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Preface

This book is intended to be a second course in probability for undergraduate
and graduate students in statistics, mathematics, engineering, finance, and
actuarial science. It is a guided tour aimed at instructors who want to
give their students a familiarity with some advanced topics in probability,
without having to wade through the exhaustive coverage contained in the
classic advanced probability theory books (books by Billingsley, Chung,
Durrett, Breiman, etc.). The topics covered here include measure theory,
limit theorems, bounding probabilities and expectations, coupling, Stein’s
method, martingales, Markov chains, renewal theory, and Brownian motion.

One noteworthy feature is that this text covers these advanced topics
rigorously but without the need for much background in real analysis; other
than calculus and material from a first undergraduate course in probability
(at the level of A First Course in Probability, by Sheldon Ross [7]), any
other concepts required, such as the definition of convergence, the Lebesgue
integral, and countable and uncountable sets, are introduced as needed.

The treatment is highly selective, and one focus is on giving alternative
or nonstandard approaches for familiar topics to improve intuition. For
example, we introduce measure theory with an example of a nonmeasurable
set, prove the law of large numbers using the ergodic theorem in the first
chapter, and later give two alternative (but beautiful) proofs of the central
limit theorem using Stein’s method and Brownian motion embeddings. The
coverage of martingales, probability bounds, Markov chains, and renewal
theory focuses on applications in applied probability, where a number of
recently developed results from the literature are given.

The book can be used in a flexible fashion: After starting with Chapter
1, you may take the remaining chapters in almost any order, with a few
caveats. We hope you enjoy this book.

About Notation

Here we agsume the reader is familiar with the mathematical notation used
in an elementary probability course. For example, we write X ~ Uf(a,b)
or X =4 U(a,b) to mean that X is a random variable having a uniform
distribution between the numbers a and b. We use common abbreviations
like N(u,0?) and Poisson(\) to mean a normal distribution with mean
p and variance ¢ and a Poisson distribution with parameter A, respec-
tively. We also write 4 or I{A} to denote a random variable that equals
1 if A is true and equals 0 otherwise, and we use the abbreviation iid for
random variables to mean independent and identically distributed random
variables.

vii
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Measure Theory and Laws
of Large Numbers

1.1 Introduction

If you’re reading this, you’ve probably already seen many different types of
random variables and have applied the usual theorems and laws of probabil-
ity to them. We will, however, show you there are some seemingly innocent
random variables for which none of the laws of probability apply. Mea-
sure theory, as it applies to probability, is a theory that carefully describes
the types of random variables the laws of probability apply to. This puts
the whole field of probability and statistics on a mathematically rigorous
foundation.

You are probably familiar with some proof of the famous strong law
of large numbers, which asserts that the long-run average of independent
and identically distributed (iid) random variables converges to the expected
value. One goal of this chapter is to show you a beautiful and more general
alternative proof of this result using the powerful ergodic theorem. In
order to do this, we will first take you on a brief tour of measure theory
and introduce you to the dominated convergence theorem, one of measure
theory’s most famous results and the key ingredient we need.

In Section 1.2, we construct an event, called a nonmeasurable event, to
which the laws of probability don’t apply. In Section 1.3, we introduce the
notions of countably and uncountably infinite sets and show you how the
elements of some infinite sets cannot be listed in a sequence. In Section 1.4,
we define a probability space and the laws of probability that apply to them.
In Section 1.5, we introduce the concept of a measurable random variable,
and in Section 1.6, we introduce the concepts of convergence and limits. In
Section 1.7, we define the expected value in terms of the Lebesgue integral.
In Section 1.8, we illustrate and prove the dominated convergence theorem,
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and Section 1.9, we discuss convergence in probability and distribution.
Lastly, in Section 1.10, we prove zero-one laws and the ergodic theorem
and use these to obtain the strong law of large numbers.

1.2 A Nonmeasurable Event

Consider a circle that has a radius equal to one. We say that two points on
the edge of the circle are in the same family if you can go from one point to
the other point by taking steps of length one unit around the edge of the
circle. By this we mean each step you take moves you an angle of exactly
one radian degree around the circle, and you are allowed to keep looping
around the circle in either direction.

Suppose each family elects one of its members to be the head of the
family. Here is the question: What is the probability a point X selected
uniformly at random along the edge of the circle is the head of its family?
It turns out this question has no answer.

The first thing to notice is that each family has an infinite number of
family members. Because the circumference of the circle is 27, you can
never get back to your starting point by looping around the circle with
steps of length one. If it were possible to start at the top of the circle and
get back to the top going a steps clockwise and looping around b times,
then you would have a = b27 for some integers a, b, and hence © = a/(2b).
This is impossible because it’s well-known that =« is an irrational number
and can’t be written as a ratio of integers.

It may seem to you like the probability should either be zero or one,
but we will show you why neither answer could be correct. It doesn’t even
depend on how the family heads are elected. Define the events A = {X
is the head of its family}, A; = {X is ¢ steps clockwise from the head of
its family}, and B; = {X is ¢ steps counterclockwise from the head of its
family}.

Because X was uniformly chosen, we must have P(A) = P(A;) = P(B;).
But because every family has a head, the sum of these probabilities should
equal one, or in other words,

1= P(A) + i(P(Ai) + P(Bi)).
i=1

Thus, if # = P(A) we get 1 =  + >_;~, 2z, which has no solution where
0 < z < 1. This means it’s impossible to compute P(A), and the answer
is neither zero nor one, nor any other possible number. The event A is
called a non-measurable event, because you can’t measure its probability
in a consistent way.
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What’s going on here? It turns out that allowing only one head per
family, or any finite number of heads, is what makes this event nonmea-
surable. If we allowed more than one head per family and gave everyone
a 50% chance, independent of all else, of being a head of the family, then
we would have no trouble measuring the probability of this event. Or if we
let everyone in the top half of the circle be a family head, and again let
families have more than one head, the answer would be easy. Later we will
give a careful description of what types of events we can actually compute
probabilities for.

Being allowed to choose exactly one family head from each family re-
quires a special mathematical assumption called the axiom of choice. This
axiom famously can create all sorts of other logical mayhem, such as allow-
ing you to break a sphere into a finite number of pieces and rearrange them
into two spheres of the same size (the Banach—Tarski paradox). For this
reason, the axiom is controversial and has been the subject of much study
by mathematicians.

1.3 Countable and Uncountable Sets

You may now be asking yourself if the existence of a uniform random vari-
able X ~ U(0,1) also contradicts the laws of probability. We know that
for all z; P(X = z) = 0, but also P(0 < X < 1) = 1. Doesn’t this give a
contradiction because

PO<X<1)= ) PX=z)=07
z€(0,1]

Actually, this is not a contradiction because a summation over an interval
of real numbers does not make any sense. Which values of  would you
use for the first few terms in the sum? The first term in the sum could use
z = 0, but it’s difficult to decide which value of z to use next.

In fact, infinite sums are defined in terms of a sequence of finite sums:

oo n
n—r00
i=1 i=1

so to have an infinite sum, it must be possible to arrange the terms in a
sequence. If an infinite set of items can be arranged in a sequence it is
called countable; otherwise it is called uncountable.

Obviously the integers are countable using the sequence 0, —1, +1, —2,
42, .... The positive rational numbers are also countable if you express
them as a ratio of integers and list them in order by the sum of these
integers:
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The real numbers between zero and one, however, are not countable.
Here we will explain why. Suppose somebody thinks they have a method
of arranging them into a sequence x1,xs,..., Where we express them as
T; = >0, di;107% so that d;; € {0,1,2,...,9} is the 4th digit after the
decimal place of the jth number in their sequence. Then you can clearly
see that the number

[ee]

y— S0+ Hdy; — 11107,

i=1

where I{A} equals one if A is true and zero otherwise is nowhere to be
found in their sequence. This is because y differs from x; in at least the
1th decimal place, so it is different from every number in their sequence.
Whenever someone tries to arrange the real numbers into a sequence, this
shows that they will always be omitting some of the numbers. This proves
that the real numbers in any interval are uncountable and that you can’t
take a sum over all of them.

So it’s true with X ~ U(0,1) that for any countable set A we have
P(X € A) = >, AP(X = z) = 0, but we can’t simply sum up the
probabilities like this for an uncountable set. There are, however, some
examples of uncountable sets A (the Cantor set, for example) that have
P(XeA)=no.

1.4 Probability Spaces

Let © be the set of points in a sample space, and let F be the collection
of subsets of Q2 for which we can calculate a probability. These subsets are
called events and can be viewed as possible things that could happen. If we
let P be the function that gives the probability for any event in JF, then the
triple (€2, F, P) is called a probability space. The collection F is usually
what is called a sigma field (also called a sigma algebra), which we define
next.

Definition 1.1 The collection of sets F is a sigma field, or a o field, if it
has the following three properties:

1. Qe F
2. Ae F—> A°e F
3. A17A27...€]:—>U?21A¢€]:.

These properties say you can calculate the probability of the whole
sample space (Property 1), the complement of any event (Property 2), and
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the countable union of any sequence of events (Property 3). They also
imply that you can calculate the probability of the countable intersection
of any sequence of events because N2, A; = (U2 AS)° .

To specify a o field, people typically start with a collection of events A
and write o(A) to represent the smallest o field containing the collection of
events A. Thus o(.A) is called the o field “generated” by A. It is uniquely
defined as the intersection of all possible sigma fields that contain A, and
in Exercise 3 at the end of this chapter, you will show such an intersection
is always a sigma field.

Example 1.2 Let Q@ = {a, b, ¢} be the sample space, and let A = {{a,b}, {c}}.
Then A is not a o field because {a, b, ¢} ¢ A, but o(A) = {{a,b, c}, {a,b},
{c}, ¢}, where ¢ = Q° is the empty set.

Definition 1.3 A probability measure P is a function, defined on the sets
in a stgma field, which has the following three properties:

1. P(Q) =1, and
2. P(A) >0, and
3. P(UR A) =37 P(A;) if Vi § we have A; N Aj = ¢.

These properties imply that probabilities must be between zero and one
and say that the probability of a countable union of mutually exclusive
events is the sum of the probabilities.

Example 1.4 Dice. If you roll a pair of dice, the 36 points in the sample
space are = {(1,1), (1,2),...,(5,6), (6,6)}. We can let F be the collection
of all possible subsets of €2, and it’s easy to see that it is a sigma field. Then
we can define
A

36’
where |A| is the number of sample space points in A. Thus, if A = {(1, 1),
(3,2)}, then P(A) = 2/36, and it’s easy to see that P is a probability
measure.

P(A)

Example 1.5 The unit interval. Suppose we want to pick a uniform random
number between zero and one. Then the sample space equals Q = [0, 1],
the set of all real numbers between zero and one. We can let F be the
collection of all possible subsets of €2, and it’s easy to see that it is a sigma
field. But it turns out that it’s not possible to put a probability measure
on this sigma field. Because one of the sets in F would be similar to the set
of heads of the family (from the nonmeasurable event example), this event
cannot have a probability assigned to it. So this sigma field is not a good
one to use in probability.
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Example 1.6 The unil interval again. Again with Q = [0, 1], suppose we
use the sigma field F = o({z},cq), the smallest sigma field generated by
all possible sets containing a single real number. This is a nice enough
sigma field, but it would never be possible to find the probability for some
interval, such as [0.2, 0.4]. You can’t take a countable union of single real
numbers and expect to get an uncountable interval somehow. So this is
not a good sigma field to use.

If we want to put a probability measure on the real numbers between
zero and one, what sigma field can we use? The answer is the Borel sigma
field B, the smallest sigma field generated by all intervals of the form [z, y)
of real numbers between zero and one: B = o([z, y)z<ycn). The sets in this
sigma field are called Borel sets. We will see that most reasonable sets you
would be interested in are Borel sets, although sets similar to the one in
the “heads of the family” example are not Borel sets.

We can then use the special probability measure, which is called a
Lebesgue measure (named after the French mathematician Henri Lebesgue),
defined by P([z,y)) =y —z, for 0 <z <y < 1, to give us a uniform dis-
tribution. Defining it for just these intervals is enough to uniquely specify
the probability of every set in B. (This fact can be shown to follow from
Theorem 1.65, which is discussed later). And actually, you can do almost
all of probability starting from just a uniform(0,1) random variable, so this
probability measure is pretty much all you need.

Example 1.7 If B is the Borel sigma field on [0,1], is {.5} € B? Yes,
because {0.5} =N2,[0.5,0.5+ 1/4). Also note that {1} =1[0,1)¢ € B.

Example 1.8 If B is the Borel sigma field on [0,1], is the set of rational
numbers between zero and one ) € B? The argument from the previous
example shows {z} € B for all z, so each number by itself is a Borel set,
and we then get @ € BB because @ is countable union of such numbers. Also
note that this then means Q¢ € B, so the set of irrational numbers is also
a Borel set.

There are some Borel sets that can’t directly be written as a countable
intersection or union of intervals like the preceding, but you usually don’t
run into them.

From the definition of probability, we can derive many of the famous
formulas you may have seen before such as

P(AUB) = P(A)+ P(B) — P(AN B),
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and extending this by induction,

P(UP_| Ay) ZP )= > P(ANAy)
i<J
+ > PAINA;NA) -

i<j<k
o (=1)"TIP(A N Ay N Ay,

where the last formula is usually called the inclusion—exclusion formula.
Next we give a couple of examples applying these. In these examples,
the sample space is finite, and in such cases unless otherwise specified, we
assume the corresponding sigma field is the set of all possible subsets of the
sample space.

Example 1.9 Cards. A deck of n cards is well shuffled many times. (a)
What’s the probability the cards all get back to their initial positions? (b)
What'’s the probability at least one card is back in its initial position?

Solution Because there are n! different ordering for the cards and all are
approximately equally likely after shuffling, the answer to Part (a) is ap-
proximately 1/n!. For the answer to Part (b), let A; = {card 7 is back in
its initial position} and let A = U2, A; be the event at least one card is
back in its initial position. Because P(A;, N A;, N...NA;.) = (n — k)!/n}]
and because the number of terms in the kth sum of the inclusion—exclusion
formula is (2)7 we have

v w( Yoz

k=1
n

k—
~1—1/e

k+1

—

for large n. m

Example 1.10 Coins. If a fair coin is flipped n times, what is the chance
of seeing at least k heads in row?

Solution We will show you that the answer is

(n+1)/(k+1)
Z (—1)m {(n:;nk)2fm(k+1) + (nm:nk)2 m(k+1)+1:|
m=1
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When we define the event A; = {a run of a tail immediately followed by &
heads in a row starts at flip ¢}, and Ay = {the first k flips are heads}, we
can use the inclusion—exclusion formula to get this solution because

P(at least k heads in row) = P(UT_ 1 A4;)

and
0 if flips for any events overlap
P(Aj Ay, - Ay ) = 27 mEED otherwise and i; > 0
g—m{k+1)+1 otherwise and 71 = 0
and the number of sets of indices iy < i9 < --- < 4;,,, Where the runs that

do not overlap equal (n:nmk) if 44 > 0 (imagine the k heads in each of the
m runs are invisible, so this is the number of ways to arrange m tails in
n — mk visible flips) and (nfinlk) ifi;=0. m

m

An important property of the probability function is that it is a contin-
uous function on the events of the sample space . To make this precise,
let A,,n > 1 be a sequence of events, and define the event liminf A,, as

liminf 4, = U;” |, N2, A;.

Because liminf A,, consists of all outcomes of the sample space that are
contained in N2, A; for some n, it follows that liminf 4, consists of all
outcomes that are contained in all but a finite number of the events A,,,n >
1.

Similarly, the event limsup A,, is defined by

limsup A, =Ny~ U2, A;.

Because limsup A,, consists of all outcomes of the sample space that are
contained in U A; for all n, it follows that limsup A, consists of all
outcomes that are contained in an infinite number of the events A,,n > 1.
Sometimes the notation {A4,, i.0.} is used to represent limsup 4,,, where i.o.
stands for infinitely often and means that an infinite number of the events
A, occur.

Note that by their definitions

liminf A, C limsup A4,,.

Definition 1.11 If limsup 4, = liminf A,,, we say that lim, A, exists
and define it by
lim A, = limsup 4,, = liminf A,,.
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Example 1.12 (a) Suppose that A,,n > 1 is an increasing sequence of
events, in that A,, C A, 11, » > 1. Then N A; = A,, showing that

liminf A4,, = U7 | A,
Also, U A; = U2 A;, showing that
limsup 4, = U 1 Ay

Hence,
lim An — U?ilAzW
n

(b) If A,,,n > 1 is a decreasing sequence of events, in that A, 1 C A,, n >
1, then it similarly follows that

lim A, =N, A;. [ |
n
The following result is known as the continuity property of probabilities.

Proposition 1.13 [f lim,, A,, = A, then lim,, P(A,) = P(A).

Proof We prove it first for when A, is either an increasing or decreasing
sequence of events. Suppose A, C A,11, n > 1. Then, with Ay defined to
be the empty set,

= P(UZ (U521 45)%)
= PUZ4:47 )

= ) P(AAL )
=1

= lim ; P(AA; )

= lim P(U A;AY )

n—oo

BT no4
= nl;rgoP(UlzlAl)
= lim P(A4,).
n—od
Now, suppose that A,+1 C An, n > 1. Because A is an increasing se-
quence of events, the preceding implies that

P(UZ A7) = lim P(A7D),

n—oo

or equivalently,
P((NZ,4;)°) =1 lim P(4,)

n—rod



10 1 Measure Theory and Laws of Large Numbers

or
PN A;) = lim P(A,),

n—od
which completes the proof whenever A, is a monotone sequence. Now,
consider the general case, and let B, = U°, A;. Noting that B, C B,,
and applying the preceding yields

P(limsup 4,) = PN, By)
= lim P(By). (1.1)
n—oo

Also, with C,, = Ng2, A;,

P(liminf 4,)) = P(U;2,Cy)
= lim P(C,) (1.2)

n—rod

because C,, C Cpy1. But
C,=n2,A CA, CU2, A; = By,

showing that
P(C,) < P(A,) < P(B,). (1.3)

Thus, if liminf A4, = limsup A,, = lim A,,, then we obtain from Equations
1.1 and 1.2 that the upper and lower bounds of Equation 1.3 converge to
each other in the limit, and this proves the result. R

1.5 Random Variables

Suppose you have a function X that assigns a real number to each point in
the sample space €2 and you also have a sigma field 7. We say that X is
an JF-measurable random variable if you can compute its entire cumulative
distribution function using probabilities of events in F or, equivalently, that
you would know the value of X if you were told which events in F actually
happen. We define the notation {X <z} ={w e Q: X(w) <z}, s0 X is
F measurable if {X <z} € F for all . This is often written in shorthand
notation as X € F.

Example 1.14 Q = {a,b,c}, A= {{a,b,c}, {a,b}, {c}, ¢}, and we define
three random variables X,Y, 7 as follows:
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Which of the random variables X,Y, and Z are .4 measurable” Because
{Y <1} = {a} ¢ A, then Y is not .A measurable. For the same reason, 7
is not A measurable. The variable X is .\A measurable because {X <1} =
{a,b} € A, and {X < 2} = {a,b,c} € A. In other words, you can always
figure out the value of X using just the events in .4, but you can’t always
figure out the values of Y and Z.

Definition 1.15 For a random variable X we define
o(X)=o({X <z}, V)

to be the sigma field generated by all events of the type {X < z}, where
o(X) is the sigma field generated by X.

Alternatively, we can define (X ) as the intersection of all possible sigma
fields F where X is F measurable; such an uncountable intersection is a
sigma field, as in Exercise 3 at the end of this chapter. Intuitively, o(X)
contains just enough events to know the value of X when you know which
of the events occur.

Definition 1.16 For random variables X, Y we say that X is Y measurable
if X € o(Y).

Example 1.17 In the previous example, is Y € o(Z)7 Yes, because o(Z) =
{{a,b,c}, {a}, {a,b}, {b},{b,c}, {c}, {c, a}, ¢}, the set of all possible sub-
sets of Q. Is X € o(Y)? No, because {X < 1} = {a,b} ¢ o(Y) =
{{a7 b? C}7 {b7 C}7 {a}7¢}'

To see why o(Z) is as given, note that {Z < 1} = {a}, {Z < 4} = {a, ¢},
{Z < 7} = {a,b,c}, {a}® = {b,c}, {a,0}° = {c}, {a} U {c} = {a,c},
{a,b,c}® = ¢, and {a,c}® = {b}.

Example 1.18 Suppose X and Y are random variables taking values be-
tween zero and one and are measurable with respect to the Borel sigma
field B. Is Z7 = X + Y also measurable with respect to B? Well, we must
show that {Z < z} € B for all z. We can write

(XY > 2} = Upeo(X > g} N {Y > 2 - q),
where () is the set of rational numbers. Because {X > ¢} € B, {Y > 2—¢} €

B, and @ is countable, this means that {X +VY <2} ={X+Y > z}°e B
and thus 7 is measurable with respect to B.
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Example 1.19 The function F(z) = P(X < z) is called the distribution
function of the random variable X. If x, | = then the sequence of events
A, ={X <z,}, n > 1, is a decreasing sequence with a limit that is

lim A, =N, A, ={X <z}.
n
Consequently, the continuity property of probabilities yields

Flz) = lim F(zy),
showing that a distribution function is always right continuous. On the
other hand, if z,, T =, then the sequence of events A4, = {X < z,}, n > 1,
is an increasing sequence, implying that

lim F(z,) = PU,A,) = P(X <z)=F(z) - P(X =x).

n—oo

Two events are independent if knowing that one occurs does not change
the chance that the other occurs. This is formalized in the following defi-
nition.

Definition 1.20 Sigma fields Fy, ..., F, are independent if whenever A; €
Fi fori=1,...,n, we have P(N?_ A;) = [[;—, P(4).

Using this we say that random variables Xy, ..., X,, are independent if the
sigma fields o(X1), ..., 0(X,,) are independent, and we say events Ay,..., 4,
are independent if T4,,...,I4, are independent random variables.

Remark 1.21 One interesting property of independence is that it’s possible
that events A, B, C are not independent even if each pair of the events are
independent. For example, if we make three independent flips of a fair coin
and let A represent the event exactly one head comes up in the first two
flips, let B represent the event exactly one head comes up in the last two
flips, and let C represent the event exactly one head comes up among the
first and last flip. Then each event has probability 1/2, the intersection of
each pair of events has probability 1/4, but we have P(ABC) = 0.

In our next example, we derive a formula for the distribution of the
convolution of geometric random variables.

Example 1.22 Suppose we have n coins that we toss in sequence, moving
from one coin to the next in line each time a head appears. That is, we
continue using a coin until it lands heads, and then we switch to the next
one. Let X; denote the number of flips made with coin 4. Assuming that
all coin flips are independent and that each lands heads with probability p,
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we know from our first course in probability that X; is a geometric random
variable with parameter p and that the total number of flips made has a
negative binomial distribution with probability mass function

m—1
P(Xi+ -+ Xp=m) = (n B 1)19"(1 -p)" " mzn
The probability mass function of the total number of flips when each coin
has a different probability of landing heads is easily obtained using the
following proposition.

Proposition 1.23 If Xq,...,X,, are independent geometric random vari-
ables with parameters py,...,pn, where p; # py if i # §, then, with ¢; =
1—p;, fork>n—1

PXi+- -+ X,>k) qu

i=1 j#z pl

Proof We will prove Ay, = P(X1+ -+ X,, > k) is as given using
induction on & + n. Because A; 1 = g1, we will assume as our induction
hypothesis that A; ; is as given previously for all i +j < k 4+ n. Then,
depending on whether or not the event {X,, > 1} occurs, we get

A = @ Ap—1n T PrAr—1 01

7%2%1{11—[ bj erank 1Pn — sz Pg

’ﬂ

=1 J#l J#l
- Zqz H pj
i=1 j#z

which completes the proof by induction. m

1.6 Convergence, Limits, sup, and inf

A sequence of real numbers x1,z9,... converges to a limit z, and we write
this as lim,, ... ,, = z or lim,, z,, = x or z,, — z if for any ¢ > 0 the values
in the sequence beyond some point are all within e of x. We write x,, T x if
zy, — = and the sequence is nondecreasing, and we write z,, | z if z,, = =
and the sequence is nonincreasing.

If X,, is a sequence of random variables and we write X,, — X, we mean
that if we observe the sequence and then consider it as a sequence of real
numbers, we will always have X,, — X.
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Example 1.24 If 2,, = n/(n+1) forn =1,2,... then we have z,, T 1. This
is because z,, is nondecreasing, and given any ¢ > 0, we can let n = 1/¢
and 1 —x; = 1/(i+ 1) < € when when i > n.

Example 1.25 If z,, = n/(n + 1) when n is even and z,, = 0 when n is
odd, we say that the sequence has no limit. Because for n > 1 we have
Zon 2> 2/3 and x9,,11 = 0, when ¢ = 1/3 we can never find an n such that
all the values beyond the nth value are less than e from the same number.

If x; for i € S are real numbers with indices in a set S we write

T =supz
ics
if z; < z for all 4 and for any y < x there is some 7 € S such that z; > y.
We say that x is the supremum of the set {x; : i € S}, which means it
is the smallest possible upper bound for the set. Here S may be either a
countable or an uncountable set. We also define the infimum of a set as the
largest possible lower bound so that if

x — inf x;
€S

it means x; > z for all ¢ and for any y > z there is some i € S such that
xr; <yY.

Example 1.26 If S = {1,2,...} and z; = 4, we have that sup,.gz; = >
and inf;cgx; = 1. Also note that there is no maximum value of z;, so
max;c s z; does not exist.

Every set of real numbers has a supremum and an infimum, although
these may not actually be in the set. Infinite sets may not have a maximum
or minimum value within them, although finite sets always do.

1.7 Expected Value

A random variable X is contmuous if there is a function f, called its
density function, so P(X < z) f f)dt for all . A random variable
is discrete if it can only take a countable number of different values. In
elementary textbooks, you usually see two separate definitions for expected
value:

E[X] Zl sz(X = 551) if X is discrete
o Jaf(z)d if X is continuous with density f.
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But it’s possible to have a random variable that is neither continuous
nor discrete. For example, with U ~ U(0,1), the variable X = Uly~qs
is neither continuous nor discrete. It’s also possible to have a sequence of
continuous random variables that converges to a discrete random variable or
vice versa. For example, if X,, = U/n, then each X, is a continuous random
variable, but lim,,_... X,, is a discrete random variable (which equals zero).
This means it would be better to have a single more general definition that
covers all types of random variables. We introduce this next.

A simple random variable is one that can take on only a finite number
of different possible values, and its expected value is defined as in the first
paragraph in this section for discrete random variables. Using these, we
next define the expected value of a more general nonnegative random vari-
able. We will later define it for general random variables X by expressing
it as the difference of two nonnegative random variables X = XT — X,
where 7 = max(0,z) and = = max(—z, 0).

Definition 1.27 If X > 0, then we define

EX] = sup ElY].

all simple variables Y <X

We write Y < X for random variables X, Y to mean P(Y < X) = 1; this
is sometimes written as “Y < X almost surely” and abbreviated “Y < X
a.s.” For example, if X is nonnegative and a > 0, then Y = alx>, is a
simple random variable such that Y < X. And by taking a supremum over
all simple variables, we of course mean the simple random variables must
be measurable with respect to some given sigma field. Given a nonnegative
random variable X, one concrete choice of simple variables is the sequence
Y, = min(|2"X |/2",n), where || denotes the integer portion of . In
Exercise 18 at the end of this chapter, we ask you to show that Y,, T X and
E[X] = lim,, F[Y,].

Another consequence of the definition of expected value is that if Y < X,
then EY] < E[X].

Example 1.28 Markov’s inequality. Suppose X > 0. Then, for any a > 0
we have that alx>, < X. Therefore, Elalx>,] < E[X] or, equivalently,

P(X > a) < B[X]/a,
which is known as Markov’s inequality.

Example 1.29 Chebyshev’s inequality. A consequence of Markov’s inequal-
ity is that for ¢ > 0

P(|X| > a) = P(X* > %) < B[X?]/a?,

a result known as Chebyshev’s inequality.
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Given any random variable X > 0 with EF[X] < oo, and any € > 0,
we can find a simple random variable ¥ with F[X] —e < E[Y] < E[X].
Our definition of the expected value also gives what is called the Lebesgue
integral of X with respect to the probability measure P and is sometimes
denoted E[X| = [ XdP.

So far we have only defined the expected value of a nonnegative random
variable. For the general case, we first define X+ = XIx>o and X~ =
— X I'x <o so that we can define F[X| = E[XT]—FE[X ], with the convention
that E[X] is undefined if F[XT] = E[X | = co.

Remark 1.30 The definition of expected value covers random variables that
are neither continuous nor discrete, but if X is continuous with density
function f, it is equivalent to the familiar definition E[X| = [zf(z)dz
For example, when 0 < X < 1 the definition of the Riemann integral in
terms of Riemann sums implies, with || denoting the integer portion of x,

(i+1)/
/xf dx*nlgrgoz:/l dx

. 1+ 1 . 1+ 1
gnlgﬂoz ~ P(z/ngxg )

n

i=0
i it+1
:nlgr&;z/np (z =X <— >

— Jim B[[nX|/n]
< B[X],

where the last line follows because |nX|/n < X is a simple random vari-
able.
Using that the density function g of 1 — X is g(z) = f(1 —z), we obtain

1-FE|X] = FE[1-X]
1
> /o zf(1 — z)dx

1
- [a-asei
0

- 1—/01xf(x)dx

Remark 1.31 At this point, you may think it might be possible to express
any random variable as sums or mixtures of discrete and continuous random
variables, but this is not true. Let X ~ U(0,1) be a uniform random
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variable, and let d; € {0,1,2,...,9} be the ith digit in its decimal expansion
so that X = 3.7 d;107%. The random variable Y = > min(1,d;)107 is
not discrete and has no intervals over which it is continuous. This variable
Y can take any value (between zero and one) having a decimal expansion
that uses only the digits 0 and 1, which are a set of values C called a Cantor
set. Because C' contains no intervals, Y is not continuous. And Y is not
discrete because C'is uncountable; every real number between zero and one,
using its base two expansion, corresponds to a distinct infinite sequence of
binary digits.

Another interesting fact about a Cantor set is, although C is uncount-
able, P(X € C) = 0. Let C; be the set of real numbers between zero and
one that have a decimal expansion using only the digits 0 and 1 up to the
ith decimal place. Then it’s easy to see that P(X € C;) = 0.2¢ and because
P(X € C) < P(X € ;) = 0.2% for any 4, we must have P(X € C) = 0.
The set C' is called an uncountable set having measure zero.

Proposition 1.32 [f F|X|, F|Y| < oo then (a) E[aX + b = al[X] + b for
constants a, b, and (b) F[X +Y] = E[X]+ E[Y].

Proof In this proof we assume X,Y > 0, a > 0, and b = 0. The general
cases will follow using E|X + Y] = FEXT+YT]| - E[X~ +Y],

Eb+X]= sup E[Y]=sup Eb+Y]|=b+ sup E]Y|=b+ E[X],
Y <btX Y<X V<X

and —aX +b=a(—X) +0.

For Part (a) if X is simple we have

ElaX] =) axP(X = z) = aE[X],

and because for every simple variable Z < X there corresponds another
simple variable aZ < aX, and vice versa, we get

ElaX] = ZSIipXE[aZ] = ngl))( abZ] = aF[X],

where the supremums are over simple random variables.
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For Part (b) if X,Y are simple we have
EIX+Y]=) 2P(X+Y =2)

=> 2 Y PX=2Y=y

z T,y rt+y==z

72 Z (z+y)P(X =z,Y =y)

z zTyrty==z

—Zx+y z,Y = y)
7§:ﬂ3 Y =y)+) yP(X =Y =y)
T,y
:pr =) +ZyP(Y:
@ y

= E[X]+ E[Y],
and applying this in the following second line, we get

EX|+EY]= A<§(ug<yE[A] + E|B]

= sup FE[A+ B]
A<X,B<Y

< sup E[4]
A<X+Y

= B[X +Y],

where the supremums are over simple random variables. We then use this
inequality in the following third line:

Emin(X 4+ Y, n)] = 2n — F[2n — min(X + Y, n)]
<2n — F[n —min(X,n) +n — min(Y, n)]
<2n — F[n —min(X,n)] — Efn — min(Y, n)]
= F[min(X, n)] + E[min(Y,n)]
< E[X]+ EY],

and we use Part (a) in the first and fourth lines and min(X + Y,n) <
min(X, n) + min(Y, n) in the second line.

This means for any given simple 7 < X 4+ Y we can pick n larger than
the maximum value of Z so that E[Z] < E[min(X + Y, n)] < E[X]+ E[Y],
and taking the supremum over all simple Z < X + Y gives E[X + Y] <
E[X]+ ETY] and the result is proved. m
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Proposition 1.33 If X is a nonnegative integer valued random wvariable,
then

E[X] = ip(x > n).
n=0

Proof Because F[X] = p1 + 2ps + 3ps + 4ps ... (see Exercise 7 at the end
of this chapter), where p; = P(X = i), we rewrite this as

EX]=p1 + p2 + p3 + pa
+ P2+ p3 A+ opg
+ p3 + pgo...
+ pa ...
Notice that the columns equal pq, 2po, 3ps, ..., respectively, whereas the
rows equal P(X > 0), P(X > 1), P(X > 2),..., respectively. m

Example 1.34 With X, X5 ...independent U (0, 1) random variables, com-
pute the expected value of

Nmin{n:ZXi > 1}.
=1
Solution Using E[N] =3, P(N > n), and noting that
PN >0)=P(N>1)=1,

and

1 1711 1711712 17117127“'71.”71
P(N>n):// / / don - d,
0 0 0 0

=1/nl,

we get E[N]=¢c. m

1.8 Almost Sure Convergence and the
Dominated Convergence Theorem

For a sequence of nonrandom real numbers, recall that we write z,, — z or
lim,,— oo @, = z if for any £ > 0 there exists a value n such that |z,, —z| < e
for all m > n. Intuitively, this means eventually the sequence never leaves
an arbitrarily small neighborhood around z. It doesn’t simply mean that
you can always find terms in the sequence that are arbitrarily close to =, but
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rather it means that eventually all terms in the sequence become arbitrarily
close to . When z,, — o0, it means that for any k > 0 there exists a value
n such that z,, > k for all m > n.

