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Preface

Feedback control systems analysis and design is one of the main courses of electrical engineer-
ing and the fundamental course of control engineering major which is taught for junior students.
The subjects include different representations of linear time-invariant (LTI) systems, stability
analysis of LTI systems, analysis of transient response, analysis of steady state response,
graphical analysis and design, and controller design.

In the chapters concerning with the graphical analysis and design in time domain as well as
the controller design in time domain, MATLAB has been applied to accurately plot the root
locus of the control systems and design the related controllers.

Like the previously published textbooks, the textbook includes very detailed and multiple
methods of problem solutions. It can be used as a practicing textbook by students and as a
supplementary teaching source by instructors.

To help students study the textbook in the most efficient way, the exercises have been
categorized in nine different levels. In this regard, for each problem of the textbook a difficulty
level (easy, normal, or hard) and a calculation amount (small, normal, or large) have been
assigned. Moreover, in each chapter, problems have been ordered from the easiest problem with
the smallest calculations to the most difficult problems with the largest calculations. Therefore,
students are suggested to start studying the textbook from the easiest problems and continue
practicing until they reach the normal and then the hardest ones. On the other hand, this
classification can help instructors choose their desirable problems to conduct a quiz or a test.
Moreover, the classification of computation amount can help students manage their time during
future exams and instructors give the appropriate problems based on the exam duration.

Since the problems have very detailed solutions and some of them include multiple methods
of solution, the textbook can be useful for the under-prepared students. In addition, the textbook
is beneficial for knowledgeable students because it includes advanced exercises.

In the preparation of problem solutions, it has been tried to use typical methods to present
the textbook as an instructor-recommended one. In other words, the heuristic methods of
problem solution have never been used as the first method of problem solution. By considering
this key point, the textbook will be in the direction of instructors’ lectures, and the instructors
will not see any untaught problem solutions in their students’ answer sheets.

The Iranian University Entrance Exams for the master’s and PhD degrees in electrical
engineering major is the main reference of the textbook; however, all the problem solutions
have been provided by me. The Iranian University Entrance Exams is one of the most
competitive university entrance exams in the world that allows only 10% of the applicants to
get into prestigious and tuition-free Iranian universities.

Butte, MT, USA Mehdi Rahmani-Andebili
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Problems: Different Representations of Linear
Time-Invariant (LTI) Systems

Abstract

In this chapter, different representations of linear time-invariant (LTI) systems, including differential equation representation,
impulse response representation, transfer function representation, block-diagram representation, signal flow graph (SFG) represen-
tation, and state space representation, are studied. Herein, Mason’s gain formula will be applied to determine the transfer function of
system from its block-diagram or signal flow graph (SFG). In this chapter, the problems are categorized in different levels based on
their difficulty levels (easy, normal, and hard) and calculation amounts (small, normal, and large). Additionally, the problems are
ordered from the easiest problem with the smallest computations to the most difficult problems with the largest calculations.

1.1 Determine the characteristic equation of a control system with the block-diagram shown in Fig. 1.1.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
D) 1+ G,H, — GG,G3H H>
2) 1 + G,G,H, — GG,G3H | H,
3) 1 + G,H;, + G,G,H,
4) 1 + G.H, + G\G,H, — G,G,G;HH,

b4

(13

* o
X =Q—{ G, O &2 O

H,

r

Figure 1.1 The control system of problem 1.1

1.2 Figure 1.2 illustrates the signal flow graph (SFG) of a control system. Determine its transfer function.
Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) 1(?#(;2
—GH+G G,

G1+G,
2) 1+G,H—-G G
G1+G,
3) 1-G>H
G1+G,
4) 1+G,H
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2 1 Problems: Different Representations of Linear Time-Invariant (LTI) Systems

G,
1 1 1
¢ ' \=*} ” ” "
—-H

Figure 1.2 The control system of problem 1.2

1.3 The state transition matrix of a control system with the state equation of [(7)] = [A][x(¢)] + [B][u(?)] is as follows.
Determine [A].

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
[0 —1
b 11 -2
SRR
2 L0 -1
F o |
3 -1 =2
F 0 =
K | -3 2]
1.4 In the block-diagram, shown in Fig. 1.3, determine the transfer function of %

Difficulty level ® Easy O Normal O Hard
Calculation amount O Small @ Normal O Large

5
1Y) s(s+2)
5
2) s2+4+225+5
4s+1
3) §24+225+5

5(45+1)
4 1+ s(s+2)

X(s) J-_Q—a Sf 2 % »Y(s)

Figure 1.3 The control system of problem 1.4
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1.5 The state equations of a LTI control system, which is in zero-state, are as follows. Determine the steady-state value of its

output.
x= |7 1X+O(I)YX
= u N =
-3 -1 1
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
s
8
1
s
L 84
F 5]
8
2) 1
L 8.
1]
8
3) 5
L8
5]
8
4) 1
L8

1.6 In the block-diagram shown in Fig. 1.4, determine the value of kq, k», k3, so that the transfer function is as follows:

6
Tls) = (s+2)(s+3)

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large

D ki=Lky=2k =6
Dk =tk=1k=6
Nki=3kh=3ks=6
4) ki =1lky=3,k3=6

1
X(s) —Q—’ ks 1 e » Y(s)

Figure 1.4 The control system of problem 1.6
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1.7 The differential equation of a control system is as follows:

3 2
G50 + 355 5(0) + 6:53(1) +4v(0) = u(t)

Determine the state and output equations of the system in the matrices form.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
_X] ] I 0 1 0 X1 0 —xl
D41 x 0 0 1 x| +10|u@),yt)=[-100]|x
X3 -4 -6 -3 X3 1 L X3
[x1 ] 01 0][x 0 xi |
)4l =10 0 Of|x|+|0|u@)yr)=[1 0 0]|x
X3 _4 6 3 X3 1 )C3_
_xl_ I 0 1 0 X1 0 X1
Ndln|=]0 0 1 x|+ 10]u@),y#)=[1 0 0]|x
X3 | _—4 -6 -3 X3 1 X3
_xl i 01 0 X1 0 X1
Hdlx | =10 0 1| |x|+]| 0 |u@®y@)=[1 0 0]|x
_X3_ _4 6 3 X3 —1 X3
. . . . : . . . xi ()
1.8 Determine matrix A in the state equations (X = AX + Bu) for the block-diagram of Fig. 1.5 if X = NE
X2
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
0 —
1) 'B}
|1 —a
fa
2) 'B]
! 0
[ 0 1
3)
L —f —a
[—a 1
4)
L=# 0
Xq(s
i o % > Xo(s)

ry

Figure 1.5 The control system of problem 1.8
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1.9 Determine the transfer function of a control system with the following state equations:

X=AX +B 0o 1 0
{ T A= kb [.B=|1].C=[1 0]
Y=CX m m m
Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large
_m
1) s2+bs+k

2) bs? +];ns+k
3)
4)

b
ms?+bs+k

1
ms2+bs+k

1.10 The state equations of a control system are as follows. Determine the state-transition matrix of the system (@(?)).

2O =[5 L] Eore )

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
y [a Fo)e e ]
N (1 —t)e 2|
r Ze—Zt e—2t
2) —672t _26721
(1 +1)e te™ ]
y [0+

| e (1 —t)e™ |
4) The value of b is needed to determine the state-transition matrix.

1.11 Consider the LTI control system below.
X =AX, y=CX

Determine the output of the system based on the following information:

_% % x1(0) 2
A=l Afesn o [g) - o

2
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
De'+e ™

2) e+ 27
3) e+ 1.5¢ %
4) 1.5¢ " +e

1.12 Determine the state equations of the control system shown in Fig. 1.6.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
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X1 -1 -1 0 X1 1
Delx=]0 0 1 x|+ [0 ]|u)
_)C3_ _1 -1 —3_ X3 0
B [—1 —1 0] [x] (17
D4ln|=]0 0 1||x]|+]|0|u®)
_X3_ L 0 0 1_ _X3 _0_

[x; ] [—1 —1 07 [x] [17]
DAl =11 =1 1||x|+]|0]u()
_)C3_ _1 0 1_ _)C3 _0_

[x; ] [—1 —1 0] [x] (17
4)% xn|=10 0 1| x|+ ]0|u
_.)C3_ _1 -1 2_ _X3_ _0_

» X5(s)

(s+1)°

X3(s)

Figure 1.6 The control system of problem 1.12

92 (S)
T(s)"

1.13 In the rotational mechanical system shown in Fig. 1.7, determine the transfer function of

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 11S2+k
s2(J1 252 +k(J1+72))
2) Jos*+k
Sz(.]]]zsz+k<.]1+./2))
3) Sz(,] Jos2 k
1282 +k(J1+J2))

4) k
JiJast k(T +J2) 52 4+2k2

1(s), GI(S)E - k, gz(s)i -
1: 2

Figure 1.7 The control system of problem 1.13
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Solutions of Problems: Different Representations 2
of Linear Time-Invariant (LTI) Systems

Abstract
In this chapter, the problems of the first chapter are fully solved, in detail, step-by-step, and with different methods.

2.1 To determine the characteristic equation of the system (A), we can use Mason's gain formula, as follows:

A=1-— ZLa + ZLaLb — ZLaLbLC +...
a a,b

a,b,c
where:

> L,: The sum of gains of loops

> L,Ly: The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL.: The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 2.1, we have:

S Li = (~GiGaH)) + (=GaHa) + (GiG3HL G H))
ZLaLb =0
a,b
ZL,IL;,LC =0

a,b,c
=A=1- ((—G1G2H1) —+ (—Gsz) + (G1G3H2G2H1)) +0-0
= A=1+GGH, + G,Hy, — G;G3H,G,H,

Choice (4) is the answer.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 7
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8 2 Solutions of Problems: Different Representations of Linear Time-Invariant (LTI) Systems

¥ G,

H, |«

H,

-~

Figure 2.1 The control system of solution of problem 2.1

2.2 To determine the transfer function of a system, we can use Mason’s gain formula, as follows:

1 &
P=x > P
k=1
where:

A=1-— ZLa + ZLuLb — ZLaLch +...
a a,b

a,b,c

P: The total gain from the input point to the output one

A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one

k: The index of forward path from the input point to the output

pi: The gain of the k th forward path from the input point to the output one

Ag: The determinant of the graph if the k th forward path is removed

>"L,: The sum of gains of loops

> L,Ly: The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

; L,L,L.: The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
Now, for the system shown in Fig. 2.2, we have:
N=2
pr=1x1xG x1=G
pr=1x1xG x1x1=G;,

A =1

A =1

N
= ZpkAk =p1A+p A =G+ Gy
k=1
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Y Li=1xGyx (—H) = —GH

a

ZLaLb =0
a,b
ZLaLbLC =0

a,b,c
S A=1-—(—GH)+0-0=1+GH

= =) T 1+ Gl

Choice (4) is the answer.

G,

=
v—
- —
v
rJ
- —
v —
(-\

Figure 2.2 The control system of solution of problem 2.2

2.3 Based on the information given in the problem, the state transition matrix of the control system with the state equation of
[x(1)] = [A][x(#)] + [B][u(?)] is as follows:

[ +p)e te!
o) =" e m

From one of the properties of state transition matrix, we know that:

Solving (1) and (2):

Choice (3) is the answer.

2.4 To determine the transfer function of the system, we can use Mason’s gain formula, as follows:

L&
P=x ;PkAk

where:
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A=1- L+ Y Lily— Y LiLyLc+ ...
a a,b

a,b,c

P: The total gain from the input point to the output one
A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one
k: The index of forward path from the input point to the output
P The gain of the k th forward path from the input point to the output one
Ag: The determinant of the graph if the k th forward path is removed
>"L,: The sum of gains of loops
a
ZbLaLb: The sum of product of gains of any two non-touching loops (without any common nodes)

> L,LyL.: The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 2.3, we have:

N=1
s 15
PrE s T s+ 2)
A=1
N
5 5
:>;pkAkiplA]7s(s—|—2)><17s(s—|—2)

ZL775X1+75X477 5. 20
— s+2"7 s s+2 - os(s+2) s+2
> LiLy =0

a,b
ZLaLbLC:O

a,b,c

5 20 5 20
Azl <mﬂ) FO-0=l+ Gy T2
5 5
N T(S) _ Y(S) _ s(s+2) _ s(s+2) _ 5
5 20 - 3 2
X6 Thogy T T
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w3 5 b ooy
.\(\)—Q—» ™ - » Y(s)

T

ST

[

Figure 2.3 The control system of solution of problem 2.4

2.5 Based on the information given in the problem, we have:
0
X t 1
x| m

Y=X (2)

When a system is in its steady-state condition, its state variables are constant. In other words, the first time derivate of the

state variables is zero, as can be seen in the following:

X (t) 0
] = o) ®
XQ(I) 0
Solving (1) and (3) for unit step input (u(r) = 1):
-5 1 xl(t)] {0} {0} [ —5x1(t) + x2(2) ] [0] 1 5
+ = = = =x1(t) =g.x%0() =3 4
[—3 —1} ch(t) 1 0 —3x1(1) —x2(1) + 1 0 n(r) =g.0l) =3 )
Solving (2) and (4):
1
Y= [xl(t)] — |8
(1) )
8
Choice (3) is the answer.
2.6 Based on the information given in the problem, we know that:
6 6
(1)

T(s):(s+2)(s+3):s2+5s+6

To determine the transfer function of the system, we can use Mason's gain formula, as follows:
1 &
P=x ;pkAk

where:

A=1-— ZLa + ZLaLb - ZLaLbLC +...
a a,b

a,b,c
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P: The total gain from the input point to the output one

A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one

k: The index of forward path from the input point to the output

pe The gain of the k th forward path from the input point to the output one

Ay: The determinant of the graph if the k th forward path is removed

> L,: The sum of gains of loops

> L,Ly: The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL.: The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 2.4, we have:

k3 k3
s(s+1) s(s+1)

N
= Py = piAy =
k=1

—(_ L _ 11 _ kke  kk
za:Lai( k3xs+1><k2>+( k3xs+lxs><kl)7 s+1 s(s+1)

ZLaLb =0
a,b
ZL,IL;,LC =0

a,b,c

P k3ko B ksky o k3ko kskq
—Aa=l < s+1 s(s+1))+0 071+s+1+s(s+1)
i )
s(s+1 s(s+1
= T(s) = kk+ Gk s(s P
L+35+ 3y ikl
k3
= 2
jT(S) S2+(1+k3k2)s+k3k1 < )
Solving (1) and (2):
ks 6 k=6~

2+ (1 + kaka)s + ksk;  s2+5s+6
(L kska)s + kshi | 4 ksky =5 =
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+ - — > :
X(s) Q] ks —= A »Y(5)

Figure 2.4 The control system of solution of problem 2.6
2.7 Based on the information given in the problem, we know the differential equation of the control system.

5—; ¥(r) + 35—; ¥(6) + 6.5 3(6) + 4y(0) = u(t) (1)

By choosing the variables of x;(f), x,(f), and x5(¢) as the state variables, we can write:

x1 (1) 2y(1) (2) %xl (1) = %Y(l) (%)
A d

XZ(t): d—tzy(t) (3) = %xz(t) = %y(l) (6)
L d

x3(0)2 150 (4) %)@ () = % (1) (7)

Solving (3) and (5):

d
(1) =x() (8)
Solving (4) and (6):
d
Gaalt) = xs(1) ©)
Solving (1) and (7):
d d

4 xs(0) = 305300 6 9 3(0) — 4y(0) + u(t)

(2),(3),(4) g

_ Ex3(t) = —3x3(t) — 6x2(t) — 41 (¢) + u(?) (10)

By arranging (8), (9), and (10) in the form of matrices, we will achieve the state equations of the system, as follows:

N T S N 6
a LJ {4 6 3H.\:J bJ :

Moreover, from (2), we can achieve the output equation of the system, as follows:
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Choice (3) is the answer.

2.8 Based on the information given in the problem, we have:

X = AX + Bu (1)
. xl(t)
X= [w)] @)

From the block-diagram, shown in Fig. 2.5, we can write:

1
Xa(s) = < Xi(s) (3)
XZ(S) s { $Xa(s) = Xy (s) (5)
1 = Uls) — aXi(s) — pXa(s) (4) sX1(s) = —aXi(s) — fXa(s) + U(s) (6)
By transferring from Laplace domain to time domain, we have:
{ x%(1) = x1(7) ()
X1(t) = —ax () — Pxo(t) + u(r) (8)

By arranging (7) and (8) in the form of matrices, we will achieve the state equations of the system, as follows:
X (¢ —-a — x (¢ 1
ol =17 o]+ Lo
XQ(t) 1 0 XZ(Z‘) 0

A {a /)’}
1 0

Choice (2) is the answer.

