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Preface

The book provides different avenues to study algorithms. It also brings new techniques

and methodologies to problem solving in computational Sciences, Engineering, Scientific

Computing and Medicine (imaging, radiation therapy) to mention a few.

A plethora of algorithms which are universally applicable is presented on a sound ana-

lytical way.

The chapters are written independently of each other, so they can be understood with-

out reading earlier Chapters. But some knowledge of Analysis, Linear Algebra and some

Computing experience is required.

The organization and content of the book cater to senior undergraduate, graduate stu-

dents, researchers, practitioners, professionals and academicians in the aforementioned dis-

ciplines. It can also be used as a reference book and includes numerous references and open

problems.

In order to avoid repetitions whenever the “ω”, “ϕ”, “ψ”, “γ”, “δ”, “h” symboles are

used as functions connected to the local or semi-local convergence analysis of iterative

algorithms, then it is assume to be continuous, nondecreasing and defined on a domain with

nonnegative valued and with range in the real number system. Moreover, they are related to

the operator appearing on the equation to be solved, its derivative or its divided difference

of order one as follows for x∗ denoting a simple solution of equation F(x) = 0 :

‖F ′(x∗)−1(F ′(x)−F ′(x∗))‖ ≤ ω0(‖x−x∗‖)

for all x ∈ Ω,

‖F ′(x∗)−1(F ′(x)−F ′(y))‖ ≤ ω(‖x−y‖)
for all x,y ∈ Ω0 ⊂ Ω,

‖F ′(x∗)−1F ′(x)‖ ≤ ω1(‖x−x∗‖)
for all x ∈ Ω0,

‖I−a[x,x∗;F]‖ ≤ γ0(‖x−x∗‖),
‖I +b[x,x∗;F]‖ ≤ γ(‖x−x∗‖),

‖I +c[x,x∗;F]‖ ≤ γ1(‖x−x∗‖),
‖I +d[x,x∗;F ]‖ ≤ γ2(‖x−x∗‖),

‖I +L[x,x∗;F]‖ ≤ γ3(‖x−x∗‖),
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xiv C.I. Argyros, S. Regmi, I.K. Argyros and S. George

where a,b,c,d ∈ R, L a linear operator, and x∗ can be also replaced by x∗ in the preceding

conditions involving the “γ” functions, and x ∈ Ω or x ∈ Ω0.

‖F ′(x∗)−1[z,x;F]‖ ≤ ϕ0(‖z−x∗‖,‖x−x∗‖),
for all x, z ∈ Ω,

‖F ′(x∗)−1([z,x;F]− [x,x∗;F])‖ ≤ ϕ(‖z−x∗‖,‖x−x∗‖),

‖F ′(x∗)−1([z,x;F]− [y,x;F])‖ ≤ ϕ1(‖z−x∗‖,‖x−x∗‖),
‖F ′(x∗)−1([z,x;F]− [y, z;F])‖ ≤ ϕ2(‖z−x∗‖,‖x−x∗‖,‖y−x∗‖),

or

‖F ′(x∗)−1([z,x;F]− [y,v;F])‖ ≤ ϕ(‖z−x∗‖,‖y−x∗‖,‖x−x∗‖,‖v−x∗‖),
for all x,y, z,v ∈ Ω0,

‖F ′(x∗)−1[x,x∗;F ]‖ ≤ δ(‖x−x∗‖),
for all x ∈ Ω0,

‖F ′(x∗)−1([x,x∗;F]−F ′(x∗))‖ ≤ ϕ3(‖x−x∗‖),
for all x ∈ Ω,

‖F ′(x0)
−1[x,x0;F ]‖ ≤ δ(‖x−x0‖),

for all x ∈ Ω0,

‖F ′(x0)
−1([x,x∗;F ]−F ′(x0))‖ ≤ ψ0(‖z−x0‖,‖x−x0‖),

for all x ∈ Ω,

‖F ′(x0)
−1([x,x∗;F]− [y,x;F])‖ ≤ ψ1(‖z−x0‖,‖x−x0‖,‖y−x0‖),

‖F ′(x0)
−1([z,x;F]− [y, z;F])‖ ≤ ψ2(‖z−x0‖,‖x−x0‖,‖y−x0‖),

for all x,y, z ∈ Ω0.
Moreover, the “ϕ“ and the ”ψ“ functions are assumed to be symmentric in each variable.

Furthermore, we use the same notation to denote the “ϕ“ or the ”ψ“ functions in case on

variable other than x∗ or x0 is missing in the corresponding condition.
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Chapter 1

Local Convergence for a Two-Step

Third Order Secant-Like Method

without Bilinear Operators

1. Introduction

We are concerned with the convergence of the two-step Secant-like method of order three

for solving the equation

F(x) = 0. (1.1)

Here, F : Ω ⊂ B1 −→ B2 is a nonlinear operator, B1 and B2 are Banach spaces and Ω 6= /0

open set. We denote the solution of (1.1) by x∗. The convergence of the following iterative

method was studied in [15],

yn = xn +A−1
n F(xn)

and

xn+1 = yn −A−1
n F(yn), (1.2)

where An = A(xn) = [xn − γnF(xn),xn + γnF(xn);F], [., .;F] : Ω×Ω −→ L(B1,B2) is a di-

vided difference of order one [1, 2, 3, 4, 5, 6, 7] and γn are given linear operators chosen to

force convergence.

Throughout the chapter U(x0,R) = {x ∈ X : ‖x − x0‖ < R} and U [x0,R] = {x ∈ X :

‖x−x0‖ ≤ R} for some R > 0.

2. Convergence

It is convenient to introduce parameters and nonnegative functions. Let T = [0,∞), and α,β
be nonnegative parameters.

Suppose there exist functions:
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(i) ϕ0 : T ×T −→ T continuous and nondecreasing such that equation ϕ0(αt,βt)−1= 0

has a smallest solution ρ ∈ T −{0}. Set T1 = [0,ρ). Define function ψ1 : T1 −→ T by

ψ1(t) =
ϕ(αt,βt)+2ϕ1(t)

1−ϕ0(αt,βt)

for some continuous and nondecreasing functions ϕ : T1×T1 −→T and ϕ1 : T1 −→ T.

(ii) Equation ψ2(t)−1 = 0 has a smallest solution r ∈ (0,ρ), where

ψ2(t) =
ϕ(αt +ψ1(t)t,βt)ψ1(t)

1−ϕ0(αt,βt)
.

The parameter r is shown to be a convergence radius for method (1.2). Set T2 = [0, r).
It follows by these definitions that for each t ∈ T2

0 ≤ ϕ0(αt,βt) < 1, (1.3)

0 ≤ ψ1(t) < 1 (1.4)

and

0 ≤ ψ1(t) < 1. (1.5)

The conditions (H) shall be used.

Suppose:

(H1) There exists a simple solution x∗ ∈ Ω of equation F(x) = 0, and parameters α ≥
0, β ≥ 0 such that

‖I− γ(x)[x,x∗;F]‖‖ ≤ α and ‖I − γ(x)[x,x∗;F ]‖‖ ≤ β.

(H2) ‖F ′(x∗)−1(A(x− γ(x)F(x),x + γ(x)F(x))−F′(x∗))‖ ≤ ϕ0(‖x− γ(x)F(x)− x∗‖,‖x +

γ(x)F(x)−x∗‖).
Set Ω1 = U(x∗,ρ)∩Ω.

(H3) ‖F ′(x∗)−1(A(x− γ(x)F(x),x + γ(x)F(x))− [x,x∗;F ])‖ ≤ ϕ(‖γ(x)‖,‖x + γ(x)F(x)−
x∗‖)‖ ‖F ′(x0)

−1[x,x∗;F]‖ ≤ ϕ1(‖x−x∗‖) for each x ∈ Ω1

and

(H4) U [x0,R]⊂ Ω, where R = max{r,αr,βr,ψ1(r)r}.

The local convergence analysis of method (1.2) follows.

Theorem 1. Suppose conditions (H) hold. Then, iteration {xn} generated by method (1.2)

converges to x∗ provided that x0 ∈ U(x0, r)−{x∗}.
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Proof. By hypothesis x0 ∈ U(x0, r)−{x∗}. Then, by (H1), (H2), the definition of r and

(1.3), we obtain in turn

‖F ′(x∗)−1(A0−F ′(x∗))‖ = ‖F ′(x∗)−1([x0− γ0F(x0),x0 + γ0F(x0);F]−F ′(x∗))‖
≤ ϕ0(‖(1− γ0[x0,x∗;F])(x0−x∗)‖,

‖(1+ γ0[x0,x∗;F])(x0−x∗)‖)
≤ ϕ0(α‖x0−x∗‖,β‖x0 −x∗‖)
≤ ϕ0(αr,βr) < 1.

So, A−1
0 ∈ L(B2,B1) and

‖A−1
0 F ′(x∗)‖ ≤ 1

1−ϕ0(α‖x0−x∗‖,β‖x0−x∗‖) (1.6)

followed by the Banach Lemma on linear operators with inverses. Moreover, iterates y0 and

x1 are defined by method (1.2) (first step). We can also write

y0 −x∗ = x0 −x∗−A−1
0 F(x0)+2A−1

0 F(x0)

= A−1
0 (A0 − [x0,x∗;F ])(x0−x∗)+2A−1

0 F(x0). (1.7)

It follows by (H3), (1.6) and (1.7) that

‖y0 −x∗‖ ≤ (ϕ(‖x0 − γ0F(x0)−x∗‖,‖x0 + γ0F(x0)−x∗‖)+2ϕ1(‖x0−x∗‖))‖x0−x∗‖
1−ϕ0(α‖x0−x∗‖,β‖x0 −x∗‖)

≤ (ϕ(α‖x0 −x∗‖,β‖x0 −x∗‖)+2ϕ1(‖x0 −x∗‖))‖x0−x∗‖
1−ϕ0(α‖x0 −x∗‖,β‖x0 −x∗‖)

≤ ψ1(‖x0 −x∗‖)‖x0 −x∗‖. (1.8)

Similarly, by the second substep of method (1.2), we can write in turn that

x1 −x∗ = y0 −x∗−A−1
0 F(y0)

= A−1
0 (A0− [y0,x∗;F])(y0−x∗). (1.9)

Hence, by (1.5)- (1.9) and (H3), we get

‖x1 −x∗‖ ≤ ϕ(‖x0− γ0F(x0)−y0 −x∗ +x∗‖,‖x0 + γ0F(x0)−x∗‖)‖y0−x∗‖
1−ϕ0(α‖x0 −x∗‖,β‖x0−x∗‖)

≤ (ϕ(α‖x0−x∗‖+ψ1(‖x0−x∗‖)‖x0−x∗‖,β‖x0−x∗‖))‖y0−x∗‖
1−ϕ0(α‖x0−x∗‖,β‖x0 −x∗‖)

≤ ψ2(‖x0 −x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖ < r,

so x1 ∈U(x∗, r). If we simply replace x0,y0,γ0,x1 by xm,ym,γm,xm+1, we get

‖xm+1 −x∗‖ ≤ c‖xm −x∗‖ < r, (1.10)

where c =
(ϕ(α‖x0 −x∗‖+ψ1(‖x0−x∗‖)‖x0−x∗‖,β‖x0−x∗‖))ψ1(‖x0−x∗‖)

1−ϕ0(α‖x0−x∗‖,β‖x0−x∗‖) ∈ [0,1).

Hence, we conclude by (1.10) that limm−→∞xm = x∗.
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Concerning the uniqueness of the solution, we provide such information. But the fol-

lowing condition is used.

(H6)

‖F ′(x∗)−1([x∗,y;F]−F ′(x∗))‖ ≤ ϕ2(‖y−x∗‖) (1.11)

for all y ∈ Ω3 = U(x∗,τ)⊂ Ω for some τ > 0.

In particular,

Proposition 1. Suppose

(i) The point x∗ is a simple solution of equation F(x) = 0 in Ω3.

(ii) Condition (1.11) holds.

(iii) There exists τ1 ≥ τ such that

ϕ2(τ1) < 1. (1.12)

Set Ω4 = U [x∗,τ1]∩Ω. Then, the point x∗ is the only solution of equation F(x) = 0 in the

set Ω4.

Proof. Let q ∈ Ω4 with F(q) = 0. Then, using (1.11) and (1.12), we get for M = [x∗,q;F] :

‖F ′(x∗)−1(M−F ′(x∗))‖ ≤ ϕ2(‖q−x∗‖)≤ ϕ2(τ1) < 1,

thus, x∗ = q by invertibility of M and M(x∗−q) = F(x∗)−F(q) = 0.

Conditions (H) have not been used. If we suppose they hold, then we can set τ = r. These

ideas can also be used on methods studied in [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15].
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Chapter 2

Semi-Local Convergence for a

Derivative Free Method with Error

Controlled Controlled Iterates for

Solving Nonlinear Equations

1. Introduction

We study the convergence of a Secant-like method of order three for solving the equation

F(x) = 0. (2.1)

Here, F : Ω ⊂ X −→ Y is a nonlinear operator, X and Y are Banach spaces and Ω 6= /0
open set. We denote the solution of (2.1) by x∗. The convergence of the following iterative

method was studied in [15],

yn = xn +B−1
n F(xn)

and

xn+1 = yn −B−1
n F(yn), (2.2)

where Bn = B(xn) = [xn−cnF(xn),xn +cnF(xn);F], [., .;F] : Ω×Ω−→ L(X ,Y ) is a divided

difference of order one [1, 2, 3, 4, 5, 6, 7] and cn are given linear operators chosen to force

convergence. Relevant work can be found in [6,7,8,9,10,11,12,13,14,15].
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2. Convergence of Majorizing Sequences

Real sequences are developed to majorize the method (2.2). Let α,β,γ,A > 0, and η,δ ≥ 0

be given parameters. Define sequences {tn},{sn} by t0 = 0, s0 = η,

tn+1 = sn +
q(sn− tn)

2 +2A(sn − tn)

1−L0(α+β)tn +2γδ)
(2.3)

and

sn+1 = tn+1 +
L(tn+1− tn + sn − tn +2γA(sn − tn))(tn+1− sn)

1−L0((α+β)tn+1 +2γδ)
,

where q = (1+2γA)L.

Next, the result of the convergence of these sequences is provided.

Lemma 1. Suppose

2L0γδ < 1 (2.4)

and

tn < t∗∗ =
1−2L0γδ

α+β
(2.5)

for each n = 0,1,2, . . .

Then, the following hold

0 ≤ tn ≤ sn ≤ tn+1 < t∗∗ (2.6)

and

t∗ = limn→∞tn ≤ t∗∗. (2.7)

Proof. By (2.3)-(2.5), estimates (2.6) and (2.7) hold, for t∗ being the least upper(unique) of

sequence tn.

The next result provides stronger convergence criteria but which are easier to check than

(2.4) and (2.5).

Let us develop auxiliary functions on the interval [0,1) and parameters:

g1(t) = (q+L0(α+β))t−q

and

g2(t) = Lt2 +Lat −Lt −La+L0(α+β)t2,a = 2(1+ γA).

Notice that

p1 =
q

q+L0(α+β)
∈ [0,1)

本书版权归Nova Science所有



Semi-Local Convergence For a Derivative Free Method . . . 9

is the only solution of equation g1(t) = 0. By the definition of g2, we get g2(0) = −La, and

g2(1) = 2L0(α + β). Denote by p2 the least solution of an equation g2(t) = 0 assured to

exist by the intermediate value theorem. Moreover, define the function f1 on [0,1) by

f1(t) = t2 − (1+λ)t +λ+L0(α+β)η.

Suppose

4L0(α+β)η < (1−λ)2 (2.8)

and

2(A+L0γδ) < 1, (2.9)

where λ = 2(A+L0γδ).

Then, we get f1(0) = λ+L0(α+β)η and f1(1) = (1−λ)2 −4L0(α+β)η < 0. Denote by

µ1 the smallest solution in [0,1). We also have

f1(t)≤ 0 (2.10)

for each t ∈ [µ1,1).

Define the function f2 on [0,1) by

f2(t) =
L0(α+β)η

1− t
+2L0γδ−1. (2.11)

Set

µ = 1− L0(α+β)η

1−2L0γδ

and suppose

2L0γδ+L0(α+β)η < 1. (2.12)

Then, we get µ ∈ [0,1), and

f2(t)≤ 0 (2.13)

for each t ∈ [0,µ2).

Set

a1 =
qn+2A

1−L0γδ
, a2 =

L(t1 +n+2γAn)(t1−n)

n(1−L0((α+β)t1 +2γδ)
,

c = max{a1,a2,µ1}, p0 = min{p1, p2}, and p = max{p1, p2}.
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Lemma 2. Under conditions (2.8),(2.9),(2.12), further suppose.

c ≤ p0 ≤ p ≤ µ. (2.14)

Then, the conclusion of Lemma 1 hold for sequence {tn} for t∗∗ =
η

1− p
.

Moreover, the following estimates hold

0 ≤ sn − tn ≤ δ(sn−1− tn−1) ≤ δnη, (2.15)

0 ≤ (tn+1− sn) ≤ δ(sn−1 − tn−1) ≤ δnη (2.16)

and

tn ≤
1−δn+1

1−δ
η (2.17)

Proof. Mathematical induction is used to show

0 ≤ q(sk − tk)+2A

1−L0((α+β)tk +2γδ)
≤ p (2.18)

and

o ≤ L[(tk+1− tk)+(sk − tk)+2γA(sk − tk)](tk+1− sk)

1−L0((α+β)tk+1 +2γδ)
≤ p(sk − tk). (2.19)

These estimates hold true for k = 0 by (2.14), so

t0 ≤ s0 ≤ t1,

0 ≤ s1 − t1 ≤ p(s0 − t0) = pη,

0 ≤ t0 − s0 ≤ pη

and

t0 ≤ η+ηp =
1− p2

1− p
η.

Suppose (2.18) and (2.19) hold for all integers smaller or equal to k−1. Suppose

0 ≤ sk − tk ≤ δnη,

0 ≤ tk+1− sk ≤ δk+1

and

tk ≤
1− pk+1

1− p
η.

Then, evidently (2.18) is true if

qpnη+2A

1−L0((α+β)tk +2γδ
≤ p
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or

qpnη+2A− p+2L0γδ+L0(α+β)
1− pn+1

1− p
η ≤ 0. (2.20)

Estimate (2.20) motivates us to define on the interval [0,1) recurrent polynomial f
(1)
n (t) by

f
(1)
n (t) = qtnη+L0(α+β)(1+ t + ...+ tn)η+λ− t. (2.21)

Then, a relationship can be found between two consecutive functions as follows:

f
(1)
n+1(t) = f

(1)
n+1(t)− f

(1)
n (t)+ f

(1)
n (t)

= qtn+1η+L0(α+β)(1+ t + ...+ tn+1)η+λ− t

+ f
(1)
n (t)−qtn+1η−L0(α+β)(1+ t + ...+ tn+1)η−λ+ t

= f
(1)
n (t)+g1(t)t

nη.

In particular, by the definition of p1, estimate (2.20) holds if

f
(1)
n (t)≤ 0 at t = p1. (2.22)

Define function

f (1)
∞ (t) = limn→∞ f

(1)
n (t). (2.23)

Then, by (2.21) and (2.23), we obtain

f (1)
∞ (t) =

L0(α+β)η

1− t
+λ− t.

Hence, (2.22) holds if

f (1)
∞ (t)≤ 0 or f

(1)
1 (t)≤ 0 at t = p1,

which is true by (2.10) and (2.14).

Similarly, estimate (2.19) certainly holds if

L[p(sn − tn)+2(sn− tn)+2γA(sn− tn)]p(sn− tn)

1−L0((α+β)tn+1 +2γδ
≤ p(sn− tn)

or

Lpn+1η+Lapnη+L0(α+β)
1− pn+2

1− p
η+2L0γδ−1 ≤ 0

or

f
(2)
n (t)≤ 0 at t = p2, (2.24)

where

f
(2)
n (t) = Ltn+1η+Latnη+L0(α+β)(1+ t + t2 + ...+ tn+1)η+2L0γδ−1. (2.25)
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This time, we have

f
(2)
n+1(t) = f

(2)
n+1(t)− f

(2)
n (t)+ f

(2)
n (t)

= f
(2)
n (t)+Ltn+2η+Latn+1η−L0(α+β)(1+ t + ...+ tn+2)η

+2L0γδ−1−Ltn+1η−Latnη−L0(α+β)(1+ t + ...+ tn+1)η−2L0γδ+1

= f
(2)
n (t)+g2(t)t

nη.

In particular, we have

f
(2)
n+1(t) = f

(2)
n (t) at t = p2.

Define the function f (2)
∞ (t) on the interval [0,1) by

f (2)
∞ (t) = limn→∞ f

(2)
n (t). (2.26)

Then, by (2.24) holds, since f (2)
∞ (t)≤ 0 by choice of µ. The induction for (2.18) and (2.19)

is completed. Hence, estimates (2.15)-(2.17) hold. The rest is given in Lemma 2.

3. Convergence of Method (2.2)

The conditions (H) are used in the convergence analysis. Suppose:

(H1) There exist x0 ∈ D,η ≥ 0,α ≥ 0,β ≥ 0,δ ≥ 0,γ ≥ 0,L0 ≥ 0,A ∈ (0,
1

2
) such that

F
′
(x0)

−1,B−1
0 ∈ δ(B,B),

‖B−1
0 F(x0)‖ ≤ η,‖F(x0)‖ ≤ δ,‖I − γ(x)[x,x0;F ]‖ ≤ α,

‖I + γ(x)[x,x0;F ]≤ β,‖γ(x)‖≤ γ,‖A(x)‖≤ A

and

‖F
′
(x0)

−1([x− γ(x)F(x),x+ γ(x)F(x);F]−F
′
(x0))‖

≤ L0(‖x− γ(x)F(x)−x0‖+‖x+ γ(x)F(x)−x0‖).

Suppose 2L0γδ < 1. Define

D1 = U(x0,
1−2γδL0

α+β
)∩D.

(H2) There exist L > 0 such that

‖F
′
(x0)

−1([z,w;F]−A(x))‖ ≤ L(‖z−x+ γ(x)F(x)‖+‖w−x− γ(x)F (x)‖)

for all x, z,w ∈ D1.

(H3) Hypothesis of Lemma 1 or Lemma 2 hold

and
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(H4) U(x0,ρ)⊆ D, where ρ = max{t∗,αt∗+ γδ, βt∗ + γδ}.

The main semi-local result for method (2.2) follows using conditions (H) and the preceding

terminology.

Theorem 2. Suppose conditions (H) hold. Then, iteration {xn} generated by method (2.2) is

well defined in U [x0, t
∗], remains in U [x0, t

∗] for each n = 0,1,3, ... and converges to some

x∗ ∈U [x0, t
∗] solving equation F(x) = 0. Moreover, the following estimates hold

‖yn −xn‖ ≤ sn − tn, (2.27)

‖xn+1−yn‖ ≤ tn+1− sn (2.28)

and

‖x∗−xn‖ ≤ t∗− tn. (2.29)

Proof. It follows by (H1) and (2.4) that

‖y0 −x0‖ ≤ η = s0 − t0,

so (2.27) holds for n = 0 and y0 ∈ U [x0, t
∗]. Let v ∈ U [x0, t

∗]. Then, by (H1) and (H2,) we

get in turn

‖F
′
(x0)

−1(Bn −F
′
(x0)‖ ≤ ‖F

′
(x0)

−1([xn− γnF(xn),xn + γnF(xn);F]−F
′
(x0))‖

≤ L0(‖xn − γnF(xn)−x0‖+‖xn + γnF(xn)−x0‖)
≤ L0(α‖xn−x0‖+ γ‖F(x0)‖+β‖xn −x0‖+ γ‖F(x0)‖)
≤ L0((α+β)‖xn−x0‖+2γδ)

≤ L0(α+β)tn +2γδ) < 1. (2.30)

Thus, B−1
0 ∈ δ(X ,X)

‖B−1
n F

′
(x0)‖ ≤

1

1−L0((α+β)tn +2γδ)
(2.31)

follows by a lemma due to Banach on linear operators with inverses [12],

where we also used

‖xn −x0 − γn(F(xn)−F(x0))− γnF(x0)‖
≤ ‖(I− γn[xn,x0;F])(xn −x0)− γnF(x0)‖
≤ αt∗+ γδ,

and

‖xn −x0 + γn(F(xn)−F(x0)+ γnF(x0)‖ ≤ βt∗ + γδ.

Therefore, the iterate xn + γnF(xn),xn − γnF(xn) ∈ U [x0,ρ]. Then, we get by method

(2.2),(2.31) and (H3) that

‖xn+1 −yn‖ ≤ ‖B−1
n F

′
(x0)‖‖F

′
(x0)

−1F(yn)‖

≤ L(sn− tn +2γA(sn− tn))(sn− tn)+2A(sn− tn)

1−L0((α+β)tn +2γδ)

= tn+1− sn,
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and

‖xn+1 −x0‖ ≤ ‖xn+1−yn‖+‖yn −x0‖
≤ tn+1− sn + sn − t0 = tn+1,

where we also used

F(yn) = F(yn)−F(xn)+F(xn)

= F(yn)−F(xn)+Bn(yn −xn)

= ([yn,xn;F]−Bn)(yn −xn)+2Bn(yn −xn), (2.32)

‖yn −xn − γnF(xn)‖ ≤ sn − tn + γA(sn− tn)

and

‖xn −xn − γnF(xn)‖ ≤ γA(sn− tn).

By method (2.2) and the identity

F(xn+1) = F(xn+1)−F(yn)+F(yn)

= ([xn+1,yn;F]−Bn)(xn+1−yn),

we obtain

‖F
′
(x0)

−1F(xn+1‖ ≤ L(tn+1− tn + sn − tn +2γA(sn − tn)) (2.33)

and

‖yn+1−xn+1‖ ≤ ‖B−1
n+1F

′
(x0)‖‖F

′
(x0)

−1F(xn+1)‖

≤ L(tn+1− tn + sn − tn +2γA(sn− tn))(tn+1− sn)

1−L0((α+β)tn+1 +2γδ)

= sn+1− tn+1. (2.34)

The induction for (2.27) and (2.28) is completed. Sequence {tn} is fundamental since it

converges. These for a sequence {xn} is also fundamental in Banach space and as such it

converges to some x∗ ∈ U [x0, t
∗]. By letting n → ∞ in (2.33), we deduce that F(x∗) = 0.

Then, for j ≥ 0, we get from the

‖xn+ j −xn‖ ≤ tn+ j − tn. (2.35)

Therefore, (2.29) follows by letting j → ∞ in (2.35)

Next, is the uniqueness of the solution result follows, where conditions (H) are not all

necessarily needed.

Proposition 2. Suppose:

(i) There exist a simple solution x∗ ∈ U(x0,R0) ⊂ D for equation F(x) = 0 for some

R0 > 0.
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(ii) There exist R ≥ R0 such that

L0(R0 +R) < 2. (2.36)

Set D2 = U [x0,R]∩D.

Then, the element x∗ is the only solution of equation F(x) = 0 in the set D2.

Proof. Let v∗ ∈ D2 with F(v∗) = 0. Define T = [v∗,x∗]. Then, in view of (2.2) and (2.36)

we have in turn that

‖F
′
(x0)

−1(T −F
′
(x0))‖ ≤ L0(‖v∗−x0‖+‖x∗−x0‖)

≤ L0(R0 +R) < 1.

Hence, v∗ = x∗ is implied by the invertibility of T and the identity

T (v∗−x∗) = F(v∗)−F(x∗) = 0

Remark. (i) Under conditions (H), we can set ρ = R0.

(ii) The parameter
1−2L0γδ

α+β
under Lemma 1 or

η

1− p
under Lemma 2 given in closed

form can replace t∗ in Theorem 2.
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Chapter 3

On the Semi-Local Convergence of a

Sharma-Gupta Fifth Order Method

for Solving Nonlinear Equations

The semi-local convergence for a Sharma-Gupta method (not given before) of order five

is studied using assumptions only on the first derivative of the operator involved. The

convergence of this method was shown by assuming that the sixth order derivative of the

operator not on the method exists and hence it is limiting its applicability. Moreover, no

computational error bounds or uniqueness of the solution are given. We address all these

problems using only the first derivative that appears on the method. Hence, we extend

the applicability of the method. Our techniques can be used to obtain the convergence of

other similar higher-order methods using assumptions on the first derivative of the operator

involved.

1. Introduction

Let F : D ⊂ E1 −→ E2 be a nonlinear operator acting between Banach spaces E1 and E2.
Consider the problem of solving the nonlinear equation

F(x) = 0. (3.1)

Iterative methods are used to approximate a solution x∗ of the equation (3.1). The following

iterative method was studied in [26],

yn = xn − γF ′(xn)
−1F(xn),

zn = xn −F ′(yn)
−1F(xn) (3.2)

and

xn+1 = zn − (2F ′(yn)
−1 −F ′(xn)

−1)F(zn),

where γ ∈ R. If γ =
1

2
, (3.2) reduces to the method in [26]. It was shown to be of order five

using hypotheses on the sixth derivative.
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In this study, we study the convergence of method (3.2) using assumptions only on the

first derivative of F, unlike earlier studies [26] where the convergence analysis required

assumptions on the derivatives of F up to the order six. These methods can be used on

other methods and relevant topics along the same lines [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,

14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29].

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (3.2) is not

guaranteed by the analysis in [26].

Throughout the article U(x0,R) = {x ∈ X : ‖x−x0‖ < R} and U [x0,R] = {x ∈ X : ‖x−
x0‖ ≤ R} for some R > 0.

The chapter contains local convergence analysis in Section 2, and the numerical exam-

ples are given in Section 3.

2. Convergence

Let L0,L,L1 be positive parameters and η ≥ 0. Define sequence {tn} by

t0 = 0, s0 = |γ|η,

un = sn +
1

|γ|(|γ−1|+ L(sn − tn)

1−L0sn

)(sn− tn), (3.3)

tn+1 = un +
L

2
(un− tn)

2 +L1(un − sn)+

∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

L1(sn− tn)

and

sn+1 = tn+1 +
|γ|

1−L0tn+1

[

LL6
1(sn − tn)

(1− (L0tn +L(sn − tn)))2

+
LL3

1(un− tn + 1
2 (tn+1−un))

(1−L0tn +L(sn − tn))

]

(tn+1−un).

Next, sufficient convergence criteria are given for sequence {tn}.
Lemma 3. Suppose that for each n = 0,1,2, . . .

L0tn < 1,L0sn < 1 and L0tn +L(sn − tn) < 1. (3.4)

Then, sequence {tn} is non-decreasing, bounded from above by
1

L0

and converges to its

unique least upper bound t∗ ∈ [0,
1

L0

].
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Proof. It follows by the definition of sequence {tn} that 0 ≤ tn ≤ sn ≤ un ≤ tn+1 <
1

L0

, so

lim
n−→∞

tn = t∗ ∈ [0,
1

L0

].

The conditions (H) are used in the semi-local convergence of method (3.2). Suppose:

(h1) ∃ x0 ∈ D, η ≥ 0,δ ≥ 0 such that F ′(x0)
−1 ∈ L(Y,X), ‖F ′(x0)

−1F(x0)‖ ≤ η and

‖F ′(x0)
−1‖ ≤ δ.

(h2) ∃ L0 > 0 such that ∀x ∈ D

‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤ L0‖x−x)‖.

Set D1 = D∩U(x0,
1

L0

).

(h3) ∃L > 0,L1 > 0 such that for all x,y ∈ D1

‖F ′(x0)
−1(F ′(y)−F ′(x)‖ ≤ L‖y−x‖

and

‖F ′(x)‖ ≤ L1

δ
.

(h4) Conditions of Lemma 3 hold

and

(h5) U [x0, t
∗]⊂ D.

Next, the semi-local convergence of method (3.2) is presented using conditions (H).

Theorem 3. Suppose conditions (H) hold. Then, sequence {xn} produced by method (3.2)

is well defined in U [x0, t
∗], remains in U [x0, t

∗] and converges to a solution x∗ ∈U [x0, t
∗] of

equation F(x) = 0. Moreover, the following estimates hold

‖yn −xn‖ ≤ sn− tn, (3.5)

‖zn−yn‖ ≤ un − sn (3.6)

and

‖xn+1 − zn‖ ≤ tn+1−un. (3.7)

Proof. Let a ∈ U [x0, t
∗]. Then, by (h2)

‖F ′(x0)
−1(F ′(a)−F ′(x0))‖ ≤ L0‖a−x0‖ ≤ L0t∗ < 1. (3.8)

In view of estimate (3.8) and the Banach lemma on linear invertible operators [15]

F ′(a)−1 ∈ L(Y,X) and

‖F ′(a)−1F ′(x0)‖ ≤
1

1−L0‖a−x0‖
. (3.9)
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Iterate y0 is well defined by the first substep of method (3.2) and

‖y0 −x0‖ = |γ|‖F′(x0)
−1F(x0)‖ ≤ |γ|η = s0− t0 ≤ t∗.

Hence, the iterate y0 ∈U [x0, t
∗] and (3.5) holds for n = 0. We can write in turn by the second

substep of method (3.2) for n = 0 (since F ′(y0)
−1 exists by (3.9) for a = y0)

z0 = y0 + γF ′(x0)
−1F(x0)−F ′(y0)

−1F(x0)

= y0 +(γ−1)F ′(x0)
−1F(x0)

+F ′(x0)
−1(F ′(y0)−F ′(x0))F ′(y0)

−1F(x0). (3.10)

It follows by (3.3), (h3), (3.9) and (3.10) that

‖z0 −y0‖ ≤
∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

‖y0 −x0‖+‖F ′(y0)
−1F ′(x0)‖

‖F ′(x0)
−1(F ′(x0)−F ′(y0))‖‖F′(x0)

−1F(x0)‖

≤
∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

‖y0 −x0‖+
1

1−L0‖y0 −x0‖
L
‖y0 −x0‖2

|γ|

≤ 1

|γ|

(

|γ−1|+ L(s0 − t0)

1−L0s0

)

(s0− t0) = u0 − s0, (3.11)

and

‖z0 −x0‖ ≤ ‖z0 −y0‖+‖y0 −x0‖ ≤ u0 − s0 + s0 − t0 = u0 ≤ t∗,

so (3.6) holds and z0 ∈ U [x0, t
∗]. Iterate x1 is well defined by the third substep of method

(3.2) for n = 0, since F ′(x0)
−1 and F ′(y0)

−1 exist. We can write

F(z0) = F(z0)−F(x0)+F(x0) = F(z0)−F(x0)−
1

γ
F ′(x0)(y0−x0)

= F(z0)−F(x0)−F ′(x0)(z0−x0)+F ′(x0)(z0−x0)

−F ′(x0)(y0−x0)+F ′(x0)(y0 −x0)−
1

γ
F ′(x0)(y0−x0)

=

Z 1

0
(F ′(x0 +θ(z0 −x0))dθ−F ′(x0)(z0−x0)

+(1− 1

γ
)F ′(x0)(y0 −x0). (3.12)

In view of (3.9) (for a = x0,y0), (h3), (3.11) and (3.12), we get

‖F ′(x0)
−1F(z0)‖ ≤ L

2
‖z0 −x0‖2 +L1‖z0 −y0‖+

|γ−1|
|γ| L1‖y0 −x0‖

≤ L

2
(u0 − t0)

2 +L1(u0− s0)

+

∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

L1(s0− t0) = v0. (3.13)

Then, we can write

x1 − z0 = −(F ′(y0)
−1−F ′(x0)

−1)F(z0)−F ′(y0)
−1F(z0), (3.14)
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so

‖x1 −x0‖ ≤
[

L(s0− t0)

(1−L0t0)(1−L0s0)
+

1

1−L0s0

]

v0 = t1−u0,

and

‖x1 −x0‖ ≤ ‖x1 − z0‖+‖z0 −y0‖+‖y0 −x0‖
≤ t1 −u0 +u0 − s0 + s0 − t0 = t1 ≤ t∗.

Therefore, the iterate x1 ∈U [x0, t
∗] and (3.7) holds for n = 0. We can write

F(x1) = F(x1)−F(z0)+F(z0)

=

Z 1

0
(F ′(z0 +θ(x1 −x0))dθ−B0)(x1−x0), (3.15)

where B−1
0 = (2F ′(y0)

−1−F ′(x0)
−1, so B0 = F ′(x0)(2F′(x0)−F ′(y0)

−1F ′(y0). Notice that

‖F ′(x0)
−1(2F ′(x0)−F ′(y0)−F ′(x0))‖ ≤ L0(‖x0 −x0‖+‖y0 −x0‖)≤ L(s0− t0) < 1.

It follows that,

‖(2F′(x0)−F ′(y0)
−1F ′(x0)‖ ≤

1

1−L(s0 − t0)
.

Set

Z 1

0
F ′(z0 +θ(x1 −x0))dθ = b0. Then, we get

b0−B0 = b0 −F ′(x0)B−1
0 F ′(y0)−b0B−1

0 F ′(y0)+b0B−1
0 F ′(y0)

= b0(I −B−1
0 F ′(y0))+(b0−F ′(x0))B−1

0 F ′(y0)

= b0B−1
0 (B0 −F ′(y0))+(b0−F ′(x0))B−1

0 F ′(y0)

= b0B−1
0 (F ′(y0)−F ′(x0))B−1

0 F ′(y0)

+(b0−F ′(x0))B−1
0 F ′(y0). (3.16)

It follows by (h3) that

‖F ′(x0)
−1F(x1)‖ ≤

LL6
1(s0− t0)

(1− (L0tn +L(sn − tn)))2
+

LL3
1(u0− t0 + 1

2(t −1−u0))

1− (L0t0 +L(s0 − t0))
(3.17)

leading to

‖y1 −x1‖ ≤ |γ|‖F ′(x1)
−1F ′(x0)‖‖F′(x0)

−1F(x1)‖

≤ |γ|
(

LL6
1(s0− t0)

(1− (L0tn +L(sn − tn)))2

+
LL3

1(u0− t0 + 1
2 (t−1−u0))

1− (L0t0 +L(s0 − t0))

)

(t1−u0)

= s1 − t1, (3.18)

and

‖y1 −x0‖ ≤ ‖y1 −x1‖+‖x1 − z0‖+‖z0 −y0‖+‖y0 −x0‖
≤ s1 − t1 + t1 −u0 +u0 − s0 + s0 − t0 = s1 ≤ t∗.
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Thus, the iterate y1 ∈ U [x0, t
∗] and (3.5) holds. Simply replace x0,y0, z0,x1 by

xm.ym, zm,xm+1 in the preceding calculations to terminate the induction for items (3.5)-(3.7).

Hence, sequences {xm},{ym},{zm} are fundamental in Banach space X and as such they

converge to some x∗ ∈U [x0, t
∗]. Then, by the estimate (see (3.13)

‖F ′(x0)
−1F(zm)‖ ≤ L

2
(um − tm)2 +L1(um − sm)+

∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

L1(sm − tm) (3.19)

and the continuity of F we get F(x∗) = 0 provided that m −→ ∞.

The uniqueness of the solution results under conditions (H) is found in earlier Chapters.
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[16] Magréñan, A.A., Argyros, I.K., Rainer, J.J., Sicilia, J.A., Ball convergence of a sixth-

order Newton-like method based on means under weak conditions, J. Math. Chem.,

(2018) 56:2117-2131, https://doi.org/10.1007/ s10910-018-0856-y.
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Chapter 4

On the Semi-Local Convergence of a

Seventh Order Method for Nonlinear

Equations Convergence for a Seventh

Order Method for Equations

1. Introduction

The local convergence for a Xiao-Yin method of order seven is studied using assumptions

only on the first derivative of the operator involved. The convergence of this method was

shown by assuming that the eighth order derivative of the operator not on the method ex-

ists and hence it is limiting its applicability. Moreover, no computational error bounds or

uniqueness of the solution are given. We address all these problems using only the first

derivative that appears on the method. Hence, we extend the applicability of the method.

Our techniques can be used to obtain the convergence of other similar higher-order meth-

ods using assumptions only on the first derivative of the operator involved. The semi-local

convergence not given in [29] is also included.

Let F : Ω ⊂ B −→ B1 be a nonlinear operator acting between Banach spaces B and B1.
Consider the problem of solving the nonlinear equation

F(x) = 0. (4.1)

Iterative methods are used to approximate a solution x∗ of the equation (4.1). Define itera-

tive method by,

yn = xn −δF ′(xn)
−1F(xn),

zn = xn −F ′(yn)
−1F(xn),

wn = zn − (2F ′(yn)
−1−F ′(xn)

−1)F(zn)

and

xn+1 = wn − (2F ′(yn)
−1−F ′(xn)

−1)F(wn).

δ ∈ R, if δ =
1

2
then, the method reduces to the one in [26].
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We develop the semi-local convergence of method (4.2) using assumptions only on the

first derivative of F, unlike earlier studies [26] where the convergence analysis required

assumptions on the derivatives of F up to the order eight. This technique can be used on

other methods and relevant topics along the same lines [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,

14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29].

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (4.2) is not

guaranteed by the analysis in [26].

Throughout this Chapter U(x0,R) = {x ∈ X : ‖x− x0‖ < R} and U [x0,R] = {x ∈ X :

‖x−x0‖ ≤ R} for some R > 0.

2. Semi-Local Convergence

Let L0,L,L1 and η ≥ 0 be given parameters. Define sequence {tn} by t0 = 0 ,s0 = |r|η,

un = sn +
1

|γ|(|γ−1|+ L(sn − tn)

1−L0sn

)(sn− tn), (4.2)

pn = un +
1

1−L0sn

(1+
L(sn− tn)

1−L0sn

)γn,

vn =
L

2
(un − tn)

2 +L1(un− sn)+ |γ−1

γ
|L1(sn− tn),

tn+1 = pn +
1

1−L0sn

(1+
L(sn − tn)

1−L0sn

)v̄n)(pn− tn),

v̄n =
LL1

6(sn− tn)

(1− (L0tn +L(sn − tn)))2
+

LL1
3(un− tn + 1

2
(pn−un))

1− (L0tn +L1(sn− tn))
,

sn+1 = tn+1 +
|γ|

1−L0tn+1

¯̄vn)(tn+1− pn)

and

¯̄vn =
LL1

6(sn − tn)

(1− (L0tn +L(sn − tn)))2
+

LL1
3(pn − tn + 1

2 (tn+1− pn))

1− (L0tn +L1(sn− tn))
.

Convergence criteria for sequences {tn},{sn},{un} are provided in the auxiliary result that

follows.

Lemma 4. Suppose that for each n = 0,1,2, ...,L0tn < 1,L0sn < 1 and L0tn + L(sn − tn) <

1,(4.2). Then, sequence {tn} is non-decreasing, bounded from above by
1

L0

and converges

to its unique least upper bound t∗ ∈ [0,
1

L0

].
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Proof. It follows by the definition of sequence {tn} and (4.2) that

0 ≤ tn ≤ sn ≤ un ≤ pn ≤ tn+1 <
1

L0

,

(4.3)

so

limn→∞tn = t∗ ∈ [0,
1

L0

].

The conditions (H) are used in the semi-local convergence of method (4.2). Suppose:

(h1) ∃ x0 ∈ D, η ≥ 0,δ ≥ 0 such that F ′(x0)
−1 ∈ L(Y,X), ‖F ′(x0)

−1F(x0)‖ ≤ η and

‖F ′(x0)
−1‖ ≤ δ.

(h2) ∃ L0 > 0 such that ∀x ∈ D

‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤ L0‖x−x)‖.

Set D1 = D∩U(x0,
1

L0

).

(h3) ∃L > 0,L1 > 0 such that for all x,y ∈ D1

‖F ′(x0)
−1(F ′(y)−F ′(x)‖ ≤ L‖y−x‖

and

‖F ′(x)‖ ≤ L1

δ
.

(h4) Conditions of Lemma 4 hold

and

(h5) U [x0, t
∗]⊂ D.

Next, the semi-local convergence of method (4.2) is presented using conditions (H).

Theorem 4. Suppose conditions (H) hold. Then, sequence {xn} produced by method (4.2)

is well defined in U [x0, t
∗], remains in U [x0, t

∗] and converges to a solution x∗ ∈U [x0, t
∗] of

equation F(x) = 0. Moreover, the following estimates hold

‖yn −xn‖ ≤ sn− tn, (4.4)

‖zn−yn‖ ≤ un − sn, (4.5)

‖wn − zn‖ ≤ pn −un (4.6)

and

‖xn+1 − zn‖ ≤ tn+1−un. (4.7)
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Proof. Let a ∈ U [x0, t
∗]. Then, by (h2)

‖F ′(xm)−1(F ′(a)−F ′(xm))‖ ≤ L0‖a−xm‖ ≤ L0t∗ < 1. (4.8)

In view of estimate (4.14) and the Banach lemma on linear invertible operators [15]

F ′(a)−1 ∈ L(Y,X) and

‖F ′(a)−1F ′(xm)‖ ≤ 1

1−L0‖a−xm‖
. (4.9)

Iterate ym is well defined by the first substep of method (4.2) and

‖ym −xm‖ = |γ|‖F′(xm)−1F(xm)‖ ≤ |γ|η = sm − tm ≤ t∗.

Hence, the iterate ym ∈ U [x0, t
∗] and (4.4) holds for n = m. We can write in turn by the

second substep of method (4.2) for n = m (since F ′(ym)−1 exists by (4.9) for a = ym)

zm = ym + γF ′(xm)−1F(xm)−F ′(ym)−1F(xm)

= ym +(γ−1)F ′(xm)−1F(xm)

+F ′(xm)−1(F ′(ym)−F ′(xm))F ′(ym)−1F(xm). (4.10)

It follows by (4.2), (h3), (4.9) and (4.10) that

‖zm −ym‖ ≤
∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

‖ym −xm‖+‖F ′(ym)−1F ′(xm)‖

‖F ′(xm)−1(F ′(xm)−F ′(ym))‖‖F′(xm)−1F(xm)‖

≤
∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

‖ym −xm‖+
1

1−L0‖ym −xm‖
L
‖ym −xm‖2

|γ|

≤ 1

|γ|

(

|γ−1|+ L(sm − tm)

1−L0sm

)

(sm− tm) = um − sm (4.11)

and

‖zm−xm‖ ≤ ‖zm −ym‖+‖ym −xm‖ ≤ um − sm + sm − tm = um ≤ t∗,

so (4.5) holds and zm ∈U [x0, t
∗]. Iterate xm+1 is well defined by the third substep of method

(4.2) for n = m, since F ′(xm)−1 and F ′(ym)−1 exist. We can write

F(zm) = F(zm)−F(xm)+F(xm) = F(zm)−F(xm)− 1

γ
F ′(xm)(ym −xm)

= F(zm)−F(xm)−F ′(xm)(zm −xm)+F ′(xm)(zm−xm)

−F ′(xm)(ym −xm)+F ′(xm)(ym −xm)− 1

γ
F ′(xm)(ym −xm)

=

Z 1

0
(F ′(xm +θ(zm −xm))dθ−F ′(xm)(zm−xm)

+(1− 1

γ
)F ′(xm)(ym −xm). (4.12)
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In view of (4.9) (for a = xm,ym), (h3), (4.11) and (4.12), we get

‖F ′(xm)−1F(zm)‖ ≤ L

2
‖zm −xm‖2 +L1‖zm −ym‖+

|γ−1|
|γ| L1‖ym −xm‖

≤ L

2
(um − tm)2 +L1(um− sm)

+

∣

∣

∣

∣

γ−1

γ

∣

∣

∣

∣

L1(sm − tm) = vm. (4.13)

Then, we can also write

wm − zm = −(F
′
(ym)−1 −F

′
(xm)−1)F(zm)−F

′
(ym)−1F(zm),

so

‖wm − zm‖ ≤ (
L(sm − tm)

(1−L0tm)(1−L0sm)
+

1

1−L0sm)
)vm = pm −um

and

‖wm −xm‖‖wm − zm‖+‖zm −ym‖+‖ym −xm‖
≤ pm −um +um − sm + sm + sm − tm = pm ≤ t∗,

so (4.6) holds for n = m and wm ∈ U [x0, t
∗].

We can write

F(wm) = F(wm)−F(zm)+F(zm) = F(wm)−F(zm)−Bm(wm − zm)

=

Z 1

0
(F

′
(zm +θ(wm − zm))dθ−Bm)(wm − zm) = (am −Bm)(wm − zm),

where

am =

Z 1

0
F

′
(zm +θ(wm − zm))dθ, and Bm = F

′
(xm)(zF

′
(xm)−F

′
(ym))F

′
(ym).

Moreover, we obtain in turn Furthermore, we can write

am −Bm = amB−1
m (F

′
(ym)−F

′
(xm))B−1

m F
′
(ym)

+(am −F
′
(xm))B−1

m F
′
(ym),

‖F
′
(xm)−1(2F

′
(xm)−F

′
(ym)−F

′
(xm))‖ ≤ ‖F

′
(xm)−1(F

′
(xm)−F

′
(xm))‖

+‖F
′
(xm)−1(F

′
(xm)−F

′
(ym))‖

≤ L0‖xm −xm‖+‖ym −xm‖
≤ L0tm +L(sm − tm) < 1,

so,

‖B−1
m ≤ ‖F

′
(ym)−1‖‖(zF

′
(xm)−F

′
(ym))−1F

′
(xm)‖‖F

′
(xm)−1F

′
(xm)‖

≤ L1

δ

L1.δ

1− (L0tm +L(sm − tm))
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so

‖F
′
(xm)−1F(wm)‖ ≤ [

LL6
1(sm − tm)

(1− (L0tm +L(sm − tm)))2

+
LL3

1(um− tm + 1
2
(pm −um))

1− (L0tm +L(sm − tm))
](pm −um) = v̄m(pm −um). (4.14)

Consequently, from the third substep of method (4.2), we also get

‖xm+1 −wm‖ = ‖− (F
′
(ym)−1−F

′
(xm)−1)F(wm)−F

′
(ym)−1F

′
(wm)‖

≤ (
L(sm − tm)

(1−L0tm)(1−L0sm)
+

1

1−L0sm

)v̄m(pm −um)

= tm+1− pm

and

‖xm+1 −x0‖ ≤ ‖xm+1 −wm‖+‖wm − zm‖+‖zm −ym‖+‖ym −x0‖
≤ tm+1 − pm + pm +−um +um − sm + sm − t0

= tm+1 ≤ t∗,

which show (4.7) for n = m+1 and xm+1 ∈U [x0, t
∗]. So iterate ym+1 is well defined and we

have the estimate

‖ym+1 −xm+1‖ ≤ |γ|‖F
′
(xm+1)

−1F
′
(x0)‖‖F

′
(x0)

−1F(xm+1)‖.

By exchanging the role of wm by xm in (4.14), we get

‖F
′
(x0)

−1F(xm+1)‖ ≤ ¯̄vm

Hence, we get eventually

‖ym+1−xm+1‖ ≤
|γ|

1−L0tm+1

¯̄vm = sm+1 − tm+1

and

‖ym+1 −x0‖ ≤ ‖ym+1−xm+1‖+‖xm+1 −x0‖
≤ sm+1− tm+1 + tm+1 − t0 = sm+1 ≤ t∗,

which completes the induction. Hence, the sequence {xm} is fundamental in Banach space

X and as such it converges to some x∗ ∈ U [x0, t
∗]. By the continuity of F and if we let

m → ∞ in (4.14), we conclude F(x∗) = 0.
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[16] Magréñan, A.A., Argyros, I.K., Rainer, J.J., Sicilia, J.A., Ball convergence of a sixth-

order Newton-like method based on means under weak conditions, J. Math. Chem.,

(2018), 56, 2117-2131, https://doi.org/10.1007/ s10910-018-0856-y
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Chapter 5

On the Semi-Local Convergence of a

Fifth Order Method for Solving

Nonlinear Equations

The semi-local convergence of a fifth-order method is studied using assumptions only on

the first derivative of the operator involved. The convergence of this method was shown by

assuming that the sixth-order derivative of the operator does not exist and hence it limiting

its applicability. Moreover, no computational error bounds or uniqueness of the solution

are given. We address all these problems using only the first derivative that appears on

the. Hence, we extend the applicability of the. Our techniques can be used to obtain the

convergence of other similar higher-order schemes using assumptions on the first derivative

of the operator involved.

1. Introduction

Let F : D ⊂ X −→ Y be a nonlinear operator acting between Banach spaces X and Y. Con-

sider the problem of solving the nonlinear equation

F(x) = 0. (5.1)

Iterative methods are used to approximate a solution x∗ of the equation ( 5.1). The following

iterative method was studied in [21],

yn = xn −αF ′(xn)
−1F(xn),

zn = yn −
1

12
(13I−9An)F ′(xn)

−1F(xn), (5.2)

xn+1 = yn −
1

2
(5I−3An)F ′(xn)

−1F(zn),

where α ∈ R,An = F ′(xn)
−1F ′(yn). If α =

2

3
, ( 5.2) reduces to the method in [21]. This

method was shown to be of order five using hypotheses on the sixth derivative. The local

convergence was given in [21]. We present the semi-local convergence of method ( 5.2)
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using assumptions only on the first derivative of F, unlike earlier studies [21] where the

convergence analysis required assumptions on the derivatives of F up to the order six. This

technique can be used on other methods and relevant topics along the same lines [1,2,3,4,

5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29].

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method ( 5.2) is not

guaranteed by the analysis in [21].

Throughout the article U(x0,R) = {x ∈ X : ‖x−x0‖ < R} and U [x0,R] = {x ∈ X : ‖x−
x0‖ ≤ R} for some R > 0.

2. Sequences Majorizing Method (5.2)

Let L0,L,L1 be positive and η be a nonnegative parameter. Define sequence {tn} for n =
0,1,2, ... by t0 = 0, s0 = η

un = sn +
1

|α|(
3L(sn− tn)

4(1−L0tn)
+

1

3
)(sn− tn), (5.3)

tn+1 = un +[
3L(sn − tn)

4(1−L0tn)2
+

2

3(1−L0tn)
]un,

vn =
L

2
(un− tn)

2 +L1(un − sn)+ |1− 1

α
|L1(sn− tn),

sn+1 = tn+1 +
L(tn+1− tn)

2 +2L1(tn+1− sn)+2|1− 1
α |L1(sn − tn)

2(1−L0tn+1)
.

Next, some convergence criteria are given for this sequence.

Lemma 5. Suppose that for all n = 0,1,2, ...

tn <
1

L0

(5.4)

Then, sequence {tn} is non-decreasing, bounded from above by
1

L0

and converges to its

unique least upper bound t∗ ∈ [0,
1

L0

].

Proof. It is implied by ( 5.3) and ( 5.4) that 0 ≤ tn ≤ sn ≤ tn+1 <
1

L0

. Hence, we conclude

that t∗ = limn→∞tn ∈ [0,
1

L0

].

本书版权归Nova Science所有



On the Semi-Local Convergence of a Fifth Order Method . . . 41

We can provide a second result on a majorizing sequence where the convergence criteria

are stronger but easier to test than ( 5.3). But first, some polynomials and parameters are

needed.

Define recurrent polynomials on [0,1) by

f
(1)
n (t) =

3L

4|α|t
nη+2L0t(1+ t + ...+ tn)η

− 2L0

3|α|(1+ t + ...+ tn)η− t +
1

3|α|,

f
(2)
n (t) =

3L2

2
(1+ t)2t2nη2 +3LL1tn+1η

+3LL1|1−
1

α
|tnη+

L

3
(1+ t)2tnη+

2

3
L1t

+
2L1

3
|1− 1

α
|+2L0t(1+ t + ...+ tn)η− t,

f
(3)
n (t) = L(1+2t)tnη+4L0t(1+ t + ...+ tn+1)η

+2L1(1+ t)+2|1− 1

α
|L1−2t,

g1(t) =
3Lt

4|α| −
3L

4|α| +2L0t2 − 2L0

3|α|t,

f (1)
∞ (t) = f1(t) = t2 − (1+

1

3|α|)(1−2L0η)t +
1

3|α|(1−2L0η),

g
(2)
n (t) =

3L2

2
(1+ t)2tn+2η− 3L2

2
(1+ t)2tnη

+
3LL1

2
t2− 3

2
LL1t +3LL1|1−

1

α
|t

−3LL1|1−
1

α
|+ L

3
(1+ t)2t − L

3
(1+ t)2 +2L0t3,

f3(t) = (L1 −1)t2 +2((1−2L0η)+2|1− 1

α
|L1)t

− (L1 + |1− 1

α
|L1 + |1− 1

α
|),

and

g3(t) = L(1+2t)t −L(1+2t)+4L0t3.

By these definitions, we get

g1(0) = − 3L

4|α| < 0,g1(1) = 2L0(1− 1

3|α|) > 0,

g3(0) = −L, and g3(1) = 4L0 > 0.

Hence, polynomials g1 and g3 have roots in the interval (0,1) by the intermediate value

theorem. Denote the smallest such roots by δ1 and δ3 respectively. Equation f3(t) = 0

has a unique positive root denoted by p3 by Descartes’ rule of signs(assuming L1 ≥ 0 and

2L0η ≤ 1).
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Set

η0 =
1− 1

3|α|
3L

4|α| +4L0(1− 1
3|α|)

.

Then, we have

f1(0) =
1

3|α|(1−2L0η) > 0

and

f1(1) = (
3L

4|α|+4L0(1− 1

3|α|)η− (1− 1

3|α|).

Suppose

η ≤ η0.

Then, f1(1) < 0, and polynomial f1 has roots in (0,1). Denote by p1 the smallest such root.

Moreover, define the polynomial

f2(t) = (
2

3
L1 −1)t2 +[(1−2L0η)+

2

3
L1(|1−

1

α
|−1)t − 2L1

3
|1− 1

α
|].

Let

g2(t) = g
(2)
1 (t) =

3L2

2
(1+ t)2t3η− 3L2

2
(1+ t)2tη

+
3LL1

2
t2− 3LL1

2
t +3LL1|1−

1

α
|t

−3LL1|1−
1

α
|+ L

3
(1+ t)2t − L

3
(1+ t)2 +2L0t3.

By this definition

g2(0) = −3LL1 −
L

3
< 0 and g2(1) = 2L0 > 0.

Denote by δ2 the smallest root of g2 in (0,1).
The preceding polynomials are connected.

Lemma 6. The following assertions hold:

(1) f
(1)
n+1(t) = f

(1)
n (t)+g1(t)t

nη.

(2) f
(2)
n+1(t) = f

(2)
n (t)+g

(2)
n (t)tnη.

(3) g
(2)
n+1(t)≥ g

(2)
n (t).

(4) f
(3)
n+1(t) = f

(3)
n (t)+g3(t)t

nη.

Proof. By the definition of these polynomials we get in turn:
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(1)

f
(1)
n+1(t)− f

(1)
n (t) =

3L

4|α|t
n+1η− 3Ltnη

4|α|
+2L0t(1+ t + ...+ tn+1)η−2L0t(1+ t + ...+ tn)η

− 2L0

3|α|(1+ t + ...+ tn+1)η+
2L0

3|α|(1+ t + ...+ tn+1)

=
3L

4|α|t
n+1η− 3Ltnη

4|α| +2L0tn+2η− 2L0tn+1η

3|α|
= g1(t)t

nη.

(2)

f
(2)
n+1(t)− f

(2)
n (t) =

3L2

2
(1+ t)2t2n+2η2 − 3L2

2
(1+ t)2t2nη2

+3LL1tn+2η−3LL1tn+1η+3LL1 |1−
1

α
|tn+1η

−3LL1|1−
1

α
|tnη+

L

3
(1+ t)2tn+1η− L

2
(1+ t)2tnη

+2L0tn+2η = g
(2)
n (t)tnη.

(3)

g
(2)
n+1(t)−g

(2)
n (t) =

3L2

2
(1+ t)2tn+3η− 3L2

2
(1+ t)2tn+2η

− 3L2

2
(1+ t)2tn+1η+

3L2

2
(1+ t)2tnη

=
3L2

2
(1+ t)2tn+2η(t −1)− 3L2

2
(1+ t)2tnη(t −1)

=
3L2

2
(1+ t)3(t −1)2tnη ≥ 0.

(4)

f
(3)
n+1(t)− f

(3)
n (t) =L(1+2t)tn+1η−L(1+2t)tnη

+4L0t(1+ t + ...+ tn+2)η−4L0t(1+ t + ...+ tn+1)η

= L(1+2t)tn+1η−L(1+2t)tnη+4L0tn+3η

= g3(t)t
nη.
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Set

a =
3Lη

4|α| +
1

3|α| ,b = (
3Lη

4
+

2

3
[
L

2
u2

0 +L1(u0− s0)+ |1− 1

α
|L1η]

1

η
, η 6= 0

c =
Lt2

1 +2L1(t1−η)

1η(1−L0t1)
,

d = max{a,b,c},δ0 = min{δ1,δ2,δ3},
δ = max{δ1,δ2,δ3}, p = min{p1, p3,1−4L0η}

and

η1 = min{η0,
1

4L0

}.

Then, we can show the second convergence result for sequence ( 5.3).

Lemma 7. Suppose

η ≤ η1,L0t1 < 1, (5.5)

0 ≤ d ≤ δ0 and δ ≤ p < 1. (5.6)

Then, sequence {tn} is non-decreasing, bounded from above by t∗∗ =
2η

1−δ
and converges

to its unique least upper bound t∗ ∈ [0,
2η

1−δ
].

Notice that ( 5.5) and ( 5.6) determine the smallness of η for convergence. Moreover, the

following assertions hold

0 ≤ sn − tn ≤ δ(sn−1− tn−1)≤ δnη, (5.7)

0 ≤ un − sn ≤ δ(sn− tn) ≤ δn+1η, (5.8)

0 ≤ tn+1−un ≤ δ(sn − tn) ≤ δn+1η (5.9)

and

0 ≤ tn ≤ sn ≤ un ≤ tn+1. (5.10)

Proof. Mathematical induction is utilized to show

0 ≤ 3L(sn− tn)

4|α|(1−L0tn)
+

1

3|α| ≤ δ, (5.11)

2tn ≤ 1, (5.12)

0 ≤ (
3L(sn− tn)

4(1−L0tn)2
+

2

3(1−L0tn)
)vn ≤ δ(sn − tn) (5.13)

and
L(tn+1− tn)

2 +2L1(tn+1− sn)+2L1|1− 1
α |(sn− tn)

2(1−L0tn+1)
≤ δ(sn − tn). (5.14)

These estimates hold for for n = 0 by the initial conditions, ( 5.5) and ( 5.6). It follows that

0 ≤ s0 − t0 = η, 0 ≤ u0 − s0 ≤ δ(s0 − t0), 0 ≤ t1 −u0 ≤ δ(s0 − t0), 0 ≤ s1 − t1 ≤ δ(s0 − t0).
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So, ( 5.7)-( 5.10) hold at the beginning. Suppose that hold for all integer values smaller than

n. Then, notice that we can get in turn

tk+1 ≤ uk +δk+1η ≤ sk +δk+1η+δk+1η ≤ tk +δkη+δk+1η+δk+1η

≤ uk−1 +2(δkη+δk+1η) ≤ ...≤ tk−1 +δk−1η+2(δkη+δk+1η)

≤ 2
1−δk+2

1−δ
η <

2η

1−δ
= t∗∗. (5.15)

Evidently, ( 5.11) certainly holds if

3Lδkη

4|α| ≤ (δ− 1

3|α|)(1−2L0(1+δ+ ...+δk)η)

or

3Lδkη

4|α| +2L0(1+δ+ ...+δk)η−δ+
1

3|α| −
2L0

3|α| +(1+δ+ ...+δk)η ≤ 0

or

f
(1)
n (t)≤ 0 at t = δ1. (5.16)

In particular, by Lemma 6 (1) and the definition of δ1, we have

f
(1)
n+1(t) = f

(1)
n (t) at t = δ1.

Define the function f (1)
∞ (t) = limk→∞ f

(1)
k (t).

It follows by definition of polynomial f
(1)
k that

f (1)
∞ (t) =

2L0tη

1− t
− t +

1

3|α| −
2L0η

3|α| .

Thus, ( 5.16) holds if

f (1)
∞ (t)≤ 0 at t = δ1

or

f1(t)≤ 0 at t = δ1

which is true by ( 5.6).

Estimate ( 5.12) holds since

2tn = 2 ·2 η

1−δ
≤ 1 by choice of δ in ( 5.6). Then notice that

1

1−L0tn
≤ 2. Hence, estimate

( 5.13) holds if

(3Lδnη+
2

3
)(

L

2
(1+δ)2δnη+L1δ+ |1− 1

α
|L1)+2L0(1+δ+ . . .+δn)η−δ ≤ 0

or

f
(2)
n (t)≤ 0 at t = δ2. (5.17)
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By Lemma 6 (2) and (3), we have

f
(2)
n+1(t) = f

(2)
n (t)+g

(2)
n (t)tnη

≥ f
(2)
n (t)+g

(2)
1 (t)tnη

= f
(2)
n (t)+g2(t)t

nη

so

f
(2)
n+1(t)≥ f

(2)
n (t) at t = p2.

by the definition of p2.

Define function f (2)
∞ (t) = limk→∞ f

(2)
k (t).

It follows by the definition of polynomials f
(2)
k that

f (2)
∞ (t) =

2

3
L1t +

2L1

3
|1− 1

α
|+ 2L0t

1− t
η− t.

Hence, ( 5.17) holds if f (2)
∞ (t)≤ 0 at t = p2 or

f2(t)≤ 0 at t = p2

which is true by ( 5.6). Moreover, to show ( 5.15) it suffices to have

L(1+2δ)δnη+4L0δ(1+δ+ . . . +δn+2)η+2L1(1+δ)+2|1− 1

α
|L1 −2δ ≤ 0

or

f
(3)
n (t)≤ 0 at t = δ3. (5.18)

By Lemma 6 (4), and the definition of δ3, we have

f
(3)
n+1(t) = f

(3)
n (t) at t = δ3.

Define function f (3)
∞ = limk→∞ f

(3)
k (t). Then, we obtain

f (3)
∞ (t) = 4L0ηt +2L1(1− t2)+2L1|1−

1

α
|

+2|1− 1

α
|−2|1− 1

α
|L1t −2t +2t2.

Hence, ( 5.18) holds for f (3)
∞ (t)≤ 0 or

(L1 −1)t2 +2[(1−2L0η)+2L1|1−
1

α
|]t − (L1 +L1|1−

1

α
|+ |1− 1

α
|)≤ 0

or f3(t) ≤ 0, which is true by ( 5.6). The induction for items ( 5.11)-( 5.15) is furnished.

Hence, assertions ( 5.7)-( 5.10) hold true too. Therefore, we deduce limk→∞tk = t∗ ∈ [0, t∗∗].
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3. Analysis for Method ( 5.2)

Consider conditions (T).

Suppose:

(T1) There exist x0 ∈ D,η ≥ 0 so that F
′
(x0)

−1 exist and

‖F
′
(x0)

−1F(x0)‖ ≤ η.

(T2) There exist L0 > 0 so that for all w ∈ D

‖F
′
(x0)

−1(F
′
(w)−F

′
(x0))‖ ≤ L0‖w−x0‖.

Define D1 = U(x0,
1

L0

)∩D

(T3) There exist L > 0,L1 ≥ 1 so that for all w1,w2 ∈ D1

‖F
′
(x0)

−1(F
′
(w2)−F

′
(w1))‖ ≤ L‖w2 −w1‖

and

‖F
′
(x0)

−1F
′
(w2)‖ ≤ L1.

(T4) Conditions of Lemma 5 or Lemma 7 hold

and

(T5) U [x0, t
∗]⊂ D

Next, conditions T are used to show convergence for ( 5.2).

Theorem 5. Under conditions T the following assertions hold

{xn} ⊂ U [x0, t
∗], (5.19)

‖yn−xn‖ ≤ sn − tn, (5.20)

‖zn−yn‖ ≤ un − sn (5.21)

and

‖xn+1 − zn‖ ≤ tn+1−un. (5.22)

Moreover, limn→∞xn = x∗ ∈ U [x0, t
∗] and so that x∗ solves ( 5.1).

Proof. Conditions (T1), method ( 5.2) and ( 5.3) give

‖y0 −x0‖ = ‖ f
′
(x0)

−1F(x0)‖ ≤ η = s0 − t0 ≤ t∗,

so y0 ≤ U [x0, t
∗] and ( 5.20) is true for n = 0. Pick w ≤ U [x0, t

∗]. Then, by using (T1) and

(T2), we obtain

‖F(x0)
−1(F

′
(w)−F(w0))‖ ≤ L0‖w−x0‖ ≤ L0t∗ < 1. (5.23)
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Thus, F
′
(w)−1 exists by ( 5.23) and a Lemma due to Banach on linear operators with in-

verses [15] and

‖F
′
(w)−1F

′
(x0)‖ ≤

1

1−L0‖w−x0‖
. (5.24)

Then, iterates y0, z0 and x1 exist.

Suppose assertion ( 5.19)-( 5.22) hold for all k ≤ n. We need in turn the estimates taken

from method ( 5.2), using the induction hypothesis, ( 5.24)(for w = xk), and (T3)

zk −yk = − 1

12
(9I−9Ak)F

′
(xk)

−1F(xk)−
1

3
F

′
(xk)

−1F(xk)

= −3

4
(I −Ak)F

′
(xk)

−1F(xk)−
1

3
F

′
(xk)

−1F(xk)

= −3

4
(I −F

′
(xk)

−1F
′
(yk))F

′
(xk)

−1F(xk)−
1

3
F

′
(xk)

−1F(xk)

= −3

4
F

′
(xk)

−1(F
′
(xk)−F

′
(yn))F

′
(xk)

−1F(xk)−
1

3
F

′
(xk)

−1F(xk),

so

‖zk −yk‖ ≤
3

4

L‖yk −xk‖‖ yk−xk

α ‖
(1−L0‖xk −x0‖)

+
1

3|α|‖yk −xk‖

≤ (
3L(sk − tk)

4|α|(1−L0tk)
+

1

3|α|)(sk− tk) = uk − sk

and

‖zk −x0‖ ≤ ‖zk −yk‖+‖yk −x0‖ ≤ uk − sk + sk − t0 = uk ≤ t∗.

Therefore, ( 5.21) holds and zk ∈ U [x0, t
∗]. Similarly, by the second substep of method (

5.2), we get in turn

xk+1 − zk =
3

4
F

′
(xk)

−1(F
′
(xk)−F

′
(yk))F

′
(xk)

−1F(zk)

− 2

3
F

′
(xk)

−1F(zk) = BkF(zk)

so

‖xk+1− zk‖ ≤ [
3

4

L‖yk −xk‖
(1−L0‖xk −x0‖)2

+
2

3(1−L0‖xk −x0)
]vk,

≤ [
3

4

L(sk − tk)

(1−L0tk)2
+

2

3(1−L0tk)
]vk = tk+1−uk

and

‖xk+1−x0‖ ≤ ‖xk+1− zk‖+‖zk −x0‖ ≤ tk+1−uk +uk − t0 = tk+1 ≤ t∗.
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Thus, ( 5.22) holds and xk+1 ∈U [x0, t
∗].

We also used

F(zk) = F(zk)−F(xk)+F(xk)

= F(zk)−F(xk)−F
′
(xk)(zk −xk)+F

′
(xk)(zk−yk)

+(1− 1

α
)F

′
(xk)(yk −xk),

so

‖F
′
(x0)

−1F(zk)‖ ≤
L

2
‖zk −xk‖2 +L1‖zk −yk‖

+L1|1−
1

α
|‖yn −xk‖ ≤ vk.

Set bk =

Z 1

0
F(xk +θ(xk+1−xk))dθ(xk+1−xk).

Moreover, by method ( 5.2), we can write instead

F(xk+1) = F(xk+1)−F(xk)+F(xk)

= bk(xk+1−xk)−
F

′
(xk)

α
(yk −xk)

= bk(xk+1−xk)−F
′
(xk)(xk+1−xk)+F

′
(xk)(xk+1−xk)

−F
′
(xk)(yk −xk)+F

′
(xk)(yn−xk)−

F
′
(xk)

α
(yk −xk)

= (bk −F
′
(xk))(xk+1−xk)

+F
′
(xk)(xk+1−yk)+ |1− 1

α
|F ′

(xk)(yk −xk),

so

‖F
′
(x0)

−1F(xk+1)‖ ≤
L

2
‖xk+1−xk‖2 +L1‖xk+1−yk‖

+ |1− 1

α
|L1‖yk −xk‖

≤ L

2
(tk+1− tk)

2 +L1(tk+1− sk)+L1|1−
1

α
|(sk− tk).

Consequently, we obtain

‖yk+1−xk+1‖ ≤ ‖F
′
(xk+1)

−1F
′
(x0)‖‖F

′
(x0)

−1F(xk+1‖
≤ L

2
(tk+1− tk)

2 +L1(tk+1− sk)+L1|1− 1
α |(sk− tk)

1−L0‖xk+1−x0‖
≤ sk+1− tk+1

and

‖yk+1−x0‖ ≤ ‖yk+1−xk+1‖+‖xk+1 −x0‖
≤ sk+1− tk+1 + tk+1− t0 = sk+1 ≤ t∗,

so ( 5.20) holds and yk+1 ∈ U [0, t∗].
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Remark. The parameter
1

L0

,
2η

1−δ
given in closed form can replace t∗ in (T5) assuming that

conditions of Lemma 5 or Lemma 7 hold, respectively.

The uniqueness of the solution is provided.

Proposition 3. Assume

(1) The point x∗ ∈U [x0,δ]⊂ D is such that F(x∗) = 0 for some δ > 0 and F
′
(x∗)−1 exists.

(2) Condition (T2) holds.

(3) There exist r ≥ δ such that

L0

2
(r +δ) < 1. (5.25)

Define D1 = U [x∗, r]∩D,

Set Q =

Z 1

0
F

′
(x∗ +θ(λ−x∗))dθ for some λ ∈ D1 with F(λ) = 0. Then, in view of (T2) and

( 5.25), we have

‖F
′
(x0)

−1(Q−F
′
(x0))‖ ≤ L0

Z 1

0
[(1−θ)‖x0−x∗‖+θ‖λ−x∗‖]dθ

≤ L0

2
(r +δ) < 1.

Hence, we conclude λ = x∗.

Remark. Notice that not all conditions (H) are used in Proposition 3. But if they were used,

then we can certainly set ρ0 = t∗.
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Chapter 6

On the Semi-Local Convergence of a

Fifth Order Efficient Method for

Solving Nonlinear Equations

1. Introduction

The semi-local convergence for a Xiao-Yin method of order five is studied using assump-

tions only on the first derivative of the operator involved. The convergence of this method

was shown by assuming that the sixth order derivative of the operator not on the method

exists and hence it is limiting its applicability. Moreover, no computational error bounds

or uniqueness of the solution are given. We address all these problems using only the first

derivative that appears on the method. Hence, we extend the applicability of the method.

Our techniques can be used to obtain the convergence of other similar higher-order methods

using assumptions on the first derivative of the operator involved.

Let F : D ⊂ E1 −→ E2 be a nonlinear operator acting between Banach spaces E1 and E2

and D 6= /0 be an open set. Consider the problem of solving the nonlinear equation

F(x) = 0. (6.1)

Iterative methods are used to approximate a solution x∗ of the equation (6.1). The following

iterative method was studied in [26],

yn = xn −βF ′(xn)
−1F(xn),

zn = xn −
1

4
(3F ′(yn)

−1 +F ′(xn)
−1)F(xn),

and

xn+1 = zn −
1

2
(3F ′(yn)

−1−F ′(xn)
−1)F(zn).

In this chapter, we study the semi-local convergence of method (6.2) using assumptions

only on the first derivative of F, unlike earlier studies [26] where the convergence analysis

required assumptions on the derivatives of F up to the order six. This method can be used

on other methods and relevant topics along the same lines [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,

13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29].
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For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (6.2) is not

guaranteed by the analysis in [26].

Throughout the chapter U(x0,R) = {x ∈ X : ‖x − x0‖ < R} and U [x0,R] = {x ∈ X :

‖x−x0‖ ≤ R} for some R > 0.

The chapter contains a semi-local convergence analysis in Section 2.

2. Semi-Local Analysis

The convergence analysis is based on the majorizing sequence. Let B > 0, L0 > 0, L1 >
0, L > 0 and R ≥ 0 be given parameters. Define scalar sequence {tn} by t0 = 0, s0 = R,

un = sn +
L|1− 3

4B
|(sn− tn)

2 +L1 (sn − tn)

1−L0sn

,

vn =
L

2
(un− tn)

2 +L1(un − sn)+L1|1−
1

B
|(sn− tn),

tn+1 = un +
1

1−L0sn

(

1+
L(sn − tn)

2(1−L0tn)

)

vn

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2L1(tn+1− sn)+2|1− 1
B
|L1(sn− tn)

2(1−L0tn+1)
.

Next, a convergence result for a sequence (6.2) is provided.

Lemma 8. Suppose that for each n = 0,1,2, · · ·

tn <
1

L0

and sn <
1

L0

. (6.2)

Then, sequence {tn} is non-decreasing, bounded from above by
1

L0

and converges to its

unique least upper bound t? ∈ [0,
1

L0

].

Proof. It follows from (6.2) and (6.2) that 0 ≤ tn ≤ sn ≤ un ≤ tn+1 <
1

L0

, so lim
n→∞

tn = t? ∈

[0,
1

L0

].
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Sequence {tn} shall be shown to be majorizing for method (1.2). But first we introduce

the needed conditions (A).
Suppose:

(A1) There exists x0 ∈ Ω, R ≥ 0 such that F ′(x0)
−1 ∈ L(Y,X) and ‖F ′(x0)

−1F(x0)‖ ≤ R.

(A2) There exists L0 > 0 such that for all x ∈ Ω, ‖F ′(x0)
−1(F ′(x)−F ′(x0))‖≤ L0‖x−x0‖.

Define Ω1 = U(x0,
1

L0

)∩Ω.

