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Preface

I have written this textbook to help students who are studying mathematics
make the transition from the calculus courses to the typical advanced core
courses found in an undergraduate math program. Specifically, this book
has been written to prepare students for rigorous mathematical reasoning
of junior/senior-level courses on advanced calculus, real analysis, and modern
algebra. Furthermore, in writing this book it is my hope that students taking a
course from this textbook will begin to appreciate the beauty of the axiomatic
structure of modern mathematics.

The topics chosen for this book were chosen for pedagogical reasons and
have been tried, tested, and adjusted over the last 12 years of teaching a course
on “methods of proof.” In particular, the following topics are presented in
this text.

o Chapter 1 provides an introduction to the axiomatic nature of modern
mathematics, key terminology, and commonly used symbols.

o Chapter 2 presents an introduction to symbolic logic and is used to help
the student understand why the methods of proof by contrapositive and
proof by contradiction are valid methods of proof in Chapter 3.

¢ Chapter 3 discusses the method of forward direct proof, proof by contra-
positive, and proof by contradiction. Also included in this chapter are
specialized proofs for uniqueness and existence theorems, the methods of
mathematical induction, proof by cases, proofs of biconditional theorems,
and disproving a conjecture by using a counterexample.

¢ Chapter 4 provides a gentle introduction to numbers and number theory.
Specifically, this chapter includes topics on binary operators, the natural
numbers, whole numbers, integers, rational numbers, irrational numbers,
real numbers, properties of numbers, divisibility, prime numbers, and
recursively defined numbers.

o Chapter 5 introduces the students to real analysis through the study of
sequences and convergence, limits of real-valued functions, continuity, and
differentiability. This chapter also introduces the students to convergence
proofs of the e-N and ¢-6 forms.

e Chapter 6 introduces the students to sets and set theory, indexed families
of sets, countable and uncountable sets, and group theory.

This book is not meant to cover the foundations of mathematics; there-
fore, topics such as relations, equivalence classes, and functions as relations
have not been included. Furthermore, this text is not meant to be a book on
discrete mathematics, and thus topics such as combinatorics and graph the-
ory have not been included. The topics and the ordering of their presentation
have been chosen for purely pedagogical reasons.

xi
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It is also my experience that the order of presentation is appropriate for the
nurture and development of the student’s confidence and mathematical matu-
rity. These topics also provide the student with the necessary mathematical
tools required to succeed in advanced math courses such as advanced calculus,
modern algebra, number theory, and real analysis.

Three special features of this book are (1) a basic discussion of the ax-
iomatic nature of modern mathematics, (2) presentation of algorithms for
several different types of proofs, and (3) the idea that scratchwork must oc-
cur as part of the proof process. In Chapters 1 and 3, the basic structure of
modern mathematics is discussed and each of the key components of modern
mathematics is defined. In particular, the following terms are defined and
examples of each are presented: definition, axiom, conjecture, proof, theorem,
corollary, and lemma.

Throughout the text, algorithms are given providing the students with
an outline for attacking a particular type of proof. It is my experience that
proving a mathematical result is a very difficult skill for an undergraduate
math student to master. For this reason, I have provided the students with
a clear approach to attack several different types of proof. In particular,
algorithms are provided for forward direct proofs, proof by contrapositive,
proof by contradiction, mathematical induction, uniqueness proofs, existence
proofs, proof by cases, closure proofs, convergence proofs for both sequences
and limits of functions, element chasing proofs, and group theoretical proofs.
These algorithms are not intended to present proofs in a cookbook fashion,
rather, these algorithms are presented as guides for the student to use when
faced with the problem of proving a theorem.

Another distinctive feature of this book is the idea of scratchwork. It is
important to emphasize to the students that proving a mathematical result
is unlike any problem they have encountered in their previous algebra and
calculus classes. Furthermore, it is unlikely that the typical sophomore math
student will be able to quickly and easily prove most of the problems in this
text. Thus, I emphasize that the process of proving a theorem generally
involves creative work other than that presented in the proofs included in
this text. My goal is to convince the students to do their scratchwork and
creative thinking as a first step in their attempts to prove a theorem; once
they are satisfied that their scratchwork successfully demonstrates the truth
of the theorem, they can then proceed to begin writing their proof up in a
clear and concise fashion. Throughout the text there are several theorems
whose proof will be preceded by my scratchwork in an attempt to get the
student thinking about the thought processes that went into developing the
actual proof.

Numerous exercises have been included in each chapter of this text. I
believe that the exercises accompanying this text do indeed cover a wide
range of topics and levels of difficulty. I believe that the successful completion
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of these exercises will help the student gain the confidence necessary to be
successful in junior/senior-level mathematics courses, which, of course, is the
goal of this book.

When teaching from this book I have used it for a one-semester transition
course by covering Chapters 1--3, and parts of Chapters 4-6; for a two-semester
sequence I cover Chapters 1-4 in the first semester and Chapters 5 and 6 in
the second semester. While I have not taught a course from this book on the
quarter system, I believe that Chapters 1-3, Sections 4.1 and 4.2 of Chapter
4, and Sections 5.1 and 5.2 of Chapter 5 would make a suitable course to
be taught in a single quarter; for a two-quarter sequence, Chapters 1-3 and
Sections 4.1 and 4.2 could be covered in the first quarter with the remainder
of the book left for the second quarter. However, there are many different
ways to teach from this book, and I leave that to the discretion and goals of
the particular instructor.

I am grateful to a number of friends, colleagues, and students for their
help and motivation during the writing of this book. I am especially indebted
to Lloyd Gavin and Dan Brunk, two very inspirational advisors from whom
I learned so much and the two people who are indirectly responsible for this
book. A great deal of my motivation for writing this book came from long
discussions of modern mathematics with two great colleagues, Steve Cherry
and Dennis Haley. Special thanks go to Susan Patton, VCAAR at Montana
Tech, for supporting a sabbatical to work on this book. Finally, I wish to
thank the following individuals who have also contributed in one way or an-
other to this book: Ray Carroll, David Ruppert, Fred Ramsey, Jay Devore,
Scott Lewis, Erin Esp, Celeste McGregor, Michelle Johnson, Russ Akers, and
Donielle Biers.

Finally, it was my intent to write a book that introduces the students
to the philosophy and structure of modern mathematics as well as prepare
them for future courses in theoretical mathematics. It is my hope that I have
accomplished this task.

R. J. Rossi

Butte, Montana
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Chapter 1

Introduction to Modern
Mathematics

The field of mathematics was born out of the human necessity for counting
items and determining areas and the desire to explain the natural world. The
word mathematics is derived from the Greek words mathema, which means
“science, knowledge, or learning,” and mathematikos, which means “fond of
learning.” In addition to being responsible for the roots for the term math-
ematics, the ancient Greeks were also the first people to study pure math-
ematics and to record their logical arguments in proofs. Furthermore, the
ancient Greek mathematicians were the first mathematicians to think ab-
stractly about mathematics; the Babylonians and ancient Egyptians, unlike
the Greeks, tended to think of mathematics in only practical terms with appli-
cations to trade and other universal problems. Thus, the ancient Greek math-
ematicians are generally credited with providing the foundation for modern
mathematics.

The term “modern mathematics” is generally used to refer to the current
formal axiomatic system of mathematics that is based on rigorous logical
foundations. Mathworld, a popular Internet Website maintained by Wolfram
Research, describes the field of mathematics as follows:

Mathematics is a broad-ranging field of study in which the properties
and interactions of idealized objects are examined. Whereas math-
ematics began merely as a calculational tool for computation and
tabulation of quantities, it has blossomed into an extremely rich and
diverse set of tools, terminologies, and approaches which range from
the purely abstract to the utilitarian.

Whereas the roots of mathematics are based on counting and the study
of geometric shapes, modern mathematics is much more than just the study
of numbers and shapes. In particular, modern mathematics is the science
of operations on collections of arbitrary objects. Modern mathematics, or
axiomatic mathematics, is developed according to the following structure:

Axioms == definitions == conjectures ==> proofs

== theorems == generalizations and extensions = ---

It is this formal structure, along with the abstract nature of mathematics, that
sets modern mathematics apart from the earlier developments in mathematics.
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1.1 Inductive and Deductive Reasoning

For the most part, the development of early mathematics was motivated by
the study of the physical world and natural phenomena by physical scientists.
In fact, early mathematicians made most of their discoveries from their ob-
servations of physical phenomena and everyday occurences. The process of
making inferences based on observations is called inductive reasoning.

Definition 1.1.1: Inductive reasoning is the method of reasoning based on
making inferences and conclusions from observations.

Inductive reasoning is often used to extrapolate from a particular set of
observations to a more general conclusion or future event. An example of
inductive reasoning is given below.

Since the sun has come up every day of my life, it follows that the
sun will come up tomorrow.

This statement is based completely on making inferences from past experi-
ences to what is to be expected to occur in the future. Much of the primary
focus of the carliest development of mathematics was based on observed re-
sults, and did not rely on the formal justification of the mathematical conclu-
sions. One reason why the inductive approach was the common theme in the
early development of mathematics was that it was motivated primarily by the
study of physical phenomenon (i.e., physics).

Inductive reasoning is also used in the developing mathematical conjec-
tures; however, inductive reasoning can never be relied on as concrete proof
of the validity of a conjecture. A classic example of the fallibility of inductive
reasoning is due to Pierre de Fermat’s (1601 -1665) conjecture that 22" + 1 is
prime for all natural numbers n. While it is true that 22" 4 1 is prime for
n = 1,2,3,4, Leonhard Euler (1707-1783) disproved Fermat’s conjecture by
showing that 22" 4 lisnot a prime number. While large amounts of empirical
data are likely to be used as evidence to support an unproven conjecture, data
based reasoning can never provide absolute proof that a conjecture is true.

The writings of the ancient Greek mathematician Thales (circa 600 B.C.)
provide the first documented use of sound logical reasoning in the justification
of a mathematical result. Thales is credited with being the first person to write
down a set of postulates, a set of mathematical conclusions, and provide a
justification of these conclusions with a sequence of sound logical arguments.
Thales’ writings provide the first known to use of deductive reasoning.

Definition 1.1.2: Deductive reasoning is the method of reasoning where a
conclusion is reached by logical arguments based on a collection of assump-
tions.
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Following Thales, Greek mathematicians such as Pythagoras (569-500
B.C.), Aristotle (384-322 B.C.), and Euclid (325-265 B.C.) used deductive
reasoning in justifying their mathematical results. In fact, it was Euclid who
is credited for first proving that there are infinitely many primes and a student
of Pythagoras who first proved the irrationality of v/2.

An example of the use of deductive reasoning to prove a mathematical
result is given in Examples 1.1.1 and 1.1.2, which follow.

Example 1.1.1: Let z = 0.9. Then, using deductive reasoning, it can be
shown that the conjecture £ = 1 is true. In fact, there are many different
ways to show deductively that z = 0.9 = 1, including the following deductive
argument. Let £ = 0.9. Then

10z = 9.9 (1)
10z~z=9r=9 (2)
9r=9 3)
=1 (4)

Example 1.1.2: Conjecture: < 0.

/°° cos(z) dz
1

2

o cos(z)
Proof: Since 7 < a:— on [1,00) and

b
< / 1f(2)| dz
it follows that

l/ cos(x) ‘ /°° d:z:</1°°;1‘2‘d1'=1<°°

/loo cos(z) dml < 00.

z)dx

cos(z)
2

Thus, it is true that >
T

Whereas deductive reasoning is the method mathematicians must use in
the justification of a mathematical result, inductive reasoning still plays an
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important role in modern mathematics. As mentioned before, mathemati-
cal conjectures are often based on empirical data and inductive reasoning.
However, empirical data can serve as proof of a conjecture only if (1) there
are finitely many cases to consider in the conjecture and (2) all the possible
cases are considered and the conjecture is shown to be true in each of these
cases. However, except for these rare conjectures involving only finitely many
cases, no amount of empirical data is sufficient to prove that a more general
mathematical conjecture is actually true; mathematical proof comes only from
logically sound deductive reasoning. Thus, new contributions to mathematics
are justified using only deductive reasoning. Furthermore, deductive reason-
ing has made it possible for mathematics to become a formalized axiomatic
system of the

Axiom—definition-conjecture-theorem-proof-generalization-extension

form.

1.2 Components of Modern Mathematics

The components of the modern axiomatic mathematical system are the ax-
ioms, definitions, conjectures, proofs, theorems, corollaries, letnmas, and coun-
terexamples. The basic components on which the mathematical structure is
built are the axioms and the definitions.

Definition 1.2.1: An ariom or postulate is a mathematical statement that
is taken to be self-evidently true without proof.

Definition 1.2.2: A mathematical definition is a statement that gives
precise meaning to a mathematical concept or word.

Mathematical axioms are the building blocks on which an axiomatic sys-
tem is built. In fact, the validity of any further implications and mathematical
conclusions in an axiomatic system will be based on the basic axioms and de-
ductive reasoning. An example of one of the important axioms in axiomatic
set theory is the “axiom of choice,” given below.

Axiom: Let C be a nonempty set, and if A, is a nonempty set for
each a in C, then it is possible to chose an z, from the set A, for
each a € C.

The axiom of choice is a very important axiom in the foundation on which
axiomatic set theory is based. The following two axioms were stated and used
throughout Euclid’s Elements, the first book of axiomatic mathematics.

Aziom: Two things that are equal to the same thing are also equal
to one another (i.e., “If a = c and b = ¢, then a = b"),
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Aziom: If equals be added to equals, the wholes are equals (i.e., “If
a=>b,thena+c=0b+c").

One of the most famous axioms is the parallel-line aziom, which is also
known as the parallel postulate.

Parallel-Line Aziom: Given any straight line and a point not on
it, there exists one and only one straight line that passes through
that point and never intersects the first line, no matter how far the
lines are extended.

The parallel-line axiom is equivalent to the Fifth Postulate of Book I of
Euclid’s Elements and is an important axiom of Euclidean geometry. In fact,
the foundations of non-Euclidean geometry were developed by mathematicians
who did not accept the parallel-line axiom. Euclid’s fifth postulate is given
below:

Euclid’s Fifth Postulate: If a straight line falling on two straight
lines makes the interior angles on the same side less than two right
angles, the two straight lines, if produced indefinitely, meet on that
side on which are the angles less than the two right angles.

Along with the axioms, the other basic building block in an axiomatic
mathematical system are the definitions. Now, unlike the dictionary defini-
tion of a word, mathematical definitions are designed to have one and only
one interpretation. Specifically, a mathematical definition is a precise state-
ment that is used to give explicit conditions for the mathematical term be-
ing defined. Furthermore, a mathematical definition is designed to prevent
two different mathematicians from using the same word to represent different
mathematical ideas. For example, two mathematicians discussing the conti-
nuity of a function are basing their discussion on the following definition:

Definition: A real-valued function f(z) is said to be continuous at
a point zg in the domain of f if and only if

lim f(@) = lim,_f(z) = f(zo).

T -‘OI" x —‘*I“

While there are alternative definitions of the continuity of a function, they
are all equivalent to this definition of continuity. On the other hand, consider
what might happen with two people discussing the paint color white. Clearly,
there can be variations in the actual color of the white paint due to the shade
of white or the paint company that produced the paint. In fact, it is not
unusual for a person to buy a can of white paint, paint a room, and then
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be unsatisfied with the resulting shade of white. Therefore, to ensure the
consistency of mathematics, it is important that mathematical definitions be
clear, precise, and uniformly understood within the mathematical community.

Now, an axiomatic mathematical system begins with explicitly stated
axioms and definitions, and from these initial ideas new mathematical results
are added using deductive reasoning. Furthermore, the addition of new math-
ematical results follows from studying and making hypotheses concerning the
implications of the axioms and definitions. When the truth of a hypothesized
result is not yet known, the result is called a conjecture.

Definition 1.2.8: A conjecture is any mathematical statement that has not
yet been proved or disproved.

Whereas the truths of many mathematical conjectures remain unknown to-
day, one of the most famous and heavily studied conjectures, Fermat’s Last
Theorem, was more recently proved by Andrew Wiles of Princeton and his
former student Richard Taylor. Fermat’s Last Theorem is stated below.

Fermat’s Last Theorem: The equation " +y" = 2" has solutions
in positive integers x, v, z and n only when n = 2; but there are no
solutions for n > 2.

Fermat’s Last Theorem had been studied intensively for over 300 years
before Wiles and Taylor finally proved this result in 1995. While Wiles’ proof
of Fermat's Last Theorem was an incredible accomplishment, even more im-
portantly, the 300 years of study on this particular problem has led to many
important and useful mathematical results. An interesting book detailing the
history of Fermat’s Last Theorem and Wiles’ work is Fermat’s Enigma by
Simon Singh (1997).

Three of the most famous unproven mathematical conjectures are listed
below:

Goldbach’s Conjecture: Every even integer greater than 2 can be
expressed as the sum of two prime numbers.

The Odd Perfect Number Conjecture: There do not exist any per-
fect odd numbers.

The Twin Prime Conjecture: There are an infinite number of twin
primes.

Now, once a conjecture has been shown to be true with a mathematical
proof, the conjecture can now be called a theorem; on the other hand, when
a conjecture is shown not to be true, it is no longer of much interest in the
mathematical world and is discarded.
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Definition 1.2.4: A proof of a mathematical result is a sequence of rigorous
mathematical arguments that are presented in a clear and concise fashion, and
which convincingly demonstrates the truth of the given result.

Definition 1.2.5: A theorem is any mathematical statement that can be
shown to be true using accepted logical and mathematical arguments.

Note that inductive reasoning is often used in the development of a con-
jecture; however, the proof of a conjecture or theorem is always based on
deductive reasoning. In Examples 1.1.1 and 1.1.2, a mathematical conjecture
was considered and then proved; since the conjectures in these two theorems
have been proved, these conjectures can now be called theorems. The conjec-
tures in Examples 1.1.1 and 1.1.2 are stated below in the form of theorems
along with their respective proofs.

Theorem: Let z = 0.9. Then, z = 1.

Proof: Let £ = 0.9. Then

10z =9.9 (1)
10z -z=9x=9 (2)
9z =9 (3)
r=1 (4)
| |
* cos(z)
Theorem: 2 dz! < 00.
1

1
Proof: Since COS(::) < —5 on [1,00) and
T T

b
| 1@
it follows that

o0 o0
/ cos(x) dz‘ < /
1 z? 1

b
< / \f(@)] dz

cos(zx)

*® 1
dx</ —de=1<oo
1 T

'
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/°° cos(z) dz
1

2

Thus, it is true that < 00.

It is important to note that a mathematical proof is very different from
an empirical proof, which is often used in the sciences, or proof beyond a
reasonable doubt, which is used in our legal system. For example, at one
time scientists believed beyond a reasonable doubt, on the basis of empirical
data, that the earth was the center of the universe; however, it is now un-
derstood that the sun is the center of the universe. A mathematical proof
must represent absolute truth, so that a theorem is absolutely true regard-
less of any and all empirical data. For example, the fact that Euclid proved
using deductive reasoning that there are infinitely many prime numbers is ir-
refutable (i.e., absolutely true). Furthermore, a mathematical proof provides
a sequence of rigorous logical arguments where each step of the proof and the
connection between steps is completely justified using mathematical and/or
logical arguments.

Now, the proof of a theorem may be extremely long and complicated, or it
may be very short and easily understood. A theorem that has a complicated or
long proof is often referred to as a “deep theorem.” A proof that takes a novel
or unusual approach is often called an “elegant proof.” A common feature
in the Mathematical Association of America (MAA) publication Mathematics
Magazine i1s “Proofs without Words,” where a mathematical result is proved
without using any words; a proof without words usually involves only formulas
and/or graphical representation of the proof and should be self-explanatory.

Similarly, the proof of a theorem might be described as complicated or
deep when the proof is long or difficult to follow because of its complexity.
For example, the apparent simplicity of Fermat’s Last Theorem is betrayed
by the length and complexity of its proof. In fact, the proof of Fermat's
Last Theorem, due to Wiles and Taylor, is long and very difficult for most
mathematicians to follow. Examples of some very important mathematical
theorems are listed below. Note that the theorems in this list contain results
that are based on only addition and multiplication.

The Pythagorean Theorem: The sum of the squares of the
lengths of the legs of a right triangle is equal to the square of the
length of the hypotenuse.

Fermat’s Last Theorem: z" + y™ = 2" has no nonzero integer
solutions for z, y, and z when n > 2.

The Fundamental Theorem of Arithmetic: Every natural num-
ber greater than 1 either is prime or can be uniquely factored as a
product of primes.
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Among these three theorems, the Pythagorean theorem is one of the
oldest and widely used theorems in mathematics, Fermat’s Last Theorem is
most likely the most famous mathematical theorem, and the Fundamental
Theorem of Arithmetic shows that the prime numbers are the atoms from
which the natural numbers are formed.

Often, great contributions are made to mathematical knowledge in the
study of a difficult problem as occurred in the pursuit to prove Fermat’s Last
Theorem. Hence, the importance of an individual theorem is based not only
on its utility but also on its complexity or the difficulty of its proof. Moreover,
a theorem may be referred to as a “revolutionary” theorem when its impact
on mathematics is dramatic or far-ranging. Often a revolutionary theorem
will be important in opening up new directions in mathematical research. An
example of a revolutionary and very important mathematical theorem is due
to Kurt Godel (1906--1978), who proved the following theorem in 1931 (Godel
1931):

Godel’'s Incompleteness Theorem: In any consistent formaliza-
tion of mathematics that is sufficiently strong to axiomatize the nat-
ural numbers — that is, sufficiently strong to define the operations
that collectively define the natural numbers — one can construct a
true statement that can be neither proved nor disproved within that
system itself.

Prior to Godel’s Incompleteness Theorem, several influential mathemati-
cians believed that all mathematical truths could be logically derived. In fact,
David Hilbert (1862-1943), Bertrand Russell (1872-1970), and Alfred North
Whitehead (1861--1947) believed that mathematics could be expressed as an
axiomatic system that is free of inconsistencies and is also complete. Specif-
ically, Hilbert, Russell, and Whitehead believed that an axiomatic mathe-
matical system could be constructed where true statements are always true
regardless of method of proof (i.e., a consistent system) and that all mathe-
matical truths could be proved from the basic axioms of the system (i.e., a
complete system). Godel’s Incompleteness Theorem shows that no mathemat-
ical axiomatic system that axiomatizes the natural numbers can be complete
and hence, all of the mathematical truths cannot be proved from the basic

axioms.
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1.3 Commonly Used Mathematical Notation

In the communication of mathematics it is often useful to write mathematical
sentences using symbols rather than words. The reason for this is that it makes
it easier to read, shortens the communication while conveying all the informa-
tion, and in essence creates a language of mathematics. Effectively communi-
cating mathematical ideas is like writing an essay; it requires well-composed
sentences, paragraphs, and correct mathematical grammar. Often, a math-
ematical essay is written using a great deal of mathematical shorthand and
thus, the reading of modern mathematics will require the knowledge of the
symbolic language of mathematics. Over the years, mathematicians have cre-
ated their own language on the basis of standard mathematical shorthand
(i.e., symbols used to shorten mathematical communications). A summary of
the standard mathematical notation that used is in this text follows.

Throughout this text several different sets of numbers will be studied. In
particular, the collections of numbers that are discussed in this text are the
natural numbers, whole numbers, integers, rational numbers, real numbers,
and irrational numbers. The notation used in this text to represent each of
these sets of numbers is given below.

The Natural Numbers: N = {1,2,3,4,...}

The Whole Numbers: W = {0,1,2,3,4,...}

The Integers: Z = {0,+1,+2,43,+4,...}

The Rationals: Q = {q ig= g forpand r #0 integers}
The Reals: R = {z: —00 < z < 00}

The Positive Reals: R* = {z: 0 < z < o0}

The Negative Reals: R™ = {z: —00 < 2 < 0}

The Irrationals: I = {r : r is a real number but not rational}

The Complex Numbers: C= {§ : { =a+bi, g,beRandi= -1}

Note that notation analogous to R™ and R~ can also be used with the
sets Z,Q, and 1. For example, Z* is used to represent the positive integers
and Q7 would be used to denote the negative rational numbers. Also, the
following standard notation will be used for the intervals of R:

a. Open Intervals: The open interval containing the points lying
strictly between two endpoints, say, a and b, is denoted by (a,b).
This set of numbers can also be represented by a < z < b. Note
that either a or b, or both a and b may be co. In particular,
R = (—00,00), R = (0,00), and R™ = (—00,0).
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b. Closed Intervals: The closed interval containing the points lying
between and including two finite endpoints, say, a and b, is denoted
by [a, b]. This set of numbers can also be represented by a < z < b.
Note that a closed interval must have finite endpoints.

c. Half-Open Intervals: The half-open/half-closed intervals contain
all the points lying strictly between the endpoints a and b and either
a or b, but not both a and b. The half-open intervals are denoted by
(a,b] and [a,b). These sets of numbers may also be represented by
a <z <band a <z <b, respectively.

Ezample 1.3.1: Write out, using interval notation, the following sets of
real numbers:
a. —1<z <10
b. 0<z <
0<z<10
d -3<z<-15

o

Solutions:
a. (-1,10)
b. [0, 00)

c. (0,10]
d. [-3,~1.5]

It is very important that mathematical results be presented using precise
and consistent notation. Even the earliest mathematicians began develop-
ing and using a symbolic language in their presentations of mathematics.
Moreover, in the twentieth century mathematicians began to standardize the
symbols and notation used in modern mathematics. Some commonly used
mathematical shorthand (i.e., symbols and notation) that is universal within
the field of mathematics is given below:

a. := is often used for “defined to be.” For example, the notation :=
might be used in defining the set Zg that contains the even integers
as follows:

Zg:= {r € Z: z = 2z for some integer z.}

b. s.t. or 3: is often used for “such that.” For example, the statement
“there exists £ > 0 such that f(z) = 0” could be written as “there
exists z > 0 2: f(x) =0.
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c. € is often used for “is an element of” or “is a member of.” For

example, the statement “z is an element of R” could be written as
“reR.”

. z! is used to denote “r factorial,” where, for a positive integer z,

z!=z(z-1)(x—2)---3-2-1. For example, 6! = 6-5-4-3-2-1 = 120.

. 3" is mathematical shorthand for summation. For example

7
Y np™Tt=3p? + 4p° + 5p* + 6p° + TP°
n=3

. IT is mathematical shorthand for product. For example

10
H r(1-z)% " =21 -2)° x22(1 - 2)®- . 21 — z) x £'°

=1

. V is the mathematical shorthand for “for all” or “for every” or “for

each.” The symbol V is referred to as the universal quantifier. The
symbol V was first used by Gerhard Gentzen (1909-1945) in 1934
according to “Earliest Uses of Some of the Words of Mathematics.”
by Jeff Miller (2006). An example of the usage of V is

Vie{1,2,...,10}, g(i) > 10

This statement is the mathematical shorthand for “for all i ranging
from 1 to 10, ¢(i) > 10.”

. 3 is the mathematical shorthand for “there exists” or “there is at

least one.” The symbol 3 is referred to as the existential quantifier.
The symbo! 3 was first used by Giuseppe Peano (1858-1932) in 1895
according to “Earliest Uses of Some of the Words of Mathematics.”
by Jeff Miller (2006). An example of the usage of 3 is

i€ {1,2,...,10} 3:g(:) > 10

This statement is the mathematical shorthand for “there exists a
value of ¢ between 1 and 10 such that g(¢) > 10.”

i. The symbol oo is used to represent the concept of the unbounded

quantity “infinity.” Jon Wallis (1616-1703) is credited for first using
the symbol oo to represent infinity in 1655 according to The Penguin
Dictionary of Mathematics, third edition (Nelson 2003). For exam-
ple, £ € (0,00) is the mathematical shorthand for the statement “x
is an element of the open interval ranging from Q to infinity.
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j. The symbol == or — is the mathematical shorthand often used for

T 1
“implies”; for example, 0 < z <y = 0< - < —.
y I

k. The symbol <=> or « is the mathematical shorthand for often used
“if and only if”; for example, ab=0 ¢<= a=0o0r b= 0.

Ezample 1.3.2: Write the following sentences using as much mathematical
notation as possible:

a. Hf there exists a real number z such that e* = 10, then x = In(10).

b. Let a and b be real numbers. The product of a and b is zero if and only
if a is zero or b is zero.

Solutions:

a. 3z €R 3: ¢ =10 = z=1In(10).
b. Let a,b€R. ab=0 <= a=0o0rb=0.

Ezxzample 1.3.3: Using common English sentences, write out each of the
statements below.

a. 3z €{0,00) 3: e =3.
b.VzeZ, 3yeZ> z+y=0.

c.Ve>0,INeN 2

n

1|<e,\fnZN.

Solutions:

a. There exists a nonnegative real number z such that e* is equal to 3.
b. For every integer z, there exists an integer y such that z + y = 0.
c. For every ¢ greater than 0, there exists a natural number N such that

< ¢ whenever n is greater than or equal to N.

n

In honor of ancient Greek mathematicians, who laid the foundation for
modern mathematics, Greek letters are commonly used in mathematical ex-
pressions. For example, 7 is the universal symbol used to express a constant
that denotes the ratio of the circumference of a circle to the diameter of that
circle; the uppercase version of 7 is IT and is used as mathematical shorthand
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to represent products. The Greek alphabet is listed in Table 1.3.1.

TABLE 1.3.1 The Greek Alphabet

Naine Uppercase Symbol Lowercase Name Uppercase Symbol Lowercase
Alpha A (s Nu N v
Beta B Jéj Xi = 3
Gantua r i Onticron Q 0
Delta A § Di I £
Epsilon E € Rho r p
Zota Z ( Sigma P o
Eta H n Tau T T
Theta S 6 Upsilon Y v
lota 1 L Phi P ¢
Kappa K K Chi X X
Lambda A A Psi ¥ Y
Mu M I Onmega Q w

Example 1.3.4: The Greek letters 7, v, I', 8, ¢ and ( are commonly
used in mathematics as follows:

m = ratio of circumference of every circle to its diameter =~ 3.14159

n—oo

L1
v = lim < E i ln(n)) = 0.577 (Euler-Mascheroni constant)
i=1

7(z) = number of prime numbers < z
o
Lk) = / tfe % dx (gamma function)
0

L(G)r(k)

B, k) = k1) (beta function)
d I(z) . .
Y(z) = . In(C(z)} = T(2) (digamma function)

oo
1
((s) = Z = (Riemann-Zeta function)

@
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EXERCISES

1.1

1.2

1.3

1.4

1.5

1.6

1.7

Briefly explain how inductive and deductive reasoning differ.

Briefly explain how a theorem differs from a

a. Corollary
b. Conjecture
¢. Axiom
d. Lemma

e. Definition

Using the local library or the Internet, identify and summarize two well-
known and unproven mathematical conjectures.

Briefly explain how an axiom and a definition differ.

Using the Internet, find short biographies of the following Greek mathe-
maticians:

a. Thales

b. Euclid

¢. Pythagoras

Using the Internet, find short biographies of the following mathemati-
clans:

Gauss

Godel

Cantor

Hilbert

Riemann

o e

Fermat
Russell

Euler

Fibonacci

|- o a0

-

Using the local library or the Internet, find statements of the following
mathematical results:

a. Zorn’s lemma
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b
c
d
€
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. The parallel postulate

. The Central Limit Theorem
. Fatou's lemma

. Heine-Borel theorem

1.8 Using the local library or the Internet, find three different definitions of
“continuous function.”

1.9 Write out each of the following sentences using as much mathematical
notation as possible:

a.

For every epsilon greater than 0, there exists a delta greater than 0
such that |f(x) — f(y)| is less than epsilon whenever |z — y| is less
than delta.

If n is a natural number and n is an odd number, then there exists
an integer k such that n = 2k + 1.

If n is a natural number and n is an even number, then there exists
an integer k such that n = 2k.

n{n+ 1)

——

If z is strictly between 0 and 1, then z” is less than 1 for all n in the
natural numbers.

The sum of the first n natural numbers is

1.10 Translate each of the following mathematical sentences into English:

a

b

C

d

. JoeeR 3:8, >2.

- MVnEN, Fajg=Foy1 + Fp, then Y Fp= Fryp—~ 1.

=1

VY eRY, Ip>0 2 p1/)<land%>1.

.IfneN, thenl’[i:n!.

i=1



Chapter 2
An Introduction to Symbolic Logic

Mathematical logic and symbolic logic form the foundation on which all of
modern mathematics is built. George Boole (1815-1864) is primarily respon-
sible for uniting mathematics and logic. Boole’s publication of The Math-
ematical Analysis of Logic, Being an Essay towards a Calculus of Deduc-
tive Reasoning (Boole 1847) is considered by many to be the starting point
for the axiomatic formalization of mathematics. Prior to Boole’s work, de-
ductive reasoning had been utilized by many, if not most, mathematicians.
The list of the most influential mathematicians who are credited with using
deductive reasoning and strong mathematical logic includes Aristotle, Isaac
Newton (1642-1727), Gottfried Leibniz (1646-1716), Leonhard Euler, and
Karl Friedrich Gauss (1777-1855). Gottlob Frege (1848--1925) extended and
strengthened Boole’s work with his development of the predicate calculus.
In fact, Frege is generally credited with introducing modern symbolic logic
to the field of mathematics. A very good discussion of mathematical logic
can be found in Mathematics of the 19th Century edited by Kolmogorov and
Yushkevich (2001).

The foundation of modern mathematics (i.e., axiomatic deductive math-
ematics) is based entirely on deductive reasoning and mathematical logic.
Therefore, an important prelude to the discussion of theorems, corollaries,
lemmas, and their proofs is an introduction to mathematical logic. Math-
ematical logic is an area of mathematics/philosophy that studies the truth
of mathematical statements along with the implications of these statements.
Furthermore, every mathematical result, including axioms, definitions, the-
orems, and proofs, must be composed of well-defined and logically correct
statements. Also, the communication of mathematics requires the use of cor-
rect mathematical grammar and sound logical arguments.

2.1 Statements and Propositional Functions

Mathematics is communicated through the use of mathematical statements
and sentences that are used in the axioms, definitions, theorems, proofs, and
discussions of mathematical results. The definition of a logical statement is
given below.

Definition 2.1.1: A statement or proposition is a declarative sentence that
is either true or false.

17
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Exzample 2.1.1: Determine which of the following mathematical sentences
are statements:
a. Is 2 a solution to z% — 4 = 07
.x?2—-4r+4=0.
2 — 4z + 4 > 0 for every real number z.

. f(z) is a continuous function.

o o o o

. |z| is an everywhere differentiable function.
Solutions:

a. No, this sentence is not a statement since this is an interrogative sentence.

b. No, this sentence is not a statement since the value of z needs to be
known in order to determine the truth of this sentence.

c. Yes, this sentence is a statement since 22 — 4z + 4 = (z — 2)?, which is
greater than or equal to 0 for every real number, so this sentence is true
no matter what the value of z is.

d. No, this sentence is not a statement since the explicit form of the function
f(x) must be known in order to determine the truth of this sentence.

e. Yes, this sentence is a statement since |z| is not differentiable at z = 0,
and hence this sentence is false.

Note that a statement is a declarative sentence and not an imperative,
interrogative, or exclamatory sentence. For example, “v/2 is an irrational
number” is a statement; however, “Is v/2 an irrational number?” is not.
Furthermore, as seen in Example 2.1.1, some mathematical sentences are not
logical statements. In particular, when a mathematical sentence involves a
variable, then the truth of the mathematical sentence will depend on the
values of the variables. For example, the truth or falsity of the mathematical
sentence in Example 2.1.1 part (b) depends on the value of z; if z = 2, then
this sentence is true, and it is false for any other value of r.

Definition 2.1.2: A declarative sentence P(z) involving a variable z that
takes on values in a set A is said to be a propositional function if and only
if P(z) has a well-defined truth value for each value of z in A. The set A is
called the domain of the propositional function P(x).

Note that a propositional function is a declarative sentence containing
a variable whose truth depends on the specific value of the variable. Thus,
the truth or falsity of a propositional function cannot be determined without
knowing a specific value of the unknown variable. For example, the declarative
sentence “r2—4 = 0" is a propositional function that is true when z = +2 and
false otherwise. However, it is possible for a declarative sentence involving a
variable to be true (or false) for all values of the variable, and hence such
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a sentence is actually a statement and not a propositional function. For
example, the sentence “z? + 4 = 0 has no real solutions” is a declarative
sentence that is always true and therefore is a statement, not a propositional
function. Furthermore, note that by assigning a value, say, z = x¢, to the
variable z in a propositional function P(z), P(zy) becomes a statement.

Ezample 2.1.2: Determine which of the following sentences are statements
and which are propositional functions:
a. £ =2 is a solution to f(z? —4) = 0.
. €* > 0 for every real number z.
@) =T1.

b
c
d. f(z) is a differentiable function.
e. 1im1 f(z) =0.

Solutions:

a. This sentence is a propositional function since the explicit form of the
function f(z) is not specified.

b. This sentence is a statement since the value of e* is greater than 0 for
every real number z.

¢. This sentence is a propositional function since the explicit form of the
function f(x) is not specified.

d. This sentence is a propositional function since the explicit form of the
function f(x) is not specified.

e. This sentence is a propositional function since the explicit form of the
function f(z) is not specified.

A mathematical theorem can be composed of both statements and propo-
sitional functions. For example, the theorem “v/2 is an irrational number.”
is simply a statement. However, the theorem stated below is based on the
two propositional functions “f(z) is differentiable at x = ¢” and “f(x) is
continuous at z = c¢.”

Theorem: If f(z) is differentiable at = = ¢, then f{(z) is continuous
at r =c.

2.2 Combining Statements
In the previous section, simple statements concerning a single object were

discussed; however in order to state definitions, theorems, and proofs, more
complicated statements arc usually needed. In particular, it will often be
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necessary to combine simple logical statements to form a compound statement
that is based on more than one object and the use of the logical operators
OR, AND, and NOT. The definitions of these compound statements are given
below.

Definition 2.2.1: Let P and @ be statements. The statement “P AND @Q”
is called the conjunction or meet of the statements P and @ and is denoted
symbolically by P A Q.

Definition 2.2.2: The statement “P OR Q" is called the disjunction or join
of the statements P and @ and is denoted symbolically by P v Q.

Definition 2.2.3: The statement “NOT P” is called the negation of the
statement P and is denoted symbolically by -P.

Now, given two statements P and @, a new statement can be created
using any combination of A, V, and/or - to combine the statements P and
Q. It is important to note that (1) the statement P A @Q is true only when
both of the statements P and Q are true and (2) the statement P Vv Q is true
when either of the statements P and @ is true. That is, since P A @ requires
both P and @ to be true in order for P A Q to be true, while P V Q requires
only that at least one of the statements P and Q is true in order for P vV Q) to
be true, it follows that P A @Q is a more restrictive statement than is P V Q.
Also, the statement — P will be true only when the statement P is false.

Ezample 2.2.1: Consider the statement S5:="In(x) is continuous at z = 3
and 13 is a prime number.” The statement S consists of the two statements
P:=“In{z) is continuous at z = 3” and Q:=*13 is a prime number.” Fur-
thermore, S is a true statement because both of the statements P and Q are
true.

Example 2.2.2: Consider the statement S:=“(—~1)2 > 0 and 3 is a root
of 22 - 3z 4 3 = 0. The statement S is composed of the two statements
P:=%(-1)2 > 0” and Q:=“3 is a root of z? —~ 3z + 3 = 0.” Furthermore, S is
a true statement since the statement P is true.

Example 2.2.3: Consider the statement P:=“4 divides 17,” then the nega-
tion of P is ~P=%4 does not divide 17.” In this case, P is a false statement
meaning that - P is true.

Ezample 2.2.4: Let P:=“Every odd number is a prime number,” Q:=%4
divides every even number,” R:=“3 is larger than e¢,” and S:=%3 is smaller
than m.” Express in sentence form and then determine the truth of each of
the following compound statements:
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a. PAQ
b. =PV -Q
c. "PA-Q
d. RAS

Solutions:

a. The statement P A @ can be written as “Every odd number is a prime
number and 4 divides every even number.” This statement is false since
neither of two these statements is true.

b. The statement PV Q) can be written as “Every odd number is a prime
nuniber or 4 does not divide every even number.” This statement is true
since the statement —(Q is true.

c. The statement ~? A —~@} can be written as “Every odd number is not a
prime number and 4 does not divide every even number.” This statement
is true since both of these statements are true.

d. The statement RA S can be written as “3 is larger than e and 3 is smaller
than #.” This statement is true since both of these statements are true.

2.3 Truth Tables

Since a statement must be either true or false, there are two states of nature
for any statement, P that can be summarized in a truth table as shown below:

Also, since —= P and P always have the opposite truth values, it follows
that when P is true, — P is false and vice versa. Thus, the possible states of
nature for a statement P and its negation (—~ P) can be summarized in the
following truth table:

Pand - P
Pl =P
T | F
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Now, when a compound statement S is created from more than one state-
ment, the truth table for S must reflect all possible states of nature for each of
the statements used to build S. For example, when the statement of interest
is a compound statement based on the two statements P and @, then there
are four possible states of nature, tabulated as follows:

DM
MM 3O

If the statement of interest is a compound statement based on the three
statements P, J, and R, then there are eight different states of nature that
must be accounted for in the truth table. The eight possible states of nature
for the statements P, @, and R are given below:

CHECRE R R RSN R EER O
i3 lalmmiaisl]o
D3N3 mi3

In general, when a compound statement is based on n different state-
ments, there will be 2™ possible states of nature to account for in the truth
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table. For example, if a compound statement is built from 10 different state-
ments, then there will be 2!% = 1024 states of nature in the truth table.

The truth tables for the compound statements “P AND Q" and “P OR
Q" are given below:

PAQ PvQ
PlQ|PAQ PlQ|PvQ
T(T T|T T
T|F F T|F T
F|T F F|T T
F|F F F | F F

Note that the statement “P AND Q7 is true only when both of the state-
ments P and Q are true, and the statement “P OR @ is false only when both
of the statements P and @ are false.

When forming complex truth tables it is often useful to build the truth
table according to the following sequence of steps. First, list the statements
and their possible states of nature. Next, create intermediate columns that
lead to the statement of interest. Finally, the last column to be added to the
table should be the column showing the truth of the statement of interest.
This approach is illustrated in the following example.

Exzample 2.3.1: Let P, ), and R be statements. Write out the truth table
for PV (Q A ~R).

Solution: The first step in the solution is to list the eight possible states of
nature for the statements P, @, and R. Next, a column for the statement
Q A -R will be added to the table, and then its truth will be determined.
Finally, add a column for the statement of interest P vV (@ A -~ R) to the
table, and then determine the truth values for this statement. The resulting
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truth table for P V (@ A - R) is shown below:

PV (QA-R)

QA-R | PV{QA-R)

Himimlmis3l3l3]~N
SRR EETRETE R RN RN )
B I e IR IS I e B O I B B S I O O
il ™| ™3|
mimil|"m|sle 3] 3

Two special types of statement that are often encountered are (1) state-
ments that are always true and (2) statements that are always false. A state-
ment that is always true is called a tautology, and a statement that is always
false is called a contradiction.

Definition 2.3.1: A statement that is true for all of its states of nature is
called a tautology, and a statement that is false for all of its states of nature
is called a contradiction.

Since at least one of the statements P and —P must be true, the statement
“POR —~P” (PV - P) is an example of a statement that is a tautology. Also,
since it is impossible for both P and —P to be true, it follows that “P AND
- P" (P A =~ P) is always false and hence, the statement “P AND —P” is a
contradiction.

Now, one approach that can be used to determine whether a compound
statement is either a tautology, contradiction, or neither is to simply create
the truth table for the statement. This approach is illustrated in the following
example.

Ezample 2.3.2: Show that
a. P Vv -P is a tautology.
b. P A —P is a contradiction.
c. (PAQ)V (PV Q) is a tautology.
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Solutions:

a. The truth table for P v —P is given below:

PV -P
P|-P|Pv-P
T |F T
F|T T

b. The truth table for P A ~P is given below:

P A-P
P|-P | PA=-P
F F

F|T F

c. The solution to part (c) is left as an exercise.

The following theorem provides a method for creating tautologies and
contradictions. In particular, this theorem shows that the disjunction of any
statement with a tautology is also a tautology and that the conjunction of
any statement with a contradiction is a contradiction.

Theorem 2.3.1: Let P be a statement, T a tautology, and C a contradiction.
Then

(i) P v T is a tautology.

(i) P A C is a contradiction.
Proof: Let P be a statement, T a tautology, and C a contradiction.
Proof of part (i): The truth table for P vV T is given below:

PvT

P T | PVvT
T T
F | T T
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Proof of part (ii): The proof of part (ii) is left as an exercise.

Now, it turns out that tautologies play an important role in mathematics
since a mathematical definition is a tautology. Contradictions also play a key
role in mathematics. In fact, finding a contradiction will be the critical step
in a very useful method of proof called “proof by contradiction” or “reductio
ad absurdum.”

In mathematics there is often more than one way to represent a quantity
or state a mathematical result. For example, one might write ~7 <z -y <7
or equivalently, |x — y| < 7 to represent all the pairs (z,y) whose difference
is less than 7. Clearly, these two expressions have the same meaning. Simi-
larly, there may often be more than one way to represent a compound logical
statement such that each representation has the same meaning. When two
compound statements, say, X and Y, are based on the same set of statements
and have the same truth tables, then X and Y have the same logical meaning
and are said to be logically equivalent.

Definition 2.3.2: Two statements X and Y are said to be logically equivalent
when they have identical truth tables. When two statements X and Y are
logically equivalent, this will be denoted by X « Y.

Ezample 2.8.83: Let P and @ be statements. Show that the statements
=PV -Q and - (P A @) have identical truth tables, and hence they are
logically equivalent.

Solution: The truth table for both ~P v - Q) and -~ (P A Q) is given below:

PlQ|-Pv-Q | -(PAQ
T T F F
T F T T
F T T T
F F T T

Clearly, the truth tables for these two statements are the same and thus
these two statements are logically equivalent and have the same logical impli-
cations. Now, if two compound statements X and Y are based on the same
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set of statements and are also logically equivalent, then the statement X may
be substituted for the statement Y. Substitution often can be used to simplify
a compound statement or help in determining the truth of a compound state-
ment. The next several theorems provide some useful logical equivalences.

Theorem 2.3.2: Let P be a statement, then - (= P) is logically equivalent
to P.

Proof: Let P be a statement. To prove this theorem, it will be
shown that the truth tables for the statements — (= P) and P are
exactly the same.

Since the truth tables for P and — (= P) are identical, it follows that
P and - (— P) are logically equivalent statements. :

Theorem 2.3.3: Let P and @ be statements. Then
i) PNQ & QAP
(i) PV & QvV P.

Proof: Let P and @ be statements.

Proof of part (i): Consider the truth tables for P A Q and Q@ A P:

Pl QI PAQ|QAP
T| T T T
T| F F F
F 1T F F
F | F F F
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Since the truth tables for P A @ and @ A P are identical, it follows
that P A @Q and @ A P are logically equivalent statements.

Proof of part (ii): The proof of part (ii) is left as an exercise.

Theorem 2.3.3 shows that the order in which the statements are combined
in a conjunction or disjunction does not matter; that is, A and V are reflexive
or commutative operations. The next theorem provides a very useful logical
equivalence for the negations of the disjunction and conjunction statements.
Theorem 2.3.4 (DeMorgan’s Laws): Let P and Q be statements. Then

(i) ~(P v Q) is logically equivalent to ~ P A - Q.
(ii) = (P A Q) is logically equivalent to - P v = Q.
Proof: Let P and (Q be statements.

Proof of (i): The truth table for - (P Vv Q) and =P A = Q is given
below:

PiQlPvQR | -(PVvQ) | -~PA-Q
T | T T F F
T | F T F F
F T T F F
F | F F T T

Since the last two truth columns are identical, it follows that
= (P Vv Q) is logically equivalent to =P A -~ Q.

Proof of part (ii}: The proof of part (ii) is left as an exercise.
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The following theorem shows that V can be distributed over A and vice
versa. In fact, the distributive laws for distributing Vv over A and A over V are
analogous to the arithmetic law for distributing multiplication over addition
(i.e., a(b+ c) = ab + ac).

Theorem 2.3.5 (The Distributive Laws): Let P, @, and R be statements.
Then
(i) P v (Q A R) is logically equivalent to (P vV Q) A (P V R).
(ii) P A (Q V R) is logically equivalent to (P A Q) V (P A R).
Proof: Let P, (), and R be statements.

Proof of part (i): The truth table for the statements P vV (Q A R)
and (P v Q) A (P V R) is given below:

P Q| R|PV@QOQAR) | (PVQA(PVR)
T|T | T T T
T | T |F T T
T | F T T T
T | F F T T
F|T|[T T T
F | T} F F F
F | F T F F
F | F F F F

Since the last two truth columns are identical, it follows that
P v (Q A R) is logically equivalent to (P V Q) A (P V R).

Proof of part (ii): The proof of part (ii) is left as an exercise.

The previous theorems are often used to simplify or rewrite a particular
statement in a logically equivalent form that will be easier to work with. In
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particular, the substitution of logically equivalent statements is often used to
simplify complex statements, making them easier to comprehend. Examnple
2.3.4 illustrates how DeMorgan’s laws and the Distributive law can be used.

Example 2.3.3: Let P, @, and R be statements. Find a logically equivalent
form that simplifies each of the statements below:
a. (PVQ)A(PV -R)
b. (PVQ@ AR
Solutions: Let P, (0, and R be statements:
a. (Pv@)aA(PV -R)
(PVQ)/\(PVﬁR)f:PV(Q/\-JE)J
By Tgo‘rfem 2.3.5

b. «(PV ~Q) AR

(P Vv -Q) A R —‘P/\—w—wQ/\Ii
By Theo?em 2.34

o -PAQAR
A —
By Theorem 2.3.2

The following theorems show that DeMorgan’s laws and the Distributive
laws can be generalized from dealing with two statements to three statements.
Note that this type of generalization is often used to extend a property from
two items to three, then from three items to four, and so on.

Theorem 2.3.6: Let P, Q, and R be statements. Then
(i) (PVQVR)e -PA-QA-R
(ii) {PANQAR)e -PV-QV-R
Proof: Let P, 0, and R be statements.
Proof of part (i): Define S = @ vV R. Then

«PVQVR) & ~(PVS) & -PA-S
DA "
By Theorem 2.3.4(i)
< -PA-(QV R) 9ﬁP/\ﬂQ/\ﬁR
By Theorem 2.3.4(i)
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Proof of part (ii): The proof of part (ii) is left as an exercise.

Theorem 2.3.7: Let P, Q, R, and S be statements. Then
i) PVIQARANS) & (PVQOA(PVRYA(PVS)
(i) PA(QVRVS)(PANQV(PAR)YV(PAS)

Proof: The proof of Theorem 2.3.7 is left as an exercise.

2.4 Conditional Statements

Mathematical sentences, especially in the case of theorems and their proofs,
are often stated in the form “statement/propositional function P implies state-
ment/propositional function Q.” Statements of this form are called condi-
tional statements, and conditional implication is another way of combining
two or more statements to create a compound statement.

Definition 2.4.1: Let P and Q be statements. Then the declarative sentence
“P implies Q7 is called a conditional statement and is denoted by P — Q.

In a conditional statement P — @, the statement P, called the an-
tecedent, is said to be a sufficient condition for ¢; the statement Q is called
the consequent and is said to be a necessary condition for P. Other ways of
stating P — @ include “If P, then Q,” “If P is true, then @ is true,” “P
only if Q,” “Q if P,” “P is a sufficient condition for Q,” “Q is necessary for
P, “Q assuming P,” “@ whenever P”, and “Q given P.” The truth table
for P — @ is given below:

P - Q
PIQ|P-Q
T|T T
T | F F
FI|T T
F | F T
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Note that “P implies Q" is more often than not stated as “If P is true,
then Q is true” or simply “If P, then ).” Furthermore, from the truth table
for P — Q it can be seen that when the statement P is false, the conditional
statement is always true; that is, if P is not true, a truth value still needs
to be assigned for P — @ in order for P — @ to be a statement. Thus, it
seems reasonable to assign the conditional statement P — @ the truth value
true since the P is sufficient to conclude Q; however, this does not mean
that @ follows only from P. For example, consider the conditional statement
“If today is Thursday, then Math 222 meets.” If the true state of nature is
Wednesday, this does not preclude Math 222 from meeting and thus cannot
negate this conditional statement.

The following theorem shows that P — @ is logically equivalent to the
disjunction of the statements = P and Q.

Theorem 2.4.1: If P and @ are statements, then P - Q@ < -~P Vv Q.
Proof:

PIiQ|P—-Q | -PVQ

T T T T

T |F F F

F T T T

F | F T T
.

Corollary to Theorem 2.4.1: ~(P - Q) & P A -Q.
Proof: This result follows directly from Theorem 2.4.1 and DeMor-

gan’s laws:

(P - Q) & ~(-PV Q) & ~~PA-Qe PA-Q

Note that since P — @ is logically equivalent to =P Vv @ which is logically
equivalent to - — —P. Thus, it follows that P — Q is logically equivalent
to =@ — = P, also.
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2.4.1 Converse and Contrapositive Statements

Two special conditional statements that are related to P — @ are the con-
verse and contrapositive to P — . The definitions of the converse and
contrapositive statements to P — @ are given below.

Definition 2.4.2: Let P and @ be statements. The converse of the statement
P — Qis Q@ — P, and the contrapositive of the statement P — Q is
ﬁQ —) ‘ﬂP'

Students often confuse the two statements P — Q and @ — P. In fact,
it is not uncommon for a student to think that the statements P — @ and
@Q — P are logically equivalent. The following truth table shows that these
two statements are not logically equivalent:

PlQ{P-Q|Q-P
TI|T T T
T|F F T
F|T T F
F|F T T

The truth table for the contrapositive and converse statements of P — @}
are given below:

P{Q|P>Q|-Q—--P| QP
T|{T T T T
T|F F F T
FIT T T F
F|F T T T

Note that the statements P — @Q and @ — P are not logically equivalent
whereas the statements P — @ and - @ — —P are logically equivalent.
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Theorem 2.4.2: Let P and Q be statements. Then, P — Q and ~Q — -P
are logically equivalent.

Proof: Let P and @ be statements:

P|lQ|P-Q|-Q—-P
T|T T T
T|F F F
F|T T T
F|F T T

Since the last two truth columns are identical, it follows that P — @Q
and = Q — —P are logically equivalent.

Thus, a conditional statement and its contrapositive are logically equiv-
alent; however, the converse of a conditional statement is not logically equiv-
alent to the statement. In other words, P — @ & -Q — -P, but
P - Q ¢ Q — P. Also, in Chapter 3 it will be shown that it is possible
to prove a theorem of the form “If P, then @” by proving the contrapositive
theorem “If not @, then not P”.

Ezxample 2.4.1: Write out the converse and contrapositive of

If £ > 3, then f(z) < 0.
If f/(z) > 0 on [a,b], then f(z) is increasing on [a, b}.
Ifab= 0, thena=0o0r b=0.

If f(z) is concave upward on an interval [a,b], then f”(z) > 0 on the
interval [a, b)].

e o op

Solutions: Recall that the converse of the statement P — Qis @ — P and
the contrapositive is ~Q — —P.

a. If £ > 3, then f(z) <0.
Converse: If f(z) <0, then x > 3.
Contrapositive: If f(z) > 0, then z < 3.
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b. If f'(z) > 0 on [a,b], then f(z) is increasing on [a, b].
Converse: If f(z) is increasing on |[a, b}, then f’(z) > 0 on [a, b].
Contrapositive: If f(z) is not increasing on [a, b], then f'(z) % 0 on
a, b].

¢. fab=20,thena=0o0rb=0.
Converse: If a = 0 or b =0, then ab = 0.
Contrapositive: If a # 0 and b # 0, then ab # 0.

d. If f(z) is concave upward on an interval [a,b], then f”(z) > 0 on the
interval [a, b].
Converse: If f’(z) > 0 on the interval [a,b], then f(z) is concave
upward on an interval [a, b].
Contrapositive: If f”(z) # 0 on the interval [a, b], then f(z) is not
concave upward on an interval [a, b].

2.4.2 Biconditional Statements

Another compound statement that is related to the conditional statement
P — Q is the conjunction of the statements “If P, then Q" and “If Q,
then P” or (P — Q) A {(Q — P). The compound conditional statement
(P — Q) A(Q — P) called a biconditional statement and is defined below.

Definition 2.4.3: Let P and Q be statements. The biconditional statement
“P if and only if Q” is the statement (P — @) A (@ — P) and is denoted
by P « Q.

Note that the statement P « () is true only when both of the statements
P — Qand Q — P are true. That is, P — Q is true only when both the
conditional statement P — () and its converse are true. Also, P « Q is
logically equivalent to Q «— P. To see this, consider the following truth table
for P~ Qand @ «~ P:

PlQ|P-Q|Q-P|PeQ|QerP
T T T T T T
T F F T F F
F T T F F F
F F T T T T
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Now, recall that definitions are tautologies and, moreover, will often be
stated as a biconditional statement. For example, consider the definition of
the continuity of a function f at a point £ = ¢ given below.

Definition: A function f(z) is said to be continuous at the point
z = c if and only if ¢ is in the domain of f(z) and lim f(z) = f(c).
r—cC

Since this is a biconditional statement, it follows that f(z) is continuous at
z = ¢ if ¢ is in the domain of the function f and lim f(z) = f(c) (P — @),
Ir—cC

and if ¢ is in the domain of the function f and lim f(z) = f(c), then f(x) is

continuous at z = ¢ (Q — P).
Biconditional statements are also often used in the statement of a theo-
rem. An example of a biconditional theorem is given below.

Theorem: Let a and b be real numbers. Then, ab = 0 if and only
ifa=0o0rb=0.

2.5 Propositional Functions and Quantifiers

Recall that a statement is any declarative sentence, and a propositional func-
tion or predicate is any declarative sentence involving a variable for which
the declarative sentence has a well-defined truth value for each specific value
of the variable. Also, recall that given a specific value for the variable in a
propositional function, the propositional function evaluated at this value is a
statement. For example, consider the propositional function “z? — 4 = 0,”
which is false for = 3 and true for x = —2. Moreover, “z? — 4 = 0" is false
for any values of z other than z = —2 or z = 2.

Definition 2.5.1: In a propositional function, a variable is any term whose
value is not explicitly stated, implied, or understood and whose value is needed
in order to determine the truth or falsity of the proposition. The set of possible
values of a variable is called the domain of the propositional function and is
denoted by A.

For example, the sentence “v/2 is an irrational number” is a statement
since it is a declarative sentence that is true. On the other hand, the sentence
“f(x) is a rational function” is a propositional function, with variable f(z),
since the truth of this sentence cannot be determined without knowledge of
f(z). Moreover, most mathematical sentences, results, theorems, and proofs
will consist of a combination of statements and propositional functions. For
example, in the following mathematical sentence S:=“z is an integer” the
term x is a variable making 5 a propositional function. An explicit value of
z is needed to determine the truth of this sentence. On the other hand, the
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sentence “If z is a real number, then z? — 2z + 2 > 0" is true for every real
number x and hence is a statement and not a propositional function.

Example 2.5.1: In each of the propositional functions given below, deter-
mine the variable(s):

a. 2% — 1 is a prime number.

b. 2z is even and 2z + 1 is odd.
f'(z) < 0 on the interval L.

e o

)=l

e. If f(z) is differentiable at x = xp, then f(z) is continuous at z = zg.
Solutions:

a. In the propositional function “2* ~1 is a prime number,” z is the variable.

b. In the propositional function “2z is even an 2z + 1 is odd,” x is the
variable.

c. In the propositional function “For the function f(z), f'(z) < 0 on the
interval 1,” f(x) and I are variables.

d. In the propositional function 4| — z| = z,” z is the variable.

e. In the propositional function “If f(x) is differentiable at z = xg, then
f(z) is continuous at * = xo,” f(r) and zy are the variables.

For notational purposes, let P(z) be a propositional function that de-
pends on a variable z. Often a mathematical sentence will involve a state-
ment such as for every z in the set A, P(x) is true or there ezists an x in the
set A such that P(x) is true. The operator “for every” is known as the uni-
versal quantifier, and the operator “there exists” is known as the existential
quantifier. The universal and existential quantifiers can be used with either a
collection of statements or propositional functions in creating new statements
or propositional functions.