X1(s)

H— » Xo(s)

Fy

'y

Figure 2.5 The control system of solution of problem 2.8
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2.9 Based on the information given in the problem, we have:

X = AX + B 0 1 0
{ + M,A: kb |.B= ll,C=[1 0] (1)
Y=CX m m p

The transfer function of a system can be determined from its state equations, as follows:

. . Al
T(s)—U(S)_C(sI A" B+D
Therefore:
117 "'To 1 s+— 1[0
(=01 0tk b || +0=[1 0557 | 1
m m m m —% S m

2.10 Based on the information given in the problem, the state equations of the control system are as follows:

(8 -1 1 t 0
Lol =15 Sl Ll L
X2 (l) -1 -3 X2 (l) b
The state-transition matrix of a system (@(#)) can be determined by using the following relation:

o)=L {(1-4)"| )

Solving (1) and (2):

q)(t)ZLleTl sjg,]l}:Ll{ﬁ[sjf Sil}}:Ll{(siz)z[sjf sil}}

s+3 1 1 1 1

+
=1 (s+2° (s+2)7 || _ Y R 2)° (s +2)°
¢ 1 s+ 1 1 1 1

(s+27 (s+2) (5127 S+2 (5427
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2.11 Based on the information given in the problem, we have:

X =AX, y=CX (1)

The output of a system can be determined from its state equations, as follows:

Y(s) = C(sI—A) 'x(0) (3)
Solving (1), (2), and (3):
3 377! 3 3
TR R B B 2 1 Sty |2
Y(s)=[1 O] =[l Olg=—%—5
1 3 0 s+ 3542 1 3110
s S+§ § S“rz
1 3 31[2 25 +3 1 1
Y = — — = =
(s) 243542 [S+2 2} {0} (s+1D(s+2) s+1 +s+2
71 1 . o t 2t
y(t) =L <s+1+s+2) =) =e ' +e
Choice (1) 1s the answer.
2.12 As can be seen from Fig. 2.6, xy, x,, and x5 have been chosen as the state variables.
Now, we can write:
X(s
1) _ Ris) = Xa(s) = (s+ DX1(5) = R(s) — Xals) (1)
s+1
Xa(s) —-X 2 _ )
2= X(s) — X3(s) = (s°+ 25+ 1)Xa(s) — X1 (s) + X3(s) =0 (2)
(s+1)*
X3(s) = sXa(s) (3)
Solving (2) and (3):
sX5(s5) + 2X5(s) + Xa2(s) — X1(s) + X3(s) = 0 = sX3(s) + 3X3(s) + Xa(s) — X1(s) =0 (4)

By transferring the equations of (1), (3), and (4) from Laplace domain to time domain, we have:

xX1(1) = =x1 (1) + r(t) —x2(1) =0 (5)
x(1) = x13(1) (6)
X3(t) = =3x3(t) — x2(t) + x1 (1) (7)

By arranging (5), (6), and (7) in the form of matrices, the state equations of the system are as follows:
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X -1 -1 0 X 1
d i i .
a7 = 0 0 1 X | + |0 u(t)
X3 1 -1 -3 X3 0
Choice (1) is the answer.
' ] ;
R(S)—Q—v o ) » X5(s)
Figure 2.6 The control system of solution of problem 2.12
2.13 Based on Newton’s second law for a rotational system, we have:
> Ti(t) = J6(t) (1)
i
where 7(¢), J, and 6(¢) are torque, rotational inertia or moment of inertia, and angular position, respectively.
By applying Newton’s second law on the first mass of the system shown in Fig. 2.7, we can write
T(1) — k(01(r) — 0a(1)) = J16: (1) (2)
Applying Newton’s second law on the second mass:
0 — k(62(t) — 61(1)) = J202(1) (3)
By transferring the equations of (2) and (3) from time domain to Laplace domain, we have:
T(s) — (J15* + k)01 (s) + kbx(s) = 0 (4)
k01 (s) — (Jos*> +k)0a(s) = 0 (5)

Solving (4) and (5):

7(s) = (115* +) ("”2 = ") 0s(s) — k0r(s) = 28 _ (1, 1) (JLZ + ") k

k 62(6‘) k
. I() ~ J1ast + k(T + To)s? _ 0a(s) _ k
Ox(s) k T(s) s2(J1Jas2 +k(J; +J2))

Choice (3) is the answer.

1(s), 61(s) a k,02(s) a
pe— ,-1 ’-2

Figure 2.7 The control system of solution of problem 2.13
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Problems: Stability Analysis of Linear
Time-Invariant (LTI) Systems

Abstract
In this chapter, the stability of linear time-invariant (LTI) systems is studied. Herein, Routh-Hurwitz table is applied to
determine the stability status of the closed-loop system. In this chapter, the problems are categorized in different levels
based on their difficulty levels (easy, normal, and hard) and calculation amounts (small, normal, and large). Additionally,
the problems are ordered from the easiest problem with the smallest computations to the most difficult problems with the
largest calculations.

3.1. The equation below shows the characteristic equation of a closed-loop control system. Determine its stability status.

3.2.

3.3.

27+ A5 +4=0

Difficulty level ® Easy O Normal O Hard
Calculation amount @ Small O Normal O Large
1) The system is stable.

2) The system has one unstable root.

3) The system has two unstable roots.

4) The system has three unstable roots.

Which one of the transfer functions below has a non-zero primary time response?

Difficulty level ® Easy O Normal O Hard
Calculation amount O Small @ Normal O Large
1
D 22
S
D v,
s+1
3) 5242542

$2 42541
4) §2425+2

Which one of the following choices is correct about a closed-loop control system with the characteristic equation of

45> + 25" + ks + 1 = 0?
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large

1) For k = 2, it oscillates with the angular frequency of \/TE rad/ sec.

2) For k = 2, it oscillates with the angular frequency of 1 rad/sec.
3) For k > 2, it is stable without any oscillation.
4) For k = 4, it oscillates with the angular frequency of 2 radl/sec.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
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3.4. The open-loop transfer function of a control system with a negative unity feedback is as follows:

k
(s=1)(s+3)(s+5)

G(s) =

For what value of k, does the closed-loop system response oscillate?

Difficulty level O Easy @ Normal © Hard
Calculation amount @ Small O Normal O Large
1) —15

2) 15

3) 34

4) 64

3.5. Determine the period of oscillations of the closed-loop control system’s response illustrated in Fig. 3.1.
Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) 11.2 sec
2) 6.5 sec
3) 2.2 sec

4) 2/10 sec

X(s)—O— k l » Y(s)

(s+1)(s+2)°

Figure 3.1 The control system of problem 3.5
3.6. The differential equations of a control system are as follows:

{x’l(t) +x1(t) = 2u(t) + axy(t) =0
)C'z(t) — bx; (l) -|-4u(t) =0

For what value of “a” and “b”, the system is stable?

Difficulty level O Easy @ Normal O Hard
Calculation amount @ Small O Normal O Large
1) ab>0

2)a>0,b<0

3)a>0,b=0

4)a<0,b<0

3.7. The state equations of a control system are as follows. For what value of “k”, the system is stable?

o)=L o ) [

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
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k> -2

2) k> —1

3) 2<k< — 1.5

4) (=2, —1.5)U (-1, )

3.8. In the control system shown in Fig. 3.2, determine the range of “p”, so that the system is stable.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
)p>0
2)yp> —1
3) 3<p< —1
4) 3<p<l1
R(s) l l o L » Y(s)
st t stp

+w L
S

Figure 3.2 The control system of problem 3.8

3.9. For a control system with the signal flow graph (SFG), shown in Fig. 3.3, and the transfer function of %, which one of

the following choices is correct?

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) The system is always unstable.

2) For k < 1, the system is stable.

3) For k = — 1, the system has an undamped response.
4) For k < 1, the system is unstable.

Figure 3.3 The control system of problem 3.9

3.10. For the control system, shown in Fig. 3.4, determine the hidden modes of the system.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
D1,+j

2)0

3) -1,0

4) 1,0
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X() -l @ » Y
—(s+2) |,
$3+2 [
Figure 3.4 The control system of problem 3.10

3.11. For what range of k, the control system, shown in Fig. 3.5, is stable?

Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large

1) —3<k<0

2) —1<k<0

3) -3<k<0

4) —3<k<0

X(s) —O B > Y(s)
s—1
s2+2s+1
Figure 3.5 The control system of problem 3.11
3.12. The equation below shows the characteristic equation of a control system. How many unstable poles does it have?
s 45" 455 + 557+ 1254+ 10=0

Difficulty level O Easy O Normal @ Hard

Calculation amount @ Small O Normal O Large

D1

2) 2

3)3

4)0
3.13. The differential equations of a control system are as follows:

X1(t) = axi(t) + x2(1) + u(t)
%(1) = =2x1(2) + x2(1) + u(t)
)6.3(1‘) = —X3(l)

For what value of “a” the system is stable?

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
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3.14.

Ha< -1
2)a> —2
3) 2<a< —1
4) 1<a<?2
C(s)

Determine the transfer function of o) for the control system, shown in Fig. 3.6. Is this system internally stable or

unstable?
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large

1) m, stable

2) m, unstable

3) m, unstable

4) Mw’ unstable

5

L2 ]

Figure 3.6 The control system of problem 3.14

3.15. In the control system, shown in Fig. 3.7, the controller is in the form of G.(s) = kp + ’% Which one of the choices,

illustrated in Fig. 3.8, graphically shows the stability area of the closed-loop system?

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large

; + 2 s
X(S)_'_O_' (IC(S’) ¥ SR{ 452+55|2 » Y{‘))

Figure 3.7 The control system of problem 3.15
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k; k;

(1 )

(C))

Figure 3.8 The control system of problem 3.15

3.16. For a control system with a negative unity feedback and the following open-loop transfer function, which one of the
choices, shown in Fig. 3.9, graphically shows the stability area of both open-loop and closed-loop systems?

_ ky
TS 4252425+ ks

G(s)

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large

k2 k2
4 - - 4 - - -
|
|
Kk b
4 g 4 ki
(D) )
15‘2 k2
4 ]
]
I
_'4 >k, % ¥k,
3) ()

Figure 3.9 The control system of problem 3.16
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Solutions of Problems: Stability Analysis 4
of Linear Time-Invariant (LTI) Systems

Abstract
In this chapter, the problems of the third chapter are fully solved, in detail, step-by-step, and with different methods.

4.1 To determine the stability status of a control system, we can use Routh-Hurwitz table. Suppose that the characteristic
equation of a system is as follows:

A(s) = aps" + ap_ 18" + ap28" 4 ...+ ars® +ars' + aps® (1)

The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic
equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (2) and (3), until the last row (so) is filled.

s ay ap—2 Qp—4
s ap—1 ap-3 dp-s

n—2
§ bnfl bn73 bn75

s
0
by | = — 1 An  Gn-2|  Gp_20p_1 — GpQp_3 2)
1 = =
An—1|ay,—1 ay—3 an—1
b 1 a,  Qp—4 Ay, _40,_ 1 — ApGy_5 (3)
n-3 — — = s
an-1|a,_1 ap_s ap—1

Based on Routh-Hurwitz table rule, the number of sign changes in the first column of the table determines the number of
poles in the right-half plane (RHP) or the number of unstable poles.

Based on the information given in the problem, the characteristic equation of the closed-loop control system is as follows:

A(s) =5 +25° + 5 +4s + 4

Therefore, for this problem, we have:

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 25
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sf11 1 4
S 2 4
s -1 4
st 12

2 4

As can be seen, there are two sign changes in the first column of the table. Therefore, the system has two unstable roots.

4.2 Unit step function is the input of the system. Therefore:
1
x(t) =u(t) = X(s) = 5

The output of the system can be determined by using its transfer function as follows:

From initial value theorem, we know that:

limy(z) = limsY(s)

t—0 §—00

Applying the theorem on choice (1):

limy(7) = lims X 1 X S
—0 s—oo s 242542
Applying the theorem on choice (2):
lim y() = lims X+ x -3 —0
e DA RPN, O
Applying the theorem on choice (3):
. . 1 s+1
}Er(}y(t) = Jims PRANSINI R, R
Applying the theorem on choice (4):
11ms><—><s2+2s+1 =
- so00 §2 42542

4.3 Based on the information given in the problem, the characteristic equation of the closed-loop control system is as follows:

A(s) = 45> +25% + ks + 1
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4.4

4.5

The Routh-Hurwitz table for the system is as follows:

5 4 k
s 2 1
st [ 2k—4

0 1

To have an oscillating system, all the components in one of the rows of the Routh-Hurwitz table corresponding to an odd
exponent must be zero. For , the row corresponding to s' becomes zero.

Moreover, the angular frequency of the oscillations can be determined by solving the equation of the previous row (A(s?),
as the auxiliary equation), as follows:

A(sz):2s2+1:0:>s::&:j§:>

Based on the information given in the problem, the open-loop transfer function of the control system is as follows:

k
(s=1D(s+3)(s+3)

G(s) =

The characteristic equation of the closed-loop control system with a negative unity feedback can be determined as
follows:

A(s) =1+G(s)=0

k

T D616 +9)

=0=A@) =5 +7 +Ts+k—15

The Routh-Hurwitz table for this system is as follows:

s 1 7
52 7 k—15
s'| 64—k

2 k—15

To have an oscillating system, all the elements in one of the rows of the Routh-Hurwitz table corresponding to an odd
exponent must be zero. In this control system, for , one of the rows, that is, the row corresponding to sl, becomes
Zero.

The characteristic equation of the closed-loop control system, shown in Fig. 4.1, can be determined as follows:
A(s) =1+ G(s)H(s) =0

bk 0 A() =S 5 85kt
(s+1)(s+2)

The Routh-Hurwitz table for the system is as follows:
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4.6

s 1 8
52 5 k+4
s' 36—k

Ol k+4

To have an oscillating system, all the elements in one of the rows of the Routh-Hurwitz table corresponding to an odd
exponent must be zero. In this control system, for k = 36, one of the rows, that is, the row corresponding to sl,
becomes zero.

The angular frequency of the oscillations can be determined by solving the equation of the previous row (A(s?), as the
auxiliary equation), as follows:

A(sz):552+(k+4):0k;36> A(s*) =55+ (36+4)=0
= +8=0=s5=42V2 = w =2V2 rad/ sec

The period of the oscillations of the closed-loop control system’s response can be calculated as follows:

éTzz—”zizﬂ =T =~ 2.2 sec
10} 2\/§

Choice (3) is the answer.

X(s)—O— k : » Y(s)

(s+1)(s+2)*

Figure 4.1 The control system of solution of problem 4.5

Based on the information given in the problem, the differential equations of the control system are as follows:

{ X1(2) +x1(¢) = 2u(t) + axy(t) =0
Xp(t) — bxy (¢) + 4u(t) =0

By choosing x;(¢) and x,(7) as the state variables, the state equations of the system in the form of matrices are as follows:
X1 (t -1 —a][x(t 2
e R S | e R A G
X2 (I ) b 0 X2 (t ) —4
The characteristic equation of the system can be determined as follows:

s+1 a

A(s) = [sI—A| = b

=s(s+1)+ab=s>+s+ab (1)

For a second-order system with the characteristic equation of a»s” + a;s + do, the system is stable if and only if all the
coefficients are non-zero and have the same sign. In other words:

az,ay,ap >0 (2)
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Solving (1) and (2):

ab > 0=

4.7 Based on the information given in the problem, the state equations of the control system are as follows:

AR P AR T

The characteristic equation of the system can be determined as follows:

s+k+2 2k+3

A(s) = |sI—A| = 1 ]

’:s2+(k+2)s+(k+1)(2k+3) (1)

For a second-order system with the characteristic equation of a252 + a,s + ao, the system is stable if and only if all the
coefficients are non-zero and have the same sign. In other words:

ar,ay,ap >0 <2)
Solving (1) and (2):

{k+2>0 {k>—2

k+1)2k+3)>0  \k>-lLk<-15 {k> =2}y n{{k <15} U {k>—1}}

=

4.8 To determine the characteristic equation of the system (A), we can use Mason’s gain formula, as follows:

A=1-— ZLa + ZLuLb — ZLaLch +...
a a,b

a,b,c

where:
>"L, : The sum of gains of loops
a

>"L,Ly : The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL. : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system, shown in Fig. 4.2, we have:

) FRNE E (RS U (RS S U DY (£ RS £\ U SRS
T s+ 1 s+p s+1ls+p) (s+1)(s+p) ) (s+1)(s+p)
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> LiLy, =0
a,b
ZLaLbLC =0

a,b,c

2S +p + 2 2
=A=1l-|-—F——]=0=2A=s5"+(p+3)s+2p+2 1
< <s+1)(s+p>) A R M
As we know, for a second-order system with the characteristic equation of a,s” + a;s + a, the system is stable if and only
if all the coefficients are non-zero and have the same sign. In other words:

a»,ai,agp >0 (2)
Solving (1) and (2):
{p > =3
=

p>-—1
51 1 | y V(e
R(s) = ] N > Y(s)

Py

Figure 4.2 The control system of solution of problem 4.8

4.9 As can be noticed form the choices, we need to determine the stability status of the system that can be done by using the
characteristic equation of the control system. To determine the characteristic equation of the system (A), we can use
Mason’s gain formula, as follows:

A=1- L+ Y Lily— Y LiLyLc+ ...
a a,b

a,b,c

where:

YL, : The sum of gains of loops

a

> L,Ly : The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL,. : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 4.3, we have:

T () () () (2) 2ot oy
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=) (D et (8« k> (2) - i

ZLaL,,LL. =0

a,b,c

s(—2+3k) — 143k 1—3k) 4 s+25—3ks  s(s+3-3k)

:>A:1_< s(s+1) s(s+1) s(s+1) o s(s+1) =0

= s(s+3-3k)=0=5=0,3k—3

For stability, all the poles must be in left-half plane (LHP). Therefore:

3k—-3<0=/k<|

Choice (2) is the answer.

