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Preface

Fractional Calculus is a branch of Mathematics which deals with the derivatives and
integrals of arbitrary (non-integer) order. Though the subject is as old as conventional Cal-
culus, the applications are rather recent. The researchers Grunwald, Letnikov, L’Hospital,
Leibnitz, Hardy, Caputo, Mainardi, and others did pioneering work in this field. The key
feature of the models involving fractional derivative is the flexibility in the choice of
fractional order. Such models are proved appropriate in modeling the processes show-
ing an intermediate behavior. The fractional order operators are nonlocal in contrast with
the classical integer-order operator. This nonlocality plays a vital role in modeling the
memory and hereditary properties in the natural systems.

This book is devoted to the existence, uniqueness, and stability results for various
classes of problems with different conditions. All of the problems in this book deal with
fractional differential equations and some form of extension of the well-known Hilfer frac-
tional derivative which unifies the Riemann-Liouville and Caputo fractional derivatives.
We made certain that each chapter contains results that may be regarded as a generaliza-
tion or a partial continuation of the prior chapter’s results. Classical and new fixed point
theorems associated with the concept of measure of noncompactness in Banach spaces, as
well as several generalizations of Gronwall’s lemma, are employed as tools. Each chapter
ends with a section devoted to remarks and bibliographical suggestions, and all abstract
results are substantiated with illustrations.

This monograph adds to the current literature on fractional calculus by providing orig-
inal content. All of the chapters include some of the authors’ most current research work
on the topic. This book is appropriate for use in advanced graduate courses, seminars,
and research projects in numerous applied sciences.

Vii
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Introduction

Fractional calculus is a field in mathematical analysis which is a generalization of integer
differential calculus that involves real or complex order derivatives and integrals [10—14, 25,
28,43, 50-52]. There is a long history of this concept of fractional differential calculus. One
might wonder what meaning could be attributed to the derivative of a fractional order, that
is Z;?{ , where n is a fraction. Indeed, in correspondence with Leibniz, L’Hopital considered
this very possibility. L’ Hopital wrote to Leibniz in 1695 asking, “What if n be %?” The study
of the fractional calculus was born from this question. Leibniz responded to the question,
“d7x will be equal to x+/dx : x. This is an apparent paradox from which, one day, useful
consequences will be drawn.”

Over the years, many well-known mathematicians have assisted in this theory. Thus, 30
September 1695 is the precise date of birth of the “fractional calculus”! Consequently, the
fractional calculus has its roots in the work of Leibnitz, L’ Hopital (1695), Bernoulli (1697),
Euler (1730), and Lagrange (1772). Some years later, Laplace (1812), Fourier (1822), Abel
(1823), Liouville (1832), Riemann (1847), Griinwald (1867), Letnikov (1868), Nekrasov
(1888), Hadamard (1892), Heaviside (1892), Hardy (1915), Weyl (1917), Riesz (1922), P.
Levy(1923), Davis (1924), Kober (1940), Zygmund (1945), Kuttner (1953), J. L. Lions
(1959), Liverman (1964), and several more have developed the fundamental principle of
fractional calculus.

Ross held the first fractional calculus conference at the University of New Haven in June
of 1974 and edited its proceedings [118]. Thereafter, Spanier published the first monograph
devoted to “Fractional Calculus” in 1974 [107]. In recent research in theoretical physics,
mechanics, and applied mathematics; the integrals and derivatives of non-integer order;
and the fractional integrodifferential equations have seen numerous applications. Samko,
Kilbas, and Marichev’s exceptionally detailed encyclopedic-type monograph was published
in Russian in 1987 and in English in 1993 [138], (for more details, see [95]). The works
devoted substantially to fractional differential equations are the book of Miller and Ross
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[99], of Podlubny [111], by Kilbas et al. [85], by Diethelm [67], by Ortigueira [108], by
Abbas et al. [14], and by Baleanu et al. [42].

The origins of fixed point theory, as it is very well-known, go to the system of successive
approximations (or the iterative method of Picard) used to solve certain differential equa-
tions. Roughly speaking, from the process of successive approximations, Banach obtained
the fixed point theorem. The fixed point theory has been immense and independent of the
differential equations in the last few decades. But, lately, the outcomes of fixed points have
turned out to be the instruments for the differential equation’s solutions. Recently, differen-
tial fractional order equations have been shown to be an effective instrument for researching
multiple phenomena in diverse fields of science and engineering, such as electrochemistry,
electromagnetics, viscoelasticity, and economics. Itis very popular in the literature to suggest
a solution to fractional differential equations by adding various forms of fractional deriva-
tives; see, e.g., [7-9, 13, 14, 17, 19-21, 25, 28, 34, 43, 46, 58, 83, 84, 162]. In the other
hand, there are more findings concerned with the issues of boundary value for fractional
differential equations [25, 40, 48, 49, 59, 162].

In 1940, Ulam [152, 153] raised the following problem of the stability of the functional
equation (of group homomorphisms): “Under what conditions does it exist an additive
mapping near an approximately additive mapping ?”

Let G be a group and let G, be a metric group with a metric d(-, -). Given any € >
0, does there exist a § > 0 such that if a function 4 : G; — G satisfies the inequality
d(h(xy), h(x)h(y)) < §forallx, y € Gy, thenthere exists ahomomorphism H : G| — G»
with d(h(x), H(x)) < e forall x € G;?

A partial answer was given by Hyers [80] in 1941, and between 1982 and 1998 Rassias
[116, 117] established the Hyers-Ulam stability of linear and nonlinear mappings. Subse-
quently, many works have been published in order to generalize Hyers results in various
directions; see, for example, [10, 13, 51, 52, 80, 89, 96, 114, 115, 119, 141, 153].

Many physical phenomena have short-term perturbations at some points caused by exter-
nal interventions during their evolution. Adequate models for this kind of phenomenon
are impulsive differential equations. Two types of impulses are popular in the literature:
instantaneous impulses (whose duration is negligible) and non-instantaneous impulses (these
changes start impulsively and remain active on finite initially given time intervals). There
are mainly two approaches for the interpretation of the solutions of impulsive fractional
differential equations: one by keeping the lower bound of the fractional derivative at the
fixed initial time and the other by switching the lower limit of the fractional derivative at the
impulsive points. The statement of the problem depends significantly on the type of frac-
tional derivative. Fractional derivatives have some properties similar to ordinary derivatives
(such as the derivative of a constant) which lead to similar initial value problems as well as
similar impulsive conditions (instantaneous and non-instantaneous). The class of problems
for fractional differential equations with abrupt and instantaneous impulses is vastly studied,
and different topics on the existence and qualitative properties of solutions are considered,
[50, 69, 154]. In pharmacotherapy, instantaneous impulses cannot describe the dynamics of
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certain evolution processes. For example, when one considers the hemodynamic equilibrium
of a person, the introduction of the drugs in the bloodstream and the consequent absorption
by the body are a gradual and continuous process. In the literature, many types of initial
value problems and boundary value problems for different fractional differential equations
with instantaneous and non-instantaneous impulses are studied (see, for example, [1, 3-8,
15, 24, 39, 50, 78, 87, 150, 155, 157]).

The measure of noncompactness, which is one of the fundamental tools in the theory of
nonlinear analysis, was initiated by the pioneering articles of Alvarez [35] and Monch [101]
and was developed by Banas and Goebel [45] and many researchers in the literature. The
applications of the measure of noncompactness can be seen in the wide range of applied
mathematics: theory of differential equations (see [22, 109] and references therein). Recently,
in [13, 35, 38, 45], the authors applied the measure of noncompactness to some classes of
differential equations in Banach spaces.

Nonlocal conditions were initiated by Byszewski [60] when he proved the existence
and uniqueness of mild and classical solutions of nonlocal Cauchy problems. The nonlocal
condition can be more useful than the standard initial condition to describe some physical
phenomena. Fractional differential equations with nonlocal conditions have been discussed
in [18, 26, 105] and references therein.

Many articles and monographs have been written recently in which the authors investi-
gated numerous results for systems with different types of differential and integral equations
and inclusions and various conditions. One may see the papers [16, 30, 36, 47, 74, 77, 92,
120, 121, 135, 136, 140] and the references therein.

One of the primary topics of this monograph is a new generalization of the well-known
Hilfer fractional derivative, as well as a generalization of Gronwall’s lemma and the many
types of Ulam stability. In fact, this form of fractional derivative appears in the majority of the
problems covered in this book. In order to define this new derivative, we took the publications
of Diaz et al. [66] into account, where they presented the k-gamma and k-beta functions
and demonstrated a number of their properties, many of which can also be found in [63,
102-104]. In addition, we were inspired by Sousa’s numerous publications [143-149], in
which they established another sort of fractional operator known as the -Hilfer fractional
derivative with respect to a particular function and provided several essential properties
about this type of fractional operator. Our work on this monograph may be viewed as a
continuation and generalization of the preceding studies, i.e., several results in the fractional
calculus literature.

In the following, we give an outline of this monograph organization, which consists of
five chapters defining the contributed work.

Chapter 2 provides the notation and preliminary results, descriptions, theorems, and other
auxiliary results that will be needed for this study. In the first section, we give some nota-
tions and definitions of the functional spaces used in this book. In the second section, we
give the definitions of the elements from fractional calculus theory, then we present some
necessary lemmas, theorems, and properties. In the third section, we give some properties
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to the measure of noncompactness. We finish the chapter in the last section by giving all the
fixed point theorems that are used throughout the book.

Chapter 3 deals with some existence and Ulam stability results for a class of initial and
boundary value problems for differential equations with generalized Hilfer-type fractional
derivative in Banach spaces. The chapter is divided into six sections. We start with Sect. 3.1,
which provides an introduction and some motivations, then finish the chapter with Sect. 3.6,
which contains some remarks and suggestions. The main results of the chapter begin with
Sect.3.2; in it, we provide some existence results for the boundary value problem of the
following generalized Hilfer-type fractional differential equation:

(PDZ;ﬂu) (t) = f(t,u(t), (pDZ;ﬂu> (t)), 1 € (a, bl,
LT ) @ +m (P77 ) () = 9,

where ? Dz;rﬂ LT, lf ¥ are the generalized Hilfer-type fractional derivative of order o € (0, 1)
and type B € [0, 1] and generalized fractional integral of order 1 — y, (y = o + B8 — aff),
respectively,¢ € E,0 <a < b < 400, f : (a,b] x E x E — E isagiven function where
(E, | - ) is a Banach space and [, m are reals with [ + m % 0. The results are based on
the fixed point theorems of Darbo and Monch associated with the technique of measure of
noncompactness. Next, we prove that our problem is generalized Ulam-Hyers-Rassias stable.
An example is included to show the applicability of our results. In Sect. 3.3, we prove some
existence, uniqueness, and Ulam-Hyers-Rassias stability results for the following initial
value problem for implicit nonlinear fractional differential equations and k-generalized /-
Hilfer fractional derivative:

(,{ng‘f“”x) (1) = f (;, x(0), (,?Dg‘f””x) (:)) . te(abl

(05 ) @) = 0,
where ,51 D‘;f;w, akil_é)’k;w are the k-generalized -Hilfer fractional derivative of order
a € (0,1) and type B € [0, 1], and k-generalized -fractional integral of order k(1 — &),
where & = %(,B(k —o)+a),x0 € R,k > 0,and f € C([a, b] x R2?, R). The result is based
on the Banach contraction principle. In addition, two examples are given for justifying our
results. Section 3.4 deals with some existence and Ulam-Hyers-Rassias stability results for
the following initial value problem for implicit nonlinear fractional differential equations
and generalized y-Hilfer fractional derivative in Banach spaces:

g,{fpg‘f“”x) (z)) - f(t,x(t), (,?Dg‘f””x) (1)), t € (a,bl,
Jus "9 %) (@) = xo,
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where f € C([a, b] x E x E, E). The results are based on fixed point theorems of Darbo
and Monch associated with the technique of measure of noncompactness. [llustrative exam-
ples are the subject of the last part. In Sect. 3.5, we prove some existence, uniqueness, and
k-Mittag-Leffler-Ulam-Hyers stability results for the following boundary value problem for
implicit nonlinear fractional differential equations and k-generalized v -Hilfer fractional
derivative:

EDEPY ) @0 = 1 (o, (FDLYx) ), 1 @bl
1 (jjfr]is)’k;wx) a@H+ac <‘7ﬁ]7§)’k;¢x> b) = c3,

where f € C([a, b] x R2, R) and c1, ¢3, ¢3 € R such that ¢; 4+ ¢2 # 0. Finally, several
examples are given for justifying our results and addressing the different specific cases
of our problem.

The aim of Chap.4 is to prove some existence, uniqueness, and Ulam-Hyers-Rassias
stability results for a class of boundary value problem for nonlinear implicit fractional
differential equations with impulses and generalized Hilfer-type fractional derivative. We
base our arguments on some relevant fixed point theorems combined with the technique
of measure of noncompactness. Examples are included to show the applicability of our
results for each section. The first result is provided in Sect.4.2; in it, we establish existence,
uniqueness, and Ulam-Hyers-Rassias results to the boundary value problem with nonlinear
implicit generalized Hilfer-type fractional differential equation with impulses:

(pDZj»_ﬂu) (t) = f <t9 u(t)7 <pD:(-%:ﬂu) (0) S Jk, k= 0, o.,m,

f’j; u) (t*)—(pj u)(tk)—i-Lk(u(tk Vik=1,...,m,
| (’l7a+ u) @+ ("\7@ u) ) = c3,

where ? ’Daf P J are the generalized Hilfer fractional derivative of order o € (0, 1)

and type /3 e [0, 1] and generalized fractional integral of order 1 — y, (y =« + B8 — aff),
respectlvely, c1,c,czarereals withey +ca #0, Jy i= (g, rp1 k=0, ... ,m,a =1 <
H<- <ty <tpy1 =b < 00, u(tk )= hm u(ty +€)andu(t, ) = hm u(tk + €) rep-

resent the right- and left-hand limits of u(t) at t=t, f:(@@,b] xR >< ]R — Ris a given
function, and Ly : R - R; k =1, ..., m are given continuous functions. The results are
based on the Banach contraction principle and Krasnoselskii’s and Schaefer’s fixed point
theorems. In Sect.4.3, we examine the existence and the Ulam stability of the solutions
to the boundary value problem with nonlinear implicit generalized Hilfer-type fractional
differential equation with instantaneous impulses:
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(”Dfi’ﬁu> t=f (t, u(t), pDz;ﬂu> (t)); ted, k=0,---,m,

(raiu) = (77w 6 + o ik =1,
o (P ) @+ e (PTE ) ) =,

where P D f , P J Y are the generalized Hilfer fractional derivative of order « € (0, 1) and

type B € [ 0 1] and generalized Hilfer fractional integral of order 1 — y, (y =« + 8 — af)),
respectively, ¢y, co are reals with ¢y +c2 #0, Jr := (&, tkr11: 6 =0,...,m, a =1y <
< <ty <tpy1 =b < 00, u(t ) = hm u(ty +e)andu(t, ) = hm u(ty + €) rep-

resent the right- and left-hand limits of u(t) att =t,c3€E, f:(a, b] X E x E— Eis
a given function, and @wy : E — E; k =1, ..., m are given continuous functions, where
(E, | - ID is a Banach space. The results are based on fixed point theorems of Darbo and
Monch associated with the technique of measure of noncompactness. Examples are included
to show the applicability of our results for each case.

Chapter 5 deals with some existence, uniqueness, and Ulam stability results for a class of
initial and boundary value problems for nonlinear implicit fractional differential equations
with non-instantaneous impulses and generalized Hilfer-type fractional derivative. The tools
employed are some suitable fixed point theorems combined with the technique of measure
of noncompactness. We provide illustrations to demonstrate the applicability of our results
for each section. After the introduction section, in Sect.5.2, we present some existence
results to the initial value problem with nonlinear implicit generalized Hilfer-type fractional
differential equation with non-instantaneous impulses:

<”Dajrﬂu) ) =f (r, u(t), (/’D"‘;ﬂu> (z)) ctel, k=0,...,m,
Sk Sk

u@) =gt u@®); rely, k=1,....m
("7.774) @) = g0,

where pD?jrﬁ , "’jalf ¥ are the generalized Hilfer fractional derivative of order o € (0, 1)
“k

and type B € [0, 1] and generalized fractional integral of order 1 —y, (y =a + 8 —

af),respectively,dg € R, I := (sg, k1 5 k=0, ... m, Iy := (tg, sk, k=1, m,a =

=S50 <t <S1<Bh<§2< <S8yl <ty <SSy <lpmy1 =b < 00, u(t )— lim
e—07T

u(ty +¢€) and u(f, ) = lim u(# + €) represent the right- and left-hand limits of u(¢) at
e—>0~
t=ty, f:(a,b] xRxR—>Risagivenfunction,andgk:fk xXR—-R;k=1,...,m,
are given continuous functions such that { ? ‘75 ]fy gr ) (t, u(t)) |,=sk = ¢ € R. The results
k

are based on the Banach contraction principle and Schaefer’s fixed point theorem. In
Sect.5.2.2, we give a generalization of the previous result to nonlocal impulsive fractional
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differential equations. More precisely, we present some existence results for the following
nonlocal problem:

<”Dajrﬂu) ) =f (t, u(t), (”Dajrﬂu) (z)) ctel, k=0,...,m,
Sk Sk
u®) =gt u(@®); rely, k=1,...,m,

]7
(P77 ) @) + ) = o,
where £ is a continuous function. In Sect.5.3, we establish some existence results to the

initial value problem of nonlinear implicit generalized Hilfer-type fractional differential
equation with non-instantaneous impulses:

(PD"fu) ) =f (r, u(t), (PD"fu) (:)) ctely, k=0,...,m,
Sk Sk
u) =gt u®); tely, k=1,...,m,

(77,77 u) @) = g0,

where ? Df;ﬁ , P jalf ¥ are the generalized Hilfer-type fractional derivative of order & € (0, 1)

k
and type B8 € [0, 1] and generalized fractional integral of order 1 — y, (y = o + B8 — aff),
respectively, p > 0, ¢o € E , Iy := (Sk, ts+1); k=0, ..., m, fk =, skl k=1,...,m,
a=5) <t <S1<thh <$ < ZSp_1 <l <Sym <tps1 =b < 00, u(t,j'): lim+
e—0

u(ty +¢€) and u(f, ) = lim u(# + €) represent the right- and left-hand limits of u(¢) at
e—>0~
t=tx, f I x EXE — Eisagivenfunction,andgk:fk xE—E;k=1,..., mare
given continuous functions such that <”‘7sl+_ygk (t,u(®)) ],zsk = ¢y € E,where (E, || - )
k

is a real Banach space. The results are based on fixed point theorems of Darbo and Monch
associated with the technique of measure of noncompactness. Examples are included to show
the applicability of our results. Section 5.4 presents some existence and stability results to
the boundary value problem with nonlinear implicit generalized Hilfer-type fractional dif-
ferential equation with non-instantaneous impulses:

(“Df_fx> n=rf <t,x(t), ("‘Djﬁfx) (t)> cteld, i=0,...,m,
x() =Y, x@); tedi, i=1,...,m,

o1 (“T77x) @) + 2 (T, %) ) = ¢,

where “Dj;rﬁ 2T, ™7 are the generalized Hilfer fractional derivative of order & € (0, 1)

and type ,é € [0, 1] and generalized fractional integral of order 1 — y, (y =a + S —
af), respectively, @1, @2, 3 € R 91 #0, J; := (t;, i1 ;i =0,...,m, J; := (4, 8], i =
L...om, a=tH)=17<H<T<HhH<T< - ZTy| <ty <Typ <tps1 =b < 00,
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x(tl-+) = lim x(# +€)andx(f; ) = lim x(# + €) represent the right- and left-hand limits
>0+ 0" 3

of x(t) att =1, f:(a,b] x R x R — Ris a given function, and ¢; : J; X R - R; i =

1,...,m are given continuous functions such that ("‘jrl_erl/f,- (t, x(@)) |,:,[. =c; €R.

The results are based on the Banach contraction principle and Krasnoselskii’s fixed point
theorem. Further, for the justification of our results, we provide two examples.
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Preliminary Background

In this chapter, we discuss the necessary mathematical tools, notations, and concepts we need
in the succeeding chapters. We look at some essential properties of fractional differential
operators. We also review some of the basic properties of measures of noncompactness
and fixed point theorems which are crucial in our results regarding fractional differential
equations.

2.1 Notations and Functional Spaces

In this section, we will provide all the notations and definitions of the functional spaces that
are considered as fundamental and fixed throughout all the preceding chapters. Indeed, these
are mentioned only one time in this section.

Let0 <a < b, J = (a, b] where J= [a, b]. Consider the following parameters «, 8, ¥
satisfyingy =a+ B —afand 0 <, B,y < 1. Let & = %(ﬂ(k —a) + o) where k > 0.
Let p > 0.

Let ¢ be an increasing and positive function on J such that ¢ is continuous on J.

2.1.1 Space of Continuous Functions

By C (J,R) we denote the Banach space of all continuous functions from J into R with the
norm
llulloo = sup{lu(®)| : t € J}.

Let (E, || - ||) be a Banach space. By C(J, E) we denote the Banach space of all contin-
uous functions from J into E with the norm
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lullg = sup{llu(®)|l : t € J}.

AC"(J,R), C"(J, R) are the spaces of n-times absolutely continuous and n-times contin-
uously differentiable functions on J, respectively.

2.1.2 Spaces of Integrable Functions

Consider the space XF(a,b), (ceR, 1< p < 0o) of those complex-valued Lebesgue
measurable functions f on J for which | f|| x? < 00, where the norm is defined by

b dt »
||f||xg=</ |ch(;)|”7> , (I<p<oo,ceR).

Inparticular, whenc = % the space X P (a, b) coincides withthe L? (a, b) space: X Ii (a,b) =

P
LP(a,b).
By L!(J), we denote the space of Bochner-integrable functions f : J — E with the
norm

b
Tl =/ 1) ldr.

Consider the space X{; (a,b), (1 < p <o0) of those real-valued Lebesgue measurable
functions g on J for which lell X < 0o, where the norm is defined by

1

b v
IIgllxi = (f w’(t)lg(t)lpdt> ,

where 1 is an increasing and positive function on [a, b] such that v’ is continuous on J. In
particular, when ¥ (x) = x, the space X 5 (a, b) coincides with the L ,(a, b) space.
2.1.3 Spaces of Continuous Functions with Weight

We consider the weighted spaces of continuous functions

tP —aP

I-y
Cy,p(J):{u:J—>E:< ) u(t)ec(j,E)},

and

e, =luec™ uec, (). nen,
0
O () = Cyp(I),
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with the norms

lulic,, = sup
teJ

’

and

P — gP\ Y
( ) u(t)
0
n—1

lullen, =D 1u® oo + 14, ,-
k=0
We define the spaces
cefy ={uec,, . "pifuec, .

and
Cl,(H)={ueC,()), PDliueC, ()},

where Dz;ﬁ and ” DZ+ are fractional derivatives defined in the following sections.
Consider the weighted Banach space

Cop)={u:J >Rt — @) —y@) 7 u@) e CUJ, R},

with the norm

lullc,., = sup [(¥ (1) = ¥r(@)' 7 u()

teJ

and
cry=luec™ W u ecyy ) nen,
Choy () = Cpiy (U,

with the norm

n—1

lullen, = > 1 Plloo + 11 lic, -
i=0

The weighted space C ;f'j, (J) is defined by
ol ={ue ), 1DV ue €y ()

where 7 Dz;ﬂ ¥ is a fractional derivative defined in the following sections.

Consider the weighted Banach space

Cep(N={x:J > Eit > @) —y@) *xt) e CU, E)},



12 2 Preliminary Background

with the norm

’

”-x”Cg;]/, = SUP H(w(t) - '()[/(a))l_S .X(l)

teJ

and
cr, () = {x e ") x™ € Cg;,/,(J)} neN,
CLy()) = Cery (),

with the norm

n—1

lelley, = D0 1 @lloe + 15 licy, -
i=0
The weighted space Cg,f lp(J ) is defined by
b =[x e oy, FDIx e Ceyn],

where ,fl szgw is defined in the sequel.

2.2  Special Functions of the Fractional Calculus

2.2.1 Gamma Function

Undoubtedly, one of the basic functions of the fractional calculus is Euler’s gamma func-
tion I'(z), which generalizes the factorial n! and allows n to take also non-integer and even
complex values. Leonhard Euler was a Swiss mathematician, physicist, astronomer, geog-
rapher, logician, and engineer who pioneered and inspired discoveries in a wide range of
mathematical fields, including analytic number theory, complex analysis, and infinitesimal
calculus. He pioneered much of today’s mathematical terminology and notation, including
the notion of a mathematical function. In addition, he is well-known for his contributions to
mechanics, fluid dynamics, optics, astronomy, and music theory.

Daniel Bernoulli then developed the gamma function for complex numbers with a positive
real part. Daniel Bernoulli was a Swiss mathematician and physicist who was a member of
the famous Bernoulli family from Basel. He is most known for his mathematical applications
to mechanics, notably fluid mechanics, as well as his groundbreaking work in probability
and statistics.

Definition 2.1 ([111]) The gamma function is defined via a convergent improper integral:

+00
I'(z) = / e 4,
0

where z > 0.



2.2 Special Functions of the Fractional Calculus 13

One of the basic properties of the gamma function is that it satisfies the following functional
equation:
Fiz+1) =zI(),

so, for positive integer values n, the gamma function becomes I'(n) = (n — 1)! and thus
can be seen as an extension of the factorial function to real values. A useful particular value
of the function: I" (%) = /7 is used throughout many examples in this monograph.

2.2.2 k-Gamma and k-Beta Functions

In 2005, Diaz and Petruel [66] have defined new functions called k-gamma and k-beta
functions given by

o0 tk
T (a) =/ e Fdt,a > 0,k >0
0

and
1! o B4
Bi(a, B) = — tk= (1 — )k 'dt.
k Jo

It is noteworthy that if k — 1 then 'y («) — I'(«) and By (a, 8) — B(«a, B). We have also
the following useful relations:

o

Ti() = kE-IT (k> , Te(a+ k) = alp(@), Te(k) =T(1) =1,

a p

a B Tk (@) Tk (B)
k' k

1
B"(“’ﬂ)Z?B< Ti@+p)

> . Bi(a, B) =

2.2.3 Mittag-Leffler Function

The exponential function e* plays a very important role in the theory of integer-order dif-
ferential equations.

Definition 2.2 ([111]) The one-parameter generalization of the exponential function is now
denoted by

o)=Y — 0.
a(?) sz(:)F(ak+1) *=

Definition 2.3 ([111]) A two-parameter function of the Mittag-Leffler type is defined by
the series expansion

k

> Z
Ea,ﬂ(z)zgm, a>0 B=>0.
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It follows from the definition that

112 = Zr(k+1) Z%_

k=

Definition 2.4 ([102]) The Mittag-Leffler function can also be refined into the k-Mittag-
Leffler function defined as follows:

i

o, B _ - K4
E; (Z)_g—Fk(ai+ﬂ)’a’ﬁ>O'

In this monograph, we will employ the following notation:

o i

YD) =B =) ——— a>0.
“(z2) = EP (2) ;Fk(ai+k)a>

2.3  Elements from Fractional Calculus Theory

In this section, we recall some definitions of fractional integral and fractional differential
operators that include all we use throughout this monograph. We conclude it with some
necessary lemmas, theorems, and properties.

2.3.1 Fractional Integrals

Definition 2.5 (Generalized fractional integral [85]) Leta € R and g € L'(J). The gen-
eralized fractional integral of order « is defined by

t o _ oo\ a1
(pjaa+g) ®) :/a sP1 <t ps ) I‘ggl))ds, t>a,p>0.

Definition 2.6 (v -Riemann-Liouville fractional integral [85]) Let (a, b) (o0 <a < b <
00) be a finite or infinite interval of thereal line R, > 0,c € R,and h € X f (a, b). Also, let
¥ (t) be an increasing and positive monotone function on J, having a continuous derivative
¥’ (¢) on (a, b). The left- and right-sided fractional integrals of a function % of order « with
respect to another function ¢ on J are defined by

h(7)

dt,
[(a)

() = [ v wo - v

and
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h(r) )
() = [ v wm - por 5
Definition 2.7 (k-Generalized -fractional integral [113]) Let g € Xi (a,b), ¥(t) >0
be an increasing function on J and ¥’(z) > 0 be continuous on (a, b) and o > 0. The
generalized k-fractional integral operators of a function g (left-sided and right-sided) of
order « are defined by

iy W (5)g(s)ds

Jar 780 = krk(a)/ W () — p(s)' T
ok V(g (s)ds

Ty 80 =1, (a)/ W(s) —y@)'~F

with & > 0. Also, in [103], Ndpoles Valdés gave more generalized fractional integral oper-
ators defined by
/
d
j(ﬂ;lkllf (t)_ f W(S)g(s) sa ,
ka(a) G () =), 7)
/
d
jak Vo) = / V'(s)g(s)ds _
kT% (Ot) G (s) =y, 7)

where G(-, x) € AC(J).

2.3.2 Fractional Derivatives

Definition 2.8 (Generalized fractional derivative [85]) Let « € Ry \ N and p > 0. The
generalized fractional derivative D7, of order « is defined by

(PD% g) (1) = 82(° T 9)(t)
nopet p_ p\n—a—l
= (tl—pi) / SP—I (I—S> &ds’ > a, p > 0’
dt a 1Y I'nh—a)

d n
where n = [a] + 1 and &7, = <t1_9E> )

Definition 2.9 (Generalized Hilfer-type fractional derivative [106]) Let order o and type 8
satisfyn — 1 <o <nand 0 < B <1, with n € N. The generalized Hilfer-type fractional
derivative to ¢, with p > 0 of a function g, is defined by

n—o d n—o
( . g) ) = (pjm )(tp 1dt> p g -0 )(t)

— 1— —
— (pjﬁ(n "‘)5; pja(+ B)(n a>g) .
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Definition 2.10 (vr-Riemann-Liouville fractional derivative [85]) Let ¥/(t) # 0 (—o0 <
a<t<b<oo),a>0,andn € N. The Riemann-Liouville derivatives of a function 4 of
order o with respect to another function ¥ on J are defined by

(Dsn) ) = 8"

! a1 h(®)
__sn ’ _ n—a—1
=3 / VO 0~y @) e dr
and
(Dyn) 0 = 18" T o)
nen / n—o—1 h(‘L’)
— (1) / V@ W - yor— Dy,

t (n—a)

1 d\"
where n = [@] + 1 and §" = — ) .
Y'(¢) dt

Definition 2.11 (y-Hilfer fractional derivative [148]) Let order o and type B satisfy
n—l<a<nand 0<pg <1, withneN,leth,y e C"(j,R) be two functions such
that v is increasing and v'(r) # 0. The v-Hilfer fractional derivatives to 7 of a function A
are defined by

Hoa. B o By (1 d (1=B)(n—a); ¥
(o = (o () 7o

Do po—ery (1 AN a-po—ary
o (g e

In this monograph, we consider the case n = 1 only, because 0 < o < 1.

and

We are now able to define the k-generalized /-Hilfer derivative as follows.

Definition 2.12 (k-Generalized -Hilfer derivative) Let n—1< % <n with

neN,—oco<a<b<ooandg, € C”(], R) be two functions such that ¥ is increasing
and ¥'(r) #0, for all re€ J. The k-generalized -Hilfer fractional derivatives
(left-sided and right-sided) H Da e W( ) and ,{'I Dgfj;w (+) of a function g of order « and type
0<pB <1,withk > 0, are deﬁned by

. 1 d\" B ko) k-
Hyo Bl _ | 7Bkn—a) k;y a n 7 (1=B)(kn—a).k;yr
K Dat g () = (J (w, o dt) (k at g)) ()

<jﬂ(kn ).k on (k"j(l B (kn—a).k; )) 1),

and
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it o oty (L AN A-pkn—a) kv
! g(t)—(Jb_ ( e dt) (k7" g)) %

— <jbﬂ_(kn_a)’k;w(_1)n6$ (knjb(i_ﬁ)(k"_a)vk”/fg>> (t) ,

l d n
where 8; = (W%) .

Property 2.13 It is worth noting that the k-generalized -Hilfer fractional derivative is
thought to be an expansion to many fractional operators defined over the years; indeed, in the
following part, we will give a list of some of the most commonly used fractional derivatives
that are considered to be a particular case of our operator. The fractional derivative ,fl ’Dgf; v
interpolates the following fractional derivatives:

The -Hilfer fractional derivative (k = 1);

The 1r-Riemann-Liouville fractional derivative (k = 1, 8 = 0);

The r-Caputo fractional derivative (k = 1, 8 = 1);

The Hilfer fractional derivative (k = 1, ¥ (t) = t);

The Riemann-Liouville fractional derivative (k = 1, ¢ (t) = ¢, 8 = 0);
The Caputo fractional derivative (k = 1, ¢ (¢) =¢, 8 = 1);

The Hilfer-Hadamard fractional derivative (k = 1, ¥ (t) = In(¢));

The Caputo-Hadamard fractional derivative (k = 1, ¥ (¢) = In(z), B = 1);
The Hadamard fractional derivative (k = 1, ¥ (¢) = In(z), 8 = 0);

The Hilfer-generalized fractional derivative (k = 1, ¥ (¢) = t°);

The Caputo-generalized fractional derivative (k = 1, ¥ (1) =, 8 = 1);
The generalized fractional derivative (k = 1, ¥ (¢t) = t”, 8 = 0);

The Weyl fractional derivative (k = 1, ¥ (r) = t°, 8 = 0,a = —00).

2.3.3 Necessary Lemmas, Theorems, and Properties

Theorem 2.14 ([85]) Let >0,8>0,0<p<00,0<a<b<oo. Then for
g € L'(J) we have

(rge 0 gls) 0 = ("7 8) .