Definition 2.5.2: The quantifying clause “for every” is called the universal
quantifier and is denoted by V.

Definition 2.5.3: The quantifying clause “there exists” is called the ezis-
tential quantifier and is denoted by 3.

Note that the universal quantifier V can be used to represent each of
the following equivalent quantifying clauses for every, for each, and for all;
analogously, the existential quantifier 3 can be used to represent the following
equivalent quantifying clauses there exists, there is at least one, and there is
some.
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Ezample 2.5.2: Consider the declarative sentences S:=“z? + 4 # 0 for all
real numbers z” and T:=“z? — 4 = 0 for some real number z.” Write out
these sentences using the universal and existential quantifiers.

Solution: S can be written as V = € R, 22 + 4 # 0, and T can be written
as 3z e R 3 z?2—-4 =0. Furthermore, since S and T are declarative
statements that are true, it follows that they are not propositional functions.
Thus, the value of z is not important, except for being in R, in determining
the truth of these declarative sentences. Hence,  is not a free variable in
either S or T.

Now, let P(z) be a propositional function that depends on a variable =
and let A = {z,,72,Z3,...,Za} be the set of possible values of z. Then, the
propositional function V z € A, P(z) is logically equivalent to

P(z\) A P(z2) A P(z3) - A P(zn)

since both of these propositional functions will be true if and only if every one
of the propositional functions, P(x)), P(zy), ..., P(z,) is true. Analogously,
4z € A, P(z) is logically equivalent to

P(z()V P(z2)V P(x3) -V P(zn)

since both of these propositional functions will be true if and only if at least
one of the propositional functions P(z;), P(z2), ..., P(z,) is true.

Example 2.5.3: Write the following statements using the existential and
universal quantifiers where appropriate:

a. For every positive real number z, z3 - 222+ z > 0.

b. There exists a real number x such that z° — 3z = 4.

c. For every positive real number ¢, there exists a positive number 4 such
that | f(z) — f(a)] < € whenever |z — a| < é.

d. For every positive real number ¢, there exists a natural number N such
that ja, — a| < € whenever n > N.

Solutions:

a. Using the universal quantifier, this mathematical sentence can be written
asVz>0, z3-2z2+z>0.

b. Using the existential quantifier, this mathematical sentence can be writ-
tenas 3z cR 3: 2% -3z =4.

c. Using the universal and the existential quantifiers, this mathematical
sentence can be written as Ve > 0, 34 > 0 3 |f(z) - fla)] < ¢
whenever |z —a| < 4.
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d. Using the universal and the existential quantifiers, this mathematical
sentence can be writtenasVe >0, 3 N €N 3: |a, — a|] < € whenever

n>N.

Theorem 2.5.1: Let A = {z1,73,...,%,} and let P(z) be a propositional
function on A. Then

(i) ﬂ[Va: € A, P(z)} < JzrelA 5: ~Pz)
(ii) ﬂ[ﬂ rTEA 3 P(z)} & VreA, -P(z).

Proof: Let A = {z;,72,...,2,}, and let P(z) be a propositional
function on A.

Proof of part (i): Since
VzeA, Plz) & P(x))AP(z)AP(z3) - A P(x,)

it follows that
- {V T €A, P(m)] & - [P(x) AP{z2) A P(z3)--- A P(:cn)}
Now, by DeMorgan’s law for negating A it follows that

. [Pm) A P(2) A P(z3)- A P(x,»]

& = P(x))V-P(za)V-P(z3) -V P(z,)
<« dz € A, ~P(x)

Thus, ﬂ[v T €A, P(z)] & JdzeA 3 -P(x).
Proof of part (ii): The proof of part (ii) is left as an exercise.

Note that the result of Theorem 2.5.1 is that negating a V statement
produces a T statement and negating an 3 statement produces a V statement;
the propositional function that is associated with the V or the 3 must be
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negated, also. For example, the negation of ¥ z > 0, 23 — 222 +z > 0
requires the negation of the propositional function z° — 2z? — z > 0, which is
13 - 222 -~ 2 <0 (i.e., ~(>) is <). Thus,

-1[\7’z>0, x3—2x2+x>0] © 3z>0 3 3-22°-2<0

Ezample 2.5.4: Negate each of the following mathematical sentences:

a. V n in the natural numbers, n? — nn is an even number.

b. 37 € (—00,00) 3: 71 =3r-+2
c. Vi€ {1,2,3,...,10}, 27 > 0.0005

Solutions:

2 _ n is an odd number.

a. 3 n in the natural numbers 3: n
b. Vre (—o0,00), 71 #£3r+ 2.

c. 3ie {1,2,3,...,10} >: 27* < 0.0005.



EXERCISES 41

EXERCISES

2.1 Determine which of the sentences below are statements, predicates, or
neither. Justify your answers.

e~ * > 0 for every real number z.

f(z) has a relative maximum at z = 0.

Does f(z) have a relative minimum at z = 0?7

In{z) > 0 for every real positive number x.

f(x) is continuous at z = 0.

7 is an odd number or 4 is an odd number.

If v/2 is an irrational number, then so is 2v/2.

3>5if and only if 4 < 5.

If z is an odd number, then so is x + 2.

TR om0 a0 o9

-

2.2 For the propositional function “f(z) has a relative maximum at z = 0,”
determine

a. The variable in this propositional function.
b. Whether the propositional function is true when f(z) =z
¢. Whether the propositional function is true when f(z) =

2.3 Given a compound statement S composed from the three statements P,
@, and R, determine

a. The number of possible states of nature that must be listed in a
truth table for the compound statement S.

b. The number of possible states of nature in the truth table with either
P or ) being true.

¢. The list of possible states of nature that must be considered in de-
termining the truth of the compound statement S.

2.4 Construct truth tables for the following statements:

a. ~PvQ.
(~PAQ)V (PAQ).
(PVQ)V(PAQ).
. PvQ@QV-R

. (PV@)A-R.

o & o o
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f. (PAQ)— R.
g (PV@Q)— R

2.5 Which of the following statements are true when P is true and @ is false?

a. Pv Q.

(P A Q).

~(PV@Q).
(PVQ)A(-PV-Q).

P - Q.

Q— P.

P e Q.

~Q — P.

-P— Q.

- (4P = =Q)A(~Q = P).

TR -0 2 o0 T

e

2.6 Show that

a. Pv@ & QVP.

(=PAQ)V(PAQ) & Q.

(PVQ)V(=PV-Q)AR & R.
(PAQ)V(PA-Q)V(~PAQ)V (-PA Q) is a tautology.
(PAQ)A (P A Q) is a contradiction.
S(PAQ)V(PVQ)is a tautology.

P A C is a contradiction whenever C is a contradiction.

@ - 80 o

2.7 Prove that ~(P A Q) is logically equivalent to -~ P v -~ Q.

2.8 Prove that
a. P A (Q V R) is logically equivalent to (P A Q) V (P A R).
b. =(P A@ A R) is logically equivalent to =PV -QV -R.
c. PA(QV RV S) is logically equivalent to (PAQ)V(PAR)V(PAS).

2.9 Let P, @, and R be statements:
a. If P — Q is false, under what conditions will (P — Q) — R be a
true statement?

b. If P — Q is true, under what conditions will (P — Q) — R be a
true statement?
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c¢. If R is true, under what conditions will (P — Q) — R be a true
statement?

b. If R is false, under what conditions will (P — @) — R be a true
statement?

2.10 Determine the converse, contrapositive, and negation of each of the fol-
lowing statements:
a. (PAQ) — R.
b. If n is a natural number, then n(n + 1)(n + 2) is an even number.

c. If f(z) is an odd integrable function, then f(z)dz = 0.

—a
d. If P is the collection of prime numbers, then P contains infinitely
many elements.

If n? is divisible by 3, then n is divisible by 3.

If z = v/5, then z is an irrational number.

If 3 divides A, 3 divides B, and 3 divides C, then 3 divides A+ B+C.
If a=0o0rb=0,then a(b+ c) =0 and bla + ¢) = 0.

7R e O

2.11 Without using a truth table, show that

a. PVQVR & ~(~-PA-QA-R).

b. (PAQ)V(PA-Q) & P.

c. PV(QARASAT) & (PVQ)AN(PVRYA(PVSYA(PVT).
d. PA(QVRVSVT) & (PAQ)V(PAR)V(PAS)V(PAT).

2.12 Using the mathematical symbols for the universal and existential quan-
tifiers, rewrite the following sentences:
n
a. For every natural number n, Z 1=

1221

n(n+1)

—

b. There exists a real number z such that z° —z + 2 = 0.

c. For every real number z, there exists a real number y such that
e T —-—y=0.

d. For every ¢ > 0, there exists N € N such that |[A(n) — A} < ¢
whenever n > N.

2.13 Negate each of the sentences in Problem 2.12.

2.14 Let {P,(z)} be a collection of propositional functions. If P3(z) is false,
what can be concluded about the truth of the propositional function
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a. Py(z), YneN?
b. 3neN 3: P,(x)?
c. IneN 31 ~P,(z)?

2.15 Let {P,(z)} be a collection of propositional functions. If Pg(z) is true,
what can be concluded about the truth of the propositional function

a. P(z), VneN?
b. 3IneN 3: P,(z)?
c. “[3neN 3 P(z)?

2.16 Let A = {x;,z2,...,7,} and suppose that P(z) is a propositional func-
tion on A. Prove that

-3z € A 3: P(z)] & Vz e A, ~-P(z)



Chapter 3
Methods of Proof

Recall that the axiomatic structure of modern mathematics begins with a
set of axioms and definitions that are explicitly stated, and then from these
axioms and definitions, new mathematics is created through deductive rea-
soning. In fact, the first step in the development of new mathematics is to
study the implications of this original set of axioms and definitions. The ax-
iomatic structure of modern mathematics proceeds according to the following
sequence:

Axioms == definitions = conjectures =3 proofs
== theorems == generalization and extension == ..

Furthermore, a new result must be proved rigorously before it is accepted as
a new contribution to mathematics. The development of new mathematics is
often based on trial and error and is a creative process. Given a mathematical
conjecture, its proof or disproof will generally require a great deal of insight,
imagination, experimentation, and hard work.

The foundations of this modern approach to mathematics were laid by the
ancient Greek mathematicians Thales, Pythagoras, and Euclid. However, the
formalization of mathematical theory really began in the nineteenth century
with the work of Boole and Frege. By the early twentieth century modern
mathematics was flourishing with the work of Georg Cantor (1845-1918),
Hilbert, Russell, Whitehead, G. H. Hardy (1877-1947), and Godel. Today,
mathematicians continue to develop new areas of mathematics and at the
same time extend and generalize the existing areas of mathematics.

3.1 Theorems, Corollaries, and Lemmas

The starting point of a mathematical system is a set of self-evident truths
called azioms. The definition of an axiom is given below.

Definition 3.1.1: An ariom is a mathematical statement that is taken to
be self-evidently true without proof.

Thus, an axiom is a mathematical statement that is believed to be so
clearly true that it need not be proved. In an axiomatic mathematical system
the initial set of axioms is the starting point from which all mathematics will
be derived. Thus, it is very important that the axioms on which a mathemat-
ical system is based be true. For example, in set theory the following axioms
are often used.

45
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Axiom 1 (The Axiom of Existence): There exists a set.

Axiom 2 (The Axiom of Extensionality): Two sets are equal if and only
if they have exactly the same elements.

Another example of commonly encountered axioms are the arioms of
probability, which form the starting point for probability theory:

Axiom 1: For any event A of a sample space S, P(A4) > 0.
Axiom 2: P(S) =1

Axiom 3: If {A;}32, is collection of disjoint events of S, then

P (D A,) =Y P(A).
i=1

1=1

Now, given a set of axioms, mathematical properties are defined and the
implications of these properties are studied; generally conjectures concerning
the implications of the axioms and definitions are made and studied. A mathe-
matical conjecture will be composed of logical statements and/or propositional
functions. Once a conjecture is proved, it is called a theorem.

Definition 3.1.2: A theorem is any mathematical statement that can be
shown to be true using accepted logical and mathematical arguments.

The root of the word theorem is the Greek word thesrema, which means
“something seen.” To a mathematician, a theorem is a result that can be seen
to be true. Note that a mathematical result is only a conjecture until it is
proved.

Definition 3.1.3: A proof of a mathematical result is a sequence of rigorous
mathematical arguments that are presented in a clear and concise fashion,
and which convincingly demonstrates the truth of the given result.

Note that only after a conjecture is proved can it be called a theorem.
Furthermore, in the eyes of a mathematician, it is never enough to simply
believe that a mathematical result is true, nor is it enough to be convinced
that a result is true beyond a reasonable doubt; a mathematician will accept
only those mathematical results that are shown to be absolutely true using
sound logical arguments.

Now, given a new theorem, the process of building new mathematics
continues by investigating the implications of the new theorem, often by gen-
eralizing or extending the theorem to a more general result. In most cases, a
theorem will be stated in the conditional form “If H is true, then C is true,”
where H and C are cither logical statements or propositional functions. In a
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theorem stated as “If H, then C,” H is the hypothesis, and C is the conclu-
sion. However, there are some theorems that will not be stated in the “If H,
then C” form, but these theorems can often be rewritten in the conditional
form. For example, the following theorem, which will be proved in Chapter
4, is not of the form “If H, then C.”

Theorem: /2 is not a rational number.

However, note that this theorem could also be stated in the H — C form by
rewriting it as

Theorem: If z = /2, then z is not a rational number.
In some cases, a theorem will provide a very gencral result and cover

many special subcases. The specialized theorems dealing with the subcases
of a more general result are called corollaries.

Definition 3.1.4: A corollary is a theorem that can be stated as a special
case of a more general theorem.

Note that a corollary is a theorem itself; however, it is really just a special
case of a particular theorem. Thus, once the more general theorem has been
proved, the proof of a corollary simply involves showing that it is a special
case of the previously proved theorem.

Ezample 3.1.1: The following theorem and corollary are typically seen in a
calculus course.

Theorem A: Let f(r) and g(z) be functions. If lim f(z) = L and

g(z) is a continuous function, then lim ¢ (f(x)) = g(L).
Corollary A: If lim f(z) = L, then lim e/(®) = el.
T—a r—a

Proof: Since g(x) = €* is a continuous function, this corollary fol-
lows directly from Theorem A.

Ezample 3.1.2: The following theorem and corollary are typically seen in
a course on probability theory.

Theorem B: Let X be a random variable, g(x) a real-valued func-
tion, and ¢ > 0. Then

Pg(X) 2 o} < L)
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Corollary B: Let X be a random variable and ¢ > 0. Then

<E HX )

Proof: Let g(z) = |z|; then this corollary follows directly from

Theorem B.
s

In some cases, while proving a theorem it becomes evident that a special
result is needed primarily for proving the theorem. A theorem that is used
primarily in the proof of another theorem is called a lemma. The definition
of a lemma is given below.

Definition 3.1.5: A lemma is any provable result that is used primarily as
a necessary step in the proof of another theorem.

As was the case with a corollary, a lemma is also a theorem since it is a
provable result. Moreover, lemmas generally precede a theorem and are used
mainly to remove certain complications that will be encountered in the proof
of a theorem.

Ezample 3.1.3: The following lemma will be very useful in Chapter 5.

Lemma (The Triangle Inequality): If z,y € R, then
lz +y| < lzf+ [yl

Now, the general form of a theorem, corollary, or lemma is a conditional
statement of the form “If H is true, then C is true.” Also, the hypothesis
H is the condition from which the conclusion C will follow. In many cases,
the hypothesis may be a compound statement made up of sub-hypotheses,

say H)y,...,H,, that are joined together by AND's or OR’s. Similarly, the
conclusion may also be a compound statement made up sub-conclusions, say
C\,...,Ch, tied together by AND’s or OR’s.

Ezample 3.1.4: Determine the hypothesis and conclusion for each of the fol-
lowing theorems. If the hypothesis is compound, identify the subhypotheses.

a. Theorem: If f(z) is differentiable at £ = ¢, then f(z) is continuous at
z=c.

b. Theorem: If f'(c) = 0, f'(¢”) < 0, and f'(c*) > 0, then f(z) has a
relative maximum at z = c.
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¢. Theorem: If iim flz) =1L, al:mé g{z) = M, and M # 0, then
flz) L

lim = —.
2l glz) T M
d. Theorem: If a is an even integer, then a? is an even integer.
Solutions:

a. Hypothesis: f(x) is differentiable at z = ¢
Conclusion: f(z) is continuous at z = ¢.

b. Hypotheses: f'(c) =0 (H,), f/(¢™) <0, (H), and f'(c*) > 0 (H3).

Conclusion: f(z) has a relative maximum at z = c.
c. Hypotheses: Jl:l_.nlc flz)y =L (H,), llmc g(z) =M (Hs), and M # 0 (Hj).

Conclusion: il_.mc gz(g- = %

d. Hypothesis: a is an even integer.

Conclusion: a? is an even integer,

Finally, it is important to note that not all theorems will be stated in the
“If H, then C” form. However, with a little creative thinking most theorems
can be restated in the “If H, then C” form. For example, the following two
theorems, which will be proved in Chapter 4, are not stated in the form “If
H, then C.”

Theorem: /2 is an irrational number.
Theorem: There are infinitely many prime numbers.

However, these theorems could be restated in the form “If H, then C” as
shown below.

Theorem: If x = /2, then z is an irrational number.
Theorem: If P is the set of prime numbers, then P contains infinitely

many prime numbers.

Example 3.1.5: Restate each of the following theorems in the “If H, then
C” form:

a. The limit of the sequence of real numbers a, is unique.
b. The identity element of a group (G, ©) is unique.

¢. The sum of an irrational number and a rational number is an irrational
number.
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Solutions:

a. If a is the limit of the sequence of real numbers a,, then a is unique.
b. If (G, o) is a group, then the identity element is unique.

c. If z is an irrational number and y is a rational number, then x 4+ y is an
irrational number.

3.2 The Contrapositive and Converse of a Theorem

Recall, from Chapter 2, that the converse and the contrapositive of the condi-
tional statement H — Care C — H and -=C — -H, respectively. Further-
more, recall that a statement and its contrapositive are logically equivalent.
Thus, it follows that a theorem of the form “If H is true, then C is true” is
logically equivalent to its contrapositive theorem “If C is not true, then H is
not true.” Therefore, proving the theorem H — C automatically proves the
theorem ~C — — H. Hence, each theorem has a dual theorem to which it
is logically equivalent, namely, its contrapositive. On the other hand, since a
conditional statement and its converse are not logically equivalent, the con-
verse of a theorem is seldom true.

Ezample 3.2.1: Determine the contrapositive theorem associated with each
of the following theorems:

a. Theorem: If f(r) is differentiable at z = ¢, then f(z) is continuous at
=c

b. Theorem: If a is an odd integer, then a? is an odd integer.

¢. Theorem: If a and b are an odd integers, then a + b is an even integer.
1

d. Theorem: If £ > 0, then z + — > 2.
z

Solutions:

a. The contrapositive theorem is “If f(z) is not continuous at z = c, then
f(z) is not differentiable at z = ¢.”

b. The contrapositive theorem is “If a2 is an even integer, then a is an even
integer.”

c¢. The contrapositive theorem is “If a + b is an odd integer, then either a
or b is an even integer.”

1
d. The contrapositive theorem is “If z + — < 2, then z < 0.”
z
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Now, when a theorem and its converse are both true, then the theorem
can be written as a biconditional theorem of the form “H if and only if C”; a
biconditional theorem is sometimes referred to as an “if and only if” theorem.
An example of a biconditional theorem is given below.

Theorem: Let a and b be real numbers. Then, ab = 0 if and only if
a=0o0rb=0.

Note that this theorem is composed of the following two theorems:
Theorem: Let a and b be real numbers. If ab =0, then e =0o0r b = 0.

Theorem: Let a and b be real numbers. If a =0 or b =0, then ab = 0.
3.3 Methods of Proof and Proving Theorems

Given a theorem “If H, then C,” there are many different approaches that
could be attempted when trying to prove this theorem. In fact, many theorems
can be proved using several different approaches. However, the particular
method used to prove a theorem is not nearly as important as is the fact that
a valid proof has been found for the theorem. Two of the most commonly
used approaches for proving theorems are the method of direct proof and the
method of indirect proof.

3.3.1 Direct Proof

When faced with the problem of trying to prove a conjecture or a theorem
of the form “If H, then C,” the first, and often most direct, approach to try
is the method of direct proof. For most problems, this approach will lead to
a valid proof of the theorem in question. This is generally the first approach
that is attempted when trying to prove a conjecture. The method of direct
proof is described below.

The Method of Direct Proof: Given a theorem of the form H — C, a
direct proof of H — C begins with the assumption of the hypotheses of the
theorem. From the hypotheses, a sequence of logical statements is constructed
that leads to the conclusion of the theorem. When the sequence of logical
arguments leading from the hypotheses (H) to the conclusion (C) is valid,
then the theorem will have been proved with a direct proof. A diagram of a
direct proof usually follows the pattern

H-C—-C,—-C3---C

where H leads to a conclusion Cy, C; leads to conclusion Co, and so on until
the desired conclusion C is reached. This method of direct proof is called the
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forward direct approach. Note that a forward direct proof begins by assuming
that the hypothesis (H) is true and then proceeds forward with a sequence
of logical arguments that leads to the conclusion {(C'). An algorithm outlining
the method of direct proof is outlined below.

Algorithm for a Direct Proof: The following steps outline the typical
procedure used in a direct proof of a theorem H — C:

1. Identify and list all hypotheses of the theorem.

2. Identify and list all results that follow directly from, or are related to,
"~ the hypotheses of the theorem.

3. Begin tying the hypotheses to the results listed in step 2. Begin working
toward the conclusion. This is the scratchwork phase of the proof.

4. Develop a complete set of logical arguments leading from the hypotheses
of the theorem to the conclusion of the theorem.

5. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

6. Read the proof over carefully and make any necessary corrections.

It is very important to write clear and concise proofs; therefore, steps 5
and 6 in the algorithm for a direct proof are two of the most important steps
in writing a good proof. Furthermore, it is extremely important to provide
compiete and clear justification for each of the steps leading to the conclusion.
Finally, a well-written proof is any proof that can be easily followed and
comprehended by any person familiar with the mathematical subject matter
involved in the theorem.

It also is important to note that a direct proof requires a sequence of
logical arguments leading from the hypothesis to the conclusion. Thus, in
carrying out steps 3 and 4 of the preceding algorithm, it will often be useful
to focus on some aspect of the conclusion in developing a connection between
the hypothesis and the conclusion. For example, suppose that the theorem
states that “If n is even, then n? is even.” In this case, in steps 3 and 4 it
will be useful to consider n?, which can then be written as (n)?, which clearly
relates the hypothesis to the conclusion.

Ezample 3.3.1: Suppose that the following results from calculus have been
proved.

Theorem 1: Let f and g be real-valued functions. If lim f(z) = L and
lim g(z) = M, then lim f(z)g(z) = lim f(z)- lim g(z) = L M.
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Theorem 2: Let f be a real-valued function. If lirr}: f(z) =Land L #0,
1
then JlrerL f(:r) =1

Use these two theorems to prove the following theorem using a direct proof:

Theorem: Let f and g be rcal-valued functions. If lim f(x) = L

) flz) L
1 M and M # 0, then lim —— = —,
lim g(z) = M and M # m o =W

Scratchwork: Following the algorithm for a forward direct proof:
1. Hypotheses: f(x) and g(x) are functions with lim f(z) =L
Ir—cC
lim g(z) = M, and M # 0.
r—C

2. Related Results: The hypotheses of the theorem allow for the
use of Theorems 1 and 2. Thus, it follows from Theorems 1 and

2 that
lim f(z)g{(x) = LM and lim 1 = L
g I \IIE) = ime g(z) M
. ey f@ 1
3,4. Working toward C: Consider (@) f(x) 9@
Now, since é((j)) = f(x) ;(%5, it follows that
fl2) a1
lim 0y = im J(=) 75

and by Theorems 1 and 2 it follows that

lim fla) _ lim f(x)- —1—) = lim f(x)- lim

I—C g(fL‘) T—C g(:L‘ T—C T—C g T

5,6. Write a Proof: Write up this scratchwork into a clear and
concise proof of the theorem. Proofread your proof!

Proof: Let f and g be real-valued functions with lim f(x) = L,

T—C
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lim g(z) = M, and M # 0. Then

T—C
o flE) [ 1 }
lim ——= = lim | f(z)- —
z—e g(z) =z /) 9(z)
lim f(z) ki 1 lim f(z)- lim !
= lim f(z)- im —— = lim lim ——
z—C T-C g(x) i:«c xT—C g(m)‘
By Theorems 1 and 2
1 L
Ly wm
. fl@) L : - : -
Thus, ll_r& 0@ - M whenever :lec f(z) = L and alrl_rgg(:c) = M and
M #£0. '
.

Note that in this proof, the hypotheses of the theorem allowed for the ap-
plication of Theorems 1 and 2 because the hypotheses of Theorems 1 and 2
are the exact hypotheses of this particular theorem. This was no coincidence;
rather, it is the natural progression in the modern axiomatic mathematical
system. Hence, the theorem proven in Example 3.1.1 turns out to be a natural
extension of Theorems 1 and 2 stated above.

Ezxzample 3.3.2: For the following theorem, let N = {1,2,3,...} be the set
of natural numbers. Define an even number to be any integer that can be
written as 2k for some integer k, and define an odd number to be any integer
that can be written as 2k + 1 for some integer & . Use a direct proof to prove
the following theorem.

Theorem: Let n be a natural number. If n is an even number, then
n? is also an even number.

Scratchwork: Following the algorithm for a forward direct proof:

1. Hypotheses: Let n be a natural number and suppose that n
is even.

2. Related Results: Since n is an even number, there exists an
integer £ such that n = 2k%.

3,4. Working toward C: Since n is even, it follows that

n? = (2k)? = 4k? = 2(2k?)
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which is of the form 2 times the integer 2k%. Hence, n? is also
even.

5,6. Write a Proof: Write up this scratchwork into a clear and
concise proof of the theorem. Proofread your proof!

Proof: Let n be a natural number and suppose that n is an even
number.

Then, there exists an integer k such that n = 2k. Consider n?
n? = (n)? = (2k)? = 4k? = 2. 2k? = 25

where j = 2k2, which is an integer. Hence, n? can be written in
the form 2j for some integer j, and therefore n? is an even number
whenever n is an even number.

Ezxample 3.3.3: Use a forward direct proof to prove the following theorem:
Theorem: If z,y € R, then 22 + y* > |zy|.
Proof: Let x,y € R. Consider (|z| - |y))*:
Iz} = 1y))* = (Iz1)* = 2lz|- [yl + (jy)* = 2* + " ~ 2|y

Furthermore, since (|z] — Iyl)2 > 0, it follows that

(Jz| = 1y)* = 2% + 3* — 2y 2 0
and hence

2t +y? 2 2Jzy| 2 |zyl

Therefore, 2 + y? > |zy|, V z,y € R.

Note that in the proof of the theorem stated in Example 3.3.3, the proof
required a creative approach after assuming the hypotheses of the theorem.
In particular, after the assumption z,y € R, the next step in the proof was to
consider (|z] — ly{)Q. This step is not obvious to most people trying to prove
this theorem, and might only be stumbled across by a few people as a result
of their scratchwork. Often a great deal of ingenuity and insight is required in
order to successfully prove the desired result. Thus, it is important to attack
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a tough problem from several different approaches and sometimes with a truly
creative approach.

Recall that whenever “If H, then C” is a theorem, then the contrapositive
to this theorem is also a theorem; that is, every theorem “If H, then C” has
a dual theorem “If not C, then not H,” which is also true. Furthermore, if a
proof of “If C is not true, then H is not true” is found, then this is equivalent
to proving “If H is true, then C is true.” Thus, a second method of direct
proof that can be used to prove “If H is true, then C is true” is to prove the
contrapositive of this theorem: “If not C, then not H.” Proving a theorem
H — C by proving its contrapositive is called a proof by contrapositive. Note
that the method of proof by contrapositive is also another method of direct
proof and is often used when a forward direct proof for a theorem cannot be
found.

Now, a proof by contrapositive begins with the assumption that conclu-
sion of the theorem is false, rather than beginning with the hypotheses of the
theorem. From the negation of the conclusion (i.e., —~C), a direct proof of
the negation of the hypotheses (- H) is desired as follows. A typical proof by
contrapositive begins with ~C, which leads to a conclusion Cy, which leads
to a conclusion Cs, and so on until it can be concluded that the hypothe-
sis H is false. An algorithm outlining a recipe for the method of proof by
contrapositive is given below.

Algorithm for a Proof by Contrapositive: The following steps outline
the typical procedure used in a proof by contrapositive of a theorem H — C:

1. State the contrapositive of the theorem (i.e., ~C - — H).
2. Identify and list all the results that are related to -~ C.

3. Assume that —C is true and begin tying — C to the results in step 2 and
work toward the conclusion, which is = H. This is the scratchwork phase
of the proof.

4. Complete the scratchwork for the proof by developing a sequence of log-
ical arguments based on steps 1 and 2 that lead to - H.

5. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

6. Read the proof over carefully and make any necessary corrections.

Note that as was the case in the method of forward direct proof, it is al-
ways important to write clear and concise proofs. Furthermore, it is extremely
important to carefully proofread a proof. The following example illustrates
how the method of proof by contrapositive is used.
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Ezxample 3.3.4: Prove the following theorem using a direct proof:

Theorem: Let n be a natural number. If n? is even, then n is an
even natural number.

Scratchwork 1: Let n be a natural number and suppose that n? is
an cven natural number. Then, 3 an integer k such that n? = 2k.

Now, taking the square root of n? yields n = v/2k. However, there
is not much that can be done with the v2k with regard to relating
it to n. Thus, a direct proof appears to be failing, and thus a proof
by contrapositive should be considered.

The contrapositive of the original theorem is “Let n be a natural
number. If n is an odd integer, then n? is an odd integer.”

Scratchwork 2: Let n be a natural number and suppose that n is
an odd number. Then, 3 an integer k such that n = 2k+1. Consider

n2

n?=(2k+1)2 =4k?+4k+1 =202k +2k)+ 1 =2j + 1
where j = 2k? + 2k, which is an integer. Thus, n? is an odd number

whenever n is an odd number.

Proof (by Contrapositive): Let n be a natural number and sup-
pose that n is an odd number. Then, 3 an integer k such that
n = 2k + 1. Consider n?

n?=Q2k+1)2 =4k +4k+1=2j+1

where j = 2k? + 2k, which is an integer.

Thus, n? is an odd number whenever n is an odd number, and there-
fore, by proving the contrapositive of the original theorem, it follows
that n is even whenever n? is even.

57

Note that in the first set of scratchwork an impasse was encountered in

trying to relate n? back to n. When a direct proof fails to prove a theorem,
it is always reasonable to try to prove the theorem with the method of con-
trapositive; in some cases, a direct proof for the theorem of interest will be

impossible with the mathematical results at hand. Also, when the method of

proof by contrapositive is being used to prove a theorem, it is a good idea to
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clearly designate this at the beginning of the proof. Clearly designating that
an alternative method to the forward direct proof is an important part of a
proof by contrapositive.

Example 3.3.5: Prove the following theorem using the method of proof by
contrapositive.

Theorem: Let zr and y be positive real numbers. If z # y, then
In{z) # In(y).

Scratchwork 1: First, the contrapositive of this theorem is “Let z
and y be positive real numbers. If In(z) = In(y), then z = 3.”

Let z and y be positive real numbers and suppose In{z) = In(y).
Note that z = €/®) and y = '), and since In(z) = In(y), it
follows that z = e"(®) = ¢ln(¥) = o

Thus, z = y whenever In(z) = In(y) and therefore, proof by contra-
positive shows that In{z) # In(y) whenever z # y.

Proof (by Contrapositive): Let x and y be positive real numbers
and suppose In(z) = In(y). Note that z = e™(® and y = "W).
Moreover, since In(z) = In(y), it follows that z = €'"(*) = eIn(¥) = o,
Thus, z = y whenever In(z) = In(y); therefore, proof by contraposi-
tive shows that In(z) # In(y) whenever z # 3.

3.3.2 Indirect Proof

In some cases, neither a forward direct proof nor a proof by contrapositive
can be found for a particular theorem. After exhausting all the possibilities
with these two methods of proof, another method of proof that can tried is
the method of indirect proof or reductio ad absurdum. The method of indirect
proof is described below.

The Method of Indirect Proof: An indirect proof of the theorem “If H is
true, then C is true” begins by assuming that the hypothesis (H) is true and
the conclusion (C) is false. Working from these two statements, a sequence
of logical conclusions is followed until an contradiction develops. Recall that
a contradiction is a statement that is always false.

Now, working from H and —C to a contradiction proves the theorem
H — (C by showing that H A —C is always false, and since H A —~C is
logically equivalent to -~ (H — C) (by the corollary to Theorem 2.4.1), it
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follows that the negation of the theorem is also false. Now, if the negation
of the theorem is always false, then it must be the case that the theorem is
always true. Thus, the method of proof by contradiction proves H — C by
proving that ~(H — C) can never be true.

The method of proof by contradiction is often a good approach to try
when attempts to prove a result with a forward direct proof or a proof by
contrapositive fail to prove the theorem. Moreover, the method of proof by
contradiction is often the logical method of proof to use when proving a the-
orem that states that an object does not have a specific property, involves a
mathematical inequality, or states that an object A having a property P is
the unique object having this property. For example, a proof by contradiction
would be a logical choice for proving the following theorem:

Theorem: /2 is not a rational number.

Ezxample 3.3.6: Explain why each of the following theorems is a good can-
didate for a proof by contradiction:

a. The sum of a rational number and an irrational number is not a rational
number.

o

The square root of a prime number is an irrational number.
1

Ve (0,00) x4+ =22
z

. The set of all prime numbers is an infinite set.
The real solution to the equation z3 — 1 = 0 is unique.

-~ 0o 2 o

. The set of all real numbers is an uncountable set.
Solutions:

a. This theorem states that the sum of an irrational number and a rational
number does not have the property of being rational.

b. This theorem states that the square root of a prime number is not a
rational number.

This theorem involves an inequality.
This theorem states that the set of all prime numbers is not a finite set.

This theorem states that there is a unique solution to z3 — 1 = 0.

- e 20

This theorem states that the set of all real numbers is not a countable
set.

Algorithm for an Indirect Proof: The following steps outline the typical
procedure used in a proof by contradiction of a theorem H — C:

1. Identify and list all the hypotheses of the theorem.
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Negate the conclusion of the theorem.

Identify and list all the results that are related to hypotheses and the
negation of the conclusion.

Begin tying the hypotheses to the results in step 2 and begin working
toward a contradiction. This is the scratchwork.

Complete the scratchwork proof by developing a logical sequence of ar-
guments based on steps 1 and 2 that lead to a contradiction.

Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

Read the proof over carefully and make any necessary corrections.

Note that in a proof by contradiction, any sequence of logical arguments

that leads to a contradiction of a known fact or contradicts the assumed
hypotheses of the theorem is enough to prove the desired theorem. Also,
when using a proof by contradiction it is important to clearly designate this
at the beginning of the proof. The following example illustrates how a proof
by contradiction can be used to prove an inequality.

Ezample 3.3.7: Prove the following result. For z > 0, z +

> 4.

8] 1&

Scratchwork for a Proof by Contradiction:
1. Let z > 0.
4
2. The negation of the conclusion is (i.e., ~C) z + ~ < 4.
z

3. At this point, it might be useful to write down some results
concerning inequalities. For example, results of the form “If
c¢>0andz < y,thencr < cy” and *If £ < y, then c+z < c+y”
might be helpful in proving this theorem.

4
4. The goal is to work fromz > 0 and z + — < 4 to a contradiction.
z

Consider the inequality z + 4 < 4.
z

4
z+;<4 if and only if z% + 4 < 4z
N, e’
since T > 0

= z24+4-42<0 >z -4z-4=(2-2)°<0

But,Vz € R, (z —2)? > 0, and thus (z — 2)? < 0 contradicts
the fact that (z —2)% > 0.
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o 4
Hence, proof by contradiction shows that z + — > 4 whenever
z
z>0.

5. Now, write up this scratchwork in a well-written proof.

Proof (by Contradiction): Let > 0 and assume that z + g— < 4.
Then

4
T+ —-<4 &= 2°+4<4z < 22 -4z +4<0
I

Now, 22 — 4z + 4 = (x — 2)?, and thus (z - 2)? < 0 contradicts the
fact that (z — 2)?2 >0, Vz € R.

Ezample 3.3.8: Prove the following theorem using a proof by contradiction:

Theorem: For p > 3 there are no triples of prime numbers of the
form (p,p+ 2,p+ 4).

Scratchwork: Note that this might be a good candidate for proof
by contradiction because it states that there are no triples of primes
of a particular form.

Let p > 3, and suppose that there exists at least one triple of prime
numbers of the form (p,p + 2,p + 4). Now, since p,p+ 2 and p+ 4
are all prime numbers greater than 3, it follows that they are all odd
numbers.

Consider the following examples of triples of odd numbers: (1,3,5),
(3,5,7), (5,7,9). It appears that in each triple of odd numbers one of
the numbers is a multiple of 3 showing that it is unlikely for a triple
of primes of this form to exist.

Now, since p is a prime number, p is not a multiple of 3. Since p is
not a multiple of 3, it follows that 3 k € Z such that (1) p =3k + 1
or (2) p=3k+ 2:

Case 1: Suppose that p =3k + 1. Then,p+2=(3k+1)+2 =
3k + 3 =3(k+ 1), and hence p+ 2 is a multiple of 3, contradicting
the assumption that p + 2 is a prime number.

Case 2: Now, suppose that p = 3k+2. Then,p+4 = (3k+2)+4 =
3k + 6 = 3(k + 2), and hence p + 4 is a multiple of 3, contradicting
the assumption that p + 4 is a prime number.
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Thus, in both cases a contradiction is arrived at, and therefore there
are no triples of prime numbers of the form {(p,p+2,p+4) forp > 3.

Proof (by Contradiction): Let p > 3, and suppose that there
exists at least one triple of prime numbers of the form (p, p+2,p+4).

Now, since p is a prime number and p > 3, it follows that p is not a
multiple of 3. Furthermore, since p is not a multiple of 3, 3k € Z
such that (1} p=3k+lor (2) p=3k+2:

Case 1: Suppose that p = 3k + 1. Then
p+2=0B5k+1)+2=3k+3=3(k+1)

and hence p + 2 is a multiple of 3, contradicting the assumption that
p+ 2 is a prime number. Therefore, there do not exist any triples of
prime numbers of the form (p,p + 2,p+ 4) when p = 3k + 1.

Case 2: Suppose that p = 3k + 2. Then
p+4=3k+2)+4=3k+6=3(k+2)

and hence p+ 4 is a multiple of 3, contradicting the assumption that
p+4 is a prime number. Therefore, there do not exist any triples of
prime numbers of the form (p,p + 2,p + 4) when p = 3k + 2.

Hence, in either case a contradiction is arrived at, and therefore there
are no triples of prime numbers of the form (p,p+2,p+4) forp > 3.

3.4 Specialized Methods of Proof

Besides the methods of forward direct proof, proof by contrapositive, and
proof by contradiction there are also several specialized methods of proof.
Moreover, each of these methods deals with a specialized form of the theorem
under consideration. In particular, the specialized methods of proof that will
be discussed in this section are proof by mathematical induction, uniqueness
proofs, existence proofs, and proof by cases.



Specialized Methods of Proof 63
3.4.1 Mathematical Induction

Proof by mathematical induction is a special type of direct proof that can often
be used with theorems of the nature “The statement P,, holds for every natural
number n”; that is, a good candidate for proof by mathematical induction is
any theorem that involves a statement indexed by n (i.e., P,) and holds
V¥n € N. For example, the following two theorems would be good candidates
to be proved using mathematical induction since both theorems contain results
that are indexed by n and hold Vn € N.
n
Theorem: z i= M

=1

Theorem: (n+ 1)! > 2% Vne N

, V¥neN.

Using an induction proof does have one major advantage over the other
methods of proof discussed previously; namely, every induction proof involves
exactly the same two steps, an initial step and an induction step. Of course,
this does not mean that a proof by induction will be easy. Also, there are
actually two different methods of mathematical induction, weak and strong
induction, which will be denoted by I; and I, respectively; strong induction
is also referred to as complete induction. Furthermore, each of these induction
methods can be used in an attempt to prove a theorem of the form P, is true
Vn € N. The two steps required in every induction proof, for both weak (I,)
and strong (I) induction, are given below.

Weak Induction (I;): A theorem of the form “P, holds Vn € N”
will be proved if it can be shown that the following two conditions
are true:

(i) The Initial Step: P; is true.

(ii) The Induction Step: If Py is true for an arbitrary but fixed
(ABF) value of k € N, then it follows that P, is also true.

Strong Induction (1;): A theorem of the form “P, holdsVn € N
will be proved if it can be shown that the following two conditions
are true:

(i) Initial Step: P; is true.

(ii) Induction Step: If Py, Py, ..., Pk are all true for an arbitrary
but fixed {(ABF) value of k € N, then it follows that Py, is also

true.

Note that these two versions of mathematical induction are logically equiv-
alent. Therefore, proving the theorem “P,, Vn € N” with strong induction
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is equivalent to proving the theorem “P., Vn € N” with weak induction and
vice versa. Note that the only difference between the two steps outlined in
I, and I, is that the hypothesis for the induction step in I is stronger than
the hypothesis in ;. Thus, strong induction is based on the condition that
P, Pa,..., Py are all true for some arbitrary but fixed value of £ € N, and
this is a stronger condition that Px is true for an arbitrary but fixed value
of k € N, which is used in weak induction. The question of which version
of induction to use in a proof often becomes clear in the scratchwork of the
induction step. In fact, when strong induction is required, it will usually be-
come obvious in the induction step of the proof. In general, it is standard
practice to attempt an induction proof using weak induction first, and then
trying strong induction only when it is clear that Py, Pz, ..., P, are needed.

Now, theorems that are good candidates for a proof by mathematical
induction are theorems that are indexed by n and also hold V n € N. In other
words, a theorem of the form P, holds V n € N can often be proved using
mathematical induction. For example, the following theorem can be proved
with mathematical induction:

Theorem: 4 [z"] = nz""}, ¥neN.

dz

An algorithm that can be used for a proof by weak induction is outlined
below.

An Algorithm for Weak Induction: The following steps outline the typ-
ical procedure used in a proof by weak induction of a theorem P,, Vn € N:
1. Define the statement Pp.
2. Show that P is true.
3. Assume that Py is true for an arbitrary but fixed (ABF) value of k € N,
and write down exactly what this means.
4. Write down the statement Py ;. This is the statement that Py is sup-
posed to lead to.
5. Began scratchwork by trying to relate Py;; to Px. Determine a set of
logical arguments showing that P, — Py,

6. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

7. Read the proof over carefully and make any necessary corrections.

As is the case with any proof that is based on a method of proof other
than the method of forward direct proof, it is important to denote the type of
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proof being used. Hence, when an induction proof is used to prove a theorem
it should be clearly noted that this is the method of proof being used. The
following two examples illustrate how weak induction can be used to prove a
theorem whose conclusion is indexed by n and holds V n € N.

Ezample 3.4.1: Prove the following result using weak induction:

Zz n(n+1)’ vneN

=1

Solution: This result is a good candidate for a proof by weak induction since
it is of the form P,, Vn €N,

Scratchwork:

. " am+1)
1. fi 1= E =
Define P 1 5

i=1
1
2. The initial step is to prove that P; is true. First, consider Z 1.
i=1

1

1{1+1

Now, Z i = 1, and since —S————)
—

true.

=1, it follows that P is

3,4,5. The induction step. The goal here is to show that if Py is true
for some ABF k € N, then so is Pixyy. The key to carrying out
the induction step is often to relate the result in Py, to the
result in P, and then work forward from this relationship.

Suppose that Py is true for some ABF k& € N. This means that

k k+1
y =l

=1

k+1
Consider Pryi. If Py is true, then it follows that Z 1 will

1=1
(k+1)(k+2)

b 1t
e equal to 5
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k41
Now, consider E i

i=1

N 2

since Py is true

i

k
Z +(k+1) _kE+D +(k+1)

kP +k+2k+2 K2+3k+2  (k+1)(k+2)
- 2 - 2 B 2

Thus, PH] is true whenever P is true and therefore, it follows
+1
that Z n(nt1) ,VneN.

6. Write up this set of induction arguments in a formal proof.

n(n+1)

Proof (by Induction): Define P, := Z i= 7

i=1

1
1(1+1
- First, Z i=1and ( 2+ ) = 1. Therefore, P; is true.

Now, suppose that Py is true for some ABF k € N. This means that

k k+t
k
Z 1= -(k2;1)- If Py is true, then it follows that Z 1 will be
=1 i=]
(k + 1)(k + 2) oy

. Consider Z 1:

=1

2

—2

since Py is true

k
Z ey =FEED g

u'[\/]+

k2+k+2k+2 k2+3k+2 _ (k+1)(k+2)
2 2 2

n{n+1)

n
Thus, P4, is true whenever Py is true; therefore, E 1= 3 ,
i=1

for alln € N.
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Ezample 3.4.2: Prove the following result using weak induction. Let p € R.

k41
_p+

n . 1
pr#l,thean'z——l———-—-,VnEN.
= ~p

Solution: This is clearly a good candidate for a proof based on mathematical
induction since it is of the form P,, Vn € N.

Scratchwork: Let p € R and suppose that p # 1 and define
— mntl

N i Lottt
'Pn.—gp— T—p

The Initial Step: For n = 1, it follows that

1
pPP=p"+p' =1+p
i=0

and

1-pttt _1-p* _ (1-p)(1+p) _ L4p

1-p 1-p 1-p
Therefore, P, is true.

The Induction Step: Suppose that Py is true for some ABF k € N.

k1= pE1
This means that Z p' = - Consider, Prxyy. I Pryy istrue,
i=0
kt1 1 - pk+2 k+l
th * will be —————. Consid t:
engp will be 5 onsxergp

k+1 k 1"pk+l
i i+pk+l — +pk+l
&L 3

since Py is true

1 pktl 4 phtl _ pke2 _1-pkt?

1-p 1—p

Thus, Py, is true whenever Py is true, and therefore

n k+1
) l—p
pi=—L _ vneN

=
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Proof (by Induction): Let p € R and suppose that p # 1. Define

n 1_pn+1

Pomd P =

i=0

1

First, Zp":poirpl =1+pand
=0
1-p'tt 1-p* (1-p)(1+p)

1-p 1—-p l—-p b

Therefore, P, is true.
Suppose that Py is true for some ABF k € N. This means that
k k+1
i_1-p

p e ettt
i=0 L-p

k+1
Now, consider P 1. If Py is true, then it follows that Z p' will
i=0
1 — pkt2 kvl
be 1TP  Consider Z p:
1 -p =0
kt1

]

k
i 1 pkt!
S paptt =
s —p
N et
since Py is true

1 — pk+l 4 ph+l _ pk+2 1 — pk+2

l-p 1-p

Thus, P41 Is true whenever Py is true. Thus, whenever p # 1, it

follows that
1

n
gt
S p=-F—, vneN
1=0 -P

In the development of an axiomatic mathematical system, often a result
will first be proved for the special case involving only two objects, followed
by proving that the result can be extended to a more general result dealing
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with n objects. Often, mathematical induction is used to prove the more
general result that holds for n objects. The following example illustrates how
mathematical induction can be used to extend a result concerning two objects
to a result about an arbitrary natural number of objects.

Exzample 3.4.3: Recall, from Chapter 2, DeMorgan’s law for negating the
conjunction of two statements stating that

“(PAQ) & -PVv-Q

Using mathematical induction, DeMorgan’s law for conjunction can be ex-
tended to any collection of n statements, say, Py, ..., P,. Thus, induction can
be used to prove the following result:

n+l n+1
ﬂ(/\ P,) =\/ P, V¥neN
i=1

=1

Proof: The proof of this result is left as an exercise.

Note that weak induction was used to prove each of the results in Ex-
amples 3.4.1 and 3.4.2. Although strong induction could also have been used
to prove the results in each of these examples, certain mathematical results
will require the use of strong rather than weak induction. An algorithm for a
typical strong induction proof is given below.

An Algorithm for Strong Induction: The following procedure can be
used for a strong induction proof of a theorem P,, ¥V n € N.

1. Define the statement P,.

2. Show that P, is true.

3. Assume that Py, Ps,..., Px are all true for an arbitrary but fixed value
of kK € N. Explain in writing what this means.

4. Write down the statement Py,,. This is the statement to which the
statements Py, P,, ..., Py are supposed to lead.

5. Begin the scratchwork by trying to relate Pyy) to Py, Pa,. .., P. Deter-
mine a set of logical arguments showing that Py AP A - APy — Pyl
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6. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure each that step of the proof makes sense and is clearly
justified.

7. Read the proof over carefully and make any necessary corrections.

The following example illustrates a result that cannot be easily proved
with weak induction, but can be easily proved using strong induction.

Example 3.4.4: Let the sequence of real numbers a,, be defined by a, = 0,
az = 1, and @ny2 = 3any; — 2a,, for n € N. Prove that a,o = 27! — 1,
VneN.

Solution: This result is a good candidate for a proof based on mathematical
induction since it is of the form P,, ¥Yn € N. The scratchwork below shows
that weak induction fails to prove this result, while strong induction does not
fail.

Scratchwork: First try weak induction.
Let P, be the propositional function “a,o = 27*! — 17,

For n = 1, it follows that a;42 =a3 =3a2—2a; =3 -0=23 and
2!+l _ 1 =4 — 1= 3. Therefore, P, is true.

Suppose that Py is true for some ABF k € N. This means that
Q42 = 2k+l - 1.

If Piyy is true, then a(ki1)42 = ak43 will be 26T141 — 1. Now try
to show that Py — Piy).

Consider ax ;3. By definition, ax+3 = 3ar+2 — 2ax 1. Now, relate
to ax+3 to Pr. Note that P, gives information on ax42 but not on
@41, and hence there is no obvious way to relate ax ;3 to Pi. At this
point it appears that weak induction has failed. Now, an alternative
approach is to try strong induction.

Since the initial step is the same in weak and strong induction, only
the induction step must be reconsidered. The scratchwork now con-
tinues with the strong induction hypothesis.

Suppose that P, ..., P are all true for some ABF & € N. This
means that a; 2 = 27*! — 1 whenever j = 1,2,...,k.

Consider ax43. By definition, ax4+3 = 3axy2 ~ 2ax41. Now, relate
ar4+3 to Pp,..., Py. Note that Py gives information on ax,2 and
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Pr-1 provides information on ax4+;. Thus, from Pi and Pi_; it
follows that ax42 = 27! — 1 and Qk4y = 2% .. 1. Hence

Qk+3 = Bax42 — a4y = 3(2FH! — 1) — 2(2% — 1)
=32k 32k L 2= (3-1)2k* -1
— 2k+'2 ~1

Thus Py A---APx — Pxy1, and therefore an o = 27t -1, ¥Yn e N.
Proof: Let P, be the propositional function “a, 4y = 27! — 17,

For n = 1, it follows that a,42 = a3 =3az —2a; =3 -~ 0= 3 and
21+l 1 =4 — 1 = 3. Therefore, P; is true.

Suppose that Py,..., P, are all true for some ABF k € N. This
means that aj42 = 297! — 1 whenever j = 1,2,...,k.

If Py is true, then axyz will be 252 — 1. Consider ax43. Now, by
definition, ax+3 = 3ak+2 — 2ak+1, and from P, and Py _; it follows
that axso = 28t — 1 and ax4; = 25 — 1. Thus

Qk+3 = 3akt2 — 2041 = (25T —1) - 2(2F — 1)
=32kt 3okt L o= (3-1)2k*t -1

=2k+2_1

Thus, Pk 41 is true whenever Py, . . ., P are true; therefore, by strong
induction, it follows that a,,2 = 2"t _ 1, vneN.

The previous example illustrated how easy it is to switch from weak to
strong induction in the scratchwork phase of a proof. Furthermore, strong
induction will often be needed when recursive definitions are being used in a
result indexed by n. The following theorem, stated without proof, states that
the strong and weak forms of induction are logically equivalent; a nice proof
of Theorem 3.4.1 can be found in Elementary Introduction to Number Theory
by Calvin Long (1972).
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Theorem 3.4.1: The methods of weak and strong mathematical induction
are logically equivalent methods of proof.

It is important to note that in a proof by mathematical induction, the
initial step must lead to the induction step so that P; leads to P; and so on.
If P, is true but does not lead to P2, then the induction algorithms as stated
cannot be used to prove the result in question. The following example illus-
trates a scenario where the initial step does not lead directly to the induction
step and hence leads to the erroneous conclusion that in any set of n numbers,
all the numbers have the same value.

Invalid Induction Proof: Let P, be the statement “If A is any
set of n numbers, then all the numbers in A have the same exact
value.”

First, consider a set A containing only one element. Clearly, by
default every element in this set has the same value. Thus, P, is
true.

Suppose that Pi is true for some ABF k € N. This means that in
any set of £ numbers, all the numbers have exactly the same value.

If Piyy is true, then it will follow that in any set of k + 1 elements,
all the elements have exactly the same value. Consider a set of K+ 1

elements, say, {ay,az,...,0k41}

Note that {ay,...,ax} and {aa, ..., ax+1} are two sets of k numbers,
and thus by Py, it follows that a; = as = - -+ = a, and that

a = a3 = -+ = ar41. Hence, a; = ag = -+ = ag4; and therefore,

Pr 1 is true whenever Py is true. Therefore, if A is a set of n
numbers, then each of the numbers in A has exactly the same value,
v¥neN.

But clearly, in the set of numbers {1,2} all the numbers do not have the
same value. Thus, there must be an error in the set of induction steps outlined
above. In fact, the problem that set of arguments is that while the initial step
does show that P, is true, it does not lead to P, or any other statement Px.
Since there is no successor to the statement Py, the induction argument fails
to prove this conjecture.

Finally, it is not required that the mathematical result being proved need
be indexed by the entire collection of natural numbers (N) in order to use
mathematical induction. In other words, if the theorem states that the result
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P, holds for only n greater than or equal to some integer m, then mathemati-
cal induction can still be used to prove the theorem by rewriting it as P, 4m_1
holds for n € N. For example, consider the following theorem:

Theorem: 2" > n?, whenever n is a natural number greater than or
equal to 5.

This theorem can be rewritten as

Theorem: 2"** > (n+4)2,Vne N,

Ezample 3.4.5: Rewrite each of the following results in the form P,,¥n € N:
a. 3" < n!, for all natural numbers n > 7.

b. nln(n) > n, for all natural numbers n > 3.

1 1
c. / — dx = ———— + C, for all natural numbers n > 2.
z" (1 -n)zn!
Solutions:

a. 3" <(n+6),VneN.
b. The solution to part (b) is left as an exercise.

c. The solution to part (c) is left as an exercise.
3.4.2 Uniqueness Proofs

A special theorem of the nature “Object A that is an element of the set C is
the only (i.e., the unique) object having a property P” is called a uniqueness
theorem. A uniqueness theorem is very important in that it shows that one
and only one object has the special property P. Two examples of uniqueness
theorems are given below:

Theorem: In the field of real numbers, the multiplicative identity, e = 1,
is unique.

Theorem: If (G,0) is a group and e € G is an identity element, then e
is the unique identity element in G.

A uniqueness theorem can be proved with a proof by contradiction, and
the steps used to prove a uniqueness theorem are outlined below.

Algorithm for a Uniqueness Proof: A proof by contradiction can be used
to prove the theorem “Object A in the set C having property P is unique” as
outlined below.

1, Show that object A € C has property P.
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2. Assume that object A is not the only object in the set C having property
P.

3. Let object B # A be any other object in the set C that has property P.
4. Using logical arguments, show that B = A, contradicting statement 3.

5. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

6. Read the proof over carefully and make any necessary corrections.

The following three examples illustrate the use of the method of proof by
contradiction to prove a uniqueness theorem, using the algorithm presented
above.

Ezxample 3.4.6: Prove the following result. If £ = 1, then z is the unique
real-valued solution to the equation z3 — 1 = 0.

Proof (Uniqueness Proof): First, z = 1 is a real-valued solution
to 23 — 1 = 0 since 13 — 1 = 0. Now, suppose that z = 1 is not the
only real-valued solution to 3 — 1 = 0. In other words, there exists
more than one real-valued solution to z° — 1 = 0. Let s # 1 be any
other solution to 3 — 1 = 0. Then, s — 1 = 0 and hence

0=s’—1ifandonly if s3> = 1if and only if s = 1

However, this contradicts the fact that s # 1, and therefore, r = 1
is the unique solution to the equation 3 — 1 = 0.

Example 3.4.7: Prove the following result. The matrix I, = [3 (1)] is the

unique 2 x 2 identity matrix.

Proof (Uniqueness Proof): Let A = [g_ Z] be an ABF a 2 x 2

matrix, and let I = (1) ‘1’} Then, Al = A and LA = A and

hence I, is a 2 x 2 identity matrix.

Now, suppose that there exists more than one 2 x 2 identity matrix,
and let E # I be any other 2 x 2 identity matrix.

Since F and I; are identity matrices, it follows that

AE=FA=A and AL=5LA=A
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for any 2 x 2 matrix A.

Thus, EI, = FE since I is an identity matrix, and similarly, EI, = I,
since £ is an identity matrix. Hence, £ = FI; = I3, contradicting
the fact that E # I, and therefore, /5 is the unique 2 x 2 identity

matrix.
™

Ezample 3.4.8: For a,b € R, define aob =a+ b— 1. Prove the following
theorem.

Theorem: Let a,b € R. Then, the solution z to the equation aoz = b is
unique.

Proof (Uniqueness Proof): Let a,b € R and suppose that the
solution to aox = b is not unique. Let s; # s2 be two real numbers
that are solutions to the equation a oz = b.

Then
aosy=bifandonlyifa+s;~1=bifandonlyif sy =b—-a+1
and
aosy =bifand onlyifa+s;—1=bifandonlyifss =b—-a+1

Thus, s, = b—a+ 1 = s, which contradicts s; # s2, and therefore
the solution to a o x = b is unique.

3.4.3 Existence Proofs

Another special type of theorem is a theorem of the nature “There exists an
object A that is an element of the set C that has property P.” A theorem of
this nature is called an existence theorem. The following theorem provides an
example of a existence theorem.

Theorem: If (G, o) is a group and a,b € G, then there exists y € G such
that aoy = b.

Now, the proof of an existence theorem requires showing that there ex-
ists an object A € C that has the property P. An existence proof may sim-
ply involve creating an object A in the set C having the property P, but in



76 Methods of Proof

many cases, the proof of an existence theorem will require a great deal of
creative thinking and mathematical insight. Hence, the method of proof that
is typically used in proving an existence theorem is called “proof by construc-
tion.” The following algorithm outlines the typical approach used in proving
a uniqueness theorem.

Algorithm for an Existence Proof: To prove the theorem “There exists
an object A in the set C that has property P”

1. Create or construct an element A that has property P.
2. Show that the element A is in the set C.

3. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

4. Read the proof over carefully and make any necessary corrections.

Note that while this algorithm has only main two steps, the proof of an exis-
tence theorem often requires a great deal of scratchwork and creative thinking,.
In most cases, the existence proof does not reveal the amount of work involved
in creating or finding the object A. While an existence proof might be very
short once the object A has been created or found, a short proof does not
necessarily indicate the level of difficulty in developing the proof. In many
existence proofs, the construction of the element A € C can be found by fo-
cusing on the property P, and this may simply amount to solving an equation
related to the property P. Also, it is not unusual that a mathematical trick
or unusual approach will need to be used in creating the object A in an ex-
istence proof. An example of an existence theorem and its proof are given in
the following example.

Ezample 3.4.9: Prove the following existence theorem:

Theorem: There exist prime numbers of the form 27 — 1 where p is a prime
number.

Scratchwork: First, the set C is the set of prime numbers, and the
property of interest is that 2P — 1 is a prime number.

To create a prime of the form 2P — 1, first consider the prime number
p = 2. Now, 2 is a prime number and 22 — 1 = 3, which is a prime
number. Thus, p = 2 is in C and has the property P.