- —

Figure 4.3 The control system of solution of problem 4.9

4.10 The hidden modes of the control system are those poles that are cancelled by the same zeros. Now, we need to determine

the transfer function of the system illustrated in Fig. 4.4, as follows. Herein, we assume that the main system includes
two cascaded subsystems.

(5)

Y(s) ( s—l) 1 2+ 1+s—1 42 Cs(s4+1) s +2 ()
1—

1 = =
+s2+1 2 s2+1 S r2-s5-2 $£+1 ><s(sz—l)

Y(s) s +2
X6) @D 1) )

As can be noticed from (1) and (2), the term of s(s + 1), corresponding to the poles of s = 0, — 1. has been cancelled by
the same zeros; thus they are the hidden modes of the system.

Choice (3) is the answer.

X(s) "";_1 —{5 > Y(s)

$3+2 [

Figure 4.4 The control system of solution of problem 4.10
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4.11 The characteristic equation of the positive unity feedback system, shown in Fig. 4.5, can be determined as follows:

A(s) =1—G(s)H(s) =0

LAY T e B 392 B
1 <S><s2+2s+l>—0:>A(s)—s +25°+ (k+1)s—k

The Routh-Hurwitz table for the system is as follows:

s 2 —k
Ll 3k+2

2
50 —k

For the stability of the closed-loop system, the constraints below must be held.

{3k+2>0

2 =
—k>0

X —O— & » Y ()

s24+2s+1

Figure 4.5 The control system of solution of problem 4.11

4.12 Based on the information given in the problem, the characteristic equation of the control system is as follows:

A(s) =8 +s* +55° 455 + 125 + 10

The Routh-Hurwitz table for the system is as follows. In the first column of the third row, the quantity is zero. Therefore,
determining the quantity in the first column of the fourth row is impossible, as it needs to be divided by zero. Based on
the rule, the zero needs to be replaced by a very small positive quantity (¢), and then the process is continued.

$ 1 12
st 1 5 10
5 0— ¢ 2
2l a=2%=2 1o

£

2A — 10e
1 _

s | B= 1
0 10

The value of A is negative, but the value of B is positive. Therefore, the table includes two sign changes in its first
column. Consequently, the system has two unstable poles.
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4.13

4.14

Based on the information given in the problem, the differential equations of the control system are as follows:

X1(2) = axi(¢) + x2(1) + u(?)
X (1) = =2x1(8) + x2(¢) + u(2)
X(1) = —x3(1)

By choosing x(f), x,(#), and x3(¢) as the state variables, the state equations of the system in the form of matrices are as
follows:

X (1) a 1 07 [x() 1
)fz(l‘) =|1-2 1 0 )Cz(l) + |1 u(t)
)6.3(1) 0 0 -1 )C3(l) 0

The characteristic equation of the system can be determined as follows:

s—a —1 0
AW =I=AI=| 2 51 0 |=(HD(@- (@t ) tat2) )
0 0 s+ 1

In (1), (s + 1) is a stable pole. For a second-order system with the characteristic equation of a2s2 + a,s + agp, the system is
stable if and only if all the coefficients are non-zero and have the same sign. In other words:

ar,ay,ap >0 <2)
Solving (1) and (2):

{—(a+1)>0
=
a+2>0

To determine the transfer function of the system, we can use Mason's gain formula, as follows:

1 &
P=x kgl DiAk
where:

A=1-— ZL[, + ZLuLb - ZLaLbLC +...
a a,b

a,b,c

P: The total gain from the input point to the output one

A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one

k: The index of forward path from the input point to the output

pi: The gain of the k th forward path from the input point to the output one

Ay The determinant of the graph if the k th forward path is removed

>"L,: The sum of gains of loops

> "L,Ly: The sum of product of gains of any two non-touching loops (without any common nodes)
a,b
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> LyLypL.: The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 4.6, we can have:

N=2
1 1 12
p]__EXEXEXIZ__S_:S
A =1
11 3
Pp=gxgx3=g
Ay =1
N 12 3 35— 12
izpkAk:—s—:;X1+s—2X1: s3
k=1

2
ZLa:l_*_lxlxlo_‘_lxlxlxg:w
= s N N N N N N

ZLaLb =0
a,b
ZLaLbLC =0

a,b,c

2 3_ 2 _
:»A:l—s +1(3)s+8:s ) 3105 8
s K

C(s) 512 35— 12 s(s — 4)

R(s) =108 & — 2 _10s—8 (s—4)(s+1)(s+2)

C(s) s
R(s) (s+1)(s+2)

Although no unstable pole is seen in the transfer function, the system is internally unstable because one unstable pole
and zero, that is, (s — 4) has been canceled from the transfer function. Herein, s = 4 is called the hidden mode of the
system.

Choice (4) is the answer.

o
@]

-

Figure 4.6 The control system of solution of problem 4.14
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4.15 First, we need to determine the characteristic equation of the control system (shown in Fig. 4.8) as follows:

1+ Ge(s)G(s) =0 = 1+ (kp + k’) (;) =0

s )\ +4s2+55+2

2(skp + ki)
s(s3 +4s2 +55+2)

= 14+ =0 = A(s) = s* + 45 + 55 + 2(1 + kp)s + 2k;

For the given system, the table will be as follows:

st 1 5 2k;
s 4 2(1 +kp)
2 20 — 2(1 + kp) 2%,
4
st A
s? 2k;

where:

8k;  2(1+kp)(18 — 2kp) — 32k, —(kp)* + 8kp + 9 — 8Kk,

B 0-2(0He] (18 — 2kp) - 4.5 —0.5kp

A=2(1+kp)

For the stability of the system, all the elements in the first column of the table must be positive. Therefore, the constraints
below must be held.

20 — 2(1 + kp)
— >0 18 — 2kp > 0 kp <9 (1)

—(kP)2+8kP+9—8k1>O = —(kp)2+8kp+9—8k]>0 = k,<—%(kp)2+kp+g (2)
4.5 — 0.5kp 2k; >0 o> 0 3
2k > 0 s ®)

From (2), it can be noticed that the graph is a parabola that opens downward (the vertex is a maximum point). Cases
3 and 4 have this feature. However, in (2), k; = 0 is achieved for kp = 9. Choice (3) is the answer.

(D (2)

3) 4)

Figure 4.7 The control system of solution of problem 4.15



36 4 Solutions of Problems: Stability Analysis of Linear Time-Invariant (LTI) Systems

7
s3+4s2+55+2 i

X(s) —=O— G.(s)

v

Figure 4.8 The control system of solution of problem 4.15

4.16 Based on the information given in the problem, the transfer function of the open-loop system is as follows:

_ ki
S+ 252425+ ks

G(s)

Based on the problem, both open-loop and closed-loop systems must be stable. Therefore, we need to evaluate the
characteristic equations of the open-loop and closed-loop systems by using Routh-Hurwitz table.

The characteristic equation of the open-loop system is as follows:
Ai(s) =5 +25° + 25+ ky

Moreover, the characteristic equation of the close-loop system with a negative unity feedback can be determined as
follows:

1+G(s)=0

ki

=0= Ay(s) =5 +257 +2
+s3—|—2s2—|—2s—|—k2 0= M) =542 + 2+ kot

The Routh-Hurwitz table for the open-loop system is as follows:

$° 1 2
5* 2k
SO k2

For the stability of the open-loop system, the constraints below must be held.

4—k2>O
{ 2 =0<k <4 (4)
k, >0

In addition, the Routh-Hurwitz table for the closed-loop system is as follows:

s 1 2
5 2 ki + ko
S| A= (ki + k2)
2
50 ki + k>

For the stability of the closed-loop system, the constraints below must be held.
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4—(k1+k2)>0
2 =0<ki+k <4
ki +k >0

From (5), we have the equations below that are the equations of straight lines.
ko > —k

k2<4—k1

Considering (4), (6), and (7) and drawing them on a plot result in the graph shown in choice 2.

k’} k2
4 - — 4 - - -
|
|
»k »
4 g ! 4
(1) )
k, k,
4 _ 7]
|
|
| » »
-4 ki 4 -
3) (4)

Figure 4.9 The control system of solution of problem 4.16

(6)
(7)

Choice (3) is the answer.
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Problems: Analysis of Transient Response

Abstract

In this chapter, the transient response of second-order control systems is analyzed based on several parameters such as
damping ratio, overshoot percentage, rise time, settling time, and peak time. Herein, the transient response of the second-
order systems is categorized in different classes, including overdamped response, critically damped response,
underdamped response, and undamped response. In this chapter, the problems are categorized in different levels based
on their difficulty levels (easy, normal, and hard) and calculation amounts (small, normal, and large). Additionally, the
problems are ordered from the easiest problem with the smallest computations to the most difficult problems with the
largest calculations.

5.1 The open-loop transfer function of a control system with a negative unity feedback is as follows:

10

GS) ="~
(5) s(s+ 1)(s+10)

Which one of the following choices is a good approximation for the open-loop transfer function?

Difficulty level O Easy @ Normal O Hard

Calculation amount @ Small O Normal O Large

2) G(S) = s(sl-El)
4) G(S) = s(s}o—l)

5.2 The control system, shown in Fig. 5.1, has the following state equations in matrix form:

2 1 1 1
A=|1 -1 0 |.B=|0|.C=[kO00
10 -1 0

Which one of the following choices is correct about the system?

Difficulty level O Easy ® Normal O Hard

Calculation amount O Small @ Normal O Large

1) The system is unstable for k > 1.

2) The system is unstable for k > 0.

3) The system’s transient response is overdamped for k > 0.

4) The system’s transient response can be overdamped, critically damped, or underdamped for k > 0.
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e | X=AX+Be
u—O— y
y=CX
Figure 5.1 The control system of problem 5.2
5.3 Determine the value of parameters “a” and “b,” so that the control system, shown in Fig. 5.2, has the fastest response
without any damping oscillation to a unit step function.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
a* —4b < 28
{ a>0
a* —4b =28
{ a>0
a- —4b < 28
3) { a>0
b> -7
a” —4b =128
4) { a>0
b> -7

R(s) —O— ——L » C(s)

s-+ast+b

Figure 5.2 The control system of problem 5.3

5.4 In the control system, shown in Fig. 5.3, the value of k has been designed to have the fastest response but without any
overshooting. In this condition, determine the settling time of the system response.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 4 sec

2) 2 sec

3) 3 sec

4) 0.5 sec

J

.\'(5)—'0—0 k = » Y(s)

s(s+4)

Figure 5.3 The control system of problem 5.4
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55

5.6

5.7

The open-loop transfer function of a control system is as follows:

k

G(s) =—F7——
(s) s(zs+ 1)

Determine the value of k so that the closed-loop system has an underdamped response to a unit step input. Moreover,

determine the damping ratio of the system response.

Difficulty level O Easy ® Normal O Hard

Calculation amount O Small @ Normal O Large

Dk>ﬁf:%h

Dk<$j:;%

3 k>Le=1

®k<%f:aﬁ

In the control system, shown in Fig. 5.4, determine the value of “k;” and “k,,” so that the damping ratio and the settling
time (5% criterion) of the closed-loop system are 0.5 and 2 seconds, respectively.

Difficulty level O Easy ® Normal O Hard
Calculation amount O Small O Normal @ Large
1) k] = 4, k2 =3

2) k1:16,k2:3
3) k1:9,k2:2
4k =3k =2

- + 1
RE)—O— k = s(s+1) bl

k,s

Figure 5.4 The control system of problem 5.6

In the control system, shown in Fig. 5.5, determine the value of “k;” and “k,,” so that the settling time (2% criterion) and
the peak time of the closed-loop system are % seconds and § seconds, respectively.

Difficulty level O Easy @ Normal O Hard

Calculation amount O Small O Normal @ Large

1) ky =25,k =0.02

2) ky =25, k, = 0.04

3) ky = 16, k, = 0.02

4) ki = 16,ky ~ ¢
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+
R(s) —O— —= W »Y(s)

Figure 5.5 The control system of problem 5.7

5.8 The differential equation of a control system with the zero-primary condition is as follows:

Y'() + 4y (1) + 20y(¢) = r(1)

Determine the time that the second peak in the system response occurs if the input is r(f) = 4u(t).
Difficulty level O Easy O Normal @ Hard

Calculation amount O Small @ Normal O Large

1) %

2) %

3) %

4H %

5.9 A unit step function (f(¥) = u(¢)) is applied on the mechanical system shown in Fig. 5.6.1. The output is the horizontal

position of the mass which is illustrated in Fig. 5.6.2. Determine the damping ratio of the system response if M = 1 kg,
B=1.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1)1
4
2) 3
3) 7
4) 5
x(1) X(t) [m]
T J -~
]
[}
1 " 025 —- ’,/\\ g
-k /‘
(1) —» M B E /
—3—+ /
Fryrrrrrrrrrirry "I"I”"’~ :t [Sl
(1) ()]

Figure 5.6 The control system of problem 5.9
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5.10 Figure 5.7 illustrates the unit step response of a second-order control system. Determine its approximate closed-loop
transfer function.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1) 240
57 41365+240
) 240°
s24+1365+240°
3) 336
5712405336
3367
4) $2+2405+336”
c(t)
>
13— 7 ]
1.0 -+ = K—/‘/:\‘w
I
|
|
|
>t
0.01

Figure 5.7 The control system of problem 5.10
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Solutions of Problems: Analysis of Transient 6
Response

Abstract
In this chapter, the problems of the fifth chapter are fully solved, in detail, step-by-step, and with different methods.

6.1 Based on the information given in the problem, the open-loop transfer function of the control system with a negative unity
feedback is as follows:

10
= - @ 1
Gls) s(s+1)(s+ 10) (1)
As can be noticed from (1), the pole of (s + 10) is nondominant as it is very far from the origin compared to the other poles.
Thus, this pole can be ignored to decrease the order of the open-loop transfer function.

G(s) = (2)

However, the steady-state gain (DC value) of the transfer function must be left intact. Therefore, the value of k can be
determined as follows:

10 ok 10 k 0_k_ 3
s(s+ D) (s+10)| _, ~ s(s+1)|,_, (s+10)|_, L= ~ 10 1 -
Solving (2) and (3):
- B 1
Gls) = s(s+ 1)

Choice (4) is the answer.

6.2 Based on the information given in the problem, the state equations of the open-loop system are as follows:

The transfer function of a system can be determined from its state equations, as follows:
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G(s) =C(sI—A)"'B+D (2)
By solving (1) and (2), the transfer function of the open-loop system is determined as follows:

s+2 -1 —1 1
Gis)=[k 0 0]] =1 s+1 0 0| =" (3)
-1 0 s+1 0

Moreover, the transfer function of the closed-loop system can be determined as follows.

k(s+1)
T(S) — Y(s) — S(S+3) _ k(s + 1) (4)
Uis) 1+ ’;((i;)) 24+ (B +k)s+k

The denominator of a transfer function is the characteristic equation of the system. Thus:
A(s) =5+ (3+k)s+k (5)

A second-order system with the characteristic equation of a,s® + a;s + g is stable if and only if all the coefficients are
non-zero and have the same sign. In other words:

az,ay,ap >0 (6)
Solving (5) and (6):
k> -3
{ Lo (7)
k>0

Therefore, Cases 1 and 2 are incorrect.

In a system with the characteristic equation of A(s) = a»s” + a5 + ao, the system is in the overdamped status if and only if:

Discriminant = (a;)* — 4asag > 0 (8)
Therefor:
Discriminant = (3 + k)> — 4k = k> + 2k +9 (9)
Solving (7) and (9):
Discriminant > 0 (10)

Therefore, the system’s transient response is overdamped for k > 0.

X = AX + Be

e >y

v=C'X

Figure 6.1 The control system of solution of problem 6.2
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6.3 Critically damped response is the fastest response without any damping oscillation. In a system with the characteristic
equation of A(s) = a»s® + as + a, the system has a critically damped response if and only if:

(1)

(al)z — 4a2ao = O

The characteristic equation of the closed-loop control system can be determined as follows:

7

éA(s):S2+aS+b+7

Solving (1) and (2):
(@) —4x1x(b+7)=0=d* —4b =28 3

)

Moreover, the system must be stable. A second-order system with the characteristic equation of a,s> + a;s + a is stable if

and only if all the coefficients are non-zero and have the same sign. In other words:
(4)

a»,ai,ag >0

Solving (2) and (4):

a>0&b > —7
Solving (3) and (5):
a*> —4b =28
a>0
b > -7

Choice (4) 1s the answer.

