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Preface

This book provides a novel approach to convex analysis and convex
optimization, based on subdifferential calculus of pointwise suprema of con-
vex functions. The main goal in writing this book consists of analyzing the
subdifferential of the supremum of an arbitrary collection of convex functions,
defined on a separated locally convex space, in terms of the subdifferentials
of the data functions. We provide a series of results in this line, but in
different settings and under different assumptions. Since many convex func-
tions such as the Fenchel conjugate, the sum, the composition with affine
applications, etc. can be written as a supremum, the formulas provided in the
book lead to calculus rules unifying many results in the literature.

We present in this book a rather original approach to convex analysis,
which we hope will be appreciated by the community of optimizers, mathe-
matical analysts, operations researchers, etc. The contents and style are
appropriate for graduate and doctoral students in mathematics, economics,
physics, engineering, etc., and also for specialists and practitioners. The book
offers a source of alternative perspectives to developments supplied in other
convex analysis and optimization texts, and it provides challenging and
motivating material for experts in functional analysis and convex geometry
who may be interested in the applications of their work. A considerable part
of the book, more precisely chapters 2, 3, and 4, constitutes a source of
valuable didactic material for an advanced course on convex analysis and
optimization.

Deriving calculus rules for subdifferentials is one of the main issues raised
in convex analysis. The study of the subdifferential of the supremum function
has attracted the attention of specialists in convex analysis; in fact, many
earlier contributions dealing with pointwise supremum functions can be
found in the literature, starting in the 1960s. Let us quote a paragraph from
the second page of J.-B. Hiriart-Urruty, in his article. “Convex analysis and
optimization in the past 50 years: some snapshots” [107]: “One of the most
specific constructions in convex or nonsmooth analysis is certainly taking the
supremum of a (possibly infinite) collection of functions”. In the years 1965—
1970, various calculus rules concerning the subdifferential of supremum
functions started to emerge; working in that direction and using various
assumptions, several authors contributed to these calculus rules. Among
them we can cite B. N. Pshenichnyi, A. D. Ioffe, V. L. Levin, R.
T. Rockafellar, A. Sotskov, etc. The mathematical interest in the main

vii
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subject of the book has been widely recognized by prestigious authors since
the very beginning of convex analysis history. A sample of remarkable con-
tributions to this topic are attributed to A. Brendsted [29], F. H. Clarke [40],
J. M. Danskin [67], J.-B. Hiriart-Urruty and R. R. Phelps [111], A. D. Ioffe
and V. H. Tikhomirov [115], V. L. Levin [131], O. Lopez and L. Thibault
[139], B. S. Mordukhovich and T. Nghia [158], B. N. Pshenichnyi [169],
R. T. Rockafellar [177], M. Valadier [191], M. Volle [195], etc. See, for
instance, V. M. Tikhomirov [190] to trace out the historical origins of the
subject. A short historical review of some of these results appears in the
introduction and bibliographic notes of the corresponding chapters.

Furthermore, any formula for the subdifferential of the supremum function
can be seen as a useful tool in deriving Karush—-Kuhn-Tucker optimality
conditions for a convex optimization problem. This is due to the fact that any
family of convex constraints, even an infinite one, can be replaced with a
unique convex constraint via the supremum function. An alternative
approach consists of replacing the constraints with the indicator function
of the feasible set. It turns out that, under certain constraint qualifications,
its subdifferential (i.e., the normal cone to the feasible set) appears in the
so-called Fermat optimality principle, and its relation to the subdifferential
of the supremum function can then be exploited.

The context of locally convex spaces has been chosen with the aim of
proposing formulations of our results at their maximum level of generality in
order to compare them with the pre-existing results in the literature. Around
40 examples have been included to clarify the meaning of concepts and
results. Each chapter concludes with a list of exercises which are strongly
related to its contents. There are in total 131 exercises, and their solutions,
detailed or schematic, are given in chapter 9 (“Exercises - Solutions”). Some
of them are used inside the proofs of some results to shorten them by keeping
exclusively the core part of the arguments. The last section of each chapter,
entitled “Bibliographical notes”, is devoted to supplying historical notes,
comments on related results, etc. The following paragraphs summarize the
contents of the book.

- Introductory chapter 1 intends to motivate the reader and provide a
detailed account of the objectives and contents of the book, and their relation
to antecedents in the literature.

- Section 2.1 in chapter 2 contains background material, including a brief
introduction to locally convex spaces, duality pairs, weak topologies, sepa-
ration theorems, and the Banach—Alaoglu—Bourbaki theorem, among other
basic results. The relation between convexity and continuity is reviewed in
section 2.2, whereas the last section of this chapter, section 2.3, presents
typical examples of convex functions.

- Chapter 3 provides an extensive background on convex analysis, including
preliminary results and the notation used in the book. Special emphasis is put
on the Fenchel-Moreau-Rockafellar theorem (Theorem 3.2.2) and its conse-
quences, including dual representations of the support function of sublevel sets
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and extensions of the minimax theorem. The purpose of this chapter is to show
that such a crucial theorem constitutes the main tool for deriving many other
fundamental results of convex analysis.

- Chapter 4 complements chapter 3 by presenting an in-depth study of key
concepts and results involving the subdifferential and the Fenchel conjugate,
such as the duality theory, integration of the subdifferential, convexity in
Banach spaces, subdifferential calculus rules, etc. Some results and/or their
proofs are new, justifying their inclusion in a book that aspires to become a
reference text.

- Chapter 5 is a key part of the book, with characterizations of the sub-
differential of the supremum function provided. It starts by presenting some
particular formulas for the approximate subdifferential of the supremum
function, which are proved using classic tools of convex analysis presented in
chapter 4. Next, the main formula of the subdifferential, involving exclusively
the e-subdifferential of the data functions, is given in Theorem 5.2.2. Other
simpler formulas are derived under additional continuity assumptions.

- The main purpose of chapter 6 is to specify the fundamental results of the
previous chapter in the presence of specific structures such as the so-called
compact-continuous setting. This allows simpler characterizations which
appeal to the subgradients of active (instead of e-active) functions. In order to
unify the last setting and the general framework, different compactification
procedures are proposed in section 6.2. All previous characterizations include,
aside from the subdifferentials of e-active (or active) functions, additional
terms relying on the normal cone to the effective domain of the supremum
function (or finite-dimensional sections of such a domain). Alternatively,
homogeneous formulas where this normal cone is dropped out are also derived
in section 6.4. The last section of this chapter presents a family of different
qualification conditions under which the above formulas become more
manageable.

- Chapter 7 emphasizes the unifying character of the supremum function in
modeling most operations in convex analysis. Indeed, the primary purpose of
this chapter is to characterize the subdifferential of the sum and the com-
position with linear mappings. To this aim, general formulas involving the e-
subgradients are established for convex functions with a mere lower
semicontinuity-like property (see section 7.1). Further symmetric and
asymmetric qualifications in section 7.2 allow replacing the e-subgradients
with (exact) subgradients, and both settings are combined in section 7.3.
Particular instances are examined in relation to the family of
infinite-dimensional polyhedral functions.

- Chapter 8 presents some selected topics which are closely related to the
material in the previous chapters. These topics can be seen, to a certain
extent, as theoretical applications of the main results in the book. The first
part contains extensions of the Farkas lemma for systems of convex
inequalities, and provides constraint qualifications, such as the Farkas—
Minkowski property in infinite convex optimization. Section 8.2 is intended
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to establish different Karush—Kuhn-Tucker and Fritz—John optimality con-
ditions for infinite convex optimization. The approach adopted consists of
replacing the set of constraints with a single one associated with a supremum
function, and appeals to properties of its subdifferentials, exhaustively
studied in the previous chapters. The chapter also gives an account of other
applications devoted to convexification processes in optimization, integration
in locally convex spaces, variational characterizations of convexity, and the
theory of Chebychev sets.

Much of the book has come out of work done at the Universidad de
Alicante (UA), Universidad de Chile (UCH), and Universidad de O’Higgins
(UOH), over the last ten years. We would like to acknowledge the support
provided by the Center for Mathematical Modeling (CMM-UCH) and the
Department of Mathematics of UA. We also would like to express our grat-
itude to our colleagues and friends of the Optimization Laboratory of UA, the
Optimization and Equilibrium Group of CMM, and the optimization group
of the Engineering Institute of UOH, who helped to create the ideal scientific
atmosphere for the production of this book. We are particularly grateful to all
our collaborators of the papers and projects that are used in the book. Our
thanks also go to Pedro Pérez-Aros and Anton Svensson for their help in the
revision of the manuscript, to Donna Chernyk, Editor in Mathematics, Casey
Russell, Editorial Assistant, and Boopalan Renu and Velmurugan
Vidyalakshmi, responsible for the production team, for their assistance dur-
ing the publication process, as well as to Lisa Lupiani and Verénica Ojeda for
their technical support. Funding support for the authors’ research has been
provided by the following projects: Contract Beatriz Galindo BEA-GAL
18/00205 of MICIU (Spain) and Universidad de Alicante, AICO/2021/165 of
Generalitat Valenciana, PGC2018-097960-B-C21 of MICINN (Spain),
Fondecyt 1190012 and 1190110 of ANID (Chile), and Basal FB210005
(Chile). The research of the third author was also supported by the
Australian ARC—Discovery Projects DP 180100602.

Santiago, Chile Rafael Correa
Alicante, Spain Abderrahim Hantoute
Alicante, Spain Marco A. Loépez



Contents

Contents ... ........ . .. . . .
1 Imtroduction ......... ... ... . ... ... . . ...
1.1 Motivation . ........ ..
1.2 Historical antecedents . ................ .. .............
1.3 Working framework and objectives ............... ... ...
2 Preliminaries .. ... ... . ... ...
2.1 Functional analysis background . .......................
2.2 Convexity and continuity.............................
2.3 Examples of convex functions .........................
2.4 EXETCISES. . . .ot
2.5 Bibliographical notes . .. ... ... ... ...
3 Fenchel-Moreau-Rockafellar theory . .......................
3.1 Conjugation theory. ... ... ... ... . . . ... . ..
3.2 Fenchel-Moreau—Rockafellar theorem . ..................
3.3 Dual representations of support functions . ...............
3.4 Minimax theory ... ...... .. ... . . ...
3.5 EXercises. ... ...
3.6 Bibliographical notes ... ...... ... ... ... ...

xi

xi



Xii

CONTENTS

Fundamental topics in convex analysis ................... ... 95
4.1 Subdifferential theory . ........ . ... ... .. ... . ... .. ... 95
4.2 Convex duality ......... ... 131
4.3 Convexity in Banach spaces. .......................... 142
4.4 Subdifferential integration . ................. ... ....... 150
4.5 EXercises. . ... ... 165
4.6 Bibliographical notes . ................... ... .. .. .. ... 171
Supremum of convex functions ................ ... .. ... .. .. 173
5.1 Conjugacy-based approach. . ............... ... ........ 174
5.2 Main subdifferential formulas. ......................... 187
5.3 The role of continuity assumptions ..................... 207
5.4 EXEICISES. . .ottt 217
5.5 Bibliographical notes ... ...... ... ... ... ... 223
The supremum in specific contexts ......................... 227
6.1 The compact-continuous setting ....................... 227
6.2 Compactification approach. ... ........................ 241
6.3 Main subdifferential formula revisited .. ................. 259
6.4 Homogeneous formulas. ... ...... ... ... ... ............ 267
6.5 Qualification conditions . .. ....... ... ... .. ... ... ... 274
6.6 ExXercises. ... ... ... ... 279
6.7 Bibliographical notes ... ...... ... ... ... 282
Other subdifferential calculus rules . ........................ 283
7.1 Subdifferential of the sum ............................ 283
7.2 Symmetric versus asymmetric conditions ................ 287
7.3 Supremum-sum subdifferential calculus . .. ......... ... ... 296
T4 Exercises............ ... 303
7.5 Bibliographical notes ... ....... .. ... .. ... ... ... .. .. .. 304
Miscellaneous . .. .............. ... 307
8.1 Convex systems and Farkas-type qualifications. ........... 308
8.2 Optimality and duality in (semi)infinite convex

optimization ... ... . .. .. 317
8.3 Convexification processes in optimization ................ 330
8.4 Non-convex integration ......... ... ... ... ... ........ 342

8.5 Variational characterization of convexity ................ 350



CONTENTS Xiii

8.6 Chebychev sets and convexity .............. ... ........ 354
8.7 EXercises. ... ... ... 358
8.8 Bibliographical notes ... ..... ... ... ... ... 361
9 Exercises - Solutions. . ............ ... ... .. ... ... ... . ... .. 365
9.1 Exercises of chapter 2. ....... ... ... ... ... ... .. ... ... 365
9.2 Exercisesof chapter 3. ........ ... ... .. ... ... ... ... ... 373
9.3 Exercisesof chapter 4. ........ ... ... ... ... ... .. .. ..... 380
9.4 Exercises of chapter 5. ... ... ... ... ... ... 394
9.5 Exercises of chapter 6. ... ... ... ... ... ... ... ... .. ... 407
9.6 Exercises of chapter 7. ... ... ... ... ... . . . . . ... ... ... 417
9.7 Exercisesof chapter 8. ... ... .. ... ... .. ... ... ... . ... .. 420
Glossary of notations . . . ....... ... ... ... ... .. 427
Bibliography . .. ...... ... .. .. 431



®

Check for
updates

Chapter 1

Introduction

Whenever an operation on a family of convex functions preserves con-
vexity, one naturally wonders whether the subdifferential of this new
function can be written in terms of the subdifferentials of the original
data functions.

It is well-known that many operations with convex functions pre-
serve convexity. Specific to convex analysis is the classical operation
which consists of taking the pointwise supremum of an arbitrarily
indexed family of convex functions. It has no equivalence in the classi-
cal theory of differential analysis, and constitutes a largely used tool in
convex optimization, in theory as well as in practice (see, for instance,
[8], [108], and references therein). Another motivation for developing
calculus rules for the supremum function is the need for handling con-
vex analysis tools in the framework of stability and well/ill-posedness
in linear semi-infinite optimization (see [33-35, 100] and others).

The main goal of this book is to present explicit characterizations
for the subdifferential mapping of the supremum function of an arbi-
trarily indexed family of convex functions, exclusively in terms of data
functions. The convex functions we consider in the book are general,

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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2 CHAPTER 1. INTRODUCTION

defined on a separated locally convex space, and not necessarily lower
semicontinuous or even proper. In the most general context, the so-
called non-continuous setting, the index set over which the supremum
is taken is arbitrary, without any algebraic or topological structure.
Moreover, generally we do not assume regularity conditions such as
continuity of the supremum function, continuity of the data functions,
conditions on their domains, and the like.

Since many convex functions can be written as the supremum of
particular families of convex functions (perhaps, affine), the second
main goal of the book is to develop a unified approach for the frame-
work of calculus rules in convex analysis. In fact, our characterizations
of the subdifferential of the supremum function also allow us to obtain
formulas for the subdifferential of the resulting function in many oper-
ations such as the sum of convex functions, the composition of an affine
continuous mapping with a convex function, and conjugation. In this
way, we provide more direct and easier proofs for the basic chain rules
when some supplementary qualification conditions are assumed, and
our approach gives rise to a unifying view of many well-known calculus
rules in convex analysis.

1.1 Motivation

In order to provide motivation by showing the practical interest of
the supremum function, the main subject of this book, we present in
this section some examples developed in the Euclidean space R™ for
the sake of simplicity, although the framework of the book is that of
locally convex spaces. The first one constitutes an application to the
following optimization problem:

(®)  Ming(a)
s.t. ft(ZE) < 0, t e T,

where g, f; : R® - R, t € T, with T being an arbitrary index set. The
supremum function can be used here to transform (P) into an uncon-
strained problem
(P)  Min f(z)
s.t.x € R™

In fact, it is easy to see that every optimal solution Z of (P) is also
optimal for the unconstrained problem (P), taking as the objective
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function the supremum function f:R"™ — RU {+o0} given by

f(z) :==sup{g(z) — g(z); fi(x), t €T}

Actually, for any other feasible point x, one has g(x) — g(Z) > 0, and
so f(x) > f(z) = 0. If x is not feasible, one has sup, fi(x) > 0. In this
way, one could derive optimality conditions for (P) just by dealing with
its unconstrained representation involving the supremum function f.

The supremum function also allows unifying many other operations
in convex analysis. For instance, given a function ¢ : R® — R, a con-
vex function h:R™ — R, and a linear mapping A : R" — R™ with
transpose A’, the function f := g+ h o A can be written as

f(x) = g(z) + h(Ax)
= g(w) +sup{(y, Az) — h*(y) : y € R"}
= sup{g(z) + (A'y,xz) — h*(y) : y € R™},

where h*:R™ — RU {400} is the conjugate of h; ie., h*(y):=
sup{(y,z) — h(z) : © € X}. The linearization of h above is made pos-
sible thanks to the Moreau theorem (see Theorem 3.2.2), which estab-
lishes in this case that h and its biconjugate h** coincide. In other
words, f is the supremum of the family of functions g(-) + (A’y,-) —
h*(y), y € R™, which are sums of g and affine functions. Moreover,
provided that ¢ is also convex, f becomes the supremum of affine
functions

f(x) =sup{(z + A'y,z) — g"(2) = h*(y) : v,z € R"}.

The Moreau theorem is a key tool in convex analysis and its conse-
quences are conveniently exploited throughout the book. In fact, it is
equivalent to the property that the conjugate of f := sup,cr fi, where
the functions f; : R" — R, ¢t € T, are convex, coincides with the closed
convex hull of the function inf;c7 f7 (see Corollary 3.2.7).

Supremum functions can also be used to study geometrical proper-
ties of sublevel sets of a function h : R™ — R; i.e.,

[h < 0] :={z e R": h(x) <O0}.
This analysis can be done by considering, for instance, the indicator

function Ij;,<g) : R — R U {400}, which is equal to 0 if h(z) < 0 and
+00 otherwise. We observe that
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<o) (x) = sup{ (ah)(z) : @ > 0}

and, consequently, normal vectors to the set [h < 0] can be seen as
subgradients of the supremum function f(-) :=sup{(ah)(-): a > 0}.
This information is used in section 8.2 to derive optimality conditions
for problem (P) by writing it as

(P) Min g(z) + Ijp<o) ()
s.t. x € R™,

where h := sup,cp fi- Additional qualification conditions would then
lead to Karush—Kuhn—Tucker optimality conditions involving subgra-
dients of both ¢ and a finite number of functions f;. Results related to
the Farkas lemma are also obtained in section 8.1 by appealing to the
supremum function.

The supremum function is useful in convexification processes as
well. Let us consider the optimization problem Min,ex f(z), where
f:R™ — R is a general function, possibly non-convex, and its associ-
ated convex relaxation given by Min,c x(cof)(z), where (cof) : R” —
R is the closed convex hull of f, assumed here to be proper for simplic-
ity. Then one can see that both problems have the same optimal value,
and that every optimal solution of the original problem is also optimal
for its convex relaxation. We wonder how we can obtain optimal solu-
tions of the original problem from the optimal solutions of the relaxed
one. At this moment, as it is detailed in section 8.3, the supremum
function comes into play since the optimal solutions of the relaxed
problem turn out to be subgradients of f* at the origin (remember
that f* is itself a supremum function).

Many specific functions in convex and functional analysis can be
expressed as supremum functions. For instance, in a normed space
(X, ||-ID, the dual norm is defined as ||z*||, := sup{(z*, x) : ||| < 1};
that is, ||-||, is the supremum of continuous linear functions. Simi-
larly, the primal dual norm is also the supremum of continuous linear
functions on X*, as we can show that ||z| = sup{(z*, z) : ||z*||, < 1}.
More generally, the support and gauge functions of a set in X or X*
are examples of supremum functions.

The supremum function is also a useful device in robust optimiza-
tion. Actually, in the case that problem (P) includes some uncertainty,
say (P) is written as

() Min f(z,u)
st.x e R", ueld,
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for some given set of parameters U, the so-called pessimistic robust
counterpart is the ordinary optimization problem with objective func-

tion f 1= sup,cy (-, u).

1.2 Historical antecedents

In what follows, we will summarize the contents of the book, and relate
them to their antecedents by means of a brief presentation of the state
of the art. The common thread throughout the book is the supremum
of arbitrary families of convex functions. More precisely, we consider a
family of convex functions {f;, t € T'}, where T is an arbitrary index
set, defined on a (real) separated locally convex space X with values
in the extended real line R, and its associated pointwise supremum
function

f=sup fi.

teT

This new function is convex and our aim is to express its subdifferential
by means of the subdifferential of the f;’s.

We start in chapters 3 and 4 by reviewing the main and fundamental
results of convex analysis, via the crucial Fenchel-Moreau—Rockafellar
theorem (Theorem 3.2.2). This result actually constitutes a conjuga-
tion rule for the (proper) supremum function f as (see Proposition
3.2.6 and Corollary 3.2.7)

*.— o | inf £*
f CO<;ngt>,

where the star in the superscript represents the Fenchel conjugate and
co is used for the closed convex hull. Chapter 3 also includes dual
representations of the support function of sublevel sets and extensions
of the minimax theorem, all presented as consequences of the above-
mentioned Fenchel-Moreau—Rockafellar theorem. Along the same line,
we develop in chapter 4 an in-depth study of key concepts and results
involving the subdifferential and the Fenchel conjugate, covering the
convex duality theory, integration of the subdifferential, convexity
in Banach spaces, standard subdifferential calculus rules, etc. Some
results of these two chapters and/or their proofs are new.

Concerning the subdifferential of the supremum function f, when
the index set T is finite and the data functions f;’s are all continuous,
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a basic result due to Dubovitskii and Milyutin (see, e.g., [115]) asserts
that, at every point x € X, the subdifferential of f is completely char-
acterized by means of the subdifferential of active data functions at
the reference point z. More explicitly, we have

0f(x) = co ( U 3ft(ﬂf)) :

teT (x)

where

T(x):={teT: fix)=f(x)}

is the set of active indices, and co stands for the convex hull. The
last formula extends to the more general setting, where T is a sep-
arated compact topological space and the function (¢,z) — fi(z) is
upper semicontinuous (usc, for short) with respect to ¢t and continuous
with respect to z. In this case, the subdifferential of f is given by

of(z) =0 ( U aft@:)) , (1.1)
teT (x)

where €0 stands for the closed convex hull. The closure in the last for-
mula can be removed in the finite-dimensional setting. Formula (1.1)
goes back to [191], whereas the case of finite-valued functions defined
on R™ was established in [131] (see, also, [115, Section 4.2]). The con-
tinuity assumption on the data functions was weakened in [177, The-
orem 4] and [196] in the case of finitely many functions. The case of
the maximum of a finite family of Fréchet-differentiable functions was
studied in [67] and [169], and extended to Lipschitz functions in [40]
using the notion of generalized gradient (see, also, [130]). A recent
development for non-convex Lipschitz functions is due to [157] using
different concepts of nonsmooth subdifferentials.

Even in simple situations, involving finitely many convex functions,
the problem is not easy, and simple examples in the Euclidean space
show that these nice formulas do not hold in general (e.g., Example
5.2.1). Nevertheless, in order to overcome this difficulty, Brondsted [29]
used the concept of e-subdifferential to establish the following formula,
which is valid when T' = {1, 2, ..., k} and all functions f;, i € T, agree
at x and belong to I'g(X), the family of proper convex and lower
semicontinuous (Isc, in brief) functions:
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of(x) = ﬂ00< U 3gf¢(fff)>-

e>0 i=1,...,k

In regard to infinite collections of convex functions (7 is infinite), a
remarkable result was established by Valadier in [191] where, assuming
that the supremum function f is finite and continuous at x, the subd-
ifferential 0 f(x) is expressed by considering not only x but all nearby
points around it. More precisely, in the particular context of normed
spaces, and denoting by ||-|| the norm in X, the following formula is
given in [191]:

Of(z) = Nco{Udfi(y) : t € Te(z) and |y — x| < e},

e>0

where T.(x) is the set of e-active indices,

T(z):={teT: fiz)= f(z)—e}.

By using the concept of e-subdifferential, Volle [195] obtained in
normed spaces another characterization of df(x) where only the nom-
inal point x appears:

Of(x) = ﬂCO( U aaft(x)>' (1.2)

e>0 teT.(x)

It is straightforward that the two formulas above are identical if the
functions f; are affine. Moreover, when the space X is Banach, each of
the two formulas can be obtained from the other one. This equivalence
is proved by using the Brgndsted—Rockafellar theorem, expressing the
e-subdifferential by means of exact subdifferentials at nearby points.
Actually, the advantage of using enlargements of the subdifferential,
such as the e-subdifferential, is to avoid qualification-type conditions.
This idea is exploited in the survey paper [110] to provide many cal-
culus rules without regularity conditions.

1.3 Working framework and objectives

Throughout this book we work in a (real) separated locally convex
space (lcs) X. By Nx and P we represent a neighborhood base of closed
convex balanced neighborhoods of 6 (6-neighborhoods) and a saturated



8 CHAPTER 1. INTRODUCTION

family of seminorms generating the topology in X, respectively. The
topological dual space of X is X*, and the associated duality pairing
is represented by (-,-). Unless otherwise stated, X* is endowed with a
locally convex topology which makes (X, X*) a compatible dual pair.
When another lcs Y is given, the lcs X x Y is endowed with the locally
convex topology of the Cartesian product associated with the bilinear
form ((z*,y%), (z,y)) = (z*,z) + (y*,y)y , where (-,-), is the bilinear
formin Y, and z* € X*, y* € Y*, x € X, y € Y. All these concepts and
related results will be defined in section 2.1.

Given aset C C X*, by clC or, indistinctly C, we usually refer to the
closure of C with respect to such a compatible topology. One of these
topologies is the w*-topology; however, sometimes we write c1*” C for
those results which are specifically valid for the w*-topology (as in
the Alaoglu-Banach-Bourbaki theorem). Of course, if C' is convex,
then cl¥” C coincides with the closure of C for any other compatible
topology.

The following key formula will constitute the most general represen-
tation of the subdifferential of the supremum function f = sup;cr fi
when f;, t € T, are given convex functions defined on the les X. It was
established in [103, Theorem 4] (see [141, Theorem 4] and [134] for
related formulas) when f; € T'o(X), t € T':

LeF(x) teT.(x)

8f($) = m >0® ( U asft(x) + NLﬂdomf($)> ) (13)

where dom f is the (effective) domain of f,

F(z):={L C X : L is a finite-dimensional linear subspace such that « € L},
(1.4)

and Nndom £(2) is the normal cone to L N dom f at the point z. In fact,
(1.3) is also valid for general convex functions f; : X — R, ¢ € T, under
the following closedness condition, which is held in various situations
(e.g., Proposition 5.2.4),

cl f =sup(cl fr), (1.5)
teT

where cl also stands for the closed hull.
A variant of formula (1.3), which does not assume condition (1.5),
involves the augmented functions f; + I nqom s instead of the original

ft's:
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8f(37) = m >OCO( U as(ft —+ ILﬂdomf)(x)) ) (16)

LeF(x) teT.(x)

where I7,ngom 7 is the indicator function of the set L N dom f. If, addi-
tionally, we are in the so-called continuous-compact setting, which
stands for the compactness of the index set T' and the upper semi-
continuity of the mappings t € T — fi(z), z € X, we get

Of(x) = ﬂ( )CO{ U a(ft+ILﬁdomf)(x>}a

LeF teT(x)

where now, instead of T.(x), we use T'(z) := Tp(z) the set of active
indices at x. The last formula has the advantage that the closure and
the intersection over ¢ in (1.6) are dropped out. We can always appeal
to a compactification strategy consisting of compactifying 7" (Stone—
Cech or one-point extensions), and enlarging the original set of func-
tions by taking upper limits of the mappings ¢ — fi(z), z € X. The
main results in this line are Theorems 6.2.5 and 6.2.8.

Under additional continuity assumptions, we can remove the finite-
dimensional sections L N dom f in (1.3). More specifically, if the closed-
ness criterion (1.5) holds and, for a given x € dom f, we assume that
either ri(cone(dom f — x)) # 0 or cone(dom f — x) is closed, where
ri C' and cone C' refer to the relative interior of C' and the cone gener-
ated by C'U {0}, respectively, then

df(x) = co ( U 0-fi(z) +Nd0mf(33)> : (1.7)

>0 teT(x)

In addition, if the interior of cone(dom f — x) is non-empty, then (1.7)
gives rise to

9f(x) = Naom f(x) + ﬂCO( U aeft(fﬂ)> : (1.8)

>0 teT.(x)

In particular, if f is finite and continuous at the nominal point z, then
Ndom £(x) = {0} and (1.8) yields (1.2).

If fi e To(X), t € T, and we are in the continuous-compact setting
introduced above, the following result, involving only the active func-
tions at the reference point z, is established in [53, Theorem 3.8],
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of(z) = N >0co< U 0-fi(z)+ deomf(x)> . (1.9)

LeF(x) teT (x)

In order to avoid the presence of normal cones, and without requir-
ing the continuity of f at the nominal point x, we provide in the
continuous-compact setting in section 6.4 the following formula, for
a family {f;, t € T} C I'o(X) satisfying the condition inf,cr fi(z) >
—00,

9f(x) = (o (( U (9aft(ﬂf)> + < U {6} 8sft(x)>> :
e>0 teT (x) teT\T(x)
(1.10)

The proof of (1.10) uses the following expression for the normal cone
Ndom (), with z € dom f and assuming that inf;cr fi(z) > —oo:

Netom (z) = [co ( U o ft(a:)>] ) for every & > 0,

teT

where (5 stands for the recession cone of C. If we remove the
continuous-compact assumption, we get in section 6.4 a refinement
of (1.10) involving finite subfamilies of indices.

In chapter 7, and based on our main formula (1.3), we obtain the
Hiriart-Urruty and Phelps formula ([111])

g+ foA)(x) = cl(O-g(x) + A0 f(Ax)),

e>0

involving two convex functions f : Y — R and g : X — R, where Y is
also a (real) separated locally convex space, and A: X — Y is a con-
tinuous linear mapping with continuous adjoint A*. The last formula
assumes that cl(g + f o A) = (clg) + (cl f) o A, instead of the slightly
stronger assumption that f € T'g(Y), g € T'o(X). In fact, that assump-
tion constitutes a counterpart to the closedness condition (1.5) for the
sum operation.

In this chapter we also deal with asymmetric subdifferential sum
rules, which are given in terms of the exact subdifferential of one func-
tion (the most qualified one), and the approximate subdifferential of
the other. They require that the domains of f and ¢ overlap suffi-
ciently, or that the epigraphs enjoy certain closedness-type properties.
More precisely, we prove that for f, g € I'o(X) and z € dom f N dom g,
if at least one of the following conditions, involving the effective
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domains and the epigraphs, holds: (i) Ry (epig — (x, g(z))) is closed,
(43) dom f Nri(domg) # 0 and gjag(domg) 18 continuous on ri(dom g),

then
f +9)(x) = ) l(0-f () + Og(x)).

e>0

Observe that if the set epig is polyhedral, then condition (z) holds.
We even get the quasi-exact subdifferential rule

O(f +9)(x) = cl(0f(x) + Ig(x)) ,

under any one of the following assumptions: (ii7) R4 (epi f — (z, f(x)))
is closed, dom fNri(domg) # 0, and gpg@omg) IS continuous on
ti(domg), (iv) Ry(epif — (2, f(2)) and Ry (epig—(z,g(x))) are
closed, and (v) ri(dom f) N rl(dom 9) # 0 and flagi(dom f) a0d Gjaft(dom g)
are continuous on ri(dom f) and ri(domg), respectively. Moreover,
under (v), if f(z) or dg(z) is locally compact, then O(f + g)(z) =
Of(x) + 9g(z).

We also characterize in chapter 7 the subdifferential of the sum
[+ g, when f:=sup,er fr, and g, fr: X — Roo, t € T (# 0), are all
proper convex functions. In particular, under the assumption

cl(f +g) (x) = sup(cl fi)(x) 4+ g(x) for all x € dom f Ndom g,
teT

we derive the following formula, which constitutes an extension of
(1.3),

LeF(x),e>0 teT.(x)

of+9)x)= N CO{ U 0-fi(x) +3(9+Imdomf)(m)}-

Miscellaneous chapter 8 starts by considering the convex infinite
optimization problem

(P) Min g(z)
s.t. fe(z) <0, teT, (1.11)
r e C,

where {g, fi, t€T} CTo(X) and C is a non-empty closed convex
subset of X. We assume that the constraint system
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S:={fi(x) <0, teT; xe€C},

is consistent; i.e., the set of feasible solutions, represented by F, is
assumed to be non-empty. An important particular case is that in
which fi(z) = (af,z) — by, with af € X*, ¢ € T. When T is infinite, the
objective function ¢ is linear and continuous, and X is the Euclidean
space, (P) becomes the so-called linear semi-infinite optimization prob-
lem. The purpose of the first two sections of this chapter is twofold.
The first is to study some constraint qualifications, in particular the
Farkas—Minkowski property and the local Farkas—Minkowski property;
and the second is to provide optimality conditions for problem (P) by
appealing to the properties of the supremum function f = sup;cp f;.
Here, in this introduction, and for the sake of simplicity, we exclusively
focus on the Farkas—Minkowski property.

A key tool in our approach is the so-called characteristic cone of
system S defined as follows:

K = coneco{ U epif; U epiac} = cone co{ J epi ft*} + epioc.
teT teT

It can be easily proved that, if F' # (), then epiop = cl K, where op
is the support function of the feasible set. In fact, a kind of general-
ized Farkas lemma can be formulated in terms of the characteristic
cone: given ¢, 1) € I'g(X), we have p(x) < ¢(x) for all x € F, assumed
non-empty, if and only if epip* C cl(epiv)* + K). A straightforward
consequence of the last result is the following characterization of con-
tinuous linear consequences of S : given (a*, ) € X* x R, the inequal-
ity (a*,x) < a holds for all z € F, assumed non-empty, if and only if
(a*,a) € cl K.

The system S = {fi(xz) <0, t € T; x € C}, assumed consistent, is
said to enjoy the Farkas—Minkowski (FM) property if K is w*-closed.
This property has a clear geometrical meaning, namely if S has the
FM property, then every continuous linear consequence (a*,z) < a of
S is also a consequence of a finite subsystem

S:={filx) <0, teT; zcC}, withT C T and |T] < oo,

and the converse statement holds if S is linear; i.e., S = {(a},z) <
by, t € T}

Moreover, the Farkas—Minkowski property is crucial in formulating
Karush-Kuhn—Tucker and Fritz—John optimality conditions for prob-
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lem (P). In fact, let us suppose that S is Farkas—-Minkowski and that g
is continuous at some point of F', and let T € FFNdomg. Then T is a
(global) minimum of (P) if and only if there exists A € Rf) such that
Of(T) # 0, for all t €suppA:={te€T: A\ >0}, and the Karush—

Kuhn—Tucker conditions hold; that is,

0cdg(@+ . MOf(T) +No(@) and N fi(7) =0, Vt € T, (KKT’1)

tesup A

where
RSFT) :={A:T — Ry : supp A finite}.

We are also interested in comparing the set of optimal solutions of
a given possibly non-convex optimization problem

(P) Min g(x)
s.t.xe X,

and its convex relaxation

(Pr) Min (cog)(z)
st.x e X.

This analysis reveals that the solution set of (P,) can be written by
means of either the global approximate solutions of (P) or the global
exact ones, plus a term which reflects the asymptotic behavior of the
function ¢ (see Theorem 8.3.2 and its consequences).

We make use of subdifferential calculus rules of the supremum func-
tion given in the book to establish an integration theory for the Fenchel
subdifferential (Theorem 8.4.3) and the e-subdifferential (Theorem
8.4.7) of non-convex functions, both in Banach and locally convex
spaces. This theory aims to extend the classical result of the integra-
tion formula of convex functions by Moreau and Rockafellar, stating
that for every f1, fo € To(X)

df1 C 0fy = f1 and f5 coincide up to some constant.

The last two sections are addressed to establish some variational
characterizations for convexity of functions and sets. While the case
of functions relies on the convexity of the solution sets of linear per-
turbations (see Theorem 8.5.2 and its consequences), the one estab-
lishing the convexity of sets comes as a consequence of the convex-
ity /uniqueness of projections (see Theorem 8.6.8). Sets with unique
projections are called Chebychev sets.
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Chapter 2

Preliminaries

2.1 Functional analysis background

In this section, we present some basic concepts and results of functional
analysis that will be used throughout the book.

Nets

Given a binary relation < in a non-empty set I, we say that the pair
(I,<) is a directed set if the following properties hold:

(a) i < i for all i € I (reflexivity).
(b) i < j and j < k imply that i < k (transitivity).
(¢) Any pair i,j € I has an upper bound k € I;i.e.,i < k and j < k.

A net in a non-empty set S is a function z : I — S, where (I, <)
is a directed set. It is customary to denote a net = by (x;);cr, where
x; = x(i) € S. The set I is called the index set of the net (z;)ier.

Given a subset V' C S, we say that a net (z;);er in S is eventually in
V' if there exists ig € I such that z; € V for all i € I such that ig < 7.
The net (z;)ier is frequently in V' if, for each i € I, there exists j € I,
i < J, such that x; € V.

A net (y;)jes is a subnet of the net (z;);er, if there is a function
¢ : J — I satisfying

(CL) Yj = Tg(j) for all j € J.

(b) For all iy € I, there exists jo € J such that iy < ¢(j) when jg < j.
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It is clear that the order in I is not necessarily the same as in J,
although we have used the same symbol.

A binary relation < in the set I is a partial order if it is reflexive,
transitive, and antisymmetric; that is, ¢ < 7 and j <4 imply ¢ = j.
A binary relation ~ in [ is an equivalence relation if it satisfies the
reflexivity and the transitivity properties together with the symmetry
property; that is, i ~ j if and only if j ~ ¢ for all 4,5 € I. The equiv-
alence class of i € I is the set (i) :={j € [ :i ~ j}, and the quotient
set of I by ~is I / ~:={(i) :i € I}.

Topological spaces

A family Tx of subsets of a set X is called a topology in X if it
contains the empty set, (), the whole set X, as well as all arbitrary
unions and finite intersections of its elements. We say that the pair
(X, Tx) is a topological space. The elements of Tx are called open sets
and their complements are the closed sets. A neighborhood of x € X
is a set V C X such that x € W C V for some W € Tx. We denote
by Vx(z) the family of all neighborhoods of z. A subfamily of Vx ()
is a meighborhood base of x if every V € Vx(x) contains an element
of this subfamily. Given two topologies ¥1 and T9 on X, we say that
T is finer (coarser) than T if T3 C Ty (T2 C Ty, respectively). A
topological subspace of (X,Tx) is a pair (Y,%y) such that Y C X
and

Ty ={WnY :WeTx}.

The topology Ty is called the relative (or induced) topology of Tx
inY.

