty in the chain of reasoning which
lead to these conclusions. In saying this I do not
refer to the mathematical difficulties, which eventu-
ally are always trivial, but rather to the conceptual
difficulties. Naturally it does not call for a great
mental effort to pass from the idea of a path to a sys-
tem of wave-fronts perpendicular to the path (see

Fig. 6

Fig. 6). But the wave-surfaces, even when we restrict
them to small elements of surface, still involve at
least a slender bundle of possible paths, to all of
which they stand in the same relation. According to
the traditional idea, in each concrete case one of these
paths is singled out as the one “really traveled,” in
contradistinction to all the other “merely possible”
paths. According to the new concept the case is quite
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different. We are confronted with the profound logi-
cal antithesis between

Either this or that (Particle Mechanics)
(aut — aut)
and
This as well as that (Wave Mechanics)
(et — et)

Now this would not be so perplexing if it were
really a question of abandoning the old concept and
substituting the new one for it. But unfortunately that
is not the state of affairs. From the standpoint of
wave mechanics the innumerable multitude of pos-
sible particle paths would be only fictitious and no
single one would have the special prerogative of be-
ing that actually traveled in the individual case. But,
as I have already remarked, we have in some cases
actually observed such individual tracks of a par-
ticle. The wave theory cannot meet this case, except
in a very unsatisfactory way. We find it extraordi-
narily difficult to regard the track, whose trace we
actually see, only as a slender bundle of equally pos-
sible (Gleichberechtigten) tracks between which the
wave-fronts form a lateral connection. And yet these
lateral connections are necessary to the understanding
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of diffraction and interference phenomena, which the
very same particles produce before our eyes with
equal obviousness—that is to say, produce experi-
mentally on a large scale and not only in those con-
cepts of the interior of the atom discussed previously.
It is true that we can deal with every concrete
individual case without the two contrasted aspects
leading to different expectations as to the result of any
given experiment. But with the old and cherished and
apparently indispensable concepts, such as “really”
and “merely possible,” we cannot advance. We can
never say what really is or what really happens, but
only what is observable, in each concrete case. Shall
we content ourselves with this as a permanent feature?
In principle, yes. It is by no means a new demand to
claim that, in principle, the ultimate aim of exact
science must be restricted to the description of what is
really observable. The question is only whether we
must henceforth forgo connecting the description, as
we did hitherto, with a definite hypothesis as to the real
structure of the Universe. To-day there is a wide-
spread tendency to insist on this renunciation. But I
think that this is taking the matter somewhat too
lightly.

I would describe the present state of our knowledge
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as follows: The light ray, or track of the particle, cor-
responds to a longitudinal continuity of the propagat-
ing process (that is to say, in the direction of the
spreading) ; the wave-front, on the other hand, to a
transverse one, that is to say, perpendicular to the
direction of spreading. Both continuities are undoubt-
edly real. The one has been proved by photographing
the particle tracks, and the other by interference
experiments. As yet we have not been able to bring the
two together into a uniform scheme. It is only in ex-
treme cases that the transverse—the spherical—con-
tinuity or the longitudinal—the ray-continuity shows
itself so predominantly that we believe we can
avail ourselves either of the wave scheme or of the

particle scheme alone.
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IX

WHAT IS AN ELEMENTARY
PARTICLE?

1. A PARTICLE IS NOT AN INDIVIDUAL

TOMISM in its latest form is called quantum

mechanics. It has extended its range to comprise,
besides ordinary matter, all kinds of radiation, in-
cluding light—in brief, all forms of energy, ordinary
matter being one of them. In the present form of
the theory the ‘atoms’ are electrons, protons, pho-
tons, mesons, etc. The generic name is elementary
particle, or merely particle. The term atom has very
wisely been retained for chemical atoms, though it
has become a misnomer.
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This essay deals with the elementary particle,
more particularly with a certain feature that this
concept has acquired—or rather lost—in quantum
mechanics. I mean this: that the elementary particle
is not an individual ; it cannot be identified, it lacks
‘sameness.” The fact is known to every physicist, but
is rarely given any prominence in surveys readable
by non-specialists. In technical language it is covered
by saying that the particles ‘obey’ a new-fangled
statistics, either Einstein-Bose or Fermi-Dirac sta-
tistics. The implication, far from obvious, is that the
unsuspected epithet ‘this’ is not quite properly ap-
plicable to, say, an electron, except with caution, in
a restricted sense, and sometimes not at all. My ob-
jective here is to explain this point and to give it the
thought it deserves. In order to create a foil for the
discussion, let me summarize in sections 2-5 what we
are usually told about particles and waves in the new
physics.