7 ’
R(\)_.O_’ s2+as+b » C6)

Figure 6.2 The control system of solution of problem 6.3

6.4 Critically damped response is the fastest response without any damping oscillation. In a system with the characteristic

equation of A(s) = a»s® + a;s + a, the system has a critically damped response if and only if:

(a1)2 — 461261() =0

The characteristic equation of the closed-loop control system can be determined as follows:

%

14+ G(s)H(s) =0 = 1+s(s+4)

(1)
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= A(s) = s* +4s + 2k (2)
Solving (1) and (2):
# —4x1x2%k=0=k=2 (3)
Therefore, the characteristic equation of the closed-loop system is as follows:
Als) =s>+4s+4 (4)
The standard second-order characteristic equation of a control system is presented as follows:
A(s) = 5* + 2bw,5 + 0, (5)

where, its settling time can be determined as follows:

", ©)
By comparing (4) and (5), it is concluded that:
w, =2,E=1 (7)
Solving (6) and (7):
_ 4 _ 4 — 9 w
f\fé:wn—lxzf_.\u
Choice (2) is the answer.
X(s)—O— k ‘:4) » Y(s)

Figure 6.3 The control system of solution of problem 6.4
6.5 Based on the information given in the problem, the open-loop transfer function of the control system is as follows:

k
Gls) = s(zs+ 1)

The characteristic equation of the closed-loop control system can be determined as follows:

k
1+G(S)—O:>1+m—0

k

£ (1)

:&A(s):Ts2+s+k:>A(s):s2+%s+

In a system with the characteristic equation of A(s) = a,s” + a,5 + do, the system has an underdamped response if:
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6.6

(al)z —4azay < 0 (2)
Solving (1) and (2):

12 k
(;) —Ax1xT<0= 1 4kr <0

Moreover, the damping ratio of the unit step response can be determined by comparing the characteristic equation of the

system (see (1)) with the standard second-order characteristic equation, that is, A(s) = 5%+ 2,w,s + a),,z, as follows:

1
—__T __z =
é 26(),, ) k

Based on the information given in the problem, the damping ratio and the settling time (5% criterion) of the closed-loop
system are 0.5 and 2 seconds, respectively. In other words:

£=05 (1)
ty =2 sec (2)

The settling time (5% criterion) of a second-order system can be determined as follows:

"=, -
Solving (1), (2), and (3):
2= 3 = w, = 3 rad/ sec (4)
0.5 X w,
The transfer function of the inner closed-loop system, shown in Fig. 6.4, can be determined as follows:
s(x1+1) 1
G =17 B Pk s G)
Then, the transfer function of the whole closed-loop system can be determined as follows:
1)< YO __kixGlo) K muam b (6)

R(s)  T+k xG(s) 14k x o 2+ (ka+ s+ k

1
<k2+1>5

The denominator of a transfer function is its characteristic equation. Thus, by comparing (6) with the standard second-
order characteristic equation, that is, A(s) = s+ 2fw,s + wnz, we have:

{ kl = a),,z (7)
k + 1 =2, (8)

Solving (4) and (7):
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k1:32:>/\'\ =9
Solving (1), (4), and (8):
kp+1=2x05x3 =k =2

Choice (3) is the answer.

R(s) — Ky . : »Y(s)

Figure 6.4 The control system of solution of problem 6.6

6.7 Based on the information given in the problem, the settling time (2% criterion) and the peak time of the closed-loop

system are ‘3—‘ seconds and 7 seconds, respectively. In other words:

4

ty =5 sec (1)
n

=7 sec (2)

The settling time (2% criterion) of a second-order system can be determined as follows:

4 4
b0, o G)
Moreover, the peak time of a second-order system can be determined as follows:
b2
s 4)
Solving (1) and (3):
4 4
Solving (2) and (4):
T W

The undamped natural angular frequency of a second-order control system can be determined as follows:

W, =\ ws* + 62 (7)

Solving (5), (6), and (7):
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n = Vil +or =4 +37=5 (8)

The transfer function of the inner closed-loop system, illustrated Fig. 6.5, can be determined as follows:

ki
k
G(s) = 12— = : 9
(s) 1+I§]Tk52 s+5+kik ©)

Then, the transfer function of the whole closed-loop system can be determined as follows:

ky
_ Y(s) _ G(s) X% Rk <
R(s) 1+G(s) x1

i
s ki
xé_s2+(5+k1k2)s+k1 (10)

B ki
1 + s+5+kiky

The denominator of a transfer function is its characteristic equation. Thus, by comparing (10) with the standard second-
order characteristic equation, that is, A(s) = s>+ 205 + a)nz, we have:

{klzwnz (11)
5+ kik, =20 (12)

Solving (8) and (11):

ki

I
[\o)
N
—
—_
W
~—

Solving (5), (12), and (13):
5425k, =2x%x3 =1k = 0.04

Choice (2) is the answer.

+
R(S)—!(P—b s b= »Y(s)

Figure 6.5 The control system of solution of problem 6.7

6.8 Based on the information given in the problem, the differential equation of the control system with the zero-primary
condition is as follows:

Y () + 4y (1) +20y(t) = r(2) (1)
The transfer function of the system can be determined, as follows:

Laplace Trans.

y'(£) + 4y (1) + 20y(t) = r(1) (s* + 4s +20) Y (5) = R(s)
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éT@:;g:ﬂ+$+m =
In an underdamped system, the time that different peaks in the system response occur can be determined as follows:
i = 2L ()
Therefore, the time of the second peak is as follows:
= B2l 3 @
The denominator of a transfer function is the characteristic equation of the system. Thus, by comparing (2) with the
standard second-order characteristic equation, that is, A(s) = s* + 265 + a)nz, we have:
,’> =20 (5)
{ 26=4=0=2 (6)
The damped angular frequency of a second-order control system can be determined as follows:
wg = w,? — c? (7)
Solving (5), (6), and (7):
wg=V20-2>=4 (8)
Solving (4) and (8):
37
Wq
6.9 Based on the information given in the problem, we have:

f(t) = u(t) (1)
M=1kg,B=1 (2)

Moreover, from the graph, shown in Fig. 6.6.2, it is noticed that:
—00

limx(r) = Ll‘ (3)

Based on Newton’s second law for a translational system, we have:

> ) = Mi(0) (4)

where f(f), M, and x(¢) are force, mass, and position, respectively.

Therefore, by applying Newton’s second law on the system (see Fig. 6.6.1), we have:



6 Solutions of Problems: Analysis of Transient Response 53

J(@0) = filt) = fp(t) = Mi(t) = f(1) — kx(t) — Bi(1) = MX(1) (5)
Solving (2) and (5):

Laplace Trans.

£(1) — ka(t) — i(t) = (1) —————— F(s) — kX(s) — sX(x) = $°X(t)

T(s) = );8 G —|—1s +k (6)
Equation (6) shows the transfer function of the system.
S X(5) = e FO) ™)
sc+s+k
From final value theorem, we know that:
tlirglox(t) = }EI&SX(S) (8)
Solving (1), (7), and (8), and knowing that F(s) = L(f(z)) =
lim(r) = lims x 5 x + = limx(1) = 1 9)
—00 s—0 s?+s+k s 1—00 k
Solving (3) and (9):
1=l =k=4 (10)
Solving (6) and (10):
T(s) = 5 (1)
s°+s+4

The denominator of a transfer function is its characteristic equation. Thus, by comparing (11) with the standard second-
order characteristic equation, that is, A(s) = s* + 2éw,s + w,”, the damping ratio of the unit step response can be
determined, as follows:

A
~

{wn2:4¢wn:2 ]
2w, = 1

Choice (1) 1s the answer.

X(1) [m]

0.25 f i

g 1.1

D=4 M 3

Ressacassscaceasasonssssasass *1[s]

(1) (2)

Figure 6.6 The control system of solution of problem 6.9
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6.10 The information below can be extracted from the graph, shown in Fig. 6.7.

lime(z) =1
t, = 0.01
0.8.% = 30%

The peak time of a second-order control system can be determined as follows:

Solving (3) and (5):

001 =% = w, ~ 314 rad/ sec
Wy

The damping ratio of a second-order control system can be determined as follows:

é: ~ In 01%00)
7+ (555)
Solving (4) and (7):
In (3%
G0 35

— W4
w,; = - 52
Solving (6), (8), and (9):
314
W, = —F——=~ 336
V1-0.35
The standard transfer function of a second-order control system has the following from:
_C6) A
Tls) = R(s) 82 + 2bw,s + w,?
Solving (6), (8), (10), and (11):
T(s) = C(s) A

R(s) ~ s2 1 2405 + 336>

From final value theorem, we know that:

(10)
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tlirgloc(t) = limsC(s) (13)
Solving (12) and (13), and knowing that R(s) = L(r(r)) = L
. . A 1 A
limc(¢) ~ lims X X — = 14
A ()~ s X G 05 73362 5 336 (14)
Solving (3) and (14):
A 2
——=1=A=336 15
336° (15)
Solving (12) and (15):

"

7(s) 3362
VT2 12405 + 3362

Choice (4) is the answer.

>

Figure 6.7 The control system of solution of problem 6.10
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Problems: Analysis of Steady-State Response 7

Abstract

In this chapter, the steady-state error of a closed-loop control system to a reference input and a disturbance or noise is
studied. In this chapter, the problems are categorized in different levels based on their difficulty levels (easy, normal, and
hard) and calculation amounts (small, normal, and large). Additionally, the problems are ordered from the easiest problem
with the smallest computations to the most difficult problems with the largest calculations.

7.1 Consider the system shown in Fig. 7.1. Determine the type of the system and the steady-state error of the closed-loop
control system to a unit ramp function. Assume that the closed-loop system is stable.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large

k
RN
2)0,0
3) 0,00

k
4 1,2

k
R(s) : »C(s)
- s(stk,)

Figure 7.1 The control system of problem 7.1

7.2 In the closed-loop control system shown in Fig. 7.2, calculate the steady-state error to a unit step function.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large

1) o0
2)'5
3) %
4)0
E®) | 10 1
R(s)— —» — |—» > .
5 [S| 1)(3' 2) Y(b)
Figure 7.2 The control system of problem 7.2
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7.3 Determine the static error constant to a unit ramp function if the transfer function of the closed-loop control system, shown

in Fig. 7.3, is as follows:

s+6
TO) = 6726 13)

® Normal O Hard

Difficulty level O Easy

Calculation amount O Small @ Normal O Large
Dk, =12

2) k, = g

3) k, = %

4) k, =$

R(s) —O—  G(s) » C(s)

Figure 7.3 The control system of problem 7.3

7.4 Determine the steady-state error to a unit step function if the closed-loop control system includes a negative unity

feedback and the open-loop transfer function is as follows:

® Normal O Hard

Difficulty level O Easy
Calculation amount O Small @ Normal O Large
1o

2) 40

3) 15

4) oo

7.5 Determine the steady-state error to a unit ramp function if the closed-loop control system includes a negative unity

feedback and the open-loop transfer function is as follows:

Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
o

2) oo

3) a

4) 2a

7.6 The open-loop transfer function of a control system with a negative unity feedback is as follows:

2k
G(s) 3445245542
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Determine its minimum steady-state error to a unit step function.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) 0.1

2)0

)1

4) oo

7.7 Consider the control system shown in Fig. 7.4. Determine the steady-state error resulted from the input of R(s) and the
noise of N(s) that all are unit step functions.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1) Zero, zero
2) Nonzero constant, infinite
3) Nonzero constant, zero
4) Zero, infinite

N(s)

Sk > —k 4.357 .

kps

-~

Figure 7.4 The control system of problem 7.7

7.8 Consider the control system shown in Fig. 7.5. Determine the total steady-state error resulted from the input of R(s), which
is a unit ramp function, and the disturbance of D(s), which is a step function with the amplitude of d.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
dikk, _ B
D= =%
Bikky _ d
2) ki, te I
B_d
k%
Btkk, _ d
DIk
D(s)
} E(s) + é 1 1
R(s k H —— »(C(s
® - IstB s <@
kl] N

Figure 7.5 The control system of problem 7.8
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Solutions of Problems: Analysis of Steady-State 8
Response

Abstract
In this chapter, the problems of the seventh chapter are fully solved, in detail, step-by-step, and with different methods.

8.1 Based on the information given in the problem, the closed-loop system is stable. Therefore, checking the stability status of
the system is not needed.

Moreover, the open-loop transfer function of the system (see Fig. 8.1) is as follows:

G(S):s(slj_—lkz) (])

Based on the definition, type of a control system can be determined from its open-loop transfer function as follows:

m T=0= type0
kTI (s+2) _
Gls) = —L ;:;z’ype; 2)
s 11 (s +p;) T hpe

=1

~

Therefore, the type of the system is one because 7' = 1.

Moreover, the steady-state error of a type-one closed-loop control system to a unit ramp function can be determined as
follows (see the table below). Herein, k, is called velocity error constant.

1 1

Oy =1 = ——— 3
Bk, limsG(s) 3)
s—0
Solving (1) and (3):
o= 1 . 1 S )
7 lim T kb
s—0 SG(S) Al-l_{rol § X s(s+k2) 2 ol
Choice (4) is the answer.
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62 8 Solutions of Problems: Analysis of Steady-State Response

Type of system

Zero One Two Three
Reference input Step function (Au(?)) A A 0 0 0
1+k, 1+ liné G(s)
Ramp function (Atu(z)) 0 A A 0 0
k,  limsG(s)
s—0
Parabola function (A % u(r)) o0 c9 A_ A 0
kq lina s2G(s)
k
R(s) . »C(s
- s(stk,) )

Figure 8.1 The control system of solution of problem 8.1
8.2 First, we need to determine the stability status of the system. The characteristic equation of the closed-loop control
system, shown in Fig. 8.2, can be determined as follows:
A(s) =1+ G.(5)G(s) =0

10 1 _ s +35% +25+10 3 a0
$1+Tx(s+1)(s+2)_0§ G2 =0=A(s) =5 435"+ 25+ 10 (1)

To determine the stability status of a control system, we can use Routh-Hurwitz table. Suppose that the characteristic
equation of a system is as follows:

A(s) = aps" + ap_15" ' + Anos" 2+ ...+ ars® + ais' + aps’ (2)
The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic

equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (3) and (4), until the last row (so) is filled.

n
S ) an An-2 Qn-4
n_
S 5 Ap-1 Ap-3 QAp-s
n_
S bn—l bn—S bn—S
Sl
g0

b 1 a, ap—2 a, 20, | — AyQy_3 (3)
n—1 = — = B
an-1|a,_1 a,_3 ap—1
b _ 1 an An—4 e e 4
n—-3 — — - < )
An-1|a,—1 au—s an—1

Based on Routh-Hurwitz table rule, the system is stable if all the elements in the first column of the table are positive.
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For this problem, we have:

s3| 1 2
52 3 10
st| —=

3
s% 10

As can be seen, there are two sign changes in the first column of the table. Therefore, the system is unstable, and
consequently the steady-state error to a unit step function will be

E(s
R(s)—»oﬁ. 10 J_ 1 » Y(s)

3 (s+1)(s+2)

Figure 8.2 The control system of solution of problem 8.2
8.3 Based on the information given in the problem, the transfer function of the closed-loop control system is as follows:

s+6
TO) = I+ 26 53) 1)

However, to calculate the steady-state error or the static error constant, we need to identify the open-loop transfer function

(G()).

Since the system has a negative unity feedback, the relation below exists between its open-loop and closed-loop transfer

functions.
__G()
T6) = 136( @)
Solving (1) and (2):
s+6 __G() . G(s) = RN
(s+D(s+2)(s+3) 1+G(s) 1 - s+6

(s+1)(s+2)(s+3)

s+6
=G5) =—5—F" 3

(5) s(s> 4 65+ 10) (3)
Therefore, the type of the system is one since the type of a control system can be determined from its open-loop transfer
function as follows:

m T=0= typeO
kTT (s+z)
Gs) = =1 N T=1= tyel (@)
T T =2 = type?2
s" 11 (s+p;)

The static error constant to a unit ramp function can be determined as follows (see the table below).
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. . s+ 6
k,=1 =1 _
! sl—r»%SG(s) R s(s2 + 65+ 10) -
This static error constant is called velocity error constant.
Type of system

Zero One Two Three

Step function (Au(r)) A _ A 0 0 0

1+k 1+ lir% G(s)
S
Ramp function (Azu()) 00 A A 0 0
Reference input k,  lim sG(s)
s—0
Parabola function (A % u(r)) 0 S A — A 0
ke lims?G(s)
s—0
R(s) —O—  G(s) » C(s)

Figure 8.3 The control system of solution of problem 8.3

8.4 Based on the information given in the problem, the open-loop transfer function of the control system that includes a

negative unity feedback is as follows:

G(S)Zm (1)

First, we need to check the stability status of the system. The characteristic equation of the closed-loop control system can
be determined as follows:

A(s)=14+G(s) =0

N §2 + 52+ 10s + 40

26+ S 1) 0= A(s) =5’ +5" 4+ 10s + 40 (2)

To determine the stability status of a control system, we can use Routh-Hurwitz table. Suppose that the characteristic
equation of a system is as follows:

A(s) = aps" + p1 8+ an s+ L+ ars® +ars' + aos® (3)

The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic
equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (4) and (5), until the last row (so) is filled.