(A3) There exist L > 0, L1 > 0 such that for each x,y ∈ Ω1, ‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤

L‖y−x‖ and ‖F ′(x0)
−1F ′(x)‖ ≤ L1.

(A4) Conditions of Lemma 8 hold.

and

(A5) U [x0, t
?]⊂ Ω.

Next, the semi-local convergence of method (1.2) is presented based on conditions A.

Theorem 6. Suppose conditions A hold. Then, sequence {xn} generated by method (1.2) is

well defined in U [x0, t
?], remains in U [x0, t

?] and converges to a solution x? ∈ U [x0, t
?] of

equation F(x) = 0. Moreover, the following items hold

‖yn −xn‖ ≤ sn − tn,

‖zn −yn‖ ≤ ‖un − sn‖,
‖xn+1− zn‖ ≤ tn+1−un

and

‖x?−xn‖ ≤ t?− tn. (6.3)

Proof. Estimates (6.3)− (6.3) are shown using induction. By (6.2) and (A1) we have

‖y0−x0‖= ‖F ′(x0)
−1F(x0)‖ ≤ R = s0− t0 = s0 < t??, so y0 ∈U [x0, t

?] and (6.3) holds for

n = 0. Let x ∈ U [x0, t
?]. Then, using (A1) and (A2), we get ‖F ′(x0)

−1(F ′(x)−F ′(x0))‖ ≤
L0‖x−x0‖ ≤ L0t? < 1, so F ′(x)−1 ∈ L(Y,X) and

‖F ′(x)−1F ′(x0)‖ ≤
1

1−L0‖x−x0‖
(6.4)

by the Banach lemma on invertible linear operators [1, 2, 3, 4, 5, 6, 7, 15, 19]. Moreover,

iterates z0 and xk exist by (6.4) and since x0 and y0 belong in U [x0, t
?]. We can write by

the first two substeps of method (1.2) and supposing estimates (6.3) hold for all values k

smaller than n.

zk = yk +[BF ′(xk)
−1− 1

4
(3F ′(yk)

−1 +F ′(xk)
−1)]F(xk)

= yk +[
(

B− 3

4

)

F ′(xk)
−1− 3

4
F ′(yk)

−1]F(xk)

= yk − [
(

B− 3

4

)

(F ′(yk)
−1−F ′(xk)

−1)−BF ′(yk)
−1]F(xk)

= yk − (B− 3

4
)F ′(yk)

−1(F ′(xk)−F ′(yk))F ′(xk)
−1F(xk)

+BF ′(yk)
−1F(xk).

本书版权归Nova Science所有



58 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

Using (6.2), (A3), (6.4) (for x = xk,yk), (6.5) we obtain in turn that

‖zk −yk‖ ≤
|B− 3

4
|L‖yk −xk‖ 1

|B|‖yk −xk‖+L1‖yk −xk‖
1−L0‖yk −x0‖

≤ L|1− 3
4B
|‖sk − tk‖2 +L1‖sk − tk‖

1−L0sk

= uk − sk

and

‖zk −x0‖ ≤ ‖zk −yk‖+‖yk −x0‖ ≤ uk − sk + sk − t0 = uk < t?,

so (6.3) holds and the iterate zk ∈ U [x0, t
?].

We need an estimate:

F(zk) = F(zk)−F(xk)+F(xk)

= F(zk)−F(xk)−
F ′(xk)

B
(yk −xk)

= F(zk)−F(xk)−F ′(xk)(zk−xk)+F ′(xk)(zk −xk)

−F ′(xk)

B
(yk −xk)

= F(zk)−F(xk)−F ′(xk)(zk−xk)+F ′(xk)(zk −xk)

+F ′(xk)(yk −xk)−F ′(xk)(yk −xk)−
F ′(xk)

B
(yk −xk)

= F(zk)−F(xk)−F ′(xk)(zk−xk)+F ′(xk)(zk −yk)

+(1− 1

B
)F ′(xk)(yk −xk),

so

‖F ′(x0)
−1F(zk)‖ ≤ L

2
‖zk −xk‖2 +L1‖zk −yk‖+ |1− 1

B
|L1‖yk −xk‖

≤ L

2
(uk − tk)

2 +L1(uk − sk)+ |1− 1

B
|L1(sk − tk)

= vk.

Then, by the third substep of method (1.2), we can write in turn that

xk+1− zk = −1

2
(F ′(yk)

−1−F ′(xk)
−1)F(zk)−F ′(yk)

−1F(zk)

= −1

2
F ′(yk)

−1(F ′(xk)−F ′(yk))F ′(xk)
−1F(zk)−F ′(yk)

−1F(zk).

Using (6.2),6.4 (for x = xk,yk,) (A3), (6.5) and (6.5), we get in turn that

‖xk+1− zk‖ ≤
[

L‖yk −xk‖
2(1−L0‖yk −x0‖)(1−L0‖xk −x0‖)

+
1

1−L0‖yk −x0‖

]

vk

≤ 1

1−L0sk

(

1+
L(sk − tk)

2(1−L0tk)

)

vk = tk+1−uk
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and

‖xk+1−x0‖ ≤ ‖xk+1− zk‖+‖zk −x0‖ ≤ tk+1−uk +uk − t0

= tk+1 < t?,

so (6.3) holds and the iterate xk+1 ∈ U [x0, t
?].

Set dk =

Z 1

0
F ′(xk +θ(xk+1−xk))dθ. Then, we can write in turn by the first substep of

method (1.2)

F(xk+1) = F(xk+1)−F(xk)+F(xk)

= dk(xk+1−xk)−
F ′(xk)

B
(yk −xk)

= dk(xk+1−xk)−F ′(xk)(xk+1−xk)+F ′(xk)(xk+1−xk)−F ′(xk)(yk −xk)

+F ′(xk)(yk −xk)−
F ′(xk)

B
(yk −xk)

= (dk −F ′(xk))(xk+1−xk)+F ′(xk)(xk+1−yk)+
(

1− 1

B

)

F ′(xk)(yk −xk),

‖F ′(x0)
−1F(xk+1)‖ ≤ L

2
‖xk+1−xk‖2 +L1‖xk+1−yk‖+ |1− 1

B
|L1‖yk −xk‖

≤ L

2
(tk+1− tk)

2 +L1(tk+1− sk)+ |1− 1

B
|L1(sk − tk),

so

‖yk+1−xk+1‖ ≤ ‖F ′(xk+1)
−1F ′(x0)‖‖F′(x0)

−1F(xk+1)‖

≤ L(tk+1− tk)
2 +2L1(tk+1− sk)+2|1− 1

B
|L1(sk − tk)

2(1−L0tk+1)
= sk+1− tk+1

and

‖yk+1−x0‖ ≤ ‖yk+1−xk+1‖+‖xk+1 −x0‖ ≤ sk+1− tk+1 + tk+1− t0

= sk+1 < t?,

so (6.3) holds and yk+1 ∈ U [x0, t
?].

The induction for items (6.3)−(6.3) is completed. Hence, sequence {xk} is fundamen-

tal in Banach space X , so it converges to some x? ∈U [x0, t
?]. By letting k → ∞ in (6.5) and

using the continuity of F we conclude F(x?) = 0.

Concerning the uniqueness of the solution x? we have:

Proposition 4. Suppose

(1) There exists a solution x? ∈U [x0, r] ⊂ Ω for some r > 0 and F ′(x?)−1 ∈ L(Y,X).
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(2) Condition (A2) holds and

(3) There exists r1 ≥ r such that

L0(r + r1) < 2. (6.5)

Define Ω2 = U [x0, r1]∩Ω. Then, the solution x? is unique in the set Ω2.

Proof. Define T =

Z 1

0
F ′(x? + τ(b− x?))dτ for some b ∈ Ω2 with F(b) = 0. Using (A2)

and (6.5), we get in turn

‖F ′(x0)
−1(T −F ′(x0))‖ ≤

Z 1

0
L0((1−τ)‖x0−x?‖+τ‖b−x0‖)dτ

≤ L0

2
(r + r1) < 1,

so b = x? by the invertibility of T and the identity T (x?−b) = F(x?)−F(b) = 0.

Remark. (1) The parameter
1

L0

given in the closed form can be replace t? in A5.

(2) Conditions A with the exception of (A2) are not assume in Proposition 4. But if they

are, then, we can certainly set r = t? and drop (1) in Proposition 4

本书版权归Nova Science所有



Bibliography

[1] Argyros, I.K., On the Newton - Kantorovich hypothesis for solving equations, J. Com-

put. Math., 169,(2004), 315-332.

[2] Argyros, I.K., Computational theory of iterative methods. Series: Studies in Compu-

tational Mathematics, 15, Editors: C.K. Chui and L. Wuytack, Elsevier Publ. Co. New

York, U.S.A, 2007.

[3] Argyros, I.K., Convergence, and Applications of Newton-type Iterations, Springer

Verlag, Berlin, Germany, (2008).

[4] Argyros, I.K. Hilout, S., Weaker conditions for the convergence of Newton’s method.

J. Complexity, 28, (2012), 364–387.

[5] Argyros, I.K. Hilout, S., On an improved convergence analysis of Newton’s methods,

Applied Mathematics and Computation, 225, (2013), 372-386.
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Chapter 7

Improved Convergence of

Derivative-Free Halley’s Scheme

with Two Parameters

Halley’s scheme for nonlinear equations is extended with no additional conditions. Iterates

are shown to belong to a smaller domain resulting in tighter Lipschitz constants and a finer

convergence analysis than in earlier works.

1. Introduction

Many applications in computational Sciences require finding a solution x∗ of the nonlinear

equation

G (x) = 0, (7.1)

where G : Ω ⊂ E1 −→ E2 acting between Banach spaces E1 and E2. Higher convergence

order schemes have been used extensively to generate a sequence approximating x∗ under

certain conditions [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25].

In particular, the third order scheme [25] has been used to define for each i = 0,1,2, . . . by

xi+1 = xi −TiG
′(xi)

−1(G (xi), (7.2)

where a ∈ R, Ki = G ′(xi)
−1G ′′(xi)G ′(xi)

−1G (xi), and Tl =
1

2
Ki(I −aKi)

−1. If a = 0,
1

2
,1,

then (7.2) reduces to Chebyshev, Halley, and Super-Halley Schemes, respectively.

The convergence conditions used are:

(R1) ‖G ′(x0)
−1‖ ≤ β.

(R2) ‖G ′(x0)
−1G (x0)‖ ≤ η.

(R3) ‖G ′′(x)‖ ≤ K1‖ for each x ∈ D.

(R4) ‖G ′′(x)−G ′′(y)‖ ≤ K1‖x−y‖ for each x,y ∈ D.

63
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But there are examples [25] where condition (R4) is not satisfied. That is why in references

[25] the following conditions are used

(S3) ‖G ′′(x)‖ ≤ K1 for each x ∈ D.

(S4) ‖G ′′(x)−G ′′(y)‖ ≤ w1(‖x− y‖) for each x,y ∈ D, where w1(0) ≥ 0, and for t > 0,
function w1 is continuous and nondecreasing.

(S5) There exists w̄1(ts)≤ w̄1(t)w1(s) for t ∈ [0,1] and s ∈ (0,+∞).

Using (R1), (R2), (S3)-(S5) the Halley scheme was shown to be of R−order at least two

[25]. In particular, if w1(t) =
j

∑
i=1

Kit
qi, the Halley scheme is of R− order at least 2 + q,

where γ = min{γ1,γ2, . . .γ j}, γi ∈ [0,1].i = 1,2, . . ., j.
If a 6= 0, scheme (7.2) requires the evaluation of the inverse of the linear operator I−aKi

at each step. That is why to reduce the computational cost of this inversion and increase the

R−order scheme

yi = xi −G ′(xi)
−1G (xi),

zi = xi −AiG
′(xi)

−1G (xi) (7.3)

and

xk+1 = zi −BiG
′(xi)

−1G (yi).

was studied in [25], where Di = 3G ′(xi)
−1(G ′(xi)−G ′(xi −

1

3
G ′(xi)

−1G (xi)),

Ai = I +
1

2
Di +

1

2
D2

i (I−aDi)
−1, Bi = I +Di +bD2

i , a ∈ [0,1] and b ∈ [−1,1]. Consider

condition

(T4) ‖G ′′(x)−G ′′(y)‖ ≤ w2(‖x−y‖) for each x,y ∈ D1 ⊆ D,

where D1 is a non-empty convex set, w2(t) is continuous and nondecreasing scalar function

with w2(0)≥ 0, and there exists non-negative real function w3 ∈C[0,1] satisfying w3(t)≤ 1

and w2(ts)≤ w2(t)w2(s), t ∈ [0,1], s ∈ (0,∞).
Using conditions (R1)-(R3) and (T4) the R−order was increased. In particular, if the

second derivative satisfies (R4) the R−order of the scheme (7.3) is at least five which is

higher than Chebyshev’s, Halley’s, and Super-Halley’s.

In this chapter, we are concerned with optimization considerations. We raise the fol-

lowing questions. Can we:

(Q1) Increase the convergence domain?

(Q2) Weaken the sufficient semi-local convergence criteria?

(Q3) Improve the estimate on error bounds on the distances ‖xk+1−xi‖,‖xi −x∗‖?

(Q4) Can we improve the uniqueness information on the location of x∗?

(Q5) Can we use weaker conditions ?

and
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(Q6) Provide the radius in affine invariant form.

The advantages of (Q6) are well known [25]. Denote this set of questions by (Q). We would

like question Q to be answered positively without additional or even weaker conditions.

This can be achieved by finding at least as small K1,K1,w1, w̄1,w2 and w3.
Note that the conditions on the higher-order derivatives, reduce the applicability of the

method.

For example: Let E1 = E2 = R, Ω = [−1

2
,
3

2
]. Define f on Ω by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have t∗ = 1, and

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded on Ω. So, the convergence of the above schemes is not

guaranteed by the analysis in earlier papers.

In Section 2 we achieve this goal. Another concern involves conditions (R4) or (S4)

or (Q4). Denote the set of nonlinear equations where the operator G satisfies say (T4) by

S1. Moreover, denote by S2 the set of nonlinear equations where the operator G ′ does not

satisfy (Q4). Then, clearly, S1 is a strict subset of S2. Therefore, working on S2 instead of

S1 is interesting, since the applicability of scheme (7.3) is extended. We show how to do

this by dropping condition (T4) in Section 3.

2. Semi-Local Convergence I

The results are presented in the affine invariant form. So condition (R1) is dropped. Condi-

tions (U) are used:

(U1) ‖G ′(x0)
−1(G ′(x)−G ′(x0))‖ ≤ K0‖x−x0‖ for each x ∈ D.

Set D0 = B[x0,
1

K0

]∩D.

(U2) ‖G ′(x0)
−1G ′′(x)‖ ≤ K for each x ∈ D0.

(U3) ‖G ′(x0)
−1(G ′′(x)−G ′′(y))‖≤ w(‖x−y‖)‖ for each x,y ∈ D0,

where w is a continuous and nondecreasing function with w(0) ≥ 0, and there exists

non-negative function w0 ∈C[0,1] such that w0(t)≤ 1 and w(ts)≤ w0(t)w(s), t ∈ [0,1], s ∈
(0,∞).

Remark. It follows by the definition of the set D0 that

D0 ⊆ D, (7.4)

so

K0 ≤ βK1, (7.5)
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K ≤ βK1 (7.6)

and

w(t)≤ βw1(t). (7.7)

Notice also that using (R3) the following estimate was used in the earlier studies [25]:

‖G ′(x)−1‖ ≤ β

1−βK1‖x−x0‖
. (7.8)

But using weaker and actually needed (U1) we obtained an instead tighter estimate

‖G ′(x)−1G ′(x0)‖ ≤
1

1−K0‖x−x0‖
, (7.9)

Moreover, suppose

K0 ≤ K. (7.10)

Otherwise, the results that follow hold with K0 replacing M.
Next, we state the semi-local convergence result [25], but first, we define some scalar

functions. Consider real functions given by

g(θ1) = p(θ1)+
θ1

2
(1+θ1 + |b|θ2

1)[1+
θ1

1−aθ1

+ p(θ1)
2],

h(θ1) =
1

1−θ1g(θ1)
,

f1(θ1,θ2) =

[

θ2

Q+1)3Q
+θ2

1(1+ |b|+ |b|θ1)+
1

Q+1
(1+θ1 + |b|θ2

1)θ2] f2(θ1,θ2)

+
θ2

1

2
(1+

θ1

1−aθ1

)(1+θ1 + |b|θ2
1) f2(θ1,θ2)

+
θ1

2
(1+θ1 + |b|θ2

1) f2(θ1,θ2)
2,

where

p(θ1) = 1+
1

2
θ1 +

θ2
1

2(1−aθ1)
,

f2(θ1,θ2) =
θ2

1

2
(1+

1

1−aθ1

+
θ1

1−aθ1

)+
θ3

1

8
(1+

θ1

1−aθ1

)2

+
θ2

2(Q+1)3q
+

θ2

(Q+1)(Q+2)
.

Let f3(θ1)= θ1g(θ1)−1, since, f3(0)=−1 < 0, f3(
1

2
)>

27

256
> 0, we know that f3(θ1)= 0

has a root in (0,
1

2
). Define s∗ as the smallest positive root of equation θ1g(θ1)−1 = 0, then

s∗ <
1

2
.
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Theorem 7. Suppose: G : Ω ⊆ E1 −→ E2 is twice Fréchet differentiable and conditions

(R1)-(R3) and (T4) hold,

B[x0,ρη] ⊂ Ω, ρ =
p(a0)

1−d0

,

where a0 = K1βη, b0 = βηw2(η), d0 = h(a0) f2(a0,b0) satisfy a0 < s∗ and h(a0)d0 < 1.

Then, the following items hold

{xi} ⊂ B[x0,ρη],

and there exists lim
k−→∞

xi = x∗ ∈ B[x0,ρη] with G (x∗) = 0,

‖x∗−xi‖ ≤ ri = p(a0)ηλkγ
2k−1

2
1

1−λγ3k
,

where γ = h(a0)d0 and λ =
1

h(a0)
only solution of equation G (x) = 0 in the region

B(x0,ρ1η)∩Ω, where R1 =
2

a0

−ρ.

But in the new case:

Theorem 8. Suppose G : Ω ⊆ E1 −→ E2 is twice Fréchet differentiable and conditions (U)

hold.

B[x0,ρ0η] ⊂ Ω, ρ0 =
p(ā0)

1− d̄0

,

where ā0 = Mβη, b̄0 = ηw(η), d̄=h(ā0) f2(ā0, b̄0) satisfy ā0 < s∗ and h(ā0)d̄0 < 1. Then,

the following items hold

{xi} ⊂ B[x0,ρ0η],

and there exists lim
k−→∞

xi = x∗ ∈ B[x0,ρ0η] so that G (x∗) = 0,

‖x∗−xi‖ ≤ r̄i = p(ā0)ηλk
0γ

2k−1
2

0

1

1−λ0γ3k
0

,

where γ0 = h(ā0)d̄0 and λ0 =
1

h(ā0)
. Moreover, the point x∗ is the only solution of equation

G (x) = 0 in the region B(x0, ρ̄1η)∩Ω, where ρ̄1 =
2

K0

−ρ0.

Proof. Simply use K1,w2,a0,b0,d0,ρ,ρ1,λ,γ used in Theorem 7 with

M,w, ā0, b̄0, d̄0,ρ0ρ̄1,λ0,γ0 respectively.

Remark. In view of (7.4)-(7.7), we have

a0 < s∗ ⇒ ā0 < s∗,

ā0 < a0,

h(a0)d0 < 1 ⇒ h(ā0)d̄0 < 1

r̄i ≤ ri
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and

ρ1 ≤ ρ̄1.

These estimates show that questions (Q) have been answered positively under our tech-

nique.

3. Semi-Local Convergence Part 2

The results are also presented in an affine invariant form and the restrictive condition (T4)

is dropped.

Suppose

(U4) ‖G ′(x0)
−1(G ′(x)−G ′(y))‖ ≤ v(‖x−y‖) for all x,y ∈ D0,

where v is a real continuous and nondecreasing function defined on the interval [0,∞).

Denote conditions (R2), (U1), (U2) and weaker (U3) or (T4) or (S4) or (R4). The

semi-local convergence is based on conditions (U)’:

Consider nonnegative scalar sequences {ti},{si} and {ui} for i = 0,1,2, . . . by

t0 = 0, s0 = η,

ui = si + γi(si − ti),

ti+1 = ui +
βiαi

1−K0ti
(7.11)

and

si+1 = ti+1 +
δi+1

1−K0ti+1

, (7.12)

where

αi =
1

2
K(si − ti)

2 +
1

2

K2q2
i (si − ti)

2

1−K0ti

+K

Z 1

0
v(θ(ui − ti))dθ(ui− ti),

βi = 1+
K(si − ti)

1−K0ti
+ |b|

(

K(si − ti)

1−K0ti

)2

,

qi =
1

1− pi

,

pi =
|a|K(si− ti)

1−K0ti
+ |b|K

2(si − ti)
2

(1−K0ti)2
,

γi =
K(si − ti)

1−K0ti
[1+

K(si − ti)

1−K0ti
qi]
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and

δi+1 =
2Kαi(si − ti)

1−K0ti
+

|b|K(si− ti)

1−K0ti

+K(si − ti)

(

K(si − ti)

1−K0ti
+

|b|K2(si − ti)
2

(1−K0ti)

)

αi

1−K0ti

+2K(si − ti)(ti+1−ui)+K(ui − si)(ti+1−ui)

+
Z 1

0
v(θ(ti+1−ui))dθ(ti+1−ui).

Sequence {ti} shall be shown to be majorizing for the scheme (7.3). But first, we need some

auxiliary convergence results for it.

Lemma 9. Suppose

K0ti < 1 for each i = 0,1,2, . . .. (7.13)

Then, the following hold

ti ≤ si ≤ ui ≤ ti+1 <
1

K0

(7.14)

and

lim
i−→∞

xi = t∗ ≤ t∗∗ =
1

K0

, (7.15)

where the point t∗ is the upper bound of sequence {ti}.

Proof. By using (7.11) and (7.13), we see that (7.14) holds and so (7.15) follows too.

Stronger convergence criteria than (7.13) are provided in the second convergence result.

But they are considered easier to verify.

Lemma 10. Suppose for each i = 0,1,2, . . .

0 ≤ si − ti ≤ η, (7.16)

2K0ti+1 ≤ 1 (7.17)

and

2pi ≤ 1. (7.18)

Then, the following estimates hold:

γi ≤ Kη(1+4Kη) = µ3,

αi ≤ (
K

2
η+2K2η+K

Z 1

0
v(θ(1+µ3)η)dθ(1+µ3))

= µ0(si − ti),

βiαi

1−K0ti
≤ 2(1+2Kη+4|b|K2η2)µ0(si − ti)

= µ2(si − ti)

本书版权归Nova Science所有



70 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

and

δi+1

1−K0ti+1

≤ 2[4Kµ0η+2|b|K

+2K(2Kη+2|b|η2)µ0η+2Kµ2η

+Kµ3µ2η+

Z 1

0
v(θµ2η)dθµ2](si − ti)

= µ3(si − ti).

Lemma 11. Under conditions (7.14) and (7.15) further suppose m = max{µ1,µ2,µ3} for

`0 = max{η, u0 − s0, t1−u0}, `1 = min{µ1,µ2, µ3} and

2|a|Kη < 1, 0 ≤ `0 ≤ `1 ≤ m < 1−2K0η. (7.19)

Then, the following assertions hold

0 ≤ uk − sk ≤ m(sk − tk)≤ mk−1η, (7.20)

0 ≤ sk − tk ≤ m(sk−1− tk−1)≤ mkη, (7.21)

0 ≤ tk+1−uk ≤ m(sk− tk) ≤ mk+1η, (7.22)

0 ≤ tk+i− tk ≤ Bηmk−1 1−mi−1

1−m
≤ Bη

1−m
mk−1 (7.23)

and there exists t∗ = lim
k−→∞

tk such that

0 ≤ t∗− tk ≤
Bη

1−m
mk−1 (7.24)

and

2K0tk ≤ 1, (7.25)

where B = 1+m+m2.

Proof. It follows from (7.11), (7.13), (7.15) and (7.16) that estimates (7.17)-(7.19) hold.

Let i ≥ 0 be an integer. Then, we can write in turn that

0 ≤ tk+i− tk = (tk+i− tk+i−1)+(tk+i−1− tk+i−2)

+ . . .+(tk+1− tk)

≤ Bη(mk+i−2 + . . .+ tk−i)

= Bηmk−1 1−mi−1

1−m
≤ Bηmk−1

1−m
, (7.26)

so (7.20) holds. Hence, the sequence {tk} is complete, and as such it converges to some t∗.
By letting k −→ ∞ in (7.26), we obtain (7.21). Notice also that

2K0tk ≤ 2K0

1−mk+1

1−m
η ≤ 2K0η

1−m
≤ 1,
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by the right hand side of (7.16), so

1

1−K0tk
≤ 2.

Similarly, we have

2pi ≤ 2|a|K(si− ti) ≤ 2|a|Kη < 1,

which holds by condition (7.19).

Remark. Condition (7.16) is the sufficient convergence criterion for a sequence {ti}. Such

a criterion is standard in this type of study. It shows how close x0 should be to the solution

(i.e. how small η should be) to obtain convergence.

Notice also that each ui < 1, i = 1,2,3 can be solved for η, which depends on K0,M,b,c,
and v, i.e., the initial data.

The following Ostrowski-like representations are needed.

Lemma 12. [25] Suppose iterates {xi} exists for each i = 0,1,2, . . .. Then, the following

items hold.

G (xk+1) = 3

Z 1

0
G ′′(xi +θ(−1

3
G ′(xi)

−1G (zi))dθ

(−1

3
G ′(xi)

−1G (xi))G ′(xi)
−1G (zi)

+3G ′′(xi)(
1

3
G ′(xi)

−1G (zi)

+3b(G ′(xi −
1

3
G ′(xi)

−1G (xi))−G ′(xi))DiG
′(xi)

−1G (zi)

−G ′′(xi)(yi −xi)(Di +bD2
i )G ′(xi)

−1G (zi) (7.27)

+

Z 1

0
G ′′(xi +θ(yi −xi))dθ(yi−xi)(xi+1− zi)

−G ′′(xi)(yi −xi)(xi+1 − zi)

+

Z 1

0
G ′′(yi +θ(zi −yi))dθ(xi+1− zi)

+

Z 1

0
(G ′(zi +θ(xi+1 − zi))−G ′(zi))(xi+1− zi)dθ (7.28)

and

G (zi) = −3

2
(G ′(xi)−G ′(xi −

1

3
G ′(xi)

−1G (xi)))G ′(xi)
−1G (xi)

−3

2
(G ′(xi)−G ′(xi −

1

3
G ′(xi)

−1G (xi)))Di(I−aAi)
−1G ′(xi)

−1G (xi)

+
Z 1

0
(G ′(xi +θ(zi −xi))−G ′(xi))dθ(zi−xi). (7.29)

Next, we present the second semi-local convergence result for the scheme (7.3).
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Theorem 9. Under the conditions (U)’ further suppose B[x0, t
∗]⊂D, if conditions of Lemma

9 or Lemma 10 hold. Then, the following assertions hold {xi} ⊂ B[x0, t
∗] and there exists

lim
k−→∞

xi = x∗ ∈ B[x0, t
∗] so that

‖x∗−xi‖ ≤ t∗− ti. (7.30)

Proof. Estimates

‖yi −xi‖ ≤ si − ti, (7.31)

‖zi −yi‖ ≤ θi − si (7.32)

and

‖xi+1 − zi‖ ≤ ti+1−θi, (7.33)

shall be shown using induction. By (7.11) and the first substep of method (7.3), we have

‖y0 −x0‖ = ‖G ′(x0)
−1G (x0)‖ ≤ η = s0 − t0 < t∗,

so y0 ∈ B[x0, t
∗] and (7.31) holds for n = 0.

Consider u ∈ B[x0, t
∗]. Using (U1), we have

‖G ′(x0)
−1(G ′(u)−G ′(x0))‖ ≤ K0‖u−x0‖ ≤ K0t∗ < 1,

leading to G ′(u)−1 ∈ L(E2,E1) with

‖G ′(u)−1G ′(x0)‖ ≤
1

1−K0‖u−x0‖
(7.34)

by the celebrated lemma due to Banach on linear operators that are invertible [2]. Numerous

estimates are needed to be derived by conditions (U)’ and Lemma 12. We get in turn

‖Di‖ ≤ 3K 1
3
‖yi −xi‖

1−K0‖xi −x0‖

≤ K‖yi −xi‖
1−K0‖xi −x0‖

≤ K(si − ti)

1−K0ti
,

‖aDi‖ ≤ |a|‖Di‖ ≤
|a|K(si− ti)

1−K0ti
< 1,

so

‖(I−aDi)
−1‖ ≤ qi,

‖G ′(x0)
−1G (zi)‖ ≤ 3

2
K

1

3
‖yi −xi‖2

+
3

2

1

3

K2‖yi −xi‖qi

1−K0‖xi −x0‖
‖yi −xi‖

+K

Z 1

0
v(θ‖zi−xi‖)dθ‖zi−xi‖ ≤ αi,
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zi = xi −G ′(zi)
−1G (xi)+(I −Ai)G ′(xi)

−1G (xi)

yi +(I −Ai)G ′(xi)
−1G (xi),

‖zi −yi‖ ≤ ‖1

2
Di +

1

2
D2

i (I−aDi)
−1‖‖yi −xi‖

≤ 1

2

(

K‖yi −xi‖
1−K0‖xi −x0‖

+

(

K‖yi −xi‖
1−K0‖xi −x0‖

)2

qi

)

‖yi −xi‖

≤ γn(si − ti)≤ ui − si,

‖xi+1 − zi‖ ≤
(

1+
K‖yi −xi‖

1−K0‖xi −x0‖

+ ‖b|
(

K‖yi −xi‖
1−K0‖xi −x0‖)

)2
)

αi

1−K0‖xi −x0‖

≤
(

1+
K(si − ti)

1−K0ti
+ |b|

(

K(si− ti)

1−K0ti

)2
)

αi

1−K0ti

≤ βiαi

1−K0ti
≤ ti+1−ui,

‖yi+1 −xi+1‖ ≤ ‖G ′(xi+1)
−1G ′(x0)‖‖G ′(x0)

−1G (xi+1)‖

≤ 1

1−K0‖xi+1 −x0‖

[

K‖yi −xi‖αi

1−K0‖xi −x0‖

+
K‖yi −xi‖αi

1−K0‖xi −x0‖
+

|b|K‖yi −xi‖2

1−K0‖xi −x0‖

+K‖yi −xi‖
(

K‖yi −xi‖
1−K0‖xi+1 −x0‖

+ |b|
(

K‖yi −xi‖
1−K0‖xi+1 −x0‖

)2
)

+2K‖yi −xi‖‖xi+1 − zi‖+K‖zi −yi‖‖xi+1 − zi‖

+
Z 1

0
v(θ‖xi+1− zi‖)dθ‖xi+1− zi‖]

≤ δi+1

1−K0‖xi+1 −x0‖

≤ δi+1

1−K0ti+1

≤ si+1 − ti+1,

where we also used

‖zi −yi‖ ≤ ui − si,

‖xi+1− zi‖ ≤ ti+1 −ui,

‖zi −x0‖ ≤ ‖zi −yi‖+‖yi −x0‖ ≤ ui − si + si − t0 = ui < t∗,

‖xi+1 −x0‖ ≤ ‖xi+1 − zi‖+‖zi −x0‖ ≤ ti+1 −ui +ui − t0 = ti+1 < t∗,

‖xi +θ(yi −xi)−x0‖ ≤ (1−θ)‖xi −x0‖+θ‖yi −x0‖
< (1−θ)t∗ +θt∗ = t∗
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and for ūi = xi −
1

3
G ′(xi)

−1G (xi),

‖ūi −x0‖ ≤ ‖ūi −xi‖+‖xi −x0‖

≤ 1

3
‖G ′(xi)

−1G (xi)‖+‖xi −x0‖

≤ 1

2
(si − ti)+ ti =

1

3
(si +2ti) ≤ t∗,

‖zi +θ(xi+1 − zi)−x0‖ ≤ (1−θ)‖zi −x0‖+θ‖xi+1 −x0‖
< (1−θ)t∗ +θt∗ = t∗,

and

‖yi+1 −x0‖ ≤ ‖yi+1 −xi+1‖+‖xi+1 −x0‖
≤ si+1 − ti+1 + ti+1 − t0 = si+1 < t∗,

so, zi,xi+1,xi + θ(yi − xi), zi + θ(xi+1 − zi), yi+1 ∈ B(x0, t
∗) and the induction for estimates

is completed.

It follows that sequence {ti} is complete in E1 and as such it converges to some x∗ ∈
B[x0, t

∗]. By letting n −→ ∞ in the estimation (see (7.33))

‖G ′(x0)
−1G (xi+1)‖ ≤ δi+1

and using the continuity of G we obtain G (x∗) = 0. Moreover, see (7.21) for the proof of

(7.28).

Remark. The condition B[x0, t
∗] ⊂ D can be replaced by B[x0,

1

K0

] ⊂ D if conditions of

Lemma 9 hold or B[x0,
η

1−m
]⊂ D under conditions of Lemma 11 where

1

K0

and
η

1−m
are

given in closed form in contrast to t∗.

The uniqueness of the solution x∗ result follows without necessarily using conditions of

Theorem 7 or Theorem 8 or Theorem 9.

Proposition 5. Suppose x∗ ∈ B(x0,ξ0) ⊂ D is a simple solution of equation G (x) = 0;

Condition (U2) holds and there exists ξ ≥ ξ0 such that

K0(ξ0 +ξ) < 2. (7.35)

Set G = B[x0,ξ]∩D. Then, the point x∗ is the only solution of equation G (x) = 0 in the set

G.

Proof. Let y∗ ∈ G with G (y∗) = 0. Define linear operator Q =
Z 1

0
G ′(x∗ + θ(y∗− x∗))dθ.

By using (U2) and (7.35) we get in turn

‖G ′(x0)
−1(Q−G ′(x0))‖ ≤ K0

Z 1

0
((1−θ)‖x∗−x0‖+θ‖y∗−x0‖)dθ

≤ K0

2
(ξ0 +ξ) < 1,

so x∗ = y∗ is implied since Q−1 ∈ L(E2,E1) and Q(y∗−x∗) = G (y∗)−G (x∗) = 0.
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Chapter 8

Extended Convergence for a Third

Order Traub-Like Method with

Parameter for Solving Equations

The local convergence for a Traub-like method of order three is studied using assumptions

only on the first derivative of the operator involved. The convergence of this method was

shown by assuming that the fourth order derivative of the operator not on the method ex-

ists and hence it is limiting its applicability. Moreover, no computational error bounds or

uniqueness of the solution are given. We address all these problems using only the first

derivative that appears on the method. Hence, we extend the applicability of the method.

Our techniques can be used to obtain the convergence of other similar higher-order methods

using assumptions on the first derivative of the operator involved.

1. Introduction

In this Chapter, we are concerned with the semi-local convergence of the Traub-like method

of order three for solving the equation

F(x) = 0. (8.1)

Here F : D ⊂ B1 −→ B2 be a nonlinear operator, B1 and B2 are Banach spaces and D 6= /0
open set. We denote the solution of (8.1) by x∗. The local convergence of the following

iterative method was studied in [7],

zn = xn + γF ′(xn)
−1F(xn)

and (8.2)

xn+1 = xn − [(I− 1

2γ
)+

1

2γ
F ′(xn)

−1F ′(zn)]F
′(xn)

−1F(xn).
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But, the more interesting semi-local convergence case was not given in [7]. In this Chapter,

we study the semi-local convergence of the simplified form of (8.2) defined by

yn = xn −F ′(xn)
−1F(xn)

and (8.3)

xn+1 = yn +
1

2γ
F ′(xn)

−1(F ′(xn)−F ′(yn)(yn−xn).

Our convergence analysis uses assumptions only on the first derivative of F, unlike earlier

studies [7] where the convergence analysis required assumptions on the derivatives of F up

to the order four. This method can be used on other methods and relevant topics along the

same lines [6,8,9,10,12,13,15,16,17,18,19,20,21,22]. The assumptions on the fourth-order

derivative reduce the applicability of the method (8.3).

For example: Let B = B1 = R, D = [−1

2
,

3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (8.3) is not

guaranteed by the analysis in [7]. Throughout the chapter U(x0,R) = {x∈ X : ‖x−x0‖< R}
and U [x0,R] = {x ∈ X : ‖x−x0‖ ≤ R} for some R > 0.

The chapter contains the semi-local convergence analysis in Section 2, and the numeri-

cal examples are given in Section 3.

2. Majorizing Sequence

Let L0,L,L1 and η be positive parameters. Define sequence {tn} for each n = 0,1,2, . . . by

t0 = 0, s0 = η,

tn+1 = sn +
L(sn− tn)

2

2(1−L0tn)
(8.4)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2L1(tn+1− sn)

2(1−L0tn+1)
.

This sequence is shown to be majorizing in Section 3. But first, we present two convergence

results for it.

Lemma 13. Suppose

L0tn < 1 ∀ n = 0,1,2, . . .. (8.5)

Then, the following assertions hold

0 ≤ tn ≤ sn ≤ tn+1 < t∗∗ =
1

L0
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and there exists t∗ ∈ [0, t∗∗] such that

lim
n−→∞

tn = t∗.

Proof. By (8.4) and (8.5) sequence {tn} is nondecreasing, bounded from above by
1

L0

so it

converges to its unique least upper bound t∗.

The second result uses stronger convergence conditions but which are easier to verify

(8.5). It is convenient for us to define recurrent polynomials defined on the interval [0,1) by

h
(1)
n (t) = Ltn−1η+2L0(1+ t + . . .+ tn)η−2,

h
(2)
n (t) = L(1+ t)2tn−1η+2L1Ltn−1η+2L0(1+ t + . . .+ tn+1)η−2,

polynomials on the same interval

p1(t) = 2L0t2 +Lt −L

and

p2(t) = L(1+ t)2t −L(1+ t)2 +2L1Lt −2L1L+2L0t3.

By these definitions we have p1(0) = −L, p1(1) = 2L0, p2(0) = −L(1 + 2L1) and p2(1) =
2L0. The intermediate value theorem assures the existence of zeros for polynomials p1

and p2 on (0,1). Denote by δ1 and δ2 the smallest such zeros for p1 and p2, respectively.

Moreover, define parameters

a1 =
Lη

2
, a2 =

L(t1 − t0)
2 +2L1(t1− s0)

2η(1−L0t1)
, for η 6= 0

a = max{a1,a2}, b = min{δ1,δ2} and δ = max{δ1,δ2}.

Then, we can show the second convergence result for a sequence {tn}.
Lemma 14. Suppose

L0t1 < 1 (8.6)

and

a ≤ b ≤ δ ≤ 1−2L0η. (8.7)

Then, the conclusions of Lemma 13 hold for sequence {tn} with t∗∗ =
η

1−δ
. Moreover, the

following assertions hold

0 ≤ sn − tn ≤ δ(sn−1− tn−1)≤ δnη. (8.8)

and

0 ≤ tn+1− sn ≤ δ(sn− tn) ≤ δn+1η. (8.9)
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Proof. Assertions (8.8) and (8.9) can be shown if

0 ≤ L(sk − tk)

2(1−L0tk)
≤ δ (8.10)

and

0 ≤ L(tk+1− tk)
2 +2L1(tk+1− sk)

2(1−L0tk+1)
≤ δ(sk − tk). (8.11)

These shall be shown using induction on k. Assertions (8.10) and (8.11) hold true for k = 0

by the choice of a, (8.6) and (8.7). It follows that

0 ≤ t1− s0 ≤ δ(s0− t0), 0 ≤ s1− t1 ≤ δ(s0 − t0),

so (8.8) and (8.9) hold for n = 0. We also get

t1 ≤ s0 +δη = (1+δ)η =
1−δ2

1−δ
η < t∗.

Suppose

0 ≤ sk − tk ≤ δkη, 0 ≤ tk+1− sk ≤ δk+1η

and

tk ≤
1−δk+1

1−δ
η.

Then, evidently (8.10) certainly holds if

Lδkη+2δL0(1+δ+ . . .+δk)η−2δ ≤ 0

or

h
(1)
k

(t)≤ 0 at t = δ1. (8.12)

Two consecutive polynomials h
(1)
k

are related as follows:

h
(1)
k+1(t) = h

(1)
k+1(t)+h

(1)
k (t)−h

(1)
k (t)

= Ltkη+2L0(1+ t + . . .+ tk+1)η−2

−Ltk−1η−2L0(1+ t + . . .+ tk)η+2

= h
(1)
k

(t)+Ltkη−Ltk−1η+2L0tk+1η

= h
(1)
k (t)+ p1(t)t

k−1η. (8.13)

In particular h
(1)
k+1(t) = h

(1)
k (t) at t = δ1. Define function h(1)

∞ on [0,1) by

h(1)
∞ (t) = lim

k−→∞
h

(1)
k (t). (8.14)

It follows by the definition of polynomial h
(1)
k

and (8.4) that

h(1)
∞ (t) = 2

(

L0η

1− t
−1

)

. (8.15)
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Hence, (8.12) holds if
L0η

1− t
−1 ≤ 0 at t = δ1,

which is true by (8.7). Similarly, by the first substep of sequence (8.4) and (8.10), estimate

(8.11) holds for

tn+1− tn = tn+1− sn + sn − tn ≤ (1+δ)(sn − tn)

if

L(1+δ)2(sn− tn)
2 + L1L(sn−tn)

2

1−L0tn

2(1−L0tn+1)
≤ δ(sn − tn). (8.16)

By the right hand side of (8.7), the induction hypotheses and the definition of t∗∗, we have

2tnL0 ≤ 2L0

η

1−δ
≤ 1, so

1

1−L0tn
≤ 2. Then, (8.16) holds if

L(1+δ)2(sn − tn)+2L1L(sn − tn)

2(1−L0tn+1)
≤ δ

or

L(1+δ)2δnη+2L1Lδnη+2L0δ
1−δn+2

1−δ
η−2δ ≤ 0

or

h
(2)
n (t)≤ 0 at t = δ2. (8.17)

We also have

h
(2)
k+1(t) = h

(2)
k+1(t)+h

(2)
k (t)−h

(2)
k (t)

= L(1+ t)2tkη+2L1Ltkη+2L0(1+ t + . . .+ tk+2)η−2

−L(1+ t)2tk−1η−2L1Ltk−1η−2L0(1+ t + . . .+ tk+1)η+2

h
(2)
k

(t) = h
(2)
k

(t)+L(1+ t)2tkη−L(1+ t)2tk−1η

+2L1Ltkη−2L−1Ltk−1η+2L0tk+2η

= h
(2)
k

(t)+ p2(t)t
k−1η.

In particular h
(2)
k+1(t) = h

(2)
k (t) at t = δ2. Define function h(2)

∞ on [0,1) by

h(2)
∞ (t) = lim

k−→∞
h

(2)
k

(t). (8.18)

In view of (8.18) and the definition of polynomial h
(2)
k , we also deduce

h(2)
∞ (t) = 2

(

L0η

1− t
−1

)

,

so (8.17) holds, since h(2)
∞ (t)≤ 0 at t = δ2. Sequence {tn} is nondecreasing by (8.4), (8.10)

and (8.11), and bounded from above t∗∗. Hence, it converges to t∗.
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3. Convergence of Method (8.3)

We introduce conditions (H) to be used in the semilocal convergence of method (8.3).

Suppose:

(H1) There exists x0 ∈ D,η ≥ 0 such that F ′(x0)
−1 ∈ L(B2,B1) and

‖F ′(x0)
−1F ′(x0)‖ ≤ η.

(H2) ‖F ′(x0)
−1(F ′(u)−F ′(x0))‖ ≤ L0‖u−x0‖ for all u ∈ D.

Set D1 = U(x0,
1

L0

)∩D.

(H3)

‖F ′(x0)
−1(F ′(u)−F ′(v))‖ ≤ L‖u−v‖

and

‖F ′(x0)
−1F ′(u)‖ ≤ L1.

for all u,v ∈ D1 or u ∈ D1 and v = u−F ′(u)−1F(u).

(H4) Conditions of Lemma 13 or Lemma 14 hold.

and

(H5) U [x0, t
∗]⊂ D.

Notice that under the second choice of u and v parameter L can be smaller. Denote by L̃ the

corresponding parameter.

Next, the semilocal convergence of method (8.3) is developed.

Theorem 10. Under the conditions (H) the following items hold:{xn} ⊂U(x0, t
∗), and there

exists x∗ ∈ U [x0, t
∗] solving equation F(x) = 0 such that x∗ = lim

n−→∞
xn and

‖x∗−xn‖ ≤ t∗− tn. (8.19)

Proof. Estimates

‖yk −xk‖ ≤ sk − tk (8.20)

and

‖xk+−xk‖ ≤ tk+1− sk (8.21)

are shown using induction on k. By (8.4), (H1) and the first substep of method (8.3), we

have

‖y0 −x0‖= ‖F ′(x0)
−1F(x0)‖ ≤ η = s0 − t0 < t∗,

so y0 ∈U(x0, t
∗) and (8.20) holds for k = 0. Let v ∈U(x0, t

∗). In view of (H1), (H2) and the

definition of t∗, we get

‖F ′(x0)
−1(F ′(v)−F ′(x0))‖ ≤ L0‖v−x0‖ ≤ L0t∗ < 1,
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F ′(v)−1 ∈ L(B2,B1) and

‖F ′(v)−1F ′(x0)‖ ≤
1

1−L0‖v−x0‖
(8.22)

by a lemma due to Banach on linear operators with inverses [12]. We have

‖z0−x0‖ = ‖γF ′(x0)
−1F(x0)‖

≤ |γ|‖F′(x0)
−1F(x0)‖

≤ ‖F ′(x0)
−1F(x0)‖ ≤ η < t∗,

so z0 ∈ U(x0, t
∗). Suppose xk,yk, zk ∈ U(x0, t

∗). Then, by the second substep of method

(8.3), (H3), (8.22) (for v = xk), and (8.4), we get

‖xk+1−yk‖ ≤ 1

2|γ|‖F ′(xk)
−1F ′(x0)‖

×‖F ′(x0)
−1(F ′(xk)−F ′(zk))‖‖F′(xk)

−1F(xk)‖

≤ 1

2|γ|
|γ|‖yk−xk‖2

1−L0‖xk −x0‖
≤ tk+1− sk,

and

‖xk+1−xk‖ ≤ ‖xk+1−yk‖+‖yk −x0‖
≤ tk+1− sk + sk − t0 = tk+1 < t∗,

so (8.21) holds and xk+1 ∈U(x0, t
∗).

Next, using the first substep of method (8.3) we can write

F(xk+1) = F(xk+1)−F(xk)+F(xk)

= F(xk+1)−F(xk)−F ′(xk)(yk −xk)

−F ′(xk)(xk+1−xk)+F ′(xk)(xk+1−xk)

= F(xk+1)−F(xk)−F ′(xk)(xk+1−xk)

+F ′(xk)(xk+1−yk). (8.23)

It folloows by (8.4), (H3), (8.23) and the induction hypotheses

‖F ′(x0)
−1F(xk+1)‖ ≤ L

2
‖xk+1−xk‖2 +L1‖xk+1−yk‖

≤ L

2
(tk+1− tk)

2 +L1(tk+1− sk). (8.24)

Then, by (8.4), the first substep of method (8.3), (8.22) (for v = xk+1) and (8.24) we obtain

‖yk+1−xk+1‖ ≤ ‖F ′(xk+1)
−1F ′(x0)‖‖F ′(x0)

−1F(xk+1)‖

≤ L(tk+1− tk)
2 +2L1(tk+1− sk)

2(1−L0‖xk+1−x0‖)
≤ sk+1− tk+1
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and

‖yk+1 −x0‖ ≤ ‖yk+1−xk+1‖+‖xk+1−x0‖
≤ sk+1− tk+1 + tk+1− t0 = sk+1 < t∗.

Thus, yk+1 ∈ U(x0, t
∗) and the induction for (8.20) is completed too. Sequence {tk} is

fundamental as convergent. In view of (8.20) and (8.21), sequence {xk} is fundamental too

in Banach space B1. Hence, it converges to some x∗ ∈U [x0, t
∗]. By letting k −→ ∞ in (8.24),

we conclude F(x∗) = 0.

The uniqueness of the solution x∗ result follows without necessarily using conditions of

Theorem 10.

Proposition 6. Suppose x∗ ∈U(x0,ξ0)⊂ D for some ξ0 > 0 is a simple solution of equation

F(x) = 0; Condition (H2) holds and there exists ξ ≥ ξ0 such that

M0(ξ0 +ξ) < 2. (8.25)

Set G = U [x0,ξ]∩D. Then, the point x∗ is the only solution of equation F(x) = 0 in the set

G.

Proof. Let y∗ ∈ G with F(y∗) = 0. Define linear operator Q =

Z 1

0
F ′(x∗ + θ(y∗ − x∗))dθ.

By using (H2) and (8.25) we get in turn

‖F ′(x0)
−1(Q−F ′(x0))‖ ≤ M0

Z 1

0
((1−θ)‖x∗−x0‖+θ‖y∗−x0‖)dθ

≤ M0

2
(ξ0 +ξ) < 1.

Thus, x∗ = y∗ is implied since Q−1 ∈ L(B2,B1) and Q(y∗−x∗) = F(y∗)−F(x∗) = 0.

Remark. (1) The conclusions of Theorem 10 hold if (H5) is replaced by

(H5)’ U [x0,
1

L0

]⊂ D if conditions of Lemma 13 hold

or

(H5)” U [x0,
η

1−δ
] ⊂ D if conditions of Lemma 14 hold. Notice that

1

L0

and
η

1−δ
are given in closed form.

(2) Condition (H3) can be replaced by stronger

(H3)’ ‖F ′(x0)
−1(F ′(u)−F ′(v))‖ ≤ L2‖u−v‖

‖F ′(x0)
−1F ′(u)‖ ≤ L3

for all u,v ∈ D0 used by us in [1,2,3,4,5]

or

(H3)”‖F ′(x0)
−1(F ′(u)−F ′(v))‖ ≤ L4‖u−v‖

‖F ′(x0)
−1F ′(u)‖ ≤ L5

for all u,v ∈ D used by us others.

Notice that L0 ≤ L4 and L ≤ L2 ≤ L4.
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(3) Tighter Lipschitz constant will further improve the convergence criteria. As an ex-

ample. Define S = U(x1,
1

L0

−η) ∩D provided that L0η < 1 and suppose S ⊂ D.

Then, we have S ⊂ D0. Hence, the tighter Lipschitz constants on S can be used.

It is worth noticing that in all these cases we use the initial information, since

x1 = x0 −F ′(x0)
−1F(x0).

(4) The second condition in (H3) can be dropped if we replace L−1 by 1+L0t, since

‖F ′(x0)
−1F(u)‖ ≤ ‖F ′(x0)

−1(F ′(u)−F ′(x0)+F ′(x0))‖
≤ 1+L0‖u−x0‖.

Then, 1+L0t can replace L1. This is important when 1+L0t ≤ L1.

(5) Under all the conditions (H), set ξ0 = t∗.

4. Numerical Experiments

We compute the radius of convergence in this section.

Example 1. Let B1 = B2 = R. Let us consider a scalar function F defined on the set Ω =

U [x0,1−q] for q ∈ (0,1) by

F(x) = x3 −q.

Choose x0 = 1. Then, we obtain the estimates η =
1−q

3
,

|F ′(x0)
−1(F ′(x)−F ′(x0))| = |x2 −x2

0|
≤ |x+x0||x−x0| ≤ (|x−x0|+2|x0|)|x−x0|
= (1−q+2)|x−x0| = (3−q)|x−x0|,

for all x ∈ Ω, so L0 = 3−q, Ω0 = U(x0,
1

L0

)∩Ω = U(x0,
1

L0

),

|F ′(x0)
−1(F ′(y)−F ′(x)| = |y2 −x2|

≤ |y+x||y−x| ≤ (|y−x0 +x−x0 +2x0)||y−x|
= (|y−x0|+ |x−x0|+2|x0|)|y−x|

≤ (
1

L0

+
1

L0

+2)|y−x| = 2(1+
1

L0

)|y−x|,

for all x,y ∈ Ω and so L = 2(1+
1

L0

).

|F ′(x0)
−1(F ′(y)−F ′(x)| = (|y−x0|+ |x−x0|+2|x0|)|y−x|

≤ (1−q+1−q+2)|y−x| = 2(2−q)|y−x|,

for all x,y ∈ D and L2 = 2(2−q).
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Notice that for all q ∈ (0,1), L1 = (1+
1

L0

)2,

L0 < L < L2.

Next, set y = x−F ′(x)−1F(x),x ∈ D. Then, we have

y+x = x−F ′(x)−1F(x)+x =
5x3 +q

3x2
.

Define function F̄ on the interval D = [q,2−q] by

F̄(x) =
5x3 +q

3x2
.

Then, we get by this definition that

F̄ ′(x) =
15x4 −6xq

9x4

=
5(x−q)(x2 +xq+q2)

3x3
,

where p =
3

√

2q

5
is the critical point of function F̄ . Notice that q < p < 2−q. It follows that

this function is decreasing on the interval (q, p) and increasing on the interval (q,2− q),
since x2 +xq+q2 > 0 and x3 > 0. Hence, we can set

K2 =
5(2−q)2 +q

9(2−q)2

and

K2 < L0.

But if x ∈ D0 = [1− 1

L0

,1+
1

L0

], then

L̃ =
5ρ3 +q

9ρ2
,

where ρ =
4−q

3−q
and K < K1 for all q ∈ (0,1).
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Chapter 9

Ball Convergence Comparison for

Methods Whose First Step is Given

by Newton’s for Solving Nonlinear

Equations

1. Introduction

A plethora of applications from diverse areas can be brought in the form

F(x) = 0, (9.1)

where F : Ω ⊂ X −→ Y is a continuous operator between Banach spaces X ,Y and Ω 6= φ is

an open or closed set. The solution x∗ if it exists of the non-linear (9.1) is needed in closed

form. But this is possible only in special cases. That is why researchers and practitioners

resort to the conclusion of iterative methods of approximating x∗.

Newton’s method defined for x0 ∈ Ω , n = 0,1,2, ..... as

xn+1 = xn −F ′(xn)
−1

F(xn) (9.2)

is by no doubt the most popular quadratically convergent method. But to increase the order

of convergence too numerous methods have been proposed with (9.2) as a first step. Below
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we provide an incomplete list of popular methods of order higher than two:

xn+1 = yn −F ′(xn)
−1

F(xn), (9.3)

xn+1 = yn +
1

2
Ln(I− γLn)

−1F ′(xn)
−1

F(xn), (9.4)

Ln = F ′(xn)
−1

F ′′(xn)F ′(xn)
−1

F(xn),

xn+1 = yn +
1

2
Ln(I +Ln(I− γLn)

−1)F ′(xn)
−1

F(xn), (9.5)

xn+1 = yn +
1

2
Kn(I +Kn(I− γKn)

−1)F ′(xn)
−1

F(xn), (9.6)

Kn = F ′(xn)
−1

F ′′(xn −
1

3
F ′(xn)

−1
F(xn))F ′(xn)

−1
F(xn),

xn+1 = yn −F ′(xn)
−1

(F ′(xn +
1

2
(yn −xn))−F ′(xn))(yn−xn), (9.7)

zn = xn − [I +
1

2
Qn +

1

2
Qn

2(I −α1Qn)
−1]F ′(xn)

−1
F(xn), (9.8)

xn+1 = zn − [I +Qn +α2Qn
2)]F ′(xn)

−1
F(zn), (9.9)

Qn = F ′(xn)
−1

(F ′(xn)−F ′(Vn)), Vn = xn −
1

3
F ′(xn)

−1
F(xn),

zn = xn − [I +
1

2
Ln +

α

2
Ln

2 +
α2

2
Ln

3]F ′(xn)
−1

F(xn), (9.10)

xn+1 = zn − [I +Ln +β∆n]F
′(xn)

−1
F(zn) (9.11)

and

∆n = F ′(xn)
−1

F ′′(xn)F ′(xn)
−1

F(zn).

Here α,β,γ are real parameters. Methods (9.2),(9.3); (9.2),(9.4); (9.2),(9.5); (9.2),(9.6);

(9.2),(9.7); (9.2),(9.2),(9.8),(9.9); and (9.2),(9.10),(9.11), are of order three or higher.

In this chapter, we determine the ball of convergence for these methods, so we can

compute them under the same set of conditions. As far as we know such a study has not

been done. Our technique is very general so it can be used even if we exchange (9.2) by

yn = xn +F ′(xn)
−1

F(xn) (9.12)

and use as a second step say

xn+1 = yn −F ′(xn)
−1

F(yn) (9.13)

or

xn+1 = xn −F ′(xn)
−1

[xn,yn;F]F ′(xn)
−1

F(xn). (9.14)

2. Ball Convergence

Let ϕ0,ϕ,ϕ1 and ϕ2 be continuous and non-decreasing function defined on the interval

T = [0,+∞). The common conditions used are:

Suppose
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(C1) F : Ω −→ Y is twice continuously differentiable, and there exists a simple solution

x∗ ∈ Ω of equation (9.1).

(C2) Function ϕ0(t)−1 has the smallest zero ρ ∈ T −{0}.
Set Ω1 = U(x∗,ρ)∩Ω.

(C3)

‖F ′(x∗)−1
(F ′(w)−F ′(x∗)‖ ≤ ϕ0(‖w−x∗‖

for each w ∈ Ω.

(C4)

‖F ′(x∗)−1
(F ′(u)−F ′(v)‖ ≤ ϕ(‖u−v‖),

‖F ′(x∗)−1
F ′(u)‖ ≤ ϕ1(‖u−x∗‖)

and

‖F ′(x∗)−1
F ′′(u)‖≤ ϕ2(‖u−x∗‖)

for each u,v ∈ Ω1.

(C5) U [x∗, s]⊂ Ω, where s is determined later depending on the method.

In view of conditions (C), we have in turn the estimates :

Method (9.2) [1,2,3,4,5,6,7]

xn+1 −x∗ = xn −x∗−F ′(xn
−1

F(xn)

= [F ′(xn
−1

F(xn)][
Z 1

0
F ′(x∗)−1F ′(x∗ +θ(xn −x∗))−F ′(xn)dθ(xn −x∗)],

so,

‖xn+1−x∗‖ ≤
R 1

0 ϕ((1−θ)‖xn −x∗‖)dθ‖xn−x∗‖
1−ϕ0(‖xn −x∗‖)

≤ ϕ1(‖xn+1−x∗‖)‖xn+1−x∗‖ ≤ ‖xn+1−x∗‖ < r,

where

ϕ1(t) =

R 1
0 ((1−θ)t)dθ

1−ϕ0(t)

and r is (if it exists) the smallest solution of an equation ϕ1(t)−1 = 0 in (0,1).

Then, {xn} ⊂U [x∗, r] and

lim
n−→∞

xn = x∗. (9.15)
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Method (9.2), (9.3) [13,14,15]

As in the previous case we deduce ‖yn −x∗‖ ≤ ϕ1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r.

It then follows in turn from the second sub-step.

‖xn+1−x∗‖= ‖yn −x∗−F ′(yn)
−1F(yn)+(F ′(yn)

−1 −F ′(xn)
−1)F(yn)‖

≤
R 1

0 ϕ((1−θ)‖yn−x∗‖)dθ‖yn−x∗‖
1−ϕ(‖yn −x∗‖) +

mn

R 1
0 ϕ1(θ‖yn−x∗‖)dθ‖yn−x∗‖

1−ϕ0(‖yn−x∗‖)(1−ϕ0(‖xn−x∗‖)

≤
R 1

0 ϕ((1−φ)ϕ1(‖xn −x∗‖)‖xn−x∗‖)dθϕ1(‖xn−x∗‖)‖xn−x∗‖
1−ϕ0(ϕ1(‖xn−x∗‖)‖xn−x∗‖)

+
mn

R 1
0 ϕ(φϕ1(‖xn −x∗‖)‖xn−x∗‖)dθϕ1(‖xn−x∗‖)‖xn−x∗‖
(1−ϕ0(ϕ1(‖xn −x∗‖)‖xn−x∗‖))(1−ϕ0(‖xn−x∗))

≤ ϕ2(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖,

where

mn = ϕ0(‖yn −x∗‖)+ϕ0(‖xn−x∗‖)

or

mn = ϕ(‖yn −xn‖),

so

ϕ2(t) =

R 1
0 ϕ((1−θ)ϕ1(t)t)dθϕ1(t)

1−ϕ0(ϕ1(t)t)
+

mn

R 1
0 ϕ(θϕ1(t)t)dθϕ1(t)

(1−ϕ0(ϕ1(t)t)(1−ϕ0(t)

m(t) = ϕ0(t)+ϕ0(ϕ1(t)t)

or

m = ϕ((1+ϕ1(t)t)

and r is the smallest solution (if it exists in (0,ρ) ) of the solutions ϕ1(t)−1= 0,ϕ2(t)−1 =
0.

Then, (9.15) holds for this method.

Method (9.2),(9.4) [17,18,19]

It follows from the second sub-step (9.4)

‖xn+1−x∗‖ = xn −x∗−F ′(xn)
−1F(xn)−

1

2
Ln(I− γLn)

−1F ′(xn)
−1F(xn),

so

‖xn+1−x∗‖ ≤
R 1

0 ϕ((1−θ)‖xn−x∗‖)dθ‖xn−x∗‖
1−ϕ0(‖xn−x∗‖) +

1

2
pn

R 1
0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖

(1−|γ|pn‖xn −x∗‖)(1−φ0(‖xn −x∗‖)
≤ ϕ2(‖xn −x∗‖)
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where we used

‖γLn‖ ≤ |γ|ϕ1(‖xn−x∗‖)ϕ2(‖xn −x∗‖)‖xn −x∗‖
1−ϕ0(‖xn−x∗‖) = |γ|pn‖xn −x∗‖,

p(t) =
ϕ1(t)ϕ2(t)

1−ϕ0(t)
,

and

ϕ2(t) =

R 1
0 ϕ((1−θ)t)dθ

1−ϕ0(t)
+

1

2
p(t)

R 1
0 ϕ1(θt)dθt

(1−|γ|p(t))(1−ϕ0(t))

Then r is determined as in the previous case and (9.15) holds for this method too.

Method(9.2),(9.5) [19]

As in the previous case, we get

‖xn+1−x∗‖ = ‖yn −x∗ +
1

2
LnF ′(xn)

−1F(xn)+
1

2
L2

n(I − γLn)
−1F ′(xn)

−1F(xn)‖

≤ ‖yn −x∗‖+
1

2
pn

Z 1

0
ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖2

+
1

2
p2

n

R 1
0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖3

(1−|γ|pn‖xn −x∗‖)(1−ϕ0(‖xn −x∗‖)
≤ ϕ2(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r, (9.16)

where

ϕ2(t) = ϕ1(t)+
1

2
p(t)

R 1
0 ϕ1(θt)dθt

1−ϕ0(t)
+ϕ1(t)+

1

2
p(t)2

R 1
0 ϕ1(θt)dθt2

(1−|γ|p(t))(1−ϕ0(t))
.

Method(9.2),(9.6) [20]

As in the previous case for ϕ1 and ϕ2. But we also have to show vn = xn−
1

3
F ′(xn)

−1F(xn)∈
U [x∗, r).

But we have

‖vn −x∗‖ = ‖xn−x∗−F ′(xn)
−1F(xn)+

2

3
F ′(xn)

−1F(xn)‖

≤ ‖xn−x∗−F ′(xn)
−1F(xn)‖+

2

3
‖F ′(xn)

−1F ′(x∗)‖‖F ′(x∗)−1F(xn)‖

≤ [
R 1

0 ϕ((1−θ)‖xn−x∗‖)dθ+ 2
3

R 1
0 ϕ1(θ‖xn −x∗‖)dθ]‖xn−x∗‖

1−ϕ0(‖xn −x∗‖)
≤ ϕ3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r.

where,

ϕ3(t) =

R 1
0 ϕ((1−θ)t)dθ+ 2

3

R 1
0 ϕ1(θt)dθ

1−ϕ0(t)
.
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Then, r is taken as the smallest solution in (0,ρ) of equation ϕ1(t) = 0,ϕ2(t)−1 = 0 and

ϕ3(t)−1 = 0

Method(9.2),(9.7) [18]

By the second sub-step, we get in turn that

‖xn+1−x∗‖ ≤ ‖yn −x∗‖+
λn

R 1
0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖

(1−ϕ0(‖xn −x∗‖)2

≤ [ϕ1(‖xn−x∗‖)+
λn

R 1
0 ϕ1(θ‖xn−x∗‖)dθ

(1−ϕ0(‖xn−x∗‖) ]‖xn−x∗‖

≤ ϕ2(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r,

where,λn = ϕ(
1

2
‖yn −xn‖)

or,λn = ϕ0(
1

2
(1+ϕ1(‖xn−x∗‖))‖xn−x∗‖)+ϕ0(‖xn −x∗‖),

λ = λ(t) = ϕ(
1

2
(1+ϕ1(t))t)

and

ϕ2(t) = ϕ1(t)+

R 1
0 ϕ1(θt)dθ

(1−ϕ0(t))2
.

Method (9.2),(9.8),(9.9) [16]

By (9.8), we have in turn that

‖zn−x∗‖ ≤ ‖yn −x∗‖+
1

2
qn(1+

qn

1−|α1|qn

)

R 1
0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖

1−ϕ0(‖xn −x∗‖)
≤ ϕ2(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r,

where

ϕ2(t) = ϕ1(t)+
1

2
q(1+

q

1−|α1|q
)

R 1
0 ϕ1(dθ)dθ

1−ϕ0(t)
,

q = q(t) = 3
ϕ(

R 1
0 ϕ1(θt)dθt

1−ϕ0(t)

1−ϕ0(t)

and we also used the estimate

‖α1Qn‖ = |α1|‖Qn‖ ≤ 3|α1|
ϕ( 1

3
F ′(xn)

−1F(xn))

1−ϕ0(‖xn−x∗‖)

≤ 3|α1|
R 1

0 ϕ1(
θ‖xn−x∗‖)dθ‖xn−x∗‖

1−ϕ0(‖xn−x∗‖) )

1−ϕ0(‖xn−x∗‖) ≤ |α1|qn.
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We also consider equation ϕ3(t)−1 = 0 given before required to show vn ∈U [x∗, r).

Moreover, in view of the third sub-step, we obtain in turn that

‖xn −x∗‖ = ‖zn −x∗−F ′(zn)
−1F(zn)+(F ′(zn)

−1−F ′(xn)
−1)F(zn)‖

≤ ‖zn −x∗−F ′(zn)
−1F(zn)‖+

‖F ′(zn)
−1F(x∗)‖‖F′(x∗)−1(F ′(xn)−F ′(zn))‖

‖F ′(xn)−1)F ′(x∗)‖‖F′(x∗)−1)F(zn)

≤
R 1

0 ϕ((1−θ)‖zn−x∗‖)dθ‖zn−x∗‖
1−ϕ0(‖zn−x∗‖)

+
(ϕ0(‖zn−x∗‖)+ϕ0(‖xn −x∗‖))R 1

0 ϕ1(θ‖zn−x∗‖)dθ‖zn−x∗‖
(1−ϕ0(‖zn −x∗‖)(1−ϕ0(‖xn−x∗‖))

+qn(1+ |α2|qn)

R 1
0 ϕ1(θ‖zn−x∗‖)dθ‖zn−x∗‖

1−ϕ0(‖xn −x∗‖
≤ ϕ4(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn−x∗‖,

where

ϕ4(t) =

R 1
0 ϕ((1−θ)ϕ2(t)t)ϕ(t)

1−ϕ0(ϕ2(t)t)

+
(ϕ0(ϕ2(t)t)+ϕ0(t))

R 1
0 ϕ1(θϕ2(t)t)dθϕ2(t)

1−ϕ0(ϕ2(t)t))(1−ϕ0(t))

+
q(1+ |α2|q)

R 1
0 ϕ1(θϕ2(t)t)dθϕ2(t)

1−ϕ0(t)
.

Then, the smallest of the solution of equations(if it exists)

ϕi(t)−1 = 0, i = 1,2,3,4 shall be r.

Method (9.2),(9.10),(9.11) [15]

By (9.10),we in turn that

‖zn−x∗‖ ≤ ‖yn −x∗‖+
1

2

pn(1+ |α|pn + |α|2p2
n)

R 1
0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖

1−ϕ0(‖xn −x∗‖)
≤ ϕ2(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

(9.17)

where,

ϕ2(t) = ϕ1(t)+
1

2

p(t)(1+ |α|p(t)+ |α|2p(t)2)
R 1

0 ϕ1(θt)dθ

1−ϕ0(t)
.
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Moreover, from (9.11), we get in turn that

‖xn+1−x∗‖ = ‖zn−x∗− (F ′(zn)
−1F(zn))+(F ′(zn)

−1(F ′(xn)−F ′(zn))F ′(xn)
−1F(zn)

−Ln(F ′(xn)
−1F(zn)−βVn(F ′(xn)

−1F(zn)‖

≤
R 1

0 ϕ(θ‖zn−x∗‖)dθ‖zn−x∗‖
1−ϕ0(‖zn−x∗‖)

+
(ϕ0(‖zn−x∗‖)+ϕ0(‖xn −x∗‖))

R 1
0 ϕ1(θ‖zn−x∗‖)dθ‖zn−x∗‖

(1−ϕ0(‖zn−x∗‖))(1−ϕ0(‖xn−x∗‖))

+
pn

R 1
0 ϕ1(θ‖zn−x∗‖)dθ

1−ϕ0(‖xn−x∗‖) + |β|‖∆n‖
R 1

0 ϕ1(θ‖zn−x∗‖)
(1−ϕ0(‖xn−x∗‖))2

≤ ϕ3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖,

where we used

‖∆n‖ ≤
ϕ2(‖xn −x∗‖)R 1

0 ϕ1(θ‖zn−x∗‖)dθ‖zn−x∗‖
1−ϕ0(‖xn−x∗‖))2

≤ δ

and

ϕ3(t) =

R 1
0 ϕ(θϕ2(t)t)dθϕ2(t)

1−ϕ0(ϕ2(t)t)
+(ϕ0(ϕ2(t)t)+ϕ0(t))

Z 1

0
ϕ1(θϕ2(t)t)dθϕ2(t)

+P

R 1
0 ϕ1(θϕ2(t)t)dθϕ2(t)

1−ϕ0(t)
+

|β|δR 1
0 ϕ1(θϕ2(t)t)dθϕ2(t)

1−ϕ0(t)

Method (9.12),(9.13) [21]

By (9.12),we can write

yn −x∗ = xn −x∗−F ′(xn)
−1F(xn)+2F ′(xn)

−1F(xn),

so,‖yn−x∗‖ ≤ [
R 1

0 ϕ((1−θ)‖xn −x∗‖dθ+2
R 1

0 ϕ1(θ‖xn−x∗‖)dθ]‖xn−x∗‖
1−ϕ0(‖xn−x∗‖)

≤ ϕ̄1(t)‖xn−x∗‖ = a‖xn−x∗‖ ≤ ar,

where

ϕ̄1(t) =

R 1
0 ϕ((1−θ)t)dθ+2

R 1
0 ϕ1(θt)dθ

1−ϕ0(t)

and

‖‖xn+1−x∗‖= ‖yn −x∗−F ′(yn)
−1F(yn)+(F ′(yn)

−1 −F ′(xn)
−1)F(yn)‖

≤
R 1

0 ϕ((1−θ)‖yn −x∗‖)dθ‖yn−x∗‖
1−ϕ0(‖yn−x∗‖)

+

R 1
0 ϕ1(θ‖yn−x∗‖)dθ‖yn−x∗‖(ϕ0‖xn −x∗‖+y0(‖yn −x∗‖))

(1−ϕ0(‖xn−x∗‖))(1−ϕ0(‖yn −x∗‖)
≤ ϕ2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,
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where

ϕ2(t) =

R 1
0 ϕ((1−θ)at)dθa

1−ϕ0(at)
+

R 1
0 ϕ1(θat)dθa(ϕ0(t)+ϕ0(at))

1−ϕ0(t))(1−ϕ0(at)
,

and a = ¯ϕ(t).

Then the radius r is chosen as the smallest solution of an equation ϕ2(t)−1 = 0, in (0,ρ)

and provided that (C5) is replaced by (C5)
′U [x∗,ar]⊂ Ω.

In order to study method (9.12),(9.14) we suppose instead of the last condition in (C4)

‖F ′(x∗)−1([x,y;F]−F ′(x))‖ ≤ ϕ̄2(‖xn −x∗‖,‖yn−x∗‖),

where ϕ̄2 : [0,ρ)× [0,ρ)−→ T is continuous and non-decreasing in both arguments.

Method (9.12),(9.14) [22]

As in the previous case

‖yn −x∗‖ ≤ a‖xn −x∗‖
and

‖xn −x∗‖= ‖xn −x∗−F ′(xn)
−1F(xn)+F ′(xn)

−1F(xn)−F ′(xn)
−1[xn,yn;F]F ′(xn)

−1F(xn)‖
≤ ‖xn −x∗−F ′(xn)

−1F(xn)‖+‖F ′(xn)
−1(F(xn)− [xn,yn;F ]F ′(xn)

−1F(xn)‖

≤
R 1

0 ϕ((1−θ)‖xn −x∗‖)dθ‖xn−x∗‖
1−ϕ0(‖xn−x∗‖)

+
ϕ̄2(‖xn −x∗‖,‖yn −x∗‖R 1

0 ϕ1(θ‖xn−x∗‖)dθ‖xn−x∗‖
(1−ϕ0(‖xn −x∗‖))2

≤ ϕ2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

where

ϕ2(t) =

R 1
0 ϕ((1−θ)t)dθ

1−ϕ0(t)
+

ϕ̄2(t,at)
R 1

0 ϕ1(θt)dθ

(1−ϕ0(t))2
.

Here, the radius r is determined by solving ϕ2(t)− 1 = 0, and choosing the smallest

solution r ∈ (0,ρ). Moreover ,(C5) is replaced by C5)
′.

Remark. Notice that in the first condition in (C4), we can suppose instead

‖F ′(x∗)−1(F ′(u)−F ′(v)‖ ≤ ϕ̄(‖u−v‖
for all u ∈ Ω1and v = u−F ′(u)−1F(u),
so ϕ̄(t) = ϕ(t).

Then, the tighter function ϕ̄ can replace ϕ in all previous results to obtain tighter error

bounds and larger radius r.

Next, the uniqueness of the solution x∗ result follows which is the same for all methods.

Proposition 7. Suppose:

本书版权归Nova Science所有



98 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

(1) The element x∗ ∈ U(x∗,R0) ⊂ Ω for some s∗ > 0 is a simple solution of equation

F(x) = 0.

(2) Condition (C3) holds.

(3) There exists R ≥ R0 so that

Z 1

0
ϕ0((1−θ)R+θR0)dθ < 1. (9.18)

Set Ω2 = Ω∩U [x∗,R]. Then, x∗ is the unique solution of equation (9.1) in the domain Ω2.

Proof. Let λ ∈ Ω1 with F(λ) = 0. Define S =
Z 1

0
F ′(λ + θ(x∗− λ))dθ. Using (C3) and

(9.18) one obtains

‖F ′(x0)
−1(S−F ′(x0))‖ ≤

Z 1

0
ϕ0((1−θ)‖λ−x0‖+θ‖x∗−x0‖)dθ

≤
Z 1

0
ϕ0((1−θ)R+θR0)dθ < 1,

so λ = x∗, follows from the invertibility of S and the identity S(λ− x∗) = F(λ)−F(x∗) =

0−0 = 0.
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Chapter 10

Extending the Convergence of a

Steffensen-Like Method without

Derivatives for Solving Nonlinear

Equations

1. Introduction

By eliminating the Taylor series tool from the existing convergence theorem, an extended

local convergence of a seventh-order method without derivatives is developed. The first

derivative is all that is required for our convergence result, unlike the preceding concept.

In addition, the error estimates, convergence radius, and region of uniqueness for the so-

lution are calculated. As a result, the usefulness of this effective algorithm is enhanced.

The convergence zones of this algorithm for solving polynomial equations with complex

coefficients are also shown. This aids in the selection of beginning points with the pur-

pose of obtaining solutions to nonlinear equations. Our convergence result is validated by

numerical testing. Let F : Ω ⊂ X →Y such that

F(x) = 0 (10.1)

Sharma, Arora fifth order method [7]

yn = xn −A−1
n F(xn),

xn+1 = yn −BnA−1
n F(yn),

An = [zn,xn;F], zn = xn +F(xn) (10.2)

and

Bn = 3I−A−1
n ([yn,xn;F]− [yn, zn;F]),

where [·, ·] : Ω×Ω → d(x,y) is a divided difference of order one [1,2,3].
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2. Majorizing Sequences

Let b, L, L0, L1, L2 > 0 and a,R ≥ 0 be parameters. Define sequences {tn},{sn} by t0, s0 =
R,

vn = L(sn− tn)+L2(tn +a)(sn− tn),

tn+1 = sn +

[

L(sn − tn)+L2tn +a+L1

(1−L0(2+b)tn)2
+

2

1−L0(2+b)tn

]

vn,

and

sn+1 = tn+1 +
L(tn+1− sn)+L(sn − tn +L2tn +a)(sn− tn)

1−L0(2+b)tn+1

. (10.3)

These scalar sequences shall be shown to be majorizing for the method (10.2). But first, we

need some convergence results for them.

Lemma 15. Suppose that for all n = 0,1,2, · · ·

(2+b)tn <
1

L0

. (10.4)

Then, sequence {tn} is non-decreasing, bounded from above by
1

(2+b)L0

and converges

to its unique least upper bound t? ∈ [0,
1

L0

].