Given a mapping f between two non-empty sets X, Y, the sets
f(A):={f(a):a€ A} and f~}(B):={a€ X : f(a) € B} are the
image of A C X and pre-image of B C Y, respectively. The range and
the domain of f are the sets Im f := f(X) and f~1(Y), respectively.
The graph of f is the set gph f := {(z,y) € X xY :y = f(z)}. The
mapping f is said to be injective if x = y whenever f(x) = f(y), sur-
jective if Im f =Y | and bijective if it enjoys both properties. These
definitions are also valid for a set-valued mapping F : X =3 Y as it
can be seen as a usual mapping between X and the power set of Y,
denoted by 2V

Given a topological space (X, Tx) and an equivalence relation ~ in
X, the quotient canonical projection associated with ~ is the surjective
mapping ¢ : X — X/ ~ defined as

a() == (x). (2.1)



2.1. FUNCTIONAL ANALYSIS BACKGROUND 17

The quotient topological space is the topological space (X/ ~,T.),
where

To={UcC X/~ ¢ (U)ecZx}.

Equivalently, T is the finest topology that makes ¢ continuous.

The interior of C' C X is the largest open set contained in C' and
is denoted by Tx-int C' (or just int C' when no confusion is possible);
that is, int C' = Uwes,, wcecW. The closure of C' is the smallest closed
set that contains C, and it is denoted by clC (or C); that is, the
intersection of all closed sets containing C'. If clC' = X we say that C'
is dense in X. The boundary of C'is bdC := C \ (int C).

A distance (or metric) on a set X is a nonnegative function
d: X x X —[0,400], defined on the Cartesian product X x X that
satisfies the following three conditions, for all x,y,z € X,

(a) d(x,y) = 0 if and only if x =y,

(b) d(z,y) = d(y, ), and

(¢) d(z,y) < d(x,z)+d(z,y).

Let €4 be the topology formed by (), X, and the sets U satisfying
the following property: for each x € U there exists r > 0 such that

{ye X :d(z,y) <r} CU.

The pair (X,d) := (X,%,) is called a metric space, and a sequence
(xg)r C X is called a Cauchy sequence in (X,d) if, for every € > 0,
there exists k. > 1 such that d(z,,z,) <€ for all p,q > k.. A metric
space is complete if every Cauchy sequence in X is convergent. By the
Buaire category theorem, a complete metric space is a Baire space; that
is, for every countable collection {C,, C X, n > 1} of closed subsets of
a complete metric space X such that int (U,>1Cy) # 0, there exists
some ng > 1 satisfying int(C,,) # 0.

A function f:(X,d) — R is said to be Lipschitz continuous (or,
just, Lipschitz) if there exists some [ > 0 such that

|f(z1) — f(z2)| <1 d(xy,x2) for allzy, xe € X.

It is locally Lipschitz at x € X if the last inequality holds for all x1, o
in some neighborhood of z.

A topological space X is separated (or Hausdor(f) if for all x1,z9 €
X (x1 # x9) there exist Vi € Vx(x1) and Vo € Vx(x2) such that V4 N
Vo = (). A topological space X is separable if X = cl(C) for a countable
subset C C X. A subset C C X is compact if, whenever C' is contained
in the union of a family of open sets, it is also contained in the union
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of a finite subfamily. In this section the given topological spaces are
assumed to be Hausdorff. We say that C' is locally compact if each
point « € C' has a compact neighborhood for the induced topology in
C by zx.

A net (x;); in X converges to x € X if it is eventually in every
neighborhood of z; we write x; — x or lim; z; = x. A point x is said to
be a cluster point of a net (z;);cr in X if there exists a subnet (y;);cs
of (z;)ier that converges to z. For any set C C X, z € clC' if and only
if there exists a net (z;); in C such that z; — z. It follows that C' is
closed if and only if the limit of every convergent net in C' belongs
to C.

The limit of a convergent net is unique, and every subnet of a con-
vergent net converges to the same point. Moreover, it turns out that
a set C' C X is compact if and only if every net in C' has a subnet
that converges to a point in C. Consequently, a compact set in X
is closed, and every closed subset of it is also compact. We say that
C C X is sequentially closed if the limit of every convergent sequence
in C' belongs to C. Moreover, the set C is sequentially compact if every
sequence in C has a subsequence that converges to a point in C.

A mapping f : X — Y between two topological spaces (X, %Tx) and
(Y,Zy) is continuous at x € X if, for all W € Vy(f(z)), there exists
V € Vx(z) such that f(V) C W. Equivalently, f is continuous at x
if and only if f(x;) — f(z) for every net (z;); C X such that z; — =.
Similarly, f is sequentially continuous at z if the last condition holds
when we replace nets by sequences. We say that f is continuous
(sequentially continuous) on X if it is continuous (sequentially con-
tinuous, respectively) at every point in X. If f is continuous, then the
image f(C) of a compact set C' C X is also compact in Y. A function
f X — Y issaid to be a homeomorphism if it is a continuous bijection
with a continuous inverse.

We extend the usual order in R to R = RU {400, —0o} by setting
—00 < r < 400 for all » € R. We also denote

Roo := RU {400}, Ry := [0, +oo[, RY :=] —00,0[, R’ :=]0, +o0],
and adopt the convention

(+00) + (—00) = (—00) + (+00) = 400, 0(400) = 400, 0(—00) = 0.
(2.2)

By sign(-) : R\ {0} — {—1,1}, we refer to the sign function; i.e.,
sign(a) = —1 if @ < 0, and sign(a) = +1 if a > 0.
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The upper and lower limits of a net (r;);cr in R are, respectively,

limsup; r; = inf | supr; | and liminf;r; = sup ( infr; | .
el \ g el \'~J

It is clear that liminf; r; < limsup, r; and when the upper and lower
limits coincide in R, the common value is called the limit of (7;);cr; it
is written as
limr; := liminf; r; = lim sup;, r;.
(]

If the net (r;)ie; C R is non-increasing; that is, i1 < iz, i1,i2 € [ =
ri, < 15,, then the limit of (r;);er exists in R and is given by

limr; = inf r;.
7 7

Similarly, if (r;)ses is non-decreasing, then the limit exists in R and is
given by

limr; = supr;.
i i

Given a topological space (X, Tyx), a function f: X — R is lower
semicontinuous (or Isc, for short) at = € X if, for every net x; — =z,

f(z) < liminf f(x;).

The function f is Isc if it is Isc at every point of X. The function f
is sequentially lsc at x € X (sequentially Isc, respectively) if these last
conditions hold with sequences instead of nets.

The function f is inf-compact if all its sublevel sets,

[f<A:={zeX: f(x) <A}, NeR,

are compact sets.
The most fundamental theorem in optimization theory is the Weier-
strass theorem.

Theorem 2.1.1 Let f: X — R be an lsc function and let C C X be
a non-empty compact set. Then f achieves its infimum over the set C.

Given a family (X, T;)ier of topological spaces, the product topol-
ogy ¥ in the Cartesian product
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X::HXt

teT

is the weakest (i.e., the smallest) topology on X for which all the
canonical projections m : X — X, are continuous. In this way, a net
(xi)ier in X converges to x € X if and only if m(x;) — m(x) for all
t € T. The space (X, %) is called the product topological space of the
ths.

We give now the Tychonoff theorem, which is considered the most
important theorem in topology.

Theorem 2.1.2 The product topological space (X,%) is compact if
and only if each factor (X, %) is a compact topological space.

Let RT denote the real linear space of functions from a given set T
to R. Again, the support of a function A € R” is the set

suppA:={teT: \ # 0},
where \; := A(t). We denote
R™ .= {xeR”: supp\ is finite}. (2.3)

In particular, if the cardinal of T, denoted by |T, is finite, say |T| =
k, then we set RT) = RT = R and, similarly, Rf) = ]RJTr = Ri. For
uwe RT and A € RD), we write

{ > Ay, if supp A # 0,

/\(u) = Z)\tut =
tel

tEsupp A (24)
0, otherwise,

The nonnegative cone of R(™) is

Rf)::{AeR(T): )\tzoforallteT},

and we denote

A(T) := {)\ erRD: oA = 1} ; (2.5)

teT

in particular, the canonical simplex in R*, k € N, is given by
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Ak:z{AeR’j: > Ai=1}.

1<i<k
Sometimes, we also use the notation

Ap={AeAy: N >0forall<i<k}.

Operations and concepts in vector spaces

Next we define standard operations and concepts in a (real) vector
space X. We denote by 6 the zero vector in X. Given two non-empty
sets C' and D in X, we define the algebraic (or Minkowski) sum of C
and D by

C+D:={c+d: ceC,deD}, C+0=0+D=0, (2.6)

withC +d,d € X, (c+ D, c € X), representing the set C + {d} ({c} +
D, respectively). If ) # A C R, the scalar product of A and C'is the set

AC :={Xc: Xe A, ceC}, AD=0, (2.7)

and, in particular, for z € X and A\ € R we write Az := A{x} and
AC := {A\}C. This last set is a scalar multiple of C.
A set C' C X is convex if, for every x, y € C,

[z,y] :={ Az +(1-Ny:Xe[0,1]} CC,
and affine if, for every x, y € C,
{da+(1-Ny: AeR}cCC.

We say that C' C X is a hyperplane (affine hyperplane) if it is a proper
linear subspace (affine set, respectively), which is maximal for the
inclusion.

The set C' is a cone if it contains 6§ and R, C C C; balanced if
[—1,1]C C C; and absorbing if, for every xz € X, there exists a > 0
such that Az € C' when || < a. The intersection of a family of convex
sets is convex; the scalar multiple of a convex set is convex; and the
sum of two convex sets is convex. The convezx, the affine, the linear
(or span), and the conic hulls of a set C' are defined as
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coc:{zAcc:AeAw)},

ceC

aff C = {ZACC:/\ER(C), S Ae = 1},
ceC ceC

spanC = { YA A€ R(C)} , and
ceC

coneC =R,C U{6}.

Observe that C' is convex if and only if C'=coC, and that C is
a cone if and only if C'U{#} =coneC; in particular, cof) =@ and
cone () = {0}. Equivalently, coC' is the intersection of all convex sets
containing C'. By dim C we represent the dimension of the vector space
aff ¢, and we say that C' is finite-dimensional if dim C' is finite. In an
n-dimensional vector space, the convex hull is characterized by the cel-
ebrated Carathéodory theorem, stating that every € coC'is a convex
combination of no more than n + 1 elements of C.

Topological vector spaces

Given a real vector space X and a topology Tx in X, we say that
(X, Tx) is a topological vector space (tvs, for short) if the two algebraic
operations

(r,y) e X xX—ax+yeXand (,z) ERx X —areX (28)

are continuous. We denote by X™* the topological dual of X; that is,
the real vector space of continuous linear functions from X to R.
Associated with X and its topological dual X*, the bilinear function
(x*,2) € X* x X — (2*,2) := 2*(z) € Ris called a dual pairing, while
the pair (X, X™) is referred to as a dual pair.

We have the following basic properties in a tvs: The set AC' is open
if C' is open and 0 ¢ A; the sum of an open set and an arbitrary set is
open; if D is open, then C' + D = C 4 D for any set C; the sum of a
compact set and a closed set is closed; the sum of two compact sets is
compact; and the scalar multiple of a compact set is compact. A linear
function from X to R is continuous if and only if it is continuous at 6. A
set C' C X is a hyperplane (affine hyperplane) if and only if C = {z €
X Al(x)=0} (C={xe€ X :4(x) =a}, a € R, respectively) for some
nonzero linear function ¢ : X — R. The hyperplane C' is closed if and
only if ¢ is continuous, and it is dense if and only if £ is not continuous.
A (closed) half-space of X is a set of the form {x € X : {(z) < a},
a € R, where £ : X — R is a nonzero continuous linear function.
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In addition, the following relations hold for every pair of sets C,
DcCX:

(clC) + (I D) C cl(C + D) = cl(C +cl D), (2.9)
cl(C + D) =cl(C) + D, when D is compact, (2.10)
and
N cd(C+U)= [ (C+U)=cl(C). (2.11)
Uevx (6) Uevx (0)

Thanks to the continuity of the operations in (2.8), every element
V € Vx(0) is absorbing and satisfies the following properties:

(1) z+V e Vx(x) for all z € X.

(73) There exists W € Vx () such that W+ W C V.

(i1i) AV € Vx(0) for all X # 0.

If X is a finite-dimensional tvs, then there is a unique (Hausdorff)
topology Tx such that (X,Tx) is a tvs; it is the Euclidean topology.
Every finite-dimensional vector subspace of a tvs is closed. A tvs X is
finite-dimensional if and only if § has a compact neighborhood.

We denote

coC' := cl(co C) and coneC' := cl(cone C).

Correspondingly, coC' is the intersection of all closed convex sets con-
taining C. If C' is convex, then the interior and the closure of C' are
also convex; in fact, we have the following property:

[z,y[ CintC for every z € int C' and y € clC. (2.12)
Moreover, if int C' # (), then
cl(int C') = ¢l C and int(clC) = int C.

Relation (2.12) can be relaxed using the (topological) relative interior
of (', denoted by riC', which is the interior of C in the topology rel-
ative to aff C if aff C is closed, and the empty set otherwise. One of
the main features of the relative interior is that it is non-empty for
every non-empty finite-dimensional convex set. In addition, the rela-
tive interior enjoys nice properties in finite dimensions, including the
following relations which hold for convex sets C' C R", D C R™, and
a linear mapping 7' : R” — R™,
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ri(TC) = T(1iC) (2.13)

and, provided that the pre-image 7! (ri D) # {),
ri(T~'D) = T7(xi D). (2.14)

In fact, for every non-empty convex set C' C X, we have the following
extension of (2.12):

[z,y] CriC, for every x € riC and y € clC; (2.15)

this result is sometimes referred to as the accessibility lemma. There-
fore, when ri(C') # (), we also have

C =ri(C) and ri(C) = 1i(C). (2.16)
In particular, this last relation holds for every non-empty finite-
dimensional convex set C.

Other useful consequences of (2.15) come next: If C' and D are
convex sets in X such that ri(C') Nri(D) # 0, then we have

ri(C) N1i(D) = 1i(C N D) (2.17)

and

CND=CnD=ri(C)Nri(D) = ri(C) Nri(D). (2.18)
Also, if int(D) # 0, so that int(D) = ri(D), then
int(C' + D) = C + int(D), (2.19)
and if, in addition, C'Nint(D) # (), then
CNnD=CnD. (2.20)
All these results, involving the interior and the relative interior of
convex sets, are based on the separation theorems that come below.
We also consider the algebraic interior of a set C contained in a

vector space X, denoted by C®. It is the set of points ¢ € C such that

R (C—c) =X;
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that is, the set C' — ¢ is absorbing. In a tvs we have int C C C?, while
the equality C* = int C holds for convex sets C such that, for instance,
int C # () or C is finite-dimensional (another important case is men-
tioned below).

Given a non-empty closed convex set C' # (), the recession cone of
C is defined as

Co ={ueX: z+RyucC},

where x is an arbitrary point of C. The recession cone is closed and
convex, and collapses to § when C is bounded; that is, for any V €
Vx (), there exists A > 0 such that C' C AV. The lineality space of a
non-empty closed convex set C' is

linC :=Cx N (—Cx). (2.21)
If C', D C X are non-empty closed convex sets such that C' C D, then
Coo C Deo. (2.22)

If C; € X, i€ 1,is afamily of non-empty closed convex sets such that

N;crCi # 0, then

(ne) -ne.. (229
iel /) o el

One of the most important and far-reaching results of functional
analysis is the Hahn—Banach extension theorem (see (2.32) for the
convexity of functions).

Theorem 2.1.3 Let X be a vector space, and £ : L — R be a linear
function defined on a linear subspace L C X, which is dominated by a
conver function g : X — R (that is, {(x) < g(x) for all x € L). Then
there is a linear extension ¢ of € to X (that is, {(x) = {(x) for all
x € L), which is also dominated by g.

We give now the geometric version of the last theorem, which is a
cornerstone in convex analysis.

Theorem 2.1.4 Two non-empty disjoint convexr subsets, C' and D,
i a vector space X such that one of them has a non-empty algebraic
interior, can be properly separated by a nonzero linear function £ :
X — R; that is, there exists a € R such that £(z) < o < L(y) for all
x € C and y € D, and there exists a point z € C' U D with (z) # «.
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The two previous theorems do not mention any topology, whereas
the next result ensures the separation by means of a continuous linear
function.

Theorem 2.1.5 If X is a tvs and int C' # () in the previous theorem,
then clC and cl D can be properly separated by a nonzero continuous
linear function.

To obtain a stronger separation property than the one given above,
we need to assume that the tvs X is locally convex. As we said before,
this is the framework of the book. A tvs is said to be a locally convex
space (lcs, for short) if every neighborhood of € includes a convex
neighborhood. The associated topology of an lcs is called a locally
convex topology. For example, observing that R? = II;er X; with X; :=
R for all t € T, it follows that R” endowed with the product topology
is an les and that R is its topological dual space with the pairing
defined in (2.4).

In an les every neighborhood of 8 includes a closed convex balanced
neighborhood, so that the family

Nx :={V € Vx(0) : V is convex, closed, and balanced}

is a neighborhood base of 6. The elements of Nx are called 6-
neighborhoods in this book.

Theorem 2.1.6 Given two non-empty disjoint convex sets in an lcs,
C and D, if one of them is compact and the other one is closed, then
there is an £ € X* \ {0} that strongly separates them; that is, there
exist o, B € R such that {(x) < a < < U(y) for allz € C andy € D.

The typical example of convex sets in an lcs that cannot be properly
separated from any point of its complement are the dense subspaces
(this is the case of the hyperplane {x € X : ¢(x) = 0}, where £ : X — R
is a non-continuous linear function).

Theorem 2.1.6 easily leads us to the following result, which is fre-
quently used throughout the book.

Corollary 2.1.7 Given a non-empty closed convex set C in an lcs, for
every point x ¢ C there are £ € X*\ {0} and a € R such that {(x) <
a < /{l(y) forally € C.

Next, we see the most important consequences of the strong separa-
tion property in Theorem 2.1.6, which is stated in an lcs X. The first
one is the Dieudonné theorem, exploiting the notion of the recession
cone for checking the closedness of the sum of two convex sets.
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Theorem 2.1.8 Given two non-empty closed convex sets in an lcs,
C and D, we assume that one of them is locally compact and Cy N
(—Dw) is a linear subspace. Then C + D is closed.

Other consequences of Theorem 2.1.6 follow:

(7) A linear subspace L C X fails to be dense in X if and only if
there exists ¢ € X*\ {6} such that L = {z € X : {(z) = 0}.

(74) The elements of X* separate points in X; that is, given z,y in
X such that x # y, there exists £ € X* such that ¢(z) # £(y).

(7i7) If C C X is closed and convex, then it is the intersection of
all closed half-spaces that contain it. The analytic counterpart to this
result constitutes the subject of section 3.2.

(iv) If C is a convex cone, then for all z € X we have that either
x € clC or there exists some ¢ € X* such that ¢(x) > 0 and ¢(z) <0
for all z € C.

(v) If Y is a linear subspace of X and £ € Y, then ¢ can be extended
to a linear function ¢ € X*.

Associated with a subset C in an lcs X, we consider the sets

C°:={z"eX": (z",z) <lforallzeC},
C™ :=(coneC)’ ={z* € X*: (z*,z) <0 forall z € C}, and
Ct:=(-CH)NC~ ={z*e X*: (z*,2)=0forallz e C},

i.e., the (one-sided) polar, the negative dual cone, and the orthogonal
subspace (or annihilator) of C, respectively. Observe that C° is a closed
convex set containing 6, C~ is a closed convex cone, and C+ = (aff C)*
is a closed linear subspace. Additionally, given € > 0, we define the e-
normal set to C' at x € C' by

No(z):={a* € X*: (z*,y—x) <eforally e C}, (2.24)

with No(z) := N%(z) being the normal cone of C at z. Observe that
Ne(z) = (C—z)”.

Given an lcs (X, Tx) with the topological dual X* endowed with
a locally convex topology Tx-, we say that ((X,Tx), (X*, Tx+)) is a
compatible dual pair if the dual of (X*, Tx-) is identified with X. In
such a case, the topologies Tx and Ty~ are said to be compatible (or
consistent) topologies for the dual pair (X, X™*).

Observe that an lcs X can be regarded as a linear subspace of RX",
using the identification # € X + (-, ) € RX" where (2*, ) := 2*(x).
In this way, the space X inherits the product topology of RX", which
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gives rise to the weak-topology o (X, X*) on X, also denoted by w. Since
RX" is an Ics, so is the topological space (X, w). We use the symbol
—™ (or — when no confusion is possible) to represent the convergence
in the topology o (X, X*), so that a net z; =" x in (X, w) if and only
if (x;,2*) — (x,z*) in R for all z* € X*.

A seminorm on a linear space X is a function p : X — R that sat-
isfies p(z +y) < p(z) + p(y) and p(Az) = |A|p(x) for all z,y € X and
all A € R. Note that a seminorm is nonnegative and satisfies p(f) = 0
together with —p(x) < p(—x). A seminorm p that satisfies the implica-
tion p(x) = 0 = x = 0 is called a norm. An important family of semi-
norms in an les X is

{pe~ = |(z", )] : 2™ € X*}.
This family generates the weak topology on X; in fact, the semiballs
By (0,r) :={zx € X : ppe(x) <r},z* € X" and r > 0,

are O-neighborhoods. In addition, for any U € Nx in the weak topol-
ogy, there exists a finite number of elements z7, ..., z;, € X* andr > 0
such that

N By:(0,r)={r€X :pp:(x)<r,i=1,...,n} CU.

1<i<n

The weak*-topology defined on X*, denoted by o(X™*, X) (also by w*-
topology or, simply, w*), is the locally convex topology on X* gener-
ated by the family of seminorms

{px = ‘<’1:>|7 LS X}

Similarly as above, given any V € Nx- in the w*-topology, there exist
1, ..., Tm € X and r > 0 such that

(\ Bz (0,r)={2"€ X" :ip (") <r, i=1,...,m} CV;

1<i<m

that is, in particular, for L := span{x1,...,2,,} we have that L+ C V.
Observe that a net (z}); converges to z* in (X*,w*), also written as
zf —%" z* (or ¥ — x* when no confusion is possible), if and only if
(xf,x) — (x*,z) for all z € X. A net (z;); is said to be T x--boundedly
w*-convergent to z*, where T x- is a given locally convex topology on

X*, if it is Tx--bounded and satisfies 7 —%" z*.
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The weak and weak™ topologies, among other important ones, are
compatible with the dual pair (X, X™*). In fact, we have the identifi-
cation (X, w)* = X*, and the w-topology is the coarsest of the locally
convex topologies preserving the family of continuous linear functions
on X. Similarly, we have the identification (X*, w*)* = X; that is, for
every w*-continuous linear function £ : X* — R, there exists a unique
z € X such that

(x*) = (2, x) for all z* € X™.

Therefore, ((X,%Tx), (X", w*)) and ((X,w), (X*, w*)) are compatible
dual pairs for the bilinear function (z*,z) € X* x X — (z*,z) € R.
This fundamental property of the weak topology shows that closed
convex subsets of X and lsc convex functions defined on X are the
same if we consider in X the weak topology instead of the original one.

Another important topology in X for which the dual of X remains
X* is the one generated by the family of seminorms

pa(x) = sup{[(z”, )| : z* € A},

where A is a non-empty w*-compact subset in X* (implying that, for
all z € X, the set {(z*,x) : #* € A} is bounded in R). This topology is
called the Mackey-topology and is denoted by 7(X, X™*) (also written
as 7). This is the finest of the locally convex topologies ¥ such that
the dual of (X, %) is X*. In parallel, the Mackey-topology defined on
X*, 7(X*, X), is the one generated by the family of seminorms

pa(z™) =sup{|(z*,z)| : x € A},

where A is any non-empty w-compact subset in X. Hence, it is the
finest of the locally convex topologies T such that the dual of (X*, %)
is X. Any locally convex topology ¥ on X (on X*) that satisfies
wCTCT (w" C¥TCr(X* X)), respectively) satisfies (X,T)* = X*
((X*,T)* = X, respectively). We also consider the strong topology
B(X™*, X), also written as 3, which is generated by the family of semi-
norms

pa(x”) = sup{|(z", z)| : & € A},

where A is any non-empty w-bounded subset in X. Hence, we have
T(X*, X)C B(X*,X) with a possibly strict inclusion, and so
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(X*, B(X™, X))* may not coincide with X. Observe that one can also
define the strong topology (X, X*), generated by the family of semi-
norms

pa(x) = sup{[(z”, )| : z* € A},

for A being a non-empty w*-bounded subset in X*. However, it turns
out that the topology B(X, X™*) coincides with the Mackey-topology
7(X, X™*) as a consequence of the Alaoglu-Banach—Bourbaki theorem
given below (Theorem 2.1.9). In other words, the difference between
the Mackey and the strong topologies only occurs in the dual space X*.

To show that every locally convex topology on a vector space X is
generated by the family of seminorms, we use the Minkowski function
(also called Minkowski gauge), defined for a non-empty set C' C X as

po(z) :==inf{\ > 0:2 € A\CY}, (2.25)
with the convention inf ) = +o00. Then the collection of functions
pu(x):=inf{\>0:2 € \U},

where U runs the family Nx gives the desired family of seminorms
that defines the locally convex topology of X. Conversely, we consider
a saturated family P of seminorms; that is, for every py, p2 € P there
exists a p € P such that max{pi,p2} < p. Then P defines a locally
convex topology on X for which the semiballs

By(0,r):={ye X :p(y) <r}, r>0, peP,

constitute a neighborhood base of §. If Y is a linear subspace, then the
locally convex topology induced on Y by the one of X is generated by
the family of seminorms {p|y : p € P}. The associated locally convex
topology is separated if and only if, for every x # 6, there exists some
p € P such that p(z) # 0.

Now, we come to the Alaoglu—Banach—Bourbaki theorem, which is
one of the most useful theorems in functional analysis.

Theorem 2.1.9 If X is an lcs and V € N, then the polar V° is
w*-compact in X*.

Given a linear subspace Y of an lcs X, we consider the following
equivalence relation in the topological dual space X* :

Ty~ xh et —ahe Yt
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and denote X*/Y+ := X*/ ~. Let h: X*/Y+ — Y* be the mapping
defined by
h((z*)) == 2y, for any 2" € (2%).

Then h defines a linear isomorphism from X*/Y* endowed with the
quotient topology, onto the dual space Y* of Y; in other words, h is a
continuous linear bijection with a continuous inverse. Then, since the
canonical quotient mapping ¢ (see (2.1)) is open (the image of every
open set is open), for every V' € Nx- we have ¢(V) € Nx- ,y1, and so

Viy = h({{z") : 2" € V}) = {CL’TY cat e V} € Ny-.

To finish this summary of locally convex spaces, we focus on the
case when the associated topology is defined by a norm || - ||. In such
a case, we say that X is a normed space and represent it by (X, ||-||)
(or, simply, by X when no confusion is possible). The closure of a set
A C X with respect to the norm-topology is denoted by cl”'”(A) (or
simply cl(A) if no confusion is possible). A normed space is Banach if
it is complete (as a metric space). The dual norm on X* is denoted
similarly (when no confusion is possible) and is defined by

27| == sup{[(z", 2)| : [|lz| <1}, 2" € X7

equivalently, we have ||z*|| = sup{|(z*, x)| : ||z|| = 1}. In particular, for
all x € X and z* € X*, we get

(2%, ) <l ]l

known as the Cauchy—Schwarz inequality. It is easy to see that
(Bx)° = Bx+. The space X* endowed with this dual norm is always
Banach (even if the normed space X is not). It is worth observing
that the strong topology 5(X™*, X) coincides with the norm topology.
The dual norm in a general Banach space is a typical example of a
w*-1sc convex function which is (-continuous but not necessarily w*-
continuous. By Bx (z,r) (or B(x,r) if no confusion is possible) we rep-
resent the closed ball in X with center  and radius r > 0. In particular,
Bx := Bx(0,1) is the closed unit ball in X. It is known that in any
infinite-dimensional normed space the unit sphere {x € X : ||z| = 1}
is weakly dense in Bx.

An inner product defined in a linear space X is a bilinear form
(,) : X x X = R (that is, the mappings (-,y) and (z,-), =,y € X,
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are both linear), which is symmetric and satisfies (x,z) > 0 for all
z € X, whereas (z,z) = 0 if and only if x = 0. An inner product (-, -)
induces a norm which is defined by ||z|| := \/(z,x). A Hilbert space
is a normed space whose norm is induced by an inner product. The
Kadec-Klee property holds in Hilbert spaces; that is, every sequence
(k)k, which is weakly convergent to z and satisfies ||| — [|z||, is
norm-convergent to x.

If X and Y are Banach, then the product space X xY is also
Banach when endowed with the sum (or the maximum) of the norms.
In this normed setting, the Mazur theorem asserts that every closed
convex subset of X is closed for the topology (X, X*).

The convex hull of a compact set in a finite-dimensional tvs is com-
pact, as a consequence of the Carathéodory theorem, but this property
may fail in infinite dimensions. However, the convex hull of a finite
union of convex compact sets is always compact. In addition, if the
space is Banach, then the closed convex hull of a compact set is com-
pact, and the closed convex hull of a weakly compact set is weakly
compact (this fact corresponds to the Krein-Smulian theorem).

The following result gives a topological counterpart to the Hahn—
Banach extension theorem above.

Theorem 2.1.10 A continuous linear function ¢ € Y*, where Y is
a linear subspace of a normed space X, admits a continuous linear
extension ¢ € X* which preserves the norm; i.e., ||£|| = ||¢]|.

We also recall the celebrated Eberlein—-Smulian theorem, which
establishes that the compactness and the sequential compactness in
(X,0(X, X™)) coincide in every normed space X.

The dual of (X*,| - ||) is called the bidual of X and is denoted by
X**. It is also a Banach space for the dual norm

[z := sup{[(z, 2)| « [|[27]| <1}, z € X™

The normed space X is embedded in X** in a natural way by means
of the injection mapping

reXm—i:=(,x)e X" (2.26)
It can be shown that

|Z|| = ||=|| = max{(z™, x) : ||z"| < 1} for all z € X. (2.27)
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We see that the above injection mapping is a linear isometry (i.e.,

an injective linear mapping from X to X** such that ||z| = ||Z| for

all € X). The bidual space X** can also be endowed with the cor-

responding w*-topology o(X**, X*), also denoted by w**. Hence, we

write =" for the convergence with respect to the topology w** in

X** and represent the associated closure of a set C' C X** by cl*” C.
A Banach space is called reflexive if

X ={i:zeX}=X"

that is, when the isometry z € X — & € X™** is surjective. In this case,
according to the Mazur theorem above, every norm-closed convex sub-
set of X* is closed for the topology o(X*, X**) = o(X*, X).

In a dual pair (X, X*), where X is a normed space, all compati-
ble topologies on X have the same bounded sets (this is the Mackey
theorem).

We have the following important special case of Theorem 2.1.9,
which supports the proof of (2.27).

Theorem 2.1.11 Given a normed space X, Bx- is w*-compact in
X*. Consequently, a subset C C X* is w*-compact if and only if it is
w*-closed and norm-bounded.

More properties of normed spaces come next:

() (X, 7(X, X)) =(X,] - |I), and o(X**, X*) induces o(X, X*) on
X C X*.

(ii) Bx is o(X™**, X*)-dense in Bx-«; consequently, X is o(X**, X*)-
dense in X** (Goldstein theorem).

In addition, for a Banach space X, the following statements are
equivalent:

(i) X is reflexive.

(ii) Bx is weakly compact.

(7i7) X* is reflexive.

In a Banach space X, every convex subset C' which is a countable
union of closed convex sets satisfies C* = int C' (see Exercise 3(ii4) in
chapter 3).

The following result is the fundamental James theorem.

Theorem 2.1.12 A non-empty weakly closed bounded set C in a
Banach space X is weakly compact if and only if every continuous
linear function on X attains its maximum on C.

A mapping A : X — 2% is a monotone operator if



34 CHAPTER 2. PRELIMINARIES
(z* —y",x—y)>0forall z, y € X, 2" € Az, and y* € Ay. (2.28)

We say that A is cyclically monotone if

n

Z <xf, Tiy1 — l‘l> + <$;+1, xTo — xn+1> <0, (2.29)
i=0

forallz; € X, ) € Az;,i=0,1,...,n+1,n > 1. It is clear that every
cyclically monotone operator is monotone. The converse also holds
when X = R.

A mazimally monotone (mazximally cyclically monotone) operator
A: X — 2X" is a monotone (cyclically monotone, respectively) oper-
ator such that, for any monotone (cyclically monotone, respectively)
operator B : X — 2% such that gph B D gph A, we have A = B.

Differentiability

Given an extended real-valued function f:X — R, defined on a
linear space X, the directional derivative of f at the point € f~1(R)
in the direction u € X is defined by

fla;u) = lim f(ermi) —J@)

(2.30)
In particular, when f : R — R, the functions

s f1ls) = 1) = i LD 2T

and

! L 1(o. T f(5+t)*f(5)
s fl(s) = —f'(s;—1) —I;Tr(l)lf

are called the right and left derivatives of f, respectively.

If Xisanlcs, f: X — R, f/(z;u) exists for all u € X, and f'(z;-) €
X*, then we say that f is Gateauz-differentiable at x. The mapping
f&(x) = f'(z;-) is called the Gdteauz-derivative of f at x. If X is
normed, then we say that f is Fréchet-differentiable at x if there exists
f/(xz) € X* such that

o 1@+ 1) = (@) = (@), )

u=0 i
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we call f/(z) the Fréchet-derivative of f at x. If X is a Hilbert space
with an inner product (-,-), then, by the Riesz representation theo-
rem, the dual X* is identified with X, and the function f is Fréchet-
differentiable at x € X if and only if there exists a vector V f(x) € X,
called gradient of f at x, such that

f(z)(v) = (Vf(x),v) for allve X.

If f is Gateaux-differentiable at x and f/(-) is continuous at z, then f
is Fréchet-differentiable at « with f’(z) = f/(x). Moreover, the Fréchet
and Géateaux-differentiability coincide for convex functions defined on
the Euclidean space. For example, if X is Hilbert, then the function
fi=|-|* is C* (in fact, f'(2)(v) =2 (z,v) for all 2, v € X).

A Banach space X is said to be an Asplund space (or just Asplund) if
every continuous convex function defined on X is Fréchet-differentiable
in a dense Gg-set; that is, a set which is the intersection of countably
many open sets. If X is separable, then X is Asplund if and only if X™*
is separable. All reflexive Banach spaces are Asplund.

Given a convex subset C of a Banach space X, a point z € C' is said
to be an exposed point of C if there exists z* € X* \ {0} such that z
is the unique point that satisfies

sup (¢, z*) = (x,z¥) .
ceC

More restrictively, the point x is said to be a strongly exposed point of C
if there exists some z* € X* \ {6} such that every sequence (z,,), C C,
satisfying

(T, ") — sup (¢, x™),
ceC

converges to z. Equivalently, z € C' is a strongly exposed point of C' if
and only if the (support) function z* € X* + sup.cc (¢, 2*) is Fréchet-
differentiable at x* with Fréchet-derivative x.

The Banach space X is said to have the Radon—Nikodym property
(RNP, for short) if every non-empty closed bounded convex set C' can
be written as the closed convex hull of its strongly exposed points. It is
known that X has the RNP if and only if X* is a w*-Asplund; that is,
when every (norm-)continuous and w*-lsc convex function defined on
X* is Fréchet-differentiable in a dense Gg-subset of X*. In addition,
the space X is Asplund if and only if X* has the RNP.
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2.2 Convexity and continuity

In this section we review the main algebraic and topological proper-
ties of the extended real-valued convex functions. We work in a (real)
separated locally convex space (lcs) X as described in section 1.3; that
is, X and X™* form a compatible dual pair via the duality pairing
(x*,x) := x*(x), 2* € X*, x € X; by Nx we represent a neighborhood
base of closed convex balanced neighborhoods of 6 (f-neighborhoods),
and P is a saturated family of seminorms generating the topology in X.

Given an extended real-valued function f : X — R, also written as

f € R", we introduce some geometric objects associated with it. First,
since f is allowed to take the value 400, we define the effective domain
or (simply, domain) of f by

dom f:={z € X: f(z) < +oo} = fHRU{~00}).

This definition does not exclude those points where f takes the
value —oo. It is clear that the domain of the sum or maximum of
two functions is the intersection of the associated domains, and that
this is not true for the supremum of an arbitrary family of functions.
Sometimes, functions are defined only on subsets of X where they are
finite, by writing f : C' C X — R for some given set C' C X.

An intrinsic geometric object in convex analysis, which further cap-
tures the properties of a function f, is the epigraph of f defined by

epif :={(z,\) e X xR: f(z) <A}

This set provides an exact identification of the function f as it allows
its recovery by writing

f(z) =inf{\ e R: (z,\) € epi f}. (2.31)
The epigraph is then placed above the graph of f, which is the set
gph f:= {(2,A) € X xR f(z) = A}.
A related concept is the strict epigraph given by
epiy fi={(z,\) e X xR : f(z) < A}

We can check that both the epigraph and the strict epigraph have the
same closure.
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Now we give the definition of convex functions, taking into account
the current convention (2.2).

Definition 2.2.1 A function f: X — R is convex if the following
inequality, called Jensen inequality, holds for all x1,20 € X and X\ €
[0,1] :

fz1 4+ (1= Nw2) < Af(21) + (1= A) f(22). (2.32)

Observe that, due to our conventions (2.2) on the sum and product
operations in R, we can restrict the inequality in (2.32) to w1, 9 €
dom f and X € ]0,1[. The geometric meaning of convexity is made
clear, thanks to the concepts of epigraph and strict epigraph. The
following proposition shows this fact.

Proposition 2.2.2 For every function f:X — R, the following
assertions are equivalent:

(7) f is convex.

(7i) epi f is a convex set in X x R.

(7i7) epig f is a convex set in X x R.

Proof. (i) = (iii) Take (z;, \;) € epi, f,i = 1,2, and a € ]0,1[. Then,
by the convexity of f,

flazi+ (1 —a)za) < af(z1) + (1 — a)f(z2) < a1 + (1 — a)Ag,

and a(x1, A1) + (1 — a)(x2, \2) € epiy, f.

(7i1) = (i1) Take (z;, \;) € epif,i=1,2,and a € )0, 1[. So, for each
fixed € > 0, (x;, \i + ¢) € epi, f and (¢i7) implies that a(x, A\; +¢) +
(1 — a)(x2, A2 +€) € epig f. Thus,

flaz: + (1 —a)za) < ai + (1 — )2 + ¢,

and (7i) follows when ¢ | 0.

(7i) = (i) Take x1, z9 € dom f and A € ]0, 1. Given k > 1, we denote
ay,; = max{f(z;),—k},i=1,2. S0, (z;,;) € epi f,i=1,2, and (i)
yields

FQz1 4+ (1= N)z2) < gy + (1 — ANag o for all £ > 1.

Hence, the Jensen inequality follows when &k T +o0c. m
A function f:X — R is said to be proper if it has a non-empty
(effective) domain and never takes the value —oo. This is a natural
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assumption in extended real-valued functions. However, we often allow
non-proper functions, not for the sake of generality, but because our
theory will sometimes lead to new functions that may not be proper
(see Exercise 39, for an example illustrating this situation). Obviously,
a function f: X — Ry is proper if and only if it has a non-empty
domain. Clearly, the functions which are identically equal to +o0o or
to —oo are not proper. In addition, the sum of two proper functions
may not be proper, unless their effective domains intersect.
We say that f: X — R is positively homogeneous if f(f) = 0 and

f(Az) = Af(z) for all x € dom f and all A > 0.