The sequence of random variables X,,,n > 1, is said to converge almost
surely to the random variable X, written as X,, —,, X, or lim,, .. X,, =
X a.s., if with

lim X,, = X.

The following proposition presents an alternative characterization of
almost sure convergence.

Proposition 1.35 X, — ., X if and only if for any ¢ >0
PX,—X|<e foralln>m)—>1 as m— .

Proof Suppose first that X,, —,s X. Fix ¢ > 0, and for m > 1, define
the event

Ay ={|X, — X| <€ forall n>m}.

Because A,,,m > 1, is an increasing sequence of events, the continuity
property of probabilities yields that

lim P(A,,) = P(limA4,,)

P(|X,, — X| < ¢ for all n sufficiently large)
Plim X,, = X)

1.

vl

To go the other way, assume that for any ¢ > 0
P(X, —X|<eforall n>m)—=1 as m— oco.

Let ¢;, i« > 1, be a decreasing sequence of positive numbers that converge
to 0, and let
A = {1 Xy — X| < ¢ forall n>m}.

Because A,, ; C Apmy1, and, by assumption, lim,, P(A4,, ;) = 1, it follows
from the continuity property that

Mm—00
where B; = {|X,, — X| < ¢ for all n sufficiently large}. But B;, i > 1, is
a decreasing sequence of events, so invoking the continuity property once
again yields
1= lim P(B;) = P(lim B;),

i—00
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which proves the result because

limB; = {for all i, | X,, — X| < ¢; for all n sufficiently large}
= {limX, = X}.

Remark 1.36 The reason for the word almost in “almost surely” is because
P(A) =1 doesn’t necessarily mean that A€ is the empty set. For example,
if X ~U(0,1), we know that P(X # 1/3) = 1 even though {X = 1/3} is
a possible outcome.

The dominated convergence theorem is one of the fundamental building
blocks of all limit theorems in probability. It tells you something about
what happens to the expected value of random variables in a sequence if
the random variables are converging almost surely. Many limit theorems in
probability involve an almost surely converging sequence, and being able to
accurately say something about the expected value of the limiting random
variable is important.

Given a sequence of random variables X1, Xo, ..., it may seem to you at
first thought that X,, — X a.s. should imply lim,, ... F[X,] = F[X]. This
is sometimes called interchanging limil and expectation, because F[X] =
Elim,, .., X,,]. But this interchange is not always valid, and the next ex-
ample illustrates this.

Example 1.37 Suppose U ~ U(0,1) and X,, = nl,<q/v. Regardless of
what U turns out to be, as soon as n gets larger than 1/U, we see that the
terms X, in the sequence will all equal zero. This means X,, — 0 a.s., but
at the same time we have F[X, ] = nP(U < 1/n) =n/n =1 for all n, and
thus lim,, ... F[X,] = 1. Interchanging limit and expectation is not valid
in this case.

What’s going wrong here? In this case, X,, can increase beyond any
level as n gets larger and larger, and this can cause problems with the
expected value. The dominated convergence theorem says that if X, is
always bounded in absolute value by some other random variable with
finite mean, then we can interchange limit and expectation. We will first
state the theorem, give some examples, and then give a proof. The proof
is a nice illustration of the definition of expected value.

Proposition 1.38 The dominated convergence theorem. Suppose X, — X
a.s., and there is a random variable Y with E|Y| < oo such that | X, | <Y
for all n. Then

Ellim X,]= lim E[X,].

n—oo n—oo



22 1 Measure Theory and Laws of Large Numbers

This is often used in the form where Y is a nonrandom constant, and
then it’s called the bounded convergence theorem. Before we prove it, we
first give a couple of examples and illustrations.

Example 1.39 Suppose U ~ U(0,1) and X,, = U/n. It’s easy to see that
X, — 0 as., and the theorem would tell us that K[X,] — 0. In fact, in
this case we can easily calculate E[X,] = % — 0. The theorem applies

using Y = 1 because | X,,| < 1.

Example 1.40 With X ~ N(0,1), let X,, = min(X,n), and notice X,, - X
almost surely. Because X,, < |X|, we can apply the theorem using ¥ = | X|
to tell us KX, ] — E[X].

Example 1.41 Suppose X ~ N(0,1) and let X,, = XIx>_p —nlxc_p.
Again X,, = X, so using Y = | X]| the theorem tells us F[X,] — E[X].

Proof Proof of the dominated convergence theorem. To be able to directly
apply the definition of expected value, in this proof we assume X,, > 0. To
prove the general result, we can apply the same argument to X, +Y >0
with the bound | X,, + Y| < 2Y.

Our approach will be to show that for any € > 0 we have, for all suffi-
ciently large n, both (a) E[X,] > E[X] — 3¢ and (b) F[X,] < F[X] + 3e.
Because ¢ is arbitrary, this will prove the theorem.

First, let N. = min{n : |X; — X| < e for all i > n}, and note that
Xp —as X implies that P(N, < o0) = 1. To Part (a), note first that for
any m

Xp +e>min(X,m) — miy sn.

The preceding is true when N, > n because in this case the right-hand side
is nonpositive; it is also true when N. < n because in this case X, +¢ > X.
Thus,

E[X,]+¢e > Fmin(X, m)] — mP(N, > n).

Now, |X| <Y implies that E[X] < E[Y] < oo. Consequently, using the
definition of E[X], we can find a simple random variable Z < X with
E[Z] > E[X] —e. Because Z is simple, we can then pick m large enough
so Z < min(X, m), and thus

Elmin(X,m)] > E[Z] > E[X] —¢.

Then N. < oo implies, by the continuity property, that mP(N. > n) < ¢
for sufficiently large n. Combining this with the preceding shows that for
sufficiently large n

BX,| += > B[X] - 2,

which is Part (a).
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For Part (b), apply Part (a) to the sequence of nonnegative random
variables Y — X,,, which converges almost surely to Y — X with a bound
Y — X, | <2Y. We get E[Y — X,,] > E[Y — X] — 3¢, and rearranging and
subtracting E[Y] from both sides gives Part (b). m

Remark 1.42 Part (a) in the proof holds for nonnegative random variables
even without the upper bound Y and under the weaker assumption that
inf,sn Xm — X as n — oo. This result is usually referred to as Fatou’s
lemma, which states that for any e > 0 we have E[X,] > E[X] — e for
sufficiently large n, or equivalently that inf,,~, F[X,] > F[X] — ¢ for
sufficiently large n. This result is usually denoted as liminf, . E[X,] >
Eliminf,,_ . X,].

A result called the monotone convergence theorem can also be proved.

Proposition 1.43 The monotone convergence theorem. If
0< X, 1 X,
then E[X,]1T F[X].

Proof If E[X] < oo, we can apply the dominated convergence theorem
using the bound |X,| < X.

Consider now the case where E[X] = oo. For any m, we have min(X,,, m)
— min(X,m). Because F[min(X,m)] < oo, it follows by the dominated
convergence theorem that

lim E[min(X,,, m)] = E[min(X, m)].

n

But because E[X,,] > Emin(X,,, m)], this implies

lim F[X,,] > lim E[min(X, m)].

m—r0o0

Because E[X] = oo, it follows that for any K there is a simple random
variable A < X such that E[A] > K. Because A is simple, A < min(X, m)
for sufficiently large m. Thus, for any K

lim Emin(X,m)] > E[A] > K,

Mm—00
proving that lim,, ... F[min(X, m)] = co and completing the proof. m

We now present a couple of corollaries of the monotone convergence

theorem.

Corollary 1.44 [f X; >0, then E[>~, Xi| =Y~ E|Xi].
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Proof

> EX] = lim Zn; E[X)]
S
i=1
|
i=1

where the final equality follows from the monotone convergence theorem
because > 0 X; 1t 37 X, m

= lim¥F

E

Corollary 1.45 If X and Y are independent, then
E[XY] = FE[X]E[Y].
Proof Suppose first that X and Y are simple. Then we can write
X =3 wilixeay, Y =) wilivoy,)
i=1 j=1
Thus,

EXY] = B> Y wwilix—u,v=y,;
i g

= ZZ%%E[I{X:%Y:%}]
i g
- ZinyjP(X =z, Y = y;)
J

i

— ZinyjP(X =) P(Y = y;)

— E[X|B[Y].

Next, suppose X, Y are general nonnegative random variables. For any n,
define the simple random variables

. k2 if £ <X<EL p=o0,...,n2" -1
"] o, if X>n

Define random variables Y,, in a similar fashion, and note that

Xn T X, Yo 1Y, XoYn T XY
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Hence, by the monotone convergence theorem,
E[X,Y,] — E[XY].
But X, and Y,, are simple, so
E[X,Y,] = F[X,|E[Y,] — E[X]E[Y],

with the convergence again following by the monotone convergence theorem.
Thus, FIXY] = E[X]E[Y] when X and Y are nonnegative. The general
case follows by writing X = XT - X, Y=Yt —Y ", using

BIXY|=EX"YY-EX"Y |-EX Y +EX Y]

and applying the result to each of the four preceding expectations. m

1.9 Convergence in Probability and in Distribu-
tion
In this section, we introduce two forms of convergence that are weaker than

almost sure convergence. However, before giving their definitions, we will
start with a useful result, known as the Borel-Cantelli lemma.

Proposition 1.46 If >, P(A;) < oo, then P(limsup Az) = 0.
Proof Suppose >, P(A;) < cc. Now,

P(limsup A,) = P(N52, U2, Ay).
Hence, for any n

Pllimsup A) < P(UE,A)
and the result follows by letting n — oo. [ ]

Remark Because }° 14, is the number of events A,,n > 1, that occur,
the Borel-Cantelli theorem states that if the expected number of events
Ay,n > 1, that occur is finite, then the probability that an infinite number
of them occur is zero. Thus, the Borel-Cantelli lemma is equivalent to the
rather intuitive result that if there is a positive probability that an infinite
number of the events A,, occur, and then the expected number of them
that occur is infinite.

The converse of the Borel-Cantelli lemma requires that the indicator
variables for each pair of events be negatively correlated.
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Proposition 1.47 Let the events A;, i > 1, be such that
COV(IAHIAJ') - E[IAz'IAj] - E[IAZ]E[IAJ] < 07 i 7é j
If 322, P(A;) = 0o, then P(limsup 4;) = 1.

Proof Let N, — Z?:l 14, be the number of the events Ay, ..., A, that
occur, and let N = > T4, be the total number of events that occur.
Let m,, = E[N,] = >1"; P(4;), and note that lim,, m,, = co. Using the
formula for the variance of a sum of random variables learned in your first
course in probability, we have

Var(N,) = > Var(la,)+2Y Cov(la, Ia))

i=1 i<j

zn:Var(IAz.)
i—1

IN

= > P(A)[1 - P(4))]
i=1
< my,.
Now, by Chebyshev’s inequality, for any =z < m,,

P(N, <z) = P(my, — N, >m, —z)
PNy, — myp| > my —x)
Var(N,,)
(mn — @)
m’ﬂ

IN

IN

IN

Hence, for any z, lim,,_oo P(N,, < z) = 0. Because P(N < z) < P(N,, <
z), this implies that
P(N <z)=0.

Consequently, by the continuity property of probabilities,
0= lim P(N <k)
k—o0
=P (hlgn{N < k})

= P(Up{N < k})
= P(N < ).

Hence, with a probability of one, an infinite number of the events A;
occur. W
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Example 1.48 Consider independent flips of a coin that lands heads with
probability p > 0. For fixed k, let B,, be the event that flipsn,n+1, ..., n+
k—1 all land heads. Because the events B,,,n > 1, are positively correlated,
we cannot directly apply the converse to the Borel-Cantelli lemma to obtain
that, with a probability of 1; an infinite number of them occur. However,
by letting A,, be the event that flips nk+1,...,nk+k all land heads, then
because the set of flips these events refer to are nonoverlapping, it follows
that they are independent. Because > P(A,) =Y., p* = oo, we obtain
from Borel-Cantelli that P(limsup A,,) = 1. But limsup A4,, C limsup B,,,
so the preceding yields the result P(limsup B,)=1. &

Remark 1.49 The converse of the Borel-Cantelli lemma is usually stated
as requiring the events A;,7 > 1, to be independent. Our weakening of this
condition can be useful, as the next example shows.

Example 1.50 Consider an infinite collection of balls that are numbered
0,1, ... and an infinite collection of boxes also numbered 0, 1, . ... Suppose
that ball 4,7 > 0, is to be put in box 7 + X, where X;,4 > 0, are iid with
probability mass function

P(X;=j)=p; Y. pj=1L
i=0

Suppose also that the X; are not deterministic, so p; < 1 for all j > 0. If
A; denotes the event that box j remains empty, then

P(4;) = P(X; #£0, X, #1,..., Xo #j)
= PXo#0, X1 #1,...,X; #7)
> P(X; #i,foralli > 0).
But
P(X; #£14, for all i > 0)
= 1= P(Uzo{X; = i})
:l_pO_ZP(XO#(L7X7,717é2_17X»L:Z)

=1
i—1

=1-po— Zpi H(1 —pj).
i>1  §=0

Now, there is at least one pair k < ¢ such that p;p, = p > 0. Hence, for

that pair
i—1

Pi H(1 —p;) <pill —pi) =pi —p,
=0
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implying that
P(Aj) > P(X; #i,foralli >0) >p > 0.

Hence, Zj P(A;) = . Conditional on box j being empty, each ball be-
comes more likely to be put in box 4,i # 7, so for i < j,

P(Al4;) = [] P(Xi #i—k|A)
k=0

1 P(Xk #i—kIXi # 5 - k)
k=0

< HP(XIHM—’?)
k=0

- P4y,

which is equivalent to Cov(l4,,1a;) < 0. Hence, by the converse of the
Borel-Cantelli lemma we can conclude that, with a probability of one, there
will be an infinite number of empty boxes.

We say that the sequence of random variables X,,,n > 1, converges in
probability to the random variable X, written X,, —, X, if for any ¢ > 0

PX,—X|>¢)—=0 as n— .

An immediate corollary of Proposition 1.35 is that almost sure convergence
implies convergence in probability. The following example shows that the
converse is not true.

Example 1.51 Let X,,,n > 1 be independent random variables such that
PX,=1)=1/n=1-P(X, =0).

For any ¢ > 0, P(|X,| > €¢) = 1/n — 0; hence, X, —, 0. However,
because Y. > | P(X, = 1) = oo, it follows from the converse to the Borel-
Cantelli lemma that X, = 1 for infinitely many values of n, showing that
the sequence does not converge almost surely to zero.

Let I, be the distribution function of X,,, and let F' be the distribution
function of X. We say that X,, converges in distribution to X if

lim F,(z) = F(z)

n—rod

for all z at which F'is continuous. (That is, convergence is required at all
z for which P(X =z) =0.)
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To understand why convergence in distribution only requires that F,, (z)
— F(z) at points of continuity of F, rather than at all values z, let X,, be
uniformly distributed on (0, 1/n). Then, it seems reasonable to suppose that
X, converges in distribution to the random variable X that is identically
zero. However,

0. if z<0
F.(z)=1< na, if 0 <2 <1/n,
1, if @>1/n

whereas the distribution function of X is

0, if z<0

ﬂ@{1 if > 0.

?

Thus, lim, F,,(0) = 0 # F(0) = 1. On the other hand, for all points of
continuity of F' (that is, for all £ 0), we have that lim,, F,(z) = F(z),
so with the definition given, it is indeed true that X,, —4 X.

We now show that convergence in probability implies convergence in
distribution.

Proposition 1.52
Xn —>p X = Xn —d X

Proof Suppose that X, —, X. Let I, be the distribution function of
Xy,n > 1, and let I be the distribution function of X. Now, for any ¢ > 0

Folz) = P(Xp, <z, X<z +e)+ PX, <z, X >z +¢)
< Flz+e)+ P(X, — X| >¢),

where the preceding used

Xp <z, X>z+e =X, —X|>e

Letting » go to infinity yields, upon using X,, —, X,

limsup F,(2) < F(z +¢€). (1.4)

n—rod

Similarly,

Flz—€¢) = P(X<z—¢ X, <2)+P(X <z-¢ X, >z
F.(z)+ P(| X, — X| > €).

IN
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Letting n — oo gives

F(z —¢€) <liminf F, (z). (1.5)

n—oo

Combining Equations 1.4 and 1.5 shows that

F(z —¢) <liminf F,,(z) < limsup F,,(z) < F(x + ¢€).

n—o0 n—00

Letting e — 0 shows that if z is a continuity point of F' then

F(z) <liminf F,(z) < limsup F,(2) < F(z),

n—o0 n—00

and the result is proved. [ |

Proposition 1.53 If X,, —, X, then
Elg(Xy)] = Elg(X)]
for any bounded continuous function g.

To focus on the essentials, we will present a proof of Proposition 1.53
when all the random variables X,, and X are continuous. Before doing so,
we will prove a couple of lemmas.

Lemma 1.54 Let G be the distribution function of a continuous random
variable, and let G~ (z) = inf {t : G(t) > =z}, be its inverse function. If U
is a uniform (0,1) random variable, then G~ (U) has distribution function

G.

Proof Because
inf{t:G(t) >U} <z Gx)>U

implies

we get the result. m

Lemma 1.55 Let X,, —4 X, where X, is continuous with distribution
function I, n > 1, and X is continuous with distribution function F. If
Folzyn) = F(x), where 0 < F(z) < 1 then x, — .
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Proof Suppose there is an € > 0 such that z,, <z — ¢ for infinitely many
n. If so, then F, (x,) < F,(z — €) for infinitely many n, implying that

F(z) =liminf F,,(z,) <lim F,,(z —¢) = F(z — ¢),

which is a contradiction. We arrive at a similar contradiction upon as-
suming there is an € > 0 such that z, > z + € for infinitely many n.
Consequently, we can conclude that for any € > 0, |z, — z| > ¢ for only a
finite number of n, thus proving the lemma. [ |

Proof of Proposition 1.53 Let U be a uniform (0, 1) random variable, and
set Y, = F-Y(U),n>1,and Y = F~1(U). Note that from Lemma 1.54
it follows that Y;, has distribution F,, and Y has distribution F'. Because

it follows from Lemma 1.55 that F, '(u) — F~!(u) for all w. Thus,
Y, —as Y. By continuity, this implies that g¢(Y,) —.s g(Y), and
because ¢ is bounded, the dominated convergence theorem yields that
Elg(Y,)] = Elg(Y)]. But X, and Y, both have distribution F,,, whereas X
and Y both have distribution F', so Eg(Y,)] = E[g(X,,)] and Elg(Y)] =
Elg(X). m

Remark 1.56 The key to our proof of Proposition 1.53 was showing that, if
X, —a X, we can define random variables Y,,,n > 1, and Y such that Y,
has the same distribution as X,, for each n, and Y has the same distribution
as X, and are such that Y,, —,s Y. This result (which is true without the
continuity assumptions we made) is known as Skorokhod’s representation
theorem.

Skorokhod’s representation and the dominated convergence theorem im-
mediately yield the following.

Corollary 1.57 [f X,, —4 X and there exists a constant M < oo such that
| Xn| < M for all n, then

lim F[X,] = FE[X].

n—od
Proof Let F,, denote the distribution of X,,, n > 1, and F' that of X. Let
U be a uniform (0, 1) random variable, and for n > 1, set Y,, = F, *(U),
and Y = F~!1(U). Note that the hypotheses of the corollary imply that
Y, —as Y and, because F,, (M) =1=1—F,(—M), also that |Y,,| < M.
Thus, by the dominated convergence theorem

ElY,] = E[Y],
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which proves the result because Y,, has distribution F,,, and Y has distri-
bution F'. =

Proposition 1.53 can also be used to give a simple proof of Weierstrass’
approximation theorem.

Corollary 1.58 Weierstrass’ approximation theorem. Any continuous func-
tion f defined on the interval [0, 1] can be expressed as a limit of polynomial
functions. Specifically, if

)= Y- stif (1)t - o,
i=0
then f(t) = lim, .o By (¢).

Proof Let X;,7 > 1, be a sequence of iid random variables such that

Because E[%] =t, it follows from Chebyshev’s inequality that for
any € > 0

P(‘X1+~~+Xn _t‘ >6> - Var((Xy + -+ Xul/n) _ p(1 —p)

n €2 ne?

Thus, % —p t, implying that % —q t. Because f is a
continuous function on a closed interval, it is bounded and so Proposition

1.53 yields
X +--+ X,
B {f <—1 + > + )} ~ ().

But X +---+ X,, is a binomial (n,t) random variable; thus,

o ()

and the proof is complete. m

1.10 Law of Large Numbers and Ergodic Theo-
rem

Definition 1.59 For a sequence of random variables X1, Xo, ... the tail sigma
field T s defined as

T =) o(Xn, Xns1, -
n=1

Bvents A €T are called tail events.
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Although it may seem as though there are no events remaining in the
preceding intersection, there are a lot of examples of interesting tail events.
Intuitively, with a tail event you can ignore any finite number of the vari-
ables and still be able to tell whether or not the event occurs. Next are
some examples.

Example 1.60 Consider a sequence of random variables X;, Xo,... hav-
ing tail sigma field 7 and satisfying |X;| < oo for all i. For the event
Ay = {lim, % Z?:l X; = z}, it’s easy to see that A, € T because to
determine if A, happens you can ignore any finite number of the random
variables; their contributions end up becoming negligible in the limit.

For the event B, = {sup,; X; = x}, it’s easy to see that B., € T because
it depends on the long-run behavior of the sequence. Note that B, ¢ T
because it depends, for example, on whether or not X; < 7.

Example 1.61 Consider a sequence of random variables X, Xo, ... having
tail sigma field 7, but this time let it be possible for X; = oo for some
i. For the event A, = {lim,_ . %Z?:lXi = z}, we now have A, ¢ T
because any variable along the way that equals infinity will affect the limit.

Remark 1.62 The previous two examples also motivate the subtle differ-
ence between X; < oo and X; < oo almost surely. The former means it’s
impossible to see X5 = oo, and the latter only says it has probability zero.
An event that has probability zero could still be a possible occurrence. For
example, if X is a uniform random variable between zero and one, we can
write X #£ 0.2 almost surely even though it is possible to see X = 0.2.

One approach for proving an event always happens is to first prove that
its probability must either be zero or one, and then rule out zero as a
possibility. This first type of result is called a zero-one law, because we are
proving the chance must either be zero or one. A nice way to do this is to
show an event A is independent of itself, and hence P(A) = P(AA) =
P(A)P(A), and thus P(A) = 0 or 1. We use this approach next to prove
a famous zero-one law for independent random variables, and we will use
this in our proof of the law of large numbers.

First, we need the following definition. Events with probability either
zero or one are called trivial events, and a sigma field is called trivial if
every event in it is trivial.

Theorem 1.63 Kolmogorov’s Zero-One Law. A sequence of independent
random variables has a trivial tail sigma field.

Before we give a proof we need the following result. To show that a ran-
dom variable Y is independent of an infinite sequence of random variables
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X1, Xo, ..., it suffices to show that Y is independent of X, X»,..., X,, for
every finite n < co. In elementary courses, this result is often given as a
definition, but it can be justified using measure theory in the next propo-
sition. We define o(X;,i € A) = 0(U;ca0(X;)) to be the smallest sigma
field generated by the collection of random variables X;,7 € A.

Proposition 1.64 Consider the random variables Y and X1, Xo, ..., where
o(Y) is independent of 0(X1, Xo,..., Xy) for every n < co. Then o(Y) is
independent of o(X1, Xa,...).

Before we prove this proposition, we show how this implies Kolmogorov’s
zero-one law

Proof Proof of Kolmogorov’s zero-one law. We will argue that any event
A € T is independent of itself, and thus P(A) = P(AN A) = P(A)P(A)
and so P(A) = 0 or 1. Note that the tail sigma field 7 is independent of
o(X1, Xa,...,Xy) for every n < oo (because T C o(Xpy1, Xni2,...)), s0
by the previous proposition, it is also independent of o(X1, X5, ...). Thus,
because 7 C o(Xy, Xo,...), it also is independent of 7. m

Now we prove the proposition.

Proof Proof of Proposition 1.64. Pick any A € o(Y). You might at first
think that H = U2, 0(Xy, Xo,..., X,,) is the same as F = o(X;, Xo,...),
and then the theorem would follow immediately because by assumption A
is independent of any event in ‘H. But it is not true that H and F are the
same; H may not even be a sigma field. Also, the tail sigma field 7 is a
subset of F but not necessarily of H. It is, however, true that 7 C o(H) (in
fact, it turns out that ¢(H) = F) because o(X1, Xo,...) = o(Us2 ,0(X,))
and U ,0(X,,) CH. We will use F C o(H) later.

Define the collection of events G to contain any B € F, where for every
€ > 0 we can find a corresponding approximating event C' € H where
P(BNC®)+ P(B°NC) < e. Because A is independent of any event C' € H,
we can see that A must also be independent of any event B € G because,
using the corresponding approximating event C for any desired ¢ > 0,

PANB)=PANBNC)+ P(ANBNC?)
(ANC)+P(BNCY)
(A P(C) + ¢
(A)(PICNB)+P(CNB°%) +e
(A)P(B) + 2¢
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and

— P(ANB) = P(A°U B°)
A° (AN B°)
A° (AnB°NC)+ P(ANB°NC°)

(

(A9)+P

(A9)+P

(A9Y+ P(B°NC)+ P(ANCY)
(A%)

(A%)

(A

[VANVAN

A%+ e+ P(A)P(C?)
A%+ e+ P(A(P(C°N B)+ P(C°N BY))
V4 2¢+ P(A)P(B°)
+2e — P(A)P(B),
which when combined gives
P(AYP(B) —2¢ < P(AN B) < P(A)P(B) + 2e.

Because ¢ is arbitrary, this shows o(Y') is independent of G. We obtain
the proposition by showing 7 C o(H) C G and thus that ¢(Y) is indepen-
dent of F, as follows. First note we immediately have H C G, and thus
o(H) C o(G), and we will be finished if we can show ¢(G) = G.

To show that G is a sigma field, clearly @ € G and B® € G whenever
B € G. Next let By, By, ... be events in . To show that U B; € G, pick
any € > 0 and let C; be the corresponding approximating events that satisfy
P(B;NC¢) + P(BfNC;) < ¢/27L. Then pick n so that

> P(B;NBf  NBf,N---NBf) <ef2

i>n

IA
H“U“U“U“U“U“U

In the following, we use the approximating event C'=U7?_,C; € H to get
PU;B;NC%) + P((U; B;)° N C)

P (iQBich> te/2+P ((Q&)cmc‘)

<Y P(BiNCP) + P(B{NCy) +¢/2

IN

< Zﬁ/2i+1 +e¢/2

:67

and thus U2, B; € G. m

A more powerful theorem, called the extension theorem, can be used to
prove Kolmogorov’s zero-one law. We state it without proof.

Theorem 1.65 The extension theorem. Suppose you have random wvari-
ables X1, Xo, ..., and you consistently define probabilities for all events in
o(Xy, X, ..., Xy) for every n. This implies a unique value of the probability
of any event in o(X1, Xa, ...).
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Remark 1.66 To see how this implies Kolmogorov’s zero-one law, spec-
ify probabilities under the assumption that A is independent of any event
B € U22 F,. The extension theorem will say that A is independent of
o(US ).

We will prove the law of large numbers using the more powerful ergodic
theorem. This means we will show that the long-run average for a sequence
of random variables converges to the expected value under more general
conditions then just for independent random variables. We will define these
more general conditions next.

Given a sequence of random variables X1, Xo, . . ., suppose (for simplicity
and without loss of generality) that there is a one-to-one correspondence
between events of the form {X; = z1, X5 = 29, X3 = z3...} and elements of
the sample space €2. An event A is called an invariant event if the occurrence
of

{Xl = ZE17X2 = ZE27X3 = 2173} cA

implies both
{Xl = :E27X2 = :E37X3 = :E4} cA

and
{Xl = :E07X2 = :E17X3 = ZEQ} c A

In other words, an invariant event is not affected by shifting the sequence of
random variables to the left or right. For example, A = {sup,,~; X,, = oo}
is an invariant event if X,, < oo for all n because sup,,~; X,, = co implies
both sup,,~1 Xp+1 = o0 and sup,,~; Xn—1 = o0. -

On the other hand, the event A = {lim, X5, = 0} is not invariant
because if a sequence xq, x4, ... converges to zero it doesn’t necessarily mean
that x|, x3, ... converges to zero. Consider the example where P(X; =1) =
1/2=1-P(X; =0) and X,, =1 — X,,_; for n > 1. In this case, either
X9, = 0and Xg9,—1 = 1 foralln >1or X9, =1 and Xo,,—1 = 0 for
all n > 1, so {lim, X5, = 0} and A = {lim,, X9,,_1 = 0} cannot occur
together.

It can be shown (see Exercise 22 at the end of this chapter) that the
set of invariant events makes up a sigma field, called the invariant sigma
field, and is a subset of the tail sigma field. A sequence of random variables
X1, X9, ... is called ergodic if it has a trivial invariant sigma field and is
called stationary if the random variables (Xi, Xo,..., X,,) have the same
joint distribution as the random variables (X, Xgy1, ..., Xptr—1) for every
n, k.

We are now ready to state the ergodic theorem, and an immediate
corollary will be the strong law of large numbers.

Theorem 1.67 The ergodic theorem. If the sequence X1, Xo, ... is station-
ary and ergodic with E|X1| < oo, then 237" | X; — E[X1] almost surely.
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Because a sequence of iid random variables is clearly stationary and, by
Kolmogorov’s zero-one law, ergodic, we get the strong law of large numbers
as an immediate corollary.

Corollary 1.68 The strong law of large numbers. If X1, Xo, ... are #id with
E|X1| < o0, then %Z?Zl X; — E[X4] almost surely.

Proof Proof of the ergodic theorem. Givene > 0, let Y; = X;— E[X]—¢ and
M, = max(0,Y], Y1 +Ys, ... Y1+ Yo+ +Y,). Because %Z?:l Y; < %Mn,
we will first show that M, /n — 0 almost surely, and then the theorem
will follow after repeating the whole argument applied instead to Y; =
—X; + F[X4] —e.

Letting M) = max(0,Y2,Ys + Y3, ..., Yo + Y5+ -+ + Y, 1) and using
stationarity in the last equality, we have

E[M,, 1] = E[max(0, Yy + M,)]

E[M,, + max(—M,, Y1)]
= B[M,] + Emax(—M], Y1),

and because M, < M, implies E[M,] < E[M,+1], we can conclude
Elmax(—M),Y1)] = 0 for all n.

Because {M,,/n — 0} is an invariant event, by ergodicity it must have
probability either zero or one. If we were to assume the probability is
zero, then M, 11 > M, would imply M, — oo and also M/ — oo, and
thus max(—M/,Y1) — Yi. The dominated convergence theorem using
the bound | max(—M,,Y1)| < |Y1] would then give E[max(—M,,Y1)] —
E[Y]] = —&, which would then contradict the previous conclusion that
Emax(—M],Y1)] > 0 for all n. This contradiction means we must have
M, /n — 0 almost surely, and the theorem is proved. m

1.11 Exercises

1. Forn=1,2,..., let z,, = (—n)~". What can you say about sup,, z,,
inf,, z,, max, z,, minxz,, and lim,, x,7

2. Given a sigma field F, it A; € Fforalll <:<mn,isn} A € F?

3. Suppose F;, i = 1,2,3,... are sigma fields. (a) Is N2, F; necessarily
always a sigma field? Explain. (b) Does your reasoning in (a) also
apply to the intersection of an uncountable number of sigma fields?
(¢) Is U2 F; necessarily always a o field? Explain.

4. (a) Suppose @ = {1,2,...,n}. How many different sets will there be
in the sigma field generated by starting with the individual elements
in Q7 (b) Is it possible for a sigma field to have a countably infinite
number of different sets in it? Explain.
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10.

11.
12.

13.

14.

15.

16.

17.
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. Show that if X and Y are real-valued random variables measurable

with respect to some given sigma field, then so is XY with respect to
the same sigma field.

If X is a random variable, is it possible for the cumulative distribution
function (CDF) F(z) = P(X < z) to be discontinuous at a countably
infinite number of values of 7 Is it possible for it to be discontinuous
at an uncountably infinite number of values of 7 Explain.

Show that E[X]| = 3", 2;P(X = ;) if X can only take a countably
infinite number of different possible values.

. Prove that if X > 0 and E[X] < oo, then lim,, .., F[XIx~,]=0.

Assume X > 0is a random variable, but don’t necessarily assume that
E[1/X]<oco. Show that lim, o E[§Ix>n]=0 and lim, .

Use the definition of expected value in terms of simple variables to
prove that if X > 0 and E[X] =0 then X = 0 almost surely.

Show that if X,, —4 ¢ then X;,, —, c.

Show that if F[g(X,)] — E[g(X)] for all bounded, continuous func-
tions g then X,, —4 X.

If X, Xs,... are nonnegative random variables with the same dis-
tribution (but the variables are not necessarily independent) and
E[X1] < oo, prove that lim,,_... Flmax;«, X;/n] = 0.

For random variables X, X» ..., let 7 be the tail sigma field, and let
Sp = X (a)Is {limy o0 Sn/m >0} € T7 (b) Is {limy, .o Sy, >
0teT?

If X1, X5 ... are nonnegative iid random variables with P(X; > 0) > 0,
show that P(3.,2, X; = o0) = 1.

Suppose X1, X3 ... are continuous iid random variables and

Yn - I{Xn>maxi<n Xt

(a) Argue that Y; is independent of Y; for i # j. (b) What is
P32, Y < o0)? (¢) What is P(3,2, ViYii1 < 0)?

Suppose there is a single server and the ith customer to arrive requires
the server spend U; time serving them, the time between their arrival
and the next customer’s arrival is V;, and X; = U; — V; are iid with
mean p. (a) If Q,41 is the amount of time the (n + 1) customer
must wait before being served, explain why Q41 = max(Q,, + X,,,0)
=max(0, X,,, Xpn+Xpn_1, ..., Xnt+ - -+X1). (b) Show P(Q,, - ) =1
if > 0.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Given a nonnegative random variable X, define the sequence of ran-
dom variables Y,, = min(|2" X | /2™, n), where |x]| denotes the integer
portion of z. Show that Y, 1+ X and E[X] = lim,, E[Y,.].

