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PREFACE

This book is intended to appeal to any practicing optical scientist
and optical engineer who is concerned with the design, operation, and
service of wired (fiberoptic) and wireless optical systems for resolving both
the direct and the inverse problems of optical communication and optical
location, namely of LIDAR. It will be very useful for students of all three
degree levels, B.Sc., M.Sc., and Ph.D., who are concerned with the
performance of mathematical algorithms, theoretical and applied models, as
well as with the design, construction, and servicing of different optical
devices: from various kinds of laser, photodetectors, light emitters and
diodes, and optical amplifiers, wired waveguide optical structures, such as
fiberoptic structures — 2D and 3D — with applications in wireless (atmospheric)
networks, to LIDAR applications.

It should be mentioned that during the last 20-30 years a lot of
optical elements, devices, and systems have been developed and constructed
to satisfy the continually increasing demands of modern optical engineering
and photonics for wired and wireless communications and LIDAR
applications, including wide spectra — visual, infrared (IR) ultraviolet (UV)
— sensors, devices, and systems. And, if for wireless (atmospheric)
communication systems numerous excellent monographs have been
published (see bibliography in Refs. [1-4]), the role of fiberoptic
communication has been weakly illuminated. Moreover, the foundational
books regarding photonics, physical aspects of laser and optical detectors
operation, and photodiodes were published twenty to thirty years ago and
paid attention only to some specific fields of wide spectra optical physics
applications [5-8], accounting mostly either for a wide description of solid
materials, such as dielectrics and semiconductors and their role in different
optical sources and detectors operation, or fiberoptic communication,
ignoring basic aspects of such elements as optical emitters (lasers) and
detectors. During recent decades, many articles about all of these aspects
have been published, including articles by the authors of this book, but
general views on the problems of fiberoptic communication and lasers and
detectors as basic terminals of any wireless and wired optical
communication system or network were absent. Moreover, even such books
and papers that were recently published mostly paid attention to aspects of
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signal coding and decoding and signal modulation, and less so the physical
layers of devices, transmitters, and receivers of optical information [9-11].

We created this book to bring together all layers, where the first
“layer” deals with a wide spectrum of electronic devices and circuits, which
needs a careful and very transparent explanation of the physical processes
occurring in the basic elements of optical emitters; lasers, detectors of
optical radiation, various amplifiers, and so forth. The second “layer”
illuminated in our book regards the presentation of optical signals in the
channels and elements of their modulation during signal processing of the
information passing through fiberoptic and wireless channels. The last
“layer” deals with the physical nature of all kinds of noise occurring in each
element of wired and wireless communication links — from the light emitter
consisting of optical lasers to detectors consisting of laser and photodiodes.
To unify all these “layers” and to create a “bridge” between them, it is
important to introduce an additional layer, which the authors call the
“physical and mathematical layer.” Therefore all aspects described in this
book regarding electro-optic engineering start from the physical explanation
of the matter and then, by entering into other engineering problems of these
three “layers” mentioned above, where each engineering aspect is
accompanied by corresponding examples, give the reader the chance to use
the obtained information for application in the performance and design of
modern devices and systems for optical communication and optical location
(LIDAR) applications.

At the same time, the book does not enter into technical details of
how to produce different kinds of lasers, emitters, diodes, amplifiers, and
optical waveguides, nor how to design different kinds of electronic devices
based on semiconducting materials, assuming that for the reader it is more
important to obtain fundamental knowledge about all above-mentioned
elements of electro-optical engineering based on the common and joint
physical “layers” on whole spectra of these elements, without entering into
individual technical details and schemes.

The main goal of this book is to illuminate those questions and
aspects of modern electro-optical engineering and optical physics, which
were only partly illuminated in the existing literature. The authors enjoyed
sharing their knowledge of teaching undergraduate and postgraduate
students the physical fundamentals of classical and applied optics and
photonics, optical emitters and detectors fundamentals, different aspects of
wired (fiber optic) and wireless engineering, and fundamentals in optical
waves propagation in fiberoptic 2-D and 3-D structures.

The book comprises ten chapters. Chapter 1 presents an introduction
to the subjects that will be discussed and explained in chapters 2 to 10. It
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gives the reader information on optical spectra, from UV to IR, as a part of
the full electromagnetic spectra, with a general explanation of the similarity
of optical and radio waves. This fundamental similarity of radio and optical
waves allows Chapter 2 to present all electromagnetic aspects of optical
wave propagation via the general laws of Maxwell, of optical waves via
plane electromagnetic waves, their propagation in free space, the
intersection between two media, and finally, in various kinds of media —
from dielectric to conductive. In Chapter 3, the main laws of classical and
quantum physics based on corpuscular theory and on wave-corpuscular
dualism are discussed using a simple explanation of the subject with clearly
presented illustrations. In this manner, the structure of a simple atom,
molecules, and crystals are described based on elements of quantum
mechanics and wave theory in such a manner so as not to complicate the
text of the book with mathematical descriptions of differential equations and
integral presentation of the basic characteristics and functions describing
each element’s own structure. Then, Chapter 4 describes the basic physical
principles of photonics, optical emitters, and laser operation based on the
quantum presentation of their structure via linearly distributed discrete
spectra of each element, emitter, or detector, and based on the interaction
between holes and electrons inside various kinds of semiconductors as
materials of such optical elements. In Chapter 5, laser diodes (LDs), p-n-
and p-i-n-type photodiodes, and the avalanche photodiode (APD) are
described, acting as emitted sources (e.g., lasers) or receiving detectors,
which have found importance in electronics, photonics, and in
optoelectronic diodes, as well as in solar cells. Their operational parameters
and characteristics were described in a unified manner based on the physical
knowledge illustrated in Chapters 3 and 4. Chapters 3 and 5 are filled with
corresponding examples to aid the reader in understanding the matter and
using the obtained knowledge in practice.

In Chapter 6, different types of noise occurring in light sources
(lasers) and detectors (diodes), as the initial and the later terminals of any
optical communication link, whether wired (fiber optic) or wireless
(atmospheric), are described in a unified manner. Chapter 7 explains the
principles of operation of optical amplifiers based on various kinds of
emission — stimulated and spontaneous — which compete with absorption in
any semiconducting material. It is shown what type of emission gives the
main impact in terms of noise and plays a positive role in the amplification
of optical signals with data transmission along the link. An example of an
optical amplifier based on an Erbium fiberoptic amplifier is fully described,
with estimations of its full noise interference via the corresponding
examples having practical meaning. In Chapter 8, types of optical signals —
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continuous and discrete — are fully described with their mathematical
explanation for practical applications. Chapter 9 deals with the types of
modulation, analog and discrete, most practically used in optical
communications. Here, more precisely, is given the relationship between
the spectral presentation of analog signals after amplitude and frequency
modulation to show the reader advantages of angular-frequency and phase
modulation with respect to amplitude. At the end of this chapter, the
corresponding examples are shown to prove these advantages. In Chapter
10, which is short but informative, the basic types and characteristics of
optical waveguides — 2D and 3D — as well as of fiber optic cylindrical
structures are presented, and the propagation of optical wave modes in
various kinds of optical guiding structures is fully analyzed with
illustrations and computing plots. Then, the main factors of dispersion —
waveguide, modal, material, and polarization — are described in a unified
manner accounting for the specific impact of each of these factors on noises
and fading occurring in optical communication links, both wired and
wireless. At the end of this chapter, the examples, having practical meaning,
will be important for the reader to accumulate the knowledge obtained in
previous chapters and introduce them in practice.
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CHAPTER 1

FUNDAMENTAL ASPECTS OF ELECTRO-OPTICS

Electro-optical engineering, as a subject of analysis and discussion,
covers many basic aspects which should be understood and explained to the
reader, such as [1-16]:

electromagnetic nature of light,

similarity of optical and electromagnetic waves,

corpuscular nature of light,

electromagnetic aspects of optical wave propagation in
various environments,

elements of photonics,

optical lasers — emitters of light,

optical detectors of light — laser diodes and photo diodes,
optical amplifiers,

optical signals presentation — analog and digital,

types of modulation of optical signals,

types of noise occurring in optical elements and devices,
optical guiding structures and fiber optic engineering aspects,
dispersion and noises, occurring in optical guiding structures,
etc.

In this chapter, we will try to introduce the reader to the most
important aspects of electro-optical engineering, including the technical and
technological aspects of optical elements and component fabrication, their
material description, applied aspects of optical links fabrication, basic
aspects of optical radar (called LIDAR) operation, and so forth, since the
fine details are out of the scope of this book. The main goal of this book is
to introduce the reader to fundamental aspects of electro-optical engineering
based on basic physical fundamental questions which future engineers,
technicians and researchers will meet during the design and development of
basic elements and devices for optical communication and LIDAR.



2 Chapter 1

1.1 Spectrum of Optical Waves

An optical communication system, either wired (i.e., fiber optics)
or wireless (i.e., atmospheric or LIDAR), transmits analog and digital
information from one place to another, using high carrier frequencies in the
range of 100 THz to 1000 THz in the visible and infrared (IR) region of the
electromagnetic spectrum [1-16]. As for microwave systems, they operate
at carrier frequencies that are five orders of magnitude smaller, from 1 GHz
to 50 GHz.

As a narrow band of the whole electromagnetic spectrum, the light
wavelength band spreads from the ultraviolet spectral band to the far
infrared (IR) spectral band, passing through the visible band, to the middle-
and far infrared bands, as illustrated in Fig. 1.1, since most fiber optic cables,
optical detectors and sources operate in these spectral bands.
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Figure 1.1. Electromagnetic spectrum and types of interaction with matter,
indicated in the top panel by: UV — ultraviolet, VIS— visible light, IR — infrared,
THz — terahertz-band wave, MW — microwaves, RW — radio waves (modified from
[12-16]).

In electro-optics the large spectrum usually used — from the UV-
band to the THz—-band (see middle panel), which can be divided for practical
applications into: UV, with UVC — far, UVB — middle, and UVA — near
ultraviolet; VIS, divided from violet to red, as vividly shown by the
corresponding color; and IR, with IRA — near, IRB — middle, and IRC — far
infrared, as illustrated by the middle panel. The bottom panel presents along
the horizontal axis the corresponding wavelengths for each narrow band [in
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nanometers, lnm = 10” m], the type of light and the band energy [in eV, 1
eV=16°10"1J]

We notice that the relationship between wavelength (1) and
frequency () is: A =c/ f, where ¢ =3-10°m/s is the velocity of light in
free space. As an example, a wavelength of light from the near IR band
equals A = 1.5um ; it corresponds to a frequency of f= 210" Hz = 2-10° THz

(with a period of oscillation equal to 7 =0.5-10""s ).

The main goal of modern electro-optical engineering, photonics
and optical electronics is to find the lowest energy and bandwidth losses of
the corresponding materials during fabrication of the optical elements and
devices [1-7, 11-16]. Thus, optical fiber systems operating in the 0.65-0.67
um bandwidth with a plastic intrinsic surface have losses of 120-160
dB/km, whereas those operating in the 0.8—-0.9 pm bandwidth have losses
of 3-5 dB/km, and those operating in the 1.25-1.35 pm and 1.5-1.6 um
bandwidths, based on a glass surface, have losses of 0.5 to 0.25 dB/km,
respectively [13]. We notice that the decibel [dB] is a measure called “path
loss” denoted by L and defined as L = 10logF, where E is the energy of the
optical wave in Joules [J].

Sufficiently wide frequency bands of light have allowed the
increase of the bit rate (in bit/second, bps) — distance (in km) ratio during a
period of about 150 years from ~ 10> bps/km to ~10" bps/km (summarized
from [7, 12, 14-16]).

1.2 Fiber Optic Links

Below, we will give a definition of the optical link, both for a fiber
optical link, as a "wire" communication link, and for an atmospheric link, a
"wireless" communication link. The atmospheric links are outside of the
scope of this book because they are fully presented in [15, 16].

As for wired optical communication links via fiber optics, they can
be considered as a finishing optical communication mono-network,
consisting of one fiber optic link, as shown in Fig. 1.2 rearranged from [16].
The message passing such a link is assumed to be available in electronic
form, usually as a current. The transmitter is a light source that is modulated
so that the optical beam carries the message.
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l Transmitter I

Fibre / Channel

—} Receiver [

Figure 1.2. Scheme of optical communication link connected by fiber optics.

As an example, for a digital signal, the light beam is electronically
turned on (for binary ones) and off (for binary zeros). Here, the optical beam
is the carrier of the digital message. As a source fiber optic links usually
take the light emitting diode and the laser diode. Several characteristics of
the light source determine the behavior of the propagating optical waves [ 1—
6]. The corresponding modulated light beam (i.e., the message with the
carrier) is coupled into the transmission fiber.

1.3. Main Elements and Devices in Electro-Optics

The input to each optical channel is the optical signal from the
optical transmitter, which emits optical signals, and the output of the
channel is the input to the receiver, which detects optical signals. The
receiver amplifies these optical signals, converts them to an electronic
signal, and extracts the information. At the receiver, the signals are collected
by a photodetector, which converts the information back into electrical
form.

The photodetectors do not affect the propagation properties of the
optical wave but certainly must be compatible with the rest of the optical
system (Chapter 5). The transmitter includes a modulator, a driver, a light
source, and optics (Fig. 1.3). The modulator converts the information bits to
an analog signal that represents a symbol stream. The driver provides the
required current to the light source based on the analog signal from the
output of the modulator. The light sources are a light emitting diode (LED)
and a pure laser, which is a coherent source and the subject of Chapter 5.

The source converts the electronic signal to an optical signal [6,
12]. The optics focuses and directs the light from the output of the source in
the direction of the receiver.
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Data in
Bits

Fig. 1.3. The light source (transmitter) scheme.

The receiver includes optics, a filter, a polarizer, a detector, a trans-
impedance amplifier, a clock recovery unit, and a decision device (see Fig.
1.4). The optics concentrate the received signal power onto the filter. Only
light at the required wavelength propagates through the filter to the
polarizer. The polarizer only enables light at the required polarization to
propagate through to the detector. The detector, in most cases, is a
semiconductor device such as a positive-negative (PN) or positive-intrinsic-
negative (PiN) photodiode, which converts the optical signal to an electronic
signal (see Chapter 5).

Receiver

Figure 1.4. The light detector (receiver) scheme.
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The amplifier increases the amplitude of the electronic signal from
the detector. The clock recovery unit provides a synchronization signal to
the decision device based on the signal from the output of the trans-
impedance amplifier. The decision device estimates the received
information based on the electronic signal from the trans-impedance
amplifier and synchronization signal.

1.4. Noise in Optical Emitters and Detectors

In wired fiber optic and wireless (atmospheric) links, when the data
stream is guided through them, they can be affected by noise occurring in
each element of the optical emitters and detectors; the corresponding types
of noise are discussed in Chapter 6.

1.5. Presentation of Signals in Electro-Optics

In electro-optics, the information carried by the optical signal can
be presented both in analog and digital form, as shown in Figure 1.5. The
analog form is a harmonically presented form of the signal in the time and
frequency domains

s(t) = a(?) exp{[p(t) + 2z f 1]} (1.

via its amplitude a(?), phase ¢(t) and frequency f (see Chapter 8).

Analog signal

Time
(a)
B
=
[ |
= |
=) |
= |
T 1
0 1 o, 1 ;1,0 ;1 ;0
Time

(b)

Figure 1.5. Presentation of information in optical communication links in the form
of a) analog signal and b) digital (e.g., pulse) signal.
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So, the upper set of blocks shown in Fig. 1.4 operate with a set of
digital signals that were obtained by converting an analog signal, presented
in harmonic form [see Eq. (1.1) above], into a digital signal via quantization
of the analog optical signal and presentation of the flux of optical quants as
a discrete sequence of codes, 0 and/or 1, as shown in Figure 1.6.
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s L
Tp Time

o
<

Figure 1.6. a) Sampling, b) quantization, and ¢) coding.

1.6. Types of Modulation of Optical Signals

As for types of modulation, it also depends on the type of optical
signal — analog (or continuous wave (CW)) or digital. To understand the
further presented material, we refer the reader to a simple explanation of
CW modulation usually used in optical devices to obey different kinds of
signals.

For such kinds of optical signals, we deal with three kinds of
modulation/demodulation: amplitude or intensity, phase and frequency.
Thus, each CW signal can be presented in exponential form (1.1). As follows
from (1.1), there are three possible kinds of modulation/demodulation of CW
optical signals:

a) via changes of carrier optical signal amplitude or intensity by
the influence of the modulating signal (usually called the message),

b) via changes in phase of the modulated carrier optical signal by
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mixing it with modulating signal, and

¢) via changes in frequency of the modulated carrier optical signal
by mixing it with modulating signal frequency.

All these aspects will be discussed in Chapter 9, where some examples of
practical application will also be presented.

As for digital modulation/demodulation [10, 16], this also can be
divided into three types according to changes of amplitude (called amplitude
shift keying, ASK), phase (phase shift keying, PSK), and frequency
(frequency shift keying, FSK), as shown schematically in Fig. 1.7.

Electrical
binary data

Optical signal

ASK

! ’ J”UUVUMLI'UW Pk

A, ~

Figure 1.7. Three types of modulation of digital (pulse) optical signal: amplitude
(ASK), phase (PSK), and frequency (FSK).

The most common type of digital coding and encoding is On-Off
Keying (OOK) [10]. This can be presented in two basic formats (see Fig.
1.8): a) Return-to-Zero (RZ), and b) Non-Return-to-Zero (NRZ) [10, 16].
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Figure 1.8. a) RZ and b) NRZ format of digital optical signals (according to [10,
16]).

Now we will briefly describe the basic elements of the optical
communication channel, including the transmitter, as a source of light and
the receiver, as the detector of light. On this topic, the basic electronic
elements usually used in electro-optics and photonics, in optical sources and
detector fabrication, will be mentioned in Chapters 5-7.

1.7. Wired (Fiber Optic) Fundamentals

Propagation of light in wired links is fully characterized by
propagation in guiding structures, as in 2-D slab or 3-D fiber optical cable.
In this case, the electromagnetic approach, based on the wave nature of light,
illuminates all the peculiarities of wave mode propagation within such kinds
of guiding structures, the interaction of these modes, losses, time spreading
processes, and so on. All these aspects will be discussed in Chapter 10.
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CHAPTER 2

ELECTROMAGNETIC NATURE OF LIGHT

2.1. Optical Wave Electromagnetic Fundamentals

The theoretical analysis of optical wave propagation, as a part of
the whole electromagnetic spectrum [1-6] (see Paragraph 1.1, Chapter 1),
is based on Maxwell’s equations [10—16]. In vector notation and in the SI-
units system, the optical wave electromagnetic features can be presented in
the uniform macroscopic form [1-6]:

VX E(r,t) = — = B(r,t), (2.1a)
VX H(r,t) = - D(r,t) + j(r, 1), (2.1b)
V-B(r,t) =0, @.1c)
V-D(r,t) = p(r,t) (2.1d)

Here, E (7, t) is the electric field strength vector, in volts per meter
(V/m); H(r,t) is the magnetic field strength vector, in amperes per meter
(A/m); D(r,t) is the electric flux induced in the medium by the electric

field, in coulombs/m™ (this is why, in the literature, sometimes it is called
an “induction” of an electric field); B(r, t) is the magnetic flux induced by

. . 2 .. . .
the magnetic field, in webers/m™ (it is also called an “induction” of a
magnetic field); j(r,t) is the vector of electric current density, in

amperes/mz; p(r,t) is the charge density in coulombs/m’. The curl operator
V X is a measure of field rotation, and the divergence operator V - is a
measure of the total flux radiated from the desired point.

It should be noted that for a time-varying EM-wave field,
equations (2.1c) and (2.1d) can be derived from (2.1a) and (2.1b),
respectively. In fact, taking the divergence of (2.1a) (by use of the
divergence operator V -) one can immediately obtain (2.1c). Similarly,
taking the divergence of (2.1b) and using the well-known continuity
equation [1-3, 10-13]
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vjn+ 2 =0 (2.2)
one can arrive at (2.1d). Hence, only two equations (2.1a) and (2.1b) are
independent.

Equation (2.1a) is the well-known Faraday law and indicates that

a time-varying magnetic flux generates an electric field with rotation; (2.1b)
without the term Z—LZ (displacement current term [10—13]) limits to the well-

known Ampere law and indicates that a current or a time-varying electric
flux (displacement current [10—13]) generates a magnetic field with
rotation.

Because one now has only two independent equations (2.1a) and
(2.1b), which describe the four unknown vectors E, D, H, B, three more
equations relating to these vectors are needed. To do this, we introduce
relations between E and D, H and B, j and E, which are known in
electrodynamics. In fact, for isotropic media, which are usually considered
in problems of land-atmospheric optical propagation, the electric and
magnetic fluxes are related to the electric and magnetic fields, and the
electric current is related to the electric field, via the constitutive relations
[10-13]:

B =u(r)H (2.3)
D =¢(r)E 24
j=o()E (2.5)

It is important to emphasize that relations (2.3) to (2.5) are valid only for
propagation processes in regular isotropic media, which are characterized
by the three scalar functions of any point r in the medium:

e  permittivity (1),

e permeability u(r ), and

e conductivity a(r).
In relations (2.3) to (2.5), it was assumed that the medium is
inhomogeneous. In a homogeneous medium, the functions (r ), u(r ), and
o(r) transform to simple scalar values €, u and o.

In free space, these functions simply are constants, i.e., € =& ;=

8.854° 10712 = ﬁlO'9 Farad/meter (F/m), while u = p = 4n* 10”
1

v oMo

Henry/meter (H/m). The constant ¢ = is the velocity of light, which
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has been measured very accurately and is 3- 10° m/s.

The system (2.1) can be further simplified if we assume that the
fields are time harmonic. If the field time dependence is not harmonic then,
using the fact that equations (2.1) are linear, we may treat these fields as
sums of harmonic components and consider each component separately. In
this case, the time harmonic field is a complex vector and can be expressed
via its real part as [10-13, 16]

A(r,t) = Re[A(r)e~ 1], (2.6)

where i =+v—1, @ is the angular frequency in radians per second, @ =2xf, f
is the radiated frequency (in Hz = s_l), and A(r, t) is the complex vector
(E,D,H,B, or j). The time dependence ~e7 L0t g commonly used in the

literature regarding electrodynamics and wave propagation. If ~eis used,
then one must substitute -i for i and i for -7, in all equivalent formulations of

Maxwell’s equations. In (2.6) e presents the harmonic time dependence
of any complex vector A(r, t), which satisfies the relationship:

2 A(r,t) = Re[—iwA(r)e "] 2.7)

Using this transformation, one can easily obtain from the system (2.1):

V x E(r) = iwB(r) (2.82)
V X H(r) = —iwD(r) + j(r) (2.8b)
V-B(r)=0 (2.8¢)
v-D(r) = p(r) (2.8d)

It can be observed that system (2.8) was obtained from system (2.1) by
replacing % with -iw. Alternatively, the same transformation can be

obtained by the use of the Fourier transform of system (2.1) with respect to
time [1, 2, 10-16]. In (2.8a-d) all vectors and functions are actually the
Fourier transforms with respect to the time domain, and the fields
E,D, H, and B are functions of frequency as well, we call them phasors of
time domain vector solutions. They are also known as the frequency domain
solutions of the EM field according to system (2.8). Conversely, the
solutions of system (2.1) are the time domain solutions of the EM field. It is
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more convenient to work with system (2.8) instead of system (2.1) because
of the absence of the time dependence and time derivatives in it.

2.2. Propagation of Optical Waves in Free Space

The mathematical tool presented above shows that light can be fully
described mathematically by Maxwell’s unified theory [1-3, 10-16],
according to which optical waves have the same nature as electromagnetic
waves, being their own part in frequency (or wavelength) domain (see Fig.
1.1, Chapter 1). So, we may start with a physical explanation of
electromagnetic waves based on Maxwell’s unified theory [1, 2, 10-13],
which postulates that an electromagnetic field could be represented as a
wave. The coupled wave components, electric and magnetic fields, are
depicted in Fig. 2.1, from which it follows that the electromagnetic (EM)
wave travels in a direction perpendicular to both EM field components. In
Fig. 2.1 this direction is denoted as the z-axis in the Cartesian coordinate
system by the wave vector k. In their orthogonal space-planes, the magnetic
and electric oscillatory components repeat their waveform after a distance
of one wavelength along the y-axis and x-axis, respectively (see Fig. 2.1).

Fig. 2.1. Optical wave as an electromagnetic wave with its electrical and magnetic
components, wavefront, and direction of propagation presentation.

Both components of the EM wave are in phase in the time domain
but not in the space domain [1, 2, 10-13]. Moreover, the magnetic
component value of the EM field is closely related to the electric component
value, from which one can obtain the radiated power of the EM wave
propagating along the z-axis (see Fig. 2.1).
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At the same time, using Huygen’s principle, well-known in
electrodynamics [10-13], one can show that the optical wave is the
electromagnetic wave propagating only straightforward from the source, as
rays with the minimum loss of energy and with minimum time for
propagation (according to Fermat’s Principle postulated in classical optics
[2, 7, 15]) in free space, as an unbounded homogeneous medium without
sources, obstacles and discontinuities.

Thus, if we present Huygen’s concept, as it is shown in Fig. 2.2, the
ray from each point propagates in all forward directions and forms many
elementary spherical wavefronts, which Huygens called wavelets.

New wavefront

Otd wavefront

Figure 2.2. Huygens principle for proof of straight propagation of waves as rays.

The envelope of these wavelets forms the new wavefront. In other
words, each point on the wavefront acts as a source of secondary elementary
spherical waves, described by Green’s function (see Refs. [10—13]). These
elementary waves combined together produce a new wavefront in the
direction of wave propagation in a straight manner (see Fig. 2.2). As we will
show below, each wavefront can be represented by the plane, which is
normal to the wave vector k (e.g., wave energy transfer). Moreover,
propagating forward along straight lines normal to their wavefront, any
wave propagates as light rays in optics, spending minimum energy for
passing from the source to detector, that is, the maximum energy of the ray
is observed in a straight direction normal to the wavefront (as is seen from
Fig. 2.2). The first person who mathematically showed this principle was
Kirchhoff, based on a general Maxwell's unified theory.

Let us now assess all propagation phenomena theoretically using
Maxwell's unified theory. Mathematically, optical wave propagation
phenomena can be described by the use of both the scalar and vector wave
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equation presentations. Because most problems of optical wave propagation
in wireless and wired communication links are considered in unbounded,
homogeneous, source-free isotropic media, we can present the
environmental and material functions simply, as numbers, £(r) = ¢,
u(r) = p,0(r) = o, and finally obtain from general wave equations:

VXV XE()— w*uE(r) =0
VXV XH(r)—w?euH(r) =0 (2.9)

Because both equations are symmetric, one can use one of them, namely
that for E, and by introducing the vector relation V XV X E=V(V - E) —
V2E and taking into account that V - E = 0, finally obtain

V2E(r) + k2E(r) = 0 (2.10)

where k? = w?ep.

In special cases of a homogeneous, source-free, isotropic medium,
the three dimensional wave equation reduces to a set of scalar wave
equations. This is because in Cartesian coordinates, E(r) = E, x, +
E,y, + E,z,, where x, ¥, Z, are unit vectors in the directions of the x, y,
z coordinates, respectively. Hence, the equation (2.10) consists of three
scalar equations such as

V2W(r) + k2P (r) = 0 (2.11)

where ¥ (1) can be either E,, E,, or E,. This equation fully describes the
propagation of optical waves in free space.

2.3 Propagation of Optical Waves Through the Boundary
of Two Media

2.3.1 Boundary conditions

The simplest case of wave propagation over the intersection
between two media is that where the intersection surface can be assumed to
be flat and perfectly conductive.

If so, for a perfectly conductive flat surface the total electric field
vector is equal to zero, i.e., E =0 [1-3, 10-13, 16]. In this case, the
tangential component of the electric field vanishes at the perfectly
conductive flat surface, that is,
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E,=0 (2.12)

Consequently, as follows from Maxwell’s equation V X E(r) = iwB(r),
(see above for the case of u =1 and B = H), at such a flat, perfectly
conductive surface, the normal component of the magnetic field also
vanishes, i.e.,

H,=0 (2.13)

As also follows from system (2.1) of Maxwell’s equations, the tangential
component of the magnetic field does not vanish because of its
compensation by the surface electric current. At the same time, the normal
component of the electric field is also compensated by pulsing electrical
charge at the intersection surface. Hence by introducing the Cartesian
coordinate system, one can present the boundary conditions at the flat
perfectly conductive intersection surface as follows:

Ex(x,y,z=0) =E,(x,,2=0) =H,(x,y,z=0)=0 (2.14)

2.3.2 Main formulations of reflection and refraction coefficients

As was shown above, the influence of a flat material surface on
optical wave propagation leads to phenomena such as reflection. Because
all kinds of waves can be represented by means of the concept of the plane
waves [1-3, 10-13], let us obtain the main reflection and refraction
formulas for a plane wave that incidents on a plane surface between two
media, as shown in Fig. 2.3. The media have different dielectric properties,
which are described above and below the boundary plane z = 0 by the
permittivity and permeability &,y and €,,u,, respectively, for each
medium.

Without reducing the general problem, let us consider an optical
wave with wave vector k; and frequency w = 2rf incident from a medium
described by parameter n,. The reflected and refracted waves are described
by wave vectors k; and k,, respectively. Vector n is a unit normal vector
directed from a medium with the refractive index n, into a medium with
refractive index n,, where &; = n? and &, = n2. Here, we should notice
that in optics, usually the designers of optical systems deal with non-
magnetized materials, putting the normalized dimensionless permeability of
the two media to equal the unit, that is, gy = iy /e = 1and u, = fi, /e =
1, as well as using the normalized dimensionless permittivity for each
medium, & = & /&y, and &, = &,/¢,, accounting for the above presented
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relations: &, = n? and &, = n3. We notice that these parameters for free
space were defined and introduced above.

&, M), 0,

Fig. 2.3. Reflection and refraction of optical wave at the boundary of two media.

According to the relations between electrical and magnetic
components, which follow from Maxwell’s equations (see system (2.1)),
one can easily obtain the expressions for the coefficients of reflection and
refraction (see, for example, [1-3]). A physical meaning of the reflection
coefficient is the follows:

1t defines the ratio of the reflected electric field component of the

optical wave to its incident electric field component.

The same physical meaning is of the refractive coefficient:

It defines the ratio of the refractive electric field component to the

incident electric field component of the optical wave.

Before presenting these formulas, let us show two important laws
usually used in classical optics. As follows from Maxwell’s laws, from the
boundary conditions and geometry presented in Fig. 2.3, the values of the
wave vectors are related by the following expressions [16]:

[0 (4]
Ik, I HK, |Ek:zn1’ Ik, =k, :znz (2.15)

From the boundary conditions described earlier by (2.12) to (2.14), one can
easily obtain the condition of the equality of phase for each wave at the
plane z = 0:
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(ko - %) ;=0 = (ky - X) ;=0 = (k3 - X),=0, (2.16)

which is independent of the nature of the boundary condition. Equation
(2.16) describes the condition that all three wave vectors must lie in the
same plane. From this equation it also follows that

kosin@y = kysin6, =k, sin6, (2.17)
which is the analog of the second Snell’s law:
n, sinfy, =n, sin 6, (2.18)

Moreover, because |ky| = |k,|, we find 8, = 84, i.e., the angle of incidence
equals the angle of reflection. This is the first Snell’s law.

In the literature which describes wave propagation aspects, the
optical waves are called waves with vertical and horizontal polarization,
depending on the orientation of the electric field component regarding the
plane of propagation, perpendicular or parallel, respectively.

Without entrance into straight retinue computations, following
classical electrodynamics, we will obtain the expressions for the complex
coefficients of reflection (R) and refraction (7) for waves with vertical
(denoted by index V) and horizontal (denoted by index H) polarization,
respectively. For this purpose, we now introduce the relative dielectric
parameter & = &/e;, that is, present it via dimensionless dielectric
parameters of two media, & = & /&y, and &, = &, /¢, introduced above.
Moreover, we will also account for the above introduced relations between
the dimensionless dielectric permittivity and the refractive index for each
medium: &; = n? and &, = nZ, and will use the 2nd Snell's law, n, sin 6, =
n, sin 6,. Finally, we will get:

For vertical polarization:

cos Bg—+/€r- cos 8,

= jov =
Ry = [Ry|e”®" cos Bg++/&y cos 0 (2.192)
_ ]-¢,© _ 2 cos 6y
Ty = |Ty|e’® cos 0g++/&y cos OB, (2.19b)
For horizontal polarization:
Ry = |Ry|e/$n = cosf2=Vercosby (2.20a)

cos O, ++/er cos O
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2 cos By

T = T e]¢H =
H l Hl cos 0, ++/€r cos B

(2.20b)

In the case of vertical polarization there is a special angle of incidence,
called the Brewster angle, for which there is no reflected wave, only a
refractive wave. For simplicity, we will assume that the condition y; = u,
is valid. Then from (2.18) and (2.19a), it follows that the reflected wave
limits to zero when the angle of incidence is equal to Brewster’s angle

0, = 05, = tan~! (%) Q21)

1

We should notice that the Brewster angle is only valid for the wave with the
vertical polarization, which describes a situation with the absence of the
reflected wave and the existence of the refractive wave only (the so-called
effect of total refraction). For the case of u; = p,= 1, the reflected wave E;
limits to zero when the incident wave is under the Brewster angle and can
be described by formula (2.21).

Another interesting phenomenon that follows from the presented
formulas is called total ray reflection. It takes place when the condition
n, >>n, is valid. In this case, from Snell’s law (2.21) it follows that, if
n, >>n,, then 6; >> 6;. Consequently, when 6; >> 6. the reflection
angle 8, = %’ where

6, = sin~! (:—j) (2.22)
For waves incident at the surface under the critical angle 8; = 6, there is no
refracted wave within the second medium; the refracted wave is propagated
along the boundary between the first and second media and there is no
energy flow across the boundary of these two media.

Therefore, this phenomenon is called in the literature fotal internal
reflection (TIR), and the smallest incident angle 8; for which we get TIR, is
called the critical angle 8; = 6, defined by expression (2.22). The refraction
of the wave in the second media is fully absent.

2.4. Total Intrinsic Reflection in Optics

We can rewrite Snell’s law, presented above for 8; = 6,, as [1-0]
(see also the geometry of the problem shown in Fig. 2.3):
nysin@, =n, sin 6, (2.23)

or



Electromagnetic Nature of Light 21

sing; = sin6, = Z—Zsin 0, (2.24)
1

If the second medium is less optically dense than the first medium and the
incident ray has amplitude |E;|, that is, n; > n,, from (2.24) it follows that

sing; > =2 (2.25a)
ni
or
Msing; > 1. (2.25b)
nz

The value of the incident angle 6; for which (2.25) becomes true is known
as a critical angle, which was introduced above. We now define its meaning
by use of the ray concept [1-3]. If a critical angle is determined by (2.22),
which we will rewrite in another way:

sinf, =2 (2.26)

1

then for all values of incident angles 8; > 6, the light is totally reflected at
the boundary of the two media. This phenomenon is called in ray theory the
total internal reflection (TIR) of rays, the effect which is very important in
light propagation in fiber optics.

We can also introduce another main parameter usually used in
optic communications. The effective index of refraction is defined as:
Nerr = Ny sin 6;. When the incident ray angle 6; = 90°, Nesr = Nq, and
when 6; = 0., Nopr = Ny,

The guiding effect, which occurs in fiber optic structures (see
Chapter 8), is based on the TIR phenomenon:

All energy transport occurs along the boundary of two media after TIR,
without any penetration of light energy inside the intersection.
Moreover, we should notice that the totally internal reflected (TIR) wave
undergoes a phase change, which depends on both the angle of incidence

and the field polarization [15, 16].

Let us now explain the fotal internal reflection from another point
of view based on discussions introduced in [16]. When the total internal
reflection occurs, we should assume that there would be no electric field in
the second medium. This is not the case, however. The boundary conditions
presented above require that the electric field be continuous at the boundary,
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that is, at the boundary the field in region 1 and region 2 must be equal. The
exact solution shows that due to total internal reflection we have in region
1 standing waves caused by the interference of incident and fully reflected
waves, whereas in region 2 a finite electric field decays exponentially away
from the boundary and carries no power into the second medium. This wave
is called an evanescent field (see Fig. 2.4). As shown on the left side of Fig.
2.4, the standing wave occurs as a result of interaction between two optical
waves, the incident wave and the wave reflected from the interface of two
media. We should notice that this picture is correct in situations when the
refractive index of the first transparent medium is larger than that of the
second transparent medium, that is, n; > n,, and when total reflection from
the intersection occurs, that is, for an incident angle exceeding the critical
one, 6., defined by Eq. (2.26).

Electric Field
M A } Ny
Evanescent Wave
\em<
=) 2z

el

Standing Wave Envelope

Fig. 2.4. Electric component of the optical wave at the boundary of two media
forming standing wave due to reflection, and wave decay ~e~%* due to refraction.

This field attenuates away from the boundary as
E « exp{—az} (2.27)

where the attenuation factor equals

a= 2771\/11% sin? §; —n3 (2.28)

It can be seen from (2.28), at the critical angle 6; = 8, a — 0, attenuation
increases as the incident angle increases beyond the critical angle defined
by (2.26). Because « is so small near the critical angle, the evanescent fields
penetrate deeply beyond the boundary but do so less and less as the angle
increases.
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However, the behavior of the main formulas (2.19) and (2.20)
depends on boundary conditions. Thus, if the fields are continuous across
the boundary, as required by Maxwell’s equations, there must be a field
disturbance of some kind in the second media (see Fig. 2.4). To investigate
this disturbance, we can use Fresnel’s formulas. We first of all rewrite,
following [15, 16], as cos @, = (1 — sin?6,)/?. For 6, > 6, we can
present sin 8, by the use of an additional function sin 8, = coshy, which
can be more than one unit. If so, cos 8, = j(cosh?y — 1)/? = +jsinhy.
Hence, we can write the field component in the second medium to vary as
(for nonmagnetic materials py = pu, = o)

c

exp {]w (t —n, xcoshy—jzsinhy)} (2.2921)
or
exp (=) xp {o (£ — ny 22 (2.290)

The last formula represents a ray traveling in the z-direction in the second
medium (that is, parallel to the boundary) with the amplitude decreasing
exponentially in the z-direction (at right angles to the boundary). The rate
of the amplitude decrease versus z can be written

2nz sinhy
exp |\ — T

where A1, is the wavelength of the light in the second medium. The wave
with the exponential decay is usually called an evanescent wave in the
literature [15, 16]. As seen from Fig. 2.4, rearranged from [16], the wave
attenuates significantly (~e~!) over critical distances d. of about A,.
Another expression of the evanescent wave decay region, d., can be
obtained, following [15, 16], by introducing the incident angle of light at
the boundary of two media 8 and both refractive indexes of the media, n,
and n,:
Az
de = 2n(n? sin? 6—n§)1/2 230)
This critical depth of field exponential attenuation is similar to the
characteristics of electromagnetic wave penetration into the material usually
used in electrodynamics and electromagnetism and called the skin layer
[11-13].
Even though the wave is propagating in the second medium, it
transports no light energy in a direction normal to the boundary. All the light
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is totally internally reflected (TIR) at the boundary.

2.5. Propagation of Optical Waves in Materials

As was shown above, each electrical field component (let us say the x-
component) of the optical wave can be presented as a plane wave in any
media in the following manner

E, = Ae7V? + Bet? (2.31)

where 4 and B are constants that can be obtained from the corresponding
boundary conditions; the propagation parameter is complex and can be
written as

y=a+jp (2.32)

Here, a describes the attenuation of the optical wave amplitude, that is, the
wave energy losses, and f describes the phase velocity of the plane wave in
the material media.

Now we can present the magnetic field phasor component in the
same manner, as the electric field by use of [11-16]:

i, = %(Ae"’z — Be*1?) (2.33)

where 7 is the intrinsic impedance of the medium, which is also complex.
Solutions (2.31) and (2.33) can be concretized by the use of the
corresponding boundary conditions. But this is not a goal of our future
analysis. We will show the reader how the properties of the material
medium change propagation conditions within it. For this purpose, we
analyze the propagation parameters y [or @ and ] and n associated with
plane waves (2.31) and (2.33). After straightforward computations of the
corresponding equations, following [11-13, 16], we can find for u = 1 that

a= “’Vf[ 1+ (i)z - 1]1/2 (2.34a)
/
p= “’F[ 1+ (2) + 1]1 2 (2.34b)
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The phase velocity is described by the propagation parameter 5 along the
direction of propagation, which is defined by (2.34b):

-1/2
_w _ V2 o \?2
vp,,—;—ﬁ[/1+(;) +1] (2.35)

The dispersion properties follow from dependence on the frequency of the
wave phase velocity v, = vp,(w). Thus, waves with different frequencies
w = 2rf travel with different phase velocities. In the same manner, the
wavelength in the medium is dependent on the frequency of the optical

wave:
. ; -1/2
_m_ V2 / o
== 1+(m£) +1] (2.36)

We notice that the field variations with distances are not purely sinusoidal,
as in free space. In other words, the wavelength is not exactly equal to the
distance between two consecutive positive (or negative) extremes. It is
equal to the distance between two alternative zero crossings.

We can now present formulas (2.33) and (2.34) using the general
presentation of € in the complex form, that is, ¢ = €' — je&". If so,

y? = (a+jB)? = jou(o + jwe") — w?ue’ (2.37)
where now
> 1/2
wV2¢e' ogt+we"
a="= [/1+(w£,) —1] (2.38a)
and

1/2
wV2e' ot+wem\?
p== [/1+(w£,) +1] (2.38b)

From general formulas (2.37) to (2.38), there follow some special cases for
different kinds of material media.

Imperfect Dielectric Medium. This medium is characterized by
o # 0,but 0/we << 1. Using the following expansion
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A +x)" =1+ mr+ 202 (2.39)
we can easily obtain from (2.37) and (2.38) that

1 we"

a=x |=— (2.40a)

g 2
n2
Br~oVe(1+ ) (2.40b)

Now, as has been done from the beginning, we will introduce the complex
refractive index n=n'—jn" in the above expressions instead of

permittivity, £, where now n’ = /&'/e, and n" = /" /gy [5, 6]. Then, we
will get in the case of a low-loss dielectric (or "imperfect" dielectric) that

a= T”’ (2.41a)
w = n"2
B2V (142), (2.41b)
and
"xns 2.42
n"~n'— (2.42)

Good Conducting Medium. Good conductors are characterized by
o/we >> 1, the opposite of imperfect dielectrics. In this case, the so-called
conductivity current component exceeds the polarized (dielectric) current
component, that is, |j.|~0E, >> |j4|~weE,. Finally, from (2.45a) and
(2.45b), we get:

a2 (2.43a)
and

< (2.43b)
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Exercises

Exercise 1.