2. CURRENT VIEWS: THE AMALGAMATION
OF PARTICLES AND WAVES

Our image of the material world had been made
up of two kinds of ‘fittings’: waves and particles. The
former were instanced mainly, if not exclusively, by
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WHAT IS AN ELEMENTARY PARTICLE?

Maxwell’s waves of electromagnetic energy, com-
prising such as are used in radio, light, X-rays, and
gamma-rays. Material bodies were said to consist of
particles. One was also familiar with jets of particles,
called corpuscular rays, such as cathode rays, beta-
rays, alpha-rays, anode rays, etc. Particles would
emit and absorb waves. For instance, cathode rays
(electrons), when slowed down by colliding with
atoms, emit X-rays. The distinction between par-
ticles and waves was, however, considered as clear-
cut as that between a violin and its sound. An
examinee who alleged cathode rays to be waves, or
X-rays to be jets of particles, would have got very
bad marks.

In the new setting of ideas the distinction has van-
ished, because it was discovered that all particles
have also wave properties, and vice versa. Neither
of the two concepts must be discarded, they must be
amalgamated. Which aspect obtrudes itself depends
not on the physical object, but on the experimental
device set up to examine it. A jet of cathode rays, for
example, produces in a Wilson cloud chammber dis-
crete tracks of water droplets—curved tracks if there
is a magnetic field to deflect the electrons, otherwise
straight alignments of droplets. We cannot but in-
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terpret them as traces of the paths of single electrons.
Yet the same jet, after crossing a narrow tube placed
at right angles to it and containing crystal powder,
will produce on a photographic plate at some dis-
tance behind the tube a pattern of concentric circles.
This pattern can be understood in all its details when
looked upon as the interference pattern of waves,
and in no other way. Indeed, it bears a close resem-
blance to similarly produced X-ray patterns.

The suspicion arises: are the conical jets that im-
pinge on the photographic plate and form the pat-
tern of circles really cathode rays; are they not per-
haps secondary X-rays? The suspicion has to be
dismissed, for the whole system of circles can be
displaced by a magnet, while X-rays can not; more-
over, by putting a lead screen with a small hole in it
in the place of the photographic plate, a jetlet can be
isolated from one of the conical jets and made to
display any of the typical particle characters of
cathode rays: it will produce discrete tracks in a
cloud chamber; bring about discrete discharges in a
Geiger-Miiller counter; and charge up a Faraday
cage in which it is intercepted.

A vast amount of experimental evidence clinches
the conviction that wave characteristics and particle
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characteristics are never encountered singly, but al-
ways in a union; they form different aspects of the
same phenomenon, and indeed of all physical phe-
nomena. The union is not a loose or superficial one.
It would be quite unsatisfactory to consider cathode
rays to consist both of particles and of waves. In the
early days of the new theory it was suggested that the
particles might be singular spots within the waves,
actually singularities in the meaning of the mathe-
matician. The white crests on a moderately rough
sea would be a fairly adequate simile. The idea was
very soon abandoned. It seems that both concepts,
that of waves and that of particles, have to be modi-
fied considerably, so as to attain a true amalgama-
tion.

3. CURRENT VIEWS: THE NATURE OF WAVES

The waves, so we are told, must not be regarded as
quite real waves. It is true that they produce inter-
ference patterns—which is the crucial test that in the
case of light had removed all doubts as to the reality
of the waves. However, we are now told that all
waves, including light, ought rather to be looked
upon as ‘probability waves.” They are only a mathe-
matical device for computing the probability of find-
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ing a particle in certain conditions, for instance (in
the above example), the probability of an electron
hitting the photographic plate within a small speci-
fied area. There it is registered by acting on a grain
of silver bromide. The interference pattern is to be
regarded as a statistical registration of the impinging
electrons. The waves are in this context sometimes
referred to as guiding waves—guiding or directing
the particles on their paths. The guidance is not to
be regarded as a rigid one; it merely constitutes a
probability. The clear-cut pattern is a statistical re-
sult, its definiteness being due to the enormous
number of particles.