Proof. It follows from (10.3) and (10.4) that tn ≤ sn ≤ tn+1 <
1

L0

, so t? = lim
n→∞

tn ∈ [0,
1

L0

].

The semilocal convergence of method (10.2) is based on conditions (C).

Suppose:

(C1) There exists x0 ∈ Ω, a ≥ 0, b ≥ 0, R ≥ 0 such that A−1
0 ∈ L(Y,X), ‖F(x0)‖ ≤

a, [x,x0;F ]≤ b and ‖A−1
0 F(x0)‖ ≤ R.

(C2) ‖A−1
0 ([z,x;F]−A0)‖ ≤ L0(‖z− z0‖+‖x−x0‖) for some L0 > 0 and all z,x ∈ Ω.

Set Ω1 = U(x0,
1

(2+b)L0

)∩Ω.

(C3) ‖A−1
0 ([z,w,F]− [y,x;F])‖ ≤ L(‖z− y‖+‖w− x‖), ‖A−1

0 [y, z;F]‖ ≤ L1 and ‖F(x)−
F(x0)‖ ≤ L2‖x−x0‖, for some L,L1,L2 ≥ 0 and all x,y, z,w ∈ Ω1,

(C4) Conditions of Lemma 15 hold

and

(C5) U [x0, r]⊂ Ω, where r = (1+L2)t
? +a.

Next, we present the semilocal convergence of method (10.2) using conditions (C) and the

aforementioned terminology.
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Theorem 11. Suppose conditions C hold. Then, sequence {xn} generated by method (10.2)

is well defined in U [x0, t
?], remains in U [x0, t

?] for all n = 0,1,2, · · · and converges to a

solution x? ∈U [x0, t
?] of equation F(x) = 0. Moreover, the following error estimates hold

‖yn −xn‖ ≤ sn − tn,

‖xn+1−yn‖ ≤ tn+1− sn

and

‖x?−xn‖ ≤ t?− tn. (10.5)

Proof. Mathematical induction is used to show (10.5) and (10.5). Using (10.3) and (C1)

we get ‖y0 − x0‖ = ‖A−1
0 F(x0)‖ ≤ R = s0 − t0 ≤ t?, so y0 ∈ U [x0, t

?] and (10.5) holds for

n = 0. Let zk,xk ∈ U [x0, t
?]. Then, by (C1)− (C3) we have

‖A−1
0 (Ak −A0)‖ ≤ L0(‖zk − z0‖+‖xk −x0‖)

≤ L0(tk +btk + tk) = L0(2+b)tk < 1,

where we also used

‖zk − z0‖ = ‖xk +F(xk)−x0 −F(x0)‖ ≤ ‖xk −x0‖+‖F(xk)−F(x0)‖
≤ tk +btk = (1+b)tk.

It follows by the Banach lemma on invertible linear operators [1, 2, 6] and (10.6) that

A−1
k ∈ L(Y,X) and

‖A−1
k A0‖ ≤

1

1−L0(2+b)tk
. (10.6)

By the second substep of method (10.2) we can write

xk+1−yk = −A−1
k ([zk,xk;F]− [yk,xk;F]+ [yk, zk;F ])A−1

k F(yk)+2A−1
k F(yk). (10.7)

By (C3), we obtain in turn using (10.2), (10.3) and (C3) the estimates:

F(yk) = F(yk)−F(xk)+F(xk)

= F(yk)−F(xk)−Ak(yk −xk)

= ([yk,xk;F ]− [zk,xk;F])(yk −xk),

‖A−1
0 F(yk)‖ ≤ L‖zk −yk‖‖yk −xk‖

≤ L(sk − tk +L2tk +a)(sk − tk) = vk,

where we also used

‖zk −yk‖ = ‖xk +F(xk)−yk‖ ≤ ‖yk −xk‖+‖F(xk)‖
≤ sk − tk +‖F(xk)−F(x0)‖+‖F(x0)‖
≤ sk − tk +L2tk +a.
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Moreover, we have

3I−A−1
k

([yk,xk;F]− [yk, zk;F]) = A−1
k

(3Ak − [yk,xk;F]− [yk, zk;F ])

= A−1
k

(Ak − [yk,xk;F]− [yk, zk;F])+2I

= A−1
k ([zk,xk;F ]− [yk,xk;F ]− [yk, zk;F])+2I,

so by (10.3) and (10.7) summing up we obtain

‖xk+1−yk‖ ≤
[

L(sk − tk)+L2tk +a+L1

(1−L0(2+b)tk)2
+

2

1−L0(2+b)tk

]

vk

= tk+1− sk

and

‖xk+1−x0‖ ≤ ‖xk+1−yk‖+‖yk −x0‖ ≤ tk+1− sk + sk − t0 = tk+1 ≤ t?.

Thus, (10.5) holds and the iterate xn+1 ∈U [x0, t
?]. Then, in view of method (10.2), we can

write in turn

F(xk+1) = F(xk+1)−F(yk)+F(yk)−F(xk)+F(xk)

= [xk+1,yk;F](xk+1−yk)+[yk,xk;F](yk −xk)−Ak(yk −xk)

= [xk+1,yk;F](xk+1−yk)+([yk,xk;F]− [zk,xk;F ])(yk−xk).

By taking norms in (10.8), we get in turn

‖A−1
0 F(xk+1)‖ ≤ L1‖xk+1−yk‖+L‖yk − zk‖‖yk −xk‖

≤ L1(tk+1− sk)+L(sk − tk +L2tk +a).

Then, by (10.2), (10.3), (10.6), we obtain

‖yk+1−xk+1‖ ≤ ‖A−1
k+1A0‖‖A−1

0 F(xk+1)‖

≤ L1(tk+1− sk)+L(sk − tk +L2tk +a)(sk − tk)

1−L0(2+b)tk+1

= sk+1− tk+1

and

‖yk+1−x0‖ ≤ ‖yk+1−xk+1‖+‖xk+1 −x0‖ ≤ sk+1− tk+1 + tk+1− t0

= sk+1 ≤ t?.

Hence, the iterate yk+1 ∈ U [x0, t
?] and the induction for assertions (10.5) and (10.5) is

completed. Sequence {tk} is fundamental as convergent. Consequently, {xk} is fundamental

too by (10.5) and (10.5) in Banach space X . Hence, it converges to some x? ∈U [x0, t
?]. By

letting k → ∞ in (10.8) and using the continuity of F we conclude F(x?) = 0.

The uniqueness of the solution result follows.

Proposition 8. Suppose

(1) There exists a simple solution x? ∈U [x0,ρ]⊂ D for some ρ > 0.
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(2) Condition (C2) holds.

(3) There exists ρ1 ≥ ρ such that

L0(ρ+ρ1 +a) < 1. (10.8)

Set Ω2 = U [x0,ρ1]∩Ω. Then, the only solution of the equation F(x) = 0 in the region

Ω2 is x?.

Proof. Let d ∈ Ω2 with F(d) = 0. Set [x?,d;F] = T. Then, by C2, (1), (2) and (10.8) we

have in turn

‖A−1
0 (T −A0)‖ ≤ L0(‖x?− z0‖+‖y? −x0‖)

≤ L0(ρ+a+ρ1) < 1,

where we also used

‖x?− z0‖ ≤ ‖x?−x0‖+‖F(x0)‖ ≤ ρ+a.

It follows by (10.9) and the identity T (x?−d) = F(x?)−F(d) = 0 that d = x?.

Remark. (1) In the view of (10.4), we can replace r by r1 in (C5), where

r1 =
(1+L2)

L0(2+b)
+a,

which is given in closed form.

(2) The only Condition from the C conditions used in Proposition 8 is (C2). But if we

use all conditions C, then we can certainly set ρ = t? in this Proposition.
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Chapter 11

On the Semi-Local Convergence of a

Fourth Order Derivative Free

Two-Step Steffensen Method for

Solving Equations

1. Introduction

A fourth order two-step Steffensen method for solving equations is studied in this Chapter.

Let X and Y be Banach spaces and Ω ⊂ X be an open set. We are concerned with the

problem of approximating a locally unique solution x∗ ∈ Ω of the nonlinear equation

F(x) = 0, (11.1)

where F : D −→ Y is a nonlinear operator. A plethora of applications reduces to solving

equation (11.1) [1, 2, 3, 4, 5, 6, 7, 8]. The solution x∗ is needed in a closed form. But this

is attainable only in special cases. That explains why most solution methods are iterative.

In particular, we study the semi-local convergence of the Steffensenmethod (SM) defined

∀n = 0,1,2, . . . by

yn = xn −A−1
n F(xn)

and

xn+1 = yn −B−1
n F(yn), (11.2)

where An = [un,vn;F], Bn = 2[yn,xn;F]− [un,vn;F], [., .;F] : D×D −→ L(B,B) is a divided

difference of order one for operator F,un = xn−F(xn) and nn = xn−F(xn). It was found to

be of a fourth convergence order. In particular, the radius of convergence was established.

We show that this radius can be enlarged without new conditions. Other benefits include

tighter error bounds on distances ‖xn −x∗‖ and better information on the uniqueness of the

solution. The technique is independent of method (11.2). Thus, it can be used to extend the

applicability of other methods. This process provides the location of the SM iterates and

computable error distances‖xn+1−xn‖ and ‖xn −x∗‖.
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2. Majorizing Sequences

Let L0,L,L1 > 0 and a≥ 0,η≥ 0 be parameters. Define scalar sequence {tn} by t0 = 0, s0 =

η,

tn+1 = sn +
L(sn − tn +2L1tn +2a)(sn− tn)

1− [L0(sn + tn +2a)+L(sn − tn +2L1tn +2a)]
(11.3)

and

sn+1 = tn+1 +
L(tn+1− sn +2(sn − tn)+2L1tn +2a)(tn+1− sn)

1−2L0(1+L1)tn+1

.

Sequence {tn} shall be shown to be majorizing for method (11.2) in the next section. But

first, we develop two convergence results for it.

Lemma 16. Suppose that for all n = 0,1,2, . . .

L0(sn + tn +2a)+L(sn − tn +2L1tn +2a) < 1 (11.4)

and

2L0(1+L1)tn+1 < 1. (11.5)

Then, the following assertions hold

0 ≤ tn ≤ sn ≤ tn+1 <
1

2L0(1+L1)
(11.6)

and

t∗ = lim
n−→∞

tn ∈
[

0,
1

2L0(1+L1)

]

. (11.7)

Proof. It follows from (11.3)-(11.5) that sequence {tn} is non-decreasing and bounded from

above by
1

2L0(1+L1)
= t∗∗1 and as such it converges to its unique least upper bound t∗ ∈

[0, t∗∗1 ].

In order to develop the second convergence result for sequence {tn} we need to define

recurrent polynomials on the interval [0,1) by

h
(1)
n (t) = Ltnη+2LL1(1+ t + · · ·+ tn)η+2La+2L0t(1+ t + · · ·+ tn)η)+2aL0t

+Ltn+1η+2LL1t(1+ t + · · ·+ tn)η+2Lat − t,

h
(2)
n (t) = Ltn+1η+2Ltnη+2LL1(1+ t + · · ·+ tn)η+2La

+2L0(1+L1)(1+ t + · · ·+ tn)η− t,

polynomials on [0,1)

p1(t) = Lt −1+2LL1t +Lt2 −Lt +2LL1t2,

p2(t) = Lt2 −Lt +2Lt −2L+2LL1t +2L0(1+L1)t
3
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and parameters

b1 =
L(η+2a)

1− [L0(η+2a)+L(η+2a)]
,

b2 =
L(t1 +η+2a)

1−L0(1+L1)t1
,

b3 =
2La

1−2a(L0 +L)

and b = max{b1,b2,b3}. By the definition of polynomials p1 and p2, we have p1(0) =
−L < 0, p1(1) = 4LL1 > 0, p2(0) = −2L < 0 and p2(1) = 2LL1 +2L0(HL1) > 0. Then, the

intermediate value theorem assures that the polynomials have roots in (0,1). Denote by S1

and S2 the least such roots of polynomials p1 and p2, respectively. Define r = min{S1,S2}
and S = max{S1,S2}.

The convergence of sequence {tn} is shown under the conditions (A) :

(L0 +L)(η+2a) < 1, (11.8)

L0(1+L1)t1 < 1, (11.9)

2a(L0 +L) < 1, (11.10)

h
(1)
1 (t) ≤ 0, at t = S (11.11)

h
(1)
2 (t) ≤ 0 at t = S (11.12)

and

b ≤ r ≤ S. (11.13)

Conditions (11.8)-(11.10) assure that parameters b1,b2,b3,b are well-defined. Moreover

conditions (11.11) and (11.12) can be written respectively as

[Lt +2LL1(1+ t)+2L0t(1+ t)+Lt3 +2LL1t(1+ t)]η+ t[2La+2aL0 −1]+2La ≤ 0

and

[Lt2 +2Lt +2L1(1+ t)+2L0(1+L1)t(1+ t + t2)]η+2La− t ≤ 0

which can certainly hold for η sufficiently small and the choice of b3. The second conver-

gence result on sequence {tn} is based on conditions (A) and the preceding terminology.

Lemma 17. Under conditions A the following assertions hold:

0 ≤ tn+1− sn ≤ S(sn− tn) ≤ S2n+1η, (11.14)

0 ≤ sn − tn ≤ S(tn − sn−1) ≤ S2nη (11.15)

and

t∗ = lim
n−→∞

tn ∈ [0, t∗∗], t∗ =
η

1−S
. (11.16)

Proof. Mathematical induction is used to show

0 ≤ L(sn− tn +2L1tn +2a)

1− [L0(sn + tn +2a)+L(sn − tn +2L1tn +2a)]
≤ S (11.17)

0 ≤ L(tn+1− sn +2(sn − tn)+2L1tn +a)

1−2L0(1+L1)tn+1

≤ S (11.18)

0 ≤ tn ≤ sn ≤ tn+1. (11.19)
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Estimates (11.17)-(11.19) hold true for n = 0 by (11.3),the definition of b1 and b2 and

(11.13). Suppose (11.17)-(11.19) hold true for all k = 1,2, . . .,n. In view of (11.14),(11.15)

and the induction hypothesis we have in turn that

sk ≤ tk +S2kη ≤ sk−1 +S2k−1η+S2kη ≤ η+Sη+ · · ·+S2kη =
1−S2k+1

1−S
η < t∗∗ (11.20)

and

tk+1 ≤ sk +S2k+1η ≤ tk +S2kη+S2k+1η ≤ s0 +Sη+ · · ·+S2k+1η =
1−S2k+2

1−S
η < t∗ ∗ .

(11.21)

Notice that S2k ≤ Sk. Hence, (11.17) holds if

LSkη+2LL1

1−Sk+1

1−S
η+2La−S +2L0S

1−Sn+1

1−S
η+2aL0S +Sn+1Lη

+2LL1S
1−Sn+1

1−S
η+2LaS ≤ 0

or

h
(1)
n (t)≤ 0 at t = S1. (11.22)

Recurrent polynomials h
(1)
n (t) are connected . Indeed, we have in turn

h
(1)
n+1(t)−h

(1)
n = Ltn+1η−Ltnη+2LL1tn+1η+2L0tn+2η+Ltn+2η−Ltn+1η+2LL1tn+2η

= p1(t)t
nη.

In particular, we have

h
(1)
n+1(t) = h

(1)
n (t) at t = S1. (11.23)

So, (11.22) holds by (11.11). Similarly, estimate (11.18) holds if

LSk+1η+2LSkη+2LL1
1−Sn+1

1−S
η+2La+2L0S(1+L1)

1−Sk+2

1−S
η−S ≤ 0

or

h
(2)
k (t)≤ 0 at t = S2. (11.24)

This time we have

h
(2)
k+1(t)−h

(2)
k (t) = Ltk+2η−Ltk+1η−2Ltkη+2LL1tk+1η+2L0(1+L1)t

k+3η = p2(t)t
kη.

In particular, we have

h
(1)
k+1(t) = h

(1)
k (t) at t = S2.

Hence, (11.24) holds by (11.12). It then follows from (11.17),(11.18) and (11.3) that (11.19)

holds. Using (11.19) and (11.21) we deduce that

lim
n−→∞

tn = t∗ ∈ [0, t∗∗].

本书版权归Nova Science所有



On the Semi-Local Convergence of a Fourth Order Derivative. . . 113

3. Convergence for Method (11.2)

The conditions (C) are needed: Suppose

(C1) There exist x0 ∈ Ω such that A−1
0 ∈ L(Y,X)

‖F(x0)‖ ≤ a and ‖A−1
0 F(x0)‖ ≤ η.

(C2) There exists L0 > 0 such that for all x,y ∈ Ω

‖A−1
0 ([x,y;F]−A0)‖ ≤ L0(‖x−u0‖+‖y−v0‖).

Define Ω1 = U(x0,
1

2L0(1+L1)
)∩Ω and ‖F(x)−F(x0)‖ ≤ L1‖x−x0‖.

(C3) There exist L > 0,L1 > 0 such that for all x,y, z,w ∈ Ω1

‖A−1
0 ([x,y;F]− [z,w;F])‖ ≤ L(‖x− z‖+‖y−w‖).

(C4) Conditions of Lemma 16 or Lemma 17 hold.

(C5) U [x0,T ]⊂ Ω,T = t∗+a.

The semi-local convergence of method(11.2) uses conditions (C).

Theorem 12. Suppose conditions (C) hold. Then, sequence {xn} generated by method(11.2)

is well-defined in U [x0, t
∗], remains in U [x0, t

∗] for all n = 1,2, . . . and converges to a solu-

tion x∗ ∈ U [x0, t
∗] of equation F(x) = 0, so that

‖yn −xn‖ ≤ sn− tn, (11.25)

‖xn+1−yn‖ ≤ tn+1− sn (11.26)

and

‖x∗−xn‖ ≤ t∗− tn. (11.27)

Proof. Using (C1) and (11.3), we get

‖y0 −x0‖ = ‖A−1
0 F(x0)‖ ≤ η = s0 − t0 ≤ s0 < t∗,

so (11.25) holds for n = 0 and y0 ∈ U [x0, t
∗]. We have

‖vn−v0‖ = ‖xn−F(xn)−x0 −F(x0)‖ ≤ ‖xn −x0‖+‖F(xn)−F(x0)‖ ≤ (1+L1)‖xn−x0‖

and

‖un−u0‖ = ‖xn +F(xn)−x0 −F(x0)‖ ≤ (1+L1)‖xn−x0‖
In view of (C1) and (C2)

‖A−1
0 (An−A0)‖ = ‖A−1

0 ([un,vn;F ]− [u0,v0;F])‖ ≤ L0(‖un −u0‖+‖vn −v0‖)
≤ 2L0(1+L1)‖xn−x0‖ ≤ 2L0(1+L1)‖xn −x0‖ ≤ 2L0(1+L1)t

∗ < 1.
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Thus, A−1
n ∈ L(Y,X) by the Banach lemma on invertible operators [1] and

‖A−1
n A0‖ ≤

1

1−2L0(1+L1)‖xn −x0‖
. (11.28)

We need the estimates

‖xn−vn‖= ‖xn−vn +F(xn)‖ ≤ ‖F(xn)‖≤ ‖F(xn)−F(x0)‖+‖F(x0)‖≤ L1‖xn−x0‖+a,

‖yn −un‖ = ‖yn −xn −F(xn)−F(x0)+F(x0)‖
≤ ‖yn −xn‖+‖F(xn)−F(x0)‖+‖F(x0)‖ ≤ sn− tn +L1tn +a,

‖xn −v0‖ = ‖xn −x0 +F(x0)‖ ≤ ‖xn −x0‖+‖F(x0)‖ ≤ tn +a,

‖yn −u0‖ = ‖yn −x0 −F(x0)‖ ≤ ‖yn −x0‖+‖F(x0)‖ ≤ sn +a,

‖un −x0‖ = ‖xn −x0 −F(x0)‖ ≤ t∗ +a,

and

‖vn −x0‖ = ‖xn −x0 +F(x0)‖ ≤ t∗ +a

Then, by (C2) and (C3)

‖A−1
0 (Bn−A0)‖ ≤ ‖A−1

0 ([yn,xn;F]− [u0,v0;F])‖+‖A−1
0 ([yn,x0;F]− [un,vn;F])‖

≤ L0(‖yn−u0‖+‖xn −v0‖)+L(‖yn −un‖+‖xn −vn‖)
≤ L0(sn + tn +2a)+L(sn − tn +2L1tn +2a) < 1,

so

‖B−1
n A0‖ ≤

1

1− [L0(sn + tn +2a)+L(sn − tn +2L1tn +2a)]
. (11.29)

Moreover, iterate x1 is well-defined. We can write

F(yn) = F(yn)−F(xn)+F(xn) = ([yn,xn;F ]− [un,vn;F])(yn−xn)

‖A−1
0 F(yn)‖ ≤ L(‖yn −un‖+‖xn −vn‖)‖yn −xn‖

≤ L(sn − tn +L1tn +a+L1tn +a)(sn− tn)

and

‖xn+1−yn‖ ≤ ‖B−1
n A0‖‖A−1

0 F(yn)‖ ≤ tn+1− sn,

‖xn+1−x0‖ ≤ ‖xn+1−yn‖+‖yn −x0‖ ≤ tn+1− sn + sn − t0 = tn+1− sn + sn − t0 = tn+1 ≤ t∗,

so (11.26) holds and xn+1 ∈U [x0, t
∗].

Furthermore, we can write

F(xn+1) = F(xn+1)−F(yn)+F(xn) = ([xn+1,yn;F ]−Bn)(xn+1−yn),
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so

‖A−1
0 F(xn+1)‖ ≤ L(‖xn+1−yn‖+‖yn −xn‖)

≤ L(tn+1− sn + sn − tn + sn − tn +L1tn +a+L1tn +a)(tn+1− sn)

and

‖yn+1 −xn+1‖ ≤ ‖A−1
n+1A0‖‖A−1

0 F(xn+1)‖
≤ sn+1− tn+1

‖yn+1−x0‖ ≤ ‖yn+1−xn+1‖+‖xn+1 −x0‖
≤ sn+1− tn+1 + tn+1− t0 = sn+1 ≤ t∗.

Hence, the iterate yn+1 ∈ U [x0, t
∗]. The induction for assertions (11.25) and (11.26) is ter-

minated. It follows that sequence {xn} is complete in a Banach Space X and as such it

converges some x∗ ∈ U [x0, t
∗]. Finally using the continuity of F and letting n −→ ∞ we

conclude F(x∗) = 0.

Next, the uniqueness of the solution result follows.

Proposition 9. Assume

(1) There exist a simple solution x∗ ∈ U(x0,ρ)⊂ Ω of equation F(x) = 0.

(2) Condition (C2) holds and ‖F(x0)‖ ≤ a.

(3) There exist ρ1 ≥ ρ such that

L0(ρ+ρ1 +2a) < 1 (11.30)

Define Ω2 = U [x0,ρ1]∩Ω. Then,x∗ is the only solution of equation F(x) = 0 in the set Ω2.

Proof. Let v∗ ∈ Ω2 be such that F(v∗) = 0. Define M = [v∗,x∗;F ]. Then, in view of (C1),

and (1)-(3), we get

‖A−1
0 (M−A0)‖ ≤ L0(‖v−u0‖+‖x−v0‖)

≤ L0(‖v∗−x0‖+‖F(x0)‖+‖x∗−x0‖+‖F(x0)‖)
≤ L0(ρ1 +a+ρ+a) < 1.

Therefore, we deduce v∗ = x∗ by the invertability of M and the identity

M(v∗−x∗) = F(v∗)−F(x∗) = 0.

Remark. (1) The parameters t∗1∗ and
η

1−η
given in closed form can replace t∗ in condi-

tions (C4) and (C5).

(2) Notice that in proposition 3.2 we did not use all conditions C. But if they were used

then we can set ρ = t∗.
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Chapter 12

A Semi-Local Convergence for a

Class of Fourth Order Method for

Solving Equations

1. Introduction

Let X and Y be Banach spaces and D ⊂ X be an open set. We are concerned with the

problem of approximating a locally unique solution x∗ ∈ D of the nonlinear equation

F(x) = 0, (12.1)

where F : D −→ Y is a nonlinear operator. A plethora of applications reduces to solving

equation (12.1). The solution x∗ is needed in a closed form. But this is attainable only

in special cases. That explains why most solution methods are iterative. In particular, we

study the semi-local convergence of the method defined ∀n = 0,1,2, . . . by

x0 ∈ D, zn = xn +F(xn),

yn = xn −A−1
n F(xn)

and

xn+1 = yn −M−1
n BnM−1

n F(yn), (12.2)

where An = [zn,xn;F], Mn = [yn,xn;F ], Bn = [yn,xn;F] − [zn,xn;F], [., .;F] : D × D −→
L(B,B) is a divided difference of order one for operator F [1,2,3,6]. This method was stud-

ied in [12]. It was found to be of a fourth convergence order. In particular, the radius of con-

vergence was established. We show that this radius can be enlarged without new conditions.

Other benefits include tighter error bounds on distances ‖xn−x∗‖ and better information on

the uniqueness of the solution. The technique is independent of method (12.2). Thus, it can

be used to extend the applicability of other methods. This process specifies a more precise

location of the method iterates leading to an at least as tight Lipschitz parameters which are

specializations of the ones in [12]. Hence, no additional computational effort is required for

these benefits either. Relevant work can be found in [1,2,3,4,5,6,7,8,9,10,11,12,13,14].
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2. Semi-Local Convergence

Let L0 > 0,L > 0,L1 ≥ 1,a≥ 0,b≥ 0 and η ≥ 0 be parameters. The convergence of method

(12.2) is based on these parameters and scalar sequence {tn} defined for all n = 0,1,2, . . .

by

t0 = 0, s0 = η,

qn = L0(sn + tn +b), (12.3)

tn+1 = sn +

(

1+
L(sn − tn)

1−qn

)

L(sn − tn +atn +b)(sn− tn)

1−qn

,

Pn = L0(2+a)tn,

Vn = L0(sn + tn +b)+L(sn − tn)

and

sn+1 = tn+1 +
L1(1−vn +L1)(tn+1− sn)

(1−vn)(1−Pn+1)
.

Sequence {tn} shall be shown to be majorizing for method (12.2). But first, we show a

convergence result for it.

Lemma 18. Suppose that for each n = 0,1,2, . . .

0 ≤ Pn < 1,0 ≤ qn < 1 and 0 ≤ vn < 1. (12.4)

Then, the following assertions hold

0 ≤ tn ≤ sn ≤ tn+1 <
P

L0(2+a)
(12.5)

and

lim
n→∞

tn = t∗ ≤ P

L0(2+a)
. (12.6)

Proof. By the definition of sequence {tn} and condition (12.4), it follows that sequence

{tn} is non-decreasing, bounded from above by
P

L0(2+a)
so it converges to t∗ satisfying

(12.6).

The semi-local convergence relies on conditions (H).

Suppose:

(h1) There exist x0 ∈ D,L0 > 0,η ≥ 0,a ≥ 0,b ≥ 0 such that for all x,y ∈ D,

A−1
0 ∈ L(B2,B1),

‖A−1
0 ([z,x;F]− [z,y;F])‖ ≤ L‖x−y‖,

‖A−1
0 F(x0) ≤ η,

‖F(x)−F(x0)‖ ≤ a‖x−x0‖,
and

‖F(x0)‖ ≤ b.

Define D1 = U

(

x0,
1

L0(2+a)

)

∩D.
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(h2) There exist L > 0 and L1 ≥ 1 such that for all x,y, z ∈ D1

‖A−1
0 ([z,x;F]− [z,y;F])‖ ≤ L‖x−y‖

and

‖A−1
0 [x,y;F] ≤ L1.

(h3) Conditions of Lemma 18 hold.

and

(h4) U [x0,ρ]⊂ D, where ρ = (1+a)t∗+b.

Theorem 13. Suppose conditions (H) hold. Then, sequence {xn} generated by method

(12.2) is well defined in U [x0, t∗], remains in U [x0, t∗] for each h = 0,1,2, . . . and converges

to a solution x∗ ∈U [x0, t∗] of equation F(x) = 0. Moreover, the following assertion holds

‖x∗−xn‖ ≤ t∗− tn. (12.7)

Proof. Mathematical Induction is employed to show

‖yn −xn‖ ≤ sn − tn (12.8)

and

‖xn+1−yn‖ ≤ tn+1− sn. (12.9)

By condition (h1) and sequence {tn} it follows

‖y0 −x0‖ = ‖A−1
0 F(x0)‖ ≤ η = s0 − t0 ≤ t∗.

Thus, y0 ∈ U [x0, t
∗] and (12.8) holds for n = 0.

Using (h1), (h2) for zn,xn ∈U [x0, t∗]

‖A−1
0 (An−A0)‖ ≤ L0(‖zn− z0‖+‖xn −x0‖) ≤ L0(tn +atn + tn) = L0(2+a)tn = Pn < 1,

so A−1
n ∈ L(B2,B1) and

‖A−1
n A0‖ ≤

1

1−Pn

(12.10)

by the Banach Lemma for linear invertible operators [2,3,4,5,6,7,8,9,10], where

‖zn − z0‖ = ‖xn +F(xn)−x0 −F(x0)≤ ‖xn −x0‖+‖F(xn −F(x0))‖
≤ tn +a‖xn −x0‖ ≤ (1+a)tn

and

‖zn −x0‖ ≤ ‖zn − z0‖+‖z0 −x0‖ ≤ (1+a)tn +b ≤ (1+a)t∗ +b = s.

Similarly,

‖A−1
0 ([yn,xn;F ]− [z0,x0;F])‖ ≤ L0(‖yn − z0)‖+‖xn −x0‖) ≤ L0(sn +b+ tn) = qn < 1,
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so,

‖[yn,xn;F]−1A0‖ ≤ P

1−qn

,

where

‖yn− z0‖ = ‖yn−x0 −F(x0)‖ ≤ ‖yn −x0‖+‖F(x0)‖ ≤ sn +b.

is well-defined. It also follows that xn+1 is well-defined.

Then, by the second substep of method (12.2),(h3) and (12.3), one gets in turn

‖xn+1 −yn‖ ≤ ‖I +[yn,xn]
−1([zn,xn;F ]− [zn,yn;F])‖

× ‖[yn,xn;F]−1A0‖‖A−1
0 F(yn)‖

(

1+
L‖yn −xn

1−qn

)

L‖yn − zn‖‖yn −xn‖
1−qn

≤ tn+1− sn

and

‖xn+1 −x0‖ ≤ ‖xn+1−yn‖+‖yn −x0‖
≤ tn+1− sn + sn − t0 = tn+1 ≤ t∗.

Hence, xn+1 ∈ U [x0, t
∗] and (12.9) hold. The following estimate was also used.

F(yn) = F(yn)−F(xn)+F(xn) = ([yn,xn;F]−An)(yn −xn),

so

‖A−1
0 F(yn)‖ ≤ L‖yn − zn‖‖yn−xn‖ ≤ L(‖yn −xn‖+‖F(xn)‖)‖yn−xn‖

≤ L(sn− tn +‖F(xn)−F(x0))‖+‖F(x0)‖)(sn− tn)

≤ L(sn− tn +atn +b)(sn − tn).

Then, by method (12.2) it follows that

F(xn+1) = F(xn+1)−F(yn)+F(yn)

= F(xn+1)−F(yn)−Cn(xn+1−yn)

= ([xn+1,yn;F]−Cn)(xn+1−yn),

where Cn = [yn,xn;F ]B−1
n [yn,xn;F].

Notice that B−1
n exists, since

‖A−1
0 (Bn −A0)‖ ≤ ‖A−1

0 ([yn,xn;F]− [z0,x0;F])‖+‖A−1
0 ([zn,xn;F ]− [zn,yn;F])‖

≤ L0(‖yn − z0‖+‖xn −x0‖)+L(yn −xn)

≤ L0(sn + tn +b)+L(sn − tn) = vn < 1,

so

‖B−1
n A0‖ ≤ 1

1−vn

.

本书版权归Nova Science所有



A Semi-Local Convergence for a Class of Fourth Order Method. . . 123

It then follows from (12.11) and (12.11) that

‖A−1
0 F(xn+1)‖ ≤ L1

(

1+
L1

1−vn

)

(tn+1− sn),

‖yn+1 −xn+1‖ ≤ ‖A−1
n+1A0‖‖A−1

0 F(xn+1)‖

≤ L1

(

1+
L1

1−vn

)

1

1−Pn+1

(tn+1− sn) = sn+1− tn+1

and

‖yn+1 −x0‖ ≤ ‖yn+1 −xn+1‖+‖xn+1 −x0‖ ≤ sn+1− tn+1 + tn+1− t0 = sn+1 ≤ t∗.

Thus, yn+1 ∈U [x0, t∗] and the induction for items (12.8) and (12.9) is completed.

It follows that sequence {xn} is Cauchy in Banach space B1, so it converges to some x∗ ∈
U [x0, t∗]. By using the continuity of F and letting n → ∞ in estimate (12.11) we conclude

F(x∗) = 0.

Concerning the uniqueness of the solution.

Proposition 10. Suppose:

1. The point x∗ ∈ U [x0,ρ1] ⊂ D is a simple solution of equation F(x) = 0 for some

ρ1 > 0.

2. The fourth estimate in (h1) and (h2) hold.

3. There exists ρ2 ≥ ρ1 such that

L0(ρ1 +ρ2 +b) < 1. (12.11)

Define D2 = U [x0,ρ2]∩D.
Then, the point x∗ is the only solution of equation F(x) = 0 in the region D2.

Proof. Consider d ∈ D2 such that F(d) = 0. Define S = [x∗,d,F]. Then, it follows from

1−3 that

‖A−1
0 (S−A0)‖ ≤ L0(‖x∗− z0‖+‖d −x0‖)

≤ L0(ρ1 +b+ρ2) < 1.

Hence, d = x∗ is implied by the invertibility of S and the identity S(x∗−d)= F(x∗)−F(d)=

0.

Remark. (1) The parameter ρ̄ given in closed form can replace ρ in condition (h4), where

ρ̄ =
(1+a)

L0(2+a)
+b.

(2) Notice that not all conditions of Theorem 13 are used in Proposition 10. Otherwise,

set s1 = t∗.
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Chapter 13

Local Convergence Comparison

between Two Competing Fifth Order

Iterations

1. Introduction

The radius of convergence between two fifth convergence order iterations is determined for

solving equations in Banach spaces. Let F : D ⊂ X −→ Y be a nonlinear operator acting

between Banach spaces X and Y. Consider the problem of solving the nonlinear equation

F(x) = 0. (13.1)

Iterative methods are used to approximate a solution x∗ of the equation (13.1). The follow-

ing iterative method was studied by Sharma and Gupta in [2],

yn = xn −
1

2
F ′(xn)

−1F(xn),

zn = yn −
1

2
(2F ′(yn)

−1−F ′(xn)
−1)F(xn) (13.2)

and

xn+1 = zn− (2F ′(yn)
−1−F ′(xn)

−1)F(zn)

and Cordero-Torregrosa in [1] considered the following iterative method

yn = xn −F ′(xn)
−1F(xn),

zn = xn − (F ′(yn)+F ′(xn))
−1)F(xn) (13.3)

and

xn+1 = zn −F ′(yn)
−1F(zn).

These methods were shown to be of order five using hypotheses on the sixth derivative.

We present the semi-local convergence of method (13.2) using assumptions only on the

first derivative of F, unlike earlier studies [1, 2] where the convergence analysis required
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assumptions on the derivatives of F up to the order six. This technique can be used on other

methods and relevant topics along the same lines.

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (13.2) is not

guaranteed by the analysis in [1,2].

Throughout the chapter, U(x0,R) = {x ∈ X : ‖x− x0‖ < R} and U [x0,R] = {x ∈ X :

‖x−x0‖ ≤ R} for some R > 0.

2. Real Majorizing Function

The convergence of method (13.2) is presented first. Set S = [0,∞).
Suppose:

(1) ∃ function w0 : S −→ S continuous and nondecreasing such that equation

w0(t)−1 = 0

has a smallest positive solution ρ0. Set S1 = [0,ρ0).

(2) ∃ functions w : S1 −→ S1, W1 : S1 −→ S such that equation

ϕ1(t)−1 = 0

has a smallest solution r1 ∈ S1 −{0}, where function ϕ1 : S1 −→ S is defined by

ϕ1(t) =

R 1
0 w((1−θ)t)dθ+ 1

2

R 1
0 w1(θt)dθ

1−w0(t)
.

(3) Equation

w0(ϕ1(t)t)−1 = 0

has a smallest solution ρ1 ∈ S1 −{0}. Set ρ = min{ρ0,ρ1} and S2 = [0,ρ).

(4) Define r2 by r2 = ϕ2(r1)r1, where

ϕ2(t) = 1+
1

2

(

2

1−w0(ϕ1(t)t)
+

1

1−w0(t)

)

Z 1

0
w1(θt)dθ.
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(5) Equation

ϕ3(t)−1 = 0

has a smallest solution r3 ∈ S2 −{0}, where

ϕ3(t) =

(

1+

(

2

1−w0(ϕ1(t)t)
+

1

1−w0t)

)

Z 1

0
w1(θϕ2(t)t)dθ

)

ϕ2(t).

The parameter

r = min{rm}, m = 1,2,3 (13.4)

is shown to be a radius of convergence for iteration (13.2). Let S3 = [0, r). Then, it

follows by these definitions that for t ∈ S3

0 ≤ w0(t) < 1, (13.5)

0 ≤ w0(ϕ1(t)t) < 1, (13.6)

0 ≤ ϕ1(t) < 1, (13.7)

0 ≤ ϕ2(t)t ≤ r2 (13.8)

and

0 ≤ ϕ3(t) < 1. (13.9)

In a similar way radii, Ri and function ψi are defined. Suppose

(6) Equation

ψ1(t)−1 = 0

has a smallest solution R1 ∈ S1 −{0}, where

ψ1(t) =

R 1
0 w((1−θ)t)dθ

1−w0(t)
.

(7) Equation

p(t)−1 = 0

has a smallest solution ρp ∈ S−{0}. Let ρ2 = min{ρ0,ρp}, and S4 = [0,ρ2), where

p(t) =
1

2
(w0(t)+w0(ψ1(t)t)).

(8) Equation

ψ2(t)−1 = 0

has a smallest solution R2 ∈ S4 −{0}, where

ψ2(t) = ψ1(t)+
w0(ψ1(t)t)+w0(t))

R 1
0 w1(θt)dθ

2(1−w0(t))(1− p(t))
.
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(9) Equation

w0(ψ1(t)t)−1 = 0

and

w0(ψ2(t)t)−1 = 0

have smallest solutions ρ3,ρ4 ∈ S−{0}, respectively. Let ρ5 = min{ρ2,ρ3,ρ4} and

S5 = [0,ρ5].

(10) Equation

ψ3(t)−1 = 0

has a smallest solution R3 ∈ S5 −{0}, where

ψ3(t) = [ψ1(ψ2(t)t)

+
(w0(ψ1(t)t)+w0(ψ2(t)t))

R 1
0 w1(θψ2(t)t)dθ

(1−w0(ψ1(t)t))91−w0(ψ2(t)))

]

ψ2(t).

The parameter

R = min{Ri}, i = 1,2,3 (13.10)

is shown to be a radius of convergence for iteration (13.3). Let S6 = [0,R). It follows

by these definitions that for each t ∈ S6

0 ≤ w0(t) < 1, (13.11)

0 ≤ w0(ϕ1(t)t) < 1, (13.12)

0 ≤ w0(ϕ2(t)t) < 1 (13.13)

and

0 ≤ ϕi(t) < 1. (13.14)

Let U(x∗,d) and U [x∗,d] stand for the open and closed ball in X with center x∗ ∈ X and

radius d > 0.

3. Local Analysis

The common set of conditions for both iterations connecting the scalar functions of the

previous section to operator D,x∗, and F ′ are conditions (A). Suppose:

(A1) ∃ a simple solution x∗ of equation F(x) = 0.

(A2) ‖F ′(x∗)−1(F ′(x)−F ′(x0))‖ ≤ w0(‖x−x0‖) ∀x ∈ D.

Set D0 = D∩U(x∗,ρ0).

(A3)

‖F ′(x∗)−1(F ′(y)−F ′(x))‖ ≤ w(‖x−y‖)
and

‖F ′(x∗)−1F ′(x)‖ ≤ w1(‖x−x∗‖) ∀x,y ∈ D0.
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(A4) U [x∗,τ] ⊆ D, where τ = max{r, r2} is case of iteration (13.2) and τ = R in case of

iteration (13.3). Denote by (I), (II) aforementioned conditions for iterations (13.2)

and (13.3), respectively.

Theorem 14. Under condition (I), sequence {xn} generated by iteration (13.2) is well de-

fined, remains in U(x∗, r)∀n = 0,1,2, . . . and converges to x∗ according to

‖yn −x∗‖ ≤ ϕ1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn−x∗‖ < r, (13.15)

‖zn−x∗‖ ≤ ϕ2(r1)r1 ≤ r2 (13.16)

and

‖xn+1−x∗‖ ≤ ϕ3(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r. (13.17)

Proof. Estimates (13.15)-(13.17) and the conclusions follow from the calculations

‖F ′(x∗)−1(F ′(u)−F ′(x∗))‖ ≤ w0(‖u−x∗‖) < 1 ∀u ∈ U(x∗, r);

yn −x∗ = xn −x∗−F ′(xn)
−1F(xn)+

1

2
F ′(xn)

−1F9xn),

‖yn −x∗‖ ≤ (
R 1

0 w((1−θ)‖xn−x∗‖)dθ+ 1
2

R 1
0 w1(θ‖xn−x∗‖)dθ)‖xn−x∗‖

1−w0(‖xn −x∗‖)
≤ ϕ1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r;

‖zn −x∗‖ ≤ ‖yn −x∗‖+
1

2
[2‖F ′(yn)

−1F ′(x∗)‖

+‖F ′(xn)
−1F ′(x∗)‖]‖F′(x∗)−1F(xn)‖

≤ [ϕ1(‖xn−x∗‖)+
1

2

(

2

1−w0(‖yn −x∗‖)

+
1

1−w0(‖xn −x∗‖)

)

Z 1

0
w1(θ‖xn−x∗‖)dθ]‖xn−x∗‖

≤ ϕ2(‖xn −x∗‖)‖xn −x∗‖ ≤ r2;

‖xn+1 −x∗‖ ≤ ‖zn −x∗‖+

(

2

1−w0(ϕ1(‖xn−x∗‖)‖xn−x∗‖)

+
1

1−w0(‖xn −x∗‖)

)

Z 1

0
w1(θ‖xn−x∗‖)dθ‖xn−x∗‖

≤ ϕ3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r,

and

‖xn+1−x∗‖ ≤ c‖xn −x∗‖ < r,

where c = ϕ3(‖xn −x∗‖) ∈ [0,1).
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Theorem 15. Under condition (II), sequence {xn} generated by iteration (13.3) is well

defined, remains in U(x∗,R)∀n = 0,1,2, . . . and converges to x∗ according to

‖yn −x∗‖ ≤ ψ1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < R, (13.18)

‖zn−x∗‖ ≤ ψ2(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < R (13.19)

and

‖xn+1 −x∗‖ ≤ ψ3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < R. (13.20)

Proof. As in the previous calculations

‖yn −x∗‖ ≤
R 1

0 w((1−θ)‖xn −x∗‖)dθ‖xn−x∗‖
1−w0(‖xn −x∗‖)

≤ ψ1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn−x∗‖ < R1;

‖zn −x∗‖ ≤ yn −x∗ +F ′(xn)
−1(F ′(yn)−F ′(xn))(F ′(xn)

+F ′(yn))
−1F(xn),

‖zn −x∗‖ ≤
[

ψ1(‖xn −x∗‖)+
(w0(‖xn −x∗‖)+w0(‖yn−x∗‖))

2(1−w0(‖xn −x∗‖))(1− pn)
Z 1

0
w1(θ‖xn−x∗‖)dθ]‖xn−x∗‖

≤ ψ2(‖xn −x∗‖)‖xn −x∗‖ ≤ R2;

‖xn+1 −x∗‖ ≤ ‖zn −x∗−F ′(zn)
−1F(zn)

+F ′(zn)
−1(F ′(yn)−F ′(zn))F ′(yn)

−1F(zn)‖

≤ [ψ(‖zn−x∗‖)+
(w0(‖yn −x∗‖)+w0(‖zn−x∗‖))

(1−w0(‖zn−x∗‖))(1−w0(‖yn −x∗‖))

]

‖xn −x∗‖

≤ ψ3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < R3,

‖xn+1−x∗‖ ≤ d‖xn −x∗‖ < R3,

d = ψ3(‖xn −x∗‖) ∈ [0,1), where we also used

‖2F ′(x∗)−1(F ′(xn)+F ′(yn)−2F ′(x∗))‖

≤ 1

2
(‖F′(x∗)−1(F ′(xn)−F ′(x∗))‖+‖F ′(x∗)−1(F ′(yn)−F ′(x∗))‖

≤ 1

2
(w0(‖xn −x∗‖)+w0(‖yn−x∗‖))≤ pn < 1,

so

‖(F ′(xn)+F ′(yn))
−1F ′(x∗)‖ ≤ 1

2(1− pn)
.

Concerning the uniqueness of the solution ball:

Proposition 11. Suppose:
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(1) x∗ is a simple solution of equation (13.1) in U(x∗,ρ0) for some ρ0 > 0.

(2) Condition (A2) holds.

(3) ∃ ρ ≥ ρ0 such that
Z 1

0
w0((1−θ)ρ0 +θρ)dθ < 1.

Set U1 =U [x∗,ρ]∩D. Then, x∗ is the only solution of equation F(x) = 0 in the domain

U1.

Proof. Let q ∈ U1 with F(q) = 0. Set M =

Z 1

0
F ′(x∗ + θ(q− x∗))dθ. Then, by (1)-(3) and

the following calculation

‖F ′(x∗)−1(M−F ′(x∗))‖ ≤
Z 1

0
w0((1−θ)‖x∗−x∗‖+θ‖q−x∗‖)dθ

≤
Z 1

0
w0((1−θ)ρ0 +θρ)dθ < 1,

q = x∗, since M−1 ∈ L(Y,X) and M(q−x∗) = F(q)−F(x∗) = 0−0 = 0.

Numerical examples where we choose functions w0,w and w1 and find r,R in concrete

applications can be found in earlier Chapters using different iterations.
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Chapter 14

Semi-Local Convergence Analysis of

High Convergence Order Iterations

under the Same Set of Conditions

The semi-local convergence analysis of efficient third, fourth and fifth convergence order

iterations is presented for solving equations in a Banach space setting. The convergence

analysis uses conditions only on the first derivative.

1. Introduction

Let B1 and B2 be Banach spaces and D ⊂ B1 be an open and convex set. The determination

of a solution x∗ ∈ D of the nonlinear equation

F(x) = 0, (14.1)

where F : D ⊂ B1 −→ B1 is a continuous operator, is one of the most challenging problems

in computational Mathematics. Most solution procedures are iterative since the analytic

representation of x∗ is rarely attainable. A plethora of problems from diverse disciplines

reduces to solving equations (14.1) [1,2,10].

The local convergence analysis has been provided for the following efficient and popular

iterations:

Fifth order [3]

yn = xn −F ′(xn)
−1F(xn),

zn = xn −2(F ′(yn)+F ′(xn))
−1F(xn) (14.2)

and

xn+1 = zn −F ′(yn)
−1F(zn).
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Fifth order [9]

yn = xn −
1

2
F ′(xn)

−1F(xn),

zn = xn −F ′(yn)
−1F(xn) (14.3)

and

xn+1 = zn − (2F ′(yn)
−1 −F ′(xn)

−1)F(zn).

Fifth order [8]

yn = xn −F ′(xn)
−1F(xn), un =

xn +yn

2
,vn =

yn −xn

2
√

3
,

zn = xn −2A−1
n F(xn), (14.4)

An = F ′(un−vn)+F ′(un +vn)

and

xn+1 = zn −F ′(yn)
−1F(zn).

Fourth order [5]

yn = xn −F ′(xn)
−1F(xn),

zn = xn −F ′(xn)
−1F(xn), (14.5)

xn+1 = xn −A−1
n F(xn)

and

An =
1

6
F ′(xn)+

2

3
F ′(

xn + zn

2
)+

1

6
F ′(zn).

Third order [4]

yn = xn −F ′(xn)
−1F(xn),

xn+1 = xn −6A−1
n F(xn) (14.6)

and

An = F ′(xn)+4F ′(
xn +yn

2
)+F ′(yn).

Third order [4]

yn = xn −F ′(xn)
−1F(xn),

xn+1 = xn −3A−1
n F(xn) (14.7)

and

An = 2F ′(
3xn +yn

4
)−F ′(

xn +yn

2
)+2F ′(

xn +3yn

4
).

Third order [7]

yn = xn −F ′(xn)
−1F(xn),

xn+1 = xn −8A−1
n F(xn) (14.8)

and

An = F ′(xn)+3F ′(
2xn +yn

3
)+3F ′(

xn +2yn

3
)+F ′(yn).
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and

Third order [6]

yn = xn −
2

3
F ′(xn)

−1F(xn) (14.9)

and

xn+1 = xn −
1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))F ′(xn)
−1F(xn).

The local convergence of the preceding iterations was given using Taylor series equations

and conditions reaching derivatives one higher than the convergence order of the iteration at

least. Hence, for the convergence of a fifth-order iteration F (6) should exist. But this limits

the applicability to equations involving operators that are that many times differentiable.

Example 2. Let B1 = B2 = R, D = [−3

2
,
1

2
]. Define F on D by

F(x) = x3 logx2 +x5 −x4

Then

F ′(x) = 3x2 logx2 +5x4 −4x3 +2x2,

F ′′(x) = 6x logx2 +20x3 −12x2 +10x

and

F ′′′(x) = 6logx2 +60x2 −24x+22.

Obviously F ′′′(x) is not bounded on S. Hence, the applicability of the methods is limited.

Thus, these results cannot guarantee convergence. However, the iteration may converge.

On the other hand, these iterations do not use derivatives of orders higher than one. In

order to extend the applicability of these iterations we use only conditions on the derivative

appearing on them and in the more interesting semi-local case.

2. Semi-Local Analysis

The same set of conditions (C) is used for all iterations:

(C1) ∃ x0 ∈ D,d > 0 such that F ′(x0) ∈ L(B2,B1) and ‖F ′(x0)
−1F(x0)‖ ≤ d.

(C2) ‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤ L0‖x−x0‖, L0 > 0 ∀x ∈ D.

Let D1 = D∩U [x0,
1

L0

].

(C3) ‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤ L‖y−x‖, L > 0 ∀x,y ∈ D1.

(C4) U [x0, t
∗] ⊂ D, where t∗ is the limit point of corresponding majorizing sequences for

iterations (14.2)-(14.9).
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(C5) ∃t∗1 ≥ t∗ such that

L0(t
∗ + t∗1 ) < 2.

Let D2 = D∩U [x0, t
∗
1].

Theorem 16. Under conditions (C1)-(C5) iterations (14.2)-(14.9) are well defined, remains

in U [x0, t
∗] and converges to a unique solution x∗ of equation F(x) = 0 in the region D2.

The proof is based on majorizing sequences.

Majorizing sequence for iteration (14.2)

t0 = 0, s0 = r,

un = sn +
(1+L0tn)L(sn− tn)

2

2(1−L0tn)(1−qn)
, qn =

1

2
L0(sn + tn),

tn+1 = un +
(1+L0tn)(sn− tn)+(1+ L0

2 (un + tn))(un− tn)

1−L0sn

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

Next, conditions are presented for the convergence of the majorizing sequence.

Lemma 19. Suppose

L0tn < 1 and L0sn < 1 ∀n = 0,1,2, . . ..

Then, the sequence {tn} is strictly increasing and converges to its unique least upper bound

t∗ ∈ [d,
1

L0

].

Proof. If follows immediately by the condition of the Lemma and the definition of the

sequence.

Proof. Proof of Theorem 16 using Lemma 19: If follows by the first two substeps

zn−yn = F ′(xn)
−1F(xn)−2(F ′(yn)+F ′(xn))

−1F(xn)

= F ′(xn)
−1(F ′(yn)+F ′(xn)−2F ′(xn))(F′(yn)+F ′(xn))

−1F(xn)

= F ′(xn)
−1(F ′(yn)−F ′(xn))(F ′(yn)+F ′(xn))

−1F(xn).

But

‖(2F ′(x0))
−1(F ′(yn)+F ′(xn)−2F ′(x0))‖

≤ 1

2
[‖F ′(x0)

−1(F ′(yn)−F ′(x0))‖+‖F ′(x0)
−1(F ′(xn)−F ′(x0))‖]

≤ 1

2
L0[‖yn−x0‖+‖xn −x0‖]

≤ L0

2
(sn + tn) = qn < 1.
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Hence,

‖‖(F ′(yn)−F ′(x0))
−1F ′(x0)‖ ≤

1

2(1−qn)

and

‖zn−yn‖ ≤
L(1+L0tn)(sn− tn)

2

291−L0tn)(1−qn)
= un− sn,

where it is also used

F(xn) = F ′(xn)(yn−xn) = ((F ′(xn)−F ′(x0))+F ′(x0))(yn−xn),

so

‖F ′(x0)
−1F(xn)‖ ≤ (1+L0tn)(sn− tn).

Moreover, the third substep can be written as

xn+1− zn = −F ′(yn)
−1(F(zn)−F(xn)+F(xn)).

Therefore, by

F(zn)−F(xn) =

Z 1

0
F ′(xn +θ(zn −xn))dθ(zn−xn)

= [

Z 1

0
(F ′(xn +θ(zn−xn))dθ−F ′(x0))+F ′(x0)](zn−xn)

and

‖F ′(x0)
−1[

Z 1

0
(F ′(xn +θ(zn−xn))−F ′(x0))dθ+F ′(x0)](zn−xn)‖

≤ (
L0

2
(‖xn−x0‖+‖zn −x0‖)+1)‖zn−xn‖

≤ (
L0

2
(tn +un)+1)(un− tn).

Hence, it follows

‖xn+1 − zn‖ ≤ (1+L0tn)(sn− tn)+(1+ L0

2 (un + tn)))(un− tn)

1−L0sn

= tn+1−un.

By the first substep

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(yn−xn)

= F(n+1)−F(xn)−F ′(xn)(xn+1−xn)+F ′(xn)(xn+1−yn),

so

‖yn+1 −xn+1‖ ≤
L
2
(tn+1− tn)

2 +(1+L0tn)(tn+1− sn)

1−L0tn+1

= sn+1 − tn+1.
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Therefore, the sequence {tn} majorizes sequence {xn}. Thus, {xn} is complete in a Banach

space B1 and as such it converges to some x∗ ∈U [x0, t
∗]. By letting n −→ ∞ in the estimate

‖F ′(x0)
−1F(xn+1)‖ ≤

L

2
(tn+1− tn)62+(1+L0tn)(tn+1− sn).

Moreover, using the continuity of F,F(x∗) = 0. That is limit point x∗ solves equation F(x) =

0. Finally, in order to show the uniqueness part, let M =

Z 1

0
F ′(x∗ +θ(p−x∗))dθ for some

p ∈ D2 with F(p) = 0. It then follows from (C2) and (C5)

‖F ′(x0)
−1(M−F ′(x0))‖ ≤ 1

2
L0(‖x∗−x0‖+‖p−x0‖)

≤ 1

2
(t∗ + t∗1 ) < 1.

Hence, it follows p = x∗ by the invertibility of M guaranteed by the Banach lemma on

invertible operators and the identity M(p−x∗) = F(p)−F(x∗) = 0−0 = 0.

Similarly, convergence is established for the rest of the iterations.

Majorizing sequence for iteration (14.3)

t0 = 0, s0 = d,

un = sn +
1

1−L0sn

(

1+
L(sn − tn)

1−L0tn

)

(1+L0tn)(sn− tn),

tn+1 = un +
1

1−L0sn

(

1+
L(sn − tn)

1−L0tn

)

×[(1+
L0

2
(un + tn)(un− tn)+2(1+L0tn)(sn− tn)]

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)+2(1+L0tn)(sn− tn)

2(1−L0tn+1)
.

Lemma 20. Suppose

L0tn < 1 and L0sn < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].

Proof. It is given in Lemma 19.

Proof. Proof of Theorem 16 using Lemma 20: It follows from the first two substeps of

the method (14.3)

zn −yn =
1

2
F ′(xn)

−1F(xn)−F ′(yn)
−1F(xn)

=
1

2
(F ′(xn)

−1−F ′(yn)
−1)F(xn)−

1

2
F ′(yn)

−1F(xn)

=
1

2
F ′(xn)

−1(F ′(yn)−F ′(xn))F ′(yn)
−1F(xn)−

1

2
F ′(yn)

−1F(xn),
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so

‖zn −yn‖ ≤
1

2

(

L(sn − tn)

(1−L−0tn)(1−L0sn)
+

1

1−L0sn

)

2(1+L0tn)(sn− tn) = un − sn.

Similarly,

‖xn+1 − zn‖ ≤ ‖[(F′(yn)
−1−F ′(xn)

−1)+F ′(yn)
−1]F(zn)‖

≤
(

L(sn − tn)

(1−L0tn)(1−L−0sn)
+

1

1−L0sn

)

(1+
L0

2
(un + tn))(un− tn)+2(1+L0tn)(sn− tn)

= tn+1−un;

F(xn+1) = F(xn+1)−F(xn)−2F ′(xn)(yn−xn)

= F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)

+F ′(xn)(xn+1−xn)−F ′(xn)(yn−xn)−F ′(xn)(yn −xn).

Thus,

‖yn+1−xn+1‖ ≤
1
2
(tn+1− tn)

2 +(1+L0tn)(tn+1− sn)+(1+L0tn)(sn− tn)

1−L0tn+1

= sn+1− tn+1,

where it is also used

F(xn) = 2F ′(xn)(yn −xn) ⇒‖F ′(x0)
−1F(xn)‖ ≤ 2(1+L0tn)(sn− tn)

and

F(zn)−F(xn) =

Z 1

0
F ′(xn +θ(zn−xn))dθ(zn−xn)

=

Z 1

0
[F ′(xn +θ(zn −xn))−F ′(x0)+F ′(x0)]dθ(zn−xn),

so

‖F ′(x0)
−1(F(xn)−F(xn))‖ ≤ (1+

L0

2
(un + tn))(un− tn).

The rest follows as in the previous proof.

Majorizing sequence for iteration (14.4)

t0 = 0, s0 = d,

wn = sn +
L(1+L0tn)(sn− tn)

2

2(1−L0tn)[1− L0√
3
((
√

3−1)tn +(
√

3+1)sn

,

tn+1 = wn +
(1+ L0

3
(tn +wn))(wn− tn)+(1+L0tn)(sn− tn)

1−L0sn

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.
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Lemma 21. Suppose

L0tn < 1, L0sn < 1 and
L0√

3
((
√

3−1)tn +(
√

3+1)sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].

Proof. It is given in Lemma 19.

Proof. Proof of Theorem 16 using Lemma 21 It follows from the first two substeps of the

method (14.4)

zn = yn +(F ′(xn)
−1 −2A−1

n )F(xn)

= yn +(F ′(xn)
−1(An −2F ′(xn))A−1

n F(xn),

so

‖zn −yn‖ ≤
L(1+L0tn)(sn− tn)

2

2(1−L−0tn)[1− L0√
3
((
√

3−1)tn +(
√

3+1)sn)]
= wn − sn,

where the estimates were also used

‖un +vn −x0‖ ≤ 1

2
√

3
((
√

3−1)tn +(
√

3 = 1)sn),

‖un−vn −x0‖ =
1

2
√

3
[(
√

3+1)xn +(
√

3−1)yn −2
√

3x0]‖

≤ 1

2
√

3
((
√

3−1)tn +
√

3+1)sn),

‖un−vn −xn‖ =
1

2
√

3
(
√

3−1)‖yn −xn‖

≤
√

3−1

2
√

3
(sn− tn),

‖F ′(x0)
−1(An −2F ′(xn))‖ ≤ ‖F ′(x0)

−1(F ′(un −vn)−F ′(xn))‖
+‖F ′(x0)

−1(F ′(un +vn)−F ′(xn))‖
≤ L(‖un−vn −xn‖+‖un +vn −xn‖),

‖(2F ′(x0))
−1(An −2F ′(x0))‖ ≤ L0(‖un−vn −x0‖+‖un +vn −x0‖) < 1,

so,

‖A−1
n F ′(x0)‖ ≤

1

2(1− L0√
3
((
√

3−1)tn +(
√

3+1)sn)]
,

‖xn+1− zn‖ ≤ ‖−F ′(yn)
−1(F(zn)−F(xn)+F(xn))‖

≤ (1+ L0

2 (tn +wn))(wn− tn)+(1+L0tn)(sn− tn)

1−L0sn

= tn+1−wn;
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and as in the proof using iteration (14.2)

‖yn+1 −xn+1‖ ≤ sn+1− tn+1.

The rest follows as in the proof using iteration (14.2).

Majorizing sequence for iteration (14.5)

t0 = 0, s0 = d,

un = sn +
[(1+ L0

2 (tn + sn))+(1+L0tn)](sn− tn)

1−L0tn
,

tn+1 = un +
L(un − tn)(1+L0tn)(sn− tn)

2(1−L0tn)(1− L0

2
(tn + sn))

+
[(1+ L0

2
(sn + tn))+(1+L0tn)](sn− tn)

2(1−L0tn)(1− L0

2
(tn + sn))

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

Lemma 22. Suppose

L0tn < 1 and
L0

2
(tn + sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].

Proof. It is given in Lemma 19.

Proof. Proof of Theorem 16 using Lemma 22: It follows from the first two substeps of

the method (14.5)

zn = yn +(F ′(xn)
−1F(xn)−F ′(xn)

−1)(F(xn)+F(yn))

= yn − (F ′(xn)
−1((F(yn)−F(xn)+F(xn)),

so

‖zn−yn‖ ≤
[1+ L0

2
(tn + sn)+(1+L0tn)](sn− tn)

1−L−0tn
= un − sn.

Similarly,

‖xn+1− zn‖ ≤ ‖F ′(xn)
−1(An−F ′(xn))A−1

n F(xn)‖
+‖F ′(xn)

−1F(yn)

≤
L
2
(un− tn)(1+L0tn)(sn− tn)+(1+ L0

2
(tn + sn))(sn− tn)+(1+L0tn)(sn− tn)

(1−L0sn)((1− L0

2 (tn + sn))

= tn+1−un,
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where the estimates are also used

F(yn)−F(xn) =

Z 1

0
((F ′(xn +θ(yn −xn))−F ′(x0))dθ+F ′(x0))(yn−xn).

Hence,

‖F ′(x0)
−1(F(yn)−F(xn))‖ ≤ (1+

L0

2
(tn + sn))(sn− tn),

‖F ′(x0)
−1(An−F ′(xn))‖ ≤ 2

3
‖F ′(x0)

−1(F ′(
xn + zn

2
)−F ′(xn))‖

1

6
‖F ′(x0)

−1(F ′(zn)−F ′(xn))‖

≤ 2L

3

(

un − tn

2

)

+
1

6
(un− tn)

=
L

2
(un− tn),

‖F ′(x0)
−1(

1

6
(F ′(xn)−F ′(x0))+

4

6
(F ′(

xn +yn

2
)−F ′(x0))

+
1

6
(F ′(zn)−F ′(x0))‖

≤ L0

2
(tn +2(tn +un)+un) =

L0

2
(tn +un) < 1.

Thus,

‖A−1
n F ′(x0)‖ ≤

1

1− L0

2
(tn +un)

.

Moreover,

‖yn+1−xn+1‖ ≤ sn+1− tn+1

is obtained as previously. The rest follows as in the proof of Theorem 16 using iteration

(14.2).

Majorizing sequence for iteration (14.6)

t0 = 0, s0 = d,

tn+1 = sn +
L(1+L0tn)(sn− tn)

2

2(1−L0tn)(1− L0

2 (tn + sn)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

Lemma 23. Suppose

L0tn < 1 and
L0

2
(tn + sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].
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Proof. It is given in Lemma 19.

Proof. Proof of Theorem 16 using Lemma 23: It follows from the first two substeps of

the method (14.6)

xn+1−yn = F ′(xn)
−1(An−6F ′(xn))A−1

n F(xn),

so

‖xn+1 −yn‖ ≤
L(1+L0tn)(sn− tn)

2

2(1−L0tn)(1− L0

2 (tn + sn))
= tn+1− sn,

where the following estimates are also used

An −6F ′(xn) = 4(F ′(
xn +yn

2
)−F ′(xn))+(F ′(yn)−F ′(xn)),

‖F ′(x0)
−1(An−F ′(xn))‖ ≤ L(2‖yn−xn‖+‖yn −xn‖)

≤ 3L‖yn −xn‖ ≤ 3L(sn − tn),

‖(6F ′(x0))
−1(An −6F ′(x0))‖ ≤ L0

6
(‖xn−x0‖+‖yn −x0‖

+2(‖xn−x0‖+‖yn −x0‖))

=
L0

2
(tn + sn) < 1.

Hence,

‖A−1
n F(x0)‖ ≤

1

6(1− L0

2
(tn + sn))

.

Moreover,

‖yn+1−xn+1‖ ≤ sn+1− tn+1

is obtained as previously. The rest follows as in the proof of Theorem 16 using iteration

(14.2).

Majorizing sequence for iteration (14.7)

t0 = 0, s0 = d,

tn+1 = sn +
2L(1+L0tn)(sn− tn)

2

3(1−L0tn)(1− 5L0

6
(tn + sn)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

Lemma 24. Suppose

L0tn < 1 and
5L0

6
(tn + sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].
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Proof. It follows as the proof of Lemma 19 for iteration (14.2).

Proof. Proof of Theorem 16 using Lemma 24: It follows from the first two substeps of

the method (14.7)

xn+1−yn = F ′(xn)
−1(An−3F ′(xn))A−1

n F(xn),

so

‖xn+1−yn‖ ≤
2L(1+L0tn)(sn− tn)

2

3(1−L0tn)(1− 5L0

6 (tn + sn))
= tn+1− sn,

where the following estimates are also used.

An−3F ′(xn) = 4(F ′(
3xn +yn

4
)−F ′(

xn +yn

2
))+(F ′(

3xn +yn

4
)−F ′(xn))

+2(F ′(
xn +3yn

4
)−F ′(xn)),

so,

‖F ′(x0)
−1(An −3F ′(xn))‖ ≤ L

(‖3xn −2xn +yn −2yn‖
4

+
‖yn −xn‖

4
)

+
3

2
‖yn−xn‖)

≤ 2L‖yn −xn‖ ≤ 2L(sn − tn)

and

‖(3F ′(x0))
−1(An −3F ′(x0))‖ ≤ L0

3

[‖3xn +yn −4x0‖
2

+
‖2x0 −xn −yn‖

2

+
‖xn +3yn −4x0‖

2
]

≤ L0

6
(3tn + sn + sn + tn + tn +3sn)

=
5L0

6
(tn + sn) < 1,

so

‖A−1
n F(x0)‖ ≤

1

3(1− 5L0

6 (tn + sn))
.

Moreover, estimate

‖yn+1−xn+1‖ ≤ sn+1− tn+1

is shown as before.

Finally, the rest is given as in the proof of Theorem 16 using iteration (14.2).

Majorizing sequence for iteration (14.8)

t0 = 0, s0 = d,

tn+1 = sn +
3L(1+L0tn)(sn− tn)

2

8(1−L0tn)(1− L0

2
(tn + sn)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.
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Lemma 25. Suppose

L0tn < 1 and
L0

2
(tn + sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].

Proof. It is similar to the proof of Lemma 19 for iteration (14.2).

Proof. Proof of Theorem 16 using Lemma 25: It follows from the first two substeps of

the method (14.8)

xn+1−yn = F ′(xn)
−1(An−8F ′(xn))A−1

n F(xn).

Thus

‖xn+1 −yn‖ ≤
3L(1+L0tn)(sn− tn)

2

8(1−L0tn)(1− L0

2
(tn + sn))

= tn+1− sn,

where the following estimates are also used.

An−8F ′(xn) = 3(F ′(
2xn +yn

3
)−F ′(xn))+3(F ′(

xn +2yn

3
)−F ′(xn))

+(F ′(yn)−F ′(xn)),

so,

‖F ′(x0)
−1(An −8F ′(xn))‖ ≤ 3L‖yn −xn‖

≤ 3L(sn − tn)

and

‖(8F ′(x0))
−1(An −8F ′(x0))‖ ≤ 1

8
(‖F ′(x0)

−1(F ′(xn)−F ′(x0))‖

+3‖F ′(x0)
−1(F ′(

2xn +yn

3
)−F ′(x0))‖

+3‖F ′(x0)
−1(F ′(

xn +2yn

3
)−F ′(x0))‖

+‖F ′(x0)
−1(F ′(yn)−F ′(x0))‖)

≤ L0

2
(tn + sn) < 1,

so

‖A−1
n F ′(x0)‖ ≤

1

8(1− L0

2 (tn + sn))
.

The estimate

‖yn+1−xn+1‖ ≤ sn+1− tn+1

is given previously.

The rest follows from as in the proof of Theorem 16 using iteration (14.2).
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Majorizing sequence for iteration (14.9)

t0 = 0, s0 = d,

tn+1 = sn +
3L(sn− tn)

2

8(1− L0

2 (tn + sn)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)+(1+L0tn)(sn− tn)

2(1−L0tn+1)
.

Lemma 26. Suppose

L0tn < 1 and
L0

2
(tn +3sn) < 1 ∀n = 0,1,2, . . ..

Then, sequence {tn} is increasing and convergent to its unique least upper bound t∗ ∈
[d,

1

L0

].

Proof. It is similar to the proof of Lemma 19 for iteration (14.2).

Proof. Proof of Theorem 16 using Lemma 26: It follows from the first two substeps of

the method (14.9)

xn+1 −yn =
2

3
F ′(xn)

−1F(xn)

−1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))F ′(xn)
−1F(xn)

= −1

2
(3F ′(yn)−F ′(xn))

−1(F ′(yn)−F ′(xn))
3

2
(yn−xn).

Hence,

‖xn+1−yn‖ ≤
3L(sn− tn)

2

8(1− L0

2
(tn +3sn))

= tn+1− sn,

where the following estimates are also used.

‖(2F′(x0))
−1(3F ′(yn)−F ′(xn)−3F ′(x0)+F ′(x0))‖ ≤ L0

2
(tn +3sn) < 1,

so

‖(3F′(yn)−F ′(xn))
−1F ′(x0)‖ ≤

1

2(1− L0

2 (tn +3sn))
.

Moreover,

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)

+F ′(xn)(xn+1−xn)−
3

2
F ′(xn)(yn −xn),

so

|yn+1−xn+1‖ ≤ L(tn+1− tn)
2 +2(1+L0tn)(tn+1− sn)+(1+L0tn)(sn− tn)

2(1−L0tn+1)
= sn+1− tn+1.

The rest follows from as in the proof of Theorem 16 using iteration (14.2).
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3. Numerical Example

We verify convergence criteria using method (14.2).

Example 3. Let B1 = B2 = R. Let us consider a scalar function F defined on the set D =

U [x0,1−q] for q ∈ (0,
1

2
) by

F(x) = x3 −q.

Choose x0 = 1. Then, the conditions (C1)-(C3) are verified for d =
1−q

3
, L0 = 3− q,

D1 = U(x0,
1

L0

)∩D = U(x0,
1

L0

), and L = 2(1+
1

L0

).

The conditions of Lemma 23 are satisfied.

Table 14.1. Sequence for (14.6)

n 1 2 3 4 5 6

sn 0.0333 0.0388 0.0389 0.0389 0.0389 0.0389

tn+1 0.0350 0.0388 0.0389 0.0389 0.0389 0.0389

L0sn 0.0736 0.0816 0.0817 0.0817 0.0817 0.0817

L0(tn + sn) 0.0350 0.0775 0.0816 0.0817 0.0817 0.0817
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Chapter 15

A Collection of Iterative Methods

with Order Five, Six and Seven and

Their Semi-Local Convergence

1. Introduction

This Chapter uses conditions and proving techniques from the preceding one. The conclu-

sions are the same but for different iterative methods. That is why only the method and

its majorizing sequence are reported. The notation (Iq) stands for iteration of convergence

order q. The studied methods are listed below:

(I6) [3]:

yn = xn −F ′(xn)
−1F(xn),

zn = xn −
1

2
(F ′(yn)

−1 +F ′(xn)
−1)F(xn) (15.1)

and

xn+1 = zn −
1

2
(F ′(xn)

−1 +F ′(yn)
−1F ′(xn)F ′(yn)

−1)F(zn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
L(sn − tn)

2

2(1−L0sn)
,

tn+1 = un +
1

2

[

sn − tn +
(1+ L0

2
(tn +un))(un− tn)

1−L0tn

+
(1+ L0

2
(tn +un)(1+L0tn)(un− tn)

(1−L0sn)2

+
(1+L0tn)

2(sn− tn)

(1−L0sn)2

]

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.
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(I5) [10]:

yn = xn −F ′(xn)
−1F(xn),

zn = xn −
1

2
(F ′(yn)

−1 +F ′(xn)
−1)F(xn) (15.2)

and

xn+1 = zn −F ′(yn)
−1)F(zn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
L(sn − tn)

2

2(1−L0sn)
,

tn+1 = un +
(1+ 1

2
(tn +un))(un− tn)+(1+L0tn)(sn− tn)

1−L0tn
and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

(I6) [12]:

yn = xn −
2

3
F ′(xn)

−1F(xn), (15.3)

zn = xn −
1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))F′(xn)
−1F(xn)

and

xn+1 = zn − [(
1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))]F
′(xn)

−1)F(zn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
(3L(sn− tn)+4(1+L0tn))(sn− tn)

8(1− pn)
,

tn+1 = un +
1

16(1− pn)2
(4+L0(tn +3sn))

2

[
1

1−L0tn
(1+

L0

2
(un + tn))(un− tn)+

3

2
(sn− tn)]

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)+(1+L0tn)(sn− tn)

2(1−L0tn+1)
,

where pn =
L0

2
(tn +3sn).

(I6) [13]:

yn = xn −
2

3
F ′(xn)

−1F(xn),

zn = xn −
1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))F′(xn)
−1F(xn)

and (15.4)

xn+1 = zn − (
3

2
F ′(yn)

−1 − 1

2
F ′(xn)

−1)F(zn).
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The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
(3L(sn− tn)+4(1+L0tn))(sn− tn)

8(1− pn)
,

tn+1 = un +
1

1−L0sn

(1+
L(sn − tn)

2(1−L0tn)
[

1+
L0

2
(un + tn)(un− tn)+(1+L0tn)(sn− tn)

]

+
(1+ L0

2 (tn +un)(1+L0tn)(un− tn)

(1−L0sn)2

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)+(1+L0tn)(sn− tn)

2(1−L0tn+1)
,

where pn =
L0

2
(tn + sn).

(I6) [4]

yn = xn −F ′(xn)
−1F(xn),

zn = xn −2(F ′(xn)+F ′(yn))
−1F(xn) (15.5)

and

xn+1 = zn − (
7

2
I−4F ′(xn)

−1F ′(yn)+
3

2
(F ′(xn)F ′(yn))

2]F ′(xn)
−1F(zn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
L(sn − tn)

2

2(1−L0(sn + tn))
,

tn+1 = un +[sn − tn +
1

1−L0sn

(un + tn)(un− tn)]

(

3

(

L(sn− tn)

2(1−L0tn)

)2

+2

(

L(sn − tn)

1−L0tn)

)

)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

(I6) [2]

yn = xn −F ′(xn)
−1F(xn),

zn = yn +
1

3
(F ′(xn)

−1 +2(F ′(xn)−3F ′(yn))
−1F(xn) (15.6)

and

xn+1 = xn +
1

3
(−F ′(xn)

−1 +4(F ′(xn)−3F ′(yn))
−1)F ′(zn).
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The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
L(sn − tn)

2

2(1− L0

2
(3sn + tn))

,

tn+1 = un +
1

3
[sn− tn +

(1+ L0

2 (un + tn))(un− tn)

1−L0sn

]

(

(1+
L0

2
)(un− tn)+(1+L0tn)(sn− tn)

)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

(I7) [11]

yn = xn +F ′(xn)
−1F(xn),

zn = yn −F ′(xn)
−1F(yn), (15.7)

wn = zn −F ′(xn)
−1F ′(yn)F ′(xn)

−1F(zn)

and

xn+1 = wn −F ′(xn)
−1F ′(yn)F ′(xn)

−1F(wn).

The corresponding majorizing sequence is given for a0 = 0,b0 > 0 by

cn = bn +
(1+ L0

2
(an +bn))+(1+L0an))(bn−an)

1−L0an

,

dn = cn +
(1+L0bn)D

(1−L0an)2
,

an+1 = dn +
(1+L0bn)[(1+ L0

2 (bn +cn)(dn−cn)+D]

(1−L0an)2

and

bn+1 = an+1 +
(1+ L0

2
(an+1 +an))(an+1−an)+(1+L0an)(bn−an)

1−L0an+1

,

where D = (1+
L0

2
(bn +cn))(cn −bn)+(1+

L0

2
(an +bn))+(1+L0an)(bn−an).

(I5) [4]

yn = xn +F ′(xn)
−1F(xn),

zn = yn −F ′(xn)
−1F(yn) (15.8)

and

xn+1 = zn +(F ′(yn)
−1 −2F ′(xn)

−1)F(zn).
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The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

wn = sn +
(2+ L0

2
(3tn + sn))(sn− tn)

1−L0tn
,

tn+1 = wn +
1

1−L0tn
(1+

L(sn − tn)

1−L0sn

)(2+
L0

2
(2tn + sn +wn))(wn− sn)

and

sn+1 = tn+1 +
(1+ L0

2 (tn+1 + tn))(tn+1− tn)+(1+L0tn)(sn− tn)

1−L0tn+1

.