Show that for any monotone functions f and ¢ if X, Y are independent
random variables then so are f(X), g(Y).

Let X{,X,,... be random variables with X; <oco and suppose
>, P(X, > 1) < 0o. Compute P(sup,, X, < o).

Suppose X;,, —, X and that there is a random variable ¥ with
ElY] < oo such that |X,| < Y for all n. Show E[lim, ,. X,] =
lim,, oo F[X,].

For random variables X1, Xo, ..., let T and 7 be the set of tail events
and the set of invariant events, respectively. Show that 7 and 7T are
both sigma fields.

A ring is hanging from the ceiling by a string. Someone will cut the
ring in two positions chosen uniformly at random on the circumfer-
ence, and this will break the ring into two pieces. Player I gets the
piece that falls to the floor, and player II gets the piece that stays
attached to the string. Whoever gets the bigger piece wins. Does
either player have an advantage here? Explain.

A box contains four marbles. One marble is red, and each of the other
three marbles is either yellow or green, but you have no idea exactly
how many of each color there are or if the other three marbles are all
the same color or not. (a) Someone chooses one marble at random
from the box, and if you can correctly guess the color, you will win
$1,000. What color would you guess? Explain. (b) If this game is to
be played four times using the same box of marbles (and the marble
drawn each time is placed back in the box), what guesses would you
make if you had to make all four guesses ahead of time? Explain.

For a sequence of iid continuous random variables Xi, Xo, ..., let
N =inf{n > 2: X, 11 > X,,} be the first time the next variable is
larger than its immediate predecessor. Compute E[N].

Is it possible to pick a random positive integer uniformly at random?
Is it possible to pick a positive real number uniformly at random?
Explain why or why not.

In a group of n people, what is the expected number of distinct birth-
days?

If a fair coin is flipped n times, what is the expected number of runs
of k heads in a row if overlapping runs are each counted separately?
What is the expected number of times a run of at least & heads appears
in n flips, without counting overlapping runs?
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Stein’s Method and Central
Limit Theorems

2.1 Introduction

You are probably familiar with the central limit theorem, which says that
the sum of a large number of independent random variables follows roughly
a normal distribution. Most proofs presented for this celebrated result
generally involve properties of the characteristic function ¢(t) = E[e**X] for
a random variable X, the proofs of which are nonprobabilistic and often
somewhat mysterious to the uninitiated.

One goal of this chapter is to present a beautiful alternative proof of
a version of the central limit theorem using a powerful technique called
Stein’s method. This technique also amazingly can be applied in settings
with dependent variables and gives an explicit bound on the error of the
normal approximation; such a bound is difficult to derive using other meth-
ods. The technique also can be applied to other distributions, the Poisson
and geometric distributions included. We first embark on a brief tour of
Stein’s method applied in the relatively simpler settings of the Poisson and
geometric distributions, and then we move to the normal distribution. As a
first step, we introduce the concept of a coupling, one of the key ingredients
we need.

In Section 2.2, we introduce the concept of coupling and show how
it can be used to bound the error when approximating one distribution
with another distribution, and in Section 2.3, we prove a theorem by Le
Cam that gives a bound on the error of the Poisson approximation for
independent events. In Section 2.4, we introduce the Stein—Chen method,
which can give bounds on the error of the Poisson approximation for events
with dependencies, and in Section 2.5, we illustrate how the method can
be adapted to the setting of the geometric distribution. In Section 2.6, we

40
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demonstrate Stein’s method applied to the normal distribution, obtain a
bound on the error of the normal approximation for the sum of independent
variables, and use this to prove a version of the central limit theorem.
Lastly, in Section 2.7 we demonstrate Stein’s method applied to exponential
distribution and use it to approximate the sum of geometric number of
independent random variables.

2.2 Coupling

One of the most interesting properties of expected value is that E[X —
Y] = E[X] — E[Y] even if the variables X and Y are highly dependent on
each other. A useful strategy for estimating E[X] — E[Y] is to create a
dependency between X and Y, which simplifies estimating F[X —Y]. Such
a dependency between two random variables is called a coupling.

Definition 2.1 The pair ()?7 ?) is a coupling of the random variables (X,Y)
X=X andY =Y.

Example 2.2 Suppose X,Y and U are U(0,1) random variables. Then
both (U,U) and (U,1 — U) are couplings of (X,Y).

A random variable X is said to be stochastically smaller than Y, also
written as X < Y, if
P(X<z)>P(Y <z),Vz.
Note that if X <Y almost surely then X <;; Y. Under this condition, we

can create a coupling where one variable is always less than the other.

Proposition 2.3 If X <, Y, it is almost surely possible to construct a
coupling (X Y) of (X,Y) with X<V.

Proof With F(t) = P(X < t), Gt) = P(Y < t) and F~'(z) =
inf{t: F(t) >z} and G ' (z) = inf {t: G(t) >z}, let U ~ U(0,1), X
F-YU), and Y = G 1 (U). Because F(t) > G(t) implies F'~!(x)
G~ (), we have X <Y. And because

inf{t: Fit) >U} <ze Flz)>U

IA

implies
P(FY(U) <2) = P(F(z) 2 U) = F(a),
we get, X =4 X and Y =4 Y after applying the same argument to G. m

Example 2.4 If X ~ N(0,1) and Y ~ N(1, 1), then X < Y. To show this,
note that (X V) = (X,1+ X) is a coupling of (X,Y). Because X <V, we
must have X <t Y and thus X <4 Y.
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Even though the probability that two independent continuous random
variables exactly equal each other is always zero, it is possible to couple two
variables with completely different density functions so that they equal each
other with high probability. For the random variables (X,Y’), the coupling
()?7 f/) is called a mazimal coupling if P()A( = f/) is as large as possible. We
next show how large this probability can be and how to create a maximal
coupling.

Proposition 2.5 Suppose X and Y are random wvariables with respective
piecewise continuous density functions f and g. The marimal coupling

(X,Y) for (X,Y) has
PX=Y)= /jo min(f(z), g(z))dz.

Proof Letting p = [~_min(f(z), g(z))dx and A = {z : f(z) < g(2)}, note
that any coupling ()A(7 ?) of (X,Y) must satisfy

PX=V)=P(X=YcA)+PX=Y¢cA)
<P(XeA)+PYeA

/Af(x)dqu/cg(x)dx

p.

We use the fact that f, g are piecewise continuous to justify that the inte-
grals in the preceding step (and in the next step) are well defined. Next
we construct a coupling with P()A( = ?) > p, which in light of the previous
inequality, must therefore be the maximal coupling. Let B,C, and D be
independent random variables with respective density functions

_ min(f(z), g(=))

and

dr) — g(x) —min(f(z), g(x))
1—p ’
Let I be a Bernoulli(p) random variable independent of B, C, and D, and

if I =1, then letA)? :Af/ = B, and otherwise, let X =Cand Y = D. This
clearly gives P(X =Y) > P =1)=p and
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P(X <a) = P(X <all = 1)p+ P

and the same argument again gives P(f/ <z)=PY<z) =m

We can repeat this exact same proof with probability mass functions
replacing densities and sums replacing integrals to obtain the following
proposition for two discrete random variables.

Proposition 2.6 Suppose X andY are discrete random variables, with each
taking values in a set A. Lel their respective probability mass functions

f@)=P(X =z) and g(x) = P(Y =z). The maximal coupling of (X,Y) has

P(X =Y) =" min(g(z), f(2)).

There is a relationship between how closely two variables can be coupled
and how close they are in distribution. One common measure of distance
between the distributions of two random variables X and Y is called total
variation distance, which is defined as

dry (X,Y) =sup|P (X € A) = P(Y € A)|.
A

We next show the link between total variation distance and couplings.

Proposition 2.7 If()af/) is a mazximal coupling for (X,Y), then
drv(X,Y)=P(X £7Y).

Proof The result will be proven under the assumption that X,Y are contin-
uous with respective density functions f, g. Letting A = {z : f(z) > g(2)},
we must have

drv(X,Y)
=max{P(X e A)— P(Y € A),P(Y € A°) - P(X € A%}
=max{P(X € A)—-PYeA),1-PYecA)-1+PXecA}
=P(X eA)—P(Y € A)
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and so
PR #¥) =1 [ minfa)gfa))de
=1- /Ag(x)dx /. f(@)dx
=1-PYeA)-1+PXeA
— dry (X, Y).
[

2.3 Poisson Approximation and Le Cam’s Theo-
rem

It’s well known that a binomial distribution converges to a Poisson distri-
bution when the number of trials is increased and the probability of success
is decreased at the same time in such a way that the mean stays constant.
This also motivates using a Poisson distribution as an approximation for a
binomial distribution if the probability of success is small and the number
of trials is large. If the number of trials is very large, computing the distri-
bution function of a binomial distribution can be computationally difficult,
whereas the Poisson approximation may be much easier.

A fact that is not as well known is that the Poisson distribution can be
a reasonable approximation even if the trials have varying probabilities and
even if the trials are not completely independent of each other. This ap-
proximation is interesting because dependent trials are notoriously difficult
to analyze in general, and the Poisson distribution is elementary.

It’s possible to assess how accurate such Poisson approximations are,
and we first give a bound on the error of the Poisson approximation for
completely independent trials with different probabilities of success.

Proposition 2.8 Let X; be independent Bernoulli(p;), and let W =31 | X;,
Z ~ Poisson(\), and A\ = E\W| =3""_, p;. Then

dry(W,Z) < ZP?
=1

Proof We first write Z = > | Z;, where the Z; are independent and Z; ~

Poisson(p;). Then we create the maximal coupling (2“ )?l) of (Z;, X;) and
use the previous corollary to get
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=min(l — p;, e P*) + min(p;, pe ¥?)
=1—p;+pie?”
Z 1 _p127

where we use e~ > 1 — . Using that (377" ; 7, > X;) is a coupling of
(Z, W) yields that

drv (W, Z)

IN

i=1 i=1
P(Ui{Z # )A(z})
ZP(Z # Xi)

n
> ri
i=1

IN

IN

IN

Remark 2.9 The drawback to this beautiful result is that when E[W] is
large the upper bound could be much greater than 1 even if W has ap-
proximately a Poisson distribution. For example, if W is a binomial (100,
0.1) random variable and Z ~ Poisson(10), we should have W ~; Z,
but the proposition gives us the trivial and useless result dpyv (W, 7)) <
100 x (0.1)? = 1.

2.4 Stein—Chen Method

The Stein—Chen method is another approach for obtaining an upper bound
on dypv (W, Z), where Z is a Poisson random variable and W another vari-
able of interest. This approach covers the distribution of the number of
successes in both dependent and independent trials with varying probabil-
ities of success.

In order for the bound to be good, it should be close to 0 when W is
close in distribution to Z. In order to achieve this, the Stein—Chen method
uses the interesting property that if Z is a Poisson random variable with
mean A then

EP(Z = k) = AP(Z =k —1). (2.1)
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Thus, for any bounded function f with f(0) =0,

EIZf(Z)] = ) _kf(k)P(Z = k)
k=0

Aif(k)P(z —k—1)
k=1

A i+ 1)P(Z =)
i=0

AE[f(Z +1)].

The secret to using the preceding is in cleverly picking a function f such
that dpy (W, Z) < E[W f(W)] — AE[f(W + 1)], and so we are likely to get
a small upper bound when W a3 Z, where we use the notation W ~y; Z
to mean that W and Z have approximately the same distribution.

Suppose Z ~ Poisson(A) and A is any set of nonnegative integers. Define
the function fa(k),k = 0,1,2, ..., starting with f4(0) = 0 and then using
the following Stein equation for the Poisson distribution:

Afalk+1) —kfa(k) = Irea — P(Z € A). (2:2)

Notice that by plugging in any random variable W for k and taking
expected values we get

AE[f4(W +1) = E[W f4(W)]] = P(W € A) = P(Z € A),

so that
drv(W, Z) = S‘iPP‘E[fA(WJF 1)] = EW fa(W)]|. (2.3)

Lemma 2.10 For any A and i, 7, |fa(i) — fa(y)] < min(1, 1/A)]i — j]|.
Proof The solution to Equation 2.2 is

j<k Z</€)
alk+1) = Z)\P 7 —1/P7Z —J)

because when we plug it in to the left-hand side of Equation 2.2 and use
Equation 2.1 in the second line in the following, we get

Afalk +1) = kfa(k)

- <k — Z<k) ]ji,—P(ZSk—l)
Z( <lik/P( )"“Apzlk—n/mzo)

JjEA

j=k — Z*]f)
;PZkk/P( 7)

- IkEA _P(Z € A)?
which is the right-hand side of Equation 2.2.




2.4 Stein—Chen Method 47

Because 4 4
) B kINE KIA?

) i<k it 7i<k(k_i)!

is increasing in &k and

1-P(Z<h) 5 BIXE 5 RN

P(Z=F &= @ &=tk

is decreasing in k, we see that fr;(k+ 1) < fr;3(k) when j # k and thus

falk+1) = fa(k) = fpk+1) — fz (k)

jeA
S (PACES VS N ()
JEA =k
_PZ>k P(Z <k-1)

== 'Y= r-0/PZ=kK
PZ>k) | PZ<k-1)

A k
<P(Z>k)+P(O<Z§k)
- A A

1—e?

A

< min(1, 1/X)
and
—falk+ 1)+ fa(k) = fac(k+ 1) — fac(k) <min(1,1/X),
which together give

|falk +1) = fa(k)] < min(1,1/A).
The final result is proved using

max(¢,j)—1

fa(i) = fa@I < >0 1falk+1) = falk)] < |j —i[min(1, 1/A).

k=min(¢,5)

Theorem 2.11 Suppose W = > | X;, where X; are indicator variables
with P(X; = 1) = X\ and X = Y.!' | Ni. Letting Z ~ Poisson(\) and
Vi =¢ (W — 1| X; = 1), we have

dpy (W, Z) <min(1, 1/A) > NE[W = V.
i=1
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Proof We use

E[Xifa(W)]

Il

@
Il
R

EW fa(W)]

EXifa(W)I1X: = 1A

Il

@
Il
R

Elfa(Vi+ 1A

Il

@
Il
R

with Equation 2.3 to get

dry (W, Z) = sup [EAE[f AW 4+ 1)] = W A(W)]|

< SlipZ)\AE[fA(WﬂL D= faVi+ 1|
i1

< sng)\iEUA(W +1) = fa(Vi + 1)
i=1

< min(1,1/3) Y O NE|W = Vi,
i=1

Proposition 2.12 With the preceding notation, we have the following:
1. If W >V, almost surely for all i, then we have

dry (W, Z) <1 — Var(W)/E[W].

2. If either W >V, almost surely or W <V almost surely for all i, then

dpy (W, Z) <min(1,1/A) Y M| EW] = E[V;]|.

i=1
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Proof Using W > V;, we have

SOMEW Vi = S AEW — V]
=1 i=1

=X A= ANE[L+ V]
i=1

=N A=) NEWIX; = 1]
i=1

=X+ A= EX;W]
i=1
= A — Var(W),
and the preceding theorem along with A = E[W] gives
dpy (W, Z) < min(1, 1/E[W])(E[W] — Var(W))
<1 — Var(W)/E[W]

proving part 1. Under condition 2, we will have F|W — V;| = |EF[W — V}]],
so the result also follows from the previous theorem. m

Example 2.13 Let X; be independent Bernoulli(p;) random variables with
A=>3" pi. Let W =37 X;, and let Z ~ Poisson(A). Using V; =
Z#i X, note that W > V; and E[W — V;] = p;, so the preceding theorem
gives us

dry (W, Z) <min(1,1/X) pr
i=1
For instance, if X is a binomial random variable with parameters n =
100, p = 1/10, then the upper bound on the total variation distance between
X and a Poisson random variable with mean 10 given by the Stein—Chen
method is 1/10, as opposed to the upper bound of 1 that results from the
LeCam method of the preceding section.

Example 2.14 A coin with probability p = 1 — g of coming up heads is
flipped n + k times. We are interested in P(Ry,), where Ry is the event that
a run of at least & heads in a row occurs. To approximate this probability,
the exact expression for which is given in Example 1.10, let X; = 1 if flip
¢+ lands tails and flips ¢ + 1, ...,4 + k all land heads; otherwise, let X; = 0,
1=1,...,n. Let
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and note that there will be a run of k heads either if W > 0 or if the first
k flips all land heads. Consequently,

P(W > 0) < P(Ry) < P(W > 0) 4 p".

Because the flips are independent and X; = 1 implies X; = 0 for all j # 4
where |i — j| < k, it follows that if we let

i+k
Vi=W-— > X;
j=i—k

then V; =4 (W —1|X; = 1) and W > V;. Using A = E[W] = ngp® and
E[W —V;] = (2k + 1)gp®, we see that

drv (W, Z) <min(1,1/A\)n(2k + 1)¢°p*",

where Z ~ Poisson(A). For instance, suppose we flip a fair coin 1,034 times
and want to approximate the probability that we have a run of 10 heads in
arow. In this case, n = 1,024, k = 10, and p = 1/2, so A = 1,024/2'1 = 0.5,
Consequently,

PW >0 ~1—e"®

with the error in the preceding approximation being at most 21/2'2. Con-
sequently, we obtain

1= 05 221/2"% < P(Ryp > 0) < 1 — e % 421/2'2 4 (1/2)"°

or
0.388 < P(R10 > 0) < 04.

Example 2.15 Birthday Problem. With m people and n days in the year,
let Y; equal the number of people born on day . Let X; = Iy,—o, and
W =3>"" | X, equal the number of days on which nobody has a birthday.

Next imagine n different hypothetical scenarios are constructed, where
in scenario 4 all the Y; people initially born on day ¢ have their birthdays
reassigned randomly to other days. Let 1 4+ V; equal the number of days
under scenario ¢ on which nobody has a birthday, and note that V; =4
(W —1|1X; =1).

Notice that this construction gives W > V;, so E|W — V| = |E[W]
E[Vi]|. Letting A = E[W] = n(1 — 1/n)™ and noting E[V;] = (n — 1)(1
1/(n —1))™, we use Theorem 2.11 with Z ~ Poisson(}) to get

dpy (W, Z) < min(1, \)A = (n = 1)(1 = 1/(n — 1))™).
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2.5 Stein's Method for the Geometric Distribu-
tion

In this section, we show how to obtain an upper bound on the distance
dpy (W, Z), where W is a given random variable and Z has a geometric
distribution with parameter p =1 — g = P(W = 1) = P(Z = 1). We use
a version of Stein’s method applied to the geometric distribution. Define
fa(l) =0, and for k£ = 1,2, ..., use the recursion

falk) —qfalk +1)=Irea — P(Z € A).

Lemma 2.16 We have |fa(i) — fa(§)| <1/p
Proof It’s easy to check that the solution is
falk)=P(Z e A Z>k)/P(Z=k)—P(ZecA)/p,

and because neither of the two terms in the difference can be larger than
1/p, the lemma follows. m

Theorem 2.17 Given random variables W and V' such that V =4 (W — 1]
W > 1), let p=P(W =1) and Z ~ geometric(p). Then

dry (W, Z) < qp *P(W £ V).
Proof

|P(W e A) - P(Z € A)| = |E[fa(W) — qfa(W + 1)]]
= |qE[fa(W)|IW > 1] — qE[fa(W + 1)]|
S qBE[fa(l+V) = fa(l+ W)
<qgp 'P(W#V),

where the last inequality follows from the preceding lemma. m

Example 2.18 Coin flipping. A coin has probability h = 1 — ¢ of coming
up heads with each flip, and let X; = H if the ith flip is heads and X; =T
if it is tails. We are interested in the distribution of the number of flips

M= min{i Z 1: (X“X¢+17...7X¢+k,1) = (H7 H77H)}

required until the start of the first appearance of a run of k£ heads in a row.
Suppose in particular we are interested in estimating P(M € A) for some
set A. To do this, define the number of flips

N:mln{z Z 1: (Xi7Xi+17...7X¢+k): (T7H77H)}
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required until the start of the first appearance of a run of a tail followed by
k heads in a row. For instance, if & = 3 and the flip sequence is HHTTHHH,
then N =4 and M = 5. Note that we will have N +1 = M unless M =1
S0

dry(M,N +1) < P(N +1# M)=P(M =1) =p".

We will first obtain a bound on the geometric approximation to N and use
it to get a bound for M. We first define

W =min{i >2: (X;, Xjy1,... . Xigp) = (T, H,...,H)} -1
and note that W =; N. Then, we define the event
A={(X1,Xq, ..., X)) =T H,..., H)}
and independently generate new variables that have the joint distribution
(X1, X5, s Xp 1) =a (X1, Xo, o, Xig 1] A9)

given (T H, ..., H) doesn’t appear first. We will construct a new sequence
of coin flips Y1, Y, ... by letting

v _ X/ ifi <k+1 and A happens
"1 X; otherwise

and note that with
V=min{i >2:(Y;,Yit1,....Yirr) = (1 H,...,H)} — 1

we have V =, (W — 1|W > 1) and

POW £ V) < PAR{Y < k) < 22
1—gp

-
Thus, if Z ~ geometric(gp*), the previous theorem gives

l—pk
%

drv(N,Z) <
qp

P(W £V) < kp*

and the triangle inequality applies to dry so we get
dry(M —1,2) < dpy(M —1,N) + dpy (N, Z) = (k + 1)p",
and we get the bounds

P(ZeA) —(k+t1p" <PMecA)<P(ZecA+ (k+1)p"
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2.6 Stein's Method for the Normal Distribution

Let Z ~ N(0,1) be a standard normal random variable. It can be shown
that for smooth functions f we have F[f'(Z) — Zf(Z)] = 0, and this in-
spires the following Stein equation.

Lemma 2.19 Given o > 0 and any value of z let

1 ifex <z
ho - (x) = hiz) = 0 ifx>z+a

(a+z—x)/a otherwise,
and define the function f, (z) = f(z), —00 < x < o0 so it satisfies

f(@) —zf(z) = h(z) — E[MZ)].
Then |f'(z) — f'(y)| < 2le —yl, Yo, y.
Proof Letting ¢(x) = 6712/2/\/% be the standard normal density function,
we have the solution
f@) = Elh(Z)z<.] — E[h(Z)|P(Z < $)7
p(z)

which can be checked by differentiating using -L(¢(z)~!) = 2/¢(z) to get
f(z) =af(z) + h(z) — E[h(Z)]. Then this gives

|f" (@) = |f (@) + zf'(z) + /()]

= |(1+2®)f(x) + 2(h(z) = B[A(Z)]) + b/ (z)|-

Because

/ /h/ V(s ds—/ /h/ Yt (s

:/ W(P(Z <t)dt —/ W(P(Z > 1))dt,

€T

and a similar argument gives

P(Z > z)
¢(x)
P(Z <x)
¢(x)

flz)=— /f W ({)P(Z <t)dt

/OO R'(t)P(Z > t)dt,
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we get
@) < |7 (@] + |1+ 2?) f (2) + 2(h(z) — Blh(Z)]
<L
F (e b (1 2)P(Z > 2)/9(@)@P(Z < 2) + 6(z)
+ ;(x +(1+2*)P(Z < 2)/¢(2))(—aP(Z > z) + ¢(x))
< 2/a.
We finally use
max(z,y)
F@-rwls [ e £ 2o -yl
min(z,y) o4

to give the lemma. m

Theorem 2.20 If Z ~ N(0,1) and W = 31" | X;, where X; are indepen-
dent variables with mean 0 and Var(W) =1, then

wp|POW < =)~ P(Z < 2)| < 2,83 BIX.F)
& i=1

Proof Given any o > 0 and any z, define h, f as in the previous lemma.
Then

P(W <2)—-P(Z <z)
= FEh(W) —Eh(Z)+ Eh(Z) — P(Z < z)
< |ErW)] = EhZ)| +P(z<Z <2+ a)

z+a 1 2
= |E[R(W)] — E[h(2)]| +/ Nors dx
< |E[h(W)] — E[h(Z2)]| + <.
To finish the proof of the theorem, we show

[E[R(W)] - Z X320/

and then by choosing
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we get

Repeating the same argument starting with

PZ <z)—P(W <z)
< P(Z<2) = EWZ+a)+ Eb(Z + ) — ER(W + o)
<|ERW +a)] = Eh(Z +a)]|+ P(2 < Z <2+ a),

the theorem is proved.

To do this, let W, = W — X, and let Y; be a random variable inde-
pendent of all else that has the same distribution as X;. Using Var(W) =
SNor BV = 1 and E[X;f(W;)] = E[Xi]E[f(W;)] = 0 in the second
equality to come, and the preceding lemma with |W — W; —¢| < [¢t| + | X;]
in the second inequality to come, we have

[E[R(W)] = E[h(2)]|
= [ELf/ (W) = W W)

S OBYZ (W) = Xi(f(W) — F(W;))]
=1

SE
i=1

Y;
E/(ﬂW%fWHﬂW
0

n Y;

<> B Y[ - ol
i=1 0

S 5MHMWL
i=1 0

and continuing on from this we get
=Y BIX /o + 2BXF1E[|X:])/ o
i—1

<> 3B(IXP|)/ e
=1
where in the last line we use E[| X;||F[X?] < E[|X;|*] (which follows because

| X;| and X? are both increasing functions of | X;| and are thus positively
correlated. The proof of this result is given in the following lemma m
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Lemma 2.21 If f(z) and g(z) are nondecreasing functions, then for any
random variable X

E[f(X)g(X)] = E[f(X)|E[g(X)).

Proof Let X; and X, be independent random variables having the same
distribution as X. Because f(X;) — f(X3) and g(X;) — g(X3) are either
both nonnegative or are both nonpositive, their product is nonnegative.
Consequently,

BI(f(X1) — f(X2))(g(X1) — 9(X2))] >0,

or equivalently,

Elf(X1)g(X1)] + E[f(X2)g(X2)] = E[f(X1)g(X2)] + E[f(X2)g(Xq)].

But by independence,

E[f(X1)g(X2)] = E[f(X2)g(X1)] = E[f(X)]Elg(X)],

and the result follows. m
The preceding results yield the following version of the central limit
theorem as an immediate corollary.

Corollary 2.22 [f Z ~ N(0,1) and Y1, Ys, ... are #id random variables with
E[Y;] = p, Var(Y;) = 02 and E[|Y;|?] < 00, then as n — oo we have

P(%i}na_“g% > P(Z<2).

Proof Letting X; = Y\;%ﬂz > 1, and W,, = 37" | X;, then W,, satisfies the

conditions of Theorem 2.20. Because

n

Y BlIXPI = nBlX: P =
i=1

nE[Y; — ul?]
ey R A

it follows from Theorem 2.20 that P(W,, <z) - P(Z <z). ®
See [3] for additional results on applying Stein’s method to normal dis-
tributions.

2.7 Stein’s Method for the Exponential Distri-
bution
Let Z have an exponential distribution with mean 1. Here we develop

Stein’s method and use it to approximate the sum of a geometric number
of independent random variables.



2.7 Stein's Method for the Exponential Distribution 57

Lemma 2.23 Given oo > 0 and z > 0, let h(x) be defined as in Lemma
2.19, and define the function fa,(x) = f(z),0 < z < 00, so it satisfies
f(0) =0 and, forz >0,

f(@) = f(z) = h(=z) — E[h(Z)].
Then |f'(z) — f'(y)] < Zle —yl, Yo,y 2 0.

Proof We have the solution

fz)= —ez/ h'(t)e 'dt,
which can be checked by taking the derivative of both sides to get f/(z) =
h'(z) + f'(z). Noting that |h/(z)] < 1/a, we have

0067

|f/(x)|§ez/ —tdtgl/oz

[e%

and

[f (@) = P (@) + [ ()] < 2/

We can use this to obtain the following result for a geometric sum.

Corollary 2.24 For 0 < p < 1 let N ~ Geometric(p), suppose X; > 0
are #id and independent of N with E|X;| = p, let S,, = > | X, and let
W = Sn. With Z ~ Ezponential (1), we have

sup |P(W < z) — P(Z < 2)| < \J4E[X?]|/p+ 8p.

Before giving the proof, for a random variable X > 0, we say that X? is
a size-biased version of X if F[f(X?®)] = F[X f(X)]/F[X] for all bounded
functions f. For example, if X is discrete, then P(X*® = k) = kP(X =
k)/F[X], and if X is continuous with density g(«), then X*® has density
zg(x)/ EIX).

Proof of Corollary Let U ~ U(0,1) be independent of all else and let
W* = UX3 + Sy_1, where X3, is a size-biased version of Xy and is
independent of U and Sy_1. Given any « > 0 and z > 0, define h, f as in
the previous lemma. Then

P(W <2)—-P(Z <z)
= FEh(W) —Eh(Z)+ Eh(Z) — P(Z < z)
< |ErW)] = EhZ)| +P(z<Z <2+ a)

z+a
—BL(W) — fOV)]| + / e da

< B W) = W]+
<2B|W —W*|/a+ a,
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where we use the previous lemma in the last line and

E[ff(W")] = E[Xnf(UXN + Sn-1)]/E[XN]
1
= F |:/ XNf/(uXN+SN,1)du /p
0
= E[f(Sn) = f(Sv-1)l/p
-3 (S0) = F(Su0l/p

n=1
0

(N =n)E[f
= > PN 2 n)E[f(Sn) — f(Sn1)]

in the fourth line. Then, choosing a = /2F|W — W*|, we obtain the result
after noting

E\W —W*| < B[UXR] + E[Xy] = E[X?]/(2p) + p.

2.8 Exercises

1. If X ~ Poisson(a) and Y ~ Poisson(b), with b > a, use coupling to

show that Y >, X.

(a) Show that X <, Y if and only if F[h(X)] < E[h(Y)] for all
increasing functions h.

(b) Suppose Xi,...,X,, are independent, and Yy,...,Y,, are inde-
pendent. Show that if X; <, Y; for all « = 1,...,n then
Eh(Xy,...,Xn)] < EhY,...,Y,)] for all increasing
functions h.

. Suppose two particles start at position 0 and at each time period

particle i moves one position to the right with probability p; ; or moves
one position to the left with probability 1 —p; ; where j is the position
of the particle before it moves. Let X, ; be the position of particle
i after n moves. If py ; > py ; for all j show that X, » >, X,, 1 for
all n. Is this also always true under the same conditions but allowing
the second particle to initially start to the right of the first particle?
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4.

10.

11.

12.

Let X, Y be indicator variables with F[X] = a and E[Y] = b.
(a) Show how to construct a maximal coupling X , Y for X and Y,
and then compute P(X =Y) as a function of a, b.

(b) Show how to construct a minimal coupling to minimize P(X =
Y).

. In a room full of n people, let X be the number of people who share

a birthday with at least one other person in the room. Then let Y be
the number of pairs of people in the room having the same birthday.
Assume that the n birthdays are independent and that each is equally
likely to be any of the 365 days of the year.

(a) Compute E[X] and Var(X) and E[Y] and Var(Y).

(b) Which of the two variables X or Y do you believe will more
closely follow a Poisson distribution? Why?

(c) If n = 51, use a Poisson approximation to estimate P(X > 9)
and P(Y > 6). Which of these two approximations do you think
will be better? Have we observed a rare event here?

Compute a bound on the accuracy of the better approximation in
part (c¢) of Exercise 5 using the Stein—Chen method.

For discrete X, Y prove dpy (X,Y) = 33 |P(X =z) — P(Y = z)|

. For discrete XY show that P(X # Y) > dry(X,Y) and that a

coupling exists that yields equality.

Compute a bound on the accuracy of a normal approximation for a
Poisson random variable with mean 100.

If X ~ Geometric(p), with ¢ = 1 —p, then show that for any bounded
function f with f(1) =0, we have E[f(X) —¢f(X +1)] =0.

Suppose X1, Xo, ... are independent mean zero random variables with
|Xn| <1 forall nand >, Var(X;)/n — s <oo. If S, =37, X;
and Z ~ N(0, s), show that S, /\/n —, Z.

Suppose m balls are placed among n urns, with each ball indepen-
dently going in to urn 4 with probability p;. Assume m is much larger
than n. Approximate the chance none of the urns are empty, and give
a bound on the error of the approximation.
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13. A ring with a circumference of ¢ is cut into n pieces (where n is large)
by cutting at n places chosen uniformly at random around the ring.
Estimate the chance you get k pieces of length at least a, and give a
bound on the error of the approximation.

14. Suppose X;, i = 1,2,...,10 are iid U(0, 1). Give an approximation for
P(Zgl X; > 7), and give a bound on the error of this approximation.

15. Suppose X;, i = 1,2,...,n are independent random variables with
E[X;]=0,and ;| Var(X;) = 1. Let W =37 | X; and show that

2
LB

<3 zn: B|X;)3.
i=1
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Conditional Expectation and
Martingales

3.1 Introduction

A generalization of a sequence of independent random variables occurs when
we allow the variables in the sequence to be dependent on previous variables
in the sequence. One example of this type of dependence is called a mar-
tingale, and its definition formalizes the concept of a fair gambling game.
A number of results that hold for independent random variables also hold,
under certain conditions, for martingales, and seemingly complex problems
can be elegantly solved by reframing them in terms of a martingale.

In Section 3.2 we introduce the notion of conditional expectation, for-
mally define a martingale in Section 3.3, introduce the concept of stopping
times and prove the martingale stopping theorem in Section 3.4, give an
approach for finding tail probabilities for martingale in Section 3.5, and
introduce supermartingales and submartingales and prove the martingale
convergence theorem in Section 3.6.

3.2 Conditional Expectation

Let X be such that E[|X]] < co. In a first course in probability, K[X]|Y],
the conditional expectation of X given Y, is defined to be the function of
Y that when Y = ¢ is equal to

61
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> 2P(X =2|Y =y),
if X,Y are discrete
EIX]Y = y] =
if X,Y have joint density f

where

o J@y) f(y)

The important result, often called the tower property,
EX] = E[E[X]Y]],
is then proven. This result, which is often written as

>y EIXY =y|P(Y =y)
if X,Y are discrete
E[X] =
JEIX]Y =yl fy(y)dy,
if X,Y are jointly continuous,

is then gainfully employed in a variety of different calculations.