Lemma 2.15 ([145]) Let « > 0, 0 <y < 1. Then, jaaﬁ/ is bounded from C,,y (J) into
Cy.y(J). In addition, if y < a, then jaoﬁw is bounded from C,,.y (J) into CJ,R).

Theorem 2.16 ([103]) Let g : J — R be an integrable function, and take o > 0 and k > 0.
Then jg:ﬁibg exists forall t € J.
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Theorem 2.17 ([103]) Let g € Xf,j(a, b) and take o > 0 and k > 0. Then Jg ’; f ge

CJ,R).

Lemma 2.18 Leta > 0, 8 > 0,andk > 0. Then, we have the following semigroup property

given by
ks k; k; k; k;
TEEY TPV p @y = FEPRY p @y = g8V 7455V o,

and

TV gV p 1y = 7EPRY £y = gPEY 795V o).

Proof By Lemma 1 in [148] and the property of k-gamma function, for ¢ > 0, 8 > 0, and
k > 0, we get

akiy ghikiv reré) iy,
Tat f@) = —ksz( T (,6)‘7 f(l)
F(;)F(—) By
= J T (@)
K2AEIT (@ E- 1T (2) Jar
1 a+ﬁ
= o 0

Jk;
PR £ o),

where 7" jr’/' is ¥-Riemann-Liouville fractional integral. We also have

. r(r)
ja-;-kw ﬂkwf() mif vy, f(f)
rEr&) jk W ‘é:wf(t)

T KTk (B) et
T .

Lemma 2.19 ([33]) Let t > a. Then, fora > 0and 8 > 0p > 0, we have
5P — aP\ P! r'p) 1P — P \* P!
P Tar ( ) 0=— ( )
P F(a+B) p
p_ gr\¥!
[PDZ+<S “) ](t):0,0<a<1.
0
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Lemma 2.20 ([85, 148]) Let t > a. Then, fora > 0 and > 0, we have

oy _ B—1 _ r(ﬂ) _ a+p—1
(75 @@ —v@ 0 = £ o - @

Lemma 2.21 Let o, f > 0 and k > 0. Then, we have

akx// B I'r(B) _ atf g
(V@) — ¥(a)]F REVITET) _Hg)(llf(t) Y(a)) *
and B
o,k _ By _ k _ atf
T ) =y @] = —Fk(aJrﬂ)(l/f(b) y(n) * .
Proof By Definition 2.7 and using the change of variable u = %, where t > a,
we get
TeE 0 — @t
= i@ )/ W@ =P Y () (W(s) — W(a))"
P WO-y@F [ e —y@]E 8y
“ )T M@ [1 B wm—w(a)] V@t s
WO —y @) iy
T Mm@ / (1=t

Using the definition of k-beta function and the relation with gamma function, we have

Ik (B)

Fk(a+ﬁ)(wm Y(a) * .

T ) — @t =

Property 2.22 ([106]) The operator © sz can be written as

— 1— 1—
psz _ pja/fi(l oz)(sp pj(ﬁy pjﬁ( —a) pDZ+’ y=a+ B —ap.

Lemma 2.23 ([85,106]) Leta > 0, and0 <y < 1. Then, * J?, is bounded from Cy, ,(J)
into Cy ,(J). Since ”Dj;ﬂu = P%’i(]*“) /’DZ+u, it follows that

(Nl (J)ycCiy,).

lyp lyp

Lemma 2.24 ([106]) Let 0 <a <b < o0, a>0,0<y <1, and u € Cy, ,(J). If & >
1 —y, then p[] u is continuous on J and
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(" Tgeu) (@) = lim (" Tku) (1) = 0.

[—)a

Lemma 2.25 ([148])Let0 <a <b <00,a>0,0<y <L ueCpy()).Ifa >1—y,
then 7% u € C(J,R) and

() @ = i, (770 =0

Theorem 2.26 Let0 <a <b <oo,a>0,0<& <1, k>0, andung;I/,(J).If% >
1 — &, then
ok, . o,k .
(~7 )(a) hr;l+ (ja+ u) (1) = 0.

Proof u € C¢.y(J) means that (Y (1) — Iﬁ(a))l_s u(t) € C(J, R), then there exists a pos-
itive constant R such that

| (W () — (@) u)| < R,

thus,
lu()| < Rl (Y (1) — (@)~ 2.1)

Now, we apply the operator jaajrk”/’(o) on both sides of Equation (2.1) and using Lemma
2.21, so that we have

af t t a))’
(757 u) o] < R|ZHY o = vt
_ RDWG)

k(e + &)

W (1) — Y(a)t e,
Then, we have the right-hand side — 0 as # — a, and

Tim (755 ) 0 = (75 0) (@ = 0.

Lemma 2.27 ([106]) Leta > 0,0 <y < 1, and g € Cy ,(J). Then,

(pDZC, p ) ) =g(t), forall telJ.

Lemma 2.28 ([148]) Leta > 0,0< B <1,andh € C;W(J). Then,

(HDZ‘;ﬂ”” g d’h) () = h(r), forall tel.
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Lemma 2.29 leta >0,0<B<1,andu € Cglzl/j(J), where k > 0O, then fort € J, we

have
; k;
(HDLY T ) ) = u .

Proof We have from Definition 2.12, Lemma 2.18, and & = %(,3 (k — a) + ) that

(fp;xf;w jak W )(t) _ <jﬂ(k ). k; w51 (kj(lfﬁ)(k*a),k;wja,k;'//u)) )
- <jks —akiv g (kja B)(k—a)+a ki )) o
Z(jkg k¥ g1 (kjk k’;‘—&-aklﬁ))(t)’

then, we obtain

Y'(s) 51 Uf Vv (Du(r)dt ]

t
m = | ds
(D g ) o = / W =ve)' Y e ) —w@)Ft
kTt KTy (k§ — )Ty k(1 — &) +a)
(2.2)
On other hand, by integrating by parts, we have
N /! d «
/ wi)(r)szf»?_z BT [”(“) W)~y @y
a - k
N /S u'(t)dr i|
a W)=yl
then, by applying 8&/, we get
8,‘/, /s ) (r)u(r)d;g — u(a) (W (s) — Yri@) 5 HE _i_fx u'(t)dr —
a (Y(s) —Y(r))° ¢k a (Y(s) —y(r) *
(2.3)

Now, replacing (2.3) into Equation (2.2), and by Dirichlet’s formula and the properties of
k-gamma function, we get

(FDel g ) o

1 [/’ u(@y'(s) (Y (s) — ¥ (@) Fi ds

" KT (kE — )Ttk (1 =€) + ) W) — ) E T

+ / i @de / t y'(s)de }
u a X .
a s (WO — YN (Y(s) —p()F Tk
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v(s) -y .

Making the following change of variables 4 = —————— in the integral from a to f and
V(1) — ¥(a)

similarly changing the variable in the integral from s to ¢, then we have
(1o g ) o
t . )
/ w(@) ' () (W(s) — ¥ (@) 5Tk (W) — wis)i t lds
a
kT (k& — a) Ty (k(1 — &) + )

t t
/ W (1)dt / W) W0 —wsE T W) — w) EHE dr
KL — )T (el — ) + )

+

t
(u(a)+/ u’(t)dt) L !
: [ /M_“%(l—u)g_z”du]
0

T TkE —a)Ti(k(1—€) +a) Lk

t
(u(a)+/ u'(t)dt) | ! ) i}
_ a [_/ =€ -1 (1—u)§‘k‘1du],
0

- Tk(k§ — )T (k(1 = §) +a) Lk

then by the definition of k-beta function, we obtain

Hy BV 7ok _ Tek§ — )i (k(1 = &) + )] /f , )
(P T ) 0 = R =6t e (”wH , o

t
= u(a) +/ u' (t)dt

= u(t).
O

Lemma 2.30 ([142, 148]) Let t >a, « > 0,0 <8 <1.Then forO <y <l;yv =a +
B — aB, we have

[P o —p@y o =o.

and

["DeP @ - @) o =o.

Lemma 231 Let t >a, a >0,0<B<1,k>0. Then for 0<E<1;E=%(ﬂ(k—
o) + ), we have

(4D W) = w0 =o.
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Proof From Definitions 2.7 and 2.12, we have

t / E—1
(1=B) (k=) k; ¥ _ E-1 _ Yi(s) (Y(s) —y(a)”ds
kT ay W) —y(@) = G ). GO TN

1
where X = E(l — pB)(k —a). Now, we make the change of the variable by
Y(s) — ¥(a)

U = —————— to obtain

Y@ —y(a)

kv (t) — (@)1
Ty (kX)

1 1
x [%f a1 —M)X_llﬁ_ldu],
0

then, by the following definition of k-beta function

kTP @0 — vt =

1
B p) = [ - bt = RN,
we have
kja(lfﬂ)(kfol),k;‘// (w(t) _ w(a))g—l — M _ kl—'k(kE)’

Fe(k(X +8))

KOe®S)  _ ipeke)

kTP 0 - ) = T =

then, we have
) (KTLPERY (1) — i) =0
O

Lemma 2.32 ([106]) LetO0 <a <1,0<y <1.Ifge Cy ,(J) andpja]fag € C)l,’p(J),
then

(”jalfag) (a) (;p _af

a—1
, forall telJ.
[(a) P )

(PT% PDLg) (1) = g (1) —
Lemma 2.33 ([106]) Let 0 <a < 1,0<B<land y=a+B—af. Ifue C;,/’p(.]),

then
14 14 o o, B
pjﬁ pDa+u ="T% "’Da+ u,
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and
PDY P g% = PP,

Lemma 2.34 ([142,148]) Lt > 0,0 < B < 1, and h € C},(J). Then,

(7,77h) @

o) W) — v @)’ ", forallt e J.

(7557 #D2Fn) (0 = o) -

a

Theorem 2.35 If f € Cg‘;w[a,b],n —l<a<n 0<B <1, where n € N and k > 0,
then

n

( e B i f) ) = ; kt_'—(nl/lf"it()k(_g w_(?)f 1)") [ 5 ( gRo—Ekw f(a))]

+ f(©),

where

1
5=;(ﬂ(kn—a)+a)-

In particular, if n = 1, we have

| | B @E s

Proof From Definition 2.12 and Lemma 2.18, we have
(jaaik;w ,fD,‘ffgwf) (t) = (j:;,k;w jaﬁlkn—a),k;w(% (knja(i—ﬁ)(kn—a),k:'//f)) (t)
_ ( aﬂ_ﬁkn—a)-ka,k;wgi (knj;i—ﬁ)(kn—a),kzwf)) )
| () i% (knj;i—ﬁxkn—a),k;x//f(s))}
" kTi(kE) f W @) —Y)'s
Integrating by parts, we obtain
QKU H o i _—W@® - V@) (ot (o (1=B) (kn—a), kv
(T foe ) 0 = = o (e gl @)
/r € — D' (s) {5371 (k"j;jr‘ﬂ)("”‘“)”‘””f(s))}
+
o KTy (kE) (Y (1) — Y (5))* 75

Using the property of the functions gamma and k-gamma, we get

ds.

ds.
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(j;‘f  Hp ‘/’f) == (w(t]zg;(xga))sl [5;‘1 (kn\zl(_l’_—ﬁ)(kn—a),k;llff(a))}

/-t w/(s) {8://!7] (knja(i_ﬁ)(kn_a)’k;wf(s))}
a  KTE=DWO) -y
So, by integrating by parts n times, we obtain

(jaa+k 32 HDd B wf) )

W (0) — Y(@)s~ 0 (=) kn—0) Ky
_l; KTE—i+1) {,,, (’“7 f(a))}

! t V') (1) (kn—a) ks
d
TEITE = e 0~y ey (4 £0))ds

_ N WO —y@) n (=) (kn—a) ks
__,.Zklrk(k(s—z+1>)[ (ki f@)]

' (s) (=) kn—a) k;
+ kl_‘k(k(é -m) Ja (W) — 1//(S))"+l £ (‘7 f(S)) ds

W@ -y (a))sfi (=) (kn—a) k: ¥
Zkl e -y o (T r@))

k k; 1 kn—a),k;
+j(‘§ n), ‘//t7a(+ B)(kn—a) Wf(t),

then by using Lemma 2.18, we get

kit sy O AN CA B A)
(*ZHr D f) (1) :igl ki_"Fk(k(g —i+1)

+ f(@).

Property 2.36 ([148]) The operator # D‘;ﬁf ' can be written as

HpefY = gV DYV gy g ap.

Lemma 2.37 ([85, 148]) Leta > 0,8 > 0,0 <a < b < oo. Then, for h € X! (a, b) the
semigroup property is valid, i.e.,

(755 T8y 0 = (755777 n) @,



26 2 Preliminary Background

Lemma 2.38 ([106]) Let f be a function such that f € Cy, ,(J). Then u € C}}f,p(J) isa
solution of the differential equation:

(”Dz;ﬂu>(t)=f(t),f0reach, teJ,0<a<1,0<B8<1,p>0

if and only if u satisfies the following Volterra integral equation:

(pjalJr_yu> (a+) P g y—1 1 t P — gP a—1 o
“0=""7,) ( P ) +F(a>£( P > A

where y = o +  — af.

Lemma 2.39 Leto, f > 0 and k > 0. Then, we have

TEE (o —y@t) =B (0o - p@f) - 1.

Proof We have

T e (W - w<a))%)

Y OB (W) — v@nt)ds
ka(oO / WO =)'k

/ W' (s) Z W (s) — Yr@) T s
kl“k(d) (W (t) —Y(s)'"F = Tilai+k)

With a change of variables u = ¥ (s) — ¥ (a), we get
T Ve (W) - y@i)

- 1 V(=Y (a) wt

= ; cdu
kT (@) ; Crlei + k) Jo W) —Y(a) — )%
- _ -1 pyO-v@ 1
_ Z W) 1.ﬂ(a))k / ot (1 _ Iz ) dp.
k@) = Til@i+k)  Jo v — ¥ (@
Making the change of variables ¢ = m and using the definition of k-beta func-
—Y(a

tion, we have
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T VEE (00 — v @)

L &KW@ =@t ety o
"M@ @it fysta-ottas

0]

_ ! ZWt)—wa))%““)mai+k)rk<a)
T i) (i + )Tk (i + 1) + k)

oo

_y - ARG LA
Tk (@@ + 1) + k)

i=0

i=0
@O @ ® ey
_jz:; Ti (aj +k) 1—]Ek((l/f(t) w(a))k) 1.

2.4 Gronwall’s Lemma

The Gronwall’s inequality is fundamental in the study of qualitative theory of integral and
differential equations, as well as in the solution of Cauchy-type problems of nonlinear
differential equations.

Lemma 2.40 (Gronwall’s lemma [32]) Let u and w be two integrable functions and v be
a continuous function, with domain J. Assume that

e u and w are nonnegative;
e v is nonnegative and nondecreasing.

If

tP —sP

t a—1
u(t) < w(t)+v(t)/ sp—l( ) u(s)ds, t €7,

then

o WO @),y (17 =P\ ’
u(t) < w(r) +[ sP ( ) w(s)ds, t € J.
a ; [(ra) P

In addition, if w is nondecreasing, then

tP —aP\?
u(t) < wi)E, |:v(t)l"(ot)( p ) ] ,tel.

In2019, Sousa et al. managed to give a Gronwall’s inequality using the 1-Hilfer fractional
integral.
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Lemma 2.41 ([145]) Let u, v be two integrable functions and g continuous, with domain
[a, b]. Let ¥ € Cla, b] be an increasing function such that ¥'(t) # 0, for all t € [a, b].
Assume that

e u and v are nonnegative;
e g in nonnegative and nondecreasing.

If
t
u(t) <v() + g(t)/ Y (@@ () — Y (@) ur)dr,

then

r T k
u(t) < v + f Z%w’(r)w(r)—I/f(r)]"‘"*‘v(r)dr,
4 k=1

forallt € [a, b].

Now, we give generalized Gronwall’s inequality taking into account the properties of the
functions k-gamma, k-beta, and k-Mittag-Leffler.

Theorem 2.42 Let u, v be two integrable functions and g continuous, with domain J . Let
W € CY(J) be an increasing function such that ' (t) # 0, t € J, and o > 0 with k > 0.
Assume that

1. u and v are nonnegative;
2. w is nonnegative and nondecreasing.

If
U)(t) ! / 2 _q
u(t) < v(t)-i-T/ V) [ (@) — ()1 u(s)ds,

then

e [w () Tk (@], g
_— — ds, 2.4
u(t) < v+ f i§=1j i@V OWO—vEIE o) ds 2.4)

forallt € J. And if v is a nondecreasing function on J, then we have

w® = vOES (w O Te@ @ ) = v @)F).

Proof Let
!
Tou() (1) = wT([)/ v @Y — (@1 v () dr, (2.5)
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for all t € J, for locally integral function v, we have
u(@)<v@)+Yu().

Iterating, for n € N, we can write

n—1

w(@®) <> Y@+ Y"u@).

i=0
Then, by mathematical induction, and if v is a nonnegative function, then

t n
T () < ““;?MW OO - pOE  u@dn. (26
a k (I’lOt)

We know that relation Eq. (2.6) is true for n = 1. Suppose that the formula is true for some
n =i € N, then the induction hypothesis implies

T+ () = (Tfu (t))

t i ‘
<7 (/ [wlitl_)‘ﬂw/ () [Y() — w(.[)]%—l v (1) d‘L’)
a k (ia)

_ w (1) /t w/ (1) ( T [w (7) Tk (Ol)]i w/(s)v(s)ds>dr
K Ja o =y @1F Vo ko ty (o) -y o))

Since w is a nondecreasing function, that is w (t) < w (¢), for all T < ¢, then we obtain

Ty (@)

i+1
"0 = o W O

Ti+l
t T .
xf / ¥ (@) [P () — @1 Y () [W () — ()T u(s)dsdr.
2.7

From Eq. (2.7) and by Dirichlet’s formula, we can have

Tk (@)

i+1
w O =t O

Ti+1

t t .
x/ Wr)u(r)/ W WO -y ) — v dsdr.
2.8)
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On other hand, we have

t .
/ VWO =¥ @O Y s -y @17 ds

t -1
[ e[, Y@ -y @] e
= /T V)@ — ¥ (]F [1 - (T)} [V (s) — ¥ (D)]* ™ ds.
With a change of variables u = M and using the definition of k-beta function
Y (@) —y(7) - r
and the relation with gamma function By, (¢, 8) = M, we have
Ik (@ + )

' .
[ v o =v et e -y @1

fote ! 3 i
— - w(r>]’T-1/0 0= i e

_ B iete | Tp (@) T (i)
=k[y @) -y (@] * Ti@tia)

2.9

By replacing Eq. (2.9) in Eq. (2.8), we get

a(i+1)
k

t i+1
T (1) 5/ MV/ @u ) [y @) -y (0] “ldr.

kT (e (i + 1))

Let us now prove that Y"u (1) — 0 asn — oo. Since w is a continuous function on J, there
exists a constant M > O such that w (r) < M for all t € J. Then, we obtain

" [MT " an
T”M@)S/ —[krk(a)] vV @Ou@y o) -y @ dr.
a k (an)

Consider the series -
Z [MTy (e)]"
Ty (an)
n=1

Using the property of the generalized k-gamma, we have
o n
[t @] @)y
KT (e & r(g)

By using the Stirling approximation and the root test, we can show that the series converges.
Therefore, we conclude that

n=1
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w(t) <y T

i=0

r ai
<vn+ / Z ‘”,ﬁ’g (';(‘f)] V@O - @I @ dr

Now, since v is nondecreasing, so, for all 7 € [a, 7], we have v (t) < v (¢) and we can write

r i
u(t) <v(r) +/ [wIE? (k ((;)] v (O [ (1) — ¢ (1 v (r)dr
F i ai
sv(t){l /Z[wm ) w’mwn—w(r)lk‘dr}
i=1

KTk (i)

o~ [w () Tk (@) ui
—va)[ ; 2T @) wr)—w(a)]k]

and by using the properties of k-gamma function and the definition of k-Mittag-Leffler
function, we have

o |w (1) Tk (@) (¥ (1) — ¥ (@) ¥ i
u(t) <v(r) 1+Z[ YT ]

= v OB (w O T @ 0 1) - ¥ @)F).

2.5 Kuratowski Measure of Noncompactness

As mentioned in the introduction part, the measure of noncompactness is one of the funda-
mental tools in the theory of nonlinear analysis. In this section, we recall some fundamental
facts of the notion of measure of noncompactness. Particularly, we employ the Kuratowski
measure of noncompactness in our studies throughout this book.

Let Qx be the class of all bounded subsets of a metric space X.

Definition 2.43 ([45]) A function p : Qx — [0, 00) is said to be a measure of noncom-
pactness on X if the following conditions are verified for all B, By, B, € Q.

(a) Regularity, i.e., u(B) = 0 if and only if B is precompact,
(b) invariance under closure, i.e., u(B) = u(B),
(c) semi-additivity, i.e., w(B; U By) = max{u(B1), u(B2)}.
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Definition 2.44 ([45]) Let X be a Banach space. The Kuratowski measure of noncompact-
ness is the map u : Qx —> [0, co) defined by

u(M) =infle >0: M C || Mj.diam(M;) < €},
j=1

where M € Qx.
The map p satisfies the following properties :

uM)=0<« M is compact (M is relatively compact).
(M) = p(M).

My C My = pu(M)) < p(Ma).

w(My + M) < u(B1) + u(Ba).

u(eM) = |clu(M), c € R.

u(convM) = pu(M).

2.6 Fixed Point Theorems

In this section, we will be going through all the fixed point theorems used in the different
studies throughout the monograph. Fixed point theory is one of the most intensively studied
research topics of the last decades. The roots of the fixed point concept date back to the
middle of the eighteenth century. Although fixed point theory appears to be an independent
research topic today, the notion of the fixed point appeared in the papers that dealt with
the solution of certain differential equations; see, e.g., Liouville [93], Picard [110], and
Poincaré [112]. One of the first independent fixed point results was obtained by Banach [44]
by abstracting the successive approximation method of Picard.

Theorem 2.45 (Banach’s fixed point theorem [72]) Let D be a nonempty closed subset of
a Banach space E, then any contraction mapping N of D into itself has a unique fixed point.

The most important feature that distinguishes Banach’s fixed point theorem from other
fixed point theorems is that it guarantees not only the existence but also the uniqueness of
the fixed point. More importantly, it not only tells the existence and uniqueness of a fixed
point but also tells you how to get the fixed point.

In what follows, we list some other fixed point theorems that have turned out to be the
instruments for the differential equations solutions.
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Theorem 2.46 (Schauder’s fixed point theorem [72]) Let X be a Banach space, D be a
bounded closed convex subset of X, and T : D — D be a compact and continuous map.
Then T has at least one fixed point in D.

Theorem 2.47 (Schaefer’s fixed point theorem [72]) Let X be a Banach space and N :
X — X be a completely continuous operator. If the set
D={ueX:u=2ANu, forsome i € (0, 1)}
is bounded, then N has a fixed point.
Theorem 2.48 (Darbo’s fixed point Theorem [71]) Let D be a nonempty, closed, bounded,

and convex subset of a Banach space X, and let T be a continuous mapping of D into itself
such that for any nonempty subset C of D,

p(T (C)) < kp(C), (2.10)
where 0 < k < 1, and  is the Kuratowski measure of noncompactness. Then T has a fixed

point in D.

Theorem 2.49 (Monch’s fixed point Theorem [101]) Let D be closed, bounded, and convex
subset of a Banach space X such that 0 € D, and let T be a continuous mapping of D into
itself. If the implication

V =convT(V), or V=T(V)U{0} = n(V) =0, 2.11)
holds for every subset V of D, then T has a fixed point.

Theorem 2.50 (Krasnoselskii’s fixed point theorem [72]) Let D be a closed, convex, and
nonempty subset of a Banach space X, and A, B the operators such that

(1) Au+ Bv € D forallu,v € D;
(2) A is compact and continuous;
(3) B is a contraction mapping.

Then there exists w € D such that w = Aw + Bw.

Theorem 2.51 Let Q2 be a closed, convex, bounded, and nonempty subset of a Banach
algebra (X, || - ), and let 1) : X — X and T, : Q — X be two operators such that
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(1) 71 is Lipschitzian with Lipschitz constant A,

(2) T, is completely continuous,

(3) v=Tiyhw=veQforallw € Q,

(4) AM < 1, where M = |B(R2)|| = sup{||B(w)]| : w € Q}.

Then the operator equation T yTry = v has a solution in .

Theorem 2.52 Let B be a closed, convex, bounded and nonempty subset of a Banach
algebra (X, || - ), andlet P, R : X — X and Q : B — X be three operators such that

(1) P and R are Lipschitzian with Lipschitz constants 11 and 13, respectively,
(2) Q is compact and continuous,

(3) u=PuQuv+Ru=uc€ BforallveB

(4) mB+m <1, where p =||Q(B)| = sup{| Q) : v € B}.

Then the operator equation PuQu + Ru = u has a solution in B.
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Implicit Fractional Differential Equations

3.1 Introduction and Motivations

This chapter deals with some existence and Ulam stability results for a class of initial and
boundary value problems for differential equations with generalized Hilfer-type fractional
derivative in Banach spaces. The results are based on suitable fixed point theorems associated
with the technique of measure of noncompactness. At the end of each section, examples
are included to show the applicability of our results. The results obtained in this chapter are
studied and presented as a consequence of the following:

e The monographs of Abbas et al. [7, 14] and Benchohra et al. [S0] and the papers of
Ahmad et al. [25], Benchohra et al. [48, 49], and Zhou et al. [162], which are focused
on linear and nonlinear initial and boundary value problems for fractional differential
equations involving different kinds of fractional derivatives.

e The monographs of Abbas et al. [7, 13], Kilbas et al. [85], and Zhou et al. [162], and the
papers of Abbas et al. [10] and Benchohra et al. [51, 52]; in it, considerable attention has
been given to the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of various
classes of functional equations.

e The paper of Diaz et al. [66], where the authors presented the k-gamma and k-beta
functions and demonstrated a number of their properties. As well as the papers [63, 102—
104], where many researchers managed to generalize various fractional integrals and
derivatives.

e The papers of Sousa et al. [143—149], where the authors introduced another so-called -
Hilfer fractional derivative with respect to a given function and presented some important
properties concerning this type of fractional operator.

e The paper of Almalahi et al. [31], which deals with the boundary value problem of
y-Hilfer fractional derivative of the form:

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 35
M. Benchohra et al., Advanced Topics in Fractional Differential Equations,
Synthesis Lectures on Mathematics & Statistics,
https://doi.org/10.1007/978-3-031-26928-8_3
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HDAPV () = f (t,x(t), I k(t,s)x(s)ds), teJ:=(a,bl]

T, [px (%) +ax (b7)] =<, (y =a+p—ap)

a

where 7 DZ;ﬂ () is the generalized Hilfer fractional derivative of order @ € (0, 1) and

type B € [0, 1] and Jalf 7/’w(~) is the generalized fractional integral in the sense of Rie-
mann-Liouville of order 1 — y,and f : J x E x E — E is a continuous function in an
abstract Banach space E, c1,¢2 € R,c3 € E,c1 +¢2 # 0, and fa[ k(t, s)x(s)ds is a lin-
ear integral operator with k : J x J — R. They discussed the E,-Ulam-Hyers stability
and the continuous dependence of the problem.

e The paper of Liu et al. [94], where they considered the -Hilfer fractional differential
equation:

IDG Y x (1) = f(x, x(0), x(@(D), T € =(0,d],

jolfy;]px (O+) =co €R,
x(r) =¢(r), tTe[-h0]

where 7 Dg;ﬂ ;V/(-) is the v -Hilfer fractional derivative of order 0 < o < 1 and type 0 <
B <1, jolf )/Zl/f(.) is the Riemann-Liouville fractional integral of order 1 — v,y = o +
B(1 — «) with respect to the function i, and f : J x R x R — R is a given function.
They established the existence and uniqueness of solutions to the problem and introduced
the Ulam-Hyers-Mittag-Leffler stability of the solutions.

3.2  Existence and Ulam Stability Results for Generalized
Hilfer-Type Boundary Value Problem

In this section, we establish the existence and Ulam stability results for the boundary value
problem of the following generalized Hilfer-type fractional differential equation:

(PDZ;"}M) 0 = f (t,u(t), (ij;ﬂu) (t)), for each , 1 € J, 3.1)

(T, u) @ +m (P77 u) ) = ¢, (32)

where ngf P jalfy are the generalized Hilfer-type fractional derivative of order o € (0, 1)
and type B € [0, 1] and generalized fractional integral of order 1 — y, (y = o + B8 — aff),
respectively, ¢ € E, f : J x E x E — E is a given function, and /, m are reals with [ +
m # 0.
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3.2.1 Existence Results

We consider the following linear fractional differential equation:
(rpetu) =y, re, (3.3)
where 0 <@ < 1,0 < B8 < 1, p > 0, with the boundary condition
LT u) @ +m (P77 ) ) = 9, (3.4)

where y =a+ B —af, ¢ € E, and [,m € R with [ +m # 0. The following theorem
shows that the problem (3.3)—(3.4) has a unique solution given by

P m /b (bﬂ—sp)w—y 1y v
I A Tl A v

! 1P —af\"! 1 L —gp ! o—1
><(l+m)F(y)( P ) +F(a)/a( 0 ) sP7 Y (s)ds.  (3.5)

Theorem 3.1 Lety = o+ 8 —af,where0 <a < 1land0<B<1p>0.Ify:J - E
is a function such that  (-) € Cy, ,(J), thenu € C}},/,p(J) satisfies the problem (3.3)—(3.4)
if and only if it satisfies (3.5).

Proof By Lemma 2.38, the solution of (3.3) can be written as

0 Lo (;P—a">yl+ 1 /t<tp_sp)al Py (s)ds. (3.6)
u = S s)as. .
I'(y) P L) J, 0

Applying # \7; .7 on both sides of (3.6), using Lemma 2.19, and taking ¢ = b, we obtain

1y _ 1-y + 1 bbP =P\ -1
("Ja+ u) (b)—<pja+ u) (@) + F(l_y+a)/u ( p s (s)ds,
(3.7)

multiplying both sides of (3.7) by m, we get

m (P7)7u) 0y =m (°7)77 ) @)

m b pp — gPN\ETY
p—1
rrsra ) () e
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Using condition (3.4), we obtain
_ 1—
m (P77 ) ) = ¢ —1 ("7, w) @),
Thus

o—1("7) 7 u) @) =m (* 77 u) @

m b rpp —gp\@7Y
p—1
+r(l—y+a>/a( P ) Vs,

which implies that

b _ o=y
, [(5)
P 1—y +\ _ a
(o) = - ey O

Substituting (3.8) into (3.6), we obtain (3.5).
Reciprocally, applying ? Jalf ¥ on both sides of (3.5), using Lemma 2.19 and Theorem
2.14, we get

¢
l+m (l+m)

("7 ) 0 = = P70+ (PTETY) 0. G

Next, taking the limit # — a™ of (3.9) and using Lemma 2.24, with 1 —y <1 —y +a,
we obtain

1—-y N 1-y+o
(a7 ) @ = = s (T ) @) (3.10)
Now, taking ¢ = b in (3.9), we get
d’ m p 7l=y+a p 7l=—y+a
(T u) ) = = - T (Ca ) e+ (P77 ) @) G
From (3.10) and (3.11), we find that
1—y + 1 (15 Im l—y+a
LT u) @+ m (7T ) ) = 5= (M) @)
m.¢ m? o l—y+a
Tem o (0 0)®
+m ("T 7))
Im — m? l—y+a
=¢+<m— - >(J ¥) ®)

=¢,
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which shows that the boundary condition / (p jal; Vu) @ +m <'° jalfyu) (b) = ¢ is sat-

isfied. Next, apply operator pDZ+ on both sides of (3.5). Then, from Lemmas 2.19 and 2.33,
we obtain

D@ = ("D ) @. (3.12)

Since u € CJ, ,(J) and by definition of C}/ ,(J), we have #D”,u € C,, ,(J), then (3.12)
implies that

1-B(1— 1-
DL = (5,77, 09 ) 0 = ("D e . (B3
As ¥ (-) € Cy ,(J) and from Lemma 2.23, it follows that
1—B8(1—
(P77 ) e ¢y (). (3.14)
From (3.13), (3.14), and by the Definition of the space C;’p(l), we obtain
1-B(1—
(P70 el .

Applying operator pjaﬁ fl_a) to both sides of (3.12) and using Lemmas 2.32 and 2.24 and
Property 2.22, we have

("efu) @) = 280 (P DY) (1)

(Pjal:ﬂ(l—a)l/f(t)> (a) (t,o . ap)ﬂ(la)l

=y@®+
L —a)) P
=y @),
that is, (3.3) holds. This completes the proof. 0

As a consequence of Theorem 3.1, we have the following result.

Lemma3.2 Lety =a+ 8 —afwhere0) <a <land0<pB<l,letf:J X EXE —
E be a function suchthat f (-, u(-), v(-)) € Cy ,(J) foranyu,v € C, ,(J).Ifu € C)),/,p(J),
then u satisfies the problem (3.1)—(3.2) if and only if u is the fixed point of the operator
v:Cy,(J) = Cy,(J) defined by

s — m b rpp — gP\O7Y g
u(t) = ¢—F(1_y+a)/a( - ) s h(s)ds

1 P —ar\7 ! 1 tp — gp 2!
p—1
X (I +m)T(y) < P ) + F(a)[a ( p ) sP h(s)ds,

(3.15)
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where h : J — E be a function satisfying the functional equation

h(t) = f(t,u(®), h(1)).