Observe that the condition f(#) = 0 above can be replaced with the
less restrictive relation f(6) € R (see Exercise 8). As for convexity, the
positive homogeneity is also characterized by means of the epigraph.
Indeed, a proper function f : X — R.is positively homogeneous if and
only if its epigraph is a cone in X x R.

The function f: X — R is subadditive if for all 1,20 € X :

f(z1+22) < f(21) + f(202),

and sublinear if it is subadditive and positively homogeneous. Equiva-
lently, a sublinear function is a positive homogeneous convex function.

We now turn to the topological side, showing that the epigraph also
captures the lower semicontinuity of the associated function. In this
case, the sublevel sets come into play since their closure also charac-
terizes the lower semicontinuity property. There is a subtle difference
here with convexity, the (non-empty) sublevel sets of convex functions
are convex, but we can have non-convex functions with convex sublevel
sets. The property of having convex sublevel sets in fact characterizes
the so-called quasi-convex functions.

Proposition 2.2.3 For every function f:X — R, the following
assertions are equivalent:

(1) f is lsc.

(7i) epi f is a closed set in X x R.

(7i1) [f < A] is closed in X for all A € R.

Due to the equivalence of (i) and (i), lsc functions are also called
closed. Note that the sequential lower semicontinuity of f is also char-
acterized by statements (ii)—(7ii), provided that the condition on the
closure is replaced with the sequential closure. Moreover, due to the
Mazur theorem, every lsc convex function on X is weakly lsc.
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When a given function f : X — R is not Isc (or convex), we some-
times proceed by replacing it with an appropriate lsc (or convex,
respectively) approximation. The convex hull, closed hull, and closed
convex hull of f are respectively defined by

cof:=sup{g: X - R: gisconvex and g < f},
clf :=sup{g: X = R: gislscand g < f},
cof :=sup{g: X — R: gis convex, Isc, and g < f};

the closed hull is also represented by f.
Closed and closed convex hulls can also be obtained by operating
topologically and algebraically on the epigraph.

Proposition 2.2.4 For every function f : X — R, we have

epi(cl f) = cl(epi f) and epi(cof) =co (epi f). (2.33)

Note that there is no equivalent relation to (2.33) for the convex hull;
in fact, co (epi f) need not be an epigraph. We also can write cl f and
co f in terms of lower limits and convex combinations, respectively: for
every x € X,

(cl f)(x) = liminf f(y) = sup inf f(x+y), (2.34)
y—e UeNx yeU

and (see the definition of A(epi f) in (2.5))

(co f)(x) = inf{ Yo Aee)St D2 Aee)E=T, AE A(epif)}

(z,5)€epi f (z,s)€epi f

=inf< > Af(2): > Az==x, A€ A(dom[f) ;.
z€dom f z€dom f
Then we can easily check that
cl(dom (cl f)) = cl(dom f), dom(co f) = co(dom f), (2.35)

and, as a consequence, we get

cl (dom(cof)) = &5 (dom f) . (2.36)
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Moreover, we have the following equalities:
inf f = inf(cl f) = inf(co f) = inf(cof), (2.37)

showing that the above hulls do not change the value of the infimum
of the original function.

To continue the previous discussion on the properness assumption,
note that when X is infinite-dimensional the closed hull cl f may be
non-proper, even when f is proper and convex (Exercise 39). In addi-
tion, if f is convex and lsc but not proper, then f(x) = —oc for all
x € dom f; i.e., f cannot take finite values. In other words, if f is
an lIsc convex function which is finite at some point, then it must be
proper.

Now we introduce the most important family of functions in convex
analysis, which is

Io(X):={f:X — Ry : fis proper, lsc, and convex}.

The goal of the next paragraph is to review the strong link between
convexity and continuity, extending the well-known continuity proper-
ties of linear functions. This connection confirms that convex functions
can be regarded as natural generalizations of linear functions. The
key to this connection lies in the fact that, for every convex function
f:X — R, and every z € dom f and u € X, the quotient

[z + su) = f(2)

S

S H—

is non-decreasing with s > 0. Indeed, for every 0 < s; < s9, the con-
vexity of f gives rise to

Fx+siu)=f <81(x + sou) + <1 - Sl) a:)

52 82

S1 S1
< —f(x 4+ squ) + <1 - 32> f(z), (2.38)

52

which easily leads us to the desired non-decreasingness property.
Therefore, the directional derivative of f at x in the direction u turns

out to be (see (2.30))
flz+ su) — f(z)

ooy e St su) = fz) .
f(w;u) = lim . = inf . ;o (2:39)
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that is, the last limits exist in R. For the same reason we have the
equality
f(z+su) — f(z) f(z+su) — f(x)

lim = sup ,
s1+o0 S s>0 S

describing the behavior of f at 400 in the direction w.

Relation (2.39) constitutes the key property relating convexity to
continuity. Moreover, when f:R — R, is a convex function and
t1,te,t3 € dom f are such that t; < ty < t3, we have that (see Exer-
cise 16)

ft2) = f(t) _ f(ts) = f(t) _ f(ts) = f(t2)
to — 11 - t3 — t1 - t3 — to

(2.40)

As a consequence of (2.40) we obtain the following result.

Proposition 2.2.5 Given a convez function f : X — Ry, x € dom f,
and u € X, for every

t<0 t>0

o€ [supt_l(f(1:+tu) — f(2)),inf t 7L (f(x + tu) — f(2))],

the function o, : R — R defined by

eals) = {5 0 I@L T 20 )

s non-decreasing on R.

In other words, Proposition 2.2.5 says that the multifunction which
assigns to s € R the value

(571 (f (o 4 su) — F(a)}, if 5 £0,
[stggt‘l(f(:v ) = F()).f £ (f @+ 1) — f(a)] £ 5 =0,

is monotone.

The following proposition constitutes a remarkable topological prop-
erty of convex functions. More precisely, the statement of the propo-
sition shows a Lipschitz-like behavior of convex functions.

Proposition 2.2.6 Given a convex function f: X — Ry and x €
dom f, we suppose the existence of some m >0 and U € Nx such
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that
flx+y)— f(x) <m forallyeU.

Then
|f(z+y) — f(x)] <mpy(y) for ally € U,

and, consequently, for all p € 10, 1] we have that

1+

If(y) = f(2)] < mo— ZpU(y —z) forally, z € x+ pU.

Proof. We only give the proof of the first statement. We may suppose,
without loss of generality, that z = 6 and f(0) = 0, so that the current
assumption reads

fly) <mforally € U.

Fix y e U. If py(y) > 0, then y/py(y) € U and the convexity of f
yields

1) =1 ()2 ) <o (1) < maw.

If py(y) =0, for all 0 <e <1, we have y/e € U and, again by the
convexity of f,

fly) = f(ey/e) <ef(y/e) <em,

implying that f(y) < 0 as e | 0. Hence,

f(y) <mpy(y) for all y € U.

Moreover, as —y € U, we also have

0=71(00)=f(/2+(1/2)(-y))
< (1/2)f(y) + (1/2)f(=y) < (1/2) f(y) + (1/2)mpu (y),

showing that —f(y) < mpy(y). The first statement is proved. m

As the first consequence of the last proposition, we conclude the
following important result which shows the main inheritance of conti-
nuity of convex functions from continuity of linear functions.

Corollary 2.2.7 The following three statements are equivalent, for
every proper convex function f: X — Ry :
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(i) f is bounded above around a point of its domain.
(ii) f is continuous at some point in dom f.
(#i3) f is continuous on int(dom f).

Proof. The equivalence of assertions (i) and (i7) is Proposition 2.2.6.
To see that assertion (i) also implies the stronger statement in (ii3),
let g € dom f be a continuity point of f and take any x € int(dom f)
different from xg. Let U € Nx such that

flxo+u) < f(zg) + 1 for all u € U,
and choose p > 0 such that
20 = + p(xr — o) € int(dom f);
hence, zg # x, and there exists some Ao € 0, 1] such that
x = Aozo + (1 — Xo)xo.
Then, for every u € U,

Jx+ (1 —=Xo)u) = f(Mozo + (1 = Xo)zo + (1 — Ao)u)
< Xof(z0) + (1= Xo)f(zo +u) < Aof(20) + (1 — Xo)m,

and the desired equivalence comes from Proposition 2.2.6 when applied
taking Uy, := (1 —=X)U € Nx. m

Furthermore, in a normed space the equivalences in Corollary 2.2.7
remain true if the continuity assumption in (ii) and (iii) is replaced
with the local Lipschitzianity property. The following property is also
useful.

Corollary 2.2.8 Assume that X is Banach. If f € T'o(X), then f is
locally Lipschitz on int(dom f) whenever the last set is non-empty.

Proof. We write dom f = U,>1[f < n], where each set [f <n] is a
closed subset of X. Since X is a Baire space and int(dom f) # (), by
the Baire category theorem there exists some ng > 1 such that the set
int([f < ngl) # 0. It follows that f is bounded above around a point
in [f <mno] Cdom f, and the equivalences above imply the desired
result. [

The lower semicontinuity condition required in the previous corol-
lary is removed in finite dimensions.
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Corollary 2.2.9 Assume that f : R™ — R is a proper conver func-
tion. Then ri(dom f) is non-empty and the function Jlaff(dom f) 1S finite
and continuous on ri(dom f). More generally, f is lsc on ri(dom f).

We deduce from the previous corollary that every function f €
['p(X) is continuous relative to each closed segment within its domain:

Corollary 2.2.10 Given a convexr function f:X — R and z,y €
dom f, the function ¢ : R — R defined by

p(t) = [tz + (1 - t)y)

is continuous on |0, 1[. It is continuous relative to [0, 1] (]0, 1]) when,
additionally, f is lsc aty (x, respectively).

Proof. The function ¢ is continuous on |0, 1] by Corollary 2.2.9. More-
over, by convexity of f, we have ¢(t) < tp(1) 4+ (1 —t)p(0) and, using
the lower semicontinuity of f at y, by taking limits we obtain

#(0) = f(y) < liminfp(t) < hrﬂlﬁup e(t) < lirrtll%up (tf(@)+ (1 =1)f(y)) = ©(0).

Thus, lim¢ o ¢(t) = ¢(0) and ¢ is continuous at 0 relative to [0, 1[. The
same reasoning shows that ¢ is continuous at 1 relative to ]0, 1] when
fislscat xz. m

Convexity of functions is preserved under many operations. For
example, the convexity of the sum of two convex functions follows
easily by the Jensen inequality. The convexity of the supremum of a
family of convex functions comes from the fact that the epigraph of the
supremum is the intersection of their epigraphs (see (2.47)). Further
properties of the supremum are given in the forthcoming section.

We close this section with a property of the closed hull operation
that will be used several times in the book. This result will help us
to develop calculus rules in section 4.1 for the subdifferential of the
function f+ go A (allowing us to reduce the problem to that of a
problem involving lsc functions).

Proposition 2.2.11 Let X,Y be two Ilcs, f:Y - R and g: X —
R convex functions, and A:X —Y a continuous affine mapping.
Assume that f is finite and continuous at Axg for some xy € domg.
Then we have that

cl(foA+g)=(clf)oA+ (clg). (2.42)
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Proof. For the sake of brevity, we suppose that X =Y and A is
the identity mapping. First, we observe that the inequality cl f +
clg <cl(f +g) always holds because clf+clg < f+g and clf+
clg is obviously lsc. To prove the converse inequality, we pick x €
(dom (cl f)) N (dom (cl g)); that is, due to (2.35),

z € (dom (cl f))Necl(dom (clg)) = (dom (cl f)) Ncl(domyg).

Let us fix A€ ]0,1[ and denote z) := Azg + (1 — A\)z. Since xp €
int (dom f) and z € dom (cl f) C cl(dom (cl f)) = cl (dom f), again by
(2.35), (2.15) yields = € int (dom f), and Proposition 2.2.6 entails the
continuity of f at xy.

Now, by (2.34), we choose a net z; —; x>\ such that (clg) (z)) =
lim; g(z;). Observe that z;:=(1— )\) Yz — Axo) —; x.  Since
lim; f(z;) = f(zx) = (cl f) (z), by the continuity of f at x), we obtain

(cl(f +9))(zx) < liminf(f(z) + g(=:))
= lim(f () + g(21)) = (cLf) (22) + (clg) (22),

and the convexity assumption gives rise to

((cLf) (o) + (clg) (z0)) + (1 = A)((cl f)(z) + (clg) (x))

(el(f +9))(zx) <A
A(f (o) + g(x0)) + (1 = A)((cl f)() + (clg) (2))-

<
<

Whence, as A | 0 and g(zg) € R we get

li nf(cl (£ + 9)) (@) < () (2) + (clg) (@)

and this yields (cl (f + ¢))(z) < (cL ) (z) + (clg) (2). If g(o) = —o0,
then (cl(f 4+ g))(= ,)\):—oo and we deduce that (cl(f+g))(z) <

liminfy o(cl(f + g))(z)) = —oo < (cl f) (x) + (clg) (). The proof is
complete. m

Observe that, due to (2.37), relation (2.42) implies

inf (f+g0 A)z) = inf I(f +g0 A)(x) = inf ((clf) + (elg) o A) (z),
(2.43)

resulting in an optimization problem involving only Isc functions. It
is this precise property that will allow us in chapter 4 to establish
different subdifferential calculus rules and duality results for convex
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functions not necessarily Isc. A counterpart to (2.43) for perturbation
functions will be given in Proposition 4.1.23.

2.3 Examples of convex functions

In this section, we present some particular convex functions, which are
crucial in convex analysis and optimization.
The indicator function of a set C C X is defined as

To(z) = 0, ifxed,
W)= oo, itz e X\ C.

We have domIp = C and epilec = C x R4, so that I¢ is a convex
(Isc) function if and only if C' is a convex (closed, respectively) set.
The function I¢ is proper if and only if the set C' is non-empty. More
generally, the closed and closed convex hulls of I are the indicator
functions

cllg =1 ¢ and colg = Iz,

The indicator function provides a good device for penalizing con-
strained optimization problems. In fact, if f : X — R is a given func-
tion, then for every non-empty set C' C X we have

inf = inf I .
inf f(z) = inf {f(z) +Ic(z)}
We also have the following properties, when C := N;C; and D := U;C;
for some arbitrary family of sets C; C X,

Io = sup Ic, and Ip = infI¢,.

1

The operation of taking the supremum of an arbitrary family of con-
vex functions is a usual operation preserving convexity. Given an arbi-
trary family of convex functions f; : X — R, t € T, where T is a fixed
index set, the associated pointwise supremum function is defined as

f :=sup f;. (2.44)
teT

Observe that f can be expressed as

f= sup Y Mf, (2.45)

AEA(T) teT
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where A(T) is defined as in (2.5); that is,

A(T) = {A er: N = 1} . (2.46)

teT

The function f is convex, and lsc when all the f;’s are so. These asser-
tions are easily seen in the relation

epi f = () epi fi. (2.47)
tel

Generally, we cannot replace the epigraph by the strict epigraph in
(2.47), nor can we express the domain of f as the intersection of the
domains of the f;’s. However, when T' is Hausdorff compact and the
mappings ¢ — f;(z) are upper semicontinuous (usc, for short) for all
x € X, then (see Exercise 9)

dom f = () dom f;.
teT

An interesting example of supremum functions is the support func-
tion. Given a set C'C X™, the support function of C' is the function
oc : X — R defined as

oo(x) == sup{{z*,z) : 2" € C},

with the convention that oy = —oo. Similarly, we can define ¢ on
X* when C C X. The function o¢ is always convex and lsc as it is the
pointwise supremum of continuous linear functions. Here the convexity
of C is superfluous; in fact, we have the following relation resembling
(2.45),

0C = 0dC = OcC- (2.48)
Also, provided that C' # (), we have
domoc =R;:C°, (2.49)

and so o¢ is proper (when C # ()). Also, given two non-empty sets C,
D C X*, we verify that

oc+p = oc + op and ocup = max{oc,oc}. (2.50)

An operation related to the supremum, which also preserves the
convexity, is the pointwise upper limit of convex functions. If (f;); is
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a net of convex functions, with (I,=) being a directed set, then the
pointwise upper limit function f: X — R defined as f := limsup; f;
satisfies for all x,y € X and A € ]0,1] :

fQz + (1= Ny) = limsup; fi(Az + (1 = A\)y)
< limsup; (Mfi(z) + (1= A) fi(y))
< Alimsup; fi(z) + (1 — A) limsup; fi(y)
=M (@) + (1 =) f(y) (2.51)

Equivalently, the convexity of the upper limit function f also follows
from the expression of its strict epigraph,

eplsf:Uﬂ eplsf]

U b

To see that the supremum function f = sup;cr fi is a particular
instance of the upper limit function, we endow the family of finite
subsets of T,

F(T):={S CT:T is finite}

with the partial order “<” of ascending inclusions:
S1 %59 < 851 C Sy, for all 51,55 € f(T)

Then we verify that

sup fy = inf sup <maX S t) = limsup <maX f t) :
teT SeEF(T) 5§58, \ t€S SeF(T) \ t€5
SeF(T)

The convexity is also preserved by the pointwise lower limit function,
liminf; f;, of any non-increasing net (f;); of convex functions, because

liminf f; = inf f; = limsup f;. (2.52)

We saw in section 2.1 that the Minkowski gauge is a fundamental
device for characterizing locally convex topologies by means of semi-
norms. Remember that the Minkowski gauge (see (2.25)) of a given
non-empty set C' C X is given by

po(x) =inf{\ > 0:2 € \C},

with inf ) = +oo. If C' is a closed set containing 6, then
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[pc < a] =aC for all a > 0 (2.53)

and so pc is Isc. In addition, due to our convention 0(+o0) = +o0,
the positive homogeneity of pc is established below only on the set
dom p¢; that is,

po(az) = ape(z) for all x € dompe and a > 0.

The proof of the following proposition is postponed to Exercise 1.

Proposition 2.3.1 The Minkowski gauge of a non-empty set C C X
1s positively homogeneous in its domain. Moreover, we have

epiypo = RY ((CU{}) x |1, +o0]), (2.54)
and pc is convexr whenever C is conver.

In the case when U € N, the function py is a continuous seminorm
and satisfies

U={zeX: py(z) <1} and intU ={x € X : py(z) < 1}. (2.55)

The inf-convolution operation is very useful in convex analysis,
especially in the context of regularization processes. Given two func-
tions f,g: X — R, the inf-convolution of f and g is the function
fOg : X — R defined by

(fOg) (z) == inf{f(y) + g(x —y) 1y € X}.

We say that the inf-convolution is ezact at x when the infimum above
is attained. We have

dom (fg) = dom f + dom g, (2.56)

because z € dom (fg) if and only if there exists some y € X such
that f(y) + g(z — y) < +00. And thanks to our sign rules, if and only
if z =y+ (x —y) € dom f 4+ dom g. The inf-convolution is also called
the epigraphical sum, due to the following relations:

epi, (fOg) = epi, f + epi, g, (2.57)

and
epi(cl(fOg)) = cl(epi f + epig). (2.58)
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Hence, it is immediate from (2.57) that fCg is convex when f and g
are convex. The inf-convolution has a regularizing effect. For instance,
if the function g is continuous at some point 79 € dom g, then we can
find some U € Nx such that, for all zp € dom f and all u € U,

(fOg) (zo +yo +u) < f(wo) + g(yo +u) < f(x0) + g(yo) + 1,

and f0g is continuous at zg + yg, due to Proposition 2.2.6.

A typical example of functions that can be expressed as an inf-
convolution is the distance function to a non-empty subset C' of a
normed space X, do : X — R, defined as

do(a) = inf |lo =y

In fact,
do = |- Ole,

and so d¢ is convex whenever C is convex. A point ¢ € C is said to be
a projection of x € X on C if ||x — ¢|| = do(x). The set of projections
of the point = on C' is denoted by m¢(z).

Given a function f: X — R, defined on the normed space X, the
Moreau—Yosida approximation of f with a parameter v > 0 is the
function f7: X — R defined as

P =10 (5 1P

Then f7 is convex whenever f is convex. In particular, we verify that
(Ie) = 5dg.

More general than the inf-convolution operation is the post-
composition with linear mappings. Given two locally convex spaces X
and Y, a function f: X — R, and a linear mapping A : X — Y, the
post-composition of f with A is the function Af : Y — R defined by

(Af)(y) == inf {f(z) : Az =y}.

We say that Af is exact at y when the infimum is attained. Observe
that, for every pair of functions f,g: X — R, we have

(fOg) (z) = inf{f(z1) + g(x2) : x1 + z2 = x} = inf{h(x1,22) : A(z1,22) = 2},
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where h: X x X — Rand A: X x X — X are defined by
h(z1,z2) := f(x1) + g(x2) and A(z1,z2) = z1 + 22,

showing that flg = Ah.
Given a continuous linear mapping A : X — Y, we consider the con-
tinuous linear mapping A : X x R — Y x R defined by

Az, o) := (Az, a), (2.59)

which satisfies

A~

epiy(Af) = Alepi, f). (2.60)

Actually, (y,a) € epig(Af) if and only if there exists some z € A~!(y)
such that f(x) < a; equivalently, there exists some =z € X such that

(y,0) = (Az,a) = A(z,a) and (z,a) € epi, f. Consequently, Af is
convex whenever f is convex. Also, we have that

dom(Af) = A(dom f). (2.61)

Indeed, y € dom(Af) if and only if there exists € X such that Ax =y
and f(x) < +o0; that is, if and only if y € A(dom f).

Given a function f € T'y(X), the recession function of f is the func-
tion f*°: X — R, defined by

foo(u) = Sl>lIO) f(-T + SI;) — f(x)a

for any € dom f. Since the quotient mapping
s s (f(a+ su) - f(@))
is non-decreasing with s > 0, we also have that

sToo S

Moreover, it readily follows from the definition of f°° that

epi f° = [epi f] ,

so that f*° is a proper closed sublinear function. In particular, for
every non-empty closed and convex set C' C X we have
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(Ie)® = Ic_. (2.62)

Let X and Y be two lcs. Given a function F': X XY — Ry, the
marginal function of F' is the function f : X — R defined by

f(a) = inf Flay).

It is worth noting that the inf-convolution of any two functions f1, fs
can also be viewed as a marginal function, taking

F(z,y) == fily) + fo(z — y).
The strict epigraph of f is the projection of epi, F' onto X x R; that is,

epig f = mxxr(epig F) := {(z,\) € X x R:Jy € Y such that (x,y, \) € epig F'}.

Certainly, (z,a) € epi, f if and only if there exists some y € Y such
that F(z,y) < «; hence, if and only if there exists some y € Y such
that (z,y,a) € epiy F. Thus, provided that F' is convex, the convexity
of the set mxxgr(epi; F') entails the convexity of the marginal value
function f.

2.4 Exercises

Exercise 1 Given a non-empty set C C X, prove that:

(i) The Minkowski gauge of C, pc, is positively homogeneous in its
domain.

(ii) The strict epigraph of pc is expressed as

epi; po = RY ((CU{}) x |1, +00]) . (2.63)

(7i1) The function pc is convexr whenever C is convex.

Exercise 2 Given a polyhedral set
C:={ze€X:{(aj,z) <b,icl,..,m},m>1,

prove that for every x € C' the set Ry (C — x) is closed.

Exercise 3 Let A be a convex subset of X. Prove that A* = int A in
each one of the following situations: (i) int A # 0, (i1) X is finite-
dimensional, and (iii) A is a countable union of closed convex subsets
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and X is Banach. Apply (iii) to show that int(dom f) = (dom f)* when
feTly(X).

Exercise 4 Consider the following sets in fa,
k
Ap = {Zaiei: o > 0}, k>1,
i=1

together with A := Up>1Ay. Prove that A" =int A = (.

Exercise 5 (i) Given a non-empty convex set C C X such that either
ri(C) # 0 or C is closed, prove that Urcr, cl(LNC) = cl(C), where
Fx denotes the family of all finite-dimensional linear subspaces of X.
(7i) Give an example of a non-empty conver set C' C X such that
Urery (LN C) & cl(C).
(7i1) Give an example of a function f € T'g(l2) such that Urer,
cl(LNdom f) & cl(dom f).

Exercise 6 Given a set A C X such that 0 € A, prove that

éI;fO(IO‘A(’ +a)=o04. (2.64)

Exercise 7 Let us consider a family of sets {A;p, C X, i€ J, pe€
P}, where (J, <) is a directed set and P is the family of seminorms
generating the topology of X. We assume that

i1 <42 and py < p2, i1,42 € J, p1,p2 € P = Aip, D Aiyp,-

Prove that the function h := infic j pep 04, , is sublinear.

Exercise 8 Given a proper function f : X — Ry, prove that f is pos-
itively homogeneous if and only if f(0) =0 and f(Ax) = \f(x) for all
z € dom f and A > 0, if and only if 0 € dom f and f(A\x) = \f(x) for
all x € dom f and A > 0.

Exercise 9 Given proper convexr functions fi, t € T, such that T is
compact and the mappings t — fi(z), z € X, are usc, prove that

dom f = () dom f;, (2.65)
teT

and, for every x € dom f,

Ry (dom f — ) = tﬂTR+ (dom f; — z). (2.66)
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Exercise 10 Given non-empty sets A, B C X, C' C X*, prove the fol-
lowing statements:

(i) If F is the family of finite-dimensional linear subspaces of X,
then

N (A+U)=cl(A), (2.67)
UeNx=

and, for every x € X,

mc1(0+L¢>: N c1<C+LL):c1(C),

LeF LeF(x)

where the closure is taken with respect to the w*-topology, and F(x) =
{Le F:xzelL}.
(#4) If A is closed and B is conver compact with 6 € B, then

N (A+eB) = A (2.68)
e>0

More generally, given closed sets Ac C X, € > 0, non-decreasing with
respect to e; that is, if 0 < e1 < €9, then A, C A.,, and B is convex
compact with 0 € B, we have that

N (A +¢B) = ) A..

e>0 e>0

(7i1) Let C, C X*, L € F, be non-increasing with respect to the L’s
in F; that s, if L1 C Lo, Ly, Ly € F, then Cr, D Cr,. Then, we have

that
N «o (CL+LL> = N c(Cy).

LeF LeF

Moreover, for every x € X we can replace F with F(x) in the equality
above.

(iv) Let (Ag)eso C X ™ be a family of non-decreasing sets with respect
to €. We have that

N @(AE+LL) = N @A +U)= N@(A),
e>0, LeF e>0, UEN x* e>0

and, provided that X is a normed space,

(1 co(A: +eBx-) = () co(As).

e>0 e>0
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Exercise 11 Given a non-empty set A C X and a compact interval
A C R such that 0 ¢ A, prove that

A(coA) =co(AA).

Exercise 12 Suppose that (A:)eo is a non-decreasing family of closed
sets in R (i.e.,ife’ <e, then Ao C Ag) such that (oo Ae = {1}. Let
(Ac)eso be another non-decreasing family of closed sets in X (or in
X*). Prove that

NAA = N A

e>0 e>0

Exercise 13 Consider a finite family {C;, i =1,...,m}, m > 1, of
non-empty convex subsets of R", and denote C := Nj=1,. mC;. Prove
that

'_1ﬂ ri(C;) # 0 (2.69)
if and only if
ri(Ci)NC #0 fori=1,...,m. (2.70)

Exercise 14 Let f: X — R be a convex function, and A C X be a
convez set such that (ri A) Ndom f # (). Prove thatinfs f = infy 4 f =

info 4 f.

Exercise 15 Despite the fact thatco f < f on X, it happens that €o f
ends by “behaving like f at infinity”, as we have

ming 1@ = @ ) (@)

|| —o00 |||

= 0. (2.71)

Prove (2.71), and give an example of a function f : R — R satisfying

lim {f(z) - (c0 f)(x)} = +oc.

|| —o0
Exercise 16 Given a convex function f: R — Ry, prove that

flta) = f(t1) _ f(t3) = f(t1) _ f(t3) = f(t2)
to — 1 - t3 —t1 - ts3 — to ’

for every t1,ts,t3 € dom f such that t1 < to < t3.
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Exercise 17 Given a function f € T'g(X), prove that

CA(fOF) = fOf = 2f (;) . (2.72)

Exercise 18 Let f and g be two proper convex functions defined
on X. Suppose that ri(dom f) Nri(dom g) # 0 and that the functions
flaff(dom f) and Glafi(dom g) @€ continuous on ri(dom f) and ri(dom g),
respectively. Prove that

ri(dom(f + ¢)) = ri(dom f) N ri(dom g), (2.73)
and

(f + 9)jaft(dom(f+g)) i85 continuous on ri(dom(f + g)).

Exercise 19 Prove that the following statements are equivalent, for
any proper convex functions f, g defined on X,
(i) dom f Nri(dom g) # 0 and gjag(dom g) s continuous on ri(dom g).
(i7) ((dom f — ) x R) N (ri(epig — (x,g(x)))) # 0 for allz € dom g.
(i91) ((dom f —x) x R) N (ri(epig — (z, g(x)))) # 0 for x € domg.

Exercise 20 Let f, g be two proper convex functions defined on X.
Prove that f + g = f 4+ g in each one of the following cases:
(i) ri(dom f)Nri(domg) # 0 and the functions fiag(dom ) and
laff(dom g) are continuous on ri(dom f) and ri(dom g), respectively.
(ii) dom f Nri(dom g) # 0, the function gjag(dom g) s continuous on

ri(domg), and f +g=f +g.

2.5 Bibliographical notes

J.-B. Hiriart-Urruty, in his article “Convex Analysis and Optimization
in the Past 50 Years: Some Snapshots” ([107]) claims that the develop-
ment of convex analysis in its first 50 years owes much to W. Fenchel
(1905-1988), J. J. Moreau (1923-2014), and R. T. Rockafellar. He also
says that the years 1962-1963 should be considered the date of birth
of modern convex analysis with applications to optimization, and cru-
cial concepts such as the subdifferential, the Fenchel conjugate, the
proximal mapping, the inf-convolution, etc. date back to this period.
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and C. Witzgall [186], J. van Tiel [189], L. Thibault [187], C. Zalinescu
[201], among others. General references for functional analysis and
topology are [1], [77], [81], [163], [182], etc.

Theorem 2.1.8 is the so-called Dieudonné theorem (see, e.g., [201,
Theorem 1.1.8]). The continuity properties of convex functions given
in Proposition 2.2.6 and its consequences are well-known and can be
consulted in the references above. The first statement in Exercise 3 is
a slight extension of Lemma 2.71 in [16]. A finite-dimensional version
of Exercise 9 has been given in [100]. Exercise 15 can be found in [28]
(see also [109]).
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Chapter 3

Fenchel-Moreau—
Rockafellar
theory

This chapter and the following one offer a crash course in convex analy-
sis, including the fundamental results in the theory of convex functions
which are used throughout this book. In the present chapter we review
the Fenchel-Moreau—Rockafellar theory, giving new proofs while high-
lighting the role of separation theorems. These results are then applied
to provide dual representations of support functions, which are used
in section 4.2 to develop a general duality theory. We also apply the
Fenchel-Moreau—Rockafellar theorem to give non-convex slight exten-
sions of the classical minimax theorem.

As in the previous chapter, X is a (real) separated lcs with N
being a neighborhood base of #-neighborhoods. We denote by P the
family of continuous seminorms on X. The topological dual space X* of
X is, unless otherwise stated, endowed with a locally convex topology
making (X, X™*) a compatible dual pair. The associated duality pairing
is represented by (-,-). By clC or, interchangeably C, we represent
the closure of C' C X* with respect to such a compatible topology.
However, we also sometimes write cI¥” C' when such a specification is
needed.
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3.1 Conjugation theory

In the present section, we study the main features of the conjugation
theory, which is considered the cornerstone of convex analysis.

Definition 3.1.1 Given a function f : X — R, the Fenchel conjugate
of f is the function f*: X* — R defined by

F*(2*) = sup{(a*,2) — f(x) : @€ X},
Equivalently, we have
fH(z*) =sup{{z*,x) — f(z): = € dom f}.

Notice that if dom f = (), then f* = —oo, and if f takes somewhere the
value —oo, then f* = +o00. Sometimes, f* is called the dual function
of f, and we say that f dualizes to f*. The function f* is a w*-Isc
convex function for being the pointwise supremum of (w*-) continuous
affine functions.
If f = I for a non-empty set C C X, then f* reduces to the support
function of C
It = oc. (3.1)

The following relation is also easy to prove: For every z* € X*, a > 0,
and § € R, we have

(af = (z*,-) + 8)" = af (a” (- +2")) - 5. (3.2)

As we said before, f* is w*-Isc and convex regardless of what the orig-
inal function f is like, but possibly lacking properness. Furthermore,
as follows from the definition of f*, we have the equality

inf f = —f(0). (3.3)

Below are some other simple facts related to the conjugation operation.
The primal and dual norms in a normed space are typical examples of
conjugate functions.

Example 3.1.2 Consider a normed space (X, ||-||) and f :=||-||. Then

f* = IBX* and H”* = 0Bx = (IBX)*'
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Indeed, the equalities |||, = oy = (Ipy)* come from the own defini-
tion of the dual norm and (3.1). To show the equality f* =1p,., we
take x* € X*. Then

fH(@%) = sup{(z”, z) — [|z[|} = sup a( sup {(z7, z) — ||z[[}).
reX a>0 2€Bx

If x* ¢ Bx-~, then ||z*||, = 0B, (z*) > 1 and there exists zo € Bx such
that (x*,20) > 1> ||20]|, tmplying that sup,cp {(z*,z) —|/z|[} > 0.
Therefore, f*(x*) = +o00. Otherwise, if x* € Bx~, then the Cauchy—
Schwarz inequality yields

sup {(z", 2) — |[z][} < sup {[lz[| (|="[ - D} <0, (34)
z€Bx z€Bx

and we deduce that f*(x*) = 0; that is, f*(z*) = Ip,..

A primal condition satisfied by f is said to be dualized into a dual
property satisfied by f* if the first property implies the second. Both
properties are dual to each other if they are equivalent. The following
statement gives an example of these dualized properties, others will be
given in Proposition 3.3.7.

Proposition 3.1.3 Consider a convex function f: X — Ry, which
is finite and continuous at x € X. Then the function f*(-) — (-, z) is
inf-compact with respect to the w*-topology.

Proof. We may assume that = = 6, due to the relation (f(- + z))* =
f*¢) = (-, z,). Given a € R, we take m > —« and U € Nx such that
f(u) <m for all uw € U (by the continuity assumption). Then, for all
z* € [f* < a] and u € U, we have

(2% u) —m < (0*,u) — Fu) < f*(@") <

that is, 2* € (m + «)U°. Thus, [f* < a] C (m+ «)U° and Theorem
2.1.9 implies that the (w*-closed) set [f* < o] is w*-compact. ®

A proper conjugate requires that the original function f be minorized
by a continuous affine mapping as stated in the following proposition.

Proposition 3.1.4 The following statements are equivalent, for every
Isc convex function f: X — R :

(i) f € To(X).

(#4) dom f # 0 and f is minorized by a continuous affine mapping.

(iii) f* € To(X*).
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Proof. We are going to prove the equivalences (i) < (ii) and (ii) <
(id).
(ii) = (i) It is obvious, since f is convex and lsc by assumption.
(1) = (ii) Suppose that f € T'g(X). Then dom f # () and there exists
xo € dom f such that f(zg) > —o0, and so (zo, f(xo) — 1) ¢ epi f.
Next, Corollary 2.1.7 yields a nonzero vector (z*,a) € X* x R such
that

Tepif (27, ) < (2, 20) + (f(20) — Do =: 5; (3.5)

that is, (z*,z) + a(f(x) +t) < § for all x € dom f and ¢ > 0. Then,
letting t — 400, we deduce that o < 0. More precisely, we have a < 0
(taking = = x¢ in the last inequality), and so <—a_1z*, x> +alp<
f(z) for all x € X; that is, (i) follows and the equivalence (i) < (i7)
holds.

(73) = (zii) Suppose that dom f # () and f > (z*,-) + a for some
2* € X* and a € R. Hence, f*(2*) < —a < 400 and dom f* # (. At
the same time, for any zg € dom f, we have

A (x*) > (x,x0) — f(zo) > —oc for all z* € X¥,

and f* € I'o(X™).

(7i1) = (4i) Suppose that f* e T'o(X™). If f(yp) = —oco for some
yo € X, then f* =400 and f* would be non-proper. If f = +o0,
then f* = —oo0 and again f* would be non-proper. Therefore, f is
proper and minorized by any of the continuous affine mappings x +—
(z*,x) — f*(2*), 2" € dom f*. Thus, the equivalence (ii) < (i7i) also
holds. m

The following inequality, called Fenchel inequality, is also a simple
consequence of the definition of the conjugate,

(¥, 2y < f(z)+ f*(2") for all z € X, 2" € X™. (3.6)

In addition, as a consequence of (2.37), the conjugation operation does
not distinguish between a given function and its closed and closed
convex hulls. We have the following proposition.

Proposition 3.1.5 For every function f : X — R, we have

F* = () = (o )" = (@f)" (3.7)

Proof. First, since cof <clf < f and cof <cof < f, we get f* <
(cl f)* < (cof)* and f* < (co f)* < (cof)*. So, we only need to prove
that (cof)* = f*. In fact, for each z* € X*
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(©f)*(z%) = sup{(z", x) — (cof)(x)} = — inf {(cof)(z) — («*,2)}.

reX reX
(3.8)

At the same time, we have

co(f —a") =sup{g: g convex, Isc, and g < f — 2"}
=sup{(g+2*) — 2" : g convex, Isc, and g + 2" < f}
=sup{h — z* : h convex, Isc, and h < f} = (¢of) — z™,

and (2.37) together with (3.8) leads us to
(cof)"(«") = —inf{co(f — 2%)} = —inf{f — 2"} = f*(z7).

|
Conjugation can also be used for a function ¢ : X* — R; namely,

9" (z) == sup{(z*,z) — g(z*) : " € dom g}.
So, in particular, we come to the concept of biconjugate functions.

Definition 3.1.6 Given a function f: X — R, the biconjugate of f
is the function f** : X — R defined as

[ (x) :=sup{(a*,z) — f*(«¥) : 2" € dom f*}.

Notice that, for every z € X,

(@) = sup {(z", ) —sup{(z”, 2) — f(2)}}

TreX zeX
< xfgg*{(x*,@ — (&%, 2) = f(2))} = [(2).

Thus, since f** is clearly convex and Isc, we get
fr<wf<df<f, (3.9)

and the closed convex function f** gives a lower lsc convex estimate
to f. The purpose of the Fenchel-Moreau—Rockafellar theorem, which
is the subject of next section 3.2, is to see that f** is nothing else but
cof (when the latter function is proper). In the same way as with the
conjugate, we can define the function f***: X* — R as

f*** = (f**)*.
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However, this new function does not provide additional information,
since it generally coincides with the conjugate of the initial function.
This fact is at the heart of section 3.2.

Next, we see how the conjugation operation behaves with respect
to some operations on convex functions. In the first place, it is easy to
see that the infimum dualizes to the supremum; that is, for a family
of functions f; : X — R , we always have

(ir}f fl)>k = sup f;'. (3.10)

The converse, which goes from the supremum to the infimum, is less
direct as we see in Proposition 3.2.6 below.