The plane optical wave falls under the angle 6, at the boundary of two media
with the following parameters: €., = &, =3 and py; = U, = ly. The
electric field of the incident wave equals E; (V /m).

Find: 1) Angle of refraction 6,. 2) Amplitude E, of the second
wave having entered the second medium.

Solution

1) From the beginning we find the relation between the permittivity of these
two media

€2 __ Er2f0 __ Er2

€1 €r1€o €r1

Then, the angle of refraction can be defined as the following:

tan @, = ?—%an 0, or 6, = tan™? (ir—l tan 91)
2 T2

2) Taking into account the boundary conditions described earlier, we get

- for the normal components of the incident and the refracted (entered into
the second medium) we get:

E,1 =E,, or Ej&,.4 cos0; = E;&,, cOs 0,

- for the tangential components of the incident and the refracted (entered
into the second medium) we get:

E‘L’l = ETZ or El sin 91 = E2 sin 02
3) From the first equation we have:

&1 €OS 04
E2 == El
& COS 0,

4) From the second equation we have:
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6. = E; . p
sinf, = L, sin 6,
And replacing E, on E;, we finally get:

sin 0, &1 €0S 04
Lsin 0, ! Erp €OS O,

5) Then, the angle of refraction can be defined as follows:

tan @, = ir—itan 0, or 6, = tan™?! (zr_1 tan 91)
T2 T2

6) Finally, the refractive field amplitude will be defined from the
expression written in item 3, that is,

&r1€0S 61

E2=E

1 £r2 cos[tan—l(‘gr—l tan 61)
€r2

], V/m

Exercise 2.

A plane optical wave falls under the angle of 8, = 60° at the boundary of
two media with the parameters €,4 = 1, &, = 3 and p,; = ,, = 1. The
amplitude of the electric field of the wave equals |E,| = 3 (V/m).

Find: 1) The coefficients of reflection and refraction for both types
of wave polarization. 2) The corresponding amplitudes of the reflection and
the refraction wave. 3) Check the obtained results are correct via the
corresponding laws.

Solution
1). First of all we will find the relative permittivity

__ &r280 __ 3 _ 3
&m0 1 ’

Then for the incident angle of 60°, we will get respectively:

&-c0s By — /&, — sin? 0, 0

|RV|
in2
&-cos b0y + /& —sin? 0,
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= cos by — & —sin? b 1

IRyl = ==
cos By + /e, —sin26,| 2

7| = 2+/€, cos 6,
Y &-c0s 0y + /&, — sin? O,
2cosf 1
Tyl = - =35

cos 0y + /e, —sin? 6, 2

2) The corresponding components of the reflected and the refracted waves
for both types of polarization equal:

|Ev| = |Ry||Eol =0-3 =0 (V/m)

.3 =

N -
N| W

|Eig| = |Ryl|Eol = v /m)
|Ezy| = |Ty||Egl =1-3 =3 (V/m)

.3 =

N -
N W

|E2n| = |TullEol = V/m)

3) We check these coefficients and find coincidence with the
corresponding laws:

|Ry|+|Ty =1, |Ry |+|Ty|=1.

Now we check the components of the incident, the reflected, and the
refracted waves for both types of polarization that gives:

|Ev| + |Ezv| =0+ 3 =3 = |E|

+

N W
N W

|E1ul| + |E2n| = =3 = |Ey|

Thus, all above computations are fully correct.
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Exercise 3.

A plane optical wave falls under the angle of 8,at the boundary of two
media with the parameters &, = 4, &, = 1, U1 = Uy, = 1, from the first
to the second medium. The vector of the incident wave of the vertical

polarization equals Eq = 5 - [cos Oy i, +sinb, iy] (V/m).
Find: 1) The Brewster angle. 2) The wave field in the second

medium in conditions where the incident angle equals the Brewster angle.
3) The critical angle of absence of refraction.

Solution

1)  We find the Brewster angle as:

e\ 1/2 1\ /2
O, = tan™?! (8—2) =tan™! (Z) = 26.56°
1

2) For incident angle equal to the Brewster angle we find from Snell's
law that:

£
0, = sin~!|sin Op, \/:—1‘ =sin"1(sin26.56° - 2) = 63.4°
2

3) Then the refractive coefficient for the wave in the second medium with
vertical polarization equals:

2+/&r5 cOS B,y

&-cos 0y + /g, — sin? 6,

|TV| =

4) Finally, the wave passed from the medium 1 to medium 2 equals:

E;=Ey=5-2-[cos0,i, +sinb,i,|] =10-[0.448i, +
0.894i,]| (V/m).

5) The critical angle equals:
1/2

£,\1/2 1
Opr = sin™t (s_2> =sin™! (Z) =30°
1
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Exercise 4.

Find the expression of skin depth for copper and intrinsic impedance.

Solution
1) The skin depth for copper is equal to
1 0.066
6= = (m)

\/nf47r -10-7 (%) .5.8-107 (%) Jr

2) The amplitude of intrinsic impedance is equal to

2nf - 4m- 1077 _,
In| = ’—5'8 o = 369107, @

Exercise 5.

31

In seawater with 0 = 4 S/m, &' = 81¢,, the frequency of an e/m wave is

100 MHz.

Find: 1) The parameteraand the attenuation (in dB/m) considering
that transmission of the wave is proportional to T = exp(—az). 2) What it

will be if it propagates an optical wave with frequency of 10 THz.

Solution

la) Sinces/we'=4/(2m-108Hz-81-1077/36m) =9 > 1, we can

consider
seawater a good conductor. Then, using (2.43a), we get

oW 4.-2m-108 -4 - 1077 B
ax === 5 =39.7m™!

1b) Then, attenuation



32 Chapter 2

1 1
Ly = ;10 logt = ;100{2 loge = 4.34a = 4.34 - 39.7
=1725dB-m™!

2) Now, for /=10 THz, we have for seawater that n" = 0.328, and

wn"  2m-10"Hz-0.328 6.87 - 10%m-1
eI 3-108m/s - m

L, = 434a ~ 2.98-105 dB-m™".

Exercise 6.

The absorption coefficient of glass at A = 10um is @ = 1.8cm™1,

Find: the imaginary part of refractive index n".

Solution
According to expression (2.43a):
wn" 27
a~—=18m™ 1t =—n"
c A

from which we get
A 105m - 1.8-10?m™?
n'~—a= =29-10"*
21 21
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CHAPTER 3

CORPUSCULAR NATURE OF LIGHT

3.1. Elements of Quantum Theory

Classical presentation of optical waves, as a part of electromagnetic
waves with a narrow spectral band from 200 nm to 750 nm, along the whole
electromagnetic spectrum, discussed in Chapters 1 and 2, during its
performance from the middle of the nineteenth century to the beginning of
the twentieth century, met in its practical applications several paradoxes that
could not explain some experimentally observed phenomena, such as:

1. Spectral distribution of radiation excited by a heated body —
radiation of the absolute black body.
2. Behavior of an optical wave as a flow of some “virtual” particles —

pressure of light.

Photoelectric effect.

Construction of a stable atom.

Radiation and absorption of an atom — linear spectrum.
Equivalence and similarity of all atoms of the same elements.
First of all, we will consider the paradox of Maxwell’s wave theory
(see Chapter 2) application to black body radiation. Let us consider the
heated body, as an absolute black body, which fully absorbs all wavelengths
of the incident radiation. According to experiments carried out by Rayleigh,
the density of the body radiation should increase in proportion to the square
of frequency v (e.g., decrease of its intensity with wavelength A = ¢/v), i.e.,

NN kW

~v". This law is plotted in Fig. 3.1, shown by the yellow curve for a
temperature of 7= 5,250 K, where 0 K =-273 °c.

As can be seen from Fig. 3.1, the density of radiation energy of the black
body increases with an increase of radiation intensity and should be fully
concentrated at the shortwave part of the spectrum, that is, increases with a
decrease of wavelength 4 from, say, 780 nm to 380 nm or an increase of
frequency from 3.96 THz to 7.89 THz.
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580 780

Figure 3.1. The intensity of hot body radiation vs. the wavelength in nm: according
to classical electromagnetic theory (yellow curve) and to quantum theory (white
curve).

To explain the intensity distribution actually obtained as shown by
the white curve in Fig. 3.1, in the year 1900 Max Planck postulated that light
energy can be transferred, not continuously, but in portions, called “quanta”
or “photons”. According to Planck, the energy excited by a black body
depends only on the frequency (wavelength) of the excited radiation, but not
on its intensity, and relates to it by the following mathematical formula:

E=hv 3.1
where 4 = 6.625-107°*J -5 is the Planck constant.

According to Planck, the heat intensity distribution, shown in Fig.
3.1 by the white curve, for some maximum wavelengths (in our case it is
580 nm for 7 = 5,250 K), the intensity decreases according to an
experimentally obtained heat intensity distribution but does not increase to
infinity, as shown in Fig. 3.1 by the yellow curve. This phenomenon was
postulated by Einstein in 1905, according to which high energy and low
energy photons exist as quanta of light, the energy of which does not depend
on the intensity of the light radiation, but on its frequency. So, the energy of
each photon corresponds to its own frequency or the wavelength of the light
(red, yellow, green, violet, and so on). And this is described by Planck’s
formula (3.1). But what is impossible — photons, as quanta of light, cannot
be divided into two or more parts. These light particles are real and below
we will present their mass with respect to the mass of an electron.
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Moreover, Einstein formulated two principal laws:

- for energy of photon via its mass: E=mcz, c=310"
(m/s);

- for impulse of photon: P=mc or P=E/c.
But as was shown in Chapters 1 and 2, light is an electromagnetic wave of
specific spectral bands. So, photons also have wave properties. This
dualism, called by Einstein the wave-corpuscular dualism, was proven
experimentally. We will show its proof using a very simple experiment,
shown in Fig. 3.2. As seen from the top panel, when one particle of light
passes through the specially prepared slit, we obtain its position on the
screen. But, when several light photons pass through the slit, they are
concentrated sporadically on the screen (second panel from the top). When
many photons pass through the slit, they are mostly concentrated at certain
points on the screen, which correspond to the maximum of the interference
picture, and less concentrated — at the minimum of the interference picture
(third panel from the top). So, photons were distributed on the screen in the
same manner, as the light as an electromagnetic wave was sent via the slit,
as shown in the bottom panel.

Figure 3.2. Experiment with quanta of light.

de Broglie introduced the relation between the impulse of the
photon and the wavelength corresponding to it based on Einstein’s law.
Thus, if we account for (3.1) and take the relation 4 = ¢/v, we will get: 1 =
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ch/E = ch/mc? = h/me, which yields:
)= h/me = h/P (3.2)

Similar statements are correct for any corpuscular particle. So, the physical
interpretation of wave-corpuscular dualism is the following:

The intensity of the wave corresponding to the desired particle at any
given point is proportional to the probability of finding this particle at this
point.

The de Broglie statement was also proven by Clinton Joseph
Davisson and Lester Germer in 1927. They observed the diffraction of
electrons as proof of the wave nature of electrons. They sent a beam of fast
electrons onto a crystal and obtained a picture similar to that obtained in
earlier tests on diffraction of roentgen beams by a monocrystal structure (see
Fig. 3.3, top panel). The wavelength of the electron was defined by the use
of the distance between the points of the diffraction picture and between the
atoms in the crystal. The obtained results totally satisfied the de Broglie
formula (3.2). The wavelength of the electron increased with a decrease of
electron velocity v (but in the non-relativistic case, when the velocity v is
less than the light speed (v<c)).

Later, Otto Stern performed similar experiments with beams of neutrons and
protons, sent to atoms of Na crystal. Figure 3.3 (bottom panel) presents the
diffraction of neutrons by the Na crystal.
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Figure 3.3. Picture of diffraction of roentgen beams by monocrystal (top panel) and
neutrons by the Na crystal.

Using this wave-corpuscular dualism, physics met with an
experimentally found difficulty, how exactly the impulse of the desired
particle and its exact localization in space can be measured. This difficulty
was solved by the use of Heisenberg’s Principle. In 1925 Heisenberg
postulated that for the same time, it is impossible to predict strict coordinates
and velocity of any moving particle, such as light photons or electrons. In
other words, if we know the exact position x of the particle, its wave function
will be in the form of a wave packet with many A (or p = mv — with many
velocities v). Conversely, if the impulse p (or velocity v) of the particle is
known exactly, it corresponds to an infinite plane wave with a constant
intensity over space. Then this particle cannot be found at any point in space.
So, Heisenberg showed that unknowns of impulse Ap and a value of the
region where a particle is localized Ax, must be related by the equation:

Ax-Ap=h (3.3)
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3.2. Structure of the Atom

3.2.1 Wave — Corpuscular Dualism

The quantum theory obtained its final explanation after its usage for
the definition of the nature and structure of the atom. In 1903 it was found
experimentally that fast electrons pass through atoms. More precisely, this
effect was found and explained by Ernest Rutherford in 1911 in experiments
on alpha-particle scattering on the positively charged nucleus. He proved
the corpuscular model of the atom in contradiction to the wave model of the
atom proposed by de Broglie. At the same time, by use of the wave model
proposed by de Broglie, if we put an electron in the bounded closed
structure, as in a model of an atom, with the length L, the electron will have
behavior similar to a wave and its wave function y is presented as a
sinusoidal wave with maxima and minima at the special points depending
on the number of waves N (see Fig. 3.4).

The wavelength of each wave with number # equals 4, = 2L/n. n=1,
2,...,N. So, the electron has only a discrete sequence of impulses, P, = h/in
or P, = nh /2L. The corresponding kinetic energy of the electron with
number 7z equals:

En=(1/2)mvi- = (12)P,) lm = h"n 18m-L’ (3.4)

So, the energetic levels in the closed bounded structure (atom) are the
following:

E=(1/2)P, Im=h"n" 8m-L’ (3.5)

Here n is called the non-zero quantum number, and m is the mass of electron
m=9.1110"kg.
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Y, N=1
x
L —
P, N=2
__
‘l’s N=3
\//\ N

Figure 3.4. Electron wave functions y» , n=1, 2,..., N for electron located inside the
atom at the length L from the nucleus.

The corresponding lines that are called the quantic transfers or spectral
series, as shown in Fig. 3.5, are the following:

E
N
0
n:4_ —_—
n=3- — — =2
4
n=2— — —
| —6
-8
—10
—12
n=1- — —{-14

Figure 3.5. Spectral lines of an electron inside the hydrogen atom (H) vs. the
values of discrete energy for an electron in the hydrogen atom.
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According to the law of energy conservation:
hv=Ey-Ey=[20-me W [(Un"—1/n], n>n (3.6)
or
2 2
hw=13.6[(1/n"=1/n"] (eV), 3.7)

where 13.6(eV) = 27 mee'h’. If the hydrogen atom is in the stable state
regime (n = 1), it obtains energy of -13.6 eV (see Fig. 3.5) which is enough
to leave the atom.

The value of 13.6 eV, is, therefore, called the ionized potential of
hydrogen. We notice that in Fig. 3.5, the energy for each energy level is
presented from n =1 to n = 3.

The minimal energy statement of the electron in the atom can be found for
n=1,as:

Ea=/2)P, Im=h/8mL’ (3.8)
This energy is called the zero energy of the electron. Finally, we can state:

In the closed bounded structure, as in the atom, the energy of the electron
can obtain only discrete values.

Next, we will present in Fig. 3.6 the possible transitions of valence electrons
for a hydrogen atom from one series of energetic levels to another.
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Electron transitions for the
Hydrogen atom
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=
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n=3 E(n) to E(n=4)
Paschen series
E(n) to E(n=3)
n=2
Balmer series
E(n) to E(n=2)

=1

Lyman series
E(n) to E(n=1)

Figure 3.6. Possible transitions of valence electrons in a hydrogen atom.

Thus, transition from high energy levels E(n), n > 1, to the
“ground” level with E(n = 1) is called the Lyman series; transitions from
E(n), n>2 to E(n = 2) are called the Balmer series, from E(n), n >3 to E(n
= 3) the Paschen series, and, finally, from E(n), n > 4 to E(n = 4) is called
the Brackett series.

Finally, we can summarize for any atom the same concept as for
the simplest hydrogen atom, that is, each valence electron has its own
discrete energy level, as is shown in Fig. 3.7.

y
\
E — E, _J\
\
\
\

O\
E, Ey—
E £
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~
E, E, =
Encrgy levels Occupation P(E,,

Figure 3.7. The left panel presents discrete energy levels of the valence electrons of
each atom, the right panel presents the probability of occupancy of each electron at
the corresponding energy level.
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3.2.2 Bohr’s Corpuscular Model of any Atom

Niels Bohr, in 1913, introduced the concept of the linear structure
of atoms based on the photon postulates introduced by Planck and Einstein,
which can be presented in the simplest form :

w=13.6[(1/n” ~1/n’] V) nn'=1,2,3,...,N. (3.9)

From (3.9), Bohr found that the electronic levels of hydrogen

equal: —13.6[1/n2)] (eV), which is clearly seen from Fig. 3.5.

At the same time, in his theory, Bohr also postulated that electrons
move along circular orbits (see Fig. 3.8), as in classical physics, from which
he obtained the momentum of movement around circular orbits equals
n/(h/2w). And, finally, in a hydrogen atom in the field of a positive proton,
the electron has only discrete values of kinetic energy, described by number
n >0, that is:

E, = 2ame/ KV =k n'l 8m-L’, n=1,2,.,N (3.10)

Really, (3.10) describes the energetic levels of electrons in the hydrogen
atom (simply called the energy levels of hydrogen). The model of atoms
according to Bohr’s presentation is seen in Fig. 3.8 for four quantum values,
n=1, 2, 3, 4 and possible transfer from the higher levels (#=2 to n=4) to the
lowers level (n = 1).

Figure 3.8. Possible transfer of electrons from levels with n>1 to the level of n=1,
according to Bohr’s model of the atom.
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We should state that the linear energy levels of electrons in the
hydrogen atom in Figs. 3.5 and 3.6 fully coincide with Bohr’s model of the
atom presented in Fig. 3.8. To find the orbit momentum of movement P; of
each electron in its own orbit, Schrédinger, analyzing his wave equation
introduced for the atom energy states description, declared the quantum
number /, a positive number including zero. So, any orbital momentum P,
along the vertical z-axis will have values of m;h/2z. Here P;=2r/2-1, where
r is the radius of the orbit. Vector P; and the geometry of the problem are
shown in Fig. 3.9, where cosf =m///, because the full momentum will equal
Ih /2w

Figure 3.9. Geometry of local momentums of electrons in a hydrogen atom.

Relations between the main moment number n (related to the
radius of the orbit r), orbital number / (related to the longitudinal angle 0),
and mu (related to the azimuthal angle ¢) in a spherical system of coordinates
(r, 0, @) are the following:

= -l (3.11)
+]

||
H_
l\)
H_
UJ

In 1925 Wolfgang Pauli found that the electronic structure of atoms can be
explained if be postulated that at each electron orbit there can be only two
electrons, but with opposite vectors of momentum of each electron
movement. In other words, according to Pauli’s Principle, at any orbit there
cannot be more than one electron, but if two electrons exist, their momentum
of rotation around the orbit (called spin orbital momentum) must be oriented
opposite to each other. For these two electrons the spin number will be s =
-1/2 for one, for which the momentum of rotation is left-hand oriented, and
s = +1/2 for the second, for which the momentum of rotation is right-hand
oriented.
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For example, for n = 1, we have two wave functions corresponding
to two electrons with opposite spin numbers:

wn=11=0,m=0,s=+12)andy (n=1,/=0,m;=0,5=-1/2)
or in the compact form: yio0(1/2) and  wioo(-1/2).

The information mentioned above allows us to summarize
relations between quantum numbers 7, /, m; , and the spin values (usually
denoted in the literature by s/ or my) in Table 3.1, for the main quantum

number n=3.

Table 3.1. Distribution of orbits and orbital electrons depending on the meaning
of shells and states.

{ﬁ { Allowable states Allowable states
oon l m s/ in subshell in complete shell
B 0 3 2 2
2 0 0 :' )
' -1 :I 8
0 £ 6
I t%
O 0 * 2
T !
] :% 6
I :%
2 | 2 | % 18
..l :.;:
NS 10
I :%
2 :%
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Here for / = 0 (only one subshell), we have two allowable states
and, therefore, two electrons at the same orbit with opposite spins; in total,
2 electrons with opposite spins. For /=0 and /=1 (two subshells), we have
for each shell 2 electrons (for / = 0) and 6 electrons with opposite spins (for
/= 1); in total — 8 electrons, and so forth.

To finish discussions on the corpuscular description of atom
structures according to the quantum theory, we should notice that in the
theory of semiconductors, which are usually the basic material of optical
devices used in photonics and optical communication, wired and wireless,
other notations of different electron states in atoms are used. For the
definition of different states of the electron in the hydrogen atom the
traditional (from spectroscopy) notations are usually used for each value of
[. Thus, for / = 0, the following are used, symbol s, for /=1 — symbol p, for
[ =2 —symbol d, for / =3 — symbol £, and for / = 4 — symbol g.

An example of relative displacement of energy levels with n=3 (3s,
3p and 3d levels) and n=4 (4s and 4p levels) in Na atoms is shown in Fig.
3.10, where the level (n=3, /=0) is written 3s; level (n=3, /=1) is written 3p,
and the level (n=3, [=n-1=2) is written 3d. This means, according to (3.11),
that for n=1, /=0, we have 1s status with m; = 0 or giving only one energy
level (i.e., orbit) and accounting for s =-1/2 and s = +1/2, finally giving, for
this level, 2 electrons. When n=2, =0, 1, we have 2s and 2p statuses with m;
=0, -1, +1, i.e., 4 levels (orbits), and accounting for s = -1/2 and s = +1/2
for each level, yields finally 8 electrons. For n=3, /=0, 1, 2, we have 3s, 3p
and 3d statuses with m; =0 (/=0); m; =0, -1, +1 (I=1); and m; =0, -1, +1, -2,
+2 (/=2), that is, 9 orbits. Accounting now for spin numbers s = -1/2 and s
=+1/2, we find that 18 electrons fill these 9 levels (orbits).

The first generalization of the Bohr Theory was carried out by
Arnold Sommerfield. He took several postulates from astronomy, the main
one being that electrons can move along not only circular, but also elliptical
orbits, as was postulated in astronomy by Kepler. So, to the main quantum
number z correspond now 7 ellipses with different numbers of their centers.
For n =1 there exists only one orbit which is denoted by symbol 1s and its
axis is one and the second is related as 1:1; that is, we have a circular orbit
for 1s. We will now use index s, p, d, f, g, which is more convenient with
respect to orbit quantum numbers 1. All these states (orbits) are presented
graphically as shown in Fig. 3.10a-c .
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Figure 3.10a-c. Model of the atom as proposed by Sommerfield.

A general view of the relations between the symbols and the
possible orientations of the spatial orbits (e.g., amount of orbital quantum
numbers ;) is presented in Table 3.2.

Table 3.2. The number of states and electron orbits’ orientation in space around the
nucleus of the atom.

Symbols s p d f g
Quantum number / 0 1 2 3 4

Number of possible orientations
of the orbit in space 1 3 5 7 9

Namely, a state 3d in the middle panel of Fig. 10 relates to n=3,
with quantum number /=2, and has 5 different spatial orientations of orbital
momentum of impulse that are placed normal to the plane of the orbit.
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solid optical devices (see Table 3.3).

Chapter 3

The rule of filling of energy levels discussed above can be
broadened for all systems of chemical elements, which states that, according
to the prohibiting law of Pauli, electrons first fill the lowest discrete levels
and then the highest discrete level of any atom from the Mendeleev table of
chemical elements. We present here only those stable atoms, among all 92
atoms, which are usually used as a basic material of gaseous, liquid, and

Table 3.3. Part of Mendeleev’s elements creating the main types of conductors and
semiconductors and based on their use in optical devices.

n=1 2 3
I1=0 0 1 0 1 2 0 1
Atomic ls | 2s 2p | 3s 3p 3d | 4s 4p
number Ele-

(Z) ment Number of electrons Shorthand notation

1 H 1 1s1

2 He 2 §2

3 Li 1 152 251

4 Be 2 152 252

5 B 2 1 152 252 2p!

6 (&) helium core, | 2 2 152 252 2p2

7 N 2 electrons 2 3 152 252 2p3

8 O 2 4 152 252 2p4

9 F 2 5 152 252 2pS

10 Ne 2 6 152 252 2p6

11 Na 1 [Ne] 3s!

12 Mg 2 352

13 Al 2 1 352 3p!

14 Si neon core, 2 2 3s2 3p2

15 P 10 electrons 2 3 352 3p3

16 S 2 4 352 3p4

17 Cl 2 5 3s2 3pS

18 Ar 2 6 3s2 3p6

19 K 1 [Ar] 451
20 Ca 2 4s2
21 Sc 1 2 3d' 4s2
22 Tt 2 2 3d? 4s2
23 v 3 2 3d3 4s2
24 Gr 5 1 3d5 4s!
25 Mn 5 2 3d5 4s2
26 e 6 2 3d6 4s2
27 Co argon core, 7 ) 3d7 4s2
28 Ni 18 electrons 8 ) 3d8 4s2
29 Cu 10 1 3d10 45!
30 Zn 10 2 3d10 42
31 Ga 10 | 2 1 3d'0 452 4p!
32 Ge 10 2 2 3d10 452 4p2
33 As 10 g = 3d10 452 4p3
34 Se 10 > 4 3d10 452 4pt
33 Br 10 2 5 3d'0 452 4pS
% e 10 2 6 3d10 452 4p6
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The top of Table 3.3 presents the main quantum number n = 1, 2
..., 4. The corresponding charge number Z indicates for each element their
relations to the groups of elements — from I1, I11, ..., VI, to which the desired
element is related. For each group of elements the second wide column
presents the number of valence electrons for each desired element. Thus, the
carbon (C) from group II has 6 (2+2+2) electrons redistributed at the 1s (2
electrons), 2s (2 electrons) and 2p (2 electrons). The oxygen (O) from the
same group II has 8 valence electrons, (2+2+4) electrons redistributed at the
Is (2 electrons), 2s (2 electrons) and 2p (4 electrons), and so forth.

3.2.3 De Brogli’s Wave — Corpuscular Dualism Concept

Accounting now for a corpuscular-wave description, and using for
each atom the wave theory postulated by de Brogli, according to which and
to the corresponding Schrddinger’s equation, to each electron in various
states corresponds its own wave function y, which describes some “replaced
in space” electron, or the cloud of electrons around the nucleus of the atom.
At the same time, according to Niels Bohr and then to Sommerfield’s
concept, this function y simply is the probability of finding any electron at
its own orbit, corresponding to its discrete energy.

We will now put a question: How will an atom look if we can create
a photo of the position of a single electron and many electrons fixed in
various moments of time. We will present a very simple virtual experiment,
shown in Fig. 3.11. We put photos — one, two, three, and many together for
electrons in simple state 1s of hydrogen.
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Figure 3.11. Presentation of randomly positioned electrons corresponding to 1s-
conditions of hydrogen: a) electron A, b) electron B, c) electron C; d) many
electrons together.

Firstly, we selected virtually electron A (the red sphere in Fig.
3.11a), then electron B (red sphere in Fig. 3.11b), and then electron C (red
sphere in Fig. 3.11c) placed separately at various positions around the
nucleus. If we now put many such photos of various electrons with their
randomly distributed positions around the nucleus, we will see a stationary
picture, which will correspond to the condition 1s of the hydrogen atom, as
shown by Fig. 3.11d.

Figure 3.12 illustrates the electron cloud as a symbiosis of many
close orbits of any multi-electron atom with the charge number Z and mass
M, the discrete energy levels of which are generalized and presented above
in Egs. (3.5) and (3.10).

En=M-Z"¢ I[(d4ne) 20 L*n’], n=1,2,...,N (3.12)
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Figure 3.12. A view of a multi-electron atom with a cloud of electrons.

In Fig. 3.12, an electron cloud with n = 1 is shown by the dark
color, and the outer electron with » = 2 by the lighter color. According to
the statements above, n =2, /=0 and n = 2, [ = 1 should have the same
energy.

Let us give some examples:

1. Hydrogen (H) with a state n = 1, and Z = 1, consisting of one electron,
has an ionization potential equaling £1=13.6 eV to leave the atom (see
above).

2. Helium (He) with Z = 2, according to formula (3.12), has ionization

energy 7 E 1 =4-13.6 =54.5 ¢V, which is in good agreement with
experimental data.

3.2.4 Structure of Crystal Materials

First of all, we briefly describe the principal differences of solid
crystal-like materials with respect to molecules and liquids. In crystal
structures, the atoms are strongly localized at the corners of the crystal grid
inside it. The relation between atoms occurs from electrons, which,
according to the information presented in Fig. 3.13, are not exclusive to any
one atom, but relate to all atoms inside the crystal grid because their wave
functions spread through the lattice structure.
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Figure 3.13. Grid structure of diamond. The blue spheres are atoms and the yellow
small spheres surrounding them are valence electrons.

The existence of a crystal grid and oscillations of its composite
elements is the matter of physics of solid bodies. We do not enter into deep
discussions here, transferring the reader to the excellent books [1-3]. We
will, however, notice that the properties of solid bodies are closely related
to the types of relations between atoms: ionic and/or covalent (e.g., atomic
or chemical). The structure of ionic grids, because they are constructed by
pure electrostatic forces, has the same nature as molecules and liquids. As
for covalent or atomic grid structures, it is more complicated to understand
because their components “enjoy” each other. Fig. 3.13 presents an example
of the crystal grid of diamond constructed on covalent (atomic) relations.
Each atom is surrounded by four other atoms creating a quadratic-form
geometrical structure. Simultaneously each of the atoms is the tip of such
neighboring structures (see lower left of Fig. 3.13).

Many properties of solid substances, particularly their conductivity,
can be fully explained by the use of the zonal model. Namely, the zone
model can explain why dielectrics, semiconductors, and metals differ from
each other. As was mentioned above, according to Pauli’s Law, each level
of an isolated atom can be occupied by not more than 2 electrons with
opposite spins. Isolated atoms have thick lines, 1s, 2s, 2p, 3s, 3p,..., as
shown in Fig. 3.14 (left panel).

In metals (Fig. 3.14, second panel) all levels are occupied, then in
the energetic zone not even one electron is absent. They are seated in the so-
called valence zone (shown by the black color). All electrons in this zone
are not free and cannot move to create a current in the upper, conductive
zone. In the latter zone in outer conditions (heating, pumping by an outer
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light source or outer electric field), an electrical current can be created. In
some elements, the highest level is not fully filled by electrons (such as
metals, Na, Ca, and so on, having only one electron at their levels). So, for
metals, from N separate levels, around half can be free to be filled. Thus, for
metals, as shown in Fig. 3.14 (second panel), enough small voltage or light
energy transmitted to electrons allows them to jump from lower levels to
higher levels and, finally, pass via the prohibiting zone with energy E,, as
shown in Fig. 3.14.

Vacuum level

3p —
3s e

2p _——

Encergy

s -——— -- -

Isolated Metal Semiconductor Insulator
atom

Fig. 3.14. Schematically presented zone structures of the separate atom, the metal,
the semiconductor, and the insulator. (Pure dielectric.)

So, metals, such as Mg, Ca, and so on, having two electrons at each
level, are very good conductors. Here due to the wide filled zone, it fully
overlaps the prohibited regions of energy between zones and enters into a
free zone. This effect is called overlapping of zones, and finally, electrons
can move in space not occupied by other electrons. However, when the
prohibiting zone is too wide (see Fig. 3.14, third and fourth panels), such
overlapping is impossible. Moreover, it is impossible to convert electrons
between levels, let’s say, from 3s to 3p, from 4s to 3d (as it is fully
occupied), 4p to 4d (it is also fully occupied), and so on. Such solids are
called semiconductors and dielectrics (isolators) (see Fig. 3.14, last two
panels).
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3.3. Semiconductor Fundamentals

Below, we briefly, without entering into deep mathematical
descriptions of the subject because it is out of the scope of this book,
introduce the reader to semiconducting material fundamentals because they
are the most applicable materials in photonics, dealing with photon flows,
and optoelectronics, dealing with electron and hole flows. Both these fields
are based on semiconducting materials, which absorb and emit photons by
undergoing transitions among the desired energy levels of semiconductors
as crystal materials. Indeed, the photons generate electrons and holes, and
charged particles generate and control the flow of photons. We should, from
the beginning, notice that:

e A semiconductor lattice cannot be viewed as a collection of
non-interacting atoms, each with its own individual energy
levels and probability (wave function). This is because in the
proximity of each atom in the crystal lattice, the energy levels
belong to the system as a whole and the wave functions
overlap each other (see Fig. 3.15).

Figure 3.15. Wave functions of each atom in a semiconductor overlap each other
according to wave-corpuscular dualism.

e  Collections of close spaced energy levels form energy bands,
which for 7= 0 K or in the absence of an external excitation
source, are either fully occupied or totally non-occupied. The
higher non-occupying energy band is called the conductive
band, whereas the lower fully occupied band is called the
valence band. These two bands are separated by a forbidden
band with the gap energy Eg, as shown in Fig. 3.14.
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3.3.1. Zonal Structure of Semiconductors

To understand these main properties of semiconducting materials,
we will return the reader to what was discussed from the beginning, i.e., to
the zonal model of crystals. As was shown by Schrodinger and follows from
his equation, for electron energy in a field of periodical potential that
describes a collection of atoms in the lattice, splitting of the atomic energy
levels and formation of energy bands results. Indeed, the crystal lattice
potential associated with an infinite 1-D collection of atoms with lattice
constant a, which is depicted schematically in Fig, 3.16a, can be
approximated by a 1-D periodical rectangular potential introduced for the
simplified Schrodinger’s 1-D model, as illustrated by Fig. 3.16b. This model
proves the results of the Schrédinger equation for such potential predicted
energy bands with traveling-wave solutions, separated by prohibited bands
with exponentially decaying solutions. The obtained results were also
proved for the 3D case.

aYaVaVaYaYaTa®
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Figure 3.16. a) Solution of the Schrodinger’s 1-D model, and b) its approximation.

Finally, the information mentioned above allows us to present for
each type of semiconductor, pure or composite (doped), its own zonal
structure. As an example, Fig. 3.17 presents the zonal structure for two
semiconductors: Si (Silicon), as a pure semiconductor, and GaAs (Gallium-
Arsenide), as a compound semiconductor. Here, each band contains a large
number of densely packed discrete energy levels that can be approximated
as a continuum (see Fig. 3.17). Thus, for Si £, = 1.12 eV, while for GaAs
E,=1.42 eV at a room temperature of 300 K.
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Figure 3.17. Zonal structure of Si (left panel) and GaAs (right panel).

As illustrated in Fig. 3.17, the valence and conductive bands are
separated by an energy bandgap. These bands play a fundamental role in the
definition of the electrical and optical properties of semiconductors, and not
only them but also isolators and conductors.

3.3.2 Electrons and Holes

As was mentioned earlier, the wave functions y(r) of electrons in
semiconductors overlap and the Pauli exclusion and prohibiting principle
applies and declares that no two electrons can occupy the same energy level,
and if this does occur, the two electrons have opposite spin momentum
number s =-1/2 and s = +1/2.

At a low temperature of 7=-273 °C =0 K, the energy levels inside
the valence zone are fully occupied, while the conduction band is fully
empty. With an increase of 7, some electrons can be thermally excited from
the valence zone into the empty conduction zone, where the occupied levels
are abundant (see Fig. 3.18). If now an outer electric field is applied, these
free (conductive) electrons can drift through the lattice as mobile carriers,
creating the electric currents inside the semiconductor. Moreover, moving
high energy electrons give room for electrons occupying lower energy levels
inside the valence zone, to go upward to these liberated levels. The places
of liberation are called %oles. The movements of holes, therefore, are in the
opposite direction to the movements of electrons. The hole therefore
behaves as if it has a positive charge +e, opposite to the charge of the
electron —e.
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Figure 3.18. Locations of electrons and holes in the conductive and the valence
zone, respectively.

To explain how electrons and holes move inside the crystal
structure of a semiconductor, and for more evidence, we present in Fig. 3.19
the 2-D scheme of the 3-D model of crystal presented in Fig. 3.13, but for
the specific case of a crystal of pure semiconductor Ge (germanium).
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Figure 3.19. A fragment of 2-D structure of Ge: red spheres are electrons, black
spheres are holes.
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The red spheres are electrons that were transferred in the
conductive zone. We notice that after leaving the corresponding atom, the
electron creates an empty place called a hole. Because a crystal grid in
normal conditions is electrically neutral, the existence of holes shows that
at this place an electron is absent, which is equivalent to the existence in this
place of a positive charge (+). Therefore, a pure semiconductor consists of
an equal amount of negative charges (electrons) and positive charges
(holes). In reality, holes react in the same manner as if they are positive
charges.

Indeed, the similarity of holes with positive charges can be easily
understood by introducing to the crystal a source of voltage. Then holes will
move to the “~" electrode, but electrons will move to “+” electrode of the
source. In reality, holes do not move but the same result can be obtained if
the free electron from the neighboring pair enters into this vacant hole.

3.3.3 Joint Energy-Momentum Domain of Semiconductors

Before entering into the subject, let us notice the following. As was
mentioned earlier, the energy of an electron in the free space with constant
potential has the energy

E=p 2mo=hk 12mo (3.13)

where p is the absolute value of the momentum of the electron, & is the
magnitude of the wave vector k = p/A, h is the Planck constant defined

above, and my is the electron mass, mo = 9.11-10-31 kg. As follows from Eq.

(3.13), the E-k relation for a free electron is a simple parabola E ~ k2.

In semiconductors, according to the Schrodinger 1-D model and its
approximation made by Kronig-Penney (see Fig. 3.16b) due to the periodic
potential generated by charges in the periodic crystal lattice, the E-k
relations for electrons and holes in the conductive and valence zones have a
form, as is presented for Si and GaAs in Fig. 3.20.
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Figure 3.20. The E-k function for Si and GaAs along two crystal directions: toward
the left and toward to right (rearranged from [1-3]).

The energy E is the periodic function of the components (k1, k2, k3)
of the vector k, with periodicities (n/ai, w/a», m/as), where ai, a», as are the
crystal lattice constants. In Figure 3.20, the particular directions of E-k cross
section are presented: k1 = k» = k3 = 1 [1,1,1] (the left side in Fig. 3.20) and
ki=1, ka=ks = 0 [1,0,0] (the right side in Fig. 3.20). It should be mentioned
that the range of k values in the interval [-w/a. /a] defines the first Brillouin
zone [1-3]. Electrons not placed in the first Brillouin zone fill the second
zone. They also fill the region between planes of the first zone and planes
defined by conditions of diffraction from planes [110]. So, the energy of an
electron in the conduction zone depends not only on the magnitude of its
momentum but on the direction of its drifting in the semiconductor.

As follows from the illustration in Figure 3.21, near the bottom of
the conduction band, the E-k relation can be described by the parabola:

E=E. +hK | 2me (3.14)

Here E. is the energy at the bottom of the conduction band, mc is the electron
conduction band mass, and & is measured from the wave vector, where the
minimum of energy occurs. The effective mass m., which differs from that
in free space my, is the result of the influence of the ions of the lattice on the
motion of a conduction band electron.



60 Chapter 3

- Eg=142¢V
5% Ev

Fashivars
:&a %
o0
.3
rqeors
2

o2

GaAs

Figure 3.21. E-k diagram, as in Fig. 3.20, but approximated by parabolas for Si and
GaAs semiconductors.

Similarly, near the top of the valence band, we get:
E=E, + KK /2m, (3.15)

where E, = E. - E is the energy at the top of the valence band and m, is hole
valence band effective mass, which determines the effects of the lattice ions
on the motion of the valence band hole. It depends on the crystal structure
and direction of travel with respect to the lattice.

Approximating the E-k diagram for Si and GaAs by parabolas at
the bottom of the conduction band and at the top of the valence band, as
shown in Figure 3.21, we can explain such effective mass mc for electrons
and holes in the conductive and valence zones, respectively.

As an example, we present typical values of electron and hole
masses in some selected semiconductors (with respect to the mass my in free
space). Thus, according to [1-3]:

for Si (indirect-bandgap) me/mo = 0.98; my/mo = 0.49
for GaAs (direct-bandgap) m¢/mo=0.07, my/mo = 0.50
for GaN m¢/mo = 0.20; my/mo = 0.80

Semiconductors for which the conduction band and the valence band
minimum energy correspond to the same £k are direct-bandgap
semiconductors. Otherwise, they are indirect-bandgap semiconductors.
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3.3.4 P-Type and N-Type Semiconductors

Semiconducting material in which the amount of electrons prevail (with
respect to the amount of holes) are called n-type semiconductors, and those
where holes prevail are called p-fype semiconductors. Combining these
types of pure semiconducting materials, we finally obtain the p-n or
compound semiconductors.

Let us use Sb, which is a fifth-valence substance, having one
valence electron more than in Ge (see Table 3.3). But the atom of Sbisin a
grid in the same manner as in the pure Ge (see Fig. 3.22).

Figure 3.22. Compound GeSb n-type semiconductor.

The connection of outer electrons with other atoms in Sb is very
low (~ 0.5 eV) and the thermal energy for 7= 290 K is enough to liberate
electrons to start to produce electrical current. As a result, we obtained the
composite semiconductor on n-tfype with electrons prevailing — negative
carriers of charge.

If now in the crystal grid, instead of atoms of Ge, In atoms are
introduced In (see Table 3.3), having only a three-valence state, instead of
a four-valence state of Ge, we will have an absence of an electron — or an
additional hole, as shown in Fig. 3.23.
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Figure 3.23. Compound InGe p-type semiconductor.

Such a semiconductor is called the composite InGe p-type semiconductor
(with the absence of conductive electrons).

3.3.5 P-N Junction in Equilibrium

Overlapping differently pure regions of single semiconductor
material are called hiome-junctions. The important example is a p-n junction,
which occurs if in contact with both types of semiconductors, n-type and p-
type, as shown in Fig. 3.24.
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Figure 3.24. Schematically presented overlapping of two kinds of semiconductors,
the n-type and the p-type.