Clearly, h € Cy ,(J). Also, by Lemma 2.23, Yu € Cy, ,(J).

Lemma 3.3 ([75]) Let D C C, ,(J) be a bounded and equicontinuous set, then

(i) the functiont — [ ((

P —aP\'Y
ue, , (D) =supu ( ) D@)].
rel o

(ii) ({fab u(s)ds :u e D]) < /b w(D(s))ds, where

tP —a”

1—y B
) D(t)) is continuous on J, and

D(t)={u(t):ueD},tel.

We are now in a position to state and prove our existence result for the problem (3.1)—(3.2)
based on Theorem 2.49.

Theorem 3.4 Assume that the following hypotheses hold:

(3.4.1) The functiont — f(t,u, v) is measurable and continuous on J for eachu,v € E,
and the functions u — f(t,u,v) and v — f(t,u, v) are continuous on E for a.e.
teJ.

(3.4.2) There exists a continuous function p : J —> [0, 00) such that

If(, u, )| < p@), forae.t € J and foreachu,v € E.

(3.4.3) For each bounded set B C E and for eacht € J, we have

P _ 4P

I-y
u(f@t. B, (*D2 ' B))) < (t ) p(O(B),

where "Dz;ﬁB = {ng; w:w € B}and p* = supp(?).
teJ

If

p* bP — gP I—y+a
L= F < ) <1, (3.16)
o P

then the problem (3.1)—(3.2) has at least one solution defined on J.
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Proof Consider the operator ¥ : C,, ,(J) — C, ,(J) defined in (3.15).
Forany u € C ,(J), and each t € J we have

b /po _ gP\ATY
tP — aPf 1—y loll |m|/ ( ’ > S'O_lllh(s)”ds
H( P ) (Wu)(1) 4 — p

SETTIN I+ mICOIC( —y + )

. <tf’ _ap)‘—V /t <tp _sp>“‘lsp_1 LIGIPY
P a P ['(a)
gl Mt (p pi-vrag,

T+ mID ) u+mww>(%+ ©)®

o _ 0o\ 1—Y
+p*C p“) (CT% M) ().

By Lemma 2.19, we have

tP — aP 1-y
< ) (Wu) (1)
P

[ jm|p* <bp——aﬂ)‘y+“
Tl +mDy) [l +mT() (e —y) P

p* P — aqf I—y+a
" ( ) .
C(a+1) P

Hence, forany u € C), ,(J), and each t € J, we get

Iwwle,,

ol
~ I+ m|T(y)

|m|p* bP — aP 1-y+a p* P — aP 1-y+a
+ +
[l +mT()l'(a—y) ( P > [+ 1) ( P )

= R.

This proves that W transforms the ball Bg := B(0, R) ={w € C), , : ||w||cm < R}into
itself. We shall show that the operator W : B — Bp satisfies all the assumptions of Theorem
2.49. The proof will be given in several steps.

Step 1: ¥ : Bg — By is continuous.
Let {u,}nen be a sequence such that u, — u in Bg . Then, for each ¢ € J, we have
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tP —aP\'Y P —aP\'7Y
( ) (Wun) () — ( ) (Pu) (@)
p p

- |m| b <bp — 5P
T l4+mHrd—-—y+a) J, 0

p_ oN\NLI=v pt s0_ pa—]
P (t a ) / (’ d ) " h(s) — h(s)|ds,
o\ A\

where hy,, h € C, ,(J) be such that

a=y
) s Mhy(s) — h(s)llds (3.17)

ha (1) = [, un(®), ha(1)) , h(2) = f(t, u(®), h(1)).

Since u, — u as n — oo and f is continuous, then by the Lebesgue dominated
convergence theorem, Eq. (3.17) implies

Wun, — Yulc,, —> Oasn —> oo.

Step 2: W(BR) is bounded and equicontinuous.
Since W(Bg) C Bg and Bg is bounded, then W (Bpg) is bounded.
Next, lett1,1, € J suchthata < t1 <, < b and let u € Bg. Thus, we have

t; —aP\'7 3 tlp —aP\'7
(Yu)(r2) (Yu) (1)
o o

1—y a—1
! (ff —a”> f” <f§ —Sp) s~ h(s)ds
I(a) p a P
1—y —1
_; (tlp — ap) /tl (H)a S'O_lh(s)ds
() P a )

1) —af =y 3 t —af =y
(Yu)(t2) (Pu)(t1)
p p

1

1 P —aP\ P P\
< — ( 2 ) / (—2 ) s*“Uh(s)|lds + p*7
[(a) P 7 P

I3 o—1
X / ‘(tf — ap)liy (té’ — sp)‘xfl — (;1” _ aP)I*V (tf _ sp)afl‘ s ”h(s)”ds
“ I'(a)

pP — aP\ 177
5p*( - ) ("7 W) @)+

p
1
X/
a

)

- -1 1- _1| p*sPds
e B ) R B G e
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By Lemma 2.19, we have

1—-

P —ar P —
<2p ) (Wu)(1r) — (1 ) (Wu)(1)

o P
< p* ( ) (1‘2 t)—l—p""’
[+ 1) P Iy
1 B B *p—lds
+ 2 —af)' T (18 —sP) T = (1 —aP) Y (i —sP) T B
[ =) =) =) T =)

As t] —> 1, the right side of the above inequality tends to zero. Hence, W (Bg) is
bounded and equicontinuous.
Step 3: The implication (2.11) of Theorem 2.49 holds.
Now let D be an equicontinuous subset of Bg such that D C W(D) U {0}; therefore, the
functionr — d(¢) = w(D(t)) is continuous on J. By hypothesis (3.4.3) and the properties
of the measure u, for each t € J, we have

P —aP\'7 —a’
( p ) d(t)fu( (WD)(r) U {0}

tP — qP I-y )
< ( ) (WD)(1)
-V

1—y

IA
A?
S
>
> ||
Q
>
~

x <tp _Sp)a ISP 1 P)(D(s)) <Sp _ap)l yds
a iy ') Jo

ldllc, , (° T2 (D) (1)
* o p\ l—v+a
<P (e Idlc, ,.
Fa+1) P "

Idllc,, < £€ldllc,,-

From (3.16), we get ||d|c,, = 0, thatis d(z) = u(D(r)) = 0, for each t € J, and then
D(¢) is relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively
compact in Bg. Applying now Theorem 2.49, we conclude that W has a fixed point, which
is solution of the problem (3.1)—(3.2). (Il

|
=
*
VN
S
ke
i)

Thus

Our next existence result for the problem (3.1)—(3.2) is based on Theorem 2.48 (Darbo’s
fixed point theorem).

Theorem 3.5 Assume that the hypotheses (3.4.1)—(3.4.3) and the condition (3.16) hold.
Then the problem (3.1)—(3.2) has a solution defined on J.
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Proof Consider the operator W defined in (3.15). We know that W : Bg —> Bp, is bounded
and continuous and that W (Bp) is equicontinuous, we need to prove that the operator W is
a £-contraction.

Let D C Br and t € J. Then we have

P —aP\'Y P —af\'
1 ( ) D)) |=n < ) (Yu)(t):ueD
o 0
a—1 1 1—
{ <t" — s”) sPEp(s)pu(D(s)) (s/’ —a”) yds e D}
() P

()

P —af\'7
<p* ( - ) ne,, (D) (P T (D)) (1)

p* bP — af l—y+a
< et D ( - wc, , (D).

Therefore,

p* bP — gP I—y+a
uc, ,(¥D) < NCESD ( p ) we, (D).

So, by (3.16), the operator W is a £-contraction, where

p* bP — aP 1—y+o
= 1.
K+ 1) ( P ) =

Consequently, from Theorem 2.48, we conclude that W has a fixed point u € Bg, which
is a solution to problem (3.1)-(3.2). O

3.2.2 Ulam-Hyers-Rassias Stability
Now we are concerned with the generalized Ulam-Hyers-Rassias stability of our Eq. (3.1).
Let € >0 and 0 : J —> [0, 00) be a continuous function. We consider the following
inequalities :
H (PDjfu) ) — f (z, u(o), (ﬂDjzfu) (z))H <e teld, (3.18)
[(Ppetu) 0 = £ (nuo, (D) 0)| s0@;  re, (3.19)
H (PDZ;%) (t) — f(t u(o), ( o )())H <e0(t): tel. (3.20)
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Definition 3.6 ([51, 52]) Problem (3.1)—(3.2) is Ulam-Hyers (U-H) stable if there exists a
real numbera s > 0 such that for each € > 0 and for each solutionu € C, ,(J) of inequality
(3.18) there exists a solution v € C,, ,(J) of (3.1)~(3.2) with

lu(t) —v@®)| <eay; tel.

Definition 3.7 ([51, 52]) Problem (3.1)—(3.2) is generalized Ulam-Hyers (G.U-H) stable
if there exists ay : C([0, 00), [0, 00)) with a r(0) = 0 such that for each € > 0 and for each
solutionu € C, ,(J) of inequality (3.18) there exists a solution v € C), ,(J) of (3.1)~(3.2)
with

lu(t) — vl <ape);  tel.

Definition 3.8 ([51, 52]) Problem (3.1)—(3.2) is Ulam-Hyers-Rassias (U-H-R) stable with
respect to 6 if there exists a real number ay ¢ > 0 such that for each € > 0 and for each
solution u € Cy, ,(J) of inequality (3.20) there exists a solution v € Cy, ,(J) of (3.1)-(3.2)
with

lu@) — vl < eaypt(t); teJ.

Definition 3.9 ([51, 52]) Problem (3.1)—(3.2) is generalized Ulam-Hyers-Rassias (G.U-H-
R) stable with respect to 6 if there exists a real number a9 > 0 such that for each solution
u € Cy ,(J) of inequality (3.19) there exists a solution v € C,, ,(J) of (3.1)—(3.2) with

u(t) —v(Ol <areb(); tel.

Remark 3.10 It is clear that

1. Definition 3.6 = Definition 3.7.
2. Definition 3.8 = Definition 3.9.
3. Definition 3.8 for 6(.) = 1 = Definition 3.6.

Theorem 3.11 Assume that the hypotheses (3.4.1), (3.4.2), and the following hypotheses
hold:

(3.11.1) There exists hg > O such that for each t € J, we have

(P T50)(1) < eb(0).

(3.11.2) There exists a continuous function q : J —> [0, 00) such that for each t € J, we
have

1) =q@®)6().

Then equation Problem (3.1)—(3.2) is G.U-H-R stable.
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Proof Consider the operator W defined in (3.15). Let u be a solution of inequality (3.19),
and let us assume that v is a solution of the problem (3.1)—(3.2). Thus, we have

Yo(t) = ¢ — - /b (b” —S")“—V "~ g(s)ds
rd—y+a) g P

1 P —aP\?V !
X<z+m)r(y>< p )

1/t —sP\%!
+ F(ot)/ ( ps ) lgo)ds, re .
a

where g : J — E be a function satisfying

g(t) = f(t,v(), ().

From inequality (3.19), for each ¢ € J, we have

m b pp — gP\OTY
— _ p—1
u(t) |:¢ =y +a) /a ( P ) s h(s)ds:|

. y—1 t _ a—1
y 1 (t/’ ap) B 1 f (tp sP) sl’*lh(s)ds
(+mT(y) P () Ja P

< (" TLO)).

Set g* = supq (¢).
tel
From hypotheses (3.11.1) and (3.11.2), for each t € J, we get

m b bp _Sp @y —1
u(t) — |:¢ - m_—JH‘Of)/a ( ’ > sP h(s)ds:|

(,p_ap>y—1
1 [t frr—sP\*!
X p / ( il ) sP " h(s)ds
a 1Y

(+mTC(y) T(

1 L gP a—1 »
+F<a>/a( P ) s”7NIh(s) = g(s)lds

< CTLOY) + — ft<’p_sp)alsf’—1zq*e(s)ds
- C(a) Jo P

< 20(t) + 29 (" T 0)(1)

< [142¢" 120 (1)

= af,g@(t).

u(r) —v@®)| <

Hence, Eq. (3.1) is G.U-H-R stable. O
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3.2.3 AnExample

Let
o0
E=1'= u=(ul,uz,...,un,...),2|un| <oo}
n=1

be the Banach space with the norm

o0
luell = lutn].
n=1

Consider the following boundary value problem of fractional differential equation:

D5 u, 1) = 1, (t, n (1), (1Df;°un) (z)) cte(lel (3.2
(1 1%—”}1) (1+) + (1 éi—”n) (8) = Os (322)
where
17970 c?
fal 8, un(2), D1+ up | (@) ) = 6_2 sin(t — 1) +uu (1)), t € (1,¢].
Let

f=Ufyeo fuseo)su= W, uy, ...y, ... c=%[’<%),

y=a= % , 0 =1,and B = 0. Clearly, the function f is continuous.
The hypothesis (3.4.2) is satisfied with

ct?|sin(t — 1)
p(t) = —a te(l, el

A simple computation shows that the conditions of Theorem 3.4 are satisfied. Hence the
problem (3.21)—(3.22) has at least one solution defined on [1, e].
p()

Also, hypotheses (3.11.1) and (3.11.2) are satisfied with 0(¢) = e2, q) = — and
e

4
A9 = —. Indeed, for each t € (1, e], we get

N

2

4
PTLOND) < %
= X0 (1).

Consequently, Theorem 3.11 implies that Eq.(3.21) is G.U-H-R stable.
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3.3  Existence and Ulam Stability Results for k-Generalized y -Hilfer
Initial Value Problem

In this section, we consider the initial value problem with nonlinear implicit k-generalized
y-Hilfer-type fractional differential equation:

(FDel ) 0 = £ (20, (FDELYx) W), rey, (3.23)
(jjf*@*k””x) @*) = xo, (3.24)

where D‘x ke s Tax K=KV are the k-generalized 1 -Hilfer fractional derivative of order

ae (0,1 and type ,3 € [0, 1], and k-generalized yr-fractional integral of order k(1 — &),
respectively, where & = %(,B(k —a)+ o), xpe R, k>0,and f € C(J x R, R).

3.3.1 Existence Results

We consider the following fractional differential equation:

(D7) ) = wao, (3.25)

where 0 < o < 1,0 < B < 1, with the condition
(795 x) @) = xo, (3.26)

Bk —a) +a

3 ,x0 € R, k>0, and where w € C (._I , R) satisfies the functional

where £ =
equation:

w(t) = f (1, x(1), w(t)).
The following theorem shows that the problem (3.25)—(3.26) has a unique solution.

Theorem 3.12 Ifw(:) € Cgl_]// (J), then x satisfies (3.25)—(3.26) if and only if it satisfies

_ W@ - Y(a))s~! @k
x(1) = rE (J ) . (3.27)

Proof Assume x € Csl.v,(J ) satisfies Eqgs. (3.25) and (3.26), and applying the fractional

integral operator 7, aaf;w (+) on both sides of the fractional equation (3.25), so

(ja+kaDaﬁ1// )(t) ( ek )(t)
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and using Theorem 2.35 and Eq. (3.26), we get

_ -1
X(t) = W @) —Y(a) FHI=O kY ()+( gk )(l)

Ty (k&) ot
_ -1
_ “”(')rk&iéi’” ‘ot ( e ) o).

Let us now prove that if x satisfies Eq. (3.27), then it satisfies Egs. (3.25) and (3.26). Applying
the fractional derivative operator ,{1 Dgf; v (-) on both sides of the fractional equation (3.27),
then we get

Home Bit H aﬂw (W) — Y(a)s~! Hom Bl ki
QQH )m_ e ( ) xo+(kz>a+ T )m

Using Lemmas 2.31 and 2.29, we obtain Eq. (3.25). Now we apply the operator Jk(l Dby )

on Eq. (3.27) to have

(T8 ) 0 = S T o — v

_I_(jk(l E)kn//jakl// )(t).

Now, using Lemmas 2.18 and 2.21, we get

(T8 ) 0 = g Tt o~y

+(jk(1 f)kl//jotkl/f )(l)

= xo +(jk(l &) tak;y )(t).

Using Theorem 2.26 with ¢t — a, we obtain Eq. (3.26). This completes the proof. U

As a consequence of Theorem 3.12, we have the following result.
k —
Lemma 3.13 Let& = w

R x R — R be a continuous function such that f(-, x(-), y(-)) € C} W(J) forany x,y €
Cey(N). If x € cl 1//(J) then x satisfies the problem (3.23)—(3. 24) if and only if x is the
fixed point of the operator T : Ce.y(J) = Cg,y (J) defined by

where0 <o < 1,0 < B < 1,andk > 0,let f : J x

WO — @) . 1 " Y (9)e(s)ds

. ,
(T2) (1) Lke) @ Jo oy

(3.28)
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where ¢ be a function satisfying the functional equation
@) = ft,x@), o).

We are now in a position to state and prove our existence result for the problem (3.23)—
(3.24) based on Banach’s fixed point theorem.

Theorem 3.14 Assume that the following hypotheses are met.

(3.14.1) The function f : J x R x R — R is continuous and
fCx(), () € CL,(J), foranyx, y € Cey(J).
(3.14.2) There exist constants 11 > 0 and 0 < no < 1 such that
|f@ x,y) = f@, X, 9] < mlx =X+ nly —

forany x,y, %,y € Randt € J.

If
_ mT k&) (P () — Y(@)F
C Tila+ kA —m)
then the problem (3.23)—(3.24) has a unique solution in Cg.y (J).

<1, (3.29)

Proof We show that the operator 7 defined in (3.28) has a unique fixed point in Cg.y (J).
Letx,y € Cg¢,y(J). Then, for t € J we have

L' ()i (s) — ga(s)|dt
(W) —y(s)' %

where ¢ and ¢ be functions satisfying the functional equations

1
[Tx(t) =Ty < @ /.

p1(1) = f(t, x(1), 91(1)),
@a(1) = f(1, y(1), p2(1)).

By hypothesis (3.14.2), we have

lo1(®) — @2 = | f(1, x@), 1)) — f (£, (@), 92(2))]
< lx@) — y@®] + nlei(t) — @2(0)].
Then,
ni
—m

lo1(®) = 2] = 5 lx(@) — y(@©I.
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Therefore, foreacht € J

n "y (9)|x(s) — y(s)ldt
MKT(@) Ja o (p(t) — y(s) %

< MM g () — paf .

ITx() = Tyl = =

By Lemma 2.21, we have

Tk (k&)
Crlo + k&)1 —n2)

ITx(®) — Ty()| 5[ (wa)—w(a))“?“—l] e = Vlice, -

hence

mlwke) GO —y@)t | -
Pila+ k&)1 — 12) e

< m Tk (kE) (Y (b)) — Y (@) lx — ylic
= T + k§)(1 —m2) .

|(W(t) — ¥ @) 5 (Tx@) - Ty@)| < [

which implies that

Tk (kE) (¥ (b) — Y@k |
Telec + k&)1 — 1) s

I1Tx —Tyllc,,, < [

By (3.29), the operator 7 is a contraction. Hence, by Banach’s contraction principle, 7°
has a unique fixed point x € Cg,y (J), which is a solution to our problem (3.23)—(3.24). [

3.3.2 Ulam-Hyers-Rassias Stability

Now, we consider the Ulam stability for problem (3.23)-(3.24). Let x € C g,w(J ), € >0,
and v : J — [0, 0o) be a continuous function. We consider the following inequality :

‘(,{fpjf“”x) o - f (t,x(t), (,f’ijf””x) (t))( <ev(), tel. (3.30)

Definition 3.15 Problem (3.23)—(3.24) is Ulam-Hyers-Rassias (U-H-R) stable with respect
to v if there exists a real number a s, > 0 such that for each € > 0 and for each solution
X € Cgl-x// (J) of inequality (3.30) there exists a solution y € Cg,w(J) of (3.23)—(3.24) with

Ix() —y(@)| < €ay (), telJ.
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Remark 3.16 A functionx € C 51 v (J) is a solution of inequality (3.30) if and only if there
exist o € Cg,y (J) such that

1. o) <ev(®),t e,
2 (UL x) 0 = f (12, (FDEV2) 0) + o) 1 e .

Theorem 3.17 Assume that in addition to assumptions (3.14.1), (3.14.2), and (3.29), the
following hypothesis holds.

(3.17.1) There exist a nondecreasing function v € C SI'W(J ) and «, > 0 such that for each
t € J, we have

(7o) 0 = ko,

Then the problem (3.23)—(3.24) is U-H-R stable with respect to v.

Proof Letx € C SI‘W(J ) be a solution of inequality (3.30), and let us assume that y is the
unique solution of the problem

HDEl ) 0 = 1 (1@, (FDI ) )t e d,
k(1—8).k; k(1=&).k;
TR ) @) = (7O ) @),
By Lemma 3.13, we obtain for each r € J

_ W@ —y@)y!
Ty (k)

y() TR y@ + (7 w) o,

where w € C El y (J) be a function satisfying the functional equation
w(t) = f, y@), w@)).
Since x is a solution of the inequality (3.30), by Remark 3.16, we have
(Dl x) 0 = £ (160, (FDELx) 0) + 0.1 e . (3.31)
Clearly, the solution of (3.31) is given by

_ WO - Y(a)*!

*(©) k)

T x@) + (7855 @+ ) ),
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where w € C Sl'lﬁ (J) be a function satisfying the functional equation
w(r) = f(t, x(1), w()).

Hence, for each t € J, we have

x() =yl = (T ) = wo)l) @) + (T o )
m Y©)Ix(s) = y(s)lde
(I =mkTr(@) Jo (@) — ()%

< exyv(f) +

By applying Theorem 2.42, we obtain

12 jl i ia
(1) = y(0)] < exyv(t) +/ ZMW ) [Y (@) = Y ()T~ excyv () ds,

— kT (ai)

=< eicvv(t)Ez’k [li—lnz W@ -y (a))f}
n

L—m

< excyu(DEL* [ W (b) - (a))"k’} :

Then for each ¢t € J, we have

lx(@) — y(O| < ayvev(r),

where
m

-
Hence, the problem (3.23)—(3.24) is U-H-R stable with respect to v. [l

afy = EP [] (AR (a))(ky] .

3.3.3 Examples

With the following examples, we look at particular cases of the problem (3.23)—(3.24).
Example 3.18 Taking 8 — 0, o = % k=1,¢y@)=t,a=1,b=2, and xo = 1, we

obtain a particular case of problem (3.23)—(3.24) with the Riemann-Liouville fractional
derivative, given by

<{1D%f””x) (1) = (RLD%M) 0= (t,x(t), (RLD%+x) (r)), re (1,2, (3.32)

(mi’“"x) =1, (3.33)
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where J = [1,2],& = 1(Bk —a) + @) = §, and

V= 1lsin(®)|(1 +x + )

C6o—113 ,teld, x,yeR.

f(tv-xsy):

We have
Ceyp() = Cry () ={u: (1,21 > R: (V= Du e € B,
and
cly=cl,=luecy, W ecy,m}.
Since the continuous function f € C } ) w(‘] ), then the condition (3.14.1) is satisfied.
- Z’
Foreachx,x,y,y € Randt € J, we have

Vi — 1sin(t)|

66113

|f @ x, %) — ft,y, y)| < (Ix=xI+1y =D,

1
and so the condition (3.14.2) is satisfied with n; = n, = ——. Also, the condition (3.29) of

66
Theorem 3.14 is satisfied. Indeed, we have ¢
JT
= ~ 0.01 1.
66e — 1 =

Then the problem (3.32)—(3.33) has a unique solution in C} .w([l, 2D.
33

. V2T (2)
Now, if we take v(f) =t — 1 and «, = F—5 then for each t € J, we get
2
Ly V2r(2)
Jz”v)(t)f (Y]
( ” rQ3)
= kyv (1),

which shows that the hypothesis (3.17.1) is satisfied. Consequently, Theorem 3.17 implies
that the problem (3.32)—(3.33) is U-H-R stable.

Example 3.19 Taking 8 — 0, ¢ = % k=1,¥()=Int,a=1,b=c¢e, and xo = 7, we
get a particular case of problem (3.23)—(3.24) using the Hadamard fractional derivative,
given by

({’D%f”%) (t) = (HDD%+x> ) = f <t,x(t), (HDD%+x> (r)), re,el, (3.34)

(Jﬁﬁ””x) a+ =, (3.35)
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where J = [1, e], and

et+x+y 5
t = — 1 R.
f,x,y) T elJ, x,ye€
We have
Ceoy () = C.y () = {u ‘(lie] > R: (VInnu e C(],R)},
and

cly=cl,={uecy, W ecy,m}.

Clearly, the function f € C } ) 1/I(J ). Hence, condition (3.14.1) is satisfied.
bR

Foreachx,x,y,y € Randt € J, we have

- _ 1 _ 1 _
ts ) - ty ) S T11 7 - 11 7 - )
£ % 3) = @y D S g =3+ oy =
1
and so the condition (3.14.2) is satisfied with n] = 1, = e’
e
Also, we have
= i ~ 0.0058 < 1,
11le — 1

then the condition (3.29) of Theorem 3.14 is satisfied. Then the problem (3.34)—(3.35) has
a unique solution in C 1 .w([l, e]). The problem is also U-H-R stable if we take v(t) = e?

1
and «, = F_3 Indeed, for each ¢ € J, we get
2

2

b Y gy <
(j” “) W13

= Kkyv(t).

3.4  Existence and Ulam Stability Results for k-Generalized y -Hilfer
Initial Value Problem in Banach Spaces

This section deals with the initial value problem with nonlinear implicit k-generalized /-
Hilfer-type fractional differential equation :

(FDeL ) 0 = £ (20, (FDELYx) )., rey, (3.36)

(Jﬁlfé)’k”ﬂx) (a™) = xo, (3.37)
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where Da Vi s Ty FI=0KY are the k-generalized v -Hilfer fractional derivative of order

ae(0,1) and type ,3 € [0, 1], and k-generalized 1 -fractional integral of order k(1 — &),
where £ = 1 (B(k —a) + &), xo € E,k > 0,and f € C(J x E x E, E).

3.4.1 Existence Results

We consider the following fractional differential equation:

( Dy wx) t) = w(), (3.38)
where 0 < @ < 1,0 < B < 1, with the condition
(795 6) @) = x, (339)
k — _
where £ = w, xo € E, k > 0, and where w € C(J, E) satisfies the functional

equation:

w(r) = f x(0), w@)).

Following the same approach of Theorem 3.12, we have the results that follow.

Theorem 3.20 Ifw(-) € Cg;w (J), then x satisfies (3.38)—(3.39) if and only if it satisfies

W@ - Y(a))s~! @k
x(t) = rE (j ) (t). (3.40)

As a consequence of Theorem 3.20, we have the following result.

Bk —a) +a

k
E x E — E be a continuous function such that f(-,x(-), y(-)) € Cgl;w(J), foranyx,y €

Ce.y (J). Then, x satisfies the problem (3.36)—(3.37) if and only if x is the fixed point of the
operator T : Cg.y, (J) — Cg.y (J) defined by

Lemma 3.21 Leté = where0 <o <1,0< g <landk > 0, letf:]x

@) — lﬁ(a))s_le " / V' (s)p(s)ds
Ty (k) kTr(@) Jo () — y(s)' =%

(Tx) (1) = (3.41)

where @ be a function satisfying the functional equation

(1) = [, x(1), 9@)).
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Lemma 3.22 ([75]) Let D C Cg,y (J) be a bounded and equicontinuous set , then
(i) the function t — w(D(t)) is continuous on J, and

Heey (D) =supu (W (1) = ¥(@)' =5 D).

teJ

b b
(ii) n (/ u(s)ds :u e D) < / w(D(s))ds, where
D(t) ={u(t):t € D},t e J.

Now we can state and demonstrate our existence result for the problem (3.36)—(3.37) by
using Monch’s fixed point Theorem.

Theorem 3.23 Suppose that the assumptions that follow hold.

(3.23.1) Thefunctiont — f(t, x, y) is measurable and continuous on J foreachx,y € E,
the functions x — f(t,x,y) and y — f(t,x,y) are continuous on E fort € J
and

fCx(), () € CLy (]), foranyx, y € Cey(J).

(3.23.2) There exists a continuous function p : J —> [0, 00) such that

I f@, x, VI < p@), fort € J and for eachx,y € E.

(3.23.3) For each bounded and measurable set B C E and for eacht € J, we have
w (£ (B (F DIV B))) = 0 — @)~ pu)

where ,{{DZf;WB = {fl){‘:f;ww tw e B} and p* = supp(1).
teJ

If

P b)) — @) R
- Ty(a + k)

then the problem (3.36)—(3.37) has at least one solution in Cg.y (J).

L <1, (3.42)

Proof The proof will be given in several steps.
Step 1: We show that the operator 7 defined in (3.41) transforms the ball Bg := B(0, R) =

{we Cey(J) : lwllc,.,, < R} into itself.
For any x € Cg,y (J), and each t € J we have
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Ixoll (@) —y@)'™F 1 Y )les)lds
T (k) kT (et) o (W) —P(s) %

I @ — @)= T <

llxoll
~ Tk (k&)

+ W0 = @) (T W) o

By Lemma 2.21, we have

ol p* @) - w<a))1—f+%'

~ vy
[ ® =¥ @)™ T00| = £ 75 )

Hence , for any x € Cg,y (J), and each t € J we get

Ixoll | p*(W®d) — (@) s+t
17xlic,., < kD) + @0 = R.

Step 2: 7 : Bgp — Bpg is continuous.
Let {x, },en be a sequence such that x, —> x in Bg . Then, for each t € J, we have

W @) —y@)'—*
kT (@)

[ Y ©len(s) — 9(s)lds
a (W) —Ys)' T

| @) =¥ (@) F [(Tx) @) — (T <

where ¢, ¢ € C¢. (J) such that

on(t) = f(2, X (1), u (1)),
@) = [, x@), 9(1)).

Since x, —> x asn —> oo and f is continuous , then by the Lebesgue dominated conver-
gence theorem, we have

I7xn — Txllc,,, —> Oasn —> oo.

Step 3: 7 (Bpg) is bounded and equicontinuous. Since 7 (Br) C Bg and Bpg is bounded ,
then 7 (Bg) is bounded.
Next, let#;,1 € J suchthata <t < <bandletu € Bg . Thus, we have
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[ () — @)= (Tx)(2) — (1) — ¥@)' ™5 (Tx)@)|
_ | W@ — @) / V' ($)p(s)ds
- kT (o) a (Y(n) — )~ F
W) =@ / V' (5)g(s)ds
kT (ct) a () —P(s)' 7T
_ W) —y@)' / v $)llgs)lids
- kT () no((n) —ps)TF
1 W) — @)™ @) —y@)'t
+ - = —
k(@) Ja | () —g)'™F (Y (t) — v(s)' 7%
= p (W)~ v@)'"F (FE W) @)

L / W@ —y@)' = @) —y@)'*
ki (o) n) — Y(s)' 7% 1) — Y(s)) %
a | W) = ¥(s) WY (1) = ¥ ()

¥ ($)lle(s)llds

¥ (s)ds.

By Lemma 2.21, we have

[ () — @) (Tx) (1) — (Y (1) — Y(@)' =5 (Tx)(1)|
PO —y@)'t () — Y1)k

Ci(o + k)
L / V@) —y@)' ™ @) —y@)*
ki@ Ja | (@) —y()'TE () — sk
Ast; —> 1, theright side of the above inequality tends to zero. Hence, 7 (Bg) is bounded
and equicontinuous.
Step 4: The implication (2.11) of Theorem 2.49 holds.
Now let D be an equicontinuous subset of Bg such that D C 7 (D) U {0}; therefore, the
function t — d(t) = u(D(t)) is continuous on J. By (3.23.3) and the properties of the
measure u , for each r € J, we have

¥ (s)ds.

W@ — @) 5 d@) < u (W@ — @) =5 (TD)r) U{0})
<u (W@ — @) (TD)1)

_W®) —y@)'F
- kT (@)

t . 1-¢&
x EZE:)) - 5((:))))1—‘; VO pORDE)ds

=P WO = v@)' " dlice,, (75 M) ©

P B — Y@ R
- (o + k)

ldlic., -
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Thus
ldlic,., < Lldlic,.,-

From (3.42), we get ”d”Cs:w =0, thatis d(t) = u(D(t)) = 0, foreach t € J, and then
D(¢) is relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively
compact in Bg. Applying now Theorem 2.49, we conclude that 7 has a fixed point, which
is solution of the problem (3.36)—(3.37). O

Our next existence result for the problem (3.36)—(3.37) is based on Darbo’s fixed point
theorem.

Theorem 3.24 Assume that the hypothesis (3.23.1)-(3.23.3) and the condition (3.42) hold.
Then the problem (3.36)—(3.37) has a solution defined on J.

Proof Consider the operator 7 is defined as in (3.41). We shall show that 7 satisfies the
assumption of Darbo’s fixed point theorem.

We know that 7 : Bg —> By is bounded and continuous and that 7 (Bg) is equicon-
tinuous, we need to prove that the operator 7 is a L-set contraction.

Let D C Br and t € J. Then we have

1w (@) — Y @)' 5 (TD)®) = u (Y () — ¥ (@) 5 (Tx)(@) : x € D)
(e | sy omamoin:sco)
x (Y (b) — Y(a)'*

=P B~ v@)' e, ) (T W) 0

P W®) — Y@t
- T + k)

nce,, (D).