We now show how to give a more general definition of conditional expec-
tation that reduces to the preceding cases when the random variables are
discrete or continuous. To motivate our definition, suppose that whether
or not A occurs is determined by the value of Y. (That is, suppose that
A € o(Y).) Then, using material from our first course in probability, we
see that

EX14] = E[E[XI1alY]]
EIILE[X]Y]],

where the final equality holds because, given Y, I4 is a constant random
variable.

We are now ready for a general definition of conditional expectation.

Definition For random variables X, Y, let E[X|Y], which is called the con-
ditional expectation of X given Y, denote that function h(Y') having the
property that for any A € o(Y)

E[X1a] = E[MY)14].
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By the Radon—Nikodym theorem of measure theory, a function h that
makes h(Y) a (measurable) random variable and satisfies the preceding
always exists, and as we show in the following, it is unique in the sense that
any two such functions of Y must, with a probability of one, be equal. The
function A is also referred to as a Radon—Nikodym derivative.

Proposition 3.1 If hy and ho are functions such that
Elh(Y)1a] = E[ho(Y)14]
for any A € o(Y), then
P(hi(Y) = ho(Y)) = 1.
Proof Let A,, = {h1(Y) — ho(Y) > 1/n}. Then,

0 = Elhy(Y)a, ]| — E[ha(Y)14 ]
= E[(hi(Y) = ha(Y))1a,]

Lp(a,),

2_
n

showing that P(A,) = 0. Because the events A,, are increasing in n, this
yields

0= lim P(A,) = P(lim A,) = P(UpA,) = P(h1(Y) > ho(Y).

Similarly, we can show that 0 = P(h1(Y) < ha(Y)), which proves the
result. m

We now show that the preceding general definition of conditional ex-
pectation reduces to the usual ones when X, Y are either jointly discrete or
continuous.

Proposition 3.2 If X and Y are both discrete, then

BIX[Y = y] = ZxP = 2|V =y),
whereas if they are jointly continuous with joint density f, then

EX|Y =y] = /xfx\y(xly)dx

where fx|y(zly) = fff((zzig)
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Proof Suppose X and Y are both discrete, and let
h(y) =Y aP(X = 2|V =y).

For A € o(Y), define
B={y:Is=1whenY =y}.
Because B € o(Y'), it follows that [y = Ig. Thus,

z if X=2YeB
Xy = { 0 otherwise

and

h(Y)IA{szP(Xley) if Y=yeB.

0 otherwise
Thus,
E[XIa] = > «P(X =2,Y € B)

= ZxZP(Xz@Yzy)

z yc B

— ZZxP(X =z|Y =y)P(Y = y)

yeB
= F[h(Y)I4].
The result thus follows by uniqueness. The proof in the continuous case is
similar and is left as an exercise. B
For any sigma field F, we can define E[X|F] to be that random variable
in F having the property that for all A € F
BIX14] = E[E[X|F]L4].

Intuitively, F[X|F] represents the conditional expectation of X given that
we know all of the events in F that occur.

Remark 3.3 It follows from the preceding definition that FE[X|Y] =
E[X|o(Y)].

For any random variables X, X4, ..., X,,, define F[X|X4,..., X,] by
EIX|Xy,..., X, = E|X|o(X4, ..., X,)]
In other words, F[X|Xy,...,X,] is that function (X1, ..., X,,) for which
E|XI4l = ER(X1,...,Xn)14], for all A € o(X1,...,Xn).

We now establish some important properties of conditional expectation.
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Proposition 3.4
(a) Tower property: For any sigma field F

E[X] = E[E|X|F]).
(b) Forany A€ F,
E[XT4|F| = T4 E[X|F).
(c) If X is independent of all Y € T, then
E[X|F] = E[X].
(d) FE[|X;]] <o00,i=1,...,n, then

ZW} = BIXi|F).
i=1 =1
(e) Jensen’s inequality: If [ is a convex funclion, then

E[f(X)|F] = f(EIX|F])

E

provided the expectations exist.
Proof Recall that F[X|F] is the unique random variable in F such that
E[X14] = FIE[X|F]4] if AeF.

Letting A =, I4 = Iq = 1, and Part (a) follows.

To prove Part (b), fix A € F and let X* = X14. Because E[X"*|F]
is the unique function of Y such that F[X*Ia/] = E[E[X*|F]l4/] for all
A’ € F, to show that E[X*|F] = [4E[X|F], it suffices to show that for
AeF

EIX" 1y = E[IABX|F|La].
That is, it suffices to show that

E|XIsla|=E[I4FE|X|F|1a/]
or, equivalently, that

BXTaa| = E[E[X|F|1aa],

which because AA” € F, follows by the definition of conditional expectation.
Part (c) will follow if we can show that, for A € F

E[X14] = E[E[X]14],
which follows because

E[X14] = E[X|E[l4] by independence
= E|E[X]14].

We will leave the proofs of Parts (d) and (e) as exercises.
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Remark 3.5 It can be shown that F[X|F] satisfies all the properties of or-
dinary expectations, except that all probabilities are now computed condi-
tional on knowing which events in F have occurred. For instance, applying
the tower property to F[X|F] yields

EIX|F] = EIE[X|F UG]|F].

Although the conditional expectation of X given the sigma field F is
defined to be that function satisfying

E[X14) = FE[F|X|F|Ia] forall Ae F,
it can be shown, using the dominated convergence theorem, that
E[XW] = FE[FIX|FIW] forall W e F. (3.2)

The following proposition is useful.

Proposition 3.6 If W ¢ F, then
E[XW|F] = WE[X|F].
Before giving a proof, let us note that the result is intuitive. Because
W e F, it follows that conditional on knowing which events of F occur
(that is, conditional on F), the random variable W becomes a constant,
and the expected value of a constant times a random variable is just the
constant times the expected value of the random variable. Next we formally
prove the result.
Proof Let
Y = E[XW|F]-WE[X|F]
= (X - E[X|F)W — (XW — E[XW|F]),
and note that Y € F. Now, for 4 € F,
E[Y 14l = E[(X — B[X|F)W 4] = E[(XW — E[XW|F|)14].
However, because W14 € F, we use Equation 3.2 to get
BI(X — BIX|F)W L] — ELXW L] — BIELX|F]W 4] - 0,
and by the definition of conditional expectation, we have
El(XW — BEIXW|F))Ia)] = E[XW14] — E[EIXW|F]I4] =0.
Thus, we see that for A € F,
E[Y1s]=0.

Setting first A = {Y > 0}, and then A = {Y < 0} (which are both in F
because Y € F) shows that

PY >0)=P(Y <0)=0.

Hence, Y = 0, which proves the result. m
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3.3 Martingales

We say that the sequence of sigma fields Fi, Fo, ... is a filtration if F1 C
Fo.... Wesay a sequence of random variables X1, X, ... is adapted to F,
if X,, € F,, for all n.

To obtain a feel for these definitions, it is useful to think of n as rep-
resenting time, with information being gathered as time progresses. With
this interpretation, the sigma field F,, represents all events that are deter-
mined by what occurs up to time n and thus contains F,,_1. The sequence
X,,n > 1, is adapted to the filtration F,,,n > 1, when the value of X, is
determined by what occurs by time n.

Definition 3.7 7, is a martingale for filtration F,, if
(a) E[|Z,]] < o0
(b) Zy is adapted to F,
(¢) ElZpi1|Fnl = Zy

A bet is said to be fair if its expected gain is equal to zero. A martingale
can be thought of as being a generalized version of a fair game. For example,
consider a gambling casino in which bets can be made concerning games
played in sequence. Let F, consist of all events with an outcome that is
determined by the results of the first n games. Let Z,, denote the fortune of
a specified gambler after the first n games. Then, the martingale condition
states that regardless of the results of the first n games, the gambler’s
expected fortune after game n + 1 is exactly what it was before that game.
That is, no matter what has previously occurred, the gambler’s expected
winnings in any game is equal to zero.

It follows upon taking expectations of both sides of the final martingale
condition that

BlZus1] = ElZ),

implying that

We call F[Z;] the mean of the martingale.
Another useful martingale result is that

E[Zn+2|]:n] = E[E[Zn+2|]:n+1 U Fn”]:n]
- E[E[Zn+2|]:n+1]|]:n]

= E[Zy1|Fn]
= Z

n-
Repeating this argument yields

EZni|Fl = Zny k> 1.
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Definition 3.8 We say that Z,,,n > 1, is a martingale (withoul specifying
a filtration) if

(a) Bl|Zy]] < oo
(b) EZpsilZ1s. .., Zn) = Zn

If {Z,} is a martingale for the filtration F,,, then it is a martingale.
This follows from

ElZnir|Z1, .. Zn) = ElE[Zni1|Z1s - Ty Full %1 - 7o)
= BlE[Zn1|FallZy, .. -, Zn]
= E[Za|Z1, ..., Zn]
= Zn.

where the second equality followed because Z; € F,,, for alli=1,...,n.
We now give some examples of martingales.

Example 3.9 If X, 7 > 1, are independent zero mean random variables,
then 7, = Z?:1 X;, n > 1, is a martingale with respect to the filtration
o(Xy,...,Xp),n > 1. This follows because

ElZ, 11Xy, ..., X0 = ElZ, + Xog1| X1, X3
= K[Z,|X1,.... Xn]+ B[ Xn41| X1, o, Xi]
= Zn + E[Xni]
by the independence of the X,
= Zn. [ ]

Example 3.10 Let X, > 1, be iid with mean zero and variance o2. Let
S, =i X;, and define

Zn:S,ZL—naz7 n>1.

Then Z,,n > 1 is a martingale for the filtration o(Xy,..., X,,). To verify
this claim, note that

BISE 11Xty .., Xn] = El(Sn + X)) X1, ..., Xl
= E[S2|X1,..., Xn] + E[25, X 1| X1, ..., X0l
+EX2 X1, X
= Sy + 25, B[X,1]X1, ..., X+ EIX] 4]
= 52 428, E[X, 1] +0?
= SZ + 02
Subtracting (n + 1)o? from both sides, yields

ElZn 1| Xy, .., Xp] = Z,. |



3.3 Martingales 69

Our next example introduces an important type of martingale, known
as a Doob martingale.

Example 3.11 Let Y be an arbitrary random variable with FE[|Y|] < o
let F,,,n > 1, be a filtration, and define

Zn = BY|Fy].

We claim that Z,,,n > 1, is a martingale with respect to the filtration
Fn,n > 1. To verify this, we must first show that F||Z,|] < co, which is
accomplished as follows:

E[Za|] = ElEY|F]l]
< ELE[Y]|F.]]
= ElIY]]

< o0,

N

where the first inequality uses that the function f(x) = |z| is convex, and
thus from Jensen’s inequality

E[Y[Fa] = [E[Y | ],

whereas the final equality used the tower property. The verification is now
completed as follows:

ElZpi|Fal = EEY[Fun]lFal
= F[Y|F,] by the tower property
= Zn.

The martingale Z,,n > 1, is a called a Doob martingale. R

Example 3.12 Our final example generalizes the result that the succes-
sive partial sums of independent zero mean random variables constitute
a martingale. For any random variables X,;,7 > 1, the random variables
X; — E[X;| X4, ..., Xi—1], ¢ > 1, have mean zero. Even though they need
not be independent, their partial sums constitute a martingale. That is, we
claim that

ZX EIX;|X1,.. ., Xiq]), n>1,

is, provided that E[|Z,|] < oo, a martingale with respect to the filtration
o(X1,...,Xpn),n > 1. To verify this claim, note that

Zn+1 = Zn + Xn+1 - E[Xn+1|X17 s 7Xn]
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Thus,

E[Zn+1|X17 .. 7Xn] = Zn + E[Xn+1|X17 .. 7Xn]
— B Xni1] Xy, ..., X0
= Znp. [ |

3.4 Martingale Stopping Theorem

The positive integer valued, possibly infinite, random variable N is said to
be a random time for the filtration F,, if {N = n} € F, or, equivalently,
if {N > n} e F,_y, for all n. If P(N < o) =1, then the random time is
said to be a stopping time for the filtration.

Thinking once again in terms of information being amassed over time,
with F,, being the cumulative information for all events that have occurred
by time n, the random variable N will be a stopping time for this filtration
if the decision whether to stop at time n (so that N = n) depends only
on what has occurred by time n. (That is, the decision to stop at time
n is not allowed to depend on the results of future events.) It should be
noted, however, that the decision to stop at time n need not be independent
of future events, only that it must be conditionally independent of future
events given all information up to the present.

Lemma 3.13 Let Z,,n > 1, be a martingale for the filtration F,. If N is
a random time for this filtration, then the process Zy = Zmin(Nn), 7 = 1,
called the stopped process, is also a martingale for the filtration F,.

Proof Start with the identity
Zn - anl + I{NZn}(Zn - Zn71)~

To verify the preceding, consider two cases:

1. N > n : Here, Z,, = Zp, Zpn_1 = Zp_1, Itn>ny = 1, and the
preceding is true.

2. N <n:Here, Z, = Z, 1 = Zn, I{n>y) = 0, and the preceding is
true.
Hence,

E[Znu:nfl] = E[Zn71|]:n*1] + E[I{NZn}(Zn - Zn71)|]:n71]
anl + I{NZn}E[Zn - Zn71|]:n71]
= Zn71~ | |
Theorem 3.14 Martingale stopping theorem. Lelt Z,, n > 1, be a mar-
tingale for the filtration F,,, and suppose that N is a stopping time for this
filtration. Then
E|Zn] = E|Z]
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if any of the following three sufficient conditions hold.
(a) Z, are uniformly bounded;
(b) N is bounded; or
(¢) E[N] < oo, and there exists M < 0o such that

E|Zns1 — Znl|Fn] < M.
Proof Because the stopped process is also a martingale,
E(Z,) = E[Z1] = E[Z,].

Because P(N < oo) = 1, it follows that Z,, = Zy for sufficiently large N,
implying that -
lim 7, = Zn.

n—oo

Part (a) follows from the bounded convergence theorem, and Part (b) with
the bound N < n follows from the dominated convergence theorem using
the bound |Z;| < Y7 |Zi].

To prove Part (¢) note that with Zy =0

S (Zi—Zi )
i=1
S\Zi— Zi |
i=1

= ZI{N2¢}|Z¢ —Zi-l,
=1

|Zn| -

IN

and the result now follows from the dominated convergence theorem be-
cause

E Y IineilZi— Zial| = D Ellin=|%i = Zi 1]
i=1 i=1

= ZE[E[I{N2¢}|Z¢ — Zi || Fi-a]]
=1
= Bl nea Bl Zi — Zial| Ficill
=1
< MY P(N >i)
=1
— MEIN]

< 0.
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A corollary of the martingale stopping theorem is Wald’s equation.

Corollary 3.15 Wald’s equation. If X, Xo,. .. are éid with finite mean p =
E[X;], and if N is a stopping time for the filtration F,, = o(X4,..., X,),n >
1, such that F[N] < oo, then

Proof Z, = Y1 (X; — p),n > 1, being the successive partial sums of
independent zero mean random variables, is a martingale with mean zero.
Hence, assuming the martingale stopping theorem can be applied we have
that

0 = ElZn]

TN
= F Z(X’L —M)l

Li=1

r N
= F in —NM)]
Li=1

r N
- B in
Li=1

— E[Ny].

To complete the proof, we verify the sufficient condition from Part (c) of
the martingale stopping theorem.

ElZpi1 = Zn||Fn] = Bl Xns1 — pl|Fnl
= F[| Xnt1 — pl] by independence.
< EIX|] + |pl

Thus, the condition from Part (c) is verified and the result proved. =

Example 3.16 Suppose iid discrete random variables X, X, ... are ob-
served in sequence. With P(X; = j) = p;, what is the expected number of
random variables that must be observed until the subsequence 0, 1,2,0,1
occurs? What is the variance?

Solution Consider a fair gambling casino in which the expected casino
win for every bet is zero. Note that if a gambler bets their entire fortune
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of a that the next outcome is j; then their fortune after the bet will either
be 0 with probability 1 — p;, or a/p; with probability p;. Now, imagine a
sequence of gamblers betting at this casino. Each gambler starts with an
initial fortune of one and stops playing if their fortune ever becomes zero.
Gambler 7 bets one that X; = 0. If they win, they bet their entire fortune
(of 1/pg) that X;+1 = 1; if they win that bet, they bet their entire fortune
that X;.o = 2; if they win that bet, they bet their entire fortune that
Xi+a = 0; if they win that bet, they bet their entire fortune that X;, 4 = 1;
and if they win that bet, they quit with a final fortune of (p3pjp2)~!.

Let Z,, denote the casino’s winnings after the data value X,, is observed,;
because it is a fair casino, Z,,,n > 1, is a martingale with mean zero with
respect to the filtration o(Xy,..., X,,),n > 1. Let N denote the number
of random variables that need be observed until the pattern 0,1,2,0,1
appears —so (Xy_4,..., Xn) = (0,1,2,0,1). Because it is easy to verify
that N is a stopping time for the filtration, and that the condition in Part
(¢) of the martingale stopping theorem is satisfied when M = 4/(p3pips),
it follows that E[Zy] = 0. However, after X has been observed, each of
the gamblers 1,..., N —5 would have lost one: Gambler N —4 would have
won (p3pips)~t — 1; gamblers N — 3 and N — 2 would each have lost one;
gambler N — 1 would have won (pop1)~! — 1; and gambler N would have
lost one. Therefore,

Zy =N — (pipip2) ' — (pop1) .

Using E[Zy] = 0 yields the result
E[N] = (pipip2) ™" + (pop1) ™.

In the same manner, we can compute the expected time until any specified
pattern occurs in iid generated random data. For instance, when making
independent flips of a coin that comes up heads with probability p, the mean
number of flips until the pattern HHTTHH appearsis p *¢ 2 4+p 24p "
where ¢ =1 — p.

To determine Var(N), suppose now that gambler ¢ starts with an initial
fortune 7 and bets that amount that X; = 0. If they win, they bet their
entire fortune that X;;; = 1; if they win that bet, they bet their entire
fortune that X, ., = 2; if they win that bet, they bet their entire fortune
that X;.3 = 0; if they win that bet, they bet their entire fortune that
Xita = 1; and if they win that bet, they quit with a final fortune of
i/(p3pip2). The casino’s winnings at time N is thus

?

N—-4 N-1
pipips  popi
N(N+1) N-4 N-1

2 pipip2  pop1

Zn = 1424+ N-—
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Assuming that the martingale stopping theorem holds (although none of
the three sufficient conditions hold, the stopping theorem can still be shown
to be valid for this martingale), we obtain upon taking expectations that

E[N]%—4+2E[N]—1.

E[N?] + E[N] =2
PiP2 Pop1

b
Using the previously obtained value of F[N], the preceding can now be
solved for E[N?] to obtain Var(N) = E[N?] — (E[N])?>. =

Example 3.17 The cards from a shuffled deck of 26 red and 26 black cards
are to be turned over one at a time. At any time, a player can request the
next card and is a winner if the next card is red and is a loser otherwise.
A player who has not yet requested another card when only a single card
remains is a winner if the final card is red and is a loser otherwise. What
is a good strategy for the player?

Solution Every strategy has probability 1/2 of resulting in a win. To see
this, let R,, denote the number of red cards remaining in the deck after n
cards have been shown. Then

R, 51 —
- - "R..
52—n 52 —n

E[Rn+1|R17 sy Rn] - Rn

Hence, ;—jw n > 0is a martingale. Because Ry/52 = 1/2, this martingale
has mean 1/2. Now, consider any strategy, and let N denote the number of
cards that are turned over before the next card is requested. Because N is
a bounded stopping time, it follows from the martingale stopping theorem

that
E{ Ity }1/2.

52— N

Hence, with I =1 (win}

Bl = B|B|I|Ry] = E {QR_NN} ~1/2. m

Our next example involves the matching problem.

Example 3.18 Each member of a group of n individuals throws their hat
in a pile. The hats are then mixed together, and each person randomly
selects a hat in such a manner that each of the n! possible selections of the
n individuals are equally likely. Any individual who selects their own hat
departs, and that is the end of round one. If any individuals remain, then
each throws the hat they have in a pile, and each one then randomly chooses
a hat. Those selecting their own hats leave, and that ends round two. Find
E[N], where N is the number of rounds until everyone has departed.
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Solution Let X;,i > 1, denote the number of matches on round 4 for
t=1,..., N, and let it equal one for i > N. To solve this example, we will
use the zero mean martingale Z, k > 1, defined by

K
Zy = > (X = E[Xi| Xy, ..., X 1))
i1
K

= > (X -1,

i=1

where the final equality follows because, for any number of remaining indi-
viduals, the expected number of matches in a round is one (which is seen
by writing this as the sum of indicator variables for the events that each
remaining person has a match). Because

k
Nmin{k:ZXin}

i=1

is a stopping time for this martingale, we obtain from the martingale stop-
ping theorem that

0=E[Zy)|=E

N

> X —N] —n — E|N|,
i=1

so F[N]=n. [ |

Example 3.19 If Xy, X5, ..., is a sequence of iid random variables, P(X; =
0) # 1, then the process

Sn:znsz, i>1

is said to be a random walk. For given positive constants a, b, let p denote
the probability that the the random walk becomes as large as a before it
becomes as small as —b.

We now show how to use martingale theory to approximate p. In the
case where we have a bound |X;| < ¢, it can be shown there will be a value
# # 0 such that

ElefX] =1,

Then, because
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is the product of independent random variables with mean one, it follows
that Z,,n > 1, is a martingale having mean one. Let

N =min(n:S, >a or S, <-b).

The condition in Part (¢) of the martingale stopping theorem can be shown
to hold, implying that
E[ef5v] = 1.

Thus,
1 = E[9V|Sy > alp+ E[e%5V Sy < —b](1 — p).
Now, if 8 > 0, then
9% < FIPSV|Sy > a] < 000t0)

and
67€(b+c) < E[€€SN|SN < —b] < €7€b7
yielding the bounds
1 — 00 1— 67€(b+c)
eblate) _ o—0b sps efa _ o—0(btc)

and motivating the approximation

1 — eféb

P~ 7

a _ g—
We leave it as an exercise to obtain bounds on p when 6 < 0. [ |

Our next example involves a Doob backward martingale. Before defining
this martingale, we need the following definition.

Definition 3.20 The random variables X1, ..., X, are said to be exchange-
able if X;,, ..., X, has the same probabilily distribution for every permu-
tation ii,...,in of 1,...,n.

Suppose that Xy,..., X, are exchangeable. Assume E[|X]] < oo, let

J
Sj:ZXi7 j:17...7n
i=1

and consider the Doob martingale Z1,...,Z,, given by

Zy = E[X1|Sn]
Zj - E[X1|Sn75n717~"7Sn+1*j]7 3:177n
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However,

Snt1-j = ElSni1-41Sm11-5, Xnya—gy oo, Xal
n+1—j
Z EX|Sni1j, Xng2—js s Xn
i=1
(n+1 =7 EX1|Sni1j, Xnga—g, -5 Xal
(by exchangeability)

where the final equality follows because knowing Sy, Sn—1,...,S+1—; is
equivalent to knowing Sy, 41—, Xpqo—j,. .., Xy,
The martingale
Sn+17j .
= ———g=1,...
Wi n 4t 1— j7 J 9 ;1
is called the Doob backward martingale. We now apply it to solve the ballot
problem.

Example 3.21 In an election between candidates A and B, candidate A
receives n votes and candidate B receives m votes, where n > m. Assuming
that all orderings of the n+m votes are equally likely, what is the probability
that A is always ahead in the count of the votes?

Solution Let X; equal one if the ith voted counted is for A, and let it equal
—1 if that vote is for B. Because all orderings of the n+m votes are assumed
to be equally likely, it follows that the random variables X, ..., X, are
exchangeable, and 71, ..., Z,4m is a Doob backward martingale when

_Sngmgig
T 4+ m4+1—j4’

where S, = Zle X;. Because Z1 = S, /(n+m) = (n—m)/(n+m),
the mean of this martingale is (n —m)/(n+m). Because n > m, candidate
A will always be ahead in the count of the vote unless there is a tie at some
point, which will occur if one of the S; (or equivalently, one of the Z;) is
equal to zero. Consequently, define the bounded stopping time N by

N =min{j:Z; =0o0rj=n+m}.

Because 7, = X1, it follows that Zy will equal zero if the candidates
are ever tied and will equal X if A is always ahead. However, if A is always
ahead, then A must receive the first vote; therefore,

7 1 if A is always ahead
N0 otherwise.
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By the martingale stopping theorem, E[Zy| = (n — m)/(n + m), yielding

the result

P(A is always ahead) = nJ—r—m
n+m

Example 3.22 Ante one game. There are three players, with player 7 ini-
tially having a fortune x; > 0, i = 1,2, 3. Say that a player is alive if their
current fortune is positive. At the beginning of a round, all of the alive
players put one into a pot, which is then equally likely to be won by any of
these players. Let G; be the number of games that involve ¢ players. We
now show how to compute F[G5] and E[G3].

Let X;(n) be player i’s fortune after game n, and let W;(n) be player
i’s winnings in game n. Also let I;(n) = T{X;(n) > 0} be the indicator of
the event that ¢ is still alive after game n, and N(n) = Zle 1;(n) be the
number of players that are still alive after game n. Then

Wiln+ 1) = Ln)(N(n)Ji(n +1) = 1),

where J;(n + 1), the indicator of the event that 4 wins game n + 1, is such
that
1

P(li(n+1)=1|F,) = Li(n)
where F), is the sigma field generated by everything that happens up to

and including game n. Hence,

EW;(n+1)|F,] = Li(n)(1-1)=
EW2(n+ 1)|F,] = L(n) E[N?(n)Ji(n+1) —2N(n)Ji(n+ 1) + 1|F,]

t

[N3(n)Ji(n + 1) —=3N2(n)Js(n + 1) + 3N (n)J;(n + 1) — 1|F},]
N%(n) —=3N(n) +3—1)
N(n) = 1)(N(n) - 2).

the preceding gives
ElXin+ D[] = Xi(n)

BIX2(n+ D|Fa] = X2(n) + 2X,(n) E[Wi(n + D|Fu] + EIW2(n + 1)|F,]
— X2(n)+ L(n)(N(n) = 1)
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E[X2(n+1)|F,]
—XS( )+ 3X2(n)E[Wi(n + 1)|Fo] 4 3X:(n) E[W2(n + 1)|F,]
EW3 (n+1)|F,]
fXS( )+ 3Xi(n)Li(n)(N(n) — 1) + Li(n)(N(n) — 1)(N(n) - 2).

With s = x1 + z9 + z3, it follows from the preceding that

3

E | Xi(n+1)|F,

i=1

3
> Xi(n) =
i=1

3
> X2 () + N(n)(N(n) —1)
i=1

3
E > X2 (n+1)|F,

i=1
3
E|> X} (n+1)|F,
i=1
3 3
=Y X (n)+3(N(n) = 1)>_ Xi(n)Li(n) + N(n)(N(n) = 1)(N(n) - 2)
i=1 i=1

k
=Y XP(n) +3(N(n) = 1)s + N(n)(N(n) = 1)(N(n) - 2),
i=1

where the preceding used that ZZ 1 Xi(n)di(n) = ZZ 1 Xi(n) =
Now, if
E[Vn+1|Fn] :Vn+Yn7 n >0,

then >, (V;—E[V;|F;1]) = Vn—Vo—Z;ZOl Y} is a zero mean martingale,
which implies that

is a martingale with mean V. Consequently, both

3 n—1
=3 X2 n) =Y _NGN@G) —1), n>0
i=1 §=0
and
3 n—1 n—1
=3 XP¥n)=3s > (N({H)—=1)=D_ NGNG-1)(N3G)-2), n=0
i=1 §=0 §=0
are martingales with Z;(n) having mean ZZ ! xl and Zs(n) having mean
Z? 1 l Letting T' be the number of games until one of the player’s fortune
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is s, and using that Z?Zl Xij(T) = &7, j = 2,3, the martingale stopping
theorem gives that

3 —1
Y 2} =EBIZ(T)] = s*—E | NGNG) - 1)
i=1 §=0
k T—1
Y @} =EZ(T)] = 8 —3sE | > (N(G)—1)
i=1 j=0
T—1
~E Y NGNG) - D(NG) - 2)
§=0

Now, let GG; be the number of games involving ¢ players, ¢« = 2, 3. Because
N(H)(N(5)—1) will equal i(4—1) if game j involves i players, it follows that
S0 NGING) —1) = 3075 i(i — 1)Gy, and similarly that 3215 (N(5) —

1) = S50 = )G and T720 NGYN() = DING) - 2) = S, ili =
1)(i — 2)G; = 6G5. Hence, from the preceding we see that

i

3
> @i = 57 = 2E[Gy] — 6E[G4]
i=1

i

3
D af = 7 —3sE[Ga] — (65 + 6)E[Ga].
i=1

Solving these equations gives

S w(a = 1) (s — )

Elea] = s—2
and PP
E[Gs] = .
s —2
Hence,

T1ToTs + Z?Zl zi(z; — 1)(s —z;)

E[T) = E[G + G3] = —

Remark 3.23 The following are two remarks for the previous example:

1. The martingale stopping theorem applies in the preceding because
Markov chain theory shows that E|T] < oo.

2. If we let P; be the probability that player i eventually has fortune s,
then using that X;(n),n > 0 is a martingale with mean z;, it follows
from the martingale stopping theorem that z; = F[X,(T)] = sF;,
giving P; = =,
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3.5 Hoeffding—Azuma Inequality

Let Z,,n > 0, be a martingale with respect to the filtration F,. If the
differences Z,, — Z,,—1 can be shown to lie in a bounded random interval of
the form [—B,,, —B, + d,], where B,, € F,,_1 and d,, is constant, then the
Hoeffding—Azuma inequality often yields useful bounds on the tail proba-
bilities of Z,. Before presenting the inequality, we will need a couple of
lemmas.

Lemma 3.24 [f E[X] =0, and P(—a < X < ) =1, then for any convex
function f

B o
e+

E[f(X)] < fB).

Proof Because f is convex it follows that, in the region —a < z < §,
it is never above the line segment connecting the points (—a, f(—a)) and
(53, f(8)). Because the formula for this line segment is

B
o+ p

1

fl=a) + =18+ —

o+ p

Y= [£(B) = f(=a)l,

we obtain from the condition P(—a < X < ) =1 that

B o 1
FX) £ L= f(=0) + =5 1(8) + =5 1(8) = F=a).
Taking expectations, and using F[X] = 0, yields the result. [ |

Lemma 3.25 For 0 <p <1
pet(lfp) +(1 _p)e—tp < 6t2/8.
Proof Letting p = (1 + a)/2 and ¢ = 28, we must show that for —1 <
a<l1
(14 )= 4 (1 — a)e AU+ < 2¢8°/2
or, equivalently,

P ye Py a(eﬁ — 676) < 9eB+B/2

The preceding inequality is true when @ = —1 or +1 and when |3| is large
(say, when |3] > 100). Thus, if the Lemma were false, then the function

Flo,B) =€ + e Pt afef —e Py —2e2PtF /2
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twould assume a strictly positive maximum in the interior of the region
R=A{(a,8) : |a] <1, B8] < 10}. Setting the partial derivatives of f equal
to 0, we obtain

e —e P palef tef) = 20BeB A /2 (3.3)
e P = 2ﬁe°‘5+52/2.

We will now prove the lemma by showing that any solution of Equations
3.3 and 3.4 must have 8 = 0. However, because f(«,0) = 0, this would
contradict the hypothesis that f assumes a strictly positive maximum in
R, thus establishing the lemma.

So, assume that there is a solution of Equations 3.3 and 3.4 in which
5 # 0. Now note that there is no solution of these equations for which @ = 0
and S #£ 0. For if there were such a solution, then Equation 3.4 would say
that

e —ef = 2ﬁ662/27 (3.5)

But expanding in a power series about zero shows that Equation 3.5 is
equivalent to

o0 2i+1 ©0 52341
22(2€+1)1 =2 ﬁilQi ’
i=0 ’ i=0

which (because (2i + 1)! > i!2¢ when ¢ > 0) is clearly impossible when
5 # 0. Thus, any solution of Equations 3.3 and 3.4 in which 5 #£ 0 will also
have o £ 0. Assuming such a solution gives, upon dividing Equation 3.3 by
Equation 3.4,

B e P o

1+

1+a—65—675: E

Because a: #£ 0, the preceding is equivalent to
ﬁ(eﬁ + 676) e
or, expanding in a Taylor series,
oo grit1 Rt

2 @) =@

i=0

which is clearly not possible when 5 = 0. Thus, there is no solution of
Equations 3.3 and 3.4 in which 8 £ 0, thus proving the result. [ |

We are now ready for the Hoeffding—Azuma inequality.
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Theorem 3.26  Hoeffding—Azuma inequality. Let Z,, n > 1, be a
martingale with mean p with respect to the filtration F,,. Let Zyo = p and
suppose there exist nonnegative random variables By,n > 0, where B, €
Fr_1, and positive constants d,,n > 0, such that

_Bn < Zn - anl < _Bn + dn
Then, forn > 0,a >0,

(i) P(Zn—p>a) < e 2/Xid
(ZZ) P(Zn —u < —CL) < 6720,2/2?:1 dzg. (36)

Proof Suppose that ¢ = 0. For any ¢ > 0,

P(Z, > a) = P(en > )
S efcaE[ecZn]7
where we use Markov’s inequality in the second equality. Let W,, = e®%~.
Note that Wy = 1 and that for n > 0

EWy|Fua] = Ele%rt et 2n0|F, ]
= n-t gletnTZn-0|F |

= W,y Ble?@n—Zn-0|F, 4], (3.7)

where the second equality used that Z,, 1 € F,,_1. Because
(a) f(x)=e°® is convex,
(b)
E[Zn - Zn71|~7:n71] - E[Znu:nfl] - E[anlu-—nfl]
= anl - anl - 07

and
(C) _Bn S Zn - anl S _Bn + dn
It follows from Lemma 3.24, with oo = B,,, 8 = —B,, + d,, that

(=By + dy)e*Bn 4 Byt Bntd)
T,

(=By + dy)e*Bn 4 Byeo(Bntdn)

dy, ’

BletZnZn-O|F, 1] < E

|]:n71

where the final equality used that B, € F,,_1. Hence, from Equation 3.7,
we see that

(_Bn + dn)eicBn + Bnec(ianLdn)

E[Wnu_—nfl] d

IN

anl

2 52
W, c“d, /8
n—1€ n/ ’

IN
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where the final inequality used Lemma 3.25 (with p = B, /d,, t = cdy,).
Taking expectations gives

E[W,] < E[W,_]e" /8.