A p-n junction consists of a p-type and an n-type section of the
same semiconductor materials. The p-type region has many holes (majority
carriers) and few mobile electrons (minority carriers) [see left-side two
middle blocks in Fig 3.24]. The n-type region has many mobile electrons
(majority carriers) and few holes (minority carriers) [see right-side two
middle blocks in Fig. 3.24]. Both charge carriers are in conditions of random
thermal motion in all directions inside their own materials.

The lower panel in Fig. 3.24 shows clearly the fact that the
concentration of holes in p-type material is much higher than electrons
(denoted by n), whereas the concentration of free electrons in n-type
material is prevalent with respect to holes.

Fermi energy Ej which defines the minimum energy needed to
transfer an electron from the upper level of the valence zone to the lower
level of the conductive zone, lies for both separate materials closer to each
of the types: above the valence zone of the p-type semiconductor and below
the conductive zone of the n-type semiconductor (shown in the two middle
panels by dashed lines).

In this case, when 7> 0 K, electrons from the n-type semiconductor
will penetrate to the p-type semiconductor through the junction created
between them. In the same manner, the holes will penetrate from the p-type
semiconductor to the n-type semiconductor via the junction. Finally, they
will create a spatial electrical charge difference inside the junction, and
therefore, the inner electric field, as shown in Fig. 3.25a.
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Figure 3.25. a) p-n semiconductor in equilibrium state (in absence of
electric field); b) opposite to inner electric field; and (c) p-n junction under outer
source — direct to inner electric field.

The inner electric field regulates the number of electron-hole pairs,
which can be increased until that time, when this process is not compensated
for by the inverse process of recombination of electron-hole pairs, as major
carriers of charges. In this case, the condition of dynamic equilibrium is
observed. Of course, the width of this junction is too thick — around a few

micrometers [~10'3 mm].

When an outer electric source generates charge “—" in the n-region,
and “+” in the p-region (see Fig. 3.25¢), the outer and inner fields have the
same direction, increasing the total current through the circuit. The p-n
junction works as a direct biased junction.

When an outer electric source generates charge “—” in the p-region,
and “+” in the n-region, the outer field has the opposite direction to the inner
field and the absence of the current through the circuit is observed (see Fig.
3.25b). The p-n junction works as an opposite biased junction.

[T
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Exercises

Exercise 1.

1) Find the relation of photon energy in “eV” with the wavelength in
“Angstrom” (A).

2) Find the wavelength (in um, nm, and A) of the proton with energy £ = 1
MeV.

Solution

First of all we will find relations between the dimensions of the quantities.
Thus:

1eV=1610"1=1.610" erg;
1 A=10"m= 10_4,um =0.1 nm

(1) Now, we will find the relation between the impulse of a particle
and its wavelength by use of de Broglie postulate and Planck's law,
that is:

AA)=ch=ch/vh=[6.6210"" (Js) 310 (m/s)]/ hv (J)=
=[6.61-10° (I's) - 310" (m/s)] / hv (V) - 1.6 - 10" =
=12.390 - 107 / hv.(eV) [m] = 12,390 / v (eV) [A].

Thus: 2 (A) = 12,390 / hv (eV) [A] = 12.39/ hv (keV) [A]

Conclusion: 1f the wavelength corresponding to a particle decreases
(frequency increases) then the energy of the particle increases, and vice versa.

2) For proton with energy £=1 Mev = 1-10° eV, we get:
2(A)=12,390/E (eV)= 12,390/ [E - 10° (eV)]=1.239" 10” [A]
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Exercise 2.

What is the relativistic mass of the photon? Present its expression via
quantities “4”, “A” and “c”.

Solution
1) According to Einstein’s law, energy equals the product of the mass of the
particle and the square of light velocity, i.e., E = m - ¢2, correspondingly,

an impulse of the particle equals P =m " ¢, thatis, £ = P/ m.

2) The relativistic mass of a photon is a mass when its velocity equals the
speed of light, i.e., v = c. If so, the relativistic mass of the photon equals:

m=E/¢=h-vIc=h (c/D/c=h/(c )
Exercise 3.

The energy of photon £ = 1 eV. What is the value of this photon impulse
and what is its wavelength in “A” and in “pm”?

Solution

1) According to Einstein’s law, pulse P = E/c, because E = mc? and P = mc.
So:

P=1(V)/310° (m/c)=1.6 10" (J)/3-10° (m/c) =5.3-10"" [kg m/s]
2) A (A) = 12,390 / hv (eV) [A] = 12,390 / 1 (eV) = 12390 (A) = 1,2390
(um)
Exercise 4.

A photon and an electron both have energy £ = 1eV. Which of them has the
longer wavelength?

Solution
1) For the photon (see Example 1):

A (A) = 12,390 (A) = 12,390 um
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2) For the electron, accounting for the de Broglie postulate, because
in the non-relativistic case the velocity of an electron is less than
the speed of light, i.e., v << ¢, and its impulse p = mv << mc, and

its kinetic energy Er << m . In this case
L=he/(Ex+mc)=he/mc=h/me,yields:
J=h/me=66110" ) /911107 (kg) - 3:10°
(m/s)] = 2.4210" (m) = 2.42 - 10 (um)
So, 1,239 (um) >> 2.42 10 (um).

Conclusion: The wavelength of the photon is longer (by about one million
times) than that of the electron having the same energy of 1 eV.

Exercise 5.

The limit of the photon effect is characterized by the critical wavelength Acr,
after which an electron cannot leave the material, that is, to pass the
prohibited zone limited by an energy Eg.

Find: The critical length for metallic Cu, if its prohibited zone has
a width of Eg = 4.3 eV. Notice that this “energy width” is exactly equal to
the outwork of light, W, to transfer the electron from the valence to the
conductive zone giving the electron a kinetic energy E.

Solution
1) Energy of the photon needed to excite the valence electron transferring it
from the valence to the conductive zone and obtaining the kinetic energy Ej
can be found from the following relation:

@ = Ek + Wuut

2) Since in our case, this energy is to transfer the electron only to pass by
the prohibited zone (e.g., having E; = 0 in the conductive zone), we get:

hv=Wout=Eg=43 eV

If so, we can rewrite this expression, accounting for v=c / Acr, as:
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-34 8 -19
Aer=h_c/E;=6.62"10" (J's) - 310 (m/s)/4.3-1.610 (J)
=2.87-10" (m) = 0.287 (um) = 287 (nm)
Conclusion: Photon with 4., = 287 (nm), corresponding to the violet band
of the visual light spectrum (occupying bandwidth from 200 nm to 750 nm,

see Chapter 1), can be excited and it can be taken out from metallic Cu only
one photoelectron.

Exercise 6.
The electron moves along a horizontal axis, and its movement is limited by
the length of a box L = 10710 m, which models the simple atom.
Find: 1) The zero energy of electron corresponding to wave

function with n=1, E1.

2) Wavelength (in A) of the photon excited after transfer of an electron from
level n” =2 to n=1.

Solution

1) Taking into account a general formula of electron wave functions inside

the atom (as a closed box) En = h2n/ 8m'L2, we get for n=1 the zero energy
of the electron in the atom:

Ev=h /8 mL =[6.6210" ()] /[89.11110°" (kg) - [10™" (m)]°
=6.02:10"16 () =37.5 (eV)

2). Transfer from level n” =2 to n=1 with excitation of the photon with
energy hv can be found by the well-known formula:

hv=E>-E1=E (n2 —n2)=37.54-1)=112,5 (eV)
3). Then, according to Example 1:
L (A) =12390/ hv (eV) = 12390/ 112.5 (eV) =110 (A)

Conclusion: Photon with 2 = 110 (A) = 11 (nm), does not lie in the
frequency band of visual light; it lies in the ultraviolet bandwidth.
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Exercise 7.

1) Find the maximum wavelength A of light radiation for transfer of the
electron from the “ground” level of an atom of hydrogen (H) defined by n,
=1 to the level defined by n, =2.

2) Find the maximum wavelength A for electron transfer from the level with
ny =2 to the level n3 = 3.
Solution
2 4,2
1) Ev=Eun=27m-e /h=13.6(eV)

2) Using the now well-known Bohr’s formula

hv=-13.6 [(I/n2) — (In; )] = 13.6 [(In) — (1/ n2)]
we get for transfer from the level (orbit) n; = 1 to that with n, = 2:

hv=13.6 (1-1/4)=10.2 (eV)
Then MA) = 12390 / v (eV) = 12390/ 10.2 (V) = 1210 (A)
3) For ny =2 to n3 =3 transfer we get:
hv=13.6 [(1/n,2) — (1/n:%)] = 13.6 (1/4 - 1/9) =19 (eV)
Then  MA) =12390/Av (eV) = 12390/ 19 (eV) = 6400 (A) = 640 (nm)
Conclusion: The photon during transfer from n. = 2 to n; = 3 has a
wavelength, which lies inside the light spectrum, whereas the photon for the
transfer from n1=1 to n, = 2 is outside the light spectrum.
Exercise 8.
What is the relation between the spectral energy of helium (He) and
hydrogen (H)? It is known that the charge number of He equals Z = 2, and
for Hitequals Z=1.

Solution

1) We take into account the well-known Bohr’s formula
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En=2rm e Z/hn =13.6(Z /n)
If so, for H we have for Z= 1 and any energy level (orbit), we get
En=136/n
and for He with Z=2, we get
En=13.6(Z/n)=4"13.6/n"

So, for any transfer in an atom of H, we have the formula used in Example
7:

hv=13.6 [(1/n)) - (1/n")]
Whereas for an atom of He, we get
2 2
hw=413.6[(1/n)—(1/n")]

Conclusion: The energy spectrum of He is four times bigger than that for H.

Exercise 9.

Find the line (i.e., wavelength) of the He atom spectrum (with Z=2) similar
to the line of the H atom spectrum and compare them.

Solution

1) Accounting for the energy of a photon excited from the H atom (with
Z=1), according to knowledge obtained from Example 7, we get:

vu=13.6 [(1/n)— (1 /0] / h
from which

= 12390/ (h - v,))

2) Accounting for the energy of a photon excited from the He atom (with
7=2), according to knowledge obtained from Example 7, we get:

Vae= 4 13.6 - [(1/n2)— (1 /nD)] /
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From which follows: Vie = 4vy

Then
A= 12390 / b vy, = 12390 / 4h+v, = (1/4) 2y

Finally, we get: Awe = (1/4) A

3) Now, we introduce in the above formulas the corresponding quantities
according to Example 6 for H for n =1 and n’ = 2 we get:

hva=13.6 - [(1/n) — (1 /n")] =102 (eV)
Then 3
Ju=12390/ (h - vir) = 12390 / 10.2 =1216 (A)

At the same time for the He atom for the same transfer fromn=1ton' =2,
accounting for the relations obtained above, we get:

hvi=13.6 - [(1/ n’) - (1/ n”)] =4 10.2 (V) = 40.8 (eV)

Then H
Jne=(1/4) 2y= 1216 / 4 =304 (A)

Conclusion: for the same transfer of an electron from the ground level with
n=1 to the level with n=2 for H and for He, we have found that for this
transfer the excited photon frequency for H is four times bigger than that for
He, whereas the corresponding line (wavelength) for He is four times less
than for H.

Exercise 10.
How many electrons are in the atom sub-layers with the main quantum
number n=2 and n=3?
Solution
1) For n = 2, the quantum number /, equaling »n-1, is: /=0and /= 1.

for/=0,wegetm;=0  — one orbit (state or level)
for I=1, we get m; =0, =1 — three orbits (states or levels)

In total we get four states timing on two electrons (according to the Pauli
postulate), we finally get § electrons.



72 Chapter 3

2) Forn=3,/=0,1,2.

for/=0,wegetm;=0  — one orbit (state or level)
for I=1, we get m;= 0,1 — three orbits (states or levels)
for =2, we get m;=0,=1,£2 — five orbits (states or levels)

In total we get nine states timing on two electrons (according to the Pauli
postulate), we finally get /8 electrons.

Exercise 11.

How many electrons are in the valence sub-zone (subshell) 64, and sub-zone
(subshell) 6f?

Solution

1) Subshell 6d corresponds to n=6 and /=2, for which we have m;= 0,
+1, £2 for orbital quantum number. Finally, we have 5 oriented
orbits or according to Pauli’s prohibited rule — maximum of 2
electrons. So, finally subshell 6d has 10 electrons.

2) Subshell 6f corresponds to n=6 and /=3, for which we have m,= 0,
+1,£2, +3 for orbital quantum number. Finally, we have 7 oriented
orbits, or according to Pauli’s prohibited rule — a maximum of 2
electrons. So, finally sub-zone 6f'has /4 electrons.
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CHAPTER 4

BASIC PRINCIPLES OF PHOTONICS AND LASER
OPERATION

4.1. Boltzmann Distribution

As follows from the discussions in Chapter 3 based on wave-
corpuscular dualism, in any gas of atoms, or any materials consisting of
atoms, each atom can obtain its allowed energy level from a set of £, E», ...,
E,,, as shown by Fig. 4.1 (left panel). In thermal equilibrium at temperature
T their motions reach their steady-state regime with the probability P(E,)
that the arbitrary atom is in the energy level £, given by the Boltzmann
distribution:

P(E,) ~exp{-E / kBT} 4.1

where ks is the Boltzmann constant equal to k8 = 1.38:10%J-K"". The
coefficient of proportionality is chosen such that the total cumulative
probability equals unit. The occupation probability is an exponential
function as displayed in Fig. 4.1 (right panel).
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Figure 4.1. Discrete energy levels of atoms (left panel) and the probability of their
energy distribution (dashed curve in the right panel).
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Considering the Boltzmann distribution for a large number of atoms », and
assuming that an arbitrary number of atoms »,, accompany energy level E,,,
then the fraction N,/N is proportional to P(E,). If N; atoms occupy level 1
and N, atoms occupy a higher level 2, the population ratio is, on average:

N»/N, ~CXp {— (Ez-E]) /(kBT)} (4.2)

This quantity depends on temperature. For 7= 0 K = -273 °C, all atoms are
at the lowest levels (called the ground state). With an increase in
temperature, a higher energy level can have a greater population than a
lower energy level. This non-equilibrium case is known as a population
inversion, providing the laser actions discussed further in Chapter 5. The
same approach can also be taken for electrons filling metals, semiconductors,
or dielectrics. Thus, according to wave-corpuscular dualism discussed in the
previous chapter, in metal electrons filled the lowest energetic levels (states)
to create the so-called Electron-Fermi gas. This peculiarity was mentioned
by Enrico Fermi, according to which all energetic states — from the lowest
to a state with kinetic energy (Ex)o, called the Fermi boundary, are filled by
N electrons, every two of which, according to Pauli's principle (see Chapter
3), fill each quantum level (state). This energy equals:

(Edo=h*/(8m.)-(3N/m) 3 (4.3)

where again & = 6.625-103*J's is the Planck constant, N =N/ V — number
of free electrons in 1 cm?. This result does not depend on the shape of the
volume of metal V, which was presented as a box with a length L (see the
previous chapter), but only on the density of free electrons in the metal. On
this boundary, the energy spectrum decreases sharply (see Fig. 4.2 below).
As will be shown below, a Fermi spectrum of energy distribution differs
from Boltzmann or Maxwell’s statistics in gases.

4.2. Fermi-Dirac Energy Distribution

According to quantum theory, briefly discussed in Chapter 3, each
discrete system with overlapping wave functions, such as a multi-electron
atom, metal, or semiconductor, is subject to the Pauli Prohibiting Principle.
According to this principle, each energy level can be occupied by not more
than 2 electrons with opposite spins, but most of them are occupied by at
least one electron. If so, the number of electrons N, in state m can be either
Oorl.
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We notice that the word “spin” was introduced by George
Uhlenbeck and Samuel Goudsmit from the USA during their investigations
of atomic quantum structure. For a wave mechanical view, the concept of
“spin” was introduced by Paul Dirac investigating not only electrons, but
also other elementary particles, such as protons, having the same spin as
electrons.

The probability of occupancy of a state of energy E can be
described by the Fermi-Dirac distribution (called also Fermi function):

AE) = {exp[(E-E)) / (ksT)] +1}! (4.4)

Here Efis the Fermi energy introduced in Chapter 3 as a boundary energy
of an inner electron to leave any solid crystal or multi-electron atom. f{(E) =
1 indicates that the state of energy F is definitely occupied. As shown in Fig.
4.2, it lies along the horizontal axis between 0 and 1. This function decreases
monotonically with increasing £ and equals /2 when Fermi energy equals
Ey

We should notice that f{E) is neither a probability density function
nor a probability distribution function, but rather a distribution of
probabilities for different values of E, each of which lies between 0 and 1.

Boltzmann
P(E,)

Fermi-Dirac

B

0 1/2 1

Figure 4.2. Comparison of Fermi function (continuous curve) and Boltzmann
probability distribution (dashed curve).

When E >> Erand E >> ksT the Fermi function behaves like the
Boltzmann probability distribution P(E,,) ~ exp(E,/ kBT), since in general
for atomic electrons in outer subshells, energy levels involving optical
transitions are often characterized by Boltzmann distribution.

It should also be noted from the beginning that Fermi wanted to use for
electron gas the Bose distribution, which was usually used for photons, as
quanta of light (called bosons), with their spin momentum +1(//2m)
and -1(4/2m). But then, according to Pauli’s law, Fermi used his own
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statistics for electrons with their spins +1/2(4/2w) and -1/2(h/2x). Therefore,
particles, including electrons, which follow the concept of Pauli and Fermi
statistics (according to Fig. 4.2), are called fermions in the literature [1-7].
Hence, following the Fermi distribution for electrons, as a gas, and
according to Pauli’s prohibiting law, only two electrons with different spins
can fill each discrete energy level.

4.3. Interaction of Photons with Atoms

4.3.1 Thermal Emission — Spontaneous, Stimulated,
and Absorption of Photons

To characterize the interaction of any atom and radiated light
photons, the so-called /ineshape function and the transition cross section are
usually introduced in photonics [1-7, 9—-11].

The transition cross section, o(v), can be determined via its area S
as an integral of o(v) over the spectrum of frequencies v and has dimensions
cm? / Hz. Usually, it is called the transition strength or oscillator strength
and presents a strength of interaction. Additionally in the literature, a
normalized function g(v) = a(v) / S is introduced and called the lineshape
function (or profile function), which has dimensions Hz'! and unity area
(e.g., integral of g(v)dv = 1). The transition cross section can be written in
terms of its strength and profile function as

a(v)=5g() (4.5)

The profile function g(v) is centered around the resonance frequency vy,
where o(v) is maximal (see Fig. 4.3). So, the transition for photons occurs
at v = vy,

a(v)

Av—s a

Arca=§

17} v

Figure 4.3. The transition function (left-side) and the lineshape (profile) function
(right-side).
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The width of g(v) is known as the fransition linewidth, usually
determined as a width Av, on which g(v) is half its maximum value. Since
the area of g(v) is unity, its width is inversely proportional to its central
value, i.e.:

Av ~ 1/g(vo) (4.6)

It is useful to define a peak transition cross section at the resonance
frequency oy = o(vo). The function a(vo) is fully characterized by its height
00, width Av, area S, and profile g(v), as clearly illustrated in Figure 4.3.

Spontaneous Emission. According to Refs. [1-8], we define £, as
a spontaneous lifetime of transition from mode 2 to mode 1, as

PDFSP = M(VO)'C'<S> ~ 1/tsp (47)

where M(vo) = 8mvo?/c® [s/m?] is the modal density through which one can
transform PDFj, of spontaneous emission over all modes into each mode
using the weighted modal density M(v). From Eq. (4.7) it follows that PDF,
is a non-dimensional function. Because the shape of the average (over a full
spectrum of frequencies) cross section <g(v)> is narrow, but M(v) is wide
and constant around M(vg), we can simplify general formulas for PDF,
obtained in Refs. [1-7] and present it by Eq. (4.7). This equation determines
spontaneous emission of one photon to any mode, which is independent of
the cavity volume. This gives us the possibility to find the average area of a
2-D cavity, <S>, consisting of electrons, as

<S>=)2/8nt, (4.8)

The transition strength can be determined from experimental measurements
of the spontaneous lifetime. Thus, for atomic hydrogen ty, = 1035 for atomic
transition from the first exciting state.

Now we can find the relations between these two specific functions,
<o(v)> and g(v). Using Eq. (4.8), and relation <o(v)> = g(v) - <S>, we
finally have the relation between the spontaneous transition function and the
profile shape function, which is called the average transition cross section:

<o(v)> =M1 g(v)/ 8wty (4.9)
The same characteristic, but for central frequency will equal:

<0p>=<a(vp)> = A2 g(vo)/ 8wty (4.10)
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So, because g(vo) is inversely proportional to linewidth Av (according to Eq.
(4.6)), <a(vo)> is also inversely proportional to the Av for a given f,.

Stimulated Emission and Absorption. 1f, due to outer radiation,
the atom is transferred from the ground (lower) energy level to the high
energy level and the corresponding mode (according to the wave-
corpuscular dualism) contains the photon, the atom can be induced to emit
another photon into the same mode. Such emission of photons is called
stimulated emission.

The PDF of an emission taking place from ¢ to #+A¢, depends on
frequency v and on transition cross section o(v) centered on the atomic
resonance frequency v=vy:

PDFy=co(v) |V @.11)

If there are n photons in the light mode, the PDF that the atom is stimulated
to emit an additional photon, as in a case of absorption, equals:

PDFy=cno()/V (4.12)

There is a possibility to present simply spontaneous and stimulated emission
(see Fig. 4.4).

Figure 4.4. Sketched simple presentation of the stimulated (from level 1 to level 3)
and the spontancous (from level 2 to level 1) emission.

As is clearly seen, the atom, after interaction with the photon,
absorbs it and jumps to the higher level of energy E3, which corresponds to
the photon with frequency v3; (that corresponds to a wavelength Az; =c / v3;
=550 nm, or green light). Due to the instability of the level with energy, the
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atom falls into the unstable level with energy E- (called metastable level),
and after spontaneous emission it falls to the ground level with energy £.
Such a transaction corresponds to frequency v2; which corresponds to the
wavelength of A»; = 694 nm, or red light. This process takes a longer time
and is called a slow process of spontaneous emission. Such double-cascade
transitions can be stimulated by photons with energy /Av,;, as shown in
Figure 4.4.

Let us describe now this process mathematically accounting for
two kinds of transition: a) stimulated by monochromatic (single-mode)
light, and b) stimulated by broadband light.

a) We consider a single-mode light and its interaction with the atom when a
stream of photons impinges on it. Let monochromatic light of frequency v
and intensity / and the mean photon flux density

¢=1/hv [photon/cm?] (4.13)

interact with the atom whose resonant frequency is vo.

We also suppose that the probabilities of stimulated emission and
absorption are similar, that is, PDF, = PDF 4, in such a consideration. If the
interacting volume has the form of a cylinder with volume ¥, height /4, and
base area 4, and assuming that n photons are involved in the interactional
process, we get V=hA. A flux of photons crossing area A4 is ®=A4-¢
[photons/s]. Because photons move with the speed of light ¢, all of them
cross the base of the cylinder within one second. If so, in any time the
cylinder contains n photons, where

n=0-A=¢-V/d (4.14)
which yields
o=nd/V (4.15)
Absorption of the photon can be viewed, according to Figure 4.4, as the
transition of the atom from the lower energy level £ to the higher energy
level Es. This process is induced by a photon with the probability density
function (PDF):

PDFyps=co(v) IV (4.16)
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If there are n photons in the light mode, the PDF that the atom absorbs one
photon is n-times greater since the events are mutually exclusive, i.e.,

PDFyps=cno(v)/V (4.17)
Accounting now for Eq. (4.15) and Eq. (4.17), yields
PDF s = PDFs; = ¢-0(v) (4.18)

Formula (4.18) determines the photon flux captured by the atom for the
purpose of stimulated emission or absorption.

b) In the case of stimulation by broadband light, let us consider an atom in
a cavity of volume V containing multimode polychromatic light of spectral
energy density ®(v) (energy per unit bandwidth per unit volume), which is
much broader than the linewidth. The average number of photons in the
frequency range of [v, v+dv] is x(v)-Vdv/hv.

So, the overall probability of absorption or stimulated emission
can be found via the integral, which accounting for a slow varied »(v) with
respect to a sharp o(v), can be simplified as:

PDF .= PDF 5 = %(vo) *d-<S>/hvg (4.19)
or accounting Eq. (4.8), we get:
PDF 5= PDFy = 2*- u(vo)/ 87h-ty (4.20)

So, because g(vo) is inversely proportional to linewidth Av, according to Eq.
(4.6), <a(vo)> is inversely proportional to the Av for a given #y,. Accounting
now for relations between the wavelength and the central photon frequency,
A= ¢/vy and the mean number of photons per mode [3—8],

<n>= 23 u(v) / 8nh, we get:

PDFabs:PDF:t:<n>/tsp (421)

The mean photon number <n> has physical meaning. Indeed, the quantity
»(vo)/hvo represents the mean number of photons per unit volume in the
vicinity of frequency vy and M(vo) is the number of modes per unit volume
Avyp in the frequency domain. The two PDFs, for stimulated emission and
absorption, are thus the factor of the event when the mean photon number,
<m>, is greater than that for spontaneous emission, since each mode contains
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an average of <n> photons.

In most literature related to photonics descriptions, useful
parameters are usually introduced to describe the processes of spontancous
and stimulated emission and absorption. These coefficients are called
Einstein's coefficients. It was postulated by Einstein as follows:

The atom interacts with broadband radiation of spectral energy density
%(vo) under conditions of thermal equilibrium.
According to this postulate, an expression for the probability densities of
spontaneous and stimulated transitions was evaluated by introducing the so-
called Einstein's coefficients:

PDFy,,=A, PDF,=Bx(v) (4.22)

which are associated with spontaneous and stimulated transitions (or
absorption, see above), respectively. Their ratio yields:

B/A=23/(87h) (4.23)

4.3.2 Thermal Equilibrium Between Atoms and Photons

Despite the fact that in Chapter 3 we briefly described conditions
of thermal equilibrium to explain the Max Planck law regarding black body
light absorption, let us return to this subject from the mathematical point of
view and describe this phenomenon occurring during interactions of
photons with atoms, considering a thermal light, as a universal form of
radiation under conditions of thermal equilibrium in the absence of outer
energy sources. Such light, as was mentioned in the previous chapter, is
emitted by black bodies that absorb all light energy incident on them.

A macroscopic approach that balances spontaneous emission,
stimulated emission, and absorption under conditions of thermal equilibrium
leads to the spectral intensity of thermal light. Equation (4.7) or (4.8) is a
point of our analysis. We consider a cavity with unit volume whose walls
have a large number of atoms with two energy levels £ and E, separated
by energy Av. Levels 1 and 2 consist of N,(f) and N»(f) atoms, respectively.

We first consider the spontaneous emission alone. The probability
a single atom in the upper-level 2 undergoes spontaneous emission into any
of the modes within the time duration from ¢ to ¢ + dt, is Pspdt =dt / tg,. So,
the average number of photons within dt is n, = Nx(t)-dt / t,. Hence, the
negative rate of increase of N,(?) arising from spontaneous emission can be
found from the differential equation:
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dNa(2)/dt = - No/t,, (4.24)
The solution of Eq. (4.24) can be easily found as

No(£)=N2(0)-exp (-t/tsp) (4.25)
which is presented in Figure 4.5, where for ¢ = ,,, the decay of the upper-

level population, N>(0), caused by spontaneously emitted photons, is up to
e’!. So, this process takes time around ¢ = £,

Nz (')A

N, (0)

~Y

Figure 4.5. Decay of the upper-level population N2 (=0) by e’! factor for ¢ = t;p
according to time dependence described by Eq. (4.25).

If we now also incorporate the absorption and account for the
capability of N, atoms to absorb, we will get the rate of increase of the
population of the atoms at the upper energy level, arising from absorption,
which can be found by the use of (4.21) as:

dNy(t)/dt = PDF Ny = <n>-Ni / t,p (4.26)

Similarly, stimulated emission gives rise to a negative rate of increase of
atoms in the upper state 2, expressed as

dNx(t)/dt = - PDF N> = - <n>N, / ty (4.27)
As is clearly seen from Eq. (4.26) and Eq. (4.27), the rate of Nx(¢) arising
from absorption and stimulated emission are proportional to <n>. All three

processes, described by Egs. (4.25) to (4.27), yield the final equation:

ANN(t)/dt = - No/toy + <n>-Ni  tyy - <n>-Na / ty (4.28)



84 Chapter 4

In the absence of any outer source of light radiation, the steady-state regime,
when dN,(t)/dt = 0, gives:

No/Ny = <n>/(<n> +1) (4.29)

From relation (4.29) follows that N> < N,.
According to a thermal equilibrium condition, we can, as above,
use the Boltzmann's distribution (4.2), rewriting it as:

No/Ni = expi- (hv) / (ksT)} (4.30)

Substituting Eq. (4.30) in Eq. (4.29), one can find the average number of
photons per modes near frequency v:

<n>=1/[exp (hv) / (keT)-1] (4.31)

Equation (4.31) allows us to find a mean number of photons in a mode of
thermal light for which the occupation of modal energy level follows the
photon distribution

PDE(n)~exp[- (hv) / (ksT)] (4.32)

This relation argues the self-consistency of the analysis carried out above
and its correction for the description of any real situation in a solid cavity
consisting at the walls of many atoms of arbitrary mode-states, existing in
thermal equilibrium. Photons interacting with atoms in thermal equilibrium
of temperature 7, are also in thermal equilibrium at the same temperature.
Therefore, we can call them a photon gas.

Accounting that the average energy of photon gas is <E> =
<n>(hv) and accounting for Eq. (4.32) yields:

<E>=hv/ [exp (h) / (keT) - 1] (4.33)

Multiplying the average energy per mode, <E>, by the modal density, M(v),
defined as M(vp) = 8mv*/c?, we can obtain the spectral energy density p(v)
= M(v)-<E>, measured in energy (in Joules) per unit frequency bandwidth
(in Hz) per unit cavity volume (in m™), can be presented in the following
form:

p(v)=[8n-m?]/ - [exp (hv)/( ksT) - 1] (4.34)
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The spectral energy density function described by Eq. (4.34) is known as
the black body radiation spectrum. It is a function of the frequency of light,
mode of frequency v and temperature 7. Below we present it as a function
of frequency and temperature following the Max Planck validation of Eq.
(4.33).

As was mentioned in Chapter 3, Max Planck in 1900 had found
the theoretical proof of formula (4.33), which was agreed with by
experiments. His calculation led to the expression for the black body
spectrum via <E> by quantizing the energy of each mode. At the same time,
as it is known from classical physics and statistical mechanics, the average
energy per one mode <E>= ksT = Constant and independent of the modal
frequency. Such a formulation was postulated by Rayleigh—Jeans, which for
black body radiation gives:

p(V)=8m v ks T/ (4.35)

At the same time, from Egs. (4.33) and (4.34), obtained also by Max Planck,
it follows that for iv << ksT, when exp(hv/ ksT) ~ 1 + (hv) / (ksT), these
formulas are deduced to classical, <E>= kT, [from Eq. (4.33)], and to Eq.
(4.35) from Eq. (4.34).

4.4. Electron and Hole Concentration in Semiconducting
Materials

According to the discussion above and in Chapter 3, the quantum
theory postulates the state of an electron and a hole in any semiconductor
through their energy E, their vector k, and their spin s. Their concentration,
as a function of energy E requires knowledge of two features:

1) the density of states or energy layers in each semiconductor,

2) the probability that some of these levels are occupied.

As for an electron inside the conductive zone, it can be approximately
described by its effective mass m., hidden into a 3-D box of dimension d
with perfectly reflecting walls, with infinite rectangular potential inside, as
was discussed in Chapter 3. The standing-wave solutions require the
discrete components of the wave vector k with coordinates

k= {ke=q7/d, ky=q>7/d, k. = q3-7/d} (4.36)
and with the respective mode positive numbers (g1, g2, ¢3). The tip of the

vector k can lie at the point of a lattice whose unit cell has dimension 7/d
and volume (/d) >.
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If so, there are (7/d) 3 points per unit volume in k-space. The
number of states for which k& lies between 0 and & is determined by the
number of points lying within the positive octant of a sphere of radius k£ with
volume V = (1/8)-(4n/3)-k* = (wk *) / 6. According to the Pauli statement,
there are two states of electrons that are possible at each state (i.e., orbit)
with the corresponding spins s = -1/2 and s = +1/2. If so, we finally get a
number of points in volume V=2-[(zk *) / 6]/(z/d) > = k>*-d */3r>.

So, in a unit volume of a cube we have a number of V/d 3= k3/37>
points. Finally, the number of states with electron wavenumber ranged
between k and k+dk per unit volume is:

p(k)-dk=[d(k3/3n?)/dk)-dk= (k*/x*)-dk (4.37)
and the density of states is:
p(k) = k*/n* (4.38)

The results above allow us to point out that despite the fact that the result
can be obtained from classical electrodynamics for an electromagnetic
resonator, with v-k relation v=c-k /2z, in semiconductor physics the allowed
solutions for k are converted to discrete levels of energy via quadratic E-k
relations, given by Eq. (3.13) in Chapter 3, which are near the conduction
and valence bands, respectively.

If we now go to energy presentation, accounting for relations
between energy £ and impulse p as a function of &k, we can represent now a
number of conduction band energy levels per unit volume via the octave of
a spherical surface shown in Figure 4.6.

Pz

by

Pz

Figure 4.6. The octave of spherical surface where distribution of energy is lying
between E and E + dE in the coordinate system {px, py, p:z}.
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If p(E)dE represents the number of conduction band energy
levels per unit volume lying between £ and E+dE, then, because the direct
correspondence between E and k exists, the densities p(E) and p(k) are
related as p(k)dk = pA(E)dE. So pE) = p(k)dk/dE. The same will be found
in the valence zone with bandgap energy levels, and p(E) = p(k)dk/dE.
Taking now into account that mentioned above, we get for densities of
states, respectively:

pE) = (2me)"? - (E-E)'* / [2(n*h%)], E>E. (4.39)
poE) = (2m,)** - (E-E))"? [ [2(n>h%)], E<E, (4.40)
The relations p(E) and p(E) versus (E-E.) ''* and (E-E,) '?, respectively,
the result of the quadratic £-k formulas (3.14) and (3.15) [see Chapter 3] for

electrons in the conduction zone and holes in the valence zone near the band
edges, respectively, as seen from Figure 4.7a.
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Figure 4.7. The plot of: a) the E-k quadratic dependence, b) the energy levels
discrete distribution, and c) the p (E) — E dependence for electrons and holes in
conductive and valence zones, respectively.

As follows from Figure 4.7a, the E-k quadratic dependence is
zero at the band edge and increases away from it with a rate which depends
on the effective masses of electrons and holes. Figure 4.7b presents energy
levels at the range of wavenumbers . Figure 4.7¢ presents densities of states
of electrons in the conduction energy band and holes in the valence energy
band according to (4.39) and (4.40), where m,. and m, are average numbers
presented above.
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The probability of occupancy of states in the valence zone by
holes and in the conductive zone by electrons can be found by use of the
following assumptions. As was mentioned in Chapter 3, at 7=-273 °C=0
K (or absence of outer sources of thermal excitation), the energy levels
inside the valence zone are fully occupied and there are no holes, while the
conduction band is completely empty (it contains no free electrons). With
increase of temperature, excitations raise some electrons from the valence
zone to the conduction zone, creating empty states in the valence zone, or
holes. Fermi function, defined in Chapter 3, following the principle of
statistical mechanics, will determine the probability that in conditions of
thermal equilibrium with temperature 7, an electron occupied a state with
energy E,

E) = {exp [(E-Ep / (hv) | (ksT)] +1}! (4.41)

At T=300 K, k8T = 0.026 eV, ks is the Boltzmann’s constant, introduced
in the previous chapter. A new energy characteristic, £y, is the Fermi energy
or Fermi level. The probability function f(E), is also called the Fermi-Dirac
distribution.

According to this distribution, each energy level E is either
occupied with probability f{E) or is empty with probability 1- f{E). In other
words:

AE) is a probability of occupancy by an electron in a conductive band, and
1- f(E) is a probability of occupancy by a hole in a valence band.

For 7=0 K, (E) =1 for E < Ej;, and f(E) = 0 for E > Ey(as follows from Fig.
4.8, right-side panel). For 7>0 K, (E-Ey) >> k8T, E) ~ exp [(E-Ey) / kBT)
(plotted in the middle panel). So, the high-energy tail of the Fermi function
in the conduction band (see coincidence of the left side and middle panels
in Fig. 4.8) decreases exponentially with increasing energy E.
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Figure 4.8. Schematic distribution of electrons (dark spheres) and holes (white
squares) with Fermi energy at the middle of the prohibited zone (left side panel),
distribution of energy of electrons and holes for T > 0 K (middle panel), and
energy of electrons and holes for T > 0 K.

The Fermi distribution is thus proportional to the Boltzmann
distribution. According to symmetry, when £ < Ej; and (E-Ey) << k8T, we
get 1- AAE) ~ exp [(E-Ef) / kBT), and below the Fermi level the probability of
occupancy by holes in the valence band also decreases exponentially (see
coincidence of the left side and middle panels in Fig. 4.8).

Let us now consider the concentration of carriers, electrons, and
holes in the thermal equilibrium statement. For this purpose, we consider
that n(E)-AE and p(E)-AE are the numbers of electrons and holes per unit
volume, respectively, with energy lying between E and £ + AE. The
densities n(E) and p(E) can be obtained via densities of states at the energy
level E and probabilities of occupancy of the level by electrons and holes,
ie.,

n(E)y=pAEYAE) (4.42a)
P(E)=pAE)[1-AE)] (4.42b)

The full concentration can be found via integrals of expressions (4.42a) and
(4.42b). In this case, the Fermi energy (for n=p) lies in the middle of the
bandgap (see left side panel in Fig. 4.9). Moreover, in materials with m. =
my, n(E) and p(E) are symmetric (see the right-side panel in Fig. 4.9).
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Figure 4.9. Left panel presents distribution of electrons (black spheres) and holes
(white squares) in the conductive and valence zones, respectively; right panel
presents symmetrical distribution of electron and hole energy via their
concentration.

In most pure semiconductors, however, the Fermi level is not at the
middle of the bandgap. Thus, the energy band diagrams, Fermi function, and
equilibrium concentration of electrons and holes for n-type and p-type
semiconductors are shown in Figs. 4.10a and 4.10b, respectively. Donor
electrons occupy an energy Ep slightly below the conduction band edge (see
Fig. 4.10a). For k8T = 0.026 eV (7= 300 K) and £p =0.01 eV, most donor
electrons will be excited into the conduction band. We see increase of n(E)
compared to p(E). The Fermi level will be above the middle of the bandgap.
For the p-type semiconductor with acceptor level energy E slightly above
the valence zone, (see Fig, 4.10b), conversely, p(E) > n(E).

E E
i
E
L : n(E)
f |
E |
E,
PriEs
| JiED Carner concentration

Figure 4.10a. Sketched scenario, as in Fig. 4.9, but for n-type semiconductor when

n(E) > p(E).
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I ftEy Carier concentration

Figure 4.10b. Sketched scenario, as in Fig. 4.10a, but for p-type semiconductor
when p(E) > n(E).

In doped structures, according to electrical neutrality, n + Ny = p
+ Np (for fixed donors and acceptors). We notice that all the above
discussions were regarding semiconductors in thermal equilibrium.

But if thermal equilibrium is destorbed, let us say, by an external
electric current or a photon flux induces band-to-band transitions under too
high a rate for inter-band equilibrium to be achieved, despite the fact that
the conduction band electrons and valence band holes are in their own
equilibrium. This situation is known as quasi-equilibrium, which arises
when relaxation (decay) times for transitions within each of the bands are
much shorter than the relaxation time between the two bands. Thus, the
inter-band relaxation time is less than 10-'2seconds, whereas the radiative
electron-hole recombination time is 10%seconds. Under these conditions,
two separate Fermi functions are used for two bands: f.(E) and f,(E), as well
as two energy levels, denoted by Er. and Ejx. They are called quasi-Fermi
levels (see Fig. 4.11). When they lie inside the conduction and valence
bands, respectively, the concentration of both electrons n(E) and hole p(E)
can be quite large.
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Figure 4.11. Sketched scenario, as in Figs. 4.10a,b, but for the case of the absence
of thermal equilibrium, where Fermi energy levels are presented as two energy
levels denoted by Ef- and Ep.

The quasi-Fermi levels are:
Eﬁ:Ec+(37T2) 2/3.h2.n2/3/2mc (4.433‘)
EfV: Ev+(3n2)2/3'h2'n2/3/ 2mv (4.43b)

For arbitrary 7, if the amounts of n and p are sufficiently large, so that
Ep— E.>> ksT and Es — E, >> ksT, the quasi-Fermi levels lie deep within
the conduction and valence bands (see right panels in Fig. 4.11).

4.5. Law of Mass Action

Before entering into the subject, let us consider approximations of
the Fermi function. Indeed, it was shown that when (E-Ey) >> ksT, f(E) ~
exp [(E-Ey / ksT], i.e., the Fermi function is an exponential function.
Similarly, when (E-Ey) <<ksT [or (Er- E)>>ksT], 1- {E) ~ exp [(E-Ey) / kBT],
i.e., it also is an exponential function. These conditions apply when the
Fermi level lies within the bandgap, but away from its edges by an energy
level of at least several times ksT. Thus, at 7=300 K, k8T = 0.026 ¢V,
whereas in Si E; = 1.12 eV and in GaAs E; = 1.42 ¢V, that is for both
semiconductors, the bandgap energy is more than the thermal energy ksT.