Here I cannot refrain from mentioning an objec-
tion which is too obvious not to occur to the reader.
Something that influences the physical behaviour of
something else must not in any respect be called less
real than the something it influences—whatever
meaning we may give to the dangerous epithet ‘real.’
It is certainly useful to recall at times that all quan-
titative models or images conceived by the physicist
are, episte.nole “cally, only mathematical devices
for computing observable events, but I cannot see
that this applies more to, say, light-waves than to,
say, oxygen molecules.
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4. CURRENT VIEWS: THE NATURE OF
PARTICLES (UNCERTAINTY RELATION)

As regards the modification required in the con-
cept of a particle, the stress is on Heisenberg’s un-
certainty relation. The so-called classical mechanics
hinged on Galileo’s and Newton’s discovery that the
thing which in a moving body is determined at any
instant by the other bodies in its environment is only
and precisely its acceleration, or, in mathematical
terms, the second derivatives with respect to time of
the co-ordinates. The first derivatives, commonly
called the velocity, are therefore to be included in
the description of the momentary state of the body,
together with the co-ordinates themselves which
label its momentary place in space or ‘whereness’
(or ubiety, to use an antiquated but convenient
word). Thus, to describe the momentary state of a
particle, two independent data were required: its co-
ordinates and their first time derivatives, or ubiety
and velocity. According to the new theory less is re-
quired, and less is obtainable. Either of the two data
can be given with arbitrary accuracy, provided that
no store is set on the other, but both cannot be known
together with absolute precision. One may not even
conceive of both as having absolutely sharp values

199



SCIENCE THEORY AND MAN

at the same instant. They mutually blur each other,
as it were. Broadly speaking, the product of the lati-
tudes of their respective inaccuracies cannot be re-
duced below a fixed constant. For an electron, this
constant happens to be about 1 if the units centi-
metre and second are used. Thus, if the velocity of
an electron is considered sharp with a latitude of
only 1 cm/sec, its location has to be considered as
blurred within the latitude of 1 cm. The strangeness
doesnotlie in the mere existence of inaccuracies, for
the particle might be a thing of vague and change-
able extension, within which slightly different veloc-
ities prevailed at different spots. Then, however, a
sharp location or ubiety would probably entail a
sharply defined velocity and vice versa. Actually it
is just the other way round.
5. CURRENT VIEWS: THE MEANING OF THE
UNCERTAINTY RELATION

Two links connect this strange and certainly very
fundamental statement to other parts of the theory.
It can be arrived at by declaring that a particle is
equivalent to its guiding wave, and has no charac-
teristics save those indicated by the guiding wave
according to a certain code. The code is simple
enough. The ubiety is indicated by the extension of
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the wave, the latitude in the velocity by the range
of wave numbers. ‘Wave number’ is short for re-
ciprocal of the wavelength. Each wave number cor-
responds to a certain velocity proportional to it. That
is the code. It is a mathematical truism that the
smaller a wave group, the wider is the (minimum)
spread of its wave numbers.

Alternatively, we may scrutinize the experimental
procedure for determining either the ubiety or the
velocity. Any such measuring device implies a trans-
fer of energy between the particle and some measur-
ing instrument—eventually the observer himself,
whohasto take a reading. This means an actual phys-
ical interference with the particle. The disturbance
cannot be arbitrarily reduced, because energy is not
exchanged continuously but in portions. We are
given to understand that, when measuring one of the
two items, ubiety or velocity, we interfere with the
other the more violently the higher the precision we
aim at. We blur its value within a latitude inversely
proportional to the latitude of error allowed in the
first.