The second result connects the conjugate of a function to the sup-
port of its epigraph.

Proposition 3.1.7 Given a proper function f : X — Ry, for all x* €
X* and a € R, we have

af*(a tz*), if a > 0,
Oepif (™, —a) = { Odoms(z*), if a =0, (3.11)

00, if a < 0.

Proof. Using (2.31), for every z € X we write

fl)=inf{AeR: (z,)) €epif}=inf {\+ILepif(z,\): A€ R},
and, thanks to (3.10), the conjugate of f is given by
[i@®) = sup  {(@% @) = A —Iepip(z, M)}
zeX, \eR

= Lo p(2", —1) = oepif (2", —1),
where the last equality comes from (3.1). Therefore, for every a > 0,
O'epif(-T*, fa) = ozaepif(oflx*, —1) = O[f*(a_lgj*)’

and we conclude as we can easily verify that oepif(2*,0) = 0qoms(2¥)
and oepif(r*, —a) = o0 forall a < 0. m

The following proposition compares the support function of the
domains of f and f**. The proof of this property, which will be part of
the proof of the aforementioned Fenchel-Moreau—Rockafellar theorem,
is based on Proposition 3.1.7.
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Proposition 3.1.8 For every function f : X — Ry having a proper
conjugate, we have
Odomf** = Odomf-

Proof. First, without loss of generality, we may suppose that f &€
Io(X) and f*(8) = 0 (see Exercise 21). Furthermore, by (3.9), we have
the inequality oqomf < 0domf++, and so it suffices to show that

O'domf**(m*) < Udomf(x*)a (312)

for any given x* € domoqoms. We consider the lsc convex function
¢ : R — Ry, defined as

p(a) = Uepif(x*a —a),

so that ¢(0) = ogomf(2*) < 400 and p(a) = 400 for all a« < 0. More-
over, dom ¢ cannot be reduced to {0}. Indeed, otherwise, if dom ¢ =
{0}, then Proposition 3.1.7 would imply that

(@) = Oepif(z*, —a) = af*(a 'a*) = +oo for all a > 0.
In particular, taking o = 1, we obtain f*(z*) = +o0, and so

foo= sup {(a*,3) — F(2)} < Gaoms(a7) — inf f(a)
z€dom f dom f

= O'domf(l‘*) + f*(e) = Udomf(w*) = 90(0)7

producing a contradiction with ¢(0) < +o00. Now, since {0} # dom ¢ C
R, Corollary 2.2.9 and Proposition 3.1.7 entail

1 1 . * —T; *0 o —1_ %
w(O)—gig@(a)—g?&oeplf(w, o) lim o f (o™ a%).

Thus, since f** is proper by Proposition 3.1.4, for all z € dom f**, we
have f**(z) € R, and (3.6) yields

©(0) = Ef}ga(f*(a_lx*) + f*(x)) > hrglionfa(@—lx*,@) = (z*, ).

So,

Udomf(x*) = 90(0) > sup (x*al'> = Odomf** (x*)7
r€dom f**

and (3.12) follows. m
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We introduce the concept of star product function.

Definition 3.1.9 The star product of a function f : X — RbyaeR
is the function a* f : X — R defined by

af(a tr), if a >0,

(ax f)(x) :== ¢ Odoms=(2), if @ =0, (3.13)
—+00, if a < 0.

It is clear that the star product function « * f is convex and lsc
whenever o < 0. Furthermore, when « > 0, one has

epi(a * f) = aepi f,

because (z,)) € epi(a * f) if and only if f(a~'z) < a~!'), if and only
if (z,\) € acepi f. Hence, the star product function « * f is convex if
and only if f is convex.

We also introduce the concept of perspective function.

Definition 3.1.10 The perspective function of f : X — R is the func-
tion Py : R x X — R defined by

Pi(a,x) := (a* f)(x).

The following proposition establishes some properties of the per-
spective function. More details are given in Proposition 3.2.5.

Proposition 3.1.11 For every function f : X — R, we have
epi Py = R ({1} x epi £}) U ({0} x pivomy-})
and, whenever f has a proper conjugate,
Ppe(o, %) = oepip(z”, —) for all 2* € X* and o € R. (3.14)

Proof. The first statement follows from the definition of Pf. To prove
the other statement we observe, thanks to Proposition 3.1.8 and the
assumption that f* is proper, that

af*(a=tz*),if a >0,
Pp(o, ™) = (o f*) (") = ¢ Odoms(2*), if a=0,
400, if a <0.
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Thus, since f is also proper, Proposition 3.1.7 yields Py (o, z*) =
Oepif (2, —r). m

The following proposition shows the relationship of “duality” between
the star product function a * f* and the usual product a f, explaining the
meaning of the term “star product”.

Proposition 3.1.12 For every function f:X — Ry, with proper
conjugate, and every a > 0, we have

(af)” = ax f*.

Proof. First assume that a > 0. Then, for every z* € X*,

(af)*(2%) = sup((z*, 2) — (f)(2))

zeX

=asup({atz*, 2) — f(z
= x€§(< ) — f(x))

= af'(a™a") = (ax f*)(a").

Second, if @ =0, then af =Igom ¢ by (2.2), and (3.1) together with
Proposition 3.1.8 entails (0f)* = 0domf = Odomf+= = 0% f*. Here the
last equality comes from the definition of 0 % f* in (3.13). =

Next, we study the effect of conjugation on inf-convolution, which
in fact dualizes to post-composition with linear mappings. To do this,
we recall that the continuous adjoint mapping of a continuous linear
mapping A : X — Y, given between two lcs X and Y, is the continuous
linear mapping A* : Y* — X* defined by

(A*y*, x) = (y*, Az) forallxz € X, y* € V™. (3.15)

Similarly, we can define the second adjoint of A by A™ := (A*)*.
Observe that A™ : X** — Y™** so that

(A 2z, y™) = (2, A%y") for all z € X™ and y* € Y. (3.16)

Therefore, provided that X* and Y* are endowed with compatible
topologies for the pairs (X, X*) and (Y, Y™), it turns out that A** = A.

Proposition 3.1.13 Assume that A: X — Y is a continuous linear
mapping with continuous adjoint A*. Then, for every functions f :
Y >R and g: X — R, we have

(fO(Ag))" = f* + g 0 A"
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Proof. Fix y* € Y*. Then, since (Ag)(y) = inf ay—y g(x) by definition,
we have

(fB(Ag)*(v*) = sup((y", y) — (fO(Ag))(y))

yey
e CEAC R CRC )
= sup (v y+2)— f(z) —g(x)).

zeX, y,z€Y, Az=y

Hence, using the definition of A*,

(fO(Ag)*(y") = LS ((v*, Az + 2) — f(2) — g(x))

= sup ((A*y*, z) — g(2)) + f*(y")
rxeX

=) + g7 (A7),

and we are done. m

3.2 Fenchel-Moreau—Rockafellar theorem

The Fenchel-Moreau—Rockafellar theorem, presented in Theorem 3.2.2
below, constitutes the main tool for deriving many other fundamental
results of convex analysis. In this section, we provide a new proof
of this result based on Lemma 3.2.1 below, which itself is a particular
instance of the Fenchel-Moreau—Rockafellar theorem. As the proposed
approach confirms, the keystone in this development is essentially the
separation theorem.

Lemma 3.2.1 For every non-empty closed convex set A C X, we have
(0a)" =14. (3.17)
*3k

Consequently, I’ =14 and (04)* = 04.

Proof. We denote f := 14, so that f* =04 and (04)* = f** < f, due
to (3.9). So, using the Fenchel inequality (3.6),

0=1{(0,2) —04(0) < (04)"(z) = f(x) < f(z) for all x € X,
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and (04)*(z) =0= f(x) if x € A. Otherwise, for z ¢ A, the separa-
tion theorem (Corollary 2.1.7) yields § € X* such that Gy := (z§, x) —
oa(zf) > 0. So,

(04)*(z) > (Axg,z) — oa(Axg) = MGy for all A > 0,

and we deduce that (c4)*(z) = +00 = f(x). In other words, (c4)*(z) =
f(z)forallx € X,and(3.17)follows. Thelast conclusion of thelemmaalso
holds because (3.1) and (3.17) together giverise to I'{ = 0% = 14, which
leadsusto (o)™ = (I§) =1}y =04. m

We now give the Fenchel-Moreau—Rockafellar Theorem.

Theorem 3.2.2 (Fenchel-Moreau—Rockafellar Theorem) For
every function f: X — Ry, the following assertions are true:
(1) As long as f is proper, we have

f=r""if and only if f € To(X). (3.18)

(17) Whenever f admits a continuous affine minorant, we have

[ =qof. (3.19)

Proof. (i) Suppose that f is proper. If f = f** then f is convex and
Isc, so f € T'g(X). To prove the converse statement, we assume that
f € To(X), so that epi f is a non-empty closed convex subset of X x R.
Then, by Lemma 3.2.1, for any (z,\) € X x R, we have

Iepif($7 A) = Zglf(x7 )‘) = (Uepif)*(q;? )‘)

= sup  {(z,2") + aX — oepif(2z”, @)},
zreX*, aeR

= sup  {(z,2") — aX — oepif(z”, —a)},
zreX*, aeR

which reads, applying Propositions 3.1.7 and 3.1.8 (the latter propo-
sition ensures that oqomf = Tdomf++),

sup ((z,2%) — aX — af*(a12%)),
rreX™
Lepi (2, A) = max ¢ o>0
sup {(z,2*) — odom - (z*)}
TreX

Moreover, again by Lemma 3.2.1, we have
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?161)8*{<$7x*> - Udomf**( )} - ( Ocl(dom f** )) ( ) - Icl(domf**)(x)a

and, therefore, the above relation simplifies to

epl (w )‘) max fggz_*{a«x’ l‘*> — A= f*(x*))}a Icl(domf**)(x)
a>0

— max {sup {a(f* (@)~ NV} Icudomf**)(x)} C (320)

a>0

Consequently, for each z € X such that f**(x) > —co we get

Iepif(:E? >‘) = max {Iepif** (l’, >‘)a Icl(domf**)(l‘)} = Iepif** (l’, )‘()a )
3.21

where the last equality holds due to the implication (x, \) € epi f** =
z € dom f** C cl(dom f**). Furthermore, when f**(z)= —o0, (3.20)
entails

Iepif(xa )\) = max {_007 Icl(dom f**)(x)} = Icl(dom f**)(m) =0= Iepif** (.13, )\)

In other words, (3.21) holds for all (z, ) € X x R, and we deduce that
f — f**.

(ii) Suppose now that f admits a continuous affine minorant.
If f =400, then direct calculations produce f** =¢cof = +oo, and
(3.19) holds trivially. Otherwise, since f admits a continuous affine
minorant, the functions f and ¢of are proper and, thanks to (3.7),
relation (3.18) entails cof = (cof)™ = f**. m

The following corollary, which is essentially the Hahn—Banach sep-
aration theorem, can be regarded as a geometric version of Theorem
3.2.2.

Corollary 3.2.3 Let C' C X be a non-empty closed convex set. Then
C' is the intersection of all the closed half-spaces that contain it.

Proof. It is obvious that C is included in the intersection of all the
closed half-spaces that contain it. Conversely, let « be in such an inter-
section and denote

H,- :={z€ X :(z,2%) <oc(z¥)}, 2% € domoc.

Then, since each H,- is a closed half-space containing the set C, xz €
H,- and we obtain (x, z*) < oc(z*) for all z* € dom o¢. Consequently,
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since Io = (I¢)*™ = (0¢)* by Theorem 3.2.2, we deduce that

Ie(z) = sup {{(x,2") —oc(x™)} <0;

r*€domoc

that is, x € C' as required. m
Next, we continue with Example 3.1.2 which shows the equivalent
representation of the norm using the closed dual unit ball.

Example 3.2.4 If we consider a normed space (X, |-]|), then

[l = 0By (3.22)
In fact, denoting f := |||, by Ezample 3.1.2, we have f*=1p,..
Thus, since f € To(X), Theorem 3.2.2 and (3.1) yield ||-| = f = f** =

(IBy.)" = 0Bx.-

As a first consequence of Theorem 3.2.2, we deduce the convexity
and the lower semicontinuity of perspective functions.

Proposition 3.2.5 For any function f € I'o(X), we have
Pi(a,x) = Ocpip+ (2, —a) for all z € X and o € R.

Consequently, Py is proper, Isc, and convez.

Proof. Applying Theorem 3.2.2, by (3.14) we have
Pi(a,x) = Py (o, ) = Ocpig+(x, —),

for every x € X and o € R. As f* € T'y(X™), due to Proposition 3.1.4,
we have epi f* # () and P €e To(Rx X). m

The second application of Theorem 3.2.2 allows a useful expression
of the conjugate of pointwise suprema.

Proposition 3.2.6 Given a family {fi, t € T} C T'o(X), we assume
that f := sup;cp fi is proper. Then we have

r=e (i), (3.23)

and, consequently,

epi f*=¢o < U epi f;‘) . (3.24)

teT
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Proof. Using (3.7) and (3.10), Theorem 3.2.2 implies

—_— 'f * — 'f * — **: — .
(o0 () = (jogs) =sup s =sup s =1

In particular, since f is proper, the function €6 (infer f;) must also be
proper. Therefore, applying Theorem 3.2.2 once again, the last relation

entails "
f <co <t12T fi >) co (tlgT fi ) :

and (3.23) follows. Finally, statement (3.24) is the geometrical coun-
terpart to (3.23). m

It is worth noting that Proposition 3.2.6 also entails Theorem 3.2.2,
which shows that these two results are indeed equivalent.

Corollary 3.2.7 The following assertions are equivalent:
(i) For every function f : X — Roo with a proper conjugate, we have
(13) For every family {fi, t € T} C I'o(X) with f := sup,cp fi being
proper, we have f* = ¢o (infier f) .

Proof. The implication (i) = (ii) is the statement of Proposition
3.2.6. To prove that (i) = (i), we choose a function f: X — Ry that
has a proper conjugate. So, f is proper and we can write

ff= sup f., where f, := (-, 2) — f(2).
z€dom f

Given that {f., z € dom f} C T'o(X*) and f; =I,3(-) + f(2), asser-
tion (7i) implies that

= <“§2 f2> - <2£§ fi‘) = (Zigyl{z}(» + f<z>>> |

But we have inf.cx(I;.1 (1) + f(2)) = f, then the last relation reads
f**=cof. m

The following result specifies Proposition 3.2.6 to monotone families
of functions.

Proposition 3.2.8 The following assertions are true:
(1) Given a non-decreasing net (f;); C To(X) such that f := sup; f;
is proper, we have f* = cl(inf; f).
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(ii) Let (A;); C X be a non-increasing net of non-empty closed con-
vex sets. Then N;A; # 0 if and only if the function cl(inf;o4,) is
proper. Furthermore, under each one of these two equivalent properties,
we have on, 4, = cl(inf;04,) .

Proof. (i) Proposition 3.2.6 entails f* = (sup; f;)* = co (inf; f) . But
the net (f); is non-increasing, so the function inf; f is convex (by
(2.52)). Thus, the last relation reads

=l (co (nilf f)) — (ilgf f) .

(77) Take f; :=14,, so that f = o4,. Then, using (3.7) and (3.10),
Lemma 3.2.1 gives rise to

(Cl (infUAi>) = (infUAi> =sup(ca,)” =suply, =1In,4,.
K3 3 ) 7

2

Thus, using Proposition 3.1.4, M;A; # () if and only if the function
(cl(inf; 04,))" is proper, if and only if the closed convex function
cl (inf; o 4,) is proper.

Finally, if N; A; # (), then, since the net (f;); C T'o(X) is non- increas-
ing, assertion (i) gives rise to

oma, = (In,a,)" = <supIAi>* =cl (irilf(IAi)*> =cl (irilfaAJ .

(2

|
The following corollary is another consequence of Theorem 3.2.2.

Corollary 3.2.9 Let A, B be non-empty sets. Then ¢c6A = ¢oB if and
only if oo = opB.

Proof. If c6A = ¢oB, then Igs4 = Issp and, taking the conjugates,
04 = 0 = ligp = Ii5p = 0coB = 0B.

Conversely, if 04 = op, then, again taking the conjugates, Theorem
3.2.2 entails

Ioa = (I@A)** = (U@A)* = (UA)* = (UB)* = (UEB)* = I,

and the equality c6A = ¢oB follows. m
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The following result is an important fact that characterizes the
recession function in terms of the associated conjugate. Our proof is
also based on Theorem 3.2.2.

Proposition 3.2.10 For every function f € T'o(X), we have
[ = 0domf-- (3.25)
As a consequence, we also have that
(F)% = Gaomy- (3.26)
Proof. First, suppose that f(6) = 0. We introduce the functions
ps == f(s') € To(X), s> 0,

so that (s71ps)s>0 is non-decreasing and SUP~( s 1o, = f°; there-
fore, f>° € I'p(X). Next, for each fixed z* € X*, Proposition 3.2.8(1)
leads us for all z* € X* to

s>0 s>0

(f)(z") = <Sup s_lgz)s) (") =cl <inf(s_1gos)*> (). (3.27)
Notice that, due to Theorem 3.2.2,
inf f* = —f"(0) = —f(0) =0, (3.28)
and, for every s > 0 and z* € X*,

(s710s)"(2") = sup{(2",2) — s 'ps(2)} = sup{(z", x) — 57" f(s2)}
rzeX rzeX

= s~ sup{(e", s2) — f(s2)} = s~ f*(2").

zeX

Thus, using (3.28),
inf (s~ 1ps)*(2*) = inf s71f*(2%) = Laom s~ (%),

s>0 s>0

and (3.27) leads us to

(foo)*(x*) =cl (Idomf*) (1'*) - Icl(domf*)(x*)' (329)
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Furthermore, taking conjugates and using Theorem 3.2.2 (as f* €
['o(X)), we obtain the desired property:

[e= (foo)** = (Icl(domf*))* = Ocl(dom f*) = Odomf*-

In the general case, when possibly f(6) # 0, we choose zy € dom f
and consider the function

g = f(-+x0) — f(x0) € Lo(X).

Then ¢(0) =0, ¢ = f*(-) — (-,z0) + f(x0), and the first part of the
proof entails f*° = ¢°° = 0domg* = Tdomf+; that is, (3.25) holds. Finally,
since f* € I'o(X™) due to Proposition 3.1.4, relation (3.26) results from
combining (3.25) and Theorem 3.2.2, (f*)> = 0domf** = Odomyf- M

Further consequences of Theorem 3.2.2 come in the following sec-
tions of this chapter.

3.3 Dual representations of support
functions

In this section, we use Theorem 3.2.2 to establish some dual represen-
tations of the support function of sublevel sets. The results obtained
here will be used in the sequel, specifically in section 4.2, where we
develop general schemes of duality in convex optimization. The first
result applies Theorem 3.2.2 to write o[y<o] in terms of the conjugate

of f.

Theorem 3.3.1 Given a function f € T'o(X) such that [f < 0] # 0,
we have

oif<o) = cl ((ir;f(’)(ozf) > , (3.30)
and, as a consequence of that,

epiopr<g = cl(Ry epi f*). (3.31)

Proof. First, using (3.7) and (3.10), Proposition 3.2.6 and Theorem
3.2.2 yield

(ct (juter)) =sup(an® =swlan) =Tycg. (332

a>0
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Consider the function ¢ : X* — R defined by

p = inf(af), (3.33)

so that ¢ is a marginal of the function

(2%, ) = (af)"(z%) = sup {{z%,2) —af(x)}.

z€dom f

This last function is convex because it is the pointwise supremum of
the (linear) convex functions

(", ) — (¥, z) — af(x), x € dom f,

and so ¢ is also convex. Moreover, since [f < 0] # () by assumption,
(3.32) also shows that both ¢ and cl¢ are proper; that is, in particu-
lar, clp € T'o(X™). Therefore, taking the conjugate in (3.32), Theorem
3.2.2 implies that

orp<0) = (cl (gg%(af)*)) = clo, (3.34)

showing that (3.30) holds.
To prove (3.31), we easily observe that epi, ¢ = R (epi, f*), and
(3.34) leads us to

epiofr<g) = epi (clp) = cl (epip) = cl (epi, ¢)
— oI (R (epi, f*)) = el (R (epi £*))
|

Theorem 3.3.1 can be easily extended to convex functions which are
not necessarily Isc.

Corollary 3.3.2 The conclusion of Theorem 3.3.1 holds if, instead of
f €To(X), we suppose that cl f is proper and

cl([f <0]) = [clf < 0] #0. (3.35)

Proof. Of course, we have [clf < 0] #0 and opr<q = oa(r<q) =

lal f<0]- Thus, since (af)* = (a(cl f))* for all @ > 0, by applying The-
orem 3.3.1 to cl f € I'p(X), we obtain
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o170 = ot s =l ( mt(atel )" ) = (1 )"
and

epi o< = epi oja r<o] = cl(Ry epi(cl f)*) = cl(Ry epi f*).

u
We describe below a situation in which hypothesis (3.35) is satisfied.

Lemma 3.3.3 Let f : X — Ry be a convez function such that[f < 0] is
non-empty. Then we have

[elf < 0] = cl([f < 0]) = cl([f <0]). (3.36)
Proof. It is clear that [f < 0] C [f <0] C [cl f < 0], and so
cl([f <0]) Cel([f <0]) C[clf <0]. (3.37)

For the opposite inclusion, we choose zy € [f < 0]. Then, given
xz € [clf <0] and a net (6;); C ]0,1[ such that §; | 0, there exists a
net (z;); C X such that z; — =z,

(clf)(a:):l%n f(zi)andz; € [f<—0;f(z0)].

Furthermore, the net (y;); C X defined by y; := d;z9 + (1 — &;)x; also
converges to x and satisfies, thanks to the convexity of f,

Fyi) < 6if (o) + (1= 65) fwi) < 6if (o) — 6:i(1 — 6) f (wo) = 67 f(w0) <O,

showing that (y;); C [f < 0]; that is, x € cl([f < 0]), as we wanted to
prove. m

We proceed by giving a refinement of Theorem 3.3.1 under the
non-emptiness of the strict sublevel set [f < 0]; this condition will
be exploited in later sections such as 4.2 and 8.2, where it is called
Slater condition.

Theorem 3.3.4 For every convex function f: X — Ry such that
infx f <0, we have
olf<0] = glgg(af)*. (3.38)

If, in addition, infx f > —oo, then we also have



78 CHAPTER 3. FENCHEL-MOREAU-ROCKAFELLAR ...
olf<0] = ég%(ozf) . (3.39)

Proof. We can assume that cl f € I'y(X); otherwise, the function cl f
would be non-proper and we would have epi f* =) (as dom(cl f) D
dom f # (0, cl f must take the value —oo, so f* = (cl f)* = +o0). The
conclusion in this case follows as demonstrated in Exercise 27.

Furthermore, since [cl f < 0] =cl([f <0]) due to Lemma 3.3.3,
Corollary 3.3.2 implies that

oir<q = cl (inf(a f)*) . (3.40)

a>0

Let us denote ¢ = inf,~o(af)*. Therefore, the functions cle and ¢
are proper as well as their associated conjugates, by Proposition 3.1.4.
Now we fix u* € dom(cly). By (3.40), there exist nets (u}); C p~}(R)
and (a;); C R such that (a;f)*(u)) € R, for all i, uf — v* and

orp<o(u’) = (cl@)(u®) = lim;(o f)" (uf). (3.41)

The net («;); must be bounded, otherwise § would be a w*-cluster
point of the net (o 'u});, and (3.41) together with the w*-lower semi-
continuity of f* would lead us to a contradiction:

0 < —inf f = £*(0) < liminf f*(a; 'u}) = liminf a; ' (a;f)* (u}) = 0.

Consequently, we may assume without loss of generality that (o;);
converges to some g > 0. In addition, for all x € dom f, due to (3.41)
the scalar o satisfies

(", 2) — a0 f () = lim((u, 7) — i (2))
< limsup(asf)" (uf) = lim(as )" (u) = (el o) (u"):
(3.42)

that is, taking the supremum over z € dom f,

(aof)"(u®) < (clp)(u’). (3.43)

At this step, we distinguish two cases: First, if o > 0, then (3.43)
entails

p(u) = inf (af)"(u”) < (@0 f)"(u”) < (clp)(u”) < p(u”).

Hence, (3.40) gives us
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opp<o () = (clp)(u”) = p(u”) = mf(af)"(u”) = (aof)"(u"); (3.44)

that is, o[r<o)(u*) = ming>o(af)*(u*). Therefore, since

o1r<0)(t”) < Tdoms(u*) = (Iaom )" (u*) = (0F)"(u7), (3.45)

we conclude that

oip<o)(u”) = inf (af)"(u*) = min(af)*(v*) = min(af)*(u*), (3.46)

a>0 a>0 a>0

and both (3.38) and (3.39) are valid.
Second, if ap = 0, then (3.43) and (3.40) produce

Tdomf(u”) = (0f)"(u") < (clp)(u”) = o1p<g)(u”) < Taoms(u”), (3.47)

so that

airn () = OF) (') = (el p)w’) =<l (inf(af)") (w) < inf(af)"(w").
(3.48)
and (3.38) follows.
Under the supplementary condition infy f > —oo (so, —oo < infx
f < 0) we also have that

inf (af)*(u*) = inf sup {(u*,z) —af(x)}

< . E * : E £ 1 *
= II>1 <C dOHl’ (u ) 7 lel > dOIIlf( )

and (3.39) follows by combining (3.47) and (3.48).
To finish the proof, we observe, thanks to (3.40), that for all u* ¢
dom(cl p)

+00 = () () = oypen ) = ()" ) (4") < i (a0
In addition, (3.45) implies that (0f)*(u*) = 400 and both (3.38) and
(3.39) trivially hold. m

The following corollary gives the geometric counterpart to Theorem
3.3.4.

Corollary 3.3.5 For every convexr function f: X — Ry such that
infx f < 0, we have
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epiojr<o = (Ri epif*) U epi 0dom - (3.49)

Proof. We may assume, as in the proof of Theorem 3.3.4, that
cl f € To(X). We fix (u*, \) € epiojs<g). Then, by Theorem 3.3.4, there
exists ap > 0 such that opr<g(u*) = (aof)*(u*) <A If ag > 0, then
aof*(agtu*) <X and we get (u*,\) € agepi f* C R* epi f*. Other-
wise, if ap = 0, then ojp<g)(u*) = (0f)*(u*) = odoms(u*) < A, and thus
(u*,A) € epiggoms. Consequently, (u*,\) € (R”; epi f*) U epi odom,
and the inclusion “C” in (3.49) follows.

To show the opposite inclusion we first observe, by the Fenchel
inequality, that for all u* € X*

opp<o)(u) = sup (u',u) < sup (f*(u*) + f(u)) < f7(u7),
f(w)<0 f(w)<0

entailing the relation epi f* C epio[;<g. Hence, because epiojs<q) is a
cone, R epi f* C RY epiojs<o = epio[r<q. Moreover, since epiojr<q
is closed and both functions cl f and f* are proper (see Proposition
3.1.4), the last relation together with (3.26) entails

epi Odomf = epi Odom(cl f) = epi(f*)oo
= [epi f*], C [epi U[fSO]]oo = epios<q);
showing that the desired inclusion holds. =
The following corollary is a consequence of Theorem 3.3.4. In fact,

(3.50) and (3.51) are the well-known bipolar and Farkas theorems,
respectively.

Corollary 3.3.6 For every non-empty set A C X, we have

A®° = (A°%)° =co(AU{6}), (3.50)
and
A7 := (A7) =co(cone(A)). (3.51)
Consequently,
cl(domoy) = ([coA] )™ - (3.52)

Proof. Since A° = (AU {6})°, we can assume, without loss of gener-
ality, that 8 € A. To prove (3.50), we consider the function

fi=04—1€T(X).



3.3. DUAL REPRESENTATIONS OF SUPPORT ... 81

So, f(#) =—-1<0 and A°° = [o40 <1]
Theorem 3.2.2, we have infy f = —f*(0)
Theorem 3.2.2, (3.39) entails

[f <0]. Moreover, using
—1 > —o0. Then again by

oac0 = 0y<) = f(af)” = inf ((00a0)" + a) = mf (laae + ).
Thus, 0400 = 04 by Exercise 6 (using the assumption 6 € A), and the
conclusion follows from Corollary 3.2.9.
Relation (3.51) comes from (3.50) noting that

A7 = (co (cone A))°°.

Finally, thanks to (2.49) and (3.51), (3.52) is equivalent to [c0A]_ =
(domoa)~. So, we are done because (2.62) and (3.25) yield Ii54 =
(I%A)Oo = Odomogsa — Odomos = I(domaA)* -

The following result completes Proposition 3.1.3 by discussing the
effect of imposing the w*-continuity of the conjugate function.

Proposition 3.3.7 (i) Let f : X — Ry be convex. If f* is finite and
w*-continuous somewhere in X*, then dom f s a finite-dimensional
set.

(ii) The space X is of finite dimension if and only if there exists
a convez function f: X — Ry, which is finite and continuous some-
where, whose conjugate is finite and w*-continuous somewhere.

Proof. (i) Since f* is proper and f* = (clf)*, the function clf
is also (convex, lsc, and) proper by Proposition 3.1.4. Let x§ € X*
be a w*-continuity point of f*; by the current assumption, and let
vectors 1, ...,z € X such that V := ({z;, i=1,...,k})° is a w*-
neighborhood of § € X* and f*(z§+ 2*) < f*(zf) + 1 for all 2* € V.
In particular, for all z* € ({z;, i=1,...,k})* CV we have that
Ryz* C V and so, taking into account (3.26),

O'domf(x*) = O-Cl(domf)(x*) = O-dom(clf)(x*) = ((Cl f)*)oo(x*)
= ()7 = ililga_l(f*(fﬁfﬁ + ax®) — f*(p))

= lim o '(f*(zf + ax®) — *(z¥)) < lim a ' =0.
Jim o (7 (e + )~ f(a) < lim

Consequently, due to Corollary 3.3.6, dom f C span{x;,i =1,...,k},
and dom f is a finite-dimensional subset of X.

(7i) Suppose that there exists a convex function f : X — R, which
is finite and continuous somewhere and such that f* is finite and w*-
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continuous somewhere too. Then, by (i), the (non-empty) effective
domain of f is finite-dimensional. Thus, due to the continuity assump-
tion of f, dom f contains a closed ball which is finite-dimensional,
implying that X is of finite dimension. The converse statement is clear:
When X is of finite dimension, the convex function f :=Ip, is contin-
uous at 6 € X and its conjugate f* = ||-|| is (norm—) w*-continuous
on X*. m

We close this section by giving another illustration of Theorem
3.2.2 and Corollary 3.3.6, providing a slight extension of the Cauchy—
Schwarz inequality. Relation (3.53) exhibits a duality between the sup-
port and the gauge functions.

Corollary 3.3.8 For every non-empty closed convex set C' containing
0, we have
pc = oce, (3.53)

and consequently, for all x € X and z* € X*,
(", 2) < oc(a¥)po () = oc(z")oce (). (3.54)
Proof. We have, for every x € X,
po(z) =inf{\>0: z € A\C} = inf{Lyc(z) + A: X > 0},
and (3.10) entails

(pc)" = sup (oac = A)
A>0

= max {sup Moo — 1), 0} = max {I[UC<1},O} = Ijpo<1) = Lee.
A>0 n n

Thus, since po € I'o(X) (see (2.53) and Proposition 2.3.1), (3.53) fol-
lows by applying Theorem 3.2.2.

To show (3.54), fix x € X, z* € X* and € > 0. Then, since C' and
C° are non-empty closed convex sets containing ¢, we have

x € po(z)C C (po(x) +€)C and x* € pee(2™)C° C (pee(x*) +)C°.
Thus, ((pce(z*) + &)~ ta*, (pc(z) +€)'a) <1 and we get
(2%, 2) < (pee (%) + €)(po(z) + ).

Finally, taking into account (3.53) and (3.50), the inequality in (3.54)
follows by letting ¢ | 0. m
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3.4 Minimax theory

In this section, we use Theorem 3.2.2 to obtain different variants of the
mintmax theorem. We consider two les X, Y with respective topological
duals X* and Y*, both endowed with locally convex topologies making
the dual pairs (X, X*) and (Y, Y™) compatible. The associated duality
pairings in X and Y are denoted by (-, -). For a function f : X x Y — R
and non-empty convex sets A C X and B C Y, our goal is to see that,
given appropriate convexity /concavity conditions on f, we can ensure
the equality

sup inf f(x,y) = inf sup f(z,y) (3.55)
r€AYEB yeB zeA

or equivalently, as the opposite of the following inequality always holds,

sup inf f(z,y) > inf sup f(z,y).
t€AYEB yeB zeA

Additional compactness conditions on the sets A, B, and the upper/
lower semicontinuity of the functions f(-,y) and f(x,-) will allow han-
dling max 4 and ming instead of supremum and infimum, respectively.
Theorems that allow such an interchange between the minimum and
the supremum are called minimax theorems. They were at the origin of
the duality theory and continue to play a fundamental role in convex
analysis and optimization.

We start by giving a topological minimax result, which encloses
the essential elements behind the proof of minimax theorems. Then
convexity will come into play to replace the monotonicity assumption
in this result.

Proposition 3.4.1 Let (I,<) be a directed set, let {p; : X — R} be
a family of usc functions, which is non-increasing (that is, i; < i9 =
i, < i, for all i1,i2), and let A C X be a non-empty compact set.
Then we have

inf max vi(r) = maxinf p;(x). (3.56)

i x€A €A 1

Proof. Since the function inf; ¢; is usc, both it and the usc function
p; reach their maxima on the compact set A, justifying the use of the
maxima instead of suprema in (3.56). Consequently, there exists a net
()i C A such that ¢;(z;) = max,c @i(z). In fact, again because of
the compactness of A, we assume that (x;); converges to some z € A.
Therefore, given any index j, since the functions i — ¢;(z), x € A, are
non-increasing by assumption, we get
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©;(z) > limsup ¢;(z;) > limsup ¢;(z;)
1, X1 i

= lim sup max ¢;(x) > inf max ¢;(z).
i €A i x€EA

Thus, by the arbitrariness of j,

max inf p; () > inf p;() > inf max ¢, (x),
TEA 1 j i x€EA
and the inequality “<” in (3.56) is proved. The proof is over since the
opposite inequality is obvious. m
We will need the following technical lemma in the proof of the min-
imax theorems below.

Lemma 3.4.2 Given a function f: X xY — R and non-empty con-
ver sets AC X and B CY, we consider the function g:Y* — R
defined by

9(y*) = inf (f(z,-) +15())" (") (3.57)

If A is compact and the functions f(-,y), y € B, are concave and usc,
then g is convex and lsc.

Proof. Under the current assumptions, for each y € B, the function
(z,y*) € X xY* — (y,y*) — f(z,y) is convex and lIsc, and so is the
supremum function

(z,y") € X x Y™ = sup{(y,y") — f(z,y)} = (f(z,-) +I5(-)" (v").

yeB

(3.58)
Therefore, g is convex because it is the marginal of the last convex
function. To show that ¢ is also Isc, we fix y* € X* and take a net
(yf); C dom g such that y — y*. Then, for each net o; | 0, we can
find another net (z;); C A such that (f(zs,-) +1)" (vF) < g(y}) + au;
that is, for each y € B, we have (y, y) — f(zi,y) < g(y}) + «; for all 4.
But A is compact, we may assume, without loss of generality, that (z;);
converges to some T € A. Thus, taking limits in the inequality above
and using the upper semicontinuity of the functions f(-,y), y € B, we
get

(:97) = f(Z,y) < lminf((y, y7) — f(21,9))

< liminf g(y;) for all y € B.
(2
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Hence, passing to the supremum over y € B, we get (f(z,-) + 1)" (v*)
< liminf; g(y}) and, finally, we deduce that

9(y") = Inf (f(z,) +15)" (y") < (f(@,) +1p)" (y") < liminf g(y);
that is, g is Isc at y*. =

We give the first minimax theorem. Note that we do not use here
the condition A x B C f~!(R), which is usually required in minimax
theorems.

Theorem 3.4.3 Given a function f: X xY — R and non-empty
convex sets A C X and B C Y, we assume the following conditions:
(i) The set A compact.
(#3) The functions f(-,y), y € B, are concave and usc.
Then we have

. > '
max inf f(z,y) > inf sup f(z,y), (3.59)

where
Ag:={x e A: f(z,")+1Ip(-) e Io(Y)}. (3.60)

Proof. First of all, we may assume that Ay # () because, otherwise,
(3.59) trivially holds (as sup,c 4, f(z,y) = —o0). Note that (3.59) also
holds if, in addition, we have sup,¢ 4, f(z,y) = 400 for all y € B (see
Exercise 35). Thus, in what follows, we assume the non-emptiness of
Ap together with the existence of some yg € B such that

sup f(x,yo) < +o0. (3.61)
T€Ag

In addition, since the functions f(-,y), y € B, are usc and concave by
(i), the pointwise infimum inf,ecp f(-,y) is also usc and concave, so
that all these functions achieve their suprema over the compact convex
set A. Furthermore, using the definition of the conjugate, we write

max inf f(z,y) = max inf (f(z,y) + Ip(y))

€A yeB z€A yey
= max(~(f(z,) +15)'(0))
= — inf (f(z,) +18)" (0), (3.62)

and Lemma 3.4.2 together with the fact that Ag C A yields
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o inf f(o.) = <0 (o (72 +12)°) 0

r€A yeB

> o ( inf (f(z,-)+ IB)*> (0).

T€Aq

But we have f(z,-) +1p € ['g(Y), for all z € Ao, and sup,¢ 4, (f(z,-)+
Ig) € Ty(Y) by (3.61), so Proposition 3.2.6 yields

max inf f(z,y) > — <sup (f(z,-) +IB)> (9)

x€A yeB zEA,

= inf sup (f(z,y) +15(y)) = 1nf sup f(z,v),
YeY zed, YEB ze A,

which is the desired inequality. m

Consequently, to obtain an equality like (3.55), we need more prop-
erties on the set Ag. The proof of the following corollary is direct from
Theorem 3.4.3.

Corollary 3.4.4 In addition to the assumptions of Theorem 3.4.3, we
suppose that the set Ag is not empty and satisfies

inf sup f(z,y) > 1nf max fx,y). (3.63)
yeB €A, IS

Then we have

max inf f(x,y) = inf maX x
T€A yer( y) yEB z€A f( y)

The following example presents a typical situation where Corollary
3.4.4 applies, requiring the convexity of the function f(z,-) only for
points x € int A. The finite-dimensional version of this result follows
similarly by using the relative interior of A instead of the interior.

Example 3.4.5 Given a function f : X x Y — R and non-empty con-
vex sets A C X and B C Y, we assume the following conditions:

(i) The set A compact.

(ii) The functions f(-,y), y € B, are concave and usc.

(13i) (int A)N{z € X : f(z,y) > —oo} # 0 for ally € B.

() f(z,-) +1p € To(Y) for all z € int A.