Therefore,

P* W ®) — (@) FHE
Ci(a + k)

So, by (3.42),the operator 7 is a L-set contraction. Consequently, from Theorem 2.48,

we conclude that 7 has a fixed point x € Bg which is a solution to our problem (3.36)—
(3.37). O

pee, (TD) < KCey (D).
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3.4.2 Ulam-Hyers-Rassias Stability

Now, we consider the Ulam stability for problem (3.36)-(3.37). Let x € C §,¢(J ), € >0,
and v : J —> [0, 00) be a continuous function. We consider the following inequality:

[t x) 0 = 1 (nx@, (FDIYx) 0) | = evi, 1e . (3.43)

Definition 3.25 Problem (3.36)—(3.37) is Ulam-Hyers-Rassias (U-H-R) stable with respect
to v if there exists a real number ay , > 0 such that for each € > 0 and for each solution
x € C}.,,(J) of inequality (3.43) there exists a solution y € C}. ,(J) of (3.36), (3.37) with

x(®) =yl < €aypv(®), telJ.

Remark 3.26 A function x € Csl, v (J) is a solution of inequality (3.43) if and only if there
exist o € Cg,y (J) such that

L llo®Il < ev(r),t € J,
2 (HDL Y x) 0 = f (12, (FDELV ) 0) + o)1 e .

Theorem 3.27 Assume that in addition to (3.23.1)—(3.23.3) and (3.42), the following
hypothesis hold.

(3.27.1) There exist a nondecreasing function v € C;;w(J) and ky, > 0 such that for each
t € J, we have

(@“f%) (1) < Kkyv(0).

(3.27.2) There exists a continuous function q : J —> [0, 00) such that foreacht € J, we
have
p() < q@®)v().

Then the problem (3.36)—(3.37) is U-H-R stable.

Set g* = supq(t).
teJ

Proof Letx € C Sl‘w(J ) be a solution of inequality (3.43), and let us assume that y is the
unique solution of the problem
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( D wy> O =f (t,y(t), (,f’ Dy ‘”y) (t)); tel
<%kil—é),k;¢y) (ah) = (jakj_l—g),k;l//x) @).

By Lemma 3.21, we obtain for each r € J

_ &E-1
W @) —¥(a) FRI=O kY (a)+( gekv )(t),

YO =T ke at

where w € C 51; y (J) be a function satisfying the functional equation
w(t) = [, y@), w@).

Since x is a solution of the inequality (3.43), by Remark 3.26, we have

(Dl x) 0 = £ (160, (FDELx) 0) + 0.1 e . (3.44)
Clearly, the solution of (3.44) is given by

— §-1
x(1) = (w(t)rk(ﬁg)) T x@) + (785 @+ ) ),

where w € Cgl; " (J) be a function satisfing the functional equation
w(t) = f(t,x(@), w)).

Hence, for each t € J, we have

Ix(1) — y(@®)| < (Jj‘f””nw(s) - w(s>||) (1) + (J“ - "’uo(s)n) (1)
" (5)2q(s)v(s)ds

kTi(e) Ja ( (1) — w(s))!~%

< exu(t) + 24" (T v) ()

< (e +2¢*)ku(1).

< exyu(f) +

Then for each ¢t € J, we have

[x(®) =yl < ayvev(),

2*
af,vzicv(1+ Z )

Hence, the problem (3.36)—(3.37) is U-H-R stable. O

where
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3.4.3 Examples

Let
o0
E=1'= u=(ul,uz,...,un,...),2|un| <oo}
n=1

be the Banach space with the norm

o0
luell = lutn].
n=1

Example 3.28 Taking 8 — 0, « = % k=1,¢%@) = 2Jt,a=1,b=3,and xg € E, we
get a problem of generalized Hilfer fractional differential equation of the form

(f’ D%f“”xn) 1) = (%foxn) 0=, (r, (o), (5D§+’°xn> <r>) e (3]
(3.45)
(mi’“"x) (1) = xo, (3.46)

where

1

Jn <t7xn(t)v (ZDIZJ;OXH> (t)) =
177143 (

fort € (1, 3] with

Q1% + e D) (1)

1 1o
(2D12+ xn) ()

f:(fl,fz,...,f,,,...)andx:(xl,xz,...,x,,,...).

L+ llx@)1 +

;

- Q1% +e ) |x|
JOED = e i+ | €O EE
We have
Cey () = C.,, () = {x H(13] > E V2 (Vi - 1)%x ecd, E)} :
and

cliyW=c} 0 ={rec,, ey, ]

It is clear that the function f satisfies the hypothesis (3.23.1). Also, the hypothesis (3.23.2)
is satisfied with
24,2

W,l‘ € (1, 3],

p() =
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and

*

18 +¢72
pr=—

177
The conditions of Theorem 3.23 are satisfied. Indeed, we have

_Pr®) — @) R
Ci(er+ k)
2(18 + e72) (2[ — 2)

1777
~0.169269 < 1.

L

Hence, the problem (3.45)—(3.46) has at least one solution defined on (1, 3].
Let

4
v(t) =e,and ky = ? Then, for each ¢ € (1, 3], we get
s

l,l; 4,
(Jﬁ_wv>0)§-?%

= kv ().
Let the function ¢ : [1, 3] — [0, co) be defined by
) = 21> e 2
B = 177148

then, for each ¢ € (1, 3], we have
p(t) = q()v(D).

Then, hypothesis (3.27.1) and (3.27.2) are satisfied; consequently, Theorem 3.27 implies
that problem (3.45)—(3.46) is Ulam-Hyers-Rassias stable.

Example 3.29 Taking — 1,0 = %,k =1,¥y@)=t,a=1,b=2,andxp € E, we geta
particular case of problem (3.36)—(3.37), which is a problem of Caputo Fractional differential
equation of the form

(fDEWM)Uﬁ=cbim)0%=ﬁ(hMOLCbiM)m)JG(Lﬂ(3M)

(jloj“”x) 1) = xo, (3.48)
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where
cnd "2 1x, (1)
Su 2, x0(0), D1+xn @) ) = " , te(1,2].
33 (1 +x0)] + (CDlaxn) ) )
With
fF=U1fareoos fus-o0and x = (X1, X2, ...y Xy o2 0).
Set
e 2||x||
X, Y) = , 1,2], x,v € E.
SO =g o € e
We have
Cey () =Cry(N)={x: (1,21 > E: x € C(J, E)},
and

Ci1y(N)=Cl,()={xeCry():x' €Cry}.

Hence, the function f satisfies the hypothesis (3.23.1). Also, the hypothesis (3.23.2) is
satisfied with

-2

e
1) = 9t€1729
p(t) 3 (1, 2]
and
1
*
P =33
Since

_ B —y@) R

L
Ty + k)

2
337
~0.03419 < 1,

then the condition of Theorem 3.24 is satisfied. Hence, the problem (3.47)—(3.48) has at least
one solution defined on (1, 2]. Also, same as the last example, we can easily choose a function
v that satisfies the hypothesis (3.27.1) and (3.27.2), which gives us the Ulam-Hyers-Rassias
stability of our problem (3.47)—(3.48).
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3.5 Existence and k-Mittag-Leffler-Ulam-Hyers Stability Results
of k-Generalized ¢ -Hilfer Boundary Valued Problem

In this section, we consider the boundary valued problem with nonlinear implicit k-
generalized v -Hilfer-type fractional differential equation:

(,{’Djf””x) ) = f (t, x(0), (fD,‘jf””x) (t)) L teld, (3.49)
o (TR ) @) + e (TR ) 1) = s, (3.50)
where ADEFV | TEI"9Y are the k-generalized v -Hilfer fractional derivative of order

a € (0, k) and type B € [0, 1] defined in Section 2, and k-generalized y-fractional integral
of order k(1 — &) defined in [113], respectively, where & = %(,B(k —a)4a), k>0, f¢€
C(J x R?,R), and ¢y, ¢2, c3 € R such that c; + ¢2 # 0.

3.5.1 Existence Results

We consider the following fractional differential equation:
(Foef " )=o), 1€y, (3.51)
where 0 < o < k,0 < B < 1, with the condition
o1 (T ) @ + e (T ) 1) =, (3.52)
Bk —a) + o

_ k
C(J, R) satisfies the functional equation:

where & = , k>0, c1,c,c3 € R such that ¢1 + ¢3 # 0 and where @ €

w(t)=fx@1), o).

The following theorem shows that the problem (3.51)—(3.52) has a unique solution.

Theorem 3.30 Ifw(:) € Cgl;w (J), then x satisfies (3.51)—(3.52) if and only if it satisfies

W) =@t k(1—8)+a,k; ¥ ki
X0 =~ [C3 — e (JH w) (b)] n (ja+ w) t). (3.53)

Proof Assumex € C %_].1// (J) satisfies Egs. (3.51) and (3.52), by applying the fractional inte-

gral operator 7, aﬁtf% (+) on both sides of the fractional equation (3.51), we have
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ks ,B; ks
(j;; v Hpp ‘”x) (1) = (j;i ‘”w) ).
using Theorem 2.35, we get

_ W@ —y@)y!

*) T (KE)

JH=OKY () 4 (Ja‘ﬁ"“”w) ). (3.54)

Applying jffr] —Hky (-) on both sides of (3.54), using Lemmas 2.18, 2.21, and taking ¢ = b,
we have

(ja/il—é),k;l/fx> b) = jjil—é),k;wx(a) + (j;il—§)+a,k;ww> ). (3.55)
Multiplying both sides of (3.55) by ¢;, we get
2 (TEOH5) ) = Tt a@) 4 (TN ) ),
Using condition (3.52), we obtain
€2 (Jakf*g)’k‘wx) (b) =c3— ¢ (ij*S)”‘””x) @.
Thus
&= (T8 @) = 08T v@) + e (T ) ).

Then

k(1—8),k;yr ) +y — ) _ 2 < k(1=E)+a ks ) b 3.56
(7795 ) @) o @) (b). (3.56)
Substituting (3.56) into (3.54), we obtain (3.53).
Let us now prove that if x satisfies Eq.(3.53), then it satisfies Egs.(3.51) and (3.52).
Applying the fractional derivative operator ,’? Dgf; v (-) on both sides of the fractional equa-
tion (3.53), then we get

Home, Bith a0 = Ya) ! _ k(=) +ak;y
(k Da+ x) ) = k Da+ < (c1 + c2)Tx (k&) [63 2 (k7a+ ZD-) (b)]

+ (lflpgfswjaoglk,ww.) (l)

Using the Lemmas 2.31 and 2.29, we obtain Eq.(3.51). Now we apply the operator
THI=OKY () on Eq.(3.53), to have

a
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&= (T 0T ) )

(c1 + )Tk (k&) T @) = @)

(7)) =

k(1—£).k; k;
+ (O g Y ) @),
Now, using Lemmas 2.18 and 2.21, we get

k(1=8),k;yr 3 2 k(1=8)+a ks
J, x) 1= - (J w) b
<a+ ® c1+ao 1+ at )

+ (jji‘ —H+ ”‘”‘?‘”w) ). (3.57)
Using Theorem 2.26 with t — a, we obtain

k(1—) k1 43 k(1—E)+a.k: v
(ZH05Y ) @) = e (728 @) (b). (3.58)

Now, taking t = b in (3.57), to get

k(1-§),k; ¥ 3 2 k(1=&)+a,k;yr
J, x) by = - (j w) b
( a+ ) cl1+ e c1+ at ®)

T <J;i17§)+d,kiww> (b). (3.59)

From (3.58) and (3.59), we obtain (3.52). This completes the proof. [l

As a consequence of Theorem 3.30, we have the following result.

Pk —a)+a
k
R — R be a continuous function such that f(-,x(-),y()) € Cgl;w(J)’ for any x,y €

Cey(). If x € Csl,]//(J), then x satisfies the problem (3.49)—(3.50) if and only if x is
the fixed point of the operator T : Cg.y (J) — Cg.y (J) defined by

_ W0 = @) a—— kit
(T () = oS o — e (T 0) )]+ (75 o) (t()3, N

Lemma 3.31 Let & = where 0 <a <k and 0 < B <1, let f:J xR x

where ¢ be a function satisfying the functional equation
@) = f(t,x@), p(1)).

We are now in a position to state and prove our existence result for the problem (3.49)—
(3.50) based on Banach’s fixed point theorem [72].
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Theorem 3.32 Assume that the requirements that follow are met.

(3.32.1) The function f : J x R x R — R is continuous and

FCx(),y()) € Gy (I, forany x,y € Cey (J).

(3.32.2) There exist constants n1 > 0 and 0 < ny < 1 such that

forany x,y, %,y € Randt € J.
If

L

(3.61)
1= let +calTkk + o) Ti(a + k&)

then the problem (3.49)—(3.50) has a unique solution in Cg. (J).

_m (w(m—w(a))“k'[ 2] Mké) ] -

Proof We show that the operator 7 defined in (3.60) has a unique fixed point in Cg,y (J).
Let x, y € C¢,y (J). Then, for ¢ € J we have

leal (W) — ¥ (@)~ _ra-e)raky
Tx) =Tyl = =2 i — (7 915) = 92(5)1) ()

+ (T 1016) = 20)1) @,

where ¢ and ¢ be functions satisfying the functional equations

p1(1) = f(t, x(@), @1(1)),
@a(r) = f(2, y(1), p2(1)).

By (3.32.2), we have

lp1(t) — @2 = |f(, x@), p1(2)) — f(t, y(@), p2(1))|
<mlx(@) — y@I + n2le1() — e2(0)].

Then,

ni
—n2

lo1(t) = 2] = 5 lx(@) = y(@®I.

Therefore, for eacht € J
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mleal (@) = w@)! (T x(5) = y@1) @)
(1= n2)ler + e2lT(kE)
(75 1 = y)1) ©

[Tx(@) —Ty@®)| <

n
TS

Pczuw)—w(mﬁ 9 g 5) = @)1 @)
=

lc1 + 2| Tk (k&)

7o Ix = vl
I o —y@ ) o] T

By Lemma 2.21, we have

mleal (W) — ¥(@)s~ (W b) — g ()t
(1 —n)lcr + 2Tk (k + @)
m i (k&)
Ti(a + k&E)(1 — 1)

[Tx(t) =Ty < [

M—l
(@) —y(a) F lx — ylce.,-
Hence

nleal (¥ (b) — Y(a) ¥
(1 —n2)ler + 2Tk + )

Tk (kE) (W (1) — Yr(a)k b —
Telec + k&) (1 — 1) YiCey

| (@) — ¥ @) ™5 (Tx@) - Ty@)| < [

which implies that

2| [ (kE)
Tx —T
172 = Tylee, = [m +ollek+a) | Tila +ks>}

M) - Y@)t llx = ylicy,
1—m ’

By (3.61), the operator 7 is a contraction. Hence, by Banach’s contraction principle, 7 has
a unique fixed point x € Cg,y (J), which is a solution to our problem (3.49)—(3.50). O

3.5.2 k-Mittag-Leffler-Ulam-Hyers Stability

In this section, we consider the k-Mittag-Leffler-Ulam-Hyers stability for our problem
(3.49)—(3.50). Let x € C! 1//(J ),t € J,and € > 0. We consider the following inequality:

(Dl x) 0 = f (nx@), (FDELY5) )] = B (w0 - wi@nT) . G.62)
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In [94], Liu et al. introduced the concept of Ulam-Hyers-Mittag-Leffler; by substituting the
Mittag-Leffler function of their definitions with the more refined k-Mittag-Leffler function,
we give the following definitions.

Definition 3.33 Problems (3.49)-(3.50) is k-Mittag-Leffler-Ulam-Hyers stable with respect
to &2 ((w @ -y (a))%) if there exists a real number agy > 0 such that for each € > 0 and

for each solution x € Cg; ¢/(J ) of inequality (3.62) there exists a solution y € CEI; ¢/(J ) of
(3.49)—(3.50) with '

() =yl < aggeEf (W) —v@)f),  rel.
Definition 3.34 Problem (3.49)—(3.50) is generalized k-Mittag-Leffler-Ulam-Hyers stable
with respect to ¢ ((w(r) - w(a))%) if there exists v : C(R™, RT) with v(0) = 0 such that

for each € > 0 and for each solution x € Cglg " (J) of inequality (3.62) there exists a solution
y € Csl-w(J) of (3.49)-(3.50) with

() =yl < v©E (WO - v@)f),  rel.
Remark 3.35 It is clear that Definition 3.33 == Definition 3.34.

Remark 3.36 A functionx € Cg, v (J) is a solution of inequality (3.62) if and only if there
exist o € Cg,y (J) such that

Lol < B (W@ —y@)t).re,
2. (,?Dg‘f””x) ) = f (t,x(t), (,?Dg‘f?‘”x) (t)) Yo(), 1€l

Theorem 3.37 Assume that the hypothesis (3.32.1), (3.32.2), and the condition (3.61)
hold. Then the problem (3.49)—(3.50) is k-Mittag-Leffler-Ulam-Hyers stable with respect to

E% ((w ) — W(a))%) and consequently generalized k-Mittag-Leffler-Ulam-Hyers stable.

Proof Let x € CEI; 1//(J ) be a solution of inequality (3.62), and let us assume that y is the
unique solution of the problem

,f’Dgf;‘”y) ®O=f (fa y(@), (,f’DZ‘f“”y) (t)); teld,
jakJ(rl—S),k;I//y) (at) = (jakil—s),k;wx) @*).
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By Lemma 3.31, we obtain for each ¢t € J

_ W@ —y@)y!
Ty (k)

¥() Ti " @ + (755 w) @,

where w € CSI " (J) be a function satisfying the functional equation
w(r) = f(t, y(@), w()).
Since x is a solution of the inequality (3.62), by Remark 3.36, we have
(Dl x) 0 = £ (160, (FDELx) ) + 0.1 e . (3.63)

Clearly, the solution of (3.63) is given by

_ §-1
_ W) —y@) FRA=OkY ) 4 (Jaaf”ﬁ(a} + a)) ),

*) TokE) Ve

where w € Cg; " (J) be a function satisfying the functional equation
w(r) = f(t, x(1), w()).
Hence, for each r € J, we have
lx(#) — (0
= () —w©l) 0+ (7o) 0

n DY (s)lx(s) — y(s)|dt
(I —=n)kTr(@) Jo  (p(t) —w(s)' %

< eI VB (o - vt +
Using Lemma 2.39, we get

x() =yl = €Bf (W0 - p@nt)

+ ni Y (s)|x(s) — y(s)|dt
(I —mkTi(@) Jo (@) —(s)—F

By applying Theorem 2.42, we obtain
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lx (1) — y(@)]

a P oo w<neE*<wu> ww»% ds
5£me— mm'+f§j ( )
a 15 KTy (i) [ (1) — ¥ ()]~

1<wm—wm»ﬂ

=

5dw(wv»—wm»%E

M1

k
me—w@le[ SCAOR ww»ﬂ.

Then for each t € J, we have

X (1) = ()] < aggeB} (W) -y @)f),

where

m
agy = By [1

Hence, the problem (3.49)—(3.50) is k-Mittag-Leffler-Ulam-Hyers stable with respect to
E% ((w (1) — 1//(51))%). If we set v(e) = age €, then the problem (3.49)—(3.50) is also gen-
eralized k-Mittag-Leffler-Ulam-Hyers stable. O

—ww»ﬂ.

3.5.3 Examples

In this section, we look at particular cases of our problem (3.49)—(3.50), with J =11,2]and

Il+x+y

W,te.}, X,yER.

[, x,y)=

Cey(N={x:T >Rt - Y@ —y@) ' xt) e CU, R},

£=1PBk—a)+a)

ﬁ_nwwm—ww»f[ |2 T (k&) }
= <1,

1 —m lcr + 2Tk (k +a)  Tp(a +kE)

o (TR ) @) + e (T x) o) = s

Example 3.38 Taking — 0,a = 3,k =1,y(t) =t,c; = l,co =0,c3 = 0,and = 7,
we obtain an initial valued problem which is a particular case of problem (3.49)—(3.50) with
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the Riemann-Liouville fractional derivative, given by

({’D%f“”x) (1) = (RLD%+x) 0 =f (t,x(t), (RLD15+x) (z)), re(1,2], (3.64)

(jé’“"’x) (1) =0, (3.65)
We have
Cep()=Cr () =u: (1,21 > R: (V= Du e €U B,

and
cly=cl,n={uecy, W ecy,m}.

Since the continuous function f € C} .w(J ), then the condition (3.32.1) is satisfied.
77

Foreachx,x,y,y €e Randt € J, we have
_ S\ < 1 _ _
Lf(t, x, %) — f(t,y, 9| < W(lx—xl-Hy—yD,

1
and so the condition (3.32.2) is satisfied with n; = 1 = 107" Also, the condition (3.61) of

Theorem 3.32 is satisfied. Indeed, we have

L= ﬁ ~ 0.01672126 < 1.
106

Then the problem (3.64)—(3.65) has a unique solution in C } " ([1, 2]) and is Mittag-Leffler-
2
1
Ulam-Hyers stable with respect to E; («/ t—1).
Example 3.39 Taking8 — l,a = %,k =1,y =t,ci;=0,cp=1,c3=0,and & =1,

we obtain a terminal value problem which is a particular case of problem (3.49)—(3.50) with
Caputo fractional derivative, given by

(f’D%ﬂ‘”x) (1) = (CD%M) " =f (t,x(t), (CD%M) (t)), te(1,2], (3.66)

(75 x) @ =x@ =0. (3.67)

We have Cs,y (J) = C1,y(J) = C(J,R) and Csl;w(J) = Cll;w(J) =CY(J,R).
Also,
~0.02129017 < 1.

4
L= 1067
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As all the assumptions of Theorems 3.32 and 3.37 are satisfied, then the problem (3.66)—
(3.67) has a unique solution in C 1(J,R) and is Mittag-Leffler-Ulam-Hyers stable with

1
respect to B (v7 —1).

Example 3.40 Taking 8 — %,a = %,k =1Lvy@)=t,cir=1,co=1,c3 =0,and§ = %,
we obtain an anti-periodic problem which is a particular case of problem (3.49)—(3.50) with
Hilfer fractional derivative, given by

({fpéf‘wx) (1) = <HD%;éx) ) =f (t,x(t), (Hpé;éx) (r)), te(1,2], (3.68)

<j;l‘+’“‘”x> 1) =— (j;f”%) ). (3.69)
We have
Ceoy () = 1, (/) = [u C(1,2] > R: (1= Diue C(J,R)} :
and
Ly =c () =lueCy, ) ecy, .
Also,

! ! + F(%) 0.01154306579 < 1
= — | —F= — | =~ 0. < 1.
166 | V& I'(3)

As all the assumptions of Theorem 3.32 and Theorem 3.37 are satisfied, then the problem
(3.68)—(3.69) has aunique solutionin C g " (J) and is Mittag-Leffler-Ulam-Hyers stable with
e

respect to ]El% (Vi =1).

Example 3.41 Taking 8 — 0, a = %, k=1, v(@)=In{),c1=1,ca=1,¢c3=1 and
&= %, we obtain a boundary valued problem which is a particular case of problem (3.49)—
(3.50) with Hadamard fractional derivative, given by

({’D%f””x) (t) = (HD%+x) O =rf (t,x(t), (HD%+x) (t)), re(l1,2], (3.70)

(y};l;‘”x) (1) + (Jli’l;wo @=1 (3-71)
We have
Cep (/) = Cypy () = [u: (1,21 > R yin@u € €T, R .
and

Ciy() = c;w(J) = {u €Cyy()iu' e CW(J)} :
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Also
V) [ 1
L=—Z-|— ~ 0.011719176301 1.
166 [ﬁ * ﬁ] =

As all the assumptions of Theorems 3.32 and 3.37 are satisfied, then the problem 3.70)—(3.71)
has a unique solution in C} " (J) and is Mittag-Leffler-Ulam-Hyers stable with respect to
bR

E? (VIn().

Remark 3.42 By varying § and the function 1, we can obtain several cases of our problem
(3.49)—(3.50). And if we take the same steps as the last examples with appropriate conditions,
we can prove the existence, uniqueness, and Mittag-Leffler-Ulam-Hyers stability results for
each case.

We may have additional problems with the following fractional derivative :

Caputo-Hadmard derivative: By taking 8 — 1,k = 1, ¥ (t) = In(z).
Hilfer-Hadmard derivative: By taking 8 € (0, 1), k = 1, ¥ (¢) = In(?).
Katugampola derivative: By taking 8 — 0,k = 1, ¥ (¢) = .
Caputo-Katugampola derivative: By taking 8 — 1,k = 1, ¥ (¢) = t”.
Hilfer-Katugampola derivative: By taking 8 € (0, 1), k = 1, ¥ (¢) = .

3.6 Notes and Remarks

The results of this chapter are taken from Salim et al. [126, 127, 134, 137]. For more relevant
results and studies, one can see the monographs [7, 14, 23, 27, 37, 50, 62, 68, 85, 100] and
the papers [57, 63, 65, 90, 91, 102-104, 122, 124, 129, 131, 143-149].
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Fractional Differential Equations with
Instantaneous Impulses

4.1 Introduction and Motivations

The aim of this chapter is to prove some existence, uniqueness, and Ulam-Hyers-Rassias
stability results for a class of boundary value problem for nonlinear implicit fractional
differential equations with impulses and generalized Hilfer-type fractional derivative. We
base our arguments on some relevant fixed point theorems combined with the technique of
measure of noncompactness. Examples are included to show the applicability of our results
for each section.

The outcome of our study in this chapter can be considered as a partial continuation of
the problems raised recently in the following:

e The monographs of Abbas et al. [7, 8, 14], Baleanu et al. [43], and Rassias et al. [115],
and the papers of Afshari et al. [20, 21], Benchohra et al. [48, 49], Karapmnar etal. [17, 19,
34,83, 84], and Zhou et al. [162], which deal with various linear and nonlinear initial and
boundary value problems for fractional differential equations involving different kinds
of fractional derivatives.

e The monographs of Benchohra et al. [50], Graef et al. [73], and Samoilenko et al. [139],
and the papers of Abbas et al. [9] and Benchohra et al. [49] where the authors investigated
various problems with fractional differential equations and impulsive conditions.

e The monographs of Abbas et al. [7, 13], and the papers of Abbasetal. [10, 12], Benchohra
etal. [51-53], and Kucche et al. [89, 96, 141]; in it, considerable attention has been given
to the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of various classes of
functional equations.

e The paper of Harikrishnan et al. [76]; in it, the authors investigated existence theory and
different kinds of stability in the sense of Ulam, for the following boundary value problem
with nonlinear generalized Hilfer-type fractional differential equation with impulses:

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 77
M. Benchohra et al., Advanced Topics in Fractional Differential Equations,
Synthesis Lectures on Mathematics & Statistics,
https://doi.org/10.1007/978-3-031-26928-8_4
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(PD*Pu) (1) = f(t,u@®); t €T :=1I\{t1, ..., tn}, I :=[0,D],
Apjlﬂ/u(t) ‘l:,k =Liu@));k=1,...,m,
PTYYu(0) = uo,

where D% P T1=V are the generalized Hilfer fractional derivative of order o € (0, 1)
and type B € [0, 1] and generalized fractional integral of order 1 — y, (y =a 4+ 8 —
af), respectively, 0 =19 <t} < ... <ty <Ilpyy1 =b < 00, u(tk )= hm u(ty + €)

and u(t; ) = lim u(# + €) represent the right- and left-hand limits of u(t) at t = 1y,
e—0—

AP TV u(t) |,:,k = pjl_?’u(t,j) — ”jl_yu(t,:), f: I x R — Risa given function,
and Ly : R - R; k =1, ..., m are given continuous functions.

4.2  Existence and Ulam Stability Results for Generalized
Hilfer-Type Boundary Value Problem

In this section, we establish the existence and uniqueness results to the boundary value
problem with nonlinear implicit generalized Hilfer-type fractional differential equation with
impulses:

(ﬂDf‘;%) ) =f (l, u(t), (PDj‘;%) (z)) cted, k=0,...,m, @.1)
k k

(Pjtki ) wH = (le}_‘lyu) (0) + L) k=1,...,m, (4.2)

o (P ) @+ e (P ) ) =, (43)

where D“f P j ¥ are the generalized Hilfer fractional derivative of order & € (0, 1) and
type B € [0 1] and generalized fractional integral of order 1 — y, (y =a + 8 —af),p >0
respectively, c1, c2, c3 are reals with ¢ +¢2 # 0, Ji := (tk, tit11; k=0, ..., m,a =19 <
H<...<ty<tpt1 =Db <00, u(tk ) = l1m u(ty +e)andu(f, ) = hm u(tk + €) rep-
resent the right- and left-hand limits of u(t) at t=t,f:JxRxR— R is a given func-
tion,and Ly : R — R; kK =1, ..., m are given continuous functions.
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4.2.1 Existence Results

Before establishing our existence results, we need to define the following weighted Banach
space:

PC, ,(J) = {u S —=>R:iu@)eCy (i) k=0,...,m, and there exist

u(t, ) and (pjtlfyu> (t,j_)§ k=0,...,m,withu(t,) = u(tk)},
k
and

PC () ={ue PC™u® € PC, (1) n e,
0
PCY () = PC, (),

with the norm

P —1f a
u = max su u(t
lullpc,, = m b ®

We also define the space
PC;:”O(J) = {u € PCy ,(J), pD;;+u € PCy,p(J)} ,k=0,...,m.
Let us now consider the following linear fractional differential equation:

(”Dfé’ﬂu) O =vy@), t€k=0,...,m, (4.4)

where 0 <a < 1,0 < 8 <1, p > 0, with the conditions

<'°jt;+yu) ) = (ﬂj{}@) () + Li()) k=1,...,m, (4.5)
and
a (P ) @+ e (P ) ) =, (4.6)
where y = o + B — af, c1, 2, c3 € R with

T #0, 0 2y i
Cl 2 y V= —/—, U2 =
c1+ o c1+ e

and
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£ g\
p* =sup (M) k=1,...,my¢,
o

such that ¢ : / — R be a function satisfying the functional equation

Y1) = ft,u@®), ¥ ().

The following theorem shows that the problem (4.4)—(4.6) has a unique solution given
by

()
~ £ 7 [192 =91 L) =91y ("J(;‘_T;“w) (1)
i=1 i=I

C(y)
tep _ gp 21 cp—1
gz [ (552 Do e
u(t) = (tp—f;f)y_l @7
p - — “ 1-y+o
o [02 ) ; Liu(t)) = 0 ; ("Ta 7w ) @

k

k
—o01 (PTLT) 0) + ; Liu() + ; ("ae 7 w) (n)}

+<Pj;1¢f>(t), teduk=1,...,m.
k

Theorem 4.1 Lety =a+ 8 —aB, where 0 <a <1land0<B<1.Ify:J - Risa
Sfunction such that () € PCy, ,(J), then u € PC;p(J) satisfies the problem (4.4)—(4.6)
if and only if it satisfies (4.7).

Proof Assume u satisfies (4.4)—(4.6). If t € Jy, then

(Ppstu) 0 = v .

Lemma 2.38 implies we have a solution that can be written as

<»0ja1+—}’u) (a+) P — P y—1 1 tp P a—1 el
u(t) = T ( > +r(a)/a ( ; ) sP~ 1y (s)ds. (4.8)

) Jo

Ift € Jp, then Lemma 2.38 implies
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u(t) =

(p%}r_yu> (1‘1+) P — l‘f y—1 1 tp P a—1 e .
L(y) < 0 ) + T'() J;, ( P ) P70 (s)ds
(”Jlfyu) (U7) 4+ Li(y)) /oo o\ 71

— a 1 0 o
ro) (=) +(av)o

(P - tf’)y—l -y N B R
- W[(’)Jfr u) (@) + Ly(u(t ))_|_<p‘7a+ I/,) (tl)]

(T30 o.

Ift € J», then Lemma 2.38 implies

u(t) =

(p‘yt;ryu> (t;_) tp_t; y—l 1 t tp_sp a—1 o1 d
ro) ( » > T ( p > S eds

(M,}‘Vu> (1) + La(u(t;)

3 0 — 2N\ o
- ro) (55) oo

1 p_ p\V1 -
= ) <f ; 5 ) |:(/"_7al+ Vu) (@™ + Liu(t])) + La(u(t;))
+ (T ) e+ (”J,ff””w) (m)} +(PT8v) 0.

Repeating the process in this way, the solution u(¢) forz € Ji, k = 1, ..., m, can be written
as

u(n) = [ (77,77 u) @) + iy L) + X0, (P77 w) <r,~>}

1=\ "
(59

Applying ? jt lfy on both sides of (4.9), using Lemma 2.19 and taking t = b, we obtain

4.9)

(A7) ) = (P77 @) + Y Lt ) + Y (T ) @)
i=l i=l

+ (/’j(im‘)i*“z//) o). (4.10)

Multiplying both sides of (4.10) by ¢, and using condition (4.6), we obtain
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a—a (P77 ) @) =a (P u) @) + e i Liu(t)))

i=1
m
1- 1-
+a ) (PT) @ +e (PT) @),
i=1
which implies that

(pjalf”u) (@at) =10, — ZI: Li(u(; ) —th ZI: (pj(i:’)t“y;) @) 4.11)

—01 (P T4 V) 0.