In both explanations the wording seems to sug-
gest that the uncertainty or lack of precision refers
to the attainable knowledge about a particle rather
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than to its nature. Indeed, by saying that we disturb
or change a measurable physical quantity we logi-
cally imply that it has certain values before and
after our interference, whether we know them or
not. And in the first explanation, involving the wave,
if we call it a guiding wave how should it guide
the particle on its path, if the particle has not got
a path? If we say the wave indicates the probability
of finding the particle at A, or at B, or at C . . . this
seems to imply that the particle is at one, and one
only, of these places; and similarly for the velocity.
(Actually the wave does indicate both probabilities
simultaneously, one by its extension, the other by
its wave numbers.) However, the current view does
not accept either ubiety or velocity as permanent
objective realities. It stresses the word ‘finding.’
Finding the particle at point A does not imply that
it has been there before. We are more or less given
to understand that our measuring device has brought
it there or ‘concentrated’ it at that point, while at
the same time we have disturbed its velocity. And
this does not imply that the velocity ‘had’ a value.
We have only disturbed or changed the probability
of finding this or that value of the velocity if we
measure it. The implications as to ‘being’ or ‘having’
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are misconceptions, to be blamed on language. Posi-
tivist philosophy is invoked to tell us that we must
not distinguish between the knowledge we can ob-
tain of a physical object and its actual state. The
two are one.

6. CRITICISM OF THE UNCERTAINTY RELATION

I will not discuss heré that tenet of positivist phi-
losophy. I fully agree that the uncertainty relation
has nothing to do with incomplete knowledge. It
does reduce the amount of information attainable
about a particle as compared with views held pre-
viously. The conclusion is that these views were
wrong and we must give them up. We must not be-
lieve that the completer description they demanded
about what is really going on in the physical world
is conceivable, but in practice unobtainable. This
would mean clinging to the old view. Still, it does
not necessarily follow that we must give up speaking
and thinking in terms of what is really going on in
the physical world. It has become a convenient habit
to picture it as a reality. In everyday life we all
follow this habit, even those philosophers who op-
posed it theoretically, such as Bishop Berkeley.
Such theoretical controversy is on a different plane.
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Physics has nothing to do with it. Physics takes its
start from everyday experience, which it continues
by more subtle means. It remains akin to it, does
not transcend it generically, it cannot enter into
another realm. Discoveries in physics cannot in
themselves—so I believe—have the authority of forc-
ing us to put an end to the habit of picturing the
physical world as a reality.

I believe the situation is this. We have taken over
from previous theory the idea of a particle and
all the technical language concerning it. This idea
is inadequate. It constantly drives our mind to ask
for information which has obviously no significance.
Its imaginative structure exhibits features which are
alien to the real particle. An adequate picture must
not trouble us with this disquieting urge; it must
be incapable of picturing more than there is; it
must refuse any further addition. Most people seem
to think that no such picture can be found. One
may, of course, point to the circumstantial evidence
(which I am sorry to say is not changed by this
essay) that in fact none has been found. I can, how-
ever, think of some reasons for this, apart from the
genuine intricacy of the case. The palliative, taken
from positivist philosophy and purporting to be a
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reasonable way out, was administered fairly early
and authoritatively. It seemed to relieve us from
the search for what I should call real understand-
ing; it even rendered the endeavour suspect, as be-
traying an unphilosophical mind—the mind of a
child who regretted the loss of its favourite toy (the
picture or model) and would not realize that it was
gone for ever. As a second point, I submit that the
difficulty may be intimately connected with the prin-
cipal subject of this paper, to which I shall now
turn without further delay. The uncertainty rela-
tion refers to the particle. The particle, as we shall
see, is not an identifiable individual. It may indeed
well be that no individual entity can be conceived
which would answer the requirements of the ade-
quate picture stated above.

It is not at all easy to realize this lack of indi-
viduality and to find words for it. A symptom is
that the probability interpretation, unless it is ex-
pressed in the most highly technical language of
mathematics, seems to be vague as to whether the
wave gives information about one particle or about
an ensemble of particles. It is not always quite clear
whether it indicates the probability of finding ‘the’
particle or of finding ‘a’ particle, or indicates the
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likely or average number of particles in, say, a given
small volume. Moreover the most popular view on
probability tends to obliterate these differences. It
is true that exact mathematical tools are available
to distinguish between them. A point of general
interest is involved, which I will explain. A method
of dealing with the problem of many particles was
indicated in 1926 by the present writer. The method
uses waves in many-dimensional space, in a manifold
of 3N dimensions, NV being the number of particles.
Deeper insight led to its improvement. The step
leading to this improvement is of momentous sig-
nificance. The many-dimensional treatment has been
superseded by so-called second quantization, which
is mathematically equivalent to uniting into one
three-dimensional formulation the cases N — 0, 1,
2,3 ... (to infinity) of the many-dimensional treat-
ment. This highly ingenious device includes the so-
called new statistics, with which we shall have to
deal below in much simpler terms. It is the only
precise formulation of the views now held, and the
one that is always used. What is so very significant
in our present context is that one cannot avoid leav-
ing indeterminate the number of the particles dealt
with. It is thus obvious that they are not individuals.
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7. THE NOTION OF A PIECE OF MATTER