Observe that condition (iii) ensures that (see Exercise 14)

sup f(z,y) = Supf(x y) for ally € B.
x€int A €A
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Thus, since (iv) implies that

intAC Ay:={ze€A: f(z,)+1IpeTo(Y)} C A,
we deduce that

sup f(z,y) = supf(x y) for ally € B.
TE€Ap €A

Consequently, condition (3.63) holds, and Corollary 3.4.4 gives rise to

f = inf
TEX RS0 Y) = )

A simpler form of Theorem 3.4.3 is presented below.

Corollary 3.4.6 Given a function f: X xY — R and non-empty
convex sets A C X and B CY, we assume the following conditions:
(i) The set A C X is compact and the set B is closed.
(ii) For everyy € B, f(-,y) is an usc concave function.
(13) For every x € A, f(z,-) € To(Y) and BNdom f(zx,-) # 0.

Then we have

f = inf
TEX RS0V = S

We give another variant of the minimax theorem, dropping out the
lower semicontinuity condition of the functions f(z,-) +1Ip, = € A,
used in Theorem 3.4.3. Instead, we use here the condition that the
function f is finite-valued on the set A x B.

Theorem 3.4.7 Given a function f: X xY — R and non-empty
convex sets A C X and B C Y, we assume the following conditions:
(i) The set A is compact and A x B C f~1(R).
(ii) The functions f(-,y), y € B, are concave and usc.
Then we have

max inf f(x > inf su T
xeﬁer( ) yeBxe}if( Y,

where Ay :={x € A: f(x,-) is convex}.

Proof. Let us first note that the relation A x B C f~!(R) together
with condition (i7) entails

sup f(z,y) = max f(z,y) < +oo for every y € B,
T€A T€EA
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implying that
B C dom <sup f(z, )) . (3.64)
€A

We denote
FPB .= {finite-dimensional linear subspaces of Y that intersect B},
and fix L € FB. Then, arguing as in (3.62) and using (3.7), we write

?gfyggﬁ i (z,y) = max ;nf (f(z,y) +1rnB(Y))

= max [—(f(z,-) +InB)"(0)]
= max [~ (el (f(2,) + 1znn ()" (6)]
— Inf [(cly(f(z,) + Ias()" ()],  (3.65)

where cl, denotes the closure with respect to the variable y. Further-
more, since the function g7, : Y* — R defined by
gu(y") = ik (el (F(2,) + Tenp ()" () = Int (2, )+ Leen())" ("),

is convex and Isc by Lemma 3.4.2, because A1 C A the inequality in
(3.65) is also written

mex inff(z.g) =—co<inf <c1y<f<x,->+1m<->>>*) 0)

r€A yeLNB €A

> e ([l (e () + Lna ()" ) 0). (369

TEA;
To remove the closure cl, from the last inequality, we first note that
the functions cly (f(z,-) + IraB()), * € Ay, are (Isc) proper and convex
(since each of the functions f(x,-) + Irnp(-) is proper, convex, and
has a finite-dimensional domain; see Exercise 39). In particular, the

function ¢ :=sup,¢c4, (cly(f(z,-) + 1nB(+))) does not take the value
—o00. Moreover, by (3.64), we have

0 # LN B C dom (gleaj‘{f(a:, O+ ILnB(')> C dom ( sup (f(z,-) + ILnB('))> ,

r€A,
(3.67)
which shows that for all z € A
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dom (Sup (f(z,-) + 1LmB('))) = dom (f(z,") + 1rnp(-)) = LN B;

TEA;
(3.68)
that is, LN B C dom ¢ and the function ¢ is proper. Consequently,
Proposition 3.2.6 entails

o(0) =@ ( inf (cly(f(z,) + ImB<->>>*) o),

TEA;

and (3.66) gives rise to

ma inf 7(29) = — (sup (e (72 )+ Tuon()) ) (0) = inf (o)

r€A yeLNB r€A, YyeY

(3.69)
Moreover, due to (3.68), for each x € Aj, the set

dom(f(z,:) +Irn(-)) =LNB

is finite-dimensional, and therefore, Proposition 5.2.4 (iv) entails

¢ = sup (cly(f(z,-) + 105 () = cly <Sup (f(z,-) + ILmB('))) :

T€EA; €A,

Thus, (3.69) and (2.37) yield

max inf f(z,y) > inf (Cly<sup (f(x,-)+ILmB(‘))>>

r€A yelNB yey 2EA,

= inf sup (f(z,-) +Izns())
er.’L’EAl

22y Ve 1)

= inf su z,-). 3.70
yEBaze.Elf( ) (3.70)

Consequently, endowing the family F? with the partial order given
by ascending inclusions, and applying Proposition 3.4.1 with (I, %) =
(FB,C) to the usc concave functions ¢y, := infyernp f(-,y), L € FB,
(3.70) yields

€A Z}GB ( 7y) T€A L1€.7:B L( )
= inf max Qr (T > inf su x, -
LEFB zcA L( ) - yEBIGApl f( ' )’

showing that the desired inequality holds. m
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The following theorem, commonly called the minimax theorem, is a
particular case of Theorem 3.4.7. It corresponds to taking A; = A in
Theorem 3.4.7; that is, assuming that all functions f(z,-), z € A, are
convex.

Theorem 3.4.8 Given a function f:X xY — R and non-empty
convex sets A C X and B C Y, we assume the following conditions:
(i) The set A is compact and A x B C f~1(R).
(i) The functions f(-,y), y € B, are concave and usc.
(7i1) The functions f(z,-), x € A, are conver.
Then we have

inf = inf .
BeX e = Ry

We give a useful application of Theorem 3.4.8.

Corollary 3.4.9 Given a collection of proper convex functions fi :
X = Ry, 1<k <n, we assume that f :=maxj<i<p fr @s proper.
Then we have

Inf f(z) = max inf ISZk)Sn/\kfk(x)

Proof. We consider the function ¢ : R” x X — R defined as

o\ x) = Y Mefi(w) —Irr (N), A€R", z € X, (3.71)

1<k<n

and denote
A=A, CR" B:=domf C X.

It is clear that A is compact and A x B C ¢~ '(R). In addition, the
functions ¢(-,x), © € B, are usc and concave, whereas the functions

©(A,-), A € A, are convex. In other words, the conditions of Theorem
3.4.8 are fulfilled, and we deduce that

inf (A, x) = inf A, );
o AR S S

that is,
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max xlgxlgkjgn kfr() Joax Ieldfcl)mflgkén kfr(x)

= ma inf A
)I\IEIA)ixeldI})mf(p( ,33)

= inf A\, z) = inf ,
ponf  max (A z) = inf f(z)

where the last equality comes from (2.45). m

3.5 Exercises

Exercise 21 Let f: X — Ry, be such that f* is proper. To estab-
lish the equality oqomf = Odomf++, show that it is sufficient to assume
f*(0) =0 and f € I'o(X). This exercise serves to complete the proof
of Proposition 3.1.8, which is part of the proof of the Fenchel-Moreau—
Rockafellar theorem (Theorem 3.2.2).

Exercise 22 If Ay,..., A, C X are non-empty sets (m > 2) and 1 <
k < m, prove that

UAI ++O-Ak +ma.X{0’Ak+1,...,0'Am} :O—A1++Ak+(Ak+1UUAm)7

together with

[C0(A1+ ...+ An)],, =[0(A1U...UAL)]

= [@(A1+...+Ak+(Ak+lU--~UAm))]oo‘
(3.72)

o0

Exercise 23 Consider a family of non-empty sets { Ay, t € Ty UTy} C
X, where Th and Ty are disjoint non-empty sets. Prove that, for every

p >0,
teT1UT, 00 teT) teTs
= [CO ( U (At1 + pAt2))
t1€Th, t2€Ts

Exercise 24 Given a non-empty set A C X, for every x € domog
and € > 0 prove that

Niomes (@) = Ni (@) = (o €[00 5 —= < (a",2) < 0}.
(3.74)

o0

(3.73)

o0
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Exercise 25 Assume that X is a normed space. Given a mon-empty
set A C X, we consider the function fa:X — Rs given by (see

(8.89)) .
fa(@) =Ta(@) + 5 |2 (3.75)

Prove the following statements:

(1) fa is convez if and only if A is convex.

(70) fa is Isc if and only if A is closed.

(7i1) cl fa is convex if and only if cl A is convex.

(i) If the weak closure of f, c1“(fa), is convex, then the set clV A is
convex.

(v) (Ofa) Hz) = Ta(x) for allx € X, where df4 is the conver sub-
differential of fa (see Definition 4.1.2).

Exercise 26 Let f : X — Ry be a proper function bounded below by
a continuous affine mapping. Prove that fUoy. is continuous on X,
for every U € Nx, and cl f = supyep, (fOope).

Exercise 27 Given a convex function f : X — Ry such that dom f #
0, we assume that cl f is not proper. Prove that olf<0] = m>i18(ozf)*, and
- a>

as a consequence of that,
epiofr<o = (Rfr epif*) U epi 0dom -

Exercise 28 Assume that X is a normed space, and let A, B, C C X
be non-empty sets such that A is bounded and A+ B C A+ C. Prove
that B C @o(C).

Exercise 29 Let X = {1 (see the Glossary of notations for the defi-
nition) and

Ay = {iep + 2ie; 2 i > 1}, Ag:={—ie;: 1 > 1},

where 61)1>1 is the sequence with all the terms being equal to zero
except the 1’th component which is one. Prove that co? A+ Al =

R+{€1}.
Exercise 30 Given a non-empty set A C X, prove that for every z €
dom o4 we have

Ndomoa (Z) = [EA}OO N {Z}J_v (376)

and consequently,
(domoy)” = [cod] . (3.77)
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Exercise 31 Given an arbitrary family of functions {f;, t € T} C
I'o(X), we denote f := sup,ep ft. Prove that, for every x € dom f,

Nuom 1(2) = {$* €X' (o (" a)) € :co<U gphft*ﬂoo}

teT
3.78)

(
_ {x eX*: (2% (z%,2)) € _@ (gﬁpiﬁﬂm}'
(3.79)

Exercise 32 Let f € Io(X) and F ={x € X : f(x) <0}. Prove that
the following statements hold:

(a) F£0 < (0,—1) ¢ cl(coneepi f*).

(b) If F # 0, then epiop = cl(coneepi f*).

Exercise 33 Given a function f € I'g(X), prove that

oy =i ut 1))

A€[0,1]

where fT :=max{f,0} is the positive part of f.

Exercise 34 Given a; € X*, b; e R, 1 <¢ <k, with k > 1, we con-
sider the function f :=max{(a;,-) —b;:1<i<k}. Prove that, for
each r* € X*,

ff(x) = min{ o oybic > viai=2x", vy € Ak} . (3.80)

1<i<k 1<i<k

Exercise 35 Consider a function f:X xY — R defined on the
Cartesian product of two lcs X and 'Y, a non-empty compact convex set
A C X, and a non-empty convex set B C Y. Assume that the functions
f(,y), y € B, are concave and usc. Denote

Ag:={x € A: f(x,)+1p e To(Y)},

and assume that Ag # 0 and sup,ea, f(x,y) = +oo for all y € B.
Prove that

max inf f(z,y) = inf sup f(z,y) = +o0.
€A yeB YEB ze A,
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3.6 Bibliographical notes

The conducting wire of this chapter is the celebrated Fenchel-Moreau—
Rockafellar theorem 3.2.2 ([161]), which is considered the cornerstone
of convex analysis. The proof given here is new and, like the original
proof by Moreau, is based on the Hahn—Banach separation theorem. In
the current chapter, as well as the upcoming chapter 4, we show that
many fundamental results in the theory of convex functions admit
new proofs which are based on Theorem 3.2.2. This is the case of
Proposition 3.2.5 which goes back to [174, Corollary 13.5.1]; also see
[149, 150] for a general concept of perspective functions. Theorems
3.3.1 and 3.3.4, giving dual representations of the support function of
sublevel sets, provide an instance of a simple convex duality scheme.
Corollary 3.3.6, which is the classical bipolar theorem, is proved here
via Theorem 3.2.2. Theorem 3.4.3 gives a slightly weaker variant of
the minimax theorem. Other concave-like and convex-like variants can
be considered as in the Fan and Sion minimax theorems ([25, 83] and
[183], respectively). Other minimax results involving dense sets can be
found in [128].

Exercises 22 and 31 are in [103]. The case € = 0 in Exercise 24 can
be found in [100, (8), page 835]. Exercise 28 is the so-called Radstrém
cancellation law. Exercise 29 was partially suggested to us in a ref-
eree report for [102]. Exercise 32 extends Lemma 3.1 in [118] to infinite
dimensions.
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Chapter 4

Fundamental topics in
convex analysis

This chapter accounts for the most relevant developments of convex
analysis in relation to the contents of this book. Specifically, we empha-
size the role played by the concept of e-subgradients of a convex func-
tion. Here, X is a locally convex space (lcs) and X* is its topological
dual space. Unless otherwise stated, we assume that X* (as well as
any other involved dual lcs) is endowed with a compatible topology, in
particular, the topologies o(X*, X) and 7(X™*, X), or the dual norm
topology when X is a reflexive Banach space. The associated bilinear
form is represented by (-, ).

4.1 Subdifferential theory

Given a convex function f : X — R. a point € X where f is finite, and
a direction u € X, we have shown in section 2.2 that the function
s+ s Y(f(z + su) — f(x)) is non-decreasing on R* | so the directional
derivative of f at z in the direction w turns out to be (see (2.30) and
(2.39))
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o) -t L) 0@ S~ f@)
s]0 S s>0 S

It also makes sense to define, for each € > 0, the e-directional derivative
of f at x in the direction u € X by

fi(@;u) = inf [z +su) — f(z) +e

s>0 S

with f(xz;u) = f'(x;u). Note that, for all € > 0,
dom f!(x,) = R4 (dom f — ). (4.1)
Furthermore, if we consider the function h. : X — R defined by
he == fl(x;), (4.2)

then its Fenchel conjugate is expressed as (see Exercise 37)

(ho)*(x*) = Ssli% flz) + f*(x*i— (x,x*) — 3

(4.3)

In other words, (h.)* is nothing else but the indicator function of the
(possibly empty) (w*-) closed convex subset of X* given by

O-f(x) :={a* € X*: f(x) + f*(a¥) < (z,2") + &}. (4.4)
Using the definition of f*, the last set is equivalently written as

O-f(z) :={2" € X" : f(y) = f(2) + (2", y —x) —e for all y € X},
(4.5)
showing that an element x* € X™* belongs to 0. f(z) if and only if the
continuous affine function

y— flo)+ (" y —x) —¢

is below f and differs only by ¢ from the value of f at z. In particular,
when € = 0, such a continuous affine function coincides with f at z.
Therefore, (4.3) is written as

(he)* = To f(a)s (4.6)

and we can also define 0. f(z) as
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O-f(x) :={z" € X*: (", u) < h-(u) forallue X}. (4.7)

It is clear that the operator 0. f : X — 2% satisfies the e-Fermat rule,
stating that
0 €0.f(x) & x € e-argmin f, (4.8)

where

g-argmin f := {:L’ €eX: f(x)< ig(ff—%s}

is the set of e-minima of the function f. Furthermore, as long as
O-f(x) # 0, we can verify that (Exercise 38)

[0-f(%)] o = Naom f (). (4.9)

In addition, under the assumption 0. f(z) # (), the function f admits
a continuous affine minorant and thus, thanks to the convexity of A,
(4.6) together with Theorem 3.2.2 gives rise to

clhe = (Ip.r(2))" = 0o.f(a) (4.10)

(a more precise relationship will be given in (4.28), showing that the
closure in cl h. can be removed when f € I'g(X) and € > 0). Therefore,
in particular, cl h. is a sublinear function. More precisely, as we quote
in the following proposition for later references, the function h. itself
is sublinear. The positive homogeneity of h. easily follows from its
definition, whereas the subadditivity comes from the convexity of f. In
particular, h. is a convex function. This useful behavior of h. parallels
the role of the classical differential in providing linear approximations
for differentiable functions, while in our convex framework the desired
approximations are furnished by sublinear functions.

Proposition 4.1.1 Given a convex function f: X — Ry and x €
dom f, for every e > 0 the mapping u € X +— fl(x;u) is sublinear.

We extend the notation of d. f(x) to the whole space X and to the
negative values of the parameters ¢, stating

O-f(x) := () when f(z) ¢ R or e <0. (4.11)

Definition 4.1.2 Given a function f:X — R and € € R, the set
0-f(z) is called e-subdifferential of f at x € X, while the elements
of O-f(x) are called e-subgradients of f at x.
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In particular, the set df(x) = dp f () is called (exact) subdifferential
of f at x, and its elements are the subgradients of f at x. We also call
0-f(z) approrimate subdifferential when it is not necessary to specify
the value of €. The function f is said to be e-subdifferentiable at x
when 0. f(x) is not empty. Subdifferentiability is defined in a similar
way.

It is clear that, for every set C' C X, ¢ > 0 and x € C, we have

d-lo(x) = No (),
where
No(z) ={z" e X*: (2" ,y—z) <eforall y € C}

is the e-normal set of C' at z € C' (see (2.24)). Furthermore, from the
definition of 0. f we get

z* € 0-f(z) & (27, —1) € Ny 4 (=, f(2)).
We will use the following comparison result for approximate subd-
ifferentials. It shows that a function and its closure have the same

approximate subdifferential up to an appropriate adjustment of the
parameter €.

Remark 1 For every pair of functions f, g : X — R such that g <
f, € dom f Ndomg, and ¢ € R, we have 0. 4(2)9(*) C 0.4 5(z)f (7).
Applying this when g = f, we obtain the equality

Oy jy J (@) = Oy oy [ ().

The following example is related to Proposition 2.2.5 (and (2.40)),
and provides estimates for the subdifferential of convex functions
defined on R via the right and left derivatives.

Example 4.1.3 Given a proper convexr function f:R — Ry, the
right and left derivatives of f at t € dom f, fi.(t), f.(t), exist in R
(and belong to R when t € int(dom f)). Furthermore, for allt € dom f,
we have f’(t) < fi.(t) and

of (t) = [fL(t), fL(®)] NR.

Indeed, the existence of the derivatives in question stems from the fact
that
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FLt) = f(t1) = i&ﬁ‘w:l;glf( i:tf(t) x
and
FL(6) = ~'(t~1) = sup M =) ~ lim JO-10 g

Combining Proposition 2.2.6 and Corollary 2.2.9, we deduce that
fL(t), f.(t) € R whent € int(dom f). Now, taking into account Propo-
sition 4.1.1, for every q € [fL(t), f1.(t)] "R one has

q(s =t) < (s =) f1(t) = (s =) f'(t; 1)
f(t;s—t) < f(s)— f(t) for all s >t,

and

q(s =) < (s =) fL(t) = = f'(t; = 1)(s — 1)
= f(t;s —t) < f(s) = f(t) forallt> s,

showing that q € Of(t). Conversely, if q € R is such that q(s —t) <
f(s) = f(t) for all s,t € R, then we get

: — /) f(s) =)
() =1 M <g<limti~2 -7 — " (1)
f_() i%l s—t 9 iﬁl s—t f+()

Another feature of the e-subdifferential that can be easily verified
is that it is e-cyclically monotone; that is,

n

D (af wirn — @) + (1,0 — Tpp1) <6 (4.12)
=0

for all x; € X, af € 0., f(xi), €, >0, i=0,1,...,n+1, n>1, such
that ZnH g; < e. In particular, the subdifferential is monotone and
cyclically monotone (see (2.28) and (2.29), respectively, for the defini-
tion of these concepts).

The first result of this section establishes a useful fact relating the
e-subdifferentiability of a general convex function and the lower semi-
continuity of its e-directional derivative, which is a sublinear function
by Proposition 4.1.1.
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Proposition 4.1.4 Given a conver function f: X — R, z € f~1(R)
and € > 0, the following assertions are equivalent:

(i) f is e-subdifferentiable at x.

(i1) fl(x;-) is e-subdifferentiable at 6.

(13i) fl(x;-) is lsc at 6.

Proof. Remember that h = f/(z;-), so h(f) =0. If f: X — R is e-
subdifferentiable at x, then for each zfj € 0. f(x) relation (4.7) yields

(x,u) < fl(z;u) = h(u) — h(0) for all u € X.

This shows that z; € 0h(0) = 0-h(0) (since h is sublinear, by Propo-
sition 4.1.1), and (i) = (7).

If x5 € 0.h(0) = Oh(0), then the convexity of h entails (clh)(f) =
h(0); that is, h is Isc at § (Exercise 62). Therefore, (i1) = (7i1).

To show that (iii) = (i), we assume that h is Isc at 6. Since clh is
convex and (clh)(#) = h(f) = 0, the function clh is proper. Further-
more, by Proposition 3.1.4, there are xj € X™ and ag € R such that

h(Au) > (clh)(Au) > (x5, Au) + ap for all uw € X and A > 0.

But h is sublinear, then h(u) > (xf,u) for all u € X; that is, af €
0-f(0) by (4.7). m

A notable difference between the exact and approximate subdifferen-
tials of a convex function is the fact that the first one is a local notion;
that is, if two convex functions f and ¢ coincide in a neighborhood of
x, then 0f (z) = dg(z), but it may happen that 0. f(z) # 0-g(x) for all
€ > 0. This can be seen in the following example.

Example 4.1.5 Consider the conver functions f,gr:R — Ry,
k > 1, defined by

F) =2 and g(x) = 2 + Ty ()

So, f and gy coincide locally at O for all k > 1. At the same time, we
verify that 0. f(0) C 0-gx(0) for every e > 0 and all k > 2(2 — /2)/\/2
(see Exercise 42).

It is also important to study how the e-subdifferential behaves with
respect to operations with functions. The following proposition estab-
lishes several elementary rules that follow from the definition of e-
subdifferential.
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Proposition 4.1.6 The following rules are valid, for any function
f: X >R and everyx € X:

(1) O-(f + i+ a)(z) = 0-f(x) + xf forallzf € X*, a € R and e >
0.

(73) MNO-f(x) = Ore(Af)(x) for all X >0 and ¢ > 0.

(iii) If g : X — R is another convex function, then d-, f(x) + 0-,9(x)
C Oeyqe, (f+9) (x) for all 1,69 > 0.

(1) Oz, f(z) C O, f(z) for all 0 < g1 < e9.

(v) a* € O.f(x) if and only if f(x)+ f*(z*) < (z*,x) + ¢, for all
€ > 0. When € = 0 the last inequality becomes an equality.

(vi) z* € df (x) whenever there exist nets x} —*" z* and e; | 0 such

that x € 0., f(x) for all i.
(vii) - f(x) x {=1}=Ng; ;(@, f(2)) N (X* x {—1}) for every e >0.

epi

(viii) If A:Y — X is a linear mapping defined on another lcs Y
with adjoint A*, then A*0.f(Ay) C 0-(f o A)(y) for allyeY and e >0.

(tz) If e > 0, f is Isc at x, and the nets (z;); C X, (z}); C X* are
such that x; — x, xf =% x* € X*, (x}); C U° for some U € Nx, and
x} € 0-f(z;) for all i, then we have x* € 0. f(x).

To illustrate statement (v) in Proposition 4.1.6, we consider a non-
empty closed convex set C' C X*. Since o/, = I¢, by (3.17), we obtain

Ooc(0) ={z" € X* 1 0c(0) +1c(z") =0} = C. (4.13)

In particular, if (X, ||-||) is a normed space and Bx- is the closed unit
dual ball, then the norm coincides with op,. by (3.22). Thus, (4.13)
entails

O (0) = dopy. (0) = Bx-. (4.14)

We can also add to the above list the following properties that are
easily verified. In fact, for every x € f~'(R) and ¢ > 0, we have that

filw;) = inf fi(z; )

and

O:f(x) = (1 0sf (). (4.15)

o>e

In addition, we can verify that
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f(x) = (1 O(f +1Ir)(x). (4.16)

LeF(x)

Regarding the relationship between the e-subdifferential of a (possibly
non-convex) function and that of its conjugate, we have

0.f)"t ca.f, (4.17)

for every function f: X — R, 2 € X and € > 0. More precisely, when
f €To(X), Theorem 3.2.2 gives rise to

@) =01 (4.18)

The following result gives some geometrical insight to the
e-subdifferential concept.

Proposition 4.1.7 Let f: X — Ry be a convex function, which is
finite and continuous at x € X. Then, for every € > 0, there exists
some U € Nx such that, associated with every V- € Nx-, there is Ay >
0 satisfying

O.flx+y) C AV forallyeU. (4.19)

Consequently, the same neighborhood U satisfies
(4)
O.flx+y) CU° forallyeU. (4.20)
(ii) O-f(x +y) is w*-compact for all y € U.
(¢i1) For every w*-open set W C X* such that O-f(x) C W, there
exists Uy € N'x such that
O-flx+y) CW forally e Up.
Proof. Fix ¢ > 0 and let U € N such that, using Proposition 2.2.6,
lf(y) = f(z)| < 1forally,ze€xz+2(1+¢)U.

Then, for every y € z+ (1 +¢)U, y* € 0-f(y) and u € (1+¢)U, we
have u+y € x + 2(1 4 ¢)U and, so,

(' uy = uty) -y < flut+y) —fly)+e<1+e;

that is, y* € U°. Take V € Nx- and let V) C V be an open neighbor-
hood of 6, so that X* = Uy>o(AVp) (since Vj is absorbing). Given that
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U®° is w*-compact by Theorem 2.1.9, from the inclusion U° C X* =
Uxso(AVp) we find Ay,..., A\x > 0, & > 0, such that

vec U W) c U V) cay,
1<i<k 1<i<k

where Ay := maxj<;<i A; > 0. Therefore, 0.f(z +y) C U° C A\yV for
all y e U (C (1+¢)U), showing that (4.19) and (4.20) hold. In par-
ticular, since 0-f(y) is w*-closed and U® is w*-compact, (4.20) implies
that O.f(x 4+ y) is w*-compact for all y € U; that is, (ii) follows.

Assertion (iii) remains to be verified. Fix a w*-open set W C X*
such that d.f(z) C W, and let U € Nx be as in (4.20). Then, proceed-
ing by contradiction, we assume the existence of nets (x;); C x + U
and (z7); C X* such that ; — z and =} € 0.f(x;) \ W for all 4. Then
(x}); C U° and Theorem 2.1.9 entails, without loss of generality that,
zf —v" z* for some z* € X*. Thus, by Proposition 4.1.6(ix) we deduce
that x* € 0.f(z) \ Wp, and this yields a contradiction. m

The following known result deals with the Fréchet and Géateaux-
differentiability of a convex function f, defined on a Banach space X.
The characterizations here are given in terms of continuous selections
of the subdifferential mapping df; that is, mappings s : X — X* with
the property s(xz) € df(x) for all x € X. We say that a selection s
is (norm,w*)-continuous at x € X, if s(x;) — s(z) in the w*-topology
provided that (z;); C X is a net such that ; — z in the norm topology.
The (norm,norm)-continuity is defined in a similar way by replacing
the w*-topology with the norm-topology in X*.

Proposition 4.1.8 Assume that X is a Banach space. For every con-
vex function f:X — R that is continuous at x € X, the following
assertions hold:

(i) The function f is Gateauz-differentiable at x if and only if there
exists a selection of Of which is (norm,w*)-continuous at x.

(ii) The function f is Fréchet-differentiable at x if and only if every
selection of Of is (norm,norm)-continuous at x.

Relation (4.15) produces outer estimates of J. f by means of approxi-
mate subdifferentials with larger parameters. Alternatively, the follow-
ing result, which is used later on, gives inner estimates for J.f(x) by
using approximate subdifferentials with smaller parameters.

Proposition 4.1.9 Given a function f: X — Ry, € dom f, and
€ > 0, we have
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.5 =<t U aif@). (421)

0<d<e
as long as the last set is not empty.

Proof. By the current assumption, there exists v € |0,e[ such that
0, f(x) #0. If we take x} € 0, f(z), then the function g: X — R,

defined by
9() =f() = fl@) = (25,  —x) + 7,
is nonnegative and, due to Proposition 4.1.6(i), satisfies
Oug(w) = O, f(w) — a7 for all p > 0. (4.22)

We choose z* € 0. f(x) so that * — x2 € d.g(x). Thus, by Proposition
4.1.6(i1), for every fixed o € ]0, 1[ we obtain

a(r” —27) € ad-g(z) = Oac(ag) (). (4.23)

Therefore, since ag < g and g(z) = =, for every z* € J,-(ag)(x) and
z € X, we have

(ag)(2) = (ag)(z) + ae
9(2) —ay+ae =g(z) — g(z) + (1 — a)y + as,

showing that 2* € 9(1_q)y+a:9(7); that is, duc (g) (%) C O1—a)y+a:9(T)-
But (1 — )y + ae < e, so (4.22) and (4.23) yield

a(a® — 2%) € 9ac(09)(2) C 1y 40c9(2)

et @) -0 < ( U aif@) -

0<é<e

and we infer that ax™ + (1 — @)z} € Up<s<:0sf(z). Consequently, z* €
cl (Up<s<0sf(x)) when « T 1, and the inclusion “C” in (4.21) follows.
The proof is finished because the opposite inclusion in (4.21) is obvious.
|
The following result, which is an immediate consequence of Theorem
3.2.2, is one of the main important properties of the e-subdifferential.
It asserts that every function from I'o(X) is e-subdifferentiable in its
effective domain whenever € > 0. Obviously, this is not the case for the
exact subdifferential as shown by the Isc convex function f: R — Ry
defined by f := —/z +Ig, (z). In this case, we have
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0-f(x) =] — 00, —1/(4¢)] for all € > 0,

while

0f(0) = N O:f(x) = (1 ]—o0, —1/(4e)] = 0. (4.24)

e>0 e>0

Proposition 4.1.10 Ewvery function f € T'o(X) is e-subdifferentiable
i dom f for e > 0.

Proof. Given a function f € I'y(X), we fix z € dom f and & > 0. Then,
by Theorem 3.2.2, we have

—00 < f(z) = f*(x) = sup{(z*,x) — f*(z") : 2™ € dom f*} < 400,
and there exists some z* € X* such that
flz) < (2, 2) — f*(z") + & (4.25)

that is, * € 0-f(x). m
Thanks to Proposition 4.1.10, Proposition 4.1.9 takes a simpler form
when applied to functions from I'g(X).

Corollary 4.1.11 Given f € I'9(X), = € dom f, and € > 0, we have

that
0-f(z) =cl < U ng(ac)) (4.26)
0<d<e
and, consequently,
fiz;u) = sup fij(x;u) for allu € X. (4.27)
0<o<e

Proof. Since 95f(x) # () for all § € ]0,e], due to Proposition 4.1.10,
(4.26) follows by Proposition 4.1.9. The second statement of the corol-
lary is an immediate consequence of (4.26) and the definition of
flz;u). =

Relation (4.26) is not necessarily true when the convex function f
is not Isc at = € dom f. In fact, in that case we have

O:-f(z) =0 for € € [0, f(x) — (L f)(2)[-
To see this, suppose that = € 0. f(x) for some £ > 0. Then we get

(xfy—z) < fly) — f(x) +eforalye X,
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implying that
%,y — ) < (L f)(y) — f(z) +< forall y € X.

Therefore, taking y =  in this last inequality, we obtain ¢ > f(z) —
(cl f)(z) and, consequently,

cl < U &gf(l‘)) = @
0<o<f (@)~ (cl f)(z)

At the same time, we can have Of()_(cl f)(2).f(2) # 0, leading us in
such a case to the strict inclusion

cl < U &sf(x)) C Of(z)—(cl f) () ] ().
0<o<f(z)—(cl f)(x)

The following proposition provides additional information about the
relationship between o t(,) and the e-directional derivative of f, which
further extends and improves (4.10). Next we denote by ¢z, : R4 —
Ry, x € dom f, and u € X, the function defined as

Go(5) = {5<f<x +57u) — (), if s >0,

Tdom £+ (), it s =0.

Proposition 4.1.12 Given function f € I'o(X), for all x € dom f,
u € X, and € > 0, we have

To.f(x) = fo(@3)- (4.28)

More precisely, one has
00.5(x)(4) = min (¢z.u(s) + 5¢) (4.29)

and, consequently,

epi fl(z;-) = {R* (epi f — (z, f(z) —€))} Uepi f. (4.30)

Proof. Suppose first that z = 6 and f(#) = 0; the general case will be
examined in the second part of the proof. We introduce the function
g := f* —¢e, which belongs to I'o(X*), thanks to Proposition 3.1.4.
Moreover, using (4.4) and Proposition 4.1.10, we get
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[9<0]=[f"<e]=0.f£(0) # 0.
In addition, again by Proposition 4.1.10, we have
[g<0]=[f"<e]D[f* <] =0s5f(0)#0 forall 6 <e,
while the Fenchel inequality entails
infy-g=infx-(f*+ f(0) —¢) > —¢.

Let us now verify that

(sg)" = (s* f)+se forall s >0.
Indeed, when s > 0, Theorem 3.2.2 yields

(59)* (") = (sf*)*(-) + s = sf**(s7 ) + s
=sf(s71) +se=(s* f)(-) + se.

Similarly, when s = 0 we get

(09)" = (0f")" = (Idom f+)" = Gdom f- = 0% f = 0% f 4 Oe.
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(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

Thus, applying Theorem 3.3.4 (since —oo < infx g < 0, by (4.32) and

(4.33)), relation (4.34) reads

Ilg=o)(u) = inf(sg)"(u) = min(sg)"(u)

— min((s * f)(u) + s¢) = min(an(s) + 52)

(4.36)

and (4.28) together with (4.29) follows because [g < 0] = 0. f(#) and

inf(sg)" = inf s (£(s™1) +2) = f(0:°).

Therefore, using (4.28), (4.31), Corollary 3.3.5, and Theorem 3.2.2,

(4.30) follows as

epi f{(0;-) = epioy, y(x) = epiojy<g = (RY epig”)U[epig"],,

=R’ (epi f — (6, —¢)) Ufepi f — (6, —¢)],
=R’ (epi f — (0, —¢)) Uepi [,

and the proof is done when x = 6 and f(0) = 0.
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Finally, dealing with any « € dom f, we consider the function ¢ :=
f(-+z) — f(x) € To(X), which satisfies p(f) = 0. Notice that d.¢(0)
=0.f(x), ¢L(6;-) = fl(x;) and for all u € X and s > 0

(5% ) (u) = sp(su) = s(f(z + s u) — f(2)).

Furthermore, since ¢* = f*(-) — (-, z) + f(x), we also have (0 * p)(u) =
Odom p* = Odom f+; that is, (s* ¢)(u) = gzu(s) for all v € X. Thus,
applying the first part of the proof to the function ¢ we obtain
09 f(z) = Oo.p(0) = Po(0;-) = fl(x;-) (see (4.36)) and

73,10 (1) = Ta,o(0) = min((s 5 9) () + 52) = min(r(5) + 52).

Moreover, since epiy = epi f — (x, f(x)) and (epiy)co = (epi f)oo, We
also get

epi fL(x;-) = epi@l(0;-) = {R} (epip — (0, —¢))} Uepip™
= {R% (epi f — (, f(x) — )} Uepi f~.

|

Relation (4.28) could also be proved in a more direct way: since
feTy(X), f is e-subdifferentiable at x by Proposition 4.1.10, and
Proposition 4.1.4 implies that f/(xz;-) is Isc at 6. Thus, (4.28) follows
from (4.10).

The e-subdifferential allows us to establish calculus rules without
additional continuity assumptions. This is an important feature of the
e-subdifferential, which facilitates the formulation of optimality con-
ditions for the convex optimization problems studied in section 8.2.

Proposition 4.1.13 below provides alternative formulas for the e-
subdifferential of the inf-convolution. Such an operation is frequently
used in optimization and variational analysis, especially in regulariza-
tion processes (e.g., Corollary 5.1.14). The characterizations given here
are in terms of e-subdifferentials of the involved functions, evaluated
at almost attaining points; that is, points z1, x2 € X satisfying

fi(x1) + falza) < (AOf2)(x) + a for a > 0 small.

Formula (4.38) also involves such attaining points, but implicitly,
since the non-emptiness of the intersection 0., f1(z1) N J-, f2(z2) guar-
antees that x; and xo are also almost attaining points. It is pre-
cisely the existence of such points that supports the success of the
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e-subdifferential in producing explicit calculus rules. This is in oppo-
sition to the exact subdifferential which would require the existence of
exact attaining points (equivalently, the exactness of the inf-convolution
at ). In fact, this exactness requirement motivates the need for addi-
tional qualifying conditions (e.g., Proposition 4.1.20 and subsequent
results).

Formula (4.39) is a sharp version of formulas (4.37) and (4.38) when
€ > 0, using approximate subdifferentials of the data with parameters
whose sum does not exceed ¢.

Proposition 4.1.13 Given the functions f1, fo : X — Ry, for every
z € (Ai0f2)"Y(R) and e > 0 we have

o-(f10f2)(z) = N U -, f1(z1) N Oz, fo(2)
>0 £1,E2 ;d,tgfgl—_sfza—f—a
fi(z)+fo(z2)<(f10F2) () +a
(4.37)
= U Oe, [1(21) N 0., fa(w2).  (4.38)
a>0 T1+To=x
£1,62>0, e14ea=c+a
Moreover, whenever € > 0 and
U 9s(Ai0f2)(x) # 0,
0<o<e
we have
2-(fibf2)(x) = cl U Oe, [1(21) N O, fo(w2) | - (4.39)

T1+To=x
£1,62>0, e14+ea=¢

39),

we

Proof. We only need to prove the inclusions “C” in (4.37) and (4.
)
+ .

since all the others are straightforward. Given z* € d.(fi0f2)(x
choose @ > 0 and y € X such that f1(y) + fo(x —y) < (f10f2)(x)
Let us also denote

o1:= fi(y) + f1(2") — (2%, y), 02 := fa(z —y) + f3 (") — (", 2 —y),

so that d1, 62 > 0 by the Fenchel inequality. Moreover, since ( f10f2)* =
fi + f5 by Proposition 3.1.13, we also have

01402 = f1(y) + fo(z —y) + (LOf2)"(27) — (2", z)
< (H0f2)(x) + (HOf)"(27) — (2", 2) + «
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and there exists p > 0 such that (as z* € 0.(f10f2)(x))

61+ 02+ p < (0f2)(x) + (AOf) (@) — (2", 2) +a < e+
Take 1 := 1 + p/2 and &}, := 02 + p/2, so that 1,5, > p/2 >0, e1 +

eh=01+02+p<e+aand

x* € 05, f1(y) N Os, fo(x — y) C O:, f1(y) N Oy fo(x —y)
C o, fi (y) N 88+a—51f2($ - y)7

as € < &+ a — £1. The desired inclusion in (4.37) follows by taking
€9 := € + a — £1, and then intersecting over a > 0.

Suppose now that & >0 and Up<s<:05(f10f2)(x) # 0. Then, by
Proposition 4.1.9 and (4.38),

0.(f0f)(x) = cl ( U 36(f15f2)($))

0<o<e

:cl( U NU  aitee=a aalfl(xl)maazfz(@))

0<d<e a>0 €1,62>0, €1+e2=0+a
and, taking o = ¢ — 4,
85(f1|:|f2)<1') Ccl <U T1+To=2 851 f1 (1‘1) N 852f2(m2)> ,

€1,62>0, e1+e2=¢

which is the non-trivial inclusion in (4.39). m
The following result expresses the e-subdifferential of cl f by means
of the e-subdifferential of f at nearby points.