Substituting (4.11) into (4.9) and (4.8), we obtain (4.7).
Reciprocally, applying pjt 1;;/ on both sides of (4.7) and using Lemma 2.19 and Theorem
k

2.14, we get

ﬁz—mZL(ua ))—mz( T 0 ) @)
01 (v, )Vﬁ“w) b) + (ﬂj‘ ) @), 1 e,

(ﬂjt;;m> 0= Lo 0> Liwa ))—mz(% )@ @)

i=1

o (P )(M+Z(”Zﬁjﬁ“¢) (1)
=1

+ZL (u(t7)) + (”JI y*"‘w) (1), t € Ji, k #0.

i=1

Next, taking the limit # — a™ of (4.12) and using Lemma 2.24, with 1 —y <1 —y +a,
we obtain

(77,77 u) @) = 02 =01 Y Liw7) = 00 Y ("I E) @)

im e - (4.13)
—01 (PTET) o).
Now, taking ¢t = b in (4.12), we get
(PTL7u) @) = d2 4+ (1 - z‘n)(Z L)+ Y (T4 ) ()
i=1 i=1 (4.14)

) o)
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From (4.13) and (4.14), we find that
a (P Tu) @+ e (P ) 6 =,
which shows that the boundary condition ¢ (" ja]f yu) @ +e (p ‘7z lfyu> (b) =c3is

satisfied.
Next, apply operator Dy on both sides of (4.7), where k = 0, ..., m. Then, from Lemma

2.19 and Lemma 2.33, we obtain

(PD w)(t) = (/’Dﬁ“ ‘%) (t). (4.15)

Since u € C},/,p(Jk) and by definition ofC o(Jk), we have "’D u € Cy ,(Ji), then (4.15)
implies that

D)) = (6 o7 ‘”w) (1) = (PDfS%) (1) € Cy o). (4.16)
k
As ¥ () € Cy ,(Jy) and from Lemma 2.23, follows
( jl pd “’w) € Cy (). 4.17)

From (4.16), (4.17), and by the definition of the space C;’ »(Ji), we obtain
1-B(1—
(pjtk+ B( a)l//) c C;,p(fk)

Applying operator ? Jt 'i(l*a) on both sides of (4.15) and using Lemma 2.32, Lemma 2.24,
k
and Property 2.22, we have

(ﬂpf‘fu) 0y = g (PD,KM) ®
k k k
("Zi‘ﬂ“‘“)@ (k) (,p 0\ Bl
k S
p )

L —a))

0
=y,

that is, (4.4) holds.
Also, we can easily show that

(pj,,tfy”) (6" = ("»Ziffu) ) + LeCuG))ik =1,....m.
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This completes the proof. g
As a consequence of Theorem 4.1, we have the following result.

Lemmad.2 Lety =a+ 8 —afwhere0) <a <landO<p <l,letf:J xRxR—
R be a function such that f(-,u(-), w(-)) € PCy ,(J) foranyu,w € PCy ,(J).

Ifue PC,),/V,,(J), then u satisfies the problem (4.1)—(4.3) if and only if u is the fixed point
of the operator ¥ : PC,, ,(J) — PC, ,(J) defined by

y—1 m m
wu(y = - (= 9 — 01 Y Liu(t7) — o PTTER) (1
w0 = ros | = 2= Y Litu@) = Y (7T, ) @)
i=1 i=1

—n (PTG Y L+ Y (P T) (rk)]

a<ty<t a<ty<t
+(°TEn) O, 1€ Sk =0,...om, @.18)
k
where h : J — R be a function satisfying the functional equation

h(t) = f(t,u(®), h(1)).

We are now in a position to state and prove our existence result for problem (4.1)—(4.3)
based on Banach’s fixed point.

Theorem 4.3 Assume that the following hypotheses hold.

(4.3.1) The continuous function f : J x R x R — R be such that
FCuC), w) € PCEUT(J) foranyu, w € PCy ,()).
(4.3.2) There exist constants K > 0 and 0 < M < 1 such that
lf@ u,w) — f@t u, w)| < Klu—ul+Mw—w

foranyu,w,u,w € Randt € J.
(4.3.3) There exists a constant I* > 0 such that

[Li(u) — Li@)| < I*|lu—u

foranyu,u e Randk =1,...,m.
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L= <|19 |+ 1) (ml*p* 4 mK <bp _ap)a>
— 7 T(y)  (A-MTI+a)\ p
P _ AP\
S ( -, Tw) )(b a) .
1-M\T(1+a)  T(y+a) p

then the problem (4.1)—(4.3) has a unique solution in PC;:,p(J).

If

(4.19)

Proof The proof will be given in two steps.

Step 1: We show that the operator W defined in (4.18) has a unique fixed point #* in
PCy, ,(J).Letu,w € PCy ,(J) and t € J, then we have

|Wu(t) — Ww(r)|

< [w S ILi ) = Litw )]+ 191 (T Nhs) — g6)]) @)

i=1

+ 1Y (PTG = g)) )+ Y ILaE)) — Le ()]
i=1 a<ty<t

0

o 7l—y+o (" - tk)y_l
£ 20 (P = s 0) @ | S
a<ty<t
+ (7T hGs) = g@1) (@),
where h, g € PC, ,(J) such that
h(t) = £, u(t). h(1),
g() = [t w(). g(1)).

By (4.3.2), we have

[h(t) — g = | f(t, u(®), h(2)) — f(t, w(), g@®))|
< Klu@) —w(@®)| + M|h(1) — g@)|.
Then,
K

(@) = s = T—;

lu(t) —w()|.
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Therefore, foreacht € J

Wu(t) — Yw()|

- 11K i
<[ > ute) = wio + P (277 ) — wis)l) )
MK & e m
s D (*T0 51 s) = wo) )+ 3 e — w
K “ l—y+a ) (tp _ tlf)y_l
Ly ('Oj(,i_lyf lu(s) — w(s)l) (h)]W

i=1

K o
+ =7 (") —w)) .

Thus

Wu(t) — Ww()]

P — ) 911K _ p—ip\!
S ( k) |:|791|ml*[7*+ 1| _ll pjl y+o (S p m) (b)

T(y)pr~! M\ T
y—1
mK || p 7l—y+a Sp_tlf—l
+ Y \7(lk—l)+ 0 ()

y—1
mK 1- P =1
+ml* p* + . pj(tk,}]/)ta (T (@) |lu —wllpc, ,

y—1
sP—1tf
k
lu—wlpc,, [*72 ( ) 0.
k 1Y

+1—M

By Lemma 2.19, we have

Wu(t) — Ww()]

—1
< (7= [|z9| I*p*
= = u—wlpc 1imic-p
I'(y) P "o

[911KT(v) (b”—tr‘,’.)“Jr mKpICG) (1 =i\
(1-MI{1+a) p (1-Mrd+a) o

mKT(y) (fﬁ’ — 1 }

+ml*p* +

(1= Ml +a) P

—1
KLy i =i\
A—MI(y+ay PP\ 7 ’
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hence

i\
( pk) (\I/u(t)—\IJw(t))‘

mi* p* mK b? —af\*
< |:(|l91|+1)(r(y) + (1_M)l"(1+oz)( p ) )

K ( LA (2) )(bp_“p)a}uu_wu
A—M)\T(+a) T +a) P PG

which implies that

IWu — Wwllpc,,
< [(Iz‘/‘ |+ 1) (ml*p* + mK (bp _a,,)a>
= [ T(y)  (d—MId+a) o

K 1| C() \ (b —af\®
+(1—M><F(1+a>+r(y+a)>< p ”””_w”””'

By (4.19), the operator W is a contraction. Hence, by Theorem 2.45, W has a unique fixed
point u* € PC, ,(J).

Step 2: We show that such a fixed point u* € PC,, ,(J) is actually in PC%,/,p(J).
Since u* is the unique fixed point of operator ¥ in PC, ,(J), then for each r € Ji, with
k=0,...,m, we have

M*(t) — L tp — t]f y—1 [192 B l?l iL(u(ti)) . 191 i (,ojl—}’+0!h> (t)
C(y) P P ! ¢ P (ti-DF !

—o (PTTR) 0+ Y L)+ Y (P ) (l‘k)i|

a<ty<t a<ty<t

+("T%m) .
where h € PC, ,(J) such that
h(t) = f(t, u™(t), h(®)).

Applying * DZ:r to both sides and by Lemmas 2.19 and 2.33, we have

DY u*(t) = <"'D;/+ P S (s, u*(s), h(s))) (t)
k k k
= (npffl—”f(s, u*(s), h(s))) (t).
k
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Since y > «a, by (4.3.1), the right-hand side is in PC,, ,(J) and thus "Dt};u* € PCy,(J)
k

whichimplies thatu* € PC }Z o(J).Asaconsequence of Steps 1 and 2 together with Theorem
4.3, we can conclude that the problem (4.1)—(4.3) has a unique solution in PC )}: o(J). O

Our second result is based on Schaefer’s fixed point theorem.

Theorem 4.4 Assume that in addition of the hypothesis (4.3.1)—(4.3.3), the following hold.

(4.4.1) There exist functions p1, p2, p3 € C(la, b], R}) with

1= sup pi(1), p5= sup pa(t), p3 = sup p3(t) <1
tela,b) t€la,b] t€la,b]

p

such that
Lf(@, u, w)| < p1(®) + p2(Dul + p3@)|w| fort € J andu, w € R.

(4.4.2) The functions Ly : R — R are continuous and there exist constants ®1, P > 0
such that

|Lr(u)| < ®1|u| + Py foreachu e R,ok=1,...,m.

If

m®; p* mp3 (bP —al)* 91 C(y) pi(bP—af)*
(|ﬂ‘|+1)( ro) T Tppra ) T \Mvw T T ) Tipper ) < 1 (420)

then the problem (4.1)—(4.3) has at least one solution in PC)}f,p(J).

Proof We shall use Schaefer’s fixed point theorem to prove in several steps that the operator
W defined in (4.18) has a fixed point.

Step 1: W is continuous.
Let {u,} be a sequence such that u, — uin PCy, ,(J).
Then for each t € J, we have

w—P\'7
' (W) (1) — (Wu)(1)) < p J )

1
C(y)

=

[wn > Liun7) = L)1+ 121 (TN () = s )
i=l
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+ wZ(%;f;“lhn(s) —h(s)|) @)+ Y I (t) — L(u(t)]
i=1

a<ty<t

+ 20 (P T () = ho)1) (a)}

a<ty<t

P —tf o
+( ; ) ("THha(s) = (o)1) ).

where h,, h € PC, ,(J) such that

hn(t) = f(ts un(t)s hn(t))v
h(t) = f(t, u(t), h(1)).

Since u, — u, then we get h,,(t) — h(t) asn — oo foreacht € J, and since f and Ly are
continuous, then we have

1Yu, — \I’M”Pcyﬁ — Qasn — oo.

Step 2: We show that W is the mapping of two bounded sets in PCy, ,(J).

For n > 0, there exists a positive constant 8 such that B, = {u € PC, ,(J) : |lullpc,, <
n}, we have |W(w)llpc,, < B.

By (4.4.1) and from (4.18), we have foreacht € J;, k =0, ..., m,

-\ -\
( ") h(t)| = ( k) Ft,u), h(r)
P o

T\
< ( , S ) (p1(®) + p2@O)|u@®)| + p3(D)|A D)),

which implies that

bP —a”

1—y
kllpc,, < Pi ( ) + pin+ pilhlec,,-

Then

lallpc,, <

Thus (4.18) implies
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th —tf =
(Wu)(t)
o

—[|ﬁz|+|m|Z|L (e ))|+|01|Z(PJ§ 1) @)

) i=1
Iﬁll(pjl er°‘|h(s)|) b) + Z |Lic(u(t;)]
a<tp<t
I—y+a tp_t/f 7
+a;k<t ("J(,kflﬁ Ih(s)l) (tk)]+< 5 ) (’Q‘_7t:|h(s)|> ().

Then

P —1f =
(Wu)(t)
0

p \ 71
- sP—1_
< [w + [91lm (D1 p*n + ) + [D1lmA | P T, T (%) (%)

p 7l=y+a S’O—t,f, 7 *
+ AP T Y )+ m(P1p™n + P2)

By Lemma 2.19, we have

@ p*n + A (b —a’\*
Wullpc,, < (|z91|+1)(m( lﬁ(z) 2 F(,ln+oz)( ,Oa > )

X Loy N\ (b —ap)“ 192]
A
- (F(1+a>+r(y +a))< ;) Tty

= .

Step 3: ¥ maps bounded sets into equicontinuous sets of PCy, ,,.
Leter, €2 € J, €1 < €2, By, be abounded set of PC, , asin Step 2, and let u € B),. Then
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o _ p\17V p_ p\17Y
(E‘ - tk) (Wu)(er) — (62 ; t") (Wu)(e)

1 B ta
STJ/)[ Z [Li(u(t, )|+ Z (pj(zkj)t |h(s)|>([k):|

€1 <ty <€y €1 <l <€

e =i\ [ —10\"
o o '

As €] — ¢, the right-hand side of the above inequality tends to zero. From steps 1 to 3
with the Arzela-Ascoli theorem, we conclude that ¥ : PC,, , — PC, , is continuous and
completely continuous.

AT (y)
'y +a)

Step 4: A priori bound. Now it remains to show that the set
G={uePC,,:u=r1"V¥(u)forsome0 < 1" < 1}

is bounded. Let u € G, then u = A*W (1) for some 0 < A* < 1.
By (4.4.1), we have for each t € J,

P —1f = P —1f =
h)| = f@ u@®), h())
p o

-1\
< . (P1(0) + p2(Ou@)| + p3 (DI (D)),

which implies that

bP —a”

-y
Ihlpc,, < P} ( ) + pilullpc,, + Pilklec,,.

then

L (P —a” =y .
D1 ) + pslullpc,,

1 — p%k
This implies, by (4.18), (4.4.2) and by letting the estimation of Step 2, that for each t € J
we have

lhllpc,, <
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m(®1p*lullpc,, + P2) 1
L(y) (1—=p)rd+a)

L (b’ —af I4+a—y . bP — aP\ ¥
X | mp P +mp;llulpc,, T

. (bﬂ — ap)1+a—y N (bp — ap)ﬂ
p prliujipc
1 P) 2 7.0 0

(I —-p3)

lullpc,, < (1] + 1)(

+

X( [91] I'(y) ) |95
Frl+a) TI'(y+a r'(y)’

mCI>1p* mp; (bP — aP)oz
=< [(|191| +1) < T(y) + 1- p?)l"(l —l—ot)p"‘)

|91 T(y) ) (p;* (b* — aﬂ)a>]
+
(F(l +a) * 'y + ) (1= p3)p* lullpc, .,

) md; mp* (b? — aP)!+e=Y
+ %2l o+ . o
Cly) (A=p)rd+a)p'tey

r'(y)
( |91 T(y) ) pr (P —af) ey
+ + — ).
F(l+a) T(y+a) (1 — piHplter

By (4.20), we have

lullpc,,
L | g gy (02, _mPE@P e N (il TG0 (pi—a)
T(y) ! TG) T (U=pHT(+a)plFa=7 T(I+a) "Ty+a) J\ “A=pHplter
<
- m®p* _mpy(b°—a’)” [l T (P’ —a’)”
1‘[(“’1“)( Iy) T a—pprarase )T\ Te) TToFe )\ T=p5e"

= R.

As a consequence of Theorem 2.47, and using Step 2 of the last result, we deduce that W
has a fixed point which is a solution of the problem (4.1)—(4.3). (I

Our third result is based on Krasnoselskii’s fixed point theorem.

Theorem 4.5 Assume that (4.3.1), (4.4.1), and (4.4.2) hold. If

<1, (21

m®ip*  mpi (b° — aP)" PiIo| (P — aP)®
(|m|+1>( 1P 2 2

L'y) A=pHrd+a)p® (1 = pHT(1 + &) p®

then the problem (4.1)—(4.3) has at least one solution in PC;,/}(J).
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Proof Consider the set
By ={ue PCy,(J):|lullpc,, < nh

where

md; mA [ bP—aP \¥ [ ') bP—aP\* | 19|
e
— m -

D *
1=(2 1+ "k

We define the operators O and Q; on B, by

1 (1P =t 7~ " " eyt
Qu) = roo | = [192 =00 D L) =91 Y (P T4 ) )
i=1 i=1

—on (PTTTTR 0+ Y e+ Y (P, ) m]

a<ty<t a<ty <t
(4.22)
() = ("Th) (0. (4.23)
where k = 0,...,mand i : J — R be a function satisfying the functional equation

h(t) = f(t,u(), h(t)).
Then the fractional integral equation (4.18) can be written as operator equation
Vu(t) = Quu(t) + Qau(t), ue PCy ,(J).

The proof will be given in several steps.

Step 1: We prove that Qu + Q,w € By, forany u, z € B,.
Same as Step 2 of the last result, by (4.4.1), (4.4.2), and Lemma 2.19, for each ¢t € J, we
have

1Qiu+ Qawllpe,, < IIQuulpc,, + I1Q2wllpc,,

< (o1l o 1 M @1p™n + P2) mA (b —aP\*
= (i )< ) r<1+a)< ’ >)

1) Lo\ (b —aﬂ)“ 192
A .
* <F<1+a)+r(y+a>>( ;) tro

Since
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m® | _mA_(bP—aP\® Wil TG \(bP=af\", 1%l
("’1'+”<r<y>+r<1+a)( 3 >>+A(r(1+a>+r(y+a>>( 3 )+r(y)
[©)
1o+ L

n=z

we have
1Q1y + Q2zllpc, , <1,

which infers that Qu + Qw € B,.

Step 2: O is a contraction.
Letu,w e PCyp(J)andt € J.
By (4.4.1), we have

|h(1) — g = [ f(z, u(®), h(t)) — f(, w(), g(1))]
= p2Ou@) —w@®)| + p3(D)|h () — g(@)].

Then,
2(1) 5
Ih(t) = g0 < ~P22ju() — w(o)| < () = w),
1— p3(t) 1—pt
where pj = sup pi(t), p5 = sup p2(t) and h, g € C([a, b], R) such that
tela,b] t€la,b]

h(t) = f(t,u(1), h(1)),
gt = ft, w(), g(1)).

Then by (4.4.2) and using the estimation in Step 1 of the first result, we have

[Q1y(@) — Q1z(1)]
1 (e =0\ 1
< ) p lu —wllpc,, [Il‘/‘l |m®q p*

PEID1IT(y) (bﬂ—zrﬁ)“+ mpiln Ty (1 =1 \°
(1 =pHrd+a) J (1 =pHr{ +a) o

AT =1\
+m®p* + mpy T (r) (k k_l> ],

I—pra+a \  »

hence

101u — Q1w <|:(|29 |+1)<m<1>1p*+ mpz< (bp_ap)a)
1 1WIPC,, = 1 '(y) (1— P;)F(l +a) P

Pl (b —at\"T]
Taorarm\ ) e viee.

By (4.21), the operator Q is a contraction.
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Step 3: 0> is continuous and compact.
The continuity of Q, follows from the continuity of f. Next we prove that Q5 is uniformly
bounded on B;,. Let any w € B),. By using the estimation in Step 2 of the last result, (4.23)

implies
tp—t]é) 1% ,p_,kﬂ 1% o
(%) o] = (5E) T (PTgiel) o,
k
P\ p o ("=t r=1
<a (59)7 (o (5o
where k = 0,...,m and g : J — R be a function satisfying the functional equation

g(t) = ft,w(), g(1)).

By Lemma 2.19, we have

AT() (bP —aﬂ)“
10:2lrc, , < Fts ( )

This means that Q5 is uniformly bounded on B;,. Next, we show that Q5 B), is equicontinuous.
Letany w € By anda < €] < € < b. Then

(£4) ™ @aaen - (45£) T @oe
< fpd | (55) - (555) )

Note that
e — i\ £ — P\
. (Q22)(€1) — ) (022)(e2)] > 0 as € — e.

This shows that Q3 B, is equicontinuous on J. Therefore, Q> By, is relatively compact. By
P C, -type Arzela-Ascoli Theorem, Q5 is compact.

As a consequence of Theorem 2.50, we deduce that W has at least a fixed point u* €
PC, ,(J), and by the same way of the proof of Theorem 4.3, we can easily show that
u* € PC}/, o(J). Using Lemma 4.2, we conclude that the problem (4.1)—(4.3) has at least
one solution in the space PCf,"p(J). O

4.2.2 Ulam-Hyers-Rassias Stability

Now we are concerned with the Ulam-Hyers-Rassias Stability of our problem (4.1)—(4.3). Let
uepPCy,(J),e>0,7>0,and6 : J —> [0, 00) be a continuous function. We consider
the following inequality:
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(PD;ﬁﬂu) ) — f (l, u(t), (PDj‘;%) (t))
k k

(ﬂq}‘%) ) - (”jti{lyu> t7) - Lk(u(tk_))' <er,k=1,...,m.

<eb),te Jr,k=0,...,m,

(4.24)

Definition 1 ([156]) Problem (4.1)—(4.3) is Ulam-Hyers-Rassias (U-H-R) stable with
respect to (0, 7) if there exists a real number af ;, 9 > 0 such that for each € > 0 and
for each solution u € PC,, ,(J) of inequality (4.24) there exists a solution w € PCy, ,(J)
of (4.1)—(4.3) with

lu(@) —w()| <earme@@)+1), te€a,bl

Remark 4.6 ([156]) A functionu € PC,, ,(J) is a solution of inequality (4.24) if and only
if there exist 0 € PCy, ,(J) and a sequence oy, k =0, ..., m such that

1. lo(®)| <€B(t) and |o}| <e€t,t € Jp,k=1,...,m;
2. (ﬂDf;%) ) =f <t, u(t), (ﬂDf;%) (t)) +o),tedk=0,...,m;
k k

3. (PJJ;M) ) = <pjti;1yu> 7)) + Le(D) +ox, k=1,...,m.

Theorem 4.7 Assume that in addition to (4.3.1)—(4.3.3) and (4.19), the following hypoth-
esis holds:

(4.8.1) There exist a nondecreasing function 0 € PC,, ,(J) and Ay, Xo > 0 such that for
eacht € (a, b], we have
PTL0) () < Xeb(1),

and
T 0)(1) < Re0 (1),

Then Eq. (4.1) is U-H-R stable with respect to (0, 7).

Proof Consider the operator ¥ definedin (4.18). Letu € PC, ,(J) be asolution of inequal-
ity (4.24), and let us assume that w is the unique solution of the problem
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<0Df’;ﬁw> ) =f (z, w(t), (P:Dj‘;ﬂw) (r)); ted, k=0,...,m,
k k

pjtif”w ) = (Pq}‘lyw> () + Liw()); k=1,...,m,

a (P77 w) @ + e ("7 T w) ) =,

(P77 w) @h = (°7,77u) (@),

By Lemma 4.2, we obtain for each r € J

w(r)z[(wjj Vw) @H+ Y Liwe)+ Y. (Pj(ik‘j;“h) (lk)]

a<ty<t a<ty<t

p\ Y1

L (fh +(P.7“h)(t) te k=0

X —— , k=0,...,m,
rom\ » 5 ¢

where i : J — R be a function satisfying the functional equation

h(t) = f(t, w(), h(1)).
Since u is a solution of the inequality (4.24), by Remark 4.6, we have
(”Dii’ﬂu> 0=f (r, u(o), (ij‘;%) (t)) to@). e k=0, m
K k (4.25)
(pjt;ryu> (t,j_) = <pjt;+lyu> )+ Le(u(t,)) tor, k=1,...,m.

Clearly, the solution of (4.25) is given by

u(t) = 7 (SE) [(ijfyu) @)+ Y L)+ Y o

a<ty<t a<ty<t

LY CaTrgme X (A w]

a<ty<t a<ty<t

+<p.,7t§g>(t)+<p.7t§o>(t) teJi,k=0,...,m,
where g : J — R be a function satisfying the functional equation

g() = f(t,u(), g).

Hence, for each r € J, we have
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ju(t) — w(n)| < [Z |Le(u(t) — Le(w(r)] + Z ("o 10 )1) )
k=1

m P \V !
+ 3 (P T4 186) = ho)l) () + Z m@%
k=1

+ ("T%186) = o)1) () + (/’z‘;w(sn) ().

Thus,

1
lu —wlpc,, < e )[mer + (mhg + Dergb (1) + Zl*lu(tk ) —w(t )]
k=1

+ 3 (P Te 7 18) = o)) <tk>]
k=1

-\
+< ; ") ("7 186) = h(o)1) ().

By condition (4.3.2) and Lemma 2.19, for ¢ € J, we have

1
lu —wllpc,, < o) [mer + (mhg + Dergb(t) + ml* p*|lu — wllpcyp]

L |: mK t,f - t,f_l *
1-Mrd+ow) 1Y

KT(y) i —if ] ~
+(1—M)F(y+o¢)< , ) = wire.,:

Thus,

1 -
— < — A 1 k@t)
lu—wlpc,, < T (mer-i—(m o + Derg0(t)

N [ml*p* L K ( m__ C(y) ) <b"’ —ap>“:|
Fy) 1-M\I'l+a) I['(y+oa P

X |lu—=wlpc,,-

Then by (4.19), we have
lu—wlpc,, < age(t +0(1)),

where
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L+ (mF + >[1 ml”p
ap = ———(m + (mhy o)1 —
L'(y) I'(y)
K ( m__ ., _Tw )(bp—aﬂ)“}‘l
1-M\I'l+a) T'(y+oa) 0
Hence, Eq. (4.1) is U-H-R stable with respect to (0, 7). U

4.2.3 Examples

Example 4.8 Consider the following impulsive boundary value problem of generalized
Hilfer fractional differential equation

1 1 1
(éDf;%) ) = 1 + ngi;r_“/;), re Ul
¢ 97et+2 (1 T u)] + %Digou(r) ) ervi—1
4.26)
14 11 _ lu(e™)
<Zjei“> (et — <2~712+”> (e7) = 3t ) (4.27)
1 1 1 1
3 (zjliu) a1+t -2 (zjeiu> (3)=0, (4.28)
where Jo = (1,¢], J1 = (e,3], 1o = 1,and t; = e.
Set i
1 In(e + /1)
tu, = ——,  te(1,3], u, R.
ft,u,w) 9721+ ul & [ N € (1,3], u,we
‘We have

PCPS™ (11,3 = PCY (113D
= {g : (153]—>R1\/§<«/;—«/E)§g € PC([1,3])},

with y = o = %, o= %, B =0,, and k € {0, 1}. Clearly, the continuous function f €
PC? 1 ([1, 3]). Hence, the condition (4.3.1) is satisfied.
22

Foreachu,u, w,w € Randt € (1, 3] :

1
If @ u,w) = £ i, w)l = s (ju — il 4w —wl)

1
SW(W—IZI—Hw—ﬂ)D.
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1

Hence, condition (4.3.2) is satisfied with K = M = 53

And let

u
Li(u) = 3+u,u € [0, 00).
Letu, w € [0, 00). Then we have

w 3lu — w|

1
< ;lu—wl|,

u
ILy(u) — Li(w)| = | T GB+wBtw 3

3+u_3+w

and so the condition (4.3.3) is satisfied and [* = %
A simple computation shows that the condition (4.19) of Theorem 4.3 is satisfied for

1 1
_ 1 3/2(/3-D2 | V2(/3-D2( 2

N2 (Je-1) + 9763-1)I(3) (973 1) (r(%) + ﬁ)
~ 0.52720987569 < 1.

1
Then the problem (4.26)—(4.28) has a unique solution in PC? | ([1, 3]).
2:2
Also, hypothesis (4.8.1) is satisfied with
0(1) =e’, 7 =1land Ay = A 2
= . = 6 = 9 = —5.
r'Q3)

Indeed, for each t € Jy U Jp, we get

1 207
PILONE) < —
PTEO0) < E) ~
— AgB(1) = ipf ().

Consequently, Theorem 4.7 implies that Eq. (4.26) is U-H-R stable.

Example 4.9 Consider the following impulsive initial value problem of generalized Hilfer
fractional differential equation

Lo
1, 34+ u@®|+ 'Y u @)
(ID%; u> (1) = £ 7 , foreachr € JyUJy,  (4.29)
53¢~ 41+ |u(®)| + "D u(®)])
k
i i _ lu(e™)|
(1 ei”) (€+) - (1 ]2+’4> (e7) = m, (4.30)

(1 léu) (1 =0, 4.31)
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where Jo = (1,¢], J1 = (e,3],tp = 1l and t; = e.
Set
3+ |ul + |w|

,te(1,3], u,weR.
53 [+ | € 13w w

ft,u,w)=

We have
PCEO=([1,3]) = PC(;I([I, 3)={g: (1,31 > R: (VT —t)g € PC(1,3]},

withy =a =3, p=1,8=0andk € {0, 1).
Clearly, the continuous function f € PC (1) 1([1, 3]). Hence the condition (4.3.1) is satisfied.
77

Foreachu,w € Randr € (1, 3] :

1
I, u, w) < W@ + |u| + [w)).

Hence, condition (4.4.1) is satisfied with

1
pi(t) = 27, p2(1) = p3(t) = =t
and
* 3 1
1

_ 3 sk _ % _ 1
P1 = 3530 P2 = P3 = 33,

And let
Li(u) =

u
,u € [0, .
24u u € [0, c0)
Then we have 1
[Li(u)| < Elul +2,

and so the condition (4.4.2) is satisfied with | = % and &, = 2.
The condition (4.20) of Theorem 4.4 is satisfied for

(1911 +1) (mf‘w)’ + (1??;&21}/)&12);0‘) + (r(lﬁ‘w + F(Fy(ﬁx)) (’?fﬁ;g?ﬁf)
(1 V2 V2r
B (2@ * (53¢ — 1)r(g)) t 531
~ 0.22814541069 < 1.

1
Then the problem (4.29)—(4.31) has at least one solution in PC f | ([1, 3]). Also, hypothesis
(4.8.1) is satisfied with ’

- 2T
(t) =t T and Ay 0 1"(%)
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Indeed, for each ¢t € Jy U Jp, we get

) VarQ)

PTLO)N1) < —1

IO = T (r~ )
= 2p0(1) = Aob (1)

Consequently, by a simple change of the constants [*, K, and M from hypothesis (4.3.1)
and (4.3.2) to @1, p3, and p3 from (4.4.1) and (4.4.2), Theorem 4.7 implies that Eq. (4.29)
is G.U-H-R stable.

Example 4.10 Consider the following impulsive anti-periodic boundary value problem of
generalized Hilfer fractional differential equation:

1o
o e+ lu@®)]+ "D u @)
(11)[2; u)(t): k I Jteduk=0,...,4  (432)
‘ 77e= 21+ [u@®)| + "D} u()))
k
l ! _ Ju (i)
172 + 172 k
) — t, ) =———k=1,...,4, 4.33
(jt;u)(k) (J,(k_”w)(,{) TS (433)
1 1
(1 ﬁu)(ﬁ):—(ljgiu) @ (4.34)
5
where]kz(tk,tk+1],tk:l+’§f0rk=0,...,4,m=4,a=t0=1,andb=t5=2.
Set 5
e+ |ul + |wl
t,u, = ,te(1,2], u,weR.
St = el €2
We have

PCEU([1,2]) = Pc‘;l([l, 2D ={g: (1,21 > R: (Vi—t)g € PC((1,2D)},

withy =a=13,p=1,=0,andk =0,...,4.
Clearly, the continuous function f € PC? 1([1, 2]). So, the condition (4.3.1) is satisfied.
Foreachu,w e Randt € (1, 2] : ’

1 2
£, 0)] = = (€ o ] + w).
Hence, the condition (4.4.1) is satisfied with

2
p1(t) = W:TH’ p2(t) = p3(t) = 77e++2,

and
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« 2

_ * ook 1
Py =77, P =P3=77-

S

And let

Le(u) = k=1,....4,u €0, 00).

u

10k +u’

Then we have 1
L < — 1,k=1,...,4,
[Li(u)| < 1Olul +

and so the condition (4.4.2) is satisfied with | = % and ®; = 1.
The condition (4.21) of Theorem 4.5 is satisfied for

md p*t | mp3bP—af)® ) P3P —ary*  3V/5 125
(191l + D( ro) T =i ) T a=ppraros =5 7 T 14630 Q) 1

1

Then the problem (4.32)—(4.34) has at least one solution in PC? | ([1, 2]). Also, hypothesis
b

(4.8.1) is satisfied with

- r'(3)
) =1 -0 r=1landrpg = hg = ——.
OH=0-n1 and Ag 0 F(%)

Indeed, foreacht € J;, k=0, ..., 4, we get

wl%x05§@ﬁ—n2

2 ~
= Ap0(1) = AgO(2).

Same as Example 4.9, Theorem 4.7 implies that Eq. (4.32) is U-H-R stable.

4.3  Existence and Ulam Stability Results for Generalized
Hilfer-Type Boundary Value Problem

Motivated by the works mentioned in the introduction of the current chapter, in this section,
we discuss the existence results to the boundary value problem with nonlinear implicit
generalized Hilfer-type fractional differential equation with instantaneous impulses:

('ODZ::BM> H=f (l, u(t), <'0D;)3ﬁu> (t)) itedy, k=0,---,m, (4.35)

<ﬂ\7tl1:r7’u> (t,j_) = <p"7t,]{+1yu> )+ o)) k=1,---,m, (4.36)

a ("7 7Tu) @) e (T ) 6 =, (4.37)
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where D f , P ] + ¥ are the generalized Hilfer fractional derivative of order « € (0, 1) and

type B € [ 0 1] and generalized Hilfer fractional integral of order 1 — y, (y =« + 8 — af)),

respectively, ¢y, co are reals with c¢; +c¢2 #0, Jy = (t, tr+1; k=0,--- ,m,a=1 <

H< - <ty<tpr1=b< oo,u(t,j) = lim+ u(ty +€)andu(t, ) = lim u(t + €) rep-
e—0 e—>0—

resent the right- and left-hand limits of u(¢) att = tx,c3 € E, f : J x E x E — Eisagiven
function, and wy : E — E; k =1, --- , m are given continuous functions.

4.3.1 Existence Results
Consider the weighted Banach space
PC,,(J) = [u J > E:u@)e C(U, E);k=0,---,m,and there exist
u(t, ) and (Pj[if”u) ) k=0, ,m,withu(t,) = u(tk)},
and

PC () ={ue PC™u® € PC, (1)) n e,
0
PCY () = PC, (),

with the norm

1—
Jul it ) NS
ujlpc, , = max sup u
T k=0 | el ] P
We define the space
PC;f,p(J)={uePCyp(J) "D uePCyp(J)} =0,...,m.