S a a _, a _4
S a_1 a_s3 a _g
S —2 b -1 b -3 b -5
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b 1 a, ap— a, 20, 1 — AnQ,_3 (4)
n71 = — =
An-1|a,—1 ay—3 Aan—1
b 1 ap,  Qp—4 A, 40,1 — ApGy_5 (5)
-3 = — = -
An-1|ay,—1 a5 ap—1

Based on Routh-Hurwitz table rule, the system is stable if all the elements in the first column of the table are positive.
For this problem, we have:

3 10
201 40
1|30
0] 40

As can be seen, there are two sign changes in the first column of the table. Therefore, the system is unstable, and
consequently the steady-state error to a unit step function will be

8.5 Based on the information given in the problem, the closed-loop control system includes a negative unity feedback and the
open-loop transfer function below.

G(s):ﬁ,a>0 <1)

First, we need to determine the stability status of the system. The characteristic equation of the closed-loop control system
can be determined as follows:

A(s) =14+ G.(5)G(s) =0

2
14 1 :Oés +as+1

ot a) W:OéA(s):s +as+1 (2)

A second-order system with the characteristic equation of a2s2 + a;s + ag is stable if and only if all the coefficients are
non-zero and have the same sign. In other words:

az,ap,ap >0 (3)
Solving (2) and (3):
a>0 (4)
By considering (1) and (4), it is noticed that the system is stable.

Based on the definition, the type of a control system can be determined from its open-loop transfer function as follows:

m T=0= type0
kTI (s +2i) _
Glo) =7 = T )
ST 1_[ (S+pj) B . type

As can be noticed from (1) and (5), the type of the system is one. Hence, based on the table below, the steady-state error to
a unit ramp function can be determined as follows:
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N SR SRR SRS B
ss — 1 T 1 - . 1 -1
kV }E%SG(S) lll»l(l)s X m 2
Type of system
Zero One Two Three
Reference input Step function (Au(r)) A _ A 0 0 0
[k 1+ EmG(s)
R nd
Ramp function (Azu(r)) 0 A A 0 0
k, lirr(l) sG(s)
Parabola function (A % u(r)) 00 ce A_ A 0
kq lir% 52G(s)
§—

8.6 Based on the information given in the problem, the open-loop transfer function of the control system that includes a
negative unity function is as follows:

2k

G(s):s3—|—4s2—|—5s—|—2 (1)

First, we need to check the stability status of the system. The characteristic equation of the closed-loop control system can
be determined as follows:

A(s)=1+G(s) =0

2k B §3+ 45> +55+2+2k
:>1+s3—|—4s2—|—5s—|—2_0 $3+4s2 +55+2 =0
= A(s) =5 + 45> + 55 +2 42k (2)

To determine the stability status of a control system, we can use Routh-Hurwitz table. Suppose that the characteristic
equation of a system is as follows:

A(s) = aps" + a,_15" + Anos" 2+ ...+ ars® + a1s' + aps’ (3)

The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic
equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (4) and (5), until the last row (s°) is filled.

n

S an Ap—2 QApn-4

n-1
S ) An-1 Ap-3 Qnp-s
n—
S bn—l bn—3 bn—S
51
SO
b | =— 1 an an-2 _ Gp—20p—1 — Apdn-3 (4)
ol = =
An-1|ay,—1 au—3 ap—1
by s —— 1 An  Gn-4|  ap_40p_1 — ApQn_s (5)
n—3 = = J
an-1|a,_1 au_s ap—1

Based on Routh-Hurwitz table rule, the system is stable if all the elements in the first column of the table are positive.
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For this problem, we have:

s3 1 5
s? 4 2+ 2k
o | 182k

4
sO| 2+2k

Therefore, the system is stable if:

18 — 2k
k<9
{ 4 >0:>{ k<o 6)
242k >0 k> -1
As can be noticed from (1), the type of the system is zero. Therefore, the steady-state error to a unit step function can be
determined as follows (see the table below). Herein, k), is called position error constant.

1 1 _ 1 1 o)
_1+k,,_1+1inac(s)_1+1ir% I +k

e.YS 2k

As can be noticed from (7), the minimum steady-state error to a unit step function will occur for the maximum possible
value of k while considering the stability criterion mentioned in (6).

Solving (6) and (7):

1
E5y — m =
Type of system
Zero One Two Three
Reference input Step function (Au(?)) A _ A 0 0 0
I+k, 1+ lin&G(s)
Ramp function (Afu(z)) 00 A_ A 0 0
k, liné sG(s)
Parabola function (A % u(t)) 00 ce A_ 4 0
ke lims2G(s)
s—0
8.7 Based on the information given in the problem, we know that:
Laplace Trans. 1

The open-loop transfer function of the system with the input and output of R(s) and Y(s), respectively, is as follows:

k

s(zs+1) kpk
(S) le—’_s(T]iH)Xsz S(TS+1+kkD) < )

As can be noticed, the type of the system is one. Hence, the steady-state error of the closed-loop control system to the
reference input of unit step function (R(s)) will be zero, as can be seen in the table below.

(3)
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Type of system

Zero One Two Three
Reference input Step function (Au(r)) A A 0 0 0
l+k, 1+ liI%G(s)
Ramp function (Azu(r)) 0 A_ A 0 0
k,  limsG(s)
s—0
Parabola function (A % u(r)) o0 c9 A_ A 0
kq lin(} 52G(s)

To calculate the steady-state error resulted from the noise of N(s), we can determine the output (¥(s)), while the input of
R(s) is turned off. In other words:

r(t) =0 (4)
As we know, an error is defined as follows:

Laplace Inv. Trans.

E(s) = R(s) = Y(s) e(t) = r(t) = y(1) (5)

Solving (4) and (5) for the input of noise in the steady-state condition:
€ss,N = —Yss.N <6)

Herein, we can use Mason's gain formula to determine the related transfer function, as follows:

1 N

where:

A=1-— ZLa + ZLaLb - ZLaLbLL. +...
a a,b

a,b,c

P: The total gain from the input point to the output one
A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one
k: The index of forward path from the input point to the output
pi: The gain of the k th forward path from the input point to the output one
Ag: The determinant of the graph if the k th forward path is removed
> "L, : The sum of gains of loops
a
%LaLb : The sum of product of gains of any two non-touching loops (without any common nodes)

> L,LyL, : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system, shown in Fig. 8.4, we have the following calculations to determine the transfer function of %
which is from the input of N(s) to the output of Y(s):

N=1

pr=1
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A =1

N
= pdi=piA =1
k=1

[k - kN kkps ke
Xa:La N ( s(zs + 1) X kDS) + < ke x s(ts + 1))  s(zs+ 1) s(zs+1)

ZLaLb =0
a,b
ZLHL,,LC =0

a,b,c

T kkDS . kkp o kkDS kkp
—Aa=l ( s(zs + 1) s(rs—|—1)> 71+s(rs—|—1) s(zs+ 1)
Y(s) 1 _ s(zs+1)
N(s) 1 s K 26 4 (kkp + D)s + kkp
V) = ) )

T 252+ (kkp + 1)s + kkp
From final value theorem, we know that:

limy() = 1213 sY(s) (8)

1—00
Solving (1), (7), and (8):

s(zs+ 1) 1

=1 ) =1 - = 9
Yss = Jimyy(r) o0 X T 1 (kkp + 1)s + kkp 5 0 ©)
Solving (6) and (9):
Css N = TYVssN — 0
Choice (1) is the answer.
N(s)
R(S) _?Q_’ k]’ £ _‘E(TS" l) _'Y(b)
Kpys ¢

Figure 8.4 The control system of solution of problem 8.7
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8.8 Based on the information given in the problem, we have:

Laplace Trans.

Laplace Trans.

(1)

(2)

To calculate the total error (E(s) indicated in Fig. 8.5) resulted from the reference input of R(s) and the disturbance of D(s),
we can apply superposition theorem. Therefore, to calculate the error (E(s)) resulted from the reference input of R(s), we
need to turn off D(s). Likewise, to calculate the error (Ep(s)) resulted from the disturbance of D(s), we must turn off

R(s). Then:
E(s) = Er(s) + Ep(s)
After that, the steady-state error can be calculated using final value theorem, as follows:

ey = limsE(s) = linés(ER(s) + Ep(s))

s—0 s—

Herein, to calculate the errors, we can use Mason's gain formula, as follows:

| &
P=3 > nb
k=1
where:

A=1= Lo+ Y Laly— Y LilyLc+ ...
a a,b

a,b,c

P: The total gain from the input point to the output one
A: The determinant of the graph which is the same as the characteristic equation of the system
N: The number of forward paths from the input point to the output one
k: The index of forward path from the input point to the output
pi: The gain of the k th forward path from the input point to the output one
Ay The determinant of the graph if the k th forward path is removed
>"L, : The sum of gains of loops
a

> L,Ly : The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL. : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the input of R(s) and the output of Ex(s), we have (see Fig. 8.5):

N=1

p=1
B 1 B kk)
A1_1_<_kas+Bth)_1+Js+B

(3)
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kkh _JS+B+kkh

N
= ;pkm‘:p'm Y R Ty

B 1 LN Kk k
ZL"i(7kXJs+Bth)+<7kx.ls+Bxs)7 Js+B s(Js+B)

> LiLy =0
a,b
ZL,,L,,LC =0

a,b,c
kkj, k kkj, k
A=1-(- - =1
- < Js+B s(Js+B)> Y I5+B sUs+ B)
Ex(s) LBy s(Js + B + kky,)

R(s) 71+%+M—+M7Js2+(kkh+3)s+k

s(Js kk

Likewise, for the input of D(s) and the output of Ep(s), we have (see Fig. 8.5):

N=1
1 1
PV= T B ST T sUs 1 B)
A =1
~ 1
= ) Pbi=pA = —————

£ s(Js + B)

1 11 kk k
D La= <_kas+Bth) + (_kXJH—BXE) :_Js+hB_s(Js+B)

a
ZLaLb =0
a,b
ZLaL,,LL. =0

a,b,c

ke kL Kk k
—a=l (Js—l-B s(Js+B)>_1+Js+B+s(Js+B)

1
Ep(s) _ ~50stB) 1
D(s) 1+ JI;TB + S(JS’;B) Js? + (kkj, 4+ B)s + k
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72
! (6)

= Epls) = =757 (kk, + B)s + P

Solving (1), (2), (4), (5), and (6):

. lim s(Js + B + kkj) oL 1 xg
Wm0 \Js? + (kky +B)s +k 52 Js2+ (kk, +B)s+k s
o lim Js + B + kky, _ d
® o \Js? + (kky + B)s+k  Js? + (kk, + B)s + k
N B+kky, d
(.\.\ o k /(
Choice (4) is the answer.
D(s)
£~ E(s) + | 1
s k » — »C(s
R(s) _ To+B B C(s)
kl] “

Figure 8.5 The control system of solution of problem 8.8
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Problems: Graphical Analysis and Design in Time 9
Domain

Abstract

In this chapter, root locus analysis method as a graphical analysis method is applied on the transfer function of an open-loop
control system to examine how the poles of the closed-loop system change with the variation of a specific system parameter
(loop gain). The analysis includes studying the stability status of the closed-loop control system and evaluating its transient
and steady-state responses. In this chapter, the problems are categorized in different levels based on their difficulty levels
(easy, normal, and hard) and calculation amounts (small, normal, and large). Additionally, the problems are ordered from the
easiest problem with the smallest computations to the most difficult problems with the largest calculations.

9.1 Figure 9.1 illustrates the root locus of a control system with a negative unity feedback (for k > 0). Determine the maximum
value of loop gain so that the closed-loop system is stable.

Difficulty level O Easy @ Normal © Hard
Calculation amount O Small @ Normal O Large
D1
2) 2
3)3
4) 6
5 /7
4t ]
Tw
B2} ]
]
o
@
L
motlbe—roe oo saniissinnsabinasisaiinniinnsastanssis 4
20
<
o
8
£-2t )
@
E
4t E
6 . . . i .
-8 -6 -4 -2 0 2 4
Real Axis (seconds")
Figure 9.1 The control system of problem 9.1
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9 Problems: Graphical Analysis and Design in Time Domain

9.2

9.3

Consider the problem of 9.1 and assume that the system is in the oscillating status. Determine the angular frequency of the
oscillations.

Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large

1) 1 radlsec

2) V2 rad/ sec

3) /3 rad/ sec
4) 4 radlsec

Figure 9.3 shows the root locus (k > 0) of the control system shown in Fig. 9.2. Determine the value of loop gain where the
root locus crosses jo — axis.

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) 16
2) 160
3) 1.6
4) 0

E(s)

R(s) —O— G(s) *»C(s)

Figure 9.2 The control system of problem 9.3

[\*]
W

]
(=]

™
[4)]

-
o

W

(=]

Imaginary Axis (seconds'1}

Real Axis (second s )

Figure 9.3 The control system of problem 9.3
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9.4 If the root locus of the control system of Fig. 9.4 passes from the points of —1 = j, determine the value of the parameters
a and b.

Difficulty level O Easy @ Normal © Hard
Calculation amount O Small @ Normal O Large
1)5,4
2)5,3
3) 3,4
4) 3,3
R(s) . »(C(s)
- s2t+asth
Ll
stl [

Figure 9.4 The control system of problem 9.4

9.5 In a control system with a negative unity feedback and the open-loop transfer function below, if the parameter of ¢
increases about 10%, which one of the following choices is correct?

Difficulty level O Easy @ Normal © Hard
Calculation amount O Small @ Normal O Large
1) The damping ratio will decrease about 5%.

2) The damping ratio will increase about 5%.

3) The damping ratio will decrease about 10%.

4) The damping ratio will increase about 10%.

9.6 Which one of the following choices shows the root locus of the control system of Fig. 9.5 for k£ > 0?

Difficulty level O Easy @ Normal O Hard
Calculation amount O Small O Normal @ Large
1 1 ”
R(s) 1 ey »((s)

i |
)

Figure 9.5 The control system of problem 9.6
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™) (2)
& 041 = 02
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T ke
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g 0.1 g :
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© . © :
E -04 g 1
= -6 -4 -2 0 = 4 -3 2 -1 0
Real Axis (seconds™) Real Axis (seconds™)

Figure 9.6 The control system of problem 9.6

9.7 Which one of the following choices illustrates the root locus of the control system shown in Fig. 9.7 (k > 0)?

Difficulty level O Easy O Normal @ Hard
Calculation amount @ Small O Normal O Large
R(s) e’ »C(s)
Xk
S

Figure 9.7 The control system of problem 9.7
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Figure 9.8 The control system of problem 9.7

9.8 The root locus of a control system is shown in Fig. 9.9. Determine the stability status of the system for k = 40.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) Stable.

2) Unstable.

3) Marginally stable.

4) Its stability depends on the other parameters.

IS
/

I\ o )
. :
o

Imaginary Axis (seconds'1)

A
T

-8 . : : : :
-10 8 6 4 2 0

Real Axis (seconds‘1)

Figure 9.9 The control system of problem 9.8
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9.9 Which one of the following options shows the root locus of a closed-loop control system (for k > 0) with a negative unity
feedback and the open-loop transfer function below?

s—k
G(s) =—F——
(s) s(s+1)
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large

(1) (2
0.5

Imaginary Axis (seconds™)
Imaginary Axis (seconds™)

-2 0 2 4 6 -5 0 5

Real Axis (seconds™) Real Axis (seconds™)

(3) @

0.4

0.2

Imaginary Axis (seconds™)
o
b

Imaginary Axis (seconds™)
o
3
X

-6 -4 -2 0 2 -2 -1.5 -1 -0.5 0

Real Axis (seconds™) Real Axis (seconds™)

Figure 9.10 The control system of problem 9.9

9.10 Consider a closed-loop control system with a negative unity feedback and the open-loop transfer function below (k > 0).
If the settling time of the system for the large k is about eight seconds, determine the value of parameter a.

Gs) = k(s +4)
s(s+2)(s+a)
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
D1
2)2
3)3

4) 4
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9.11

9.12

9.13

Consider a closed-loop control system with a negative unity feedback and the open-loop transfer function below (k > 0).
Which one of the following statements is correct and complete?

_ k(s+0.5)
Gls) = s2(s2 + 45 + 8)

Difficulty level O Easy O Normal @ Hard

Calculation amount O Small @ Normal O Large

1) The points —1 = j are on the root locus of the system.