I wish to set forth a view on matter and the ma-
terial universe, to which Ernst Mach [1], Bertrand
Russell ([2], and others were led by a careful analy-
sis of concepts. It differs from the popular view.
We are, however, not concerned with the psycho-
logical origin of the concept of matter but with its
epistemological analysis. The attitude is so simp.le
that it can hardly claim complete novelty; some
pre-Socratics, including the materialist Democritus
[3], were nearer to it than were the great men who
resuscitated science and moulded it during the
seventeenth to nineteenth centuries.

According to this view, a piece of matter is the
name we give to a continuous string of events that
succeed each other in time, immediately successive
ones being as a rule closely similar. The single event
is an inextricable complex of sensates, of associated
memory images, and of expectations associated with
the former two. The sensates prevail in the case of
an unknown object, say a distant white patch on the
road, which might be a stone, snow, salt, a cat or a
dog, a white shirt or blouse, a handkerchief. Even
so, within the ensuing string of events we usually

know from general experience how to discount the
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changes caused by motions of our own body, in par-
ticular of our direction of sight. As soon as the nature
of the object is recognized, images and expectations
begin to prevail. The latter concern sensations as
hard, soft, heavy, flexible, rough, smooth, cold, salty,
etc., associated with the image of touching and han-
dling; they also concern spontaneous movements or
noises such as barking, mewing, shouting, etc. It
should be noted that I am not speaking of our
thoughts or considerations about the object, but of
what forms part and parcel of our perception of it—
of what it is to us. However, the limit is not sharp.
As our familiarity with a piece of matter grows, and
in particular as we approach its scientific aspect, the
range of expectations in regard to it widens, even-
tually to include all the information science has
ascertained, e.g. melting point, solubility, electric
conductivity, density, chemical and crystalline struc-
ture, and so on. At the same time, the momentary
sensational core recedes in relevance the more the
object becomes familiar to us, whether by scientific
knowledge or by everyday use.

8. INDIVIDUALITY OR ‘SAMENESS’

After a certain wealth of association has come to
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outshine the core of sensates, the latter is no longer
needed to keep the complex together. It persists even
when the contact of our senses with the object tem-
porarily ceases. And more than that: the complex is
latently conserved even when the whole string is in-
terrupted by our turning away from the object to
others and forgetting all about it. Indeed, this is not
exceptional, but a rule which—since we sometimes
sleep—has no exception. But we have adopted the
useful device of filling these gaps. We supplement
the missing parts of the strings relating to pieces of
matter in our nearer and farther surroundings, to
cover the periods when we neither watch them nor
think of them. When a familiar object re-enters our
ken, it is usually recognized as a continuation of pre-
vious appearances, as being the same thing. The
relative permanence of individual pieces of matter
is the most momentous feature of both everyday life
and scientific experience. If a familiar article, say an
earthenware jug, disappears from your room, you
are quite sure somebody must have taken it away.
If after a time it reappears, you may doubt whether
it really is the same one—breakable objects in such
circumstances are often not. You may not be able to
decide the issue, but you will have no doubt that the
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doubtful sameness has an indisputable meaning—
that there is an unambiguous answer to your query.
So firm is our belief in the continuity of the unob-
served parts of the strings!

No doubt the notion of individuality of pieces of
matter dates from time immemorial. I suppose ani-
mals must have it in some way, and a dog, when
seeking for his ball that has been hidden, displays
it very plainly. Science has taken it over as a matter
of course. It has refined it so as safely to embrace
all cases of apparent disappearance of matter. The
idea that a log which burns away first turns into fire,
then into ashes and smoke, is not alien to the primi-
tive mind. Science has substantiated it; though the
appearance in bulk may change, the ultimate con-
stituents of the matter do not. This was (in spite of
his occasional scepticism mentioned above) the
teaching of Democritus. Neither he nor Dalton
doubted that an atom which was originally present
in the block of wood is afterwards either in the ashes
or in the smoke.