Using that E[W;] = 1 yields, upon iterating this inequality,
n
Wy] < H€c2d§/8 — & X di/E,
Therefore, from Equation 3.6, we obtain that for any ¢ > 0

P(Z, > a) <exp (—ca+02 de/é%) :

i=1

Lettlng c=4a/3 "
Zz 1 1/8 glves

", d?, which is the value of ¢ that minimizes —ca +

P(Z,>a)<e —2a%/ 37, z.
Parts (a) and (b) of the Hoeffding—Azuma inequality now follow from ap-

plying the preceding, first to the zero mean martingale {Z,, — 1} and second
to the zero mean martingale {¢ — 7,}. H

be independent Bernoulli random variables

Example 3.27 Let X;,i > 1
,n. Then

with means p;, ¢ =1, ..

z": S—Zp“n>0

is a martingale with mean zero. Because Z,, — 7, 1 = X,, — p, we see that
_pSZn_anl Sl_p

Thus, by the Hoeffding—Azuma inequality (B,, = p,d, = 1), we see that
for a >0

2
6720, /n

IN

P (Sn - zn:pz Z CL)
i=1

P (Sn - zn:pz S —CL)
i=1

The preceding inequalities are often called Chernoff bounds. ™

9,2
62a/n.

IN
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The Hoeffding—Azuma inequality is often applied to a Doob type mar-
tingale. The following corollary is often used.

Corollary 3.28 Let h be such that if the vectors x = (z1,...,2zy,) and y =
(y1,-..,yn) differ in at most one coordinate (that is, for some k, z; = y;

for all i # k) then
[h(x) —h(y)l < 1.

Then, for a vector of independent random variables X = (X4, ..., X,,), and
a>0

2
6720, /n

IN

P(h(X) - B[h(X)] 2 a)
P(h(X) — E[A(X)] < —a) < e 20°/m,
Proof Let Zy — E[W(X)], and Z; = E[(X)|o(X1,....X:)], for i =

1,...,n. Then Z,..., 7, is a martingale with respect to the filtration
o(Xy,...,X;),i=1,...,n. Now,

Zi—Zi1 = FR(X)|Xq,...,X;)] = ER(X)|X1,...,Xi1]
sup{ F[h(X)| X1, ..., X;—-1, X; = 2]

IN

—EhX)|[ X1, ..., Xial}
Similarly,
Ly —Ziq > ilrylf{E[h(X)|X17 o X, X =y
— E[A(X)| X1, ..., Xial}
Hence, letting

and d; = 1, the result will follow from the Hoeffding—Azuma inequality if
we can show that

Sup{E[h(X)|X17 ey Xifh X,L — ZE]}

Y

However, with X;_1 = (X4, ..., X;_1), the left-hand side of the preceding
can be written as
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sup{ F[h(X)|X1,..., X;-1, X; = 2]
@,y

_ E[h(X)|X17 - 7Xi717Xi — y]}
= sup{E[h(X1,.. ., Xi 1,2, X1, X)X 1]
T,y

- E[h(X17 .. '7Xi717 Y, Xi+17 cee 7Xn)|X,L,1]}
== sup{E[h(Xh . 7Xi,17x7 Xi+17 . 7Xn)
z,Yy

- E[h(X17 B '7X73717y7 Xi+17 s 7Xn)|X'Lfl]}
<1

?

and the proof is complete. B

Example 3.29 Let X, X5,..., X,, be iid discrete random variables, with
P(X; =j)=p;. With N equal to the number of times the pattern 3,4, 5, 6,
appears in the sequence X, Xo,..., X, obtain bounds on the tail proba-
bility of N.

Solution First note that
n—3
EIN] = Z B {I{pattern begins at position 7}
i=1
= (n — 3)pspapsps.

With h(zy,...,z,) equal to the number of times the pattern 3,4,5 6 ap-
pears when X; = z;,7 = 1,...,n, it is easy to see that h satisfies the
condition of Corollary 3.28. Hence, for a > 0

—2a%/(n—3)

P(N — (n — 3)papapspe > a) e

P(N — (n —3)p3papsps < —a) —2a%/(n=3)

<
< e . |

Example 3.30 Suppose that n balls are to be placed in m urns, with each
ball independently going into urn i with probability p;, > ;- p; = 1. Find
bounds on the tail probability of Yz, equal to the number of urns that
receive exactly k balls.

Solution First note that

m

Zl{urn ¢ has exactly &k balls}
i=1

ElYi] = E

3

i=1

n _
.>pf(1 —p)"

2

TN
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Let X; denote the urn in which ball j is put, where j = 1,...,n. Also, let
hi(z1,...,zy) denote the number of urns that receive exactly k balls when
X; = x;,i=1,...,n, and note that Yy, = hy(Xy,...,X,,). When k = 0,
it is easy to see that hg satisfies the condition that if x and y differ in at
most one coordinate, then |ho(x) — ho(y)| < 1. Therefore, from Corollary
3.28 we obtain, for a > 0, that

P (YO —i(l —pi)" > a)

i=1

P (YO - i(l —p)" < —a)

i=1

2
6720, /n

IN

9,2
e 2a/n.

IN

For 0 < k < n, it is no longer true that if x and y differ in at most one
coordinate, then |hg(x)—h(y)| < 1. This is because the one different value
could result in one of the vectors having one less and the other having one
more urn with k& balls than would have resulted if that coordinate was not
included. Thus, if x and y differ in at most one coordinate, then

|hi(x) — he(y)] £ 2,

showing that hj(x) = hj(x)/2 satisfies the condition of Corollary 3.28.
Because

P(Yy = EYy] > a) = P(ht(X) = E[h(X)] 2 a/2),
we obtain, for a > 0,0 < k < n, that

P (Yk _ Z <7>pf(1 _pl)nfk Z a) S 6*042/277,

i=1

P (Yk - i": (?)pf(l —p)" < —a)

i=1

2
6a/2n.

IN

Of course,
m

PY,=1)=) pl'=1-P(Y,=0). =
i=1

3.6 Submartingales, Supermartingales, and a Con-
vergence Theorem

Submartingales model superfair games, whereas supermartingales model
subfair ones.
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Definition 3.31 The sequence of random wvariables Z,, n > 1, is said to be
a submartingale for the filtration F,, if

(a) E[|Zy]] < oo

(b) Zy is adapted to F,

(¢) ElZni1lFnl 2 Zn
If Part (c) is replaced by E[Z,+1|Fn) < Zp, then Zy,n > 1, is said to be

supermartingale.

It follows from the tower property that
BlZo 1] 2 ElZ,]

for a submartingale, with the inequality reversed for a supermartingale.
(Of course, if Z,,n > 1, is a submartingale, then —Z,,n > 1, is a super-
martingale and vice-versa.)

The analogs of the martingale stopping theorem remain valid for sub-
martingales and supermartingales. We leave the proof of the following
theorem as an exercise.

Theorem 3.32 If N is a stopping time for the filtration F,,, then

ElZy]
ElZy]

> E[Z4] for a submartingale
< E[Zi] for a supermartingale

provided that any of the sufficient conditions of Theorem 3.14 hold.

One of the most useful results about submartingales is the Kolmogorov
inequality. Before presenting it, we need a couple of lemmas.

Lemma 3.33 If Z,,,n > 1, is a submartingale for the filtration F,, and N
is a stopping time for this filtration such that P(N < n) =1, then

E[Z)]| < E|ZN] £ E|Z,).

Proof Because N is bounded, it follows from the submartingale stopping
theorem that F[Zy] > F[Z;]. Now,

Taking expectations of this inequality completes the proof. m

Lemma 3.34 If Z,,n > 1, is a martingale with respect to the filtration
Fn,m > 1, and [ is a convex function for which E||f(Z,)|] < oo, then
f(Zn),n > 1, is a submartingale with respect to the filtration F,,n > 1.
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Proof

E[f(Zn+1)|]:n]

Y

F(E[Zy1| Fa]) by Jensen’s inequality

Theorem 3.35 Kolmogorov’s inequality for submartingales. Suppose Z,,,n >
1, is a nonnegative submartingale, then for a > 0

Plmax{Zy,...,Z,} > a) < E[Z,]/a.

Proof Let N be the smallest 4, i < n such that Z; > a, and let it equal n
if Z; <aforalli=1,... ,n. Then

Plmax{Zy,...,Z,} >a) = P(Zn > a)
ElZn]/a by Markov’s inequality
E[Z,]/a since N < n. [ |

IN A

Corvollary 3.36 If Z,,,n > 1, is a martingale, then for a > 0
Plmax{|Zi],....|Zul} 2 a) < min(E{Za]}/a, E[Z2)/a?).
Proof Noting that
Pmax{|Zi|,...,|Z,|} > a) = P(max{Z? ..., Z%} > da*)

the corollary follows from Lemma 3.34 and Kolmogorov's inequality for
submartingales upon using that f(z) = |z| and f(z) = z? are convex

functions. MW

Theorem 3.37 Martingale convergence theorem. Let Z,, n > 1, be a mar-
tingale. If there is M < 0o such that

ElZ. )] <M for all n,
then with a probability of one limy, o Z,, exists and is finite.

Proof We will give a proof under the stronger condition that E[Z2] is
bounded. Because f(z) = z? is convex, it follows from Lemma 3.34 that
Z2%,n > 1, is a submartingale, yielding that E[Z2] is nondecreasing. Be-
cause F[Z2] is bounded, it follows that it converges; let m < oo be given
by

m = lim E[Z2].

n—rod
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We now argue that lim,, ... Z, exists and is finite by showing that, with
a probability of one Z,,,n > 1, is a Cauchy sequence. That is, we will show
that, with a probability of one

| Zmtt — Zm| — 0 asm, k — oo.

Using that Z,, 1y — Zm, k > 1, is a martingale, it follows that (Z,, 1z —
Zm)?, k > 1, is a submartingale. Thus, by Kolmogorov’s inequality,

P(|Zmix — Zm| > € for some k <n)

=P (krrllax (Zmike — Zm)? > 62>

geees

< E[(Zm+n - Zm)z]/ﬁz

= B2 = 2Zm e + Z2) €.
However,
ElZmZnim| = ElE[ZmZnim|Zm]]
- E[ZmE[Zn+m|ZmH
= E|Zy).
Therefore,

P(|Zmsk = Zm| > € for some k < n) < (E[Z2

n+m

| = BlIZ3))/ e
Letting n — oo now yields
P(|Zmik = Zm| > ¢ for some k) < (m — E[Z2])/€>.

Thus,
P(|Zmik — Zm| > € forsomek) =0 asm — 0.

Therefore, with a probability of one, Z,,,n > 1, is a Cauchy sequence, and
so has a finite limit. W

As a consequence of the martingale convergence theorem, we obtain the
following.

Corvollary 3.38 If Z,,,n > 1, is a nonnegative martingale, then with a prob-
ability of one, lim,, o Z, erists and is finite.

Proof Because Z,, is nonnegative,

Bl Zo)]| = E|Zs] = B|Z1] <. m
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Example 3.39 A branching process follows the size of a population over
succeeding generations. It supposes that, independent of what occurred in
prior generations, each individual in generation n independently has j off-
spring with probability p;, 7 > 0. The offspring of individuals of generation
n then make up generation n+ 1. Let X,, denote the number of individuals
in generation n. Assuming that m =3 y jp;, the mean number of offspring
of an individual, is finite it is easy to verify that Z,, = X,,/m™, n > 0, is
a martingale. Because it is nonnegative, the preceding corollary implies
that lim,, X,,/m™ exists and is finite. But this implies, when m < 1, that
lim,, X,, = 0 or, equivalently, that X,, = 0 for all n sufficiently large. When
m > 1, the implication is that the generation size either becomes zero or
converges to infinity at an exponential rate. W

3.7 Exercises
1. For F = {¢,Q}, show that E[X|F]= E[X].

2. Give the proof of Proposition 3.2 when X and Y are jointly continu-
ous.

3. If B|X;]] < o0, i =1,...,n, show that

ZXAF] = E[Xi|F].
i=1 i=1

E

4. Prove that if f is a convex function, then
Elf(X)|F] = f(E[X|F])
provided the expectations exist.

5. Let X1, X5,... be independent random variables with mean one.
Show that Z, =[], X;, n > 1, is a martingale.

6. If F[X,11|X4,...,Xn] = anX, +b, for constants ay, by, n >0, find
constants A,, B, so that Z, = A, X,, + B,,n > 0, is a martingale
with respect to the filtration o( Xy, ..., X,).

7. Consider a population of individuals as it evolves over time, and sup-
pose that, independent of what occurred in prior generations, each
individual in generation n independently has j offspring with proba-
bility p;, 7 > 0. The offspring of individuals of generation » then make
up generation n + 1. Assume that m = Zj jp; < oo. Let X,, denote
the number of individuals in generation n, and define a martingale
related to X,,,n > 0. The process X,,,n > 0 is called a branching
process.



92

10.

11.

12.

13.
14.

15.
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. Suppose X1, Xo,...areiid random variables with mean zero and finite

variance o2. If T is a stopping time with finite mean, show that

T
Var (Z XZ) = o2 E(T).

i=1

. Suppose X1, Xo,... areiid mean zero random variables that each take

value +1 with probability 1/2 and take value —1 with probability 1/2.
Let S, = > | X;. Which of the following (a)—(c) are stopping times?
Compute E[T;] for the T; that are stopping times.

(a) Ty =min{i >5:5; =5;_5 + 5}.

(b) Ty, =1 — 5.

(C) Ty =15 +10.

Consider a sequence of independent flips of a coin, and let P, denote
the probability of a head on any toss. Let A be the hypothesis that
P, = a, and let B be the hypothesis that P, = b, for given values
0 < a,b < 1. Let X; be the outcome of flip ¢, and set

P(X17 s 7X’n|A)

Ly = .
P(X177X’n|B)

If P, = b, show that Z,,n > 1, is a martingale having mean one.

Let Z,,,n > 0 be a martingale with Zy = 0. Show that

n

BlZ2 = ST ENZ - 7)),
i=1

Consider an individual who at each stage, independently of past move-
ments, moves to the right with probability p or to the left with prob-
ability 1 — p. Assuming that p > 1/2, find the expected number of
stages it takes the person to move ¢ positions to the right from where
they started.

In Example 3.19 obtain bounds on p when 6 < 0.

Use Wald’s equation to approximate the expected time it takes a
random walk to either become as large as a or as small as —b, for
positive a and b. Give the exact expression if a and b are integers, and
at each stage the random walk either moves up one with probability
p or moves down one with probability 1 — p.

Consider a branching process that starts with a single individual.
Let 7 denote the probability this process eventually dies out. With
X, denoting the number of individuals in generation n, argue that

7%n n >0, is a martingale.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Given X1, Xo, ..., let S, = 3" | X; and F,, = o(X;,...X,,). Suppose
for all n E|S,| < o0 and E[Sp41]|Fn] = Sn. Show E[X;X;] = 0 if
i

Suppose n random points are chosen in a circle having a diameter

equal to one, and let X be the length of the shortest path connecting
all of them. For a > 0, bound P(X — E[X] > a).

Let X4, Xo,..., X, beiid discrete random variables, with P(X; =
J) = p;. Obtain bounds on the tail probability of the number of times
the pattern 0,0,0,0 appears in the sequence.

Repeat Example 3.29, but now assume that the X; are independent
but not identically distributed. Let P; ; = P(X; = j).

Let Z,,n > 0, be a martingale with mean Z; = 0, and let v;,5 > 0,
be a sequence of nondecreasing constants with vg = 0. Prove the
Kolmogorov-Hajek- Renyi inequality:

P(|Zj] < vy forallj =1,...,n) > 1 =Y E[(Z; — Z;_1)"]/v}.
j=1

Consider a gambler who plays at a fair casino. Suppose that the
casino does not give any credit, so the gambler must quit when their
fortune is zero. Suppose further that on each bet made at least one is
either won or lost. Argue that, with a probability of one, a gambler
who wants to play forever will eventually go broke.

What is the implication of the martingale convergence theorem to the
scenario of Exercise 107

Three gamblers each start with a,b, and ¢ chips, respectively. In
each round of a game, a gambler is selected uniformly at random to
give up a chip, and one of the other gamblers is selected uniformly
at random to receive that chip. The game ends when there are only
two players remaining with chips. Let X,,,Y,,, and Z, respectively
denote the number of chips the three players have after round n, so
(XVO7 Yb7 Zo) - (CL7 b7 C).

(a) Compute E[X,11Yni1Znt1 | (Xn, Yo, Zn) = (2,9, 2)].

(b) Show that M, = X, Y,Z, + n(a+ b+ ¢)/3 is a martingale.

(c) Use the preceding to compute the expected length of the game.

In the ante one game of Example 3.22, find the expected number of
games played by player 1.

Consider the ante one game, but now suppose there are r players
with each player initially having fortune k. Suppose further that each
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26.

27.
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player has a value, with »; being the value of player 7. As before,
suppose that a player is alive if their fortune is positive and that at
the beginning of a round each alive player puts one into the pot. But
with A being the set of alive players, now suppose the pot is won by
i € A with probability E'”i —.
jeAYi

(a) With X;(n) being player i’s fortune after game n, find E[X;(k)].
(b) Let P; be the probability that player i eventually has fortune kr.
If v1 = max; v;, show that P, > Eﬂiﬁ

Suppose a gambler bets $1 that a fair coin will come up heads. If it
comes up heads, they win their bet and stop; if it comes up tails, they
lose their bet, and in subsequent flips, they will bet all their losses
so far plus $1 that the next flip will be heads. This repeats until the
gambler eventually wins and has a $1 net profit. Because all bets are
fair, why doesn’t the martingale stopping theorem apply to show that
the gambler is not expected to come out ahead?

Suppose a gambler wins $1 each time a flipped coin comes up heads,
and loses $1 each time it comes up tails. Suppose the coin is flipped
until the gambler eventually ends up with a $1 profit. Because all
bets are fair, why doesn’t the martingale stopping theorem apply to
show that the gambler is not expected to come out ahead? It can be
shown using Markov chain theory that, with a probability of one, the
gambler will eventually be up $1.
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Bounding Probabilities and
Expectations

4.1 Introduction

In this chapter, we develop some approaches for bounding expectations
and probabilities. We start in Section 4.2 with Jensen’s inequality, which
bounds the expected value of a convex function of a random variable. In
Section 4.3, we develop the importance sampling identity and show how it
can be used to yield bounds on tail probabilities. A specialization of this
method results in the Chernoff bound, which is developed in Section 4.4.
Section 4.5 deals with the second moment and the conditional expectation
inequalities, which lower bound the probability that at least one of a given
number of events occurs. Section 4.6 develops the min-max identity and
uses it to obtain bounds on the maximum of a set of random variables.
Finally, in Section 4.7 we introduce some general stochastic order relations
and explore their consequences.

4.2 Jensen’s Inequality

Jensen’s inequality yields a lower bound on the expected value of a convex
function of a random variable.

Proposition 4.1 If f is a conver function, then
Elf(X)] = f(E[X])

provided the expectations exist.

95
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Proof We give a proof under the assumption that f has a Taylor series
expansion. Expanding f about the value ¢ = E[X], and using the Taylor
series expansion with a remainder term, yields that for some a

f@) = fl) + ()@ —p) + f(a)(@ — p)*/2
> flu) + )z — p),

where the preceding used that f”(a) > 0 by convexity. Hence,

FX) = flp) + fl(p)(X —p).

Taking expectations yields the result. m
Remark 4.2 If
P(Ximl):)\Zl—P(X:$2)7
then Jensen’s inequality implies that for a convex function f
A1)+ (1 =A)f(z2) 2 f(Azy + (1 = A)aa),

which is the definition of a convex function. Thus, Jensen’s inequality
can be thought of as extending the defining equation of convexity from
random variables that take on only two possible values to arbitrary random
variables.

4.3 Probability Bounds via the Importance Sam-
pling ldentity
Let f and g be probability density (or probability mass) functions; let k be

an arbitrary function, and suppose that g(«) = 0 implies that f(z)h(z) = 0.
The following is known as the importance sampling identity.

Proposition 4.3 The importance sampling identity is
h(X)f(X )}
g(X) 1’

where the subscript on the expectation indicates the density (or mass func-
tion) of the random variable X.

@wuﬂ%[

Proof We give the proof when f and g are density functions:

B = [ b s de
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The importance sampling identity yields the following useful corollary
concerning the tail probability of a random variable.

Corollary 4.4

Pi(X >c¢)=E, {%‘X > c} Py(X > ¢).

Proof

Py(X >c) = E¢llixs0]

B [ x> F(X)]

= b | 9(X)

B [ x>e F(X) . .
= F, _—g(X) X > }PQ(X > c)
TS ST P

= F, e ‘X > | Py(X > ¢).

]
Example 4.5 Bounding standard normal tail probabilities. Let f be the
standard normal density function

1
fl@) = e ™ _so <z < oo

For ¢ > 0, consider P¢(X > c¢), the probability that a standard normal
random variable exceeds ¢. With

glz)=ce ", x>0,
we obtain from Corollary 4.4
e

Py(X >¢) = Eg[efx2/zeCX|X > ]

eV 2w

762
_ £ B, [e~ X+ /2elX+e)]
e\ 2w

where the first equality used that P,(X > ¢) = ¢~ and the second the
lack of memory property of exponential random variables to conclude that
the conditional distribution of an exponential random variable X given that
it exceeds c is the unconditional distribution of X + ¢. Thus the preceding
yields

2
e ¢ /2

e >/ . .
—= Fale ) (1)

Pf(X > C) =




98 4 Bounding Probabilities and Expectations

Noting that, for z > 0,
l—z<e®<l—aita?/2,

we see that
1-X2/2<e X2 <1 X%/24 X4/8.

Using that F[X?] =2/c¢® and E[X*] = 24/c* when X is exponential with
rate ¢, the preceding inequality yields

1-1/ < Eyle X <1 -1/ +3/c*.
Consequently, using Equation 4.1, we obtain

—c2/2 ) 46762/2
<Pi(X >c)<(1=1/c*4+3/c .
(X > 0) < (1= 1 1 3e)

€

(1—-1/c) o

o (42)

Our next example uses the importance sampling identity to bound the
probability that successive sums of a sequence of iid normal random vari-
ables with a negative mean ever cross some specified positive number.

Example 4.6 Let X, X, ... be a sequence of iid normal random variables
with mean g < 0 and variance one. Let S; = Zle X, and, for a fixed
A > 0, consider

p = P(S; > Afor some k).

Let fi(xx) = fu(z1,...,z) bethe joint density function of X = (X1, ..., Xg).
That is,

fu(xg) = (2m) M2 Xl (@imm?/2,

Also, let g4, be the joint density of k iid normal random variables with mean
—u and variance one. That is,

9k (Xk) = (27’(’)71{/2@7 Ef:l(zi+ﬂ)2/2.

Note that

With

J k
Rk{(xh7xk)2xz§A7j<k7le>A}7
i=1 i=1
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we have

[ee]

=3
Il

P(Xy € Ry)
k=1

- Z Efk [I{XkERk}]
k=1

_ iE |:I{XkERk}fk(Xk)
P o g1 (Xg)

= > By llixpery) €5,
k=1

Now, if X € Rj then S, > A, implying, because pu < 0, that e?#% <
e2#A  Because this implies that

2uS, 2uA
I{XkERk} € Hk S I{XkERk} € " 2

we obtain from the preceding that

p < ZEQk[I{XkERk} 62uA]
k=1

- 62HA Z Egk [I{XkERk}]'
k=1

Now, if Y;,7 > 1, is a sequence of independent normal random variables
with mean —yx and variance 1, then

J k
i=1 i=1

Therefore, from the preceding
o) 7 k
13 p (zn RPN 3 >A>
k=1 i—1 i—1
k
= AP (ZY; > A for some ]f)

i=1

3
IN

2uA

= e 5

where the final equality follows from the strong law of large numbers be-
cause limy, oo Yy Yi/n = —p > 0, implies P(lim, oo > YV; = ) =
1, and thus P(ZleYi > A for some k) = 1.
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The bound
p= P(Sy > Afor some k) < ¢4

is not useful when A is a small nonnegative number. In this case, we should
condition on X; and then apply the preceding inequality. With ¢ being

the standard normal distribution function, this yields

p = / P(Sy > Afor some k| X1 = x)

v

v

A
= / P(Sy > Afor some k| X1 = x)
P(X1 >A)

<

- \/27r/
1A 2

= / e T 2y 41 — B(A - p)

= MAP(A+ p)+1— (A - p).

Thus, for instance

P(Sy > 0for some k) < P(p) + 1 — P(—p) =

4.4 Chernoff Bounds

e (@=m)?/2 g,

e (@=m)?/2 g,

2A=w) (=) /20, 4 | _ & P(A — )

Suppose that X has probability density (or probability mass) function f(z).

For ¢ > 0, let
" f(=)
g(z) = W7
where M(t) = E¢[e’*] is the moment generating function of X . Corollary

4.4 yields, for ¢ > 0, that

Pr(X >¢) = E,[M#)e ™| X > ] Py(X >¢)

E,[M(t)e ™|X > ¢]
M(t) et

IN A

Because the preceding holds for all ¢ > 0, we can conclude that

Py(X >¢) < %%M(t) e e (4.3)

The inequality (Equation 4.3) is called the Chernoff bound.

Rather than choosing the value of £ so as to obtain the best bound, it is
often convenient to work with bounds that are more analytically tractable.
The following inequality can be used to simplify the Chernoff bound for a
sum of independent Bernoulli random variables.
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Lemma 4.7 For 0 <p <1,
pelP) 4 (1 —ple P < /8,
The proof of Lemma 4.7 was given in Lemma 3.25.

Corollary 4.8 Let X4,..., X, beindependent Bernoulli random variables,
and set W = 5" | X;. Then, for any c > 0,

PW —E[W]>¢) < e 2/ (4.4)
PW —E[W] < —¢) < e 2/n, (4.5)
Proof For ¢ >0, ¢ > 0,

P(W —E[W]|>c¢) = P(eW=EWD > gtey
= e*tcE[et(W*E[W])] by the Markov inequality

exp {Zt(Xi - E[Xi])H

i=1
H et(XzE[Xz])‘|
i=1

_ eftc H E[et(Xsz[Xz])]
i=1

_ 67tcE

= ¢ °F

However, if Y is Bernoulli with parameter p, then
B!V =B = petl=p) | (1 — ple= P < /8
where the inequality follows from Lemma 4.7. Therefore,
P(W — E[W] > ¢) < e teent’/8,

Letting ¢ = 4¢/n yields the inequality in Equation 4.4.
The proof of the inequality in Equation 4.5 is obtained by writing it as

PE[W] =W >¢) < e 2¢/n

and using an analogous argument. m

Example 4.9 Suppose that an entity contains n 4+ m cells, of which cells
numbered 1,...,n are target cells, whereas cells n + 1, ..., n + m are
normal cells. Each of these n + m cells has an associated weight, with w;
being the weight of cell i. Suppose that the cells are destroyed one at a
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time in a random order such that if S is the current set of surviving cells,
then the next cell destroyed is i,i € S, with probability w;/>" jeswy- In
other words, the probability that a specified surviving cell is the next one
destroyed is equal to its weight divided by the weights of all still surviving
cells. Suppose that each of the n target cells has weight one, whereas each
of the m normal cells has weight w. For a specified value of o, 0 < oo < 1,
let N, equal the number of normal cells that are still alive at the moment
when the number of surviving target cells first falls below an. We will now
show that as n,m — oo, the probability mass function of N, becomes
concentrated about the value ma®™.

Theorem 4.10 For any € > 0, as n — oo and m — o0,
P{(1 —ema” < Ny < (1 +e)ma”) — 1.

Proof To prove the result, it is convenient to first formulate an equivalent
continuous time model that results in the times at which the n + m cells are
killed being independent random variables. To do so, let X5,..., X, 4., be
independent exponential random variables, with X; having weight w;, i =
1,...,n+ m. Note that X; will be the smallest of these exponentials with
probability w;/ > ;wy; further, given that X; is the smallest, X, r # i, will
be the second smallest with probability w, /Y i W further, given that X;
and X, are, respectively, the first and second smallest, X, s # 4,7, will be
the next smallest with probability ws/>" i Wi and so on. Consequently,
if we imagine that cell 7 is killed at time X;, then the order in which the
n + m cells are killed has the same distribution as the order in which they
are killed in the original model. So let us suppose that cell ¢ is killed at
time X;, 7 > 1.

Now let 7, denote the time at which the number of surviving target
cells first falls below na. Also, let N(¢) denote the number of normal cells
that are still alive at time ¢, so N, = N(7,). We will first show that

P(N(r) < (1 +€ema”) =1 asn,m— . (4.6)

To prove the preceding, let ¢ be such that 0 < ¢ < ¢, and set t =
—1In(a(l + ¢)Y*). We will prove Equation 4.6 by showing that as n and
m approach oo,

(a) Plr, >1)— 1,
and

(b) P(N(t) <(1+e)ma™)— 1.

Because the events 7, >t and N(¢) < (1 + ¢)ma® together imply that
N(7,) < N(t) < (14 ¢)ma®, the result (Equation 4.6) will be established.
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To prove Part (a), note that the number, call it Y, of surviving target
cells by time ¢ is a binomial random variable with parameters n and e ¢ =
a1+ )/ Hence, with a = naf(1 + ¢ )Y/* — 1], we have

P(Toz St) = P(Y < na} = P(Y < neft _ CL) < 6*20,2/717

where the inequality follows from the Chernoff bound (Equation 4.3). This
proves Part (a), because a?/n — 0o as n — co.

To prove Part (b), note that N(¢) is a binomial random variable with
parameters m and e~ %" = a¥(1 + ¢*). Thus, by letting b = ma¥ (e — ¢*)
and again applying the Chernoff bound (Equation 4.3), we obtain

P(N({t) > (1 +e)ma*} = P(N(t) > me " 4+ b)
< W /m
This proves Part (b), because b°/m — oo as m — oo. Thus, Equation 4.6

is established.
It remains to prove that

P(N(ry) 2 (1 —ema”) =1 asn,m— . (4.7)

However, Equation 4.7 can be proven in a similar manner as Equation 4.6;
a combination of these two results completes the proof of the theorem. m

Lemma 4.11 Suppose W = 37" | X;, where X1, Xs,...,X,, are indicator
variables, and let I be independent of these and have a uniform distribution
on the integers 1,2,...,n. Then, for any function f,

BLF W)X, = 1] = %

Proof For any function f, we have
ElfW)|X; =1] = E[X; f(W)]/P(X; = 1)
L3 EX (W)
w2 B
= E[WfW)]/EW].

Proposition 4.12 Suppose W = >0 | X;, where X1, Xo,..., X, are in-
dicator variables, and let I be independent of these and have a uniform
distribution on the integers 1,2,... n. If

(WX, =1) <o W41, (48)

then
P(W > z) < (eB[W]/x)".
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Proof Let ¢t > 0, and let g(x) = ¢**. By Lemma 4.11,

E[WetW]

EleW|X;=1] = ]

Because g(z) is an increasing function, it follows from the preceding upon
using Equation 4.8 and Exercise 2a from Chapter 2 that
Ele' D) > Bwe™]/B[W),
which after letting f(t) = E[e'V], corresponds to
e ft) = ['(1)/EIW]
or

£log (1) < B

and

log f(t) = / 3(log f(s))ds < /7 E[Wle*ds = E[W]e’.

o Os
Using the Chernoff bound, we have
P(W > z) < e EWE < (cEW]/2)7,
where we have plugged in the minimizing value ¢ = log(z/E[W]). =

Remark 4.13 A sufficient condition for Equation 4.8 is that

Y OXIXi=1<a Y X;, foralli.

J#i J#i
As an example where the preceding holds, let Ny, ..., N, have a multinomial
distribution, and for given constants ni,...,n,, let X; = I{N; > n;},i =

1

e T

4.5 Second Moment and Conditional Expecta-
tion Inequalities

The second moment inequality gives a lower bound on the probability that
a nonnegative random variable is positive.

Proposition 4.14  Second moment inequality. For a nonnegative random
variable X,

(EX])?
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Proof Using Jensen’s inequality in the second line here, we have

E[X?] = E[X?|X > 0]P(X > 0)
(F[X|X > 0])?P(X > 0)
_(BX]D?

P(X >0)

Y

When W is the sum of Bernoulli random variables, we can improve the
bound of the second moment inequality. So, suppose for the remainder of
this section that

where X; is Bernoulli with E[X;] =X;, i =1,...,n, and A= >0 | Ay
Proposition 4.15  Conditional erpectation inequality.
P(W >0) > zn: S
T = EW|X; =1]
Proof Let f(0) =0, f(z) = %735 # 0. Lemma 4.11 now gives

PW >0)

1
A | —=|X;=1
-
1
- )\ZE {W'Xf =1,1= z} PI=ilX;=1)
=Y E L|Xi =1\
- W
Ai
> - - @
- 21: EW|X; =1]
where final inequality follows from Jensen’s inequality. m

Example 4.16  Consider a system consisting of m components, each of
which either works or not. Suppose, further, that for given subsets of
components S;,5 = 1,...,n, none of which is a subset of another, the
system functions if all of the components of at least one of these subsets
work. If component j independently works with probability oy, derive a
lower bound on the probability the system functions.
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Solution Let X, equal one if all the components in S; work, and let it
equal zero otherwise, 1 =1,...,n. Also, let

JES:
Then, with W =37 | X;, we have

P(system functions) = P(W > 0)

Y

;EW|X —1]

n

:Zz ;1|Xf1)

B pi
; 130 es,—s; 7

where S; — 5; consists of all components that are in S; but not in S;. =

Example 4.17 Consider a random graph on the set of vertices {1,2, ..., n},
which is such that each of the (g) pairs of vertices i #£ j is, independently,
an edge of the graph with probability p. We are interested in the probability
that this graph will be connected, where by connected we mean that for
each pair of distinct vertices ¢ £ j there is a sequence of edges of the form
(4,41), (41,%2), ..., (ix, 7). (That is, a graph is connected if for each each pair
of distinct Vertlces i and j, there is a path from i to j.)