2) The points —1 = j are on the root locus of the system, but they are NOT break-away/break-in points.
3) The points —1 =+ j are NOT on the root locus of the system.

4) The points —1 = j are on the root locus of the system and they are break-away/break-in points.

Consider a closed-loop control system with a negative unity feedback and the open-loop transfer function below (k > 0).
Determine the range of p, so that the transient response of the closed-loop system is always overdamped.

Gls) = k(s +3)
(s+ 1D(s+p)

Difficulty level O Easy O Normal @ Hard

Calculation amount O Small @ Normal O Large
)O0<p<1

2) 1<p<3

3)p>3

4 p>0

Which one of the following choices shows the root locus of the control system (k < 0) illustrated in Fig. 9.11?
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large

+ 4 l T
R(S) —._Q—' k ) s r\_,(S)

L
3

&

L

Figure 9.11 The control system of problem 9.13
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(1) ()

Imaginary Axis (seconds™)
Imaginary Axis (seconds™)

-5 0 5 10 15 -15 -10 -5 0 5

Real Axis (seconds™) Real Axis (seconds™)

(3) @

-
o

(&)]

'
(¢)]

Imaginary Axis (seconds™)
o
0
>L
2 ¢

Imaginary Axis (seconds™)
o

L
o

-10 -8 -6 -4 -2 0 -10 -5 0 5
Real Axis (seconds™) Real Axis (seconds™)

Figure 9.12 The control system of problem 9.13

9.14 In a control system with a negative unity feedback, the open-loop transfer function is as follows:

9.15

2
Gls) = s(s + 2¢wy,)

Determine the sensitivity of the maximum overshoot percentage of the closed-loop system’s response to a unit step input
with respect to the damping ratio (S?‘S‘) around the rated damping ratio (¢ = JTE).

Difficulty level O Easy O Normal @ Hard

Calculation amount O Small @ Normal O Large

1) 2«

2) —rx

3) 2%

Y

Consider a closed-loop control system with a negative unity feedback and the open-loop transfer function below (k > 0).
Determine the characteristic equation of the closed-loop system if its root locus has a break-away/break-in point on the
11

real axis in —% and the straight-line asymptotes intersection in — -

k

GS)=—F————F=
WAt A)

Difficulty level O Easy O Normal @ Hard

Calculation amount O Small O Normal @ Large
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9.16

s>+ 115> +8s +k
2) s+ +8s+k
3) s3—|—11s2—|—§s+k
4) s3+%s2+§s+k

The state-transition matrix of a closed-loop control system with a negative unity feedback is as follows:

et — 26_2t + e—3t e — e—2t 0
[gO(l)] — O 6721 _e—2t + 6731
k(efm . 6—31) 0 e 3!

Herein, k is the forward gain of the system. Determine the break-away/break-in point and the asymptotes intersection on
the real axis.

Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1) =643 ¢
2) =63
3) 6583, 2

4) =8, 6
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Abstract
In this chapter, the problems of the ninth chapter are fully solved, in detail, step-by-step, and with different methods.

10.1. Based on the zeros’ and poles’ locations shown in the root locus of the system in Fig. 10.1, we can determine the open-
loop transfer function of the system, as follows:

1

Gls) = s(s+1)(s+2)

(1)

The characteristic equation of the closed-loop system can be determined as follows:
14+ kG(s)H(s) =0

k 3+ 32+ 25 +k 5 )
- - = ————————=0=A(s) = 3 2s +k 2
él+s(s+1)(s+2) 0= REESNCES) = A(s) =5 +3s"+ 25+ (2)

To determine the stability status of a control system, we can use Routh-Hurwitz table. Suppose that the characteristic
equation of a system is as follows:

As) = aps" + ap_ 15" ' 4 apa8" P+ .+ a5t + ars' + aps® (3)
The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic

equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (4) and (5), until the last row (s°) is filled.

S an Ap—2 QAp—g
snt An-1 Ap-3 Qanp-s
s"2 | bpoy by_z bn_s
st
s0
by | —— 1 An  Gn-2|  Gp_20p_1 — GpQn_3 (4)
1 = =
an-1|a,—1 ap—3 ap—1
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1

an—1

Aan ap—4

Ap_4ap_1 — Apay—
bn73:_ :n4n1 nn—5 (5)

an—1

dp—1 Qp-5s

Based on Routh-Hurwitz table rule, the system is stable if all the elements in the first column of the table are positive.

For this problem, we have:

s3 1 2
52 3 k
| 6k

3
s k

Based on Routh-Hurwitz rule, the system is stable if:

6k

d k<6

3 >0—¢{ Lo<k<s (6)
k>0 k>0

As can be seen from (6), the maximum value of k that the system is stable is 6.
=k=6

Choice (4) is the answer.

By

%]

(=]
L

Imaginary Axis (seconds'1)
ro

IS
.

5 , . . . S

-8 6 4 2 0 2 4
Real Axis (seconds’1)

Figure 10.1 The control system of solution of problem 10.1

10.2. To have an oscillating system, all the elements in one of the rows of the Routh-Hurwitz table corresponding to an odd

exponent must be zero. As can be seen in the Routh-Hurwitz table, the row corresponding to s' is zero if k = 6.

s3 1 2
52 3 k
o 6k

3
s° k

Moreover, the angular frequency of the oscillations can be determined by using the equation of the previous row (A(s?),
as the auxiliary equation), as follows:
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10.3.

k=6

A(?) =38 +k=0=—=A(s*) =352 +6=0= s = £V2 = 0 = V2 rad/ sec

Choice (2) is the answer.

Based on the zeros’ and poles’ locations shown in the root locus of the system in Fig. 10.3, we can determine the open-

loop transfer function of the system, as follows:

Gls) = s(s+2)(s+38)

The characteristic equation of the closed-loop control system can be determined as follows:

1+ kG(s)H(s) =0

k B s+ 10s* + 165 +k
TG 7T 26t

= A(s) = 5> + 105> + 165 + k

(1)

(2)

Based on the information given in the problem, we know that the root locus crosses jo — axis. Therefore, by applying
Routh-Hurwitz table rule for the system, one of the rows of the table, corresponding to an odd exponent, must be zero

since the root locus crosses the jo — axis and the system is marginally stable.

Applying Routh-Hurwitz table for this problem:

s3 1 16
s2 10 k
o | 160k
10
s0 k
160 — k
0 - 0= k=160

Choice (2) is the answer.

E(s)

R(s) —O— G(s) »C(s)

Figure 10.2 The control system of solution of problem 10.3
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P
(4]

(%]
o

-
(4}

o

[}

Imaginary Axis (seconds'1)
5 & & o

S
&

™)
[3

-30 -25 -20 -15 -10 5 0 5 10
Real Axis (seconds'1)

Figure 10.3 The control system of solution of problem 10.3

10.4. Based on the information given in the problem, the root locus passes through the points of —1 = j. Therefore, these

points are on the roots of the system. By assuming the third pole as (s + p), the characteristic equation of the closed-loop
system can be in the following form:

Als) = (s+1+)(s+1-)(s+p) = (s +25+2) (s +p)
= AlS) =+ (p+2)s*+2(p+ s +2p (1)
The characteristic equation of the closed-loop system can be determined by using another method, as follows:

A(s) =1+ G(s)H(s) =0

1 1 sS+@+)s*+(a+b)s+b+1
:>1+sz+as+bxs+1_0:> (s24+as+b)(s+1) =0
= A(s) =5+ (a+1)s*+ (a+b)s+b+1 (2)
Solving (1) and (2):
p+2=a+1
20+ 1) =a+b=a=0b=73
2p=b+1
Choice (4) is the answer.
R(s) ‘ »C(s)
- s2tastb
L |
s+l [

Figure 10.4 The control system of solution of problem 10.4
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10.5.

10.6.

Based on the information given in the problem, the control system includes a negative unity feedback, and its open-loop
transfer function is as follows:

1

) =)

(1)

Based on the choices, it is noticed that the sensitivity of the damping ratio of the system response with respect to the
value of parameter of 7 is requested.

The characteristic equation of the closed-loop system can be determined as follows:
1+ kG(s)H(s) =0

1

T

1 s>+ s+ 1 5 5 1
1+ ———x1=0= —//————=0 1=0= A(s) = — 2
= +s(1+1s)>< = ST+ ) = 15"+ s+ = A(s) =5 tost (2)

By comparing the characteristic equation of the closed-loop control system with the standard second-order characteris-
tic equation, that is, A(s) = s+ 2bw,s + wnz, we can determine the damping ratio, as follows:

, 1
@n” = = W, =—

1
\/;:wf: = 3)

N =
‘”

)
=
NS}
=

1
2§wn::;

Sensitivity of a parameter (a) with respect to value of another parameter (b) is defined as follows:

Solving (3) and (4):

s () -

X

T
1
2Vz

Based on the information given in the problem, the root locus of the control system for k£ > 0 has been requested.
The characteristic equation of the system can be determined by using Mason's formula, as follows:

A=1-Y Lo+ Y Laly— Y LilyLc+ ...

a,b a,b,c

where:
> "L, : The sum of gains of loops

>"L,Ly, : The sum of product of gains of any two non-touching loops (without any common nodes)
a,b

> L,LyL, : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)
a,b,c

Now, for the system shown in Fig. 10.5, we have:

1 1 1 1 k
za:Lai(erl)jL(ierlx (1+§) Xk) Ts+1 s
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> LiLy, =0
a,b
ZLaLbLC =0

a,b,c
B 1 k) B 1k s+s—s+hks+k sS+k(s+1)
éA(S)l<s+ls)0:>A(s)ls+l+s s(s+1) o os(s+ 1) =0
1
:>s2+k(s+l)=O:A>A(s):l+ksj; (1)

By comparing (1) with the standard format of a characteristic equation (A(s) = 1 + kG(s)H(s)), we can determine the
open-loop transfer function of the system, as follows:

L(s) = Glo)H(s) = "5 2)

To draw the root locus of the system, the rules below must be followed.

L(s) is the open-loop transfer function excluding & (design gain).

N(s) is the numerator polynomial.

D(s) is the denominator polynomial, or the open-loop characteristic equation.
m is the order of N(s), or the number of open-loop finite zeros.

n is the order of D(s), or the number of open-loop poles, n > m.

z; is the 1’th open-loop finite zero.

p; is the j’th open-loop pole.

s; is a point on the root locus

Rule I: Number of branches is equal to the number of open-loop poles (1) or the number of closed-loop poles.
Rule 2: On the real axis, the root locus exists to the left of an odd number of open-loop poles and zeros.

Rule 3: Root locus is symmetrical about the real axis. Poles are always in conjugate pairs.

Rule 4: Root loci start at p; and for k = 0 and end at z; (finite zeros) and infinite zeros of L(s) for k — oco.

Rule 5: n — m loci approach infinity and converge to straight line asymptotes as k — oo. Asymptotes are defined by the
real-axes intercept ¢ and the angle 6 as follows:

Z]Pj_z:lzi

_ = =

o= n—m (4)
gzw’q:o,ihiz,m (5)

n—m

Rule 6: Departure angle of a locus from a complex pole is given by the following relation. Herein, £(p; + z;) and
Z(px + p)) are the angle of the vector from the complex pole of p; to the zero of z; and to the pole of p;, respectively.

n

HkZZm:é(Pk+Zi)— Z Z(py+pj) - (6)

i=1 j=1
j#k
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Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.

~ 1 ~ 1
;S_Zi:;S_pjés:s,- (7)

Alternatively, s can be determined by using the relation below.

d
1+kL(s)—0ék_L(sl)£>§i()—;;<L(sl))—0:>s—si (8)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their corresponding
k; (use (9)) are real quantities and in the range of (0, co).

_ -1

ki = 0s) )

S=S;

For this system, the practical rules that we need to apply are as follows:
Rule 2: On the real axis, the left side of the zero is part of root locus.

Rule 6: The departure angles of the loci from the poles can be determined as follows:

m n T 3 =&
apIZOZZI:A(Pk+Zi)_ Z:lA(pk—l-pj)—71':0—5—7r:>9pl()2—7:E (10)
= ]:
j#k
Opo=d <tz — > Zlptp)—n=0-(=F) -5 0p0=—3 (11)
i=1 j=1
j#k

Rule 7: The breakaway and break-in points from the real axis can be determined as follows:

d, . d[-1\ _d 2\ 2s(s+1)—s* 5 B B
2
N
- _ — 13
b=, 70 (13)
5? 4
kz__erlsziz__—l_4 (14)

From (13), it is noticed that the breakaway and break-in points directly start from the poles (k = 0). Moreover,
ky € (0, 00); hence, it is a breakaway and break-in point. Therefore, s = 0, — 2 are the breakaway and break-in points.

Based on the abovementioned calculations, the root locus of the system is shown in Fig. 10.6.
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I > C(s
R(s) X re 1+~§- »C(s)

[k |

Figure 10.5 The control system of solution of problem 10.6

1.5

o
n

(=)

Imaginary Axis (seconds‘1)
o
(4]

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5
Real Axis (seconds'1)

Figure 10.6 The control system of solution of problem 10.6

10.7. The open-loop transfer function of the system is as follows:

Herein, we can use the first-order Pade approximation for the term of e™*, as follows:

Solving (1) and (2):

= G ~§ T~ ®

Because of the negative sign in the open-loop transfer function, the root locus rules change, and the root locus must be
drawn for k < O, or it can be assumed that the system includes a positive unity feedback. The updated rules are as
follows:

L(s) is the open-loop transfer function excluding k, where k is the design gain.

N(s) is the numerator polynomial.
D(s) is the denominator polynomial or the open-loop characteristic equation.
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m is the order of N(s) or the number of open-loop finite zeros.
n is the order of D(s) or the number of open-loop poles, n > m.
z; is the i’th open-loop finite zero.

p; is the j’th open-loop pole.

s; is a point on the root locus.

Rule 1 (like a negative unity feedback system): Number of branches is equal to the number of open-loop poles (1) or the
number of closed-loop poles.

Rule 2: On the real axis, the root locus exists to the left of an even number of open-loop poles and zeros.

Rule 3 (like a negative unity feedback system): Root locus is symmetrical about the real axis. Poles are always in
conjugate pairs.
Rule 4 (like a negative unity feedback system): Root loci start at p; and for k = 0 and end at z; (finite zeros) and infinite

zeros of L(s) for k — oo.

Rule 5: n — m loci approach infinity and converge to straight line asymptotes as k — oo. Asymptotes are defined by the
real-axes intercept o and the angle 6 as follows:

n m
Er-fe
_ = i=
o= n—m (3)
o= 29" 40 41,42 (6)
n_m9 9 b 9

Rule 6: Departure angle of a locus from a complex pole is given by the following relation. Herein, £(p; + z;) and
Z(p + p)) are the angle of the vector from the complex pole of p; to the zero of z; and to the pole of p;, respectively.

O = Z Z(px +z) — Z Z(pi+p)) (7)
=1 ji=1
j#k

Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.

n

~ 1 1
;s—zi:;s—pjészsi (8)

Alternatively, s can be determined by using the relation below.

d
1+kL(s)—0:>k_L(sl)£>;;()—L?S(L(sl)>—0és—si (9)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their corresponding
k; (use (10)) are real quantities and in the range of (—oo, 0).

-1

k; =10 (10)

s=s;

In this problem, applying only Rules 2 is enough to identify the root locus. Figure 10.8 approximately shows the root
locus of the system.
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R(s) e’ »((s)

Figure 10.7 The control system of solution of problem 10.7
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Figure 10.8 The control system of solution of problem 10.7

10.8. If we determine the range of k for the stability of the system, we will be able to determine the stability of the system for
k = 40.

Based on the zeros’ and poles’ locations shown in the root locus of the system in Fig. 10.9, we can determine the open-
loop transfer function of the system, as follows:

1 1
GRS = T 62+ D6 +2-72) s+ + a5 +9) v

The characteristic equation of the closed-loop control system can be determined as follows:

1+ kG(s)H(s) =0

k s* +65° + 165 + 165 + k
1 == =
- +s(s+2)(s2—|—4s—|—8) 0= s(s+2)(s2+4s+38) 0
= A(s) =s* + 657 + 1657 + 165+ k=0 (2)

Applying Routh-Hurwitz table rule for this problem:

s* 1 16 k
s3 6 16
80
s? = k
o1 80 x 16 — 36k
80
s° k
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Based on Routh-Hurwitz table rule, the system is stable if all the elements in the first column of the table are positive.
Therefore, the system is stable if:

80 % 16 — 36k _ ;- 8016
{ 80 ;x{ 36 = 0<k<355 (3)

k>0 k>0

From (3), it is seen that the system is unstable for k = 40. Choice (2) is the answer.