Proof (Existence Proof): Note that 2 is a prime number, and

22 — 1 = 3 is a prime number. Thus, there do exist prime numbers
of the form 27 — 1 where p is a prime number.
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Note that in this theorem, the value of p was found by considering the
first possible prime number. Since p = 2 is a prime number for which 22 — 1
is also a prime number, this proved the existence theorem, and the proof is
very short.

Example 3.4.10: Prove the following theorem:

Theorem: There exist two irrational numbers whose sum is ratio-
nal.

Scratchwork: In this theorem, C is the set of irrational numbers and
P is the property that the sum of two irrational numbers is rational.
Consider well-known irrational numbers. For example, v2, V3, ,
and e.

The trick here is to focus on the sum being rational. Now, there are
many ways to form a rational number from two irrational numbers,
but only one is needed.

Let z = V2 and y = —v2. Then, z and y are both irrational
numbers, and 2+ y = V24 (-v2) = V2~ V2 = 0. Since 0 is a

rational number, the result is as follows.

Proof (Ezistence Proof): Let £ = /2 and y = —v2. Then, z
and y are both irrational numbers.

Consider z + y
T+y=v2+(-V2) =v2-Vv2=0

Thus, since 0 is a rational number, it follows that there exist irra-
tional numbers such that the sum of the two irrational numbers is
rational.

Although the two previous existence proofs were very short, it is not
always the case that the proof of an existence theorem will be short. The
key to any existence proof is the construction of an element A in the set C
that has property P; the length of the proof may or may not represent the
difficulty of the construction of the element A.

Example 3.4.11: For a,b € R, define the binary operator o as follows:
aob=a+b - 1. Prove the following theorem:



78 Methods of Proof

Theorem: Let a,b € R. Then, there exists z € R such that aox = b.

Scratchwork: Here the set C is R and the property Pis that z € R
satisfies the equation a o z = b or equivalently,a +x — 1 = b. The
proof of this theorem requires that a solution to this equation be
constructed.

Let a,b € R and consider the equation a o x = b. Now, solve this
equation for z.

aor=>bifandonlyifa+z—~1=bifandonlyifc=b-a+1
Double-check this solution by plugging it in for z.

ao(b—a+1l)=a+b-a+l-a=0b

So, the solution is £ = b — a + 1 which is in R.

Proof (Existence Proof): Let a,b € R. Consider the equation
aozx=b

aor=>bifandonlyifat+z—1=bifandonlyifr=b—a+1

Thus, z =b—a+ 1 is a real number satisfying aoz = b.

Therefore, there exists £ € R such thataoz =5,V a,b € R.

3.4.4 Proof by Cases

In many proofs, the path of the logical arguments will lead to a statement
involving an either/or statement such as condition S; or condition S2. When
this happens, it is often useful to consider separate proofs for each of the
cases Sy and S, provided these cases are mutually exclusive and exhaustive.
This approach is called a proof by cases. The need for a proof by cases may
be obvious or may be hidden in the implications of a particular statement.
Furthermore, a proof by cases may involve more than simply two cases. Ex-
amples of the type of statement that may indicate whether a proof by cases
is needed are given below:

a. ... either z >0 orz <0.
b. ... either z is a prime number or z is a composite number.
c. ... either n is odd or n is even.
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d. ... either z is in the set A, z is in the set B, or z is in the set C.
e. ... the set P is either empty, finite, or infinite.

An example of a proof by cases can be found in the proof of Theorem 2.3.4,
part (i), which states that = (P Vv Q) and ~ P A -~ Q are logically equivalent.
In the proof of this theorem, the truth tables for these two statements were
compared and shown to be identical. Thus, it turns out that proving that
two statements are logically equivalent by showing that they have identical
truth tables is actually a proof by cases. In other words, in a proof utilizing
a truth table, all the different possible states of nature (i.e., different cases)
for the base statements must be considered. An alternative proof of Theorem
2.3.4(i) is shown in the following example.

Example 3.4.12: The proof of Theorem 2.3.4(i) is restated as a proof by
cases below.

Theorem 2.3.4(i): If P and Q are statements, then -~ (P Vv Q) is logically
equivalent to - P A = Q.

Proof: Let P and @ be statements. Then either (1) P is true and
Q is true, (2) P is true and Q is false, (3) P is false and Q is true,
or (4) P is false and Q is false.

Case 1: Suppose that P is true and @ is true. Then, (P Vv Q) is
true and hence - (P V Q) is false. Furthermore, -~ P and - Q are
both false, and thus - P A - Q is false. Therefore, when P and Q
are both true, then = (P v @) and = P A = Q@ are both false.

Case 2: Suppose that P is true and @Q is false. Then, (P V Q) is
true and hence - (P V Q) is false. Furthermore, — P is false and = Q
is true, and thus = P A = Q) is false. Therefore, when P is true and
Q is false, then - (P VvV @) and - P A = Q are both false.

Case 3: Suppose that P is false and @ is true. Then, (P V Q) is
true and hence - (P V Q) is false. Furthermore, - P is true and -~ Q
is false, and thus — P A - Q is false. Therefore, when P is false and
Q is true, then = (P VvV @) and - P A ~Q are both false.

Case 4: Suppose that P is false and @ is false. Then, (P V Q) is
false and hence - (P Vv Q) is true. Furthermore, both - P and - Q
are true, and thus = P A - @Q is true. Therefore, when both P and
Q are false, then = (P v Q) and =P A ~Q are both true.

Thus, in each of the four cases = (P Vv @) and - P A ~Q have
the same truth values. Thus, it follows that - (P Vv Q) is logically
equivalent to - P A - Q.

°
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Note that when using a proof by cases to prove a theorem, a separate
proof of the theorem is required for each of the possible individual cases. Also,
with regard to the clarity of the proof it is important to denote (1) the possible
cases and (2) where the proof of each case begins and ends. The following
example illustrates how this might be done.

Proof: Hypotheses

Logical arguments

Thus, it follows that z > yor x < y.

Case 1: Suppose that x > y.

Hence, for x > y it follows that ...

Case 2: Suppose that z < y.

Hence, for < y it follows that ...

Therefore, in either case it follows that ...

Note that the beginnings and endings of each of the two cases in the
example above are clearly delineated. Furthermore, note that the last line of
the proof states that the result holds for both of the possible cases considered.
The following two examples illustrate the typical use of the method of proof
by cases.

FEzample 3.4.13: Prove the following theorem:

Theorem: Let n be a natural number. If n is not a multiple of 3, then n? is
not a multiple of 3.

Scratchwork: Let n be a natural number that is not a multiple
of 3. Since n is not a multiple of 3 (i.e., n # 3k), it follows that
n = 3k + 1 or n = 3k + 2 for some natural number k. Thus, the two
cases that must be considered are n = 3k + 1 and n = 3k + 2.
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Case 1: Suppose that n = 3k + 1 for some natural number k. Then
n?=@Bk+1)2 =9k +6k+1=33k%+2k)+1=3j+1
where j = 3k? + 2k, which is an integer. Thus, n? is not a multiple

of 3.

Case 2: Suppose that n = 3k + 2 for some natural number k. Then
n?=(3k+2)2 =0k + 12k+4=303k>+4k+1)+1=35+1

where j = 3k? + 2k, which is an integer. Thus, n? is not a multiple
of 3.

Hence, in either case n? is not a multiple of 3 and therefore, when a

natural number n is not a multiple of 3, it follows that n? is not a
multiple of 3, either.

Proof: Let n be a natural number that is not a multiple of 3. Now,
since n is not a multiple of 3, it followsthat n = 3k+1orn = 3k +2
for some natural number k.

Case 1: Suppose that n = 3k + 1 for some natural number k. Then
n?=3k+1)> =9k +6k+1=303k2+2k)+1=35+1
where j = 3k% + 2k, which is an integer. Thus, n? is not a multiple

of 3.

Case 2: Suppose that n = 3k + 2 for some natural number k. Then
n?=3k+22=09k+12k+4=33k+4k+1)+1=3j+1

where j = 3k% + 2k, which is an integer. Thus, n? is not a multiple

of 3.

Hence, in either case n? is not a multiple of 3 and therefore, when a
natural number n is not a multiple of 3, it follows that n? is not a
multiple of 3, either.

.

Ezample 3.4.14: Prove the following theorem:
Theorem: Let z and y be real numbers. Then |zy| = |z|- y|.

Proof: Let z and y be real numbers. Then, either z,y > 0 or
r>0,y<Qorz,y<Oorz<0,y>0.
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Case 1: Suppose that x,y > 0. Then, {z| = z, [y| = y, and
lzy| = zy. Hence, |zy| = zy = |z|- |y|, and thus |zy| = |z| |yl

Case 2: Suppose that x > 0and y < 0. Then, |z| = z, |y| = —y, and

|zy| = —zy. Hence, |zy| = —zy = |z|"|y|, and thus |zy| = |z|- |y|.
Case 3: Suppose that z,y < 0. Then, |z| = —x, |y} = —y, and
lzy] = zy. Hence, |zy| = zy = (—z)(—y) = |z|-|y|, and therefore
lzyl = |z ly].

Case 4: Suppose that z < 0andy > 0. Then, |z} = —z, |y| = y, and
|zy| = —xy. Hence, |zy| = —zy = |z|- |y|, and thus |zy| = || |y|.
Therefore, in each of the four cases |ry| = |z|- |y, and therefore

Jzy| = |z|- |y}, for any two real numbers z, y.

Note that if the same arguments are used for the proofs of two or more
cases in a proof, then these cases should be combined into a single case. In
fact, since the same arguments worked for each of the cases there was no need
to consider the cases separately. In some proofs the arguments for proving
one or more cases are very similar, mutatis mutandis (Latin for “with the
necessary changes”), to the arguments needed to prove another case. In this
case, a “without loss of generality” (WLOG) statement is usually issued and
the proof of the theorem is shortened by presenting only the proof of one of
these similar cases. However, when using a WLOG statement in a proof, it is
very important to clearly explain why there will be no loss of generality.

Example 3.4.15: Note that in Example 3.4.14 the proofs for cases 2 and
3 are nearly identical. In fact, except for the role changes of the variables x
and y, the proofs are exactly the same. Thus, this is an example of a proof
that could be shortened using a WLOG statement. The shorter version of the
proof with a WLOG statement is shown below.

Proof: Let z and y be real numbers. Then, either z,y > 0 or
z>0,y<0orz,y<Oorx<0,y>0.

Case 1: Suppose that z,y > 0. Then, |z|] = z, |y| = v, and
|zy| = zy. Hence, |zy| = zy = |z} |y|, and thus |zy| = |z|-|y].

Case 2: By symmetry, the proof for x > 0 and y < 0 and for
z < 0 and y > 0 are similar. Thus, WLOG assume that z > 0
and y < 0. Then, |z| = z, |y = —vy, and |zy| = —zy. Hence,
lzyl = —zy = |z|- |y], and thus [zy| = || |y].
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Case 3: Suppose that z,y < 0. Then, |z} = -z, |yl = —y, and
|zy| = zy. Hence, |zy| = zy = (—z)(~y) = |z} |y|, and therefore
lzy| = |z [yl

Thus, in each of the cases [zy| = |z{- |y, and therefore |zy| = |z} |y|
for any two real numbers z and y.

3.4.5 Proving Biconditional Theorems

Recall that the converse of a theorem is seldom also true. However, when a
theorem and its converse are true, then the theorem may be written in the
biconditional form “H if and only if C.”; a theorem of the form “H if and only
if C” is called a biconditional theorem. For notational purposes the phrase “if
and only if” is commonly abbreviated by “iff.” An example of a biconditional
theorem is given below.

Theorem: Let a and b be real numbers. Then, ab = 0 if and only if
a=0o0rb=0.

Note that a biconditional theorem H « C is actually a theorem that is
comprised of the two theorems, namely, H — C and C — H. Thus, to prove
a biconditional theorem, both of the theorems H — C and C — H must
be proved. The following steps outline the typical approach used in proving
a biconditional theorem.

Algorithm for a Biconditional Proof: To prove the theorem “H if and
only if C,” perform the following sequence of steps:

1. Prove H — C, which is often referred to as the forward proof.

2. Prove C — H, which is the converse of the forward theorem.
3. After proving H — C and C — H, conclude H — C.
4

. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that cach step of the proof makes sense and is
clearly justified.

5. Read the proof over carefully and make any necessary corrections.

Thus, the proof of a biconditional theorem will actually consist of two
standalone proofs, one for each of the theorems H — C and its converse. Fur-
thermore, each of the thcorems H — C and C — H may be proved with any
valid method of proof. Also, in the presentation of the proof of a biconditional


file:///x/-/y/

84 Methods of Proof

theorem it is very important to designate where the proofs of H — C and
C — H begin and end. Example 3.4.16 illustrates a biconditional theorem
and its proof.

Ezample 3.4.16: Prove the following biconditional theorem:

Theorem: Let z be a real number. Then, z2 — 4z + 4 = 0 if and only if
= 2.

Proof: Let z be a real number.

First, assume that z2 —4z+4 = 0. Then, since z° -4z +4 = (r—2)?,
it follows that if 0 = 2% — 4z + 4 = (z — 2)?, then z = 2.

Conversely, assume that x = 2. Then, z? ~dz+4 = 22-4(2)+4 = 0.
Hence, 22 —4z + 4 = 0 if and only if z = 2.

Ezample 3.4.17: Prove the following biconditional theorem.

Theorem: Let m,n € N. Then, m + n is odd if and only if exactly one of m
and n is odd.

Proof: Let m,n € N.

First, assume that m + n is odd and it is not the case that exactly
one of m and n is odd. Then either m and n are both odd or m and
n are both even.

Case 1: Supposc that both m and n are odd. Then, there exist
k,j € Z such that n =2k + 1 and m = 2 + 1. Consider m+ n
m+n=2k+1)+(2j+1)=2j+2k+2=2(j+k+1)=2l

where | = j + k + 1, which is an integer. Hence, m + n is even,
contradicting m + n is odd. Therefore, it is not possible for m + n
to be odd when both m and n are odd.

Case 2: Suppose that both m and n are even. Then, 3 k,j € Z
such that n = 2k and m = 2j. Consider m +n

m+n=2k+2j=20+k) =2

where [ = 7 + k, which is an integer. Hence, m + n is even, contra-
dicting m + n is odd. Therefore, it is not possible for m + n to be
odd when both m and n are even.
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Thus, if m + n is odd, then exactly one of m and n must be even.

Conversely, suppose that exactly one of m and n is even. Without
loss of generality, suppose that n is odd and m is even. Then, there
exist k,j € Z such that n = 2k + 1 and m = 2j. Consider m + n

m+n=02k+1)+2j=2j+2k+1=2G+k)+1=204+1

where [ = j + k, which is an integer.

Therefore, m + n is odd whenever exactly one of m and n is odd.

3.4.6 Disproving a Conjecture

In the axiomatic development of mathematics, results are hypothesized and
conjectures are made, and then an attempt is made to prove the conjectured
results. Once a conjecture is proved it is called a theorem and is added to
the collection of mathematical results. However, when a conjecture cannot be
proved, even after substantial effort has been put forth, then it is often reason-
able to begin doubting the truth of the conjecture. In this case, an attempt
may be made to disprove the conjecture. Now, disproving a mathematical
conjecture requires only a single example to be found showing that the con-
jecture is false. Thus, if an example can be found where the hypothesis of the
conjecture is true but the conclusion is false, then conjecture will be disproved.
An example used to disprove a conjecture is called a counterezample.

Definition 3.4.1: A countererample to the conjecture H — C is a specific
example where the hypothesis H is true, but the conclusion C is false.

Note that only a single counterexample is needed to disprove the conjec-
ture H — C; however, finding a counterexample can be extremely difficult
and often requires a great deal of creativity and insight. Furthermore, while
a counterexample may disprove the conjecture in general, it is often the case
that the conjecture will be true for a few, or even many, specific examples.
Moreover, while examples may be used to support the truth of a conjecture,
it must be kept in mind that even a massive amount of examples will never
constitute a proof of the conjecture. For example, consider the following con-
jecture:

Conjecture: \/z?+y2=z+y, Vz,y €R.

This conjecture is true for the special cases of z = y = 0, z = 1,y = 0, and
z = 0,y = 1. However, this conjecture is disproved by the counterexample
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r =2,y = 1since V22412 = V5 # 14 2 = 3. Thus, this conjecture is
not true ¥ z,y € R, even though it is true for special cases of x = y = 0,
r=1,y=0,andz =0,y = 1.

Now, when a conjecture H — C has been disproved it can be regarded
as a theorem of the form “There exist counterexamples to H — C,” which is
an existence theorem that be proved by simply constructing a counterexample

to H - C.

Example 3.4.18: 1t is conjectured that n? + n + 41 is a prime number for
every natural number n. Prove that this result is true or find a counterexample
to disprove this result.

Solution: Consider a few trial cases. Clearly, this result holds for the values
n=1,2,3,4,5,6. Furthermore, since this conjecture has the form P,, ¥n € N,
if it were true it would be a good candidate for a proof by mathematical
induction. Consider the following attempt to prove the conjecture with weak
induction.

Induction Scratchwork: Let P, be the propositional function
“n? + n+ 41 is a prime number.”

Forn=1, n?24+n+41=1+1+41 = 43, which is prime. Thus, P,
is true.

Now, suppose that Py is true for some ABF k£ € N. This means that
k? + k + 41 is prime.

If Py is true, then (k -+ 1)2 4 (k + 1) + 1 will be prime. Consider,
(k+ 12+ (k+ 1)+ 1:

K+ 12+ (k+D)+1=k>+2k+1+k+1+1

]

(K*+k+1)  +(2k+2)
| S S ——

prime since Py is true

At this point, it is difficult to see whether Py is true.

The induction proof has bogged down, and thus it might be time to
consider an attempt to disprove the conjecture. Now, to disprove
this conjecture, a value of n must be found so that n? + n + 41 is
not a prime number. One approach is to simply begin computing
n? + n + 41 for different values of n. In this case, n? +n + 41 is true
forn =1,2,...,39 which appears to be strong evidence supporting
this conjecture. However, for n = 40 the conjecture is false since
40% + 40 + 41 = 1681 = 412, which is not a prime number. Thus,
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n = 40 is a counterexample to the conjecture n? + n + 41 is a prime
number for all n € N.
|

Ezample 3.4.19: Find a counterexample that disproves each of the following
mathematical conjectures:

a. (z+y)?=2+y,Vr,y €R

b. VzFfy=Vvz+ /¥, Vz,y €R
¢c. sin(z + y) = sin(z) + sin(y), Y I,y € R

Solutions:

1. (1+1)2=4%# 12412 =2, Thus, z = 1,y = 1 is a counterexample that
disproves (z + y)? = z%2 + 4%,V z,y € R.

2. VI+1=v2#+V1+4+V1=2 Thus, z=1,y=1is a counterexample
that disproves /Z+y = VT + /4, Y,y €R.

3. sin(n/2 4+ 7/2) = 0 # sin(w/2) + sin(7/2) = 1+ 1 = 2. Thus, the
values £ = n/2 and y = 7/2 provide a counterexample that disproving
sin(z + y) = sin{z} 4+ sin(y), for all z,y € R.

3.5 Some Final Notes on Proving Theorems

In concluding this chapter, it should be noted that choosing the particular
method of proof that is best suited for proving a theorem is often a difficult
task. In fact, the particular method of proof that is used to prove a theo-
rem will often depend on the actual structure of the theorem itself. Some
theorems are easily proved with a direct proof, some with a indirect proof,
some with proof by contradiction, and some theorems require induction or
another specialized method of proof. Furthermore, there will often be more
than one method that can be used to prove a theorem. So, when faced with
the problem of proving a theorem, it is important to keep the following facts
in mind:

1. No method of proof begins with the assumption that the conclusion (C)
is true, and no method of proof begins with the assumption that the
hypothesis (H) is false. Thus, a valid proof must begin with either the
assumption that H is true (forward direct proof), the assumption that
H is truc and C is false (indirect proof), or the assumption that the
conclusion {C) is false (proof by contrapositive).

2. A proof might have to be broken into distinct cases (i.e., z > 0, z < 0,
orz =0).



88 Methods of Proof
3. Mathematical induction is often uscful in proving a mathematical result
of the nature “P,, Vn e N.”

4. There are specialized mmethods of proof for uniqueness theorems and ex-
istence theorems.

5. If the theorem is a biconditional theorem H — C, then both of the
theorems H — C and C — H must be proved.

6. If a conjecture cannot be proved, it might be false. Disproving a conjec-

ture can be done by finding a single counterexample.

Ezxzample 3.5.1: For cach of the theorems in this example, a potential start
for a proof has been given. Determine which method of proof, if any, is being
used to prove each of the thecorems below.

a. Theorem: If f(x) is a differentiable function on {a,b,], then f(z) is
continuous on |[a, b].

Proof: Let f(z) be a differentiable function on |[a, b].
b. Theorem: /5 is an irrational number.
Proof: Assume that /5 is a rational number.
¢. Theorem: Let A and B be sets. If A C B, then ANB = A.
Proof: Let A and B be sets, and suppose that AN B = A.
d. Theorem: 7" — 2" is divisible by 5, Vn € N.

Proof: For n = 1, 7' — 2! = 5 which is divisible by 5. Thus, this
result is true for n = 1.

e. Theorem: Let n be a natural number. If n? is odd, then n is odd.
Proof: Let n € N and suppose that n is even.
Solutions:

a. This proof begins with the hypothesis (H) and thus could be a direct
proof.

b. This proof begins with negation of the conclusion (~C) and thus could
be a proof by contradiction. It could also be a proof by contrapositive.

c. This is not a proof because it begins by assuming that the conclusion (C)
is true.

d. This proof begins by looking at the case where n = 1 and thus could be
a proof by mathematical induction.
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€.

This proof begins with negation of the conclusion (=C'), but not the
hypothesis (H), and therefore it could be a proof by contrapositive.

Example 3.5.2: Determine which method of proof is best suited to each of
the following theorems:

a.
b.

C.

d.

€.

Theorem: If n? is an even number, then n is an even number.
Theorem: /17 is an irrational number.

Theorem: There exists an element e in C such that aoe = eoa = a,
VaeC.

Theorem: a™ — b" is divisible by a - b, Vn € N.

1

Theorem: If (G, o) is a group and a € G, then a™" is unique.

Solutions: The solutions to Example 3.5.2 are left as exercises.
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EXERCISES

3.1 Determine the hypothesis and conclusion for each of the following theo-
rems:

a.
b.

Theorem: If z,y € R, then {zy| = |z} |y|.

Theorem: If lim f(zx) = F and liln g{z) = G, then

lim (fz) + 6@ = F+G.

Theorem: If f(z) is differentiable on {a,b] and f(a) = f(b), then
there exists ¥ € {a, b} such that f/'(¢) = 0.

Theorem: If p and p + 2 are prime numbers, then p + 1 is divisible
by 6.

[e o]
Theorem: If lim a, # 0, then Z a, diverges.
n-—o00

n=1
a oo
. . 1
Theorem: If lim a, =0 and lim < 1, then E a, con-
n—oo n-—00 An

n=}

verges.
Theorem: If (G, o) is a group, then the identity element in G under
o is unique.

3.2 Determine the contrapositive of each of the theorems in Exercise 3.1.

3.3 Theorem: Let a,b,c,d € Z. If a is divisible by d, b is divisible by d, and
¢ is divisible by d, then a + b + ¢ is divisible by d.

® a0 TP

Determine the hypothesis and conclusion of this theorem.
Determine the converse of this theorem.

Determine the contrapositive of this theorem.

Is the converse of this theorem true?

Is the contrapositive of this theorem true?

3.4 Prove each of the following theorems by the method of forward direct
proof:

B T

. Theorem: Let n,m € N. If n and m are even, then n + m is even.
. Theorem: Let n,m € N. If n and m are odd, then n + m is even.

Theorem: Let n,m € N. If n and m are odd, then nm is odd.

Theorem: Let n,m € N. If n is odd and m is even, then n + m is
odd.
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3.5 Prove each of the following theorems by the method of contrapositive:

Theorem: Let n € N. If n? is odd, then n is odd.
Theorem: Let n € N. If n3 + n? + n + 2 is odd, then n is odd.
Theorem: Let m,n € N. If mn is odd, then m is odd and n is odd.

Theorem: Let a,b,c € N. If b+ ¢ is not divisible by a, then neither
b nor ¢ is divisible by a.

e o oe

Theorem: Let n € N. If n? — 1 is not divisible by 4, then n is even.
f. Theorem: Let x € R. If 22+ 2z < 0, then = < 0.

o

3.6 Prove the following theorems by the method of contradiction:
a. Theorem: If z > 0, then = + loverz > 2.

b. Theorem: If x > 0, then ; + g— > 2.

¢. Theorem: There is no largest natural number.
d. Theorem: Let n € N. If n? is odd, then n is odd.

e. Theorem: Let n € N. If n? is divisible by 3, then n is divisible by
3.

f. Theorem: The equation z3 + z + 1 has no rational roots.

3.7 A real-valued function f(z) is said to be odd if f(—z) = —f(z),Vz € R;
a real-valued function f(z) is said to be even if f(—z) = f(z),Vz € R.
Prove the following theorems:

a. Theorem: If f(z) and g(z) are real-valued even functions, then
[+ g is an even function.

b. Theorem: If f(x) and g{x) are real-valued odd functions, then
f(z) + g(z) is an odd function.

c. Theorem: If f(z) and g(z) are real-valued odd functions, then
f{z)g(zx) is an even function.

3.8 Prove the following theorems by using the method of proof by cases:
a. Theorem: If n is a natural number, then n? + n + 1 is an odd
number.

b. Theorem: Let n € N. If n? is divisible by 5, then n is divisible by
5.

c. Theorem: If z € R, then Jaz| = |a| - |z|, Va € R.
d. Theorem: If z € R, then |1 + z| <1+ [z].
e. Theorem: If f(z) = |z|, then f(z) is differentiable for all z # 0.
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f. Theorem: If P is a statement, then —(-P) < P.

3.9 For cach n € N, let P, denote the statement “n? + 5n + 1 is an even
integer.”
a. Prove that Ppy1 is true whenever P, is true.

b. Is P, true for every n € N?

3.10 Prove the following results using mathematical induction:

a. 22714 3271 is djvisible by 5 for every natural number n.

n

1
b. Zl T ni . for every natural number n.

c. Let a,b & R. Then, a™ — b" is divisible by a — 6, Vn € N.
d. (n+ 1) — (n+ 1) is divisible by 3 for every natural number n.

L ~n(n+1)(2n+1)
2"

for every natural number n.

1\" n
f.{1+-)] >1+-=,VneN,
(1+3) 2143
g. 227~1 4 321 g divisible by 5 for every natural number n.
n n 2
h. st = Zj for every natural number n.
FER! 3=l
i. Let P; be a statement for i € N. Then
n+41 n-1
ﬁ(\/ Pz‘) <= /\ -P, ¥neN.
i=1 i=1
j. Let P; be a statement for ¢ € N. Then

n+1 n+l
ﬁ(/\ P,-) < \/ ~P,VneN
i=1

=1

"1
k. —>n, VneN.
L7

I. 32"~1 4 1 is divisible by 4 for every natural number n.

m. 8" —1 is divisible by 7 for every natural number n.

n <2n)< 4 vneN
“A\n Vin+ 1’ '
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o.IfreR, then (1+xz)*>1+nzforneN.

n A \n+1
p. If p# -1, then Z(-—p)‘ = }____L_p)___

for every natural number
- 1+p

.
(n+3)!>27*3 VneN.

If a € N is an odd number, then a™*! is odd, ¥ n € N.
5™ — 3™ is divisible by 2 for every natural number n.

oo

22n—1 4 42n-1 s divisible by 6 for every natural number n.
2n+1)+(2n+3)+(2n+5)+ -+ (4n—1)=3n? VYncN.

e

3.11 Prove the following results using strong induction:

3Yn + 4yn-
a. Let yo = 1,y = 2 and yny1 = SYn X Yn-t for n € N. Then,

12
Yn+i <1, VneN
b. Let yo =1,y1 = 1l and yny1 = yn + yn-1 forn € N, If n € N, then,
Yni1 §2n

c. Let yo = 1,91 = 1 and yng1 = Yn + yn—1 for n € N. Then, y3, is
even, Vn € N,

3.12 Prove each of the following biconditional theorems:

a. Let n € N. Then, n is odd if and only if n? — 1 is even.

b. Let n € N. Then, n? — 1 is divisible by 3 if and only if n is not
divisible by 3.

c. Let m,n € N. Then, n + n is even if and only if m and n are both
even or m and n are both odd.

d. Let n,m € N. Then, mn is odd if and only if m and n are both odd.
e. Let z € R. Then, || =z ifand only if x > 0.

3.13 Prove each of the following existence theorems:

a. If p is a prime number, then there exist prime numbers of the form

3P + 16.

b. There exists a natural number such that 22° + 1 is not a prime
number.

¢. There exists a 2 x 3 matrix such that A+ E = A for every 2 x 3
matrix A.

d. If A= (f Z), then there exists a matrix B such that

01
AB*(I O)'
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e. If f(x) = 1 zcos(z), then there exists a solution to f(z) = 0 on
the interval {—m, 7).

f. If f(z)= —ai-, then there exists a real-valued function F(z) such
z2 +1

that F'(z) = f(z),Vz € R.

3.14 Prove cach of the following uniqueness theorems:

a. Let £ € R. The solution to the equation 7z — 3 = 0 is unique.
b. If A is a nonsingular n x n matrix, then A~! is unique.

c. There exists a unique 2 x 3 matrix such that A+ E = A for every
2 x 3 matrix A.

1
d. If f(z) = sin(z)cos(z) and F(0) = 1, then F(z) = §sin2(z) +1is
the unique antiderivative of f(x).

e. If f(z) = 1 -z cos(z), then there exists a unique solution to f(z) =0
on the interval [—m, 7]

3.15 Find a counterexample for each of the following conjectures:

a. Conjecture: If p is a prime number, then 27 4+ 1 is a prime number.

b. Conjecture: Let a,b,c € N. If b + ¢ is divisible by a, then b and ¢
are both divisible by a.

c. Conjecture: Let a,b,c € N. If bc is divisible by a, then b and c are
both divisible by a.

d. Conjecture: Therc is one and only one real solution to the equation
3 -4z 4+ -6=0.

e. Conjecture: Let n € N. If n? is divisible by 4, then n is divisible
by 4.

f. Conjecture: vVz? =1z, Vz € R.

g. Conjecture: If A and B are n x n matrices, then AB = BA.

h. Conjecture: If lim g(z) = 0, lim /o) does not exist.
T-a z-a g(x)
i. Conjecture: If f(x) is continuous at z = xg, then f(zx) is differen-

tiable at = = xy.
o0

j- Conjecture: If lim a, =0, then Z a, converges.
n-—od nol
k. Conjecture: If a is an irrational number, then a™ is an irrational
number for every natural number n.
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3.16 Prove each of the following theorems:
a. Theorem: Let a,b € N. If a is divisible by b and b is divisible by a,
then a = b.

b. Theorem: Let n € N. If n is odd, then there exists m € Z such
that n? = 8m + 1.

¢. Theorem: Let n € N. If n? — 1 is not divisible by 8, then n is even.

d. Theorem: Let n,m € N. If n and n + m are both divisible by 3,
then m is divisible by 3.

e. Theorem: Let =,y € R with y > 0. Then, |z| < y if and only if
—y<zr<y.

f. Theorem: Let z,y € R. If T+ y| < |z| + |yl, then exactly one of =
and y is negative,

3.17 Several theorems and potential first lines in a proof of the theorem are
given below. In each case determine whether the first line of the proof is
consistent with a valid method of proof. If so, determine which method
of proof is being used. If not, explain why.

a. Theorem: Let z = v/3. Then z is not a rational number.
Proof: Let z = v/3 and suppose that z is an irrational number.

b. Theorem: Let z = /3. Then z is not a rational number.
Proof: Let z = /3 and suppose that z is a rational number.

¢. Theorem: Let m,n € N. If mn is odd, then m and n are odd.
Proof: Let m,n € N. Suppose that either n or m is even.

d. Theorem: If n € N, then n? + n + 1 is odd.
Proof: Let n € N and suppose that n2 + n + 1 is even.

e. Theorem: Let n,m € N. If n is even and m is odd, then n + m is
odd.

Proof: Let n,m € N and suppose that n +m is odd, n is even, and
m is odd.

3.18 Write each of the mathematical results in the form “P,, ¥ n € N.”

a. If n € N, then, 2" <n! forn > 3.
b. If n € N, then, ﬂ</\ P,-) for n > 2.
i=1

c. f neN, then,n?>n+1forn>2.
d. f n € N, then, n? < n! forn > 4.
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1
e. IanN,then,———ll————Z—fornZS,
n?-5n+4 " n

3.19 Determine which method of proof is best suited for proving each of the
following theorems and write down the first line for the proof of the
theorem:

a. Theorem: If p is a prime number, then ,/p is not a rational number.

b. Theorem: Let n € N. If p is a prime number and n? is divisible by
p, then n is divisible by p.

c. Theorem: Let n,m € N. Theun mn is odd if and only if m and n
are both odd.

d. Theorem: Let m,n € N. If n is even and m is odd, then m + n is
odd.

¢. Theorem: The set of prime numbers is not finite.

f. Theorem: If A is a nonsinguluar matrix, then A~! is unique.

3.20 Determine a corollary of each of the following theorems:
a. Theorem: Let a,b € N. If a is divisible by b, then a™ is divisible by
b for every natural number n.
b. Theorem: If lim f(z) = L, then lim f(z)* =L", YneN.
¢. Theorem: If a € R, then |az| = |a|- |z|,V = € R.

d. Theorem: Let a,b € N. If p is a prime number and ab is divisible
by p, then either a is divisible by p or b is divisible by p.

e. Theorem: If p is a prime number, then ,/p is an irrational number.

3.21 Determine which method of proof is best suited for proving each of the
following theorems:

a. Theorem: Let n € N. If n? is an even number, then n is an even
number.
b. Theorem: /17 is an irrational number.

c. Theorem: There cxists an element € in C such that aoe = eogn = g,
VaeC.

d. Theorem: a™ - b" is divisible by a — b, ¥ n € N,
¢. Theorem: If (G,0) isand a € G, then a™! is unique.



Chapter 4
Introduction to Number Theory

The first evidence of human use of numbers and counting was found in
Czechoslovakia in 1937 by archaeologist Karl Absolom. The evidence of count-
ing is found in a tibia bone of a wolf, which carbon dating has shown to be
approximately 30,000 years old, and that has two series of 25 and 30 notches
carved into it. Moreover, the marks are grouped together in groups of 5s.
Thus, it appears that numbers and counting began with the Neanderthal peo-
ple. However, modern mathematics is concerned with more than just numbers
and the counting of numnbers. Today's mathematicians study the properties of
special classes of numbers with specialized operations applied to these classes.
Study of the mathematical properties of numbers and the operations applied
to thesc numbers is known as number theory.

4.1 Binary Operators

The most commonly used operations when working with real numbers are
the basic arithmetic operations of addition, multiplication, subtraction, and
division. Note that each of the basic arithmetic operations operates on two
numbers, and from the two initial numbers a third number is created. Op-
erations, or operators, which map two objects in a sct to another object, are
called binary operations. The definition of a binary operator is given below.

Definition 4.1.1: A binary operator o is a rule defined on a set €2 that assigns
to the objects a,b € Q an object ¢ and is denoted by aob = c.

René Descartes (1596-1650) in his 1637 publication Geometrie, states
that “arithmetic consists of only four or five operations, namely addition,
subtraction, multiplication, division, and the extraction of roots.” While
addition, multiplication, subtraction, and division are the most commonly
used binary operators when working with real numbers, binary operators other
than these will be defined and discussed throughout the remainder of this
book. Several examples of commonly used binary operators are given in the
example below.

Ezxample 4.1.1: Each of the following operators is a binary operator.

a. Addition of two real numbers with aob = a + b.
b. Multiplication of two real numbers with aocb=a x b.
c. Exponentiation of two real numbers with a 0 b = a®.

97
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d. The conjunction of two statements with Po Q = P A Q.

e. Scalar multiplication of a scalar with a p vector with
kot =k U= (kwn,kv2,. .., kv,)

~ -

f. The cross-product of two p-vectors with o v = @ x .

Note that there nothing in the definition of a binary operator that would
require that a o b = boa. In fact, for many operators it will not be true that
aob and boa will have the same value, and it may even be that while ac b
exists, bo a does not. When ao b = boa for all a and b, then o is called
an Abelian operator in honor of the outstanding algebraist Niels Henrik Abel
(1802--1829).

Definition 4.1.2: A binary operator o is said to be commutative on a set §}
and is called an Abelian operator if and only ifacb=boa, Va,be (.

Examples of Abelian binary operators include ordinary addition and mul-
tiplication of numbers and addition of matrices. Examples of non-Abelian op-
erators include subtraction, division, and exponentiation on the real numbers.
For example, exponentiation is not an Abelian operator since 302 = 32 = 9
but 203 = 23 = 8. Example 4.1.3 shows that matrix multiplication is not an
Abelian operator.

Algorithm for Proving a Binary Operator is Abelian: Let 2 be a set
and o a binary operator defined on 2. To show that o is an Abelian operator
on 2

1. Let a,b be arbitrary but fixed clements in .
2. Compute ao b and boa.

3. Show that aob= boa.
4

. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

5. Read the proof over carefully and make any necessary corrections.

Ezample 4.1.2: Let Q = R and define ao b = (a — b)2. Prove that o is an
Abelian binary operator on R.

Proof: Let a,b € R be ABF. Then
aob=(a—-b)*=(b-a)’=boa

Thus, o is an Abelian operator on R.
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Ezample 4.1.3: Show that when working with matrices, the binary operator
multiplication is not an Abelian operator.

Solution: Suppose that matrix multiplication does commute. A counterex-
ample to this conjecture is given by letting A = <1 41) and B = (5)

3 7
Then, Ao B = AB = 383

cannot be multiplied by a 2 x 2 matrix. Hence, matrix multiplication is not
an Abelian operator.

but B o A does not exist since a 2 x 1 matrix

When a binary operator o is Abelian, it can simplify computations with o.
For example, if a solution is desired for the equations aox =a and zoa =a
and o is an Abelian operator, then solving either one of these equations is
sufficient since a oz = z o a.

While a binary operator can be applied to only two elements at one time,
computations involving more than two elements are not unusual. For example,
with three elements a, b, and ¢ it might be necessary to compute ao (boc) or
{(a o b) o ¢, which for many binary operators do not produce the same result.
Ifao(boc) = (aob)oc forall a,b,c, then the binary operator is said to be
associative. The associative property for a binary operator is defined below.

Definition 4.1.8: A binary operator o is said to be an associative operator
on aset ) if and only if (acb)oc=ao(boc), Va,b,ce Q.

Examples of associative binary operators include ordinary addition and
multiplication of numbers and also addition and multiplication of matri-
ces. Examples of nonassociative operators include subtraction, division, and
exponentiation on the real numbers. For example, subtraction is not an
associative operator since (302)04 = (3 -2)od4 =1 -4 = -3 but
30(204)=30(2-4)=3—-(-2)=5.

Algorithm for Proving a Binary Operator is Associative: Let {1 be a
set and o a binary operator defined on ). To show that o is an associative
operator on ()

1. Let a, b, c be arbitrary but fixed elements in

2. Compute (aob)ocand ao(boc).
3. Show that (acb)oc=ao(boc).
4

. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

5. Read the proof over carefully and make any necessary corrections.
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Ezample 4.1.4: Let Q = R and define aob = a + b+ ab. Prove that o is an
associative binary operator on R.

Proof: Let a,b,c € R be ABF. Then

(aob)oc=(a+b+ab)joc=atbt+abtc+{a+b+ab)

=a+b+c+ab+ac+ bc+ abc
and

ao(boc)=ao(b+c+bc)=a+b+c+bc+alb+c+bo)

=a+b+c+ab+ ac+ bc+ abe

Thus, aob = boa for all a,b € R; therefore, o is an associative
operator on R.

Throughout this chapter, nine axioms concerning the addition and multi-
plication of real numbers will be assumed. The first seven of the nine axioms
are given below.

Axioms for Addition and Multiplication of Real Numbers: The fol-
lowing axioms will be assumed concerning the arithmetic operators addition
and multiplication. If a,b,c € R, then

Al: a+ b=>b+ a {commutative property of addition)

A2: a+ (b+c) = (a+ b)+ c (associative property of addition)

A3: a+0=a

A4: at -a=0

A5: ab = ba (commutative property of multiplication)

A6: a(bc) = (ab)c (associative property of multiplication)

AT: ax1l=a

The mathematical area of study known as “number theory” involves the
study of particular subsets of the real numbers and their behavior with respect
to the arithmetic binary operators (+, x,—,+). In particular, one of the
properties that is important when studying the behavior of a class of numbers
under a binary operator o is closure. The definition of a closed set under a
binary operator o is given below.
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Definition 4.1.4: A set ) is said to closed under a binary operator o if and
only if a o b € {1 whenever a and b are in ().

For example, the real numbers are closed under addition; that is, given
any two real numbers a and b it follows that a+b is also a real number. In fact,
the real numbers are closed under multiplication, subtraction, and nonzero
division, also; however, the real numbers are not closed under exponentiation
since —20 0.5 = /=2, which is not a real number. Note that closure will
depend on both the set of interest and the binary operator. Furthermore, if
a set {2 is closed under the binary operator o, then there is no way to create
an element that is not in © by using o. The last two of the nine axioms
concerning the addition and multiplication of real numbers are given below.

A8: N,Z, and R are closed under addition.
A9: N, Z, and R are closed under multiplication

Ezample 4.1.5: Show that

a. N is not closed under subtraction.

b. N is not closed under nonzero division.
c. Z is not closed under nonzero division.
d. R is not closed under exponentiation.

Solutions: A counterexample for showing that

a. N is not closed under subtraction is to let ¢ = 3 and b = 5. Then,

3-5=-2¢N.

b. N is not closed under nonzero division is to let ¢ = 3 and b = 5. Then,
3+56= g ¢ N.

c. Z is not é:losed under nonzero division is to let a = 3 and b = 5. Then,
3+5= g & Z.

d. R is not closed under exponentiation is to let ¢ = —2 and b = % Then,
(-2)7 = V-2 ¢ R.

An algorithm for proving a set  is closed under a binary operator o is
given below.

Algorithm for Proving Closure: Let 2 be a set and o a binary operator
defined on Q. To prove that €2 is closed under o

1. Let a,b be arbitrary but fixed elements in Q.
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2. Compute a o b.

3. Show that aob € §).

4. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

5. Read the proof over carefully and make any necessary corrections.

Example {.1.6: Let 3Z = {z : z = 3k for some k € Z}. Prove that 3Z is
closed under addition.

Proof (Closure Proof): Let a,b € 3Z be ABF. Then, a = 3k for
some k € Z and b = 3j for some j € Z. Consider a + b

a+b=3k+3j =3(k +j) =3l

where [ = k + j, which is an integer. Thus, a + b is a multiple of 3,
and hence, a + b € 3Z whenever a,b € 3Z. Therefore, 3Z is closed
under addition.

Example 4.1.7: Let Q=R and for a,b € R define ao b = a + b — ab. Prove
that R is closed under o.

Proof (Closure Proof: Let a,b be arbitrary but fixed elements in
R and consider a o b:

aob=a+b-ab=(a+b)+ (—ab)

Now, a + b € R since R is closed under addition (A8). Also, both
ab and (—ab) are in R since R is closed under multiplication (A9).
Thus, by A8, (a + b) + (—ab) is in R since it is the sum of two real
numbers.

Therefore, a o b € R whenever a,b € R and hence, R is closed under
0,
'

Another important issue to consider when studying the behavior of a set
€ under a binary operator o is whether there exists an element e € ) such
that ace = eoa = a for each element a € 2. When there is an element e € )
such that ace = eoa for every a € (2, then the element e is called an identity
element under o.

Definition 4.1.5: An element e in € is said to be an identity element under
the binary operator o if and only if for every element q in Q, aoce = eoa =a,
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Note that for e to be an identity element, e must satisfy the following
three conditions:

l.ecQ

2. acoe=a,Vae

3. eca=a, Vae
In other words, the identify element ¢ must be in 2 and must also commute
with every element in Q. However, in the special case that the binary operator

o is Abelian, showing that an element e € Q) is an identity element, requires
only showing that the first two conditions hold.

Ezxample 4.1.8: Let QQ = R. Since a+0 = a = 0+ a for every real number a,
0 is the additive identity for ordinary addition. Also, since ax1=a=1xa
for every real number, 1 is the ordinary multiplicative identity.

Note that the identity element must be an element of 2, and the identity
element will be entircly dependent on the definition of the operator o. More-
over, proving that an identity element e exists in {2 under o will require an
ezistence proof. An algorithm for proving the existence of an identity element
e € Q under o is given below.

Algorithm for Proving the Existence of an Identity: Let Q be a set
and o a binary operator defined on Q2. To prove that e is an identity element
in

. Let a € Q be arbitrary but fixed.

. Compute aoz and z oa.

From the equations a = ao z and a = z o a, solve for z.
. Show that z €  and that z does not depend on a.

Conclude that e = z is an identity element in £ under o.

> AW

Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

7. Read the proof over carefully and make any necessary corrections.

Note that in solving the equations a = a o z and a = z o a, solutions
depending on the value of @ cannot be the identity; that is, a solution to these
equations will be an identity element if and only if the same solution works for
every a € Q. The following example illustrates how the preceding algorithm
is used to find an identify element.
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Ezxample 4.1.9: Let QO =R and for a,b € 2 definc nob=a + b — ab. Prove
that there exists an identity element in R under o.

Proof: Let a be an arbitrary but fixed element in R and consider
the equations a = aozxz = zoa. Now, aox = a+x —ax and
roa=x+a—zxa. Thus, aox = xoa and hence, consider solving
aox =a+z—azx=a forz.

atr—ar=a ifand only if z(1—-a)=0

Thus, since a is arbitrary, it follows that the only solution to this
equation is x = 0, which is in R. Therefore, the identity element in
R under o is e = Q.

n

Example 4.1.10: Let Q = R and for a,b € Q define ao b = (a + b)2. Show
that there does not exist an identity element in R under o.

Solution: Let Q = R and for a,b € Q be ABF. Clearly, aob = boa, so
consider the equation a = aoz. Now, a = aox = (a + z)? has only solutions
z = —a# /a. Thus, since the only solutions to the equation a = aoz depend
on the value of a, there is no identity element in R under o.

Note that there is nothing in the definition of the identity element that
prevents the existence of more than one identity element in Q under o. How-
ever, the following theorem shows that if a set Q0 is closed under the binary
operator o, then the identity element e € ) under o is unique.

Theorem 4.1.1: If Q is closed under the operation o and e € Q is an identity
element under o, then the identity element ¢ is unique.

Proof (Uniqueness Proof): Let Q be closed under o, and let
e € 0 be an identity element. Furthermore, assume that e is not
unique.

Now let ¢’ # e be any other identity element in Q. Then, since e is
an identity element, it follows that e o ¢’ = ¢’. Similarly, since ¢’ is
an identity element it also follows that eoe’ = e.

Thus, ece’ = ¢’ and ece’ = e and hence, eoe’ = ¢ = ¢’. Moreover,
’ . . . '3

e = €', which contradicts the assumption that e # ¢’, and therefore

e is the unique identity element in .
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Note that since R is closed under ordinary addition and multiplication
(Axioms A8 and A9), 0 and 1 are the unique additive and multiplicative
identity elements in R. However, there is no identity in R for the arithmetic
operator subtraction since there is no real number satisfying a ~ ¢ = ¢ — q,
VaeR

Example 4.1.11:Let Q =Z and ao b= a+ b — 1. Prove that there exists
an identity element in Z.

Solution (Construction Proof): Let a € Z be ABF. Note that
roa=r+a—-1=aox =a+x—1so that o is Abelian. Now,
consider solving ao e = a for e:

a=aoceifandonlyifa+e—-1=qaifandonlyife=1

Now, since 1 € Zandaol =a=1o0a,Va € Z, it follows that e = 1
is the identity element for the binary operator o.

Now, once the identity element e € {2 has been identified, another logical
question to consider with regard to the binary operator o is “If @ € ) is there
an element a’ € £ such that aoa’ = eand a’ca = €?” If a € O and there
does exist an element o’ € (2 such that aoa’ = e = a’ oaq, then a’ is called an
inverse of the element a.

Definition 4.1.6: An element a € (2 is said to have an inverse element

a~! € Q under the binary operator o if and only ifaca™! =a"loa =e.

Note that when a set {2 has an identity element e, then e is the identity
element for every element in the set. However, every element in Q will not
necessarily have an inverse. For example, there are many matrices that do
not have an inverse. In the best of all mathematical structures, a set will be
closed under o; it will include an identity element e; it will include the inverse
for every one of its elements. The following example shows that the set of
real numbers has all three of these properties under the arithmetic operator
addition, but not under the operator multiplication.

Example 4.1.12: Let 0 = R. By Axioms A8 and A9, R is closed under
addition and multiplication, and it was shown in Example 4.1.8 that 0 and 1
are the additive and multiplicative identities in R.
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Now, since a + —a = 0 for every real number a and —a € R, it follows that
—a is the additive inverse of a under ordinary addition. Thus, R contains all
the additive inverses of its elements.

Now, if a # 0, then a x 1/a =1 and 1/a € R for every nonzero real number
a, thus 1/a is the multiplicative inverse of a, provided a # 0. However, for
a = 0 there is no element a~! € R such that aoa™! = 1. Thus, R does not
contain all the multiplicative inverses of its elements.

In general, showing that there exists an inverse or identity element in a set
2 under a binary operator o requires an existence proof. Furthermore, showing
that all the inverses exist in §2 often requires that an explicit representation of
the form of the inverse be found. An algorithm for showing that £ contains
all the inverses under o is given below.

Algorithm for Proving the Existence of all the Inverses: Let {1 be a
set and o a binary operator defined on 2. To show that a € {2 has an inverse
element under o requires an existence proof as outlined below.
0. Determine e.
. Let a € Q be arbitrary but fixed.
. Compute aozx and z o a.
. From the equation e = @ o £ = z o a solve for z.
Show that z € Q.
. Conclude that a=! = z is the inverse of the element a under o.

. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

7. Read the proof over carefully and make any necessary corrections.

The algorithm above will be used in the following example to show that
R contains all the additive inverses under the binary operator defined by
aob=a+b-1.

Example 4.1.13: Let Q =R and define aocb=a+b—1 for a,b ¢ R. Given
that the identity element is e = 1, prove that Q contains an inverse for every
one of its elements under the binary operator o.

Proof: Let a € R be arbitrary but fixed. Since o was shown to be
an Abelian operator in Example 4.1.11 it follows that acz = z 0 a.
Consider solving the equation e = @ o z for z:

e=1=aox ifandonlyif l=a+z -1
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Solving for z yields £ = 2 — a, which is in R since R is closed under
ordinary addition.

Thus, a™! = 2 - a is in R whenever a € R and hence, R contains all
of its inverses under the operator o.

The following theorem shows that if 2 is closed under a binary operator o
and o is an associative operator, then the inverses contained in Q? are unique.

Theorem 4.1.2: Let o be an associative binary operator. If 2 is closed under
o and a~! €  whenever a € , then a™! is unique.

Proof: The proof of Theorem 4.1.2 is left as an exercise.

Recall that the closure of Q under o also ensured that the identity was
unique when it existed in Q. Thus, if the set {1 is closed under an associative
binary operator o, Theorems 4.1.1 and 4.1.2 show that the inverses and the
identity element are unique; however, this is not necessarily the case when
is not closed under o. Furthermore, the following theorem shows that when
Q is closed under o, the unique inverse of a~! (i.e., (a™1)71) is a.

Theorem 4.1.3: If Q is closed under o and a=! € Q whenever a € , then
~1
(@) =a.

Proof: The proof of Theorem 4.1.3 is left as an exercise.

4.2 Commonly Used Number Systems

Several different number systems are commonly encountered in advanced
math classes, including the natural numbers, whole numbers, integers, ra-
tional numbers, irrational numbers, real numbers, and the complex numbers.
In this section, the properties of the arithmetic operators (+, x, —, =) on the
natural, whole, integer, rational, irrational, and real numbers will be studied;
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the complex numbers are generally studied in courses such as abstract alge-
bra, complex analysis, and advanced cngineering mathematics, and therefore
will not be studied here.

4.2.1 The Natural Numbers

The act of counting is a basic day-to-day operation in the lives of most peo-
ple. For example, people are always counting something like the days until
Christmas, the number of fish they have caught, or the number of people liv-
ing in a town. The natural numbers are the oldest numbers known to humans
dating back at least 30,000 years. Proof that humans were counting objects
30,000 years ago was found by archaeologist Karl Absolom in 1937. Absolom
unearthed a wolf bone in Czechoslovakia that had an obvious set of notches
carved into it. The bone had 55 notches scratched into it arranged in groups
of 5, with a second scratchmark after the first 25 scratchmarks. Clearly, this
wolf bone is evidence that early humans were counting some sort of object.
Thus, the first set of numbers that a student will encounter in school is the
set of counting numbers, which are also called the natural numbers.

Definition 4.2.1: The set of natural numbers or the counting numbers is
denoted by N and consists of the numbers 1,2,3,4,5,. ...

Several facts concerning properties of the natural numbers are given be-
low. In particular, most of the following facts concern the ordinary arithmetic
operators addition, multiplication, subtraction, and division.

Some Facts about N:

a. N is closed under addition and multiplication (Axioms A8 and A9).
b. N is not closed under subtraction since 1 —4 = ~3 and ~3 ¢ N.
¢. N is not closed under division since 1 +4 = 0.25 and 0.25 ¢ N.

d. Since 0 is the unique additive identity in R (Axiom A3) and 0 € N, the
natural numbers do not contain the additive identity.

e. Since 1 is the unique multiplicative identity in R (Axiom A7) and 1 € N,
the natural numbers do contain the multiplicative identity.

f. Since —a is the unique additive inverse of ¢ in R (Axiom A4) and ~a ¢ N
for any element a € N, none of the elements in the natural numbers have
additive inverses.

g. Since 1/a is the unique multiplicative inverse of @ in R and 1/a ¢ N
except for @ = 1, the only natural number having a multiplicative inverse
isa=1.

h. N is made up of the even natural numbers and the odd natural numbers.



Cominonly Used Number Systems

Note that N does not contain the additive identity, nor does it contain any of
the additive or multiplicative inverses. The following theorem shows that the

10
sum of the first n natural numbers is 7_1(_71_—%__)

. Also, the corollary to this

theorem provides a formula for computing the sum of the first n odd natural

numbers, as well as the sum of the first n even natural numbers.

Theorem 4.2.1: The sum of the first n natural numbers is

=t vaen

i=1

Proof: This theorem was proved in Example 3.4.1 using mathemat-

ical induction.

Corollary to Theorem 4.2.1: For every natural number n, the sum of the

first

a. n odd natural numbers is n2.

b. 7 even natural numbers is n(n + 1).

Proof: First, note that

(i) The sum of the first n odd numbers is Z (28 —1).

i=1
n
(ii) The sum of the first n odd numbers is Z 2i.

=1

Proof of part (i): Consider Z (26 —1):

i=1
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Therefore, the sum of the first n odd numbers is n? for alln € N.

Proof of part (ii): Since the sum of the first 2n natural numbers
is

Zi:wzn(QnJrl)

it follows that

2n

n n
Yoi= Y 2 +) (2-1)
i=1 1=1 i=1
the evens the odds

Therefore

n 2n

ZQi:Zi—i(Qi—l)
i1 =1

i=1 1

2n(2n+1
:—————n( g+ )fnz:n2+n

=n(n+1)

Therefore, the sum of the first n even numbers is n(n + 1) for all
neN,

4.2.2 The Whole Numbers

While people were counting 30,000 years ago, the idea of a number 0 was not
a natural result of counting. For example, a family of farmers would say that
they had 1, 2, 3, 4, or n sheep, but if they had no sheep, then they were likely
to say “We have no sheep” rather than saying they had 0 sheep. The number 0
was not necessary before the concepts of commerce and credit were in common
use. In fact, neither the ancient Egyptians, Greeks, nor Romans used the
number 0. The first people known to have used 0 were the Babylonians, who
used O simply as a numerical placcholder, not a distinct number. The first
people known to have used 0 as a number were the mathematicians of India,
and even they did not fully embrace the concept of 0 as a number. For more
information on the history of the number 0, see ZERO: The Biography of a
Dangerous [dea by Charles Seife (2000).
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The set of whole numbers is formed by simply adding the number 0 to the
set of natural numbers. The definition of the whole numbers is given below.

Definition 4.2.2: The set of whole numbers is denoted by W and

W={w:weNorw=0}

Note that W = {0, 1,2,3,4,...}, and W contains all the natural numbers
along with the additive identity 0. Thus, the whole numbers will share the
same properties as the natural numbers along with the additional property of
containing the additive identity. Several facts concerning the whole numbers
are listed below.

Facts about W:
W is closed under addition and multiplication (Axioms A8 and A9).

W is not closed under subtraction since 1 —4 = -3 and -3 ¢ W.
W is not closed under division since 1 +4 = 0.25 and 0.25 ¢ W,

Since 0 is the additive identity (Axiom A3) and 0 € W, the whole numbers
do contain the additive identity.

e. Since 1 is the multiplicative identity (Axiom A7) and 1 € W, the whole
numbers do contain the multiplicative identity.

80 o@

f. Since —a is the additive inverse of a (Axiom A4) and —a € W only for
the element 0, none of the other eclements in the whole numbers have
additive inverses.

g- Since 1/a is the multiplicative inverse of a and 1/a & W except for a = 1,
only a = 1 has a multiplicative inverse.

h. W is made up of the even whole numbers and the odd whole numbers.

i. N is contained within W (N < W).

While the set of whole numbers contains both the additive and multi-
plicative identities, it is not closed under subtraction or division, nor doecs it
contain the additive and multiplicative inverses. Thus, even the early mathe-
maticians needed to consider larger classes of numbers than just the natural
numbers and whole numbers.

4.2.3 The Integers

In the Western civilizations, one reason for the slow development of nega-
tive numbers was that much of Western mathematics was developed by the
Greeks, whose concept of numbers was geometrically based and generally tied
to lengths, areas, and volumes. Since, negative lengths, areas, or volumes
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were ridiculous ideas in the eyes of the Greeks, there was no need for the
negative numbers. The strong influence of the Greek development and philos-
ophy of mathematics was longlasting with European mathematicians, lasting
even into the sixteenth, seventeenth, and eighteenth centuries. In fact, many
sixteenth/seventeenth-century mathematicians called negative numbers “fic-
titious,” “absurd,” or “false numbers.” On the other hand, in the Eastern
civilizations of India and China, which were far removed from the influence
of the mathematics of the Greeks, negative numbers were embraced as early
as the seventh century.

Now, the set of integers is formed by adding the negative whole numbers
to the set of whole numbers. The definition of the integers is given below.

Definition 4.2.3: The set of integers is denoted by Z and

Z={2:2€¢N, 2=0, or ~z€N}

Note that N= {1,2,3,4,...} is contained in W = {0,1,2,3,...}, which
is contained in Z = {0,%1,+2,43,...}. Furthermore, all the elements in Z
have additive inverses in Z. Several important facts concerning the properties
of the integers under the basic arithmetic operations are given below.

Facts about Z:

a. Z is closed under addition and multiplication (Axioms A8 and A9).

b. Z is closed under subtraction since a — b = a + —b and Z is closed under
addition.

¢. Z is not closed under division since 1 +4 = 0.25 and 0.25 € Z.

d. Since 0 is the additive identity (Axiom A3) and 0 € Z, the integers do
contain the additive identity.

e. Since 1 is the multiplicative identity (Axiom A7) and 1 € Z, the integers
do contain the multiplicative identity.

f. Since ~a is the additive inverse of a (Axiom A4) and —a € Z for every
integer a, all the integers have additive inverses.

g. Since 1/a is the multiplicative inverse of a and 1/a & Z except fora = +1,
only the integers a = 1 and a = —1 have multiplicative inverses.

h. Z is made up of both the even and odd integers.

i. The natural numbers are contained in the whole numbers that are con-
tained in the integers (N C W C Z).

Theorem 4.2.2: Let Zg and Zo be the collection of even and odd integers,
respectively. Then

(i) Zg is closed under addition.
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(ii) Zg is closed under multiplication.
(ii1) Zo is closed under multiplication.