Suppose that

We will now show that if ¢ < 1, then the probability that the graph is
connected goes to zero as n — oo. To verify this result, consider the number
of isolated vertices, where vertex ¢ is said to be isolated if there are no edges
of type (4,7). Let X; be the indicator variable for the event that vertex ¢
is isolated, and let

be the number of isolated vertices.
Now

?

P(X;=1) = (1—-p L
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Also,
EW|X; =1] = > P(X; =1]X, = 1)
j=1
=1+y (1-p"~
Jj#i
— 14 (= 1)1 —p) 2
Because

%
o

the conditional expectation inequality yields that for n large

nlfc

Therefore,
c<1=PW >0} =1asn— oco.

Because the graph is not connected if W > 0, it follows that the graph
will almost certainly be disconnected when n is large and ¢ < 1. (It can be
shown when ¢ > 1 that the probability the graph is connected goes to one
as n—o00.) M

4.6 Min-Max Identity and Bounds on the Maxi-
mum
In this section, we are be interested in obtaining an upper bound on Fmax; X;],

when X1, ..., X, are nonnegative random variables. To begin, note that
for any nonnegative constant c,

n
max X; <c+ > (X;— o), (4.9)
¢ i1
where 2T, the positive part of z, is equal to = if > 0 and is equal to zero

otherwise. Taking expectations of the preceding inequality yields

E[m?XXi] <c+ zn:E[(Xl —o)t].
i=1
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Because (X; — ¢)T is a nonnegative random variable, we have
E[(X; -] = /000 P((X;—¢c)" > 2)dz
= /OOOP(Xi —c> z)de
= /OO P(X; > y)dy.

Therefore,

Emax X;] < c+Z/ P(X; > y)dy. (4.10)
i=1"¢

Because the preceding is true for all ¢ > 0, the best bound is obtained by
choosing the ¢ that minimizes the right side of the preceding. Differenti-
ating, and setting the result equal to zero, shows that the best bound is
obtained when c is the value ¢* such that

n

Y P(Xi>c) =1

i=1

Because Y. | P(X; > ¢) is a decreasing function of ¢, the value of ¢* can
be easily approximated and then utilized in the inequality in Equation 4.10.
It is interesting to note that ¢* is such that the expected number of the X;
that exceed ¢ is equal to one, which is interesting because the inequality
in Equation 4.9 becomes an equality when exactly one of the X; exceed c.

Example 4.18 Suppose the X; are independent exponential random vari-
ables with rates A\;,7 =1, ..., n. Then the minimizing value ¢* is such that

with resulting bound

Emax X;] < c*+2/ e MVdy

1=ne® or ¢ =In(n),
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and the bound becomes
Emax X;] < In(n) + 1. (4.11)

However, it is easy to compute the expected maximum of a sequence of
independent exponentials with a rate of one. Interpreting these random
variables as the failure times of n components, we can write

rn
max X; = E T,
2
i=1

where T} is the time between the (i—1)st and the ith failure. Using the lack
of memory property of exponentials, it follows that the T; are independent,
with T; being an exponential random variable with rate n — i 4+ 1. (This
is because when the (i — 1) failure occurs, the time until the next failure
is the minimum of the n — 4 4+ 1 remaining lifetimes, each of which is
exponential with a rate of one.) Therefore, in this case

n

o) £

As it is known that, for n large

Zl ~ In(n) + F,
i

i=1

where F =~ 0.5772 is Fuler’s constant, we see that the bound yielded by
the approach can be accurate. (Also, the bound in Equation 4.11 only
requires that the X; are exponential with a rate of one and not that they
are independent.) [ |

The preceding bounds on F[max; X;] only involve the marginal distri-
butions of the X;. When we have additional knowledge about the joint
distributions, we can often do better. To illustrate this, we first need to
establish an identity relating the maximum of a set of random variables to
the minimums of all the partial sets.

For nonnegative random variables X1,..., X, fix = and let A; denote
the event that X; > x. Let

W =max(Xy,..., X,,).

Noting that W will be greater than z if and only if at least one of the events
A; occur, we have

PW >z) = P(OAi>7
i=1
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and the inclusion—exclusion identity gives

PW >2) = Zn: )= > P(AA) + Y P(AAAL)
i=1

i<J i<j<k
bt (—1 )"+1P(A1~~~An)7

which can be succinctly written
PW >z) = (=1 " P(A;, - Ay).

Now

P(A;) = P(X; >z}
P(AiA;) = P(X; >, X; > 2} = P(min(X;, X;) > )
P(A;AjAL) = P(Xi> 2, X; > 2, Xy >}
- P(m (Xw Xk) )7

and so on. Thus, we see that

n

PW >2)=>"(-1y" Y Pmin(X,,...,X;) >=)).

r=1 iy <o <l

Integrating both sides as x goes from zero to oo gives the result:

n

EW] =Y "(-1"" " Emin(X;,..., X )]

r=1 iy <ol

Moreover, using that going out one term in the inclusion—exclusion identity
results in an upper bound on the probability of the union, going out two
terms yields a lower bound, going out three terms yields an upper bound,
and so on, yields

IS
=
A

< Y E[X
> D BIX] =) Blmin(X, X))

i<<j

IS
=
V

IS
=
A

< ZE[Xi]—ZE[min(Xi7Xj)]+ > Emin(X;, X;, X3)]

i<g i<j<k

IS
=
vV
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Example 4.19 Consider the coupon collectors problem, where each differ-
ent coupon collected is, independent of past selections, a type ¢ coupon with
probability p;. Suppose we are interested in F[W], where W is the number
of coupons we need collect to obtain at least one of each type. Then, letting
X; denote the number that need be collected to obtain a type i coupon, we
have that

W =max(Xy,..., X,),

yielding that

n

EW] =Y "(-1"" " Emin(X;,..., X )]

r=1 B <l

Now, min(Xj,,...,X;.) is the number of coupons that need be collected

to obtain any of the types iy,. .., i,. Because each new type collected will be

one of these types with probability 22:1 Pi;, it follows that min(X;,, ..., X;,)

is a geometric random variable with mean ﬁ. Thus, we obtain the
j=1Pi;

result

D IEED P

P Pty

1 it 1
T R N
i<j<kpi+pj+pk p1+--+pn

Using the preceding formula for the mean number of coupons needed to
obtain a complete set requires summing over 2" terms, so it is not practical
when n is large. Moreover, the bounds obtained by only going out a few
steps in the formula for the expected value of a maximum generally turn
out to be too loose to be beneficial. However, a useful bound can often
be obtained by applying the max-min inequalities to an upper bound for
E[W] rather than directly to F[W]. We now develop the theory.

For nonnegative random variables X1, ..., X,,, let
W =max(Xy,..., X,).
Fix ¢ > 0, and note the inequality

W <ct+max((X; —co)f, ..., (X, —c)T).

Now apply the max-min upper bound inequalities to the right side of the
preceding, take expectations, and obtain that
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EW] < c+ZE
EW] < c+ZE _ZE[mm((Xi_c)t(Xj_c)+)]
+ Y Emin((X; - o), (X; — o), (Xe =) 1)),

i<j<k
and so on.
Example 4.20 Consider the case of independent exponential random vari-

ables Xq,...,X,, all having a rate of one. Then, the preceding gives the
bound

ElmaxX;]
§c+ZE i —o)f] —ZE[min((Xi—c)+7(Xj—c)+)]
+ Z [min((X; — )7, (X; — ), (X — o)1),

i<j<k

To obtain the terms in the three sums of the right-hand side of the pre-
ceding, condition, respectively, on whether X; > ¢, whether min(X;, X;) >
¢, and whether min(X;, X;, X;,) > ¢. This yields

EBl(X;—o)t] = ¢
Emin((X; — o)™, (X; —c)7)] = e ¢

Elmin((X; — )", (X, — )", (Xx =) = ¢

W= =

Using the constant ¢ = In(n) yields the bound

nn—1) n(n—1)(n—-2)
4n? 18n3
~ In(n) + .806 for n large.

Emax X;] < In(n)+1 -

Example 4.21  Let us reconsider Example 4.19, the coupon collector’s
problem. Let ¢ be an integer. To compute E[(X; — ¢)T], condition on
whether a type i coupon is among the first ¢ collected.
El(X;—o)] = E[(Xs —e)T|Xs <cJP(X; <¢)
+E[(X; — o)T|X; > ]P(X; > ¢)
= E[(X; — )X > (1 —p)°
(1 —pi)°
2
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Similarly,
Elmin((X; — o), (X; — )ty — L=Pi=pi)"
pi+py
Emin((X; — )", (X; — )T, (X —e)T)] = (1 —pi —pj —pi) .
pi +p; +pk

Therefore, for any nonnegative integer ¢

< chZ u ;pl)c

IS
=
A

(1 —p)° (1 —pi—p;)°
EW] < e+ - 0 B
Zi: i ; pitp;
+ Z (l_pi_pj_pk)c.
<ok pi +p; +pi

4.7 Stochastic Orderings
We say that X is stochastically greater than Y, written X >, Y, if
P(X >t) > P(Y >t) forallt.

In this section, we define and compare some other stochastic orderings of
random variables.

If X is a nonnegative continuous random variable with distribution func-
tion I’ and density f, then the hazard rate function of X is defined by

Ax(t) = f(8)/F(t),

where F(t) = 1 — F'(t). Interpreting X as the lifetime of an item, then for
e small

P(t year old item dies within an additional time ¢)
=P X <t+€X >t
~ Ax(t)e.

If Y is a nonnegative continuous random variable with distribution func-
tion G and density g, say that X is hazard rate order larger than Y, written
X Zhr K if

Ax(t) < Ay (t) for all ¢.

Say that X is likelihood ratio order larger than Y, written X >,;, Y, if

f(@)/g(x) 1,

where f and g are the respective densities of X and Y.
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Proposition 4.22
XZ[TY:XZth:XZstY

Proof Let X have density f, and Y have density g. Suppose X >, Y.
Then, for y > =z,

f(y) > g(y)f(x)

fly) = g(y)g(y) o(2)

?

implying that

/ " )y > % / o)y

To prove the final implication, note first that

s B s& . 78
/O)\X(t)dtf/o F(t)dtf log F(s)

or
F(s) = e Jo Ax®),

which immediately shows that X >,, VY =X >,Y. =

Define rx(t), the reversed hazard rate function of X, by

rx(t) = f()/F(t),

and note that
. Pl—e< XX <)
lim
el0 €

== Tx(t).

Say that X is reverse hazard rate order larger than Y, written X >, Y,
if
rx(t) > ry(t) for allt.

Our next theorem gives some representations of the orderings of X and
Y in terms of stochastically larger relations between certain conditional
distributions of X and Y. Before presenting it, we introduce the following
notation.

Notation For a random variable X and event A, let [X|A] denote a random
variable with a distribution that is that of the conditional distribution of
X given A.
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Theorem 4.23

(a) X Zpr Y & [X|X > 1] YY >t] forall t.
b)) X >z Y & [X|X <] Y|Y <t] forall t.
X >,Y & X[s<X<t] >y [Y|s<Y <t forall s<t.

2 st
2 st

Proof To prove Part (a), let X; =4 [X —¢|X >t] and Y; =4 [V —¢|Y > {].
Noting that

/O if s <t
Ax,(s) = { Ax(s+t) if s>t

shows that
X>nY¥Y=2>Xi2nYi=2Xi>2a Y= XX >t > [YIY >t
To go the other way, use the identity
Py (¢) = e S 2ot
to obtain that

[X|X >t] st [Y|Y >t] <~ Xt >St§/t
= Ax( ) < )\y(t).

(b) With X, =4 [t — X|X <],
Ax,(y) =rx(t—y) 0<y<t
Therefore, with Y; =4 [t — Y|V <],

X2 Y & Ax(y) 2 Ay (v)
= X;: < Vs
o [t—X|X <t] <yt - Y|Y <1
< [X|X <t] 24 [YY <.

On the other hand,
[X|X < t] st [Y|Y < t] g Xt <st Y;
= Axt (y)dy > / Ay, (y)dy
0 0

- / rx<t—y>dyz/ ry(t — y)dy
0 0

= Tx(t) > Ty(t).
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(¢) Let X and Y have respective densities f and g. Suppose [X|s < X <
t] 2 [Y]s<Y <t] forall s <t Letting s < v <, this implies that

PX >vls< X <t) 2 PY >vls<Y <)

or, equivalently, that

Po< X <)
Pls< X <t)

Plv<Y <t)
Pls<Y <t)

2

or, upon inverting, that

Pls< X <w) Pls<Y <)
I+ s—= <1+ 5—=
Po< X <) Plv<Y <t)
or, equivalently, that

Pls < X <)
Pls<Y <wv)

Plv< X <t)
Plv<Y <t)’

< (4.12)

Letting v | s in Equation 4.12 yields

f(s) <P(s<X<t)
g(s) =~ P(s<Y <t)’

whereas letting v 1T ¢ in Equation 4.12 yields

Pls< X <) < f@)

Ps<Y <t) — g(t)

Thus, % > 55237 showing that X >;,. Y.

Now suppose that X >, Y. Then clearly [X|s < X <] >, [Y[|s <Y <
t], implying from Proposition 4.22 that [X|s < X <] >+ [Y]|s <Y <t]. ®

Corollary 4.24 X >, Y =X>,Y =X >,Y.

Proof The first implication immediately follows from Parts (b) and (c) of
Theorem 4.23. The second implication follows upon taking the limit as
t — oo in Part (b) of that theorem. m

Say that X is an increasing hazard rate (IHR) random variable if Ax (¢)
is nondecreasing in ¢. (Other terminology is to say that X has an increasing
failure rate.)
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Proposition 4.25 Let X; =4 [X —t|X > t]. Then,
(a) Xi st astt < X is IHR and
(b) X¢ bir astt < logf(x) is concave.

Proof (a) Let A(y) be the hazard rate function of X. Then X\(y), the
hazard rate function of X, is given by

A(y) =Alt+y), y>0.

Hence, if X is IHR then X, |n, ¢, implying that X; |s: t. Now, let s < ¢,
and suppose that X; >, X;. Then,

e ST Mdy _ P(X;>e)<P(X,>e¢) =€ L5 Ay)dy

?

showing that A(Z) > A(s). Thus Part (a) is proved.
(b) Using that the density of X, is fx,(z) = f(z+1t)/F(t) yields, for s < ¢,
that

flz+s)
i

< logf(z+s)—logflx+1t) Tz
flezts) fllztt)

Xs er Xt =

® Favs  farp 2P
')

“ Iy) vy

o diylogf(y)w

< log f(y) is concave.

4.8 Exercises

1. For a nonnegative random variable X, show that (F[X"])%/" is non-

decreasing in n.

2. Let X be as standard normal random variable. Use Corollary 4.4,
along with the density

glz) = ZE6712/27 z>0

to show, for ¢ > 0, that ,
(a) P(X >¢)= \/%efc PE+|X > .
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(b) Show, for any positive random variable W, that

1 1
E| =W <F|—|.
> =2
(¢) Show that

P(X >c)< e @2

€

Do | =

(d) Show that
EJX|X >cl=c+ 662/2\/27TP(X > c).

(e) Use Jensen’s inequality, along with the preceding, to show that

cP(X >c)+ 662/2\/27T(P(X > c))? > \/%6762/2.
7

(f) Argue from Part (e) that P(X > ¢) must be at least as large as
the positive root of the equation

c%/2 2 1 —c2/2
cr+e V22rrt = —e .

27

(g) Conclude that

P(X >c¢)> ( 02+4—C)6762/2.

1
T 2V27

. Let X be a Poisson random variable with mean A. Show that, for

n > A, the Chernoff bound yields that

e M e

n’ﬂ

P(X >n) <

. Let m(t) = E[X*]. The moment bound states that for ¢ > 0

P(X >c)<m(t)c?

for all £ > 0. Show that this result can be obtained from the impor-
tance sampling identity.

. Fill in the details of the proof that, for independent Bernoulli random

variables Xq,...,X,, and ¢ >0,
P(S — E[S] € —c) < e 2/,

where S =3"" | X;.
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6.

10.

11.

12.

13.

14.

If X is a binomial random Va2riable with parameters n and p, show
(a) P(|X —np| >¢) <2e2/" and
(b) P(X —np > anp) < exp{—2np?a’}.

Give the details of the proof of Equation 4.7.

Prove that
Elf(X)] = E[f(EIX|Y])] = f(E[X]).

Suppose you want a lower bound on E[f(X)] for a convex function f.
The preceding shows that first conditioning on ¥ and then applying
Jensen’s inequality to the individual terms E[f(X)|Y = y] results in
a larger lower bound than does an immediate application of Jensen’s
inequality.

. Let X; be binary random variables with parameters p;,i =1,...,n.

Let X = Z?:1 X;, and also let I, independent of the variables Xy, ...,
X5, be equally likely to be any of the values 1,...,n. For R indepen-
dent of I, show that

(a) P(I=i|X;=1) = pi/B[X],

(b) EIXR]=F[X|F[R|X=1], and

(¢) P(X >0)= E[X]E[%|XI =1].

For X; and X as in Exercise 9, show that

P (H[X])?
2 FRIX = 1] 2 BT

Thus, for sums of binary variables, the conditional expectation in-
equality yvields a stronger lower bound than does the second moment
inequality.

Hint: Make use of the results of Exercises 8 and 9.

Let X; be exponential with mean 8 + 2i, for ¢« = 1,2,3. Obtain an
upper bound on E[max X;], and compare it with the exact result
when the X; are independent.

Let U;,i = 1,...,n be uniform (0,1) random variables. Obtain an
upper bound on FE[maxU;], and compare it with the exact result
when the U; are independent.

Let U; and Us be uniform (0, 1) random variables. Obtain an upper
bound on E[max(U;,Us)], and show this maximum is obtained when
Uy =1-U,.

Show that X >p, Y if and only if

P(X >1) >P(Y>t
P(X >s) = P(Y >9)

~

for all s < ¢.
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15. Let h{z,y) be a real valued function satisfying
h(z,y) > h(y,z) whenever z > y.

(a) Show that if X and Y are independent and X >;. Y, then
h(X,Y) >4 h(Y, X).

(b) Show by a counterexample that the preceding is not valid under
the weaker condition X >,; Y.

16. There are n jobs, with job ¢ requiring a random time X; to process.
The jobs must be processed sequentially. Give a sufficient condition,
the weaker the better, under which the policy of processing jobs in
the order 1,2, ..., n maximizes the probability that at least & jobs are
processed by time ¢ for all £ and ¢.

17. Verify Remark 4.13.
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Markov Chains

5.1 Introduction

This chapter introduces a natural generalization of a sequence of indepen-
dent random variables, called a Markov chain, where a variable may depend
on the immediately preceding variable in the sequence. Named after the
19th century Russian mathematician Andrei Andreyevich Markov, these
chains are widely used as simple models of more complex real-world phe-
nomena.

Given a sequence of discrete random variables Xy, X1, Xo, ... taking val-
ues in some finite or countably infinite set S, we say that X, is a Markov
chain with respect to a filtration F,, if X,, € F,, for all n and, for all B C 5|,
we have the Markov property

P(Xni1 € B| F) = P(Xpy1 € BIX,).

If we interpret X,, as the state of the chain at time n, then the preceding
means that if you know the current state, nothing else from the past is
relevant to the future of the Markov chain. That is, given the present
state, the future states and the past states are independent. When we let
Fn = 0(Xo, X1,..., X,,), this definition reduces to

P(Xni1 =35 X =i, Xp1=tn_1,...,Xo= i)
= P(Xpi1 = j| Xn =1).

If P(Xn41 = j| X, = 4) is the same for all n, we say that the Markov
chain has stationary transition probabilities, and we set

Py = P(Xny1 = j| Xo =)

In this case, the quantities F;; are called the transition probabilities, and
specifying them along with a probability distribution for the starting state

121
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X is enough to determine all probabilities concerning Xo,..., X,. We
will assume from here on that all Markov chains considered have stationary
transition probabilities. In addition, unless otherwise noted, we will assume
that S, the set of all possible states of the Markov chain, is the set of
nonnegative integers.

Example 5.1 Reflected random walk. Suppose Y; are iid Bernoulli(p) ran-
dom variables, and let Xo =0 and X,, = (X,, 1 +2Y, —1)T forn=1,2, ....
The process X,,, called a reflected random walk, can be viewed as the po-
sition of a particle at time n such that at each time the particle has a p
probability of moving one step to the right and a 1 —p probability of moving
one step to the left; it is returned to position zero if it ever attempts to
move to the left of zero. It is immediate from its definition that X,, is a
Markov chain.

Example 5.2 A non-Markov chain. Again let Y; be iid Bernoulli(p) random
variables, let Xy = 0, and this time let X,, =Y, +Y, | forn =1,2 ...
It’s easy to see that X, is not a Markov chain because P(X,, 11 = 2|X,, =
1,Xn—1 = 2) = 0, whereas on the other hand P(X, 411 =2|X,, =1, X,,_1 =
0) =p.

5.2 Transition Matrix
The transition probabilities
Py = P(X1 = j|Xo =1)

are also called the one-step transition probabilities. We define the n-step
transition probabilities by

P = P(X, = j|Xo = i).
In addition, we define the transition probability matrix

FPoo Por Poz -+
p— | Pio Piu Po -

and the n-step transition probability matrix

Py P Py
pe — | Py P P
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An interesting relation between these matrices is obtained by noting
that

PIT =3 P(Xpim = §1X0 = i, X = k)P(Xn = k| Xo = 1)
k
=S pmpi.
k

The preceding are called the Chapman—Kolmogorov equations.
If follows from the Chapman—Kolmogorov equations that

plnim) _ pn x p™,
where X represents matrix multiplication. Hence,
P3 — P x P,

and by induction,
p® — pr

?

where the right-hand side represents multiplying the matrix P by itself n
times.

Example 5.3 Reflected random walk. A particle starts at position zero and
at each time moves one position to the right with probability p and, if the
particle is not in position zero, moves one position to the left (or remains
in state zero) with probability 1 — p. The position X,, of the particle at
time n forms a Markov chain with transition matrix

Example 5.4 Two-state Markov chain. Consider a Markov chain with
states zero and one having transition probability matrix

o l-«
P{ﬁl—ﬁ}

The two-step transition probability matrix is given by

P(Q){aqu(l—a)ﬁ l—az—(l—a)ﬁ}
af+B(1-8) 1-af-B1-5)]"
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5.3 Strong Markov Property

Consider a Markov chain X,, having one-step transition probabilities Fj;,
which means that if the Markov chain is in state ¢ at a fixed time n, then
the next state will be j with probability F;;. However, it is not necessarily
true that if the Markov chain is in state ¢ at a randomly distributed time
T, the next state will be 7 with probability F;;. That is, if T'is an arbitrary
nonnegative integer valued random variable, 1t is not necessarily true that
P(X7r41=j| X7 =1i)= P;y. For a simple counterexample, suppose

T=min(n: X, =i, Xp41 = 7).

Then, clearly,
P(Xpy =4l Xp=1i)=1.

The idea behind this counterexample is that a general random variable T'
may depend not only on the states of the Markov chain up to time T but
also on future states after time T'. Recalling that T is a stopping time for
a filtration F,, if {T' = n} € F,, for every n, we see that for a stopping time
the value of T" can only depend on the states up to time t. We now show
that P(X7,, = j| X7 = i) will equal Pi(j") provided that 7' is a stopping
time.

This is usually called the strong Markov property and essentially means
a Markov chain “starts over” at stopping times. From here on, we define
Fr={A: An{T =t} € F, for all t}, which intuitively represents any
information you would know by time T

Proposition 5.5 Strong Markov property. Let X,,,n > 0, be a Markov chain
with respect to the filtration F,. If T < oo a.s. is a stopping time with
respect to JF,,, then

P(Xpin =j| Xy =i, Fr) = P,
Proof

PXrin = gl Xy =i, Fr, T = 1) = P(Xepn = j1Xs =0, F, T = 1)
P(Xipn = j1Xe =0, Ft)
_ P(n)

ij

where the next to last equality used the fact that T is a stopping time to
give {I'=t} e F;. m

Example 5.6 Losses in queuing busy periods. Consider a queuing system
where X, is the number of customers in the system at time n. At each time
n = 1,2,..., either a new customer arrives or, if there are any customers
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present, one departs, with the former happening with probability p. Start-
ing with Xo = 1, let T = min{t > 0 : X; = 0} be the length of a busy
period. Suppose also there is only space for at most m customers in the
system. Whenever a customer arrives to find m customers already in the
system, the customer is lost and departs immediately. Letting N,, be the
number of customers lost during a busy period, compute E[N,,].

Solution Let A be the event that the first arrival occurs before the first de-
parture. We will obtain £[N,,] by conditioning on whether A occurs. Now,
when A happens, for the busy period to end we must first wait an interval
of time until the system goes back to having a single customer, and then
after that we must wait another interval of time until the system becomes
completely empty. By the Markov property, the number of losses during
the first time interval has distribution N,, | because we are now starting
with two customers and therefore with only m — 1 spaces for additional
customers. The strong Markov property tells us that the number of losses
in the second time interval has distribution N,,. We therefore have

[ ENp ]+ BN, i1
E[Nm|A] = { 14 E[N,] i1,

and using P(A) = p and F[N,,|A°] = 0, we have

E[Ny] = B[NulAIP(A) + B[N, |A9P(A)
- pE[Nmfl] ‘f’pE[Nm]

for m > 1 along with
E[Ny| = p+pE[Ny]

and thus

It’s interesting to notice that E[N,,] increases in m when p > 1/2,
decreases when p < 1/2, and stays constant for all m when p = 1/2. The
intuition for the case p = 1/2 is that when m increases, losses become less
frequent but the busy period becomes longer. m

We next apply the strong Markov property to obtain a result for the
cover time, the time when all states of a Markov chain have been visited.

Proposition 5.7 Cover times. Given an N-state Markov chain X,,, let T, =
min{rn > 0 : X,, = i} and let C = max;T; be the cover time. Then
BlC] <N L max, ; E[T;| X0 = i].
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Proof Let Iy, 1>, ..., Iy be a random permutation of the integers 1,2,.... N
chosen so that all possible orderings are equally likely. Letting T, = 0, and
noting that max;<, T;, — maxX;<;,1 7T, is the additional time after all
states Iy, ..., 1 have been visited until all states Iy,..., I, have been
visited, we see that

N
E[C] = Z E {maXTIj — max TIJ}

j<m j<m—1

j<m

N
1
= —F |\max17., — max T7. [Ty > max T7.
S0 Ty, — T[Ty, > e 1

N
1 ,
<) — max E[T;|Xo =4,

%7

where the second line follows because all orderings are equally likely and
thus P(Ty,, > max;j<p, 17Tr,) = 1/m, and the third follows the strong
Markov property. m

5.4 Classification of States

We say that states 4, j of a Markov chain communicate with each other, or
are in the same class, if there are integers n and m such that both Pi(f) >0
and Pj(zn ) > 0 hold. This means that it is possible for the chain to get from
i to 7 and vice versa. A Markov chain is called irreducible if all states are
in the same class.

For a Markov chain X,,, let
T; =min{n >0: X, =i}

be the time until the Markov chain first makes a transition into state i.
Using the notation E;[---] and P;(---) to denote that the Markov chain
starts from state 4, let

be the probability that the chain ever makes a transition into state i given
that it starts in state 1. We say that state i is transient if f; < 1 and
recurrent if f; = 1. Let

N; = Z Irx, -
n=1
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be the total number of transitions into state . The strong Markov property
tells us that, starting in state i,

N;+1 ~ geometric(l — f;)
because each time the chain makes a transition into state i there is, inde-

pendent of all else, a (1 — f;) chance it will never return. Consequently,

[ee]

BN = P

n=1

is either infinite or finite depending on whether or not state ¢ is recurrent
or transient.

Proposition 5.8 If state i is recurrent and 1 communicates with j, then j
is also recurrent.

Proof Because 7 and 7 communicate, there exist values n and m such that
Pi(ijj(Zn) > 0. But for any k& > 0,

(n+m+k) (m) p(k) p(n)
Pjj 2 Py Py Py

where the preceding follows because PR g the probability starting
in state 7 that the chain will be back in j after n 4+ m + k transitions,
whereas Pj(zn )Pi(ik)Pi(f) is the probability of the same event occurring but
with the additional condition that the chain must also be in ¢ after the first
m transitions and then back in ¢ after an additional k transitions. Summing

over k shows that
Zp(n+m+k > P(m P(n Zp(k
Thus, j is also recurrent. m

Proposition 5.9 If 7 is transient, then Zf;lpi(f) < 0
Proof Note that

ZI{X j}} ZP@

Let f;; denote the probability that the chain ever makes a transition into
7 given that it starts at . Then, conditioning on whether such a transition
ever occurs yields, upon using the strong Markov property,

Ei[Nj| = (1 + Ej[Nj]) fiy < o0

because j is transient. m
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If i is recurrent, let
wi = E[T5]

denote the mean number of transitions it takes the chain to return to state
i, given it starts in ¢. We say that a recurrent state i is nwll if y; = oo
and positive if pu; < oo. In the next section, we will show that positive
recurrence is a class property, meaning that if ¢ is positive recurrent and
communicates with j then j is also positive recurrence. (This also implies,
using that recurrence is a class property, that so is null recurrence.)

5.5 Stationary and Limiting Distributions

For a Markov chain X, starting in some given state 4, we define the limiting
probability of being in state j to be

Py = lim P

n—oo W

if the limit exists and is the same for all <.
It is easy to see that not all Markov chains will have limiting probabili-
ties. For instance, consider the two state Markov chain with Py = Pio = 1.

For this chain, Po(g ) will equal one when n is even and zero when n is odd,
so it has no limit.

Definition 5.10 State i of a Markov chain X,, is said to have period d if

d s the largest integer having the property that Pi(in) = 0 when n is not a
multiple of d.

Proposition 5.11 If states i and j communicate, then they have the same
period.

Proof Let d;, be the period of state k. Let n, m be such that Pi(f)Pﬁn) > 0.
Now, if Pi(ir) > 0, then

Ji
So d; divides r 4+ n + m. Moreover, because
pl s pipt)

the same argument shows that d; also divides 2r + n + m; therefore d;
divides 2r + n +m — (r + n + m) = r. Because d; divides r whenever

Pi(ir) > 0, it follows that d; divides d;. But the same argument can now be
used to show that d; divides d;. Hence, d; = d;. ®
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It follows from the preceding that all states of an irreducible Markov
chain have the same period. If the period is one, we say that the chain
is aperiodic. It’s easy to see that only aperiodic chains can have limiting
probabilities.

Intimately linked to limiting probabilities are stationary probabilities.
The probability vector m;, 1 € S is said to be a stationary probability vector
for the Markov chain if

Ty = Z?T,LP” for all j

Z?Tj = 1.
J

Its name arises from the fact that if the Xg is distributed according to a
stationary probability vector {m;} then

P(Xlzj ZPX1*L7|XO*Z7U Z’frz i — T4
and, by a simple induction argument,

P(Xn =4) = P(Xn =j|Xn 1= )P(Xp 1 =) Zm G = Ty

Consequently, if we start the chain with a stationary probability vector
then X,,, X,,11,... has the same probability distribution for all n.

The following result will be needed later.

Proposition 5.12 An irreducible transient Markov chain does not have a
stationary probability vector.

Proof Assume there is a stationary probability vector n;,7 > 0, and take it
to be the probability mass function of Xy. Then, for any j

T = ZmP(n .
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Consequently, for any m

m; = lim ZmP(n

n—oo

< nl;rgo Z 7T1P(n Z e
i<m i>m
= 2o fm 3o
i<m i>m
- Zﬂ-'ﬁ

i>m

where the final equality used that Z P(n < 00 because j is transient,

implying that lim,,_. .o Pi(f) = 0. Letting m — oo shows that m; = 0 for
all j, contradicting the fact that > 75 = 1. Thus, assuming a stationary
probability vector results in a contradiction, proving the result. m

The following theorem is of key importance.

Theorem 5.13 An irreducible Markov chain has a stationary probability
vector {m;} if and only if all states are positive recurrent. The stationary
probability vector is unique and satisfies

T =1/
Moreover, if the chain is aperiodic then
. = lim PV
7 h};nP” .

To prove the preceding theorem, we will make use of a couple of lemmas.

Lemma 5.14 For an irreducible Markov chain, if there exists a stationary
probability vector {m;}, then all states are posilive recurrent. Moreover, the
stationary probability vector is unique and satisfies

T =1/

Proof Let 7; be stationary probabilities, and suppose that P(X, = j) = 7;
for all j. We first show that n; > 0 for all 4. To verify this, suppose that
7, = 0. Now for any state j, because the chain is irreducible, there is
an n such that Pj(,?) > 0. Because X is determined by the stationary
probabilities,

T, = ZmP(n > ij(n).
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Consequently, if 7z, = 0 then so is ;. Because j was arbitrary, that means
that if m; = 0 for any ¢, then m; = 0 for all <. But that would contradict
the fact that >, m; = 1. Hence, any stationary probability vector for an
irreducible Markov chain must have all positive elements.

Now, recall that 7; = min(n > 0: X,, = j). So,

pi = ElT;]1Xo = j]

> P(Ty = n|Xo = j)

n=1

72 T>TLXo—j)
PXo=13)

Because Xy is chosen according to the stationary probability vector {m;},
this gives

ming =y P(Ty 2 n, Xo = j). (5.1)

Now

?

P(T; >21,X0=3j) = P(Xo=7j) =7y,

and for n > 2

?

P > n,Xo=j)
= P(X; #j,1<i<n—1,Xg=j)
= PX;#j,1<i<n-1)-PX; #5,0<i<n—1)

= PX;#£5,1<i<n-1)—-P(X;#7,1<i<n),
where the final equality used that Xo,..., X,,_1 has the same probability

distribution as Xy,..., X,, when Xj is chosen according to the stationary
probabilities. Substituting these results into Equation 5.1 yields

But the existence of a stationary probability vector implies that the Markov
chain is recurrent and that lim,, P(X; # j,1 < i <n) = P(X; # j,for all i >
1) = 0. Because P(X; # j) = 1 — m;, we thus obtain

7Tj - I/Mj7

showing that there is at most one stationary probability vector. In addition,
because all 7; > 0, we have that all u; < oo, showing that all states of the
chain are positive recurrent. m

Lemma 5.15 If some state of an irreducible Markov chain is positive re-
current, then there exists a stationary probability vector.
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Proof Suppose state k is positive recurrent. Thus,
M = Ek[Tk] < 0.