Lemma 4.11 ([75]) Let D C PC, ,(J) be a bounded and equicontinuous set, then
(i) the function t — u(D(t)) is continuous on J, and

1

=i\

upec, (D)= sup u D) |,
tela,b] P

b b
(ii) (/ u(s)ds :u e D) < f w(D(s))ds, where
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D) ={u(t):t € D},t € J.
By following the same results from the previous section, we have the following result.

Lemmad4.12 Let y =a+ B —af where O <a <1l and 0<B <1, let f:JxEx
E — E be a function such that f(-,u(-), w(-)) € PCy ,(J) foranyu,w € PCy, ,(J).
Ifue PC},/,p(J), then u satisfies the problem (4.35)—(4.37) if and only if u is the fixed point
of the operator ¥ : PC, ,(J) — PC, ,(J) defined by

-1 m m

wui = - (= ' 9y — 9 (u(t)) — 0 PITVER) (4

w0 = ros | = 2=y @) = Y (P T, ) @)
i=1 i=1

1- - 1-
—n (PTG + Y e+ Y (P, ) (rk)]
a<ty<t a<ty<t
+(PT5R) 0 €Sk =0, m, (4.38)
k
where h : J — R be a function satisfying the functional equation:

h(t) = f(t,u(®), h(1)).

We are now in a position to state and prove our existence result for the problem (4.35)—
(4.37) based on Monch’s fixed point theorem.

Theorem 4.13 Assume that the hypotheses that follow are met.

(4.14.1) Thefunctiont — f(t, u, w) is measurable and continuous on J foreachu, w € E,
and the functionsu +— f(t,u, w)andw — f(t, u, w) are continuous on E for a.e.
teJ,and

FCuC), w) e PCEU™® foranyu, w € PCy ,(J).
(4.14.2) There exists a continuous function p : [a, b] —> [0, 00) such that

| f(, u, w)| < p(), forae. t € J and for eachu, w € E.

(4.14.3) For each bounded set B C E and for eacht € (a, b], we have

P_tp

1-y
L ) p()u(B),

u(ft, B, *DP BY) < (t
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where”DaL,’gB = {pDa;ﬁw cwe Byandk=1,--- ,m.
a a
(4.14.4) The functions wy, : E —> E are continuous and there exists n* > 0 such that
lox@)| < n*llull foreachu € E,k=1,---,m.

(4.14.5) For each bounded set B C E and for each t € J, we have

-\
u(wk(B))sn*< pk> w(B),k=1,---,m

If
* I-y+a
. my 1 bP —a”
L= tr° (F(a+1> + r(wr(rgfwa)) ( e ) <L (4.39)

where p* = sup p(t), thenthe problem (4.35)—(4.37) has at least one solution in PC) J).
[ pb] Y.p
tela,

Proof Consider the operator W : PC, ,(J) — PC, ,(J) defined in (4.38) and the ball
Bg := B(0,R) = {w € PCy,(J) : [wlpc,, < R}.
For any u € Bg, and each t € J we have

(ﬂ)l_y (W) (1)

P

< —)|:||192II+|191|Z||ZU1(M(I )>||+|z91|2(fk7(1 TR @)
ol (P T ”“nhu) O+ Y )l

a<tr<t
Yt -\
+ > (" T ||h<s>||)<tk>]+< ; ") ("Te1m1) @
a<tr<t
< I7 + \z;l(\;)l (ml*R—l—mp (pjé )]/)ta(l)) (ti))

+

i (r g1 ) )+ p () (p$§(1>>(f)‘

By Lemma 2.19, we have
‘ (=5 wow
¥, V1)

< 1ol 4 | ml*R 4 < (i e
= I'(y) F(y T2—y+a) p

+% b —tj, l—y+a+ p* tP—tf l—y+a
Fre-y+a) P INCEs T G ]
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Hence, for any u € PCy, ,(J), and each ¢ € (a, b] we get

l-y+a
1920l | [9al+1 * __(bP=a?
I(Wllpc,, = 5y + Tor [ "R+t y+a)( ) ) }

|91]p* + P pr—ar \ TV T
FrQ—y+a) " Tla+]) )

~ +

IA

This proves that W transforms the ball Bg into itself. We shall show that the operator
W : Brp — Bp satisfies all the assumptions of Theorem 2.49. The proof will be given in
several steps.

Step 1: ¥ : Bg — Bpg is continuous.
Let {u,} be a sequence such that u, — u in PCy, ,(J).
Then for each ¢t € (a, b], we have

o — P\
(Wup) (1) — (Wu)(1)) ( S k )

[wan,(un(r D = @)+ 1911 (2T () = b)) @)

i=l

1011 (T ) = 1) 1)+ Y ek an60)) = w ()]
i=l

a<tp<t

+ 3 (T () = 1) m]—

a<ty<t )

0P\
+ ( : > ("T () = o)1) 0,
0 f
where h,, h € PC, , such that

h(t) = f(t, u(®), h(1)).

Since u, — u, then we get h, (t) — h(t) asn — oo for each t € J, and by the Lebesgue
dominated convergence theorem, we have

Wu, — Yullpc,, = 0asn — oo.

Step 2: W (Bg) is bounded and equicontinuous.
Since W(BR) C Bg and Bp is bounded, then W (Bpg) is bounded.
Next, leteg, €2 € J, €1 < €2, and let u € Bg. Then
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‘ (ef;t;f)w @uyen - (£54)

#)[ PRI EDS (ﬂj(‘,kf)t"||h(s)||)(tk)}

€1 <l <€ €<ty <e€r
Glp_lkp l—y+a Ef—lf I-y+a
P 4 ’

As €1 — €7, the right-hand side of the above inequality tends to zero. Hence, W (Bg) is
bounded and equicontinuous.

14
(Wu)(e2)

IA

p*
+F(a+1)

Step 3: The implication (2.11) of Theorem 2.49 holds.

Now let D be an equicontinuous subset of Bg such that D C W U {0}; therefore, the
functiont — d(¢) = p(D(¢))is continuous on J. By (4.14.3), (4.14.5), and the properties
of the measure u, for each t € J, we have

-\ -\
dit) < u (WD)(r) U{0}
o o
P —1f l_y
<u p (D))

<;[Z (=) (D))
Tk "\ :

a<ty<t

1 sP—1f =y
+ 2 "%kfﬁ“( p k) pP()n(D(s)) <rk>]

a<ty<t

P —1f " o [s° =10 o
+ PTY p&)n(D(s)) | (1)
p p o

_ -y
pP —aP\ 177 p_ 4P
5p*( “) r TS, (s k) des) | @
P P

-y
mn*ldllec,,  mp* |, ieyra (57— 1
+ L+ PT T —& des) | (t

T'(y) T(y) | "o P ()@

* * p_ g\ mrta
- |:m77 N p <b a )
L(y) T(a+1) P

mp* b — a/))l—w}
+ d .
FGT2—y +a) ( p Idlizey.

Thus
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ldllpc,, < £ldllpc,,-

From (4.39), we get ||d||pcy.p =0, that is d(t) = u(D()) =0, for each t € Ji, k =
0,---,m, and then D(¢) is relatively compact in E. In view of the Ascoli-Arzela theo-
rem, D is relatively compact in Bg. Applying now Theorem 2.49, we conclude that W has
a fixed point u* € PC,, ,(J), which is solution of the problem (4.35)—(4.37).

Step 4: We show that such a fixed point u* € PC,, ,(J) is actually in PCJ}//,p(J).

Since u* is the unique fixed point of operator ¥ in PC,, ,(J), then for each ¢ € Ji, with
k=20,---,m, we have

—1 m m
ut(t) = L tP _t,f Y 1}2_191Zw‘(”(t'_))_1912('0*717}/%1}1) (1)
C(y) P P ! ! — (ti—)* !

—o (PR 0+ Y mwen + Y (P, ) (lk):|

a<ty<t a<ty<t

o
where h € PC, ,(J) such that
h(t) = f(t, u* (), h(1)).

Applying ? Dty+ to both sides and by Lemmas 2.19 and 2.33, we have
k

PDE}u*(r) = <’)DZ+ "thf(s, u*(s), h(S))) @)
- (prjl"‘)f(s, u*(s), h(S))) ().
k

Since y > «, by (4.14.1), the right-hand side is in PC,, ,(J) and thus "Dziu* € PCy, ,(J)
k

which implies that u* € PC;, o(J). As a consequence of Steps 1 to 4 together with The-
orem 4.13, we can conclude that the problem (4.35)—(4.37) has at least one solution in
PCY ,(J). O

Our second existence result for the problem (4.35)—(4.37) is based on Darbo’s fixed point
theorem.

Theorem 4.14 Assume (4.14.1)—(4.14.5) and (4.39) hold. Then the problem (4.35)—(4.37)
has at least one solution in PC;,/,p ).
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Proof Consider the operator W defined in (4.38). We know that W : Bg —> Bp, is bounded
and continuous and that W (Bp) is equicontinuous, we need to prove that the operator W is
a £-contraction.

Let D C Br and t € J. Then we have

p_.o\ 1=y 1,
" <(, ptk) (\[lD)(t)) ( . T W) u e D)

1 * tp_tk
§W|:Z n* { p u(t),ueD}

a<ty<t

-y
P _ 4P
I—y+a P § I
+ E Pj(tk o P ( p ) u(s) (tx),u € D ]

a<ty<t

bP —aP\'7Y sP—t 7
+< ) J+pu u(s) || @®,uebD
o o
By Lemma 2.19, we have

1pc (\IID>5[’””*+( r mp” )
ry) \T@+D) TOIQ—y+a)

pP — P\ 1Trte
« ( ) }MPCW(D)-
P

Therefore,
uec,,(WD) < Lupc, (D).

So, by (4.39), the operator W is a £-contraction.
As a consequence of Theorem 2.48 and using Step 4 of the last result, we deduce that W has
a fixed point which is a solution of the problem (4.35)—(4.37). O

4.3.2 Ulam-Type Stability

Now, we consider the Ulam stability for problem (4.35)—(4.37). Letu € PC, ,(J), € > 0,
T > 0,and 8 : J —> [0, o) be a continuous function. We consider the following inequality:

(”Dziﬂ“) - f (n u(n), (ﬂDZ;ﬁu> (t)) H <eb(t), 1€ Ji,k=0,....m

(ﬂj,} )(rk) (ﬂz}_‘lyu> (t) — D))

<et,k=1,...,m.

(4.40)
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Definition 2 ([156]) Problem (4.35)—(4.37) is Ulam-Hyers-Rassias (U-H-R) stable with
respect to (0, 7) if there exists a real number af ¢ > 0 such that for each € > 0 and for
each solution u € PCy, ,(J) of inequality (4.40) there exists a solution w € PC) ,(J) of
(4.35)—(4.37) with

lu@®) —w®| <e€arme@@)+1), tel.

Remark 4.15 ([156]) A function u € PC,, ,(J) is a solution of inequality (4.40) if and
only if there exist o € PCy, ,(J) and a sequence oy, k =0, ..., m such that

1. lo@)| <eb@t)and log]| < et t € S, k=1,...,m;
2. (ﬂD;}’ﬁu> ) = f (:, u(t), (ﬂDZ;%) (t)) +o@t),te T k=0,...,m;

3, (Pjtif”u> ) = (Pjtiflyu) () + o)) +or, k=1,....m.

Theorem 4.16 Assume that in addition to (4.14.1)—(4.14.5) and (4.39), the following
hypothesis hold.

(4.18.1) There exist a nondecreasing function® € PC,, ,(J) and Ly > 0 such that for each
t € J, we have

(" T 0) (1) < b (0).

(4.18.1) There exists a continuous function x : [a, b] —> [0, 00) such that for each t €
Ji;k=0,...,m, we have

p) = x()6(1).

Then Eq. (4.35) is U-H-R stable with respect to (6, 7).

Set x* = sup x ().
t€la,b]

Proof Consider the operator W defined in (4.38). Letu € PC, ,(J) be asolution of inequal-
ity (4.40), and let us assume that w is the unique solution of the problem
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<0Df’;ﬁw> ) =f (z, w(t), (P:Dj‘;ﬂw) (r)); ted, k=0,...,m,
k k

pjtif”w ) = (Pq}‘lyw> )+ o)) k=1,...,m,
o (P77 w) @ + e ("7 w) ) =,

(”Z}VW) (i) = ("~7,,‘(+Vu> @) k=0,....m.

By Lemma 2.38, we obtain for each ¢ € (a, b]

<p‘7zk1*_yw) ) <t" —if
P

w(t) =

y—1
L(y) ) +(”J,Z+h)(f) tedik=0,....m,

where & : (a, b] — E be a function satisfying the functional equation

h(t) = f(t, w(r), h(1)).

Since u is a solution of the inequality (4.40), by Remark 4.15, we have

(pD::;ﬂu> 0 =17 (tv u(r), (pDZ;ﬂu> (t)) +o(t),ted,k=0,...,m;

(4.41)
(pjz,i*y”> 1) = <p‘7,2+1y“> () + o)) +or, k=1,....m.

Clearly, the solution of (4.41) is given by

1 l‘p—l‘]f 7! 1—
“(”ZW)( ; ) (a7 @+ ¥ s+ ¥ o

a<tip<t a<typ<t

LY Camrgme ¥ (ae)w]

a<ty<t a<ty<t

+<pk7t‘ig>(t)+<p\7t‘io>(t) teJi,k=0,...,m,
k k

where g : (a, b] — E be a function satisfying the functional equation
g(t) = f(t,u(), g)).
We have foreacht € J;, k=0, ..., m,

(p~7,i+yu) ) = (pjalfyu) @hH+ Y mu N+ Y, o

a<tp <t a<ty<t

+ Y (T W+ Y (T wo.

a<ty<t a<ty<t
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Hence, for each r € J, we have

u(t) —w@®)| < (pjlzilg(S) - h(S)I) 1)+ ("Z}IU(S)I) ().

Thus,
lu(t) —w®)| < (PT%Ngls) —hs)]) (1) + (‘)J:+IIIG(S)II)
1 o _ P\
< ergb(1) +/ 5P~ (l o ) 200
a P I'(y)
< €rgb(1) +2x* (P T%0) (1)
< (€+2x™)r0(1)
2 k
= 1+ Zo)ipe(r+6()
< ape(t +0(1)),
where ag = (1 + 2)5(_*))‘9' Hence, Eq. (4.35) is U-H-R stable with respect to (6, 7). O

4.3.3 Examples

Let

oo
1
E=l = uz(ul,’/lZa"‘,Mna"')a2|un|<oo
n=1

be the Banach space with the norm

o0
luell = lutn].
n=1

Example 4.17 Consider the following impulsive boundary value problem of generalized
Hilfer fractional differential equation

! 32— 20
(1D,a’°un) (1) = n Jted k=09,
‘ 21331+ Jun (O] + "D un (1))
k
(4.42)

o ) +_<1 : > @)l e
(jfk*“” GO = ) = 30603 1y =00 48

(‘ liun)(ﬁ)u(' ;u) 3)=0, (4.44)

5
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k
where J; = (tx, tkx1],txk = 1 + ngl’k =0,---,9m=9,a=1y=1,andb = t1p = 3.

Set
32 =20

t,u,wz )
F ) = = 3 (  ul £ ol

te(1,3], u,wekE.
We have

PCHU~([1,3]) = PC(;]([L 3)={g: (1,31 > R: (VT —t)g € PC((1,3]},

with y = o = %, p=1, B=0,and k =0, ---,9. Clearly, the continuous function f €
chl([l, 2D.

Henzce, the condition (4.14.1) is satisfied.

Foreachu,w € E andt € (1, 3] :

- 312 - 20
1A uwl = ===

Hence, condition (4.14.2) is satisfied with p* =
And let

213°
lluell

——k=1,---,9u € E.
10(k 4 3) + |lul

o (1) =
Let u € E. Then we have

1
< —llullLbk=1,---.,9,
ok @)l < 40||u||

1
and so the condition (4.14.4) is satisfied with n* = 0
The condition (4.39) of Theorem 4.13 is satisfied for

* * * bP — aP l—-y+a
I'(y) e+ TOr2-y+ow P
9 17 63

2
wvz T anE Tanroue
~ 0.55074703829 < 1.

1
Then the problem (4.42)—(4.44) has at least one solution in PC? 1([1, 3)).
j B

Example 4.18 Let the following impulsive anti-periodic boundary value problem

! 363 4 5¢73 t

(épff’un> (1) = (317 + Se )'”"(1 )|1 - , foreacht € JoU Ji, (4.45)
! 14de=" (1 + lu@®ll + 112D u@®)])

k
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1 1 227
(Ua ><2+> - ( T )(2 )= % (4.46)
(Miu) 1+ = — (%Jziu) @, (447,

where Jo = (1,2], /1 = R,e],ti =2, m=1l,a=t)=1,andb =1 =e.

Set
B3+ 5¢73) ||u|

14de=*e (1 + Jlull + lwll)

f(t,l/l,U))Z ,te(l,e], M,weE.
We have

PCI™ (11,2 = PCY (1, e])
= {g c(l,e] > E : V21 — \/E)%g € C([l,e])},

with y = a = é, o= %, B =0, and k € {0, 1}. Clearly, the continuous function f €
PCY (ML)

Hence the condition (4.14.1) is satisfied.

Foreachu,w € Eandt € (1,¢] :

(313 + 5¢73)
t? 9 S YTV
1wl < e
Hence, condition (4.14.2) is satisfied with
) = (313 +5¢73)
PR = T gge=ve
and
. (B +5e77)
- 144 ’
And let
o (u) = & uck
! TTe— 114 + 2 '
Let u € E. Then we have
ok (W) < WHM”»

1

and so the condition (4.14.4) is satisfied with n* = ———
C T7ete 42
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The condition (4.39) of Theorem 4.13 is satisfied for

* * * bP — aP I—y+a
£:= al + ( P + np ) ( -
C(y) Cla+1) F(V)F(2—73/+a) AN ,
1 6e” + 10e™ 3e” + S5e~
= ———— + (2Je-2
(T7e*—¢ +2) /7 t@ve )< 144/ * 144ﬁr(2)>

~ 0.92473323802 < 1.

1

Then the problem (4.45)—(4.47) has at least one solutionin PC? | ([1, e]). Also, hypothesis
27

(4.18.1) is satisfied with T = 1, 6(r) = >, and Ay = 3. Indeed, for each 1 € (1, e], we get

¢riom < 25 < a6,
! ré -

Let the function x : [1, e] —> [0, co) be defined by

(Be 313 +5¢79)

1) =
x() 14de—i+e

then, for each ¢ € (1, e¢], we have
p) = x (OO @),

with x* = p*e_3. Hence, the condition (4.18.2) is satisfied. Consequently, Theorem 4.16
implies that Eq. (4.45) is U-H-R stable.

4.4 Notes and Remarks

The results of this chapter are taken from the papers of Salim et al. [125, 133]. The mono-
graphs [7, 8, 14, 27, 43, 81, 98, 115, 151, 159, 160], and the papers [17, 19, 34, 48, 49, 83,
84, 88, 132] provide more important conclusions and analyses about the subject.
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Fractional Differential Equations
with Non-Instantaneous Impulses

5.1 Introduction and Motivations

The present chapter deals with some existence, uniqueness, and Ulam stability results for
a class of initial and boundary value problems for nonlinear implicit fractional differential
equations with non-instantaneous impulses and generalized Hilfer-type fractional derivative.
The tools employed are some suitable fixed point theorems combined with the technique
of measure of noncompactness. We provide illustrations to demonstrate the applicability of
our results for each section.

The outcome of our study in this chapter can be considered as a partial continuation of
the problems raised recently in the following:

e The monographs of Abbas et al. [7, 8, 14], Ahmad et al. [25], and Baleanu et al. [43], and

the papers of Ahmed et al. [28], which deal with various linear and nonlinear initial and
boundary value problems for fractional differential equations involving different kinds
of fractional derivatives.

The monographs of Abbas et al. [7], Agarwal et al. [24], Benchohra et al. [50], and
Stamova et al. [150], and the papers of Abbas et al. [1-6, 8, 15], Bai et al. [39], Herndndez
et al. [78], Kong et al. [87], and Wang et al. [155, 157], where the authors investigated
the class of problems for fractional differential equations with impulsive conditions, and
the books [69, 154], where different topics on the qualitative properties of solutions are
considered.

The monographs of Abbas et al. [7, 13], and the papers of Abbas et al. [10, 12] and
Benchohra et al. [51, 52]; in it, considerable attention has been given to the study of the
Ulam-Hyers and Ulam-Hyers-Rassias stability of various classes of functional equations.
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5.2 Initial Value Problem for Nonlinear Implicit Generalized
Hilfer-Type Fractional Differential Equations

In this section, we establish existence results to the initial value problem with nonlin-
ear implicit generalized Hilfer-type fractional differential equation with non-instantaneous

impulses:
(pD?k;ﬁu> 0=r (t, u(t), (PD;);;%) (t)) ctely, k=0,....m, 5.1)

ut) =gt u(®)); tely, k=1,....m, (5.2)

(pJaIIyu) (@®) = ¢o, (5.3)

where prjrﬂ NS 17 are the generalized Hilfer fractional derivative of order « € (0, 1)
k

and type B € [0, 1] and generalized fractional integral of order 1 — y,(y = o+ 8 —
af),respectively, g € R, Iy := (sg, tkr11; k=0, ..., m,fk =, skl k=1,...,ma=
=S50 <t <S1<hH<$<- - <Spy_1 <ty <Su <tpmy1 =b < 00, u(t,j):
el_i)r61+ u(ty +€)andu(t, ) = egrgi u(t; + €) represent the right- and left-hand limits of u(¢)

att:tk,f:JxRxR—>Risagivenfunction,andgk:fk XxXR—R;k=1,...,mare

given continuous functions such that (" ‘73 ]fy gk) (t, u(t)) |t=sk =¢r € R.
k

5.2.1 Existence Results
Consider the Banach space
PCy,,(J) = {u J—>RiueCy,(,R);k=0,...,m, and
ue C(fk, R); k=1, ..., m, and there exist u(z, ), u(t,:r),
u(s;), and u(s;) withu(t,) = u(tk)},

and

PCl () = {u e PC"1(J) : u™ € Pcy,p(J)} neN,
ch,p(” = PCyp(J),
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with the norm

lullpc,,

I-y
P — s
= max { max sup ( k ) u(t) " nllax { sup |u(t)|}

=0,m | tefsy 1] P s\ 1€, 5]

We define the space

PC})’/ﬁp(J) = {u = R: ue C)}//,p(lk7R); k = 0, N U and
ueCUy,R);k=1,...,m, and there exist u(t; ), u(t,:r),

u(sy), and u(s;”) withu(t,) = u(tk)}.

We consider the following linear fractional differential equation:

(ﬂD‘jﬂ) O =v@), tel, k=0,...,m, (5.4)
Yk
where 0 <o < 1,0 < B <1, p > 0, with the conditions
ut) =gt u@®); tely, k=1,...,m, (5.5)
and
(77,57 u) @) = go. (5.6)

where y = a + B — a8, ¢p € R, and ¢* = max{|¢i| : k =0, ..., m}. The following the-
orem shows that the problem (5.4)—(5.6) has a unique solution given by

p_ P\’
&(t_%) +(ﬂjs‘;_‘+1//>(t) iftely, k=0,...,m,

u@py=1 T\ » (5.7)

ut) = ge(t,u(t)) iftel, k=1,...,m.
Theorem 5.1 Lety = o+ B —af, where0 <a < 1land0 < B < 1.IfY : Iy > R; k=

0,...,m, is afunction such that y (-) € Cy, ,(Iy), then u € PC)},/,,O(J) satisfies the problem
(5.4)—(5.6) if and only if it satisfies (5.7).

Proof Assume u satisfies (5.4)—(5.6). If t € Iy, then

(Ppefu) 0 =y .

Lemma 2.38 implies we have a solution that can be written as
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('Ojlfyu) (@) spo _ gVl 1 tp _ go\91
_ a p—1
=", ( P ) * F(a)fa ( P > P ).

If t € I, then we have u(t) = g1 (¢, u(r)).
Ift € I, then Lemma 2.38 implies

1_
) (p‘7sl+ Vu) (s1) o sf y—1 1 tgp o gp\ ol - p
u) = =50, ( P ) " T@ /s1 < p ) noree

p oY1
-t () o

If t € I, then we have u(t) = g»(t, u(r)).
Ift € I, then Lemma 2.38 implies

(PL7S1+_VM) (s2) o — sé) y—1 1 P P a—1 1
= 2 - d
u( ) ( ’ ) ) / ( ’ ) s

o P\Y1
(52 e

Repeating the process in this way, the solution u(¢) for ¢t € J can be written as

p_ P\
P (’_sk) +(pJ%w>(t) iftel,k=0,....m,

iy = ] T0)

u(t)=grt,u(t)) iftel, k=1,...,m.

Reciprocally, for t € Iy, applying pjal; ¥ on both sides of (5.7) and using Lemma 2.19
and Theorem 2.14, we get

(P77u) 0 =90+ ("7 w) 0, (58)

Next, taking the limit # — a™* of (5.8) and using Lemma 2.24, with 1 —y <1 —y +a,
we obtain

(°7,77u) @) = . (59

which shows that the initial condition (”Jalf yu) (a™) = ¢y is satisfied. Next, for ¢ €
Ix; k=0,...,m, apply operator p’D;/Jr on both sides of (5.7). Then, from Lemmas 2.19
and 2.33, we obtain ¢
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D)) = (ij;l‘“)w) ). (5.10)

Since u € C}:,p(lk) and by definition of C},/,p(lk), we have pD;+u € Cy,p(Ix), then (5.10)
k
implies that

DL w)(1) = (6,, PJ&“"W) t) = (PDZ&”W) ) €Cypl).  (5.11)
As ¥ () € Cy ,(Iy) and from Lemma 2.23, follows
(Pq}‘ﬂ(l‘“%/f) €Cy (). k=0,....m. (5.12)
From (5.11), (5.12), and by the definition of the space C)’j’p(lk), we obtain

<’°~7s}_ﬁ “‘“)W) eCl ) k=0.....m.

Applying operator ? \75 ,3(1—(1) on both sides of (5.10) and using Lemmas 2.32 and 2.24 and
k
Property 2.22, we have

(PD:;ﬂu> (1) = PJS?“‘“) (”Dsy;u) )

<pk7sl+/3(la)w) (sx) <t" _ S]f)ﬁ(l—a)—l

=y -

L —a)) P
=y (),

that is, (5.4) holds.
Also, we can easily show that

u(t) = ge(t,u@t))); t ey, k=1,...,m.

This completes the proof. 0
As a consequence of Theorem 5.1, we have the following result.

Lemmas$.2 Lety =a+ f —afwhere0) <a <1land0 < p <1,andk =0, ..., m, let
f:J xR xR — R be a function such that f(-,u(-), w(-)) € Cy ,(I), for any u, w €
PCy, ,(J). Ifu € PC},/,,)(J), then u satisfies the problem (5.1)—(5.3) if and only if u is the
fixed point of the operator ¥ : PC, ,(J) — PC, ,(J) defined by
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p_gP\" !
F¢k <t Sk> +<p‘7:¢+h>(;) iftel, k=0,...,m,
wu@y = I'® p k

(5.13)
gt u(t)) iftel, k=1,...,m.
where h € Cy, ,(It), k =0, ..., m be a function satisfying the functional equation

h(t) = f(t, u(t), h(1)).

Also, by Lemma 2.23, Vu € PC,, ,(J).

We are now in a position to state and prove our existence result for the problem (5.1)—(5.3)

based on Banach’s fixed point theorem. Set ¥ = &

Theorem 5.3 Suppose that the following assumptions hold.
(5.3.1) The function f : I x R x R — R is continuous on I; k =0, ..., m, and
FCu@,w) e CEU (), k=0,....m, foranyu, w e PCy ,(J).
(5.3.2) There exist constants My > 0 and 0 < My < 1 such that
|f(t u,w) — f@,u,w)| <Mifu —ul+Mjw —w
foranyu,w,u,w € Randt € I, k =0, ..., m.

(5.3.3) The functions gy are continuous and there exists a constant 1* > 0 such that
lgr () — gr(w)| < I*|lu —it| foranyu,u € Randk =1,..., m.

If

YO(y) (b° —aP\*
= [* 5.14
L 1+F(y+a)( p ) = G149

then the problem (5.1)—(5.3) has a unique solution in PC, ,(J).

Proof The proof will be given in two steps.

Step 1: We show that the operator W defined in (5.13) has a unique fixed point u* in
PCy, ,(J). Letu,w € PCy p,(J)andt € J.

Fort € I,k =0, ..., m, we have

Wu(n) = W) = ("TLIhE) —g6)1) 0.

where h, g € Cy, ,(Ix); k =0, ..., m, such that
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h(t) = f(t,u(1), (1)),
g(t) = f(t, w(t), g(1)).

By (5.3.2), we have

|h(1) — g = [ f (2, u(t), h(t)) — f (1, w(), g(1))]
= Mylu@) — w(@®)] +Ma|h(@) — g@)].

Then,
|h(t) — g < Ylu(t) —w(@)]|.
Therefore, foreacht € I,k =0, ..., m,
Wu(t) = wwO] = T ("4 () = w(s)]) ().
Thus

sP —sP v
[Wu() —Yw@®)| < | T "’j;’ki( p k) @) | llu —wllpc, ,-

By Lemma 2.19, we have

T o _ P a+y—1
|w(r)—w<r)|s{ ) (t S") e — wlec,,.

[y + ) 2

Hence

P —sP 1=y
(\I/u(t)—\IJw(t))( ; k)

Yry) (17 —s"\" -
§|:F(J’+Ol)< ) i,

. YT (b —a’\*1
[1+F(y+a)< P )]”u wliecy.:

IA

Fort e ik, k=1,..., m, we have

[Wu(t) — Vw()| < [(gk(#, u(r)) — g (t, w(1)))
<"lu—-wlec,,

. YT (b =a’\*]
S[IJFF()/HO( P )]”u wlPcy.:

Then, for each r € J, we have

Tr bP —aP\“
Yu — Yw|pc,, < [I*+ (r) - lu—wlpc,,-
" Ly +a) P -
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By (5.14), the operator W is a contraction. Hence, by Theorem 2.45, W has a unique fixed
point u* € PC) ,(J).

Step 2: We show that such a fixed point u* € PC,, ,(J) is actually in PC)}:,p(J).
Since u* is the unique fixed point of operator ¥ in PC,, ,(J), then for each tr € J, we have

¢ P — 5P 7

k Yk p 7o ; —

Wt (e) = _F(y)( ; ) +(jsk+h)(t) iftel,k=0,....m,
gt u* @)  iftel,k=1,...,m,

where h € C), ,(Ix); k =0, ..., m, such that

h(t) = f(t,u* (@), h(1)).

Applying Di; to both sides and by Lemmas 2.19 and 2.33, we have
“k

PDY u(t) = (”DV+ PTG f(s, u*(s), h(S))) ()
Sk Sk Sk
- (ppiﬁ‘wf(s, u*(s), h(s))) (1).

Since y > a, by (5.3.1), the right-hand side is in C, ,(I;) and thus pD;/+u* € Cy o).
k

And since g € C(ik, R);k=1,...,m,thenu* € PC)},’,,)(J). As a consequence of Steps 1
and 2 together with Theorem 5.3, we can conclude that the problem (5.1)—(5.3) has a unique
solutionin PCy, ,(J). ([

Our second result is based on Schaefer’s fixed point theorem. Set

1= sup pi(1), p5= sup pa(t), p3 = sup p3(t) <1.
tela,b] tela,b] t€la,b]

p

Theorem 5.4 Assume that in addition to the hypothesis (5.3.1), the following assumptions
are met.

(5.4.1) There exist functions p1, p2, p3 € C(la, b], Ry) such that

Lf (@ u, w)| < p1(1) + p2(D]ul + p3(0)|wl,

fort € I;k=0,...,m,andu,w € R.
(5.4.2) The functions gy are continuous and there exist constants ®1, ®o > 0 such that

lgk(t, u)| < @1lu| + @2 foreachu e R,t € J;, k=1,...,m.
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max {Cbl, ( AN09) ) (bp _ap> } <1, (5.15)
(1 =pHT(y +) o

then the problem (5.1)—(5.3) has at least one solution in PC,, ,(J).

If

Proof We shall use Schaefer’s fixed point theorem to prove in several steps that the operator
W defined in (5.13) has a fixed point.

Step 1: W is continuous. Let {u,} be a sequence such that u, — u in PC,, ,(J).
Then foreacht € I,k =0, ..., m, we have

p_gP I-y p_gP -y
(Wun) () = (W o) (5 ‘ = (5%)  (PTL e —ho)1) 0.
where hy, h € C, ,(I;), such that

hn () = f(t, un(t), hn(1)),
h(t) = f(t,u(®), h(1)).
Foreacht € fk,kz 1,...,m, we have
(Wi () — Wu()| < 1(gk(t, un(t)) — gr(t, u(®)))|.

Since u,, — u, then we get h,, (t) — h(t) asn — oo foreacht € J, and since f and g are
continuous, then we have

1Yu, — \I/u||pcy.p — OQasn — oo.

Step 2: We show that W is the mapping of two bounded sets in PC,, ,(J).
Forn > 0, there exists a positive constant € suchthat B, = {u € PC), ,(J) : |lullpc,, < n}
we have |V (u)llpc,, < €.