9. THE BEARING ON ATOMISM

In the new turn of atomism that began with the
papers of Heisenberg and of de Broglie in 1925 such
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an attitude has to be abandoned. This is the most
startling revelation emerging from the ensuing de-
velopment, and the feature which in the long run is
bound to have the most important consequences. If
we wish to retain atomism we are forced by observed
facts to deny the ultimate constituents of matter the
character of identifiable individuals. Up to recently,
atomists of all ages, for all I know, had transferred
that characteristic from visible and palpable pieces
of matter to the atoms, which they could not see or
touch or observe singly. Now we do observe single
particles; we see their tracks in the cloud chamber
and in photographic emulsions; we register the prac-
tically simultaneous discharges caused by a single
swift particle in two or three Geiger counters placed
at several yards’ distance from each other. Yet we
must deny the particle the dignity of being an abso-
lutely identifiable individual. Formerly, if a physi-
cist were asked what stuff the atoms themselves were
made of, he might smile and shirk the answer. If the
inquirer insisted on the question whether he might
imagine them as small unchangeable bits of ordinary
matter, he would get the smiling reply that there was
no point in doing so but that it would do no harm.
The formerly meaningless question has now gained
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significance. The answer is definitely in the negative.
An atom lacks the most primitive property we asso-
ciate with a piece of matter in ordinary life. Some
philosophers of the past, if the case could be put to
them, would say that the modern atom consists of no
stuff at all but is pure shape.
10. THE MEANING OF THE NEW STATISTICS

We must at last proceed to give the reasons for
this change of attitude in a more comprehensible
form than at the end of section 6. It rests on the
so-called new statistics. There are two of them. One
is the Bose-Einstein statistics, whose novelty and
relevance were first stressed by Einstein. The other
is the Fermi-Dirac statistics, of which the most preg-
nant expression is Pauli’s exclusion principle. I shall
try to explain the new statistics, and its relation to
the old classical or Boltzmann statistics, to those who
have never heard about such things and perhaps may
be puzzled by what ‘statistics’ means in the context.
I shall use an instance from everyday life. It may
seem childishly simple, particularly because we have
to choose small numbers—actually 2 and 3—in order
to make the arithmetic surveyable. Apart from this,
the illustration is completely adequate and covers

the actual situation.
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Three schoolboys, Tom, Dick, and Harry, deserve
a reward. The teacher has two rewards to distribute
among them. Before doing so, he wishes to realize
for himself how many different distributions are at
all possible. This is the only question we investigate
(we are not interested in his eventual decision). It is
a statistical question: to count the number of differ-
ent distributions. The point is that the answer de-
pends on the nature of the rewards. Three different
kinds of reward will illustrate the three kinds of

statistics.

(a) The two rewards are two memorial coins with
portraits of Newton and Shakespeare respec-
tively. The teacher may give Newton either to
Tom or to Dick or to Harry, and Shakespeare
either to Tom or to Dick or to Harry. Thus there
are three times three, that is nine, different dis-
tributions (classical statistics).

(b) The two rewards are two shilling-pieces (which,
for our purpose, we must regard as indivisible
quantities). They can be given to two different
boys, the third going without. In addition to
these three possibilities there are three more:
either Tom or Dick or Harry receives two shil-
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lings. Thus there are six different distributions
(Bose-Einstein statistics).

(c) The two rewards are two vacancies in the foot-
ball team that is to play for the school. In this
case two boys can join the team, and one of the
three is left out. Thus there are three different
distributions (Fermi-Dirac statistics).

Let me mention right away the rewards represent
the particles, two of the same kind in every case;
the boys represent states the particle can assume.
Thus, ‘Newton is given to Dick’ means: the particle
Newton takes on the state Dick.

Notice that the counting is natural, logical, and
indisputable in every case. It is uniquely determined
by the nature of the objects: memorial coins, shil-
lings, memberships. They are of different categories.
Memorial coins are individuals distinguished from
one another. Shillings, for all intents and purposes,
are not, but they are still capable of being owned in
the plural. It makes a difference whether you have
one shilling, or two, or three. There is no point in
two boys exchanging their shillings. It does change
the situation, however, if one boy gives up his shil-
ling to another. With memberships, neither has a
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meaning. You can either belong to a team or not.
You cannot belong to it twice over.