Say that a new cycle begins every time the chain makes a transition into
state k. For any state j, let A; denote the amount of time the chain spends
in state j during a cycle. Then

E[4;] = Ex

> I{an,Tk>n}1
n=>0

= Y Edllix,—jmon]

n=0

> Pu(Xn =5,Tk > n).

n=0

We claim that 7; = E[A;]/us, j > 0, is a stationary probability vector.
Because E[)_; A;| is the expected time of a cycle, it must equal Ej[T}],
showing that

Z?Tj =1.
J
Moreover, for j £ k

pemy = > Pu(Xn =5, > n)

n>0

=33 PuXp =5, Tk >n—1,X, 1 =1)
n>1 14

= ZZPk(Tk>n_17Xn71:Z’)
n>1 4

XPp(Xp = j[Th >n —1, X1 = i)
= D D BT —1,Xu = i)Py

i n>1

- Zzpk(Tk >n, X, = i)Py

i n>0

= ZE[Ai]Pij
= Mk ZWiPz‘j~
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Finally,

ZWiPz‘k = Zﬂi I_ZI')ij

7k
- 1—22%3‘;‘
7k i
= 1—27@
JFk

= Tk,

and the proof is complete. m
Note that Lemmas 5.14 and 5.15 imply the following.

Corollary 5.16 If one state of an irreducible Markov chain is positive re-
current, then all states are positive recurrent.

We are now ready to prove Theorem 5.13.

Proof All that remains to be proven is that if the chain is aperiodic, as
well as irreducible and positive recurrent, then the stationary probabilities
are also limiting probabilities. To prove this, let w;,4 > 0, be stationary
probabilities. Let X,,,n > 0 and Y,,, n > 0 be independent Markov chains,
both with transition probabilities P; ;, but with Xq = ¢ and with P(Yy =
Z) = ;. Let
N =min(n: X, =Y,).

We first show that P(N < oo) = 1. To do so, consider the Markov chain
with a state at time n that is (X,,, Y,,) and thus has transition probabilities
Py = PiePjr.

That this chain is irreducible can be seen by the following argument.
Because {X,,} is irreducible and aperiodic, it follows that for any state

i there are relatively prime integers n, m such that Pi(in)Pi(im) > 0. But
any sufficiently large integer can be expressed as a linear combination of
relatively prime integers, implying that there is an integer N; such that

Pi(in) >0 foralln > N;.

Because ¢ and j communicate, this implies the existence of an integer N; ;
such that
P >0 forall n> Ny

Hence,

P((in,z) Gr) = Pi(f)P,gf) > 0 for all sufficiently large n,

which shows that the vector chain (X,,,Y,,) is irreducible.
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In addition, we claim that m; ; = m;7; is a stationary probability vector,
which is seen from

MMy = E T Pr i E TPy = E T Pr i Pr ;.
k r kr

By Lemma 5.14, this shows that the vector Markov chain is positive recur-
rent, so P(N < o) =1 and thus lim,, P(N > n) = 0.

Now, let Z, = X, if n < N and let Z,, =Y, if n > N. It is easy to
see that Z,,n > 0, is also a Markov chain with transition probabilities F; ;
and has Zy — ¢. Now

Py = P(Zy =)
= PZ,=j,N<n)+P(Z,=j,N >n)
= PY,=jN<n)+P(Z,=j N >n)
< P(Y,=j)+P(N>n
= 7; + P(N > n). (5.2)

On the other hand,

Yn: N<n)+P(Yn:j7N>n)

_ pm)

= Py + P(N >n). (5.3)
Hence, from Equations 5.2 and 5.3, we see that

lim P = ;.

Remark 5.17 It follows from Theorem 5.13 that if we have an irreducible
Markov chain, and we can find a solution of the stationarity equations

Ty = Zmﬂjjzo
Zm == 17

then the Markov chain is positive recurrent, and the m; are the unique
stationary probabilities. If, in addition, the chain is aperiodic, then the 7;
are also limiting probabilities.
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Remark 5.18 Because p; is the mean number of transitions between succes-
sive visits to state ¢, it is intuitive (and will be formally proven in Chapter
6 on renewal theory) that the long run proportion of time that the chain
spends in state i is equal to 1/u;. Hence, the stationary probability =; is
equal to the long-run proportion of time that the chain spends in state .

Definition 5.19 A positive recurrent, aperiodic, irreducible Markov chain
is called an ergodic Markov chain.

Definition 5.20 A positive recurrent irreducible Markov chain with an ini-
tial state that is distributed according to its stationary probabilities is called
a stationary Markov chain.

5.6 Time Reversibility

A stationary Markov chain X, is called time reversible if
P(Xn:j|Xn+1 :Z) :P(Xn+1 :3|Xn:2) for all i J.

By the Markov property, we know that the processes X, 11, Xn12,... and
Xn_1,Xn_o,... are conditionally independent given X,,, so it follows that
the reversed process X,,_1, X, _9,... will also be a Markov chain having
transition probabilities

P(Xn - j7 Xn+1 — Z)
P(Xpp1=1)
_ b

v ’
where m; and F;; respectively denote the stationary probabilities and the
transition probabilities for the Markov chain X,,. Thus, an equivalent def-
inition for X,, being time reversible is if

Wif)ij = 7Tij‘ for all Z7j

Intuitively, a Markov chain is time reversible if it looks the same run-
ning backward as it does running forward. It also means that the rate of
transitions from 4 to j — namely, 7;F;; — is the same as the rate of transi-
tions from j to 7 — namely, 7;P;;. This happens if there are no “loops” for
which a Markov chain is more likely in the long run to go in one direction
compared with the other direction. We illustrate this with examples.

Example 5.21 Random walk on the circle. Consider a particle that moves
around n positions on a circle numbered 1,2, ..., n according to transition
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probabilities P; ;11 =p=1—-Piyi;forl <i<nand P,1 =p=1— P 5.
Let X, be the position of the particle at time n. Regardless of p, it is easy
to see that the stationary probabilities are m; = 1/n. Now, for 1 <i <n
we have 7, P; ;.1 = p/n and 711 P11, = (1 —p)/n (and also 7, P, 1 =p/n
and 7Py, = (1 —p)/n). If p=1/2 these will all be equal and X,, will be
time reversible. On the other hand, if p # 1/2 these will not be equal and
X,, will not be time reversible.

It can be much easier to verify the stationary probabilities for a time
reversible Markov chain than for a Markov chain that is not time reversible.
Verifying the stationary probabilities m; for a Markov chain involves check-
ing >°, m = 1 and, for all j,

7Tj = E Wiﬂj.
i

For a time-reversible Markov chain, it only requires checking that . m; = 1
and

for all i, 7 because if the preceding holds, then summing both sides over j
yields
Wizpij = Z?ijji
J J
or

Ty — E 7TijzW
J

This can be convenient in some cases, and we illustrate one next.

Example 5.22 Random walk on a graph. Consider a particle moving on a
graph that consists of nodes and edges, and let d; be the number of edges
emanating from node . If X,, is the location of the particle at time n, let
P(Xp41 = 71X, = i) = 1/d; if there is an edge connecting node i and node
7. This means that, when at a given node, the random walker’s next step
is equally likely to be to any of the nodes that are connected by an edge. If
D is the total number of edges that appear in the graph, we will show that
the stationary probabilities are given by m; = 2‘%.

Solution Checking that m;P;; = ;P holds for the claimed solution, we
see that this requires that

It thus follows, because >, m; = % di 1, that the Markov chain is time

reversible with the given stationary probabilities. m
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5.7 A Mean Passage Time Bound

Consider now a Markov chain with a state space that is the set of nonneg-
ative integers and is such that

Py=0,0<i<j. (5.4)

That is, the state of the Markov chain can never strictly increase. Suppose
we are interested in bounding the expected number of transitions it takes
such a chain to go from state n to state zero. To obtain such a bound,
let D; be the amount by which the state decreases when a transition from
state ¢ occurs so that

PD; =k)=P; 4, 0<k<i.

The following proposition yields the bound.

Proposition 5.23 Let N,, denote the number of transitions it takes a Markov
chain satisfying Equation 5.4 to go from state n to state zero. If for some
nondecreasing function d;,i > 0, we have that E[D;] > d;, then

E[N,] <) 1/d;.
i=1
Proof The proof is by induction on n. It is true when n = 1, because Ny

is geometric with mean

1 1
E[N{] = — — <
[V Py  E[Dy] =

1
di’
So, assume that F[Ny] < Zle 1/d;, for all & < n. To bound E[N,], we

condition on the transition out of state n and use the induction hypothesis
in the first inequality in the following to get
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j=1
n n—3j
<1+ PunBING 4 Y P(Dn=5) Y 1/d;
j=1 i=1
=14 Pan B[N+ Y P(Dn =) | > 1/di— > 1/d;
j=1 i=1 i=n—j+1

<1+ PunE[N,] + anP(Dn ~ ) [an 1/d; - j/dn] :

i=1

where the last line follows because d; is nondecreasing. Continuing from
the previous line, we get

< Pn,nE[Nn] + (1 - Pn,n) Z l/di7
i=1

which completes the proof. m

Example 5.24 At each stage, each of a set of balls is independently put in
one of n urns, with each ball being put in urn i with probability p;, > p; =
1. After this is done, all of the balls in the same urn are coalesced into a
single new ball, with this process continually repeated until a single ball
remains. Starting with N balls, we would like to bound the mean number
of stages needed until a single ball remains.

We can model the preceding as a Markov chain {Xj,k > 0}, with a
state that is the number of balls that remain in the beginning of a stage.
Because the number of balls that remain after a stage beginning with 4 balls
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is equal to the number of nonempty urns when these ¢ balls are distributed,
it follows that

ElXp|Xp=1i] = F Zl{urnj is nonempty}| Xy =4
j=1

I
M=

P(urn j is nonempty| Xy = )

<.
Il
-

1= (1—p)]

I
M=

<.
Il
-

Hence, E[D;], the expected decrease from state i is
EIDi| =i—n+Y (1-p).
j=1

Because

E[Di1] = EID;] = 1= p;(1—p;)" >0,
=1

it follows from Proposition 5.23 that the mean number of transitions to go
from state IV to state one satisfies

5.8 Gambler’'s Ruin

Consider a gambler who in each round of a game has a probability p of
winning one dollar and a probability ¢ = 1 — p of losing one dollar, with
the outcomes of successive rounds being independent. Letting X,, be the
net winnings of the gambler after the nth round, the process {X,,n =
0,1,2,...} is a Markov chain, also called a random walk, with transition
probabilities p; ;11 = 1 — p; ;1 = p for integers 4.

Letting T, = min{t > 0 : X; = m or X; = —m} be the number of
rounds until the gambler’s net winnings reaches either —m or +m starting
from Xy = 0, we will show that if 1 > py > py > 1/2 then

TPl st TP27 (5'5)

meaning that this duration is stochastically longer when the rounds are
more fair.
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To verify the preceding result, we first show that | X,,|,n > 0is a Markov
chain.

To do so, suppose we are given that | Xo| = zo, | X1| = 21, ..., | Xonti| =
Zonti, Where g = 0,22y, = ¢. To determine the conditional probability
distribution of | X, 1411, we will first determine

P(Xopys =i || Xy = 20,7 =0,...,2n+1).

To do so, let
j=max{k:0<k<2n+i:z, =0}
and note that j is an even integer. Because X; = 0 it follows that
P(Xops =i | Xp| =, r=0,...,2n+ i)

—P(Xansi =i | X = 207 = .02+ 1)
Because z; = 0,2, # 0,7 = 7+ 1,...,2n + 4, it follows that there are
only two possible values of the sequence X;_ 4,..., X9, 1;, with the first

occurring if the sequence results from n — 5/2 + ¢ up moves and n — j5/2
down moves, and the second if the reverse occurs. Hence,
P(Xopyi =4 || Xp| = 20,7 =0,...,2n+14)
pnfj/2+iqnfj/2

o pnfj/2+iqnfj/2 T+ qnfj/2+ipnfj/2

7

_ 'y
p'tq
Conditioning on whether Xo,,4; =4 or X2,1; = —t now gives that
' ' pitl g gitl
P(|X2n+i+1| = Z+1 | |X’r’| :ZET7T:O7...72TL+Z) - W

As it is easily shown that the preceding transition probability is in-
creasing in p when p > 1/2, it follows that if we have two versions of the
random walk X, and X/ respectively with upward probabilities p; and p,
with 1 > p; > ps > 1/2, the upward transition probabilities for the Markov
chain |X,,| are always at least as large as for |X/|. This means we can
create a coupling where |X,| > | X/ | for all n by letting the two Markov
chains step independently when at different levels, and when at the same
level we can couple their next steps so that the latter never ends up above
the former; the two chains will never cross when stepping from different
levels because they always are an even number of steps apart. This means
the former reaches m sooner and (5.5) holds.

5.9 Exercises

1. Let f;; denote the probability that the Markov chain ever makes a
transition into state j given that it starts in state ¢. Show that if ¢ is
recurrent and communicates with j then f;; = 1.
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2. Show that a recurrent class of states of a Markov chain is a closed
class, in the sense that if 7 is recurrent and i does not communicate
with 7 then P;; = 0.

3. The one-dimensional simple random walk is the Markov chain X,,,n >
0, with states that are all the integers and that has the transition
probabilities

Pii1=1-P 1 =p.
Show that this chain is recurrent when p = 1/2 and transient for
all p #£ 1/2. When p = 1/2, the chain is called the one-dimensional

simple symmetric random walk.
Hint: Make use of Stirling’s approximation, which states that

nl ~ n 1 2en /28

where we say that a, ~ b, if lim,_.. a,/b, = 1. You can also use
the fact that if a, > 0,b, > 0 for all n, then a, ~ b, implies that
>, an < oo if and only if 37, by, < .

4. The two-dimensional simple symmetric random walk moves on a two-
dimensional grid according to the transition probabilities

P+ = Pagyarn = Pagi—1) = Pagaa-n = 1/4
Show that this Markov chain is recurrent.

5. Define the three-dimensional simple symmetric random walk, and
then show that it is transient.

6. Given a finite-state Markov chain X,,, let 7; = min{n > 0: X,, = i}
and C = max; T;.
(a) Show that for any subset of states A

|A]
. ) 1 .
P02 3 L ),
where |A| denotes the number of elements in A.
(b) Obtain a lower bound for the mean number of flips required until
all 2% patterns of length k have appeared when a fair coin is repeatedly
flipped.

7. Consider a Markov chain with a state space that is the set of nonneg-
ative integers. Suppose its transition probabilities are given by

PO,i:pi7iZO7 P’i,i71:17i>07

where Y. ip; < oo. Find the limiting probabilities for this Markov
chain.
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8.

10.

11.

12.

13.

14.

5 Markov Chains

Consider a Markov chain with states 0,1,..., N and transition prob-
abilities

Poy =1, Py=1/i,i>0,75 <.
That is, from state zero the chain always goes to state N, and from

state ¢ > 0 it is equally likely to go to any lower numbered state. Find
the limiting probabilities of this chain.

. Consider a Markov chain with states 0,1,..., N and transition prob-

abilities
Piy1=p=1-PFP; 1,i=1,...,N-1
Poo=Pyn=1

Suppose that Xg = ¢, where 0 < ¢ < N. Argue that, with a probability
of one, the Markov chain eventually enters either state zero or N.
Derive the probability it enters state N before state zero. This is
called the gambler’s ruin probability.

If X,, is a stationary ergodic Markov chain, show that X, Xo,... is
an ergodic sequence.

Suppose X1, X, ... areiid integer valued random variables with M,, =
max;<n X;. Is M, necessarily a Markov chain? If yes, give its transi-
tion probabilities; if no, construct a counterexample.

Suppose X,, is a finite-state stationary Markov chain, and let T" =
min{n > 0: X, = Xo}. Compute E[T].

Given an irreducible Markov chain with transition probabilities P;;
and any positive probability vector {m;} for these states, show that the
Markov chain with transition probabilities Q;; = min(P;;, 7; Py /7;)
ifi£jand Qi =1-— Z#i Qs is time reversible and has stationary
distribution {m;}.

Consider a time-reversible Markov chain with transition probabili-
ties P;; and stationary probabilities 7;. If A is a set of states of
this Markov chain, then we define the A-truncated chain as being
a Markov chain with a set of states that is A and with transition
probabilities Pi‘;‘7 i,7 € A, that are given by

b P43 g P i j =14

If this truncated chain is irreducible, show that it is time reversible,
with stationary probabilities

W?Wi/ZWj7 ie A

jeA
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15.

16.

17.

A collection of M balls are distributed among m urns. At each stage,
one of the balls is randomly selected, taken from whatever urn it is
in and then randomly placed in one of the other m — 1 urns. Con-
sider the Markov chain with a state that is at any time the vector
(ny,na, ..., ny) where n; is the number of balls in urn 4. Show that
this Markov chain is time reversible and find its stationary probabil-
ities.

Let Q be an irreducible symmetric transition probability matrix on
the states 1,...,n. That is,

Qij = Qy, Hi=1,...,n

Let b;,i = 1,...,n be specified positive numbers, and consider a
Markov chain with transition probabilities

b

Py = Qyr—t— j#i
7 7 b + by
Py = 1-) Py
J#i

Show that this Markov chain is time reversible with stationary prob-
abilities

b;
Z?:l b 7

Consider a Markov chain with a state space that is the set of positive
integers and with transition probabilities that are

Ty — i:17...7

1
Py=1, Pz‘j:m71§j<i7i>1.

Show that the bound on the mean number of transitions to go from
state n to state one given by Proposition 5.23 is approximately twice
the actual mean number.
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Renewal Theory

6.1 Introduction

A counting process with a sequence of interevent times that are iid is called
a renewal process. More formally, let X1, Xo,... be a sequence of iid non-
negative random variables having distribution function F. Assume that
F(0) # 1, so that the X; are not identically zero, and set

Sy = 0

i=1

With
N(t)=sup(n:S, <t),

the process {N(t),t > 0} is called a renewal process.

If we suppose that events are occurring in time and we interpret X,, as
the time between the (n — 1) and the nth event, then S, is the time of the
nth event, and N(¢) represents the number of events that occur before or
at time ¢t. An event is also called a renewal because, if we consider the time
of occurrence of an event as the new origin, then because the X; are iid, the
process of future events is also a renewal process with interarrival distribu-
tion F. Thus, the process probabilistically restarts, or renews, whenever
an event occurs.

Let p = E[X;]. Because P(X; > 0) =1 and P(X; = 0) < 1, it follows
that > 0. Consequently, by the strong law of large numbers,

lim S,/n=pu >0,
n—oo

144
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implying that

lim §,, = .
N—r00

Thus, with a probability of one, 5,, < ¢ for only a finite number of n,
showing that
P(N() <o) =1

and enabling us to write
N(t) = max(n: S, <t).

The function
m(t) = E[N(t)]

is called the renewal function. We now argue that it is finite for all ¢.

Proposition 6.1
m(t) < co.

Proof Because P(X; < 0) < 1, it follows from the continuity property of
probabilities that there is a value 8 > 0 such that P(X; > 8) > 0. Let

X =BIix,>p5,

and define the renewal process

N(t) =max(n: X; + -+ X, <t).

Because renewals of this process can only occur at integral multiples of 3,
and because the number of them that occur at the time nS is a geometric
random variable with parameter P(X; > ), it follows that

- t/B+1
EIN@®)] < m <

Because X; < X;,i > 1, implies that N(¢) < N(¢), the result is proven. m

6.2 Some Limit Theorems of Renewal Theory

In this section, we prove the strong law and the central limit theorem
for renewal processes as well as the elementary renewal theorem. We start
with the strong law for renewal processes, which says that N(¢)/t converges
almost surely to the inverse of the mean interevent time.

Proposition 6.2 Strong law for renewal processes. With a probability of

one,

lim M = l (where i = O) .
0

t—oo T H
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Proof Because S,, is the time of the nth event, and N(t) is the number of
events by time ¢, it follows that Sy(;) and Sy, 1 represent, respectively,
the time of the last event prior to or at time ¢ and the time of the first
event after £. Consequently,

Sny <t < Snw+1

implying that

Sy t - SNn(ey+1

N({) = N(t) N(t) (6.1)

Because N(t) —4s o0 as & — oo, it follows by the strong law of large
numbers that
Sy X1+ A+ Xy

N = N —as 4 ast — 00.

Similarly,

Sniyrr - Xit o+ Xy N(t)+
N(t) = N()+1 N() —>asu ast — o0,

and the result follows. m

Example 6.3 Suppose that a coin selected from a bin will on each flip come
up heads with a fixed but unknown probability with a probability distribu-
tion that is uniformly distributed on (0,1). At any time, the coin currently
in use can be discarded and a new coin chosen. The heads probability of
this new coin, independent of what has previously transpired, will also have
a uniform (0, 1) distribution. If the objective is to maximize the long-run
proportion of flips that land heads, what is a good strategy?

Solution Consider the strategy of discarding the current coin whenever it
lands on tails. Under this strategy, every time a tail occurs we have a
renewal. Thus, by the strong law for renewal processes, the long-run pro-
portion of flips that land tails is the inverse of y, the mean number of flips
until a selected coin comes up tails. Because

/_dp o,

it follows that, under this strategy, the long-run proportion of coin flips
that come up heads is one. m

The elementary renewal theorem says the E[N(t)/t] also converges to
1/p. Before proving it, we will prove a lemma.
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Lemma 6.4 Wald’s equation. Suppose that X,, > 1 are iid with finite mean
E[X] and that N is a stopping lime for this sequence, in the sense that the
event {N > n—1} is independent of X,,, Xp11,..., for alln. If EIN] < oo,

then
N

>

n=1

E — E[N]E[X].

Proof To begin, let us prove the lemma when the X; are replaced by their
absolute values. In this case,

N
Z |Xn|‘| =K
n=1

=F

E

> IXnII{N>n}1

n=1

Jim Y |Xn|I{N>n}]
n=1

> |Xn|I{N>n}] :
n=1

where the monotone convergence theorem (Theorem 1.43) was used to jus-
tify the interchange of the limit and expectations operations in the last
equality. Continuing, we then get

= lim F
M —r 00

E

N m
S 6] = i 3By
n=1 n=1
= Y B X E[Lnon-1]
n=1

= E[X[1>_ PN >n-1)
n=1
= B[ X[ E[N]

< 0.

But now we can repeat exactly the same sequence of steps, but with X;
replacing |X;|, and with the justification of the interchange of the expec-
tation and limit operations in the third equality now provided by the
dominated convergence theorem (Theorem 1.38) upon using the bound

m N
|Zn:1 XnI{NZ’ﬂ}| S Zn:1 |X’L| u

Proposition 6.5 Elementary renewal theorem.

lim M = l (where i = O) .
0

t—oo ¢ H
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Proof Suppose first that 1 < oo. Because
N()+1=min(n: S, >t),

it follows that N(t) + 1 is a stopping time for the sequence of interevent
times X1, Xo,.... Consequently, by Wald’s equation, we see that

E[Sn#y+1] = p[m(t) +1].

Because Sy ;)41 > 1, the preceding implies that

liminf ——= m(t)

>
t—r00 t -

==

Toward
ocess with

We will complete the proof by showing that limsup,_. .. @ <

this end, fix a positive constant M and define a related renewal p
interevent times X,,, n > 1, given by

=a= e

X,, = min(X,,, M).
Let
:ZX“ N(t) = max(n : S, <t).

Because an interevent time of this related renewal process is at most M, it
follows that

Taking expectations and using Wald’s equation yields

parlm(t) +1] <t + M,

where iy = E[X,] and m(t) = E[N(t)]. The preceding equation implies
that -
hmsupM 1
t— 00 t MM
However, X, < X,,n > 1, implies that N(¢) > N(¢) and thus that
m(t) = m(t). Thus
t 1
lim sup m(t) < — (6.2)
t—o0 4 MM
Now,

min(X{,M)1+ X, as Mt oo,

so by the dominated convergence theorem, it follows that

b — p oas M — oo,
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Thus, letting M — oo in Equation 6.2 yields

t
lim sup L <
t—o0 t

==

Thus, the result is established when p < co. When g = o0, again consider
the related renewal process with interarrivals min(X,,, M). Using the mono-
tone convergence theorem, we can conclude that ppr = Elmin(Xy, M)] —
oo as M — oo. Consequently, Equation 6.2 implies that

m(t)

limsup —= =0,
t
and the proof is complete. m

If the interarrival times X, i > 1, of the counting process N(¢),¢ > 0, are
independent, but with Xy having distribution G, and the other X; having
distribution F', the counting process is said to be a delayed renewal process.
We leave it as an exercise to show that the analogs of the the strong law
and the elementary renewal theorem remain valid.

Remark 6.6 Consider an irreducible recurrent Markov chain. For any state
7, we can consider transitions into state j as constituting renewals. If
Xo =j, then N;(n),n > 0, would be a renewal process, where N;(n) is the
number of transitions into state j by time n; if Xo # j, then N;(n),n >0
would be a delayed renewal process. The strong law for renewal processes
then shows that, with a probability of one, the long-run proportion of
transitions that are into state j is 1/u;, where pj; is the mean number
of transitions between successive visits to state j. Thus, for positive recur-
rent irreducible chains the stationary probabilities will equal these long-run
proportions of time that the chain spends in each state.

Proposition 6.7 Central limit theorem for renewal processes. If p and o2,
assumed finite, are the mean and variance of an interevent time, then N ()
is asymptotically normal with mean t/u and variance to?/u®. That is,

. Nt) —t/u 1 /y —x2/9
lim P | ———= < = — e 2 dg.
t—o0 (a«/t/uS y) Vor J

Proof Let r; = t/pu+ yoy/t/p3. If vy is an integer, let ny = ry; if 7y is
not an integer, let n; = [ry] + 1, where [2] is the largest integer less than or
equal to . Then
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NO -t ) )

= P(N(¥) <ny)
= P(S,, >1)

p <Snt — t—nm) 7
o/ o/

where the preceding used that the events {N(t) < n} and {S, > t} are
Sn, —Nept
SV

standard normal random variable as n; approaches oo or, equivalently, as

t approaches co. Also,

equivalent. Now, by the central limit theorem, converges to a

. t—=mnep . b=
1 =1
Ry e S
— t/u3
~ lim Yt/ p
—00
t/p+yo/t/p?

= —y.

Consequently, with Z being a standard normal random variable

lim P (M <y> =P(Z>—y)=P(Z <y),

ot/ 13

and the proof is complete. m

6.3 Renewal Reward Processes

Consider a renewal process with interarrival times X,,,n > 1, and suppose
that rewards are earned in such a manner that if R, is the reward earned
during the nth renewal cycle — that is, during the time from 5,1 to S, —
then the random vectors (X,,, R,,) are iid. The idea of this definition is
that the reward earned during a renewal cycle is allowed to depend on what
occurs during that cycle and thus on its length, but whenever a renewal
occurs, the process probabilistically restarts. Let R(t) denote the total
reward earned by time ¢.

Theorem 6.8 If E'[R] and F[X4] are both finile, then

(a) R}Et) —as g{ij as t— oo
(b) E[]j(t)] — g[[ii]] as t— 0.
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Proof To begin, let us suppose that the reward received during a renewal
cycle is earned at the end of that cycle. Consequently,

N(t)

ZRn

and thus
Rt YV R, N
t N(t) t

Because N(t) — oo as ¢ — oo, it follows from the strong law of large
numbers that

SN R,

N(t) —as E[Rl]

Hence, Part (a) follows by the strong law for renewal processes.
To prove Part (b), fix 0 < M < oo, set RB; = min(R;, M), and let
R(t) = YN R, Then,

E[R@)] =

V
IS
E

= F Z R;| — E[Ry()+1]

= [m(t) + 1] E[R1] — B[R],

where the final equality used Wald’s equation. Because RN(t)+1 < M, the
preceding yields

mt)+1 - M
T

hmtgl(l; " Z FIX]

By the dominated convergence theorem, limy;_, . E[Ri] = E[R,], yielding

.. . E[R({)] _ E[Rq]
hmtgl(l; ; > E[Xl]

Letting R*(t) = —R(t) = Zi]\i(lt)(—Ri) vields, upon repeating the same
argument,

B[R =Ry

i Inf == 2 )
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or equivalently,

[BQ)] _ E[R]
lim tsl;lfo ; < BX]
Thus,
BT R B[R
Jim == = o (63)

proving the theorem when the entirety of the reward earned during a re-
newal cycle is gained at the end of the cycle. Before proving the result
without this restriction, note that

N(t) N(t)+1

Z& E Z Ri| = E[Ry(y41]

= E[R{|E[N(t) + 1] — E[Rn(y+1] by Wald’s equation
= BlRi][m(t) + 1] = E[Ry)41]-

Hence,

ngp&h:mm+1Emﬂ_Emmmﬂ
4 t t ’

so we can conclude from Equation 6.3 and the elementary renewal theorem

that
ElRn)11]
t

Now, let us drop the assumption that the rewards are earned only at the
end of renewal cycles. Suppose first that all partial returns are nonnegative.
Then, with R(t) equal to the total reward earned by time ¢,

—0. (6.4)

SEU R RO SV R By
t t = t t

Taking expectations, and using Equations 6.3 and 6.4 proves Part (b). Part
(a) follows from the inequality

SOV RN R YT RON@G 1L
N(t) t — t — N@+1 t

by noting that for 7 = 0,1

SNOY R N() + B[R]
Nt +5 ¢ _%”EWﬂ

A similar argument holds when all partial returns are nonpositive, and
the general case follows by breaking up the returns into their positive and
negative parts and applying the preceding argument separately to each. m



6.3 Renewal Reward Processes 153

Example 6.9 Generating a random variable with a distribution that is the
stationary distribution of a Markov chain. For a finite-state irreducible
aperiodic Markov chain X,,,n > 0, having transition probabilities {P;;}
and stationary distribution {m;}, Theorem 5.13 says that the approximation
P(X, =Xy =0) =~ n; is good for large n. Here we will show how to find
a random time 7' > 0 so that we have exactly P(Xy = | Xy =0) = ;.

Suppose that for some p > 0 we have Pjg > p for all 4. (If this condition
doesn’t hold, then we can always find an m such that the condition holds for
the transition probabilities Pi(;n), implying that the condition holds for the
Markov chain Y,, = X,,;m,n > 0, which also has the stationary distribution
{m}.)

To begin, let .J,, ~ Bernoulli(p) be iid and define a Markov chain Y}, so
that

P, =0Y,=4J,1=1)=1,

and for j £ 0,

P(Yoi1 =5|Yn=4,Jn1=0)=PF;/(1 —p).
Notice that this gives Y,, = 0 whenever J,, = 1 and in addition that

P(Yn+1 - j|Yn - Z) - P(Yn+1 - j|Yn - i7 Jn+1 - O)(l _p)
+P(Yn+1 - J|Yn =1, Jn+1 = l)p
= P”

Thus, both X,, and Y,, have the same transition probabilities and thus the
same stationary distribution.

Say that a new cycle begins at time n if J, = 1. Suppose that a new
cycle begins at time zero, so Yy = 0, and let N; denote the number of time
periods the chain is in state j during the first cycle. If we suppose that a
reward of one is earned each time the chain is in state j, then m; equals
the long-run average reward per unit time, and the renewal reward process
result yields that

- _ BNl
J E[T] ’

where T' = min{n > 0 : J,, = 1} is the time of the first cycle. Because T is
geometric with parameter p, we obtain the identity

7j = pE[N;].

Now, let I, be the indicator variable for the event that a new cycle begins
on the transition following the k** visit to state j. Note that

N;
D= Iy =
k=1
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Because 1, I», ... are iid and the event {/N; = n} is independent of I,
Lnia,. .., it follows from Wald’s equation that

P(Yr_1 = j) = E[N;|EL1] = pE[Ny],

giving the result that
Ty = P(YT,1 :j)

Remark 6.10 In terms of the original Markov chain X,,, set Xy = 0. Let
Ui, Us, ... be a sequence of independent uniform (0,1) random variables
that is independent of the Markov chain. Then define

T =min(n >0: X, =0,U, <p/Px, ,0),

with the result that P(X7_1 = j|Xo = 0) = 7;. In fact, if we set Xy =0,
let Th = 0, and define

T; =min(n >T;—1 : X, =0,U, <p/Px,_,0),
then X7,_q,4 > 1, are iid with
P(XTifl :j|Xo == O) = Ty

Example 6.11 Suppose that X;,7 > 1 are iid discrete random variables
with probability mass function p; = P(X = ¢). Suppose we want to find the
expected time until the pattern 1,2,1,3,1,2,1 appears. To do so, suppose
that we earn a reward of one each time the pattern occurs. Because a
reward of one is earned at time n > 7 with probability P(X,, =1, X,,_1 =
2. X, 2=1,..,X, g =1) = pip3ps, it follows that the long-run expected
reward per unit time is p{p3ps. However, suppose that the pattern has just
occurred at time 0. Say that cycle 1 begins at time 1, and that a cycle ends
when, ignoring data from previous cycles, the pattern reappears. Thus, for
instance, if a cycle has just ended then the last data value was 1, the next
to last was 2, then 1, then 3, then 1, then 2, and then 1. The next cycle
will begin when, without using any of these values, the pattern reappears.
The total reward earned during a cycle, call it I, can be expressed as

R=1+4+ A4+ A,

where A, is the reward earned when we observe the fourth data value of
the cycle (it will equal one if the first four values in the cycle are 3,1,2, 1),
Ag is the reward earned when we observe the sixth data value of the cycle,
and one is the reward earned when the cycle ends. Hence,

E[R] = 1+ pipaps + pipips.
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If T is the time of a cycle, then by the renewal reward theorem,

ER]
4.2 _
P1PaP3 = E[T]7

yielding that the expected time until the pattern appears is
1 1 1

E[l] = ——  —— 4 —.
7] pipdps  pipe  p1
Let
A(t) =t — Sy, Y(t) = Snuy+1 — L

The random variable A(t), equal to the time at ¢ since the last renewal prior
to (or at) time ¢, is called the age of the renewal process at t. The random
variable Y (¢), equal to the time from ¢ until the next renewal, is called the
ercess of the renewal process at . We now apply renewal reward processes
to obtain the long-run average values of the age and of the excess as well as
the long-run proportions of time that the age and the excess are less than x.