(I5) [1]

yn = xn −F ′(xn)
−1F(xn) (15.9)

and

xn+1 = yn −
1

4
(5I−2F ′(yn)

−1F ′(xn)+(F ′(yn)
−1F ′(xn)

2)F ′(yn)
−1F(yn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

tn+1 = sn +
1

4(1−L0sn)
(3+

2L(sn− tn)

1−L0sn

)+

(

1+L0tn

1−L0sn

)2

)

×(2+
L0

2
(3tn + sn))(sn− tn)

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

(I5) [5]

yn = xn −F ′(xn)
−1F(xn), (15.10)

zn = xn −2A−1
n F(xn)

and

xn+1 = zn −F ′(yn)
−1F(zn),

where An = F ′(
xn +yn

2
+

yn −xn

2
√

3
)+ F ′(

xn +yn

2
− yn −xn

2
√

3
). The corresponding ma-

jorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
L(1+ 1√

3
)(sn− tn)

2

2(1−L0tn)(1− pn)
,

tn+1 = un +
(1+ L0

2 (un + tn))(un− tn)+(1+L0tn)(sn− tn)

1−L0sn

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.
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(I5) [11]

yn = xn −F ′(xn)
−1F(xn), (15.11)

zn = xn −A−1
n F(xn)

and

xn+1 = zn −F ′(yn)
−1F(zn),

where An is as method (15.10). The corresponding majorizing sequence is given for

t0 = 0, s0 > 0 by

un = sn +
(1+L0tn +3L(sn − tn))(sn− tn)

16(1− L0

2
(tn + sn))(1−L0tn)

,

tn+1 = un +
(1+ L0

2 (un + tn))(un− tn)+(1+L0tn)(sn− tn)

1−L0sn

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− sn)

2(1−L0tn+1)
.

(I5) [12]

yn = xn −
1

2
F ′(xn)

−1F(xn), (15.12)

zn = xn −F ′(yn)
−1F(xn)

and

xn+1 = zn − (2F ′(yn)
−1 −F ′(xn)

−1)F(zn).

The corresponding majorizing sequence is given for t0 = 0, s0 > 0 by

un = sn +
2

1−L0sn

(
1

2
+L0(sn− tn)

2)(1+L0tn)(sn− tn),

tn+1 = un +
1

1−L0sn

(1+
L(sn − tn)

1−L0tn
)

×[(1+
L0

2
(tn +un))(un− tn)+2(1+L0tn)(sn− tn)]

and

sn+1 = tn+1 +
L(tn+1− tn)

2 +2(1+L0tn)(tn+1− tn)

2(1−L0tn+1)
.

(I5) [15]

yn = xn −
1

2
F ′(xn)

−1F(xn), (15.13)

zn = xn −
1

2
F ′(yn)

−1F(xn),

wn = zn −A−1
n F(zn)

and

xn+1 = wn −A−1
n F(wn),
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where An = 2F ′(yn)−F ′(xn). The corresponding majorizing sequence is given for

a0 = 0,a0 > 0 by

cn = bn +
2

1−L0bn

(
1

2
+L0(bn−an)

2)(1+L0an)(bn−an),

dn = cn +
(1+ L0

2 (an +cn)(cn −an)+(1+L0an)(bn−an)

1− (L(bn −an)+L0(bn−an))
,

an+1 = dn +
(1+ L0

2
(an +dn))(dn−an)+2(1+L0an)(bn−an)

1− (L(bn −an)+L0(bn −an))

and

bn+1 = an+1 +
L(an+1−an)

2 +2(1+L0an)(an+1−an)

1−L0an+1

.

(I7) [14]

yn = xn −
1

2
F ′(xn)

−1F(xn), (15.14)

zn = xn −F ′(yn)
−1F(xn),

wn = zn −BnF(zn)

and

xn+1 = wn −BnF(wn),

where Bn = 2F ′(yn)
−1 −F ′(xn)

−1
. The corresponding majorizing sequence is given

for a0 = 0,a0 > 0 by

cn = bn +
2

1−L0bn
(

1

2
+L(bn−an)

2)(1+L0an)(bn−an),

dn = cn +
1

1−L0bn
(1+

L(bn−an)

1−L0an
)((1+

L0

2
(an +cn)(cn−an)+2(1+L0an)(bn−an)),

an+1 = dn +
1

1−L0bn
(1+

L(bn−an)

1−L0an
)((1+

L0

2
(an +cn)(cn−an)+2(1+L0an)(bn−an))

and

bn+1 = an+1 +
L(an+1−an)

2 +2(1+L0an)(an+1−an)

2(1−L0an+1)
.

2. Convergence Criteria

Recall that according to the previous Chapter the convergence criteria for the fifteen ma-

jorizing sequences are respectively. Suppose ∀n = 0,1,2, . . .

L0tn < 1, L0sn < 1, (15.15)

L0tn < 1, L0sn < 1, (15.16)

L0tn < 1,
L0

2
(tn +3sn) < 1, (15.17)

L0tn < 1,
L0

2
(tn + sn) < 1, (15.18)
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L0tn < 1, L0(sn + tn) < 1, (15.19)

L0tn < 1,
L0

2
(tn +3sn) < 1, (15.20)

L0an < 1, (15.21)

L0tn < 1, L0sn < 1, (15.22)

L0tn < 1, L0sn < 1, (15.23)

L0tn < 1, L0sn < 1, L0(tn + sn +
sn− tn√

3
) < 1, (15.24)

L0tn < 1, L0sn < 1, (15.25)

L0tn < 1, L0sn < 1, (15.26)

L0tn < 1, L0sn < 1, L0sn +L(sn − tn) < 1, (15.27)

and

L0an < 1, L0bn < 1. (15.28)

Numerical examples involving majorizing sequences can be found in the previous Chapters.
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Chapter 16

Extended Semi-Local Convergence

Analysis for the Two-Step Newton

Method under Generalized Lipschitz

Conditions

1. Introduction

Let B1,B2 denote Banach spaces and Ω be a nonempty and open convex subset of B1. Let

also L(B1,B2) stand for the space of bounded linear operators from B1 into B2. A plethora

of applications from diverse disciplines can be brought in the form of the nonlinear equation

F(x) = 0, (16.1)

using mathematical modeling [1, 2, 3, 4, 5], where F : Ω −→ B2 is a Fréchet differentiable

operator. A solution x∗ of equation (16.1) is needed in closed form. However, this is

attainable only in special cases. That explains most solution methods for equation F(x) = 0

are iterative. The most popular iterative method for solving equation (16.1) is Newton’s

(NM) which is defined by

x0 ∈ Ω, xn+1 = xn −F ′(xn)
−1F(xn) ∀n = 0,1,2, . . .. (16.2)

Here, F ′(x) denotes the Fréchet-derivative of F. The local, as well as the semi-local conver-

gence of NM, has been studied under various Lipschitz, Hölder and generalized conditions

of F ′ [1,2,3,4,5,6,7,8]. The same has been done for the two-step Newton method (TSNM)

defined by

yn = xn −F ′(xn)
−1F(xn)

and

xn+1 = yn −F ′(xn)
−1F(yn).

In particular, the semi-local convergence of TSNM was given in [8] under generalized

Lipschitz conditions. The convergence domain is small in general. That is why in the
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present Chapter we extended the convergence domain without additional conditions. More

benefits are weaker sufficient convergence criteria; tighter error estimates on the distances

‖xn+1 − xn‖, ‖xn − x∗‖, and a piece of more precise information on the location of the so-

lution. From now on U(x, r) denotes an open ball with center x ∈ B1 and of radius ρ > 0.

Then, by U [x0, r] we denote the closure of the open ball U(x0, r).

2. Semi-Local Convergence

Some generalized Lipschitz conditions are introduced and compared. Suppose that there

exists x0 ∈ Ω such that F ′(x0)
−1 ∈ L(B2,B1). We assume from now on

S = sup{t ≥ 0 : U(x0, t)⊂ Ω}.

We also set D = U(x0,ρ).

Definition 1. Operator F ′ is said to satisfy the center −L0− average Lipschitz condition on

D if ∀x ∈ Ω

‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤

Z ‖x−x0‖

0
L0(u)du, (16.3)

where L0 is a positive nondecreasing function on the interval [0,ρ).

Suppose that equation
Z r

0
L0(u)du−1 = 0 (16.4)

has a smallest solution ρ0 ∈ (0, r). Define the set D0 = U(x0,ρ0).

Definition 2. Operator F ′ is said to satisfy the restricted center −L− average Lipschitz

condition on the set D0 if ∀x,y ∈ D0

‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤

Z ‖x−x0‖+‖y−x‖

‖x−x0‖
L(u)du, (16.5)

where L is a positive nondecreasing function on the interval [0,ρ0).

Definition 3. Operator F ′ is said to satisfy the −L1 average Lipschitz condition on the set

D if ∀x,y ∈ D with ‖x−x0‖+‖y−x‖ < ρ

‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤

Z ‖x−x0‖+‖y−x‖

‖x−x0‖
L1(u)du, (16.6)

where L1 is a positive nondecreasing function on the interval [0,ρ).

Remark. By the definition of sets D0 and D, we get

D0 ⊂ D. (16.7)

It follows that

L0(u)≤ L1(u) (16.8)

and

L(u)≤ L1(u) (16.9)
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∀u ∈ [0,ρ0). It is assumed from now on that

L0(u)≤ L(u) ∀u ∈ [0,ρ0). (16.10)

If not, replaced L by L̄, where the latter function is the largest of functions L0 and L on the

interval [0,ρ0). The crucial modification in our analysis is the fact that L0 can replace L in

the computation of the upper bounds on ‖F ′(x)−1F ′(x0)‖. Indeed, let us define functions

h0,h and h1 on the interval [0,ρ0) for some b ≥ 0 by

h0(t) = b− t +
Z 1

0
L0(u)(t−u)du,

h(t) = b− t +

Z 1

0
L(u)(t−u)du

and

h1(t) = b− t +

Z 1

0
L1(u)(t−u)du.

It follows from these definitions that

h0(t)≤ h(t)≤ h1(t) ∀t ∈ [0,ρ0). (16.11)

Set

b :=

Z ρ0

0
L(u)udu and β = ‖F ′(x0)

−1F(x0)‖. (16.12)

Moreover, define the scalar sequence {tn}, {sn} ∀n = 0,1,2, . . . by

t0 = 0,

sn = tn −h′(tn)
−1h(tn) (16.13)

and

tn+1 = sn −h′(tn)
−1h(sn).

These sequences shall be shown to be majorizing for TSNM at the end of this Section. A

convergence criterion for these iterations has been given in [8].

Lemma 27. If 0 < β < b, then h is decreasing on [0,ρ0] and increasing on [ρ0,R], and

h(β) > 0, h(ρ0) = β−b < 0, h(R) = β > 0.

Moreover, h has a unique zero in each interval, denoted by t∗ and t∗∗. They satisfy

β < t∗ <
ρ0

b
, β < ρ0 < t∗∗ < R.

The following Lemmas relate operators to functions “h” and scalar majorizing se-

quences {tn} and {sn}.
Lemma 28. Assume that ‖x−x0‖ ≤ t < t∗. If the first derivative F ′ satisfies the center L0−
average Lipschitz condition (16.3) in U(x∗, t), then F ′(x) is nonsingular and

‖F ′(x)−1F ′(x0)‖ ≤− 1

h′(‖x−x0‖)
≤ − 1

h′(t)
.

In particular, F ′ is nonsingular in U(x0, t
∗).

本书版权归Nova Science所有



168 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

Proof. Take x ∈ U [x∗, t],0 ≤ t < t∗. By using the center L0− average Lipschitz condition

(16.3) we have

‖F ′(x0)
−1F ′(x)− I‖ ≤

Z ‖x−x0‖

0
L(u)du = h′(‖x−x0‖)−h′(0).

But h′(0) = −1 and h′ is strictly increasing in (0, t∗). Therefore, the Banach lemma is

applicable to conclude the result.

Lemma 29. Let {sk} and {tk} be generated by (16.13). Assume that F ′ satisfies the restricted

L− average Lipschitz condition (16.4) i U(x0, t
∗). If 0 < β ≤ b, then the sequence {xk}

and {yk} generated by the TSNM with initial guess x0 are well defined and contained in

U(x0, t
∗). Moreover, ∀k = 0,1,2, . . ., we have

(i) F ′(xk)
−1 exists and ‖F ′(xk)

−1F ′(x0)‖ ≤− 1

h′(‖x−x0‖)
≤− 1

h′(tk)
.

(ii) ‖F ′(x0)
−1F(xk)‖ ≤ h(tk),

(iii) ‖yk −xk‖ ≤ sk − tk.

(iv) ‖xk+1−yk‖ ≤ (tk+1− sk)

(‖yk −xk‖
sk − tk

)2

≤ tk=1− sk.

(v) ‖xk+1−xk‖ ≤ tk+1− tk.

Proof. Replace h1 by h in the proof of Lemma 4 in [5].

Lemma 30. Under the same assumptions of Lemma 29. Then, the sequence {xk} converges

to a point x∗ ∈ U [x0, t
∗] with F(x∗) = 0. Moreover, we have

‖x∗−xk‖ ≤ t∗− tk, k ≥ 0,

and

‖x∗−yk‖ ≤ (t∗− sk)

(‖x∗−xk‖
t∗− tk

)2

, k ≥ 0.

Proof. Replace h1 by h in the proof of Lemma 5 in [5].

Lemma 31. Under the same assumptions of Lemma 30 and the assumption 2+t∗
h′′(t∗)
h′(t∗)

> 0,

we have

‖yk −xk‖
sk − tk

≤
1− h′′(t∗)

2h′(t∗)(t
∗− tk)

1+ h′′(t∗)
2h′(t∗)(t

∗− tk)

‖x∗−xk‖
t∗− tk

, k ≥ 0.

Proof. Replace h1 by h in the proof of Lemma 6 in [5].
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Remark. The corresponding estimate of Lemma 28 in [6] gives using (16.6) the less precise

estimate

‖F ′(x)−1F ′(x0)‖ ≤ − 1

h′1(‖x−x0‖)
.

But by (16.11) the following holds

‖F ′(x)−1F ′(x0)‖ ≤ − 1

h′0(‖x−x0‖)
≤ − 1

h′(‖x−x0‖)
≤− 1

h′1(‖x−x0‖)
.

Hence, the sequence {t̄n},{s̄n} used in [5] and defined ∀n = 0,1,2, . . . by

t̄0 = 0,

s̄n = t̄n−h′1(t̄n)
−1h(t̄n) (16.14)

and

t̄n+1 = s̄n−h′1(t̄n)
−1h(s̄n). (16.15)

are less precise than the new majorizing sequence {tn} and {sn}.
Next, the main semi-local result for TSNM is presented.

Theorem 17. Let F : D ⊂ X −→ Y be a continuously Fréchet differentiable nonlinear op-

erator in open convex subset D. Assume that there exists an initial guess x0 ∈ D such that

F ′(x0)
−1 exists and that F ′ satisfies the L− average Lipschitz condition (16.5) in U(x0, t

∗).
Let {xk} be the iterates generated by the TSNM with initial guess x0. If 0 < β ≤ b, then

{xk} is well defined and converges Q− super quadratically to a solution x∗ ∈ U [x0, t
∗] of

(16.1) and this solution x∗ is unique on U [x0, r], where t∗ ≤ r < t∗∗. Moreover, if

2+
t∗h′′(t∗)
h′(t∗)

> 0 ⇔ 2− t∗L(t∗)

1−R t∗
0 L(u)du

> 0,

then the order of convergence is cubic at least and we have the following error bounds

‖x∗−xn+1‖ ≤
1

2
H∗62

2− t∗H∗
2+ t∗H∗

‖x∗−xk‖3, k ≥ 0,

where H∗ w
h′′(t∗)
h′(t∗)

.

Proof. Simply replace function h−1 by h in the proof of Theorem 1 in [5].

Remark. Popular choices for the “L” functions are

Kantorovich-type Case [1,4,5,6]:

h0(t) =
L0

2
t2− t +β,

h(t) =
L

2
t2 − t +β

and

h1(t) =
L1

2
t2− t +β,
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where L0,L and L1 are constant functions and b =
1

2L
. Notice that

L0 ≤ L ≤ L1. (16.16)

Smale-Wang-type Case [7,8]:

h0(t) =
γ0t2

1− γ0t
− t +β ∀t ∈ [0,

1

γ0

),

h(t) =
γt2

1− γt
− t +β ∀t ∈ [0,

1

γ
)

and

h1(t) =
γ1t2

1− γ1t
− t +β ∀t ∈ [0,

1

γ1

),

where b =
1

γ
(3−2

√
2).

Notice that

γ0 ≤ γ ≤ γ1. (16.17)

Examples where (16.16) and (16.17) (therefore the aforementioned advantages hold) can

be found in [1,4,6].
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Chapter 17

Semi-Local Convergence for

Jarratt-Like Methods under

Generalized Conditions for Solving

Equations

The semi-local convergence is presented for sixth convergence order Jarratt-like methods

for solving a nonlinear equation. The convergence analysis is based on the first Fréchet

derivative that only appears in the method. Numerical examples are provided where the

theoretical results are tested.

1. Introduction

The semi-local convergence is developed for two sixth convergence order Jarratt-like meth-

ods for solving the nonlinear equation

F(x) = 0, (17.1)

where F : Ω ⊂ X −→ Y is continuously Fréchet differentiable, X ,Y are Banach spaces,

and Ω is a nonempty convex set.

The methods under consideration in this chapter are:

yn = xn −
2

3
F ′(xn)

−1F(xn),

zn = yn − (
23

8
I − 3

2
F ′(xn)

−1F ′(yn)(3I− 9

8
F ′(xn)

−1F ′(yn))]

×F ′(xn)
−1F(xn) (17.2)

and

xn+1 = zn − (
5

2
I − 3

2
F ′(xn)

−1F ′(yn))F′(xn)
−1F(zn).
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and

yn = xn −
2

3
F ′(xn)

−1F(xn),

zn = xn − (I +
21

8
Tn −

9

2
T 2

n +
15

8
T 3

n )F ′(xn)
−1F(xn) (17.3)

and

xn+1 = zn− (3I − 5

2
Tn +

1

2
T 2

n )F ′(xn)
−1)F(zn),

where Tn = F ′(xn)
−1F ′(yn).

The sixth local convergence order of these methods was shown in [1, 9], respectively

when X = Y = R
m using Taylor expansions and conditions up to the seven order derivative

which does not appear on these methods. These conditions restrict the applicability of these

methods.

For example: Let X = Y = R, Ω = [−1

2
,

3

2
]. Define f on Ω by

f (t) =

{

0 i f t = 0

t3 logt2 + t5 − t4 i f t 6= 0.

Then, the third derivative is given as

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded on Ω. Thus the convergence of these methods is not guar-

anteed by the analysis in these papers. But these methods may converge. Our convergence

analysis is based on the first Fréchet derivative that only appears in the method. The analy-

sis includes computable error estimates on ‖xn+1−xn‖, ‖xn−x∗‖ and the uniqueness ball of

the solution. The results significantly extend the applicability of these methods. This new

process provides a new way of looking at iterative methods. Notice also that the semi-local

convergence is more challenging than the local one.

The semi-local convergence analysis is given in Section 2 and the numerical examples

are in Section 3.
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2. SL of Method (17.3) and Method (17.2)

Let L0,L and η denote positive parameters. Define the scalar sequences

{sn},{un},{tn},∀n = 0,1, . . . by

t0 = = 0, s0 = η,

un = sn +
3

2

(

1

3
+

15L2(1+L0sn)(sn− tn)
2

8(1−L0tn)3
(17.1)

+
3L(1+L0sn)(sn− tn)

4(1−L0tn)2

)

(sn− tn),

tn+1 = un +
1

1−L0tn

(

2+
3L(sn − tn)

1−L0tn
+

L2(sn − tn)
2

(1−L0tn)2

)

[(1+
L0

2
(tn +un))(un− tn)+

3

2
(sn− tn)]

and

sn+1 = tn+1 +
3L(tn+1− tn)

2 +4(1+L0tn)(tn+1− sn)+2(1−L0tn)(tn+1− tn)

6(1−L0tn+1)
.

These sequences shall be shown to be majorizing for method (17.3) in Theorem 18.

Next, a convergence result is presented for these methods.

Lemma 32. Suppose:

tn <
1

L0

∀n = 0,1,2, . . .. (17.2)

Then, sequence given by formula (17.1) are strictly increasing and convergent to t∗ ∈
(0,

1

L0

]. The limit t∗ is the unique least upper bound of these sequences.

Proof. The assertions follow from the definition (17.1) of these sequences and condition

(17.2).

The aforementioned parameters L0,L and η are connected to the initial data

(Ω,x0,F,F ′) as follows. Suppose

(A1) There exist x0 ∈ D,η > 0 such that F ′(x0)
−1 ∈ L(Y ,X ) with ‖F ′(x0)

−1F(x0)‖ ≤ η.

(A2) There exists L0 > 0 such that ∀x ∈ Ω

‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤ L0‖x−x0‖.

Define the set M0 = U(x0,
1

L0

)∩Ω.

(A3) There exists L > 0 such that ∀x,y ∈ M0

‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤ L‖y−x‖.

(A4) Conditions of Lemma 32 hold.

and
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(A5) U [x0, t∗]⊂ Ω.

The SL of method (17.3) uses the conditions (A1)-(A5).

Theorem 18. Suppose that the conditions (A1)-(A5) hold. Then, sequences {xn},{yn},{zn}
are well defined in the ball U(x0, t∗) remain in the ball U [x0, t∗]∀n = 0,1,2, . . . and converge

to a solution x∗ ∈ U [x0, t∗] of equation F(x) = 0. Moreover, the following error estimates

hold ∀n = 0,1,2, . . .

‖x∗−xn‖ ≤ t∗− tn. (17.3)

Proof. The following items shall be shown ∀m = 0,1,2, . . . by mathematical induction

‖ym −xm‖ ≤ sm − tm, (17.4)

‖zm −ym‖ ≤ um − sm (17.5)

and

‖xm+1− zm‖ ≤ tm+1−um. (17.6)

Condition (A1) and the formula (17.1) imply

‖y0 −x0‖ = ‖F ′(x0)
−1F(x0)‖ ≤ η = s0 − t0 < t∗.

Thus the item (17.4) holds for m = 0 and the iterate y0 ∈ U(x0, t∗). It also follows by the

formula (17.1) that iterates z0 and x1 are well defined. Let w ∈ U(x0, t∗). By applying

condition (A2) and Lemma 32

‖F ′(x0)
−1(F ′(w)−F ′(x0))‖ ≤ L0‖w−x0‖ ≤ L0t∗ < 1.

Hence, F ′(w)−1 ∈ L(Y ,X ) and the estimate

‖F ′(w)−1F ′(x0)‖ ≤
1

1−L0‖w−x0‖
(17.7)

follows by the Banach perturbation lemma on invertible operators [3, 6]. Suppose items

(17.4)-(17.6) hold ∀m = 0,1,2, . . .,n. By the first two substeps of method (17.3)

zn−yn =
3

2
(

1

3
I +Bn)(yn −xn), (17.8)

where Bn =
21

8
Tn −

9

2
T 2

n +
15

8
T 3

n = Tn(
15

8
(I −Tn)+

3

4
I)(I −Tn). It then follows by (17.7)

for w = xn and the conditions (A2) and (A3) that

‖Bn‖ ≤
15L2(1+L0sn)(sn− tn)

2

8(1−L0tn)3
+

3L(1+L0sn)(sn− tn)

4(1−L0tn)2
, (17.9)

where we also used

‖F ′(x0)
−1F ′(yn)‖ = ‖F ′(x0)

−1((F ′(yn)−F ′(x0))+F ′(x0))‖
≤ 1+L0‖yn −x0‖ ≤ 1+L0sn.
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Therefore, the identity (17.1), formula (17.1) and (17.9) give

‖zn −yn‖ ≤
(

1

3
+

15L2(1+L0sn)(sn− tn)
2

8(1−L0tn)3

+
3L(1+L0sn)(sn− tn)

4(1−L0tn)2

)

×[(1+
L0

2
(tn +un))(un− tn)+

3

2
(sn − tn)]

= un − sn

and

‖zn−x0‖ ≤ ‖zn−yn‖+‖yn −x0‖ ≤ un − sn + sn − t0 = un < t∗,

so item (17.5) holds and the iterate zn ∈U(x0, t∗). Moreover, by the third substep of method

(17.3)

‖xn+1− zn‖ = ‖CnF ′(xn)
−1F(zn)‖, (17.10)

where Cn = 3I− 5

2
Tn +

1

2
T 2

n = (Tn− I)2 −3(Tn − I)+2I, so

‖Cn‖ ≤
L2(sn− tn)

2

(1−L0tn)2
+

3L(sn− tn)

1−L0tn
+2. (17.11)

Consequently, (17.1), (17.10) and (17.11) give

‖xn+1− zn‖ ≤ 1

1−L0tn
(2+

L2(sn − tn)
2

(1−L0tn)2
+

3L(sn− tn)

1−L−0tn
)

[(1+
L0

2
(tn +un))(un− tn)+

3

2
(sn− tn)]

= tn+1−un,

and

‖xn+1−x0‖ ≤ ‖xn+1− zn‖+‖zn −x0‖ ≤ tn+1−un +un − t0 = tn+1 < t∗.

Thus, item (17.6) holds and the iterate xn+1 ∈U(x0, t∗), where the identity

F(zn) = F(zn)−F(xn)+F(xn)

=
Z 1

0
F ′(xn +θ(zn −xn))dθ(zn−xn)−

3

2
F ′(xn)(yn −xn)

is used to obtain

‖F ′(x0)
−1F(zn)‖ ≤ ‖

Z 1

0
F ′(x0)

−1(F ′(xn +θ(zn−xn))dθ−F ′(x0))

+I‖‖zn −xn‖

+
3

2
(‖I‖+‖F ′(x0)

−1(F ′(xn)−F ′(x0))‖)‖yn−xn‖

≤ (1+
L0

2
(un + tn)(un− tn)+

3

2
(1+L0tn)(sn− tn).
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It also follows that iterate yn+1 is well defined, since xn=1 ∈U(x0, t∗). Then, the first substep

of method (17.3) gives

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)

+F ′(xn)(xn+1−xn)−
2

3
F ′(xn)(yn−xn)

= (F(xn+1)−F(xn)−F ′(xn)(xn+1−xn))

+
2

3
F ′(xn)(xn+1−yn)+

1

3
F ′(xn)(xn+1−xn),

leading to

‖F ′(x0)
−1F(xn+1)‖ ≤ L

2
(tn+1− tn)

2 +
2

3
(1+L0tn)(tn+1− sn)

+
1

3
(1+L0tn)(tn+1− tn). (17.12)

Consequently, it follows by formula (17.1), estimate (17.7) (for w = xn+1) and (17.12) that

‖yn+1−xn+1‖ ≤ ‖F ′(xn+1)
−1F ′(x0)‖‖F′(x0)

−1F(xn+1)‖

≤ 1

1−L0tn+1

(
L

2
(tn+1− tn)

2

+
2

3
(1+L0tn)(tn+1− sn)+

1

3
(1+L0tn)(tn+1− tn))

= sn+1− tn+1 (17.13)

and

‖yn+1−x0‖ ≤ ‖yn+1−xn+1‖+‖xn+1 −x0‖ ≤ sn+1− tn+1 + tn+1 − t0 = sn+1 < t∗.

Thus item (17.4) holds and the iterate yn+1 ∈U(x0, t∗). The induction for items (17.4)-(17.6)

is completed. The scalar sequence {tn} is complete by condition (A4) (as convergent).

Hence, sequence {xn} is convergent too. So, there exists x∗ ∈U [x0, t∗] such that F(x∗) = 0.
By letting n −→ ∞ in (17.12) and using the continuity of operator F it follows that F(x∗) =

0. Finally, estimate (17.3) follows by letting i −→ ∞ in the estimate

‖xi+n −xn‖ ≤ ti+n− tn.

Next, the uniqueness of the solution result is provided but where not all conditions

(A1)-(A5) are used.

Proposition 12. Suppose:

(a) There exists a solution p ∈U(x0,ρ) for some ρ > 0 of equation F(x) = 0.

(b) Condition (A2) holds such that U(x0,ρ) ⊂ Ω.
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(c) There exists ρ1 ≥ ρ such that

L0(ρ+ρ1) < 2. (17.14)

Define the set M1 = U(x0,ρ1)∩Ω. Then, the only solution of equation F(x) = 0 in

the set M1 is the point p.

Proof. Let q ∈ M1 be such that F(q) = 0. Define the linear operator S =

Z 1

0
F ′(q + θ(p−

q))dθ. It follows by the conditions (A2) and (17.14) that

‖F ′(x0)
−1(S−F ′(x0))‖ ≤ L0

Z 1

0
((1−θ)‖p−x∗‖+θ‖q−x∗‖)dθ

≤ L0

2
(ρ+ρ1) < 1.

Therefore, the estimate p = q follows by the invertibility of linear operator S and the identity

S(p−q) = F(p)−F(q) = 0−0 = 0.

If all conditions (A1)-(A5) hold then, set ρ = t∗ in the Proposition 12.

Method (17.2) is studied in a similar way. Define the sequences {tn},{sn},{un} by

t0 = = 0, s0 = η,

un = sn +
1

24

(

1+27

(

L(sn − tn)

1−L0tn

)2

(17.15)

+ 18

(

L(sn − tn)

1−L0tn

))

(sn − tn),

tn+1 = un +
1

2
(2+

3L(sn − tn)

1−L0tn
)

[(1+
L0

2
(tn +un))(un− tn)+

3

2
(sn− tn)]

and

sn+1 = tn+1 +
3L(tn+1− tn)

2 +4(1+L0tn)(tn+1− sn)+2(1−L0tn)(tn+1− tn)

6(1−L0tn+1)
.

Then, these sequences are also increasing and convergent to their least upper bound and the

conditions of Lemma 32. Moreover, notice that under conditions (A1)-(A5) the following

estimates are obtained:

zn −yn = (
23

8
I − 3

2
Tn(3I− 9

8
Tn))

3

2
(yn−xn)

=
1

16
(I +27(Tn− I)2 −18(Tn − I)),

implying

‖zn−yn‖ ≤ 1

16

(

27

(

L(sn − tn)

1−L0tn

)2

+18

(

L(sn − tn)

1−L0tn

)

+1

)

2

3
(sn − tn) = un− sn.

本书版权归Nova Science所有



180 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

Moreover,

xn+1 − zn = −1

2
(2I +3(I −Tn)F ′(xn)

−1F(zn),

so

‖xn+1− zn‖ ≤ 1

2

(

2+3

(

L(sn − tn)

1−L0tn

))

[(1+
L0

2
(un + tn))(un− tn)+

3

2
(sn− tn)]

= tn+1−un.

The rest follows as in the proof of Theorem 18. Hence, the conclusions of Theorem 18 hold

for method (17.2). Clearly, the same is true for the conclusions of Proposition 12.
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Chapter 18

On the Semi-Local Convergence of a

Derivative Free Fourth Order

Method for Solving Equations

1. Introduction

The semi-local convergence is developed for fourth convergence order methods for solving

the nonlinear equation

F(x) = 0, (18.1)

where F : D ⊂ B −→ B is continuously Fréchet differentiable, B is a Banach spaces, and D

is a nonempty convex set.

The methods under consideration in this chapter are defined by

x0 ∈ D, yn = xn − [un,xn;F ]−1F(xn),

un = xn +bF(xn)

and (18.2)

xn+1 = yn − (3I −Gn(3I−Gn))[un,xn;F ]−1F(yn),

where a,b∈R, zn = yn +cF(yn), Gn = [un,xn;F]−1[zn,yn;F ] and [., .;F] : B×B−→ L(B,B)
is a divided difference of order one [11, 12, 13]. The fourth order of method (18.2) is

established in [11,12,13] for B = R
i using the fifth order derivative, not on these methods.

The analysis involved local convergence. But we examine the most interesting semi-local

convergence analysis by utilizing only the first divided difference appearing on the method

and in the more general setting of a Banach space. Hence, the applicability of the method

is extended. The technique can be used in other methods [1,2,3,4,5,6,7,8,9,10,11,12,13,

14, 15]. The notation U(x,R0 is used for the open ball in B of center x ∈ B and of radius

R > 0.
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2. Majorizing Sequence

Let η0,η,λ,β,γ and δ be nonnegative parameters. Let also w,wk, k = 0,1,2 be continuous

and nondecreasing functions. Define sequences

p1
n = βtn + |b|η0,

p2
n = sn + γtn + |b|η0,

p3
n = δsn + |c|η0,

p4
n = p1

n + p3
n,

p5
n = |b|λtn + |b|η0

and

qn = 1−w0(p1
n, tn).

Moreover, define scalar sequences {tn} and {sn} by

t0 = = 0, s0 = η,

tn+1 = sn +
1

q2
n

(3p4
n +w2(p3

n, sn))w(p5
n, tn, sn, p1

n)(sn− tn) (18.3)

and

sn+1 = tn+1 +
w(p5

n, tn, tn+1, p1
n)(tn+1− tn)+w2(p1

n, tn)(tn+1− sn)

qn+1

.

The sequence defined by formula (18.3) shall be shown to be majorizing for method (18.2).

But first, we presented a convergence result for it.

Lemma 33. Suppose:

w0(p1
n, tn) < 1 and tn ≤ µ for some µ ≥ 0 ∀n = 0,1,2, . . .. (18.4)

Then, the sequence {tn}is non-decreasing and convergent to its unique least upper bound

t∗ ∈ [0,µ].

Proof. It follow by (18.3) and (18.4) that sequences {tn} is nondecreasing and bounded

from above by µ and as such it converges to t∗.

3. Semi-Local Convergence

The analysis is based on the following conditions:

(h1) There exist x0 ∈ D,η ≥ 0 and η ≥ 0 such that [u0,x0;F]−1,F ′(x0)
−1 ∈ L(B,B) with

‖F ′(x0)‖ ≤ η0 and [u0,x0;F ]−1F(x0)‖ ≤ η.

(h2)

‖F ′(x0)
−1([u,x : F]−F ′(x0))‖ ≤ w0(‖u−x0‖,‖x−x0‖) ∀x,u ∈ D,

‖[x,x0;F ]‖ ≤ λ,

‖I +b[x,x0;F ]‖ ≤ β,

‖I −b[x,x0;F ]‖ ≤ γ
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and

‖I +c[y,x0;F ]‖ ≤ δ ∀x,y,u, z ∈U(x0,ρ).

(h3) Suppose that there exists a smallest solution ρ ∈ (0,∞) of equation

w0(βt + |b|η0, t)−1 = 0.

Set T = [0,ρ).

(h4)

‖F ′(x0)
−1([y,x : F ]− [u,x;F])‖ ≤ w(‖y−u‖,‖x−x0‖,‖y−x0‖,‖u−x0‖),

‖F ′(x0)
−1([u,x : F ]− [z,y;F])‖ ≤ w1(‖u− z‖,‖x−y‖)

and

‖F ′(x0)
−1[z,y : F]‖ ≤ w2(‖z−x0‖,‖y−x0‖),

(h5) Conditions of Lemma 33 hold.

and

(h6) U [x0,R]⊂ D, where R = max{t∗,R1,R2}, with R1 = βt∗+ |b|η0 and R2 = δt∗+ |c|η0.

Next, the semi-local convergence analysis of the method (18.2) is presented using the de-

veloped conditions and terminology.

Theorem 19. Suppose that the conditions (h1)-(h6) hold. Then, sequences {xn}, is well de-

fined, remain in U [x0,R]∀n = 0,1,2, . . . and converge to a solution x∗ ∈U [x0,R] of equation

F(x) = 0. Moreover, the following error estimates hold ∀n = 0,1,2, . . .

‖yn −xn‖ ≤ sn− tn. (18.5)

and

‖xn+1−yn‖ ≤ tn+1− sn. (18.6)

Proof. It follows by (h1), (h2) and the definition of ρ that

‖F ′(x0)
−1([un,xn;F]−F ′(x0))‖ ≤ w0(‖un−x0‖,‖xn−x0‖)

≤ qn < 1 (by Lemma 33).

Thus, by the Banach Lemma on invertible operators [1,2,3] [un,xn;F]−1 ∈ L(B,B) and

‖[un,xn;F]−1F ′(x0)‖ ≤
1

qn

, (18.7)

where we also used

un −x0 = xn −x0 +bF(xn) = (I +b[xn,x0;F])(xn−x0)+bF(x0)

so

‖un −x0‖ ≤ p1
n ≤ R1 ≤ R.
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Using the first substep of method (18.2), we have

F(yn) = F(yn)−F(xn)− [un,xn;F](yn−xn)

= ([yn,xn;F ]− [un,xn;F])(yn−xn)

≤ w(p5
n, tn, sn, p1

n)(sn− tn)

and by (h3)

‖F ′(x0)
−1F(yn)‖ ≤ w(‖yn−xn‖,‖xn−x0‖,‖yn−x0‖,‖un−x0‖)‖yn−xn‖. (18.8)

Moreover, by the second substep of method (18.2) we get

xn+1−yn = (−3(I−Gn)[un,xn;F]−1−G2
n[un,xn;F]−1)F(yn).

The following estimates are needed

I −Gn = I − [un,xn;F ]−1[zn,yn;F]

= [un,xn;F]−1([un,xn;F ]− [zn,yn;F]). (18.9)

It follows by formula (18.3), (18.7)-(18.9) and (h4) in turn that

‖xn+1−yn‖ ≤
(

3p4
n

q2
n

+
w2(p3

n, sn)

q3
n

)

w(p5
n, tn, sn, p1

n)(sn− tn)

= tn+1− sn, (18.10)

where we also used ‖yn −xn‖ ≤ sn− tn,

‖yn −un‖ = ‖yn −xn +bF(xn)‖
= ‖yn −x0 +x0 −xn +b(F(xn)−F(x0))+bF(x0)‖
≤ ‖yn −x0‖+‖(I−b[xn,x0;F])(xn−x0)‖+ |b|‖F(x0)‖
≤ sn + γtn + |b|η0 = p2

n,

‖zn−x0‖ = ‖yn −x0 +c(F(yn)−F(x0))+cF(x0)‖
≤ ‖(I +c[yn,x0;F])(yn−x0)‖+ |c|‖F(x0)‖
≤ p3

n ≤ R−2 ≤ R

and

‖un − zn‖ = ‖un−x0 +x0 − zn‖
≤ ‖un−x0‖+‖zn −x0‖
≤ p1

n + p3
n = p4

n.

Furthermore, by the first substep of method (18.2) it follows that

F(xn+1) = F(xn+1)−F(xn)− [un,xn;F](yn −xn)

= ([xn+1,xn;F]− [un,xn;F])(xn+1−xn))

+[un,xn;F](xn+1−yn),
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so

‖F ′(x0)
−1F(xn+1)‖ ≤ w(p5

n, tn, tn+1, p1
n)(tn+1− tn)

+w2(pn61, tn)(tn+1− tn). (18.11)

Consequently, we obtain

‖yn+1 −xn+1‖ ≤ ‖[un+1,xn+1;F]−1F ′(x0)‖‖F ′(x0)
−1F(xn+1)‖

= sn+1− tn+1. (18.12)

Hence, sequence {xn} is fundamental and sequence {tn} is fundamental too as convergent.

That is there exists x∗ ∈ U [x0, t∗] such that lim
n−→∞

xn = x∗. By letting n −→ ∞ in (18.11) and

using the continuity of operator F we deduce F(x∗) = 0.

Next, we present a uniqueness result for the solution of equation F(x) = 0.

Proposition 13. Suppose:

(1) There exists a solution x∗ ∈U(x0,ρ1) for some ρ1 > 0 of equation F(x) = 0.

(2) Condition (h2) holds.

(3) There exists ρ2 ≥ ρ1 such that

w0(ρ2,ρ1) < 1. (18.13)

Set D2 = U [x0,ρ2]∩D. Then, the only solution of equation F(x) = 0 in the region D2

is the point x∗.

Proof. Let y∗ ∈ D2 be such that F(y∗) = 0. Define the linear operator S = [y∗,x∗;F]. It

follows by the conditions (h2) and (18.13) that

‖F ′(x0)
−1(S−F ′(x0))‖ ≤ w0(‖y∗−x0‖,‖x∗−x0‖)

≤ w0(ρ2,ρ1) < 1.

Hence, we conclude that x∗ = y∗ by the invertibility of the linear operator S and the identity

S(y∗−x∗) = F(y∗)−F(x∗) = 0−0 = 0.

Remark. Notice that not all conditions of Theorem 19 hold. But if we assume all conditions

of Theorem 19, then we can set ρ1 = t∗.
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Chapter 19

Extended and Unified Kantorovich

Theory for Solving Generalized

Nonlinear Equations

1. Introduction

Let B1 and B2 stand for Banach spaces; L(B1,B2) be the space of bounded linear operators

mapping B1 into B2; F : B1 ⇒ B2 be a multi-operator and G : B1 ⇒ B2 be a differentiable

operator in the Frechet sense. Numerous problems from diverse disciplines such as opti-

mization, Mathematical Biology Chemistry, Economics, Physics, Programming, Scientific

Computing and also Engineering to mention a few can be written in the form of generalized

nonlinear equation (GNE)

0 ∈ F(x)+G(x). (19.1)

Equation (19.1) specializes to two popular cases:

(a) F ≡ 0 leading to the generalized nonlinear equation [1,2,3,4,5,6,7,8,9,10].

G(x) = 0.

(b) F is NK . That is the normal cone of convex and closed subset K ⊂ B1. In this case

GNE is called a variational inequality problem (VIP) [11,12,13,14,15,16,17,18].

A solution x∗ of GNE is desired in closed form. But this is possible only in special cases.

That is why most solution methods of GNE are iterative when a sequence is generated

converging to x∗ under certain conditions [1,2,3,4].

A generalized iterative scheme (GIS) is

0 ∈ G(xn)+Tn(xn+1−xn)+F(xn+1) ∀n = 0,1,2, . . ., (19.2)

where An = A(xn),A : B1 −→ L(B1,B2). Linear operator An is an approximation to the

Fréchet derivative F ′ of operator F.
If A(x) = F ′(x) GIS reduces to a scheme studied by many authors [1, 2, 4, 18] under

Lipschitz-type conditions on F ′ and various techniques. GIS was also studied in [2] under

,
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Hölder-type conditions. But there are even simple examples [3, 4] where operators F ′ or

A do not satisfy Lipschitz-type or Hölder-type conditions. That is why a semi-local con-

vergence is presented using more general conditions on F ′ and A as well as a majorizing

sequence. This way the applicability of GIS is extended.

The background is given in Section 2 followed by the properties of majorizing se-

quences in Section 3, and the semi-local convergence of GIS in Section 4.

2. Mathematical Background

Denote by U(x,γ) the open ball with center x ∈ B1 and of radius γ > 0. Let also G : D ⊂
B1 −→ B2, where D is an open set. The following standard definitions are needed:

gphF = {(u1,u2) ∈ B1 ×B2 : u2 ∈ F(u1)};

domF = {u ∈ B1 : F(u) 6= 0};

rgeF = {v ∈ B2 : ∃v = F(u) for some u ∈ B1};

F−1 : B2 −→ B1 is such that

F−1(u2) = {u1 ∈ B1 : u2 = F(u1)};

for C1 ⊂ B1 and C2 ⊂ B1,
d(x,C2) = inf

u2∈C2

‖u1−u2‖

and

e(C1,C2) = sup
u1∈C1

d(u1,C2).

The following conventions are used:

d(x,C2) = +∞ for C2 = /0,

e( /0,C2) = 0 for C2 6= 0

and

e( /0, /0) = +∞.

Definition 4. [2] A multifunction S : B2 ⇒ B1 is Aubin continuous at (u,v) ∈ gph(S) with

parameter β > 0 if ∃ parameters δ1 > 0 and δ2 > 0 such that neighborhoods M1 and M2 of

v satisfy ∀w1,w2 ∈U(v,δ2)

e(S(w1)∩U(u,δ1))≤ β‖u−v‖.
Theorem 20. [2] Let M : B1 ⇒ B2 be a multifunction and point u ∈ B1. Suppose that ∃
parameter r > 0 and τ ∈ (0,1) such that the set gphM∩ (U [u, r]×U [u, r]) is closed and the

following conditions hold:

(a) d(u,M(u))≤ R(1−τ)

and

(b) ∀p1, p2 ∈ U [u, r]

e(M(p1)∩U [u, r],M(p2)) ≤ τ‖p2 − p1‖.
Then, operator M has a fixed point in U [u,R], i.e., ∃u0 ∈U [u,R] such that u0 ∈M(u0).
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3. Majorizing Sequence

Let us define the scalar sequence {tn} for some continuous functions ϕ : [0,∞) −→
(−∞,∞), ψ0 : [0,∞) −→ (−∞,∞) and ψ : [0,∞)−→ (−∞,∞) and some λ > 0 by

t0 = 0, t1 = λ

and (19.3)

tn+2 = tn+1 +
β(

R 1
0 ϕ((1−θ)(tn+1− tn))dθ+ψ(tn))(tn+1− tn)

1−β(ψ(0)+ψ0(tn+1))
,

∀n = 0,1,2, . . .. Sequence {tn} shall be shown to be majorizing for sequence {xn} in the

next section. But first, some convergence results for it are needed.

Lemma 34. Suppose that condition

β(ψ(0)+ψ(tn+1)) < 1 ∀n = 0,1,2 . . . (19.4)

holds. Then, sequence {tn} defined by formula (19.3) is non-decreasing. Moreover, suppose

tn ≤ µ for some µ > 0. (19.5)

Then, sequence {tn} converges to its unique least upper bound t∗ ∈ [0,µ].

Proof. It follows by formula (19.3) and conditions (19.4), (19.5) that sequence {tn} is non-

decreasing and bounded from above by µ, and as such it converges to t∗.

Next, a second and strong convergence result is provided.

Lemma 35. Suppose that there exists parameter α ∈ (0,1) so that

0 ≤ β(
R 1

0 ϕ((1−θ)λ)dθ+ψ(0))

1−β(ψ(0)+ψ0(λ))
≤ α (19.6)

and

0 ≤
β(

R 1
0 ϕ((1−θ)λ)dθ+ψ( λ

1−α))

1−β(ψ(0)+ψ0(
λ

1−α))
≤ α. (19.7)

Then, sequence {tn} is non-decreasing, bounded from above by
λ

1−α
and converges to its

unique least upper bound t∗ such that t∗ ∈ [0,
λ

1−α
].

Proof. Mathematical induction is used to show

0 ≤ tn+1− tn ≤ α(tn− tn−1) ∀n = 1,2, . . .. (19.8)

Assertion (19.8) holds for n = 1 by formula (19.3) and condition (19.6). Assume

0 ≤ tk+1− tk ≤ α(tk − tk−1) ≤ αk(t1− t0) = αkλ (19.9)
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holds for all integer values k smaller than n. then, it follows from (19.9)

tk+1 = tk +αkλ ≤ tk−1 +αk−1λ+αkλ

≤ . . .≤ (1+αλ+ . . .+αk)λ =
1−αk+1

1−α
λ <

λ

1−α
.

Evidently (19.8) holds by condition (19.7). Hence, the induction for (19.8) is completed.

It follows that sequence {tk} is non-decreasing and bounded from above by
λ

1−α
and as

such it converges to its unique least upper bound t∗ ∈ [0,
λ

1−α
].

4. Main Result

The semi-local convergence of GIS is provided. Let x0 ∈ B1 and λ ≥ 0 be given, G : Ω0 ⊆
B1 −→ B2 is Frechet-differentiable and F has a closed graph.

Theorem 21. Suppose:

(a) ∃ continuous functions ϕ : [0,∞)−→ (−∞,∞), ψ0 : [0,∞)−→ (−∞,∞), ψ : [0,∞)−→
(−∞,∞) such that ∀x,y ∈ Ω0

‖G′(y)−G′(x)‖ ≤ ϕ(‖y−x‖), (19.10)

‖T(x)−T (x0)‖ ≤ ψ0(‖x−x0‖) (19.11)

and

‖G′(x)−T (x)‖ ≤ ψ(‖x−x0‖). (19.12)

(b) ∃ x1 ∈ Ω0 defined by GIS such that ‖x1 − x0‖ ≤ λ and the multifunction (G(x0) +
G′(x0)(.− x0) + F(.))−1 is Aubin continuous at (0,x1) with corresponding radii δ1

and δ2 and modulus β > 0.

(c) Conditions of Lemma 35 hold.

(d)

2s−λ ≤ δ1, (19.13)

(2

Z 1

0
ϕ(2(1−θ)s)dθ+

Z 1

0
ϕ((1−θ)s)dθ+ψ(s))s≤ δ2, (19.14)

β(ψ(0)+ψ0(s)) < 1 (19.15)

and

s(α−1)+λ ≤ 0. (19.16)

Then, the sequence {xn} generated by GIS is well defined in U(x0, t∗) remains in

U(x0, t∗) ∀n = 0,1,2, . . . and converges to a point x∗ ∈U [x0, t∗] such that 0 ∈ G(x∗)+
F(x∗).

The following auxiliary result is needed.
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Lemma 36. Suppose that conditions of Theorem 21 hold. Then, if {xm} and {tm} are the

sequences generated by GIS and (19.3), respectively. Then, the following assertion holds.

‖xm=1 −xm‖ ≤ tm+1− tn ∀m = 0,1,2, . . .. (19.17)

Proof. We prove (19.17) by induction. Since t0 = 0 and t1 = λ, by condition (b), we have

‖x1 −x0‖ = λ ≤ t1 − t0. Suppose ∃x1,x2, . . . ,xm obtained by GIS such that

‖xn −xn−1‖ ≤ tn− tn−1 ∀n = 0,1, . . .m−1. (19.18)

Hence, if n = 0,1,2, . . .m then

‖xn −x0‖ ≤
n−1

∑
j=0

‖x j+1−x j‖ ≤
n−1

∑
j=0

t j=1− t j = tn ≤ t∗, (19.19)

so

‖xn −x1‖ ≤
n−1

∑
j=1

t j+1− t j ≤ tn − t1 ≤ t∗−λ. (19.20)

Therefore, ∀x ∈U(xm,‖xm−x0‖), we have

‖x−x1‖ ≤ ‖x−xm‖+‖xm −x1‖ ≤ 2t∗−λ ≤ δ1. (19.21)

Let p0(x) = f (x0)+ f ′(x0)(x−x0)+F(x). Define the multifunction

Φm(x) = p−1
0 [ f (x0)+ f ′(x0)(x−x0)− f (xm)−Tm(x−xm)].

Next, we check all the conditions in Theorem 21. First, we have from the definition of the

method that

‖ f (x0)+ f ′(x0)(x−x0)− f (xm)−Tm(x−xm)‖
≤ ‖ f (x)− f (x0)− f ′(x0)(x−x0)‖

+‖ f (x)− f (xm)− f ′(xm)(x−xm)‖
+‖( f ′(xm)−Tm)(x−xm)‖

≤
Z 1

0
ϕ((1−θ)‖x−x0‖)dθ‖x−x0‖

+

Z 1

0
ϕ((1−θ)‖x−xm‖)dθ‖x−xm‖

+ψ(‖xm −x0‖)‖x−xm‖.

It follows that ∀x ∈U(xm,‖xm −x0‖)

‖ f (x0)+ f ′(x0)(x−x0)− f (xm)−Tm(x−xm)‖

≤ 2

Z 1

0
ϕ(2(1−θ)‖xm −x0‖)dθ‖xm −x0‖

+
Z 1

0
ϕ((1−θ)‖xm −x0‖)dθ‖xm −x0‖

+ψ(‖xm −x0‖)‖xm−x0‖.
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Hence, by (19.19) for n = m it follows

‖ f (x0)+ f ′(x0)(x−x0)− f (xm)−Tm(x−xm)‖ ≤ (2

Z 1

0
ϕ(2(1−θ)t∗)dθ

+

Z 1

0
ϕ((1−θ)t∗)dθ+ψ(t∗))t∗

for ‖xm −x0‖ ≤ t∗. Therefore, since t −∗ ≤ s, we get

‖ f (x0)+ f ′(x0)(x−x0)− f (xm)−Tm(x−xm)‖ ≤ (2

Z 1

0
ϕ(2(1−θ)s)dθ

+
Z 1

0
ϕ((1−θ)s)dθψ(s))s≤ δ2.

Second, we note that xm ∈ p−1
0 [ f (x0)+ f ′(x0)(xm−x0)− f (xm−1)−Tm−1(xm−xm−1)]. Us-

ing the Aubin property of p−1
0 (.) at (0,x1) with modulus κ and constants δ1 and δ2, we

obtain

d(xm,Φm(xm)) ≤ e{p−1
0 [ f (x0)+ f ′(x0)(xm −x0)− f (xm−1)−Tm−1(xm −xm−1)]

∩U(x1,δ1),Φm(xm)}
≤ κ‖ f (xm)− f (xm−1)−Tm−1(xm −xm−1)]

≤ κ‖( f (xm−1)−Tm−1)(xm−xm−1))‖

≤ β(

Z 1

0
ϕ((1−θ)(tm− tm−1))dθ+ψ(tm−1))‖xm−xm−1‖

= R(1−β(ψ(0)+ψ0(tm))),

where R =
β(

R 1
0 ϕ((1−θ)(tm− tm−1))dθ+ψ(tm−1))

1−β(ψ(0)+ψ0(tm)))
‖xm − xm−1‖. But, if p,q ∈

U(xm,‖xm −x0‖) we can write

e{Φm(p)∩U(xm,‖xm −x0‖),Φm(q)} ≤ e{Φm(p)∩U(xm,δ1),Φm(q)}
≤ β‖( f ′(x0)−Tm)(p−q)‖
≤ β(‖ f ′(x0)−T0‖+‖T0 −Tm‖)‖p−q‖
≤ β(ψ(0)+ψ0(‖xm −x0‖))‖p−q‖.

In view of ‖xm−x0‖≤ t∗ ≤ s and β(ψ(0)+ψ0(‖xm−x0‖)) < 1, the application of Theorem

21 with Φ = Φm, x̄ = x∗ and τ = β(ψ(0)+ψ0(‖xm −x0‖)) to deduce that ∃xm+1 ∈ U [x∗,R]
such that

xm+1 ∈ p−1
0 [ f (x0)+ f ′(x0)(xm+1−x0)− f (xm)−Tm(xm+1 −xm)].

Thus, xm+1 is a Newton iterative. It also follows by the induction hypotheses

‖xm+1 −xm‖ ≤ β(
R 1

0 ϕ((1−θ)‖xm −xm−1‖)dθ+ψ(‖xm−1 −x0‖)
1− (ψ(0)+ψ0(‖xm −x0‖))

‖xm −xm−1‖

≤ β(
R 1

0 ϕ((1−θ)(tm− tm−1))dθ+ψ(tm−1))

1−β(ψ(0)+ψ0(tm)))
(tm− tm−1).
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Thus, we have

‖xm+1−xm‖ ≤
≤
= tm+1 − tm.

Proof of Theorem 21 Using Lemma 36, sequence {tm} converges to t∗. Moreovere, it

follows by Lemma 36

∞

∑
m=m0

‖xm+1−xm‖ ≤
∞

∑
m=m0

(tm+1− tm) = t∗− tm < +∞,

for any m0 ∈ N. Hence, {xm} is a complete sequence in U(x0, t∗) and as such it converges

to some x∗ ∈U [x0, t∗]. Consequently,

x∗−xm‖ ≤ t∗− tm.

By the definition of {xm} in GIS we get

0 ∈ f (xm)+A(xm)(xm+1−xm)+F(xm=1) ∀m = 0,1, . . ..

By letting m −→ ∞ we can conclude that

0 ∈ f (x∗)+F(x∗), x∗ ∈U(x0, t∗).

Proposition 14. Suppose conditions of Theorem 21 hold. Then, the following assertions

hold

‖xn −x∗‖ ≤
α

1−α
(tn− tn−1) ∀n = 0,1, . . .

and

‖xn −x∗‖ ≤
λ

1−α
αn ∀n = 0,1, . . ..

Proof. By the proof of Lemma 36, we have

‖xm+1 −xm‖ ≤ tm+1− tm ≤ α(tm− tm−1 ≤ αmλ,

we show that

‖xk+n−xn‖ ≤ α(1+α+ . . .+αk−1)(tn− tn−1).

It follows that since α < 1

‖xk+n−xn‖ ≤
α

1−α
(tn− tn−1).

By letting k −→ +∞, the proof is complete.
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Chapter 20

A Derivative Free Two-Step Fourth

Order Method for Solving Equations

in Banach Space

1. Introduction

Let B be a Banach space and D ⊂ B be an open set. We are concerned with the problem of

approximating a locally unique solution x∗ ∈ D of equation

F(x) = 0, (20.1)

where F : D ⊂ B −→ B is a Fréchet differentiable, operator. The solution x∗ is being ap-

proximated by the method

yn = xn − [un,xn;F ]−1F(xn)

and (20.2)

xn+1 = yn +(aI +Mn(3−2a)I +(a−2)Mn))[un,xn;F]−1F(yn),

where a,b,c ∈ R,un = xn + bF(xn), zn = yn + cF(yn), Mn = [un,xn;F]−1[zn,yn;F] and

[., .;F] : D×D −→ L(B,B) is a divided difference of order one [1,2,3,4,5,6,7,8,9,10]. The

fourth convergence order of method (20.2) was shown in [15] under hypotheses on the fifth

derivative of operator F when B = R
k. But we extend the applicability of method (20.2) in

a Banach space setting and using any conditions on the divided difference of order one that

only appears on the method (20.2).

2. Local Convergence Analysis

Let a,b,c and δ be parameters. It is convenient to define some scalar functions and param-

eters. Set T = [0,∞).

Suppose that there exists:
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(1) The function w0 : T ×T −→ R is continuous and nondecreasing such that equation

q(t) = 0, where

q(t) = w0((1+ |b|δ(1+w0(t),0))t,t)−1

has a smallest solution ρ ∈ T −{0}. Set T1 = [0,ρ).

(2) The function w : T1 ×T1 −→ R is continuous and decreasing such that equation

g1(t)−1 = 0

has a smallest solution r1 ∈ T −1−{0}, where

g1(t) =
w(|b|δ(1+w0(t,0))t, t)

q(t)
.

(3) The functions w1 : T1×T1 −→ R, w2 : T1×T1 −→ R are continuous and nondecreas-

ing such that equation

g2(t)−1 = 0

has a smallest solution r2 ∈ T1 −{0}, where

g2(t) =

(

1+
γ(t)w2(g2(t)t,0)

q(t)

)

g1(t),

γ(t) =
|a|w1(β1(t),β2(t))

q(t)

+
w2(β3(t), (1+g1(t)t)

q(t)

+
|a−2|w2(β3(t), (1+g1(t)t)w1(β1(t),β2(t))

q2(t)
,

β1(t) = |b|δw2(t, (1+g1(t)t))(1+g1(t))t

|b−c|δw2((1+g1(t))t,0)g2(t)t,

β2(t) = (1+g1(t))t

and

β3(t) = (1+ |c|δw2((1+g1(t)t,0))g2(t)t.

The parameter r defined by

r = min{ri}, i = 1,2 (20.3)

shall be shown to be a radius of convergence for method (20.2). Set T2 = [0, r). It

follows from these definitions that

q(t) < 0 (20.4)

and

gi(t) < 1 (20.5)

for each t ∈ T2.
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Let U(x,ξ) stand for the open ball with center x ∈ B and of radius ξ > 0. Then, the set

U [x,ξ] denotes the corresponding closed ball.

The following conditions relate operators to scalar functions. Suppose:

(H1) There exist a solution x∗ ∈ D, δ > 0 such that F ′(x∗)−1 ∈ L(B,B) and ‖F ′(x∗)‖ ≤ δ.

(H2) ‖F ′(x∗)−1([u,x;F]−F ′(x∗))‖ ≤ w0(‖u−x∗‖,‖x−x∗‖) for each x,u ∈ D.
Set U1 = U(x∗,ρ)∩D.

(H3)

‖F ′(x∗)−1([u,x;F]− [x,x∗;F])‖ ≤ w(‖u−x‖,‖x−x∗‖),

‖F ′(x∗)−1([x,y;F]− [z,w;F])‖ ≤ w1(‖x− z‖,‖y−w‖)
and

‖F ′(x∗)−1[x,y;F]‖ ≤ w2(‖x−x∗‖,‖y−x∗‖).

and

(H4) U [x∗,R]⊂D, where R1 = (c+ |b|δ(1+w0(r,0)))r, R2 = (c+ |b|δw2(g1(r)r,0))g1(r)r

and R = max{R1,R2, r}.

But first, it is convenient to define items (if they exist)

α1
n = |b|δw2(‖xn −x∗‖,‖yn −x∗‖)(1+g−1(‖xn −x∗‖)‖xn −x∗‖

+|b−c|δw2(‖yn−x∗‖,0)g2(‖xn−x∗‖)‖xn−x∗‖,
α2

n = (1+g1(‖xn −x∗‖)‖xn−x∗‖,
α3

n = (1+ |c|δw2(‖yn−x∗‖,0))‖yn−x∗‖

and

γn =
|a|w1(α1

n,α2
n)

1−w0(‖un−x∗‖,‖xn−x∗‖)

+
w2(α3

n, (1+g1(‖xn −x∗‖))‖xn−x∗‖
1−w0(‖un−x∗‖,‖xn−x∗‖)

+
|a−2|w2(α3

n, (1+g1(‖xn−x∗‖))‖xn−x∗‖)w1(α1
n,αn62)

1−w0(‖un−x∗‖,‖xn−x∗‖) .

Moreover, notice that after some algebraic manipulation linear operator An can be rewritten

as

An = a[un,xn;F]−1([un,xn;F]− [zn,yn;F ])

+[un,xn;F ]−1[zn,yn;F]+(a−2)[un,xn;F]−1

×[zn,yn;F ][un,xn;F]−1([zn,yn;F]− [un,xn;F ]),

un −x∗ = xn −x∗ +bF(xn),

un −xn = bF(xn) = b[xn,x∗;F ](xn−x∗)

= bF ′(x∗)F ′(x∗)−1([xn,x∗;F]−F ′(x∗)+F ′(x∗))(xn−x∗)
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and

un − zn = b(F(xn)−F(yn))+(b−c)F(yn)

= bF ′(x∗)F ′(x∗)−1[xn,yn;F ](xn−yn)

+(b−c)F ′(x∗)F ′(x∗)−1[yn,x∗;F ](yn−x∗).

Theorem 22. Under conditions (H1)-(H4), sequence {xn} generated by method (20.2) is

well defined in U(x∗, r) and converges to x∗. Moreover, the following estimates hold

‖yn−x∗‖ ≤ g1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖< r (20.6)

and

‖xn+1−x∗‖ ≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (20.7)

where the functions gi are defined previously and the radius r is given by formula (20.3).

Proof. It follows by (H1), (H2), (20.3) and (20.4) that

‖F ′(x∗)−1([un,xn;F]−F ′(x∗))‖
≤ w0(‖un−x∗‖,‖xn −x∗‖)
≤ w0((1+ |b|δ(1+w0(‖xn −x∗‖,0))‖xn−x∗‖,‖xn −x∗‖)
≤ w0((1+ |b|δ(1+w0(r,0))r, r)< 1

so

‖[un,xn;F]−1F ′(x∗)‖ ≤ 1

qn

(20.8)

(by the Banach Lemma on invertible operators [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]), where we also

used that ‖un − x∗‖ ≤ (1 + |b|δ(1 + w0(r,0))r ≤ R, so un ∈ U [x∗,R]. Hence, iterate yn is

well defined. Then, we can write by the first substep of method (20.2)

yn −x∗ = xn −x∗− [un,xn;F ]−1F(xn)

= [un,xn;F]−1([un,xn;F]− [xn,x∗;F])(xn−x∗). (20.9)

By (20.3), (20.5), (H3), (20.7) and (20.8), we get in turn that

‖yn −x∗‖ ≤ w(|b|δ(1+w0(‖xn−x∗‖,0))‖xn−x∗‖,‖xn−x∗‖)‖xn−x∗‖
qn

≤ ‖xn −x∗‖ < r. (20.10)

Thus, the iterate yn ∈U(x∗, r) and estimate (20.6) holds. We need an upper bound on ‖An‖.
It follows by (20.7) and (H3) that

‖An‖ ≤ |a|w1(‖un− zn‖,‖yn−xn‖)
qn

+
w2(‖zn−x∗‖,‖yn−x∗‖)

qn

+
|a−2|w2(‖zn−x∗‖,‖yn −x∗‖)w1(‖zn−un‖,‖yn−xn‖)

q2
n

≤ |a|w1(α1
n,α2

n)

qn

+
w2(α2

n, (1+g1(‖xn−x∗‖))‖xn−x∗‖
qn

+
|a−2|w2(α3

n, (1+g1(‖xn −x∗‖))‖xn−x∗‖)w1(α1
n,α3

n)

q2
n

,

(20.11)
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where we also used

‖un − zn‖ ≤ |b|δw2(‖xn −x∗‖,‖yn−x∗‖)(1+g1(‖xn −x∗‖)‖xn −x∗‖
+|c−b|δw2(‖yn −x∗‖,0)g2(‖xn−x∗‖) = α1

n

‖yn −xn‖ ≤ (1+g1(‖xn −x∗‖))‖xn−x∗‖ = α2
n

and

‖zn −x∗‖ = ‖yn −x∗ +c[yn,x∗;F](yn −x∗)‖
≤ (1+ |c|δw2(‖yn −x∗‖,0))‖yn−x∗‖= α3

n.

It then follows from the second substep of method (20.2) and the preceding estimates that

‖xn+1 −x∗‖ = ‖yn −x∗ +An[un,xn;F]−1[yn,x∗;F](yn −x∗)‖

≤ (1+
‖An‖w2(‖yn −x∗‖,0)

qn

)‖yn −x∗‖

≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r. (20.12)

Hence, the iterate xn+1 ∈U(x∗, r) and (20.7) holds, where we also used

‖un −x∗‖ ≤ (1+ |b|δ(1+w0(r,0)))r = R1 ≤ R

and

‖zn −x∗‖ ≤ (1+ |c|δw2(g1(r)r,0))g1(r)r = R2 ≤ R.

Next, a uniqueness result follows for the solution of an equation F(x) = 0.

Proposition 15. Suppose:

(i) The point x∗ ∈ D is a simple solution of equation F(x) = 0.

(ii) Condition (H2) holds.

(iii) There exists λ ≥ r such that

w0(λ,0) < 1. (20.13)

Set D2 = D∩U [x∗,λ]. Then, the point x∗ is the only solution of equation F(x) = 0 in

the set D2.

Proof. Let p ∈ D2 be a solution of equation F(x) = 0. Define the linear operator S =

[x∗, p;F]. Then, by (H2) and (20.13)

‖F ′(x∗)−1(S−F ′(x∗))‖ ≤ w0(‖p−x∗‖,0)

≤ w0(λ,0) < 1,

so linear operator is S invertible and the identity S(p− x∗) = F(p)−F(x∗) = 0 implies

p = x∗.
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Chapter 21

Local Convergence for an Efficient

Derivative Free Fourth Order

Method for Solving Equations in

Banach Space

1. Introduction

Let B be a Banach space and D ⊂ B be an open set. We are concerned with the problem of

approximating a locally unique solution x∗ ∈ D of equation

F(x) = 0, (21.1)

where F : D ⊂ B −→ B is a Fréchet differentiable, operator. The solution x∗ is being ap-

proximated by the fourth-order method

yn = xn −A−1
n F(xn)

and (21.2)

xn+1 = yn −BnF(yn),

where An = [xn +F(xn),xn;F], Bn = [yn,xn;F]−1Cn[yn,yn;F]−1, Cn = [yn,xn;F ]− [yn,xn +
F(xn);F] + [xn + F(xn),xn;F] and [., .;F] : D× D −→ L(B,B) is a divided difference of

order one [1, 2, 3]. The fourth convergence order of method (21.2) was shown in [11]

under hypotheses on the fifth derivative of operator F when B = R
k. But we extend the

applicability of method (21.2) in a Banach space setting and using only conditions on the

divided difference of order one that only appears on the method (21.2). Relevant work can

be found in [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15].

2. Convergence

The local convergence analysis uses real functions and parameters. Set M = [0,∞).
Suppose that there exists:
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(a1) Functions w2 : M −→ R, w0 : M×M −→ R continuous and nondecreasing such that

equation p(t) = 0, where p : M −→ M is given by

p(t) = 1−w0(t +w2(t), t)

has a smallest solution denoted by r ∈ M−{0}. Set M0 = [0, r).

(a2) Functions w5,w1 : M0×M0 −→R, w3,w4 : M0 −→R continuous and decreasing such

that the equations

h1(t)−1 = 0

and

h2(t) = 0

have smallest solutions ρ1, ρ2 ∈ M0−{0}, respectively, where

h1(t) =
w1(w2(t), t)

p(t)

and

h2(t) = h1(t)+w3(h1(t)t(1+
w4(β+w2(t))+w5(t +w2(t))

p2(t)
).

The parameter ρ given by

ρ = min{ρi}, i = 1,2 (21.3)

shall be shown to be a radius of convergence for method (21.2). Set M1 = [0,ρ). It

follows by these definitions that for all t ∈ M1

p(t) > 0 (21.4)

and

hi(t) < 1. (21.5)

By U(x,α) we denote the open ball with center x ∈ D and of radius α > 0. The ball

U [x,α] denotes its closure.

Next, the “w” functions and parameter β are related to the conditions:

(a3) There exists a solution x∗ ∈ D of equation F(x) = 0 such that F ′(x∗)−1 ∈ L(B2,B1).

(a4) ‖F ′(x∗)−1([y,x;F]−F ′(x∗))‖ ≤ w0(‖y−x∗‖,‖x−x∗‖),

‖F(x)‖ ≤ w2(‖x−x∗‖) for all x,y ∈ D.

Set D1 = D∩U(x∗, r).

(a5) ‖F ′(x∗)−1([x+F(x),x;F]− [x,x∗;F])‖ ≤ w1(‖F(x)‖,‖x−x∗‖),

‖[y,x∗;F]‖ ≤ w3(‖y−x∗‖),

‖F ′(x∗)−1([y,x;F]− [y,x+F(x);F])‖ ≤ w4(‖F(x)‖)
and

‖F ′(x∗)−1[y,x;F]‖ ≤ w5(‖y−x∗‖,‖x−x∗‖)
for all x,y ∈ D1.
and

本书版权归Nova Science所有



Local Convergence for An Efficient Derivative Free Fourth Order Method . . . 211

(a6) U [x∗,R]⊂ D, . where R = ρ+w2(ρ).

Next, the local convergence of method (21.2) is presented using the preceding terminology.

Theorem 23. Under conditions (a1)-(a6) hold. Then, sequence {xn} generated by method

(21.2) for x0 ∈U(x∗,ρ) is well defined in the ball U [x∗,ρ] and converges to x∗ so that

‖yn −x∗‖ ≤ h1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < ρ (21.6)

and

‖xn+1−x∗‖ ≤ h2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (21.7)

where the functions hi are defined previously and the radius r is given by formula (21.3).

Proof. The first substep of method (21.2) gives

yn −x∗ = xn −x∗−A−1
n F9xn)

= A−1
n ([xn +F(xn),xn;F]− [xn,x∗;F ])(xn−x∗)

leading by (a3)-(a5) to

‖yn −x∗‖ ≤ w1(w2(‖xn −x∗‖,‖xn −x∗‖)‖xn −x∗‖
1−w0(‖xn −x∗‖+w2(‖xn −x∗‖),‖xn−x∗‖)

≤ h1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < ρ, (21.8)

where we also used

‖A−1
n F ′(x∗)‖ ≤ 1

pn

(21.9)

implied by the Banach lemma on invertible operators [1,2,3] and the estimate

‖F ′(x∗)−1([xn +F(xn),xn;F]−F ′(x∗))‖ ≤ w0(‖xn−x∗ +F(xn)‖,‖xn−x∗‖)
≤ w0(‖xn−x∗‖+‖F(xn)‖,‖xn−x∗‖)
≤ w0(ρ+w2(ρ),ρ) < 1.

Notice that we also used

‖xn −x∗ +F(xn)‖ ≤ ρ+w2(ρ) = R.

It follows by (21.3), (21.4) and (21.8) that (21.6) holds (for n = 0) and yn ∈U(x∗,ρ). Simi-

larly, from the second substep of method (21.2) we can write

xn+1−x∗ = ([yn,x∗;F]− [yn,xn;F])−1([yn,xn;F]− [yn,xn +F(xn);F]

+[xn +F(xn),xn;F])[yn,xn;F ]−1[yn,x∗;F](yn −x∗)

leading to

‖xn+1−x∗‖ = {w3(‖yn−x∗‖+
w3(‖yn−x∗‖)

p2
n

(w4(w2(‖xn −x∗‖))+w5(‖xn−x∗‖+w2(‖xn −x∗‖))‖yn−x∗‖
≤ h2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖.
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Therefore, (21.7) holds and xn+1 ∈ U(x∗,ρ) (for n = 1). Using induction the same calcula-

tions complete the induction for (21.6) and (21.7). Then, the estimate

‖xn+1−x∗‖ ≤ γ‖xn −x∗‖ ≤ γn+1‖x0 −x∗‖ < ρ

leads to lim
n−→∞

xn = x∗.

The uniqueness of the solution of results as similar to [1,2,3] is omitted.
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Chapter 22

Extended Local Convergence of

Steffensen-Type Methods for Solving

Nonlinear Equations in Banach

Space

1. Introduction

Let B be a Banach space and D ⊂ B be an open set. We are concerned with the problem of

approximating a locally unique solution x∗ ∈ D of the nonlinear equation

F(x) = 0, (22.1)

where F : D −→ B is a Fréchet-differentiable operator. A plethora of applications reduces

to solving equation (22.1). The solution x∗ is needed in a closed form. But this is at-

tainable only in special cases. That explains why most solution methods are iterative. In

particular, we study the local convergence of the Steffensen-type method (STM) defined

∀n = 0,1,2, . . . by

yn = xn −A−1
n F(xn)

and (22.2)

xn+1 = yn −B−1
n F(yn),

where An = [xn,wn;F], [., .;F] : D×D −→ L(B,B) is a divided difference of order one for

operator F,wn = xn +F(xn) and Bn = [yn,wn;F ]+ [yn,xn;F]− [xn,wn;F]. STM was studied

in [13]. It was found to be of a fourth convergence order. In particular, the radius of conver-

gence was established. We show that this radius can be enlarged without new conditions.

Other benefits include tighter error bounds on distances ‖xn − x∗‖ and better information

on the uniqueness of the solution. The technique is independent of method (22.2). Thus,

it can be used to extend the applicability of other methods. This process specifies a more

precise location of the STM iterates leading to at least as tight Lipschitz parameters which

are specializations of the ones in [13]. Hence, no additional computational effort is required

for these benefits either.
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2. Local Analysis of STM

The analysis is based on certain parameters and real functions. Let L0,L, and α be positive

parameters. Set T1 = [0,
1

(2+α)L0

] provided that (2+α)L0 < 1.

Define function h1 : T1 −→ R by

h1(t) =
(1+α)Lt

1− (2+α)L0t
.

Notice that parameter ρ

ρ =
1

(1+α)L+(2+α)L0

is the only solution to the equation

h1(t)−1 = 0

in the set T1. Define the parameter ρ0 by

ρ0 =
1

(2+α)(L0 +L)
.

Notice that ρ0 < ρ. Set T0 = [0,ρ0].

Define function h2 : T0 −→ R by

h2(t) =
(2+2α+h1(t))Lh1(t)t

1− (2+α)(L0 +L)t
.

The equation

h2(t)−1 = 0

has a smallest solution R∈ T0−{0} by the intermediate value theorem, since h2(0)−1=−1

and h2(t)−→ ∞ as y −→ ρ−
0 . It shall be shown that R is a radius of convergence for method

(22.2). It follows by these definitions that ∀t ∈ T0

0 ≤ (L0 +L)(2+α)t < 1, (22.3)

0 ≤ h1(t) < 1 (22.4)

and

0 ≤ h2(t) < 1. (22.5)

Let U(x0,λ) = {x ∈ B : ‖x−x0‖< λ} and U [x0,λ] = {x ∈ B : ‖x−x0‖≤ λ} for some λ > 0.

The following conditions are used:

(C1) There exists a solution x∗ ∈ D of equation F(x) = 0 such that F ′(x∗)−1 ∈ L(B,B).
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(C2) There exist positive parameters L0 and α such that ∀v, z ∈ D

‖F ′(x∗)−1([v, z;F]−F ′(x∗))‖ ≤ L0(‖v−x∗‖+‖z−x∗‖)

and

‖F(x)‖ ≤ α‖x−x∗‖.
Set D1 = U(x∗,ρ)∩D.

(C3) There exists a positive constant L > 0 such that ∀x,y,v, z ∈ D1

‖F ′(x∗)−1([x,y;F]− [v, z;F])‖ ≤ L(‖x−v‖+‖y− z‖)

and

(C4) U [x0,R]⊂ D.

Next, the local convergence of method (22.2) is presented using the preceding terminology

and conditions.

Theorem 24. Under conditions (C1)-(C4) further suppose that x0 ∈ U(x∗,R). Then, se-

quence STM generated by method (22.2) is well defined in U(x∗,R), Stays in U(x∗,R) ∀n =
0,1,2, . . . and is convergent to x∗ so that

‖yn −x∗‖ ≤ h1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < R (22.6)

and

‖xn+1−x∗‖ ≤ h2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (22.7)

where functions h1,h2 and radius R are defined previously.