Experimental evidence proves that statistical
counts referring to elementary particles must never
follow the pattern (a), but must follow either (b)
or (¢). Some hold that for all genuinely elementary
particles (¢) is competent. Such particles, electrons
for instance, correspond to membership in a club;
I mean to the abstract notion of membership, not to
the members. Any person eligible to membership in
that club represents a well-defined state an electron
can take on. If the person is a member, that means
there is an electron in that particular state. Accord-
ing to Pauli’s exclusion principle, there can never
be more than one electron in a particular state. Our
simile renders this by declaring double membership
meaningless—as in most clubs it would be. In the
course of time the list of members changes, and mem-
bership is now attached to other persons: the elec-
trons have gone over into other states. Whether you
can, in a loose way, speak of a certain membership
going over from Dick to Tom, thence from Tom to
Harry, etc., depends on the circumstances. They may
suggest this view, or they may not, but never in an
absolute fashion. In this our simile is perfect, for it
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is the same with an electron. Moreover, it is quite
appropriate to consider the number of members as
fluctuating. Indeed, electrons too are created and
annihilated.

The example may seem odd and inverted. One
might think, “Why cannot the people be the electrons
and various clubs their states? That would be so
much more natural.” The physicist regrets, but he
cannot oblige. And this is just the salient point: the
actual statistical behaviour of electrons cannot be
illustrated by any simile that represents them by
identifiable things. That is why it follows from their
actual statistical behaviour that they are not iden-
tifiable things.

The case (b), illustrating Einstein-Bose statistics,
is competent for light quanta. (photons), inter alia.
It hardly needs discussion. It does not strike us as
so strange for the very reason that it includes light,
i.e. electro-magnetic energy ; and energy, in prequan-
tum times, had always been thought of in very much
the way our simile represents it, viz. as having quan-
tity, but no individuality.

11. RESTRICTED NOTION OF IDENTITY

The most delicate question is that of the states of,

say, an electron. They are, of course, to be defined
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not classically, but in the light of the uncertainty
relation. The rigorous treatment referred to at the
end of section 6 is not really based on the notion of
‘state of one electron’ but on that of ‘state of the
assembly of electrons.” The whole list of members of
the club, as it were, has to be envisaged together—
or rather several membership lists, corresponding
to the several kinds of particles that go to compose
the physical system under consideration. I mention
this, not to go into details about it, but because, taken
rigorously, the club simile has two flaws. First, the
possible states of an electron (which we had assim-
ilated to the persons eligible for membership) are
not absolutely defined ; they depend on the arrange-
ment of the—actual or imagined—experiment. Given
this arrangement, the states are well-defined individ-
uals, which the electrons are not. They also form—
and this is the second flaw of the simile—a well-
ordered manifold. That is, there is a meaning in
speaking of neighbouring states as against such as
are farther remote from each other. Moreover, I
believe it is true to say that this order can be con-
ceived in such a fashion that, as a rule, whenever one
occupied state ceases to be occupied, a neighbouring
state becomes occupied.
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This explains that, in favourable circumstances,
long strings of successively occupied states may be
produced, similar to those contemplated in sections
7 and 8. Such a string gives the impression of an
identifiable individual, just as in the case of any
object in our daily surrounding. It is in this way that
we must look upon the tracks in the cloud chamber
or in a photographic emulsion, and on the (prac-
tically) simultaneous discharges of Geiger counters
set in a line, which discharges we say are caused by
the same particle passing one counter after another.
In such cases it would be extremely inconvenient to
discard this terminology. There is, indeed, no reason
to ban it, provided we are aware that, on sober ex-
perimental grounds, the sameness of a particle is not
an absolute concept. It has only a restricted signifi-
cance and breaks down completely in some cases.