Proof:

Proof of part (i): Let 2,2z, € Zg be ABF. Then, 3 k,j € Z such
that z; = 2k and 23 = 2j. Consider z; + 25

24tz =2+2j=2k+j) =2

where | = k+ j € Z since Z is closed under addition. Thus, z; + 23
is even and therefore, 21 + z3 € Zg whenever z;, 2 € Zg.

Hence, Zg is closed under addition.
Proof of part (ii): The proof of part (ii) is left as an exercise.
Proof of part (iii): The proof of part (iii) is left as an exercise.

Thus, the set of integers has many important structural properties, in-
cluding (1) closure under addition, multiplication, and subtraction; (2) addi-
tive and multiplicative identities; and (3) all additive inverses. However, the
integers do not contain the multiplicative inverses; hence, a system of numbers
that contains all the integers and their multiplicative inverses will need to be
considered next.

4.2.4 The Rational Numbers

Since Z is not closed under division, the natural extension of the integers is
to create a new set of numbers by adding the ratios of the integers to create
a new set that contains Z. In part, this was done by the ancient Greek
mathematicians. In fact, to the followers of Pythagoras, the Pythagoreans,
the only numbers that could make any sense at all were numbers of the form
a/b, where a and b were counting numbers. Zero was not allowed, because
it did not exist as a number in the Pythagorean train of thought, and ratios
of the form 1/1, 2/1, 3/1,... allowed for the counting numbers. The set of
numbers consisting of the ratios of integers is called the rational numbers and
is defined below,

Definition 4.2.4: The set of rational numbers is denoted by Q. Q is formed
by taking all possible ratios of the integers (denominator not equal to zero, of
course) and is often represented by

Q= {r Cr= L where p and g # 0 are integers}
q
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Note that in the creation of a rational number division by zero is not
allowed. In fact, it is the definition of division that excludes division by
0, not a constraint of the rational numbers. Thus, there will be no set of
numbers discussed in this course for which division by 0 is allowed. Several
facts concerning the set of rational numbers are given below.

Facts about @Q: The list of facts on the rational numbers given below is
considerably shorter than the previous lists for N, W, and Z, since many of
the properties concerning the rational numbers will be proved in the following
theorems of this section.

a. Since 0 is the additive identity (Axiom A3) and 0 € Q, the rational
numbers do contain the additive identity.

b. Since 1 is the multiplicative identity (Axiom A7) and 1 € Q, the rational
numbers do contain the multiplicative identity.

c. The natural numbers are contained in the whole numbers that are con-
tained in the intcgers that are contained in the rational numbers; that
is

NcWczcQ

Thus, the rational numbers contain both the additive and multiplicative
identities, and the following theorem shows that Q is closed under each of the
four basic arithmetic binary operators.

Theorem 4.2.3: Q is closed under
(i) Addition
(ii) Multiplication
(iii) Subtraction
{(iv) Nonzero division
Proof (Closure Proof): Let a,b € Q. Then, there exist integers
p,q,7, s such that a = g and b = 2 with ¢ # 0 and s # 0.

Proof of part (i): Consider a + b.

abo P T PSHTY
q S qs

Now, ps, rq and gs are integers since Z is closed under multiplication,

ps + rq is an integer since Z is closed under addition, and ¢gs # 0

since ¢ # 0 and s #£ 0.

Thus, a+b is the ratio of two integers, with the denominator nonzero,
and hence is a rational number.
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Therefore, Q is closed under addition.
Proof of part (ii): Consider a x b:

axb=PxI =P
9 s gs

Now, pr and gs are integers since Z is closed under multiplication,
and gs # O since g # 0 and s #0.

Thus, a x b is the ratio of two integers, with the denominator non-
esro, and hence is a rational number.

Therefore, Q is closed under multiplication.
Proof of part (iti): The proof of part (iii) is left as an exercise.

Proof of part (iv): The proof of part (iv) is left as an exercise.

The following theorem shows that Q contains all the additive inverses of
its elements.

Theorem 4.2.4: If a € Q, then the additive inverse of a is in Q.

Proof (Existence Proof): Let a € Q be ABF. Then, —1 € Q since

1
—1 = — and therefore, ~1(a) = —a € Q since Q is closed under
multiplication.
Now, —a+a = 0 and thus, —a is the additive inverse of a. Therefore,

if a € Q, then its additive inverse —a is also in Q.

Finally, the theorem stated below shows that Q contains the multiplica-
tive inverse of each of its elements with the exception of 0.

Theorem 4.2.5: If a € Q and ¢ # 0, then the multiplicative inverse of a is
in Q.
Proof (Existence Proof): Let a € Q with a # 0 be ABF. Then,
1 1
1 € Q since 1= i and therefore, - € Q since Q is closed under

division.
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1 1 T
Now, a- = = 1 and thus, -~ is the multiplicative inverse of a. There-

a a
fore the multiplicative inverse of a is in Q for every nonzero a € Q.

Another interesting property of the rational numbers is that the same
rational number can be written in several equivalent ways. Thus, every ratio-
nal number has multiple representations. For example, consider the rational
number 1/2:

L_2_13_191_ .
2 4 26 382

A rational number may be expressed as the ratio of two integers in many
ways and also in a decimal representation. Furthermore, a rational number
will have either a terminating decimal representation or an infinite repeating
decimal representation. For example, 1/4 = 0.25 has a terminating decimal
expansion and 2/3 = 0.666... has an infinite repeating decimal expansion.
The mathematical shorthand for an infinitely repeating decimal expansion
is to place a bar over the repeating pattern in the decimal expansion. For
example, 0.666 ... can be written as 0.6 and 3.4712712712. .. can be written
as 3.4712. The following example shows that 0.9 = 1, contrary to popular
belief.

Ezample 4.2.1: Prove that 0.9 = 1.
Proof: Let = = 0.9. Then

z=209
10z = 9.9
Subtracting z from 10z yields
10z = 9.9
- =09
9z =9.

Thus, 9 = 9 and hence z = 1.
Therefore, 0.9 = 1.
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Now, given a rational number in decimal form a rational representation of
the decimal form can always be found. The key to finding the rational form of
a number is to find multiples of the decimal form that when subtracted result
in a whole number. The following example illustrates the process of finding a
rational representation for a rational number from its decimal representation.

Erample 4.2.2: Let x = 12.3034. Find a rational form for z:

r=12.3034
100z = 1230.34

10000z = 123,034.34

Now _—
10000z = 123, 034.34
—~ 100z = 1230.34
9900z = 121,804
121,804
Thus, I = —53566——

The following theorem shows that between every two distinct rational
numbers there is another rational number.

Theorem 4.2.6: Between every two rational numbers there is at least one
other rational number.

Proof (Existence Proof): Let a,b € Q with a < b. Now

a+a<a+b<b+b_
2 2 2

b

b, . . .
is a rational number since the rational numbers

a +
Furthermore,
are closed under addition and division.
Therefore, between every two rational numbers there is at least one

rational number.
'

Another way of stating the result of the previous theorem is “The set
of rational numbers is everywhere dense.” However, the previous theorem
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does not state that there are only rational numbers between any two rational
numbers, and Theorem 4.2.7 shows that there are infinitely many rational
numbers between every two rational numbers.

Theorem 4.2.7: Between every two rational numbers there are infinitely
many other rational numbers.

Proof (Existence Proof): Let a,b € Q with a < b. Now, for
keN
_(k+l)a_ka+a<ka+b<kb+b~b
T %T1 T k+1 S k+1 S k+1 o

ka+b . . . .
Furthermore, ——— is a rational number since the rational numbers

are closed under addition and division, V £ € N.

Therefore, between every two rational numbers there are infinitely
many rational numbers.
n

Now, Q is closed under addition, niultiplication, subtraction, and division
and contains the additive and multiplicative identities, a natural question to
consider next is “Are the rational numbers the final set of numbers that a
mathematician needs to consider?” To see that an even larger collection of
numbers is needed in mathematics consider the following problem: “Let aob
be the binary operator that provides the solutions to az? —b = 0. Is Q closed
under o?” Consider 102, this provides the solutions to the equation z2—2 = 0,
which are +/2. Now, is V2 a rational number? The following theorem shows
that v/2 is not a rational number, and therefore Q is not closed under the
binary operator o.

Theorem 4.2.8: /2 is not a rational number.

Proof (by Contradiction): Assume that /2 is rational. Then,
3p,q € Z such that V2 = g
Without loss of generality (WLOG), assume that p and ¢ have no
common factors.

Now consider (v/2)?. First, (v/2)? = 2 and

q
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Cross-multiplying yields 2¢% = p?. Thus, by Example 3.3.4 it follows
that p? is even and therefore, so is p. Thus, 3 k € Z such that p = 2k.

Now, substituting p = 2k into 2¢% = p? yields 2¢®> = 442, and from
2¢®> = 4k? it follows that ¢> = 2k%. Hence, ¢ and ¢ are even.
Furthermore, this means that both p and ¢ are even. Thus, p and ¢
have common factor 2 which contradicts the assumption that p and
g have no common factors.

Therefore, v/2 cannot be a rational number.

The fact that v/2 is not rational is often attributed to Hippasus of the
Pythagoreans and was one of the first mathematical theorems to be deduc-
tively proved. In reward for this discovery, the Pythagoreans supposedly took
Hippasus out to sea and threw him overboard, leading to his death. The idea
that some numbers could not be expressed in the form integer over integer
seems to have been unacceptable to the Pythagoreans, regardless of the proof.
For more information on Hippasus, the Pythagoreans, and v/2, see ZERO: The
Biography of a Dangerous Idea (Scife 2000).

Examples of some other numbers that are not rational include v/3, /5,
V61 ,e,7, and e + . Thus, the set of rational numbers is not an adequate
set of numbers for solving simple second-degree equations, and thus, a larger
more complete set of numbers will be required for solving equations.

4.2.5 The Real Numbers

Now, the rational numbers form a system of numbers that is closed under
the four basic arithmetic operations containing both the additive identity and
the multiplicative identity and contains both the additive and multiplicative
inverses. However, the result in Theorem 4.2.8 shows that there exist numbers
that are not rational numbers. Thus, the set of numbers that form the basis
for solving equations is made up of the rational numbers and another set of
numbers that are not rational, such as /2, which are called the irrational
numbers. The set of numbers consisting of both the rational numbers and the
irrational numbers is called the set of real numbers. The set of real numbers
consists of the collection of all of the rational numbers and the collection of
the limits of all convergent sequences of rational numbers. The definitions of
the real numbers and the irrational numbers are given below.

Definition 4.2.5: The set of real numbers consists of all numbers between
~00 and oo (i.e., ~00 < z < 00) and is denoted by R or by the interval
(—00,00).



120 Introduction to Number Theory

Definition 4.2.6: Any real number that is not a rational number is called
an irrational number. The set of irrational numbers will be denoted by L

Note that any real number that is not a rational number is by defini-
tion a real number; therefore, the real numbers consist of only the rational
numbers and the irrational numbers. Also, recall that a rational number has
either a finite decimal representation or an infinite repeating decimal repre-
sentation. On the other hand, every irrational number has a nonrepeating
infinite decimal representation, and therefore, the exact decimal value of any
irrational number can never be known. The following theorem shows that a
basic arithmetic mixture of a rational and an irrational number will produce
an irrational number.

Theorem 4.2.9: Let a € Q and b € 1. Then

(i) a+bel
(ii) a-b € I, provided that a # 0.
(i) a-bel
(iv) b—a€l
(v) % € [, provided that a # 0.

(vi) g € I, provided that a # 0.

Proof: Let a € Q and b € [ be ABF.

Proof of part (i) (by Contradiction): Suppose that a + b is a
rational number.

Since a and a + b are rational numbers, and Q is closed under sub-
traction, it follows that b = a + b —a € Q. Thus, b is a rational
number, which contradicts the hypothesis that b is irrational.

Therefore, a + b must be an irrational number.

Proof of parts (ii)—(vi): The proofs of parts (ii)-(vi) are left as
exercises.

The following list contains several facts concerning the properties of the
real numbers under the four basic arithmetic operations: addition, multipli-
cation, subtraction, and division.
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Facts about R:

a.
b.

C.

R is closed under addition and multiplication {Axioms A8 and A9).
R is closed under subtraction.

R is closed under nonzero division.

d. Since 0 is the additive identity (Axiom A3) and 0 € R, the recal numbers

do contain the additive identity.

Since 1 is the multiplicative identity (Axiom A7) and 1 € R, the real
numbers do contain the multiplicative identity.

Since —a is the additive inverse of a (Axiom A4) and —a € R for every
real number a, all the real numbers have additive inverses.

Since 1/a is the multiplicative inversc of a and 1/a € R except for a = 0,
all nonzero real numbers have multiplicative inverses.

N is contained in W, which is contained in Z, which is contained in Q,
which is contained in R, and R also contains [; that is

NcWcZcQcR and 1TCR

The following theorem provides two essential tools that are often used in

solving a system of mathematical equations. In particular, the cancellation
properties for the arithmetic operators addition and multiplication are proved
in Theorem 4.2.10.

Theorem 4.2.10: Let a,b,c € R.

(1) fa+c=b+c, then a=0b.
(ii) If ac = bc and ¢ # 0, then a = b.

Proof: Let a,b,c € R be ABF.

Proof of part (i): Suppose that a+c = b+ c. Then, —c € R since
R contains the additive inverses of its elements. Now, adding —c to
a + c yields

(a+¢)+ —c NP a+(c+-—-c)=a
By A2

Similarly, adding —c to b+ ¢ yields

(b+c)+ —c = b+ (c+—c)=b

By A2
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Thus,
a=(a+¢c)+—c= (b+ec)+—-c =b
R ——
Sincea+c=b+c¢

Therefore, a = b whenever a +c= b+ c.

Proof of part (ii): The proof of part (ii) is left as an exercise.

In Chapter 5, the distance between real numbers is of primary importance
in the study of sequences of real numbers, limits of real-valued functions, con-
tinuity of real-valued functions, and the derivatives of real-valued functions.
The standard measure of the distance between two real numbers is the abso-
lute value of the difference of the two numbers. The absolute value of a real
number is defined below.

Definition 4.2.7: The absolute value of a real number a, denoted by |a}, is
defined as follows:

a whena >0
lal={

—a whena<0

For example, | — 3.12{ = 3.12, |[6.76] = 6.76. Note that the absolute
value of a real number is always nonnegative and hence a < |a|, ¥V a € R.
Furthermore, |a] < b if and only if —b < @ < b and |a| > b if and only if
a > b or a < —b; similar results hold for the strict inequalities < and >.
For example, |z| < 4 if and ouly if —4 < 2 < 4 and |z| > 4 if and only
if z >4 or x < —4. Morcover, the distance between two real numbers z
and y is |z — y|, and thus, the distance between r = —3.12 and y = 6.76 is
| - 3.12-6.76| = | — 9.88] = 9.88.

The following theorems provide important results concerning the absolute
value of two real numbers. The theorem stated below shows that the absolute
value of a product can also be computed as the product of the individual
absolute values.

Theorem 4.2.11: If z,y € R, then {zy| = |z| |y|.

Proof (by cases): Let z,y € R be ABF. Then, either (1) z > 0
and y >0, (2) 2<0and y <0, (3)z>0andy <0,0r (4) z <0
and y > 0.

Case 1: Suppose that z > 0 and y > 0. Then, zy > 0, |zy| =
zy, lz| = z, and |y| = y. Hence

lzyl = zy = |z [y]
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Case 2: Suppose that £ < 0 and y < 0. Then, it follows that
zy > 0, [zyl = zy, |z| = —z, and |y| = —y. Hence

lzyl = zy = (—z)(—y) = lz| |yl

Cases 3 and 4: By symmetry, the same proofs can be used for the
cases £ > 0 and y < 0 and z < 0 and y > 0. Thus, WLOG suppose
that £ > 0 and y < 0. Then, zy < 0, |zy| = —zy,lz| = z, and
ly] = —y. Hence

lzyl = —zy = z(~y) = |z|- |y

Thus, in each of the four casecs it follows that |zy] = |z-|y| and
hence, |zy| = |z|- ly|,V z,y € R.

The following corollary of theorem 4.2.11 shows that | —z| = |z|,Vz € R.

Corollary to Theorem 4.2.11: If z € R, then | — z| = |z].

Proof: The corollary to Theorem 4.2.11 follows directly from that
theorem with z =z and y = —1.

The distance between two real numbers will be play an important role in
the Chapter 5 discussion of sequences or real numbers, limits of real-valued
functions, continuity, and differentiation. The following theorem and its corol-
lary provide two important results for absolute values that will often be uti-
lized in Chapter 5. In particular, of the following two results, it is the corollary
to Theorem 4.2.12 that will be the more frequently used result.

Theorem 4.2.12 (The Triangle Inequality): If x,y € R, then

I+ yl < x|+ |y

Proof (by cases): Let z,y € R. Then, either (1) both z and y
are greater than or equal to 0, (2) both z and y are less than 0, and
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(3) one of the values, z and y, is greater than or equal to 0 and the
other is less than or equal to 0.

Case 1: Let 7,y > 0. Then, |z} =z,|y| =y, and |z + y| =z + y.

Thus, |z + y| = z+y = |z| + |y] and hence, [x + y| < |z| + |y| for
z,y > 0. )

Case 2: Let z,y < 0. Then, |z| = -z, |y} = —y, and
lz+yl=—-(z+y)=-z~y

Thus, |z + y| = —z —y = —x + —y = |z| + |y| and it follows that

lx+y| < |zl +|y| for z,y < 0.

Case 3: By symmetry of argument, WLOG let z < 0and y > 0. In
this case, there are two subcases to consider, namely, z + y > 0 and
z+y<0.

Subcase 1: Let x < 0 and y > 0 and assume that z-+y > 0.
In this case, [z]| = —z, |yl =y, and |z + y| = £ + y. Thus

z+yi=x+ < —r+y=lz|+
lz + ¥ y y = |z + |yl

sincez <0< —2

and hence, for z < 0, y > 0, and z + y > 0 it follows that
lz+yl <lz|+ jyl.

Subcase 2: Let x < 0 and y > 0 and assume that z+y < 0.

In this case, |z} = —z, lyl =y, and |z + y| = —(z+ y) =
—z —y. Thus

T+yl =—-x- < —Tty=izr

Iz + vl Y < y =z + |yl

since —y <0<y

and hence, for x < 0, y > 0, and z + y < 0 it follows that
lz+yl <lz|+ lyl

Hence, in each case it follows that |z + y| < |z| + |y} and therefore,
lz+yl <lz|+ |y, Vz,y € R

Corollary to Theorem 4.2.12 (The Triangle Inequality): If z,y,z € R,

then
lz =yl <z — 2]+ |2~y
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Proof: Let z,y,z € R be ABF. Then

lt—yl=lz+(-2z2+2)-yl=z-2+2-y
¢}

Slz—2+lz—yl

By the triangle inequality

The following three results also provide useful bounds on the distance
between two real numbers.

Theorem 4.2.13: If z,y € R, then |z —y| > |z| - |yl
Proof: Let z,y € R. Consider |z{:

Zl=lz+ 0=z +(~y+v)l=lz-y+yl

Applying Theorem 4.2.11, it follows that |z —y + y| < |z — y| + [y

Now, |z} < |z — y| + |y| and subtracting |y| from both sides of this
equation yields
lz| -yl < |z -yl

and therefore, |z —y| > lz| — |y, Vz,y € R.

Corollary to Theorem 4.2.13: If z,y € R, then |z|-jy| < |z —y| < |z]+]y].
Proaof: This result follows directly from Theorems 4.2.12 and 4.2.13.

Theorem 4.2.14: If z,y € R, then [|z| - [yl| < |z —yl.

Proof: The proof of Theorem 4.2.14 is left as an exercise.
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Finally, the real numbers are closed under the arithmetic operations of ad-
dition, multiplication, subtraction, and division; R contains both the additive
and multiplicative identities, and R contains the additive and multiplicative
inverses. However, the real numbers are not the final set of numbers that a
mathematician requires for solving algebraic equations. Recall that the set
of real numbers is not closed under the binary operator defined by a o b that
provides the solutions to the equation az? —b = 0. For example, 10 —2 has no
real solutions since the solutions to 22 + 2 = 0 are 4/~2; the square root of a
negative number is a complex number, not a real number. However, complex
numbers and their properties will not be considered any further in this text.

4.3 Elementary Number Theory

The study of numbers and their propertics is an arca of mathematics called
number theory, which is one of the oldest areas of mathematical research dat-
ing as far back as circa 300 B.C. with Books VII-IX of Euclid’s Elements In
fact, many of the most famous mathematicians of all time have worked in
the area of number theory. One of the most famous mathematicians, Carl
Friedrich Gauss (1777-1855), said “mathematics is the queen of the sciences,
but number theory is the queen of mathematics.” Moreover, there arec many
classic problems in number theory, including Fermat’s Last Theorem, which
was more recently proved by Andrew Wiles and Richard Taylor. Some of
the topics that are studied in number theory are odd and even numbers, di-
visibility, prime numbers, factorization of numbers, polynomial congruences,
number theoretic functions, modulo arithmetic, and continued fractions. Fur-
thermore, many of the topics in number theory deal with only the natural
numbers and the integers since these are the oldest and most easily under-
stood numbers. The real beauty of number theory is that the definitions and
mathematical results are often very simple, utilizing only the basic arithmetic
operations of addition, subtraction, multiplication, and subtraction. However,
many of the results in number theory have proofs that are extremely long and
complex, such as Wiles and Taylor’s proof of Fermat’s Last Theorem.

4.3.1 Odd and Even Numbers

The first type of specialized numbers that will be studied are the “odd” and
“even” numbers. As early as 300 B.C., the Greek mathematician Euclid noted
that natural numbers were composed of both the even and odd numbers.
Moreover, the concept of odd and even numbers is easily understood and in
fact, is one of the first number theoretic topics that is taught to grade-school
students. Thus, a good reason to begin the discussion of number theory
with odd and even numbers is that they are not a new to students studying
mathematics. The definitions of even and odd integers are given below.
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Definition 4.3.1: An integer n is said to be an even integer if and only if n
can be written as n = 2k for some integer k.

Definition 4.3.2: An integer n is said to be an odd integer if and only if n
can be written as n = 2k + 1 for some integer k.

Note that an alternative definition of an odd number is sometimes stated
with “n = 2k—1 for some integer k” in place of “n = 2k+1 for some integer k.”
These definitions are cquivalent since 2k ~1 = 2k+1-2 = 2(k—~1)+1 == 2k’ +1
and Kk’ is an integer. Furthermore, proving that an integer z is even requires
only showing that z = 2k for some k € Z (i.e., an existence proof). Similarly,
proving that an integer z is odd requires showing that z = 2k + 1 for k € Z.

Ezample 4.3.1: The number 3 is odd because 3=2(1)+1, and the number
—6 is even becausc —6 = 2(—3). However, the real number 3.45 is neither
even nor odd since it is not an integer.

Note that integers are made up of even integers and odd integers. Let the
set of even integers be denoted by Zg = {0,%2,44,...} and the set of odd
integers by Zp = {£1,43,45,...}. Several elementary theorems concerning
odd and even numbers are given below.

Theorem 4.3.1: Let Zg be the set of even integers. Then

(i} Zg is closed under addition.
(ii) Zg is closed under multiplication.

Proof (Closure Proof):

Proof of part (i): Let a,b € Zy be ABF. Then, there exist integers
k and j such that a = 2k and b = 2j.

Consider a + b
a+b=2k+2j=2(k+j)=2l

where | = k + j and [ € Z since Z is closed under addition. Hence,
a + b is even, and therefore Zg is closed under addition.

Proof of part (ii): The proof of (ii) is left as an exercise.

Note that Zo is not closed under addition since 3 + 5 = 8, which is even;
however, the following theorem shows that Zg is closed under multiplication.
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Theorem 4.3.2: If m and n are odd integers, then nm is odd.

Proof: Let m and n be ABF odd integers. Then, n = 2k + 1 for
some integer k and m = 2j + 1 for some integer j.

Consider nm

nm=(2k+1)(2j+1)=4kj +2k+25+1

=202kj+k+j)+1=20+1
where [ = 2kj + k + j, which is an integer since Z is closed under
multiplication and addition.

Thus, nm = 2{ + 1 and hence, n is an odd number. Therefore nm is
odd whenever m and n are odd.

Theorem 4.3.3: If n is an odd integer, then so is n2.

Proof: Let n be an odd integer. Then, by Definition 4.2.2, 3 k € Z
such that n = 2k + 1. Now consider n2,

n=2k+1)2 =4k + 4k +1 =202k + 2k) + 1

=2k’ + 1, where k' = 2k + 2k

Furthermore, 2k? 4+ 2k € Z since Z is closed under multiplication and
addition, and thus n? is odd.

Therefore, n? is odd whenever n is odd.

Note that Theorem 4.3.3 could have been stated as a corollary of Theorem
4.3.2 since n? = n- n. Specifically, since n? is the product of two odd numbers
(i.e., n and n), it follows from Theorem 4.3.3 that n? is also odd. Moreover,
the following theorem shows that whenever n? is an odd number, then so is
n.

Theorem 4.3.4: Let n be an integer. If n? is odd, then so is n.
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Proof (by Contrapositive): Note that the contrapositive of this
theorem is “If n is even, then so is n?,” and since the contrapositive
of this theorem was proved in Example 3.3.2, this theorem follows
by the method of contrapositive.

Note that Theorems 4.3.4 and 4.3.5 could now be stated as the following
biconditional theorem:

Theorem: Let n be an integer. Then n is odd if and only if n? is
odd.

An analogous biconditional theorem for even integers is also stated below:

Theorem: Let n be an integer. Then n is even if and only if n? is
even.

The next three theorems state results concerning sums of integers. In
particular, the first theorem states that the sum of two consecutive integers
is odd, the second concerns the sum of the first n odd natural numbers, and
the last theorem concerns the sum of the first n even natural numbers.

Theorem 4.3.5: The sum of two consecutive integers is an odd integer.

Proof: Let n and n + 1 be ABF consecutive integers. Without loss
of generality, assume that n is even.

Then, 3 k € Zsuch that n=2kand n+ 1= 2k + 1. Now
n+(n+1)=2k+2k+1)=4k+1=2k"+1

where k' = 4k. Furthermore, &’ € Z since Z is closed under multi-

plication, and hence n + (n + 1) is odd.

Therefore, the sum of two consecutive integers is an odd integer.

Theorem 4.3.6: Z (2j -1)=n?,¥YneN,
j=1
n
Proof: (by Induction): Let P,, := Z (25 - 1) = nk
j=1
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1
Fornzl,z 2§ — 1) =2(1) = 1 = 1 = 12, Thus, P, is true.
j=1

Now, assume that P is true for some arbitrary but fixed (ABF)

natural number k. This means that Z (25 — 1) = k%, Now, if Pxy1

71
is true, then
k+1
S @i-1)=(k+1)
i-t
k+1
Cousider Z (25 — 1).
1=1
k+1 k
2(2]—1 =Y (@i -1)+2k+1)-1= K +2k+1
i=1
By P
= (k+1)?

Thus, Py is true when Py is true, and therefore, P, istrueVn € N,
n
Hence, E (2j —1)=n%* VneN.

j=1
[ ]

For example, the sum of the first 10 odd natural numbers is
D (2i—1)=(1+3+5+-+19=102 =100
and the sum of the first 1231 odd numbers is 12312 = 1, 515, 361.

Theorem 4.3.7: Z 2j=n{n+1),VneN.
7=1

n
Proof: Let n € N and consider Z 2j. Using the result of Example
1=1
3.4.1, the sum of the first 2n natural numbers is
i”: i- 2n(2n + 1)

5 =2n’+n

Jj=1
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Now, since Theorem 4.3.6 states that the sum of the first n odd
natural numbers is n?, it follows that

n

2n
2n2+n=2j=2(2j—1)+zn: 2j
j=1 =1

i=1

=n?+ i 2]
7=1

Thus
n
Z2j:2n2+n—n2=712+n=n(n+1)
i=1

Thus, from Theorem 4.3.7 it follows that the sum of the first 25 even

numbers
2+4+4+6+ -+ 50 = 50(51) = 2550

and the sum of the first 100 even numbers is 100(101) = 10, 100.

Finally, note that every even number is a multiple of 2. In the next
section, multiples of numbers other than 2 will be considered.

4.3.2 Divisibility

Since the even numbers are simply integers that are multiples of 2, it is also
true that the even integers consist of all those integers that are evenly divisible
by 2. A natural extension from studying the multiples of 2 is to study multiples
of other integers. For example, one might consider the multiples of 3 or 7 and
their properties. Furthermore, the ideas of multiplicity and divisibility play a
key role in the study of composite and prime numbers, which will be discussed
in Section 4.3.3. The definition of the divisibility of an integer b by an integer.
a is given below.

Definition 4.3.3: An integer a is said to divide an integer b, denoted by alb,
if and only if b = ak for some integer k. When a divides b, a is called a divisor
of b and b is said to be a multiple of a.

For example, 5315 since 315 = 5(63) and 3 /542 since there is no integer
k such that 542 = 3k. Thus, 5 is a divisor of 315 and 315 is a multiple of
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5, however, 3 is not a divisor of 542 and 542 is not a multiple of 3. Also, a
divides b can also be stated as b is divisible by a.

Example 4.3.2: Show that each of the following numbers is divisible by 7:

a. 441

b. 1057
c. —784
Solutions:

a. 441 is divisible by 7 since 441 = 7. 63
b. 1057 is divisible by 7 since 1057 = 7- 151
c. —784 is divisible by 7 since —784 = 7-(~112)

Now, when alb, this simply means that b is a multiple of a and thus, to
prove that a|b simply requires showing that b is a multiple of a (i.e., b = ak for
some k € Z). On the other hand, when a fb it follows that a is not a divisor
of b and that b is not a multiple of a. A more precise meaning for a Ab will
follow from Theorem 4.3.8, the Division Algorithm, which is given without
proof; a proof of the Division Algorithm can be found in Modern Algebra by
Jimmie and Linda Gilbert (1996).

Theorem 4.3.8 (The Division Algorithm): If a,b € Z and a # 0, then
there exist unique integers g and 7 such that b = ga + r where 0 <r < a.

Thus, if a does not divide b (i.e., a fb), then it follows from the Division
Algorithm that b = ga + r for some integers ¢ and r where 0 < r < a. For
example, if 3 fb, then b is of either form 3k + 1 or 3k + 2. Similarly, if 7 fb,
then b has one of the following forms: 7k + 1,7k +2,7k+ 3,7k +4,7k + 5, or
Tk + 6.

Now, several theorems concerning divisibility results will be stated and
proved. Note that Theorem 4.3.9 is analogous to the theorem proved in Chap-

ter 3 showing that if n is even, then so is n?.

Theorem 4.3.9: Let a,b € Z. If alb, then a|b?.
Proof: Let a,b € Z and suppose that alb.
Then, b = ak for some integer k. Now, consider b2
b* = (ak)? = a®k? = a(ak?) = ak’

where k' = ak? € Z since Z is closed under multiplication. Hence,
b2 is a multiple of a, and therefore, a)b® whenever alb.
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The following theorem shows that when a divides both b and c, then it
is also true that a{(b + ¢).

Theorem 4.3.10: Let a,b,c € Z. If a}b and a|c, then a}(b + ¢).

Proof: Let a,b, ¢ € Z and suppose alb and alc.

Then, b = ak for some integer k& and ¢ = aj for some integer j.
Consider b + c:

b+c=ak+aj=alk+j)=ak', where k' =k+ j.

Furthermore, k + j € Z since Z is closed under addition, and hence
b + ¢ is a multiple of a.

Therefore, if alb and alc, then a|(b+ ).

A further generalization of Theorem 4.3.10 is given below. In particular,
Theorem 4.3.11 extends Theorem 4.3.10 to more general linear combinations.

Theorem 4.3.11: Let a,b,c € Z. If a|b and alc, then a|(bz + cy), V z,y € Z.
Proof: The proof of theorem 4.3.11 is left as an exercise. '

An important corollary to Theorem 4.3.11 is the special case where z = 1
and y = —1; that is, if a|b and alc, then a|(b— ¢). This result is stated in the

following corollary.

Corollary to Theorem 4.3.11: Let a,b,c € Z. If alb and a|c, then a|(b—c).

Proof: The corollary to Theorem 4.3.11 follows directly from The-
orem 4.3.11 with x =1 and y = —-1.
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Note that had Theorem 4.3.11 preceded Theorem 4.3.10, the latter could
have been stated as a corollary to Theorem 4.3.11 since it is the special case
of Theorem 4.3.11 with z = 1 and y = 1. The following example shows that
when a|(b + ¢), it is not necessarily the case that alb and ajc.

Exzample 4.3.3: Consider the following conjecture:

Conjecture: Let a,b, and ¢ be integers. If aj(b+ ¢), then alb and
alc.

Solution: A counterexample to this conjecture is 6}(13 + 5) since 18 = 6 x 3,
but 6 /13 and 6 f5. Thus, this conjecture is false.
Exzample 4.3.4: Prove or disprove the following conjecture:
Conjecture: Let a,b, and ¢ be integers. If ajbc, then alb or ajc.
Solution: A counterexample to this conjecture is 6[(9 x 4) since 9 x 4 =

36 =6 x 6, but 6 f9 and 6 f4. Thus, this conjecture is false.

Thus, the previous two examples show that knowledge of the fact that
a divides b+ ¢ does not necessarily imply that alb and a|c. However, the
following theorem shows that when a divides both b and b + ¢, then it follows
that a must divide ¢, also. For example, clearly 3|39 and 3|27 and therefore,
since 39 = 27 + 12, it follows that 3|12.
Theorem 4.3.12: Let a,b,c € Z. If a|b and a|(b + ¢), then a|c.

Proof: Let a,b,c € Z and suppose alb and a|(b+ ¢).

Then, there exist integers k, j such that b= ak and b+ ¢ = aj.

Now, since b+ ¢ = aj, it follows that ¢ = aj — b. Thus
c=aj-b=aj—ak=a{j—k)=al

where | = j — k € Z since Z is closed under subtraction. Thus, ¢ is
a multiple of a and therefore a|c whenever alb and a|(b+ ¢).

Theorem 4.3.13: Let a,b € Z. If alb, then a|b™, V n € N.

Proof: The proof of Theorem 4.3.13 is left as an exercise.
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Recall that Theorem 4.3.9 states that “If a|b, then a|b®.” This theorem
is a direct result of Theorem 4.3.13 and thus could be stated as a corollary to
Theorem 4.3.13, also.

Corollary to Theorem 4.3.13: Let a,b € Z. If a|b, then a[b?, V k € N.

Proof: This result follows directly from Theorem 4.3.13 with k = 2.

Now, suppose that alb; then it is also true that a{b®>. However, it is not
necessarily true that if a|b?, then a will also divide b. A counterexample to
alb? implying alb is given in the following example.

Ezample 4.3.5: Disprove the following conjecture:
Conjecture: Let a,b € Z. If a|b?, then alb.
Solution: A countcrexample to this conjecture is 4|62 since 6% = 36 = 9 x 4,

but 4 f6. Thus, this conjecture is false.

The previous example shows that it is not always true that when a divides
b2 it also follows that a will divide b. In other words, there is at least one a such
that when a divides b2, it is not true that a will divide b as the counterexample
illustrates. However, it was shown in Chapter 3 that when 2{b?, it does follow
that 2|b. The following theorem shows that when 3)b?, it follows that 3|b, also.
Theorem 4.3.14: Let b € Z. If 3{b?, then 3|b.

Proof (by Contrapositive): Note that the contrapositive of this
theorem is “If 3 /b, then 3 fb2.”

Let b € Z and suppose that 3 Ab. Then, according to the Division
Algorithm
3k+1
b= { or

3k+2
for some k ¢ Z.

Case 1: Suppose that b = 3k + 1. Then

b =3k+1)2 =9k +6k+1=3(3k2+2k) +1=3kK +1
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where k' = 3k? 4+ 2k. Furthermore, 3k% + 2k € Z since Z is closed
under multiplication and addition. Thus, b? is of the form 3k+ 1 and
hence, by the Division Algorithm it follows that 4% is not divisible
by 3.

Case 2: Suppose that b = 3k + 2. Then
b2 = (3k+ 22 =9k2 412k + 4 =33k + 4k + 1)+ 1=3k"+1

where k' = 3k? + 4k + 1. Furthermore, 3k + 2k + 1 € Z since Z
is closed under multiplication and addition. Thus, b° is of the form
3k + 1 and hence, by the Division Algorithm it follows that 52 is not
divisible by 3.

Thus, in both cases it follows that when 3 4b, then 3 /1b2, either.
Therefore, when 3|b?, it follows that 3|b.

Now, there is a quick way to test whether an integer is divisible by 3,
based on the sum of the digits making up the integer. In particular, when the
sum of digits making up an integer is divisible by 3, then so is the integer.
Note that a positive integer a (i.e., a natural number) may be expressed in

base-10 form as R
a= Z ckIOk
k=0

For example, the integer a = 1217 can be written as
1257 = 1-10° + 2:10% + 5-10" + 7-10°

Similarly, a negative integer a can be written as

n

—(—a) = - Z cx10%,

k=0

n
where —a = z cx10¥ is a positive integer. The base-10 representation of
k=0
an integer is especially useful in proving theorems such as Theorem 4.3.15 on
divisibility tests for the numbers 3 and 9. In particular, Theorem 4.3.15 states
that a natural number a is divisible by 3(9) if and only if the sum of the digits
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making up the base-10 representation of a is divisible by 3(9). For example, 3
divides 177 since 3|(1+ 7+ 7) and 9 divides 12,609 since 9{(1+ 2 + 6+ 0+ 0).

n
Theorem 4.3.15: Let a € N have base-10 representation Z ck10%, and let
k=0

S = z": ¢x. Then

k=0
(i) 3|a if and only if 3|S.
(ii) 9la if and only if 9|S.
Before proceeding with the proof of Theorem 4.3.15, the following two lemmas
must be proved since the proof of Theorem 4.3.15 is based on the results of
these lemmas.

Lemma 4.3.1: 3{10""! -1, forn € N.

Proof (by Induction): Let P,, := 3|10"~! - 1.
For n = 1, it follows that 10° — 1 = 0, which is divisible by 3. Thus
P, is true. Also, for n =2, 10! — 1 =9, which is divisible by 3, and
thus P is true.
Assume that Py is true for some ABF k € N; that is, 3]10~! — 1
or 10571 —1 = 3j for some j € Z. Now, if Py, is true, then 3 will
divide 10* — 1.
Consider 10% — 1

105 ~1 = 10* -1 + 107! — 10*~!

[
0

= (10* = 10%7") + (107" ~ 1)
=10F"1(10 - 1) + (10*" ' — 1)
=9.10"14 (10F1 —1)

= 3(3-10%7) =3m

+ 3j
—~—
By Py

where m = 3-10¥~1 + j, which is in Z since Z is closed under multi-

plication and addition. Thus, 10¥ — 1 is a multiple of 3, and hence

3|10% — 1.
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Thus, P41 is true whenever Py is true, and therefore 3[10™ —
VneN

Lemma 4.3.2: 9/10"! — 1, forn € N.

Proof: The proof of Lemma 4.2.2 is similar to the proof of Lemma
4.2.1 with 9 substituted in place of 3.

The proof of theorem 4.3.15 is now presented.

Proof of Theorem 4.3.15 (Biconditional Proof): Let a € N
n n

have base-10 representation Z cklok, and let S = Z Ck.
k=0 k=0

Proof of part (i): To prove part (i) of this theorem, it must be
shown that 3la — 3|S and 3|S — 3la.

First, suppose that 3|a and consider a.

k —_
a-ch10 ~ch(lo +(=1+1))

k=0 M

n n

=3 (10 -1+ Y o Zn: (10K~ 1)+ §
k=0 =

k=0

Now, by Lemma4 3.1it follows that 3|ck(10*—1) for k = 0,1, 2,.

and thus 3| Z cx(10% —1). Furthermore, since 3| Z k(108 — 1)
k=0

and 3la, it follows from Theorem 4.3.12 that 3}5.

Conversely, suppose that 3|S. Consider a:

a—*ZCkIO «Zc(lo"‘—l)+s

=0
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By Lemma 4.3.1 it follows that 3]cx(10% — 1) for £ = 0,1,2....,n
and thus, 3] Y _ cc(10% ~1). Now, 3{Sand 3| _ cx(10* - 1). Thus,

k=0 k=0
since a = Z ck(IOIc - 1)+ S, it follows from Theorem 4.3.10 that
k=0

3|a. Therefore, 3|a if and only if 3|S.

Proof of part (ii): The proof of part (ii) is left as an exercise.

Ezxample 4.3.6: Determine whether 3 and 9 divide cach of the following
numbers:

a. 2137

b. 99,089

c. 314,299,806

d. 20,314,299,807

Solutions:

a. Neither 3 nor 9 divides 2137 since neither 3 nor 9 divides § = 13.
b. Neither 3 nor 9 divides 99,089 since neither 3 nor 9 divides S = 35.

c. 3 divides 314,299,806 since 3 divides S = 42. However, 9 does not divide
314,299,806 since 9 }42.

d. Both 3 and 9 divide 20,314,299,807 since both 3 and 9 divide S =2+ 0+
3+14+442+9+9+84+04+7=45=3-15=9-5.

4.3.3 Prime Numbers

As the study of numbers and the divisibility properties of numbers progressed,
it soon became apparent that some natural numbers had the special property
of being indivisible by any of their predecessors other than 1. For example, 11
is not divisible by any of its predecessors 2, 3,4,..., 10. These special numbers
are called prime numbers and have fascinated mathematicians since at least
the publication of Euclid’s Elements, which was published around 300 B.C.
The definition of a prime number is given below.

Definition 4.3.4: A natural number p > 2 is said to be a prime number if
and only if the only divisors of p are 1 and p. A natural number ¢ > 2 that is
not a prime number is called a composite number.
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Let P be the collection of all prime numbers. Then P is a subset of the
natural numbers, and in fact, the natural numbers consist of three types of
numbers: the number 1, the prime numbers, and the composite numbers. The
first 20 primes are:

2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53, 59,61, 67,71

A table containing all of the prime numbers less than 10,000 is given in Ele-
mentary Introduction to Number Theory (Long 1972), and as of March 2006,
the largest known prime number was 239:402:457 1 The base-10 representation
of this prime number requires 9,152,052 digits to be written out completely.

Now, if a natural number is not a prime number, then it is either the
number 1 or it is a composite number. Note that since a composite number
is not a prime number, it must be divisible by at least one of its predecessors.
Furthermore, it also follows that a composite number must be divisible by at
least one of its prime predecessors. For example, 15 is a composite number
and is divisible by the prime numbers 3 and 5.

Definition 4.3.5: A prime number p is said to be a prime factor of a com-
posite number c if and only if plc.

For example, 3 is a prime factor of 12,345,081 (3 divides the sum of the
digits of this number). Note that a prime number only has 2 factors, 1 and
p, while a composite number may have many prime factors. For example, the
composite number 420 = 22 x 3 x 5 x 7, so 420 has the 4 prime factors 2, 3, 5,
and 7. Greek mathematicians were fascinated by the prime numbers, and the
Greek mathematician Euclid stated, with proofs, several important theorems
concerning the prime numbers in his book Elements. In particular, the next
two theorems were first stated in Euclid’s Elements.

Theorem 4.3.16 (Euclid’s First Theorem): Let a,b € N. If p is a prime
number and plab, then pla or pb.

The following theorem, the Fundamental Theorem of Arithmetic, which
is also a corollary of Euclid’s First Theorem, shows that there is one and only
one prime factorization of a composite number.

Theorem 4.3.17 (The Fundamental Theorem of Arithmetic): Every
natural number n > 2 is either a prime number or the product of prime
numbers, and the product is unique up to the order in which the prime factors
appear.

The unique representation of a composite number ¢ as the product of
primes is known as the prime factorization of ¢. For example, the unique
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prime factorization of 180 is 22- 32. 5. However, the Fundamental Theorem of
Arithmetic does not provide any direct help in determining whether or not
a number is a prime or a composite number. For example, the Fundamental
Theorem of Arithmetic does not answer the question “Is n = 1,578,301 a
prime number or a composite number?” In general, it is difficult to determine
whether a very large number is a prime number or a composite number. How-
ever, the following theorem does provide some help in determining whether
a number is a prime number by restricting the set of possible prime factors
of the number. In particular, the following theorem shows that if a natural
number n is composite, then it must have a prime factor that is less than or

equal to /1.

Theorem 4.3.18: If ¢ is a composite number, then ¢ has at least one prime
factor that is less than or equal to /c.

Proof (by Contradiction): Let ¢ be a composite number, and
suppose that ¢ has no prime factors less than or equal to /c.

Now, since ¢ is a composite number it follows that ¢ is the product
of at least two prime numbers. Let p be the smallest prime number
greater than \/c. Now, the smallest product of two prime numbers
greater than /c is p?, but p? > c. Thus, no prime greater than or
equal to p can be a prime factor of ¢. Thus, ¢ has no prime factors
less than or equal to /¢, nor does c have any prime factors greater
than \/c. Hence, c is a prime number, contradicting the fact that c
is a composite number.

Therefore, ¢ must have at least one prime factor less than or equal

to \/(_‘

Ezxample 4.3.7: Use Theorem 4.3.18 to determine whether each of the fol-
lowing numbers is a prime or a composite number:

a. 1217
b. 9983

Solutions:

a. First, V1217 = 34.885. Now, if 1217 is not divisible by any prime less
than 34, then 1217 is a prime number. Thus, 1217 will be a prime number
if and only if it is not divisible by the prime numbers

2,3,5,7,11,13,17,19, 23, 29, 31
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1217 =2 x 608 + 1 1217 =3 x 405 + 2 1217 =5x 243+ 2
1217=7x 173+ 6 1217 =11 x 110+ 7 1217=13x 93+ 8
1217 =17 x 71+ 10 1217=19x 64+ 1 1217 = 23 x 52 + 21

1217 =29 x 41 + 28 1217 =31 x 39+ 8

Thus, since 1217 is not divisible by any of the prime numbers less than
V1217, it follows that 1217 is a prime number.

b. The solution to part (b) is left as an exercise.

An algorithm, based on the result of Theorem 4.3.18, was proposed by
Eratosthenes (276-194 B.C.) for finding all the prime numbers less than a
particular natural number n. This algorithm is called the “Sieve of Eratos-
thenes” after its founder. Eratosthenes’ algorithm for finding prime numbers
is given below.

Sieve of Eratosthenes: Begin with a sequential list of integers from 2 to
the largest number n to be studied.
1. Cross out all multiples of 2 (every second number in the list).

2. Determine the smallest remaining number in the list, which is 3. Now,
cross out all multiples of 3 (every third number in the list).

3. Determine the smallest remaining number in the list, which is 5. Now,
cross out all multiples of 5 (every fifth number in the list).

4. Repeat the process outlined in steps 2 and 3 until all multiples of the
smallest integer less than or equal to \/n are crossed out.

5. The numbers remaining in the list from 2 to n are the prime numbers
less than or equal to n.

Exzample 4.3.8: Use the Sieve of Eratosthenes to determine the prime num-
bers less than 116.

Solution: First list the numbers less than 116:

2 3 4 5 6 7 &8 9 1011 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 39 31 32 33 34 35 36 37 38 39
40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58
59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77
78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96
97 98 99 100101102103 104 105106 107 108 109 110 111 112113114 115

Now, after crossing out the multiples of all the prime numbers less than /116
(ie., 2,3, 5, and 7), the following prime numbers remain:
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2 3 5 7 11 13 17 19
23 29 31 37
41 43 47 53
59 61 67 71 73
79 83 89
97 101 103 107 109 113

In general, the problem of checking for the primality of a large num-
ber such as 1,578,301 is a computationally difficult problem, since it involves
testing for divisibility by the prime numbers less than /1,578,301, In this
example, divisibility by all the 214 prime numbers less than /1,578, 301 must
be considered. If any one of these 214 prime numbers divides 1,578,301, then
it is a composite number. On the other hand, if none of these 214 prime num-
bers divides 1,578,301, then it is & prime number. It turns out that 1,578,301
is not a prime number because 1,578,301 = 653- 2417

Other interesting questions concerning the prime numbers are “What
is the largest prime number?” and “How many prime numbers are there?”
Euclid’s Second Theorem in Book VII of Elements answers both of these ques-
tions. In particular, Euclid shows that there are an infinite number of primes
using a simple yet elegant mathematical proof. Thus, since there are infinitely
many prime numbers, there is no largest prime number.

Theorem 4.3.19 (Euclid’s Second Theorem:) There are infinitely many
prime numbers.

Proof (by Contradiction): Let P be the collection of all prime
numbers, and suppose that P does not contain an infinite number of
elements. Then, P contains a finite number of clements. WLOG let
the elements of P be p1,p2,p3,-..,Pn-

Now, let N = p; xpz Xp3 - - -Xpn+1. Then, there are two possibilities
for N, namely, N is either a prime number or a composite number.

Case 1: Suppose that /V is a prime number. Then, since N is prime
and N greater than any of the primes in P, P does not contain all
the prime numbers. However, this contradicts the assumption that
P does contain all the prime numbers. Thus, in this case P must be
infinite.

Case 2: Suppose that N is a composite number. Since N is com-
posite, it follows that N must have at least one prime factor in P.
Now, clearly

N =p1 xp2xp3g: Xpn+1
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is not divisible by any of the primes in P, since N = gp, + 1 for every
p; € P.

Thercfore, there must be some other prime number, say, pn+1 € P
that is a factor of N. However, P contains all the prime numbers,
but pn+1 & P. This is a contradiction. Hence, in this case, P must
be infinite, also.

Therefore in either case, P is infinite and hence, there are infinitely
many prime numbers.

Many mathematicians, including Fermat and Marin Mersenne (1588-
1648), have proposed algorithms for the creation of prime numbers. Fermat
conjectured that 22” 4 1 is prime for every whole number n; primes of the
form p = 22" + 1 are called Fermat primes. In particular

22' +1=441=5 which is prime
22" 4 1=16+1 =17 which is prime
22 +1=256+ 1 = 257 which is prime
22" 41 = 65,536+ 1 = 65,537 which is prime

Unfortunately for Fermat, in 1731 Leonhard Euler showed that for n = 5,
22" + 1 = 4,294,967, 297 is divisible by 641, and hence 22" + 1 is not a prime
number. Mersenne conjectured that there are infinitely many primes of the
form 27 — 1, where p is a prime number; prime numbers of this form, such as
22 —1 =3 and 28—~ 1 =7, are called Mersenne primes. Mersenne’s conjecture
has never been proved or disproved; however, whenever a new prime number
is found, it invariably turns out to be a Mersenne prime.

Another classic problem concerning prime numbers is one that deals with
the frequency of the prime numbers. Let m(n) be the function that counts the
number of prime numbers less than or equal to a natural number n. Then

m(n) = the number of primes less than or equal to n

For example, 7(200) = 46, #(300) = 62, and n(400) = 78. Table 4.3.1
illustrates the frequency of the prime numbers for n = 102, 103, 104, 105, 10°
and 10'2.
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Table 4.3.1 Frequencies of the Prime Numbers

N No. of Primes Percentage of Primes
102 25 25%
103 168 16.8%
104 1,229 12.3%
109 9,592 9.6%
108 78,498 7.8%
1012 | 37,607,912,018 3.8%

Examining Table 4.3.1, it appears that the frequency of the prime num-
bers is decreasing as n gets larger. Gauss was one of the first mathematicians
to note that w(n)/n appeared to approach the value 1/Inn as n grew larger;
however, he did not provide a proof of this result. Jacques Hadamard (1865~
1963) and Charles de la Vallée Poussin (1866-1962) independently discovered
proofs of the following theorem in 1896. This theorem is known as the Prime
Number Theorem and is provided without proof. For more information on the
Prime Number Theorem, see The Mathematical Universe by William Dunham
(1997) or Prime Obsession: Bernhard Riemann and the Greatest Unsolved
Problem in Mathematics by John Derbyshire (2003).

Theorem 4.3.20 (The Prime Number Theorem): If n(n) is the number
of prime numbers less than or equal to n, then

. 7(n) I
dim —— / el

Finally, a classic and still unproven conjecture concerns pairs of prime
numbers of the form p and p+ 2. Pairs of primes of this nature are called twin
primes. For example, the first five pairs of twin primes are (3,5), (5,7), (11,13),
(17,19), and (29,31). It has been conjectured that there are infinitely many
pairs of twin primes; however, this conjecture, which many mathematicians
believe is true, has never been proved. The final theorem of this section
provides an interesting result concerning the natural number lying between
twin prime numbers.
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Theorem 4.3.21: If p > 5 and (p,p + 2) are twin primes, then 6{(p + 1).

Proof: The proof of Theorem 4.3.21 is left as an exercise.

4.3.4 Recursively Defined Numbers

This last section of the chapter deals with a special way of generating a se-
quence of numbers. In particular, this section deals with sequences of recur-
sively defined numbers. Many interesting sequences of numbers arise from
a recursive formulation. In fact, rcal-world applications where a recursively
defined sequence of numbers are used include the iterative solution of an non-
linear equation, birth-death models, and mortgage payments. The definitions
of a sequence and a recursive sequence are given below.

Definition 4.8.6: A sequence of real numbers is a function whose domain is
N.

Definition 4.3.7: A sequence of numbers is said to be a recursive sequence
or recursively defined sequence when each eclement of the sequence is based on
the previous elements in the sequence.

For example, the sequence defined by a; = 2 and an = a%_, — 1, for

n € N, is a recursive sequence since the value of a,, is based on the preceding
n .

terms of the sequence. On the other hand, a, = for n € Nis not a

n+1
recursive sequence since no knowledge of preceding terms of the sequence are

used in the definition of a,.

Ezxample {.3.9: Let a, be defined by a; = 2 and any) = /2 + Jan, for
n € N. The first five terms in this sequence are a; = 2, a; = 1.8478,

a3 = 1.8328, a4 = 1.8313, and a5 = 1.8312.

Two very famous recursively defined sequences of numbers are the Fi-
bonacci and Lucas numbers. A surprisingly common set of recursively de-
fined numbers was introduced in the thirteenth century by Leonardo of Pisa.
Leonardo of Pisa {1170-1250), also known as Fibonacci, was a one of the
most important mathematicians of the Middle Ages, and one of Fibonacci’s
main accomplishments was the introduction of the Indo-Arabic numeration
system and Indo-Arabic computational methods to the European community.
Fibonacci is most famous for the following problems that he posed and solved
around 1202 A.D. in his book Liber Abaci.
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Suppose that there are two newborn rabbits, a male and a female.
Determine the number of rabbits produced in a year given that

1. Each rabbit takes one month to become mature.

2. Each pair produces a mixed pair of rabbits (i.e., a male and a
female) every month, from the second month on.

3. No rabbits die during the course of the year.

Now, in month 1, pair 1 is born so there is onc pair of rabbits. In month 2,
pair 1 becomes mature so there is still only one pair of rabbits; in month 3,
pair 1 produces a second pair of rabbits (pair 2), which is still immature, so
at the end month 3 there are 2 pairs of rabbits. In month 4, pair 1 produces
a pair of rabbits (pair 3) and pair 2 matures, so at the end of month 4 there
are three pairs of rabbits. The process continues in this way. Let F, be the
number of pairs of rabbits after n months. Then, the solution to this problem
is based on the recursive relationship F,, = F,,_{ + F,,_3; thus, the number
of rabbits after n months is the sum of the number of rabbits after n ~ 1 and
n—2 months. This sequence of numbers is called the Fibonacci sequence. The
first 21 values of F,, are tabulated in Table 4.3.2.

Table 4.3.2 The First 21 Fibonacci Numbers

n | Fn n Fy n Fa

1 1 8 21 15 610
2 1 9 34 16 987
3 2 10 55 17 1,697
4 3 11 89 18 2,584
5 5 12 144 19 4,181
6 8 13 233 20 6,565
7 13 14 377 21 10,946

The Fibonacci pattern is often seen in sunflower and daisy florets; the
scale patterns of pinecones pineapples, and artichokes; and even with mating
habits of bees and rabbits. Thomas Koshy {(2001) gives many applications
of the Fibonacci pattern in his book Fibonacci and Lucas Numbers with Ap-
plications. Moreover, since their introduction, Fibonacci numbers and their
related properties have been studied extensively by number theorists, and
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hence there are a tremendous number of mathematical results concerning the
Fibonacci numbers. The definition of the Fibonacci sequence is given below.

Definition 4.3.8: The Fibonacci sequence of numbers is generated by the
recursive formula Fy = 1, F;, =1, and Froyo = Foy + Fo forn € N,

Note that every Fibonacci number is simply the sum of the two preced-
ing Fibonacci numbers. Also, occasionally there will be a need for the Oth
Fibonacci number, Fy, and when needed, Fy = 0 can be used. The following
theorems provide some of the most basic results on Fibonacci numbers. For
example, in Table 4.3.2 the first 21 Fibonacci numbers were listed. Note that
F,1 = 10,946 and thus, the Fibonacci numbers grow large very rapidly. The
following theorem puts an upper bound on the value of F,, namely, F, < 2",

Theorem 4.3.22: If F, is the nth Fibonacci number, then F,, < 2",V n € N.

Proof: This theorem can be proved with strong induction. Let
P, = F, < 2™,

Forn=1, F{ = 1 and clearly 1 < 2! = 2. Therefore, P, is true.

Now, assume that Py, ..., P are all true for some ABF & € N. This
means that F; < 2* whenever i = 1,2,...,k. Now, if Pry; is true,
then it will be the case that Fi4, is less than 2541,

Consider Fiq:
Fiy1= Fet Frop <284 2570 <ok ok
|
By Px and P
= 9. 2k — 2k+l
Thus, Pr — P4 and therefore, F, < 2™, ¥ n € N.

The next theorem provides several interesting results concerning the sums
of Fibonacci numbers. In particular, Theorem 4.3.23 provides results for the
sums of the first n Fibonacci numbers, the first n Fibonacci numbers with
odd indices, the first n Fibonacci numbers with even indices, and the first n
squared Fibonacci numbers.
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Theorem 4.3.23: Let F,, be the nth Fibonacci number. Then, forn € N

i)Y Fi=Fupa—1

i=1
Proof: Each part of this theorem will be proven using mathematical
induction.

Proof of part (i): Let P, := Z F,=Fy2~ 1.

1

Forn=13Y F=F=lad Fy-1=FR-1=2-1=1
i=1

Therefore, P, is true.

Now, suppose that Py is true for some ABF k € N. This means that
k

Z Fy = Fy,2 — 1. Now, if Piy is true, then it will be true that
i=1

k41

Fi=Feprp2—1=Fiya -1

+

-
fl

k+1
Consider Z F;:

=1

k41
Z F, = ZF + Fryr = Frgo — 14+ Fiq
(AR

i=1 By ,Pk

= Fey1+ Frya = 1= Fry3 -1

Thus, Pr,. is true whenever Py is true, and therefore

Y Fi=Fu2-1,YneN
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Proof of part (ii): The proof of part (ii) is left as an exercise.

Proof of part (tii): The proof of part (iii) is left as an exercise.

Proof of part (iv): Let Py =Y F? = Fa Fayi.

2:21

1

For n = 1, Z F%= Ff =12 =1 aud Fy- F; = 1.1 = 1. Therefore,
i=1

P, is true.

Now suppose that Py is true for some ABF k € N. This means that
k+1

Z F? = Fi- Fep1. Now, if Piyy is true, then Y F? = Fipi- Frsa.

i=1 i=1

k+1
Consider Z FZ

i=1

k+1 k
Z Z 2+ F2,, = Fe Fep1 +F2,
N e’

N By P«

= Fiq1[Fx + Feg1] = Fegrr Fr2

Thus, P41 is true whenever Py is true. Therefore, for n € N

i F?=F, Fop
=1

Theorem 4.3.23 was first proved by Edouard Lucas (1842-1891). Lucas is

also credited with naming the Fibonacci sequence and for proving many other
results concerning the Fibonacci numbers. Lucas also introduced a recursive
sequence of numbers that is closely related to the Fibonacci numbers, namely,
the Lucas sequence of numbers. The definition of the Lucas sequence is given
below.

Definition 4.3.9: The Lucas sequence of numbers is generated by the recur-
sive formula Ly =1, Lo =3,and Lyt = Lay + Ln, YR EN.
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The first 21 Lucas numbers are listed in Table 4.3.3.