So, we can use the above approximation of the Fermi function for
an integral presentation of electron-hole pairs both in pure (intrinsic) and
composite (doped) semiconductors, we get:
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n=N.-exp[(E.- Ep/ksT], (4.44a)
p=N,-exp[(E/-E,)/ksT], (4.44b)
np=N.-N,-exp[-(Ey/ksT)]. (4.44¢)

where
Ne=2[Q2n'mc ksT)/ h*]3? (4.45a)
N,=2[2mm, ksT)/ h*]*? (4.45b)

For m. = m,, if Er is closer to the conduction zone, then n > p, whereas if Ef
is closer to the valence zone, then p > n. In thermal equilibrium, the product
n-p is independent of the location of Fermi energy Er. Indeed,

n-p=4[2m ksT/h*- (m.- my)3*-exp [- (Eq/kBT)] (4.46)

The constancy of the concentration (population per unit volume) product is
called the law of mass action. 1t is useful both for pure and doped
semiconductors, for which n = p = n;. From Eqgs. (4.44c¢) and (4.46) we get:

ni=(Ne- N,) > exp [- (Eq/2 kaT)] (4.47)

which is called the intrinsic carrier concentration, leading to a new
presentation of mass action:

np=n? (4.48)

Thus, for 7= 300K in Si: #; = 1.5:10'® [m>]; in GaAs. n; = 1.8:10'? [m™];
in GaN: ;= 1.9 - 10" [m™3]. As for doped semiconductors of n-type, n=Np
and p= n?/Np. This is only if E,>> kT and lies within the bandgap. If it lies
inside the conduction or valence zone, we deal with a degenerate
semiconductor, and approximations (4.44) to (4.46) cannot be used. So, in
the equations 7 - p > n/? or n - p < n/ is valid.

4.6. Generation and Recombination of Electrons
and Holes in Thermal Equilibrium

The thermal excitation of electrons from the valence band into the
conduction band results in electron-hole generation (see Fig. 4.12). Thermal
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equilibrium requires that this generation process be accompanied by a
simultaneous reverse process of de-excitation, which is called electron-hole
recombination. This process occurs when an electron decays from the
conduction zone to fill a hole in the valence zone (see Fig. 4.12). The energy
released by the electron may take the form of an emitted photon. In this case
the process is called radiative recombination. Non-radiative recombination
can occur via a number of independent competing processes, including
transfer of energy to lattice vibrations creating one or more photons or to
another free electron.
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Figure 4.12. Schematic presentation of effects of the generation of electron and
recombination electron with hole.

Non-radiative recombination also takes place at surfaces and
indirectly via traps or defect centers, which are associated with impurities
or defects of the lattice that lie within the forbidden zone. These impurities
or defect states can act as a recombination center if it is capable of trapping
both an electron and a hole, increasing their probability of recombination
(see Fig. 4.13).
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Figure 4.13. Schematic presentation of effects of generation of electron and
recombination electron with hole in existence of traps inside the forbidden zone.

Impurity-assisted recombination can be radiative and non-
radiative. Taking both an electron and a hole for recombination, it
determines the rate of recombination, as the product of the concentration n
and p. Thus:

rate of recombination=r-n-p (4.49)

Here the recombination coefficient » (in cm’/s) depends on the
characteristics of the material, including its composition and defect density,
temperature and doping level.

Electron-Hole Injection. When generation and recombination
rates are in balance, usually called the steady-state regime, we deal with
equilibrium concentration of electrons ny and holes po. If Gy is the rate of
thermal electron-hole generation at a given temperature, and 7 is the rate of
pair recombination, then in thermal equilibrium

Go=7r"no"po (4.50)

The product is approximately the same whether the material is n-type, p-
type or intrinsic (e.g., pure). If now some external (non-thermal) injection
mechanism, such as light falling on the material, occurs, additional pairs of
electron-holes will be generated at a steady rate R (pairs per unit volume per
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unit time). A new steady-state will be reached in which concentrations are:
n=no +An and p= py +Ap. It is clear that An = Ap, since electrons and holes
are created in pairs. Now a new rate of generation and recombination can be
summed up to give:

Go+R=r-n-p (4.51)
Accounting for Eq. (4.50), after straightforward computations we get:
R=r(n-p-no-po)=r-An-(ng+po+An)y=An/1 (4.52)
With
t=[r-(no+po+ An)]"! (4.53)

For the case of (no + po) >> An (the case of insufficient injection) (4.53)
yields

t=[r-(no+ po)] 1 (4.54)

which is called the excess—carrier recombination lifetime [5—14].

For n-type material nop >> poand t ~ 1 / (r - ng), whereas for p-type
material no <<poand T~ 1/ (r - po). However, these formulas are not correct
in the presence of traps that play an important role in the process [1-3].

Now we can describe the physical meaning of electron-hole
recombination lifetime. For this purpose, we will introduce the rate equation
for injected-carrier concentration written in such a manner [3-5, 12—15]:

d(An)/dt=R - An /& (4.55)

In a steady-state regime d(An)/dt = 0, deducing to Eq. (4.52). Now, if the
source of injection is removed at the time #, i.e., R=0, An decays
exponentially with time 7 according to law:

An(f) = An(ty-expi- (¢ - to)/z} (4.56)

In another limiting case of the presence of a strong injection, as follows from
Eq. (4.53), the lifetime of electron-hole recombination 7 itself'is a function
of An.

On the other hand, in steady-state, if the rate R is known, the
steady-state injected concentration can be determined by:
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An=R-1 4.57)

from which one can obtain the total concentration of electrons, n=n¢ + An,
and holes, p=po+ Ap, accounting for An = Ap.

We now introduce the internal quantum efficiency of
semiconductor materials #; which is defined as a ratio of the radiative
electron-hole recombination 7, to the total electron-hole recombination
coefficient », which is a sum of the radiative ». and non-radiative r,,
recombination coefficients, i.e.

ni=r/r=r./(T+ ruw) (4.58)
Equation (4.58) can be written via the recombination lifetimes, 7 and
l/z= 1/t +1/1, (4.59)
So, the total internal quantum efficiency can be easily found as
ni=r./r=0/t)/ () =1/) /(1w =t /(6 + 1) (4.60)

The radiative recombination lifetime determines the rate of photon
absorption and emission, as was explained above, and it depends on the
carrier (electron and photon) concentration and the material parameter 7.
For low to moderate injection rates

7= [r(no+po)] ™! (4.61)

which is in accordance with Eq. (4.54).
The non-radiative recombination lifetime is described by the
similar equation:

T = [Far (M0 + po)] ™! (4.62)

However, this parameter is more sensitive to the centers of defects existing
in the forbidden (depletion) zone, than for the concentration of electrons and
holes in the conduction and valence zones, because non-radiative
recombination takes place via defect centers in the forbidden zone. Typical
values of recombination coefficients and lifetimes are presented in Table 4.1.
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Table 4.1. Two types of recombination and their lifetimes.

Material 7 (cm?/s) T Tur T i

Si 10713 10 ms 100 ns 100ns 1073
GaAs 10710 100 ns 100 ns 50ns 5:10°!
GaN 108 20 ns 0.1 ns 0.1ns 5-107

The radiative lifetime for Si is orders of magnitude longer than its
overall lifetime because of its indirect bandgap. This results in a small
internal quantum efficiency. For GaAs and GaN, having a direct bandgap,
they show larger internal quantum efficiency (5-10"" and 5-107,
respectively).

4.7. Photon Interactions with Semiconducting Materials

Before entering into a description of laser physical aspects, let us
consider briefly the process of emission and absorption that can occur in
semiconducting materials based on the discussions briefly described above
considering the interaction of photons with atoms (see also Refs. [12—17]).

4.7.1 Processes of Emission and Absorption of Light
in Semiconductor Materials

Figure 4.14 illustrates three main processes occurring in laser
semiconductor diodes: a) spontaneous emission, b) absorption, and c)
stimulated emission.
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Ei(Ni)

¢) Stimulated Emission

Figure 4.14. Schematically presented a) spontaneous emission, b) absorption, and
¢) stimulated emission.

Spontaneous Emission. An electron occupying an orbit of energy
level E; within an atom may randomly make the transition to another orbit
of energy E; (Figure 4.14a) by giving up a photon of energy E, = Ej - E; =
hv = hc/A. Each photon produced results from one atom making the
transition from state Ej to E;. Hence, the rate of photon emission is equal to
-dNj/dt which is directly proportional to the density of atoms, N (atoms per
m?), in the energy level Ej, and we can write:

dANj/dt=- AzN, (4.63)

Equation (4.63) represents the instantaneous rate of decline of the
population N of energy level Ej given no other influences. Hence, if we
pump a large number of atoms, Nj, from the ground state up into energy
level Ej and then sharply switch off the pumping source, the population N;
and the spontaneous emission intensity will decay according to Eq. (4.63).
We can readily solve this equation to give N as a function of time as follows:

N;=AN; exp (-4 £) = ANjexp (- t/ 7j;) (4.64)

Equation (4.64) indicates that a population perturbation, in excess of thermal
equilibrium, decays exponentially with a time constant t;; = 1/4;i, which is
referred to as the spontaneous emission lifetime of state j. We now notice
that Eq. (4.64) is correct only for transitions between two specific energy
levels. More generally, spontaneous emission may occur to a number of
energy levels below state j and we have for the rate of spontaneous emission
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the following solution:
Nj =ANj exp (—Ajt) = ANjexp (-t /1) (4.65)

where 4; = X A4, and t;= 1/4; are the cumulative spontaneous emission rate
constants for transitions between states j and »n, and 7; are the cumulative
spontaneous emission time constants for these » transitions, respectively.
We do not consider here additional non-radiative processes occurring in the
lattice due to vibration or collisions.

Absorption. In Fig. 4.14b, photons of energy £, = Ej- Ei=h v =
h - ¢/ 2 may be absorbed by atoms in energy level Ei, which make the
transition to energy level Ej as their electrons move between the
corresponding orbits. Since each transition involves the absorption of one
photon into one atom, the rate of absorption is equal to -dNi/df, and
proportional to the population density of atoms, V;, in energy level £; and to
the photon energy density at frequency v. Hence, we can write:

dNy/dt = By Ni p(v) (4.66)

where p(v) is the photon energy density per unit frequency interval at
frequency » within a broadband radiation field (i.e., p(v)dv is the photon
energy density in the frequency interval » to » + dv) and By is the
proportionality constant for absorption.

Stimulated Emission. In this process, a photon of energy E; - Ei = h
- ¢/ 4, incident on an atom which has an electron in an orbit of energy level
E;, stimulates that electron to make the transition to energy level £; giving
up an additional (to spontaneous emission) photon in the process (Figure
4.14c). Intuitively, the rate of stimulated emission is proportional to the
population, Nj, of the Ej energy level and to the incident photon energy
density per unit frequency interval, p(v), giving

dNy/dt = Bj Ni p(v) (4.67)

where Bji is the proportionality constant for stimulated emission. The
photons resulting from stimulated emission have the same energy
(wavelength and frequency), direction, phase and polarization as the
incident stimulating photons. This process results in the creation of new
photons, which are added to the incident beam. Hence, if stimulated
emission dominates over absorption the incident beam is amplified (the
aspect of amplification in lasers will be discussed in Chapter 6).
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The proportionality constants 4ji, Bj; and Bji, in the rate expressions
for spontaneous emission, absorption, and stimulated emission, are referred
to as the Einstein Coefficients. We will not enter into his theory, based on
the Boltzmann law and on Planck's theory of radiation from a black body as
discussed in Chapter 3, but we will present again the relations between these
coefficients, rewriting them as elements of matrices, that is,

Bijgi:Bjjgj (4.68)
Aji = [87[?23/’11)3 / 03] Bji (4.69)

In Eq. (4.68), the functions g;i (v) and gj(v) are referred to as the lineshape of
the transition and g(v)do is the relative probability that light is absorbed or
emitted by the i-j or j-i transitions, respectively, in the frequency range v to
v +do. We do not enter deeper into this subject because it is out of the scope
of this book; we only will notice that over the full range of possible
frequencies of optical radiation of any material, the probability of emission
or absorption must be unit. This condition, then, allows finding the
distribution of the lineshape function g(v) in the frequency domain both for
absorption, and stimulated and spontaneous emission of light occurring in
any solid material, namely, in semiconductors.

According to that mentioned above, we can present the emission
and absorption via the steady-state nature of each atom of a specific
substance — to be in discrete energy levels that can be listed in order of
ascending discrete values of energy Ej: Ei, Es, E3,..., E,. This means that
each atom of any material or substance has a characteristic set of energy,
called steady-state conditions of the atoms and free electrons inside the
material, as an atomic system, crystal-like or liquid. Under conditions of
thermal equilibrium for temperature 7> 0 K, the number of atoms having
energy E; is related to the number of atoms having energy E; by the
Boltzmann relation [1-9]

Ei/Ej=exp [(Ej— Ei) / kBT] (4.70)
where the Boltzmann's constant equals: k8 = 1.38-102J-K"'. Here, the
energy of transfer of the atom (or corresponding valence electron) from

lower energy level i to higher energy level j (j > i) according to quantum
theory, can be written as :

hvi=Ej - Ei, j>i 4.71)
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Similarly, relation (4.71) states that one quantum of light — a photon, with
energy hv; can be absorbed by the atom, which in consequence has
increased in energy from one of its steady states of the atomic system with
energy E; to another steady-state of the atomic system with energy E;.
Consequently, a photon will be emitted when a downward transition occurs
from Ej to E;, and this photon will have the same frequency v;.

In this context, considering a flux of ¢ photons across unit area per
unit time, we can write an intensity of light radiation by use of the "wave-
corpuscular" dualism and present the light intensity as a stream of photons
[3-8, 16, 17], 1.e.:

I=qghv (4.72)

Similarly, any other quantity defined within the wave context also has its
counterpart in the corpuscular context. So, in our further explanation of
matter, we will use both the wave and the corpuscular (i.e., particle)
representation. If so, Eq. (4.70) to (4.72) state that the light frequencies
emitted in the form of photons or absorbed from photons by atoms fully
characterize each material or substance, crystal-like or liquid under
consideration. When an excited system returns to its lowest state, some
return pathways are more probable than others, and these probabilities,
described by the corresponding statistics, Fermi (for electrons inside atoms)
or Boltzmann (for photons), are also characteristic of the specific atoms or
materials under consideration.

In other words, the light wave, as a continuous electromagnetic
wave, can be regarded as a probability function whose intensity at any point
in space (or within an atom) defines the probability of finding a photon (or
an electron) there. According to this wave-particle dualism, the emission
and/or absorption spectrum of any material can be used for its identification
and to determine the quantity present. These ideas form the substance of the
subjects known as photonics and spectroscopy, which are very extensive
and powerful tools in materials analysis, but outside the scope of our book.

4.8. Physical Principles of Laser Operation

The laser is a very special source or detection-based element, the
discovery of which in 1960 by Maiman [8] gave a push to optical fiber and
wireless optical communication. The word /aser is an acronym for Light
Amplification by Stimulated Emission of Radiation, and we will briefly
describe the processes on which it depends. Further deep analysis of laser
characteristics was carried out by Russian researchers during the sixties of



Basic Principles of Photonics and Laser Operation 103

the last century and their results are fully described in Ref. [2, 4].

As was mentioned in the previous paragraph, a photon could cause
an atomic system to change from one of its steady states to another
according to the process described by (4.71), that is, the change of the
atomic system from a lower to a higher energy state. However, if the system
was already in the higher of the two states when the photon acted, then this
action would cause a transition down to the lower state, still in accordance
with (4.71), but now by changing j on i and i on j (here becomes j <i). This
process is called stimulated emission since the effect is to cause the system
to emit a photon with energy /v corresponding to the energy lost by the
atomic system. Finally, we have two kinds of photons — the acting photon
(as an element of outer light radiation) and the emitted photon (as an element
of light excited by the material as an atomic system) [9—17].

Let us explain stimulated emission by the use of a very simple
scenario illustrated qualitatively in Fig. 4.15. Here the emitted light photon
(denoted by "E") has a wavelength of 550 nm that corresponds to the "green"
visual light spectrum.

Figure 4.15a. Sketch on the process of Figure 4.15b. The avalanche process
stimulated emission of a laser. of photon radiation in lasers.

The emitted photon transfers its energy to the 1st level (of lower
energy) atom or its valence electron, giving rise to its jump into the 3rd level
(of higher energy), which is nonstable [lifetime is #~10"® s]. Then, the
electron fast falls onto the metastable 2nd level with the lifetime of the
electron of about £,~1072 s. This metastable level 2 accumulates many such
atoms (e.g., valence electrons) because #, >> t; (Fig. 4.15a). So, during the
longer period after the fall from metastable level 2 to ground level 1 with
respect to that from the unstable 3rd level to the metastable 2nd level, a lot
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of “red” photons with a wavelength of ~695 nm will be created (from one
to two, from 2 to 4, from 4 to 8, and so on, see Fig. 4.15b).

This process was called stimulated radiation by Einstein and it is
the main process of radiation accompanying the operation of avalanche laser
sources and diodes, based on the avalanche (exponential) growth of photons
stimulated by the laser itself caused by stimulated emission. Finally, we
have laser light.

We must also mention that another process exists when an atomic
system is not in its lowest energy state and is not in a stable equilibrium
condition. If it has not had any interaction with the outer background but is
embedded into a hot environment (even with a room temperature of 290 K
=17 °C), it will eventually fall to its lower state. Thus, an atomic system
with state £; will fall spontaneously to the lower state £; even without the
stimulus of photon energy /v;; in a time which depends on the exact nature
of the equilibrium conditions. The emitted photon that results from this type
of transition is thus said to be due to spontaneous emission [9—15].

To understand quantitatively how a laser works in these two
regimes, spontancous and stimulated, let us consider a simple two-level
atomic system with energies £y and £}, respectively, as shown in Fig. 4.16a.
We also suppose that this two-level system is illuminated by light radiation
at a frequency:

vio=(E1 - Eo)/h (4.73)

Initially, if the system is in thermal equilibrium at temperature 7, the relative
numbers of atoms (or valence electrons) will be, according to [12—
17],

Eo/Er=exp [(E1— Eo) / kBT (4.74)

As follows from (4.74), for E; > Ey, we obtain N, < Ny. This means, if we
assume the probability of transition is the same for two transitions, more
atoms will be raised from the lower to the higher state than vice versa since,
according to (4.66), there are more atoms in the lower state. As the intensity
of radiation is increased (i.e., radiation at frequency vio is steadily increased
from zero), the number of downward spontaneous transitions will increase
as the occupancy of the upper state rises, tending toward the saturation
condition where the occupancies of the two states and the rates of transition
in the two directions are equal. Now we will consider two variants of photon
emission: stimulated and spontaneous, as shown in Fig. 4.14 on the left and
right sides, respectively.
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This process is called the two-level atomic process. In the case of the
spontaneous emission regime, the desired electron from the conductive zone,
the lowest level of the conductive-wedge level of energy £ spontaneously
falls into the valence zone, filling the lowest to the valence-wedge free level
of energy Ey (called the process of electron-hole recombination). This
process is accompanied by the emitting of a photon with energy /vio. When,
conversely, a photon with energy enters into the semiconductor with energy
hvio, it stimulates an electron to enter from the valence zone into the
conductive zone, and after (due to changes of temperature or other
conditions) falls back down, emitting the photon with the same energy /vio
(see Fig. 4.16a). But these are very primitive stages of spontaneous and
stimulated emissions. Often, there are more complicated stages of stimulated-
spontaneous mechanisms of emission observed in semiconducting lasers.

E, (unstable
I , )

fast ——p hvy,

E Y

1 T E; (metastable)

A [

hv20—> ;

]

hv1°—> ] — h\l10 : SIOW s hv10

)

]

¢ v
y

E, Ey

(a) (b)

Figure 4.16. a) two-level atomic system for spontaneous emission description, and
b) three-level atomic system for stimulated emission description (according to

[17]).

Indeed, considering now a three-level atomic system shown in Fig,
4.16b, we have a lowest level Ey, a metastable level £, and an unstable level
E», a simple sketch of which was presented in Fig. 4.15a and explained
qualitatively.

If the three-level system, being initially in thermal equilibrium, is
irradiated with light frequency

vo=(E2- Eo)/h (4.75)
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the effect is to raise a large number of atoms (or valence electrons) from the
level with energy Ej to the level with energy E,. These particles then decay
quickly [because the lifetime at this level ~ 10 s] to the state E; by
spontaneous emission only (since the input light frequency v, does not
correspond to this transition with frequency v»1), and subsequently only
slowly from this metastable long-lived [with ~107% s, see above] return back
to the ground state £y. Owing to this process, a larger number of atoms can
be in state E; than in state Ey. Since this process does not correspond to
Boltzmann distribution (4.70), it is known as an inverted population [2].
Because the process of transition from the ground level to the unstable level
is about a million times shorter than that from unstable to metastable, a lot
of excited atoms (i.¢c., electrons) are accumulated into the metastable level.
After the incidence of the second beam of light on this inverse population at
frequency the effect is described by (4.73)-(4.74).

It produces a downward movement by stimulated emission as it
can excite atoms from £y to E;. Thus, a lot more stimulated photons are
produced than are absorbed by excitations (see also qualitative explanation
shown in Fig. 4.15b). We call this the beam receiving gain from the atomic
system (material or substance). In other words, the light beam is amplified.
The system is said to be pumped by the first beam to provide gain for the
second beam (as shown by Fig. 4.16b). We have the effect of the light
amplification by stimulated emission of radiation, that is, we have obtained
the laser [3—12].

Now putting the desired material system between two parallel
mirrors, we can not only amplify the stimulated photons, but also produce
an oscillator, because as follows from Fig. 4.17a and 4.17b, such
oscillations cover a wide spectrum of frequencies radiated by the laser.
Moreover, there is a difference between laser radiation and visual light.
Thus, the process of radiation by laser occurs with high accuracy and the
phase of all radiated photons fully coincide with each other. Finally, the
resulting laser beam will oscillate strongly (Fig. 4.17b). Such radiation of
the laser is called coherent, and differs from that of visual light, generated
let us say, by a lamp, which consists of a lot of partial short wavelength
oscillations (see Fig. 4.17a).
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RS e

Figure 4.17. a) Radiation of natural light, and b) coherent radiation of laser.

Finally, we have obtained monochromatic (with narrow frequency
band) or polychromatic (with wide frequency band) coherent (with well-
defined phase), and well-collimated light: we have laser light. The features
and operation properties of the laser have been described and are the most
commonly used light sources and detectors usually used in optical
communication. Because, as was outlined in [9-12], most laser sources are
currently constructed by use of semiconducting materials, or crystal-like
materials, we briefly described the physical principles of semiconductor
operation based on the zonal structure of materials described in Chapter 3.
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CHAPTER 5

FUNDAMENTALS OF LIGHT EMITTERS,
OPTICAL DIODES AND DETECTORS

As was mentioned in Chapters 3 and 4, the most commonly used
light sources in optical communication, wired and wireless, as well as in
LIDAR applications, are those based on semiconducting solid materials.
Among them, most attractive for practical applications, are the light
emitting diode (LED), the laser diode (LD), the photodiodes of p-n and p-i-
n types, and the avalanche photodiode (APD) [1-11]. All of them act as
emitted sources (e.g., lasers, see Chapter 4) or receiving detectors, which
have found importance in electronics, rectifiers, logic gates, voltage
regulators, or tuners, and in optoelectronic diodes, as well as in solar cells.
Now we will start to describe the operational parameters and characteristics
of optical sources and detectors, as both sides, the beginning and the final,
terminals of any wired or wireless link, any optical network, and of LIDAR
(see Chapter 1).

5.1. P-N Junction Operation Mode in Semiconductor
Devices

In Chapters 3 and 4, it was shown that the pure semiconductor, where
the amount of electrons prevails with respect to holes, has properties of the
n-type semiconductor, and that, in which the amount of holes prevail, has
properties of the p-type semiconductor. We put a question: what will happen
if we contact both types of pure semiconductor, as shown in Figure 5.1. In
this case, when 7' > 0 K, electrons from the n-type semiconductor will
penetrate to the p-type semiconductor through the junction created between
them. In the same manner, the holes will penetrate from the p-type
semiconductor to the n-type semiconductor via the junction [1-6]. In other
words, the p-n junction is a home-junction between p-type and n-type
semiconductors. Finally, they will create a spatial electrical charge
difference inside a home-junction and, therefore, the inner electric field, as
shown in Figure 5.1.
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The inner electric field regulates the number of electron-hole pairs,
which increases with time, when this process is not compensated by the
inverse process of recombination of electron-hole pairs, as major carriers of
charges. In this case, as was mentioned in Chapters 3 and 4, the condition
of dynamic equilibrium is observed. Of course, the width of this junction is
too thick — around a few micrometers, and in Figure 5.1 it is represented as
wider for a clear understanding of the process. The Fermi energy level Ef,
determined in the previous two chapters, as the maximum energy obtained
by valence electron/hole to pass by the valence zone, and is depicted by the
dashed line in the middle panel of Figure 5.1 and by the dashed line inside
the forbidden zone.

Electron energy

Carrier
concentration
N,

Figure 5.1. P-N junction — schematically presented principle of operation.

Figure 5.2 shows the difference between situations when an outer
source is absent (outer source voltage /= 0) and when it exists with an outer
voltage V> 0, called in literature the biased p-n junction.



Fundamentals of Light Emitters, Optical Diodes and Detectors 111

V>0

Figure 5.2. Difference between p-n semiconductor states without (¥ = 0) and with

(V> 0) outer source.

As is clearly seen from Figure 5.2, for /=0 there is a unified Fermi

energy level Er for the p-semiconductor and the n» semiconductor inside the
p-n junction (denoted in the upper panel of Figure 5.2 by the dashed line).
When the p-n junction is electrically biased with an outer source of voltage
>0, splitting of the corresponding Fermi energy level in two is observed
within the valence zone (with energy Er,) and the conductive zone (with
energy Er,) denoted by dashed curves in the bottom panel of Figure 5.2.

We will now summarize all features regarding p-n junctions

mentioned in Chapter 3 and shown in Figure 5.1 to Figure 5.3. When two
semiconductors, p-type and n-type, are arranged to be in contact, as shown
in Figures. 5.1 to 5.3, the following effects take place:

1.

In the absence of an outer source and in thermal equilibrium,
electrons and holes diffuse from areas with high concentration
towards areas of low concentration (left panel of Figure 5.3).
Electrons diffuse from the n-region to the p-region leaving behind
their movements positively charged ionized donors. In the p-region
the electrons recombine with existing holes, and only near the
boundary of the junction are the rest of the electrons (denoted by
signs “-” in the top-left panel of Figure 5.3). Holes diffuse from the
p-region to the n-region leaving behind their movements
negatively charged ionized acceptors. In the n-region the holes
recombine with existing electrons, and only near the boundary of
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the junction are the rest of the holes (denoted by signs “+” in the
top-left panel of Figure 5.3).

i i i

syl a T P—
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£ ] :\\ - - 1'\\?;‘_"(—
a b \— c

Figure 5.3. a) P-N junction in stationary regime; P-N-junction under outer source

which is: direct with (c) and opposite to (b) the inner electric field.

As a result, a narrow region on both sides of the junction is nearly
depleted, and mobile charged carriers are developed called the
depletion layer or p-n junction. It contains fixed charges (positive
(+e) in n-type semiconductors and negative (-e) in p-type
semiconductors), creating an electric field in this layer directed
from n-type to p-type, as shown at the left-top panel of Figure 5.3.

In thermal equilibrium and in the absence of an outer source, there
is only a single Fermi function for the entire structure, which
describes the transition of electrons or holes from the valence zone
to the conductive zone and vice versa. So the Fermi energy levels
in the p-band and n-band are the same (see dashed line in the top
panel of Figure 5.2, and the left-top panel of Figure 5.3 denoted by
EF).

All the above features of the carrier (electrons and holes) movements are
correct in the absence of an outer source.

4.

When the p-n junction is biased by the outer source, its potential
difference V provides a lower potential energy on the n-side
relative to the p-side (two right panels in Figure 5.3). This field
with the potential difference Vy (called built-in or intrinsic)
obstructs the diffusion of further mobile carriers through the
junction region.

In the case of V>0 net (cumulative) current flows across the p-n
junction and the connecting electric circuit, because these currents
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are associated with drift and partly with the diffusion of both
carriers, electrons and ions.

6. When we put charge “+” in the p-region, and “-” in the n-region,
the outer field has the opposite direction to the inner field (i.e., the
width of p-n junction will decrease) and the increase of a current
through the circuit is observed (see Figure 5.3c). The P-N junction
works as a direct-biased (forward-biased) junction.

7. Conversely, when we put “+” in the n-region, and “-” in the p-
region (Figure 5.3b), the outer and inner fields have the same
direction (i.e., the width of p-n junction will increase), decreasing
total current through the circuit. The P-N junction works as an
opposite-biased (or reverse/inverse —biased) junction.

To illustrate this process by the use of numerical examples let us
consider that the concentration of electrons and holes under a temperature
of T'~290 K is 2.5 - 10'3 particles / cm?®, then their product, p - n = 6.25 -
10%°. Let us consider that after some diffusion of electrons, we obtained in
the junction ~10'¢ electrons / cm?®.

As for holes, their number will be ~ 6.25 - 10?6 /10'° = 6.25 - 10'°
holes / cm? due to the law of working masses [1-4, 11] (see Chapter 4). Due
to the transfer of electrons from the n-region to the p-region the
concentration of electrons is decreased by 10° times [from the beginning
there were 10'¢ electrons in the n-region]. The same process of decreasing
hole concentration will be observed during the transfer of holes in the
opposite direction — from the p-region to the n-region. Continuous decrease
of concentration of carriers, electrons and holes, at the proximity of the
boundary layer (i.e., junction) is shown by the two curves in the bottom
panel of Figure 5.1. According to this figure, at the middle (where the curves
cross each other) both charges are presented in equal concentration, which
according to the law of working masses equal 2.5 - 10'3 particles / cm®.

Thus, the total concentration of particles is 5-10'3 particles / cm?,
that is, (10'¢ / 5-10'%) 200 times less in the junction with respect to each of
them in the n-region and p-region separately (we remember that initially it
was ~ 10'® particles / cm?, see above). So, the p-n junction is a depletion
zone of charges. But, here the process is completely different when
compared with diffusion in gases. Here, entering in the p-region, electrons,
leave in the n-region positive holes. At the same time, holes diffused from
the p-region to the n-region, leave in the p-region electrons with negative
spatial charge. Finally, between these two spatial charges, the inner electric
field is created, as shown in the left panel of Figure 5.3. The more particles
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that diffuse, the stronger this inner electric field. Such diffused carriers in
both directions are called the majority electrons and majority holes.

Let us now consider a more practical case, shown in Figure 5.4,
where such a p-n semiconductor was connected to the electric battery in
such a manner that the “+V” of the electrical source was in contact with the
p-type semiconductor, and its “0” (called the ground voltage) was
connected to the n-type semiconductor. In this case, the outer electric field
will occur and the direction of which (according to the rule of electrostatics)
will be directed from “+V” to “0”, that is, will be directed opposite to the
inner electric field (presented also in Figure 5.1 and Figure 5.3).

£V, 0
1]

[+ -]

T

Electron flow

Haole Mow

Figure 5.4. Processes occurring in P-N-junction introduced in an electrical circuit,
called the biased junction.

As seen from the middle panel of Figure 5.4, the energy of the
prohibited (depletion) zone between the valence and conductive energy
band decreases from e "Ve to e - (Ve —)0), helping electrons more easily
leave the valence band and fill the conductive band, finally, increasing part
of the drift current (compared with inner diffusion) generated along the
biased p-n junction.

Now, if “+V” of the electric source will be put to the n-type
semiconductor and “0” to the p-type semiconductor, both fields, inner and
outer, having the same direction, will increase the width of the junction
region (see also Figure 5.3b, middle panel), leading to decrease of the total
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current through the outer circuit to the minimum. Such a thick inner junction
was called the inverse-biased junction, and the potential energy in the n-
region is increased compared with the p-region.

If, conversely, “+V” of the electric source will be put to the p-type
semiconductor and “0” to the n-type semiconductor (as shown in Figure
5.3c right panel), the outer field has the opposite direction to the inner field,
will decrease the width of the junction region, increasing the possibility of
the major carriers (electrons from the n-region and holes from the p-region)
passing through the junction, and therefore, and finally, leads to increase of
the total current through the outer circuit to the maximum. Such a thick inner
junction was called the forward-biased junction.

So, the p-n junction works as a diode generating minority carriers
inside the junction regulated by an outer electric field, which drift through
the junction: electrons in the direction towards “+” and holes in the direction
towards “-” of the biased electrical circuit. In a thin p-n junction minor
carriers exist, electrons An << n, and holes Ap << p (see the bottom panel
in Figure 5.4), which give impact in their diffusion through the junction,
called minority carriers diffusion, as was mentioned above with the help of
Figure 5.1. In this case, one can find analytically close relations between the
major and minor carriers (electrons (1) and holes (p)) playing the main role
in drift and diffusion processes, respectively.

As was shown in Chapter 4, in the case of equilibrium, when An =
Ap, (see also bottom lines in Figure 5.4) with an increase of temperature the
amount of charged particles, electrons and holes, taking part in through-
diode current creation, are

n=no+Anandp=po+ Ap (5.1)

It should be noticed that usually An = Ap << n¢ + po. As mentioned above,

this allows us to define the p-n diode as

P-N diode works as a device guiding current only in one direction, called
a forward-biased device.

Hence, a p-n junction, operating as a diode, has the following current-

voltage (or volt-ampere) characteristic, called in the literature the Shockley

equation [1-4, 9—11]:

i=is{exp(e" V/kB'T)-1} (5.2)
So, in the forward-biased p-n diode the current of majority carriers gives an

increase of the total (cumulative = drift + diffusion) current by the
exponential factor exp(eV/ ksT). In formula (5.2) is is a minimum current
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that is created by diffusion of minor carriers located inside the depletion
junction in the inverse-biased device (when F'<0). It can be expressed via
the area of p-n junction, 4, and their charge, g = Z, [for electrons and holes
Z=1], number of injected charge carriers, n; number of minor diffused
chargers (electrons) from n-type, N,, number of minor diffused chargers
(holes) from p-type, Np, their lifetime before mutual recombination in p-n
junction, 7, and 7, respectively, as:

is=q-A-n;* [(Dn/tn)"?/ Ny +(Dy /1) / N, | (5.3)
In Eq. (5.3) D, and D, are the coefficients of diffusion of minor electrons
(from n-type) and minor holes (from p-type), which are functions of
mobilities of these minor carriers, u, and u,, and temperature of the
environment, 7 (in Kelvin):

Dy=pn-ks-T/gand D,=pu, ks -T/q (5.4a)

To find N, and N,, we need to give relations between the conductivity of
electrons, g,, and holes, o), and their partial resistivity, p,, and p,, via their
mobilities, £, and x4, that is,

On = 1/pn:q *Mn N,

op=1/pp=q 1y N,
from which we get:

Nu=1/(q ptnpn) and Np=1/(q * pip * pp) (5.4b)

A sketched view of such a p-n diode (a), its electrical scheme (b), and volt-
ampere characteristic (c), are illustrated by Figure 5.5.
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(a) (&) {c)

Figure 5.5. Sketched view of: a) p-n diode, b) electrical scheme, and c) its volt-
ampere characteristics.

The excess carriers - electrons An entering the p-region and holes
Ap entering the n-region, become the majority carriers, which then
recombine with the local majority carriers in the n-region and p-region,
respectively and, finally, concentration decreases in both regions. This
process is known as majority carrier injection. An inverse process of decay
of electron-hole pairs is known as majority carrier extraction.

5.2. Laser Diodes
5.2.1 Light-Emitted Diode (LED)

As follows from the information presented above the simultancous
availability of electrons and holes enhances the flux of emitted photons from
a semiconductor — a light beam.

Definition of LED: The light-emitted diode (LED) is a forward-
biased p-n junction semiconductor with a large radiative recombination rate
arising from injected minority carriers. The semiconductor material is
usually direct-bandgap (see definition in Chapter 4).

The difference between laser diodes (LDs) and LEDs is the
following: in an LED the current density is low, and the light is generated
by spontaneous emission. In laser diodes large current densities supply large
numbers of electrons into the active region conduction band creating a high
electron population and a large number of holes into the valence band
creating empty electron energy levels.

The forward-biased diode, as an electronic device, is characterized
by the photo-generated current, the major carriers of which are forward-
directed through the junction, that is, are usually direct-bandgap. As follows

=T
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from the information presented above the simultaneous availability of
electrons and holes enhances the flux of emitted photons from a
semiconductor. Electrons are the major charge in n-type material, and holes
are the major charge in p-type material, but the generation of copious
amounts of light requires that both electrons and holes would be localized
in the same region of space. This condition can be really achieved in the
junction region of a forward-biased p-n diode described previously in
paragraph 5.1.1.

As we mentioned in Chapter 3, p-n junction electron-hole pairs
strongly recombine with each other emitting light as a stream of photons. In
a steady-state regime, in the absence of outer forces (electric field or outer
light), the velocity of generated electron-hole pairs and combined electron-
hole pairs will be in equilibrium conditions. The process of strong electron-
hole recombination together with spontaneous emission of electrons falling
from the conductive to valence zones, together create a flux of photons, as
shown in Figure 5.6, called in literature electroluminescence.

Electron energy

Pasition

Figure 5.6. Energy band diagram of p-n junction that is strongly forward-biased by
an applied voltage V. Dashed lines represent the Fermi levels, which are separated
as a result of the bias.

Let us return to processes occurring in LED and put a question:
how is light emitted from the p-n junction? As now shown in Figure 5.6, a
forward-directed circuit with input voltage } causes holes from the p-region
and electrons from the n-region to be forced and drift into the common p-n
junction region by the process of minority carrier injection, where they
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recombine (therefore this region is called the depletion region) and emit
photons. So, the simultaneous abundance of electrons and holes within the
junction region results in an injection of light radiation as a stream of
photons due to strong electron-hole recombination [7—11].

A rate of injection of current carriers with charge g = e, i, can be
found as:

R=i/qV [em?-s!] (5.5)

At the same time, under outer light radiation (see Fig. 5.6) p-n
junction of the semiconductor can increase the current inside the outer
electric scheme. So, we can state that LEDs can be used both in photonics
and in photo electronics. Knowledge of quantum efficiency, #i, as a ratio of
the number of photons emitted by carriers to the number of carriers, and a
total current according to Eq. (5.2) allows us to find the flow of light emitted
by an LED, i.e,,

O=pni-i/lg=ni-V'R (5.6a)
Accounting for conditions An = Ap discussed in paragraph 5.1 and
introducing the time the process of carriers injection and the time of mutual
recombination, T = #;' 7,, gives another expression of the photon flux emitted
by LED:

O=pni-An-Vit=An-V/1, (5.6b)

The output power of a LED increases linearly from zero with the applied
drive current (see Figure 5.7).
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Figure 5.7. The optical intensity vs. the drive current for two kinds of signals:
analog and digital.

In a digital modulation scheme (see definitions in Chapter 1) the
device is biased at zero drive current and current pulses representing digital
ones are applied to generate the optical pulses (see Figure 5.7).

For analog modulation (see definitions in Chapter 1), the device is
biased mid-way between zero and the maximum drive. The power/current
characteristic and the simple modulation schemes imply that the biasing and
drive circuitry are straightforward. In addition, the current density in LEDs
is lower than that in lasers.

Mathematically, the linear dependence of optical power of emitted
light by an LED versus the amplitude a: of the light emitted by an LED and
the drive current can be simply presented by the following relation:

P=ai (5.7)

We should also notice that light is generated in semiconductor sources
/lasers as electrons fall from the bottom of the conduction band to the top of
the valence band producing photons with a minimum energy equal to the
bandgap, E,. The electrons occupy a small range of energy levels (states) at
the bottom end of the conduction band and fall to any level in a range of
empty states (holes) at the top end of the valence band. There is thus a small
distribution of photon energies and corresponding wavelengths in the
emitted light.
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The distribution of wavelengths of light generated depends on the
distribution of electron energies in the conduction band and the distribution
of empty states as in the valence band. The number of available states as a
function of energy is defined by the density of states function (Figure 5.8a)
and the distribution of electrons in these states is defined by the Fermi-Dirac
function (Figure 5.8b).
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Figure 5.8. a) The density of states function and b) the Fermi-Dirac function.
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Due to their energy distribution along the narrow optical radiated
bandwidth LEDs are more reliable than laser diodes with less chance of
current-induced heating at defects and eventual destruction. The output
power of LEDs for communications applications ranges from about 25 pW
(-16 dBm) to about 1 mW (0 dBm) with powers around 100uW (-10 dBm)
being typical.

In Chapter 10 it will be shown that the spatial and coherence
properties of the LED emission are poor, and it is a difficult optical problem
to collect the light and focus it down to a small spot size. Hence, for single
mode fiber with its core diameter less than 8 um, the power launching from
a LED is highly inefficient, incurring losses of 20-25 dB. For this reason,
LEDs are only used with multimode fiber applications

5.2.2. Laser Diode (LD)

Laser diodes (LD), have a forward-biased p-n semiconductor
junction with two parallel surfaces that act as reflectors, and therefore,
works as an optical amplifier. Amplification is achieved by use of the
returning ray paths provided by mirrors for optical feedback.

These mirrors are usually implemented by cleaving the
semiconductor material along its crystal planes, as shown in Figure 5.9
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according to [9—11]. The sharp refractive index difference between the
crystal and the surrounding air causes the cleaved surfaces to act as
reflectors. The semiconductor crystal acts both as a gain medium and as an
optical resonator, as illustrated in Figure 5.9, achieving a sufficiently large
gain coefficient. At the same time, the feedback converts the optical
amplifier into an optical oscillator, i.e., into a polychromatic coherent laser.

The laser diode (LD) has many features similar to the light-emitted
diode (LED) because in both devices the source of energy is an electric
current injected into a p-n junction. However, the light emitted from an LED
is generated by spontaneous emission, whereas the light from an LD arises
from stimulated emission (see definitions above).

Cleaved
surface

Cleaved

% surface

Figure 5.9. A sketched view of LD as a forward-directed p-n semiconductor
junction with two parallel cleaved surfaces that act as reflectors (according to

(11D.

There is a principal difference between LED and LD detectors. If
in Figure 5.7 for LED the drive current starts from zero, in an LD detector
the drive current starts from some threshold ity, as shown in Figure 5.10
(rearranged from [9, 10]), after which the same linear dependence of light
power versus the drive current takes place according to the same formula
(5.7), but for i > ity. The process is as follows. As the drive current to a laser
diode increases from zero, light is generated by spontaneous emission until
the current is high enough to achieve a population inversion which provides
sufficient stimulated emission and gain to exceed the loss and tune-on laser
oscillation. The precise point at which the gain exceeds the loss and laser
operation begins is called the threshold and the drive current at this point is



Fundamentals of Light Emitters, Optical Diodes and Detectors 123

known as the threshold current, ity (see Figure 5.10). Below the threshold
the laser operates like an LED and the power increases slowly with
increasing current. Above the threshold the power increases linearly rapidly
with increasing drive current in the region of full laser operation (see Figure
5.10).