Proposition 4.1.14 Let f: X — Ry, be a proper function. Then we
have

O-(cl f)(z) = N U O-qsf(z+vy) forallz € X ande >0
6>0, UeNx yeU
(4.40)

and, equivalently,

@=(l )7 (@) = N A((Ogsf) ™" (27)) for all 2* € X*.

0>0

Proof. Fix z € X, ¢ > 0 and take 2* € 0-(cl f)(x). So, for every n > 0,
<

fr@®) + (L f)(z) = (L f)* (") + (el f)(2) < (2%, 2) + & +n/2.
(4.41)
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Then, given § > 0 and U € N, we choose Uy € Nx such that Uy C U,
(x*,x) < (z*,x+y)+ %, for all y € Uy, and (by (2.34))

o
Jnf fl@+y) <(clf)z)+ 7.

Therefore, taking 7 = ¢ in (4.41), there exists some y € Uy C U such
that

F@*) + flz+y) < FA2) + (e f)(z) + 0

W

. 5 6
<(z% 1) +e+ 5+

2 4
. 5 55
S@hrty) et g+ = ety et

that is, * € 0.45f(z + y) and the proof of the inclusion “C” in (4.40)
is done. The opposite inclusion there is straightforward.
To prove the second statement, we use (4.40) to see that z €

(8-(cl )~ («*) if and only if

" €d(clf)(z)= N U Ocrsf(x +y);

>0, UeNx yeU

in other words, if and only if for all § > 0 and U € Nx there exists some
y € U such that 2* € 0.45f(x — y) (recall that U is balanced). Equiva-
lently, z € (9-45f) "1 (2*) + vy, and we deduce that x € (0-45f) " (z*) +
U for all § >0 and U € Nx. Setting § >0, we deduce that z €
A((845f) " (z*)) and end up intersecting over § > 0. m

Continuing with the developments of subdifferential calculus, we
characterize the e-subdifferential of the convex and closed convex hulls.
Given z € X, ¢,0 >0, k> 1, and A € Ag, we consider the set in X x
R4 defined as

S Ximi=z, Y, Ngi<e+d
E(’z?gv 5a k) )‘) = ($i7€i)1§i§k : L=k sk

and > Nif(zi) < (cof)(z)+6

1<i<k

Proposition 4.1.15 Given a proper function f : X — Ry, for every
x € dom(co f) and € > 0 we have

9:(co f)(z) = N U N 0- f(zi), (4.42)
6>0 (z4,6:)1<i<n €EFB(z,,0,k,)) 1<i<k
NeA, k>1
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and, when co f is proper,

o)) = () U ) Gefl. (443)
0>0  (@i,6:)1<i<k €E(x+y,e,0,k,)) 1<i<k
UeNx yeU, AeAy, k>1

Proof. Take z* € 0.(co f)(z) and § > 0, so that

(co f)(@) + (co f)"(«") = (co f)(x) + f*(z") < (2", 2) + & < (z",2) + e+ /2.
Then there are k € N, z; € X, 1 <i <k, and A € A, such that

S Xizi=x, > Nif(zi) < (cof)(x)+/2 < (cof)(z)+9,

1<i<k 1<i<k

and

Do Aif(x) + ff(2") < (cof)(x)+ fH(a¥) +6/2 < (a%,z) + e+ 6.
1<i<k
Therefore, denoting ¢; := f(z;) + f*(z*) — (¢*,z;), we have ¢; >0,
z* € 0., f(z;) and
> Aigi = 30 Ni(f(m) + fH(2") = (2%, @)
1<i<k 1<i<k
= > Aif(@) + (&%) — (2", 2) <e+9,

1<i<k

which show that

1<i<k (ziei)1<i<k€EE(z,e,0,k,)\) 1<i<k
AEAL, k>1

The inclusion “C” in (4.42) follows by intersecting over 6 > 0, and the
opposite inclusion there is easily checked. Finally, (4.43) is satisfied by
combining (4.42) and Proposition 4.1.14. m

We provide below a calculus rule for the approximate subdifferential
and the conjugate of the sum and the composition of convex functions
with continuous linear mappings. Everything is done without addi-
tional continuity assumptions on the involved functions. In particular,
formula (4.44) transforms the operation of composition into a post-
composition of the conjugate function and the adjoint of the given
linear mapping.
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Proposition 4.1.16 Let Y be another lcs, f € T'o(X), g€ To(Y),
and let A: X — Y be a continuous linear mapping with continuous
adjoint A*. Then, provided that dom f N A~ (dom g) # (), we have

(f +g0A)" =c(f'T(A"g)), (4.44)
and, for every x € X and e > 0,

O(f +goA)(z) = c U (0. f(x) + A70.,9(Ax))

5>0 51+62:€+5
€1,622>20

(4.45)
In particular, when € > 0 we also have

O-(f + g0 A)(z) = cl +U (0-, f(z) + A"0:,9(Ax)) | . (4.46)
511756222208

Proof. We fix g € dom f N A~!(dom g). Given Proposition 3.1.13, the
Fenchel inequality and Theorem 3.2.2 imply that, for all z* € X*,

(fOA%g") (@) + (f + g0 A) (o) = (f*D(A"g"))(z") + (f** + g7" 0 A)(w0)
= (f"O(A%g") (") + (F70(A™g") " (wo0) = (=", w0) ;

in other words,
(f*O(A g")(z%) > (¥, zo) — f(zo) — g(Axg) for all z* € X,
and taking the closed hull we get
FO(A% ) = A(fFT(AG) = (- a0) — f(z0) — g(Azo).
Furthermore, using Proposition 3.1.4, by (2.56) and (2.61) we get
0 # dom f* + A*(dom g*) = dom(F*D(4%g")) C dom(el(fD(4"g"))),
and cl(f*0(A*g*)) € Tg(X); that is, due to (3.7) and Theorem 3.2.2,

(fO(AG")™ = (cl(fD(Ag7)))™ = cl(f*D(A%g")).  (447)
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Finally, formula (4.44) follows because Proposition 3.1.13 and Theorem
3.2.2 imply that

(S O(A%")™ = (fFOA)")" = (f7 + (A%g")")"
= ([T +gT o AT) = (f+goA),

where we use the fact that A** = A (see (3.16)).

To show the non-trivial inclusion “C” in (4.45), we fix z € X,
€ > 0 and take z* € 0.(f + g o A)(x); hence, x € dom f N A~!(dom g).
Moreover, by (4.44), for every given § > 0 we have

(f +goA)(x) + (A(f*O(Ag")(z") = (f + g0 A) (@) + (f + g0 A)"(z7)
<(z*,x)+e < (z*,x) +e+9,

and then there exist nets (x});, (y); C X*, and (z); C Y* such that

(2
* * * ok ok * .
x; — a*, A2 = 2] —y and, for all i,

W) +97(z) < (@i 2) = (f + g0 A)(x) +e+4. (4.48)

Let us denote

i = fTW) + (@) = (Ui 2) 2 0, €2, := g7 (27) + g(Ax) — (27, Az) > 0,
so that yi € 0., , f(x), 2} € 0.,,9(Ax) and, due to (4.48),

€1 +e2i = () +97(2) + fx) + g(Az) — (yi + A2, x)
= ["(vi) +9°(z]) + f(z) + g(Az) — (27, 2) < e +4.

Therefore, writing

;i =y + (2] —y)) =y + AT
€ 8517f(.’13) + A* 52 1g(A$> - 6511]0(.@) + A*8€+5—€1,ig(Ax)

c U (0, f(x)+ A0,9(Ax)),

e1+ea=e+4d
€1,62220

the inclusion “C” in (4.45) follows by, successively, passing to the limit
on ¢ and intersecting over § > 0.

To verify the non-trivial inclusion “C” in (4.46), we fixe > O and = €
dom f N A~!(dom g). So, taking into account Corollary 4.1.11, formula
(4.45) results in
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85(f+goA)(x)Cl< U aa(f+goA)(x))

O0<a<e

=cd| U Nd U (0. f(x) + A"0-,9(Ax))
0<a<e 6>0 51+52:>a0+5
€1,622

So, taking § = ¢ — «, we get

O(f+goA)z)Ce| U 0., f(z)+A"0,9(Az) |,
£1+t€Ex=¢
€1,622>0

and we are done since the opposite inclusion is straightforward. m

As an illustration of Proposition 4.1.16, we give the following corol-
lary which extends Proposition 3.2.8. Now, the given family is not
necessarily non-decreasing, but it satisfies a more general property
that we will later call closedness for convex combinations in Definition
5.1.3.

Corollary 4.1.17 Given a family of functions {f;, t € T} C T'o(X),
we assume that f := sup,er fr is proper and, for all X € A(T), there
exists some s € T' such that

> Mf < fs (4.49)

tesupp A

Then we have f* = cl(infier ;).

Proof. By Proposition 3.2.6, we have

/ CO(tlngt>_C<tlngt>’

so we just need to check that, for each fixed z* € dom f*,

cl (inf f;) (=) < f*(z%).

teT

Let @ € R such that f*(x*) = co (infier f;) (2*) < «, and take a net
x; — x* satisfying

) =tim (o (juf 7) ) )
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Since f* is also proper, due to Proposition 3.1.4, we may assume that
(co (infrer f7)) (xf) € R for all i. Then there are associated (\;); C
A(T) and 7, € X*, t € supp A;, such that ), pA; 2], = 27 and

P =tm $ (o £7) @) <o

@ tesupp A,

More precisely, we can find associated fs, ,, ;4 € T, such that (without
loss of generality) > ;couppa,Aitfs,, (27,) < a for all i. Then, for each
1, by assumption we choose s; € T such that ZtESupp aAitfs, < fai-

But <Zt€supp A Ai,tfsi,t) is the closed hull of the inf-convolution of
the functions (A1 fs, )" (see Proposition 4.1.16), so we get

fs’l(fvf)é< > Ai,tfsi,t) (z7)

tEsupp \;
< Y Niefa ) Qigzr) = X Niefi, (25) <
tesupp A; tEsupp \;

In other words,

L inf f7 ) (@*) < liminf ( inf f7 ) (2F) < liminf f2 () <
c <tlngt> (%) <limin (;ngt> () < liminf £7 () < o,

(3

and the desired inequality, cl (infiep f7) (2*) < f*(z*), follows when
al f*(z%).

We give an example of families of functions satisfying the property
used in Corollary 4.1.17; in fact, as we show here, any family can be
adjusted to satisfy such a property.

Example 4.1.18 For any family {f;, t € T} C T'o(X) such that f =
supser ft is proper, we have

* — o] inf *
r=a( it 1),

where fr:= >, Mfi. Consequently, the function infyea(r) f3 and
its closure anewgpuer and proper.

Indeed, by (2.45), we have

f=supfi= sup fi. (4.50)
teT AEA(T)

In addition, for any A1,..., \x € A(T), k> 1 and a := (aq,...,ax) €
A}, we have
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g:i= > aify = > (iXig) fr = < > ai)\i,t> ft-

1<i<k tesupp A, 1<i<k teT \ 1<i<k

Furthermore, it is clear that the element Ae ]RELT) defined by A 1=

Y <icp®iNiy satisfies ZteT:\t = <<k =1 and g = f5; that is,
the family { fr, A € A(T)} satisfies condition (4.49). Thus, we conclude
by applying Corollary 4.1.17.

The operations of addition and composition in Proposition 4.1.16
can be put in the general form ¢(z) := F'(x,0) that we present in the
following corollary. For instance, the operation f + g o A corresponds
to the function ¢ for F': X x Y — R, being defined by

F(z,y) := f(z) + g(Ax + y). (4.51)

Corollary 4.1.19 Let Y be another Ics, F € I'o(X,Y) and let ¢ :
X — Ry be defined as p(x) := F(x,0). Then, provided that {x € X :
(,0)} € dom F'} # 0, we have

0" :d( inf F*(-,y*)) (4.52)

yrEY*
and, for every x € X and € > 0,
O-p(x) =cl{z" € X* : Fy* € Y* such that (z*,y") € 0-F(x,0)}.
(4.53)

Proof. We introduce the continuous linear mapping A : X — X xY
defined as Az = (,0), so that ¢ = F o A. Since A™!(dom F) = {z €
X :(z,0)} €edom F} # () and the adjoint mapping of A, A*: X* x
Y* — X*, is defined by A*(z*, y*) = ¥, (4.44) entails ¢* = (F o A)* =
cl(A*F*). Thus, (4.52) follows because

(A7F)(@™) = mf{F*(u",y")  A*(u", ") = o7, (u",y") € X* x ¥}
= inf{F*(z*,y") : y* € Y*}.

To verify (4.53), we fix x € X and € > 0. Then (4.46) yields

-p(z) = cl (A*0-F(x,0))
=cl{z* € X*: 3 y* € Y* such that (z*,y") € 0-F(x,0)},

and we are done. m
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The formulas of Proposition 4.1.16 use limiting processes (since they
involve closures), so they are called approximate or fuzzy rules. To
get more precise characterizations, additional conditions are usually
needed as happens in Proposition 4.1.20 below. Given a continuous
linear mapping A : X — Y, where Y is another lcs, we consider again
the mapping A : X x R — Y x R defined by (see (2.59))

Az, a) = (Az, ). (4.54)

Then we easily verify that the adjoint of A A Y* xR — X* xR, is
given by

~

A", \) = (A", N). (4.55)

Proposition 4.1.20 Given convex functions f: X — R, g:Y — R,
and a linear continuous mapping A : X — Y with continuous adjoint
A* we suppose that g is finite and continuous at some point in
A(dom f). Then the following assertions hold true:
(2)
(f+goA)* = ffO(A%g"), (4.56)

where both the inf-convolution and the post-composition are exact.
(i)
epi(f +go A)" =epi f*+ A"(epig"), (4.57)

where A* comes from (4.55).
(¢i1) For every x € X and e > 0,

O:(f +goA)(x) = U (0, f(z) + A"0-,9(Az)) . (4.58)

0<e1,62, e14€2<¢

Proof. (i) We may assume that § € dom f N (A~!(dom g)) = dom(f +
goA) and g is continuous at § € A(dom f).

Let us proceed with the proof of (4.56), assuming first that f €
Fp(X)and g € Tg(Y). We fix z* € X*. If (f + go A)*(z*) = 400, then
Proposition 4.1.16 yields

+oo = (f +g0A) (") = cl(f*D(A ")) (") < (f*O(Ag")) (),

and (4.56) obviously holds. Therefore, we can assume that (f + go
A)*(x*) < 400. Consequently, since (f +go A)* € I'o(X™*) by Propo-
sition 3.1.4, we again use Proposition 4.1.16 to find a net (z}) C X*
that w*-converges to z* and satisfies
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(f +g0A) (") = c(f DO(A%g"))(«") = lim;(f*L(A%g%))(27) € R.
(4.59)
Furthermore, we choose nets (z]) C X* and (y7) C Y* such that
A*yr =z} — 2z and

(f +g0A) (z") = lim; (f*(2) + 97(y7)) - (4.60)

Note that f*(2}) > —f(8) > —oo and g¢*(y;) > —g(f) > —oo. Then
(4.60) implies the existence of some m > 0 such that g*(y;) < m even-
tually for i. Therefore, by Proposition 3.1.3, we may assume that
(yF)i is w*-convergent to some §* € Y™, so (2); is also w*-convergent
to z* — A*y*. Consequently, taking the limits in (4.60), the w*-lower
semicontinuity of the conjugate function and (4.59) imply that

fr(@" = Ag) + ¢"(77) < liminf f*(2) + liminf g* (y7)
<liminf(f*(z}) + ¢* (y}))

= (f+g04)"(27) = cl(f"D(A"g")) (")
< (ffOAT))(") < fH@" = AYY) + g7 (7).

In other words, (4.56) follows under the current assumption that f €
Ip(X) and g € Ty(Y).

Now, we show (4.56) in the general case where f and g are convex
functions, possibly not lsc. We observe that clg € T'o(Y) as g is finite
and continuous at 6. Furthermore, by Proposition 2.2.11, the current
continuity assumption yields

cl(f+goA)=(clf)+ (clg)o A. (4.61)

If c1 f ¢ To(X), then cl f is not proper and (4.61) together with the
relation (cl f)(0) = —oo (see (40)) implies that

cl(f + g0 A)0) = (cLf)(0) + (clg)(Af) = (cL f)(0) + g(6) = —oo.
Consequently,
(f+goA) =(c(f +g0A)) =+oo=(cf) = f"

and, at the same time, for all z* € X* we have

(fO(A%g")) (") = inf{ f*(21) + (A%¢")(22) : 21 + 25 = 27} = +00.
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Therefore, (f +go A)* = f*[0(A*g*) = 400 and (4.56) also holds with
exact inf-convolution and exact post-composition.

We now assume that cl f € T'y(X). So, taking into account (4.61)
and the fact that clg is also proper, by the reasoning before we get

(f+g90A)" = (c(f +g0A))" =((clf)+ (clg) o A)°
= (c1f)"0(A%(clg)*) = fFO(A%g"),

and, for each z* € X*, there exist z* € X* and y* € Y* such that
Z* 4+ A*y* = x* and

(f+90A)(x") = ((clf) + (clg) 0 A)*(z)
= (c1f)"(2") + (clg)"(¥") = 7 (") + 9" (")
Consequently, both the inf-convolution and the post-composition in
f*O(A*g*) are exact, and we conclude (4.56) in all its generality.

(74) The inclusion “D” in (4.57) follows as we show next. First, the
continuity of A* yields

epi f* + A*(epig*) Cepif*+ fl*(cl(epis g*)) C cl(epi f*) + cl(/i*(epiS ).
Second, because of (2.9) and (2.60), we have
cl(epi f*) + cl(A* (epiy g*)) C cl(epi f* + A" (epiy g"))
= cl(epi f* + epig (A% g™)) = cl(epi f* + epi(A*g™)).

Third, by (2.58) we have cl(epi f* + epi(A*g*)) = epi(cl(f*T(A*g")),
and so (4.56) produces

epi f* + A*(epig*) C epi(cl(f*O(A*g™)) = epi(f +go A)*. (4.62)

To prove the converse inclusion, observe that if cl f is not proper,
then (f + go A)* = +o0o as shown above. So, epi(f +go A)* =0 and
(4.62) becomes an equality as required. Suppose now that cl f is proper
and take (z*, \) € epi(f + g o A)*. Then, by (4.56), we find some y* €
dom g* such that f*(z* — A*y*) + ¢*(y*) = (f + go A)*(z*) < A; that
is, g*(y*), f*(z* — A*y*) € R (due to Proposition 3.1.4). Therefore,

(", N) =(a" = A"y", f*(x" = A%Y") + (A = f* (2" = A"") — 9" (y")))
+ (A", " (y")) Cepi f* + A*(epig®),

and the desired inclusion follows.
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(7i7) We verify the non-trivial inclusion “C” in (4.58). Fix z € X,
e >0 and take z* € 9.(f + g o A)(x), so that

(f+goA)(z)+ (f+goA)(a") < (2%, x) +e.

Thus, (4.56) gives rise to the existence of some y* € dom g* such that
f(x) + g(Az) + f*(z* — A*y*) + g*(y*) < (2, x) + €. Let us denote

e1:=f(@)+ ff(@" - A"y") — (" — A"y x), e0:=g(Az) + g7 (y") — (v", Az),
so that €1, g2 > 0, 2* — A*y* € 0., f(x), y* € 0-,9(Azx) and

e1+er = f(2) +g(Ax) + f* (2" — A"y +g"(y") — (2", 2) <e.
Therefore, z* = (z* — A*y*) + A*y* € 0., f(x) + A*0.,g9(Ax), and the
desired inclusion follows. m

We illustrate the previous result by means of a simple example.

Example 4.1.21 Let X, Y be two normed spaces, and let A: X — Y
be a continuous linear mapping. Consider the function ¢(x) = ||Az||,
x € X, where ||-|| denotes the norm in'Y. Then, for all x € X, we have

dp(x) = A*0 || Az . (4.63)
In particular, if Y =R and A(-) := (), ) for some xf € X*, then

[_17 1].1‘8, Zf <$8,$> =0,

sign((xg, x))x, otherwise. (4.64)

ovt) = {

In fact, (4.63) follows by applying Proposition 4.1.20 to f =0 and
g = |||, since g is obviously continuous. In the second case, the adjoint
of A is given by A*a:= axj, a € R, and (4.63) reduces to Op(z) =
A*0 |Ax| = (0 [(z§, x)| )l Then (4.64) follows because

C[[-1,1], ifB=0,
a1 (P) = {sign(ﬂ), otherwise.

The following proposition is an important consequence of Propo-
sition 4.1.20 on the subdifferentiability of convex functions, which
extends (4.28) from positive to any nonnegative €. It shows, in partic-
ular, that convex functions inherit a lot from the linear ones, proving
that every continuous convex function is subdifferentiable.
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Proposition 4.1.22 Let f: X — Ry be a convex function, which is
finite and continuous at x € dom f. Then, for all € >0, 0-f(x) is a
non-empty w*-compact set satisfying

flxs) = 04 f(2)-

Proof. Fix € > 0. We apply Proposition 4.1.20(7) to the convex func-
tions f and g := I,y to conclude the existence of some x* € X* such
that

—f(@) = (f +11z))"(0) = (f Do) (0) = f*(27) + (2, —27);

that is, * € df(x) C J-f(x). Moreover, since the w*-Isc function h :=
() = (-, x) is w*-inf-compact by Proposition 3.1.3, the set 0. f(x) =
[h <e— f(x)] is w*-compact. Moreover, if U C X is an open neigh-
borhood of # such that, for all u € U,

|f(x+u) - flz) <1, (4.65)

then f/(z;u) < f(x+u) — f(x) +e <1+e. Now fl(z;-) is sublinear
according to Proposition 4.1.1 and, therefore, Proposition 2.2.6 entails
its continuity on X. Thus, (4.10) leads us to oy () = cl(fl(z;-)) =
fia;-). m

Using Proposition 4.1.22, we get the following result which is in line
with (2.43). In what follows Y is another Ics.

Proposition 4.1.23 Let F: X xY — R be a convex function such
that F(xg,-) is finite and continuous at 0 for some xy € X. Then we
have

zlg( F(z,0) = Jg((d F)(z,0) (4.66)
and, consequently,
(F(-0))" = ((cLF)(-,0))". (4.67)
Proof. We have
o(x) = F(x,0) > (cl F)(z,0), for all x € X, (4.68)

so the inequality “>" in (4.66) follows. To prove the opposite inequal-
ity, consider the (convex) marginal function h : Y — R defined by

h(y) = inf F(z,y).
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So, thanks to (2.37), we have

h(0) = inf (clp)(z) = inf p(z). (4.69)

In particular, if h(f) = —oo, then the inequality in (4.69) holds as an
equality, and (4.68) gives
—o0 = h(f) = inf p(x) > inf (cl F)(z,0);

zeX reX

that is, (4.66) follows in this case. Thus, in the rest of the proof we
assume that h(6) > —oo. Moreover, if U € Ny is such that

F(xo,y) < F(z0,0)+1forally € U,

then
h(y) < F(zo,y) < F(x0,0) + 1 for ally € U, (4.70)

and, in particular, h is uniformly bounded from above on U. Conse-
quently, h is proper; otherwise, there would exist some yg € U such
that h(yg) = —oco. Then —yp € U and the convexity of h leads us to
the contradiction

—oo < h(#) = h((1/2)yo — (1/2)yo)
< (1/2)h(yo) + (1/2)h(—yo) = —oc.

Now, since h is confirmed to be proper, (4.70) and Proposition 2.2.6

imply that h is continuous at 6. Therefore, according to Proposition
4.1.22, it is subdifferentiable at 8 and there exists some subgradient
ys € Oh(0) such that, for all u, y € X,

Inf p(z) = h(6) < hly) = o, ) < Flu,y) = w0, v) -

Next, by taking the closure in both sides, we get inf,cx p(x) <
(cl F)(u,y) — (y3,y) for all u, y € X, and we deduce that

in)f( o(x) < (cl F)(u,0), for all u € X.
TE

Hence, by taking the infimum over u € X, we obtain the desired
inequality that yields (4.66).
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To establish (4.67), by (2.37) we obtain that for each z* € X*

(F(-0))"(z") = - inf {F(2,0) — (2", 2)} = - inf cl(F(-,0)),

where F: X xY =R is the convex function defined by F(x,y) =
F(z,y) — (z*,x) . Since F satisfies the same continuity assumptions as
F, (4.66) gives rise to

(F(,0))"(@") = = inf (el F)(-,6)
= — inf {(cLF)(0) — (2", 2)} = (L F)(-, )" (")

showing that (4.67) also holds. m

We now give the counterpart to Corollary 4.1.19 under additional
continuity conditions on the function F. It is worth noting that Propo-
sition 4.1.20 can also be derived from the following result (see Exercise
51).

Proposition 4.1.24 Let F: X XY — Ry, be a convex function, and
denote ¢ := F(-,0). Assume that F(xo,-) is finite and continuous at 0
for some xg € X. Then the following assertions hold true:

(4)
*= min F*(-,y"). 4.71
"= min (y") (4.71)
(i)
epip* ={(z",\) € X* xR :3 y* € Y* such that (z*,y*,\) € epi F*}.
(4.72)

(7ii) For every x € X and e > 0,
Op(x)={z* e X" :Jy* €Y", (2", y") € 0.F(z,0)}. (4.73)

Proof. (i) We start by assuming that F' € I'o(X x Y), so that ¢ €
['p(X) and

*=cl( inf F*(y* 4.74
@ C(;,*”éw (7y)>7 (4.74)

by Corollary 4.1.19. So, to show (4.71), we just need to prove the
inequality “>" there for a given z* € dom ¢*. Then, by (4.74) and
the fact that ¢* € I'o(X™) (thanks to Proposition 3.1.4), we take nets
xzf — 2" and (y); € Y* such that F*(z},y’) € R (for all i) and
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P (x") = lilm F*(z},y;) € R. (4.75)
Thus, without loss of generality, for all y € Y we have
(z7,20) + (yi',y) — Flwo,y) < F'(x7,y7) < ¢*(2") + 1 for all 4,

and so, as z] — x*, there exists some constant m € R such that
(F'(zo,-))*(y}) < m for all i (without loss of generality). Consequently,
using Proposition 3.1.3 and the current continuity assumption, we can
assume that y* — y* (in the w*-topology) for some y* € Y*. Thus,
(4.75) and (4.74) imply that

inf F*(z",v") = ¢"(2%) = F* (2", y"),
ey
and (4.71) follows when F' € T'o(X x Y).

To show (4.71) in the general case, we fix x* € dom ¢*. Then we
distinguish two situations: First, we assume that cl F' is proper. Then,
applying the previous paragraph to clF € T'o(X x Y), by (3.7) and
the fact that (F'(-,0))* = ((cl F)(-,0))*, coming from (4.67), we deduce
that

#"(27) = (A F)(-,0))"(27) = min (1 F)"(a",y") = min F"(z",y"),

and (4.71) follows in the first case. Second, if cl F' is not proper (so, it
takes the value —oo somewhere), then F* = 400 and we obtain

min F*(z*,y*) = F*(2*,y*) = +o0 for all y* € X™.
y*eY*

At the same time, the condition F'(zg,#) € R implies that (cl F')(xzq, 0
= —oo and, using again (4.67), we infer that ¢*(z*) = (F(-,0))*(z*) =
((cl F)(+,0))* = +o0. Thus, (4.71) also holds, and the proof of (i) is
finished.

(ii) If (z*,\) € epip*, then (4.71) yields some y* € Y* such that
*(x*) = F*(z*,y*) < A, and we deduce that (z*, y*, \) € epi F*. Con-
versely, if (z*,)\) € X* x R is such that (z*,y*,\) € epi F* for some
y* € Y*, then (4.74) gives rise to

¥ (z%) < in}f/ F*(x*,u*) < F* (2", y") < A\
vreEY ™

that is, (z*, \) € epip* and (4.72) follows.
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(7i7) We take z* € d.¢(x). So, by (4.71), there exists some y* € Y*
such that

F(z,0) + F'(z",y") = o(z) + ¢ (z")
< <.%'*,.%'> te= <<$*7y*)7 (37,9» +&;

that is, (z*,y*) € 0-F(x,0) and the non-trivial inclusion “C” in (4.73)
follows. m

The continuity assumptions in Proposition 4.1.20 are often used in
convex analysis, although they are not always necessary. The following
example demonstrates this fact and, at the same time, illustrates what
can be gained from Proposition 4.1.24 rather than Proposition 4.1.20.

Example 4.1.25 Let F: X xY — R be a convex function such that
F(xg,-) is finite and continuous at 0 for some xo € X. Then the func-
tions F' and g := Ix gy satisfy the conclusion of Proposition 4.1.20;
that is, we have that

(F+9)" = F'Og" (= F'Dox.qn) (4.76)
(with an exact inf-convolution),
epi(F + g)* =epi F* +epig* (=epi F* + {0} x Y* x Ry), (4.77)
and, for each x € X and e > 0,

O(F + g)(z) = ) +U:€ (0-, F(x) + 0:,9(x)) (= 0-F(x) + {0} x Y7).
€1,622>0

(4.78)
In fact, by Proposition 4.1.24(i), for each (z*,y*) € X* x Y* we have
that

(F+9)" (2" y") = 222{@*7@ — F(z,0)}

= (F(-,0))*(z*) = min F*(z*,v")

*

vre
= min (F°(u",0) + oxgpy (@ — 'y o))

= (F"0Og") (=", y7),

and (4.76) holds. Finally, relations (4.77) and (4.78) are derived from
(4.76) as in the proof of statements (ii)—(iii) in Proposition 4.1.24.
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The following result gives a finite-dimensional counterpart to Propo-
sition 4.1.20. The unilateral continuity condition used there is now
replaced with a symmetric relation that requires the sets A(dom f) and
dom g to overlap sufficiently. Notice that A(ri(dom f)) = ri(A(dom f)),
due to (2.13).

Proposition 4.1.26 Consider two convex functions f:R™ — R,
g :R" — Ry, and let A : R™ — R" be a linear mapping. Assume that
A(ri(dom f)) Nri(dom g) # 0. Then (4.56), (4.57), and (4.58) hold.

Proof. For the sake of simplicity, we only prove (4.58) when ¢ = 0,
m =mn, and A is the identity mapping; the general case is made by
arguing in a similar way. We may suppose that 6 € dom f N dom g,
without loss of generality, and denote F := span(dom g). We consider
the respective restrictions f and § of the functions f+ I and g
to E. Based on the current assumption, we choose zy € ri(dom f) N
ri(dom g), so that zo € E, f(zo) = f(zo) € R, and Corollary 2.2.9
entails that g is (finite and) continuous at xg € f~*(R). Therefore,
by Proposition 4.1.20, we have O(f + §)(x) = 0f(z) + 0g(x) which in
turn yields (see Exercise 55(i7))

I(f +9)(w) = Af + g+ 1p)(x) = A(f + 1) () + Dg(a) + B
(4.79)
Let us also set F':= span(dom f) and consider the respective restric-
tions f and Ignr of the functions f and Ipng to F. Then, by Corollary
2.2.9, f is continuous at xg € EN F = dom IgnF and, again, Propo-
sition 4.1.20 gives us 8(f + Ipnr)(z) = df (z) + dlpnp(x); that is to
say (Exercise 55(11)),

o(f +1g)(z) = 9(f + Lgnr)(z)

= 8f(x) + Oprp(x) + F+ = 0f(x) + (ENF)*: + F*.
(4.80)

Therefore, combining the last relation together with (4.79) and observ-
ing that (E N F)* = cl(E- + FL) = EL + F (Exercise 53), we get

f +9)(x) =0f(x) +0g(x) + E- + F- = 0f(x) + 0g(x),

and (4.58) follows.

The proof of (4.56) follows the same reasoning as the proof of (4.58)
above and is left as exercise (see Exercise 56). Relation (4.57) comes
from (4.56) as in the proof of Proposition 4.1.20. m



128 CHAPTER 4. FUNDAMENTAL TOPICS IN ...

Remark 2 The subdifferential rule in Proposition 4.1.26 is also valid
in more general situations. For example, for a function f defined on
(the les) X instead of R™, and a linear mapping A: X — R™, the
formula O(f + go A)(z) = 0f(z) + A*0g(Ax) holds whenever

A(gri(dom f)) Nri(dom g) # 0.

Here, the set qri(dom f) represents the quasi-relative interior of dom f;
that is, the set of points v € dom f such that cl(Ry(dom f —u)) is a
linear subspace of X.

We proceed by giving a couple of applications based on Proposition
4.1.20, which are also needed in what follows.

Corollary 4.1.27 (i) Let f,g,h: X — R be conver functions such
that 0 € dom f and (domh) Nri(dom f) # 0. If g < f and the restric-
tion of f to E := aff(dom f) is finite and continuous on ri(dom f),
then for all x € dom f Ndom g N dom h we have that

99 + Liom f + h)(x) = 0(g + Laom f) () + O(h + 1p)(x).

(13) If C C X is a convex set, then, for every x € C and L € F(x) such
that L Nri(C) is non-empty, we have

Nino(z) = (Lt + Ne(z)).

Proof. (i) Fix x € dom f NdomgNdomh and denote by f, g, and
h the respective restrictions to E of the functions f, g + Igom s, and
h+1g. Since g + Iqom f < f, we have g < f and the continuity of f
on ri(dom f) implies that g is locally uniformly bounded from above
on ri(dom f). We distinguish two cases: First, if g is finite somewhere
in (domh) Nri(dom f) (C (domh) Nri(dom f)), then it is proper and
Proposition 2.2.6 implies its continuity on ri(dom f). Thus, applying
Proposition 4.1.20 in the lcs E, we get

(G + h)(z) = 0g(z) + Oh(z). (4.81)

Second, if § were not finite at every point in (dom i) Nri(dom f), then
the condition g < f and the continuity assumption on f imply that g
and g + h are identically —oo in (dom h) Nri(dom f). This entails that
9(g+h)=0g =0, and (4.81) also holds.

Now, taking into account Exercise 55(ii), (4.81) gives rise to
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O(g + Taom s + h)(2) = 3(g + Laom f)(z) + O(h + 1) (z) + B+
= 0(9 + ldom r) (@) + O(h + 1E)(2),

and (i) follows.
(#4) The convex functions f = I¢, g =0, and h = I, satisfy the con-
ditions of statement (i) for E := aff(C'), so we obtain

(¢ +1)(x) = Ne(z) + (1L +1p)(x)
=Ne(z) + (ENn L)t =Ng(z) + (Lt + EY),

where the last equality comes from Exercise 53. Therefore,
Nrno(z) € Ne(z) + el(LF + Ne(z)) = cl(LE + Ne(x)),

and we conclude the proof of (i7) since the opposite of the last inclusion
is straightforward. m

A second application of Proposition 4.1.20 comes next. Relation
(4.82) is a technical result that will be used in the proof of certain
formulas of the subdifferential of the supremum function in section
5.3.

Proposition 4.1.28 Let B C X convex, = € B, and let (A;); C X*
be a non-increasing net of non-empty conver sets; that is, A;, C A;,
whenever iy s posterior to i1, such that

(U dom JA1,> Nint(cone(B — z)) # 0.
Then we have

7

Proof. Only the inclusion “C” needs to be proved. Let C' denote the
closed convex set on the left-hand side of (4.82), and consider the non-
trivial case C # (). Then, denoting g := inf; 04, and h := on,(y), We
have

oc <infoq yNy@) = (inf UAi> + ONp(@) =9+ I (4.83)

and both functions ¢ and h are sublinear (Exercise 7). Then we
choose any zp € (U;domoy,) Nint(cone(B — x)) (C domg). So, from
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the inequality
h(y — ) = ony)(y —2) <0 forall y € B,

Proposition 2.2.6 implies that h is continuous at zg. Therefore, using
Proposition 2.2.11, (4.83) implies that

oc <cl(g+h) = (clg) + (clh) = (cl(inf; 04,)) + ONp ()

and both functions o¢ and (cl(inf; 04,)) + 0N, (2) coincide at §. Conse-
quently, taking into account (2.50) and remembering that h is contin-
uous at zg € dom g C dom(cl g), Proposition 4.1.20 and (4.13) produce

0 £ C = doc(0) C ((clg) + h)(6)
= 3(clg)(8) + On(0) = A(cl(inf; 0.4,))(0) + Np(z).  (4.84)

In particular, the function cl(inf; o4,) is proper for having a non-
empty subdifferential at 6. Then, thanks to Proposition 3.2.8(i7)
applied to the net (cl A;);, which is also non-increasing, we have that
A:=n;clA; # 0 and cl (inf; 04,) = cl(inf; 04 4,) = 04. Consequently,
again by (4.13), (4.84) leads us to C' C doa(0) + Np(x) = A+ Np(z),
which is the desired inclusion. m

In the following proposition we avoid the continuity assumptions
in Proposition 4.1.20, replacing f and g with the respective aug-
mented functions f + Ijom ¢ and g + Iqom - More general formulas will
be established in section 7.2. Remember that F(x) is defined in (1.4).

Proposition 4.1.29 Let f,g: X — Ry, be proper convex functions.
Then, for every x € X,

f+9)(z) = N (O +Irndomg)(®) + (g + Irndom £)(2))

LeF(x)
(4.85)
Additionally, if ri(dom f Ndomg) # 0 and the restriction of g to
aff(dom f Ndom g) is continuous on ri(dom f Ndomg), then

8<f + g)(x> = 8<f + Idomg)(x) + a(g + Idomf)(x)- (4'86)

Proof. If x ¢ dom f N dom g, (4.85) and (4.86) trivially hold. We pro-
ceed by showing (4.86) when x € dom f Ndom g and assuming, with-
out loss of generality, that § € dom f Ndomg; so, E := aff(dom f N
dom g) is a closed subspace of X. Let us introduce the proper convex
functions f, §: E — Rog defined by
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f: (f +Idomg)|E7 g = (g +Idomf)|E-

Notice that dom f = dom § = dom f Ndomg. Then, by Proposition
4.1.20, the additional continuity assumption yields O(f + §)(z) =
Of(z) + 9g(x). So, we get (see Exercise 55(i7))

8(f+ g)(fl/’) = a(f + Idomg)(x) + a(g + Idomf)(x) + EJ_v

which easily leads us to (4.86).
To show (4.85) we observe that, using (4.16),

of +g)(x) = LEQ( )O(f +9+1)(x)

= N O((f+1Irndomg) + (9 + Indom ) (), (4.87)
LeF(x)

where each pair of functions f + Irndom g and g + I ngom 5 satisfies the
assumptions of the paragraph above. Thus,

I((f +Irndom ¢) + (9 + Irndom £))(®) = O(f + LLndom ¢) () + 9(g + Irndom £)(2),

and (4.85) follows from (4.87). m

4.2 Convex duality

In the present section, we use the previous dual representations of the
support function of sublevel sets to provide a new and unified approach
to convex duality, covering Lagrange and Fenchel duality. The results
here will be applied later, in section 8.2, to develop a duality theory
for convex infinite optimization. We begin by extending Theorem 3.3.1
by providing dual representations of the function pg : X* — R defined
by

pola’) = = inf (fo(e) ~ (a".2)). (4.38)

by means of the conjugates of fo and f. Remember that the statement
of Theorem 3.3.1 corresponds to fop = 0, where (4.88) takes the form

pola) = = int | ( (2".2) = o1y (=),
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The function pgy : X* — R gives a particular example of what we will
later call (linear) perturbation functions of the optimization problem

inf{y<o) fo.
Theorem 4.2.1 Let functions fo, f € Io(X) such that

[f < 0] Ndom fy # 0.