The distribution function I, defined by

F@(gs)l/OzF(y)dy7 z>0

is called the equilibrium distribution of the renewal process.

Proposition 6.12 Let X have distribution F'. With a probability of one,

1 1 E[X?]

(a) tlgg@; ; A(s)ds = tlgg@; ; E[A(s)]ds = o
¢ t 2

(b) lim ! Y(s)ds = lim 1 E[Y(s)]ds = EIX7]
t—oo £ Jgo t—oo t g 2

t

t
(¢) lim ! It a(sy<ay ds = lim L P(A(s) < x)ds = Fe(x)

t—oo t 0 t—00 0
1 t 1 t
(d) lim — ; Iy (sy<ay ds = lim < ; P(Y(s) < z)ds = Fe(z).
Proof To prove Part (a), imagine that a reward at rate A(s) is earned at
time s, s > 0. Then, this reward process is a renewal reward process with a
new cycle beginning each time a renewal occurs. Because the reward rate
at a time z units into a cycle is z, it follows that if X is the length of a
cycle, then T', the total reward earned during a cycle, is

X
T:/ wde = X?/2.
0



156 6 Renewal Theory

Because lim;_, % fot A(s)ds is the long run average reward per unit time,
Part (a) follows from the renewal reward theorem.

To prove Part (¢) imagine that we earn a reward at a rate of one per
unit time whenever the age of the renewal process is less than z. That
is, at time s we earn a reward at rate one if A(s) < z and at rate zero
if A(s) > z. Then this reward process is also a renewal reward process in
which a new cycle begins whenever a renewal occurs. Because we earn at
rate one during the first « units of a renewal cycle and at rate zero for the
remainder of the cycle, it follows that, with T being the total reward earned
during a cycle,

E[T) = Emin(X,z)]
/ Pmin(X,z) >1)dt
0

= /Oz F(t)dt.

Because lims .o % fot I A(sy<ay ds is the average reward per unit time,
Part (c) follows from the renewal reward theorem.
We will leave the proofs of Parts (b) and (d) as an exercise.

6.4 Queuing Theory Applications of Renewal
Reward Processes

Suppose that customers arrive to a system according to a renewal process
having interarrival distribution F', with mean 1/A. Each arriving customer
is eventually served and departs the system. Suppose that at each time
point the system is in some state, and let S(¢) denote the state of the
system at time ¢. Suppose that when an arrival finds the system empty
of other customers the evolution of system states from this point on is
independent of the past and has the same distribution each time this event
occurs. (We often say that the state process probabilistically restarts every
time an arrival finds the system empty.) Suppose that such an event occurs
at time zero.

If we suppose that each arrival pays an amount to the system, with that
amount being a function of the state history while that customer is in the
system, then the resulting reward process is a renewal reward process, with
a new cycle beginning each time an arrival finds the system empty of other
customers. Hence, if R(t) denotes the total reward earned by time ¢, and
T denotes the length of a cycle, then

ER(T)]

E[T]
Now, let R; denote the amount of money paid by customer ¢, for ¢+ > 1,
and let N denote the number of customers served in a cycle. Then this

average reward per unit time = (6.5)
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sequence R, Rs, ... can be thought of as the reward sequence of a renewal
reward process in which R; is the reward earned during period ¢ and the
cycle time is N. Hence, by the renewal reward process result,

lim Ri+--+R, _ E[Zf\ile]

n—rco n E[N]
To relate the left-hand sides of Equations 6.5 and 6.6, first note that because
R(T) and le\; R; both represent the total reward earned in a cycle, they
must be equal. Thus,

(6.6)

N
ER(T) =E

i—1
Also, with customer 1 being one who found the system empty at the

arrival time zero, if we let X; denote the time between the arrivals of cus-
tomers 4 and i + 1, then

N
T = ZXi.
i=1

Because the event { N = n} is independent of all the sequence Xy, k > n+1,
it follows that it is a stopping time for the sequence X;,7 > 1. Thus, Wald’s
equation gives that

E[T] = EIN]E[X] = ——,
and we have proven the following.

Proposition 6.13
average reward per unit time = AR,

where

_ Ri+ - +R,
B - lim Lot - i

n—rod n

is the average amount that a customer pays.

Corollary 6.14 Let X(t) denote the number of customers in the system at

time t, and set
t

L = lim L X (s)ds.

t—00 0

Also, let W; denote the amount of time that customer i spends in the system,
and set

Wit W,
W= lim At W
n—oo n

Then, the preceding limits exist, L and W are both constants, and

L =)\W.
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Proof Imagine that each customer pays one per unit time while in the
system. Then the average reward earned by the system per unit time is L,
and the average amount a customer pays is W. Consequently, the result
follows directly from Proposition 6.13. [ |

6.5 Blackwell’s Theorem

A discrete interarrival distribution F' is said to be lattice with period d if
Ym0 P(X; = nd) = 1 and d is the largest value having this property. (Not
every discrete distribution is lattice. For instance, the two point distribution
that puts all its weights on the values one and =, or any other irrational
number, is not lattice.) In this case, renewals can only occur at integral
multiples of d. By letting d be the new unit of time, we can reduce any
lattice renewal process to one with interarrival times that put all their
weight on the nonnegative integers and are such that the greatest common
divisor of {n : P(X; = n) > 0} is one. (If 4/ was the original mean
interarrival time then in terms of our new units, the new mean p would
equal p//d.) So let us suppose that the interarrival distribution is lattice
with period one, let p; = P(X; =j),7 >0, and pp = Zj Jp;-.

Theorem 6.15 Blackwell’s theorem. If the interarrival distribution is lat-
tice with period one, then

1—
lim P(a renewal occurs at time n) = et
n—oo /,[/

and

lim E[number of renewals at time n] = —.
n—oo

Proof With A, equal to the age of the renewal process at time n, it is

easy to see that A,,n > 0, is an irreducible, aperiodic Markov chain with
transition probabilities

Pi,o:P(X:i|X2i):ﬁzl—f’i,Hh v >0
j=i ]

The limiting probability that this chain is in state zero is

1
T EXX >0

where X is an interarrival time of the renewal process. (The mean number
of transitions of the Markov chain between successive visits to state zero
is F[X|X > 0] because an interarrival that is equal to zero is ignored by
the chain.) Because a renewal occurs at time n whenever A, = 0, the first
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part of the theorem is proven. The second part of the theorem also follows
because, conditional on a renewal occurring at time n, the total number of
renewals that occur at that time is geometric with mean (1 —po)~'. m

6.6 Poisson Process

If the interarrival distribution of a renewal process is exponential with rate
A, then the renewal process is said to be a Poisson process with rate .
Why it is called a Poisson process is answered by the next proposition.

Proposition 6.16 If N(t),t > 0, is a Poisson process having rate A, then
N(t) =4 Poisson(\t).

Proof We will show P(N(t) = k) = e *(At)*/k! by induction on k. Note

first that P(N(t) = 0) = P(X| > t) = e . For k > 0, we condition on X
to get

P(N({t)=k) = /OOO P(N(t) = k| X, = z)\e Mdz

= /t P(N(t —z) =k —1)he *dz
0

t _—A(t—=z) _ k—1
_ / € ()\(t ZE)) Ae*)xzdx
0

(k—1)
_ A (A
= e A/o =1 dz

= e MO /KL,
which completes the induction proof. m

The Poisson process is often used as a model of customer arrivals to
a queuing system because the process has several properties that might
be expected of such a customer arrival process. The process N(t),t > 0,
is said to be a counting process if events are occurring randomly in time
and N(t) denotes the cumulative number of such events that occur in [0, ¢].
The counting process N(t),t > 0, is said to have stationary increments
if the distribution of N(¢ + s) — N(t) does not depend on t and is said
to have independent increments if N(t; + s;) — N(t;), for i = 1,2,..., are
independent random variables whenever ¢, 1 > ¢;+s; for all . Independent
increments say that customer traffic in one interval of time does not affect
traffic in another (disjoint) interval of time. Stationary increments say
that the traffic process is not changing over time. Our next proposition
shows that the Poisson process is the only possible counting process with
continuous interarrival times and with both of these properties.
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Proposition 6.17 The Poisson process is the only counting process with
stationary, independent increments and continuous interarrival times.

Proof Given a counting process N(t),t > 0, with continuous interarrival
times X; and stationary, independent increments, then

P(Xy>t+s|X1 >t)=P(N({+s)=0|N(t)=0)
=P(N(t+s)—N(t)=0|N(t) =0)
=P(N({t+s)—N(t)=0)

— P(N(s)=0)
= P(X1 > s),

where the third equality follows from independent increments and the fourth
from stationary increments. Thus, we see that X is memoryless. Because
the only memoryless continuous random variable is the exponential distri-
bution, X is exponential. Because

P(Xs > s|X1 =1) = P(N(t +5) — N(t) = 0| X, = 1)
— P(N(t+s)— N(t)=0)
— P(N(s) = 0)
= P(X1 > 8)7

it follows that X, is independent of X and has the same distribution. Con-
tinuing in this way shows that all the X are iid exponentials, so N(¢),¢ > 0,
is a Poisson process. m

6.7 Exercises

1. Consider a renewal process N(t) with Bernoulli(p) interevent times.
(a) Compute the distribution of N ().
(b) With S;,4 > 1 equal to the time of event 4, find the conditional
probability mass function of Sy, ...,Sy given that N(n) = k.

2. For a renewal process with an interevent distribution F' with density
= f, prove the renewal equation

t +/O m(t — x) f(z)dx.

3. For a renewal process with an interevent distribution I, show that

The preceding states that the length of the renewal interval that con-
tains the point ¢ is stochastically larger than an ordinary renewal
interval and is called the inspection paradox.
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10.

. With Xy, Xo,... independent U(0,1) random variables with S,, =

> icn Xi and N =min{n : S, > 1}, show that E[Sy]| = e/2.

A room in a factory has n machines that are always all turned on at
the same time, and each works an independent exponential time with
mean m days before breaking down. As soon as k machines break, a
repairman is called. The repairman takes exactly d days to arrive and
instantly repairs all the broken machines. Then this cycle repeats.
(a) How often in the long run does the repairman get called?

(b) What is the distribution of the total number of broken machines
the repairman finds upon arrival?

(c¢) What fraction of time in the long run are there more than & broken
machines in the room?

Each item produced is either defective or acceptable. Initially, each
item is inspected, and this continues until & consecutive acceptable
items are discovered. At this point, 100% inspection stops and each
new item produced is, independently, inspected with probability «.
This continues until a defective item is found, at which point we go
back to 100% inspection, with the inspection rule repeating itself. If
each item produced is, independently, defective with probability ¢,
what proportion of items are inspected?

. A system consists of two independent parts, with part ¢ function-

ing for an exponentially distributed time with rate A\; before failing,
1 = 1, 2. The system functions as long as at least one of these two parts
is working. When the system stops functioning, a new system, with
two working parts, is put into use. A cost K is incurred whenever
this occurs; also, operating costs at rate ¢ per unit time are incurred
whenever the system is operating with both parts working, and oper-
ating costs at rate ¢; are incurred whenever the system is operating
with only part ¢ working, ¢ = 1, 2. Find the long-run average cost per
unit time.

. If the interevent times X;, i > 1, are independent but with X having

a different distribution from the others, then {N4(t),t > 0} is called
a delayed renewal process, where

Ny(t) = sup {n : zn:Xi < t} .
i=1

Show that the strong law remains valid for a delayed renewal process.
Prove Parts (b) and (d) of Proposition 6.12.

Consider a renewal process with continuous interevent times Xji,
Xo, ... having distribution F'. Let Y be independent of the X; and
have distribution function F.. Show that
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11.

12.

13.

14.

15.

16.

6 Renewal Theory

Emin{n : X,, > Y}] =sup{z: P(X > z) > 0}/ K[X],
where X has distribution F. How can you interpret this result?

Someone rolls a die repeatedly and adds up the numbers. Which is
larger: P(sum ever hits 2) or P(sum ever hits 102)7

If {N;(t),t >0},4=1,..., k are independent Poisson processes with
respective rates A\;,1 < ¢ < k, show that Zle N;(t),t > 0, is a
Poisson process with rate A = Zle Ai.

A system consists of one server and no waiting space. Customers
who arrive when the server is busy are lost. There are n types of
customers: Type i customers arrive according to a Poisson process
with rate A; and have a service time distribution that is exponential
with rate p;, with the n Poisson arrival processes and all the service
times being independent.

(a) What fraction of time is the server busy?

(b) Let X,, be the type of customer (or zero if no customer) in the
system immediately prior to the nth arrival. Is this a Markov chain?
Is it time reversible?

Let X;,i =1,...,n beiid continuous random variables having density
function f. Letting

X;) = ith smallest value of Xy,..., Xp,

the random variables X(yy, ..., X(,) are called order statistics. Find
their joint density function.

Let S; be the time of event i of a Poisson process with rate A.

(a) Show that, conditional on N(¢) = n, the variables Si,...,S5,
are distributed as the order statistics of a set of n iid uniform (0, ¢)
random variables.

(b) If passengers arrive at a bus stop according to a Poisson process
with rate A, and the bus arrives at time ¢, find the expected sum of
the amounts of times that each boarding customer has spent waiting
at the stop.

Suppose that events occur according to a Poisson process with rate
A and that an event occurring at time s is, independent of what has
transpired before time s, classified either as a type 1 or as a type
2 event, with respective probabilities pi(s) and pa(s) = 1 — py(s).
Letting N;(¢) denote the number of type i events by time ¢, show
that Ny (¢) and No(t) are independent Poisson random variables with

means E[N;(¢)] = X [ pi(s)ds.
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Brownian Motion

7.1 Introduction

One goal of this chapter is to give one of the most beautiful proofs of the
central limit theorem, one which does not involve characteristic functions.
To do this, we will give a brief tour of continuous time martingales and
Brownian motion and demonstrate how the central limit theorem can be
essentially deduced from the fact that Brownian motion is continuous.

In Section 7.2, we introduce continuous time martingales, and in Sec-
tion 7.3, we demonstrate how to construct Brownian motion, prove it is
continuous, and show how the self-similar property of Brownian motion
leads to an efficient way of estimating the price of path-dependent stock
options using simulation. In Section 7.4, we show how random variables
can be embedded in Brownian motion, and in Section 7.5, we use this to
prove a version of the central limit theorem for martingales.

7.2 Continuous Time Martingales

Suppose we have sigma fields F; indexed by a continuous parameter ¢ so
that F, C F; for all s <t.

Definition 7.1 We say that X (1) is a conlinuous time martingale for F; if
for allt and 0 < s <t we have

1 BIX(#)] < %
2, X(t) e F;

5 BIX@IF] = X(s).

163
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Example 7.2 Let N(¢) be a Poisson process having rate A, and let F, =
o(N(s),0 < s <t). Then X(¢) = N(t) — M is a continuous time martingale
because

E[N(t) — Xt|Fs] = E[N(t) — N(s) — At — )| Fs] + N(s) — As
= N(s) — As.

We say a process X (¢) has stationary increments if X (¢t + s) — X(¢) =4
X(s) — X(0) for all ¢, s > 0. We also say a process X (¢) has independent
increments if X (¢1) — X (ty), X(t2) — X(t1),... are independent random
variables whenever tg <t¢; <....

Although a Poisson process has stationary independent increments, it
does not have continuous sample paths. We will show here that it is possi-
ble to construct a process with continuous sample paths, called Brownian
motion, which in fact is the only possible martingale with continuous sam-
ple paths and stationary and independent increments. These properties
will be key in proving the central limit theorem.

7.3 Constructing Brownian Motion

Brownian motion is a continuous time martingale that produces a randomly
selected path typically looking something like in Figure 7.1. Here we show
how to construct Brownian motion B(t) for 0 < ¢ < 1. To get Brownian
motion over a wider interval, you can repeat the construction over more unit
intervals each time continuing the path from where it ends in the previous
interval.

Given a line segment, we say we “move the midpoint up by the amount

2" if we are given a line segment connecting the point (a,b) to the point

Figure 7.1 A Brownian motion path.
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jul
9}

Figure 7.2 Moving the midpoint of a segment up by z.

(¢,d) with midpoint (% 67 =< 4y and we break it into two line segments
connecting (a,b) to (&5, 2 d + z) to (¢,d). This is illustrated in Figure
7.2. Next let Z, , be iid N(O 1) random variables, for all k, n. We initiate a
sequence of paths. The zeroth path consists of the line segment connecting
the point (0,0) to (1, Zyp). For n > 1, path n will consist of 2" connected
line segments, which can be numbered from left to right. To go from path
n — 1 to path n, simply move the midpoint of the kth line segment of path
n — 1 up by the amount Zk’n/(\/i)”ﬂ7 k=1,...,2"1 Letting f,(t) be
the equation of the nth path, then the random function

(‘;l\)

B(t) = lim £, (1)

is called standard Brownian motion.

For example, if Zyo = 2 then path zero would be the line segment
connecting (0, 0) to (1,2). This looks like Figure 7.3. Then, if Z; 1/(v/2)? =
1, we would move the midpoint (,1) up to (3, 2) and thus path one would
consist of the two line segments connecting (O 0) to (%,2) to (1,2). This
then gives us the path in Figure 7.4.

If Z12/(v/2)®> = —1 and Z5/(v/2)® = 1, then the next path is obtained
by replacing these two line segments with the four line segments connecting
(0,0) to (iO) to (£,2) to (%7 3) to (1,2). This gives us the path in Figure
7.5. Then the next path would have eight line segments and so on.

R

Remark 7.3 By this recursive construction, it can immediately be seen that
B(t) is “self similar” in the sense that {B(#/2")(v/2)",0 <t < 1} has the
same distribution as {B(t),0 <t¢ < 1}. This is the famous fractal property
of Brownian motion.
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0 T T T 1
0 0.25 05 0.75 1
Figure 7.3 Path 0.
3 _
L
0 T T T 1
0 0.25 0.5 0.75 1

Figure 7.4 Path 1.
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0 . T T 1
0 0.25 0.5 0.75 1

Figure 7.5 Path 2.

Proposition 7.4 Brownian motion B(t) is a martingale with stationary,
independent increments and B(t) ~ N(0,1).

Before we prove this, we need a lemma.

Lemma 7.5 [f X and Y are iid mean zero normal random wvariables, then
the pair Y + X and Y — X are also iid mean zero normal random variables.

Proof Because X, Y are independent, the pair X, Y has a bivariate normal
distribution. Consequently, X — Y and X + Y have a bivariate normal
distribution, and thus it’s immediate that Y + X and Y — X are identically
distributed normal. Then

Cov(Y + X,Y -~ X) = E[(Y + X)(Y — X)) = E]Y? - X?| =0

gives the result (because uncorrelated bivariate normal random variables
are independent). m

Proof Proof of Proposition 7.4. Letting
bk, m) — B(k/2") — B((k — 1)/2"),
we will prove that for any n the random variables
b(1,n),b(2,n),....,b(2", n)
are iid Normal(0,1/2™) random variables. After we prove that Brownian

motion is a continuous function, which we do in the proposition immediately
following this proof, we can then write
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B(t) — B(s) = lim > b(k,n).

n—oo '
kis+1/2n<k/2n <t
It will then follow that B(t)—B(s) ~ N(0,t—s) for ¢ > s and that Brownian

motion has stationary, independent increments and is a martingale.

We will complete the proof by induction on n. By the first step of
the construction, we get b(1,0) ~ Normal(0,1). We then assume as our
induction hypothesis that

b(1,n—1),b(2,n—1),...,b(2" 1 n—1)

are iid Normal(0,1/2"~!) random variables. Following the rules of the
construction, we have

b(2k — 1,n) = b(k,n —1)/2 + Zapn/ (V2)"
and

b(2k,n) = b(k,n —1) — b(2k — 1,n)
— b(k,n —1)/2 = Zog ) (V2)" T,

which is also illustrated in Figure 7.6. In the figure, we write 7 =
Zogn/(V2)" L. Because b(k,n —1)/2 and Zay, ,,/(v/2)" ! are iid Normal
(0,1/27+1) random variables, we then apply the previous lemma to obtain

| I%@km
1bk-1

bk, n—1)

(k—1)/2"" Qk-1)y2" K2

Figure 7.6 One step of the construction of Brownian motion.
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that b(2k — 1,n) and b(2k,n) are iid Normal(0,1/2") random variables.
Because b(2k — 1,n) and b(2k,n) are independent of b(j,n — 1), 5 # k, we
get that

b(1,n),b(2,n),...,b(2", n)

are iid Normal(0, 1/2") random variables. m

And even though each function f,,(¢) is continuous, it is not immediately
obvious that the limit B(t) is continuous. For example, if we instead always
moved midpoints by a nonrandom amount z, we would have sup,- , B(t) —
inf,c 4 B(t) > « for any interval A, and thus B(¢) would not be a continuous
function. We next show that Brownian motion is a continuous function.

Proposition 7.6 Brownian motion is a continuous function with a proba-
bility of one.

Proof Note that
P(B(t) is not continuous)

< ZP(B(t) has a discontinuity larger than 1/i),
i—1

so the theorem will be proved if we show, for any ¢ > 0,
P(B(t) has a discontinuity larger than ¢) = 0;

see the remark immediately following this proof for a discussion of a mea-
surability subtlety.

Because by construction f,,, is continuous for any given m, in order for
B(t) to have a discontinuity larger than ¢, we must have

sup |B(t) = fm(t)] > ¢/2
0<t<1

or else B(t) would necessarily always be within ¢/2 of the known continuous
function f,,, and it would be impossible for B(t) to have a discontinuity
larger than e. Letting

dp = sup |fn_1(t) = fu(t)]
0<t<1

be the largest difference between the function at stage n and stage n + 1,
we must then have

dy, > €(3/4)"/8 for some n > m
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because otherwise it would mean

sup B(t) = fu(0)] < g;ndn < /2 7;(3/4)”/4 < ¢/2.

Next note by the construction we have

P(d, >z)=P ( sup | Zen/(V2)" T > x)

1<k<an—1
<omp <|Z| > (\/5)"“35)
< exp(n — (V2)"Ha),

where the last line is for sufficiently large n and we use 2" < €™ and
P(|Z] » ) < e~ ® for sufficiently large = (see Example 4.5).
This together means, for sufficiently large m,

P(B(t) has a discontinuity larger than ¢)

< > P(dy > ¢(3/4)"/8)

n>m

< 3 exp(n — c(3v3/4)"/8),

n>m

which because the final sum is finite, can be made arbitrarily close to zero
as m increases. W

Remark 7.7 The argument in the previous proposition shows that the event
{B(t) is not continuous}

is a subset of an event having probability zero. You might now be won-
dering if this event itself is measurable because the first example in this
book shows that there are some seemingly innocent events that are sub-
sets of measurable events but can’t have probabilities assigned to them in
a consistent way. It turns out this in fact can be a measurable event; the
general principle is that any subset of an event having zero probability can
be measurable simply by assigning a zero probability to it — and this won’t
cause any inconsistencies.

For example, consider the set of family heads in the circle as defined in
Section 1.2 of this book. Now suppose instead of picking a random point
in this circle, you decide to pick a random point in a different circle with
no family heads. In this case, the chance you get a family head is zero, and
adding up the chances you are i steps away from a family head still adds
up to zero without any inconsistency. This means that getting a point in
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the same family heads set can be made measurable if it is a subset of an
event that already has zero probability assigned to it.

The inconsistency in the first example of this book was caused by having
a countably infinite number of disjoint events with the same probability that
should have probabilities that add up to one, which is impossible. If the
probabilities should add up to zero, as would be the case with subsets of an
event having probability zero, we can just assign a zero probability to all
such events without any inconsistencies. This is made rigorous, with some
additional reasoning, by adding all subsets of zero probability events into
the initial collection of events that generate the sigma field.

Remark 7.8 You may notice that the only property of the standard normal
random variable Z used in the proof is that P(|Z] > z) < ¢™* for suffi-
ciently large x. This means we could have instead constructed a process
starting with Zj, , having an exponential distribution, and we would get a
different limiting process with continuous paths. We would not, however,
have stationary and independent increments.

As it does for Markov chains, the strong Markov property holds for
Brownian motion. This means that {B(T +t¢) — B(T'),0 <t} has the same
distribution as {B(t),0 < t} for finite stopping times T < co. We leave
a proof of this as Exercise 8 at the end of the chapter. An easy result
using the continuity of Brownian motion and the strong Markov property
for Brownian motion involves the suprememum of Brownian motion.

Propaosition 7.9 P(sup,,; B(s) > x) =2P(B(t) > z).
Proof Let 1" =inf{t > 0 : B(t) = z}, and note that continuity of Brownian
motion gives the first line here:
P(B(t)>z)=P(B{) >z,T <)
P(I'<t)P(B()— B(T) > 0|T < t)
P(T <t)/2

=P ( sup B(s) > x) /2,

0<s<t

Also note the strong Markov property gives the third line. m

Example 7.10 Path-dependent stock options. It is most common that the
payoff from exercising a stock option depends on the price of a stock at a
fixed point in time. If it depends on the price of a stock at several points
in time, it is usually called a path-dependent option. Although there are
many formulas for estimating the value of various different types of stock
options, many path-dependent options are commonly valued using Monte
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Carlo simulation. Here we give an efficient way to do this using simulation
and the self-similarity property of Brownian motion.
Let

be the payoff you get when exercising a path-dependent stock option for
standard Brownian motion B(¢) and some given function f,,; our goal is to
estimate E[Y].

The process X (t) = exp{at+bB(t)} is called geometric Brownian motion
with drift, and it is commonly used in finance as a model for a stock’s price
for the purpose of estimating the value of stock options. One example of a
path-dependent option is the lookback option, with payoff function

Y = ,_lnax (exp{at + bB(1)} — k)*.

1Lqeeny

Another example, the knockout option, is automatically canceled if some
condition is satisfied. For example, you may have the option to purchase a
share of stock during period n for the price k, provided the price has never
gone above a during periods one through n. This gives a payoff function

’

Y = (exp{an + bB(n)} — k)" x I{t{%%’)'(' nexp{at +bB(t)} < a}7

which is also path-dependent.
The usual method for simulation is to generate Y1, Ys, ..., Y, iid ~ Y,
and use the estimator Y = 3" | 'V; having Var(Y) = L Var(Y). The control

variates approach, on the other hand, is to find anogher variable X with
E[X] =0 and r = corr(X,Y) # 0 and use the estimator ¥’ = (Y-
mX;), where m = r+/Var(Y')/Var(X) is the slope of the regression line for
predicting Y from X. The quantity m is typically estimated from a short
preliminary simulation. Because

" 1 "
Var(Y') = (1 — r?)=Var(Y) < Var(Y),
n
we get a reduction in variance and less error for the same length simulation

run.
Consider the simple example where

Y = max{B(1), B(2), ..., B(100)},
and we want to compute E[Y]. For each replication, simulate Y, then

1. Compute X’ = max{B(10), B(20), ..., B(100)}.
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2. Compute
Xo :p\/mmax{B(l)7B(2)7 .., B(10)}
X, = V10(max{B(11), B(12), ..., B(20)} — B(10))

Xo = v10(max{B(91), B(92), ..., B(100)} — B(90)),
and note that self similarity of Brownian motion means that the X;
are iid ~ X'.

3. Use the control variate X = X' — L Z?:o X;.

Your estimate for that replication is Y — mX.

Because E[X] = 0 and X and Y are expected to be highly positively
correlated, we should get a low variance estimator.

7.4 Embedding Variables in Brownian Motion

Using the fact that both Brownian motion B(t) and (B(t))? —t are martin-
gales (we ask you to prove that (B(t))? —t is a martingale in the exercises
at the end of the chapter) with continuous paths, the following stopping
theorem can be proven.

Proposition 7.11 With a < 0 < b and T' = inf{t > 0 : B(t) = a or
B(t) = b}, then E[B(T)] =0 and E[(B(T))*] = E[T].

Proof Because B(n2™™) for n = 0,1,... is a martingale (we ask you to
prove this in the exercises at the end of the chapter) and E[|B(27™)|] < oo,
we see that for finite stopping times Condition 3 of Proposition 3.14 (the
martingale stopping theorem) holds. If we use the stopping time 7, =
27| 2™ + 1], this then gives us the first equality of

0= F[B(min(¢,T,))] = F[Bmin(t,T))] — F[B(T)],

where the first arrow is as m — oo and follows from the dominated conver-

gence theorem (using continuity of B(¢) and 1), — 7" to get B(min(¢,1,,)) —
B(min(¢,T)) and using the bound |B(min(¢, T,,))| < supg<s<, |B(s)|; this

bound has finite mean by Proposition 7.9, and the second arrow is as ¢t — oo

and follows again from the dominated convergence theorem (using conti-

nuity of B(¢) and min(¢,T) — T to get B(min(¢,7)) — B(T") and also

using the bound |B(min(¢,T))| < b — a), and hence the first part of the

result. The argument is similar for the second claim of the proposition, by

starting with the discrete time martingale (B(n2=™))? —n2=" n =0,1, ....

|
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Proposition 7.12 With the definitions from the previous proposition,
P(B(T) = a) = b/(b—a) and E[T| = —ab.

Proof By the previous proposition,
0 = E[B(T)] = aP(B(T) = a) + b(1 — P(B(T) = a))
and
E[T) = E[(B(T))*] = a>P(B(T) = a) + b*(1 = P(B(T) = a)),

which when simplified and combined give the proposition. m

Proposition 7.13 Given a random variable X having E[X] = 0 and Var(X)
= 02, there erists a stopping time T' for Brownian motion such that B(T) =4
X and E[T| = o>

You might initially think of using the obvious stopping time 7" = inf{¢ > 0 :
B(t) = X}, but it turns out this gives E[I'] = co. Here is a better approach.

Proof We give a proof for the case where X is a continuous random variable
having density function f, and it can be shown that the general case follows
using a similar argument.

Let Y, Z be random variables having joint density function

9y, 2) = (z =) f(2) f(y)/BIXT], fory <0 < 2.

This function is a density because

/ / gy, z dzdyf/ / (z — ) f(2)f(y)/ E[X T]dzdy

- / F(y)dy / 2f(2)d=/ EIX ]

/f / of (y)dy/ BX ]

P(X <0)+P(X >0)E[X |/E[XT]
=1,
where we use F[X ~| = E[XT] in the last line.

Then let 7" = inf{t > 0 : B(t) = Y or B(t) = Z}. We then obtain
B(T) =4 X by first letting « < 0 and using the previous proposition in the
second line here:
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P(B / / PB(T) <z|Y =y, Z = 2)g(y, z)dydz

//

_ Ydyd
; EX+/ fy)dydz

, 2)dydz

P
= P(X <),

note that a similar argument works for the case where x > 0.
To obtain E[T] = o2, note that the previous proposition gives

BT =

E[-YZ]
e} 0
= /O /7 —yz9(y, z)dydz
0 yaly — 2)f(2)f(y)
I

0 oo
= xzf(x)dqu/ 22 f(x)dx
0

[ee]

Il
S
LN

Remark 7.14 It turns out that the first part of the previous result works
with any martingale M (¢) having continuous paths. It can be shown, with
a<0<band T =inf{t >0: M(t) = a or M(t) = b}, that E[M(T) = 0]
and thus we can construct another stopping time T as in the previous
proposition to get M (T") =; X. We do not, however, necessarily get E[T] =
a’.

7.5 Central Limit Theorem

We are now ready to state and prove a generalization of the central limit
theorem. Because a sequence of iid random variables is stationary and
ergodic, the central limit then follows from the following proposition.

Proposition 7.15 Suppose X1, X5 ... is a stationary and ergodic sequence
of random variables with F,, = o( Xy, ..., Xy,) and such that E[X;|F;—1] =0
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and E[X2|F;_1] = 1. With S, = >.; | X;, then we have S,/\/n —4
N(0,1) as n — oo.

Proof By the previous proposition and the strong Markov property, there
must exist stopping times T4, Th, ... where the D; = T 1 —T; are stationary
and ergodic, and where S,, = B(T},) for Brownian motion B(t¢). The ergodic
theorem says T,,,/m — 1 a.s., so that given ¢ > 0 we have

Ne=min{n:Ym >n, m(l —¢) <Tp <m(l+e€)} < oo,
and so

P(Sn/\/ﬁﬁx): P(B(Tn)/Vn < x)

P(B(T,)/v/n <z,N. <n)+ P(N: >n)
(me (1+9) /\/_<x>+P(N > n)
-
P(B(

<
u‘qf B(1+9) <x>+P(NE>n)
ol <e

1) <z)

because ¢ — 0 and n — oo and using the fact that B(t) is continuous in
the last line. Because the same argument can be applied to the sequence
—X1,—Xs, ..., we obtain the corresponding lower bound and thus the con-
clusion of the proposition. m

7.6 Exercises

1. Show that if X (¢),¢ > 0is a continuous time martingale then X (¢;), i >
0 is a discrete time martingale whenever ¢ <ty < --- < o0 are in-
creasing stopping times.

2. If B(t) is standard Brownian motion, show for any a > 0 that B(at)/
Va,t > 0is a continuous time martingale with stationary independent
increments and B(at)/\/a =4 B(¥).

3. If B(t) is standard Brownian motion, compute Cov(B(t), B(s)).

4. If B(t) is standard Brownian motion, which of the following is a con-
tinuous time martingale with stationary independent increments? (a)

VIB(1), (b) B(3t) — B(2t), or (¢) —B(2t)//2.

5. If B(t) is standard Brownian motion, show that (B(t))?—t and B3(t)—
3tB(t) are continuous time martingales.

6. If B(¢) is standard Brownian motion and T = inf{¢ > 0: B(t) < 0},
compute E[T.
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7. Is (N(t))? = AN(t) a martingale when N () is a Poisson process with
rate A7

8. Prove the strong Markov property for Brownian motion as follows: (a)
First prove for discrete stopping times 1" using the same argument as
the strong Markov property for Markov chains. (b) Extend this to
arbitrary stopping times T' < oo using the dominated convergence
theorem and the sequence of stopping times T,, = (|2"7T'] +1)/2".
(c) Apply the extension theorem to show that Brownian motion after
a stopping time is the same as Brownian motion.
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