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Preface

Geoge Jaiani was born on
June 19th, 1945 in Tbilisi,
Soviet Union (now Repub-
lic of Georgia). In 1962, he
was graduated from the 55th
Tbilisi secondary school with
a gold medal. He entered
the I. Javakhishvili Tbilisi
State University for Mathe-
matics and Mechanics and
obtained in January 1968 the
diploma of honour in Me-
chanics. His Ph.D. (Candi-
date of Sci.) thesis "Some
Problems for Prismatic Shells
with Cusped Edge" (special-
ization "Mechanics of De-
formable Bodies") he pre-
pared under the supervi-
sion of Academician Profes-
sor Ilya Vekua at the Raz-
madze Institute ofMathemat-
ics of the Georgian Academy
of Sciences. In 1986 he ob-
tained the Doctor of Science

degree at the same institute. The title of the thesis was "Boundary Value Problems
for Linear Elliptic Equations with Order Degeneration and Their Applications".

His professional life ismostly related to the I. Javakhishvili Tbilisi StateUniversity
(TSU). He started in 1968 as post-graduate and in 1971 he became an invited
assistant. Frome 1974 up to 1987 he was the Scientific Secretary of the I. Vekua
Institute of Applied Mathematics of the TSU. From 1974 up to 1978 he was an
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invited docent (lecturer) of the TSU and from 1981 up to 1988 an invited professor
of TSU. In 1989 he received a main research fellow position of the Department of
Partial Differential Equations (part-time position) at the I. Vekua Institute of Applied
Mathematics (up to 1994). In 1987 he was appointed as the deputy director of the
I. Vekua Institute of Applied Mathematics of TSU and later he was elected as the
director of this institute. Since 2009 he is also a full professor at the TSU and acts
as head of the Chair of Mechanics of the Faculty of Exact and Natural Sciences of
the I. Javakhishvili Tbilisi State University.

He supervised 6 Ph.D. thesis (among them was the thesis of one of the editors
(N.C.) of this book). He is the author/co-author or editor/co-editor of sixmonographs,
five textbooks, six edited books, and 113 papers (see complete list of publications at
http://www.viam.science.tsu.ge/curi/jaiani/index.html). His fields of scientific inter-
ests are

• Partial Differential Equations,
• Mathematical Modelling,
• Solid Mechanics,
• Solid-Fluid Interaction Problems,
• Shell and Plate Theory.

In particular, his focus is on boundary value problems for singular elliptic and
hyperbolic equations and their application to the theory of Cusped Plates and Shells.

In 1978, George Jaiani was awarded themedal and prize of the GeorgianAcademy
of Sciences for young researchers, in 1998 the medal and in 2013 the order of merit
of the Georgian president for achievements in scientific and educational activities.
During the last 25 years he received several grants, among them a grant of the
International Science Foundation (George Sorros Foundation) in 1993, a scholarship
of the GermanAcademic Exchange Service (DAAD) in 1994, a grant of NATO-CNR
(Consiglio Nazionale delle Ricerche, Italy) for the project “Solid-fluid mathematical
models describing the stress state of a dam together with its environment under non-
ordinary actions” in 1995/6, a grant of the Max-Planck-Gesellschaft for the project
"Application of singular integral operators to problems of mathematical physics”
(1996), a grant of Ateneo (University of Rome "La Sapienza", 1996), a grant of
the DFG (German Science Foundation) for the project "Investigation of cusped
bars, plates, and connected with them degenerate ordinary, elliptic and hyperbolic
differential equations" (1999), etc. During the last years he obtained several grants
from the Ministry of Education and Sciences of Georgia and the Shota Rustaveli
National Science Foundation. The project titles were close to his scientific interest,
for example,

• Investigation of cusped elastic plate and beam hierarchical models,
• Construction and investigation of hierarchical mathematical models for a medium

consisting of deformable solid and fluid parts,
• Some nonclassical problems for thin structures,
• Non-classical problems of fluid-elastic cusped plate (beam) interaction,
• Boundary and initial boundary value problems for hierarchical models for cusped

plates,
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• Investigations of the theory of elasticity and thermoelasticity for microstuctures,
• Some classes of PDE and PDE systems with applications to mechanics and

biology,
• Development of analytical and numerical methods for cusped prismatic shells

and beams,
• Modeling and calculating of in practice widely-distributed structures with com-

plicated geometry, and
• Construction and investigation of hierarchical models for thermoelastic piezo-

electric structures.

George Jaiani is a well-known scientist in Georgia and abroad. Due to his ability
of speaking Georgian (native), German, Russian, English, and Italian languages, he
has a lot of international contacts. During the last years, he delivered many talks and
plenary lectures on national and international conferences and seminars. At the same
time, many colleagues from abroad got a deep impression of his hospitality. He was
among the organizers and the host of the IUTAM Symposium On Relation of Shell,
Plate, Beam, and 3DModels (dedicated to the Centenary of Ilia Vekua, April 23-27,
2007, Tbilisi). He was several times invited as Visiting Professor by universities in
Germany, Italy, and Poland.

Finally, it should be mentioned that George Jaiani is the chairman of the Geor-
gian National Committee of Theoretical and Applied Mechanics, a member of the
International Association of Applied Mathematics and Mechanics [Gesellschaft für
Angewandte Mathematik und Mechanik (GAMM)], a member of the Georgian En-
gineering Academy, a member of the General Assembly of the International Union
of Theoretical and Applied Mechanics (IUTAM), since 1994 a member (Academi-
cian) of the Georgian Academy of Natural Sciences and since 2002 of the European
Academy of Sciences (EurASc), etc.

Last but not least, George Jaiani likes to be with his family: with his lovely
wife Natela, with his two children and their families including four grandchildren.
Moments with them often serve as starting point for his new scientific ideas.

Magdeburg Holm Altenbach
Tbilisi Natalia Chinchaladze
Bremen Reinhold Kienzler
Berlin Wolfgang H. Müller
June 2020
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Academy of Sciences of the Georgian SSR, 122 (3), 469-472, 1986 (in Russian,
Georgian and English summaries)

26. On the Influence of Coefficients of Junior Terms on Posing of Boundary Value
Problems for Elliptic Equations with Order Degeneration, Reports of Enlarged
Sessions of the Seminar of I. Vekua Institute of Applied Mathematics, 2 (1),
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Chapter 1
On some Classes of Three-dimensional Dynamic
Problems of Plates and Shells and an Asymptotic
Method of Solving them

Lenser A. Aghalovyan

Abstract The equations of the dynamic problem of the theory of elasticity, written
in dimensionless coordinates and displacements, are singularly perturbed relatively
with a geometric small parameter. For solving the corresponding system of differen-
tial equations, the asymptotic method turned effective. The asymptotic solutions of
three classes of dynamical problems with classical boundary conditions were found.
The amplitudes of the forced oscillations were determined. The conditions for the
appearance of resonance were established and when the asymptotic solution become
mathematically exact. The procedure for constructing a solution for a boundary layer
in orthotropic plates and its conjugation with the solution of an external problem
was described.

Key words: Orthotropic plates and shells · Spatial problems · Forced vibrations ·
Asymptotic solution · Resonance

1.1 Introduction

The classical theory of plates and shells of Kirchhoff-Love and the moreprecise
theories of Reissner, Ambartsumian, and the Timoshenko type consider only one
class of problems, although it is very wide when the values of the corresponding
components of the stress tensor are specified on the facial surfaces of a thin body,
such as beams, plates, and shells (conditions of the first boundary value problem of
the theory of elasticity). If on the facial surfaces of a thin body the conditions of
the second or mixed boundary value problems of elasticity theory were given, we
have proved that to solve such problems the hypotheses of the classical and refined
theories were not applicable.

Lenser A. Aghalovyan
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Apparently for this reason, for a long time, these tasks, which are very important
for applications, have not been solved. We have found a fundamentally new asymp-
totics for the components of the stress tensor and displacement vector, allowing to
solve these classes of problems, as well as new classes of problems of statics and
dynamics of thin bodies, including layered, based on the asymptotic method for
solving singularly perturbed differential equations.

The equations of elasticity theory for thin bodies (beams, rods, plates, shells),
written in dimensionless coordinates and displacements are singularly perturbed by
a small geometrical characteristic parameter. For solving such equations and systems
of differential equations, the asymptotic method turned out effective. The solution
consists of an external problem (Iout) and a boundary layer problem (Ib). The solution
to an external problem is sought in the form of a specific series in a small geometric
parameter ε = h/l, where h – half thickness, l - characteristic tangential size of the
thin body:

Iout = εqI+s I(s), s = 0,N (1.1)

where qI – intensity (order) of the corresponding desired q quantity, N - number
of approximations. The values qI are set in this way, so that after substituting
(1.1) into equations transformed to dimensionless, we obtain a consistent system for
determining I(s). Finding non-contradictory values qI – is the most difficult moment
when using the asymptotic method. In the case of the first boundary value problem
of the theory of elasticity (classical theory) for isotropic and anisotropic plates, it
was established (Gol’denveizer, 1962; Aghalovyan, 2015)

qσxx ,σxy ,σyy = −2, qσxz ,σyz = −1, qσzz = 0, qσu ,v = −2, qw = −3 (1.2)

In the case of the second and mixed boundary value problems for beams and
plates, we established (Aghalovyan, 2015, 1982)

qσi j = −1, qu,v,w = 0 (1.3)

Asymptotics (1.1), (1.2) and (1.1), (1.3) remains valid for layered beams and plates.
The corresponding boundary value problems of statics solved in (Aghalovyan, 2015;
Aghalovyan and Gevorgyan, 2005).

When solving dynamic problems of thin bodies, as usual, inertial terms simplified
by the adoption of hypotheses are formally added to the equations of the classical
theory. As a result of this, below, based on the solution of the corresponding spatial
dynamic problem, we make sure that the nature of the oscillatory process along the
transverse coordinate distorted.

1.2 Asymptotic Solutions of Dynamic Problems for Orthotropic
Plates

Let us assume that the plate occupies the area
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Z = {(x,y,z) : 0 ≤ x ≤ a,0 ≤ y ≤ b,−h ≤ z ≤ h, min(a,b) = l,h� l}.

Consider the steady vibrations of an orthotropic plate caused by harmonically varying
in time external influences.

It is required to find a solution to the equations of the three-dimensional problem
of the theory of elasticity:

• equations of motion

∂σjx

∂x
+
∂σjy

∂y
+
∂σjz

∂z
= ρ

∂2u
∂t2

( j = x,y,z;u,v,w), (1.4)

• relations of elasticity of an orthotropic body (generalized Hooke’s law)

∂u
∂x
= a11σxx + a12σyy + a13σzz, (x,y,z,1,2,3,u,v,w);

∂u
∂y
+
∂v

∂x
= a66σxy,

∂w

∂x
+
∂u
∂z
= a55σxz,

∂w

∂y
+
∂v

∂z
= a44σyz

(1.5)

under the following, of the most interest to applications, variants boundary con-
ditions:

a) plate vibrations caused by applied to its facial surfaces normal and tangential
loads

σjz(x,y,±h) = ±σ±jz(x,y)exp(iΩt), j = x,y,z (1.6)

b) vibrations of a plate fixed with absolutely rigid flat base

u(x,y,−h) = v(x,y,−h) = w(x,y,−h) = 0, (1.7)
σjz(x,y,h) = σ+jz(x,y)exp(iΩt), j = x,y,z (1.8)

or
u(x,y,h) = u+(x,y)exp(iΩt), (u,v,w) (1.9)

c) plate vibrations caused by a displacement vector applied to the facial surface
z = −h

u(x,y,−h) = u−(x,y)exp(iΩt), (u,v,w), (1.10)
σjz(x,y,h) = 0, j = x,y,z (1.11)

or
u(x,y,h) = 0, (u,v,w) (1.12)

where σ±hjz ,u
±h,v±h,w±h - given functions, Ω - frequency of external coercive

influence.

Since the process is steady, solving of systems of Eqs. (1.4), (1.5) we will sought
in the form
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σαβ(x,y,z,t) = σjk(x,y,z)exp(iΩt), α, β = x,y,z; j,k = 1,2,3,
u(x,y,z,t) = ū(x,y,z)exp(iΩt), (u,v,w). (1.13)

Substituting (1.13) into Eqs. (1.4), (1.5) and passing to dimensionless coordinates
and displacements

ξ =
x
l
, η =

y

l
, ζ =

z
h
, U =

ū
l
, V =

v̄

l
, W =

w̄

l
, (1.14)

we obtain a system singularly perturbed by a small parameter ε = h/l:
∂σ11
∂ξ
+
∂σ12
∂η
+ ε−1

∂σ13
∂ζ
+ ε−2Ω2

∗U = 0,

∂σ12
∂ξ
+
∂σ22
∂η
+ ε−1

∂σ23
∂ζ
+ ε−2Ω2

∗V = 0,

∂σ13
∂ξ
+
∂σ23
∂η
+ ε−1

∂σ33
∂ζ
+ ε−2Ω2

∗W = 0,

∂U
∂ξ
= a11σ11+ a12σ22+ a13σ33,

∂V
∂η
= a12σ11+ a22σ22+ a23σ33,

ε−1
∂W
∂ζ
= a13σ11+ a23σ22+ a33σ33,

∂W
∂ξ
+ ε−1

∂U
∂ζ
= a55σ13,

∂W
∂η
+ ε−1

∂V
∂ζ
= a44σ23,

∂V
∂ξ
+
∂U
∂η
= a66σ12,

(1.15)

where Ω2∗ = ρh2Ω2, ρ – density. We obtain a non-contradictory system for deter-
mining all quantities in an external problem if expansion (1.1) will has the form

σ
(out)
jk
= ε−1+sσ(s)

jk
(ξ,η,ζ), j,k = 1,2,3,s = 0,N,

(U(out),V (out),W (out)) = εs(Us,V s,W s),
(1.16)

where the designation s = 0,N means that little by little (by repeating) index s is
taken place summed over integer values from zero to N . Formula (1.16) shows
that asymptotic (1.1), (1.3) turned out universal for solving the dynamic problems,
formulated above for all classes (1.6) - (1.12), while in static problems (1.2), (1.3)
asymptotics are fundamentally different.

By substituting (1.16) into system (1.15) and equating the coefficients in each
equation for the samedegree ε, wewill obtain a system for determiningσ(s)

jk
,U(s),V (s),
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W (s). From this system, all stresses can be expressed through displacements by
formulas

σ
(s)
13 =

1
a55

(
∂U(s)

∂ζ
+
∂W (s−1)

∂ξ

)
, σ

(s)
23 =

1
a44

(
∂V (s)

∂ζ
+
∂W (s−1)

∂η

)
,

σ
(s)
12 =

1
a66

(
∂V (s−1)

∂ξ
+
∂U(s−1)

∂η

)
, Q(m) ≡ 0 when m < 0

σ
(s)
11 = −A23

∂W (s)

∂ζ
+ A22

∂U(s−1)

∂ξ
− A12

∂V (s−1)

∂η
,

σ
(s)
22 = −A13

∂W (s)

∂ζ
− A12

∂U(s−1)

∂ξ
+ A33

∂V (s−1)

∂η
,

σ
(s)
33 = A11

∂W (s)

∂ζ
− A23

∂U(s−1)

∂ξ
− A13

∂V (s−1)

∂η
,

(1.17)

where

A11 =
a11a22− a212

Δ
, A22 =

a22a23− a223
Δ

, A33 =
a11a33− a213

Δ
,

A13 =
a11a23− a12a13

Δ
, A23 =

a22a13− a12a23
Δ

, A12 =
a12a33− a13a23

Δ
,

Δ = a11a22a33+2a12a13a23− a11a223− a22a213− a33a212
(1.18)

and for determining U(s),V (s), W (s) we obtain the equations

∂2U(s)

∂ζ2
+ a55Ω2

∗U
(s) = R(s)U ,

R(s)U = −
∂2W (s−1)

∂ξ∂ζ
− a55

(
∂σ
(s−1)
11
∂ξ

+
∂σ
(s−1)
12
∂η

)
, (1.19)

∂2V (s)

∂ζ2
+ a44Ω2

∗U
(s) = R(s)V ,

R(s)V = −
∂2W (s−1)

∂η∂ζ
− a44

(
∂σ
(s−1)
12
∂ξ

+
∂σ
(s−1)
22
∂η

)
, (1.20)

A11
∂2W (s)

∂ζ2
+Ω2

∗W
(s) = R(s)W ,

R(s)W = A23
∂2U(s−1)

∂ξ∂ζ
+ A13

∂2V (s−1)

∂η∂ζ
−
(
∂σ
(s−1)
13
∂ξ

+
∂σ
(s−1)
23
∂η

)
(1.21)

The solutions of Eqs. (1.19) - (1.21) are

U(s) =U(s)0 (ξ,η,ζ)+U(s)τ (ξ,η,ζ), (U,V,W), (1.22)
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where the first term is the solution of the homogeneous equation, the second term is
the particular solution of the inhomogeneous equation. Solutions of homogeneous
equations are

U(s)0 = C(s)1 (ξ,η)sinγ1ζ +C(s)2 (ξ,η)cosγ1ζ, γ1 = Ω∗
√

a55,

V (s)0 = C(s)3 (ξ,η)sinγ2ζ +C(s)4 (ξ,η)cosγ2ζ, γ2 = Ω∗
√

a44,

W (s)0 = C(s)5 (ξ,η)sinγ3ζ +C(s)6 (ξ,η)cosγ3ζ, γ3 = Ω∗(
√

A11)−1.
(1.23)

Having the values (1.22), (1.23) of displacements, stresses are calculated by formu-
las (1.17). Then satisfying each of the groups of boundary conditions (1.6) - (1.12),
uniquely determined the unknown integration functions C(s)j (ξ,η) and the final so-
lution of the external problem. Let us give this solution corresponding to conditions
(1.6)

U(s) =
−a55

γ1 sin2γ1

{[
σ
+(s)
xz −σ(s)13τ(ξ,η,1)

]
cos(1+ ζ)γ1

+
[
σ
−(s)
xz +σ

(s)
13τ(ξ,η,−1)

]
cos(1− ζ)γ1

}
+U(s)τ (ξ,η,ζ),

σ
(s)
13 =

1
sin2γ1

{[
σ
+(s)
xz −σ(s)13τ(ξ,η,1)

]
sin(1+ ζ)γ1

−
[
σ
−(s)
xz +σ

(s)
13τ(ξ,η,−1)

]
sin(1− ζ)γ1

}
+σ

(s)
13τ(ξ,η,ζ),

W (s) = − 1
A11γ3 sin2γ3

{[
σ
+(s)
zz −σ(s)33τ(ξ,η,1)

]
cos(1+ ζ)γ3

+
[
σ
−(s)
zz +σ

(s)
33τ(ξ,η,−1)

]
cos(1− ζ)γ3

}
+W (s)τ (ξ,η,ζ),

σ
(s)
33 =

1
sin2γ3

{[
σ
+(s)
zz −σ(s)33τ(ξ,η,1)

]
sin(1+ ζ)γ3

−
[
σ
−(s)
zz +σ

(s)
33τ(ξ,η,−1)

]
sin(1− ζ)γ3

}
+σ

(s)
33τ(ξ,η,ζ),

σ
±(0)
xz = εσ

±
xz, σ

±(s)
xz = 0, s � 0,(x,y,z)

(1.24)

The formula for V (s),σ(1)23 can be obtained from cyclic permutation

(u,v;a55,a44; xz,yz;13,23;γ1,γ2).

The final solution, corresponding to this case is determined by formulas (1.13),
(1.16), (1.24). The solution will be finite if sin2γ1 � 0;sin2γ2 � 0;sin2γ1 � 0. If
any of these conditions be broken resonance will occur. The resonant frequencies
coincide with the frequencies of the natural oscillations of the plate.

We also give a solution to problem (1.10), (1.11), simulating the effect of a seismic
wave on the foundation of a structure:
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U(s) =
1

cos2γ1

[
u−(s) −U(s)τ (ξ,η,−1)

]
cosγ1(1− ζ)

− a55
γ1

σ
(s)
13τ(ξ,η,1)sin(1+ ζ)γ1+U(s)τ (ξ,η,ζ), (u,v;a55,a44;1,2),

W (s) =
1

cos2γ3

[
w−(s) −W (s)τ (ξ,η,−1)

]
cosγ3(1− ζ)

− 1
γ3A11

σ
(s)
33τ(ξ,η,1)sin(1+ ζ)γ3+W (s)τ (ξ,η,ζ),

u−(0) =
u−

l
, u−(s) = 0, s � 0, (u,v,w),

σ
(s)
13τ =

1
a55

(
∂U(s)τ

∂ζ
+
∂W (s−1)

∂ξ

)
, (1,2;u,v;a55,a44;ξ,η)

(1.25)

Stresses are calculated by formulas (1.13), (1.16), (1.17), (1.25). It is not difficult to
write out solutions corresponding to other conditions (1.7) - (1.12). Thus, conditions
(1.6) - (1.12) on the facial surfaces are sufficient to determine the solution of external
problem.

1.3 About Mathematically Precise Solutions

If the functions σ±jz,u
±,v±,w± entering into the boundary conditions (1.6), (1.8) -

(1.10) are algebraic polynomials with respect to the tangential coordinates , the
iterative process of determining unknowns break off after a finite number of steps,
depending on the degree of the polynomial. As a result is a mathematically precise
solution to an external problem (solution for the spatial layer). Lets give these
solutions for some variants of the boundary conditions.

If denote by Q any of the stresses and displacements, based on formulas (1.6),
(1.13), (1.16), the solution can be written in the form

Q(x,y,z,t) = Q̃(x,y,z)exp(iΩt) (1.26)

Of particular interest is obtaining a mathematically exact solution corresponding to
the boundary conditions (1.6), if only because finding the corresponding solution in
a static problem is associated with overcoming significant mathematical difficulties.
When σ±jz = const iteration breaks at the initial approximation and using formulas
(1.13), (1.16), (1.17), (1.24) we obtain the exact solution to the external problem

ũ = − a55h
γ1 sin2γ1

[
σ+xz cosγ1(1+ ζ)+σ−xz cosγ1(1− ζ)

]
,

σ̃xz =
1

sin2γ1
[
σ+xz sinγ1(1+ ζ)−σ−xz sinγ1(1− ζ)

]
, (u,v; x,y;a55,a44;γ1,γ2)
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w̃ = − h
A11γ3 sin2γ3

[
σ+zz cosγ3(1+ ζ)+σ−zz cosγ3(1− ζ)

]
,

σ̃zz =
1

sin2γ3
[
σ+zz sinγ3(1+ ζ)−σ−zz sinγ3(1− ζ)

]
,

σ̃xx = − A23
h

∂w̃

∂ζ
, σ̃yy = − A13

h
∂w̃

∂ζ
, σ̃xy = 0

(1.27)

The boundary conditions (1.7), (1.8), when σ+jz = const, correspond to mathe-
matically exact solution

ũ =
ha55σ+xz
γ1 cos2γ1

sinγ1(1+ ζ), σ̃xz =
σ+xz

cos2γ1
cosγ1(1+ ζ),

(u,v; x,y;a55,a44;γ1,γ2),

w̃ =
hσ+zz

A11γ3 cos2γ3
sinγ3(1+ ζ), σ̃zz =

σ+zz
cos2γ3

cosγ3(1+ ζ),

σ̃xx = − A23
h

∂w̃

∂ζ
, σ̃yy = − A13

h
∂w̃

∂ζ
, σ̃xy = 0

(1.28)

When the boundary conditions (1.10), (1.12) are valid, and if u−,v−,w− = const we
have mathematically exact solution

ũ =
u−

sin2γ1
sinγ1(1− ζ), σ̃xz = − u−γ1

a55h sin2γ1
cosγ1(1− ζ),

(u,v; x,y;a55,a44;γ1,γ2),

w̃ =
w−

sin2γ3
sinγ3(1− ζ), σ̃zz = −A11

w−γ3
h sin2γ3

cosγ3(1− ζ),

σ̃xx =
A23w

−γ3
h sin2γ3

cosγ3(1− ζ), σ̃yy =
A13w

−γ3
h sin2γ3

cosγ3(1− ζ), σ̃xy = 0

(1.29)

Using the solutions (1.13), (1.16), (1.17), (1.24), (1.25) it is not difficult to write out
exact solutions corresponding to external polynomial loads of various degrees.

From formulas deduced above, it follows that in the plate arise two types of shear
vibration and one longitudinal, which are independent in the initial approximation. In
subsequent approximations, they are dependent and one type of oscillation generates
another type of oscillation, but with a smaller amplitude compared to the main.

As is known, in the classical theory of plates and shells based on the Kirchhoff-
Love hypotheses, displacement w does not depend on the transverse coordinate,
but solutions (1.24) - (1.29) indicate that all quantities substantially depend on
this coordinate. The asymptotics (1.2) of the classical theory is also fundamentally
different from the asymptotics (1.16) in dynamic problems of plates and shells. This
means that the dynamic process can sharply change the character of the stress-strain
state. The formal addition to the classical equations of the statics inertial terms cannot
provide a description of the true dynamic state of the plate or shell.
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Asymptotics (1.3) is applicable for solving similar and new classes of problems
for isotropic and anisotropic shells (Aghalovyan and Ghulghazaryan, 2009, 2012,
2018).

The above derived formulas are right for determining solutions of all considered
variants of the boundary conditions. They were derived under the condition that in
(1.15) Ω2∗ = ρh2Ω2 of the order of one. If Ω2∗ = 0(ε), the process is quasi-static in the
first boundary-value static problem is true the asymptotic (1.2). If Ω2∗ = 0(ε−1) we
can again use system (1.15), but considering that Ω2∗ = ρlhΩ2, and at Ω2∗ = 0(ε−2)
considering that Ω2∗ = ρl2Ω2. At Ω2∗ ≥ 0(ε−3) it is necessary to search for other
asymptotic.

1.4 About the Boundary Layer

The solution of the external problem satisfies all the equations and relations of 3D
the elasticity theory problem and the boundary conditions on the facial surfaces of
the plate. As a rule, it does not satisfy the boundary conditions on the side surface
of the plate. Arisen hitch is resolved by the boundary layer solution. Let describe the
procedure for constructing this solution near the side surface x = 0.

In Eqs. (1.15) entered a new change of variable γ = ξ/ε and all the sought
quantities are assigned the index “b” (from the word boundary). The solution of the
newly obtained system should decrease rapidly with distance from the side surface
x = 0(γ = 0) into the inside of the plate. This solution is sought in the form

σjkb = ε
−1+sσ(s)

jkb(η,ζ)exp(−λγ), j,k = 1,2,3; s = 0,N,
(Ub,Vb,Wb) = εs(U(s)b (η,ζ),V

(s)
b (η,ζ),W

(s)
b (η,ζ))exp(−λγ),

(1.30)

where λ – so far unknown number that characterizes the velocities of decrease of
values of stress and states of the boundary layer (exp(−γReλ)),Reλ > 0. Substituting
(1.30) into the aforementioned transformed system, from the newly obtained system,
the stresses can be expressed through the components of the displacement vector by
the formulas

σ
(s)
12b =

1
a66

(
−λV (s)b +

∂U(s−1)
b

∂η

)
, σ

(s)
13b =

1
a55

(
−λW (s)b +

∂U(s)
b

∂ζ

)
,

σ
(s)
23b =

1
a44

(
∂V (s)b
∂ζ
+
∂W (s−1)

b

∂η

)
, Q(m) ≡ 0 when m < 0,
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σ
(s)
11b = −λA22U

(s)
b − A23

∂W (s)b
∂ζ
− A12

∂V (s−1)b
∂η

, (1.31)

σ
(s)
22b = λA12U

(s)
b − A13

∂W (s)b
∂ζ
+ A33

∂V (s−1)b
∂η

,

σ
(s)
33b = λA23U

(s)
b + A11

∂W (s)b
∂ζ
− A13

∂V (s−1)b
∂η

To determine V (s)b from the same system follows the equation

∂2V (s)b
∂ζ2

+

(
a44
a66

λ2+ a44Ω2
∗

)
V (s)b = f (s)

vb ,

f (s)
vb =

a44
a66

λ
∂U(s−1)b
∂η

− a44
∂σ
(s−1)
22b
∂η

− ∂
2W (s−1)b
∂ζ∂η

(1.32)

Displacements U(s)
b
,W (s)

b
are determined from the system

∂2U(s)b
∂ζ2

+ a55(λ2A22+Ω
2
∗ )U(s)b +λ(A23a55−1)

∂W (s)b
∂ζ

= f (s)
ub ,

A11a55
∂2W (s)b
∂ζ2

+ (λ2+ a55Ω2
∗ )W (s)b +λ(A23a55−1)

∂U(s)b
∂ζ

= f (s)
wb

(1.33)

System (1.33) can be reduced to one equation

∂4U(s)b
∂ζ4

+B11
∂2U(s)b
∂ζ2

+B22U
(s)
b = ψ

(s)
u , (1.34)

where
B11 =

λ2

A11
[a55(A11A22− A2

23)+2A23]+ Ω2∗
A11
(1+ A11a55),

B22 =
1

A11
(λ2A22+Ω

2
∗ )(λ2+ a55Ω2

∗ ),

ψ
(s)
u =

1
A11a55

(λ2+ a55Ω2
∗ ) f (s)ub −

1
A11a55

∂ f (s)
uwb
∂ζ

,
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f (s)
ub = −a55

(
λA12

∂V (s−1)b
∂η

+
∂σ
(s−1)
12b
∂η

)
,

f (s)
wb = a55

(
A13

∂2V (s−1)b
∂η∂ζ

− ∂σ
(s−1)
22b
∂η

)
,

f (s)
uwb = −A11a55

∂ f (s)
ub
∂ζ
+λ(A23a55−1) f (s)wb ,

f (0)
ub = f (0)

wb = f (0)
vb = f (0)

uwb = ψ
(0)
u = 0

The solution to the Eq. (1.34) is

U(s)b = A(s)1 ψ1+ A(s)2 ψ2+ A(s)3 ψ3+ A(s)4 ψ4+U(s)
τb , (1.35)

where U(s)
τb is the particular solution, and

ψ1 = cosh k1ζ, ψ2 = sinh k1ζ, ψ3 = cosh k2ζ, ψ4 = sinh k2ζ,

k1,2 =

√
1
2
(−B11±

√
B2
11−4B22)

(1.36)

From system (1.33) W (s)b it is expressed through U(s)b by formulas

W (s)b = C1

(
A11a55

∂3U (s)b
∂ζ3
+C2

∂U
(s)
b

∂ζ + f (s)
uwb

)
,

C1 =
1

λ(λ2+ a55Ω2∗ )(A23a55−1)
, C2 = A11a255(λ2A22+Ω

2
∗ )−λ2(A23a55−1)2

(1.37)
The solution to the Eq. (1.32) is

V (s)b = B(s)1 sinmζ +B(s)2 cosmζ +V (s)
τb (η,ζ), (1.38)

with
m =

√
a44
a66

λ2+ a44Ω2∗

Having the values of displacements U(s)b ,V (s)b ,W (s)b , stresses are determined by for-
mulas (1.31).

Since the solution of the external problem satisfies the inhomogeneous bound-
ary conditions (1.6) - (1.10), the solution for the boundary layer must satisfy the
corresponding homogeneous (zero) boundary conditions:
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a) σj3b(0,η,±1) = 0, j = 1,2,3 (1.39)
b) Ub(0,η,−1) = 0,(U,V,W)

σj3b(0,η,1) = 0 or Ub(0,η,−1) = 0,(U,V,W) (1.40)
c) Ub(0,η,±1) = 0,(U,V,W)

or Ub(0,η,−1) = 0,(U,V,W), σj3b(0,η,1) = 0, j = 1,2,3 (1.41)

The general solution for the boundary layer determined by formulas (1.30), (1.31),
(1.35) - (1.38) allows to satisfy each of the groups of conditions (1.39) - (1.41).
Satisfaction of the each group of conditions (1.39) - (1.41) leads to the solution
of two systems of homogeneous algebraic equations. One of the systems relatively
to unknown functions in the solution for V (s)b . Another algebraic system relatively
to the unknowns in the solution for U(s)b ,W (s)b . For these algebraic systems to have
nontrivial solutions, it is necessary that their determinants become equal to zero.
From the corresponding transcendental equations, the values of λ are determined.
As a result, we have two groups of values for λ, to which correspond to antiplane
(λan ) and plane (λpn ) boundary layers. For an antiplane boundary layer λan have real
values, and for a plane boundary layer λpn - complex conjugate.

For example, for boundary conditions (1.40) relatively Vb and σ23b according to
(1.38), (1.31) correspond the equation cos2m = 0, from which follows

λan =

√
a66
a44

[
(2n+1)2 π

2

16
−Ω2∗a44

]
, n ∈ N ∀n >

2
π
Ω∗
√

a44− 1
2

(1.42)

The flat boundary layer breaks up into symmetric (tension-compression) and skew-
symmetric (bend) boundary layers. When s = 0 antiplane and plane boundary layers
are independent. When s > 0 they are dependent, and the antiplane boundary layer
generates a plane boundary layer and vice versa (accompanying boundary layers).
However, the accompanying boundary layers have amplitudes on an order of mag-
nitude smaller than the main ones. Having determined λan , λ

p
n - the final solution

for the boundary layer is written out and it is conjugated with the already known
solution of the external problem. The procedure for conjugation these solutions is
described in Aghalovyan (2015). The asymptotic method can be used to solve new
classes of dynamic problems of the theory of elasticity, in particular, when studying
the interaction of thin bodies with various physical fields, in problems of seismology,
earthquake prediction, etc.

In conclusion, we note that a number of important questions on the problems of
plates and shells were considered by Altenbach et al (2015, 2018); Kaplunov et al
(1988, 2017); Boutin et al (2017); Mikhasev and Tovstik (2009); Chapman (2013);
Belyaev et al (2019).
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1.5 Conclusions

The efficiency of the asymptotic method for solving spatial dynamic problems of
thin bodies (beams, plates, shells) is shown. The dependence of the components of
the stress tensor and displacement vector on the transverse (thickness) coordinate
is shown. The necessity for a more careful use of the classical theory of plates and
shells in dynamic problems is mentioned.

The 3D boundary layer in the plates was studied. It has been shown that in thin
bodies antiplane and plane boundary layers appear.
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Chapter 2
New Hamiltonian Semi-analytical Approach for
3D Solution of Piezoelectric Smart Composites

Orlando Andrianarison and Ayech Benjeddou

Abstract This chapter addresses the development of a new semi-analytical Lagran-
gian-Hamiltonian method for the three-dimensional solution of piezoelectric smart
composite plates. It is based on the analytic state space symplectic Hamiltonian ap-
proach to fulfil the electromechanical multilayer interface continuity constraints and
two-dimensional in-plane finite element (FE) numerical discretization to deal with
arbitrary boundary conditions (BC) on the composite lateral edges. The originality of
the proposed semi-analytical solution is that the latter feature (arbitrary BC handling)
is reached through a mechanical displacements-electric potential primary variables-
based Lagrangian formalism, while the solution accuracy feature is reached through
a primary and dual (transverse stresses and electric displacement) variables-based
partial mixed Hamiltonian formalism. The transformation of the Lagrangian FE
discretized formulation to a state space Hamiltonian one is made through the Leg-
endre transformation. The proposed methodology is applied to the static actuation
and sensing of piezoelectric hybrid laminated composite plates subjected to various
BC. The obtained results comparison to reference ones of various benchmarks solu-
tions, for non classical BC (cantilever), multilayer composite layups (angle-ply) and
electromechanical loadings (uniform), from the open literature shows good com-
putational convergence (coarse mesh), low cost (few FE degrees of freedom) and
high accuracy (exact through-the-thickness) of the present new Hamiltonian semi-
analytical solutions. Thus, the provided tabulated numerical results can be used
safely for benchmarking other closed-form, numerical or semi-analytical solutions.
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Key words: Lagrangian finite element · Partial-mixed state space · Symplectic
Hamiltonian · Three-dimensional semi-analytic solution · Piezoelectric actuation
and sensing ·Multilayer composites

2.1 Introduction

Structural elements made of composite materials are already being used for a
long time in various fields of engineering. The range of their applications covers
several branches of industries such as aircraft and automotive constructions, med-
ical equipment or marine and civil engineering. Nowadays, the research activities
on composites mostly evolve to the integration (surface-bonding or embedding)
of the so-called smart materials. Among the latter, the piezoelectric sensors and
actuators are being widely used thanks to their undeniable advantages, like excellent
electromechanical coupling properties, low cost fabrication, design flexibility and,
most importantly, applicability in vibration control, health monitoring and damage
prognosis of load-carrying structures.

Over the past few decades, considerable efforts have been devoted to the devel-
opment of theories and numerical modelling of smart piezoelectric laminated com-
posites and structures (Benjeddou, 2000; Kapuria et al, 2010; Li, 2020). It appears
that the main issues are the computational cost and accuracy. Indeed, it is a fact that
they are anisotropic and three-dimensional (3D) in nature. Thus, their accurate elec-
tromechanical modelling requires appropriate descriptions of their mechanical and
electrical variables, particularly through the thickness direction. The compatibility
and equilibrium conditions at the interfaces state that an efficient modelling of such
structures must deal with the so-called interface continuity (IC) constraints; namely,
the continuity of the transverse (out-of-plane) mechanical stresses and electric dis-
placement through the interfaces of the laminate. Among the numerous models and
tools available in the literature, only few can cope with these specific features; nev-
ertheless, natural theoretical frameworks to deal with these requirements are the
full/hybrid (Sze and Pan, 1999) and partial (Carrera et al, 2010) mixed ones.

Analytically, the mixed state space method (SSM) that uses the mechanical dis-
placements and electric potential variables, augmented with the transverse stresses
and electric displacement as independent variables (Benjeddou and Deü, 2001), is
a good example of partial-mixed frameworks. However, it is limited by the a priori
fulfilment of the boundary conditions (BC) and cross-ply laminate schemes so that
it is not usable for realistic BC other than the full simply-supported (SS) ones. The
practical cantilever (clamped-free) BC have been considered (Leung et al, 2008) an-
alytically through the exact symplectic approach, which review (Lim and Xu, 2010)
shows other solutions for various BC combinations with the classical SS ones. Al-
ternative approaches to the purely analytical ones are the so-called semi-analytical
solutions (Wu and Liu, 2016) which combine in-plane numerical discretization,
such as the finite element (FE) method, and through-the-thickness analytical meth-
ods, such as the SSM. Only the authors’ earlier work (Andrianarison and Benjeddou,
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2012) was cited, in the previous review (Wu and Liu, 2016), in the category of state
space-FE semi-analytical solutions for the quasi-3D analysis of smart composites
and functionally graded materials. Another type of semi-analytical methods was also
suggested in Benedetti et al (2010) for the 3D analysis of damaged structures, mod-
elled by the numerical dual boundary element method, with bonded piezoelectric
sensors, modelled by the analytical SSM.

Numerically, 3D full/hybrid (Sze and Pan, 1999) and mixed FE are suitable but
expensive, due to the thinness of the multilayer plies that often requires fine meshes.
Partial-mixed variational formulations (VF) that use the mechanical displacements
and electric potential, augmented with the transverse stresses and transverse elec-
tric displacement through Lagrange multipliers, are a good alternative for reducing
the number of independent variables (Benjeddou and Andrianarison, 2005). By re-
taining the primary variables along with their dual ones, the aforementioned mixed
formulations share a commonmathematical issue: theymust be able to satisfy the so-
called Brezzi-Babuška (BB) inf-sup conditions (Boffi et al, 2013). This saddle-point
property of the mixed VF in general is of crucial importance in the effectiveness
of such formulations. To tackle this issue, a Layer-Wise (LW) mixed least-square
framework was presented in Moleiro et al (2015) for example. Another option that
permits to deal with the special requirements of the smart laminated composites
modelling is to use the semi-analytical approach that combines an analytical mixed
SSM through-the-thickness and a numerical discretization of the reference plane.
Its major advantages are the significant reduction of the computational cost and the
increase of the solution accuracy. The starting point of the retained semi-analytical
method consists in decomposing the 3D volume into a reference two-dimensional
(2D) in-plane domain and a one-dimensional transverse direction, in combination
with the application of the method of separation of variables. The high-order 3D
partial differential equilibrium equations are then solved exactly along the trans-
verse direction thanks to the SSM, whereas a weak solution is searched in the
reference plane. Therefore, the main issue of semi-analytical methods concerns the
chosen numerical method to discretize the 2D in-plane problem. For example, the
method developed in Shan et al (2018) aims at applying the scaled boundary FE
method to the static bending of a piezoelectric beam. In Zhou et al (2020), the
traditional FE method is used to compute the deformation of general curved beams
under various BC. A similar approach is presented in Zhou et al (2015) where a
state space-FE semi-analytic approach is used to study the cylindrical bending of
a straight cantilever beam. Under plane strain conditions of elasticity (cylindrical
bending), the 3D governing equations transform into a two-point boundary value
problem (BVP) so that a numerical method can be bypassed for the benefit of an
analytic method such as the eigenfunction expansion. This is done in Zhang and
Wang (2018) where the axisymmetric static deformation of a piezoelectric cylinder
under arbitrary BC is investigated in the framework of a Hamiltonian symplectic
superposition approach. Through the literature review in the ongoing section, the
partial mixed VF, assorted with the semi-analytical approach, therefore constitutes a
suitable framework for modeling piezoelectric smart composites. Indeed, this allows
a straightforward fulfilment of the laminate transverse stresses and electric displace-
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ment IC without cumbersome manipulations (Khandelwal et al, 2013) as for the
equivalent single–layer or LW classical 2D models.

Alternatively to the classical Lagrange-type formulations, the partial mixed VF
presented in Andrianarison and Benjeddou (2012) has been derived in the framework
of theHamiltonian formalism after a Legendre transformation. The latter allowed the
natural introduction of the transverse stresses and electric displacement as primary
variables, and maked the final partial differential equations (PDE) lower in order,
compared to the Lagrange-type formulations. Besides, the Hamiltonian formalism
allowed transforming, in a systematic way, the equations of 3D piezoelectricity (4th
order PDE) into first-order linear ordinary differential equations (ODE) for which the
coordinate in the thickness direction is the only independent geometric parameter.
This feature appears to be interesting in the perspective of developing efficient nu-
merical tools for multilayer smart composites since the propagator matrix approach,
used for the analytical mixed SSM, can then be exploited. Thus, the resulting model
simplifies considerably the computational treatment of the IC, leading potentially
to accurate predictions of the detailed response characteristics, such as the through-
the-thickness distributions of the state variables. However, recasting the classical VF
into a mixed one has also some inevitable drawbacks. As a matter of fact, by incor-
porating the transverse stresses and electric displacement as dual variables into the
VF, the question of the proper treatment of the BC arises for realistic ones other than
SS. Indeed, the use of the SSM to compute the through-the-thickness distributions
of the state variables implicitly requires that the final matrix is square so that its
exponential function can be used. This requirement determines the well-posedness
of this approach and explains why the VF in Andrianarison and Benjeddou (2012) is
only efficient for the theoretical SS BC; indeed, it can be shown that the problem is
well-posed if and only if the number of primal and dual variables to be constrained
on a given edge is equal, as is the case for the well-known Navier-type analytical
solutions.

In summary, according to the above discussion, it appears that the use of the
partial mixed VF is relevant since it makes possible the fulfilment of the IC condi-
tions when needed. However, the corresponding numerical models are non-standard
and must be used with care due to the BB stability conditions. Moreover, the use
of the Hamiltonian framework in combination with the partial Legendre transfor-
mation offers a good compromise between high needs of computer resources of
LW approaches and complexities of the 3D full mixed VF. Therefore, the purpose
of this chapter is to present a new partial-mixed VF where the above mentioned
drawbacks are circumvented by choosing a new set of dual stress-like variables that
coincide with the out-of-plane nodal transverse stresses-like resultants. This can
be seen as one of the main original contributions of the present work. Moreover,
a semi-analytic procedure is retained to solve the problem in the thickness direc-
tion. This is done through a 2D FE discretization of the mechanical displacements
and electric potential on the plate reference plane only and the mixed SSM is used
to compute the through-the-thickness distributions of the dependent variables. The
proposed approach is then used to compute the 3D static solutions of piezoelec-
tric multi-layered composite plates with symmetric and anti-symmetric lamination
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schemes as well as non-standard edges BC of cantilever type. Both sensor and ac-
tuator configurations are analysed and some tabulated results are given for future
reference in view of validating other numerical solutions. It is worthy to mention
that the validation benchmarks choice is guided by the need to show that the pro-
posed new semi-analytic FE-state space symplectic Hamiltonian methodology can
solve problems of realistic BC, multilayer composites layups and electromechanical
loads other than the classical SS, cross-ply and trigonometric ones, which are the
limitations of earlier semi-analytic and analytic proposed 3D solutions in the open
literature. This can be seen as another original contribution of the present work.

The chapter is structured in four subsequent sections. First, Sect. 2.2 describes the
in-hand problem and related notations. Then, Sect. 2.3 is devoted to the derivation
of the new mixed Hamiltonian semi-analytical solution. Next, Sect. 2.4 provides
few benchmarking examples to illustrate the effectiveness of the presented approach.
Finally, conclusions and perspectives close the chapter.

2.2 Problem and Notations

Consider a 3D linear piezoelectric body that occupies a simply connected domain Ω
to which a Cartesian global coordinate system (O,x,y,z) is attached. It is bounded by
a sufficiently regular surface Γ = ∂Ω, with outward unit vector n, and is subjected
to a known surface traction vector F on ΓF and a scalar electric surface charge Q
on ΓQ, where ΓF and ΓQ are parts of its boundary Γ. The latter can also support an
imposed scalar electric potential ϕ̃ on Γϕ , so that Γϕ ∪ΓQ = Γ and Γϕ ∩ΓQ = ∅, and
a mechanical displacements vector ũ on Γu , so that Γu ∪ΓF = Γ and Γu ∩ΓF = ∅.
For simplicity, the body loads are not considered. Besides, in the following, an
underlined variable represents a vector while a doubled underlined one is used for
a matrix. Also a tilted quantity is an applied (imposed) one and a bold parameter
represents a tensor.

The electromechanical equations, describing the above stated static problem, are
(Benjeddou, 2000) the:

• Cauchy’s and Gauss’ equilibrium equations{
Divσ = 0
DivD = 0

in Ω (2.1)

where σ and D are the Cauchy linear stress tensor and electric displacement
(induction) vector. ‘Div’ represents the divergence operator.

• Mechanical strains-displacements and electric fields-potential relations⎧⎪⎪⎨⎪⎪⎩
ε =

1
2

(
Gradu+GradTu

)
E = −Gradϕ

in Ω (2.2)
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with ε and E being the engineering Lagrange linear strain tensor and electric field
vector. u and ϕ are the mechanical displacements vector and electric potential.
‘Grad’ denotes the gradient operator.

• Converse and direct e-form piezoelectric constitutive equations{
σ = CEε− eTE

D = eε+ εεE
in Ω (2.3)

where CE , e and εε are the elastic stiffness (at constant electric field), stress
piezoelectric and dielectric (at constant strains) matrices; here, σ and ε are the
engineering (in the Voigt notations) stress and strain vectors.

• Dirichlet (essential) BC {
u = ũ on Γu
ϕ = ϕ̃ on Γϕ

(2.4)

• Neumann (natural) BC {
σn = F on ΓF

DTn = −Q on ΓQ
(2.5)

where σ is the matrix representing the stress tensor.

In order to formulate the reference problem in a generalized way, the following
generalized displacement U, strain S, stress T and load G vectors are introduced
(Benjeddou and Andrianarison, 2005)

U =
{

u
ϕ

}
; S =

{
ε
−E

}
; T =

{
σ
D

}
; G =

{
F
−Q

}
(2.6)

As a consequence, the piezoelectric constitutive equations (2.3) rewrite as this gen-
eralized Hooke’s elastic law-like form

T = CS (2.7)

with C being the constitutive behaviour generalized matrix (Andrianarison and
Benjeddou, 2012).

It should be noticed that the negative sign before the electric field in the gener-
alized strain vector in (2.6) is introduced in order to get a symmetric piezoelectric
constitutive behaviour matrix in (2.7), as the initial equations in (2.3) are not sym-
metric. The equilibria equations (2.1) and gradient relations (2.2) are reformulated
as: {

LTT = 0

LU = S
in Ω (2.8)

where L is the linear 3D derivation matrix defined as
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LT =

⎡⎢⎢⎢⎢⎢⎢⎣
∂x 0 0 0 ∂z ∂y 0 0 0
0 ∂y 0 ∂z 0 ∂x 0 0 0
0 0 ∂z ∂y ∂x 0 0 0 0
0 0 0 0 0 0 ∂x ∂y ∂z

⎤⎥⎥⎥⎥⎥⎥⎦
with ∂i,i = x,y,z standing for partial derivation with respect to i. Moreover, the
Dirichlet and Neumann BC are re-stated as:{

U = Ũ on ΓU = Γu ∪Γϕ
Tn =G on ΓG = ΓF ∪ΓQ (2.9)

Here, the generalized stress tensor 4th order matrix T is so that TT =
[
σ D

]
.

In summary, the strong form linear static BVP in hand was reduced to find
U that satisfies Eqs. (2.7)-(2.9). Worth noticeable is that for practical problems
having complex geometries, loadings and BC, closed-form solutions to this BVP are
unreachable. Hence, numerical solution techniques, built in the framework of VF,
are necessary.

2.3 New Mixed Hamiltonian Semi-analytical Solution

In the context of multilayer composite structures modelling, the issue of enforcement
of the IC conditions is a difficult task. Straightforward fulfilment of the transverse
stresses and electric displacement IC constraints at the laminate interfaces is usu-
ally done in the framework of a mixed VF. Therefore, thanks to a partial Legendre
transformation, a four-field partial-mixed VF has been established (Andrianarison
and Benjeddou, 2012) so that it inherits the algebraic properties of Hamiltonian ma-
trices, making easy its numerical implementation. However, the detailed inspection
of this partial-mixed VF shows that it suffers from inconsistencies when dealing
with arbitrary BC. Namely, one can show that for BC other than SS, there is not
any more a one to one correspondence between the primary and conjugate nodal
variables to be constrained at the discretized level. Hence, in order to overcome
this drawback, the here developed approach follows two steps: in the first one, the
classical generalized displacement-type VF is stated at the continuum level; then, the
FE discretization and enforcement of the prescribed essential BC are made for the
mechanical displacements and electric potential. In the second step, the Hamiltonian
formalism and Legendre transformation are used to recast the Lagrange formulation
into a mixed one so that the mixed SSM can be used to deal with the IC constraints
enforcement at the layered composite interfaces.

The starting point in the derivation of the new VF is to state that the linear
generalized constitutive equation (2.7) is resulting from this generalized quadratic
strain energy density E (S)

E (S) = 1
2

STCS (2.10)
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through this derivation with respect to the generalized strains vector

T = dE
dS (2.11)

Then, the Lagrange functional associated to Eqs. (2.8)-(2.9) is defined as

L(U) =
∫
Ω

E (S)dΩ−
∫
ΓG

UTGdΓ (2.12)

and has to be stationary for the admissible solutions∫
Ω

δE (U)dΩ−
∫
ΓG

δUTGdΓ = 0 (2.13)

Usual techniques of variational calculus can be used to show that Eq. (2.13)
enforces Eqs. (2.7)-(2.8) as Euler-Lagrange equations as well as Neumann BC (2.9)b
as natural ones provided that the enlarged displacement vector U is searched as
kinematically admissible on ΓU i.e. U = Ũ on ΓU (essential BC).

In the case of a layered body with adjoining laminae perfectly bonded together
and without internal electrodes, the generalized displacement vector,

U =
{
ux,uy,uz,ϕ

}T
,

and transverse surface traction vector,

Tz =
{
σxz,σyz,σzz,Dz

}T
,

should be continuous through the laminate interfaces so that these IC conditions
hold [

U
]
= 0 ;

[
Tz

]
= 0 (2.14)

with [∗] denoting the jump in the value of the enclosed quantity * across an interface.
Now, following the procedure described in Andrianarison and Benjeddou (2012),

the generalized strains vector (2.8) is   split into thickness (z),

Sz =
{
γxz,γyz,εzz,−Ez

}T
and in-plane (p),

Sp =
{
εxx,εyy,γxy,−Ex,−Ey

}T
,

contributions as
Sz =


U+D
1
U ; Sp = D

2
U (2.15)

where
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U = ∂U
∂z

; D
1
=

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 ∂x 0
0 0 ∂y 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ ; D
2
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
∂x 0 0 0
0 ∂y 0 0
∂y ∂x 0 0
0 0 0 ∂x
0 0 0 ∂y

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
Next,      the above partition leads to this similar decomposition of the generalized

piezoelectric constitutive equation (2.7){Tp

Tz

}
=

⎡⎢⎢⎢⎢⎣
C

pp
C

pz

CT

pz
C
zz

⎤⎥⎥⎥⎥⎦
{ Sp

Sz

}
(2.16)

with
Tp =

{
σxx,σyy,σxy,Dx,Dy

}T
standing for the in-plane generalized stress vector. It should be noticed here that the
original generalized Hooke’s matrix coefficients of Eq. (2.7) need to be reorganized
in compliance with components re-ordering for defining the in-plane and thickness
generalized strain and stress vectors used in Eqs. (2.15)-(2.16).

Now, substituting Eq. (2.16) into (2.10), and having in mind generalized strains-
displacements relation (2.8), provides this decomposed generalized strain energy
density into thickness, in-plane and their coupling contributions

E (U, 
U) = 1
2

[
ST
pC

pp
Sp +2ST

pC
pz

Sz +ST
z C

zz
Sz

]
(2.17)

After that, when considering the thickness and in-plane partitions of the general-
ized strains, as in Eq. (2.15), this explicit expression of (2.17) is obtained

E (U, 
U) = 1
2

UTDT

2
C

pp
D
2
U+UTDT

2
C

pz
D
1
U+ 1

2
UTDT

1
C
zz

D
1
U

+ UTDT

2
C

pz

U+UTDT

1
C
zz

U+ 1

2

UTC

zz

U

(2.18)

And the variational equation (2.13) becomes∫
Ω

δE (U, 
U)dΩ−
∫
ΓG

δUTGdΓ = 0 (2.19)

The generalized displacements are now postulated in this separated in-plane (x,y)
and thickness (z) coordinates dependence

U(x,y,z) = N(x,y)U∗(z) (2.20)
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where, the 2D shape functions of the in-plane interpolation matrix, N(x,y), are
constructed in practice using the well-known isoparametric Lagrange interpolation
and the nodal amplitudes, U∗(z), are to be determined.

Similarly, the body domain and its boundary can be separated, respectively, as
Ω(x,y,z) = Σp(x,y)×Σz and ΓG = ΣG

p ×∂Σz with Σz = [zb,zt ] referring to the whole
thickness having zb and zt as bottom and top coordinates. This allows to rewrite the
VF (2.19) as

δ

∫
Σz

[
1
2

U∗T
(
K

1
+K

4
+2K

6

)
U∗+U∗T

(
K

3
+K

5

)

U∗+ 1

2

U∗

T

K
2

U∗+

]
dz

−
[
δU∗T L̂

]zt
zb
= 0 (2.21)

where

U∗ = dU∗

dz
and the pre-integrated in-plane matrices and vector are

K
1
=

∫
Σp

NTDT

2
C

pp
D
2
NdΣ K

2
=

∫
Σp

NTC
zz

NdΣ

K
3
=

∫
Σp

NTDT

1
C
zz

NdΣ K
4
=

∫
Σp

NTDT

1
C
zz

D
1
NdΣ

K
5
=

∫
Σp

NTDT

2
C

pz
NdΣ K

6
=

∫
Σp

NTDT

2
C

pz
D
1
NdΣ

L̂ =
∫
ΣG
p

NTGdΣ (2.22)

Now, performing an integration by parts with respect to the nodal variables δ 
U∗(z)
and allowing the resulting variational equation to be satisfied for arbitrary virtual
nodal variables δU∗, this second-order ODE system is obtained⎧⎪⎪⎨⎪⎪⎩

−K
2
�U∗+

(
K

3
+K

5
−KT

3
−KT

5

)

U∗+

(
K

1
+K

4
+K

6
+KT

6

)
U∗ = 0

K
2

U∗+

(
KT

3
+KT

5

)
U∗ = L̂ for z = {zb,zt }

(2.23)

As can be seen from Eq. (2.23), the quantity

L̂∗ =K
2

U∗+

(
KT

3
+KT

5

)
U∗

can be formally assimilated to a nodal generalized stress vector resultant thanks to
the definition of the load vector L̂. It is also to be noticed that the essential BC have
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been enforced at this stage and U∗(z) now refers to the unconstrained degrees of
freedom (DOF). The system of coupled ODE (2.23) can usually be solved in the
framework of quadratic eigenvalue problem of gyroscopic type through a standard
linearisation procedurewhich leads to a first-orderODE.However, to obtain the latter,
a more systematic and elegant approach based on Legendre-Fenchel transformation
of Hamiltonian systems is here adopted. For this purpose, the construction of the
extended mixed Hamiltonian formulation first requires the determination of the dual
or conjugate variable associated to 
U∗. This is achieved by deriving this discretized
generalized energy density, already used in the VF (2.21),

E ∗(U∗, 
U∗) = 1
2

U∗T
(
K

1
+K

4
+2K

6

)
U∗+U∗T

(
K

3
+K

5

)

U∗+ 1

2

U∗

T

K
2

U∗ (2.24)

with respect to 
U∗ so that the conjugate variable P∗z has this expression

P∗z =
∂E ∗

∂ 
U∗
=K

2

U∗+

(
KT

3
+KT

5

)
U∗ (2.25)

By replacing the matrices in (2.25) by their expressions obtained after (2.22), it
is easy to show that the conjugate nodal variables vector P∗z actually coincides with
the out-of-plane nodal transverse stresses resultant, namely

P∗z =
∫
Σp

[
NT

(
C
zz

N 
U∗+C
zz

ND
1
U∗+CT

pz
ND

2
U∗
)]

dΣ

=

∫
Σp

NT

(
CT

pz
Sp +C

zz
Sz

)
dΣ

≡
∫
Σp

N(x,y)TTzdΣ (2.26)

Next, Eq. (2.25) is solved for 
U∗ so that:


U∗ =K−1
2

P∗z −K−1
2

(
KT

3
+KT

5

)
U∗ (2.27)

Now, the elimination of 
U∗ from the generalized strain energy density functional (2.24),
combined with a Legendre transformation defined as,

H ∗(U∗,P∗z) = P∗Tz 
U
∗ −E ∗(U∗, 
U∗) (2.28)

leads to this explicit expression of the earlier Hamiltonian energy density functional
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H ∗(U∗,P∗z) =
1
2

P∗Tz K−1
2

P∗z −P∗Tz K−1
2
(KT

3
+KT

5
)U∗

− 1
2

U∗T
[
K

1
+K

4
+K

6
+KT

6
−(K

3
+K

5
)K−1

2
(KT

3
+KT

5
)U∗

] (2.29)

Thus, using (2.28), the    Lagrangian VF (2.21) transforms into this Hamiltonian one

δ

∫
Σz

[
P∗Tz 
U

∗ −H ∗(U∗,P∗z)
]

dz−
[
δU∗T L̂

]zt
zb
= 0 (2.30)

Now, expliciting the variation in (2.30), combined with an integration by parts
with regards to δ 
U∗, gives∫
Σz

[
δP∗Tz 
U− δU∗

T 
Pz − δU∗
T

(
∂H ∗

∂U∗
)
− δP∗Tz

(
∂H ∗

∂P∗Tz

)]
dz+

[
δU∗T

(
P∗z − L̂

)]zt
zb
= 0

(2.31)

After grouping together the terms relative to the same virtual nodal variables, the
previous equation turns into the following one∫

Σz

δU∗T
(
−
P∗ − ∂H ∗

∂U∗
)

dΣz +
∫
Σz

δP∗Tz

(

U∗ − ∂H ∗

∂P∗z

)
dz = 0 (2.32)

∀
(
δU∗,δP∗z

)
/P∗z = L̂ on z = {zb,zt }

Now, the expression (2.29) of H ∗ is substituted in Equation (2.32), leading to

k=NL∑
k=1

zk+1∫
zk

[
δP∗Tz 
U

∗ − δU∗T 
P∗z + δU∗T
(
B
k
U∗+AT

k
P∗z
)

+ δP∗Tz
(
−D

k
P∗z +A

k
U∗
)]

dz = 0

(2.33)

where, NL is the number of layers and the layer-dependent matrices are given by

D
k
=K−1

2
; A

k
=K−1

2

(
KT

3
+KT

5

)
B
k
=K

1
+K

4
+K

6
+KT

6
−
(
K

3
+K

5

)
K−1

2

(
KT

3
+KT

5

)
Hence, thanks to the     arbitrariness of δU∗ and δP∗z , Eq. (2.33) leads to this first-order

ODE system for the k-th layer⎧⎪⎪⎨⎪⎪⎩

U∗


P∗z

⎫⎪⎪⎬⎪⎪⎭ =
⎡⎢⎢⎢⎢⎣
−A

k
D
k

B
k

AT

k

⎤⎥⎥⎥⎥⎦
{U∗

P∗z

}
(2.34)
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It is worth mentioning from Eq. (2.34) that the number of dual nodal generalized
stress resultantsP∗z variables is now equal to the number of unconstrained N primary
nodal generalized displacements U∗ ones so that Equation (2.34) is actually a 2N
linear system with 2N unknowns. Besides, it can be readily shown that the system
matrix of (2.34) is of Hamiltonian type since it satisfies the following identity for a
given layer k

JH
k
=
(
JH

k

)T
(2.35)

with

H
k
=

⎡⎢⎢⎢⎢⎣
−A

k
D
k

B
k

AT

k

⎤⎥⎥⎥⎥⎦ ; J =
⎡⎢⎢⎢⎢⎣

0 I

−I 0

⎤⎥⎥⎥⎥⎦ (2.36)

Furthermore, the diagonalization of the Hamiltonian matrix H
k
is reached using

the eigen solutions,
{
μ
k
;Ψ

k

}
of the following Hamiltonian eigenvalue problem

H
k
Ψ

k
=Ψ

k
Diag

(
μ
k

)
(2.37)

As it can be noticed, tr
(
H

k

)
= 0 (tr is the trace operator) so that the spectrum of

the eigenvalue problem can be partitioned as

Diag
(
μ
k

)
=

⎡⎢⎢⎢⎢⎣
Diag

(
μ+
k

)
0

0 −Diag
(
μ+
k

)⎤⎥⎥⎥⎥⎦ ; μ+k ∈ C/Re
(
μ+
k

)
> 0 (2.38)

Similarly, the eigen matrix splits into two parts as

Ψ
k
=
[
Ψ+

k
Ψ−

k

]
(2.39)

Where, each of its bloc matrices satisfies the following symplectic-orthogonality
relation

ΨiT

k
JΨj

k
= −

(
Ψj

k
JΨi

k

)T
= δi jI (2.40)

Further on, considering this generalized state vector Z∗k =
{
U∗ P∗z

}T
k
, and mak-

ing use of its modal projection as Π∗k =Ψ
k
Z∗k , the Hamiltonian eigenvalue problem

(2.37) and the symplectic-orthogonality relation (2.40) allow to recast Eq. (2.37)
into a diagonal form so that its general solution writes, for a given layer k, as

Z∗k =Ψ
k
Diag

(
eμk

z )Λk (2.41)

Where, the unknown layer-dependent coefficients vectors Λk are determined with
the help of the IC constraints together with the BC on top and bottom surfaces of
the composite, thereby completing the resolution of Eq. (2.35). Clearly this solution
is of analytic type and hence the capacity to account for the exact satisfaction of the
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IC as well as the BC on the top and bottom of the composite is expected. Finally,
the formulation of the problem in terms of the state vector Z∗k allows to use the
well-known mixed SSM to compute the solution throughout the whole thickness.
The case of a layered composite is then treated through a propagator matrix which
maps the state vector on the bottom to any height while satisfying the IC and BC
(see Andrianarison and Benjeddou, 2012, for more details).

2.4 Benchmarking Examples

In this section, several numerical examples are investigated to test the stability and
accuracy of the proposed method. The focus is made here on open literature bench-
marks that provide tabulated results for non-classical BC (cantilever), multilayer
composite layups (angle-ply) and electromechanical loads (uniform). The aim is to
avoid, as much as possible, graphical (curves)-induced comparison errors and exact,
closed-form and earlier solutions limitations to SS BC, cross-ply composite layups
and trigonometric electromechanical loads. Such classical benchmarks are abundant
in the open literature and have been already analysed in an earlier work (Andria-
narison and Benjeddou, 2012). It is worthy to mention that tabulated results for the
abovementioned non-classical configurations are rather seldom in the open literature
and related benchmarks choice is very limited. Therefore, a numerical convergence
analysis is first performed through the test-case of a cantilever PVDF bimorph, that
is clamped on the edge x = 0 and free elsewhere. The actuator configuration is fur-
thermore considered and the results are compared with reference 3D FE solutions.
Next, the assessment of the accuracy of the method is obtained by analysing the
bending of a PZT angle-ply composite plate under sensor configuration for which
the cantilever and SS BC are successively analysed.

Before we proceed to the presentation of the benchmarking examples, it is worth-
while to show how the BC are actually taken into account in the numerical procedure.
Let us consider the case of configuration where a mechanical force is applied
on the top surface and a   zero potential is applied on both lower and upper surfaces
(Fig. 2.1a). We recall that,     at the final stage of the aforementioned Hamiltonian VF,
a 2N algebraic system is obtained after the mechanical displacement variables are
constrained in agreement with the actual lateral BC, that is
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where index m (resp. e) refers to mechanical (resp. electric) type variables.

 a     sensor
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Fig. 2.1. Geometry and FE-SSM semi-analytical point 3D solution for a piezoelectric multilayer
plate

As soon as the electric potential is fixed on the bottom and top surfaces, the second
equation of (2.42) can be solved for the electric displacement nodal unknowns in
terms of the mechanical nodal unknowns ub so that

Pb
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(
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(2.43)

Next, combining equation (2.43) with the third equation of (2.42) allows us to
solve ub as the solution of(
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Once ub are determined, all other nodal variables on the lower surface are easily
recovered recursively and the solution through-the-thickness of the plate is computed
with the help of the propagator matrix.

2.4.1 Numerical Convergence Analysis

In this first example, a piezoelectric cantilever bimorph (Fig. 2.2) under uniform
electric load is investigated using the proposed method. It is made of two-ply PVDF
identical layers with outward opposite polarities to obtain a bending actuator. The
bimorph total thickness is h = 1mm whereas the length is a = 100mm and the width
is b = 5mm. The actuator configuration is considered here so that a uniform electric
potential Φ̄ = 1V is applied on the top surface. The edge BC of the bimorph are
assumed clamped on the edge x = 0; that is ux |x=0 = uy |x=0 = uz |x=0 = 0 and free
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Fig. 2.2 Bimorph actuator
configuration

𝑥

𝑦

𝑧

𝑀 (𝐿, 0, 0)

elsewhere. Thematerial properties of the PVDF layers used in this numerical example
are (Tzou, 1993): E1 = E2 = E3 = 2GPa, ν12 = ν13 = ν23 = 0.29,G12 = G13 = G23 =
1GPa, e31 = e32 = 0.046C/m2, e33 = e24 = e15 = 0.0, εS11 = ε

S
22 = ε

S
33 = 106.2pF/m.

Some selected references are given here for comparison. The results in Tahani
and Naserian-Nik (2013); Phung-Van et al (2015); Li et al (2014); Vidal et al (2011)
were obtained through 3D FE, 2D plate isogeometric FE, plate B-Spline finite point
and refined shell FE methods, respectively. These reference solutions are used here
to analyse the behaviour of the present semi-analytical solution in terms of accuracy,
stability and convergence. The variables are thus evaluated in specific in-plane
locations along the bimorph where their values are compared with those obtained by
the references. Therefore, the static deflection of the bimorph at those specific points
are given in Table 2.1 for the here implemented Q4 FE different mesh discretizations.
It can be seen that the results obtained with the present approach agree very well
with the 3D FEM solution as given in Tahani and Naserian-Nik (2013) and are
more accurate than those of the other 2D methods (isogeometric FE of Phung-Van
et al (2015), B-spline finite point of Li et al (2014) and refined shell FE of Vidal
et al (2011)). Besides, it is clear that the convergence of the present semi-analytical
approach is very rapid as the reference values are reached for the five evaluation
points with a maximum relative deviation of less than 1.5% using a coarse mesh
of 16 (8x2) in-plane FE (Fig. 2.3). Moreover, the through-the-normalized (Z = z/h)
thickness distributions of the non-dimensional transverse stresses

(σ̃xz,σ̃zz) = (σxz,σzz)× a
Φ̄e31

and the non-dimensional transverse electric displacement

D̃z =
Dz

e31
×106

displayed in Figs. 2.4 and 2.5 confirm that the IC constraints are satisfied.
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Table 2.1
Transverse displacement (uz ×10−7 m) at point (xmm, 0, 0) for a PVDF bimorph actuator

Solution method Mesh Point location x (mm)
20 40 60 80 100

Present (2D Q4 FE-SSM) 4×2 0.125 0.505 0.99 1.75 2.815
6×2 0.131 0.532 1.140 2.054 3.210
8×2 0.134 0.543 1.223 2.183 3.434
10×2 0.134 0.543 1.225 2.183 3.435
12×2 0.134 0.543 1.224 2.183 3.435

Error3D (%)b −1.47 −0.55 −0.65 −0.55 0.73
3D H8 FE 5×1×2 0.136 0.546 1.232 2.193 3.410
(Tahani and Naserian-Nik, 2013)a

2D plate quadratic isogeometric FE 101×6 0.138 0.550 1.236 2.201 3.443
(Phung-Van et al, 2015)
Error3D (%)b 1.47 0.97 0.73 0.36 0.32
2D plate B-Spline finite point 5×4 0.137 0.551 1.241 2.207 3.449
(Li et al, 2014)
Error3D (%)b 0.74 0.92 0.73 0.64 1.14
2D refined shell Q8 FE 5×1 0.137 0.551 1.241 2.207 3.449
Vidal et al (2011)
Error3D (%)b 0.73 0.91 0.73 0.64 1.14

a The numerical values are obtained from non-dimensional quantities in Tahani and Naserian-Nik
(2013)
b The errors are computed with respect to 3D FE results

Fig. 2.3 Deflection conver-
gence plots at different axial
positions for the PVDF bi-
morph actuator
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Fig. 2.4. Through-thickness distributions of non-dimensional transverse stresses in the PVDF
bimorph actuator
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Fig. 2.5. Through-thickness distribution of D̃z in the PVDF bimorph actuator

Table 2.2 shows the results relative to the bimorph tip deflection when different
voltages are applied. They are compared with those of 2D B-spline finite point
approach (Li et al, 2014) and with the theoretical and experimental data provided by
Tzou (1989). First, the observed relatively high deviations of the numerical results
with respect to the experimental ones can be explained by the stiffer clamping BC
numerical reperesentation compared to the softer actual ones, and by the non-realistic
(electromechanical isotropic behaviour, nil elastic Poisson’s ratio and piezoelectric

Table 2.2
Tip deflection (uz ×10−7m) of the PVDF bimorph for different applied voltages

Method Voltage (V)
10 40 80 130 160 200

Present (10×2) 3.460 13.771 27.407 45.433 54.703 68.228
Error∗exp(%) 5.33 10.48 12.37 13.06 9.22 7.91
Experiment (Tzou, 1989) 3.285 12.465 24.390 40.185 50.085 63.225
Classical beam theory (Tzou, 1989) 3.450 13.800 27.600 44.850 55.200 69.000
Error∗exp(%) 5.02 10.71 13.16 11.61 10.21 9.13
2D B-spline finite point (Li et al, 2014) 3.449 13.797 27.794 44.841 55.188 68.986
Error∗exp(%) 4.99 10.6 13.96 11.59 10.19 9.11
∗ The errors are computed with respect to the experimental results
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coupling coefficients, etc.) PVDF available material data. Then, it can be seen that
the results obtained with the present method match well the theoretical ones obtained
in Tzou (1989) and are the closest to the experimental values, in particular for the
last two highest actuation voltages (see Fig. 2.6). To assess the computational cost, a
comparison of different models in terms of the    number of DOF is presented in Table 2.3
when the   convergence is reached. It can be observed that the present 2D Q4 FE-SSM
semi-analytical 3D solution is the cheapest (lowest total DOF) and, as expected, its
characteristics are closer to the 3D FE solution in terms of cost (total non-nil DOF)
and accuracy (relative deviation, see Table 2.1).

Table 2.3
Computational cost (out of clamped nodes and DOF) comparison of the present 3D semi-analytic
solution with others for the PVDF bimorph actuator

Method FE Free nodes Mechanical Electrical Total
(free DOF) (non nil DOF) (non nil DOF)

Present 3D semi-analytical 16 24 72 24 96
(Q4 FE-SSM)
3D H8 FE 10 30 90 24 114
(Tzou, 1993)
2D refined shell Q8 FE 5 25 175 10 185
(Vidal et al, 2011)
2D plate B-Spline finite point 20 25 125 50 175
(Li et al, 2014)

Fig. 2.6 Bimorph tip deflec-
tion under different actuation
voltages
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2.4.2 Square Cantilever PZT Angle-ply Composite Plate

A (20cm×20cm) six-layer cantilever plate, made of T300/976Graphite-Epoxy (GE)
and piezoceramic (PZT-G1195N) materials, is considered (Pablo et al, 2009). The
BC are thus ux |x=0 = uy |x=0 = uz |x=0 = 0. The GE composite is bonded by PZT
layers on its bottom and top surfaces and each of its laminae is of equal thickness
(see Fig. 2.1a). The composite plate total thickness is fixed as h = 1 mmwhereas that
of each PZT layer is 0.1mm. The anti-symmetric (as) laminate angle-ply sequence is
considered; that is [PZT/−θ/θ]as where θ (here 45◦) is the fiber orientation angle of
the ply. Thematerial properties are summarized in Table 2.4. It should be noticed that
the PZT-G1195N material properties given in Pablo et al (2009) are unrealistically
considered as elastically isotropic whereas those in Benjeddou et al (2002) are
realistically anisotropic (transverse-isotropic). The simulation is conducted for both
datasets in order to show the influence of the unrealistic assumption of PZT isotropic
elastic behaviour. Besides, only the sensor configuration is considered in this test-
case; that is, a uniform mechanical pressure of amplitude p◦ = 100N/m2 is applied
on the upper surface whereas a zero equipotential voltage is imposed on the plate
bottom and top surfaces. Table 2.5 shows that the present semi-analytical approach
is able to recover, with −0.18% of relative deviation for the same mesh, the 2D FE
solution (Pablo et al, 2009) based on the classical plate theory and without electric
DOF. Besides, it is clear that the unrealistic behaviour assumption for the PZT-
G1195N greatly overestimates its realistic anisotropic (transverse-isotropic) one.
Indeed, the converged tip deflection computed using the former over estimates by

Table 2.4
Material properties of the PZT composite plate (ε ◦ = 8.85×10−12C/Nm2)

Pablo et al (2009) Benjeddou et al (2002) Benjeddou et al (2002)

Property T300/976 GE PZT-G1195N Property T300/976 GE Property PZT-G1195N

E1,GPa 150 63.0 E1,GPa 150 C11,GPa 148
E2,GPa 9.0 63.0 E2,GPa 9.0 C22,GPa 148
E3,GPa 9.0 63.0 E3,GPa 9.0 C33,GPa 131
G12,GPa 7.1 24.2 G12,GPa 7.1 C12,GPa 76.2
G13,GPa 7.1 24.2 G13,GPa 7.1 C13,GPa 74.2
G23,GPa 2.5 24.2 G23,GPa 2.5 C23,GPa 74.2
ν12 0.3 0.3 ν12 0.30 C66,GPa 35.9
ν23 0.3 0.3 ν23 0.30 C44,GPa 25.4
ν13 0.3 0.3 ν13 0.30 C55,GPa 25.4
d31, pmV−1 0.0 -254 e31,C/m2 0.0 e31,C/m2 -2.1
d32, pmV−1 0.0 -254 e32,C/m2 0.0 e32,C/m2 -2.1
d33, pmV−1 0.0 374 e33,C/m2 0.0 e33,C/m2 9.5
d15, pmV−1 0.0 584 e15,C/m2 0.0 e15,C/m2 9.2
d24, pmV−1 0.0 584 e24,C/m2 0.0 e24,C/m2 9.2
εT11, nFm

−1 0.0 15.3 εS11/ε ◦ 3.5 εS11/ε ◦ 460
εT22, nFm

−1 0.0 15.3 εS22/ε ◦ 3.0 εS22/ε ◦ 460
εT33, nFm

−1 0.0 15.0 εS33/ε ◦ 3.0 εS33/ε ◦ 235
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Table 2.5
Tip deflection uz (mm) at point (0.2m, 0, 0) of cantilever PZT composite plate under uniform
pressure

Method Mesh Isotropic PZT Transverse-Isotropic PZT
(Pablo et al, 2009) (Benjeddou et al, 2002)

2D plate FE (Pablo et al, 2009) 6×6 2.750 a −
Present (2D Q4 FE-SSM) 6×6 2.745 (−0.18%) 1.408
(deviation) 8×8 2.748 (−0.07%) 1.410

10×10 2.748 (−0.07%) 1.410
a This numerical value is estimated from Fig. 4 of Pablo et al (2009) and may be subjected to
inaccuracies

94.89% that obtained using the latter (see the last line and column values of Table
2.5).

2.4.3 Square SS PZT Angle-ply Composite Plate

The same PZT composite plate investigated in Subsect. 2.4.2 is considered here.
However, the plate is here supposed to be under SS-2 BC defined as uy = uz = 0
at x = {0,a} and ux = uz = 0 at y = {0,b}. The PZT-G1195N electro-mechanical
properties given in Table 2.4 (Pablo et al, 2009) are retained. Both symmetric (s)
and anti-symmetric stacking sequences are considered; that is [PZT/−θ/θ]as and
[PZT/−θ/θ]s with θ = 45◦.

Table 2.6 shows that the present semi-analytical approach is able to predict accu-
rate results with relative deviations of −0.03% for the symmetric and 0.06% for the
anti-symmetric 45◦ stacking with regards to the meshless Radial Point Interpolation
Method (RPIM) presented in Liu et al (2004). It can be also observed that the central
deflection is higher for all anti-symmetric layups and increases with decreasing the
ply angle. Moreover, the through-the-normalized (Z = z/H,H = h+2hp) thickness
distributions of the non-dimensional transverse shear stres ˜s σxz = σxz ×( /ap◦) and

Table 2.6
Central point deflection (×10−5m) of a SS PZT composite plate under uniform pressure

Stacking sequence θ (◦) 2D Plate meshless RPIM Present
(Liu et al, 2004) (2D FE Q4-SSM)
(15×15) (8×8) (10×10)

[PZT/−θ/θ]as 15 7.222 7.235 (0.18%) 7.235 (0.18%)
[PZT/−θ/θ]as 30 6.542 6.537 (−0.08%) 6.537 (−0.08%)
[PZT/−θ/θ]as 45 6.217 6.221 (0.06%) 6.221 (0.06%)
[PZT/−θ/θ]s 45 6.038 6.036 (−0.03%) 6.036 (−0.03%)

H
H
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the non-dimensional transverse electric displacement D̃z = Dz/e31 displayed in Figs.
2.7 and 2.8 confirm that the IC constraints are satisfied.
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Fig. 2.7. [PZT/−45◦/45◦]as SS composite plate under uniform pressure
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Fig. 2.8. Through-the-normalized thickness distribution of σ̃xz in the [PZT/−45◦/45◦]s SS
composite plate under uniform pressure

2.5 Conclusions and Perspectives

This chapter presented a new mixed Hamiltonian semi-analytical 3D static analysis
solution. It is based on Lagrangian 2D in-plane FE discretization, allowing arbi-
trary edges BC, and mixed Hamiltonian VF, single-layer symplectic solution and
propagator matrix through the thickness of the multilayer smart composite, allow-
ing automatic satisfaction of the IC constraints. This combination of in-plane La-
grangian and through-the-thickness Hamiltonian formalisms, through the Legendre
transformation, and the use of the nodal transverse stresses and electric displacement
resultants as dual independent variables are the main originalities of the presented
research work. It is applied to the analysis of multilayered piezoelectric structures
static actuation and sensing and the comparison of the results with various reference
solutions shows its rapid convergence and high accuracy. Moreover, the results also
show that the present method is able to take into account realistic BC such as clamped
and free edges, as well as non-classical multilayer composites stacking sequences
such as symmetric and anti-symmetric angle-ply layups.

This work focused on presenting the detailed derivation of the new mixed Hamil-
tonian semi-analytic 3D solution with application to the static actuation and sensing
of multilayered piezoelectric smart composites. It is worthwhile to investigate its
extension to vibration and dynamic analyses.
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Chapter 3
On Static Two-dimensional Models of
Thermo-electro-magneto-elastic Shells

Gia Avalishvili and Mariam Avalishvili

Abstract This paper is devoted to the construction and investigation of two-
dimensional models for anisotropic inhomogeneous thermo-electro-magneto-elastic
shells with variable thickness, which may vanish on a part of the lateral boundary.
The variational formulation in curvilinear coordinates of the boundary value problem
corresponding to the three-dimensional model of the shell, when density of surface
force and components of electric displacement, magnetic induction and heat flux
along the outward normal vector are given along the upper and lower face surfaces
of the shell, is obtained and the well-posedness result in suitable factor space of
Sobolev space is given. The subspaces with special structures of the spaces cor-
responding to the original three-dimensional problem are considered and applying
variational formulation a hierarchy of static two-dimensional models is constructed.
The boundary value problems corresponding to the obtained two-dimensional mod-
els are investigated in factor spaces of suitable weighted Sobolev spaces, and the
relationship between the constructed hierarchical two-dimensional models and the
original three-dimensional one is studied.
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3.1 Introduction

Many parts of smart structures made of piezoelectric materials come in the forms of
plates or shells, which undergo high mechanical and thermal loads. Since inhomo-
geneous, in particular, functionally graded (Udupa et al, 2014), materials are used
to increase the durability and efficiency of devices, and two-dimensional models of
elastic structures are always preferable to three-dimensional ones, it is important
to construct and investigate mathematical models of inhomogeneous anisotropic
thermo-electro-magneto-elastic plates and shells.

Mathematical models of a three-dimensional piezoelectric and pyroelectric con-
tinuum and hypotheses of linear constitutive relations first were developed by Voigt
(1890). Later on, Tiersten (1964) studied problems of vibration of piezoelectric
plates. The three-dimensional equations of the linear thermopiezoelectricity were
considered byMindlin (1974) and two-dimensional equations for plates were derived
on the basis of variational principle and approximation by polynomials with respect
to the variable of plate thickness. Nowacki (1978) developed some general theo-
rems for thermoelastic piezoelectric materials. Dhaliwal and Wang (1994) proved
a uniqueness theorem for linear three-dimensional thermopiezoelectricity without
making any restrictions on the coupling constant between temperature and electric
field, and with only symmetry assumptions imposed on the elasticity tensor, which
further was generalized by Aouadi (2007) for thermo-electro-magneto-elasticity and,
in addition, the result was proved without positive definiteness assumptions on the
thermal conductivity tensor. The analogue of the Reissner’s mixed variational theo-
rem for thermopiezoelectricmultilayered compositeswas obtained byBenjeddou and
Andrianarison (2005).Mathematical modeling of electro-magneto-elastic thin plates
by using asymptotic method was discussed by Weller and Licht (2007). Applying
the potential method and theory of pseudodifferential equations, Natroshvili (2011)
studied static and pseudo-oscillation problems with basic, mixed and crack-type
boundary conditions for homogeneous anisotropic thermo-electro-magneto-elastic
bodies. Static and dynamic problems for inhomogeneous anisotropic thermo-electro-
magneto-elastic solids with general mixed boundary conditions were investigated
applying variational approach by Avalishvili et al (2017a,b).

In the present paper, we consider the static three-dimensional model of thermo-
electro-magneto-elastic shell and construct a hierarchy of two-dimensional models,
which approximates the original three-dimensional boundary value problem, by ap-
plying generalization of dimensional reduction algorithm suggested by Vekua (1955)
for homogeneous isotropic plates with variable thickness in the classical linear the-
ory of elasticity. In Vekua (1955) components of the displacement vector-function
were expanded into orthogonal Fourier-Legendre series with respect to the variable
of plate thickness and then leaving only the first finite number of terms in the ex-
pansions and corresponding equations a hierarchy of differential two-dimensional
modelswas constructed.Note that the classicalKirchhoff-Love andReissner-Mindlin
models can be incorporated into the hierarchy obtained by Vekua so that it can be
considered as an extension of the frequently used engineering plate models. Fur-
ther, various mathematical models of plates and shells constructed by Vekua were
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collected in his monograph (Vekua, 1985). Static two-dimensional models con-
structed by Vekua (1985) for shallow shells first were investigated by Gordeziani
(1974b), and the estimates of the order of approximation of the exact solution of
the static three-dimensional problem for elastic plate by vector-functions of three
variables restored from the solutions of the reduced two-dimensional problems, con-
structed in Vekua (1955), in the spaces of classical smooth functions were obtained
in Gordeziani (1974a). The hierarchy of static two-dimensional models constructed
in Vekua (1955) for plates was investigated in Sobolev spaces, convergence result
and estimate of the rate of convergence was obtained by Avalishvili (1999). Static
and dynamic hierarchical two-dimensional models were constructed and modeling
error was estimated for plates with variable thickness by Avalishvili and Gordeziani
(2003) and for shells by Avalishvili and Avalishvili (2004); Gordeziani et al (2006).
Applying variational approach and generalization of Vekua’s dimensional reduction
method static and dynamic one-dimensional hierarchical models and correspond-
ing convergence results for elastic bars were obtained by Avalishvili (2002, 2006).
Mathematical models constructed by applying dimensional reduction methods of
Vekua (1955, 1985) and their modifications, and related mathematical problems
were studied by many researchers (see Vogelius and Babuška, 1981; Miara, 1989;
Jaiani, 2001; Dauge et al, 2017; Gordeziani and Avalishvili, 2005; Avalishvili and
Avalishvili, 2007; Avalishvili et al, 2010; Avalishvili and Avalishvili, 2014, and the
references given therein).

It should be pointed out that two-dimensional hierarchical models for anisotropic
inhomogeneous thermo-electro-magneto-elastic shells with general geometrical
shape have not been constructed and investigated yet. The static and dynamic hi-
erarchical two-dimensional models for thermo-electro-magneto-elastic plates with
variable thickness were constructed and investigated by Avalishvili and Avalishvili
(2018a,b). In the present paper, we consider thermo-electro-magneto-elastic shells
made of anisotropic inhomogeneous material and construct a hierarchy of static two-
dimensional models approximating three-dimensional one where, on certain parts
of the lateral boundary, mechanical displacement, electric and magnetic potentials,
and temperature vanish and, on the corresponding remaining part of the boundary,
components of the mechanical stress vector, electric displacement and magnetic in-
duction, and heat flux along the outward normal vector of the boundary are given.We
investigate the constructed two-dimensional models and obtain new well-posedness
results for corresponding boundary value problems and modeling error estimates in
suitable factor spaces of Sobolev spaces.

In Sect. 3.2, we consider the differential formulation of the boundary value prob-
lem in Cartesian coordinates corresponding to the linear static three-dimensional
model of inhomogeneous anisotropic thermo-electro-magneto-elastic shell with
mixed boundary conditions. We obtain integral equations that are equivalent to
the original problem in the space of twice continuously differentiable functions
and applying them we present variational formulation in curvilinear coordinates of
the three-dimensional boundary value problem in corresponding Sobolev spaces.
Furthermore, we formulate theorem regarding the existence, uniqueness and con-
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tinuous dependence of a solution on the given data in suitable factor space of the
corresponding Sobolev space.

In Sect. 3.3, we introduce subspaces with special structures of the spaces corre-
sponding to the original three-dimensional problem and on these subspaces we ob-
tain a hierarchy of two-dimensional models for inhomogeneous anisotropic thermo-
electro-magneto-elastic shells. We investigate the existence and uniqueness of so-
lutions of the two-dimensional problems, and continuous dependence on the given
data in factor space of suitable weighted Sobolev space. Moreover, we present the
result regarding convergence of the sequence of vector-functions of three variables
restored from the solutions of the two-dimensional problems to the solution of the
three-dimensional boundary value problem and an estimate of the rate of conver-
gence.

3.2 Three-dimensional Model

spaces of real-valued functions based on H0(D)= L2(D) and H0(Γ̌)= L2(Γ̌), respec-
tively, where D ⊂ Rn, n ∈ N, is a bounded Lipschitz domain and Γ̌ is an element of a
Lipschitz dissection of the boundary ∂D (McLean, 2000).We denote the correspond-

Ls1 (Γ̌) = [Ls1 (Γ̌)]3, s1 ≥ 1 and by trΓ̌ : H1(D) → H1/2(Γ̌), trΓ̌ : H1(D) → H1/2(Γ̌)
the trace operators. For any measurable set D ⊂ Rn, n ∈ N, (., .)L2(D) and (., .)L2(D)
are the classical scalar products in L2(D) and L2(D), respectively.

Let us consider a thermo-electro-magneto-elastic shell with initial configuration
Ω∗ = ξ(Ω), where Ω is of the following form

Ω = {(x1,x2,x3) ∈ R3; h−(x1,x2) < x3 < h+(x1,x2), (x1,x2) ∈ ω ⊂ R2},

where ξ is aC2 diffeomorphism of Ω onto Ω∗, so that the vectors Gi(x) = ∂iξ(x) are
linearly independent at all points of Ω, ∂i denotes the partial derivative with respect
to xi (i = 1,2,3). Since ξ is an injective mapping, each point x∗ ∈ Ω∗ in Cartesian
coordinates x∗ = (x∗1,x∗2,x∗3) can be unambiguously written as x∗ = ξ(x), x ∈ Ω, and
the coordinates xi of x are the curvilinear coordinates of x∗. The triplets {Gi(x)}
and {Gi(x)} form the covariant and contravariant bases at the point x∗ = ξ(x),
respectively, where Gi(x) ·G j(x) = δi j , δi j is the Kronecker delta, Gi(x) ·G j(x) is
the Euclidean inner product in R3 of the vectors Gi(x) and G j(x). The mapping
ξ defines the metric tensor of Ω∗ with covariant components Gi j = Gi · G j and
Christoffel symbols Γp

ij = Gp · ∂iG j , i, j,p = 1,2,3. Ω ⊂ R3 and ω ⊂ R2 are bounded
Lipschitz domains with boundaries Γ = ∂Ω and γ = ∂ω, respectively, the functions
h± ∈C0(ω) ∩C0,1

loc
(ω)are continuous on ω and Lipschitz-continuous in ω, i.e., h±∈C0,1(ω∗)

for all subdomains ω∗, ω∗ ⊂ ω,h+(x1,x2) > h−(x1,x2), for (x1,x2) ∈ ω∪ γ̃, γ̃ ⊂ ∂ω

Throughout thiswork, for each real , we denote byHs(D) andHs(Γ̌) the Sobolev0 ≤ ≤1

ing spaces of vector-valued functions byHs(D)=[Hs(D)]3,Hs(Γ)=[Hs(Γ)]3,

s

,0 ≤ ≤1s

,
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is a Lipschitz curve, h+(x1,x2) = h−(x1,x2), for (x1,x2) ∈ ∂ω\γ̃. The upper and lower
face surfaces of Ω , defined by the equations x3 = h+(x1,x2) and x3 = h−(x1,x2),
(x1,x2) ∈ ω, are denoted by Γ+ and Γ−, respectively, and the lateral surface of Ω,
where the thickness of Ω is positive, is denoted by

Γ̃ = {(x1,x2,x3) ∈ R3;h−(x1,x2) < x3 < h+(x1,x2), (x1,x2) ∈ γ̃}.

The static linear three-dimensional model of the stress-strain state of thermo-
electro-magneto-elastic shell Ω∗ in differential form is given by the following system
of partial differential equations (Natroshvili, 2011; Avalishvili et al, 2017a):

−
3∑
j=1

∂σ∗i j
∂x∗j

= f ∗i in Ω∗, i = 1,2,3, (3.1)

3∑
i=1

∂D∗i
∂x∗i
= f ϕ∗ in Ω∗, (3.2)

3∑
i=1

∂B∗i
∂x∗i
= 0 in Ω∗, (3.3)

−
3∑

i, j=1

∂

∂x∗i

(
η∗i j

∂θ∗

∂x∗j

)
= f θ∗ in Ω∗, (3.4)

where (σ∗i j)3i, j=1 is the mechanical stress tensor, which is given by the following
linear constitutive equation for a thermo-electro-magneto-elastic solid:

σ∗i j =
3∑

p,q=1
c∗i jpqe∗pq(u∗)+

3∑
p=1

ε∗pij
∂ϕ∗

∂x∗p
+

3∑
p=1

b∗pij
∂ψ∗

∂x∗p
−λ∗i jθ∗, i, j = 1,2,3 (3.5)

where u∗= (u∗i )3i=1 : Ω∗ → R3 is the mechanical displacement vector-function, ϕ∗ :
Ω∗ → R and ψ∗ : Ω∗ → R stand for the electric and magnetic potentials such that
electric and magnetic fields are

E∗ = −(∂ϕ∗/∂x∗i )3i=1 and H∗ = −(∂ψ∗/∂x∗i )3i=1

e∗i j(v∗) = 1/2(∂v∗i /∂x∗j + ∂v
∗
j /∂x∗i ), i, j = 1,2,3, v∗ = (v∗i )3i=1,

is the strain tensor,
(c∗i jpq(x∗))3i, j ,p,q=1

is the elasticity tensor,

(ε∗pij(x∗))3i, j ,p=1 and (b∗pij(x∗))3i, j ,p=1

θ∗ : Ω∗ → R is the temperature distribution,
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are piezoelectric and piezomagnetic coefficients,

(λ∗i j(x∗))3i, j=1
is the stress-temperature tensor,

f ∗ = ( f ∗i )3i=1 : Ω∗ → R3

is the density of the applied body force. D∗ = (D∗j )3j=1 is the electric displacement
vector and B∗ = (B∗j )3j=1 is the magnetic induction vector; the latter are given, re-
spectively, by the following linear constitutive equations:

D∗i =
3∑

p,q=1
ε∗ipqe∗pq(u∗)−

3∑
j=1

d∗i j
∂ϕ∗

∂x∗j
−

3∑
j=1

a∗i j
∂ψ∗

∂x∗j
+ μ∗i θ

∗, i = 1,2,3, (3.6)

B∗i =
3∑

p,q=1
b∗ipqe∗pq(u∗)−

3∑
j=1

a∗i j
∂ϕ∗

∂x∗j
−

3∑
j=1

ζ∗i j
∂ψ∗

∂x∗j
+m∗i θ

∗, i = 1,2,3, (3.7)

where (d∗i j(x∗))3i, j=1 and (ζ∗i j(x∗))3i, j=1 are the permittivity and permeability tensors,
(a∗i j(x∗))3i, j=1 are the coupling coefficients connecting electric and magnetic fields,
(μ∗i (x∗))3i=1 and (m∗i (x∗))3i=1 are pyroelectric and pyromagnetic coefficients, respec-
tively; f ϕ∗ : Ω∗ → R3 is the density of electric charges. (η∗i j(x∗))3i, j=1 is the thermal
conductivity tensor and f θ∗ : Ω∗ → R3 is the density of heat sources.

We assume that the thermo-electro-magneto-elastic shell Ω∗ is clamped along a
part Γ̃∗0 = ξ(Γ̃0), Γ̃0 = {(x1,x2,x3) ∈ Γ̃;(x1,x2) ∈ γ̃0}, γ̃0 ⊂ γ̃ is a Lipschitz curve, of
the lateral surface Γ̃∗ = ξ(Γ̃) of the shell, and on the remaining part Γ∗1 = ξ(Γ1),
Γ1 = Γ\Γ̃0 of the boundary surface force with density g∗ = (g∗i )3i=1 : Γ∗1 → R3 is
given:

u∗ = 0 on Γ̃∗0 ,
3∑
j=1

σ∗i jn
∗
j = g

∗
i on Γ∗1 , i = 1,2,3, (3.8)

where n∗ = (n∗i )3i=1 is the unit outward normal vector to Γ∗1 . The electric potential
ϕ∗ vanishes along a part Γ̃ϕ∗

0 = ξ(Γ̃ϕ
0 ), Γ̃

ϕ
0 = {(x1,x2,x3) ∈ Γ̃;(x1,x2) ∈ γ̃

ϕ
0 }, γ̃

ϕ
0 ⊂ γ̃

is a Lipschitz curve, of the lateral surface Γ̃∗ of the shell and on the remaining part
Γ
ϕ∗
1 = ξ(Γϕ

1 ), Γ
ϕ
1 = Γ\Γ̃

ϕ
0 of the boundary the normal component of the electric

displacement with density gϕ∗ : Γϕ∗
1 → R is given:

ϕ∗ = 0 on Γ̃
ϕ∗
0 ,

3∑
i=1

D∗i n∗i = g
ϕ∗ on Γ

ϕ∗
1 , (3.9)

where n∗ = (n∗i )3i=1 is the unit outward normal vector to Γϕ∗
1 . The magnetic potential

ψ∗ vanishes along Γ̃
ψ∗
0 = ξ(Γ̃ψ

0 ), Γ̃
ψ
0 = {(x1,x2,x3) ∈ Γ̃;(x1,x2) ∈ γ̃

ψ
0 }, γ̃

ψ
0 ⊂ γ̃ is a
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Lipschitz curve, of the lateral surface Γ̃∗ of the shell and on the remaining part
Γ
ψ∗
1 = ξ(Γψ

1 ), Γ
ψ
1 = Γ\Γ̃

ψ
0 of the boundary the normal component of the magnetic

induction with density gψ∗ : Γψ∗
1 → R is given:

ψ∗ = 0 on Γ̃ψ∗
0 ,

3∑
i=1

B∗i n∗i = g
ψ∗ on Γ

ψ∗
1 , (3.10)

where n∗ = (n∗i )3i=1 is the unit outward normal vector to Γψ∗
1 . The temperature θ∗

vanishes along a part Γ̃θ∗
0 = ξ(Γ̃θ

0 ), Γ̃θ
0 = {(x1,x2,x3) ∈ Γ̃;(x1,x2) ∈ γ̃θ0 }, γ̃θ0 ⊂ γ̃ is

a Lipschitz curve, of the lateral surface Γ̃∗ of the shell and on the remaining part
Γθ∗
1 = ξ(Γθ

1 ), Γθ
1 = Γ\Γ̃θ

0 of the boundary the normal component of the heat flux
with density gθ∗ : Γθ∗

1 → R is given:

θ∗ = 0 on Γ̃θ∗
0 , −

3∑
i, j=1

η∗i j
∂θ∗

∂xj
n∗i = g

θ∗ on Γθ∗
1 , (3.11)

where n∗ = (n∗i )3i=1 is the unit outward normal vector to Γθ∗
1 .

We assume that the elasticity tensor (c∗i jpq)3i, j ,p,q=1, the stress-temperature ten-
sor (λ∗i j)3i, j=1, and piezoelectric (ε∗pij)3i, j ,p=1 and piezomagnetic (b∗pij)3i, j ,p=1 tensors
satisfy the following symmetry conditions:

c∗i jpq = c∗i jqp = c∗jipq, λ∗i j = λ
∗
ji, ε∗pij = ε

∗
pji, b∗pij = b∗pji, i, j,p,q = 1,2,3.

(3.12)
If u∗ = (u∗i )3i=1 : Ω∗ → R3, ϕ∗ : Ω∗ → R, ψ∗ : Ω∗ → R, and θ∗ : Ω∗ → R, are twice
continuously differentiable, then by multiplying Eqs. (3.1) by arbitrary continuously
differentiable functions v∗i : Ω∗ → R (i = 1,2,3), which vanish on Γ̃∗0 , Eq. (3.2) by a
continuously differentiable function ϕ∗ : Ω∗ → R, such that ϕ∗ = 0 on Γ̃ϕ∗

0 , Eq. (3.3)
by a continuously differentiable function ψ∗ : Ω∗ → R, which vanishes on Γ̃ψ∗

0 , and
Eq. (3.4) by a continuously differentiable function θ∗ : Ω∗ → R, such that θ∗ = 0 on
Γ̃θ∗
0 , by integrating on Ω∗ and by using Green’s formula, and taking into account

constitutive Eqs. (3.5)-(3.7), symmetry conditions (3.12) and boundary conditions
(3.8)-(3.11), we obtain:∫
Ω∗

3∑
i, j ,p,q=1

c∗i jpqe∗pq(u∗)e∗i j(v∗)dx∗+
∫
Ω∗

3∑
i, j ,p=1

ε∗pij
∂ϕ∗

∂x∗p
e∗i j(v∗)dx∗

+

∫
Ω∗

3∑
i, j ,p=1

b∗pij
∂ψ∗

∂x∗p
e∗i j(v∗)dx∗ −

∫
Ω∗

3∑
i, j=1

λ∗i jθ
∗e∗i j(v∗)dx∗=

∫
Ω∗

3∑
i=1

f ∗i v
∗
i dx∗+

∫
Γ∗1

3∑
i=1

g∗i v
∗
i dΓ∗,

(3.13)
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−
∫
Ω∗

3∑
i, j ,p=1

ε∗ipqe∗pq(u∗)
∂ϕ∗

∂x∗i
dx∗+

∫
Ω∗

3∑
i, j=1

(
d∗i j

∂ϕ∗

∂x∗j

∂ϕ∗

∂x∗i
+ a∗i j

∂ψ∗

∂x∗j

∂ϕ∗

∂x∗i

)
dx∗

−
∫
Ω∗

3∑
i=1

μ∗i θ
∗ ∂ϕ

∗

∂x∗i
dx∗ =

∫
Ω∗

f ϕ∗ϕ∗dx∗ −
∫
Γ
ϕ∗
1

gϕ∗ϕ∗dΓ∗, (3.14)

−
∫
Ω∗

3∑
i, j ,p=1

b∗ipqe∗pq(u∗)
∂ψ
∗

∂x∗i
dx∗+

∫
Ω∗

3∑
i, j=1

a∗i j
∂ϕ∗

∂x∗j

∂ψ
∗

∂x∗i
dx∗

+

∫
Ω∗

3∑
i, j=1

ζ∗i j
∂ψ∗

∂x∗j

∂ψ
∗

∂x∗i
dx∗ −

∫
Ω∗

3∑
i=1

m∗i θ
∗ ∂ψ

∗

∂x∗i
dx∗ = −

∫
Γ
ψ∗
1

gψ∗ψ
∗
dΓ∗, (3.15)

∫
Ω∗

3∑
i, j=1

η∗i j
∂θ∗

∂x∗j

∂θ
∗

∂x∗i
dx∗ =

∫
Ω∗

f θ∗θ
∗
dx∗ −

∫
Γθ∗
1

gθ∗θ
∗
dΓ∗. (3.16)

Therefore, if u∗ = (u∗i )3i=1 : Ω∗ → R3, ϕ∗ : Ω∗ → R, ψ∗ : Ω∗ → R, and θ∗ : Ω∗ → R,
are solutions of Eqs. (3.1)-(3.4) and satisfy boundary conditions (3.8)-(3.11), then
u∗, ϕ∗, ψ∗ and θ∗ are solutions of Eqs. (3.13)-(3.16). Conversely, if u∗, ϕ∗, ψ∗ and
θ∗ are twice continuously differentiable solutions of integral Eqs. (3.13)-(3.16), then
by using Green’s formula we obtain:∫

Γ∗1

3∑
i, j=1

σ∗i jn
∗
jv
∗
i dΓ −

∫
Ω∗

3∑
j=1

∂

∂x∗j

./0
3∑

p,q=1
c∗i jpqe∗pq(u∗)+

3∑
p=1

ε∗pij
∂ϕ∗

∂x∗p

+

3∑
p=1

b∗pij
∂ψ∗

∂x∗p
−λ∗i jθ∗

123v∗i dx∗=
∫
Ω∗

3∑
i=1

f ∗i v
∗
i dx∗+

∫
Γ∗1

3∑
i=1

g∗i v
∗
i dΓ∗, (3.17)

−
∫
Γ
ϕ∗
1

3∑
i=1

D∗i n∗i ϕ
∗dΓ∗+

∫
Ω∗

3∑
i=1

∂

∂x∗i

./0
3∑

p,q=1
ε∗ipqe∗pq(u∗)−

3∑
j=1

d∗i j
∂ϕ∗

∂x∗j

−
3∑
j=1

a∗i j
∂ψ∗

∂x∗j
+ μ∗i θ

∗123ϕ∗dx∗ =
∫
Ω∗

f ϕ∗ϕ∗dx∗ −
∫
Γ
ϕ∗
1

gϕ∗ϕ∗dΓ∗, (3.18)

−
∫
Γ
ψ∗
1

3∑
i=1

B∗i n∗iψ
∗
dΓ∗+

∫
Ω∗

3∑
i=1

∂

∂x∗i

./0
3∑

p,q=1
b∗ipqe∗pq(u∗)−

3∑
j=1

a∗i j
∂ϕ∗

∂x∗j

−
3∑
j=1

ζ∗i j
∂ψ∗

∂x∗j
+m∗i θ

∗123ψ∗dx∗= −
∫
Γ
ψ∗
1

gψ∗ψ
∗
dΓ∗, (3.19)
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Γθ∗
1

3∑
i, j=1

η∗i j
∂θ∗

∂x∗j
n∗i θ
∗
dΓ∗ −

∫
Ω∗

3∑
i, j=1

∂

∂x∗i

(
η∗i j

∂θ∗

∂x∗j

)
θ
∗
dx∗ =

∫
Ω∗

f θ∗θ
∗
dx∗ −

∫
Γθ∗
1

gθ∗θ
∗
dΓ∗,

(3.20)

where v∗ = (v∗i )3i=1, ϕ∗, ψ
∗, θ∗ are continuously differentiable functions on Ω∗,

such that v∗i = 0 on Γ∗0 , ϕ
∗ = 0 on Γϕ∗

0 , ψ∗ = 0 on Γψ∗
0 , θ∗ = 0 on Γθ∗

0 . By letting
v∗ ∈ (C1

0 (Ω∗))3, C1
0 (Ω∗) = {v ∈ C1(Ω∗) | v = 0 on Γ∗}, ϕ∗ ∈ C1

0 (Ω∗), ψ
∗ ∈ C1

0 (Ω∗),
θ
∗ ∈ C1

0 (Ω∗) and by taking account of density of C1
0 (Ω) in L2(Ω), we obtain, from

(3.13)-(3.16), that u∗, ϕ∗,ψ∗ and θ∗ satisfy Eqs. (3.1)-( 3.4). Now, if functions v∗, ϕ∗ ,
ψ
∗ and θ∗ are arbitrary continuous functions on the surfacesΓ∗1 ,Γ

ϕ∗
1 ,Γψ∗

1 andΓθ∗
1 and

vanish on the remaining parts of the boundary Γ∗, then by applying Eqs. (3.1)-(3.4)
and density of the sets of continuous functions vanishing on the boundaries of Γ∗1 ,
Γ
ϕ∗
1 , Γψ∗

1 and Γθ∗
1 in spaces L2(Γ∗1 ), L2(Γϕ∗

1 ), L2(Γψ∗
1 ) and L2(Γθ∗

1 ), we infer, from
(3.13)-(3.16), that u∗, ϕ∗, ψ∗ and θ∗ satisfy the boundary conditions (3.8)-(3.11).