Otovat Iooers iy

=

Figure 5.10. Output intensity of optical pulse signal vs. drive current.

Current pulses representing the digital ones are then applied to
generate the optical pulses (see Figure 5.10). The threshold feature causes
an operational problem because the threshold current increases with
temperature.

Physical processes of light emission in LDs depend on the
refractive properties of two-sided mirrors with respect to that of the
semiconducting p-n junction surface. Therefore, the coefficient of reflection
R from two-sided mirrors around the p-n junction depends on the refractive
index of the semiconducting surface, nsc, as:

R= [(nse- 1)/ (nse + 1)]2 (5.8)

It is clear that the reflection coefficient is less than unit because losses exist
due to refraction both in the mirrors, o, and in the semiconductor oy,
respectively. Moreover, for simplification of the subject under discussion,
we assume that for both mirrors the same refraction occurs and therefore,
the same coefficients of losses can be taken into consideration, i.e., G, =
02, and B, = R, = R. In such assumptions, the attenuation parameters of the
mirrors depend on the reflection coefficient defined by (5.8) and the height
of the LD surface, d (see Figure 5.9):
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O = Ot = 02 = In(1/ R) - d'! (5.9)

In this case, laser diodes (LD), working as resonators, emit light with
intensity proportional to:

I~R2-exp(-20,-d) (5.10)

where the total attenuation coefficient, a,, is a sum of attenuation on the p-
n junction surface and on both mirror surfaces, that is,

0= Olge + Ot + Oz = e + In(1/ R) - d! (5.11)

To emit enough light intensity the coefficient of light emission y. (called
amplification) must exceed the total attenuation coefficient, i.e., y. > o, In
the case of y. = o, the total current density, accounting for losses in LD,
equals the total density of current in LD with an absence of losses: Jr = J.
Otherwise, for y. > a,, LD works as a laser amplifier (see details in Chapter
7).

Laser diodes (LD) have a number of advantages with respect to
other types of lasers, such as easy pumping by electric current injection and
easy modulation by electric current injection. However, to maintain the bias
at the threshold and maintain constant pulse amplitude throughout the
operating life of the laser, active temperature control is used. Therefore, the
biasing and drive circuitry for lasers is considerably more complex and
therefore more expensive than for LEDs. Moreover, the broader bandwidths
and lower coherence of LDs (with respect to LEDs) limit their usage in some
applications in optical communication and LIDAR.

5.3. Photodiodes
5.3.1 The p-n Photodiode

As above for photodetectors, photodiode detectors use photo-
generated charge carriers for their operation. A photodiode is a p-n junction
whose reverse-biased current through the junction increases when it absorbs
photons. Such photodiodes are faster than photoconductors, they do not
exhibit gain. The reverse-biased p-n junction under light irradiation is
shown in Figure 5.11 (according to [4, 9, 11]). We will notice again that the
inverse-biased diode, as an electronic device, is characterized by the photo-
generated current, the major carriers of which are inverse directed through
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the junction, that is, are usually inverse-bandgap.

Photons

A —
Electric field £

Figure 5.11. An ideal reverse-directed p-n photodiode irradiated by photons. The
drift and diffusion regions are indicated by 1 and 2, respectively.

Photons are absorbed everywhere inside the p-n semiconductor.
The intensity of light created by the photon stream, within the material at a
depth of say, x can be described by the following exponential function

D(x) = D(0) exp {-oux} (5.12)

where a is the coefficient of photons’ absorbance inside the semiconductor
material. It is a measure of the thickness of material required to absorb the
optical radiation. For example, if x = 2/a, 86% absorption is achieved, and
if x = 3/a, this rises to 95% [4-10].

The absorption of photons generates electron-hole pairs. Only in
the presence of an ambient electric field, denoted in Figure 5.12 by the
arrow, can the charge carriers be transported in the desired direction. Since
only in the depletion layer is the electric field supported, this is a region in
which photocarriers are generated: electrons and holes.

There are three possible locations of electron-hole pairs:

1. In the depletion region (1) , where electrons and holes drift in
opposite directions under the influence of the electric field (see

Figure 5.11), electrons move on the n-side, and holes on the p-side

denoted by dashed lines in the corresponding right and left regions

in Figure 5.12. The resulting reverse current occurs (directed from
the n-region to the p-region). Each carrier creates an electric
current pulse with gain G = 1 in the outer circuit.
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Figure 5.12. Scheme of processes occurring in p-n- photodiode: diffusion of

electrons and holes inside n#-region and p-region, respectively, denoted in Figure
5.11 as region 3, and their drift through the depletion region.

2. Electrons and holes in region 3 (away from region 1) cannot be
transported because of the absence of an electric field (see Figure
5.11). They diffuse randomly until they recombine in the depletion
region 1.

3. Outside the depletion region, but in its vicinity, in region 2 (see
Figure 5.11) electrons and holes have a chance to enter the
depletion layer by random diffusion. An electron from the p-region
and a hole from the n-region are transported across the junction,
contributing charges in the outer circuit. But the process of
diffusion is slower than that for drift. In this case, the additional
carrier diffusion current in the depletion region acts to enhance
quantum efficiency #, which is defined by the following expression
[9, 10]:

n=jpmle D (5.13a)

where j,; is the density of photocurrent passing through the outer circuit, e
the electron charge equaling (e = -1.6 10" C), @ is the flux of photons
entering into the diode working surface. Here we take into account that a
hole has +e charge. In [9, 10], formula (5.13a) is given by the following
expression
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n=ipm-hvle P, (5.13b)

Here P, is the optical power incident on the diode surface of area S; #pn =jpn
-S' is the photocurrent. This leads to the definition of the photodetector
responsivity

R=e-n/hv (5.14)

measured in units of Ampere per Watt (A/W).
Accounting for the physical processes carried out in a
photodetector of width d, the quantum efficiency can be written as

n = (1-R){[1- exp(-ad)] (5.15)

where, more precisely, R is the optical responsivity of the source, { is the
fraction of electron-hole pairs that successfully contribute to the detector
current, a is the absorption coefficient of the material [in (cm)'], and d is
the photodetector depth.

Finally, the photocurrent in the p-n photodetector can be
determined via the responsivity of the diode as:

in=R P, (5.16)

Response Time of Photodiodes. As was discussed above, two times play a
role in the response time of photodiode detectors:

1) The transit time of carriers across the depletion layer (¢ = wq /ve
for electrons and ¢ = wy /v, for holes, where wy is the width of junction, v,
and vj, are velocities of electrons and holes).

2) RC time response.

In photodiodes, there is an additional contribution to the response
time which can occur from diffusion from region 2 to the depletion layer
(see Figures 5.11 and 5.12). But this process is slower than drift.

The maximum times for this process are the carrier lifetime (z, for
electrons in the p-region and 7, for the holes in the n-region). The effect of
diffusion time can be decreased by use of p-i-n diodes, which we will
discuss later. In any way, photodiodes are faster than photoconductive
detectors, since a strong electric field in the depletion layer causes a large
velocity for the generated carriers.

Finally, we will notice that p-n photodetectors can be fabricated
from many pure semiconductor materials [1-7, 11], as well as from
compound or composite semiconductors, such as SiCr, InGaAs, GaAsP, etc.
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They are constructed in such a manner that optical light falls normally to
the p-n junction region, instead of parallel to it, as in LEDs or LDs.

5.3.2 The p-i-n Photodiode

A p-i-n diode is a p-n junction with an intrinsic lightly doped layer
sandwiched between the p-region and n-region (see Figure 5.13). It can
operate under various conditions, direct-biased (or forward-biased) and
inverse-biased electronic devices with two kinds of bandgap arrangement.

Depletion layer
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Figure 5.13. Schematic presentation of a p-i-n photodetector (top panel), energy
distribution in valence and conductive bands with their own Fermi energies £y and
E., (middle panel), carriers density distribution at the wedges of two zones (middle

panel), and electric field distribution inside the thick depletion layer (bottom
panel).

Because the depletion layer extends into each side of a junction by
a distance inversely proportional to the doping concentration, the depletion
layer of the p-i junction penetrates deeply into the p-region. Similarly, the
depletion layer of the i-n junction extends well into the n-region. As a result,
the p-i-n diode can behave like a p-n junction diode, but with a depletion
layer that encompasses the entire intrinsic region, as shown by Figure 5.13.
The electron energy, density of fixed charges, and the electric field in a p-i-
n junction diode in thermal equilibrium, as illustrated in Figure 5.14, differ
with respect to those shown for p-n photodiodes, arising additional charges,
“+” for n-side and “-” for p-side, at the wedges of the valence and
conductive regions, and, therefore, resisting penetration of minor charges,
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into these sides, respectively, for holes and electrons. In this case, a full
current limits to zero at both wedges of the n-side and p-side of a p-i-n

photodiode.

The simple sketch of this process occurring in a p-i-n photodiode
and the electric field distribution versus distance along a p-i-n photodiode
are illustrated in Figure 5.14 (according to [9, 10]).

Electric
field

Distance

Figure 5.14. A scheme of a p-i-n photodiode with the width of the depletion region
W (top panel) and electric field distribution along the p-i-n detector (bottom panel).

This structure serves to extend the width of the region supporting
an electric field, in effect widening the depletion layer. As a detector, the p-
i-n photodiode has a number of advantages over the p-n photodiode:

Increasing the width of the depletion layer with width W
where the generated carriers can be transported by drift,
increases the area available for capturing light.

Increasing the width of the depletion layer increases the
response time of photodiode detectors, which depend on the
transit time of carriers across the depletion layer (Wj/v. for
electrons and W;/v;, for holes, ; is the width of the junction,
ve and v, are velocities of electrons and holes) and on RC time
response inside the outer electrical circuit.

Increasing the width of the depletion region reduces the
junction capacitance, which determines the electrical and
noise parameters of the optical detector, and thereby the RC
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time response inside the outer circuit. But the whole transit
time of carriers (electrons and holes) increases with the width
W of the depletion region.

- Reducing the ratio between the diffusion length and the drift
length of the diode results in a greater proportion of the
generated current being carried by the faster drift process.

In Figure 5.15 (rearranged from [11]), the responsivity R (in A/W)
according to (5.14) of the ideal Si photodiode (with quantum efficiency #
=1) and the typical available Si photodiode are compared. The maximum
responsibility is at a wavelength that is shorter than the bandgap wavelength
Ag (or frequency v, = ¢/4y).
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Figure 5.15. Responsivity R dependence vs. the wavelength of the p-i-n
diode (according to [11]).

This occurs because Si is the indirect-bandgap material. The
photon absorption transitions therefore take place from the valence zone to
conduction-zone states that typically lie above the conduction band edge
(see Figure 5.11, where the process is general for both types of
photodiodes). The p-n and p-i-n detectors have many similar properties and
operational parameters. Namely, a high value of external quantum
efficiency in such kinds of photodetectors, described by (5.13a) or (5.13b),
depends on the following [10]:

- Reducing reflections from the detector surface, achieved by

the use of an antireflection coating.
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- Maximizing absorption within the depletion region, which
depends on device design and requires the width of the
depletion region to range from W ~ 2/a to W ~ 3/a.

- Avoiding the major carrier pairs (electrons and holes)
recombination, achieved through device design based on
minimization of photon absorption outside the depletion
region.

We also should notice that for a p-i-n diode, detector reverse bias
is normally applied so that a wide depletion region is created, and carrier
generation predominantly takes place there. Carriers are swept through by
the drift field with little or no recombination. The generation of electron-
hole pairs outside the depletion region relies upon the process of diffusion
to drive carriers toward the junction and hence contribute to the
photocurrent. In the event that electrons are generated by light radiation
(e.g., by a stream of photons) and holes recombine before reaching the
junction, they do not contribute to the process of total photocurrent. Hence,
carrier generation outside the depletion region can lead to recombination
losses and additional effects on the rise and fall of the operational time of
the diode, influencing the speed and bandwidth of the p-i-n detector.

As was mentioned above, the width of junction W ultimately limits
the transition time for electrons and holes to drift with velocities ve and va
across the depletion layer. Therefore, the frequency band of the detection
that is inversely proportional to the response time can be estimated
according to [4] as follows. For a mean transit time <z>, this frequency band
equals at the 3dB detector level: f|zqs ~ 1/<t>.

Moreover, as was mentioned in [10], the role of a junction that
determines the depth of the depletion layer can be characterized by the
detector capacitance Cp. This parameter, as was mentioned above,
determines the electrical and noise parameters of the optical detector. The
capacitance depends on the depletion zone width W (see Figure 5.14) and
on the semiconductor material permittivity € (see definitions in Chapter 2),
thatis, Cp~¢/W.

For most p-n and p-i-n photodiodes, the total noise, which
influences the forward current of major carriers inside the diode, depends
both on the diode current operated in dark conditions, is (current in the
absence of light radiation), and on the photocurrent of the diode operated in
light conditions, i, (photo-generated current during light radiation). The
photodiode has an i-V (total current i — voltage V) relation given by

i+iptis=1is-exple V/ksT) (5.17a)
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or in the form, written in [10], and depicted on the right-side of Figure 5.15
via the corresponding i-}” dependence:

i=1is-[exp(e V/ksT)-1]—ip (5.17b)

The photo-generated current iy, is proportional to the photon flux @ and is
directed from the n-side to the p-side due to the outer electric field (see
Figure 5.16). Here again, the Boltzmann law for carriers under temperature
T and outer voltage V is available, and the constant kg = 1.38 - 103 J/K is a
Boltzmann constant, introduced after formula (5.2). As illustrated in Figure
5.16 (rearranged from [9—11]), where the generic photodiode and its i-V
relation is presented, this is usual i-V behavior in any p-n and p-i-n
photodiode with an added dark current (when @ = 0) and with a
photocurrent proportional to @; V,; is the voltage needed to increase the
total current exponentially through the photodetector according to (5.11).
As illustrated in Figure 5.16, where a generic photodiode and its i-} relation
is presented, this is the usual -V relation of a p-n junction with an added
photocurrent according to (5.17).
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Figure 5.16. From left to right panel: a scheme of photodiode under light radiation
of flow and its i-V relation: for @ = 0 and for @ > 0.

5.4. Multiplication of Photons — Avalanche Diodes
5.4.1 Multiplication of Photons

Multiplication of photons inside a detector can be achieved by
using an avalanche photodiode (APD) that operates by converting each
detecting photon into a cascade of moving carrier electron-hole pairs. So a
weak light can be converted into a current enough large to be detected by
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an electronic circuit following the APD. The device is configured as a
strongly reverse-biased photodiode in which the junction electric field is
large. The charge carriers can therefore achieve sufficient energy to excite
new carriers by the process of impact ionization. A schematic representation
of a typical electron-hole pair in the depletion region of an APD and the
multiplication process by itself is presented in Figure 5.17. Let us say that a
photon was absorbed by the middle side of the semiconductor (see Figure
5.17), creating an electron-hole pair (electron “-” in conduction band and
hole “+” in valence band). Then, two electrons and two holes are created in
the next position, as shown in Figure 5.16 (according to [9, 10]), in
conductive and valence regions, 3 and 2, respectively. The holes generated
at the previous and the next points also can be accelerated by an outer
electric field, moving toward the right along the x-axis (see Figure 5.16),
having a chance of creating an impact ionization, generating a hole-initiated
electron pair at the next point, and so on.

Eleciron energy

Figure 5.17. The cascade (multiplication) of electrons “-”” and holes “+” passing
the depletion region of a photodiode.

The process of acceleration caused by a strong electric field can be
interrupted by random collisions with the lattice of the semiconductor
crystal, in which electrons lose some obtained energy. This process causes
electrons to reach an average saturation velocity. But, if the electron obtains
energy exceeding the energy E, of the gap (between the valence and
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conductive zones) at any time during the process, it has an opportunity to
generate a second electron-hole pair to impact ionization, presented at the
left-side of the scheme. Then, these two electrons accelerate under the effect
of a strong field, and each of them can be the source for further impact
ionization.

The abilities of electrons and holes to impact ionize are
characterized by the ionization coefficients for electrons, ae, and for holes,
ah, as ionization probabilities per unit length (in cm™). The inverse
coefficients 1/a. and 1/a; represent average distances between consecutive
ionizations. The ionization coefficients increase with the depletion layer
electric field voltage V, providing acceleration, and decrease with increasing
temperature (increasing frequency of collisions with the lattice of
semiconductor material that loses the energy of accelerated carriers). We
will follow a simple explanation, according to which ae and o are constants.
On the other hand, the ionization coefficients depend on position and carrier
positions, in particular their paths inside the photodetector. An important
parameter for characterizing the performance of APD is the ionization ratio,
which is defined as the ratio of the ionization coefficients:

k=an/ ae (5.18)

When holes ionize more weakly than electrons (when o, >> o, k£ <<1)), most
of the ionization is achieved by electrons. The avalanching process goes
principally from left to right (from the p-side to the n-side of the device, see
Figure 5.17, together with Figure 5.18). This process terminates when all
electrons arrive at the n-side of the depletion region.

But if electrons and holes ionize in the same order of strength (k
=1), those holes that move to the left (from the n-side to the p-side) create
electrons that move to the right, which in turn generate further holes moving
to the left, undergoing some circulation. Despite the fact that this process
increases the gain of the device (an increase of total generated charge g in
the outer circuit of the detector per photo-carrier pair, g/e), there are some
drawbacks of this process for several reasons:

- The avalanching process takes time and therefore reduces the

device bandwidth.

- The avalanching process is random and therefore increases the
device noise.

- The avalanching process can be unstable, finally causing
avalanche breakdown.
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It is therefore not effective to fabricate APDs from materials that
use only one type of carrier (either “+” or “-””) to impact ionize. If electrons
are injecting carriers with a, >> a;, then materials where k£ is small are
needed. If holes are major injecting carriers with a. << ay;, then materials
where k is large are needed. An ideal case can be achieved when k=0 or is
infinite.

The photocurrent passing such an avalanche photodiode can be
found via its responsivity R, the corresponding power P, and the
multiplication factor M:

im=M-R-P, (5.19)

The relations between R (determined by Eq. (5.14)) and P, are fully
described by Eq. (5.19).

5.4.2 Avalanche Photodiodes

The same as for any photodiode, the geometry of an avalanche
photodiode (APD) should maximize the photon absorption. Therefore, it
usually takes the form of a p-i-n structure as shown in Fig. 5.13, but with
some modifications as shown in Fig. 5.18 and Figure 5.19.
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Figure 5.18. a) Electric field distribution inside regions, b) charge multiplication
within the n-p region.
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In APDs, two conflicting requirements are taken into account for
their design: the absorption and multiplication regions must be separated
(see Figure 5.18). Structures of this kind are known as separate-absorption-
multiplication APD (SAM APD) devices, as shown by Figure 5.19.
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Figure 5.19. Scheme of SAM APD device.

Electric
field

Photons are absorbed in a large intrinsic or lightly doped region.
The photoelectrons drift across this region under the influence of a moderate
electric field, and then enter a thin multiplication layer with a strong electric
field where avalanching occurs. The reach through APD structure for these
purposes is illustrated in Figure 5.19. Here, photon absorption occurs in the
wide 7 region. Electrons created by photon drift through the region into a
thin p-n+ junction, where they experience a sufficiently strong electric field
to cause avalanching (see the bottom panel in Figure 5.19).

The reverse-bias voltage applied across the device is large enough
for the depletion layer to reach through the p and m regions into the p+
contact layer. So, we obtain a structure of p+ - 7 - p - nt+ APD seen in the
top panel of Figure 5.19. The = region is very lightly doped p-type material.
The p+ and n+ regions are heavily doped. Finally, the p+ region collects
multiplied electrons (“-”"), and the n+ region collects multiplied holes (“+7),
which create a net current in the outer circuit of the device.

On the other hand, the multiplication region should be thin to
minimize the possibility of localized uncontrolled avalanches being
produced by the strong electric field. The electric field uniformity can be
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achieved in a thin region of the depletion layers with enough width W. These
two conflicting requirements are taken into account for an APD design by
separating the absorption and multiplication regions. Structures of these
types of photodiodes, as was mentioned above, are called in the literature
separate-absorption-multiplication APD (SAM APD) devices [7-9, 11].
Let us briefly discuss the main characteristics of LEDs.

Ionization Coefficient. The abilities of electrons and holes to
impact ionize are characterized by the ionization coefficients ae and o, as
ionization probabilities per unit length [cm™']. The inverse coefficients 1/ ae
and 1/ an represent average distances between consecutive ionizations. The
ionization coefficients increase with the depletion layer electric field
providing acceleration, and decrease (deceleration) with increasing
temperature (increasing frequency of collisions with lattice that loses energy
of accelerated carriers). Presenting a simple theory according to which ae
and on are constants, we obtained equation (5.18) for the coefficient of
ionization k.

When holes ionize weaker than electrons (when ae >> an and
k<<1), most of the ionization is achieved by electrons. The avalanching
process is going principally from left to right (from the p-side to the n-side
of the device, see Figures 5.18 and 5.19). This process terminates when all
electrons arrive at the n-side of the depletion region. But if electrons and
holes ionize at the same order of strength (k ~ 1), these holes that move to
the left (from the n-side to the p-side) create electrons that move to the right,
which in turn generate further holes moving to the left, undergoing some
circulation. Despite the fact that this process increases the gain of the device
(an increase of total generated charge in the circuit per photo-carrier pair,
q/e), there are some drawbacks of this process for several reasons which
were mentioned above, but are repeating for more convenience:

- The avalanching process takes time and therefore reduces the device
bandwidth

- The avalanching process is random and therefore increases the device
noise

- The avalanching process can be unstable, causing avalanche
breakdown

As was mentioned above, it is therefore not effective to fabricate
APDs from materials that use only one type of carrier (or “+” or “-”) to
impact ionize.

If electrons are injecting carriers with a. >> a;, then they take
materials with & small. If holes are injecting carriers with o, << a;, then they
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took materials with & large. The ideal case is achieved when &£ = 0 or infinite.

Gain and Responsivity. First of all, we will consider a simple
problem where only one carrier (let us say, the electron) is “work.” In this
ideal single-carrier process, o, =0 and k= 0. Let Jo(x) be the electric current
density carried by electrons at location x as shown in Figure 5.20.
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Figure 5.20. Electron current along the multiplication layer width w.

Within the distance dx, on the average, the current differential can
be written as:

dJ(x) =0 J(x) - dx (5.20)
from which yields
dJ(x)/dx = o, Jo(x). (5.21)
The solution of Eq. (5.21) is
Jo(x) = J0) exp(ate - x) (5.22)

The gain G = J(w) / J(0) is therefore:
G =exp(ae - x). (5.23)

So, the electric current increases exponentially with the product of the
ionization coefficient oe and the multiplication layer width w (see Figure
5.20).

Now, a more general problem of double-carrier multiplication
requires knowledge of both the electron current density J.(x) and hole
current density J,(x). We will assume that only electrons are injected into
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the multiplication region. Since hole ionizations also produce electrons, the
growth of Je(x) is described by a differential equation:

dJo(x)/dx = e "J(x) + oh Jp(x) (5.24)

Response Time. The APDs have additional multiplication time
with respect to other photodiodes, where the total response time is a
superposition of the transit, diffusion and RC time constants. This additional
time is called the avalanche buildup time. The response time for a two-
carrier multiplication APD is illustrated in Figure 5.21, which follows the
process of photoelectrons generated at the edge of the absorption region
(point 1, left panel).

f 1 SRR
Absorption Multiplication
DA reglon region
Haole Electron
W, current f,in current i1}
I * | | : T T
|
3 4 3 3
a 4
g 3 5
L &
o 2 7 7 [y
- |-
£l
W, W,

W, + W,

(4] [

Figure 5.21. a) Schematically presented regions — absorption and multiplication in
APD, b) electrons and holes current distribution in the time domain.

In Figure 5.21a, the position-time relation of the total process of
avalanche for APD is presented. Blue lines represent traces of the electrons,
and the green lines represent holes traces. Electrons move to the right, but
holes move to the left. Electron-hole pairs are produced in the multiplication
region. The process of movements is terminated when carriers reach the
edge of the material. Figure 5.21b presents hole current ix(t) and electron
current 7.(t) induced in an outer circuit. Each carrier pair induces a charge e
in the circuit. The total induced charge ¢, which is an area under the i.(t) +
in(t) versus ¢ vertical axis, is ¢ = Ge.
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As is clearly seen, the electron drifts with a saturation velocity v,
reaching the multiplication region (point 2) after a transit time wy /v.. Within
this region electrons also travel with a velocity v.. Through impact
ionization it creates electron-hole pairs, say at points 3 and 4, generating
additional electron-hole pairs. The holes travel in the opposite direction with
their saturation velocity vy, also creating the impact ionization resulting in
electron-hole pairs as shown, for example, at points 5 and 6, the resulting
carriers can cause impact ionization by themselves.

The process is terminated when the last hole leaves the
multiplication region (point 7) and crosses the drift region to point 8 (see
left panel, Figure 5.21a). The total time 7 required for the entire process
(between points 1 and 8) is the sum of the transit time (from 1 to 2 and from
7 to 8), and the multiplication time =m (see Figure 5.21b), i.c.,

T=Waq Vet Wa Vi + Ty (5.25)

Because the process of multiplication is random, the multiplication time m
is also a random value. In the special case k=0 (only electron multiplication,
o, =0) the maximum value of 7, is clearly seen from Figure 5.21b (middle
panel). And can be obtained as:

T =W Ve T Wi vy (5.26)

For a large gain G, and for 0<k<I, an order of magnitude of the average
value of 7 is obtained by multiplying the first term in (5.25) by the factor
G-k ie.,

=Gk Wy Vet W /lvy (5.27)

In this case, maximum ionization can be achieved by using the material (let
us say, Si) with £ ~ 1. Photons are absorbed in a large intrinsic or lightly
doped region. The photoelectrons drift across this region under the influence
of a moderate electric field, and then enter a thin multiplication layer with a
strong electric field where avalanching occurs.

As for the gain, G, of APDs, its growth with an increase of the
product of the ionization factor e on multiplication layer width w (assuming
pure electron injection) depends on values of the ionization ratio k. Thus,
with an increase of the parameter £ from 0 to 1, one will get a sharper
exponential increase of gain G both for a.w lies from 0 to unit, and even
after aow = 1.
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So, we should find the materials of interest that are closely related
to those purposes by use of p-i-n photodiodes, accounting for the additional
condition that they should have the lowest (for electron injection) or highest
(for hole injection) possible value of ionization ratio k. Silicon APDs have
k = 0.1-0.2, but Si devices with k£ lower than 0.006 can be fabricated,
providing excellent performance in the wavelength region of 700-900 nm
(i.e., visual optic and close infrared spectra).

In GaAs APDs are usually used in telecommunications (in 1300—
1600 nm), having higher values of k and moderate noise electric fields ~10°
V/cm, corresponding to tens of volts across the device, initiate the avalanche
mechanism. As the reverse-bias voltage increases, the gain and dark current
(e.g. noisy current) are also increased. The optimal gains for such materials
are G=10 and typical dark currents are ~10"'" A, which is too small
compared with a photo-induced current.

5.5. Operational Characteristics of Light Photodiodes

As follows from the above, the most common photodetector in
electro-optical applications, fiber optic and/or wireless, is the semiconductor
junction photodiode, which converts optical power to an electric current
called a photocurrent. But now, instead of formula (5.19), we take into
account the gain G of the diode described above. So, we get

im=R G-P, (5.28)

The cutoff wavelength is determined by bandgap energy (i.e., the
depletion zone energy E,, see Chapter 3) and is given by the following
relation:

Jg=124/E, (5.29)

In (5.29), the wavelength is in micrometers (um) and the bandgap energy is
in electron-volts (eV). It is clearly seen that only photons with wavelengths
equal to or smaller than the cutoff wavelength can be detected (i.e., their
energy should be enough to transfer electrons from the valence region to the
conductive region for current generation into the outer electronic circuit
consisting of the photodetector).

According to (5.28), the photodetector acts like a constant current
source. Therefore, the output voltage V' = [ - R; can be increased by
increasing the load resistance R.. However, the receiver bandwidth is not
larger than
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Bo=1/[27" R, CJ] (5.30)

Hence, by the increase of R;, we can decrease the receiver bandwidth (to
become narrowband). In (5.30), C; is a shunt capacitance.

Now, entering into the problems and exercises for homework
presented below, it can be useful to use Table 5.1 (according to [4-6, 9, 11]),
listing the properties of commonly used semiconductors for optical emitters
and diodes construction in electro-optical communication and LIDAR
applications.

Table 5.1. Common semiconductors characteristics.

Material Bandgap (eV) Band  Mobility @300 K Effective Mass Dielectric  Refractive
(cm?/V-s) _  Constant, Index
————  Electrons Holes /gy @hv=E,
Electrons Holes (long/trans) (heavy/light)
C 5.47 Indirect 2,000 2100 1.4/0.36 1.08/0.36 5.7 —
Si 1.124 Indirect 1,450 505 0.92/0.19 0.54/0.15 11.9 35
AIN 6.2 Direct — 14 — — 9.14 2.7
AlP 241 Indirect 60 450 3.61/0.21 0.51/0.21 9.8 —
AlAs 2.15 Indirect 294 — 1.1/0.19 0.41/0.15 10 32
AlSb 1.61 Indirect 200 400 1.8/0.26 0.33/0.12 12 36
GaN 344 Direct 440 130 022 0.96 10.4 —
GaP 227 Indirect 160 135 4.8/0.25 0.67/0.17 11.1 345
GaAs 1.424 Direct 9,200 320 0.063 0.5/0.076 12.4 3.6
GaSb 0.75 Direct 3,750 680 0.0412 0.28/0.05 15.7 38
InN 1.89 Direct 250 — 0.12 0.5/0.17 93 —
InP 134 Direct 5,900 150 0.079 0.56/0.12 12.6 34
InAs 0.353 Direct 33,000 450  0.021 0.35/0.026 15.1 35
InSb 0.17 Direct 77.000 850 0.0136 0.34/0.0158 16.8 42

Moreover, some important graphically presented relations between
parameters and characteristics of semiconductors are presented to be used
in computations below. Thus, Figure 5.22 (according to [4-6]) presents the
coefficient of absorption depending on the energy of photons and on the
wavelength of the corresponding optical ray.
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Figure 5.22. Attenuation versus photon energy for pure and binary semiconductors
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(according to [4-6]).

Figure 5.23 (according to [4-6, 11]) presents the coefficient of
absorption of the common mono-, dual -, and poly-semiconductors
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Figure 5.23. Coefficient of absorption vs. the wavelength of optical wave in
semiconductor materials commonly used in electro-optics (according to [4-6, 11]).

Figure 5.24 (according to [4-6, 11]) presents the coefficient of
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refraction for a composite semiconductor presented in general form
In Ga, As, where the parameter x characterizes the proportion between

pure semiconducting materials, In, Ga, or As, in the composite
semiconductor, and so forth.
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Figure 5.24. Refractive coefficient vs. the photon energy [in eV] inIn Ga,  As
(according to [4-6, 11].

Exercises

Exercise 1.

Given: Binary semiconductor GaAs under the illumination of photon flux
with A=0.75 pm and power density of / = 10 W/cm?. The time of
recombination of electron-hole pairs inside p-n junction 7, = 10 sec. Each
falling photon gives rise to one electron-hole pair, i.e., the quantum
efficiency i = 1.

Find: 1) Generation rate of electron-hole pairs, R;
2) Density of minor carriers (An =Ap) in the p-n junction.

Solution

1) The light flux generating electron-hole pairs in the p-n junction satisfies
formula (5.12), where the coefficient of absorption a presented in exponent
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can be found from Figure 5.22, which presents the difference of the
absorption coefficient versus photon energy (in eV) for pure and binary
semiconductors (see Table 3.3, Chapter 3) for a room temperature of 300 K.

As follows from Figure 5.22, for A = 0.75 um and for GaAs,
crossing straight lines give us o= 2-10* cm™. If so, the rate of electron-hole
pair generation R by photons equals

R=o-®=a-1/hvo=(210*cm3-10 W/ cm?) -
[(1.24 eV/0.75) 1.6 - 107°eV] ' = 5.65:10% [em™ / 5]

2) The density of minor carriers An can be found from equation
d(An)/dt=00orR—An/7,=0
from which we get:

An=R-1,=5.6510% cm?/sec - 10° sec = 5.65-10'* [cm?]

Exercise 2.

Given: Photodiode Si has the following parameters: # = 10'® cm™; 1 = 600
nm;

Un = 1450 cm?/ V-s;  p, = 450 cm?/ V's; n;= 10" ecm?; n=4; V=5 Volt;
A=1um% d=w=2pum.

Find: 1) The current passed the photodetector.
2) The reflection coefficient.

Solution
1) It is known that conductivity of a photodetector depends on the mobilities

of the major carriers, electrons u, from n-type and holes y, from p-type, as
well as their densities, 7 and p, respectively:

o=e (unn+tpp)
Here, from relation n -p = n?, we get:

p=n’/n=10%/10'=10* [cm3 ]
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Because n>>p, we can write:
oc=e i, n=16-10"-1450-10'"=2.32 [S]

Finally, accounting for the Ohm's law i = ¢ - E. and that according to the
relation between field strength £ and voltage V, V= E - d, we get

i=¢-E-A=0-E-V/d="580[uA]

2) The reflection coefficient for Si material coefficient of refraction n=4
equals:

R=[(n-1)/(n+1)]*=(3/5)*=0.36

Exercise 3.

Given: P-N junction of the laser diode (LD) based on GaAs semiconductor
with the following parameters: carriers (electron and hole) diffusion
coefficients: D, = 20 cm? / sec and D, = 15 cm? / sec; the carriers densities
equals respectively: N, =5-10'7 cm™ and N, = 5-10'¢ cm?; the corresponding
life-times equals: 7, = 10® sec and 7, = 107 sec; The bias voltage is V=1
Volt; the area of p-n junction 4 = 1 mm?; the total number of carriers
(electrons and holes) n; = 2-10° cm™.

Find: 1) The total current .

2) The output flux of emitted light;

3) The output power of light flux;

4) The refractive index of the mirror n if the reflection coefficient R
=0.1, and the refraction index of the semiconducting material 7,
=3.66 (for GaAs);

5) The angle of total intrinsic reflection.

Solution

1) The total current can be found by use of formulas (5.2) and (5.3),
that is:

is=e A n2 [(Du /i) | Nu+ Dy /5)2/ Ny 1= 71021 [A]

i=ic{exp (e V/ks T)-1} =7-102" exp (1/0.026) -1}= 0.35 [mA]



Fundamentals of Light Emitters, Optical Diodes and Detectors 147

2) The outer emitted by LD photon flux rate according to (5.6a) equals:
Do =ni"i/e=0.5-i/e=1.09 - 10" [photons/s]

3) The output power of light emitted by LD equals energy of photons and
timing of their flux rate

Pou=Pou - h - v =025 103 [W] = 0.25 [mW]
Here was accounted for 1 eV = 1.6 - 10'°J and for Joule /sec = Watt.

4) Accounting for (5.8), but with n, not equal to unit, as at the boundary of
semiconductor-air, and accounting for reflection coefficient R = 0.1, we get:

R=[(nm —n)/(m+n)]2=0.1
from which for the refractive index n for given index n; = 0.366 we get:
na=n; (1-0.316)/(1+0.316)=0.19
5) The angle of the total intrinsic reflection from mirrors equals

9. =sin"! (n; / ny) =31°

Exercise 4.

Given: The light-emitted diode (LED) with the parameters: x, = 3900 cm?/
V-s; pp = 1300 cm?/ V's; p, = 1 s'cm; p, = 0.3s - cm; 7, = 10%s; 7, = 107 s.
The total number of carriers (electrons and holes) n; = 2:10° cm™; the
forward-biased voltage is V=1 Volt; the area of p-n junction 4 = 1 mm?>. The
temperature is 300K

Find: 1) The current of diffusing minor carriers.
2) The total current of carriers (electrons and holes) at the LED
output.
Solution

1) According to formula (5.3)

is=q A n? [(Dn /)" | Nao+ (D, /1)1 N
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the diffusion coefficients can be found according to formulas (5.4)
Dy =ty ks -T/qg=101.4 [cm?/s]
Dy, =, kg T/qg=33.8 [cm?/s]

Accounting for relations (5.4b) between densities of carriers, N, and N, via
their motilities, L, and u,, and their partial resistivity, p, and p,, we get:

N, = (epu 1) 1= 1.6 10 [cm™]
Ny = (e'pp 1) = 1.6 110 [em~]
Finally, using the above numbers we get:
is=4.1-10"[A]
2) The total current can be found by use of formula (5.2), i.e.,

i=i-{exp (e V/ksgT)-1} =21-10° A =21 [mA]

Exercise 5.

Given: Laser diode (LD) GaAs with absorption coefficient a; = 20 cm™'.
Coefficient of refraction ngaas = 3.6.

Find: 1) The coefficient of reflection.
2) The length of the p-n junction, d.
3) Full coefficient of absorption of semiconducting material and two
similar mirrors with R, = R, = R and a, = 30 cm".
4) Lifetime of the process of recombination of electron-hole pairs.

Solution
1) According to formula (5.8) we get:
R=[(n;—1)/(n;+ D]?*=[(3.6-1)/ (3.6 +1)]2=0.33

2) Since R, = R, = R, we get
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as=0n=In(1/R)/d=-InR/d
which yields:
d=-InR/os=-1n(0.33)/20 =554 [um]
3) The total coefficient of absorption from LD and two similar mirrors is:
o =05+ an=0as+1In(1/R)/d=30+20=50 cm]

4) The total time of the process is inversely proportional to the total
coefficient of absorption and the velocity of photons in a semiconductor v =
¢/ NGaas, ¢ = 3-108m/s, i.e.,

T= (o, V)" =(a " ¢/ ngaas) ' =3.6 /(3:10"cm/s - 50 cm™! = 12-10°"2
sec = 12 ps.

Exercise 6.

Given: Laser diode (LD) with the following parameters: = 1.25 ns, T =300
K, 7:=0.5; AnT=1.25-10"%cm ; & = 600 cm™' . Geometrical parameters of
LD (see Figure 5.9) are: /=2 um, d =20 um, and w = 10 um.

Find: 1) Time of emission.
2) Current density inside the p-n junction.
3) Coefticient of emission (amplification), if the total current of major
and minor carriers equals i = 700 mA.
4) The gain of LD.

Solution
1) Time of emission:
7. = t/n =125-10° sec/0.5=2.5 [ns]
2) The current density inside p-n-junction:
jr=e-l-Ant/n;-1,=3.2-10* [A/ cm?]

The total current density through LD
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j=i/A=i/w-d = 35-10* [A/cm?]
3) The maximum coefficient of emission (amplification):
Yo=a - (j/jr-1)=56.25cm’!
4) The maximum gain of LD

G=exp(yp-d)=3

Exercise 7.
Given: Avalanche photodiode (APD) based on semiconductor Si (silica)
material with wy = 50 pm; wy, = 0.5 um; v.= 107 cm/s; v, = 5 - 10° cm/s; G=
100, £=0.1.
Find: 1) Response times of APD: 7, and 7,
2) Compare the obtained response time with that for a p-i-n diode
with the same parameters.
Solution
1) For APD from Eq. (5.26) we get
T =Wp [Ve+ Wy /vy=5+10=15 ps.
From Eq. (5.25) we get
7=500+ 1000+ 15 = 1515 ps = 1.515 ns.

On the other hand, Eq. (5.27) yields 7, = 60 ps, so that Eq. (5.25) now
provides

7=1565 ps = 1.565 ns.

2) For a p-i-n photodiode with the same values w, = 50 um; v, = 107
cm/s; v, =5 - 10° cm/s, the transit time

T=Waq/Ve t Wy /v, = 1.5 ns,

which is close to 1.515 ns and 1.565 ns. This is because in the silica (Si)
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APD device, the transit time through the multiplicative zone, 7,,, ranges from
15 ps to 60 ps. i.e., is too small with respect to the transit time through the
absorbing zone 7. (1500 ps).

Problems

Problem 1.
Given: APD detector based on poly-semiconductor In, ;Ga,,;As with the

following parameters:
G=20, £=05 A=155um, d=1.75um

Find:
1. What is the detector responsivity R?
2. What is the current in the detector for photon outer flux
®=10"s".
Problem 2.

Given: Optical detector based on composite poly-semiconductor
In,Ga,,As having the following parameters

G=20, £=05 A =1550nm, d=1.75um, @,=10"s"

Find:
1. The detector responsiveness.
2. The flux of photons.
Note: Use for these purposes Figures 5.22 to 5.24.

Problem 3.

Given: Non-semiconductor Si (silicon) with the following photovoltaic

data and its characteristics:
2 2
;m ., =450 i}m , n=10%m>, =05, 7=510"s
- -8

V=5V, A=lu’, d=w=2um

At the first stage, we consider that the silicon is not illuminated.
1. What is the current in the photodetector?

1, =1450
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Now a flux of photons of @ = 2.3-10"s™" illuminates silicon at a
wavelength of 600nm

2. What is the change in the current in the photodetector?

3. What is the ratio of the current with enlightenment to the
current without enlightenment?

4, How can the ratio be improved?

Note: Use for computations Table 5.1.

Problem 4.

Given: A laser based on dual semiconducting material GaAs is presented
at room temperature of 300K. The injected current (electron-hole pairs) is
created at a rate of10”cm™s™' . Concentrating charges in a p-n junction
equals n; = 10'°cm™. The recombination constant, describing the
recombination rate of electro-hole pairs, equals 10" cm’s™ .

Find.
1. Concentration of holes.
2. Time of life of the process of photons creation.
3. Excess in the current carriers, electrons and ions.

Note: Use for computations Table 5.1 and Figures 5.22 to 5.24.

Problem 5.

Given: Avalanche photodiode (APD) based on semiconductor Si (silicon)
material with w, = 35 um; wy = 0.4 pim; ve=5 -107 cm/s; v, = 107 cm/s; G=
50, k=0.3.

Find:
1) Response times of APD: for multiplication range, 7,, and the
total time 7.
2) Compare the obtained time with that for a p-i-n diode with the
same parameters.
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CHAPTER 6

NOISE IN LIGHT EMITTERS AND DIODES

We will start to analyze different types of noise occurring in the
light sources (e.g., lasers) and detectors (e.g., diodes), as the initial and the
later terminals of any optical communication link, wired (e.g., fiber optic)
and wireless (e.g., atmospheric). Noise occurring in fiber optics will be
discussed later.