Table 4.3.3 The First 21 Lucas Numbers

n Ly n L, n L,

1 1 8 47 15 1,364
2 3 9 76 16 2,207
3 4 10 123 17 3,571
4 7 1 199 18 5,778
5 11 12 ) 322 19 9,349
6 18 13 521 20 15,127
7 29 14 843 21 24,476

Like the Fibonacci numbers, the Lucas numbers grow large very quickly.
In fact, examining Tables 4.3.2 and 4.3.3, it becomes clear that for n > 1,
L, > 2F,. Theorem 4.3.24 shows that L, > 2F,, for n > 1 and also, that
the Lucas and Fibonacci numbers are closely related.

Theorem 4.3.24: Let F,, be the nth Fibonacci number and L,, the nth Lucas
number. Then, forn € N

(i) Lpyr = Fay2 + Fy.
(i) Lny2 + Ly =5F, 4.
(iii) Lypr > 2- Fraq.
Proof: Each part of this theorem will be proved with mathematical
induction.

Proof of part (i): Let Pn = Fpyo+ Fn = Lnyy.

Forn =1, Ly;1 = Ly = 3,F142 = F3 = 2 and Fi = 1. Therefore,
Ly, =3=2+1= F3+ F}, and hence P, is true.

Now, suppose that P, ..., Pi are all true for some ABF k € N. This
means that Ljy, = Fjuo + Fj, for j = 1,2,..., k. Now, if Pryq is
true, then Lgyo = Frys + Fit.
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Consider Lk+1+1 = Lk $2°

Liy2 = Ly + L = (Fiya + Fi) 4 (Fepr + Fe)

v ~ -

By Pk By Pk_1

= (Feyo + Fiegpr) + (Fie + Fie-1)

= Feya+ Fen

Thus, Px1 is true whenever Py, ..., P are true and therefore,
Ln+l :Fn+2+Fn1vnEN-

Proof of part (ii): The proof of part (ii) is left as an exercise.
Proof of part (1ii): Let P, := Loy 2> 2F 4.

Forn=1,Ly=3and F,=1andsince L, =3 > 2 F, =2, Py is
true.

Now, suppose that P, ..., P are all true for some ABF k € N. This
means that Ljyy > 2F; 1y, for j = 1,2,..., k. Now, if Pxy is true,
then Ligyo > 2- Fryo.

Consider Ly ;9:

Liyo = Liy1 + Le > 2Fq) + 2K
[ —
By Pk and Pk-l

=2 [Fk+1 + Fk] =2 - Frq2

Thus, Pk 41 is true whenever Py, ..., Py are true, and therefore
Lyy1 > 2 F,4, whenever n € N.

The following theorem provides results concerning the sums of Lucas
numbers, analogous to the sums of the Fibonacci numbers given in Theorem
4.3.23.

Theorem 4.3.25: Let L, be the nth Lucas number. Then, forn € N

(i) Z Li=Lniz -3
i=1
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(ii) Z Ly oy = Lan — 2.

=1

n
(i) Y Lai = Lan41 — 1.
=1

(iv) Y L} =LoLnjy -2
i=1

Proof: The proof of each part of theorem 4.3.25 is left as an exercise.

Finally, a more gencral sequence of recursive numbers that is related to
both the Fibonacci and Lucas numbers is the generalized Fibonacci sequence
of numbers. The generalized version of the Fibonacci numbers is denoted by
G, and is generated by simply altering the starting values of G| and G5, while
still utilizing the recursive relationship G,42 = G, + Gn,4) for n € N. The
formal definition of a generalized Fibonacci sequence is given below.

Definition 4.3.10: Let a,b € R. The generalized Fibonacci sequence of
numbers is generated by the recursive relationship G; = a, G2 = b, and
Gni2=Gn41 + G, forn €N,

Note that the Fibonacci sequence can be generated as a generalized Fi-
bonacci sequence by letting a = b = 1, and the Lucas sequence is the gener-
alized Fibonacci sequence generated by taking a = 1 and b = 3.

Exzample }.3.10: Generate the first 10 terms for a generalized Fibonacci
sequences with the following starting values:

a.a=—-land b=14

b.a=landb=2
Solutions: The first 10 terms of the generalized Fibonacci sequence with the
starting values given above are as follows:

a.a=-1and b=4 are —1,4,3,7,10,17,27,44,71,115.

b.a=1and b= 2are 1,2,3,5,8,13, 21, 34, 55, 89.

Note that in Example 4.3.10, for starting values a = 1 and b = 2, it turns
out that G, = F;y, for i € N. The following example reveals an interesting
pattern in the generation of the values of a generalized Fibonacci sequence.
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Example 4.3.11: Determine the nth term (G,) in a generalized Fibonacci
sequence with G = a and G, = b.

Solution: Table 4.3.4 lists the first 15 terms in a generalized Fibonacci se-
quence.

Table 4.3.4 The First 15 Generalized Fibonacci Numbers

n Gn n GCn n Gn

1 a 6 3a+5b 11 34a+55b
2 b 7 5a-+-8b 12 55a+8gb
3 at+b 8 8a+13b 13 8ga+144b
4 a+2b 9 13a+21b 14 144a+233b
5 2a+3b 10 210+ 34b 15 233a+377b

Note that the coeflicients of the a and b terms in G,, in Table 4.3.4 are
Fibonacci numbers. In fact, on close inspection of Table 4.3.4, it appears that
the relationship between G, 42 and the Fibonacci sequence of numbers might
be Gn4+2 = aF, + bF, ;; this conjecture is proved in the following theorem.

Theorem 4.3.26: Let F,, be the nth Fibonacci number and G, the nth
generalized Fibonacci number with starting values G = a and G2 = b. Then,
Gn+2 =aF, + bFn+l, vneN.

Proof (by Induction): Let P, := aF,, + bF,41 = Gnyo.

Forn=1,G3=G,+ Gy =a+b=aF, +bF; since F; = F» = 1;
therefore P is true.

Now, suppose that Py,..., Py are all true for some ABF k € N. This
means that G; 40 = aF; + bF; for j =1,2,..., k. Now, if Pryy is
true, then Gyy3 = aFyx 1 + bFi40.

Consider G 43:

Giys = Gryo+ Grpr = gaFk + ka+1)J+£aFk_1 + kal
By Ps By Pi-1

=a(Fi+ Fi-1) + b(Fr41 + Fx) = aF 41 + bFk 2
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Thus, Pry; is true whenever Py, ..., Py are all true, and therefore
Gn+2 = G.Fn + bFn*\, \/ nc N

Theorem 4.3.27: Let F,, be the nth Fibonacci number and G, the nth
generalized Fibonacci number. If G, = 1 and G2 = 2, then G,, = Fo41,
VneN

Proof: The proof of Theorem 4.3.27 is left as an exercise.

As with the Fibonacci and Lucas sequences, there are many results
that have been proven concerning generalized Fibonacci sequences, see Koshy
(2001). The following theorem provides three results concerning the sums of
the terms in a gencralized Fibonacci sequence that are analogous to those
given in Theorems 4.3.23 and 4.3.25 on Fibonacci and Lucas numbers.

Theorem 4.3.28: If G, is the nth Generalized Fibonacci number when G, =
a and G = b, then

(i) ZGi=Gn+2—b,VnEN

i=1

(ii) Zczi—l‘—‘Gzn-ﬁ-a—b,VneN

=1
(i) Y Gai=Gany1—a,VneN.
1==1

Proof: The proof of Theorem 4.3.28 is left as an exercise.

Finally, note that one could have started with the definition of the gen-
eralized Fibonacci sequence; then the results for the Fibonacci and Lucas
sequences given in Theorems 4.3.23 and 4.3.25 would simply be corollaries of
Theorem 4.3.28.



156 Introduction to Number Theory
EXERCISES
4.1 Let o be defined on [0,00) by aob = |a — b].
a. Show that o is an Abelian operator on (0, 00).
b. Show that [0, c0) is closed under o.
c¢. Show that there exists an identity element in [0, 00) under o.
4.2 Let o be defined on R* by a o b = abb°.
a. Prove that o is an Abelian operator on R*.
b. Prove that R* is closed under o.
c. Prove that there exists an identity element in Rt under o.
d. Find 27!,
e. Prove that Rt contains all the inverse elements under o.
4.3 Let Q=R and for a,b € R defineaob=ab—-—a—-b+ 2.
a. Show that R is closed under o.
b. Determine whether there is an identity element in R under o.
¢. Determine whether there is an inverse element in R under o for each
a€ R
d. Solve the equation 3oz = 13 for z.
4.4 Let Q= {w: w =3k +1 for some k € Z}.
a. Prove that 1 is closed under multiplication.
b. Show that € is not closed under addition, subtraction, or division.
4.5 Let Q be the set of rational numbers. Prove that Q is closed under
subtraction.
4.6 Let Qg := {r ceQ:r= g for some p € Z}. Show that Q5 is closed un-
der addition, subtraction, multiplication, and nonzero division.
4.7 Let Zg be the collection of even integers, and let o be the binary operator

defined on Zg by aob = ab+ 2.

a. Prove that Zg is closed under o.
b. Is o an Abelian operator on Zg?

¢. Is o an associative operator on Zg?
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4.8 Let Zo be the collection of odd integers, and let o be the binary operator
defined on Zp by aob =ab + 2.

a. Show that Zo is closed under o.
b. Is o an Abelian operator on Zg?

c. Is o an associative operator on Zp?
4.9 Prove that R is closed under subtraction.

4.10 Prove each of the following theorems:

a. Theorem: If z € Z, then 2™ € Z for every natural number n.
b. Theorem: If z € Z, thenrz+s€ Z forallr,s € Z.

4.11 For each of the following sets, determine whether the set is closed under
the prescribed binary operator. If the set is closed, provide a formal
closure proof. If the set is not closed under the binary operator, provide
a counterexample to show that it is not closed.

a. Let Q@ = {w : w =4k + 1 for some k € Z}, and let o be defined by

aob = ab.
b. Let @ = {w : w = 4k + 1 for some k € Z}, and let o be defined by
aocb=a+b.

c. Let 5Z = {z : z = 5k for some k € Z}, and let o be defined by
aob=a-b.
d. Let 5Z = {z : 2 = 5k for some k € Z}, and let o be defined by

aob=2a+ 3b. ‘
e. Let Q = {z: 2z =2k or z = 3k for some k € Z}, and let o be defined
by acb=a+b.

f. Let Q@ = {z : 2 = 2k and z = 3k for some k € Z}, and let o be
defined by aob = ab

4.12 Let Q) be a set and o a binary operator defined on 2. Prove each of the
following theorems:

a. Theorem: If 1 is closed under o, o is an associative binary operator
o, and a”}! € Q whenever a € Q, then a™! is unique.

b. Theorem: If §Q is closed under o, o is an associative binary operator
o, and a”! €  whenever o € 2, then (aob)™! = b~ loa™! for all
a,bec Q. '

¢. Theorem: If ) is closed under o and a~! € Q whenever a € §, then

(@) =a
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4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

Introduction to Number Theory

Determine the rational forms of

a. 12.6783
b. 0.9876
c. 10.315
. 213.81651

o

Let @ be the set of rational numbers:

a. Prove that Q is closed under subtraction.
b. Prove that Q is closed under division.

Prove that

a. V3 is an irrational number.
b. V5 is an irrational number.

c. /P is an irrational number for every prime number p.
n+1

Prove that Z % is not equal to an integer for any n € N.
k=1

1 7
Letan=<1+;) ,VneN.

a. Prove that a, € Q,Vn e N.
b. Let a= lim a,. Isa € Q7
n-—oQ

Find pairs of irrational numbers showing that the irrationals are not
closed under addition, subtraction, multiplication, and division.

Let a # 0 be a real number, and let the reciprocal of a be the value z
such that @ x z = 1. Prove that if a € R and a # 0, then there exists a

unique real number z such that az = 1.

For real numbers z,y, z, prove that

a. ||zl =yl [ < |z -yl

b lz+y+zf <zl + yl + |2

¢ |z| = max(~z, ).

d. |z +y| = |z| + |y| if and only if ab > 0.
z| L=l
vl vl
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f. Va2 =z

4.21 Provethatifae Q,bel,anda #0,thenab—a ¢ Q.

4.22 Prove that

a

b

]

o8

IfaeQand be l,thena—b6 ¢ Q.
Ifa#£0cQandbel, then ab € Q.
1fa¢erandbeu,chen%¢@.

Ifa;éOeQandbGII,then—Z ¢ Q.

4.23 Prove that if a,b,c € R, ¢ # 0, and ac = bc, then @ = b.

4.24 Prove each of the following theorems:

. Theorem: Let n € N. If p is a prime number and p|n?, then p|n.

. Theorem: If p is a prime number, then there exists & € Z such that

p=4k+1orp=4k+ 3.
Theorem: If n € N, then 3{(n + 1) or 3|(n + 3) or 3|(n + 5).

. Theorem: If 2" — 1 is prime, then n is a prime number.

Theorem: Let m,n € N, and let p be a prime number. If pjmn,
then p|m or p|n.

Theorem: If p,,ps, p3 and pg are odd prime numbers, then

p1p2 + paps is not a prime number.

4.25 Let a,b,c € Z. Prove that

€.

a. If alb, then alb™, V¥V n € N.
b.
c
d

If a|b and afc, then a|(b? + be + c?).

. If a|b and b|a, then |a| = |b).
. If @®|b, then alb.

If alb and alc, then V z,y € Z, a|(bx + cy).

4.26 Prove that 9{(10""' — 1) for n € N.

n n
4.27 Suppose a € Nand a = Z ck- 10%. Prove that if § = Z Ck, then 9[a if

k=0 k=0

and only if 9{5.
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4.28 Let a € N and suppose that b; € N, Vi € N. Prove that if alb; Vi e N,
n+1

then a divides Z b; for every n € N.
i=1

n

4.29 Let a € N and suppose that a = Z a;10*. Prove
i=0

a. 4fa if and only if 4|(10a; + ap).
b. 8la if and only if 8{(100a; + 10a; + ag).

c. 11ja if and only if lll (Z (—-1)’a,->.

i=0

4.30 Let F,, be the nth Fibonacci number. Prove that

n
a. Z F25+1 = F5,,VneN

c. 1L

F2n+1 ‘*l,VTLEN.

F §2,Vn€N.

d. S‘an, VneN.

7 n—1
e. FnS(Z) ,VnelN.

n+l
f.) (1) 'Fip1=(-1)"Fap, VneN.

i=1
4.31 Let L, be the nth Lucas number. Prove that
a. Ln+2 + L, =5F,41,VneN.

b. ZL =Lny2-3,¥neN.
i=1

n
C. Z Loy =Ly,—2,VneN.

i=1

d. > Lyi=Lopy —1,VneN.
i=1

n
e Y L?=LnLny1—-2,VneN
i=1
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4.32 Let F,, and G, be the nth terms in the Fibonacci Sequence and the Gener-
alized Fibonacci Sequence generated by G1 = 1 and G = 2, respectively.
Prove that G, = F,,41,Vn € N.

4.33 Let G, be the nth term in a generalized Fibonacci sequence generated
by G| = a and G2 = b. Prove that

2.y Gi=Gnp2-bVneN
i=1

b. ZGgiq:ng:a—b,VneN.

1=1

n
C. ZGQ,";GQ,H;‘O,,VTLEN.
i=1



Chapter 5
The Foundations of Calculus

The area of mathematics known as calculus of a single variable is one of the
best known areas of modern mathematics. The credit for developing calculus
is generally given to Sir Isaac Newton (1643-1727) and Wilhelm Gottfried
Leibniz (1646-1716), although many other mathematicians actually played
an important role in the development of calculus. For an outstanding history
of the development of calculus, see The Calculus Gallery: Masterpieces from
Newton to Lebesgue by William Dunham (2005).

Now, calculus deals with the study of the real-valued functions and their
properties. In particular, the two main properties of a function that are inves-
tigated in the typical first course on calculus are (1) how the function behaves
near the point £ = zqg (i.e., limits) and (2) what the graph of the function
looks like (i.e., continuity and derivatives). In both cases, the properties of
interest are based on the limiting behavior of the function. Since the foun-
dation of calculus is built on the idea of limits, throughout this chapter the
key idea being studied is the limiting behavior of a real-valued function on R.
In particular, limits of real-valued sequences, limits of real-valued functions,
continuity, and the derivative of a real-valued function will be discussed in
Chapter 5.

5.1 Functions

Since the focus of calculus is the study of real-valued functions and their
behavior, it is important to understand what a function actually is. In lay
terrus a real-valued function f on R is a well-defined rule that maps each point
z € R to a point y € R according to the rule f. The definition of a real-valued
function is given below.

Definition 5.1.1: A function f defined on a subset D of R is called a real-
valued function if and only if f is a rule that assigns to each = in D one and
only one real number y. The set D is called the domain of the function f.

For example, the.function f(z) = z? takes a value in R and maps it to
the square of . Note that in this example, there is no ambiguity concerning
what happens to each value of z once it is inserted into the function f; when
there is ambiguity concerning what happens to a value of x when inserted
into f, then f is most likely not a function.

162
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Ezample 5.1.1: Let f(z) = z?, g(z) = sin(z), and h(z) = |z|. Then f,g
and A are all functions. However

2 ifzx>0
k(z) =
lz| ifz <1

is not a function since k(z) assigns two values to each value of z € [0, 1).

Definition 5.1.2: Two functions f and g are said to be equal if and only if
they have the same domain D and f(z) = g(z), Vz € D.

Note that when two functions are equal they must have the same domain.
Also, note that there are many functions that appear to be equal, yet according
to Definition 5.1.2 are not equal. For example, let f(z) = (z — 1)/(z? - 1)
and g(z) = 1/(z + 1). Clearly, when x # 1, then

T—1 z—-1 1

z2-1 (z-1D(+1) =z+1

However, the domain of f is Dy = {z € R: z # %1}, while the domain of
gis Dg = {z € R:z # ~1}. Thus, D; # D, and therefore the functions f
and g are not equal.

Now, there are many different types of functions, some of which are ex-
tremely complicated in nature; however, the elementary functions are the
polynomial, rational, power, exponential, logarithmic, and trigonometric func-
tions. The definitions of the polynomial, rational, and exponential functions
are given below.

Definition 5.1.3: A real-valued function f, defined on R, is called

a. A polynomial if and only if it is of the form

n
flz) =anz" + no1z™ 4t aztag = Z a;t',
i=0

where n € N and ag,ay,...,an € R.

p(z)

, where
q(z)

b. A rational function if and only if it is of the form f(z) =
p(z) and g(z) are polynomials.

¢. An exponential function if and only if it is of the form f(z) = a*, where
a €RY.

Note that the domain of a polynomial function or an exponential function
is R; however, the domain of a rational function may not be all of R. In
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p(z)

particular, for a rational function of the form r(z) = —(—, all points in R for
q(x

which ¢(z) = 0 must be excluded from the domain of r(z); thus, the domain
of a rational function r(z) is D = {z € R : ¢g(x) # 0}.

Ezample 5.1.2: Examples of each of type of function defined in Definition
5.1.3 are given below:

a. p(z) = 3z° -z +11 and ¢(z) = 7 —3z% + 422 - 13z + 1 are polynomials.

3z2 -z + 11 z—1 _
b. r(z) = - 3:;:+ 12 3241 and s(z) = 27 e rational func-

tions.

c. t(z) = 2% and u(x) = e* are exponential functions.

Functions, like numbers, are often combined using the standard arith-
metic operators (i.e., +, —, X, +) to create new functions. For instance, if f
and g are functions, then so are f+ g, f —g, f- g, and f/g on the appropriate
domains. Another important way of creating a new function from two func-
tions f and g is to form the composition of the two functions. The definition
of the composition of two functions is given below.

Definition 5.1.4: Let f and g be real-valued functions on R. The composi-
tion of the functions f and ¢ is defined to be the function fog(z) = f (g(x)).

Thus, given two real-valued functions f and g defined on R, the com-
position of f and g is the function ¢(z) formed by applying the function f
to the value of g(z). It is important to note that f o g and go f are nearly
always different functions. The domain of the function f o g, namely, Dyoq,
is the set of all values in Dy that produce values of g(z) € Dy, while the
domain of the function g o f, specifically, Dyoy, is the set of all values in Dy
that produce values of f(z) € D,. For example, if f(z) = /z and g(z) = z2,
then the domain of f o g is Dyog = R, however, the domain of g o f is [0, 00).
Furthermore, fog(z) = |z}, while goz(x) = x, which are clearly not the same
functions.

Ezample 5.1.3: Let f(z) = /T and g(z) = i—;—% Determine

a. Dy and Dy.

b. fog and its domain.

c. go f and its domain.

-1
T+ 1
a. Dy =[0,0)and Dy = {r € R:z # ~1}.

Solutions: Let f(z) = /7 and g(z) =
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-1
b. fog(z) = ‘/%T’ and Djo, is equal to all those points in D, that
produce values of g(x) > 0. Thus, Doy = {xr € R:2 < ~1 or z > 1}.

b. fog(x):—\/—ii-—i

produce values of f(z) # ~1. Thus, Djoq = {z € R:z > 0} = [0, 00).

, and Dgoy is equal to all those points in [0,00) that

5.2 Sequences of Real Numbers

In this section a special type of function, functions known as real-valued se-
quences, will be studied. The definition of a real-valued sequence is given
below.

Definition 5.2.1: A real-valued sequence is a real-valued function a whose
domain is a set of the form {n € Z : n > m}. Forn € D,, a{n) will be
denoted by a, and is called an element of the sequence a.

Thus, a real-valued sequence is simply a list of real numbers generated
by a function whose domain is a subset of the integers. In Chapter 4, two
sequences of natural numbers were introduced and studied, namely, the Fi-
bonacci and Lucas sequences. The Fibonacci and Lucas sequences represent
commonly occurring sequences of real numbers. Now, a sequence a actually
generates a sequence of real numbers of the form am, @m+ 1, Gm+2, . .., which is
often written as {a,}3%,, or simply a,. Most sequences start with m = 0 or
m = 1; however for simplicity, all of the sequences in this text will be assumed
to have the common domain N (i.e., start at m = 1). Thus, a sequence a,
consists of the elements ay, a3, as, aq, - ..

Ezample 5.2.1: Let the sequence a, be defined by a, = 2™. Then, the first
5 terms of this sequence are

a1 =2"'=92 0a;=22=4,a3=22=8, a; =2"=16, a5 = 2% = 32

-1
Ezample 5.2.2: Let the sequence a, be defined by a, = ( n) . Determine
the first 10 terms in this sequence.
Solution: The first 10 terms of this sequence are
1 1 -1 o 1 -1
= - an = — P et -, aes = -—_,
ay s 2 2) as 3 s 4 1 ] 5
1 -1 a 1 a —1 a 1
g = =, a7 = 4, =30 =5 = TA
ST T BTy BT 0T
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5.2.1 Convergent Sequences and Limit Theorems

The most interesting mathematical question concerning a sequence a,, is “How
does the sequence a, behave as the index n grows large?” In mathematical
terminology this question becomes “Does the sequence a, converge to a limit,
or does it diverge?” The e-N definition for the convergence of a sequence of
real numbers is given below.

Definition 5.2.2: A sequence of real numbers a, is said to converge to a
limit a if and only if for every € > 0, there exists N € N such that |a, —al| <,
whenever n > N. When the sequence a, converges to a limit a, this will be

denoted by either lim a, =a or a, — a; if a sequence does not converge,
n—oo

it is said to diverge.

Note that the convergence of a sequence a, is based entirely on the tail
behavior (i.e., large values of n) of the sequence. In fact, first m terms in a
sequence play absolutely no role in whether the sequence converges, no matter
how large m. Also, it is important to note that the value of N required to
satisfy the condition “|a,, —a| < € whenever n > N” depends on the particular
value of €. In fact, the smaller the value of ¢, the larger the value of N will be.
For example, the value of N required for ¢ = 0.01 will be less than or equal
to the value of N required for € = 0.001.

Now, a sequence a, can diverge only when it either increases without
bound, decreases without bound, or oscillates in a nonconvergent fashion. For
example, a, = 2" increases without bound and therefore cannot converge. An
oscillating sequence a, that does not converge is given below:

1 when n is a multiple of 3

an =

3

otherwise

1 11 11
The first 10 terms of a, are 1, 37 I’Z’ 5 1, 7y
converge since no matter how large n is, every third term in the sequence
continues to jump up to the value 1, while the remaining terms are decreasing
to 0. Thus, this sequence diverges since there is no way to force |a, — 0| or
lan — 1] to be arbitrarily small from some point n on. A plot illustrating the

behavior of the first 100 terms in this sequence is given in Figure 5.2.1.

1
1, o This sequence cannot
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1.0

0.5

0.0

Qn
A
.
: ..."~.._
T T T T ' T 7-‘--'--'-'-.T..|“-~l. ‘ T ' n
0 25 50 75 100

Figure 5.2.1 The values of a, for n =1,2,.. ., 100.

Example 5.2.3: Consider the following two sequences:

1 n
= bn: ——1 n‘
n+3 (-1 n+3

Qn

Plots of the first 100 terms in each of these two sequences are given in Figures

5.2.2 and 5.2.3.
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Figure 5.2.2 A plot of the first 100 terms of the sequence ay,.
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Fig. 5.2.3 A plot of the first 100 terms of the sequence b,.

From the plots in Figures 5.2.2 and 5.2.3

a. Which of these two sequences appear to converge?
b. What are the apparent limits for the convergent sequences?

Solutions:

a. Clearly, a, appears to be converging, but b, does not appear to be con-
verging to a limit.

b. an appears to be converging to a limit of a = 0.

Note that the key steps in proving that a sequence a, converges to a limit
a are (1) let € > 0 be arbitrary but fixed and {2) determine the valueof N € N
such that |an —a] <€, ¥V n > N. Note that the most difficult step in proving
convergence is finding or constructing the value of N that works for a fixed
value of . Most convergence proofs begin with the consideration of |a, — al
and then require algebraic manipulation so that |a, —a| can be related to the
hypotheses of the theorem. A convergence proof of this type is called an e-N
proof, and an algorithm for proving a, — a with an e-N proof follows.

The e-N Algorithm for Proving a Sequence Converges: Let a, be a
sequence of real numbers. Then, to prove that a, — a, perform the following
steps:
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1. Let ¢ > 0 be ABF.
2. Consider |a, — a| and relate |a, — a| to the hypotheses of the theorem.

3. Determine how |a, — a| can be made arbitrarily small. Specifically, begin
work on determination of the value of N so that {a, — a| < € whenever
n>N.

4. From step 3, determine the value of N € N so that |a, —a| < € whenever
n>N.

5. Conclude |an, — a} < € whenever n > N and therefore a,, — a.

The following example illustrates a typical proof of the convergence for a
sequence of real numbers a, to a limit a. Again, the key to this proof, and all
convergence proofs, is to determine a value of N so that ja, —a| < ¢ whenever
n>N.

400

-1
Example §.2.4: Let a, = 51—1. Prove that lim a, = 1.

Scratchwork: Let € > 0 be ABF and consider |a, — a:

0 — af = n—-1 !:

-2
n+1

n+1

n—-1 n+1
n+l n+1l

Now, the key is to find a value of N € N such that

< € when-
1; € when

— L«
+1l ¢

ever n > N. To find the value of NV, solve thé inequality -

for n.
-2

n+1

+1

2 2
(<c if ——<e if ~=—-1<n
n €

2
Thus, whenever n > - — 1, then |an — a| < €. Therefore, take N to
€

2
be the smallest natural number greater than n > Pl 1.

Proof: Let € > 0 be ABF. Consider |a, — 1}:

n—1_1|:
n+1

=

n— 1=
ja | n+1

Now, the value of N € N such that ja, — 1] <€, ¥V n > N is found

by solving the inequality <eif

-2
———1 < ¢ for n. Note that
n+1 n+1

2
and only if n > — — 1. Hence, let NV be the smallest natural number
€
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.T.L_:l_l

< ¢ whenever n > N and

2
greater than — — 1. Then,
€

— 1.

-1
therefore n
n+1

Ezample 5.2.5: The elementary sequences listed in Table 5.2.1 are well
known and commonly used convergent sequences.

Table 5.2.1 Elementary Sequences

Sequence Domain | Limit Restrictions
(1+2)" N Y yER
;1,—, N 0 p>0
gn N 0 18| < 1
nw N 1 None
& N 1 §>0

Ezample 5.2.6: Using Table 5.2.1, determine the limits of the following
sequences:

a.an=<1—§>.
n

1 n
b. by = — ] .
b= (14 35)

C. Cp = 2%,
d. d, = 0.99™.

Solutions: From table 5.2.1 it follows that

3 n
a. For a, = (1 ~ E) , lim a, =e 3.

(g o]

b. For b, = (1+—1—> , lim b = e?.

2n n-—o00
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Lo,
c. Fore, =2%, lim ¢, = 1.
n—oo

d. For d,, = 0.99*, lim d, =
n—00

One of the most frequently used mathematical tools in an e-N proof of
convergence is the triangle inequality (Theorem 4.2.12). The particular version
of the triangle inequality that will be used in most convergence proofs is given
in the corollary to Theorem 4.2.12, which is stated below.

Corollary to Theorem 4.2.12 (The Triangle Inequality): If z,y, z € R,
then [t —y| < |z — 2]+ |z -yl

The key to using the triangle inequality is to determine the appropriate
form of 0 = z — z which is then added to z — y:

lz-yl=lz-y+0l=lz-—y+z-zl=lz—2+z—yl <lz—z[+|z -y
By Theorem 4.2.12

The proof of the following theorem illustrates a simple application of the
triangle inequality. The following theorem states that the limit of a sequence
is unique.

Theorem 5.2.1: Let a,, be a sequence of real numbers. If lim a,, = a, then
n—oQ

the limit a is unique.

Proof: (Uniqueness Proof): Let a, be a sequence of real num-
bers with lnm an = a, and suppose that the limit a is not unique.

Furthermore suppose that hm an, =band b # a. Thus, a, — a,
— b, and a # b.

Let € > 0 be ABF. Since a,, — a, there exists N} € N such that
€ . .
lan —a| < 27 whenever n > N,. Similarly, since a, — b, there

exists NV € N such that |a, - b] < % whenever n > Nj.
Consider |a — b|:

la—bl=la—b+0|=|a—an+an b
0

<la—an|+ian — b

By the triangle inequality
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¢
. 2
and ja, — b| < 5', ¥V n > N. Hence, for n > N, it also follows that

Let n > N = max(Ny, N2). Then, it follows that both la, —a] <

€

2= ¢

€
|a-b|=|a—an+an—b(<|a—~an[+|an—b|<§+

Now, since |a — b] < ¢ for every € > 0, it follows that a = b, which
contradicts a # b. Therefore, if a, — a, then the limit a is unique.

1t is important to note that most e-N convergence proofs are somewhat

similar in nature and that the key steps for showing that a, — a are (1) let
€ > 0 be ABF and (2) determine the value of N € N such that |a, —a| < ¢
foralln > N.

Example 5.2.7: Prove the following result. If lim a, = a, then
lim cap,+ 1l =ca+lforallcleR.

n—oQ

n—og

Solution: The scratchwork for solving this problem is given below.

Step 1: Let € > 0 be ABF and let ¢ and ! be real numbers. Suppose
an — a.

Step 2: The hypothesis is a, — a. This means that 3 n € N such that
lan — a] < € whenever n > N.

Step 3: Consider {can + | — (ca + l)|. First, if ¢ = 0, then can, = 0
for all n € N and thus, ca, +{ — (ca +{)| = {{ = I| = 0. In this case,
can + 1 = 1= ca+ ! for each n and therefore, can +{ — ca + {. Now, if
¢ # 0, then

lcan + 1 = (ca+ l)| = |can — cal = |¢| |an — af

Step 4: Using steps 2 and 3, the goal is to make |can + [ — (ca + )|
arbitrarily small. Note that this can be done by making |a, — a| small,
since ¢ is a constant. Thus, forn > N

lcan + 1~ (ca+ )| = |can — ca| = |c| |an — a] < c| ¢
€
lc|

lcan + 1~ (ca+ 1)] = |can — cal = |c|- Jan — af < [c]- ﬁ =¢

Now, when la,, — a] < —, it follows that
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Thus, the value of N that will make |a, —a| < % whenever n > N is

also the value of N such that |ca, + ! — (ca + )| < € whenever n > N.

Therefore, let N € N be the value such that |a, — a] < f—' whenever
¢

n>N.
Now, this scratchwork is rewritten below in the form of a formal proof.

Proof: Let ¢ and [ be real numbers and suppose that a, — a. Let
€ >0 be ABF. Now,c=0o0rc#0.

Case 1: Suppose that ¢ = 0; then ca+1 =1, ca, =0and cap+1 =1
V n € N. Therefore, when ¢ = 0, it follows that |ca, +[—(ca+{)| = 0,
V n € N. Thus, for N =1, it follows that |can + L~ (ca+ )| =0 < €
whenever n > 1. Therefore, can, + 1 — ca+{ when ¢ = 0.

Case 2: Suppose that ¢ # 0. Then, since a,, — a, 3n € Nsuch that
jan —a] < € = il whenever n > N. Consider |ca, +{ — (ca + l)|:

lcan + L = (ca + )| = |can — ca| = || lan — a]

Now, since c is a constant and a, — a, it follows that |ca, — ca| can
be made arbitrarily small by making |a, — a| small. Furthermore,

. € .
since |a, — a| < €* = — whenever n > N, it follows that forn > N

le|
lcan + L — (ca + 1)) = |can — cal = |c|- |an — a|

€
<lel e =jc} —=c¢
el = el

Thus, can +{ — ca+ ! when c# 0.

Therefore, in either case lim ca, + ! =ca + ! for all c,l € R when-
n—oQ

ever lim a, = a.
n—oo -

The following two theorems provide important results concerning the
convergence of a sequence created from the sum of two convergent sequences.
In particular, these two theorems provide rules for determining the limits of
sequences of the form a, + b, and ra, + sb, (i.e., linear combinations of a,
and b,) for convergent sequences a, and b,.
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Theorem 5.2.2: Let a,, and b, be sequences of real numbers. If nlirg° an =a
and tim b, = b, then
n—oo
(i) lim (can+1)=ca+!lforallc,leR.
n-—00
(i) lim (a, +bn)=a+b.
n-—00
(iii) lim (ra, + sbn) =ra+ sb for allr,s € R.
n-—o0
Proof: Let a, and b, be sequences of real numbers with lingo an =a
n—>
and lim b, =b. Let € > 0 be arbitrary but fixed.
n-—00
Proof of part (i): Part (i) was proved in Example 5.2.7.

Proof of part (ii): Since a, — a, there exists Ny € N such that
lan — a] < % whenever n > N;. Similarly, since b, ~ b there exists

N3 € N such that b, — b] < -;— whenever n > N.
Consider |a, + b, — (a + b)]:

|an +bn ~(a+b)] = |an —a+bn — b Slan”a|+'bn’bl
By the trianE(c inequality

Let N = max(Ni, N2). For n > N it follows that

|an+bn~(a+b)|§|an—a|+)bn—b{<§+§-=e

Therefore, a, + b, — a+b.

Proof of part (iti): The proof of part(iii) is left as an exercise.

Corollary to Theorem 5.2.2: Let a,, and b, be sequences of real numbers.

If lim a, =aand lim b, = b, then, lim a, —b, =a —6.
n—oo -~ 00 n-—oo

Proof: The corollary to Theorem 5.2.2 follows directly from Theo-
rem 5.2.2 (iii) with r = 1 and s = 1.
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n2

Iy n2+42n+2
and b, =1+ —— (=1 . Then, lim a, =1 and lim b, = 1. Use these limits

n n—oo n—oo

Ezample 5.2.8: Let the sequences a,, and b, be defined by a,, =

to determine
a. lim [3a,+ 2|
n— oo
b. lim {an + bal.
n— oo
c. lim [3a, — 4b,).
n-— oo
Solutions: Since lim, o a, = 1 and lim,, _,oc b, = 1, it follows that
a. By theorem 5.2.2 (i), 3a, +2 — 3(1) + 2 = 5.

b. By theorem 5.2.2 (ii), an + b, > 1 +1=2.
c. By theorem 5.2.2 (iii), 3a, —4b, -3 -4 = —-1.

The following two lemmas provide hmportant results concerning bounds
on a convergent sequence, and these two lemmas will be used in proving the
theorems concerning the product and ratio of two convergent sequences. In
particular, Lemma 5.2.1 shows that every convergent sequence is bounded,
and Lemma 5.2.2 shows that a convergent sequence whose limit is nonzero is
also bounded from below from some point on.

Lemma 5.2.1: Let a,, be a sequence of real numbers. If 11m an = a, then
there exists a real number M such that |a.| < M, Vn € N

Proof: Let a, be a sequence of real numbers with a,, — a. Since
an, — a, there exists Ny such that for € = 1, ja, — a}] < 1 whenever
n > Nj. Now, consider |a,|.
lan] = lan —a + af <lan —al + |af <1+ lal
————

By the triangle inequality

whenever n > N,. Thus, for n > Ny, |an| is bounded by 1 + |a|.

When n < Ny, |a.| is bounded by L = max{|a,|, |aa|, ..., |an,-1]}-
Thus, let M = max{L,1+ |a|}. Then, for all n € N, it follows that
M is an upper bound for a,.

Therefore, a, is bounded.
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Lemma 5.2.2: Let b, be a sequence of real numbers. If nlirgo b, = b and
b
b # 0, then therc exists N € N such that [b,]| > %, ¥Yn>N.

Proof: Let b, be a sequence of real numbers with b, — b and b # 0.
Now, since b # 0, there exists N € N such that |b, — b} < Lgl,
whenever n > N. Consider |by|:

bl = lbn +b—b] = [b— (b—bn)| 2 [b] — [ba — b
By Theorem 4.2.13

Now, for n > N it follows that

ol _ 16}

l > 16 = 1bn = b] > [b] - = =
1bal 2 161 = fbn = b] > b = 2 = L > 0

1b]

and therefore, |b,| > 7 whenever n > N.

Now, Lemmas 5.2.1 and 5.2.2 will be used in proving the following the-
orem on the product and ratio of convergent sequences. In particular, this
theorem states that if a, — a and b, — b, then it follows that a,b, — ab

an a
d — — —, also.

an . A S

Theorem 5.2.3: Let a,, and b, be sequences of real numbers. If lim a, = a

n—oc
and lim b, = b, then

n—o0
(i) lim {an bn) =a-b.

n—00
an _ @

(ii) nlego Pl provided that b # 0.
Proof: Let a, and b,, be sequences of real numbers with lim a, =a

and lim b, =b. Let ¢ >0 be ABF. e

n-—o0
Proof of part (i): Now since a, — a, there exists

(1) A bound M such that |a,] <M,V neN.

(2) N1 € N such that [a, —a] < whenever n > Nj.

2(1 + (1)
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€

Also, since b, — b, there exists N> € N such that |b, — b| < 57

whenever n > Ns.

Consider |a,: by, — a- b}

|an-bn —a-b] = lan by —an-b+ an-b—a- b
0

= |an(bn — b) + blan — a)|§ lan(bn — b)| + [b(an — a)L

By the triangle inequality
< M- |b,— b+ b |an — al
Let N = max(Nj, N3). Then, for n > N, it follows that
|an-bn —a-b] <M -|b, — b+ [b] - |an — q

€

€
<M'W+|bl'2(1+\b\)

€. |ble €
2T 2

+o=¢

€
2
Therefore, a,-b, — a-b whenever a, — a and b, — b.

Proof of part (ii): Let € > 0 be arbitrary but fixed and assume
that b # 0.

Now, since b, — b3 0, there exists

(1) N, € N such that jba} > !—g—‘ whenever n > Nj.
(2) N2 € Nsuch that [b, — b < e- —-—l——|2—— whenever n > Np
2 " 4(ja] + 1) =0

16l

Also, since a, — a, there exists N3 € N such that |a, —a| <e- 1

whenever n > Nj.
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. an a

Now consider E; 5'
an _aj _ anb—ab,| |anb—ab+ab-—-ab,
b, b| bbn, - bb,

6] - lan — al + la] - b — b]
|bb..|

IN

- lan —a]  |a|-|bn — b
[bn| |bbn|

Let N = max(N;, N, N3). Then for n > N it follows that

an G lan — al la} - |bn — b
—_—— =<2 2.
-3 BT e
Since |bni> 3
(b - € la|- |bj%€ € €
2. 2- <=+=-=
S Y apE e 272"
an a
Therefore, P whenever a, — a and b, — b # 0.
m
4
Example 5.2.9: Let a, = nt and b, =2 — l Determine
2n+1 n
a. lim a,
Tt — 00
b. lim by,.
7 - 00
¢. lim apb,.
n— OQ
. Qn
d lm 5.

Solutions: Since lim a, = 1 and lim b, =2, it follows that
n—oo 2 — 00

li _ !
a. nl'mman— 5
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b. lim b, =2.

- 00

The following corollary considers two special cases of Theorem 5.2.3. In
particular, this corollary shows that when a, — a, it follows that a2 converges

1
to a? and — converges to —, provided that a # 0.
an a

Corollary to Theorem 5.2.3: Let a,, be a sequence of real numbers with
lim a, = a. Then

n—o00

(i) lim a2 = a2
n-+00
AT, 1 1 .
(ii) lim — = o provided that a # 0.

n—oC Ay

Proof: Let a, be a sequence of real numbers with lim a, = a.
n—o00

Proof of (i): Part (i) follows directly from Theorem 5.2.3 part (i)

since a2 = a,- an.

Proof of (it): Part (ii) follows directly from Theorem 5.2.3 part
(ii) with a, = 1 and b, = an.

The following theorem provides a more general result than part (i) of the
corollary to Theorem 5.2.3. In particular, the following theorem shows that
ifa, — a,thenal — a™, VmeN.

Theorem 5.2.4: Let a, be a sequence of real numbers. If a, — a, then
ap —a™, VmeN,

Proof: The proof of Theorem 5.2.4 is left as an exercise.

While the previous theorem states that a]} — a™ for all natural numbers
m, this result can be further generalized to hold for all positive real numbers
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m (i.e., m € R") for a nonnegative sequence a,. The proof for m € Rt will
not be considered here; however, the following theorem shows that for m = 3

that \/a, — /a whenever a, >0 and a, — a.

Theorem 5.2.5: Let a, be a sequence of nonnegative real numbers with

lirr;o an = a. Then, /an — /a.
n—

Proof: Let a, be a sequence of nonnegative real numbers with
lim a, = a, and let € > 0 be ABF. Now, either a =0 or a > 0.

n—00
Case 1: Suppose that a = 0. Since a, — a, there exists N € N
such that |a, — 0] < €2. Consider |,/a, — 0}:

|Van =0 = |/an| = Van
Now, forn > N

IVan =0l=va.  <e

Since Ja,| < €

Therefore, /a, — 0.
Case 2: Suppose that a > 0. Then

(1) 3 N, € Nsuch that la, —a| < ¢ <ﬁ+ ﬁ) whenever n > N.

(2) 3 N2 € N such that |an| > g whenever n > N.
Now consider |,/a, — /a|.

|Viz +ava] _ fen—al
Vas +/al ~ [an+ Val

Let n > N = max(N, Ny). Then forn > N

IVan = Va| = |/ax - Val-

an~o__ lan—al
[Van +Val ~ |\/E+ Val
[ S

By condition 2

IVan — val| =

(\/g+\/c_le_€

JWEEVa)e
V5 +val

By condition 1
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Hence, \/a, — /a when a > 0.

Therefore, in either case \/a, — +/a whenever a, is a nonnegative
sequence and a, — a.
e

Corollary to Theorem 5.2.5: Let a, be a sequence of nonnegative real

numbers. If lim @, = a, then an"‘/2 — a™? ¥vmeN.
n—oo

Proof: The proof of the corollary to Theorem 5.2.5 follows directly

from Theorems 5.2.4 and 5.2.5 since a7"/2 = /a7

1
Example 5.2.10: Let a, = F—B-. Determine
n —

n+1
im .
n—oo 4n — 3

3
n+1
.l .
b nl»n;o (471,*3)

c. lim 4/ ntl
" n—oo ¥V An -3’

Solutions:

a.

n+1
. Consi .
a. Consider i3

n+l n(l+1l/n) (1+13)

4n -3 n(d-3/n) (4—%)

3
Now, lim (1+ l) =1and lim (4 — =) = 4. Hence
n—oo n n—00 n

lim n+1
i
n—-oo 4n —3

RN

by Theorem 5.2.3.

3 3
1 1 1
b. By Theorem 5.2.4, lim <n+ ) = <_) -
n

—~ oo \dn — 3
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. n+1 1 1
¢. By theorem 5.2.5, n)_lamoo \/ e \/; =5

The next theorem is often useful in determining the convergence or di-
vergence of a sequence. However, using this theorem often requires some
mathematical ingenuity. In particular, the following theorem provides a use-
ful result for determining the limit of a sequence by comparing it to two other
sequences that have the same limit. The following theorem is known as the
squeeze theorem.

Theorem 5.2.6 (The Squeeze Theorem): Let a,, b, and ¢, be sequences
with @, < b, < ¢p, Yn € N If lim a, =a and lim ¢, = a, then
n—o

n-—0o0

lim b, = a.
n—o0

Proof: Let an, b, and c, be sequences with a, < b, <c,, Vn & N.
Suppose that a, — a and ¢, — a, and let € > 0 be ABF.

Since a, — «, then 3 N; € N such that |a, — a| < € whenever
n > N,. This means that whenever n > N

a—€e<ap<oa-te

Similarly, since ¢, — «, 3 N € N such that |c,, — a| < € whenever
n > N;, which means that whenever n > N,

a—€e<cp, <ate
Now, let N = max(Ny, N3). Then, for n > N it follows that
a—e<an<bpn<ch<a+te

Thus, |b, — @] < € whenever n > N and therefore b, — a.

]
Fxample 5.2.11: Show that lim sin(n) =0.
n—o0 n
. . . . 1 sin(n) 1
Solution: Since —1 < sin(n) < 1, it follows that — = < <-,¥neN
n n n

1 .
Thus, let ap = ——, b, = sm(n), and ¢, = l
n n n
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Now, lim a, = lim ¢, =0. Thus, by the squecze theorem it follows that
n—oQ n-—0o0

lim sin(n)

n—oo n

= (.

Since the convergence of a sequence does not depend on its first N terms,
it is not necessary that a, < b, < ¢n, ¥V 1 € N, in order for the squeeze
theorem to work. A less restrictive hypothesis that can be used in the squeeze
theorem in place of a,, < b, < ¢,, Vn € Nis “there exists N € N such that
an < b, < ¢, whenever n > N.” The more general version of the squeeze
theorem is stated below.

Theorem 5.2.7 (The Generalized Squeeze Theorem): Let a,, b,, and
¢n be sequences and suppose that there exists N € N such that a, < b, < ¢,

whenever n > N. If lim a, =a and lim ¢, = a, then lim b, = a.
n—oc n-—s00 n—o

Proof: Let a,,b, and ¢, be sequences. Suppose there exists N € N
such that a, < b, < ¢, whenever n > N. Assume lim a, =a

mn—o0
and lim ¢, =a. Let ¢ > 0 be ABF. Now, 3 N; € N such that

n—oo
a, < by, < c¢, whenever n > N, and since a, — «a, 3 N, € N such

that |a, —a} < ¢ whenever n > N,. Then, for n > N it follows that
a—e<a, <a+e

Also, since ¢, — «, 3 N3 € N such that {¢, — a| < ¢ whenever
n > N3. Then, for n > N it follows that

a—€< Chp <a+tE€

Now, let N = max({Ny, N2, N3). Then, for n > N it follows that
a—-€e<, Sbp<chn<a+te
Thus, |b, — a| < € whenever n > N, and therefore b, — a.

Example 5.2.12: Prove the following result. If a > 0, then nlirgo at/m =1.

Solution: The second version of the squeeze theorem, Theorem 5.2.7, will be
used to prove this result.

Proof: Let a > 0 be ABF. Then, cither a > 1 ora < 1.
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Case 1: Suppose that a > 1. Then, 3 N € N such that a < N and
thus 1 < a'/™ < n'/™ for n > N. Also, lin;o 1= lim n'/"=1.
n-—

n-—o0

Therefore, by Theorem 5.2.7, lim a!'/™ = 1 whenever a > 1.

n—00

1
Case 2: Suppose that 0 < a < 1. Then, - > 1 and thus, by case 1

1/n
it follows that lim (a) = 1. Now, by the corollary to Theorem
5.2.3 part (ii)

lim ¢!" = lim 1/n
n—oo N 00 (l) hm

7n-—~500

Thus, lim a'/™ =1 whenever 0 < a < 1.
n—00

Therefore, lim a'/" =1,¥a>0.
nN-—00

5.2.2 Monotone Sequences

Often the most difficult question concerning a sequence of real numbers is the
question of whether the sequence converges or diverges. Once it is determined
that a sequence does converge, finding the value of its limit is often fairly casy.
In fact, the limit of a convergent sequence a, can be approximated by simply
looking at the value of a, for a “very large” value of n; note that the actual
size of n will depend on the rate of convergence of the sequence.

In this section, the two special types of sequences that will be studied
are the nondecreasing and nonincreasing sequences. A sequence that is either
nondecreasing and nonincreasing is called a monotone sequence. In Theorem
5.2.16 it will be shown that a monotone sequence converges if and only if it
is bounded.

Definition 5.2.8: A sequence of real numbers a,, is called
(i) A nondecreasing sequence when any1 > an, Vn € N, and a strictly
increasing sequence when a,¢; > a,, Vn € N,
(ii) A nonincreasing sequence when an41 < an, ¥n € N, and a strictly de-
creasing sequence when an 41 < an, ¥V n € N,
(iii) A monotone sequence or a monotonic sequence if it is either nondecreas-
ing, strictly increasing, nonincreasing, or strictly decreasing.
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When a,, is a monotonic sequence, then a, 1 is used to denote that a,, is a
nondecreasing sequence and a, | is used to denote that a, is a nonincreasing
sequence. Note that for a nondecreasing sequence a,, it follows that

aj<az<az<---
and analogously, for a nonincreasing sequence a,

ay2az=>a3 -
1
For example, the sequence a, = — is a strictly decreasing sequence and
n

1 1
a1:1>a2=§>a3:§>...

Examples of three different monotone sequences arc shown in Example 5.2.13.

Ezxample 5.2.13: For each of the following sequences write out the first five
termis and determine whether the sequence is nondecreasing, strictly increas-
ing, nonincreasing, or strictly decreasing:

n
a. a, =
n+1
1
b. b, =1+ —
n
C. Cp = 1"
e
Solutions:
a. For a n a 1<a <a <a 4< 5 nd a
. ﬂ:__) = — == e - TN e as = — a n
—— 153 2= 3 373 1= 5 5= 5

is a nondecreasing sequence (i.e., a, T). In fact, a, is strictly increasing.

1 3 4 5
b. Forbn=1+;1~,b1=2>b2:-2—>b3=§>b4=z>b5=g~;therefore,
b, |, and in fact b, is strictly decreasing.

I

1\" 1 1 1 1 1
. n= - s = - = = — = —, l s
c. Forc (2) ¢ 2>b2 4>b3 8>b4 16>b5 ) Thus

Cn is strictly decreasing.

Now, two very important questions concerning a sequence a, are (1) “Is
a, a monotone sequence?” and (2) “If a, is a monotone sequence, is a, 1 or
an |?” The answer to both of these questions can often be found by comparing
the values of a, and a,,; for an arbitrary value of n € N. The following
three theorems provide useful tests for determining whether a sequence of
real numbers is monotone. The monotonicity test in Theorem 5.2.8 works
only for nonnegative sequences and is based on the ratio of successive terms
in the sequence. :
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Theorem 5.2.8: Let a, be a sequence of positive real numbers. Then
(i) an 1 if and only if 224+ > 1, Vn € N.
(i) @, | if and only if 224 <1, VneN.
Proof: Let a, be a sequence of positive real numbers.

Proof of part (i): First, suppose that Gntl >1, Yne N Then

an
a
Gnit 2 @n, V1 € N; therefore, a, 1 when ntl >1,Vne N
an
Conversely, suppose that a, 1. Then, an41 = an, ¥Vn € N, which
a a
means that~=! > 1, Vn € N. Therefore, ntl >1, Vne N when
an Qn

an T.

Proof of part (ii): First, suppose that a;—“ <1, ¥n e N. Then

n
a
an+t < an, Y1 € N; therefore, a, | when —ntl <1, VneN.
an

Conversely, suppose that a, |. Then, any; € an, ¥n € N, which
a
Intl o 1, Vn € N. Therefore, — < 1, Vn € N when

An Qn

means that

a, 1.

Again, Theorem 5.2.8 applies only to nonnegative sequences. Further-
Qn -1

more, if the ratio is strictly greater than 1 (less than 1), the sequence

Qn
will be strictly increasing (strictly decreasing). The second test for mono-
tonicity is based on the difference of successive terms of the sequence and
does not require the sequence to be a nonnegative sequence.

Theorem 5.2.9: Let a, be a sequence of real numbers. Then
(i) a, T ifand only if anyy; —an >0, VR €N.

(ii) an | if and only if an4; —an <0, VR EN.
Proof: The proof of Theorem 5.2.9 is left as an exercise.

Note that if the differences are strictly greater than 0, the sequence is
strictly increasing, whereas if the differences are strictly less than 0, the se-
quence is strictly decreasing. The last test for monotonicity is based on the
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derivative of the general term in a sequence. Recall that a sequence a, is
actually shorthand for the function a(n) = a, defined on N. Theorem 5.2.10
shows that when a sequence a, = a(n) is differentiable on [1,00) and the
derivative of a{n) is positive on [1, 00) (negative on [1, 00)), then the sequence
a, is increasing (decreasing).

Theorem 5.2.10: Let a(n) = a, be a sequence of real numbers. If the
function a(n) is differentiable on {1, c0), then

d
(i) a. is a nondecreasing sequence if and only if I [a(n)] >0,¥néeN.

(ii) a. is a nonincreasing sequence if and only if di [a(n)] <0,¥neN.
n

Proof: The proof of Theorem 5.2.10 is left as an exercise.

Theorem 5.2.10 also implies that if the derivative is strictly greater than
0, then the sequence is strictly increasing; similarly, when the derivative is
strictly less than 0, then the sequence will be strictly decreasing. The following
two examples illustrate the use of the monotonicity tests of Theorems 5.2.8,
5.2.9, and 5.2.10.

Example 5.2.1/: Show that each of the following sequences is a monotone
sequence:

n—1
. Qp =

& @n n+1
2",

b. bn = ‘—'
n!

c. ¢, =ne "

Solutions:

-1
a. Leta, = n+——-—1- Let n € N be ABF, and consider the difference a,, 41 —an.
n

_{n+1)-1 n-1_ nn+l)-(n-1){n+2)
T+ 1D4+1 n+l (n+2)(n+1)

Gn41 — Qn

n+n-n?-n+2 2
(n+2)(n+1)  (n+2)(n+1)

>0
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Thus, ant1 — an > 0, ¥ n € N. Hence, by Theorem 5.2.9 part (iii), a, T.

2 n -1
Al incge ——————— > 0 forevery n € N, it follows that a,, = ——
so,smce(n+2)(n+l) revery r it fo —
is strictly increasing.
2n bn
b. Let b, = - Let n € N be ABF and consider the ratio b‘ L
n: n
2n+‘l
bnti _ (n;;'l)! _ 2 <1, VneN
bn T (n + 1)

Thus, b <1,V n € N and therefore by Theorem 5.2.9 part (ii), b, |.

bn
2'1
Since bl = by it follows that b,, = — is not strictly decreasing. However,
n!
b . . .
for n > 2, it is true that —Z“ < 1, and thercfore b, is strictly decreasing

n

forn > 2.

c. Let ¢, = ¢(n) = ne™". Since ¢(n) is differentiable on R, consider the
derivative of c¢(n):

d

an [ne™?} =e™ -neT"=e"1-n}<0,VneN

d
Thus, prm [e(n)] <0,V n € Nand thereforc by Theorem 5.2.10 part (ii),
Cn .
Determining whether ¢, is strictly decreasing will involve a bit of analysis.

Clearly, for n > 1, e7"[1 — n} < 0. Thus, the only terms wherc ¢, could
be constant are ¢; and ¢p. But

Thus, ¢; > ¢, and therefore ¢, is strictly decreasing.

Ezxzample 5.2.15: For cach of the following sequences, determine whether
the sequence is monotonic. If it is monotonic, determine whether it is a
nonincreasing or a nondecreasing sequence.

_


http://strict.lv
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c.cph=¢e "

Solutions:

(=1

n
values, only the difference and derivative tests can be applied to this
sequence. Consider the difference a,+1 — an:

a. Let a, = Let n € N be ABF. Since a, can take on negative

(A o A G D e G VM R Y|

Qnyl — An =
& n+1 n n{n+1)
2nilo > 0 if nis odd
n{n+1
Ay <0 ifniseven

Thus, since the sign of a,; — an depends on the value of n, it follows

that a,, is not a monotone sequence. Note that the first five terms of a,,

1 11 1
373 which clearly shows that a,, is not monotonic.
b. The solution to part (b) is left as an exercise.

are —1,

¢. The solution to part (¢) is left as an excrcise.

Now, knowing which of the three tests for monotonicity to use on a partic-
ular sequence can be difficult. However, given the three approaches outlined
in Theorems 5.2.8-5.2.10, if one of the approaches does not work, simply try
another one. For example, if the sequence is differentiable, Theorem 5.2.10
applies and might be a good first approach to try; likewise, when the sequence
is nonnegative, then Theorem 5.2.9 applies and it might be a good approach.
Also, nonnegative sequences involving powers or factorial terms are often best
tested for monotonicity with the ratio test, and sequences involving linear or
rational functions are often best tested for monotonicity with the difference
test.

The following theorem provides several results concerning the monotonic-
ity of a sequence. In fact, Theorem 5.2.11 shows that the monotonicity of a
sequence is preserved under the addition of a constant, multiplication by a
constant, and the addition and multiplication of sequences having the same
monotonicity.

Theorem 5.2.11: Let a,, and b, be a monotonic sequences of real numbers.
Then
(i) ¢+ an is also a monotonic sequence, ¥V ¢ € R.
(ii) ca, is also a monotonic sequence, V c € R.
(iti) If ap, T and b, 1, then (an + b,) 1.
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(iv) If an | and b, |, then (@, + bn) |.
(v) If a, and b, are nonnegative nondecreasing sequences, then anb, I.
(vi) If a, and b, are nonnegative nonincreasing sequences, then anb, |.

Proof: Let a, and b, be monotonic sequences of real numbers.

Proof of part (i): Let ¢ € R be ABF. Now, since a, is a monotonic
sequence, either a,, 1 or a, |.

Case 1: Suppose that a, T. Then, anyy 2 an, ¥ € N, and hence
€+ @ny1 2 €+ an, ¥Yn € N. Therefore, c+ a,, T whenever a,, 1.

Case 2: Suppose that a, |. Then, a,;1 < a,, ¥ € N and hence,
c+ apy1 < ¢+ an, ¥Yn € N. Therefore, ¢ + a, | whenever a,, |.

Proof of part (ii): The proof of part (ii) is left as an exercise.

Proof of part (iii): Let a, and b, be nondecreasing sequences.
Then

Gnt1 2 Qn, YR EN

bn+l >b,, YREN
Let n € N be ABF and consider a, + b,:

an + ba ; Qnyy + by < Anyl + bn+1

an<ay, 41 bu<by 4

Thus, an+bn < ang1+bny1, V1 € N, therefore, a, +b, T whenever
an and b, are nondecreasing sequences.

Proof of part (iv): The proof of part (iv) is left as an exercise.

Proof of part (v): Let a, and b, be nonnecgative nondecreasing
sequences. Then

On41 2 an, Y €N

bn+l >b,, Vn €N
Let n € N be ABF and consider a, b,.

anb, < an+lbn < an+1bn+l

@, <@y 41 busbn«!—l
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Thus, a,bn < apns1bns1, V7 € N, and therefore a,b, T whenever
a. and b, are nonnegative nondecreasing sequences.

Proof of part (vi): The proof of part (vi) is left as an exercise.

Recall that every convergent sequence is bounded and thus, when a se-
quence a, converges, there exists a real number M such that ja.| < M,
V¥ n € N. Moreover, this means that —M < a, < M,V n € N. Thus, a con-
vergent sequence @, is bounded above by M and below by —M. The following
definition introduces several different types bounds for a set or real numbers
or a sequence of real numbers.