Ir‘nagingry Axis {seconds'1)

10 -8 6 4 2 0 2 4 6
Real Axis (seconds'1)

Figure 10.9 The control system of solution of problem 10.8

10.9. Based on the information given in the problem, the system includes a negative unity feedback, and its open-loop transfer
function is as follows:

Gls) = (1)

As can be noticed from (1), the open-loop transfer function is not in the standard form. The standard format of an open-
loop transfer function is as follows:

k ﬁ (s+z)
G(s)H(s) =1+ L (2)
I (s+p))

j=1
The open-loop transfer function can be converted to the standard format as follows:
14+ G(s)H(s) =0

1
Xi
s—k _ s* 25—k o s(s+2) —k

By comparing (2) and (3), it is noticed that:

Because of the negative sign in the open-loop transfer function, the root locus rules change, and the root locus must be
drawn for k < 0, or it can be assumed that the system includes a positive unity feedback. The updated rules are as follows:
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L(s) is the open-loop transfer function excluding k, where £ is the design gain.

N(s) is the numerator polynomial.

D(s) is the denominator polynomial or the open-loop characteristic equation.
m is the order of N(s) or the number of open-loop finite zeros.

n is the order of D(s) or the number of open-loop poles, n > m.

z; is the 1’th open-loop finite zero.

p; is the j’th open-loop pole.

s; is a point on the root locus

Rule 1 (like a negative unity feedback system): Number of branches is equal to the number of open-loop poles (1) or the
number of closed-loop poles.

Rule 2: On the real axis, the root locus exists to the left of an even number of open-loop poles and zeros.

Rule 3 (like a negative unity feedback system): Root locus is symmetrical about the real axis. Poles are always in
conjugate pairs.

Rule 4 (like a negative unity feedback system): Root loci start at p; and for k = 0 and end at z; (finite zeros) and infinite
zeros of L(s) for k — oo.

Rule 5: n — m loci approach infinity and converge to straight line asymptotes as k — oo. Asymptotes are defined by the
real-axes intercept ¢ and the angle 6 as follows:

_ = i~
o= n—m (6)
2qrn

n—m

0= q=0,+1,£2, ... (7)

Rule 6: Departure angle of a locus from a complex pole is given by the following relation. Herein, £(p; + z;) and
Z(pi + p;) are the angle of the vector from the complex pole of p; to the zero of z; and to the pole of p;, respectively.

m n

HkZZZ(Pk+Zi)— Z A(Pk“‘Pj) (8)
=1 =1
JFk

Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.

m ] n 1
;S*Zi:;s—pjészsi ©)

Alternatively, s can be determined by using the relation below.

d
1+kL(s)=0:,k=%)%>%(k)z%(%)>:0$s=si (10)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their corresponding
k; (use (11)) are real quantities and in the range of (—oo, 0).
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_ -1

ki—L(s) (11)

s=s;

Figure 10.10 shows the root locus of the system. Herein, applying Rules 2 and 4 are enough to draw the root locus. Choice
(2) is the answer.

ot
ra

=
-

=4
A o

Imaginary Axis (seconds'1)
i
o

03

-04

-0.5

-6 -4 2 0 2 4
Real Axis (seconds‘1)

Figure 10.10 The control system of solution of problem 10.9

10.10. Based on the information given in the problem, we know that the control system includes a negative unity feedback,
and its open-loop transfer function is as follows:

k(s +4)

Gls) = s(s+2)(s+a)

(1)
Moreover, the settling time of the system is about eight seconds. In other words:
ty = 8 sec (2)

The settling time of a second-order system in its underdamped status can be determined by the following relation.

ty =

! 3)

Solving (2) and (3):

4_ 8=0=05 4)
c
Figure 10.11 shows the root locus of the system for each value of for the parameter of a, presented in the choices. As

can be seen in Fig. 10.11.1, the system is unstable for a = 1 and large k. Moreover, Fig. 10.11.2 shows that the system
is in the undamped status for @ = 2 and large k.

However, the system has the underdamped response for a = 3, 4 and large k, illustrated in Figs. 10.11.3-4. As can be
seen, the system has two loci in the infinity for large &, and the value of real part of the dominant poles (¢ £ jo,) is
equal to the real-axes intercept of the asymptotes (o).
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n m
ZP,‘_ 2%
o— j=1 i=1

n—m (5)
Solving (4) and (5):

(—2—a)—(—4) 2—a

—-0.5 = = =2—a=—-1=a=3
3—-1 2
Choice (3) is the answer.
(1) (2)

- 20 : =
3 i S 10
c c
) 5 )
2 0P e X 2 op x
< : 2
ey : g -5
2 -0 : £
g g -10
E 5 E ;

-4 -3 2 -1 0 -4 3 2 -1 0

Real Axis (seconds™) Real Axis (seconds™)
(3) (4)

- 10 Ea 1
‘v %)
© ©
c c
g8 5 8 05
[} (9]
&2 K
ﬁ 0 ﬁ o
f >
S 5 g 05
D =)
®© ®©
E 4 - E 1 -

-4 3 2 -1 0 -4 -3 2 -1 0

Real Axis (seconds'1) Real Axis (seconds‘1)

Figure 10.11 The control system of solution of problem 10.10

10.11. Based on the information given in the problem, we know that the control system includes a negative unity feedback,
and its open-loop transfer function is as follows:

k(s+0.5)
-~ r) 1
(5) s2(s> +4s +8) (1)
In this problem, we only need to apply Rule 7 as follows.

Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.

1 < 1
= = 5=y (2)
i1 ST jz::ls_pj

Alternatively, s can be determined by using the relation below.
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d
_ _lds o dgyd (-1 g
1+kL(s) =0= k= (S):>ds(k) dS(L(S)> 0= i (3)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their
corresponding k; (use (4)) are real quantities and in the range of (0, co).

_ -1

b= )

S=S5;

By applying the second method of Rule 7, we have:

(s+05) -1 ds d . d -1 _
s2(s2+4s+8) 0= k= T3 ds (k) = ds \ _(s+05 | ™ 0
s2(s2+4s+8) 52 (s2+4s-+8)

d (s4 + 453 + 8s2> PN (45> +125% + 165)(s + 0.5) — (s* +45” +85%) 0

s+0.5 (s +0.5)
= 4s* 4125 + 165 +25° + 65> + 85 —s* — 45> — 85> =0
= 35"+ 105 + 145* + 8s =535+ 4)(s* + 25+ 2) =0

:»s:—lij,O,—% (5)

Now, we need to check to see if —1 =+ j are on the root locus or not, as follows:

v _ (s +4548) st 4457+ 88 (L) A+ +8(-1 +j)2—8
' s+O5 s+05 - (—=1+j)+05 B

s=—1+j

Since k; = 8 € (0, o0), the point of —1 — j and its complex conjugate value, that is, —1 + j are the break-away/break-in
points, and consequently they are on the root locus of the system.

10.12. Based on the information given in the problem, the control system includes a negative unity feedback, and its open-
loop transfer function (k > 0) is as follows:

k(s+3)
G(s) =7—7"—— 1
=T 06+p) M)
Based on the problem, the transient response of the closed-loop system must always be overdamped. Therefore, the
root locus of the system must only be on the real axis.

The open-loop system includes one zero and one pole, other than the pole of p. Hence, there are three statuses for the
position of the pole of p. Figure 10.12.1-3 show the root locus of the system forO <p < 1,1 <p <3, and p > 3,
respectively.

As can be seen, p > 3 is acceptable for the range of the parameter, as in this condition, the system is stable, the root
locus is only on the real axis, and consequently the transient response of the closed-loop system is always overdamped.
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Imaginary Axis (seconds™)

Imaginary Axis (seconds‘1)

0.5

-0.5

(2)

= 2
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10 -8 6 -4 2 0 10 -8 6 -4 2 0
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0 €.
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Figure 10.12 The control system of solution of problem 10.12

10.13. Based on the information given in the problem, the root locus of the control system for k < 0 has been requested.

The characteristic equation of the system can be determined by using Mason's formula, as follows:

where:

A=1-— ZLa + ZL,,Lb — ZLaLbLC +...
a a,b

a,b,c

> L, : The sum of gains of loops

>"L,Ly : The sum of product of gains of any two non-touching loops (without any common nodes)

a,b

> L,LyL, : The sum of product of gains of any three pairwise non-touching loops (without any common nodes)

a,b,c

Now, for the system shown in Fig. 10.13, we can have:

4 1 4 1\ 3k 4k
;Lu*(kxs+2><§>+(7kxs+2x§)7s+27s(s—|—2)

> LiLy, =0
a,b
ZL,,L;,LC =0

a,b,c

ik 4 —4)k 43k
iA:l—(3 —47k>:0:>A:1+—( 3S):1+—3(s ) (1)

s+2 s(s+2) s(s+2) s(s+2)

By comparing (1) with the standard format of a characteristic equation (A(s) = 1 + kG(s)H(s)), we have:
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(2)

Because of the negative sign in the open-loop transfer function as well as k < 0, the root locus rules do not change;
therefore, the root locus must be drawn for k£ > 0, as is shown in Fig. 10.14. Herein, applying only Rules 2 and 4 are
enough to draw the root locus. Choice (2) is the answer.

R(s) —*.Q—v k = - »C(s)

Figure 10.13 The control system of solution of problem 10.13
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Figure 10.14 The control system of solution of problem 10.13

10.14. Based on the information given in the problem, the control system includes a negative unity feedback, and its open-

loop transfer function is as follows:

2

G(s) :m (1)

The characteristic equation of the closed-loop control system can be determined as follows:
1+ kG(s)H(s) =0

2 2
@, T+ 2560,16‘ + o, 2 2

St =0=——" " — 0= A(s) = 2 2
s(s + 2éw,) s(s + 2éw,) (s) = 5"+ 2bwns + o )
By comparing the characteristic equation of the system with the standard second-order characteristic equation, that is,
A(s) = 5% + 2Ew,s + w,°, it is noticed they are the same. For a second-order system with the standard format, maximum
overshoot percentage is defined as follows:



100

10 Solutions of Problems: Graphical Analysis and Design in Time Domain

—nt

0.8. = eV-2 x 100 (3)

Sensitivity of a parameter (a) with respect to value of another parameter (b) is defined as follows:

Solving (3) and (4):

Sy =Lbxda 3)

o8 =— & 4 <e\/1—7 x 100)

eVi-2 x 100
. —r\/1 - & ——2=(-n) .
= S?'S' =— x 22 ¢ eV1-2 x 100
V2 x 100 I=¢
. S?S' _ —&n 4)

Solving (4) for & = ¥

(1-&)vi-¢&

10.15. Based on the information given in the problem, the control system includes a negative unity feedback, and its open-
loop transfer function (k > 0) is as follows:

k

) = Gr oG h)

(1)

4

Moreover, the root locus has a break-away/break-in point on the real axis in —3 and the straight-line asymptotes

intersection in — %. In other words:

s,:—§ (2)
11
c="79 (3)

Hence, we need to apply Rules 5 and 7 as follows.

Rule 5: n — mloci approach infinity and converge to straight line asymptotes as k — oo. Asymptotes are defined by the
real-axes intercept o and the angle 0 as follows:

S-S
o — Jj=1 i=1 <4)

n—m

Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.



10 Solutions of Problems: Graphical Analysis and Design in Time Domain 101

=~ 1 1
;S_Zi:;s_pj:m:si (5)

Alternatively, s can be determined by using the relation below.

d
1+kL(s)0ék%£>%(k)%<%)Oéssi (6)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their
corresponding k; (use (7)) are real quantities and in the range of (0, co).

-1
ki = ) . (7)
Solving (3) and (4):
11 (—a—p)—(0) 11
9~ 3-0 *tP=7% (8)
Solving (1) and (6):
d d —1 d
7K =7 (f) = (s a)s+5) =0
s(s+a)(s+p)
:>(s+a)(s+ﬂ)+s(s+ﬂ)+s(s+a):O:>3s2+2(a+ﬁ)s+aﬁ:O )
Solving (2) and (9):
4\? 4 8
3(—5) +2atp)(—g) +aB=0=ap =3 (10)
The characteristic equation of the closed-loop control system can be determined as follows:
1+ kG(s)H(s) =0
ke _ 2
$1+s(s+a)(s+ﬂ)70:$A(s)is +(a+p)s"+aps+k (11)

Solving (8), (10), and (11):

s 11 , 8
Als) =85 +—s5s"+55+k

5
3

Choice (4) is the answer.

10.16. Based on the information given in the problem, the state-transition matrix of the closed-loop control system with a
negative unity feedback is as follows:

e ! — 2672[ + 6731 el — 6721 0

As we know, the relation below exists for any state-transition matrix.
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d
=210 o)
Solving (1) and (2):
et 4 4e — 33—t 427 0 -1 1 0
[A] = 0 —2e % 2e7H — 3¢ =10 -2 -1 (3)
k(—2e72 4 3¢73) 0 —3e ¥ —o k 0 -3

As we know, the characteristic equation of a system can be determined as follows if we know its state matrix ([A]).

A(s) = [s[l] — [A]| =0 (4)
Solving (3) and (4):
s 0 0 -1 1 0 s+1 =1 0
A(s)={]0 s 0| =] 0 =2 —1||=| 0 s+2 1 [=0
0 0 s k 0 =3 —k 0 s+3

k
(s+1)(s+2)(s+3)

= A(s) = (s+ D(s+2)(s+3) + (=k)(=1) =0 = A(s) = 1 +

By comparing (5) with the standard format of a characteristic equation (A(s) = 1 + kG(s)H(s)), we have:

1
s+1)(s+2)(s+3)

L(s) = G(s)H(s) = (

Now, we can use Rules 5 and 7, as follows.

Rule 5: n — mloci approach infinity and converge to straight line asymptotes as k — oo. Asymptotes are defined by the
real-axes intercept o and the angle 0 as follows:

PRI
o — j=1 i=1 <7)

n—m

Rule 7: The breakaway and break-in points from the real axis occur at s, where s can be calculated by using the
following equation. Herein, only those s are accepted that are on the root locus.

- 1 = 1
;S—Zi:;S—pjjS:Si (8)

Alternatively, s can be determined by using the relation below.

d
1+kL(s)=o:k=%$>%(k):%(%)ﬂ:s:si 9)

Herein, only those s are accepted that are on the root locus. In other words, those s; are accepted that their
corresponding k; (use (10)) are real quantities and in the range of (0, co).
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-1
ki = m o (10)
Solving (5) and (9):

d —1 d -6+
A= (=L )4 (i n)(s+2)(s4+3)=0=s —6+v3 (11)

ds ds\ ——L ds 3

(s+1)(s+2)(s+3)

kl:_(S+1)<S+2)(S+3)|s:#§<0 (12)
ko= —(s+1)(s +2)(s +3)| o5 >0 (13)

S=—=

Therefore, only the point of ('7‘ is accepted as a breakaway/break-in point of the system. Alternatively, based on

the root locus of the system, shown in Fig. 10.15, it is seen that only the point of
Regarding the asymptote’s intersection on the real axis, we can write:

(=1=2-3)—(0)

o = = 0= —

3-0

Choice (2) 1s the answer.

, Ima‘ginafy Axis (seconds'1)

-8 -6 -4 -2
Real Axis (seconds‘1)

Figure 10.15 The control system of solution of problem 10.16

V3is the breakaway/break-in point.
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Problems: Controller Design in Time Domain 1 1

Abstract

In this chapter, different types of controllers, including proportional controller, proportional-derivative (PD) controller,
proportional-integrate (PI) controller, and proportional-integrate-derivative (PID) controller, are designed to achieve the
desirable goals in the transient and steady-state responses of the closed-loop control system. In this chapter, the problems
are categorized in different levels based on their difficulty levels (easy, normal, and hard) and calculation amounts (small,
normal, and large). Additionally, the problems are ordered from the easiest problem with the smallest computations to the
most difficult problems with the largest calculations.

11.1. The open-loop transfer function of a control system with a negative unity feedback and a proportional-derivative
(PD) controller is as follows:

G(5)Gi(s) = "r Thos)

Determine the parameters of the controller, so that the closed-loop system is stable and the steady-state error to a unit
parabola input is 0.01.