By (5.4.1) and from (5.13), we have foreacht € I,k =0, ..., m,

P — s e P —sp r
) h(1) S, u(@), h(t))
o P

-\
S( pk) (1) + POl + psOIRDD

which implies that

1—y - o\ 1—v
P — P b —a” Y P —
( p") h(t)fﬂ’f( P ) +p§n+p§‘( p") h(t)|.
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Then

1_
iy L (P —af Y +opr
24 —Sp p[ 0 P277
— Tk ho)| < = A.
< -
1Y P3

Thus, fort € I,k =0, ..., m, (5.13) implies

1—y 1—y
P —sf |k | P —sp "
( , ) W0 = o+ ( ; (P78 m©)) @,

By Lemma 2.19, fort € I,k =0, ..., m, we have
P —sf = o* r'(y) b” —aP\“
L) @) < +A< ) ( )
P F'(y) Iy +a) P
=r.
And foreach t € fk,k =1,...,m, we have

Wu@)lpc,, < |gk(t, u(®)| < ®1n+ &2 :=ra.
Thus, for each ¢t € J, we have
Yullpc,, < maxiry,rn} :=e.

Step 3: ¥ maps bounded sets into equicontinuous sets of PC, ,(J).
Leter, €2 € J, €1 < €, By, be abounded set of PC,, ,(J) asin Step 2, and letu € B,.
Then foreacht € Iy, k =0, ..., m, and by Lemma 2.19, we have

o p\!77 o p\177
(6‘ ; sk) (Vi) (er) — <€2 ; S") (Wi)(e2)

P _ P\ AN
( i k) ("7%h@) (e —( 2 ") (P7hm) (@2
P : P '

€]

I-y
Eg_slf p T 1 p—1
( ; ) (P m) @) + 5o e @) d.

IA

IA
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Then by Lemma 2.19, we have

p_ P\ 17V o _ p\17V
(61 psk) (Wu)(er) — (62 psk> (Vi) (e2)

I—y +y-1
- AT (y) eg —s,f (ef —ef)a v
“Tla+y) 14 o

€l P — 5P v
+ A/ k drt.
Sk P

And foreach t € ik,k =1,...,m, we have

Pl
I'()

H(7)

[(Wu)(er) — (Wu)(e2)| < |gr(er, u(er)) — grl(e2, u(e2))l.

As €1 — €, the right-hand side of the above inequality tends to zero. From steps 1 to 3
with the Arzela-Ascoli theorem, we conclude that W : PC,, , — PC, , is continuous and
completely continuous.

Step 4: A priori bound. Now it remains to show that the set
G={uePC,,:u=Ar"V(u)forsome0 < 1* < 1}

is bounded. Let u € G, then u = A*W (u) for some 0 < A* < 1.
By (5.4.1), we have foreacht € I,k =0, ...,m,

P — s,f -y 1P — s,f o
) h(t) ( f@, u@®), h())
o P

s\
S( pk) (P10 + POl + psOIRDD

which implies that

-y 1—
o — P bP — aP 14
( p k) h(1) szﬁ( p ) + pilulpc,,

-y
P — P
+p} ( . ") h@t)|,
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then
bP —a’

I-y
> + pillullec,,

(t/) —s]f)l_y PT(
—+) ho| <
P

This implies, by (5.13), (5.4.2), and by letting the estimation of Step 2, that for each ¢ €
I,k =0,...,m, we have

1-p;

1—y
1—y x ((bP—a® *
oS ] < 12 +”1( ) +P2”””Pcv~p( F(y) )
P “ T 1—p3 Iy +a)
b —aP\“
<(557)
0
thus
-y _
P — P * * bP — aP I—y+a
Sk u)| < ¢ +< pi ) )( a)
P L(y) 1=p)Hl'(y +a P
T b —aP\“
+ LAY ) e,
(1 =p)Hl'y +o) o nr
Andforeachteik,k:1,...,m, we have

()] < lge(t, u@)| < Sillullpe,, + ®a.
Then, for each tr € J, we have

lullpe,, < x1 + xallullpe, .
* * bP — aP l—y+a
X1 = max { ®s, LA ( Pi ) ) < ) :
C(y) 1—=p)Hy +a P

o (c=rr ) (5) |
X2 = max { Dy, .
(1 =pHr(y +oa) P

Then by (5.15), we have

where

and

X1
< = R
lullpc,, < — %
As a consequence of Theorem 2.47, and using Step 2 of the last result, we deduce that ¥
has a fixed point which is a solution of the problem (5.1)—(5.3). O
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5.2.2 Nonlocal Impulsive Differential Equations

This part is concerned with a generalization of the results presented previously to nonlocal
impulsive fractional differential equations. More precisely, we shall present some existence
results for the following nonlocal problem:

(PD"‘;’%) ) =f (r, u(t), (P:D“;%) (z)) ctel, k=0,...,m, (5.16)
Sk Sk

u(t) = gr(t,u(®)); tel, k=1,...,m, 5.17)

("7} u) @ + 9w = e, (5.18)

where © Dz’;ﬁ RV 3: ¥ are the generalized Hilfer fractional derivative of order « € (0, 1) and
k

type B € [0, 1] and generalized Hilfer fractional integral of order 1 — y, (y = o + 8 — af8),
respectively, ¢g € R p > Oand I, ik, f gk areasinthelastsection,and ¢ : PCy, ,(J) — R
is a continuous function. Nonlocal conditions were initiated by Byszewski [60] when he
proved the existence and uniqueness of mild and classical solutions of nonlocal Cauchy
problems. The nonlocal condition can be more useful than the standard initial condition to
describe some physical phenomena.

Theorem 5.5 Assume that (5.3.1)—(5.3.3), (5.4.2), and the hypothesis that follows hold.

(5.5.1) There exist constants K* > 0 such that
|0 () — 0 ()| < K*u(t) —u()]

foranyu,u € PCy ,(J).

If

YT(y) (b/’—a”>°‘
I*+ K* + <1, (5.19)
I'(y + o) P

then the nonlocal problem (5.16)—(5.18) has a unique solution in PC,, ,(J).

Proof We transform the problem (5.16)—(5.18) into a fixed point problem. Consider the
operator U PCy, ,(J) — PCy ,(J) defined by
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J— _ V*l
¢0r<§)(u) <tp pap> + (PT%h) () if t € I,

(5.20)

Yu@ty=1 ¢ [t°—st
C'(y) P

y—1
) +(ﬂj“+h)(z) iftelk=1,....m "’
Sk

gt u()) iftel,k=1,...,m.
where h € Cy, ,(I;), k =0, ..., m be a function satisfying the functional equation
h(t) = f(t, u(t), h(1)).

Clearly, the fixed points of the operator ¥ are solutions of the problem (5.16)—(5.18). We
can easily show that U is a contraction and its fixed points are in PC })f o(J). g

Theorem 5.6 Assume (5.3.1), (5.4.1)~(5.4.2), and (5.5.1) hold. If

max {Cbl,( LAANES )(bp _“p> } <1, (5.21)
(I =pHl({y +a) P

then the nonlocal problem (5.16)—(5.18) has at least one solution in PC,, ,(J).

5.2.3 Ulam-Hyers-Rassias Stability

First, we consider the Ulam Stability for problem (5.1)~(5.3). Letu € PC) ,(J),e > 0,7 >
0,and 0 : J —> [0, 00) be a continuous function. We consider the following inequalities:

(PD"‘;ﬁu) - f <z, u(t), <ﬂD"‘;ﬂu) (z))‘ <e(t), tel, k=0,...,m,
Sk Sk

lu@) — gt u(®)| <etr, tely, k=1,...,m.
(5.22)

Definition 5.7 ([156, 158]) Problem (5.1)—(5.3) is Ulam-Hyers-Rassias (U-H-R) stable
with respect to (0, ) if there exists a real number a s g > 0 such that for each € > 0 and for
each solution u € PCy, ,(J) of inequality (5.63) there exists a solution w € PC) ,(J) of
(5.1)—(5.3) with

lu(t) —w(t)| < earp@() + 1), teld.

Remark 5.8 ([156, 158]) A functionu € PC, ,(J) is a solution of inequality (5.22) if and
only if there exist o € PCy, ,(J) and a sequence ox, k =0, ..., m such that
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1. o) <eb(t),t € It,k=0,....,m;and lox| <et, t €L, k=1,...,m,

2. (ﬂD‘j;%) ) =f (t,u(t), (ﬂDj‘;%) (t)) +o(), tel, k=0,...,m,
“k “k

3. u(t) = gu(t,u(@®) +ox, t €y, k=1,...,m.

Theorem 5.9 Assume that in addition to (5.3.1)—(5.3.3) and (5.14), the following hypoth-
esis holds.

(5.9.1) There exist a nondecreasing function 0 : J — [0, 00) and g > 0 such that for
eacht € I; k=0,...,m, we have

TG0 1) < 20 (0).

Then problem (5.1)—(5.3) is U-H-R stable with respect to (0, 7).

Proof Consider the operator W is defined as in (5.13). Let u € PC,, ,(J) be a solution of
inequality (5.22), and let us assume that w is the unique solution of the problem

(ppa;ﬂw> N =f <t, w(t), <f’D0@rﬂw> (t)) s t€l, k=0,...,m,
Sk sy

u(t) = ge(y, w(t)); t € I, k=1,....m,

("Jf;_yw> (5) = <*°»7;{Vu> ) = k=0.....m.

By Lemma 5.2, we obtain for each ¢ € (a, b]

p_gP\" !
;ﬂ(t_sk) +(Pj;1h)(t) iftelk=0,...,m,
w(t) = ) P k

gt w®) iftelk=1,....m,

where h € C, ,(Ix); k =0, ..., m, be a function satisfying the functional equation

h(t) = f(t, w(r), h(1)).

Since u is a solution of the inequality (5.22), by Remark 5.8, we have

(ﬂD“;%) ) =f (r, u(t), (ﬂD"‘;%) (z)) to(t),tel,k=0,...,m;
Sk Sk

u(t) = ge(t,u(®)) +ox, t € ,k=1,...,m.

(5.23)
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Clearly, the solution of (5.23) is given by

1
o (1P —sf - ,
6g) O+ (PT%0) (1), 1 € I, k #0,
u(t) = 1"(7/)< o ) (‘Z;g)() (Jvk(’)() el k#

et u®) o, 1 €k =1,....m,
where g : Iy - R,k =0, ..., m, be a function satisfying the functional equation
g(t) = f(t,u(), g(t)).

Hence, foreacht € I,k =0, ..., m, we have

lu(r) —w(n)] < ("J%Ig(S) - h(S)I) (1) + <"J§‘+I6(S)I>

"o (ﬂ’ —sf’)“‘ u(s) —w)

AoB T
< €hob(0) + / ’ r@)

Sk

We apply Lemma 2.40 to obtain

T _ Ta—1
(D) = wo)] = a0() + / Z r(?)a) oot (’p psp) (e00(5))ds

< eg0(Ey | T
P
bP —aP\®
< €rg0(1) Eq [T( . ) }

And foreach t € fk,k =1,...,m, we have

lu(t) —w(@®)| < gk, u(®)) — gk, w(t))| + |ok|
< I*lu(t) —w(@)| + et,

then by 5.14, we have
lu(@) —w@)| <

1 -0

Then for each ¢t € J, we have

lu(t) —w(n)| < age(r +6(1)),

1 b? —af\*
= «| T .
1—1I* o

where
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Hence, problem (5.1)—(5.3) is U-H-R stable with respect to (6, t). Now we are concerned

with the Ulam-Hyers-Rassias stability of our problem (5.16)—(5.18).

O

Theorem 5.10 Assume that (5.3.1), (5.4.1), (5.4.2), (5.5.1), (5.9.1), and (5.21) hold. Then

the problem (5.16)—(5.18) is U-H-R stable with respect to (6, 7).

5.2.4 Examples

Example 5.11 Consider the following impulsive Cauchy problem:

1 Lo e’
(ZD;J; u) t) = o , foreacht € Iy U I,
k 79e+3(1 + [u(®)| + 12D u ()|
k
|u ()] ~
= ——" htel,
u(t) 2] or eac 1
1
(%Jliu) (1t =0,
where
Iy = (1,2], I = (e, 3], il =Q2,e], sop=1, 1 =2, and 51 = e.
Set
e ! R
t,u, = ,telgUl, u,weR.
P uw) = e S T Tl + ) 0- A W
We have
chU=(1.2) = cg%«l, 2])
1
= {v:(1,2]->R:«/§(¢?—1)2ueC([1,2],R)},
and
(3D = € | (e 3D
1
_ {v;(e,3]—>R:ﬁ(J?—ﬁ)2veC([e,s],R)},
with | |
y:a:i ,0:5, B =0,and k € {0, 1}.

Clearly, the continuous function f € C9 | ((1,2D N CY | ((e, 3]) .
’2 2°2

2
Hence, the condition (5.3.1) is satisfied.

(5.24)

(5.25)

(5.26)
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For each u, u, w,w € Rand ¢ € Iy U I}, we have

_ e’ _ _
[f(t,u, w) — f(t,u,w)| < W(W — |+ w—w|)

< 79?(|u—12|+|w—ﬁ)|).
Hence condition (5.3.2) is satisfied with 0t} = M = ——.
And let

u
=—, 0, 00).
g1(u) o T om u € [0, 00)

Letu, w € [0, 00). Then we have
w e'lu — w|

u
— = — = < — —
lg1(u) — g1(w)] |et+2u e,+2w| @ F @ 120 - Sl —wl,

and so the condition (5.3.3) is satisfied with [* =
A simple computation shows that the condition (5.14) of Theorem 5.3 is satisfied, for

Q| =

L= ~ (0.368062377 < 1.

_ 1, Y3 n?
e (79¢5 — 1)

Then the problem (5.24)—(5.26) has a unique solution in PC 1 ([1, 3]). Also, hypothesis
(5.9.1) is satisfied with T = 1 and

2T — 50, iftelUl,

(S}
[N}

0(r) =
e, ifteil,

_ V2r)(v2 - 1)%

and Ag s . Indeed, for each ¢ € Iy U I, we get
r'(5)

1 L 2r2) (V2 —1 :

dateyn < ROV, oy

INE))
and 1
_ 2
GTi00 < VIQOWI =V, i ave)

re
Consequently, Theorem 5.9 implies that the problem (5.24)—(5.26) is U-H-R stable.
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Example 5.12 Consider the following impulsive nonlocal initial value problem:
17520
o L+ u@®]+ "D u(@)]
(Dﬁu)(t): k o , tel,k=0,...,4, (5.27)
k 107e=+3(1 + u(@®)| + 'D% u ()]
"k
|u ()] =
t)y= ———F——, f htely,k=1,...,4, 5.28
u(t) 0% + 1w ()| or eac 2 ( )
1 1 u()
172 +
1 Z =1, 5.29
(‘7‘*”)( " S+ 629
where
2k
I = (S, teg1], sk =1 —l—; for k=0,...,4
and
I = (e, se), =1+ fork=1,...,4, (m=4),
and
a=so=1, b=1t5 =2.
>t L+ Ju] + [w]
u w
t,u, = ,tely,k=0,...,4, u,w e R.
Fuw) = {0l + D k Hw
We have
ChO™ (s, i1 = CF | (st i1 D)
7
={v: (s 1] > R: (V1 —s0)v € C(Lsk, trr1]. R},
with y = o = %, p=1,=0,and k =0,...,4. Clearly, the continuous function f €

Y 1([sk, te+11); k=0, ..., 4. Hence, the condition (5.3.1) is satisfied.
2
Foreachu,w e Randr € I;; k =0, ...,4, we have

1
|/ u, w) = T (T ful + [w).

Hence, condition (5.4.1) is satisfied with

pi1(t) = p2(t) = p3(1) = 107e—1+3"

and
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Let

gr(u) = k=1,...,4,u € [0, c0),

u
10ek +u’
then we have 1
< — l,k=1,...,4,
lgr(u)] < 10elul +

1
and so the condition (5.4.2) is satisfied with ®| = Toe and &, = 1.
e
And let

then we have

lg)| < 42supflu(t), k =1,...,4},
and so the condition (5.5.1) is satisfied with M =42 sup{u(ty), k =1,...,4}.
The condition (5.21) of Theorem 5.6 is satisfied, for

b =— <1,
10e

( P3T () )(b"—a”)“_ T,
(1—pHT(y + ) P ~ (107e — 1)

Then the problem (5.27)—(5.29) has at least one solution in PC 1 ([1, 2]). Also, hypothesis
(5.9.1) is satisfied with T = 1 and

and

(t—s0)?, iftel,k=0,...,4,
() =
2, iftelnk=1,...,4,
ra)
and Ay = —7.Indeed, foreacht € Iy, k =0, ..., 4, we get
2
'(3)

5
T%)(f — 5;)2

IA

1
(T20)0)

Consequently, Theorem 5.10 implies that the problem (5.27)—(5.29) is U-H-R stable.
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5.3 Initial Value Problem for Nonlinear Implicit Generalized
Hilfer-Type Fractional Differential Equations in Banach Spaces

Motivated by the works mentioned in the introduction, in this section, we establish existence
results to the initial value problem of nonlinear implicit generalized Hilfer-type fractional
differential equation with non-instantaneous impulses:

(ﬂD"‘;ﬂu) ) =f <z, u(t), (”D“;’Su> (z)) ctel, k=0,...,m, (5.30)
Sk Sk

ut) =gt u@®); tely, k=1,...,m, (5.31)

(°7,77u) @) = . (5.32)

where ? D‘:;ﬁ , P jalfy are the generalized Hilfer-type fractional derivative of ordero € (0, 1)

k
and type B € [0, 1] and generalized fractional integral of order 1 — y, (y = o + B — aff),

respectively, p > 0, ¢o € E , Iy := (S, ts+1; k =0,...,m, fk =, skl k=1,...,m,
a=8S0<t <s1<thh<s$<- <8y <ty <SSy <tpmy1 =b <00, u(t,j): lim+
e—>0

u(ty +¢€) and u(f,”) = lim u(# + €) represent the right- and left-hand limits of u(¢) at
e—>0—
t=t, f: I x Ex E — E is a given function, and g : ik XxXE—E;k=1,...,mare
given continuous functions such that (pjslfygk (t, u(t)) |i=s = ¢ € E,where (E, || - )
k

is a real Banach space.

5.3.1 Existence Results
Consider the Banach space
PCy,,(J) = {u J—>E:ueCy,(Ix);k=0,...,m, and
ue C(y, E);k=1,...,m, and there exist u(t;), u(t;"),
u(sy), and u(s;) withu(t,) = u(tk)},

and

PCl ,(J) = {u € PC (1) u™ € Pcy,p(J)} neN,

PCY ,(J)=PCy ,(J),
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with the norm

lullpc,,

I-y
tp—s,f
= max { max sup < ) u(t)| ¢, max { sup ||u(t)||}
k=0 P k=1,...m | ;¢ ]

e ey, tey] [tk sk

.....

Also, we define the following Banach space:
PC},”ﬁp(J) = {u :J—>FE:ue C)},’,p(lk);k=0,...,m, and
ue C(x, E);k=1,...,m, and there exist u(t; ), u(t;"),

u(sy), and u(s;”) withu(t,) = u(tk)}.

Lemma 5.13 ([75]) Let D C PC, ,(J) be a bounded and equicontinuous set, then
(i) the function t — (D(t)) is continuous on J, and

KLec,,

p_oPN\ 1=V
=max { max sup i <<t psk> u(t)) , max sup )¢y,
k=0,.om | tefsy,eq1] k=L,.om | tefn, 5]

b b
(ii) n (/ u(s)ds :u e D) < / w(D(s))ds, where

D) ={u(t):te D}, teJ.
Same as the last section, by following the same steps, we can have the following result:

Lemma5.14 Lety =a+ 8 —af where 0 <a <1,0<B<1,and k=0,...,m, let
f Iy x E X E— E, be a function such that f(-,u(-), w(-)) € Cy ,(Iy), for any u, w €
PCy, ,(J). Ifu e PC},/,,,(J), then u satisfies the problem (5.30)—(5.32) if and only if u is
the fixed point of the operator ¥ : PC, ,(J) — PC, ,(J) defined by

—1
r—s"\"
Pk <_s’<> +(ﬂjjih)(z), tel, k=0,....m,
Yk

Yu@y =4 '@ (5.33)

et u(@), tel, k=1,...,m,

where ¢* = max{||l¢|l : k =0,...,m}andh € C, ,(Ix), k =0, ..., m be a function sat-
isfying the functional equation
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h(t) = f(t, u(t), h(1)).

Also, by Lemma 2.23, Yu € PCy ,(J).

We are now in a position to state and prove our existence result for the problem (5.30)—(5.32)
based on Mdnch’s fixed point theorem.

Theorem 5.15 Assume that the following hypotheses are met.

(5.15.1) The functiont — f(t,u, w) is measurable on Iy; k =0, ..., m, for eachu, w €
E, and the functions u — f(t,u, w) and w +— f(t,u, w) are continuous on E
foraetely; k=0,...,m,and

FCuC), w) € CEU= Uy foranyu, w € PCy ,(J).
(5.15.2) There exists a continuous function p : [a, b] —> [0, 00) such that
I f(, u, w)|| < p@), foraet € l;k=0,...,m,and for eachu, w € E.
(5.15.3) For each bounded set B C E and for eacht € Iy; k =0, ..., m, we have

u(f(t, B, (ﬂDj‘kf B))) < p(t)u(B),

where "’DajrﬂB = {pDajrﬂw :w € B}and p* = sup p(t).
Sk Sk tela,b]
(5.15.4) The functions gy € C(fk, E); k=1, ..., m, and there exists I* > 0 such that
legx(t, w)|| < I*|u|l foreachu € E;k=1,...,m.
(5.15.5) For each bounded set B C E and for eacht € ik; k=1,...,m, we have

uw(ge(,B) <I*nu(B),k=1,...,m.

If

L := max {l*, Pr&) (b/’ _aP> } <1, (5.34)
F'a+vy) P

then the problem (5.30)—(5.32) has at least one solution in PC, ,(J).

Proof Consider the operator ¥ : PCy, ,(J) — PC, ,(J) defined in (5.33) and the ball
Bg = B(0,R) ={w € PCy ,(J) : [lwllpc,, < R}, such that
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R > ¢* + p* (bp —a/’>1y+°‘
T A=-Ty) A=+ 1D P .

For any u € Bg,andeacht € I,k =0, ..., m, we have

AN
Iwueo) < 140 (—sk) + ("T%In)1) @)

C(y) 0
-1
P* tp_slf ’ * o
() oo

By Lemma 2.19, we have

p\ 7Y x * _ o\ Trte
it ) R [P S i
P Fy) Tla+1) p

- ¢)* N p* (bp_ap>l—y+ot.
Ty Te+h\ p

Andforteik,kzl,...,m,wehave

I(Fw) O < Fllu@®]l < I*R.

Hence,

* * bP — aP I-y+a
Wullpc,, <I*R+ ¢ y P ( - ) <R.
e Fy) T(@+1) o

This proves that W transforms the ball Bg into itself. We shall show that the operator
W : B — Bp satisfies all the assumptions of Theorem 2.49. The proof will be given in
several steps.

Step 1: ¥ : Br — Bpgis continuous. Let {u, } be a sequence such thatu,, — uin PC,, ,(J).
Then foreacht € I,k =0, ..., m, we have

t"’—s]f 1=y

p_gP\ 1=
” (W) (1) = (W) (%) st( k) (p@nhn(s)—h(s)n)(o,

where hy, h € Cy ,(Ix); k =0, ..., m, such that

hn (1) = f(t, un (1), hn(2)),
h(t) = f(t, u(t), h(1)).

For each ¢ eik,kz 1,...,m, we have

(W) (@) = (W) O)| < [1(8x (1, un () — gr(t, u(®))]| -
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Since u, — u, then we get h, (t) — h(t) asn — oo foreacht € J, and since f and g are
continuous, then we have

Wu, — Yullpc,, = 0asn — oo.

Step 2: W(Bg) is bounded and equicontinuous.
Since W(Bg) C Bg and Bg is bounded, then W (Bp) is bounded.
Next, letej,ep € Iy, k=0,...,m, €] <€, andletu € Br. Then

p o\ P p\1TY
(61 S") (Wu)(er) (Ez S") (Vi) (e2)
P P
b o\ 1Y p_ p\V
< (El Sk) (”J‘ih(r)) (e1) — (62 sk) (pjoih(f)) (e2)
P % P b

-\ L
< (ﬂj"illh(r)II) )+ —— [ [t""H@®h@)]|dx,
1% €] F(Ol) Sk

where

1—y a—1 I—y a—1
P _ P P _ _p P _ P P _ _p
€ N € T € S € T
P ( 1 ) N ( ; )
P P P 1Y

Then by Lemma 2.19, we have

o p\!77 o p\177
(6‘ sk) (w)(ﬂ)_<ez sk) (Wi)(e2)
P o
o (-5t (eé’—ef)“
T+ P P

€] ‘L'p 1
p f
Sk

INC)]
and foreach t € fk,k =1,...,m, we have

‘H(‘L’)

[(Wu)(er) — (Wu)(e) |l < [1(gk(er, uler))) — (gr(e2, u(e2))ll .
As €1 — €, the right-hand side of the above inequality tends to zero. Hence, W (BgR) is

bounded and equicontinuous.

Step 3: The implication (2.11) of Theorem 2.49 holds.
Now let D be an equicontinuous subset of Bg such that D C W (D) U {0}; therefore, the
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functiont — d(¢) = w(D(¢)) is continuous on J. By (5.15.3), (5.15.5), and the properties
of the measure u, foreacht € I,k =0, ..., m, we have

1P — s,f o tP —s,f o
’ dit) < u 5 (YD) () U {0}

_s\'
<u (tpps"> WwD)®) ||

then . -
tP — s,f Y tP — s,f v o
d(t) < PTG p)u(D(s)) ) (1)
P o Sk
b — gP\ 17V
<p* - PTd(s) ) (1)
:
T P _ P
< | LT (BN e,
Ce+y) P "
And foreach ¢t € ik,k =1,...,m, we have

d(t) < (g (t, D(1))) < I*d(1).

Thus, for each ¢t € J, we have

ldlirc,, < Lldlrc,,-

From (5.34), we get ||d||PC%p = 0, thatisd(t) = u(D(t)) = 0,foreacht € J,and then D(¢)
is relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively compact
in Bg. Applying now Theorem 2.49, we conclude that ¥ has a fixed point u* € PC) ,(J),
which is solution of the problem (5.30)—(5.32).

Step 4: We show that such a fixed point ™ € PC,, ,(J) is actually in PC]}//,p(J).
Since u* is the unique fixed point of operator W in PC,, ,(J), then for each tr € J, we have

I'(y) P
gt u @), tely, k=1,...,m.

-1
O —tp_slf ' PT%h) (1), tel, k=0
Wyt () = +( st )(), €el, k=0,...,m,

where h € C), ,(Iy); k =0, ..., m, such that
h(t) = f(t, u*(t), h(t)).

Fort € Iy; k =0, ..., m, applying ”D1’+ to both sides and by Lemmas 2.19 and 2.33, we
“k
have
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DUt (1) = (PD{k+ LTS (s, (s), h(s))) (1)
= (PDiP‘”f(s, w*(s), h(s))) ).

Since y > a, by condition (5.15.1), the right-hand side is in Cy, ,(I;) and thus ")D1’+u* €
“k

C,,p(Ix) which implies that u™ C;,/,p(lk). And since g € C(fk, E);k=1,...,m, then
u* e PC,),’,,O(J). As a consequence of Steps 1 to 4 together with Theorem 5.15, we can
conclude that the problem (5.30)—(5.32) has at least one solution in PC, ,(J). O

Our second existence result for the problem (5.30)—(5.32) is based on Darbo’s fixed point
Theorem.

Theorem 5.16 Assume that conditions (5.15.1)—(5.15.5) hold. If

*T b —aP\*
L = max {l*, P ( a ) } <1,
[a+y) P

then the problem (5.30)—(5.32) has at least one solution in PC, ,(J).

Proof Consider the operator W defined in (5.33). We know that ¥ : Bg —> Bpg is bounded
and continuous and that W (Bp) is equicontinuous, we need to prove that the operator W is
a L-contraction.

Let D C Brpandt € I,k =0, ..., m. Then we have

P —s? =y P —s? 7y
n ( pk) D)D) | =n ( pk> (Wu)(1) :u € D

bP — gP\17Y
= < p - ) {(”J%P*M(u(s))> ("), ue D} )

By Lemma 2.19, we have for ¢ € Iy, k =0, ..., m,

1—y
10— sp [p*r(w (bp—aﬂ>“]
D D).
n ( . ) @D | =| 7oy (7 wec,, (D)

And foreacht € fk,k =1,...,m, we have

n ((WD)(®) < 1 (gk(t, D)) <" (D®)).

Hence, for each t € J, we have

wrc,,(WD) < Lupc, (D).
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So, by (5.34), the operator W is a L-contraction. As a consequence of Theorem 2.48 and
using Step 4 of the last result, we deduce that W has a fixed point which is a solution of the
problem (5.30)—(5.32). U

5.3.2 Ulam-Hyers-Rassias Stability

We are concerned with the Ulam-Hyers-Rassias stability of our problem (5.30)—(5.32). Let
uepPCy,,(J),e>0,7>0,and6: J —> [0, 00) be a continuous function. We consider
the following inequality:

‘ (PDj}{;%) ) — f <t, u(t), (/’D;;ﬂu> (r))

lu(®) — ge(t, u@)ll <e€t, t €Iy, k=1,...,m.

<ebt), tel, k=0,...,m,

(5.35)

Definition 5.17 ([156, 158]) Problem (5.30)—(5.32) is Ulam-Hyers-Rassias (U-H-R) stable
with respect to (0, ) if there exists a real number a s g > 0 such that for each € > 0 and for
each solution u € PC,, ,(J) of inequality (5.35) there exists a solution w € PC) ,(J) of
(5.30)—(5.32) with

lu(@) —w@)|| <earp@@)+71), tel.

Remark 5.18 ([156, 158]) A function u € PC,, ,(J) is a solution of inequality (5.35) if
and only if there exist o € PC,, ,(J) and a sequence oy, k =0, ..., m such that

1 lo@)| <eb®),t €y, k=0,...,m;and |lox|| <er,t €, k=1,...,m,
2. (/’Df‘;ﬁu> ) = f (:, u(t), (F’D‘:;ﬁu> (t)) +o@),tely, k=0,...,m,
Yk Yk

3. u(t) = gu(t,u(@®) +ox, t €Iy, k=1,...,m.

Theorem 5.19 Assume that in addition to (5.15.1)—(5.15.5) and (5.34), the following
hypothesis holds.

(5.19.1) There exist a nondecreasing function 8 : J —> [0, 0o0) and Ag > 0 such that for
eacht € I; k=0, ...,m, we have

(”J%Q)(t) < 200(1).

m
(5.19.2) There exists a continuous function x : U [Sk, tr+1]1 —> [0, 00) such that for each

k=1
tely;k=0,...,m, we have
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p(1) = x @6 ().

Then problem (5.30)—(5.32) is U-H-R stable with respect to (0, ).

Proof Consider the operator ¥ definedin (5.33). Letu € PC, ,(J) be asolution of inequal-
ity (5.35), and let us assume that w is the unique solution of the problem

(”D"‘;ﬁw) 0 =r (r, w(o), (m‘ﬁ%) (t)) ctel, k=0,...,m,
Sk 5,

w(t) = ge(t, wt))); t € I, k=1,...,m,

("41{“) (5) = ("ngu> ) = k=0.....m.

By Lemma 5.14, we obtain for each ¢ € (a, b]

p_ P\
F¢k (t Sk) +(pjsw+h>(,) iftel,k=0,...,m,
w) =4 F® 14 g

gt w®) iftelk=1,....m,

where h € C, ,(Ix); k =0, ..., m, be a function satisfying the functional equation

h(t) = f(t, w(r), h(0)).

Since u is a solution of the inequality (5.35), by Remark 5.18, we have

(Pij}{;%) ) =f (t, u(t), (PDj‘kfu> (;)) +o@t),tel,k=0,.

\ ™ (5.36)
u(t) = gi(t,u@®)) +ox,t € I, k=1,...,m.
Clearly, the solution of (5.36) is given by
y—1
() o
— | — t
rem\ » () ©
u(t) =4 + (Pj;g;) (), 1t €l,k=0,....,m,
k
gt u@®) +ox, tel, k=1,....m,
where g : Iy > E,k =0, ..., m, be a function satisfying the functional equation

g(t) = f(t,u(), g()).

Hence, foreacht € I,k =0, ..., m, we have
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lu@) —w®ll < ("T%Ngs) —h()Il) 1) + (p~7f+l||U(S)||)
' _ a-—
€rg0 (1) +/ 5P <tp . Sp) 2X(I)G(I)ds

g '(y)
erol(t) +2x* (PT%0) (1)

IA

<
< (e +2x")reb0(1)
2x*
<+ c JAge(t +0(1)),
where
x* = max sup  x()y.
k=0,....m | te[sy, 1411
Foreacht € fk,k =1,...,m, we have

u(r) —w@)| < llgr(t, u®)) — gr(t, w®)|l + llokl|
= Flu() —w®)|l + e,

then by (5.34),
€T _ €

() = w(n)| = T = 7=

T (t +6()).

Then for each ¢t € (a, b], we have

lu(®) —w@®)| < age(r + 0(1)),

where
a4 2y, !
=m .
“0 ax e T
Hence, problem (5.30)—(5.32) is U-H-R stable with respect to (6, 7). O

5.3.3 AnExample

Example 5.20 Let
o0
E=1'= v:(v1,v2,...,vn,...),2|vn| <oo}
n=1

be the Banach space with the norm

o0
ol =" lval.
n=1

Consider the following initial value problem with non-instantaneous impulses:
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(‘D%’Ou) ) = f (t,u(t), (17)%;014) (r)), te(1,21U(e3], ke{0,1) (537
Sk Sk

u(t) = g(t, u(®), t € (2, el, (5.38)
(1 léu) (1 =0, (5.39)

where
a=ty=so=1l<t1=2<s1=e<th=3=b,
uz(ulvuzv"'vun"")3

f=(f15f27"'7fl'l"")y
10 1.0 ,
D2 _(D+ ul,...,1D3+ g, oo DX g, ),
Yk

57 57
g=1(81,82--->8n>--)s
Q3 +5¢ D) |u, (1)

183e~ 3 (1 + u(®)] + | (173;#0“) @1

Fut, un(2), (‘ i; u) (1) =

fort € (1,2]U (e, 3], withk € {0, 1}, n € N, and

|y (2)|
gn(t, uy (1)) = W, te2,e]l,neN.