Proof. It follows by method (22.2), (C1), (C2) and x0 ∈U(x∗,R) in turn that

‖F ′(x∗)−1(A0−F ′(x∗))‖ = ‖F ′(x∗)−1([x0,x0 +F(x0);F]−F ′(x∗))‖
≤ L0(2‖x0−x∗‖+‖F(x0)−F(x∗)‖
≤ L0(2+α)‖x0−x∗‖
< L0(2+α)R. (22.8)

It follows by (22.8) and the Banach lemma on invertible operators [2] that A−1
0 ∈ L(B,B)

and

‖A−1
0 F ′(x∗)‖ ≤ 1

1− (2+α)L0‖x0 −x∗‖ . (22.9)

Hence, iterate y0 exists by the first substep of method (22.2) for n = 0. It follows from the

first substep of method (22.2), (C2) and (C3) that

‖y0 −x∗‖ ≤ ‖x0 −x∗−A−1
0 F(x0)

‖A−1
0 F ′(x∗)F ′(x∗)−1(A0− (F(x0)−F(x∗)))(x0−x∗)‖

≤ ‖A−1
0 F ′(x∗)‖‖F ′(x∗)−1(A0 − (F(x0)−F(x∗)))‖‖x0−x∗‖

≤ L(‖x0 −x∗‖+‖F(x0)−F(x∗))
1−L0(2+α)‖x0 −x∗‖ (22.10)

≤ h1(‖x0 −x∗‖)‖x0−x∗‖< ‖x0 −x∗‖ < R.
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Thus, y0 ∈U(x∗,R) and (22.6) holds for n = 0. Similarly, by the second substep of method

(22.2), we have

‖F ′(x∗)−1(B0 −F ′(x∗))‖ = ‖F ′(x∗)−1([y0,w0;F]− [y0,x0;F]− [x0,w0;F]− [x∗,x∗;F])‖
≤ L‖y0 −w0‖+L0(‖y0−x∗‖+‖w0 −x∗‖)
≤ L(‖y0 −x∗‖+‖w0 −x∗‖)+L0(‖y0 −x∗‖+‖w0 −x∗‖)

≤ (L+L0)(2+α)R <
L+L0

L+L0

= 1, (22.11)

so, B−1
0 ∈ L(B,B) and

‖B−1
0 F ′(x∗)‖ ≤ 1

1− (L+L0)(2+α)‖x0−x∗‖ . (22.12)

Hence, iterate x1 exists by the second sub-step of method (22.2). Then, as in (22.14) we get

in turn that

‖x1 −x∗‖ ≤ ‖y0 −x∗−B−1
0 F(y0)‖

≤ ‖B−1
0 F ′(x∗)‖‖F ′(x∗)−1(B0− (F(y0)−F(x∗)))‖‖y0−x∗‖

≤ ‖F ′(x∗)−1([y0,w0;F]+ [y0,x0;F ]− [x0,w0;F ]− [y0,x∗ : F ])‖
1− (L+L0)(2+α)‖x0−x∗‖ ‖y0 −x∗‖

≤ L(2+2α+h2(‖x0 −x∗‖))‖x0−x∗‖
1− (L+L0)(2+α)‖x0−x∗‖ h1(‖x0 −x∗‖)‖x0−x∗‖ (22.13)

≤ h2(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0 −x∗‖ < R.

Therefore, x1 ∈U(x∗,R) and (22.7) holds for n = 0.

Simply replace x0,y0,x1 by xm,ym,xm+1, ∀m = 0,1,2 . . . in the preceding calculations to

complete the induction for (22.6) and (22.7). It then follows from the estimate

‖xm+1 −x∗‖ ≤ b‖xm −x∗‖ < R, (22.14)

4 where, b = h2(‖x0−x∗‖) ∈ [0,1) that xm+1 ∈ U(x∗,R) and limm−→∞xm = x∗.

Concerning the uniqueness of the solution x∗ (not given n [13]), we provide the result.

Proposition 16. Suppose:

(i) The point x∗ is a simple solution x∗ ∈U(x∗, r)⊂ D for some r > 0 of equation F(x) =
0.

(ii) There exists positive parameter L1 such that ∀y ∈ D

‖F ′(x∗)−1([x∗,y;F]−F ′(x∗))‖ ≤ L1‖y−x∗‖ (22.15)

(iii) There exists r1 ≥ r such that

L1r1 < 1. (22.16)

Set D2 = U [x∗, r1]∩D. Then, x∗ is the only solution of equation F(x) = 0 in the set

D2.
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Proof. Set S = [x∗,y∗;F] for some y∗ ∈ D2 with F(y∗) = 0. It follows by (i), (22.15) and

(22.16) that

‖F ′(x∗)−1(S−F ′(x∗))‖ ≤ L1‖y∗−x∗‖) < 1,

so, x∗ = y∗ by invertibility of S and identity S(x∗−y∗) = F(x∗)−F(y∗) = 0.

Remark. (i) Notice that not all conditions of Theorem 24 are used in Proposition 16.

But if they were, then we can set r1 = R.

(ii) By the definition of set D1 we have

D1 ⊂ D. (22.17)

Therefore, the parameter

L ≤ M, (22.18)

where M is the corresponding Lipschitz constant in [1, 11, 12, 13] appearing in the

condition ∀x,y, z ∈ D

‖F ′(x∗)−1([x,y;F]− [v, z;F])‖ ≤ M(‖x−v‖+‖y− z‖). (22.19)

So, the radius of convergence R0 in [1,11,12] uses M instead of L. That is by (22.18)

R0 ≤ R. (22.20)

Examples where (22.17), (22.18) and (22.20) holds can be found in [2, 3, 4, 5, 6, 7, 8, 9,

10,14]. Hence, the claims made in the introduction have been justified.
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Chapter 23

Extended Convergence Analysis of

Optimal Eighth Order Methods for

Solving Nonlinear Equations in

Banach Space

1. Introduction

Let X and Y be a Banach space and Ω ⊂ X be an open set. We are concerned with the

problem of approximating a locally unique solution x∗ ∈ Ω of the nonlinear equation

F(x) = 0, (23.1)

where F : Ω −→ Y is a Fréchet-differentiable operator. We consider the iterative method

defined ∀n = 0,1,2, . . . by

yn = xn −αF ′(xn)
−1F(xn),

zn = d4(xn,yn) (23.2)

and

xn+1 = d8(xn,yn, zn),

where α is a real parameter and dn : Ω×Ω −→ X , d8 : Ω×Ω×Ω :−→ X are continuous

operators. If X = Y = R, α = 1, and d4,d8 are iteration functions of order four and eight

respectively, then method (23.2) was shown to be of order eight in [5].

2. Local Convergence

The local convergence analysis uses some scalar functions and positive parameters. Let

S = [0,∞).

Suppose there exist:
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(i) function w0 : S −→ R continuous and nondecreasing such that equation

w0(t)−1 = 0

has a smallest solution ρ0 ∈ S−{0}. Let S0 = [0,ρ0).

(ii) function w : S0 −→ R continuous and nondecreasing such that equation

g1(t)−1 = 0

has a smallest solution r1 ∈ S0 −{0}, where function g1 : S0 −→ R is defined by

g1(t) =

R 1
0 w((1−θ)t)dθ+ |1−α|(1+

R 1
0 w0(θt)dθ)

1−w0(t)
.

(iii) functions g2,g3 : S0 −→ R continuous and nondecreasing such that equations

g2(t)−1 = 0

and

g3(t)−1 = 0

has smallest solutions r2, r3 in S0 −{0}, respectively. The parameter r defined by

r = min{rm}, m = 1,2,3 (23.3)

shall be shown to be a radius of convergence for method (23.2). Set S1 = [0, r). it

follows by this definition and (23.3) that ∀t ∈ S1

0 ≤ w0(t) < 1 (23.4)

and

0 ≤ gn(t) < 1. (23.5)

Let U(x,µ) = {x ∈ B : ‖x−x0‖ < µ} and U [x,µ] = {x ∈ B : ‖x−x0‖ ≤ µ} for some µ > 0.

The aforementioned functions and parameters are connected to the following condi-

tions:

(h1) ∃ a simple solution x∗ ∈ Ω of equation F(x) = 0.

(h2)

‖F ′(x∗)−1(F ′(x)−F ′(x∗))‖ ≤ w0(‖x−x∗‖) for each x ∈ Ω.

Set U0 = U(x∗,ρ0)∩Ω.

(h3)

‖F ′(x∗)−1(F ′(y)−F ′(x))‖ ≤ w(‖y−x‖) for each x,y ∈ U0.
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(h4)

‖dn(x,y)−x∗‖ ≤ g2(‖x−x∗‖)‖x−x∗‖

for each x ∈ Ω0 and y = x−αF ′(x)−1F(x).

(h5)

‖d8(x,y, z)−x∗‖ ≤ g3(‖x−x∗‖)‖x−x∗‖

for each x ∈U0,y = x−αF ′(x)−1F(x), d4(x,x−αF ′(x)−1F(x)).

(h6) U [x∗, r]⊂ Ω.

Next, the main local convergence result is presented using the developed terminology and

the “h” conditions.

Theorem 25. Under conditions (h1)-(h6) hold, choose x0 ∈U(x∗, r)−{x∗}. Then, sequence

{xn} generated by method (23.2) is well defined in U(x∗, r), and is convergent to x∗. More-

over, the following estimates hold for all n = 0,1,2, . . .

‖yn −x∗‖ ≤ g1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r, (23.6)

‖zn−x∗‖ ≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ (23.7)

and

‖xn+1−x∗‖ ≤ g3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (23.8)

where functions gm are previously defined and parameter r is given by formula (23.3).

Proof. Let v ∈U(x∗, r). Then, it follows by applying (h1), (h2) and using (23.3) that

‖F ′(x∗)−1(F ′(v)−F ′(x∗))‖ ≤ w0(‖v−x∗‖) < 1,

thus F ′(v)−1 ∈ L(Y,X) and

‖F ′(v)−1F ′(x∗)‖ ≤ 1

1−w0(‖v−x∗‖) (23.9)

by the Banach Lemma on linear operators with inverses [4]. If v = x0, then (23.9) implies

F ′(x0)
−1 is invertible. Hence, iterate y0 is well defined by method (23.2) for n = 0. We can

also write

y0 −x∗ = x0 −x∗−F ′(x0)
−1F(x0)+(1−α)F ′(x0)

−1F(x0). (23.10)

By using (23.3), (23.5) (for m = 1), (23.9) (for v = x0) and (h1)-(h3) we get

‖y0−x∗‖ ≤ 1

1−w0(‖x0−x∗‖)[
Z 1

0
w((1−θ)‖x0−x∗‖)dθ

+|1−α|(1+
Z 1

0
w0(θ‖x0−x∗‖)dθ)]‖x0−x∗‖

≤ g1(‖x0−x∗‖)‖x0−x∗‖< ‖x0 −x∗‖ < r, (23.11)
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proving (23.6) for n = 0 and y0 ∈U(x∗, r). Similarly, using (23.2), (h4) and (h5)

‖z0−x∗‖ ≤ g2(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖ (23.12)

and

|x0 −x∗‖ ≤ g3(‖x0 −x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖, (23.13)

showing (23.7), (23.8), respectively and z0,x1 ∈ U(x∗, r). By simply replacing x0,y0, z0,x1

by xi,yi, zi,xi+1, in the preceding calculations to complete the induction for estimates (23.6)-

(23.8). Then, by the estimate

‖xi+1 −x∗‖ ≤ b‖xi −x∗‖< r, (23.14)

where, b = g3(‖x0 −x∗‖) ∈ [0,1), we conclude limi−→∞xi = x∗ and xi+1 ∈U(x∗, r).

Next, a uniqueness of the solution result for equation F(x) = 0 is presented.

Proposition 17. Assume:

(i) There exists a simple solution x∗ ∈U(x∗,ρ) of equation F(x) = 0 for some ρ > 0.

(ii) The condition (h2) holds.

(iii) There exists ρ1 ≥ ρ such that

Z 1

0
w0(θρ1)dθ < 1. (23.15)

Set U1 = U [x∗,ρ1]∩Ω. Then, the point x∗ is the only solution of equation F(x) = 0

in the set U1.

Proof. Let y∗ ∈U1 with F(y∗) = 0. Define the linear operator T =

Z 1

0
F ′(x∗+θ(y∗−x∗))dθ.

Then, by using (h2) and (23.15) we obtain

‖F ′(x∗)−1(T −F ′(x∗))‖ ≤
Z 1

0
w0(θ‖y∗−x∗‖)dθ ≤

Z 1

0
w0(θρ1)dθ < 1.

Therefore, x∗ = y∗ by invertibility of T and identity T (x∗−y∗) = F(x∗)−F(y∗) = 0.

Remark. The uniqueness of the solution x∗ was shown in Proposition by using only condi-

tion (h2). However, if all “h” conditions are used, then set r = ρ.

3. Special Cases

In this Section we specialize method (23.2), to determine functions g2 and g3.

Case 1 Choose

d4(xn,yn) = yn −AnF(yn)

and

d8 = zn −BnF(zn),
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where An = (2[yn,xn;F]−F ′(xn))
−1, Bn = [zn,xn;F]−1[zn,yn;F]C−1

n and Cn = 2[zn,yn;F ]−
[zn,xn;F ]. Let functions w1,w2,w3,w5 : S0×S0 −→R, w4 : S0×S0×S0 −→R be continuous

and nondecreasing. Moreover, define scalar sequences and functions provided that iterates

xn,yn, zn exist and ‖xn −x∗‖ ≤ t.

pn = w1(‖zn−x∗‖,‖yn−x∗‖)+w4(‖xn−x∗‖,‖yn−x∗‖)
≤ w1(g2(t)t,g1(t)t)+w4(g2(t)t,g1(t)t) = p(t),

qn =
1

1−Pn

≤ 1

1− p(t)
= q(t),

sn = w4(‖xn −x∗‖,‖yn−x∗‖,‖zn−x∗‖)+w3(‖xn−x∗‖,‖yn−x∗‖)
≤ w4(t,g1(t)t,g2(t)t)+w3(t,g1(t)t) = s(t).

Define functions g2 and g3 by

g2(t) =
(w2(t,g1(t)t)+w3(t,g1(t)t)g1(t)

1− (w1(t,g1(t)t)+w2(t,g1(t)t))

and

g3(t) =
(w4(t,g1(t)t,g2(t)t)+q(t)s(t)w5(g2(t)t,g1(t)t))g2(t)

1−w1(g2(t)t, t)
.

Notice that function g2 and g3 are well defined on S1 = [0,γ) provided that equation

w1(t,g1(t)t)+w2(t,g1(t)t)−1 = 0

and

w1(g1(t)t, t)−1 = 0

have smallest solutions γ1 and γ2, respectively in S0 −{0} and

γ = min{ρ,γ1,γ2}.

Then, consider conditions (h7) replacing (h4) and (h5):

(h7)

‖F ′(x∗)−1([x,y;F]−F ′(x∗))‖ ≤ w1(‖x−x∗‖,‖y−x∗‖),
‖F ′(x∗)−1([x,y;F]−F ′(y))‖ ≤ w2(‖x−x∗‖,‖y−x∗‖),

‖F ′(x∗)−1([y,x;F]− [y,x∗;F])‖ ≤ w3(‖y−x∗‖,‖x−x∗‖),
‖F ′(x∗)−1([z,y;F]− [z,y;F])‖ ≤ w4(‖x−x∗‖,‖y−x∗‖,‖z−x∗‖),

‖F ′(x∗)−1[z,y;F]‖ ≤ w5(‖z−x∗‖,‖y−x∗‖),
‖F ′(x∗)−1F ′(x)‖ ≤ w6(‖x−x∗‖),

‖F ′(x∗)−1([x,x∗;F]−F ′(y))‖ ≤ w7(‖x−x∗‖,‖y−x∗‖)
and

‖F ′(x∗)−1[x,x∗;F]‖ ≤ w8(‖x−x∗‖).
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Then, we use the estimates

‖F ′(x∗)−1(A−1
n −F ′(x∗))‖ ≤ w1(‖xn −x∗‖,‖yn−x∗‖)

+w2(‖xn−x∗‖,‖yn−x∗‖) = pn < 1,

so

‖AnF ′(x∗)‖ ≤ 1

1− pn

,

zn−x∗ = yn −x∗− (2[yn,xn;F]−F ′(xn))
−1F(yn)

= An(2[yn,xn;F ]−F ′(xn)− [yn,x∗;F])(yn−x∗),

thus

‖zn−x∗‖ ≤ ‖AnF ′(x∗)‖‖F′(x∗)−1([yn,xn;F]−F ′(xn))

+([yn,xn;F]− [zn,x∗;F ])‖‖yn−x∗‖
≤ g2(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

‖F ′(x∗)−1(Cn −F ′(x∗))‖ ≤ w1(‖z0−x∗‖,‖yn−x∗‖)
+w4(‖xn −x∗‖,‖yn −x∗‖,‖zn−x∗‖)

≤ pn.

Hence

‖C−1
n F ′(x∗)‖ ≤ 1

1− pn

= qn.

Moreover, we can write in turn that

zn −x∗− [zn,xn;F]−1[zn,yn;F]C−1
n [zn,x∗;F](zn−x∗)

= [zn,yn;F]−1{([zn,xn;F]− [zn,xn;F])

+[zn,yn;F]C−1
n (2[zn,yn;F]− [zn,xn;F ]− [zn,x∗;F])}(zn−x∗),

so

‖xn+1−x∗‖ = ‖zn−x∗−BnF(zn)‖

≤ 1

1−w1(‖zn −x∗‖,‖xn−x∗‖)
[w4(‖xn −x∗‖,‖yn−x∗‖,‖zn−x∗‖)
+qnsnw5(‖zn−x∗‖,‖yn−x∗‖)]‖zn−x∗‖

≤ g3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖x−n−x∗‖.

Thus, we arrived:

Theorem 26. Suppose that conditions (h1), (h2), (h3), (h6), and (h7) hold. Then, the con-

clusions of Theorem 25 hold. Concerning the uniqueness of the solution, we can also use

function w1 (see (h7)) instead of w0 (see (h2)).

Proposition 18. Suppose:
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(i) There exists a simple solution x∗ ∈U(x∗,ρ) of equation F(x) = 0 for some ρ > 0.

(ii) The first condition in (h7) holds.

(iii) There exists ρ∗ ≥ ρ such that

w1(0,ρ∗) < 1. (23.16)

Set U2 = U [x∗,ρ∗]∩Ω. Then, the point x∗ is the only solution of equation F(x) = 0

in the set U2.

Proof. Let y∗ ∈ U2 with F(y∗) = 0. Define the linear operator T1 = [x∗,y∗;F]. Then, by

using the first condition in (h7) and (23.16), we get

‖F ′(x∗)−1(T1 −F ′(x∗))‖ ≤ w1(0,‖y∗−x∗‖)≤ w1(0,ρ∗) < 1,

implying x∗ = y∗.

Comments similar to Remark 2. can follow.

Case 2 Choose:

d4(xn,yn) = yn −AnF(yn),

where

An = [yn,xn;F]−1F ′(xn)[yn,xn;F]−1.

Then, assuming the iterates xn,yn exist, we have the estimate

zn −x∗ = yn −x∗− [yn,xn;F ]−1F ′(xn)[yn,xn;F]−1[yn,x∗;F](yn −x∗)

= {I− [yn,xn;F]−1F ′(xn)[yn,xn;F]−1[yn,x∗;F ]}(yn−x∗)

The expression inside the braces can be written as

[yn,xn;F ]−1([yn,xn;F ]−F ′(xn))+F ′(xn)[yn,xn;F]−1([yn,xn;F]− [yn,x∗;F ]).

Composing by F ′(x∗)−1 and using the condition (h7) we get

‖F ′(x∗)−1([yn,xn;F]−F ′(xn))‖+‖F ′(x∗)−1F ′(xn)‖
‖[yn,xn;F]−1F ′(x∗)‖‖F ′(x∗)−1([yn,xn;F]− [yn,x∗;F ])‖

≤ w2(‖xn−x∗‖,‖yn−x∗‖)+
w6(‖xn −x∗‖w3(‖xn −x∗‖,‖yn −x∗‖)

1−w1(‖xn −x∗‖,‖yn−x∗‖)
= en,

so

‖zn−x∗‖ ≤ 1

1−w1(‖xn−x∗‖,‖yn−x∗‖)en‖yn −x∗‖.

It follows that function g2 can be defined by

g2(t) =
1

1−w1(t,g1(t)t)
(w2(t,g1(t)t)+

w6(t)w3(t,g1(t)t)

1−w1(t,g1(t)t)
).

Case 3 Choose:

d4(xn,yn) = yn −AnF(yn),
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where

An = 2[yn,xn;F]−1 −F ′(xn)
−1.

This time we get

zn−x∗ = yn −x∗−An[yn,x∗;F ](yn−x∗)

= {I −An[yn,x∗;F]}(yn−x∗).

The expression inside the braces can be written as

F ′(xn)
−1(F ′(xn)− [yn,x∗;F ])−2[yn,xn;F ]−1

(F ′(xn)− [yn,xn;F])F ′(xn)
−1[yn,x∗;F].

Using the conditions (h7) we obtain

‖F ′(xn)
−1F ′(x∗)‖‖F ′(x∗)−1(F ′(xn)− [yn,x∗;F])‖

+2‖[yn,xn;F]−1F ′(x∗)‖‖F ′(x∗)−1(F ′(xn)− [yn,xn;F])‖
‖F ′(xn)

−1F ′(x∗)‖‖F ′(x∗)−1[yn,x∗;F]‖

≤ w7(‖xn −x∗‖,‖yn−x∗‖)
1−w0(‖xn −x∗‖)

+2
w2(‖xn −x∗‖,‖yn−x∗‖)w8(‖yn−x∗‖)

(1−w1(‖xn−x∗‖,‖yn−x∗‖))(1−w0(‖xn −x∗‖)) = λn,

thus

‖zn −x∗‖ ≤ λn‖yn −x∗‖.
Hence, the function g2 can be defined by

g2(t) =
w7(t,g1(t)t)

1−w0(t)
+2

w2(t,g1(t)t)w8(g1(t)t)

(1−w0(t))(1−w1(t,g1(t)t))
.
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Chapter 24

Efficient Fifth Convergence Order

Methods for Solving Equations in

Banach Space

1. Introduction

Sharma and Guha (2014) in [14], studied the following iterative method of order five defined

∀n = 0,1,2, . . . by

yn = xn −F ′(xn)
−1F(xn),

zn = yn −5F ′(xn)
−1F(yn) (24.1)

and

xn+1 = yn −
9

5
F ′(xn)

−1F(yn)−
1

5
F ′(xn)

−1F(zn),

for approximating a locally unique solution x∗ of the nonlinear equation

F(x) = 0. (24.2)

Here F : D ⊂ B1 −→ B2 is a Fréchet-differentiable operator between Banach spaces B1,B2,

and D is an open convex set in B1. A plethora of applications reduce to solving equation

(24.2). The solution x∗ is needed in a closed form. But this is attainable only in special

cases. That explains why most solution methods are iterative.

We show that the radius can be enlarged without new conditions than the conditions

used in [14]. Other benefits include tighter error bounds on distances ‖xn − x∗‖ and better

information on the uniqueness of the solution. The technique is independent of method

(24.1). Thus, it can be used to extend the applicability of other methods [1,2,3,4,5,6,7,8,

9,10,11,12,13,15,16,17,18,19]. Moreover, the semi-local convergence of method (24.1)

not given before in [14] is presented.
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2. Local Convergence

The local convergence analysis of method (24.1) utilizes some function parameters. Let

S = [0,∞). Suppose:

(i) ∃ function w0 : S −→ R continuous and nondecreasing such that equation

w0(t)−1 = 0

has a smallest solution R0 ∈ S−{0}. Let S0 = [0,R0).

(ii) ∃ function w : S0 −→ R continuous and nondecreasing such that equation

g1(t)−1 = 0

has a smallest solution r1 ∈ S0 −{0}, where the function g1 : S0 −→ R defined by

g1(t) =

R 1
0 w((1−θ)t)dθ

1−w0(t)
.

(iii) Equation

w0(g1(t)t)−1 = 0

has a smallest solution R1 ∈ S0 −{0}. Let

R = min{R0,R1}

and S1 = [0,R).

(iv) Equation

g2(t)−1 = 0

has a smallest solution r2 ∈ S1 −{0}, where the function g2 : S1 −→ R is defined as

g2(t) =

[

R 1
0 w((1−θ)g1(t)t)dθ

1−w0(g1(t)t)

+
w((1+g1(t))t)(1+

R 1
0 w0(θg1(t)t)dθ)

(1−w0(t))(1−w0(g1(t)t))

+
4(1+

R 1
0 w0(θg1(t)t)dθ

1−w0(t)

]

g1(t).

(v) Equation

g3(t)−1 = 0

has a smallest solution r3 ∈ S1 −{0}, where the function g3 : S1 −→ R is defined by

g3(t) = g1(t)+
9(1+

R 1
0 w0(θg1(t)t)dθ)g1(t)

5(1−w0(t))

×(1+

Z 1

0
w0(θt)dθ)g2(t).
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The parameter r defined by

r = min{r j} j = 1,2,3 (24.3)

shall be shown to be a radius of convergence for method (24.1) in Theorem 27. Let

S2 = [0, r). Then, it follows by these definitions that for each t ∈ S2

0 ≤ w0(t) < 1, (24.4)

0 ≤ w0(g1(t)t) < 1 (24.5)

and

0 ≤ gi(t) < 1. (24.6)

Let U(x0,λ) = {x ∈ B1 : ‖x− x0‖ < λ} and U [x0,λ] = {x ∈ B1 : ‖x− x0‖ ≤ λ} for

some λ > 0.

The conditions required are:

(C1) Equation F(x) = 0 has a simple solution x∗ ∈ D.

(C2) ‖F ′(x∗)−1(F ′(x)−F ′(x∗))‖ ≤ w0(‖x−x∗‖) for all x ∈ D. Set D1 = U(x∗,R0)∩D.

(C3) ‖F ′(x∗)−1(F ′(y)−F ′(x))‖ ≤ w(‖y−x‖) for all x,y ∈ D1.

and

(C4) U [x0, r]⊂ D.

Next, the main local convergence result follows for method (24.1).

Theorem 27. Suppose that conditions (C1)-(C4) hold and x0 ∈ U(x∗, r)− {x∗}. Then,

sequence {xn} generated by method (24.1) is well defined in U(x∗,R), remains in

U(x∗,R) ∀n = 0,1,2, . . . and is convergent to x∗. Moreover, the following estimates hold

‖yn −x∗‖ ≤ g1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r, (24.7)

‖zn−x∗‖ ≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ (24.8)

and

‖xn+1−x∗‖ ≤ g3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (24.9)

where functions gi are defined previously and the radius r is given by (24.3).

Proof. Let u ∈ U(x∗, r)−{x∗}. By using conditions (C1), (C2) and (24.3) we have that

‖F ′(x∗)−1(F ′(u)−F ′(x∗))‖ ≤ w0(‖x0−x∗‖)≤ w0(r) < 1. (24.10)

It follows by (24.10) and the Banach lemma on invertible operators [2] that F ′(u)−1 ∈
L(B2,B1) and

‖F ′(u)−1F ′(x∗)‖ ≤ 1

1−w0(‖x0−x∗‖) . (24.11)
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If u = x0, then iterate y0 is well defined by the first substep of method (24.1) and we can

write

y0 −x∗ = x0 −x∗−F ′(x0)
−1F(x0)

= F ′(x0)
−1

Z 1

0
(F ′(x∗ +θ(x0 −x∗))dθ−F ′(x0))(x0−x∗). (24.12)

In view of (C1) - (C3), (24.11) (for u = x0), (24.6) (for j = 1) and (24.12), we get in turn

that

‖y0 −x∗‖ ≤
R 1

0 w((1−θ)‖x0−x∗‖)dθ‖x0−x∗‖
1−w0(‖x0−x∗‖)

≤ g1(‖x0 −x∗‖)‖x0 −x∗‖ < ‖x0 −x∗‖ < r, (24.13)

so, iterate y0 ∈ U(x∗, r) and (24.7) holds for n = 0. Iterate z0 is well defined by the second

substep of the method and we can write

z0 −x∗ = y0 −x0 −5F ′(x0)
−1F(y0)

= y0 −x∗−F ′(y0)
−1F(y0)

+F ′(y0)
−1(F(x0)−F ′(y0))F ′(x0)

−1F(y0)

−4F ′(x0)
−1F(y0). (24.14)

Notice that linear operator F ′(y0)
−1 exists by (24.11) (for u = y0). It follows by (24.3),

(24.6) (for j = 1), (C3), (24.11) (for u = x0,y0), in turn that

‖z0−x∗‖ ≤
[

R 1
0 w((1−θ)‖y0 −x∗‖)dθ

1−w0(‖y0−x∗‖)

+
w(‖y0 −x0‖)(1+

R

0 61w0(θ‖y0 −x∗‖)dθ)

(1−w0(‖x0 −x∗‖))(1−w0(‖y0−x∗‖))

+
4(1+

R 1
0 w0(θ‖y0−x∗‖)dθ

1−w0(‖x0 −x∗‖)

]

‖y0 −x∗‖

≤ g2(‖x0 −x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖. (24.15)

Thus, iterate z0 ∈ U(x∗, r) and (24.8) holds for n = 0, where we also used (C1) and (C2) to

obtain the estimate

‖F ′(x∗)−1F(y0)‖ = ‖F ′(x∗)−1[

Z 1

0
F ′(x∗ +θ(y0 −x∗))dθ−F ′(x∗)+F ′(x∗)](y0−x∗)‖

≤ (1+

Z 1

0
w0(θ‖y0−x∗‖)dθ)‖y0−x∗‖.

Moreover, iterate x1 is well defined by the third substep of method (24.1), and we can write

x1 −x∗ = y0 −x∗− 1

5
F ′(x0)

−1(9F(y0)+F(z0)),
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leading to

‖x1 −x∗‖ ≤ ‖y0−x∗‖+
1

5

(

9(1+
R 1

0 w0(θ‖y0−x∗‖)dθ)‖y0−x∗‖
1−w0(‖y0−x∗‖)

+ (1+

Z 1

0
w0(θ‖z0−x∗‖)dθ)‖z0−x∗‖

)

≤ g3(‖x0 −x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖ < r, (24.16)

so, iterate x1 ∈U(x∗, r) and (24.9) holds for n = 0.

Simply replace x0,y0, z0,x1 by xm,ym,ym,xm+1, ∀m = 0,1,2 . . . in the preceding calcu-

lations to complete the induction for (24.7)- (24.9). Then, by the estimate

‖xm+1 −x∗‖ ≤ d‖xm −x∗‖< r, (24.17)

where, d = g3(‖x0−x∗‖) ∈ [0,1) that xm+1 ∈U(x∗, r) and limm−→∞xm = x∗.

The uniqueness of the solution result for method (24.1) follows.

Proposition 19. Suppose:

(i) Equation F(x) = 0 has a simple solution x∗ ∈U(x∗,ρ)⊂ D for some ρ > 0.

(ii) Condition (C2) holds.

(iii) There exists ρ1 ≥ ρ such that

Z 1

0
w0(θρ1)dθ < 1. (24.18)

Set D2 = U [x∗,ρ1]∩D. Then, the only solution of equation F(x) = 0 in the set D2 is

x∗.

Proof. Let y∗ ∈ D2 be such that F(y∗) = 0. Define a linear operator T =

Z 1

0
F ′(x∗ +θ(y∗−

x∗))dθ. It then follows by (ii) and (24.18) that

‖F ′(x∗)−1(T −F ′(x∗))‖ ≤
Z 1

0
w0(θ‖y∗−x∗‖)dθ

≤
Z 1

0
w0(θρ1)dθ < 1,

so, we deduce x∗ = y∗ by invertibility of T and the estimate T (x∗−y∗) = F(x∗)−F(y∗) =
0.

Remark. Under all conditions of Theorem 27, we can set ρ = r.
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3. Semi-Local Convergence

As in the local case, we use some functions and parameters. Suppose:

There exists function v0 : S −→ R continuous and nondecreasing such that equation

v0(t)−1 = 0

has a smallest solution τ0 ∈ S−{0}. COnsider function v : S0 −→ R continuous and non-

decreasing. Define scalar sequences for η ≥ 0 and all n = 0,1,2, . . . by

t0 = 0, s0 = η,

un = sn +
5

R 1
0 v(θ(sn− tn))dθ(sn− tn)

1−v0(tn)
,

tn+1 = un +
1

1−v0(tn)
[(1+

Z 1

0
v0(un +θ(un− sn))dθ(un− sn) (24.19)

+3

Z 1

0
v(θ(sn− tn))dθ(sn− tn)]

and

sn+1 = tn+1 +
1

1−v0(tn+1)
[

Z 1

0
v(θ(tn+1− tn))dθ(tn+1− tn)

+(1+

Z 1

0
v0(θtn)dθ(tn+1− sn)].

This sequence shall be shown to be majorizing for method (24.1) in Theorem 28. But first,

we provide a general convergence result for sequence (24.19).

Lemma 37. Suppose that for all n = 0,1,2, . . .9

v0(tn) < 1 (24.20)

and there exists τ ∈ [0,τ0) such that

tn ≤ τ. (24.21)

Then, sequence {tn} converges to some t∗ ∈ [0,τ].

Proof. It follows by (24.19)-(24.21) that sequence {tn} is non-decreasing and bounded from

above by τ and as such it converges to its unique least upper bound t∗.

Next, the operator F is connected to the scalar functions. Suppose:

(h1) There exists x0 ∈ D, η ≥ 0 such that F ′(x0)
−1L(B2,B1) and ‖F ′(x0)

−1F(x0)‖ ≤ η.

(h2) ‖F ′(x0)
−1(F ′(x)−F ′(x0))‖ ≤ v0(‖x−x0‖) for all x ∈ D.

Set D3 = D∩U(x0,τ0).

(h3) ‖F ′(x0)
−1(F ′(y)−F ′(x))‖ ≤ v(‖y−x‖) for all x,y ∈ D3.

(h4) Conditions of Lemma 37 hold.

and
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(h5) U [x0, t
∗]⊂ D.

Next, we present the semi-local convergence result for method (24.1).

Theorem 28. Suppose that conditions (h1)-(h5) hold. Then, sequence {xn} is well defined,

remains in U [x0, t
∗] and converges to a solution x∗ ∈ U [x0, t

∗] of equation F(x) = 0. More-

over, the following estimates hold

‖yn −xn‖ ≤ sn− tn, (24.22)

‖zn−yn‖ ≤ un − sn (24.23)

and

‖xn+1 − zn‖ ≤ tn+1−un. (24.24)

Proof. Mathematical induction is utilized to show estimates (24.22)-(24.24). Using (h1)

and method (24.1) for n = 0

‖y0−x0‖ = ‖F ′(x0)
−1F(x0)‖ ≤ η = s0 − t0 ≤ t∗

so, iterate y0 ∈U [x0, t
∗] and (24.22) holds for n = 0.

Let u ∈ U [x0, t
∗]. Then, as in Theorem 27, we get

‖F ′(u)−1F ′(x0)‖ ≤
1

1−v0(‖u−x0‖
. (24.25)

Thus, if u = x0 iterates y0, z0 and x1 are well defined by method (24.1) for n = 0. Suppose

iterates xk,yk, zk,xk+1 also exist for all integer values k smaller than n. Then, we have the

estimates

‖zn−yn‖ = 5‖F ′(xn)
−1F(yn)‖

≤ 5
R 1

0 v(θ‖yn−xn‖)dθ‖yn−xn‖
1−v0(‖xn−x0‖)

≤ 5
R 1

0 v(θ‖sn− tn))dθ(sn− tn)

1−v0(tn)
= un − sn,

‖xn+1− zn‖ = ‖1

5
F ′(xn)

−1(F(yn)−F(zn))+3F ′(xn)
−1F(yn)‖

≤ 1

1−v0(‖xn −x0‖)
[(1+

1

5

Z 1

0
v0(‖zn−x0‖+θ‖zn −yn)d)‖yn −xn‖

+3

Z 1

0
v(θ‖yn −xn‖dθ‖yn −xn‖]

≤ tn+1−un
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and

‖yn+1−xn+1‖ = ‖F ′(xn+1)
−1F(xn+1)‖

≤ ‖F ′(xn+1)
−1F ′(x0)‖‖F ′(x0)

−1F(xn+1)‖

≤ 1

1−v0(‖xn+1−x0‖)
[

Z 1

0
v(θ‖xn+1−xn‖)dθ‖xn+1−xn‖

+(1+

Z 1

0
v0(θ‖xn−x0‖)dθ)‖xn+1−yn‖]

≤ sn+1− tn+1,

where we also used

F(yn) = F(yn)−F(xn)−F ′(xn)(yn −xn)

=

Z 1

0
[F ′(xn +θ(yn −xn))dθ−F ′(xn)](yn−xn),

so

‖F ′(x0)
−1F(yn)‖ ≤

Z 1

0
v(θ‖yn−xn‖)dθ‖yn−xn‖

and

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(yn−xn)

−F ′(xn)(xn+1−xn)+F ′(xn)(xn+1−xn)

= F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)+F ′(xn)(xn+1−yn),

so

‖F ′(x0)
−1F(xn+1)‖ ≤

Z 1

0
v(θ‖xn+1−xn‖)dθ‖xn+1−xn‖

+(1+v0(‖xn−x0‖))‖xn+1−yn‖

≤
Z 1

0
v(θ(tn+1− tn))dθ(tn+1− tn)

+(1+v0(tn))(tn+1− sn), (24.26)

‖zn −x0‖ ≤ ‖zn −yn‖+‖yn −x0‖ (24.27)

≤ un − sn + sn − t0 ≤ t∗

and

‖xn+1−x0‖ ≤ ‖xn+1− zn‖+‖zn −x0‖
≤ tn+1−un +un − t0 ≤ t∗.

Hence, sequence {tn} is majorizing for method (24.1) and iterates {xn},{yn},{zn} belong

in U [x0, t
∗]. The sequence {xn} is complete in Banach space B1 and as such it converges to

some x∗ ∈U [x0, t
∗]. By using the continuity of F and letting n−→ ∞ in (24.26) we conclude

F(x∗) = 0.
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Proposition 20. Suppose:

(i) There exists a solution x∗ ∈U(x0,ρ) of equation F(x) = 0 for some ρ > 0.

(ii) Condition (h2) holds.

(iii) There exists ρ1 ≥ ρ such that

Z 1

0
v0((1−θ)ρ+θρ1)dθ < 1. (24.28)

Set D4 = D∩U [x0,ρ1]. Then, x∗ is the only solution of equation F(x)= 0 in the region

D4.

Proof. Let y∗ ∈ D4 with F(y∗) = 0. Define the linear operator Q =

Z 1

0
F ′(x∗ + θ(y∗ −

x∗))dθ. Then, by (h2) and (24.28), we obtain in turn that

‖F ′(x0)
−1(Q−F ′(x0))‖ ≤

Z 1

0
v0((1−θ)‖x0−y∗‖+θ‖x0 −x∗‖)dθ

≤
Z 1

0
v0((1−θ)ρ1 +θρ)dρ < 1,

so, x∗ = y∗.

本书版权归Nova Science所有



本书版权归Nova Science所有



Bibliography

[1] Amat, S., Bermudez, C., Busquier, S., Plaza, S., On a third order Newton-type method

free of linear operators, Numer. Lin. Alg. Appl., 17, (2010), 639-653.

[2] Argyros, I.K., Computational theory of iterative methods. Series: Studies in Compu-

tational Mathematics, 15, Editors: C.K. Chui and L. Wuytack, Elsevier Publ. Co.,

New York, U.S.A, 2007.

[3] Argyros, I.K. Convergence and Applications of Newton-type Iterations, Springer Ver-

lag, Berlin, Germany, (2008).

[4] Argyros, I.K., The theory and applications of iteration methods, 2nd Edition, Engi-

neering Series, CRC Press, Taylor and Francis Group, 2022.

[5] Argyros, I.K., A Newton-Kantorvich theorem for equations involving m Frchet differ-

entiable operators and applications in radiative transfer, J. Comput. Appl. Math., 131,

(1-2), (2001), 149-159.

[6] Argyros, I.K., Unified Convergence Criteria for Iterative Banach Space Valued

Methods with Applications, Mathematics (MDPI), 2021, 9(16), 1942. https://doi.

org/10.3390/math9161942.
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Chapter 25

Efficient Derivative Free Seventh

Order Methods for Solving

Equations in Banach Space

1. Introduction

Let X be a Banach space and Ω ⊂ X be an open set. We are concerned with the problem of

approximating a locally unique solution x∗ ∈ Ω of the nonlinear equation

F(x) = 0, (25.1)

where F : Ω −→ X is a Fréchet-differentiable operator. Iterative methods are used to ap-

proximate x∗. The well-known iterative methods are:

Newton Method (Second order [1,2,10]:

xn+1 = xn −F ′(xn)
−1F(xn),∀n = 0,1,2, . . ., (25.2)

where F ′ denote the Fréchet derivative of operator F [7,8].

In order to avoid the expensive in the general computation of F ′, Traub suggested:

Traub Method (second order) [12]:

xn = xn +αF(xn)

and (25.3)

xn+1 = xn − [wn,xn;F]−1F(xn),

where α∈R or α∈C is a given parameter, operator [., .;F] : Ω×Ω−→ L(X ,X) is a divided

difference of order one. In order to increase the convergence order some seventh-order

methods are developed.
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Wang-Zang Method (seventh order) [13]:

wn = xn +αF(xn),

yn = xn − [wn,xn;F ]−1F(xn), (25.4)

zn = d4(xn,yn)

and

xn+1 = zn−A−1
n F(zn),

where, α ∈ R or α ∈ C, d4(xn,yn) is any fourth-order Steffensen-type iteration method and

An = [zn,xn;F ] + [zn,yn;F ]− [yn,xn;F]. Some interesting special cases of this class are de-

fined by

wn = xn +αF(xn),

yn = xn − [wn,xn;F ]−1F(xn), (25.5)

zn = d1
4(xn,yn) = yn −B−1

n F(yn)

and

xn+1 = zn −A−1
n F(zn),

where Bn = [yn,xn;F ]+ [yn,wn;F ]− [wn,xn;F] and

wn = xn +αF(xn),

yn = xn − [wn,xn;F]−1F(xn), (25.6)

zn = d2
4(xn,yn) = yn −CnF(yn)

and

xn+1 = zn−A−1
n F(zn),

where Cn = [yn,xn;F ]−1([yn,xn;F ]− [yn,wn;F ]+ [wn,xn;F])[yn,xn;F].

Sharma-Arora Method (seven order) [13]:

wn = xn +αF(xn),

yn = xn − [wn,xn;F]−1F(xn), (25.7)

zn = yn − (3I − [wn,xn;F]−1([yn,xn;F +[yn,wn;F]))[wn,xn;F]−1F(yn)

and

xn+1 = zn − [zn,yn;F]−1([wn,xn;F +[yn,xn;F])− [zn,xn;F])[wn,xn;F ]−1F(zn).

Method (25.5) and method (25.6) use four operators, five divided differences, and three lin-

ear operator inversions. But method (25.7) utilizes four operators, five divided differences,

and two linear operator inversions.

2. Convergence for Method (25.4)

The convergence for all methods of the introduction requires the introduction of real func-

tions and parameters. Set M = [0,∞).
Suppose:
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(i) ∃ functions v0 : M×M −→ R, v1 : M −→ R continuous and nondecreasing such that

equation

v0(v1(t)t, t)−1 = 0

has a smallest solution denoted by ρ0 ∈ M−{0}. Let M0 = [0,ρ0).

(ii) ∃ function v : M0 ×M0 −→ R continuous and nondecreasing such that equation

g1(t)−1 = 0

has a smallest solution r1 ∈ M0 −{0}, where function g1 : M0 −→ R is defined by

g1(t) =
v(v1(t)t, t)

1−v0(v1(t)t, t)
.

(iii) ∃ functions g2,g3 : M0 −→ R continuous and nondecreasing such that equations

g2(t)−1 = 0

has smallest solutions ρ2 ∈ M0−{0}.

(iv) ∃ function v2 : M0 −→ R continuous and nondecreasing such that equation

v0(g2(t)t,g1(t)t)+v2(t,g1(t)t,g2(t)t)−1 = 0

has a smallest solution ρ̄ ∈ M0 −{0}. Set ¯̄ρ = min{ρ0,ρ} and M1 = [0, ¯̄ρ).

(v) Equation

g3(t)−1 = 0

has a smallest solution ρ3 ∈ M0 −{0}, where

g3(t) =
(v(g2(t)t, t)+v2(t,g1(t)t,g2(t)t))g2(t)

1− s(t)
,

where

s(t) = v0(g2(t)t,g1(t)t)+v2(t,g1(t)t,g2(t)t).

The parameter ρ defined by

ρ = min{ρk}, k = 1,2,3 (25.8)

shall be shown to be a radius of convergence for method (25.2). Set M2 = [0,ρ).
Then, it follows that ∀t ∈ M2

0 ≤ v0(v1(t)t, t)< 1, (25.9)

0 ≤ s(t) < 1 (25.10)

and

0 ≤ gk(t) < 1. (25.11)
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The sets U(x,τ),U [x,τ] denote open and closed balls respectively of center x ∈ X and of

radius τ > 0.
The following conditions (H) shall be used although not all of them for each method.

Suppose:

(H1) There exists a simple solution x∗ ∈ Ω of equation F(x) = 0.

(H2)

‖F ′(x∗)−1([p,x;F]−F ′(x∗))‖ ≤ v0(‖p−x∗‖,‖x−x∗‖)
and

‖I +α[x,x∗;F]‖ ≤ v1(‖x−x∗‖)
∀p,x ∈ Ω. Set Ω1 = U(x∗,ρ0)∩Ω.

(H3)

‖F ′(x∗)−1([q,x;F]− [x,x∗;F ])‖ ≤ v(‖q−x∗‖,‖x−x∗‖),
‖F ′(x∗)−1([z,y;F]− [y,x;F])‖ ≤ v2(‖x−x∗‖,‖y−x∗‖,‖z−x∗‖),

‖F ′(x∗)−1[x,x∗;F ]‖ ≤ v3(‖x−x∗‖)
and

‖F ′(x∗)−1([p,x;F]− [y,x∗;F])‖ ≤ v4(‖x−x∗‖,‖y−x∗‖,‖p−x∗‖)
∀x,y, z, p,q∈ Ω1.

(H4)

‖d4(x,y)−x∗‖ ≤ g2(‖x−x∗‖)‖x−x∗‖
∀x,y ∈ Ω1

and

(H5) U [x∗, r]⊂ Ω, where r = max{ρ,v1(ρ)ρ}.
Notice that in the case of method (25.4) we shall use only the first two conditions from

(H3).

Next, the following convergence result follows for method (25.4).

Theorem 29. Under conditions (H) hold and x0 ∈ U(x∗,ρ)−{x∗}. Then, sequence {xn}
generated by method (25.4) with starter x0 is well defined and converges to the solution x∗

of equation F(x) = 0.

Proof. By applying conditions (H1), (H2), (H3) using (25.8) and (25.9) we have in turn

that

‖w0 −x∗‖ = ‖x0 −x∗ +α[F(x)−F(x∗)]‖
= ‖(I +α[x,x∗;F ])(x−x∗)‖
≤ ‖I +α[x0,x∗;F ]‖‖x0−x∗‖ ≤ v1(ρ)ρ ≤ R

and

‖F ′(x∗)−1([w0,x0;F]−F ′(x∗))‖ ≤ v0(v1(‖x0−x∗‖‖x0 −x∗‖,‖x0−x∗‖) < 1.
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It follows by the last estimate and a lemma due to Banach on linear invertible operators

[1,2,7,10] that [w0,x0;F]−1 ∈ L(X ,X)

‖[w0,x0;F]−1F ′(x∗)‖ ≤ 1

1−v0(v1(‖x0−x∗‖)‖x0−x∗‖,‖x0−x∗‖) (25.12)

and iterate y0 is well defined by the first substep of method (25.4) for n = 0. Then, we can

also write that

y0 −x∗ = x0 −x∗− [w0,x0;F ]−1F(x0)

= [w0,x0;F]−1([w0,x0;F]− [x0,x∗;F])(x0−x∗). (25.13)

Using the first condition in (H3), (25.8), (25.11) (for k = 1), (25.13) we get

‖y0 −x∗‖ ≤ v(v1(‖x0 −x∗‖)‖x0−x∗‖,‖x0 −x∗‖)‖x0 −x∗‖
1−v0(v1(‖x0 −x∗‖‖x0−x∗‖,‖x0−x∗‖)

≤ g1(‖x0 −x∗‖)‖x0 −x∗‖ < ‖x0 −x∗‖ < ρ. (25.14)

It follows by (H4), (25.11) (for k = 0) and the definition of the second substep of method

(25.4) that

‖z0−x∗‖ ≤ g2(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0−x∗‖. (25.15)

As in the derivation of (25.12) we obtain in turn

‖F ′(x∗)−1(A0−F ′(x∗))‖ ≤ ‖F ′(x∗)−1([z0,y0;F]−F ′(x∗))‖
+‖F ′(x∗)−1([z0,x0;F ]− [y0,x0;F])‖

≤ v0(‖z0−x∗‖,‖y0−x∗‖)
+v2(‖x0−x∗‖,‖y0−x∗‖,‖z0−x∗‖)

≤ s(‖x0−x∗‖) < 1,

so

‖A−1
0 F ′(x∗)‖ ≤ 1

1− s(‖x0 −x∗‖) (25.16)

and iterate x1 is well defined by the third substep of method (25.4). We can also write

x1 −x∗ = z0 −x∗−A−1
0 F9z0) = A−1

0 (A0− [z0,x∗;F ])(z0−x∗)

leading to

‖|x0 −x∗‖ ≤ ‖A−1
0 F ′(x∗)‖‖F′(x∗)−1(A0 − [z0,x∗;F])‖‖z0−x∗‖

≤ [v(‖z0−x∗‖,‖x0−x∗‖)+v2(‖x0−x∗‖,‖y0−x∗‖,‖z0−x∗‖)]
1− s(‖x0 −x∗‖) ‖z0 −x∗‖

≤ g3(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖, (25.17)

where we also used (25.11) (for k = 3), (H3) and (25.16), to obtain

‖F ′(x∗)−1(A0− [z0,x∗;F ])‖≤ v(‖z0−x∗‖,‖x0−x∗‖)+v2(‖x0−x∗‖,‖y0−x∗‖,‖z0−x∗‖).
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By simply revisiting these calculations for x0,w0,y0, z0,x1 by xi,wi,yi, zi,xi+1, we get

‖yi −x∗‖ ≤ g1(‖x0 −x∗‖)‖xi −x∗‖ ≤ ‖xi −x∗‖,

‖zi −x∗‖ ≤ g2(‖x0−x∗‖)‖xi −x∗‖ ≤ ‖xi −x∗‖,

and

‖xi+1 −x∗‖ ≤ µ‖xi −x∗‖ < ‖xi −x∗‖,

where, µ = g3(‖x0−x∗‖) ∈ [0,1), concluding that limi−→∞xi = x∗ and xi+1 ∈U(x∗,ρ).

Next, we present a result on the uniqueness of the solution.

Proposition 21. Suppose:

(i) There exists a simple solution x∗ ∈U(x∗,ρ4) of equation F(x) = 0 for some ρ4 > 0.

(ii) The first condition in (H2) holds and there exists ρ5 ≥ ρ4 such that

v0(0,ρ5)dθ < 1. (25.18)

Set Ω2 = U [x∗,ρ5]∩Ω. Then, the is the only solution of equation F(x) = 0 in the

region Ω2 is x∗.

Proof. Let y∗ ∈ Ω2 with F(y∗) = 0. Define the operator T = [x8,y∗;F ]. By applying the first

condition in (H2) and (25.18) we obtain

‖F ′(x∗)−1(T −F ′(x∗))‖ ≤ v0(‖x∗−x∗‖,‖y∗−x∗‖)≤ v0(0,ρ5) < 1.

Hence x∗ = y∗ follows from the invertibility of T and the identity T (x∗− y∗) = F(x∗)−
F(y∗) = 0.

Remark. If all conditions H are used, then certainly we can set ρ5 = ρ.

3. Special Cases

The functions g2 is determined for method (25.5) and method (25.6), respectively.

Case of method (25.5) The function g2 is defined by

g2(t) =
(v(t,g1(t)t)+v2(t,g1(t)t,v1(t)t))g1(t)

1− (v0(t,g1(t)t)+v2(t,g1(t)t,v1(t)t))
. (25.19)

Indeed, following the proof of Theorem 29, we can write by the second substep of the

method

zn −x∗ = yn −x∗−B−1
n F(yn) = B−1

n (Bn − [yn,x∗;F ])(yn−x∗). (25.20)
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We need the estimates

‖F ′(x∗)−1(Bn − [yn,x∗;F ])‖ = ‖F ′(x∗)−1[([yn,xn;F ]

−[yn,x∗;F ])+([yn,wn;F]− [wn,xn;F ])]‖
≤ ‖F ′(x∗)−1([yn,xn;F]− [yn,x∗;F])‖

+‖F ′(x∗)−1([yn,wn;F ]− [wn,xn;F ])‖
≤ v(‖xn −x∗‖,‖yn −x∗‖)

v2(‖xn−x∗‖,‖yn−x∗‖,v1(‖xn −x∗‖)‖xn −x∗‖
(25.21)

and

‖F ′(x∗)−1(Bn −F ′(x∗)) ≤ v0(‖xn −x∗‖,‖yn −x∗‖)
+v2(‖xn−x∗‖,‖yn−x∗‖,v1(‖xn−x∗‖)‖xn−x∗‖).

(25.22)

Then, the choice of function g2 follows from (25.20)-(25.22).

Case of method (25.6) The function g2 is defined by

g2(t) =

(

v(t,g1(t)t)

1−v0(t,g1(t)t)
+

v3(g1(t)t)v2(t,g1(t)t,v1(t)t)

(1−v0(t,g1(t)t))2

)

g1(t). (25.23)

It follows by the second substep of method (25.6) that

zn −x∗ = Dn(yn −x∗), (25.24)

where

Dn = I− [yn,xn;F]−1([yn,xn;F]− [yn,wn;F]+ [wn,xn;F])

[yn,xn;F]−1[yn,x∗;F]

= [yn,xn;F]−1([yn,xn;F]− [yn,x∗;F ])− [yn,xn;F]−1

([wm,xn;F]− [yn,wn;F])[yn,xn;F]−1[yn,x∗;F]

and

‖Dn‖ ≤ v(‖yn −x∗‖,‖xn −x∗‖)
1−v0(‖yn−x∗‖,‖xn−x∗‖)

+
v3(‖yn−x∗‖)v2(‖xn−x∗‖,‖yn−x∗‖,‖wn−x∗‖)

(1−v0(‖yn−x∗‖,‖xn−x∗‖))2
. (25.25)

Estimates (25.24) and (25.25) justify the choice of function g2. Then, with these choices of

function g2 the conclusions of Theorem 29 hold for method (25.5) and method (25.6).
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4. Convergence of Method (25.7)

In this Section, the proof of Theorem 29 is also followed.

The second substep of method (25.7) can be written as

zn−x∗ = En(yn −x∗), (25.26)

where

En = I − (3I − [wn,xn;F]−1([yn,xn;F ]+ [yn,wn;F ]))

[wn,xn;F ]−1[yn,x∗;F]

= [wn,xn;F ]−1([wn,xn;F ]− [yn,x∗;F ])

+[wn,xn;F]−1Gn (25.27)

and

Gn = [yn,xn;F][wn,xn;F][yn,x∗;F]− [yn,x∗;F]

+[[yn,wn;F][wn,xn;F]−1[yn,x∗;F]− [yn,x∗;F]

= ([yn,xn;F]− [wn,xn;F])[wn,xn;F ]−1[yn,x∗;F]

+([yn,wn;F ]− [wn,xn;F])[wn,xn;F]−1[yn,x∗;F],

so

‖En‖ ≤ ‖[wn,xn;F]−1([wn,xn;F]− [yn,x∗;F])‖
+‖[wn,xn;F ]−1F ′(x∗)‖‖F ′(x∗)−1Gn‖

≤ v4(‖xn −x∗‖,‖yn −x∗‖,‖wn −x∗‖)
1−v0(‖xn−x∗‖,‖wn−x∗‖)

+2
v2(‖xn −x∗‖,‖yn −x∗‖,‖wn −x∗‖)v3(‖yn −x∗‖

1−v0(‖xn−x∗‖,‖wn−x∗‖) .

Hence, we can choose

g2(t) =
1

1−v0(t,v1(t)t)
[v4(t,g1(t)t),v1(t)t)

+ 2
v2(t,g1(t)t,v1(t)t)v3(g1(t)t)

1−v0(t,g1(t)t)

]

g1(t).

The third substep of method (25.7) can be written as

xn+1 −x∗ = Hn(zn −x∗),

where

Hn = I− [zn,yn;F ]−1([wn,xn;F]+ [yn,xn;F ]− [zn,xn;F])

[wn,xn;F]−1[zn,x∗;F]

= [zn,yn;F]−1([zn,yn;F]− [zn,x∗;F])+[zn,yn;F]−1

([y−n,xn;F]− [zn,xn;F ])[wn,xn;F]−1[zn,x∗;F],

本书版权归Nova Science所有



Efficient Derivative Free Seventh Order Methods for Solving . . . 253

so

‖Hn‖ ≤ v(‖yn−x∗‖,‖zn−x∗‖)
1−v0(‖zn−x∗‖,‖yn −x∗‖)

+
v2(‖xn−x∗‖,‖yn−x∗‖,‖zn−x∗‖)v3(‖zn−x∗‖)

(1−v0(‖zn−x∗‖,‖yn−x∗‖))(1−v0(‖wn −x∗‖,‖xn−x∗‖)) .

Thus, the choice of the function g3 is

g3(t) = [
v(g1(t)t,g2(t)t)

1−v0(g2(t)t,g1(t)t)

+
v2(t,g1(t)t,g2(t)t)v3(g2(t)t)

(1−v0(g2(t)t,g1(t)t))(1−v0(v1(t)t, t))
]g2(t).

Then, the conclusions of Theorem 29 with g1 and g2 hold for method (25.7).
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Chapter 26

Necessary and Sufficient Conditions

for the Q-Order of Convergence of

Iterative Methods

1. Introduction

Let X and Y be a Banach space and D ⊂ X be an open set. We are concerned with the

problem of approximating a locally unique solution x∗ ∈ D of the nonlinear equation

F(x) = 0, (26.1)

where F : D −→ Y is a Fréchet-differentiable operator. Iterative methods are used to ap-

proximate x∗. In this Chapter, we consider the necessary and sufficient conditions for the

convergence of the following method

yn = xn −F ′(xn)F(xn),

zn = yn −anF ′(xn)
−1F(yn) (26.2)

and

xn+1 = zn −bnF ′(xn)
−1F(zn),

where, an = a(xn−yn), a : D×D−→ L(X ,Y ), bn = b(xn,yn, zn), b : D×D×D−→ L(X ,Y ).

Relevant work but for special choices of the sequences {an} and {bn} can be found in [4].

2. Local Convergence

The convergence uses some real functions and parameters. Set T = [0,∞).

Suppose:

(i) There exists function ψ0 : T −→ R continuous and nondecreasing such that equation

ψ0(t)−1 = 0

has a smallest solution ρ0 ∈ T −{0}. Set T0 = [0,ρ0).
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(ii) There exists function ψ : T0 −→ R continuous and nondecreasing such that equation

h1(t)−1 = 0

has a smallest solution r1 ∈ T0 −{0}, where function h1 : T0 −→ R is defined by

h1(t) =

R 1
0 ψ((1−θ)t)dθ

1−ψ0(t)
.

(iii) Equations

ψ0(h1(t)t)−1 = 0

has smallest solutions ρ1 ∈ T0−{0}.
Set ρ2 = min{ρ0,ρ1} and T1 = [0,ρ2).

(iv) There exist functions ψ1 : T1×T1 −→R, ψ3 : T1 −→R continuous and nondecreasing

such that equation

h2(t)−1 = 0

has a smallest solution r2 ∈ T1 −{0}, where the function h2 : T1 −→ R is defined by

h2(t) =

[

R 1
0 ψ(θh1(t)t)dθ

1−ψ0(h1(t)t)

+
(ψ(1+h1(t)t)+ψ1(t,h1(t)t)ψ3(h1(t)t)(1+

R 1
0 ψ0(θh1(t)t)dθ)

(1−ψ0(t))(1−ψ0(h1(t)t))

]

h1(t).

(v) Equation

ψ0(h2(t)t)−1 = 0

has a smallest solution ρ3 ∈ T0 −{0}. Set ρ = min{ρ2,ρ3} and T2 = [0,ρ).

(vi) There exists function ψ2 : T2×T2×T2 −→R continuous and nondecreasing such that

equation

h3(t)−1 = 0

has a smallest solution r3 ∈ T2 −{0}, where the function h3 : T2 −→ R is defined by

h3(t) =

[

R 1
0 ψ(θh2(t)t)dθ

1−ψ0(h2(t)t)

+
(ψ(1+h2(t)t)+ψ2(t,h1(t)t,h2(t)t)ψ3(h2(t)t)(1+

R 1
0 ψ0(θh2(t)t)dθ

(1−ψ0(t))(1−ψ0(h2(t)t))

]

h2(t).

The parameter r defined by

r = min{ri}, i = 1,2,3 (26.3)

shall be shown to be a radius of convergence in Theorem 30 for method (26.2). Set

T3 = [0, r).
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It follows by (26.3) that ∀t ∈ T3

0 ≤ ψ0(t) < 1, (26.4)

0 ≤ ψ0(h1(t)t) < 1, (26.5)

0 ≤ ψ0(h2(t)t) < 1 (26.6)

and

0 ≤ hi(t) < 1. (26.7)

By U(x,R),U [x,R] we denote the open and closed balls in X of center x ∈ X and of radius

R > 0, respectively.

The following conditions are needed.

Suppose:

(c1) There exists a simple solution x∗ ∈ D of equation F(x) = 0.

(c2)

‖F ′(x∗)−1(F ′(x)−F ′(x∗))‖ ≤ ψ0(‖x−x∗‖) ∀x ∈ D.

Set U1 = U(x∗,ρ0)∩D.

(c3)

‖(I−a(x))‖ ≤ ψ1(‖x−x∗‖,‖y−x∗‖)
and

‖F ′(x∗)−1F ′(x)‖ ≤ ψ3(‖x−x∗‖)
for each x,y ∈U1. Set U2 = D∩U(x∗,ρ).

(c4)

‖(I−b(x))‖ ≤ ψ2(‖x−x∗‖,‖y−x∗‖,‖z−x∗‖)
for each x,y, z ∈U2.

(c5) U [x∗, r]⊂ D.

Next, the main local convergence analysis of method (26.2) follows using the conditions

(c1)-(c5).

Theorem 30. Suppose conditions (c1)-(c5) hold. Then, sequence {xn} generated by method

(26.2) is well defined, remains in U(x∗, r), and converges to x∗ provided that x0 ∈U(x∗, r)−
{0}. Moreover, the following estimates hold for each n = 0,1,2, . . .

‖yn −x∗‖ ≤ h1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r, (26.8)

‖zn−x∗‖ ≤ h2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ (26.9)

and

‖xn+1−x∗‖ ≤ h3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (26.10)

where functions hi are previously defined and the radius r is given by formula (26.3).
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Proof. Assertions (26.8)-(26.10) are shown using mathematical induction. Let u ∈
U(x∗, r)−{x∗}. By applying (c1), (c2), (26.3) and (26.4) we obtain

‖F ′(x∗)−1(F ′(u)−F ′(x∗))‖ ≤ ψ0(‖u−x∗‖) ≤ ψ0(r) < 1,

implying F ′(u)−1 ∈ L(Y,X) and

‖F ′(u)−1F ′(x∗)‖ ≤ 1

1−ψ0‖u−x∗‖ (26.11)

in view of the Banach Lemma on linear operators with inverses [1, 2, 3]. If follows by

method (26.2) and (26.9) that iterate y0, z0 and x1 are well defined. Then, we can write by

the first substep of method (26.2)

y0 −x∗ = x0 −x∗−F ′(x0)
−1F(x0),

so by (26.11) (for u = x0), (c2), (26.3)and (26.7) (for i = 1)

‖y0 −x∗‖ ≤
R 1

0 ψ((1−θ)‖x0−x∗‖)dθ‖x0−x∗‖
1−ψ0(‖x0 −x∗‖)

≤ h1(‖x0 −x∗‖)‖x0 −x∗‖ < ‖x0 −x∗‖ < r. (26.12)

Thus, the iterate y0 ∈ U(x∗, r) and (26.8) holds for n = 0.
Then, by the second substep of method (26.2) we can write

z0 −x∗ = y0 −x∗−F ′(y0)
−1F(y0)+F ′(y0)

−1F(y0)−a0F ′(x0)
−1F(y0)

= (y0 −x∗−F ′(y0)
−1F(y0)

+F ′(y0)
−1[(F ′(x0)−F ′(y0))+F ′(y0)(I−a0)]F

′(x0)
−1F(y0).

(26.13)

It follows by (26.3), (26.5), (26.7) (for i = 2), (26.11) (for u = y0), (c1)-(c3) and (26.13)

that

‖z0−x∗‖ ≤
[

R 1
0 ψ(θ‖y0−x∗‖)dθ

1−ψ0(‖y0 −x∗‖)

+
(ψ(‖y0−x∗‖)+‖(I −a0)‖‖F′(x∗)−1F ′(y0)‖

(1−ψ0(‖y0 −x∗‖))(1−ψ0(‖x0−x∗‖))

]

F ′(x∗)−1F ′(y0)

≤ h2(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0 −x∗‖, (26.14)

implying z0 ∈U(x∗, r) and (26.9) holds for n = 0, where we also used

F(y0) = F(y0)−F(x∗) =

Z 1

0
F ′(x∗ +θ(y0 −x∗))dθ(y0−x∗).

Hence,

‖F ′(x∗)−1F(y0)‖ ≤ ‖F ′(x∗)−1[

Z 1

0
F ′(x∗ +θ(y0 −x∗))dθ−F ′(x∗)

+F ′(x∗)](y0−x∗)‖

≤ (1+

Z 1

0
ψ0(θ‖yn −x∗‖)dθ)‖yn−x∗‖.
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Similarly with the derivation of (26.14) but using the third substep of method (26.2) and the

estimate

x1 −x∗ = (z0 −x∗−F ′(z0)
−1F(z0)

+F ′(z0)
−1[(F ′(x0)−F ′(z0))

+F ′(z0)(I−b0)]F
′(x0)

−1F(z0). (26.15)

Then, by exchanging y0, z0 by z0,b0 in (26.14), we get

‖x1 −x∗‖ ≤ h3(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖, (26.16)

showing x1 ∈ U(x∗, r) and (26.10) holds for n = 0. By simply replacing x0,y0, z0,x1 by

xk,yk, zk,xk+1, in the preceding calculations to complete the induction for estimates (26.8)-

(26.10). Then, by the estimate

‖xk+1−x∗‖ ≤ λ‖xk −x∗‖ < r, (26.17)

where, λ = h3(‖x0−x∗‖) ∈ [0,1), we conclude limk−→∞xk = x∗ and xk+1 ∈ U(x∗, r).

The proof of uniqueness result that follows is omitted since it is given in an earlier

Chapter.

Proposition 22. Suppose:

(i) There exists a simple solution x∗ ∈U(x∗,µ) of equation F(x) = 0 for some µ > 0.

(ii) The condition (c1) and (c2) holds

(iii) There exists µ1 ≥ µ such that

Z 1

0
ψ0(θµ1)dθ < 1. (26.18)

Set M = U [x∗,µ1]∩D. Then, the point x∗ is the only solution of equation F(x) = 0 in

the set M.

The convergence of method (26.2) has been given under weak conditions. Stronger

conditions are needed to show the order of convergence. That is why we state the following

results but for X = Y = R
j.

Theorem 31. [4] Suppose F : D ⊂ R
j −→ R

j is sufficiently many times differentiable and

x∗ is a simple solution of equation F(x) = 0. Then, if x0 is closed enough to the solution x∗,
then the sequence

xn+1 = xn −anF ′(xn)
−1F(xn)

has order four if and only if an = I + Gn + 2G2
n + O(h3), where h = ‖F(xn)‖ and Gn =

1

2
F ′(xn)

−1F ′′(xn)F ′(xn)
−1F(xn).

Theorem 32. [4] Suppose conditions of Theorem 31 hold. Then, method (26.2) has an

order of convergence q if and only if operators an and bn are given by the formulas in Table

1.
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q an bn

5 I +O(Gn) I +2Gn +βG2
n

I +2Gn +βG2
n I +O(Gn)

6 I +2Gn +O(G2
n) I +2Gn +O(Gn)

2)

7 I +2Gn +6G2
n +3dn I +2Gn +O(G2

n)
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Chapter 27

Necessary and Sufficient Conditions

for the Convergence of Sixth Order

or Higher Derivative Free Methods

1. Introduction

Let F : Ω ⊂ X −→Y, be a nonlinear operator between the Banach spaces X and Y and Ω be

a non empty convex subset of X . Consider the nonlinear equation

F(x) = 0. (27.1)

Iterative methods are used to approximate the solution x∗ of (27.1) since a closed-form

solution is not easy to find. In this Chapter, we consider the iterative method defined for

n = 0,1,2, . . . by

wn = xn +δF(xn), vn = xn −δF(xn),

yn = xn − [wn,vn;F ]−1F(xn),

zn = yn −αn[wn,vn;F]−1F(yn) (27.2)

and

xn+1 = zn −βn[wn,vn;F ]−1F(zn),

δ ∈ S where S ∈ R or S ∈ C is a given parameter, [., .;F] : Ω×Ω −→ L(X ,Y) is a divided

difference of order one [1,2,3] and α,β : Ω −→ Ω are linear operator with αn = α(xn) and

βn = β(xn).

2. Local Convergence

It is convenient to define some functions and parameters. Set T = [0,∞).

Suppose:
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1. There exist functions a : T −→ R,b : T −→ R and ϕ0 : T ×T −→ R continuous and

nondecreasing such that the equation

ϕ0(b(t)t,a(t)t)−1 = 0

has a smallest solution R0 ∈ T −{0}.

Set T0 = [0,R0).

2. There exist function ϕ : T0 ×T0 −→ R such that the equation

h1(t)−1 = 0

has a smallest solution r1 ∈ T0 −{0}, where the function h1 : T0 −→ R is defined by

h1(t) =
ϕ((1+b(t))t,a(t)t)

1−ϕ0(b(t)t,a(t)t)
.

3. There exist functions ϕ1 : T0 −→ R,ϕ2 : T0 ×T0 −→ R,ϕ3 : T0 ×T0 ×T0 −→ R con-

tinuous and nondecreasing such that the equations

ϕ0(h1(t)t,0)−1 = 0

and

ϕ0(h2(t)t,0)−1 = 0

have smallest solutions R1,R2 ∈ T0 −{0}, respectively.

Set T1 = [0,min{R0,R1,R2}). The equations

h2(t)−1 = 0

and

h3(t)−1 = 0

have smallest solutions r2, r3 ∈ T1 −{0}, respectively, where

h2(t) =
[ϕ(h1(t)+b(t))t,a(t)t)+ϕ2(t,h1(t)t)ϕ1(h1(t)t]h1(t)

(1−ϕ0(h1(t)t,0))(1−ϕ0(b(t)t,a(t)t))

and

h3(t) =
[ϕ(h2(t)+b(t))t,a(t)t)+ϕ3(t,h1(t)t),h2(t)tϕ1(h2(t)t]h2(t)

(1−ϕ0(h2(t)t,0))(1−ϕ0(b(t)t,a(t)t))
.

The parameter r is defined by

r = min{r j}, j = 1,2,3 (27.3)
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shall be shown to be a radius of convergence for method (27.2). Set T2 = [0, r).

Then, it follows by these definitions that for each t ∈ T2

0 ≤ ϕ0(b(t)t,a(t)t)< 1, (27.4)

0 ≤ ϕ0(h2(t)t,0)< 1, (27.5)

0 ≤ ϕ0(h2(t)t,0)< 1 (27.6)

and

0 ≤ h j(t) < 1. (27.7)

Denote by U(x,λ), U [x,λ] the open and closed balls in X with center x ∈ X and of radius

λ > 0. The following conditions are utilized:

(C1) There exist a simple solution x∗ ∈ Ω of equation F(x) = 0.

(C2)

‖I −δ[x,x∗;F]‖ ≤ a(‖x−x∗‖),
‖I +δ[x,x∗;F]‖ ≤ b(‖x−x∗‖)

and

‖F
′
(x∗)−1([x,y;F]−F

′
(x∗))‖ ≤ ϕ0(‖x−x∗‖,‖y−x∗‖)

for all x,y ∈ Ω.

(C3)

‖F
′
(x∗)−1([x,x∗;F ]‖ ≤ ϕ1(‖x−x∗‖) f or all x ∈ T1,

‖I−α(x)‖ ≤ ϕ2(‖x−x∗‖,‖y−x∗‖) f or all x,y ∈ T1,

and

‖I−b(x)‖ ≤ ϕ3(‖x−x∗‖,‖y−x∗‖,‖z−x∗‖) f or all x,y, z ∈ T1.

(C4) U [x∗, r∗] ⊂ Ω, where x∗ = max{r,b(r)r,a(r)r}.

Next, the local convergence analysis of method (27.2) is presented based on the developed

terminology and the conditions (C1)− (C4)

Theorem 33. Suppose that the conditions (C1)− (C4) hold. Then, the sequence {xn} gen-

erated by the method (27.2) is well defined, remains in U [x∗, r∗) for all n = 0,1,2, ... and

converges to x∗, provided that the initial point x0 ∈U [x∗, r)−{x∗}. Moreover, the following

assertions hold for all n = 0,1,2, ...

‖yn −x∗‖ ≤ h1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r, (27.8)

‖yn −x∗‖ ≤ h2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ (27.9)

and

‖xn+1−x∗‖ ≤ h3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (27.10)

where the functions h j are defined previously and the radius of convergence r is given by

formula (27.3).
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Proof. Mathematical induction is used to show assertions (27.8)-(27.10), and the esti-

mates(as in the previous chapter)

‖[wn,vn;F ]−1F
′
(x∗)‖ ≤ 1

1−ϕ0(‖wn−x∗‖,‖vn−x∗‖) , (27.11)

yn −x∗ = xn −x∗− [wn,vn;F]−1F(xn)

= [wn,vn;F]−1([wn,vn;F]− [xn,x∗;F])(xn−x∗),

‖yn −x∗‖ ≤ ϕ(‖wn −xn‖,‖vn−x∗‖)‖xn −x∗‖
1−ϕ0(‖wn−x∗‖,‖vn−x∗‖)

≤ ϕ((1+b(‖xn −x∗‖)‖xn−x∗‖,a(‖xn−x∗‖)‖xn −x∗‖)‖xn−x∗‖
1−ϕ0(b(‖xn−x∗‖)‖xn −x∗‖,a(‖xn−x∗‖)‖xn −x∗‖)

≤ h1(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

‖wn −x∗‖ = (I +δ[xn,x∗;F])(xn−x∗)‖ ≤ a(‖xn −x∗‖)‖xn −x∗‖
≤ b(r)r ≤ r∗,

‖[yn,x∗;F ]−1F
′
(x∗)‖ ≤ 1

1−ϕ0(h1(‖xn−x∗‖)‖xn−x∗‖,0)
,

‖[zn,x∗;F ]−1F
′
(x∗)‖ ≤ 1

1−ϕ0(h2(‖xn−x∗‖)‖xn−x∗‖,0)
,

zn −x∗ = yn −x∗− [yn,x∗;F]F(yn)+[yn,x∗;F ]−1F(yn)

−an[wn,vn;F]−1F(yn)

= [yn,x∗;F]−1([wn,vn;F]− [yn,x∗;F]+ [yn,x∗;F]

× [wn,vn;F ]−1(I−an))(yn−x∗),

and

yn −x∗− [yn,x∗;F]F(yn) = yn −x∗− [yn,x∗;F][yn,x∗;F](yn−x∗) = 0.

In the special case when X = Y = R
i, the following results were given in [4].

Theorem 34. [4]. Suppose that operator F is sufficiently many times differentiable and

x∗ ∈ Ω is a simple solution of equation F(x) = 0.

Then, the sequence {xn} generated by

yn = xn −L−1F(xn) (27.12)

and

xn+1 = yn −anL−1F(yn)

ha order of convergence equal to four if and only if

an = F
′
(yn)

−1L+O(h2), h = ‖F(xn)‖,

where

Ln = [wn,xn;F].
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Theorem 35. [4] Suppose that conditions of Theorem 34 hold: Then, the convergence order

of method(27.2) is equal to six if and only if

an = I +2pn +qn +O(h2),

where

pn =
1

2
F

′
(xn)

−1F
′′
(xn)F

′
(xn)

−1F(xn),

and

qn =
1

2
F

′
(xn)

−1F
′′
(xn)δF(xn),

Notice that the results in the last two theorems hold provided that F is sufficiently many

times differentiable limiting the applicability of method (27.12) and method (27.2) in the

special case although these methods may converge.

Similar results have been provided for methods with convergence orders higher than six

in [4].
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Chapter 28

The Convergence Analysis of Some

Fourth and Fifth Order Methods

1. Introduction

The local as well as the semi-local convergence analysis of certain fourth and fifth-order

methods under the same conditions as in the previous chapter.

Cordero et al. method (Fourth order) [3]

yn = xn −F ′(xn)
−1F(xn)

and (28.1)

xn+1 = yn − (2I −F ′(xn))
−1F(yn).

Sharma et al. method (Fourth order) [5]

yn = xn −F ′(xn)
−1F(xn)

and (28.2)

xn+1 = yn − (3I −F ′(xn)
−1[yn,xn;F])F ′(xn)

−1F(yn).