Difficulty level O Easy @ Normal O Hard

Calculation amount O Small @ Normal O Large

1) kp>0, kp =10

2) kp =10, kp = 100

3) kp =10, kp>0

4) kp>0,kp>0

11.2. The open-loop transfer function of the control system, shown in Fig. 11.1, is as follows:

2
6 =536+
Design a proportional controller, in the form of G.(s) = k,,, so that the damping ratio of the closed-loop system is 0.7.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
1) G(s) =11.25
2) Gs) =225
3) G.(s) =5.62
4) G(s) =45
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E(s)
R(S) —CO— G(s) »C(s)
Figure 11.1 The control system of problem 11.2
11.3. The open-loop transfer function of a control system that includes a negative unity feedback is as follows:
G(s) =
(5) s(1 4+ Tys)(1 4 Tys)
Determine the proportional controller gain (kp) for a proportional-integral-derivative (PID) controller in Ziegler-
Nichols’s method.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
T\ 4T
1) 71"1T22
5(T1+4T>)
2) 37[1T22
3T\ T
3) 5(T]1+72'2)
3(T1+T2)
4) 57[1T22
11.4. The open-loop transfer function of a control system is as follows:
k
G(s) =——3
s(s+1)
Determine the integral time constant (7)) for a proportional-integral-derivative (PID) controller in Ziegler-Nichols’s
method.
Difficulty level O Easy @ Normal O Hard
Calculation amount O Small @ Normal O Large
D3
AN 4
3) 3z
2
4) 2rx
11.5. The open-loop transfer function of a control system is as follows:

Design a controller (G.(s)) in the feedback structure, so that —1 =+ j2 are the closed-loop poles of the system.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
2
1) 25 ssju

2) 2545

3) 12582

3
4) 12;‘1—2
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11.6. Which type of the controllers below must be used in a closed-loop control system, with the following open-loop transfer
function and a negative unity feedback, to set the undamped natural frequency at w,, = 10 rad/s but without affecting the
damping ratio.
25
G =
(s) s(s+8)
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small @ Normal O Large
1) Proportional-integral (PI) controller
2) Proportional (P) controller
3) Lead controller with the minimum lead angle of 37°
4) Lead controller with the minimum lead angle of 53°
11.7. The open-loop transfer function of a control system that includes a negative unity feedback is as follows:
GS)=—F—Fr—F=
(5) s(s+4)(s+6)
The uncontrolled closed-loop system response has the overshoot and settling time of 16% and 3.32 seconds,
respectively. Design a proportional-derivative (PD) controller (with the format of G.(s) = s + z.), so that, without
changing the overshoot of the system response, a threefold reduction happens in its settling time.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1) G(s)~=s+1
2) Gs)=s+2
3) G(s)=s+3
4) G(s)~s+4
11.8. The open-loop transfer function of the control system, which is shown in Fig. 11.2, is as follows:

2
) = 513679
Design a proportional-integrate (PI) controller, in the form of G.(s) = k, + '%, so that the damping ratio of the closed-
loop system is 0.7.
Difficulty level O Easy O Normal @ Hard
Calculation amount O Small O Normal @ Large
1) G.(s) =9 —i—i—?

2) G(s) =9+2
3) G(s) =1+%
4) G(s) =27+2

E(s)

R(s) —O— G(s) »C(s)

Figure 11.2 The control system of problem 11.8
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in Time Domain

Abstract
In this chapter, the problems of the eleventh chapter are fully solved, in detail, step-by-step, and with different methods.

12.1. Based on the information given in the problem, the closed-loop system that includes a negative unity feedback is stable.
In addition, the open-loop transfer function of the system, with a proportional-derivative (PD) controller, is as follows:

G(3)G.(s) = 122 F ko) (1

Moreover, the steady-state error of the system to a unit parabola input is 0.01. In other words:
ess = 0.01 (2)
The characteristic equation of the closed-loop control system can be determined as follows:
14 G(s)G.(s)H(s) =0

10(kp + kps) l=0= 5% + 10kps + 10kp

=1
+ 52 52

=0 = A(s) = s> + 10kps + 10kp (3)

A second-order system with the characteristic equation of a»s> + a;s + aq is stable if and only if all the coefficients are
non-zero and have the same sign. In other words:

az,ai,ap >0 (4)
Solving (3) and (4):
kp,kp >0 (5)

The steady-state error of a type-two system to a unit parabola input can be determined as follows:

P — (6)
lm(]) $2G(5)G.(s)H(s)
§—
Solving (1), (2), and (6):
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0.01 = ! _ = kp =10 (7)
T lim 2 Oketkos) 1 T T0kp P T
5s—0 s?
From (5) and (7), it is noticed that k» = 10, k;, > 0. Choice (3) is the answer.
12.2. Based on the information given in the problem, the open-loop transfer function of the control system, shown in

Fig. 12.1, is as follows:

2
) !

Moreover, we know that the design objective and the requested controller are as follows:

£=07 (2)
GC(S> =kp <3)

From (1) and (3), we have:
G(s)G.(s) = % (4)

The root locus of the system is illustrated in Fig. 12.2.

From (2), the angle of £ — line can be determined as follows:
6 = cos '&= cos 0.7 =45° (5)

By intersecting the £ — line with the root locus, shown in Fig. 12.3, the design point can be determined. As can be
noticed, the £ — line intersects the vertical branch which is the asymptote of the root locus. Therefore:

_0-(6+3) _
6=—g 5 =45 (6)
From Fig. 12.3, we can write:
)
tan 45° = ﬁ = wy =45 (7)
From (6) and (7), the design point is:
s=—-45+j4.5 (8)

By applying magnitude criterion, we have:

(s+3)(s+6)

3 =1125= G.(s) = 11.25

s=—4.5+j4.5

i
s=—4.5+4j4.5

L(s)

Choice (1) is the answer.
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E(s)

R(s) —O— G(s) »C(s)

Figure 12.1 The control system of solution of problem 12.2
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Figure 12.2 The control system of solution of problem 12.2

Damping ratio line_ jw
~ >
Design point § _ Jj@Wd
o S »o
-6 -j4.5 -3

Figure 12.3 The control system of solution of problem 12.2

12.3. Based on the information given in the problem, the open-loop transfer function of the control system that includes a

negative unity feedback is as follows:

OO = ST T (1 7 Tov)

The characteristic equation of the closed-loop control system can be determined as follows:

1+ G(s)H(s) =0

(1)
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k T\Tys® + (T +Ta)s> +s+k
=1 x1=0= —0
TS T+ Tos) S(L+ T15)(1 + Tas)
= A(s) =T Tos’ + (T +To)s* +s+k (2)

The proportional controller gain (kp) for a proportional-integral-derivative (PID) controller in Ziegler-Nichols’s method
can be determined as follows:

kp = 0.6k, (3)

where k, is the loop gain that puts the system in the oscillating status. In other words, this loop gain causes one of the
rows of the Routh-Hurwitz table to be zero.

To apply Routh-Hurwitz rule, suppose that the characteristic equation of a system is as follows.
A(s) = aps" +a,_15" ' + Anos" 2+ ...+ ars® + ars' + aps’ 4)
The structure of Routh-Hurwitz table is presented in the following. As can be seen, the coefficients of the characteristic

equation are placed on the first two rows of the table with the specific pattern. However, the coefficients of the next rows
need to be determined by using (5) and (6), until the last row (s°) is filled.

S an Ap—2 QApn—g
snt An-1 Ap-3 Qanp-s
Sn—2 bn—l bn—3 bn—S
st
50
by = — 1 ap  dp-2 _ Gn20n—1 — Anln-3 (5)
an-1|a,—1 ap—3 an—1
by 5 — — 1 a,  Qp—4 _ Gn-40n_1 — Qndn_5 (6)
an-1|a,_1 au_s ap—1
For this problem, we have:
s3 T,T, 1
52 Tl + TZ k
s k
The row corresponding to s', can be zero as follows:
kT T, _ _ _T1+T2
1 T1+T2_O:>k”_k_ .7, (7)

Solving (3) and (7):
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12.4. Based on the information given in the problem, the open-loop transfer function of the control system that includes a
negative unity feedback is as follows:

- k
66 == (n

The characteristic equation of the closed-loop control system can be determined as follows:

1+ G(s)H(s) =0

3 2
= 1+L2X1:0:> w:
s(s+1) s(s+1)
= Als) =5 +25" +s+k (2)

The integral time constant (7;) for a proportional-integral-derivative (PID) controller in Ziegler-Nichols’s method can
be determined as follows:

T; = 0.5T, (3)

where T, is the time constant of the oscillations that can be determined from the auxiliary equation (A(s%)). An auxiliary
equation is the row of polynomial (corresponding to an even exponent) which is just above the row (corresponding to an
odd exponent) containing only zeros in Routh-Hurwitz table.

Applying Routh-Hurwitz rule for this problem:

s3 1 1

s? k
k

1

st 11—+
2

s° k

As can be seen, for , the row corresponding to s' becomes zero. Therefore, the auxiliary equation can be

determined as follows:

A(s) =28 +2=0=s==%j = o, = | rad/ sec

Solving (3) and (4):

12.5. Based on the information given in the problem, —1 =+ ;2 are the design points, and the open-loop transfer function of the
control system is as follows:

Gs) =5 (1)
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Figure 12.4 shows the root locus of the uncontrolled closed-loop system. As can be seen, the desirable closed-loop poles
of —1 4 j2 are in the left-side of the root locus. By using this point and the format of the controllers presented in the
choices, it is noticed that the controller must be a lead controller that its format is as follows:

s+z
G.(s) ks+p,z <p (2)
By assigning the zero of the controller at s = — 2, the open-loop transfer function of the controlled system is as follows:
s+2
G(s)G.(s) =k5—— 3
()Gels) = k 2 ()
Now, by using angle criterion in Fig. 12.5, we can write:
0, _» — 26’p:0 — Hp = :|:(2q + 1)77.'
= tan ' <%) - 2(7r — tan ! (%)) —0,=-nx
71 2 o
= 0, ~ 71— 27+ 3tn (T)z—n—|—3x63.4z10.3 (4)
Next, in Fig. 12.5, for 8, = 10.3°, we can write:
o 2
tan(10.3)zm:>p—lzllépz12 (5)
Solving (3) and (5):
_ s+2
G(S)GC(S) - SZ(S + 12) (6)
In addition, by using magnitude criterion, we have:
k= ‘L _ ’ 1 _ g+ 12)
L(s) s=—14)2 G(5)Ge(s) s=—14)2 s+2 s=— 142
A2 .
k:’( 14+2)( 1+]2+12)’%25 )

“1+2+2

Solving (2), (5), and (7):
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o
i
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Figure 12.4 The control system of solution of problem 12.5

Jjw
-~
—-1+2 :
s 3 i
f")lu 0
3t Op \;\\(")'—' A >0
-p -2 -1

Figure 12.5 The control system of solution of problem 12.5
12.6. Based on the information given in the problem, we have:
@y = 10 rad/s (1)
&=6 (2)
The characteristic equation of the closed-loop control system can be determined as follows:

14+ G(s)H(s) =0

I+

25 >
=0= 8s+25=0 3

s(s+8) SEest (3)

The damping ratio of the system response can be determined by comparing the characteristic equation of the system

(presented in (3)) with the standard second-order characteristic equation, that is, A(s) = s* + 2bw,s + wnz, as follows:

0t =25=w,=5 8
=>¢=—7=¢& =038 4
{250)}1:8 5 2)(5 51 ()

Solving (2) and (4):
$ =08 (5)

By considering (1) and (5), the design points (desirable points) can be determined as follows:
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$p = =& £ jopy/1 — &% = —0.8 x 10 £j10V 1 — 0.8 = -8+ j6 (6)

By using angle criterion for the design point of —8 + j6, we can write:

Phase angle of L(s)G.(s) = Phase angle of ( 25 Gc(s)) =+(2¢+ )x
s(s +38) s=—8+j6
= Phase angle of <$G (-8 —|—j6)> =-z
(—8+j6)(j6)
= 0 -0 40, =z
e 0 | [T J S YT S S S S E S
m g F+0c=-x F+0c=—x . =53

Therefore, a lead controller with the minimum lead angle of 53° must be used. Choice (4) is the answer.

12.7. Based on the information given in the problem, the system includes a negative unity feedback, and its open-loop transfer
function is as follows:

— o 1
Gls) s(s+4)(s+6) (1)
Moreover, we know that:
Ge(s) =s+z (2)
0.5 = 0.5, = 16% (3)
tgg = 3.32 sec 4)
_ 332
to = 3= 3 = 1.107 sec (5)
As we know:
4
Iy = E (6)
Solving (5) and (6):
4
The damping ratio can be determined as follows:
) (8)
2
7 + (In (7))
Solving (3) and (8):
1 16
& = nGE_ _gs04 9)
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By using (7) and (9) and considering w, = % we have:

oy 3613
o2 = % = 505 = 1168

By considering (7) and (10), the design points (desirable points) can be determined as follows:

$3 = —03 £ jomp\/ 1 — &% = —3.613 £6.193

In Fig. 12.6, by using angle criterion for the design point of —3.613 + j6.193, we can write:

Phase angle of L(s)G.(s) = Phase angle of (

1
. _G.(s — 42+ )z
s(s +4)(s +6) ( )) 5=—3.6136.193 ( )

1
(—3.613 +6.193)(0.387 + j6.193)(2.387 + j6.193)

Phase angle of ( G.(-3.613 —|—j6.193)> =-z

=60.—0,—0,—0;=—nx

6193\ L (6193) . (6.193)
=0 (” tan <3.613 an o3s7) " \23s7) =77

=0, —120.25 — 86.42 —68.92 = —x
=0, = —n+120.25 + 86.42 + 68.92 = 0. = 95.6°
Now, for 8, = 95.6°, we can write:

6.193

Solving (2) and (13):
Ge(s)~s+3
Choice (3) is the answer.
Jw
§ =—3.613+j6.193
g - 1i6.193
@
; C] . b
n\\()'; N & 5 » o
-6 -4 -3.613 -Z¢

Figure 12.6 The control system of solution of problem 12.7
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12.8. Based on the information given in the problem, the open-loop transfer function of the control system (see Fig. 12.7) is as

follows:

2

) !

Moreover, we know that the design objective and the requested controller are as follows:

E=0.7 (2)
kp(s+&
k P P
Gels) = ky +7 = (S 5) (3)
From (1) and (3), we have:
2](1) (S + %)
G(s)G.(s) = S5+3)(5+6) (4)
Let us assume:
ki
T 3 (5)
Then we have:
2k
G)Gl) = g (6)

The root locus of the compensated system is shown in Fig. 12.8.

From (2), the angle of £ — line can be determined as follows:
0 = cos &= cos 10.7 = 45° (7)

By intersecting the & — line with the root locus, shown in Fig. 12.9, the design point can be determined. As can be
noticed, the £ — line intersects the vertical branch, which is the asymptote of the root locus. Therefore:

0—(0+6)

o="7%_¢ 3 (8)
From Fig. 12.9, we can write:
tan 45° = % = wg=3 (9)
From (8) and (9), the design point is:
s=-34j3 (10)
By applying magnitude criterion, we have:
kp:‘L _5(836) — k=9 (11)
L(s) s=—3+j3 s=—3+j3

Solving (5) and (11):
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Solving (3), (11), and (12):

Choice (1) is the answer.

E(s)

ki=3x9=27

G(s)

= G(-<S) =90+ T

»(C(s)

Figure 12.7 The control system of solution of problem 12.8
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Figure 12.8 The control system of solution of problem 12.8
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Figure 12.9 The control system of solution of problem 12.8
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Steady-state condition, 11
Steady-state error, closed-loop control system
characteristic equation, 62, 64—66
disturbance, 59, 70
final value theorem, 69, 70
input and output, 67
Mason's gain formula, 68, 70
negative unity feedback, 65
noise, 59, 68
open-loop transfer function, 58, 65, 66
Routh-Hurwitz table, 62, 64—-66
second-order system, characteristic equation, 65
stability status, 66
type of a control system, 65
type of system, 63
unit ramp function, 57-59, 61-65, 70, 72
unit step function, 57-59, 62-65, 67
Steady-state gain, 45
Straight line asymptotes, 88, 91, 102

T

Three pairwise non-touching loops, 7, 8, 10, 12, 29, 30, 34

Time constant of oscillations, 113
Time domain, 14, 16, 17
Torque, 17
Transient response
characteristic equation, 51
closed-loop control system, 47, 48
closed-loop system, 41, 46, 48, 49
control system, 39-43, 46-48, 50, 51, 53, 55
critically damped response, 39, 47
damping oscillation, 40, 47
damping ratio, 41, 42, 49, 53, 54
DC value, 45
force, 52
graph, 52, 54
inner closed-loop system, 49, 51
mass, 42, 52
mechanical system, 42
natural angular frequency, 50, 54
Newton’s second law for a translational system, 52
nondominant pole, 45

open-loop system, 45, 46

open-loop transfer function approximation, 39, 41, 45, 48

overdamped response, 39, 46
overshoot, 40
peak time, 41, 42, 50, 54
position, 42, 52
second-order characteristic equation, 49, 51-53
second-order control system, 43, 46-50, 52, 54
settling time, 40, 41, 48-50
steady-state gain, 45
undamped natural angular frequency, 50, 54
undamped response, 50, 54
underdamped response, 39, 41, 48, 52
whole closed-loop system, 49
zero-primary condition, 51
Two non-touching loops, 7, 8, 10, 12, 29, 30, 33

U

Uncontrolled closed-loop system, 107, 114, 115
Undamped natural angular frequency, 50, 54
Undamped response, 50, 54

Underdamped response, 39, 41, 48, 52

Unit parabola function, 35

Unit ramp function, 57-59, 61, 63, 65

Unit step function, 26, 63, 65, 67

Unstable pole, 22, 25, 32, 34

Unstable system, 19, 21, 23, 26

A%

Velocity error constant, 61, 64

w
Whole closed-loop system, 49

Z

Zero-primary condition, 42, 51
Zero-state, 3, 11

Ziegler-Nichols’s method, 106, 112, 113
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