In what circumstances this restricted sameness
will manifest itself is fairly obvious; namely, when
only few states are occupied in the region of the
state-manifold with which we are concerned, or, in
other words, when the occupied states are not too
crowded in that region, or when occupation is a rare
event—the terms few, crowded, and rare all referring
to the state-manifold. Otherwise, the strings inter-
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mingle inextricably and reveal the true situation. In
the last section we shall formulate the quantitative
condition for the prevailing of restricted individual-
ity. Now we ask what happens when it is obliterated.
12. CROWDEDNESS AND WAVE ASPECT

One gains the impression that according as the
individuality of the particles is wiped out by crowd-
ing, the particle aspect becomes altogether less and
less expedient and has to be replaced by the wave
aspect. For instance, in the electronic shell of an
atom or molecule the crowding is extreme, almost
all the states within a certain region being occupied
by electrons. The same holds for the so-called free
electrons inside a metal. Indeed, in both cases the
particle aspect becomes entirely incompetent. On
the other hand, in an ordinary gas the molecules are
extremely rare in the wide region of states over which
they spread. No more than one state in 10,000 or so
is occupied. And, indeed, the theory of gases, based
on the particle aspect, was able to attain great per-
fection long before the wave nature of ordinary mat-
ter was discovered. (In the last remark I have been
speaking of the molecules as if they were ultimate
particles; this is legitimate as far as their translatory
motion is concerned.)
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It is tempting to assign to the two rivals, the par-
ticle aspect and the wave aspect, full competences
in the limiting cases of extreme ‘rarefaction’ and
extreme ‘crowding’ respectively. This would sepa-
rate them, as it were, with only some sort of transi-
tion required for the intermediate region. This idea
is not entirely wrong, but it is also far from correct.
One may remember the interference patterns re-
ferred to in section 2 in evidence of the wave nature
of the electron. They can be obtained with an arbi-
trarily faint bundle of cathode rays, provided the
exposure is prolonged. Thus a typical wave phenom-
enon is produced here, irrespective of crowding.
Another instance is this. A competent theoretical in-
vestigation of the collision of two particles, whether
of the same or of different kind, has to take account
of their wave nature. The results are duly applied
to the collisions of cosmic ray particles with atomic
nuclei in the atmosphere, both being extremely rare-
fied in every sense of the word. But perhaps this is
trivial ; it only means that even an isolated particle,
which gives us the illusion of transitory individual-
ity, must yet not be likened to a classical particle.
It remains subject to the uncertainty relation, of
which the only tolerable image is the guiding wave
group.
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13. THE CONDITION FOR THE PARTICLE ASPECT

The following is the quantitative condition for
strings to develop which counterfeit individuals and
suggest the particle aspect: the product of the mo-
mentum p and the average distance I between neigh-
bouring particles must be fairly large compared with
Planck’s constant h; thus

pl >> h.

(The momentum p—and not the velocity—is the
thing we should really have referred to when, in sec-
tions 4 and 5, we dealt with the uncertainty relation;
p is simply the product of the mass and the velocity,
unless the latter is comparable with that of light.)

A large I means a low density in ordinary space.
What matters, however, is the density in the mani-
fold of states—or phase space, to use the technical
term. That is why the momentum p comes in. It is
gratifying to remember that those very obvious
strings—visible tracks in the cloud chamber or in the
photographic emulsion, and simultaneous discharges
of aligned counters—are all produced by particles
with comparatively very large momentum.

The above relation is familiar from the theory of
gases, where it expresses the condition which must
be fulfilled in very good approximation in order that
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the old classical particle theory of gases should apply
in very good approximation. This theory has to be
modified according to quantum theory when the tem-
perature is very low and at the same time the density
very high, so that the product pl is no longer very
large compared with A. This modification is called
the theory of degenerate gases, of which the most
famous application is that by A. Sommerfeld to the
electrons inside a metal; we have mentioned them
before as an instance of extreme crowding.

There is the following connection between our re-
lation and the uncertainty relation. The latter allows
one at any moment to distinguish a particle from its
neighbours by locating it with an error considerably
smaller than the average distance /. But this entails
an uncertainty in p. On account of it, as the particle
moves on, the uncertainty in the location grows. If
one demands that it still remain well below [ after
the particle has covered the distance [, one arrives
precisely at the above relation.

But again I must warn of a misconception which
the preceding sentences might suggest, viz. that
crowding only prevents us from registering the iden-
tity of a particle, and that we mistake one particle
for the other. The point is that they are not individ-
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uals which could be confused or mistaken one for
another. Such statements are meaningless.
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