We have
Cpu= .2 =} (1,2 = {h . (1,2] > E: (Vi=Dh e C(l1,2], E)},
and

CEO=® ((e.3]) = C(;l ((e,3) = {h:(e,31 > E: (Vi —eh € C(le,3], E)},

With y=a= 2, p=1, =0, and k € {0, 1}. Clearly, the continuous function f €
((1 2h N C0 ((e 3]). Hence, the condition (5.15.1) is satisfied.

Foreachu weEandte (1,2]U (e, 3] :

213 4 5¢72

If @t u, w) < 18305

Hence, condition (5.15.2) is satisfied with

213 4 5¢72

pt) = 1830113



148 5 Fractional Differential Equations with Non-Instantaneous Impulses

and

*

54 + 5¢~2
pr=—

183
And foreachu € FE and t € (2, e], we have

Jul
t? S —’
st 0l < {oe 57

1
and so the condition (5.15.4) is satisfied with [* = ————.
105e5—¢ + 1

The condition (5.34) of Theorem 5.15 is satisfied, for

a8 bP — aP\®
L= max{l*, Fp( f/)) ( a ) }%0.7489295248 <1
a+y P

. 1.0 1.0
Let © be a bounded set in E where 1DSZ+ Q= {IDSZ+ v:iveQt;kel{0,1}, then by the
k k

properties of the Kuratowski measure of noncompactness, for each u € Q and t € (1,2]U
(e, 3], we have

u (f(r, Q, ID%Om) < PO,
Xk
and foreach r € (2, ¢],
w(g(t, Q) < I*u().

Hence, conditions (5.15.3) and (5.15.5) are satisfied. Then the problem (5.37)—(5.39) has
at least one solution in PC | ([1, 3]).
Also, hypothesis (5.19.1) is satisfied with T = 1 and

1
t— Sk

, ifte(,2]U(e, 3]
o(t) =

I, ifte@el,

and Ay = /7. Indeed, for each ¢ € (1, 2], we get

1
(TLO0) = V7 < \/7?1,
l‘_
and for each r € (e, 3], we get
1
| 4 Nz
(T =V < .

Let the function y:[1, 2] U [e, 3] — [0, co) be defined by:

23 +5¢72) /1 = Sk

183¢~1+3 ’

x() = k € {0, 1},
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then, for each ¢ € (1, 2] U (e, 3], we have

p) = x(OO@),

with x* = p*. Hence, the condition (5.19.2) is satisfied. Consequently, Theorem 5.19
implies that the problem (5.37)—(5.39) is U-H-R stable.

5.4 Boundary Value Problem for Fractional Order Generalized
Hilfer-Type Fractional Derivative

Following the work of the previous section, in this section, we establish existence and
stability results of the boundary value problem with nonlinear implicit generalized Hilfer-
type fractional differential equation with non-instantaneous impulses:

(PDj‘_;ﬁx) ) =f (r, x(1), (”Di‘fx) (z)) cteldi, i=0,...,m, (5.40)
x() =vit,x@®); ted, i=1,....m, (5.41)

91 (77,77 x) @) + 92 (7,77 x) (0) = . (5:42)

where pDZf , P jalf ¥ are the generalized Hilfer-type fractional derivative of order o € (0, 1)

and type jB € [0, 1] and generalized fractional integral of order 1 — y, (y =a + B —

apf), respectively, g1, ¢2, o3 € R, 1 #0,J; := (7, ti+1];i =0, ..., m, Ji=@, i =

IL...om, a=t)=17<t1 <71 <h<D<:<Ty] <ty <Ty <tpuy1 =b < 0,

x(tl-+) = lim x(# +€)and x(t; ) = lim x(# + €) represent the right- and left-hand lim-
e—0F e—0~

itsofx(t)att:t,-,f:],-xRxR—>Risagivenfunction,andt/fi:fixR—>R;i=

1, ..., m are given continuous functions such that <pjt1+ywi) (t,x(1)) |;:r, =c¢ €R.

5.4.1 Existence Results
We can use the preliminary details, essential notations, definitions, and lemmas introduced

in the two previous sections.
We consider the following linear fractional differential equation:

(PDjfx) O =v@®), tel,i=0,...,m, (5.43)

where0 <a < 1,0 < 8 <1, p > 0, with the conditions
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x(O) =yt x(g ) ted, i=1,...,m, (5.44)

o1 ("7, x) @) + 62 (T x) ) = 3, (5.45)
where y =a + B —af, ¢1, 92, 93 € R, 1 #0, and ¢* = max{|ci| :i =1,...,m}.

The following theorem shows that the problem (5.43)—(5.45) has a unique solution given
by

1 P —a’\'" '3 cmpr 2 p l—y+a
— 93 _mP2 92 b
r(y)( p ) [¢1 o1 cm(jfﬁ ”)()]
+(PT%0) @) if e,

a

(5.46)

x(t) = -1
a [tP—1f +<pja+v)(t)7teJi’i:],...,m,
C(y) o i

Vit,x(0), t € Jii=1,...,m.
Theorem 5.21 Lety = o+ B —aff, where0 <o < land 0 < B <1.Ifv:J; > R;i =

0,...,m, is a function such that v(-) € Cy, ,(J;), then x € PC)},’,p(J) satisfies the problem
(5.43)—(5.45) if and only if it satisfies (5.46).

Proof Assume x satisfies (5.43)—(5.45). If t € Jy, then

(ijfx) (1) = v(0).

Lemma 2.38 implies we have a solution that can be written as

('Ojlfyx) @) spo _ go\v—1 1 trp g9 !
_ a p—1
*O=""r0, ( p ) T / ( p ) v

If € Ji, then we have x(¢) = ¥ (7, x(2)).
Ift € Jp, then Lemma 2.38 implies

(pjrl:yx) (‘Cl) tp _ tlp y—1 1 t tp _ _Cp a—1 .
_ 1 o—
Y= "r0) ( P ) T f ( P ) v

P — oy vl
=r?y>< prl> +(1Tz0) O,

If € J, then we have x(¢) = ¥ (7, x(1)).
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Ift € J,, then Lemma 2.38 implies

”Jl:yx> (r2) o\ y—1 —1
_ ) P —15 1 L — gP\¢ p—1
YO =" ( P ) " T f ( P ) v

p _ P y—1
%) <t p%) (T @

Repeating the process in this way, the solution x (f) for t € J can be written as

<pjal+_yx) (a) P — P y—1
F()/) ( Jo ) + (pjaa+v) (t) lf t e Jo,
il B G A (5.47)
FZ/) (t ,otl ) +(p‘7;j+v)(t) iftelii=1,...,m,

vit,x()) ifteldii=1,...,m.

Applying jtlf ¥ on both sides of (5.47), using Lemma 2.19, and taking t = b, we obtain

1- 1-
(pjf,; Vx) b) = cpy + ("jr; V*"‘v) ).
Using the condition (5.45), we get

-y _ P _ w2 2 () g1yt
A L e o Gant) [OF (5.48)

Substituting (5.48) in (5.47), we get (5.46).

Reciprocally, fort € J;;i =0, ..., m, applying ? *711.: ¥ on both sides of (5.46) and using
Lemma 2.19 and Theorem 2.14, we get l
¢3  cmd2 <p 1—y 4o 1—y+a
Z = (rg v)(b)+(”J v)(t),teJo,
. é1 é1 é1 T at
<”JT.+ yx) (1) =
¢ + (pj,1_+y+av> @),teldii=1...,m.
(5.49)

Next, taking the limit  — a™ of (5.49) and using Lemma 2.24, with 1 —y <1 —y +a,
we obtain
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(77,77u) @) = AN (P77 ) o). (5.50)
Now taking t = b in (5.49), we get
(PT70) ) = en+ (P77 0) 0. (5.51)
From (5.50) and (5.51), we obtain
o1 ("7, x) @) + 62 (T x) ) = 3,

which shows that the boundary condition (5.45) is satisfied.
Next, for t € J;;i =0, ..., m, apply operator ? D:+ on both sides of (5.46). Then, from

Lemmas 2.19 and 2.33, we obtain
("DY X)) = (ﬂpfﬁ‘“)v) ). (5.52)

Since x € CJ, ,(J;) and by definition of C, ,(J;), we have pD:+x € Cy ,(J;), then (5.52)
implies that ‘

D700 = (8,; 0L ﬂ“‘”v) N = (f’D’jﬂ‘”v) (1) € Cyp(J).  (5.53)
Asv(-) € Cy ,(J;) and from Lemma 2.23, follows
<Pj;:’3“‘“’v> €Cy,(J),i=0,....m. (5.54)
From (5.53), (5.54), and by the definition of the space CJ',’”O(J,»), we obtain
(”j;:ﬂ““"’v) €Cl (). i=0,...,m.

Applying operator * J f fl_a) on both sides of (5.52) and using Lemmas 2.32 and 2.24 and
Property 2.22, we have

(ﬂpj’fx) 0y =g <"Df_+x> ®

1-B(1—
(pjﬁﬁ( a)v)(r,-) p_gP B(l—a)—1
! i
P

LB —a))

=v(t) —

=v(),
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that is, (5.43) holds. Also, we can easily have
X)) =i, x(0); e, i=1,...,m.

This completes the proof. U
As a consequence of Theorem 5.21, we have the following result.

Lemma5.22 Lety =a+B—afwhere 0 <a<1land0<p<1,andi=0,...,m,
let f:J xR xR — R be afunction such that f(-,x(-), y(-)) € Cy ,(J), forany x,y €
PC, ,(J). Ifx € PC)},/,p(J), then x satisfies the problem (5.40)—(5.42) if and only if x is
the fixed point of the operator 3 : PC, ,(J) — PC, ,(J) defined by

c

- tp_ap }/*1 b o
C'(y) ( 0 ) + (P T @) (D), € Jo,

(5.55)

sx@) =14 ¢ (t"—rl.p

y—1
T(y) 0 ) +(pjf+¢)(t),teJi,i=1,.,.,m’

Vi, x@), 1€ dii=1,....m,
where ¢ be a function satisfying the functional equation

@) = f(1.x1), 91)),

=B b & (f’jlj”“w) (b). Also, by Lemma 2.23, Su € PCy.,(J).

Tm

We are now in a position to state and prove our existence result for the problem (5.40)—
(5.42) based on Banach’s fixed point theorem.

Theorem 5.23 Assume that the following hypotheses hold.

(5.23.1) The function f : J; x R x R — Ris continuous on J;;i =0, ...,m, and
FCx(),y()) € CO(J),i =0,....m, foranyx,y e PCy ,(J).

(5.23.2) There exist constants n1 > 0 and 0 < ny < 1 such that

forany x,y,x,y e Randt € J;,i =0,...,m.
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(5.23.3) The functions v; are continuous and there exists a constant K* > 0 such that

[Yi(x) = ¥i ()] < K¥|x = %], x,x eR, i=1,....m.

If

Z:max{K*, n (bp_al’)[ 2] + ) ]}<1, (5.56)
I—m p #1Ill'«e+1) Ty +ao)

then the problem (5.40)—(5.42) has a unique solution in PC, ,(J).

Before starting the proof of Theorem 5.23, we are obliged to provide the following remark.

Remark 5.24 By hypothesis (5.23.2), we may have the following:

|f(t?x7 )’)| = |f(t7x7 y) - f(t7070)| + |f(t7070)|
= milx|+mlyl + fo.

where fo = sup |f(z,0,0)|.
tela,b]

Proof The proof will be given in two steps.

Step 1: We show that the operator I defined in (5.55) has a unique fixed point x* in
PC, ,(J).Letx,y e PCy,(J)andt € J.
For ¢t € Jy we have

|¢1|F(V) P Tm
+ (PT% lp() — (D) (),

o _ gp\V—I
a0 =3y = R (C2EN T (g g - ) )

andforr € J;,i =1,...,m, we have
3x() = 3y = ("I e @) = 61 ) @),
where ¢, ¢ € Cy, ,(J;);i =0, ..., m, such that

@) = [t x(1), (1)),
p@) = [, y®), p0)).

By (5.23.2), we have

lp(@) = @) = 1f . x(1), (1)) = f (. y(®), p(1))]
= mlx(@®) — y®l + mle@) — @)
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Then, 0
1
lp@) — @) < 1 lx (@) — y(@)].
—n

Therefore, foreacht € J;,i =1, ..., m,

X ~x 1

3x ) = 3y = 77 (AT @ = y@1) O
Thus

p\ 71
N N m L/
[Sx() = Sy@)| < T—m PTY ( P l ) @ [ lx=ylrc,,-

T

By Lemma 2.19, we have

a+y—1
mI(y) P —
[Sx (@) —Jy@)] < ( : Ix —ylrc,,

(I =)y +a) 14

hence

IA

lx = ylec,,

B t/’—rip *
_ r
tp_f_p>1 ¥ mI'(y) p

(Qx(t) = Jy(1)) ( P A=)y +a

B b —af\“
771F(7/)< >
o

A =m)I'(y + o)

IA

Ix —ylec,,

< lx = ylrc,,-

And for t € Jy we have

p_ go\Y~1
mﬂﬂ—SﬂMS|A?b)C p“) ("7 0@ - 60)1) )

+ (T e = ¢(0)]) (1)

_| ¢l (btuﬁ)“y‘
“llere@+n " p

T(y) Cﬂ—mv“w‘ m_, |
X X — N
Ty +a)\ »p Loy TIPC
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hence

~ N t —ar\'"" m(bp—aﬂw[ |2 r(y>]
() ‘W))( p > =0 i@t D  To+a

X |lx = yllpc,,

<Llx —vylrc,,-
Fort e J~Iz =1,...,m, we have

IJ3x() = Iy @) < 1(Yi (2, x(1)) — Yi (2, y(@)))]
< K*llx = ylec,,

<!Lx —vylrc,,-
Then, for each ¢t € J, we have
I3x = 3yllec,, < llu—wlpc,,

By (5.56), the operator 3 is a contraction. Hence, by Theorem 2.45, I has a unique fixed
point x* € PC, ,(J).

Step 2: We prove that the fixed point x* € PC, ,(J) is actually in PC},’,p(J).
Since x* is the unique fixed point of operator S in PC), ,(J), then for each t € J, we have

c o _ ,p\V—1
F(Cy) (t ,oa ) +(PT%e) @) if 1€,
S _ ' p_ b y—1
[x™(t) _FZ/) (t pT, ) + (pj:_ﬁr(ﬂ) @ iftedi,i=1,...,m,

Vit x* (1))  ifteldi,i=1,...,m,
where ¢ € Cy, ,(J;);i =0, ..., m, such that
Q1) = f(t, x* (1), p(1)).

Fort € J;;i =0, ..., m, applying pD:+ to both sides and by Lemmas 2.19 and 2.33, we
have I

DL = ("D P T2 f (2% (D), go(r))) ®
DI f et (o), w(ﬂ)) ®).

Since y > a, by (5.23.1), the right-hand side is in C}, ,(J;) and thus pD:+x* € Cy p(Ji).
And since y; € C(fi, R);i=1,...,m, then x* € PC)},/,p(J). As a consequence of Steps
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1 and 2 together with Theorem 5.23, we can conclude that the problem (5.40)—(5.42) has a
unique solution in PCy, ,(J). ([

Our second result is based on Krasnoselskii’s fixed point theorem.

Theorem 5.25 Assume that (5.23.1), (5.23.2), and the following condition hold:

(5.25.1) The functions ; are continuous and there exist constants 0 < &1 < 1, &, >0
such that

[Yi(x)] < Dy|x|+ D foreachx e R,i=1,...,m.

If

[$alm (bp _“p)a <1 (5.57)
|1 T (e + 1) (1 — n7) 0 ' '

then the problem (5.40)—(5.42) has at least one solution in PC, ,(J).
Proof Consider the set
By, ={x € PCy ,(J) : lIxllPc,, < o},

where w > r| + rp, with

c* g3 — cmdal N Al (bp —a‘))a}
T'(y)" T»lgil Ca+ 1)|g1] Jo '

r '—max{d> r+ & A( ') )(bp_ap>°‘}
2T : 2\ +a) P '

We define the operators Ny and N on B, by

1 <tp aﬂ) [@ _ w B ¢_2 (pj:;yﬂ‘(ﬂ) (b)] , t € Jo,

r1 := max {

I'(y) P of o o
-1
Nix()=1 ¢ (t'—1f ’ teldii=1 m
F(y) p ’ 1 LA ] k]

(5.58)
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and
(pjr"f+<p>(t) ifteldi,0=1,...,m,
Nox(t) = ' (5.59)
Vi.x@) ifreldii=1...m
wherei =0,...,mand ¢ : J; — R be a function satisfying the functional equation

@) = f(t, x(1), 9(1)).
Then the fractional integral equation (5.55) can be written as operator equation
Sx(t) = Nix(t) + Nax(t), x € PCy ,(J).

We shall use Krasnoselskii’s fixed point theorem to prove in several steps that the operator
3 defined in (5.55) has a fixed point.

Step 1: We prove that N1x + Noy € B, forany x, y € B,,.
By Remark (5.24) and from (5.55), we have foreacht € J;,i =0, ..., m,

t”—tip o t"’—tip v
P @) p f@, x(), 9())

P\
< p ') (mlx @]+ n2le @] + fo),

IA

which implies that

1- 1—
P — tip v bP —aP\'7 1P — tip v
’ @) =m . w+mn . @(1)

b — aP\ 177
+f0( ) .
el

bP —aP\'7
(mw + fo) ( )
A

1—

-\ P
_max_{sup O -
i=0,...m | te; 1Y 1—m

Then

Thus, for t € Jy, by (5.58) and Lemma 2.19,
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10 —at\' |¢3 — cndl 12| 1=y +a
N PT Y b
(F55) oo < Bt g (2 o) o

_ 193 — cnén n Aleo| (b”—a”)“’

C(le1l (o + D] P
andforr € J;,i =1,...,m, we have
1%
P —1f ; *
L) oo < 9L <
P L) ~ I'(y)

then for each t € J we get

* - A bP —aP\“
INixlpe,, < max{ < |3 — cm2l n 2] < a ) } (5.60)
C(y) Tl (o + 1)[¢1] Jo
Fort € J;,i =0,...,m, by (5.59) and Lemma 2.19, we have
1- 1—
P — rip v P — rip v a
(M2y)(@)| < PT % e ) (1)
o o i
P _ aP\Y
<4 (rgva) (50)
'y + o) o
and foreach t € f,-,i =1,...,m, we have
[(N2y) ()] < Wi (¢, y(1))]
< Oir + dy,
then for each t € J, we get
) (5]
N <max {®Pr + by, A . 5.61
N2yllpc,, < { 1 2 <F(y+a) . (5.61)

From (5.60) and (5.61), for each ¢t € J, we have

INix + Nayllpc,, < IINixllpc,, + IN2yllPC,,
=r+n
S a)’

which infers that Nix + Noy € B,,.

Step 2: N is a contraction.
Letx,y € PCy,(J)andt € J.
By (5.23.2), we have
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() — @) = 1f, x(0), 0(t)) — f(, y@), 1))
<mlx@®) —y@®| + mle®) — ¢@)].

where ¢, ¢ € Cy, ,(J;);i =0, ..., m, such that

@) = [, x(1), (1)),
p@) = [, y1), p1)).

Then,

lp() — ()] <

l”lum—ﬂm
—n2

Therefore, for t € Jy, we have

p_ p\V—1
IN1x() = Niy(®)] < |¢1|T§T%ly) (t pa ) (pjrln{”“kp(r) —@(r)|) (b)

m |62l bP — T\
< Ix = yllec, -
e A v

bP —af\*
o g\ 1 |¢2|7}1< P >
N —N
‘( 1x(t) 1y(t))< P ) S|<,>1|r(<x+1)(1—772>

Hence,

lx —ylec,,-

Then, for each ¢t € J, we have

bP —aP
[Nix — Niyllpc,, < 1921 (

o
Ix =ylrc,,-
1T+ DA —m) \ p ) PG
Then by (5.57), the operator N is a contraction.

Step 3: N, is continuous and compact. Let {x, } be a sequence such thatx, — xin PC,, ,(J).
Then foreacht € J;,i =0, ..., m, we have

t”—rf ) 1=y

(N2x) () = (N2x)0)) (5 < ()T (T —e@1) @),

where h,, h € C(J;, R), such that

on(1) = £, X0 (1), pu (1)),
o) = f(1, x(1), (1)).

Foreacht e J;,i =1,...,m, we have

|(N2xn) (1) = (N2x) ()] < [(Wi (1, xp (1)) — i (2, x ()] .
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Since x,, — x, then we get ¢, (t) — ¢(t) as n — oo for each ¢t € J;;i =0,...,m. By
Lebesgue’s dominated convergence Theorem and since y; are continuous, we have

[N2xn — Nax|lpc,, — Oasn — oo.

Then N is continuous. Next, we prove that N; is uniformly bounded on B,,. Letany y € B,,.
We have from step 1 that for eacht € J

N2y < {¢ +d A( F'o) )(bp_ap>a}
max r , .
2wlec,, < 1 2 IO 1o P

This proves that the operator N3 is uniformly bounded on B,,. To prove the compactness of
N, wetakey € B,anda < ) < & <b. Thenforej,ep € J;;i =0,...,m,

e =\ e\
p (N2y)(er) — p (N2y)(e2)

o o0

e — P\ e — 1\
( L ) ("780m) (81)—( o ) ("78e®)

&~ o a LY A
(PTe@) @)+ mos [ [T @],

IA

IA

where

1- _ 1- _
el —1f Y el —1f ol eh —1f Y e —1f ol
H(t) = -
P) P P) P

Then by Lemma 2.19, we have

e —1f -y eh —1f -y
’ (N2y)(e1) — p (N2y)(e2)

I—-y +y—1
_ AW ey —1f <e§ - ef)a v
T Te+y) p P

&l -1t 7~
+Af ! dr,
T o
note that

e —¢f = el —¢f 7
( ! P i ) (Nzy)(81)—( 2 p ’ ) (N2y)(e2)| — 0 as & — en.

rp1

H(r) @)
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Andforei,er e Jisi=1,...,m,

[(N2y)(e1) — (N2y)(e2)| < |¥iler, y(e1)) — ¥i(e2, y(e))l,

note since ; are continuous that

[(N2y)(e1) — (N2y)(e2)| = 0 as &1 — 2.

This proves that N, B,, is equicontinuous on J. Therefore, N> B,, is relatively compact. By
PC, ,-type Arzela-Ascoli Theorem, N; is compact. As a consequence of Theorem 2.50,
we deduce that I has at least a fixed point x* € PC, ,(J), and by the same way of the
proof of Theorem 5.23, we can easily show that x* € PC)},’,,O(J). Using Lemma 5.22, we
conclude that the problem (5.40)—(5.42) has at least one solution in the space PCy, ,(J).

5.4.2 Ulam-Hyers-Rassias Stability

Now, we consider the Ulam stability for problem (5.40)—-(5.42). Letx € PC, ,(J),0 > 0,
w > 0,and x : J —> [0, co) be a continuous function. We consider the following inequal-

ity:

(PDj’f’x) - f <z, x(1), (PDj‘jf’x) (z))‘ <0,tel,i=0,...

7m1
(5.62)
Ix(t) — ¥i(t,x@)| <6, t € Jj,i=1,...,m,
(PDjfx) ) —f (t,x(t), (PDj_fx) (r)) <xW),teldi,i=0,...,m,
' ’ (5.63)
lx() — it xO) < p,t € Jii=1,....m,
and
(PDj’fx) ) —f <r, x(1), (”Dj;rﬁx) (z))‘ <Ox(t),tedi,i=0,....m,
‘ ‘ (5.64)

Ix(t) — Yi(t, x(0)| <Ou.t e Jri=1,...,m.

Definition 5.26 ([156, 158]) Problem (5.40)—(5.42) is Ulam-Hyers (U-H) stable if there
exists a real number ay > 0 such that for each § > 0 and for each solution x € PC,, ,(J)
of inequality (5.62) there exists a solution y € PC, ,(J) of (5.40)—(5.42) with

lx(1) —y(@®)| <Oay, telJ.
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Definition 5.27 ([156, 158]) Problem (5.40)—(5.42) is generalized Ulam-Hyers (G.U-H)
stable if there exists K ¢ : C([0, 00), [0, 00)) with K ¢(0) = 0 such that for each 6 > 0 and
for each solution x € PC, ,(J) of inequality (5.62) there exists a solution y € PCy, ,(J)
of (5.40)—(5.42) with

lx(t) =y < Kp(0), tel.

Definition 5.28 ([156, 158]) Problem (5.40)—(5.42) is Ulam-Hyers-Rassias (U-H-R) stable
with respect to (), w) if there exists a real number a7 , > 0 such that for each 6 > 0 and
for each solution x € PC, ,(J) of inequality (5.64) there exists a solution y € PCy, ,(J)
of (5.40)—(5.42) with

|x() =yl < Oayp(x(©) +n), tel.

Definition 5.29 ([156, 158]) Problem (5.40)—(5.42) is generalized Ulam-Hyers-Rassias
(G.U-H-R) stable with respect to (x, ) if there exists a real number ay , > 0 such that for
each solution x € PC, ,(J) of inequality (5.63) there exists a solution y € PC, ,(J) of
(5.40)—(5.42) with

lx(@) —y@| <aryx@® +w), tel.

Remark 5.30 It is clear that

1. Definition 5.26 — Definition 5.27.
2. Definition 5.28 = Definition 5.29.
3. Definition 5.28 for x(.) = u = 1 = Definition 5.26.

Remark 5.31 ([156, 158]) A function x € PC, ,(J) is a solution of inequality (5.64) if
and only if there exist v € PC, ,(J) and a sequence v;, i =0, ..., m such that

1. jv@)| <0x@),te Ji,i=0,...,m; and|v,-|§9u,te.ii,i=1,...,m,
2. (ﬂD‘:_; x) @O =f (t,x(t), (PDjfx) (r)) +u(@),teld,i=0,...,m,
3. x() =vit,x@) v, teJ,i=1,...,m.

Theorem 5.32 Assume that in addition to (5.23.1)—(5.23.3) and (5.56), the following
hypothesis holds:

(5.32.1) There exist a nondecreasing function x : J — [0, 0o) and k,, > 0 such that for
eacht € J;;i =0, ...,m, we have

C T x0@) <k x ().
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Then the problem (5.40)—(5.42) is U-H-R stable with respect to (x, ).

Proof Letx € PC, ,(J) be a solution of inequality (5.64), and let us assume that y is the
unique solution of the problem

(ppf%ﬂy) O =f (t, (@), (”D‘:fy> (t)); teld,i=0,...,m,
WO = Uiy 1 €T i=1,....m,

?1 ("Jalfyy) (ah) + ¢ (f’j”lljyy) b) = ¢3,

(pjzl.:yy) (1) = (pjrl_:yx> (ti), i =0,...,m.

By Lemma 5.22, we obtain for each r € J

c P —gP\V 1
p 70U
T(y) ( P ) + (" Te) (O, t € Jo,

Y1) = ("J:_Iyy> (r)
I'(y)

P —1f 7
p : +(p\-7:+(p)(t)7tejivizlv"'am7

Yi(t,y@®), te Jii=1,...,m,

where ¢ € Cy, ,(J;); i =0, ..., m, be a function satisfying the functional equation
o) = f(t, y(@), p@))

mic= 8 -2 (07173) (= 2 (.77 %6) 0

Since x is a solution of the inequality (5.64), by Remark 5.31, we have
P o, B _ o o, e .
( DT,-+ x) H=f (t,x(t), ( fo x) (t)) +v(),te J;,i=0,...,m; (5.65)
x@®) =vi(t,x@) +vi,tedi,i=1,...,m.
Clearly, the solution of (5.65) is given by

GQL%)m>tp_¢ y-1
()

C(y)
+<"J§‘+(¢+u)> () iftedii=1,....,m,

x(t) =

vitt,x() v iftedii=1,...,m,
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where ¢ : J; > R,i =0, ..., m, be a function satisfying the functional equation

@) = [, x@), ¢(1)).

Hence, foreacht € J;,i =0, ..., m, we have

lx (1) — y(@)| < <pj:+|¢(f) - <.0(T)|) () + (pj“ |U(f)|>
a—1
= 00 + 5 )[ Pl (tp _Tp) 'x(r)r;x)y(’)'dr.

We apply Lemma 2.40 to obtain

k

t &) P _ P ka—1

IX(t)—y(t)ISOKxx(t)Jr/ Z<F1(Z>) (t pf) Ok x (D))dT
i =1

N l’o—l'
< Ok x(t)Eqy = )

N bP —af\*
< Oy x () Ey 1—m P .

And foreacht € .i,z =1,...,m, we have

o

lx(1) = y(OI < [¥i(t, x(1)) = Yi(t, yO)] + |vi]
< K*x(@) =yl + 61,

then by 5.56, we have

x(0) = ()] = 7.

Then for each ¢t € J, we have
[x() — y(O)| < ay6(p + x (1)),

where
1

bl — aP\¥
- et 125 (5]
I-K 1 —m o

Hence, the problem (5.40)—(5.42) is U-H-R stable with respect to (x, 7). O

ay

Remark 5.33 If the conditions (5.23.1)—(5.23.3), (5.32.1), and (5.56) are satisfied, then
by Theorem 5.32 and Remark 5.30, it is clear that problem (5.40)—(5.42) is U-H-R stable
and G.U-H-R stable. And if x (.) = u = 1, then problem (5.40)—(5.42) is also G.U-H stable
and U-H stable.
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Remark 5.34 Our results for the boundary value problem (5.40)—(5.42) apply in the fol-
lowing cases:

e Initial value problems: ¢; = 1, ¢ = 0.

e Anti-periodic problems: ¢1 =1, ¢ =1, ¢p3 = 0.
e Periodic problems: ¢; =1, o = —1, ¢3 = 0.

5.4.3 AnExample

Example 5.35 Consider the following impulsive periodic problem of generalized Hilfer
fractional differential equation:

1 t —2t in(t

(épj;ox) (1) = —Jcosle 7+ 'sf”(lﬂo , foreacht € JyUJi,  (5.66)

' 122! F2(1 + [x ()] + 2D x (1))

|x ()] =
t) = ———, fi ht e Jp, 5.67
x(t) Sl 1+ 30| oreacht € Jj ( )
1 1 1 1

(2 12+X> (1" = <2~73ix> (), (5.68)

where Jo = (1,¢], J1 = 3, 7], J1 = (¢,3],50 = 1,1 = e, and 57 = 3.

Set
_ eos(t)]e + |sin(1)]

1220 2(1 4 |x| + [y

[, u, w) teJgUJi, x,y eR.
We have

chU((1, e]) = c;%(a, e])
- {u : (1,e]—>R:\/§<\/;—1>%u eC([l,e],R)},
and
Cplp (B =CY (B, 7D)

={u:(3,n]—>R:ﬁ(ﬁ—ﬁ)2ueC([3,n],R)},

with 1 1
y:a:z,p=§,ﬁ=0,andi€{0,1}.



5.4 Boundary Value Problem for Fractional Order Generalized ... 167

Clearly, the continuous function f € C? ((1,eD N C? , (3, m]) . Hence, the condition
2:2 2:2

(5.23.1) is satisfied.
Foreach x,x,y,y €e Randt € Jy U J;, we have

lcos()|le™ + |sin(t)]

Lf@ x,y) = f(t.x, 9] < (Ix = x|+ 1y =¥D

122! +2
1462 _ _
< — —yD.
< Toes =X+ 1y =5D
.. . . . 1+ €2
Hence condition (5.23.2) is satisfied with n; = 1 = Tk
e
And let .
= ,u €0,
V@) = 5w e 10,00)
Let x, y € [0, c0). Then we have
y 5¢'|x — y| 1
[y (x) =¥l =1 | < —lx =yl

Se! +3x  5el + 3y - (5e' + 3x)(5e! +3y) ~ Se

1
and so the condition (5.23.3) is satisfied with K* = —.

e
Also, the condition (5.56) of Theorem 5.23 is satisfied for

E:max{K*, m <b"—a")°’[ |21 N T'(y) “
I—n 0 o1 T (@ +1)  T(y+ow)

:max{i M(ﬁ_l)% [LjL\/;]}

Se’ 122¢5 —e2 — 1 1"(%)

~ max {0.0735758882, 0.00167130655}
= 0.00167130655 < 1.

Then the problem (5.66)—(5.68) has a unique solution in PC 11 (1, 7).
Hypothesis (5.32.1) is satisfied with © = 1 and
1 .
—— ifteJoUJp,
2(Jt — /T
o= | V2=V
7T, ifte j],

1
and k, = /27 (/e — 1)2. Indeed, foreach t € Jy U J;, we get
X g

1
1 V2 —4/3)?

G 7t o < YEWE VDT
2i- 1)
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and

NIV

V21 =+/3)

Consequently, Theorem 5.32 implies that the problem (5.66)—(5.68) is U-H-R stable.

1
CTZ 00 <

5.5 Notes and Remarks

The results of Chapter 5 are taken from the papers of Salim et al. [123, 128, 130]. We refer
the reader to the monographs [7, 24, 27, 43, 61, 68, 70, 82, 97, 151], and the papers [1-6, 8,
15, 51, 52, 54-56], for more information on the concepts studied in this chapter.
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