Hence the boundary value problem (3.1)-(3.4), (3.8)-(3.11) corresponding to
the static three-dimensional model in Cartesian coordinates of anisotropic in-
homogeneous thermo-electro-magneto-elastic shell is equivalent to integral Eqs.
(3.13)-(3.16) in the space of twice continuously differentiable functions. There-
fore, from Eqs. (3.13)-(3.16) by expressing all integrals in terms of curvilinear
coorninates x1,x2,x3 we obtain the following variational formulation in curvilin-
ear coordinates of the boundary value problem (3.1)-(3.4), (3.8)-(3.11): Find u ∈
V(Ω) = {v ∈H1(Ω); trΓ(v) = 0 on Γ̃0}, ϕ ∈ Vϕ(Ω) ={ϕ ∈ H1(Ω); trΓ(ϕ) = 0 on Γ̃ϕ

0 },
ψ ∈Vψ(Ω)= {ψ ∈ H1(Ω); trΓ(ψ)= 0 on Γ̃ψ

0 }, θ ∈Vθ (Ω)= {θ ∈ H1(Ω); trΓ(θ)= 0 on
Γ̃θ
0 } such that

c(u,v)+ ε(ϕ,v)+ b(ψ,v)−λ(θ,v) = Lu(v), ∀v ∈ V(Ω), (3.21)
−ε(ϕ,u)+ d(ϕ,ϕ)+ a(ψ,ϕ)− μ(θ,ϕ) = Lϕ(ϕ), ∀ϕ ∈ Vϕ(Ω), (3.22)
−b(ψ,u)+ a(ϕ,ψ)+ ζ(ψ,ψ)−m(θ,ψ) = Lψ(ψ), ∀ψ ∈ Vψ(Ω), (3.23)

η(θ,θ) = Lθ (θ), ∀θ ∈ Vθ (Ω), (3.24)

where

c(u,v) =
∫
Ω

3∑
i, j ,p,q=1

cGijpqep | |q(u)ei | | j(v)dx, λ(θ,v) =
∫
Ω

3∑
i, j=1

λGij θei | | j(v)dx,

ε(ϕ,v) =
∫
Ω

3∑
i, j ,p=1

εGpij
∂ϕ

∂xp
ei | | j(v)dx, b(ψ,v) =

∫
Ω

3∑
i, j ,p=1

bGpij
∂ψ

∂xp
ei | | j(v)dx,

d(ϕ,ϕ) =
∫
Ω

3∑
i, j=1

dG
ij

∂ϕ

∂xj

∂ϕ

∂xi
dx, a(ψ,ϕ) =

∫
Ω

3∑
i, j=1

aG
ij

∂ψ

∂xj

∂ϕ

∂xi
dx,
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ζ(ψ,ψ) =
∫
Ω

3∑
i, j=1

ζGij
∂ψ

∂xj

∂ψ

∂xi
dx, μ(θ,ϕ) =

∫
Ω

3∑
i=1

μGi θ
∂ϕ

∂xi
dx,

m(θ,ψ) =
∫
Ω

3∑
i=1

mG
i θ

∂ψ

∂xi
dx, η(θ,θ) =

∫
Ω

3∑
i, j=1

ηGij
∂θ

∂xj

∂θ

∂xi
dx,

Lu(v) =
∫
Ω

3∑
i=1

f ivi
√

Gdx+
∫
Γ1

3∑
i=1

gitrΓ1 (vi)
√

GdΓ,

Lϕ(ϕ) =
∫
Ω

f ϕϕ
√

Gdx−
∫
Γ
ϕ
1

gϕtrΓϕ
1
(ϕ)
√

GdΓ,

Lψ(ψ) = −
∫
Γ
ψ
1

gψtr
Γ
ψ
1
(ψ)
√

GdΓ,

Lθ (θ) =
∫
Ω

f θθ
√

Gdx−
∫
Γθ
1

gθ trΓθ
1
(θ)
√

GdΓ,

u = (ui)3i=1, ui (i = 1,2,3) are the covariant components of the mechanical dis-
placement, θ(x) = θ∗(x∗), x∗ = ξ(x), x ∈ Ω, f i and gi (i = 1,2,3) are the con-
travariant components of the applied body force f ∗ and surface force g∗ densities,
ep | |q(v) = 1/2(∂pvq +∂qvp)−

∑3
i=1Γ

i
pqvi (p,q = 1,2,3), v = (vi)3i=1, are the covariant

components of the strain tensor (Ciarlet, 2000), G = det
(
Gi j

)
,

cGijpq(x) =
3∑

k ,l,r ,s=1
cklrs(x)(Gi)k(G j)l(Gp)r (Gq)s

√
G,

εGpij(x) =
3∑

r ,s,k=1
εrsk(x)(Gp)r (Gi)s(G j)k

√
G,

bGpij(x) =
3∑

r ,s,k=1
brsk(x)(Gp)r (Gi)s(G j)k

√
G,

λGij (x) =
3∑

r ,s=1
λrs(x)(Gi)r (G j)s

√
G, dG

ij (x) =
3∑

r ,s=1
drs(x)(Gi)r (G j)s

√
G,

aG
ij (x) =

3∑
r ,s=1

ars(x)(Gi)r (G j)s
√

G, ζGij (x) =
3∑

r ,s=1
ζrs(x)(Gi)r (G j)s

√
G,

μGi (x) =
3∑

r=1
μr (x)(Gi)r

√
G, mG

i (x) =
3∑

r=1
mr (x)(Gi)r

√
G,

ηGij (x) =
3∑

r ,s=1
ηrs(x)(Gi)r (G j)s

√
G,
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cklrs(x) = c∗klrs(x∗), εrsk(x) = ε∗rsk(x∗), brsk(x) = b∗rsk(x∗),
λrs(x) = λ∗rs(x∗), drs(x) = d∗rs(x∗), ars(x) = a∗rs(x∗),
ζrs(x) = ζ∗rs(x∗), μr (x) = μ∗r (x∗), mr (x) = m∗r (x∗), ηrs(x) = η∗rs(x∗),

i, j,p,q,k,l,r,s = 1,2,3,

f ϕ(x) = f ϕ∗(x∗), f θ (x) = f θ∗(x∗), x∗ = ξ(x),x ∈ Ω,

gϕ(x) = gϕ∗(x∗), x∗ = ξ(x), x ∈ Γϕ
1 , gψ(x) = gψ∗(x∗), x∗ = ξ(x),x ∈ Γψ

1 ,

gθ (x) = gθ∗(x∗), x∗ = ξ(x),x ∈ Γθ
1 .

Hereafter, we assume that ci jpq , εpij , bpij , di j , ai j , ζi j , λi j , μi , mi , ηi j ∈ L∞(Ω),
i, j,p,q = 1,2,3, satisfy the following positive definiteness conditions

3∑
i, j ,p,q=1

ci jpq(x)ξi jξpq ≥ αc
3∑

i, j=1
(ξi j)2,

3∑
i, j=1

ηi j(x)ξjξj ≥ αη
3∑
i=1
(ξi)2, (3.25)

3∑
i, j=1

di j(x)ξjξi +
3∑

i, j=1
ai j(x)ξ jξi +

3∑
i, j=1

ai j(x)ξjξi

+

3∑
i, j=1

ζi j(x)ξ jξi ≥ α
3∑
i=1
((ξi)2+ (ξi)2), (3.26)

for all ξi j ∈ R, ξi j = ξji , ξi , ξi ∈ R, i, j = 1,2,3, and for almost all x ∈ Ω, where αc ,
αη , α are positive constants.

Note that if the parts Γ̃∗0 , Γ̃
ϕ∗
0 , Γ̃ψ∗

0 and Γ̃θ∗
0 of the boundary of the shell Ω∗, where

mechanical displacement, electric and magnetic potentials, and temperature vanish,
are empty sets, then the parts Γ̃0, Γ̃

ϕ
0 , Γ̃

ψ
0 and Γ̃θ

0 of the boundary Γ are empty sets and
the homogeneous problem (3.21)-(3.24), i.e., with f = ( f i)3

i=1 ≡ 0, g = (gi)3
i=1 ≡ 0,

f ϕ ≡ 0, gϕ ≡ 0, gψ ≡ 0, f θ ≡ 0, gθ ≡ 0, has non-trivial solutions. Hence, the solution
of problem (3.21)-(3.24) is not unique in the first-order Sobolev spaces mentioned
in the variational formulation and it is necessary to introduce suitable factor spaces,
where the solution of problem (3.21)-(3.24) is unique. We denote by R the set of of
solutions of the homogeneous problem (3.21)-(3.24), where Lu(v) = 0, Lϕ(ϕ) = 0,
Lψ(ψ) = 0 , Lθ (θ) = 0, for all v ∈ V(Ω), ϕ ∈ Vϕ(Ω), ψ ∈ Vψ(Ω) and θ ∈ Vθ (Ω).

By applying generalized Poincaré’s inequality (Ciarlet, 1988), Korn’s inequality
in curvilinear coordinates (Ciarlet, 2000), corollary from Korn’s inequality in factor
spaces (Duvaut and Lions, 1972), and Lax-Milgram theorem (McLean, 2000), we
determine the structure of the set R, which is of the following form:
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R =
{
(vrθr ,ϕrθr ,ψrθr

,θr ); vrθr = vr + urθr ,ϕrθ
r

= ϕr +ϕrθ
r

,

ψ
rθr
= ψ

r
+ψrθr ,(vr ,ϕr ,ψr ) ∈ Ruϕψ, θr ∈ Rθ

}
,

where
Ruϕψ = {(vr ,ϕr ,ψr ) ∈ V(Ω)×Vϕ(Ω)×Vψ(Ω);

vr = α+ β× ox,α,β ∈ R3,ϕr = αϕ, αϕ ∈ R,ψr
= αψ,αψ ∈ R},

Rθ = {θr ∈ Vθ (Ω);θr = αθ, αθ ∈ R}

and (urθr ,ϕrθ
r
,ψrθr ) ∈ V(Ω) ×Vϕ(Ω) ×Vψ(Ω) is a solution of the homogeneous

Eqs. (3.21)-(3.23) with θ = θr and f ≡ 0, g ≡ 0, f ϕ ≡ 0, gϕ ≡ 0, gψ ≡ 0.
The set R defines the factor space

Vuϕψθ
R
(Ω) = (V(Ω)×Vϕ(Ω)×Vψ(Ω)×Vθ (Ω))/R,

which consists of the following equivalence classes

(v,ϕ,ψ,θ)R =
{
(v,ϕ,ψ,θ)+ (vrθr ,ϕrθr ,ψrθr

,θr ); (vrθr ,ϕrθr ,ψrθr
,θr ) ∈ R

}
,

for each (v,ϕ,ψ, θ) ∈ V(Ω) ×Vϕ(Ω) ×Vψ(Ω) ×Vθ (Ω). The factor space Vuϕψθ
R
(Ω)

is a Hilbert space equipped with the following norm:555(v,ϕ,ψ,θ)R555
Vuϕψθ
R

(Ω)
= inf{| |(v,ϕ,ψ,θ)+ (vrθr ,ϕrθr ,ψrθr

,θr )| |(H1(Ω))6 ;

(vrθr ,ϕrθr ,ψrθr
,θr ) ∈ R}.

Note that, for all (vr ,ϕr ,ψr ) ∈ Ruϕψ and θr ∈ Rθ we have

c(vr ,v)+ ε(ϕr ,v)+ b(ψr
,v)−λ(θr ,v) = 0, ∀v ∈ V(Ω),

−ε(ϕ,vr )+ d(ϕr ,ϕ)+ a(ψr
,ϕ)− μ(θr ,ϕ) = 0, ∀ϕ ∈ Vϕ(Ω),

−b(ψ,vr )+ a(ϕr ,ψ)+ ζ(ψr
,ψ)−m(θr ,ψ) = 0, ∀ψ ∈ Vψ(Ω),

η(θr ,θ) = 0, ∀θ ∈ Vθ (Ω),

and, consequently, for solvability of problem (3.21)-(3.24) it is necessary that
Lu(vr ) = 0, Lϕ(ϕr ) = 0, Lψ(ψr ) = 0 and Lθ (θr ) = 0. Therefore, for each solution
(u,ϕ,ψ,θ) of problem (3.21)-(3.24), any vector-function

(u,ϕ,ψ,θ)+ (vrθr ,ϕrθr ,ψrθr
,θr ),

where (vrθr ,ϕrθr ,ψrθr
,θr ) ∈ R is also a solution of (3.21)-(3.24), and problem

(3.21)-(3.24) in the factor space Vuϕψθ
R
(Ω) can be formulated as follows: Find

β× ox is the exterior product of vectors β ∈ R3 and ox = (xi)3i=1 ∈ R3,
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(u,ϕ,ψ,θ)R ∈ Vuϕψθ
R
(Ω) such that any vector-function from the equivalence class

(u,ϕ,ψ,θ)R is a solution of problem (3.21)-(3.24).
For problem (3.21)-(3.24), which is equivalent to the boundary value problem

(3.1)-(3.4), (3.8)-(3.11) in the spaces of classical twice continuously differentiable
functions, the following existence, uniqueness and continuous dependence theorem
is valid.

Theorem 3.1. Suppose that Ω ⊂ R3 is a bounded Lipschitz domain, the parame-
ters ci jpq , εpij , bpij , λi j , di j , ai j , ζi j , μi , mi , ηi j ∈ L∞(Ω), i, j,p,q = 1,2,3, satisfy
the symmetry and positive definiteness conditions (3.12) and (3.25), (3.26). If f ∈
L6/5(Ω), g ∈ L4/3(Γ1), f ϕ ∈ L6/5(Ω), gϕ ∈ L4/3(Γϕ

1 ), gψ ∈ L4/3(Γψ
1 ), f θ ∈ L6/5(Ω),

gθ ∈ L4/3(Γθ
1 ), and

Lu(vr ) = 0, Lϕ(ϕr ) = 0, Lψ(ψr ) = 0, Lθ (θr ) = 0, (3.27)

for all (vr ,ϕr ,ψr ) ∈ Ruϕψ,θr ∈ Rθ , then problem (3.21)-(3.24) possesses a unique
solution (u,ϕ,ψ,θ)R ∈Vuϕψθ

R
(Ω), which continuously depends on the given data, i.e.,

the mapping ( f ,g, f ϕ, gϕ,gψ, f θ,gθ )→ (u,ϕ,ψ,θ)R is linear and continuous from the
space L6/5(Ω) ×L4/3(Γ1) × L6/5(Ω) × L4/3(Γϕ

1 ) × L4/3(Γψ
1 ) × L6/5(Ω) × L4/3(Γθ

1 ) to
the space Vuϕψθ

R
(Ω).

Remark 3.1. If the areas of the surfaces Γ0, Γϕ
0 , Γ

ψ
0 , Γ

θ
0 are positive, then the

homogeneous problem (3.21)-(3.24) has only a trivial solution. Hence, Ruϕψ =

{(0,0,0)},Rθ = {0}, R = {(0,0,0,0)}, the factor space Vuϕψθ
R
(Ω) coincides with

V(Ω)×Vϕ(Ω)×Vψ(Ω)×Vθ (Ω) and Theorem 3.1 is valid in the subspaces of first-
order Sobolev spaces mentioned in the variational formulation (3.21)-(3.24).

3.3 Hierarchical Two-dimensional Models

In order to construct a hierarchy of two-dimensional models let us consider the sub-
spaces VN(Ω) of V(Ω), N = (N1,N2,N3) ∈ (N∪{0})3, consisting of vector-functions
vN with components vNi (i = 1,2,3), which are polynomials with respect to the vari-
able x3,

vNi =

Ni∑
ri=0

1
h

(
ri +

1
2

)
ri
vNiPri

(z) in Ω, h−1/2
ri
vNi ∈ L2(ω), 0 ≤ ri ≤ Ni, i = 1,2,3,

where z = x3−h
h , h = h+−h−

2 , h = h++h−
2 , and Pr denotes the Legendre polynomial of

order r ∈ N∪ {0}. We also consider the subspaces Vϕ
Nϕ
(Ω), Nϕ ∈ N∪ {0}, Vψ

Nψ
(Ω),

Nψ ∈ N∪{0} and Vθ
Nθ
(Ω), Nθ ∈ N∪{0}, of Vϕ(Ω),Vψ(Ω) and Vθ (Ω), respectively,

which consist of the following functions
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ϕNϕ
=

Nϕ∑
rϕ=0

1
h

(
rϕ +

1
2

) rϕ

ϕNϕ
Prϕ (z) in Ω, h−1/2

rϕ

ϕNϕ
∈ L2(ω), 0 ≤ rϕ ≤ Nϕ,

ψNψ
=

Nψ∑
rψ=0

1
h

(
rψ +

1
2

) rψ

ψNψ
Prψ
(z) in Ω, h−1/2

rψ

ψNψ
∈ L2(ω), 0 ≤ rψ ≤ Nψ,

θNθ
=

Nθ∑
rθ=0

1
h

(
rθ +

1
2

) r
θ

θNθ
Prθ
(z) in Ω, h−1/2

r
θ

θNθ
∈ L2(ω), 0 ≤ rθ ≤ Nθ .

Since the functions h+ and h− are Lipschitz-continuous in ω from Rademacher’s
theorem (Whitney, 1957)we have that h+ and h− are differentiable almost everywhere
in ω and ∂αh± ∈ L∞(ω∗) for all subdomains ω∗, ω∗ ⊂ ω, α = 1,2. Therefore, the
positiveness of h in ω implies that for any vector-function vN = (vNi)3i=1 ∈ VN(Ω)
the corresponding functions ri

vNi ∈ H1(ω∗), for all ω∗, ω∗ ⊂ ω, i.e. ri
vNi ∈ H1

loc
(ω),

ri = 0, ...,Ni , i = 1,2,3. Similarly, for all functions ϕNϕ
∈ Vϕ

Nϕ
(Ω), ψNψ

∈ Vψ
Nψ
(Ω),

θNθ
∈ Vθ

Nθ
(Ω), the functions

rϕ

ϕNϕ
,

rψ

ψNψ
,

r
θ

θNθ
of two variables in the expressions

of ϕNϕ
, ψNψ

, θNθ
belong to H1(ω∗), i.e.

rϕ

ϕNϕ
,

rψ

ψNψ
,

r
θ

θNθ
∈ H1

loc
(ω), rϕ = 0, ...,Nϕ ,

rψ = 0, ...,Nψ, rθ = 0, ...,Nθ . Moreover, the norms | |.| |H1(Ω) and | |.| |H1(Ω) in the spaces
H1(Ω) and H1(Ω) define weighted norms | |.| |∗ and | |.| |ϕ∗, | |.| |ψ∗, | |.| |θ∗ of vector-
functions �vN = ( rivNi) ∈ [H1

loc
(ω)]N1,2,3 , N1,2,3 = N1+N2+N3+3, and �ϕNϕ

= (
rϕ

ϕNϕ
) ∈

[H1
loc
(ω)]Nϕ+1, �ψNψ

= (
rψ

ψNψ
) ∈ [H1

loc
(ω)]Nψ+1, �θNθ = (

r
θ

θNθ
) ∈ [H1

loc
(ω)]Nθ+1, such

that | |�vN | |∗ = | |vN | |H1(Ω) and | | �ϕNϕ
| |ϕ∗ = | |ϕNϕ

| |H1(Ω), | | �ψNψ
| |ψ∗ = | |ψNψ

| |H1(Ω),

| |�θNθ | |θ∗ = | |θNθ
| |H1(Ω). Using the properties of the Legendre polynomials we can

obtain explicit expressions for the norms | |.| |∗ and | |.| |ϕ∗, | |.| |ψ∗, | |.| |θ∗. In particular,
| |.| |∗ is given by the following expression:

55�vN
55
∗ =

.//0
3∑
i=1

Ni∑
ri=0

(
ri +

1
2

) .//0
555555

Ni∑
si=ri

(
si +

1
2

)
(1−(−1)ri+si )h−3/2 si

vNi

555555
2

L2(ω)

+

555h−1/2
ri
vNi

5552
L2(ω)

+

2∑
α=1

555555
Ni∑

si=ri+1

(
si +

1
2

)
(∂αh+−(−1)ri+si ∂αh−)h−3/2 si

vNi

− h−1/2∂α
ri
vNi + (ri +1)h−3/2∂αh

ri
vNi

5552
L2(ω)

))1/2
.

For components ri
vNi and

rϕ

ϕNϕ
,

rψ

ψNψ
,

r
θ

θNθ
of vector-functions �vN and �ϕNϕ

, �ψNψ
,

�
θNθ , which possess the properties | |�vN | |∗ < ∞ and | | �ϕNϕ

| |ϕ∗ < ∞, | | �ψNψ
| |ψ∗ < ∞,
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| |�θNθ | |θ∗ < ∞ we can define the traces on γ̃. Indeed, the corresponding vector-
function of three variables vN = (vNi)3i=1 and functions ϕNϕ

, ψNψ
, θNθ

belong to the
spaces VN(Ω) ⊂ H1(Ω) and Vϕ

Nϕ
(Ω), Vψ

Nψ
(Ω), Vθ

Nθ
(Ω) ⊂ H1(Ω), respectively, and

using the trace operator trΓ̃we define the traces of
ri
vNi and

rϕ

ϕNϕ
,

rψ

ψNψ
,

r
θ

θNθ
on γ̃, in

particular,

trγ̃( rivNi) =
h+∫

h−

trΓ̃(vNi)Pri
(z)dx3, ri = 0, ...,Ni, i = 1,2,3.

Since vector-function vN, from the subspaces VN(Ω), and functions ϕNϕ
∈

Vϕ
Nϕ
(Ω), ψNψ

∈ Vψ
Nψ
(Ω) and θNθ

∈ Vθ
Nθ
(Ω) are uniquely defined by the func-

tions ri
vNi ,

rϕ

ϕNϕ
,

rψ

ψNψ
,

r
θ

θNθ
of two variables, and considering the original three-

dimensional problem (3.21)-(3.24) on these subspaces, we obtain the following hier-
archy of two-dimensional boundary value problems: Find �uN ∈ �VN(ω), �ϕNϕ ∈ �Vϕ

Nϕ
(ω),

�ψNψ ∈ �Vψ
Nψ
(ω), �θNθ ∈ �Vθ

Nθ
(ω), which satisfy the following equations

cN(�uN,�vN)+ εNϕN( �ϕNϕ ,�vN)+ bNψN( �ψNψ ,�vN)
−λNθN(�θNθ ,�vN) = Lu

N(�vN), ∀�vN ∈ �VN(ω), (3.28)

− εNϕN(�ϕNϕ
, �uN)+ dNϕ ( �ϕNϕ ,

�ϕNϕ
)+ aNψNϕ ( �ψNψ ,

�ϕNϕ
)

− μNθNϕ (�θNθ ,
�ϕNϕ
) = Lϕ

Nϕ
(�ϕNϕ

), ∀�ϕNϕ
∈ �Vϕ

Nϕ
(ω), (3.29)

− bNψN(�ψNψ
, �uN)+ aNϕNψ ( �ϕNϕ ,

�ψNψ
)+ ζNψ ( �ψNψ ,

�ψNψ
)

−mNθNψ (�θNθ ,
�ψNψ
) = Lψ

Nψ
(�ψNψ

), ∀�ψNψ
∈ �Vψ

Nψ
(ω), (3.30)

ηNθ (�θNθ ,
�
θNθ ) = Lθ

Nθ
(�θNθ ), ∀�θNθ ∈ �Vθ

Nθ
(ω), (3.31)

where

�VN(ω) = {�vN = ( rivNi) ∈ [H1
loc(ω)]N1,2,3 ; ‖�vN‖∗ <∞, trγ̃( rivNi) = 0 on γ̃0,

ri = 0, ...,Ni,i = 1,2,3},
�Vϕ
Nϕ
(ω) = {�ϕNϕ

= (
rϕ

ϕNϕ
) ∈ [H1

loc(ω)]Nϕ+1; | | �ϕNϕ
| |ϕ∗ <∞,trγ̃(

rϕ

ϕNϕ
) = 0 on γ̃ϕ0 ,

rϕ = 0, ...,Nϕ},
�Vψ
Nψ
(ω) = { �ψNψ

= (
rψ

ψNψ
) ∈ [H1

loc(ω)]Nψ+1; | | �ψNψ
| |ψ∗ <∞, trγ̃(

rψ

ψNψ
) = 0 on γ̃ψ0 ,

rψ = 0, ...,Nψ},
�Vθ
Nθ
(ω) = {�θNθ = (

r
θ

θNθ
) ∈ [H1

loc(ω)]Nθ+1; | |�θNθ
| |θ∗ <∞,trγ̃(

r
θ

θNθ
) = 0 on γ̃θ0 ,

rθ = 0, ...,Nθ },
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the bilinear forms cN, εNϕN, bNψN, λNθN, dNϕ , aNϕNψ , aNψNϕ , ζNψ , μNθNϕ , mNθNψ ,
ηNθ are defined by the corresponding bilinear forms of Eqs. (3.21)-(3.24), i.e.,
cN(�̃vN,�vN) = c(̃vN,vN),

εNϕN(�ϕNϕ
,�vN) = ε(ϕNϕ

,vN), bNψN(�ψNψ
,�vN) = b(ψNψ

,vN),
λNθN(�θNθ ,�vN) = λ(θNθ ,vN), dNϕ (�̃ϕNϕ

, �ϕNϕ
) = d(ϕ̃Nϕ ,ϕNϕ

),
aNϕNψ (�ϕNϕ

, �ψNψ
) = a(ϕNϕ

,ψNψ
), aNψNϕ (�ψNψ

, �ϕNϕ
) = a(ψNψ

,ϕNϕ
),

ζNψ ( �̃ψNψ
, �ψNψ

) = ζ(ψ̃Nψ ,ψNψ
), μNθNϕ (�θNθ ,

�ϕNϕ
) = μ(θNθ ,ϕNϕ

),
mNθNψ (�θNθ ,

�ψNψ
) = m(θNθ ,ψNψ

), ηNθ (�̃θNθ ,
�
θNθ ) = η(θ̃Nθ ,θNθ ),

for all vector-functions �̃vN, �vN ∈ �VN(ω); �̃ϕNϕ
, �ϕNϕ

∈ �Vϕ
Nϕ
(ω); �̃ψNψ

, �ψNψ
∈ �Vψ

Nψ
(ω);

�̃
θNθ ,
�
θNθ ∈ �Vθ

Nθ
(ω), corresponding to ṽN, vN ∈ VN(Ω); ϕ̃Nϕ , ϕNϕ

∈ Vϕ
Nϕ
(Ω);

ψ̃Nψ , ψNψ
∈ Vψ

Nψ
(Ω); θ̃Nθ ,θNθ ∈Vθ

Nθ
(Ω), respectively. The linear forms Lu

N, Lϕ
Nϕ

,
Lψ
Nψ

and Lθ
Nθ

are given by the following expressions:

Lu
N(�vN) =

3∑
i=1

Ni∑
ri=0

(
ri +

1
2

) ./0
∫
ω

1
h

ri
vNi

( ri

f Gi +g
G,+
i λ+ +g

G,−
i λ−(−1)ri

)
dω

+

∫
γ1

1
h

trγ̃( rivNi)
ri

gGi dγ1

)
,

Lϕ
Nϕ
(�ϕNϕ

) =
Nϕ∑
rϕ=0

(
rϕ +

1
2

) ./0
∫
ω

1
h

rϕ

ϕNϕ

(
rϕ

f ϕ,G −gϕ,G,+λ+−gϕ,G,−λ−(−1)rϕ
)

dω

−
∫
γ
ϕ
1

1
h

trγ̃(
rϕ

ϕNϕ
)

rϕ

gϕ,Gdγϕ1

)
,

Lψ
Nψ
(�ψNψ

) = −
Nψ∑
rψ=0

(
rψ +

1
2

) ./0
∫
ω

1
h

rψ

ψNψ

(
gψ,G,+λ+ +g

ψ,G,−λ−(−1)rψ
)

dω

+

∫
γ
ψ
1

1
h

trγ̃(
rψ

ψNψ
)

rψ

gψ,Gdγψ1

)
,

Lθ
Nθ
(�θNθ ) =

Nθ∑
rθ=0

(
rθ +

1
2

) ./0
∫
ω

1
h

r
θ

θNθ

( r
θ

f θ,G −gθ,G,+λ+−gθ,G,−λ−(−1)rθ
)

dω

−
∫
γθ
1

1
h

trγ̃(
r
θ

θNθ
)

rθ

gθ,Gdγθ1

)
,
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where f Gi = f i
√

G, f ϕ,G = f ϕ
√

G, f θ,G = f θ
√

G, gGi = gi
√

G, gϕ,G = gϕ
√

G,
gψ,G = gψ

√
G, gG,±

i (x1,x2) = gi(x1,x2,x3)
√

G, gϕ,G,±(x1,x2) = gϕ(x1,x2,x3)
√

G,
gψ,G,±(x1,x2) = gψ(x1, x2,x3)

√
G, gθ,G,±(x1,x2) = gθ (x1,x2,x3)

√
G, for (x1,x2, x3) ∈

Γ±, and γ1 = γ̃\γ̃0, γϕ1 = γ̃\γ̃
ϕ
0 , γ

ψ
1 = γ̃\γ̃

ψ
0 , γ

θ
1 = γ̃\γ̃θ0 , λ± =

√
1+ (∂1h±)2+ (∂2h±)2,

r
v =

h+∫
h−

vPr (z)dx3, for all functions v ∈ L2(Ω) and v ∈ L2(Γ̃), r ∈ N∪ {0}.

Since the homogeneous problem (3.28)-(3.31), where Lu
N(�vN) = 0, Lϕ

Nϕ
(�ϕNϕ

) = 0,
Lψ
Nψ
(�ψNψ

) = 0 , Lθ
Nθ
(�θNθ ) = 0, for all �vN ∈ �VN(ω), �ϕNϕ

∈ �Vϕ
Nϕ
(ω), �ψNψ

∈ �Vψ
Nψ
(ω)

and �θNθ ∈ �Vθ
Nθ
(ω), has non-trivial solutions, if the parts γ̃0, γ̃ϕ0 , γ̃

ψ
0 and γ̃θ0 of the

boundary of the two-dimensional domain ω are empty sets, therefore the solution
of problem (3.28)-(3.31) is not unique in the mentioned spaces and it is necessary
to introduce suitable factor spaces, where the solution of problem (3.28)-(3.31) is
unique.

The set �RN of solutions of the homogeneous problem (3.28)-(3.31) is of the
following form:

�RN =
{
(�vr
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
); �vr

�θrNθ

N = �vrN+ �u
r �θrNθ

N ,

�ϕr
�θrNθ

Nϕ
= �ϕrNϕ

+ �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
=
�ψ
r

Nψ
+ �ψr �θrNθ

Nψ
,

(�vrN, �ϕ
r

Nϕ
, �ψ

r

Nψ
) ∈ �Ruϕψ

NNϕNψ
, �θrNθ

∈ �Rθ
Nθ

}
,

where

�Ruϕψ
NNϕNψ

=

{
(�vrN, �ϕ

r

Nϕ
, �ψ

r

Nψ
) ∈ �VN(ω)× �Vϕ

Nϕ
(ω)× �Vψ

Nψ
(ω);

�vrN = (
ri
vrNi),

0
vrN1 = 2h(α1− β3x2+ β2h),

0
vrN2 = 2h(α2+ β3x1− β1h),

0
vrN3 = 2h(α3− β2x1+ β1x2),

1
vrN1 = 2β2h2/3, if r1 ≥ 1,

1
vrN2 = −2β1h2/3, if r2 ≥ 1,

1
vrN3 = 0, if r3 ≥ 1,

ri
vrNi = 0, for ri ≥ 2, α = (αi)3i=1, β = (βi)3i=1 ∈ R3,
�ϕrNϕ
= (

rϕ

ϕrNϕ
),

0
ϕrNϕ
= 2hαϕ,

rϕ

ϕrNϕ
= 0, for rϕ ≥ 1, αϕ ∈ R,

�ψ
r

Nψ
= (

rψ

ψ
r
Nψ
),

0
ψ
r
Nψ
= 2hαψ,

rψ

ψ
r
Nψ
= 0, for rψ ≥ 1,αψ ∈ R

}
,

�Rθ
Nθ
= {�θ

r

Nθ
∈ �Vθ

Nθ
(ω); �θ

r

Nθ
= (

r
θ

θ
r

Nθ
),

0
θ
r

Nθ
= 2hαθ,

r
θ

θ
r

Nθ
= 0, for rθ ≥ 1,αθ ∈ R}
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and (�ur
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψr �θrNθ

Nψ
) ∈ �VN(ω) × �Vϕ

Nϕ
(ω) × �Vψ

Nψ
(ω) is a solution of the homoge-

neous Eqs. (3.28)-(3.31) with �θNθ =
�θrNθ

.
By applying the set �RN we define the factor space

�Vuϕψθ

�RN
(ω) = ( �VN(ω)× �Vϕ

Nϕ
(ω)× �Vψ

Nψ
(ω)× �Vθ

Nθ
(ω))/ �RN,

which consists of the following equivalence classes

(�vN, �ϕNϕ
, �ψNψ

,
�
θNθ ) �RN = {(�vN, �ϕNϕ

, �ψNψ
,
�
θNθ )+ (�v

r �θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
);

(�vr
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
) ∈ �RN},

for each (�vN, �ϕNϕ
, �ψNψ

,
�
θNθ ) ∈ �VN(ω)× �Vϕ

Nϕ
(ω)× �Vψ

Nψ
(ω)× �Vθ

Nθ
(ω). The factor space

is a Hilbert space equipped with the following norm:555(�vN, �ϕNϕ
, �ψNψ

,
�
θNθ ) �RN

555 �Vuϕψθ

�RN
(ω)
= inf{| |(�vN, �ϕNϕ

, �ψNψ
,
�
θNθ )

+ (�vr
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
)| | �VN(ω)× �Vϕ

Nϕ
(ω)× �Vψ

Nψ
(ω)× �V θ

Nθ
(ω);

(�vr
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
) ∈ �RN}.

It follows from the definition of the sets �Ruϕψ
NNϕNψ

and �Rθ
Nθ

that any vector-

functions (�vrN, �ϕ
r

Nϕ
, �ψ

r

Nψ
) ∈ �Ruϕψ

NNϕNψ
and �θ

r

Nθ
∈ �Rθ

Nθ
satisfy the homogeneous Eqs.

(3.28)-(3.31):

cN(�vrN,�vN)+ εNϕN(�ϕ
r

Nϕ
,�vN)+ bNψN(�ψ

r

Nψ
,�vN)−λNθN(�θ

r

Nθ
,�vN) = 0, ∀�vN ∈ �VN(ω),

− εNϕN(�ϕNϕ
,�vrN)+ dNϕ (�ϕ

r

Nϕ
, �ϕNϕ

)+ aNψNϕ (�ψ
r

Nψ
, �ϕNϕ

)− μNθNϕ (�θ
r

Nθ
, �ϕNϕ

) = 0,
∀�ϕNϕ

∈ �Vϕ
Nϕ
(ω),

− bNψN(�ψNψ
,�vrN)+ aNϕNψ (�ϕ

r

Nϕ
, �ψNψ

)+ ζNψ (�ψ
r

Nψ
, �ψNψ

)−mNθNψ (�θ
r

Nθ
, �ψNψ

) = 0,
∀�ψNψ

∈ �Vψ
Nψ
(ω),

ηNθ (�θ
r

Nθ
,
�
θNθ ) = 0, ∀�θNθ ∈ �Vθ

Nθ
(ω),

and, hence, we have that Lu
N(�vrN) = 0, Lϕ

Nϕ
(�ϕrNϕ

) = 0, Lψ
Nψ
(�ψ

r

Nψ
) = 0, Lθ

Nθ
(�θ

r

Nθ
) = 0.

Consequently, problem (3.28)-(3.31) can be formulated in the factor space �Vuϕψθ

�RN
(ω)
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as follows: Find (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN ∈ �Vuϕψθ

�RN
(ω) such that any function from the

equivalence class (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN is a solution of problem (3.28)-(3.31).
For the constructed hierarchical two-dimensionalmodels (3.28)-(3.31) for thermo-

electro-magneto-elastic shells the following existence and uniqueness theorem is
proved, where we use the following weighted function spaces

L6/5
h
(ω) = {h1/6v;v ∈ L6/5(ω)}, L4/3

h
(γ̂) = {h1/4v;v ∈ L4/3(ω)}, γ̂ ⊂ γ̃,

L4/3
λ+
(ω) = {λ−3/4+ v;v ∈ L4/3(ω)}, L4/3

λ− (ω) = {λ
−3/4
− v;v ∈ L4/3(ω)}.

Theorem 3.2. Suppose that Ω ⊂ R3 is a bounded Lipschitz domain, the parameters
ci jpq , εpij , bpij ,λi j , di j , ai j , ζi j , μi ,mi , ηi j ∈ L∞(Ω), i, j,p,q = 1,2,3, satisfy symmetry
and positive definiteness conditions (3.12) and (3.25), (3.26). If the functions defining
the linear forms Lu

N, Lϕ
Nϕ

, Lψ
Nψ

and Lθ
Nθ

are such that

Lu
N(�vrN) = 0, Lϕ

Nϕ
(�ϕrNϕ

) = 0, Lψ
Nψ
(�ψ

r

Nψ
) = 0, Lθ

Nθ
(�θ

r

Nθ
) = 0,

for all (�vrN, �ϕ
r

Nϕ
, �ψ

r

Nψ
) ∈ �Ruϕψ

NNϕNψ
and �θ

r

Nθ
∈ �Rθ

Nθ
, and

ri

f Gi ∈ L6/5
h
(ω), gG,+

i ∈ L4/3
λ+
(ω), gG,−

i ∈ L4/3
λ− (ω),

ri

gGi ∈ L4/3
h
(γ1),

rϕ

f ϕ,G ∈ L6/5
h
(ω), gϕ,G,+ ∈ L4/3

λ+
(ω), gϕ,G,− ∈ L4/3

λ− (ω),
rϕ

gϕ,G ∈ L4/3
h
(γϕ1 ),

gψ,G,+ ∈ L4/3
λ+
(ω), gψ,G,− ∈ L4/3

λ− (ω),
rψ

gψ,G ∈ L4/3
h
(γψ1 ),

r
θ

f θ,G ∈ L6/5
h
(ω), gθ,G,+ ∈ L4/3

λ+
(ω), gθ,G,− ∈ L4/3

λ− (ω),
rθ

gθ,G ∈ L4/3
h
(γθ1 ),

where ri = 0, ...,Ni , i = 1,2,3, rϕ = 0, ...,Nϕ , rψ = 0, ...,Nψ, rθ = 0, ...,Nθ , then the
boundary value problem (3.28)-(3.31) possesses a unique solution (�uN, �ϕNϕ , �ψNψ ,

�θNθ ) �RN ∈ �Vuϕψθ

�RN
(ω), which continuously depends on the given data, i.e., the mapping( �f GN ,gG,+,gG,−, �gGN , �f ϕ,GNϕ

,gϕ,G,+,gϕ,G,−, �gϕ,GNϕ
,gψ,G,+,gψ,G,−, �gψ,GNψ

,

�f θ,GNθ
,gθ,G,+,gθ,G,−, �gθ,GNθ

)→ (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN

is linear and continuous from the space

(L6/5
h
(ω))N1,2,3 ×(L4/3

λ+
(ω))3×(L4/3

λ− (ω))
3×(L4/3

h
(γ1))N1,2,3 ×(L6/5

h
(ω))Nϕ+1

×(L4/3
λ+
(ω))3×(L4/3

λ− (ω))
3×(L4/3

h
(γϕ1 ))Nϕ+1×(L4/3

λ+
(ω))3×(L4/3

λ− (ω))
3

×(L4/3
h
(γψ1 ))Nψ+1×(L6/5

h
(ω))Nθ+1×(L4/3

λ+
(ω))3×(L4/3

λ− (ω))
3×(L4/3

h
(γθ1 ))Nθ+1

to the space �Vuϕψθ

�RN
(ω), where
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�f GN = (
ri

f Gi ), gG,+ = (gG,+
i ), gG,− = (gG,−

i ), �gGN = (
ri

gGi ),
�f ϕ,GNϕ

= (
rϕ

f ϕ,G), �gϕ,GNϕ
= (

rϕ

gϕ,G), �gψ,GNψ
= (

rψ

gψ,G), �f θ,GNθ
= (

r
θ

f θ,G), �gθ,GNθ
= (

rθ

gθ,G).

Remark 3.2. If the lengths of the curves γ̃0, γ̃ϕ0 , γ̃
ψ
0 and γ̃θ0 are positive, then the

homogeneous problem (3.28)-(3.31) possesses only a trivial solution. Consequently,
�Ruϕψ

NNϕNψ
, �Rθ

Nθ
and �RN consist of vector-functions with zero components. The factor

space �Vuϕψθ

�RN
(ω) coincides with �VN(ω)× �Vϕ

Nϕ
(ω)× �Vψ

Nψ
(ω)× �Vθ

Nθ
(ω) and Theorem 3.2

is valid in the spaces mentioned in the formulation of the two-dimensional problem
(3.28)-(3.31).

So, we have constructed a hierarchy of two-dimensional models for thermo-electro-
magneto-elastic shells and have investigated the well-posedness of the obtained
boundary value problems (3.28)-(3.31), which can be considered as approximations
to the original three-dimensional problem if we estimate the difference between
the exact solution of the three-dimensional problem and the functions of three
variables restored from the solutions of the two-dimensional problems.We denote by
(uN,ϕNϕ ,ψNψ ,θNθ )RN the equivalence class consisting of vector-functions restored
from the solution (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN of problem (3.28)-(3.31), where

(uN,ϕNϕ ,ψNψ ,θNθ )RN = {(uN,ϕNϕ ,ψNψ ,θNθ )+ (v
rθrNθ

N ,ϕ
rθrNθ

Nϕ
,ψ

rθrNθ

Nϕ
,θrNθ
);

(vrθ
r
Nθ

N ,ϕ
rθrNθ

Nϕ
,ψ

rθrNθ

Nϕ
,θrNθ
) ∈ RN},

uN ∈ VN(Ω), ϕNϕ ∈ Vϕ
Nϕ
(Ω), ψNψ ∈ Vψ

Nψ
(Ω), θNθ ∈ Vθ

Nθ
(Ω) correspond to solutions

�uN ∈ �VN(ω), �ϕNϕ ∈ �Vϕ
Nϕ
(ω), �ψNψ ∈ �Vψ

Nψ
(ω), �θNθ ∈ �Vθ

Nθ
(ω) of problem (3.28)-(3.31),

and RN consists of vector-functions of three variables

(vrθ
r
Nθ

N ,ϕ
rθrNθ

Nϕ
,ψ

rθrNθ

Nϕ
,θrNθ
) ∈ VN(Ω)×Vϕ

Nϕ
(Ω)×Vψ

Nψ
(Ω)×Vθ

Nθ
(Ω)

that correspond to (�vr
�θrNθ

N , �ϕr
�θrNθ

Nϕ
, �ψ

r �θrNθ

Nψ
, �θrNθ
) ∈ �RN.

In the following theoremwe present the results regarding the relationship between
the constructed two-dimensional and original three-dimensional models, where we
use the following anisotropic weighted Sobolev space

H1,1,s
h± (Ω) = {v; hk−1∂k−13 ∂ri v ∈ L2(Ω), hk−1∂αh±∂k3 v ∈ L2(Ω),1 ≤ k ≤ s,

r = 0,1,i = 1,2,3,α = 1,2}, s ∈ N,

which is a Hilbert space equipped with the norm
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‖v‖
H1,1,s

h± (Ω) =

(
s∑

k=1

( 1∑
r=0

3∑
i=1

55hk−1∂k−13 ∂ri v
552
L2(Ω)+

2∑
α=1

(55hk−1∂αh+∂k3 v
552
L2(Ω)

+
55hk−1∂αh−∂k3 v

552
L2(Ω)

)))1/2
.

Theorem 3.3. If Ω ⊂ R3 is a bounded Lipschitz domain, the parameters ci jpq , εpij ,
bpij ,λi j , di j , ai j , ζi j , μi , mi , ηi j ∈ L∞(Ω), i, j,p,q = 1,2,3, satisfy the symmetry and
positive definiteness conditions (3.12) and (3.25), (3.26), f ∈ L6/5(Ω), g ∈ L4/3(Γ1),
f ϕ ∈ L6/5(Ω), gϕ ∈ L4/3(Γϕ

1 ), gψ ∈ L4/3(Γψ
1 ), f θ ∈ L6/5(Ω), gθ ∈ L4/3(Γθ

1 ), and
condition (3.27) is fulfilled, then the two-dimensional problem (3.28)-(3.31) pos-
sesses a unique solution (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN ∈ �Vuϕψθ

�RN
(ω) and the sequence of

vector-functions of three variables (uN,ϕNϕ ,ψNψ ,θNθ )RN restored from the so-
lutions (�uN, �ϕNϕ , �ψNψ , �θNθ ) �RN of problem (3.28)-(3.31) converges to the solution

3.4 Conclusions

Westudied the boundary value problem in curvilinear coordinateswithmixed bound-
ary conditions for themechanical displacement, electric andmagnetic potentials, and
temperature corresponding to the linear three-dimensional model of inhomogeneous
anisotropic thermo-electro-magneto-elastic shells. We obtained a variational formu-
lation of the three-dimensional boundary value problem, in curvilinear coordinates
in corresponding factor space of Sobolev space, and formulated theorem regarding
the existence and uniqueness of its solution.We then constructed a hierarchy of static
two-dimensional models for thermo-electro-magneto-elastic shells and studied the
existence and uniqueness of solutions of the corresponding boundary value problems
in factor space of suitable weighted Sobolev space. Furthermore, we investigated the
relationship between the obtained two-dimensional and original three-dimensional
models. Note that the lower order models of the constructed two-dimensional models
can be used as engineering models of thermo-electro-magneto-elastic shells.

(u,ϕ,ψ,θ )R ∈ Vuϕψθ
R
(Ω) of problem (3.21)-(3.24) as Nmin = min

1≤i≤3
{Ni,Nϕ,Nψ,Nθ }→∞ .

In addition, if one of the vector-functions (u,ϕ,ψ,θ) from the equivalence class corre-
sponding to the solution (u,ϕ,ψ,θ)R is such that u ∈ (H1,1,su

h± (Ω))3, ϕ ∈ H1,1,sϕ
h± (Ω),

ψ ∈ H1,1,sψ
h± (Ω), θ ∈ H1,1,sθ

h± (Ω), su , sϕ , sψ , sθ ∈ N, su , sϕ , sψ , sθ ≥ 2, then55(u,ϕ,ψ,θ)R −(uN,ϕNϕ ,ψNψ ,θNθ )RN
55

Vuϕψθ
R

(Ω) ≤
1

Ns−1
min

o(Ω,ξ,N,Nϕ,Nψ,Nθ ),

where s =min{su,sϕ,sψ,sθ } and o(Ω,ξ,N,Nϕ,Nψ,Nθ ) → 0 as Nmin→∞.
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Chapter 4
On Buckling Behavior Of Inhomogeneous
Shallow Spherical Caps with Elastically
Restrained Edge

Svetlana M. Bauer and Eva B. Voronkova

Abstract Asymmetrical buckling of pressurized nonuniform shallow shells with
elastically restrained edge under normal pressure is studied. The load is applied
internally to the shell. The unsymmetric part of the solution is sought in terms
of multiples of the harmonics of the angular coordinate. A numerical method is
employed to obtain the lowest load value at which waves in the circumferential
direction can appear. The effect of material heterogeneity and boundary on the
buckling load is examined. If the outer edge can move freely in the radial direction,
decreasing of the elasticity modulus to the shell (plate) edge leads to sufficient
lowering of the buckling pressure. For a shell with ellastically restrained edge, the
buckling pressure and mode number increase with a rise of spring stiffness.

Key words: Shallow shells · Asymmetrical buckling · Elastic edge support

4.1 Introduction

Circumferential instability of pressurised spherical shells and circular plates appears
in a number of pure engineering (metal or polymer sheets) and biomechanical
(human tissue, living cells) applications and has been discussed by many authors
(e.g., Adachi andBenicek, 1964;Bushnell, 1981;Huang, 1963; Panov andFeodosiev,
1948). Authors underlined that a precise approximation of a shell (plate) prebuckling
state is crucial in predicting of buckling load and buckling mode shape (Bushnell,
1981; Feodos’ev, 1963).
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The unsymmetrical buckling problem for a thin circular plate subjected to normal
pressure was formulated by Panov and Feodosiev (1948). They approximated non-
axisymmetric displacement in the form w = (1−r2)2(A+Br4 cosnθ) and studied the
bending problem using Galerkin procedure. Later, Feodos’ev showed that the elastic
surface of plates or shells under large deformations could not be described by one or
two unknown parameters in approximating functions (Feodos’ev, 1963).

Morozov proved the existence of unsymmetric equilibrium states for a simply sup-
ported circular plate (Morozov, 1961), the uniqueness of the asymmetric equilibrium
state was proved by Piechocki (1969).

Asymmetric equilibrium states of a clamped circular plate subjected to surface
load were analyzed numerically in Cheo and Reiss (1973). The authors confirmed
that a ring of large circumferential compressive stress near the edge of the plate
plays the crucial role in possibility of plate’s wrinkling near the boundary. They
also emphasized that the approximation of the prebuckling state used by Panov and
Feodosiev (1948) was "too inaccurate to adequately describe the wrinkling of the
plate".

Experiments on uniform heating of thin circular plates with fixed edges and
formation of waves near plate’s edge were discussed in Goldstein et al (2016).

Coman and Bassom (2016a) investigated the asymmetric bifurcation for a shallow
spherical cap subjected to either external or internal pressure. He discussed the role
of the boundary conditions in the appearance of asymmetric equilibrium states
and compared numerical calculations with two-term asymptotic predictions for the
buckling pressure and one-term approximations of the corresponding wave number.
Comparisons of the asymptotic approximations of the wrinkling load with numerical
solutions for a uniformly stretched circular plate under transverse pressure was
reported in Coman and Bassom (2016b, 2018).

This paper deals with buckling of elastically restrained spherical caps and circu-
lar plates with nonuniform mechanical characteristics. Such a plate or a cap can be
used as the simplest model of Lamina Cribrosa (LC) in the human eye (Bauer and
Voronkova, 2014). Buckling of the LC in a nonaxisymmetric state in the neighbor-
hood of the edge can cause edamas and folds at the periphery of the LC and loss of
sight.

4.2 Problem Formulation

We consider a thin shallow spherical elastic cap of uniform thickness h, base radius a
and rise H subjected to transverse uniform load p, applied to its internal surface. The
middle surface of the shell can be represented by the paraboloid z = H

(
1− r2/a2)

(see Fig. 4.1).
The curvature radius of the shell is R = a2/(2H). The cap is thin if the ratio

of its thickness to the radius of curvature is much less than unity (h/R� 1). For a
shallow spherical cap, the apex rise is assumed to be much smaller than the curvature
radius (H� R). We consider a shell with the outer edge elastically restrained against
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in-plane displacement. The shell material is considered as linearly isotropic with
spatially varying elastic properties.

The Donnell-Mushtari-Vlasov equations for a spherical cap with meridional in-
homogeneity can be written in the form (Bauer and Voronkova, 2019)

DΔΔw+
∂D
∂r

L+1 (w)+
∂2D
∂r2

L+2 (w) = P+ L(w,F)− 1
R
ΔF,

ΔΔF
E
+
∂

∂r

(
1
E

)
L−1 (F)+

∂2

∂r2

(
1
E

)
L−2 (F) = −

h
2

L(w,w)+ 1
R
Δw,

(4.1)

where r, θ are the polar coordinates, w(r,θ) is the transverse displacement of the
shell, F(r,θ) is the Airy stress function, ν is Poisson’s coefficient, and

D(r) = E(r)h3
12(1− ν2)

is the bending stiffness. Δ is the usual Laplacian in polar coordinates

Δ =
∂2

∂r2
+
1
r
∂

∂r
+

1
r2

∂2

∂θ2
,

and definitions of the differential operators L, L±i (i = 1,2) are listed in Appendix.
The deformation of an externally pressurised spherical shell can be described

by the same system of equations (4.1) with the opposite signs before the last terms
on the right-hand side of both equations. Dropping these last terms one obtains the
governing equations for a inhomogeneous circular plate under normal pressure.

The outer edge of the shell is clamped in transverse direction; therefore, at the
edge r = a, we havew = ∂w/∂r = 0. The standard variants of the boundary conditions
require that one of the two quantities in each of the following pairs is set to zero:
either u = 0 or Trr = 0, and either v = 0 or Trθ = 0, where u, v are the projections
of the displacement vector on the r and θ axes; Trr ,Trθ are stress-resultants. The
conditions of completely clamped edge correspond to w = ∂w/∂r = u = v = 0,
and if the boundary can move freely in the radial direction, the constrains are
w = ∂w/∂r = Trr = Trθ = 0.

We suppose that the edge r = a has a translational restraint: i.e. the boundary
conditions are

p

Fig. 4.1. Geometry of the spherical cap.
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w = ∂w/∂r = kuu+Trr = Trθ = 0 at r = a, (4.2)

where ku is the translational flexibility coefficient. All sought-for functions must
fulfil the regularity condition at the apex of the shell

∂w/∂r = ∂w/∂θ = ∂F/∂r = ∂F/∂θ = 0 at r = 0. (4.3)

To express the constrains (4.2) in terms of the displacement component w(r,θ)
and stress function F(r,θ), we use the strain-displacement and stress-strain relations.
This results in the following relation on the boundary r = a with consideration of the
first two conditions (4.2)

u
r2
+

1
r2
∂2u
∂θ2
=

Trr − νTθθ

E(r)hr
− ∂

∂r

(
Tθθ − νTrr

E(r)h
)
+
2(1+ ν)
E(r)h

∂Trθ
r∂r

. (4.4)

The function F(r,θ) is related to the stress-resultants Trr ,Tθθ,Trθ according to

Trr =
∂F
r∂r
+

∂2F
r2∂θ2

, Trθ =
∂2F
∂r2

, Trθ = − ∂

∂r

(
∂F
r∂θ

)
.

We introduce the following dimensionless quantities

r∗ =
r
a
, w∗ = β

w

h
, u∗ = β2

R
h2

u, P∗ = β3
Pa4

Eavh4
,

F∗ = β2
F

Eavh3
, A = β

a2

Rh
, k∗u =

R
hEav

ku, β2 = 12(1− ν2).
(4.5)

Here Eav is an average value of Young’s modulus in the radial direction

Eav =
1
S

∬
S

E(r)r drdθ, E(r) = E0 f (r), (4.6)

where f (r) is a smooth position function and S denotes the area of the shell mid-
surface.

For simplicity we shall further use the notations ( )′ = ∂( )/∂r , 
( ) = ∂( )/∂θ and
drop the asterisks on the dimensionless variables. The dimensionless form of the
system (4.1) is

g1(r)ΔΔw+g′1(r)L+1 (w)+g′′1 (r)L+2 (w) = P+ L(w,F)− AΔF,

g2(r)ΔΔF +g′2(r)L−1 (F)+g′′2 (r)L−2 (F) = −L(w,w)/2+ AΔw, (4.7)
g1(r) = E0 f (r)/Eav, g2(r) = 1/g1(r).

For the nonlinear symmetrical problem the system (4.7) is reduced to
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g1

(
Θ′′0 +

Θ′0
r
− Θ0

r2

)
+g′1

(
Θ′0+ ν

Θ0
r

)
=

Pr
2
+
Θ0Φ0

r
− AΦ0,

g2

(
Φ′′0 +

Φ′0
r
−Φ0

r2

)
+g′2

(
Φ′0− ν

Φ0
r

)
= −Θ

2
0

2r
+ AΘ0,

(4.8)

whereΘ0 =Θ0(r)=w′(r) andΦ0 =Φ0(r)= F ′(r). In axisymmetric case the boundary
conditions (4.2)-(4.3) together with (4.4) can be rewritten as

Θ0 = kug2(Φ′0− νΦ0)+Φ0 = 0 at r = 1, Θ0 =Φ0 = 0 at r = 0. (4.9)

4.3 Equations for Buckling

We seek a solution of Eqs. (4.7) in the form

w(r,θ) = w0(r)+ εwn cos(nθ), F(r,θ) = F0(r)+ εFn cos(nθ), (4.10)

where w0(r), F0(r) describe prebuckling axisymmetric state, ε is an infinitesimal
parameter, n is themode number, andwn(r), Fn(r) are non-symmetrical components.

After substitution of (4.10) in (4.7), using Eqs. (4.8), and linearizationwith respect
to ε we obtain

g1ΔnΔnwn +L1(g1,wn) = −AΔnFn +
w′′n
r
Φ0+

F ′′n
r
Θ0

+ Θ′0

(
F ′n
r
− n2

r2
Fn

)
−Φ′0

(
w′n
r
− n2

r2
wn

)
, (4.11)

g2ΔnΔnFn +L2(g2,Fn) = AΔnwn −
w′′n
r
Θ0−Θ′0

(
w′n
r
− n2

r2
wn

)
.

The definitions of the operators L1,L2 are listed in Appendix and

Δn =
d2

dr2
+
1
r

d
dr
− n2

r2
.

Boundary conditions (4.2)-(4.3) are reduced to

w′n(0) = F ′n(0) = wn(1) = w′n(1) = 0,
kuun(1)+F ′n(1)−n2Fn(1) = F ′n(1)−Fn(1) = 0, (4.12)

where asymmetrical part of the displacement component un(r) on the boundary r = 1
can be found with the help of (4.4)

un =
1

n2−1
(
g2(F ′′′n −((2+ ν)n2+1− ν)F ′n +3n2Fn)+g′2(F ′′n − ν(F ′n −n2Fn))

)
.
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Buckling system (4.11) with boundary conditions (4.12) constitute an eigenvalue
problem, inwhich the parameter P is implicit and appears in the equations through the
functions Θ0 andΦ0. We use MATLAB functions to solve nonlinear axisymmetric
problem (4.8) together with (4.9). The critical values of P, for which (4.11) with
(4.12) have nontrivial solution, were calculated using the finite difference method
(Cheo and Reiss, 1973; Huang, 1963). We refer to the smallest of these eigenvalues
as the buckling load.

4.4 Numerical Results

The mechanism that initiates the buckling of a shperical cap or circular plate about
the axisymmetric state into an unsymmetric equilibrium state is described, for ex-
ample, in Cheo and Reiss (1973); Morozov (1961). A ring of large circumferential
compressive stress develops near the edge of the plate and indicates possibility of
wrinkling near the edge. In Fig. 4.2 we plotted the dimensionless axisymmetrical
circumferential stress that developed in a non-uniform spherical cap (A = 10) for
different values of edge restraint coefficient ku . The value ku = 0 corresponds to a
freely movable in radial direction edge, in this case Trr = 0 at the edge. For the com-
pletely clamped edge we have u = 0 or ku =∞. The compressive stress intensity and
the width of the compressive ring decrease as the translational flexibility coefficient
ku increases. For the completely immovable outer boundary (ku =∞) the stress Tθθ

takes only positive values, i.e. Tθθ is tensile stress, and the buckle of the cap about
axisymmetrical state into nonsymmetrical is not possible (Cheo and Reiss, 1973;
Coman and Bassom, 2016a) (Fig. 4.2).

Dependence of the normalized critical load Pcr and the critical mode number n
on the edge-restraint coefficient for a homogeneous shallow spherical shell is illus-
trated in Fig. 4.3. The value Ppl

b
corresponds to the buckling load of axisymmetric

Fig. 4.2 Dimensionless cir-
cumferential stress resultant
Tθθ for several values of
spring stiffness ku . For the
edge movable in the radial
direction ku = 0, for the com-
pletely clamped edge ku =∞.
Here load value P = 30000,
A= 10, ν = 0.4.
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Fig. 4.3 Dependence of the
normalized critical load Pcr

on the mode number n and
the restraint coefficient ku for
a uniform shallow spherical
shell (A = 5). Black line with
square markers corresponds to
a movable outer edge (ku = 0).
P

pl
b

denotes the buckling
pressure for a uniform circular
plate.

15 20 25 30

0

2

4

6

8

10

equilibrium states of an isotropic homogeneous circular plate (Ppl
b
= 64453, n = 14).

The larger value of the spring stiffness, the higher critical load is.
Effect of the shallowness parameter A on load-mode number relation is demon-

strated in Fig. 4.4. The critical load Pcr and the correspondingmode number increase
as the shallowness parameter A increases. Similar results we reported in Bauer and
Voronkova (2018, 2019). We assumed the exponential law for material inhomogene-
ity (E = E0e−qr ) and calculated the buckling load and corresponding number of
waves for a large range of parameters E0, q and for constant average value of the
elastic modulus (4.6). The results are summarized in Table 4.1 and Fig. 4.4. The
heterogeneity coefficient q = 0 corresponds to uniform plate with constant Young’s
modulus.

For a nonuniform shell or plate the loss of the stability of axisymmetric equi-
librium form occurs under lower load than for a homogeneous shell or plate if
the edge-restraint is equal to zero or small (see Fig. 4.5 and Table 4.1). As the

Fig. 4.4 The load-mode num-
ber curves for different values
if shallowness paramenter A.
Black line with square marks
corresponds to a circular
plate (A = 0). Here ku = 0.1,
ν = 0.4, Ppl

b
denotes the buck-

ling pressure for a uniform
circular plate.

15 20 25 30
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Table 4.1
Normalized buckling load (Pb/Ppl

b
) and corresponding wave numbers for the heterogenous circular

plate for different values of the restrained coefficient of the outer edge

q = 0 q = 0.5 q = 1 q = 2

ku = 0
Pcr /Pcr

pl
1 0.87 0.76 0.56

Mode number, n 14 14 14

ku = 0.05
Pcr /Pcr

pl
1.62 1.49 1.38 1.23

Mode number, n 14 15 16 16

ku = 0.15
Pcr /Pcr

pl
3.96 3.92 4.01 4.69

Mode number, n 18 19 19 21

Fig. 4.5 Effect of the hetero-
geneity rate and edge restraint
coefficient on the buckling
critical loads of a circular
plate and spherical cap. Solid
lines correspond to a circular
plate (A= 0), dashed lines —
to a shell with A= 5.

0 0.5 1 1.5 2 2.5 3

0

1

2
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4

translational flexibility coefficient increases, a heterogeneous shell may buckle into
asymmetrical state under a larger load than an uniform shell with the same average
material properties. Thus, for the inhomogeneous plate restrained with the spring of
ku = 0.15 and the heterogeneity rate q = 0.5 the buckling load slightly decreases in
comparison to a uniform plate, and then increases by 18% as the heterogeneity rate
increases from q = 0 to q = 2. At the same time, the nonuniform plate (shell) losses its
axisymmetrical stability with formation of larger number of waves in circumferential
direction compared with the uniform plate (shell) (Table 4.1).

4.5 Conclusion

In this article we have discussed the wrinkling of the plates and shallow spherical
shells with elastically restrained outer edge and subjected to internal pressure. Pre-
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buckling stress-state in a narrow zone near the shell edge makes a major contribution
to the unsymmetrical buckling mode and the value of the critical load. If the outer
edge can move freely in the radial direction, decreasing of the elasticity modulus
to the shell (plate) edge leads to sufficient lowering of the buckling pressure. For a
shell with restrained against translation edge, the buckling pressure and the buckling
mode number increases as the translational flexibility coefficient increases.

Acknowledgements This research was supported by the Government of Russia grant no.
14.Z50.31.0046.

Appendix

The linear differential operators that appear in (4.1) are defined by

L(x,y) = x ′′
(
y′

r
+
�y

r2

)
+ y′′

(
x ′

r
+
�x

r2

)
−2

( 
x
r

) ′ ( 
y
r

) ′
,

L±1 (y) = 2y′′′+ (2± ν) y
′′

r
+2
( �y)′
r2
− y′

r2
−3 �y

r3
, L±2 (y) = y′′ ± ν

(
y′

r
+
�y

r2

)
.

Here, a prime and dot denote a derivative with respect to the radial r and circumfer-
ential θ coordinates, respectively. The differential operators introduced in (4.11) are
given by

L1(g1,wn) = g′1L+1n(wn)+g′′1 L+2n(wn), L2(g2,Fn) = g′2L−1n(Fn)+g′′2 L−2n(Fn),

where

L±1 (y) = 2y′′′+
2± ν

r
y′′ − 2n2+1

r2
�y+ 3n2

r3
�y, L±2 (y) = y′′ ± ν

(
y′

r
− n2

r2
�y
)
.
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Chapter 5
Some Two-dimensional Non-classical Models of
Anisotropic Plates

Alexander K. Belyaev, Nikita F. Morozov, Peter E. Tovstik, and Tatyana P. Tovstik

Abstract Thin elastic plates made of an anisotropic material (with 21 elastic moduli)
and heterogeneous in the thickness direction (in partial, multilayered) are considered.
A short overview of various 2D models describing deformations and vibrations
of a plate is given. The classical Kirchhoff–Love and the Timoshenko–Reissner
models are discussed and compared in cases of isotropic and transversely isotropic
materials. A correspondence of boundary conditions of these models is established.
A multilayered plate with alternating soft and hard layers is considered. By using an
asymptotic expansion of the solution in a series in small thickness parameter, the 2D
equations of second-order accuracy are delivered. From these equations the correct
choice of parameters of the single-layered Timoshenko–Reissner model is derived,
which is equivalent to a given multilayered plate. In the case of general anisotropy, a
model of second-order accuracy is presented as well, and the main properties of the
harmonic solutions for static problems and for free vibrations of a plate are briefly
described.
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5.1 Introduction

The main origin of the 2D models of plates and shells comes from the 3D equa-
tions of theory of elasticity. The equations of bending and vibrations of a plate can
be obtained on the basis of the Kirchhoff–Love (KL) hypotheses (Kirchhoff, 1876;
Love, 1927). The more complex equations, taking into account a transversal shear,
follow from the Timoshenko–Reissner (TR) hypotheses (Timoshenko, 1921; Reiss-
ner, 1945). The shell theory was further developed in (Donnell, 1976; Novozhilov,
1970; Goldenweizer, 1961).

In addition to hypotheses mentioned above, we discuss various expansions of un-
known functions in the thickness direction. Expansions in the series of the thickness
co-ordinate is discussed in Reddy (2004). Expansions in the Legendre polynomials
in the thickness direction are used in Vekua (1955); Chernykh et al (1996). Numer-
ous investigations (Goldenweizer, 1961; Tovstik and Tovstik, 2014b; Tovstik, 2007;
Kienzler and Schneider, 2014; Vetyukov et al, 2011) are devoted to the derivation of
2D equations by using asymptotic expansions in power series in the small thickness
parameter μ = h/L (h and L are the thickness and the typical length of waves in the
tangential directions). The other possibility (Eremeev and Zubov, 2008; Altenbach
and Mikhasev, 2015) is the direct derivation of 2D equations of plates and shells
without referring to a 3D media.

We discuss the plate models and their relative exactness under various assump-
tions about a plate material and structure. The accuracy is estimated by a comparison
with test 3D problems, which have exact solutions. The KL model is known to be
asymptotically correct for an isotropic homogeneous plate (Tovstik, 2007). This
gives results of zero-order accuracy with respect to the parameter μ = h/L. For such
a plate, the TR model is not more exact than the KL model, because it describes
only a part of the second order summands. For a transversely isotropic or for an
orthotropic plate with a very small transversal shear modulus G the KL model be-
comes unacceptable. To describe a transversal shear, the shear parameter g = μ2E/G
(E is the Young modulus) is introduced. For g ∼ 1, the KL model is unacceptable,
while the TR model gives sufficiently accurate results.

The same effect of a small transversal shear stiffness influence arises in mul-
tilayered plates with alternating hard and soft layers. Various aspects of multilay-
ered plates are presented in Reddy (2004); Chernykh et al (1996); Ambartsumjan
(1970); Agolovyan (1997); Altenbach (1998); Tovstik and Tovstik (2007, 2014a);
Tovstik (2009); Berdichevsky (2010). For a simplification of analysis it is desirable
to change a multilayered plate by an equivalent homogeneous single-layered plate
(an ESL plate). The most important and also the most difficult task here is that of
the correct choice of an equivalent transversal shear modulus, Gequ . Our suggestion
is based on the asymptotic solution of the second-order accuracy model (the SOA
model), and it is described in Tovstik and Tovstik (2014b, 2017b,a). The alternative
choice of Gequ is discussed in Grigolyuk and Kulikov (1988b,a); Mikhasev and
Altenbvach (2019); Hill (1965).

The problem of general anisotropy with 21 elastic moduli is essentially more
complex. The asymptotic SOA model for heterogeneous (in partial, for multilay-
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ered) plates is built in Tovstik (2019); Belyaev et al (2019b). A multilayered plate
consisting of orthotropic layers with arbitrary directions of orthotropy is investigated
in Morozov et al (2018); Belyaev et al (2019a).

In the present paper, the classical Kirchhoff–Love and the Timoshenko–Reissner
models are discussed and compared in cases of isotropic and transversely isotropic
materials. A correspondence of boundary conditions of these models is established.
A multilayered plate with alternating soft and hard layers is considered. By using
an asymptotic expansion of solution in a series in the small thickness parameter, the
2D equations of second-order accuracy are delivered. Using these equations, we find
the correct choice of parameters of an ESL Timoshenko–Reissner model, which is
equivalent to those of a given multilayered plate. In the case of general anisotropy, a
model of second-order accuracy is presented as well, and the main properties of the
harmonic solutions for static problems and for free vibrations of a plate are shortly
described.

5.2 Kirchhoff–Love and Timoshenko–Reissner Models for a
Beam

First, we consider an elastic strip-beam of rectangular cross-section made of a
transversely isotropic homogeneous material. According to the classical KL model,
the bending of a beam is described by the well known relations

∂Q
∂x
+F = 0,

∂M
∂x
−Q = 0,

M = Dκ, κ =
∂θ

∂x
, θ = −∂w

dx
,

(5.1)

with
F(x,t) = F3(x,t)− ρh

d2w
∂t2

, D =
Eh3

12(1− ν2) .

Here w(x,t) is the deflection, Q and M are the shear stress-resultant and the stress
couple, θ is the angle of normal fiber rotation, F is the external force (with the inertia
force), and D,E,ν, ρ,h,t are the bending stiffness, the Young modulus, the Poisson
ratio, the mass density, the beam thickness, and the time, respectively. Relations (5.1)
lead to the Bernoulli equation of a beam

D
∂4w

∂x4
= F . (5.2)

Equation (5.2) is based on the hypothesis of straight normal, and it does not take
into account the transversal shear. The more complex TR model (which includes the
transversal shear) is described by the same relations as in Eq. (5.1)
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∂Q
∂x
+F = 0,

∂M
∂x
−Q− J

∂2θ

∂t2
+m = 0,

M = Dκ, κ =
∂θ

∂x
, J =

ρh3

12

(5.3)

with the following difference

θ = γ− ∂w
∂x

, Q = Γγ, Γ = kG13h, k =
5
6
. (5.4)

Here the transversal shear angle, γ, is included. The stress-resultant, Q, is expressed
by the shear angle γ, where G13 is the transversal shear modulus and k is the
correcting factor related to the distribution of shear stresses in the normal direction.
For an isotropic material, G13 = E/(2(1+ ν)), and in the general case G13 is an
independent parameter. The second equation in (5.3) contains two small summands:
the rotation inertiamoment,−J ∂2θ/∂t2, and the externalmoment,m. Inwhat follows
for simplicity these summands will be omitted.

Equations (5.3) and (5.4) yield

D
∂4w

∂x4
= F − D

Γ

∂2F
∂x2

. (5.5)

Unlike Eq. (5.2), here the additional summand appears on the right of Eq. (5.5).
According to Donnell (1976), the entire deflection, w, consists of the bending, wb ,
and of the shear, ws , parts:

w = wb +ws, D
∂4wb

∂x4
= F, Γ

∂2ws

∂x2
= −F . (5.6)

We consider a static problem with F(x) = F0 sinr x. In this case, the particular
solution of Eq. (5.5) reads as

w(x) = w0 sinr x (5.7)

with

w0 = w
KL(1+g), wKL =

F0

Dr4
, g =

Dr2

Γ
=

π2

3(1− ν2)k
E

G13

(
h
L

)2
.

Here the deflection wKL corresponds to the KL model, the dimensionless shear
parameter g describes the transversal shear influence, and L = 2π/r is the wave
length. Let the wave length, L, be much larger than the beam thickness, h (h/L� 1).
Then if the elastic moduli E and G13 are of identical orders (in particular, for an
isotropic beam), then g� 1 and the influence of a transversal shearmay be neglected.
In the opposite case, G13 � E , the shear parameter, g, is larger, and the transversal
shear influence should to be taken into account.
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The same conclusions are valid for free vibrations as well. Let the vibration mode
be

w(x,t) = w0 sinr x sinωt.

Then the dimensionless frequency parameter λ reads as

λ =
ρh2ω2(1− ν2)

E
=
λKL

1+g
, λKL =

μ4

12
, μ = rh =

2πh
L

(5.8)

where λKL is the value corresponding to the KL model, and g is the same shear
parameter, as in Eq. (5.7). Here μ is the small thickness parameter.

5.3 Kirchhoff-Love and Timoshenko-Reissner Models of a
Transversely Isotropic Plate

We consider the TRmodel of bending of a transversely isotropic homogeneous plate.
The elasticity relations read as

M11 = D(κ1+ νκ2), M22 = D(κ2+ νκ1), M12 = (1− ν)Dτ, Qi = Γγi, i = 1,2 (5.9)

with
γi = θi +

∂w

∂xi
, ki =

∂θi
∂xi

, 2τ =
∂θ1
∂x2
+
∂θ2
∂x1

, i = 1,2,

where M11, M22 are the bending moments, M12 is the torsion moment, Q1,Q2 are
the transversal stress-resultants, γ1, γ2 are the transversal shear angles, and θ1, θ2 are
the average angles of a normal fiber inclination. The elastic coefficients D and Γ are
the same as for a beam (see Eqs. (5.1), (5.4)). The 2D equilibrium equations are as
follows:

∂M11
∂x1

+
∂M12
∂x2

−Q1− J
∂2θ1

∂t2
+m1 = 0,

∂M12
∂x1

+
∂M22
∂x2

−Q2− J
∂2θ2

∂t2
+m2 = 0,

∂Q1
∂x1
+
∂Q2
∂x2
− ρ∗h ∂

2w

∂t2
+F3 = 0,

(5.10)

where m1,m2 are the external moments. As for a beam, we omit in Eqs. (5.10) the
small rotation inertia moments, J ∂2w/∂t2, and the external moments.

For the KL model, the equilibrium equations coincide with Eqs. (5.10), and
in the elasticity relations (5.9) it is necessary to put γ1 = γ2 = 0. As a result, the
stress-resultants can be found from Eqs. (5.10), and now Eqs. (5.9), (5.10) yield

DΔΔw = F(x1,x2,t), F(x1,x2,t) = F3(x1,x2,t)− ρh
∂2w

∂t2
, Δ =

∂2

∂x21
+

∂2

∂x22
.

(5.11)
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Let us return to the TR model. The basic unknowns in system (5.9), (5.10) are
w, γ1, γ2 or w, θ1, θ2. This system is of the 6th differential order, and among its
solutions there are boundary-layer type solutions. To exclude the boundary layer we
transform Eqs. (5.10) as follows. Instead of θ1, θ2 we introduce the new unknown
functionsΨ and Θ by

θ1 = − ∂Ψ
∂x1
+
∂Θ

∂x2
, θ2 = − ∂Ψ

∂x2
− ∂Θ

∂x1
. (5.12)

Now Eqs. (5.10) split into the equation

1− ν
2

DΔΘ−ΓΘ = 0 (5.13)

and the system

Γ(Δw− ΔΨ )− ρh
∂2w

∂t2
+F3 = 0, −DΔ2Ψ − ρh

∂2w

∂t2
+F3 = 0. (5.14)

Equation (5.13) describes the boundary layer, and Eqs. (5.6) lead to the fourth-
order equation for the internal part of deflection w(x1,x2)

DΔ2w+ ρh
(
∂2w

∂t2
− D
Γ

∂2Δw

∂t2

)
−F3+

D
Γ
ΔF3 = 0. (5.15)

In Tovstik and Tovstik (2017b), a more complex equation involving the rotation
inertia moments was considered.

For the double periodic solutionwithw =w0 sinr1x1 sinr2x2,F3 = F0 sinr1x1 sinr2
Eq. (5.15) assumes the form

Dr4w0+ ρh(1+g)∂
2w0

∂t2
−(1+g)F0 = 0, g =

Dr2

Γ
, r2 = r21 + r22 . (5.16)

Here g is the transversal shear parameter, and, as for a beam, the similar conclusions
follow. If a plate is made of an isotropic or close to it material, then g � 1, and the
influence of the transversal shear is small, and the KL model (5.11) should be used.
In the opposite case with G13 � E , Eq. (5.16) for an amplitude w0 in the static case,
and for a frequency parameter λ gives relations, similar for a beam (see Eqs. (5.7)
and (5.8))

w0 = w
KL(1+g), wKL =

F0

Dr4
; λ =

λKL

1+g
, λKL =

μ4

12
, μ = rh, (5.17)

where the same designations as in Eqs. (5.7) and (5.8) are used.
We consider an influence of the boundary layer on the main boundary conditions

for the function w in Eq. (5.15). For definiteness we consider the edge x1 = 0. The
simplest possible variants of boundary conditions read as
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w = 0, or Q1 = −D
(
∂

∂x1
ΔΨ − 1− ν

2
∂

∂x2
ΔΘ

)
= 0,

θ1 = − ∂Ψ
∂x1
+
∂Θ

∂x2
= 0, or M1 = D

(
∂2Ψ

∂x21
+ ν

∂2Ψ

∂x22
−(1− ν) ∂2Θ

∂x1∂x2

)
= 0,

θ2 = − ∂Ψ
∂x2
− ∂Θ

∂x1
= 0, or H = D

1− ν
2

(
2

∂2Ψ

∂x1∂x2
+
∂2Θ

∂x21
− ∂

2Θ

dx22

)
= 0.

(5.18)
From the each line of Eqs. (5.18) we choose one condition, thereby getting 8 variants
of boundary conditions.

We consider a static problem for a rectangular platewithF3(x1,x2)= F3(x1)sinr2x2
and assume that the edges x2 = 0 and x2 = L2 are simply supported, w =M2 = ϕ1 = 0.
Then it is possible to separate the variables and now the solution of Eqs. (5.13)–(5.15)
has the form

{w,Ψ }(x1,x2) = {w(x1),Ψ (x1)} sin(r2x2),
Θ(x1,x2) = Θ(x1)cos(r2x2), r2 =

nπ
L2
. (5.19)

To obtain the dimensionless parameter we put x̂1 = r2x1, x̂2 = r2x2 and then drop
all “hats”. Now the solution of Eq. (5.13) read as

Θ(x1) = C1e−αx1 +C2eα(x1−L1), α2 =
2Γ
Dr22
+1 =

24(1− ν)kG13

E(r2h)2 +1, (5.20)

where C1,C2 are arbitrary constants. We take Θ(x1) = C1e−αx1 and perform the
asymptotic analysis under the assumption α � 1. Our aim is to formulate two
boundary conditions for the function w for each variant of three boundary conditions
(5.18). The results are given in Table 5.1.

To obtain these results we write down the functions entering Eqs. (5.18) as follows
(the constant factors are omitted):

Table 5.1
Main boundary conditions
No. Full conditions Main conditions

1 w = ϕ1 = H = 0
2 w = ϕ1 = ϕ2 = 0 w = 0, w′ = 0
3 Q1 = ϕ1 = ϕ2 = 0

4 w =M1 = H = 0
5 w =M1 = ϕ2 = 0 w = 0, w′′ = 0
6 Q1 =M1 = ϕ2 = 0

7 Q1 = ϕ1 = H = 0 w′ = 0, w′′′ = 0

8 Q1 =M1 = H = 0 w′′ −νq2w = 0, w′′′ − (2−ν)q2w = 0
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Q1 =
∂3Ψ

∂x31
− ∂Ψ

∂x1
+C1

1− ν
2
(α2−1) = 0,

θ1 =
∂Ψ

∂x1
+C1 = 0, θ2 = −Ψ +αC1 = 0,

M1 =
∂2Ψ

∂x21
− νΨ −(1− ν)C1α = 0, H = 2

∂Ψ

∂x1
+C1(α2+1) = 0.

(5.21)

After excluding the constant C1 from three of equations in (5.21) and taking into
account that

Ψ = w+O(α−2)F0, (5.22)

we obtain two main boundary conditions, as given in Table 5.1. For all 8 studied
variants of boundary conditions, the order of error of this approximation is at most
α−2, namely, C1 =O(α−2)w0.

We consider, for example, the clamped boundary conditions, w = θ1 = θ2 = 0.
From θ2 = 0 it follows that C1 =O(α−1)Ψ , and from Eq. (5.22) with w = 0 it follows
that Ψ = O(α−2)F0, therefore C1 = O(α−3)F0. Three variants (1–3) of boundary
conditions (5.18) of the TR model correspond to the clamped boundary conditions
of the KL model, and three variants (4–6) of conditions (5.18) of the TR model
correspond to the simply supported conditions of the KL model. It is interesting to
note that the well known boundary conditions

M1 = 0, Q1+
∂H
∂x2
= 0, (5.23)

of the KL model for the free edge coincide with the conditions obtained from the
TR model (see line 8 in Table 5.1). If the parameter α in Eq. (5.20) is not large, then
the excretion of the main boundary conditions for Eq. (5.16) is impossible.

In the next sections we consider anisotropic plates and build 2D models by an
asymptotic solution of 3D equations of the theory of elasticity.

5.4 Asymptotic Expansion of Solutions of 3D Equations of
Anisotropic Plates

The 3D equilibrium equations of a thin elastic plate with thickness h read as

3∑
j=1

∂σi j

∂xj
+ fi = 0, i = 1,2,3, 0 ≤ x3 = z ≤ h, (5.24)

where σi j are the stresses, and fi are the intensities of the external forces. In the case
of general anisotropy of material, the stresses σi j are expressed through the strains
εi j as follows (Tovstik, 2019):
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σσσ = EEE ·εεε, EEE =
(
Ei j

)
i, j=1,...,6 ,

σσσ = (σ11,σ22,σ33,σ23,σ13,σ12)T , εεε = (ε11,ε22,ε33,ε23,ε13,ε12)T ,

εii =
∂ui
∂xi

, εi j =
∂ui
∂xj
+
∂u j

∂xi
, i � j, i, j = 1,2,3.

(5.25)

The tensor designations are not used, and strains and stresses are presented as 6D
vectors. Here and in what follows, transposition is denoted by T , bold letters are
used for vectors, matrices and operators, a dot denotes the product of vectors and
matrices. The matrix EEE is symmetric and positively definite. It is assumed that
the elastic moduli Ei j do not depend on the tangential co-ordinates x1,x2, but they
may depend on the transversal co-ordinate x3 = z. A dependence on z has place
for functionally graded plates, and for multilayered plates moduli Ei, j are piecewise
functions of z.

As in Tovstik (2009); Tovstik and Tovstik (2017b,a) for an asymptotic analysis
we split the stresses σi j and the strains εi j in the groups of tangential σt, εt and
transversal σn, εn stresses and strains and put

σσσt = (σ11, σ22, σ12)T , σσσn = (σ13, σ23, σ33)T ,
εεεt = (ε11, ε22, ε12)T , εεεn = (ε13, ε23, ε33)T , (5.26)

where

AAA = {Ai j} = ./0
E11 E12 E16
E12 E22 E26
E16 E26 E66

123,
BBB = {Bi j} = ./0

E15 E25 E56
E14 E24 E46
E13 E23 E36

123,
CCC = {Ci j} = ./0

E55 E45 E35
E45 E44 E34
E35 E34 E33

123 .
(5.27)

Now the elasticity relations (5.25) have the form

σσσt = AAA ·εεεt +BBB ·εεεn, σσσn = BBBT ·εεεt +CCC ·εεεn, (5.28)

Excluding the transversal strains εεεn we obtain

σσσt = AAA∗·εεεt +BBB·CCC−1 ·σσσn, εεεn =CCC−1 ·σσσn −CCC−1 ·BT ·εεεt (5.29)

where
AAA∗ = AAA−BBB·CCC−1 ·BBBT . (5.30)

The assumption that the planes z = −h/2 and z = h/2 are free gives the boundary
conditions
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σ13 = σ23 = σ33 = 0, z = 0, z = h. (5.31)

We introduce the dimensionless variables (denoted by “hats”) by relations

{x1,x2} = l{ x̂1, x̂2}, {u1,u2,u3,z} = h{û1,û2,w, ẑ}, μ = h/l,
{Ei j,Ai j,Bi j,Ci j,σi j} = E∗{Êi j, Âi j, B̂i j,Ĉi j,σ̂i j}, fi = (E∗/h) f̂i, i, j = 1,2,3,

(5.32)
where l is the typical length of waves in tangential directions, E∗ is the typical value
of elastic moduli, μ is the small thickness parameter.

For the dynamic problems we take

fi = fi0+ ρω2ui = (E∗/h) f̂i + (Λρ̂/h)ûi, i = 1,2,3,

λ =
ρ∗h2ω2

E∗
, ρ = ρ∗ ρ̂, ρ∗ =

1
h

h∫
0

ρ(z)dz,
(5.33)

where ρ,ρ∗,ω,Λ are the mass density, the average density, the frequency, and the
frequency parameter, respectively. In what follows, we shall drop the “hat” signs. As
a result, we get a system of 6th order with the small thickness parameter μ,

∂w

∂z
= με33,

∂ui
∂z
= −μ(piw− εi3), pi =

∂( )
∂xi

, i = 1,2,

∂σi3
∂z
= −μ(p1σ1i + p2σ2i)−λρui − fi ≡ gi, i = 1,2,

∂σ33
∂z
= −μ(p1σ13+ p2σ23)−λρw− f3 ≡ g3.

(5.34)

In this system the main unknowns are w,ui,σi3,σ33, i = 1,2, the functions εi3,σi j,
i, j = 1,2 in Eqs. (5.34) are expressed in terms of the main unknowns via Eqs. (5.28),
(5.29). For j = 1, . . . ,6 we denote YYY = {yj} = {w,u1,u2,σ13,σ23,σ33}, and seek the
solution of Eqs. (5.34)) in the form of the formal asymptotic expansions

yj(x1,x2,z) = μαj

(
y
(0)
j (x1,x2,z)+ μy(1)j (x1,x2,z)+ μ2y(2)j (x1,x2,z)+ . . .

)
, (5.35)

where the powers αj of the unknowns depend on the studied problem. For example,
for a bending problem with f3 ∼ 1 we get α1 = −4, α2 = a3 = −3, α4 = a5 = −1,
α6 = 0. Further in Eqs. (5.35) we will be concerned only with the terms of the zero-,
the first-, and the second-order accuracy.

Integrating with respect to z the first three equations of (5.34), we introduce
arbitrary functions w0(x1,x2), u10(x1,x2), and u20(x1,x2), which are later found from
the compatibility conditions of the rest three equations of (5.34)
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〈
gj(z)

〉
= 0, j = 1,2,3, 〈Z(z)〉 ≡

1∫
0

Z(z)dz, (5.36)

which follow from the boundary conditions (5.31). Here and what follows, the
average value of a function Z is denoted by 〈Z〉. As a result, the 2D particular
differential equations for the functions w0,u10,u20 are found.

By this algorithm, the 2D model of second-order accuracy for a heterogeneous
plate in the case of general anisotropy (with 21 elastic moduli) is constructed in
Tovstik and Tovstik (2017b), and a multi-layered plate, made of a monoclinic ma-
terial, is investigated in Morozov et al (2018); Timoshenko (1921). These models,
which are quite cumbersome, have not been sufficiently studied. Here we consider
the more simple problem for a plate made of a heterogeneous transversely isotropic
material.

5.5 Transversely Isotropic Plate Heterogeneous in the Thickness
Direction

A transversely isotropic material is described by 5 elastic moduli (instead of 21
moduli in the general case), and Eqs. (5.34)) and their asymptotic solutions become
essentially simpler. The main simplification consists in the possibility of separation
of the system (5.34) into two parts: one part describes the main stress state, and the
other one describes the boundary layer (for the TR model the similar separation of
variables is performed in Sect. 5.3).

To simplify Eqs. (5.34) we introduce the new unknown functions u,v,σ,τ

u =
∂u1
∂x1
+
∂u2
∂x2

, v =
∂u1
∂x2
− ∂u2
∂x1

,

σ =
∂σ13
∂x1
+
∂σ23
∂x2

, τ =
∂σ13
∂x2
− ∂σ23
∂x1

.

(5.37)

For a transversally isotropic material, system (5.34) is split into two sub-systems
(Tovstik and Tovstik, 2017b):

∂v

∂z
= −μ τ

G 13
,

∂τ

∂z
= −μG12Δv−Λρv−m1, (5.38)

∂w

∂z
= −μcνu+ c3σ33,

∂σ

∂z
= −μ2c0Δu− μcνΔσ33−λρu−m,

∂u
∂z
= −μΔw+ cgσ,

∂σ33
∂z
= −μσ−λρw− f3,

(5.39)

with m1 = p2 f1 − p1 f2, m2 = p1 f1 + p2 f2. Equations (5.38), which are of second
differential order in z and describe the boundary layer, will not be studied here. The
fourth-order equations (5.39) describe the plate bending with the designations
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E0 = E11−
E2
13

E33
=

E
1− ν2 , E∗ =

1∫
0

E0(z)dz,

c0 =
E0
E∗
, cν =

E13
E33

, cg =
E∗

G13
, c3 =

E∗
E33

.

(5.40)

The right-hand sides in Eqs. (5.39) are small, and the method of iterations (Tovstik,
2009; Tovstik and Tovstik, 2017b,a) is used. To construct the solution of second-order
accuracy we take

w = μ−4w(0)+ μ−2w(2), u = μ−3u(0)+ μ−1u(2),
σ = μ−1σ(0)+ μσ(2), σ33 = σ

(0)
33 + μ

2σ
(2)
33 .

(5.41)

For a transversely isotropic material, in contrary to the general case (5.35), the terms
of the first-order accuracy are absent.

In the zero approximation we get

w(0) = w0(x1,x2), u(0) = (a− z)Δ2w0, a = 〈zc0(z)〉 ,

σ(0) = ϕ1(z)Δ2w0, ϕ1(z) =
z∫

0

c0(z)(z− a)dz,

DΔ2w0 = F3, D =
〈(z− a)2c0(z)

〉
, F3 = 〈 f3(z)〉 ,

σ
(0)
33 = −

F3
D
ϕ2−ϕ3, ϕ2(z) =

z∫
0

ϕ1(z)dz, ϕ3(x1,x2,z) =
z∫

0

f3(x1,x2,z)dz.

(5.42)
Here z = a is the position of a plate neutral plane, D is the bending stiffness of
a plate with variable elastic moduli, F3 is the full transversal force. The equation
DΔ2w0 = F3 corresponds to the classical KLmodel. The functionw0 does not depend
on z, but the small stress σ(0)33 depends on the distribution of the function f3(z) in the
thickness direction (in the KL model, σ33 = 0).

In the second approximation the solution is more unwieldy. Here, we give only
the function w(2), which depends on z. At z = −1/2 it satisfies the equation

DΔ2w(2)(0) = AΔF3+ L(Δ f3)−M, (5.43)

where
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A = −Ag − Aν, L(Δ f3) =
1∫

0

cν(z)(a− z)./0
z∫

0

Δ f3dz1
123dz, M =

1∫
0

(a− z)m(z)dz,

Ag = − 1
D

1∫
0

c0(z)(z− a)
z∫

0

cg(z1)
z1∫

0

c0(z2)(z2− a)dz2dz1dz =
1
D

1∫
0

cg(z) f 21 (z)dz,

Aν=
1
D

1∫
0

(z−a)./0cν(z)
z∫

0

z1∫
0

c0(z2)(z2−a)dz2dz1+c0(z)
z∫

0

z1∫
0

cν(z2)(z2−a)dz2dz1
123dz.

(5.44)
The full deflection of the plane z = 0 satisfies the equation

Dμ4Δ2w(0) = F3+ μ
2(AΔF3+ L(Δ f3)−M)+O(μ4), (5.45)

and the deflection w(z) of the arbitrary plane z is expressed in terms of w(0) as

w(z) = w(0)+ μ2Δw(0)
z∫

0

cν(z)(z− a)dz. (5.46)

In Eqs. (5.43)–(5.46) the coefficients D,A,c0,cg,cν depend of the elastic moduli
distribution in the thickness direction, the summands L(Δ f3) and M depend on the
distribution of f3 and of f1, f2, respectively.

Consider a plate bending under an external harmonic loading

f1 = f2 = 0, f3(x1,x2,z) = f3(z)sinr1x1 sinr2x2. (46)

In this case, the deflection of the plane z = 0 is also harmonic,w(0)=W sinr1x1 sinr2x2,
and Eqs. (5.43), (5.45) gives the following expression for an amplitude, W(0),

W(0) = 1
Dμ4

(
F3+ μ

2(Ag + Aν)F3− μ2Lν)+O(μ4)
)
, μ = rh, r2 = r21 + r22 ,

Lν =

1∫
0

cν(z)(a− z)
z∫

0

f3(z1)dz1dz.

(5.47)
Here the small thickness parameter μ is introduced according to Eq. (5.8), and in the
dimensionless designations the Laplace operator Δ in the case of double periodic
functions is replaced by −1: Δ = −1.

The deflection of the arbitrary plane z is equal to

W(z) =W(0)./01− μ2
z∫

0

cν(z)(z− a)dz+O(μ4)123 . (5.48)
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The summands in Eq. (5.47) of second order in Ag, Aν , and Lν describe, respectively,
the influence of the transversal shear, of the extension of normal fibers, and of the
distribution of the external loading, f3(z).

Consider free vibrations of a plate with double periodic mode,

w(x1,x2,z,t) = w(z)sinr1x1 sinr2x2. (5.49)

Replacing the external forces in Eq. (5.45) by the inertia forces we get the asymptotic
expression for the frequency parameter, λ (see Eq. (5.32)) (Tovstik and Tovstik,
2017b,a)

λ = Dμ4
(
1+ μ2(Ag + Aν + J + Aρ)+O(h4∗)

)−1
, (5.50)

where the coefficients Ag and Aν are the same as in Eqs. (5.45)), and the summands
with J and Aρ take into account the rotation inertia and the inertia of the normal
fibers extension

J =

1∫
0

(z− a)2ρ0(z)dz,

Aρ =

1∫
0

./0cν(z)(z− a)
z∫

0

ρ0(z1)dz1− ρ0(z)
z∫

0

cν(z1)(z1− a)dz1
123dz.

(5.51)

In the next section, Eqs. (5.47) and (5.50) will be discussed for a multilayered plate.

5.6 Multilayered Plates Bending

Consider a plate consisting of n homogeneous isotropic layers of thicknesses hk
(h =

∑n
k=1 hk), Young’s moduli Ek , Poisson ratios νk , and densities ρk, k = 1, . . . ,n.

All the relations of Section 5 can be used to analyze the bending of this plate if
the corresponding piecewise coefficients in Eqs. (5.39) are taken into account. The
approximate equations (5.47) and (5.50) of second-order accuracy are compared in
Tovstik and Tovstik (2017b,a) for various multilayered plates with exact solutions of
Eqs. (5.39). These equations after the replacement Δ= −1 become one-dimensional
and hence can be solved numerically.

The plates with μ = 0.1 and with the various ratio η between the maximum and
minimum Young moduli of layers are considered. The results of this comparison
are as follows. If the ratio η is close to 1 then the relative error ε of both Eqs.
(5.47) and (5.50) is very small (ε < 0.001%), which justifies the correctness of Eqs.
(5.47) and (5.50). With the growth of η the error also increases, and for η = 1000 the
error ε ∼ 1%. For η = 10000 the error ε ∼ 10–30%, and Eqs. (5.47) and (5.50) are
unacceptable.
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Now we discuss an equivalent single layer (ESL) of a homogeneous transversely
isotropic plate, which may describe approximately the multilayered plate bending in
frames of the KL or the TR models. We set

z0 = 0, zk =
k∑
i=1

hi, ck =
Ek

1− ν2
k

, gk =
Ek

2(1+ νk) . (5.52)

The horizontal stiffness E∗, the coordinate z = a of the neutral layer, the bending
stiffness D according to Eqs. (5.42)), and the average density ρ∗ are as follows:

E∗ =
n∑

k=1
hkck, a =

1
2E∗

n∑
k=1

ck(z2k − z2k−1),

D =
1
3

n∑
k=1

ck(ẑ3k − ẑ3k−1), ẑk = zk − a, ρ∗ =
1
h

n∑
k=1

hk ρk .

(5.53)

The parameters D, ρ∗ for an ESL model are the same as for the KL and the TR
models. Equations (5.17) for the TR model read as

w0 = w
KL(1+g), λ =

λKL

1+g
, g =

Dr2

Γ
. (5.54)

If we hold in Eqs. (5.47), (5.50) the summand with Ag, take into account the
transversal shear, and neglect the other terms of second order, then after comparing
with Eqs. (5.53) we conclude that g = μ2Ag and in the initial designations

Γ = khG13, k =
5
6
, G13 =

E∗
10hAg

, Ag =
1
D

h∫
0

./0
z∫

0

c(z1)dz1
123
2

dz
G(z) . (5.55)

Here c(z) and G(z) are the piecewise constant functions with the values ck and gk
according to Eqs. (5.52). In (5.54), G13 is the transversal shear modulus of the ESL
plate. Equations (5.52), (5.55) may be used to construct an ESL plate made of a
transversely isotropic functionally graded material.

Consider the numerical values of the equivalent parameters of second order Ag,
Aν , J, Aρ from Eq. (5.6). We take three-layered plates with soft intermediate layers
with dimensionless parameters:

E1 = E3 = 1, E2 = η
−1; ν1 = ν3 = 0.3, ν2 = 0.35; ρ1 = ρ3 = 1, ρ2 = 0.3, (5.56)

and consider the four values η = 1, 10, 1000 of the ratio, η = E1/E2. The results,
as found from Eqs. (5.42), (5.44), (5.51), are presented in Tables 5.2 and 5.3,
respectively, for a plate symmetric in the thickness direction and for an asymmetric
plate. From Tables 5.2 and 5.3 it follows that the transversal shear parameter Ag

has the largest magnitude among the second-order other parameters, especially for
η� 1. Therefore, the ELS TR model is sufficiently accurate. Its accuracy for η� 1
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Table 5.2
Second-order parameters for an symmetric plate with h1 = h3 = 0.2, h2 = 0.6

η Ag Aν J Aρ a D

1 0.299 −0.0913 0.1220 0.0306 0.5 0.0822
10 1.871 −0.0874 0.1220 0.0306 0.5 0.1454
100 17.567 −0.0868 0.1229 0.0306 0.5 0.1613
1000 174.517 −0.0868 0.1219 0.0306 0.5 0.1631

Table 5.3
Second-order parameters for an asymmetric plate with h1 = 0.3, h2 = 0.6, h3 = 0.1

η Ag Aν J Aρ a D

1 0.299 −0.0928 0.1150 0.0308 0.502 0.0824
10 1.461 −0.0875 0.1114 0.0081 0.384 0.1202
100 12.921 −0.0844 0.1149 0.0026 0.354 0.1253
1000 127.515 −0.0840 0.1154 0.0019 0.350 0.1259

is the same as that of the SOA model, but it is simpler, because it is not necessary to
calculate the parameters, Aν , J, Aρ.

5.7 General Anisotropic Plate

The 2D model of second-order accuracy for a plate in the case of general anisotropy
is built in Tovstik (2019); Belyaev et al (2019b). The PDE system for the unknown
displacements u1(x1,x2),u2(x1,x2),w(x1,x2) of a reference plane may be written as

L11u1+ L12u2+ μN1w+F1 = 0, Li j = L(2)i j + μL(3)i j + μ
2L(4)i j , i, j = 1,2,

L21u1+ L22u2+ μN2w+F2 = 0, Ni = N (3)i + μN (4)i + μ
2N (5)i , i = 1,2,

μN̂1u1+ μN̂2u2+ μ2Qw+F3 = 0, Q =Q(4)+ μQ(5)+ μ2Q(6).

(5.57)

Here L(k)i j ,N
(k)
i ,Q(k) are the homogeneous differential operators of order k in x1,x2

with the constant coefficients, which are the repeated integrals of elastic moduli
Ei j(z). The operators N̂i have the same expansions as Ni . The summands Fj, j = 1,2,3,
include the external and the inertia forces. System (5.57) (of 14th differential order)
is cumbersome and was not sufficiently studied. Consider some particular cases.

If the forces Fj are harmonic

Fj(x1,x2) = F0
j ei(r1x1+r2x2), i = 1,2,3,

then for the harmonic solution
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u j(x1,x2) = u0j e
i(r1x1+r2x2), j = 1,2,3, u3 = w,

system (5.57) becomes an algebraic system, and the amplitudes u j may be easily
found. The harmonic solution appears for an infinite plate and sometimes for a
rectangular plate with a special boundary conditions.

For amonoclinicmaterial (in particular, for transversely isotropic and for isotropic
materials) Eqs. (5.57) becomes simpler. The summands involving the factor μ in the
expansions (5.57) of the operators Li j,Ni,Q disappear. As a result, the term with the
factor μ disappears in the expansions (5.35) of solutions, and one has to build the
zero and the second approximations.

For a transversely isotropic material in all cases by an appropriate choice of
a reference plane, Eqs. (5.57) may be split into an equation describing the plate
bending and a systemdescribing the tangential deflections. In the remaining cases, the
separate analysis of bending and tangential deformations is possible only for plates
symmetric about the middle plane (z = h/2). In this case Ni = N̂i = 0, i = 1,2, and
Eqs. (5.57) is split into two systems. For an asymmetric plate, a joint consideration
of bending and tangential deformations is necessary.

Consider a bending deformation of an infinite multilayered plate consisting of
orthotropic plates with various orientations of orthotropy under the action of external
forces, F1 = F2 = 0, F3 = F0

3 sinr1x1 sinr2x2. For a symmetric in the thickness
direction plate, the amplitude w0 of deflection reads as w0 = F0

3 /(μ2Q(4) + μ2Q(6)).
For an asymmetric plate, the neutral plane does not exist, and it is necessary to
perform a common consideration of bending and tangential deformations, and for
amplitude w0 we get the following expression (Tovstik, 2019; Belyaev et al, 2019b):

w0 = F0
3

;;;;; L(2)11 L(2)12

L(2)21 L(2)22

;;;;;·.///0μ
2

;;;;;;;;
L(2)11 L(2)12 N (3)1

L(2)21 L(2)22 N (3)2

N̂ (3)1 N̂ (3)2 −Q(4)

;;;;;;;;+O(μ4)
12223
−1

, u0j =O(μw0), j = 1,2.

(5.58)
From this expression it follows that for an asymmetric plate the main term of the
amplitude, w0, expansion, in powers in μ is changed compared with an symmetric
plate.

In the case of free harmonic vibrations we put Fj = λu j, j = 1,2,3, with the
frequency parameter, λ, as given in Eq. (5.32), and seek a solution in the same
form u j = u0j e

i(r1x1+r2x2). For a symmetric plate with Ni = N̂i = 0 the bending and
the tangential vibrations may be studied separately. The eigenvalue λs1 of bending
vibrations is small, λs1 ∼ μ2, and two eigenvalues of tangential vibrations, are of the
order of 1, λs2,λ

s
3 ∼ 1. For an asymmetric plate the bending parameter, λa1 , is of the

same order as λa1 , but essentially differs from it,

λ = μ2(Q− N̂NN
T ·LLL−1 ·NNN), NNN = (N (3)1 ,N (3)2 ), N̂NN = (N̂ (3)1 , N̂ (3)2 ), LLL =

(
L(2)11 L(2)12

L(2)21 L(2)22

)
.

(5.59)
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In contrast, the eigenvalues of tangential vibrations differ very small due to the
asymmetry of the plate, λaj = λ

s
j +O(μ2), j = 2,3.

5.8 Conclusion

A 2Dmodel of second-order accuracy (SOA) for an anisotropic heterogeneous in the
thickness direction plate is discussed. The model is cumbersome, and the particular
cases should be studied more detailed. It is desirable to put forward more simple
models that give the sufficiently exact results for particular static, dynamical and
buckling problem. In particular, it is interesting to study the waves propagation in an
anisotropic plate.

The asymptotic SOA solution describes only a main (internal) stress state. The
problem of construction of a boundary layer is not solved in the general case. Only
for the transversely isotropic plates a boundary layer satisfies a separate equation. It
is desirable to formulate the boundary conditions with the same accuracy as that of
the SOA model.
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Chapter 6
Interface Strength Assessments of Sandwich
Panels with a Face Sheet/Core Debond

Vyacheslav N. Burlayenko, Holm Altenbach, and Svetlana D. Dimitrova

Abstract Virtual fracture tests combining analytical considerations and a finite el-
ement analysis are performed to provide assessment of face sheet-to-core interface
strength in sandwich panels. Three fracture test methods, different in laboratory
testing procedures and virtual modeling solutions, such as sandwich double can-
tilever beam subjected to uneven bending moments (DCB-UBM), sandwich double
cantilever beam (DCB) and sandwich single cantilever beam (SCB) specimens are
examined with the aim to predict the fracture parameters - energy-release rate (ERR)
and stress-intensity factors (SIFs) - required for the assessment of the interface
strength within the framework of linear elastic fracture mechanics (LEFM). The
existence of mode mixity at the bi-material interface of a sandwich panel is con-
sidered and appropriate methods applied for mode decomposition are described.
The numerical analyses are carried out using the capabilities of the ABAQUS code.
In general, good agreement between the results of numerically calculated fracture
parameters and those obtained using analytical solutions and/or from experimental
data available in the literature is observed. Finally, computational aspects of the
numerical models have been revisited and put into perspective of the accurate and
efficient interface strength assessments of sandwich panels.
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Key words: Sandwich panels · Face sheet/core interface strength · Fracture test
methods · Finite element analysis

6.1 Introduction

A sandwich panel consists of three material layers such as a low-density core and two
thin stiff face sheets bonded to each side of the core (Altenbach et al, 2018).Due to this
design, sandwich panels have been widely used in various engineering applications,
for which an efficient combination of high structural rigidity and low weight is
required and/or whose structural properties should meet particular design features
(Harne et al, 2012; Xie et al, 2016;Mouritz, 2017; Chatterjee et al, 2019). The layered
structure of sandwich panels makes a premise to their inevitable susceptibility to
interfacial damage between the constitutive material layers, the so-called face sheet-
to-core debonding. Theoretical and experimental studies have already shown that
this defect decreases the overall load-bearing capacity of sandwich panels and gives
rise to quantitative and qualitative changes of their dynamic responses (Burlayenko
and Sadowski, 2011a; Idriss andMahi, 2017; Pölöskei and Szekrényes, 2017; Qu and
Meng, 2017; Burlayenko and Sadowski, 2018). The latter features are exploited for
identifying and quantifying such type of damagewithin sandwich panes as discussed,
e.g., in Burlayenko and Sadowski (2011b); Mustapha and Ye (2013); Farhana et al
(2016); Lu et al (2017); Seguel andMeruane (2018). The relevance of such structural
monitoring techniques is justified by the evidence that the debonding propagation
can lead to eventual failure of sandwich structures (Triantafillou and Gibson, 1987;

The structural integrity of the sandwich structure is defined by the strength of its
face sheet/core interface. Traditionally, the debonding between the face sheet and
the core is treated as an interfacial bi-material crack, and the interface strength is
quantified using the concept of interface fracture toughness within the framework of
linear elastic fracturemechanics (LEFM) (Willis, 1971). Fracture specimens are used
to supply necessary information regarding the interface strength. Hence, by analysing
the specimens’ behaviour with experimental, analytical or numerical methods, the
fracture parameters such as stress-intensity factors (SIFs) or energy-release rates
(ERRs) controlling the fracture process at the crack tip are obtained.

A variety of test configurations towards the face sheet/core-strength assessment
of sandwich panels have been proposed during the last two decades. Some of the
most popular specimens’ geometries being studied in an attempt to define interfacial
fracture toughness in pure or mixed fracture modes are listed in Shivakumar and
Smith (2004). The strength of the face sheet/core bond corresponding to the lowest
critical ERR has traditionally been measured using a double cantilever sandwich
beam (DCB) (Prasad and Carlsson, 1994; Avilés and Carlsson, 2008). An alternative
test method for generation of mode I dominated fracture is a single cantilever sand-
wich beam (SCB) as proposed in Cantwell and Davies (1996) and further improved

Burlayenko and Sadowski, 2014). Therefore, sandwich panels should be validated
in terms of damage tolerance and possible failure.



6 Interface Strength Assessments of Sandwich Panels . . . 97

in Ratcliffe and Reeder (2011); Rinker et al (2011); Adams et al (2012). In order to
characterize the interfacial shear strength of sandwich panels, a cracked sandwich
beam (CSB) specimen developed in Carlsson et al (1991) or its modifications, e.g.
Cantwell et al (1999), accommodating the sliding deformation between the face
sheet and the core through three-point bending are often used. However, while the
studies on the pure (strictly speaking - dominated) modes I and II are important, they
are not sufficient for evaluating interface fracture toughness of sandwich panels.
Dillard et al (2009) presented the findings for adhesive joints, which are similar to
sandwich panels, where the most critical ERR occurs at a certain I/II mode mix-
ity. Moreover, recently it has been recognized that the mode-III deformation and
its different combinations (i.e. mixed mode I/III, II/III and even I/II/III) are also
essential for the complete fracture characterization of advanced composite materials
(Hernández-Pérez et al, 2013). Although some test methods have been proposed for
the determination of interfacial fracture toughness involving the tearing mode, all
of them have yet unresolved issues which restrain their standardization. The main
issues in these test methods relate to difficulties to produce a pure mode III fracture
state at the debonding front, difficulties to track the crack propagation, uncertainty
in the data reduction methods and/or complexity of the test rig (Rodríguez-González
et al, 2014). Thereby, the mode I and II mixity as the simplest case of mixed mode
fracture is commonly analyzed in sandwich materials so far. For studying mixed
mode I/II fracture, the mixed mode bending (MMB) test devised earlier for lami-
nated composites has been adapted to sandwich structures as done in Quispitupa et al
(2009). Other methods for mixed mode I/II testing has been derived from the DCB
and SCB test configurations such as a double cantilever sandwich beam subjected to
uneven bending moments (DCB-UBM) (Sorensen et al, 2006) and a titled sandwich
debonded (TSD) specimen (Li and Carlsson, 1999), respectively.