Grau et al. method (Fifth order) [4]

yn = xn −F ′(xn)
−1F(xn),

zn = yn −
1

2
(I +F ′(yn)

−1F ′(xn))F ′(xn)
−1F(yn) (28.3)

and

xn+1 = zn −F ′(yn)
−1F(zn).
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Xiao et al. method (Fifth order) [6]

yn = xn −αF ′(xn)
−1F(xn), α ∈ R−{0}

zn = yn −A−1
n F ′(xn)

−1F(yn), (28.4)

An = (1− 1

2α
)I +

1

2α
F ′(xn)

−1F ′(yn))

and

xn+1 = zn −BnF ′(xn)
−1F(zn),

where

Bn = I +2(
1

2α
F ′(yn)+(1− 1

2α
)F ′(xn)

−1F ′(xn).

2. Local Convergence

As in the previous Chapters the convergence theorems rely on some estimates and the

corresponding functions.

Method (28.1)

It follows in turn from the two substeps of method (28.1), respectively

‖yn −x∗‖ ≤
R 1

0 ϕ((1−θ)‖xn−x∗‖)dθ‖xn−x∗‖
1−ϕ0(‖xn−x∗‖) ≤ g1(‖xn −x∗‖)‖xnb−x∗‖

and

‖xn+1−x∗‖ = ‖yn −x∗−F ′(yn)
−1F(yn)+F ′(xn)

−1(F ′(xn)−F ′(yn))F(yn)

+F ′(yn)
−1(F ′(xn)−F ′(yn))F′(xn)

−1F(yn)‖

≤
[

R 1
0 ϕ((1−θ)‖yn −x∗‖)dθ

1−ϕ0(‖yn−x∗‖) +

(

ϕ0(‖xn−x∗‖)+ϕ0(‖yn −x∗‖)
1−ϕ0(‖xn−x∗‖)

+
ϕ0(‖xn −x∗‖)+ϕ0(‖yn−x∗‖)

(1−ϕ0(‖xn−x∗‖))(1−ϕ0(‖yn −x∗‖))

)

× (1+
Z 1

0
ϕ0(θ‖yn −x∗‖)dθ)

]

‖yn −x∗‖

≤ g2(‖xn −x∗‖)‖xn−x∗‖.

Hence, we can define

g1(t) =

R 1
0 ϕ((1−θ)t)dθ

1−ϕ0(t)

and

g2(t) =

[

R 1
0 ϕ((1−θ)g1(t)t)dθ

1−ϕ0(g1(t)t)
+

(

ϕ0(t)+ϕ0(g1(t)t)

1−ϕ0(t)

+
ϕ0(t)+ϕ0(g1(t)t)

(1−ϕ0(t))(1−ϕ0(g1(t)t))

)

(1+

Z 1

0
ϕ0(θg1(t)t)dθ)

]

g1(t).
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Method (28.2)

‖xn+1−x∗‖ = ‖yn −x∗−F ′(yn)
−1F(yn)+F ′(yn)

−1(F ′(xn)−F ′(yn))
−1F ′(xn)

−1F(yn)

+2F ′(xn)
−1(F ′(xn)− [yn,xn;F])F(yn)‖

≤
[

R 1
0 ϕ((1−θ)‖yn −x∗‖)dθ

1−ϕ0(‖yn−x∗‖) +

(

ϕ0(‖xn−x∗‖)+ϕ0(‖yn −x∗‖)
(1−ϕ0(‖xn −x∗‖))(1−ϕ0(‖yn−x∗‖))

+ 2
ϕ1(‖xn −x∗‖,‖yn −x∗‖)

1−ϕ0(‖xn−x∗‖)

)

× (1+

Z 1

0
ϕ0(θ‖yn −x∗‖)dθ)

]

‖yn −x∗‖.

Thus, the function g1 is the same as in method (28.1), where the function g2 is defined by

g2(t) =

[

R 1
0 ϕ((1−θ)g1(t)t)dθ

1−ϕ0(g1(t)t)
+

(

ϕ0(t)+ϕ0(g1(t)t)

(1−ϕ0(t))(1−ϕ0(g1(t)t))

+ 2
ϕ1(t,g1(t)t)

1−ϕ0(t)

)

× (1+
Z 1

0
ϕ0(θg1(t)t)dθ)

]

g1(t)t.

Method (28.3)

‖zn−x∗‖ = ‖yn −x∗−F ′(yn)
−1F(yn)

+(F ′(yn)
−1− 1

2
(F ′(xn)

−1 +F ′(yn)
−1)F(yn)‖

≤
[

R 1
0 ϕ((1−θ)‖yn−x∗‖)dθ

1−ϕ0(‖yn −x∗‖) +
1

2

(

ϕ0(‖xn −x∗‖)+ϕ0(‖yn−x∗‖)
(1−ϕ0(‖xn−x∗‖))(1−ϕ0(‖yn −x∗‖))

× (1+

Z 1

0
ϕ0(θ‖yn−x∗‖)dθ)

]

‖yn −x∗‖

and

‖xn+1−x∗‖ = ‖zn−x∗−F ′(zn)
−1F(zn)

+F ′(zn)
−1(F ′(yn)−F ′(zn))F′(yn)

−1)F(zn)‖

≤
[

R 1
0 ϕ((1−θ)‖zn−x∗‖)dθ

1−ϕ0(‖zn−x∗‖) +

(

ϕ0(‖yn −x∗‖)+ϕ0(‖zn−x∗‖)
(1−ϕ0(‖yn−x∗‖))(1−ϕ0(‖zn−x∗‖))

× (1+

Z 1

0
ϕ0(θ‖zn−x∗‖)dθ)

]

‖zn−x∗‖.
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Hence, the function g1 is the same as in method (28.2) and

g2(t) ≤
[

R 1
0 ϕ((1−θ)g1(t)t)dθ

1−ϕ0(g1(t)t)
+

(

ϕ0(t)+ϕ0(g1(t)t)

2(1−ϕ0(t))(1−ϕ0(g1(t)t))

× (1+
Z 1

0
ϕ0(θg1(t)t)dθ)

]

g1(t)

and

g3(t) ≤
[

R 1
0 ϕ((1−θ)g2(t)t)dθ

1−ϕ0(g2(t)t)
+

ϕ0(g1(t)t)+ϕ0(g2(t)t)

(1−ϕ0(g1(t()t))(1−ϕ0(g2(t)t))

× (1+

Z 1

0
ϕ0(θg2(t)t)dθ)

]

g2(t).

Method (28.4)

‖yn −x∗‖ = ‖xn −x∗−F ′(xn)
−1F(xn)+(1−α)F ′(xn)

−1)F(xn)‖

≤ [

R 1
0 ϕ((1−θ)‖xn−x∗‖)dθ+ |1−α|(1+

R 1
0 ϕ0(θ‖xn−x∗‖)dθ)

1−ϕ0(‖xn−x∗‖) ]

‖xn −x∗‖,

‖zn−x∗‖ = ‖yn −x∗−F ′(yn)
−1F(yn)+(F ′(yn)

−1−C−1
n )F(yn)‖

≤
[

R 1
0 ϕ((1−θ)‖yn −x∗‖)dθ

1−ϕ0(‖yn−x∗‖)

+

(

1+
1

2|α|

)

(ϕ0(‖xn −x∗‖)+ϕ0(‖yn−x∗‖))(1+
R 1

0 ϕ0(θ‖yn−x∗‖)dθ)

(1−ϕ0(‖xn −x∗‖))(1− p(‖xn−x∗‖))

]

‖yn −x∗‖,

where we also used

Cn = (1− 1

2α
)F ′(xn)+

1

2α
F ′(yn)+F ′(yn),

so

‖F ′(x∗)−1(Cn−F ′(x∗))‖ ≤ ‖F ′(x∗)−1(F ′(xn)−F ′(x∗))‖

+
1

2|α|‖F ′(x∗)−1(F ′(xn)−F ′(yn))‖

≤ (1+
1

2|α|)ϕ0(‖xn −x∗‖)+
1

2|α|ϕ0(‖yn −x∗‖)

≤ p(‖xn −x∗‖),

where

p(t) = (1+
1

2|α|)ϕ0(t)+
1

2|α|ϕ0(g1(t)t)
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and

‖xn+1−x∗‖ = ‖zn−x∗−F ′(zn)
−1F(zn)

+F ′(zn)
−1(F ′(xn)−F ′(zn))F′(xn)

−1)F(zn)−2C−1
n F(zn)‖

≤
[

R 1
0 ϕ((1−θ)‖zn−x∗‖)dθ

1−ϕ0(‖zn−x∗‖) +

(

ϕ0(‖yn −x∗‖)+ϕ0(‖zn−x∗‖)
(1−ϕ0(‖yn−x∗‖))(1−ϕ0(‖zn−x∗‖))

+
2

1− p(‖x0 −x∗‖

)

(1+

Z 1

0
ϕ0(θ‖zn−x∗‖)dθ)

]

‖zn−x∗‖.

Therefore, the corresponding functions are

g1(t) =

R 1
0 ϕ((1−θ)t)dθ+ |1−α|(1+

R 1
0 ϕ0(θt)dθ)

1−ϕ0(t)
,

g2(t) =

[

R 1
0 ϕ((1−θ)g1(t)t)dθ

1−ϕ0(g1(t)t)

+

(

1+
1

2|α|

)

(ϕ0(t)+ϕ0(g1(t)t))(1+
R 1

0 ϕ0(θg1(t)t)dθ)

(1−ϕ0(t))(1− p(t))

]

g1(t)

and

g3(t) =

[

R 1
0 ϕ((1−θ)g2(t)t)dθ

1−ϕ0(g2(t)t)
+

(

ϕ0(t)+ϕ0(g2(t)t)

(1−ϕ0(t))(1−ϕ0(g2(t)t))

+
2

1− p(t)

)

(1+

Z 1

0
ϕ0(θg2(t)t)dθ)

]

g2(t).

3. Semi-Local Convergence

We have in turn the estimates

‖xn+1− zn‖ = ‖(I−F ′(xn)
−1F ′(yn))F ′(xn)

−1F(yn)−F ′(xn)
−1F(yn)‖

≤
[

ψ0(‖xn −x∗‖)+ψ0(‖yn−x0‖)
(1−ψ0(‖xn −x0‖))2

+
1

1−ψ0(‖xn −x0‖)

]

Z 1

0
ψ((1−θ)‖yn −xn‖)dθ‖yn−xn‖

≤ tn+1− sn

and as before

‖yn+1 −xn+1‖ ≤ sn+1− tn+1.
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Hence, we define

tn+1 = sn +

(

ψ0(tn)+ψ0(sn)

(1−ψ0(tn))2
+

1

1−ψ0(tn)

)

×
Z 1

0
ψ((1−θ)(sn− tn))dθ(sn− tn)

and

sn+1 = tn+1 +

R 1
0 ψ((1−θ)(tn+1− tn))dθ(tn+1− tn)+(1+ψ0(tn))(tn+1− sn)

1−ψ0(tn+1)
.

Method (28.2)

‖xn+1−yn‖ = ‖2(I−F ′(xn)
−1[yn,xn;F])F ′(xn)

−1F(yn)+F ′(xn)
−1F(yn)‖

≤
(

2ψ1(‖xn−x∗‖,‖yn−x0‖)
(1−ψ0(‖xn−x0‖))2

+
1

1−ψ0(‖xn−x0‖)

)

×
Z 1

0
ψ((1−θ)‖yn−xn‖)dθ‖yn−xn‖

and

‖yn+1 −xn+1‖ ≤ sn+1− tn+1,

where

tn+1 = sn +

(

2ψ1(tn, sn)

(1−ψ0(tn))2
+

1

1−ψ0(tn)

)

Z 1

0
ψ((1−θ)(sn− tn))dθ(sn− tn)

and sn+1 is given as in method (28.1).

Method (28.3)

‖zn−yn‖ =
1

2
‖F ′(xn)

−1 +F ′(yn)
−1)F(yn)‖

≤ 1

2

(

1

1−ψ0(‖xn −x0‖)
+

1

1−ψ0(‖yn −x0‖)

)

×
Z 1

0
ψ((1−θ)‖yn−xn‖)dθ‖yn−xn‖

and

‖xn+1− zn‖ = ‖F ′(zn)
−1F(zn)

≤ 1

1−ψ0(‖yn −x0‖)

[(1+

Z 1

0
ψ((1−θ)‖zn−yn‖)dθ)‖zn−yn‖

+

Z 1

0
ψ((1−θ)‖yn−xn‖)dθ‖yn−xn‖)],
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where we also used

F(zn) = F(zn)−F(yn)+F(yn)

=

Z 1

0
F ′(yn +θ(zn−yn))dθ(zn−yn)

+

Z 1

0
[F ′(xn +θ(yn −xn))dθ−F ′(xn)](yn−xn).

Thus, the sequences are chosen as

un = sn +
1

2

(

1

1−ψ0(tn)
+

1

1−ψ0(sn)

)

Z 1

0
ψ(θ(sn− tn))dθ(sn− tn)

and

tn+1 = un +
1

1−ψ0(tn)

(

1+

Z 1

0
ψ0(θ(un− sn))dθ)(un− sn)

+

Z 1

0
ψ(θ(sn− tn))dθ(sn− tn)

)

where the iterate sn+1 is given as in the previous method.

Method (28.4)

‖zn −yn‖ = ‖C−1
n F(yn)‖

≤
(
R 1

0 ψ(θ‖yn −xn‖)dθ+ 1
2|α|(1+ψ0(‖xn −x0‖)))‖yn−xn‖

1−qn(‖xn −x0‖)
,

where we also used

Cn −F ′(x0) = F ′(xn)−F ′(x0)+
1

2α
(F ′(yn)−F ′(xn)),

‖F ′(x0)
−1(Cn−F ′(x0))‖ ≤ ψ0(‖xn −x0‖)+

1

2|α|ψ(‖yn −xn‖)

≤ qn(‖xn−x0‖),

qn = ψ0(‖xn−x0‖)+
1

2|α|ψ(‖yn−xn‖),

F(yn) = F(yn)−F(xn)−
1

α
F ′(xn)(yn−xn)−F ′(xn)(yn−xn),

‖F ′(x0)
−1F(yn)‖ ≤

(

Z 1

0
ψ(θ‖yn−xn‖)dθ+

1

2|α|(1+ψ0(‖xn −x0‖))
)

‖yn −xn‖,
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‖xn+1 − zn‖ = ‖−F ′(xn)
−1F(zn)+2C−1

n F(zn)‖
= ‖(C−1

n −F ′(xn)
−1)F(zn)+C−1

n F(zn)‖
= C−1

n (F ′(xn)−Dn)F ′(xn)
−F(zn)+C−1

n F(zn)‖

≤
(

ψ(‖yn −xn‖)
2|α|(1−ψ0(‖xn−x0‖))(1−qn)

+
1

1−qn

)

[

(1+

Z 1

0
ψ0(θ‖zn−yn‖)dθ)‖zn−yn‖

+ (

Z 1

0
ψ(θ‖yn −xn‖)dθ+

1

2|α|(1+ψ0(‖xn −x0‖))‖yn−xn‖
]

,

‖yn+1−xn+1‖ ≤ 1

1−ψ0(‖xn+1−x0‖)

[

Z 1

0
ψ((1−θ)‖xn+1−xn‖)dθ‖xn+1−xn‖

+ (1+ψ0(‖xn−x0‖))(‖xn+1−xn‖+
1

|α|‖yn −xn‖
]

,

where we also used

F(xn+1) = F(xn+1)−F(xn)+F ′(xn)(xn+1−xn)

− 1

α
F ′(xn)(yn −xn)+F ′(xn)(xn+1−xn),

leading to the numerator of the previous expression if composed in norm by

F ′(x0)
−1F(xn+1). Thus, we define the sequences by

un = sn +
(
R 1

0 ψ(θ(sn− tn))dθ+ 1
2|α|(1+ψ0(tn)))(sn− tn)

1−qn

,

qn = ψ0(tn)+
1

2|α|ψ(sn − tn),

tn+1 = un +

(

ψ(sn− tn)

2|α|(1−ψ0(tn))(1−qn)
+

1

1−qn

)

[

(1+

Z 1

0
ψ(θ(un− sn))dθ)(un− sn)

+ (

Z 1

0
ψ(θ(sn− tn))dθ+

1

2|α|(1+ψ0(tn)))(sn− tn)

]

and

sn+1 = tn+1 +
1

1−ψ0(tn+1)

[
Z 1

0
ψ((1−θ)(tn+1− tn)dθ(tn+1− tn)+(1+ψ0(tn))(tn+1− tn +

1

|α|(sn − tn)].
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Chapter 29

High Convergence Order Derivative

Free Methods-I

1. Introduction

The solution of the nonlinear equation

F(x) = 0 (29.1)

are approximated using the following fourth-order derivative-free methods defined for all

n = 0,1,2, . . ., starting point x0 ∈ D and for some parameter α ∈ R−{0} by

yn = xn − [vn,xn;F ]−1F(xn), vn = xn +αF(xn) (29.2)

and

xn+1 = yn − (3I− [vn,xn;F]−1([yn,xn;F]+ [vn,vn;F]))[vn,xn;F]−1F(yn).

yn = xn − [vn,xn;F ]−1F(xn) (29.3)

and

xn+1 = yn − [yn,xn;F ]−1An[yn,xn;F]−1F(xn).

where

An = [yn,xn;F ]− [yn,vn;F]+ [vn,xn;F],

yn = xn − [vn,xn;F ]−1F(xn)

and

xn+1 = yn −B−1
n F(yn) (29.4)

for

Bn = [yn,xn;F ]+ [yn,vn;F]− [vn,xn;F].

The local convergence order is shown using the condition on the fifth derivative when

B = R
k [1,2,3,4,5,6,7,8,9,10,11].

The semi-local convergence is not given. In this chapter, both the local as well as

the semi-local convergence are presented in the more general setting of a Banach space.

Moreover, conditions only on the operators appearing in these methods are used in the

analysis. Hence, the applicability of these methods is extended.
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2. Local Convergence Analysis

The analysis uses the same conditions for both methods. Let M = [0,∞). Suppose:

(i) There exist functions ϕ0 : M −→ R,γ : M −→ R such that the equation

ϕ0(γ(t)t, t)−1 = 0

has the smallest solution ρ ∈ M−{0}.

Let M0 : [0,ρ).

(ii) There exist functions δ : M0 −→ R,ϕ : M0 ×M0 −→ R,

ϕ1 : M0×M0 ×M0 −→ R,ϕ2 : M0 ×M0 ×M0 −→ R

such that the equations

gi(t)−1 = 0, i = 1,2

have the smallest solutions µi ∈ M0−{0}, where

g1(t) =
ϕ(γ(t)t, t)

1−ϕ0(γ(t)t, t)

and

g2(t) = [
ϕ1(γ(t)t, t,g1(t)t)

1−ϕ0(γ(t)t, t)
+

(ϕ1(γ(t)t, t,g1(t)t)+ϕ2(γ(t)t, t,g1(t)t))δ(t)t

(1−ϕ0(γ(t)t, t))2
]g1(t).

We assume that the functions ϕ,ϕ1, and ϕ2 are symmetric.

The parameter r defined by

r = min{r1, r2} (29.5)

shall be shown to be a radius of convergence for method (29.2) in Theorem 2.1.

Let M1 = [0,δ). Then, it follows by these definitions that for all t ∈ M1

0 ≤ ϕ0(γ(t)t, t)< 1 (29.6)

and

0 ≤ gi(t)≤ 1. (29.7)

By U(x∗,λ),U [x∗,λ] we denote the open and closed balls in B with center x∗ and of radius

λ > 0.

The scalar functions are connected to the operators appearing on the methods as follows,

Suppose:

(a1) There exist a simple solution x∗ ∈ D of the equation F(x) = 0 such that F
′
(x∗)−1 ∈

δ(B1,B).
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(a2)

‖I +α[x,x∗;F]‖ ≤ γ(‖x−x∗‖)
and

‖F
′
(x∗)−1([z,x;F]−F

′
(x∗)‖ ≤ ϕ0(‖z−x∗‖,‖x−x∗‖)

for all x, z ∈ D.

Set D0 = U [x∗,δ)∩D.

(a3)

‖F
′
(x∗)−1[y,x∗;F ]‖ ≤ δ(‖y−x∗‖,

‖F
′
(x∗)−1([z,x;F]− [x,x∗;F])‖ ≤ ϕ(‖z−x∗‖,‖x−x∗‖),

‖F
′
(x∗)−1([z,x;F]− [y,x;F])‖ ≤ ϕ1(‖z−x∗‖,‖y−x∗‖,‖x−x∗‖)

and

‖F
′
(x∗)−1([z,x;F]− [y, z;F])‖ ≤ ϕ2(‖z−x∗‖,‖x−x∗‖,‖y−x∗‖)

for all x,y, z ∈ D0.

and

(a4) U [x∗,R]⊂ D,R = max{r,γ(r)r}

Next, the local convergence analysis for method (29.2) is presented which is based on the

conditions (a1)− (a4) and the developed terminology.

Theorem 36. Suppose that the conditions (a1)−(a4) hold. Then, if x0 ∈U(x∗, r)−{x∗} the

sequence {xn} generated by method (29.2) is well defined, remains in U(x∗, r) for all n =
0,1,2, ... and converges to x∗. Moreover, the following assertion hold for en = ‖xn −x∗‖ :

‖yn−x∗‖ ≤ g1(en)en ≤ en < r (29.8)

and

en+1 ≤ g2(en)en ≤ en, (29.9)

where the functions yi are defined previously and the convergence radius r is given by

formula (29.5).

Proof. Estimates (29.8) and (29.9) are shown using mathematical induction. Let µ = x +
αF(x) ∈U(x∗, r)−{x∗}. By applying (a2) and using (a1),(a2) and (29.5) we obtain in turn

‖F
′
(x∗)−1([µ,x;F]−F

′
(x∗))‖ ≤ ϕ0(‖µ−x∗‖,‖x−x∗‖)

≤ ϕ0(γ(‖x−x∗‖,‖x−x∗‖),‖x−x∗‖)
≤ ϕ0(γ(r)r, r) < 1, (29.10)

since ‖µ−x∗‖ = ‖(I +[x,x∗;F])(x−x∗)‖ ≤ γ(‖x−x∗‖)‖x−x∗‖.

It follows that [µ,x;F]−1 ∈ δ−1(B,B) according to the Banach lemma on invertible operators

[1,2,3,4], and

‖[x+αF(x),x;F]−1F
′
(x∗)‖ ≤ 1

1−ϕ0(γ(‖x−x∗‖)‖x−x∗‖,‖x−x∗‖) . (29.11)
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In particular, if x = x0, the iterate y0 is well defined by the first sub-step of the method

(29.2). Moreover, we can write

y0 −x∗ = ([v0,x);F]1 F
′
(x∗)−1([v0,x0;F ]− [x0,x∗;F ])(v0−x∗). (29.12)

Using (29.5),(C3),(29.7) (for i = 1),(29.11)(for x = x0) and (29.12)

‖y0 −x∗‖ ≤ ϕ(|α|β(‖x0−x∗‖)‖x0−x∗‖,‖x0−x∗‖)‖x0 −x∗‖
1−ϕ0(γ(‖x0−x∗‖)‖x0−x∗‖,‖x0−x∗‖)

≤ g1(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0 −x∗‖ < r. (29.13)

Hence, the iterate x0 ∈ U(x∗, r) and assertion (29.8) hold for n = 0. Notice that the iterate

x1 is also well defined by the second sub-step of method (29.2) for n = 0. Furthermore, we

can write in turn that

x1 −x∗ = y0 −x∗− [v0,x0;F]−1F(y0)

+(2I − [v0,x0;F]−1([y0,x0;F]− [y0,v0;F])[v0,x0;F ]−1F(y0)

= y0 −x∗− [v0,x0;F]−1F(y0)

+{[v0,x0;F]−1([v0,x0;F]− [y0,x0;F])+[v0,x0;F]−1

([v0,x0;F]− [y0,v0;F])}[v0,y0;F]−1F(y0). (29.14)

Then, as in (29.13) but using (29.7) for i = 2 and (29.14) we get in turn that

‖x1 −x∗‖ ≤ [
ϕ1(‖v0 −x∗‖,‖x0 −x∗‖,‖y0−x∗‖)

1−ϕ0(γ(‖x0−x∗‖)‖x0−x∗‖,‖x0−x∗‖)

+
1

(1−ϕ0(γ(‖x0−x∗‖)‖x0−x∗‖,‖x0−x∗‖))2

(ϕ1(‖v0 −x∗‖,‖x0 −x∗‖,‖y0−x∗‖)
+ϕ2(‖v0 −x∗‖,‖x0−x∗‖,‖y0 −x∗‖))δ(‖y0−x∗‖))]‖y0−x∗‖
≤ g2(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0 −x∗‖. (29.15)

Thus, the iterate x1 ∈ U(x∗, r) and the assertion (29.9) holds for n = 0. Suppose these

assertions hold for all integer values of the index smaller than n. Then, simply switch

x0,y0, z0,x1 by xk,yk, zk,xk+1 in the preceding calculations to terminate the induction for the

assertions (29.8) and (29.9). Then, in view of the estimate

ek+1 ≤ aek < r, (29.16)

where a = g2(‖x0 − x∗‖), we conclude that the iterate xk+1 ∈ U(x∗, r) and limn−→∞xk =

x∗.

Next, The uniqueness of the solution result is presented.

Proposition 23. Suppose:

(i) There exist a simple solution x∗ ∈ U(x∗,ρ1) of the equation F(x) = 0.
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(ii) ‖F
′
(x∗)−1([x,x∗;F]−F

′
(x∗))‖ ≤ ϕ3(‖x− x∗‖) for all x ∈ D and some function ϕ3 :

M −→ R which is continuous and nondecreasing.

and

(iii) There exist ρ2 ≥ ρ1 such that

ϕ3(ρ2) < 1. (29.17)

Let D1 = U [x∗,ρ2]∩D.

Then, the point x∗ is the only solution of the equation F(x) = 0 in the region D1.

Proof. Define the linear operator T = [x∗,y∗;F], where y∗ ∈ D1 with F(y∗) = 0. Using

(i), (ii) and (29.17), we have

‖F
′
(x∗)−1(T −F

′
(x∗))‖ ≤ ϕ3(‖y∗−x∗‖)≤ ϕ3(ρ2) < 1,

tending to x∗ = t∗ by the invertibility of the operator T and the identity T (y∗−x∗) = F(y∗)−
F(x∗) = 0.

Remark. It is worth noticing that not all hypotheses of Theorem 36 are used to establish the

uniqueness of the solution in Proposition 23.

Next, we similarly present the local convergence of method (29.3) under the conditions

(a1)− (a4) but we define the function g2 by

g2(t) =

[

ϕ(t,g1(t)t)

1−ϕ0(t,g1(t)t)
+

(ϕ2(γ(t)tt, t,g1(t)t)δ(g1(t)t)

(1−ϕ0(t,g1(t)t))2

]

g1(t).

The definition of the function g2 is a consequence of the estimate obtained from the second

sub-step of the method (29.3) as follows

xn+1 −x∗ = yn −x∗− [yn,xn;F ]−1F(yn)

+[yn,xn;F]−1([vn,xn;F]− [yn,vn;F])[yn,xn;F ]−1F(yn),

so

‖xn+1−x∗‖ ≤ g2(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r,

where we also used the estimate

‖[yn,xn;F ]−1F
′
(x∗)‖ ≤ 1

1−ϕ0(‖yn −x∗‖,‖xn−x∗‖) .

Then, the result in Theorem 36 and Proposition 23 can be rewritten with the above changes

but for method (29.3) replacing method (29.2).
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3. Semi-Local Convergence

The analysis is given based on majorizing sequence

The following sequence {tn} shall be shown to be majorizing in Theorem 37. This sequence

is defined for all n = 0,1,2, ..., t0 = 0, s0 = Ω by

tn+1 = sn +[
ϕ1(c(tn)tn +b, tn, sn)

1−ϕ0(c(tn)tn +b, t)
+

1

(1−ϕ0(c(tn)tn +b, sn))2

(ϕ1(c(tn)tn +b, tn, sn)+ϕ2(c(tn)tn +b, tn, sn)) (29.18)

ϕ1(c(tn)tn +b, tn, sn)](sn− tn)

and

sn+1 = tn+1 +
σn+1

1−ϕ0(c(tn+1)tn+1 +b, tn+1)

where

σn+1 =(1+ϕ0(tn+1, tn))(tn+1− tn)

+(1+ϕ0(c(tn)tn +b, tn))(sn− tn),

where the functions ”ϕ” are as the ”ϕ” functions of the previous section. But first we present

a convergence result for sequence {tn}.

The conditions for the semi-local convergence for both methods are:

(h1) There exist x0 ∈ D,Ω ≥ 0 such that

F
′
(x0)

−1 ∈ δ(B,B), |α|‖F(x0)‖ ≤ b and ‖[v0,x0;F]−1F(x0)‖ ≤ Ω.

(h2)

‖I +α[x,x0;F]‖ ≤ c(‖x−x0‖

and

‖F
′
(x0)

−1([z,x0;F]−F(x0)))‖≤ ϕ0(‖z−x0‖,‖x−x0‖)

for all x, z ∈ D. Set D2 = U(x0,b0)∩D.

(h3)

‖F
′
(x0)

−1([z,x;F]− [y,x;F])‖ ≤ ϕ1(‖v−x0‖,‖x−x0‖,‖y−x0‖)
and

‖F
′
(x0)

−1([z,x;F]− [y, z;F])‖ ≤ ϕ2(‖v−x0‖,‖x−x0‖,‖y−x0‖).

(h4) Conditions of Lemma 38 hold

and

(h5) U [x0,R∗] ⊂ D, where R∗ = c(t∗)t∗+b.
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Lemma 38. Suppose

ϕ0(c(tn)tn + |α|Ω0, tn) < 1, tn < τ f or some τ > 0 (29.19)

for all n = 0,1,2, .... Then, the sequence {tn} is non-decreasing and converges to its unique

least upper bound t∗ ∈ [0,τ].

Proof. It follows by (29.18) and (29.19) that sequence {tn} is nondecreasing and bounded

from above by τ and as such it converges to t∗.

We left the choice of τ in (29.19) as uncluttered as possible. A possible choice is given as

follows. Suppose there exist a smallest positive solution of the equation

ϕ0(ϕ(t)t +b, t)−1 = 0 (29.20)

denoted by τ0. Then, we can set τ = τ0 in (29.19)

Next, the semi-local convergence analysis of the method (29.2) is presented.

Theorem 37. Suppose that the conditions (h1)− (h5) hold. Then, the sequence {xn} gen-

erated by method (29.2) is well defined and converges to a solution x∗ ∈ U [x0, t
∗] of the

equation F(x) = 0. Moreover, the following assertions hold for all n = 0,1,2, ...

‖yn −xn‖ ≤ sn − tn (29.21)

and

‖xn+1−yn‖ ≤ tn+1− sn (29.22)

Proof. Mathematical induction is used to show assertions (29.21) and (29.22) as well as the

methodology of Theorem 36.

The following estimates are needed:

‖xn+1 −yn‖ = ‖[vn,xn;F]−1F(yn)

+[vn,xn;F]−1([vn,xn;F]− [yn,xn;F ])[vn,xn;F]−1F(yn)

+[vn,xn;F]−1([vn,xn;F]− [yn,xn;F ])[vn,xn;F]−1F(yn)‖

≤ ϕ1(ϕ(‖xn −x0‖)‖xn −x0‖+b,‖xn −x0‖,‖yn−x0‖)
1−ϕ0(ϕ(‖xn −x0‖)‖xn−x0‖+b,‖xn −x0‖)

+
1

(1−ϕ0(ϕ(‖xn −x0‖)‖xn−x0‖+b,‖xn −x0‖))2

(ϕ1(ϕ(‖xn−x0‖)‖xn−x0‖+b,‖xn −x0‖,‖yn−x0‖)
(ϕ2(ϕ(‖xn−x0‖)‖xn−x0‖+b,‖xn −x0‖,‖yn−x0‖))
≤ tn+1− sn
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where we also used

‖vn−x0‖ = ‖xn +αF(xn)−x0‖
= ‖(I +α[xn,x0;F])(xn−x0)+αF(x0)‖
≤ ‖(I +α[xn,x0;F])‖‖xn−x0‖+ |α|‖F(x0)‖
≤ ϕ(‖xn −x0‖)‖xn−x0‖+b ≤ ϕ(tn)tn +b ≤ R∗,

‖yn−x0‖ ≤ sn, ‖xn−x0‖ ≤ tn

and

F(yn) = F(yn)−F(xn)− [vn,xn;F ](yn−xn)

= ([yn,xn;F]− [vn,xn;F])(yn−xn),

so

‖F
′
(x0)

−1F(yn)‖ ≤ ϕ1(ϕ(‖xn −x0‖)‖xn −x0‖+b,‖xn −x0‖,‖yn−x0‖)‖yn −x0‖
≤ ϕ1(ϕ(tn)tn +b, tn, sn)(sn− tn),

and

‖[vn,xn;F]−1F
′
(x0)‖ ≤

1

1−ϕ0(‖vn−x0‖,‖xn−x0‖)

≤ 1

1−ϕ0(ϕ(tn)tn +b, tn)
.

Moreover, by the second substep of method (29.2), we can write

F(xn+1) = F(xn+1)−F(xn)− [vn,xn;F ](yn−xn)

− [xn+1,xn;F ](xn+1−xn)

+[xn+1,xn;F ](xn+1−xn)

= [xn+1,xn;F](xn+1−xn)− [vn,xn;F](yn −xn)

= ([xn+1,xn;F]−F
′
(x0)+F

′
(x0))(xn+1−xn)

= ([vn,xn;F]−F
′
(x0)+F

′
(x0))(yn−xn)

so

‖F
′
(x0)

−1F(xn+1)‖ ≤ (1+ϕ0(‖xn+1−x0‖,‖xn −x0‖))‖xn+1−xn‖
+(1+ϕ0(‖vn −x0‖,‖xn −x0‖))‖yn−xn‖ (29.23)

≤ (1+ϕ0(tn+1, tn))(tn+1− tn)

+(1+ϕ0(ϕ(tn)tn +b, tn)(sn− tn)

= σn+1.

It follows that

‖yn+1−xn+1‖ ≤ ‖[vn+1,xn+1;F]−1F
′
(x0)‖‖F

′
(x0)

−1F(xn+1)

≤ σn+1

1−ϕ0(ϕ(tn+1tn+1 +b, tn+1)
= sn+1− tn+1.

The induction is terminated. Hence, sequence {xn} is complete in a Banach space B,

and as such it converges to some x∗U [x∗, t∗]. By letting n −→ ∞ in (29.23), we conclude

limn−→∞xn = x∗.
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The uniqueness of the solution is given in the following result.

Proposition 24. Suppose

(i) There exists a solution x∗ ∈U(x0,λ0) for some λ0 > 0.

(ii) The second condition in (h2) holds in U(x0,λ0) for x = x∗.

(iii) There exist λ ≥ λ0 such that

ϕ̄0(0,λ) < 1 (29.24)

Set D3 = U [x0,λ]∩D.

Then, the only solution of the equation F(x) = 0 in the region D3 is x∗.

Proof. Let y∗ ∈ D3 with F(y∗) = 0. Set Q = [x∗,y∗;F ]. It then follows from (ii) and (29.24)

that

‖F
′
(x0)

−1(Q−F
′
(x0))‖ ≤ ϕ̄0(‖x∗−x‖,‖y∗−x∗‖)≤ ϕ̄0(0,λ1) < 1.

Hence, we deduce x∗ = y∗, since the linear operator Q is invertible and

Q(x∗−y∗) = F(x∗)−F(y∗) = 0.

Notice that the function ϕ̄0 is at least as small as ϕ. Hence, the radius of uniqueness is

at least as large as if function ϕ is used.

The majorizing sequence for method (29.3) is similarly defined by t0 = 0, s0 = Ω

tn+1 = sn +(1+
ϕ2(c(tn)tn + |α|Ω0, tn, sn)

1−ϕ0(sn, tn)

(
ϕ1(c(tn)tn + |α|Ω0, tn, sn)

1−ϕ0(sn, tn)
(29.25)

sn+1 = tn+1 +
σn+1

1−ϕ0(c(tn+1)tn+1 + |α|Ω0, tn+1)
.

Lemma 39. Suppose that for all n = 0,1,2, ...

ϕ0(ϕ(tn)tn +b, tn) < 1, ϕ0(tn, sn) < 1 and tn ≤ τ f or some τ > 0 (29.26)

Then, the sequence {tn} generated by (29.25) is nondecreasing and convergent to its unique

least upper bound t∗.

Proof. It follows from (29.25) and (29.26) that sequence {tn} is nondecreasing and bounded

above by τ and as such it converges to t∗.

Theorem 38. Suppose that the conditions (h1)− (h5) but with Lemma 39 replacing Lemma

38. Then, the conclusions of Theorem 37 hold for the method (29.3).
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Proof. It follows as in the proof of Theorem 37 but we have used instead

‖xn+1 −yn‖ = ‖[yn,xn;F]−1F(yn)

[yn,xn;F]−1([yn,vn;F]− [vn,xn;F ])[yn,xn;F]−1F(yn)‖

≤ (1+
ϕ2(‖vn−x0‖,‖xn−x0‖,‖vn −x0‖

1−ϕ0(‖yn−x0‖,‖xn−x0‖)
)

‖F
′
(x0)

−1F(yn)‖
1−ϕ0(‖yn−x0‖,‖xn−x0‖)
≤ tn+1− sn,

where we also used

‖[yn,xn;F ]−1F
′
(x0)‖ ≤

1

1−ϕ0(sn, tn)
.

Concerning the local convergence analysis of method (29.4) we use the second substep

of it to get

xn+1 −x∗ = yn −x∗− [yn,x∗;F]−1F(yn)

+([yn,x∗;F]−1 −B−1
n )F(yn) = 0+([yn,x∗;F]−1 −B−1

n )F(yn)

= [yn,x∗;F]−1(Bn − [yn,x∗;F ])B−1
n [yn,x∗;F ](yn−x∗)

leading to

‖xn+1 −x∗‖ ≤ 1

(1− pn)(1−ϕ0(‖yn−x∗‖,0))

(ϕ1(‖vn−x∗‖,‖xn−x∗‖,‖yn−x∗‖)
+ϕ(‖vn −x∗‖,‖yn−x∗‖))δ(‖yn−x∗‖)‖yn−x∗‖), (29.27)

where we also used

‖F
′
(x∗)−1(Bn −F

′
(x∗))‖ ≤ ‖F

′
(x∗)−1([yn,xn;F]− [vn,xn;F]‖

+‖F
′
(x∗)−1([yn,vn;F]−F

′
(x∗))‖

≤ ϕ1(‖vn −x∗‖,‖xn −x∗‖,‖yn−x∗‖
+ϕ(‖vn −x∗‖,‖yn−x∗‖) = pn.

Hence, the function g2 is defined by

g2(t) =
δ(g1(t)t)(ϕ1(γ(t), t,g1(t)t)+ϕ(γ(t)t,g1(t)t))g1(t)

(1− p(t))(1−ϕ0(g1(t)t,0)
,

where

p(t) = ϕ1(γ(t)t, t,g1(t)t)+ϕ(γ(t)t,g1(t)t).
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Under this modification of function g2 the conclusions of Theorem 36 hold for the method

(29.4).

The semilocal convergence of method (29.4) requires the estimate

‖xn+1−yn‖ = ‖B−1
n F(yn)‖ ≤ ‖B−1

n F
′
(x0)‖‖F

′
(x0)

−1F(yn)‖

But

‖F
′
(x0)

−1(Bn−F
′
(x0))‖ ≤ ‖F

′
(x0)

−1([yn,xn;F]− [vn,xn;F])‖
+‖F

′
(x0)

−1([yn,vn;F]−F
′
(x0))‖

≤ ϕ1(‖vn −x0‖,‖xn −x0‖,‖yn−x0‖)
+ϕ0(‖yn −x0‖,‖vn −x0‖)

≤ ϕ1(ϕ(tn)tn +b− tn − sn)

+ϕ0(sn,ϕ(tn)tn +b) = qn,

so

‖xn+1 −yn‖ ≤
ϕ1(ϕ(tn)tn, tn, sn)(sn− tn)

1−qn

.

Hence, we define

tn+1 = sn +
ϕ1(ϕ(tn)tn, tn, sn)(sn− tn)

1−qn

. (29.28)

The iterate sn+1 is defined as in (29.25), i.e.

sn+1 = tn+1 +
σn+1

1−ϕ0(ϕ(tn+1)tn+1 +b, tn+1)
.

The corresponding Lemma 38 to Lemma 39 for method (29.4) uses the condition

ϕ0(ϕ(tn)tn +b, tn) < 1,qn < 1 and tn < τ (29.29)

instead of (29.26).

Under these modifications, the conclusions of Theorem 37 hold for method (29.4).
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Chapter 30

High Convergence Order Derivative

Free Methods-II

1. Introduction

The study of the local and semi-local convergence of iterative methods continues with the

following sixth convergence order derivative-free methods [6,7,8,9,10].

yn = xn − [wn,vn;F ]−1F(xn),wn = xn +F(xn),vn = xn −F(xn),

zn = yn −A−1
n F(yn)

and (30.1)

xn+1 = zn−A−1
n F(zn),

where

An = 2[xn,yn;F ]− [wn,vn;F],

yn = xn − [wn,yn;F ]−1F(xn),

zn = yn − (3I −2[wn,vn;F]−1[yn,xn;F ])[wn,vn,F]−1F(yn) (30.2)

and

xn+1 = zn− (3I −2[wn,vn;F ]−1[yn,xn;F])[wn,vn;F ]−1E(zn).

2. Local Convergence

The conditions for both methods are:

(c1) There exists a simple solution x∗ ∈ D of the equation F(x) = 0.

(c2)

‖I− [x,x∗;F]‖ ≤ γ0(‖x−x∗‖),
‖I +[x,x∗;F ]‖ ≤ γ(‖x−x∗‖)

and

‖F ′(x∗)−1([w,v,F]−F ′(x∗))‖ ≤ ϕ0(‖x−x∗‖‖‖y−x∗‖,
for all w,v ∈ D.
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(c3) There exists a smallest positive solution ρ of the equation

ϕ0(γ(t)t,γ0(t)t)−1 = 0.

Set D0 = U(x∗,ρ)∩D.

(c4)

‖F ′(x∗)−1([w,v;F]− [x,x∗;F])‖ ≤ ϕ(‖w−x∗‖,‖v−x∗‖,‖x−x∗‖),

‖F ′(x∗)−1([x,y;F]− [y,x∗;F ])‖ ≤ ϕ1(‖x−x∗‖,‖y−x∗‖)

and

‖F ′(x∗)−1([y,x;F]− [w,v;F])‖ ≤ ϕ2(‖w−x∗‖,‖v−x∗‖,‖y−x∗‖,‖x−x∗‖),

for all x,y,v,w ∈ D0.
and

(c4) U [x∗,R]⊂ D, where R = max{r,γ0(r)r,γ(r)r}, with the radius r to be defined later.

Let M = [0,ρ). Define the functions gi : M −→ R, i = 1,2,3 by

g1(t) =
ϕ(γ(t)t,γ0(t)t, t)

1−ϕ0(γ(t)t,γ0(t)t)
,

g2(t) =
(ϕ2(γ(t)t,γ0(t)t,g1(t)t, t)+ϕ1(t,g1(t)t))g1(t)

1− p(t)
,

p(t) = 2ϕ0(t,g1(t)t)+ϕ0(γ(t)t,γ0(t)t)

and

g3(t) =
(ϕ2(γ(t)t,γ0(t)t, t,g1(t)t)+ϕ0(t,g1(t)t,g2(t)t)g2(t)

1− p(t)
.

Suppose that there exist smallest positive solutions ρi ∈ (0,ρ) of the equations

gi(t)−1 = 0.

Then, a radius of convergence for method (30.1) is defined by

r = min{ri}. (30.3)

The motivation for the introduction of the function gi follows as previously from the series

of estimates:

‖wn −x∗‖ = ‖(I +[xn,x∗;F ])(xn−x∗)‖ ≤ γ(‖xn−x∗‖)‖xn−x∗‖,

‖vn −x∗‖ = ‖(I[xn,x∗;F])(xn−x∗)‖ ≤ γ0(‖xn−x∗‖)‖xn−x∗‖,

‖[wn,vn;F]−1F ′(x∗)‖ ≤ 1

1−ϕ0(‖wn−x∗‖,‖vn−x∗‖) ,
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‖yn −x∗‖ = ‖[wn,vn; f ]−1([wn,vn;F]− [xn,x∗;F])(xn−x∗)‖

≤ ϕ(‖wn −x∗‖,‖vn −x∗‖,‖xn −x∗‖)‖xn−x∗‖
1−ϕ0(‖wn −x‖‖,‖vn−x∗‖)

≤ g1(‖xn −x∗‖)‖xn −x∗‖
≤ ‖xn −x∗ < r,

‖F ′(x∗)−1(An−F ′(x∗))‖ ≤ 2‖F ′(x∗)−1([xn,yn;F ]−F ′(x∗))‖
+F ′(x∗)−1([wn,vn;F ]−F ′(x∗))‖

≤ 2ϕ0(‖xn−x∗‖,‖yn−x∗‖)
+ϕ0(‖w−x∗‖,‖vn−x∗‖) = pn,

‖zn −x∗‖ = ‖yn −x∗−A−1
n F(yn)‖

= ‖A−1
n (An − [yn,x∗;F ])(yn−x∗)‖

≤ ‖A−1
n F ′(x∗)‖[‖|F′(x∗)−1([xn,yn;F]− [wn,vn;F])

+‖F ′(x∗)−1([xn,yn;F ]− [yn,x∗;F ])‖‖yn−x∗‖

≤ 1

1− pn

(ϕ2(‖wn −x∗‖,‖vn−x∗‖,‖xn−x∗‖,‖yn−x∗‖)

+ϕ1(‖xn−x∗‖,‖yn−x∗‖))‖yn−x∗‖
≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖

and

‖xn+1−x∗‖ = ‖zn−x∗−A−1
n F(zn)‖

= ‖A−1
n (An− [zn,x∗;F ])(zn−x∗)‖

≤ ‖A−1
n F ′(x∗)‖[‖|F′(x∗)−1([xn,yn;F]− [wn,vn;F ])

+‖F ′(x∗)−1([xn,yn;F]− [zn,x∗;F ])‖‖zn−x∗‖

≤ 1

1− pn

(ϕ2(‖wn −x∗‖,‖vn−x∗‖,‖xn−x∗‖,‖yn−x∗‖)

+ϕ(‖xn −x∗‖,‖yn−x∗‖,‖zn−x∗‖))‖zn−x∗‖
≤ g3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖.

Concerning, the convergence of method (30.2) we add the condition

(c4’) ‖F ′(x∗)−1[x,x∗;F ]‖ ≤ δ(‖x−x∗‖) for all x ∈ D0.

Then, the function g1 is the same as for the method (30.1), whereas the functions g2 and g3

are defined by.

g2(t) =

[

ϕ1 (t,γ(t)t,γ0(t)t)

1−ϕ0 (γ(t)t,γ0(t)t)

+2
ϕ2 (γ1(t)t,γ0(t)t,g1(t)t, t)δ(g1(t)t)

(1−ϕ0 (γ(t)t,γ0(t)t))
2

]

g1(t)
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g3(t) =

[

ϕ(g2(t)t,γ(t)t,γ0(t)t)

1−ϕ0(γ(t)t,γ0(t)t)

+
2ϕ2 (γ(t)t,γ0(t)t,g1(t)t, t)δ(g2(t)t)

(1−ϕ0 (γ(t)t,γ0(t)t))
2

]

g2(t).

The motivation for the introduction of the function g1 is already given, whereas for the

functions g2 and g3, we have the estimates

‖zn −x∗‖ = ‖yn−x∗− [wn,vn;F]−1
F (yn)

+2 [wn,vn;F]−1 ([wn,vn;F]− [yn,xn;F]) [wn,vn;F ]−1 [yn,x∗;F] (yn −x∗)‖

≤
[

ϕ1 (‖yn −x∗‖ ,‖wn −x∗‖ ,‖vn−x∗)
(1−ϕ0 (‖wn −x∗‖ ,‖wn−x∗))2

≤ g2(‖xn−x∗‖)(‖xn−x∗‖ ≤ ‖xn −x∗‖

and

‖xn+1−x∗‖ ≤
[

ϕ(‖zn−x∗‖,‖wn−x∗‖,‖vn−x∗‖)
(1−ϕ0(‖wn−x∗‖,‖vn−x∗‖))2

]

≤ g3(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn−x∗‖.

Under these modifications of the functions g2 and g3, the radius of convergence is given

again by formula (30.3).

Hence, we arrived at the common local convergence result of method (30.1) and method

(30.2).

Theorem 39. Under the conditions (c1)-(c5) for method (30.1) or the conditions (c1)-(c5)

and (c4’) for method (30.2) these methods converge to x∗ provided that x0 ∈U(x∗, r)−{x∗}.
Moreover, the following estimates hold

‖yn −x∗‖ ≤ g1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

‖zn−x∗‖ ≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖

and

‖xn+1−x∗‖ ≤ g3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖.

The uniqueness of the solution results as identical to the ones given before in earlier Chap-

ters are omitted.

3. Semi-Local Convergence

The common conditions are:

(h1) There exists a point x0 ∈ D and parameters b ≥ 0,η ≥ 0 such that F ′ (x0)
−1 ,A−1

0 ∈
L(Y,X), ‖F(x0)‖ ≤ b and ‖A−1

0 F(x0)‖ ≤ η.
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(h2)

‖I− [x,x0;F ]‖ ≤ γ (‖x−x0‖) ,

‖I +[x,x0;F ]‖ ≤ γ0 (‖x−x0‖)
and

∥

∥

∥
F ′ (x0)

−1
(

[w,v;F]−F ′ (x0)
)

∥

∥

∥
≤ ψ0 (‖w−x0‖ ,‖v−x0‖)

for all x,w,v ∈ D.

(h3) The equation ψ0 (γ(t)t +b,γ0(t)t +b)−1 = 0 has a smallest positive solution ρ. Set

D1 = [0,ρ).

(h4)
∥

∥

∥F ′ (x0)
−1 ([x,y;F]− [w,v;F])

∥

∥

∥≤ ψ(‖x−x0‖ ,‖y−x0‖ ,‖w−x0‖,‖v−x0‖)

for all x,y,w,v ∈ D1.

(h5) The conditions of Lemma 40 hold for method (30.1) or the conditions of Lemma 41

hold for method (30.2)(see below (30.5))

and

(h6) U [x0,R∗]⊂D, where R∗ = min{t∗,γ (t∗)t∗ +b,γ0 (t?) t∗ +b} and the point t∗ is given

in the Lemmas that follow.

Define the scalar sequences {tn}, respectively for method (30.1) and method (30.2)for t0 =

0, s0 = η by

un = sn +
ψ(tn, sn,γ(tn)tn,γ0(tn)tn)(sn− tn)

1−qn

,

qn = ψ(tn, sn,γ(tn)tn,γ0(tn)tn)+ψ0(tn, sn), (30.4)

tn+1 = un +
(1+ψ0(un, sn))(un− sn)+ψ(tn, sn,γ(tn)tn +b,γ0(tn)tn +b)(sn− tn)

1−qn

,

sn+1 = tn+1 +
ψ(tn, sn,γ(tn)tn,γ0(tn)tn))(tn+1− tn)

1−ψ0(γ(tn+1)tn+1 +b,γ0(tn+1)tn+1 +b)

+
(1+ψ0(γ(tn)tn +b,γ0(tn)tn +b))(tn+1− sn)

1−ψ0(γ(tn+1)tn+1 +b,γ0(tn+1)tn+1 +b)
,

un = sn +

[

1+2
ψ(tn, sn,γ(tn)tn +b,γ0(tn)tn +b)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)

]

×ψ(tn, sn,γ(tn)tn +b,γ0(tn)tn +b)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)
, (30.5)

tn+1 = un +[1+ψ(tn, sn;γ(tn)tn +b,γ0(tn)tn +b)]

(1+ψ0(un, sn))(un− sn)+ψ(tn, sn;γ(tn)tn +b,γ0(tn)tn +b)(sn − tn)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)
,

and sn+1 is defined as in sequence (30.4).

The next two Lemmas provide sufficient convergence conditions for majorizing se-

quences (30.4) and (30.5).
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Lemma 40. suppose that for all n = 0,1,2, . . .

ψ0(γ(tn)tn +b,γ0(tn)tn +b) < 1, qn < 1, and tn ≤ τ (30.6)

for some τ ∈ [0,ρ). Then, the sequence {tn} is non-decreasing and converges to its unique

least upper bound t∗ ∈ [0,τ].

Proof. The sequence {tn} is nondecreasing and bounded form above by τ. Hence, it con-

verges to t∗.

Lemma 41. Suppose that for all n = 0,1,2, . . .

ψ0 (γ (tn) tn +b,γ0 (tn) tn +b) < 1..

Then, the conclusions of Lemma 40 hold for the sequence {tn} given by (30.6).

The motivation for the introduction of these sequences is due as before to the following

estimates:

‖wn −x0‖ = ‖(I +[xn,x0;F](xn −x0)+F(x0))‖
≤ ‖I +[xn,x0;F ]‖‖xn−x0‖+‖F(x0)‖
≤ γ(‖xn −x0‖)‖xn−x0‖+b ≤ γ(r)r +b ≤ R∗,

‖vn −x0‖ = ‖(I− [xn,x0;F](xn −x0)+F(x0))‖
≤ ‖I − [xn,x0;F ]‖‖xn−x0‖+‖F(x0)‖
≤ γ(‖xn−x0‖)‖xn−x0‖+b ≤ γ(r)r +b ≤ R∗,

‖[wn,xn;F]−1F ′(x0)‖ ≤
1

1−ψ(‖wn −x0‖,‖vn −x0‖)
,

‖F ′(x0)
−1(An−F ′(x0))‖ ≤ ‖F ′(x0)

−1([xn,yn;F]−F ′(x0))‖
‖F ′(x0)

−1([xn,yn;F]− [wn,vn;F])‖
≤ ψ0(‖xn −x0‖,‖yn−x0‖)

+ψ(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖,‖wn −x0‖)
= qn,

A−1
n F ′(x0)‖ ≤

1

1−qn

,

‖zn −yn‖ ≤ ‖A−1
n F ′(x0)‖‖F′(x0)

−1F(yn‖

≤ ψ(‖xn −x0‖,‖yn −x0‖,‖wn −x0‖,‖vn−x0‖)‖yn−x0‖
1−qn

≤ un − sn,

‖xn+1− zn‖ ≤ ‖A−1
n F ′(x0)‖‖F′(x0)

−1(F(zn)−F(yn)+F(yn))‖

≤ [1+
ψ((tn, sn,γ(tn)tn +b,γ0(tn)tn +b)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)
]

[
(1+ψ0(un, sn))(un− sn)+ψ(tn, sn,γ(tn)tn +b,γ0(tn)tn +b)(sn− tn)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)
]

≤ tn=1−un,
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‖F ′(x0)
−1F(xn)‖ = ‖F ′(x0)

−1(F(xn)−F(xn)− [wn,xn;F ](yn−xn))‖
≤ ‖F ′(x0)

−1([xn+1,xn;F ]− [wn,vn;F ])‖
+‖[wn,vn;F ](xn+1−yn)‖

≤ ψ(‖xn+1−x0‖,‖wn−x0‖,‖vn−x0‖,‖xn−x0‖)
+(1+ψ0(‖wn−x0‖,‖vn−x0‖))‖xn+1−yn‖,

so

‖yn+1−x0‖ ≤ ‖[wn+1,vn+1;F ]−1F ′(x0)‖‖F ′(x0)
−1F(xn+1)‖

≤ sn+1− tn+1.

Concerning the estimates for the method (30.2), we get similarly

‖zn −yn‖ ≤
[

1+2
ψ(tn, sn;γ(tn)tn +b,γ0(tn)tn +b)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)

]

ψ(tn, sn;γ(tn)tn +b,γ0(tn)tn +b)

1−ψ0(γ(tn)tn +b,γ0(tn)tn +b)

≤ un − sn

and

‖xn+1− zn‖ ≤ tn+1−un.

The iterate sn+1 is defined as in the sequence (30.4). Hence, we arrived at the semi-local

convergence of both methods (30.1) and method (30.2).

Theorem 40. suppose that the conditions (h1)-(h6) hold. Then, the sequences generated

by method (30.1) or the method(30.2) converge to a solution x∗ ∈ U [x0, t∗] of the equation

F(x) = 0. Moreover, the following estimates hold

‖yn −xn‖ ≤ sn− tn,

‖zn−yn‖ ≤ un− sn

and

‖xn+1 − zn‖ ≤ tn+1−un.

The uniqueness of the solution results can be found in previous Chapters.
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Chapter 31

High Convergence Order Derivative

Free Methods-III

1. Introduction

The investigation of high convergence order derivative-free methods continues. In particu-

lar, we present the local and semi-local convergence of the following methods:

Zheng et al. [15] (fourth order):

yn = xn − [wn,xn;F]−1F(xn),wn = xn +F(xn)

and (31.1)

xn+1 = yn −A−1
n [yn,xn;F]−1F(yn),

where

An = [yn,xn;F]+2[yn,wn;F ]− [wn,xn;F].

Narang et al. [7] (seventh order):

yn = xn −Q−1
n F(xn), Qn = [wn,vn;F],

wn = xn +aF(xn), vn = xn −aF(xn),

zn = yn −Q−1
n F(yn),

xn+1 = zn − (
17

4
I +Q−1

n Bn (31.2)

(−27

4
I +Q−1

n Bn(
19

4
I − 5

4
Q−1

n Bn)))Q1
nF(zn),

where

Bn = [pn,qn;F], pn = zn +bF(zn),qn = zn−bF(zn),
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yn = xn − [wn,vn;F]−1F(xn),

wn = xn +F(xn), vn = xn −F(xn),

zn = yn − (3I −2[wn,vn;F]−1[yn,xn;F])[wn,vn;F ]−1F(yn)

and (31.3)

xn+1 = zn − (
13

4
I +[wn,vn;F]−1[zn,yn;F]

×
(

7

4
I− 5

4
[wn,vn;F]−1[zn,yn;F]

))

×[wn,vn;F]−1F(zn).

Related work can be found in previous chapters and [1,2,3,4,5,6,7,8,9,10,11,12,13,14]

2. Local Convergence

As before we define the function “g” under the same conditions.

Method (31.1)

The estimates are in turn:

‖[wn,xn;F]−1F ′(x∗)‖ ≤ 1

1−ϕ0(‖wn−x∗‖,‖xn−x∗‖) ,

yn −x∗ = xn −x∗− [wn,xn;F ]−1[xn,x∗;F](xn−x∗)

= [wn,xn;F]−1([wn,xn;F]− [xn,x∗;F])(xn−x∗),

‖yn −x∗‖ ≤ ϕ(‖wn −x∗‖,‖xn−x∗‖)‖xn −x∗‖
1−ϕ0(‖wn−x∗‖,‖xn−x∗‖) ,

xn+1 −x∗ = yn −x∗ +A−1
n (I +[yn,xn;F]−1

([yn,wn;F]− [wn,xn;F])F(yn),

‖[yn,xn;F ]−1F ′(x∗)‖ ≤ 1

1−ϕ0(‖yn −x∗‖,‖xn−x∗‖) ,

‖F ′(x∗)−1(An−F ′(x∗))‖ ≤ ‖F ′(x∗)−1([yn,xn;F]−F ′(x∗))‖
+2‖F ′(x∗)−1([yn,xn;F]− [wn,xn;F])‖

≤ ϕ0(‖yn−x∗‖,‖xn−x∗‖)
+2ϕ1(‖xn−x∗‖,‖yn−x∗‖,‖wn−x∗‖)

= pn < 1,

and

‖xn+1 −x∗‖ ≤ [1+
1

1− pn

(1+
1

1−ϕ0(‖yn−x∗‖,‖xn−x∗‖))

×δ(‖yn −x∗‖)]‖yn−x∗‖.
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Hence, we can define

g1(t) =
ϕ(γ(t)t, t)

1−ϕ0(γ(t)t, t)

and

g2(t) = [1+
1

1− p(t)
(1+

1

1−ϕ0(t,g1(t)t)
)δ(g1(t)t)]g1(t),

r = min{r1, r2}, R = max{r,γ(r)r}.
Method (31.2)

‖Q−1
n F ′(x∗)‖ ≤ 1

1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn−x∗‖)‖xn−x∗‖) ,

yn −x∗ = xn −x∗−Q−1
n F(xn) = Q−1

n ([wn,vn;F]− [xn,x∗;F])(xn−x∗),

‖yn −x∗‖ ≤ ϕ(‖xn−x∗‖,‖vn−x∗‖,‖wn−x∗‖)‖xn−x∗‖
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn −x∗‖)‖xn −x∗‖) ,

zn−x∗ = Q−1
n ([wn,vn;F ]− [yn,x∗;F ])(yn−x∗),

‖zn−x∗‖ ≤ ϕ(‖yn −x∗‖,‖vn−x∗‖,‖wn−x∗‖)‖yn−x∗‖
1−ϕ0(γ(‖xn−x∗‖)‖xn −x∗‖,γ0(‖xn −x∗‖)‖xn−x∗‖) ,

xn+1−x∗ = zn −x∗−Q−1
n F(zn)−

1

4
(I−Q−1

n Bn)

×[5(I−Q−1
n Bn)−9(I−Q−1

n Bn)+4]Q−1
n F(zn)

and

‖xn+1 −x∗‖ ≤
[

ϕ(‖zn −x∗‖,‖wn −x∗‖,‖vn −x∗‖)
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn −x∗‖)‖xn −x∗‖)

+
1

4
βnαn

]

‖zn −x∗‖,

where

αn =
(5β2

n +9βn +4)δ(‖zn−x∗‖)
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn−x∗‖)‖xn−x∗‖)

and

βn =
ϕ1(‖wn −x∗‖,‖vn−x∗‖,‖pn−x∗‖,‖qn−x∗‖)

1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn−x∗‖)‖xn−x∗‖) .

Thus, we can choose

g1(t) =
ϕ(t,γ0(t)t,γ(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
,

g2(t) =
ϕ(g1(t)t,γ0(t)t,γ(t)t)g1(t)

1−ϕ0(γ(t)t,γ0(t)t)
,

g3(t) = [
ϕ(g2(t)t,γ0(t)t,γ(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
+

1

4
β(t)α(t)]g2(t),
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where

β(t) =
ϕ1(γ(t)t,γ0(t)t,γ1(t)t,g1(t)t)

1−ϕ0(γ(t)t,γ0(t)t)

and

α(t) =
(5β(t)2 +9β(t)+4)δ(g2(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
,

where we also added the conditions ‖I − b[x,x∗;F]‖ ≤ γ1(‖x − x∗‖) and

‖I + b[x,x∗;F ]‖ ≤ γ2(‖x − x∗‖), and γ1,γ2 are continuous and nondecreasing func-

tions with the same domain as γ0 and γ. Then, we also define r = min{r1, r2, r3} and

R = max{r,γ0(r)r,γ(r)r,γ1(r)r,γ2(r)r}.

Method (31.3)

The estimate on ‖yn −x∗‖ is as in method (31.2) but a = 1. Then,

zn −x∗ = yn −x∗− [wn,vn;F]−1F(yn)

+2[wn,vn;F]−1([wn,vn;F]− [yn,xn;F])[wn,vn;F]−1F(zn),

‖zn−x∗‖ ≤
[

ϕ(‖yn −x∗‖,‖wn −x∗‖,‖vn−x∗‖)
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn−x∗‖)‖xn−x∗‖)

2ϕ1(‖xn −x∗‖,‖yn −x∗‖,‖vn −x∗‖,‖wn −x∗‖)
(1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn −x∗‖)‖xn−x∗‖))2

]

×‖yn −x∗‖,

pn = [wn,vn;F ], Tn = [zn,yn;F],

xn+1−x∗ = zn −x∗− p−1
n F(zn)−

1

4
(I −P−1

n Tn)

×(5(I− p−1
n Tn)

2 −9(I − p−1
n Tn)+4I)p−1

n F(zn),

‖xn+1 −x∗‖ ≤
[

ϕ(‖zn −x∗‖,‖wn −x∗‖,‖vn −x∗‖)
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn −x∗‖)‖xn −x∗‖)

+
1

4
λnµn]‖zn−x∗‖,

where

λn =
ϕ1(‖xn−x∗‖,‖yn−x∗‖,‖vn−x∗‖,‖wn−x∗‖)

1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn−x∗‖)‖xn−x∗‖)
and

µn =
(5λ2

n +9λn +4)δ(‖zn −x∗‖)
1−ϕ0(γ(‖xn−x∗‖)‖xn−x∗‖,γ0(‖xn −x∗‖)‖xn−x∗‖) .

Therefore, we choose the function g1 as in method (31.2) but for a = 1,

g2(t) =

[

ϕ(g1(t)t,γ(t)t,γ0(t)t)

1−ϕ0(γ(t)t,γ0(t)t)

+ 2
ϕ1(t,g1(t)t,γ(t)t,γ0(t)t)

(1−ϕ0(γ(t)t,γ0(t)t))2

]

g1(t),
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g3(t) = [
ϕ(g2(t)t,γ(t)t,γ0(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
+

1

4
λ(t)µ(t)]g2(t),

where

λ(t) =
ϕ1(t,g1(t)t,γ0(t)t,γ0(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
,

µ(t) =
(5λ(t)2 +9γ(t)+4)δ(g2(t)t)

1−ϕ0(γ(t)t,γ0(t)t)
,

r = min{r1, r2, r3} and R = max{r,γ0(r)r,γ(r)r}.

3. Semi-Local Convergence

The majorizing sequences are defined for each method using the estimates depending on

the function “ψ“.

Method (31.1)

‖F ′(x0)
−1(An −F ′(x0))‖ ≤ ‖F ′(x0)

−1([yn,xn;F]−F ′(x0))‖
+2‖F ′(x0)

−1([yn,wn;F]− [wn,xn;F])‖
≤ ψ0(‖yn−x0‖,‖xn−x0‖)

+ψ1(‖yn −x0‖,‖xn−x0‖,‖wn−x0‖)
= qn < 1,

‖A−1
n F ′(x0)‖ ≤

1

1−qn

,

F(yn) = F(yn)−F(xn)− [wn,xn;F ](yn−xn)

= ([yn,xn;F]− [wn,vn;F ])(yn−xn),

‖F ′(x0)
−1F(yn)‖ ≤ ψ1(‖xn−x0‖,‖yn−x0‖,‖wn−x0‖,‖vn −x0‖)‖yn−x0‖,

‖xn+1−yn‖ ≤ 1

qn

(1+
ψ1(‖xn −x0‖,‖yn−x0‖,‖vn −x0‖,‖wn−x0‖)

1−ψ0(‖xn−x0‖,‖yn−x0‖)
)

×ψ1(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖,‖wn−x0‖)‖yn−n ‖ ≤ tn+1− sn,

where

F(xn+1) = F(xn+1)−F(xn)− [wn,xn;F](yn −xn)

−[wn,xn;F](xn+1−xn)+[wn,xn;F](xn+1−xn)

= ([xn+1,xn;F]− [wn,xn;F])(xn+1−xn)

+[wn,xn;F](xn+1−yn),

‖F ′(x0)
−1F(xn+1)‖ ≤ ψ(‖xn −x0‖,‖wn −x0‖,‖xn+1−x0‖)‖xn1

−xn‖)
+(1+ψ0(‖wn−x0‖,‖xn−x0‖)‖xn+1−yn‖,

‖yn+1−xn+1‖ ≤ ‖[wn+1,vn+1;F]−1F ′(x0)‖‖F ′(x0)
−1F(xn+1)‖

≤ sn+1− tn+1.
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Hence, the sequence {tn} is defined for t0 = 0, s0 = η by

q̃n = ψ0(tn, sn)+ψ1(tn, sn,γ(tn)tn,γ0(tn)tn),

tn+1 = sn +
1

1− q̃n

(1+
ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)

1−ψ0(tn, sn)
)

×ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)(sn− tn)

and

sn+1 = tn+1 +
1

1−ψ0(γ(tn+1)tn+1,γ0(tn+1)tn+1)

×(ψ(tn,γ(tn)tn, tn+1)(tn+1− tn)+(1+ψ0(tn,γ(tn)tn))(tn+1− sn).

Method (31.2)

‖zn−yn‖ ≤ ‖Q−1
n F ′(x0)‖‖F ′(x0)

−1F(yn)‖

≤ ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)

1−qn

(sn− tn)

≤ un− sn,

F(zn) = F(zn)−F(yn)+F(yn),

F ′(x0)
−1F(zn)‖ ≤ (1+ψ0(‖zn−x0‖,‖yn−x0‖))‖zn−yn‖

+ψ1(‖xn −x0‖,‖yn−x0‖,‖wn−x0‖,‖vn−x0‖)
×‖yn −xn‖= ξn,

‖xn+1− zn‖ ≤
1

4(1−qn)
dnξn ≤ tn+1−un

cn =
ψ1(‖xn −x0‖,‖yn −x0‖,‖wn −x0‖,‖vn−x0‖)

1−ψ0(‖xn−x0‖,‖yn−x0‖)
,

where we also used

17

4
I +Q−1

n Bn(−
27

4
I +Q−1

n Bn(
19

4
I − 5

4
Q−1

n Bn))

=
1

4
(5(I−Q−1

n Bn)
3 +4(I−Q−1

n Bn)
2 +4(I −Q−1

n Bn)+4),

F(xn+1) = ([xn+1,xn;F]− [wn,vn;F])(xn+1−xn)

+[wn,vn;F ](xn+1−yn),

‖F ′(x0)
−1F(xn+1)‖ ≤ ψ1(‖xn+1−x0‖,‖xn−x0‖,‖wn −x0‖,‖vn −x0‖)‖xn+1−xn‖

+(1+ψ0(‖wn −x0‖,‖vn−x0‖))
×‖xn+1 −yn‖ = σn+1,

‖yn+1 −xn+1‖ ≤
σn=1

1−qn+1

≤ sn+1− tn+1.
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Hence, we can define

un = sn +
ψ1(tn, sn,γ(tn)tn,γ0(tn)tn,γ(tn)tn)(sn− tn)

q̃n

,

q̃n = ψ0(tn, sn)+2ψ1(tn, sn,γ(tn)tn,γ0(tn)tn),

tn+1 = un +
1

4(1− q̃n

d̃ns̃n,

c̃n +
ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)

1−ψ0(tn, sn)
,

d̃n = 5c̃3
n +4c̃2

n +4c̃n +4,

and the iterate sn+1 is as defined in the method (31.1).

Method (31.3)

We have in turn

‖zn −yn‖ = ‖[I−2[wn,vn;F]−1

([wn,vn;F]− [yn,xn;F])[wn,vn;F]−1F(yn)‖

≤ (1+2
ψ1(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖,‖wn−x0‖)

1−ψ0(γ(tn)tn,γ0(tn)tn)

×ψ1(‖xn −x0‖,‖yn −x0‖,‖vn−x0‖,‖wn−x0‖)
1−ψ0(γ(tn)tn,γ0(tn)tn)

)‖yn −xn‖

≤ un − sn.

Thus, we define

un = sn +(1+
ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)

1−ψ0(γ(tn)tn,γ0(tn)tn))

×ψ1(tn, sn,γ(tn)tn,γ0(tn)tn)

1−ψ0(γ(tn)tn,γ0(tn)tn))
(sn − tn),

whereas tn+1 and sn+1 as define in the method (31.2).

Concerning the convergence of the majorizing sequences, the conditions are imposed

as in the previous lemmas. As an example for the majorizing sequence corresponding to

the method (31.1) the conditions are:

q̃n < 1, ψ0(tn, sn) < 1 and ψ0(γ(tn)tn,γ0(tn)tn) < 1

for all n = 0,1,2, . . ..
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Chapter 32

Fourth Convergence Order

Derivative Free Methods with or

without Memory

1. Introduction

The local convergence of the following methods using high-order derivatives in the finite-

dimensional Euclidean space given in [5,6,7] is defined by

yn = xn − [vn,xn;F ]−1F(xn),vn = xn +aF(xn)

and (32.1)

xn+1 = yn − (αI +An((3−2α)I +(α−2)An))[vn,xn;F ]−1F(yn)

where

An = [vn,xn;F]−1[zn,yn;F ], zn = yn +bF(yn)

and

yn = xn − [vn,xn;F ]−1F(xn),wn = xn +BnF(xn),

Bn = −[vn−1,xn−1;F]−1

and (32.2)

xn+1 = yn − (αI +An((3−2α)I +(α−2)An))[wn,xn;F ]−1F(yn).

Both methods are variations of the Steffensen method. The first one is without memory

with order 2+
√

5 and the second one is with memory with order 2+
√

6.

The benefits of using these methods have been well explained in [5, 6, 7] We present a

local convergence analysis based only on the divided difference in these methods. Hence,

we extend their applicability in a Banach space setting. We also provide the semi-local

convergence (not given in [5,6,7]) under the conditions of the previous Chapters.
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2. Local Convergence

Method (32.1)

We obtain in turn the estimates

yn −x∗ = xn −x∗− [vn,xn;F ]−1F(xn)

= [vn,xn;F]−1([vn,xn;F ]− [yn,x∗;F ])(xn−x∗),

‖[vn,xn;F]−1F ′(x∗)‖ ≤ 1

1−ϕ0(‖vn−x∗‖,‖xn−x∗‖) ,

‖yn −x∗‖ ≤ ϕ0(‖vn −x∗‖,‖xn −x∗‖)‖xn−x∗‖
1−ϕ0(‖vn −x∗‖,‖xn−x∗‖) ,

‖vn −x∗‖ = ‖[I +a[xn,x∗;F])(xn−x∗)‖
≤ γ(‖xn−x∗‖)‖xn−x∗‖,

xn+1 −x∗ = yn −x∗− [vn,xn;F]−1F(yn)

−((α−2)I +An((3−2α)I

+(α−2)An))(vn,xn;F]−1F(yn),

‖xn+1−x∗‖ ≤ [g1(‖yn −x∗‖)+σn(1+ |α−2|σn)

δ‖yn −x∗‖
1−ϕ0(‖vn−x∗‖,‖xn−x∗‖)

]

‖yn −x∗‖.

Notice that ‖zn − x∗‖ ≤ γ̄(‖xn − x∗‖)‖xn − x∗‖, where we also imposed ‖I −b[x,x∗;F]‖ ≤
γ̄(‖x−x∗‖) for all x ∈ Ω and the function γ̄ is as the function γ.

g2(t) = [g1(g1(t)t)+σ(t)(1+ |α−2|) δg1(t)t

1−ϕ0(γ(t)t, t)
]g1(t),

where

σn =
ϕ1(‖vn−x∗‖,‖xn−x∗‖,‖zn−x∗‖

1−ϕ0(‖vn −x∗‖,‖xn−x∗‖)
and

σ(t) =
ϕ1(γ(t)t, t, γ̄(t)t)

1−ϕ0(γ(t)t, t)
.

Method (32.2) Similarly, we have in turn

‖yn −x∗‖ = ‖[wn,xn;F]−1([wn,xn;F]− [xn,x∗;F])(wn−x∗)‖

≤ ϕ(‖wn −x∗‖,‖xn −x∗‖)‖xn −x∗‖
1−ϕ0(‖wn −x∗‖,‖xn−x∗‖) ,

‖wn −x∗‖ = ‖(I− [vn−1,xn−1;F ]−1)(xn−x∗)‖
≤ h(‖vn−1−x∗‖,‖xn−1−x∗‖,

where we also impose the condition

‖I − [v,x;F]−1‖ ≤ h(‖v−x∗‖,‖x−x∗‖)
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for all v,x ∈ Ω,

xn+1 −x∗ = yn −x∗− [wn,xn;F]−1F(yn),

−(I −An)(I +(α−2)(I−An))[wn,xn;F]−1F(Yn))

‖xn+1−x∗‖ ≤
[

ϕ(‖wn −x∗‖,‖xn−x∗‖)
1−ϕ0(‖wn−x∗‖,‖xn−x∗‖)

+ λn(1+ |α−2|λn)
δ‖yn −x∗‖

1−ϕ0(‖wn−x∗‖,‖xn−x∗‖)

]

‖yn −x∗‖,

where

λn =
ϕ(‖wn −x∗‖,‖xn−x∗‖,‖yn−x∗‖)

1−ϕ0(‖wn −x∗‖,‖xn−x∗‖) .

Hence, we define

g1(t) =
ϕ(h(γ(t)t, t),t)

1−ϕ0(h(γ(t)t, t), t)

and

g2(t)7g1(t)+λ(t)(1+ |α−2|λ(t))
δ(h1(t)t)

1−ϕ0(h(γ(t)t, t)
]g1(t),

where

λ(t) =
ϕ1(h(γ(t)t,t),t,g1(t)t)

1−ϕ0(h(γ(t)t,t),t)
.

Notice that v−1,x−1 ∈ U(x∗, r), r = min{r1, r2} and

R = max{r,γ(r)r, γ̄(r)r,h(γ(r)r,r)}.

3. Semi-Local Convergence

The majorizing sequences for these methods are respectively

tn+1 = sn +(1+dn(1+ |α−2|dn))
ψ(γ̄(tn)tn, tn, sn)

1−ψ0(γ(tn)tn, tn)
(sn − tn)

and

sn+1 = tn+1 +
1

1−ψ0(γ(tn+1)tn+1, tn+1)

((1+ψ0(tn+1, tn))(tn+1− tn)+(1+ψ0(tn+1, tn))(tn+1− tn)

+(1+ψ0)(γ(tn)tn, tn)(sn− tn)),

tn+1 = sn +(1+qn(1+ |α−2|qn))
1

1−ψ0(γ(tn), tn)

(ψ(h(γ(tn)tn, tn), tn, sn)(sn− tn)

and

sn+1 = tn+1 +
1

1−ψ0(γ(tn+1)tn+1, tn+1)

((1+ψ0(tn+1, tn))(tn+1− tn)+(1+ψ0(h(γ(tn)tn, tn, tn))(sn, tn),
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where

dn =
ψ1(γ(tn)tn, γ̄(tn)tn, sn, tn)

1−ψ0(γ(tn)tn, tn)

and

qn =
ψ1(h(γ(tn)tn), γ̄(tn)tn, sn, tn)

1−ψ0(γ(tn)tn, tn)
.