Definition 5.2.4: Let X be a nonempty subset of R.

a. A real number M satisfying z < M for all z € X is called an upper bound
of X. When there exists an upper bound for the set X, the set X is said
to be bounded from above.

b. A real number m satisfying x > m for allz € X is called a lower bound
of X. When there exists a lower bound for the set X, the set X is said
to be bounded from below.

c. An upper bound M is said to be a least upper bound or supremum if for
any other upper bound M*, M < M*.

d. A lower bound m is said to be a greatest lower bound or infinum if for
any other lower bound m*, m > m*.

The least upper bound is abbreviated by Lu.b.; the supremum by sup;
the greatest lower bound, by g.l.b.; and the infinum, by inf. For example, if
m is the infinum of a set X, this will be denoted by inf X = m; similarly, the
supremum, least upper bound, and greatest lower bound of X will be denoted
by sup X, L.u.b. X, and g.}l.b X, respectively.

n
n+1

Ezample 5.2.16: Let X = {zn DI = } Determine the l.u.b (in-
finum) and g.l.b. (supremum) of X.

Solutions:

2 4 1

Note that X = {; '3 g 5 } so that z, > 3 foralln € N. Thus, m = 1/2
1

is a lower bound for X. Clearly, since z| = 3 € X, there does not exist a
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lower bound greater than m. Therefore, m is the g.l.b., or infinum, of X; that
is, inf X =1/2.

For the upper bound, note that z, <1, ¥ n € N. Thus, M = 1 is an upper
bound for X. To see that M = 1 is the l.u.b., or supremum, of X, suppose
that there exists an upper bound M* such that M* < 1, say, M*. Then,
M* = 1 — ¢ for some value of ¢ > 0. Consider z,,. Since M* is an upper

bound for z,, it follows that z, <1-—¢, V¥ n eN.

1
Let N be the smallest integer greater than — — 1. Then, since z, T and
€
1
N>--1,
€
_N 11
INENF1IT T
contradicting M* being an upper bound for z,,. Therefore, M =1 is the l.u.b.
for X. (i.e.,sup X = 1).

=]1—-€e=M"

Note that since +00 and —oc are not real numbers, the definition of a
bound precludes + oo from being an upper or lower bound for a set X, When
a set does not have an upper or lower bound, it is said to be unbounded. Also,
when a real number M is an upper bound for X, then so is every real number
greater than M. Thus, there is no unique upper bound for a set X. Similarly,
if m is a lower bound for X, then so is every real number less than m and
hence, there is not a unique lower bound for a set X. Now, while upper and
lower bounds are not unique, the following theorem shows that the supremum
and infinum of a set are indeed unique.

Theorem 5.2.12: Let X be a subset of R. If
(i) s =sup X, then s is unique.
(it) ¢ = inf X, then i is unique.
Proof (Uniqueness Proof):

Proof or part (i): Let X be a subset of R, and suppose that
the supremum of X is not unique. Let s; and s; be two different
supremums of X. Then, s, and s, are both upper bounds, and hence

(1) s1 < s9 since s; is a supremum and s is an upper bound.
(2) s2 < 81 since s; is a supremum and s; is an upper bound.

Thus, s; < s» and sy > sz, which means that s, = s3, contradicting
s1 # s2. Therefore, the supremum of X is unique.

Proof or part (ii): The proof of part (ii) is left as an exercise.
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The following theorem shows that if a monotonic sequence of real numbers
is bounded, then it also converges. Furthermore, the proof of this theorem
reveals that the limit of a bounded monotonic sequence is the supremum of
the sequence for nondecreasing sequences and the infinum for nonincreasing
sequences.

Theorem 5.2.13: Let a, be a monotonic sequence of real numbers.

(i) If a, is a nondecreasing sequence, then a, converges if and only if it is
bounded.

(ii) If a, is a nonincreasing sequence, then a, converges if and only if it is

bounded.

Proof (Biconditional Proof): Let a, be a monotonic sequence
of real numbers.

Proof of part (i): Suppose that a,, T and that a,, converges. Since
a, converges, it follows from Lemma 5.2.1 that a, is also bounded.
Therefore, every convergent nondecreasing sequence is bounded.

Conversely, suppose that g, is bounded, and et ¢ > 0 be ABF.
Define A = {a, : n € N}. Since a, is a bounded sequence, it follows
that the set A is also bounded. Thus, there exists s € R such that
s = sup A.

Now, since s is the supremum of A, it follows that s—e is not an upper
bound for A and s+ € is an upper bound for a,,. Furthermore, since
an 1, there exists N € Nsuch that s—e < a, whenever n > N. Thus,
whenever n > N, it follows that s — ¢ < a, < s + €. Equivalently,
lan — s| < € whenever n > N, and hence s = lim a,. Thus, every

n—od

bounded nondecreasing sequence is a convergent sequence.

Therefore, a monotonic nondecreasing sequence converges if and only
if it is bounded.

Proof of part (ii): The proof of part (ii) is left as an exercise.

As a result of Theorem 5.2.13, a monotonic sequence a,, can be tested for
convergence by simply determining whether the sequence is bounded. Also,
once it is shown that a monotonic sequence a,, is bounded, it follows from the
proof of Theorem 5.2.13 that nli_{r; a, = sup {a, : n € N} for nondecreasing
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sequences and lim a, = inf {a, : n € N} for nonincreasing sequences. An
n—oo

algorithm that can be used to show that a monotone sequence converges is
given below.

Algorithm for Showing a Monotone Sequence Converges: Let a, be
a sequence. To prove that a, is a convergent monotonic sequence

1. Show that a, is monotone and determine whether a, T or a, |.

2. Show that a, is bounded.

3. Find sup {a, : n € N} = s for nondecreasing sequences; for nonincreasing
sequences find inf {a, : n € N} =1,
4. Conclude lim a, = s for nondecreasing sequences and lim a, = : for
n—oo n—oo

nonincreasing sequences.

5. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

6. Read the proof over carefully and make any necessary corrections.

Ezample 5.2.17: Let ay = 1 and forn > 2, let a, = /2 + /an-1. Show
that a, is monotone and bounded by 2.

Solution: First, show that a,, is monotone. This recursively defined sequence
can be shown to be a nondecreasing sequence with mathematical induction.

Let a; =1 and forn > 2 let a, = /2 + \/an_1. Define P, := any1 2> an.

For n =1, it follows that
a2=\/2+\/I=\/521=a1
Therefore, P is true.

Suppose that Py is true for some ABF k € N. This means that ax4; > ax.
Now, if Piy is true, then ax4a > aky1. Consider ayyo:

iy = \/2+vak+1 2 \/2+ Vak = Qi1
———
By Px

Thus, Pk is true whenever Py is true, and therefore a, is a nondecreasing
sequence.
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Now, a proof by contradiction will be used to show that a, < 2 for all
n € N. Suppose that 3 N € N such that ay > 2. Since a, T, WLOG let N
be the smallest value of n such that ay > 2 and ay_; < 2. Then

2< an=+/2+ an-1

which means that

2< /24 Jan_1 = 4<2+ Jan-1 = 2< Jan_1

which means that ay-, > 4, which contradicts ay—; < 2.

Therefore, a, < 2 for alln € N,

Finally, since a,, is nondecreasing and is bounded, it follows that a, converges.

Furthermore, the limit of a,, requires only the determination of the supremum

of {an : n € N}. Since sup {a, : n € N} = 2 it follows that lim a, = 2.
n—od

n

Ezxample 5.2.18: Let a,, =

1
T Show that a, converges to 3
n

Solution: Let a, = 1T 2en Since a, is a differentiable function in n on
e
R, the derivative test can be used to determine whether a, is a monotonic

d
. ider — la,|:
sequence. Consider i lan)

d lan] = d e” . e”
dn" ™M T dn {14+ 2en| (14 2en)?
n
Clearly, (l_+62?‘F > 0, V n € N and therefore, a,, 7. Furthermore
n n
€ _ e _ 1 <

1
= S VneN
1+2e" etfen+2) e n+27 2 ne

Qan

Thus, a, T and a, is bounded, and hence, by Theorem 5.2.13 it follows that
an converges.
Finally, note that Vn € N:

e? 1 1

= >
1+2" en"+2 " 2+1

i
Since — > 7", V n € N, it follows that
n
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1 1
Now, since lim —— = -, by the squeeze theorem it follows that a, — .

5.2.3 Cauchy Sequences

Note that the convergence of a monotonic sequence can be determined with-
out knowing the limit; that is, Theorem 5.2.13 shows that every bounded
monotonic sequence converges. However, for many monotonic sequences the
limit, either sup {a, : n € N} or inf {a, : n € N}, may be very difficult to
determine. Now, for nonmonotonic sequences, using the definition of conver-
gence to prove that the sequence converges requires knowledge of the limit
of the sequence. When a sequence a, converges to a known limit a, then
this means that for every € > 0, there exists N € N such that |a, —a] <€
whenever n > N and thus, from some point on, all terms in the tail end of
the sequence become approximately equal to the limit a; moreover, this also
means that from some point on, all terms in the sequence must be nearly
equal. Sequences for which a, and a,, are nearly equal from some point on
are called Cauchy sequences. The definition of a Cauchy sequence is given be-
low; Cauchy sequences are named after the French mathematician Augustin
Cauchy (1789-1857).

Definition 5.2.5: A real-valued sequence a, is said to be a Cauchy sequence
if and only if for every € > 0, there exists N € N such that la, —am} < €
whenever n,m > N.

Note that the definition of a Cauchy sequence depends only on the terms
of the sequence in question and does not require knowledge of the limit of
the sequence. In Theorem 5.2.14 it will be shown that all Cauchy sequences
of real numbers converge; therefore, showing that a sequence of real numbers
is a Cauchy sequence also proves that it is a convergent sequence. First, an
algorithm for proving that a sequence a, is a Cauchy sequence is given below.

Algorithm for Showing a Sequence is a Cauchy Sequence: Let a, be
a sequence of real numbers. To show that a, is a Cauchy sequence

1. Let ¢ > 0 be ABF.

2. Let m,n € N and consider |a, — an|.

3. Determine how to make |a, — a,,| arbitrarily small. In other words,
determine the value of N € N so that |a, —am| < € whenever n,m > N.

4. Conclude a, is a Cauchy sequence.

5. Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

6. Read the proof over carcfully and make any necessary corrections.
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1
Example 5.2.19: Let a,, =2 + o Show that a, is a Cauchy sequence.

Solution:

1. Let € > 0 be ABF.

2. Let m,n € N. Without loss of generality (WLOG), assume m > n.
Consider |an — am].

1 1
o)
n m

Now, since m > n, it follows that

prlo (a0 L) emin 2m 2
n m mn mn n

1 l_m——n

n m mn

m+n
< +
mn

3. Let N be the smallest natural number greater than -2— Then, forn > N
€

1 1
’2+—~<2+—)
n m

1
4. Therefore, a, = 2 + — is a Cauchy sequence.
n

2
<—-<e€
n

Note that a proof showing that a sequence is a Cauchy sequence is very
similar to a convergence proof; both proofs hinge on finding a value of N ¢ N
for every € > 0. In a convergence proof the value of N must be found so that
la, — a|] < € whenever n > N, while in proving a, is a Cauchy sequence the
value of N must be found so that |a, — am| < € whenever n > N.

Example 5.2.20: Let a,, = e~ ". Show that a, is a Cauchy sequence.

Solution: Let ¢ > 0 be ABF and let m,n € N. WLOG, assume m > n and
consider |e™™ —e™™|.

le™" —e M=l (1-e ™)

Now, since m > n, it follows that —m + n < 0 and 0 < e™™*" < 1. Since
0<e ™" «1,it follows that 0 < 1 — e ™t* < 1. Thus

e = e = fe (1~ e < e = e

Let N be the smallest natural number greater than — In{e). Then, forn > N,

it follows that
leT"—eTM e <e
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Therefore, a, = ¢~ " is a Cauchy sequence.

The following theorem shows that every convergent sequence is a Cauchy
sequence.

Theorem 5.2.14: Let a,, be a sequence of real numbers. If a,, — a, then a,
is a Cauchy sequence.

Proof: Let ¢ > 0 be ABF. Since a,, — a, there exists N ¢ N such
that |a, —a| < % whenever n > N,

Consider |an, — am!:
l[an —am| =lan—a+a—am| <lap,—al+lam —a
Thus, for n,m > N, it follows that

jan —am| € lan —a| + lam —a} < €/2 + €/2 =¢
~~ ~~
Sincen>N Sincem >N

Therefore a, is a Cauchy sequence whenever a, is a convergent se-
quence.
e

Theorem 5.2.15, which is stated below without proof, is the converse of
Theorem 5.2.14; a proof of Theorem 5.2.15 is given in Flementary Analysis:
The Theory of Calculus by Kenneth Ross (2003). In particular, Theorem
5.2.15 shows that if a sequence of real numbers is a Cauchy sequence, then
it is also a convergent sequence. Thus, when a sequence is shown to be a
Cauchy sequence, then that sequence has also been shown to be convergent.
However, the actua! limit of the sequence cannot be found by simply showing
that a sequence is a Cauchy sequence. Thus, once the sequence is shown to
be convergent, further analysis of the sequence will be required in order to
determine its limit.

Theorem 5.2.15: Let a, be a sequence of real numbers. If a,, is a Cauchy
sequence, then a, converges.

Proof: The proof of this theorem is a construction proof and requires
knowledge of subsequences, which have not been discussed in this
text.
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Now, Theorems 5.2.14 and 5.2.15 can be combined into the following bi-
conditional theorem, which states that a real-valued sequence a, converges if
and only if it is a Cauchy sequence. Hence, convergent sequences of real num-
bers are Cauchy sequences, and Cauchy sequences of real numbers converge.

Theorem 5.2.16: A sequence of real numbers a,, is a Cauchy sequence if and
only if it converges.

Ezample 5.2.21: Prove the following result. If a,, is a Cauchy sequence of
real numbers, then a,, is bounded.

Proof: Suppose that a,, is a Cauchy sequence of real numbers. Then,
by Theorem 5.2.18, a, is a convergent sequence, and hence a, is
bounded.

Now, every convergent sequence of real numbers is a Cauchy sequence,
Cauchy sequences are bounded, and Cauchy sequences of real numbers are
convergent sequences. Another important property that is related to Cauchy
sequences is defined below.

Definition 5.2.6: A set X is said to be complete if and only if each of the
Cauchy sequences in X converges to an element of X.

An example of a complete set is R. Specifically, since every Cauchy
sequence of real numbers is a convergent sequence and converges to a real
limit, it follows that R is complete. The following example shows that Q is
not complete.

Example 5.2.22: Prove that Q is not complete.

Solution: Q can be shown to be incomplete using a proof by contradiction.

Proof (by Contradictionz: Suppose that Q is complete. Consider
the sequence ap, = (1+ 1)". Since Q is closed under addition and
multiplication, it follows that a,, is a rational number for every value
ofn € N.

Now, since (1+ %)" is a convergent sequence (see Table 5.2.1), it
follows that a, is a Cauchy sequence. However, lim a, =e¢ & Q,
n—00

which contradicts the assumption that Q is complete.

Therefore, Q is not conmplete.
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5.3 Limits of Functions

In the previous section, the limiting behavior of a special type of real-valued
function, a sequence, was studied for large values of n. In this section, the
behavior of real-valued functions will be studied, particularly, the limiting
behavior of a function at a point zg € R. Now, in a first course on calculus,
one of the first topics that is studied is the limiting behavior of function f at
a point xg. Also, in the traditional calculus course, the derivative of a real-
valued function is introduced following a discussion of the limit of a function.
Furthermore, the definition of the derivative of a function f at a point zg is
based on a special type of limiting behavior. Finally, following a discussion
of the derivative and differentiation, the concept of the definite integral is
introduced, which is also based on a special type of limiting behavior. Thus,
limits play an important role in the foundations of calculus.

Let f be a real-valued function with domain D. Now, the limit of f at
a point zg will be based on how f behaves near the point zg. In particular,
if f is nearly constant for z values near the point zg, then f will have a
limit at the point zg, even if xg & D. It turns out that whether in fact
Zo € D is irrelevant with regard to the limiting behavior of f near zy. For
this reason, the definition of the limit of a real-valued function will be based
on the behavior of the function in the neighborhood of zg only. The definition
of a neighborhood and a deleted neighborhood are given below.

Definition 5.3.1: Let zg € R, and let € > 0. The open interval (zg—¢, xo+¢)
is called a neighborhood of o with radius ¢ and will be denoted by N, (zg).

Definition 5.3.2: Let zo € Rand ¢ > 0. Theset {r€ R:0 < |z — zo| < €}
is called a deleted neighborhood of xy of radius e.

For example, the interval (0.5,1.5) is a neighborhood of z¢ of radius
€=0.5,and theset {r € R: 0 < |z —1| < 0.5} = (0.5,1)Ui(1, 1.5) is a deleted
neighborhood of ¢ of radius € = 0.5.

Ezample 5.3.1: Determine

a. A neighborhood of z¢ = 10 of radius ¢ = 0.1.
b. A deleted neighborhood of zg = 10 of radius ¢ = 0.05.
¢. A deleted neighborhood of zg = 10 of radius ¢ = 0.01.

Solutions:

a. (9.9,10.1) is a neighborhood of zg = 10 of radius ¢ = 0.1.

b. Theset {r € R: 0 < [x—10] < 0.05} = (9.95,10)U(10, 10.05) is a deleted
neighborhood of zg of radius e = 0.05.
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c. Theset {z € R:0 < |z — x| < 0.01} = (2o — 0.1, zo) U (z0, zo + 0.01) is
a deleted neighborhood of zg of radius e = 0.01.

Note that the point xq is in every one of its neighborhoods; however, the
point xg is not in any of its deleted neighborhoods. Since the point o may not
be in the domain of the function f, the definition of the limit of a real-valued
function f at a point xy is based on a deleted neighborhood of zg, rather than
a neighborhood of 2. The ¢-4 definition of the limit of a real-valued function
f is given below.

Definition 5.3.3: A real-valued function f, defined on a domain D that
contains a deleted neighborhood of xg, is said to have limit L as x approaches
zo if and only if for every € > 0, there exists a § > 0 such that {f(z) — L] < ¢
whenever |z — zo| < 4. When the limit of a function f exists at the point zo,
this will be denoted by lim f(z) = L.

r — Xg

Note that this definition is analogous the definition for the limit of a
sequence of real numbers as n — co. Note the similarity of the following two
definitions:

a. Limit of a Sequence: A real-valued sequence a,, has limit a if and only
if Ve>0,3 N € Nsuch that |a, — al < € whenever n > N.

b. Limit of a Function: A real-valued function f has limit L if and only
ifVe>0,36>0such that {f(z) — L] < e whenever |z — 2| < 4.

Thus, when working with the limit of a real-valued function f, the state-
ments N € N and n > N that are used in the limit of a sequence are simply
replaced by § > 0 and |z — z¢|] < 4. For this reason, many of the theorems
concerning the limit of a real-valued function will have proofs similar to the
proofs of the analogous results for the real-valued sequences.

Now, it is important to note that a function f might have a limit as z
approaches zg, even though the function is not defined at the point zp. For

=1 Then f(z) has the limit %

example, consider the function f(z)= PRt
Iz —
as r approaches 1, however £ = 1 is not in the domain of f. The plot of

flx) = $2~ I is given in Figure 5.3.1 shows that f(z) does approach a limit
72 —

as r approaches 1.
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Figure 5.3.1 A plot of f(z)=5=.

In order to show that a real-valued function has a limit L as z approaches

Ig, or equivalently lim z) = L, it must shown that for an arbitrary value
y z - Zo

of € > 0, there is a & such that |f(z) — L] < ¢ whenever |z — x| < §. A proof
of this nature is called an -8 proof. Moreover, proving lim f(z) = L with
T — Iy

an €-8 proof is analogous to proving that a sequence converges using an e-N
proof. An algorithm for proving lim f(x) = L with an e-4 proof is given
T —xo

below.

An Algorithm for an ¢-§ Limit Proof: Let f be a real-valued function.
To prove that lim f(z)=1L
T — Iy

1. Let € > 0 be ABF.

. Consider |f(z) — L|.
. Determine how to make |f(z) — L| arbitrarily small for the value of z in

a deleted neighborhood of zg.

. From steps 2 and 3, determine the value of § so that [f(z) — L| < ¢

whenever |z — zo} < 4.
Conclude lim f(x) = L.

—xo
Clean up and rewrite the scratchwork into a clear and concise proof of
the theorem. Make sure that each step of the proof makes sense and is
clearly justified.

Read the proof over carefully and make any necessary corrections,
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Note that the value of § is dependent on the value of € and § is simply
the radius of a deleted neighborhood of g for which |f(z) — L| < €. Also,
if a smaller value of € was chosen, then a smaller value of § will generally be
required. Thus, in order to require that f(x) is closer to its limiting valuc
L at the point xy, £ must be closer to 9. An €-§ proof is illustrated in the
following example.

Example 5.3.2: Prove that lim2 2+ 4z =12.

Solution (Scratchwork):

Step 1: Let ¢ > 0 be arbitrary but fixed.
Step 2: Consider |f(z) — L|:

|f(z) = L] = |2® + 4z — 12| = |(z + 6)(z ~ 2)| = |z + 6] |z~ 2|

Step 3: A value of § must be found so that whenever |z -2} < § it will follow
that |22 + 4x — 12| < €. Now

lz2 + 4z — 12| = |z + 6 |z - 2|
Thus, if an upper bound can be placed on |z + 6| when z is near 2, then
it will be possible to relate |22 + 4z — 12| to |z — 2|. Consider z values in
neighborhood of 2 of radius 1 (i.e., z values such that |z — 2} < 1). Then, for
|z — 2| < 1it follows that

lx+6]=|r—-2+8<|r-2/+8<9
Thus, |z + 6] < 9 whenever |z — 2] < 1, and therefore
jz? + 4z - 12| =|z+ 6] |z —2| <9 |z -2
) €

Step 4: Now, let § = min (l, 5) Then whenever |z — 2| < 4,

|z2+4x-12|:|x+6|-1z—2|<9-|z—2|<9.5<9-g=e

Therefore, lim2 z% + 4z = 12.
r —
This scratchwork is written up in a formal €-§ proof below.

Proof: Let € > 0 be arbitrary but fixed. Consider |f(z) — L|:

[f(x) = L| = |z? + 4z — 12| = |z + 6] |z — 2]
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Now, for |z — 2| < 1, it follows that
[z+6l=[r—-2+8/ <|r—-2{+8<9
Thus, [z + 6| < 9 whenever |x — 2| < 1, and therefore
[z + 4z — 12| =iz + 6| |- 2| < 9 |z - 2|

Let § = min(1,€/9). Then, whenever |x — 2| < 4, it follows that
122 + 4z — 12| = |z + 6] |[s — 2| < 9- |z — 2| <9-6<9-§ -y

Therefore, lim2 %+ 4z = 12,
T —

Note that in the proof above, |z + 6| needed to be bounded. A bound was
found by considering a neighborhood of 2 of radius 1. The choice of the radius
of the neighborhood in this proof was not special, and in fact, any radius could
have been used in place of the value of 1. For example, if a radius of 2 were used
in place of 1, the bound would have become |z + 6{ < 10; similarly, if a radius
of 0.25 were used in lieu of 1, the bound would have become |z + 6| < 8.25.
It was important to bound |z + 6], but the actual value of the bound, which
depends on the radius of the neighborhood, was not important.

2

Ezample 5.3.3: Prove that lim z? = z2 for all 75 € R.

T — To
Solution:

Proof: Let ¢ > 0, and let g € R be arbitrary but fixed. Consider
|z — zd|:
|z? — 23| = |z — Tol- | + Zo]

For |z — xzp| < 1, it follows that
|z + za| = |z — 2o + 2x0] < |7 — zo| + 2|x0| < 1 + 2]70|
Thus, whenever |z — o} < 1, it follows that
2% — 3| = |z — ol |z + zo| < (1 + 2|zo|)- |z ~ zo]

Let § = min (1,
that

6 .
1+ 2|x0;) + Then, whenever |z — o] < 4, it follows

I.’L‘2 - a:g| < (1 + 2|zol) |z — zo] < (1 + 2|zq])- 6

< (1 + 2’.’[0‘)- T:it_%rl'—()_‘ =€
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Therefore, lim z? = z2.
T — I

Recall that the actual value of § will depend on both the size of € and the
value of zo. Specifically, for a fixed value of xg, the smaller ¢ is chosen to be,
the smaller § will need to be. Also, for a fixed value of ¢, the § value for two
different values of x¢ may differ. For instance, in the previous example the

€
_ . f =
1+2110|) Thus, for zg = 1,

é6=min{]1, E) and for g = 2, 6 = min (1, g) Clearly, the value of § will

value of 8 for a fixed value of € was § = min (1,

depend on the values of both ¢ and z;.

The following lemma shows that when f has a nonzero limit at the point
xo, then f(z) can be bounded from below. This lemma will be needed in the
proof of Theorem 5.3.1.

Lemma 5.3.1: Let f be a real-valued function defined on a domain D con-
taining a deleted neighborhood of zo. If lim f(z) =L and L # 0, then

— Iy

|L|

there exists a 6 > 0 such that |f(z)] > 5 whenever |z — o] < 4.

Proof: Let f be a real-valued function with lim f(z) = L and sup-

L
pose L 7 0. Then there exists § > 0 3: |f(z) ~ L| < |—§—| whenever

]1‘ - :L‘o' < 8.
Consider |f(x)!:

|f(2)] = |f(z) = L+ LI =L - (L - f(z))]

2L = |L - f(z)] = |L| - | f(z) — L|
Thus, whenever [z — zo| < 6, it follows that

|f(z)| > |L| - |f(z) ~ L| > |L] - l—éLI = f_g‘.'

The following theorem provides powerful results for determining the limit
of the sum, product, and ratio of two real-valued functions. Even more im-
portantly, the rules proved in Theorem 5.3.1 are often the key components in



206 The Foundations of Calculus

the proofs of several theorems presented later in this section and Section 5.4,
also. Note that each result in Theorem 5.3.1 is analogous to a result proved
in Chapter 4 for the sum, product, or ratio of two convergent sequences.

Theorem 5.3.1: Let f and g be functions defined on domains Dy and Dy con-
taining deleted neighborhoods of zp. If lim f(z) = Ly and lim g(z) = Ly,
T — Iy

T — Iq
then

G) lim [k f(z)+ 1] =k Ly +Lforall k,lcR.

r— Ty L

(i) lim :f(r) +g(x)} =L+ La.

I — Xy

(i) lim ’f($)~g(ar)]=L1-L2.

I —Io

(iv) lim ;] = 1 provided that L, # 0.

=z Lf(z) L,
: L

(v) lim [g?;;] = L—l provided that Lo # 0.
X — Xy 2

Proof: Let ¢ > 0 be ABF, and let f and g be functions defined
on the domains Dy and D, containing deleted neighborhoods of z.
Suppose that lim f(z) = L; and lim g(z) = L,, then
T — x0 r—xy
Proaof of part (i): The proof of part (i) is left as an exercise.
Proof of part (ii): Since lim f(z)= L, and lim g(z) = Lo,
I — Iy

T —To

there exists §; > 0 and §; > 0 such that
If(z) - L] < % whenever {x - rg| < §;
[g(z) — La| < % whenever |r — xo] < 8y
Consider | f(x) + g{z) — (L, + L2)I:

If(z)+ g(z) — (L1 + L2)| = | f(x) — L1 + g(x) — L]

< @) - L +1g() - L

By the triangle inequality

Let 6 = min(é,62). Then, whenever |z — zg| < 4, it follows that

€

2

=€

@) +9(x) = (L + L)l = |f(z) =~ Li] + lg(@) = La| < 5+
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Therefore, lim [f(:r) + g(m)} =L+ Lo.
T — Ty

Proof of part (iii): Since Ilim f(z)=L; and lim g(z) = La,

there exists §; > 0 and d; > 0 such that

[flz) - L] < whenever |z — zo| < §;

3(|L2f + 1)

€
z) — Ly| < ——————— whenever |z —zg] < §
|g(’L‘) 2! 3(‘Ll] + 1) l 0' 2

Also, there exist 83 and &4 such that

€

If(z) — Lyl < whenever |z — zo| < 43

lg(x) — Lg| < whenever |z — xo] < d4

Consider | f(z)g(z) — LiLz]. First, note that

f(z) = (f(x) = L)+ L

and
g(z) = (9(z) — L2) + L2
Thus
f(z)g(z) = [(f(z) — Ly) + L1]-[(g(x) = L2) + Lo]
= Li(g9(z) = L2) + La(f(x) = L1)
+ (f(z) = L) (9(z) = L2) + Li L2
Hence

[f(x)g(x) — LiLa| = |L1(g(z) — L2)
+ La(f(x) — Ly) + (f(x) = L1)- (g(z) — L2)|
<Lyl [g(x) — Lof + | L2l | f(z) — Ll

+ [f(z) = Lul- lg(z) = La|
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by the triangle inequality. Now, let § = min(d, é2,83,64). Then,
whenever |z — zo| < 4, it follows that

[f(@)g(x) = Ly La| < {L|-19(x) = Lof + [Lo|- | f(z) ~ L]

+1f(z) - Li|-|9(z) — L

€ € € €
< gpmy T s \/; \[5

<=+

+o=c

Ll
W
Wl

Therefore, lim [ f(@)- g(x)] =Ly Ly,

Proof of part (iv): Suppose that 11m f(x) =Ly and L, # 0.

— o

Since L, # 0, there exists 61 > 0 such that

/@)~ af < - E

whenever |z — z¢] < §;, and by Lemma 5.3.1 there exists J2 such
that | f(x)| > [Lal 1‘ whenever |z — zg] < 4s.

Let § = min(él, 82). Then, whenever |z ~ zo| < 4, it follows that

B DU S L Df
’f(r) Llf“ Ty e~ bl < L2
Therefore, Illn;” {—%} = le whenever IILH;” flz) =Ly and L, #
0.
Proof of part (v): Since
@) ey L
i@ =1 5@

and Ly # 0, this result follows directly from the application of parts
(iii} and (iv) of this theorem.
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Note that Theorem 5.3.1 applies only when both limits exist. However, it
is possible for the sum of two real-valued functions to have a limit at o when

1
neither of the individual functions has a limit at zo. For example, let f(z) = —
z

1

m [f(:c) +g(z)] = xlim {— - i—} =0, yet neither

1
and g(z):—;. Then, JLO m |~

1 . .
lim — nor lim —- exists. In this example, clearly the statement
=0T z—0 I

. 1 1 .1 ) 1
lim |— -~} = lim —+ lim ——
r—0{T x x0T z—0
would make no sense at all, since neither of the limits on the righthand side
exists.
The following corollary to Theorem 5.3.1 shows that limits are linear func-

tions. Thus, when the limits exist, then lim [af(r) + bg(z)] =al; +bLy

and lim [f(z‘) - g(x)] = Ly — Lo, also.
T — I
Corollary to Theorem 5.3.1: Let f and ¢ be functions defined on do-
mains Dy and D, containing deleted neighborhoods of zo. 1If ¢,b € R,
lim f(z)= Ly, and lim g(z) = Lo, then
T —Ixo

I —Zqy

(i) tim [af(x) + bg(z)} =alL, + bL,.

) tim [f(2) - g(2)] = L1 - La.

r— Iy

Proof: Let f and g be functions defined on a domain D containing
a deleted neighborhood of z¢ and suppose that lim f(z) = L; and
x

— Xy

lim g(z) = La.
r— Iy

Proof of part (i): Part (i) follows directly from parts (i) and (ii)
of Theorem 5.3.1.

Proof of part (ii): Part (ii) follows directly from part (i) with
a=1and b= —1.

The next theorem will be used to prove that the limit of a polynomial
p(z) at the point zo is simply p(zo). In particular, the following theorem

shows that lim z" = z{, for all natural numbers n.
Eanadt s



210 The Foundations of Calculus

Theorem 5.3.2: If zp € R, then lim z" =z7,VnéeN.

I — Iq

Proof: The proof of Theorem 5.3.2 is left as an exercise.

Now, Theorem 5.3.3 shows that if p(z) is a polynomial, the limit as z
approaches zg of p{(z) can be found by simply evaluating the p(z) at the value
zo. The corollary to Theorem 5.3.3 will show that a similar result holds for
rational functions.

Theorem 5.3.3: If p(z) is a polynomial, then lim p(z) = p{xe),V z €R.

Proof: The proof of Theorem 5.3.3 is left as an exercise.

Corollary to Theorem 5.3.3: Let p(z) and g(z) be polynomials of degree

n and m, respectively. If ¢(xg) # 0, then lim I—)(—Q = p__(a:i).
==z g(z)  q(xo)
Proof: This result follows directly from Theorems 5.3.3 and 5.3.1

part (v).

Ezample 5.3.4: Let f(z) = 22 — 2z — 1 and g(z) = z + 1. Determine
a. lim (f(z) + g(x)).
b. lim f(z) g(z).
. flz)

c -— 7

" 2—3 g(z)’

Solutions: Note that f and g are polynomials, and therefore by Theorem
5.3.3, it follows that

lim f(z)=z%~210~1 and lim g(x)=xo+ 1
z—zg z—xp
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a. lim2 f(z) = —1 and lim2 g(z) = 3. Therefore
I — T —

lim [f(z) + g()] = lim f(z) + lim g(z) =~1+3=2

~

By Theorem 5.3.1 part (i)
b. lim] f(z)=-2and liml g(z) = 2. Therefore

lim f(z) glz) = lim fz)- lim g(z) =-2(2)=—4

v

By Theorem 5.3.1 part (iii)

c. lim3 f(z) =2 and lim8 g{z) = 4. Therefore

f(z) _ limg 5 f(z) _2_
zl—rvnI} _gTJ,T)‘ - limz 3 g(I) 4 0
e s

By corollary to Theorem 5.3.3

211

The squeeze theorem for real-valued functions is an important theorem
that is often used when the function of interest is hard to work with. In par-
ticular, when the function of interest, say, h(x), is trapped between the two
functions f(x) and g(x) that have known and equal limits, then the squeeze
theorem shows that lim f(z)= lim h(z) = lim g(z). The squeeze the-

x> Iy I To Tr— Ty

orem is given below.

Theorem 5.3.4 (The Squeeze Theorem): Let f, g, and h be functions
defined on domains containing a deleted neighborhood of zq where f(x) <

h(z) < g(z). If lim f(z)= lim g(z)=L, then lim h(z)= L.

P T3

Proof: Let f, g, and h be functions defined on common domains
containing a deleted neighborhood of x¢ where f(z) < h(z) < g(x).

Suppose that lim f(z)= lim g(z)= L, and let € > 0.
T — Zo I —zxy

Then, since lim f(z) = L, there exists §; such that

T — Iy

L-e< f(z)<L+e whenever lz — x| < &

—~

[f(z)—Li<e

and since lim g(x) = L, there exists §; such that
x

= Zo

L-e<g(z)<L+e whenever |z — zo} < &

lo(z)~ L] <
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Furthermore, since there exists a deleted neighborhood of z¢ where
f(x) € h{z) < g(z), it follows that there exists 63 > O such that
f(x) < h(z) < g(z) whenever |z — xg| < 3.

Let § = min (4, d-,83). Then, whenever |z — xo| < 4, it follows that
L-e< flz)<h(z)<g(x)< L +e

Hence, L —¢ < h(x) < L+¢, or equivalently [h(x)— L| < ¢, whenever
|z — xo) < 6. Thercfore, lim h(z) =-L.

z - xg

) . sin{x
The squeeze theorem is now used to prove that hmO n(z) =1
T — T
. sin{x)
Fzxample 5.3.5: Prove that lim =1.
r—0 T
sin(x)

Solution: First, a plot of the functions and cos(z), on a ncighborhood

of radius 1 of the point x5 = 0, is given in Figure 5.3.2; the dashed line is
sin(z) and the solid line is cos(x).

<

A,
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0.5
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Figure 5.3.2 A plot of cos(z) and SZ)
T
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sin(z)

Note that cos{z) < < 1 in this neighborhood, and lim0 cos(z) = L.

Thus, by the squeeze theorem it follows that ]imO s_uiz_r_) = 1.

Ezample 5.3.6: Let f(z) = z!7% on the domain D = [0,00). Prove that
lim0 ' =0,

Solution: First, the functions z'~%, /z, and z, on the interval [0,0.5], are
plotted in Figure 5.3.3. The solid line represents z; the dashed line, \/z; and

the dotted line, £~ 7.

Y
0.75 1
<
o
P
0.60 - PR
P
/ ...
e o*
0445—-1 / '..
/s
0.25 7 a
. y, B
/e
0.1/
— T T T T 1 T

Figure 5.3.3 A plot of the functions z, 1/z, and 2!~%.

Note that z < z!™* < z° on [0,.5} and lim0 T = limo vz = 0. Thus, by

the squeeze theorem it follows that 1im0 7T = 0.
T —

The following two theorems provide results for the limit of powers of
f when lim f(z) = L. Theorem 5.3.5 states that if lim f(x) = L, then
T — I r— T

lim f(z)" = L", and Theorem 5.3.6 shows that when L > 0, it follows that

T — Xy

lim Vfz) = VL.

Theorem 5.3.5: Let f be a function defined on the domain D containing
a deleted neighborhood of zo. If lim f(z) =L, then lim f(z)" =1L",
X = Iy

T — Ty
v.néeN
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Proof: The proof of Theorem 5.3.5 is left as an exercise.

Theorem 5.3.6: Let f be a function defined on the domain D containing a
deleted neighborhood of zo. If lim f(z) =L >0, then lim /f(z) = \}[:

T —Io

Proof: The proof of Theorem 5.3.6 is left as an exercise.

Exzample 5.3.7: Suppose that lim f(z) =3 and lim g¢(z) = 2. Deter-

T —xy T — o
mine

a. ,le V3f(z)+ 8g(z).

o

b. Il_i-.n;u f(z)g(z) + 10.
c. x]i_,";(, F@)2Vg(z).
Solutions: Suppose that zli.n;(, f(z) =3 and 1li,n;(, g(z) =2.
a. By the corollary to Theorem 5.3.1, it follows that
Il'gxl” (3f(z) + 8g{z)} = SIlin}n f(z)+ 81132” g(z) =3-3+8.2=25

and by Theorem 5.3.6, it follows that

lim V3f(z) + 8g(x) = \/Ilij; 3f(x) + 8g(z) = 5.

z
b. By Theorem 5.3.1 parts (ii) and (iii), it follows that
Ilil.’;(, flx)g{z) + 10=2(3)+ 10 =16
and by Theorem 5.3.6, it follows that

Jim VF(z)g(z) +10= /2(3) + 10 =4

c. By Theorem 5.3.5, it follows that

lim f(z)?=3"=9and lim /g(x)= V2

g 71 r = Iy
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Thus, by Theorem 5.3.1 part (iii), it follows that

Jim f(@)? V() = 3*V2 = 92

The following theorem shows that if lim f(z)= L and z, is of any
T— X

sequence of real numbers converging to zq, then lim f(z,) = L, also.
n—0o

Theorem 5.3.7: Let f be a function with domain D containing a deleted
neighborhood of z¢. If lim f(x) = L and z, is a sequence of real numbers
= Zo

contained in D with z,, — xp, then lim f(z,)= L.
n—oco

Proof: Let f be a function with domain D containing a deleted
neighborhood of g and lim f(z) = L. Let ¢ > 0 be ABF, and let
I Iy

T, be an arbitrary sequence converging to xg which is contained in
D.

Since lim f(z) = L, there exists § such that |f(z) — L] < € when-

T — Ty
ever |z — zo| < 6. Now, since , — zg, there exists N € N such
that |z — zg| < § whenever n > N.

Now, z, € D for each n € N; thus, |f(z.) — L| < ¢ whenever
n > N. Therefore, lim f(z,) = L for any sequence z, — g that
T —Zo

is contained in D.

It is important to note that Theorem 5.3.7 does not say when z, is a se-
quence of real numbers converging to the point zg and lim f(zn) = L, then
n-—00

it follows that lim f(x) = L. Thus, it may be possible that a sequence z,

z— Io
converges to T and that lim f(z,) = L; however, lim f(z)# L. For ex-
n—00 T — To

1 n . -
ample, while z, = - — 0 and lim E——i =1, lim m does not exist. The-
n n—oo I, z~0
orem 5.3.7 simply states that when lim f(z) = L, then lim f(z,) =L for
I~ Iy n—oo

every sequence of real numbers converging to xo.
5.4 Continuity

When a real-valued function f(x) has the property that lim f(z) = f{zo),

then the function f is said to be continuous at the point xg. In this section
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the continuity of real-valued functions will be studied. A definition of the
continuity of a function f at a point z = zg is given below.

Definition 5.4.1: A function f is said to be continuous at a point zg if and
only if

(i) lim f(x) exists.
T ==X

(ii) zo € D.
(iii) lim f(z) = f(zo).

T —To

Definition 5.4.2: A function f is said to be discontinuous at the point o
if and only if 7o € D and f is not continuous at xg.

Recall that the limit of a real-valued function f, as  approaches zg, does
not depend on the value of f(zg). In particular, it might be the case that f(z¢)
doecs not even exist {(i.e., Ty ¢ D). In fact, there are five possibilities for the
relationship between xlixr; f(z) and f(zo):

n jrlim f(z) exists and equals f(zg).

(2) lim f(z) exists and does not equal f(zo).

X —To

(3) lim f(z) exists but f(zgo) is undefined.

I — o

(4) lim f(z) does not exist and f(zg) does exist.

r — Tq

(5) Neither lim f(r) nor f(zg) exists.
T — Ty

Note that only in case (1), where lim f(z) exists and equals f(zo),
T — T

is the function f continuous at = z3. In each of the other cases, f is
not continuous at £ = zy. The following example shows that the function

||

flz) = - is not continuous at = = 0.

Erample 5.4.1: Let f(z) = i? The plot of f(x) on a deleted neighborhood

of 0 is given in Figure 5.4.1.
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Figure 5.4.1 A plot of f(:c):l—:ﬂ.
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and clearly from Figure 5.4.1 it can be seen that f is continuous everywhere
except at z = 0.

An equivalent definition of continuity based on the ¢-§ definition of the
limit of f(z) is given below.
Definition 5.4.3: A function f is said to be continuous at a point zg if and

only if zg € D and for every ¢ > 0, 3 § > 0 such that |f(z) — f(zo)| < ¢
whenever |z — zo} < 4.

Note that in Definition 5.4.3, the value of § depends on two values,
namely, the value of ¢ and the particular value of zg. In general, the value of
é for a fixed value of ¢ must change as £ moves from one point to another.
The dependence of é on a particular value of z is illustrated in the following

example.

Ezample 5.4.2: If f(z) = z2, then limO f(z) =0 and lim2 f(z) =4. Let
T — z—

¢ = 1 and determine the value of §

a. So that |22 — 0?] < 1 whenever |z — 0| < 6.
b. So that |22 — 22| < 1 whenever |z — 2| < 4.
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Solution:

a. Note that when |2 ~ 0] = z® < 1, it follows that |z] < /I = 1. Now, let
8, = 1. Then, |z? — 0| < 1 whenever |z - 0] < 1.

b. Note that |22 — 4% = |z — 4| [z+ 4]. Now, for |z ~ 4| < 1, it follows that
[r-4]<1l=>-3<z2<5=1<z+4<9
Therefore, when & < 1, it follows that |z + 4] < 9 and therefore
l2? -4 = |z~ 4] |z +4] < 9|z - 4|
Thus, let § = min(1,1/9) = 1/9. Then, whenever |z — 2| < 4, it follows

that |z? — 4] < 1.

Note that the values of § in parts (a) and (b) are different because the par-
ticular value of § for ¢ = 1 depends on the particular value of zo under
consideration in the limit.

An algorithm for proving that f is continuous at the point z = z, with
an ¢-d proof is given below.

An Algorithm for an ¢-§ Continuity Proof: Let f(z) be a real-valued
function. To prove that f is continuous at the point xg

. Let ¢ > 0 be ABF.

. Consider | f(x) — f(zo)}.

. Determine how to make |f(z) — f(xo)] arbitrarily small for = near xo.

BN e

. From steps 2 and 3, determine the value of § so that |f(z) ~ f(zo)] < €
whenever |z — o] < 4.

5. Conclude lim f{z) = f(z¢) and therefore, f is continuous at ¢ = z,.
T — o

6. Clean up and rewrite the scratchwork in a clear and concise proof of the
theorem. Make sure that each step of the proof makes sense and is clearly
justified.

7. Read the proof over carefully and make any necessary corrections.

Note that the algorithm given above is simply the ¢-6 algorithm for show-
ing that the limit of the function f at z = zg is L = f{zg). The -8 algorithm
is used to show that f(x) = z? is continuous at every point zg in Example
5.4.3.

Ezample 5.4.3: Let f(x) = z? for £ € R. Prove that f is continuous at
=1y, Vg €R.
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Solution:

Proof: Let € > 0 and zo € R be ABF. Consider |z2? — z3|.
lz2 — 2| = |z — zol- |z + o]

Now, whenever |z — xo| < 1, it follows that |& + zg] < 2|zo| + 1.
Therefore

lz? — 23| = [z — xol: [z + 0| < |z ~ To|" (2]xo] + 1)

Now, let § = min (QITOT—:I,]). Then, whenever |z — x| < 4, it
follows that

lz? = 23] = |z — zo}- |z + 0| < |z ~ 2ol (2{wo| + 1)

< 6(2zol + 1) < €+1(2I$0|+1)=€

2|zof
Therefore, by Definition 5.4.3, f(z) = z? is continuous at z = zo.

In the previous example, since the same proof works for every value of
zo € R, it follows that f(z) = 12 is continuous over the entire real line. When
a function f is continuous at every point in an interval, then the function is
said to be continuous on the interval.

Definition 5.4.4: A function f is said to be continuous over an interval I
if and only if f is continuous at each point z € I.

Note that the form of the interval I in Definition 5.4.4 is not specified.
This means that a function f can be continuous on an open interval, a closed

1
interval, or a half-open interval. For example, f(z) = - is continuous over

the interval (0, 00) but is not continuous on the interval [0, 00).

Ezample 5.4.4: Let f(x) = 2% + 4z — 1. Show that f is continuous on R.
Solution: Let zo € R be ABF. By Theorem 5.3.3 it follows that

lim [:c2+4x—1] =zg—4xo~1=f($0)

I — Ty
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Now, since zg € R was arbitrary, it follows that lim f(x) = f(zo) for all

x— Iy

zo € R and therefore, f(x) = 2% + 4z — 1 is continuous on R.

The following two theorems are direct results of Theorem 5.3.3 and its
corollary and show that the polynomials and rational functions are continuous
functions on R.

Theorem 5.4.1: If p(z) is a polynomial in z, then p(x) is continuous for all
z € R.

Proof: Theorem 5.4.1 follows directly from Theorem 5.3.3.

Theorem 5.4.2: Let p(z) and g¢(z) be polynomials, and let o € R. If

g(zo) # 0, then M is continuous at £ = zg.

g(z)
Proof: Theorem 5.4.2 follows directly from the corollary to Theorem
5.3.3

The next theorem shows that when a function f is continuous, then so
are the functions af(z) + b and | f(z)}. In proving Theorem 5.4.3, the proof of
the continuity of af{(z) + b is based on the limit results of Section 5.3, while
the continuity of | f(z)| is proved using an e-§ approach.

Theorem 5.4.3: Let f be a real-valued function, and let zop € D. If f is
continuous at £ = zg, then

(i} a- f(z) + b is continuous function at = g, V a,b € R.

(ii) |f(z)| is continuous at x = .
Proof: Let f be a real-valued function that is continuous at = zg.
Proof of part (i): Let a,b € R be ABF and define g(z) := a- f(z)+
b. Then Dy = Dy and g(xo) = a- f(xp) + b. Now

lim g(z) = lim‘(a~ flx)+b) = a-xliincf(x) +b

z—=zxy T -z

=a f(c) + b= g(zo)
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Hence, Ilim g(x) = g{xo); therefore, g(z) = a- f{x)-+b is continuous
—z9
at r = zo, Va,be R.
Proof of part (ii): Let ¢ > 0 be ABF. Since lim f(z) = f(xo)
I—To

there exists a § > 0 such that | f(z)— f(zo)| < e whenever |z—xo| < 4.

Consider ||(z)| ~ |f(zo)I]:

[1£@) = 1f@o)l| < 1/() = f(zo)|
By Theorem 4.2.14

Thus, whenever |z — xg| < 4, it follows that

|1/ @) - 1f@o)l| < 1/(@) — f(mo)] < ¢
Therefore, |f(x)| is continuous at z = zo.

The following theorem shows that when two functions f and g are con-
tinuous at r = xg, then so are the sum, product, and ratio of f and g.
Furthermore, the proof of each part of this theorem follows directly from the
limit theorems of Section 5.3.

Theorem 5.4.4: Let f and g be real-valued functions with common domain
D. If f and g are continuous at the point x = z¢ € D, then

(i) f -+ g is continuous at T = xg.

(ii) af + bg is continuous at = = zg, V a,b € R.

(iii) f-g is continuous at x = zo.
(iv) £ is continuous at x = x¢, provided that g(z¢) # 0.
g

Proof: Let f and g be real-valued functions with common domain
D, and suppose that f and g are continuous at the point z = zo € D.

Proof of part (i): Let s{z) = f(z) + g(z). Then, D, = D and
s(zo) = f(zo) + g{z0), and since f and g are continuous at z = o,
it follows that lim f(z) = f(zo) and lim g(z) = g(zo).

r— Iy T —Iq



222 The Foundations of Calculus

Consider lim s(z):

T — X

lim s(z)= lim [f(z)+g(z)] = lim f(z)+ lim g¢(z)

r — Ty T = Ig

by Theorem 5.3.1(i)

= f(zo) + g(z0) = s(x0)
Therefore, s(z) = f(z) + g(z) is continuous at £ = z¢ whenever f
and g are continuous at r = xzg.
Proof of part (ii): The proof of part (ii) is left as an exercise.
Proof of part (iii): The proof of part (iii) is left as an exercise.

Proof of part (iv): The proof of part (iv) is left as an exercise.

The continuity of the functions f(z)?, \/f(x), and f(z)" follow directly
from previous results. In particular, Theorem 5.4.4 can be used to show
that f(z)? is continuous, Theorem 5.3.6 can be used to show that \/f(z) is
continuous, and Theorem 5.3.5 can be used to show that f(z)” is continuous
whenever the function f is continuous.

Theorem 5.4.5: Let f be a real-valued function with domain D. If f is
continuous at r = xg, then

(i) f(x)? is continuous at T = z.
(i1) v/ f(z) is continuous at = = xq, provided that f(xz¢) > 0.
(iii) f(z)™ is continuous at * = xg, Vn € N.

Proof: Let f be a real-valued function with domain D, and suppose
that f is continuous at z = zg.

Proof of part(i): Part (i) follows directly from Theorem 5.4.4 part
(1ii) with g(z) = f(z).

Proof of part(ii): Part (ii) follows directly from Theorem 5.3.6.
Proof of part(i): Part (iii) follows directly from Theorem 5.3.5.
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The previous three theorems show that the continuity of one or more
functions is a powerful property that is maintained even when the functions
arc combined using the basic arithmetic operations. For example, when f(x)
and g(z) are continuous at the point £ = xg, then so are each of the following
functions:

k I f(=z) 2 \/"’—
ﬂ$%+,iﬂrﬂ,f@)+g@%.ﬂxwhﬁ»Eas.fh), f(x)
Furthermore, the next theorem shows that the composition of two continuous

functions can also be a continuous function.

Theorem 5.4.6: Let f and g be real-valued functions with domains Dy and
D,. If f is continuous at = g(xp) and ¢ is continuous at £ = xg, then the
function f o g(z) = f (g(x)) is continuous at T = zg.

Proof: Let f and g be real-valued functions with domains Dy and

Dy, and suppose that f is continuous at z = g{z¢) and g is continuous
at z = zp. Let € > 0 be ABF.

Since f is continuous at * = g(zg) and g is continuous at z = zg,
3 8, > 0 such that for y € Dy, }f(y) — f ((9(z0))| < € whenever
ly — g(zo)] < 1.

Also, since g is a continuous function, 3 d; > 0 such that for = €
Dy, lg(z) — g(zo)] < &, whenever |z — zo] < &,.

Thus, for 2¢ € Dyoq it follows that | f(z) — f ((9(z0)) | < ¢ whenever

lg(z) — g(xo)| < 6, which occurs whenever |z — xo} < é2. Hence,
{f(z) — f({g(x0)) | < € whenever |z — xo] < d5.

Therefore, the function fo g(x) = f(g(z)) is continuous at z = xg.

While the continuity is preserved under the ordinary arithmetic opera-
tions, the following example illustrates that the composition of two continuous
functions may or may not preserve continuity.

od

Ezample 5.4.5: Let f(z) = z and g(z) = ;5.
a. Determine the domain of fog.

b. Determine the domain of go f.
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¢. Determine whether f o g is continuous at = = —2.
d. Determine whether g o f is continuous at r = —2.
Solutions: Let f(x) = /z and g(z) = ;. Then, the domains of f and g

are D; = [0,00) and Dy = (=00, 1) U (-1, 00).

a. The domain of fo g is Djey = (—00, —1) U [0, 00)
b. The domain of go f is {0, c0).

c. fogis continuous at £ = —2 since (1) g is continuous at z = —2, (2)
g(—2) =2 € Dy, and (3) f is continuous at T = 2.

d. go f is not continuous at £ = —2 since f is not continuous at z = -2
since -2 ¢ Dy.

Example 5.4.6: Let f(z) = /2 —2 and ¢g(x) = Vz + 1.
a. Determine the domain of fog.
b. Determine the domain of go f.
¢. Determine whether f o g is continuous at z = —1.

d. Determine whether go f is continuous at £ = —1.

Solutions: The solutions to Example 5.4.6 are left as exercises.

The next theorem, Theorem 5.4.7, will show that the maximum and the
minimum of two continuous functions are also both continuous functions. For
example, if f(x) and g(z) are continuous at x = zg, then max(f(z), g(z)) and
min(f(x), g(x)) are also continuous at z = xy. Before stating and proving
Theorem 5.4.7, the following lemma, which will be used in the proof of the
Theoren: 5.4.7, will be proved.

Lemma 5.4.1: Let f and g be real-valued functions with domains Dy and
D,. If z is in both Dy and D,, then

(i) max (f(z), 9(2)) = 5[£(2) + 9@)] + 317(2) - g(a)
(ii) min (f(z), 9(a)) = —max ( - f(@), ~g(z))

Proof: Let f and g be real-valued functions with domains Dy and
D,. Let z be an arbitrary point in both D; and D,.

Proof of part (i): Let M(z) = max (f(z:), g(x)). Now, either
f(x) = g(z) or g(z) < f(z).
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Case 1: Suppose that f(z) > g(z), and consider M(x). Since
f(z) > g(z) it follows that M(z) = max (f(x), g(z)) = f(x) and
If(z) - g(x)| = f(z) ~ g(z). Thus

L (f@) + o@) + 31@) - o(@)

(1@) + 9(2)) + 5] (@) - 9(2)]

N} -

= flz)

Therefore, when f(z) > g(z), it follows that
M(z) = max (£(2), ) = 5 (/@) + (=) + 51(@) - (@)

Case 2: Suppose that f(z) < g(z), and consider M(z). Since
f(z) < g(z) it follows that, M(z) = max (f(a:), g(x)) = g(z) and
|f(x) — g(z)] = g(z) — f(z). Thus

L(5@) + 9@) + 317 - 9(a)]

(f@) + 9()) + 3 (s(2) ~ /@)

[ =R

= g(z)
Therefore, when f(z) < g(z), it follows that
M(@) = max (£(2), (@) = 3 (7@) + 9(a)) + 51/(@) - g(2)]

Hence, for all z in Dy and Dy, it follows that

M) = max (@), o)) = 5 (1(2) + 9(a)) + 51/(@) ~ 9(a)]

Proof of part (ii): The proof of part (ii) is left as an exercise.
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Theorem 5.4.7 shows that max(f(z), g(z)) and min(f(z), g(x)) are con-
tinuous functions whenever f and g are continuous functions.

Theorem 5.4.7: Let f and g be functions that are continuous at the point
z = z9. Then

{1) max [f(:c), g(:z)] is continuous at T = zg.

(ii) min [f(z), g(:::)] is continuous at £ = Io.

Proof: Let f and g be functions that are continuous at the point
I = 2g.

Proof of part (i): First, note that by Lemma 5.4.7

max [f(2),9(2)] = 5 [7(2) + 9@)] + 317(2) ~ 9(a)]

Since f and g are continuous at z = zg, by Theorem 5.4.4 parts (i)
and (ii), it follows that f + g and f — g are continuous at z = xo.

Also, since f + g and f — g are continuous at x = xg, by Theorem
5.4.4 part (ii), it follows that %(f + g) is continuous at z = xp, and
by Theorem 5.4.3 part (ii) and Theorem 5.4.4 part (ii), it follows
that }|f — g| is continuous at x = zo.

Hence, by Theorem 5.4.4(i), it follows that

(1) + 9(2)] + 515(2) - 9]

l\)l'—‘

max [f(z), 9(2)] =
is continuous at r = xg.

Therefore, max (f(ac), g(x)) = %(f(.r) + g(x)) + %If(m) - g(z)| is

continuous at T = g whenever f and ¢ are continuous at x = .

Proof of part (ii): The proof of part (ii) is left as an exercise.

Examples of the maximum and minimum of two continuous functions
are given in Example 5.4.7. Note that the continuity of the maximum and
minimum functions is clearly illustrated in Figures 5.4.2 and 5.4.3.
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Ezample 5.4.7: Let f(x) = sin(x) and g(z) = cos(z). Since cos(z) and
sin{z) are continuous on R, it follows that max (cos(x),sin(z)) is continu-
ous on R as is min (cos(z),sin(z)). The plots of max (cos(z),sin(z)) and
min ( cos(x),sin(z)) are given in Figures 5.4.2 and 5.4.3; Figure 5.4.2 displays
max {cos(x),sin(x)), and Figure 5.4.3 displays min{cos(z), sin{z)).
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Figure 5.4.2 Plot of max(sin(z),cos(z)).
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Figure 5.4.3 Plot of min(sin(z), cos(z)).

When a function f is continuous on a closed interval |a, b}, it can be shown
that for any value y lying between f(a) and f(b), there is a point ¢ € {a, b] such
that f(c) = y. This result is known as the the Intermediate Value Theorem
and is one of the most important results concerning continuity. This theorem
is often used to show that there exists, or there does not exist, a solution to
an equation of the form f(z) = 0 on a closed interval [a, b]. The Intermediate
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Value Theorem is presented below without proof; for a proof of this theorem,
see Elementary Analysis: The Theory of Calculus by K. A. Ross (2003).

Theorem 5.4.8 (The Intermediate Value Theorem): Let f(z) be a
real-valued function which is continuous on the closed interval [a,b]. If y is
any number between f(a) and f(b), then there exists at least one number
¢ € {a, b} such that f(c) = y.

The Intermediate Value Theorem can be used to determine whether there
exists a solution to the equation f(z) = y when f(z) is a continuous function
on a closed interval [a, b]. Specifically, given a function f that is continuous on
[a, b] and an equation f(z) = y, there will always exist a solution to f(z) = y
when y lies between f(e) and f(b). Furthermore, if there exist points z; and
z9 in [a,b] such that y lies between f(z;) and f(z2), then there is also a
solution to the equation f(z) = y that is in [a, b]. However, when y does not
lie between f(a) and f(b), the Intermediate Value Theorem does not imply
that there is no solution to f(z) = y in the interval [a,b]. For example, if
f(z) = sin(x) and the equation being solved is f(z) = 0.5 on [0,#], then
since sin(0) = sin(m) = 0, checking the endpoints does not reveal that there
is actually a solution to this equation, namely, z = % in the interval [0, 7).