The majority of analytical solutions relevant to the extraction of ERR or SIFs
from the tests mentioned above have been found by reducing the dimension of the
problem. Efficient structural models presenting the specimens as an assemblage of
beams or plates can be found in Valvo et al (2015); Saseendran et al (2018); Massabò
and Campi (2014); Odessa et al (2018); Kiss and Szekrényes (2019), just to name
few recent publications. In doing so, either classical or first-or higher order shear-
deformation structural theories as well as assumptions on either rigid or flexibile
flexible deformability ahead of the crack tip within the intact part are used for an-

layered structures can be found in Thouless (2018). Moreover, since the face
sheet/core interface has a bimaterial nature, the fracture analysis must recognize the
mixed mode loading and be able to define the relative amount of mode I and mode II
at the debonding tip. A great effort has been made to obtain such mode partition. For
this either semi-analytic (numerical) solutions for particular loading cases within the
interface LEFM concepts (Suo and Hill, 1990; Li et al, 2004; Kardomateas et al,
2013) or the structural models (Williams, 1988; Bruno and Greco, 2001; Wang and
Qiao, 2004; Andrews and Massabò, 2007) for the fracture specimens have been
exploited. Herewith, two approaches are used. The first one referred to as local
approach considers debonding conditions as local stresses at the crack tip (Suo and

alysing the specimen s behaviour. Some aspects of interface fracture analysis in’
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Hutchinson, 1990; Li et al, 2004). Alternatively, the second one is a global approach
that evaluates the ERR as the first variation of the total potential energy with respect
to the advancing crack area (Williams, 1988).

In an attempt to improve the accuracy of data evaluation in the tests, two- and
three-dimensional analytical elasticity solutions have also been applied to the frac-
ture analysis. In Fichter (1983); Georgiadis and Papadopoulos (1990), the exact 2-D
elasticity solutions of the DCB have been obtained by using the Wiener-Hopf tech-
nique. On the other hand, the 2-D elasticity solutions are limited by the assumption
of either plane stress or plane strain conditions. As a result, they are not able to cap-
ture an actual curved crack front (thumb nail shaped) associated with Poisson-strain
effect under specimen bending (Samborski, 2018). Therefore, 3-D elasticity models
are obviously the most accurate, but their solutions can only be obtained by using
numerical methods, in particular the finite element method (FEM) (Williams and
Addessio, 1997; Davis et al, 2014). Two-dimensional debonding problems have also
broadly been reported in the literature by using the FEM. It has been reported if
the effect of front curvature is not a main concern, the less sophisticated 2-D mod-
els would be sufficiently accurate for performing the fracture analysis (Crews et al,
1991). The FEM provides efficient techniques for the mode partitioning in bimaterial
interfacial cracks. These techniques include the displacement or stress interpreta-
tion methods (Kuna, 2013), the crack surface displacement method (Smelser, 1979),
the interaction integral approach based on the path independent integral technique
(Shih and Asaro, 1988), the virtual crack extension (VCE) (Matos et al, 1989) and
virtual crack closure techniques (VCCT) (Beuth, 1996). In addition, a large number
of studies involving the strength prediction of layered structures including sandwich
composites use the crack tip element approach (Davidson et al, 1995).

This paper extends some preliminary considerations by Burlayenko et al (2018,
2019c,b,a) in the light of new findings in the recent literature on interfacial strength
assessments of sandwich materials. The study is aimed at understanding and re-
producing the features of interfacial cracking, which are observed in the DCB-UBM,
DCB and SCB sandwich specimens broadly used for fracture testing. In addition
to these experimental aspects, both analytical and numerical calculations are pre-
sented to explain how the ERR and SIFs are derived from the frature test data for
those specimens. Comparisons between analytical and numerical solutions and
experimental data available in the literature are also given. Finally, the accuracy of

6.2 Mechanics of Bi-material Interface Cracks

A complexity in analysing bi-material interface cracks is that such cracks generally
exhibit tension-shear coupling effects even under pure opening or shearing loading.
Also, the oscillations of stress and displacement fields, increasing when approaching
the crack tip, from the standpoint of LEFM (Hutchinson and Suo, 1991). Thus, to cha-

the theoretical predictions is discussed.

racterise the singular stress and displacement fields, a complex stress-intensity factor
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(SIF), K , together with the oscillation index, ε , relating to the elastic properties of the
materials are utilized (Rice, 1988). Following Suo and Hill (1990); Kuang-Chong
(1991) the structure of the asymptotic near-tip fields for an interface crack results
from the solution of the eigenvalue problem induced by the traction free boundary
conditions on the crack flanks as

H̄w = e2πεHw, (6.1)

where H is a 3×3 positive defined compliance-like Hermitian matrix involving the
bi-material elastic constants and H̄ is its complex conjugate matrix. Three eigenpairs
such as (ε,w), (−ε,w̄) and (0,w3), wherew, w̄ andw3 are complex, complex conjugate
and real eigenvectors, respectively, are the solutions of (6.1).

In the 2-D case of the interface crack between two dissimilar orthotropicmaterials,
where the material symmetry axes are aligned along the interface (Fig. 6.1b), the
matrix H takes the form (Wang et al, 1992):

H11 =
[
2nλ1/4

√
s11s22

]
#1+

[
2nλ1/4

√
s11s22

]
#2 ,

H22 =
[
2nλ−1/4

√
s11s22

]
#1+

[
2nλ−1/4

√
s11s22

]
#2 ,

H12 = H̄21 =
[√

s11s22+ s12
]
#2−

[√
s11s22+ s12

]
#1 ,

(6.2)

where si j , s16 = s26 = 0, i, j = 1,2,6 are components of the compliance matrix of the
orthotropic material (#1 or #2) in plane stress; in plane strain the compliances are

s̃i j = si j −
si3sj3

s33

Note that
λ =

s11
s22
=

E2
E1

and
� =

2s12+ s66
2√s11s22

=

√
E1E2
2G12

−√ν12ν21

are parameters of anisotropy and

n =

√
(1+ �)

2
.

The solution of the eigenvalue problem (6.1) results in the eigenvectors:

w =
{
− i
2
,
1
2

√
H11
H22

,0

}
and w3 = {0,0,1}. The oscillation index is expressed as follows:
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ε =
1
2π

ln
(
1− β
1+ β

)
, (6.3)

where the first and second Dundurs’ parameters are defined by

α =
Σ −1
Σ +1

and β =
H12√

H11H22
, (6.4)

respectively, and

Σ =

[√
s11s22

]
#2[√

s11s22
]
#1
.

The stresses σ22 and σ12 at a distance r in front of the crack tip at θ = 0 (Fig. 6.1b)
can be expressed as follows (Suo and Hill, 1990; Wang et al, 1992):√

H22
H11

σ22+ iσ12 =
Kr iε√
2πr

(6.5)

and an associated pair of the relative crack surface displacements (jumps) Δ1 and Δ2
at a distance r behind the crack tip at θ = ±π, can be presented in the form:√

H11
H22

Δ2+ iΔ1 =
2H11Kr

1
2+iε√

2π(1+2iε)coshπε
(6.6)

Here, i =
√−1, K = K1 + iK2 = |K | eiψ with K1 and K2 used instead of KI and KI I

adopted for homogeneous materials and the mode mixity phase angle ψ is specified
as

ψ = tan−1
√

H11
H22

(
σ12
σ22

)
(6.7)

To avoid oscillations in the mode mixity parameter, a characteristic length scale,
l̂ chosen in consistence with discussions in Hutchinson and Suo (1991) is usually
introduced. Then, the non-oscillatory phase angle ψ̂ is established as

ψ̂ = tan−1
√

H11
H22

(
σ12
σ22

);;;;;
r=l̂

= tan−1
(
Im{Kl̂iε }
Re{Kl̂iε }

)
, (6.8)

where Kl̂iε = K̂ is a normalized complex SIF with ordinary units as those in homo-
geneous materials. The amplitudes of K̂ and K are the same, but their phase angles
are distinguished as ψ̂ = ψ+ ε ln l̂.

The ERR, G is related to the components of complex SIF as follows (Suo and
Hill, 1990; Kuang-Chong, 1991):

G = H11

4cosh2 πε

(
K2
1 +K2

2

)
(6.9)
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6.3 Numerical Evaluation of Interface Fracture Parameters

In this section, the numerical methods, which are appropriate for numerical solutions
based on the FEM for obtaining the fracture parameters of an interfacial bimaterial
system, are discussed.

6.3.1 Interaction Integral Method (IIM)

The interaction integral method is one of the most popular techniques to calculate
complex SIFs by the FEM. This method is based on the Rice’s J-integral which is
identical to the ERR in LEFM. A common way to calculate the J-integral within the
framework of the FEM is the use of the domain integral approach (Shih and Asaro,
1988). The 2-D domain form of the J-integral over the closed counter C+C++Γ+C−
around the crack tip (Fig. 6.1a) can be expressed as follows:

J =
∫
A

(
WI−σσσ · ∂u

∂x

)
:
∂q
∂x dA−

∫
C++C−

t · ∂u
∂x ·qdΓ, (6.10)

where W is the strain energy; u andσσσ are the displacement and stress fields; A is the
domain enclosed by the contour C+C+ +Γ+C−; q is a smooth weighting parameter
that takes q = q1 on Γ and is zero on C; m is the outward vector normal to the
closed contour such that m = −n on Γ and t =m ·σσσ on C++C− if the surface traction
on the crack flanks are accounted for. A geometrical interpretation of q is a virtual
advancing of the crack tip in the local direction q1.

Following the finite element spatial discretization, the domain integral (6.10)
is computed over a group of finite elements enclosed into the domain A (a ring
around the crack tip in Fig. 6.1a).The integration is achieved by using the Gaussian
quadratures for each element and consecutive summation, i.e.

(a) (b)

Fig. 6.1. Sketches of: (a) a closed contour C+ C+ +Γ+ C− around the crack tip; (b) displacements
of crack flanks at bi-material crack bounded by orthotropic materials.
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J =
El∑
n=1

./0
G∑
p=1
[ f ](p) |j|(p) w̃p

123n, (6.11)

where n and p indicate that all the entities are associatedwith the n-th finite element of
the area A and are determined at the p-th Gauss integration point; [ f ] is the integrand
in (6.10), |j| is the determinant of Jacobian matrix and w̃ is the weight of the Gauss
numerical quadrature. The domain integral is calculated by post-processing the results

The basic idea of the interaction integral method for calculating separated frac-
ture modes involves superposing actual and auxiliary (aux) displacement and stress
fields, where the auxiliary ones are assumed to be known a priori. The asymptotic
Williams type’ solutions of the corresponding material system regardless of the ac-
tual geometry can be used as the auxiliary field. Then, using the relation between
the ERR and the SIF components (6.9), the interaction integral takes the form:

JM
int =

2
H
(
K1Kaux

1 +K2Kaux
2

)
, with H =

4cosh2 πε
H11

(6.12)

This formula is valid for each fracture mode M = I, I I. On the other hand, the
interaction integral for a straight crack can be expressed analogously to the J-integral
definition in (6.10), i.e.

JM
int =

∫
A

QM :
∂q
∂x dA (6.13)

with the integrand QM given by

QM =σσσ : (εεεaux)M I−σσσ ·
(
∂uaux

∂x

)M
−(σσσaux)M · ∂u

∂x (6.14)

J-integral in (6.10),
erical

computation of the integral in (6.13).
Finally, making a judicious choice of the auxiliary stress intensity factors and

computing auxiliary displacement and stress fields associated with them, the sepa-
rated stress intensity factors can be evaluated as follows:

KM =
H

2Kaux
M

JM
int (6.15)

6.3.2 Crack Surface Displacements (CSD) Method

The CSD method is based on the approach proposed by Smelser (1979). In accor-
dancewith thismethod, the complexSIF components are determined by the amplitude
and phase angle of K which are calculated using the displacements at the crack

of finite element analysis.

Since the interaction integral is formulated similar to the the
domain integration approach identical to that in (6.11) can be applied to the num

faces close to the crack tip (Fig. 6.1b).
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Themethod has an advantage for computing the SIF components in the context of the
FEM since the displacement field is a direct outcome of the finite element analysis.
Thus, in contrary to the IIM, the CSDmethod does not require the retrieval of strains
and stresses. Using (6.6) in conjunction with the expressions for the mode-mixity
parameter (6.8) and the ERR (6.9), it yields the formulae to compute the fracture
characteristics as follows (Kardomateas et al, 2013):

ψ̂ = tan−1
(√

H11
H22

Δ1
Δ2

)
−ε ln

(
r

l̂

)
+ tan−1 2ε (6.16)

and

G = H11 |K |2
4cosh2 πε

=
π(1+4ε2)
8H11

(
r/l̂

) (H11
H22

Δ22+ Δ
2
1

)
, (6.17)

K1 = Re{Kl̂iε } = |K | cosψ
K2 = Im{Kl̂iε } = |K | sinψ, (6.18)

where ψ = ψ̂ − ε ln l̂ for a given reference length, l̂. A free choice of l̂ in the deter-
mination of ψ is proven by fulfilling a simple transformation rule from one value to
another (Suo and Hutchinson, 1990): ψ2 = ψ1+ ε ln

(
l̂2/l̂1

)
with ψ1 and ψ2 associated

with l1 and l2, respectively.
It is worth mentioning that since the analytical expressions (6.16) and (6.17) allow

extracting the fracture parameters from numerical displacement data, the accuracy of
this process is dependent upon the amount of data available along the crack flanks

tip is required in the FEM calculations. Also, some accuracy difficulties may be
encountered in determining the ERR and phase angle from the FEM displacements
for models with high overall stiffness or when the angles are small (Smelser, 1979).
The first issue can be overcome by using the J-integral and correlating the results of
the both methods, whereas the second one is not critical as long as the interface bond
is weak relative to the two adjoining materials. When this is the case, the crack will

in the vicinity of the tip. Hence, a fine enough mesh in the region around the crack

where
Δj = u j (r,π)−u j (r,−π), j = 1,2

represents the relative crack flank displacements (shearing and opening modes) at
distance r behind the crack tip, H11 and H22 are components of the matrix H.

r

tive displacements Δ1 and Δ2 at r → 0. Instead, the ERR and phase angle are esti-

r/l̂ about 10−2 −10−3 typically provides a good estimate of G and ψ̂

Thus, in accordance with the CSD method, the nodal displacements of finite ele-
ments, whose faces are adjacent to the opposite crack flanks, are extracted from
the finite element results to compute the ERR and phase angle at different dist-
ances close to the crack tip. However, approaching the crack tip, the values of
ERR and phase angle tend to be incorrect due to the singular nature of the rela-

mated by linear extrapolation of their values in a chosen interval of to the crack
tip (Ryoji and Sang-Bong, 1989). The nodal displacements in the neighborhood of

r

the region -
(Smelser, 1979). Finally, the results can be expressed in terms of stress intensity factors:
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most likely propagate along the interface with dominating failure mode I i.e. the angle
of the stress intensity factor is not so important.

6.4 Numerical Solutions

In this section, we present the results of numerical evaluations of the fracture pa-
rameters of DCB-UBM, DCB and SCB sandwich specimens used for the interfacial
bond strength assessment of sandwich panels. The calculations are carried out using
the finite element code ABAQUS (2016). The interaction integral method is a built-
in option of the package, but it is applied to bi-material interfaces consisting of two
isotropic dissimilar materials only. The CSD method is programmed as an add-on
subroutine in Matlab environment and can be utilized for orthotropic bi-material

6.4.1 DCB-UBM Sandwich Specimen

A DCB-UBM sandwich beam shown in Fig. 6.2a is selected as a first example. The
DCB-UBM test method was first used in Sorensen et al (2006) for evaluating the
interface strength of laminated composites and, was later extended to sandwich
materials (Saseendran et al, 2018). In this test, the DCB specimen’s cracked edges
are subjected to uneven bending moments, M1 and M2 (both being defined per unit
specimen width, b), while the intact end of the specimen is fixed and generates the
reactive moment M0 = M1 +M2, as illustrated in Fig. 6.2a. The DCB-UBM test
allows a variety of mixed mode I/II states by changing the ratio of the moments
applied to the specimen, MR = M1/M2. Considering this, the crack is open at a
negative ratio MR < 0, while a positive ratio MR > 0 generates sliding between the
crack flanks. Also, it is known that the test enables to produce the crack length-inde-
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Fig. 6.2. DCB-UBM sandwich specimen: (a) geometry and loading; (b) local force and moment re-
sultants.

configurations. The subroutine extracts the displacements at given nodal sets from the
’ABAQUS result database file and, then, computes the required values (Burlayenkoal,

solutions or experimental data, when these are available in the literature.
et al, 2018, 2019a). The numerical results are compared with known analytical
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MR

The ERR can analytically be determined using the specimen geometry, elastic
properties and applied external bending moments. The Euler-Bernoulli theory is
utilized to model both the intact end of the specimen and each of the cracked edges.

The J-integral calculated
along the outer boundaries of the specimen (Fig. 6.2b) leads to the following ex-
pression (Burlayenko et al, 2019c):

GDCB−UBM =
1
2b

{
N2

(E A)D
+

N2

(E A)S
+

M2

(EI)D
+

M∗2

(EI)S

}
, (6.19)

where N = γ2M0, M = M1−γ3M0 and

M∗ = N
(
es +

hc
2
+

h1
2

)
−M

are the equivalent axial load and bending moments, respectively, with

γ2 =
(E A)D
(EI)0

(
e0+

hc
2
+

h1
2

)
and γ3 =

(EI)D
(EI)0

;

the parameters e0 and es locate neutral axes of the intact part of specimen and the
substrate, Fig. 6.2; (E A)i and (EI)i are generalized axial and flexural rigidities of
the debonded portion ”D”, substrate ”S” and intact part "0" of the specimen, i.e.
i = D,S,0. It should be noted that the expression of ERR (6.19) is applicable to DCB
sandwich samples subjected to bending moments only, and it does not account for

The fracture analysis was carried out for the DCB-UBM specimenwith glass/epo-
xy composite face sheets of thicknesses h1 = h2 = 2.4 mm and a PVC H 100 core
of thickness hc = 50 mm. The resin rich layer between the face sheets and the core
is considered to be a zero thickness, i.e. we neglect its influence on the interfacial
fracture behaviour at all. The material properties of the sandwich specimen con-
stituents are summarized in Table 6.1. The specimen of total length L = 270 mm
with pre-crack of length a = 90 mm and a fixed end of length Ls = 27 mm was
considered. It is assumed that the principal axes of the orthotropic materials of face
sheet and core of the specimen are aligned with the co-ordinate axes, Fig. 6.2a. Also,
the Young’s moduli along the x-axis of the given orthotropic materials are adopted
as the effective moduli for determining the generalized stiffness in (6.19).

A 2-D finite element model of the DCB-UBM specimen is developed using eight-
node reduced integration plane strain finite elements (CPE8R) available in ABAQUS,
Fig. 6.3. The finite element mesh contains a refinement in the vicinity of the crack-tip
as shown in Fig. 6.3. In the calculations, the bending moments are applied to the
DCB-UBM specimen edges at the points of the neutral axes of each subregion of the
cracked part, Fig. 6.2a. Coupling kinematic constraints (ABAQUS, 2016) between

does notpendent ERR and a constant mode mixity, when the moment ratio
change during the crack growth.

In the case of orthotropic face sheets and/or core, the principal material axes are aligned
with the reference coordinate axes of the specimen and Young s moduli corresponding’
to the specimen axial rigidity are used in the formulation.

shear and root rotations (Thouless, 2018).
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Fig. 6.3. A 2-D finite element model of the DCB-UBM sandwich specimen.

the set of nodes on the edge and the point of neutral axis are used to enforce equal
rotation of the entire edge. The debonding in the specimen is modelled by a real gap
of h1

100 between the separated face sheet and core. The contact and friction conditions
analogous to those in Burlayenko and Sadowski (2018) are introduced between the
faces of the appropriate finite elements located along the pre-cracked bi-material
interface.

To demonstrate the performance of the developed finite element model, different
moment ratios, MR are considered in the calculations. Both the J-integral option
of ABAQUS (2016) and the CSD method that post-processes the finite element
results using the add-on Matlab-subroutine are utilized for computing the fracture
characteristics. In all the calculations, the bending moments induced nearly the
same ERR for each loading case. The values of ERR, G computed numerically
were compared with those found using the analytical formula (6.19) and the semi-
analytical expression deduced inKardomateas et al (2013). Good agreement between
all the solutions has been achieved as seen in Table 6.2, where the phase angle ψ
and the complex SIF components found with the CSD method are presented as well.

The contour plots of the stress tensor components associated with different mo-
ment ratios, MR listed in Table 6.2 are illustrated in Fig. 6.4, where the first row

Table 6.1
Material properties of the sandwich specimens.

Constituents Material constants

Glass/Epoxy face sheet Ex = Ez = 16.5 GPa; Ey = 3.8 GPa; Gxy =Gxz = 1.3 GPa;
Gyz = 6.6 GPa; νxy = 0.05; νxz = νyz = 0.25; ρ = 1650 kgm−3

E-Glass/Epoxy face sheet Ex = 27.6 GPa; Ey = 25.2 GPa; Ez = 3 GPa; Gxy = 2.2 GPa;
Gyz =Gxz = 1.2 GPa; νxy = 0.24; νxz = 0.12; νyz = 0.06;
ρ = 1800 kgm−3

Aluminium face sheet Ex = Ey = Ez = 69.5 GPa; νxy = νxz = νyz = 0.3; ρ = 2700 kgm−3

PVC H 80 foam core Ex = Ey = Ez = 80 MPa; Gxy =Gxz =Gyz = 27.3 MPa;
νxy = νxz = νyz = 0.25; ρ = 80 kgm−3

PVC H 100 foam core Ex = Ey = Ez = 105 MPa; Gxy =Gxz =Gyz = 39.8 MPa;
νxy = νxz = νyz = 0.325; ρ = 100 kgm−3
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of the images corresponds to σ11, the second and third ones show σ22, and σ12,
respectively. A complicated nature of the near-tip stress field is clearly observed
here. One can see that the shear stress exists in the vicinity of the crack regardless of
the loading cases as shown in the third row of Fig. 6.4. This is an apparent evidence
of the mode mixity conditions being expected in sandwich structures. By comparing
the values of the total ERR in Table 6.2, which are calculated by the FEM accounting
for shear stress and by the analytical formula (6.19) neglecting it, one can conclude
that the shear stress does not influence much on the total value of the ERR in this
case. However, the sign of the shear stress ahead of the crack defines a favourable
direction of interface crack propagation in the bi-material interface as mentioned in
Adams et al (2012) and shown in Burlayenko et al (2019b).

6.4.2 DCB Sandwich Specimen

The second example considers symmetric (h1 = h2 = h f ) sandwich beam-like spec-
imens exploited in the DCB test method. A scheme of the DCB test is illustrated in
Fig. 6.5a. In this test, two piano hinges are usually used to transfer the loading to the
edges of the specimen’s cracked region. The DCB sandwich specimen is subjected to
an opening displacement by applying to the grip plates either two opposite transverse
loads or an upward load and appropriate boundary constraints. The asymmetry of
the specimen caused by the fact that the lower part (below the crack plane) being
more rigid in flexure than the upper one (above the crack plane) may result in a slight
rotation of the specimen at large opening displacements as shown in Fig. 6.5b, but
usually such a rotation tends to be small in actual tests (Avilés and Carlsson, 2008).

The total ERR, generated by the interface crack during DCB testing can ana-
lytically be evaluated. Avilés and Carlsson (2008) used a model that considers the
upper face sheet as a beam partially supported by an elastic foundation representing

Table 6.2
Calculations of the ERR and the phase angle with respect to the moment ratio MR.

M1 Nmm 75.6 103.42 123.4 104.13 73.8
M2 Nmm -1512.2 -1034.2 -123.4 1041.3 1476
MR -0.05 -0.1 -1.0 0.1 0.05

ERR, GFEM N/mm 0.399 0.399 0.403 0.399 0.377
G(6.19) N/mm 0.398 0.398 0.402 0.400 0.375
GKardomateas et al (2013) N/mm 0.351 0.363 0.376 0.365 0.332

Phase angle, ψFEM deg. 30.26 11.31 -17.16 -51.87 -70.71
SIFs, Re{Kĥ1

iε } N/mm3
2 9.652 10.96 10.74 6.914 3.585

Im{Kĥ1
iε } N/mm3

2 5.631 2.192 3.313 8.809 10.24
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(a) (b) (c)

(d) (e)

Fig. 6.4. Contour plots of the stress components at the crack tip of the DCB-UBM specimen w.r.t.
the moment ratio MR equal to: (a) -0.05; (b) -0.1; (c) -1; (d) 0.1; and (e) 0.05.
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Fig. 6.5. Double Cantilever Beam sandwich specimen: (a) a schematic test; and (b) a deformed
configuration.

a core. The model formulation was based on the assumptions of the Euler-Bernoulli
beam theory and the Winkler elastic foundation theory for describing the deforma-
tion of the upper face sheet and the core of the DCB specimen, shown in Fig. 6.5b,
respectively. The final expression of the ERR has a form:

GDCB =
F2

2b2

{
1

Gxzhc
+

a20
(D−B2/A) +

12
E f h3

f

(
a20 +2a0η1/4+η1/2

)}
, (6.20)

where the initial crack length a = a0, the parameter η = bh3
f
E f /(3K) and the elastic

foundation coefficient K = 2bEc/hc . The 1-D extensional, coupling and bending
stiffness coefficients A, B and D are computed as

A = E f h f +Echc, B =
h f hc
2
(Ec −E f ) and

D =
1
12

{
E f (h3f +3h f h2c)+Ec(h3c +3h f h3c)

}
The finite element model similar to that used in the fracture analysis of the DCB-

UBM specimen (Fig. 6.3) was adopted for the numerical calculations of the fracture
parameters in the DCB specimens. To accurately reproduce the specific loading
conditions in the finite element model, the hinges, modelled as rigid bodies, were
linked to the face sheets of the sandwich beam using the TIE constraints (ABAQUS,
2016). Moreover, the external concentrated forces were applied to points in the
centres of the hinge holes. Each the point was connected to the hole contour using
Multi-point Constraints (MPCs). This type of constraint allows a hinge rotation
relatively to the point of force application, i.e. it simulates the real conditions of the

In the finite element predictions, DCB sandwich specimens of length L = 250mm
and width b = 25 mm with a PVC H 80 foam core of thickness hc = 25 mm and
either e-glass/epoxy composite or aluminium face sheets of thickness, h f ranging
from 0.1 mm to 10 mm at different pre-crack lengths a=30,50,70,90 and 110 mm
are analysed. The properties of the sandwich specimen constituents are shown in
Table 6.1. The comparisons of the ERR computed by resolving a 2-D elasticity problem

laboratory testing, Fig. 6.5b.
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The plot illustrates a scattering of relative errors between both the results

ΔG = |G −G
DCB |
G ×100%

with respect to appropriate linear trend lines depending on the face sheet thickness
and the pre-crack length. It is found that the analytical predictions mainly overes-
timate the numerical ones, but the differences between them do not exceed 50%
and the error tends to decrease with thickening the face sheet. Also, the findings
observed in Fig. 6.6 show that the differences between the two solutions are smaller
for the specimens with composite face sheets (Fig. 6.6a) than with stiffer aluminium

E f /Ec. Herewith, the differences become smaller
with increasing the pre-crack length in both types of the specimens. Thereby, the
numerical results clearly demonstrate the limitations of the analytic formula (6.20)
and justify the importance of accounting for shear deformation in the vicinity of the
crack tip for accurate calculations of the ERR.

The other validation of the finite elementmodel is done by comparing numerically
computed ERRs and those obtained experimentally in Avilés and Carlsson (2008).
Two types of DCB sandwich specimens denoted as ’thick DCB’ and ’thin DCB’
are considered. All details related to these two tests can be found in the mentioned
source and the references cited there. The results of the comparison are displayed in
Fig. 6.7 for a normalized value of the ERR,

G∗ =
G
F2 .

It is seen that the finite element predictions are satisfactory close to the measured
data for all the crack lengths studied in both the specimens. Also, it is obvious
that the trends of changing the ERRs with increasing the crack length observed
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Fig. 6.6. The variation of relative errors ΔG = |G−GDCB |
G ×100% vs. the face sheet thickness h f for

different pre-crack lengths in the DCB test with: (a) composite face sheets; and (b) aluminium face
sheets.

with the FEM in conjunction with the J-integral method and obtained using the an-
alytic expression (6.20) based on the classical beam theory are presented in Fig. 6.6.

ones, i.e. for a lower material ratio,
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Fig. 6.7. Comparison between numerical and experimental ERRs vs. crack length for DCB
sandwich specimens: (a) thick sample; and (b) thin sample.

in the experiments and predicted by the finite element analysis show quite similar
behaviours. Hence, one can conclude that the computational models can accurately
represent the actual DCB tests.

The ERR and the phase angle, computed by both the IIM and the CSD method
for a 150 mm length and 27 mm width DCB sandwich specimen with pre-crack of
a0 = 50 mm, which is made up of the PVC H-100 core of thickness hc = 38 mm and
the e-glass/epoxy composite face sheets of thickness h f =2.4 mm, subjected to a unit
load are presented in Table 6.3. It is seen that although the IIM uses effective
elastic properties reduced to isotropic materials instead of actual orthotropic ones,
both the numerical techniques give quite close results. Also, the calculated
fracture characteristics clearly exhibit the dominated mode I deformation of the DCB
specimen at the given material and geometrical parameters. The distribution of near-
tip stress fields in the DCB specimen is demonstrated in Fig. 6.8. The plots show
that the maximum longitudinal normal stress is primarily developed in the upper
(debonded) face sheet due to its high in-plane and bending resistance, Fig. 6.8a,
whereas the transverse normal stress is the biggest in the region around the crack
tip, Fig. 6.8b. In addition, the shear stress exists at the crack tip, Fig. 6.8c. However,
this stress component is smaller about one order of magnitude than the transverse
normal stresses in the same region. Despite its relatively small magnitude, the sign
of shear stress in the vicinity of the crack tip defines the orientation of presumed
crack growth direction (Adams et al, 2012). As seen in Fig. 6.8c, the shear stress

Table 6.3
Calculations of the ERR, SIFs and phase angle for DCB and SCB specimens.
Specimen type Method G N/mm Re{Kĥ1

iε } N/mm3
2 Im{Kĥ1

iε } N/mm3
2 ψ deg.

DCB IIM 67.76e-6 0.1299 -0.0321 -13.93
CSD 67.21e-6 0.1356 -0.0448 -18.29

SCB IIM 12.39e-6 0.0689 -0.011 -9.08
CSD 12.01e-6 0.0586 -0.015 -13.03
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Fig. 6.8. Stress distribution in front of the debonding in DCB specimen: (a) longitudinal normal
stress σ11; (b) transverse normal stress σ22; and (c) in-plane shear stress σ12.
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arisen in the area around the crack tip is strongly negative that confirms the finding
for a negative phase angle, ψ observed in Table 6.3. This value predicts the crack
propagation direction either into the face sheet material or along the face sheet/core
interface during this test method. The latter crack growth path is more likely due
to a weaker crack resistance of the face sheet/core interface compared with the face
sheet strength.

6.4.3 SCB Sandwich Specimen

The last example is a SCB sandwich specimen, which presents the second class
of test methods generating dominated mode I fracture by peeling the face sheet
from the core. A SCB test method with given boundary conditions and schematic
loading is illustrated in Fig 6.9a. As seen, only one upward force, F is applied to the
specimen through a steel hinge mounted on the upper debonded face sheet, while
the lower one is affixed to a rigid base. Moreover, to provide an accurate interface
toughness measurement and to ensure that bending is the primary form of loading,
the dimensions of the SCB specimen and the load rod length, hF have to satisfy
sizing requirements defined in Ratcliffe and Reeder (2011).

An analytical estimation of the total ERR GSCB can be deduced from a kine-
matic analysis of the SCB sandwich sample (Fig. 6.9b) within the elastic foundation
approach. Then, the final expression can be written as follows (Rinker et al, 2011):

GSCB =
4λF2

2bK

{
λ3a20 +2λ

2a0+λ+
K

4bλkG f
xzh f

}
, (6.21)

where the parameter

λ =

(
K

4D f

)1/4
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Fig. 6.9. Single Cantilever Beam sandwich specimen: (a) a schematic test; and (b) a deformed
configuration.
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D f =
bh3

f

12
and the foundation coefficient

K =
bEc

hc
is identical to that in (6.20).

In the context of comparative studies, both the analytic expression (6.21) and the
general formula of LEFM (6.6) are used to calculate the ERR for a variety of SCB
specimens distinguished by the pre-crack length and the face sheet thickness. The
SCB specimens of a 250 mm length made up of a 50 mm thick PVC H-80 foam
core and either glass/epoxy composite or aluminium face sheets of the thickness
varying from 0.1 to 10 mm are analysed. The comparisons, presented by relative
errors between the results computed with FEM and those found analytically

ΔG = |G −G
SCB |
G ×100%

the same as in Sect. 6.4.2, are shown in Fig. 6.10. Analogously to the predictions
for the DCB specimens, it was found out that the approximate analytic formula
(6.21) for the SCB specimens also mainly overestimates the ERR, especially it is
apparent for short pre-cracks, but the maximal deviation does not exceed 50% in our
study again. Herewith, the aluminium-PVC material configuration corresponding to
a higher E f /Ec ratio leads to bit larger differences than those in the composite-PVC
system with a lower E f /Ec ratio. This is similar to the results observed for DCB
specimens considered in the previous example. Also, the errors are less for longer
pre-cracks and thicker face sheets.

The comparison of the ERR values over a range of crack lengths, which are
predicted with the finite element model and those known from experimental studies
available in Li and Carlsson (1999), is illustrated in Fig. 6.11. The SCB specimens,
tested in Li and Carlsson (1999) as tilted sandwich debond (TSD) samples at the
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Fig. 6.10. The variation of relative errors ΔG vs. the face sheet thickness h f for different pre-crack
lengths in the SCB test with: (a) composite face sheets; and (b) aluminium face sheets.
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zero tilt angle, are considered for this comparative study. Mechanical properties and
dimensions of the specimens as well as the details of laboratory testing can be found
in the original reference. From Fig. 6.11 one can see that the dimensionless ERRs,

G∗ = G
E f h3

f

(Fb)2

obtained numerically and the experimental values correlate quite well between each
other. This confirms high-fidelity modelling results which are provided by the finite
element models developed for the SCB sandwich specimens.

In Table 6.3, the finite element calculations performed for obtaining the ERR, SIFs
and phase angle of a 210 mm length and 38 mm width SCB sandwich specimen
consisting of 3.6 mm thick glass/vinylester face sheets bonded to a 50 mm thick PVC
H-100 foam core are summarized for the case of unit transverse force and pre-crack
length of a0 = 50 mm. One can see that the results provided by the IIM approach and
the SCD method are in good agreement similar to the case of the DCB specimen.
The distribution of near-tip stress components, associated with the deformed state
of this SCB specimen is plotted in Fig. 6.12. The analysis shows that the normal
longitudinal and transversal stresses have profiles close to those observed in the DCB
specimen (Fig. 6.8a and b), while the magnitude of the shear stress is visibly smaller
than that in the DCB specimen (Fig. 6.8c). The reason of such similarity is that
the face sheets of both the specimens behave in the same manner under the applied
upward force, but the difference in the shear stresses is due to additional contribution
of bending moment and shear force induced by a downward force acting on the lower
part (below the crack plane) of the DCB sample. Hence, it is reasonable to expect
that such the deformation state with extra shear and normal stresses at the crack tip
can give rise to a more complicated cracking behaviour in the DCB specimen. Thus,
the SCB specimen is able to produce dominated mode I deformation conditions with
less limits than the DCB sample. This conclusion correlates with a smaller negative
phase angle in the SCB test sample compared with the DCB specimen for the given
face sheets and core materials and specimens geometries as displayed in Table 6.3.

Fig. 6.11 Comparison be-
tween numerical and experi-
mental ERRs vs. crack length
for the SCB sandwich specimen.

�
G

’
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Fig. 6.12. Stress distribution in front of the debonding in SCB specimen: (a) longitudinal normal
stress σ11; (b) transverse normal stress σ22; and (c) in-plane shear stress σ12.
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6.5 Conclusions

In this research, efforts have been focused on evaluating the fracture parameters in vir-
tual tests related to the assessment of face sheet-to-core interface strength in sandwich
panels. Both analytical methods based on beam-like models and two-dimensional
finite element analyses with ABAQUS have been applied to the computation

fracture specimens. The numerically obtained results have been extracted from the
finite element solutions using two techniques such as the IIM and the CSD method,
which are suitable for analysing a bi-material configuration of the sandwich panel
interfaces in perspective of the evaluation of mode mixity. Also, the use of these me-

The parametric studies in the 2-D fracture analysis of the sandwich specimens
made up of either aluminium or various composite laminated face sheets and PVC
foam core of different thicknesses have been carried out. Results received from the

for DCB and SCB fracture tests. Generally, good correlation between the results
has been observed. Evaluating the fracture parameters of the hypothetical sandwich
specimens, it was found that the shear stress exists in the vicinity of the crack tip
regardless of the specimen type         and the material and geometrical configurations of
those specimens. Hence, it has been recognised that the mode mixity is an inherent
characteristic of sandwich panels’ deformed state. This characteristic should be
known a priori to accurately estimate the strength of the face sheet-to-core interface
and to simulate the debonding fracture along an appropriate crack growth path in
sandwich panels. In turn, the crack path can be predicted based on a mode mixity
fracture criterion, which could be known after performing a comprehensive actual

Finally, it needs to mention that although the present results are demonstrated
only for the selected three sandwich samples, the 2-D finite element techniques
used in this research can be applied to virtual tests of sandwich specimens of any
other geometry and boundary conditions. Thus, the results presented in the paper
may provide a benchmark for studying the considered DCB-UBM, DCB and SCB
sandwich fracture specimens and, on the other hand, they may guide further research
associated with the assessment of interfacial strength of sandwich panels.
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of ERR, SIFs and phase angle in popular DCB-UBM, DCB and SCB sandwich

finite element formulation that allows one exploiting a whole power of general
purpose finite element packages like the ABAQUS code.

thods in finite element predictions is very efficient since they have a straightforward

finite element simulations of all the specimens were compared with those obtained by
theanalytical approximate formulae and the experimental data available in the literature

and virtual test campaign.
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Chapter 7
Asymptotic Approximations for Frequencies and
Vibration Modes of Cylindrical Shell Stiffened
by Annular Plates

Sergei B. Filippov

Abstract Low frequencies and vibration modes of a closed circular cylindrical shell
joined with annular plates are obtained by means of asymptotic methods. Two types
of vibrations, corresponding to narrow and wide plates, are analyzed. It is shown
that narrow plates can be considered as circular beams. For wide plates joined with
a cylindrical shell the couple vibration problem in the first approximation is reduced
to the eigenvalue problem describing the plate vibrations. An approximate solution
of the last problem is obtained with the help of the perturbation approach.

Key words: Ring-stiffened shell · Annular plate · Vibration frequency · Asymptotic
methods

7.1 Introduction

Ring-stiffened shells are extensively applied in submarine, vehicles, pipelines and
aerospace engineering. It is therefore necessary to create accurate models of physical
processes in such constructions. However, almost in all studies of ring-stiffened
shells, including Filippov (2006b); Hodges et al (1985); El Raheb and Babcock
(1981); Ross et al (1996), the rings have been treated as circular beams.

There are, at least, two reasons to consider the wide ring as the annular plate. First,
the flexural stiffness of the beam in its plane cb increases rapidly with ring width b.
However, for the wide ring its stress-strain state localizes near the inner boundary of
the ring, which is attached to cylindrical shell (Filippov, 2006a). Therefore change
in b almost have no influence upon the stiffness c of the sufficiently wide ring. To
catch this effect one should consider the wide ring as an annular plate. It is especially
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important because the stiffness c has an determinative influence on the vibration
frequencies.

Secondly, vibrations of the shell, stiffened by a narrow ring, differs very much
from vibrations of the shell stiffened by a wide ring. If the width of the ring b is
sufficiently small, then the vibration mode of the stiffened shell is similar to the
mode of the shell without rings, and the shell’s surface is covered by a series of pits
stretched along the generatrix of a cylinder. In this case it is possible consider the
ring as a circular beam. Such vibrations we call the vibrations of the first type.

At increase in b the frequencies grows until the vibrations of the first type replace
with the vibrations of the second type. The vibration mode of the second type is
localized on the surface of the ring and the cylindrical shell itself does not actually
deform. After the vibrationmode changed, the further increase in b leads to reduction
of frequencies. For studying the vibrations of the second type the beam’s model can
not be used, and one must consider the ring as an annular plate.

Various methods for the analysis of ring-stiffened shells vibrations have been
developed. In Yang and Zhout (1995) and Loy and Lam (1997) natural frequencies
of stiffened shells are obtained by Fourier expansions and Rayleigh-Ritz procedure.
In Samanta and Mukhopadhyay (2004) for vibration analysis of ring-stiffened shell
finite element method was used.

The equations describing a thin shells contain the dimensionless shell thickness
h as a small parameter. Hence, for the solution of these equations it is possible to
use asymptotic methods (Bauer et al, 2015; Tovstik and Smirnov, 2001). To get the
approximate solutions of the shell’s equations in this paper the Vishik-Lyusternik
algorithm (Bauer et al, 2015; Vishik and Lyusternik, 1957) is applied. We seek
solutions of shell equations as a sum of slowly varying functions and edge effect
integrals. Thus the initial singularly perturbed system of differential equations is
reduced to an approximate system of the smaller order (Tovstik and Smirnov, 2001).

The major problem in the asymptotic analyses of the ring-stiffened shell is a
separation of the continuity conditions on main and additional conditions. The
main conditions are used as boundary conditions for the approximate system. From
additional conditions one can find arbitrary constants in the edge effect functions.
As a rule, to get the main and additional conditions, it is necessary to make linear
combinations of the continuity conditions.

In the case of the second type vibrations the eigenvalue problem for a cylindrical
shell joined with annular plates in the first asymptotic approximation can be split
into the five separated problems. Most important of them is the eigenvalue problem,
describing vibrations of the annular plate. In assumption that the ratio of the plate
width to the radius of its inner edge is small, approximate formulas for the frequencies
was obtained.

The asymptotic analyses of low-frequency vibrations of the cylindrical shell
stiffened at an edge by the annular plate was fulfilled in Filippov (2004); Filippov
and Haseganu (2003). In the present contribution frequencies and vibration modes
of cylindrical shell, stiffened by annular plates located on inner parallels of the shell,
are evaluated.
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7.2 Basic Equations

We consider small free low-frequency vibrations of the thin cylindrical shell stiffened
by n identical annular plates. The plates are located on the parallels s = si , i = 1,2, . . . ,n
of the shell, where s is the dimensionless axial coordinate on the shell’s middle
surface. The radius of the cylindrical shell R is taken as the characteristic size. One
of the plates is shown in Fig. 7.1.

After the separation of variables the non-dimensional differential equations de-
scribing free vibrations of a cylindrical shell (Filippov, 2004) may be represented in
the form

T ′1 +mS+λu = 0, S′ −mT2+Q2+2H ′+λv = 0,
Q′1+mQ2−T2+λw = 0, Q1 = M ′1+2mH, Q2 = −mM2,

M1 = μ
4(ϑ′1+ νmϑ2), M2 = μ

4(mϑ2+ νϑ′1), H = μ4(1− ν)ϑ′2, (7.1)
T1 = u′+ ν(w+mv), T2 = w+mv+ νu′, 2S = (1− ν)(v′ −mu),
ϑ1 = −w′, ϑ2 = mw+ v,

where (′) denotes the derivative with respect to the coordinate s ∈ [0,l], l is the di-
mensionless shell length, m is the circumferential wave number, λ = 4π2σρ f 2R2E−1

is the frequency parameter, σ = 1− ν2, ν is Poisson’s ratio, E is Young’s modulus, ρ
is the mass density, f is the vibration frequency, u, v and w are the components of the
displacement, T1, T2, S, Q1, Q2, M1, M2, H are the dimensionless stress-resultants
and stress-couples, ϑ1 and ϑ2 are the angles of rotation of the normal, μ4 = h2/12 is
a small parameter, h is the dimensionless shell thickness.

The equations of plate’s bending (Filippov, 2004) can be written as

(xQ1p)′+mQ2p +λxwp = 0,
xQ1p = (xM1p)′ −M2p +2mHp, xQ2p = −mM2p +2Hp,

xM1p = μ
4
p[xϑ′1p + ν(mϑ2p +ϑ1p)], xM2p = μ

4
p(mϑ2p +ϑ1p + νxϑ′1p),

Hp = μ
4
px(1− ν)ϑ′2p, ϑ1p = −w′p, xϑ2p = mwp .

(7.2)

Fig. 7.1 Shell and plate
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Here (′) denotes the derivative with respect to the radial coordinate, x ∈ [1,1+ b],
b is the dimensionless plate width, wp is the transverse deflection, Q1p , Q2p , M1p ,
M2p , Hp are the dimensionless stress-resultants and stress-couples, ϑ1p and ϑ2p
are the angles of rotation of the normal, μ4p = a2/12 is a small parameter, a is the
dimensionless plate thickness.

For the evaluation of the tangential (in plane) deformation of the plate we have
the following equations (Filippov, 2004):

(xT1p)′ −T2p +mSp +λxup = 0, xS′p +2Sp −mT2p +λvp = 0,
xT1p = xu′p + ν(mvp +up), xT2p = up +mvp + νxu′p, (7.3)
2xSp = (1− ν)(xv′p −mup − vp),

where up and vp are the tangential components of the displacement, T1p , T2p , Sp are
the dimensionless stress-resultants.

We denote as u(k), v(k), w(k), . . . the solutions of Eqs. (7.1) in the intervals

s ∈ [sk−1,sk], k = 1,2, . . . ,n+1, s0 = 0, sn+1 = l .

If the shell and the plates are made of the same material, then the following 12
continuity conditions have to be satisfied

u(i) = u(i+1) = −wp(1), ϑ
(i)
1 = ϑ

(i+1)
1 = ϑ1p(1),

w(i) = w(i+1) = up(1), v(i) = v(i+1) = vp(1),
h(T (i)1 −T (i+1)1 ) = −aQ1p(1), h(Q(i)1 −Q(i+1)1 ) = aT1p(1), (7.4)

h(M (i)1 −M (i+1)1 ) = aM1p(1), h(S(i) − S(i+1)) = aSp(1),
s = si, i = 1,2, . . . ,n.

The outer edges of the plates are free, therefore

T1p = Sp = M1p =Q1p = 0, x = 1+ b. (7.5)

At the edges of the shell s = 0 and s = l any homogeneous boundary conditions can
be introduce. As an example we consider the shell with simply supported edges, i.e.

v = w = T1 = M1 = 0, s = 0, s = l . (7.6)

If for λ = λk equations (7.1)-(7.3) have a nontrivial solution satisfying boundary
conditions (7.4)-(7.6) then λk is an eigevalue of eigevalue problem (7.1)-(7.6). The
minimal positive eigevalue λ1 corresponds to the fundamental frequency f1.
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7.3 Boundary Conditions for the Shell’s Equations

Let us seek the vibratons modes of the first type which are similar to the vibrations
modes of the non-stiffened shell. The transverse flexural stiffness of the plate is more
less than its tangential stiffness in plane. Setting to zero the flexural plate’s stiffness,
we obtain from (7.4)

v(i) = v(i+1), u(i) = u(i+1), T (i)1 = T (i+1)1 , (7.7)

w(i) = w(i+1), ϑ
(i)
1 = ϑ

(i+1)
1 , M (i)1 = M (i+1)1 , (7.8)

w(i) = up(1), v(i) = vp(1), (7.9)

h(Q(i)1 −Q(i+1)1 ) = aT1p(1), h(S(i) − S(i+1)) = aSp(1), s = si . (7.10)

Conditions (7.7) and (7.8) are the continuity conditions for solutions of the shell
equations (7.1). To get two more conditions from relations (7.9) and (7.10) we must
find the solution of Eqs. (7.3).

For the low-frequency vibrations the parameter λ is small, and we neglect of the
inertial terms λxup and λvp in Eqs. (7.3):

(xT1p)′ −T2p +mSp = 0, xS′p +2Sp −mT2p = 0,
xT1p = xu′p + ν(mvp +up), (7.11)
xT2p = up +mvp + νxu′p, 2xSp = (1− ν)(xv′p −mup − vp).

Then the change of variable x = et reduces Eqs. (7.11) to equations with constant
coefficients:

d2up

dt2
−up −γm2up + δm

dvp
dt
−(1+γ)mvp = 0,

γ
d2vp

dt2
−γvp −m2vp − δm

du
dt
−(1+γ)mup = 0, (7.12)

where γ = (1− ν)/2, δ = (1+ ν)/2. The general solution of Eqs. (7.12) have the form

up = C1xm−1+ a1C2xm+1+C3x−m−1+ a2C4x−m+1,

vp = −C1xm−1+ b1C2xm+1+C3x−m−1+ b2C4x−m+1. (7.13)

Here Cj , j = 1,2,3,4 are arbitrate constants,

a1 = 2γ/(δm)−1, a2 = 2γ/(δm)+1, b1 = 2/(δm)+1, b2 = 1−2/(δm).

From Eqs. (7.11) and (7.13) we obtain the following formulas
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T1p = 2C1γ(m−1)xm−2−2C2γ(m+1)(m−2)m−1xm

− 2γ(m+1)C3x−m−2−2C4γ(m−1)(m+2)m−1x−m,

Sp = −2C1γ(m−1)xm−2+2C2γ(m+1)xm−2γ(m+1)C3x−m−2

− 2C4γ(m−1)x−m.

(7.14)

On the free edge of the plate x = 1+ b

T1p = Sp = 0. (7.15)

Substitution solutions (7.13) and (7.14) into conditions (7.9) and into boundary
conditions (7.15) leads to equations

C1+ a1C2+C3+ a2C4 = w
(i)(si), −C1+ b1C2+C3+ b2C4 = v

(i)(si),
(m−1)[mβmC1−(m+2)βC4]− (m+1)[(m−2)βm+1C2+mC3] = 0, (7.16)

(m−1)(βmC1+ βC4)− (m+1)(βm+1C2−C3) = 0,

where β = (1+ b)2.
Determine the expressions for the arbitrary constants Ck from Eqs. (7.16) and

substitute them into formulas (7.14). Then we obtain

Sp(1) = −2γδ[(B1+mB2)w(i)(si)+ (D1+mD2)v(i)(si)]/D,
T1p(1) = −2γδ[(mB1+B2)w(i)(si)+ (mD1+D2)v(i)(si)]/D

(7.17)

with

B1 = β(β2m−1)−2mb(b+2)βm,
B2 = β(βm+1)2−4βm− δβ(βm−1)2+ δm2b2(b+2)2βm,
D1 = γβ(βm−1)2+ δm2b2(b+2)2βm,
D2 = β(β2m−1)+2mb(b+2)βm,
D = γ[4βm+ δβ(βm−1)2]+ δ[β(βm+1)2+ δm2b2(b+2)2βm].

(7.18)

From formulas (7.10) and (7.17) we get two following continuity conditions for
solutions of shell’s equations

S(i) − S(i+1) = −2aγδ[(B1+mB2)w(i)+ (D1+mD2)v(i)]/(hD),
Q(i)1 −Q(i+1)1 = −2aγδ[(mB1+B2)w(i)+ (mD1+D2)v(i)]/(hD), s = si .

(7.19)
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7.4 Asymptotic Solution Corresponding Vibrations of the First
Type

For the low-frequency vibrations the first type vibration mode of cylindrical shell
stiffened by annular plates is similar to the vibration mode of the non-stiffened shell.
In both cases the circumferential wave number m is large. We seek approximate
solution of eigenvalue problem (7.1), (7.6)-(7.8) and (7.19) as a sum of the semi-
membrane solution and the edge effect functions (Filippov, 2004):

y(k) = mI0(y)y(k)0 +mI1(y)(y(k)1 + y
(k)
2 ), k = 1,2, . . . ,n+1. (7.20)

Here y denotes any unknown function, I(y) and I1(y) are the intensity indices. Table
7.1 lists values of the intensity indices for the problem under consideration

The function v
(k)
0 satisfy the semi-membrane equation

d4v
(k)
0

ds4
−α4v

(k)
0 = 0, (7.21)

where
α4 =

λm4− μ4m8

σ
, (7.22)

and

w
(k)
0 = −v

(k)
0 , u(k)0 =

dv(k)0
ds

, T (k)10 =
d2v
(k)
0

ds2
, S(k)0 = −σ

d3v
(k)
0

ds3
. (7.23)

The edge effect functions have the form

y
(k)
1 =

2∑
j=1

D̂(k)j ŷj exp
(
rj(s− sk−1)/μ

)
, y

(k)
2 =

4∑
j=3

D̂(k)j ŷj exp
[
rj(s− sk)/μ

]
. (7.24)

Here D̂j ∼ 1 are arbitrary constants,

r1,2 = g(−1± i), r3,4 = g(1± i), g = σ1/4/
√
2, i2 = −1.

Table 7.1
Intensity indices for the vibration mode of the first type

Functions

Indices u(k) v(k) w(k) ϑ(k) T
(k)
1 S(k) M

(k)
1 Q

(k)
1

I0 -2 -1 0 0 -2 -3 -6 -6
I1 -4 -5 -2 0 -4 -3 -6 -4
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In particular, ŵj = 1, j = 1,2,3,4. The functions y
(k)
1 and y

(k)
2 decrease rapidly at

increase in s from sk−1 up to sk and at reduction from sk up to sk−1, correspondingly.
Assume that sk − sk−1 � μ, for k = 1,2, . . . ,n+1. Then

y
(k)
1 (sk) � 1, y

(k+1)
2 (sk) � 1

and in the first approximation

y(k) = mI0(y)y(k)0 +mI1(y)y(k)2 , y(k+1) = mI0(y)y(k+1)0 +mI1(y)y(k+1)1 , s = sk . (7.25)

Boundary conditions for Eqs. (7.21) can be determine after a separation of the
boundary conditions onmain and additional conditions (Tovstik and Smirnov, 2001).
From the main conditions by neglecting of small terms we obtain boundary condi-
tions for Eqs. (7.21).

Let Δ be the difference between maximal intensity indices of semi-membrane
solutions and the edge effect functions. Then

1. For the main boundary conditions the value Δ must be strict more, than for the
additional boundary conditions.

2. The semi-membrane solutions included in the main boundary conditions and
the edge effect solutions included in the additional boundary conditions must be
independent.

In order to satisfy condition 1 and 2, as a rule, it is necessary to use linear combina-
tions of boundary conditions.

At the edge s = 0

v = m−1v0+m−5v2 = 0, w = w0+m−2w2 = 0,
T1 = m−2T10+m−4T12 = 0, M1 = m−6(M10+M12) = 0, (7.26)
Δ1 = 4, Δ2 = 2, Δ3 = 2, Δ4 = 0,

where Δk corresponds to k-th equation (7.26). It is impossible to separate boundary
conditions (7.26) on main and additional conditions so that the condition 1 has been
fulfilled. However, for linear combinations of first and second conditions mv+w = 0,
taking into account that v0 +w0 = 0, we have Δ = 0. Therefore main and additional
conditions are v = T1 = 0 and w +mv = M1 = 0. The boundary conditions for Eq.
(7.26) at the edges s = 0 and s = l have the form v0 = T10 = 0 or

v
(1)
0 (0) =

d2v
(1)
0

ds2
(0) = 0, v

(n+1)
0 (l) = d2v

(n+1)
0

ds2
(l) = 0. (7.27)

7.5 Main Continuity Conditions

For s = sk main and additional conditions are conditions (7.7) and (7.8). It follows
from (7.7) three continuity conditions for Eqs. (7.21):
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v
(k)
0 = v

(k+1)
0 , v

(k)′
0 = v

(k+1)′
0 , v

(k)′′
0 = v

(k+1)′′
0 , s = sk, k = 1,2, . . . ,n. (7.28)

To obtain the fourth main condition we exclude the edge effect functions

w
(k)
2 = D̂(k)3 + D̂(k)4 , w

(k+1)
1 = D̂(k+1)1 + D̂(k+1)2 ,

ϑ
(k)
2 = −gK−1(r3D̂(k)3 + r4D̂(k)4 ), ϑ

(k+1)
1 = −gK−1(r1D̂(k+1)1 + r2D̂(k+1)2 )

M (k)12 = −g2K2(r23 D̂(k)3 + r24 D̂(k)4 ), M (k+1)11 = −g2K2(r21 D̂(k+1)1 + r22 D̂(k+1)2 ),
S(k)2 =Q(k)12 =−g3K(r33 D̂(k)3 + r34 D̂(k)4 ), S(k+1)1 =Q(k+1)11 =−g3K(r31 D̂(k+1)1 + r32 D̂(k+1)2 )

from relations (7.19). Here K = μm2.
Taking into account that

w
(k)
0 = w

(k+1)
0 , ϑ

(k)′
0 = ϑ

(k+1)
0 , M (k)10 = M (k+1)10 , s = sk, k = 1,2, . . . ,n. (7.29)

after substituting solutions (7.20) into first and third conditions (7.8) we obtain

D̂1+ D̂2 = D̂3+ D̂4, r21 D̂(k+1)1 + r22 D̂(k+1)2 = r23 D̂3+ r24 D̂4, (7.30)

where
D̂1 = D̂(k+1)1 , D̂2 = D̂(k+1)2 , D̂3 = D̂(k)3 , D̂4 = D̂(k)4 .

It follows from relation (7.30) and equalities

r21 = r23 = −r22 = −r24

that
D̂1 = D̂3, D̂2 = D̂4. (7.31)

Substituting solutions (7.20) into second conditions (7.8) leads to the relation

r1D̂1+ r2D̂2 = r3D̂3+ r4D̂4

which may written as
Ĉ1+ Ĉ2 = 0,

where
Ĉ1 = D̂1+ D̂2, Ĉ2 = D̂1− iD̂2.

Finally, we substitute solutions (7.20) into conditions (7.19) using formulas

S(k)2 − S(k+1)1 =Q(k)12 −Q(k+1)11 =2g3K(r31 D̂1+ r32 D̂2)=4g3K(Ĉ1− Ĉ2)=8g3KĈ1,

and after neglecting of small terms obtain the approximate continuity conditions:

A
(
8g3KĈ1+ S(k)0 − S(k+1)0

)
= m(mB2−D2)v(k)0 −B2Ĉ1,

A
(
S(k)0 − S(k+1)0

)
= m2(D1−mB1)v(k)0 +mB1Ĉ1, A =

hD
2am2γδ

. (7.32)
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The linear combination of boundary conditions (7.32), which do not contains the
arbitrary constant Ĉ1 is the fourth continuity conditions for Eqs. (7.21):

S(k)0 − S(k+1)0 + cv(k)0 = 0, s = sk, (7.33)

where
c =

8m2g3AK(mB1−D1)+m2(B1D2−B2D1)
A(8g3AK +mB1+B2)

. (7.34)

The parameter c defines the tangential stiffness of the plate in plane.
It follows from formula (7.22) that the frequency parameter corresponding to the

first type of vibrations is

λ(1)(m,n) = σα4
n(m)

m4 + μ4m4. (7.35)

Here α4
n(m), n= 1,2, . . . are the eigenvalues for which the eigenvalue problem for Eqs.

(7.21) with boundary conditions (7.27), (7.28) and (7.33) has non-trivial solutions.
This eigenvalue problem also describe the flexural vibrations of the simply supported
beam, stiffened by n identical springs of stiffness c at the points s = sk .

The solutions of Eqs. (7.21) can be represented in the form Timoshenko (1955)

v
(k)
0 = AkS(zk)+BkV(zk)+CkU(zk)+DkT(zk), zk = α(s− sk−1),

sk−1 < s < sk, k = 1,2, . . . ,n+1, s0 = 0, sn+1 = l, (7.36)

where

S(z) = cosh z+ cos z, T(z) = sinh z+ sin z,

U(x) = cosh x− cos x, V(x) = sinh x− sin x, (7.37)

Ak , Bk , Ck and Dk are arbitrary constants. Substituting (7.36) into boundary con-
ditions (7.27), (7.28) and (7.33), we obtain 4(n+ 1) linear homogeneous algebraic
equations in 4n+1 unknowns Ak , Bk , Ck , and Dk . These equations have nontrivial
solutions if its characteristic determinant G(α) is equal to zero:

G(α) = 0. (7.38)

The roots of Eq. (7.38) are eigenvalues of the problem (7.21), (7.27), (7.28) and
(7.33).

Consider the narrow plate for which

bm2 � 1.

Substituting the approximate relation

βm = (1+ b)2m � 1+2mb+
2m(2m−1)b2

2
+
2m(2m−1)(2m−2)b3

6
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into formulas (7.18) and neglecting of small terms, we obtain

B1 � 4mb2+8m3b3/3, D1 � 4m2b2,

B2 � 8b+4m2b2, D2 � 8mb, D � 4. (7.39)

If we substitute formulas (7.39) into relation (7.34) then we obtain

c � cb =
σm8

h

(
J +

e2F
1+ d

)
, d =

σm2F
8hg3K

, (7.40)

where
J =

ab3

12
is the dimensionless moment of inertia of the plate’s cross-section with respect to
the generatrix of the cylinder,

e =
b
2

is the distance the centre of mass of the plate’s cross-section from the shell’s neutral
surface,

F = ab

is cross-section area of the plate. The condition

S(k)0 − S(k+1)0 + cbv
(k)
0 = 0, s = sk, (7.41)

is the main continuity condition for a cylindrical shell stiffened by a beam of the
rectangular cross-section (Filippov, 1999). It means, that for the narrow annular plate
one can use beam’s model.

For the wide plate, when
bm� 1,

using the approximate relations

A = A0β
2m+1, A0 =

h(1+γ)
2am2γ

, B1 = D2 = β
2m+1, B2 = D1 = γβ

2m+1,

we obtain
c � cp =

m2(8g3mK A0+1−γ2)
A0(8g3K A0+m) .

The stiffness cp do not depends on the width of the ring b, since the stress-strain
state of the plate is localized near its inner boundary, which is attached to cylindrical
shell Filippov (2006a).
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7.6 Example 1

Consider the freely supported cylindrical shell of the length l stiffened by the annular
plate at the parallel s1 = l/2. Then Eq. (7.38) has the same roots as the following two
equations

tanh z− tan z = 32z3/c, sin z = 0, z = αl/2. (7.42)

The roots of second Eq. (7.42) do not depend on the stiffness c. If we denote by z1
and z2 the minimal positive roots of the first and second equations, then

π/2 ≤ z1 < 3.927, z2 = π.

Assume that l = 4, the thicknesses of the shell and the plate h = a = 0.01, the Poisson’s
ratio of the materials is ν = 0.3 and find the lowest frequency parameters

λ
(1)
1 =min

m,n
λ(1)(m,n)

for the various plate’s width b.
First we calculate c(m) by means of formula (7.34), then the root z1(m) of Eq.

(7.42). Consider b ≤ 0.2. Then z1 < z2 and

λ
(1)
1 =min

m

(
8σz41(m)

l4
+ μ4m4

)
. (7.43)

The function in relation (7.43) attains its minimum at m = 4. The results are shown
in Fig. 7.2 (curve 1), where

Λ
(1)
1 = λ

(1)
1 103.

Curve 2 plots the values Λ(1)1b which are found using beam’s model when c = cb (see
(7.40)).

While the plate is sufficiently narrow, the using of the beam’s model gives good
results, which differ a little from the results obtained on the basis of plate’s model.
However, for sufficiently large b the frequency parameter Λ1b is larger than Λ1

Fig. 7.2 Frequency parameter
Λ
(1)
1 vs. the plate’s width b
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because the beam’s stiffness cb is larger than the plate’s stiffness c. The values cb
and c for m = 4 and various b are shown in Fig. 7.3

7.7 Vibration of the Second Type

The vibration modes of the second type correspond to low frequencies and is local-
ized on the surface of the plate. The cylindrical shell itself does not actually deform.
Let us seek the approximate solution of system (7.1) as a sum of the membrane
solutions and the edge effect functions:

y(k) = μI0(y)y(k)0 + μ
I1(y)(y(k)1 + y

(k)
2 ), k = 2,3, . . . ,n,

y(1) = μI0(y)y(1)0 + μ
I1(y)+1y(1)1 + μ

I1(y)y(1)2 , (7.44)

y(n+1) = μI0(y)y(n+1)0 + μI1(y)y(n+1)1 + μI1(y)+1y(n+1)2

The functions u0, v0, T10 and S0 satisfy the membrane equations:

T ′10+mS0 = 0, S′0 = 0, 2S0 = (1− ν)(v′0−mu0), T10 = σu′0. (7.45)

The membrane equations (7.45) are derived from Eqs. (7.1) assuming μ = 0 and
neglecting the small terms λu, λv and λw. The edge effect functions y1 and y2 have
the form (7.24). The intensity indices are given in Table 7.2.

We suppose that

Fig. 7.3 Plate’s stiffness c
and beam’s stiffness cb vs. the
plate’s width b 0.200.150 0.100.5
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Table 7.2
Intensity indices for the vibration mode of the second type

Functions

Indices u(k) v(k) w(k) ϑ(k) T
(k)
1 S(k) M

(k)
1 Q

(k)
1

I0 3 3 3 3 3 3 7 7
I1 3 4 2 1 4 3 4 3
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wp ∼ ϑ1p ∼ 1, M1p ∼Q1p ∼ μ4, up ∼ vp ∼ T1p ∼ Sp ∼ μ3. (7.46)

After the substitution the solutions (7.44) and (7.46) into Eqs. (7.1)-(7.3), continuity
conditions (7.4) and boundary conditions (7.5)-(7.6) the eigenvalue problem (7.1)-
(7.6) in the first approximation can be split into the following five separated problems:

1. The eigenvalue problem for Eqs. (7.2), describing the transverse flexural defor-
mation of the plate with the boundary conditions

wp = ϑ1p = 0, x = 1, M1p =Q1p = 0, x = 1+ b. (7.47)

2. The linear algebraic equations

w
(k)
2 (sk)=w

(k+1)
1 (sk), h[M (k)12 (sk)−M (k+1)11 (sk)]=aM1p(1), k=1,2, . . . ,n. (7.48)

for the unknown constants D̂(k)3 , D̂(k)4 , D̂(k+1)1 and D̂(k+1)2 . The solution of these
equations allows us to obtain the edge effect functions near the parallel s = sk .

3. Non-homogeneous boundary value problem for membrane shell equations (7.45)
with the boundary conditions

u0(0) = v0(0) = u0(l) = v0(l) = 0, T (k)10 (sk) = T (k+1)10 (sk),
h[S(k)0 (sk)+S(k)2 (sk)−S(k+1)0 (sk)+ S(k+1)1 (sk)]=aSp(1), k=1,2, . . . ,n.(7.49)

4. The linear algebraic equations

w
(1)
1 (0) = w

(1)
0 (0), ϑ

(1)
11 (0) = 0, w

(n+1)
2 (l) = w(n+1)0 (l), ϑ(n+1)12 (l) = 0. (7.50)

for the unknown constants D̂(1)1 , D̂(1)2 and D̂(n+1)3 , D̂(n+1)4 .
5. Non-homogeneous boundary value problem for plate equations (7.3) with the

boundary conditions at x = 1 and x+1+ b

vp(1) = v(k)0 (sk)− v
(k+1)
0 (sk), aT1p(1) = h[Q(k)12 (sk)−Q(k)11 (sk)], T1p = Sp = 0.

Thus, the approximate solution of the the eigenvalue problem (7.1)-(7.6) is reduced
to the solution of five more simple problems. First we have to solve the eigenvalue
problem 1 for the flexural plate’s deformation. Then, solution of Eqs. (7.48) allows
us to obtain the edge effect functions near the parallel s = sk . Further we get the
solution of the membrane problem 3, using boundary conditions (7.49) and find by
means of equations (7.50) the edge effect integrals near the parallels s = 0 and s = l.
Finally it is possible to solve the boundary value problem 5, describing tangential
displacements of the plate.

We consider only the problem 1, since after its solution we find frequency pa-
rameter λ and main part of the vibration mode. The displacements of the cylindrical
shell and the tangential displacement of the plate are very small in comparison with
the transverse plate deflections (see relation (7.46) and Table 7.2).
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7.8 Flexural Vibrations of the Plate

Equations (7.2) describing free flexural vibrations of an annular plate can be reduced
to the following equation

Δ2w− β4w = 0, β4 =
λ

μ4p
, (7.51)

where
Δ =

1
x

d
dx

(
x

d
dx

)
− m2

x2
.

The exact solution of Eq. (7.51) has the form (Filippov and Kolyada, 2013)

(7.52)

whereCj ( j = 1,2,3,4) are the arbitrary constants, Jm,Ym are the Bessel functions and
Im, Km are the modified Bessel functions. Solution (7.52) must satisfy the boundary
conditions (7.47).

We can obtain a simple approximate solution of the problem 1 in the case b� 1.
Let us suppose that the circumferential wave number m ∼ 1. In this case replacing
variable x = 1+ bξ in Eq. (7.51), boundary conditions (7.47) and neglecting small
terms leads to the boundary-value problem

d4w

dξ4
−γ4w = 0, (7.53)

w(0) = w′(0) = w′′(1) = w′′′(1) = 0, (7.54)

where
γ = bβ, w′ =

dw
dξ

.

The solution of Eq. (7.53) has the form

w = C1S (7.55)

where Cj are arbitrary constants and the function T , S, U, V are determined by
relations (7.37). Substituting solution (7.55) into boundary conditions (7.54), we get
system of linear homogeneous algebraic equations in unknowns Cj . By setting to
zero the characteristic determinant of this system we obtain the equation

coshγ cosγ = 1. (7.56)

The positive roots γk of Eq. (7.56) are eigenvalues of the problem (7.53), (7.54). The
minimal eigenvalue is γ1 = 1.875. It follows from the second formula (7.51) that the
approximate value of a frequency parameter is

w = C1Jm(β )+C2Ym(β )+C3 Im(β )+C4 Km(β ),x x x x

(γ ) +C2T(γ )+C3U(γ )+C4V(γ ),xi xi xi xi
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λ
(2)
k
=

a2γ4
k

12b4
, k = 1,2, . . . (7.57)

Formula (7.57) shows that the frequency parameters λ(2)
k

for the second type of
vibrations goes up as the width of plate b increases.

7.9 Example 2

Consider the vibrations of the cylindrical shell stiffened by the annular plate, as-
suming that parameter of this structure are the same as in (7.6). The dependencies
of

Λ
(k)
1 = 10

3λ
(k)
1

for k = 1,2 on the plate width b, is shown in Fig. 7.4.
To the fundamental frequency f1 correspond the frequency paramer

λ1 =min(λ(1)1 ,λ
(2)
1 ).

At increase of the plate’s width λ1 and f1 first increases and then decreases.

7.10 Conclusions

The application of asymptotic methods to the analysis of low-frequency vibrations
of a cylindrical shell joined with annular plates permits to obtain simple approximate
formulas for evaluation of frequencies and vibrationmodes. The different approaches
were used for narrow and wide plates. If the plates are narrow then circumferential
wave number m is large and frequencies increase with the width of plates b. For
the wide plates frequencies in the first approximation do not depend on m and they
decrease when b increases. In the both cases the solutions of shell equations were
represented as a sum of slowly varying functions and edge effect integrals.

Fig. 7.4 Frequency parameter
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As an example the vibrations of the shell stiffened by one plate are considered.
For sufficiently large number of plates to the approximate calculation of frequencies
the homogenization procedure may be used.
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Chapter 8
Free Vibrations of an Open Non-circular
Cylindrical Shell of Variable Thickness

Alexander Ya. Grigorenko, Maksym Yu. Borysenko, Olena V. Boychuk,
and Larisa Ya. Vasil’eva

Abstract The natural frequencies and the corresponding vibration modes of open
cylindrical shells with an elliptical cross-section and variable thickness are analyzed.
Variations in the cutting of the shell along both the minor and major axes are
allowed and various boundary conditions are considered. The numerical solutions
are obtained using the finite element package FEMAP with the NASTRAN solver.
A number of low-frequency vibrations are investigated in terms of their dependence
on the cutting angle along major and minor axes of the shell.

Key words: Free vibrations · Open non-circular cylindrical shell · elliptical cross-
section · variable thickness · FEM

8.1 Introduction

In different industries cylindrical shells of non-circular cross-section of constant
and variable thicknesses are widely used. These can have both a closed and an
open contour with different variations in the boundary conditions. In this regard it
is necessary to have information about their dynamic characteristics, in particular,
about the frequencies and forms of natural vibrations, since under real operating
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conditions, it is necessary to avoid resonance patterns that cause structural damage.
A theoretical study of this class of problems is associated with significant difficulties
due to the complexity of the system of initial partial differential equations with
variable coefficients and the need to satisfy boundary conditions. The solution to the
problem of determining the natural frequencies in the framework of the theory of
thin shells is possible for objects of simple geometric shape (Arnold and Warburton,
1953; Baron and Bleich, 1954; Greenspon, 1959; Grigorenko et al, 2017; Grigorenko
and Rozhok, 2004; Leissa, 1973; Markus, 1988; Stricklin et al, 1971).

Experimental methods are also used to solve the problem of determining the
frequencies and forms of natural vibrations, for example, the non-contact method
of strobe-holographic interferometry (Budak et al, 2014; Grigorenko et al, 2013),
which not only gives a real picture of the behavior of mechanical structures under the
influence of variable loads, but also allows us to estimate the applicability limits of
those or other theoretical models (Budak et al, 2014). A feature of this method is the
need to manufacture a real object of study, to qualitatively implement the boundary
conditions and the experiment itself, which in turn leads to significant costs in time
and financial resources. Note that this experimental method can be applied not only
to two-dimensional, but also to three-dimensional dynamics problems (Grigorenko
et al, 2018).

In cases of a complex geometric shape – a closed shell of an elliptical cross section
with variations in shell thickness, for example – it is advisable to use the finite element
method (FEM) (Budak et al, 2017, 2016; Grigorenko et al, 2018), which gives good
convergence with the experimental results (Grigorenko et al, 2018), thus confirming
the accuracy of its application. Moreover, this numerical method does not require
large expenditures of time and money.

In the literature, study of the dynamics of open shells is not given as much
attention as the study of closed shells. Consider a few of these publications.

In Suzuki andLeissa (1986) an exact solution procedure is developed for determin-
ing the free vibration frequencies and mode shapes of open non-circular cylindrical
shells with varying thickness along the cross-section and opposite curved two edges.
The method is demonstrated for shells having elliptical cylindrical curvature and
a thickness which varies quadratically in the circumferential direction, and straight
edges which are fixed. For this symmetric configuration, vibration modes separate
into symmetric and antisymmetric classes, and the exact frequencies are the roots
of fourth order determinants. Numerical results are given showing the variations of
frequencies and mode shapes of both symmetry classes with the shell length.

In Xiong-liang et al (2016) is concerned with the free vibration analysis of open
circular cylindrical shells with either the two straight edges or the two curved edges
simply supported and the remaining two edges supported by arbitrary classical
boundary conditions. Based on the Donnell – Mushtari – Vlasov thin shell theory,
an analytical solution of the traveling wave form along the simply supported edges
and the modal wave form along the remaining two edges is obtained. The exact
solutions for natural frequencies of the open circular cylindrical shell are obtained
with the employment of a golden section search algorithm. The calculation results
are compared with those obtained by the finite element method and the methods in
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the available literature. The influence of length, thickness, radius, included angle,
and the boundary conditions of the open circular cylindrical shell on the natural
frequencies is investigated.

In Lekomtsev (2012), in the framework of two finite element realizations, the
authors studied the natural vibrations of thin-walled open shells of circular cross
section with different boundary conditions and with different cutting angles. In the
considered range of variation of the cutting angle, an increase in all vibration fre-
quencies is observed. This dependence is nonmonotonic. Typically, it is a significant
increase in frequencies with an cutting angle ϕ ∈ (600;900). One of the problems
solved in In Lekomtsev (2012) was taken as a test case in this paper.

This article concerns the numerical determination of the dynamic characteristics
of an open cylindrical shell of an elliptical cross section of variable thickness with
variations of the shell cutting - along both the minor and major axes, as well as with
two variations for rigid fixes at the ends.

8.2 Basic FEM Relations for Natural Vibrations Problems

Dynamic equations for FEM can be obtained from the system of Lagrange equations
of the second kind with n degrees of freedom:

d
dt

(
∂T
∂ 
λi

)
−
(
∂T
∂λi

)
=Qi, i = 1,2, . . . ,n. (8.1)

Using the discrete form of the kinetic energy functional

T =
1
2
{ 
λ}Ti M{ 
λ}i, (8.2)

The Lagrange equations (8.1) for the shell with its finite element approximation,
taking into account the absence of external forces (Q = 0) and damping, can be
rewritten in the form:

[M] { �λ}+ [K] {λ} = {0}, (8.3)

where [M] is the mass matrix of the structure; [K] is stiffness matrix; and {λ} is the
vector of nodal displacements.

Equation (8.3) has a solution in the form

{λ} = {A} cos (ωt + β), (8.4)

where {A} is the vector of amplitude values of nodal displacements, which determine
the form of natural vibrations; ω is cyclic frequency; and β is the initial phase of the
oscillations cos (ωt + β). Substituting (8.4) into (8.1) and cancelling, we obtain this
system of algebraic equations:
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−ω2 [M]+ [K]

)
{A} = {0}. (8.5)

In this system, nonzero component values {A} are possible only under the condition

det
(
[K]−ω2 [M]

)
= {0}. (8.6)

If the square matrices [M] and [K] are positively defined, then the characteristic
equations (8.6) have N positive solutions – natural frequencies ωk , and pair values
are possible (N is the number of unknowns in the system of algebraic equations
(8.5)). N values of natural frequencies ωk allows the solution of system (8.5) to be
represented as a linear combination of N expressions (8.4):

{λ} =
N∑
k=1
{Ak} cos (ωk t + βk), (8.7)

Each value ωk corresponds to a certain ratio between the amplitudes Aki , that
is, all the amplitudes of the vector can be expressed through one of them. The
relations between the amplitudes Aki determine the kth natural mode of vibration.
All degrees of freedom in the process of oscillations with their own frequency ωk

make synchronous movement. Thus, the configuration of the structure does not
change its basic form, but only the amplitudes change. Since the values of the
components of the natural vectors {Ak} can be determined only up to a constant
factor, they should be normalized as follows:

{Ak}T [M] {Ak} = 1 (8.8)

8.3 Solution to the Test Problem

To verify the reliability of the chosen methodology for studying the dynamic charac-
teristics of an open cylindrical shell, a test problem was solved and the results were
compared with the results of [13].

Using FEMAP, we constructed the geometry of two cylindrical open shells of
circular cross section with the radius of the midsurface R = 77.25 mm, the ratio of
height to radius L/R = 2.99, thickness d = 1.5 mm, cutting angle ϕ = 300, ϕ = 450,
and ϕ = 600, physico-mechanical characteristics: Young’s modulus E = 205 GPa,
Poisson’s ratio ν = 0.30, and density ρ = 7800 kg/m3. The shells were fixed at two
ends with different fixing variations: F is a free edge u � v � w � ϕx � ϕy � ϕz � 0;
C is a rigid fastening u = v = w = ϕx = ϕy = ϕz = 0.

The results of the test problem, namely the first ten frequencies of natural vibra-
tions for two options for cutting the shell with two types of fastening, are obtained
using FEMAP solid elements, as well as results by another author, are presented in
Tables 8.1 and 8.2, where ε is the deviation between the calculations. Analyzing the
obtained results of the test problem, one can observe a small deviation between the



8 Free Vibrations of an Open Non-circular Cylindrical Shell of Variable Thickness 145

Table 8.1
Free vibration frequencies of an open circular cylindrical shell with an cutting angle ϕ, and boundary
conditions C-F (own calculations compared with Lekomtsev, 2012)

f , Hz
No. ϕ = 300 ϕ = 450 ϕ = 600

Lekomtsev FEMAP ε, % Lekomtsev FEMAP ε, % Lekomtsev FEMAP ε, %

1 256.77 259.61 1.1 259.34 257.99 0.5 252.23 244.26 3.2
2 261.90 264.78 1.1 260.53 259.18 0.5 267.34 260.01 2.7
3 591.20 599.14 1.3 608.43 611.64 0.5 588.18 569.26 3.2
4 665.87 676.80 1.6 640.49 643.25 0.4 683.98 675.06 1.3
5 724.48 727.44 0.4 726.19 718.40 1.1 726.83 698.18 3.9
6 732.29 737.78 0.7 729.67 720.58 1.2 740.19 725.32 2.0
7 749.48 755.18 0.8 818.26 821.25 0.4 856.84 811.42 5.3
8 907.77 931.72 2.6 994.47 997.72 0.3 1012.87 1028.89 1.6
9 1142.72 1146.48 0.3 1117.36 1121.51 0.4 1318.40 1259.12 4.5

10 1199.38 1223.27 2.0 1320.68 1300.85 1.5 1319.38 1260.01 4.5

Table 8.2
Free vibration frequencies of an open circular cylindrical shell with an cutting angle ϕ, and boundary
conditions C-C (own calculations compared with Lekomtsev, 2012)

f , Hz
No. ϕ = 300 ϕ = 450 ϕ = 600

Lekomtsev FEMAP ε, % Lekomtsev FEMAP ε, % Lekomtsev FEMAP ε, %

1 651.02 652.35 0.2 652.81 651.17 0.3 651.39 626.31 3.9
2 651.42 652.78 0.2 654.52 651.68 0.4 652.90 627.19 3.9
3 1217.19 1215.50 0.1 1220.82 1210.36 0.9 1218.61 1163.12 4.6
4 1217.26 1215.54 0.1 1223.91 1210.45 1.1 1219.46 1163.54 4.6
5 1525.10 1536.75 0.8 1537.59 1556.65 1.2 1515.20 1477.19 2.5
6 1570.98 1587.00 1.0 1557.57 1568.48 0.7 1639.62 1577.09 3.8
7 1693.53 1699.11 0.3 1744.70 1765.44 1.2 1706.47 1716.06 0.6
8 1784.50 1837.10 2.9 1846.03 1848.11 0.1 1889.38 1792.45 5.1
9 1890.76 1882.44 0.4 1898.31 1874.96 1.2 1895.76 1797.72 5.2

10 1891.08 1885.34 0.3 1909.95 1889.94 1.0 2061.30 2045.99 0.7

two finite element implementations proposed by us and Lekomtsev (2012), which
does not exceed 5.5%. The reliability of the results obtained is ensured by using
a sound mathematical model, the correctness of the problem statement, and the
practical convergence of the results obtained using the finite element method.

8.4 Construction of the Calculation Model

Using FEMAP, the geometry of the cylindrical shell of an elliptical cross section
of variable thickness was constructed with the following dimensions: height h =
120 mm, half-axes of the middle surface are a = 50.810 mm and b = 36.295 mm,
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thickness of the shell along the major axis da = 3 mm, and along the minor axis
db = 1.3 mm. Then the shell was cut at a given angle (Fig. 8.1). The material was
set to steel with the characteristics: Young’s modulus E = 212 GPa, Poisson’s ratio
ν = 0.30, and density ρ = 7800 kg/m3. The shell was studied with one and two
ends rigidly fixed. The simulation parameters are selected in accordance with the
characteristics and dimensions of a closed non-circular cylindrical shell of constant
thickness, which was studied for the frequency and shape of free vibrations of the
FEM (Budak et al, 2016).

Since the shell in the cross section has the shape of an ellipse of variable thickness,
it is necessary to consider different ways of its cutting about the major (Fig. 8.1, a)
and minor semiaxes (Fig. 8.1, b), since its strength properties will change depending
on this, and, accordingly, the frequency of free vibrations. In this study, we determine
the dependence of the frequency of free vibrations on the magnitude of the cutting
of the shell, which is determined by the angle of the cutting ϕ in the range from 00
to 900 in increments of 100. Since the shells are of variable thickness, it is better to
use a mesh of solid elements (Fig. 8.2).

8.5 Results of Numerical Calculations

The first ten frequencies of free vibrations calculated for a non-circular cylindrical
shell of variable thickness with the cutting about the major semi-axis with one rigidly
fixed end, depending on the cutting angle, are shown in Table 8.3. For comparison,
frequencies for a closed non-circular cylindrical shell of variable thickness are also
given for the corresponding boundary conditions. Table 8.4 shows the first ten
frequencies of free vibrations of a non-circular cylindrical shell of variable thickness
of the cutting about the major semi-axis, fixed at two ends, depending on the angle
of the cutting. The first natural frequency of a closed non-circular cylindrical shell of
variable thickness rigidly fixed at one end is 2.2 times greater than the corresponding

Fig. 8.1. The cross sections of open shells: a) angle of the cutting about the major semiaxis, b)
angle of the cutting about the minor semiaxis



8 Free Vibrations of an Open Non-circular Cylindrical Shell of Variable Thickness 147

Fig. 8.2. Finite element models: a) angle of the cutting about the major semiaxis, b) angle of the
cutting about the minor semiaxis

Table 8.3
Frequencies of free vibrations ( fnum, Hz) of a shell of variable thickness rigidly fixed at one end,
opened about the major semi-axis

Angle of the cutting about the major semi-axis ϕ, degreesNo. Closed
0 10 20 30 40 50 60 70 80 90

1 1725 768 674 604 564 558 590 615 660 734 820
2 1800 781 679 614 587 579 591 655 734 802 844
3 2128 1520 1495 1531 1472 1465 1523 1564 1534 1561 1715
4 2225 1712 1629 1533 1615 1623 1587 1586 1653 1759 1888
5 3238 2003 2047 2035 1835 1700 1677 1666 1671 1762 1924
6 3718 2386 2325 2054 1869 1818 1742 1803 2070 2464 2536
7 3796 2636 2395 2271 2118 2055 2265 2647 2987 2802 3063
8 3948 2763 2467 2277 2541 2887 3095 3007 2992 3093 3274
9 4398 2799 2706 3014 3459 3288 3097 3012 3032 3099 3294
10 4446 3298 3622 3892 3628 3291 3363 3247 3179 3877 4551

frequency of an identical shell with a cut (ϕ = 00) lengthwise along the major axis
and is 1.6 times greater in the case of rigid fastening of two ends.

Comparisons of the dependencies of the first four frequencies of free vibrations
of a non-circular cylindrical shell of variable thickness with one base fixed on the
cutting angle along a major semi-axis are shown in Fig. 8.3, and for the case of fixed
two bases in Fig. 8.4. The first two natural frequencies correspond to the symmetric
and antisymmetric form of vibrations of free edges along the cut. The maximum
value of the first resonant frequency is observed at an cutting angle of 900 along
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Table 8.4
Frequencies of free vibrations ( fnum, Hz) of a shell of variable thickness rigidly fixed at two ends,
opened about the major semi-axis

Angle of the cutting about the major semi-axis ϕ, degreesNo. Closed
0 10 20 30 40 50 60 70 80 90

1 3955 2401 2062 1778 1584 1458 1408 1411 1449 1536 1677
2 3980 2403 2063 1781 1585 1461 1413 1414 1467 1564 1683
3 4360 3863 3772 3618 3392 3045 2854 2761 2745 2831 2993
4 4389 3995 3785 3715 3392 3046 2854 2763 2748 2833 3007
5 5538 4250 4386 3880 3562 3492 3496 3627 3775 3903 4190
6 5615 4523 4411 3880 3602 3568 3653 3721 3895 4285 4556
7 6539 5218 4529 4291 4436 4674 4691 4498 4402 4463 4663
8 6542 5220 4529 4659 4770 4757 4713 4500 4403 4476 4684
9 6573 5229 5391 5365 5466 5093 4730 4985 5498 5426 5784

10 6574 5854 5633 5848 5723 5099 5302 5639 5559 6428 6658

Fig. 8.3 The first four fre-
quencies of free vibrations of
a non-circular cylindrical shell
of variable thickness with one
base fixed on the cutting angle
along a major semi-axis

Fig. 8.4 The first four fre-
quencies of free vibrations
of a non-circular cylindrical
shell of variable thickness
with two bases fixed on the
cutting angle along a major
semi-axis

the major semi-axis for the case of rigidly fixed at one end and at 00 for the case of
rigidly fixed at two ends. For a shell fixed at two ends, with an cutting angle of 300
and higher relative to the major semi-axis, the third and fourth natural frequencies
correspond to vibrations of free edges, and for cutting angles of up to 300, vibrations
along the contour of the shell predominate. For a shell fixed at one end, there are
discrepancies in the values of the third and fourth natural frequencies up to 13%.

The first ten natural frequencies of the non-circular cylindrical shell of variable
thickness of the cutting along the minor semi-axis with one end rigidly fixed, de-
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pending on the angle of the cutting, are shown in Table 8.5. For comparison, the
frequencies for a closed non-circular cylindrical shell of variable thickness are given
under the corresponding boundary conditions. Table 8.6 shows the first ten natural
frequencies of a non-circular cylindrical shell of variable thickness of the cutting
along the minor semi-axis, fixed at two ends, depending on the angle of the cutting.
The first natural frequency of a closed non-circular cylindrical shell of variable thick-
ness rigidly fixed at one end is 2 times greater than the corresponding frequency of
an identical shell with a cut (ϕ = 00) along the minor axis and is 2.4 times greater in
the case of rigid fastening of two ends.

Comparisons of the dependencies of the first four frequencies of free vibrations
of a non-circular cylindrical shell of variable thickness on the angle of cutting along
the minor semi-axis with one end fixed are shown in Fig. 8.5, and for the case of fixed
two ends in Fig. 8.6. The first two natural frequencies correspond to the symmetric
and anti-symmetric form of vibrations of free edges along the cut. The maximum

Table 8.5
Frequencies of free vibrations ( fnum, Hz) of a shell of variable thickness rigidly fixed along one end,
opened along the minor semi-axis

Angle of the cutting about the major semi-axis ϕ, degreesNo. Closed
0 10 20 30 40 50 60 70 80 90

1 1725 841 912 959 983 990 991 992 927 804 710
2 1800 849 915 990 1055 1098 1098 1037 994 961 826
3 2128 1637 1701 1825 1815 1766 1763 1838 1679 1511 1528
4 2225 1841 1942 1882 2008 2239 2157 1917 2002 2189 2011
5 3238 1896 2025 2241 2516 2389 2535 2872 2720 2526 2703
6 3718 1963 2054 2277 2532 2813 3070 2966 3186 3025 2753
7 3796 2042 2139 2393 2597 2842 3126 3231 3282 3189 2927
8 3948 2600 2857 2766 2725 3143 3192 3317 3403 3899 4338
9 4398 3085 2938 3214 3582 3410 3685 4298 4622 4376 4480

10 4446 3269 3495 3738 3659 4236 4540 4492 4710 4875 4757

Table 8.6
Frequencies of free vibrations ( fnum, Hz) of a shell of variable thickness rigidly fixed at two ends,
opened along the minor semi-axis

Angle of the cutting about the major semi-axis ϕ, degreesNo. Closed
0 10 20 30 40 50 60 70 80 90

1 3955 1679 1826 2028 2264 2513 2714 2821 2833 2628 2365
2 3980 1680 1826 2030 2267 2517 2746 2877 2835 2736 2436
3 4360 2997 3201 3517 3929 4143 4125 4100 4227 3959 3904
4 4389 2997 3201 3518 3929 4181 4282 4405 4252 4533 4343
5 5538 4023 4087 4076 4082 4450 5038 5493 5773 5356 5167
6 5615 4130 4097 4155 4196 4451 5046 5557 5811 5640 5275
7 6539 4338 4650 4893 5045 5335 5588 5571 5853 5733 5391
8 6542 4561 4749 5080 5591 5781 5839 6567 6080 6540 6569
9 6573 4658 4931 5367 5961 6352 6634 6653 6661 6635 6788

10 6574 4671 4935 5370 5963 6647 6684 6727 6834 6934 6931
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Fig. 8.5 The first four fre-
quencies of free vibrations
of a non-circular cylindrical
shell of variable thickness on
the angle of cutting along the
minor semi-axis with one end
fixed

Fig. 8.6 The first four fre-
quencies of free vibrations
of a non-circular cylindrical
shell of variable thickness on
the angle of cutting along the
minor semi-axis with two ends
fixed

value of the first resonant frequency is observed at an cutting angle of 600 relative
to the minor semi-axis for the case of rigidly fixed at one end and at 700 for the case
of rigidly fixed at two ends.

For a shell fixed at two ends, with an angle of cutting of up to 400 along the
minor semi-axis, the third and fourth frequencies correspond to vibrations of free
edges, and for cutting angles of 400 and higher, vibrations along the shell contour
predominate. A comparison of the nature of the dependencies of the first resonant
frequency on the angle of cutting is shown in Fig. 8.7. The influence of the cutting

Fig. 8.7. Comparison of the nature of the dependencies of the first resonant frequency on the angle
of cutting
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angle is greater in the case of fixing two ends. The nature of the dependencies of the
resonant frequency on the angle of cutting along the major semi-axis is opposite that
along the minor semi-axis.

The first four forms of free vibrations of an open cylindrical shell of variable
thickness with different values of the cutting angle along the major or minor axis for
one or two rigidly fixed ends are shown in Figs. 8.8-8.15.

Fig. 8.8. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 00 along the major axis for one fixed ends

Fig. 8.9. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 00 along the major axis for two rigidly fixed ends

Fig. 8.10. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 00 along the minor axis for one rigidly fixed ends
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Fig. 8.11. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 00 along the minor axis for two rigidly fixed ends

Fig. 8.12. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 900 along the major axis for one rigidly fixed ends

Fig. 8.13. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 900 along the major axis for two rigidly fixed ends

Fig. 8.14. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 900 along the minor axis for one rigidly fixed ends

Fig. 8.15. The first four forms of free vibrations of an open cylindrical shell of variable thickness
with a value of the cutting angle ϕ = 900 along the minor axis for two rigidly fixed ends
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8.6 Conclusion

The resonance frequencies of free vibrations of an open cylindrical shell of an
elliptical cross section of variable thickness were calculated for different cutting
angles along the minor and major semiaxes with one and two rigidly fixed end by
the finite element method implemented using the FEMAP software package.

Numerically obtained frequencies and forms of free vibrations of the considered
shell make it possible to draw a number of conclusions:

• the first two natural frequencies of a closed non-circular cylindrical shell of
variable thickness rigidly fixed along one end are 2.2-2.3 times greater than the
corresponding frequencies of an identical shell with a cut along the major axis
and 2.1 times with an cutting along the minor axis;

• if two ends are fixed the first two natural frequencies of the closed non-circular
cylindrical shell are 1.7 times greater than the corresponding frequencies of the
non-circular cylindrical shell with a cut along the major semi-axis and 2.4 times
with an cutting along the minor semi-axis;

• the first two frequencies correspond to the symmetric and antisymmetric form of
vibrations of free edges along the cutting;

• the maximum value of the first resonant frequency is observed at an cutting angle
of 00 relative to the large semiaxis for rigid fixe at two ends and at 900 for rigid
fixed at one end;

• the maximum value of the first resonant frequency is observed for a shell with
one rigidly fixed end at an cutting angle of 600 relative to the minor axis, for fixed
at two ends at an cutting angle of 700 relative to the minor axis;

• for a shell fixed at two ends with an cutting at an angle of 300 and above relative
to the major semi-axis, the third and fourth natural frequencies correspond to
vibrations of free edges, and for cutting at angles of up to 300 vibrations along
the contour of the shell predominate;

• for a shell fixed at two ends with an cutting at an angle of up to 400 relative to the
minor semi-axis, the third and fourth frequencies correspond to vibrations of free
edges, and for an cutting at angles of 400 and above, vibrations along the shell
contour predominate;

• for a shell with one rigidly fixed end, there are discrepancies in the values of the
third and fourth frequencies up to 45% when the cutting is relative to the minor
axis and up to 13% when the cutting is relative to the major axis;

• in the case of two fixed ends, the cutting angle more evenly affects the frequency
distribution;

• the nature of the dependencies of the resonant frequency on the cutting with an
angle relative to the major semi-axis are opposite those with an angle relative to
the minor semi-axis.
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Chapter 9
Use of Quadratic Strain Interpolation Functions
in a Mixed Quadrilateral Shell Element

Friedrich Gruttmann and Werner Wagner

Abstract In this paper a robust and effective shell element for the structural analysis
of thin structures is presented. A Hu–Washizu functional with independent displace-
ments, stress resultants and shell strains is the variational basis of the theory. Based
on a previous paper an additional interpolation part with quadratic shape functions
is introduced for the independent shell strains. This leads to a significant improved
convergence behavior especially for unstructured meshes. The expanded element
formulation proves to be insensitive to mesh distortion. Another essential feature
of the quadrilateral element is the robustness in nonlinear applications with large
deformations.

Key words: Reissner–Mindlin shell theory · Hu–Washizu variational principle ·
Quadratic strain interpolation functions · High accuracy for coarse meshes · Insen-
sitivity towards mesh distortion

9.1 Introduction

Nonlinear structural analysis of thin structures requires effective and robust element
formulations. Desired properties are high accuracy when using reasonable unstruc-
tured meshes and the possibility of large solution steps.

To bypass the difficulties caused by C1–requirements of the Kirchhoff–Love
theory many of the shell models consider transverse shear deformations within a
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Reissner–Mindlin theory. Low order elements like quadrilaterals using a standard
displacement interpolation are characterized by locking phenomena and lead to
unacceptable stiff results when reasonable finite element meshes are employed. In
shells two types of locking occur: transverse shear locking in which bending modes
are excluded and nearly all energy is stored in transverse shear terms, and membrane
locking in which bending energy is restrained and energy is stored in membrane
terms.

An effective method to avoid transverse shear locking is based on assumed shear
strain fields first proposed in MacNeal (1978), and subsequently extended among
others in Hughes and Tezduyar (1981); Dvorkin and Bathe (1984). The assumed
strain method has also been applied to approximate the membrane strains, e.g. Choi
and Paik (1996); Koschnick et al (2005); Kulikov and Plotnikova (2010); Ko et al
(2017a,b); Lavrenčič and Brank (2019, 2020). The papers show that membrane
locking is relieved.

The basis for assumed strain methods are multi-field variational principles. Espe-
cially for linear elasticity the Hellinger–Reissner functional is adequate as variational
foundation for mixed interpolated elements, e.g. Sze and Chow (1991); Gruttmann
and Wagner (2005); Wiśniewski and Turska (2008). In case of a nonlinear material
law a local iteration for the determination of the physical strains is necessary. Hence,
a Hu–Washizu functional with independent displacements, stresses and strains seems
to be more appropriate, e.g. Kulikov and Plotnikova (2002); Wagner and Gruttmann
(2005); Gruttmann and Wagner (2006); Wiśniewski and Turska (2009); Wiśniewski
et al (2010); Lavrenčič and Brank (2019, 2020).Within the so-called enhanced strain
formulation the independent stresses are eliminated from the set of equations using
orthogonality conditions and a two field formulation remains (Simo and Rifai, 1990).
This approach has been successfully applied for shell problems in a multiplicity of
publications.

An important issue within the context of developing a finite shell model is the
number and type of rotation parameters on the element. Mostly general shell theo-
ries exclude explicit dependence of a rotational field about the normal to the shell
surface which leads to a five parameter model (three displacements and two local
rotations). Use of 5 degree–of–freedom frame requires construction of special co-
ordinate systems for the rotational parameters. Considering the so–called drilling
degree-of–freedom leads to a finite element discretization with six nodal parame-
ters. This has some advantages since both displacement and rotation parameters are
associated with a global coordinate frame (e.g . Gruttmann et al, 1992).

The essential features and new aspects of the present formulation are as follows:

• The nonlinear variational formulation is based on a Hu–Washizu functional with
independent displacements, stress resultants and shell strains. The associated
Euler–Lagrange equations are the static and geometric field equations, the con-
stitutive equations and the static boundary conditions. The kinematic relations
account for transverse shear deformations and are valid for finite rotations. The
strain energy is chosen as a quadratic function of the independent shell strains.
Based on our previous publication (Gruttmann and Wagner, 2006) the following
amendments are included.
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• In this paper the strain approximation ismodified. The first partwith 14 parameters
corresponds to the stress interpolation. The second part with a variable number
or parameters is expanded using quadratic shape functions. The functions of the
second part are chosen orthogonal to the constant part of the strains.

• The resulting mixed hybrid quadrilateral element fulfills the membrane and bend-
ing patch test and possesses the correct rank. The element is tested by means of
several nonlinear shell problems. It is shown that the expanded interpolation of
the shell strains with quadratic shape functions relieves membrane locking in an
effective way. It is emphasized that for pure membrane problems below presented
interpolation matrices lead to results which are to soft and thus are not applicable.

9.2 Hu–Washizu Variational Formulation

Let B be the three–dimensional Euclidean space occupied by the shell of thickness
h in the reference configuration. With ξi we denote a convected coordinate system
of the body. The coordinate in thickness direction ξ3 is bounded by h− ≤ ξ3 ≤ h+,
where h− and h+ are the coordinates of the outer surfaces. In the following the
summation convention is used for repeated indices, where Latin indices range from
1 to 3 and Greek indices range from 1 to 2. Commas denote partial differentiation
with respect to the coordinates ξα. The coordinate on the boundary Γ = Γu ∪Γσ of
the initial reference surface Ω is denoted by s.

The position vectors of the initial and current shell reference surface are denoted as
X(ξ1,ξ2) and x(ξ1,ξ2), respectively. Hence, the displacement vector of the reference
surface is defined with u = x −X. A vector field D(ξ1,ξ2) with |D(ξ1,ξ2)| = 1,
associated with the initial configuration, is introduced. The unit director d of the
current configuration is obtained by an orthogonal transformation of the initial vector
D. With x,α ·d � 0 shear deformations are accounted for within the Reissner–Mindlin
theory.

The shell is loaded statically by surface loads p̄ on Ω as well as by boundary loads
t̄ and couple loads m̄ on the boundary Γσ . The variational formulation is based on
the Hu–Washizu functional

Π (v,σσσ,εεε) =
∫
Ω

[W(εεε)+σσσT(εεεg(v)−εεε)−uTp̄]dA−
∫
Γσ

(uT t̄+ϕϕϕT m̄)ds→ stat. (9.1)

with dA = j dξ1 dξ2 and j = |X,1×X,2 |. Here, v = [u,ϕϕϕ]T contains the displacements
u and rotational parameters ϕϕϕ, as well as εεε andσσσ denote the independent shell strains
and stress resultants, respectively. We assume a strain energy density W(εεε), which
can be written as a quadratic formW(εεε)= 1

2εεε
TCεεε using the constant elasticity matrix

C. The geometric shell strains are organized in the vector

εεεg(v) = [ε11,ε22,2ε12, κ11, κ22,2κ12,γ1,γ2]T, (9.2)
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where the membrane strains εαβ , curvatures καβ and transverse shear strains γα are
derived from the Green-Lagrangean strain tensor

εαβ =
1
2
(x,α ·x,β −X,α ·X,β )

καβ =
1
2
(x,α ·d,β +x,β ·d,α−X,α ·D,β −X,β ·D,α )

γα = x,α ·d−X,α ·D .

(9.3)

The work conjugate stress resultants are integrals of the Second Piola–Kirchhoff
stress tensor

σσσ = [n11,n22,n12,m11,m22,m12,q1,q2]T (9.4)

with membrane forces nαβ = nβα, bending moments mαβ = mβα and shear forces
qα.

Introducingθθθ := [v,σσσ,εεε]T and admissible variations δθθθ := [δv,δσσσ,δεεε]T the station-
ary condition associated with functional (9.1) reads with displacement independent
loads p̄, t̄ and m̄

δΠ := g(θθθ,δθθθ) =
∫
Ω

[δεεεT(∂εεεW −σσσ)+ δσσσT(εεεg −εεε)+ δεεεTgσσσ]dA+gext = 0

gext = −
∫
Ω

δuTp̄dA−
∫
Γσ

(δuT t̄+ δϕϕϕT m̄)ds .
(9.5)

With integration by parts and application of standard arguments of variational cal-
culus one obtains the associated Euler–Lagrange equations. These are the static field
equations, the geometric field equations and the constitutive equations in Ω, as well
as the static boundary conditions on Γσ , see Wagner and Gruttmann (2005).

The associated finite element equations are iteratively solved applying Newton’s
method. For this purpose the linearization of the stationary condition (9.5) is derived
with C = ∂2εεεW as

L [g(θθθ,δθθθ), Δθθθ] := g(θθθ,δθθθ)+ Dg · Δθθθ
= gext+

∫
Ω

ΔδεεεTgσσσdA

+

∫
Ω

⎡⎢⎢⎢⎢⎢⎣
δεεεg

δσσσ

δεεε

⎤⎥⎥⎥⎥⎥⎦
T ⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎣
σσσ

εεεg −εεε
∂εεεW −σσσ

⎤⎥⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎢⎣
0 1 0
1 0 −1
0 −1 C

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣
Δεεεg

Δσσσ

Δεεε

⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ dA .

(9.6)

Finally, the geometric boundary conditions v = v̄ on Γu have to be fulfilled as
constraints.
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9.3 Finite Element Equations

The approximation of initial and current geometry of the shell reference surface
applying the isoparametric concept for 4-node elements is specified in detail in
Wagner and Gruttmann (2005); Gruttmann and Wagner (2006). Bilinear functions
NI (ξ,η) are used, where for the coordinates of the unit square −1 ≤ {ξ,η} ≤ 1 holds.
The constant orthonormal element coordinate system is denoted by [t1,t2,t3], where
t3 is normal vector of the approximated shell surface at the element center. Hence
the Jacobian matrix J follows from

J =
[

J11 J12
J21 J22

]
=

[Xh,ξ ·t1 Xh,ξ ·t2
Xh,η ·t1 Xh,η ·t2

]
.

(9.7)

The superscript h refers to the finite element approximation of the particular quantity.
Furthermore, commas denote the partial derivative with respect to ξ or η. The
matrices

T0 =

⎡⎢⎢⎢⎢⎢⎢⎣
J011 J011 J021 J021 a J011 J021
J012 J012 J022 J022 a J012 J022

b J011 J012 b J021 J022 J011 J022+ J012 J021

⎤⎥⎥⎥⎥⎥⎥⎦ T̃0 =

[
J011 J021
J012 J022

]
(9.8)

cause a transformation of contravariant tensor components to the constant element
base system ti . The entries J0αβ are the components of J evaluated at the element
center. The factors a and b are specified below. Detailed investigations on the use of
ansatz functions for contravariant stress and strain components in the framework of
a Hu–Washizu functional are contained in Wiśniewski et al (2010).

The finite element approximation of the vector δθθθh := [δεεεhg,δσσσh,δεεεh]T reads

⎡⎢⎢⎢⎢⎣
δεεεhg
δσσσh

δεεεh

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
B 0 0
0 Nσ 0
0 0 Nε

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
δv̂
δσ̂σσ
δε̂εε

⎤⎥⎥⎥⎥⎦
δθθθh = Nθ δθ̂θθ .

(9.9)

To avoid transverse shear locking, ansatz functions of the assumed strain method
(Dvorkin and Bathe, 1984) are incorporated in B. For details we refer to Gruttmann
and Wagner (2006).

The matrix Nσ for the interpolation of σσσh and δσσσh is chosen as follows

Nσ =

⎡⎢⎢⎢⎢⎣
13 0 0 Nm

σ 0 0
0 13 0 0 Nb

σ 0
0 0 12 0 0 Ns

σ

⎤⎥⎥⎥⎥⎦
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Nm
σ = Nb

σ = T0
σ

⎡⎢⎢⎢⎢⎣
η− η̄ 0
0 ξ − ξ̄
0 0

⎤⎥⎥⎥⎥⎦ Ns
σ = T̃0

σ

[
η− η̄ 0
0 ξ − ξ̄

]
,

(9.10)

where 1n denotes a unit matrix of order n. The coefficient matrices read T0
σ = T0

with a = 2 and b = 1 as well as T̃0
σ = T̃0. The constants ξ̄ and η̄ are the coordinates

of the center of gravity of the particular element. For rectangular elements holds
ξ̄ = η̄ = 0. The parameter vector δσ̂σσ contains 8 parameters for the constant part and 6
parameters for the varying part of the stress field. The interpolation of the membrane
forces and bending moments corresponds to the membrane part in Simo et al (1990).
The original approach for plane stress problems was published in Pian and Sumihara
(1984). Regarding requirements on the interpolation functions to fulfill the patch test
and to ensure stability of the discrete system of equations we refer to the discussion
in Wagner and Gruttmann (2005).

The matrix Nε for the interpolation of the independent strains εεεh = Nε ε̂εε as well
as δεεεh = Nε δε̂εε is subdivided in two parts

Nε =
[
N1

ε,N2
ε

]
, (9.11)

where ε̂εε = [ε̂εε1,ε̂εε2]T, ε̂εε1 ∈ R14,ε̂εε2 ∈ Rn. The number of parameters n of the second
part is specified below. The submatrices N1

ε and N2
ε read

N1
ε =

⎡⎢⎢⎢⎢⎣
13 0 0 Nm1

ε 0 0
0 13 0 0 Nb1

ε 0
0 0 12 0 0 Ns1

ε

⎤⎥⎥⎥⎥⎦8×14 N2
ε =

⎡⎢⎢⎢⎢⎣
j0
j T0

ε Mn

0
0

⎤⎥⎥⎥⎥⎦8×n (9.12)

with

Nm1
ε = Nb1

ε = T0
ε

⎡⎢⎢⎢⎢⎢⎣
η− η̄ 0
0 ξ − ξ̄
0 0

⎤⎥⎥⎥⎥⎥⎦ Ns1
ε = T̃0

ε

[
η− η̄ 0
0 ξ − ξ̄

]
(9.13)

as well as T0
ε = T0 with a = 1, b = 2 and T̃0

ε = T̃0. Furthermore, j0 = j(ξ = 0,η = 0)
and

Mn =

⎡⎢⎢⎢⎢⎢⎣
ξ 0 0 0 ξη 0 0 (ξ2− c)η 0 η2 ξ 0
0 η 0 0 0 ξη 0 0 (η2− c)ξ 0 ξ2 η

0 0 ξ η 0 0 ξη 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦ . (9.14)

The index n ∈ {0,2,4,6,7,9,11} has the meaning that optionally the first n columns
of Mn are taken. With n = 0 only the first part of Nε is used. The shape factor

c =
max (G11,G22)
min (G11,G22) +

|G12 |+ |G21 |
min (G11,G22) (9.15)

considers the deviation of the element form from a square in the first part and the
deviation from a rectangle in the second part. Here,



9 Use of Quadratic Strain Interpolation Functions . . . 161

G11 = X0,ξ ·X0,ξ , G22 = X0,η ·X0,η , G12 = G21 = X0,ξ ·X0,η (9.16)

denote the metric coefficients of the initial reference surface evaluated at the element
center. For a square element holds c = 1. Due to the factor j0/ j and the constant
coefficient matrix T0

ε in (9.12) the integral of all functions in N2
ε over the element

domain Ωe vanishes, thus the functions are orthogonal to the constant part of the
membrane strains. In contrast to Gruttmann andWagner (2006) also transformations
of contravariant tensor components are considered in the interpolation matrix N2

ε .
The finite element approximation of the external virtual work of p̄, t̄ and m̄ leads

to

ghext = −
numel∑
e=1

δv̂T fa .