Then we have
po=et (inf (50(af)") (4.89)
and
epipo = cl(epi f5 + Ry epi f*). (4.90)

Proof. Fix z* € X*. Since inf[;<q) fo < +00 and dom fo N dom Ij;<q #
() by the current assumption, Proposition 4.1.16 yields

[}Igl%} (fo— %) = nf(fo +Ijy<o — 27)
= —(fo + Ip<0)"(z") = —cl(foUop<o)(2”).  (4.91)
Thus, since [f < 0] # 0, by applying (3.30) to oy<q) we obtain
po(z*) = cl(fiOcl(infaso(af)™))(¥). (4.92)

Now we proceed by showing that the inner closure in (4.92) can be
dropped out. Indeed, the convex functions fiOcl(infy,~o(f)*) and
f50(inf4>0 (e f)*) have the same (proper) conjugate which is, by The-
orem 3.2.2, given by

0" +sup(af)™ = fo+sup(af) = fo+ <.
a>0 a>0

So, again by Theorem 3.2.2, we have cl(fi0cl(info~o(af)*)) =
cl(fyO(infas0(af)*)), and (4.89) is derived from (4.92).

Now, due to (4.91), we have py = cl(f3Do(s<o)) and so, applying
(3.31), we obtain

epipy = cl(epi(fgOopr<o))) = cl(epi f§ + epiofr<q))
= cl(epi f5 + cl (R4 epi f*)) = cl(epi fy + Ry epi f7);

that is, (4.90) also holds. m
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The following result simplifies the representation of the value func-
tion pg given in (4.89) by removing the closure there.

Theorem 4.2.2 Given convex functions fo, f: X — Ry, we assume
that
[f < 0]Ndom fy # 0.

Then we have

[}2% ] fo = max inf (fo(z) + af(z)). (4.93)

Moreover, if one of the functions fo and f is finite and continuous
at some point in the domain of the other (or, more generally, under
any condition ensuring that (fo + af)* = fO(af)* with exact inf-
convolution), then

inf fo=— min (i) + (@f)"(-a").  (4.94)

[£<0] zreX*, a>0
Proof. First, if inf{y<q) fo = —o0, then we get

;g}f((fo(x) +af(z)) < [}2%] fo(z) = —oo for all o > 0,

and (4.93) holds trivially. Thus, taking into account the current
assumption, we suppose in the rest of the proof that —oco < inf[;<q fo <
+00. Let us express inf[;<g] fo as the following optimization problem,
posed in X x R:

0= emexih jo? = o@D, (495)
fo(x)—~v<0,

where h : X x R — R, is the convex function defined by

h(z,7) := max{f(z), fo(z) =~} (4.96)

Next, taking any point xo € [f <0]Ndom fy, we observe that
h(zo, fo(zo) + 1) = max{f(zg),—1} < 0; that is, [h < 0] # (). There-
fore, according to (3.38) in Theorem 3.3.4, relation (4.95) gives rise
to

[}gi;)]f = —min(5h)7(0, —1) = max(—(5h)"(0, -1)). (4.97)



134 CHAPTER 4. FUNDAMENTAL TOPICS IN ...

Furthermore, taking into account Corollary 3.4.9 and (2.45), for each
given 3 > 0 we have

—(Bh)"(6,-1) = inf {y+ Bmax{f(z), fo(x) —~}}

rzeX,veR

= inf max {y + (1 —n)f(z) + Bnfo(x) — By}

(z,y)EX xR ne€l0,1]

= max inf inf ¢ (7), (4.98)

ne[O 1] x&€dom fNdom fo ~€ER

where ¢ : R — R is the function (depending on x € dom f N dom fj,
B> 0and n € [0,1]) defined as

P(y) = A =nB)y +nbfo(z) + B —n)f(z);
that is, (4.97) reads

inf = max inf inf .
[F<0] f() £$>0,n€[0,1] z€dom fNdom fo YER "(/J(’}’)

Since inf,er(y) is equal to 0 or —oo (because v is affine) and
inf[;<g) fo € R, the maximum in the last expression is reached when
nB = 1; that is, 8 > 1 and

[JICI%%} fO - Iglgi( xedomi?rgdomfo(fo(x) + (ﬂ B 1)f(37))

— max m)f((fo( x) +af(r)),

a>0
showing that (4.93) holds.
Finally, taking into account (4.93) together with Proposition 4.1.20
and the fact that the functions fy and o f satisfy the same continuity

assumptions as those imposed on the functions fy and f, (4.94) follows
as

inf fo=max inf (fo(z) + af(z)) = —min(fo + af)*(9)

[f<0] a>0 zeX

=— _min _ (fy(@") + (af)*(—2)).

a>0, x*eX*

]
Theorems 4.2.1 and 4.2.2 can be written in a more general form. In
fact, defining the function F': X x R —-R, as

F(z,y) := fo(z) + Ijp<y (),
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we get

[}2%] fo= inf F(z,0),

and the conclusion in Theorems 4.2.1 and 4.2.2 can be read as a relation
involving F' and its conjugate. With the choice of F' above, the con-
dition [f < 0] Ndom fy # 0 is equivalent to inf, F(z,0) < 400, while
the existence of a point zo € [f < 0] Ndom fy is nothing other than
the continuity of F'(zg,-) at 6 (in fact, we have that F'(zg,-) = fo(zo)
in a neighborhood of 0).

More generally, we can be interested in finding a dual representation
of the quantity inf,cx F(x,60) in terms of the conjugate of F, for any
convex function F': X X Y— R.,. We have the following result whose
proof is based on Theorems 4.2.1 and 4.2.2.

Theorem 4.2.3 Given another lcs Y, we consider a convex function
F: X XY — Ry such that inf e x F(z,0) < +00. Then we have

zlg’( F(z,0)=—cl <y11€11f/ F*(,y*)> (). (4.99)

In addition, if there exists some xg € X such that F(xg,-) is finite and
continuous at 0, then

inf F(x,0) =— min F*(6,y"). 4.100
Inf F(z,0) nin, 0,y7) ( )
Proof. We consider the convex functions fy, f : X XY — R, defined
by
Jfo:=F, f:=Ixxp —1,
so that

[f <0]ndom fo = {(z,0) € X xY : F(x,0) < +oo} # 0,

and (af)* = ox (9 + @ = Ijgyxy+ + afor all @ > 0. Therefore, apply-
ing Theorem 4.2.1 in X X Y, we obtain
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BEFEO) = it ) = (i (5000 ) 0)

——al(inf (0 +0) )

= —cl (f{00ggyy+) (0) = —c1< inf F*(-,y*)> (©),

y*eY*

and (4.99) follows.
To establish the second assertion, we observe that

[f <0]ndom fo = [f <0]Ndom fo = {(z,0) € X XY : F(x,0) < 400} # 0.
So, by (4.93),

I P8 = i fo=msy Bl (olma) + of(@.0)

- 1(11128( :ve)lg,lgeY(F(m’ y) + Ixxqoy(z,y) — @)

= xe)i({lgey(F(x, Y) + Lxsqoy (2,9) = —(F + Ix o))" (0).

Moreover, using Example 4.1.25, we have that

(F +1Ixxy)"(0) = yﬂélg} (F*(0,y*) + Lgyxy= (0, —y*)) = yng} F(0,y"),
and the desired relation follows. m
Anticipating the analysis of duality that we will develop in section
8.2 for infinite optimization, here we rewrite the previous results using
the language of the classical duality theory. To do this, given convex
functions f; : X — Ry, ¢ =0,...,m, m > 1, we consider the convex
optimization problem

P inf
(P) PR fo(z),

together with its Lagrangian dual problem

D) sup inf L(x, A
®) sup inf Lz

given through the so-called Lagrangian function L : X x R™ — R :

L(xz,\) := fo(z) + M fi(@x) + ...+ A fm(x), A= (A1, ..., Am) € R™.
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The following result establishes the (Lagrangian) strong duality
between (P) and (D), asserting that problem (D) has optimal solutions
and that the optimal values of (P) and (D) coincide. This is possible
thanks to the Slater condition, which requires the existence of some
xo € dom fy such that

0. 4.101
12, filwo) < (4.101)
Corollary 4.2.4 Given convex functions f; : X — Ry, i=1,...,m,

m > 1, we assume the Slater condition. Then the strong duality between
(P) and (D) holds; that is,

inf = f L(x, A\
il fo@) = max inf L(z, ).

Proof. Applying Theorem 4.2.2 with f := maxj<i<y, fi, we obtain

b}g{)] fo = max inf (fo(z) + af(z)).

Thus, by (2.45),

[}2%] Jo = max inf Sup (fo(x) + adifi(z) + ...+ aXpfm(x)),

and Corollary 3.4.9 gives rise to

[}I%%] fo= meax max mlélf (folz) +arifi(x) + ...+ alnfm(x))

= max inf L(x,\).
AERT zeX

|

The above duality result can also be included within the more gen-
eral framework of Fenchel duality. Given another lcs Y and a convex
function F': X x Y — R, we introduce the family of problems

(Py) wig)f(F(I,y), yey,

and

Dy f F* * e X*
(f)ylgy ( )73}6 ’
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respectively called perturbed primal problem and perturbed dual prob-
lem. Problem (Py) is referred to as primal problem, and (Dy) as dual
problem (of (Pg)). Let us represent by vp : Y — R and vp : X* — R the
perturbed optimal value functions of (Py) and (D.-), respectively; that
is,

vp(y) := xlg’(F(x,y) and vp(z*) := y}g}f/*F (x*,y").

Then vp and vp are convex since they are marginal functions of the

convex functions F' and F™*, respectively, and vp(6) and vp(#) coincide
with the optimal values of (Py) and (Dy):

vp(0) = v(Py) := inf F(z,0) and vp(0) = v(Dy) := inf F*(0,y").

reX y ey
It is worth noting that when F' € T'g(X X Y'), problem (Py) can also be
seen as a dual problem of (Dy), considering that we are dealing with
the compatible dual pairs (X, X*) and (Y,Y™), so that X** = X and
Y** =Y. In fact, representing (Dy) as

inf F*(0,y") = inf G(y*,0),

At 0,97) S (y*,0)
where G € To(Y* x X*) is defined by G(y*, z*) := F*(z*, y*), the dual
of (Dy) is given by inf,c x G*(0, x). Therefore, applying Theorem 3.2.2,
we have

G*(G,x) = sup {<$*,$> - G(y*,l‘*)}
zreX*, yrey*
= sup {{z*, ) — F*(z*,y")} = F**(x,0) = F(x,0),
zrEX*, yreY*

and infyex G*(0,2) = inf e x F(z,0). In other words, the dual of (Dy)
is nothing more than the primal problem (Py).
The main conclusion of Theorem 4.2.3 implies that

r€X y*EY
= —(clw)(#) = —wp(0),

ve(0) = inf F(z,0) = —cl< inf F*(-,y*)) (0)

and, consequently, we have the weak duality between (Py) and (Dp) :

v(Pp) 4+ v(Dg) > 0.
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Moreover, when F(xq, -) is finite and continuous at € for some z( € X,
the second conclusion of Theorem 4.2.3 implies that

ve(6) = inf F(z,0) = - uin (-y")(0) = —up(0),

giving rise to the strong duality between (Py) and (Dy) : the dual prob-
lem (Dy) has optimal solutions and there is a zero duality gap; that is,
v(Pg) + v(Dg) = 0. The following corollary summarizes these facts.

Corollary 4.2.5 Let F: X XY — Ry, be a convex function such that
infyex F(x,0) < +00. Then the weak duality holds between (Py) and
(Dp). Furthermore, if F(xo,-) is finite and continuous at € for some
xo € X, then the strong duality is also fulfilled.

It is worth observing that Corollary 4.2.5 can also be used to estab-
lish the (Lagrangian) strong duality given in Corollary 4.2.4 (see Exer-
cise 48). We also give the following example, which is a useful illustra-
tion of Corollary 4.2.5.

Example 4.2.6 Given two convez functions f,g: X — Ry such that
dom f N'dom g # (), we consider the convexr function F : X x X — Ry,
defined as

F(z,z) = f(x) 4+ g(z + 2).
So, direct calculations give rise to
F(a®,2%) = f*(a" = 27) + g7 (27),
and problems (P,) and (Dy+) are written in the form

(P,) inf (f(x)+g(x+2)), z € X,

zeX

(D) _inf (f*(2" =2 +¢°(z")), @” € X",

If g is finite and continuous at some point xg € dom f, then F(xg,-)
s finite and continuous at 6. Therefore, Corollary 4.2.5 implies the
strong duality between (Py) and (Dy); that is, we have

inf (F() +9(2) = — mip (F7(") +9°(=2")).

which is nothing other than the conclusion of Proposition 4.1.20(1).
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Since the supremum function will be our main concern in the next
two chapters, we take advantage here of the duality theory presented
above to provide a dual representation for optimization problems writ-
ten in the form inf x (max{f, g}).

Example 4.2.7 Given two convex functions f,g: X — Ry such that
dom f N'dom g # (), we assume that g is finite and continuous at some
point xg € dom f. We introduce the conver function F : X x X — Ry
defined as

F(JJ, Z) = max{f(m),g(m + Z)},
which is also written, using (2.45), as

F(SE,Z) = /\Iél[%?i F)\(I',Z),

where F : X x X — Ry is the convex function defined as F)\(x,z) :=
A (z) + (1 — AN)g(x + 2). Observe that each function Fy(xo,-) is finite
and continuous at 6. Then, using Corollary 3.4.9, we have

inf F(x,0) = inf max F\(z,0) = max inf F\(z,0),
zeX z€X \g(0,1] A€[0,1] zeX

where, thanks to Corollary 4.2.5,

;g)f( F\(z,0) = — min FY(0,2") for all X € [0,1].

Consequently,

inf (max{(e),9(e)) = it F(2,0) = o (— min 756,27

and, since FY(0,2") = (A f)"(—=2") + ((1 = N)g)*(2*), we conclude that

inf (max{f(z),g(z)}) = — _ min }((Af)*(z*) + (1 =A)g)"(=2%)).

zeX z*eX*, \€[0,1

We close this section by introducing another type of duality, called
Singer—Toland duality, which is also a consequence of Theorem 3.2.2.
Note that when g = 0, (4.102) reduces to the simple relation infx f =

—f*(0).
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Proposition 4.2.8 Consider two functions f,g: X — Ry such that
freTo(X*) and g € To(X). Then we have

inf (f(z) —g(z)) = inf (¢"(z") — f*(27)). (4.102)

reX rreX*

Proof. We have, for all * € X*,

inf (f(z) —g(x)) = inf (f(z) = (2%, 2) + (2", 2) — g(x))

zeX zeX

< inf (f(2) = (2%, 2)) +¢7(27) = = f7(27) + g7 ("),

and, taking into account our conventions, we conclude that

Inf (f(2) —g(2)) < _inf (9"(z") = f*(2")).

Moreover, since g* € T'g(X) by Proposition 3.1.4, arguments similar to
the above ones show that

Jinf (g"(@") — /(@) < It (£7(@) — " (@) < L (f(z) ~ 9" ()

and the desired equality follows as ¢g** = g, due to Theorem 3.2.2. m
Proposition 4.2.8 allows us to express the conjugate of the difference
f — g in terms of the conjugates of f and g.

Corollary 4.2.9 Consider two functions f,g: X — Ry such that
ffeTo(X*) and g € To(X). Then we have that

(f —9)" = f"Bg":= sup (f*(z" +:) = g"(7)).
ZrEX~

Proof. Given z* € X*, we have

(f —9)" (") = — inf (f(z) — (2", ) — g(z)),

zeX

and Proposition 4.2.8 applied to the pair (f — x*, g) yields

(f —9)"(@") = = inf (9"(z") = f7(z" +27)) = (f"Bg") ().
]
The following result establishes (global) necessary optimality con-
ditions for unconstrained dc (difference of convex) optimization. This
extends the classical optimality conditions for convex functions (see

(4.8)).
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Proposition 4.2.10 Given f,g € T'o(X), we assume that z is an e-
minimum of the dc optimization problem infx (f — g). Then

05g9(x) C Osef(x) for all 6 > 0.

Proof. Take 6 > 0 and z* € Js5g(x). Observe that f* € I'o(X™), due to
Proposition 3.1.4. Then, according to Proposition 4.2.8, for all z* € X™*
we have

f(z) —g(z) < igl(f(f—g) +e
=inf(g" - ") +e < g"(a") = [*(2") + &

Thus,
f@)+ (") <g(x) +g"(2%) + e < (z,27) + 6 +¢,

and we deduce that z* € Js.f(x). ®

4.3 Convexity in Banach spaces

In this section we adapt some results from previous sections for the
setting of Banach spaces. We consider a Banach space X and denote by
X* and X** the associated dual and bidual spaces, respectively. All the
given norms are denoted by ||-|| (when no confusion is possible), while
Bx(x,r) is the closed ball centered at x € X with radius r > 0. The
unit ball is Bx := Bx(0,1). The balls Bx-(z*,r) and Bx+-(z,7), when
¥ € X* and z € X**, as well as the closed unit balls Bx~ and By« are
defined similarly. We identify X as a linear subspace of X** by means
of the injection z = & := (-,x) : X* — R (see (2.26)). Along with the
norm topology on X** we will also consider the w*-topology w** =
o(X**, X*) together with the associated convergence —*"". Remember
that —» and —"" represent the convergence with respect to the weak
topologies w = o(X, X*) and w* = o(X*, X), respectively, and that
— denotes the norm-convergence in X, X*, and X**.

The main issue in the current Banach setting is that sometimes one
is led to use the norm-topology on X*, even though it is not compatible
with the dual pair (X, X*) outside reflexive spaces. For instance, given
a function f: X — R, nothing prevents defining the conjugate (f*)*
of f* as a function defined on X** by
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(f)"(z) = sup{(z,2") — f*(a") : 2" € X"}, 2 € X",

It follows easily from this definition that the restriction of (f*)* to X
coincides with the biconjugate of f, f**, introduced above and, there-
fore, Theorem 3.2.2 implies that the restriction to X of (f*)* coincides
with the closed convex hull ¢of under simple conditions satisfied by f.
However, a relation of the form (f*)* = ¢of on the whole space X** is
obviously out of the scope of this book. Another difficulty that arises
in the Banach setting comes from the fact that the subdifferential of
f* is a subset of X** and, thus, 0f*(z*) might contain elements in
X**\ X. The following example illustrates the last observation.

Example 4.3.1 Take
X =co:={(zn)n>1:2n € R, x, — 0},

endowed with the £s-norm, so that X* = {1 and X** = f. We con-
sider the function f :=1lp,, so that f* = |||, and f* is continuous.
Moreover, for every x* € €1 such that x;, > 0 for alln > 1, it is known
that f* is Gateauz-differentiable at x* (see Exercise 58), so that

of(x") ={(fal")} ={, 1,..)} C L\ 0.

One of the possibilities to overcome the aforementioned difficulty is
to use the compatible dual pair ((X™, ||-],), (X**, w**)). To do this, we
begin by introducing extensions to the bidual space X** of functions
defined on X. Associated with a function f : X — Ry, we consider its
extension f : X — Ry to X** given by

sy fle),ifz=12, z € X,
f(z):= {+oo, if not, (4.103)

where x € X — & := (-,x) € X is the usual injection mapping. Note
that the closure of f with respect to the w**-topology, denoted by
¥’ f: X* = R, is given by

(I f)(z):= liminf  f(y)= liminf f(z),

y—w z ye X w2 reX

so that, for all x € X,

(e f)x(@) = (c1” f) (x) :== liminf _f(y), (4.104)

y—vr, yeX
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where ¢l f denotes the closure of f with respect to the weak topology
w = o(X,X™*). Thus, in the particular case where X is reflexive, we
have that f = f and, thus, cI*" f = cl¥ f. Also, taking into account
(3.7), we easily check that

= (f) = (¥ f)* and 0.f(z) = 0.f(x) for every x € X and € > 0.

The following lemma, which is used in the proof of Theorem 4.3.3
below, establishes another relation between d(cl”” f) and d(cl¥ f).

Lemma 4.3.2 For every function f: X — Ry, we have
X 0@ f))~t = (0 )

Proof. Consider the compatible dual pair ((X**, w**), (X*,||-||)). We
have that z € X N (9(c1¥" f))~'(«*) if and only if € X and, by
Proposition 4.1.6(v),

(" f)) + (" fyr(@*) = (2", ).

Then, given that (I f)(z) = (cI* f)(z) because z € X, and (I f)*
= (f)* = f* = (cI¥ f)*, due to (3.7), the above relation reads (cI” f)(z)
+ (cI¥ f£)*(2*) = (x*, x) ; equivalently, = € d(cl* f))~!(z*). Therefore,
e XN (A f) Y (z*) if and only if z € ((cl® £)) " (z*). m

The following result specifies Theorem 3.2.2 to the current Banach
spaces framework, where the dual space X* is endowed with its dual
norm topology. When applied to the indicator function of the unit
closed ball in X, By, this result gives rise to the Goldstein theorem

(Exercise 65).

Theorem 4.3.3 Let f: X — Ry be a function having a continuous
affine minorant. Then

(f) =" (f) (4.105)

and, in particular,

((f))x =cof. (4.106)

Proof. The function f satisfies ( f)* = f*. Then, considering that
((X*,w*), (X*,]|-]|])) is a compatible dual pair, it follows that the
conjugate of ( f )* is nothing other than the biconjugate of f; that is,
(f)* = ((f)*)* = (f)**. Also, using the current assumption, if x5 € X*
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and a € R are such that f(-) > I(-) := (z{,-) + «, then any affine con-

tinuous extension [ of the mapping [ to X** satisfies f(-) > I(-). There-
fore, applying Theorem 3.2.2 in the pair ((X**, w**), (X", |-|])), we
conclude that

(f) =) =" (f),

which entails the first assertion of the proposition. Finally, for each
z € X, (4.105) gives rise to

(F)x(@) = (@77 () () = (" (c0 ) (@),

where co f is the extension of the functlon co f to X**, as defined in
(4.103). Thus, as we can easily verify that co f = co f the last equality

above yields ((1*)")x(e) = (clico /) (¢) = (cof)(a). m

Although 0f*(x*) may not have points in X (as in Exercise 58), the
following corollary shows that the approximate subdifferential . f*(x*)
with € > 0 can be built on its elements in X. Remember that the
Mackey topology on X* is denoted by 7.

Corollary 4.3.4 Given a function f € I'g(X), for every x* € X* and
€ >0, we have

O.f* (%) = ¥ (O f* (2*) N X) = ¥ ((0-F)"L(z*)),  (4.107)

and, consequently,

Of (z*) = N " (0-f* (") N X) = () eI ((0:-f) "} (a"))-

e>0 e>0

In particular, if f* is T-continuous at x* € X*, then for everye >0

O-f*(a*) = (9-f) 7" (z%). (4.108)

Proof. Fix 2* € X*. Taking into account that ( f*)i"X = f by Theorem
4.3.3, for all € > 0 we have that

Of (@ )NX ={z€ X : f(a") + (f")"(2) < (2,27) + e}
={z e X : f (") + f(z) < (@",z) + e} = (0.f) " (=").
(4.109)

Furthermore, by applying Proposition 4.1.12 in the pair ((X*,||-|]),
(X, w*)), when € > 0 we get



146 CHAPTER 4. FUNDAMENTAL TOPICS IN ...
(f)L(z";2") = Oy f+ (@) (27) for all 2* € X*.

The same proposition applied in the pair ((X™*, w*), (X, ||-||)) gives rise
to
(f)(z*;2%) = 0o f+(z)nx (27) for all 2* € X*.

Consequently, combining with (4.109),

U@ef*(z*)(z*) = Jc‘)gf*(x*)ﬂX(z*) = U(agf)q(x*)(z*) for all z* € X*,

and Corollary 3.2.9 implies the first statement of the corollary. The
second statement is an immediate consequence of the first.

To show the last statement, we assume that f* is 7-continuous at x*.
Then f* is also norm-continuous at z* and by applying Proposition
4.1.22, first in the pair ((X*,|-|]), (X**,w**)) and next in the pair
(X*,7), (X, |]]l)), we deduce that

0.4+ (27) = (F7)a(z":27)
= 0y f+(z)nx (#7) for all 2" € X* and ¢ > 0.

This shows that O.f*(x*) =cl*" (0.f*(x*) N X), due to Corollary
3.2.9. Moreover, since f* is T-continuous at x*, by applying Proposition
4.1.22 to the pair ((X*,7), (X, w)) it follows that the set 0. f*(z*) N X
is w-compact and, thus, w**-compact. So, 0. f*(2*) = 0-f*(z*) N X =
(0-f)"(z*), due to (4.109). m

Remember that (4.108) above holds for every function f € I'o(X)
when X* is endowed with the w*-topology (see (4.18)). As an illustra-
tion, we apply it in the following example to the indicator function of
the closed unit ball in X, Bx.

Example 4.3.5 Consider the convex function f =1p,, so that
[ =0By =0By.. = ||, (the norm in X*),
due to the Goldstein theorem. Therefore, f* is obviously (norm-) con-
tinuous in X* and we have, applying (4.14) in the compatible dual pair
(X (1), (X, w™)),
af*(@) = By«
At the same time, applying (4.13) in the compatible dual pair ((X*,w™*),

(X, |I)ID), we get 0f*(0) N X = Bx and, again, the Goldstein theorem
yields
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Of*(0) = Bx+ = cl¥ (Bx) = cl* (0f*() N X).

This formula can also be obtained from (4.107), since 0. f*(0) = 0f*(0)
by the positive homogeneity of the norm.

Next, we discuss the continuity assumption imposed on f* in Corol-
lary 4.3.4: If f*=||-|l, is T-continuous somewhere, then Corollary
2.2.7 would imply that f* is also T-continuous at 6. Consequently,

(4.108) would lead us to
Bx. = 0f*(0) = 0f*(#) N X = By,

and X would be a reflexive Banach space. But if, instead of the -
continuity, we assume the (more restrictive) w*-continuity of f* at 0
(equivalently, somewhere in X*), then, due to the continuity of f =
Ip, at 8, Proposition 3.3.7 would imply that X is a finite-dimensional
space.

The following result is the well-known Ekeland variational principle,
which is stated in the broader framework of complete metric spaces.

Theorem 4.3.6 Let (X,d) be a complete metric space, and let f :
X — Ry be an Isc function, which is bounded below. Let xg € X and
€ > 0 such that

f(zo) <infx f +e.
Then, for every X\ > 0, there exists x) € X such that
d(l’,\,xo) <A ’f(:L’,\) - f($0)‘ <S¢,

and
f(zy) < f(z) +ex"td(zy, x) for all z # ).

Proposition 4.3.7 shows that the e-subdifferential of convex func-
tions defined on Banach spaces is approximated by exact subdifferen-
tials at nearby points.

Proposition 4.3.7 Given f € T'o(X) and x € dom f, for every ¢ >
0 and x* € O.f(x) there exist x. € Bx(x,+/¢), y> € Bx-, and \. €
[—1,1] such that

zl =" 4+ e(y! + Ax”) € Of (x.),

and
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(a2, 2 —@)| S+ VE, [f(z) = f(2)] < e+ Ve

Proof. Fix x € dom f, € > 0, and z* € 0. f(x). We consider the func-
tion g := f(-) — (z*,-) € ['y(X), so that

g(z) <infx g+¢;

that is, g is bounded below by g(x) — e € R. Then, applying Theorem
4.3.6 with A = /¢ in the Banach space (X, ||-||,), where |||, := ||| +
|(z*,-)|, we find z. € X such that |g(z.) — g(z)| < e,

lze = zllg = [z — 2|l + (27, 2 — 2)| < Ve (4.110)
and
g(z.) < g(2) +Vellz — x| + Ve [(a*, 2 — x.)| for all 2z # x..

Hence, since 9(||- — z.||)(z:) = 0 |]|| () = Bx- by (4.14), and (see
Example 4.1.21)

O(a”, - —x)| (x) = (2", ) (0) = [-1, 127,

by Proposition 4.1.20 we find some y* € Bx+ and A: € [—1,1] such
that

0 €0(g+ Vel —aell + Vella™,  — xze)]) ()
= 89(55%) - \/Ey: - \/g)\sx* = af(ws) -z = \/gy: - \/g)‘ax*§

that is, 2} := 2* + /e(yF + A\.x*) € 9f(z.). Moreover, using (4.110),
|<‘7:;< - .CC*,xE - (L’)’ = \/EK?J: + )\51;*7'775 - .'L’)’

< VE(ly I llwe — 2l + [Acl (2, 22 — 2))
< Vellze —zfly < e

Thus, again by (4.110), we have |(z}, z. — 2)| < [(zf — 2*, 2. — x)| +
Ve < e+ /e, and the inequality |g(z.) — g(z)| < € entails

[f(ze) — f@)| e+ [a" z—a)| <e+ Ve

|
The following result gives another variant of Proposition 4.3.7.
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Proposition 4.3.8 Given f € T'4(X) and x € dom f, for every e > 0
and z* € 0.f(x) there exist x. € Bx(x,+/€) and x¥ € Of(x) such that
|22 — 2*[| < Ve and |f(ze) — f(z) + (2", 2 — zc)| < 2e.

Proof. The proof is similar to that of Proposition 4.3.7, but applying
Theorem 4.3.6 in the Banach space X (endowed with the original norm
instead of [-||,). m

The following result is a notable consequence of Proposition 4.3.7
which, in particular, shows that a function from I'g(X) is subdifferen-
tiable in a dense set of its effective domain. A non-convex version of
this result is provided in Corollary 8.3.10.

Corollary 4.3.9 The following assertions hold for every function
fe Fo(X) :

(1) For every x € dom f, there exists a sequence (), C X norm-
convergent to x such that f(x,) — f(x) and Of (x,) # O for alln > 1;
that is, in particular, cl(dom f) = cl(dom 9f).

(ii) For every x* € dom f*, there exists a sequence (x}), C X*
norm-convergent to * such that f*(x}) — f*(z*) and x}, € Im Of for

n

all m > 1; that is, in particular, clH'”*(dom M= cl”'H*(Im of).

Proof. (i) Take x € dom f and ¢ > 0, so that J.f(z) # 0 by Propo-
sition 4.1.10. Next, given x* € 0. f(z), Proposition 4.3.7 yields some
z. € Bx(x,v/€) and z¥ € 0f(z.) such that |f(z.) — f(z)| < e+ Ve
This proves assertion (i) as well as the relation cl(dom f) = cl(dom 9f).

(74) The proof of this part also uses Proposition 4.3.7 (see the bib-
liographical notes of this chapter). m

We close this section by giving, without proof, a well-known primal
characterization of the differentiability of conjugate functions in the
setting of Banach spaces. A non-convex counterpart to the following
result is given in section 8.3.

Proposition 4.3.10 The following assertions are equivalent for every
function f € T'o(X) :

(i) The function f* is Fréchet-differentiable at x*, with Fréchet-
deriwative (f*) (x*).

(13) For every sequence (xy)n C X such that (xy,x*) — f(z,) —
[*(z*), we have that (xy), norm-converges to (f*)(x*), and so

(f)(z7) € X.

Proposition 4.3.10 applies to the support function and gives rise to
the following result.
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Corollary 4.3.11 The following assertions are equivalent for every
non-empty closed convex set C' C X :

(i) The support function oc : X* — Ry is Fréchet-differentiable at
z* € X* and (0¢) (2*) € X.

(i) For every sequence (zy)n C X such that (zp,x*) —Io(zy) —
oco(z*) € R (equivalently, (xn,x*) — oc(x*) with (x,), C C), we
have that (), norm-converges to (o¢) (x*).

We recall below the Stegall variational principle, which is valid in
Banach spaces with the RNP. A slight extension of this result will be
proved in Corollary 8.3.8. We need the following definition.

Definition 4.3.12 Given a function f: X — Ry and a set C C
dom f, a point x € C is said to be a strong minimum of f on C if
every sequence (Tp)n C C such that f(x,) — info f converges to x.

Theorem 4.3.13 Let X be a Banach space with the RNP, let the
function f: X — Ry be Isc bounded below, and let C C dom f be a
closed bounded convex set. Then there exists some Gs-dense set D C X*
such that every function f —a*, with * € D, attains a strong mini-
mum on C.

4.4 Subdifferential integration

We provide in this section some integration criteria for convex func-
tions defined on the les X. The first result, given in Theorem 4.4.3,
uses an integration criterion that assumes continuity somewhere of
the involved functions or their conjugates. The need for such continu-
ity assumptions is necessary for the current setting of locally convex
spaces, as there are functions in I'g(X) with an empty subdifferential
everywhere.

We first prove a couple of lemmas related to the integration of func-
tions from I'g(R). The integral in the first lemma is given in the sense
of Riemann integration.

Lemma 4.4.1 Let ¢ € T'o(R) such that J := int(dom ) # 0 and take
a €R. Then ¢'(t;a) € R for allt € J,¢'(+; a) is non-decreasing on J
if > 0,¢(+; ) is non-increasing on J if a < 0, and we have

fszgo/(t; a)dt = a(p(s2) — p(s1)) for all s; < sa,81,52 € J.

S1
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Proof. Taking into account the positive homogeneity of the directional
derivative, we prove the lemma when o = 1 (the case a = —1 is sim-
ilar). Due to the convexity of ¢, by Corollary 2.2.8 the function ¢ is
locally Lipschitz on J, and Proposition 2.2.5 implies that ¢'(s; 1) exists
and belongs to R for every s € J. Moreover, using (2.40), for every
s1,82 € J and h > 0 such that s;1 < s1 + h < s9 < s3 + h we have

pls1th) —pls1) _pls2+h) —pls1) _ pls2+h) —pls2)
h B So+h — s - h '

So, letting h | 0, the non-decreasingness of ¢'(:;1) on J follows by
Proposition 2.2.5; hence, it is integrable on every set [s1,ss] C J.
Next, given [s1, s3] C J and 1 > 0, the integrability of ¢'(;1) yields
a subdivision typ = 51 < ... <ty = s2, k > 1, of [s1, s2] such that

Jowdt < 3 @t Dt — t) + 1.
0<i<k—1

Thus, since

¢'(ti; 1) = inf h=Hp(ti + h) = o(t:) < (tirr — ) (p(tiv1) — @(t:)),

we deduce that

Jodtdt < 3 (p(tis) = ¢(ti) + 1= @(s2) — p(s1) + 1.

(4.111)
Similarly, we find another subdivision (denoted in the same way for
simplicity) tg = s < ... < t; = $2, [ > 1, such that

f82 Ot 1)dt > > @ (tig; 1) (tigr — ti) — 7. (4.112)

0<i<l-1
Moreover, Proposition 2.2.5 entails
#'(ti+151) = lim h= e (tivr + h) = p(ti))

hl
> (t; — tig1) (@(tig1 + (i — tig1)) — @(tiy1))
= (ti — tix1) " (o(ti) — @(tit1)),

and (4.112) gives rise to
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[t 0)dt > Y (p(tivn) —@(ti) —n = @(s2) — @(s1) — 0.

0<i<l—1
(4.113)
Therefore, (4.111) and (4.113) lead us to

p(s2) = @(s1) = < [J2¢'(t1)dt < p(s2) — p(s1) + 1,
and we conclude the proof whenn | 0. m

Lemma 4.4.2 Let functions ¢, € I'o(R) such that J := int(dom @)
# 0 and
0p(s) C 0Y(s) for all s € R. (4.114)

Then ¢ and Y are equal up to some additive constant.

Proof. According to Proposition 4.1.22, (4.114) entails the following
relationship between the directional derivatives of ¢ and 1, for every
s € J (C int(domu))),

©'(830) = MaX g cpp(s) 5" < MaXgcgy(s) as™ = U'(s;a), for all a € R.
Then Lemma 4.4.1 gives as a result, for all s1 < s9, 51, 52 € J,a € R,
a(p(s2) — @(s1)) = (¢ (La)dt < [P0 (4 a)dt = a(db(s2) — ¥(s1)),

and the lower semicontinuity of ¢ and @ implies, due to Corol-
lary 2.2.10, that

©(s2) — (s1) = P(s2) — ¥(s1) for all s1,s9 € dom . (4.115)
At the same time, due to (4.18), we also have
Dp*(s) = (0p) 7 (s) C (O)1(s) = D*(s) for all s € R.  (4.116)
If int(dom ¢*) # 0, then the reasoning above also yields
0" (s2) — " (s1) = ¢¥*(s2) —¢™(s1) for all s1,s9 € dom ™, (4.117)
so that ¥* < p* + (¢¥*(s1) — ¢*(s1)) for any fixed s; € dom p* (the
last set is non-empty and we have ¥*(s1),¢*(s1) € R, by Proposi-

tion 3.1.4 and the fact dom ¢* C domv* coming from (4.117)). Thus,
by Theorem 3.2.2, we infer that ¢ <1 + (¥*(s1) — ¢*(s1)) and, so,
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dom ¥ C dom . Consequently, the conclusion of the lemma follows
from (4.115). Otherwise, if int(dom ¢*) = (), then the properness of ¢*
(also coming from Proposition 3.1.4) ensures that dom ¢* = {s*} for
some s € R. So, 9™ = I,y + p*(s*) and, again, Theorem 3.2.2 implies
that p(s) = s*s — ¢*(s*) for all s € R. In other words, dom ¢ = R and
(4.115) also leads us to the desired conclusion. m

Theorem 4.4.3 Given a function f € To(X) and an lsc function g :
X — Reo, we assume that (i) f is continuous somewhere or (i) f* is
T-continuous somewhere and g € To(X). If

Of(xz) C Og(x) for all x € X, (4.118)

then f and g are equal up to some additive constant.

Proof. The continuity assumption on f in (¢) implies, due to Propo-
sition 4.1.22, that Of(z) # 0 for all x € int(dom f). Thus, assuming
without loss of generality that 6 € int(dom f) and f(0) =0, we get
the continuity of f at 6 together with () # df(0) C dg(#) = d(cog)(h).
Therefore, 6 € int(dom g) and we obtain that (¢6g)(0) = g(6); hence,
we may also suppose that g(6) = 0.

Let us start by supposing that g is convex, so that g € I'o(X) as
9g(0) # 0. We also fix u € X and consider the functions ¢, € I'y(R)
defined as

o(s) = f(su) and ¥(s) := g(su), s € R. (4.119)

Notice that, for all sufficiently small s>0, we have that su € int(dom f)
by (2.15) and, so, the continuity of f at 6 ensures that ¢ is finite and
continuous at such small s. Then, the conditions of Proposition 4.1.20
are fulfilled and we obtain, for all s € R,

Op(s) = {(z",u) : 2" € 0f(su)} C {(z",u): z* € dg(su)} C OY(s).
(4.120)
Consequently, since int(dom ¢) # ) and f(0) = ¢g(f) = 0, Lemma 4.4.2
entails that

f(su) = g(su) + f(0) + g(0) = g(su) for all s € R,

showing that f(u) = g(u) for all u € X.