Example 5.4.8: Determine whether there is a solution to each of the follow-
ing equations:

a. Let f(z) = 22— 2z on the interval [1, 3]. Is it clear that there is a solution
to the equation f(z) =2 in [1,3)?

b. Let g(x) = e™ on the interval [0, 3]. Is it clear that there is a solution
to the equation g(z) = 0.5 in [0, 3}?

c. Let ¢(x) = cos(x) on the interval [-},-q. Is it clear that there is a

solution to the equation ¢(z) = 0.85 in {0, 7]?.
Solutions:

a. Since f(1) = —1 and f(3) = 3, it follows from the Intermediate Value
Theorem that there does exist ¢ € {1, 3] such that f(c) = 2.

b. Since g(0) = 1 and g(3) = e~3 = 0.0498, it follows from the Intermediate
Value Theorem that there does exist ¢ € [0, 3] such that g(c) = 0.5.

V2

¢. Since ¢ (Zr—> = — < 0.71 and ¢ (zr_) =0, it is not clear from the In-

, =

ermediate Value Theorem whether there exists a value in the interval
i such that ¢(r) = 0.85.
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Corollary to Theorem 5.4.8: Let f be a real-valued function which is
continuous on the closed interval [a,b]. If f(a)- f(b) < 0, then there exists at
least one number ¢ € [a, b] such that f(c) = 0.

Proof: This corollary follows directly from the Intermediate Value
Theorem since f(a)- f(b) < 0 only when f(a) > 0 and f(b) < 0 or
vice versa.

a

8.5 Derivatives

Another important application of limits is found in the derivative of a function.
Recall from calculus that the derivative of a function at a point = zg is the
slope of the line tangent to the graph of the function f at the point (zo, f(zo)).
Furthermore, the derivative of a real-valued function contains information on
where the function is increasing, decreasing, or constant, as well as many other
important properties related to the behavior of the function. A definition of
the derivative of a function at a point xg is given below.

Definition 5.5.1: Let f be a function with domain D containing an interval
I. The derivative of a function f at the point o € I is said to exist if and

only if
i J(@) = F(ao)
im ————-——=
T — ITo X — X9
exists, and in this case the derivative of f at the point z = ¢ will be denoted
by f'(zo).
Definition 5.5.2: A function f is said to be differentiable at a point zg if and

only if the derivative of f exists at the point xg; f is said to be differentiable
on an interval [ if and only if the derivative of f exists at every point in /.

The derivative of a function f at a point z¢ is also sometimes denoted
by 4 (@) =z, Dz lf(@)]4=q, OF f(z0). The derivative of a real-valued

function f, at the point zg, measures the rate of change of the function f in a
neighborhood of zg. In fact, the derivative of f, at £ = g, is often called the
instantaneous rate of change of f at the point (zo, f(zg)). Two alternative,
and equivalent, definitions of the derivative are given below.

Definition 5.5.3: Let f be a function with domain D containing a neigh-
borhood of zy. The derivative of a function f at the point xg € D is said to

exist if and only if
lim L&+ h) — f(x0)
im
h—0 h
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exists. The derivative of f at the point x = zo will be denoted by f'(zo).

Definition 5.5.4: Let f be a function with domain D containing a neigh-
borhood of zy. The derivative of a function f at the point g € D is said to
exist if and only if for every € > O, there exists § > 0 such that

f@) =)
T — Iy

whenever {z —zg| < §. The derivative of f at the point x = ¢ will be denoted

by f'(zo).

Note that among the three definitions of the derivative of f, only Defini-
tion 5.5.4 requires that f'(x¢) be known. Thus, in order to prove that f has a
derivative at = = zy using Definition 5.5.4, the actual value of the derivative
must be known. On the other hand, Definitions 5.5.1 and 5.5.3 can be used
to determine the derivative of a function f at a point x¢ without knowing the
derivative, f'(zg). For this reason, Definitions 5.5.1 and 5.5.3 can be used to
derive the general form of the derivative of a function f, while Definition 5.5.4
cannot. The following four examples illustrate how Definitions 5.5.1 and 5.5.3
can be used to determine the generic form of the derivative of a function f.

Example 5.5.1: Let f(z) = z% + 2z. Determine the derivative of f(xz) at
the point x = zg using

a. Definition 5.5.1.

b. Definition 5.5.3.

Solutions:

a. Consider lim M:
T — Iy T — Xy

— 2 -2
lim f(z) — f(zo) — lim F + 2z ~ x§ — 2o
T —zx0 T — X T —zy I — X9

lim (I_xo)($+x0)+2($*x0)= lim z+xo+2

T =9 I — X9 T — Tg

=2z9+2

Therefore, f'(zq) = 2zg + 2.
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f(zo+ h) — f(zo)
- :

b. Consider lim

-

f(xo +h) — f(zo) (zo + h)? + 2(x0 + k) — 2§ - 2z

I s
iy h hh—rpo h
. Z2+2z0h+ h? 4 2z + 2h — 22 — 210
= lim 0
h—0 h
er = lim 2z0h + h? + 2k
_h~'0 h

= lim (2:1:0+ h+ 2) = 200+ 2

Therefore, f'(zg) = 2z + 2.
Ezxample 5.5.2: Let f(z) = \/z. Determine the derivative of f(z) at the
point * = xg using

a. Definition 5.5.1.
b. Definition 5.5.3.

Solutions:

f(zo + h) — f(xo)
- :

a. Consider hlim
~0

i, L0 2 W) = S0) _y, VEOTR VD

h—0 h h—0

—
,...

h.—~0

VZo+h - /T Vioth+ %o
R Ve Rt yE

. .’L‘0+h‘-.’1:0
lim

"= h[VEsT R+ vED)

H

1 1
= lim
h—0 /xo+ h+ /To 2,/.1‘0

1
2 /7o

b. The solution to part (b) is left as an exercise.

Therefore, f'(zg) =
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1
Ezample 5.5.3: Let f(z) = —. Determine the derivative of f(z) at the
z

point = = xg.
Solution: Using Definition 5.5.3, note that

1 1

. f(xo + h) — f(zo) IRT (zath)® 17

llm = 11m i
h—0 h h—0 h

x5 = (zo + h)?
= T
h—0 hz§(xzo + h)

- lim 2§ — T§ = 2zoh — h? lim —2z9 — h
=0 h[x%(zo + h)?] h=0 [x%(;to + h)?}

_ —2x9 _ _3

7 X

2
Therefore, f'(zq) = -3
]

Exzample 5.5.4: Let f(x) = sin(z). Determine the derivative of f(x) at the
point = = xg.

Solution: Using Definition 5.5.3, note that

i fE0t W)~ f(z0) _ | sin(zo + h) —sin(zo)
h—0 h h—0 h

. sin(zg) cos(h) + sin(h) cos(zg) — sin(xp)
hh-r*no h

it

o . cos(h) — 1 ) sin(h)
= hhino [sm(zo)' — + cos(zg)- h ]
. : . . sin(h)
Now, in Example 5.3.4 it was shown that hhmo N =1
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Consider lim C—Of’ﬂl—)-:—lz
h—0 h
. cos(h)—-1 . cos(h) — 1 cos(h) + 1
1 —_— =] .
A h P [ h cos(h) + 1}
cos?(h) — 1
= lim ————
n—0 h{cos(h)+ 1)
—sin2
- tim o ()
h—0 h(cos(h)+1)
. —sin(h)  sin(h)
= | .
P [ h cos(h) + 1]
Now, since lim sin(h) =1 and lim ﬂ—(ﬁl— = (), it follows that
h—0 R h—0 cos(h)+ 1
. cos(h)-1 —sin(h) sin(h) _
oy h = pimy i, cos(h) +1 —10=0
Thus
lim sin{zg + h) — sin(zo)
h—0Q h
o . cos(h) — 1 sin(h)
= hll_xf\O [sm(zo)- — + cos(zg)- T]
L . cos(h) —1 . sin(h)
= sin(zg) hll—ino — cos(xo) hh.[—.no 5

= sin(zg)- 0 + cos(xg)- 1 = cos{zo)

dr .
Therefore, Tn [sm(x)} ey cos(xg)-

Theorem 5.5.1 shows that when a function is differentiable at x = zg, then
that function is also continuous at x = xo. Furthermore, the contrapositive
of the theorem shows that when a function is not continuous at z = zg, it is
not differentiable at r = zq, either.
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Theorem 5.5.1: Let f be a real-valued function. If f is differentiable at
I = xg, then f is continuous at r = zg.

Proof: Let f be a real-valued function that is differentiable at zo.
Since f is differentiable at zo, it follows that

f(zo) = im mf(z; ~ if,xc)
Consider lim; _ , {f(z) - f(zo)}:
Jim /() — fao)] = tim [T=2(f(@) - f(zo)]

= lim [(z — 7o)} lim {————————f(x)-f(%)]

z—Zy T~ Zy r —Ig
- —

By Theorem 5.3.1(iii)

=0 f(xo) =0
Hence, Ilirr} [f(z) — f(zo)] = 0. Thus, lim f(z) = f(zq). There-

fore, f is continuous at x = xo.

Note that the converse of Theorem 5.5.1 is not true. Specifically, there
exist functions that are continuous at a point zg, yet the function is not
differentiable at zg. An example of a function that is continuous on R that is
not differentiable everywhere on R is given in the following example.

Ezample 5.5.5: Let f(z) = |z|. The plot of f(x) = |z| is given in Figure
5.5.1.

N W s Dy

Figure 5.5.1 A plot of f(z)=|z|.
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By Theorem 5.4.3(ii), f(z) = |z is continuous on R, and hence f is

f(zo + h) - flzo)

continuous at z = 0. Consider hlimo b for g = 0:
i JOHR =@ _ R =fo] [
r—0 h h—0 h r—0 h
This limit does not exist since lim -i—’—ll =—land lim m = 1.
h—0- h h-—0+ h

Therefore, f(x) = |z| is not differentiable at zq = 0.

The next theorem provides useful results for determining the derivatives

/(=)

of the following functions mf(z) + b, f(z) + g(z), f(z)- g(z), and =% at a

9(x)

point z = o whenever the functions f and g are differentiable at zg.

Theorem 5.5.2: Let f and g be real-valued functions. If f and g are differ-

entiable at the point z = 7o, then
() 5 mf(2) +8,_,, = mf'(z0).
() = 1/(2) + 8(&) e, = 1'(20) + 9'(20).
() 3= 17(2) = 9(&) s, = J'(z0) o 0)

() 1= J(@)g(a)], ., = I'(z0)olz0) + F(20)d (z0).

) 7 o) 9(70)?

Proof: Let f and g be real-valued functions, and suppose that f

and g are differentiable at the point z = xo.

Proof of part (i): From Definition 5.5.3, it follows that the deriva-

tive of mf(z) +batz =z is

. mf(zo+h)+b—mf(zg)—b
= lim
h—0 h

T CRLORY (O R

h—0

Therefore, % mf(z)+9b],_,, = mf ().

d [MJ _ f'(zo)g(xo) — f(‘rO)g’(xO), provided g(zo) # 0.
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Proof of part (ii): From Definition 5.5.3, it follows that the deriva-
tive of f(z) + g(z) at x = 1 is

- lim flzg + h) + glwo + h) — f(zo) ~ g(x0)
h—0 h

i @0t ) = f(z0) | 9@ +h) ~ glao)
h—0 h h—0 h

>

——, -

By Theorem 5.3.1(i)

= ['(z0) + ¢'(z0)
Therefore
@)+ 9N, = I'(20) + (20
whenever f and g are differentiable at 1 = z,.
Proof of part (iii): The proof of part (iii) is left as an exercise.
Proof of part (iv): From Definition 5.5.3, it follows that the deriva-

Slzo + h)g(zo + h) ~ fzo)g(zo)
- )

tive of f(z)g(z) at x = z¢ is hlimo

Now

f(zo + h)g(zo + h) — f(z0)g(z0)

= J{zo + h)gla) + [(zo + h)g(zo) ~ F(ms + h)glzo) ~ Flzo)a(zo)
Thus = (f(z)o(z)], .,

- lim (f(xo + h)g(zo + h) = J(zo + h)g(zo)

 Fao+ ) |glzo+ h) = g(z0)] + glwo) [Fwo + k) ~ f(zo)]
- hhj.no h
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Now, since f and g are differentiable at = = 7z, from Theorem
5.5.2 it follows that f and g are continuous at x = xg, and thus
hlimo flzo + h) = f(zo) and hlimo g{zo + h) = g(xg). Hence,

lin fzo + h)g(zo + h) — flzo)g(x0)
h—0 h

f(zo + h) — f(zo)
h

g(zo + h) — g(zo)
h

by Theorem 5.3.1 parts (i) and (iii). Thus

i f(zo + h)g(xo + k) = f(Zo)g(x0) _
h—=0 h

Therefore

- Jim, (a0 +) Jim, alao) Jim

f(x0)g' (zo) + g{z0) f(z0)

d ,
. (f(@)g(z)), s, = f(0)g(z0) + f(Z0)g (o)
whenever f and g are differentiable at x = z;.

Proof of part (v): Suppose that g(zo) # 0. From Definition 5.5.3,

it follows that the derivative of flz) at x = z¢ is
9(z)
flzoth)  flzo)
= lim glzo+h) g(zy)
h—0 h

lim flxzo + h)g(xo) — f(xo)g(zo + h)
h—0 g(zo + h)g(zo)h

]

0

A

—

i £(@0 + h)g(z0) = f(w0)g(x0) + f(z0)g(z0) = f (z0)g(z0 + h)
h—0 9(zo + h)g(zo)h

i

B LR YT R ()

h—0 g(zo + h)h 9(zo + h)g(zo)h
Now, since f and g are differentiable at © = zq, it follows that f and

g are also continuous at x = xg. Thus, hlimo g{zo + h) = g(zo), and
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1 1
since g(x 0, it follows that lim = . Hence, b
olzo) 7 o oo T ) 9lz0) Y
Theorem 5.3.1 parts (i) and (iii) it follows that

[(zath)  f(zo)
hm g(z(l*h) Q(I”) — llm 1 ) llm f(xo + h’) N f(.'l:())
h0 h h—0 g(zo+ h) =0 h

9(z0) h—o g(zo + k) A0

_ flzo) 1 lim 90+ h}z - 9(zo)

Thus, &% {—f—(f-)-} .

9(z)
Jzoth)  f(zy)
= lim g(zo+h) g(zn)
h—0 h
1 Y] f(xo) 1 '
o . + . .
9(zo) f(zo) g(zo) g(zo) g(zo)

_ 9(xo)f'(z0) — f(Zo)g' (o)
9(z0)?

Therefore

d [MJ _ f"(zo)g(z0) — f(z0)g' (o)
dz {g(z)],_,, 9(z0)?

whenever f and ¢ are differentiable at z = 2y and g(x¢) # 0.

Ezample 5.5.6: Let f(z) = z° and g(z) = sinz. Determine

a 2]+ o]

r=xzp

b = [ f@e(z)]
d z
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Solutions:

a. Using Theorem 5.5.3(ii),

% [f(x) + g(z)} = 2z0 + cos xp

=Ty

b. Using Theorem 5.5.3(iii),

d
Ir [f(z)g(x)}x:x = 2z¢sinzg + T3 CO8 To

c. Using Theorem 5.5.3(iv),

i[f(x)] _ 2xgsinzo — 1 cos Tp
dz Lg(x)lz=2o sin g2

239
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EXERCISES

5.1 For each of the following sequences, find the smallest value of N such
that |a, —a} < 0.1, Vn > N:

a. a, = n anda=1
n+5
dn+ 11
b'a"_2n+6 anda—§
1
c. an:—,‘;anda:O.
n
d.a.,l=1—(~];) and a = 1.
n

5.2 Repeat Exercise 5.1 for la, —a] < 0.01.
5.3 Find a value of M that bounds each of the sequences in Exercise 5.1.

5.4 Suppose that lim z, =2, lim y, = 3, and y, > 0, V n € N. Determine
n—oo n—00

a. lim (z,+ yn)-
n-—00
n 2 n
b, lim It %¥n
n—oo gy, — 1
c. lim z? +5y2.
n-—oo0

d. lim /6y, — 3z,.

n-—-+00

5.5 Prove each of the following theorems:

a. Theorem: If a,, and b,, are sequences of real numbers with
lim a, = a and lim b, = b, then

n—o0 n =00

nlirgo (r-an+s-by)=r-a+s-b Vr,seR

b. Theorem: If a, and b, are sequences of real numbers with

linclo an = aand lim b, = b, then lim (a, + bn)2 =(a+ b)2.

¢. Theorem: If a, and b, are sequences of real numbers with
lim a, = a and lim b, = b, then lim (a2 + bﬁ) = a? + b2
n-—0c0

n—oo n—oC
d. Theorem: If a,, and b,, are sequences of real numbers with

lim a, =aand lim a, + b, = ¢, then lim b, =c - a.
n-—00 n=00 n—oo
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e. Theorem: If a,, and b, are sequences of real numbers with

bn
lim ap, = a,a#0,and lim — =¢, then lim b, = ca.
n-—00 n—oo Ay n— o0

241

5.6 Let a, be a bounded sequence and suppose that b, is a sequence of real

numbers such that lim b, = 0. Prove that lim (a,b,) = 0.
n—oQ n—oo
5.7 Determine the following limits:
) ( 9 ) 3n
a. lim {1+ —
n-— 00 n

b. lim mtltyn - Vn?o

n— o0 n+1

o i 17n% + 12n3 — 3n + 1000
S m
n—oo 12n1 - 11

5.8 Prove each of the following theorems using an ¢-N proof:

a. Theorem: If a,, is a sequence with lim a, = a, then

n-—oo
lim [a,]| = {a].
n-—oo

b. Theorem: If a, is a sequence with lim a, = a, then lim af, =

n—oo n—od

2

¢. Theorem: If a, is a sequence of nonnegative real numbers with

lim a, = a, then lim /a, = Va.
n—oo n ! n—od n \/-‘

d. Theorem: If a, is a convergent sequence with lim a, = a, then

n—oo

n
1
—E a, — a.
n-
i=1

¢. Theorem: If a, is a convergent sequence with lim a, = a, then

n—oo

1
3 N € N such that |a, — a] < z whenever n > N,V ke N,

f. Theorem: If a, is a convergent sequence with lim a, = a, then

n-—0o0

an +am

Ve >0, 3n & N such that —-a

< ¢ whenever n,m > N.

5.9 Prove that if a, is a sequence of nonnegative real numbers with a, — a,

then a® — a*,VkeN.
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$.10 Use the squeeze theorem to determine the limit for each of the following

sequences:
sin(n?)
a. g, = ——=
n
b. b, = 1 — cos(n)
n+1

1 n
c. cn:<1+n+l)

1 sin(n)
d. cp = (n >
n+1

5.11 Prove that each of the following sequences is a monotone sequence:

a. apn =vVni+n—mn
2
b, dn= 1+ —
s n+2
n
C. Cp = —mmm—
nt+ 1
d. bl:\/i, b23V2+\/§, bn+1: 2+bn
1
e. e, =
Ten+ 1

5.12 Prove that each of the sequences in Exercise 5.11 converges to a limit.

5.13 Let a, be a sequence of real numbers. Assuming that a,, is differentiable
with respect to n, prove that

d
a. an is a nondecreasing sequence if and only if - [an] 20, VneN.
n

d
b. a, is a nonincreasing sequence if and only if —la,] €0, VneN.

dn

5,14 Let an) — a', ¥ i €N, Use mathematical induction to prove each of
the following theorems:

k41 k+1
T (2) .. (¥) §
a. Theorem: nlLero Z ay ~Z at/  VkeN

=1 i=1

k+1 k+1
. (i) . (2)
b. Theorem: nler;o H ay’ = H a‘’, vV keN.

i=] i=1
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5.15 Let a, be a Cauchy sequence of real numbers. Prove that

a. an is bounded.

b. There exists a real number a such that lim a, = a.
n—o0
c. If @, and b, are Cauchy sequences, then a,+b, is a Cauchy sequence.

d. If a,, and b, are Cauchy sequences, then a,b, is a Cauchy sequence.

5.16 Let a, and b, be monotonic sequences of real numbers. Prove that

a. can is a monotone sequence V ¢ € R.
b. a, | and b, |, then (a, + b,) |.

c. If a, and b, are nonnegative nonincreasing sequences, then a,b, |.

5.17 Let a, = v/4n? + 8n — 2n. Then

a. Show that a, 7.
b. Show that a, is bounded by 4.

¢. Determine lirroxo V4n? + 8n — 2n.

1 n
5.18 Let a, = [ 1+ —} . Prove that a, is a nondecreasing sequence that is
n

bounded above by 3.

1
1\" , . , :
5.19 Let b, = {1+ = . Prove that b, is a nonincreasing sequence that is
n

bounded below by 2.

5.20 Let a, be a nonincreasing sequence of positive real numbers and define
_amtaxtazt--+tan

h n
a. Show that a; >, > a,, Vne N,

Tn

nNYn + Gnii

b. Show that v, can be written as yp41 = —

c. Show that v, is a nonincreasing sequence.

d. Let ay =4 and show that v, — ~ for some value of 0 < v < 4.
5.21 Prove that if X is a subset of R and ¢ = inf X, then ¢ is unique.

5.22 Prove that if a, is a nonincreasing sequence of real numbers, then a,
converges if and only if it is bounded from below.
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5.23 Determine the following limits:
I ?+z
a'zBHZxQ-—I
2
4+
Y
b R 221
. xi4+4x43
lim ———————
z—-3 g+3

C.

5.24 Prave each of the following theorems using an €-§ proof:

a. Theorem: If f(x) is a real-valued function with
lim f(z) = L, then lim kf(z)+{=kL+ !, Yk [€R.
r—a T—0

b. Theorem: If f(z) is a real-valued function with il_rnz f(z) = L, then
lim |7(z)) = |LI

c. Theorem: If f(z) is a real-valued function with zh_r‘n f(z) = L, then
lim f(z)? = L. ’

d. Theorem: If f(z) is a nonnegative real-valued function with

lim f(z) = L, then lim Vi) = VL.

5.25 Prove each of the following theorems:

a. Theorem: If ¢ € R, then lim z" =a™, Vne N.

T—a

b. Theorem: If lim f(x) = L, then lim f(z)" =L", VneN.
¢. Theorem: If p(z) is a polynomial, then lim p(x) = p(a),Va €N.

5.26 Foric N, let fi(x) be functions defined on a common domain D. Given
that lim fi(z) = L; for all i € N, prove that
I—C

n+l n+1

a. ll_r,n; fi@) =) Li,¥neN

i=1
m+1 n+41

b. llinnl filz) =] L, ¥neN,

i=1
5.27 Let f and g be real-valued functions with common domain D. Assuming
f and g to be continuous at r = zg, prove that

a. af + bg is continuous at x = zo, Va,b € R.

b. fg is continuous at z = .



EXERCISES 245
C. £ is continuous at x = xg, provided that g(zg) # 0.

5.28 Prove each of the continuity results in Exercise 5.21 with an e-d proof.

5.29 Let f and g be real-valued functions with domains Dy and Dg, respec-
tively. Prove that

a. If z € Dy and z € Dy, then
min (f(z), g(z)) = — max (- f(z), ~9(z))

b. If f and g are continuous at z = zg, then min {f(x), g(z)) is contin-
uous at z = xg.

5.30 Let f be a function with domain (-o00,00), having the property that
flx +h)= f(z)- f(h) forall z,h € R and f(0) # 0. Then

a. Show thatf(0) = 1.

f(z +h) - fz)
h .

c. Show that f(z) = e** where A = f'(0).

b. Determine f'(z) = hlimo

5.31 Prove that if f(x) is bounded (i.e., | f(z)] < M for some constant M) and
g(z) approaches 0 as z approaches ¢, then lim f(z) - g(z) = 0.

1
5.32 Prove that limo (:c - sin ;) =0.

5.33 Let f,(z) be continuous function on a domain D, ¥ i € N. Prove that
n+1
a. Z fi(z) is a continuous function on D,V n € N.
i=1

n+l1
b. H fi(z) is a continuous function on D,V n € N.
i=1

¢. max(fi(z)) is a continuous function on D.

d. min(f;(x)) is a continuous function on D.

5.34 Let f(x) = mx + b. Prove that for any ¢ > 0, § = is a positive

€
1+ |m|
pumber such that |f(z) — f(c)| < € whenever |z — ¢| < §, proving that
f(z) is continuous at = = c.
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5.35

5.36

5.37

5.38

5.39

5.40

5.41

5.42
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Let f and g be continuous at = = zg. Prove that

a. max(f(av),g(:lc))2 is continuous at r = xp.
b. max (| f(z)},g(z)|) is continuous at = xg.
c. max (min (f(z)?,9(z)) , f(z) + g(z)) is continuous at T = zo.

Determine where each of the following functions is continuous in R —also,
for each isolated point where a function is not defined, determine whether
the function can be defined there so as to make it continuous:

a. f(l‘): G—EB—)Q

b. g(z) = iﬁ::
i

C. h(x) = 1—:73:—]

Let f(z) be continuous at z = o and g(z) continuous on an interval
containing f(xg). Prove that g o f is continuous at £ = zp.

Let f be a continuous function with domain [0, 1]. Prove that if for all
z€[0,1],0 < f(x) < 1, then 3 ¢ € [0, 1] such that f(y) = .

Use the Intermediate Value Theorem to show that the following equations
have at least one real solution in the specified interval:

a. z2 -5=00n[2,3

b. 24+ z+1=00n [-1,0]

c. 23 -3z2+1=00n0,1j
d. cosz =z on [O, %]
e 2

. 23cos(z) + 1 = 2% on [, 7]

Prove that if f(x) is a continuous function on R with f(¢} > 0, then there
exists § > 0 such that f(x) > 0 whenever |z —c| < 4.

Use an ¢-§ proof to show that k- f(z) + lg(z) is continuous at z = ¢
whenever f(x) and g(z) are continuous at z = c.

Use Definition 5.5.3 to find the derivative of each of the following func-
tions:

a. flxr)=1z°+4z

1
b.g(z) =
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5.43

5.44

5.45

5.46

3z +4 1
c. h(av)—~2;c~1 forz;éi
d. p(z) =z2" forne N

e. s(z} = sin(z)

Use Definition 5.5.1 to find the derivative of each of the functions given
in Exercise 5.4.2.

Show that the function

?+zx+1 ifz>1
Hz) =

4r -1 ifr<i1

is continuous at £ = 1 but not differentiable at z = 1.

Let f be a real-valued function defined on R, and suppose that for all
z,y € R with z # y that | f(z) ~ f(y)| < (z —y)?. Prove that there exists
a real number ¢ such that f'(z) =0, Yz € R.

Let f(x) be differentiable on the interval {a, b]. Prove that

a. If f(z) is a monotone nondecreasing, then f'(x) >0, V r € {a, b].

b. If f(z) is a monotone nonincreasing function, then f'(x) < 0 for all
z € [a,b].



Chapter 6
The Foundations of Algebra

The logical foundations of most areas of modern mathematics, including math-
ematics encompassing algebra and calculus, are based on the field of math-
ematics known as set theory. Unlike the development of any other area of
mathematics, the development of set theory was not based on the need to
solve some physical or earthly problem. Moreover, set theory is a relatively
new addition to modern mathematics and has changed the direction of mathe-
matics. Georg Cantor (1845-1918) is credited with first introducing the ideas
of sets and set theory in late nineteenth century, but not without some con-
troversy. Cantor is also credited with recognizing that infinite sets can have
different sizes. In particular, Cantor proved that the set of rational numbers
contains fewer elements that the set of real numbers; for more information on
Georg Cantor and the development of set theory, see GEORG CANTOR: His
Mathematics and Philosophy of the Infinite by J. W. Dauben (1979). Other
mathematicians with key contributions to the development of set theory in-
clude Bernhard Bolzano (1741-1848), Richard Dedekind (1831-1916). Ernst
Zermelo (1871-1953), Bertrand Russell, George Boole, and Kurt Godel.

6.1 Introduction to Sets

The study of modern mathematics requires that a student be well prepared
in the area of set theory. For cxample, the theory of calculus as well as the
theory of algebra have modern foundations built on set theory, and even the
field of statistics is built on a foundation starting with set theory. The first
use of the term set was due to Bolzano, and the definition of a set and element
of a set are given below.

Definition 6.1.1: A well-defined collection of objects is called a set. The
collection of all objects of interest is called the universal set or the universe
and is denoted by 2. An object in a sct is called an element.

Definition 6.1.2: A set is said to be a well-defined set if and only if there is
a method of determining whether a particular clement is in the set.

The importance of using only well-defined sets was first illustrated by
Bertrand Russell in 1901 with the following example. Let R be the set of all
sets that are not members of themselves (i.e., R = {4 : 4 ¢ A}). Russell’s
sct R leads to the following paradox, known as “Russell’s paradox™:

IsRe RT If Re R, then R¢ R. However, if R¢ R, then R€ R.

248
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Clearly, a paradox of this nature is undesirable and hence only well-
defined sets will be considered in this section. An example of a well-defined
set is

A = {odd natural numbers less than 20}

and an example of a set that is not well defined is
B = {some odd natural numbers}

Clearly an element is in A if and only if it is one of the numbers 1, 3, 5,
7,9, 11, 13, 15, 17, or 19, and hence A is a well-defined set. On the other
hand, there is no way of knowing from the definition of the set B whether a
particular odd natural number is in B. Hence B is not a well-defined set.

Ezample 6.1.1: The set of prime numbers less than 80 is a well-defined set
with

Pso = {2,3,5,7,11,13,17,19, 23,29, 31, 33, 41,43, 47, 53, 59, 61, 67, 71, 73, 79}

The elements of Py are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 33, 41, 43, 47,
53, 59, 61, 67, 71, 73, and 79.

Note that there is nothing in the definition of a set that requires that the
elements of a set be numbers. Now, when z is an element of a set A, this will
denoted by # € A, and when z is not an element of the set A this will be
denoted by =z ¢ A. Also, there are several different ways to represent a set,
including roster notation, set-builder notation, and interval notation. A set
is listed using roster notation by listing the elements of the set, separated by
commas, and enclosed in curly set braces; the use of the set bracket notation
{ } is due to Cantor in an article published in Mathematische Annalen (Cantor
1895). Roster notation is frequently used with small sets; for example, the set
consisting of the prime numbers less than 80 was listed in roster notation in
Example 6.1.1.

Definition 6.1.3: A set A is said to be a finite set if and only if the number
of elements in A is a natural number. A set that is not finite is called an
nfinite set.

For example, A = {-3,-1,2,4,11,112} is a finite set and Z, the set of
integers, is an infinite set. Finite sets can often be listed using roster notation,
while infinite sets can sometimes be listed using roster notation by listing
enough elements to show the pattern of elements in the set and then indicating
that same pattern continues on indefinitely. For example, N= {1,2,3,...}. The
first few elements illustrate the pattern, and the ellipsis (i.e., the three dots

..) indicate that the same pattern continues on indefinitely.
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Example 6.1.2: Determine whether each of the following sets is finite or
infinite:

a. S := the set of real-valued solutions to the equation 2% — 522 + 4 = 0.

b. Zp := is the set of odd integers.

c. P := is the set of prime numbers.
Solutions:

a. S is finite since S = {-2,-1,1,2}.
b. Zo is infinite since Zp = {0, £1,+2,43, ...}
c. P is infinite by Theorem 4.3.16.

With infinite sets, and in some cases finite sets, it is often impossible
to list the set using roster notation. When this is the case, a set is usually
written using mathematical notation for describing a set and its elements
known as set-builder notation. A set is represented using set-builder notation
by using mathematical notation to describe the set by listing the properties
that its elements must satisfy. Thus, set-builder notation is a simply way
of using mathematical notation to represent the set of elements having a
particular property called the defining property. For example, the set of the
prime numbers less than 100 can be expressed as using set-builder notation
as Pioo = {p : pis a prime number and p < 100}, and the set of rational
numbers can be written using set-builder notation as

Q:{r:r:%wherea,béZandb#O}

Ezxzample 6.1.3: Let F be the set of Fibonacci numbers. Express F using
set-builder notation.

Solution: The set of Fibonacci numbers can be expressed as

F={F,: i=F,=1, and F42 = F,,;, + F, forn € N}

Finally, recall that an interval is an infinite collection of real numbers
forming a continuum. The ends of an interval can be open or closed. That is,
the end of an interval is open when the end does not include its endpoint and
closed when the end of the interval does contain the endpoint. For example,
the set {r € R : 0 < z < 10} is the open interval (0,10), and the set
{x € R : 0 <z <10} is the closed interval [0,10]. Recall further that an
interval can be half-open/half-closed such as the interval {0, 10).
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Ezxample 6.1.4: Several examples of sets and the different methods used to
represent them are given below:

a. A = {dog, cat, cow, pig, horse, chicken, fish} is a set listed using roster
notation.

b. B = {0,%1,+2,+3,+4,...} is the set of integers listed using roster no-
tation.

c. I =[0,00) is the set of nonnegative real numbers listed using interval
notation.

d. C = {f : fis areal-valued continuous function} is the set of real-valued
continuous functions, listed using set-builder notation.

e. E={z€R: z?+1 < 0} is the set of values of the function f(z) = z2+1,
where f(z) < 0, listed using set-builder notation.

Note that set E in Example 6.1.4 contains no elements since 22+ 1 > 0
for all z € R. Thus, the set E is empty and hence is called an empty set.
Empty sets are commonly encountered in set theory, and the mathematical
definition of an empty set is given below.

Definition 6.1.4: The set containing no clements is called the empty set and
is denoted by .

Note that the empty set may also be represented by { }. It is important
to note that the set {@} is not the same as @), since {#} does contain one
element, namely, the empty set; however {} has no elements. In other words,
@ € {0} and thus, the set {0} is not empty.

Now, the two basic reference sets in set theory are €2, the universe, and
@, the empty set. However, most set theory is based on subcollections of
elements in 2. Subcollections of (2 are called subsets, and several important
definitions that are used to relate subsets are given below.

Definition 6.1.5: A subcollection of elements of a universe § is called a
subset of 1. When a set A is a subset of Q, this will be denoted by 4 C Q.

Definition 6.1.6: Let A and B be subsets of . The set A is said to be a
subset of the set B if and only if every element of A is also an element of B.
When A is a subset of B, this will be denoted by 4 C B.

Definition 6.1.7: A set A is said to be a proper subset of a set B if and only
if A is a subset that is strictly contained in B. When A is the subset of B
that contains all the elements of B, then A is called an improper subset of B.

The subset relationship between two sets is analogous to the ordering of
real numbers. In particular, A C B is the set version of a < b for numbers.
In many presentations on set theory the special notation A C B is used to
denote that A is a proper subset of B, while A C B is used to denote that
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A may be an improper subset of B. However, since this distinction will not
affect any of the results presented in this chapter, no distinction will be made
between proper and improper subsets. Thus, the notation A C B is meant to
imply that A might be either a proper or improper subset of B.

Exzample 6.1.5: Let the sets A, B, and C be defined as follows:

A={z€Z:z="2k for some k € Z}
B ={z€Z:z=3k for some k € Z}

C ={z€Z: 2= 6k for some k € Z}

Then, C ¢ A and C C B. In fact, C is a proper subset of both A and B,
while B does contain many even numbers B ¢ A.

Note that the empty set is a proper subset of any nonempty set. Also,
any proper subset of a set B must necessarily exclude at least one member of
B. For example, if the set A is a proper subset of a set B, then V z € A, it
follows that £ € B; however, there must be elements in B that are not in A.
For example, the set of even integers Zg is a proper subset of the integers since
every clement of Zg is in Z but not every integer is in Zg. Similarly, the odd
integers Zo is a proper subset of Z. However, the set formed by combining
the even and odd integers is an improper subset of Z since it contains every
possible integer and hence, is exactly Z.

Now, suppose that A and B are subsets of €2, A is a subset of B, and B
is a subset of A, also. In this case, since every element of A is also an element
of B and vice versa, it follows that A and B must have exactly the same
elements. When two sets have exactly the same elements, these sets are said
to be equal sets. The mathematical definition of equal sets is given below.

Definition 6.1.8: Let A and B be subsets of 2. The sets A and B are said
to be equal sets if and only if A C B and B C A.

The definition of equal sets given above is equivalent to saying that two
sets are equal if and only if they have exactly the same elements. For example,
the set of even integers and the set of integer multiples of 2 are clearly equal.
In Section 6.1.3 an algorithm for proving that two sets are equal is given.

Ezample 6.1.6: Let A = (0,10}, B = {1,2,3,4,5,6,7,8,9,10}, and let the
set C = {z € R : 2+ 1 < 10}. Determine which of the sets A, B, and C are
subsets of cach other.

Solution: The solution to Example 6.1.6 is left as a exercise.
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The next theorem shows that the empty set is a subset of every subset of
2. Furthcrmore, the empty set is a proper subset of every nonempty subset

of Q.

Theorem 6.1.1: Let A be a subset of . Then, § C A.

Proof: Let A be a subset of Q. Note that § is a subset of A if and
only if every element in () is also in A. Since there are no elements
in @, this is true by default.

6.1.1 Set Algebra

The algebra used in set theory is somewhat analogous to simple arithmetic.
In particular, new sets are often of created by combining the elements of the
sets, which is analogous to addition of numbers, or by taking the elements that
are in one set but not another, which is analogous to subtraction of numbers;
there is even a method for creating a new set analogous to multiplication (i.e.,
the Cartesian product of sets), which will not be discussed in this text. Other
set algebraic ways of creating new sets include forming a set by taking the
elements common to two sets or the elements that are in the universal set but
are not in the original set. In particular, the basic set operations that are
used to create new sets are union, intersection, and complementation. The
definitions of the sets resulting from the application of these operators are
given below.

Definition 6.1.9: Let A and B be subsets of Q. The union of the sets A
and B is defined to be {z € 2 : £ € A or z € B} and is denoted by AU B.

Definition 6.1.10: Let A and B be subsets of 2. The intersection of the
scts A and B is defined to be {z € Q : r € A and = € B} and is denoted by
ANB.

Definition 6.1.11: Let A be a subsct of Q. The complement of the set A is
defined to be {x € 0 : z & A} and is denoted by A°.

Note that U and N are binary operators whose arguments are sets; comple-
mentation is a unary operator whose argument is a single set. The symbols U
and N were introduced by Giuseppe Peano (1858-1932) in 1888. In fact, most
of the set notation currently used in set theory is due to Cantor, Peano, and
Ernst Schroder (1841-1902) and was introduced between 1880 and 1920. The
three set operations union, intersection, and complementation are often used
in forming new sets. For example, given two sets A and B, several examples
of new sets that can be created using these set operations are listed below:

ANB, (ANB)U(ANB®), (A°UB°)N(AUB), (AUB), (ANB)°
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Ezample 6.1.7: Let @ =R, A= (0,10),B={z : [z~ 1| <5}, and C = Q.
Determine

a. AUB

b. ANB

c. A°

d. C*
Solutions: Let 0 =R, A= (0,10), B={z : [z — 1| < 5},and C = Q.

a. First, note that B is the interval (—4,6). Now, by definition, AU B
contains all the points that are in either A or B or both A and B. Thus

AUB = (0,10)U (—4,6) = (~4, 10)

b. By definition, AN B contains only those points that are in both A and
B. Thus
ANB=(0,10)N(-4,6) = (0,6)

c. By definition, A® contains all the points that are in { that are not in the
set A. Thus
A° = (0,10)¢ = (—o0,0] U [10, 00)

d. By definition, C¢ contains all of the points that are in Q that are not in
the set C. Thus, C° = Q°, which is the set of irrational numbers (1).

The following properties of sets will be taken as axioms (i.e, as self-
evidently true propositions). If A, B, and C are subsets of (2, then

Set Axiom 1: AU B = B U A (commutative property of unions)

Set Axiom 2: AN B = BN A (commutative property of intersections)

Set Axiom 3: (AUB)UC = AU(BUC) (associative property of unions)

Set Axiom 4: (ANB)YNC = AN (B NC) (associative property of
intersections)

Note that these four axioms are analogous to the commutative and associative
axioms for addition and multiplication given in Chapter 4.

Definition 6.1.12: Let A and B be subsets of Q. The sets 4 and B are said
to be disjoint if and only if AN B = {.

An example of two disjoint sets is A = {1,3,5} and B = {2,4,6,8}. Two
scts that are always disjoint are A and A°. Note that when two sets A and B
are disjoint, then they have no elements in common and there is no nonempty
subset of A that is a subset of B, and vice versa. Other commonly encountered
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disjoint sets include the set of odd integers and the set of even integers and the
set of nonnegative real numbers [0, c0) and the negative real numbers (—o0, 0).
A final example of a common use of disjoint sets is the deleted neighborhood
discussed in Chapter 5. In particular, a dcleted neighborhood of z¢ of radius
eis {r € R:0 < |z — o] < ¢}, which can be written as the disjoint union
(xo — €,%0) U (x0, Zo + €).

Ezample 6.1.8: Let Q=2Z, A={z€Z : 3|z}, B={z € Z : 2|z}, and
C = Zp. Determine

a. AUB

c. ANB

¢. BNnC

Solutions:

a. AUB = {z € Z : z is divisible by 3 or is even} = {0, £2,+3, +4,.. .}.
b. ANB={z¢cZ:3lzand 2z} ={z€Z :zx=6kforkecZ}.

¢. BNC={z€Z: zisevenand z isodd} = §. Hence, B and C are
disjoint sets.

6.1.2 Element Chasing Proofs

A common method of proof that is used in set theory is the method of the
element chasing proof. An element chasing proof is often used to show that
two sets arc equal or to show that one set is a subset of the other. An algorithm
for showing that a set A is a subset of a set B using an element chasing proof
is given below.

Algorithm for Showing A is a Subset of B: Let A and B be subsets of
Q. To prove that A is a subset of B

1. Let x € A be arbitrary but fixed.

2. Using a sequence of logical arguments, show that z € B. This is known
as “chasing z from the set A to the set B.”

3. Conclude that A C B.

Note that showing that A C B simply amounts to taking an arbitrary
element z in A and then “chasing” it to the set B with a sequence of logical ar-
guments. The following two theorems will be proved with an element chasing
proof. The first theorem shows that set containment is a transitive relation,
and the second theorem provides a result concerning the relation between the
complements of A and B when A C B.
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Theorem 6.1.2: Let A, B, and C be subsets of 2. If A ¢ Band B C C,
then AC C (i.e., AC BCC).

Proof: Let A, B, and C be subsets of €, and suppose that A C B
and B C C. Now, to show that A C C, it must be shown that every
element in A is also in C.

Let x € A be ABF. Now, since A C B, it follows that x ¢ B.
Furthermore, since B C C, it follows that = € C, also. Thus, when
x € A it follows that z € C, and therefore A C C.

Theorem 6.1.3: Let A, B C ). If A C B, then B° C A°.
Proof: Let A, B C 1 and suppose that A C B.

Let z € B¢. Then, x ¢ B, which means that z ¢ A since A C B.
Hence, r € A° and therefore, B¢ C A° whenever A C B.

Now, Definition 6.1.8 states that the sets A and B are equal sets if and
only if A C B and B C A. Proving that two sets are equal requires proofs
of both A ¢ B and B C A. A proof of equality is often called a dual-
containment proof. An algorithm for proving that two sets are equal with an
element chasing proof is given below.

Algorithm for Showing that Two Sets Are Equal: Let A and B be
subsets of Q2. To prove that the sets A and B are equal

1. Prove that A C B; that is, let * € A be arbitrary but fixed, and show
that z € B.

2. Prove that B C A. To do this, let £ € B be arbitrary but fixed, and
show that = € A.

3. Steps 1 and 2 prove that A C B and B C A (i.e., dual-containment), and
therefore it follows that A = B.

It is very important to remember that a proof of set equality is a two-step
proof (i.e., dual containment) that first requires a proof of 4 C B followed by
a proof of B C A. The following theorem, which shows that (A°)¢ = A, will
be used to illustrate an element chasing proof of set equality.
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Theorem 6.1.4: Let A be a subset of Q. Then, (A°)° = A.

Proof: Let A be a subset of Q2. To show that (A°)° = A, it must be
shown that (A)° C A and also that A C (A%)".

First, let z € (A°)° be ABF. Since z € (A°)°, it follows from the
definition of complementation that = ¢ A®. Now, since z ¢ A°, it
follows that = € A, and hence (A°)° C A.

Conversely, let £ € A be ABF. Then clearly z ¢ A°, which means
that = € (A°)°, and hence 4 C (A°)".

Thus, (A%)° C A and A C (A°), and therefore (A°)° = A.

Note that the result (A¢)° = A is analogous to the result for the double
negation of a statement given in Chapter 2 (i.e., ={—P) = P) and is also anal-
ogous to the double negative of a number (i.e., —(—a) = a). The remaining
theorems presented in this section provide useful relationships and tools for
working with the union, intersection, and complements of sets.

Theorem 6.1.5: Let A, B be subsets of Q. If A C B, then AuD = B.

Proof: Let A,B C Q2 with A C B. To show that AUB = B, it
must be shown that AU B C B and B C AU B, also.

First, let £ € AU B be ABF. Since z € AU B, it follows from the
definition of union that z € Aor z € B.

Case 1: If z € A, then z € B since A C B, and hence AUB C B.
Case 2: If £ ¢ A, then x must be in B and again AUB C B.
Therefore, in either case, AUB C B.

Conversely, let z € B be ABF. Then, clearly £ € A or z € B, which
means that x € AU B. Hence, B C AU B.

Thus, AUB C B and B C AU B, and therefore AU B = B whenever
AcCB.

The following results follow directly from Theorem 6.1.5. In particular,
the corollary to Theorem 6.1.5 shows that the union of any set A with the
universal set is the universal set, and the union of A with the empty set is A.
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Corollary to Theorem 6.1.5: Let A be a subset of £2. Then
(i) AUQ =Q.
(ii) QU A = A.

Proof: Both parts of this corollary follows directly from Theorem
6.1.5 since A C X and @ C A.

Theorem 6.1.6: Let A, B be subsets of Q. If A C B, then AN B = A.
Proof: Let A, B be subsets of (2 with A C B.

First, let € AN B be ABF. Since z € AN B, it follows that z € A
and z € B, and hence r € A. Thus, AN B C A.

Conversely, let € A be ABF. Then, z € B since A C B, and hence
x € AN B. Therefore, AC AN B.

Thus, ANB € B and B C ANB, and therefore ANB = B whenever
ACB.

Corollary to Theorem 6.1.6: Let A be a subset of 2. Then
(i) ANQ = A
(i) N A=0.

Proof: Both parts of this corollary follows directly from Theorem
6.1.6 since AC Q and § C A.

Definition 6.1.13: Two sets A and B are said to form a partition of Q if
and only if ANB =0 and AUB = Q.

The following theorem shows that the sets A4 and A€ form a partition of
the universe. In particular, part (i) of this theorem shows that ) is the union
of the sets A and A¢, and part (ii) shows that A and A° are always disjoint
sets.
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Theorem 6.1.7: Let A be a subset of 2. Then
(i) AAUA=Q
(i) ANA=0
Proof: Let A be a subset of §2.
Proof of part (i): Clearly, A°UA C Q since A and A€ are subsets
of 2. Now, all that remains to be shown is that Q@ ¢ AU A. Let

z € Q. Then, z € Aorz ¢ A Thus, z € AU A°, and hence
QC AUA

Therefore, by dual containment AU A = Q.

Proof of part (ii): Let x € A°NA. Then, z € A and € A,
which is impossible. Hence, there are no values of € (2 such that
x € AN A, and therefore AN A = 0.

Several basic relationships between the sets A, B, AU B, and AN B are
given in Theorem 6.1.8. In particular, Theorem 6.1.8 shows that the union of
two sets is a set that is at least as large as either set and that the intersection
of two sets is no larger than either of the two sets.

Theorem 6.1.8: Let A, B be subsets of (). Then

(i) ANBC A
(ii) ANBC B.
(iii) AC AUB.

) BC AUB.

) ANBC AUB.

Proof: Let A, B be subsets of Q.

Proof of part (i): Let £ € AN B be ABF. Since z € AN B, it
follows that £ € A and £ € B. Thus, x € A, and hence AN B C A.

(iv

(v

Proof of parts (ii)—(v): The proofs of parts (ii)-(v) are left as
exercises.
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Note that @ satisfies the nccessary condition for an identity under the
binary operator U, which is U A = A U@ = A for every subset A of Q2. Thus,
part (ii) of the corollary to Theorem 6.1.6 shows that @ is the identity element
for the binary operator U. Furthermore, since A C AU B for any set B, it
follows that there is no nonempty subset B such that AU B = (}; hence, there
are no inverses for the nonempty sets under the binary operator U. Similarly,
Q0 satisfies the necessary condition for an identity under the binary operator
N, whichis QN A = A4 NQ = A for every subset of A of Q. Thus, part (ii)
of the corollary to Theorem 6.1.6 shows that Q is the identity clement for
the operator N. However, since AN B C A for every set B, it follows that
there is no subset B of 2 such that AN B = Q when A is a proper subset of
Q: hence, there are no inverses for any of the proper subsets of Q) under the
binaty operator N.

Example 6.1.9: Under what conditions will it be true that AN B = AU B?

Solution: First, by Theorem 6.1.8 part (v), ANB C AUB. Thus, a necessary
condition for AN B = AU B is that AUDB C AN B. Now, since the union of
two sets is at least as large as either set and the intersection is no larger than
either individual set, the only way that AUB C AN B is for A = B. Thus,
ANnB = AUDB only when A = B.

The next theorem is known as DeMorgan's laws for sets and provides
two very important results concerning the complementation of the union and
intersection of two sets. Note that DeMorgan’s laws for sets is analogous to
DeMorgan’s laws for statements, which was presented in Chapter 2.

Theorem 6.1.9 (DeMorgan’s Laws): Let A, B be subsets of 2. Then
(i) (AUB)* = A°n B“.
(ii) (AN B)¢ = A°U B¢,
Proof: Let A, B be subsets of Q.

Proof of part (i): First, let x € (AUB). Then, since z € (AUB)¢,
it follows that z & (AU B).

Thus, z ¢ A and = ¢ B, which means that z € A and = € B¢, and
hence £ € A°N B¢. Therefore, (AU B)¢ C A°N Be.

Conversely, let £ € A°N B¢, Then, since z € A°N B¢, it follows that
z¢ Aandz ¢ B.

Thus, z is not in A and z is not in B which means z is not in A or
B. Hence, = ¢ (AU B). Therefore, it follows that z € (AU B)¢, and
hence A°N B° C (AU B)°.
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Therefore, (AU B)¢ C A°N B® and A°N B¢ C (AU B)*, and hence
(AU B) = A° N B°,

Proof of part (ii): The proof of part (ii) is left as an exercise.

Theorem 6.1.10 shows that the union and intersection operators can be
distributed over each other. The distributive laws for distributing union over
intersection and vice versa are analogous to the distributive properties for the
conjunction and disjunction operators of Chapter 2, and also for the ordi-
nary arithmetic operators of muitiplication and addition. For example, the
distributive law for distributing multiplication over addition with numbers is

ax(b+c)=axbtaxc
The analogous result for distributing intersection over union for sets is
AN(BUC)=(ANBYU(ANC(C)

which is given in the following theorem.
Theorem 6.1.10 (The Distributive Properties): Let A, B, C be subsets
of Q. Then

(i) AuBNC)=(AUB)N(AUC).

(iily AN(BUC)=(ANBYU(ANC).

Proof: Let A, B, C be subsets of €.

Proof of part (i): First, let x € AU(BNC). Since x € AU(BNC),
it follows that z € A or t € BNC. Thus, either x € A or z & A.

Case 1: Suppose that t € A. Then,z € AUBand z ¢ AUC, and

hence
z€ (AUB)N(AUC)

Therefore, AU (BNC) C (AUB)N{AUC) whenever x € A.

Case 2: Suppose that £ € A, then a € BN C. Thus, z € B and
z € C, and it follows that z € AU B and z € AUC, also. Thus

z€ (AUB)N(AUC)

Therefore, AU(B U C) C (AUB)N(AUC) whenever z € BNC.
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Thus, in either case AU(BNC)C (AUB)N(AUC).

Conversely, let £ € (AUBYN (A UC). Since z € (AUB)N(AUC),
it followsthat r € (AU B)and z € (AUC). Now,z € Aorz ¢ A

Case 1: Suppose that x € A. Then, 2 € AU(BNC), and it follows
that (AUB)N(A UC) C AU(BNC) whenever z € A.

Case 2: Suppose that z ¢ A. Since z ¢ A, x € (AU B), and
x € (AUQC), it follows that z € B and x € C. Thus, x € BNC, and
hence z € AU(BNC). Therefore, (AUB)N{AUC) C Au(BNC)
whenever ¢ & A.

Thus, in either case (AU B)N(AUC) C AU(BNC), and therefore
AUuBNC)=(AuB)n (AUC).

Proof of part (it): The proof of part (ii) is left as an exercise.

An interesting result that follows from the distributive law is that a set A
can always be partitioned using any other subset B of 2. In fact, the following
corollary to Theorem 6.1.10 shows that the sets A M B and A N B¢ form a
partition of the set A, for any B C Q.

Corollary to Theorem 6.1.10: Let A be a subset of 0. If B is any subset
of Q, then A= (AN B)U (AN B°).

Proof: Let A be a subset of Q, and let B be an ABF subset of Q.

Then
A= ANQ
S~

By corollary to Theorem 6.1.6(i)
= AN(BU B9
LU S
By theorem 6.1.7(i)
= (ANBYU(ANB°)
By Theorem 6.1.10(ii)

Exzample 6.1.10: Let A=1[0,1), B =(-1,1), and C = (—2,1]. Determine
a. A€, B¢, and C°
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b. AnBNC

c. AUBUC

d. (AnB)u(A°NCe)

e. (ANB)UCU B*

f. AsnB°NC*
Solutions: Let A=[0,1) B=(-1,1),and C = (-2,1].

a. The complements of A, B, and C arc

A = (=00,0) U1, 00)
B = (—oc,~1]U[1, 00)
C° = (—o00,-2]U(1,00)

b. ANBNC =(0,1)N(-1,1)N(-2,1) =[0,1)
. AUBUC = (-2,1]

(e

d. (ANB)U(A°NCe)
= ([0, 1)N{-1, 1)) U ((—oo, -2]u (l,oo))
=10,1) U (—o0, —2] U (1, 00)
= (—00, =2]U[0,1) U (1, c0)

e. (ANB)LUCUB"®

= ([0,1)0(—1,1)) U(-oc, —1jU{1,00) = (—oo, —1] U [0, 00)

0.1)

f. AANnB°NC*

= ((—oo,O)U[l,oo))ﬂ ((~oo, -1]U[1,oo))ﬂ ((-00, —2]U(1:°°))

= (—00,-2]U (1, 00).
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Example 6.1.11: Let A, B, and C be subsets of 2. Use set algebra to
simplify the following expressions:

a. (ANB)U(AN B9).
b. (AuB)N (AU B°).
c. (A°NBSYuU(A°NC*).
d. (AnBYU(ANB9)U(A°N BS)u (4N B).
Solutions: Let A, B, and C be subsets of 2. Note that
a. (ANB)U(ANBS)
= AN{(B U B°)
| ST —

By Theorem 6.1.10(ii)

= ANQ =A
S er!

By Theorem 6.1.7(i)

b. (AUB)N (AU B°)

= Au(BnB°)
[ S
By Theorem 6.1.10(ii)

By Theorem 6.1.6(ii)
c. (A°NBY)U(A°NCT)

=  AN(B°UC?) = A°N(BNC)
N e’ L.
By Theorem 6.1.10(it) By Theorem 6.1.9(ii)

= (Auwncoc

| O ———
By Theorem 6.1.9(ii)

d. (ANB)U(ANB ) U (A°N B°) U (A° N B) = Q. The details of part (d)
are left as an exercise.
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6.1.3 Unions and Intersections of Finite Collections of Sets

Recall that DeMorgan’s laws for sets state that
(AU B) = A°N B and (AN B)¢ = A°U B¢

However, DeMorgan’s laws do not state anything about the complements of
the union of three (or more) sets (AU B UC) nor the intersection of three
or more sets. For example, what is (A N BN C)°? Similarly, the distributive
laws state only that

AN(BUC)=(ANB)U(ANC)
and
AU(BNC)=(AUuB)YN(AUCQC)

but state nothing about distributing a set A over the union or intersection
of more than two sets. The purpose of this section is to extend the results
of previous section to more general results that apply to a finite collection of
sets. In particular, DeMorgan’s laws and the Distributive laws are two of the
key results of the previous section that will be generalized in this section. The
following example shows that DeMorgan’s law for unions is easily generalized
from two sets to three sets.

Ezxzample 6.1.12: Let A, B,C C . Prove that (AUBUC)® = AN B°NC".
Solution: Let A, B,C C ), and let D = AU B. Then

(AUBUCY = (DUC) = DencC =(AuB)*NnC
By Theorem 6.1.9(i)

= (A°NB)YNC® =A°NB°NCe
—
By Theorem 6.1.9(1)

Before further generalizations are made, the following definitions of the
union and intersections of a finite number of sets are needed.

Definition 6.1.14: Let Ay, Aa, ..., A, be subsets of 2. The finite union of
these n sets is denoted by U A, and is defined to be

1=1]

O A= {:L'EQ : x€ A; forsomei € {1,2,3,...,71}}

i=1



266 The Foundations of Algebra

Definition 6.1.15: Let Ay, Ag, ..., A, be subsets of (0. The finite intersec-
tion of the sets Ay, As, ..., A, is denoted by m A; and is defined to be

=1

ﬁ A= {xGQ T e A foreveryi€{1,2,3,...,n}}
i=1

Note that an element z will be in the finite union of the sets A,,..., A,
if and only if z is in at least one of the sets. Thus, it follows that z will
be in UL, A; if and only if 34 € {1,2,...,n} such that z € A;. Similarly,
an element z will be in the finite intersection of the sets A,,..., A, if and
only if z is in every single one of the sets. Thus, for the intersection of
a finite number of sets, it follows that = will be in N7_, A; if and only if
e A, Vie {1,2,...,n}.

Also, note that the mathematical expressions for finite unions and finite
intersections use mathematical shorthand that is analogous to summation
notation. For example,

n
U
i=1

n
is used to represent a finite union A, U Ay .- U A,, while Z a; is used to
i=1

represent the finite sum a; + -+ - + an.

Ezample 6.1.13: Let A; =[0,1/n]and B; = [1 — 1/n,1 + 1/n]. Determine
10
a. U Ai
i=1
10
b. | B
1=1

o
s
>

-
!
—

10

d. B;.
i=1

Solutions:
10

a. U Ai=A1UA2U"~UA1()={O,1]

i=1
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10

b. |J B:i=BiUBU---UBio = [0,2].
=1
10

c [Ai=ANAN-NAp=1[0,01]
1=1
10

d. [} Bi=BinB;N---NByo =[0.9,1.1]

i=1

More general versions of DeMorgan’s laws for unions and intersections are
given in Theorem 6.1.11. Also, for pedagogical reasons part (i) of Theorem
6.1.11 is proved using mathematical induction and part (ii) is proved using
an element chasing proof. However, it is important to note that both parts of
this theorem can easily be proved with either method.

Theorem 6.1.11 (Generalized DeMorgan’s Laws) Let A; C (0, Vi € N.
Then

n+l ¢ n+1

(i) (U Az) =ﬂAf,\-/neN
1=l =1
ntl € n+l

(i1) (ﬂ A,) =|J 4, vneN
1=1 i=1

Proof: Let A, Ay, ..., A, C O, VneN
Proof of part (i) (by Induction): Let

n+1l c n+1
P = (U Ai> =) A
i=1 i=1
Forn=1,
(A U A = A N AS
———
By Theorem 6.1.9(i)
and therefore Py is true.
Now, suppose that Py is true for some ABF k € N. This means that

kt1 S k1
(Ua)-1=
1=1

i=1
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and if Py, is true, then
k+2 € kt2
iz} 1=l
k+2 ¢
Now, consider (U A,-) :

i=1
k+2 €
(U4
i=1

l

k+1 € k+1 ¢
(lU Al} U Ak+2> - <U Al) mAz+2
i=1 i=1

By Theorern 6.1.9(i)

I

i=1
By Py

k+l k42
Therefore, Py is true whenever Py is true, and hence
n+l n4+l
( U A ) () A5, YneN
i=1

Proof of part (ii) (Element Chasing Proof): Let n € N

n+l ¢ n+l1 ¢
be ABF, and suppose that z € (m A,-) . Then, z € <ﬂ Ai>

i=z] =]

n+1 ntl
means that = ¢ (ﬂ Ai>. Now, since z ¢ (m A >, it follows

1=
that there exists i* € {1,...,n}, such that z ¢ A;., and hence
nt1

z € Af.. However, since x € A%, it follows that z € U A7, and

1=-1
n+l € n+l
((} /h) C LJ Af
1=1 i=1

n+1 n+l
Conversely, suppose that z € U Af{. Then, since r € U Af, it

=1 i=1
follows that x € Aj. for some i* € {1,...,n}; and since z € A}, for

hence
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n+1
some * € {1,...,n}, it follows that = ¢ A;.. Hence z ¢ m A;.