6.1. Noise in Photodiodes and Light Emitters

As mentioned in [1-7], noise is a fundamental characteristic of all
kinds of photodetectors and optical sources that characterizes the
photoconductive process. Here we briefly introduce the reader to some main
kinds of noise occurring inside each photodiode, working as a source or a
detector, mentioned above, and will describe their main operational
characteristics. Thus, as was shown in Chapter 5, any photodetector is
responsive to photon flux @, and therefore, on optical power P=hv®. This
flux gives rise to a proportional photocurrent 7, = 17°e*® = R"P, where 7 is
quantum efficiency, and R is responsivity of the photodetector. However,
the electric current generated in the device is a random quantity /, whose
value fluctuations, determined as noise, around the average value </>,

. . 2 . 2,172
characterized by a standard deviation o or variance or= [¢(/ - </>))] . For
zero-mean photocurrent fluctuations </> = 0, the standard deviation can be

reduced by use of the root mean square (rms) definition, or = [<I2 >] 2

We will now briefly describe the types of noise that can corrupt the
optical signal data recorded by photodetectors and lead to fading
phenomenon and data bit errors.

Photon Noise. This noise is related to the random arrival of photons
themselves and can be described by Poisson statistics [1-5].

Let us suppose the existence of an assembly of n atoms, and the
probability of any one of them emitting a photon in time 7 is p. Then, the
average number of photons detected in this time would be np, but the actual
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number for » photons will vary statistically around this mean according to
the Poisson law with probability

P = exp(np) 2L 6.1)

For example, the probability of receiving zero photons is exp(- np), and two

photons is exp(- np)*(np) 2y 2!, and so forth.

We can relate np to the mean optical power received by the
detector, Py, for np is just the mean number of photons received in time 7.
Hence

P =™ 6.2)
T

and then the mean of the Poisson distribution, i.e., the mean number of
photons, becomes [1-3]

Pt _ P, (6.3)

np = =
v hv  hvB,

where B,, is the detector bandwidth.
Now we need to measure the spread from this mean, which is
called the variance, which, according to the Poisson law, is equal:

ol =np (6.4)

Finally, we obtain the variance as a measure that gives us the noise of the
optical signal. This noise is usually called quantum noise or photon noise,

the power of which equals:
p 172
o =| tn (6.5)
" B,

Consequently, the signal-to-noise ratio (SNR or S/N) will be [9, 10]

1/2
svR=—tn_ L _[ L (6.6)
Bh N \hvB,

N
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This is an important result since it provides the ultimate limit on the
accuracy with which a light power level can be measured by a laser detector
or photodetector. We should notice that the measurement accuracy

improves as (Pm)l/z, and for lower power, the accuracy will be poor enough.
Correspondingly, if frequency v of photon emission is larger for a given
power, the accuracy becomes worse.

Finally, it must be stated that these conclusions only apply when
the probability of photon emission is small enough. The results obtained

. . . 6
above are no longer valid for intense laser beams of power density w > 10
W/m'. Such light is sometimes said to have non-Poisson statistics [1-6].

Photoelectron Noise. Since in the process of generation of a
photon, an electron-hole pair is random and going with probability 1 — 7, it
is a source of noise, # is quantum efficiency, as introduced above. An
incident photon on a photodetector with quantum efficiency # creates the
electron-hole pair or liberates a photoelectron, with probability # or fails to
do so with probability 1 - 5. The carriers are selected at random from the
photon stream. An incident mean photon flux @ (photons/s) therefore results
in a mean photoelectron flux #® (photoelectrons per second). The number
of photoelectrons 7, detected in the time interval 7 is random

<np>=n<n>=5®71 (6.7)

Assuming, as above, that photons are distributed according to Poisson law,
then the photoelectron-number variance, which describes the electron noise,
is equal < n,;, >, that is,

0'm2:<nph>:11 <n> (6.8)

It is seen that the photoelectron noise differs from the photon noise [compare
(6.8) and (6.4)]. Accounting for the photon noise, as a fundamental noise
when using light to transmit signals through the detector, we can easily
determine the photoelectron SNR as:

SNR =<n,;,>=n<n> (6.9)

The minimum-detectable photoelectron number is < n,, > equals one
photoelectron, corresponding to 1/5 photons. If so, it can be easily shown

that for SNR = 10° (or for SNR = 30 dB) the receiver sensitivity equals 10°
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photons per second or 103/;7 photoelectrons per second.

Generation - Recombination Noise. The generation- recombination
noise arises from fluctuations in the generation and recombination rates of
electron-hole pairs due to the process of photoemission, its spectral density
can be presented according to [4] as

Ny =4e G Ly I[1+4 7 f 2] (6.10)

where 7, is a mean electron-hole recombination time, and fis 3dB-bandwidth
that can be defined as [4]

Shas=1/[27G t;] 6.11)
where ¢ is the detector transit time.

Photocurrent Noise. When induced in a circuit a random
photoelectron stream with mean #@ results in a stream of current pulses
with amplitude a. and time 74 in the outer electric circuit of the
photodetector, which add together to constitute the photocurrent /(f). The
randomness of the photon stream is transformed into a fluctuating electric
current. If, as above, the incident photons are Poisson distributed, these
fluctuations are known as shot noise [4, 5, 11]. Let us consider that the
random number of photoelectrons counted within a characteristic time
interval, T, =1/2f, called the resolution time of the circuit [4], generates a
photocurrent /,(¢), where ¢ is the current time following the interval 7. For
rectangular current pulses of direction 75, the current and the photoelectron
number random variables are related by I, = (a. /T, ) * < ny, >. The
photocurrent mean and variance are therefore given by:

<Lp>=ac <np>/T: (6.12)

and, finally, the noise introduced by a photocurrent inside the detector
equals

0" = (ac/T) om’ (6.13)

where, again, < n,, > =5+ @ - T =5 - @/ B is a mean number of
photoelectrons collected in the resolution time 7, = 1/2B; B is the bandwidth,

and 6, is defined by (6.8).
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Gain Noise. The photocurrent mean and variance for a device with
fixed (deterministic) gain G is determined by the generated pulse ¢ = G -ae.
In this case, the mean photocurrent can be written as:

<Ip>=a."GnP=a.GnP/hv (6.14)
and the corresponding variance is
06 =2a. G<Ly>B=2a. G Bnd (6.15)
The SNR then equals:
SNR=<1;>/Q2'a:G B)y=n"®/2'B=<ny> (6.16)

Now, when G is a random variable, the derivation is more complicated, and
we present here only their modified formula. First, instead of the above
equations, we account for G = <G> and will introduce F as the excess noise
factor:

F=<G>/<G> =1+06 /<G> (6.17)

Finally, we get

SNR=<I>" /06" = <I> /[2a, <G> B F] =
9 ®/QBF)=<ny>/F (6.18)

The difference between formulas (6.16) and (6.18) is the existence in the
denominator of the noise factor F, an increase of which decreases SNR at
the output of the optical detector or source.

Thermal Noise. The thermal noise (called Johnson noise or Nyquist
noise [1-4]), occurring in the outer electric circuit, consisting of any
photodetector or laser emitted source, is the last noise that must be taken
into account, when we discuss the terminal assembled in both ends of a
wired or wireless communication link (see Chapter 1). It arises from the
random motions of mobile carriers in the resistive electrical material at finite
temperature 7 giving rise to a random electric current /(). Even in the
absence of an external electrical power source the thermal electric current
at the bulk resistance of the photoconductor or laser emitted source, R;, is a
random function /(f) whose mean value </(f)> = 0. The Johnson noise
spectral density is directly proportional to the absolute temperature 7 (in
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Kelvin, K) via the Boltzmann constant kz = 1.38 - 1077/ K, and inversely
proportional to the bulk resistance of the photoconductor or laser emitted
source, R, that is,

Nr=4ks'T/R, (6.19)

If we again take into account the Boltzmann statistics according to (5.7) [see

Chapter 5], we immediately obtain the variance of the circuit current, 0,2
(for B << kp'T/h)as

0, =d4ksT B/R (6.20)

It is clear that the thermal noise increases with the temperature 7.

Circuit Noise. Additional noise is observed inside a photodiode
circuit in the form of a random electric current i, of Gaussian probability
distribution with zero-mean and variance ¢,°. Within a time interval 7, the
accumulated charge ¢ = i, T /e (units of electrons) has an RMS value
o4 = 0, " T/e. The parameter oy, called the circuit — noise parameter, depends
on the receiver bandwidth B. The total accumulated charge per bit s = m +
q (units of electrons) is the sum of a Poisson random variable » and
independent Gaussian random variable ¢g. Its mean is the sum of the
averages:

u=<m>=n <> (6.21)

Its variance is the sum of the variances:
2 2
o =<m>+o, (6.22)

For large <m>, the Poisson distribution can be approximated by the

Gaussian one, with mean x4 and variance o (see above). According to this
approximation, which is valid mostly for avalanche photodiode (APD) [see
definition in Chapter 5] of gain <G>, the mean number of photoelectrons
amplified by factor <G>, but with additional noise introduced in the
amplification process, finally, we get for the mean of the total collected
charge per bit s = m + ¢ (units of electrons):

[=<m><G> (6.23a)

& =<m><G> F+a, (6.23b)
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where F is the excess noise factor.

Finally, we should emphasize that the above does not illuminate
special aspects regarding types of semiconducting materials and special
engineering techniques of light diodes and sources design. For precise and
extensive information on light sources and detectors, the reader is referred
to the corresponding works [1-6].

The simplest measure of the quality of any detection and
recording optical device is the signal-to-noise ratio (SNR).

To find the SNR in a noiseless circuit, we should divide the
variance of the total input current by the sum of variances of the constituent
sources of noise written above:

SNR=<I>"/[2'ac *<G>B ‘F+a, ] =
= (@ <G> 5 ®) | [2:ac <G> ® B F+0, ] (6.24)

In the denominator of (6.24), the first term represents photoelectron and gain
noise, the second one represents circuit noise. For the optical detector or
source without gain and having resistance against noise, we can deduce
formula (6.24) introducing in it <G> =1 and F = 1. We notice that in [4], for
characterizing the circuit noise, another parameter was introduced: o, = g, /
2B ‘a.. Accounting now for the relations

<np>=n DT, (6.25a)
and
7,=1/(2'B) (6.25b)

allows us to rewrite (6.24) in more compact form:
2 2 2 2
SNR = (<G> <ny>)/[<G>" " F <np>+a0, | (6.26)

The SNR for an optical receiver described above has a simple interpretation.
The numerator is the square of the mean number of multiplied
photoelectrons detected in the receiver at resolution time 7, = 1/2B. The
denominator is the sum of the variances of the number of photoelectrons and
the number of circuit noise electrons collected in time 7,. For <G>=F =1,
for the noiseless receiver in the absence of gain yields:

SNR = (<np>) / [< 1pn > + 0, ] (6.27)
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As was mentioned in [4], this formula is useful for a resistance limited

optical receiver with a temperature of 7 = 300 K, when o, ~ B /100
(bandwidth B in Hz).
Now, we will introduce the circuit noise parameter at room

temperature 7 = 300 K, the gain noise o, = o, / 2B-e, which for a resistance
limited optical receiver can be simplified as (for B in Hz): g, ~ 8"/ 100.

Again, if B=100 MHz (T = 300 K), then g, ~100. For B ranging from 100
MHz to 2 GHz, g, typically ~500, provided that the corresponding transistors
have optimal biased conditions between the resistivity and transistor.

As follows from a general formula (6.24), SNR depends on all photo-
electrical processes occurring in optical sources and detectors, namely on
the photon flux and quantum efficiency of excited photons, on the type of
receiver and photo emitter, LED or avalanche (APD), and amplifier (see
Chapters 5). For practical applications in optical communication and optical
radars (LIDAR), designers mostly deal with the dependence of SNR on the
bandwidth of the optical device. For example, for a resonance resistor,
SNR~1/B, whereas for an amplifying receiver with bipolar transistor,

SNR~(B + S'Bz)_l, and for an amplifying receiver with forward-emitted

transistor (FET), SNR~(B + S'B3)-1, where s is a constant defined
empirically. These relations are illustrated in Figure 6.1 for all three kinds
of receivers (according to [4]).

SNR

Figure 6.1. A plot of SNR vs. bandwidth B in logarithmic scale for three types of
receivers (according to [4]).

The SNR always decreases with increasing B. For sufficiently

small bandwidths, all three receivers exhibit an SNR that varies as B_l. For
large bandwidths, the SNR of the FET and bipolar transistor-amplifier
receivers declines more sharply with bandwidth with respect to the resistor-
limited receiver.
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Finally, we should emphasize that the above has not illuminated
special aspects regarding types of semiconducting materials. For precise and
extensive information on light sources and detectors, the reader is referred
to the corresponding works [1-7].

6.2. Noise in Optical Receivers

Noise inside Photodetector. In photodetectors, the noise arises
from two kinds of noise: Johnson noise associated with the thermal noise
from the bulk resistance of the photodiode slab described above by (6.8) and
generation-recombination noise described above by (6.10).

Noise inside Optical Receivers. As was mentioned in Chapters 1
and 5, the optical receiver comprises the photodiode, a bias circuit, forward
or inverse, a preamplifier and filtering. It can be depicted by the
corresponding equivalent electronic circuit, as shown in Figure 6.2
(according to [5]). This equivalent circuit is similar for a p-i-n diode,
avalanche photodiode (APD), and photoconductor-biased receivers (see
definitions in Chapter 5).

-
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Figure 6.2. Equivalent electronic circuit of an optical receiver: photodiode (input)
and preamplifier (output) (according to [5]).

Now we will summarize these types of noise for most detectors by
representing such kinds of noise via the corresponding shunt noise current
generators and the series noise voltage generators, as shown in Figure 6.2.

Figure 6.2 depicts, in addition to the equivalent noise current
photodetector, i, also the equivalent noise current generators, i,q, and, i,
and the equivalent noise voltage generators, e,q, and, e, the equivalent
noise current generator for the detector and preamplifier, respectively. The
photodetector noise was discussed above.
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1. Thus, for a p-i-n photodetector the noise current spectral
density:

Sind >IB=2¢" (I+2'Ip+ L) (6.28a)

and the noise voltage spectral density:

<en>/B=4ks T B/R, (6.28b)

2. For avalanche photodiode the noise current spectral density:

<ind >/ B="2¢(I+2Ip+ L) M -F(M) (6.292)

and the noise voltage spectral density:

<ew>/B=4ks T B/R, (6.29b)

3. For photoconductor the noise current spectral density:
2 2 2
<ing>/B=4ksg T B/R,+4e L, G/(1+4mn f2 ‘. ) (6.30)

Here, as above, 7T is the temperature (in Kelvin), k3 is the Boltzmann
constant defined from the beginning, B is the rate of signals inside the
receiver, G is the gain of the detector, M is the parameter of multiplication
of the avalanche diode called the average gain (see Chapter 5), F(M) is the
excess noise factor [this parameter depends on material and junction
characteristics via the ionization coefficient, and the nature of electron and
hole injection, see Chapter 5], R, is the photoconductive resistance of
photodetector, 7. is a mean lifetime of major carriers (see Chapter 5), and R
is the bulk resistance of photoconductor or laser emitted source.

As for an amplifier, the corresponding equivalent -circuit
representation was proposed in [5, 6] and is presented in Figure 6.3, where
Rr denotes the feedback resistance.
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Figure 6.3. Circuit representation of preamplifier with feedback resistor
Rr and amplifier gain 4 (according to [5, 6]).

The amplifier gain 4 shown in Figure 6.3 relates to the receiver
bandwidth B as:

A=21BCrRr (6.31)

where Cr is the total capacitance of the receiver, and Rr is the feedback
resistor depicted in Figure 6.3.

The SNR of a digital receiver with preamplifier described by the
equivalent circuit shown in Fig. 6.3, can be expressed in the following form

[6]:
SNR=M R-P/[(Si+4ks TIR) Ko B+<I.'>]  (6.32)

In this expression, S; refers to the noise current spectral density for the
detector, the second term describes the thermal noise associated with the

bias resistor R;. Here also <IC2> represents the noise contribution from the
preamplifier, which can be related to the noise current generation #,, and the
noise voltage generation e,, (see Figure 6.2).

The quantity K> is a dimensionless parameter and denotes a noise
integral defined in such a way that, at a data rate B, the product K»'B
represents the effective receiver noise bandwidth.

2 .. . . . .

As for <[.>, it is described in many works, which will not be
repeated here. Instead, we give its form containing the dominant noise term
for the case of a preamplifier, which was evaluated in [7]:

<I’>=2el, Ky B+2e 1.-2C) B Kyl gn  (6.33)
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The noise integral parameter, K3, which depends on the input pulse shapes
at the receiver, was described and evaluated in [7], and refers to the basic
and collector /. current by bipolar transistors, respectively, and is the trans-
conductance of the field-effect-transistor (FET) of GaAs semiconductor
(see Table 5.1 in Chapter 5), which is usually used for the fabrication of
bipolar transistors.

Now, following [5], we can present the noise current spectral
density and the noise voltage spectral density for the noise generators i,, and
ena, respectively, depicted in Figure 6.2 for a preamplifier, that is:

<in >IB=2-¢" I (6.34)
and

<en>/B=(4ks T T/ gn)/(1-fi/f) (6.35)

In (6.34), the FET of GaAs gate leakage noise is described by means of short
noise of the leakage current /. The channel thermal noise in (6.35) is
described by use of the FET trans-conductance g, as well as the empirical
factor /" close to unity for GaAs FET semiconductor [5]. In the denominator
of (6.35) the second term ~ 1/f relates to the FET channel noise, which is
characterized by a corner frequency f; in the receiver spectrum [5].
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CHAPTER 7

OPTICAL AMPLIFIERS

7.1. Principles of Optical Amplification

Given the photon material interaction processes described above in
Chapter 4, it is obvious that only stimulated emission can lead to optical
amplification. In the system depicted by Figure 7.1, stimulated emission
competes with absorption to determine whether the incident beam is
amplified or attenuated. Spontaneous emission results in background light
emitted randomly into a 4n-steroidal sphere, a proportion of which reaches
the detector as background noise. So, simulated emission gives an impact in
terms of noise and does not play a positive role in optical signals with data
amplification and transmission along the link [1-6].

Pu PUII

——
—

LIGHT BEAM
EP=E j-E i=|lC/ _)\P

s —

Material having energy levels E; & E; with
population N; & N, respectively

Figure 7.1. Interaction of light beam with any material-filled body.

As was shown in Chapter 4, to achieve amplification, the rate of
stimulated emission must be greater than the rate of absorption, i.e., BjiV; >
B;iN;, which generally means that N; > N;. This situation (N; > ;) is referred
to as a population inversion since at thermal equilibrium, the populations
are highest for lower order states as defined by the Boltzmann distribution.
For example, the relative population, Ni/V;, at 295 K = 22 °C of two states
differing in energy equivalent to the photon energy of light at A = 1 um is
6.0 - 102 Joule (assuming gj = gi, see Chapter 4). Hence, at thermal



Optical Amplifiers 167

equilibrium absorption completely dominates and the beam is attenuated.

Let us first consider the process of stimulated emission in a slab of
material of thickness Az in the body of the gain medium (see Figure 7.2,
according to [6-8]).

b=~z —|=— -2z
e f—-‘

Gain

Medium
=m-_—=—e=—= = ="—‘——________-
1
Figure 7.2. Stimulated emission in the slab filled by the gain medium (according to
[6-8]).

Using the rate equations obtained in Chapter 4, we can derive
expressions in terms of the population densities of the states involved and
the incident light intensity.

7.2. Amplification with Small Signal Gain

The photon energy density in the slab is p,(z) and the incident light
intensity is 1, (z) (where p.(z) =, (z)'n/c, see Chapter 5). Applying (4.4) and
(4.5) presented in Chapter 4, the rate of reduction of the number of atoms in
energy level E; due to stimulated emission in the slab is [6-8]:

(dNydt) -A-Az =B;i- N; - 1,(z) - (n/c) - g(v) -4 - Az (7.1)

Each transition adds a photon of energy /v to the beam. Hence, we simply
multiply by /v to get an expression for the incremental power, AP, added to
the beam by stimulated emission in the slab, and divide by the cross-
sectional area to get the incremental intensity, Aly(z) [6-8]:

Aly(z)=-(dNydt) - h -v - Az = Bji - N; - I,(z) - (n/c) - g(v) - h - v- Az
(7.2)

Similarly, each absorption transition from state i to state j annihilates a
photon from the beam and by analogy we can derive the incremental
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reduction in intensity, - Aly(z), due to absorption as [6-8]:
Aly(z)=(dN;/df) - h v Az=Bi; - Ni- I, (z) - (n/c) - g(v) - h - v Az (7.3)

In addition, we must consider the contribution of spontaneous emission
from the atoms of the slab to the total radiation field. Since spontaneous
emission is random and omnidirectional, only a fraction of the light emitted
by any element of the slab is collected at the detector, that fraction being
‘Q/4n, where Q is the solid angle subtended by the detector at the plane of
the slab.

Hence, the incremental intensity provided by the slab to the
detected beam from spontaneous emission is:

Aly(z) = (ANy/df) - (U4m) -h v - Az=Aji - Ny (U4m) -h-v-Az  (7.4)

In the formulation of Eq. (7.4), it is assumed that spontaneous emission
contributes over the entire line shape function of the atomic transition. If a
narrow band filter is used in front of the detector to reduce the level of
spontaneous emission, then we must multiply (7.4) by g(v)-Av, where Ao is
the linewidth of the filter (see Chapters 4 and 5).

The total contribution of the slab to the signal intensity is simply
the summation of the incremental intensities contributed by stimulated and
spontaneous emission minus the absorbed intensity. Hence, the rate of
change of intensity with distance z through the gain medium is given by:

(dI,/dz) = (h - vlc) - g(v) - n- [Byi - Ni - Bij - Ni |- Iz) + Aji - Ny (V4n) - h - v
(7.5)

The second term at the end of the right side of Eq. (7.5) is the contribution
of spontaneous emission to the collected signal. It is basically a source of
noise. Neglecting the noise term and using the relationship (5.7a), obtained
in Chapter 5, between the Einstein coefficients and the Max Plank’s law (see
Chapter 3), we obtain the most widely used expression to describe the
process of amplification/attenuation arising from the competing processes
of stimulated emission and absorption, respectively:

(dL/dz) = {4 g(v) -(ualn)? / 87 - [N - Nilg2/g)1} 1(2) = yo(v) - 1(2)
(7.6)

Equation (7.6) is only valid for 7,(0) sufficiently small to ensure negligible
perturbation of Nj and M. For this reason, yo(v) is referred to as the small
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signal gain coefficient, which is frequency-dependent through the lineshape
function g(v). Clearly the condition for amplification is that the term [ -
Ni(g»/g1)], referred to as the population inversion, is greater than 0, i.e., N; >
Ni(g2/g).

Integrating Eq. (7.6) over coordinate of slab z, the intensity as a
function of z for an input signal of /,(0) can be obtained [6, 7]:

1,(z) =1,(0)-exp{yo(v) - 2} (7.7)
For a gain medium of length /, Eq. (7.7) becomes
1(1) = Go(v) -1,(0) (7.8)

where Go(v) = exp{vo(v) - I} is the overall gain and yo(v) is the small signal
gain of the amplifier of length /, respectively. In decibels, the overall gain
of the amplifier can be presented as:

G(dB) = 10log Go(v) = 10log[exp (yo(v) - 1)] = 4.34- yo(v) - I (7.9)

Equation (7.9) shows that the small signal gain (in dB) of an optical
amplifier increases linearly with the gain coefficient and the pump power.
Indeed, the increase in the pump power leads to an increase in the population
of the upper gain state linearly, as well as to an increase of the population
inversion and the gain coefficient.

7.3. Pumping Mechanism in Optical Amplifiers

As follows from previous discussions and from Eq. (7.9), at weak
pump powers, the population inversion is insufficient to provide gain and
the signal is attenuated by an amount depending on the population of the
lower gain state.

With an increase of the pump power, the population inversion and
stimulated emission increase. At the same time, the attenuation decreases,
and the system becomes transparent. Beyond the point of transparency (the
gain threshold), the gain (in dB) increases linearly with pump power
according to Eq. (7.9). It must be noted that the approach presented in the
previous section only applies under weak pumping conditions for which we
can assume insignificant depletion of the ground state.

For strong pumping, the ground state becomes severely depleted, and further
increases in pump power result in minimal improvements to the gain and
the output power. Let us briefly consider the process of pumping accounting



170 Chapter 7

for the fact that under thermal equilibrium, the condition of most of the
atoms of any solid material is in the ground state and the relative populations
of the higher allowed states are given by the Boltzmann distribution (see
Figure 7.3).

Ground Eq
state N

Figure 7.3. Distribution of energy levels of atoms according to Boltzmann’s law.

In most semiconducting materials, laser and amplifier gain are
pumped optically. In this process, atoms in the ground state (ground state
energy level E,, see Figure 7.3) of the material are raised to a higher energy
level (E;) by the absorption of photons of energy, E; — Ey, supplied from an
external light source. If only two energy levels were involved in the process,
then the population of the upper state would increase until the rates of
absorption and stimulated emission of pump photons were equal. Hence, a
population inversion cannot be created by pumping from the ground state
in an only two-level system!

Most optical amplifiers and lasers are based on either a three- or a
four-level gain medium and pumping system. Figure 7.4, shows the
simplified energy level diagram and pumping scheme for a typical three-
level system.
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Figure 7.4. Three-level pumping system occurring in optical amplifiers (according
to [6, 7]).

Atoms are pumped by photons of energy, E» — Ey, from the ground
state to some higher energy level, E,, from where they make rapid
transitions into energy level £;. Provided that the rate of decay of the atomic
population in the £ level is slow relative to the pumping rate (i.e., the £;
level is metastable), the population of £ will increase to exceed that of the
ground state, thus creating a population inversion. Light of a wavelength
satisfying the relationship Epnoton = E1 - Eo = h-c/Jp can then be amplified by
this gain medium.

The rates of pumping and decay of the various populations are also
indicated in Figure 7.4, where R is the rate (dV2/dfpump]) at which atoms are
being pumped into state E> from the ground state as a result of absorption
of the pump light. Since the transition rate, N2/, to state E; is very rapid
(721 1s short), R; is also the pumping rate (dN,/d#pump)) of the upper lasing
level, E.

Figure 7.5 presents a four-level pumping system, where ground
state atoms are pumped by photons of energy E3 - Eo, to energy level 3
from where they rapidly make the transition to the metastable state, £>. Due
to the long lifetime / slow decay of the atomic population in the metastable
E, level, its population builds up, creating an inversion relative to level £,
and providing amplification of light of A satisfying the relationship Epnoton =
Ez - El = h'C//lp.
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Figure 7.5. Four-level pumping system occurring in optical amplifiers (according
to [6, 7]).

In efficient gain media, the £ level is sufficiently higher than the
ground state. In addition, its transition rate to the ground state is usually very
fast to ensure that its population remains negligible under high rates of
emission from the E, level. Here again, the pump and decay rates are
indicated on the energy level diagram. Rj is the pump rate of level Es; and
the upper lasing level, Es, since the transition rate, N3/73,, is rapid. In the
absence of stimulated emission, the population of the metastable £ level
decays slowly by spontaneous emission to £; and to the ground state at the
rates No/t21 and No/too, respectively. The decay rate of the £ population,
Ni/t19, is very rapid, thus maintaining low N

In the analysis of small signal gain presented above following [6,
7], it is obviously assumed that the population inversion is constant,
remaining unperturbed by the low levels of stimulated emission arising from
amplification of a weak input signal. As the signal strength increases, the
stimulated emission process begins to significantly reduce the population
inversion and the gain decreases, a phenomenon referred to as gain
saturation.

To analyze large signal gain and gain saturation, we must consider
the coupled rate equations for all of the transitions which influence the
populations of the two energy levels involved in the amplification process.
The analysis and results are different for three- and four-level pumping
systems (see Figures 7.4 and 7.5) was carried out in Ref. [6] and we do not
enter into the precise analysis illuminated there. We will only emphasize
that knowledge of stimulated emission cross-section, os, allows us to find a
large signal gain of the amplifier y(v) via intensity /v and times of relaxation
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71 and 1, respectively. Thus, for four-level pumping the optical amplifier
yields:

Y©)=y(®) [l +(t1+12-71- 12/ 721) (OsE * Lo/ hv)] ! (7.10)

For homogeneously broadened gain material (see definition in
Chapter 5) under intense radiation at any wavelength under the gain curve,
the high level of stimulated emission simply depletes the population of the
upper state and the entire gain curve diminishes but maintains its shape (see
Figure 7.6). This means that the gain for all wavelengths under the gain
curve is reduced uniformly.

Gain

Ar Wavelength

Figure 7.6. A typical gain curve under small signal conditions (solid line) and
under internal radiation at Ar for homogeneously broadened transition (dashed
lines).

For gain media with inhomogeneously broadened transitions (see
definition in Chapter 5) under intense radiation, the population of the upper
state only decreases for that group of atoms with a homogeneous lineshape
that overlaps the radiation wavelength. Hence, the gain is only diminished
in a narrow range of wavelengths (the homogeneously broadened linewidth
for these atoms) around the radiation wavelength (see Figure 7.7).



174 Chapter 7

Gain

A r Wavelength

Fig. 7.7. The same, as in Fig. 7.6, but for inhomogeneously broadened transition.

This phenomenon is referred to as spectral hole burning. The gain
for wavelengths under the gain curve but out with this region is unaffected.

7.4. Noise in Optical Amplifiers

As was mentioned in Chapter 5 and above, the amplified
spontaneous emission (ASE), is a random process and when mixed with the
signal on the detector, it is a source of noise. Noise associated with the ASE
is the limiting factor in determining the ultimate signal-to-noise ratio in any
system using optical amplifiers [4], particularly in long haul periodically
amplified systems using EDF, in which the ASE accumulates through the
system (see discussions on EDFA below).

Let us consider the spontaneous emission from a cylindrical gain
medium of cross-sectional area 4 and length / (see Figure 7.8, rearranged
from [6, 7]). A cross-sectional slab of material of infinitesimal thickness, dz,
will spontaneously emit a total power 421N>-g(v)-do-hv-A-dz in the frequency
range v to v + do.
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Figure 7.8. Schematically sketched spontancously emitted light falling at the
detector under angle dQ (rearranged from [6, 7]).

Generally, we are only concerned with power emitted through the
end face of the cylinder and confined within a given solid angle, dQ2. The
solid angle dQ may be the angle subtended at the center of the cylinder by
a remote receiver, as shown in Figure 7.8. Alternatively, if the gain medium
is in the form of a waveguide as in optical fiber amplifiers, dQ2 can be
associated with the numerical aperture of the guide, i.e., dQ = z4%/4.

dPASE:Azl'Nz'g(l))'dl)'hl) - A-dz-dQ /Ax (711)
For small dQ power emitted spontaneously from a slab at position z along
the length of the cylinder / will be amplified by the remaining gain medium
of length /-z by a factor el - ? before it leaves the exit face. Hence, the ASE
power, in the frequency interval do, emerging from the cylinder end face is
the summation of the contributions from each slab of thickness dz and can
be found after integration of (7.11) over z, which yields:
Pusp=[G-1]-421-N>g(v) hv - A-dQ-do / (y-4r) (7.12)

where, as above, G is the total gain of the amplifier given as G = exp (y*)).

Accounting for well-known signal gain after spontaneous emission and the
cross-section of such an emission, given, respectively, by

Y(v) = ose(v) - [N2- Ni - (g2/ g1)] (7.13)
ose(0) = A21-g(v) “(Mo/n)* / 8n (7.14)

and substituting them in (7.12), we finally get:
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Puse =2 [G-11-hv - A- n>dQ-do / Ao (7.15)

where u=N,/[N,- N - (22/g1)] which is known as the population inversion
factor. The term A-n*dQ / A* characterizes the geometry of the light
emission and collection system relative to the wavelength. To minimize the
ASE traveling with the beam to the detector, one can place an aperture stop
at the output facet with a radius, a, equal to the beam radius. If so, the output
beam diverges by diffraction at a half angle, 6, given by:

0=N/mna (7.16)
For small angles 6, this corresponds to a solid angle, Q in
Quin=mnsin?=m 0= (ho/mna)=~r/n*A (7.17)

For small angles and assuming transmission through a linear polarizer, the
minimum ASE power incident on the receiver with the signal is obtained by
substituting Qs for dQ in (7.15) and dividing by 2 to give:

PASE:},L'[G—I]'}ZZ) 'dU:pASE 'dl) (718)

where p4se =[G - 1]h-v is the spectral power density of the ASE contained
within the amplified signal beam and reaching the detector via a linear
polarizer. Here, we showed the resulting expression of the ASE power for a
single linear polarization state, because only the £-field components in the
ASE, which are polarized parallel with the signal £-field result in nonzero
beat terms. For non-polarized ASE power, the right-hand side of (7.18) is
simply doubled.

Hence, the ASE power per frequency interval do propagating in
the fiber optic channel with the signal, polarized in the same direction as
the signal and inseparable from it, is fully described by (7.18).

At the output of an optical amplifier, the total optical power, Pk,
incident on a receiver is thus the summation of the received signal power,
Ps, and the total ASE power, p4se°Bo, which has accumulated from the
amplifier:

Pr=Ps+puse- B, (719)

where B, is the optical bandwidth of the system or of an optical filter placed
in front of the receiver.
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The presence of the ASE gives rise to additional optical noise at
the receiver output, over and above the signal shot noise current. The ASE
has its own shot noise, and it beats both with itself and the signal in the
square law detector to generate ASE-ASE beat noise and signal (S) -ASE
beat noise. These optical noise components must be considered in addition
to the intrinsic noise of the receiver, which is usually dominated by thermal
noise from the load resistance.

Noise is characterized by the variance of the current fluctuations,
which is equivalent to the mean square current fluctuations <i> >. The noise
sources discussed above are uncorrelated and the total variance of the
receiver current fluctuation, oy, is simply the sum of the variances
associated with each noise source, i.€.:

ON=0s t Ouse + Os.ase T OusE-asE (7.20)

where the terms on the right are, in order of appearance, the mean square
current fluctuations (the current variance) associated with thermal noise in
the receiver, signal shot noise, ASE shot noise, S-ASE beat noise and ASE-
ASE beat noise. The optical noise terms are given by the following
expressions:

os=2e Is‘Bc=2e'R' Ps-B. =2¢:R- G*Py ‘B, (7.21a)

G5z =2e- Lisg -Be=2¢"R- Pysg - Be (7.21b)

Os.ase =4 R* G- By * pase - Be=4-R?- G- Py * PaseB¢ (7.21¢)
Cusp-ase = R* - pase® - Bo - B = 2-R?- Pase®¢ « Pasg® (7.21d)

Here e is the electronic charge, R is the photodiode responsivity (R = ng/hv,
n being the quantum efficiency, defined in Chapter 5), B. is the receiver
bandwidth, B, is the optical bandwidth, /s and /asg are the photodetector
currents arising from the signal and ASE, respectively; Py is the signal input
power to the amplifier, Ps is the received signal power and P4se® = nasg-Bo
and P4se® = nasg*B. are the single polarization ASE powers in the optical
and electrical (receiver) bandwidths respectively.

Clearly from (7.21a) to (7.21d) for any significant level of gain, G,
and input signal, Py, the S-ASE beat noise and/or the ASE-ASE beat noise
terms represent the largest optical contributions to the total noise. In most
applications of optical amplifiers, one or other or both of these noise
components limits the overall performance of any system.
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Signal-to-Noise Ratio. As was mentioned in Chapter 6, for most
applications the received signal-to-noise ratio, SNRoy, at the output of an
optical amplifier is:

SNRouwt = (R* G- Po)*/ [4-R* G- Po - PASE® + 2-R?- PasEB¢ - PaseB ]
(7.22)

For some applications, particularly for low signal levels and when the
amplifier is not in saturation, the ASE-ASE beat noise becomes important
and dominant, and we can neglect the first term in the denominator.
Conversely, in many other practical applications the amplifiers have
significant output signal levels and operate at or near saturation, implying
that we can neglect the second term. In such cases, the received SNR is
given by:

SNRow = (R- G- P)? /| [4-R* G- Py » Pase®]= (G- Po) / (4 Pase®™)  (7.23)

Generally speaking, our suggestions are realistic, because the shot noise and
thermal noise influence shown in a system (7.21) were proven
experimentally, their expressions are well known, and their derivations may
be found in most textbooks on optical communications. The two beat noise
terms in a system (7.21) are more particular to systems using optical
amplifiers and are less familiar. Nevertheless, we present SNR via these two
terms, accounting for ASE-ASE beat noise, as it is described by (7.22).

Noise Figure. Often it is convenient to characterize the noise and
SNR of optically amplified systems using a parameter known as the
amplifier noise figure, NF. Usually, NF is defined as the ratio of the optical
SNR at the amplifier input to the optical SNR at the output, as detected by
a receiver whose intrinsic noise level (thermal noise) is less than the optical
noise in both cases. The optical noise at the input is simply the signal shot
noise and the SNR (using (7.21a) and R = e/hv, n =1) is given by:

SNRouw = (R Po)?/[2e'R- Py * Bo]l=Po/ (2h-v'Be) (7.24)
Using (7.23), the NF is given by
NF = SNRou ! SNRin =2 Pase® /(G- h-v*Be) (7.25)

Substituting in (7.23) P = yasg'Be and using (7.18) by assuming gain
G>>1, we get
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NF=2u (7.26)

This implies that the minimum possible noise figure (NF) is 2 (3dB) is for
an ideal amplifier having a complete population inversion (i.e., Ny =0, 4 =
1). That is, even for an ideal amplifier, the output SNR is degraded by 3dB
relative to the input SNR. Typically, in practice, amplifiers operate with a
noise factor greater than 3dB, and it can be as high as 7-8 dB. If the NF is
known under the conditions at which the amplifier is operated, then we can
use it to calculate the output SNR. Applying (7.24) and (7.25), SNRyy in
terms of the noise figure is:

SNRou = Po/ (2h-v-Be-NF) (7.27)

From measurements of the total ASE power and the ASE spectrum (see
Figure 7.9) we can readily calculate P% (i.e., the ASE power within the
receiver bandwidth).

Noise Figure (NF). In many systems the ASE-ASE beat noise is
significant and must be included in the measurements of noise figure and
expressions for SNR, presented by (7.22) and by the following expression:

NF =2 PASE®¢ /(G- h-v-B.) + Pase® Pase® /(G2 h'v'Be) (7.28)
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Figure 7.9. ASE power spectrum showing the ASE falling within the bandwidth of
the receiver; Be; P5¢ is integral of the ASE spectrum over the shaded area.
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Hence, measurement of the total ASE power, plus the ASE
spectrum and the gain allow the noise figure (NVF) to be calculated.

7.5. Erbium Doped Fiber Amplifier (EDFA)
7.5.1. Structure and Principle of Operation of EDFA

The main goal of researchers in the late nineteen eighties was to
find the preferred wavelength for long optical communications systems,
starting with 1550 nm for the construction of semiconductor optical
amplifiers at 1550 nm. Spectroscopic studies had shown that erbium atoms
may be suitable as an active 3 level species for optical amplification at 1550
nm. Figure 7.10 shows a partial energy level diagram for erbium atoms
doped into a glass host. Regarding fiber optic communication links we will
discus in Chapter 10.

QT

Tin

9530nm

1480nm 1550r30nm

R TP V

Figure 7.10. Energy level diagram and pumping scheme for erbium doped silica
glass — a three-level system giving gain at 1550 + 30 nm (according to [6, 7]).

Three-level systems (see definition above) with the ground state as
the lower gain state require very strong pumping to achieve a population
inversion and the erbium doped glass system is further impaired by the
inability to achieve high doping concentrations, implying the need for long
lengths of material to achieve significant gain. The broad band of levels
denoted “I13 are metastable with long spontaneous emission lifetimes in the
region of a few milliseconds and transitions to the ground state produce
photons in the wavelength range 1520-1580 nm, providing the possibility
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of optical amplification centered on 1550 nm.

As follows from the discrete zone diagram depicted in Figure 7.10,
the population of the *I;3, levels could be pumped by irradiation at 980 nm
or 1480 nm. Photons at 980 nm are absorbed by ground state atoms which
make the transition to energy level *I;1». Further non-radiative transitions
from the *I,1» level to the *1;3 level are very rapid and the population of the
1132 metastable levels builds up.

Alternatively, irradiation by 1480nm light allows direct pumping
into the upper levels of the *I;3» band with rapid transitions to the lower,
long-lived levels allowing this pumping scheme to operate as a three-level
system.

The structure of a typical EDFA is shown in Figure 7.11, according
to [6, 7]. Erbium ions are the active gain species which, when doped into
silica glass form a useful 3-level gain medium.

Erbium
Dopad
Fibre
9801550nm
WDM
Isolator
Signal Input Signal Output

Figure 7.11. Schematic diagram of EDFA (according to [6, 7])..

As was shown in Fig. 7.10, depicted following [6, 7], pumping at
980 nm or 1480 nm results in a population inversion between an
intermediate state and the ground state providing gain in a band of
wavelengths from 1520 to 1580 nm. In single mode fiber form, the high
intensity and strong confinement of the pump and signal light creates an
extremely efficient amplifier offering gains in excess of 40 dB for modest
pump power, gain efficiencies in the region of 2—10 dB per mW of pump,
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saturated output powers in excess of 100 mW and low noise figure (NF)
down to <4 dB. With such performance EDFAs are finding widespread use
in fiber optic systems.

Finally, EDFAs, based on an all fiber structure, are readily spliced
into optical fiber systems to provide in-line gains of up to 40 dB or greater
with the added advantages of low power consumption and high reliability.
In addition, they offer the benefits of bit rate transparency and wavelength
transparency over a 30nm range, leading to high bit rate operation, and the
possibility of simultaneous multiple wavelength amplification for
wavelength division multiplexing [3-5]. However, EDFAs provide only
signal amplification without regeneration of the pulse shape or its width.

With such advantages and suitably few disadvantages, EDFAs are
replacing optoelectronic repeaters as the in-line signal conditioning
elements in communications systems, and they have found numerous
applications as power amplifiers and receiver pre-amplifiers in many other
fields of fiber optics.