Here, numel denotes the total number of finite shell elements to discretize the
problem and fa corresponds to the element load vector of a standard displacement
method. Furthermore, it holds∫

Ω

ΔδεεεhTg σσσhdA =
numel∑
e=1

δv̂TkgΔv̂,

where kg is specified in detail in Wagner and Gruttmann (2005).
We insert δθθθh = Nθ δθ̂θθ according to Eq. (9.9) and the corresponding equation

Δθθθh = Nθ Δθ̂θθ into the linearized variational equation (9.12), which now reads

L [g(θθθh,δθθθh), Δθθθh]=
numel∑
e=1

⎡⎢⎢⎢⎢⎣
δv̂
δσ̂σσ
δε̂εε

⎤⎥⎥⎥⎥⎦
T

e

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎣
fi − fa

fs
fe

⎤⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎣
kg GT 0
G 0 FT

0 F H

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
Δv̂
Δσ̂σσ
Δε̂εε

⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭e (9.17)

with

fi =
∫
Ωe

BTσσσh dA F = −
∫
Ωe

NT
ε Nσ dA

fs =
∫
Ωe

NT
σ εεε

h
g dA+FT ε̂εε G =

∫
Ωe

NT
σ B dA

fe =
∫
Ωe

NT
ε ∂εεεW dA+Fσ̂σσ H =

∫
Ωe

NT
ε CNε dA .

(9.18)

The integrals over an element domain Ωe of a particular element e are computed
numerically using a 2 × 2 Gauss integration scheme. With incorporation of the
quadratic functions in Eq. (9.14) a 3×3 Gauss integration is necessary.

Matrix F is expressed with (9.11)
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F = −
∫
Ωe

[
N1

ε

N2
ε

]T
NσdA =

[F1

F2

]
.

(9.19)

The last four columns with quadratic shape functions in (9.14) are not orthogonal to
column 9 and 10 of Nσ according to (9.10) and thus lead to entries in F2. They are
consistently omitted when setting F2 = 0 in F, fe and fs .

We continue with L[g(θθθh,δθθθh), Δθθθh] = 0 , where δθθθh � 0 and obtain for each
element ⎡⎢⎢⎢⎢⎣

kg GT 0
G 0 FT

0 F H

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
Δv̂
Δσ̂σσ
Δε̂εε

⎤⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎣
fi − fa

fs
fe

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
r
0
0

⎤⎥⎥⎥⎥⎦ (9.20)

where r denotes the vector of element nodal forces. Since the stress resultants and
shell strains are interpolated discontinuously across the element boundaries the
parameters Δσ̂σσ and Δε̂εε can be eliminated from the set of equations. This is done
by application of a standard Gaussian elimination procedure, see Cook et al (1989).
One obtains the tangential element stiffness matrix ke

T , the element residual vector f̂
and (9.17) reduces to

L [g(θθθh,δθθθh), Δθθθh] =
numel∑
e=1

δv̂T(ke
T Δv̂+ f̂) . (9.21)

The shell elements possess 5 or 6 degrees of freedom (dofs) at the nodes. At nodes
on intersections 6 dofs (3 global displacements and 3 global rotations) and at the
remaining nodes 5 dofs (3 global displacements and 2 local rotations) are present.
The linear element stiffness matrix possesses with six zero eigenvalues the correct
rank. The derived element formulation has been implemented in an extended version
of the general purpose finite element program FEAP (Taylor, 2020).

9.4 Examples

9.4.1 Membrane and Bending Patch Test

A rectangular plate under membrane forces and bending moments according to
MacNeal and Harder (1985) is considered. Both, membrane and bending patch test
are fulfilled for the meaningful parameters n ∈ {0,2,4,6,7,9,11} by the developed
element.
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9.4.2 Hemispherical Shell

Thefirst problem is the hemispherical shellwith an 18◦ cutout subjected to alternating
radial point loads P at its equator, shown in Fig. 9.1a. This geometrically non-linear
example is often cited as a benchmark problem for shell elements and is a test for the
ability to model rigid body modes and inextensible bending (MacNeal and Harder,
1985). Considering symmetry only one quarter of the structure corresponding to the
region ABCD in Fig. 9.1a is discretized using 8× 8 and 12× 12 uniform meshes.
Geometrical and material data are chosen with R = 10, ϕ = 18◦, thickness h = 0.04
and E = 6.825 ·107, ν = 0.3. We employ the boundary conditions uy = β = 0 on AD,
ux = β = 0 on BC and uz = 0 at a point on AB, e.g. at A. Figure 9.2 shows the
load displacement curves for the uniform meshes. The defined converged solution is
obtained using a 128× 128 uniform mesh. Results are only presented for P− uxA;
similar output can be obtained for P − uyB. In addition, Fig. 9.3 depicts results
for distorted meshes. The principal mesh distortion is described in Fig. 9.1b for a
4× 4 mesh. Here each edge is discretized using the aspect ratios L1: L2: L3: . . . :
LN = 1 : 2 : 3 : . . . : N . The 12× 12 distorted mesh is illustrated in Fig. 9.1c. As
can be seen in Figs. 9.2 and 9.3, significant improvements can be achieved along
with the quadratic terms in Eq. (9.14) (n = 11), especially for distorted meshes. For
comparison we add results from Ko et al (2017b) using the MITC4+ element.
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Fig. 9.1. Hemispherical shell: a) system and 12×12 uniform mesh, b) principal mesh distortion for
4×4 mesh, c) 12×12 distorted mesh
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Fig. 9.2. Hemispherical shell: P−uxA for the uniform 8×8 (left) and 12×12 (right) meshes

Fig. 9.3. Hemispherical shell: P−uxA for the distorted 8×8 (left) and 12×12 (right) meshes

9.4.3 Cylindrical Shell Segment

In this subsection we examine a cylindrical shell segment, e.g. Bathe et al (1984),
subjected to a uniform bending moment M = M0 · h3 along BC. The shell segment
is fully clamped at DE (Fig. 9.4). Geometrical and material data are chosen to
R = 20, L = 10, thickness h = R/10000, θ = 30◦ and E = 2.1 ·106, ν = 0.

Figure 9.5 depicts load displacement curves for point A and uniform meshes. A
128×128 uniform mesh is utilized for the defined converged solution. In addition,
Fig. 9.6 shows results for distorted meshes. Here, the principal mesh distortion is
described in Fig. 9.4b for a 4×4 mesh. Left and right edge are discretized using the
aspect ratios L1: L2: L3: . . . : LN = 1 : 2 : 3 : . . . : N . A 12× 12 distorted mesh for
the calculation is presented in Fig. 9.4c in a perspective view. Again, improvements
can be achieved for distorted meshes when using the quadratic terms in Eq. (9.14)
(n = 11). For comparison we add results from the element formulation (Lavrenčič
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Fig. 9.4. Cylindrical shell segment: a) system and 12×12 uniform mesh, b) principal mesh
distortion for 4×4 mesh, c) 12×12 distorted mesh

Fig. 9.5. Cylindrical shell segment: M0 −uxA and M0 −uz A for the uniform 12×12 mesh

and Brank, 2020) denoted as +HW. The performance of the MITC4+ element (Ko
et al, 2017b) is similar.

9.4.4 Twisted Beam

Finally, we consider the twisted beam problem shown in Fig. 9.7, originally intro-
duced in MacNeal and Harder (1985). Geometrical and material data are chosen to



166 Friedrich Gruttmann and Werner Wagner

Fig. 9.6. Cylindrical shell segment: M0 −uxA and M0 −uz A for the distorted 12×12 mesh

Fig. 9.7 Twisted beam: sys-
tem and 4×24 uniform mesh

L

P

Z

XY

bA

L = 12, b = 1.1, thickness h = 0.0032 and E = 29 · 106, ν = 0.22, respectively. The
cantilever beam is clamped at one end and is loaded by an out-of-plane acting load P
at point A. A regular 4×24 mesh is selected for the solution. Figure 9.8 depicts the
convergence behavior of the displacements of point A for different parameters n and
results using the MITC4+ element (Ko et al, 2017b). Furthermore mesh distortion is
investigated. The first distorted mesh is shown in Fig. 9.9a together with a flat projec-
tion in Fig. 9.9b, both in a perspective view. A ratio Lmax/Lmin = 2 is chosen, where
Lmax and Lmin denote the longest and shortest element length in the flat projection,
respectively. Figure 9.10 depicts the resulting load displacement curves of point A.
In both cases we define a converged solution by employing a 32×192 uniform mesh.
Very good results can be seen, even for n = 0. In addition we investigate a second
distorted mesh, where the distortion is introduced in the opposite direction, see Fig.
9.11. Now, Fig. 9.12 illustrates the load displacement curves of point A with respect
to the choice of n. Again, the quadratic terms in Eq. (9.14) (n = 11) are necessary to
produce accurate results. The associated convergence behavior of displacement uyA
for the second distorted mesh versus the number of elements N in width direction is
presented in Fig. 9.13. It is obvious that n = 11 leads to a significant improvement
of the element behavior.
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Fig. 9.8. Twisted beam: P−uz A and P−uyA for the regular 4×24 mesh

a) b)

Fig. 9.9. Twisted beam: distorted 4×24 mesh 1, a) perspective view, b) perspective view of the flat
projection

Fig. 9.10. Twisted beam: P−uz A and P−uyA for the distorted 4×24 mesh 1
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Fig. 9.11 Twisted beam:
distorted 4× 24 mesh 2, a)
perspective view, b) perspec-
tive view of the flat projection

a) b)

Fig. 9.12. Twisted beam: P−uz A and P−uyA for the distorted 4×24 mesh 2

Fig. 9.13 Twisted beam:
uyA - N for distorted mesh 2

9.5 Conclusions

Based on a previous paper on a mixed hybrid quadrilateral shell element the interpo-
lation matrix for the membrane strains are expanded by quadratic shape functions.
Thereby membrane locking can be significantly relieved. The shape factor c ac-
cording to Eq. (9.15) has been chosen by numerical tests. The new terms lead to
a considerable improvement of the approximation behavior especially when the



9 Use of Quadratic Strain Interpolation Functions . . . 169

element form deviates from a square or for distorted elements. Further systematic in-
vestigations using the proposed ansatz, like eigenvalue computations of the element
stiffness matrix, should be topic of future research. For pure membrane problems
the interpolation matrix leads to results which are to soft and thus is not applicable
in the presented form. A well-known feature of present element formulation is the
remarkable robustness in nonlinear applications. It allows very large load steps in
comparison to element formulations based on the displacement method.
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Chapter 10
Development of a Method for Determining One
of the Additional Elastic Moduli of Curvilinear
Rods

Elena A. Ivanova and Valentina A. Timoshenko

Abstract In this paper we suggest a method for determining one of the additional
elastic moduli in curvilinear rod theory. The method is based on the comparison
of the analytical solution of the problem of static curvilinear rod bending with the
numerical solution of the corresponding 3D problem. The method can be used for
rods with any section shape and any microstructure.

Key words: Curvilinear rods · Thin-walled structures · Elastic moduli · Numerical
experiment

10.1 Introduction

The rod model has been known for a long time and is widely used in engeneering
analysis. However, there are still a lot of unsolved problems in the rod theory. An
overview of investigations in modern rod theory can be found in Ghuku and Saha
(2017). The research of statics, dynamics and stability of curvilinear rods is one
of the most significant research directions (Ghuku and Saha, 2016; Satō, 1959;
Tarn and Tseng, 2012; Sugiyama et al, 2006; Shiva Shankar and Vijayarangan, 2006;
Gummadi and Palazotto, 1998; Erkmen and Bradford, 2009; Pippard, 1990; François
et al, 2010). It is well known that two approaches are used for the formulation of
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the rod theory equations. They are the asymptotic one Berdichevskii (1981); Rubin
(2000); Tiba and Vodak (2005); Meunier (2008); Jurak and Tambača (2001) and the
direct one Svetlitsky (2000, 2005); Zhilin (2006, 2007); Altenbach et al (2006, 2012,
2013). If we consider the asymptotic approach, the formulae for the elastic moduli
are obtained during the formulation of the basic equations, and this is an advantage
of the approach. On the other hand, it is evident that if the rod has a complex
configuration or complex internal structure, the use of mentioned approach becomes
quite problematic. For the direct approach, the complexity of the configuration and
internal structure do not influence the formulation of the basic equations, but in
this case the determination of the elastic moduli becomes the separate research. A
method for determining the elasticmoduli and in the simpliest cases the elasticmoduli
themselves are well known for straight rods. The situation is completely different
with curvilinear rods. In addition to those elastic moduli that straight rods have, there
are several additional elastic moduli in curvilinear rod theory Zhilin (2006, 2007);
Altenbach et al (2006, 2012, 2013). The additional moduli can be neglected if the
rod is thin enough. But the additional elastic moduli can be important in the case of
thick rods. Consequently, the development of a method for their determination is an
important problem. In this paper we suggest the method for determining one of the
additional elastic moduli of curvilinear rods.

10.2 Basic Equations of the Linear Theory of Curvilinear Rods

In this section we consider the basic equations of the linear theory of curvilinear
rods, which has been suggested in Zhilin (2006, 2007) and further developed in
Altenbach et al (2006, 2012, 2013). The model of the curvilinear rod is the directed
curve. Reference configuration is defined by the position vector r(s), where s is the
coordinate along the curve. Further we consider two triples: natural triple t, n, b
and additional triple d1, d2, d3. Vectors t, n and b are the unit vectors of tangent,
normal and binormal respectively. The triple of mutually perpendicular unit vectors
d1, d2, d3 associated with the cross-section of the rod. Vector d3 coincides with the
direction of targent vector t, and vectors d1, d2 are placed in the cross-section plane
(see Fig. 10.1).

In the linear theory the motion equations are

T′+ ρ0f = ρ0 
K1, M′+ t×T+ ρ0m = ρ0 
K2. (10.1)

Fig. 10.1 The directed curve
and position of the triple
vectors in the cross-section

d1
d3

d2

b
d1

n

a
α

d2
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Here the prime represents the derivative with respect to the spatial coordinate, the
dot represents the time derivative, T and M are the force and the moment in the
cross-section, ρ0 is the linear density of mass in the reference configuration, f and
m are the external force and the external moment per unit mass, K1 and K2 are the
linear momentum vector and the angular momentum vector per unit mass.

The kinetic energy per unit mass is

K = 1
2

v ·v+v ·Θ1 ·ω+ 1
2
ω ·Θ2 ·ω, (10.2)

where v is the velocity vector, ω is the angular velocity vector, Θ1 and Θ2 are the
inertia tensors per unitmass. The tensorsΘ1 andΘ2 are time independent in the linear
theory, but can be dependent on the spartial coordinate. The linear momentum vector
and the angular momentum vector per unit mass are defined as partial derivatives
of the kinetic energy per unit mass with respect to the velocity and angular velocity
vectors respectively:

K1 =
∂K
∂v = v+Θ1 ·ω, K2 =

∂K
∂ω
= v ·Θ1+Θ2 ·ω. (10.3)

The linear density of mass ρ0 and the inertia tensors per unit length ρ0Θ1, ρ0Θ2
are

ρ0 =

∫
(F)

ρ(3)μdF , ρ0Θ1 = −E×
∫
(F)

ρ(3)a μdF , ρ0Θ2 =

∫
(F)

ρ(3)
(
a ·aE−aa

)
μdF ,

(10.4)
with

μ = 1+
1

Rc
n ·a.

Here ρ(3) is the mass density per unit volume, F is a cross-section area, E is the unit
tensor, Rc is the radius of curvature, a is a vector, which connects the centre and
some point of the cross-section (see Fig. 10.1).

The internal energy is the quadratic form of the deformation vectors in the linear
theory:

ρ0U = 1
2
E ·A ·E+E ·B ·Φ+ 1

2
Φ ·C ·Φ. (10.5)

Here U is the internal energy per unit mass, E is the vector of extension-shear
deformation, Φ is the vector of bending-twisting deformation, A, B, C are the
elasticity tensors. Tensor A is responsible for extension and transverse shear, tensor
C is responsible for bending and twisting, tensorB characterizes themutual influence
of the extension-shear deformations and the bending-twisting deformations. If we
consider the straight rod and the natural twisting is absent, the tensor B is equal
to zero. The tensors A, B, C are time independent in the linear theory, but can be
dependent on spartial coordinate. The deformation vectors are

E = u′+ t×ψ, Φ = ψ ′, (10.6)
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whereu is the displacement vector,ψ is the rotation vector. The constitutive equations
have the form

T = ∂(ρ0U)
∂E = A ·E+B ·Φ, M = ∂(ρ0U)

∂Φ
= E ·B+C ·Φ. (10.7)

The elasticity tensors have the following structure for curvilinear rods without the
natural twisting:

A = A1d1d1+ A2d2d2+ A3d3d3,

C = C1d1d1+C2d2d2+C3d3d3,

B = 1
Rc

[
(B23d2d3+B32d3d2)cosα+ (B13d1d3+B31d3d1)sinα

]
+

1
Rt
(B1d1d1+B2d2d2+B3d3d3),

(10.8)

where Rt is the radius of torsion, α is an angle between the vectors d1, d2 and the
vectors n, b (see Fig. 10.1). Other scalar coefficients in Eq. (10.8) represent the
elastic moduli. The elastic moduli Ak and Ck are determined during the experiments
with straight rods. The elastic moduli Bi j can be determined during the experiments
with plane curvilinear rods. The elastic moduli Bk can be determined during the
experiments with spatially curved rods.

We need formulae relating the characteristics of stress-strain state of the rod
and the three-dimensional body for interpretation of the data from physical and
numerical experiments. In the linear theory the force and moment vectors in the
cross-section of the rod are the integral characteristics of stress in cross-section of
the three-dimensional body. The corresponding formulae are generally accepted.
Different authors determine the relationships between the kinematic characteristics
differently. In considered theory for comparison of the kinematic characteristics we
use the assumption that the linear momentum vector and the angular momentum
vector of the rod and the three-dimensional body must be the same. The mentioned
relationships are easily integrated over time, as a result we get the relationship
between the displacement vector, the rotation vector and the integral characteristics
of the displacement vector of three-dimensional body. This way we get the following
relationships:

T =
∫
(F)

t ·τ dF , M =
∫
(F)

a×(t ·τ)dF ,

ρ0 (u+Θ1 ·ψ) =
∫
(F)

ρ(3)u(3) μdF , (10.9)

ρ0 (u ·Θ1+Θ2 ·ψ) =
∫
(F)

ρ(3)a×u(3) μdF .
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Here τ is the stress tensor, u(3) is the displacement vector in the 3D-theory. Eq. (10.9)
form the method of the numerical experiment.

10.3 Formulation and Solution of the Model Problem

The aim of this research is to formulate the model problem, which solution provides
the opportunity of determination of the elastic modulus B32. In this section we
discuss the formulation and numerical solution of the model problem within the rod
theory, the formulation of the corresponding problem within the 3D-theory and the
relationships that allow us to compare the solutions of mentioned problems.

We consider the plane curvilinear rod, which has a form of 3/4 of the circle with
the radius R. We also assume that the principal axes of inertia of the cross-section
coincide with the vectors of the natural triple. This way α = 0, Rt =∞. It is obviously
that the use of cylindrical coordinate system r , θ, z (see Fig. 10.2) is convenient for
the model problem. The following relationships occur:

s = rθ, d1 = n = −er , d2 = b = k, d3 = t = eθ, Rc = −R. (10.10)

We consider the static deformation of the rod. One end of the rod is rigidly fixed
and another end is loaded only by the moment, which deforms the rod without taking
it out the plane. External forces and moments distributed along the length of the rod
are absent. In the rod theory we formulate this problem as

T′ = 0, M′+ t×T = 0, E = u′+ t×ψ, Φ = ψ ′,
T = A ·E+B ·Φ, M = E ·B+C ·Φ, (10.11)
u|s=0 = 0, ψ |s=0 = 0, T|s=0 = 0, M|s=l = M0k,

where M0 is the external moment. Taking into account the structure of the tensors
from Eq. (10.8), we obtain the solution of Eq. (10.11):

u = unn+ut t, ψ = ψbb, (10.12)

where

Fig. 10.2 The natural triple
and the cylindrical coordinate
system

eθ er
k

s = 0
θ

s = l

t
n b
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un = M0R2

(
C2−

B2
32

R2A3

)−1 (
1− B32

R2A3

) (
1− cos s

R

)
,

ut = M0R2

(
C2−

B2
32

R2A3

)−1 (
s
R
−
(
1− B32

R2A3

)
sin

s
R

)
, (10.13)

ψb = M0s

(
C2−

B2
32

R2A3

)−1
.

From Eqs. (10.12), (10.13), it follows that the rod is deformed in the plane and the
solution depends on three elastic moduli. These moduli are the extension elastic
modulus A3, the bending elastic modulus C2 and the additional elastic modulus B32.
It is important that the solution of the model problem depends on only one unknown
elactic modudus. If the elastic modulus B32 = 0, Eq. (10.13) simplifies and has the
form

uc
n =

M0R2

C2

(
1− cos s

R

)
,

uc
t =

M0R2

C2

( s
R
− sin s

R

)
,

ψc
b
=

M0s
C2

.

(10.14)

Comparison of the solutions of Eqs. (10.13) and (10.14) shows that the elastic
modulus B32 has an effect on the solution of the problem and also provides the effect
of the elastic modulus A3.

Figure 10.3 illustrates the formulation of the corresponding problem in 3D-theory.
We consider the body, which is 3/4 of the hollow cylinder. The height of the cylinder
is b, the difference between the internal and external raduii is a, the radius of the
midline, i.e. the line passing through the centres of the sections, is equal to the
radius R of the rod. The surface of the cylinder θ = 0 is rigidly fixed. There is a
distributed load on the surface θ = 3π/2, which causes the resultant force equal to
zero and the resultant moment M0. The other cylinder surfaces are free. As a result

s = 0

M0

d1

d2

x

y

b/2

a/2−a/2

−b/2

a

Fig. 10.3. Boundary conditions and the local coordinate system in the cross-section
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of numerical solution we determine the displacement field u(3) in the cylindrical
coordinate system:

u(3) = u(3)r er +u(3)θ eθ +u(3)z k. (10.15)

Taking into account Eqs. (10.4), (10.9) and writing vector a (see Fig. 10.3) as

a = xd1+ yd2, (10.16)

we get the following integral relationships between the components of the displace-
ment and rotation vectors in the rod theory and the components of the displacement
vector in the 3D-theory

un = − 1
ab

a
2∫

− a
2

b
2∫

− b
2

u(3)r
(
1− x

R

)
dxdy,

ut =
1

ab

(
1− a2

12R2

)−1 a
2∫

− a
2

b
2∫

− b
2

u(3)θ

(
1− x2

R2

)
dxdy, (10.17)

ψb = − 1
abR

(
1− a2

12R2

)−1 a
2∫

− a
2

b
2∫

− b
2

u(3)θ

(
1+

12Rx
a2

) (
1− x

R

)
dxdy.

Thus, if we get the numerical solution of the 3D-problem, we can calculate
components un, ut and ψb in current cross-section of the rod using Eq. (10.17).
After their substitution into Eq. (10.13), we get three expessions for determining the
elastic modulus B32. From the theoretical point of view the value of the modulus
B32 should be independent of the choice of the expression. This value also should
be independent of the cross-section position. However, the elastic modulus B32
depends on the position of the cross-section and the chosen equation in fact. It is
the reason why the choice of the method for determining the elastic modulus B32 is
very important. We choose the method with respect to the less dependency on the
cross-section position.

10.4 Method for Determining the Elastic Modulus B32

In this section we consider three methods for determining the elastic modulus B32.
For better presentation of the difference between the methods for determining the
elastic modulus we perform the calculations for the body, which is not very similar
to the rod. This body has the radius of the midline R = 0,5 m, its cross-section is
the square with the sides length a = b = 0,2 m. We choose the steel with Young’s
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modulus E = 2 ·1011 N/m2 and Poisson’s ratio ν = 0.33 as a material. For the chosen
body:

A3 = Ea2 = 8 ·109 N, A3R2 = 2 ·109 Nm2, C2 =
Ea2

12
= 2.67 ·107 N. (10.18)

In this section and further all values of the elastic moduli are in the SI. The
externalmoment equals M0 = 150000N·m.The calculations are donewith a software
application ABAQUS. We use cubic finite element with the side length 0,005 m.
The investigation of the convergence shows that the numerical solution converges
even for coarse mesh. Decrease of the mesh element length increases the accuracy
of the calculations of the integrals from Eq. (10.17). We use the displacements and
rotation angles from Eq. (10.17) in three cross-sections θ = 3π/4, θ = π, θ = 5π/4 (it
also is necessary to consider the cross-section θ = π/2 for one calculation series) for
determining the elastic modulus B32. The choice of the cross-sections is explained
by the fact that their positions are quite far from each other and the boundaries (see
Fig. 10.4).

• The first method uses the coefficient(
C2−

B2
32

R2A3

)−1 (
1− B32

R2A3

)
.

According to Eq. (10.13), there are two ways to calculate the mentioned coeffi-
cient. The first one uses the value of the component un in the cross-section s∗
as (

C2−
B2
32

R2A3

)−1 (
1− B32

R2A3

)
=

un(s∗)
M0R2(1− cos(s∗/R))

(10.19)

and the second one uses the value of the difference ut −Rψb in the cross-section
s∗ as

Fig. 10.4 The position and an-
gles of chosen cross-sections

θ = π
2

θ = 3π
4

θ = π

θ = 5π
4
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C2−

B2
32

R2A3

)−1 (
1− B32

R2A3

)
=

Rψb(s∗)−ut (s∗)
M0R2 sin(s∗/R)

. (10.20)

The calculation results are presented in Table 10.1. Obviously we cannot calculate
the coefficient using the values ut − Rψb , but the way of calculation using the
values of the component un is highly accurate. However, solving Eq. (10.19)
we obtain complex values of the modulus B32, the imaginary parts of which are
comparable to the real parts. It means that this method of determining the elastic
modulus B32 is unacceptable.

• The second method supposes the use of the coefficient(
C2−

B2
32

R2A3

)−1
.

According to Eq. (10.13), this coefficient can be calculated in three ways. The
first one uses the value of the component ψb in the cross-section s∗ as(

C2−
B2
32

R2A3

)−1
=
ψb(s∗)
M0Rs∗

, (10.21)

the second one uses the value of the component ut in the cross-section with
s∗ = πR as (

C2−
B2
32

R2A3

)−1
=

ut (s∗)
M0R2s∗

, (10.22)

and the third one uses the value of the sum un+ut in the cross-section s∗ = πR/2,
i.e. the cross-section, where

1− cos s
R
= sin

s
R
,

as

Table 10.1

Coefficient values

(
C2 −

B2
32

R2A3

)−1 (
1− B32

R2A3

)
Cross-section Using un Error, using un Using ut −Rψb Error, using ut −Rψb

3π/4 3, 67 ·10−8 0, 90% 4, 8 ·10−8 52, 84%
π 3, 65 ·10−8 0, 41% - -

5π/4 3, 59 ·10−8 1, 31% 1, 48 ·10−8 52, 84%
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C2−

B2
32

R2A3

)−1
=

un(s∗)+ut (s∗)
M0Rs∗

. (10.23)

The calculation results are presented in Table 10.2. It is evident that the way
based on the use of the values of the component ψb is highly accurate. The value
calculated using the sum un + ut corresponds the general tend to decreasing of
the value as the cross-section gets closer to the fixed end. The coefficient value
calculated using the component ut is smaller than other values, and we suppose
it to be questionable.
From the theoretical point of view the elastic modulus B32 can be positive or
negative. It is clear that the suggested method allows us to determine the absolute
value of modulus B32. In Table 10.3 we present positive values of the modulus
B32. An analysis of the results shows that the method for determining the elastic
modulus B32 using Eq. (10.21) allows us to obtain the values, which slightly
depend on the choice of the cross-section. Thus this method is acceptable. It has
the only disadvantage that we cannot determine the sign of the elastic modulus
B32.

• The third method uses the values of the coefficient(
1− B32

R2A3

)
.

According to Eq. (10.13), we can calculate this coefficient in three ways. The first
one consists in the use of the ratio un/ut in the cross-section s∗ as

Table 10.2

Coefficient values

(
C2 −

B2
32

R2A3

)−1
Cross-section Using un +ut Using ut Using ψb Error, using ψb

π/2 3, 91 ·10−8 - - -
3π/4 - - 4, 08 ·10−8 1, 18%
π - 3, 76 ·10−8 4, 14 ·10−8 0, 18%

5π/4 - - 4, 17 ·10−8 1, 00%

Table 10.3

The elastic modulus B32 calculated using

(
C2 −

B2
32

R2A3

)−1
Cross-section Using un +ut Using ut Using ψb Error, using ψb

π/2 4, 67 ·107 - - -
3π/4 - - 6, 56 ·107 5, 99%
π - 1, 19 ·107 7, 05 ·107 1, 04%

5π/4 - - 7, 32 ·107 4, 95%
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1− B32

R2A3
=

un(s∗) s∗
R
[
ut (s∗)(1− cos(s∗/R))+un(s∗)sin(s∗/R)

] , (10.24)

the second one consists in the use of the ratio un/ψb in the cross-section s∗ as

1− B32

R2A3
=

un(s∗) s∗
R2ψb(s∗)

[
1− cos(s∗/R)

] (10.25)

and the third one consists in the use of the ratio ut/ψb in the cross-section s∗ as

1− B32

R2A3
=

[
Rψb(s∗)−ut (s∗)

]
s∗

R2ψb(s∗)sin(s∗/R)
. (10.26)

The calculation results are presented in Table 10.4. It is evident that the way based
on the use of the ratio ut/ψb is unacceptable at all. Others demonstrate the same
dependency of the cross-section choice, but give different average values of the
coefficient.
The results of calculation of the elastic modulus are presented in Table 10.5. An
analysis of the results shows the noticeable difference between the values of the
modulus B32 calculated using the ratio un/ut and the values calculated using the
ratio un/ψb . The substitution of the average values into the coefficient(

C2−
B2
32

R2A3

)−1

Table 10.4
Coefficient values

(
1− B32

R2A3

)
Cross-section Using un/ut Error, using un/ut Using un/ψb Error, using un/ψb Using ut/ψb

3π/4 0, 981 1, 54% 0, 899 2, 02% 1, 18
π 0, 970 0, 47% 0, 883 0, 21% -

5π/4 0, 946 2, 01% 0, 860 2, 31% 0, 36

Table 10.5
The elastic modulus B32, calculated using

(
1− B32

R2A3

)
Cross-section Using un/ut Error, using un/ut Using un/ψb Error, using un/ψb

3π/4 3, 85 ·107 43, 6% 2, 02 ·108 15, 44%
π 5, 91 ·107 13, 4% 2, 35 ·108 1, 58%

5π/4 10, 7 ·107 56, 9% 2, 79 ·108 17, 02%



182 Elena A. Ivanova and Valentina A. Timoshenko

shows that this expression is positive if the modulus B32 is calculated using the
ratio un/ut , and the expression is negative if we substitute the values calculated
using the ratio un/ψb . Consequently, the way of determining the modulus B32
using the ratio un/ψb is unacceptable.

Thus the only method for determining the sign of the elastic modulus consists in
determining this modulus using the ratio un/ut . From Table. 10.5 we see that this
way gives the values dependent on the cross-section choice. However, the average
value B32=6,82 is close to the average value B32 = 6,98 which is calculated
using the components ψb . The relative difference between them is equal to 2,32%.

10.5 Discussion

As a result of our study we conclude that considered model problem can be used
for determining the elastic modulus B32 by the numerical experiment. The best of
considered methods for determining this modulus is the method which uses Eq.
(10.21). We can also use the method based on Eq. (10.24) for additional verification
and determining the sign of modulus B32.

In Zhilin (2007) the author considers the method for determining the elastic
modulus B32, based on the solution of a problem of the deformation of a closed
circular rod under the action of a uniformly distributed radial load. The balance
equations have the form

T′+ f n = 0, M′+ t×T = 0. (10.27)

Due to axial symmetry the solution has the following structure:

u = unn, ψ = 0,

E = Et t, Φ = 0,

T = A3Et t, M = B32
Rc
Etb.

(10.28)

This model problem is interesting with the fact that the corresponding 3D-problem
allows to find the analytical solution in the case if the height of the cylinder is small
enough to allow us to consider the stress-strain state to be plane. The conparison of
the 1D-problem solution and the 3D-problem solution leads to the simple formula
B32 = C2.

The calculated above value of B32 coincides with B32 = C2 in an order of magni-
tude. However, the calculated value is about 2,5 times higher. Taking into account
the specifics of the model problem considered in Zhilin (2007) and the fact that
three-dimensional body used in our study is not very similar to the rod, we can
consider the coincidence of the results as quite good.

7. 10 7. 10
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The developed method can be used for determining the elastic modulus B32 in
the case of curvilinear rods, which have different shapes of the cross-section and the
arbitrarily complex internal structure.
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Satō K (1959) Large deflection of a circular cantilever beam with uniformly dis-
tributed load. Ingenieur-Archiv 27(3):195 – 200



184 Elena A. Ivanova and Valentina A. Timoshenko

Shiva Shankar GS, Vijayarangan S (2006) Mono composite leaf spring for
light weight vehicle–design, end joint analysis and testing. Materials Science
12(3):220–225

Sugiyama H, Shabana AA, Omar MA, Loh WY (2006) Development of nonlinear
elastic leaf spring model for multibody vehicle systems. Computer Methods in
Applied Mechanics and Engineering 195(50):6925 – 6941

Svetlitsky VA (2000) Statics of Rods. Foundations of Engineering Mechanics,
Springer, Berlin-Heidelberg

Svetlitsky VA (2005) Dynamics of Rods. Foundations of Engineering Mechanics,
Springer, Berlin-Heidelberg

Tarn JQ, Tseng WD (2012) Exact analysis of curved beams and arches with arbi-
trary end conditions: A Hamiltonian state space approach. Journal of Elasticity
107(1):39–63

Tiba D, Vodak R (2005) A general asymptotic model for Lipschitzian curved rods.
Advances in Mathematical Sciences and Applications 15:137–198

Zhilin PA (2006) Nonlinear theory of thin rods. In: Indeitsev DA, Ivanova EA,
Krivtsov AM (eds) Advanced Problems in Mechanics, Instit. Problems Mech.
Eng. R.A.S. Publ, St. Petersburg, vol 2, pp 227–249

Zhilin PA (2007) Applied Mechanics. Theory of Thin Elastic Rods (in Russ.). Po-
litekhn. Univ. Publ., St. Petersburg



Chapter 11
Beam Dynamics Using a Generalized Beam
Theory Based on the Solution of a Reference
Beam Problem

Stephan Kugler, Peter A. Fotiu, and Justin Murín

Abstract Mechanical properties of slender, prismatic structures are typically an-
alyzed based on classical beam mechanics (Timoshenko’s shear force bending,
Vlasov’s theory of warping torsion, . . . ). There it is assumed that the cross-section
remains rigid in its projection plane and in-plane distortional deformations of the
cross-section are neglected. Such a model is predictive in case of static gradually
distributed loading, and solid cross-sections, however, in case of thin-walled cross-
sections and dynamic loading severe deviationsmight occur. Therefore, a generalized
beam theory is proposed, where warping fields and accompanied distortional fields
of the cross-section are axially distributed each based on one generalized degree of
freedom. The evaluation of pairs of warping and distortional fields in ascending order
of importance is performed using a specific reference beam problem (RBP), where
three-dimensional elasticity theory is applied in connection with semi-analytical
finite elements (SAFE). Convergence of the resulting formulation is ensured by in-
creasing the number of contributing pairs of warping and distortional fields. The
resulting formulation yields significantly better results compared to classical beam
mechanics especially in the dynamic regime.

Key words: Generalized beam theory · Reference beam problem · Torsion-
distortion-coupling ·Warping · Functionally graded material
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11.1 Introduction, Motivation and State of the Art

Classical beam mechanics (CBM) is frequently applied in engineering practice to
analyze the mechanical properties of slender structures. The main advantages of
CBMarewithout any claim to completeness the small number of degrees of freedom,
a decoupled analysis of different load cases (axial, shear force bending and warping
torsion), less modeling time due to simple modeling of supports and junctions and
the possibility of analytic analyses in connection with parametric results without
the construction of multiple models. Specific homogenization procedures allow the
application of CBM even in case of composite or functionally graded material beam
structures (see e.g.Murin et al, 2016). However, the gain of these advantages requires
the following specific assumptions whose validity depends mostly on the slenderness
of the structure and on the cross-sectional shape:

• Rigid cross-section: CBM assumes that the cross-section moves rigidly in space
based on three displacement and three rotational degrees of freedom. If transverse
shear is included shear correction factors have to be established which account
for the mismatch between true non-linear shear strains and constant assumed
strains, i.e. any warping due to shear is smoothed in Timoshenko’s theory. The
hypotheses of a rigid cross-section has to be weakened in case of non-uniform
warping torsion, where out of plane warping deformations have to be included.
This typically causes an additional degree of freedom in the beam model. In
Vlasov’s theory of torsion (Vlasov, 1961) the axial displacements in the shaft are
related to a warping functionω(y,z) depending on the cross-sectional coordinates
times the twist ϕ′x(x). The introduction of a dependent additional degree of
freedom seems to be artificial and can be weakened according to a theory due
to Benscoter (1954), where warping is described by an independent degree of
freedom F(x)1. After all, the hypothesis of a rigid cross-section is responsible for
the small number of degrees of freedom and the efficiency of CBM.

• Decoupling of different load cases: Axial, transverse and torsional load cases
can be typically analyzed in a decoupled manner if they refer to beam coordinate
systems originated at specific locations of the cross-section. It is well known that
axial and transverse load cases will decouple if the origin of the coordinate system
is located at the centroid of a homogeneous cross-section.
A decoupled analyses of transverse loading with respect to two specific transverse
directions is somewhat questionable: There, it is typically assumed that the cross-
section has principal directions which are related to the bending stiffness tensor.
Such an assumption, however, requires that a tensor of transverse shear stiffnesses
(with shear correction factors included) has the same principal axis, which is not
true in an arbitrary unsymmetrical case. In an example of Sect. 11.4.1 it is shown
that a single cantilever with unsymmetrical cross-section loaded by an end force
directed into a principal direction of the bending stiffness tensor, exhibits side-

1 Modern applications of a Benscoter related theory of torsion are discussed in recent proceedings
by Kugler et al (2018b, 2019) which indicate slightly more accuracy compared to Vlasov and
improvements regarding the corresponding finite element equations.
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way deflections transversely to the load direction. This effect, which decreases
with increasing slenderness, has been reported by Schramm et al (1994) and
is discussed in Dong et al (2013) (note the corrigendium Dong et al, 2015). A
suitable finite beam element formulation is proposed by Pilkey et al (1995). In
most applications these side-way deflections are small and can be neglected for
the sake of efficiency. Then, shear correction factors have to be evaluated with
respect to the principal directions of the bending stiffness tensor (see e.g. Kugler
et al, 2018a).
A decoupling of transverse and torsional loading requires the origin of the beam’s
coordinate system to be located at the shear center. This location is typically
assumed to be congruent with the drill center, i.e. the pivot point of in-plane rigid
body rotation due to torsion, see e.g. Barretta (2012), where it is proved that the
shear center coincides with the St. Venant drill center. However, the definition
of the shear center is not unique, see Schmidrathner (2019), where between the
kinematic shear center and the energetic shear center is distinguished. Torsional
and flexural vibrations always couple, except when the cross-section has two
orthogonal axes of symmetry (i.e. drill-center and centroid are congruent). This
well known fact (see e.g. Weaver et al, 1990) is shown in Subsect. 11.4.3, where
resonance curves of a shaft with an unsymmetrical cross-section are calculated.
The results show a slight amplification of the torsional angle at eigenfrequencies
of a bending mode.

Clearly, CBM requires stiffness quantities which are typically evaluated by cross-
sectional integration. For axial and bending stiffnesses this integration can be carried
out analytically. However, in an arbitrary case quantities like transverse shear stiff-
nesses and stiffness quantities for non-uniformwarping torsion can only be evaluated
numerically based on a discretized cross-section2. The definition of transverse shear
stiffnesses requires the knowledge of transverse shear stresses due to shear forces,
which cannot be given analytically in an arbitrary case (see e.g. Gruttmann and
Wagner, 2001, for a corresponding procedure). The evaluation of torsion stiffnesses
requires a warping function ω(y,z) which is the solution of a Laplace equation
�ω = ω,yy +ω,zz = 0, which cannot be solved analytically in an arbitrary case.
Therefore, any new formulations based on discretized cross-sections will not add a
substantial amount of complexity.

Deficiencies of CBM are typically reported in case of buckling problems of
short members in connection with thin-walled cross-sections (see e.g. Sapountzakis
and Argyridi, 2018, and the references therein). In order to motivate our following
approach, we consider the torsional resonance curves of a prismatic shaft with a
homogeneous rectangular box type cross-section (see Subsect. 11.4.2, Fig. 11.10):
Fig. 11.1 displays considerable discrepancies between continuum models and CBM
formulations (Vlasov’s or Benscoter’s theory of warping torsion, Kugler et al, 2018b,
2019). Even though the shaft seems to be slender (length to height ratio of ten) CBM

2 In Kugler et al (2018a,b) a new numerical approach for the evaluation of these quantities is
proposed, which is based on the solution of a reference beam problem and, therefore, is physically
interpretable and easy to understand.
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Fig. 11.1. Resonance curve of problem Fig. 11.10. Comparison of FEM solutions and torsion
theories

reproduces only the first resonance spike accurately, whereas the higher frequency
spectrum does not come close to FEM results (Fig. 11.1).

The major limitations of CBM are due to the neglection of in-plane distortions
which is also indicated by observing the first two relevant mode shapes of the
problem (Fig. 11.2). The inclusion of in-plane distortions necessitates higher order

Fig. 11.2. Two mode shapes of continuum model
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beam theories or generalized beam theories (GBT)3. A comprehensively written
paper discussing the state of the art in GBT is due to Sapountzakis and Argyridi
(2018). There, it is pointed out that the majority of research focused on thin-walled
profiles with pronounced distortion and warping. Schardt (1989) introduces GBT to
the analysis of linear static and buckling problems of thin-walled open cross-sections
which are assumed to be unbranched. A generalization to branched profiles or closed
sections leads to much more involved formulations (e.g. Dinis et al, 2006; Goncalves
et al, 2009).

After all, GBT is a two-step algorithm consisting of a cross-sectional analysis
defining warping and distortional fields, followed by amember analysis, where those
deformation fields are weighted axially along the beam. According to Sapountza-
kis and Argyridi (2018) most approaches in that field perform the cross-sectional
analysis in two stages, first defining the warping modes and then the distortional
modes found from Vlasov’s zero shear stress conditions. Ranzi and Luongo (2011)
propose a reversed procedure starting with an eigenvalue decomposition of a pla-
nar discretized cross-section, where the eigenvectors define the distortional fields.
Then, the warping modes are evaluated from conditions enforced on the shear strain.
Warping and distortional fields are found simultaneously in Genoese et al (2014)
where an eigenvalue cross-sectional problem is developed. Finally, Dikaros and
Sapountzakis (2017); Argyridi and Sapountzakis (2018, 2019) developed a very ad-
vanced beam formulation based on a so-called sequential equilibrium scheme where
within the cross-sectional analysis the boundary element method is employed. This
formulation is not restricted to thin-walled cross-sections and does not stand on any
corresponding assumption.

In Sect. 11.2 we discuss the basic idea of our present approach, where we focus
on plane beam problems. In Sect. 11.3 we discuss our approach in a more rigor-
ous manner, where the cross-sectional analysis (Subsect. 11.3.1) and the member
analysis (Subsect. 11.3.2) refer to three-dimensional structures. No a priori assump-
tions regarding the cross-sectional shape or regarding the applied coordinate system
are taken, however, we restrict ourselves to constitutive relations with point-wise
isotropy. Finally, in Sect. 11.4 the performance of the proposed solution strategy will
be investigated.

11.2 Preliminaries and Basic Idea of Present Approach

In the following we briefly introduce our approach to analyze isotropic prismatic
structures where distortions and warping deformations cannot be neglected. The
procedure is related to GBT and identifies warping and distortions from a vibra-
tion analysis of a reference beam followed by a member analysis, where the beam
kinematics from the first step is weighted axially. For the sake of clarity in this

3 Alternatively to GBT, the finite strip method is also a possibility to introduce distortional and
warping effects in slender members (see Ádány and Schafer, 2006a,b), however, the finite strip
method is not directly related to a beam theory.
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section we discuss a two dimensional plane stress problem here (see Fig. 11.3): The
crucial idea is the extraction of warping and distortions from a dynamic analysis
of a reference beam problem (RBP) with length lRB. According to Fig. 11.3(a), we

Fig. 11.3. Principle of present approach:
(a) Two noded line elements discretize the cross-section in plane problems. Nodal degrees of
freedom are the amplitudes of (b)
(b) Simply supported reference beam of length lRB - axial distribution of ux and uzm is due to one
cosine and sine function, respectively.
(c) Physical flexural mode of simply supported beam.
(d) Physical axial mode of unrestrained truss.
(e) Artificial third mode to trigger warping and distortions.
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start by discretizing the cross-section with semi-analytical finite elements (SAFE),
where displacements ui with i = x,zm are interpolated using finite element type
shape functions within the cross-section, while analytical functions are applied ax-
ially (Zienkiewicz and Taylor, 2000): In Fig. 11.3 the reference beam is assumed
to deform in the x-zm plane only, which enables one to use simple two noded line
elements over the cross-sectional height. The variation of the components ux and
uzm along the x-direction is modeled by a Fourier series, i.e. the application of,

ux =

∞∑
n=1

U(n)x (zm)cos
(

nπ
lRB

x
)

and uzm =
∞∑
n=1

U(n)z (zm)sin
(

nπ
lRB

x
)
, (11.1)

defines the kinematic boundary conditions of the reference beam, we chose a simply
supported reference beam problem here. The amplitudes of the sine and cosine
functions in (11.1), U(n)i (zm) for i = x,z, are interpolated based on classical shape
functions, and we may write on element level,

U(n)ei (zm) =
[

N1(zm) N2(zm)
] [U(n)e

i 1
U(n)e
i 2

]
= N(zm)U(n)ei . (11.2)

Now, the key in the present approach lies in recognizing that it is sufficient to include
only the first wave number n = 1 in the analysis, and from (11.1) and (11.2) we get
with α = π/lRB on element level,[

ue
x(x,zm)

ue
zm
(x,zm)

]
=

[
N(zm)cos (αx) 0

0 N(zm)sin (αx)
] [

Ue
x

Ue
z

]
. (11.3)

The displacement interpolations (11.3) are introduced into the principle of virtual
work4, ∫

VRB

σi jδεi jdV +
∫
VRB

ρ �uiδuidV = 0. (11.4)

There, σi j and εi j denote the stress and strain tensor (Einstein sum convention is
understood), a superscript double dot refers to the second partial time derivative, ρ
represents the density of thematerialwhile δ is the variation symbol. The strain tensor
is found from (11.3) based on classical strain-displacement relations (a comma in the
index refers to a partial derivative), and the stress tensor is subsequently evaluated
using the linear elastic constitutive relation,

εi j =
1
2
(
ui, j +u j ,i

)
and σi j = f (εi j). (11.5)

Using classical finite element assembly procedures, we obtain for steady state vibra-
tion,

4 Note, that any integration with respect to the axial coordinate x can be carried out analytically
due to the sine and cosine functions in (11.3).
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K−ω2M

)
Γ = 0, (11.6)

where K and M denote the global stiffness and mass matrix, respectively, Γ =[
Ux Uz

]T refers to the eigenvector consisting of the nodal amplitudes from (11.3),
whileω =ω1,ω2, . . . denote the resonance frequencies in ascending order. Any vibra-
tion mode amplitude vector Γk can be decomposed into axial displacements Uk

x and
accompanied transverse displacements Uk

z , which are related by lRB. It is important
to note that only the first two eigenvalues represent a physical solution of the RBP
if lRB is large compared to a characteristic cross-section dimension (see Fig. 11.3(c)
and (d)): The first resonance frequency ω1 is due to transverse vibration of a simply
supported beam (analytical vibration mode based on a shear rigid Euler-Bernoulli
beam theory, which is valid for a slender RBP): The axial displacement amplitude
vector U1

x represents the rigid body rotation about the centroid of the cross-section,
while the transverse amplitude vector U1

z refers to rigid body translation (see Fig.
11.3(c)). Although, shape changing warping and distortions decrease for increasing
values of lRB, we suggest a true rigid body mode extraction by simple linear fitting.
Note, that the orders of U1

x and U1
z are related by lRB, i.e. lRBmax

(
U1

x

) ∼mean
(
U1
z

)
.

This can be explained by the Euler-Bernoulli constraint, where the bending angle
is proportional to the first derivative of transverse displacement. However, both the
axial and the transverse displacement amplitude vector can be scaled independently
(such that eachmaximum value is related to a characteristic cross-section dimension)
to arrive at the first pair of GBT kinematics.

The second resonance frequency ω2 > ω1 refers to axial vibration of an unre-
strained truss. There, U2

x corresponds to approximate axial rigid body motion of the
cross-section, while U2

z refers to the accompanied Poisson contraction (again a linear
fitting operation is proposed to extract true rigid body motion). After independent
scaling of U2

x and U2
z we obtain the second pair of GBT kinematics. Note, that U2

z is
the first shape changing distortion mode of the cross-section, which is typically not
present in CBM.

All resonance frequencies ωk for k = 3,4,5, . . . cannot be interpreted as physi-
cal steady state vibration modes of the RBP (see the third artificial mode in Fig.
11.3(e)), since we restrict ourselves to only the first wave number n = 1 in (11.3).
This is done as an artifice to trigger warping and accompanied distortion fields of
the cross-section. Again each mode Γk for k ≥ 3 is decomposed into the corre-
sponding axial displacement amplitude vector (shape changing warping mode Uk

x)
and into the accompanied transverse displacement amplitude vector (shape changing
distortion mode U2

k
). Subsequently, they are scaled independently in order to avoid

bad conditioning due to small numbers, and they contribute pair-wise to the GBT
kinematics. Note, that the resonance frequencies ωk are used in the cross-sectional
analysis to order the corresponding pairs of warping and distortion modes, i.e. larger
pair numbers k contribute to the results of GBT to a lesser extent. In a plane problem
at least U1

x , U1
z and U2

x have to be introduced in the GBT formulation. The proposed
linear fitting operations are important to achieve the required rigid body criteria
within GBT. Additional higher pairs of warping and distortion modes enhance the
accuracy of the resulting GBT formulation.



11 Beam Dynamics Using a Generalized Beam Theory 193

Once, the independently scaled pairs of warping and distortion modes are found,
we introduce them in the member analysis of our GBT formulation as corresponding
kinematical fields. We assume the following separation Ansatz based on K pairs of
warping and distortion modes,

ux(x,zm) =
K∑
k=1

Uk
x (zm)αk(x) , uz(x,zm) =

K∑
k=1

Uk
z (zm)βk(x), (11.7)

where the generalized degrees of freedom αk and βk interpolate the corresponding
warping and distortional fields by finite element shape functions5. Then, the GBT
strain fields are evaluated from the strain-displacement relations (11.5), and the GBT
stress fields are found by the constitutive relation. Subsequently, these tenors are put
into the principle of virtual work (11.4)6, where all displacement amplitude vectors
couple with each other due to a product of sums. A somewhat laborious collection
of terms detailed in Subsect. 11.3.2 enables the integration with respect to the cross-
section, while the axial integration can be carried out subsequently. Without giving
any mathematical details here, it has to be pointed out that within the cross-sectional
integration some of the following terms will arise: Denoting the Young’s modulus
by E we get ∫

E
(
U1

x(zm)
)T

U1
x(zm)dA

and ∫
E
(
U2

x(zm)
)T

U2
x(zm)dA

which are recognized as being proportional (see footnote 5) to the bending stiffness
and the axial or membrane stiffness, respectively, since according to Fig. 11.3(c) and
(d) U1

x is a linear field while U2
x is a constant field.

Note, that our briefly introduced approach relies on a cross-section discretization,
thus, the proposal is applicable for cross-sections made of inhomogeneous multi-
layer composites or functionally graded materials (FGM). In such a case clearly both
the cross-sectional and the member analysis has to be performed based on E(zm)
where E is constant within one element.

5 Strictly speaking, α1 is proportional to the bending angle, β1 is related to cross-sectional shape
preserving transverse displacements, while α2 is proportional to cross-sectional shape preserving
axial displacements. The factor of proportionality depends on the above-mentioned scaling opera-
tion where the maximum amplitude of Uk

i is related to characteristic cross-sectional dimension in
order to avoid numerical issues.
6 Volume integration is now with respect to the beam element memberVm .
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11.3 Generalized Beam Model Based on the Reference Beam
Problem

In this section we discuss the new approach to derive beam models for prismatic
structures which are capable to cover in-plane distortions of cross-sections lead-
ing to more predictive solutions in dynamic problems according to Fig. 11.1. The
procedure is suitable to arbitrary cross-section shapes and inhomogeneous material
distributions. In what follows we restrict ourselves to constitutive relations that are
isotropic at each material point. Basically, the idea of our approach is the separation
Ansatz with a multiplicative decomposition of the displacement field,

ui(x,y,z) = f (y,z)g(x). (11.8)

This is a typical approach also for classical first order beam theory (CBM). In
addition we assume that the functions f (y,z) do not depend on the beam’s boundary
conditions, i.e. f (y,z) might be prescribed regardless of any restraints to the global
prismatic structure. Hence, we can evaluate f (y,z) from a suitably chosen Reference
Beam Problem (RBP), where global boundary conditions are elected such that three
dimensional elasticity theory can be applied at minimum computational costs. In this
respect the present work is a generalization of the procedures discussed in Kugler
et al (2018a) where the RBP was used to identify stiffness properties of classical
beam mechanics where cross-sections remain plane in their projection area.

The present approach is carried out in two steps: At first the RBP is used to
evaluate the relevant warping and distortion modes (cross-sectional analysis), and,
secondly, these modes are weighted axially by generalized degrees of freedom to
arrive at a generalized beam element (member analysis).

11.3.1 Reference Beam Problem for the Cross-sectional Analysis

Consider a prismatic structure of arbitrary length l = lRB described in a Cartesian
base where x directs along the axis while ym and zm are Cartesian cross-section
coordinates with arbitrary origin (see Fig. 11.4). The mechanical behavior of such a
structure can be analyzed efficiently by semi-analytical finite elements (SAFE),where
the cross-section is discretized using a standard quadrilateral7 FE approach with
local coordinates ξ − η (see e.g. Zienkiewicz and Taylor, 2000). The displacement
components are interpolated by finite element shape functions with respect to the
cross-section coordinates, and their axial interpolation is carried out using Fourier
series (Kugler et al, 2018a). The boundary conditions at x = 0 and x = lRB define the
specific form of the expansion, where we assume for the in-plane displacements

7 Some authors in that field apply quadratic Serendipity or Lagrangian elements to avoid locking,
however, since functionally graded material (FGM) cross-sections are in the scope of this text
(where fine meshes have to be applied in order to capture the variation of the constitutive model)
we prefer to apply quadrilateral low order finite elements.
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Fig. 11.4. Application of SAFE to analyze the RBP

uym (x = 0) = uzm (x = 0) = uym (x = lRB) = uzm (x = lRB) = 0, (11.9)

together with arbitrary axial displacements at both beam ends. The resulting RBP is

• simply supported for transverse action,
• double sided fork supported for torsional action,
• and unsupported for axial action.

In order to satisfy (11.9) we apply the following Fourier series expansion

ux ∼ cos
(

nπ
lRB

x
)
, (11.10)

uym ∼ sin
(

nπ
lRB

x
)
, uzm ∼ sin

(
nπ
lRB

x
)
, (11.11)

with n = 1,2,3, . . . denoting the number of harmonic and lRB referring to the length
of the reference beam. Thus, we propose8 on element level

⎡⎢⎢⎢⎢⎣
ux(x,ξ,η)

uym (x,ξ,η)
uzm (x,ξ,η)

⎤⎥⎥⎥⎥⎦ =
∑
n

⎡⎢⎢⎢⎢⎣
Ncos (αnx) 0 0

0 Nsin (αnx) 0
0 0 Nsin (αnx)

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣
U(e)nx

U(e)nym

U(e)nzm

⎤⎥⎥⎥⎥⎥⎦ , (11.12)

with the bilinear shape functions N(ξ,η) and the nodal displacements

U(e)ni =
[
U(1)ni · · · U(4)ni

]T
depending on the number of harmonic n, while αn = nπ/lRB. It can be shown that
different wave numbers n remain uncoupled in case of a point-wise isotropic consti-
tutive relation (see Kugler et al, 2018a). By introducing (11.12) into the principle of

8 Equation (11.12) is also based on the Separation Ansatz.
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virtual work (11.4) in connection with the strain displacement relations (11.5) and
the constitutive relation⎡⎢⎢⎢⎢⎣

σxx

σymym

σzmzm

⎤⎥⎥⎥⎥⎦ =
E

(1+ ν∗) (1−2ν∗)

⎡⎢⎢⎢⎢⎣
1− ν∗ ν∗ ν∗

1− ν∗ ν∗

1− ν∗

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
εxx
εymym

εzmzm

⎤⎥⎥⎥⎥⎦ , (11.13)

⎡⎢⎢⎢⎢⎣
τxym
τxzm
τymzm

⎤⎥⎥⎥⎥⎦ =
E

2 (1+ ν)

⎡⎢⎢⎢⎢⎣
1 0 0
1 0
1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
γxym
γxzm
γymzm

⎤⎥⎥⎥⎥⎦ , (11.14)

with γi j = 2εi j and ν∗ = κν (κ ≤ 1) defining the amount of coupling of the normal
components, we are able to define elemental mass- and stiffness matrices depending
on the length of the reference beam lRB and the number of harmonic n. There, the
required volume integration is done analytically in axial direction and numerically
(2× 2 Gauss points) in ξ − η. A subsequent assembly to global matrices is straight
forward and has to be carried out for each harmonic n leading to a global system
of differential equations describing the dynamic behavior of the RBP. By using
element-wise constant material properties, FGM or multi-layer composite structures
can be modeled easily.

By assuming (see Sect. 11.2) that only one wave number (n = 1) contributes
and lRB is large compared to a characteristic cross-section dimension, we perform
a steady state vibrational analysis (see (11.6)) leading to resonance frequencies
ωi =ω1, ω2, . . . in connectionwith the eigenvectorsΓi consisting of nodal amplitudes
U(i)
k

with k = x,ym,zm. The resonance frequencies are used to order the eigenvectors
ascendingly, and it can be assumed that lower ones contribute more in the upcoming
member-analysis. Note that due to n = 1 only the first four resonance frequencies are
related to physical vibration modes of the RBP:
1. The lowest resonance frequency is related to a flexural mode about the weak

principal direction of the cross-section (e.g. the z-axis in Fig. 11.7). The solution
is exact compared to CBM and analytical considerations since for large reference
beam lengths transverse shear can be neglected, i.e. the transverse displacement
mode is proportional to a sine function and the bending angle (related to axial
displacements) is proportional to a cosine function in the first bending mode (see
(11.12)) of a simply supported beam.

2. The second resonance frequency corresponds to the flexural mode about the stiff
principal direction of the cross-section (e.g. the y-axis in Fig. 11.7) and the above
considerations. In that sense engineering quantities like the principal directions
and the elastic center (centroid in homogeneous cross-sections) can be extracted
based on fitting operations.

3. The third resonance frequency is due to torsion of a double sided fork supported
shaft. According to Gere (1954) (see Blevins, 1979) warping can be neglected
in vibrational analysis even in thin-walled open cross-sections if t lRB > 10D2,
where t is the minimum wall thickness and D denotes the diameter of the cross-
section, i.e. the relation of uym and uzm to torsional angle ϕx(x) ∼ sin (πx/lRB) is
consistent to analytical considerations of Vlasov’s theory of torsion, while axial
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motion ux ∼ ϕ′x ∼ cos (πx/lRB) is proportional to the warping function ω (which
is typically defined from the St. Venant problem as ω,ymym +ω,zmzm = 0) if lRB
is large.

4. The forth resonance frequency is related to steady state vibration of an unsup-
ported truss. There, axial motion proportional to a cosine function is consistent to
analytical considerations, and in-plane displacements based on Poisson-breathing
are proportional to νεxx = νux,x ∼ sin (πx/lRB).

The eigenvectors Γi can be split up according to couples consisting of warping
modes,

w(i) = U(i)x , (11.15)

and distortion modes,

d(i) =
[
d(i)ym
d(i)zm

]
=

[
U(i)ym
U(i)zm

]
, (11.16)

for each mode number i = 1, . . . imax9 which are scaled in a way that maximum nodal
displacements in (11.15) separately from (11.16) are e.g. one tenth of a characteristic
cross-section dimension χ. If the length of the reference beam is large compared
to χ (i.e. lRB > 100χ) we expect approximate rigid body modes for 1 ≤ i ≤ 4, i.e.
i = 1 and i = 2 lead to bending modes with respect to the principal axes of the cross-
section, i = 3 leads to torsion (the nodal warping function ω(ym,zm) is represented
by w(3) while rigid in-plane rotation is represented by d(3)) while w(4) is devoted
to the axial mode and d(4) is Poisson’s mode for axial vibration. All further modes
(i > 4) contribute to higher order beam mechanics10.

At this stage a linear fitting operation is useful to extract the real rigid body
modes (see footnote 10) from the approximate ones (Fig. 11.5 for a challenging
unsymmetrical thin-walled multi-cell cross-section made of steel, see Fig. 11.15): If
the difference between approximate and true rigid body motion is small, we expect
to have chosen the right reference beam length lRB, in case of nonphysical behavior
(e.g. bending is not directed into the principal direction) lRB might be too large and
some numerical issues related to the eigenvalue problem are encountered, and if the
cross-section changes significantly its shape except w(3) and d(4), lRB was selected
too short. Some of the ascending higher order mode shapes (5 ≤ i ≤ 8) are depicted
in Fig. 11.6. These mode shapes represent the f (y,z) in the separation Ansatz (11.8),
and we develop our beam finite elements subsequently in the following section.

9 imax ≥ 4 can be selected and represents a convergence parameter in the upcoming beam model.
10 At a rigid load sharing plate being able to move rigidly through space only w(1),w(2),w(4) and
d(1),d(2),d(3) remain, while all other modes have to be restrained. In that sense, w(3) and d(4) also
count to higher order beam mechanics.
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Fig. 11.5. Modes before rigid body extraction lRB = 50 m, ν∗ = ν
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Fig. 11.6. Higher order mode shapes lRB = 50 m, ν∗ = ν
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11.3.2 Member Analysis Based on Generalized Beam Finite
Elements

At this stage of the derivation we have the mode shapes describing warping and
distortion based on the separation Ansatz (11.8) within the considered cross-section.
The terms warping and distortion could be misleading for the first four mode couples
since there rigid body modes (except w(3) and d(4)) are delivered, however, we
call any out of plane motion (shape preserving displacements or shape changing
deformations) a warping mode, while all in-plane motions are called distortional
modes. In this section we start weighing them in axial direction. For each SAFE
element e in the cross-section we have,

u(i)x (ξ,η,x) = N(ξ,η)w(i)e αi(x), (11.17)
u(i)ym (ξ,η,x) = N(ξ,η)d(i)ymeβi(x), (11.18)

u(i)zm (ξ,η,x) = N(ξ,η)d(i)zmeβi(x), (11.19)

where each warping mode is weighted with one degree of freedom (αi), while
each distortional mode is weighted using another degree of freedom (βi). The ma-
trix N =

[
N1 N2 N3 N4

]
represents classical finite element shape functions for the

quadrilateral element and the index e in the column vectorsw(i)e andd(i)
k e

for k = ym,zm
denotes the extraction of the elemental nodal displacements from the global warp-
ing and distortion modes found in Sect. 11.3.1. Equations (11.17)-(11.19) can be
reformulated in matrix notation,

u(i)e (ξ,η,xe) =
⎡⎢⎢⎢⎢⎢⎣

u(i)x e
u(i)ym e

u(i)zm e

⎤⎥⎥⎥⎥⎥⎦ = N3Du(i)u , (11.20)

with

N3D =

⎡⎢⎢⎢⎢⎣
N(ξ,η) 0 0

0 N(ξ,η) 0
0 0 N(ξ,η)

⎤⎥⎥⎥⎥⎦︸��������������������������︷︷��������������������������︸
3×12

(11.21)

and
u(i)u = ℵ(i)ueNBuΞ

(i)
e =

=

⎡⎢⎢⎢⎢⎢⎣
w(i)e 0 0
0 d(i)yme 0
0 0 d(i)zme

⎤⎥⎥⎥⎥⎥⎦︸�����������������︷︷�����������������︸
12×3

⎡⎢⎢⎢⎢⎣
NB(xe) 0

0 NB(xe)
0 NB(xe)

⎤⎥⎥⎥⎥⎦︸�����������������︷︷�����������������︸
3×2k

[
A(i)
B(i)

]
︸�︷︷�︸
2k×1

(11.22)

where xe denotes the beam element’s axial direction 0 ≤ xe ≤ le with le denoting
the beam’s element length. In (11.20) we use a k-noded beam element (k ≥ 2)
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and classical finite element shape functions NB of order k − 1 (we additionally
assume that the distance between nodes is kept equal in each beam finite element)
and the beam element’s degrees of freedom A(i) and B(i), i.e. αi(xe) = NB(xe)A(i)
and βi(xe) = NB(xe)B(i). The interpolated strains are found according to the strain
displacement relations (11.5) in connection with (11.20) and we get by laborious
suitable rearrangement,

ε (i)e (ξ,η,xe) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε
(i)
xx e

ε
(i)
ymym e

ε
(i)
zmzm e

γ
(i)
xym e

γ
(i)
xzm e

γ
(i)
ymzm e

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= Bu(i)ε , (11.23)

with

B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 N 0 0 0 0
0 0 N,ym 0 0 0
0 0 0 0 N,zm 0

N,ym 0 0 N 0 0
N,zm 0 0 0 0 N

0 0 N,zm 0 N,ym 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦︸�����������������������������︷︷�����������������������������︸
6×24

, (11.24)

and
u(i)ε = ℵ(i)ε eNBεΞ

(i)
e =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w(i)e 0 0 0 0 0
0 w(i)e 0 0 0 0
0 0 d(i)yme 0 0 0
0 0 0 d(i)yme 0 0
0 0 0 0 d(i)zme 0
0 0 0 0 0 d(i)zme

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦︸���������������������������������������︷︷���������������������������������������︸
24×6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

NB 0
NB,xe 0

0 NB

0 NB,xe

0 NB

0 NB,xe

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦︸�������������︷︷�������������︸
6×2k

[
A(i)
B(i)

]
︸�︷︷�︸
2k×1

. (11.25)

From the strains (11.23) we find stresses according to the constitutive relation (11.13)
and (11.14) with ν∗ = 0 representing a decoupled one-dimensional material law σ =
Credε . By using element-wise (with respect to cross-section discretization) constant
material properties, FGM or multi-layer composite structures can be modeled easily.
Introducing that into the principle of virtual work (11.4) leads to
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δΞ (j)Te

∫
le

NT
Bu ℵ(j)Tue

∑
e

∫
Ae

ρNT
3DN3DdA

︸��������������︷︷��������������︸
Me

inner

ℵ(i)ue

︸����������������������������������︷︷����������������������������������︸
Me

i j

NBudxe

︸����������������������������������������������������������︷︷����������������������������������������������������������︸
Me

B i j

�Ξ (i)e +

+δΞ (j)Te

∫
le

NT
Bε ℵ(j)Tε e

∑
e

∫
Ae

BTCredBdA

︸�������������︷︷�������������︸
Ke

inner

ℵ(i)ε e

︸���������������������������������︷︷���������������������������������︸
Ke

i j

NBεdxe

︸���������������������������������������������������������︷︷���������������������������������������������������������︸
Ke

B i j

Ξ (i)e = δWext . (11.26)

There, Me
inner = 3N × 3N (integrated analytically with respect to Ae) and Ke

inner =
6N ×6N (integrated with 2×2 Gauss integration) are assembled to global matrices
based on cross-section discretizationwith N nodes. Themodal coupling based onℵ(i)u
andℵ(i)ε to arrive at four dimensional arraysMe

i j = 3×3×i× j andKe
i j = 6×6×i× j for

i = 1 . . . imax and j = 1 . . . imax is carried out on global level and the final integration in
axial direction to evaluate Me

B ij = 2k×2k× i× j and Ke
B ij = 2k×2k× i× j is carried

out using a full Gaussian integrationwith two integration points for k = 2 (linear beam
element), with three points for k = 3 (quadratic beam element) and with four points
for k = 4 (cubic beam element), respectively, where k denotes the number of beam
element’s nodes. Next, a rearrangement of the four dimensional arrays Me

B ij and
Ke

B ij to beam elemental matrices Me
B = 2kimax×2kimax and Ke

B = 2kimax×2kimax is
performed and, finally, the beam elemental matrices are assembled to global global
matrices MB and KB,

MB
�Ξ (i)+KBΞ

(i) = FB, (11.27)

with 2imax of generalized degrees of freedom at each node. The force vector FB

has to be established consistently according to the principle of virtual work. Now,
boundary conditions of the beam structure can be introduced by canceling the corre-
sponding generalized degrees of freedom. Then, the resulting dynamic properties of
beam structures (11.27) now converge due to mesh refinement of the cross-section
discretization, due to the number of mode couples imax11, due to the polynomial
order k − 1 of the beam element’s shape functions and due to the number of beam
elements discretizing the entire prismatic structure.

11 Note, that i = 1 . . . imax does not necessarily have to be applied. If some mode shapes obviously
do not contribute, i.e. they are not excited by the applied loading, they can be skipped.
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11.4 Examples

In this section we check the performance of the proposed solution strategy (Sect.
11.3) and discuss its convergence characteristics. The first example (Sect. 11.4.1)
considers elasto-statics of a short single cantileverwith an unsymmetrical thin-walled
cross-section. As discussed in the introduction some side-way deflections occur even
if the cantilever is transversely loaded into its principal direction, and we prove that
our present procedure is capable to cover such an effect. The remaining examples
firstly introduced in Kugler et al (2019) focus on harmonic analyses of torsional
shafts of length l which are fully clamped at x = 0 and a harmonic torsion moment is
applied on a massless rigid load sharing plate at x = l (see Fig. 11.10). The results are
compared to classical torsion theories where cross-section distortions are assumed to
vanish and the issues discussed in Sect. 11.1 occur. The analysis of the problem using
three-dimensional continuum elements and (if possible) shell elements is called an
exact solution if fine meshes are used.

11.4.1 Static Analysis of Single Cantilever with an Unsymmetrical
Thin-walled Cross-section

Consider a single cantilever of length l made of an unsymmetrical thin-walled
open cross-section shown in Fig. 11.7, where x = 0 is fully clamped while an end
force Fz = 3EIy/l3 (wall thickness t) is applied onto a rigid load sharing plate
at x = l (vanishing distortions and warping) such that no torsion occurs. There,
Iy = 1.1332 ·10−2 m4 refers to the stiff principal second moment of area, and the end

Fig. 11.7 Unsymmetrical
C-profile
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z
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force is selected such that transverse tip displacement into z-direction equals one if
l is large (Euler-Bernoulli solution). Due to transverse shear the tip displacement
increases for decreasing beam lengths, and this effect is covered in CBM based on a
shear correction factor which influences the transverse shear stiffness. As discussed
in Sect. 11.1 plane behavior with respect to the principal axis is typically assumed,
thus, CBM delivers typically no side-way deflection even in short beams (β = α∗).
However, Pilkey et al (1995); Schramm et al (1994) report side-way deflections
(β � α∗) in that kind of problems and Table 11.1 shows the corresponding amount
based on Ansys continuum solutions. The application of the present GBT solution
algorithm requires the discretization of the cross-section using a regular mesh of m
elements in wall-thickness direction. The cross-sectional analysis (Sect. 11.3.1) is
carried out with a reference beam length of lRB = 400 m, however, it turns out that
the results do not depend on lRB if lRB ≥ 40 m. The member analysis (Sect. 11.3.2)
is done based on 30 cubic k = 4 GBT elements to discretize the cantilever. Figure
11.8 shows the corresponding outcome for l = 1 m with respect to the total number
of contributing mode couples imax. The magnitude of tip displacement converges
smoothly to values slightly above the Ansys reference (see Fig. 11.8 (a)), while the
corresponding direction converges non-monotonic to the Ansys reference (see Fig.

Table 11.1
Convergence study using an Ansys continuum formulation with respect to the length of the single
cantilever

l [m] uym [m] uzm [m] magnitude [m] β = arctan
;;uym

;;
uzm

[°]

1 -0.78672 2.8921 2.9972 15.2
1.5 -0.45337 1.8381 1.8932 13.9
2 -0.32714 1.4656 1.5017 12.6
3 -0.23345 1.1985 1.2210 11.0
4 -0.19997 1.1051 1.1230 10.3
5 -0.18439 1.0620 1.0779 9.8
10 -0.16372 1.0051 1.0183 9.3
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11.8 (b)). It turns out that accurate solutions require at least imax = 12 contributing
mode couples, while the discretization parameter m of the cross-section introduces
only a minor dependency of the results (virtually no difference between m = 2 and
m = 4). Figure 11.9 illustrates the magnitude and side-way deflection of a single
cantilever with respect to l, where the lines refer to the GBT solution while the
circles denote the Ansys reference solution. Accurate values of themagnitude require
imax ≥ 9 (Fig. 11.9 (a)), while the corresponding direction calls for imax ≥ 12 to be
accurate (Fig. 11.9 (b)). After all it turns out that the proposed GBT formulation
behaves well and converges to accurate solutions.

11.4.2 Homogeneous Rectangular Hollow Cross-section

In this example - used as a motivation in Sect. 11.1 (Fig. 11.1) - we analyze the
dynamic behavior of a prismatic shaft of length l = 1 m made of a homogeneous
thin-walled closed cross-section (wall-thickness t) shown in Fig. 11.10. The left hand
side of the shaft x = 0 is fully clampedwhile a harmonic torsional moment (excitation
frequency ν, amplitude M0 = 1000 Nm) is applied onto a rigid massless load sharing
plate, i.e. any warping deformations or any distortions are prohibited x = l. We
evaluate resonance curves (amplitude of steady state vibration of torsional angle at
x = l, modal damping ζ = 0.01) of this problem (see Fig. 11.1) by applying Ansys
continuum or shell elements to discretize the structure and compare the results to
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Fig. 11.10. Shaft with box type cross-section under harmonic load
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CBM solutions (Vlasov’s non-uniformwarping torsion or a Benscoter related theory,
Kugler et al, 2018b, 2019). Now, we add the results of the present procedure to the
problem. There, we regularly discretize the cross-section with either two elements in
wall-thickness direction (coarsemesh) orwith five elements (finemesh), respectively.
The analysis of the reference beam problem is performed by assigning a reference
beam length of lRB = 50 m. Figure 11.11 depicts the superior over all performance
of the proposed method, where 30 cubic beam elements (k = 4) in connection with
the first 30 mode couples (i = 1,2,3, . . .30) are applied. The model ν∗ = ν fits very
well at higher frequencies (observe sixth and seventh spike in 11.11 (a)), while
some deviations are observed at the second and third spike (relative error of plus
three percent in location of the spike for the coarse mesh). In contrast, the model
ν∗ = 0.01ν tends to weaker responses which according to the coarse mesh fits nicely
at second and third spike, however, at higher frequencies (seventh spike) a relative
error of minus 1.5 percent occurs. Overall, the fine mesh with ν∗ = ν performs nearly
perfectly compared to 3D continuum elements and discretization stiffening (some
locking phenomenon of coarse meshes) could be reduced by applying ν∗ < ν. The
convergence characteristic for different numbers of mode couples in use is shown
in Fig. 11.12, where the fine cross-section discretization mesh is applied (ν∗ = ν)
with thirty cubic (k = 4) beam elements. The application of only the third mode
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couple leads to results identical to Benscoter’s theory of torsion. The addition of
the fifth mode couple enhances the performance significantly and the accuracy of
the first four spikes is nice both in amplitude and location. More accuracy in higher
frequency bands requires the addition of the ninth, 16th and 21st mode couple. All
other mode couples are not excited by the applied torsion moment and, thus, do not
contribute. Those higher order mode couples are depicted graphically in Fig. 11.13,
where we used to coarse mesh for clarity in the plot. The convergence characteristic
with respect to the polynomial order of the beam element’s shape function is shown
in Fig. 11.14 where the fine cross-section discretization mesh in connection with
ν∗ = ν and mode couples 3,5,9,16,21 are used. There, we observe severe locking for
k = 2 (linear shape functions), where the results depend significantly on the number
of beam elements (Fig. 11.14(a)). Locking is much more moderate for quadratic
shape functions (k = 3) (see Fig. 11.14(b)), while nearly perfect results are obtained
using cubic shape functions (k = 4) since locking within the beam element is nearly
overcomed (see Fig. 11.14(c)).

11.4.3 Homogeneous Unsymmetrical Thin-walled Multi-cell
Cross-section

In this example we use a homogeneous unsymmetrical thin-walled multi-cell cross-
section (see Fig. 11.15) with wall-thickness t where the profile center-lines are
dimensioned. We apply two different discretizations of the cross-section (free coarse
(Fig. 11.15) and fine mesh with two and five elements in wall-thickness direction,
respectively). The amplitude of the harmonic excitation is M0 = 1000 Nm and the
length of the considered shaft is again l = 1 m. The cross-section analysis (Sect.
11.3.1) is carried out using a length of the RBP lRB = 50m. Some of the cross-section
mode shapes are depicted in Figs. 11.5 and 11.6 andwe analyze the dynamic behavior
using 30 cubic beam elements (k = 4) in connection with the first 30 mode couples
(imax = 30). The harmonic answer of the system is found based on the eigenvalues
and -vectors in an interval of 0 < f < 4000 Hz in connection with modal damping
ζ = 0.01. The parameters of classic torsion theories are Cω = 1.762 ·10−10 m6, IT =
1.083 ·10−6 m4, K1 = −K2 = 1.1525 ·105 Nm2 and K3 = 1.971 ·105 Nm2, which are
extracted using the procedures discussed in Kugler et al (2018a). The corresponding
resonance curves are shown in Fig. 11.16, where the exact solution is evaluated
using Shell181 elements, indicating a very complex behavior due to geometrical
unsymmetry of the cross-section. Vlasov’s and Benscoter’s theory of torsion (no
coupling between bending and torsion is considered) leads to significantly erroneous
results, while the present approach ismore predictive. There, the application of ν∗ = ν
leads to some stiffening and the peaks slightly shift to the right. This shift is more
severe for the coarse mesh compared to finer one. Using a weaker coupling within the
cross-section analysis (ν∗ = 0.01ν) cures that phenomenon and the finemesh delivers
very accurate response curves. In contrast to double symmetric cross-sections, where
only some cross-sectional modes contribute to the load case of torsion (and others
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Fig. 11.13. Higher order mode shapes lRB = 50 m, ν∗ = ν
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Fig. 11.15. Homogeneous unsymmetrical thin-walled multi-cell cross-section

can be skipped), here, all mode shapes couple and contribute altogether (we have to
apply i = 1,2,3,4, . . . imax). This is shown in Fig. 11.17 where smooth convergence
with respect to increasing imax is observed.
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Fig. 11.17. 30 cubic beam elements (k = 4) with variable imax (ν∗ = 0.01ν, fine mesh)

11.4.4 Hollow Thin-walled Box Cross-section made of
Functionally Graded Material

In the third example we check the performance of the proposed procedure re-
garding inhomogeneous cross-sections. We consider a double symmetric hollow
box cross-section depicted in Fig. 11.18, where the outer surface consists of pure
TiC (ETiC = 480 GPa, νTiC = 0.2, ρTiC = 4920 kg/m3) while the inner sur-
face consists of pure Aluminum (EAl = 69 GPa, νAl = 0.33, ρAl = 2700 kg/m3).
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y
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Fig. 11.18. Hollow thin-walled box cross-section made of functionally graded material

The spatial variations of the material properties is assumed to be linear in wall-
thickness direction as shown for E(y,z) in Fig. 11.18, where we use a regu-
lar mesh with ten layers each with constant constitutive properties. The length
of the considered shaft (30 cubic beam elements) is l = 0.1 m and the ampli-
tude of the harmonic end-moment is M0 = 1 Nm. The results regarding clas-
sical theories of torsion require torsion properties, which are again found with
the strategies discussed in Kugler et al (2018a) and a reference beam length of
lRB = 5 m (ETCω = 9.011 · 10−5 Nm4, GTIT = 22.15 Nm2, K1 = −K2 = 21.32 Nm2,
K3 = 43.47 Nm2, mω = 1.4115 · 10−6 kgṁ3, mϕ = 1.17 · 10−12 kgṁ). The cross-
section analysis for extracting the mode couples for present approach (Sect. 11.3.1)
is done using lRB = 2 m. The harmonic answer is found based on a modal decompo-
sition of the considered shaft in an interval 0 < f < 80000 Hz, and a constant modal
damping ζ = 0.01 is applied. The resulting resonance curves are depicted in Fig.
11.19, for ν∗(y,z) = ν(y,z), where the “exact” solution is found with linear enhanced
strain Solid185 elements and quadratic reduced integrated Solid186 elements in AN-
SYS (2019), indicating no difference. The application of the third mode couple only
leads to Benscoter’s classical theory which is way off the exact solution. Introducing
additionally the fifth mode couple delivers considerably more predictive quality and
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Fig. 11.19. Variable number of mode couples (ν∗(y, z) = ν(y, z))
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Fig. 11.20. Variable number of mode couples (ν∗(y, z) = 0.01ν(y, z))

only slight deviation occur in higher frequency bands (two percent error in location
of the sixth peak). There, the eleventh and 18th mode enhances the performance
and the results converge to the exact solution, however, being slightly stiffer. In con-
trast, if we apply ν∗(y,z) = 0.01ν(y,z) in the cross-section analysis leads to weaker
responses, i.e. the spikes are slightly shifted to left (see Fig. 11.20) with minus two
percent error in location of the sixth spike. Note that our cross-sectional analysis
is carried out using 18.000 degrees of freedom (see Fig. 11.19), and the member
analysis with 30 cubic elements and four relevant mode couples has 728 degrees
of freedom. The gain in efficiency of our theory becomes obvious since the Ansys
continuum results require at least more than one million degrees of freedom.

11.5 Conclusion

This contribution introduces a generalized beam theory (GBT) to cover effects due to
higher order beam mechanics, where cross-sectional warping and distortions influ-
ence the results considerably.While most literature regarding GBT state that warping
and distortions influence buckling loads, we show that these effects also contribute to
beam dynamics especially regarding torsion of thin-walled box type cross-sections.
There, the resonance curves due to harmonic loading indicate significant qualita-
tive and quantitative discrepancies compared to “exact” solutions evaluated using
3D continuum elements or shell elements. In order to overcome these issues a new
procedure is proposed where distortion and warping modes of the cross-section are
evaluated with the aid of a reference beam problem RBP. These mode couples are
introduced in a herein proposed generalized beam theory, where their axial distribu-
tion is weighted by generalized degrees of freedom. Then, the resulting mechanical
properties of beam structures converge due to mesh refinement of the cross-section
discretization, due to the number of mode couples, due to the polynomial order
of the beam element’s shape functions and due to the number of beam elements
discretizing the entire prismatic structure. The predictive quality of the outcome is
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significantly better compared to classical beam mechanics CBM, and homogeneous
and inhomogeneous cross-sections can be analyzed.
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Chapter 12
Free Vibration of Flexomagnetic Nanostructured
Tubes Based on Stress-driven Nonlocal Elasticity

Mohammad Malikan and Victor A. Eremeyev

Abstract A framework for the flexomagneticity influence is here considered extend-
ing the studies about this aspect on the small scale actuators. The developed model
accommodates and composes linear Lagrangian strains, Euler-Bernoulli beam ap-
proach as well as an extended case of Hamilton’s principle. The nanostructured tube
should subsume and incorporate size effect; however, for the sake of avoiding the
staggering costs of experiments, here, via stress-driven nonlocal elasticity theory,
the desired influence is captured. A given section is dedicated to reveal the accuracy
of the achieved model. In view of solution, the numerical results are generated ana-
lytically. We receive the conclusion that in nanoscale tubes the diameter can affect
fundamentally the performance of the flexomagnetic effect.

Key words: Flexomagneticity ·Nanotube ·Magnetoelasticity · Hamilton’s

12.1 Introduction

As a new-discovered material’s phenomenon, flexomagneticity absorbs the engineer-
ing researchers to study this physical occurrence when materials subject to static and
dynamics states. Indeed, flexomagneticity results from strain gradients. This manner
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can be named as the direct impact of flexomagneticity. In a reverse impact, one can
observe the flexo-effect during existence of an outer magnetic field gradient. This
effect would not be absolutely and solely in actuators and smart materials, but even
can occur in all materials and crystalline structures, see Eliseev et al (2009); Luka-
shev and Sabirianov (2010); Zhang et al (2012); Zhou et al (2014); Kabychenkov
and Lisovskii (2019); Eliseev et al (2019).

Since discovering of flexomagneticity effect, a very few publications have been
observed on the statics and dynamics responses of small scale actuators and sensors
which incorporate the effect, see Sidhardh andRay (2018); Zhang et al (2019).Within
these articles, Zhang et al (2019) entirely focused on the effect of flexomagnetic dur-
ing bending of a nano actuator beam. By means of Euler-Bernoulli beam theory, the
static bending equationwas formulated.Moreover, the consideration has been carried
out by use of surface elasticity. A variety boundary conditions were investigated on
the basis of both converse and direct magnetizations. From their result, one can find
that the flexomagnetic is a size-dependent material property. On the other hand, Sid-
hardh and Ray (2018) studied the static bending of a piezomagnetic-flexomagnetic
Euler-Bernoulli nanosize beam based on the clamped-free ends conditions. Both
inverse and direct effects of magnetization were discussed. The surface elasticity
aided to examine the size-dependency into the small beam. With a quantitative eval-
uation, they showed the scale-dependent behavior of flexomagneticity and identified
the significance of such the effect into nanostructures even with disregarding the
piezomagneticity.

As far as we are aware, no research work is found yet in terms of investigating of
natural frequencies of a nano-actuator tube composing the flexomagnetic. We aim
to study the flexomagneticity effect on the natural frequencies of a nanostructured
tube and intend to evaluate the small scale behavior on the basis of the stress-
driven nonlocal model of elasticity. The numerical outcomes pertain to an analytical
solution. The magneto-mechanical model is extended by illustrating some drawn
graphs during variations in significant and particular criterions.

12.2 Applied Mathematical Model

Here a right-handed Cartesian coordinate system is attached to the schematic domain
of the flexomagnetic nanotube as presented by Fig. 12.1. To this, we define L and r ,
for length and radius of the specimen, respectively.

Assuming that the nanostructured tube contains flexomagneticity influence give
the constitutive equations as in Sidhardh and Ray (2018); Zhang et al (2019)

σxx = C11εxx − q31Hz, (12.1)
ξxxz = g31ηxxz − f31Hz, (12.2)

Bz = a33Hz + q31εxx + f31ηxxz, (12.3)
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Fig. 12.1 Pictured geometry
of a nanostructured tube
presented schematically in the
Cartesian coordinates

in which g31 illustrates the influence of the sixth-order gradient elasticity tensor, Hz

and Bz exhibit the component of magnetic field and the magnetic flux, respectively,
ξxxz is the component of the higher-order hyper stress tensor and is an induction of
coverse flexomagnetic effect, q31 depicts the component of the third-order piezomag-
netic tensor, a33 represents the component of the second-ordermagnetic permeability
tensor, f31 denotes the component of the fourth-order flexomagnetic coefficients ten-
sor, σxx is the axial stress, C11 is the elastic modulus, εxx and ηxxz are the axial
elastic strain and its gradient.

To have amovement for each node of body of the appliedmodel after deformation,
the Euler-Bernoulli hypothesis is used as in Song and Li (2007); Reddy (2010);
Malikan and Eremeyev (2020)

u1(x,z,t) = u(x,t)− z
∂w(x,t)
∂x

, u3(x,z,t) = w(x,t), (12.4)

in which the general movements along x and z directions are shown by ui (i = 1,3)
and the movements of the middle plane of the thickness alone the aforementioned
directions there have been used as u and w, respectively. More importantly, we
employ z to dedicate the thickness coordinate. Axial strain and the related gradient
by means of linear Lagrangian strains as well as Eqs. (12.4), are attained as

εxx =
∂u
∂x
− z

∂2w

∂x2
, ηxxz =

∂εxx
∂z
= −∂

2w

∂x2
. (12.5)

To yield the equation which governs the domain subjected to vibrational state,
the Hamiltonian can be extended and nominated as

δ

t2∫
t1

(ΠK −ΠU +ΠW )dt = 0 (12.6)

for which the total internal strain energy, work of external forces and the kinetic
energy are introduced by ΠU , ΠW and ΠK . To determine the total strain energy, one
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should collect the strain energy by mechanics and the magnetic strain energy which
lead to

δΠU =

∫
V

(σxxδεxx + ξxxzδηxxz −BzδHz)dV . (12.7)

In a magnetic-mechanical coupling problem for a beam, the resultants of stress
can be defined as

Nx =

h/2∫
−h/2

σxx dz, (12.8)

Mx =

h/2∫
−h/2

σxx zdz, (12.9)

Txxz =

h/2∫
−h/2

ξxxz dz. (12.10)

To write a relation between the transverse component of the magnetic field and
magnetic potentialΨ , one can show that

Hz +
∂Ψ

∂z
= 0. (12.11)

Here we assume a closed circuit state for the modeled system giving the boundary
conditions for the magnetic potential as

Ψ

(
+

h
2

)
= ψ, Ψ

(
− h
2

)
= 0. (12.12)

To determine the magnetic potential which is externally applied on the model as a
result of the existence magnetic field, we symbolize ψ.

A mathematical combination of Eqs. (12.3), (12.7), (12.11) and (12.12), we can
obtain the magnetic potential along the thickness and the magnetic field as below,
see Sidhardh and Ray (2018); Zhang et al (2019) for details,

Ψ = − q31
2a33

(
z2− h2

4

)
∂2w

∂x2
+
ψ

h

(
z+

h
2

)
, (12.13)

Hz = z
q31
a33

∂2w

∂x2
− ψ

h
. (12.14)

Therefore, one can insert Eqs. (12.13) and (12.14) into Eqs. (12.1)-(12.3) to harvest
the magnetic induction and stress also higher-order moment stress component as
follows
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σxx = C11
∂u
∂x
− z

(
C11+

q2
31

a33

)
+

q31ψ
h

, (12.15)

ξxxz = −
(
g31+

q31 f31z
a33

)
∂2w

∂x2
+

f31ψ
h

, (12.16)

Bz = − f31
∂2w

∂x2
− a33ψ

h
. (12.17)

Thus, the magnetic-mechanical stress resultants can be developed as

Mx = −Iz

(
C11+

q2
31

a33

)
∂2w

∂x2
, (12.18)

Txxz = −g31h
∂2w

∂x2
+ f31ψ, (12.19)

where the general form of the area moment of inertia is as

Iz =
∫
A

z2 dA.

The general form of kinetic energy is displayed below

ΠK =
1
2

h/2∫
−h/2

∫
A

ρ(z)
[(
∂u1
∂t

)2
+

(
∂u3
∂t

)2]
dAdx. (12.20)

The first variation of kinetic energy leads to

δΠK =

L∫
0

(
I2

∂4w

∂t2∂x2
− I0

∂2w

∂t2

)
δwdx, (12.21)

where the mass moment of inertias are given by

I0, I2 =

h/2∫
−h/2

ρ(z)(1,z2)dz.

We consider the general case of established work by external forces as

ΠW =
1
2

L∫
0

N0
x

(
∂w

∂x

)2
dx, (12.22)

which its first variational case will be
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δΠW =

L∫
0

N0
x

∂δw

∂x
∂w

∂x
dx, (12.23)

in which N0
x depicts the axial load. In this paper, we investigate the axial magnetic

force as the in-plane axial resultant. To this,

N0
x = ψq31. (12.24)

Eventually, based on the above formulation the local governing equation which gives
the natural frequencies of the flexomagnetic nanotube can be taken as

∂2Mx

∂x2
+
∂2Txxz

∂x2
+N0

x

∂2w

∂x2
= I0

∂2w

∂t2
− I2

∂4w

∂x2t2
. (12.25)

Here, we employ the stress-driven nonlocal elasticity model (NDM). It stands
here differentially as below in Apuzzo et al (2017); Sedighi and Malikan (2020)

∂2 χ(x)
∂x2

− 1
L2
c

χ(x) = − 1
DL2

c

Mx(x), (12.26)

in which Lc shows a nonlocal characteristic length. And for χ(x) we have

χ(x) = ∂2w

∂x2
. (12.27)

Consequently,

D
(
L2
c

∂6w

∂x6
− ∂

4w

∂x4

)
= B

∂4w

∂x4
+N0

x

∂2w

∂x2
− I0

∂2w

∂t2
+ I2

∂4w

∂x2t2
, (12.28)

where B = −g31h and

D = Iz

(
C11+

q2
31

a33

)
.

It is required to solve the above characteristic equation to obtain the natural frequen-
cies of the flexomagnetic nanotube.

12.3 Solution of the Equation

The methodology here comprises the analytical solution as in Malikan et al (2020)

w(x,t) =
∞∑

m=1
sin

(mπ
L

x
)
exp{ (12.29)iωnt}.
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The above-mentioned series can satisfy the conditions for pinned-pinned beams.
To compute and present the numerical values of the natural frequencies of the

flexomagnetic nanostructured tube, we apply Eq. (12.28) on Eq. (12.29). Finally, the
characteristic equation of frequency would be

ωn =

√
−DL2

cα
6
m−(D+B)α4

m−Ψq31
I0+ I2α2

m

, (12.30)

where αm = mπ/L.

12.4 Results and Discussions

12.4.1 Results’ Validation

This section associates a comparison for the present formulation. The examination
of formulation is based on the ignoring piezo-flexomagnetic features. Table 12.1
is prepared to estimate natural frequencies in dimensionless quantities with respect
to Barretta et al (2018) in which one can observe the evaluations for stress-driven
nonlocal integral model (SDM) and strain gradient theory (SGT). As it is clear, slight
differences are seen between NDM and SDM when the characteristic parameter λ is
sufficiently small. However, increasing this dimensionless characteristic parameter
results in further conflicts. Nevertheless, it is so far easier to use the NDM vis-à-vis
the SDM and results can be acceptable. Here we assume that

Ω = ωnL2

√
ρA

C11Iz
, λ =

Lc

L
, E = 30×106, ν = 0.3,

L
h
= 10, ρ = 1.

12.4.2 Computational Model

This section devotes some tabulated results for natural frequencies of the nanotube in
the presence and absence of the flexomagneticity impact. To do this, the Table 12.2
aids us in Sidhardh and Ray (2018); Zhang et al (2019). Additionally, the results are
shown for a non-dimensional manner of natural frequency as

Ω = ωnL2

√
ρA

C11Iz
.

We initially evaluate the effect of length scale parameter variations in accordance
with the Table 12.3. The nanotube is assumed in two states. The former has been
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Table 12.1
Evaluation of natural frequencies of a nanobeam. SDM and SGT relate to Barretta et al (2018),
whereas column NDM present current research

λ SDM SGT NDM

0 9.82927 9.8293 9.82927
0.01 9.83402 9.8339 9.8341
0.02 9.84787 9.8471 9.8486
0.03 9.87022 9.8676 9.8728
0.04 9.90042 9.8943 9.9066
0.05 9.93783 9.9259 9.9498
0.06 9.98183 9.9614 10.0024
0.07 10.0318 9.9997 10.0641
0.08 10.0871 10.0398 10.1349
0.09 10.1472 10.0810 10.2146
0.1 10.2115 10.1223 10.3029

investigated with regard to the effects of flexomagnetic and the latter without consid-
ering the effect and merely under piezomagnetic conditions. It is important to note

Table 12.2
Material specifications of an assumed piezo-actuator nanotube

C11 286×109 N/m2

f31 10−10 N/A
q31 580.3 N/A·m
a33 1.57×10−4 N/A2

L 15d
d 1 nm
h 0.34 nm

Table 12.3
Dimensionless natural frequencies in variations of the length scale parameter (Ψ = 1μA)

Lc nm Piezomagnetic nanotube with Piezomagnetic nanotube
considering flexomagneticity

0 14.4114 14.4303
0.25 14.4307 14.4496
0.5 14.4886 14.5074
0.75 14.5845 14.6032
1 14.7177 14.7362
1.25 14.8872 14.9055
1.5 15.0918 15.1099
1.75 15.3301 15.3479
2 15.6006 15.6180
2.5 16.2312 16.2480
3 16.9702 16.9863
3.5 17.8041 17.8194
4 18.7202 18.7347
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that the flexomagnetic effect makes the natural frequencies smaller. It is also worth
mentioning that the larger the values of Lc , the higher the natural frequencies. It can
be observed that while the value of Lc is set to be zero in contrast to the when its
value is at 4, give further difference for natural frequencies of the mentioned tubes.
It can be stated that this decreasing behavior in the difference of results of both cases
can be because the length scale parameter increases the strength of the tubes and
as far as the flexomagnetic effect makes the material more flexible, hence, in higher
values of the length scale the influence of flexomagneticity is slighter. More signif-
icantly, as the variation of the length scale parameter creates differences between
results of a piezomagnetic nanotube against a flexo-piezomagnetic one, this behavior
can confirm that the flexomagneticity is a size-dependent phenomenon similar to the
flexoelectricity, see Yudin and Tagantsev (2013); Wang et al (2019); Nguyen et al
(2013); Eremeyev et al (2020) and the reference therein.

Tables 12.4 and 12.5 give the numerical values of natural frequencies for the
both aforementioned cases of nanotubes in variations of diameter and length of the
tubes. Again here the size dependency behavior of flexomagneticity can be seen.
The increase in the diameter leads to decrease of the discrepancy between response

Table 12.4
Dimensionless natural frequencies in variations of the diameter (Lc = 0.5 nm,Ψ = 1μA)

d nm Piezomagnetic nanotube with Piezomagnetic nanotube
considering flexomagneticity

0.7 10.6768 10.7023
1 14.4886 14.5074
1.2 16.6303 16.6467
1.5 19.5766 19.5905
2 24.2887 24.2999
2.5 29.2463 29.2556
3 34.8146 34.8224
3.5 41.2301 41.2367
4 48.6422 48.6478

Table 12.5
Dimensionless natural frequencies in variations of the length (Lc = 0.5 nm,Ψ = 1μA)

L/d Piezomagnetic nanotube with Piezomagnetic nanotube
considering flexomagneticity

10 14.4471 14.4660
15 14.4886 14.5074
20 14.8129 14.8313
25 15.5244 15.5420
30 16.7575 16.7737
35 18.6175 18.6321
40 21.1582 21.1710
45 24.3866 24.3977
50 28.2822 28.2919
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of the two tubes. Howbeit it is noteworthy that the reducing effect in Table 12.3 is
further remarkable than the Table 12.2. In addition, it seems that the diminishing
effect as a result of enlarging diameter is more noticeable than the lessening effect
of the length scale parameter as the previous Table. Accordingly, it is important to
say that the diameter plays as a crucial factor to study size-dependent response of
nanotubes possessing flexomagneticity.

In Table 12.6 the natural frequencies of both cases of nanotubes are tabulated in
order to exhibit whether the magnetic field affects a flexo-piezomagnetic nanotube
more than a piezomagnetic one or not. As can be observed, there is no highlight

Table 12.6
Dimensionless natural frequencies in variations of the magnetic potential (Lc = 0.5 nm)

Ψ (μA) Piezomagnetic nanotube with Piezomagnetic nanotube
considering flexomagneticity

-2 13.9794 13.9989
-1 14.1512 14.1704
0 14.3209 14.3399
1 14.4886 14.5074
2 14.6544 14.6730
3 14.8183 14.8367
4 14.9805 14.9987
5 15.1409 15.1589
6 15.2996 15.3174
7 15.4567 15.4743
8 15.6122 15.6297
9 15.7662 15.7835

10 15.9187 15.9358

difference among the two tubes, although a very little difference can be seen. The
meaning of difference is here about difference between results of two cases when the
magnetic potential is chosen as minimum against when it is selected as maximum in
the Table. As a matter of fact, it can be said that the magnetic field has approximately
identical influence on the two tubes. Furthermore, it is substantial that the values of
the external potential are insignificant, but their effect is major. In fact, it is concluded
that the effect of outer magnetic potential on the natural frequencies of a nanoscale
actuator tube having piezo-flexomagnetic influences is momentous.

12.5 Conclusions

In this paper, we successfully combined the flexomagnetic effect with elasticity
relations to consider this impact on the natural frequencies of a nanotube. We fur-
ther considered the nanosize effects based on the stress-driven nonlocal elasticity
model. The extended Hamiltonian demonstrated governing equation in a magnetic-
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mechanical coupling. We verified our results regarded to a nanotube and correspond
well to the open literature. In an analytical framework, we established some tabu-
lated results to show the flexomagnetic effect. Based on our numerical exercises,
it was found that the variation of diameter is more notable to show the effect of
flexomagneticity. And the lesser the diameter, the larger the flexomagnetic effect.
Likewise, the smaller the length of the tube, the greater the flexomagneticity effect.
It can confirm that the flexomagneticity is a size-dependent feature of materials, and
its impact is more considerable in nanoscale.
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Chapter 13
Coupled, Thermo-elastic, Large Amplitude
Vibration of Bi-material Beams

Emil Manoach, Simona Doneva, and Jerzy Warminski

Abstract The main goal of this work is to develop a theoretical and numerical
approach, to study the geometrical nonlinear vibration of bi-material beams under
the combined action of mechanical and thermal loads. The geometrically nonlinear
version of the Timoshenko beam theory is used to describe the theoretical model of
the problem. Starting from the geometrical, constitutive and equilibrium equations
of each layer the governing equations of the bi-material beam are derived. The beam
is subjected to heat flux and dynamic mechanical loading. The influence of the
elevated temperature or the heat propagation along the beam length and thickness
on the response of the beam was studied.

Key words: Bi-material · Timoshenko beam · Large amplitude vibration · Heat
propagation

13.1 Introduction

The usage of composites materials in many engineering fields has grown in recent
years. Among the most popular composite structures the bi-material structures and
especially the bi-material beams are frequently used in different branches in industry.
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When the bi-material beam is subjected to different fields including mechanical
and thermal loading the modelling of their behavior could be very complex. Most
of the studies of the thermomechanical behaviour of the beams are devoted to their
static states. Some consideration of the bending of bi-material beams can be found
as early as in 1960 in Boley and Weiner (1960). Later many studies appear about the
deformation, stresses and temperature distribution in bi-metalic beams. A subject of
interest is the thermoelastic behavior of such beams because of the different elastic
and thermal properties of the layers which lead to more complex behavior of the
structures. The static thermoelastic deformation of composite beams was studied, for
example in Shang et al (2013); Carpinteri and Pugno (2006); Carpinteri and Paggi
(2008); Srinivasan and Spearing (2008).

Generally, the most of the studies of the dynamic response of the thermally
loaded beam consider that the structure gets elevated temperature instantly, and
the heat propagation is not included in model. The elevated temperature can lead
the structures to buckle and several authors studied the buckling and postbuckling
behaviour of structures subjected to mechanical loads at elevated temperatures (Mei
et al, 1999; Shi et al, 1999, etc).

Many years ago, however, it was shown, in Boley (1956) that the intensive ther-
mal loading (thermal shocks) can result to a transient vibration in structures. For
such cases the simultaneous consideration of the heat propagation and the structure
vibration is important. Such studies are performed in Karagiozova and Manoach
(1992); Manoach (2003); Manoach and Ribeiro (2004).

Recently, deep and complicated studies of nonlinear behaviour of structures sub-
jected to thermal and mechanical loading have been done in the works of Saetta and
Rega (2014, 2016, 2017); Settimi et al (2018). They used reduced models to study
the local and global dynamics of the coupled and uncoupled thermoelastic nonlinear
vibration of structures.

The dynamic instabilities and transient vibrations of a bimaterial beam with
alternating magnetic fields and thermal loads are investigated in Wu (2009). The
authors used the Hamilton principle to deduce the equation of the beam vibration on
the base of the Euler-Bernoulli theory. The equation of motion and the solution of
thermal effect are obtained by superposing certain fundamental linear elastic stress
states.

The goal of the present work is to derive the equations of the geometrically
nonlinear vibration of bi-material beam with non-symmetric layers according to the
Timoshenko beam theory and to study the coupled nonlinear vibration of the beam.
An influence of the heat propagation during the vibration will also be analysed.

13.2 Basic Equations

A beam with length l width b and thickness h is considered. The beam consists of
two layers made of different materials (Material 1 and 2) with thickness h1 and h2
(h = h1+ h2). The geometrical scheme of the beam is shown in Fig. 13.1.
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Fig. 13.1. The geometrical scheme of the beam model

13.2.1 Geometrical Relationships

The strain and curvature-displacements relationships associated with themid-axes of
the beam, which consider large displacements u(x,t) and w(x,t) in x and z directions,
respectively, and the angle rotation ψ(x,t) of the cross-section effect, take the form:

ε0x =
∂u
∂x
+
1
2

(
∂w

∂x

)2
, ε0xy =

∂w

∂x
−ψ, κ0 = −∂ψ

∂x
, (13.1)

and the strain vector is expressed as follows:

εεε =
{
ε0x + zκ0, f (z)ε0xy

}
, (13.2)

where f (z) is a function describing the distribution of the shear strain along the beam
thickness.

13.2.2 Constitutive Equations

Assuming that the beam material is linear elastic and isotropic the relations between
the component of the stresses and the strains are:

σ
(i)
x = E (i)

[
εx −α(i)T (T −T0)

]
, σ

(i)
xy = G(i)εxy, i = 1,2, (13.3)

where E (i) is the Young modulus and G(i) is the shear modulus of the ith layer and
α
(i)
T is the coefficient of thermal expansion of the corresponding layer.
The bending moment M , the shear force Q and the in-plane stress resultant per

unit length N are expressed by the stresses as follows:
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M = b
.//0

z1∫
−h/2

σx zdz+

h/2∫
z1

σx zdz
1223,

Q = b
.//0

z1∫
−h/2

σxydz+

h/2∫
z1

σxydz
1223,

N = b
.//0

z1∫
−h/2

σxdz+

h/2∫
z1

σxdz
1223

(13.4)

13.3 Field Equations

13.3.1 Governing Equations

The equations describing the coupled problem of the temperature distribution and
the beam vibrations as a result of the action of a heat flow with intensity q(x,t) and
of mechanical load with intensity p(x,t) are (i = 1,2):

c(i)p

λ
(i)
T

∂T
∂t
=
∂2T
∂x2
+
∂2T
∂z2
− α

(i)
T E (i)T0

λ
(i)
T

∂ε(i)

∂t
,

∂N
∂x
− c(i)1

∂u
∂t
− ρ(i)bh(i)

∂2u
∂t2
= 0,

−∂M
∂x
− c(i)2

∂ψ

∂t
− ρ(i)I(i) ∂

2ψ

∂t2
= 0,

∂Q
∂x
+N

∂2w

∂x2
+
∂N
∂x

∂w

∂x
−+c(i)1

∂w

∂x
− ρ(i)bh(i)

∂2w

∂t2
= −p(x,t),

(13.5)

where I(i) is the inertia moment of ith layer, ρ(i) is the density of the ith material,
T(x,z,t) is current temperature, T0 is the initial constant temperature, λ(i)T is the
thermal conductivity of ith material and c(i)p is the heat capacity per unit volume,
w(x,t) is the transverse displacement, ψ(x,t) is the rotation angle and

ε(i) = −z
∂ψ

∂x
+α
(i)
T (T −T0)+ ∂u

∂x
+
1
2

(
∂w

∂x

)2
Neglecting the longitudinal inertia effect and by using the geometrical and con-

stitutive equations Eqs. (13.5) can be rewritten in the form:
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(Eh)∗ ∂
2u
∂x2
= Gu +GT

u ,

(EI)∗ ∂
2ψ

∂x2
−(Gh)∗k2

(
∂w

∂x
−ψ

)
−(ρI)∗ �ψ = GL

1 +GT
1 ,

(Gh)∗k2
(
∂2w

∂x2
− ∂ψ
∂x

)
− c1

∂w

∂x
−(ρF)∗ ∂

2w

∂t2
= −p(x,t)+GL

2 +GT
2 ,

(13.6)

where

Gu = −(E (1)h(1)+E (2)h(2))
(
∂w

∂x
∂2w

∂x2

)
−(E (1) −E (2)) h

(1)h(2)

2
∂2ψ

∂x2
,

GT
u = −

(
E (1)α(1)T

∂γ
(1)
T

∂x
+E (2)α(2)T

∂γ
(2)
T

∂x

)
,

GL
1 = −

E (2) −E (1)

2
h(1)h(2)

(
∂2u
∂x2
+
∂w

∂x
∂2w

∂x2

)
,

GT
1 = −

(
E (1)α(1)T

∂ χ
(1)
T

∂x
+E (2)α(2)T

∂ χ
(2)
T

∂x

)
,

GL
2 = −

[
(E (1)h(1)+E (2)h(2))

(
∂u
∂x
+0.5

(
∂w

∂x

)2)
−(E (1) −E (2)) h

(1)h(2)

2
∂ψ

∂x

]
∂2w

∂x2
,

GT
2 = −

(
E (1)α(1)T γ

(1)
T +E (2)α(2)T γ

(2)
T

) ∂2w
∂x2

.