=1

n+1 n+1 ¢
Now, since x & m A;, it follows that = € <ﬂ Ai> and thus

i=1

n+1 n+t1 <
U A C (n Ai)
i=1

i=l

=1

nil n+l ¢
Therefore, by dual containment U Af = (m AI-) .
=1

i=1

Note that the versions of DeMorgan’s laws given in Theorem 6.1.9 and
Example 6.1.12 are simply corollaries of Theorem 6.1.11. Moreover, the gen-
eralized version of DeMorgan’s laws states that the complement of the union
{intersection) of any finite number of sets is simply the intersection (union) of
their complements. For example, the generalized version of DeMorgan’s laws
can be used to show that

(AUBUCUDUE) = ANB°NC°*ND°NE*
and
(ANAyN---NAp) = AU ASUCS - U Ay,

The distributive properties for distributing union over intersection and
intersection over union will now be generalized. In particular, Theorem 6.1.12
states that union distributes over the intersection of a finite number of sets
and that intersection distributes over the union of a finite number of sets.

Theorem 6.1.12 (Generalized Distributive Properties) Let A; C §
Vie N, andlet B € €2 Then

n+1t n+1
(i) BU (ﬂ A,-) =() (BUA), YneN
i=1 =1

n+l n+l
(ii) Bﬂ(U A,—) =|J (BnA), vneN

i=1 i=1

Proof: Let B C Q, and let A}, A2,..., 4, CQ,VneN,
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Proof of part (i) (by Induction): Let
n41 n+1
P, :=BU (ﬂ A,») = (] (BUA)
1=1 i=1
For n = 1, it follows that
BU (AiNAx)= (BUA;)N{BUA,)
By Theore‘rrn 6.1.10(i)

Thus, Py is true.
Now, suppose that Py is true for some ABF k € N. This means that

kil k+1
( ) (Bua)
i=1 =1
and if Py, is true, then
k42 k42
( ) = (BuA)
+
Now, consider B U <ﬂ A,'):
kt+2 T+l 7
BU(ﬂ Ai):BU< nA, ﬂAk+2)
i=1 Liz=1

(k41 ]
= (BU m A; )n(BUAk+2)

— - —

By Theorem 6.1.10(i)

k+1

M (BuA)
1=1

N, e
by Pi

NBU Ak 1)

k+2

= (BuA)

i=1
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Therefore, Py is true whenever Py is true, and hence

n+1 n+l
BU <ﬂ A,-) =()(BUA), YneN
i=1

i=1

Proof of part (ii): The proof of part (ii) is left as an exercise.

Ezample 6.1.1/: Using the generalized versions of DeMorgan’s laws and the
distributive property, determine equivalent forms for the following sets:

a. AN(BUCUDUE)

b. AUMBNCNDNE)

c. [An(BUCUDUE)]|"

Solutions:

a. AN(BUCUDUE)=(ANB)U{ANCYU(AND)U(ANE)
b. AU(BNCNDNE)=(AUB)N{(AUCYN(AUD)N{AUE)
c. [AN(BUCUDUE)|

=[(ANB)U(ANC)U(AND)U(ANE)
=(ANBXN(ANCEN(AND)EN(ANE)

= (A° U B%) N (A° U C) N (A°U D) N (A° U E°)

In many set problems, the set of interest, say, A, is relatively complicated
and can be hard to work with. A convenient way of working with the set A
is to break it into nonoverlapping subsets in a fashion such that the union of
these nonoverlapping subsets is the set A. This is known as partitioning the
set A. The general version of the definition of a partition of { is given below
followed by Theorem 6.1.13, which shows how a set A can be partitioned using
any partition of (2.

Definition 6.1.16: A collection of sets By, By, ..., B, is said to form a
partition of Q if and only if

(i) B;NB; =0 when i # j.
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n

(i) B =20
i=]

The collection of sets {By,...,B.} is also called a partition of Q, and
the following theorem shows how to use a partition of {2 to partition any set
subset A of Q.

Theorem 6.1.13: Let A C Q. If By, B»,..., B, is a partition of €, then
A={J(4AnBy).

11
Proof: Let A C §, and suppose that By, By, ..., Bn form a partition
of Q. Then, { J B: = ©, and by Theorem 6.1.12(ii) it follows that

i=]

n

A=AﬂQ:Aﬂ(OBi>: |J (anBy)
i=]

=1

S —
By Theorem 6.1.12(ii)

Note that a partition of a set A is simply a division of 4 into nonoverlap-
ping sets such that the union of these nonoverlapping sets is A. For example,
if A is the set of all prime numbers less than 40, then one way of determining
the elements in A would be to first find the prime numbers between 1 and
10, then find the primes between 11 and 20, followed by finding the primes
between 21 and 30, then find the primes between 31 and 40, and finally create
A by listing all the prime numbers found at each step of this process. In this
case, A has been partitioned by the sets B, = {1,...,10}, B, = {11,..., 20},
Bg = {21, .. .,30}, and B4 = {31,. . ,40}

Example 6.1.15: Let A to be the collection of natural numbers that are
perfect squares and are less than or equal to 100, and let B; be the natural
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numbers in the interval {10{z — 1) + 1,104}, for € {1,2,...,10}. Then
10

A= J(ANB) = (ANB)U(ANB2)U---U(AN Byo)

={1,4,9}U {16} U {25} U {36} U {49} U DU {64}
Uudu {81} u{}u {100}

={1,4,9, 16,25, 36,64, 81, 100}

Finally, it should be noted that each of the generalizations given in this
section can easily be extended to results dealing with an infinite collection of
sets, say, {A4; : t € N}. For example, the generalized version of DeMorgan’s
laws in Theorem 6.1.11 states that

ntl € nl
(Ua) -
i=1

and
n+l1 ¢ n4l
(ﬂ A,) =) 4, vneN,
i=1 i=1

which can be extended even further by considering the complements of the
union and intersections of the sets {4, : i € N}. An even more general version
of DeMorgan’s laws dealing with an infinite collection of sets is

(Oa) -
i=1 i=1
and .
(N4) -0
i=1 =1

Similarly, the distributive properties can be extended to the infinite versions

as follows:
oo o0
U (ﬂ A,) () (BUA)
1=1

i=1
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and

o] o0
BN (U Ai) =J(Bn4)

i=1 i=1
However, it also must be noted that the infinite versions of both DeMorgan’s
laws and the distributive properties can no longer be proved using mathemat-
ical induction; an element chasing proof can be used to prove each of these
results.

6.1.4 Countable and Uncountable Sets

In this final section on set theory, a closer look at the infinite sets will be
taken. Now, it usually comes as a surprise to most students that it is possible
for one infinite set to be larger than another. For example, it will be shown
in this section that the set of rational numbers is smaller than the set of
real numbers. In fact, it was Georg Cantor who first proved that the set
of real numbers is considerably larger than the set of rational numbers. In
particular, the two types of infinite scts that will be studied in this section are
the countably infinite sets and the uncountably infinite sets. The definitions
of countably infinite and uncountably infinite sets are given below.

Definition 6.1.17: An infinite set is said to be countably infinite or denumer-
able if and only if there is a one-to-one correspondence between the elements
of the set and the natural numbers, and a set is said to be a countable set if
it is a finite set or a countably infinite set.

Definition 6.1.18: Any infinite set that is not countable is said to be un-
countably infinite and is called an uncountable set.

Note that a set may be empty, finite, countably infinite, or uncount-
ably infinite. For example, the set {1,e, 7,11} is finite and the set of whole
numbers is countably infinite, while the interval (0, 1) is uncountably infinite.
Moreover, it can be deduced from the definitions above that a countably infi-
nite set is considerably smaller than an uncountably infinite set; however, two
countably infinite sets are always the same size, and likewise two uncountably
infinite sets will also be the same size.

Now, to show that an infinite set is countable simply amounts to showing
that there is a one-to-one correspondence between the clements of the set and
the natural numbers. One method of showing that there is a one-to-one cor-
respondence between a set A and the natural numbers is to create a function
f(n) that (1) maps each natural number to onc and only one member of the
set A and (2) covers the entire sct A. For example, the set of even natural
nuinbers, say, Ng, is countable since f(n) = 2n is a function that maps the
natural numbers to Ng and completely covers Ng.
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Recall that if an infinite set is not countable, then it is an uncountable
set. Thus, showing that a set is uncountable requires showing that the set is
not countable.

Ezample 6.1.16: Create a function f(n) that shows that each of the follow-
ing sets is a countably infinite set:

a W={0,1,2,..)

b. No = {n € N:n is odd}
c. S={w?:weW)
d. Z

Solutions:

a. Let f(n) = n— 1. Then f is a one-to-one map from N to W that com-
pletely covers W.

b. Let f(n) = 2n — 1. Then f is a one-to-one map from N to Ny that
completely covers No.

c. Let f(n) = (n — 1) Then f is a one-to-one map from N to S that
completely covers S.

d. Let f(1) =0, and let f(n) = f(n — 1) + (-1)""Y(n — 1) for n > 2. Then
f i1s a one-to-one map from N to Z that completely covers Z.

The following theorem, given without proof, shows that all the subsets
of a countably infinitc set are countable; a proof of Theorem 6.1.14 can be
found in Real Analysis by H. L. Royden (1968).

Theorem 6.1.14: Let A C B. If B is a countably infinite set, then A is at
most a countable set.

Thus, by Theorem 6.1.14 and the result of Example 6.1.16(d), it follows
that every subset of the integers is a countable set. Moreover, since the set of
integers is countable, Theorem 6.1.14 shows that the set of prime numbers is
a countably infinite set, as are the sets of even and odd integers, and likewise,
so are the sets of negative and nonnegative integers.

Galileo (1564 -1642) assumed that each infinite set had the same number
of elements; however, in 1874 Cantor proved that this was not the case. In
fact, Cantor proved that the set of real numbers is an uncountable set, and
hence, larger than the set of rational numbers. The key to proving that the set
of real numbers is uncountable is the following corollary to Theorem 6.1.14.

Corollary to Theorem 6.1.14: Let A C B. If A is an uncountable set,
then B is also an uncountable set.
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Proof: This corollary follows directly from Theorem 6.1.14 since it
is the contrapositive theorem associated with Theorem 6.1.14.

Thus, from the corollary to Theorem 6.1.14 it can be deduced that if any
subset of R is uncountable, then it follows that R will also be uncountable.
Theorem 6.1.15 shows that the interval [0, 1] is uncountable, and hence, by
the Theorem 6.1.14 corollary, it follows that R is also an uncountable set.

Theorem 6.1.15: The interval [0, 1] is an uncountable set.

Proof (by Contradiction): Suppose that [0,1] is a countably
infinite set. Now, since [0, 1] is a countable set, it follows that
[0,1} = {ai,a2,a3,...}. Furthermore, for every i € N, a; has a
decimal representation, say, a; = 0.aij@i2a;3 - - . Suppose that the
complete list of elements of {0, 1] is given below.

ay = 0.a110)2003 -

az = 0.091022023 " - -

a3 = 0.a31032033 "+ -

a4 = 0.a41042043 " - -

as = 0.as)052053 - - -

Now, consider the number b = 0.b,byb3 - - -, which is formed by taking
b; as follows. For i € N, let

3 if Oy = 5
- {
5 lf [0 27} ?é 5
Then, b # a; for any ¢ € N since b, # ann, YV n € N. Thus, b is
clearly a number in [0, 1], but b is not a member of the complete list

of elements of [0, 1] given above. This contradicts the supposition
that the list above is a complete listing of the elements in [0, 1].

Hence, [0,1] is an uncountable set.

The proof used above to show that [0, 1] is an uncountable set is known
as Cantor’s diagonalization proof (Cantor 1891). Now, since {0,1] C R, it
follows by the corollary to Theorem 6.1.14 that R is an uncountable set.
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Corollary to Theorem 6.1.15: The set of real numbers is an uncountable
set.

Proaf: Since [0, 1] C R, it follows by the corollary to Theorem 6.1.14
that R is an uncountable set.

To this point in this section, it has been shown that Z is countable and R
is uncountable; however, the question of the countability of the set of rational
numbers or even the irrational numbers has not yet been addressed. It turns
out that the set of rational numbers is countable, but the set of irrational
numbers is uncountable. The following three theorems build the foundation
for the proof that the set of rational numbers is countable.

Theorem 6.1.16: Let A and B be countably infinite sets. Then AU B is a
countably infinite set.

Proof: Let A = {aj1,a,a3,...} and let B = {b;,by,b3,...}. Now,
let f(n) be defined by

astt ifn € Nisodd

f(n) =

b% if n € Niseven

Then, f(n) is a one-to-one mapping of the natural numbers that
completely covers AU B, and therefore, AU B is a countably infinite

set.
[

n+tl
Theorem 6.1.17: If Ay, A2,..., A1 are countable sets, then U A isa
i=1
countable set, V n € N.
Proof (by Induction}: Let P, := “If A1, Ay,..., Any1 are count-
n+1
able sets, then U A; is a countable set.”
i=1
For n = 1, P, is true by Theorem 6.1.16
Now, suppose that Py is true for some ABF k € N. This means that
k+1

when Ay, Aa, ..., Acy1 are countable sets, then U A; is a countable
i=1
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k+2
set, also. If Piy is true, then it will be the case that U A isa
1=:1
countable set whenever Ay, 4o, ..., Axs1, Axs2 are countable sets.
k+2
Consider U A,

1=1

k+2 k+1
U Ai = (U A,) UAk+2 = BUAI-:+2
i=1

iz=1
k+1
where B = U A;. Since Ap 2 is a countable set by hypothesis and

i=1
k+2

B is countable set by Py, it follows that U A; = BU Agy is the
1=1
union of two countable sets.
k+2 n+l
Hence, U A; is countable by Theorem 6.1.16, and therefore U A;
i=1 =1
is a countable set whenever A, Aq,...,An4, are countable sets,
VY neN.

Now, Theorems 6.1.16 and 6.1.17 can be even further generalized to the
following theorem showing that the infinite union of a collection of countable
sets {A; : 7 € N} is also a countable set. This result is given below without
proof and will be used as the basis for proving that the set of rational numbers
is countable; a proof of Theorem 6.1.18 can be found in Real Analysis by H.
L. Royden (1968).

Theorem 6.1.18: Let {A; : i € N} be a collection of countable sets. Then
o0

U A; is a countable set.

i=1

The basis for proving that Q is a countable set is Theorem 6.1.18 with
the sets A; defined to be
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for i € N. For example, the sets A; and A, are given below:
Ay = {r:r: _Jf;, 2 ez} ={0,-1,1,-2,2,..}

z 11 22
AQ»{TﬂT--—iE, ZEZ}—{O,AE,E,_ﬁ,E,A..}

Since the set of rational numbers consists of all possible ratios of integers,
oo
except 0 as the denominator, it follows that Q = U A;, and hence the count-

=1
ability of the rational numbers follows.

Theorem 6.1.19: The sct of rational numbers is a countably infinite set.

Proof: Fori € N, let A; = {r T = ii, z€ Z}. Then, Vie N, A4;
1

is countable. Furthermore,

Q= 4

s

,.
i
_

and thus, by Theorem 6.1.18, it follows that Q is also countable.

Therefore, the set of rational numbers is a countably infinite set.

Now, since the set of rational numbers is a countable set, it follows from

Theorem 6.1.14 that every subset of the rational numbers is also a countable
1 . . [ F

set. In particular, the set gn T € N} is a countable set as is {Zﬁ 'n € N},
7

where F,, and L, are the nth Fibonacci and Lucas numbers, respectively.

Furthermore, since R is an uncountable set and Q is a countable set, it can

easily be deduced that I is also an uncountable set.

Theorem 6.1.20: The set of irrational numbers is uncountable.

Proof (by Contradiction): Suppose that [ is a countable set.
Then, R = QUI is a countable set by Theorem 6.1.16. However,
this contradicts the fact that R is not a countable set, and therefore
the set of irrational numbers is an uncountable set.
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Finally, an interesting conjecture that has perplexed mathematicians
since it was first posed and studied by Cantor is the Continuum Hypothe-
sis. A simple version of the Continuum Hypothesis is given below.

The Continuum Hypothesis: There is no set whose size is strictly
between that of the integers and that of the real numbers.

The Continuum Hypothesis was the first of 23 important unsolved prob-
lems posed by David Hilbert in an address to the Second International
Congress of Mathematicians held in Paris in 1900. The Continuum Hypothe-
sis has been studied by many mathematicians, and these studies led to many
important results in the areas of mathematics whose foundation is based on
set theory; a list of Hilbert’s 23 famous problems and their impact on math-
ematics can be found in Hilbert by Constance Reid (1996).

6.2 An Introduction to Group Theory

Group theory forms the foundation on which modern algebra is built and plays
an important role in the theory associated with solving polynomial equations.
The early roots of modern algebra and group theory came from attempts at
solving algebraic equations and also the study of number theory and geome-
try. Today, group theory can also be shown to have ties to many other areas
of mathematics, including topology, differential equations, combinatorics, and
design of experiments. Group theory has even been shown to have applica-
tions in chemistry and physics with the study of crystals and symmetries of
molecules and quantum theory, respectively.

Early mathematicians laying the foundation for group theory include Eu-
ler, with his study of modular arithmetic, and Gauss, who proved that every
polynomial has a root of the form a + bi which is known as the Fundamen-
tal Theorem of Algebra, as well as Joseph-Louis Lagrange (1736-1813), Niels
Abel, Evariste Galois (1811-1832), Arthur Cayley (1821-1895), Felix Klein
(1849-1925), and Augustin Cauchy, among others. The next generation of
mathematicians to make important contributions to group theory includes
the mathematicians Sophus Lie (1842-1899), William Burnside (1852-1927),
Emmy Noether (1882-1935), and Ludwig Sylow (1832-1918).

6.2.1 Groups

Group theory deals with the study of a mathematical structure called a group,
which consists of a set of elements and a binary operator. Provided that
certain properties are satisfied, the set of elements and the binary operator
are said to form a group. Galois, Cauchy, and Cayley all came up with
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definitions of a group concept; however, the modern version for the definition
of a group is due to Walther von Dyck (1856-1934) and is given below.

Definition 6.2.1: Let G be a set and o a binary operator. The pair (G, o)
is called a group if

(i) G is closed under the operation o.

(ii) (acb)oc=uao(boc), YVa,bceq.
(iii) 3 an element ¢ € G such that ace =eca=4qa, Va €G.
(ivy Va€eG, 3z€Gsuchthat aor=zo0a=e.
Thus, a group is simply a set G and a binary operator o for which these
four properties are satisfied. Furthermore, the group structure is an algebraic
structure that forms the basis for solving everyday equations. Also, it is very
important to note that the definition of the group structure states that (1)
the identity e is constant with respect to each element in G and (2) it is not

guaranteed that ¢ o b = boa. The algorithm for showing that the pair (G, o)
forms a group consists of four key steps and is given below.

Algorithm for Showing that (G, o) is a Group: Let G be a set and o a
binary operator. To prove that (G, o) forms a group

1. Prove that G is closed under o.

2. Prove that o is an associative operator on G.

3. Prove that there exists an identity element in G such that cce =eca
for every a € G.

4. Prove that for each a € G, there exists an inverse element, a~' € G.
5. Conclude that the pair (G, o) is a group.

The use of this algorithm is illustrated in the following two examples.

Ezample 6.2.1: Let G = Z and aob = a+ b (ordinary addition). Prove that
(Z,+) is a group.

Solution: Let G =Z andaob=a+b.

1. Closure: Z is closed under ordinary addition (Axiom A8 of Chapter 4).

2. Associativity: Let a,b,c € Z. Then, (a +b) + ¢ = a+ (b + ¢) since
ordinary addition is associative (Axiom A2 of Chapter 4).

3. Identity: 0 € Z and 0 is the ordinary addition identity element.

4. Inverses: For every integer a, —a € Z and —a is the ordinary additive

inverse element. Thus, a~! = —a with respect to ordinary addition.

5. Group: Thus, Z with ordinary addition forms a group.
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Example 6.2.2: Show that the pair (Z, x) is not a group.
Solution: Let G =Z and o = x.
1. Closure: Z is closed under ordinary multiplication (Axiom A9 of Chap-

ter 4).

2. Associativity: Let a,b,c € Z. Then, (a x b) x ¢ = a x (b x c) since
ordinary multiplication is associative (Axiom A6 of Chapter 4).

3. Identity: 1 € Z and 1 is the ordinary multiplication identity element.

4. Inverses: For every integer a # %1, 1/a ¢ Z, and thus Z does not
contain all the ordinary multiplicative inverse elements.

5. Group: Thus, Z with ordinary multiplication does not form a group.

Whether the pair (G, o) in fact forms a group will depend on both the set and
the binary operator. Examples 6.2.1 and 6.2.2 illustrate how the same set
may form a group with one operator but not another. An example where an
operator with one set forms a group, but, the same operator with a different
set does not form a group is given in Example 6.2.3.

Ezample 6.2.3: Show that (R*, x) forms a group but (R, x) does not.
Solution: The solution to Example 6.2.3 is left as an exercise.

Example 6.2.4: Let G = RY and let aob = a® (exponentiation). Does (G, o)
form a group?

Solution: Let G = R*, and let aob = a.

1. Closure: R' is closed under exponentiation by positive powers.
2. Associativity: Let a,b,c € Rt be ABF. Then

ao(boc)=ao(b) =a"
but
(aob)oc= (a®)oc=(a®)° = a® #a”

Since o is not associative on R, (R*, o) does not form a group.
Ezample 6.2.5: Let ¢ = R, and let aob = a + b — 2. Does (G,0) form a
group?

Solution: Let G =R, and letaob=a + b — 2.

1. Closure: R is closed under addition and subtraction, and hence R is
closed under o.
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2. Associativity: Let a,b,c € R be ABF. Then

ao(boc)=aob+c—2)=a+b+c—-2-2=a+b+c—14
and
(aob)oc=(a+b-2)oc=a+b~2+c~2=a+b+c—-4

Thus, ao(boc) = {(aob)oc, Va,bc€ R, and therefore o is associative
on R.

. Identity: To determine whether R has an identity under o, let a € R be
ABF and consider the equations aoe = a and eoa = a. First, note that

ace=a+e—2=et+a—-2=eo0a

Now, solving a o e = a for e yields e = 2. Since 2 € R, it follows that R
does contain an identity element under the operator o.

. Inverses: To determine whether a € R has an inverse under o, let a € R
be ABF and consider the equations a 0 £ = ¢ and x 0 a = e. Note that

aoz=a+r-2=x+a-2=zxo0a

Thus, solving aox = 2 for z yields £ = 4 — a. Since 4 —a € R, it follows
that e~ ! =4 —a € R and R does contain the inverse elements under the

operator o.
5. Group: Thus, (R, o) does form a group.

The following theorem shows that the identity element and the inverses in a
group are unique. Note that the proofs are similar to the proofs that identities

and inverses are unique given in Chapter 3.

Theorem 6.2.1: Let (G, o) be a group. Then
(i) The identity element e is unique.
(i) Va € G, a"! is unique.
Proof (Uniqueness Proof): Let (G,0) be a group.

Proof of part (i): Let € be an identity element in G and suppose
that e is not the unique identity clement. Let es be any other identity
element in G (i.e., e # e2). Then

€0 ey = €

Nt pemee

Since e is an identity
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and
eoey =¢€
N’
Since ey is an identity
Hence, e = e o e3 = €3, contradicting e # eg.

Therefore, the identity element is unique.

Proof of part (ii): Let a € G be ABF and suppose that a™! is an
inverse of a and a~! is not unique. Let a3 be any other inverse of a
that is in G (i.e., a~! # a2). Then

goal=e=aloa
- -
W

a~!is an inverse of a

and
a0adgyg =€ =ap90a
- i
as is an inverse of a
Now
-1 _ -1 -1 _ —1 _ _
a” =a 'oce=a ‘o(aoca)= (a"ca)oay =e€o0ay = ay
N —’ [ A —
¢ Since o is associative
Thus, a~! = a; contradicting a~! # ay, and therefore a™! is the

unique inverses of a.

The identity element and the inverse clements are not only unique but

are also the only elements in G that are guaranteed to commute with all the
other elements of G. When every element in a group commutes with every
other element of the group, the group is called an Abelian group; that is, when
(G, ) is a group and o is an Abelian operator, then (G, o) is said to be an
Abelian group.

Definition 6.2.2: A group (G,o)is said to be an Abelian group if and only
ifaob=0boa, Va,begG.

As noted above, the group structure does not guarantee that aob = boa.

However, in an Abelian group aob = boa, ¥V a,b € G. An example of an
Abelian group is (Z, +), and an example of a non-Abelian group is given in
the following example.
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Example 6.2.6: Let G the collection of 2 x 2 invertible matrices and o = x
(the matrix multiplication operator). Then, (G, x) is a group but not an
Abelian group. To see that (G, x) is not an Abelian group, let

2 0 12
A:[O 1] and B—lo 3}

Then
2 4

a=[5 g #pa=t 3

Thus, (G, o) is not an Abelian group.

Now, it is well known that if a,b,c € Rand a+b6 = a+¢, then b = ¢, and
similarly, when ab = ac, then it follows that b = ¢ whenever a # 0. Note that
these results are easily verified using subtraction and division, even though the
original equations were based on addition and multiplication. The following
theorem shows that in the group structure it is also true that when aob = qoc,
then it also follows that b = ¢; however, the proof of this result must be based
on arguments that use only the operator o. In particular, Theorem 6.2.2 shows
that there are left and right cancellation laws for a group.

Theorem 6.2.2 (Cancellation Laws): Let (G,0) be a group. If a,b,c€ G
and

(i) aob=aoc, then b = c (left cancellation).

(ii) boa = coa, then b = ¢ (right cancellation).
Proof: Let (G, o) be a group, and let a,b,c € G be ABF.
Proof of part (i): Suppose that aob=aoc=4d. Then

alod=a"to(aob)=(a"'oa)ob="b

Since o is associative

and

alod=a"lo(aoc)=(a"toa)oc=c

Since o is associative
Thus, b =a ! od = ¢, and hence, b = c.

Proof of part (ii). The proof of part (ii) is similar to the proof of
part (i) and is left as an exercise.
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Ezample 6.2.7: Let 3Z = {x : £ = 3z for some integer z}, and let aob = a+b
(ordinary addition). Show that (3Z, +) forms a group.

Solution: Let 3Z = {« : z = 3z for some integer z € Z}, and let aob=a+b.

Let a,b € 3Z. Then, a = 32, and b = 32; for some integers z; and 2. Now,
a+b=3z + 322 = 3(z; + 22) € 3Z. Thus, 3Z is closed under addition.
Ordinary addition is associative on Z, and hence o is associative on 3Z.

0 € 3Z and 0 is the additive identity.
Finally, let a € 3Z. Then, a = 3z for some integer z and —a = 3(—z) € 3Z.
Thus, the additive inverses are in 3Z, V a € 3Z, and hence, (3Z, +) is a group.

Note that for a group (G, o), the fact that G is closed under the operation
o means that ao b is always in G and hence, since all the inverses are also in
G it follows that (a o b)~! is in G, also. In Theorem 6.2.3 (a o0 b)~! is shown
to be equal to b oa~! and (a!)~! is shown to be equal to a.
Theorem 6.2.3: Let (G, 0) be a group, and let a,b € G. Then
(i) (aob)~ ' =b"loa"l.
(i) (@) = a.

Proof: Let (G,0) be a group, and let a,b € G be ABF.

Proof of part (i): Note that since inverses arc unique, by showing
that b~ ' oa™! is an inverse of a o b, part (i) follows. Now

l=qgoa'=e

(aob)o(b"toa™!)=aoc(bob ')oa ! =aceoca”

(b-'oa)o(aob)y=b"lo(a toa)ob=b"loeob=b"lob=c¢

Thus, b~' o a~! is an inverse of a o b, and therefore, since inverses
are unique, it follows that (aob)™! = b~ loa™ 1.

Proof of part (ii}: The proof of part (ii) is left as an exercise.

Note that unless a group is Abelian, it will not be the case that

(aob)'l =alob!, Va,beg
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However, if (G, o) is an Abelian group, then it does follow that
(aOb)_l =alob !, Va,beg

For instance, in the groups (R, +) and (R", x), which are Abelian, it does
follow that
(aob) P =a"tob™!

In particular, (a + 6)”! = —a+ —b for (R, +) and (a x b)™! = 1/a x 1/b for
(Rt x).

Corollary to Theorem 6.2.3: If (G,0) is an Abelian group and a,b € G,
then (aob) ! =a"lob~ L.

Proof: Since (G, o) is an Abelian group, the Theorem 6.2.3 corollary
follows directly from Theorem 6.2.3.

Example 6.2.8: Let G be the collection of 2 x 2 invertible matrices. Then,
(AB)"! = B7'A~!. Furthermore, since matrix multiplication is not an
Abelian operator, it is generally the not the case that

(AB)"! = B 1Al = A~1B"!

For example, let

Then
AB = {‘1) ”31} and (AB)™! = {fl (1)}
However
S N
and

e 2 -1 - 301
AlBI:[—1 3}*(*‘3)1:[—1 o}

The next two theorems are generalizations of Theorem 6.2.3. In partic-
ular, Theorem 6.2.4 shows how to compute (aoboc)™!, and Theorem 6.2.5
shows how to compute (a; oaz 0azo---0a,)" ! for any value of n € N.
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Theorem 6.2.4: Let (G,0) be a group and let a,b,¢ € G. Then,

(acboe)=ctob loa™!

Proof: The proof of Theorem 6.2.4 is left as an exercise.

Theorem 6.2.5: Let (G, o) be a group, and let a; € G for all ¢ € N. Then,

- — -1 - -
(@ai0oazoago---0an) ! =a;loa; 0. r0a;'oa;!, VneN

Proof: Mathematical induction can be used to prove Theorem 6.2.5.
The details of the proof are left as an exercise.

Much of the early work leading to the formalization of the area of group
theory dealt with the problems associated with solving algebraic equations.
Furthermore, the utility of any algebraic structure is based on the ability
to solve equations within the structure. The following theorem shows that
the group structure is an algebraic structure that allows for the solvability of
equations such asaoczrz =band zoa = b.

Theorem 6.2.6: Let (G,0) be a group. If a,b € G, then there exists an
element x € G such that

(1) zoa=b.

(ii) aox = b.

Proof (Existence Proof): Let (G,o) be a group, and let a,be G
be ABF.

Proof of part (i): Since a,b € G, it follows that a~! € G, and thus
so is boa~!. Furthermore

(boa Voa=bo(a loa)=boe="b

Thus, z=boa"! € G is a solution to the equation T oa = b.
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Proof of part (ii): The proof of part (ii) is left as an exercise.

Note that the solutions to the equations aox = band xoa = b had to be
constructed in the scratchwork leading up to the proof of Theorem 6.2.6. Sim-
ilar constructions can be created to solve many equations encountered when
working with a group structure. For example, the solution to the equation
zogoboc = d would be z = do(acboc)™! = doc lob loa™!, and the solution
to the equation aczoboc = d would be z = a~odo(boc) ™! = a~odoc™lob™ 1.
Also, the properties of a group that depend only on the binary operator o, and
not the individual elements of the group, are called the algebraic properties of
the group. The results in Theorems 6.2.3-6.2.6 are all algebraic properties of
a group.

Exzample 6.2.9: Recall that (R*, x) is a group.

a. Let a,b € R*. Solve aox = b for z.
b. Solve 20x = 0.4 for z.
¢. Solve (x 05)ox = 20 for z.
Solutions:
a. The solution to a o = b is found by solving the equation az = b, which
yields z = 9
b. The solutioczl to 2o0x = 0.4 is found by solving the equation 2z = 0.4,

which yields z = 0.2.

c. The solution to (xro5)ox = 20 is found by solving the equation 5x2% = 20,
which yields z = 2.

Now, recall that the definition of a group requires that for every element
a € G, the identity element e and the inverse element a~! must both commute
with a. Thus, to show that (G, o) forms a group, it must be shown that for
every a € Gthat ace =eoca=aandaca™! = a" ! oa = e However, the
next theorem states that (G, o) is a group if G is closed under and associative
operator o and for every a € G there is a left identity and a left inverse.

Theorem 6.2.7: Let G be a set and o a binary operation. Then, (G, o) forms
a group provided that the following conditions are satisfied:

(1) G is closed under o.



290 The Foundations of Algebra

(ii) o is associative on §.
(iii) 3 e € G such that eca = a, V a € G (left identity).
(iv) Va€ G, 3 z € G such that x oa = e (left inverse).

Note that if G is a set, o is a binary operator, and assuming that conditions
(i)-(iv) hold, then, since G is closed under o and o is associative on G, it is
necessary only to show that the following two conditions are true in order to
prove that (G, o) is a group.

1. For every element a € G, ace = a.

2. For every element a € G, aox =e

Before proving conditions 1 and 2, it will first be shown, in Lemma 6.2.1, that
left cancellation holds on G with o provided that conditions (i)-(iv) are true.
This lemma will then be used in the proof of Theorem 6.2.7.

Lemma 6.2.1: Let a,b,c € G. If conditions (i)-(iv) of Theorem 6.2.7 are
satisfied and a 0 b = a o ¢, then b = ¢ (left cancellation).

Proof: Let a,b,c € G be ABF. Suppose that conditions (i)-(iv) are
true and that acb=aoc.

Since a € G, by condition (iv), it follows that there exists an element
z € G such that £ oa = e. Moreover, since aob = a o ¢, it follows
that z o (ao b) = zo(aoc). Now, since o is associative, it follows
that

zo(aob) =(roa)ob=cob=1"b

and
rzo{aoc)=(rca)oc=eoc=c

Thus, b = ¢ and left cancellation holds on G whenever conditions
{(1)-(iv) are true.

The proof of Theorem 6.2.7 is given below.

Proof: Let G be a set, o a binary operator, and suppose that con-
ditions (i)-(iv) hold.

Condition 1: Let a € G be ABF. To prove condition 1, it must be
shown that coe =eca =a, Ya € G. Since a € G by condition (iv)
there exists r € G such that e = zoa.
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Consider e:
e= eoe = (zoa)oe
v

Since e is a left identity Sipce e = z0a

= zof{aoce)
e ——
Since o is associative

Also, since e = g c a, it follows that e = z0a = zo{aoe) and hence,
zoa = zro(aoe). Now, applying Lemma 6.2.7 (i.e., left cancellation),
it follows that a = aoe, Va € G. Hence, e is an identity element in

G.

Condition 2: Let a € G be ABF. Then, 3z € G such that zoa = e.
Consider z o e.

Toe= eox =(zoa)ox= <zolaox)
V. . \-\,—/ \_V—J
By condition 1 € By associativity

Thus, zoe = zo (aoz) and by left cancellation it follows that
e = aoz. Hence z is an inverse of a, and therefore (G, o) is a group.

A similar result holds for a set G that is closed under an associative binary
operator o and with the properties for the left identity and the left inverses
replaced by a right identity and right inverses.

Theorem 6.2.8: Let G be a set and o a binary operation. Then, (G, o) forms
a group provided that the following conditions are satisfied:

(1) G is closed under o.

(i) o is associative on G.
(i) 3 e € G such that ace =a, V a € G (right identity).
(iv) Va€ G, 3 z € G such that a oz = e (right inverse).

Proof: The proof of Theorem 6.2.8 is left as an exercise.



292 The Foundations of Algebra

The result of Theorems 6.2.7 and 6.2.8 provide shortcuts in verification
that the pair (G,0) is a group. Thus, to show that (G,o) is a group, it is
necessary only to show that

1. G is closed under o.

2. o is associative on G.

3. Jec Gsuch that aoe=ua (oreoa), Va€eg.

4. Vac G, 3 reGsuchthataor=¢c (orzoa =e).

Another important characteristic of a group is its order. The definition
of the order of a group (G, o) is given below.

Definition 6.2.3: The order of a group (G, o) is the number of elements in
the set G. If G is infinite then (G, ©) is said to have infinite order. The order
of a group G is denoted by |G]|.

Note that the order of a group is simply the number of elements in the
group. For example, if £ = {e} and o defined by eoe = ¢, then (£,0) is a
group with order |£] = 1. A group of the form (£, 0) is called a trivial group.
Two examples of trivial groups are ({0}, +) and ({1}, x). Examples of groups
having infinite order are (R, +) and (R*, x).

Moreover, when two groups have the same order, it is possible, but not
guaranteed, that the two groups are structurally identical. Specifically, when
two groups are structurally similar, it follows that cxcept for the names of
the elements, the algebraic properties of the two groups are identical. For
example, every trivial group has the same algebraic structure; however, (Z, +)
and (R, +) are not structurally the same even though the order of both of
these groups is infinite. Two groups that are structurally similar are said to
be isomorphic; isomorphic groups are discussed in most introductory texts on
modern algebra and group theory (e.g., see Classic Algebra by P. M. Cohn
(2000)).

Now, it can be shown that there are groups of order n for any natural
number n. An example of a group of order n is (Z,, ®), where & is modular
arithmetic and Z, := {0,1,2,...,n — 1}. Modular arithmetic base n, also
called clock arithmetic base n, is a system of arithmetic that can be used on
the natural numbers by defining a @ b = r, where r is the Division Algorithm
remainder from the unique representation a + b = gn + r. For example,
5@ 3 = 2 in modular base 6 because 5+3=8=1-6+2,and 11®8=1in
modular base 6 because 11+ 8=19=3-6+ 1.

Theorem 6.2.9: If n is a natural number, then (Z,,®) forms a group of
order n.
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Proof: Let a,b € Z, be ABF and consider a © b. By definition,
a®b=r wherea+b=gn+7rand 0 <r <n. Thus, since0 <r <n,
it follows that a + b € Z,, and therefore, Z,, is closed under &.

Now, & is associative; however, the details showing that @ is an
associative operator are left as an exercise.

Since 0 € Z,, and since 0 ® a = a and a ®0 = q, it follows that 0 is
an identity element in Zn.

Suppose that a € Z,; then so is n — a since 0 < n — a < n. Further-
more, a® (n — a) = 0 since a+ {n — a) = n, which has remainder 0.
Therefore, a™! = n — a € Z,, whenever a is.

Thus, (Z,,®) forms a group. Furthermore, since Z,, consists of n

clements, it follows that it is a group of order n.

Ezample 6.2.10: Let (G,0)= (Zg, ®). Determine

a. 398

b. 5®8®6.

c. 374

d. xsuchthat z®2 @806 =1.
Solutions:

a. 3Pp8=2since3+8=11=1.9+2.

b. 5®8®6=1since5+8+6=19=2-9+1.

c. 37! =6since 3+ 6=9=1-9+ 0 and 0 is the identity element in Zg.
d. 2=3since3+2+8+6=19=2-9+1,and hence 3029 8®6 = 1.

Theorem 6.2.10: (Z,,,®) is an Abelian group.

Proof: The proof of Theorem 6.2.10 is left as an exercise.

Example 6.2.11: Let G={1,2,3,4,5} and 0 = ®, where a ® b = r where r
is the Division Algorithm remainder in the equation ab = gn + r.

a. Show that {G,®) forms a group.
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b. Determine 471,
c. Solve2® 5 = 3.

Solutions: The solutions to Example 6.2.11 are left as exercises.

Note that (Z,,®) cannot be a group because there will be no inverse
for 0. However, a theorem analogous to Theorem 6.2.10 stating that the pair
({1,2,3,...,n—1},®) forms a group is possible.

6.2.2 Subgroups

Recall that Z ¢ R and (R, +) and (Z,+) are both groups. An important
question concerning a group (G,0) is “When does a subset H of G, with the
operator o, form a group?” When (G, o) is a group and a subset H of G forms
a group with o, then (H, o) is called a subgroup of (G, o).

Definition 6.2.4: Let (G,0) be a group, and let H be a subset of G. The
pair (H, o) is said to be a subgroup of (G, o) if and only if (H, o) is a group.

For example, (Z, +) and (Q, +) are subgroups of (R, +) and (Q", x) isa
subgroup of (R*, x). However, (I, x) is not a subgroup of (R*, x) since I is
not. closed under multiplication.

Ezample 6.2.12: Let (G,0)= (Z,+), and let k € N. Define kZ as follows:
kZ = {kz: :z € Z}
Then, kZ is simply the set consisting of the integer multiples of k. For example
2Z =1{2z: z € Z} = {0,+2,%4,..}
and
3Z={3z: z€Z} ={0,43,%6,...}

Show that (kZ, +) is a subgroup of (Z,+), V k¢ N.

Solution: Let k € N be ABF. Clearly, it follows that kZ is a subset of Z.
Now, to show that (kZ,+) is a subgroup of (Z,+), it must be shown that
(kZ,+) is also a group.

Let a,b € kZ. Then, there exist integers 7 and j such that a = k7 and b = kj.
Consider a + b
at+b=ki+kj=k(i+j) =kl

where | =i+ j € Z, and hence a+ b € kZ whenever a,b € kZ. Therefore, kZ
is closed under ordinary addition. Note that the associative property holds
on kZ since ordinary addition is associative on Z.
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0 is the additive identity and 0 € kZ since 0 = k- 0. Thus, £Z does contain
an identity element. Let a € kZ be ABF. Then, a = kz for some integer z.
Now, —a = k(~2z), and therefore —a is in kZ whenever a is. Since —a is the
additive inverse of a, it follows that kZ contains all the additive inverses.

Therefore, (kZ,+) is a group, V k € N.

Note that the even integers with ordinary addition (i.e., (2Z, +)) forms a
group, as does (3Z, +), the multiples of 3 with addition. Furthermore, since
2ZN3Z = 6Z, it follows that (6Z, +) is a subgroup of both (2Z, +) and (3Z, +).

Ezample 6.2.13: Show that 2Z N 3Z = 6Z.

Solution: The solution to Example 6.2.13 is left as an exercise.

Theorem 6.2.11: Let (G, o) be a group. If (H;,0) and (Hz, o) are subgroups
of (G, o), then (H; N'Ha,0) is also a subgroup of (G, o).

Proof: Let (G,0) be a group, and suppose that (H;, o) and (Hz,0)
are subgroups of (G, o).

Let a,b € Hy N Ho. Then, it follows that a,b € H; and a,b € Ho.
Now, since (H;,0) and (H2,0) are groups, aob € H; and aob € Hs
since both sets are closed with respect to the operator o. Thus,
aob e Hi NHsy. Therefore, Hy N H; is closed under o.

Note that o is associative on G, and therefore o is associative on
HiNH,.

Now, since (H,,0) and (Hy,0) are groups, it follows that e € H),
and e € H,. Thus, € € Hi NHq, and thercfore Hy, N"H2 contains the
identity element.

Finally, let a € H,NH> be ABF. Since (H1, o) and (H2, o) are groups,
it follows that a=! € H, and a~! € H,. Hence, a~! € H, NHa, and
therefore H; N H, contains a~! whenever a € Hy N Ha.

Thus, (H1,NHs,0) forms a subgroup of (G, o).

Theorem 6.2.11 shows that when (G, o) is a group, so is the intersection of
any two subgroups of (G, o). For instance, in Examples 6.2.12 and 6.2.13 it was
shown that (2Z, +) and (3Z, +) are subgroups of (Z, +) and that 6Z = 2ZN3Z;
therefore, from these facts it follows that (6Z, +) is also a subgroup of (Z, +).
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On the other hand, the union of two subgroups of (G, o) is not necessarily a
subgroup of (G, o). A counterexample showing that the union of two subgroups
of (G, o) is not always a subgroup is given in Example 6.2.14.

Example 6.2.14: Note that (2Z, +) and (3Z, +) are subgroups of (Z, +) and
2ZU3%Z = {z:z =2z or x = 3z, wherc z € Z}

Now, while 2 € 2Z and 3 € 3Z, 2+ 3 = 5 ¢ 2Z U 3Z since there is no integer
z such that 2z = 5 or 3z = 5. Hence, 2Z U 3Z is not closed under ¢, and thus
(2Z U 3Z, +) is not a subgroup of (Z, +).

For the ordinary multiplication operator an expression such asaxa xaxa
will often written in shorthand as a*. Analogously, with a group (G,o) and
an element @ € G, an expression such as aoaoaoa will commonly be written
as a4, also. The integral powers for an element a of a group are defined below.

Definition 6.2.5: Let {G,0) be a group and a € G. The integral powers of
the element a are defined as follows:
(i) a® = e
(ii) a' = a
(ili) a" =a""'oa, n €N
(ivia"=(a")", neN
Note that this definition does not explicitly state that

a* =aoao---0q
e e

n times

for n € N. However, since a® = a o q, it follows that a® = a®oa = aocaoa,
and generalizing fromi here on, it is clear that

a" =aogo---0q
—————

n times

and

a"=g'oa"'o---0a"!

Furthermore, from Definition 6.2.5 it can be deduced that a™ o a™ = o™*™
and (a™)™ = a™™ for n,m € N.
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Theorem 6.2.12: Let (G,0) be a group. If a € G, then
(i) a”oa™ = a™*™ for n,m € N.
(ii) (™)™ = a"™ for n,m € N.
Proof: Let (G, o) be a group, and let a € G be ABF.
Proof of part (i): Let n € N be ABF, and let

Pri=a"oa™ =a"'™

For m =1, a"® oa! = a™*! by definition. Thus, P, is true.

Now, suppose that P is true for some ABF k£ ¢ N. This means

that a™ o a* = a™**. Furthermore, if Pi,;, is true it follows that

at ogktl = gntktl

Consider a™ o g*t!

a"oak“:a"o(akoa1)=a"oakoa

=an(k oa = an+k+l
~—~ ——
P By Definition 6.2.5(iii)

Thus, Px — Pi41, and therefore it follows that a™ o a™ = a™t™,
vYmeN.

Since n € N was ABF, it follows that a® ca™ = a™*™, V n,m € N.

Proof of part (ii): The proof of part (ii) is left as an exercise.

Now, for n € N it follows from Definition 6.2.5 that a” = a® ! o g, and
since n = 1+ (n — 1), it also follows from Theorem 6.2.12 that @™ = aoa™'.
Furthermore, it can also be deduced from Definition 6.2.5 and Theorem 6.2.12
that a®oa™ = a™oa”, V n,m € N. Also, although not proved here, it is
possible to generalize Theorem 6.2.11 to similar results for the integral powers
of negative numbers and also for a mixture of positive and negative integral
powers. However, it is important to note that it cannot be deduced from
either Definition 6.2.5 or Theorem 6.2.12, that (acb)™ = a™ o b™, unless (G, o)
is an Abelian group.
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Example 6.2.15: The integral powers of the elements of (Zg, ®) are shown
in Table 6.2.1.

Table 6.2.1 The Integral Powers for (Zg, ®)

a n=0 n=1 n=2 n=3 n=4 n=9y n=06

0§ 0°=0 | o'=0 | 0%2=0 | 03=0 | 0%=0 | 05=0 { 0%=0

1| 1%=0 | 1'=1 | 1%=2 | 13=3 | 1%=4 | 1%=5 | 1%=

2 | 20=0 | 2'=2 | 22=4 | 23=0 | 2%=2 | 25=4 | 2%=0

31 3%=0 | 3'=3 | 32=0 | 33=3 | 3%=0 | 3°=3 | 35=0

41 4%=0 | a'=4 | 4222 | 4320 | 4i=q | 4%=2 | 480

5 | 5%=0 | 5'=5 | 5%2=4 | 5%=3 | 5%=2 | 5%=1 | 58=0

Note that in Example 6.2.15, it turns out that a™ = e for some value
of m less than or equal to 6 for each of the elements in Zs. In particular,
18=22=32=43=560=¢e=0. If (G,0) isagroupand a € G and a™ = ¢
for some natural number m, then element a is said to have order m.

Definition 6.2.6: Let (G, c) be a group and a € G. The order of an element
a is defined to be the smallest natural number m such that a™ = ¢; if a™ # ¢
for every natural number m, then a is said to have infinite order.

For example, in (Zg, ®), the order of the element 2 is 3 and the order of
the element § is 6, while in (Z, +), 0 has order 1 and every other element has
infinite order. The following theorem shows that the order of every element
in a group of finite order n can be no larger than n.

Theorem 6.2.13: Let (G, 0) be a group of order n < 00. If a € G, then the
order of a is less than or equal to n.

Proof (by Contradiction): Let (G, o) be a group of order n < o0,
and let a € G be ABF. Furthermore, suppose that the order of a > n.
Since the order of a > n, it follows that a™ # eform = 1,2,3,...,n.

Consider A = {a* : 4 = 0,1,2,...,n} C G since G is closed under
o. Now, since the order of G is n, it follows that at least two of
the elements in A are equal, for otherwise A would contain n + 1
elements and could not be a subset of G. Suppose that a’ = a* for
some integers j and k with 0 < j <k <n.

Since k > 7, it follows that k = j + [ for some natural number
| <n. Now, a* = a?* = a¥ o a'. Since a* = a7, it follows, by left
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cancellation, that a! = e. Hence, the order of a is less than or equal
to l. Since | < n, this contradicts the assumption that the order of
a is greater than n.

Therefore, the order of any element in a group of finite order n must
be less than or equal to n.
[

Let (G,o) be a group. Then, since G is closed under o, it follows that
the set of integral powers of any element a € G will form a subset of G.
In particular, the set A = {a* : k € Z} is called the set of elements in G
generated by the element a.

Definition 6.2.7: Let (G,0) be a group and a € G. The subset of elements
generated by an element a is defined to be

{a) ={a*: keN}={al,a%d%. .}

For example, if (G,0)= (Z,+), then (1) = Z and (—1) = Z. Also, the
subset of Z generated by element 2 is

(2) = {0,+2,+4,...} = 2Z

which is the set of even integers. Similarly, the subset of Z generated by

element 4 is
(—4)=1{0,14,18,...} = 4Z

Note that in general, for any integer k the subset of Z that is generated by k
under ordinary addition is (k) = kZ.

Example 6.2.16: Let (G,0)= (R, x). Then
1 1 1 1
<'2~;1'>— {FTLGZ}— {1,5,2,1,4,...}

The following theorem shows that if (G,0) is a group and a € G, then
({a),o) forms an Abelian subgroup of (G,0).

Theorem 6.2.14: Let (G,c) be a group, and let a € G. Then, ({a}),0) forms
a subgroup of (G, o).

Proof: Let (G, o) be a group, and let a € G be ABF.
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Let b,c € {a) be ABF. Then. there exist integers j and k such that
b= a’ and ¢ = a*. Consider bo c:

boc=a’oa* = altk € (a)

By Theorem 6.2.12(i)
Hence, (a) is closed under o.

Now, suppose that b,c,d € (a) are ABF. Then, there exist integers
7.k, and [ such that b = a’, ¢ = a*, and d = a'. Consider (boc)od
and bo (cod):

(boc)od = (a’ oak)oal = a/** oal = @l tkH

bo(cod) =a’ o(a¥oa) = a’ oakt = a7 tkH!

Thus, (boc)od = bo(cod), and hence o is associative on {a).

Clearly, e € (a) since e = a°, and hence (a) contains the identity
element.

Finally, supposc that b € {(a). Then, there exists some integer k such
that b= a’. Since j is an integer, so is —j, and thus a™/ € (a). By
Theorem 6.2.13, b~ ! = (aJ)*l = a7, and hence b~! € (a) whenever
b€ (a). Thus, (a) contains all the inverses of its elements.

Therefore, ({a), o) forms a group.

Not only does ({a), o) form a group; it is also an Abelian group since

a"t™m =qa"0gm =a"o0a", Vn,meZ
Furthermore, ((a), o) is the smallest subgroup of (G, o) containing the element
a. The subgroup ({(a},o) is said to be a cyclic subgroup of (G, o).

Definition 6.2.8: Let (G,0) be a group and a an element of G. Then,
the subgroup of (G, o) generated by a, namely, ({(a),0), is called the cyclic
subgroup generated by a.

Recall that if (G, 0) is a group of finite order n, then every element in
G has order no larger than n. Furthermore, if a has order m < n, then
(a) ={a,a?d?...,a™}.
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Ezxample 6.2.17: For (Zg, ®), determine

a. The cyclic subgroup generated by 6.
b. {5).
c. (8).
Solutions:
a. The subgroup generated by 6 is (6) = {6,626, ..., 6"}, where n is the

order of 6. Now, the order of 6 is found by solving the equation 6™ = e.
Consider 6" forn =0,1,2,...9:

6'=6, 62=606=3, 6°=606Mm6=0

Thus, the order of 6 is 3 and ((6),®) = ({6!,62,6%},®) = ({6,3,0}, D).
b. The solution to part (b) is left as an exercise.

¢. The solution to part (¢) is left as an exercise.

Recall that if |G| = n < oo, then for any element a € G, (a) forms a
cyclic group under the operation o. Furthermore, each of the following results
holds for a group (G, o).

Theorem 6.2.15: Let (G, o) be a group, and let ({a),c) be the cyclic group
generated by a € G. If a has order n and b € {a), then

(i) a=t =a™ .

(ii) b= = a™"7 for some natural number 0 < j <n.

Proof: Let (G, o) be a group, let {({(a}, o) be the cyclic group gener-
ated by n € G, and suppose that a has order n.

Proof of part (i): First, since a has order n, it follows that a” = e.
Consider a™:

o) is a group, it follows that

Thus, e = a" ! o a. Now, since ({a),
-1 n—1

the inverses are unique, and hence a™' = a

Proof of part (ii): Let b € (a) be ABF. Then, there exists a
natural number 0 < j§ < n such that b = a7. Now, siuce a has order
n, it follows that a™ = e¢. Consider a™:

e=a"=a’oa" 7 =boa""’

Thus, e = boa™ 4. Now, since ((a),0) is a group, it follows that
the inverses are unique, and hence b~! = g™/,
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Exzample 6.2.18: Let (G, 0)= (Z30, ®). Determine

a. The order of the element 4.
b. (4).
c. 27h
Solutions:
a. The order of the clement 4 is 15 since 4!° = 0 and 15 is the smallest
natural number for which 4™ = e.
b. The solution to part (b) is left as an exercise.

c. The solution to part (c) is left as an exercise.
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EXERCISES

6.1 Let A, = [w%,l - l} and B; = [l, 1+ l} for i = 1,2,3. Determine
i i i

. Al,Ag,A3 and Bl,BQ,Bg

A U By

A;] N By

B3N A$

& o oo

6.2 Let A = 2Z and B = 3Z. Determine

ANB
AUB
A€
Be
AU B¢
A°n B¢

™ e 20 T op

6.3 Let A, B C Q. Prove that

IfA ¢ B, then B® ¢ A°.

AN BCB.

AC AU B.

Bc AuB.

ANBCAUB.

(AN B) = A° U B-.

. A C B if and only if B® C A°.

(AU B)N(ANB)t = (AN DB U (BN A%).

T o

@ - 8o

6.4 Let A, B,C be subsets of (. Prove that
a. AN(BUC)=(ANB)U (ANCQC).
¢. (AN BNCY =A°U B°UCe.

6.5 Let A, B,C, D C 2. Simplify each of the following expressions:
a. (AUB)*NB*
b. (AuB)°UB*
c. AU(BNA°)U(CNA°N B

303
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d. (ANBY)U(ANC)U(AND)
e. (AUBYN(AUC)N{AULD)
f. (AUBXN(AUC)*N(AUD)*

1
6.6 Let A; = [~—1—, l], and let B; = (0, 1+ —]. Determine
n'n n

1

c o
C8iCs
e

~
0
—

o
8
>

-
]
-

o
3
»

~.
It
—_

6.7 Prove that if 4; € Q, Vie N, and B C €, then

n+t1 ntl
Bﬂ(U A,-) =|J(BNA) ¥neN,
i=1

il
6.8 Prove that if A; C Q,and B; C Q, Vi €N, then

(B; N Ay).

[
Cs
e
o)
TN
>
>
~——
I
C-
s

.
i

b, mB]- u(ﬁA,-):ﬁﬁ(BjuA,-).

je=

c. (ﬁ B,-\ n (U A,) = LnJ ﬁ(BjﬂAi)-

—

6.9 Let A, Az, ..., A, be subsets of Q with U A; =Q, let B = Ay, and let

i=1

i—1 €
B, = AN (U Ai> fori = 2,3,...,n. Prove that By, B,,..., B, is a

j=1
partition of €.
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6.10 Prove that each of the following sets is a countable set:

a.

b
c
d
e

2ZN3Z

22U 3Z

{x: Vz=0bfor beZt)

P ={p€Z: pisa prime number}
C={c:c=a+by/2for abecQ}

6.11 Prove each of the following theorems:

a.

Theorem: If A and B are countable sets, then AU B is a countable
set.

Theorem: If A and B are countable sets, then AN B is a countable
set.

. Theorem: If A is an uncountable set and A C B, then B is an

uncountable set.

. Theorem: If A is an uncountable set and B is a countable set, then

AN B is a countable set.

Theorem: If A is an uncountable set and B is a countable set, then
AU B is an uncountable set.

6.12 Let Q = {{z,y): z,y € Z}. Prove that Q is a countable set.

6.13 Let G =R and aob = 2. Prove that (G,0) is a group.

6.14 Let G =R" and aob = £. Prove that (G, o) does not form a group.
3

6.15 Let G =Z and aob=a+ b+ 1. Then

L O =

Prove that ao -1 = ~loa=a, Va € Z.

Prove that ao{-a ~2) = (~a-—-2)oa= -1, Va e Z.
Determine the identity element in Z under o.
Determine a o {(boc).

Determine whether (G, o) forms a group.

6.16 Prove each of the following theorems:

a.

. Theorem: If (G,0) is a group and a € G, then (a™?})

Theorem: If (G,0) is a group and a,b € G, then 3 y € G such that
aoy=nbh.

“1=g.

c. Theorem: If (G,0) is a group and (aob)"! =a"lob™! Va,be g,

then (G, o) is an Abelian group.
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6.17

6.18

6.19

6.20

6.21

6.22

6.23

Foundations of Algebra

Let G be a set closed under an associative binary operation o. Prove
that if G has a right identity element under o and a right inverse for each
element under o, then (G, o) is a group.

Prove each of the following theorems:
a. Theorem: If (H, o) is a subgroup of (G, o), then the identity element
in G is the identity element in H.

b. Theorem: If (H,o) is a subgroup of (G,o) and a € H, then the
inverse element of a in G is the inverse element of a in H.

c. Theorem: Let (G,0) be a group and H C G. Then, (H,0) is a
subgroup of (G, o) if and only if H is closed under o and a™! € H
whenever a € 'H.

Prove that if (G,0) is a group and H = {a € G : aca = ¢}, then (H,0)
is a subgroup of {G, o).

Let G = Zo and o = @.
a. Find the inverses of elements 3, 4, 7, and 8.
b. Find the order of elements 3, 4, 7, and 8.

. Find (3) and (5).

d. Solve z2 = 1.

e. Solve 2 xr® 6 = 4.

o

Let G = Zig and o = @.
a. Find the inverses of elements 3, 4, 7, and 8.
b. Find the order of elements 3, 4, 7, and 8.
¢. Find (3) and (5).
d. Solve 22 = 1.
e. Solve 12z ® 16 = 4.

Prove each of the following theorems:
a. Theorem: Let (G,0) be a group. If a € G, then (a™)™ = a™™,
VnmeN.
b. Theorem: If (G, o) is a cyclic group, then (G, o) is an Abelian group.

c. Theorem: If (G,0) is a cyclic group and (H, o) is a subgroup of
(G,0), then (H,0) is a cyclic group.

Let (G, o) be a cyclic group and a,b € G elements of order 2. Prove that



EXERCISES 307

6.24

6.25

6.26

6.27

a. aob=boa.
b. {e,a,b,ao b} is a subgroup of (G,o).

Let (G,o) be a group. Prove that if (a0 b)? = a?0b?, V a,b € G, then
(G,0) is an Abelian group.

Prove that if (G, o) is a group of finite order, then there exists n € N such
that " = e, Va €4g.

Let (G,0) be a cyclic group of order n. Prove that if m € N and n|m,
then there exists a subgroup of order m.

Prove that if (G, o) is group of order p and p is a prime number, then
(G, o) is a cyclic group.
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