7.5.2 Gain Characteristics of EDFA

We start to briefly discuss some of the principles and equations
directly required in the following study. For small signals of insufficient
intensity to significantly perturb the population of the upper gain state, the
gain in intensity per unit length (d/,/dz) at a given distance z along a
uniformly pumped amplifier is given by (7.6), where the term in the brackets
is the population inversion, /,(z) is the intensity at z defined by expression
(7.7), and y,(v) is referred to as the small signal gain coefficient given by
formula the following formula:

Yo(0) = 0s6(v) - [N;—= Nj(gi/ g)] (7.29)

Here osz was defined above as a constant referred to as the stimulated
emission cross-section determined by expression (7.14). As for intensity,
defined by (7.7), it can be described via the overall gain of the EDFA
amplifier of the length / via an input intensity 7,(0) as [6, 7]:

1,()) = Go(v) - 1,(0) (7.30)

where
Go(v) = exp{yo(v) - [}
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or in decibels, the overall gain of the EDFA will be expressed by the same
formula, as formula (7.9), which we present again for the readers’
convenience:

G(dB) = 10log Go(v) = 10log[exp (yo(v) - [)] =4.34 yo(v) - (7.31)

7.5.3 Noise Characteristics of EDFA

Often it is convenient to characterize the noise and SNR of EDFA
as usually presented above for optically amplified systems using a parameter
known as the amplifier noise figure, NF as the ratio of the optical SNR at
the EDFA input to the optical SNR at the output, detected by a receiver
whose intrinsic noise level (thermal noise) is less than the optical noise in
both cases. The optical noise at the input is simply the signal shot noise and
the SNR is given by expression (7.24), which we repeat for the readers’
convenience:

SNRou = (R Po)2 / [2¢-R- Po - B]= Py / (2h-0-B) (7.32)

where we have used the substitution R = e/Av (we have assumed a quantum
efficiency #=1, see details in Chapter 5). Repeating the ratio (7.25), we
present the noise figure by [6. 7]:

NF = SNRouw/ SNRin =2+ Pase® /(G- h-v-Bo) (7.33)

Substituting (7.21b) for P4sz and assuming significant gain, G>>1, gives the
same expression for EDFA, as generally was obtained above, that is,

NF=2p (7.34)

This gives us that the minimum possible NF is 2 (3dB) for an ideal amplifier
having a complete population inversion (i.e., N1 = 0, u = 1). That is, even
for an ideal amplifier, the output SNR is degraded by 3dB relative to the
input SNR. Typically, in practice, EDF-amplifiers operate with a noise
factor greater than 3dB, and it can be as high as 7-8 dB.

Following initial data (see Figures 7.10 and 7.11), it was quickly
found that EDFAs were highly compatible with 1550nm fiber optic
telecommunications systems and that their potential performance could
significantly enhance such kinds of fiber systems, namely using fiber optic
systems by providing high gain, excellent reliability, and low power
consumption.
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In addition, they proved to be bit rate transparent and wavelength
transparent (within their optical bandwidth), implying that system capacities
could be increased by increasing the bit rate capabilities of terminal
equipment or by introducing wavelength division multiplexing (WDM) (see
[3-5] and bibliography therein). EDFAs have thus found numerous
applications, turning previously attenuation limited systems into much
higher performance dispersion limited systems. The operational
characteristics of EDFA are shown in Table 7.1, according to [6, 7]:

Table 7.1. Main Characteristics of EDFA.

Input power 2mW EDFA Gain 26dB

Signal bandwidth 2.5GHz Required SNR 288

Fibre attenuation 0.26dB/km Distance 640km
Optical Bandwidth 2.0nm Receiver responsivity | 0.65mA/mW
Receiver sensitivity -25dBm

Of course, EDFAs provide only gain but do not reshape the
signals, which spread and degrade by dispersion. However, assembled with
the dispersion shifted and dispersion compensating fiber, the dispersion
limits have been extended dramatically even to transoceanic distances. For
these reasons EDFAs were developed from proof of principle to fully
engineered products for deployment under the ocean.

Exercises

On the basis of a specific Erbium Doped Fiber Amplifier (EDFA), we will
show, as examples, how to compute each of its characteristics, described by
system of equations (7.21)~(7.22).

Exercise 1.

Given: The optical bandwidth of the optical amplifier is B, which is defined
by an optical band pass filter centered on the signal of frequency vo; the
optical gain G and the amplifier with spontancous emission (ASE, see
definition above) are uniform over that bandwidth. ASE is described by a
summation of sinusoidal electric field components of infinitesimally small
bandwidth Jv and ranging in frequency from Q, - Bo/2 to Q, + Bo/2.
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Find: The beat noise current main terms.
Solution

The ASE spectral power density pase(v) transmitted through a linear
polarizer is given by [7]:

pase0)=h-v-p (G- 1) (IE)
The total ASE power in a single linear polarization state is
Pask (Bo) = pase(v) “Bo (2E)

Given that the optical power is proportional to the time averaged electric
field amplitude squared, i.e.

<P>=c-gy-<E>=c-g E*2 (3E)

In Eq. (3E), c is the speed of light and ¢ is the vacuum permittivity. Finally,
the narrow band sinusoidal field components associated with the ASE may
be written:

+8 125w [ 2!) 5V
Eg@®= D, [TF— cosl(@, +27kV)t + ¢, ]
k=—B,/25v -\l 80
(4E-1)
Denoting now M = By / 20v, yields

[2GP & 02 9
E. (f)= | £ _cos(w 1)+ Z |M_COS[(E’GO + 2mko V)t + ¢, ]
W‘l ce k:-‘uxl C&,

(4E-2)

The photo current, i(f), generated in the detector of responsivity R by
incident power, Pi,, can be found as [7]

i(t) = RB, = Reg,(Er, (1)) (SE)

where the brackets denote time averaging over the optical frequencies.



186 Chapter 7

Substituting (4E2) into (SE) yields:

.Y
i(f)= RGP, + 4R Z A/GP, p 6V cos(m,1).cos[(@, + 2akSV)E + ¢, ] (6E)
k=—M

+M =
+ ZR;)_{SE(SV{ Zcos[(mﬂ + 27kEVIE+ ¢, ]]

E=—M

So, a general expression was found consisting of three terms on the right-
hand side of (6E): the signal noise, the signal (S)-ASE beat noise, and the
ASE-ASE beat noise.

Exercise 2.

Given: The same, as above, optical ASE with bandwidth B,, and with the
optical gain G. The electric field of ASE is ranging in frequency from Q, -
Bo/2 t0 ' Q, + By/2 over infinitesimally small bandwidth Jv.

Find: The signal-ASE beat noise current.
Solution

The second term in Eq. (6E) gives the signal-ASE beat noise current. By use
of the trigonometrical identity 2cosA-cosB, we can rewrite the second term
obtaining a series of sum and difference frequency terms proportional to
(200 + 2k-w-6v). The sum frequencies can be filtered out by low passband
of the optical receiver allowing us to present the second term in Eq. (6E) in
the following form:

M
iy e (t)=2R Z_\.-'Ga;3_{ﬂﬁv_cos(23k5w+ @)1 (7E)

k=— M

For each frequency, 2k-z-dv, there are two contributions of random relative
phase, one from each ASE component symmetrical in frequency space
about the signal frequency, wo. Now, as was given from beginning, the ASE
spectrum is uniformly distributed over the bandwidth, B,, then the power
spectrum of the beat noise is also will be uniform over the frequency interval
Q- B,/2.

To obtain the mean square noise current, associated with each
frequency component, square each of the components of (7E), take the time
average and multiply by 2 (to account for the 2 components symmetrical on
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either side of the signal frequency), which yields
<5455 (V)>=4R* G- Py * pasg OV (8E)

Finally, the mean square noise current density is:
Os-asE = < i2s.asp (V)> = 4R?- G- Py * pase (9E)

Hence, the total mean square noise current within the electronic bandwidth,
Be., of the detector can be written

OS.ASE = 4.R2. G'PO * PASE Bo — 4.R2. G'PO 'PASEBe:
=42y G- Py u+ (G-1) * Be
(10E)
where P55 is the single polarization ASE power within the receiver
bandwidth and # is the quantum efficiency of the optical detector in the
receiver.

Exercise 3.

Given: The same, as above, optical ASE with bandwidth B,, and with the
optical gain G. The electric field of ASE ranges in frequency from Q, - B/2
to Q, + Bo/2 over infinitesimally small bandwidth ov.

Find: The ASE-ASE beat noise current.
Solution

The third term in Eq. (6E) represents the ASE-ASE beat noise current and
can be written, according to Ref. [7], as

2

[P ZR;)ASE(SV[ Ji!:cos[(m!J + 27k )+ gﬁk]] (11E)
[ T}

+M

A +M
= ZR;)ASE(5V|: Z cos ;. Z cosﬁj}
=M

k=1
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For simplification of expression (11E), here the total phases for harmonics
of electric field with numbers j and £ is given as:

B, = (o, + 27koV)i + @, (12E)
,{i‘j. =(m, +2gov)i + @,

Using the standard trigonometric identity for 2cosA-cosB, we rewrite Eq.
(11E) as:

i (0= 2RV 3 S ECOS@‘@)%“"M*@’] (13E)

B=—M =M

Squaring and time averaging, following straightforward computations as
carried out in [7], it can be easily found that each component at frequency
Jv gives its contribution to the mean square noise current and for (2M - 1)
components at frequency Jo, the mean square noise current density close to
DC current

it = Rp V2 M = u(G—1)eB, (14E)

and finally can be presented as

2 P ]
Pz = (e ase () = 4R P v.2M -1 (I5E)

For B,>> dv, accounting that M = By / 2dv, and assuming a detector quantum
efficiency # =1, Eq. (15E) finally becomes:

_p2. 2 —".p2 B B
OusE-4SE = R* - p°ase* Bo - Be =2'R** Pusg” * Pase’o

=2-¢ 4 (G-1)2 - B~ By (16E)

Here, as above, Puse® and Pys:Po are the single polarization ASE powers
within the optical and receiver bandwidth, respectively.

So, we finally found all terms of beat noise current occurring in the EDFA
presented in the system (7.21a-d) and in expression (7.22).
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CHAPTER 8

TYPES OF SIGNALS IN OPTICS

In optical wire (e.g. fiber optic) or wireless (e. g. atmospheric)
links, the same kinds of signal are formed and transmitted, as in similar radio
wire and wireless communication channels. They are continuous and
discrete (e.g., pulses). Therefore, the same mathematical tool can be used
for the description of such kinds of signals, radio and optical. Let us briefly
present a mathematical description of both types of signals — continuous
wave (CW) and pulses. In communications, wired and wireless, there are
other definitions of these kinds of signals that researchers have used
regarding their presentation in the frequency domain. Thus, if we deal with
a continuous signal in the time domain, let us say, x(¢) = A(¢)coswt that

occupies a wide time range along the time axis, its Fourier transform F[x(7)]
converts this signal into a narrowband signal, that is, F[x(?)]=)(f), which
occupies a very narrow frequency band in the frequency domain.
Conversely, if we deal initially with a pulse signal in the time domain that
occupies a very narrow time range along the time axis, its Fourier transform
Flx(#)] converts this signal into a wideband signal, that is, F[x(¢)]=X(f),
which occupies a wide frequency band in the frequency domain. Therefore,
in the terminology usually used in communication systems and LIDAR
design, the continuous signals and the pulses are often called the
narrowband and wideband, respectively. In our description below we will
follow both terminologies where the usage of different definitions is more
suitable.

8.1. Narrowband or Continuous Wave Optical Signals

A voice modulated continuous wave (CW) signal occupies a very
narrow bandwidth surrounding the carrier frequency s of the signal (e.g.,

the carrier), which can be expressed as:

x(1) = A(t)cos 27 f.t + §(1)] (8.1)
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where A(t) is the signal envelope (i.e., slowly-varied amplitude) and ¢(?) is

its signal phase. Since all information in the signal is contained within the
phase and envelope-time variations, an alternative form of a bandpass signal
x(?) is introduced [1, 4-10]:

y(6) = A exp{ jh(1)} (82)

which is also called the complex baseband representation of x(7). By
comparing (8.1) and (8.2), we can see that the relation between the bandpass
and the complex baseband signals are related by:

x(t)=Re[ y(t)exp(j27ft)] (8.3)

Relations between these two representations of the narrowband signal in the
frequency domain are shown schematically in Figure 8.1.

)
Af Af
-fe ° +fe =
Real Bandpass Real Bandpass
Signal Signal
f
O Imaginary Part
Real Part
£
- f
Complex Baseband
Signal

Figure 8.1. Comparison between baseband and bandpass signals.

One can see that the complex baseband signal is a frequency shifted
version of the bandpass signal with the same spectral shape but centered on
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a zero-frequency instead of the . [6-10]. Here, X(f) and Y{/) are the Fourier

transform of x(¢) and y(¢), respectively and can be presented in the following
manner [1-3, 12—-14]:

Y(f)= _[ y(n)e' ™ dt =Re[Y()]+ jIm[Y (/)] (8.4)
and

X(f)= [ x(e ™ dt =Re[ X (f)]+ /Im[ X (/)] (8.5)

—0

Substituting for x(#) in integral (8.5) from (8.3) gives
X(f)= | Re[ y()e”" " dt (8.6)

Taking into account that the real part of any arbitrary complex variable w
can be presented as

Re[w] = %[w—i— w*]

where w' is the complex conjugate, we can rewrite (8.5) in the following
form:

©

X(H) = [y 4y (e |- (8.7

—0

After comparing expressions (8.4) and (8.7), we get

XN =5 [V =S¥ 1= £)] (8.8)

In other words, the spectrum of the real bandpass signal x(f) can be
represented by the real part of that for the complex baseband signal y(¢) with
a shift of + f along the frequency axis. It is clear that the baseband signal

has its frequency content centered on the “zero” frequency value.
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Now we notice that the mean power of the baseband signal y(7)
gives the same result as the mean-square value of the real bandpass signal
x(2), that is,

ol ‘
(p.0)- <|y2 ) <y(t>2y DI, o

The complex envelope y(f) of the received narrowband signal can be
expressed according to (8.2) and (8.3), within the multipath wireless
channel, as a sum of phases of N baseband individual multiray components
arriving at the detector with their corresponding time delay, z,, i=0,1,2,...,

N-1[6-10].
(1) =Z“f(f) =ZAi(t)eXp[j¢,-(tJi)] (8.10)

If we assume that during the subscriber movements through the local area
of service, the amplitude 4, time variations are small enough, whereas

phases ¢ vary greatly due to changes in propagation distance between the

source and the desired detector, then there are great random oscillations of
the total signal y(¢) at the detector during its movement over a small
distance. Since y(#) is the phase sum in (8.10) of the individual multipath
components, the instantaneous phases of the multipath components result in
large fluctuations, that is, fast fading, in the CW signal. The average
received power for such a signal over a local area of service can be presented
according to [1, 4-10] as:

(P )= Z(42)+ 25 3 (4, oos[ 4,9, ])

i=0 i, j#i (8.11)

8.2. Wideband or Impulse Optical Signals

The typical wideband or impulse signal passing through the
multipath communication channel is shown schematically in Figure 8.2a
following [4-10].
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(2)

1 23 4 5 6 7 8 9 1011 1, s

Figure 8.2: (a) A typical impulse signal passing through a multipath
communication channel; (b) The use of bins, as vectors, for the impulse signal with
spreading.

If we divide the time-delay axis into equal segments, usually called
bins, then there will be a number of received signals in the form of vectors
or delta functions. Each bin corresponds to a different path whose time of
arrival is within the bin duration, as depicted in Figure 8.2b. In this case, the
time-varying discrete-time impulse response can be expressed as:

h(t,7)= {Z A(t,7) exp[—j27rfl,r,. (t)]5(2' -, (t))}exp[—j¢(t, r)] (8.12)

If the channel impulse response is assumed to be time-invariant, or is at least
stationary over a short-time interval or over a small-scale displacement of
the detector or source, then the impulse response (8.12) reduces to

h(t,r)ng,.(T)exp[—jHi]ﬁ(z'—ri) (8.13)

Where 6, =2xf.7,+¢(r). So, the received power delay profile for a

wideband or pulsed signal averaged over a small area can be presented
simply as a sum of the powers of the individual multipath components,
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where each component has a random amplitude and phase at any time, that
is,

N-1 N-1

{A(‘r)|exp[ Jjo, |} > Z< > (8.14)

i=0

< pulse> < “

The received power of the wideband or pulse signal does not
fluctuate significantly when the subscriber moves within a local area
because, in practice, the amplitudes of the individual multipath components
do not change widely in a local area of service,

Comparison between small-scale presentations of the average
power of the narrowband (CW) and wideband (pulse) signals, that is (8.11)
and (8.14), shows that:

In the cases when <A,.Aj> =0 or/and <cos [qﬁl -9, J> =0, the average
power for CW signal and that for pulse are equivalent.

This can occur when either the path amplitudes are uncorrelated,
that is, each multipath component is independent after multiple reflections,
diffractions, and scattering from obstructions surrounding both the detector
and the source. It can also occur when multipath phases are independently

and uniformly distributed over the range of [0, 27r] This property is

correct for optical wavebands when the multipath components traverse
differential paths having hundreds and thousands of wavelengths [6—10].
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CHAPTER 9

MODULATION OF SIGNALS IN OPTICS

As was shown in Chapter 8, there are two main types of optical signals
propagating in fiber optic or atmospheric communication links, time-
continuous or analog, which correspond to narrowband channels, and time-
discrete or pulse-shaped, which correspond to wideband channels [1-5].
Therefore, there are different types of modulation that are usually used for
such types of signals. First of all, we will define the process of modulation
and demodulation.

Modulation is the process where the message information is added to
the optical carrier. In other words, modulation is the process of encoding
information from a message source in a manner suitable for transmission.
This process involves translating a baseband message signal, the source, to
a bandpass signal at frequencies that are very high with respect to the
baseband frequency. The bandpass signal is called the modulated signal and
the baseband message signal is called the modulating signal [3—10].

Modulation can be achieved by varying the amplitude, phase, or
frequency of a high frequency carrier in accordance with the amplitude of
the baseband message signal. These kinds of analog modulation have been
employed in the first generation of wireless systems and have continued
until nowadays for LIDAR and optical imaging applications. Further, digital
modulation has been proposed for use in current radio and optical
communication systems. Because this kind of modulation has numerous
benefits compared with conventional analog modulation, the primary
emphasis of this topic is on digital modulation techniques and schemes (see
the next section). However, since analog modulation techniques are still in
widespread use today and will continue to be used in future, they are treated
first.

Demodulation is the process of extracting the baseband message from
the carrier so that it may be processed and interpreted by the intended radio
or optical receiver [1-3]. Since the main goal of a modulation technique is
to transport the message signal through an optical communication channel,
wire or wireless, with the best possible quality while occupying the least
amount of frequency band spectrum, many modern practical modulation
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techniques have been proposed to increase the quality and efficiency of
various optical communication links, including fiber-optical links.

Below, will be described briefly the main principles of both kinds of
modulation, analog and digital, and some examples will be given of the most
useful types of modulation adapted for both kinds of channels, narrowband
and wideband.

9.1. Analog Modulation of Optical Signals

Each analog signal consists of three main time-varying characteristics: the
amplitude a(?), the phase ¢(¢), and the angular frequency w(t) =27f(¢),

since there is a simple relation between the phase and the frequency
o(t) = w(t)-t+ ¢,, where ¢, is the initial phase of the signal. In other words,

any signal can be presented via these three parameters as
x(t) = a(t)ejW) _ a(t)e,f[w(f)~t+¢o] 9.1)

Consequently, there are three types of modulation, depending on what
characteristic is time-varied in the modulating signal (called the message,
see above definitions) — amplitude (AM), phase (PM) and frequency (FM)
modulation.

9.1.1 Analog Amplitude Modulation

In the amplitude modulation (AM) technique, the amplitude of a high
frequency carrier signal is varied in accordance with the instantaneous
amplitude of the modulating message signal. The AM signal can be
represented through the carrier signal and the modulating message signal as

5y (1) = A [1+m(t)]cos(27 [ 1) 9.2)

where x ()= A cos(27f.t)is a carrier signal with amplitude 4 and high
frequency f,, m(t)=(4, / A )cos(2x f, ) is a sinusoidal modulating signal
with amplitude 4, and low frequency f, . Usually, the modulation index
k, =(4,/A) is introduced, which is often expressed as a percentage and

is called percentage modulation. Figure 9.1 shows a sinusoidal modulating
signalm(¢) and the corresponding AM signals,, (f) for the

case k, =(A4,/A.)=0.5—thatis, the signal is said to be 50% modulated.
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If k,(%)>100%, the message signal will be distorted at the
envelope detector. Equation (9.2) can be rewritten as

S (1) = Re[g(®)exp(j27 f.1)] 9-3)

where g(7) is the complex envelope of the AM signal given according to
(9.2) by

g(®) = A[1+m()] 94)
0.5
m(t) o
-0.5
o 0 0.5 1 1.5 2
time —»
111,
}471/%9558994{ H
0.5
SAM(t) 0
-0.5

1 2

time —»

Figure 9.1. The amplitude modulating (top panel) and modulated (bottom panel)
signals for the modulation index k,, =0.5 .

The corresponding power spectrum of an AM signal can be shown
to be [1-4]

SAM(f)=%AC[5(f—ﬂ)+SM(f—fc)+5(f+fc)+SM(f+fC)] 9.5)
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where d(e) is the unit impulse function, and §,,(f’) is the message signal

spectrum.
The bandwidth of an AM signal is equal to B,,, =2f, where f,

is the maximum frequency contained in the modulating message signal. The
total power in an AM signal can be obtained as [1-4]

P, (t):%AC [1+2<m(t)>+<m’ (1) >] (9.6)

where < m(t) > represents the average value of the message signal. Using

the expression of the message signal through the modulation index
presented above, one can simplify expression (9.6) as

2
&M(Z):%AC[1+R,1]=I’C{I+%"} 9.7

where P, = %Af is the power of the carrier signal and P, =< m’(¢) > is the

power of the modulating message signal. It can be shown that

2 2 2 2
Py -p)=s|p+pfep|-lpla | LA A Le Lp oy
287 2 2 2 2 2| 2 24; 8 4

from which follows that [PAM - Pc] =P /2.

9.1.2 Analog Frequency and Phase Modulation

Frequency modulation (FM) is a part of an angle modulation technique
where the instantaneous frequency of the carrier, £, (¢) , varies linearly with

the baseband modulating waveform, m(¢), i.e.,
J.@) = [, +km(1) 9.9)

where k, is the frequency sensitivity (the frequency deviation constant) of

the modulator measured in Hz/volt. To understand what it means, let us first
of all explain the angle modulation technique.
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Angle modulation varies a sinusoidal carrier signal in such a way that
the phase & of the carrier is varied according to the amplitude of the
modulating baseband signal. In this technique of modulation, the amplitude
of the carrier wave is kept constant (called the constant envelope
modulation). There are several techniques to vary the phase &(¢) of a carrier

signal in accordance with the baseband signal. The well-used techniques of
angle modulation are frequency modulation and phase modulation. In an
FM signal the instantaneous carrier phase is

t t
e(t)=2;zjfc(z')dt'=27{ﬁ1+kfjm(t')dr} (9.10)
0 0
So, the bandpass FM signal can be presented in the following form:
t
Sqy(t) =Re[g(t)exp(j27 f.t)] = A, cos {27rfcl + 2ﬂkffm(t "\dt '} (9.11)
0
Here the envelope g(¢) is the complex lowpass FM signal:
t
g(t)=4, exp|:27zkf | m(z')dz} (9.12)
0

whereas before, Re[w] is the real part of w. The process of frequency
modulation is illustrated in Figure 9.2.

T —» Message Signal

+ Instantaneous
Frequency

| s(t
o FM Signal

Figure 9.2. The modulating signal (top plot), time-varied modulation frequency
(middle plot), and FM signal (bottom plot).
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We notice that FM is a constant envelope modulation technique
making it suitable for nonlinear amplification. If, for example, the
modulating baseband signal has sinusoidal amplitude and frequency, then
the FM signal can be expressed as

koA, }
Sm(t)=A cos| 27 fit + ‘f sin2z £, t) (9.13)

m

In phase modulation (PM) signals the angle () of the carrier signal is

varied linearly with the baseband message signal m(f), and can be presented
in the same manner as the FM signal, that is,

Spyy (1) = A, cos[27 fot + k,m(1)] (9.14)

In (9.14) k, is the phase sensitivity of the modulator (the phase deviation

constant) measured in radian per volt. From (9.11) and (9.14) it follows that
an FM signal can be regarded as a PM signal in which the lowpass
modulating wave is integrated before modulation. So, an FM signal can be
generated by first integrating m(f) and then using the result as an input to a
phase modulator. Conversely, a PM signal can be generated by first
differentiating m(#) and then using the result as the input to a frequency
modulator.

The frequency modulation index defines the relationship between the
message amplitude and the bandwidth of the transmitted signal, which is
presented in the following form

p, =it AL (9.15)

where, as above, 4, is the peak value of the modulating message signal, Af
is the peak frequency deviation of the transmitter, and B, is the maximum
bandwidth of the modulating lowpass signal (usually B, is equal to the
highest frequency component f, presented in the modulating signal and
simply 8, = Af/ f,).

The phase modulation index is defined as

B, =k, A, =AO (9.16)
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where Af is the peak phase deviation of the transmitter.

9.1.3 Spectrum and Bandwidth of FM or PM Signals

Since PM and FM signals have the same form of presentation of modulated
signal, we will pay attention to one of them, let us say an FM signal. An FM
signal is a nonlinear function of the modulating waveform m(f) and,
therefore, the spectral characteristics of s(¢) cannot be obtained directly from
the spectral characteristics of m(f). However, the bandwidth of s(¢) depends
on B, =Af/f, .If g, <1, then a narrowband FM signal is generated,

where the spectral widths of s(#) and m() are about the same, i.e., 2 f, . If
B, >>1, then a wideband FM signal is generated, where the spectral width
of s(?) is slightly greater than 2Af . For an arbitrary frequency modulation
index, the approximate bandwidth of the FM signal (in which this signal has

98% of the total power of the transmitted optical frequency (OF) signal),
which continuously limits these upper and lower bounds, is [3—5]

2Af[1+ﬂij 2B, +Df,, B <l

/

B, = (9.17)

ZAf[l +ﬂiJ =20, B, >>1

s

This approximation of FM bandwidth is known as Carson’s rule [3-5]. It
states that for the upper bound, the spectrum of the FM signal is limited to
the carrier frequency f. of the carrier signal, and one pair of sideband

frequencies at /. + f . For the lower bound, the spectrum of the FM signal
is simply slightly greater than 2Af .

There are two variants of FM signals generation, the direct and
indirect, as well as many methods of its demodulation by use of different
kinds of detectors. This specific subject is out of the scope of the current

book, therefore we propose that the reader refers to the special literature [ 1—
5], where these questions are fully described.
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9.1.4 Relations Between SNR and Bandwidth of AM
and FM Signals

In the angle modulation systems, the signal-to-noise ratio (SNR) before
detection is a function of the receiver intermediate frequency (IF) filter
bandwidth (see sections 9.1.1 and 9.1.2, where optical signal AM and FM
modulation is described), of the received carrier power, and of the received
interference [3—5], that is,

2
(SNR), = — 412 (9.18)
2N, (B, +1)B,

Where 4, is the carrier amplitude, N, is the white noise power spectral
density, and B, is the equivalent bandwidth of the bandpass filter at the
front end of the receiver. Note that(SNR), uses the carrier signal

bandwidth according to Carson’s rule (9.17).
However, the SNR affer detection is a function of the maximum
frequency of the message, f,, , the modulation index, g, or S,, and the

given SNR at the input of the detector, (SNR),, . For example, the SNR at

the output of an FM receiver depends on the modulation index and is given
by [5]

(SNR),,, = 6(B, +1)B <(”;(”J >(SNR)M (9.19)

P

where 7, is the peak-to-zero value of the modulating signal m(z).
for an AM

signal which, according to [3], is defined as the input power to a
conventional AM receiver having bandwidth equaling to 2B, , that is,

For comparison purposes, let us present here the (SNR)

in

P
(SNR)M,AM = Wl = (9'20)

Then, for m(t) = A, sin2x f, ¢, equation (9.20) can be simplified to

(S]VR)out,FM = 3(5/ + 1) ﬁf (S]VR);‘”,FM (9.2 1)
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At the same time

(SNR)OUI,FM = 3ﬁ/2(SNR) (9'22)

in, AM

Expressions (9.18) and from (9.21) to (9.22) are valid only if (SNR),,

exceeds the threshold of the FM detector. The minimum received value of
(SNR),, , needed to exceed the threshold is around 10dB [3]. Below this

threshold, the demodulated signal becomes noisy. Equation (9.21) shows
that the SNR at the output of the FM detector can be increased with an
increase of the modulation index g, of the transmitted signal. At the same

time, the increase in modulation index g, leads to an increased bandwidth
and spectral occupancy. In fact, for large values of g, Carson’s rule gives
the channel bandwidth of 24, £, . As also follows from (9.21), the SNR at
the output of the FM detector is (4, + 1) times greater than the input SNR

for an AM signal with the same bandwidth. Moreover, it follows from (9.21)
that (SNR),,, r,, for FM is much greater than (SNR), for AM.

out , AM
Finally, we should notice that, as follows from (9.21), the term
(SNR),,, -, increases as a cube of the bandwidth of the message. This

clearly illustrates why FM offers very good performance for fast fading
signals when compared with AM. As long as (SNR), remains above

in,FM
threshold, (SNR) is much greater than (SNR) A technique called

out, FM in,FM *
threshold extension is usually used in FM demodulators to improve

detection sensitivity to about (SNR),, ,,, = 6dB [S].

9.2. Digital Signal Modulation

As was mentioned above, modulation is the process where the baseband
message information is added to the bandpass carrier. In digital modulation
the digital beam stream is transmitted as a message, and then is converted
into the analog signal of the type described by (9.1) that modulates the
digital bit stream into a carrier signal. As was mentioned above, the analog
signal described by (9.1) has amplitude, frequency, and phase. Changing
these three characteristics, we can formulate three kinds of digital
modulation. They are [3—10]:
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Amplitude shift keying (ASK) for phase and frequency keeping being
constant;

Frequency shift keying (FSK) for amplitude and phase keeping being
constant;

Phase shift keying (PSK) for amplitude and frequency keeping being
constant.

In so-called hybrid modulation methods combinations of these three kinds
of modulation are usually used. Namely, if frequency is constant, but
amplitude and phase are not constant, quadrature amplitude modulation
(QAM) is used. Some modulation methods are linear, as binary phase shift

keying (BPSK), quadrature phase shift keying (QPSK), including 7/4—

QPSK, DQPSK and 7/4—DQPSK, and so on. At the same time, FSK as
well as, minimum shift keying (MSK) and Gaussian minimum shift keying
(GMSK) are nonlinear modulation techniques [3—10].

Because digital modulation offers many advantages over analog
modulation, it is often used in modern electro-optical systems. Some
advantages include greater noise immunity and robustness to channel
impairments, easier multiplexing of various forms of information (such as
voice, data, and video), and greater security. Moreover, digital transmissions
accommodate digital error-control codes, which detect and correct
transmission errors, and support complex signal processing techniques such
as coding, encryption, etc. (see [12]).

9.2.1 Types of Linear Digital Modulation Techniques

We present now only a few examples of such kinds of modulation,
transferring the reader to the excellent books [4—10].

Linear Modulation. This is a type of modulation where the
amplitude of the transmitted signal varies linearly with the modulating
digital signal m(f) according to the following law:

s(t)=Re [A m(t) exp(jZ;zfct)]
= A[my(t)cos2x f.t) —m, (t)sin(27 £,0)] (9.23)

m(t) = my (t) + jm, (1)
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This kind of modulation has a good spectral efficiency, but linear
amplifiers have poor power efficiency [3—10]. Side lobes are generated,
increasing adjacent channel interference and canceling the benefits of linear
modulation.

Amplitude Shift Keying (ASK) Modulation. This is a modulation
where keying (or switching) the carrier sinusoid on if the input bit is “1”” and
off if “0” (so-called On-Off-Keying-OOK [3, 5, 10]). This kind of
modulation is shown in Figure 9.4.
mt), unilpolarl signlal

00K

Figure 9.4. The message m(#) unipolar signal [top plot] and the baseband
modulated OOK signal [bottom plot].

Binary Phase Shift Keying (BPSK) Modulation. BPSK modulated
signals g, (r) and g,(¢) can be presented as:

2w,
g ()= ,Tb cos(2zft),  0<t<T, (9.24a)
b
and
2w,
g,()=— ,Tb cos(2zfr),  0<t<T, (9.24b)
b

where W, is the energy per bit, T, is the bit period, and a rectangular pulse
shape p(1)=T((t—T,/2)/T,) is assumed. Basis signals ¢ for this
signal, setting in 2D-vector-space, simply contain a single wave formd,
where
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4= %COS(ZﬂfCt), 0<t<T, (9.25)
b

The result of such a kind of modulation is presented in Figure 9.5.

Figure 9.5. BPSK signal presentation.

Using this basis signal, the BPSK signal set can be represented as

8ispsk = {\/wal (), _\/ngol (t)} (9.26)

Such a mathematical representation of a vector, consisting of two points that
are then placed at the constellation diagram, as shown in Figure 9.6,
provides a graphical representation of the complex envelope of each
possible symbol state. The distance between signals on a constellation
diagram relates to how different the modulation waveforms are and how
well a receiver can differentiate between all possible symbols when random
noise is present.

Q Q

Figure 9.6. Constellation diagram of QPSK and 77 /4 —QPSK modulated signals.

As was mentioned in Chapter 8, the number of basis signals will
always be less than or equal to the number of signals in the set. The number
of basis signals required to represent the complete modulation signal set is
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called the dimension of the vector space (in the example above - it is two-
dimensional (2-D) vector space). If there are many basis signals in the
modulation signal set, then all of them must be orthogonal according to
(9.24).

Quadrature Phase Shift Keying (OPSK) Modulation. The QPSK
signal has the advantage that it has twice the bandwidth efficiency or two
bits at a time

Sorsx (1) = /%cos[%rfctﬂ'%} 0<t<T  i=0,1,23

2F T 2F . T .
= Lcos| i— |cos(2m fit)— Lein| i— [sin(2z ft
.o 1 eoten - [P 12 finen

K

9.27)

K

This signal set is shown geometrically in Fig. 9.5, where the left diagram is
for pure QPSK and the right one for 77/4—QPSK modulation, that is with
angle shiftat 77/4.

9.2.2 Nonlinear Digital Modulation

As was mentioned from the beginning of this section, the frequency shift
keying signals are examples of a nonlinear type of digital modulation. We
shall briefly describe it.

Frequency Shift Keying (FSK) Modulation. FSK modulated
signals, where switching the carrier sinusoid frequency f, to f. —Af

occurs, if the input bit is “0”, and to /. + Af", if input bit is “1”. Results of
modulation are shown in Figure 9.7. Finishing this chapter, we should notice
that usage of each kind of modulation depends on the conditions of
propagation inside a channel, effects of fading inside, and on what kinds of
detectors and corresponding filters are used.

1.0 1 0 1 0

Figure 9.7. FSK modulated signal presentation.

All these aspects are fully described in excellent books [3-5, 7-10].
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Exercises

Exercise 1.

A zero mean (<m(#)>=0) sinusoidal message is applied to a transmitter that
radiates the AM signal with a power of 10 kW. The modulation index
k, =0.6.
Find: 1) The carrier power.
2) What is it as a percentage of the total power in the
carrier?
3) What is the power of each sideband?

Solution:
np=—to 10 g4y
1+42/2  1+0.18
2) i~100% = wJOO% =84.7%
v 10

3) %(PAM —-P)=0.5-(10-8.47)=0.765 kW

Exercise 2.

A sinusoidal modulating signal, m(¢) =4cos2z f, ¢, thatis, f, =4 kHz
and the maximum amplitude 4, = 4 Volt, is applied to an FM modulator

which has a frequency deviation constant gain k, =10 kHz /Volt .
Find: 1) The peak frequency deviation, Af
2) The modulation index, 3, .

Solution:

D) Af =k, -4, =4V 10 kHz |V =40 kHz

Af 40 kHz

2 'Bf :E 4 kHz

10
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Example 3.

A frequency modulated signal with the carrier frequency f, =880 MH:z
and with sinusoidal modulating waveform of f, =100 kHz has a peak
deviation Af =500 kHz .

Find: The receiver bandwidth necessary to pass such a signal.

Solution:

The modulation index equals: g, = Af/ f, =500/100 =5
According to Carson’s rule (9.21)

B, =2(B, +1)f, =2(5+1)-100 kHz =1200 kH:z

Exercise 4.

An FM signal with f =5 kHz has modulation index g, =3.

Find: 1) The bandwidth required for such an analog frequency
modulation.
2) How much output SNR improvement would be obtained
if the modulation index is increased to g, =5. What is

the trade-off bandwidth of this improvement?
Solution:

1) for g, =3: B, =2-(B, +1)- f, =2-(3+1)-5 kHz = 40 kH:z
for g, =5: B, =2-(B, +1)- f, =2-(5+1)-5 kHz = 60 kHz

2) from (9.24) the output SNR improvement factor is
approximately for 347 +357 , that is,

for g, =3: 38 +342~3-(3) +3-(3)° =108 = 20.33 dB
for g, =5: 382 +382~3-(5° +3-(5)° =450 = 26.53 dB

Therefore, the improvement in output SNR by increasing the modulation
index from 3 to 5 is 26.53-20.33 = 6.2 dB.
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This improvement is achieved at the expense of bandwidth (1.5 times
wider): for g, =3 is B, =40 kHz and for g, =5 is B, =60 kHz .
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CHAPTER 10

OPTICAL WAVES PROPAGATION
IN FIBEROPTIC STRUCTURES

Below, we pay attention to the description of optical wave propagation in
fiber optic structures, the dispersive properties of optical signals caused by
non-homogeneous material phenomena, and multimode propagation of
optical signals in such kinds of wired links. We illustrate these phenomena,
based on the corresponding computational results obtained below for such
guiding optical structures accounting for arbitrary refractive indices of the
inner (core) and outer (cladding) elements of the optical cable and on the
features accompanying propagation of light inside fiber. In our discussions,
we will follow the corresponding literature [1-6].

10.1. Types of Optical Fibers

The fiber optic 3-D guiding structure consists of two parts: the inner, called
the core, and the outer, called the cladding (see Figure 10.1). Light
propagates inside the core which guides optical modes inside the optical

A
|

l
\

\ Cladding

Figure 10.1. Two structures, inner and outer of 3-D optical fiber, called the core
and the cladding, respectively.

Core

The first commonly used kind of fiber optic structure is the step-index fiber
(see Figure 10.2, left panel).
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Step-index fiber Graded-index fiber

Core

>
S
F
S
Index

Radial distance Radial distance

Figure 10.2. Difference between the refractive index profiles for step-index and
graded-index fibers.

As clearly seen from Figure 10.2, such fibers consist of a central
core of radius a and refractive index #, , surrounded by a cladding of radius

b and refractive index 7, .

According to the definition of Total Intrinsic Reflection (TIR) (see
definition in Chapter 2), to obtain the total reflection from the cladding, its

refractive index should be lower than that for the core, i.e., n, > n,. Figure

10.1 shows the geometry of optical ray propagation within the core on the
assumption that the cladding width is thick enough to exclude the
evanescent field decay inside the cladding depth. So, from the beginning we
can suppose that the effects of a finite cladding thickness are negligible, and
a ray field is small enough to penetrate to the outer edges of the cladding.
As will be described below, in multimode step-index fiber a large modal
distortion occurs.

To avoid such drawbacks of this kind of fiber, a new type, called
graded-index fiber, was developed [1-6] that has the same configuration as
the previous fiber, and is shown in Figure 10.2, right panel. The difference
between both kinds of fiber is defined by differences in the profiles of the
refractive indexes of the core and cladding, as illustrated in Figure 10.2.
Thus, as clearly seen from the illustrations, in the step-index fiber the index
change at the core-cladding interface is abrupt, whereas in the graded-index
fiber the refractive index decreases gradually inside the core.
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To understand the effects of optical wave propagation in both kinds
of fibers, let us introduce the main operational parameters of the fiber optic
guiding structures usually used in electro-optics and optical engineering.

10.2. Main Operational Parameters of Optical Fibers

In fiber optics, there is an important parameter that is usually used, called
the numerical aperture of the fiber optic guiding structure, denoted as N.A.
[1-6]

N.A.=n;sin6, =sind, (10.1)

where 6,,=2-6, is called in the literature the angle of minimum light
energy spread outside the cladding or angle of full transfer of optical energy
along the core [1-6], when total internal reflection (TIR) occurs in a fiber

optic structure. Accounting for cos” @=1-sin’ @, we finally get
5 ) 1/2
N.A.=(n'-n}) (10.2)

The second parameter usually used in fiber optic physics is the relative
refractive index difference [1-6]. It has two definitions depending on the
type of fiber optic structure, as shown in Figure 10.2.

Thus, for the graded-index fiber:

A (i2-n2) (v.ay

5 =

2
m m (10.3)

Using the above formulas, we can find relations between these two
engineering parameters for the fiber optic with a graded-index refractive
index profile (see Figure 10.2):

N.A.=n-(A)"? (10.4)
For the step-index fiber optic:

A=——+ (10.5)
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As follows from the geometry of the refractive index profile presented in
Figure 10.2 for the step-index fiber optic structure, the relation between
N.A., according to (10.3) and A according to (10.5), is not so trivial, as
(10.4) for this kind of optical cable.

10.3. Propagation of Optical Rays in a 2-D Plane Dielectric
Guiding Structure

Before entering into discussions of optical wave propagation inside a 3-D
fiber optic structure, let us consider the simpler case of a 2-D plane dielectric
guiding structure, a slab, shown in Figure 10.3 on the basis of geometrical
optic presentation of rays and the corresponding Snell’s laws, as was seen
in Chapter 2. Such a simplified presentation of a 3-D fiber optic structure,
presented in Figure 10.1, can model the plane core structure covered by the
plane cladding structure, as shown in Figure 10.3.

i Clad n
T Waveguide
d L n,
z
Clad n

Figure 10.3. 2-D plane model of the 3-D fiber optic structure shown in Figure 10.1.

In such a slab, for the description of the guiding modes of
propagation, either the transverse electric (TE) or vertical polarized or the
transverse magnetic (TM) or horizontal polarized [1-6], a new parameter is
always used called the normalized frequency, denoted by /" and defined as:

V=2md- N.A.=(n?-n2)" /2 (10.6)

where all parameters in Eq. (10.6) are shown in Figure 10.2 or defined above
in Section 10.1.