(13.7)
Here the nonlinear terms due to the large deflections and the thermal loading are
moved to the right hand side of the equations, thus forming pseudo-load vectors
GL(GL

1 ,G
L
2 ),GT (GT

1 ,G
T
2 ).

In these equations the following notations are introduced:

(Eh)∗ = (E (1)h(1)+E (2)h(2)), (Gh)∗ = (G(1)h(1)+G(2)h(2)),
I(1) =

1
3

E (1)
(
z31 +

h3

8

)
, I(2) = E (2)

(
h3

8
− z31

)
,

(EI)∗ = (E (1)I(1)+E (2)I(2)), (ρI)∗ = (ρ(1)I(1)+ ρ(2)I(2)),

γ
(1)
T =

z1∫
−h/2

Tdz, γ
(2)
T =

h/2∫
z1

Tdz,

χ
(1)
T =

z1∫
−h/2

T zdz, χ
(2)
T =

h/2∫
z1

T zdz.

(13.8)
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It is seen that the different properties of the composing materials lead to appearance
of new terms in the governing equationswhich do not exist in the case of one-material
beam. The greater is the difference in material properties, the greater the influence of
the shear forces on the beam behavior. This fact shows that for analyzes of composite
beams it is important to use at least first-order beam theory, such as Timoshenko’s
theory.

13.3.2 Boundary and Initial Conditions

Assuming that the upper surface and the surfaces at x = 0 and x = l are heat isolated
and a heat flow q(x,t) acts on the lower beam surface, the boundary conditions for
the equation describing the heat propagation are:

∂T
∂z
=

{
λ
(1)
T

−1
q(x,t) if t ≤ t0

0 if t > t0
(13.9)

The beam is considered clamped, in-axis fixed, i.e.:

u(0,t) = u(l,t) = w(0,t) = w(l,t) = 0, ψ(0,t) = ψ(l,t) = 0. (13.10)

The initial conditions are accepted as:

w(x,0) = 0, 
w(x,0) = 0, ψ(x,0) = 0, 
ψ(x,0) = 0,
T(x,z,0) = T0, x ∈ [0,l],z ∈ [−h/2,h/2]. (13.11)

13.3.3 Dimensionless Variables

The derived partial differential equations and associated boundary conditions have
been transformed to dimensionless form by following transformations:

ū = u/l, w̄ = w/l, z̄ = z/h, t̄ = t
c
l
, c2 =

(Eh)∗
(ρI)∗ , θ =

T −T0
T0

. (13.12)

Omitting the bars above the dimensionless variables the equations of the beam
dynamics can be rewritten in the form:
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∂2u
∂x2
= Gu +GT

u ,

∂2ψ

∂x2
−αβ

(
∂w

∂x
−ψ

)
− �ψ = GL

1 +GT
1 ,

β

(
∂2w

∂x2
− ∂ψ
∂x

)
− d1

∂w

∂x
− (ρE)∗
(Eh)∗

∂2w

∂t2
= −p(x,t)+GL

2 +GT
2 ,

(13.13)

The nonlinear terms (13.7) from Eqs. (13.6) get the form

Gu = −
(
∂w

∂x
∂2w

∂x2

)
− E (1) −E (2)

(Eh)∗
h(1)h(2)

2l
∂2ψ

∂x2
,

GT
u =

(
E (1)α(1)T

∂γ
(1)
θ

∂x
+E (2)α(2)T

∂γ
(2)
θ

∂x

)
h
(Eh)∗ ,

GL
1 = −

E (2) −E (1)

2
h(1)h(2)l
(EI)∗

(
∂2u
∂x2
+
∂w

∂x
∂2w

∂x2

)
,

GT
1 = −

(
E (1)α(1)T

∂ χ
(1)
θ

∂x
+E (2)α(2)T

∂ χ
(2)
θ

∂x

)
lh2

(EI)∗ ,

GL
2 = −

[(
∂u
∂x
+0.5

(
∂w

∂x

)2)
− (E

(1) −E (2))h(1)h(2)
2(Eh)∗l

∂ψ

∂x

]
∂2w

∂x2
,

GT
2 = −

(
E (1)α(1)T γ

(1)
T +E (2)α(2)T γ

(2)
T

) ∂2w
∂x2

,

β = k2
(Gh)∗
(Eh)∗ , α =

(Eh)∗l2
(EI)∗ ,

d1 = c1l2/[b(Eh)∗], d2 = c2l2/(EI)∗, p1(x,t) = lp(x,t)
(Eh)∗

(13.14)

Here, k2 characterizes the distribution of the shear stresses along the beam cross-
section (shear correction factor). It is assumed that the damping coefficients are equal
for both layers.

13.4 Numerical Approach

13.4.1 Discretization of the Equation for the Heat Transfer

For the solution of the equation for the heat propagation (13.5)1 the finite difference
method is applied for the space discretization. The central difference formulas were
used and this equation becomes:
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θi, j = b1(θi+1, j −2θi, j + θi−1, j)/Δx2− b2(θi+1, j −2θi, j + θi−1, j)/Δz2

+ b3zi, j( 
ψi+1− 
ψi−1)/(2Δx)− b4(wi+1−wi−1)( 
wi+1− 
wi−1)/(4Δx2), (13.15)

where i = 1, . . . ,Nx, j = 1, . . . ,Nz, Δx = 1/(Nx − 1), Δz = 1/(Nz − 1). Nx and Nz are
numbers of points taken along the axes x and z, respectively and

b(j)1 =
[
cl2

(
a(j)1 + a(j)2

)]−1
, b(j)2 = l

[
ch(j)

2 (
a(j)1 + a(j)2

)]−1
,

b(j)3 = α
(j)
T T0E (j)h(j)

[
λ
(j)
T (i)l(a

(j)
1 + a(j)2 )

]−1
, b(j)4 = α

(j)
T E (j)

[
λ
(j)
T (i)l(a

(j)
1 + a(j)2 )

]−1
,

a(j)1 = c(j)p /λ(j)T , a(j)2 = α
(j)
T

2
T0E (j)/λ(j)T , j = 1,2.

It must be noted that the discretization step along the thickness Δz of the beam is
equal for both layers.

The discretized initial condition is:

t = 0 : θi, j = 0

The discretized boundary conditions are:

θ0, j = θ2, j, θN+1,Nz = θN−1,Nz , θi,Nz+1 = θi,Nz−1,
θi,0 = θi,2+2qi(t)hΔz/(λ(k)T T0) if t ≤ t0

θi,1 = θi,2 if t > t0
(13.16)

The thermomechanical coupling effects are defined by the coefficients a2,b3 and b4.
Case a2 = 0 and b3 = b4 = 0 is referred to the uncoupled problem.

13.4.2 Algorithm for the Solution of the Beam Vibration Problem

The algorithm to solve the Eqs. (13.13) is very similar to the one used in Manoach
and Ribeiro (2004) and only briefly is reported here.

• First, the eigenvalue problem was solved by considering the Eqs. (13.13)2,
(13.13)3 with zero right hand sides.

• Then using the pseudo-normal mode superposition method (see Manoach and
Ribeiro, 2004) the generalized displacements vector v = {αψ,w}T is expanded
as a sum of the product of the vectors of pseudo-normal modes vn and time
dependent functions qn(t) as

v(x,t) =
N f∑
n=1

vn(x)qn(t) (13.17)

and the partial differential equations are transformed in the following coupled
system of ordinary differential equations:
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�qn(t)+2ξ 
qn(t)+ω2
nqn(t) = Fn(t), (13.18)

where n are the natural frequencies of the linear elastic (undamped) bi-material
Timoshenko beam, ξn are modal damping parameters and

Fn(t) =
∫ 1

0
vTn (x)[P(x,t)+G(x,t)]dx, P(x,t) = (0,−p̄)T , G =GL +GT (13.19)

In (13.19) by GL and GT are denoted the vectors GL(GL
1 ,G

L
2 ) and GT (GT

1 ,G
T
2 )

(see Eqs. (13.14)) and P(x,t) is the force vector. In (13.17) it is assumed that the
transverse displacements and the rotation angle have the same time dependent
amplitudes qn.

The algorithm is based on the successive solution of the equations for the mechanical
vibrations of the beam and for the heat transfer. The detailed description of the
algorithm could be found in Manoach and Ribeiro (2004).

13.5 Numerical Examples

The numerical examples given here aim to illustrate the application of the numerical
approach described above and to verify the equations deduced her for thermoelastic
vibration of bi-materials Timoshenko beams. The considered beam consists of two
materials (aluminium and copper) with the following parameters:

E (1) = 7×107N/m2, E (2) = 12.8×107N/m2, ν(1) = ν(2) = 0.34,
ρ(1) = 2778kg/m3, ρ(2) = 8960kg/m3, c(1)p = 2484N/(m2K), c(2)p = 1018N/(m2K),
λ
(1)
T = 207N/(sK), λ

(2)
T = 385N/(sK), l = 0.5m, b = 0.025m

Two cases of the geometry of the beam were considered: (i) h/l = 0.1 and (ii)
h/l = 0.05. In the first case z1 = 0.007 m and in the second case z1 = 0.003125 m. In
both cases the beam cross-section was discretized with 9 nodes along the thickness,
i.e. Nz = 9,N (1)z = 6 and N (2)z = 4 (the interface layer was counted 2 times) . For the
interface layer (Nz = 6) the coefficients in Eqs. (13.12) were calculated using the
average values of the physical parameters , i.e.

E∗ =
E (1)+E (2)

2
, α∗T =

α
(1)
T +α

(2)
T

2
, etc.

The beam was discretized with 41 nodes along its length - Nx = 41. The results
of calculations with 81 nodes show almost identical results with the ones with 41. In
all calculations five terms were chosen in the expansion of Eq. (13.17) (Nf = 5).



236 Emil Manoach, Simona Doneva, and Jerzy Warminski

13.5.1 Eigenfrequencies

The natural frequencies and normal modes of the bi-material Timoshenko beam
were calculated using the same approach as in Manoach and Karagiozova (1993).
The natural frequencies and normal nodes were calculated for a beam with the
“averaged” properties

(Eh)∗ = 5.73×107N/m2, ν = 0.34, (ρh)∗ = 3981.2kg/m3

by using the general purpose FE program MSC NASTRAN. The beam was dis-
cretized with 40 linear beam elements. The obtained frequencies are shown in Table
13.1.

The “averaging” of the material properties is an approximation of the real mod-
elling of the bi-material beam. For example, the inertia moment for the equivalent
beam is different from the one obtained by the present model. There are other dis-
crepancies between two models so we accept that the relative differences in the
calculated frequencies according to the two models are acceptable and the present
model can be applied for the further studies.

13.5.2 Beam at Elevated Temperature

The first considered case is the beam at an elevated temperature. We consider that the
beamwith h/l = 0.1 gets an elevated temperature ΔT instantly. The beam is subjected
to harmonic loading p = p0 sinωet, where ωe denotes the excitation frequency. It
is accepted that the mechanical loading is uniformly distributed along the beam
length. The results for vibration of centre of the beam in time for four different
temperatures are shown in Fig. 13.2. The dimensionless excitation frequency is
ω̄e = 0.4 (ω̄1 = 0.61). As can be expected the elevated temperatures lead to vibrations
with larger amplitudes. In all cases vibrations are periodic and symmetric around
the mid-axis of the beam. Because the beam is quite thick for this parameter of the
loading more complex phenomena like buckling or non-periodic response have not
been observed. The non-symmetric vibration around the mid-axis of the beam is not

Table 13.1
The natural frequencies of the beam

Frequency number Present model, rad/s MSC NASTRAN, rad/s Relative difference, %

1 4934 5041 2.10
2 12579 12878 2.32
3 22628 23206 2.49
4 34221 35146 2.63
5 46839 48162 2.75
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observed for the selected geometrical parameters of the beam. Such phenomenon
was observed for thinner beams (not shown here).

13.5.3 Beam Subjected to Heat Impact

The next considered case is a thinner beam (h/l = 0.05) subjected to a harmonic
loading and heat impact. In this case the beam made of the same two materials (with
z1 = 0.003125 m) is subjected to a short heat pulse acting on the lower beam surface,
distributed along the beam length according to the sin function and its amplitude
decreases in time as:

q̄(x̄, t̄) =
⎧⎪⎪⎨⎪⎪⎩

q̄0

(
1− t̄

t̄0

)
sin(π x̄) for 0 ≤ t̄ ≤ t̄0

0 for t̄ > t̄0

The thermal loading changes dramatically the beam response. The intensive short
thermal pulse force the beam to buckle. After the initial peak of the response, with

Fig. 13.2. Time-history diagrams of the response of the beam subjected to harmonic loading at
elevated temperature (p = 8 ·105 N/m, ωe = 3284.2 rad/s): 1 – ΔT =10 K, 2 – ΔT =20 K,
3 – ΔT=30K, 4 – ΔT=60 K
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decreasing and ceasing of the thermal loading the maximal deflections of the beam
decrease and the beam continue to vibrate around a buckle state which changes with
time. This can be seen in Fig. 13.2 where the response of the beam subjected to
mechanical loading and thermal shock are shown.

The results concerning the heat propagation along the beam length and thickness
can be seen in Figs. 13.3 and 13.4. These figures compared with Fig. 13.5 clearly
show the different velocity of the heat propagation and beam elastic vibrations. As
it is known the heat propagation is much slower process. It is seen that after tens
periods of elastic vibrations the temperature still continues to propagate along the
beam cross-section.

At the first contour plot of the temperature distribution (Fig. 13.3a) the temperature
propagates only at the first layers of the beam and it even has not reached the middle
of the beam cross-section. At the same time the beam oscillates more than 40 times
along its mid axis. At later moment, t̄ = 1277, the temperature propagation has
reached the whole beam cross section but still has not reached a uniform value.
The speed of the heat propagation is different for the different layers because of the
different thermal properties of the materials.

The influence of the speed of the heat propagation can be judged and from Fig.
13.4 where the change of the temperature in time at three different layers along z
axis is shown. The bottom layer (layer 1), its adjacent layer (layer 2) and interface

(a)

(b)

Fig. 13.3. Distribution of the temperature along the beam cross-section and the beam length:
(a) - t̄ = 827; (b) - t̄ = 1277
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Fig. 13.4. Variation of the temperature at the beam center at the first layer – 1 (red colour), at the
second layers - 2 (blue colour), and at 6th (interface) layer (green colour) of the beam cross-section

layer (layer 6) are chosen. In order the process of the heat propagation to be more
visible, a small figure showing the heat evolution at layer 6 is added.

13.6 Discussion and Conclusions

The large amplitude vibrations of bi-material Timoshenko beams subjected to me-
chanical load and thermal loading are studied in this work. The deduced equations of
the beammotion include nonlinear terms which do not appear in the equation of mo-
tion of homogeneous beams. These terms are GL

1 and GT
1 . The other nonlinear terms

in the right hand side of the Eqs. (13.13) are more complex than the ones obtained
for the single-material Timoshenko beam model. The equations of the beam motion
are coupled with the equation of the heat propagation. The different properties of
the beam material along the beam cross-section are also considered in the solution
of this equation. The considered equations include full coupling of the mechanical
and thermal fields, i.e. the thermal field influences the beam motion and the beam
motion influence the heat propagation.

The considered numerical examples aim to check the applicability and the cor-
rectness of the deduced equations and the methods developed to solve them. The
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obtained results demonstrate that temperature loading and short heat pulses can have
a big influences on the beam behavior.

Of course the influence of the mechanical vibration on the heat propagation is
much weaker and often negligible. In some cases, for example, for bi-material micro
structures,) the beam motion could have some influence on the heat propagation
process. In the considered case only at the initial stage of the process small differences
between the coupled and uncoupled solution could be observed – see Fig. 13.6.

The small difference at the beginning of the process becomes negligible in time.
The influence of the nonlinear terms due to different layers on the beam response

as well as the influences of the coupled terms on the beam vibration and heat
propagation will be studied in our further works. The heat pulse parameters (pulse
shape, pulse duration and the heat flux value) are also objects of interests and will
be studied.
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Fig. 13.5. Time history of the response of the beam subjected to thermal loading and harmonic
loading with p = 1000 N/m, ωe = 2468.8 rad/s (ω1 = 2651 rad/s), h/l = 0.05: 1 – q0 = 0 W/m2,
2 – q0 = 9000 W/m2, t̄0 = 30
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Fig. 13.6. Variation of the temperature at the beam center at 6th, interface layer of the beam
cross-section (q0 = 22500 W/m2, t̄0 =120). Red colour – coupled solution; green colour –
uncoupled solution.
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Chapter 14
Effect of Longitudinal Variation of Material
Properties in Warping Torsion of FGM Beams

Justín Murín, Juraj Hrabovsky, Stephan Kugler, Vladimir Kutiš,
and Mehdi Aminbaghai

Abstract In this paper, the influence of longitudinal variation of material properties
on the deformation and stresses of thin-walled non-uniformly twisted Function-
ally Graded Material (FGM) beams is investigated. The longitudinal variation is
described by a polynomial. Secondary deformations, resulting from the angle of
twist, are considered. The transfer relations are derived and used for establishing
finite element equations for non-uniformly twisted FGM beams in local coordinate
systems. The warping part of the first derivative of the twist angle, caused by the
bimoment, is considered as an additional degree of freedom at the nodes of the
beam elements. The numerical investigation is performed with consideration of the
Secondary Torsional Moment Deformation Effect (STMDE). It is focused on elas-
tostatic analysis of straight cantilever FGM beams with doubly symmetric open as
well as closed cross-sections. A very strong effect of the longitudinal variation of
material properties on the twist angle and bimoment normal stresses is originally
studied and presented. The results are compared with the ones obtained by a very
fine mesh of standard solid and shell as well as warping beam finite elements.
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14.1 Introduction

The effect of non-uniform torsion may be significant in structural elastostatic and
elastodynamic analysis of thin-walled beams with open as well as closed cross-
sections andwith constant material properties. Themaximum normal stress resulting
from the bimoment occurs at the points of action of the external torques (except for
free ends of beams) and at cross-sections of restrained warping (e.g. clamped cross-
sections). A comprehensive overview of the literature dealing with the issue of
non-uniform torsion of thin-walled beams made of homogeneous material can be
found, e.g., in Aminbaghai et al (2016); Dikaros et al (2016). Commercial Finite
Element Method (FEM) codes allow for elastostatic torsional analysis by 3D finite
beam elements without as well as with consideration of the warping effect (ANSYS,
2019; ADINA, 2013; ABAQUS, 2018; Przemieniecki, 1992; Murín et al, 2014).
For uniform torsion, frequently an improved Saint-Venant theory is used. In non-
uniform torsion, the bicurvature is very often chosen as an additional warping degree
of freedom, and the Secondary TorsionMoment Deformation Effect (STMDE) is not
considered. Most recent research results have shown, however, that for non-uniform
torsion of beams with closed cross-sections the influence of the STMDE (Murín
et al, 2014) and of the distortion of the cross-section (Tsiptsis and Sapountzakis,
2017b) is particularly significant. The effect of the axial force on torsional warping
is investigated in Aminbaghai et al (2017). A common feature of the cited articles is
that constant material properties of the beams are assumed.

In material science, one of the ground-breaking technologies are functionally
graded materials (FGMs). Natural biomaterials often possess the structure of FGMs.
This enables them to satisfy requirements such as corrosion resistance, thermal
conductivity, strength, elastic stability, fatigue durability, dynamic stability, etc. Fab-
rication of such materials is complicated. However, in recent years a progress in this
area has been significant. A FGM consists of a mixture of two or more constituents
of almost the same form and the same dimensions. Plasma spraying, powder metal-
lurgy, 3D printing, and other technologies are used for fabrication of such materials.
From a macroscopic point of view, FGMs are isotropic at each material point, but
the material properties can vary continuously or discontinuously in one, two, or
three directions. The variation of the macroscopic material properties can be rea-
lized by varying the volume fractions of the constituents or their material properties.
An important class of structural components, made of FGMs, are beams. Thin-
walled beams play an important role not only in structural applications, but also in
thermal, electro-thermal, and electro-thermo-structural systems (e.g. Micro-Electro-
Mechanical-Systems (MEMS), sensors and actuators), as well as in mechatronics. In
all of these applications, FGMs can greatly improve the effectiveness of the systems
concerned (Shoghmand and Ahmadian, 2018; Fariborz and Batra, 2019).

For mechanical investigations of FGM beams, semi-analytical and numerical
methods of analysis of planar beams with a predominantly transverse variability
of the material properties were first developed. Intensive activities in the area of
uniform (Saint-Venant) torsion are presently in full swing. A list of scientific articles
on modelling of FGM beams can be found e.g. in Murin et al (2016). In this article, a
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3D FGM beam finite element with a spatial variation of the material properties was
presented, considering Saint-Venant torsion. Uniform torsion of FGM beams was
also investigated in Shen et al (2016); Kim and Lee (2016); Barretta et al (2018). In
Barretta et al (2015), closed-form solutions of FGMbeams, subjected to non-uniform
torsion, were presented. In Yoon et al (2015), nonlinear finite element formulations
for 3D analysis of FGM beams were presented. A power law distribution of the
material properties in the transverse direction was considered.

In Aminbaghai et al (2016);Murín et al (2014), a new 3DTimoshenko finite beam
element including warping torsion of open and closed cross-sections with constant
material propertieswas presented. InMurin et al (2018) andAminbaghai et al (2019),
this beam element was extended for non-uniform torsional modal and elastostatic
analysis of FGMbeamswith a polynomial form of variation of thematerial properties
in the longitudinal direction. This form of longitudinal variability of the material
properties allows for a wide range of practical applications. Moreover, it facilitates
structural analysis of such composite beams. In many cases, the spatial validation of
thematerial properties of FGMbeams can be reduced to a longitudinal variation (e.g.
Murín et al, 2014; Kutis et al, 2011). From the finite element equations, established
for such partially homogenized beams, the primary variables in form, e.g., of nodal
displacements are obtained. The stresses, however, must be computed for the real
beam.

The main body of the present paper consists of the theoretical part and the
numerical evaluation of the developed elastostatic warping torsion theory for thin-
walled beams with longitudinally varying material properties. Doubly symmetric
open and closed cross-sections of straight FGM beams are considered. In Sect. 14.2,
a summary of the differential equations for non-uniform torsional deformations is
presented. The part of the bicurvature, caused by the bimoment, is taken into account
as the warping degree of freedom. The STMDE is also considered. A general semi-
analytical solution of the differential equation is presented. Furthermore, the transfer
matrix relation is presented, from which the finite element equations for two-node
straight warping torsion beams (FGM-WT) are derived. Section 14.3 contains the
numerical investigation. The results from elastostatic analysis of cantilever beams
with open I cross-sections and rectangular hollow cross-sections are presented and
compared with results obtained from commercial FEM codes. The effect of the
longitudinally varying material properties is quantified. A final assessment of the
proposed method is contained in the conclusions. A very strong effect of the lon-
gitudinal variation of material properties on the twist angle and bimoment normal
stresses in the field of the beams is originally studied and presented.

14.2 Non-uniform Torsion FGM Beam Finite Element

In the following, the differential equations, with variable parameters, for torsional
elastostatic analysis of FGM beams with doubly symmetric open or closed cross-
sections will be shortly presented. The material properties in the longitudinal direc-
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tion of the beams are assumed to vary in a polynomial form. The solution of the
differential equations is based on the concept of transfer functions. After derivation
of the transfer matrix, the finite element equations for local coordinate systems for
non-uniform torsion are established.

The stiffness matrix of the developed finite element is based on a semi-analytical
solution of the differential equation for non-uniformly twisted FGM beams, derived
by the authors. In this way, the longitudinal variability of the material properties
is considered with great accuracy. Thus, in a system consisting of several beams,
with a polynomial form of variability of the material properties, each beam can be
modelled by a single finite element. It is, of course, possible to divide the beam into
several finite elements of the proposed kind, but this has no significant influence on
the accuracy of the numerical solution. This is seen as a strong advantage of the
proposed finite element. However, for a longitudinally discontinuous change of the
cross-section or of the material properties of the beam, a subdivision into several
finite elements is necessary.

Figure 14.1 refers to the determination of the deformation of a FGM beam,
subjected to non-uniform torsion. It shows the torsional moment MT (x) as the sum
of the primary torsional moment MT p(x), the secondary torsional moment MTs(x)
and the bimoment Mω(x) according to the definitions of positive values of these
quantities in the framework of the Transfer Matrix Method (TMM). Figure 14.1 also
shows the angle of twist, ψ(x), corresponding to MT p(x). It is equal to the sum of
the angle of twist from the primary deformation, ψM (x), and of the one from the
secondary deformation, ψS(x).

Figure 14.2 illustrates the beam element. It is loaded by the torsional line moment
mT (x). The equilibrium equations are obtained as

M ′T (x) = −mT (x), (14.1)

where

mT (x) =
maxk∑
k=0

ηmT ,k xk

is the polynomial representation of the torsional moment with the parameters ηmT ,k .
According to Murin et al (2018),

M ′ω(x) = MT (x)−MT p(x)+mω(x) = MTs +mω(x), (14.2)

where

Fig. 14.1 Non-uniform tor-
sion: torsional moment, bimo-
ment, and angle of twist.
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Fig. 14.2. Definitions of positive torsional moments and rotation angles at the element nodes for the
TMM and the FEM in the local coordinate system.

mω(x) =
maxk∑
k=0

ηmω ,k xk

is the polynomial representation of the warping moment with the parameters ηmω ,k

and
MT (x) = MT p(x)+MTs . (14.3)

According to Aminbaghai et al (2016),

(x)
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ψ ′′M (x) = −
Mω(x)
EIω(x) (14.4)

and
ψ ′(x) = ψ ′M (x)+ψ ′S(x), (14.5)

with
ψ ′(x) = MT p(x)

GIT (x) (14.6)

and
ψ ′S(x) =

MTs(x)
GITs(x) , (14.7)

where ITs denotes the secondary torsion constant and E(x) and G(x) stand for the
longitudinally varying effective elasticity modulus and shear modulus, respectively.
Multiplication of the polynomial representation of the shear modulus, i.e. of G(x),
by ITs yields G(x)ITs . For convenience, it will be written in the following as GITs .
Multiplication of the polynomial representation of the modulus of elasticity, i.e. of
E(x), by Iω yields EIω .

According to Murin et al (2018), differentiation of Eq. (14.7) with respect to x
and multiplication by EIω gives

Mω +
EIω(MTsGI ′Ts)+GITs(−M ′Ts +GITsψ

′′))
GI2Ts

= 0. (14.8)

Differentiation of Eq. (14.8) with respect to x, multiplication by EI2ω , and use of Eq.
(14.7) yields

EI2ω
GI3Ts

.///0
−2EIωMTs(GI ′Ts)2MTs

+GITs(GI ′Ts(2EIωM ′Ts +EI ′ωMTs)+EIω)GI ′′TsMTs

−(GITs)2(EI ′ωM ′Ts +EIωM ′′Ts)
+GI3Ts(MTs +mω +EI ′ωψ ′′+EIωψ ′′′)

12223 = 0. (14.9)

Substituting Eq. (14.6) into Eq. (14.3) gives

MTs = MT −MT p = MT −GITψ ′. (14.10)

The first and the second derivative of Eq. (14.10) with respect to x are inserted into
Eq. (14.9). This yields the following expression for the torsional moment:
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MT

(
GI3Ts +GITsEI ′ωGI ′Ts −2EIω

(
GI ′Ts

)3
+EIωGITsGI ′′Ts

)
=

(GIT (GITs)3−(GITs)2 E ′IωG′IT +GITGITsE ′IωG′ITs

+2EIωGITG′ITs −2EIωGIT (G′ITs)2−EIω (GITs)2 G′′IT ·ψ ′
+EIωGITGITsG′′ITs)
+
(
2EIωGITGITsGI ′Ts −GITGI2TsEI ′ω −GI3TsEI ′ω −2EIωGI2TsGI ′T

) ·ψ ′′
− (EIωGITGI2Ts +EIωGI3Ts

) ·ψ ′′′

−GI3Tsmω +
(−GI2TsEI ′ω +2EIωGITsGI ′Ts

)
mT −EIωGI2Tsm′T .

(14.11)
Setting M ′T , which follows from Eq. (14.8), equal to −mT , results in the following
differential equation of fourth order:

η4(x)ψ ′′′′(x)+η3(x)ψ ′′′(x)+η2(x)ψ ′′(x)+η1(x)ψ ′(x)+η0(x)ψ(x) =

= ηL(x) =
maxs∑
s=0

ηL,s xs .
(14.12)

The variable polynomial parameters η0(x)−η4(x) are given in Appendix 14.4.
The general semi-analytical solution of Eq. (14.12) can be written as follows:

ψ(x) = b0(x)ψi + b1(x)ψ ′i + b2(x)ψ ′′i + b3(x)ψ ′′′i +
maxs∑
s=0

ηL,s bs+4(x). (14.13)

In Eq. (14.13), b0(x), b1(x), b2(x), b3(x) and bs+4(x), s ∈ 〈0,maxs〉 denote the
transfer functions. The quantities ψi , ψ ′i , ψ

′′
i , ψ ′′′i stand for the integration constants,

referred to the starting point i, see Figs. 14.1 and 14.2, (e.g., ψi = ψ(x) for x = 0,
etc.). Equation (14.13) and the first three derivatives of ψ(x) are condensed to the
following matrix equation:

⎡⎢⎢⎢⎢⎢⎢⎣
ψ(x)
ψ ′(x)
ψ ′′(x)
ψ ′′′(x)

⎤⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎣

b0(x) b1(x) b2(x) b3(x)
b′0(x) b′1(x) b′2(x) b′3(x)
b′′0 (x) b′′1 (x) b′′2 (x) b′′3 (x)
b′′′0 (x) b′′′1 (x) b′′′2 (x) b′′′3 (x)

⎤⎥⎥⎥⎥⎥⎥⎦ ·
⎡⎢⎢⎢⎢⎢⎢⎣
ψi

ψ ′i
ψ ′′i
ψ ′′′i

⎤⎥⎥⎥⎥⎥⎥⎦ +
ΨL⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

maxs∑
s=0

ηLs bs+4(x)
maxs∑
s=0

ηLs b′
s+4(x)

maxs∑
s=0

ηLs b′′
s+4(x)

maxs∑
s=0

ηLs b′′′
s+4(x)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14.14)

Equation (14.14) can be written as
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Ψ︷�����︸︸�����︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψ(x)
ψ ′(x)
ψ ′′(x)
ψ ′′′(x)

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

B︷����������������������������������������������������︸︸����������������������������������������������������︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0(x) b1(x) b2(x) b3(x)
maxs∑
s=0

bs+4(x)

b′0(x) b′1(x) b′2(x) b′3(x)
maxs∑
s=0

b′
s+4(x)

b′′0 (x) b′′1 (x) b′′2 (x) b′′3 (x)
maxs∑
s=0

b′′
s+4(x)

b′′′0 (x) b′′′1 (x) b′′′2 (x) b′′′3 (x)
maxs∑
s=0

b′′′
s+4(x)

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
·

Ψi︷�︸︸�︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψi

ψ ′i
ψ ′′i
ψ ′′′i
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14.15)

In Eq. (14.15), B is a matrix, containing the solution functions of Eq. (14.13) and
their first three derivatives at x. Thus, the so-called transfer functions for torsion
with warping, Ψ, represent a vector, containing the angle of twist and its first three
derivatives at x. Ψi is a vector, containing the values of the angle of twist and of
its first three derivatives at the starting point i, and ΨL is a load vector. Based on
the dependence of ψ ′(x), ψ ′′(x), and ψ ′′′(x) on MT (x) and Mω(x), the following
transfer matrix expression is obtained:

Zx︷�����︸︸�����︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ψ(x)
ψ ′M (x)
Mω(x)
MT (x)

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

A︷��������������������������������������������������︸︸��������������������������������������������������︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
A1,1(x) A1,2(x) A1,3(x) A1,4(x) A1,5(x)
A2,1(x) A2,2(x) A2,3(x) A2,4(x) A2,5(x)
A3,1(x) A3,2(x) A3,3(x) A3,4(x) A3,5(x)
A4,1(x) A4,2(x) A4,3(x) A4,4(x) A4,5(x)

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
·

Zi︷���︸︸���︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ψi

ψ ′M ,i

ψω,i

ψT ,i

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14.16)

The transfer matrix A relates the vector Zx to the "static vector" Zi . Appendix 14.4
contains a detailed description of these terms.

The kinematic and kinetic variables at node i are characterized by the subscript
i. By setting x = L in Eq. (14.16), the dependence of the nodal variables at node
j on the ones at node i is obtained. Then, by means of appropriate mathematical
operations, the finite element equations for non-uniform torsion are obtained as

⎡⎢⎢⎢⎢⎢⎢⎣
M̄T ,i

M̄ω,i

MT , j

Mω, j

⎤⎥⎥⎥⎥⎥⎥⎦ =
K︷���������������������︸︸���������������������︷⎡⎢⎢⎢⎢⎢⎢⎣

K1,1 K1,2 K1,3 K1,4
K2,1 K2,2 K2,3 K2,4
K3,1 K3,2 K3,3 K3,4
K4,1 K4,2 K4,3 K4,4

⎤⎥⎥⎥⎥⎥⎥⎦ ·
⎡⎢⎢⎢⎢⎢⎢⎣
ψi

ψ̄ ′M ,i

ψj

ψ̄ ′M , j

⎤⎥⎥⎥⎥⎥⎥⎦ +
F︷︸︸︷⎡⎢⎢⎢⎢⎢⎢⎣
F1
F2
F3
F4

⎤⎥⎥⎥⎥⎥⎥⎦ , (14.17)

where

M̄T ,i = −MT ,i , M̄ω,i = −Mω,i , M̄T p,i = −MT p,i , M̄Ts,i = −MTs,i (14.18)

considering the definitions of positive quantities in the framework of the FEM.
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A detailed description of establishing of the finite element equations Eq. (14.17)
is made in (Aminbaghai et al, 2019). The finite element matrix K in Eq. (14.17) is
symmetric.
The described solution algorithm was implemented into MATHEMATICA (Wol-
fram, 2012). Elastostatic analyses were performed for selected thin-walled cantilever
FGM beams with open and closed cross-sections in Sect. 14.3. The effects of seve-
ral longitudinal variation of material properties on the deformation and stresses is
studied. The results from the numerical experiments are presented and compared
with results obtained by means of the available commercial software. After simple
modification, the Eq. (14.17) can be also used for Saint-Venant torsion analysis of
FGM beams.

14.3 Numerical Investigation

In this section, the results from elastostatic analysis of cantilever FGM beams with
I-cross-sections and hollow cross-sections are presented. The length of the beams,
L, is equal to 0.1m. The FGM consists of a mixture of Aluminum and Tungsten
(denoted with the indexes m and f ). The material properties are listed in Table 14.1.
To show the effect of the longitudinal variation of material properties, the variable
Young’s modulus E(x) and Poisson’s ratio ν(x) are chosen for following three cases.

14.3.1 Case 1 - Polynomial Variation

E(x) = E f + (Em−E f )
( x

L

)n
, (14.19)

ν(x) = νf + (νm− νf )
( x

L

)n
, (14.20)

where n denotes the power of
(
x
L

)
. The expression for the shear modulus reads as

G(x) = E(x)
2(1+ ν(x)) . (14.21)

Table 14.1
Material properties of the FGM constituents.

Material properties

Young’s modulus E f = 4.8×1011 Em = 0.69×1011 Pa
Poissom’s ratio νf = 0.2 νm = 0.33 -
Shear modulus G f = 2.0×1011 Gm = 0.26×1011 Pa
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The axial variation of the material properties for the Case 1 is shown in Figs. 14.3
and 14.4 for n ∈ 〈1,5〉.

14.3.2 Case 2 - Polynomial Variation

E(x) = Em+ (E f −Em)
( x

L

)n
, (14.22)

ν(x) = νm+ (νf − νm)
( x

L

)n
, (14.23)

where n denotes the power of
(
x
L

)
. The expression for the shear modulus reads as

G(x) = E(x)
2(1+ ν(x)) . (14.24)

The axial variation of the material properties is shown in Figs. 14.5 and 14.6 for
n ∈ 〈1,5〉.

Fig. 14.3 Variation of
Young’s modulus E and
Poisson’s ratio ν for different
values of n (Case 1).
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Fig. 14.4 Variation of the
shear modulus G for different
values of n (Case 1).
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Fig. 14.5 Variation of
Young’s modulus E for differ-
ent values of n (Case 2).
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14.3.3 Case 3 - Parabolic Variation 1 and 2

For the variation 1, the volume fractions of the constituents are

v f (x) = −400x2+40x , vm(x) = 400x2−40x+1. (14.25)

Effective Young’s modulus E and Poisson’s ratio ν is

E(x) = E f v f (x)+Emvm(x)
= 6.9×1010+1.644×1010x−1.644×1011x2 [Pa]

ν(x) = νf v f (x)+ νmvm(x) = 0.33+5.2x+52x2 [−].
(14.26)

After substitution (14.26) into (14.24), the effective shear modulus G is calculated.
The parabolic axial variation of the effective material properties is shown in Figs.
14.7 and 14.8 (blue curves).

For the variation 2, the volume fractions of the constituents are

vm(x) = −400x2+40x , v f (x) = 400x2−40x+1. (14.27)

Effective Young’s modulus E and Poisson’s ratio ν is
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Fig. 14.6 Variation of the
Poisson’s ratio ν and shear
modulus G for different
values of n (Case 2).
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E(x) = E f v f (x)+Emvm(x)
= 4.8×1011+1.644×1010x−1.644×1011x2 [Pa]

ν(x) = νf v f (x)+ νmvm(x) = 0.2+5.2x−52x2 [−].
(14.28)

After substitution (14.28) into (14.24), the effective shear modulus G is calculated.
The parabolic axial variation of the effective material properties is shown in Figs.
14.7 and 14.8 (red curves).

Despite the academic nature of the chosen variations of the material properties,
it allows for an assessment of the effect of the variability of E and ν on the state of
deformation of thin-walled beams, subjected to non-uniform torsion.

14.3.4 Elastostatic Analysis of a Cantilever Beam with an I
Cross-section, with Longitudinally Varying Material
Properties

The cross-sectional dimensions of the cantilever beam, shown in Fig. 14.9, are given
as follows: b = 0.005m, h1 = 0.010m, h = h1− t = 0.00875m, t = s = 0.00125m. In
Table 14.2, the cross-sectional parameters required for the analysis are listed. The
geometric constants in Table 14.2 were computed by means of ANSYS (ANSYS,
2019), except for the secondary torsion constant and the warping torsion constant,
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Fig. 14.7 Variation 1 (blue
curve) and 2 (red curve)
of Young’s modulus E and
Poisson’s ratio ν for Case 3.
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Fig. 14.8 Variation 1 (blue
curve) and variation 2 (red
curve) of the shear modulus
G for the Case 3.
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which were calculated by the Thin Tube Theory (TTT) (Rubin, 2005). The beam is
loaded by the torsional momentmT = Fh = 1Nm at point k. The elastostatic torsional
analysis of the considered cantilever beam were performed for the three cases of the
material properties variation.

The following boundary conditions were specified for warping torsion in Eq.
(14.17):

ψ
;;
x=0 = 0 , ψ

′
M

;;
x=0 = ψ

′
M ,i = 0. (14.29)

Remark 14.1. According to the analogy between non-uniform torsion and the Timo-
shenko beam theory (Rubin, 2005), the following conditions hold at the clamped end
of the beam:

• for the case of flexural deformations:
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Fig. 14.9. Cantilever beam with an I cross-section: a) system, b) cross-section, c) applied forces
(F = 114.3N).

Table 14.2
Cross-sectional parameters for warping torsion.

Cross-sectional parameters

Cross-sectional area A= 0.21875×10−4 m2

Second moment of area about the y-axis Iy = 0.28483×10−9 m4

Second moment of area about the z-axis Iz = 0.27262×10−10 m4

Polar moment of area Ip = Iy + Iz = 0.31212×10−9 m4

Torsional constant IT = 0.1119×10−10 m4

Secondary torsion constant IT s = 0.19938×10−9 m4

Warping conctant Iω = 0.498×10−15 m6

∂w

∂x

;;;;
x=0
= w′i � 0, but ϕ

;;
x=0 = ϕi = 0, and

• for the case of warping deformations:
∂ψ

∂x

;;;;
x=0
= ψ ′i � 0, but

∂ψ ′M
∂x

;;;;
x=0
= ψ ′M ,i = 0,

where w = w(x) is the deflection and ϕ = ϕ(x) is the angle of rotation of the cross-
section about the y-axis.

14.3.4.1 Elastostatic Analysis of a Cantilever Beam with an I Cross-section,
with Longitudinally Varying Material Properties for the Case 1 and
Case 2

The elastostatic torsional analyses were performed by means of:
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• one warping torsion FGM beam finite element, simplified for Saint-Venant tor-
sion (FGM SV), one warping torsion beam finite element with STMDE (FGM-
WT with STMDE) and for warping torsion without STMDE (FGM-WT without
STMDE);

• a very fine mesh (500 finite elements) of WT BEAM finite elements, with the
STMDE included (Murín et al, 2014) and BEAM 188 WR finite elements with
option Warping Restained (ANSYS, 2019), with constant material properties
obtained as the average values of their variation over the length of each finite
beam element (Figs. 14.3-14.6);

• a very finemesh of 3DSOLID186 finite elements (850500 finite elements), imple-
mented into the commercial software ANSYS (2019), used for stress evaluation
and for comparison of the results with the ones obtained by the FGM-WT beam
finite element. In the SOLID186 FE model, all degrees of freedom of the nodes
at the clamped end of the beam were restrained. At the free end of the beam, the
torsional moment MT = Fh = 1Nm with F = 114.3N was applied, as shown in
Fig. 14.9c;

• a very fine mesh of SHELL181 finite elements (17700 elements), implemented
into the commercial software ANSYS (2019). The beam is loaded at its free end
in the same way as in Fig. 14.9c.

Results of the analyses for the clamped and the free end of the beam, i.e. at nodes
i and k in are drawn in Figs. 14.10-14.14 for the Case 1 and Case 2. Numerical
results of the analyses for the Case 1 are listed in Table 14.3.

As shown in Table 14.3, the results for the Case 1, obtained by all of the warping
torsion beam finite elements (WT) and SHELL181 elements (ANSYS, 2019), agree
very well. The STMDE is marginal for this type of cross-section. The FGM SV
solution for the angle of twist gives slightly different results, because the warping
torsion effect for open cross-section beams on the stress state is significant, whereas.
This fact is verified by the torsional analysis of such beams with constant material
properties. Plots of the longitudinal distribution of the angle of twist, ψ [rad], for
the case of non-uniform torsion of the investigated cantilever are shown in Figure
14.10. As expected, the variation of material properties influences the angle of twist

Fig. 14.10 Angle of twist,
ψ[rad], for non-uniform
torsion of the cantilever
beam with an I cross-section,
(x ∈ 〈0, L〉), for the Case 1
and Case 2 for n ∈ 〈1, 5〉, and
for n = 0 (constant material
properties equal to the ones of
Tungsten for the Case 1 and of
Aluminum for the Case 2).
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Table 14.3
Angle of twist and internalmoments, calculated by FGM-WTwith andwithout STDME,WTBEAM,
and SHELL181 finite elements in the expression for the material properties, for the Case 1 with
n ∈ 〈1, 5〉 and for the case of n = 0 (constant material properties equal to the ones of Tungsten).

Variables n FGM SV

FGM-WT with
STMDE/
SHELL181

ANSYS (2019)

WT BEAM
Murín et al (2014)

FGM-WT
without
STMDE

ψk [rad]

0 0.044 0.040/0.0420 0.042 0.040
1 0.108 0.098/0.102 0.098 0.098
2 0.082 0.073/0.074 0.073 0.072
3 0.072 0.062/0.064 0.062 0.062
4 0.066 0.057/0.058 0.057 0.056
5 0.062 0.053/0.055 0.053 0.053

ψ ′
M ,k

[rad/m]

0 - 0.447 0.447 0.477
1 - 2.169 2.169 2.190
2 - 1.690 1.690 1.711
3 - 1.423 1.423 1.442
4 - 1.250 1.250 1.267
5 - 1.129 1.129 1.144

Mω,i [kNm2]

0 - −1.006×10−5 −1.006×10−5 1.003×10−5
1 - −1.072×10−5 −1.072×10−5 1.099×10−5
2 - −1.024×10−5 −1.024×10−5 1.052×10−5
3 - −1.012×10−5 −1.012×10−5 −1.039×10−5
4 - −1.012×10−5 −1.009×10−5 −1.036×10−5
5 - −1.009×10−5 −1.007×10−5 −1.035×10−5

MT p ,i [kNm]

0 - 5.3140×10−5 5.3141×10−5 0.0
1 - 5.3141×10−5 5.3141×10−5 0.0
2 - 5.3141×10−5 5.3141×10−5 0.0
3 - 5.3140×10−5 5.3141×10−5 0.0
4 - 5.3141×10−5 5.3141×10−5 0.0
5 - 5.3141×10−5 5.3141×10−5 0.0

MT p ,k [kNm]

0 - 9.998×10−4 9.998×10−4 9.999×10−4
1 - 6.495×10−4 6.530×10−4 6.551×10−4
2 - 5.177×10−4 5.233×10−4 4.965×10−4
3 - 4.442×10−4 4.514×10−4 4.185×10−4
4 - 3.969×10−4 4.052×10−4 3.679×10−4
5 - 3.635×10−4 3.729×10−4 3.322×10−4

MT s ,i [kNm]

0 - 9.469×10−4 9.469×10−4 0.001
1 - 9.469×10−4 9.469×10−4 0.001
2 - 9.469×10−4 9.469×10−4 0.001
3 - 9.469×10−4 9.469×10−4 0.001
4 - 9.469×10−4 9.469×10−4 0.001
5 - 9.469×10−4 9.469×10−4 0.001

MT s ,k [kNm]

0 - 1.543×10−7 1.543×10−7 1.255×10−7
1 - 3.505×10−4 3.469×10−4 3.449×10−4
2 - 4.822×10−4 4.766×10−4 5.034×10−4
3 - 5.557×10−4 5.486×10−4 5.815×10−4
4 - 6.031×10−4 5.948×10−4 6.321×10−4
5 - 6.365×10−4 6.270×10−4 6.678×10−4
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Fig. 14.11 Part of the bicur-
vature, ψ′M [rad/m], resulting
from the bimoment of the
cantilever beam of the I
cross-section for the Case 1,
(x ∈ 〈0, L〉 and n ∈ 〈1, 5〉).
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Fig. 14.12 Bimoment Mω

[kNm2] for the cantilever
beam with an I cross-section
for the Case 1 and Case 2,
(x ∈ 〈0, L〉 and n ∈ 〈1, 5〉).

Fig. 14.13 Primary torsional
moment, MT p [kNm], for
the cantilever beam with an I
cross-section for the Case 1,
(x ∈ 〈0, L〉).
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significantly. For the Case 2 and n = 0 (the beam is made of Aluminum only), the
twist angle exceeds permissible values of only academic significance.

Figure 14.11 shows the longitudinal variation of the part of the bicurvature, ψ ′M
[rad/m] for the Case 1, resulting from the bimoment of the cantilever beam of the
I cross-section for the Case 1. This quantity was computed by the FGM-WT with
STMDE.

Figure 14.12 shows the longitudinal variation of the bimoment, Mω [kNm2], for
the cantilever beam with an I cross-section for the Case 1 and Case 2. This quantity
was computed by the FGM-WTwith STMDE. Themaximum value of the bimoment,
which occurs at the clamped end of the beam, is not significantly influenced by the
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Fig. 14.14 Primary torsional
moment, MT p [kNm], for
the cantilever beam with an
I cross-section for the Case
1 and Case 2 and for n = 3,
(x ∈ 〈0, L〉).
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considered variability of thematerial properties. As shown in Fig. 14.12, longitudinal
variation of the material properties increases significantly the bimoment in the field
of the beam.

In comparison to the case with constant material properties, i.e. for n = 0, the
influence of the variability of the material properties increases with increasing dis-
tance from the clamped end of the beam (in some parts of the beam field). For the
Case 1, the strong increase of the bimoment correlates with the strong decrease of E
and G close to the free end of the beam. It holds for the considered case only if the
material properties vary such that the warping effect is increased, since warping is
increasing along the length. For the Case 2, the strong increase of E and G changes
surprisingly the sign of the bimoment in the field of the beam.

Figure 14.13 shows the longitudinal variation of the primary torsional moment,
MT p [kNm], for the cantilever beam with an I cross-section for the Case 1. This
quantity was computed by the FGM-WT with STMDE. Figure 14.14 separately
shows the longitudinal variation of the primary torsional moment, MT p [kNm], for
the cantilever beam with an I cross-section, computed by the FGM-WTBEAMfinite
elements with STMDE for the Case 1 and Case 2 for parameter n = 3.

Figure 14.15 shows the longitudinal variation of the secondary torsional moment,
MTs [kNm], for the cantilever beam with an I cross-section, computed by the FGM-
WT BEAM finite elements with STMDE for the Case 1. Figure 14.16 separately
shows the longitudinal variation of the secondary torsional moment, MTs [kNm],

Fig. 14.15 Secondary tor-
sional moment, MT s [kNm],
for the cantilever beam with
an I cross-section for the Case
1, (x ∈ 〈0, L〉). x [m]
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Fig. 14.16 Secondary tor-
sional moment, MT s [kNm],
for the cantilever beam with
an I cross-section for the Case
1 and Case 2 and for n = 3,
(x ∈ 〈0, L〉).
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for the cantilever beam with an I cross-section, computed by the FGM-WT BEAM
finite elements with STMDE for the Case 1 and Case 2 for parameter n = 3.

The maximum value of the primary and secondary torsional moment, which
occurs at the clamped end of the beam, is not influenced by the considered variability
of the material properties. As shown in Figs. 14.13-14.16, longitudinal variation of
the material properties influences significantly the primary and secondary torsional
moment in the field of the beam.

For all of the investigated cases, MT (x) = MT p(x)+MTs(x) = 1Nm, the variation
of the angle of twist and of the internal moments, obtained by the fine mesh of
WT BEAM finite elements, is very close to the ones shown in Figs. 14.10-14.16.
Therefore, the diagrams concerned are not shown. This confirms the efficiency and
the accuracy of the FGM-WT BEAM finite elements with STMDE.

The normal stresses in consequence of the bimoment and the torsional shear
stresses, in the cross-section at the clamped end of the beam, were computed by the
TTT. For example, as shown in Table 14.3 for n = 1 (Case 1), the cross-section at the
clamped end i was subjected to the bimoment

Mω,i = −1.072×10−5 kNm2 = −0.01072Nm2,

the primary torsional moment

MT p,i = 5.314×10−5 kNm = 0.05314Nm,

and the secondary torsional moment

MTs,i = 9.469×10−4 kNm = 0.9496Nm.

According to Rubin (2005), the maximum bimoment normal stress at the corners of
the clamped cross-section was obtained as

σω,i = ±
Mω,i

Iω
ωR = ±235.2MPa,

where
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|ωR | = bh
4
= 10.94mm2

is the warping ordinate at these points (Rubin, 2005), Fig. 14.17d. The figure does
not explicitly show this quantity. The maximum shear stress, resulting from the
secondary torsion moment, was obtained as

τs,1 = 1.5
MTs,i

thb
= 25.97MPa,

Fig. 14.17c. The shear stresses, resulting from the primary torsion moment, were
obtained as

τp,1 = τp,2 =
MT p

IT
t = 5.47MPa,

Fig. 14.17b. According to Figs. 14.17b and 14.17c, the total shear stresses are given
as follows:

τtotal1 = τs,1+ τp,1 = 31.44MPa , τtotal2 = τp,2 = 5.47MPa.

The results for the stresses at the clamped end of the beam have shown that the
normal stresses, resulting from warping, are much higher than the torsional shear
stresses. The longitudinal variation of the maximum bimoment normal stresses is
proportional to the longitudinal variation of the bimoment shown in Fig. 14.12. The
longitudinal variation of the maximum bimoment normal stresses along the upper
left beam edge for the Case 1, computed by the FGM-WTwith STMDE for n ∈ 〈0,5〉,
is shown in Fig. 14.18. Almost identical distributions of these stresses are obtained
by the WT BEAM finite elements with STMDE (Murín et al, 2014). Figure 14.18
shows that because of the variation of the material properties, the bimoment normal
stresses do not only occur at the clamped end of the beam. At the free end of the
beam, there is only one material, namely, Aluminum. Its elasticity modulus is much
smaller than the one of tungsten. The strong increase of the angle of twist causes
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Fig. 14.17. I cross-section: a) Cross-section, b) primary shear stresses, c) secondary shear stresses,
d) axial stresses in consequence of warping.
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Fig. 14.18 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 1, n ∈ 〈0, 5〉.
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normal stresses resulting from warping also in the vicinity of the free end of the
beam. The longitudinal variation of the maximum bimoment normal stresses along
the upper left beam edge for the Case 2, computed by the FGM-WT with STMDE
for n ∈ 〈0,5〉, is shown in Fig. 14.19.

To verify the obtained results, numerical analyses of the beam were performed
with very fine meshes of BEAM188 WR finite elements (500 elements), SOLID186
finite elements (85500 elements) and SHELL181 finite elements (17604 elements),
ANSYS (2019). The results obtained for the Case 1 and for n = 1 are compared in
Tables 14.4 and 14.5 and Figs. 14.20-14.21.

Table 14.4 shows that the maximum values of the angle of twist, obtained by dif-
ferent analysis tools, agree very well. For the solid and the shell finite element model,
the twist angle at the free end of the beam was computed from the displacements of
the points on the symmetry axes of the I-profile.

Fig. 14.19 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 2, n ∈ 〈0, 5〉.
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Table 14.4
Comparison of results for the Case 1 and n = 1.

Analysis tool FGM-WT with STMDE WT BEAM [7] SOLID186 [3] SHELL181 [3]

ψk [rad] 0.098 0.098 0.096 0.102
σω,i [MPa] ±235.2 ±235.2 ±(375.8/244.5) ±(308.9/232)
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Table 14.5
Maximum values of the normal stresses at both ends of the beam, in MPa, for the Case 1and n = 1.

Case/x [m] clamped end free end

Green curve - SOLID186 -339.6 -42.6
Dotted blue curve - SOLID186 -244.5 39.5
Dotted red curve - SOLID186 -375.8 1.6
Dashed orange curve - SHELL181 -308.9/-232.0 3.4
Dashed black curve - FGM-WT with STMDE -235.2 0

Fig. 14.20 Angle of twist, ψ
[rad], for non-uniform torsion
of the cantilever beam with an
I cross-section, (x ∈ 〈0, L〉),
for the Case 1 and n = 3.
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Fig. 14.21 Angle of twist, ψ
[rad], for non-uniform torsion
of the cantilever beam with an
I cross-section, (x ∈ 〈0, L〉),
for the Case 2 and n = 3.
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Figures 14.20-14.21 show distribution of the twist angles for the Case 1 and Case
2 for n = 3. They were calculated by a very fine mesh BEAM188WR finite elements
(ANSYS, 2019).

Figure 14.22 shows distributions of the maximum longitudinal normal stresses
for the Case 1 and linearly varying material properties (n = 1). They were calculated
by a very fine mesh of SOLID186 finite elements (ANSYS, 2019). The green curve
refers to a line at a distance of 0.1mm from the edge of the longitudinal upper left
flange of the beam; the dotted blue curve refers to the longitudinal middle axis of
the flange thickness t; the dotted red curve refers to the edge of the longitudinal
upper left flange of the beam. The maximum warping normal stress distribution,
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Fig. 14.22 Distribution of
the maximum normal stresses
along the upper left side of
the beam flange for linearly
varying material properties
for the Case 1 and n = 1.
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based on the FGM-WT BEAM finite elements with STMDE, is marked by a dashed
black curve. The dashed orange curve shows the normal stress distribution along the
longitudinal bottom edge of the left part of the flange, calculated by the SHELL181
finite elements (ANSYS, 2019).

Maximum values of the normal stresses, for the Case 1 and n = 1, at both ends
of the beam are listed in Table 14.5. Figure 14.22 shows good agreement of the
authors’ results (dashed black curve) with the ones obtained by the SOLID186 finite
elements (dotted blue curve). According to Table 14.5, the percentage difference of
the maximum value of the normal stresses at the clamped end (-244.5 for the SOLID
186 element and -235.2 for the authors’ element) is less than 4%.

Very good agreement of the normal stresses along the beam was obtained for all
of the investigated cases. Small discrepancies of the results occurred in the vicinity
of the free end of the beam. Fig. 14.22 shows a significant difference of the results at
the clamped end, obtained by the SOLID186 finite elements (dotted red curve) and
the SHELL181 finite elements (dashed orange curve).

The maximum value of the normal stress at the sharp corners of the I-profile
obtained by the SOLID186 finite elements, (±375.8 MPa), and the SHELL181 finite
elements, (±308.9), are strongly affected not only by a numerical singularity, but also
by the different type of the finite elements and the way of satisfaction of the boundary
conditions. Therefore, they are not relevant to the evaluation of the numerical results.
As shown in Fig. 14.26, the normal stress in the middle of the flange thickness t,
obtained by the SHELL181 finite elements, is above ±232 MPa. It agrees very well
with the authors’ FGM-WT with STMDE beam solution. According to Fig. 14.18,
the distribution of the warping normal stresses at the clamped end for n > 1 is very
similar to the distribution for n = 1. Figures 14.23-14.24 show the warping normal
stress distribution for the Cases 1 and 2, and n = 3. Additionally to Fig. 14.22, the
solution results (the dot-dashed blue curve), which were obtained by BEAM188
finite element with option warping restrained (ANSYS, 2019), are shown in Fig.
14.23 and Fig. 14.24.

The distribution of the normal stresses for the Case 1 and of linearly varying
material properties, calculated by SOLID186 finite elements along the flange width
b, is shown in Fig. 14.25. The green curve refers to a line, at a distance of about
0.4mm from the upper edge of the clamped flange, in the longitudinal direction of
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Fig. 14.23 Distribution of
the maximum normal stresses
along the upper left side of the
beam flange for for the Case
1, (n = 3).
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Fig. 14.24 Distribution of
the maximum normal stresses
along the upper left side of the
beam flange for for the Case
2, (n = 3).
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Fig. 14.25 Normal stresses
for the Case 1 and n = 1 along
the width b of the upper flange
at the clamped end of the
beam.
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the beam; the dotted blue curve refers to the middle axis of the flange thickness t; the
dotted red curve refers to the upper edge of the clamped flange. The distribution of
the normal stresses along the upper edge of the flange of the clamped end, calculated
by SHELL181 finite elements, is illustrated by the dashed orange curve. The stress
distributions computed by the SOLID186 finite elements, i.e. the green and the red
curves, are non-linear, which is inconsistent with the present assumption of the TTT
(see Fig. 14.17d). The linear distribution, obtained by the FGM-WT BEAM finite
elements with STMDE, is shown as a black dashed curve, located between the blue
and the orange curve. This situation is partially caused by the known fact that the
stresses at the sharp corners of the structure, calculated by solid finite elements, are
inaccurate. With increasing refinement of the mesh, the discrepancy of the results
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for points on sharp corners increases. Another possible reason of the discrepancy is
that the boundary conditions of the solid finite elements constrain the transverse and
the lateral displacements of the nodes of the cross-sectional area at the clamped end
of the beam.

The maximum values of the normal stresses at both ends of the flange width are
listed in Table 14.6. Figure 14.26 shows the distribution of the normal stresses at the
cross-section of the clamped end of the beam for the Case 1 a n = 1, calculated by
SHELL181 finite elements. The maximum value of the normal stresses in the middle
of the flange thickness is a little smaller than ±240 MPa. Thus, it is very close to the
authors’ result of ±235.2 MPa, obtained by the FGM-WT beam finite elements.

Finally, the equivalent von Mises stresses at the clamped end of the beam are
evaluated by the different finite elements and compared. Figure 14.27 shows the
distribution of these stresses, obtained by the SHELL181 finite elements.

If the equivalent von Mises stresses at the sharp corners of the cross-section are
not taken into account because of the singularity of the stresses obtained by the
SHELL181 finite elements, then the relevant normal stress is the one in the middle
of the flange thickness t. It is above 232 MPa. This value corresponds to the average
value of the von Mises stresses over the thickness of the flange t.

Table 14.6
Maximum values of the normal stresses, in MPa, for the Case 1 and n = 1, along the upper flange
width b at the clamped end of the beam.

Case/x [m] 0 0.005

Green curve - SOLID186 -339.6 339.6
Dotted blue curve - SOLID186 -170.4 170.4
Dotted red curve - SOLID186 -375.8 375.8
Dashed orange curve - SHELL181 -308.9 308.9
Dashed black curve - FGM-WT with STMDE -235.2 235.2

Fig. 14.26 Distribution of the
normal stresses computed by
SHELL181 finite elements
(ANSYS, 2019) for the Case 1
and n = 1.
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Fig. 14.27 VonMises stresses
at the clamped end of the
beam for the Case 1 and n = 1.

According to Fig. 14.17, the shear stress at the corners is

τp,1 = τ1,total =
MT p

IT
t = 5.47MPa.

Thus, the maximum value of the von Mises stresses at the corners is obtained as

σs =

√
σ2
ω,i +3τ

2
1,total = 235.4MPa.

This comparison shows that the results obtained by the authors’ element FGM-WT
agree well with the ones obtained by the SHELL181 beam finite elements.

14.3.4.2 Elastostatic Analysis of a Cantilever Beam with an I Cross-section,
with Longitudinally Varying Material Properties for the Case 3

The elastostatic torsional analyses were performed by means of

• one warping torsion beam finite element with STMDE (FGM-WTwith STMDE);
• a very fine mesh (500 finite elements) of BEAM188 finite elements, with the op-

tion warping restrained (WR) (ANSYS, 2019), with constant material properties
obtained as the average values of their variation over the length of each finite
beam element according Figs. 14.7-14.8;

• a very fine mesh of SHELL181 finite elements (17700 elements), implemented
into the commercial software ANSYS (ANSYS, 2019). At the free end of the
beam, the torsional moment MT = Fh = 1Nm with F = 114.3N was applied, as
shown in Fig. 14.9c.

Results of the analyses for the clamped and the free end of the beam, i.e. at nodes
i and j in are drawn in Figs. 14.28-14.31 for the Case 3 with the variations 1 and
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Fig. 14.28 Angle of twist,
ψ [rad], for non-uniform
torsion of the cantilever
beam with an I cross-section,
(x ∈ 〈0, L〉), for the Case 3
and the variations 1 and 2.
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Fig. 14.29 Bimoment
Mω kNm2 for the cantilever
beam with an I cross-section
for the Case 3, (x ∈ 〈0, L〉),
and the variations 1 and 2.
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Fig. 14.30 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 3, variation 1.
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2. Numerical results of the analyses for the Case 3 are listed in Tables 14.7-14.9.
As shown in Tab. 14.7, the results for the maximal twist angle, obtained by all of
the warping torsion beam finite elements and SHELL181 elements (ANSYS, 2019),
agree very well. Plots of the longitudinal distribution of the angle of twist, ψ [rad],
for the case of non-uniform torsion of the investigated cantilever are shown in Figure
14.28. As expected, the variation of material properties influences the angle of twist
significantly. A very good agreement of all the distributions is obtained.

Figure 14.29 shows the longitudinal distribution of the bimoment, Mω [kNm2],
for the cantilever beam with an I cross-section for the Case 3. This quantity was
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Fig. 14.31 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 3, variation 2.
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Table 14.7
Angle of twist, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements in the expression for the material properties, for the Case 3.

Twist angle ψ [rad] for: variation 1 variation 2

FGM-WT with STMDE 0.064 0.024
BEAM188 WR (ANSYS, 2019) 0.061 0.023
SHELL181 (ANSYS, 2019) 0.062 0.024

Table 14.8
Normal stresses, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements for the Case 3, variation 1.

x [m] 0 0.026 0.086 0.1

FGM-WT with STMDE - blue curve -160.2 29.8 -71.4 0.0
BEAM188 WR - dashed green curve -153.4 30.0 -68.8 -1.1
SHELL181 - grey curve -219.4 31.5 -87.6 -0.1
SHELL181 - dashed black curve -160.6 25.2 -70.0 -0.1

Table 14.9
Normal stresses, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements for the Case 3, variation 2.

x [m] 0 0.033 0.08 0.1

FGM-WT with STMDE - red curve -195.5 7.14 -29.1 0.0
BEAM188 WR - dashed violet curve -187.1 7.8 -27.6 -0.5
SHELL181 - grey curve -259.9 7.4 -44.1 -0.6
SHELL181 - dashed black curve -194.7 5.9 -35.5 0.8

computed by the FGM-WT with STMDE and BEAM188 WR (ANSYS, 2019). An
excellent agreement of all the distributions is obtained.

The normal stresses in consequence of the bimoment and the torsional shear
stresses, in the cross-section at the clamped end of the beam, were computed by the
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TTT. For example, as shown in Fig. 14.29 for the variation 1, the cross-section at the
clamped end i was subjected to the bimoment, calculated by FGM-WTwith STMDE,
Mω,i = −7.293× 10−6 kNm2 = −0.00729Nm2. Its value, calculated by BEAM188
WR, is equal to −6.84× 10−6 kNm2. From our calculations, the primary torsional
moment MT p,i = 5.314 × 10−5 kNm = 0.05314 Nm, and the secondary torsional
moment MTs,i = 9.469× 10−4 kNm = 0.9469Nm. The same values of the primary
and secondary torsional moment at the clamped end of the beam were obtained as
in previously analysed cases.

According to Rubin (2005) and for the bimoment calculated by FGM-WT beam
with STMDE, themaximumnormal stress at the corners of the clamped cross-section
was obtained as,

σω,i = ±
Mω,i

Iω
ωR = ±160.2MPa

where
|ωR | = bh

4
= 10.94mm2

is the warping ordinate at these points (Rubin, 2005), Fig. 14.17d. The figure does not
explicitly show this quantity. Themaximumnormal stress, calculated frombimoment
obtained by BEAM188 WR, is equal to ±153.4 MPa.

The maximum shear stress, resulting from the secondary torsion moment, was
obtained as

τs,1 = 1.5
MTs,i

thb
= 25.97MPa,

Fig. 14.17c. The shear stresses, resulting from the primary torsion moment, were
obtained as,

τp,1 = τp,2 =
MT p

IT
t = 5.47MPa,

Fig. 14.17b. According to Figs. 14.17b and 14.17c, the total shear stresses are given
as follows:

τtotal1 = τs,1+ τp,1 = 31.44MPa, τtotal2 = τp,2 = 5.47MPa.

The longitudinal variation of the maximum bimoment normal stresses is pro-
portional to the longitudinal variation of the bimoment shown in Fig. 14.29. The
longitudinal variation of the maximum normal stresses along the upper left beam
edge for the Case 3 and the variation 1 and 2, computed by the FGM-WT with
STDME and BEAM188 WR and SHELL181 finite elements, is shown in Figs.
14.30-14.31.

In Figs. 14.30-14.31, two distributions of the normal stresses, obtained by
SHELL181 finite elements, are drawn. Distribution of the normal stresses along
the upper left edge of the beam is drawn by the grey colour. The dashed black curve
refers to a line, at a distance of about 0.4 mm from the upper edge of the clamped
flange, in the longitudinal direction of the beam. The values of the maximum nor-
mal stresses, in [MPa], for the variation 1, at several distances x from the clamped
cross-section, are read in Table 14.8. The values of the maximum normal stresses,
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in [MPa], for the variation 2, at several distances x from the clamped cross-section,
are read in Table 14.9.

As shown in Figs. 14.30-14.31 and Tables 14.8-14.9, an acceptable conformity
of normal stresses was achieved except for the maximum stress at clamped end
of the beam. Because of numerical singularity at the sharp corners, the solution
by SHELL181 finite elements, (drawn by grey curves), shows a divergent result at
the point of the clamping of the edges of the cross-section. The agreement of the
distribution of normal stresses, obtained by only one author’s beam finite element,
(FGM-WT with STDME), and the distribution obtained, by the very fine mesh of
SHELL181 finite elements that drawn along the little shifted line from the edge of
the beam, is excellent.

Finally, the equivalent von Mises stresses at the clamped end of the beam are
evaluated by the different finite elements and compared for the variation 1. Figure
14.32 shows the distribution of these stresses, obtained by the SHELL181 finite
elements.

If the equivalent von Mises stresses at the sharp corners of the cross-section are
not taken into account because of the singularity of the stresses obtained by the
SHELL181 finite elements, then the relevant normal stress is the one in the middle
of the flange thickness t. It is a little bit more than 164 MPa. This value corresponds
to the average value of the von Mises stress at the thickness of the flange t.

According to Fig. 14.17, the shear stress at the corners is

τp,1 = τ1,total =
MT p

IT
t = 5.47MPa.

Thus, the maximum value of the von Mises stresses at the corners is obtained as

σs =

√
σ2
ω,i +3τ

2
1,total = 163.6MPa.

Fig. 14.32 VonMises stresses
at the clamped end of the
beam for the Case 3 and the
variation 1.
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This comparison shows that the results obtained by the authors’ beam element FGM-
WT with STDME agree very well with the ones obtained by the SHELL181 beam
finite elements.

Based on the obtained numerical results, the authors’ new beam finite element is
considered to be useful for the design of I-beams made of FGM with longitudinally
varying material properties. The solution has been obtained with only one FGM-WT
with STMDE beam finite element. This is the greatest advantage of this newwarping
torsion beam finite element.

14.3.5 Elastostatic Analysis of a Cantilever Beam with a
Rectangular Hollow Cross-section, with Longitudinally
Varying Material Properties

The cross-sectional parameters of the cantilever beam (Fig. 14.33b) are calculated
by ANSYS (ANSYS, 2019) and by the TTT (Rubin, 2005). They are listed in Table
14.10. The material properties of the FGM constituents are listed in Table14.1,
and the same longitudinal variations of the material properties and the boundary
conditions are considered as in Subsect. 14.3.4.

The elastostatic torsional analyses were performed by means of:

• one warping torsion beam finite element with STMDE (FGM-WT with STMDE)
and the FGM SV beam finite elements. The beam is loaded at point k on its free
end by a torsional moment MT = 1Nm;

• a very fine mesh (500 finite elements) BEAM188 WR (ANSYS, 2019) and WT
BEAM (Murín et al, 2014). Thematerial properties are obtained as average values
of their variation over the length of the relevant beam finite element according

1
0

 m
m

1
.2

5

5 mm

b)

y

z

0.6250.625

1
.2

5x

y

z
k

a)

L=0.1m

i

c)

y

z

F
1

F
1

F
2

F
2

Fig. 14.33. Cantilever beam with a rectangular hollow cross-section: a) system, b) cross-section, c)
applied forces: F1 = 114.286 N, F2 = 57.143 N.
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Table 14.10
Cross-sectional parameters for warping torsion of the hollow cross-section.

Cross-sectional parameters

Cross-sectional area A= 0.21875×10−4 m2

Second moment of area about the y-axis Iy = 0.28483×10−9 m4

Second moment of area about the z-axis Iz = 0.71208×10−10 m4

Polar moment of area Ip = Iy + Iz = 0.31209×10−9 m4

Torsional constant IT = 0.16748×10−9 m4

Secondary torsion constant IT s = 0.717773×10−10 m4

Warping conctant Iω = 0.240426×10−15 m6

to Figs. 14.3 - 14.8. The beam is loaded at point k on its free end by a torsional
moment MT = 1Nm;

• a very fine mesh of SHELL181 elements (16012 elements) of the commercial
software ANSYS (2019). The beam is loaded at point k on its free end by a
torsional moment MT = 1Nm. MT is applied as a couple of forces F1 and F2, as
shown in Fig. 14.33c.

14.3.5.1 Elastostatic Analysis of a Cantilever Beam with a Rectangular Hollow
Cross-section, with Longitudinally Varying Material Properties for
the Case 1 and Case 2

Results of the analyses for the angle of twist and the internal moments at the clamped
and the free end of the beam, i.e. at nodes i and k, are listed in Table 14.11 and
shown in Figs. 14.34-14.38. Table 14.11 also contains results for the angle of twist,
obtained by SHELL181 finite elements. As shown in Table 14.11, the twist angle
obtained by both the warping beam finite elements and the SHELL181 elements
(ANSYS, 2019) agree very well. The STMDE is significant for this type of cross-
section. Disregarding the STMDE in the computation by the FGM- WT BEAM

Fig. 14.34 Angle of twist, ψ
[rad], for non-uniform torsion
of the cantilever beam with
a hollow cross-section, (x ∈
〈0, L〉), for the Case 1 and
Case 2 for (n ∈ 〈1, 5〉), and
for n = 0 (constant material
properties equal to the ones of
Tungsten for the Case 1 and of
Aluminum for the Case 2).
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Table 14.11
Angle of twist and internalmoments, calculated by FGM-WTwith andwithout STDME,WTBEAM,
and SHELL181 finite elements in the expression for the material properties, for the Case 1 with
n ∈ 〈1, 5〉 and for the case of n = 0 (constant material properties equal to the ones of Tungsten).

Variables n FGM SV

FGM-WT with
STMDE/
SHELL181

(ANSYS, 2019)

WT BEAM
(Murín et al, 2014)

ψk [rad]

0 0.00298 0.00295/0.00290 0.00295
1 0.00724 0.00719/0.00699 0.00719
2 0.00552 0.00547/0.00525 0.00547
3 0.00480 0.00475/0.00453 0.00474
4 0.00440 0.00434/0.00414 0.00434
5 0.00415 0.00409/0.00390 0.00408

ψ ′
M ,k

[rad/m]

0 - 0.02986 0.02985
1 - 0.19160 0.19160
2 - 0.16717 0.16721
3 - 0.15005 0.14977
4 - 0.13616 0.13650
5 - 0.12765 0.12599

Mω,i [kNm2]

0 - −1.01660×10−6 −1.0166×10−6
1 - −1.03520×10−6 −1.0351×10−6
2 - −1.01875×10−6 −1.0184×10−6
3 - −1.01726×10−6 −1.0168×10−6
4 - −1.01674×10−6 −1.0166×10−6
5 - −1.01675×10−6 −1.0166×10−6

MT p ,i [kNm]

0 - 7.0×10−4 7.0×10−4
1 - 7.0×10−4 7.0×10−4
2 - 7.0×10−4 7.0×10−4
3 - 7.0×10−4 7.0×10−4
4 - 7.0×10−4 7.0×10−4
5 - 7.0×10−4 7.0×10−4

MT p ,k [kNm]

0 - 1.000×10−3 1.000×10−3
1 - 9.497×10−4 9.512×10−4
2 - 9.178×10−4 9.205×10−4
3 - 8.955×10−4 8.987×10−4
4 - 8.774×10−4 8.822×10−4
5 - 8.663×10−4 8.691×10−4

MT s ,i [kNm]

0 - 3.0×10−4 3.0×10−4
1 - 3.0×10−4 3.0×10−4
2 - 3.0×10−4 3.0×10−4
3 - 3.0×10−4 3.0×10−4
4 - 3.0×10−4 3.0×10−4
5 - 3.0×10−4 3.0×10−4

MT s ,k [kNm]

0 - 0 0
1 - 5.027×10−5 4.876×10−5
2 - 8.211×10−5 7.942×10−5
3 - 1.044×10−4 1.012×10−4
4 - 1.225×10−4 1.177×10−4
5 - 1.336×10−4 1.308×10−4
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Fig. 14.35 Part of the bi-
curvature, [rad/m], resulting
from the bimoment of the
cantilever beam with a hollow
cross-section for the Case 1,
(x ∈ 〈0, L〉), for (n ∈ 〈1, 5〉),
and for n = 0 (constant ma-
terial properties equal to the
ones of Tungsten).
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Fig. 14.36 Bimoment
Mω [kNm2] for the cantilever
beam with a hollow cross-
section section for the Case 1
and Case 2, for (n ∈ 〈1, 5〉),
and for n = 0(constant ma-
terial properties equal to the
ones of Tungsten for the Case
1 and of Aluminum for the
Case 2), (x ∈ 〈0, L〉).
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Fig. 14.37 Primary torsional
moment, MT p [kNm], for the
cantilever beam with a hollow
cross-section, for the Case 1
for n ∈ 〈1, 5〉, and for n = 0
(constant material properties
equal to the ones of Tungsten,
(x ∈ 〈0, L〉).
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element has provided unrealistic results. Therefore, these results are not contained in
Table 14.11. As was also shown in Murín et al (2014), the computation of the angle
of twist in the framework of the Saint-Venant (FGM SV) theory paradoxically yields
acceptable results. However, as described in Rubin (2005); Murin et al (2018),
and as will be shown in the following, neglect of warping by thin-walled closed
cross-section FGM beams may lead to an underestimation of the stress state. The
longitudinal distribution of the angle of twist, resulting from non-uniform torsion of
the cantilever FGM beam with a hollow cross-section, computed by the FGM-WT
with STDME beam finite elements for the Case 1 and Case 2, is shown in Fig. 14.34.
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Fig. 14.38 Secondary tor-
sional moment, MT s [kNm],
for the cantilever beam with
a hollow cross-section, for
the Case 1 for n ∈ 〈1, 5〉, and
for n = 0 (constant material
properties equal to the ones of
Tungsten, (x ∈ 〈0, L〉).
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The longitudinal variation of the part of the bicurvature, ψ ′M [rad/m], resulting
from the bimoment of the cantilever beam with a hollow cross-section, computed
by the FGM-WT beam finite elements with STMDE for the Case 1, is shown in Fig.
14.35. Figure 14.36 shows the longitudinal variation of the bimoment, Mω [kNm2],
of the cantilever beam with a hollow cross-section, for the Case 1 and Case 2.
This quantity was computed by the FGM-WT with STMDE. Figure 14.37 illustrates
the longitudinal variation of the primary torsional moment, MT p [kNm], for the
cantilever beam with a hollow-cross-section, for the Case 1. This quantity was
computed by the FGM-WT beam finite elements with STMDE. Fig. 14.38 illustrates
the variation of the secondary torsional moment, MTs [kNm], for the cantilever
beam with a hollow cross-section, for the Case 1. This quantity was computed by
the FGM-WT BEAM finite elements with STMDE.

Figures 14.39 and 14.40 separately show the longitudinal variation of the primary
and secondary torsional moment, MTs [kNm] and MT p [kNm], for the cantilever
beam with an I cross-section, computed by the FGM-WT beam finite elements with
STMDE for the Case 1 and Case 2 and for parameter n = 3. For all of the investigated
cases, MT (x) = MT p(x)+MTs(x) = 1Nm.

The variation of the angle of twist and of the internal moments, obtained by
the WT BEAM elements (Murín et al, 2014), is very close to the ones shown in
Figs. 14.34-14.40. Therefore, the diagrams concerned are not shown. The significant
influence of the variation of the material properties on the angle of twist and the

Fig. 14.39 Primary torsional
moment, MT p [kNm], for the
cantilever beam with a hollow
cross-section for the Case 1
and Case 2 and for n = 3,
x ∈ 〈0, L〉).
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Fig. 14.40 Secondary tor-
sional moment, MT s [kNm],
for the cantilever beam with
a hollow cross-section for the
Case 1 and Case 2 and for
n = 3, x ∈ 〈0, L〉).
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internal moments becomes obvious when comparing the results with the ones for
the case n = 0.
The normal stresses and the torsional shear stresses in consequence of the bimoment,
in the cross-section of the clamped end of the beam, were computed analytically for
a linear variation of the material properties, i.e. for the Case 1 and for n = 1. As
shown in Table 14.11, the cross-section at the clamped end of the beam is subjected
to the bimoment Mω,i = −1.0352× 10−6 [kNm2] = −0.010352 [Nm2], the primary
torsional moment MT p,i = 7.0×10−4 [kNm] = 0.7 [Nm], and the secondary torsional
moment MTs,i = 3.0×10−4 [kNm] = 0.3 [Nm].

According to Rubin (2005) and RFEM (2006), the maximum bimoment normal
stress at the corners of the cross-section at the clamped end of the beam (Fig. 14.41d)
is obtained as

σω,i = ±
Mω,i

Iω
ωR = ±24.72MPa

where
|ωR | = bh

4
bt − bs
bt + bs

= 5.74mm2

is the warping ordinate at the corners.
According to Rubin (2005) and RFEM (2006), the shear stresses resulting from

the secondary torsional moment are given as

τs,1 =
MTs,i

t Iω
S0 = 3.13MPa, τs,2 =

MTs,i

sIω
S0 = 6.27MPa,

τs,3 =
MTs,i

t Iω
S1 = 10.90MPa, τs,4 =

MTs,i

sIω
S2 = −9.40MPa,

where
S0 =

h2− b2

6γ
ωR = 3.130258790×10−12m4,

S1 = S0+ AG
ωR

4
= 1.099090576×10−11m4,

S2 = S0− AS
ωR

4
= −4.710388182×10−12m4
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Fig. 14.41. Rectangular cross-section: a) Cross-section, b) primary shear stresses, c) secondary
shear stresses, d) axial stresses in consequence of warping.

are auxiliary constants, with the area of the web, AS , and the area of the flange, AG ,
given as AS = s h = 5468.75×10−9m2 and AG = t b = 5468.75×10−9m2.
The shear stresses resulting from the primary torsional moment are given as

τp,1 =
MT psbh

IT (ht + bs) = 7.31MPa, τp,2 =
MT ptbh

IT (ht + bs) = 14.63MPa.

The total shear stresses at points 1, 2, 3, and 4 are obtained as

τ1,total = τs,1+ τp,1 = 10.45MPa, τ3,total = τs,3+ τp,1 = 18.28MPa,
τ2,total = τs,2+ τp,2 = 20.89MPa, τ4,total = τs,4+ τp,2 = 5.22MPa.

The value of the maximum warping normal stress in the clamped cross-section is
comparable to the maximum values of the torsional shear stresses. The longitudinal
distribution of the bimoment normal stresses in the x-direction, along the middle
line of the cross-section, see Fig. 14.41d, is proportional to the distribution of the
bimoment, shown in Fig. 14.36. The distribution of the bimoment normal stresses,
computed by the FGM-WT with STMDE for the Case 1 and Case 2, n ∈ 〈0,5〉, is
shown in Fig. 14.42. Similar to the clamped beam with the I-profile, beginning at a
small distance from the clamped end, useful results are obtained in the field of the
beam, for n ∈ 〈1,5〉.

To verify the obtained results, numerical analyses of the beam were performed
with very fine meshes of BEAM188 WR finite elements, (500 elements) and
SHELL181 finite elements (16012 elements), ANSYS (2019). All degrees of free-
dom of the finite element nodes at the clamped end of the beam were restrained.
Figures 14.43-14.44 and Tables 14.12-14.13 show the warping normal stress distri-
bution for the Cases 1 and 2, and n= 3. Additionally to Fig. 14.42, the solution results
(the green dot-dashed curve) for the Case 1 and for the Case 2, which were obtained
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Fig. 14.42 Distribution of
the warping normal stresses
along the upper left beam
edge, for the hollow cross-
section and for the Case 1 and
Case 2, for n ∈ 〈1, 5〉, and
for n = 0 (constant material
properties equal to the ones of
Tungsten for the Case 1 and
of Aluminum for the Case 2),
(x ∈ 〈0, L〉).
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Fig. 14.43 Normal stresses
along the outer longitudinal
edge of the beam, for the
cantilever beam with a hollow
cross-section for the Case 1
and for n = 3, (x ∈ 〈0, L〉).
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Fig. 14.44 Normal stresses
along the outer longitudinal
edge of the beam, for the
cantilever beam with a hollow
cross-section for the Case 2
and for n = 3, (x ∈ 〈0, L〉).
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by BEAM188 finite element with option warping restrained (ANSYS, 2019), are
shown in Fig. 14.43 and Fig. 14.44.

In Figs. 14.43-14.44, two distributions of the normal stresses, obtained by
SHELL181 finite elements, are drawn. Distribution of the normal stresses along
the upper left edge of the beam is drawn by the grey colour. The dashed black curve
refers to a line, at a distance of about 0.4 mm from the upper edge of the clamped
flange, in the longitudinal direction of the beam. The maximum normal stresses,
resulting from warping, computed by the authors’ FGM-WT beam finite elements
with STMDE, are shown as a red curve. A very good agreement of the normal
stresses in the field of the beam was obtained by all the finite elements. However,
there are discrepancies of the solutions from the BEAM188 WR and the SHELL
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Table 14.12
Normal stresses, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements for the Case 1, n = 3.

x [m] 0 0.1

FGM-WT with STMDE - red curve -24.3 0.0
BEAM188 WR - green dot dashed curve -35.6 -0.4
SHELL181 - grey curve -15.7 -0.9
SHELL181 - dashed black cuve -24.3 0.2

Table 14.13
Normal stresses, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements for the Case 2, n = 3.

x [m] 0 0.1

FGM-WT with STMDE - blue curve -25.5 0.0
BEAM188 WR - dashed green curve -37.6 0.1
SHELL181 - grey curve -16.8 -0.5
SHELL181 - dashed black cuve -28.1 0.2

181 and FGM-WT with STMDE finite elements in the clamped end of the cantilever
beam. As mentioned above, the BEAM 188 WR produced, for closed cross setions,
relevant results for the angle of twist, but not the bimoment normal stress. The best
agreement of the results for the normal stresses at the clamped end of the beam was
obtained by WT-BEAM with STMDE (the blue curve) and SHELL181 (the dashed
black curve) finite elements.
The values of the maximum normal stresses, in [MPa], for the Case 1 and n = 3, at
several distances x from the clamped cross-section, are read in Table 14.12.

The values of the maximum normal stresses, in [MPa], for the Case 2 and n = 3,
at several distances x from the clamped cross-section, are read in Table 14.13.

In Figs. 14.45-14.46, distributions of the twist angle calculated by FGM-WTwith
STDME (the read curve), SHELL181 (the dashed red curve) and BEAM188 WR
finite elements for the Case and 2 and n = 3. A very good agreement of the results
was obtained. The results obtained by theWT BEAM (Murín et al, 2014) agree very
well with the ones obtained by the FGM-WT BEAM finite elements with STMDE.
Therefore, they are not displayed in the figures presented above.
Additionally, the distribution of the normal stresses, in the cross-section at the
clamped end of the beam, obtained by SHELL181 finite elements for the Case 1
and n = 1, is shown in Fig. 14.47. An analogous distribution of the normal stresses
refers to a cross-section at a distance of 1mm from the clamped end of the beam.
It is shown in Fig. 14.48. As follows from Fig. 14.48, the maximum value of the
normal stresses in the considered cross-section agrees well with the authors’ result,
obtained by the FGM-WT beam finite elements with STMDE.

Finally, the von Mises stresses in the cross-section at the clamped end of the
beam are computed. The distribution of these stresses, obtained by SHELL181 finite



282 Justín Murín, Juraj Hrabovsky, Stephan Kugler, Vladimir Kutiš, and Mehdi Aminbaghai

Fig. 14.45 Twist angles along
the longitudinal axis of the
beam, for the cantilever beam
with a hollow cross-section
for the Case 1 and for n = 3,
(x ∈ 〈0, L〉).
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Fig. 14.46 Twist angles along
the longitudinal axis of the
beam, for the cantilever beam
with a hollow cross-section
for the Case 2 and for n = 3,
(x ∈ 〈0, L〉).
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Fig. 14.47 Distribution of the
normal stresses in the cross-
section at the clamped end of
the beam, for the case 1 and
for n = 1.

elements, is shown in Fig. 14.49. The maximum value of the von Mises stresses is
equal to 42.2 MPa. An analogous illustration refers to a cross-section at a distance
of 1 mm from the clamped end of the beam, see Fig. 14.50. The maximum value of
the von Mises stresses is equal to 40.2 MPa.

As follows from Fig. 14.41, the torsional shear stress, according to the TTT, at
the corners of the cross-section, is equal to τtotal2 = 20.89MPa. Then, the maximum
value of the von Mises stress in the cross-section at the clamped end of the beam
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Fig. 14.48 Distribution of the
normal stresses in a cross-
section at a distance of 1mm
from the clamped end of the
beam, for the Case 1and for
n = 1.

Fig. 14.49 Distribution of
the von Mises stresses in the
cross-section at the clamped
end of the beam, for the Case
1 and for n = 1.

is obtained as σs =
√
σ2
ω,i +3τ

2
2,total = 43.82MPa. This shows that the difference

Fig. 14.50 Distribution of
the von Mises stresses in a
cross-section at a distance of 1
mm from the clamped end of
the beam, for the Case 1 and
for n = 1.
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between the authors’ solution and the result by the SHELL181 finite elements is
small.

14.3.5.2 Elastostatic Analysis of a Cantilever Beam with a Rectangular Hollow
Cross-section, with Longitudinally Varying Material Properties for
the Case 3

The elastostatic torsional analyses were performed by means of:

• one warping torsion beam finite element (FGM-WT with STMDE);
• a very fine mesh (500 finite elements) of BEAM188 finite elements, with the op-

tion warping restrained (WR) (ANSYS, 2019), with constant material properties
obtained as the average values of their variation over the length of each finite
beam element according Figs. 14.7-14.8;

• a very fine mesh of SHELL181 elements (16012 elements) of the commercial
software ANSYS (ANSYS, 2019). The beam is loaded at point k on its free end
by a torsional moment MT = 1Nm. MT is applied as a couple of forces F1 and
F2, as shown in Fig. 14.33c.

Results of the analyses for the clamped and the free end of the beam, i.e. at nodes i
and k are drawn in Figs. 14.51-14.54 for the Case 3 with the variations 1 and 2.

Fig. 14.51 Angle of twist,
ψ [rad], for non-uniform
torsion of the cantilever beam
with a hollow cross-section,
(x ∈ 〈0, L〉), for the Case 3
and the variations 1 and 2.
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Fig. 14.52 Bimoment
Mω kNm2 for the can-
tilever beam with a hollow
cross-section for the Case 3,
(x ∈ 〈0, L〉), and the varia-
tions 1 and 2.
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Fig. 14.53 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 3, variation 1.
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Fig. 14.54 Distribution of the
warping normal stresses along
the upper left beam edge for
Case 3, variation 2.
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Numerical results of the analyses for the Case 3 are listed in Tables 14.14-14.16.
As shown in Table 14.14, the results for the maximal twist angle, obtained by all of
the warping torsion beam finite elements and SHELL181 elements (ANSYS, 2019),
agree very well.

Plots of the longitudinal distribution of the angle of twist, ψ [rad], for the case of
non-uniform torsion of the investigated cantilever are shown in Figure 14.51. As ex-
pected, the variation of material properties influences the angle of twist significantly.
A very good agreement of all the distributions is obtained.

Figure 14.52 shows the longitudinal distribution of the bimoment, Mω [kNm2],
for the cantilever beam with a hollow cross-section for the Case 3. This quantity was
computed by the FGM-WT with STMDE and BEAM188 WR (ANSYS, 2019). A
satisfactory match of all the distributions is obtained in the field of the beam. Similar

Table 14.14
Angle of twist, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements in the expression for the material properties, for the Case 3.

Twist angle ψ [rad] for: variation 1 variation 2

FGM-WT with STMDE 0.00535 0.00180
BEAM188 (ANSYS, 2019) 0.00493 0.00164
SHELL181 (ANSYS, 2019) 0.00496 0.00169
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Table 14.15
Normal stresses in [MPa], calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181
finite elements for the Case 3, variation 1.

x[m] 0 0.012 0.094 0.1

FGM-WT with STMDE - blue curve -22.5 3.9 -6.3 0.0
BEAM188 WR - dashed green curve -31.3 5.5 -8.4 -0.5
SHELL181 - grey curve -14.3 5.4 -4.3 -0.8
SHELL181 - dashed black curve -24.6 4.33 -5.6 -0.2

Table 14.16
Normal stresses, calculated by FGM-WT with STDME, BEAM188 WR, and SHELL181 finite
elements for the Case 3, variation 2.

x[m] 0 0.016 0.092 0.1

FGM-WT with STMDE - red curve -22.9 1.3 -1.9 0.0
BEAM188 WR - dashed violet curve -34.2 1.7 -2.3 -1.0
SHELL181 - grey curve -15.1 1.8 -2.3 -1.0
SHELL181 - dashed black curve -23.4 1.6 -1.8 -0.2

discrepancies are achieved at the clamped end of the beam, as it was in the above
analyzed Cases 1 and 2.

The normal stresses in consequence of the bimoment and the torsional shear
stresses, in the cross-section at the clamped end of the beam, were computed by the
TTT. For example, as shown in Fig. 14.53 for the variation 1, the cross-section at the
clamped end i was subjected to the bimoment, calculated by FGM-WTwith STMDE,
Mω,i = −8.595×10−7 kNm2 = −0.000859Nm2. Its value, calculated by BEAM188
WR, is equal to −1.310×10−6 kNm2. From our calculations, the primary torsional
moment MT p,i = 5.314×10−5 kNm = 0.05314Nm, and the secondary torsional mo-
ment MTs,i = 9.469×10−4 kNm = 0.9469Nm. The same values of the primary and
secondary torsional moment at the clamped end of the beam were obtained as in
previously analysed cases.

According to Rubin (2005) and for the bimoment calculated by FGM-WT beam
with STMDE, themaximumnormal stress at the corners of the clamped cross-section
was obtained as

σω,i = ±
Mω,i

Iω
ωR = ±20.5MPa,

where
|ωR | = 5.74mm2

is the warping ordinate at these points (Rubin, 2005), Fig. 14.17d. The figure does not
explicitly show this quantity. Themaximumnormal stress, calculated frombimoment
obtained by BEAM188 WR, is equal to ± 31.3 MPa.

The maximum shear stress, resulting from the secondary torsion moment, was
obtained in [MPa] as τs,1 = 9.9, τs,2 = 19.8, τs,3 = 34.6, τs,4 = −29.7, MPa, Fig.
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14.41c. The shear stresses, resulting from the primary torsionmoment, were obtained
in [MPa] as τp,1 = 0.6, τp,2 = 1.1, MPa, (Fig. 14.41b). The total shear stresses at
points 1, 2, 3, and 4 are obtained as

τ1,total = τs,1+ τp,1 = 10.5MPa τ3,total = τs,3+ τp,1 = 35.2MPa
τ2,total = τs,2+ τp,2 = 20.9MPa τ4,total = τs,4+ τp,2 = −28.6MPa.

As follows from Fig. 14.41, the torsional shear stress, according to the TTT, at the
corners of the cross-section, is equal to τtotal2 = 20.89MPa. Then, the maximum
value of the von Mises stress in the cross-section at the clamped end of the beam is
obtained as σs =

√
σ2
ω,i +3τ

2
2,total = 41.6MPa.

The longitudinal variation of the maximum bimoment normal stresses is pro-
portional to the longitudinal variation of the bimoment shown in Fig. 14.52. The
longitudinal variation of the maximum normal stresses along the upper left beam
edge for the Case 3 and the variation 1 and 2, computed by the FGM-WT with
STDME and BEAM188 WR and SHELL181 finite elements, is shown in Figs.
14.53-14.54. Almost identical distributions of these stresses are obtained by the WT
BEAM finite elements with STMDE (Murín et al, 2014).

In Figs. 14.53-14.54, two distributions of the normal stresses, obtained by
SHELL181 finite elements, are drawn. Distribution of the normal stresses along
the upper left edge of the beam is drawn by the grey colour. The dashed black curve
refers to a line, at a distance of about 0.4 mm from the upper edge of the clamped
flange, in the longitudinal direction of the beam. The values of the maximum nor-
mal stresses, in [MPa], for the variation 1, at several distances x from the clamped
cross-section, are read in Table 14.15. The values of the maximum normal stresses,
in [MPa], for the variation 2, at several distances x from the clamped cross-section,
are read in Table 14.16.

As shown in Figs. 14.53-14.54 and Tables 14.15-14.16, an acceptable conformity
of normal stresses was achieved except for the maximum stress at clamped end
of the beam. Because of numerical singularity at the sharp corners, the solution
by SHELL181 finite elements, (drawn by grey curves), shows a divergent result at
the point of the clamping of the edges of the cross-section. The agreement of the
distribution of normal stresses, obtained by only one author’s beam finite element,
(FGM-WT with STDME), and the distribution obtained, by the very fine mesh of
SHELL181 finite elements that drawn along the little shifted line from the edge of
the beam, is excellent.

On the other hand, despite of correct evaluation of the twist angle by all the used
finite elements, the bimoment normal stress, whichwas calculated byBEAM188WR
finite elements (there the STMDE is not included and the bicurvature is chosen as a
warping degree of freedom), differ significantly from the results obtained by author’s
FGM-WT with STMDE beam finite element for the hollow cross-section beams. As
shown in our previous papers, dealing with non-uniform torsion of the closed cross-
sections with constant material properties, the STMDE is significant for this type
of cross-section. As the results of our analyzes show, the effect of the longitudinal
variability of the material properties on the bimoment normal stress distribution in
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the thin-walled FGM beam of the hollow cross-section is less pronounced than in
the case of the FGM beam with I-profile.

The results for the stresses at the clamped end of the beam have shown that
the normal stresses, resulting from warping, are comparable to the torsional shear
stresses. Therefore, their neglecting in design of thin-walled FGM beam structures
with hollow cross-section may not be admissible.

14.4 Summary and Conclusions

The differential equations of fourth order for non-uniform torsion of FGM beams
with doubly symmetric thin-walled open and closed cross-section were established.
For an analysis of torsional warping decoupled from bending, doubly symmetric
cross-sections were selected in this work. A polynomial longitudinal variation of
the effective material properties was originally considered and its effect on the twist
angle and stresses was studied. The longitudinally varying material properties can,
e.g., be obtained by homogenization of spatially varying material properties (Kutis
et al, 2011). The general semi-analytical solution of the differential equation (14.12)
was presented and the transfermatrix relationswere formulated, fromwhich the finite
element equations for FGM-WT with STDME beams were obtained. Results from
elastostatic analysis of open I cross-section beams and beamswith rectangular hollow
cross-sections, obtained by the proposed method, were presented and compared with
results, obtained by commercial FEM codes. In the theoretical investigation, the
secondary torsional moment deformation effect (STDME) was taken into account.
A part of the expression for the first derivative of the twist angle was chosen as the
warping degree of freedom.

The main conclusions that can be drawn from this investigation are as follows:

1. Torsional elastostatic analysis of a cantilever FGM beam with an I cross-section:

• The results from elastostatic analysis, using the proposed warping torsion
beam finite elements for non-uniform (FGM-WT with STDME), and uniform
(SV) torsion of FGM beams with open doubly symmetric cross-sections, have
shown considerable differences in the twist angle and significant differences in
the stresses. The normal stresses caused by warping significantly outweigh the
shear stresses resulting from uniform Saint-Venant torsion. This proves that
the warping effect must also be taken into account for beams made of FGM.
It was also shown that a strong continuous change in the material properties
causes significant bimoment normal stresses in the field of the beam.

• The proposed approach for elastostatic non-uniform torsional analysis of FGM
beams without and with consideration of STMDE produces slightly different
results. The STMDE does not reduce the torsional stiffness of the hollow cross-
section significantly. However, the results in case of accounting for the STMDE
agree better with the ones obtained by 3D solid and shell finite elements.



14 Effect of Longitudinal Variation of Material Properties in Warping Torsion 289

• The BEAM 188 WR finite element (ANSYS, 2019) produced relevant results
for the angle of twist, but not the bimoment normal stress.

• The proposed warping torsion beam finite element, (FGM-WT with STDME),
is very effective, because the FGM beam with a polynomial variation of the
material properties can be modelled with only one finite element. The obtained
results by such a coarse mesh agree well with the ones from a very fine mesh
of 3D SOLID186 and SHELL181 finite elements (ANSYS, 2019).

• As expected, the results exhibit a significant influence of the variation of
the material properties on the deformations of the twisted beam and on the
bimoment normal and torsional shear stresses (predominantly in the field of
the FGM beam).

2. Torsional elastostatic analysis of a FGMcantilever beamwith a rectangular hollow
cross-section:

• The degree of agreement of the results obtained by the proposed warping finite
beam element (FGM-WTwith STMDE) with the ones obtained by SHELL181
shell elements is acceptable. The differences of the results are primarily caused
by the way of application of the torsional moment and of specification of the
boundary conditions in the numerical model. In reality, the decrease of the
torsional stiffness is not only caused by warping and STMDE, but also by
the distortion of the cross-section. As shown in Tsiptsis and Sapountzakis
(2017b,a); Sapountzakis and Dikaros (2019), the effect of this distortion is
significant for very short beams. In the authors’ approach, distortion effects
are not considered. However, the FGM-WTwith STDME beam finite element
with only one additional degree of freedom produces acceptable results in
comparison with the solution obtained by shell finite elements. Expectedly,
the longitudinal variation of the material properties has a significant influence
on the beam with a hollow cross-section subjected to non-uniform torsion.

Despite of relatively correct evaluation of the twist angle by all the used finite
elements, the bimoment normal stress, whichwas calculated byBEAM188WRfinite
elements (ANSYS, 2019), (there the STMDE is not included and the bicurvature is
chosen as a warping degree of freedom), differ significantly from the results obtained
by author’s FGM-WTwith STMDE beam finite element for the hollow cross-section
beams. The STMDE is significant for this type of cross-section. As the results of our
analyzes show, the effect of the longitudinal variability of the material properties on
the bimoment normal stress distribution in the thin-walled FGM beam of the hollow
cross-section is less pronounced than in the case of the FGM beam with I-profile.
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Appendix

A.1 Variable polynomial parameters in (14.12)

These parameters are given as follows:

η0(x) = 0;

η1(x) = −((−(GIT s )3GIT +2EIωGIT (G′IT s )2 + (GIT s )2(E′IωG′IT +EIωG′′IT )
−GIT s ((GITE

′Iω +2EIωG′IT )G′IT +EIωGITG
′′IT s ))

((GIT s )2(3G′IT s )−G′IT s (E′IωG′IT s +3EIωG′′IT s )
+GIT s (E′IωG′IT s +EIωG′′IT s ))

+((GIT s )3(−G′IT )+GITG
′IT s (E′IωG′IT s +3EIωG′′IT s )

+(GIT s )2(−GIT 3G′IT s +G
′ITE′′Iω +2E′IωG′′IT +EIωG′′′IT )

−GIT s (G′IT (G′IT (E′IωG′IT s +3EIωG′′IT s )+GIT (G′IT sE
′′Iω

2E′IωG′′IT s +EIωG′′′IT s ))))
/((GIT s )3 −2E′Iω (G′IT s )2 +GIT s (E′IωG′IT s +E

′IωG′′IT s ))2;

η2(x) = −((GIT s (−((GIT s )3 −2EIω (G′I2T s +GIT s (E′IωG′IT s +EIωG′′IT s ))
(GIT s (E′Iω (4G′IT +3G′IT s )+GIT sE

′′Iω +EIω3G′′IT )
−GIT ((GIT s )2 +E′IωG′IT s −GIT sE

′′Iω +3EIωG′′IT s ))
+(GIT s ((GIT +GIT s )E′Iω +2EIωG′IT )−2EIωGITG

′IT s )
(GI2T s (3G′IT s )−G′IT s (E′IωG′IT s +3EIωG′′IT s )
+GIT s (G′IT sE

′′Iω +2E′IωG′′IT s +EIωG′′′IT s ))))
/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))2);

η3(x) = −(GIT s )2(−(2(GIT +GIT s )E′Iω +3EIω (G′IT +G′IT s ))((GIT s )3
−2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))

+EIω (GIT +GIT s )((GIT s )23G′IT s −G′IT s (E′IωG′IT s +3EIωG′′IT s )
+GIT s (G′IT sE

′′Iω +2E′IωG′′IT s +EIωG′′′IT s ))))
/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′′IT s ))2;

η4(x) = EIω (GIT s )2 (GIT +GIT s )
(GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s )

.

The load polynomial on the right-hand side of Eq. (14.12), for several load
conditions, reads as follows:
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ηL (x) =
max s∑
s=0

ηL ,sx
s =

m � 0 mT (−1−(−((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))
((GIT s )2E′′Iω −2EIω ((G′IT s )2 +GIT sG

′′IT s ))
+GIT s (GIT sE

′Iω −2EIωG′IT s )(GI2T s3G
′IT s

−G′IT s (E′IωG′IT s +3EIωG′′IT s )
+GIT s (G′IT sE

′′Iω +2E′IωG′′IT s +EIωG′′′IT s ))))
/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))2;

m′T � 0 m′(((GIT s )2(2(GIT s )3E′Iω + (GIT s )2(−3EIωG′IT s )+3EIωG′IT s

(−E′IωG′IT s +EIωG′′IT s )+GIT s (G′IT s (2(E′Iω )2
+EIω (−E′′Iω ))− (EIω )2G′′′IT s ))))

/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))2;

m′′T � 0 m′′T ((EIω (GIT s )2)/((GIT s )3 −2EIω (G′IT s )2
+GIT s (E′IωG′IT s +EIωG′′IT s )));

mω � 0 mω (((GIT s )2(−6EIω (G′IT s )3 +2GIT sG
′IT s (2E′IωG′IT s +3EIωG′′IT s )

−(GIT s )2(G′IT sE
′′Iω +2E′IωG′′IT s +EIωG′′′IT s ))))

/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s ))2;

m′ω � 0 m′ω (GIT s )3/((GIT s )3 −2EIω (G′IT s )2 +GIT s (E′IωG′IT s +EIωG′′IT s )).

A.2 Detailed description of the transformation matrix T

The transformation matrixT transforms the vectorZx to the vectorΨ, i.e.Ψ = T ·Zx

Zx︷�����︸︸�����︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψ(x)
ψ ′(x)
ψ ′′(x)
ψ ′′′(x)

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

A︷�����������������������������������������������︸︸�����������������������������������������������︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T1,1(x) T1,2(x) T1,3(x) T1,4(x) T1,5(x)
T2,1(x) T2,2(x) T2,3(x) T2,4(x) T2,5(x)
T3,1(x) T3,2(x) T3,3(x) T3,4(x) T3,5(x)
T4,1(x) T4,2(x) T4,3(x) T4,4(x) T4,5(x)

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
·

Zi︷�����︸︸�����︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψ(x)
ψ ′M (x)
ψω(x)
ψT (x)
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14.30)

The first line of the transformation matrix T reads as

T1,1 = 1, T1,2 = 0, T1,3 = 0, T1,4 = 0, T1,5 = 0. (14.31)

Substitution of (14.7) into (14.5) gives

ψ ′(x) = ψ ′M (x)+ψ ′S(x) = ψ ′M (x)+
MTs(x)
GITs

. (14.32)
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Inserting the expression for MT p(x), obtained from (14.6), into (14.3) yields

MTs(x) = MT (x)−GITψ ′(x). (14.33)

Substitution of (14.33) into (14.32) gives

ψ ′(x) =
(

GITs

GITs +GIT

)
ψ ′M (x)+

(
1

GITs +GIT

)
MT . (14.34)

The second line of the transformation matrix T reads as

T2,1 = 0; T2,2 =
GITs

GITs +GIT
; T2,3 = 0; T2,4 =

1
GITs +GIT

; T2,5 = 0. (14.35)

Inserting ψ ′′M (x), obtained from (14.4), and M ′T (x), following from (14.1), into the
expression for ψ ′′(x), obtained from derivation of (14.34) with respect to x, yields
the third line of the transformation matrix:

T3,1 = −
ω2ρIp

GITs +GIT
; T3,2 =

−GITsGI ′T +GITGI ′Ts

(GITs +GIT )2
;

T3,3 = − GITs

EIω (GITs +GIT ) ; T3,4 = −
GI ′T +GI ′Ts

(GITs +GIT )2
; T3,5 = − mT

GITs +GIT
.