The convergence criteria of the corresponding Lemma for these methods

ψ0(γ(tn)tn, tn) < 1

and

ψ0(h(γ(tn)tn, tn) < 1.

The motivation for the introduction of these real sequences follows from some estimates.

Method (32.1)

We have in turn

‖xn+1−yn‖ = ‖(−I +(I −An)(I +(α−2)An))[vn,xn;F ]−1F(yn)‖
≤ (1+cn(1+ |α−2|cn))

×ψ(‖vn −x0‖,‖xn −x0‖,‖yn−x0‖)‖yn−xn‖
1−ψ0(γ(‖xn−x0‖)‖xn−x0‖,‖xn −x0‖)

≤ tn+1− sn,

where we used

cn =
ψ1(‖vn −x0‖,‖zn−x0‖,‖yn −x0‖,‖xn −x0‖)

1−ψ0(γ(‖xn−x0‖)‖xn−x0‖,‖xn−x0‖)
≤ δn

‖F ′(x0)
−1F(yn)‖ = ‖F ′(x0)

−1(F(yn)−F(xn)− [vn,xn;F ](yn−xn))‖
= ‖F ′(x0)

−1([εn,xn;F]− [vn,xn;F])(yn−xn)‖

≤ ψ(‖vn −x0‖,‖xn−x0‖,‖yn −x0‖)
1−ψ0(γ(‖xn−x0‖)‖xn−x0‖)

,

F(xn+1) = F(xn+1)−F(xn)− [xn+1,xn;F ](xn+1−xn)

+[xn+1,xn;F](xn+1−xn)− [vn,xn;F](yn −xn),

‖F ′(x0)
−1F(xn+1)‖ ≤ (1+ψ0(‖xn+1−x0‖,‖xn−x0‖))‖xn+1−xn‖

+(1+ψ0(‖vn−x0‖,‖xn−x0‖))‖yn−xn‖,

so

‖yn+1−xn+1‖ ≤ ‖F ′(x0)
−1F(xn+1)‖‖F′(x0)

−1F(xn+1)‖
≤ sn+1− tn+1.
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Method (32.2)

As in the method (32.1) but replace vn,γ by wn,h to obtain

‖xn+1−yn‖ ≤ tn+1− sn.

Similarly, replace vn,γ by wn,h to get

‖yn+1 −xn+1‖ ≤ sn+1− tn+1.

Notice that in the case of the method (32.2), x−1,v−1 ∈U(x0, t
∗).
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Chapter 33

Convergence Radius of an Efficient

Iterative Method with Frozen

Derivatives

We determine a radius of convergence for an efficient iterative method with frozen deriva-

tives to solve Banach space-defined equations. Our convergence analysis used ω− conti-

nuity conditions only on the first derivative. Earlier studies have used hypotheses up to the

seventh derivative, limiting the applicability of the method. Numerical examples complete

the article.

1. Introduction

We consider solving an equation

F(x) = 0, (33.1)

where F : D ⊂ X −→ Y is continuously Fréchet differentiable, X ,Y are Banach spaces and

D is a nonempty convex set.

Iterative methods are used to generate a sequence converging to a solution x∗ of equa-

tion (33.1) under certain conditions [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Recently a surge has

been noticed in the development of efficient iterative methods with frozen derivatives. The

convergence order is obtained using Taylor expansions and conditions on high-order deriva-

tives not appearing in the method. These conditions limit the applicability of the methods.

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (s) =

{

s3 logs2 + s5 − s4 i f s 6= 0

0 i f s = 0.

Then, we have x∗ = 1, and

f ′(s) = 3s2 logs2 +5s4 −4s3 +2s2,

f ′′(s) = 6x logs2 +20s3 −12s2 +10s
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and

f ′′′(s) = 6logs2 +60s2−24s+22.

Obviously, f ′′′(s) is not bounded on D. So, the convergence of these methods is not guar-

anteed by the analysis in these papers.

Moreover, no comparable error estimates are given on the distances involved or the

uniqueness of the solution results. That is why we develop a technique so general that it can

be used on iterative methods and address these problems by using only the first derivative

which only appears in these methods.

We demonstrate this technique on the 3(i+1), (i = 1,2, . . .) convergence order method

defined for all n = 0,1,2, . . ., y
(−1)
n = yn and hn = h(xn,yn) =

7

2
I + An(−4I +

3

2
An), An =

F ′(xn)
−1F ′(yn) by

yn = xn −F ′(xn)
−F(xn),

y
(0)
n = yn −

1

2
(I −An)F ′(xn)

−1F(xn),

y
(1)
n = y

(0)
n −h(xn,yn)F ′(xn)

−1F(y
(0)
n ),

y
(2)
n = y

(1)
n −h(xn,yn)F ′(xn)

−1F(y
(1)
n ), (33.2)

y
(3)
n = y

(2)
n −h(xn,yn)F ′(xn)

−1F(y
(2)
n ),

...

y
(i−1)
n = y

(i−2)
n −h(xn,yn)F ′(xn)

−1F(y
(i−2)
n )

and

y
(i)
n = xn+1 = y

(i−1)
n −h(xn,yn)F ′(xn)

−1F(y
(i−1)
n ).

The efficiency, convergence order, and comparisons with other methods using similar in-

formation were given in [10] when X = Y = R
k. The convergence was shown using the

seventh derivative. We include error bounds on ‖xn − x∗‖ and uniqueness results not given

in [10]. Our technique is so general that it can be used to extend the usage of other meth-

ods [1,2,3,4,5,6,7,8,9,10,11,12]

The chapter contains local convergence analysis in Section 2 and numerical examples

in Section 3.

2. Convergence for Method (33.2)

Set S = [0,∞). Let w0 : S −→ S be a continuous and nondecreasing function. Suppose that

equation

ω0(t)−1 = 0 (33.3)

has a least positive solution ρ0. Set S0 = [0,ρ0). Let ω : S0 −→ S and ω1 : S0 −→ S be

continuous and nondecreasing functions.

Suppose that equations

ϕ−1(t)−1 = 0, (33.4)

ϕ0(t)−1 = 0 (33.5)
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and

ψm(t)ϕ0(t)−1 = 0, m = 1,2, . . ., i (33.6)

have least solutions r−1, r0, rm ∈ (0,ρ0), respectively, where

ϕ−1(t) =

R 1
0 ω((1−θ)t)dθ

1−ω0(t)
,

ϕ0(t) = ϕ−1(t)t +
(ω0(t)+ω0(ϕ−1(t)t))

R 1
0 ω1(θt)dθ

2(1−ω0(t))2
,

and

ψ(t) = ϕ−1(ϕ0(t)t)+
(ω0(t)+ω0(ϕ−1(t)t))

R 1
0 ω1(θt)dθ

(1−ω0(t))2

+
1

2

(

3

(

ω0(t)+ω0(ϕ−1(t)t)

1−ω0(t)

)2

+2

(

ω0(t)+ω0(ϕ−1(t)t)

1−ω0(t)

)

)

×
Z 1

0

ω1(θt)dθ

1−ω0(t)
.

Define

r = min{r j}, j = −1,0,1, . . .,m. (33.7)

It follows by the definition of r that for each t ∈ [0, r)

0 ≤ ω0(t) < 1 (33.8)

and

0 ≤ ϕ j(t) < 1. (33.9)

We shall show that r is a radius of convergence for method (33.2). Let B(x,α), B̄(x,α)
denote the open and closed balls respectively in X with center x ∈ X and of radius α > 0.

The following set of conditions (A) shall be used in the local convergence analysis of

the method (33.2).

(A1) F : D ⊂ X −→ Y is Fréchet continuously differentiable and there exists x∗ ∈ D such

that F(x∗) = 0 and F ′(x∗)
−1 ∈ L(Y,X).

(A2) There exists function ω0 : S −→ S continuous and nondecreasing such that for each

x ∈ D

‖F ′(x∗)
−1(F ′(x)−F ′(x∗))‖ ≤ ω0(‖x−x∗‖).

Set D0 = D∩B(x∗,ρ0)

(A3) There exists functions ω : S0 −→ S,ω1 : S0 −→ S continuous and nondecreasing such

that for each x,y ∈ D0

‖F ′(x∗)
−1(F ′(y)−F ′(x))‖ ≤ ω(‖y−x‖)

and

‖F ′(x∗)
−1F ′(x)‖ ≤ ω1(‖x−x∗‖).
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(A4) B̄(x∗, r)⊂ D, where r is defined by (33.7).

(A5) There exists r∗ ≥ r such that
Z 1

0
ω0(θr∗)dθ < 1.

Set D1 = D∩ B̄(x∗, r∗).

Next, the local convergence of method (33.2) is given using the conditions (A) and the

aforementioned notation.

Theorem 41. Suppose that condition (A) holds. Then, sequence {xn} generated by method

(33.2) for any starting point x0 ∈ B(x∗, r)−{x∗} is well defined in B(x∗, r), remains in

B(x∗, r) and converges to x∗ so that for all n = 0,1,2, . . .,m = 1,2, . . ., i,

‖yn −x∗‖ ≤ ϕ−1(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ < r, (33.10)

‖y
(0)
n −x∗‖ ≤ ϕ0(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖, (33.11)

‖y
(m)
n −x∗‖ ≤ ψm(‖xn−x∗‖)ϕ0(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖ (33.12)

and

‖xn+1 −x∗‖ ≤ ψi(‖xn−x∗‖)ϕ0(‖xn −x∗‖)‖xn −x∗‖ ≤ ‖xn −x∗‖. (33.13)

Proof. Let v ∈ B(x∗, r)−{x∗}. Using (33.7), (33.8), (A1) and (A2), we get in turn

‖F ′(x∗)
−1(F ′(v)−F ′(x∗))‖ ≤ ω0(‖v−x∗‖)≤ ω0(r) < 1. (33.14)

It follows by (33.14) and a perturbation Lemma by Banach [2,8] that F ′(v)−1 ∈ L(Y,X) and

‖F ′(v)−1F ′(x∗)‖ ≤
1

1−ω0(‖v−x∗‖)
. (33.15)

It also follows that y0,y
(0)
0 , . . .y

(m)
0 exist by method (33.2). By the first substep of method

(33.2), (33.9) for j = −1, (A3) and (33.15), we have in turn

‖y0 −x∗‖ = ‖x0 −x∗−F ′(x0)
−1F(x0)‖

= ‖F ′(x0)
−1

Z 1

0
(F ′(x∗ +θ(x0 −x∗))−F ′(x0))dθ(x0−x∗)‖

≤
R 1

0 ω((1−θ)‖x0 −x∗‖)dθ‖x0−x∗‖
1−ω0(‖x0 −x∗‖)

≤ ϕ−1(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖ < r, (33.16)

so y0 ∈ B(x∗, r). Then, by the second substep of method (33.2), (33.9) for j = 0, (A3) and

(33.15), we obtain in turn

‖y
(0)
0 −x∗‖ = ‖y0 −x∗ +

1

2
F ′(x0)

−1F ′(x∗)F ′(x∗)
−1(F ′(x0)−F ′(y0))

×F ′(x0)
−1F ′(x∗)F ′(x∗)

−1F(x0)‖ (33.17)

≤ [ϕ−1(‖x0 −x∗‖)‖x0−x∗‖

+
1

2

(ω0(‖x0 −x∗‖)+ω0(‖y0 −x∗‖))
R 1

0 ω1(θ‖x0−x∗‖)dθ

(1−ω0(‖x0 −x∗‖))2

]

‖x0 −x∗‖

≤ ϕ0(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖ < r, (33.18)
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so y
(0)
0 ∈B(x∗, r). Next, by the rest of the substeps of method (33.2), (33.9) for j = 1,2, . . .,m

and (33.15), we have in turn

y
(1)
0 −x∗ = y

(0)
0 −x∗− (

7

2
I +A0(−4I +

3

2
A0))F ′(x0)

−1F(y
(0)
0 )

= y
(0)
0 −x∗−F ′(x0)

−1F(y
(0)
0 )

−1

2
(3(A0− I)2 −2(A0 − I))F ′(x0)

−1F(y
(0)
0 )

= y
(0)
0 −x∗−F ′(y

(0)
0 )−1F(y

(0)
0

+(F ′(y
(0)
0 )−1−F ′(x0)

−1)F(y
(0)
0 )

−1

2
(3(A0− I)2 −2(A0 − I))F ′(x0)

−1F(y
(0)
0 ), (33.19)

which by the triangle inequality leads to

‖y
(1)
0 −x∗‖ ≤ [ϕ−1(‖y

(0)
0 −x∗‖)

+
(ω0(‖x0 −x∗‖)+ω0(‖y

(0)
0 −x∗‖))

R 1
0 ω1(θ‖y

(0)
0 −x∗‖)dθ

(1−ω0(‖y
(0)
0 −x∗‖))(1−ω0(‖x0−x∗‖))

‖y
(0)
0 −x∗‖

+
1

2



3

(

ω0(‖x0−x∗‖)+ω0(‖y
(0)
0 −x∗‖)

1−ω0(‖x0−x∗‖)

)2

+2

(

ω0(‖x0 −x∗‖)+ω0(‖y
(0)
0 −x∗‖)

1−ω0(‖x0 −x∗‖)

))

R 1
0 ω1(θ‖y

(0)
0 −x∗‖)dθ

1−ω0(‖x0 −x∗‖)
≤ ϕ1(‖x0 −x∗‖)ϕ)(‖x0 −x∗‖)‖x0−x∗‖
≤ ‖x0 −x∗‖< r. (33.20)

Thus, y
(01)
0 ∈ B(x∗, r).

Similarly,

‖y
(m)
0 −x∗‖ ≤ ϕ1(‖x0 −x∗‖) . . .ϕ1(‖x0−x∗‖)

m− times
ϕ0(‖x0 −x∗‖)‖x0−x∗‖

= ψm(‖x0 −x∗‖)ϕ0(‖x0−x∗‖)‖x0−x∗‖
≤ ‖x0 −x∗‖.

Hence, y
(m)
0 ∈ B(x∗, r), and

‖x1−x∗‖ ≤ ψi(‖x0−x∗‖)ϕ0(‖x0 −x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖. (33.21)

Therefore, x1 ∈ B(x∗, r). Hence, estimates (33.10)-(33.13) are shown for n = 0. By replac-

ing x0,y0,y
(1)
0 , . . .y

(m)
0 ,x1 by xk,yk,y

(1)
k , . . .y

(m)
k ,xk+1,k = 0,1, . . .n, we show (33.10)-(33.13)

hold for each n = 0,1,2, . . ., j = −1,0,1, . . .i. Thus, we get

‖xk+1−x∗‖ ≤ c‖xk −x∗‖, (33.22)
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where c = ψi(‖x0 − x∗‖)ϕ0(‖x0 − x∗‖) ∈ [0,1), concluding that lim
k−→∞

xk = x∗, and xk+1 ∈
B(x∗, r).

Finally, let x∗∗ ∈ D1 with F(x∗∗) = 0. Set Q =

Z 1

0
F ′(x∗∗+θ(x∗−x∗∗))dθ. Using (A1),

(A2), (A5) and (33.14), we get

‖F ′(x∗)
−1(Q−F ′(x∗))‖ ≤

Z 1

0
ω0(θ‖x∗−x∗∗)‖dθ ≤

Z 1

0
ω0(θr∗∗)dθ < 1,

so Q−1 ∈ L(Y,X). Consequently, from 0 = F(x∗∗)−F(x∗) = Q(x∗∗− x∗), we obtain x∗∗ =
x∗.

Remark. If {xn} is an iterative sequence converging to x∗, then the COC is defined as

ξ = ln

(‖xn+1−x∗‖
‖xn −x∗‖

)

/ ln

( ‖xn −x∗‖
‖xn−1 −x∗‖

)

where the ACOC is

ξ1 = ln

(‖xn+1−xn‖
‖xn −xn−1‖

)

/ ln

( ‖xn −xn−1‖
‖xn−1−xn−2‖

)

.

The calculation of these parameters not needing high order derivatives.

3. Numerical Examples

Example 4. Consider the kinematic system

F ′
1(x) = ex, F ′

2(y) = (e−1)y+1, F ′
3(z) = 1

with F1(0) = F2(0) = F3(0) = 0. Let F = (F1,F2,F3). Let B1 = B2 = R
3,D = B̄(0,1), p =

(0,0,0)t. Define function F on D for w = (x,y, z)t by

F(w) = (ex −1,
e−1

2
y2 +y, z)t.

Then, we get

F ′(v) =





ex 0 0

0 (e−1)y+1 0

0 0 1



 ,

so ω0(t) = (e−1)t,ω(t) = e
1

e−1 t,ω1(t) = e
1

e−1 . Then, the radii are

r−1 = 0.382692, r0 = 0.234496, r1 = 0.11851.

Example 5. Consider B1 = B2 = C[0,1], D = B(0,1) and F : D −→ B2 defined by

F(φ)(x) = ϕ(x)−5

Z 1

0
xθφ(θ)3dθ. (33.23)
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We have that

F ′(φ(ξ))(x) = ξ(x)−15

Z 1

0
xθφ(θ)2ξ(θ)dθ, for each ξ ∈ D.

Then, we get that x∗ = 0, so ω0(t) = 7.5t,ω(t) = 15t and ω1(t) = 2. Then, the radii are

r−1 = 0.06667, r0 = 0.0420116, r1 = 0.0182586.

Example 6. By the academic example of the introduction, we have ω0(t) = ω(t) =

96.6629073t and ω1(t) = 2. Then, the radii are

r−1 = 0.00689682, r0 = 0.003543946, r1 = 0.00150425.
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Chapter 34

A Comparison between Some

Derivative Free Methods

1. Introduction

In this Chapter, we study derivative-free iterative methods for approximately solving the

nonlinear equation

F(x) = 0, G : Ω ⊂ X −→ X , (34.1)

where F : Ω ⊂ X −→ X are nonlinear operators, X is a Banach space and Ω is an open

convex subset of X .

The methods are defined by

yn = xn − [xn,vn;F]−1F(xn),vn = xn +F(xn),

Dn = [xn,vn;F ]+ [yn, v̄n;F],

zn = xn −2D−1
n F(yn), v̄n = yn +F(yn) (34.2)

and

xn+1 = zn − [yn, v̄n;F]−1F(zn),

yn = xn −
1

2
A−1

n F(xn), An = [xn,G(xn);F]

and

zn = xn −B−1
n F(xn),

xn+1 = zn − (2B−1
n −A−1

n )F(zn), (34.3)

where

Bn = [yn,G(xn);F],
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yn = xn − [vn,xn;F ]−1F(xn),

vn = xn +F(xn), wn = xn −F(xn),

zn = yn −M−1
n F(yn)

and (34.4)

xn+1 = zn−M−1
n F(zn),

where

Mn = 2[yn,xn;F ]− [vn,wn;F]

and

yn = xn − [vn,xn;F]−1F(xn),

vn = xn +dF(xn),

zn = yn − [yn,xn;F]−1Tn[yn,xn;F]−1F(yn)

and (34.5)

xn+1 = zn −Q−1
n F(zn),

where d ∈ R,Tn = [yn,xn;F]− [yn,vn;F] + [vn,xn;F ] and Qn = [zn,xn;F] + [zn,yn;F] −
[yn,xn;F]. The local convergence of these methods using similar information was given

in [6] and [8], respectively. The convergence orders are five, five, seven, and seven, respec-

tively. We extend the local as well as the semi-local convergence (not given in [6, 7, 8])

under weaker conditions. The functions “ω“, ”ϕ“ and ”ψ“ are as given in the preface. The

proofs and conditions similar to the ones given before are omitted.

Related work can be found in the previous chapters and [1,2,3,4,5].

2. Local Convergence

Method (34.2)

The estimates are:

yn −x∗ = [xn,vn;F]−1([xn,vn;F ]− [xn,x∗;F ])(xn−x∗),

‖yn −x∗‖ ≤ ϕ(‖xn −x∗‖,‖vn−x∗‖)‖xn −x∗‖
1−ϕ0(‖xn−x∗‖,‖vn−x∗‖) ,

vn −x∗ = (I +[xn,x∗;F])(xn−x∗),

v̄n −x∗ = (I +[yn,x∗;F])(yn−x∗),

‖(2F ′(x∗))−1(Dn−2F ′(x∗))‖ ≤ ‖(2F ′(x∗))−1([xn,vn;F]+ [yn, v̄n;F]−2F ′(x∗))‖

≤ 1

2
(‖F ′(x∗)−1([xn,vn;F ]−F ′(x∗))‖

+‖F ′(x∗)−1([yn, v̄n;F ]−F ′(x∗))‖,

≤ 1

2
(ϕ0(‖xn−x∗‖,‖vn−x∗‖)+ϕ0(‖yn −x∗‖,‖v̄n −x∗‖)

= q̄n ≤ qn,
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‖D−1
n F ′(x∗)‖ ≤ 1

2(1− q̄n)
≤ 1

2(1−qn)
,

zn −x∗ = xn −x∗−2D−1
n F(xn)

= D−1
n (Dn−2[xn,x∗;F])(xn−x∗),

‖zn−x∗‖ ≤ ‖D−1
n F ′(x∗)‖‖F ′(x∗)−1(([xn,vn;F]

−[xn,x∗;F])+([yn, v̄n;F]− [xn,x∗;F])‖

≤ p̄n

1− q̄n

‖xn −x∗‖,

pn = ϕ(‖xn −x∗‖,‖vn −x∗‖)+ϕ1(‖xn−x∗‖,‖yn−x∗‖,‖v̄n−x∗‖),

xn+1 −x∗ = [yn, v̄n;F]−1([yn, v̄n;F ]− [zn,x∗;F])(zn−x∗)

and

‖xn+1−x∗‖ ≤ ϕ1(‖yn−x∗‖,‖v̄n−x∗‖,‖zn−x∗‖)
1−ϕ0(‖yn −x∗‖,‖xn −x∗‖) )‖zn−x∗‖.

Hence, the majorizing functions can be chosen to be

h1(t) =
ϕ(t,γ(t)t)

1−ϕ0(t,γ(t)t)
,

h2(t) =
ϕ(t,γ(t)t)+ϕ1(t,h1(t)t,γ(h1(t)t)h1(t)t)

2(1− 1
2
q(t))

and

h3(t) =
ϕ1(h1(t)t,γ(h1(t)t)h1(t)t,h2(t)t))h2(t)

1−ϕ0(h1(t)t,γ(h1(t)t)h1(t)t)

where

R = min{r,γ(r)r}, r = min{r1, r2, r3}
and ri are the smallest positive solutions of equations hi(t)−1 = 0, i = 1,2,3.
Local (34.3)

In view of the appearance of the operator G the following conditions are imposed

‖F ′(x∗)−1([x,G(x);F]− [x,x∗;F])‖ ≤ a(‖x−x∗‖),

‖F ′(x∗)−1([x,G(x);F]−F ′(x∗))‖ ≤ b(‖x−x∗‖),
‖F ′(x∗)−1([y,G(y);F]− [x,G(x);F])‖ ≤ c(‖x−x∗‖),

for each x ∈ Ω. This way we have the following estimates, in turn, assuming that the inter-

ates exist:

yn −x∗ = xn −x∗− 1

2
A−1

n F(xn)

=
1

2
A−1

n [An − [xn,x∗;F ])(xn−x∗)+
1

2
I,
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‖yn −x∗‖ ≤ 1

2

[

a(‖xn −x∗‖)
1−b(‖xn −x∗‖) +1

]

‖xn−x∗‖

≤ g1(‖xn−x∗‖‖xn−x∗‖ ≤ ‖xn −x∗‖,

zn−x∗ = yn −x∗ +
1

2
(A−1

n −B−1
n )F(xn)+

1

2
B−1

n F(xn)

= yn −x∗ +
1

2
A−1

n (Bn−An)B−1
n F(xn)+

1

2
B−1

n F(xn)

d(‖xn −x∗‖) =
c(‖xn −x∗‖)

(1−b(‖xn −x∗‖)(1−b(‖yn−x∗‖)) ,

‖zn −x∗‖ ≤ ‖yn −x∗‖+
1

2
(d(‖xn −x∗‖+

1

1−b(‖yn −x‖)
)

(1+

Z 1

0
w0(θ‖xn −x∗‖)dθ)‖xn−x∗‖

≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖,

xn+1−x∗ = zn −x∗− (B−1
n −A−1

n )F(zn)−B−1
n F(zn)

and

‖xn+1−x∗‖ ≤ [1+d(‖xn −x∗‖)+
1

1−b(‖yn −x∗‖)]

(1+

Z 1

0
w0(θ‖zn−x∗‖)dθ)‖zn−x∗‖

≤ g3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖,
provided that

g1(t) =
1

2
(1+

a(t)

1−b(t)
),

d(t) =
c(t)

(1−b(t))(1−b(g1(t)t))
,

g2(t) = (1+d(t)+
1

1−b(g1(t)t)
)(1+

Z 1

0
w0(θg2(t)t)dθ).

and

g3(t) = g1(t)+
1

2
(d(t)+

1

1−b(g1(t)t)
)(1+

Z 1

0
w0(θt)dθ)g2(t).

Local (34.4)

g1(t) =
ϕ(γ0(t)t,γ(t)t, t)

1− p(t)
,

p(t) = ϕ0(γ0(t)t,γ(t)t),

g2(t) =
(ϕ1(t,g1(t)t,γ0(t)t,γ(t)t)+ϕ(t,g1(t)t,g1(t)t))g1(t)

1−q(t)
,

q(t) = 2ϕ0(t,g1(t)t)+ϕ0(γ0(t)t,γ(t)t),

and

g3(t) =
(ϕ1(t,g1(t)t,γ0(t)t,γ(t)t)+ϕ(t,g1(t)t,g2(t)t))g2(t)

1−q(t)
.
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The estimates are:

yn −x∗ = [vn,wn;F ]−1([vn,wn;F ]− [xn,x∗;F ])(xn−x∗)

vn −x∗ = (I +[xn,x∗;F ])(xn−x∗),

wn −x∗ = (I − [xn,x∗;F ])(xn−x∗),

‖F ′(x∗)−1(Mn −F ′(x∗))‖ ≤ 2‖F ′(x∗)−1([yn,xn;F]−F ′(x∗))‖
+‖F ′(x∗)−1([vn,wn;F ]−F ′(x∗))‖

≤ 2ϕ0(‖yn −x∗‖,‖xn−x∗‖)+ϕ0(‖vn −x∗‖,‖wn−x∗‖)
≤ q̄n ≤ qn < 1,

zn−x∗ = M−1
n (Mn − [yn,x∗;F])(yn−x∗)

‖F ′(x∗)−1(Mn− [yn,x∗;F])‖
≤ ‖F ′(x∗)−1(([yn,xn;F]− [vn,wn;F])

+([yn,xn;F]− [yn,x∗;F])‖
≤ ϕ1(‖xn −x∗‖,‖yn−x∗‖,‖vn −x∗‖,‖wn −x∗‖)

+ϕ(‖xn −x∗‖,‖yn−x∗‖,‖yn−x∗‖),
xn+1−x∗ = M−1

n (Mn − [zn;x∗;F])(zn−x∗)

and

‖xn+1 −x∗‖ ≤ ∆‖zn−x∗‖,

where ∆ =
1

1− q̄n

(ϕ1(‖xn − x∗‖,‖yn − x∗‖,‖vn − x∗‖,‖wn − x∗‖) + ϕ(‖xn − x∗‖,‖yn −
x∗‖,‖zn−x∗‖)).
Local (34.5)

g1(t) =
ϕ(t, t,γ0(t)t)

1−ϕ0(t,γ0(t)t)
,

b(t) = [1+ϕ0(γ0(t)t, t)+ϕ(t,g1(t)t,γ0(t)t)]δ(g1(t)t),

g2(t) = (1+
b(t)

(1−ϕ0(t,g1(t)t))2
)g1(t),

g3(t) = [1+
δ(g2(t)t)

1−c(t)
]g2(t)

where

c(t) = ϕ(t,g1(t)t,g2(t)t)+ϕ1(g1(t)t,g2(t)t).
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We use the estimates

yn −x∗ = [vn,xn;F]−1([vn,xn;F]− [xn,x∗;F])(xn−x∗),

zn −x∗ = yn −x∗− [yn,xn;F ]−1Tn[yn,xn;F ]−1F(yn),

‖F ′(x∗)−1Tn‖‖F ′(x∗)−1[yn,x∗;F]‖
≤ (1+ϕ0(‖vn −x∗‖,‖xn −x∗‖)

+ϕ(‖xn −x∗‖,‖yn−x∗‖,‖vn−x∗‖))δ(‖yn−x∗‖)
= b̄n ≤ bn,

‖F ′(x∗)−1(Qn−F ′(x∗))‖ ≤ ϕ1(‖xn−x∗‖,‖yn−x∗‖,‖zn−x∗‖)
+ϕ0(‖yn −x∗‖,‖zn−x∗‖)

= c̄n ≤ cn

and

‖xn+1 −x∗‖ ≤ (1+
δ(‖zn−x∗‖

1− c̄n

)‖zn−x∗‖.

Semi-local Convergence

Method (34.2)

an = ψ1(tn, sn,γ0(tn)tn +η0,γ(tn)tn +η0)+ψ0(tn, sn),

un = sn +
ψ1(tn, sn,γ0(tn)tn +η0,γ(tn)tn +η0)

1−an

(sn− tn),

tn+1 = un +
1

1−an

(1+ψ0(un, sn))(un− sn)

+ψ1(tn, sn,γ0(tn)tn +η0,γ(tn)tn +η0)

and

sn+1 = tn+1 +
1

1−ψ0(γ0(tn+1)tn+1 +η0,γ(tn+1)tn+1 +η0)

×(1+ψ0(γ0(tn)tn +η0,γ(tn)tn +η0))(sn− tn)

+(1+ψ0(tn, tn+1)(tn+1− tn).

The estimates are:

‖F ′(x0)
−1(Dn −F ′(x0))‖ ≤ ψ1(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖,‖wn−x0‖)

+ψ0(‖xn −x0‖,‖yn −x0‖)
= ān ≤ an < 1,

‖zn −yn‖ ≤ ‖D−1
n F ′(x0)‖‖F ′(x0)

−1F(yn)‖

≤ ψ1(‖xn−x0‖,‖yn−x0‖,‖vn−x0‖,‖wn−x0‖)
1− ān

×‖yn −xn‖,

F(zn) = F(zn)−F(yn)+F(yn) = [zn,yn;F](zn−yn)+F(yn),
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‖xn+1 − zn‖ ≤ ‖D−1
n F ′(x0)‖‖F ′(x0)

−1F(zn)‖

≤ 1

1− ān

(1+ψ0(‖zn−x0‖,‖yn−x0‖))‖zn−yn‖

+ψ1(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖,‖wn−x0‖)‖yn −xn‖,

F(xn+1) = [xn+1,xn;F](xn+1−xn)− [vn,wn;F ](yn−xn)

and

‖yn+1 −xn+1‖ ≤ ‖D−1
n+1F ′(x0)‖‖F′(x0)

−1F(xn+1)‖.

Method (34.3)

Under the conditions of the local case with x∗ = x0, we obtain the estimates

zn −yn =
1

2
(A−1

n −B−1
n )F(xn)−

1

2
B−1

n F(xn),

‖zn −yn‖ ≤
1

2
(dn +

1

1−b(sn)
)en = un − sn,

since

F(xn) = −2An(yn −xn),

‖F ′(x0)
−1F(xn)‖ ≤ 2(1+b(tn))(sn− tn) = en

and

dn =
c(tn)

(1−b(tn))(1−b(sn))
,

‖xn+1 − zn‖ = ‖(−B−1
n (Dn−Bn)D−1

n −B−1
n )F(zn)‖

≤ (dn +
1

1−b(sn)
) fn = tn+1−un,

since F(zn) = F(zn)−F(xn)−2Dn(yn−xn),

‖F ′(x0)
−1F(zn)‖ ≤

Z 1

0
w(tn +θ(un − tn))dθ(un− tn)

+2(1+b(tn))(sn− tn) = fn,

‖F ′(x0)
−1F(xn+1)‖ = ‖F ′(x0)

−1(F(xn+1)−F(xn)−2Dn(yn −xn))‖

≤ (1+

Z 1

0
w0(tn +θ(tn+1− tn))dθ)(tn+1− tn)

+2(1+b(tn))(sn− tn) = hn+1

and

‖yn+1−xn+1‖ ≤ 1

2
‖D−1

n+1F ′(x0)‖‖F′(x0)
−1F(xn+1)‖

≤ 1

2

hn+1

1−b(tn+1)
= sn+1− tn+1.
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Method (34.4)

‖F ′(x0)
−1(Mn −F ′(x0))‖ ≤ ‖F ′(x0)

−1([yn,xn;F]− [vn,wn;F])‖
+‖F ′(x0)

−1([yn,xn;F]−F ′(x0))‖
≤ ψ(sn, tn,γ0(tn)tn,γ(tn)tn +ψ0(sn, tn) = an

F(yn) = F(yn)−F(xn)+F(xn)

=
Z 1

0
F ′(xn +θ(yn −xn))dθ(yn−xn)

−[vn,xn;F ](yn−xn),

‖F ′(x0)
−1F(yn) ≤ (1+ψ0(sn, tn))(sn− tn)

(1+ψ0(tn,γ0(tn)tn)(sn− tn) = bn

‖zn−yn‖ ≤ ‖M−1
n F ′(x0)‖‖F ′(x0)

−1F(yn)‖

≤ bn

1−an

= un − sn,

F(zn) = F(zn)−F(xn)+F(xn),

‖F ′(x0)
−1F(zn)‖ ≤ (1+ψ0(tn,un))(un− tn)

+(1+ψ0(tn,γ0(tn)tn)(sn− tn) = cn,

‖xn+1− zn‖ ≤ ‖M−1
n F ′(x0)‖‖F′(x0)

−1F(zn)‖
≤ cn

1−an

= tn+1−un,

F(xn+1) = F(xn+1)−F(xn)− [vn,xn;F](yn −xn),

‖F ′(x0)
−1F(xn+1)‖ ≤ (1+ψ0(tn, tn+1))(tn+1− tn)

+(1+ψ0(tn,γ0(tn)tn))(sn− tn) = dn+1

and

‖yn+1−xn+1‖ ≤ dn+1

1−ψ0(tn,γ0(tn)tn)
= sn+1− tn+1.

Method (34.5)

un = sn +
µn

(1−ψ0(tn, sn))2
,

µn = 1+2ψ(tn, sn,γ0(tn)tn +η0)+ψ0(tn,γ0(tn)tn +η0)),

tn+1 = un +
`n

1−λn

,

`n = ψ(tn, sn,un)+ψ0(un, sn)),

σn+1 = (1+ψ0(tn, tn+1))(tn+1− tn)

+(1+ψ0(tn,γ0(tn)tn +η0))(sn− tn)
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and

sn+1 = tn+1 +
σn+1

1−ψ0(γ0(tn+1)tn+1 +η0,γ(tn+1)tn+1 +η0)
.

The estimates are:

‖F ′(x0)
−1Tn‖ ≤ (1+ψ(‖xn −x0‖,‖yn −x0‖,‖vn−x0‖)

+ψ0(‖xn−x0‖,‖vn−x0‖)
+ψ(‖xn −x0‖,‖yn −x0‖,‖vn−x0‖)

= µ̄n ≤ µn,

‖F ′(x0)
−1(Qn−F ′(x0))‖ ≤ ψ(‖xn−x0‖,‖yn−x0‖,‖zn−x0‖)

+ψ0(‖zn−x0‖,‖xn −x0‖)
= λ̄n ≤ λn < 1,

‖zn−yn‖ ≤ µn

(1−ψ0(tn, sn))2
,

F(zn) = F(zn)−F(yn)+F(yn) = [zn,yn;F](zn−yn)+F(yn),

‖F ′(x0)
−1F(zn)‖ ≤ (1+ψ0(‖yn−x0‖,‖zn−x0‖))‖zn−yn‖

+ψ(‖xn −x0‖,‖yn−x0‖,‖vn−x0‖)‖yn−x0‖
= ¯̀

n ≤ `n,

‖xn+1 − zn‖ ≤ ‖Q−1
n F ′(x0)‖‖F ′(x0)

−1F(zn)‖

≤
¯̀
n

1− λ̄n

≤ `n

1−λn

,

F(xn+1) = [xn+1,xn;F](xn+1−xn)− [vn,xn;F](yn −xn),

‖F ′(x0)
−1F(xn+1)‖ ≤ (1+ψ0(‖xn −x0‖,‖xn+1−x0‖))‖xn+1−xn‖

+(1+ψ0(‖xn−x0‖,‖vn−x0‖))‖yn−xn‖
= σ̄n+1 ≤ σn+1

and

‖yn+1 −xn+1‖ ≤ ‖F ′(xn+1)
−1F ′(x0)‖‖F ′(x0)

−1F(xn+1)‖
≤ σn+1

1−ψ0(γ0(tn)tn +η0, tn)
,

where we also used

‖vn −x0‖ = ‖(I +[xn,x0;F ])(xn−x0)+F(x0)‖
≤ γ0(‖xn −x0‖)‖xn−x0‖+‖F(x0)‖
≤ γ0(‖xn −x0‖)‖xn−x0‖+η0 (‖F(x0) ≤ η0).
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Chapter 35

High Convergence Order Methods

1. Introduction

A plethora of iterative methods for solving nonlinear equations in a Banach space is pre-

sented together with their majorizing sequences. The convergence conditions relating these

sequences with the corresponding methods have been given in the preface. The local con-

vergence analysis of these methods has been reported in the corresponding references. But

we present the more interesting semi-local case under conditions involving the first deriva-

tive or divided difference of order one. This approach is in contrast to the local convergence

case where derivatives or divided differences of order higher than one are required to show

convergence. Hence, the applicability of these methods is extended.

2. Semi-Local Convergence

As before the method is presented followed by its majorizing sequence and the estimates

motivating these choices.

Method [1,2,3,4]:

yn = xn −F ′(xn)
−1F(xn)

and

xn+1 = yn − (2F ′(xn)
−1 −F ′(xn)

−1F ′(yn)F ′(xn)
−1)F(yn). (35.1)

The majorizing sequence is defined for t0 = 0, s0 = Ω ≥ 0 by

tn+1 = sn +
1

1−w0(tn)

(

1+
vn

1−w0(tn)

)

Z 1

0
w [(1−θ) (sn− tn)]dθ(sn − tn)

and

sn+1 = tn+1 +
an+1

1−w0(tn)
,

where

vn =







w(sn − tn)
or

w0(tn)+w0(sn)
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and

an+1 =

Z 1

0
w((1−θ)(tn+1− tn))dθ(tn+1− tn)+(1+w0(tn))(tn+1− sn).

The estimates leading to these choices are, respectively

xn+1−yn = −F ′(xn)
−1F(yn)−F ′(xn)

−1(I−F ′(yn)F ′(xn)
−1)F(yn)

= −F ′(xn)
−1F(yn)−F ′(xn)

−1

×(F ′(xn)−F ′(yn))F ′(xn)
−1F(yn),

F(yn) = F(yn)−F(xn)−F ′(xn)(yn−xn)

=
Z 1

0
F ′((1−θ)‖yn −xn‖)dθ(yn−xn),

‖xn+1−yn‖ ≤ 1

1−w0(‖xn−x0‖)

(

1+
vn

1−w0(‖xn−x0‖)

)

×
Z 1

0
w((1−θ)‖yn −xn‖)dθ‖yn−xn‖

≤ tn+1− sn,

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(yn−xn)

−F ′(xn)(xn+1−xn)+F ′(xn)(xn+1−xn)

= F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)

−F ′(xn)(xn+1−yn)

and

‖yn+1−xn+1‖ ≤ an+1

1−w0(‖xn+1−x0‖)
≤ an+1

1−w0(tn+1)
= sn+1− tn+1.

A convergence criterion for the sequence (35.1) is w0(tn) < 1 and tn < τ for all n = 0,1,2, . . .

and some τ > 0. The proof that sequence {tn} majorizes method (35.1) is standard and is

given as in previous chapters.

Method [1,2,3,4]:

yn = xn −F ′(xn)
−1F ′(xn)

xn+1 = xn −A−1
n,kF(xn), (35.2)

and

An,k =
k

∑
j=1

ciF
′(xn −d jF

′(xn)
−1F(xn)),An,k = An,

k

∑
j=1

c j = 1,

k is fixed and c j,d j ∈ R.
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The majorizing sequence is for t0 = 0, s0 = Ω,

pn =
k

∑
j=1

|c j|w(d j(sn− tn)),

qn =
k

∑
j=1

|c j|w0(tn + |d j|(sn− tn)),

tn+1 = sn +
pn(sn− tn)

1−qn

and

sn+1 = tn+1 +
an+1

1−w0(tn+1)
,

where an+1 is given in method (35.1).

The estimates are:

‖F ′(x0)
−1(An −F ′(x0))‖ = ‖F ′(x0)

−1
k

∑
j=1

c j(F ′(xn −d jF
′(xn)

−1F(xn)−F ′(x0)))‖

(since
k

∑
j=1

c jF
′(x0) = F ′(x0))

≤
k

∑
j=1

|c j|w0(‖xn −x0‖+ |d j|‖yn −xn‖) = qn ≤ qn = 1,

‖A−1
n F ′(x0)‖ ≤ 1

1−qn

,

xn+1 = yn +(F ′(xn)
−1−A−1

n )F(xn)

= yn − (A−1
n −F ′(xn)

−1)F(xn),

xn+1−yn = −A−1
n (F ′(xn)−An)F ′(xn)

−1F(xn)

An −F ′(xn) =
k

∑
j=1

c j(F ′(xn −d jF
′(xn)

−1F(xn))−F ′(xn)),

‖F ′(x0)
−1(An −F ′(xn))‖ ≤

k

∑
j=1

|c j|w(|d j|‖yn −xn‖) = pn ≤ pn,

‖xn+1−yn‖ ≤ pn‖yn −xn‖
1−qn

≤ pn(sn − tn)

1−qn

= tn+1− sn

and

‖yn+1 −xn+1‖ ≤ sn+1− tn+1.

The last estimate is given in method (35.1).

Method [1,2,3,4] :

yn = xn −αF ′(xn)
−1F(xn),

zn = xn −F ′(xn)
−1(F(yn)+αF(xn)) (35.3)

and

xn+1 = xn −F ′(xn)
−1(F(zn)+F(yn)+αF(xn)).
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The majorizing sequence {tn} is defined for t0 = 0, s0 = |α|Ω,

pn =

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)+ |1− 1

α
|(1+w0(tn))(sn− tn),

un = sn +
pn

1−w0(tn)
,

qn =

(

1+

Z 1

0
w0(sn− tn +θ(un − sn))dθ

)

(un − sn)+ pn,

tn+1 = un +
qn

1−w0(tn)
,

bn+1 =
Z 1

0
w((1−θ)(tn+1− tn))dθ(tn+1− tn)+ |1− 1

α
|(1+w0(tn))(sn− tn)

+(1+w0(tn))(tn+1− sn)

and

sn+1 = tn+1 +
bn+1

1−w0(tn+1)
.

The estimates are:

F(yn) = F(yn)−F(xn)−
1

α
F ′(xn)(yn−xn)−F ′(xn)(yn−xn)

+F ′(xn)(yn −xn),

‖F ′(x0)
−1F(yn)‖ ≤

Z 1

0
w((1−θ)‖yn −xn‖)dθ‖yn−xn‖

+|1− 1

α
|(1+w0(‖xn−x0‖))‖yn−xn‖

= pn ≤ pn,

zn = xn −αF(xn)−F ′(xn)
−1F(yn)

= yn −F ′(xn)
−1F(yn)

zn −yn = −F ′(xn)
−1F(yn)

‖zn−yn‖ ≤ pn

1−w0(‖xn −x0‖)
≤ pn

1−w0(tn)
= un− sn.

xn+1 = xn −F ′(xn)
−1(F(yn)+αF(xn))−F ′(xn)

−1F(zn)

= zn−F ′(xn)
−1F(zn)

F(zn) = F(zn)−F(yn)+F(yn),

‖F ′(x0)
−1F(zn)‖ ≤

(

1+
Z 1

0
w0(‖yn −x0‖+θ‖zn −yn‖)dθ

)

‖zn −yn‖+ pn,

xn+1− zn = −F ′(yn)+F(yn),

‖xn+1 − zn‖ ≤ qn

1−w0(‖xn −x0‖)
≤ qn

1−w0(tn)
= tn+1−un,

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(xn+1−xn)

+

(

1− 1

α

)

F ′(xn)(yn−xn)+F ′(xn)(xn+1−yn),
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‖F ′(x0)
−1F(xn+1)‖ ≤

Z 1

0
w((1−θ)‖xn+1−xn‖)dθ‖xn+1−xn‖

+|1− 1

α
|(1+w0(‖xn −x0‖))‖yn−xn‖

+(1+w0(‖xn−x0‖))‖xn+1−yn‖
= an+1 ≤ an+1,

‖yn+1−xn+1‖ ≤ an+1

1−w0(‖xn+1−x0‖)
≤ an+1

1−w0(tn+1)
= sn+1− tn+1.

Method [1,2,3,4] :

yn = xn −F ′(xn)
−1F(xn),

zn = xn −2(F ′(yn)+F ′(xn))
−1F(xn) (35.4)

and

xn+1 = zn −F ′(yn)
−1F(zn).

The majorizing sequence {tn} is defined for t0 = 0, s0 = Ω by

qn =
1

α
(w0(sn)+w0(tn))

and

un = sn +
w(sn− tn)(sn− tn)

2(1−qn)
.

The iterate tn+1 is given in method (35.3), whereas the iterate sn+1 in method (35.1).

The estimates are,

‖(2F′(x0))
−1(F ′(yn)+F ′(xn)−2F ′(x0))‖ ≤ 1

2
(w0(‖yn−x0‖)+w0(‖xn −x0‖))

= qn ≤ qn < 1,

so

‖(F ′(yn)+F ′(xn))
−1F ′(x0)‖ ≤ 1

2(1−qn)
,

zn −yn = −(2(F ′(yn)+F ′(xn))
−1−F ′(xn)

−1)F(xn)

= −(F ′(yn)+F ′(xn))
−1(2F ′(xn)−F ′(yn)−F ′(xn))

×F ′(xn)
−1F(xn)

‖zn −yn‖ ≤ w(‖yn −xn‖)‖yn−xn‖
2(1−qn)

= un− sn.

Method [1,2,3,4] :

yn = xn −F ′(xn)
−1F(xn),

zn = xn −F ′(yn)
−1F(xn) (35.5)

and

xn+1 = zn − (2F ′(yn)
−1 −F ′(xn)

−1)F(zn).
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The majorizing sequence {tn} is defined for t0 = 0, s0 =
1

2
Ω by

un = sn +
1

1−w0(sn)

(

1+
w(sn − tn)

1−w0(tn)

)

(1+w0(tn))(sn− tn),

an =

(

1+
Z 1

0
w0(tn +θ(un− tn))dθ

)

(un− tn)+2(1+w0(tn))(sn− tn),

tn+1 = un +
1

1−w0(sn)

(

1+
w(sn − tn)

1−w0(tn)

)

an,

bn+1 =

(

1+

Z 1

0
w0(tn +θ(tn+1− tn))dθ

)

(tn+1− tn)+2(1+w0(tn))(sn− tn)

and

sn+1 = tn+1 +
bn+1

2(1−w0(tn+1))
.

The estimates are:

‖zn−yn‖ ≤ ‖
[

1

2
(F ′(xn)

−1 −F ′(yn)
−1− 1

2
F ′(yn)

−1)

]

F(xn)‖

≤ 1

1−w0(‖yn−x0‖)

[

1+
w(‖yn −xn‖)

1−w0(‖xn −x0‖)

]

×(1+w0(‖yn−x0‖))‖yn−xn‖
≤ un − sn,

F(zn) = F(zn)−F(xn)−2F ′(xn)(yn−xn),

‖F ′(x0)
−1F(zn)‖ ≤

(

1+

Z 1

0
w0(‖xn−x0‖+θ‖zn −xn‖)dθ

)

‖zn−xn‖

+2(1+w0(‖xn −x0‖))‖yn−xn‖ = an ≤ an

‖xn+1− zn‖ = ‖(F ′(yn)
−1 +(F ′(yn)

−1−F ′(zn)
−1))F(zn)‖

≤ 1

1−w0(‖yn−x0‖)

[

1+
w(‖yn −xn‖)

1−w0(‖xn −x0‖)

]

an ≤ tn+1−un,

F(xn+1) = F(xn+1)−F(xn)−2F ′(xn)(yn−xn),

‖F ′(xn)
−1F(xn+1)‖ ≤

(

1+
Z 1

0
w0(‖xn−x0‖+θ‖xn+1 −xn‖)dθ

)

‖xn+1−xn‖

+2(1+w0(‖xn −x0‖))‖yn−xn‖ = bn+1 ≤ bn+1

and

‖yn+1−xn+1‖ ≤ 1

2
‖F ′(xn+1)

−1F ′(x0)‖‖F′(x0)
−1F(xn+1)‖

≤ bn+1

2(1−w0(‖xn+1−x0‖)
≤ bn+1

2(1−w0(tn+1))
= sn+1− tn+1.
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Method [1,2,3,4]:

yn = xn −
2

3
F ′(xn)

−1F(xn), (35.6)

zn = xn −
1

2
(3F ′(yn)−F ′(xn))

−1(3F ′(yn)+F ′(xn))F ′(xn)
−1F(xn)

and

xn+1 = zn −2(3F ′(yn)−F ′(xn))
−1F(zn).

The majorizing sequence {tn} is defined for t0 = 0, s0 =
2

3
Ω by

qn =
1

2
(3w0(sn)+w0(tn)),

un = sn +
1

8(1−qn)
(3w(sn− tn)+4(1+w0(tn)))(sn− tn),

an =

(

1+

Z 1

0
w0(tn +θ(un − tn))dθ

)

(un− tn)+
3

2
(1+w0(tn))(sn− tn),

tn+1 = un
an

1−qn

,

bn+1 =

(

1+

Z 1

0
w0(tn +θ(tn+1− tn))dθ

)

(tn+1− tn)+
3

2
(1+w0(tn))(sn− tn),

and

sn+1 = tn+1 +
2bn+1

3(1−w0(tn+1))
.
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The estimates are for An = 3F ′(yn)−F ′(xn),

‖(2F ′(x0))
−1(An −2F ′(x0))‖ ≤ 1

2
(3w0(‖yn−x0‖)+‖xn −x0‖)

= qn ≤ qn < 1,

‖A−1
n F ′(x0)‖ ≤ 1

2(1−qn)
,

‖zn−yn‖ =
1

6
‖A−1

n (4(3F ′(yn)−7F ′(xn)))F′(xn)
−1F(xn)‖

≤ 1

12(1−qn)
[3w(‖yn −xn‖)

+4(1+w0(‖xn−x0‖))]
3

2
‖yn −xn‖

≤ un− sn,

F(zn) = F(zn)−F(xn)−
2

3
F ′(xn)(yn −xn),

‖F ′(x0)
−1F(zn)‖ ≤

(

1+

Z 1

0
w0(‖xn −x0‖+θ‖zn −xn‖)dθ

)

‖zn −xn‖

+
3

2
(1+w0(‖xn−x0‖))‖yn−xn‖ = bn ≤ bn.

‖xn+1− zn‖ ≤ 2‖A−1
n F ′(x0)‖‖F′(x0)

−1F(zn)‖

≤ 2an

2(1−qn)
≤ an

1−qn

= tn+1−un,

F(xn+1) = F(xn+1)−F(xn)−
3

2
F ′(xn)(yn −xn),

‖F ′(x0)
−1F(xn+1)‖ ≤

(

1+
Z 1

0
w0(‖xn −x0‖+θ‖xn+1 −xn‖)dθ

)

‖xn+1−xn‖

+
3

2
(1+w0(‖xn−x0‖))‖yn−xn‖ = bn+1 ≤ bn+1

and

‖yn+1 −xn+1‖ ≤ 2

3
‖F ′(xn+1)

−1F ′(x0)‖‖F ′(x0)
−1F(xn+1)‖,

≤ 2

3

bn+1

1−w0(‖xn+1−x0‖)

≤ 2

3

bn+1

(1−w0(tn+1))
= sn+1− tn+1.

Method [1,2,3,4] :

yn = xn −
2

3
F ′(xn)

−1F(xn),An = 3F ′(yn)−F ′(xn),

zn = xn −
1

2
A−1

n (3F ′(yn)+F ′(xn))F ′(xn)
−1F(xn) (35.7)

and

xn+1 = zn −
[

(

1

2
A−1

n (3F ′(yn)+F ′(xn))

)2
]

F ′(xn)
−1F(zn).
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The majorizing sequence {tn} is defined for t0 = 0, s0 =
2

3
Ω as follows: The iterates un, sn+1

are as given in method(35.6) and

tn+1 = un +
1

16

(3(1+w0(sn))+(1+w0(tn)))
2an

(1−qn)2(1−w0(tn))
.

The estimate is

‖xn+1− zn‖ ≤ 1

4
‖A−1

n F ′(x0)‖2‖F ′(x0)
−1(3F′(yn)+F ′(xn))‖2

×‖F ′(xn)
−1F ′(x0)‖‖F ′(x0)

−1F(zn)‖

≤ (3(1+w0(‖yn −x0‖))+(1+w0(‖xn −x0‖)))2an

16(1−qn)2(1−w0(tn))
≤ tn+1−un.

Method [5]:

yn = xn −F ′(xn)
−1F(xn), (35.8)

zn = yn +
1

3
(F ′(xn)

−1 +2A−1
n )F(xn),An = F ′(xn)−3F ′(yn)

and

xn+1 = zn +
1

3
(A−1

n −F ′(xn)
−1)F(zn).

The majorizing sequence {tn} is defined for t0 = 0, s0 = Ω by

qn =
1

2
[w(sn− tn)+2w0(sn)],

un = sn +
w(sn − tn)(sn− tn)

2(1−qn)
,

pn =

(

1+

Z 1

0
w0(sn +θ(un − sn))dθ

)

(un − sn)

+

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)

and

tn+1 = un +
(1+w0(sn))pn

2(1−qn)(1−w0(tn))
.

The iterate sn+1 is as defined in method (35.1).
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The estimates are:

‖(−2F ′(x0))
−1(An−F ′(x0))‖ ≤ 1

2

[

F ′(x0)
−1(F ′(xn)−F ′(yn))‖

+ 2‖F ′(x0)
−1(F ′(yn)−F ′(x0))

]

≤ qn ≤ qn < 1,

‖A−1
n F ′(x0)‖ ≤ 1

2(1−qn)
,

‖zn −yn‖ =
1

3
‖A−1

n (2F ′(xn)+An)F ′(xn)
−1F(xn)‖

≤ ‖F ′(x0)
−1(F ′(xn)−F ′(yn))‖‖yn−xn‖

2(1−qn)

≤ w(‖yn −xn‖)‖yn−xn‖
2(1−qn)

≤ w(sn − tn)(sn− tn)

2(1−qn)
= un− sn,

xn+1 − zn =
1

3
A−1

n F ′(yn)F ′(xn)
−1F(zn),

F(zn) = F(zn)−F(yn)+F(yn)

=

Z 1

0
F ′(yn +θ(zn−yn))dθ(zn−yn)+F(yn),

‖F ′(x0)
−1F(zn)‖ ≤ (1+

Z 1

0
w0(‖yn −x0‖+θ‖zn −yn‖))dθ‖zn−yn‖

+

Z 1

0
w((1−θ)‖yn −xn‖)dθ‖yn−xn‖

= pn ≤ pn

and

‖xn+1− zn‖ ≤ (1+w0(‖yn −x0‖))pn

2(1−qn)(1−w0(‖xn−x0‖))
≤ tn+1−un.

Finally, the iterate sn+1 is as given in method (35.1).

Method [12] :

yn = xn −
2

3
F ′(xn)

−1F(xn) (35.9)

and

xn+1 = xn −
1

2

(

−I +
9

4
F ′(yn)

−1F ′(xn)

)

+
3

4
(F ′(xn)

−1F(yn))F ′(xn)
−1F(xn).
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The majorizing sequence {tn} is defined for t0 = 0, s0 =
2

3
Ω,

tn+1 = sn +
3

2

(

1

3
+

9w(sn − tn)

8(1−w0(sn))
+

3w(sn − tn)

8(1−w0(tn))

)

(sn− tn),

an+1 =

(

1+

Z 1

0
w0(tn +θ(tn+1− tn))dθ

)

(tn+1− tn)+
3

2
(1+w0(tn))(sn− tn)

and

sn+1 = tn+1 +
2

3

an+1

(1−w0(tn+1))
.

The estimates are:

‖xn+1 −yn‖ = ‖
[

2

3
I +

1

2
I− 1

2

(

9

4
F ′(yn)

−1F ′(xn)

)

+
3

4
F ′(xn)

−1F ′(yn)

]

F ′(xn)
−1F(xn)‖,

= ‖
[

−1

3
I +

9

8
(I−F ′(yn)

−1F ′(xn))

+
3

8
(I −F ′(xn)

−1F ′(yn))

]

‖‖F ′(xn)
−1F(xn)‖

≤ 3

2

(

1

3
+

9w(‖yn −xn‖)
8(1−w0(‖yn−x0‖))

+
3w(‖yn−xn‖)

8(1−w0(‖xn −x0‖))

)

‖yn −xn‖

≤ tn+1− sn,

F(xn+1) = F(xn+1)−F(xn)−
3

2
F ′(xn)(yn−xn),

‖F ′(x0)
−1F(xn+1)‖ ≤

(

1+

Z 1

0
w0(‖xn−x0‖+θ‖xn+1 −xn‖)dθ

)

‖xn+1−xn‖

+
3

2
(1+w0(‖xn −x0‖))‖yn−xn‖

= an+1 ≤ an+1

and

‖yn+1−xn+1‖ ≤ 2

3
‖F ′(xn+1)

−1F ′(x0)‖‖F′(x0)
−1F(xn+1)‖

≤ 2

3

an+1

1−w0(‖xn+1−x0‖)
≤ 2

3

an+1

1−w0(tn+1)
= sn+1 − tn+1.

Method [12] :

yn = xn −F ′(xn)
−1F(xn), (35.10)

zn = xn −F ′(xn)
−1(F(xn)+F(yn))

and

xn+1 = xn −A−1
n F(xn),An =

1

6
F ′(xn)+

2

3
F ′(

xn + zn

2
)+

1

6
F ′(zn).
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The majorizing sequence {tn} is defined for t0 = 0, s0 = Ω0 by,

un = sn +

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−w0(tn)
,

an =
2

3
w(

un − tn

2
)+

1

6
w(un− tn),

qn =
1

6
w0(tn)+

2

3
w0(

un + tn

2
)+

1

6
w0(un)

and

tn+1 = un +

[

an

1−qn

+

R 1
0 w((1−θ)(sn− tn))dθ

1−w0(tn)

]

(sn− tn).

The iterate yn+1 is as given in method (35.1).

The estimates are:

‖zn −yn‖ ≤ ‖F ′(xn)
−1F ′(x0)‖‖F′(x0)

−1F(yn)‖

≤
R 1

0 w((1−θ)‖yn−xn‖)dθ‖yn−xn‖
1−w0(‖xn−x0‖)

≤ un− sn,

‖F ′(x0)
−1(An−F ′(xn))‖ ≤ 2

3
w

(‖zn−xn‖
2

)

+
1

6
w0(‖zn−xn‖)

= an ≤ an,

‖F ′(x0)
−1(An−

6

6
F ′(x0))‖ ≤ 1

6
w0(‖xn−x0‖)

+
2

3
w0

(‖zn−x0‖+‖xn −x0‖
2

)

+
1

6
w0(‖zn−x0‖)

= qn ≤ qn < 1,

‖A−1
n F ′(x0)‖ ≤ 1

1−qn

,

‖xn+1− zn‖ = ‖(F ′(xn)
−1−A−1

n )F(xn)+F ′(xn)
−1F(yn)‖

≤ ‖A−1
n (F ′(xn)−An)F ′(xn)

−1F(xn)‖
+‖F ′(xn)

−1F ′(x0)‖‖F ′(x0)
−1F(yn)‖

≤ an(sn− tn)

1−qn

+

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−w0(tn)
= tn+1−un.
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Method [12]:

yn = xn −F ′(xn)
−1F(xn) (35.11)

zn = xn −2A−1
n F(xn),An = F ′(xn)+F ′(yn)

vn = zn −BnF ′(xn)
−1F(xn),

Bn =

[

7

2
I −4F ′(xn)

−1F ′(yn)+
3

2
(F ′(xn)

−1F ′(yn))
2

]

un = vn −BnF ′(xn)
−1F(vn)

xn+1 = un −BnF ′(xn)
−1F(un).

The majorizing sequence {an} is defined for a0 = 0,b0 = Ω by

qn =
1

2
(w0(an)+w0(bn)),

cn = bn +
w(bn −an)(bn−an)

2(1−qn)

pn =
w(bn −an)

1−w0(an)
,

hn =

(

1+
Z 1

0
w0(an +θ(cn −an))dθ

)

(cn −an)+(1+w0(an))(bn−an),

αn = 4+2pn +3p2
n,

dn = cn +
1

2

αn

1−w0(an)
,

en = dn +αn

(

1+

Z 1

0
w0(cn +θ(dn−cn))dθ

)

(dn −cn)+hn

σn+1 =

Z 1

0
w((1−θ)(an+1−an))dθ(an+1−an)+(1+w0(an))(an+1−bn),

and

bn+1 = an+1 +
σn+1

1−w0(an+1)
.
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The estimates are:

‖2F ′(x0)
−1(An −2F ′(x0)) ≤ 1

2
(w0(‖xn −x0‖)+w0(‖yn−x0‖))

≤ 1

2
(w0(an)+w0(bn)) = qn < 1,

‖A−1
n F ′(x0)‖ ≤ 1

2(1−qn)
,

‖zn−yn‖ ≤ ‖A−1
n (2F ′(xn)−An)‖‖F′(xn)

−1F(xn)‖
≤ ‖A−1

n F ′(x0)‖‖F ′(x0)
−1(F ′(xn)−F ′(yn))‖

×‖F ′(xn)
−1F(xn)‖

≤ w(bn −an)(bn−an)

2(1−qn)
= dn −cn,

‖vn − zn‖ ≤ 1

2
‖4I +2(I −F ′(xn)

−1F ′(yn))

+3(I−F ′(xn)
−1F ′(yn))

2‖‖F ′(xn)
−1F(zn)‖

≤ 1

2

αnhn

1−w0(an)
= dn−cn,

hn =

(

1+

Z 1

0
w0(‖xn−x0‖+θ‖zn−xn‖)dθ

)

‖zn−xn‖

+(1+w0(‖xn−x0‖))‖yn−xn‖ ≤ hn,

pn =
w(‖yn−xn‖)

1−w0(‖xn−x0‖)
≤ w(bn −an)

1−w0(an)
= pn,

‖un −vn‖ ≤ αn(1+
R 1

0 w0(‖zn−x0‖+θ‖vn − zn‖)dθ‖vn− zn‖+hn)

1−w0(‖xn −x0‖)
≤ en −dn,

‖F ′(x0)
−1F(xn+1)‖ ≤

Z 1

0
w((1−θ)‖xn+1−xn‖)dθ‖xn+1−xn‖

+(1+w0(‖xn−x0‖))‖xn+1−yn‖
≤ σn+1,

So,

‖yn+1−xn+1‖ ≤ σn+1

1−w0(an+1)
≤ σn+1

1−w0(an+1)
= bn+1−an+1.

Method [12]:

yn = xn −
1

2
F ′(xn)

−1F(xn) (35.12)

zn =
1

3
(4yn −xn)

vn = yn +A−1
n F(xn),An = F ′(xn)−3F ′(zn),

xn+1 = vn +A−1
n F(zn).
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The majorizing sequence {an} is defined for a0 = 0,b0 =
1

2
Ω by

cn = bn +
1

3
(bn−an),

qn =
1

2
(3w0(cn)+w0(an)),

dn = cn +
1

4
(cn −an)+

3(1+w0(an))(bn−an)

2(1−qn)
,

an+1 = dn +
1

2(1−qn)

(

1+

Z 1

0
w0(an +θ(cn −an))dθ

)

(cn −an)

+2(1+w0(an))(bn−an)

σn+1 =

(

1+

Z 1

0
w0(an +θ(an+1−an))dθ

)

(an+1−an)

and

bn+1 = an+1 +
σn+1

1−w0(an+1)
.

The estimates are,

‖zn−yn‖ = ‖4yn

3
− 1

3
xn −yn‖

=
1

3
‖yn −xn‖ ≤

1

3
‖bn−an‖ = cn −bn,

‖(2F ′(x0))
−1(An−2F ′(x0))‖ ≤ 1

2
(3w0(‖zn−x0‖)+w0(‖xn−x0‖)) = qn ≤ qn,

‖A−1
n F ′(x0)‖ ≤ 1

2(1−qn)
,

‖xn+1−vn‖ ≤

(

1+
R 1

0 w0(‖xn −x0‖+θ‖zn −x0‖)dθ
)

‖zn−xn‖
2(1−qn)

+
2(1+w0(‖xn −x0‖))‖yn−xn‖

2(1−qn)

≤ un+1−dn,

F(xn+1) = F(xn+1)−F(xn)−2F ′(xn)(yn−xn),

‖F ′(x0)
−1F(xn+1)‖ ≤

(

1+
Z 1

0
w0(‖xn−x0‖+θ‖xn+1−xn‖)dθ

)

×‖xn+1 −xn‖+2(1+w0(‖xn−x0‖))‖yn−xn‖
= σn+1 ≤ σn+1,

‖yn+1−xn+1‖ ≤ ‖F ′(xn+1)
−1F ′(x0)‖‖F′(x0)

−1F(xn+1)‖

≤ σn+1

1−w0(‖xn+1−x0‖)
≤ σn+1

1−w0(an+1)
= bn+1−an+1.
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Method [13]:

yn = xn −F ′(xn)
−1F(xn) (35.13)

zn = yn −F ′(yn)
−1F(yn)

xn+1 = zn − (I +
1

2
Ln)F ′(yn)

−1F(zn)

Ln = F ′(yn)
−1F ′′(yn)F ′(yn)

−1F(yn).

The majorizing sequence {tn} is given for t0 = 0, s0 = Ω by

un = sn +

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−w0(sn)

ln =
(b+v(sn))

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

(1−w0(sn))2

tn+1 = un +
dn

1−w0(sn)

(

1+
ln

2

)

,

dn =

(

1+
Z 1

0
w0(sn +θ(un− sn))dθ

)

(un− sn)

+
Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)

The iterate sn+1 is as given in method (35.1).

In the estimate, we also use the additional conditions

‖F ′(x0)
−1(F ′′(x)−F ′′(x0))‖ ≤ v(‖x−x0‖)

and

‖F ′(x0)
−1F ′′(x0)‖ ≤ b

where the function v is as w and b > 0.

Thus we obtain

‖zn −yn‖ ≤
R 1

0 w((1−θ)‖yn−xn‖)dθ‖yn−xn‖
1−w0(‖yn−x0‖)

≤ un− sn,

‖Ln‖ ≤ ‖F ′(x0)
−1(F ′′(yn)−F ′′(x0)+F ′′(x0)‖‖F ′(x0)

−1F(yn)‖
(1−w0(‖yn −x0‖))2

≤ (b+v(‖yn −x0‖))
R 1

0 w((1−θ)(sn− tn))dθ(sn− tn)

(1−w0(sn))2

= ln ≤ ln,

‖xn+1− zn‖ ≤ ‖F ′(yn)
−1F(zn)‖+

1

2
‖Ln‖‖F ′(yn)

−1F(zn)‖

≤ 1

1−w0(‖yn−x0‖)

(

1+
ln

2

)

dn

≤ 1

1−w0(sn)

(

1+
ln

2

)

dn = tn+1−un.
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Method [11]:

yn = xn −F ′(xn)
−1F(xn),An = 2[xn,yn;F]−F ′(xn) (35.14)

xn+1 = yn −A−1
n F(yn).

The majorizing sequence {tn} is defined for t0 = 0, s0 = Ω by

tn+1 = sn +

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−qn

qn = ψ(tn, sn)+ψ0(tn, sn)

The iterate sn+1 is as given in method (35.1).

The estimates are:

‖F ′(x0)
−1(An−F ′(x0))‖ ≤ ‖F ′(x0)

−1([xn,yn;F]−F ′(xn))‖
+‖F ′(x0)

−1([xn,yn;F ]−F ′(x0))‖
≤ ψ(‖xn −x0‖,‖yn −x0‖)+ψ0(‖xn −x0‖,‖yn −y0‖)
= qn ≤ qn < 1,

‖A−1
n F ′(x0)‖ ≤ 1

1−qn

and

‖xn+1−yn‖ ≤ ‖A−1
n F ′(x0)‖‖F ′(x0)

−1F(yn)‖ ≤ tn+1− sn.

Method [7]:

yn = xn −F ′(xn)
−1F(xn) (35.15)

xn+1 = yn − (2[xn,yn;F]−1−F ′(xn)
−1)F(yn).

The majorizing sequence {tn} is defined for t0 = 0 and s0 = Ω by

tn+1 = sn +

(

2

1−ψ0(tn, sn)
+

1

1−w0(tn)

)

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn).

The iterate sn+1 is as defined in method (35.1).

The estimates are

‖F ′(x0)
−1([xn,yn;F]−F ′(x0))‖ ≤ ψ0(‖xn−x0‖,‖yn−x0‖)

≤ ψ0(tn, sn) < 1,

‖[xn,yn;F ]−1F ′(x0) ≤ 1

1−ψ0(tn, sn)
,

and

‖xn+1 −yn‖ ≤
(

2

1−ψ0(‖xn −x0‖,‖yn−x0‖)
+

1

1−w0(‖xn−x0‖)

)

×
Z 1

0
w((1−θ)‖yn −xn‖)dθ‖yn−xn‖ ≤ tn+1− sn.
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Method [13]:

yn = xn −F ′(xn)
−1F(xn) (35.16)

zn = yn − (2[xn,yn;F]−1 −F ′(xn)
−1)F(yn)

xn+1 = zn − (2[xn,yn;F]−1−F ′(xn)
−1)F(zn).

The majorizing sequence {tn} is given for t0 = 0, s0 = Ω by

un = sn +

(

2

1−ψ0(tn, sn)
+

1

1−w0(tn)

)

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)

bn =

(

1+

Z 1

0
w0(sn +θ(un − sn))dθ

)

(un− sn)

+

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)

tn+1 = un +

(

2

1−ψ0(tn, sn)
+

1

1−w0(tn)

)

bn,

and the iterate sn+1 is as defined in method (35.1).

The estimates are given in the previous method with the exception of

‖xn+1− zn‖ ≤ ‖(2[xn,yn;F]−1−F ′(xn)
−1)F(zn)‖

≤
(

2

1−ψ0(tn, sn)
+

1

1−w0(tn)

)

bn,

where we used

F(zn) = F(zn)−F(yn)+F(yn),

so

‖F ′(x0)
−1 ≤

(

1+
Z 1

0
w0(‖yn−x0‖+θ‖zn−yn‖)

)

dθ

+‖F ′(x0)
−1F(yn)‖ = bn ≤ bn.

Method [13]:

yn = xn −F ′(xn)
−1F(xn) (35.17)

xn+1 = xn −F ′(xn)
−1(F(xn)+F(yn))

The majorizing sequence {tn} is given for t0 = 0, s0 = Ω by

tn+1 = sn +

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−w0(tn)

The iterate sn+1 is as defined in method (35.1).

The estimates are

xn+1 = xn −F ′(xn)
−1F(xn)−F ′(xn)

−1F(yn) = yn −F ′(xn)
−1F(yn),
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so

‖xn+1−yn‖ ≤
R 1

0 w(1−θ)(sn− tn)dθ(sn− tn)

1−w0(tn)
= tn+1− sn.

Method [7]:

yn = xn −F ′(xn)
−1F(xn) (35.18)

xn+1 = xn −F ′(xn)
−1F(xn)−2F ′(xn)

−1F(yn)

+F ′(xn)
−1F ′(yn)F ′(yn)F ′(xn)

−1F(yn)

The majorizing sequence {tn} is defined for t0 = 0, s0 = Ω by

δn = 2+
(w0(sn)+1)2

1−w0(tn)

tn+1 = sn +
δn

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−w0(tn)

The iterate sn+1 is given in method (35.1).

Method [7]:

yn = xn −F ′(xn)
−1F(xn) (35.19)

zi,n = xn −diF
′(xn)

−1F(xn)

xn+1 = xn −F ′(xn)
−1

k

∑
i=1

aiF(zi,n)

The majorizinfg sequence {tn} is defined for t0 = 0, s0 = Ω by

a =
k

∑
i=1

ai,

pi,n =
k

∑
i=1

|ai|(1+

Z 1

0
w0(tn +θ|di|(sn− tn))dθ)|di|(sn− tn)

tn+1 = sn + |1−a|(sn− tn)+
pi,n(sn− tn)

1−w0(tn)

The iterate sn+1 is given in method (35.1).

The estimates are:

xn+1 = yn +F ′(xn)
−1F(xn)−F ′(xn)

−1

(

k

∑
i=1

aiF(zi,n)

)

,

xn+1−yn = (1−a)F ′(xn)
−1F(xn)

+F ′(xn)
−1

k

∑
i=1

ai(F(xn)−F(zi,n))

‖xn+1 −yn‖ ≤ |1−a|‖yn −xn‖+
pi,n(sn− tn)

1−w0(tn)
≤ tn+1− sn,
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where we also used

‖F ′(x0)
−1(F(xn)−F(zi,n))‖

≤
k

∑
i=0

(

1+
Z 1

0
w0(‖xn −x0‖+θ‖zi,n −xn‖)dθ

)

‖zi,n−xn‖

= pi,n‖yn −xn‖ ≤ pi,n(sn− tn).

Method [8]:

yn = Q(xn) (35.20)

xn+1 = Q(xn)−F ′(xn)
−1F(yn),

where Q is a method of order p.

The majorizing sequence {tn} is given for t0 = 0, s0 = Ω by

pn =

(

1+

Z 1

0
w0(θ(sn))dθ

)

sn +Ω

tn+1 = sn +
pn

1−w0(tn)

sn+1 = tn+1 +hn+1.

In suppose

‖yn+1 −xn+1‖ = ‖Q(xn+1)−xn+1‖
≤ h(‖xn−x0‖,‖yn −x0‖,

‖xn+1−x0‖,‖xn+1−yn‖,‖xn+1−xn‖),
= hn

where h is a continuous and nondecreasing function in each variable.

The estimates are

F(yn) = F(yn)−F(x0)+F(x0)

=

Z 1

0

[

F ′(x0 +θ(yn −x0))dθ−F ′(x0)

+F ′(x0)
]

(yn −x0)+F(x0),

‖F(x0)
−1F(yn)‖ ≤

(

1+
Z 1

0
w0(θ‖yn−x0‖)dθ

)

‖yn −x0‖+Ω

= pn ≤ pn.

The iterate sn+1 is defined by the additional condition.

Method [1,2,3,4]:

yn = xn −λF ′(xn)
−1F(xn),λ =

√
5−1

2
(35.21)

zn = xn −µF ′(xn)
−1F(yn),λ =

√
5+3

2

xn+1 = zn−F ′(xn)
−1F(zn).
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The majorizing sequence {tn} is defined for t0 = 0, s0 = |λ|Ω by

bn =

(

1+
Z 1

0
w0(tn)+θ(sn− tn)

)

dθ(sn− tn)

+
1

|λ| (1+w0(tn))(sn− tn),

un = 2sn − tn +
|µ|bn

1−w0(tn)
,

cn =

(

1+
Z 1

0
w0(sn +θ(un − sn))dθ

)

(un− sn)+bn,

tn+1 = un +
cn

1−w0(tn)
,

σn+1 =

(

1+

Z 1

0
w0(tn +θ(tn+1− tn))dθ

)

(tn+1− tn)

1

|λ|(1+w0(tn))(sn− tn).

sn+1 = tn+1 +
σn+1

1−w0(tn+1)

The estimates are:

F(yn) = F(yn)−F(xn)+F(xn)

‖F ′(x0)
−1F(yn)‖ ≤

(

1+

Z 1

0
w0(‖xn −x0‖+θ‖yn −xn‖)dθ

)

‖yn −xn‖

+
1

|λ| (1+w0(‖xn −x0‖))‖yn−xn‖= bn ≤ bn,

‖zn−yn‖ ≤ ‖λF ′(xn)
−1F(xn)‖+ |µ|‖F′(xn)

−1F(yn)‖

≤ ‖yn −xn‖+
|µ|bn

1−w0(‖xn −x0‖)
≤ un − sn.

F(zn) = F(zn)−F(yn)+F(yn),

‖F ′(x0)
−1F(zn)‖ ≤

(

1+

Z 1

0
w0(‖yn −x0‖+θ‖zn −yn‖)dθ

)

×‖zn −yn‖+bn = cn ≤ cn,

‖xn+1− zn‖ ≤ cn

1−w0(‖xn −x0‖)
≤ cn

1−w0(tn)
= tn+1−un,

F(xn+1) = F(xn+1)−F(xn)−
1

λ
F ′(xn)(yn −xn),

‖F ′(x0)
−1F(xn+1)‖ ≤

(

1+

Z 1

0
w0(‖xn −x0‖+θ‖xn+1 −xn‖)dθ

)

×‖xn+1 −xn‖

+
1

|λ| (1+w0(‖xn −x0‖))‖yn−xn‖= sn+1

≤ σn+1

本书版权归Nova Science所有



368 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

and

‖yn+1 −xn+1‖ ≤
σn+1

1−w0(tn+1)
= sn+1− tn+1.
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Chapter 36

On a Family of Optimal Eighth

Order Methods for Equations in

Banach Space

1. Introduction

Consider the nonlinear equation

F(x) = 0, (36.1)

where F : D ⊂ X1 −→ X2 is a Fréchet differentiable operator between the Banach spaces X1

and X2. Here D is an open convex subset of X1. Since closed-form solution is possible only

in special cases, iterative methods are used to approximate the solution x∗ of (36.1). In this

study, we consider the iterative method defined for all n = 0,1,2, ..., by

yn = xn −F ′(xn)
−1F(xn),

zn = yn −AnF ′(xn)
−1F(yn)

and (36.2)

xn+1 = zn −BnF ′(xn)
−1F(zn),

where

An = A(xn,yn), A : D×D −→ L(X1,X2),

Bn = B(yn,xn, zn), B : D×D×D −→ L(X1,X2).