We will discuss TE and TM modes later, but now, after a simplified
assumption, we will present a description of such modes propagation for
these two kinds of wave polarization, vertical and horizontal, briefly
introduced in Chapter 2.



Optical Waves Propagation in Fiberoptic Structures 217

The number of wave guiding modes propagating along such a
dielectric slab, according to geometrical optic postulates, corresponds to the
number of specular reflections (regulated by Snell’s second law, see Chapter
2), as it is clearly illustrated in Figure 10.4 for TE modes propagation along

the slab.
e e TE,
/\ / TE,
/\ TE,

Figure 10.4. [llustration of coincidence between numbers of reflection and indexes
of TE modes.

There are two kinds of optical wave propagating inside the guiding
structure, one-mode, and multiple-mode, as shown in Figure 10.5. In the first
case, only one ray propagates inside the optical structure with multiple
reflections from both its boundaries (left panel) according to Snell’s law (see
Chapter 2), whereas in the second case, many rays are reflecting from the
upper and lower boundaries of the optical structure and propagate inside it
(right panel).

a

Figure 10.5. Presentation of single-mode and multiple-mode propagation inside a
2-D slab.

In Figure 10.5, which models the real 2-D fiber optic structure, n; is the
refractive index of the core and n, is the refractive index of the cladding
(illustrated by Figure 10.2). In an ideal case (i.e., without losses),
propagation of a ray (left panel) and the rays (right panel) occur both along
the vertical (along the x-axis) and the horizontal (along the z-axis) without
any losses, if the law of total intrinsic reflection is satisfied (see Chapter 2),
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according to which, the incident angle must exceed the critical angle of TIR,
that is:

@ > .= arcsine (na / ny) (10.7)

Let us now consider the physical meaning of multi-ray propagation inside
a 2-D slab, that models the fiber optic structure presented in Figure 10.1,
based on a simple geometrical optic presentation and on Snell’s TIR law.
Thus, the multimode propagation can be described via wave vector k and
its components, kx and Az, along the x-axis and z-axis, respectively (as
illustrated in Figure 10.6):

X Wavefronts

Figure 10.6. Geometrical presentation of multi-ray propagation with the wave
vector k via its components along x-axis and z-axis.

k=K, +k. =k z+ kx (10.8)
where
k. =kcosp=ksind = (2mni/1) sind (10.9)

During propagation, each mode after its reflection obtains the phase
difference not only 2k, , but also the angle 5, which is the result of
differences between the inner and outer refractive indexes, n; and n», inside
the Fresnel coefficients which depend on the phase difference and the wave
polarization, vertical or horizontal (see Chapter 2). According to the
transverse resonance condition of total intrinsic reflection of rays with
vertical polarization (e.g., for TE — modes)

2beyd =25 =27m (10.10a)



Optical Waves Propagation in Fiberoptic Structures 219

4zn, dsinn /A —26=2mm (10.10b)

In Eq. (10.10b), angle & was denoted by &,, because for each mode with
number m (e.g., for each of m reflections), it has its own separate meaning
and number. Accounting now for O+@=x/2,after straightforward
computations, we finally get:

— -1 Sj'n: Pc _

Substituting expression (10.11) in Eq. (10.10b), yields:

Aand . . |sin?
—1-sing_ —4tan™ #
A sin”

m

—1=2am

The latter equation can be rearranged in a more convenient form:

of amd T sin’ @
tan sm@, ——m |=———=—1 .
(;1, "2 } sin” 8, (10.12)

Equation (10.12) has a physically vivid explanation. Thus, the left-hand
side (denoted by LHS) of Eq. (10.12) gives the roots of trigonometrical
expressions of tangents via the mode parameter m, as shown by light
points along the horizontal axis (indicated by sind in Figure 10.7),
whereas the right-hand side (denoted as RHS) of Eq. (10.12) gives the
roots of trigonometrical expression via siné in Figure 10.7 lining the
discrete curve, which monotonically decreases (with an increase of m
from 1 to 8) until the condition of siné = sin ¢.. The two sides of Eq.
(10.12) are equal in the cases when the RHS curves cross the LHS curves
(for each m from 0 to 8) at the bold points denoted by a dark color.
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sin®. sinf@

Figure 10.7. Geometrical presentation of the solutions of Eq. (10.12) depicted by

bold points where the left-hand side (LHS) of this equation equals the right-hand

side (RHS) of this equation; the difference between roots of LHS equals 4 /2d and
is depicted by light points.

It is clearly seen that after mode number m>8, that is, when sind,
exceeds sin ¢, the law of TIR is valid, and the further propagation of
optical modes (with m>8) without loss of energy due to penetration in the
outer region (with 7;) becomes unacceptable. We should also notice that
(10.12) has roots for m =0, 2, 4,.., i.e., even, with solutions of its LHS of
tan (zdnising/ 1), and roots form = 1, 3, 5..., i.e., odd, with solutions of
cot(zdnsing / 1),

So, crossing bold points for even and odd modes of number m
enables finding sin 6,, for each m which are regulated by condition sind
<sing., and, finally, allow obtaining the component of the wave number
along the z-axis, that is,

k.= B, =nkcos Oy (10.13)

A step between two light points (i.e., between two boundaries, left and right,
of shadow vertical plates) was denoted in Figure 10.6, as A /2d n;, and a
number of solutions, N, when LHS = RHS in Eq. (10.12), can be found
according to the above condition siné < sin ¢, and geometrical consideration
sind =(N-1)/ (2d ny). Then, we get:

(N-1)/ (2d-ny)< sin @, (10.14a)

or
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N<sing./(A/2dn) (10.14b)

Accounting now for definition (10.7) for ¢.and that sin ¢ = (1- cos? ¢ )"
= [1=(n2/n1)]", we finally get:

N={Q2d ni/20) [1-(m2/m 2% + 1} = [(2d /7o) (m>=m22)% + 1] (10.152)

Here, at the right side of (10.15a), and in further expressions for N, the
rectangular parentheses indicate the integer part of the number N. This
expression can be rewritten via the parameter numerical aperture, defined
by (10.2), which is useful for future engineering computation of the relation
between N and NA4:

N =[NA - (2d /4)+ 1] (10.15b)
Remembering the relation between N.4. and the normalized frequency

parameter V, defined by expression (10.6), we can present the additional
useful engineering formula that defines N via V-

127, 7 r
:[—ﬂ—d n, —m, +1J=t—+1J (10.15¢)
T A, T

N:{zdb_ﬂ

\JT
=
3

Ly

accounting now for relations between N4 and V

d w——= 27 - o wd
V:kE n —Hn; :Xd no—n, = % NA (10.16)

So, based on the simple geometrical optic model of ray modes
propagation inside the 2-D guiding structure that models the real case of
a 3-D optical fiber, we presented several variants of how to find a
number of propagating ray modes’ solutions N (according to Eq.
(10.12)), through the knowledge of different operational parameters
introduced above for the description of fiber optic guiding structures.
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10.4. Propagation of Optical Wave Along the 3-D Fiber
Optic Structure

Let us now consider the cylindrical dielectric fiber optic structure as shown
in Figure 10.8. This is just the geometry of the optical fiber, where the
central region is known as the core and the outer region as the cladding. In
this case, the same basic principles, as for the dielectric slab, but the circular
rather than planar symmetry changes the mathematics. We use the solution
of Maxwell’s equation in the cylindrical coordinates for both the coaxial
cable and the circular waveguide, where we deal mostly with guiding modes
rather than the ray concept [1-4, 6].

The wave equation that describes such propagation of light within
a cylindrical waveguide can be presented in cylindrical coordinates as

follows for ¢4, =1:

ok 1%, 0508 *hE. =0 (10.17)
a rar voed & s
XY e
A nz
S T W S it

Figure 10.8. Presentation of fiber optic structure in a 3-D cylindrical coordinate
system.

We can present the solution taking into account the separation of
variables:

E, (r.g.z)=F(r)®(¢)Z(z) (10.18)

From the well-known mathematical approaches [2-5] by use of the
independence of each separated variable function, we immediately get for
each of them its own simplified equation with the corresponding solution:
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2, Fz-0 —>s Z=exp(jp2)
dz (10.19)
G;T?+F¢J=O — @zexp(;’fgﬁ)

As for coordinate r, the equation for it is more complicated and can be
presented as

£+l£+[r:2kj—ﬁz _f;]F:o (10.20)
dr-  rdr P

where / is an azimuthal integer. Equation (10.20) has the form of Bessel's
equation, and its solutions are Bessel functions [7, 8]. We finally can obtain
solutions for the field of rays through the modified Bessel functions of first

and second order, J(gr)and K(pr), via wave parameters 4 and ¢ as

propagation parameters inside the core and cladding, respectively. These
parameters can be presented in the following form [2-5]:

W =nlk; -8 (10.21)

1 pr 22
q =B -mk,

This finally gives at the core (» < @ ) and at the cladding (+>a) the following
expressions for z0 components of the electric and magnetic fields:

:{AJ; (hr)exp(ji¢)exp(jpz) . r<a

CK;{GP']EXP{_}'M]exp(jﬂz] . r>a (10.22a)
_ { BJ,(hr)exp(jig)exp(jBz) . r<a
DK, (qr)exp(jlg)exp(jpz) . r>a (10.22b)

As for other components of the total field, they can be presented through the
z-components in the following manner:
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[ éE. @ 8H.
EF%[;B o ]

or r og (10.23)
J [ BEE, aH]
E = — — — — ——
v }f(r 26 o

The solution for each component can be expressed via the corresponding
Bessel Ji(Ar) function of the first kind and via the modified Hankel Ky(4r)
function (e.g., Bessel function of the second kind [7, 8]). Namely, for -
components of the field solutions can be presented in the following form [7,
8]:

E. =E.J(hr) (10.24a)

E, = E.. Jihr) (10.24b)

Roots of J(hr) =J(v), [=0, 1, 2,..., are shown in Figure 10.9.

1.0
Jo(v)
Ji(v)
05 |-
J2(v)
0 . L m 4
-05 |

Figure 10.9. Bessel function of the first kind vs. variable v.

At the boundary between the core and the cladding, one can obtain
relations between the first order roots of these specific functions and the
parameters of propagation described by (10.21) and the refractive index of
the core and the cladding respectively, i.e.,
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{J;{}w} , Ki(ga) }_[J;{?w] . m Ki(ga) }_ r [l+LJ[é+nf 1 ]

w,(ha) gk, (qa) ||, (ha) ni gK,(qa)| @\W @ \i¥ nq
(10.25)

The solution of the first kind of Hankel function can be presented for gr
>>1, as [8. 9]:

K;{ri'r}aiiexp(—qr} . gr=1 (10.26)

For practical applications the effective refractive index is usually introduced

n = HE
: (10.27)
>Ry >,
and the normalized mode propagation constant
p=lz " (10.28)

=

Now, according to Ref. [9], we can determine, for an optical fiber,
the corresponding values for given propagation parameters k (in free space)

and £ (inside core), by imposing the boundary conditions at » = a. The result

is a relationship that provides the /3 versus k or dispersion curves shown in
Figure 10.10.
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Figure 10.10. Dispersion diagram of optical modes in fiber optic structure.

It is clearly seen that the modes with numbers from /=0to /=3
(the same property occurring for modes with numbers / > 3) propagate
between the core upper and cladding lower boundaries of the fiber with
wavelengths depending on the refractive properties of these two fiber
structures. It is vividly seen that with an increase of wave propagation
number £, these modes with increasing number / propagate inside the inner
(core) structure.

It should be noticed that the full mathematical approach is very
complicated, and so-called “weakly guiding” approximation can only be
used for analysis of the processes occurring with light in a fiber optic cable
[1, 2]. This makes use of the fact that if n, = n, the ray’s angle of incidence

at the boundary "core-cladding" must be very large, if TIR is to occur. The
ray must bounce down the core almost at grazing incidence. This means that
the wave is very nearly a transverse wave, with very small z-components.
Let us briefly consider the weak guiding approximation of modes
propagation in a fiber optic structure, which satisfies the following
conditions:

men — A= (10.29)

Accounting for relations between the parameters of propagation described
by Eq. (10.21) and accounting for the constraint



Optical Waves Propagation in Fiberoptic Structures 227

hg<p

we can present the components of the electric and magnetic fields in the 3-
D Cartesian coordinate system (see Fig. 10.8) inside and outside the core as

follows: . A}}(hr}eﬂ.pej(sx—p:) . r<a
- BE. {qr]ej-’\éeﬂ_ﬁ—ﬁ:} . r>a (10.30a)
553l ()™ s ()] <a
E = N
S4BT i g J0-18 ] iler-pz) .
jﬁ 2[ alar)e !-1(9'?')"- :|e . Fra
(10.30b)
i%“”.)eﬂﬁeﬂ,w—ﬁzl . r<a
ap
H,= 8 - (10.30c)
L gk, (qr)e*e =) | ra
au
h 4 [ 7, () S0 o (ir) eg‘{f—ljw] e g
= w2 !
SRR il _ i(i-1)6 7] (ax-p) ,
op 2 |:K:+1l:qr)e Ki—l{qr)e ]e . I=a
(10.30d)
E,=H,=~0, (10.30e)

Since the waves within the fiber were considered to be transverse [1-4], the
solution can be resolved conveniently into two linearly polarized components,
just as for free-space propagation. The modes are called linearly polarized
(LP) modes [1-4, 6]. All solutions obtained above relate directly to the
optical fiber guiding structures. The latter has just the cylindrical geometry
shown in Figure 10.8 for a typical fiber with the core radius » = a, for which
it is supposed that a system of equations (10.30) is valid accounting for a
“weakly guiding” approximation according to Refs. [1, 2]. The
corresponding system (10.30) has two solutions for regular and modified
Bessel functions of /-kind (see Figure 10.9):
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h.}'_,+1{.‘ra) _gKu (9a) h J1a(ha) Ki.(qa) (10.31)

J;(ha) 1 K, (qa) J}(ha) 4 K_,(qa}
Let us introduce two variables:
X =ha Y=ga=V-X" (10.32)

In this case from the left side equation of (10.31) for / = 0, we get:

7, (ha) =qa X, (qa) (10.33)

Generally, for each i =0,1,2,.... yields
X, :.‘r}.a:a(nfké —,(i‘f) (10.34)
Or accounting for definition (10.16) of the normalized frequency V, and

converting variables X via V, taking V = 10, the following dependence can
be presented by Figure 10.11.

YK\(¥)
Ko(Y)

---...,;" 4 Y:\.IVQ—XQ
. -

| RHS =

~

R

v
g v

X

Figure 10.11. Solutions of the left and the right sides of Eq. (10.33) vs. X for V'=10.

The abbreviations "LHS" and "RHS" , as above in Figure 10.7,
indicate the left-hand side (LHS) and the right-hand side (RHS) of Eq.
(10.33), respectively, where the solution of the LHS is presented by a set of
the exponential functions (bold curves) and the solution of the RHS is
presented by a dashed curve. Their crossings give points where, for given
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parameters of X (or V) along the horizontal axis and of Y along the vertical
axis, the corresponding guiding modes of specific linear polarization can
propagate inside a core in the fiber optic structure. We should notice that we
obtained the same behavior of optical modes propagation inside a slab, as
the 2-D guiding structure (see Figure 10.7), and inside the 3-D fiber optic
cable shown schematically in Figure 10.8.

As examples, we present in Figure 10.12 a view of four main LP
optical fiber modes: LP ), (m=0,/=0)andLP ;, (m=1,[=1), LP20 (m =
0,/=0)and LP21 (m=1,/=1)[1-3].

ONE=
(=)

\ ]

LP
1
LR,

l
oo

Figure 10.12. The mode LP ,; presents a single-mode propagation; the mode LP

11 consists of two modes, the mode LP20 consists of three propagating modes, and
the mode LP21 consists of four propagating modes.

To understand more precisely mode LP |, , we present it separately
in Figure 10.13 for horizontal and vertical linear polarization, respectively.
Thus, on the left side of Figure 10.13, which corresponds to right top panel
in Figure 10.12, both the electric field components £, and E: and the
corresponding components H, and H, are directed oppositely, generating the
two-wave form of LP |, mode.
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Figure 10.12. The mode LP | for both kinds of polarization: 2 vertical (or 7E),

which changes the modal form of the wave (left side); 2 horizontal (or HE or EH),
which does not change its form.

At the right side of Figure 10.13, the 2 rays of the horizontal
polarization are presented. Here, components H, and H, are coincidently
directed and therefore form a single-mode shape of mode LP |, .

We also notice that each mode propagates inside the core according
to the value of the corresponding propagation parameter b defined by Eq.
(10.28) and the normalized frequency V, introduced above, but now
presented in another form via the parameter A:

V=,,|l|{}m)2 +{q.a')2 =kayn —n} = 2;:NA=%H1 2A (10.35)

As an example, the dependence of several from TE, TM, EH and HE
polarized modes in the -V plane on the refractive indexes [via Egs. (10.28)
and (10.35)] are presented in Figure. 10.14.
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02k
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Figure 10.14. Presentation of TE and TM modes in the -V plane for various
refractive indexes n1 and n2.

For cylindrical geometry the single-mode condition is [1-3]:

2”7“(11% — )2 < 2.404 (10.36)

or more simply: V' < 2.404. From Eq. (10.35) and constraint (10.36) for
given refractive indexes of the core and the cladding, the optimal radius of
the core, a, can be found, which allows a single-mode propagation regime
inside the fiber (see the corresponding exercises below).

As was shown in [1-6], depending on the shape of the intrinsic
refractive index distribution, step-index or graded-index, the corresponding
LP-modes can propagate asymmetrically and non-homogeneously. This
phenomenon is called the modal dispersion [1-6]. Before entering into this
important subject, let us introduce the main important operational
parameters of fiber optic guiding structures and the corresponding problems
of optical propagation via geometrical optics presentation of rays within
such structures.
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10.5. Dispersion of Signals in Fiber Optic Links

A problem of transmission of pulses via fiber optic structures occurs
because of two factors. One is that the source of light is not emitted at a
single wavelength but exists over a range of wavelengths called the source
spectral width [1-6]. The second factor is that the index of refraction is not
the same at all wavelengths. This property, when the light velocity is
dependent on wavelength, is called dispersion.

As was discussed earlier, in fiber optic cables fading and the
corresponding noise of optical signals occurs due to four factors: 1)
multimode dispersion phenomena leading to inter-ray interference (IRI); 2)
material dispersion; 3) waveguide dispersion; 4) polarization mode
dispersion.

Dispersion of these types was discussed in detail by Refs. [4-6]
and below, in our description of the subject, we will follow on from some
of the discussions presented there.

Before entering into the subject, let us briefly describe the physical
meaning of dispersion occurring in fiber optic structures.

As was shown in Chapter 2, an optical wave of angular frequency
v = 27f (f s the carrier frequency) propagates in free space with parameter
Lo and with phase velocity von = @y / fo. As for group velocity, which defines
propagation of total optical signal, as a wavelet, energy, its definition is
more complicated and can be defined as:

_do (10.37)
D=a, dﬁ iy ’

L N—
£ B dpjde

The corresponding time of signal energy transfer along the z-axis along the
fiber can be found as

7, =ﬁ'2=]:— (10.38)

o

We can rewrite Eq. (10.37) via the absolute value of the wave vector v=|v/,
as

y —de_d
f dk dk

v
(v,,) =k 2y, IR

2y, o (10.39)
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Accounting for

-2 £ a2
A di A A
we finally get
B 2r dv, dv,,
\g—'bpk +T—_2_ﬂ_d}1—lpk—{].. dA (1040)
FE

The multimode dispersion can be found by knowledge of the second
derivative of the parameter f, that is,

,g*f:i}f: ""; [\/kz—h3)= al [,/kgnf_;ﬁ) (10.41)

do”

or accounting for definition (10.35) via the normalized frequency V.

In the case of modal dispersion caused by multimode propagation
inside the optic fiber, a spread of information pulses at the length of optical
guiding structure in time can be found as [9]:

Azr,=InAlcn, (10.42)

where / is the length of the fiber optic structure; other parameters were
described above.

The material dispersion also can be defined through the second
derivative of § or by taking into account the relation between the latter and
the group velocity,

i =i[%]=i{i] (10.43)

_
e~ Oo\ oo felco] v,

Finally, we get for material dispersion the definition:
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D a[l]?ﬁi[l]:—zj’fﬁ"[ii— 52} (10.44)

aAl v, A' e v, A mm's m

Usually, in practical applications of optical fibers, this parameter is
presented in units of ps /nm-km.

Waveguide Dispersion depends on the material parameters
(refractive indices, radius) of the fiber as well its modal parameters, such as
wavelength and time of energy channeling. To analyze this more
complicated phenomenon that combines both kinds of dispersion discussed
above, let us return to Eq. (10.38) and find the time spread A z; between two
modes which lie in the small spectral range A of the total signal, that is,

Ar, dr, dr, d L Y (10.45)
—=—= — At =—Ao=—/|— |Ao=LF"Aw
Ao do ° do do| v,
Accounting for
B0_28 2 (anf)-{ 2nS)-- 2
Al dA dA di\ A4 AT
and Eq. (10.42), yields
At =Lf"Aw=DLAA (10.46)

Usually, in fiber optic cable engineering, an additional parameter is used,
called the index of transmission of energy via cable, defined as:

n,=— (10.47)

We will find an expression for this index via the well-known and already
introduced above effective index of refraction, which we will now rewrite
in the following manner:

Moy = = ch=amn, (10.48)
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Accounting for relation

or
dnoﬂ,

d
n, =y + oL (10.49)
dey
If now we suppose that
Ny =M, (10.50)

after straightforward manipulations, we get:

c dn, d”_uye
Ho=—=Hn,+®—=n_, +20f ———— 10.51
B ph fd(l?rf) ( 0.5 )

Moreover, trivial relations between the radiating frequency and the
wavelength of the optical wave, propagating along the fiber optic structure

C

. df c
=— — =—— —— df =——di
4 A dr X 7 Al

yields:

(10.52)
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So, we obtained two equivalent definitions of the index g via the frequency
(10.51) and via the wavelength (10.52) of the optical wave inside the fiber
optic cable.

Generally speaking, all the discussions above allow us to present
the total dispersion as a cumulative effect of both waveguide dispersion and
material dispersion,

D=D, +D,

as:

D:—z—;lfi c :_2“__,:{1 naﬁ_l_mdnw :_2_;.3' d”qﬂ’ +d(9d!?w +(9d2ﬂw
A" dw At do A

v, dw de do deo do’
=—2ir 2dnw +md3n‘?,
A do do”

(10.53)

We notice here that if we introduce, according to (10.28), the parameter b,
then, instead of (10.48), we will get:

gy —m, .
b=—T = —— nyz=nm+b(n—n)~n(1+DbA)

=, (10.54)

Finally, we can rewrite the expression (10.44) for the material expression
via the index g inside the cladding layer of the optic fiber:

p, 2w _10m,

M 22 o
AP 6@ ¢ 84

(10.55)

Qualitative analysis of the process of optical wave propagation inside the
fiber optic for the case when the refractive index can be presented by a sum
of its value in free space and a sum of effects from i = 1, 2,...,M, harmonics
propagating inside it with time dispersion (see definitions below), that is,

5 ¥ B’
n‘(co)=l+zq’—’ (10.56)

S o
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Computations of the parameters »n and n, are shown in Figure 10.15.

1.49

1.48

147

Refractive Index
5

1.45

1-44 1 | L L : L
0.6 0.8 1 1.2 1.4 1

‘Wavelength (um)
Figure 10.15. Refractive indexes vs. the wavelength (in um).

The vertical dotted line indicates the case occurring in fiber optic
based on SiO, semiconducting material (see Chapter 3) for A = 1.276 pum.
This line shows the boundary of the normal cable, where n and ng have the
same tendency to decrease with an increase of A. This wavelength, called
the zero-dispersion (ZD) wavelength, can be defined for A = 1.276 um by
the following constraint:

dn,[dA=0=D,, (10.57)
As for various wavelengths, we now get:

D_u(fl)zm[l—%] (10.58)

General assumptions made above allow us to present the waveguide
dispersion via parameters b from (10.28) and V" from (10.35), as:
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D, =

27A| n; V d*(vb) én,, d(vb
——[ L4 (77), o ) (10.59)

A n,o dr’ dor  dV

Figure 10.16 presents the total dispersion D = D,, + D,, their separate
dependence on the wavelength according to Ref. [6], where Azp = 1.35 um
indicates the case of D = 0, that is, D,, = - D,, [6].

D=D,+D,

Dispersion [ps/(km-nm)]

1.1 1.2 1.3 14 1.5 16 1.7
Wavelangth (pm)

Figure 10.16. The total (continuous curve), material (dashed curve) and waveguide
(dashed bold curve) dispersions [in ps / km - nm] vs. wavelength; Azp = 1.35um
(indicated by arrow) corresponds to D = 0, and D = - Dy according to [6].

The summands of Eq. (10.59) and the parameter b according to
(10.54) for fiber optic cable with diameter d = 2a and refraction indexes of
the core n, and the cladding n,, are shown in Figure 10.17 versus the

normalized frequency V, according to computations made in Ref. [6].
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Figure 10.17. Summands and parameter b in Eq. (10.59) vs. dimensionless
parameter / computed according to [6]; the left-bottom side is the description of
geometry and refraction indexes of the fiber.

Using now another approach presented in [6], we can rewrite Eq.
(10.59) as:

. m[@gw%h%d(%)

" A me dV? deo dV
2z A m, Vd*(VB) d(Vb) 2x dny, A (10.60)
AAme dV? av i do
EI o

This equation, as well as the corresponding curves presented in Figure 10.17
for parameters b and V (crossing straight lines in Figure 10.17), will be used
in further exercises presented below.

Polarization mode dispersion (PMD) may occur in the optical guiding
structures for different forms of optical wave polarization, vertical and
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horizontal. Its characteristic, called a pulse spread due to changes of
polarization, is defined as [6]:

o,=D, L" (10.61)

where D, is the polarization mode dispersion (PMD) parameter, measured

in picoseconds per square root of kilometer [ps/(km)l/z]. In other words,
light rays with different polarizations propagate at different speeds. For the

usually used graded-index and step-index fibers, D, is less than 0.5 ps/kmm,

i 12 .. N .
but sometimes can exceed ~10 ps/(km) ~. Critical limitations exist to
transmit information signals of high data rates [9, 10].

10.6. Attenuation and Scattering Inside Fiber Optic
Structures

Attenuation losses inside fiber optic structures are usually determined by
factor a, called the atfenuation coefficient. This coefficient was fully
described in Chapter 2. We now notice that, typically, attenuation inside an
optical fiber is determined in dB/km, but not per Np/m, that is,

dB/km=-8.685-« (10.43)

where the units of the attenuation coefficient are in km'. As an example,
the cladding or core of an optical cable fabricated from silica absorbs optical
waves over a wide range of wavelengths — from ultraviolet (UV), due to
electronic resonances, to infra-red (IR), due to vibrational resonances [4, 5].

Scattering phenomena can be characterized by several types of
scattering which occur inside fiber optic links, most of which are Rayleigh
and Raman (Stocks and anti-Stocks) [1-6]. Generally, the Rayleigh
scattering approach, which is ~A™ [6] and takes place for roughness and
defects of the inner (core) fiber surface, is valid when the dimensions of
which are much less than the wavelength of light (/ << ). Impurities or
defects that play major roles are defects with / = 0.6—-1.6 um and which
satisfy the constraint / < A or / ~ A, then the Mie scattering phenomenon is
valid (see Refs. [1-6]).

The total loss, obtained experimentally, as well as the Rayleigh
scattering effects, with limits on UV and IR absorption, and the effects of
different waveguide imperfections, are summarized in Figure 10.18.
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Figure 10.18. The total experimental attenuation for silica fiber optic structure,
Rayleigh scattering, UV and IR absorption curves, and Mie scattering for

waveguide imperfections vs. wavelength ranging from 0.6 to 1.8 um.

As follows from Figure 10.18, the minimum loss for IR observed

at A = 1.55 pm, which coincides with the experimental curve of total loss
around 0.3 dB/km. As for Mie scattering, it shows independence of
wavelength over the total waveband. The Rayleigh scattering law is fully
approximated by the experimentally obtained data for silica in the near-
infrared band from 0.8 to 1.2 um, and a decrease of loss is observed from 5
dB/km to 1 dB/km.

Summary

The information mentioned above allows us to outline the following:

1.

Depending on the wavelength of the optical signal propagating
inside the fiber optic channel, the material dispersion index
decreases exponentially with an increase of the signal wavelength.
At the same time, with an increase of the wavelength of the optical
signal passing through the fiber optic channel, the delay spread
(i.e., widening) of the resulting optical signal inside the cable
increases linearly, caused by the modal dispersion.

The material time dispersion parameter along the fiber optic cable
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increases linearly with an increase of the difference between the
refraction indexes of the inner and outer parts of the fiber, called
fractional refractive indexes difference (FRID), which has a
tendency to decrease exponentially the optical signals passing such
a cable.

The multimode time dispersion depends significantly on the
difference between the refraction indexes of the inner (core) and
outer (cladding) parts of the fiber, and with an increase of FRID, it
increases linearly.

For all types of optical digital signals, multimode dispersion
depends on the difference between the refraction indexes of the
inner and outer parts of the fiber and on the increase of the length
of the fiber.

Exercises

Exercise 1.

Let us consider that », =1.45 and A=0.02 (2%).

Find: N.A. and 2-0,.

Solution

1) Accounting for (10.1) and (10.2), we get N.4.=n,-(A)"* =sin™" 0,

Then:

N.A.=n -(A)"? =1.45-4/2-0.02 =0.29

2) N.A.=sin"' @, =sin"' 0.29 =15.66"
Then:2-6, =2-15.66° =31.33" .
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Exercise 2.

Given: Fiber optic step-index multimode cable with the following
parameters: A=0.01, n;, =1.455, d = 20um, and Ao = 780 nm.

Find: Normalized frequency V.
Solution

1) Taking into account Eq. (10.2) we get:
n = n - (1-2A) = 1.455- 0.3 = 0.4365

2) Taking into account Eq. (10.1) we get:

2 1/2

— [(1.455)'+ (0.4365)] = 1.4

Taking Eq. (10.29), we get: V' = (nd/ ho) - NA and taking into account Eq.
(10.1), we get:

V=[3.14-20/0.78]-1.4=5.6

Exercise 3.

Given: Radius of the core d =20 pm, o = 1300 nm, n,=1.467, A=1.36%.

Find: How many mode solutions for N from Eq. (10.12) can be obtained
(see also Fig. 10.7).

Solution

1) Accounting for Eq. (10.2), we get

o,
=m1-2A =1.467 1'1—21'36’/D =1.447
. 100%

2) Accounting for Eq. (10.2), we get

NA = \fnf —n? =1.467° —1.447° =0.242
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3) Accounting for Eq. (10.29) we get

_§
2md [ HEZENA_ﬁEOIO

y="22 et - =
a2V 4 1.3-10°°

0.242=11.69

4) Accounting for Eq. (10.17) we get

v 2-11.668
i i

It also can be found by use of dependence of N with N4 according to Eq.
(10.17):

2
Mk
A

Conclusion: In such a fiber optic structure, only 7 modes can propagate
according to Figure 10.7.

2.20.107°
:»:4+1J{7

v -0.242+1J=[8_446+1J=3

Exercise 4.
Given: Radius of the core d =20 um, Ao = 1300 nm, 7, = 1.467, A=1.36%.

Find:
1) Angle of full transfer of main mode along the fiber (according to (10.1))
Omax = Otmax

2) Critical angle . for the main mode and for mode 7 (according to
Exercise 3).

3) Incident angle 6, inside the fiber (see Figure 10.3).

4) The range of n.rbetween the main and the 7-th modes.

5) Wavelength ranged between 6-th and 4-th modes, and similarly — the
normalized frequency V' ranged between these modes.
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Solution
1) According to (10.1)
a,,, =sin™ M_ sin”' 0.242 =14°
my

2) According to Exercise 3:

NA=\[n} —n? =\1467° —1447* =0242
and following (10.1), we get

. N4
6, =sin —= =9.495°

m
3) The incident angle 6, can be found as:

. A
sin g, = 0_92—-

from which follows:

6, =1.676°

Now, accounting from Exercise 3 for Nmax = 8.446. As follows from Figure
10.7, for all 7 bold points N=8, finally, we get:

2V
—=+1
& tE+J

R
6 .

1

b
from which

6,=—° 6 -8004°
8 446

According to Snell’s law:
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nsin@, =n,sné,
we get:

6, ., =sin~ (1.467sin(8.994°)) =13.26°

4) As well-known from above:

_bn

nw.m - k

As for Sy and f37, they can be found from step 3 of this Exercise:

2 d rad
B, =mkcos6, =n, —-cos(1.676°) =7.078.10° — = 7 078 ——
A m um

B, =m 2 cos(8.994) =7.53.10° 4 _ 7 53724

i A m m

If so, finally we get that
B

< H gy < -
2r/a T 2x/a

or after straightforward computation we get:

1.449 <n_, <1.466
5) Accounting now for the following relation:

j.:?r_dNA
V

we get for wavelengths of waveguide modes via

Ay <A<y

or

7d i< Ny

& 4
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That

T-20-10°% .20-107%
16.53 4

Finally, the wavelength is varied from 4th to 6th mode at the range of

1.94mum < 4 <3 2nm

Similarly, we can find the normalized frequencies ranged between these
modes. Thus, accounting for well-known relations (10.16), we get:

for N=4  4=2V4/n+ 1, from which V4=4.71

forN=6 6=2Vs/mn+ 1, from which Vs=7.85

Exercise 5.

Given: 2-D guiding structure with width d = 20 pm, (Fig. 10.3), where light
propagates along it with the wavelength Ao = 1550 nm.

Find: 1) NA and V;
2) Angle of incidence for modes of m =0, 2 and m = 6;
3) Wave numbers for modes of m =0, 2 and m = 6;
4) For single-mode propagation conditions find the corresponding
width of the slab and the wavelength for this mode.

Solution

1) Accounting for (10.1), we get:

NA =+/1.465" —1445 =0.241

In the same manner will be calculated the normalized frequency V:

NA—Hd,.J' = ?;3501102 0.241=9.77

V=
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2) Following the wave mode propagation condition, following geometry
presented in Fig. 10.6, yields:

2mn, .
d—2sind, =am

—
k}

Then
form=20
g, = siu“'[ mdy ] =0°
2and oo
form=2

b — s mrA, - 155-107
! _szld

———— |=3.032°
.1_455-20.10*‘]

form=26

6, =s'm-1( mry ]

2and _

. 67-1.55-107°
=sin™ il — |=9.13°
27-1.465-20-10

il

3) The corresponding wave numbers can be found in the same

manner:
form=0
B, =kcosé, =2;;_n1 = 5_94E
A pm
form=2
B, =kcos8, = 2™ cos, = 5,927
) _ _ n
form=06
Bs =kcosé, = 2, cosf; = 5.86E

pun
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4) For single-mode propagation inside the slab, as following from
(10.30) we get:

N{ZHJ& — VI
T 2
or using the definition of 7 and the above conditions, we can find
the conditions for the width d of the slab that guides only the main
mode (with m = 0)

xd 7 1.55-10°°
y="Cng<Z <t =321um
2 N4 2-0.241
with the corresponding wavelength
; -
2 =E-VA= wdNA _ 2.20-107.0.241 ~1.07um

v 9x/2 9

Exercise 6.

Given: 2-D guiding optical structure (see Figure 10.19), n, =1.48 and n, =
1.46.

Figure 10.19. Mode propagation inside the 2-D slab.
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Find: 1) NA and A.
2) Maximum incident angle Gymax for 79 ~1.0.

Solution
1) Accounting for (10.1), we get:
NA=+148 146" =0.242

From (10.3), the approximate formula for A can be obtained

{”1 — M, ){”l 'Hf:} . (m _":)2”1 _h-n
25 ' 2n! "

Then, we finally get:

_ 1.48-1.46

1.48

=0.0135

2) Accounting for Snell's law (see geometry in Fig. 10.19) yields:

) ) ) n,
msingy =n,sing, —> smgﬂl:r—fsm:ﬂ:
1

At the same time, as follows from geometry presented in Figure10.7
a +d =§—> sinf, =cosg

Finally, we get:

. . T 2.
sind, =cos¢y =4/1—sin n; —in; sin” ¢

Moreover, according to Snell's law
Hysiné =n smb,

If now inside core is some material, let us say, with n=1.33, then we get:

h>g —> h="
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and the corresponding 6y, max for such conditions will equal:

6, ... =sin™ [E] =sin"(0.242) =147
n

]

Exercise 7.

Given: Multimode step-index fiber with parameters N4 = 0.3, V = 75,
n, =1.458, ho = 820 nm.

Find:

Dn,.
2) Radius of core d.
Solution

1) from (10.1) we can find n, as

m=(n"-NaH"=(1.458-03" "= 1.427
2) from (10.16) radius d equals

d=V-Ay/2n-NA= 75-820-10" / 6.28-0.3 = 32.63 pum

Exercise 8.

Given: Multimode step-index fiber with parameters d = 25um, n, = 1.48,
Ao = 820 nm.

Find: 1) Normalized frequency V' for A =0.01;
2) The fiber mode parameter M for A = 0.003.

Solution

1) According to (10.16), we get

V=00 " 21 d- n I =(0.02)"6.28-2510°1.48/820-10° = 24.9
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2) the fiber mode parameter M can also be found via (10.16) as

Mi=V12=05Qzd n 20" h) =
=4-0.003(3.14-25-10""-1.48 /820-10°")" = 241

Exercise 9.

Given: Multimode step-index fiber with the parameters M = 100 and N4 =
0.2; 1o =850 nm.

Find: 1) Diameter of core D.
2) Number M for A; = 1320 nm and A, = 1550 nm.

Solution
1) It is known that
M=V"12,s0 V=(2-1000) "* = 2000)
At the same time, according to (10.16)
d="V-29/ 21-NA = (2000) "> 850-10” / 6.28-0.2 = 30.25um
Then the diameter of the core equals
D=2d=60.5 um
2) For A, =1320 nm
M=V /2=2(x d-NA/ %) =2:(6.28-30.2510°-0.2/1320-10") =414

For A, = 1550 nm

My=V/2=2( d-NA/ ha) =2:(6.28-30.25-10° - 0.2/ 1550-107)" = 300
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Exercise 10.
Given: Step-index fiber of the length L, n, = 1.5.

Find:
1) Maximum bit rate fora) A=1/3, and b) A =2 10”.
2) Time dispersion along the length of the fiber, AT.

Solution

253

1) If, due to time spread, overlapping between bits occurs, called inter-
symbol interference (ISI), and its period 7 exceeds A7, accounting that the

bit rate B ~ T B_], we finally get the following constraint:

AT-B <1

Accounting for relations between the A7, the refraction indexes, parameters

of fiber, L and A, we can rewrite the above constrain as following

n,c

B<——
Ln A

a) ForA=1/3and n, =1.5, we get

n, =n (1-A)=1.5(1-1/3) =1
and

2
R =&1=0.4Mbitsjs
LniA 110152

b) ForA=2-103,and n = 1.5, we get

n, =1.497
B, =100Mbits/s
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2) According to geometry presented in Figure 10.20,

np~1 [ m i
Pa t‘hlﬂlll\‘ !
\0

pathma‘-;

Figure 10.20. Geometrical presentation of the minimum path (straight without
reflections — dashed blue line in the middle of the fiber) and of the maximum path
(after reflections inside the core) during mode propagation inside the 2-D slab.

we find the maximum path of the optical mode in the fiber:

L L L _my
singy,  sing, . [ . ) n,
4 4 sm(sm" n—‘] :

n

Path,, =

where the critical angle of the total inner reflection inside the core
corresponds to (see discussions in Paragraph 10.2)

¢, =sin" 2
-

n

Finally, we get the total time dispersion along the cable length L:

n

ATzPs.t}:lm_,_—Pathlm _n =nf£—n,ngL =n,2_L n -, =£A
v ° M, cn, n, cH,
or for
A=1/3/ AT/ L=2.5 (us - km' )
and for

A=2-10" AT/ L="T (us - hm')

Conclusion: Less difference between n, and n,, and smaller parameter
A, means the weaker the time spread along the cable takes place.
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Exercise 11.

Given: The Step-index fiber with the following parameter

2a=62pm, m=1451, nm=1442, o =1457, Ay =1276um

Find: The total dispersion coefficient for Az =1.55pm
Solution

For A =1.276 pm according to (10.58) we get:

1276
D, =122{ 1-722 | Z120[ 1— =21 P
: i 1.55

nm-km

and

V =kaynl —n? ~2

The summands of Eq. (10.59) shown in Figure 10.21 (we present it again
for the readers’ convenience) can be computed based on the above
parameters.
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1.2 T T
a2tvb)
v d‘.z |
1o o d{vb)
dv
Q8 - 7
b
06 =
047 1
na
T &‘
1
I 4 3
v = Iul-.A.z-ﬂzz

Figure 10.21. Summands and parameter b in Eq. (10.59) vs. dimensionless
parameter /' computed according to [6]; the left-bottom side is the description of
geometry and refraction indexes of the fiber.

Finally, from Figure 10.21, we get for V=2 (see crossing straight lines):

14 d_(}:b) =022
av’ |
) _gors
dV =1

Returning now to Eq. (10.60) and rearranging it, we get:

D:

w

A me drt do dV

__2mA n, Vd’ (V) _d(Vi;-)z_;.m‘nzg A
A Ane dr dV A' de

S
L Dy

2nA[ n2V d*(vb) dn,, d(Vb
_ { (%), g(}}
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Accounting for

we get for waveguide dispersion coefficient:

62-10° (1.457)° S ps
Dpy=—, - —022+62-107-21 -0.975
34z =1.55um 0%m 1.442 nm- km

=_43183-10°— +0.1269—

m nm - km
=43183—2 01260 B>
nm - km nm- km

ps

=4.1914
nm - km

Accounting for the obtained above material dispersion coefficients, we
finally get:

Ay =1.55um

ps

D=D,+D, =21-41914=16 8086
. nm - km

Conclusion: The material dispersion, occurring in the fiber optic structure
caused by impurities and defects (called irregularities or roughness
structures) is a more essential factor with respect to the waveguide
dispersion caused by multimode propagation inside the core of the optical
cable.
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135
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P-N (PND) 125
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H
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Core 213
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Receiver 5, 162
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Rayleigh scattering 240, 241
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Semiconductors
Composite/Combined 64, 110
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86, 87
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20
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