(14.36)

The fourth line of the transformation matrix is obtained from the second derivative
of (14.34) with respect to x. The resulting expression for ψ ′′′(x) contains ψ ′(x),
ψ ′′(x), M ′ω(x), and M ′T (x),. The expressions for ψ ′′M (x) and ψ ′T (x) are given in
(14.4) and (14.1). Inserting the expressions for ψ ′M (x)) and MTs(x) according to
(14.32) and (14.33), respectively, into (14.2), yields ψ ′ω(x). In this way, the fourth
line of the transformation matrix is obtained as follows:

(x)
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T4,1 =0;

T4,2 =
1

(GITs +GIT )3
(

GITs (GIT +GITs) (GITGITs)
EIω

−GITs (−2G′IT (G′ITs +G′IT )+GITsG′′IT )
−GIT (2G′ITs (G′ITs +G′IT )+GITs (G′′IT −G′′ITs))+GI2TG′′ITs

)
;

T4,3 =

(
GITs

((GITs +GIT )Ei′ω +2EIωGI ′T
) −2EIωGITsGI ′Ts

)
EI2ω (GITs +GIT )2

;

T4,4 = − (GITs)3−2EIω (G′IT +G′ITs)2+EIωGITs (G′′IT +G′′ITs)
EIω (GITs +GIT )3

+
GIT

(
(GITs)2+EIω (G′′IT +G′′ITs)

)
EIω (GITs +GIT )3

;

T4,5 = − GITsmω

EIω (GITs +GIT ) +
2mT

(
GI ′T +GI ′Ts

)
(GITs +GIT )2

− m′T
GITs +GIT

.

(14.37)

Next, the load vector, if needed, and the matrix B in (14.13) are established:
The matrix A, which is part of (14.16), is obtained as

A = T−1BT
;;
x=0 = T−1BTi . (14.38)

A.3 Coefficients of the stiffness matrix K and the load vector F in
(14.17)

K1,1 =
−A1,3A2,1+ A1,1A2,3

A1,4A2,3− A1,3A2,4
; K2,1 =

−A1,4A2,2− A1,2A2,4

−A1,4A2,3+ A1,3A2,4
;

K3,1 = A4,1−
A1,1A4,3

A1,3
+

A1,4A2,1A4,3

−A1,4A2,3+ A1,3A2,4
− A1,1A1,4A2,3A4,3

A1,3
(−A1,4A2,3+ A1,3A2,4

)
− A1,3A2,1A4,4

−A1,4A2,3+ A1,3A2,4
+

A1,1A2,3A4,4

−A1,4A2,3+ A1,3A2,4
;

(14.39)
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K4,1 =
A1,4A2,3A3,1− A1,3A2,4A3,1− A1,4A2,1A3,3+ A1,1A2,4A3,3

−A1,4A2,3+ A1,3A2,4

+
A1,3A2,1A3,4− A1,1A2,3A3,4

−A1,4A2,3+ A1,3A2,4
;

K1,2 =
A1,3A2,1− A1,2A2,3

−A1,4A2,3+ A1,3A2,4
; K2,2 =

−A1,4A2,2− A1,2A2,4

−A1,4A2,3+ A1,3A2,4
;

K3,2 = A4,2−
A1,2A4,3

A1,3
+

A1,4A2,2A4,3

−A1,4A2,3+ A1,3A2,4
− A1,2A1,4A2,3A4,3

A1,3
(−A1,4A2,3+ A1,3A2,4

) ;
K4,2 =

A1,4A2,3A3,2− A1,3A2,4A3,2− A1,4A2,2A3,3+ A1,2A2,4A3,3

−A1,4A2,3+ A1,3A2,4

+
A1,3A2,2A3,4− A1,2A2,3A3,4

−A1,4A2,3+ A1,3A2,4
;

K1,3 =
A2,3

−A1,4A2,3+ A1,3A2,4
; K2,3 =

A2,4

−A1,4A2,3+ A1,3A2,4
;

K3,3 =
A4,3

A1,3
− A2,3A4,4

−A1,4A2,3+ A1,3A2,4
+

A1,4A2,3A4,3

A1,3
(−A1,4A2,3+ A1,3A2,4

) ;
K4,3 =

−A2,4A3,3+ A2,3A3,4

−A1,4A2,3+ A1,3A2,4
;

K1,4 =
A1,3

A1,4A2,3− A1,3A2,4
; K2,4 =

A1,4

A1,4A2,3− A1,3A2,4
;

K3,4 =
A1,4A4,3+ A1,3A4,4

−A1,4A2,3+ A1,3A2,4
;

K4,4 =
A1,4A3,3

−A1,4A2,3+ A1,3A2,4
+

A1,3A3,4

−A1,4A2,3+ A1,3A2,4
;

F1 =
A1,5A2,3− A1,3A2,5

−A1,4A2,3+ A1,3A2,4
; F2 =

A1,5A2,4− A1,4A2,5

A1,4A2,3− A1,3A2,4
;

F3 =
A1,5A2,4A4,3− A1,4A2,5A4,3− A1,5A2,3A4,4+ A1,3A2,5A4,4

A1,4A2,3− A1,3A2,4
;

F4 =
A1,5A2,4A4,3− A1,4A2,5A3,3− A1,5A2,3A3,4+ A1,3A2,5A3,4

−A1,4A2,3− A1,3A2,4
+ A3,5.

(14.40)
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Chapter 15
Laminated Plates with Non-linear Visco-elastic
Interlayer: The Governing Equations

Konstantin Naumenko and Holm Altenbach

Abstract Laminated glass panels are widely used in civil, automotive and photo-
voltaic industries. Polymeric interlayers exhibit time-dependent deformation even
at room temperature. Therefore, inelastic deformation of the core layer should be
identified from appropriate bending tests and taken into account in the analysis
of laminated structures. The aim of this paper is to derive governing differential
equations to describe non-linear visco-elastic behaviour of the panel based on the
layer-wise plate theory. To this end equilibrium conditions, kinematical relations and
constitutive equations for individual layers are introduced. With appropriate com-
patibility conditions, a system of linear twelfth order partial differential equations is
derived.

Key words: Laminated glass · Layer-wise theory · Visco-elasticity · Transverse
shear

15.1 Introduction

Laminated flat and curved panels with glass skin layers and a soft core layer from
polymers are widely used in the civil engineering, automotive and photovoltaic
industry (Ivanov, 2006; Corrado and Paggi, 2013; Aßmus et al, 2016; Aßmus, 2018,
2019). Crystalline or thin film photovoltaic modules are laminates with front glass
layer, solar cell layer embedded in a polymeric encapsulant and a back sheet from
glass or polymer (Paggi et al, 2011; Schulze, 2011; Schulze et al, 2012; Weps, 2012;
Weps et al, 2013).
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Several models of structural mechanics are available for the analysis of laminated
plates. The widely used approach is the first order shear deformation theory (FSDT).
As shown in Eisenträger et al (2015a) this theory is well applicable for laminates
with relatively stiff interlayer. An advantage of FSDT is the possibility to derive
analytical solutions for deflections, strains and stresses in rectangular plates subjected
to various loading configurations and boundary conditions (Naumenko et al, 2001;
Altenbach et al, 2016). A problem in the FSDT is to derive effective transverse shear
stiffness of the laminate based on the properties of layers. Solutions are available for
layers from materials with linear-elastic properties (Reissner, 1944; Mindlin, 1951;
Altenbach, 2000; Altenbach et al, 2015; Gruttmann andWagner, 2017). However, for
materials undergoing creep numerical iterative procedures are required to compute
time-dependent transverse shear deformations (Altenbach and Naumenko, 2002).
Furthermore, for very soft interlayers the FSDT fails to predict the behaviour of the
plate accurately (Naumenko and Eremeyev, 2014; Eisenträger et al, 2015b).

Recently, higher-order shell theories were developed and applied to the analysis
of laminated glass structures and photovoltaic modules. An approach applied in
many works is the zig-zag approximation of displacements with respect to the
thickness coordinate. Applying the variational methods or asymptotic approaches
the governing equations of the three-dimensional elasticity theory can be reduced to
a two-dimensional shell theory (Carrera, 2003; Filippi et al, 2018).

In contrast, within the layer-wise theory (LWT), balance equations and constitu-
tive models are formulated independently for each layer. Applying constitutive as-
sumptions for interaction forces and/or compatibility conditions between the layers, a
model for the laminate can be developed. An advantage of LWT over a zig-zag theory
is that the load transfer between the layers can be considered explicitly. Furthermore,
delamination can be analyzed applying local or non-local traction-separation laws
(Nase et al, 2016; Gao and Oterkus, 2019; Nordmann et al, 2019). In many cases
a LWT leads to robust equations such that analytical solutions can be derived. In
Naumenko and Eremeyev (2014); Eisenträger et al (2015b) closed-form analytical
solutions are presented for rectangular plates with various boundary conditions. In
Eisenträger et al (2015b) a finite element is developed and utilized inside Abaqus
finite element code for the analysis of laminates.

Polymers like polyvinyl butyral (PVB) or ethylen vinylacetat (EVA) exhibit time-
dependent deformation even at room temperature. Therefore, for the analysis of
glass and photovoltaic laminates, inelastic deformation of the core layer should be
taken into account. In Paggi et al (2011); Zemanová et al (2017); Zemanova et al
(2018) linear visco-elasticity is applied to model creep of interlayers. Although the
assumption of linear viscosity is suitable for several polymers at low stress values, in
general both amorphous and crystalline polymers exhibit non-linear, in many cases
exponential dependence of inelastic strain rate on the stress level (Mulliken and
Boyce, 2006).

The aim of this paper is to derive governing equations describing non-linear in-
elastic behavior of glass laminates based on LWT. Towards this goal basic kinematics
assumptions, equilibrium and compatibility conditions for layers are introduced fol-
lowing (Naumenko and Eremeyev, 2017). For skin layers we assume linear-elastic
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material properties, while for the interlayer the non-linear visco-elastic material be-
havior is introduced. For the analysis of bending of symmetric laminates the LWT
is reduced to a system of two coupled partial differential equations. The first one
is linear and of the fourth order with respect to the plate deflection function. The
second one is with respect to the relative in-plane displacement vector of skin layers.
This equation is of the second order and includes the vector of inelastic shear strains,
defined by the evolution equation.

15.2 Equilibrium Conditions

Figure 15.1 illustrates a rectangular three-layered plate. The Cartesian base vectors
iii1, iii2, nnn and the corresponding coordinates x1, x2 and z are used to specify the
position vectors in the reference state. l1 and l2 designate the length and the width of
the plate while hT , hC , and hB denote the thicknesses of the top, core and bottom
layers, respectively. In what follows all quantities related to the top, core and bottom
layers, will be denoted by subscripts T , C, and B, respectively. The origin for the z
coordinate is placed in the midplane of the core layer as shown in Fig. 15.1, such
that

−hB − hC
2
≤ z ≤ hC

2
+ hT .

Figure 15.2 shows free-body diagrams for individual layers. The Cartesian compo-
nents of stress resultant vectors and second order tensors are shown in Fig. 15.2a.
They include the in-plane force tensor NNNk = Nkαβiiiα ⊗ iiiβ, the shear force vector
QQQk =Qkαiiiα and the bending/twisting moment tensor MMMk = −Mkαβiiiα ⊗ iiiβ ×nnn for the
kth layer with k = T,C,B. The stress resultants can be obtained by the through-the-
thickness integration of the stress tensor σσσ as follows, e.g. Lebedev et al (2010)

TTTk = 〈PPP ·σσσ〉k = NNNk +QQQk ⊗nnn, (15.1)

MMMk = −〈zPPP ·σσσ×nnn〉k, (15.2)

iii1,x1

iii2,x2

nnn, z

hB

hT

hC

l1

l2

h
z

Fig. 15.1. Geometry of the layered plate
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Fig. 15.2. Free-body-diagrams for layers. (a) Stress resultants, (b) interaction forces

Nkαβ = 〈σαβ〉k, Qkα = 〈σα3〉k, Mkαβ = 〈zσαβ〉k,

PPP = iiiα ⊗ iiiα, 〈. . .〉k =
hk /2∫

−hk /2
(. . .)dz, k = T,C,B,

where PPP is the projector.
The interaction force vectors between the layers include the tangentially dis-

tributed forces ±sssT (interactions between the layers T and C) and ±sssB (interaction
between the layers C and B) as well as the corresponding normally distributed forces
±qTnnn and ±qBnnn, Fig. 15.2b. We assume that the top face of the plate is subjected
to the distributed lateral qqq = qnnn and tangential sss loads, while the bottom face is
load-free.
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The equilibrium equations for the plate layer can either be derived from the
equilibrium conditions for the stress tensor, e.g. Lebedev et al (2010); Libai and
Simmonds (2005) or by applying the direct approach, i.e. by considering an in-
finitesimal plate element with stress resultants (Altenbach et al, 2005; Naumenko
and Eremeyev, 2017). The equilibrium conditions are

∇ ·TTTT + (qT + q)nnn+ sssT + sss = 000, ∇ ·MMMT +TTTT×+mmmT = 000, (15.3)
∇ ·TTTC + (qB − qT )nnn+ sssB − sssT = 000, ∇ ·MMMC +TTTC×+mmmC = 000, (15.4)
∇ ·TTTB − qBnnn− sssB = 000, ∇ ·MMMB +TTTB×+mmmB = 000, (15.5)

where
∇ = iiiα

∂

∂xα
is the nabla (Hamilton) operator, TTT× denotes the Gibbs cross or vectorial invariant
of the stress resultant tensor TTT , and

mmmT =
hT
2

nnn×(sss+ sssT ), mmmC =
hC
2

nnn×(sssT + sssB), mmmB =
hB

2
nnn× sssB (15.6)

With Eqs. (15.3)1–(15.5)1 the equilibrium conditions for the in-plane force tensor
and the shear force vector can be derived as follows

∇ ·NNNT + sssT + sss = 000, ∇ ·QQQT + qT + q = 0, (15.7)
∇ ·NNNC + sssB − sssT = 000, ∇ ·QQQC + qB − qT = 0, (15.8)
∇ ·NNNB − sssB = 000, ∇ ·QQQB − qB = 0 (15.9)

Instead of axial moment tensors MMMk the polar moment tensors LLLk can be introduced
as follows LLLk =MMMk ×nnn = Mkαβiiiα ⊗ iiiβ . With LLLk the equilibrium conditions (15.3)2–
(15.5)2 can be formulated as follows

∇ ·LLLT −QQQT +
hT
2
(sssT + sss) = 000, (15.10)

∇ ·LLLC −QQQC +
hC
2
(sssB + sssT ) = 000, (15.11)

∇ ·LLLB −QQQB +
hB

2
sssB = 000 (15.12)

15.3 Constitutive Equations

15.3.1 Skin Layers

For skin layers the linear-elastic behavior can be assumed. The constitutive equations
for the stress resultants are formulated as follows (Naumenko and Eremeyev, 2017)
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NNNk =CCCk ······εεεk, LLLk =DDDk ······ χχχk, k = T,B (15.13)

where
εεεk =

1
2

(
∇uuuk + (∇uuuk)T

)
, χχχk =

1
2

(
∇ϕϕϕk + (∇ϕϕϕk)T

)
(15.14)

In Eqs. (15.13) εεεk is the strain tensor, uuuk is the in-plane displacement vector, ϕϕϕk is
the normal rotation vector and χχχk is the curvature change tensor of the k-th layer.
CCCk and DDDk are fourth-order in-plane and bending stiffness tensors.

The skin layers of laminated glass and photovoltaic panels are usually made from
isotropic materials. An exception is the light-weight design proposed in Weps et al
(2013), where the bottom layer is produced from a short-fiber thermoplastic by injec-
tion molding. For short-fiber composites anisotropic and inhomogeneous material
properties as a result of the manufacturing should be considered, e.g. Altenbach et al
(2003). Here we assume isotropic and homogeneous material behavior. The stiffness
tensors for the skin layers are represented as follows

CCCk =
Ekνkhk
1− ν2

k

PPP ⊗PPP+
Ekhk

2(1+ νk) (i
iiα ⊗PPP ⊗ iiiα +iiiα ⊗ iiiβ ⊗ iiiα ⊗ iiiβ), k = T,B,

(15.15)

DDDk =
Ekνkh3

k

12(1− ν2
k
)PPP ⊗PPP+

Ekh3
k

24(1+ νk) (i
iiα ⊗PPP ⊗ iiiα +iiiα ⊗ iiiβ ⊗ iiiα ⊗ iiiβ), k = T,B,

(15.16)

where Ek is the Young modulus and νk is the Poisson ratio of the kth skin layers.
Followingmanyworks on laminated glass, for example Ivanov (2006); Foraboschi

(2012); Schulze et al (2012); Weps et al (2013), we assume that skin layers are shear-
rigid. Applying the Kirchhoff kinematic hypothesis (straight normal hypothesis) we
obtain

ϕϕϕT = −∇wT , ϕϕϕB = −∇wB (15.17)

With the kinematical constraints the shear force vectors QQQT and QQQB are not defined
by the constitutive equations but should be computed from equilibrium conditions.

15.3.2 Core Layer

For the core layer the following constitutive equation for the shear force is assumed

QQQC = ΓC(γγγC −γγγ in
C ) (15.18)

with the following transverse shear stiffness

ΓC = κGChC (15.19)
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where GC is the shear modulus and κ is some shear correction factor. The transverse
shear strain is computed as follows

γγγC = ∇wC +ϕϕϕC (15.20)

The inelastic part of the transverse shear strain vector is defined by the following
rate equation


γγγ in
C = ggg(QQQC,γγγ

in
C ,ςςς i, 
ςςς i), i = 1, . . . ,n,


ςςς i = hhhi(QQQC,γγγ
in
C , 
γγγ in

C ,ςςς j), j = 1, . . . ,n
(15.21)

The variables ςςς i include hardening, softening or other internal state variables and
can be scalars and/or vectors. For the inelastic strain as well as for the set of internal
state variables, the initial conditions must be specified

γγγ in
C

;;;
t=0
= γγγ in

C0
, ςςς i

;;;
t=0
= ςςς i0 (15.22)

where γγγ in
C0

and ςςς i0 are initial values of the inelastic strain tensor and internal state
variables.

15.4 Compatibility Conditions and Constraints

From Eqs. (15.14) the compatibility condition for the in-plane strain tensors εεεk of
individual layers can be derived as follows

∇ · (∇ ·εεεk) = Δtrεεεk, (15.23)

where Δ = ∇··· ∇ is the Laplace operator. For the in-plane displacement vectors uuuk

and vectors of cross section rotations ϕϕϕk the following relations can be assumed

uuuT +
hT
2
ϕϕϕT = uuuC − hC

2
ϕϕϕC, (15.24)

uuuB − hB

2
ϕϕϕB = uuuC +

hC
2
ϕϕϕC (15.25)

Furthermore, we assume that the layers have the same deflections

wB = wC = wT = w (15.26)

The kinematical constraints (15.24) – (15.26) imply that the layers are rigidly con-
nected on interfaces, Fig. 15.3. Sliding and delamination between the layers are not
allowed. With Eq. (15.26) it follows

ϕϕϕT = ϕϕϕB = −∇w (15.27)
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and the cross section rotations of the skin layers are the same. The curvature tensors
take the following form

χχχT = χχχB = −∇∇w (15.28)

With ϕϕϕT = ϕϕϕB Eqs. (15.24) can be transformed to

uuuT +uuuB − hT − hB

2
∇w = 2uuuC, (15.29)

uuuT −uuuB − hT + hB

2
∇w = −hCϕϕϕC (15.30)

15.5 Model Reduction

Equations (15.3) - (15.28) can be used for the creep analysis of three-layer plates
with soft core layer. With several simplifying assumptions these equations can be
reduced to a system of three partial differential equations. The in-plane stiffness
of the laminate is primarily determined by the in-plane stiffness of the skin layers.
Furthermore, the core layer does not support bending moments and can be assumed
to be moments-free. In the equilibrium condition (15.11) the tensor LLLC can be
neglected. As a result the following relationship can be obtained

QQQC =
hC
2
(sssT + sssB) (15.31)

Following Naumenko and Eremeyev (2014) let us derive the governing equations
with respect to the following primary unknowns: the in-plane force tensor

Fig. 15.3 In-plane displace-
ments and cross section
rotations of layers

uuuT

uuuC

uuuB

ϕϕϕT

ϕϕϕC

ϕϕϕB
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NNN = NNNT +NNNC +NNNB, (15.32)

the relative in-plane displacement vector of the skin layers

uuuδ = uuuT −uuuB (15.33)

and the deflection function of the laminate w.
For the sake of brevity let us consider symmetric laminates such that hT = hB,

CCCT =CCCB and DDDT = DDDB. With the new variables εεε = εεεT +εεεB and εεεδ = εεεT −εεεB we
obtain

εεεδ =
1
2

(
∇uuuδ + (∇uuuδ)T

)
(15.34)

Taking the gradient of Eq. (15.29) and computing its symmetric part we arrive at the
following relation

εεε = 2εεεC (15.35)

With the introduced variables and Eq. (15.28) we can express the strain tensors of
individual layers as follows

2εεεT = εεε+εεεδ, 2εεεB = εεε−εεεδ, 2εεεC = εεε (15.36)

With Eqs. (15.13), (15.32) and (15.36) the following relation can be obtained

CCC ······εεε = 2NNN, (15.37)

where CCC =CCCT +CCCB is the effective in-plane stiffness tensor of the laminate which
can be computed as follows

CCC = 2
ET νT hT
1− ν2T

PPP ⊗PPP+
ET hT
1+ νT

(iiiα ⊗PPP ⊗ iiiα +iiiα ⊗ iiiβ ⊗ iiiα ⊗ iiiβ) (15.38)

With Eqs. (15.37) and (15.38) the following relation can be obtained

εεε =
1+ νT
ET hT

NNN − νT
ET hT

PPP trNNN (15.39)

To derive the governing equation for the in-plane force tensor we add the equilibrium
conditions (15.7)1, (15.8)1 and (15.9)1. A a result the equilibrium condition for NNN
takes the familiar form

∇···NNN + sss = 000 (15.40)

For the sake of brevity let us neglect the tangential forces. Introducing the Airy
function Θ

NNN = ΔΘPPP−∇∇Θ (15.41)

the equilibrium condition (15.40) is identically satisfied. The in-plane strain tensor
(15.39) can now be expressed by the stress function and the force potential as follows
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εεε =
1

ET hT
ΔΘPPP− 1+ νT

ET hT
∇∇Θ (15.42)

With the compatibility conditions for in-plane strain tensors of skin layers (15.23)
the compatibility condition for εεε is

∇ · (∇ ·εεε) = Δtrεεε (15.43)

Inserting (15.42) into (15.43) provides the governing equation for the stress function

ΔΔΘ = 0 (15.44)

With the kinematical constraint (15.29)1 the constitutive equations for the shear
force of the core layer (15.18) can be expressed through the primary variables as
follows

QQQC =
ΓC
hC

(
H∇w−uuuδ − hCγγγ in

C

)
, H = hC +

hT + hB

2
(15.45)

Subtracting the Eq. (15.7)1 from (15.8)1 and taking into account Eq. (15.31) we
obtain

2
hC

QQQC +∇···NNNδ = 000, NNNδ = NNNT −NNNB (15.46)

With Eqs. (15.36)1,2 the constitutive equations for in-plane force tensors of skin
layers (15.13)1 take the form

NNNT =
1
2

CCCT ······ (εεε+εεεδ), NNNB =
1
2

CCCB ······ (εεε−εεεδ) (15.47)

Therefore
NNNδ =

1
2
(CCCT −CCCB) ······εεε+ 1

2
CCC ······εεεδ (15.48)

For symmetric laminates Eq. (15.48) can be simplified as follows

NNNδ =
ET νT hT
1− ν2T

trεεεδ PPP+
ET hT
1+ νT

εεεδ (15.49)

Inserting Eqs. (15.45) and (15.49) into Eq. (15.46) and taking into account Eq.
(15.34) we obtain the governing equation for the relative in-plane displacement
vector

ET hT h2C
4ΓC(1− νT )∇∇·

··uuuδ +
ET hT h2C

4ΓC(1+ νT ) Δuuuδ +H∇w−uuuδ − hCγγγ in
C = 000 (15.50)

Following Naumenko and Eremeyev (2014) the moment tensor of the laminate
can be introduced as follows

LLL = LLLT +LLLB +
1
2
(hC + hB)NNNB − 1

2
(hC + hT )NNNT (15.51)
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With Eqs. (15.10) – (15.12) and (15.7) – (15.9) the following equilibrium conditions
of the laminate can be derived

∇···LLL =QQQ, ∇···QQQ+ q = 0, QQQ =QQQT +QQQC +QQQB (15.52)

Applying the divergence operator to Eq. (15.52)1 and with Eq. (15.52)2 we obtain
the familiar equation for the moment tensor

∇··· (∇ ···LLL)+ q = 0 (15.53)

For symmetric laminates Eq. (15.51) simplifies to

LLL = LLLT +LLLB − 1
2

HNNNδ (15.54)

With Eqs. (15.13)2, (15.16) and (15.54) we obtain

LLL =
ET h3T

6(1+ νT )
(
χχχ+

νT
1− νT tr χχχPPP

)
, (15.55)

where
χχχ =

1
2

(
∇ϕϕϕ+ (∇ϕϕϕ)T

)
, ϕϕϕ = ∇w−3 H

h2T
uuuδ

Inserting Eqs. (15.55) into the equilibrium condition (15.53) the governing equation
with respect to the deflection function can be derived

ΔΔw+3
H
h2T

Δ(∇ ···uuuδ) = q
2DT

, DT =
ET h3T

12(1− ν2T )
(15.56)

15.6 Discussion

The aim of this paper was to derive the governing equations for the analysis of three-
layer laminated glass panels with a non-linear visco-elastic interlayer. The derived
Eqs. (15.44), (15.50) and (15.56) include three basic unknown functions: the Airy
stress function Θ, the relative displacement vector uuuδ and the deflection w. With the
given field of the residual transverse shear strain vector γγγ in

C at a certain time step,
Eqs. (15.44), (15.50) and (15.56) provide a system of linear twelfth order partial
differential equations. The solution with appropriate boundary conditions can be
applied to evaluate the shear force in the core layer as a function of coordinates based
on Eq. (15.45). With the constitutive model (15.21) the rate of the inelastic shear
strain vector can be computed for the given stress state in the core layer. Applying
a time-integration procedure the residual shear strain vector can be evaluated for
the next time step. The step-by-step numerical procedure can be utilized providing
the deflection of the plate as a function of time. The robust and efficient numerical
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method would provide a way to identify the non-linear visco-elastic properties of
the interlayer based on three and/or four point bending tests on laminates.
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Chapter 16
Open Circular Hole in a Finite Plate Under
Tension Treated by Airy Stress Function Method

Minh Nguyen-Hoang and Wilfried Becker

Abstract Open circular holes are an essential design feature and are often placed in
narrowplates for reasons of limited space raising high stress concentrations. To create
lightweight optimal structures precise analysis tools are vital, which can be based on
analytical means providing efficient computation. That is why focus of the present
paper is the determination of the stress field for the isotropic finite-width open-hole
problem under uniform tension using the Airy stress function. This is performed by
taking the stress field of corresponding infinite domain problem and supplementing
it with auxiliary functions enabling to continuously model traction-free edges. The
results are eventually validated against Finite Element analyses.

Key words: Open-hole · Finite dimensions · Stress analysis · Airy stress function

16.1 Introduction

Open circular holes are an important design feature e.g. to connect parts using bolted
joints. The overall structural assessment begins with the mechanical idealisation. In
many cases the thickness is much smaller than the longitudinal and lateral dimen-
sions and a plate model is eligible. Its stresses are then numerically or analytically
determined and a failure analysis is conducted. Corresponding concepts to predict
brittle fracture can be distinguished in between local and non-local criteria. The
former has been applied to many problems (Neuber, 1933, 1934, 2013; Peterson
and Wahl, 1936) and involves the evaluation of the stress concentration directly at
the hole edge. Contrary, the latter requires evaluation of the stresses at or averaged
within a certain distance to the hole boundary and is capable to model the hole size
effect. In the frame of Theory of Critical Distances (TCD, Whitney and Nuismer,
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1974) this length is referred to the experimentally determined characteristic distance
and assumed to be invariant to the absolute value of the defect size. Furthermore, it
has been identified as structural and not as material parameter since a dependency
on geometric properties such as finite boundaries is evident (Camanho and Lambert,
2006). The recent state of the art non-local failure prediction concept Finite Frac-
ture Mechanics established by Leguillon (2002) and successfully applied to many
problems (Weißgraeber et al, 2015) including the open-hole (Camanho et al, 2012;
Rosendahl et al, 2017) and filled-hole (Catalanotti and Camanho, 2013) postulates
failure, in particular the initiation of a finite-sized crack, if both stress and energy
release rate yield a corresponding critical value (Cornetti et al, 2006). This generally
leads to an optimisation problem to determine the failure load as well as the crack
length revealing the latter being dependant of the hole diameter’s absolute value. For
a lightweight optimal design sufficiently exploiting the material non-local criteria
being capable to capture the hole size effect shall be used. These criteria require not
only the stress concentration at the hole edge but also its decay. By analytical tools
the stress at any point can be easily calculated without any interpolation function.
Furthermore one can profit by quickly implementable code and generated results,
which is beneficial in preliminary design. That is why analytical solutions shall be
focus of the present paper.

The stress analysis of open-holes was treated by many scientists with different
levels of complexity such asmaterial anisotropy, shape of the hole, finitewidth aswell
as loading along the outer boundaries. An extensive review can be found in Sevenois
and Koussios (2014). The stress field of an isotropic, infinite-sized plate with central
circular hole under uniform tension was found by Kirsch (1898) using the Airy stress
function. The elliptical hole in an infinite, isotropic plate was treated by Savin (1961)
for various load cases by means of complex potentials of Muskhelishvili (1963).
Solutions regarding anisotropic plate material were found using Lekhnitskii (1968)
complex potential formalism. The anisotropic ellipse without bending extension
coupling in an infinite plate under uniform tension, biaxial loading and shearing is
documented in Lekhnitskii (1968). Corresponding problem with bending extension
coupling is treated in Becker (1993); Ukadgaonker and Rao (2000a) for arbitrary
hole shape and arbitrarily oriented constant loading as well as Ukadgaonker and
Rao (2000b) including arbitrarily oriented loading functions. Regarding finite width
modelling the existing solutions can be classified in heuristic approaches and calculi
aiming to fulfil prescribed boundary conditions of the finite setting. Concerning
the former Tan (1988) suggests correction factors which scale the infinite solution
for an ellipse under uniform tension by Lekhnitskii (1968) such that its integrated
stresses over the actual width of the finite problem equilibrate the external load
yielding good correlation regarding the stress concentrations and the decay in the
hole vicinity (Tan and Kim, 1990). Solutions aiming to model finite dimensions
by fulfilling the boundary conditions are mostly based on boundary collocation
technique involving an overdetermined equation system. The determination of its
coefficients then is performed byminimising their least square errors in the prescribed
boundary conditions. For instance Ogonowski (1980) obtains agreement with the
stress concentration factors of Pilkey and Pilkey (2008) for a quasi-isotropic laminate
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within the width to diameter ratio range 2 ≤ w/d ≤ 12 and in the circumferential
stresses for a [50◦/40◦/10◦]s laminate and a rather large value of w/d = 8 with FE
values. Lin and Ko (1988) provide failure predictions based on analytical stresses
and TCD for both open-hole under uniform and biaxial tension for up to w/d ≥
7.25 leading to good agreement with experiments. Note that assessing if finite
width effects on the stress field are accurately modelled using failure loads may be
unsuitable since its deviations can be also due to inaccuracies in the failure prediction
concept being just an idealisation of real physical mechanisms. Furthermore the
small ratio of w/d ≥ 7.25 involves rather slight finite width effects. Hufenbach and
Kroll (1999) model finite dimensions including mechanical and hygrothermal load
yielding good results in comparison to FE for w/d = 6 in an unbalanced laminate
of [30◦] and [60◦]. In Hufenbach et al (2010) good results are obtained compared to
strains from the experiment for w/d = {2;5}. Furthermore Hufenbach et al (2013)
additionally implement non-constant tractions along the straight edges as well as
arbitrary orientation of the elliptical hole in the plate. The uniform tension case leads
to accurate results of an elliptical hole with the properties w/(2a) = 1.67,b/a = 3
where a represents the semi-major axis and b the semi-minor axis.

The present paper aims to model finite width by continuously fulfilling the van-
ishing stress boundary conditions and not only at given points. This is implemented
by supplementing the infinite solution with auxiliary functions, which are capable to
continuouslymodel violations enabling their cancellation.Beneficial of this approach
is that minimisation problems in overdetermined equation systems of boundary col-
location approaches are not necessary. For the sake of simplicity the calculus shall
be developed for the open circular hole problem under uniform tension applied at
infinity. The plate material is chosen isotropic and the problem can be then solved
using the Airy stress function. Once the methodology has been proven to be feasible
one may extend it for more complicated settings such as orthotropic laminates using
complex potentials or external loading functions.

16.2 Determination of the Stress Field

The stress field for an isotropic open-hole problem with finite width w and hole
diameter d as shown in Fig. 16.1 is determined. Herein, the quantity σ0 denotes the
tensile load applied at infinity in y-direction. The stresses of this boundary value
problem are determined by means of the Airy stress function.

16.2.1 Fundamentals of the Airy Stress Function

Let us assume a two-dimensional plane stress or plane strain state with linear elastic
and isotropic material behaviour. Then the governing equations equilibrium, com-
patibility and Hooke’s law can be reduced to one single differential equation using
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Fig. 16.1. Problem setting of finite width plate under uniform tension at infinity and circular,
central opening.

the Airy stress function F. For a plane stress problem with vanishing body forces
the function F needs to obey the following biharmonic equation (Timoshenko and
Goodier, 1951; Sadd, 2005):

ΔΔF = 0 with

Δ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂2F
∂x2
+
∂2F
∂y2

in cartesian coordinates,

∂2

∂r2
+
1
r
∂

∂r
+

1
r2

∂2

∂ϕ2
in polar coordinates.

(16.1)

Functions F obeying the biharmonic equation are called biharmonic functions and
were addressed by Michell (1899). The plane stress components are derived using

σx =
∂2F
∂y2

, σy =
∂2F
∂x2

, τxy = − ∂2F
∂x∂y

, (16.2)

σr =
1
r
∂F
∂r
+

1
r2
∂2F
∂ϕ2

, σϕ =
∂2F
∂r2

, τrϕ = − ∂

∂r

(
1
r
∂F
∂ϕ

)
. (16.3)

Stress functions F are now to be chosen in such a way that the corresponding stresses
satisfy the given stress boundary conditions.With R= d/2 being the hole radius these
then read

lim
y→±∞σy(x,y) = σ0, σr (R,ϕ) = τrϕ(R,ϕ) = 0, (16.4)

σx(±w/2,y) = τxy(±w/2,y) = 0. (16.5)

16.2.2 Overview of Used Stress Functions

The open-hole problem containing an infinite domain with the corresponding bound-
ary conditions in Eq. (16.4) was solved byKirsch (1898). To determine the stress field
of the finite width problem the solution of the infinite domain setting shall be taken
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and supplemented by three types of auxiliary functions such that the stress boundary
conditions in Eq. (16.5) are fulfilled in addition and finite width is modelled.

The first type of the auxiliary functions is dedicated to cancel non-zero tractions
τxy(±w/2,y) in load direction along the straight edges. The second type of the auxil-
iary functions is dedicated to eliminate non-zero tractionsσx(±w/2,y) perpendicular
to it and the third type mitigates deviations in the hole boundary conditions, which
may arise due to the other two.

16.2.3 Stress Function F inf Modelling the Infinite Dimension
Problem

The determination of Finf describing the infinite-sized open-hole problem according
to Kirsch (1898); Timoshenko and Goodier (1951) is summarised. Let us investigat-
ing the stress state in sufficient large hole distance r = R∗ � R. Due to St. Venant’s
principle it has to yield the stress components of uniform tension. Corresponding
tractions are given by

σr (R∗,ϕ) = σ0
2

(
1− cos2ϕ

)
, τrϕ(R∗,ϕ) = σ0

2
sin2ϕ, (16.6)

which can be described by the sum of one axisymmetric and one non-axisymmetric
stress function. In particular,

F inf = F inf,1+F inf,2, (16.7)

where the former represents uniform radial tension of the amount σ0/2 given by the
stress function

F inf,1 =
σ0
4

(
r2−2R2 ln

r
R

)
(16.8)

while the latter can be described by that of the general form

F inf,2 = f (r)cos2ϕ. (16.9)

Inserting F inf,2 into the biharmonic equations Eq. (16.1) yields the ordinary differ-
ential equation (

d2

dr2
+
1
r

d
dr
− 4

r2

) (
d2 f
dr2
+
1
r
d f
dr
− 4 f

r2

)
= 0 (16.10)

with the general solution

f (r) = Ar2+Br4+C
1
r2
+D. (16.11)
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Inserting into Eq. (16.7), calculating its polar stresses using Eq. (16.3) and taking
into account the vanishing tractions along the hole boundary enables the calculation
of the free constants and eventually

F inf =
σ0
4

(
r2−2R2 ln

r
R

)
︸������������������︷︷������������������︸

=F inf ,1

+
σ0
4
(r2−R2)2

r2
cos2ϕ︸��������������������︷︷��������������������︸

=F inf ,2

. (16.12)

Its stress components read

σinf
r =

σ0
2

[
1− R2

r2
−
(
1−4 R2

r2
+3

R4

r4

)
cos2ϕ

]
, (16.13)

σinf
ϕ =

σ0
2

[
1+

R2

r2
+

(
1+3

R4

r4

)
cos2ϕ

]
, (16.14)

τinfrϕ = σ0

(
1+2

R2

r2
−3 R4

r4

)
cosϕ sinϕ. (16.15)

Let us use the infinite geometry solution to develop that of the finite open-hole
problem. The stress field of F inf incorporates non-zero tractions at x = ±w/2 where
the edges of the finite width problem are located. Auxiliary functions shall now be
determined and superimposed such that these tractions vanish.

16.2.4 Cancellation of Tractions in Load Direction Along Straight
Edges

Auxiliary functions of the first type aiming to cancel non-zero tractions τinfxy (±w/2,y)
of F inf are developed. These show in load direction and their elimination is vital
to equilibrate the external load by the net section stresses alone and therefore are
a necessary condition to obtain an adequate solution. Hence, a robust cancellation
method needs to be found, which is provided by the following mirror technique.

Let us superimpose virtual auxiliary plates created by shifting the stress field of
the infinite domain problem F inf and arrange them around it as illustrated in Fig.
16.2. For vanishing shear stresses F inf

1 is horizontally mirrored creating F inf
2 and F inf

3 .
Since the left auxiliary plate does not only cancel the shear stresses at x = −w/2 but
also affects those at the opposite edge x = w/2 and vice versa for the right auxiliary
plate and its opposite edge at x = −w/2 there will be a remaining shear traction at
both edges. Its magnitude depends on the number of auxiliary plates in use, which
vanishes if a periodic row of auxiliary plates is superimposed. For the specific open-
hole problem the shear stresses τxy are only due to the non-axisymmetric part F inf,2

since F inf,1 represents the plain plate under uniform tension. Therefore, only F inf,2
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τ+xyτ−xyτ+xyτ−xy τ+xyτ−xy... ...

F inf
1F inf

3 F inf
2

Fig. 16.2. Schematic how to arrange virtual auxiliary plates of F inf
1 = F inf . For a better

understanding the whole infinite open hole problem is shown although in fact only its part F inf ,2 is
mirrored

needs to be taken into account when mirroring. The arrangement for F inf is then
calculated using

F inf
i (x,y) =

{
F inf(x,y) for i = 1,
F inf,2(xi,y) for i > 1,

(16.16)

with [xi] = [x1 x2 x3 x4 ...]
= [x x−w x+w x−2w ...] . (16.17)

The superimposed mirrored field is eventually obtained by

M(F inf) =
nx∑
i=1

F inf
i . (16.18)

The quantity nx represents the total number of plates in use. For the present problem
nx is regarded as sufficiently large if there is less than 1 % inaccuracy in the load
transfer due to remaining shear stresses along the straight edges in the superimposed
field. This is expressed by

ψτinfxy
=

4
Py

;;;;∫ ∞

0

nx∑
i=1

τinfxy,i(±w/2,y)dy
;;;; ≤ 0.01 with Py = σ0 ·w, (16.19)

and the smallest nx obeying Eq. (16.19) eventually leads to nx,min.
Note that this mirror technique can be applied to satisfy the vanishing tractions

in load direction of any other plane problem involving free straight edges in a finite
domain if the setup has at least one symmetry axis. In Nguyen-Hoang and Becker
(2020) quasi-isotropic bolted joints are treated to name an example. Herein, the
corresponding infinite geometry problem is described by a stress function requiring
many terms contrary to the open-hole. Heuristic approaches equally scaling the co-
efficients of the net section stresses σinf

y (x,0) of an infinite domain problem such that
its integrated stresses transfer the whole external load then are unlikely to coincide
with that of the actual finite boundary value problem. However, the mirror technique
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provides a robust and physically motivated means for load transfer modelling no
matter how complex the infinite dimensions stress field is.

16.2.5 Cancellation of Tractions Perpendicular to the Load
Direction Along Straight Edges

Non-zero tractionsσx(±w/2) perpendicular to the load direction of the superimposed
mirrored auxiliary field M(F inf) shall be cancelled. This is achieved by the stress
function FSE⊥

k
developing the undesirable deviations in a Fourier series. The index

k denotes a placeholder for any arbitrary stress function for which those non-zero
tractions shall be eliminated. The procedure to derive FSE⊥

k
is adapted from that

of Timoshenko and Goodier (1951). A more detailed investigation can be found in
Filon (1903). Taking into account the double symmetry of the present problem then
the Fourier series expansion of the deviation σdev

x,k
(±w/2,y) over the wave length lk

is

σSE⊥
x,k (±w/2,y)/σ0 =

f σx

k ,0

2
+

Nk∑
nk=1

f σx

k ,n
cosαk ,n y with (16.20)

αk ,n =
2nπ
lk

, f σx

k ,n
=
2
lk

∫ lk

0
σdev
x,k (±w/2,y)cosαk ,n ydy. (16.21)

Note that the expansion is periodic over lk and Gibbs’ phenomenon to be expected
due to jump discontinuities, for instance σdev

x,k
(±w/2,0) � σdev

x,k
(±w/2,±lk). This is a

discrepancy since the actual deviations continuously decay with increasing distance
to the load introduction. That is why the correction function of the type FSE⊥

k
is

considered as less robust than the mirror technique and shall not be used to si-
multaneously also cancel the load transfer relevant shear stresses being necessary
condition for the overall solution accuracy. Furthermore additional shear stresses
elimination by FSE⊥

k
would require another Fourier series expansion which is more

expensive than their cancellation by mirroring only involving translation of stress
fields. To mitigate the effect of periodicity and Gibbs’ phenomenon on the charac-
teristic stresses nearby the hole the length lk = 40d is chosen sufficiently large and
a uniaxial stress state in the far-field |y | � d establishes.

Furthermore the correction function shall not cause non-zero shear stresses at
x = ±w/2 expressed by

τSE⊥xy,k(±w/2,y) = 0. (16.22)

The Airy stress function modelling these boundary conditions in Eq. (16.20) and
(16.22) is given by
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FSE⊥
k /σ0 =ak y2+

Nk∑
n=1

φk ,n(x) Ak ,n cosαk ,n y with

φk ,n(x) = Cφk ,n

1 coshαk ,n x+Cφk ,n

2 sinhαk ,n x+

Cφk ,n

3 x coshαk ,n x+Cφk ,n

4 x sinhαk ,n x.

(16.23)

Its stress components are derived using Eq. (16.2) and read

σSE⊥
x,k /σ0 = 2ak −

Nk∑
n=1

α2
k ,n φk ,n(x) Ak ,n cosαk ,n y, (16.24)

σSE⊥
y,k /σ0 =

Nk∑
n=1

d2φk ,n
dx2

Ak ,n cosαk ,n y, (16.25)

τSE⊥xy,k/σ0 =

Nk∑
n=1

αk ,n
dφk ,n
dx

Ak ,n sinαk ,n y (16.26)

with
dφk ,n
dx

= αk ,n

(
Cφk ,n

1 sinhαk ,n x+Cφk ,n

2 coshαk ,n x
)
+

C φk ,n

3

(
αk ,n x sinhαk ,n x+ coshαk ,n x

)
+

Cφk ,n

4

(
αk ,n x coshαk ,n x+ sinhαk ,n x

)
,

(16.27)

d2φk ,n
dx2

= α2
k ,n

(
Cφk ,n

1 coshαk ,n x+Cφk ,n

2 sinhαk ,n x
)
+

C φk ,n

3

(
α2
k ,n x coshαk ,n x+2αk ,n sinhαk ,n x

)
+

C φk ,n

4

(
α2
k ,n x sinhαk ,n x+2αk ,n coshαk ,n x

)
.

(16.28)

The coefficients Cφk ,n

i are calculated using

φk ,n(±w/2) = 1, (16.29)

τSE⊥xy,k(±w/2,y) = 0 ⇒ dφk ,n
dx

;;;;
x=±w/2

= 0. (16.30)

Note that setting Eq. (16.29) to one is only due to computational convenience and
eventually
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Cφk ,n

1 =
2sinhw/2αk ,n +αk ,nw coshw/2αk ,n

sinhwαk ,n +wαk ,n
, (16.31)

C φk ,n

2 = C φk ,n

3 = 0, (16.32)

C φk ,n

4 = −2αk ,n sinhw/2αk ,n
sinhwαk ,n +wαk ,n

. (16.33)

Equating the coefficients in Eq. (16.20), (16.24) and taking into account Eq. (16.29)
yields

ak =
f σx

k ,0

4
, Ak ,n = −

f σx

k ,n

α2
k ,n

. (16.34)

With that all stress functions to cancel non-zero tractions along the edges x = ±w/2
are fully determined. At this stage FSE⊥

k
is applied toM(F inf) the mirrored field of the

infinite domain setting. Since both mirroring and FSE⊥
k

interfere with the boundary
conditions along the hole a corresponding mitigation stress function needs to be
developed.

16.2.6 Cancellation of Tractions Along Hole Boundary

Let σ dev
r ,k
(R,ϕ),τ dev

rϕ,k
(R,ϕ) be the given stress deviations along the hole boundary to

be eliminated. Taking into account the double symmetry of the open-hole problem
their Fourier expansion reads

σr ,k(R,ϕ)/σ0 =
f σr

k ,0

2
+

N∗
k∑

n=1
f σr

k ,n
cosnϕ (16.35)

τrϕ,k(R,ϕ)/σ0 =

N∗
k∑

n=1
g
τrϕ
k ,n

sinnϕ. (16.36)

with the Fourier coefficients

f σr

k ,n
=

1
π

1
σ0

∫ 2π

0
σdev
r ,k (R,ϕ)cosnϕdϕ,

g
τrϕ
k ,n
=

1
π

1
σ0

∫ 2π

0
τdevrϕk(R,ϕ)sinnϕdϕ.

(16.37)

Taking into account that for the specific symmetric problem uneven coefficients
vanish then the stress function modelling the deviations expanded in Eq. (16.35),
(16.36) has the general form
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FHBC
k =

R2
[
bσr

k
ln

r
R
+

Nk∑
n=1

{
Bk ,n

(
R
r

)2n
+Ck ,n

(
R
r

)2n−2 }
cos2nϕ

]
σ0.

(16.38)

Its stress components are

σHBC
r ,k =

[
bσr

k

(
R
r

)2
−2

Nk∑
n=1

{
n(2n+1)Bk ,n

(
R
r

)2n+2
+

+ (n+1)(2n−1)Ck ,n

(
R
r

)2n }
cos2nϕ

]
σ0, (16.39)

σHBC
ϕ,k =

[
− bσr

k

(
R
r

)2
+2

Nk∑
n=1

{
n(2n+1)Bk ,n

(
R
r

)2n+2
+

+ (n−1)(2n−1)Ck ,n

(
R
r

)2n }
cos2nϕ

]
σ0, (16.40)

τHBCrϕ,k = −2
[ Nk∑
n=1

{
n(2n+1)Bk ,n

(
R
r

)2n+2
+

+n(2n−1)Ck ,n

(
R
r

)2n }
sin2nϕ

]
σ0. (16.41)

Equating the coefficients in Eq. (16.35), (16.39) and Eq. (16.36), (16.41) leads to

bσr

k
=
1
2

f σr

k ,0 , Bk ,n = − 1
n(2n+1)

[
1
2
g
τrϕ
k ,2n +n(2n−1)Ck ,n

]
,

Ck ,n =
1
2
g
τrϕ
k ,2n − f σr

k ,2n

2n−1

(16.42)

and the stress function to mitigate the deviating hole boundary conditions is fully
determined. With that all means to address the boundary conditions of the finite
domain problem are developed. However, each of the correction function is dedicated
to the tractions along just one of the boundaries, in particular straight vertical edges
or circular hole edge, and even may interfere the others. This is further explained in
the next section and an iterative calculation scheme suggested to nevertheless take
into account all boundary conditions simultaneously.
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16.2.7 Overall Iterative Calculation Procedure

The capability of the correction functions to fulfil the tractions along one boundary
as well as their potential interference with other edges is summarised in Table 16.1.
To satisfy all boundary conditions simultaneously it is required to iteratively apply
the correction functions until the remaining deviations are negligibly small. This
procedure is illustrated in Fig. 16.3. After assembling the mirrored auxiliary field
M(F inf) of the infinite open-hole problem, the correction functions FSE⊥

k
,FHBC

k
are

applied for the first time. Since FHBC
k

is only dedicated to cancel non-zero traction
along the hole boundary violations of those at x = ±w/2 are to be expected. This
is cured by mirroring the correction field FHBC

k
as performed for F inf and then by

superimposing another field FSE⊥
k+1 to eliminate newly arisen σx(±w/2,y) along the

straight edges, which will slightly violate the hole boundary conditions again. Note
that any field FSE⊥

k
does not require mirroring since the condition in Eq. (16.22)

assures its vanishing shear stresses. Iterating this procedure will lead to vanishing
deviations along all boundaries provided by the full solution

F =
nx ,min∑
i=1

F inf
i︸�����︷︷�����︸

mirrored field of F inf

+

K∑
k=1

{
FSE⊥
k +

nx ,min∑
i=1

FHBC
k ,i︸�������︷︷�������︸

mirrored field of FHBC
k

}
. (16.43)

Herein, the quantityK denotes the number of iterations leading to sufficiently fulfilled
boundary conditions, which is quantitatively assured using the following criteria:

Table 16.1
List of correction functions.

fulfils interferes with
M(F inf) τxy (±w/2, y) Hole BCs, σx (±w/2, y)
FSE⊥
k

σx (±w/2, y) Hole BCs
FHBC
k

Hole BCs σx (±w/2, y), τxy (±w/2, y)
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Input parameter w/d

Assemble
infinte domain field F inf

Determine nx ,min using
ψτ inf

xy
≤ 0.01

Mirror F inf

σx (±w/2, y)
non-zero?

Hole BCs violated?

Full load transfer?

Superimpose
correction field FSE⊥

k

Superimpose FHBC
k

and its mirrored field

Increase nx ,min and rebuild
correction functions

Full stress field

No

No

Yes

Yes

Yes

No

Fig. 16.3. Flowchart of the open-hole calculation method.
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ψσr =
R
Py

∫ 2π

0

√
σr (R,ϕ) 2 sinϕdϕ ≤ 0.01,

ψτrϕ =
R
Py

∫ 2π

0

√
τrϕ(R,ϕ) 2 cosϕdϕ ≤ 0.01,

ψσx =
4

Py

∫ lk /2

0

√
σx(±w/2,y) 2 dy ≤ 0.01,

ψτxy =
4

Py

∫ ∞

0

√
τxy(±w/2,y)2 dy ≤ 0.01,

ψσ inf
y
=

2
Py

∫ w/2

0

√ (
σy(x,±lk/2)−σ0

)2 dx ≤ 0.01,

χσNS
y
=

2
Py

∫ w/2

R

σy(x,0)dx ≤ 0.99.

(16.44)

To high values of ψσr ,ψτrϕ ,ψσx ,ψτxy indicate that the corresponding non-zero stress
boundary condition is not fulfilled, which requires further iterations K . Since cancel-
lation of σx(±w/2,y) involves periodic Fourier series expansion the upper boundary
of the integral in ψσx is chosen at the the finite value y = lk/2 conservatively assum-
ing that along half of the wave length lk Gibbs’ phenomenon has hardly an impact
and a uniaxial stress state σy(x,±lk/2) has incorporated. This is assured by ψσ inf

y

and a too high value is mitigated by increasing K and/or lk . The fact that a value
of ψσ inf

y
≤ 0.01 is accepted also means that an external load slightly different to

Py = σ0 ·w may be actually introduced. This shall be corrected by scaling the full
stress field by

Py

P ∗y
=

Py

2
∫ w/2

0
σy(x,±lk)dx

. (16.45)

A too small value of the load transfer ratio χσy is due to non-vanishing force flux
through the hole boundary and/or an insufficient shear stress cancellation along
x = ±w/2. The latter can be cured by increasing the number of auxiliary plates
nx,min. Note that the correction functions have then to be recalculated since the stress
deviations depend on nx,min. For the configurations w/d ≥ 3 investigated K ≥ 3,
nx,min ≥ 5 have revealed to provide accurate results. These quantities generally
decrease the wider w/d is chosen since deviations decay stronger. Table 16.2 lists
for the correction functions of an iteration step from which stress field the deviation
to cancel originates. With that all means to build the full solution are determined.
Results for different geometry ratios w/d are presented and verified using Finite
Element analysis in the next section.
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16.3 Discussion of the Stress Results

The results for geometrical dimensions in the range w/d = {3,10} are presented and
verified using a Finite Element model implemented in Abaqus. The mesh contains
CPS8 continuum plane stress elements with 8 nodes. The external load σ0 = 1 MPa
is applied at the hole distance y = 20d. Convergence in the stresses is reached for 72
elements along the hole boundary. Figure 16.4 shows an excerpt of the FE model for
w/d = 3 and introduces the dimensionless coordinate

ξ =
x−R

w/2−R
, (16.46)

with ξ = 0 at the hole boundary and ξ = 1 at the free straight edge. To qualitatively

net section path

... ...

ξ

σ0

Fig. 16.4. Excerpt of Finite Element model for w/d = 3.

analyse the impact of the virtual auxiliary plates on the load transfer let us exemplarily
plot the force flux using the stress vector

�ty =
[
σx τxy

τxy σy

]
·
[
0
1

]
=

[
τxy

σy

]
, (16.47)

for w/d = 3 shown in Fig. 16.5. The force flux of the present solution is tangent to
the straight edges and to the hole boundary as in the FE solution and thus provides a
physical load transfer. Furthermore for the open-hole configurations investigated the
present calculus leads to load transfer ratios within the range

Table 16.2
Correction function input.

stress function corrects deviations by

FSE⊥
1 M

(
F inf )

FHBC
1 M

(
F inf ) +FSE⊥

1

FSE⊥
k>1 M

(
F inf ) +∑k−1

j=1 F
SE⊥
j +

∑k−1
j=1 M

(
FHBC
j

)
FHBC
k>1 M

(
F inf ) +∑k

j=1F
SE⊥
j +

∑k−1
j=1 M

(
FHBC
j

)
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χσy ≥ 0.99, ψσx ,ψτxy ,ψσ inf
y
< 0.01, ψσr ,ψτrϕ ,� 0.001 (16.48)

fulfilling the requirements defined in Eq. (16.44) and therefore confirming the
methodology.

Let us investigate the circumferential aswell as the net section stresses in Fig. 16.6.
For comparison the net section stresses calculated by the heuristic approach of Tan
(1988) are also shown. These are derived by taking σinf

y of the infinite geometry
solution and scaling in such a way that its integrated stresses carry the whole external
load and can be analytically expressed by

σTan
y (ξ,0) =

KTan
T

K inf
T

σinf
y (ξ,0) with

KTan
T

K inf
T
=

2
2−(d/w)2−(d/w)4 ,

σinf
y (ξ,0) = 1+

1

2R2
[
1+ ξ(w/d−1)

]2 + 3

2R4
[
1+ ξ(w/d−1)

]4 .
(16.49)

The present solution shows coincidence with the FE reference in the characteristic
stresses. Note that forw/d = 10 the infinite domain solution byKirsch (1898) is taken
yielding a maximum error of 2 % at ξ = 1 in the net section stresses relevant for
crack initiation assessment. Hence, a problem setting bounded by w/d ≥ 10 can be
treated as within an infinite domain. Concerning w/d = 3 its normalised deviations
are within the order of 1 %. Those by Tan (1988) yield errors up to 36 %. However,
non-local failure criteria applied to technical relevant diameter ranges require the

(a) Present finite geometry solution with
influence of mirrored auxiliary plates.

(b) FE solution.

Fig. 16.5. Force flux of stress vectors �ty with w/d = 3.
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Fig. 16.6. Circumferential and net section stresses.

stress evaluation in the vicinity of the hole boundary (Whitney and Nuismer, 1974;
Camanho et al, 2012) and hence limiting the actual area of interest. Let us roughly
estimate it to be within the range 0 ≤ ξ ≤ 0.2 then the maximum stress error by Tan
(1988) is 8.3 % and that of the present solution 1.5 %. All in all the present calculus
provides rather accurate results and can be used not only in preliminary but also in
detail analysis where precise assessment tools matter for lightweight-optimal design.
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16.4 Conclusion

In the present paper the stress field for the isotropic and finite domain open-hole
problem under uniform tension is derived by analytical means of the Airy stress
function. This is performed by taking the solution of the corresponding problem
within an infinite domain and supplementing it with auxiliary functions to fulfil
vanishing tractions along the straight edges of the actual finite width problem.
Those functions include Fourier series to continuouslymodel the deviations enabling
their cancellation and mirrored arrangements of the infinite open-hole problem. The
results reveal coincidence with FE net section stresses relevant for brittle fracture
assessment using non-local criteria as Theory of Critical Distance with errors in the
order of only 1 %.
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Chapter 17
Theory of Flexible Mesh-Type Shallow
Kirchhoff-Love Structures Based on the
Modified Couple Stress Theory

Irina V. Papkova, Jan Awrejcewicz, Anton V. Krysko, Ekatarina Yu. Krylova, and
Vadim A. Krysko

Abstract In this work a generalization of the Pshenichnov theory is introducedwhich
is devoted to study of rectangular in plane structures composed of meshed shells
with two families of mutually perpendicular ribs. It is based on an account of higher
order couple stresses while employing the classical modified couple stress theory.
The considerations are based on the Kirchhoff-Love theory including von Kármán
geometric nonlinearity. The worked out algorithms are aimed on reduction of the
governing PDEs to ODEs using the FDM (finite difference method) of the second
order. The obtained Cauchy problem is solved with a help of the 4th order Runge-
Kutta method, whereas the static problems are solved using the set-up method.
Convergence of the proposed computational scheme is validated with regard to
spatial and time coordinates. Computational examples are provided.
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17.1 Introduction

Micro- and nano-sized mesh shells are widely used in various branches of indus-
try and beyond including production of electromechanical systems, in medicine for
fabrication of biologically compatible implants, in design of various by-passes for
cardiac surgeries, in solving complex problems of stability of heated objects embed-
ded in supersonic gas flows (Belostochny andMyltcina, 2018) and in the temperature
field (Belostochny and Myltcina, 2015), in a study of complex fluctuation of flexible
panels and plates under longitudinal load and additive white noise (Awrejcewicz
et al, 2016b; Krysko et al, 2018; Krysko-Jr. et al, 2019) as well as in many problems
dealing with an account of piezoelectric effects (Krysko et al, 2013; Awrejcewicz
and Krysko, 2003b). On the other hand, investigations devoted to modelling and
analysis of mesh type constructions with an account of size dependent behaviour are
rarely reported in the available literature (Sarkisjan, 2005).

Rapid development of MEMS/NEMS devices in mechanical and biomechani-
cal engineering, robotics, medicine, aerospace engineering, and other, implied a
wide application of micro- and nano-shells as the structural members. However, the
industrial expectation require safe, reliable and accurate working regimes of size
dependent mesh structures which cannot be achieved without a proper mathematical
modelling of the mentioned micro/nano size dependent mechanical objects. As it
has been shown in the recently published papers, the micropolar couple stress theory
stands as a strong tool to solve this challenging problem (Awrejcewicz et al, 2016a;
Belostochny and Myltcina, 2018; Wang, 1990).

It should be emphasized that in majority of the papers devoted to study of the so
far mentioned mechanical objects rather linear models are used (Zhou and Wang,
2012). However, the experimental results exhibit the need to account of nonlinear
effects while modelling of the mentioned micro- and nanosized structures.

17.2 Problem Statement

In this work we investigate a shallow rectangular in plane shell composed of two
families of densely distributed ribs made from one material and subjected to a
constant normal continuous load (Fig. 17.1). In the rectangular system of coordinates
the shell is defined as follows:

Ω =

{
x ∈ [0,c] ; y ∈ [0,b] ; − h

2
≤ z ≤ h

2

}
, 0 ≤ t ≤ ∞.

In order to include the size effects, the corresponding mathematical model of
vibrations of the mentioned mechanical system is constructed based on the microp-
olar (non-symmetric, couple stress) theory with inclusion of constrained rotation
of particles and the von Kármán geometric nonlinearity. Owing to the continuous
model proposed by Pshenichnov (1982), a regular system of ribs can be substituted
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Fig. 17.1 Computational
scheme of the shallow shell
reinforced by two families of
ribs.

by its counterpart continuous layer. The latter approach allows for quantifying of
stresses occurred in the equivalent smooth panel yielded by the stresses in ribs with
regard to their position measured by angles ϕj in the following way:

σxx =

2∑
j=1

σ
j
xδj cos2 ϕj

aj
, σyy =

2∑
j=1

σ
j
xδj sin2 ϕj

aj
,

σxy =

2∑
j=1

σ
j
xδj cosϕj sinϕj

aj
, mxx =

2∑
j=1

m j
xδj cos2 ϕj

aj
,

myy =

2∑
j=1

m j
xδj sin2 ϕj

aj
, mxy =

2∑
j=1

m j
xδj cosϕj sinϕj

aj
,

mxz =

2∑
j=1

m j
zxδj cosϕj

aj
, myz =

2∑
j=1

m j
zxδj sinϕj

aj
.

(17.1)

Here aj denotes distance between ribs of the j-th family ( j = 1;2); δj stands for a
thickness of j-th family; ϕj is the angle between the axis OX and the axis of ribs of
j-th family; σxx , σyy , σxy and mxx , myy , mxy , mxz , myz are components of stress
tensor and tensor of couple stresses of the modified (smooth) shell, respectively,.
Physical relations for the mesh-type panel are defined based on the method of the
Lagrange multipliers, i.e. we have

σ
j
x = σxx cos2 ϕj +σyy sin2 ϕj +σxy cosϕj sinϕj,

τ j = σxz cosϕj +σyz sinϕj,

m j
x = mxx cos2 ϕj +myy sin2 ϕj +mxy cosϕj sinϕj,

m j
z = mxz cosϕj +myz sinϕj .

(17.2)

In the case of the shell material, the following relations hold
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σxx =
E

1− ν2
[
exx + νeyy

]
,x � y, σxy =

E
(1+ ν) exy,(

mxx,mx,mzx

)
=

El2

1+ ν
(
χxx, χx, χzx

)
,

(17.3)

where: E - Young modulus, ν - Poisson’s coefficient, l - additional size dependent
length parameter coupled with the tensor of bending-rotation χ. Components of the
tensor of deformations exx , eyy , exy with an account of the kinematic Kirchhoff-Love
hypotheses take the following form

exx =
∂u
∂x
+
1
2

(
∂w

∂x

)2
− kxw− z

∂2w

∂x2
,

eyy =
∂v

∂y
+
1
2

(
∂w

∂y

)2
− kyw− z

∂2w

∂y2
,

exy =
1
2

(
∂u
∂y
+
∂v

∂x
+
∂w

∂x
∂w

∂y

)
− z

∂2w

∂x∂y
.

(17.4)

Components of the χ tensor, assuming that the fields of displacements and rota-
tions depend on each other, are as follows

χxx =
∂2w

∂x∂y
, χyy = − ∂2w

∂y∂x
, χxy =

1
2

(
∂2w

∂y2
− ∂

2w

∂x2

)
,

χxz =
1
4

(
∂2v

∂x2
− ∂2u
∂x∂y

)
, χyz =

1
4

(
∂2v

∂y∂x
− ∂

2u
∂y2

)
,

(17.5)

where: w - deflection; u,v - axial displacements of middle shell surface in directions
of x,y, respectively; kx , ky - curvature parameters in directions of x,y, respectively.

17.3 Governing Equations

The governing equations of dynamics of the smooth shell, and the boundary and
initial conditions are yielded by the variational Hamilton principle. Namely, a com-
parison of two neighbourhood motions of the system material points beginning in
time instant t0 into another system position in time instant t1 in the case of real
motion allows to define the following relation

t1∫
t0

(δK − δU + δWε + δWq)dt = 0, (17.6)

where: K - kinetic energy; U - potential energy; W - external work associated with
the continuous forces Wq and dissipation energy Wε .
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An account of the couple stress theory yields the following equation governing
the potential energy accumulation in an elastic body subjected to infinite small
deformations:

U =
1
2

∫
Ω

(
σxxexx +2σxyexy +σyyeyy +mxx χxx

+ myy χyy +2mxy χxy +2mzx χzx +2mzy χzy

)
dv.

. (17.7)

The kinetic energy is

K =
1
2
ρ

∫
Ω

[(
∂u
∂t

)2
+

(
∂v

∂t

)2
+

(
∂w

∂t

)2]
dv, (17.8)

whereas the work of external forces takes the following forms

Wε =

∫
Ω

[
ερ

(
∂u
∂t

u+
∂v

∂t
v+

∂w

∂t
w

)]
dv, Wq =

b∫
0

c∫
0

q (x,y,t)wdxdy, (17.9)

where: ε - dissipation coefficient; ρ - density of shell material; q (x,y,t) - external
normal load.

We substitute relations for the potential energy (17.7) with account of (17.2)-
(17.5), kinetic energy (17.8) with account of (17.1), and the work of external forces
(17.9) into the energetic Hamilton principle (17.6). Variation along the variables
u,w,v and integration by parts, and next comparison of the terms standing by
δu,δw,δv to zero yield the governing equations (17.13). All quantities appeared
in PDEs (17.13) are defined for the counterpart smooth shell, and have the following
form (

Nxx,Nyy,T
)
=

h
2∫

− h
2

(
σxx,σyy,σxy

)
dz,

(
Mxx,Myy,H

)
=

h
2∫

− h
2

(
σxx,σyy,σxy

)
zdz,

Yxx =

h
2∫

− h
2

mxxdz,Yxy =

h
2∫

− h
2

mxydz,Yxz =

h
2∫

− h
2

mxzdz, x � y

(17.10)

and
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+ kyNyy

+ kxNxx +
∂2Mxx

∂x2
+
∂2Myy

∂y2
+2

∂2H
∂x∂y

+
∂T
∂x

∂w

∂y
+
∂T
∂y

∂w

∂x

+2T
∂2w

∂x∂y
− ∂

2Yxx
∂y∂x

+
∂2Yyy
∂y∂x

− ∂
2Yxy
∂y2

+
∂2Yxy
∂x2

= 2ρh
∂2w

∂t2
− h3

6
ρ

∂4w

∂x2∂t2
− h3

6
ρ

∂4w

∂y2∂t2
+2ερh

∂w

∂t
−2q.

(17.11)

The boundary conditions are as follows

δw = 0

or {
Nxx

∂w

∂x
+
∂Mx

∂x
+T

∂w

∂y
+
∂Yxy
∂x
+2

∂H
∂y
− ∂Yxx

∂y
+
∂Yyy
∂y
− ∂Yxy

∂x

}
nx

+

{
Nyy

∂w

∂y
+
∂My

∂y
+T

∂w

∂x
+2

∂H
∂x
− ∂Yxx

∂x
+
∂Yyy
∂x
− ∂Yxy

∂y

}
ny

= 0,

∂δw

∂x
= 0 or

{
Mxx −Yxy

}
nx
+
{−2H +Yxx −Yyy

}
ny
= 0,

∂δw

∂y
= 0 or

{−2H +Yxx −Yyy
}
nx
+
{−Myy +Yxy

}
ny
= 0,

δu = 0 or
{

Nxx − 1
2
∂Yxz
∂y

}
nx

+

{
T − 1

2
∂Yyz
∂y
− 1
2
∂Yxz
∂x

}
ny

= 0,

∂δu
∂x
= 0 or

{
1
2

Yxz

}
ny

= 0,

∂δu
∂y
= 0 or

{
1
2

Yxz

}
nx

+

{
1
2

Yyz

}
ny

= 0,

δv = 0 or
{

Nxy − 1
2
∂Yxz
∂x
− 1
2
∂Yyz
∂y

}
nx

+

{
Nyy − 1

2
∂Yyz
∂x

}
ny

= 0,

∂δv

∂x
= 0 or

{
1
2

Yxz

}
nx

+

{
1
2

Yyz

}
ny

= 0,

∂δv

∂y
= 0 or

{
1
2

Yyz

}
nx

= 0.

(17.12)
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Substitution of (17.11) with an account of (17.1)-(17.2), and (17.3)-(17.5) yields
the following PDEs governing motion of the equivalent mesh-type shell:

A40
∂Nxx

∂x
+ A22

∂Nyy

∂x
+ A31

∂T
∂x
+ A31

∂Nxx

∂y
+ A13

∂Nyy

∂y
+ A22

∂T
∂y

+
1
2

(
A11

∂2Yxz
∂y2

+ A02
∂2Yyz
∂y2

+ A01
∂2Yzz
∂y2

+ A20
∂2Yαz
∂x∂y

+ A11
∂2Yβz
∂x∂y

+A10
∂2Yzz
∂x∂y

)
= ρh

∂2u
∂t2
+ ερh

∂u
∂t
,

A22
∂Nxx

∂y
+ A04

∂Nyy

∂y
+ A13

∂T
∂y
+ A31

∂Nxx

∂x
+ A13

∂Nyy

∂x
+ A22

∂T
∂x

− 1
2

(
A20

∂2Yxz
∂x2

+ A11
∂2Yyz
∂x2

+ A10
∂2Yzz
∂x2

+ A11
∂2Yxz
∂x∂y

+ A02
∂2Yyz
∂x∂y

+A01
∂2Yzz
∂x∂y

)
= ρh

∂2v

∂t2
+ ερh

∂v

∂t
,

A40
∂2Mxx

∂x2
+ A22

∂2Myy

∂x2
+ A31

∂2H
∂x2
+ A22

∂2Mxx

∂y2
+ A04

∂2Myy

∂y2

+ A13
∂2H
∂y2
+2A31

∂2Mxx

∂x∂y
+2A13

∂2Myy

∂x∂y
+2A22

∂2H
∂x∂y

+ A40
∂Nxx

∂x
∂w

∂x

+ A22
∂Nyy

∂x
∂w

∂x
+ A31

∂T
∂x

∂w

∂x
+ A40Nxx

∂2w

∂x2
+ A22Nyy

∂2w

∂x2

+ A31T
∂2w

∂x2
+ A22

∂Nxx

∂y

∂w

∂y
+ A04

∂Nyy

∂y

∂w

∂y
+ A13

∂T
∂y

∂w

∂y

(17.13)

+ A22Nxx
∂2w

∂y2
+ A04Nyy

∂2w

∂y2
+ A13T

∂2w

∂y2
+ A31

∂Nxx

∂x
∂w

∂y

+ A13
∂Nyy

∂x
∂w

∂y
+ A22

∂T
∂x

∂w

∂y
+ A31

∂Nxx

∂y

∂w

∂x
+ A13

∂Nyy

∂y

∂w

∂x

+ A22
∂T
∂y

∂w

∂x
+2A31Nxx

∂2w

∂x∂y
+2A13Nyy

∂2w

∂x∂y
+2A22T

∂2w

∂x∂y

− A04
∂2Yxx
∂x∂y

− A22
∂2Yyy
∂x∂y

− A31
∂2Yxy
∂x∂y

+ A22
∂2Yxx
∂y∂x

+ A04
∂2Yyy
∂y∂x

+ A13
∂2Yxy
∂y∂x

+ A31

(
∂2Yxx
∂x2

− ∂
2Yyy
∂y2

)
+ A13

(
∂2Yyy
∂x2

− ∂
2Yyy
∂y2

)
+ A22

(
∂2Yxy
∂x2

− ∂
2Yxy
∂y2

)
= 2ρh

∂2w

∂t2
− h3

6
ρ

∂4w

∂x3∂t2
− h3

6
ρ

∂4w

∂y2∂t2
+2ερh

∂w

∂t
−2q,
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where Ask =
n∑
j=1

δ j coss ϕ j sink ϕ j

a j
.

We consider, widely met in application, a case study where the shell is clamped
along its contour assuming δ1 = δ2 = δ, a1 = a2 = a, ϕ1 = 45◦, ϕ2 = 135◦. The follow-
ing nondimensional governing PDEs are obtained for the case of micropolar shallow
rectangular in plane shell composed of two the same and mutually perpendicular
families of ribs

2 (ν−1) ∂
2u
∂y2
−2 (3+ ν) ∂

2v

∂x∂y
−4 (ν+1)λ2 ∂

2u
∂x2

+4
(
kx + ky

) (ν+1) ∂w
∂x
+2 (ν−1) ∂

2w

∂y2
∂w

∂x

−2 (3+ ν) ∂w
∂y

∂2w

∂x∂y
−4 (1+ ν)λ2 ∂w

∂x
∂2w

∂x2

+ l2 (ν−1)
(
− h2

b2
∂4u
∂y4
+

h2

b2
∂4v

∂x∂y3
− h2

c2
∂4u

∂x2∂y2
+

h2

c2
∂4v

∂x3∂y

)
=
8a
(
ν2−1)
δ

∂2u
∂t2

,

4
(
kx + ky

) (1+ ν) ∂w
∂y
−4 (1+ ν) ∂

2v

∂y2
−2 (3+ ν)λ2 ∂2u

∂x∂y

+2 (1− ν)λ2 ∂
2v

∂x2
−4 (ν+1) ∂w

∂y

∂2w

∂y2
−2(3+ ν)λ2 ∂w

∂x
∂2w

∂y∂x

+2 (ν−1)λ2 ∂w
∂y

∂2w

∂x2
+ l2 (ν−1)

(
h2

c2
∂4u
∂x∂y3

− h2

c2
∂4v

∂x2∂y2

+
h2

c2
λ2

∂4u
∂x3∂y

− h2

c2
λ2
∂4v

∂x4

)
=
8a
(
ν2−1)
δ

∂2v

∂t2
,

(17.14)

(
[1+ ν]+6l2 [1− ν]

) c
λh

∂4w

∂y4
+4

(
1+3l2 [ν−1]

) 1
λ2

∂4w

∂x2∂y2

+
(
[1+ ν]+6l2 [1− ν]

)
λ2
∂4w

∂x4
+12ky

(
kx + ky

) (1+ ν) 1
λ2

w

−12ky (1+ ν) c
λh

∂v

∂y
−12ky (1+ ν) b2

h2
∂u
∂x

+6
(
2kx + ky

) (1+ ν) c
hλ

(
∂w

∂y

)2
−12 (1+ ν) 1

λ2
∂w

∂y

∂2v

∂y2

+12
(
kx + ky

) (1+ ν) c
hλ

w
∂2w

∂y2
−12 (1+ ν) 1

λ2
∂v

∂y

∂2w

∂y2

−18 (1+ ν)
(
∂w

∂y

)2
∂2w

∂y2
−12 (ν+1) ∂

2w

∂y2
∂u
∂x
+6 (ν−1) ∂

2u
∂y2

∂w

∂x
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+6
(
2kx + ky

) (ν+1) b
h

(
∂w

∂x

)2
−12∂

2w

∂y2

(
∂w

∂x

)2
−6(3+ ν)∂w

∂y

∂2u
∂x∂y

−6(3+ ν)∂w
∂x

∂2v

∂x∂y
+12 (ν−1) ∂u

∂y

∂2w

∂x∂y
+12 (ν−1) ∂v

∂x
∂2w

∂x∂y

−48∂w
∂y

∂w

∂x
∂2w

∂x∂y
−12 (1+ ν) b2

c2
∂w

∂x
∂2u
∂x2
+6(ν−1)λ ∂w

∂y

∂2v

∂x2

+12
(
kx + ky

) (ν+1) b
h
w
∂2w

∂x2
−12 (ν+1) 1

λ2
∂v

∂y

∂2w

∂x2

−12
(
∂w

∂y

)2
∂2w

∂x2
−12 (1+ ν) ∂u

∂x
∂2w

∂x2

−18 (1+ ν)λ2
(
∂w

∂x

)2
∂2w

∂x2
=
24a

(
ν2−1)
δ

(
∂2w

∂t2
+ ε

∂w

∂t
−2q

)
The following initial conditions are taken

u = v = w = 0,
∂w

∂t
= 0,

∂u
∂t
= 0,

∂v

∂t
= 0 (t = 0), (17.15)

whereas the boundary conditions are as follows

u = v = w = 0,
∂u
∂x
= 0,

∂u
∂y
= 0,

∂v

∂x
= 0,

∂v

∂y
= 0,

∂w

∂x
= 0,

∂w

∂y
= 0 for x = 0; 1, y = 0; 1.

(17.16)

The following relations hold for dimensional and nondimensional parameters:

x = cx, y = by, w = hw̄, u =
h2

c
u, v =

h2

b
v, δ = hδ, a = ha,

l = hl, kx =
h
c2

kx, ky =
h
b2

ky, t =
cb
h

√
ρ

E
t, ε =

h
cb

√
E
ρ
ε, (17.17)

q =
Eh4

c2b2
q, λ =

b
c
.

Here c, b stand for the linear dimension of the panel with regard to x and y, respec-
tively, and ε is the dissipation coefficient.

In order to reduce the problem governed by nonlinear PDEs (17.3) to its counter-
part Cauchy problem, the method of FDM of the second order is employed, which
yields

2 (ν−1)Λ2
yyu−2 (3+ ν)Λ2

xyv−4 (ν+1)λ2Λ2
yyu+4

(
kx + ky

) (ν+1)Λ1
yu

+2 (ν−1)Λ2
yywΛ

1
xw−2 (3+ ν)Λ1

ywΛ
2
xyw−4 (1+ ν)λ2Λ1

xwΛ
2
xyw
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+ l2 (ν−1)
(
− h2

b2
Λ4
yyyyw

)
+ l2 (ν−1)

(
h2

b2
Λ4
xyyyw

)
+ l2 (ν−1)

(
− h2

c2
Λ4
xxyyu+

h2

c2
Λ4
xxxyv

)
=
8a
(
ν2−1)
δ

�u,

4
(
kx + ky

) (1+ ν)Λ2
yyw−4 (1+ ν)Λ2

yyv−2 (3+ ν)λ2Λ2
xyu

+2 (1− ν)λ2Λ2
xxv−4 (ν+1)Λ1

ywΛ
2
yyw−2(3+ ν)λ2Λ1

xwΛ
2
xyw

+2 (ν−1)λ2Λ1
ywΛ

2
yyw+ l2 (ν−1)

(
− h2

c2
Λ4
xxyyv−

h2

c2
λ2Λ4

xxxxv

+
h2

c2
Λ4
xyyyu+

h2

c2
λ2Λ4

xxxyu
)
=
8a
(
ν2−1)
δ

�v,

(17.18)

(
[1+ ν]+6l2 [1− ν]

) c
λh

Λ4
yyyyw+4

(
1+3l2 [ν−1]

) 1
λ2
Λ4
xxyyw

+
(
[1+ ν]+6l2 [1− ν]

)
λ2Λ4

xxxxw+12ky
(
kx + ky

) (1+ ν) 1
λ2

wi

−12ky (1+ ν) c
λh

Λ1
yv−12ky (1+ ν) b2

h2
Λ1
xu+6

(
2kx + ky

) (1+ ν) c
hλ

(
Λ1
yw
)2

−12 (1+ ν) 1
λ2
Λ1
yvΛ

2
yyw−18 (1+ ν)

(
Λ1
yw
)2
Λ2
yyw−12 (ν+1)Λ2

yywΛ
1
yv

+6 (ν−1)Λ2
yyuΛ1

xw+6
(
2kx + ky

) (ν+1) b
h

(
Λ1
xw
)2

−12Λ2
yyw

(
Λ1
xw
)2
−6(3+ ν)Λ1

ywΛ
2
xyu−6(3+ ν)Λ1

xwΛ
2
xyv

+12 (ν−1)Λ1
yuΛ2

xyw+12 (ν−1)Λ1
xvΛ

2
xyw−48Λ1

ywΛ
1
xwΛ

2
xyw

−12 (1+ ν) b2

c2
Λ1
xwΛ

2
xxu+6(ν−1)λΛ1

ywΛ
2
xxv

+12
(
kx + ky

) (ν+1) b
h
wiΛ

2
xxw−12 (ν+1)

1
λ2
Λ1
yvΛ

2
xxw

−12
(
Λ1
yw
)2
Λ2
xxw−12 (1+ ν)Λ1

xuΛ2
xxw

−18 (1+ ν)λ2
(
Λ1
xw
)2
Λ2
xxw =

24a
(
ν2−1)
δ

( �w+ ε 
w−2q) .
The associated boundary conditions take the following difference form

u0, j = v0, j = w0, j = 0, u−1, j = u1, j, v−1, j = v1, j, w−1, j = w1, j,
un, j = vn, j = wn, j = 0, un+1, j = un−1, j, vn+1, j = vn−1, j,wn+1, j = wn+1, j,
ui,0 = vi,0 = wi,0 = 0, ui,−1 = ui,1, vi,−1 = vi,1, wi,−1 = wi,1,
ui,n = vi,n = wi,n = 0, ui,n+1 = ui,n−1, vi,n+1 = vi,n−1,wi,n+1 = wi,n+1,

(17.19)

where:
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Λ1
x( f ) =

fi+1, j − fi−1, j
2h

;

Λ1
y( f ) =

fi, j+1− fi, j−1
2h

;

Λ2
yy( f ) =

fi, j+1−2 fi, j + fi, j−1
h2

;

Λ2
xx( f ) =

fi+1, j −2 fi, j + fi−1, j
h2

;

Λ2
xy( f ) =

fi+1, j+1− fi+1, j−1− fi−1, j+1+ fi−1, j−1
4h2

;

Λ4
yyyy( f ) =

fi, j+2−4 fi, j+1+6 fi, j −4 fi, j−1+ fi, j−2
h4

;

Λ4
xyyy( f ) =

fi+1, j+2−2 fi+1, j+1+2 fi+1, j−1− fi+1, j−2− fi−1, j+2
4h4

+
2 fi−1, j+1−2 fi−1, j−1+ fi−1, j−2

4h4
4h4;

Λ4
xxyy( f ) =

fi+1, j+1−2 fi+1, j + fi+1, j−1−2( fi, j+1−2 fi, j +2 fi, j−1)
h4

+
fi−1, j+1−2 fi−1, j + fi−1, j−1

h4
;

Λ4
xxxy( f ) =

fi+2, j+1− fi+2, j−1−2( fi+1, j+1− fi+1, j−1)
4h4

+
2( fi−1, j+1− fi−1, j−1)− fi−2, j+1+ fi−2, j−1

4h4
,

(17.20)

and fi, j describe the corresponding functions of deflection w an displacements u,v.

17.4 Computational Results

Traditionally, the static problems in theory of plates and shells were solved by
employment of various approximate methods which allow to reduce the system of
PDEs into a corresponding system of nonlinear AEs (algebraic equations). In our
work, a solution of the static problem is found with a help of the set-up method (see
Awrejcewicz and Krysko, 2003a, and references therein). The latter approach was
validated by numerical investigations inAwrejcewicz et al (2006); Krysko et al (2005,
2017). In the set-up method, a solution to PDEs is reduced to the Cauchy problem
of ODEs, which initially depends on time in a linear way. The mentioned approach
possesses numerous benefits. First, it exhibits a high accuracy, since the employed
method is a member of iteration methods family, it relies on computations of solution
after the introduced time step based on the previous solution approximation. Second,
the set-up method is not sensitive to the initial approximation choice. Third, branches
of various static solution can be obtained in a relative simple way.

Solving the Cauchy problem under ε = εcr for a series of the parameter of normal
constant load qi yields a series of deflection wi . Based on the obtained data, the
dependence w (q) can be constructed as well as the stress-strain shell state can be
analysed.
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As an example, we consider a clamped cylindrical panel composed of two fami-
lies of mutually perpendicular ribs made from aluminium with the following fixed
parameters: length and width b = c = 0.01m, thickness h = 0.0002m, distance be-
tween ribs a = 0.0002m, Young’s modulus E = 71.456 ·109N/m2, Poisson modulus
ν = 0.3, ribs width δ = 2 · 10−4m, and the parameters of curvature kx = 0, ky = 48.
Furthermore, we investigate the problem related to stability loss of the micropolar
mesh-type cylindrical panel. As it has been already mentioned, in order to solve the
problem of statics, the governing PDEs are reduced to the Cauchy problem of ODEs,
by using FDM of the second order.

Next, the Cauchy problem is solved by using the 4th order Runge-Kutta method.
The carried out numerical experiments yields the value of εcr = 10 which allows to
reduce a number of iterations while solving the problem with a help of the set-up
method. In order to obtain the reliable results, we have analysed convergence of
the solution with regard to spatial and time co-ordinates. We have found that the
optimal choice is obtained for the computational mesh n× n = 16×16. Figure 17.2
presents the computational results for the case of fixed nondimensional parameters
k̄x = 0, k̄y = 24 as the functions q̄(w̄(0.5;0.5)), w̄(t;0.5;0.5) for certain values of
the size dependent parameter l̄ = 0;0.1;0.3;0.5; 0.7. Analysis of the results allows
to conclude that a character of the critical load is changed beginning from a rapid
increase of the deflection under infinite small change of the load (l̄ = 0;0.1;0.3;0.5)
up to the critical point of deflection (l̄ = 0.7). In other words, increase of l implied
increase of the critical load.

17.5 Concluding remarks

Based on the carried out investigations, the following general conclusions can be
formulated.

Fig. 17.2. Diagrams of the load-deflections nondimensional dependencies q̄(w̄(0.5;0.5)),
w̄(t;0.5;0.5) for the cylindrical panel (k̄x = 0, k̄y = 24)
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1. We have extended andmodified theKirchoff-Love theory of shallow flexiblemesh
structures with a help of the modified couple stress theory.

2. There are worked out algorithms of investigation of stability and stress-strain
states of mesh-type flexible shell structures based on the mathematical models of
nano-sized effects.

3. The problem governed by nonlinear PDEs has been reduced to the Cauchy prob-
lem through employment of the 2nd order of accuracy of the finite difference
method (FDM). The latter problem has been solved by using Runge-Kutta meth-
ods of various orders of the Prince-Dormand method of the 8th order, and the
Newmark method. The best choice with respect to the computational time was
offered the 4th order Runge-Kutta method. The results have been analysed by
comparison of the coincidence of the functions and their derivatives up to the 2nd
order inclusively versus the number n of the used spatial variable parts.

4. The stationary problem has been solved using the set-up method which is com-
putationally stable and exhibits a high accuracy while solving a set of algebraic
equations (Krysko et al, 2005).

5. It has been demonstrated that increase of the size-dependent parameter l yields
the qualitative change in increase of the critical load values, i.e. we have detected
rapid deflection increase under introduction of the very small change of the load
parameter (l̄ = 0;0.1;0.3;0.5) up to the point of the curve deflection (l = 0.7).
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Chapter 18
Buckling of the Nonuniformly Compressed Plate
with Dislocations and Disclinations

Isa M. Peshkhoev and Alexander M. Stolyar

Abstract The buckling problem of the elastic rectangular plate, which is compressed
by the nonuniformly distributed along the edges external loads, is considered. This
plate contains continuously distributed sources of internal stresses and is found under
the action of a small normal load. The components of the external loads are the given
continuous functions and act in direction, which is parallel to the coordinate axes.
The coordinate system has its beginning in the center of the plate. The study is
based on a modified system of elastic plates’ nonlinear von Káráan equations, which
take into account influence of dislocations and disclinations or other sources of
intrinsic stresses. The boundary conditions correspond to the free clamped plates’
edges or their movable hinge support. The considered problem is reduced to a
sequence of three linear boundary value problems for determining the forms of
the stress functions, which correspond to internal sources and two components of
compressive forces, and a system of nonlinear equations with a trivial solution.
Numerical parameters characterizing the intensity of stresses caused by internal
sources and components of external loads are introduced. The critical buckling load
is defined as the solution of the linearized nonlinear problem on a trivial solution.
The stability loss problem is reduced to a parametric eigenvalue boundary value
problem. The problem of eigenvalues is solved by the variational method. To study
the post-critical behavior of a compressed plate, the Lyapunov–Schmidt method is
used in combination with numer ical methods for calculating the coefficients of
the system of the branching equations. The cases of equilibrium branching of a
compressed plate with one and two eigenforms are considered. Asymptotic formulas
of new equilibria in the vicinity of the bifurcation point are constructed in the case
when a small normal load acts and without it as well. It is obtained that the presence
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of a small normal load does not reduce the bearing capacity of the plate in the case
of even forms of the incompatibility function and even forms of distribution along
the edges of the compressive forces.

Key words: Elastic plate · Critical load · Internal stresses · Stability of equilibrium
· Ramification of equilibrium · Lyapunov-Schmidt method · Ramification equation

18.1 Introduction

Method of solution of the compressed elastic rectangular plate stability problem
was proposed in Polubarinova-Kochina (1936) as a small parameter power series
construction. This method was later proved by Vorovich (1956). For the case of the
critical value of the compressive load the first study of the problem for a circular
plate with radial symmetry and without normal load was carried out by Friedrichs
and Stoker (1941). Using the variational method, they showed the origin of a pair
of new solutions when the parameter of the compressive load gets over the critical
value. Berger and Fife (1968) transferred this result to the case of a plate of arbitrary
shape when the normal load was absent; they assumed that the boundary forces
depend on one parameter and used the M.A. Krasnoselky topological theorem on
bifurcation (Krasnosel’skij, 1956).

Some time earlier, in 1955–1958, Vorovich (1958) used the theory of eigenvalues
of nonlinear odd operators along with variational and topological methods to study
the general problems of the nonlinear theory of shallow shells and gave a qualitative
study of the behavior of plates and shells after loss of stability.

Besides I. Vorovich used the Lyapunov-Schmidt method (Vorovich, 1956) to
consider the post-critical behavior of an annular circular plate in the presence of
normal load and a variety of boundary conditions (Vorovich, 1955). The Lyapunov-
Schmidtmethod for nonlinear equations inBanach spaceswas developed byTrenogin
(1958) and applied by Srubshchik and Trenogin (1968) for studying the problem of
the effect of a small transverse load on the buckling and post-buckling behavior of
a plate of arbitrary shape under compressive boundary forces, parallel to the axes
of coordinates. The effects of a nonlinearly elastic base on the buckling and the
initial post-buckling behavior of an infinite plate with small geometric imperfections
were studied by Reissner (1970) in case of a momentless plane-stressed state. The
buckling problem of the thin compressed plate of a strictly convex shape with a free
edge was considered by Srubshchik (1981, 1985).

Zubov (2007) obtained the modified von Kármán system of the elastic plates
nonlinear equations which took into account the presence of dislocations and discli-
nations as well as other sources of intrinsic stresses. The bending problem of a free
of external loads thin plate (membrane) which takes place due to the relaxation of
the internal stresses caused by defects has been considered. The stress state problem
of the thin elastic plate containing dislocations and disclinations is considered within
the framework of the classical Kirchhoff theory in Zubov and Stolpovskii (2008). The
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problem of annular plate bending caused by helical dislocation and torsion deflection
is solved. The theory of thin plates with distributed dislocations and disclinations
is constructed. Solutions of bending problems of circular and elliptic plates with
continuously distributed disclinations are obtained. An analogy is established be-
tween the plate with defects bending problem and the plane problem of elasticity
theory with mass forces, as well as between the plane problem with dislocations and
disclinations and the plate with given distributed loads bending problem. The effect
of continuously distributed disclinations or heat sources on the deflections and stress
state of acircular flexible plate, loaded with a transverse pressure has been studied in
Zubov and Fam (2010).

Asymptotic and numerical analysis of the problems of vibrations of narrow elas-
tic rectangular plates, cylindrical panels, shallow elastic-plastic arches, panels and
spherical shells has been carried out in Stolyar (2014). In particular, for the problem
of oscillations of elastic long rectangular plates, in which the long edges are free of
loading and the short edges are freely supported, an asymptotic transition to the beam
problem of oscillations has been established. The limit transition in the problems of
vibrations and dynamic buckling of elastic and elastic-plastic cylindrical panels has
been established as well.

The critical loads of the compressed elastic plate with dislocations and discli-
nations were considered in Peshkhoev (2016). The effect of initial imperfections,
shaped as small transverse loads, on the loss of stability and the post-critical behav-
ior of a compressed elastic rectangular plate lying on a nonlinearly elastic foundation
has been considered in Peshkhoev and Sobol’ (2016). The post-buckling behavior
of the plate has been investigated with some asymptotic formulas derived for the
new equilibria in the neighborhood of critical loads. Some relations between the
values of the parameters of the base, where its bearing capacity is preserved in the
neighborhood of the classical value of the critical load, have been established for
the variety of values of the parameters of compressive loads and the parameter of
internal stresses.

In Sidorov et al (2002) an overview of some results of applying the Lyapunov–
Schmidt methods in combination with other methods obtained by Russian mathe-
maticians.

In Altenbach and Eremeyev (2010) within the framework of the direct approach
to the plate theory the infinitesimal deformations of a plate made of hyper elastic
materials taking into account the non-homogeneously distributed initial stresses
have been considered. Here the plate as a material surface with 5 degrees of freedom
(3 translations and 2 rotations) is considered. The influence of initial stresses in the
bulk material on the plate behavior is considered.

Forms of stability loss of a compressed infinite plate lying on a soft elastic
foundation has been considered in Morozov and Tovstik (2012). Class of binary-
periodic forms of loss of stability has been investigated. By the analysis of the
potential energy density of the post-critical deformation it was established that the
preference should be given to the staggered form.

In Eremeev and Zubov (2017) within the framework of nonlinear elasticity in-
stability of a uniformly compressed circular two-layered plate with an initially com-
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pressed or stretched layer has been analyzed. The incompressible neo-Hookean
model has been used as a constitutive relation of the material. It has been assumed
that the lower layer was subjected to radial tension or compression. As a result initial
strains and stresses appeared in this layer. The two-layered plate was subjected to a
uniform lateral compression. Stability of the plate has been studied using of the static
Euler method. Within the method loading parameters were determined for which the
linearized boundary-value problem had non-trivial solutions. The three-dimensional
linearized equilibrium equations for each layer have been derived. The solutions of
the latter equations were obtained with the help of the Fourier method. The equation
for critical strains was derived. Analysis of dependence of critical stress resultants
on the initial strains and stiffness parameters was presented.

Altenbach and Eremeyev (2017) present mathematical and mechanical aspects
of the theory of plates and shells, applications in civil, aero-space and mechanical
engineering, as well in other areas. The focus relates to the following problems:
comprehensive review of the most popular theories of plates and shells, relations
between three-dimensional theories and two-dimensional ones, presentation of re-
cently developed new refined plates and shells theories (for example, the micropolar
theory or gradient-type theories), modeling of coupled effects in shells and plates
related to electromagnetic and temperature fields, phase transitions, diffusion, etc.,
applications in modeling of non-classical objects like, for example, nanostructures,
presentation of actual numerical tools based on the finite element approach.

In Altenbach and Eremeyev (2018) the bending deformations of a three-layered
plate taking into account surface and interfacial stresses has been considered. The
first-order shear deformation plate theory and the Gurtin-Murdoch model of surface
stresses are considered and the formulae for stiffness parameters of the plate are
derived. Their dependence on surface elastic moduli has been analyzed.

The significance of this work is in the study of the post-critical behavior of the
nonuniformly compressed plates, containing the sources of internal stresses as well
as the application of the Lyapunov–Schmidt method to themodified nonlinear system
of von Kármán equations obtained by Zubov and Fam (2010).

18.2 Governing Equations

Let us consider the equilibrium equations of a thin elastic rectangular plate which
contains continuously distributed edge dislocations and wedge disclinations. Our
plate is found under a small normal load of intensity ξG(X,Y ) and edge pressure
with axial components P(Y ) and Q(X) respectively. Then the equilibrium equations
system is written as (Srubshchik and Trenogin, 1968; Timoshenko and Woinowsky-
Krieger, 1959; Washizu, 1982; Zubov, 2007)

DΔ2W = [Ψ,W]+ ξG(X,Y ), Δ2Ψ +
1
2

Eh[W,W] = Ehμ (18.1)
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D =
Eh3

γ2
, γ2 = 12(1− ν2), [Ψ,W] ≡WXXΨYY −2WXYΨXY +WYYΨXX

Here μ(X,Y ) is the scalar measure of incompatibility which is expressed in terms of
dislocation and disclination densities (Zubov, 2007), W(X,Y ) is the plate deflection,
Ψ (X,Y ) is the Airy stress function, h is the plate thickness, ν is the Poisson’s ratio,
E is the Young’s modulus, X , Y are rectangular coordinates with the origin at the
center of the plate and axes parallel to its edges, ξ is the small numeric parameter.

System (18.1) is considered together with the boundary conditions of one of the
following types{

W =WX =ΨXY = 0, ΨYY = −P(Y ), |X | = a/2, |Y | < b/2
W =WY =ΨXY = 0, ΨXX = −Q(X), |Y | = b/2, |X | < a/2 (18.2){
W =WXX =ΨXY = 0, ΨYY = −P(Y ), |X | = a/2, |Y | < b/2
W =WYY =ΨXY = 0, ΨXX = −Q(X), |Y | = b/2, |X | < a/2 (18.3)⎧⎪⎪⎨⎪⎪⎩
W =WX =ΨXY = 0, ΨYY = −P(Y ), |X | = a/2, |Y | < b/2
WYY + νWXX =WYYY + (2− ν)WXXY =ΨXY =ΨXX = 0,

|Y | = b/2, |X | < a/2
(18.4)

⎧⎪⎪⎨⎪⎪⎩
W =WXX =ΨXY = 0, ΨYY = −P(Y ), |X | = a/2, |Y | < b/2
WYY + νWXX =WYYY + (2− ν)WXXY =ΨXY =ΨXX = 0,

|Y | = b/2, |X | < a/2
(18.5)

Here the subscript denotes differentiation with respect to the corresponding variable.
The boundary conditions (18.2) correspond to free pinching and (18.3) correspond
to the movable hinge support of the edges. We assume that P(Y ) and Q(X) are the
continuous functions up to the second-order derivatives on the segments |Y | ≤ b/2
and |X | ≤ a/2 respectively. Compressive forces P(Y ) and Q(X) are applied to the
edges X = ±a/2 and Y = ±b/2 respectively. The boundary conditions (18.4) and
(18.5) correspond to free edges.

Let us obtain the homogeneous boundary conditions. Let

Ψ =Φ−P(Y )α(Y )−Q(X)β(X),

where α(Y ) and β(X) satisfy the differential equations

(P(Y )α(Y ))YY = P(Y ), |Y | < b/2; (Q(X)β(X))XX =Q(X), |X | < a/2 (18.6)

Φ satisfies the homogeneous boundary conditions ΦXY = ΦYY = 0 at |X | = a/2,
|Y | < b/2, ΦXY =ΦXX = 0 at |Y | = b/2, |X | < a/2. Replacing these equalities by
the equivalent Φ =ΦX = 0 along the |X | = a/2, |Y | < b/2 and Φ =ΦY = 0 along
|Y | = b/2, |X | < a/2, we obtain the boundary conditions using (18.2)–(18.5)
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W =WX =Φ =ΦX = 0, |X | = a/2, |Y | < b/2
W =WY =Φ =ΦY = 0, |Y | = b/2, |X | < a/2 (18.7){
W =WXX =Φ =ΦX = 0, |X | = a/2, |Y | < b/2
W =WYY =Φ =ΦY = 0, |Y | = b/2, |X | < a/2 (18.8)⎧⎪⎪⎨⎪⎪⎩
W =WX =Φ =ΦX = 0, |X | = a/2, |Y | < b/2
WYY + νWXX =WYYY + (2− ν)WXXY =Φ =ΦY = 0,

|Y | = b/2, |X | < a/2
(18.9)

⎧⎪⎪⎨⎪⎪⎩
W =WXX =Φ =ΦX = 0, |X | = a/2, |Y | < b/2
WYY + νWXX =WYYY + (2− ν)WXXY =Φ =ΦY = 0,

|Y | = b/2, |X | < a/2
(18.10)

SubstitutingΨ =Φ−P(Y )α(Y )−Q(X)β(X) in (18.1) with regard to (18.6), we obtain{
DΔ2W −[W,Φ]+P(Y )WXX +Q(X)WYY = ξG(X,Y )
Δ2Φ+

1
2

Eh[W,W] = (P(Y ))YY + (Q(X))XX +Ehμ
(18.11)

Equations (18.11) may be written in the following dimensionless form{
Δ2αw−α[w,F]+ rppαwxx + rqqwyy = ξg(x,y)

1
2
Δ2αF +α[w,w] = rμμ+ rppyy + rqαqxx

(18.12)

Δα( ) ≡ ( )yy +α( )xx, Δ2α = ΔαΔα

in Ω = {(x,y) : |x | < 1/2, |y | < 1/2}. The given functions and coefficients are
connected with dimensionless values by the following relations: X = ax, Y =
by, W(X,Y ) = w(x,y)h/γ, α = b2/a2, Φ(X,Y ) = DF(x,y), P(Y ) = rpDp(y)/b2,
Q(X)= rqDq(x)/(αa2), μ(X,Y )= rμμ(x,y)γ2/h2,G(X,Y )= hDg(x,y)/(γb4), where
rμμ(x,y) is the measure of incompatibility, rpp(y) is component of the compressive
load along the axis x, rqq(x) is component of the compressive load along the axis
y, coefficients rμ, rp , rq are the so-called intensity parameters of the corresponding
stress sources, μ(x,y) is the incompatibility measure, p(y) is the compressive load
on the edges x = ±1/2, q(x) is the compressive load on the edges y = ±1/2. We
assume that the functions μ(x,y), p(y) and q(x) are fixed and have the identity norm
which is defined as the maximum of the module in the domain of definition.

Let the dimensionless Airy stress function in (18.12) be written in such a way

F = F + rμFμ + rpFp + rqFq (18.13)

where functions Fμ, Fp and Fq are defined as solutions of the following boundary
value problems

Δ2αFμ = μ(x,y), (x,y) ∈ Ω and Fμ = (Fμ)n = 0 on the border of area Ω (18.14)
Δ2αFp = pyy(y), (x,y) ∈ Ω and Fp = (Fp)n = 0 on the border of area Ω (18.15)
Δ2αFq = qxx(x), (x,y) ∈ Ω and Fq = (Fq)n = 0 on the border of area Ω (18.16)
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Index n in (18.14)–(18.16) and further on designates derivative in the direction which
is normal to the boundary.

Now the boundary problem (18.1) with one of the boundary conditions (18.2)–
(18.5) is reduced to solution of the linear boundary problems (18.14)–(18.16) and
nonlinear boundary value problem as follows⎧⎪⎪⎨⎪⎪⎩

Δ2αw+ rppαwxx + rqqwyy = α[w,F]+ rμα[w,Fμ]+ rpα[w,Fp]
+ rqα[w,Fq]+ ξg

Δ2αF +α[w,w]/2 = 0, (x,y) ∈ Ω
(18.17)

with one of the following boundary conditions

w = wn = 0, F = Fn = 0 on the border of area Ω, (18.18)
w = wnn = 0, F = Fn = 0 on the border of area Ω, (18.19){
w = wx = F = Fx = 0, |x | = 1/2, |y | < 1/2
wyy + ναwxx = wyyy + (2− ν)αwxxy = F = Fy = 0, |y | = 1/2, |x | < 1/2, (18.20){
w = wxx = F = Fx = 0, |x | = 1/2, |y | < 1/2
wyy + ναwxx = wyyy + (2− ν)αwxxy = F = Fy = 0, |y | = 1/2, |x | < 1/2 (18.21)

Here formula (18.13) defines the general stress function F, which corresponds to the
stresses caused by the combined action of internal sources and external compressive
loads.

18.3 Critical Loads

Let E2 be the Hilbert space which is the closure of the set of vector functions
f = ( f1, f2), g = (g1,g2) with the norm defined by the scalar product

〈 f ,g〉E2 =

∬
Ω
( f1g1+ f2g2)dx dy;

E1 is the closure of a linear set of infinitely differentiable in a rectangular domain
Ω = {(x,y) : |x | < 1/2, |y | < 1/2} vector-functions u = (w,F)which satisfy one of the
boundary conditions (18.18)–(18.21), with the finite norm generated by the scalar
product

〈u,v〉E1 =

〈 ∑
i+j≤4

∂i+ju/∂xi∂y j,∂i+jv/∂xi∂y j
〉
E2

.

Let g(x,y) be sufficiently smooth in the domain Ω. Thus we consider the boundary
value problem (18.17) with one of the conditions (18.18)–(18.21) as a nonlinear
operator equation
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M0u = Πu+ ξR, u = (w,F) ∈ E1, R =
(
g

0

)
(18.22)

M0u ≡
(
Δ2αw− rμα[w,Fμ]+ rq(qwyy −α[w,Fq])+ rpα(pwxx −[w,Fp])

Δ2αF

)
Πu ≡

(
α[w,F]
α[w,w]/2

)
Morozov (1957) and Vorovich (1989) show that operators M0 and Π act from the

space E1 into space E2. Equation (18.22) has a trivial solution u∗ = (w∗,F∗) = (0,0),
when rμ = 0, rp = 0, rq = 0, ξ = 0. Bifurcation point (rμ,rp,rq) of the nonlinear
equation (18.22) is defined in Trenogin (1958) as the eigenvalue of the boundary
value problem M0u = 0, which is obtained by linearization of the Eq. (18.22) on
a trivial solution. Using the definition of the operator M0 one can obtain that the
second component of the eigenvector function u = (ω,ψ) is equal to zero while the
first one is determined from the following linear boundary value problem:

One must find such a value of parameter rp that there exists nontrivial solution
of the problem

Δ2αω− rμα[ω,Fμ]+ rq(qωyy −α[ω,Fq]) = −rpα(pωxx −[ω,Fp]) (18.23)

for the given parameters rμ, rq , where functions Fμ, Fp , Fq are the solutions of
problems (18.14)–(18.16) and ω satisfies one of the following boundary condi-
tions

ω = ωn = 0 on the border of area Ω, (18.24)
ω = ωnn = 0 on the border of area Ω, (18.25){
w = wx = 0, |x | = 1/2, |y | < 1/2
wyy + ναwxx = wyyy + (2− ν)αwxxy = 0, |y | = 1/2, |x | < 1/2 (18.26){
w = wxx = 0, |x | = 1/2, |y | < 1/2
wyy + ναwxx = wyyy + (2− ν)αwxxy = 0, |y | = 1/2, |x | < 1/2 (18.27)

Stress functions Fμ, Fp and Fq are caused by the action of internal sources and
external loads. Numbers rμ, rp , rq can be called parameters of intensity of these
stresses because of the linearity of the problems (18.14)–(18.16). We are going to
investigate further on the influence of the form of distribution of internal stress
sources μ(x,y) and forms of distribution of compressive loads p(y), q(x) on the
critical values of the intensity parameters rμ, rp , rq .

Let us write Eq. (18.23) in operator form

Aω = rpBω, (18.28)

Aω ≡ Δ2αω− rμα[ω,Fμ]+ rq(qωyy −α[ω,Fq]), Bω ≡ −α(pωxx −[ω,Fp])
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and consider the properties of operators A and B. Let H(Ω) be a subspace of the
Sobolev spaceW4

2 and consist of functions u and v, which satisfy one of the boundary
conditions (18.24)–(18.27) and have norm generated by the scalar product

(u,v) ≡
∬

Ω
uv dx dy.

Using the change of variables x = x1, y = y1
√
α, one can reduce operator Δ2α which

acts in H(Ω) to biharmonic operatorΔ2 which acts in H(Ω1),

Ω1 = {|x1 | ≤ 1
2
, |y1 | ≤

√
α

2
}.