The local convergence order eighth was shown using condition on the ninth derivative when

X1 = X2 = R [11]. In this Chapter, the local is presented in the more general setting of a

Banach space. Moreover, conditions only on the operators appearing in these methods are

used in the analysis. Hence, the applicability of these methods is extended.

2. Local Analysis

We develop functions and parameters to be used in the local convergence analysis of the

method (36.2). Set M = [0,∞). Suppose function:
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(i) ω0(t)−1 has a minimal zero δ0 ∈ M−{0} for some fucntion ω0 : M −→ M which is

continuous and nondecreasing. Set M0 = [0,δ0).

(ii) g1(t)−1 has a minimal zero d1 ∈ B0 −{0} for some fucntion w : M0 −→ M which is

continuous and nondecreasing and g1 : B0 −→ M defined by

g1(t) =

R 1
0 ω((1−θ)t)dθ

1−ω0(t)
.

(iii) ω0(g1(t)t)−1 ha a minimal zero δ1 ∈ B0−{0}. Set

δ2 = min{δ0,δ1}

and M1 = [0,δ2).

(iv) g2(t)−1 has a minimal zero d2 ∈ M1−{0} for some functions ω1 : M−1 −→ M, p :

M1 −→ M which are continuous and nondecreasing and g2 : M1 −→ M defined by

g2(t) = [g1(g1(t)t)+
(ω0(t)+ω1(g1(t)t))

R 1
0 ω1(θg1(t)t)dθ

(1−ω0(t))(1−ω0(g1(t)t))

+
p(t)

R 1
0 ω1(θg1(t)t)dθ

1−ω0(t)
]g1(t).

(v) ω0(g2(t)t)− 1 has a minimal zero δ3 ∈ M1 −{0}. Set δ = min{δ2,δ3} and M2 =
[0,δ).

(vi) g3(t)−1 has a minimal zero d3 ∈ M2 −{0} for some function q : M2 −→ M defined

by

g3(t) = [g1(g2(t)t)+
(ω0(t)+ω1(g2(t)t))

R 1
0 ω1(θg2(t)t)dθ

(1−ω0(t))(1−ω0(g2(t)t))

+
q(t)

R 1
0 ω1(θg2(t)t)dθ

1−ω0(t)
]g2(t).

Define

d = min{dk}, k = 1,2,3. (36.1)

It shall be shown that d is a radius of convergence for method (36.2).

Denote by U [x,µ] the closure of the open ball U(x,µ) of center x ∈ D and radius µ > 0.
The hypotheses (H) are developed provided x∗ is a simple zero of F and functions ω, p,q

are as previously given.

Suppose:

(H1) For each x ∈ D

‖F ′(x∗)−1(F ′(x)−F ′(x∗))‖ ≤ ω0(‖x−x∗‖).

Set Ω0 = U(x∗,δ0)∩D.
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(H2) For each x,y ∈ Ω0, y = x−F ′(x)−1F(x),

‖F
′
(x∗)−1(F ′(x)−F ′(y))‖ ≤ ω0(‖x−y‖),

‖F ′(x∗)−1F ′(x)‖ ≤ ω1(‖x−x∗‖),

‖I−A(x,y)‖ ≤ p(‖x−x∗‖)

and

‖I −B(x,y)‖ ≤ q(‖x−x∗‖).

(H3) U [x∗,d]⊂ D,

and

(H5) There exists d∗ ≥ d satisfying

Z 1

0
ω0(θd∗)dθ < 1.

Set Ω1 = U [x∗,d∗]∩D.

Next, the local convergence analysis of method (36.2) is given using hypotheses H.

Theorem 42. Suppose hypotheses (H) hold. Then, the following assertions hold provided

that x0 ∈U(x∗,d)−{x∗} :

{xn} ⊂ U(x∗,d), (36.2)

‖yn −x∗‖ ≤ g1(en)en ≤ en < d, (36.3)

‖zn−x∗‖ ≤ g2(en)en ≤ en < d, (36.4)

en+1 ≤ g3(en)en ≤ en, (36.5)

where en = ‖xn −x∗‖, radius d is defined by (36.1) and the functions gk are as given previ-

ously. Moreover, the only zero of F in the set Ω1 is x∗.

Proof. Set M − 3 = [0,d). It follows from the definition of d that for each t ∈ M3 the

following hold

0 ≤ ω0(t) < 1 (36.6)

0 ≤ ω0(g1(t)t) < 1 (36.7)

0 ≤ ω0(g2(t)t) < 1 (36.8)

and

0 ≤ gk(t) < 1. (36.9)

We have that (36.2) holds for n = 0. Let u ∈U(x∗,d)−{x∗}. Using (36.1), (36.6) and (H1),

we have in turn

‖F ′(x∗)−1(F ′(u)−F ′(x∗))‖ ≤ ω0(‖u−x∗‖)≤ w0(d) < 1. (36.10)
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Then, (36.10) together with the Banach lemma on linear operators with inverses [4] give

F ′(u)−1 ∈ L(X2,X1) with

‖F ′(u)−1F ′(x∗)‖ ≤ 1

1−ω0(‖u−x∗‖) . (36.11)

Notice that iterates y0, z0,x1 are well defined by method (36.2) for n = 0 and we can write

y0 −x∗ = x0 −x∗−F ′(x0)
−1F(x0)

= (F ′(x0)
−1F(x∗))

×(

Z 1

0
F ′(x∗)−1(F ′(x0)−F ′(x∗ +θ(x0 −x∗)))dθ(x0−x∗).

(36.12)

By (36.1), (36.11) (for u = x0,(36.9)(for k = 1), (H2) and (36.12) we get in turn that

‖y0 −x∗‖ ≤ ω((1−θ)‖x0−x∗‖)dθ‖x0−x∗‖
1−ω0(‖x0 −x∗‖) (36.13)

≤ g1(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0−x∗‖ < d, (36.14)

showing (36.2) and (36.3) for n = 0.

We can also write by the second substep of method (36.2) that

z0 −x∗ = y0 −x∗−F ′(y0)
−1F(y0)

+(F ′(y0)
−1−F ′(x0)

−1)F(y0)

+(I−A0)F ′(x0)
−1F(y0)

= y0 −x∗−F ′(y0)
−1F(y0)+F ′(y0)

−1(F ′(x0)−F ′(y0))F ′(x0)
−1F(y0)

+(I−A0)F ′(x0)
−1F(y0). (36.15)

Using (36.1), (36.7), (36.9) (for k = 2), (H2), (H3), (36.11) (for u = y0), (36.14), (36.15)

and the triangle inequality, we obtain in turn

‖z0−x∗‖ ≤ [g1(‖y0 −x∗‖)

+
(ω0(‖x0−x∗‖)+ω0(‖y0 −x∗‖))R 1

0 ω1(θ‖y0−x∗‖)dθ

(1−ω0(‖x0 −x∗‖))(1−ω0(‖y0 −x∗‖))

+
p(‖x0 −x∗‖)R 1

0 ω1(θ‖y0−x∗‖)dθ

1−ω0(‖x0 −x∗‖ ]‖y0−x∗‖

≤ g2(‖x0−x∗‖)‖x0−x∗‖ ≤ ‖x0 −x∗‖, (36.16)

showing (36.2) and (36.3) for n = 0.
Moreover, by the third substep of method (36.2) for n = 0, we can write analogously

x1 −x∗ = z0−x∗−F ′(z0)
−1F(z0)

+(F ′(z0)
−1(F ′(x0)−F ′(z0))F ′(x0)

−1)F(z0)

+(I−B0)F ′(x0)
−1F(z0). (36.17)
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Using (36.1), (36.8), (36.9) (for k = 3), (H2), (H3), (36.11) (for u = z0), (36.18), (36.17)

and the triangle inequality, we obtain in turn

‖x1 −x∗‖ ≤ [g1(‖z0−x∗‖)

+
(ω0(‖x0−x∗‖)+ω0(‖z0−x∗‖))R 1

0 ω1(θ‖z0−x∗‖)dθ

(1−ω0(‖x0−x∗‖))(1−ω0(‖z0−x∗‖))

+
q(‖x0−x∗‖)R 1

0 ω1(θ‖z0−x∗‖)dθ

1−ω0(‖x0 −x∗‖ ]‖z0−x∗‖

≤ g3(‖x0 −x∗‖)‖x0 −x∗‖ ≤ ‖x0−x∗‖, (36.18)

showing (36.2) and (36.5) for n = 0. Simply substitute x j,y j, z j,x j+1 for x0,y0, z0,x1 in the

previous calculations, we finish the induction for assertions (36.2)- (36.5). It follows from

the estimation

e j+1 ≤ γe j < d, (36.19)

where γ = g3(‖x0−x∗‖), that (36.2) and (36.6) hold. Set T =

Z 1

0
F ′(x∗ +θ(b−x∗))dθ, for

some b ∈ Ω1 with F(b) = 0. Then, in view of (H1) and (H4), we get in turn

‖F
′
(x∗)−1(T −F

′
(x∗))‖ ≤

Z 1

0
ω0(θ‖b−x∗‖)dθ ≤

Z 1

0
ω0(θd∗)dθ < 1,

leading to x∗ = b, since T−1 ∈ L(X2,X1) and T (b−x∗) = F(b)−F(x∗) = 0.
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Chapter 37

Extended Ball Convergence of a

Xiao-Yin Fifth Order Scheme for

Equations

The local convergence for a Xiao-Yin method of order five is studied using assumptions

only on the first derivative of the operator involved. The convergence of this method was

shown by assuming that the sixth order derivative of the operator not on the method ex-

ists and hence it is limiting its applicability. Moreover, no computational error bounds or

uniqueness of the solution are given. We address all these problems using only the first

derivative that appears on the method. Hence, we extend the applicability of the method.

Our techniques can be used to obtain the convergence of other similar higher-order methods

using assumptions on the first derivative of the operator involved.

1. Introduction

Let F : D ⊂ E1 −→ E2 be a nonlinear operator acting between Banach spaces E1 and E2 and

D 6= /0 be an open set. Consider the problem of solving the nonlinear equation

F(x) = 0. (37.1)

Iterative methods are used to approximate a solution x∗ of the equation (37.1). The follow-

ing iterative method was studied in [26],

yn = xn −βF ′(xn)
−1F(xn),

zn = xn −
1

4
(3F′(yn)

−1 +F ′(xn)
−1)F(xn)

and

xn+1 = zn −
1

2
(3F ′(yn)

−1−F ′(xn)
−1)F(zn).

In this chapter, we study the convergence of method (37.2) using assumptions only on the

first derivative of F, unlike earlier studies [26] where the convergence analysis required

assumptions on the derivatives of F up to the order six. This method can be used on other
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methods and relevant topics along the same lines [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,

16,17,18,19,20,21,22,23,24,25,26,27,28,29].

For example: Let X = Y = R, D = [−1

2
,
3

2
]. Define f on D by

f (t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we have f (1) = 0,

f ′′′(t) = 6logt2 +60t2−24t +22.

Obviously, f ′′′(t) is not bounded by D. So, the convergence of the method (37.2) is not

guaranteed by the analysis in [26].

Throughout the chapter U(x0,R) = {x ∈ X : ‖x − x0‖ < R} and U [x0,R] = {x ∈ X :

‖x−x0‖ ≤ R} for some R > 0.
The chapter contains local convergence analysis in Section 2, and the numerical exam-

ples are given in Section 3.

2. Ball Convergence

The convergence uses real functions and parameters. Set A = [0,∞). Suppose functions:

(1) h0 : A → A is continuous, non-decreasing and such that h0(t)−1 has a smallest zero

ρ0 ∈ A−{0}. Set A0 = [0,ρ0).

(2) h0 : A0 → A,h1 : A0 → A are continuous, non-decreasing and such that f1(t)−1 has

a smallest zero R1 ∈ A0 −{0}, where f1 : A0 → A is defined by

f1(t) =

R 1
0 h((1−θ)t)dθ+ |1−β|R 1

0 h1(θt)dθ

1−h0(t)
.

(3) h0( f1(t))− 1 has a smallest zero ρ1 ∈ A0 −{0}. Set ρ2 = min{ρ0,ρ1} and A1 =

[0,ρ2).

(4) f2(t)−1 has a smallest zero R2 ∈ A1 −{0}, where f2 is defined by

f2(t) =

R 1
0 h((1−θ)t)dθ

1−h0(t)
+

3

4

(h0(t))+h0( f1(t)t)
R 1

0 h1(θ t)dθ

(1−h0(t))(1−h0( f1(t)t))
.

(5) h0( f2(t)t)−1 has a smallest zero ρ ∈ A1 −{0},

(6) f3(t)−1 has a smallest zero R3 ∈ A1 −{0}, where

f3(t) =

[

R 1
0 h((1−θ) f2(t)t)dθ

1−h0( f2(t)t)

+
(h0( f2(t)t)+h0( f1(t)t))

R 1
0 h1(θ f2(t)t)dθ

(1−h0( f2(t)t))(1−h0( f1(t)t))

+
(h0(t)+h0( f1(t)t))

R 1
0 h1(θ f2(t)t)dθ

2(1−h0(t))(1−h0( f1(t)t))

]

f2(t).
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The parameter

R = min{R j}, j = 1,2,3 (37.2)

shall be shown to be a convergence radius for the scheme (37.2). The definition of R

implies that for all t ∈ [0,R)

0 ≤ h0(t) < 1, (37.3)

0 ≤ h0( f1(t)t) < 1, (37.4)

0 ≤ h0( f2(t)t) < 1 (37.5)

and

0 ≤ f j(t) < 1. (37.6)

Moreover, hypotheses (H) shall be used.

Suppose:

(H1) Element x∗ ∈ D is a simple solution of equation (37.1).

(H2) ‖F ′(x∗)−1(F ′(w)−F ′(x∗))‖ ≤ h0(‖w−x∗‖ for all w ∈ D. Set D0 = U(x∗,ρ0)∩D.

(H3) ‖F ′(x∗)−1(F ′(w)−F ′(v))‖ ≤ h(‖w−v‖ and

‖F ′(x∗)−1F ′(w)‖ ≤ h1(‖w−x∗‖)

for all w,v ∈ D0.

(H4) U [x?,R]⊂ D.

Next, the main ball convergence for the scheme (37.2) follows.

Theorem 43. Suppose hypotheses (H) hold, and choose x0 ∈ U(x?,R)−{x?}. Then, se-

quence {xn} generated by scheme (37.2) is such that lim
n→∞

xn = x?.

Proof. Let u ∈ U(x?,R). Using (H2) one gets

‖F ′(x?)−1(F ′(u)−F ′(x?))‖ ≤ h0(‖u−x?‖)≤ h0(R) < 1,

so F ′(u)−1 ∈ L(B2,B1) and

‖F ′(u)−1F ′(x?)‖ ≤ 1

1−h0(‖u−x?‖) (37.7)

follow by a standard perturbation lemma due to Banach [15]. In particular, if u = x0, iterate

y0 exists by the first sub-step of scheme (37.2) for n = 0. Moreover, one gets

y0 −x? = x0 −x? −F ′(x0)
−1 F(x0)+(1−β)F ′(x0)

−1 F(x0). (37.8)
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By (2.5) for j = 0, (37.7) for u = x0, (H3) and (37.8) one has

‖y0 −x?‖ ≤ ‖F ′(x0)
−1F ′(x?)‖

×‖
Z 1

0
F ′(x?)−1(F ′(x? +θ(x0 −x?))dθ−F ′(x0))(x0−x?)‖

+|1−β|‖F ′(x0)
−1F ′(x?)‖‖F ′(x?)−1F(x0)‖

≤ (
R 1

0 h((1−θ)‖x0−x?‖)dθ+ |1−β|R 1
0 h1(θ‖x0−x?‖)dθ)‖x0−x?‖

1−h0(‖x0−x?‖)
= f1(‖x0 −x?‖)‖x0 −x?‖ ≤ ‖x0−x?‖ < R.

So, y0 ∈U(x?,R), and z0, r1 are well defined by scheme (37.2) for n = 0.

Furthermore, one can write

z0−x? = x0 −x? −F ′(x0)
−1F(x0)+

3

4
F ′(x0)

−1(F ′(y0)−F ′(x0))F ′(y0)
−1F(x0). (37.9)

In view of (2.5) (for j = 2), (H3), (37.7) for u = x0,y0, (37.9) and (37.9) one obtains

‖z0−x?‖ ≤ ‖x0 −x? −F ′(x0)
−1F ′(x0)‖

+
3

4
‖F ′(x0)

−1F ′(x?)‖‖F ′(x?)−1(F ′(y0)−F ′(x0))‖‖F ′(y0)
−1F ′(x?)‖

×‖F ′(x?)−1F(x0)‖

≤
[

R 1
0 h((1−θ)‖x0−x?‖)dθ

1−h0(‖x0−x?‖)

+
3

4

(h0(‖x0 −x?‖)+h0(‖y0 −x?‖))
R 1

0 h1(θ‖x0−x?‖)dθ

(1−h0(‖x0−x?))(1−h0(‖y0−x?‖))

]

‖x0 −x?‖

≤ f2(‖x0 −x?‖)‖x0 −x?‖ ≤ ‖x0 −x?‖,

so z0 ∈ U(x?,R). By the third sub-step of scheme (37.2) similarly one can write

x1 −x? = z0−x? −F ′(z0)
−1F(z0)+

1

2

[

2F ′(z0)
−1(F ′(y0)−F ′(z0))F ′(y0)

−1

+F ′(x0)
−1(F ′(y0)−F ′(x0))F′(y0)

−1
]

F(z0).

Hence, we obtain

‖x1 −x?‖ ≤
[

R 1
0 h((1−θ)‖z0−x?‖)dθ

1−h0(‖z0−x?‖)

+
(h0(‖z0−x?‖)+h0(‖y0−x?‖))R 1

0 h1(θ‖z0−x?‖)dθ

(1−h0(‖z0−x?))(1−h0(‖y0 −x?‖))

+
1

2

(h0(‖x0 −x?‖)+h0(‖y0−x?‖))R 1
0 h1(θ‖z0−x?‖)dθ

(1−h0(‖x0 −x?))(1−h0(‖y0 −x?‖))

]

‖z0 −x?‖

≤ f3(‖x0−x?‖)‖x0−x?‖ ≤ ‖x0 −x?‖.
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Then, we have x1 ∈ U(x?,R). By repeating the preceding computations with x0,y0, z0,x1

replaced by xm,ym, zm,xm+1 we get

‖xm+1 −x?‖ ≤ c‖xm −x?‖ < R, (37.10)

where c = f3(‖x0 −x?‖) ∈ [0,1), one deduces that xm+1 ∈U(x?,R) and lim
m→∞

xm = x?.

Proposition 25. Suppose:

(1) The element x∗ ∈U(x∗, s∗), subset of D for some s∗ > 0 is a simple solution of (37.1),

and (H2) holds.

(2) There exists δ ≥ s∗ so that

K0(s∗ +δ) < 2. (37.11)

Set D1 = D∩U [x∗,δ]. Then, x∗ is the unique solution of equation (37.1) in the domain

D1.

Proof. Let q ∈ D1 with F(q) = 0. Define S =

Z 1

0
F ′(q + θ(x∗ − q))dθ. Using (H2) and

(37.11) one obtains

‖F ′(x0)
−1(S−F ′(x0))‖ ≤ K0

Z 1

0
((1−θ)‖q−x0‖+θ‖x∗−x0‖)dθ

≤ K0

2
(s∗+δ) < 1,

so q = x∗, follows from the invertibility of S and the identity S(q− x∗) = F(q)−F(x∗) =
0−0 = 0.

3. Numerical Experiments

We compute the radius of convergence in this section.

Example 7. Let E1 = E2 = R
3,D = B[0,1],x∗ = (0,0,0)T. Define function F on D for

w = (x,y, z)T by

F(w) = (ex −1,
e−1

2
y2 +y, z)T .

Then, we get

F ′(v) =





ex 0 0

0 (e−1)y+1 0

0 0 1



 ,

so for h0(t) = (e−1)t,h(t) = e
1

e−1 t and h1(t) = e
1

e−1 , we have for β =
1

2
,

R1 = 0.0403 = R, R2 = 0.0876, R3 = 0.0612.
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Example 8. Let B1 = B2 = C[0,1], the space of continuous functions defined on [0,1] be

equipped with the max norm. Let D = U(0,1). Define function F on D by

F(ϕ)(x) = ϕ(x)−5

Z 1

0
xθϕ(θ)3dθ. (37.12)

We have that

F ′(ϕ(ξ))(x) = ξ(x)−15

Z 1

0
xθϕ(θ)2ξ(θ)dθ, for each ξ ∈ D.

Then, for x∗ = 0, we get h0(t) = 7.5t,h(t) = 15t and h1(t) = 2. Then, for β =
1

4
, the radii

are

R1 = 0.0333, R2 = 0.0167, R3 = 0.0136 = R.

Example 9. Returning back to the motivational example at the introduction of this study,

we have h0(t) = h(t) = 96.6629073t and h1(t) = 2.

Then, for β =
1

4
, the radii are

R1 = 0.0034, R2 = 0.0014, R3 = 0.0011 = R.
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Chapter 38

On the Semi-Local Convergence of

King’s Fourth Order Method for

Solving Equations

We provide a semi-local convergence analysis of King’s fourth order method for solving

nonlinear equations using majorizing sequences. Earlier studies on the local convergence

have used conditions on the fifth derivative which is not on the method. But we only use the

first derivative. Hence we extend the usage of this method in the more interesting semi-local

convergence case.

1. Introduction

A Plethora of problems in diverse disciplines such as Applied Mathematics, Mathematical

Programming, Economics, Physics, Engineering, and Transport theory to mention a few

can be formulated as

F(x) = 0, (38.1)

where F : Ω ⊂ S → T Ω open, S = R or T = C. Iterative methods are mostly used to

generate a sequence converging to a solution x∗ of (38.1). Consider

King’s Fourth Order Method

yn = xn −F ′(xn)
−1F(xn)

and (38.2)

xn+1 = yn −A−1
n BnF ′(xn)

−1F(yn),

where (38.3)

An = F(xn)+(γ−2)F(yn)

Bn = F(xn)+ γF(yn),γ ∈ T.

In this chapter, we study the more interesting semi-local case. Moreover, we use conditions

only on the first derivative appearing on (38.3). Hence, we extend its applicability. The
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local convergence of this method was shown [6, 8, 9] using conditions reaching the fifth

derivative which is not on (38.3).

But these restrictions limit the applicability of the method (38.3) although they may

converge.

For example: Let S = T = R, Ω = [−0.5,1.5]. Define Ψ on Ω by

Ψ(t) =

{

t3 logt2 + t5 − t4 i f t 6= 0

0 i f t = 0.

Then, we get t∗ = 1, and

Ψ′′′(t) = 6logt2 +60t2−24t +22.

Obviously Ψ′′′(t) is not bounded on Ω. Hence, the results in [6, 8, 9] utilizing the fifth

derivative in the local case cannot guarantee convergence. We use only conditions on the

first derivative and in the more interesting semi-local case. The technique is very general.

Hence, it can be used to extend the applicability of other methods [1, 2, 3, 4, 5, 6, 7, 8, 9].

Majorizing sequences for method (38.3) are given in Section 2, the analysis of the method

in Section 3, and the examples in Section 4.

2. Scalar Majorizing Sequences

Let L0,L,L1,L2,L3,L4,L5 > 0 and η ≥ 0 be parameters. Set L6 =
L

2
,L7 = L1L5 +LL4,L8 =

|γ|
2

LL5 and L9 =
|γ|
2

L3. Define scalar sequences {tn},{sn} by t0 = 0, t1 = η, s1 = η +

L6 (L3 +L9η)η3,

sn+1 = tn+1 +
αn+1(tn+1− sn)

1−L0tn+1

, (38.4)

tn+2 = sn+1 +
L6(L3 +L9(sn+1− tn+1))(sn+1− tn+1)

3

(1− pn+1)(1−L0tn+1)
,

where,

pn = L3(tn + |γ−2|(sn −η)),

bn =
1

1− γn

,

γn = L4(tn + |γ|(sn−η)),

αn+1 = L6(tn+1− sn)+bn(L7 +L8(sn − tn))(sn− tn)
2

and

αn+1 = L6(tn+1− sn)+M(sn− tn),

where, M = 2(L7 +L8η)η. Sequence {tn} shall be shown in Section 3 to be majorizing for

method (38.3).

Next, we present a general convergence result for a sequence {tn}.
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Lemma 42. Suppose,

L0tn+1 < 1, pn+1 < 1 and γn < 1. (38.5)

Then, the following assertions hold for sequence {tn}

0 ≤ tn ≤ sn ≤ tn+1 (38.6)

and lim
n→∞

tn = t∗, (38.7)

where t∗ is the least upper bound of sequence {tn} satisfying t∗ ∈ [η,
1

L0

], (L0 6= 0).

Proof. It follows by the definitions of sequences {tn} and (38.5) that it is non-decreasing

and bounded from above by
1

L0

and as such it converges to t∗.

Next, we present another convergence result for a sequence {tn} under stronger than

(38.5) conditions but which are easier to verify.

But first, it is convenient to define polynomials on the interval [0,1) by

h
(1)
n (t) = L6tnη+Mtn−1η+L0(1+ t + ...+ tk+1)η−1,

g1(t) = L6t2−L6t +Mt −M +L0t3,

h
(2)
n (t) = Ntn+1η+L0(1+ t + ...+ tn+1)η−1

and

g2(t) = (N +L0)t−N,

where N = 2L6(L3 +L9η)η.

Notice that g1(0)=−M and g1(1) = L0. Then, it follows by the intermediate value theorem

that polynomial g1 has zeros in (0,1). Denote by δ1 the smallest such zero and let δ2 =
N

N +L0

. Parameters M and N can be chosen to be independent of η as follows. Pick ε1,ε2 ∈
(0,1) such that

M ≤ ε1 and N ≤ ε2.

Then, δ1 and δ2 become independent of η. Moreover, set

a =
α1(t − s0)

1−L0t
,b = L6(L3 +L0η)η2,

c = max{a,b},δ3 = min{δ1,δ2},δ = max{δ1,δ2},

λ1 = 1−L0η,λ2 =
1−2L4η

1+2L4η|γ| ,λ3 =
1−2L3η

1+2L3η|γ−2|
and λ = min{λ1,λ2,λ3}.

Next, use this terminology to show a second convergence for a sequence {tn}. But first

it is convenient to define polynomials on the interval [0,1) by

h
(1)
n (t) = L6tnη+Mtn−1η+L0(1+ t + ...+ tn+1)η−1.

本书版权归Nova Science所有



390 C.I. Argyros, S. Regmi, I.K. Argyros and S. George

Lemma 43. Suppose

c ≤ δ3 ≤ δ < λ < 1. (38.8)

Then, the conclusions of Lemma 42 hold for sequence {tn}, where t∗ ∈ [η,
η

1−δ
]. More-

over, the following estimates hold

0 ≤ tn+1− sn ≤ δ(sn − tn)≤ δ2n+1(s0− t0) = δ2n+1η (38.9)

and

0 ≤ sn − tn ≤ δ(tn − sn−1) ≤ δ2nη. (38.10)

Proof. Mathematical Induction is used to show

0 ≤ αk+1

1−L0tk+1

≤ δ, (38.11)

0 ≤ L6(L3 +L9(sk+1− tk+1))(sk+1− tk+1)
2

(1− pk+1)(1−L0tk+1)
≤ δ, (38.12)

2L4(tk + sk + |γ|(sk −η)) ≤ 1 (38.13)

and

2L3(tk + |γ−2|(sk − tk))≤ 1. (38.14)

If k = 0 estimates (38.11), (38.12) hold by the choice of a,b,λ2,λ3, respectively. Notice

that by (38.13) and (38.14) ,
1

1− pk+1

≤ 2 and bk ≤ 2.

So, 38.9 and 38.10 hold for k = 0. Suppose these estimates hold for all integers smaller

than n. Then, by (38.9) and (38.10), we have

sk ≤ tk +δ2kη ≤ sk−1 +δ2k−1η+δ2kη

≤ ·· · ≤ η+δη+ · · ·+δ2kη =
1−δ2k+1

1−δ
η <

η

1−δ
= t∗∗ (38.15)

and

tk+1 ≤ sk +δ2k+1η ≤ tk +δ2kη+δ2k+1η

≤ ·· · ≤ η+δη+ · · ·+δ2k+1η =
1−δ2k+2

1−δ
η < t∗∗. (38.16)

Then, by the induction hypotheses and since δ ∈ [0,1), (38.11) certainly holds if

0 ≤ L6(tk+1− sk)+M(sk − tk)

1−L0tk+1

≤ δ (38.17)

or since δ ∈ [0,1),

L6δ2k+1η+Mδ2kη+L0δ
1−δ2k+2

1−δ
η−δ ≤ 0

or

h1
k(t)≤ 0 at t = δ1. (38.18)
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A relationship between two consecutive polynomials h1
k is needed. By the definition of

these polynomials

h1
k+1(t) = L6tk+1η+Mtkη+L0(1+ t + ...+ tk+2)η−1

+ h1
k(t)−L6tkη−Mtk−1η−L0(1+ t + ...tk+1)η+1

= h1
k(t)+g1(t)t

k−1η. (38.19)

In particular, we have

h1
k+1(δ1) = h1

k(δ1) (38.20)

by the definition of δ1.

Define function

f 1
∞(t) = lim

k→∞
h1

k(t). (38.21)

By the definition of h1
k and (38.21) we get,

f 1
∞(t) =

L0η

1− t
−1. (38.22)

Hence, (38.18) holds if f 1
∞(t)≤ 0 at t = δ1, which holds by (38.8). Similarly, (38.12) holds

provided that

2L6(L3 +L9(sk+1− tk+1))(sk+1− tk+1)
2

1−L0tk+1

≤ δ (38.23)

or
N(sk+1− tk+1)

1−L0tk+1

≤ δ

or

Nδ2k+2η+δL0(
1−δ2k+2

1−δ
)η−δ ≤ 0

or

h2
k(t)≤ 0 at t = δ2 (38.24)

This time we have,

h2
k+1(t) = h2

k+1(t)−h2
k(t)+h2

k(t)

= h2
k(t)+Ntk+2η+L0(1+ t + ...+ tk+2)η−1

− Ntk+1η−L0(1+ t + ...+ tk+1)η+1

= h2
k(t)+g2(t)t

k+1η,

(38.25)

Hence, we get

h2
k+1(t) = h2

k(t)+g2(t)t
k+1η. (38.26)

In particular, we have

h2
k+1(δ2) = h2

k(δ2)
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by the definition of δ2. Define function

h2
∞(t) = lim

k→∞
h2

k(t).

Then, we get

h2
∞(t) =

L0η

1− t
−1.

So, h2
∞(t)≤ 0 at t = δ2 holds if h2

∞(t)≤ 0 at t = δ2 which is true by (38.8).

Instead of (38.13), we can show

2L4(
η

1−δ
+ |γ|( η

1−δ
)≤ 1,

or δ ≤ λ2, which is true by (38.8). Similarly, we can show instead of (38.14)

2L3(
η

1−δ
+ |γ−2|( η

1−δ
)) ≤ 1,

or δ ≤ λ3, which is also true by (38.8). The induction for items (38.11) - (38.14) is com-

pleted. It follows that sequence {tn} is non decreasing and bounded above by
η

1−δ
and as

such it converges to t∗.

3. Analysis

The semi-local convergence analysis of method (38.3) is based on majorizing sequence {tn}
and hypothesis C.

Suppose :

(C1) There exist x0 ∈ Ω,η≥ 0,b > 0 such that F ′(x0)
−1 ∈ L(Y,X),B−1

0 ∈ L(Y,X),‖B−1
0 ‖≤

b and ‖F ′(x0)
−1F(x0)‖ ≤ η.

(C2) There exists L0 > 0 such that for all w ∈ Ω,

‖F ′(x0)
−1(F ′(w)−F ′(x0))‖ ≤ L0‖w−x0‖.

Define Ω0 = U(x0,
1

L0

)∩Ω, (L0 6= 0).

(C3) There exists L,L1,L2,L3,L4,L5 > 0 such that for all z,w ∈ Ω0

‖(F ′(z)−F ′(w))‖ ≤ L‖z−w‖,

‖F ′(x0)
−1F ′(z)‖ ≤ L1,

‖F ′(x0)
−1(F ′(z)−F ′(w))‖ ≤ L2‖z−w‖,

‖A−1
0 F ′(z)‖ ≤ L3,

‖B−1
0 F ′(z)‖ ≤ L4

and

‖B−1
0 (F ′(z)−F ′(w))‖ ≤ L5‖z−w‖.
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(C4) Hypotheses of lemma 42 or lemma 43 hold.

(C5) U [x0, t
∗] ⊆ Ω (or U [x0, t

∗∗] ⊂ Ω),where t∗∗ =
1

L0

(or t∗∗ =
η

1−η
) in the case of

Lemma 42 (or Lemma 43)

4. Convergence Result for Method 38.3

Theorem 44. Suppose conditions C hold.Then,iteration {xn} generated by method(38.3)

exists in U(x0, t
∗), stays in U [x0, t

∗] for all n = 0,1,2, . . . and converges to a solution x∗ ∈
U [x0, t

∗] of equation F(x) = 0 so that

‖x∗−xn‖ ≤ t∗− tn (38.27)

Proof. Estimates

‖yk −xk ≤ sk − tk (38.28)

and

‖xk+1−yk‖ ≤ tk+1− sk (38.29)

are shown using induction.It follows from (C1) and (38.4) for n = 0 that

‖y0 −x0‖ = ‖F ′(y0)
−1F(x0)‖ ≤ η = s0 − t0 = s0 ≤ t∗,

so (38.28) holds for k = 0 and y0 ∈ U(x0, t
∗). Suppose (38.28) holds for integer values up

to k. We can write

F(xn) = −F ′(xk)(yk −xk)

F(yk) = F(yk)−F(xk)−F ′(xk)(yk −xk).

Hence, by (C3), we get

‖F ′(x0)
−1F(yk)‖ ≤ ‖

Z 1

0
F ′(x0)

−1
(

F ′(xk +θ(yk −xk))−F ′(xk)
)

dθ(yk −xk)‖

≤ L

2
‖yk −xk‖2

≤ L

2
(sk − tk)

2. (38.30)
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By the definition of Ak and (C3),we have

‖A−1
0 (Ak −A0)‖ ≤ ‖A−1

0 (F(xk)+(γ−2))F(yk)−F(x0)− (γ−2)F(y0)‖
= ‖A−1

0 [(F(xk)−F(x0))+(γ−2)(F(yk −F(y0)))]‖

≤ ‖
Z 1

0
A−1

0 (F ′(x0 +θ(xk −x0)))‖

+|γ−2|‖
Z 1

0
A−1

0 (F ′(y0 +θ(yk −y0)))dθ(yk −y0)‖

≤ L3(‖xk −x0‖+ |γ−2|‖yk −y0‖)
≤ L3(tα − t0 + |γ−2|(sk − s0))

≤ L3(t
∗+ |γ−2|(t∗−η))

= L3

(

η

1−δ
+ |γ−2|

(

η

1−δ
−η

))

< 1. (38.31)

It follows from Banach Lemma on invertible functions [1, 2, 3, 4] and (38.31) that Ak 6= 0

and

‖A−1
k

A0‖ ≤
1

1− pk

. (38.32)

Using (C1) and (C2) for z ∈U(x0, t
∗), we get

‖F ′(x0)
−1(F ′(z)−F ′(x0))‖ ≤ L0‖z−x0‖< L0t∗ < 1,

so

‖F ′(z)−1F ′(x0)‖ ≤
1

1−L0‖z0−x0‖
. (38.33)

It follows from (38.33) (for z = x0),(38.32),(C3),(38.30) and (l.2) that

‖xk+1−yk‖ ≤ ‖A−1
k A0‖[‖A−1

0 F(xk)‖+ |γ|‖A−1
0 F(yk)]‖ (38.34)

‖F ′(xk)
−1F ′(x0)‖‖F ′(x0)

−1F(yk)‖

≤

(

L3‖yk −xk‖+ |γ|
2

L3‖yk −xk‖2
)

L
2
‖yk −xk‖2

(1− pk)(1−L0tk)

≤ L6(L3(sk − tk)+L0(sk − tk)
2)(sk− tk)

2

(1− pk)(1−L0tk)

= tk+1− sk, (38.35)

where we also used method (38.3) to obtain the estimate

F(xk) = F ′(xk)(yk −xk).

So

‖A−1
0 F(xk)‖ = ‖A−1

0 F ′(xk)(yk −xk)‖
≤ ‖A−1

0 F ′(xk)‖‖yn−xn‖
≤ L3‖yk −xk‖
= L3(sk − tk). (38.36)
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We also have,

‖xk+1−x0‖ ≤ ‖xk+1−yk‖+‖yk −x0‖ ≤ tk+1− sk + sk − t0 = tk+1 < t∗, (38.37)

so xk+1 ∈U(x0, t
∗).By (C3) we get as in (38.31) estimate

‖B−1
0 (Bk −B0)‖ ≤ ‖B−1

0 (F(xk)−F(x0))‖+ |γ|‖B−1
0 (F ′(yk)−F ′(y0))‖

≤ L4(tk + |γ|(sk − s0))

≤ L4

(

η

1−δ
+ |γ|

(

η

1−δ
−η

))

< 1.

That is

‖B−1
k B0‖ ≤

1

1− γk

= bk. (38.38)

By method (l.2), we get

F(xk+1) = F(xk+1)−F(yk)−F ′(yk)(xk+1−yk)

+F ′(yk)(xk+1−yk)−AnB−1
n F ′(xk)(xk+1−yk)

=

Z 1

0
(F ′(yk +θ(xk+1−yk))dθ−F ′(yk))(xk+1−yk)

+B−1
k (BkF

′(yk)−AkF ′(xk))(xk+1−yk). (38.39)

We can write

Tk := BkF ′(yk)−AkF ′(xk)

= (F(xk)+ γF(yk))F ′(yk)− (F(xk)+(γ−2)F(yk))F′(xk)

= F(xk)(F′(yk)−F ′(xk))+ γF(yk)(F ′(yk)−F ′(xk))

+2F(yk)F ′(xk). (38.40)

It then follows from (C3),(38.28), and (38.40) that

‖F ′(x0)
−1B−1

0 Tk‖ ≤ ‖F ′(x0)
−1F(xk)‖‖B−1

0 (F ′(yk)−F ′(xk))‖
+|γ|‖F ′(x0)

−1F(yk)‖‖B−1
0 (F ′(yk)−F ′(xk))‖

+2‖F ′(x0)
−1F(yk)‖‖B−1

0 F ′(xk)‖

≤ L1L5‖yk −xk‖2 +
|γ|L

2
L5‖yk −xk‖3

+2
LL4

2
‖yk −xk‖2

≤ (L7 +L8(sk − tk))(sk− tk)
2. (38.41)

It then follows from (38.30),(38.33),(38.39),(38.4) and (38.41) that

‖F ′(x0)
−1F(xk+1)‖ ≤ L

2
‖yk+1−xk+1‖2 +‖F ′(x0)

−1B−1
0 Tk‖‖xk+1−yk‖

≤ (
L

2
(sk+1− tk+1)+(L7 +L8(sk − tk))(sk− tk)

2)

×(sk+1− tk+1)
2

(38.42)
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Hence we have by (38.4),(38.33) and (38.42)

‖yk+1−xk+1‖ ≤ ‖F ′(xk+1)
−1F ′(x0)‖‖F ′(x0)

−1F(xk+1)‖ ≤ sk+1− tk+1. (38.43)

Moreover, we can obtain,

‖yk+1−x0‖ ≤ ‖yk+1−xk+1‖+‖xk+1 −x0‖ ≤ sk+1− tk+1 + tk+1− t0 = sk+1 < t∗. (38.44)

So, yk+1 ∈ ∪(x0, t
∗). The induction for xk,yk ∈ ∪(x0, t

∗), and (38.29) is completed.

Sequence {tk} is Cauchy is convergent. Therefore, sequence {xk} is Cauchy too in S, so

it converges to some x∗ ∈ ∪[x0, t
∗]. (Since ∪[x0, t

∗] is a closed set.) By letting k → ∞ in

(38.42) we get F(x∗) = 0.

Next, the uniqueness of the solution x∗ result is provided.

Proposition 26. Suppose,

(i) The point x∗ ∈U(x0, r)⊂ Ω is a solution of equation F(x) = 0 for some r > 0.

(ii) Condition (C2) holds.

(iii) There exists r1 ≥ r such that

L0(r1 + r) < 2. (38.45)

Set Ω1 = U(x0, r1)∩Ω. Then, the only solution of equation F(x) = 0 in Ω1 is x∗.

Proof. Define Q =

Z 1

0
F ′(x∗ +θ(x−x∗))dθ. Using (C2) and (38.45), we obtain in turn that

‖F ′(x0)
−1(Q−F ′(x0))‖ ≤

Z 1

0
((1−θ)‖x∗−x0‖+θ‖y∗−x0‖)dθ

≤ L0

2
(r + r1) < 1,

So x = x∗, since Q 6= 0 and Q(x−x∗) = F(x)−F(x∗) = 0.

Remark. We only assumed (C2) from conditions C. But if all conditions are assumed, then,

we can set r = t∗.

5. Applications

Example 10. Let S = T = R,U = [q,2−q] for q ∈ M = (0,1), q = 1 and t0 = 1. Define real

function F on Ω as

F(t) = t3 −q. (38.46)

Then, the parameters are η =
1

3
(1−q), L0 = 3−q. Moreover, one gets Ω0 = U(1,1−q)∩

U(1,
1

L0

) = U(1,
1

L0

), so L = 6(1+
1

3−q
).

Set γ = 0, b = (1−q)−1 then

L1 = (2−q)2, L2 = L/3, L3 = 3(2−q)2[1−q−2((2+q)/3))3−1)]−1, L4 = 3b(2−q)2, L5 = Lb.

Then for q = 0.98, we have

Hence, the conditions of Lemma 42 and Theorem 44 hold.

本书版权归Nova Science所有



On the Semi-Local Convergence of King’s Fourth Order Method. . . 397

Table 38.1. Sequence (38.4) and condition (38.5)

n 1 2

sn+1 0.0067 0.0067

tn+2 0.0067 0.0067

L0tn+1 0.0069 0.0069

pn+1 0.0 0.0

γn 0.0 0.0
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Chapter 39

On the Convergence of Two Eighth

Order Methods with Divided

Differences and Derivatives

1. Introduction

We solve the nonlinear equation

F(x) = 0, (39.1)

where F : D ⊂ X −→ Y is a Fréchet-differentiable operator, X ,Y are Banach spaces and D

is a nonempty open and convex set. A solution x∗ of the equation (40.1) is found using the

two three step iterative methods defined for all n = 0,1,2, . . . by

yn = xn −F ′(xn)
−1F(xn),

zn = yn − (3I−2F ′(xn)
−1[yn,xn;F])F ′(xn)

−1F(yn), (39.2)

Cn = 2[zn,yn;F]− [zn,xn;F],

Dn = F ′(xn)− [yn,xn;F]+ [zn,yn;F ]

and

xn+1 = zn −C−1
n DnF ′(xn)

−1F(zn)

and

yn = xn −F ′(xn)
−1F(xn),

zn = yn −A−1
n F(yn), An = 2[yn,xn;F ]−F ′(xn), (39.3)

and

xn+1 = zn − [zn,xn;F]−1[zn,yn;F]B−1
n F(zn),

where

Bn = 2[zn,yn;F ]− [zn,xn;F].

The eighth order of local convergence for these methods was established in [11, 12], re-

spectively, when X = Y = R. But condition on the ninth derivative were used not on these
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methods. We only use conditions on the operators appearing on these methods and in a

Banach space setting.

Moreover, computable error bounds and uniqueness of the solution results not given

earlier are also provided. Hence, we extend the applicability of these methods in both the

local and the semi-local convergence (which is also not given before).

We use the same notation for the majorizing “w” and ϕ“ in both types of convergence.

But notice that in the local case they relate to x∗ whereas in the semi-local case they relate

to x0.

2. Local Convergence

The auxiliary functions are needed first for the method (40.2):

g1(t) =

R 1
0 w((1−θ)t)dθ

1−w0(t)
,

g2(t) =

[

1+
(1+2ϕ̄(t))(1+

R 1
0 w0(θg1(t)t)dθ)

1−w0(t)

]

g1(t),

g3(t) =

[

R 1
0 w((1−θ)g2(t)t)dθ

1−w0(g2(t)t)
+

w̄(t)

(1−w0(t))(1−w0(g2(t)t))

+
a(t)(1+

R

0 61w0(θg2(t)t)dθ)

(1−b(t))(1−w0(t))

]

g2(t),

where

ϕ̄(t) =

{

ϕ1(t,g1(t)t)
w0(t)+ϕ0(t,g1(t)t),

w̄(t) =

{

w(1+g1(t)t)
w0(t)+w0(g1(t)t),

a(t) = ϕ(t,g1(t)t,g2(t)t +ϕ1(t,g1(t)t)

and

b(t) = ϕ(t,g1(t)t,g2(t)t)+ϕ0(g1(t)t,g2(t)t).

Suppose that there exists a smallest positive number ρ such that

0 ≤ w0(t) < 1,

0 ≤ b(t) < 1

and

0 ≤ w0(g2(t)t) < 1

for all t ∈ [0,ρ). Then, the functions gi, i = 1,2,3 are well defined on the interval [0,ρ).
Moreover, suppose that there exist smallest positive solutions of the equations

gi(t)−1 = 0
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in the interval [0,ρ). Denote such solutions by ri, respectively. Then, the parameter r efined

by

r = min{ri} (39.1)

shall be shown to be a radius of convergence for the method (40.2). It follows by this

definition that for all t ∈ [0, r)

0 ≤ gi(t) < 1. (39.2)

Notice that in practice the smallest version of the bar functions shall be used.

The motivational estimates for the definition of the functions gi are given, respectively

by

‖yn −x∗‖ ≤ ‖F ′(xn)
−1F ′(x∗)‖

×‖
Z 1

0
F ′(x∗)−1(F ′(x∗ +θ(xn −x∗))dθ−F ′(xn))(xn−x∗)‖

≤
R 1

0 w((1−θ)‖xn −x∗‖)dθ‖xn−x∗‖
1−w0(‖xn −x∗‖)

= g1(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖< r,

‖zn −x∗‖ = ‖yn −x∗−2F ′(xn)
−1(F ′(xn)− [yn,xn;F ])F ′(xn)

−1F(yn)‖

≤ [1+
(1+2ϕ̄n)(1+

R 1
0 w0(θ‖yn −x∗‖)dθ)

1−w0(‖xn −x∗‖) ]‖yn−x∗‖

≤ g2(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖,

Cn −Dn = 2[zn,yn;F ]− [zn,xn;F]−F ′(xn)− [yn,xn;F ]− [zn,yn;F]

= [zn,yn;F]+ [yn,xn;F ]− [zn,xn;F]−F ′(xn),

‖F ′(x∗)−1(Cn−Dn)‖ ≤ ϕ(‖xn −x∗‖,‖yn−x∗‖,‖zn−x∗‖)
+ϕ1(‖xn−x∗‖,‖yn−x∗‖)+ ān ≤ an,

‖F ′(x∗)−1(2[zn,yn;F ]− [zn,xn;F]−F ′(x∗))‖
≤ ϕ(‖xn −x∗‖,‖yn−x∗‖,‖zn−x∗‖)

+ϕ0(‖yn−x∗‖,‖zn−x∗‖) = b̄n = bn < 1

and

‖xn+1 −x∗‖ = ‖zn −x∗−F ′9zn)
−1 +(F ′(zn)

−1−F ′(xn)
−1)F(zn)‖

+C−1
n (Cn −Dn)F ′(xn)

−1F(zn)‖

≤
[

R 1
0 w((1−θ)‖zn−x∗‖)dθ

1−w0(‖zn−x∗‖) +
w̄n

(1−w0(‖xn −x∗‖))(1−w0(‖zn−x∗‖))

+
ān(1+

R 1
0 w0(θ‖zn−x∗‖)dθ)

(1−bn)(1−w0(‖xn −x∗‖))

]

‖zn−x∗‖

≤ g3(‖xn−x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖.

Hence, we arrive at:
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Theorem 45. Under the conditions stated previously, the method (40.2) is convergent to x∗.

Similarly, we present the local convergence of the method (39.3). The functions g2 and

g3 are defined by

g2(t) =

[

R 1
0 w((1−θ)g1(t)t)dθ

1−w0(g1(t)t)

+
α(t)(1+

R 1
0 w0(θg1(t)t)dθ)

(1−b(t))(1−w0(g1(t)t))

]

g1(t),

g3(t) =

[

1+
γ(t)(1+

R 1
0 w0(θg2(t)t)dθ)

(1−h(t))(1−ϕ0(t,g2(t)t))

]

g2(t),

where

β(t) = ϕ1(t,g1(t)t)+ϕ0(t,g1(t)t),

α(t) = 2ϕ1(t,g1(t)t),

γ(t) = 1+ϕ0(t,g2(t)t)

and

h(t) = ϕ(t,g1(t)t,g2(t)t)+ϕ0(g1(t)t,g2(t)t).

This time the conditions are: There exist a smallest positive number ρ such that

0 ≤ w0(t) < 1,

0 ≤ w0(g1(t)t) < 1,

0 ≤ β(t) < 1,

0 ≤ ϕ0(t,g2(t)t) < 1

and

0 ≤ h(t) < 1

for all t ∈ [0,ρ).

The motivation is respectively

‖zn−x∗‖ = ‖yn −x∗−F ′(yn)
−1F(yn)+F ′(yn)

−1(An−F ′(yn))F(yn)‖

≤
[

R 1
0 w((1−θ)‖yn −x∗‖)dθ

1−w0(‖yn−x∗‖)

+
ᾱn(1+

R 1
0 w0(θ‖yn−x∗‖)dθ

(1− β̄n)(1−w0(‖yn −x∗‖))

]

‖yn −x∗‖

≤ g2(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖ < r,

‖xn+1−x∗‖ ≤
[

1+
γ̄n(1+

R 1
0 w0(θ‖zn−x∗‖)dθ

(1− β̄n)(1−ϕ0(‖xn −x∗‖,‖zn−x∗‖))

]

‖zn −x∗‖

≤ g3(‖xn −x∗‖)‖xn−x∗‖ ≤ ‖xn −x∗‖,
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where we also used

An −F ′(yn) = 2[yn,xn;F]−F ′(xn)−F ′(yn),

‖F ′(x∗)−1(An −F ′(x∗))‖ ≤ ϕ1(‖xn −x∗‖,‖yn −x∗‖)
+ϕ0(‖xn−x∗‖,‖yn−x∗‖) = β̄n < 1,

‖F ′(x∗)−1(An −F ′(yn))‖ ≤ 2ϕ1(‖xn−x∗‖,‖yn−x∗‖)ᾱn

‖F ′(x∗)−1[zn,xn;F]‖ ≤ 1+ϕ0(‖xn−x∗‖,‖zn−x∗‖) = γ̄n

and

‖F ′(x∗)−1Bn‖ ≤ ϕ(‖xn −x∗‖,‖yn −x∗‖,‖zn−x∗‖)
+ϕ0(‖yn −x∗‖,‖zn−x∗‖) = h̄n < 1.

Then, the conclusions of Theorem 47 hold for method (39.3) under these modifications.

3. Semi-Local Convergence

The majorizing sequence for the methods (40.2) and (39.3) are given, respectively for t0 =

0, s0 = η ≥ 0 by

dn =
Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn),

un = sn +
1

1−w0(tn)
(1+

2ϕ1(tn, sn)

1−w0(t0)
)dn, (39.1)

qn = ϕ(tn, sn,un)+ϕ0(un, sn),

hn = 1+w0(tn)+ϕ(tn, sn,un),

pn = (1+
Z 1

0
w0(sn +θ(un− sn))dθ)(un− sn)+dn,

tn+1 = un +
hnpn

(1−qn)(1−w0(tn))

and

sn+1 = tn+1 +

R 1
0 w((1−θ)(tn+1− tn))dθ(tn+1− tn)+(1+w0(tn))(tn+1− sn)

1−w0(tn+1)

and

un = sn +

R 1
0 w((1−θ)(sn− tn))dθ(sn− tn)

1−δn

, (39.2)

en = ϕ(tn, sn,un)+ϕ0(sn,un)

δn = ϕ1(tn, sn)+ϕ0(sn,un)

Θn = (1+

Z 1

0
w0(sn +θ(un − sn))dθ)(un− sn)

+

Z 1

0
w((1−θ)(sn− tn))dθ(sn− tn)

tn+1 = un +
(1+ϕ0(un, sn))Θn

(1−en)(1−ϕ0(tn, sn))
,
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and

sn+1 = tn+1 +

R 1
0 w((1−θ)(tn+1− tn))dθ(tn+1− tn)+(1+w0(tn))(tn+1− sn)

1−w0(tn+1)
.

Next, we present a local convergence result first for method (40.2).

Lemma 44. Suppose that for all n = 0,1,2, . . .

w0(tn) < 1, b(tn) < 1, w0(un) < 1 (39.3)

and

tn < τ for some τ > 0. (39.4)

Then, the sequence {tn} given by the formula (40.1) is nondecreasing and converging to its

unique least upper bound t∗ ∈ [0,τ].

Proof. It is immediate by (40.1), (40.3) and (40.4).

Lemma 45. Suppose that for all n = 0,1,2, . . .

δ(tn) < 1, w0(tn) < 1, e(tn) < 1, ϕ0(tn, sn) < 1 (39.5)

and

τn < τ. (39.6)

Then, the sequence {tn} given by the formula (40.2) is nondecreasing and converging to its

unique least upper bound t∗ ∈ [0,τ].

Proof. It is immediate by (40.2), (40.5) and (40.6).

The motivation for the construction of the majorizing sequences are respectively

‖zn −yn‖ = ‖−F ′(xn)
−1F(zn)

+2F ′(xn)
−1(F ′(xn)− [yn,xn;F ])F′(xn)

−1F(yn)‖

≤ 1

1−w0(‖xn −x0‖)

[

1+
2ϕ1(‖xn−x0‖,‖yn−x0‖)

1−w0(‖xn−x0‖)

]

d̄n

≤ un − sn,

F(yn) = F(yn)−F(xn)−F ′(yn)(yn −xn),

F(zn) = F(zn)−F(yn)+F(yn)

=

Z 1

0
F ′(yn +θ(zn−yn))dθ(zn−yn),

‖F ′(x0)
−1F(zn)‖ ≤ (1+

Z 1

0
w0(‖yn−x0‖+θ‖zn −yn‖)dθ)‖zn−yn‖

+

Z 1

0
w((1−θ)‖yn−xn‖)dθ‖yn−xn‖

= p̄n ≤ pn,

‖xn+1− zn‖ ≤ ‖C−1
n F ′(x0)‖‖F ′(x0)

−1Dn‖
×‖F ′(xn)

−1F ′)x0)‖‖F′(x0)
−1F9zn)‖

≤ tn+1−un,
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since

‖F ′(x0)
−1Dn‖ ≤ ‖F ′(x0)

−1(F ′(xn)−F ′(x0)+[zn,yn;F]

−[yn,xn;F]+F ′(x0))‖
≤ 1+w0(‖xn−x0‖)+ϕ(‖xn −x0‖,‖yn −x0‖,‖zn−x0‖)
= h̄n ≤ hn,

d̄n =

Z 1

0
w((1−θ)‖yn−xn‖)dθ‖yn−xn‖ ≤ dn,

‖F ′(x0)
−1Cn‖ ≤ ϕ(‖xn −x0‖,‖yn −x0‖,‖zn−x0‖)

+ϕ0(‖zn−x0‖,‖yn−x0‖)
= q̄n ≤ qn < 1

and

‖yn+1 −xn+1‖ ≤
‖F ′(x0)

−1F(xn+1)‖
1−w0(‖xn+1−x0‖)

≤ sn+1− tn+1,

since

F(xn+1) = F(xn+1)−F(xn)−F ′(xn)(xn+1)+F ′(xn)(xn+1−yn),

so

‖F ′(x0)
−1F(xn+1)‖ ≤

Z 1

0
w((1−θ)‖xn+1−xn‖)dθ‖xn+1−xn‖

+‖F ′(x0)
−1(F ′(x0)+F ′(xn)−F ′(x0))‖‖xn+1−yn‖

≤
Z 1

0
w((1−θ)(tn+1− tn))dθ(tn+1− tn)

+(1+w0(tn))(tn+1− sn).

Hence, we arrive at:

Theorem 46. Under the conditions of Lemma 46 and the conditions connected the ”ϕ“ and

”w“ functions to the operators on the method (40.2) this sequence converges to a solution

x∗ ∈ U [x0, t
∗] of the equation F(x) = 0. Moreover, the following error bounds hold for all

n = 0,1,2, . . .
‖yn −xn‖ ≤ sn− tn,

‖zn−yn‖ ≤ un − sn

and

‖xn+1 − zn‖ ≤ tn+1−un.

Similarly, the motivation for the method (40.2) is:

Similarly, for the method (39.3) we have

‖F ′(x0)
−1(An −F ′(x0))‖ ≤ ϕ1(‖xn −x0‖,‖yn−x0‖)

+ϕ0(‖xn −x0‖,‖yn −x0‖) = δ̄n ≤ δn < 1,

‖zn−yn‖ ≤ ‖A−1
n F ′(x0)‖‖F ′(x0)

−1F(yn)‖

≤
R 1

0 w((1−θ)‖yn−xn‖)dθ‖yn−xn‖
1− δ̄n

≤ un − sn,
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ēn = ϕ(‖xn −x0‖,‖yn−x0‖,‖zn−x0‖)
+ϕ0(‖yn −x0‖,‖zn−x0‖) ≤ en < 1,

F(zn) = F(zn)−F(yn)+F(yn),

‖F ′(x0)
−1F(zn)‖ ≤ (1+

Z 1

0
w0(‖yn−x0‖+θ‖zn−yn‖)dθ‖zn−yn‖

+

Z 1

0
w((1−θ)‖yn−xn‖)dθ‖yn−xn‖

‖xn+1− zn‖ ≤ ‖[zn,yn;F]−1F ′(x0)‖‖F ′(x0)
−1[zn,yn;F ]‖

×‖B−1
n F ′(x0)‖‖F ′(x0)

−1F(zn)‖

≤ (1+ϕ0(‖zn−x0‖,‖yn−x0‖))Θ̄n

(1−ϕ0(‖xn−x0‖,‖yn−x0‖))(1− ēn)

≤ tn+1−un.

The estimate for the iterate sn+1 is given in the previous method. Then, the conclusions of

Theorem 46 hold for the method (39.3) under these modifications.
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Chapter 40

Bilinear Operator Free Method for

Solving Nonlinear Equations

1. Introduction

The aim of this chapter is to extend the applicability of a third order Newton-like method

free of bilinear operators for solving Banach space valued equations. Using majorant func-

tions that are actually needed, we present a finer convergence analysis than in earlier studies.

Let B1,B2 be Banach spaces, Ω ⊂ B1 be a nonempty open set and F : Ω −→ B2 be a

C1(Ω) operator. A plethora of applications from computational sciences can be formulated

like nonlinear equation

G (x) = 0. (40.1)

The task of finding a solution x∗ ∈Ω in closed form is achieved only in special cases. That is

why iterative procedures are mostly utilize to generate iterates approximating x∗. A survey

of iterative procedures can be found in [1] and the references there in (see also [2,3,4]).

In particular, consider the following third-order Newton-like procedure defined for x0 ∈
Ω and each n = 0,1,2, . . . by

yn = xn +G ′(xk)
−1G (xk)

and (40.2)

xn+1 = xn −A−1
n G (xn),

has been used [1], where An = G ′(xn)[xn,y;G ]−1G (xn), [., .;G ] : Ω×Ω −→ L(B1,B2) is

a divided difference of order one [2, 3, 4]. The motivation, derivation and benefits out of

using procedure (40.2) over third-order ones such as e.g. Chebyshev’s (containing a bilinear

operator) have been also well explained in [2,3,4].

The semi-local convergence analysis was based on generalized continuity conditions,

and the results are given in non-affine invariant form. Motivated by optimization consid-

erations we present a finer semi-local convergence analysis with benefits: results are pre-

sented in affine invariant form and under weaker conditions. Relevant work can be found

in [6,7,8,9,10,11,12,13,14].

The results in [1] are presented in the next Section to make the chapter as self contained

as possible and for comparison. More details can be found in [1]. The new semi-local
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convergence analysis can be found in Section 3. The examples appear in Section 4 followed

by the conclusion in Section 5.

2. History of the Procedure

Throughout the chapter U(x0,ρ) = {x ∈ B1 : ‖x− x0‖ < ρ} and U [x0,ρ] = {x ∈ B1 : ‖x−
x0‖ ≤ ρ} for some ρ > 0.

The following semi-local convergence result for procedure (40.2) was shown in [1, 2,

Theorem 3].

Theorem 47. Suppose:

(1)

‖[x,y;G ]− [x̄, ȳ;G ]‖ ≤ f (‖x− x̄‖,‖y− ȳ‖) (40.1)

for all x, x̄,y, ȳ∈ Ω, where f : S×S −→ S is a non-decreasing and continuous function

satisfying

f (0, t) = f (t,0) =
1

2
f (t, t). (40.2)

(2) ‖G ′(x0)
−1‖ ≤ β for some x0 ∈ Ω with G ′(x0)

−1 ∈ L(B2,B1).

(3) Max{‖G ′(x0)
−1G (x0)‖,‖A−1

0 G (x0)‖} ≤ a.

(4) Equation

(

1− M0

1−2β f (t, t)

)

t − 1 = 0 has a smallest solution T, where M0 =

β f (a,a).

(5) If β f (T,T) <
1

3
and U [x0,T ] ⊂ Ω, then M =

M0

1−2β f (T,T )
∈ (0,1). Then, iter-

ation {xn} given by method (40.2) exists in U(x0,T ), stays in U(x0,T ) for each

n = 0,1,2, . . ., lim
n−→∞

xn = x∗ ∈U [x0,T ] and F(x∗) = 0. Moreover, the limit point x∗ is

the only solution of equation F(x) = 0 in U [x0,T ].

Remark. Conditions (40.1) and (40.2) are in general restrictive and may not hold although

method can converge. Results are given in non-affine invariant form. The disadvantages

over affine invariant results are well explained in the literature [2, 3, 4, 8, 9]. The error

bounds on ‖xn+1 − xn‖,‖x∗− xn‖ can be tighter, if function f is replaced by a tighter one.

The uniqueness of solution may be extended. We positively answer to all these concerns in

Section 3.

3. Convergence Analysis

The semi-local convergence analysis is based on some constants and real functions. Let λ
and µ be non-negative constants. Set S = [0,∞).

Suppose there exists:
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(i) Function g0 : S −→ S non-decreasing and continuous such that equation

g0(t)−1 = 0

has a smallest solution ρ0 ∈ S−{0} with ρ0 ≥ λ. Set S0 = [0,ρ0).

(ii) Function h0 : S0×S0 −→ S non-decreasing and continuous in both variables such that

equation

h0(t, t)−1 = 0

has a smallest solution ρ1 ∈ S0 − {0} with ρ1 ≥ µ. Set ρ2 = min{ρ0,ρ1}, ρ3 =

max{ρ0,ρ1} and S1 = [0,ρ2).

(iii) Equation

p(t)−1 = 0

has a smallest solution ρ ∈ S1 −{0} with ρ ≥ ρ3. Set S2 = [0,ρ). Define function

q : S2 −→ S by

q(t) =
1

1− p(t)
,

where

p(t) =
g0(t)

2 +2g0(t)+h0(t, t)

1−h0(t, t)
.

Consider function h : S2 −→ S,h1 : S2 −→ S to be non-decreasing and continuous.

Define constants

α1 = h(λ)+
(1+g0(0))h1(µ)

1−h0(0,µ)
,

γ1 =
α1

1−g0(λ)
, p1 =

g0(λ)2 +2g0(λ)+h0(0,µ)

1−h0(0,µ)
,

δ1 = q1α1, q1 =
1

1− p1

,

functions on the interval S2 with values in S by

α(t) = h(λ)+
(1+g0(t))h1(γ1µ)

1−h0(t, t)
,

γ(t) =
α(t)

1−g0(t)
, δ(t) = q(t)α(t),

ϕ(t) = (γ1 +
δ2(t)

1−δ(t)
+δ1 +1)λ−1.

(iv) Equations

γ(t)−1 = 0

and

δ(t)−1 = 0

have smallest solutions ρ4, ρ5 ∈ S1−{0}, respectively with ρ4 ≥ ρ3 and ρ5 ≥ ρ3 and
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(v) Equation

ϕ(t) = 0

has a smallest solution r ∈ S2 −{0}. Set S3 = [0, r). Then, it follows from these

definitions that

0 ≤ g0(λ) < 1, 0 ≤ g0(t) < 1, (40.1)

0 ≤ h0(0,µ) < 1, (40.2)

0 ≤ p1 < 1, (40.3)

0 ≤ p(t) < 1, (40.4)

0 ≤ γ(t) < 1, (40.5)

0 ≤ δ(t) < 1, (40.6)

and

0 ≤ ϕ(t) < 1, (40.7)

hold for all t ∈ S3. Additionally the following conditions are used:

(vi) There exists x0 ∈ Ω, λ ≥ 0,µ ≥ 0 such that G ′(x0)
−1, A−1

0 ∈ L(B2,B1),

‖G ′(x0)
−1G (x0)‖ ≤ µ,

A−1
0 G (x0)‖ ≤ λ.

and

‖G ′(x0)
−1([x,y;G ]−G ′(x0))‖ ≤ h0(‖x−x0‖,‖y−x0‖).

(vii) ‖G ′(x0)
−1(G ′(x)−G ′(x0))‖ ≤ g0(‖x−x0‖) for each x ∈ Ω. Set Ω0 = U(x0,ρ0)∩Ω.

(viii) ‖G ′(x0)
−1([y,x;G ]−G ′(x))‖ ≤ h(‖y−x‖) and

‖G ′(x0)
−1([x,y;G ]−G ′(x))‖ ≤ h1(‖y−x‖)

for all x,y ∈ Ω0 and

(ix) U [x0, r]⊂ Ω.

Next, we need some relations connecting the iterates {xn},{yn}.
Lemma 46. Suppose iterates {xn},{yn} exist for each n = 0,1,2, . . .. Then, the following

assertions hold:

Bn+1 := [xn+1,xn;G ]−An

= [xn+1,xn;G ]−G ′(xn) (40.8)

+G ′(xn)[xn,yn;G ]−1([xn,yn;G ]−G ′(xn)),
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G ′(x0)
−1(An+1−G ′(x0)) = G ′(x0)

−1(G (xn+1)−G ′(x0))

×[xn,yn;G ]−1G ′(x0)G ′(x0)
−1(G ′(xn+1)−G ′(x0))

+G ′(x0)
−1(G ′(xn+1)−G ′(x0))[xn,yn;G ]−1G ′(x0)

+[xn,yn;G ]−1G ′(x0)G ′(x0)
−1

×(G ′(xn+1)− [xn,yn;G ]) (40.9)

G ′(x0)
−1G (xn+1) = G ′(x0)

−1Bn+1(xn+1−xn) (40.10)

and

xn+2 −xn+1 = A−1
n+1G (xn+1)

= A−1
n+1Bn+1(xn+1−xn)

= A−1
n+1G ′(x0)G ′(x0)

−1Bn+1(xn+1−xn). (40.11)

Proof. By the definition of An and Bn+1, we have in turn that

Bn+1 = [xn+1,xn;G ]−G ′(xn)

+G ′(xn)−G ′(xn)[xn,yn;G ]−1G ′(xn)

= [xn+1,xn;G ]−G ′(xn)+G ′(xn)(I− [xn,yn;G ]−1G ′(xn))

= [xn+1,xn;G ]−G ′(xn)

+G ′(xn)[xn,yn;G ]−1([xn,yn;G ]−G ′(xn)),

showing (40.8). Using the definition of An+1, we get in turn that

An+1−G ′(x0) = (G ′(xn+1)−G ′(x0))[xn,yn;G ]−1G ′(xn+1)

+G ′(x0)[xn,yn;G ]1G ′(xn+1)−G ′(x0)

= (G ′(xn+1)−G ′(x0))[xn,yn;G ]−1(G ′(xn+1)−G ′(x0))

+(G ′(xn+1)−G ′(x0))[xn,yn;G ]1(G ′(xn+1)−G ′(x0))

+(G ′(xn+1)−G ′(x0))[xn,yn;G ]−1G ′(x0)

+G ′(x0)[xn,yn;G ]1G ′(xn+1)−G ′(x0),

so

G ′(x0)
−1(An+1−G ′(x0)) = G ′(x0)

−1(G ′(xn+1)−G ′(x0))

×[xn,yn;G ]1G ′(x0)G ′(x0)
−1(G ′(xn+1)−G ′(x0))

+G ′(x0)
−1(G ′(xn+1)−G ′(x0))[xn,yn;G ]1G ′(x0)

+[xn,yn;G ]G ′(x0)G ′(x0)
−1(G ′(xn+1)− [xn,yn;G ],

showing (40.9). Moreover, by the definition of method (40.2) we can write

G (xn+1) = G (xn+1)−G (xn)+G (xn)

= ([xn+1,xn;G ]−An+1)(xn+1−xn)

= Bn+1(xn+1−xn),
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so

G ′(x0)
−1G (xn+1) = G ′(x0)

−1Bn+1(xn+1−xn),

showing (40.10). Furthermore, by the second substep of method (40.2) and (40.10) we

obtain

xn+2 −xn+1 = A−1
n+1G (xn+1)

= A−1
n+1Bn+1(xn+1−xn)

= A−1
n+1G ′(x0)G ′(x0)

−1Bn+1(xn+1−xn).

Next, we show the semi-local convergence result for method (40.2).

Theorem 48. Suppose conditions (i)-(ix) hold. Then, iterations {xn},{yn} initiated at x0 ∈Ω
and produced by method (40.2) exist in U(x0, r), stay in U(x0, r) for each n = 0,1,2, . . .,

lim
n−→∞

xn = x∗ and G (x∗) = 0.

Proof. It follows from (vi), the definition of r that y0 is well defined, and

‖y0 −x0‖ = ‖G ′(x0)
−1G (x0)‖ ≤ µ < r.

Thus, y0 ∈ U(x0, r). Iterate x1 is well defined by method (40.2) for n = 0 and ‖x1 − x0‖ ≤
µ < r, so x1 ∈U(x0, r). Let w ∈U(x0, r). Then, by (vii)

‖G ′9x0)
−1(G ′(w)−G ′(x0))‖ ≤ g0(‖w−x0‖) ≤ g0(r) < 1. (40.12)

Hence, G ′(w)−1 ∈ L(B2,B1), and

‖G ′(w)−1G ′(x0)‖ ≤
1

1−g0(‖w−x0‖)
(40.13)

follow by a Lemma due to Banach for invertible linear operators [3, 9, 11]. By (40.9) and

(viii), we get

‖G ′(x0)(Ak+1−G ′(x0))‖ ≤ g0(‖xk+1−x0‖)2

1−h0(‖xk −x0‖,‖yk −x0‖)

+
g0(‖xk+1−x0‖

1−h0(‖xk −x0‖,‖yk −x0‖

+
g0(‖xk+1−x0‖)+h0(‖xk −x0‖,‖yk −x0‖)

1−h0(‖xk −x0‖,‖yk −x0‖)
= pk+1 < 1,

so

‖A−1
k+1G ′(x0)‖ ≤ qk+1, (40.14)

and iterate xk+2 is well defined by the second substep of method (40.2). By the definition

of Bk+1 in (40.8) and αk+1 we get in turn that

‖G ′(x0)
−1Bk+1‖ ≤ h(‖xk+1−xk‖

+
(1+g0(‖xk −x0‖))h1(‖yk −xk‖)

1−g0(‖xk −x0‖,‖yk −x0‖)
= αk+1. (40.15)
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It then follows from (40.11), (40.14) and (40.15)

‖xk+2−xk+1‖ ≤ ‖A−1
k+1G ′(x0)‖‖G ′(x0)

−1Bk+1‖‖xk+1−xk‖
≤ qk+1αk+1‖xk+1−xk‖
≤ δ̄(r)‖xk+1−xk‖, (40.16)

where

δ̄(r) =

{

δ1 if k = 0

δ(r) if k = 1,2, . . ..

Similarly, by the first substep of method (40.2), (40.13) (for w = xk+1) and (40.8), we have

the estimate

‖yk −xk‖ ≤ ‖G ′(x0)
−1G ′(x0)‖‖G ′(x0)

−1G (xk)‖
≤ αk

1−g0(‖xk −x0‖)
‖xk −xk−1‖

≤ γ̄(r)‖xk −xk−1‖, (40.17)

where

γ̄(r) =

{

γ1 if k = 1

γ(r) if k = 2, . . ..

Notice that we also used

‖xk+1−x0‖ ≤ ‖xk+1−xk‖+‖xk −xk−1‖+ . . .+‖x2 −x1‖+‖x1 −x0‖
≤ δkλ+δk−1λ+ . . .+δ2λ+δ1λ+λ

= (δ2 1−δk−1

1−δ
+δ1 +1)λ

≤ (
δ2

1−δ
+δ1 +1)λ < r (40.18)

(by (v)), so xk+1 ∈U(x0, r). Similarly,

‖yk −x0‖ ≤ ‖yk −xk‖+‖xk −x0‖

≤ γk−1γ1λ+δk−1λ+ . . .+δ2λ+(
δ2

1−δ
+δ1 +1)λ

≤ (γ1 +
δ2

1−δ
+δ1 +1)λ < r. (40.19)

Hence, iterate yk ∈U(x0, r). Similarly, we have xk+2,yk+1 ∈U(x0, r). It follows from (40.16)

that

‖xk+2−xk+1‖ ≤ δk+1λ. (40.20)

Let m ≥ 1 be a positive integer. Then, it follows by (40.20) that

‖xk+m−xk+1‖ ≤ ‖xk+m−xk+m−1‖
+‖xk+m−1−xk+m−2‖+ . . .+‖xk+2 −xk+1‖

≤ (δk+m−1 +δk+m−2 + . . .+δk+1)λ

= (δm−2 +δm−3 + . . .+1)δk+1λ

=
1−δm−1

1−δ
δk+1λ ≤ δk+1λ. (40.21)
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It follows that sequence {xk} is complete in a Banach space B1, and such it converges to

some x∗ ∈U [x0, r], (since U [x0, r] is a closed set.). Moreover, using (40.10) and (40.15), we

obtain

‖G ′(x0)
−1G (xk+1)‖ ≤ α(r)‖xk+1−xk‖. (40.22)

By letting k −→ ∞ in (40.22) and using the continuity of G we deduce G (x∗) = 0. Further-

more, by letting m −→ ∞ in (40.21), we conclude

‖x∗−xk‖ ≤ δkλ. (40.23)

Next, we present a uniqueness of the solution result by not necessarily using all the

conditions of Theorem 48.

Proposition 27. Suppose

‖G−1(x0)(G ′(x)−G ′(x0))‖ ≤ g0(‖x−x0‖)

for all x ∈ Ω, the point x∗ is a solution of equation G (x) = 0 with x∗ ∈ U [x0,b] ⊂ Ω for

some b > 0 and these exists c ≥ b such that

Z 1

0
g0((1−θ)b+θc)dθ < 1.

Define Ω1 = U [x0,c]∩Ω. Then, the point x∗ is the only solution of equation G (x) = 0 in the

set Ω1.

Proof. Let y∗ ∈ Ω1 with G (y∗) = 0. Define operator Q =

Z 1

0
G ′(x∗ +θ(y∗−x∗))dθ. Then,

we obtain in turn that

‖G ′(x0)
−1(Q−G ′(x0))‖ ≤

Z 1

0
g0((1−θ)‖x∗−x0‖+θ‖y∗−x)‖]dθ

≤
Z 1

0
g0((1−θ)b+θc)dθ < 1.

So, we conclude y∗ = x∗ by the using the identity 0 = G (y∗)−G (x∗) = Q(y∗−x∗), and the

invertibility of linear operator Q.

Remark. The concerns in Remark 2. were addressed by Theorem 48. In particular, notice

that majorant functions are tighter than f ,g and the latter implies the new functions but not

necessarily vice versa.

4. Numerical Experiments

We compute the radius of convergence in this section.
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Example 11. Let us consider a scalar function G defined on the set D = U [u0,1− s] for

s ∈ (0,1) by

G (x) = x3 − s.

Choose x0 = 1. The conditions of Theorem 48 are satisfied provided that µ =
1− s

3
,g0(t) =

(3− s)t, h0(u, t) =
1

2
(3− s)(u + t), h(t) = h1(t) = (1 +

1

3− s
)t, λ =

1− s

y2
0 +x0y0 +x2

0

, y0 =

x0 −G ′(x0)
−1G (x0). Then, we have

ρ0 = ρ1 = ρ2 = ρ3 = 0.4878, ρ = 0.1152, ρ4 = 0.3565, ρ5 = 0.1079 and r = 0.0962.
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