Therefore properties of operator Δ2 are easily transferred on operatorΔ2α.
The properties of the biharmonic operator Δ2 have been investigated in Mikhlin

(1970), where it was actually shown that Δ2 acted from H(Ω1) into L2(Ω1) and
was positive definite. Two inequalities follow from Friedrich’s inequality (Mikhlin,
1970): ∬

Ω
Δ2αωω dx dy ≥ C1

∬
Ω
ω2dx dy, C1 > 0, (18.29)∬

Ω
Δ2αωω dx dy ≥ C2

∬
Ω
ω2
ydx dy, C2 > 0. (18.30)

Applying (18.29), (18.30), we deduce inequality

(Δ2αω+ rqqωyy,ω) ≥ C1

(
1− rqmq

C2

)∬
Ω
ω2dx dy (18.31)

where mq =max
x

q(x).
Operators −p(y)( )xx and −q(x)( )yy are both symmetric and nonnegative when

p(y) ≥ 0 and q(x) ≥ 0:

(−p(y)ωxx,ω) =
∬

Ω
p(y)ω2

xdx dy ≥ 0, (−q(x)ωyy,ω) =
∬

Ω
q(x)ω2

ydx dy ≥ 0

It is easy to check the equality∬
Ω
[ω,F]φdx dy =

∬
Ω
[φ,F]ω dx dy (18.32)

using integration by parts, when ω and φ satisfy one of the boundary conditions
(18.24)–(18.27) and F satisfies the conditions F = Fn = 0. It means that operator
Dω ≡ [ω,F] which acts in H(Ω) is symmetric and therefore bounded (Lyusternik
and Sobolev, 1966), so the following inequalities are valid:∬

Ω
[ω,Fμ]ω dx dy ≤ Cμ

∬
Ω
ω2dx dy, Cμ > 0, (18.33)
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Ω
[ω,Fq]ω dx dy ≤ Cq

∬
Ω
ω2dx dy, Cq > 0. (18.34)

Taking into account (18.31), (18.33), (18.34) one can prove the boundedness from
below of the operator A:

(Aω,ω) ≥
(
C1

(
1− rqmq

C2

)
− rμαCμ − rqαCq

) 1/2∫
−1/2

1/2∫
−1/2

ω2dx dy. (18.35)

Thus one can state that operator B in equation (18.27) is symmetric.
The eigenvalue problem (18.23) is reduced to the functional minimum problem

(Mikhlin, 1970):
J(ω) ≡ (Aω,ω)/(Bω,ω). (18.36)

Problem (18.36) is solved numerically. The method used here is a generalization of
the algorithm (Bauer and Reiss, 1972) which was used for solving the eigenvalue
problem for a biharmonic equation in a rectangle.

We would like to formulate some conclusions which one can do on the basis
of analysis of problems (18.14), (18.15), (18.16) and problem (18.23) with one of
the boundary conditions (18.24)–(18.27). The solution of problem (18.14) allows us
to state that the presence of internal sources (μ(x,y) � 0) leads to internal stresses
(Fμ � 0) in the plate. The analysis of problems (18.15), (18.16) shows that the
stress functions Fp and Fq are nonzero when conditions pyy(y) � 0 and qxx(x) � 0
take place respectively. Hence one can state that non-zero stresses appear (Fp �
0,Fq � 0) in plate with any (non-zero) value of the intensity parameters rp and rq ,
if compressive loads p(y) and q(x) are nonlinearly distributed along the boundaries.
If the compressive loads are uniformly or linearly distributed along the edges of the
plate, then stresses Fp and Fq are equal to zero for any value of the stress intensity
parameters rp and rq .

Integrals (Aω,ω) and (Bω,ω) contain terms of the form∬
Ω
[ω,F]ω dx dy

which are equal to zero if one of the functions (ω or F) is odd with respect to one
variable and even or odd for another variable, and the other function is even or odd
with respect to both variables. Due to the symmetry of the boundary conditions, the
solution of each of the problems (18.14), (18.15) and (18.16) is odd with respect to
one variable and even or odd for another variable, if the right part is odd with respect
to one variable and even or odd for another one. Therefore the corresponding internal
stresses with any intensity rμ do not affect the critical value rp if the incompatibility
function μ(x,y) is odd with respect to one variable and even or odd for another
variable.

Similarly if the compressive load q(x) is an odd function, then the corresponding
stresses also do not affect the critical value rp for any intensity rq . If the OX-axis
compressive load is an odd function, then problem (18.23) has no solution. If the
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incompatibility function μ(x,y) is even with respect to both variables, p(y) and
q(x) are even functions, then the eigenfunctions of problem (18.23) with one of the
boundary conditions (18.24)-(18.27) are even or odd for each variable.

Let us rewrite equation (18.23) as

Δ2αω+ rpα(pωxx −[ω,Fp])+ rq(qωyy −α[ω,Fq]) = rμα[ω,Fμ] (18.37)

Analysis of the problem (18.37) with one of the boundary conditions (18.24)–(18.27)
shows that the loss of stability of the plate can occur without compressive loads
(rp = 0, rq = 0) as well caused by internal stress sources action only. Note that the
same conclusion was obtained in Zubov and Fam (2010) for the stability problem of
a circular plate with continuously distributed disclinations. We are not considering
the eigenvalue problem (18.37) further on.

18.4 Behavior of Plate After Loss of Stability

We consider the post-critical behavior of a compressed plate using the Lyapunov-
Schmidt method (Vajnberg and Trenogin, 1969). Let (rμ0, rp0, rq0) be the bifurcation
point of the nonlinear equation (18.22), that is, rp = rp0 be the eigenvalue of the
problem (18.23) with one of the boundary conditions (18.24)–(18.27) and the given
values rμ = rμ0, rq = rq0.

Let rμ = rμ0 + λ1, rp = rp0 + λ2, rq = rq0 + λ3, w = w∗ +ω = ω, F = F∗ +ψ = ψ.
We write the equation for small perturbations λ1, λ2, λ3, u = (ω,ψ) in the following
form

M0u = Πu+
3∑
i=1

λiCiu+ ξR, (18.38)

C1u ≡
(
α(p(y)ωxx −[ω,Fp])

0

)
, C2u ≡

(
q(x)ωyy −[ω,Fq]

0

)
,

C3u ≡
(−α[ω,Fμ]

0

)
, Ci : E1→ E2, i = 1,2,3.

Let rp0 be a double eigenvalue of problem (18.23) with one of the boundary condi-
tions (18.24)–(18.27) and the fixed values rμ = rμ0, rq = rq0 with two corresponding
eigenfunctions ω1 and ω2. Then the vector-eigenfunctions of the equation M0u = 0
have the form φ1 = (ω1,ψ1), φ2 = (ω2,ψ2), where ψ1 = ψ2 = 0.

We construct the Schmidt operator (Vajnberg and Trenogin, 1969) in the following
form

M1u ≡ M0u+
2∑
i=1

aiμiφi, μi = 〈u,φi〉E1, ai

∬
Ω
ω2
i dx dy = 1, i = 1,2. (18.39)
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Taking into account (18.39) the nonlinear equation (18.22) may be reduced to the
equation

M1u = u+
2∑
i=1

aiμiφi +
3∑
i=1

λiCiu+ ξR (18.40)

We construct the solution of equation (18.40) as a power series

u =
∑

i+j+k+l+m+n≥1
ui jklmn μ

i
1μ

j
2λ

k
1λ

l
2λ

m
3 ξ

n, ui jklmn = (ωi jklmn,ψi jklmn). (18.41)

Then we substitute (18.41) in (18.40) and gather coefficients standing near powers
μi1μ

j
2λ

k
1λ

l
2λ

m
3 ξ

n of the same degree and derive the equations

M1ui jklmn = fi jklmn. (18.42)

Problems (18.42) are solvable by virtue of the generalized Schmidt Lemma (Vajnberg
and Trenogin, 1969). Functions fi jklmn are found using the right side of (18.40). We
successively solve the problems (18.42) are express solution by eigenfunctions ω1
and ω2 of problems (18.23) with one of the boundary conditions (18.24)–(18.27):

f100000 = a1φ1 =
(

a1ω1
0

)
, f010000 = a1φ1 =

(
a2ω2
0

)
,

f001000 = f000100 = f000010 =
(
0
0

)
, f000001 =

(
g

0

)
,

f200000 =

(
0

−α
2
[ω1,ω1]

)
, f020000 =

(
0

−α
2
[ω1,ω1]

)
, f110000 =

(
0

−α[ω1,ω2]
)

f002000 = f000200 = f000020 = f000002 =
(
0
0

)
,

f101000 =
(
α([ω1,Fp]− p(y)ω1,xx)

0

)
f100100 =

( ([ω1,Fq]− q(x)ω1,yy)
0

)
, f011000 =

(
α([ω2,Fp]− p(y)ω2,xx)

0

)
f100010 =

( [ω1,Fμ]
0

)
, f010100 =

( ([ω2,Fq]− q(x)ω2,yy)
0

)
, f010010 =

( [ω2,Fμ]
0

)
f210000 =

(
α([ω2,ψ200000]+ [ω1,ψ110000])

0

)
,

f120000 =
(
α([ω1,ψ020000]+ [ω2,ψ110000])

0

)
f300000 =

(
α[ω1,ψ200000]

0

)
, f030000 =

(
α[ω2,ψ020000]

0

)
.

(18.43)
Equalities (18.42), (18.43) allow to get the boundary value problems concerning

functions ψ200000, ψ020000, ψ110000
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Δ2αψ200000 = −α2 [ω1,ω1], ψ200000 = (ψ200000)n = 0 on the border area Ω, (18.44)

Δ2αψ020000 = −α2 [ω2,ω2], ψ020000 = (ψ020000)n = 0 on the border area Ω, (18.45)

Δ2αψ110000 = −α[ω1,ω2], ψ110000 = (ψ110000)n = 0 on the border area Ω. (18.46)

Taking into account the solution expansion (18.41) we obtain the ramification
equations (Vajnberg and Trenogin, 1969) using the second equation (18.39)∑

i+j+k+l+m+n≥1
L(t)
i jklmn

μi1μ
j
2λ

k
1λ

l
2λ

m
3 ξ

n = μt, t = 1,2. (18.47)

Coefficients of ramification equations (18.47) are calculated as follows

L(t)
i jklmn

= 〈 fi jklmn,φt〉E2, t = 1,2. (18.48)

Taking into account the orthogonality of the eigenfunctions ω1, ω2 and the third
equality in (18.39), we obtain coefficients of the ramification equations system using
formulas (18.48):

L(1)100000 = 〈 f100000,φ1〉E2 = 〈a1φ1,φ1〉E2 = a1

∬
Ω
ω2
1dx dy = 1,

L(2)100000 = L(1)010000 = 0, L(2)010000 = 1,

L(t)001000 = L(t)000100 = L(t)000010 = 0, L(t)000001 =
∬

Ω
gωtdx dy,

L(t)002000 = L(t)000200 = L(t)000020 = L(t)000002 = 0,

L(t)101000 = α
∬

Ω
([ω1,Fp]− p(y)ω1,xx)ωt dx dy,

L(t)100100 = α
∬

Ω
([ω1,Fq]− q(x)ω1,yy)ωt dx dy,

L(t)100010 =
∬

Ω
[ω1,Fμ]ωt dx dy, L(t)011000 = α

∬
Ω
([ω2,Fp]− p(y)ω2,xx)ωt dx dy,

L(t)010100 = α
∬

Ω
([ω2,Fq]− q(x)ω2,yy)ωt dx dy,

L(t)010010 =
∬

Ω
[ω2,Fμ]ωt dx dy, t = 1,2.

(18.49)
Taking into account (18.32), (18.44)–(18.46) we obtain
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L(1)210000 =

∬
Ω
α([ω2,ψ200000]+ [ω1,ψ110000])ω1 dx dy

= −3
∬
Ω
Δαψ200000Δαψ110000 dx dy,

L(2)210000 = −2
∬

Ω
Δαψ200000Δαψ020000 dx dy−

∬
Ω
(Δαψ110000)2dx dy,

L(1)120000 = L(2)210000,

L(2)120000 = −3
∬

Ω
Δαψ020000Δαψ110000 dx dy,

L(1)300000 = −2
∬

Ω
(Δαψ200000)2dx dy < 0,

L(2)300000 = −
∬

Ω
Δαψ110000Δαψ200000 dx dy,

L(1)030000 = −
∬

_ΩΔαψ110000Δαψ020000 dx dy,

L(2)030000 = −2
∬

Ω
(Δαψ020000)2dx dy.

(18.50)

Let us assume the incompatibility function μ(x,y) and the normal load function
g(x,y) be the even functions with respect to both variables, p(y) and q(x) be also
even functions. Therefore the eigenfunctions of the problem (18.23) with one of the
boundary conditions (18.24)-(18.27) are even or odd with respect to each variable.

Let us assume the eigenfunction ω1 be even with respect to both variables and
ω2 be odd with respect to one variable and even or odd for the other variable. In
this case some of coefficients (18.49), (18.50) are equal to zero and the ramification
equations system has the form

Φ1(μ1, μ2) ≡ (a1μ21+ b1μ22+Λ1)μ1+ d1ξ = 0,
Φ2(μ1, μ2) ≡ (a2μ21+ b2μ22+Λ2)μ2 = 0

(18.51)

with

a1 = L(1)300000 < 0, b1 = L(1)120000, a2 = L(2)210000, b2 = L(2)030000 < 0, d1 = L(1)000001,

Λ1 = L(1)101000λ1+ L(1)100100λ2+ L(1)100010λ3, Λ2 = L(2)011000λ1+ L(2)010100λ2+ L(2)010010λ3.

Let rp0 be a simple eigenvalue of the problem (18.23) with one of the boundary
conditions (18.24)–(18.27) for the fixed values rμ = rμ0, rq = rq0 with the corre-
sponding eigenfunction ω. Then we have the only ramification equation

Φ(μ) ≡ aμ3+ μΛ+ dξ = 0 (18.52)

with
a = L30000, Λ = L11000λ1+ L10100λ2+ L10010λ3, d = L00001
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and

L30000 = −2
∬

Ω
(Δαψ20000)2dx dy < 0, L11000 = α

∬
Ω
([ω,Fp]− p(y)ωxx)ω dx dy,

L10100 = α

∬
Ω
([ω,Fq]− q(x)ωyy)ω dx dy, L10010 =

∬
Ω
[ω,Fμ]ω dx dy.

Let us firstly consider the case of the absence of a small transverse load. Solving
(18.51) system relative to μ1 and μ2 when ξ = 0 and using (18.36) expansion of the
nonlinear equations system (18.41) solution we derive the following statement.

Theorem 18.1. Let the incompatibility function μ(x,y) and the normal load function
g(x,y) be the even functions with respect to both variables, p(y) and q(x) be the
even functions and ξ = 0. Let rp0 be the double eigenvalue of the problem (18.23)
with one of the boundary conditions (18.24)–(18.27) and the given values of the
parameters rμ = rμ0, rq = rq0. Let the first corresponding eigenfunction ω1(x,y)
be the even function with respect to both variables and the second eigenfunction
ω2(x,y) be the odd function with respect to one variable and even or odd function
for another variable. Then the nonlinear equation (18.22) has eight new solutions
with asymptotic representations in the small neighborhood of the bifurcation point
(rμ0,rp0,rq0):

ũ = ±
√
Λ2b1−Λ1b2
a1b2− a2b1

±
√
Λ1a2−Λ2a1
a1b2− a2b1

+O(|Λ1 |+ |Λ2 |) (18.53)

• if λ1, λ2 and λ3 satisfy the conditions

Λ2b1−Λ1b2
a1b2− a2b1

> 0,
Λ1a2−Λ2a1
a1b2− a2b1

> 0;

ũ = ±
√
−Λ2/b2+O(|Λ2 |) (18.54)

• if λ1, λ2 and λ3 satisfy the condition Λ2 > 0;

ũ = ±
√
−Λ1/a1+O(|Λ1 |) (18.55)

• if λ1, λ2 and λ3 satisfy the condition Λ1 > 0.

Solving equation (18.52) relative to μ with ξ = 0 and using the (18.41) expansion
we obtain the following theorem:

Theorem 18.2. Let in the conditions of theorem 18.1 rp0 be a simple eigenvalue of
problem (18.23) with one of the boundary conditions (18.24)–(18.27) for the fixed
values of rμ = rμ0, rq = rq0 with the corresponding to one eigenfunction ω which
is even with respect to both variables. Then the nonlinear equation (18.22) has in
the small neighborhood of the bifurcation point (rμ0,rp0,rq0) two new solutions with
asymptotic representations

ũ = ±
√
−Λ/a+O(|Λ|) (18.56)
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if λ1, λ2 and λ3 satisfy the condition Λ > 0.

If there is an imperfection in the form of a small transverse load (ξ � 0, ξ � 1), then
the bifurcation point (rμ0,rp0,rq0) becomes a critical load (rμs,rps,rqs). We denote

(λ1s,λ2s,λ3s) = (rμs − rμ0,rps − rp0,rqs − rq0).

We should use the system of branching equations (18.51) with the branching equation
(18.52) as well as the condition of loss of stability (Suchy et al, 1985; Friedrichs and
Stoker, 1941) 5555∂Φi

∂μj

5555 = ∂Φ1
∂μ1

∂Φ2
∂μ2
− ∂Φ2
∂μ1

∂Φ1
∂μ2
= 0

(
dΦ
dμ
= 0

)
(18.57)

in order to obtain (λ1,λ2,λ3) = (λ1s,λ2s,λ3s).
Theorem 18.3. Let in the conditions of theorem 18.1 ξ � 0, ξ� 1. Then the following
formulas for the critical value

Λ1s = L(1)101000λ1s + L(1)100100λ2s + L(1)100010λ3s

and asymptotic representations of new solutions of nonlinear equation (18.22) take
place

Λ1s = −3
3

√
d2
1ξ

2a1
4

> 0, ũ = ±1
3

√−3Λ1s
a1

φ1+ ξu000001+O(|Λ1s |), (18.58)

Λ1s =
3

b1− b2

3

√
d2
1ξ

2b22(a1b2− a2b1)
4

, (18.59)

ũ = ±
√
τ1Λ1sφ1±

√
τ2Λ1s φ2+ ξu000001+O(|Λ1s |),

if

τ1 =
b1− b2

3(a1b2− a2b1) > 0, τ2 = −3a1b2−2a2b1− a2b2
3b2(a1b2− a2b1) > 0.

In this case λ1s , λ2s and λ3s in (18.58), (18.59) are combined by the relation
Λ2s = Λ1s . The vector function u000001 = (ω000001,ψ000001) is defined by (18.42), so
ψ000001 = 0. We find the functionω000001 from the problem Δ2αω000001 = g(x,y) where
ω000001 satisfies one of the boundary conditions (18.24)–(18.27) on the boundary Ω.

Proof. To prove theorem 18.3 we require parameters λ1, λ2 and λ3 to satisfy a
condition Λ2 = Λ1. Then we consider the ramification equations system (18.51)
together with the stability loss condition (18.57) and derive the formulas (18.58),
(18.59). Theorem 18.3 is proved.

Similarly, the solution of the branching equation (18.52) together with the stability
loss condition (18.57) proves the following theorem:
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Theorem 18.4. Let under the conditions of theorem 18.2 ξ � 0, ξ � 1. Then for the
critical value

Λs = L11000λ1s + L10100λ2s + L10010λ3s

and asymptotic representations of new solutions of nonlinear equation (18.22) the
following formulas take place

Λs = −3 3

√
d2ξ2a
4

> 0, ũ = ±
√
−3Λs

a
φ+ ξu00001+O(|Λs |) (18.60)

In this case u00001 = (ω00001,0), and ω00001 is defined from the problem Δ2αω00001 =
g(x,y) with one of the boundary conditions (18.24)–(18.27) on the boundary Ω.

Remark 18.1. Taking into account the replacement (18.13) we should note that the
bifurcation point (rμ0,rp0,rq0) along with one or two eigenfunctions of problem
(18.23) correspond to the Airy stress function F = rμ0Fμ + rp0Fp + rq0Fq , which
gives the second component of the asymptotic formulas of new solutions of the
initial nonlinear problem (18.12) found above.

We note that firstly Koiter (1963) and then Budiansky (1974); Budiansky and
Hutchinson (1966) pointed to the fact that in the case of a small imperfection
(ξ � 0, ξ � 1), the bifurcation point can move to the limit point.

18.5 Numerical Results

Example 18.1. Loss of stability in two eigenforms. We consider the case of a square
plate α = b2/a2 = 1. Let in problems (18.14), (18.15), (18.16) and (18.23) with
boundary condition (18.24) functions be given as follows

μ(x,y) = 256[(x+1/2)(x−1/2)(y+1/2)(y−1/2)]2, p(y) = sin(π(y+1/2)),
q(x) = sin(π(x+1/2)), g(x,y) = 16(x+1/2)(x−1/2)(y+1/2)(y−1/2).

It is obtained that for rμ0 = 550 and qp0 = −20 (stretching along the OY axis) the
smallest eigenvalue of the problem (18.23) with the boundary conditions (18.24) is
equal to rp0 = 142.6. Two eigenfunctions correspond to eigenvalue found: ω1 is even
with respect to both variables and ω2 is even with respect to one variable and odd for
the second variable. Solution of the ramification equations system (18.51) allowed
to obtain the following values of coefficients

a1 = −8.913, b1 = −11.740, a2 = −11.740, b2 = −20.742, d1 = 0.180,

Λ1 = 1.599λ1+1.066λ2+0.028λ3, Λ2 = 6.610λ1+0.731λ2+0.062λ3.

Let ξ = 0. As it follows from requirements of theorem 18.1 the small values λ1,
λ2 and λ3 must satisfy the inequality



362 Isa M. Peshkhoev and Alexander M. Stolyar

1.277λ1+1.141λ2+0.012λ3 > 0.

Therefore the asymptotic solutions (18.53) exist for small positive values λ1, λ2 and
λ3. It is also easy to verify that there are small valuesλ1, λ2 and λ3 for which solutions
(18.54) and (18.55) exist respectively.

Let ξ � 0. Calculating the values of τ1 and τ2 from theorem 18.3 shows that they
are positive. It confirms the existence of solutions (18.58), (18.59). We also note that
in addition to the eigenfunctions ω1 and ω2 the even Airy stresses function

F = rμ0Fμ + rp0Fp + rq0Fq

corresponds to initial nonlinear problem (18.12). One can see graphs of eigen-
functions ω1, ω2 and Airy stresses function F at Fig. 18.1 and the graphs of the
components of the Cauchy stress tensor σx = Fyy , σy = Fxx and σxy = −Fxy at
Fig. 18.2.

a) b) c)

Fig. 18.1. Graphs of eigenfunctions: a) ω1, b) ω2; c) graph of stress function F

a) b) c)

Fig. 18.2. Stresses graphs: a) Fyy = σx , b) F xx = σy , c) F xy = −σxy

Example 18.2. Let us consider problems (18.14), (18.15), (18.16) and (18.23) with
boundary condition (18.25) for rectangular plate α = b2/a2 = 1/4 and with the given
functions

μ(x,y) = 4(1/2− x)(1/2− y), p(y) = 1, q(x) = (2(1/2− x))4, g(x,y) = 1.

It is obtained that the smallest eigenvalue rp0 = 33.03 of the problem (18.23) with
boundary conditions of the hinge support (18.25) for rμ0 = 100, qp0 = 20 corresponds
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to one eigenfunction ω1 (Fig. 18.3). The ramification equation has the form (18.52)

a) b)

Fig. 18.3. Graphics: a) eigenfunction ω1, b) of Airy stress function F

and its coefficients are equal to

a = −3.936, d = 0.345, Λ = 2.393λ1+0.948λ2+0.015λ3.

Let ξ = 0. Using theorem 18.2 we find that asymptotic solutions (18.56) exist for
small positive values λ1, λ2 and λ3. Let ξ � 0. The existence of solutions (18.60) is
obvious. Note that in addition to the eigenfunction ω1, the initial nonlinear problem
(18.12) has the Airy stress function F = rμ0Fμ+rq0Fq , since in this case the solution
of problem (18.15) is zero (Fp = 0). One can see graphs of eigenfunction ω1 and
Airy stress function Fig. 18.3.

Example 18.3. Loss of stability along one eigenform. Let us consider the square
plate α = b2/a2 = 1. Let functions μ(x,y) = 1, p(y) = 1, q(x) = 0, g(x,y) = 16x2y2

be given while solving problems (18.14), (18.15), (18.16) and (18.23) with bound-
ary condition (18.26). It is obtained that for rμ0 = 1000 and qp0 = 0 the smallest
eigenvalue of the problem (18.23) with the boundary conditions (18.26) is equal
to rp0 = 37.21 and the corresponding eigenfunction ω is even with respect to both
variables (Fig. 18.4). The following coefficients were obtained for the ramification
equation (18.52): a = −0.318, d = 0.622, Λ = 3.66λ1−0.0178λ3.

Fig. 18.4 Graph of the eigen-
function ω

Let ξ = 0. Using theorem 18.2 we find that asymptotic solutions (18.56) exist
for small values λ1 > 0 and λ3 < 0. Let ξ � 0. The existence of solutions (18.60) is
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obvious. Note that in addition to the eigenfunction ω1, the initial nonlinear problem
(18.12) has the Airy stress function F = rμ0Fμ.

18.6 Conclusion

Problem of stability loss and post-critical behavior of an nonuniformly compressed
plate with internal stress sources is considered in the paper. Parameters which charac-
terize the intensity of stresses caused by internal sources and components of external
loads are introduced and critical values of these parameters are determined. The
influence of parity/oddness properties on critical loads of the forms of distribution
of internal stress sources in the plate and the forms of distribution of compressive
loads on the edges of the plate is established. Asymptotic formulas of new solutions
in the vicinity of the bifurcation point for the case of absence of a small normal load
are constructed. For the case of a small normal load the asymptotic formulas for new
equilibria corresponding to the limit load, formulas of the limit load in which the
bifurcation point transfer are constructed.
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Chapter 19
On Null-Lagrangian Energy and Plate
Paradoxes

Paolo Podio-Guidugli

Abstract At variance, but not in contrast, with the accepted view that the source
of plate paradoxes is located in the way the boundary conditions are imposed, it is
argued that paradoxes, not only in the case of plate-like bodies, may be caused by
the way the null-lagrangian contribution to stored energy is evaluated.

Key words: Null Lagrangians · Plate paradoxes · Linear elasticity

19.1 Introduction

Here is how plate paradoxes are described in the abstract of Babuška and Pitkäranta
(1990):

This paper studies the plate-bending problem with hard and soft simple support.
It shows that in the case of hard support, the plate paradox, which is known
to occur in the Kirchhoff model, is also present in the three-dimensional model
and the Reissner-Mindlin model. The paradox consists of the fact that, on a
sequence of convex polygonal domains converging to a circle, the solutions of the
corresponding plate-bending problems with a fixed uniform load do not converge
to the solution of the limit problem. The paper also shows that the paradox is not
present when soft simple support is assumed.

And, in the introductory section one reads that the aim of Babuška and Pitkäranta
(1990)

. . . is to locate the source of the paradox,

and that
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. . . it is the way the boundary conditions are imposed in the Kirchhoff model that
causes the paradox.

Now, according to a standard dictionary, a paradox is a seemingly absurd or
contradictory statement or proposition which when investigated may prove to be
well founded or true. More to it, the conceptual framework of an accepted theory
is indispensable, firstly, to perceive a given statement as absurd or contradictory;
secondly, to classify it as paradoxical when proved well founded or true; thirdly, to
try and find the cause(s) of one’s initial bafflement.

When framed within the Kirchhoff-Love theory, the plate paradox consists in the
unexpected finding that the transverse displacement of a simply supported, circular
plate acted upon by uniform transversal loads is larger when computed directly than
when estimated numerically for a sequence of approximating polygonal plates; no
doubt, within the Kirchhoff-Love theory, the source of the paradox resides in the
manner support boundary conditions are formulated.

In this paper, I take an alternative and, in my opinion, more illuminant point of
view: I use the equilibrium theory of linear elasticity as a framework, and I show that
there are good reasons to locate the source of the plate paradox in a deficient account
of the null-Lagrangian energy, that is, of the portion of stored energy admitting
a representation as a surface integral; a similar point of view, albeit less explicit,
less general, and argued mathematically in a different manner, has been proposed in
Simmonds (2010). In principle, paradoxes of identical source are to be expected also
for body shapes that are not plate-like, say, when a sequence of convex polygonal
domains converges to a spherical ball. I explore the possibility of such paradoxes in
case of the exact Levinson-type solutions, studied inNardinocchi and Podio-Guidugli
(2003), to a class of equilibrium problems for three-dimensional right cylinders
made of a linearly elastic, transversely isotropic material. Levinsonian solutions are
of special interest because they work for not necessarily short cylinders of arbitrary
cross section, not only when the mantle is simply supported but also when two other
boundary conditions prevail, described in Nardinocchi and Podio-Guidugli (2003)
as, respectively, a sliding clamp and an elastic support.

19.2 Null-Lagrangian Energy in Linear Elasticity

As detailed in Lancia et al (1995); Podio-Guidugli (2000), the elasticity tensor C
may be split additively into the Cauchy’s pseudo elasticity tensor C̃ and the null-
Lagrangian tensor Ĉ:

C = C̃+ Ĉ, 2C̃i jhk = Ci jhk +Cikh j, 2Ĉi jhk = Ci jhk −Cikh j ; (19.1)

a relevant property of Ĉ is
Ĉi jhk = −Ĉikh j . (19.2)
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For a fully anisotropic material, the independent components of C are 21, those of C̃
are 15, and those of Ĉ are 6; these numbers reduce to, respectively, 5, 3, and 2, in case
of transversely isotropic material response. Both C̃ and Ĉ have the major symmetry
i j↔hk required for an elasticity tensor, but none has the minor symmetries i j↔ ji
and hk↔ kh and hence none qualifies in general as an elasticity tensor, except when
Ĉ is taken null and Cauchy’s rariconstant elasticity theory obtains.

For u and
E(u) = 1

2
[∇u+ (∇u)T ] ,

respectively, the displacement and strain fields, the stored-energy functional may be
split according to (19.1)1:

1
2

∫
Ω

E(u) ·C[E(u)] = 1
2

∫
Ω

E(u) · C̃[E(u)]+ 1
2

∫
Ω

E(u) · Ĉ[E(u)], (19.3)

into the Cauchy energy plus a null-Lagrangian contribution, that is, a quadratic
functional admitting an alternative representation as a surface integral:∫

Ω

∇u · Ĉ[∇u] =
∫
∂Ω

∇u · Ĉ[u⊗ n] =
∫
∂Ω

γ̂(u,∇su,n) (19.4)

with
∇su = ∇u− ∂nu⊗ n.

The boundary operator associated to the surface potential γ̂ may be interpreted
as a fairly general type of configuration-dependent surface load (Podio-Guidugli and
Vergara Caffarelli, 1990); when it comes to its evaluation, paradoxical occurrences
may follow from one or another combination of prescriptions about

(a) the constitutive information embodied in Ĉ and
(b) the class of admissible displacements and their boundary restriction, including

their tangential gradient.

19.3 Null-Lagrangian Energy and Plate Paradoxes

On leaving more complex situations for a future study, I here let the integration
domain Ω ≡ P×[−h,+h] be plate-like − that is, the Cartesian product of a finite flat
two-dimensional region P with piece-wise smooth boundary ∂P and the interval
[−h,+h] of a straight line of direction z orthogonal to P. Plate-like regions are said
softly supported when their boundary fibres are imposed no z-displacement; for t
and m the tangent and outward normal vectors at a point of ∂P, standard additional
impositions on boundary fibres integrate a hard support ≡ no rotation of axis m
about (x,0) and a clamped support ≡ no rotation of axis t about (x,0).
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I now proceed to show that, no matter how small the ratio 2h/diam(P), paradoxes
may occur when the material response is chosen spatially uniform and transversely
isotropic with respect to the direction z of the normal to the plane of P.

For (x,ζ) a typical point of P ×[−h,+h], I let the admissible displacement fields
have the form considered by Levinson (1985), namely,

uL(x,ζ) = f (ζ)w(x)z−g(ζ)∇w(x) (19.5)

(see Nicotra et al, 1985; Nardinocchi and Podio-Guidugli, 2003). Note that the
Kirchhoff-Love’s Ansatz

uKL(x,ζ) = w(x)z− ζ∇w(x)

is recovered both from Levinson’s − on choosing f (ζ) = 1 and g(ζ) = ζ in (19.5) −
and from Reissner-Mindlin’s Ansatz

uRM (x,ζ) = w(x)z+ ζϕ(x), ϕ(x) · z = 0,

on choosing ϕ = −∇w (recall that ϕ(x) prescribes the rotation about its center of the
vertical fibre through x and that a Reissner-Mindlin’s plate is insensitive to in-plane
stretching).

For brevity, I here concentrate on Levinson’s case and omit all proofs. With a
view toward evaluating the null-Lagrangian integral in (19.3)2, I notice that

• the only nonnull components of the null-Lagrangian tensor are

Ĉ1122

and
Ĉ1133 = Ĉ2233

(no sign restrictions are required to guarantee positivity of the stored-energy
density);

• under the assumption that the parameter function f be even,∫
∂Ω

=

∫
P×{−h,+h}

+

+h∫
−h

∫
∂P
=

+h∫
−h

∫
∂P

,

and hence the null-Lagrangian integral in (19.4) becomes∫
Ω

∇u · Ĉ[∇u] =
+h∫
−h

∫
∂P
∇u · Ĉ[u⊗m] ;

• under the assumption that the parameter function g be odd,



19 On Null-Lagrangian Energy and Plate Paradoxes 371

+h∫
−h

∫
∂P
∇u · Ĉ[u⊗m] ∝

+h∫
−h

g2
∫
∂P

Δw ∂mw =O(h3)
∫
∂P

Δw ∂mw .

I conclude that paradoxes are indeed predictable (in a sense, inducible), depending
on

(i) what boundary conditions are imposed in addition to the support condition

w |∂P = 0

and on
(ii) how the contour curve ∂P is approximated.

19.4 Conclusions

I have shown that paradoxes closely resemblant to the standard plate paradoxes are
to be expected when dealing à la Levinson with a class of equilibrium problems for
transversely isotropic linearly elastic cylinders.

Acknowledgements Part of the above summarized results was obtained years ago in collaboration
with Professor Antonino Favata and remained unpublished. I gratefully acknowledge his kind
permission to report on them here.
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Chapter 20
A Shell Finite Element Model for Superelasticity
of Shape Memory Alloys

Luka Porenta, Boštjan Brank, Jaka Dujc, Miha Brojan, and Jaka Tušek

Abstract A finite element formulation for the analysis of large strains of thin-
walled shape memory alloys is briefly presented. For the shell model we use a
seven-kinematic-parameter model for large deformations and rotations, which takes
into account the through-the-thickness stretch and can directly incorporate a fully
3D inelastic constitutive equations. As for the constitutive model, we use a large
strain isotropic formulation that is based on the multiplicative decomposition of
the deformation gradient into the elastic and the transformation part and uses the
transformation deformation tensor as an internal variable. Numerical examples are
presented to illustrate the approach.

Key words: Shape memory alloys · Superelasticity · 3D-shell model · Finite ele-
ments

20.1 Introduction

Shape memory alloys (SMAs) are used for numerous applications (see for example
Jani et al, 2014, for a recent review), especially in medicine, where the Ni-Ti alloy is
used for stents, bone implants and surgical tools, see for example Brojan et al (2008);
Petrini and Migliavacca (2011), in robotics, where SMAs are used as actuators,
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see e.g. Coral et al (2012)), and aeronautics, where SMAs are used for vibration
damping, seals, deployment mechanisms and morphing wings, see e.g. McDonald
Schetky (1991); Hartl et al (2009); Sofla et al (2010). Applications in energy and
process engineering are also under development, e.g. in thermal engineering for
heat engines and for elastocaloric cooling technology, see e.g. Kaneko and Enomoto
(2011); VHK and ARMINES (2016); Tušek et al (2016).

Shape memory alloys have two important properties:
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When a SMA in the M phase is subjected to mechanical loading, it deforms and
a detwinning process of martensite variants occurs. At the macroscopic scale, this
is a change of shape, while at the micro-scale, martensite variants are oriented in
a more preferable way. During unloading the martensite variants do not change,
therefore pseudo-plastic deformations are present at zero load. At this stage, shape
recovery can be achieved by subjecting the SMA material to a temperature above
the austenitic transformation finish temperature (Af ), where only A phase is stable.
During the temperature rise, a phase transformation from M to A begins at the
austenitic transformation start temperature (As) and is completed at Af . On the
other hand, cooling of SMA causes martensitic transformation with formation of
self-accommodated martensite variants. The transformation begins at martensitic
transformation start temperature (Ms) and ends at martensitic transformation finish
temperature (Mf ). In contrast to heating, where a shape recovery occurs, cooling of
SMA to its initial temperature does not cause any change in shape. It is worth noting
that shape recovery is only possible up to a certain degree of deformation.

i) the ability to remember its original shape when a deformed SMA part is subjected
to a high temperature (called the shape memory effect) and

ii) the ability to withstand large strains (up to 8%) without permanent plastic defor-
mation (known as superelasticity), see Fig. 20.1 (left).

Strain

Temperature

St
re

ss

Ms

Mf

As

Af

Superelasticity

Shape memory effect

Temperature

St
re

ss

Twinned martensite

Austenite

Detwinned martensite

Mt Md

A    
  M

M    
 A

Auste
nite

 +
 M

ar
te

nsit
e

MsMf As Af

σs

σf

Fig. 20.1. Left: shape memory effect and superelasticity. Right: phase diagram.

        Both properties are attributed to the fact that SMAs are found in two different 

phases, Fig. 1 (right). The high temperature parent phase is called austenite or 

austenitic phase (A)  and  the  low  temperature  product  phase  is  called  martensit  or  

martensitic phase (M). The crystal structure of A is highly symmetric, which is why 

it can be only in one variant. On the other hand, M can be found in a large number 

of variants due to the lower symmetry of its crystal structure. Twinned or self 

accommodated martensite (Mt), which is stable at low stress state, occurs in differ-

ent variants. At a stress state higher than the critical, a process of detwinning starts, 

which results in detwinned (or stress induced) martensite (Md), i.e. the variant with 

the preferable orientation for a given stress state. In the phase diagram in Fig.1 

(right), areas with stable crystal lattices and transformation regions are shown 

schematically.
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a large deformation. During unloading an endothermic reverse martensite transfor-
mation from martensite to austenite takes place and the deformation vanishes. The
mechanism is not elastic because a transformation (change of the crystal lattice) takes
place. Depending on the strain rate and heat exchange between the SMAmaterial and
the environment, the material may heat up or cool down during the transformation.

A number of 3DSMAmaterial models were proposed. For implementationwithin
the framework of the finite element (FE) method, macroscale phenomenological
SMA models are a preferable choice. These models differ in various aspects, but
the biggest difference is whether they are designed to solve small strain or large
strain problems. The large strain models assume a multiplicative decomposition of
the deformation gradient. One of the first large strain SMA models was developed
by Auricchio and Taylor (1997) and numerically implemented in Auricchio (2001).
Stupkiewicz and Petryk (2013) showed how to reformulate a small strain model for
the finite strain regime, for superelasticity with tension-compression asymmetry and
anisotropy. In Reese and Christ (2008) the deformation gradient is decomposed into
elastic and transformation parts and the latter is further divided into a recoverable
and a plastic part.

In this work, we apply a version of the large strain SMA model proposed in
Arghavani et al (2011); Souza et al (1998); Evangelista et al (2010). The model
can predict the superelastic response and the shape memory effect of polycrystalline
SMA. It assumes isothermal transformations and neglects the tension-compression
asymmetry as well as functional fatigue due to cyclic loading. In the framework of
the finite element method, the 3D SMA material models are usually incorporated
into the 3D solid finite elements. A FE implementation of an SMAmodel in a plate or
shell finite element formulation is very rare. One of the reasons is that the standard
shell theories of Kirchhoff and Reissner-Mindlin type cannot directly include 3D
constitutive models because the plane stress constraint has to be enforced (and this
is not a trivial task for an inelastic model, see e.g. Dujc and Brank (2012)). There
are, however, the 3D-shell finite elements and the solid-shell finite elements, which
are designed in such a way that they can directly use 3D constitutive equations
without modification, see for example Brank et al (2002); Brank (2005); Brank
et al (2008). In this work we rely on a 3D shell model proposed in Brank (2005).
Our numerical formulation, which is presented below, can be used to simulate
the nonlinear behaviour (due to mechanical loading) of (very) thin-walled shape
memory alloys. They can undergo large deformations, large rotations (the formulation
described in Brank and Ibrahimbegovic (2001); Ibrahimbegovic et al (2001) is used)
and large strains.

20.2 Constitutive Model for SMA

In this section we revisit the 3D constitutive model for SMA that was originally
developed by Souza et al (1998) for small strains and later extended to finite strains
by Evangelista et al (2010); Arghavani et al (2011). Similar to the finite strain

Superelasticity (also called pseudoelasticity) is exhibited for a temperature above
Af , where the loading/unloading response is characterised by a nonlinear behaviour
with hysteresis. During loading, a stress-induced martensite is formed during the
exothermic martensite transformation. At the macroscopic level, this is observed as
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plasticity (see e.g. Ibrahimbegovic, 2009), a multiplicative decomposition of the
deformation gradient into elastic and transformation parts is postulated:

F = Fe F t (20.1)

With Eq. (20.1), the initial (i.e. undeformed), intermediate and current (i.e. deformed)
configurations are introduced. In this work, the total Lagrangian formulation is used
to describe large deformations of a shell, which requires the derivation of constitutive
equations with respect to the initial configuration. To achieve this goal, however, we
also use the tensors defined at the intermediate configuration. One such tensor is
Ce = FT

e Fe, while Ct = FT
t F t is defined at the initial configuration. The Cauchy-

Green deformation tensor and the Green-Lagrange strain tensor are:

C = FTF = FT
t CeF t, E =

1
2
(C −1) (20.2)

respectively, where 1 is the unit tensor. The velocity gradient tensor L = �F F–1 and
its symmetric part (i.e. rate of deformation) d = 1

2 (L + LT) are also used. The dot
stands for the (pseudo-)time derivative. The relation between d and the strain rate �E
is:

�E =FT dF (20.3)

According to experimental observations, the transformation in SMA is (almost)
isochronic, which is expressed by det(F t ) = 1 that yields tr(dt ) = 0.

The Helmholtz free energy ψ must depend on Fe only through Ce in order to
satisfy material objectivity. It is assumed that ψ depends also on Ct or yet the
transformation strain tensor

Et =
1
2
(Ct −1) (20.4)

temperature T , and that it can be additively decomposed into elastic part ψe and
transformation part ψt :

ψ = ψ(Ce,Et,T) = ψe(Ce)+ψt (Et,T) (20.5)

We assume material isotropy and choose a neo-Hooke type of hyperelastic strain
energy function:

ψe(Ce) = 1
2
μ (I1−3− log(I3))+ 1

4
λ (I3−1− log(I3)) (20.6)

where μ and λ are Lamé’s coefficients, and I1 and I3 are the first and third invariants
of Ce, respectively. It can be shown that these invariants equal the first and third
invariants of CC–1

t , which enables writing the strain energy function (20.6) in terms
of tensors from the initial configuration, i.e. ψe(Ce) = ψ̃e(C,Ct ). The transformation
part of free energy is chosen as (after Arghavani et al, 2011; Souza et al, 1998):

ψt (Et,T) = τM (T) ‖Et ‖+ 1
2

h ‖Et ‖2+I (‖Et ‖) (20.7)



20 A Shell Finite Element Model for Superelasticity of Shape Memory Alloys 377

Here, τM (T) = β 〈T −T0〉 provides temperature dependency of material response, h,
β and T0 are the material parameters of the SMA model, 〈·〉 are Macaulay brackets
and ‖·‖ is standard tensor norm. In Eq. (20.7), a step function

I (‖Et ‖) =
{
0 ‖Et ‖ ≤ εL
∞ otherwise

(20.8)

is introduced in order to enable a (computational) enforcement of the limit of trans-
formation strains εL . This is another material parameter that can be obtained experi-
mentally from the uniaxial test as the absolute value of the maximum transformation
strain.

TheClausius-Duhem inequality form of the second law of thermodynamics states:

D = S :
1
2

C −( 
ψ+η 
T) ≥ 0 (20.9)

where S is the second Piola-Kirchoff stress tensor and η is entropy. Substituting
(20.5) into (20.9), we obtain:

D = S :
1
2

�C − ∂ψe

∂Ce
: �Ce︸�������������������︷︷�������������������︸

1

− ∂ψt

∂Et
: �Et︸�������︷︷�������︸

2

−∂ψt

∂T
: 
T −η 
T ≥ 0 (20.10)

It can be shown that 1 can be expanded as:(
S−2F–1

t

∂ψe

∂Ce
F–T

t

)
:
1
2

C +2Ce

∂ψe

∂Ce
: Lt (20.11)

where Lt = �F t F
–1
t . For an elastic case with no change in transformation and tem-

perature, the expression for the stress tensor follows from (20.10) and (20.11) as:

D = 0, �Et = Lt = 0, 
T = 0 ⇒ S = 2F–1
t

∂ψe

∂Ce
F–T

t = 2
∂ψ̃e

∂C
(20.12)

For a case of a temperature change with no change in transformation, the expression
for entropy is obtained from (20.10) as:

D = 0, �Et = Lt = 0 ⇒ η = −∂ψt

∂T
(20.13)

It is assumed that the relations (20.12) and (20.13) are also valid in the case of
transformation, which is the only case that still has to be considered. To this end, it
can be shown that the derivatives in 2 can be expressed as:

∂ψt

∂Et
= X = hEt + (τM (T)+γ) N (20.14)
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where
N =

Et

‖Et ‖
is a normalized transformation tensor, and

γ =

{
≥ 0 ‖Et ‖ = εL
0 otherwise

(20.15)

is a penalty-like parameter that results from sub-differential of the indicator function

∂I (‖Et ‖)
∂Et

= γN .

Using equations (20.12), (20.13) and (20.14), the dissipation at the transformation
case is obtained from (20.10) as:

D t = 2Ce
∂ψe

∂Ce︸�����︷︷�����︸
P

: Lt −X : 
Et ≥ 0 (20.16)

Some mathematical manipulations and (20.3) yield the equality X : 
Et = F X F T :
dt . Moreover, a decomposition of Lt into a symmetric and a skew-symmetric parts,
dt and wt , respectively, leads to equality P : Lt = P : dt . By further using the notation
K = Ft X F T

t and , where K plays a role of the back-stress tensor, the
inequality of the dissipation at transformation can be rewritten as:

It can be shown by some mathematical manipulations that Y , which plays the role
of an effective stress tensor, can be expressed in terms of tensors defined at initial
configuration as:

Y = CS−CtX (20.18)

= P −KZ

D t = : dt ≥ 0 (20.17)Z

By choosing a transformation function f ( ) ≤ 0 and assuming that the transfor-
mation case corresponds to the stress state giving f ( ) = 0, the evolution equation
for the transformation case can be obtained. We postulate that among all admissi-
ble states of transformation, we choose the one that renders maximum dissipation
D t or yet minimum of −D t . Recasting the original problem into the unconstrained
minimization problem can be done by using the Lagrange multiplier method and by
defining the Lagrange function as:

L ( , 
ζ) = −D t ( )+ 
ζ f ( ) (20.19)

where 
ζ is Lagrangemultiplier. In order to findminimum ofL ( , 
ζ), the stationarity,
primal feasibility, dual feasibility and complementary slackness conditions (also
known as Kuhn-Tucker conditions and loading/unloading conditions) must hold:

Z
Z

Z Z Z

Z

t t
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which can be replaced (in a consistent manner) by another evolution equation,
which is more suitable for numerical implementation based on the total Lagrangian
formulation:

(20.24)

This concludes a short derivation of the SMA material model used in this work.
The equations that define the above SMA large strain constitutive model are: the
chosen Helmholtz free energy function defined by (20.5), (20.6) and (20.7); the
stress tensors that can be computed by (20.12), (20.14) and (20.18); the transforma-
tion function (20.22); the loading/unloading conditions (20.20); and the evolution
equation (20.24). We will omit discussing its numerical implementation.

20.3 Seven-parameter Shell Model

In this section, we briefly present a 3D-shell model that can incorporate a 3D consti-
tutive model without a modification. Let the position vector to the material point of
the initial shell configuration be defined as:

ϕ(ξ1,ξ2,ξ3) = ϕ0(ξ1,ξ2) + ξ3A(ξ1,ξ2), ‖A‖ = 1 (20.25)

where ξ1 and ξ2 are curvilinear coordinates that parameterize the shell mid-surface
A , ξ3 ∈ [−h

2 ,
h
2 ] is a straight through-the-thickness coordinate, h is the initial shell

thickness and A is the shell director vector. In what follows, we will omit showing

∂L ( , 
ζ)
∂

= 0, f ( ) ≤ 0, 
ζ ≥ 0, 
ζ f ( ) = 0 (20.20)

From the stationarity condition (20.20)1, the evolution equation for the rate of trans-
formation deformation dt is obtained as:

−dt + 
ζ ∂ f ( )
∂

= 0 ⇒ dt = 
ζ ∂ f ( )
∂

(20.21)

In thisworkwe choose the following transformation function (according toArghavani
et al, 2011; Souza et al, 1998), which resembles classical yield functions for metals:

f ( ) =
55 D55−R (20.22)

where D is the deviatoric part of , and R is elastic region radius, which is another
parameter of the material model that has to be evaluated experimentally. Finally,
combining (20.21) and (20.22) yields the following form of the evolution equation:

dt = 
ζ
D55 D55 (20.23)

Z
Z

Z Z

Z
Z

Z
Z

Z Z

Z Z

Z
Z


Ct = 2 
ζ YD
Ct

YD:YDT
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functions and functional dependency on the convective coordinates we introduced
above for the sake of brevity. The position vector to thematerial point of the deformed
shell configuration is assumed as:

ϕ̄ = ϕ0+ u+ (ξ3λ+ (ξ3) 2q) a, ‖a‖ = 1 (20.26)

where u is the mid-surface displacement vector, a is the rotated shell director that
preserves the original unit length and the parameters λ and q define a constant
and linear through-the-thickness stretching, respectively. The rotation of A into a is
described by a singularity-free formulation that uses two large rotation parameters,
i.e., a = a(θ1,θ2) ; we refer to e.g. Brank and Ibrahimbegovic (2001); Ibrahimbegovic
et al (2001) for details. Equation (20.26) introduces seven kinematic parameters of
the adopted shell model, which can be collected in a vector as Φ = {u,θ1,θ2,λ,q}.

The components of the Green-Lagrange strain tensor can be defined with respect
to the above introduced curvilinear coordinates as:

E = Ei jG
i ⊗G j (20.27)

where Gi is the contravariant base vector defined as Gi ·Gk = δ
i
k
. The covariant base

vector is given as:

Gk =
∂ϕ

∂ξk
(20.28)

and δij is the Kronecker delta symbol. The strains Ei j are polynomials up to the fourth
order with respect to ξ3. In this work, we neglect the terms of orders three and four
because, as our numerical experiments show, they have a negligible influence on the
results. On the other hand, it is important that all strains have non-zero terms of order
one and two. This allows the implementation of a fully 3D constitutive equations
without modelling errors, which is not possible with many other shell models due to
the inherent 2D character of the description of the shell kinematics.

The virtual work equation (i.e. the weak form of the equilibrium equations) is the
starting point for finite element discretization. It can be written as:

G(δΦ,Φ,Ct ) =
∫
A

h/2∫
−h/2

δE(δΦ,Φ) : S(Φ,Ct )dξ3dA

︸��������������������������������������������︷︷��������������������������������������������︸
Gint (δΦ,Φ,C t )

−Gext (δΦ) = 0 (20.29)

where Gint is the virtual work of the internal forces, Gext is virtual work of the
external forces acting on the shell, δE is variation of the strain tensor field that can
be obtained as

δE =
d
dε

E(Φ+ εδΦ) |ε=0,
where ε is a scalar parameter, and δΦ represents the variation of the fields of seven
kinematic parameters of the model. It is worth noting that the 2nd Piola-Kirchhoff
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stress tensor field depends on shell kinematics as well as on the internal variable of
the above described SMA constitutive model, which is Ct . The linearization of Eq.
(20.29) yields:

Lin[G] = G+ ΔG (20.30)

where

ΔG =
∫
A

h/2∫
−h/2
[S : ΔδE + δE : CΔE]dξ3dA (20.31)

Here,
ΔδE =

d
dε
δE(δΦ,Φ+ ε ΔΦ) |ε=0

contributes to the stiffness due to geometric effects, and

C =
∂S

∂E

is a consistent material operator, which is the fourth order tensor.
After the introduction of discretization and interpolation in the framework of the

finite element method, Eq. (20.29) yields a system of highly nonlinear equations (due
to the arbitrariness of δΦ), where the unknowns are kinematic parameters at nodes
and internal variables at Gauss integration points. The solution of such a system
is based on an operator-split technology, which is applied within an incremental-
iterative Newton-Raphson solution method. Namely, at each iteration the computa-
tion of the Gauss point internal variable Ct (and consequently the computation of the
Gauss point stresses S and the consistent material tangent operator C) is split from
the computation of the nodal kinematic parameters. This is achieved by applying
two sequential procedures, where the results of the first procedure are immediately
used in the second procedure. Namely, the constitutive equations are first enforced
at the integration points by updating the internal variables of the constitutive model.
This local update is followed by the solution of the system of equations for an update
of nodal kinematic parameters using the consistent tangent stiffness matrix resulting
from (20.31).

The numerical examples in the next section are computed using a four node
element with the assumed natural strain treatment of the transverse shear strains
and through-the-thickness strains in order to avoid transverse shear and thickness
lockings. The element has four integration points over the mid-surface and three
through-the-thickness integration points, all of which are of the Gaussian type. In
order to facilitate the implementation of the SMA constitutive model described in
the previous section, a local Cartesian frame is introduced at each integration point.
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20.4 Numerical Examples

The material and shell models described above were implemented into the finite
element code using AceFEM (Korelc and Wriggers, 2016) by using a generator of
the finite element code AceGen, see e.g. Korelc and Stupkiewicz (2014); Hudobivnik
and Korelc (2016).

Three examples are presented below. The first and the second example show that
our results are in in good agreement with the reference results presented in Arghavani
et al (2011). The third example is somehowmore demanding and illustrates the ability
of the derived formulation to predict a superelastic response of a thin-walled curved
structure. The material parameters typical for NiTi are applied for all considered
examples:

E = 51700MPa, ν = 0.3, h = 750MPa, R = 140MPa
εL = 0.075, β = 5.6MPa/◦C, T0 = −25 ◦C

(20.32)

To obtain the superelastic response, the ambient temperature T is set to 37◦C. The
following figures show the components of the second Piola-Kirchhoff stress tensor
and the components of the Green-Lagrange strain tensor.

20.4.1 Square Wall Under Uniaxial Loading

A square wall with an edge length of a = 10 mm and a thickness of t = 0.01 mm
is subjected to uniaxial tension and compression. The mesh (5x5 elements), the
boundary conditions that allow a homogeneous uniaxial stress state over the wall
and the load are shown in Fig. 20.2. The load is q1 = λq and q2 = 0, where q = 14
N/mm and λ is the load multiplier. Loading and unloading in tension was applied
first, followed by loading and unloading in compression. Figure 20.3 shows computed
uniaxial superelastic response at a Gauss point. Our results (almost) exactly match
the results from reference Arghavani et al (2011). The reason for a very small
discrepancy at large load levels is the use of Saint-Venant Kirchhoff strain energy
function in Arghavani et al (2011), while our choice is the Neo-Hookean strain
energy function.

Fig. 20.2 Square wall: bound-
ary and loading conditions.
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Fig. 20.3 Square wall: su-
perelastic response at a Gauss
point for uniaxial loading.

20.4.2 Square Wall Under Biaxial Loading

Geometry, boundary conditions (which allow a homogenous stress state over the
wall) and mesh for this example remain the same as for the previous one, see Fig.
20.2. However, the load is now q1 = λ1q and q2 = λ2q where q = 7 N/mm, and λ1
and λ2 are load multipliers. The load is therefore non-proportional, with F1 = q1a
and F2 = q2a changing in a butterfly-like pattern as shown in Fig. 20.4. The loading
was applied in five steps:

(i) λ1 and λ2 increase from 0 to 1,
(ii) λ1 decreases to −1 at λ2 = 1,
(iii) λ1 increases to 1 and λ2 decreses to −1,
(iv) λ1 decreases to −1 at λ2 = 1, and
(v) λ1 and λ2 go to 0.

The curve in Fig. 20.5 explains how the relation between the in-plane normal strains
is changing during the loading. The agreement with the solution found in Arghavani

Fig. 20.4 Square wall: non-
proportional loading path.

−
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Fig. 20.5 Square wall: re-
lation between the in-plane
normal strains at a Gauss
point.

et al (2011) is very good. We would like to point out that our load application was
different from the one in Arghavani et al (2011). In our case, themeshwith edge loads
was considered, while in Arghavani et al (2011) a single Gauss-point algorithm was
tested under a butterfly-like stress control (with missing details how it was applied
for a strain-driven update algorithm). This is the reason for a difference between our
results and the reference results in Fig. 20.6, which shows the relation between the
in-plane normal stresses during loading. Part of the difference may also be due to
the use of different strain energy functions.

It is worth noting that for the first two examples the plane stress condition is
completely reproduced by the derived shell model due to the small thickness to edge
ratio t/a = 10−3.

Fig. 20.6 Square wall: re-
lation between the in-plane
normal stresses at a Gauss
point.
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20.4.3 Compression of a Twisted Beam

Twisted beam with length L = 12 mm, width w = 2 mm and thickness t = 0.25
mm, see Fig. 20.7, is clamped at one end and subjected at the opposite end to
imposed compressive axial displacements u = λu0, where u0 = 1.1 mm and λ is
load multiplier, which goes from 0 to 1 and back to 0. The mesh consists of 16
elements in the longitudinal and 8 elements in the transverse direction. Figure 20.8
shows deformedmesh at λ = 1, with coloured contours representing ‖Et ‖ at the mid-
surface (the red colour denotes the largest transformation and the blue colour the
smallest). At the final configuration, where λ is back to 0, the stresses are zero and no
transformation is observed. The initial shape is fully recovered and the superelastic
response is obtained. This can be nicely seen from the diagram in Fig. 20.9, which
shows the reaction force at edge 1 as a function of the imposed compressive axial
displacement of edge 2.

20.5 Conclusions

The aim of this work was to derive a finite element formulation that can be used
for large deformation and stability analysis of curved thin-walled shape memory

Fig. 20.7 Twisted beam:
geometry, mesh, boundary
and loading conditions.

Fig. 20.8 Twisted beam:
initial and deformed geometry
at λ = 1.



386 Luka Porenta, Boštjan Brank, Jaka Dujc, Miha Brojan, and Jaka Tušek

Fig. 20.9 Superelastic re-
sponse of twisted beam.

alloys. It is well documented in the finite element literature that for thin shell-like
structures the 3D-solid finite element models are inappropriate, because they are
very likely introducing a considerable modelling error. For this purpose we have
revisited a seven-parameter large deformations and large rotations shell model (that
can be used for thin and thick shells), and use it as a framework for implementation
of a 3D finite strain material model for shape memory alloys. Several presented nu-
merical examples illustrate a very satisfying performance of resulting finite element
formulation.

Questions on the numerical implementation of the considered SMA material
model, a comparison with experimental results, further development of the finite
element formulation in order to be able to perform large solution steps and to be
insensitive to mesh distortions (following Lavrenčič and Brank, 2020; Brank, 2008)
and the simulation of the buckling process of shape memory alloys (using Stanić and
Brank, 2017) will be answered and shown in a separate publication.
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Chapter 21
Validity of the Reduced Bending Stiffness
Method for Stacked Laminates

Jakob C. Schilling and Christian Mittelstedt

AbstractUnsymmetrical laminates are unavoidable in practical applications of com-
posite materials. Fuselages require a smooth surface on the outside and can be typi-
cally only stiffened by attaching reinforcements on the inside. Here, the stringer feet
are often stacked on top of the skin surface. In those cases, the reduced bending stiff-
ness (RBS) method has been applied to avoid more complex computational methods
for the approximation of critical buckling loads. However, the validity of the RBS
method has not been evaluated for stacked laminates but for single unsymmetrical
laminates only. This topic is addressed in the present work by investigating a stacked
laminate consisting of two by itself symmetrical cross-ply laminates under uniaxial
compression. The panel is simply supported. The effects of prebuckling deformation
are neglected. The results show perfect agreement for the special case investigated;
thus, the utilisation of the reduced bending stiffness method can be recommended.

Key words: Reduced bending stiffness · Buckling · Stability · Stacked laminate ·
Extensional-bending coupling · Cross-ply laminate

21.1 Introduction

In the development of highly efficient computational models for composite struc-
tures, different approximate methods are used and combined. One of these is the
reduced bending stiffness (RBS) method that first appeared in Reissner and Stavsky
(1961). They developed a plate model for unsymmetric angle ply laminates where the
effect of extensional-bending coupling is included. This was achieved by the partial
inversion of the constitutive relations, i.e. by expressing the strains in terms of normal
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stress resultants and the moments in terms of curvatures. An Airy stress function is
introduced and the system of the three coupled partial differential equations reduced
to a set of two. To obtain accurate results the compatibility equations have to be ful-
filled. The authors, however, give results in which this requirement is neglected and
show that reasonable agreement is still achieved. This simplification is introduced
by Chamis (1969) as “reduced rigidities”. The author derived an approximate model
for the buckling of anisotropic plates based on the principle of the stationary value
of the elastic potential. The field equation is solved using the Galerkin method. An
experimental study shows good agreement with the approximate model. The idea of
the new approximate model is detailed further by Ashton (1969) who coins the term
“reduced bending stiffness method”. He argues that the neglect of the coupling in
case of the previously reduced relationship delivers more accurate results than the
neglect of the original extensional-bending stiffnesses. Also, he concludes that the
RBS method gives the minimum stiffness in every direction and not in regard of an
arbitrary reference plane, such as the geometrical mid-plane. The work of the men-
tioned authors is the starting point for numerous investigations of the applicability of
the new method that avoids the solution of the more complex constitutive behaviour
of unsymmetric laminates.

The more complex behaviour that is approximated by the means of the RBS
method are the extensional-bending coupling effects. They couple the partial differ-
ential equations of the in-plane with the out-of-plane deformation. In many studies
that follow the works of Reissner and Stavsky, Chamis and Ashton, the prebuckling
deformation is not considered. This is only physically sound for certain boundary
conditions which are clarified by Leissa (1986). Depending on the lay-up, loading
and boundary conditions additional edge moments are necessary to allow a panel to
remain flat. The stability behaviour of unsymmetrical laminated panels with varying
boundary conditions is further detailed by Qatu and Leissa (1993). Therefore, finite
element studies were performed to show the stability behaviour when prebuckling
deformation is admitted.When suitable edgemoments are not in place, no bifurcation
occurs; thus, theories that describe the buckling of antisymmetric, simply supported
cross-ply laminates are inadmissible. In a more recent work of Diaconu and Weaver
(2006), the stability behaviour is assessed for long unsymmetrical laminated plates.
This is in contrast to the work of Qatu and Leissa (1993) who only considered short
plates. Here, the conclusion is drawn that classical bifurcation still occurs in the
interior of the plate and large prebuckling deformations are observed only close to
the supports. Additionally, the RBS method is used in the authors proposed model
for the postbuckling behaviour. Hence, the approximative method might still be an
reasonable assumption, although not fully physically sound.

The results of studies based on inadmissible configurations, e.g. simply supported
plates with unsymmetric cross-ply configuration, are still valuable as guidelines for
the use of the RBS method and to estimate the error that is introduced by its appli-
cation. A brief overview of those studies is given in the present work together with
physically sound studies of simply supported angle-ply laminates. Whitney (1969)
obtains results for the shear buckling loads of unsymmetrical cross-ply laminates
and finds reasonable agreement between the the solution based on Galerkin’s method
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with and without the utilisation of the RBS method. Closed-form solutions for bend-
ing, vibration and buckling are derived by Whitney and Leissa (1969) in the case
of antisymmetric angle- and cross-ply laminates with simply supported boundary
conditions. The effect of the extensional-bending coupling is investigated and it is
found that it is vanishing with increasing number of layers. This is again shown by
Whitney and Leissa (1970) but it is advised that the RBS method is to be used care-
fully and is not able to deliver reasonably accurate results for all different laminate
configurations. The issue of boundary conditions in the context of the RBS method
is raised by Whitney (1970) with the focus on clamped boundary conditions with
unsatisfying results of values obtained by the RBS method and by Danielson and
Tielking (1988) with the focus on membrane boundary conditions who points out
that the approximation is only valid for special cases. Furthermore, Ashton andWhit-
ney (1970) describe the effects of the RBS on the total elastic potential and discuss
the validity of the method for the example of cylindrical bending. This is presented
in combination with a more detailed review of the RBS method in the monograph
of Whitney (1987). Jones (1973) treats the problem of unsymmetric laminates with
a closed-form solution that solves classical buckling for simply supported cross-ply
plates with arbitrary ply thickness and stacking sequence. In his monograph (Jones,
1999) the same author points out that the expectation to obtain reasonable results
for generally unsymmetric laminates using the approximation is not justified when
only based on experience with antisymmetric laminates. Furthermore, he criticises
the lack of studies for more general laminates. In the an extensive study by Ewing
et al (1988) bending, vibration and buckling of antisymmetric angle- and cross-ply
laminates are investigated. The approximation with the RBS method is considered
acceptable for antisymmetric cross-ply laminates.

The usage of the RBS method is also discussed in the context of postbuckling by
Diaconu andWeaver (2006). Turvey (1977) investigates moderately thick symmetric
and unsymmetric laminates. Different thickness ratios of angle-ply and cross-ply
laminates were studied. It is concluded that the results for symmetric laminates
are superior to those obtained for unsymmetric ones. Hereby, the non-existent in-
fluence of the RBS method, when no extensional-bending coupling exists was not
acknowledged.

Despite the controversy about the prebuckling deformation the RBS method is
commonly used in the context of stiffened skin structures. Coburn et al (2015) pre-
sented a Rayleigh-Ritz based computational model for the buckling analysis of blade
stiffened variable stiffness panels. The influence of the stringer foot that is stacked on
top of the skin is modelled by considering the area as subplate; thus, the discontinuity
in the stiffness of the panel can be captured. The stiffness of this distinct plate is
approximated using the RBS method and leads to an underestimation of the critical
buckling loads compared to finite element analyses although energy based approx-
imative methods usually do not converge conservatively. This is also concluded by
Schilling and Mittelstedt (2020) who investigated the buckling of omega-stringer-
stiffened composite panels and employed the same stringer foot modelling strategy
as Coburn et al (2015) in their closed-form approximate analytical solution. In the
semi-analytical approach of Vescovini and Bisagni (2015) omega-stringer-stiffened
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panels are investigated as well. The RBS method is again used but only included in
the computation of the elastic potential and not as thematerial properties of a discrete
plate. The effect of the overlapping width of the stringer foot is not investigated by
comparing the results to FEA but just a simple approximate model. Thus, it is not
conceivable if the underestimation of the critical buckling load is significant in their
work. The authors also published computational models for blade stiffened panels
(Vescovini and Bisagni, 2017). The RBS method was also used by Mittelstedt and
Beerhorst (2009) in their buckling analysis of omega-stringer stiffened panels, where
the panel was modelled as elastically restrained plate. Herencia et al (2007) employ
the RBS method in an optimization study of a panel consisting of several plates of
varying thicknesses and properties. Hereby, also stacked laminates are considered
but the reference plane is assumed mid-plane symmetric.

In most cases, the mentioned studies do not account for prebuckling deformation;
thus, a possible error introduced by the RBS method can be approximated using
solutions for simply supported unsymmetric laminates even though the necessary
edgemoments are not included. The case of stacked laminates where the extensional-
bending coupling results from the change of reference plane has to the knowledge
of the authors not been investigated thoroughly in the context of the RBS method.
Therefore, the present work establishes new results on the validity of the RBSmethod
within the practical application of composite materials.

In the following section, the classical laminated plate theory (CLPT) is briefly dis-
cussed including the relevant coupling effects. Within the framework of the CLPT,
the procedure regarding the change of the reference plane is outlined. Also, the
RBS method is explained. After introducing the analytical solution of unsymmet-
rical cross-ply laminates, the presentation of numerical results follows, which are
discussed and consequently summarized in the conclusion.

21.2 Classical Laminated Plate Theory

The classical laminated plate theory (CLPT) is valid for thin composite panels, as
shear deformation is neglected in this equivalent single layer theory. The kinematics
are based on the assumptions of the Kirchoff plate theory and they are depicted for a
plate cut in the xz-plane in Fig 21.1. The normal material line is assumed to remain
straight before and after deformation whilst staying perpendicular to themid-plane of
the laminate, both when it is deformed or undeformed. The laminate is furthermore
considered to be inextensible in thickness direction. Also, geometric linearity and
the two dimensional plane stress state are part of the theory’s framework. The
displacement field resulting from the described assumptions is shown in Eqs. (21.1)-
(21.3). The in-plane displacements are depending on the rotations of the mid-plane
∂w0
∂x and ∂w0

∂y as well as the through thickness coordinate z.
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Fig. 21.1 Kinematics of
the classical laminated plate
theory exemplarily shown for
a plate cut in the xz-plane.
Depicted are the mid-plane
displacement w0 and the in-
plane displacement u0 as well
as the slope ∂w0

∂x

u(x,y,z) = u0(x,y)− z
∂w0
∂x

(21.1)

v(x,y,z) = v0(x,y)− z
∂w0
∂y

(21.2)

w(x,y,z) = w0(x,y) (21.3)

The linear strains εxx , εyy and γxy and curvatures κxx , κyy and κxy are expressed in
Eq. (21.4). The actual strains and curvatures are computed by inserting Eqs. (21.1)-
(21.3) into Eq. (21.4).

.///////0

ε0xx
ε0yy
γ0xy
κ0xx
κ0yy
κ0xy

122222223
=

.//////////0

∂u0
∂x
∂v0
∂y

∂u0
∂y +

∂v0
∂x

− ∂2w0
∂x2

− ∂2w0
∂y2

−2 ∂2w0
∂x∂y

122222222223
(21.4)

The constitutive relation formulated in Eq. (21.5) relates the strains and curvatures
to the force resultants N0

xx , N0
yy and N0

xy and moment resultants M0
xx , M0

yy and M0
xy

via the stiffnesses Ai j , Bi j and Di j .

.///////0

N0
xx

N0
yy

N0
xy

M0
xx

M0
yy

M0
xy

122222223
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 A16 B11 B12 B16
A12 A22 A26 B12 B22 B26
A16 A26 A66 B16 B26 B66
B11 B12 B16 D11 D12 D16
B12 B22 B26 D12 D22 D26
B16 B26 B66 D16 D26 D66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.///////0

ε0xx
ε0yy
γ0xy
κ0xx
κ0yy
κ0xy

122222223
(21.5)
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Relevant in the context of the present work are the extensional-bending stiffnesses
Bi j . They couple the in-plane behaviour with the out-of-plane behaviour leading to
instant deformation when the laminate is under inplane load (Jensen and Lagace,
1988;Vasiliev, 1993). The investigation in this paper is limited to cross-ply laminates;
consequently, no shear coupling (A16 = A26 = 0) and no bending-twisting coupling
(D16 = D26 = 0) occurs. For this special type of laminate lay-up also the extensional-
twisting coupling is not present (B16 = B26 = 0) and only the extensional-bending
coupling (B11, B12, B22 � 0) and the extensional shear coupling (B66 � 0) do not
vanish. The stiffnesses are computed according to Eqs. (21.6)-(21.8).

Ai j =

N∑
k=1

∫ zk

zk−1
Q̄(k)i j dz =

N∑
k=1

Q̄(k)i j (zk − zk−1) (21.6)

Bi j =

N∑
k=1

∫ zk

zk−1
Q̄(k)i j zdz =

1
2

N∑
k=1

Q̄(k)i j

(
z2k − z2k−1

)
(21.7)

Di j =

N∑
k=1

∫ zk

zk−1
Q̄(k)i j z2dz =

1
3

N∑
k=1

Q̄(k)i j

(
z3k − z3k−1

)
(21.8)

Therein, Q̄i j is the transformed reduced stiffness of a single layer. The single layer
is depicted in Fig. 21.2 with its dedicated local coordinate system consisting of
the 1-, 2- and 3-axis. The 1-axis points in the direction of the fibre. Consequently,
the transformation takes the laminate lay-up into account. The relationship between
the reduced and transformed reduced stiffness is shown in Eq. (21.9), where Ti j is
the commonly known matrix for coordinate transformation for a rotation about the
3-axis. It transforms the local reduced stiffness with respect to the global laminate
coordinate system.

Q̄i j = Ti j Qi j TT
ij (21.9)

where

Fig. 21.2 Sketch of the
stacked laminate with a
cut-out depicting the local
coordinate system (1-, 2-,
3-axis) of a single layer; the
1-axis points in the direction
of the fibre
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Q11 =
E1

1− ν12ν21
Q22 =

E2
1− ν12ν21

Q12 =
ν12 E2

1− ν12ν21
Q66 = G12

A more detailed description and derivation of the CLPT can be found in vari-
ous textbooks (Reddy, 2004; Jones, 1999; Mittelstedt and Becker, 2016). When
the laminates are symmetric, the bending stretching coupling vanishes completely.
However, by the stacking of laminates and therefore a change of reference plane, the
extensional-bending coupling is reintroduced in the constitutive relations.

21.3 Change of Reference Plane

The respective reference planes of two different laminates can be referenced to just
one; thus, the eccentrically attached laminate is referenced to the base laminate as
shown in Fig. 21.3. The procedure of changing the reference plane is presented
in more detail in the textbook of Mittelstedt and Becker (2016). The main steps
are recapitulated in the following. First the matrices Ai j , Bi j and Di j (or in short
the ABD-matrix) are obtained for each of the two studied laminates separately.
Then, the reinforcing laminate is referenced to the base laminate by taking the
distance between the reference planes into account. The new combined ABD-matrix
is computed according to Eq. (21.10). The base laminate is denoted with the index
s and the reinforcing laminate with the index f.[

Ai j Bi j

Bi j Di j

]
=

[
Ai j , s Bi j , s
Bi j , s Di j , s

]
+

[
Ai j , f Bi j , f + d Ai j , f

Bi j , f + d Ai j , f Di j , f +2d Bi j , f + d2 Ai j , f

]
(21.10)

This means that even for the combination of two by itself symmetric laminates
(Bi j = 0) coupling effects are necessarily to be taken into account. One possibility is
to approximate these effects with the RBS method.

Fig. 21.3 Sketch of a stacked
laminate with the mid-planes
of the base laminate (L1) and
theh reinforcing laminate (L2)
and the distance between the
two d
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21.4 Reduced Bending Stiffness Method

The reduced bending stiffness method is derived from the semi-inverse constitutive
relations shown in Eq. (21.11).

.///////0

ε0xx
ε0yy
γ0xy
M0

xx

M0
yy

M0
xy

122222223
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A∗i j B∗i j

C∗i j D∗i j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.///////0

N0
xx

N0
yy

N0
xy

κ0xx
κ0yy
κ0xy

122222223
(21.11)

where

A∗i j = A−1i j
B∗i j = −A−1i j Bi j

C∗i j = Bi j A−1i j
D∗i j = Di j −Bi j A−1i j Bi j

To simplify the computations B∗i j and C∗i j are neglected and the uncoupled problem
can be treated with the reduced bending stiffness D∗i j only. Ashton (1969) indicates
a reason for the surprising accuracy of the method by contemplating the elastic
potential of a laminated plate. It is given in general form in Eq. (21.12).

Π =
1
2

∬
A

(
�εT A �ε +2 �εT B �κ+ �κT D �κ

)
dA (21.12)

When the relationship for the strains �ε as described in Eq. (21.11) is used and inserted
in the expression for the elastic potential, the stress resultants �N are decoupled from
the curvatures. Thus, the coupling between extension and bending is only enforced
by the compatibility equations. The elastic potential derived in this way is presented
in Eq. (21.13).

Π =
1
2

∬
A

(
�NT A �N + �κT [D−BA−1 B

] �κ) dA (21.13)

In the present case a solution for the coupled problem exists. Thus, the approximation
can be compared and evaluated. The analytical solution of the coupled problem is
shown in the following section.
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21.5 Analytical Solution

For stacked laminates consisting of cross-ply laminates, a solution of the field equa-
tion exists for simply supported plates. The solution is discussed and derived in detail
in the textbooks (Jones, 1999; Reddy, 2004) and earlier in a paper by (Jones, 1973).
The Navier solution is valid for laminates under biaxial compression as indicated in
Fig. 21.4. The axial compressive loads are related by the factor k.

Nyy = k Nxx (21.14)

So for example for k = 0, only uniaxial compression in the direction of the x-axis
is present. Hereby, the boundary conditions are presented in Eqs. (21.15-21.18)
for x = 0, a and in Eqs. (21.19-21.22) for y = 0, b. They are valid for the case that
A16 = A26 = B16 = B26 = D16 = D26 = 0. Since there is extensional-bending coupling
all five boundary conditions per edge are given, as they can be derived e.g. by the
principle of the minimum of the elastic potential. The force resultants N0

xx , N0
yy (see

Sect. 21.2 Eq. (21.5)) do not represent the applied loads and have to vanish in the
deformed buckled state of the laminate.

Fig. 21.4 Loading and bound-
ary conditions of the consid-
ered laminate with the length
a and width b
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w0 = v0 = 0 (21.15)
∂w0
∂y
= 0 (21.16)

N0
xx = A11

∂u0
∂x
+ A12

∂v0
∂y
−B11

∂2w0

∂x2
−B12

∂2w0

∂y2
= 0 (21.17)

M0
xx = B11

∂u0
∂x
+B12

∂v0
∂y
−D11

∂2w0

∂x2
−D12

∂2w0

∂y2
= 0 (21.18)

w0 = u0 = 0 (21.19)
∂w0
∂x
= 0 (21.20)

N0
yy = A12

∂u0
∂x
+ A22

∂v0
∂y
−B12

∂2w0

∂x2
−B22

∂2w0

∂y2
= 0 (21.21)

M0
yy = B12

∂u0
∂x
+B22

∂v0
∂y
−D12

∂2w0

∂x2
−D22

∂2w0

∂y2
= 0 (21.22)

For this set of boundary conditions the Navier solution for the assumed classical
buckling problem is shown in Eq. (21.23). Consequently the critical buckling load
Ncr is depending on the stiffness of the laminate expressed by the elements of
the ABD-matrix, geometrical properties such as the length a and width b of the
considered plate and the half-wave numbers m and n in the direction of the x-
and y-axis. The correct solution for the critical buckling load is the minimal value
depending on varying integer half-wave numbers.

Ncr =
dmn

a0
(
α2+ kβ2

) (21.23)

where

α =
mπ
a

β =
nπ
b

dmn =

;;;;;; ĉ11 ĉ12 ĉ13
ĉ12 ĉ22 ĉ23
ĉ13 ĉ23 ĉ33

;;;;;;
a0 = ĉ11ĉ22− ĉ12ĉ12

ĉ11 =
(
A11α

2+ A66β
2
)

ĉ12 = (A12+ A66)αβ
ĉ13 = −B11α

3−(B12+2B66)αβ2

ĉ22 =
(
A66α

2+ A22β
2
)

ĉ23 = −(B12+2B66)α2β−B22β
3

ĉ33 = D11α
4+2 (D12+2D66)α2β2+D22β

4
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In the next section this solution is used to obtain numerical results for a buckling anal-
ysis based on the reduced bending stiffness as well as on the accurate ABD-matrix.

21.6 Results and Discussion

In the present study a stacked laminate with the fixed thickness h is considered. The
geometry is sketched in Fig. 21.5. The thickness tf, s of each of the two sub laminates
is varied by introducing the ratio between the thickness of the reinforcing layer and
the overall height of the laminate tf

h . In order to achieve symmetrical laminates, the
number of layers is chosen as such that the point where the laminates are joined
coincides with the boundary of a layer. The lay-up is denoted as

[0◦ 90◦]ns
where n is the number of layer pairs that are repeated for the top (nf ) and for the
bottom laminate (ns), respectively. The laminate code index s indicates that the
laminate is mirrored and as such symmetric. This also directly enforces a minimum
number of overall layers of eight in the combined laminate. The number of pairs for
the top nf and the bottom ns can be computed according to Eqs. (21.25) and (21.26).
They depend on the ply thickness tply that is resulting from the step size kstep, see
Eq. (21.24), of the investigated ratios tf

h .

tply = h

4 1
kstep

(21.24)

nf =
tf

4 tply (21.25)

ns =
ts

4 tply (21.26)

As the overall thickness is fixed, the distance between the reference planes is constant
with the value of h

2 . But the eccentricity e of the bottom laminate in respect to the
geometrical mid-plane increases for increasing ratios tf

h as shown in Eq. (21.27).

e =
h− ts
2
=

h
2

( tf
h

)
(21.27)

The elastic moduli are E1 = 200000MPa and E2 =
E1
40 .The shear stiffness G12 is

0.5E2. The Poisson’s ratio ν12 is 0.25. To ensure thin laminates the ratio b
h is 100.

Fig. 21.5 Sketch of a stacked
laminate with their respective
reference planes and the
eccentricity e of the remaining
reference plane

h

tf

ts e
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21.6.1 Influence of the Ratio tf
h

In a first assessment the aspect ratio a
b is varied for different ratios tf

h . Hereby, the
critical buckling load is given for values computed by the analytical exact solution
and the reduced bending stiffness method. The results are presented in Fig. 21.6 for
the material and geometrical properties given above. The step size kstep is 0.01 in
order to allow for a thorough investigation of almost arbitrary ratios of tf

h . Following
Eqs. (21.24-21.26), the number of layer pairs nf +ns is 100 and the layup consists of
400 layers. The results for the critical buckling loadwith andwithout the RBSmethod
are not distinguishable; thus they are presented as one plot. The spread between the
non-dimensional results for different values of the ratio tf

h almost completely vanishes
once absolute values are considered. Respective numerical results are given in Table
21.1, it becomes apparent that the ratio tf

h only influences results where the ratio a
b

is a rational number. Additionally, the critical buckling load is indifferent to whether
the reinforcing or base laminate has a higher thickness as long as the overall lay-up
is mirrored. Consequently, exemplary values for tf

h of 0.2 and 0.8 are identical.
For the special laminate configuration investigated, the expressions for the el-

ements of the ABD-matrix can be simplified. This is the first step towards the
assessment of observed results. Hereby, the stiffnesses are expressed depending on
the elements of the local reduced stiffness matrix of a single layer Qi j . The exten-
sional stiffness does not take the order of the lay-up into account. Therefore, it does
not change its value for the combined cross-ply laminate configuration employed
within this study. The extensional stiffness of the base and reinforcing laminate are
distributed in accordance with the ratio tf

h . Thus, the following expressions presented
in Eq. (21.28) can be determined.

Fig. 21.6 Non-dimensional
critical buckling load N̄cr
versus the aspect ratio a

b of
the panel for different ratios of
tf
h (0, 0.1, 0.3, 0.5, 0.7, 0.9);
E1 = 200000MPa, E2 =

E1
40 ,

G12 = 0.5E2, ν12 = 0.25,
b
h = 100 and the laminate
consists of 400 layers
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Table 21.1
Results for the critical buckling load computed without (Ncr) and with (Ncr, rbs) RBS method for
E1 = 200000MPa, E2 =

E1
40 , G12 = 0.5E2, ν12 = 0.25, b

h = 100, and 400 layers.
a
b

tf
h Ncr in Nmm−1 Ncr, rbs in Nmm−1 Error in %

0.25 0 137.61 137.61 0
0.2 137.3 137.3 0
0.4 137.15 137.15 0
0.6 137.15 137.15 0
0.8 137.3 137.3 0

0.5 0 37.14 37.14 0
0.2 37.07 37.07 0
0.4 37.03 37.03 0
0.6 37.03 37.03 0
0.8 37.07 37.07 0

1 0 17.92 17.92 0
0.2 17.92 17.92 0
0.4 17.92 17.92 0
0.6 17.92 17.92 0
0.8 17.92 17.92 0

2 0 17.92 17.92 0
0.2 17.92 17.92 0
0.4 17.92 17.92 0
0.6 17.92 17.92 0
0.8 17.92 17.92 0

Ai j = h
tf
h

⎡⎢⎢⎢⎢⎣
Q11+Q22

2 Q12 0
Q12

Q11+Q22
2 0

0 0 Q66

⎤⎥⎥⎥⎥⎦︸������������������������������︷︷������������������������������︸
Ai j , f

+h
(
1− tf

h

) ⎡⎢⎢⎢⎢⎣
Q11+Q22

2 Q12 0
Q12

Q11+Q22
2 0

0 0 Q66

⎤⎥⎥⎥⎥⎦︸��������������������������������������︷︷��������������������������������������︸
Ai j , s

= h
⎡⎢⎢⎢⎢⎣
Q11+Q22

2 Q12 0
Q12

Q11+Q22
2 0

0 0 Q66

⎤⎥⎥⎥⎥⎦ (21.28)

The extensional-bending coupling stiffness is in this special case only depending
on the extensional stiffness Ai j as the two bonded laminates are itself symmetric.
There is no contribution of Bi j , f and Bi j , s as indicated in Eq. (21.10). Therefore,
the expressions for the elements of Bi j are very similar to the expressions for Ai j , as
shown in Eq. (21.29).

Bi j = Bi j , s︸︷︷︸
=0

+ Bi j , f︸︷︷︸
=0

+d Ai j , f =
h2

2
tf
h

⎡⎢⎢⎢⎢⎣
Q11+Q22

2 Q12 0
Q12

Q11+Q22
2 0

0 0 Q66

⎤⎥⎥⎥⎥⎦ (21.29)
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As it is only depending on one of the laminates, the reinforcing laminate, Bi j cor-
relates linearly with the ratio tf

h . Since Ai j is independent of the n umber of layers,
this characteristic is also applicable to Bi j . The overall effect of different numbers of
layers is discussed in the subsequent investigation in Section 21.6.2.

The simplification of the bending stiffness Di j is more difficult as it is in general
depending on the number of layers. Thus, interesting findings are shown only for
exemplary configurations.

The observation that tf
h has no influence on the critical buckling load when a

b is
not an integer number, is explored more thoroughly. When the results are revisited,
the half-wave number n is 1 in the uniaxial loadcase and only m varies with the
aspect ratio of the panel. Furthermore, for the phenomenon in question a

b is equal
to m. Under this assumption, the expression for the critical buckling load reduces
to the form presented in Eq. (21.30). it is obtained by inserting the mentioned
simplifications as well as the simplifications that B11 = B22 and A11 = A22.

Ncr =
π2 (A12 γ1−2γ2+ A22 γ1+2 A66 γ1)

b2 (A12+ A22+2 A66)
(21.30)

where

γ1 = D11+D22+2 (D12+2D66), γ2 = (B12+B22+2B66)2

Within this simple expression for the critical buckling load the sum of the two
stiffnesses D11 and D22 is included. For this combined term a simple form based on
the local stiffness matrix Qi j can be found. This is shown in Eq. (21.31) and (21.32)
for the reinforcing and base laminate, respectively.

D11, f +D22, f =
h3
( tf
h

)3 (Q11+Q22)
12

(21.31)

D11, s+D22, s =
h3 (Q11+Q22)

(
1− ( tfh ) )3

12
(21.32)

As can be seen, the new simplified term shows no dependency on the layup con-
figuration as the 0◦- and 90◦-layers only occur in pairs. The other elements of the
bending stiffness matrix are defined and simplified in Eqs. (21.33)-(21.36)

D12, f =
Q12 h3

( tf
h

)3
12

(21.33)

D66, f =
Q66 h3

( tf
h

)3
12

(21.34)

D12, s =
Q12 h3

(
1− ( tfh ) )3
12

(21.35)

D66, s =
Q66 h3

(
1− ( tfh ) )3
12

(21.36)
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Now, the combined bending stiffness can be computed according to Eq. (21.10) and
the simplified result is shown in Eqs. (21.37)-(21.39)

D11+D22 =
h3 (Q11+Q22)

(
3
( tf
h

)2
+1

)
12

(21.37)

D12 =
Q12 h3

(
3
( tf
h

)2
+1

)
12

(21.38)

D66 =
Q66 h3

(
3
( tf
h

)2
+1

)
12

(21.39)

Finally, it is possible to insert the stiffnesses into Eq. (21.30) leading to the expression
presented in Eq. (21.40).

Ncr =
h3 π2 (Q11+Q22+2 (Q12+2Q66))

12b2
(21.40)

Consequently, the resulting formula is independent of the ratio tf
h ; thus, the behaviour

recognizable in the results is explainable by the manner in which the investigated
stacked laminate is designed. The contributing tf

h dependent terms balance out. As
the topic of the present paper is to investigate the validity of the RBS method,
the critical buckling load will be derived under the same simplifying assumptions
employing the RBS method and compared to Eq. (21.40).

As the idea is to be able to compute the critical buckling load using the simple
formula for orthotropic and symmetric plates, Eq. (21.41) is the starting point of this
comparison.

Ncr =
π2

b2

(
D11

m2

a2

b2

+2 (D12+2D66)+D22
a2

b2 m2

)
(21.41)

It can be immediately concluded that for a
b = m the expression simplifies to a form

where, again, D11 and D22 appear as a sum. Before further evaluation, the RBS
matrix must be computed according to Section 21.4. The relevant reduced bending
stiffnesses D∗i j are presented in Eqs. (21.42).

D∗11+D∗22 =
h3 (Q11+Q22)

12
, D∗12 =

Q12 h3

12
, D∗66 =

Q66 h3

12
(21.42)

The influence of the ratio
( tf
h

)
vanishes. It is now easily seen, that by inserting

Eqs. (21.42) into Eq. (21.41), Eq. (21.40) is obtained. So, in fact, the solution with
or without RBS method is in this case identical and the RBS method is consequently
valid.

The phenomenon observed in the results for rational values of a
b , where the critical

buckling load shows symmetric behaviour as values are the same for example for
tf
h = 0.2 and tf

h = 0.8. This is investigated in the same fashion, but with different
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simplifying assumptions. Still, it is set that obviously B11 = B22 and A11 = A22, but
now , as mentioned, tf

h is set to be 0.2 and 0.8, respectively. Also the panel length
a is defined as a = a

b b. The half-wave number n is 1 and m remains undefined as a
parameter.

Then the bending stiffnesses D11 and D22 can be computed according to the lami-
nate lay-up for the reinforcing laminate ([0◦ 90◦]s) and the base laminate ([0◦ 90◦]4s).
Their expressions are presented in Eqs. (21.43)-(21.44) for tf

h = 0.2.

D11 =
h3
( tf
h

)3 (7Q11+Q22)
96

− h3 (19Q11+13Q22)
( ( tf

h

) −1)3
384

+
h3
( tf
h

) (Q11+Q22)
8

=
h3 (611Q11+509Q22)

12000
for

tf
h
= 0.2 (21.43)

D22 =
h3
( tf
h

)3 (Q11+7Q22)
96

− h3 (13Q11+19Q22)
( ( tf

h

) −1)3
384

+
h3
( tf
h

) (Q11+Q22)
8

=
h3 (509Q11+611Q22)

12000
for

tf
h
= 0.2 (21.44)

Similarly, this is done for tf
h = 0.8 and the followingEqs. (21.45)-(21.46) are obtained.

Again, the laminate lay-up for the reinforcing laminate ([0◦ 90◦]4s) and the base
laminate ([0◦ 90◦]s) are taken into account.

D11 =
h3
( tf
h

) (Q11+Q22)
8

+
h3
( tf
h

)3 (19Q11+13Q22)
384

− h3 (7Q11+Q22)
( ( tf

h

) −1)3
96

=
h3 (1511Q11+1409Q22)

12000
for

tf
h
= 0.8 (21.45)

D22 =
h3
( tf
h

) (Q11+Q22)
8

+
h3
( tf
h

)3 (13Q11+19Q22)
384

− h3 (Q11+7Q22)
( ( tf

h

) −1)3
96

=
h3 (1409Q11+1511Q22)

12000
for

tf
h
= 0.8 (21.46)

The bending stiffnesses are different for the different values of tf
h . This means that

the contributions of other stiffnesses cancel out the differences. This is in fact the
case as is shown in Eq. (21.47), where the critical buckling load Ncr is given for the
two values of tf

h and is identical.
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Ncr =
h3 π2

12
(
a
b

)2 b2 m2

[(
0.449

( a
b

)4
+0.551m4

)
Q11 (21.47)

+

(
0.551

( a
b

)4
+0.449m4

)
Q22+2Q12

( a
b

)2
m2+4Q66

( a
b

)2
m2
]

Furthermore, it can be noted that within this general formula, the previously derived
Eq. (21.40) is included as special case, when m is set to be equal to a

b . To assess
the validity of the RBS method, it is tested under the same conditions and compared
to expression Eq. (21.47) above. The reduced bending stiffness matrix is calculated
according to Eq. (21.11), as already previously explained. Then, the resulting ex-
pressions and the assumptions are inserted into Eq. (21.41) and the expression is
simplified. The acquired formula is identical to Eq. (21.47) and suggests perfect
agreement of the approximate and exact solution.

21.6.2 Influence of the Number of Layers

It has been indicated in the previous section, that for a
b = m the values of the critical

buckling load become independent of the number of layers. This will be briefly
detailed in this section. In Fig. 21.7 the phenomenon is visible, where buckling
curves generated for configurations with 8, 16 and 32 layers are depicted. They
intersect where the aspect ratio is equal to the half-wave number. Additionally, the
identical value for the critical buckling load is obtained, which is not the minimum of
all curves presented. The more layer the configuration has, the closer the intersection
point to the minimum value of the respective curve. The reasons for this behaviour
are already explained in the previous section where it is pointed out, that the bending
stiffnesses D11 and D22 become independent of the number of layers. Under the
condition a

b = m, the two terms are summed without any cofactors. This is presented

Fig. 21.7 Critical buckling
load versus the aspect
ratio a

b for different
numbers of layers (8, 16 and
32); tfh = 0.5,E1 = 200000MPa,
E2 =

E1
40 , G12 = 0.5E2,

ν12 = 0.25, and b
h = 100
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in Eq. (21.37). The simplification is possible since the 0◦ and 90◦ layers are stacked
in pairs. The curves given are both, the solution with and without the employment of
the RBS method. That the RBS method results in identical expressions is shown in
Section 21.6.1 for tf

h = 0.2 and tf
h = 0.8. It can be shown also for tf

h = 0.5, for which
the data of Fig. 21.7 is obtained. Therefore, the procedure is equivalent and is for
brevity not again detailed within this section.

21.6.3 Influence of the Ratio E1
E2

Another parameter of interest for the assessment of the validity of the RBS method
is the ratio between the moduli of elasticity. It influences the degree of orthotropy of
the panel. In Table 21.2 results are presented for the ratios E1

E2
of 10, 20, 40, and 80

for different ratios tf
h . With increasing ratio E1

E2
, the critical buckling load decreases.

As the aspect ratio and the half-wave number are equally 2, no influence of the ratio
tf
h is to be expected. Furthermore, as in the previously derived Eqs. (21.40) and
(21.47) the critical buckling load is defined depending on the local reduced stiffness
elements Qi j , the RBS method is valid for every ratio E1

E2
when the special case of

the present work is considered. This is reflected in the numerical data of Table 21.2.

Table 21.2
Results for the critical buckling load computed without (Ncr) and with (Ncr, rbs) RBS method for
E1 = 200000MPa, E2 =

E1
E1
E2

, G12 = 0.5E2, ν12 = 0.25, b
h = 100,

a
b = 2, and 40 layers

tf
h

E1
E2

Ncr in Nmm−1 Ncr, rbs in Nmm−1 Error in %

0 10 22.33 22.33 0
20 19.38 19.38 0
40 17.92 17.92 0
80 17.18 17.18 0

0.3 10 22.33 22.33 0
20 19.38 19.38 0
40 17.92 17.92 0
80 17.18 17.18 0

0.6 10 22.33 22.33 0
20 19.38 19.38 0
40 17.92 17.92 0
80 17.18 17.18 0

0.9 10 22.33 22.33 0
20 19.38 19.38 0
40 17.92 17.92 0
80 17.18 17.18 0
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21.7 Conclusion

The investigation has shown that for the lay-up configurations evaluated, the RBS
method is identical to the exact solution. In special cases both approaches result in
identical formulas. Consequently, the RBS method is valid not only for the variation
of the thicknesses of stacked laminates but also for the variation of the ratios between
moduli of elasticity and the number of layers. Despite indications that the RBS
method might deliver significant errors when the bending-stiffness coupling is a
result of a change of reference plane, it is shown that the opposite is the case. This
suggests that the method can be used in the context of larger approximative models
without being a contributor to the overall error of those methods. However, within
this work only the special case of a simply supported panel has been considered and
different boundary conditions need to be investigated in future works. Furthermore,
other load cases should be investigated and evaluated, e.g. shear and combined
loading conditions. Although inadmissible boundary conditions are used in regard
of the prebuckling deformation the present results can serve as guidelines for the
implementations of unsymmetric structures such as stringer feet in stiffened panels.
Therefore, the present work is a first step in the direction of clarifying, if the RBS
method is responsible for any underestimation of the critical buckling load in larger
structures.

Acknowledgements Gratitude is expressed to the financial support of the German Research Foun-
dation DFG [project number 399128978].
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Chapter 22
Asymptotic Estimate of the Potential Energy of a
Plastically Deformed Thin Shell

Milad Shirani and David J. Steigmann

AbstractWederive an asymptotic expression for the potential energy of a thin elastic
shell that has undergone prior plastic deformation.

Key words: Plastic deformation · Thin shells · Asymptotic model · Potential energy

22.1 Introduction

The kinematical basis of most modern theories of elastic-plastic deformation relies
on the decomposition (Noll, 1967; Epstein and Elzanowski, 2007; Sadik and Yavari,
2017; Steigmann, 2020) H̃ = F̃K̃(x̃), where F̃ is the usual deformation gradient, H̃
is its elastic part and K̃(x̃) is a tensor field that effectively maps a neighborhood of
a material point to a prescribed reference configuration κ, say. Here and henceforth
superposed tildes are used to denote three-dimensional variables. In the case of ma-
terially uniform elastic bodies (Noll, 1967) considered here, the mechanical response
is presumed to be such that there exists a strain-energy function, a function of H̃,
which does not vary from one material point to another. In applications K̃ - or more
often its inverse G̃ - is interpreted as the plastic part of the deformation gradient. In
this work we adopt the prevalent viewpoint that G̃ is a map from the reference κ to
a local natural state in which the material is unstressed. Such states are said to be
undistorted, in the sense of a standard crystal lattice; for solids the symmetry group
of the elastic response function is thus contained in the orthogonal group. As is well
known, the theory does not require K̃(x̃) to be the gradient of a vector field, and
thus furnishes a framework for the modeling of material defects, or inhomogeneities
(Noll, 1967; Epstein and Elzanowski, 2007; Steigmann, 2020).
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We focus on equilibrium theory. Accordingly, we regard K̃(x̃) as a fixed field, and
seek the optimum expression for the energy of deformation. This assumption is not
restrictive in practice. For, the analysis of the evolution of material response may be
cast as an incremental minimization problem (Del Piero, 2014) in which K̃ is known
from a previous step and used to compute the deformation at the current step; this
is then used to predict K̃ at the next step, and so on. The field K̃(x̃) required in the
present work may thus be regarded as being effectively known. Our intention is to
extend modern derivations of shell theory based on pure elasticity to accommodate
inelastic response.

Our purpose in this brief chapter is to describe a procedure for deriving an explicit
expression for the optimal areal energy density of a plastically deformed shell in
terms of the deformation of the shell midsurface. This extends a theory for the
bending/stretching response of plastically deformed plates discussed in Steigmann
(2015). Parallel developments, albeit limited to pure bending theory, are discussed
in Bhattacharya et al (2016) in the framework of gamma convergence.

Standard notation is used throughout. Thus boldface is used for vectors and
tensors and a dot between bold symbols is used to denote the standard Euclidean
inner product; for example, if A1 and A2 are second-order tensors, then their inner
product is

A1 ·A2 = tr(A1At
2),

where tr(·) is the trace and the superscript t is used to denote the transpose. The
associated norm is |A| = √A ·A. The linear operator Sym(·) yields the symmetric
part of its second-order tensor argument, and the notation ⊗ identifies the standard
tensor product of vectors. We also use Orth+ to denote the group of rotation tensors.
The notationsA−1,A∗ and JA respectively are used to denote the inverse, the cofactor
and the determinant of a tensorA; they are connected byA∗ = JAA−t ifA is invertible.
For a fourth-order tensor A, the notation A[B] stands for the second-order tensor
resulting from the linear action of A on the second-order tensor B (see Truesdell
and Noll, 1965, Eq. (7.10)). Its transpose At is defined by

B ·At [A] = A ·A[B],

and A is said to possess major symmetry if At =A. If A · A[B] = At · A[B] and
A · A[B] = A · A[Bt ], then A is said to possess the minor symmetries. Finally, the
notation (·)A stands for the derivative with respect to tensor or vector A.

Variables appearingwithout the tilde are the restrictions of their three-dimensional
counterparts to the midsurface Ω of the three-dimensional shell-like body. The body
itself occupies the volume κ = Ω × [−h/2,h/2]. Our basic assumption is that the
shell is thin in the sense that h/l � 1, where l is a characteristic length associated
with the geometry of Ω, i.e., its minimum local principal radius of curvature or its
smallest spanwise dimension. For the sake of notational convenience we adopt l as
the unit of length, so that h� 1, and seek a model for the shell valid to order h3, the
scaling associated with leading-order bending effects.
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22.2 Three-dimensional Theory

The Piola stress of the three-dimensional theory is given by

P̃ =Ψ̃F̃, (22.1)

the derivative with respect to the deformation gradient F̃ of the strain energy,Ψ̃ (F̃; x̃),
per unit reference volume. Here x̃ is the position of a material point in reference
configuration κ. We assume that this configuration could, in principle, be occupied
by the body and thus impose JF̃ > 0.

We seek the optimal expression for the term E in the expansion

E =E + o(h3) (22.2)

of the potential energy

E =
∫
κ

Ψ̃ dv−
∫
∂κt

t̃ · χ̃χχda (22.3)

under dead-load conditions, say, where χ̃χχ(x̃) is the deformation and ∂κt is the part
of the boundary where traction t̃ is assigned. Here and elsewhere we use the Landau
symbol small ”o(ε)” in the sense that

o(ε)
ε
−→ 0

as ε −→ 0.
The Piola stress is related to the Cauchy stress T̃ by Ψ̃F̃ = T̃F̃∗. In materially-

uniform elastic bodies we also have (Steigmann, 2020)

W̃H̃ = T̃H̃∗, (22.4)

where W̃(H̃) is a suitable strain-energy function that does not depend explicitly on
x̃,with

H̃ = F̃K̃. (22.5)

We assume that JK̃ > 0 and conclude that JH̃ > 0. Comparison with (22.4), together
with H̃∗ = F̃∗K̃∗, furnishes the connection

W̃H̃ = (Ψ̃F̃)K̃∗, (22.6)

and integration at fixed K̃ gives

Ψ̃ (F̃,x̃) = J−1
K̃

W̃(F̃K̃(x̃)), (22.7)

apart from an unimportant function of x̃. The strain-energy function W̃(·) reflects
the intrinsic elastic properties of the material.
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We confine attention to energy-minimizing states, and thus restrict our consider-
ations to deformations satisfying the strong-ellipticity condition

a⊗ b ·Ψ̃F̃F̃(F̃,x̃)[a⊗ b] >0 for all a⊗ b � 0. (22.8)

To interpret this in terms of W̃,we differentiate (22.6) at fixed K̃ on a one-parameter
family H̃(t) = F̃(t)K̃, deriving

W̃H̃H̃[F̃· K̃] = (Ψ̃F̃F̃[F̃·])K̃
∗
, (22.9)

where the superposed dot is the derivative with respect to t. Scalar multiplication by
F̃· K̃ and use of the rule A ·BC = BtA ·C, with B = F̃· and C = K̃, yields

F̃· K̃ ·W̃H̃H̃[F̃· K̃] = JK̃ F̃· ·Ψ̃F̃F̃[F̃·], (22.10)

which we apply with F̃· = a⊗ b to recast inequality (22.8) as

a⊗m ·W̃H̃H̃(H̃)[a⊗m] >0 for all a⊗m � 0, with m = K̃tb. (22.11)

It follows thatΨ̃ is strongly elliptic at F̃ if and only if W̃ is strongly elliptic at H̃ = F̃K̃.
Galilean invariance imposes the restriction Ψ̃ (F̃,x̃) = Ψ̃ (Q̃F̃,x̃) for every rotation

Q̃. From (22.7) this is equivalent to W̃(H̃) = W̃(Q̃H̃), which, as is well known, is
satisfied if and only if W̃ depends on H̃ via H̃tH̃, or, equivalently, via the elastic
strain

Ẽ = 1
2
(H̃tH̃− I), (22.12)

where I is the (referential) identity for 3-space. Accordingly,

W̃(H̃) = Ũ(Ẽ), (22.13)

say, which implies that
W̃H̃ = H̃S̃, (22.14)

where
S̃ = ŨẼ (22.15)

is the (symmetric) elastic 2nd Piola-Kirchhoff stress.
Application of the chain rule furnishes the useful connection (Steigmann, 2015)

W̃H̃H̃(H̃)[B] = BS̃+ H̃ŨẼẼ(Ẽ)[H̃
tB] (22.16)

for any tensor B,where ŨẼẼ possesses major symmetry and both minor symmetries.
We impose the normalization W̃(I) = 0. Galilean invariance then implies that

W̃(H̃) = 0 if H̃ ∈ Orth+.We assume the converse to be true, and hence that W̃(H̃) = 0
if and only if H̃ ∈Orth+.We further assume that S̃ = 0 if and only if Ẽ = 0, i.e., if and
only if H̃ ∈ Orth+, and that C = ŨẼẼ(0) - the classical elasticity tensor - is positive
definite in the sense that A · C[A] > 0 for all non-zero symmetric A. Then,
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S̃ = C[Ẽ]+ o(
;;Ẽ;;), (22.17)

and it follows from (22.16) that

W̃H̃H̃(I)[B] = C[B]. (22.18)

Our assumptions yield the classical strong-ellipticity condition at zero strain. It also
follows from (22.16) that

W̃H̃H̃(R)[B] = RC[RtB], (22.19)

where R is any rotation.
The foregoing assumptions are appropriate for most metallic materials. In our fur-

ther development we assume the fields F̃(x̃) and K̃(x̃) to be twice differentiable. In-
deed a certain degree of regularity of these fields is necessary if any two dimensional
model of the kind envisaged is to furnish an approximation to the three-dimensional
theory.

22.3 Geometric and Kinematic Formulae

As in conventional shell theories, we seek a model for the shell in which the primary
field to be determined is the deformation of a curved base surfaceΩ. This is facilitated
by use of the standard normal-coordinate parametrization of three dimensional space
in the vicinity of the base surface (Koiter, 1966; Ciarlet, 2005; Steigmann, 2013).
Thus,

x̃ = x̂(θα,z) = x(θα)+ zN(θα), (22.20)

where x(θα); α = 1,2 is the parametrization of Ω with unit-normal field N(θα) and z
is the coordinate in the direction perpendicular to Ω, the latter corresponding to z = 0.
The lateral surfaces of the thin three-dimensional body are assumed to correspond
to constant values of z. These are separated by the small distance h, the thickness of
the shell. For simplicity we assume the thickness to be uniform. Following standard
practice, we identify the base surface with the midsurface.

The orientation ofΩ is induced by the assumed right-handedness of the coordinate
system (θα,z); thus,A1×A2 ·N > 0,whereAα = x,α ≡ ∂x/∂θα span the tangent plane
TΩ(p) to Ω at the point p with coordinates θα . The curvature tensor B of the base
surface is the symmetric linear map from TΩ(p) to itself defined by the Weingarten
equation

dN = −Bdx, (22.21)

where dx = Aαdθα and dN = N,αdθα . Accordingly,

dx̃ =dx+ zdN+Ndz =G(dx+Ndz), (22.22)

where
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G = μμμ+N⊗N, μμμ = 1− zB, (22.23)

and
1 = I−N⊗N = Aα ⊗Aα (22.24)

is the projection onto - and the identity map for - TΩ(p), on which the basis {Aα} is
dual to {Aα}.

We require the volume measure induced by the coordinates. This is (Koiter, 1966;
Ciarlet, 2005; Steigmann, 2013) dv = μdzda, where da is the area measure on Ω,
and

μ = 1−2Hz+Kz2 (22.25)

is the (two-dimensional) determinant of μμμ in which

H =
1
2
trB and K = detB (22.26)

are the mean and Gaussian curvatures of Ω, respectively. The transformation from
(θα,z) to x̃ is one-to-one and orientation preserving if and only if μ > 0. Following
conventional usage we refer to the region of space in which this condition holds as
shell space.

Let C∗ be the line orthogonal to Ω and intersecting κ at a point with surface
coordinates θα . Let ∂κC = ∂Ω ×C, where C is the collection of such curves, be
the ruled generating surface of the thin shell-like region κ obtained by translating
the points of ∂Ω along their associated lines C∗. Let s measure arclength on the
curve ∂Ω with unit tangent τττ and rightward unit normal ννν = τττ ×N. The oriented
differential surface measure induced by the (s,z)− parametrization of ∂κC , required
in the sequel, is G∗νννdsdz, where G∗ is the cofactor of G. From this it is possible
to develop a formula for the oriented area measure on the ruled generators of the
shell-like body which, in turn, facilitates the development of an expression for the
potential energy of an edge-loaded shell (Steigmann, 2013).

Our development requires expressions for the three-dimensional deformation
gradient and its through-thickness derivatives. Let χ̃̃χ̃χ(x̃) be the three-dimensional
deformation with gradient F̃(x̃).We define

χ̂̂χ̂χ(θα,z) = χ̃̃χ̃χ(x(θα)+ zN(θα)) and F̂(θα,z) = F̃(x(θα)+ zN(θα)). (22.27)

Then,

F̂(μμμdx+Ndz) = d χ̂̂χ̂χ = χ̂̂χ̂χ,αdθα + χ̂̂χ̂χ′dz = (∇ χ̂̂χ̂χ)dx+ χ̂̂χ̂χ′dz, (22.28)

where dθα = Aα · dx, χ̂̂χ̂χ,α = ∂ χ̂̂χ̂χ/∂θα, χ̂̂χ̂χ′ = ∂ χ̂̂χ̂χ/∂z and

∇ χ̂̂χ̂χ = χ̂̂χ̂χ,α ⊗Aα (22.29)

is the surfacial deformation gradient. Thus,

F̂1μμμ = ∇ χ̂̂χ̂χ and F̂N = χ̂̂χ̂χ′, (22.30)
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in which the orthogonal decomposition F̂ = F̂1+ F̂N⊗N has been used. If the con-
figuration κ is contained in shell space, as we assume, then μμμ−1 exists and we have

F̂ = (∇ χ̂̂χ̂χ)μμμ−1+ χ̂̂χ̂χ′ ⊗N. (22.31)

The mid-surface value of F̂, and those of its through-thickness derivatives F̂′ and
F̂′′, are needed in Sect. 22.4. These, and other variables defined on the midsurface,
are identified by the absence of superposed carets. The required expressions are
(Steigmann, 2013)

F =∇r +d⊗N, F′ =∇d + (∇r)B +g⊗N (22.32)

and
F′′ =∇g +2(∇d)B +2(∇r)B2+h⊗N, (22.33)

where
r = χχχ, d = χχχ′, g = χχχ′′ and h = χχχ′′′ (22.34)

aremutually independent functions of θα and the operation∇(·) is defined by (22.29).
The first of these is the mid-surface deformation field and the latter three are the
directors. Together they furnish the coefficient vectors in the expansion

χ̂̂χ̂χ = r + zd + 1
2

z2g + 1
6

z3h+ ... (22.35)

of the three-dimensional deformation. Evidently r(θα) = χ̂̂χ̂χ(x(θα)) is the position of
a material point on the deformed image ω of the midsurface Ω; its gradient ∇r maps
TΩ(p) to the tangent plane Tω(p) to ω at the material point p.

22.4 Expansion of the Three-dimensional Energy

The strain energy of the shell is ∫
κ

Ψ̃ dv =
∫
Ω

Sda, (22.36)

where
S =

∫
C

μΨ̃ (F̂; x̂)dz, (22.37)

withC = [−h/2,h/2], is the areal strain-energy density on Ω. For a given deformation
we apply Leibniz’ rule and a Taylor expansion to this integral, regarded as a function
of h.Our smoothness assumptions are then consistentwith the expansion (Steigmann,
2013)

S = h
(
1+

1
12

h2K
)
Ψ +

1
24

h3(Ψ ′′ −4HΨ ′)+ o(h3), (22.38)
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where (cf. (22.7))

Ψ = J−1K W,

Ψ ′ = J−1K (W ′ − J−1K J ′KW), (22.39)

Ψ ′′ = J−1K
{
W ′′+

[
2
(
J ′K
)2 J−2K − J ′′K J−1K

]
W −2J ′K J−1K W ′

}
,

with

W = W̃(H),
W ′ = W̃H̃(H) ·H′ (22.40)

W ′′ = W̃H̃(H) ·H′′+H′ ·W̃H̃H̃(H)[H′],

and

H = FK, H′ = F′K+FK′, and H′′ = F′′K+2F′K′+FK′′, (22.41)

in which F,F′ and F′′ are given by (22.32) and (22.33).
In viewof the intended application tometallic structures it is appropriate to confine

our further attention to plastic incompressibility. Accordingly we assume that JK̃ ≡ 1
throughout the body. This has the consequence that the through-thickness derivatives
of JK̃ of all orders vanish identically in the body and hence on the midsurface in
particular, yielding the simplifications

Ψ =W, Ψ ′ =W ′, and Ψ ′′ =W ′′, (22.42)

where, in view of (22.13) and (22.15),

W ′ = S ·E′ and W ′′ = S ·E′′+S′ ·E′, (22.43)

in which S and S′ respectively are the midsurface values of the elastic 2nd Piola-
Kirchhoff stress (cf. (22.15)) and its through-thickness derivative.

Moreover, under low strain-rate conditions the elastic strain Ẽ is invariably small
in metals as it is then confined to an elastic range bounded by a yield function.
Consequently its restriction to the midsurface, E, is also small, but of course this
does not imply the smallness of the midsurface values of its through-thickness
derivatives. Nevertheless, because of (22.17) we have the approximations

W � 1
2

E · C[E] and W ′′ � E′ · C[E′], (22.44)

valid to leading order in |E| ,with

E = 1
2
(HtH− I) and E′ = Sym(RtH′) (22.45)
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in which R is the rotation in the polar factorization of H. Suppressing the term
h2K in comparison to unity - again appropriate for sufficiently thin shells - and
noting that |S| (and hence W ′) is of order |E| , the leading-order areal strain energy
is approximated by

S =
1
2

hE · C[E]+ 1
24

h3E′ · C[E′]. (22.46)

This depends, via (22.32) and (22.41), on the midsurface surfacial deformation
gradient ∇r, on the midsurface values - d and g respectively - of the first and second
through-thickness derivatives of the deformation, and on the surfacial gradient ∇d.

Assuming the lateral surfaces of the shell to be traction free, the dead-load
potential in (22.3) is found, as in Steigmann (2013), to be∫

∂κt

t̃ · χ̃̃χ̃χda =
∫

∂Ωt

χds+ o(h3), (22.47)

where
χ = pr · r+pd ·d+pg ·g, (22.48)

and

pr = h
(
1+

1
24

h2 τ2
)

t+ 1
24

h3(t′′ −2κτt′),

pd =
1
12

h3(t′ − κτt), (22.49)

pg =
1
24

h3t,

in which t, t′ and t′′ are the midsurface values of the assigned Piola traction and
its through-thickness derivatives on the edge ∂κCt = ∂Ωt ×C of the shell. These are
given by Steigmann (2013)

t = P1ννν,
t′ − κτt = P′1ννν+ τP1τττ− κτP1ννν, (22.50)

t′′ −2κτt′ = P′′1ννν+2(τP′1τττ− κτP′1ννν)− τ2P1ννν,

in which ννν is the exterior unit normal to the edge ∂Ωt lying in the tangent planes
of Ω, κτ is the normal curvature of ∂Ω and τ is the twist. The latter formulas
follow by expanding the oriented area measure, discussed in the foregoing, on the
ruled generators of the shell (Steigmann, 2013). Here P, P′ and P′′ are the through-
thickness derivatives of the Piola stress at the boundary ∂Ωt of the midsurface.

For consistency with our expression for the strain energy we estimate the coeffi-
cients of h and h3 to leading order in |E|, obtaining

χ = pr · r+pd ·d (22.51)
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with
pr = ht+ 1

24
h3(t′′ −2κτt′) and pd =

1
12

h3t′ (22.52)

in which the small term h2 τ2 - negligible in a sufficiently thin shell - has been
suppressed. Accordingly pr and pd are to be regarded as assigned data. The total
energy E is then approximated at leading order in |E| by

E =
∫
Ω

Sda−
∫
Ωt

χds, (22.53)

with S and χ given by (22.46) and (22.51), respectively.

22.5 Optimal Energy

The areal strain-energy S is a function of ∇r, d, ∇d and g. Let R(d) =W(H) where,
on the right-hand side, all variables in the expression for H, except for d, are held
fixed. This expression is

H = (∇r)K+d⊗L, where L =KtN. (22.54)

Let σ(t) = R(d(t)),where d(t) is a one-parameter family. Then,


σ = Rd · 
d =WH · 
d⊗L = 
d · (WH)L, (22.55)

where superposed dots identify derivatives with respect to the parameter.Thus,

Rd = (WH)L. (22.56)

Further,

�σ = Rd · �d+ 
d · (Rdd) 
d = �d · (WH)L+ 
d⊗L ·WHH[ 
d⊗L], (22.57)

so that

d · (Rdd) 
d = 
d⊗L ·WHH[ 
d⊗L]. (22.58)

This is positive for all nonzero 
d because our hypotheses imply that the strong-
ellipticity inequality (22.11) holds. Accordingly, by the implicit function theorem
the equation Rd = 0 yields a unique solution d = d̄(∇r;K,N) because Rdd is positive
definite.

The relevance of this observation lies in the fact that for the energy (22.53), the
Euler equation for the field d on Ω - necessary for smooth energy minimizers - yields

Rd+O(h2) = 0. (22.59)
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This implies that d renders R stationary at leading order in h. Thus d = d̄, furnishing
d in terms of the surfacial gradient of the midsurface deformation. This is extended
by continuity to the boundary ∂Ωt, furnishing the edge-load potential as a functional
of r and ∇r in which the latter is resolved into a part normal to the edge and also
a tangential part; the latter being further reduced using integration by parts on the
boundary, culminating in a functional of r and its normal derivative on the boundary
together with the values of r at corners, if any (Koiter, 1966; Steigmann, 2013).
Moreover this solution minimizes the energy pointwise, again at leading order in h.
Accordingly ∇d is determined by the first and second midsurface gradients of the
deformation.

It remains to determine the field g occurring in the energy S. This enters alge-
braically, viaH′, in the coefficient of h3.On the basis of (22.41)2, (22.45) and (22.46)
the Euler equation for g is found to be

(C[E′])L = 0, (22.60)

which may be reduced to

(C[Rtg⊗L])L+ ... = 0, (22.61)

wherein the missing terms do not involve g. Equivalently,

A(Rtg)+ ... = 0, (22.62)

where the second-order tensor A, defined by

Av = (C[v⊗L])L (22.63)

for all v, is positive definite by virtue of the strong ellipticity of the classical elasticity
tensor. Thus Rtg is determined explicitly. Multiplication of the result by R, which
may be replaced by H to secure an estimate valid to consistent order in |E| , yields
a unique function g = ḡ of the first and second surfacial gradients of r and other
known parameters. Following Steigmann (2015), it is straightforward to show that
this function minimizes the energy with respect to g.

Our procedure thus yields E as a functional of r involving its first and second
surfacial gradients on Ω, and the restriction of r, together with that of its normal
derivative, to the edge ∂Ωt . The final Euler equations and natural boundary condi-
tions, if needed, are then accessible via standard arguments (Steigmann, 2018).
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Chapter 23
On Transverse Shear Strains Treatment in
Nine-Node Shell Element MITC9i

Krzysztof Wiśniewski and Ewa Turska

Abstract This chapter concerns a nine-node quadrilateral shell element MITC9i
based on the Reissner-Mindlin kinematics and Green strain, which is developed from
the potential energy functional extended to include drilling rotationsWisniewski and
Turska (2018).
We test an alternative treatment of the transverse shear strains in this element moti-
vated by results of the Curved cantilever test of Wisniewski and Turska (2019). In
the originalMITC9i element, these strains are sampled using the 2×3 and 3×2-point
schemes, with all sampling points in the element’s interior. In the tested MITC9i2
element, analogous schemes are used, but 8 of the sampling points are located at the
element’s boundaries. Both elements use the same MITCi transformations.
Several numerical examples are provided to characterize the performance of
MITC9i2 compared with two other nine-node elements MITC9i and 9-EAS11.

Key words: 9-node shell element MITC9i · Two-level approximations of strains ·
Transverse shear strains · Corrected shape functions · Patch tests · Robustness to
shape distortions

23.1 Introduction

The basic (unmodified) nine-node element is excessively stiff and sensitive to shape
distortion, therefore, several techniques have been proposed to mitigate these prob-
lems.
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1. One of the first methods was Selective Reduced Integration (SRI) (Pawsey and
Clough, 1971), which uses different integration schemes for various parts of the
strain energy. The strain components are computed at different points, which
restricts the range of application of this method.

2. To overcome this problem, two-level approximations of strains were proposed
in which strain components are sampled at selected points and interpolated over
the element’s domain to allow a uniform 3× 3 Gauss integration. This method
is know as either the Assumed Strain (AS) method (Huang and Hinton, 1984,
1986; Huang, 1989) or theMixed Interpolation of Tensorial Components (MITC)
method (Bathe and Dvorkin, 1986; Bucalem and Bathe, 1993). When applied
to transverse shear strains, also as the Assumed Natural Strain (ANS) method,
e.g. for the nine-node elements in Jang and Pinsky (1987); Bischoff and Ramm
(1997).

In this chapter we consider our nine-node shell element designated MITC9i of
Wisniewski and Turska (2018). The original nine-node MITC9 element has good
accuracy but does not pass the five-element patch test of Robinson and Blackham
(1979) even for regular meshes, i.e. with straight edges and central positions of
side nodes and the interior node. In Wisniewski and Panasz (2013), we proposed
improved transformations, which resolved this problem for membrane strains. An
extension to bending/twisting and transverse shear strains was given in Wisniewski
and Turska (2018).

Another problem concerning nine-node elements is to pass the patch test for the
mesh distorted by shifts of mid-side and central nodes, see Sect. 23.4.1 for details.
Instrumental in solving this problem are the so-called Corrected Shape Functions
(CSF) of Celia and Gray (1984), where they are tested for an eight-node (serendipity)
element for the Laplace equation (heat conduction) and the 4× 4 integration rule.
We extend them to shells in Wisniewski and Turska (2018), so the MITC9i shell
element passes this test for parallel shifts of the midside nodes and arbitrary shifts
of the central node. The CSF were shown to be beneficial for several other types of
nine-node elements in Panasz et al (2013); Wisniewski and Turska (2019).

In this chapter the focus is on the      transverse shear strains in theMITC9i element. This
is motivated by theCurved cantilever test ofWisniewski and Turska (2019) Sect. 5.2,
in which the EAS11/DISP/ANS shell element (our implementation) had performed
slightly better than MITC9i. We attribute this to the treatment of transverse shear
strains and, for this reason, now, we implement the ANS method in our MITC9i
shell element and check how this affects its overall performance - the tested element
is designated MITC9i2. Note that for the transverse shear strains, the ANS method
of Jang and Pinsky (1987) is identical to the proposed earlier AS method of Huang
and Hinton (1986), see the comment in Jang and Pinsky (1987) p. 2390.
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23.2 Shell Equations with Drilling Rotation

23.2.1 Two-field Functional

In the present work, we use a two-field extended shell functional depending on
displacements and three-parameter rotations,

F2(χ,Q0) �
∫
B

W(C)dV +Fext+Fdrill(χ,Q0), (23.1)

where χ is the deformation function and Q0 ∈ SO(3) is the rotation tensor. The strain
energy densityW depends on the right Cauchy-Green deformation tensor C � FTF,
where F � ∇χ is the deformation gradient. Fext is the potential of external loads.
The last component in Eq. (23.1) is added to incorporate the drilling rotation using
the penalty method,

Fdrill �
1
2

∫
M

γc2 dA, c �
1
2
[(F0t2) · (Q0t1)− (F0t1) · (Q0t2)], (23.2)

where c is the (1,2) component of the Rotation Constraint (RC) equation

skew(QT
0 F0) = 0

and γ ∈ (0,∞) is the regularization parameter. For the second-order shell kinematics
based on the RC equation (see Wisniewski and Turska 2002). Note that F0 and Q0
are associated with the reference (middle) shell surface at the initial configuration,
and t1 and t2 are the tangent vectors of the local Cartesian basis on this surface.

23.2.2 Reissner-Mindlin Kinematics

The initial configuration of the shell is parameterized by the natural coordinates
ξ,η ∈ [−1,+1] on the reference (middle) surface, and the normal coordinate z ∈
[−h/2,+h/2], where h is the initial shell thickness, see Fig. 23.1. For the deformed
configuration, we use the Reissner-Mindlin kinematical assumptions,

x(ξ,η,z) = x0(ξ,η)+ z Q0(ξ,η)t3(ξ,η), (23.3)

where x is a position vector at an arbitrary z and x0 at z = 0. Besides, t3 is the unit
normal vector in the initial configuration. The rotation tensor Q0 is parameterized
by the canonical rotation vector ψ,

Q0(ψ) � I+ sinω
ω

ψ̃ +
1− cosω

ω2 ψ̃2, (23.4)
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Fig. 23.1 The reference sur-
face (z = 0) of nine-node shell
element.
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where ω = ‖ψ‖ = √ψ ·ψ ≥ 0 and ψ̃ � ψ × I. This form of Q0 is used only within
a load step; in the rotation update scheme devised to handle large rotations it is
combined with quaternions.

The deformation function χ : x = χ(X)maps the initial (non-deformed) configura-
tion of a shell onto the current (deformed) one. Let us write the deformation gradient
as follows:

F � ∂x
∂X =

∂x
∂ξ

J−1, (23.5)

where ξ � {ξ,η,z} and the Jacobian matrix J � ∂X/∂ξ . The right Cauchy-Green
deformation tensor is C � FTF and the Green strain is defined as E � 1

2 (C−C0),
where C0 � C|x=X = I. The Green strain can be linearized in z,

E(z) ≈ E0+ z E1, (23.6)

where the 0th order strainE0 includes themembrane components ε and the transverse
shear components γ/2 while the 1st order strain E1 includes the bending/twisting
components κ. The transverse shear part of E1 is typically neglected, i.e. κα3 ≈ 0
(α = 1,2). By Eq. (23.3), the normal shell strains ε33 and κ33 are equal to zero and
in the current work are recovered from the plane stress condition. For details on
formulation of our shell finite elements (see Wisniewski, 2010; Wisniewski et al,
2010).

23.3 Characteristics of MITC9i2 Shell Element

A formulation of the MITC9i2 element is similar to that of the MITC9i element
described in Wisniewski and Turska (2019). It also uses the Corrected Shape Func-
tions (CSF), which are an important ingredient of the element’s formulation, enabling
passing some of the patch tests for distorted elements. Essential in this chapter is
a treatment of the transverse shear strains, which differs the tested MITC9i2 from
MITC9i.
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23.3.1 Corrected Shape Functions for Nine-node Shell Element

The standard isoparametric shape functions for a nine-node element are derived
for the side nodes 5,6,7 and 8 located exactly between the corner nodes and the
central node 9 exactly at the element’s center. When these nodes are shifted from the
middle positions then the parametric lines (ξ=const. or η=const.) are distorted, see
e.g. Figs. 13a and 20 in Panasz et al (2013), and the element’s accuracy deteriorates.

To alleviate this problem, the Corrected Shape Functions (CSF) were proposed
in Celia and Gray (1984) with six shifts parameters α,β,γ,ε,θ,κ ∈ [−1,+1], see
Fig. 23.2b. In that paper they are tested for an eight-node (serendipity) element for
the Laplace equation (heat conduction) and the 4×4 integration rule. We extended
the application range of these functions by considering the nine-node element for
plane elasticity with the 3× 3 integration, Wisniewski and Panasz (2013); Panasz
et al (2013).

The CSF for the nine-node element are defined in two steps. First, the CSF of the
8-node element are defined, which account for shifts of the midside nodes and, next,
the basis function for the central node 9 is added hierarchically to them as follows:

Ni(ξ,η) = N̄i(ξ,η)− N̄i(θ,κ)N9(ξ,η), i = 1, ...,8,

N9 �
(ξ2−1)(η2−1)
(θ2−1)(κ2−1) ,

(23.7)

where N̄i(θ,κ) � N̄i(ξ = θ,η = κ), see Celia and Gray (1984), Eq. (20). When the
shift parameters are equal to zero then the CSF of Eq. (23.7) reduce to the standard
isoparametric shape functions.

The shift parameters are computed as proportional to the distance in the physical
space, and to determine them, we solve 4 equations with 1 unknown for the midside
nodes and 2 equations with 2 unknowns for the central node. These equations are
nonlinear but are solved only once, so the time overhead is insignificant.
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Fig. 23.2. Nine-node element: a) Numbering and naming of nodes, b) Shift parameters for
Corrected Shape Functions (CSF).
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InWisniewski and Turska (2018), several extensions of this method of calculating
the shift parameters are presented, to enable the use of the CSF to nine-node shell
elements located in 3D space; we refer the reader interested in details to this paper.
We implemented these extensions in all our nine-node elements. The CSF enable to
pass some of the patch tests for elements distorted by shifts of midside and central
nodes, see Sect. 23.4.1.

23.3.2 Alternative Version of MITCi Method for Transverse Shear
Strains

We consider the MITC (Mixed Interpolation of Tensorial Components) method,
which is also called the ANS (Assumed Natural Strain) method in the literature.
The “MITCi” stands for the improved MITC method proposed for 2D elements in
Wisniewski and Panasz (2013), and based on modified transformations enabling
passing the patch test for a regular mesh. They were directly used to the membrane
strains ε of the shell element MITC9i in Wisniewski and Turska (2018); analogous
transformations for the bending/twisting strains κ and the transverse shear strains γ
of this element were given and tested therein.

The transverse shear strains γ are treated in the MITC9i element using the two-
level approximations and the following transformation steps:

1. The representations in the reference Cartesian basis are transformed to the co-
basis at the element center to obtain the COVc components,

γξ = jTc γref, (23.8)

where j � [Jαβ] (α,β = 1,2) is a 2 × 2 sub-matrix of J, and the subscript c
designates its value at the element center. Note that the components yielded by
jc instead of j are not exactly the covariant components; that’s why we designate
them by “COVc”.

2. The two-level approximations of the COVc components are performed,

γξ

MITC−→ γ̃ξ , (23.9)

which involves sampling and interpolation, which are described in detail below.
3. The approximated COVc components γ̃ξ are transformed back from the co-basis

at the element center to the reference Cartesian basis,

γ̃ref = j−Tc γ̃ξ . (23.10)

The transformations of the first and the third steps are reciprocal and without the
second step we would obtain γ̃ref = γref . Note that the elemental basis can serve as
the reference Cartesian basis.
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Let us consider the second step of Eq. (23.9), which involves sampling and
interpolation, and describe it separately for MITC9i and for MITC9i2. We consider
only γ31ξ ; an analogous reasoning applies to γ32ξ . In both elements, a =

√
1/3.

23.3.2.1 Scheme of MITC9i

A basis of the sampling strategy used in MITC9i is the scheme, which uses the
2×3-point scheme for 31 (see Fig. 23.3a) and the 3×2-point scheme for γ32, totally
12 sampling points. Their position coincides with the integration points for the
Selective Reduced Integration (SRI) of strain energy terms of Pawsey and Clough
(1971), Table I. They were subsequently used in the MITC element of Bucalem and
Bathe (1993) and in the 9-AS element of Panasz and Wisniewski (2008). Note that
this sampling does not guarantee continuity of the transverse shear strain components
between two adjacent elements.

The transverse shear strains are interpolated as follows:

γ̃31ξ (ξ,η) =
∑
i

Ri(ξ,η)(γ31ξ )i, γ̃32ξ (ξ,η) =
∑
i

Ri(ξ,η)(γ32ξ )i, (23.11)

where i= A,B,C,D,E,F is the index of sampling points. The interpolation functions
Ri are defined as:

1. for γ31ξ , the points of Fig. 23.3a are used (2 points in the ξ-direction),

RA(ξ,η) = 1
4 (1− ξ

a )
[(ηb )2− η

b

]
, RB(ξ,η) = 1

4 (1+ ξ
a )
[(ηb )2− η

b

]
,

RC(ξ,η) = 1
4 (1+ ξ

a )
[(ηb )2+ η

b

]
, RD(ξ,η) = 1

4 (1− ξ
a )
[(ηb )2+ η

b

]
,

RE (ξ,η) = 1
2 (1+ ξ

a )
[
1−(ηb )2

]
, RF (ξ,η) = 1

2 (1− ξ
a )
[
1−(ηb )2

]
.

(23.12)

2. for γ32ξ , analogous points are used (2 points are in the η-direction), and analogous
interpolation functions to these of Eq. (23.12) but with ξ and η interchanged.

To reduce the number of evaluations, we proposed a so-called improved sampling
strategy for our previous element 9-AS (Panasz and Wisniewski, 2008) and we use
it also in MITC9i. The sampling and numerical integration are considered together,
which simplifies the code and yields a more efficient implementation.

To explain the method, let us consider γ31ξ , for which the sampling points and
the integration points are shown in Fig. 23.3a. We see that both these types of points
are located at the same η ∈ {−b,0,+b}, where b =

√
3/5. Because, the 3× 3 Gauss

integration evaluates γ31ξ at these values of η, no sampling in the η-direction is
needed, and we can sample and interpolate γ31ξ only in the ξ-direction,

γ̃31ξ (ξ,η) = RL1(ξ)γ31ξ (−a,η) +RL2(ξ)γ31ξ (+a,η), (23.13)

where
RL1(ξ) = 1

2

(
1− ξ

a

)
, RL2(ξ) = 1

2

(
1+

ξ

a

)
, (23.14)

 γ
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Fig. 23.3 2× 3-point sam-
pling schemes for γ31ξ : a)
in MITC9i (b =

√
3/5), b) in

MITC9i2 (b = 1)

a aa a
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b

b
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- sampling points

- Gauss points
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L1,L2 - sampling lines
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The two sampling lines are shown in Fig. 23.3a, where L1 is located at = −a and
L2 at ξ = a (a =

√
1/3).

23.3.2.2 Sampling in MITC9i2

In the tested MITC9i2 element, we use the ANS scheme of Jang and Pinsky (1987);
Bischoff andRamm (1997), which for transverse shear strains is exactly as the scheme
proposed earlier within theASmethod inHuang andHinton (1986), see the comment
in Jang and Pinsky (1987) p. 2390. It uses the 2× 3-point scheme for γ31 and the
3× 2-point scheme for γ32, but now the value b = 1 is used, so 8 sampling points
are located at element’s edges, see Fig. 23.3b. The value of a =

√
1/3 is the same as

used in MITC9i. The transverse shear strains are interpolated as in Eq. (23.11) and
the interpolation functions Ri are defined as in Eq. (23.12), but now b = 1 should be
used. Note that the improved sampling strategy of Eqs. (23.13)-(23.14), which was
used in MITC9i, cannot be used here.

23.4 Numerical Examples

In this section, we present numerical tests of the nine-node shell element MITC9i2,
which is a modified version of the MITC9i of Wisniewski and Turska (2018) with
an alternative transverse shear part described in Sect. 23.3.2. The formulation of this
element and the reference elements are characterized in Table 23.1; other FEs are
also used for comparison in examples. All the shell elements are of the Reissner-
Mindlin type and have 6 dofs/node; the drilling rotation is incorporated as specified
in eqs. (23.1)-(23.2), for more details see Sects. 2 and 5 of Wisniewski and Turska
(2018). Note that in all these elements:

1. the Corrected Shape Functions (CSF) are implemented in the version extended
to shells in Wisniewski and Turska (2018), Sect. 4,

2. the 3×3Gauss integration is used, which yields a correct rank (6 zero eigenvalues)
of the elements.

ξ
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Table 23.1
Formulation of nine-node shell elements with drilling rotation.

Element Strains
membrane ε bending κ transverse shear γ

Tested element
MITC9i2 MITCi MITCi ANS of

Jang and Pinsky (1987)
Reference elements

MITC9i MITCi MITCi MITCi
Wisniewski and Turska (2018)

9-EAS11a EAS11 DISPb ANS of
Bischoff and Ramm (1997), Jang and Pinsky (1987)

Wisniewski and Turska (2019)
a In Wisniewski and Turska (2019), this element is designated 9-EAS11/DISP/ANS.
b DISP - strain is not modified.

These elements were derived by ourselves using the automatic differentiation pro-
gram AceGen of Korelc (2002), and were tested within the finite element program
FEAP of R.L. Taylor (Zienkiewicz and Taylor, 1989); the use of these programs
is gratefully acknowledged. Our parallel multithreaded (OMP) version of FEAP is
described in Jarzebski et al (2015).

23.4.1 Patch Tests

We run the five-element patch test of Robinson and Blackham (1979), but also for the
mesh distorted by shifts of selected mid-side and central nodes marked in Fig. 23.4.
The membrane and bending patch tests are performed as described in Macneal and
Harder (1985); the transverse shear test is performed for the load case defined for a
nine-node plate in Huang and Hinton (1984), see Shearing case in Fig. 2b therein.
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Fig. 23.4. Five-element patch test with shifts of selected nodes (circles not to scale).
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Four cases of nodal shifts are considered, see Fig. 23.4: (A) zero shifts (i.e. a
regular mesh as in Robinson and Blackham, 1979), (B) arbitrary shifts of node 25,
(C) parallel shifts of nodes 21-24, and (D) perpendicular shifts of nodes 21-24, for
which edges of the central element become curved.Wemonitor the level of errors for
the analysis with and without the CSF, for more details see Wisniewski and Turska
(2018). The conclusions pertaining to performance of the tested MITC9i2 element
are as follows:

1. Membrane patch test. MITC9i2 performs exactly as MITC9i, because its mem-
brane part is identical. As shown in Wisniewski and Turska (2018), MITC9i
passes Case A even for standard shape functions (no CSF), needs the CSF to pass
Case B and C, and fails for Case D even with the CSF. The 9-EAS11 element
performs better, and passes this test for all cases of nodal shifts using the standard
shape functions, see Wisniewski and Turska (2019).

2. Bending patch test. For the standard shape functions (no CSF), MITC9i2 passes
it for Case A but fails for the other cases. With the CSF, MITC9i2 passes Case
B and C; but not D. Recall from Wisniewski and Turska (2019) that the CSF are
indispensable also for MITC9i and 9-EAS11, as they enable passing Case B and
C, though not D.

3. Transverse shear patch test. MITC9i2 passes it for all cases of shifts using the
standard shape functions, i.e. the CSF in not needed.

Concluding, we see that MITC9i2 performs similarly to MITC9i, though the errors
for the bending patch test and Case D, which is failed, are one order smaller than for
MITC9i and the same as for 9-EAS11.

23.4.2 Curved Cantilever

The curved cantilever is fixed at one end and loaded by a moment Mz at the other,
see Fig. 23.5. The data is as follows: E = 2×105, ν = 0, width b = 0.025 and radius
of curvature R = 0.1. The FE mesh consists of 6 nine-node elements, which have
either regular (Fig. 23.5a) or distorted shape (Fig. 23.5b); a definition of distortions
is given in Koschnick et al (2005) p. 245. For the distorted mesh, this test is very

a)

x

z

y

A

Mz
b

R

b)

x

z

y

A

Fig. 23.5. Curved cantilever and two meshes: (a) regular and (b) distorted.
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demanding. The side and central nodes of elements are not shifted so the CSF do
not affect this test.

In Wisniewski and Turska (2019), Sect. 5.2, we established that the shell element
9-EAS11/DISP/ANS (designated 9-EAS11 in the current chapter) performs slightly
better than the MITC9i shell element in this test (when the RBF is not used); now we
check how the ANS method applied to transverse shear part affects the performance
of MITC9i.

The shell thickness h is varied in the range [10−2,10−6], and the moment is
assumed as Mz = (R/h)−3, so the solution of a linear problem should remain con-
stant. The analytical solution for the curved beam subjected to uniform bending is
uy = MzR2/(EI) = 0.024, where I is the moment of inertia.

The displacement uy at pointA obtained by a linear analysis are shown in Fig. 23.6,
where, for the vertical axis, we use either (a) the standard scale or (b) the logscale,
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Fig. 23.6. Curved cantilever. Displacement uy at point A for the distorted mesh and diminishing
thickness. γ =G. a) log-standard scale, b) log-log scale to enable comparisons with Fig. 6 of
Koschnick et al (2005).
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to enable comparisons with Fig. 6 of Koschnick et al (2005). Additionally, the
displacements in Fig. 23.6a are scaled by the analytical solution to quantify the
decline of accuracy. We conclude this test as follows:

1. For the regular mesh, the solutions for all tested elements are represented by the
horizontal line, which is close to the analytical value. Neither one of the tested
elements locks for this mesh despite the curved geometry.

2. For the distorted mesh, all the tested elements lock for R/h > 100, and the drop
of accuracy for R/h > 1000 becomes unacceptable. In the acceptable range, the
most accurate is MITC9i2, then 9-EAS11 and MITC9i.

3. Comparing the displacementsuy of our Fig. 23.6b and Fig. 6 of Koschnick et al
(2005) (in both these figures the log-log scale is used, and the displacements
are not scaled by the analytical solution), we conclude that the element MITC9i2
performs in this test slightly better than Q2-ANS/EAS.

23.4.3 Homogeneous circular shell

The circular shell is shown in Fig. 23.7. The geometrical data is as follows: radius
R = 1000 mm, thickness h = 100 mm and length L = 100 mm, see Wagner and
Gruttmann (2019). One straight boundary is clamped while the other straight one
is free and loaded by the distributed force P = 100 N/mm. Note that R/h = 10, i.e.
this shell is thick. The stresses are reported at θ = π/4, using the user’s procedure
implemented by ourselves in FEAP to define a direction for the strain/stress output
in 2D and 3D.

In the circumferential direction, we use either 20 nine-node shell elements or 40
elements of other types. One element is used in the 0Y direction.

For a similar 2D problem in the X0Z-plane and the plane stress condition applied
in the 0Y direction, there exists an analytical stress solution of Timoshenko and
Goodier (1951), Sect. 31. The analytical expression (in polar coordinates) for the
shear stress is

Fig. 23.7 Homogeneous
circular shell. Geometry.
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σrθ (z,θ) = − 1d
[
r +

a2b2

r3
− 1

r
(a2+ b2)

]
(P cosθ), (23.15)

where z ∈ [−h/2,h/2], r = R+ z, a = R− h/2, b = R+ h/2, and

d = a2− b2+ (a2+ b2) log(b/a).

Note that an integral over the thickness of the underlined terms is equal to 1, i.e. they
characterize a distribution of the shear stress but not its maximum value. The shear
stress σrθ at the cross-section θ = π/4 is shown in Fig. 23.8.

The above analytical solution is verified using our 2D 4-node enhanced strain
element (EADG4). In the 2D mesh, we use 16 elements in the radial direction
(fictive layers of equal thickness) and 40 elements in the circumferential direction.
The stress in Eq. (23.15) does not depend on material constants, but in the FE
analyses we have to use some values. We assumed E = 3.8 ·105N/mm2 and ν = 0.3,
but for other values, the obtained stress is the same. The shear stress at θ = π/4 is
shown in Fig. 23.8, and it perfectly matches the analytical σrθ . Both stresses are
slightly non-symmetric w.r.t. z = 0 due to the curved geometry.

Regarding the Reissner-Mindlin shell elements, the stress resultants are available
as a standard in this class of elements, while stresses must be additionally computed.
When the shell is curved, we have to specify the orientation vector in an input, and
use the shell director to define a basis for the stress resultants’ output. In the current
example, we use the orientation vector tangent to the reference surface in the X0Z-
plane. Having the transverse shear stress resultant N31, we compute a distribution of
the transverse shear stress S13 and its maximum as follows:

Fig. 23.8 Homogeneous
circular shell. Distribution
of transverse shear stress at
θ = π/4.
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S31(z) = 3
2h

[
1−2

( z
h

)2]
N31, maxS31 = S31(z = 0). (23.16)

This standard formula does not account for the shell curvature, so it is symmetric
w.r.t. z = 0, see Fig. 23.8. The maximum values for the two versions of the MITC9i
shell element are given in Table 23.2.

Table 23.2
Homogeneous circular shell. Transverse shear stress resultant
and transverse shear stress at θ = π/4.

Element Stress resultant Max stress S31

N31 by Eq. (23.15)b

MITC9i2 69.955 1.049
MITC9i 70.13 1.052

Ref. P cos(π/4) 70.71 -

Remark 23.1. To include the curvature in a simple way, we note that the resultant
N31 corresponds to the term (P cosθ) in Eq. (23.15) and use the underlined terms in
that equation as the distribution function. Then the transverse shear is defined as

S31(z) = − 1
d

[
r +

a2b2

r3
− 1

r
(a2+ b2)

]
N31. (23.17)

A difference between the value of N31 from Table 23.2 and P cos(π/4) = 70.71
causes only a small deviation from the exact non-symmetric distribution yielded by
Eq. (23.15).We also see that, compared to the value P cos(π/4)= 70.71, the resultant
N31 for MITC9i is slightly more exact than for MITC9i2.

The displacement components in the 0X and 0Z direction (u,v) at the straight free
boundary obtained for several types of FEs are given in Table 23.3. For all tested
nine-node elements, the displacements are almost identical, differing at most by the
last digit of the v-displacement. Additionally, the solutions obtained using our 4-node

Table 23.3
Homogeneous circular shell. Displacements at the straight free boundary.

Element u-displacement v-displacement

Tested nine-node shell elements
MITC9i2, MITC92, 9-EAS11 2.4843 1.5796

Reference elements
2D 4-node EADG4 2.4786 1.5779

Solid-shell 8-node, ours as in Klinkel et al (2006) 2.4745 1.5732
Shell 4-node HW47 (Wisniewski and Turska, 2012) 2.4847 1.5784
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shell element HW47 of Wisniewski and Turska (2012) and our implementation of
the 8-node solid-shell element of Klinkel et al (2006) are provided.

23.4.4 Twisted Beam

The initial geometry of the beam is shown in Fig. 23.9; it is twisted but the initial
strain is equal to zero (Macneal and Harder, 1985). The beam is clamped at one
end and loaded by the out-of-plane force Py at the other. The data is as follows:
E = 2.9× 107, ν = 0.22, the length L = 12, the width w = 1.1 and the twist is 90◦.
We use the 2×12-element mesh of nine-node FEs and a very small shell thickness
h = 0.0032.

The results of a linear analysis for Py = 10−6 are given in Table 23.4, where the
displacement uy ×103 at point A is presented. The results for MITC9i2 are slightly

Table 23.4
Twisted beam. Displacement for linear analysis.

Element uy ×103

MITC9i2 1.2953
MITC9i 1.2948
9-EAS11 1.2952

9 (unmodified) 0.1176
Beam theory (Belytschko et al, 1989) 1.2940

better than forMITC9i and 9-EAS11; they all are a little above the beam theory value.
These results are for the regularization parameter for the drilling RC γ = G/1000;
we tested also γ = G, and the difference was negligible. For this very thin shell, a
solution for the unmodified element 9 is very locked (10 times too small), while
application of such techniques as the MITC and the EAS is clearly beneficial.

The non-linear load-deflection curves obtained by the arc-length method are
shown in Figs. 23.10 and 23.11, where the displacement uz and uy at point A are
shown, respectively. The initial ΔPy = 10−4 and the regularization parameter for the
drilling RC γ = G/1000.

Fig. 23.9 Twisted beam.
Geometry and out-of-plane
force Py .
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Fig. 23.10 Non-linear twisted
beam. Displacement uz for
out-of-plane force.
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Fig. 23.11 Non-linear twisted
beam. Displacement uy for
out-of-plane force.
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In Fig. 23.10, which is more indicative, there is almost no difference between the
curves for MITC9i2 and MITC9i, and the curve for MITC9i2 nearly coincides with
that for the 4-node element HW47 of Wisniewski and Turska (2012). The curve for
9-EAS11 is a little stiffer; it is the curve most to the right after a turning point. As the
shell is very thin, similarity of these solutions confirms quality of all these elements.

This example can also be calculated using the load control but the arc-length
method enables comparison of the lengths of steps for particular elements. The
largest steps are for MITCi2, then for MITC9i and the shortest for 9-EAS11. For
9-EAS11, the initial 0.5ΔPy was used because the element diverged for ΔPy .
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23.4.5 Pinched Hemispherical Shell with Hole

A hemispherical shell with an 18o hole is loaded by two pairs of equal but opposite
external forces P applied along the 0X and 0Y axes, see Fig. 23.12. Because of
a double symmetry, a quarter of the hemisphere is modeled. In this test, the shell
undergoes an almost in-extensional deformation and, because it is very thin (thickness
h = 0.01), the membrane locking can manifest itself strongly.

The non-linear solutions were obtained using the Newton method; the inward
displacement at point A for the 8× 8-element mesh is shown in Fig. 23.13. The
differences in solutions are very small; the curves for 9-EAS11 and MITC9i2 fully
coincide, while MITC9i is minimally stiffer. On the other hand, we were able to run
MITC9i with ΔP = 0.2 for which the other two elements diverged; thenΔP = 0.1was
used. Hence, in this test MITC9i performs better than MITC9i2 and 9-EAS11.

Fig. 23.12 Pinched hemi-
spherical shell with hole.
Geometry and load.
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Fig. 23.13. Pinched hemispherical shell with hole. Nonlinear solutions for 8×8 mesh,γ=G/1000.
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23.5 Final remarks

We developed a nine-node quadrilateral shell element MITC9i2 with the transverse
shear part different than in the MITC9i element. In both these elements, the 2× 3
and 3× 2-point sampling schemes were used, where in the new element 8 of the
sampling points are located at element’s boundaries. Five numerical examples are
computed and their results can be summarized as follows:

1. Patch tests: The membrane and transverse shear patch tests are passed by
MITC9i2, with no difference compared to MITC9i. Regarding the bending patch
test, MITC9i2 with the CSF passes it for Case B and C of nodal shifts, again there
is no difference compared to MITC9i. Similarly to the other nine-node elements,
MITC9i2 fails the bending patch test with curved elements’ edges (Case D of
nodal shifts) though the level of errors is one order lower than for MITC9i.

2. Curved cantilever:MITC9i2 is slightlymore accurate than 9-EAS11 andMITC9i.
Results of this test for the EAS11/DISP/ANS element in Wisniewski and Turska
(2019) provided the motivation to modify the transverse shear part of MITC9i,
and the new MITC9i2 performs in this test better than MITC9i indeed.

3. Homogeneous circular shell: Displacements yielded by MITC9i2 are equally
accurate as by the other elements, while the transverse shear stress resultant N31

is slightly less accurate than by MITC9i.
4. Twisted beam: In the linear tests, MITC9i2 is slightly more accurate thanMITC9i

and 9-EAS11. In the nonlinear test, MITC9i2 andMITC9i perform almost identi-
cally, 9-EAS11 is a little stiffer and requires smallerΔP for the arc-length method
than the other elements.

5. Pinched hemisphere: In this nonlinear test, MITC9i2 and 9-EAS11 are equally
exact, while MITC9i is minimally stiffer, although the differences are very small.
On the other hand, MITC9i is more robust, as the Newton method runs with
ΔP = 0.2 for which the other two elements diverge.

Generally, these preliminary results demonstrate that the tested element MITC9i2 is
of a very good quality. In the linear tests, it is slightly more accurate than MITC9i,
but in the nonlinear tests, MITC9i seems to have a larger radius of convergence
and to be more robust. Further tests are required before a conclusion is drawn as to
whether MITC9i2 should replace our best so far MITC9i element.
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Chapter 24
Nonlocal Theory of Plates and Shells Based on
Legendre’s Polynomial Expansion

Volodymyr V. Zozulya

Abstract New nonlocal models of plates and shells based on Legendre’s polynomial
series expansion have been developed here. The 3-D dynamic equations of the
nonlocal elasticity have been presented in an orthogonal system of coordinates.
For the development of 2-D models of plates and shells the curvilinear system of
coordinates related to themiddle surface of the shell has been used alongwith special
hypothesizes based on assumptions that take into account the fact that the plate and
shells are thin. Higher order theory is based on the expansion of the 3-D equations of
the nonlocal theory of elasticity into Fourier series in terms of Legendre polynomials.
The stress and strain tensors, as well as vectors of displacements have been expanded
into Fourier series in terms of Legendre polynomials with respect to thickness.
Thereby, all equations of the nonlocal theory of elasticity have been transformed to
the corresponding equations for the Legendre polynomials coefficients. Then, in the
same way as in the classical theory of elasticity, a system of differential equations
in terms of displacements with initial and boundary conditions for the Legendre
polynomials coefficients has been obtained. All equations for higher order theory
of nonlocal plates in Cartesian and polar coordinates as well as for cylindrical and
spherical shells in coordinates related to the shells geometry have been developed
and presented here in detail. The obtained equations can be used for calculating
stress-strain and for modelling thin walled structures in macro, micro and nano scale
when taking into account size dependent and nonlocal effects.
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24.1 Introduction

Micro technology and nanotechnology have attracted widespread attention and are a
subject of current scientific and technological interest and development due to their
broad range of applications (Elishakoff et al, 2012; Ghavanloo et al, 2019; Jha, 2007;
Lyshevski, 2005; Peddieson et al, 2003; Voyiadjis, 2019; Wang and Liew, 2007;
Wang and Varadan, 2007) etc. Current research has focused on developing new
mathematical models which consider physical properties of materials at micro and
nanoscales. Microelectro-mechanical systems (MEMS) and nanoelectromechanical
systems (NEMS) have been integrated into many small devices and structures be-
cause of their superior thermal, mechanical, and electrical properties (Carrera et al,
2011a; Jha, 2007; Lyshevski, 2005; Wang and LI, 2012; Zozulya and Saez, 2014,
2016). The discovery of carbon nanostructures and their successful application in
graphene sheets and carbon nanotubes (CNTs) have motivated this interest (Arash
and Wang, 2014, 2012; Askari et al, 2017; Hoseinzadeh and Khadem, 2014, 2011;
Malikan et al, 2020; Wang and Varadan, 2007). Compared to more conventional
materials, these nanomaterials possess superior mechanical, thermal, electrical and
electronic properties. The understanding of the mechanical response of nanoscale
structures, such as bending, vibration, buckling and wave propagation, is indispens-
able for the development and accurate design of MEMS and NEMS, which use
nanostructures such as CNTs and graphene sheets as constituent elements.

Mathematicalmodeling and computer simulation of nanostructures such as CNTs,
graphene and theMEMS andNEMS are important for an optimum design. The study
of nanostructures can be done by experimentalmethods aswell as by theoreticalmod-
eling. There are at least three (Ghavanloo et al, 2019; Gopalakrishnan and Narendar,
2013; Karlicic et al, 2016; Voyiadjis, 2019) main approaches for theoretically mod-
eling nanomaterials:

1. atomistic modeling,
2. hybrid atomistic-continuum mechanics,
3. continuum mechanics approach

Continuum theories describe a system in terms of a few variables such as mass,
temperature, voltage, stress, deformation, etc., which are highly suited for direct
measurements of these variables. Their successes, expediency, and practicality, have
been demonstrated and tested throughout the history of science through explaining
and predicting diverse physical phenomena. The classical linear theory of elasticity
is the most popular and usable in engineering and scientific applications. It is based
on the assumption that internal interactions between neighboring elements of an
elastic continuum occur locally only by means of the symmetric force-based stress
tensor, deformations are determined by the symmetric tensor of deformation and the
motion of material particles are described by a position vector. However, the classical
theory of elasticity fails to produce acceptable results for materials and structures
at nanoscale, because it cannot handle the scale effects observed in numerous ex-
perimental studies (Gopalakrishnan and Narendar, 2013; Rogula, 1983; Voyiadjis,
2019).
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To explain the fundamental properties and behavior of materials and structures at
nanoscale, classical continuum models have been improved and further developed
and new mathematical models that take into account nonlocal and micro-continuum
effects have been created. The micro-continuum and nonlocal models have been
developed in order to model microscopic motions of the material particles and long
range material interactions. The micro-continuum (micropolar and couple stress)
models of rods, plates and shells have been considered in our previous publications
(Carrera and Zozulya, 2019; Zozulya, 1991a,b, 2013a,b). In Altenbach and Eremeyev
(2009); Eremeyev and Altenbach (2015) theories of micropolar and second gradient
plates have been developed using direst approach. More information and additional
references could be found in the review article byAltenbach et al (2010). The nonlocal
theory of curved rods has been considered and applied to MEMS/NEMS modeling
in our previous publications (Czekanski and Zozulya, 2019; Zozulya, 2007, 2015).
Recent state of the art in the case of nonlocal models of plates and shells could be
found among other in Altenbach and Eremeyev (2015); Lurie et al (2016); Malikan
et al (2020); Zozulya (2017c, 2020).

The classical continuum theories are based on constitutive relations which as-
sume that the stress at a point is a function of strain at that point. On the other
hand, nonlocal continuum mechanics assumes that the stress at a point is a function
of strain at all points in the continuum. These properties are introduced into the
constitutive equations as material parameters in form of integral over the whole area.
The nonlocal elasticity has beenmostly developed in Eringen’s publications: Eringen
(1972b,a, 1983, 1976, 2002). The nonlocal theory of elasticity has been used to study
lattice dispersion of elastic waves, wave propagation in composites, dislocation and
fracture mechanics, etc. Precise mathematical definitions of strong and weak nonlo-
cality were given in (Rogula, 1983). In Eringen (1983) it is proposed a differential
model of the nonlocal elasticity which, due to its simplicity is very popular and
widely used to study bending, buckling, vibration and wave propagation, modeling
size-effects in micro and nano structures, such as CNTs and graphene sheets as well
as modeling and simulation MEMS and NEMS. For further reference one can see
the following books and reviews: Altenbach and Eremeyev (2015); Arash and Wang
(2014, 2012); Chakraverty and Behera (2017); Ghavanloo et al (2019); Gopalakr-
ishnan and Narendar (2013); Karlicic et al (2016); Kil’chevskii (1965); Voyiadjis
(2019).

New nonlocal models of rods, plates and shells have been development for
mathematical modeling and computer simulation of the materials and structures
at nanoscale. In relation to the above we have to mention the following publica-
tions (Adali, 2011; Altenbach and Eremeyev, 2015; Ansari et al, 2014; Arefi and
Rabczuk, 2019; Czekanski and Zozulya, 2019; Hoseinzadeh and Khadem, 2014,
2011; Hu et al, 2008; Malikan et al, 2020; Wang and Varadan, 2007). A variational
approach was developed and applied to the nonlocal theory of elasticity in Poliz-
zotto (2001), nonlocal shell models have been proposed in Adali (2011); Ansari
et al (2014); Askari et al (2017); Hoseinzadeh and Khadem (2011); Hu et al (2008),
vibration and wave propagation and dynamical nonlocal effects in single-walled and
multi-walled CNTs were studied in Ansari et al (2014); Czekanski and Zozulya
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(2019); Elishakoff et al (2012); Gopalakrishnan and Narendar (2013); Hoseinzadeh
and Khadem (2014, 2011); Hu et al (2008); Wang and LI (2012); Wang and Liew
(2007); Wang and Varadan (2007).

There are several approaches to the developed of the theories of thin-walled
structures. One consists on the improvement of the classical physical hypothesis
and the development of theories that are more accurate. Another approach consists
in the expansion of the stress-strain field components into polynomials series in
terms of thickness. This approach was first proposed by Cauchy and Poisson and
significantly developed by Carrera et al (2011a, 2014, 2011b); Carrera and Zozulya
(2019); Khoma (1987); Kil’chevskii (1965); Polizzotto (2001); Vekua (1986). In our
previous publications (Carrera and Zozulya, 2019; Czekanski and Zozulya, 2019;
Zozulya, 1989, 1991a,b, 2007, 2013a,b, 2015, 2017b,a,c, 2018b,a, 2020; Zozulya
and Saez, 2014, 2016; Zozulya and Zhang, 2012) the approach based on the use
of Legendre’s polynomials series expansion has been applied to the development
of high order models of shells, plates and rods. Thermoelastic contact problems
of plates and shells when mechanical and thermal conditions are changed during
deformation have been considered in Zozulya (1989, 1991a). Then, the proposed
approach and methodology were further developed and extended to thermoelasticity
of the laminated composite materials with the possibility of delamination along with
mechanical and thermal contact in the temperature field in Zozulya (1991b), the
pencil-thin nuclear fuel rods modeling in Zozulya (2007), the functionally graded
shells in Zozulya (2013a); Zozulya and Zhang (2012), modeling of MEMS and
NEMS in Zozulya (2020); Zozulya and Saez (2014, 2016) as well as micropolar
beams, curved elastic rods and shells in Carrera and Zozulya (2019); Zozulya (2017b,
2018b), couple stress elastic rods and shells in Wang and Liew (2007); Zozulya
(2018a), nonlocal elastic beams and rods in Czekanski and Zozulya (2019); Zozulya
(2017c, 2020). An analysis and comparison with the classical theory of elastic
and thermoelastic plates and shells has been done in Zozulya (2013a,b). For more
information, look over the extended review (Nemish and Khoma, 1993).

In this paper, 2-D high order models of plates and shells based on the nonlocal
theory of elasticity have been developed. A special curvilinear system of coordinates
related to themiddle surface of the shell and special hypothesis based on assumptions
that take into account the fact that the shell is thin have been used. High order model
is based on the expansion of the equations of the 3-D nonlocal theory of elasticity
into Fourier series in terms of Legendre polynomials. First order and second order
theories are considered in detail. The obtained equations can be used to calculate
stress-strain and to model thin walled structures in micro- and nanoscales by taking
into account nonlocal effects. The proposed models can be efficient in MEMS and
NEMS modeling as well as in their computer simulations.
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24.2 3-D Nonlocal Elasticity in Orthogonal Coordinates

In this study we are developing an approach based on the size dependent material
continuum theory and use it to develop higher order theories of plates and shells.
This approach is based on the expansion of the 3-D equations of the nonlocal theory
of elasticity into Fourier series in terms of Legendre polynomials. For that purpose,
let us consider an elastic shell of arbitrary geometry in a 3-D Euclidian space,
which occupies the domain V = Ω×[−h,h] with a smooth boundary ∂V . Here 2h is
thickness, Ω is the middle surface of the shell. The boundary of the shell ∂V can be
presented in the form ∂V = S∪Ω+∪Ω−, where Ω+ and Ω− are the upper and lower
sides and S denotes lateral sides.

In nonlocal elasticity, it is assumed that the internal forces (the interaction between
adjacent elements) are defined in terms of a stress tensor σ(x,t) = σi j(x,t)ei ⊗ ej ,
which depend on the strain field not only in vicinity of point x as it is in classical
theory of elasticity, but also on the strain field at every point of the body. The position
of each particle during deformation is determined by the displacement vector of the
form u(x,t) = ui(x,t)ei . Deformations in the nonlocal theory are fully described by
the symmetric strain ε(x,t) = εi j(x,t)ei ⊗ ej tensor. Natural boundary conditions can
be expressed in terms of a traction vector of the form p(x,t) = σ(x,t) ·n. In a general
case all of the above quantities are functions of coordinates and time. They can be
presented in the form

σi j =

;;;;;;σ11 σ21 σ31
σ12 σ22 σ32
σ13 σ23 σ33

;;;;;;, εi j =

;;;;;; ε11 ε21 ε31ε12 ε22 ε32
ε13 ε23 ε33

;;;;;;, ui =

;;;;;;u1u2
u3

;;;;;;, pi =

;;;;;; p1p2
p3

;;;;;; (24.1)

For the purpose of the theories that have been developed here, we introduce an
orthogonal curvilinear system of coordinates x(x1,x2,x3) in which the position vector
of an arbitrary point is equal to R(x1,x2,x3) = ei xi . Unit orthogonal basic vectors
and their derivatives with respect to space coordinates are equal to

ei =
1
Hi

∂R
∂xi

,
∂ei
∂xj
= Γk

i jek (24.2)

where Hi are Lamé coefficients and Γk
i j are Christoffel symbols. They are calculated

by the equations

Hi =

;;;; ∂R
∂xi

;;;; =√ ∂R
∂xi
· ∂R
∂xi

(24.3)

Γk
i j = −

1
Hik

∂Hi

∂xj
δik +

1
2HiHk

(
δjk

∂HjHk

∂xi
+ δik

∂HiHk

∂xj
− δi j

∂HiHj

∂xk

)
(24.4)

From the last equation it follows that Γk
i j = 0 for i � j � k and

Γk
ii = −

1
Hk

∂Hi

∂xk
, Γk

ik =
1
Hi

∂Hk

∂xi
, for i � k (24.5)
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The differential equations of motion can be presented in the form

∇ ·σ+b = ρü, (24.6)

Here b is a vector of body forces, ρ is a density of material, ü is the acceleration
vector. The divergence of the stress tensor in the curvilinear orthogonal system of
coordinates has the form

∇ ·σ =
(
1
Hi

∂σi j

∂xi
+
σk j

Hk
Γi
kk +

σik

Hi
Γ

j
ki

)
ej (24.7)

The kinematic relations have the form

ε =
1
2
[∇u+ (∇u)T ] (24.8)

The gradient of the displacements vector in the orthogonal curvilinear system of
coordinates has the form

∇u = ei ⊗ ej
(
1
Hi

∂u j

∂xi
+

uk
Hi
Γ

j
ki

)
(24.9)

According to the nonlocal elasticity theory developed by Eringen (2002) the stress
at point x in a body is functional of the strain field at every point of the body. Thus,
the nonlocal stress tensor σ at point x can be expressed by,

σ(x) =
∫
V

H(|x−x′ |,τe)σc(x′)dx′, τe = e0a/le, x ∈ V (24.10)

σc = λ(trε)I+2με (24.11)

where λ and μ are Lamé constants of classical elasticity, σ, σc and ε are non-local,
classical stress, and strain tensors, respectively. The kernel function H(|x− x′ |,τ)
is the nonlocal modulus incorporated into the constitutive equations the nonlocal
effects at the reference point x, produced by local strain at the source points x′.
The term |x−x′ | is the Euclidean distance, τe is the material constant that depends
on internal e0 (e.g. lattice parameter, granular size and distance between the C −C
bonds, etc.), le and external characteristic lengths.

Following Eringen (2002) it is assumed that the nonlocal modulus has to meet
the following conditions

1. It reaches maximum at x = x′ attenuating with |x−x′ |.
2. When τ → 0, H |x− x′ | must revert to the Dirac delta function δ |x− x′ | for a

classical elasticity limit to be satisfied.

For the given material, the nonlocal modulus H can be determined by matching the
dispersion curves of plain waves with those of atomic lattice dynamics or exper-
iments. For the 2-D case nonlocal modulus is proposed by Eringen (1983) in the
form
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H(|x|,τ) = 1
2πl2eτ2

K0

(√
x ·x
τle

)
(24.12)

where K0 is the modified Bessel function. From Eq. (24.12), it can be seen that
the integral of the equation over the domain yields unity. The nonlocal modulus
function of Eq. (24.12) is frequently used for the analysis of materials and structures
at nanoscale.

The nonlocal constitutive relations in the form (24.10) lead to the governing
equations of nonlocal elasticity in the form of integro-differential equations, which
are generally difficult to solve. To simplify the situation, Eringen (1983) assumed that
the non-local modulus H(|x− x′ |,τ) is a Green’s function of the linear differential
operator

L0[H(|x−x′ |,τ)] = δ(|x−x′ |) (24.13)

Green’s function is chosen in conjunction with the properties of the non-local
modulus. By applying L[�] to Eq. (24.10), the following relation can be obtained

L0[σ] = σc (24.14)

The differential operator L0[�] has different forms for different expressions of the
nonlocal modulus. In Eringen (1983, 2002) it was shown that the nonlocal modulus
with kernel (24.12) linear differential operator L0[�] has the form

L0[�] = (1− τ2l2e∇2)[�] (24.15)

Here ∇2 = ∇ · ∇ is the Laplace operator of the stress tensor. In the curvilinear
orthogonal system of coordinates it can be presented in the form

∇ ·∇σ =
(
1
Hi

∂

∂xi
∇iσjl +

∇mσjl

Hm
Γi
mm+

∇iσjl

Hi
Γ

j
mi +
∇iσjm

Hi
Γl
mi

)
ej ⊗ el (24.16)

where ∇σ is a gradient of the stress tensor of the form

∇σ = ∇iσjlei ⊗ ej ⊗ el =
(
1
Hi

∂σjl

∂xi
+
σml

Hi
Γ

j
mi +

σjm

Hi
Γl
mi

)
ei ⊗ ej ⊗ el (24.17)

Therefore, according to Eqs. (24.14) and (24.15), the nonlocal constitutive relations
(24.10) can be expressed in a differential form as:

(1− τ2l2e∇2)σ = λ(trε)I+2με (24.18)

The differential equations of motion in form of displacements can be obtained by
substituting kinematic relations (24.8) into the nonlocal constitutive relation (24.18)
and the obtained result into the equations of motion (24.6). In vector form, they can
be represented as the following

μ∇2u+ (λ+ μ)∇(∇ ·u)+ b̃ = ρü− ρτ2l2e∇2ü (24.19)
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where
b̃ = (1− τ2l2e∇2)b (24.20)

The Laplacian and gradient of divergence operators of the displacements vector in
the orthogonal curvilinear system of coordinates have the form

∇2u =

(
1
Hi

∂∇ ·u|i j
∂xi

+
∇ ·u|i j

Hk
Γi
kk +
∇ ·u|ik

Hi
Γ

j
ki

)
ej,

∇∇ ·u = ∇i∇ju jei =
1
Hi

∂

∂xi

(
1

Hj

∂u j

∂xj
+

uk
Hj

Γ
j
k j

)
ei

(24.21)

where ∇u is defined by Eq. (24.9) and ∇ ·u by

∇ ·u = ∇iui = 1
Hi

∂ui
∂xi
+

uk
Hi
Γi
ki (24.22)

For a correct formulation of the nonlocal problem of elasticity in addition to the
equations of motion (2.19) it is necessary to assign boundary and initial conditions.
Initial conditions consist in assigning specific values to the vector of displacements
and its derivatives with respect to time in the initial moment of time t = t0. Initial
conditions are presented in the form

u(x,t0) = u0(x), ∂tu(x,t0) = v0(x), ∀x ∈ V (24.23)

where u0(x) and v0(x) are initial values of the displacements vector and its derivatives
with respect to time.

In case if plates and shells occupy an infinite region, conditions at infinity should
also be satisfied. In general these conditions consist of restrictions of the displacement
vector as well as the classical force stress tensor behavior at infinity i.e. for r→∞

‖u(x,t)‖ ≤ Cur−1, ‖σ(x,t)‖ ≤ Cσr−2 (24.24)

where ‖‖ is the norm of the displacement vector in the corresponding functional
space, r =

√
xi xi is the length of a radius vector of a point with coordinates xi , and

Cu , and Cσ are arbitrary constants.
If the shell occupied a finite region V with the boundary ∂V , it is necessary to

establish boundary conditions. The mixed boundary conditions can be presented in
the form

u(x,t) = ϕu(x,t), ∀x ∈ ∂Vu,
p(x,t) = σ(x,t) ·n(x) = P[u(x,t)] = ϕp(x,t), ∀x ∈ ∂Vp, ∀t ∈ I (24.25)

where ϕu(x,t) and ϕp(x,t) are boundary values for displacements, and tractions,
respectively.

The differential operators P = Pi jei ⊗ ej : u→ p are called stress operator. They
transform the displacements into the tractions. For the homogeneous isotropic
medium, they have the form
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Pi j = λδnnk∇k + μ(ni∇j +nj∇i) and ∇ni = ni∇i (24.26)

In a case where the thermodynamic parameters that describe the behavior of the
plates and shells do not depend on time, the equations of nonlocal elasticity (24.19)
are simplified and become of the form

μ∇2u+ (λ+ μ)∇(∇ ·u)+ b̃ = 0 (24.27)

As was shown above, the problem of nonlocal elasticity consists in the solution
of the equations of motion (24.19) with initial (24.23) and boundary conditions
(24.25). They are formulated in an arbitrary orthogonal coordinates form. In order
to solve a specific problem we have to introduce a specific system of coordinates and
represent all parameters (24.1) as functions of those coordinates and all operators
in a corresponding coordinate form. Taking into account that the 3-D equations of
the nonlocal elasticity presented here are the basis for the development of the higher
order theory of plates and shells, it is convenient to write them in the curvilinear
orthogonal system of coordinates related to the middle surface of the shell. In
analyzing the problem mathematical difficulties caused by the dimension of the
problem are encountered. The problem can be partially simplified by considering
plates and shells as thin-walled structure. In this case the dimension of the problem
can be reduced.

24.3 Simplification of the 3-D Nonlocal Elasticity in Coordinates
Related to the Middle Surface of a Shell

For the convenience and simplification of the higher order theory we introduce curvi-
linear coordinates related to the middle surface of the shell. In this case, coordinates
xα(x1,x2) are associated with the main curvatures k1 and k2 of the middle surface
of the shell and coordinate x3 is perpendicular to it. The position vector R(x) of any
point in domain V , occupied by material points of the shell may be presented as

R(x) = r(xα)+ x3n(xα) (24.28)

where r(xα) is the position vector of the points located in the middle surface of the
shell, and n(xa) is a unit vector normal to the middle surface of the shell. In this
case the 3-D equations of the nonlocal elasticity presented here can be simplified by
taking into account that Lamé coefficients and their derivatives have the form

Hα = Aα(1+ kax3) for α = 1.2 and H3 = 1
∂Hβ

∂xα
=
∂Aβ

∂xα
(1+ kαx3),

∂Hβ

∂x3
= kβ Aβ,

∂H3
∂xi
= 0

(24.29)

Here
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Aα(x1,x2) =
√
∂r(x1,x2)
∂xα

∂r(x1,x2)
∂xα

are the coefficients of the first quadratic form of a surface.
By taking into account that we have considered relatively thin shells, the following

assumptions can be made

1+ kαx3 ≈ 1→ Hα ≈ Aα,
∂Hβ

∂xα
=
∂Aβ

∂xα
,
∂Hα

∂x3
= kαAα, α, β = 1,2 (24.30)

Therefore Christoffel symbols (24.4) become

Γ
β
αα =

1
Aα

∂Aβ

∂xα
, Γ3

αα = −kαAα, Γ
α
3α = kαAα, α, β = 1,2 (24.31)

The equations of motion after simplification have the same form as it presented
in (24.19), but the divergence of classical force stress tensor σ(x,t) takes the form

∇ ·σ |α = 1
A1A2

∂(A2σ1α)
∂x1

+
1

A1A2

∂(A1σ2α)
∂x2

+
∂σ3α
∂x3

+
σαβ

A1A2

∂Aα

∂xβ

− σββ

A1A2

∂Aβ

∂x1
+ (k1+ k2)σ3α + kασα3,

∇ ·σ |3 =
1

A1A2

∂(A2σ13)
∂x1

+
1

A1A2

∂(A1σ23)
∂x2

+
∂σ33
∂x3

+
A2k1+ A1k2

A1A2
σ33− k1

A1
σ11− k2

A2
σ22

(24.32)

After substituting Lamé coefficients (24.29) into relations (24.9) for gradient of
the deformation tensor by taking into account (24.9) and (24.29) we have

∇u|α j =
1

Aα

∂u j

∂xα
− uα

AαAj

∂Aα

∂xj
+ δα j

2∑
γ=1

uγ
AαAγ

∂Aα

∂xγ
+ δα j kαu3, ∇u|3 j =

∂u j

∂x3
(24.33)

and result in kinematic Cauchy relations (24.8)

εi j =

;;;;;;;;;;;;;;;;;;;;

1
A1

∂u1
∂x1
+

u2
A1A2

∂A1
∂x2

+k1u3

1
2

(
1
A1

∂u2
∂x1
− u1

A1A2

∂A1
∂x2

+
1
A2

∂u1
∂x2
− u2

A1A2

∂A2
∂x1

) 1
2

(
1
A1

∂u1
∂x1

−k1u1+
∂u1
∂x3

)
1
2

(
1
A1

∂u2
∂x1
− u1

A1A2

∂A1
∂x2

+
1
A2

∂u1
∂x2
− u2

A1A2

∂A2
∂x1

) 1
A2

∂u2
∂x2
+

∂u1
A1A2

∂A2
∂x1

+k2u3

1
2

(
1
A2

∂u3
∂x2

−k2u2+
∂u3
∂x2

)
1
2

(
1
A1

∂u3
∂x1
− k1u1+

∂u1
∂x3

)
1
2

(
1
A2

∂u3
∂x2
− k2u2+

∂u3
∂x2

)
∂u3
∂x3

;;;;;;;;;;;;;;;;;;;;
(24.34)
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The Laplacian and gradient of the stress tensor in the curvilinear coordinates
related to the middle surface of the shell become simple. Their explicit form can
be obtained by substituting expressions for that Lamé coefficients (24.29), (24.30)
and Christoffel symbols (24.31) in the Eqs. (24.16) and (24.17). The final equations
become large and therefore are not presented here. Their explicit expressions in
special systems of coordinates will be presented in the corresponding sections.

The differential equations of motion and equilibrium in the form of displacements
have the form (24.19) and (24.27), respectively, but the Laplace and gradient of
divergence operators of the displacements vector have the simpler form

∇2u|β =
1

A1A2

( 2∑
α=1

(
∂

∂xα

(
A1A2
Aα
∇αuα

)
+

A1A2
HαHβ

(
∇αuβ

∂Aβ

∂xα

− ∇αuα
∂Hα

∂xβ

))
+ (k1+ k2)∂u3

∂x3
+
∂2u3
∂x23

)
eβ

∇2u|3 =
1

A1A2

( 2∑
α=1

(
∂

∂xα

(
A1A2
Aα
∇αuα

)
− A1A2kα∇αuα

)
+ (k1+ k2)∂u3

∂x3
+
∂2u3
∂x23

)
e3

∇(∇ ·u)|α = 1
Aα

∂

∂xα

(
1
A1

∂u1
∂x1
+

u1
A1A2

∂A2
∂x1
+

1
A2

∂u2
∂x2
+

u2
A1A2

∂A1
∂x2

+ (k1+ k2)u3+ ∂u3
∂x3

)
eα

∇(∇ ·u)|3 = ∂

∂x3

(
1
A1

∂u1
∂x1
+

u1
A1A2

∂A2
∂x1
+

1
A2

∂u2
∂x2
+

u2
A1A2

∂A1
∂x2

+ (k1+ k2)u3+ ∂u3
∂x3

)
e3

(24.35)

In this section, the system of 3-D nonlocal theory of elasticity in a special system
of coordinates related to the middle surface of the shell is considered in detail. These
equations will be used in the next sections for the development of the approximate
2-D theories of plates and shells.

24.4 2-D Formulation of the Problem

In order to transform a 3-D problem into 2-D one let us expand all of the parameters
that describe the stress-strain of the shell in the Legendre polynomials series along
the coordinate x3
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u(x) =
∞∑
k=0

uk(xα)Pk(w̄), p(x) =
∞∑
k=0

pk(xα)Pk(&),

σ(x) =
∞∑
k=0

σk(xα)Pk(&), ε(x) =
∞∑
k=0

εk(xα)Pk(&),
(24.36)

where & = x2/h ∈ [−1,1] is a normalized variable and the coefficients of expansion
have the form

uk(xα) = 2k +1
2h

h∫
−h

u(xα,x3)Pk(&)dx3,

pk(xα) = 2k +1
2h

h∫
−h

p(xα,x3)Pk(&)dx3,

σk(xα) = 2k +1
2h

h∫
−h

σ(xα,x3)Pk(&)dx3,

εk(xα) = 2k +1
2h

h∫
−h

ε(xα)Pk(&)dx3,

(24.37)

Generally, all of the functions that are considered here also depend on time t, but to
reduce typing the variable of time has been omitted.

For derivatives with respect to coordinates xα and time, the following relations
take place

2k +1
2h

h∫
−h

∂u(xαx3,t)
∂xα

Pk(&)dx3 =
∂uk(xα,t)
∂xα

2k +1
2h

h∫
−h

∂σ(xαx3,t)
∂xα

Pk(&)dx3 =
∂σk(xα,t)

∂xα

2k +1
2h

h∫
−h

∂2σ(xαx3,t)
∂x2α

Pk(&)dx3 =
∂2ασ

k(xα,t)
∂x2α

2k +1
2h

h∫
−h

∂2u(xαx3,t)
∂t2

Pk(&)dx3 =
∂2uk(xα,t)

∂t2

(24.38)

Derivatives of the displacements with respect to x3 following Zozulya (1991b);
Zozulya and Saez (2016) can be represented in the form

2k +1
2h

h∫
−h

∂u(xα,x3)
∂x3

Pk(&)dx3 = uk(xα). (24.39)

where
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uk(xα) = 2k +1
h
(uk+1(xα,)+uk+3(xα)+ · · · ), (24.40)

In the Eqs. (24.39) for the derivative of function u(xα,x3) the following representa-
tions have been used

∂u(xα,x3)
∂x3

=
1
h

∞∑
k=0

uk(xα)∂Pk(&)
∂x3

, (24.41)

and the following relation between Legendre polynomials and their derivatives
(Pelekh and Sukhorol’skii, 1980; Zozulya, 2017b)

∂Pk(&)
∂(&) = ((2k −1)Pk−1(&)+ (2k −5)Pk−3(&)+ · · · ) (24.42)

In the same way the second derivatives of the displacements with respect to x2
can be presented in the form

2k +1
2h

h∫
−h

∂2u(xα,x3)
∂x23

Pk(&)dx3 = uk(xα), (24.43)

where
uk(xα) = 2k +1

h
(uk+1(xα)+uk+3(xα)+ · · · ). (24.44)

The derivatives of the stress tensor components with respect to x3 can be represented
in the form

∂σ(xα,x3)
∂x3

=

∞∑
k=0

σk(xα)∂Pk(w)
∂x3

=

∞∑
k=0

σk(xα)Pk(w)

∂2σ(xα,x3)
∂x23

=

∞∑
k=0

σk(xα)∂Pk(w)
∂x2

=

∞∑
k=0

σk(xα)Pk(w)
(24.45)

where
σk(xα) = 2k +1

h
(σk+1(xα)+σk+3(xα)+ · · · ),

σ
=

k(xα) = 2k +1
h
(σk+1(xα)+σk+3(xα)+ · · · ),

(24.46)

By substituting the Legendre’s polynomial coefficients of the stress tensor into the
equations of motion (24.6), and taking into account (24.38), we obtain 2-D equations
of equilibrium in the form

∇ ·σk + b̃k
= ρük, (24.47)

where divergences of the stress tensor have the form
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∇ ·σk |α = 1
A1A2

∂(A2σ
k
1α)

∂x1
+

1
A1A2

∂(A1σ
k
2α)

∂x2
+
σk
αβ

A1A2

∂Aα

∂xβ

−
σk
ββ

A1A2

∂Aβ

∂x1
+

A2k1+ A1k2
A1A2

σk
3α +

kα
Aα

σk
α3−σk

3α

∇ ·σk |3 = 1
A1A2

∂(A2σ
k
13)

∂x1
+

1
A1A2

∂(A1σ
k
23)

∂x2
+

A2k1+ A1k2
A1A2

σk
33

− k2
A2
σk
11−

k1
A1
σk
22−σk

33

(24.48)

and
b̃k(xα) = bk(xα)+ 2k +1

h
(σ |+3 (xα)− (−1)kσ |−3 (xα)). (24.49)

By substituting expansions in the Legendre polynomials series of the displace-
ments vector, and strain tensor (24.36) and taking into account (24.38) and (24.39)
in Eq. (24.34) the 2-D Cauchy kinematic relations can be presented in the form

εki j = (24.50);;;;;;;;;;;;;;;;

1
A1

∂uk
1

∂x1
+

uk
2

A1A2
∂A1
∂x2
+ k1uk

3

1
2

(
1
A1

∂uk
2

∂x1
− uk

1
A1A2

∂A1
∂x2

+ 1
A2

∂uk
1

∂x2
− uk

2
A1A2

∂A2
∂x1

) 1
2

(
1
A1

∂uk
3

∂x1
− k1uk

1 +uk
1

)
1
2

(
1
A1

∂uk
2

∂x1
− uk

1
A1A2

∂A1
∂x2

+ 1
A2

uk
1

∂x2
− uk

2
A1A2

∂A2
∂x1

) 1
A2

∂uk
2

∂x2
+

uk
1

A1A2
∂A2
∂x1
+ k2uk

3
1
2

(
1
A2

∂uk
3

∂x2
− k2uk

2 +uk
2

)
1
2

(
1
A1

∂uk
3

∂x1
− k1uk

1 +uk
1

)
1
2

(
1
A1

∂uk
3

∂x2
− k2uk

2 +uk
2

)
uk
3

;;;;;;;;;;;;;;;;
In the same way, by substituting the Legendre’s polynomial coefficients for stress

tensors (24.36) and taking into account (24.38) and (24.45) in Eq. (24.16) its Leg-
endre’s polynomial coefficients for the 2-D Laplacian can be presented in the form

∇2
=
σk |jl = ∇i∇iσk

jl

(
1

Aα

∂

∂xα
∇ασk

jl +
∇ασk

jl

Aβ
Γα
ββ +
∇ασk

jl

Aα
Γ

j
βα

+
∇ασk

jl

Aα
Γ

j
βα +

σk
jl

Aβ
Γ3
ββ +σ

k
jl
=

123
(24.51)

where ∇ασk
jl
is the 2-D gradient of the Legendre polynomials coefficients of the

stress tensor. It has the form

∇σk |i jl = ∇iσk
jl
=

(
1

Aα

∂σk
jl

∂xα
+
σk
ml

Aα
Γ

j
mα +

σk
jm

Aα
Γl
mα +σ

k
jl

)
,

∇σk |3jl = ∇3σk
jl
=

(
∂σk

jl

∂x3
+σk

jl

) (24.52)
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The nonlocal constitutive equations (24.18) for the Legendre’s polynomial coef-
ficients (24.37) have the form

(1− τ2l2e ∇2
=
)σk = λ(trεk)I+2μεk (24.53)

The differential equations of motion in form of displacements can be obtained by
substituting (24.8) into the nonlocal constitutive relation (24.18).

Now, by substituting the kinematic relations for Legendre’s polynomial coeffi-
cients (24.51) in the nonlocal constitutive relations (24.53) and the obtained result
into the equations of motion (24.47) we obtain 2-D equations of motion for the
nonlocal theory of shells in the form

μ∇2
=

uk + (λ+ μ)∇∇
=
·uk +bk

=
= ρük − ρτ2l2e ∇2

=
ük (24.54)

where ∇2uk is the 2-D Laplacian and ∇∇
=
·uk is the 2-D gradient of the divergences

of the Legendre polynomials coefficients of the displacements vector of form

∇2
=

uk |i = 1
Aα

∂∇α ·uk
1

∂xα
+
∇α ·uk

1
Aj

Γ
j
α j +
∇α ·uk

j

Aα
Γ

j
jα +

uk
i

Aj
Γ3
3i +uk

i
=

,

∇∇
=
·u|α = ∇α∇ju jei =

1
Aα

∂

∂xα

(
1

Hj

∂u j

∂xj
+

uk
Hj

Γ
j
k j

)
,

∇∇
=
·u|3 = ∇3∇ju jei = uk

3
=

+uβ
Γ

j
k j

Aj
+

1
Aβ

∂uβ

∂xβ
+

∂

∂x3

1
Aβ

∂uβ
∂xβ
+uk

∂

∂x3

Γ
j
k j

Aj

(24.55)

and
b
=

k = (1− τ2l2e∇
=

2)b̃k (24.56)

As a result of the performed transformations, instead of the 3-D system of the
differential equations in displacements (24.19) we have an infinite system of 2-D
differential equations for coefficients of the Legendre’s polynomial series expansion
(24.54). In order to simplify the problem an approximate theory has to be developed
where only a finite number of members have to be taken into account in the expansion
of (24.36) and in all of the relations above. For example, if we consider n -order
approximate shell theory, only n+1 members in the expansion (24.36) are taken into
account

u(x) =
n∑

k=0
uk(xα)Pk(&), p(x) =

n∑
k=0

pk(xα)Pk(&),

σ(x) =
n∑

k=0
σk(xα)Pk(&), ε(x) =

n∑
k=0

εk(xα)Pk(&),
(24.57)

In this case we consider that uk = 0,pk = 0,σk , and εk = 0 for k < 0 and for k > n.
Then the 2-D differential equations of nonlocal elasticity in displacements (24.54)

can be presented in the matrix form

Lu ·u+b
=
= ρük − ρτ2l2e ∇2

=
ü, ∀x ∈ V, ∀t ∈ I = [t0,t1] (24.58)
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where Lu is a block matrix u and b are block vectors of the form

Lu =

;;;;;;;
L00
u · · · L0n

u
...

. . .
...

Ln0
u · · · Lnn

u

;;;;;;;, u =

;;;;;;;
u0

...
un

;;;;;;;, b =

;;;;;;;
b̃0

...

b̃n

;;;;;;; (24.59)

The block matrices and block vectors in (24.59) can be represented in the form of
3-D matrix operators and 3-D vectors

Lrk
u =

;;;;;;;
L̃rk
11 L̃rk

12 L̃rk
13

L̃rk
21 L̃rk

22 L̃rk
23

L̃rk
31 L̃rk

32 L̃rk
33

;;;;;;;, uk =

;;;;;;;
uk
1

uk
2

uk
3

;;;;;;;, b̃k
=

;;;;;;;
b̃k1
b̃k2
b̃k3

;;;;;;; (24.60)

The order of the system of differential equations depends on the assumption
regarding thickness distribution of the stress-strain parameters of the shell. The
higher the order of approximation, the better the accuracy of the result obtained
using the proposed theory. The complete system of linear differential equations for
the nonlocal theory of elasticity of any order can be obtained using the equations
presented here. For the first order approximation theory block matrices and block
vectors (24.59) have the form

Lu =

;;;;L00
u L01

u

L10
u L11

u

;;;;, u =
;;;;u0

u1

;;;;, b̃ =

;;;;; b̃0

b̃1

;;;;; (24.61)

In the next sections, we will consider the first order approximation theory for the
plates in Cartesian and polar coordinates and for cylindrical and spherical shells in
detail.

24.5 Higher Order Theory of Nonlocal Plates in Cartesian
Coordinates

All of the above equations of the nonlocal theory of elasticity become much simpler
for the case plates. Let us first consider the plate in the Cartesian coordinates. In
order to simplify and present the corresponding equations in the traditional form
we introduce the Cartesian coordinates x1 = x,x2 = y, and x3 = z. In this case,
coefficients of the first quadratic form of a surface and main curvatures are equal to
A1 = 1,A2 = 1,k1 = k2 = 0. After the substitution of those parameters in all of the
above equations, the equations that correspond to the higher order theory of nonlocal
elasticity of the plates in Cartesian coordinates will be obtained.

The equations of motion for Legendre’s polynomial coefficients in this case have
the form (24.54) but the operator of divergence for the stress tensors become
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∇̃ ·σk |x =
∂σk

xx

∂x
+
∂σk

yx

∂y
−σk

zx,

∇̃ ·σk |x =
∂σk

xy

∂x
+
∂σk

yy

∂y
−σk

zy,

∇̃ ·σk |z =
∂σk

xz

∂x
+
∂σk

yz

∂y
−σk

zz,

(24.62)

where
σk

zi =
2k +1

h
(σk−1

zi +σ
k−3
zi + · · · ), i = x,y,z (24.63)

The Legendre’s polynomial coefficients of the symmetric strain tensor have the form

εki j =

;;;;;;;;;;;;;;;;

∂uk
x

∂x
1
2

(
∂uk

y

∂x
+
∂uk

x

∂y

)
1
2

(
∂uk

z

∂x
+uk

x

)
1
2

(
∂uk

y

∂x
+
∂uk

x

∂y

)
∂uk

y

∂y

1
2

(
∂uk

z

∂y
+uk

y

)
1
2

(
∂uk

z

∂x
+uk

x

)
1
2

(
∂uk

z

∂y
+uk

x

)
uk
z

;;;;;;;;;;;;;;;;
, (24.64)

where
uk
i (xα) =

2k +1
h
(uk+1

i (xα)+uk+3
i (xα)+ · · · ), i = x,y,z (24.65)

The 2-D Laplacian of the Legendre polynomials coefficients of the displacements
vector presented by Eq. (4.20) significantly simplify and have the for

∇2uk
i = Δ2uk

i +uk
i , i = x,y,z (24.66)

where Δ2 = ∂2

∂x21
+ ∂2

∂x22
is 2-D Laplacian of the scalar function in the Cartesian coor-

dinates. By substituting the Eqs. (24.62)-(24.66) into the equations of motion (4.12)
and taking into account that the divergence operator for the Legendre’s polynomial
coefficients of the stress tensors has form (24.62), we obtain the equations of motion
in the form (24.58), where elements of the block matrices and block vectors (24.60)
have the form

Lrk
u =

;;;;;;;
L̃rk
xx L̃rk

xy L̃rk
xz

L̃rk
yx L̃rk

yy L̃rk
yz

L̃rk
zx L̃rk

zy L̃rk
zz

;;;;;;;, uk =

;;;;;;;
uk
x

uk
y

uk
z

;;;;;;;, b̃k
=

;;;;;;;
b̃kx
b̃ky
b̃kz

;;;;;;; (24.67)

Some elements of these matrices are differential operators, some are constants and
some are equal to zero. Below, all elements of the matrices (24.67) for the case of
the first order theory of nonlocal plates in Cartesian coordinates are presented in the
form
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L̃00
xx = (λ+2μ)

∂2

∂x2
+ μ

∂2

∂y2
,

L̃00
xy = (λ+ μ)

∂2

∂x∂y
, L̃00

xz = 0, L̃00
yx = (λ+ μ)

∂2

∂x∂y
,

L̃00
yy = (λ+2μ)

∂2

∂y2
+ μ

∂2

∂x2
, L̃00

yz = 0, L̃00
zx = 0, L̃00

xy = 0,

L̃00
zz = μ

(
∂2

∂x2
+

∂2

∂y2

)
,

L̃01
xx = 0, L̃01

xy = 0, L̃01
xz =

λ

h
∂

∂x
, L̃01

yx = 0, L̃01
yy = 0, L̃01

yz =
λ

h
∂

∂y
,

L̃01
zx =

μ

h
∂

∂x
, L̃01

zy =
μ

h
∂

∂y
, L̃01

zz = 0,

L̃10
xx = 0, L̃10

xy = 0, L̃10
xz =

3λ
h

∂

∂x
, L̃10

yx = 0, L̃10
yy = 0, L̃10

yz =
3λ
h

∂

∂y
,

L̃10
zx =

3μ
h

∂

∂x
, L̃10

zy =
3μ
h

∂

∂y
, L̃10

zz = 0,

L̃11
xx = (λ+2μ)

∂2

∂y2
+ μ

∂2

∂x2
+
3μ
h2
, L̃11

xy = (λ+ μ)
∂2

∂x∂y
, L̃11

xz = 0,

L̃11
yx = (λ+ μ)

∂2

∂x∂y
,

L̃11
yy = (λ+2μ)

∂2

∂y2
+ μ

∂2

∂x2
+
3μ
h2
, L̃11

yz = 0, L̃11
zx = 0, L̃11

xy = 0,

L̃11
zz = μ

(
∂2

∂x2
+

∂2

∂y2

)
+
3μ
h2

(24.68)

A complete 2-D system of the differential equations for the higher order theory
of nonlocal plates in the Cartesian system of coordinates is presented in this section.
Explicit expressions for divergences of the Legendre’s polynomial coefficients of
the stress tensors (24.62), for the Legendre’s polynomial coefficients of symmetric
strain tensor (24.64, and for Laplacian of the Legendre’s polynomial coefficients
of the displacements vector (24.66) for higher order theory of plates are presented
here. For the case of the first order approximation theory, elements of the matrix
differential operators (24.67), that are included in the equations of motion (24.58)
are also presented in the explicit form (24.68). They can be used for theoretical
analysis, as well as analytical and numerical solutions of problems arising in science
and engineering.
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24.6 Higher Order Theory of Nonlocal Plates in Polar
Coordinates

Sometimes polar and cylindrical coordinates are preferred for theoretical analysis as
well as for analytical and numerical computations. Therefore, let us develop equations
for the higher theory of the nonlocal plate in polar coordinates. In this case we have
notations x1 = ρ,x2 = ϕ , and x3 = z. Coefficients of the first quadratic form of a
surface and main curvatures are equal to A1 = 1,A2 = ρ and k1 = k2 = 0 respectively.
By substituting those parameters in the Eqs. (24.47)-(24.54), the equations that
correspond to the higher order theory of nonlocal elasticity of the plates in polar
coordinates will be obtained.

The equations of motion for Legendre’s polynomial coefficients in this case have
the form (24.54) but the operator of divergence for the nonlocal stress tensors become

∇̃ ·σk |ρ =
∂σk

ρρ

∂ρ
+
1
ρ

∂σk
ϕρ

∂ϕ
+
σk
ρρ −σk

ϕρ

ρ
−σk

zρ,

∇̃ ·σk |ϕ =
∂σk

ρϕ

∂ρ
+
∂σk

ϕϕ

∂ϕ

1
ρ
+
σk
ρϕ −σk

ϕρ

ρ
−σk

zϕ,

∇̃ ·σk |z =
∂σk

ρz

∂ρ
+
1
ρ

∂σk
ϕρ

∂ϕ
+
1
ρ
σk
ρz −σk

zz

(24.69)

where
σk
zi =

2k +1
h
(σk−1

zi +σ
k−3
zi + · · · ), i = ρ,ϕ,z (24.70)

The Legendre’s polynomial coefficients of the symmetric strain εk tensor have
the form

εki j =

;;;;;;;;;;;;;;;

∂uk
ρ

∂ρ

1
2

(
∂uk

ϕ

∂ρ
+
1
ρ

∂uk
ρ

∂ϕ
− uk

ϕ

ρ

)
1
2

(
∂uk

z

∂ρ
+uk

ρ

)
1
2

(
∂uk

ϕ

∂ρ
+
1
ρ

∂uk
ρ

∂ϕ
− uk

ϕ

ρ

)
1
ρ

∂uk
ϕ

∂ϕ
+

uk
ρ

ρ

1
2

(
1
ρ

∂uk
z

∂ϕ
+uk

ϕ

)
1
2

(
∂uk

z

∂ρ
+uk

ρ

)
1
2

(
1
ϕ

∂uk
z

∂ρ
+uk

ϕ

)
uk
z

;;;;;;;;;;;;;;;
, (24.71)

where
uk
i (xα) =

2k +1
h
(uk+1

i (xα)+uk+3
i (xα)+ · · · ), i = ρ,ϕ,z (24.72)

The 2-D Laplacian of the Legendre polynomials coefficients of the displacements
vector presented by Eq. (24.55) are significantly simplified and have the form
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∇2uk
ρ = Δ2uk

ρ −
uk
ρ

ρ2
− 2
ρ2

∂uk
ϕ

∂ϕ
+uk

ρ,

∇2uk
ϕ = Δ2uk

ϕ −
uk
ϕ

ρ2
+

2
ρ2

∂uk
ϕ

∂ϕ
+uk

ϕ, i = ρ,ϕ,z

∇2uk
z = Δ2uk

z +uk
z ,

(24.73)

where Δ2 = ∂2

∂ρ2
+ 1

ρ
∂
∂ρ +

1
ρ2

∂2

∂ϕ2 is 2-D Laplacian of the scalar function in the polar
coordinates.

By substituting the equations presented in this section into the equations ofmotion
(24.54) and taking into account that the divergence operator for the Legendre’s
polynomial coefficients of the tensors has the form of (24.69) we obtain the equations
ofmotion in the form (24.58), where elements of the blockmatrices and block vectors
(24.60) have the form

Lrk
u =

;;;;;;;
L̃rk
ρρ L̃rk

ρϕ L̃rk
ρz

L̃rk
ϕρ L̃rk

ϕϕ L̃rk
ϕz

L̃rk
zρ L̃rk

zϕ L̃rk
zz

;;;;;;;, uk =

;;;;;;;
uk
ρ

uk
ϕ

f uk
z

;;;;;;;, b̃k
=

;;;;;;;
b̃kρ
b̃kϕ
b̃kz

;;;;;;; (24.74)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero. Below, all elements of the matrices (24.74) for the case
of the first order theory of nonlocal plates in polar coordinates are presented in the
form

L̃00
ρρ = (λ+2μ)

(
∂2

∂ρ2
+
1
ρ

∂

∂ρ
− 1
ρ2

)
+
μ

ρ2
∂2

∂ϕ2
,

L̃00
ρϕ = (λ+ μ)

(
1
ρ

∂2

∂ρ∂ϕ
− 1
ρ2

∂

∂ϕ

)
− 2μ
ρ2

∂

∂ϕ
, L̃00

ρz = 0,

L̃00
ϕρ = (λ+ μ)

(
1
ρ

∂2

∂ρ∂ϕ
− 1
ρ2

∂

∂ϕ

)
− 2μ
ρ2

∂

∂ϕ
,

L̃00
ϕϕu0y = (λ+2μ)

1
ρ2

∂2

∂ϕ2
+ μ

(
∂2

∂ρ2
+
1
ρ

∂

∂ρ
− 1
ρ2

)
, L̃00

ϕz = 0,

L̃00
zρ = 0, L̃00

zϕ = 0, L̃00
zz = μ

(
μ
∂2

∂ρ2
+
1
ρ

∂

∂ρ
− 1
ρ2

∂

∂ϕ

)
,

L̃01
ρρ = 0, L̃01

ρϕ = 0, L̃01
ρz =

λ

h
∂

∂ρ
, L̃01

ϕρ = 0, L̃01
ϕϕ = 0, L̃01

ϕz =
λ

hρ
∂

∂ϕ
,

L̃01
zρ =

μ

h

(
∂

∂ρ
+
1
ρ

)
, L̃01

zϕ =
μ

hρ
∂

∂ϕ
, L̃01

zz = 0,

L̃11
ρρ = (λ+2μ)

(
∂2

∂ρ2
+
1
ρ

∂

∂ρ
− 1
ρ2

)
+
μ

ρ2
∂2

∂ϕ2
+
3μ
h2
,

L̃11
ρϕ =

λ+ μ

ρ

(
∂2

∂ρ∂ϕ
− 1
ρ2

∂

∂ϕ

)
− 2μ
ρ2

∂

∂ϕ
, L̃11

ρz = 0,
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L̃11
ϕρ =

λ+ μ

ρ

(
∂2

∂ρ∂ϕ
− 1
ρ

∂

∂ϕ

)
− 2μ
ρ2

∂

∂ϕ
,

L̃11
ϕρ =

λ+2μ
ρ2

∂2

∂ϕ2
+ μ

(
∂2

∂ρ2
+
1
ρ

∂

∂ρ
− 1
ρ2

)
+
3μ
h2
, L̃11

ϕz = 0,

L̃11
zρ = 0, L̃11

zϕ = 0, L̃11
zz = μ+

(
∂2

∂ρ2
+
1
ρ

∂

∂ρ
+

1
ρ2

∂2

∂ϕ2

)
+
3(λ+2μ)

h2
(24.75)

A complete 2-D system of differential equations for the higher order theory
of nonlocal plates in the polar system of coordinates is presented in this section.
Explicit expressions for divergences of the Legendre’s polynomial coefficients of the
stress tensor (24.69), for the Legendre’s polynomial coefficients of symmetric strain
tensor (24.71) and for Laplacian of the Legendre’s polynomial coefficients of the
displacements vector (24.73) for higher order theory of plates are presented here. For
the case of first order approximation theory, elements of matrix differential operators
(24.74), that are included in the equations of motion (24.58) are also presented in
explicit form (24.75). They can be used for theoretical analysis, as well as analytical
and numerical solutions of the problems arising in science and engineering.

24.7 Higher Order Theory of Nonlocal Cylindrical Shell

Models of nonlocal shells of cylindrical geometry are very important and often
used in theoretical analysis and applied in sciences and engineering. Therefore, we
will develop equations for the higher order theory of nonlocal cylindrical shells
here. Let us introduce cylindrical coordinates and such that x1 = x, x2 = ϕ and
x3 = r, r ∈ [R− h,R+ h]. Coefficients of the first quadratic form of a surface and
main curvatures are equal to A1 = 1,A2 = R and k1 = 0,k2 = 1

R , respectively. By
substituting these parameters in Eqs. (24.47)-(24.54), the equations that correspond
to the higher order theory of nonlocal elasticity of the cylindrical shell will be
obtained.

The equations of motion for Legendre’s polynomial coefficients in this case have
the form (24.54) but the operator of divergence for the stress tensor becomes

∇̃ ·σk |x =
∂σk

xx

∂x
+
1
R

∂σk
ϕx

∂ϕ
−
σk
rx

R
,

∇̃ ·σk |ϕ =
∂σk

xϕ

∂x
+
1
R

∂σk
ϕϕ

∂ϕ
+
σk
ϕr

R
−
σk
rϕ

R
,

∇̃ ·σk |r =
∂σk

xr

∂x
+
∂σk

ϕr

∂ϕ
+
∂σk

ϕϕ

R
−
σk
rr

R

(24.76)

where
σk
ri =

2k +1
h
(σk−1

ri +σ
k−3
ri + · · · ), i = x,ϕ,r (24.77)
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The Legendre’s polynomial coefficients of the asymmetric strain εk tensor have
the form

εki j =

;;;;;;;;;;;;;;;

∂uk
x

∂x
1
2

(
∂uk

ϕ

∂x
+
1
R
∂uk

x

∂ϕ

)
1
2

(
∂uk

r

∂x
+uk

x

)
1
2

(
∂uk

ϕ

∂x
+
1
R
∂uk

x

∂ϕ

)
1
R

(
∂uk

ϕ

∂ϕ
+uk

r

)
1
2

(
1
R
∂uk

r

∂ϕ
− uk

ϕ

R
+uk

ϕ

)
1
2

(
∂uk

r

∂x
+uk

x

)
1
2

(
1
R
∂uk

r

∂ϕ
− uk

ϕ

R
+uk

ϕ

)
uk
r

;;;;;;;;;;;;;;;
, (24.78)

where
uk
i (xα) =

2k +1
h
(uk+1

i (xα)+uk+3
i (xα)+ · · · ), i = x,ϕ,r (24.79)

The 2-D Laplacian of the Legendre polynomials coefficients of the displacements
vector presented by Eq. (24.55) is significantly simplified and has the form

∇2uk
x = Δ2uk

x +uk
x,

∇2uk
ϕ = Δ2uk

ϕ −
uk
ϕ

R2 +
2
R2

∂uk
z

∂ϕ
+uk

ϕ, i = x,ϕ,r

∇2uk
z = Δ2uk

z −
uk
z

R2 −
2
R2

∂uk
ϕ

∂ϕ
+uk

z

(24.80)

where Δ2 = ∂2

∂x2
+ 1

R2
∂2

∂ϕ2 is the 2-D Laplacian of the scalar function in the system of
coordinates introduced here.

By substituting the equations presented in this section in the equations of motion
(24.54) and taking into account that the divergence operator for the Legendre’s
polynomial coefficients of the stress tensors has the form of (24.76) we obtain the
equations of motion (24.58), where elements of the block matrices and block vectors
(24.60) have the form

Lrk
u =

;;;;;;;;
L̃rk
xx L̃rk

xϕ L̃rk
xr

L̃rk
ϕx L̃rk

ϕϕ L̃rk
ϕr

L̃rk
rx L̃rk

rϕ L̃rk
rr

;;;;;;;;, uk =

;;;;;;;
uk
x

uk
ϕ

uk
r

;;;;;;;, b̃
k
=

;;;;;;;
b̃kx
b̃kϕ
b̃kr

;;;;;;; (24.81)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero. Below, all elements of the matrices (24.74) for the case
of the first order theory of nonlocal shells in the cylindrical coordinates related to
the geometry of the shell are presented in the form

L̃00
xx = (λ+2μ)

∂2

∂x2
+

μ

R2
∂2

∂ϕ2
, L̃00

xϕ =
λ+ μ

R
∂2

∂x∂ϕ
, L̃00

xr =
λ

R
∂

∂x
,
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L̃00
ϕx =

λ+ μ

R
∂2

∂x∂ϕ
, L̃00

ϕρ =
λ+2μ

R2
∂R2

∂ϕ2
+ μ

(
∂2

∂x2
− 1

R2

)
, L̃00

ϕr =
λ+3μ

R2
∂

∂ϕ
,

L̃00
rx = −

λ

R
∂

∂x
, L̃00

rϕ =
λ+3μ

R2
∂

∂ϕ
, L̃00

rr = μ

(
∂2

∂x2
+

1
R2

∂

∂ϕ

)
− λ+2μ

R2 ,

L̃01
xx = 0, L̃01

xϕ = 0, L̃01
xr =

λ

h
∂

∂x
, L̃01

ϕx = 0, L̃01
ρϕ = 0, L̃01

ϕr =
λ

hR
∂

∂ϕ
,

L̃01
rx =

μ

h
∂

∂x
, L̃01

rϕ =
μ

hR
∂

∂ϕ
, L̃01

rr = −
λ

hR
,

L̃10
xx = 0, L̃10

xϕ = 0, L̃10
xr =

3μ
h

∂

∂x
, L̃10

ϕx = 0, L̃10
ϕϕ =

3μ
hR

, L10
ϕr =

3μ
hR

∂

∂ϕ
,

L̃10
rx =

3λ
h

∂

∂x
, L̃10

rϕ =
3λ
hR

∂

∂ϕ
, L̃10

rr =
3λ
hR

,

L̃11
xx = (λ+2μ)

∂2

∂x2
+

μ

R2
∂2

∂ϕ2
+
3μ
h2
, L̃11

xϕ =
λ+ μ

R
∂2

∂x∂ϕ
, L̃00

xr =
λ

R
∂

∂x
,

L̃11
ϕx =

λ+ μ

R
∂2

∂x∂ϕ
, L̃11

ϕϕ =
λ+2μ

R2
∂2

∂ϕ2
+ μ

(
∂2

∂x2
+
3R2− h2

R2h2

)
− 3μ

Rh
,

L̃11
ϕr =

λ+3μ
R2

∂

∂ϕ
, L̃11

rx = −
λ

R
∂

∂x
,

L̃11
rϕ = −

λ+3μ
R2

∂

∂ϕ
, L̃11

rr = μ

(
∂2

∂x2
+

1
R2

∂

∂ϕ

)
− (λ+2μ)(3R2− h2)

R2h2
(24.82)

A complete 2-D system of the differential equations for the higher order theory of
the nonlocal shells in the cylindrical system of coordinates related to the geometry
of the shell is presented in this section. Explicit expressions for divergences of the
Legendre’s polynomial coefficients of the stress tensor (24.76), for the Legendre’s
polynomial coefficients of symmetric strain tensor (24.78) and for Laplacian of the
Legendre’s polynomial coefficients of the displacements vector (24.80) for higher
order theory of plates are presented here. For the case of the first order approximation
theory, elements of matrix differential operators (24.82), that are included in the
equations of motion (24.58) are also presented in the explicit form (24.82). They can
be used for theoretical analysis, as well as for analytical and numerical solutions of
the problems arising in science and engineering.

24.8 Higher Order Theory of Nonlocal Spherical Shells

Let us consider the higher order model of the nonlocal elastic spherical shell, which
is also important and often used in theoretical analysis as well as applied in sciences
and engineering. Let us introduce spherical coordinates such as x1 = ϕ, x2 =Ψ , and
x3 = r,r ∈ [R− h,R+ h]. The coefficients of the first quadratic form of a surface and
main curvatures are equal to A1 = R,A2 = R sin(Ψ ) and k1 = 1

R , k2 = 1
R , respectively.

By substituting these parameters in the Eqs. (24.47)-(24.54), the equations that
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correspond to the higher order theory of nonlocal elasticity for the spherical shell
will be obtained. The equations of motion for Legendre’s polynomial coefficients in
this case have the form (24.54) but the operator of divergence for the stress tensor
becomes

∇̃ ·σk |ϕ = 1
R

∂σk
ϕ

∂ϕ
+

∂σk
ψϕ

R sin(ψ)∂ψ −
σk
rϕ

R
,

∇̃ ·σk |ψ = 1
R

∂σk
ϕψ

∂ϕ
+
1
R

∂σk
ψψ

sin(ψ)∂ψ +
σk
ψr

R
−
σk
rψ

R
,

∇̃ ·σk |r = 1
R

∂σk
ϕr

∂ϕ
+

∂σk
ψr

sin(ψ)∂ψ −
σk
ϕϕ +σ

k
ψψ

R
−
σk
rr

R
,

(24.83)

where
σk
ri =

2k +1
h
(σk−1

ri +σ
k−3
ri + · · · ), i = ϕ,ψ,r (24.84)

The Legendre’s polynomial coefficients of the symmetric strain tensor have the
form

εki j =

;;;;;;;;;;;;

1
R

(
∂uk

ϕ

∂ϕ +uk
r

)
1
2R

(
∂uk

ϕ

sin(ψ)∂ψ +
∂uk

ψ

∂ϕ

)
1
2

(
1
R

(
∂uk

r

sin(ψ)∂ψ −uk
ψ

)
+uk

ψ

)
1
2

(
∂uk

ϕ

sin(ψ)∂ψ
∂uk

ψ

∂ϕ

)
1
R

(
∂uk

ψ

sin(ψ)∂ψ +uk
r

)
1
2

(
1
R

∂uk
r

∂ϕ −
uk
ϕ

R +uk
ϕ

)
1
2

(
∂uk

r

sin(ψ)∂ψ −uk
ψ

)
+uk

ψ
1
2

(
1
R

(
∂uk

r

∂ϕ −uk
ϕ

)
+uk

ϕ

)
uk
r

;;;;;;;;;;;;
(24.85)

where
uk
i (xα) =

2k +1
h
(uk+1

i (xα)+uk+3
i (xα)+ · · · ), i = ϕ,ψ,r (24.86)

The 2-D Laplacian of the Legendre polynomials coefficients of the displacements
vector presented by Eq. (24.55) is significantly simplified and has the form

∇2 uk
ϕ = Δ2uk

ϕ −
uk
ϕ

R2 +
2
R2

∂uk
z

∂ϕ
+uk

ρ,

∇2 uk
ψ = Δ2uk

ψ −
uk
ψ

R2 +
2(ψ)
R2

∂uk
z

∂ψ
+uk

ϕ,

∇2 uk
z = Δ2uk

z −
2uk

z

R2 −
2
R2

∂uk
1

∂ϕ
− 2(ψ)

R2

∂uk
2

∂ψ
+uk

z ,

(24.87)

where Δ2 =
1
R2

(
∂2

∂ϕ2 − cot(ψ)(ψ)2 1
R

∂
∂ψ + (ψ)2 ∂2

∂ψ2

)
is 2-D Laplacian of the scalar

function in the system of coordinates introduced here. By substituting the equations
of motion presented in this section in (24.54) and taking into account that the
divergence operator for the Legendre’s polynomial coefficients of the stress tensors
has the form of (24.83) we obtain the equations of motion (24.58), where elements
of the block matrices and block vectors (24.60) have the form
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Lrk
u =

;;;;;;;;
L̃rk
ϕϕ L̃rk

ϕψ L̃rk
ϕr

L̃rk
ψϕ L̃rk

ψψ L̃rk
ψr

L̃rk
rϕ L̃rk

rψ L̃rk
rr

;;;;;;;;, uk =

;;;;;;;
uk
ϕ

uk
ψ

uk
r

;;;;;;;, b̃
k
=

;;;;;;;;
b̃k
ϕ

b̃k
ψ

b̃k
r

;;;;;;;; (24.88)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero. Below, all elements of the matrices (24.81) for the case
of the first order theory of nonlocal shells in the spherical coordinates related to the
geometry of the shell are presented in the form

L̃00
ϕϕ =

λ+2μ
R2

∂2

∂ϕ2
+
μcosec(ψ)2

R2

(
∂2
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,
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R2 (24.89)

A complete 2-D system of the differential equations for the higher order theory
of nonlocal shell in the spherical system of coordinates related to the geometry of
the shell is presented in this section. Explicit expressions for divergences of the
Legendre’s polynomial coefficients of the stress tensors (24.83), for the Legendre’s
polynomial coefficients of symmetric strain tensor (24.85) and for Laplacian of the
Legendre’s polynomial coefficients of the displacements vector (24.87) are presented
here. For the case of the first order approximation theory, elements of matrix dif-
ferential operators (24.88), that are included in the equations of motion (24.58) are
also presented in explicit form (24.89). They can be used for theoretical analysis, as
well as for analytical and numerical solutions for problems arising in science and
engineering.

24.9 Conclusions

In this paper new higher order theories for nonlocal plates and shells have been
developed. The 2-D theory is developed from general 3-D equations of nonlocal
elasticity using the special curvilinear system of coordinates related to the middle
surface of the shell and assuming that the shell is thin. The higher order theory is based
on the expansion of the equations of the nonlocal theory of elasticity into Fourier
series in terms of Legendre polynomials with respect to a thickness coordinate. All
the functions that define the stress-strain state of the shell including stress, strain
tensors, vectors of displacements and body forces have been expanded into Fourier
series in terms of Legendre polynomials with respect to a thickness coordinate.
Thereby, all equations of nonlocal elasticity including constitutive equations have
been transformed to the corresponding equations for Fourier coefficients of the
expansion. Then, for Fourier coefficients, the system of differential equations of
motion in terms of displacements has been obtained in the same way as in the
classical theory of elasticity. A complete 2-D system of the differential equations
for the higher order theory of nonlocal plates in Cartesian and polar coordinates
and of nonlocal cylindrical and spherical shells in cylindrical and spherical system
of coordinates related to the geometry of the shell are presented here. Explicit
expressions for divergences of the Legendre’s polynomial coefficients of the stress
tensor, for the Legendre’s polynomial coefficients of symmetric strain tensor of the
Legendre’s polynomial coefficients of displacements vector and for Laplacian of
the Legendre’s polynomial coefficients of the displacements vector for higher order
theory of plates are presented here. For the case of the first order approximation
theory, elements of matrix differential operators that are included in the equations of
motion are also presented in explicit form. The obtained equations can be used for
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stress-strain calculation aswell as formodeling thinwalled structures inmacro,micro
and nano scales by taking into account nonlocal effects. Specially proposed models
can be efficient in MEMS and NEMS modeling as well as computer simulation.
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