To finish the proof of case (i), we consider that g is any lsc func-
tion; that is, g is not necessarily convex but satisfies cog € I'o(X),
as a consequence of (4.118). Since 0f C dg C d(cog), by (4.118), and
(cog)(0) = f(0) = 0, the reasoning above implies that f = cog. More
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precisely, given any x € X such that df(x) # 0, (4.118) implies that
dg(x) # 0 and, so, f(z) = (cog)(z) = g(x). Moreover, if z € dom f C
cl(int(dom f)), then by (2.15) there exists a sequence (xy), C
int(dom f) such that =, — = and f(x,) — f(x). Hence, Proposition
4.1.22 ensures that f(z,) = g(xy,) for all n > 1 and, taking limits as
n — oo, the equality f = ¢og together with the lower semicontinuity
of g entails

f(z) =lim f(z,) = lim inf g(z,,) > g(z) > (cog)(z) = f(2);

that is, f(z) = g(x). The last equality also holds when x ¢ dom f, as
+oo = f(x) = (cog)(z) < g(x), and the proof is over under condition
Finally, under condition (77), (4.18) and (4.118) entail

of*(x*) = (0f) H(x*) € (8g) H(z*) = dg* (x*) for all 2* € X*,

and we are in case (). Then, applying the paragraph above in the pair
(X*,7),(X,%x)) yields f* = g* — ¢ for some c. Therefore, according
to Theorem 3.2.2, we have f = f** = ¢** + ¢ = g + ¢ and the conclu-
sion follows. m

The following corollary uses an integration criterion slightly weaker
than (4.118), which requires comparison of df(z) and dg(x) only on
the set int(dom f).

Corollary 4.4.4 Given a function f € T'o(X), which is continuous
somewhere, and an lsc function g := X — R, we assume that

Of(xz) C Og(x) for all x € int(dom f).

Then there exists some ¢ € R such that f = g+ ¢ on cl(dom f).

Proof. First, we assume that ¢ is convex, so that g € T'o(X) because
dg(x) D Of(x) # 0 for all x € int(dom f) (#£ 0) due to Proposition
4.1.22. Also, we assume without loss of generality that 6 € int(dom f).
We fix A € ]0,1] and denote Ay := Aidx (a multiple of the identity
mapping on X), which is an auto-adjoint mapping (i.e., A} = A)).
Then, using (2.15), we have that Acl(dom f) C int(dom f), and the
current assumption yields

A)\Of(Axx) C Ax0g(Ayz) for all z € cl(dom f).
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Thus, thanks to (4.58) in Proposition 4.1.20, we have for all z €
cl(dom f)

9 (f © A)\ + Icl(dom f)) (l‘) = Af\af(A/\:U) + Ncl(dom f) (.%’)
C A\99(Axz) + Nei(dom 1) ()
C 9 (g0 Ax + Laom p)) (2)-

This inclusion also trivially holds when z ¢ cl(dom f). Therefore,
because the involved functions are in I'g(X) and the convex function
J o Ax + Li(dom ) is continuous somewhere in X, Theorem 4.4.3 yields
some ¢y € R such that, for all x € X,

f(Al') + Icl(domf) (IL‘) = g()‘l‘) + Icl(domf) (l’) T e (4'121)

in fact, we have that ¢y = f(0) — g(0) =: c as § € dom f. Thus, taking
the limits as A 71 in (4.121), the lower semicontinuity of the given
functions and Proposition 2.2.10 imply that

f(z) = g(x) + ¢ for all z € cl(dom f),

and we are done when g is convex.
Finally, we suppose that g is any lsc function (possibly not convex).
Since df C dg C 0(cog), by the first part we conclude that

f(z) = (cog)(z) + ¢ for all = € cl(dom f). (4.122)

In particular, for all « € int(dom f) we have () # 0f(z) C dg(z) and,
so, f(x) = (cog)(z) + ¢ = g(z) + c. If v € dom f, then by (2.15) we find
a sequence (zp), C int(dom f) such that z, — = and f(z,) — f(z).
Therefore, using (4.122), we get

f(x) =lim f(zy) = lim inf g(2,) + ¢
> g(x) + ¢ = (cog)(z) + ¢ = f(x);

that is, f(x) = g(z) + c. Finally, if z € cl(dom f) \ dom f, then (4.122)
yields 400 = f(x) = (¢og)(z) + ¢ < g(x) + ¢, and the relation f = g +
¢ holds on cl(dom f). m

In the following proposition, we modify the integration criterion in
Corollary 4.4.4 requiring only that the subdifferentials of the functions
involved intersect over the set int(dom f) U int(dom g).
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Proposition 4.4.5 Let function f,g € T'o(X) be such that
Af(x) Ndg(x) #0 for all x € int(dom f) U int(dom g).

Then f and g are equal up to some additive constant, provided that
one of them is continuous somewhere.

Proof. The current assumption implies that int(dom f) C dom g and
int(dom g) C dom f; that is, int(dom f) = int(dom g). Thus, denoting
h:= fOg, the current assumption implies that int(domh)=
2int(dom f) = 2int(dom g), cl(dom h) = 2 cl(dom f) = 2cl(dom g) and
for all x € int(dom f) (see Exercise 49)

h(2z) = f(x) + g(z) and Oh(2x) = Of (z) N Dg(x) #0.  (4.123)

In particular, the convex function A is proper and continuous on
the interior of its effective domain. Moreover, given z € cl(dom f),
for every fixed z¢ € int(dom f) (C domg) and A € ]0,1[ we have that
z) = Axg + (1 — M)z € int(dom f), by (2.15), and (4.123) entails

f(x) + g(x) <liminfyo(f(x)) + g(zy)) = liminfy o h(2z))
< liminfy o(Ar(2z0) + (1 — N)h(22))
= liminfy|o(Af(zo0) + Ag(xo) + (1 — A)h(2z))
= h(2z) < f(z) + g(2),

showing that h(2x) = f(z) + g(x) for all x € cl(dom f). In addition, if
x ¢ cl(dom f), then 2z ¢ cl(dom h) and we obtain that +o0o = h(2z) <
f(z) + g(z) = +o0. Therefore, h(2-) = f + ¢g and Proposition 4.1.20
together with Exercise 49 yields, for all x € X,

O(h(2))(x) = 20n(2z) C 2(0f (x) N Bg(x)) = A(2f)(x) N O(29) ().

Then, according to Theorem 4.4.3, we find some constants c1, co € R
such that

2f(x) = h(2x) + c1 = 2g(x) + ¢o for all x € X,

and the proof is finished. m

To avoid the continuity assumption used in previous integration
criteria, we proceed by giving other conditions that wuse the
e-subdifferential.

Proposition 4.4.6 Given f € I'o(X) and a function g : X — Roo, we
consider a function ¢ :RY — RY such that limsup, (((e) =0 and
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assume the existence of some €9 > 0 such that, for all x € X and
e € 1]0,¢e0],
O-f(r) C Oc(o)9(w).

Then f and g are equal up to some additive constant.

Proof. Let us first suppose that g € T'g(X). In addition, since () #
O-f(z) C O¢(c)g(w) due to Proposition 4.1.10, we deduce that ) #
dom f C dom g. So, we may assume that # € dom f N'dom g and f(6) =
g(0) = 0. Next, we fix u € dom f (C dom g) and consider, as in (4.119),
the functions ¢, 1 € T'o(R) defined by

p(s) := f(su) and §(s) := g(su).

Then, due to Proposition 4.1.16, the current assumption entails for
every s € R

dp(s) = ) cl({(z"u) : 2" € O-f(su)})

e>0
C QOCI ({<ZE*,U> ¥ e ﬁc(g)g(su)})
C 6@gcl({<x*,u) s xt € 0.9(su)}) = 0Y(s). (4.124)

Note that if ) # int(dom ¢) (C R), then the function ¢ is continuous on
int(dom ¢) (Corollary 2.2.9) and Theorem 4.4.3 yields some constant
¢ € R such that

f(su) = @(s) =(s) + c=g(su) + ¢ for all s € R;

indeed, ¢ = f(0) — f(f) = 0 and the last equality reduces to
f(u) = g(u) for all u € dom f. (4.125)
Otherwise, if dom ¢ = {so} for some so € R, then ¢ = I, 1 + ©(s0),
and the conjugate of ¢, given by ¢*(s) = sos — ¢(s0), s € R, is obvi-
ously continuous. Therefore, again due to Theorem 4.4.3, (4.124) also

leads to (4.125), which in turn implies that

g(u) < f(u) for all u € X. (4.126)

At the same time, taking into account (4.18), the current assumption
also implies that, for each z* € X* and € € 0, ¢¢],
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0-f*(2*) = (0-1)"H(&") C (De2)9) ™' (&") = Doy g™ ().

Note that f*,¢g* € T'o(X™*) by Proposition 3.1.4; hence, we may also
assume that f*(0) = ¢g*(0) = 0. Therefore, the paragraph above (see
(4.126)) ensures that g*(u*) < f*(u) for all u* € X*, and Theorem
3.2.2 gives rise to the opposite inequality of (4.126). In other words,
the conclusion of the theorem follows when g € T'g(X).

Assume now that ¢ is any (proper) function so that, by the current
assumption, for each x € X and € € |0, &¢],

0-f(z) C O¢(c)g(x) C O¢(-)(cog)(z).

Thus, since ©6(g) € T'o(X) as a consequence of Proposition 4.1.10, by
the paragraph above there exists some ¢ € R such that

f(z) = (cog)(z) + ¢ for all z € X. (4.127)

More precisely, if = € dom f, then for all € € ]0,e9] we have ) #
O-f(x) C O¢(g9(x) by Proposition 4.1.10, and the condition
lim sup;|( ¢(6) = 0 implies that g(z) = (cog)(x); that is, by (4.127),

f(z) = g(x) + c for all x € dom f. (4.128)

Finally, if z ¢ dom f, then (4.127) yields +oo = f(x) = (cog)(x) + ¢ <
g(x) 4+ ¢ and (4.128) also holds outside dom f. m
The following corollary is a simple version of Proposition 4.4.6.

Corollary 4.4.7 Given functions f,g € T'o(X), we assume the exis-
tence of some g9 > 0 such that, for all x € dom f Udomg and € €
]07 60]7

O-f(z) N O-g(x) # 0.

Then f and g are equal up to some additive constant.

Proof. We denote h:= f[dg. Then, since the current assumption
implies that dom f = dom g (by Proposition4.1.10), we have that

dom h = dom f + dom g = dom f + dom f = 2dom f,

where the last equality comes from the convexity of dom f. Next we
fixx € %dom h so that x € dom f = dom g. So, by the current assump-
tion, for each ¢ € ]0,ep] we have
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0 # 0-f(x) N 0-g(x) C Da-h(27)

(Exercise 49), showing that h(2z) > f(x) + g(x) — 2¢; that is, h(2z) =
f(x) + g(z). Moreover, for x ¢ %domh we have that +o0o0 = h(2z) <
f(z) + g(z), and we conclude that h = f(-/2) + g(-/2); that is, h €
Fo(X) and

O-h(z) C 0-f(x/2) N D-g(x/2) for all z € X and € € ]0,g0]. (4.129)

Consequently, according to Proposition 4.4.6, we find constants ¢y, co €
R such that f(z) = h(2z) 4+ ¢1 = g(z) + c2 for all x € X, and we are
done. m

In the setting of Banach spaces, the subdifferential on its own allows
us to recover convex functions, without any further continuity assump-
tions on the involved functions.

Proposition 4.4.8 Suppose X is Banach and let functions f, g:
X — Ry be such that

Of(xz) C dg(x) for all z € X.

If f €eTo(X) and g is lsc, then f and g are equal up to some additive
constant.

Proof. Assuming first that g € T'o(X), we choose kg € N such that
dom f N (koBx) # 0, domgn (koBx) # 0,
where By is the closed unit ball in X, so that for each fixed k > kg
fe = f+ gy € To(X) and g := g + Ixp, € o(X).

Furthermore, taking into account Proposition 4.1.20, we get the rela-
tions f; = f*Uoxp, and

Ofu(x) = 0f () + Nipy (z) C Og(z) + Nipy (x) C Ogi(z) for all x € X;

in particular, the function f; is norm-continuous on X*. Moreover, for
any fixed € > 0 and each x € X, thanks to Proposition 4.3.8 we have
that

o-fr(x)yc U  0fsly)+veBx-C U 9gk(y) + VeBx-~,
yEBx (x,1/¢) YEBx (x,1/¢)

which leads us, using (4.18), for all * € X* to
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O-fr(z") N X = (0-f)"'(a") C U @fily")) ™"+ veBx
yrE€Bx«(z7,V/E)
c U (@) +veBx
y*GBX* (x*v\ﬁ)
c U 9gily") + VeBx.
yrE€Bx+(z7,V/E)
Furthermore, since 0. f}(z*) is bounded in (X**, o(X**, X*)) by Propo-
sition 4.1.7, it is also norm-bounded (as X is Banach), so there exists

some bounded set D C X** (possibly depending on x*) such that the
above inclusions read

O fy(z") N X C U  (DNagi(y")) + VeBx.
y*EBX*(x*v\ﬁ)

Consequently, taking into account the Goldstein theorem and the fact
that Bx«- is o(X™*, X*)-compact by Theorem 2.1.9, Corollary 4.3.4
entails

Ofi(x*) = N el (9:fi(a") N X)

e>0

C e ( U  (DNnagiy") + \@Bx>

e>0 Y E€Bxx (x7,1/E)

= ( U <Dnag;;<y*>>+¢gBX**)

e>0 Y E€Bxx (x7,/E)

=" ( U (Dﬂ@g}i(y*))> C g ("),

e>0 yrE€Bxx (x7,/6)

where the last equality comes from Proposition 4.1.6(iz). In other
words, we have shown that

Ofp(z*) C Ogi(z*) for all z* € X™,

and, therefore, Theorem 4.4.3 implies that f; = g; — cx, for some ¢, €
R; that is, thanks to Theorem 3.2.2, we have that

fH+Lipy =fe=gr +cx =9+ Lip +ck.

More precisely, given any zy € dom f N dom g, we can take ¢ = f(z0)
— g(xg) =: ¢ for all k large enough, and we deduce that f = g + c.
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Let us now consider the general case where g is any function. Using
the relation dg C 9(cog), and the fact that cog € T'g(X) that comes
from the combination of the current assumption and Corollary 4.3.9(3),
the current assumption entails 0f(x) C d(¢og)(x) for all z € X. There-
fore, by the previous paragraph, there exists some ¢ € R such that

f=tog+c<g+c; (4.130)

in particular, f(z) = g(z) + ¢ = o0 for all z ¢ dom f. Furthermore, if
z € X is such that 0f(x) # (), then dg(xz) # ) and we deduce that
(cog)(z) = g(x). Thus, the equality in (4.130) implies that f(z)=
(cog)(z) + ¢ = g(z) + c¢. More generally, if x € dom f, then Corollary
4.3.9(i) gives rise to some sequence (zp), C X such that z, — =z,
f(xn) — f(z), and Of(xy) # 0 for all n > 1. Thus, from the last para-
graph, we infer that f(x,) = g(x,)+ ¢ for all n > 1, and by taking
limits for n — 400 and using the lower semicontinuity of g we infer
that

f(z) =lim f(zy,) = limg(x,) + ¢ = liminf g(z,,) + ¢ > g(z) + c.

Consequently, the desired relationship between f and g follows taking
into account (4.130). m

The following corollary provides a process for constructing con-
vex functions from their subgradients. Below we use the convention

0
2 i=o = 0.

Corollary 4.4.9 Given a function f € T'g(X), we suppose that either
X is Banach or at least one of the functions f and f* is continuous
somewhere. Then (0f)~1(X*) # 0 and, for each xg € (Of) " (X*), we
have for all x € X,

n—1

f(l‘) = f(l'O) -+ sup { Z <JI:,SL‘Z’+1 - l’l) + <:L':w L= $n>} ) (4'131)

1=0

where the supremum is taken over n € N, x; € X, and z} € 0f(z;),
1=1,...,n.

Proof. We denote by g the function on the right-hand side of (4.131),
so that g < f by the own definition of the subdifferential. Furthermore,
there must exist some zg € X such that df(z) # 0, and so g € T'g(X).
In fact, if X is Banach, then the existence of such a zy follows from
Corollary 4.3.9. Also, if f is continuous at some zy € X, then 0f(zg) #
(0, thanks to Proposition 4.1.22. Finally, if f* is continuous at some z €
X*, then it is T7-continuous there and (4.108) together with Proposition
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4.1.22 implies that () # df*(z5) = (0f)~1(zg); that is, there exists some
zp € X such that 2§ € 0f(z0) and 0f(zp) is non-empty.

Let us fix z € X and pick z* € f(z). Then g(z) € R and so,
for every 6 >0, there exist some n €N, z; € X, and z} € 0f(x;),
1=20,1,...,n, such that

n—1

9(2) =0 < f(xo) + ;}(wi‘jxm — zi) + (T, 2 — Zn).

Thus, for x,41 := z we have that z* € df(x,+1) and, for every x € X,

n—1
(" 2 = 2) + 9(2) = 0 < f(zo) + X (i, @ip1 — @) + (xn, 2 — @n) + (27,2 — 2)
=0

= flwo) + X (@, wig1 — m) + (7,2 — 2) < g().
i=0
In other words, z* € Ny>0059(z) = 0g(z), and we infer that Jf C Og.
Consequently, using Proposition 4.4.8 and Theorem 4.4.3, there exists
some constant ¢ € R such that f = g 4+ ¢. More precisely, taking n = 1
and (x1,z]) = (o, 2() in (4.131), we get

f(xo) = f(z0) + (0, 21 — o) + (27, 20 — 21) < g(20) < f(20),

which shows that ¢ = f(z¢) — g(x9) = 0 and, finally, f =g. =

The main difference between the following result and Corollary 4.4.9
is that now the supremum in (4.132) is only evaluated for elements
x; € int(dom f) when this latter set is not empty. In this case, con-
vex functions are constructed from their subgradients when evaluated
within the interior of the effective domain.

Corollary 4.4.10 Assume that f € T'o(X) is continuous at xo €
int(dom f). Then, for every x € cl(dom f), we have that

n—1

f(x) = f(xo) +sup { STk, w1 — x) + (xhx — xn>} . (4.132)

i=0
where the supremum is taken over n € N, x; € int(dom f) and z} €

8f(:nz), 1= O,l,...,n.

Proof. We proceed as in the proof of Corollary 4.4.9 and denote by g
the function on the right-hand side of (4.132), so that g < f, g € I'o(X)
and we verify that 0f(z) C dg(z) for all z € int(dom f). Consequently,
by Corollary 4.4.4, there exists some constant ¢ € R such that f =
g + ¢ on cl(dom f); indeed, like in the proof of Corollary 4.4.9 we can
verify that c=0. m
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Since the functions in I'g(X) may have no subgradients, as X is
a general lcs, the point xg in the following corollary is taken in the
effective domain of f instead of (9f)~1(X*) as in Corollary 4.4.10. This
choice ensures that 0. f(zg) # 0 for all £ > 0.

Corollary 4.4.11 Given function f € T'g(X), we fix xo € dom f and
€ > 0. Then, for every x € X, we have that

F(&) = flao) + sup {zo<x+ )+ (@ w — ) — zo} ,

(4.133)
where the supremum is taken overn € N, x; € X, 0 < ¢g; <&, and z] €
851.]’(1‘1), 1= 0, 1, R N

Proof. We denote by ¢ the function on the right-hand side of (4.133)
so that, for all x € X,

n—1

g(z) < f(zo) + Sup{ > (f(wig1) = f(xi) + ) + (f(z) = fl@n) +en) —

=0

)
-

Ei} = f(x)v

and hence g € T'y(X), since 0. f(z) # 0 for all z € dom f and € > 0 due
to Proposition 4.1.10. Now take ¢ € ]0,&[, z € X and pick z* € 0.f(z).
Then g(z) € R and so, for every § > 0, there exist some n € N, z; € X
0<e¢i <&, and zf € 0., f(z;), 1 =0,1,...,n, such that

n—1 n
9(2) =6 < fwo) + Y (af, wip1 — x5) + (@), 2 — Tn) — D&
=0 i=0

Thus, as in the proof of Corollary 4.4.9, we denote z,41 := z and
Ent1 = €, so that z* € J.f(zp4+1) and, for every z € X,

n—1
(22— 2) 4 9(2) — 6 < flao) + 3 @k wipn — wi) + (s 2 — )
i=0
n+1
+ (5 r—2)— D e te
i=0

n
= f(wo) + Y (], wip1 — x5) + (27,2 — 2)
i=0
n+1
— Y et+e<g(x)+e
i=0

in other words, z* € Ny>00s5+-9(2) = 0-g(z), and we infer that 0. f(z) C
0-9(z) for all z € X and € € ]0,&[. Therefore, by Proposition 4.4.6, we
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conclude that f = g + ¢ for some ¢ € R. More precisely, taking n = 1,
xr1 = xo =z and ] = x§ € 05 f(xo) for § > 0 (this last set is not empty
by Proposition 4.1.10) in the right-hand side of (4.133), we obtain that

[ (o) +sup {{xg, 20 — wo) + (x5, 20 — x0) — 26} < g(xo);

that is, f(zo) —20 < g(xo) < f(xo) for all 6 > 0, and we derive that
c= f(zo) —g(zo) =0. m

We have seen in (4.12) that the subdifferential operator is monotone
and cyclically monotone (see (2.28) and (2.29), respectively). The fol-
lowing proposition shows that it is also maximally cyclically monotone.

Proposition 4.4.12 Given function f € T'o(X), we assume that
either X is Banach or at least one of the functions f and f* is contin-
uwous somewhere. Then the mapping Of is maximally cyclically mono-
tone.

Proof. Assuming the existence of some cyclically monotone operator
A such that gph A D gph(9f), we fix g € X, x§ € 0f(x0) (such points
exist by Corollary 4.4.9) and define the function g : X — R, as

o) =sup { 'S (et = ) + (et - ) |

=0

where the supremum is taken over n € N, x; € A=Y X*), zF € A(x),
i =1,...,n. Then g is convex and lsc. In fact, we have that g € T'o(X),
since g(xp) < 0 by the cyclic monotonicity of A. Furthermore, given
ze€X, 2 €Az, § >0 and m > 1, we choose n € N and z] € A(x;),
1=1,...,n, such that

n—1

min{g(z), m} — 6 < > (7, Tit1 — @) + (@, 2 — Tn).

=0

Thus, taking z,4+1 := z, we obtain that z* € A(z,41) and so, for every
x e X,

n—1
(¥, x — 2) + min{g(2),m} —§ < Y (x],zip1 —x) + (Th, 2 —xp) + (27,2 — 2)
1=0

n
= 2 (@i, mip1 — @) + (25,2 — 2nyga) < g(@);
=0

in other words, as m T +o00, we get
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(z",x—2) +g(z) =0 < g(z) for all x € X.

Therefore, z € domg and z* € Ny=0059(z) = dg(z), and we deduce
that gph(df) C gph A C gph(dg). Consequently, using Proposition
4.4.8 and Theorem 4.4.3, we find some constant ¢ € R such that
f =g+ c, showing that 0f CAC dg=0f. =

The maximal monotonicity of the subdifferential of functions in
I'lp(X), where X is Banach, is also a well-known property.

Proposition 4.4.13 Assume that X is Banach and take f € To(X).
Then Of is maximally monotone.

4.5 Exercises

Exercise 36 Given function f:X — R and >0, prove that
cone(dom f*) C dom (0= argmin f) , where e-argmin f = () ifinfx f ¢ R.

Exercise 37 Given a function f: X — R, z € f~Y(R), and € >0,
prove that

>0 S

Exercise 38 Let x € X and € > 0 such that O-f(x) # 0. Prove that
[86f($)]oo = Ndomf(x)-

Exercise 39 Let f : X — Ry be a convex function such that dom f #
(. Prove that if X =R"™, then f is proper if cl f is proper. Give a
counterexample when X is infinite-dimensional; in other words, find a
proper convex function [ such that cl f is not proper.

Exercise 40 Let f,g: X — R be two convex functions. Prove that f
and g have the same subdifferential at x € f~*(R) N g1 (R) in each
one of the following cases:

(i) f and g coincide in a neighborhood of x.

(#d) f is lsc at x and g := max{f, f(z) — 1}.

Exercise 41 Given another lcs Y, functions fi,..., fm € T'o(X), g €
To(Y), withm > 1, and a continuous linear mapping A : X — Y, prove
the following statements:
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(1) For every x € dom (f1 + ...+ fmn + (g0 A)) and all e1,...,epm,
€ > 0 we have

Ndom(f1+...+fm+goA)(m> = [Cl (861 fi (CC) +...+ a—smfm(x) + A* (859(‘437)))]00 :

(i) If k < m, forallx € dom (f1 + ...+ fin +go A) and alleq, . . .,
Em,€ > 0 one has

N () = (O, fi(z)+ ...+ 0., fr(x)
dom(f1+...4+fm+goA)\ L) = +co (a€k+1 fk+1(x) U...UA* (3gg(A:U))))

oo

Exercise 42 Given the functions f,gr : R — Ry, k > 1, with f(x) =
2 and g, := J+1—1/k,1/8), despite the fact that f and gy coincide
locally at 0, prove that for every e > 0 we have 0.f(0) C 0-gx(0), pro-

vided that k > 222Y2).

Exercise 43 Consider a convexr function f: X — Ry and let x €
dom f. Prove that Nqom f(2) = {Néomf(a:)] for every € > 0.
o

Exercise 44 Let f be a proper convez function defined on X . If x € X
is such that f(z) € R and Ry (epi f — (x, f(x)) is closed, prove that cl f
s proper and

epi f'(a5) = Ry (epi f — (. f (). (4.134)

Consequently, show that Of (x) # 0, f'(z;-) = (cl f)(z;-) = 09f(a), and
that f is lsc at x.

Exercise 45 Let f,g: X — Ry be two convexr functions, and let
x € X such that f(x) and g(x) are finite. If the sets R (epif —
(z, f(z)) and Ry(epig — (x,g(x)) are closed, prove that Ry (epi(f +
g) — (z, f(z) + g(x)) is also closed.

Exercise 46 Consider function f € I'o(Y) and a continuous linear
mapping A : X — Y, where Y is another lcs. Let the functions g, h :
X XY — Ry, be defined as

g(x7y) = f(y) and h(xay) = IgphA(xay)'

Given x € A~1(dom f), prove that x* € O(f o A)(x) if and only if
(x*,0) € 0(g + h)(x, Ax).
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Exercise 47 Let f: X — Ry be a proper convex function, and let
x € dom f. Prove that

O-f(x) = O(fL(x;-))(0) and dom f.(z;-) = Ry (dom f — x).

Exercise 48 Given functions f; € To(X), i=1,...,m, m>1, we
assume that the Slater condition is fulfilled in dom fo; that is,
maxi<i<m fi(zo) <0 for some o € dom fy. Use Corollary 4.2.5 to
prove that

inf - inf .
e fo Ahfr_lftfzoxng(fo(af)+A1f1(33)+ + Am fm ()

Exercise 49 Given two functions f,g: X — R and €1, €5 > 0, prove
that

0:, f(2) N 0,9(y) € O-y 4, (fOg)(x + y) for all z,y € X, (4.135)

0= f(@) N O-,9(y) #0 = (fOg)(z +y) = f(x) +g(y) —e1 — &2,
and, for all x € dom f, y € domg and e, 6 > 0,
(fOg)(x +y) > f(x)+g(y) —¢
= 0;(f0g)(z 4+ y) C D51 f(x) N Osycg(x).

In addition, provided that df(x) N dg(y) # 0, prove that

o(f0g)(z +y) = of(z) N Ig(y).

Exercise 50 Given a Banach space X, we endow X** with the w**-
topology. Given a proper function f : X — R, prove that for every z €

X** R
o filz)= N U 6-f(y),

e>0, UEN x*» yez+U

where Ny« denotes the collection of the 6-neighborhoods in (X**,
w**) and, consequently, for every x* € X*

(o™ ) @)= N (@) @),

e>0

Exercise 51 Give a proof of (4.56) based on Proposition 4.1.2/.
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Exercise 52 Let Y be another les, f € To(Y), and let Ag: X =Y
be a continuous linear mapping such that Aal(dom f)#£0. If Az =
Apx + b, with b € Y, prove that

I(foA)(zx)= 5@0 cl (Ag0sf(Ax)), for every xz € X, (4.136)

and
O-(f o A)(z) = cl (Ap0-f(Ax)), for everyx € X and e >0, (4.137)

where A is the adjoint of Ay.

Exercise 53 Let Y be another lcs, L C X and M CY two closed
convex cones, and A: X —Y be a continuous linear mapping with
adjoint A*. Use Proposition 4.1.16 to prove that

(LNATY(M))™ =cl(L™ + A*(M7)).

Exercise 54 Consider the support function o4 of a non-empty set
A CR"™ Prove that Ngome, () = (€0A)s N{z}t, for every x €
domoy.

Exercise 55 (i) Given function f : X — Ry, and linear subspace L C
X, for every x € L and € > 0 prove that

{af, € L™ 12" € 0-f(2)} C O-fiL(x), (4.138)

with equality when dom f C L. In particular, prove that

0-(f +1n)(w) = {af, € L* 1 2™ € O(f +11)(w)}, (4.139)
and so
O-(f +1p)(x) = {o* + L* s 2, € 0.(f + 1) (=)} (4.140)

(i) Let g : X — R be another function and x € X. If

O(fiL +91L)(w) = 0(fi)(x) + A(g))(z),

prove that

Af+g+1)(x) =0(f +1p)(z) + (g + 1) (z) + L.
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(#i7) Let M C X be another linear subspace. If

O((f + 1+ g)) (@) = O(f + 1) ar(x) + Ogpar () (4.141)
and

O ((f +Tn)iz) () = O(f + 1) (@) + 9 (Tn) (), (4.142)
prove that

Of +g+1am) (@) =0 (f +11) (z) + 9 (g + In) (z) + cl(M*+ + LF).

(iv) Given a non-empty set A C X and x € A, apply (i) to show
that, for every linear subspace L C X such that x € L, we have

{efp € L 12 € Ny ()} € Noyy (2),

where NEAOL(:U) is the e-normal set to A at x relative to the subspace
L; that is,

Ny (z) i={z* € L* : (z*,y —z) < e forally € ANL}.
Moreover, if A C L, then prove that the following equality holds:

{af € L1 2™ € Ny ()} = Noyy (2).

Exercise 56 Starting with Proposition 4.1.20, complete the proof of
Proposition 4.1.26 by verifying (4.56).

Exercise 57 Given non-empty convex sets A,C C X and z € C, we
assume that A is closed and int(C' — x) Ndomoy # 0. Prove that the
set A+ Ng(x) is closed.

Exercise 58 Let g:= |||, . Prove that dg(z) ={(1, 1, ...)} for all
x € 01 such that x,, > 0 for alln > 1.

Exercise 59 Let f € Tg(X) be such that f* is 7(X*, X)-continuous
at some point in dom f. Assume that zjj € 0. f(zo) Nint(dom f*), for
some e > 0 and xog € X. Prove that, for every 8 > 0, every continuous
seminorm p in X, and every X\ > 0, there are z. € X, y* € [p < 1]°,
and Ac € [—1,1] such that:

plao — .) + Bl(ah, 0 — )] < A, [{al 20— 22)| < e+ A/B,
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|f(zo) — flae)| < e+ A/,

and
€

A

* *
T, =Ty +

(Y- + BAewg) € Of (w2) N Oac f(0)-
Exercise 60 Let f,g € I'o(X) be given.

(i) We assume that f is finite and continuous at some point, and
Of(xz) N dg(x) # 0 for all x € int(dom f). Prove that f and g+ Iy
are equal up to some additive constant.

(ii) We assume that there exists some €9 > 0 such that O-f(z) N
0.9(x) #0 for all x € dom f and € € 0,&9]. Prove that f and g+

IW are equal up to some additive constant.

Exercise 61 Let f,g € T'o(X) be such that Of (x) C dg(x) for all x €
X. Provided that dom f is finite-dimensional, prove that the functions
[ and g + Lig(aom y) are equal up to some additive constant.

Exercise 62 Let f be a function defined on X and e-subdifferentiable
at x € X with € > 0. Prove the following assertions:

f(@) = (el f)(z) = (cof)(x) = f(z) —e,
and

Osf(z) C 05 (cl f) () C Ostef(2),

Osf(x) C 05(cof)(x) C Ost=f(x) for all § > 0.
In particular, if e = 0, then f(x) = (cl f)(x) = (cof)(z) and
Osf(x) = 05 (cl f) (z) = Os(cof)(z) for all 6 > 0.

Exercise 63 Let f: X — R be a function such thatcof is proper, and
let x € dom f. Prove that O.f(x) = O@sf)(a)—f(z)+(COf ) (). Conse-
quently, prove that f is e-subdifferentiable for eache > f(z) — (cof)(x),
while f(z) = (cof)(x) if and only if O-f(x) # O for all e > 0.

Exercise 64 Consider a family of functions {f;, t € T} C T'o(X),
x € dom f, where f = supycrfi, and € > 0. We define the function
h:=infier(fF () = (-, z) + f(z)) and the set Te(z) :=={t € T : fi(x) >
f(z) —e}. Prove that h > 0, h* = sup;cp(fe(z + ) — f(2)), and

h<elC U 0:-fiz). (4.143)
teT.(x)
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Exercise 65 Let X be a Banach space. Apply Theorem 4.3.3 to prove
that Bx-- = cl¥" (Bx) (Goldstein’s theorem,).

Exercise 66 Given two functions f,g: X — Ry with f being convex
and having a proper conjugate, we assume the existence of some § > 0
such that

0-f(x) C 0-9(x) for allz € X and e € ]0,9].

Then the functions cl f and clg are equal up to an additive constant.

4.6 Bibliographical notes

The proofs of Propositions 4.1.1 and 4.1.8 can be found in [201, The-
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[198, Theorem 2.2 and Remark 2.4].

Theorems 3.3.1 and 3.3.4, together with Corollary 3.3.5, lead to
the well-established Fenchel and Lagrange dualities given in Theorem
4.2.3 and subsequent corollaries. Proposition 4.1.10, which is well-
known, is proved here by means of the Fenchel-Moreau-Rockafellar
theorem. Proposition 4.1.12 is a new result which reinforces the fact
that the support function of the e-subdifferential coincides with the e-
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known results (see, e.g., [161]). Other conditions ensuring the sum
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sition 4.1.26 are given in [174, Theorems 23.8 and 23.9], where the
author applied the rule for the conjugate of the sum in [174, Theorem
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[26] and [201]). Proposition 4.1.15 was also given in Corollaries 10.1
and 10.2 of [110]. Proposition 4.1.16 gives the Hiriart-Urruty—Phelps
formulas ([111]) for the e-subdifferential of the sum and composition.

Theorem 4.3.6 is the well-known Ekeland variational principle [79].
Proposition 4.3.7 gathers many facts related to the Borwein ([17]),
the Brgndsted—Rockafellar ([30]), and the Bishop—Phelps ([168]) the-
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Theorem 3.1.4]. Proposition 4.3.10 is [5, Corollary 5|. Theorem 4.3.13
is [23, Corollary 6.6.17] and constitutes a version of the Stegall vari-
ational principle. The integration criterion given in Theorem 4.4.3 is
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vex spaces can be found in [41]. Similar results to Proposition 4.4.6
can be found in [148]. Proposition 4.4.5 is new and extends the result
of [126], obtained when the involved functions are continuous every-
where. Other integration criteria in the line of Proposition 4.4.5, and
using the e-subdifferential, are given in [104]. The maximality of the
subdifferential was first investigated in [153] for certain classes of con-
vex functions in Hilbert spaces, and then in [160]. Propositions 4.4.12
and 4.4.13 are the most general results about the maximal (cyclic-)
monotonicity of the subdifferential mapping (given for Banach spaces
in [173]; see, also, [175]). This discovery allows laying a bridge between
convex analysis and operator theory. Standard modern references on
the theory of monotone operators are [12], [168], and [182], among oth-
ers. The first part in Exercise 39 is [23, Exercise 2.4.8|, and the second
part is [23, Exercise 4.1.2(c)]. Exercise 59 is [60, Theorem 4.2].
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Chapter 5

Supremum of convex
functions

In this chapter, we characterize the subdifferential of pointwise suprema
of arbitrarily indexed families of convex functions, defined on a sep-
arated locally convex space X. First, some subdifferential formu-
las are derived in section 5.1 via classical tools of convex analysis,
mainly based on conjugation processes through the Fenchel-Moreau—
Rockafellar theorem (Theorem 3.2.2). This direct approach leads to
formulas which are written in terms of sums and/or maxima of finite
subfamilies. The formulas in section 5.2 provide more geometric insight
as they involve the e-subdifferential of the data functions that are
almost active at the reference point, together with the normal cone to
finite-dimensional sections of the domain of the supremum function.
Our analysis makes use of a mere closedness condition, but without
assuming any restriction on the set of indices or on the behavior of the
data functions in relation to their dependence on the corresponding
index. However, additional continuity assumptions are used in section
5.3 to derive simpler formulas that recover, extend, and unify some
classical results on the subject. In this case, finite-dimensional sections
of the domain are not necessary. In order to have a complete picture of
the present formulas in which both (almost) active and non-active data
functions are involved, we establish in section 6.1 some equivalent rep-
resentations of the normal cone to the domain of the supremum. Then
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we derive, from the main formula of section 5.2, an alternative (sym-
metric) formula for the subdifferential in which only the data func-
tions are involved, both the (almost) active and non-active functions.
In sections 6.2 and 6.4, additional structures relying on arguments of
compactness and compactification will lead us to formulas expressed
in terms of the exact subdifferential of the data functions.

Remember that X stands for an lcs and X™* for its topological dual
space. Unless otherwise stated, we assume that X* is endowed with
a compatible topology, in particular, the topologies o(X™*, X) and
7(X*, X), or the dual norm topology when X is a reflexive Banach
space. The associated bilinear form is represented by (-, -).

5.1 Conjugacy-based approach

In this section, we present some particular instances of formulas of the
approximate subdifferential of the supremum function through classic
tools of convex analysis. More precisely, we use a conjugate repre-
sentation of the supremum function, which is a consequence of the
Fenchel-Moreau-Rockafellar theorem (see Theorem 3.2.2), to give for-
mulas that involve convex combinations of the data functions. This
section is a sample of how much we can directly obtain from Theorem
3.2.2.

A standard and important example of supremum function is the
support function oc of a given non-empty set C' C X*. Thanks to
Theorem 3.2.2; we know that the conjugate of o¢ is nothing more
than the indicator function of the closed convex hull of the set C.
Thus, with the help of the Fenchel-Moreau inequality (4.4), we obtain
the following characterization of 0.0¢, which constitutes an extension
of (4.13).

Proposition 5.1.1 Let C' C X* be a non-empty set. Then, for every
r€X ande >0,

O:0c(x) = {z* € co(C) : (z*,x) > oc(x) — €} (5.1)

and consequently, provided that C is a non-empty closed convex set,
O:oc(x) ={z" € C: (a",x2) > oc(x) —€}. (5.2)
Despite the general appearance of formula (5.1), valid for sets that

are not necessarily convex or closed, observe that it is equivalent to
(5.2) as a consequence of the relation o¢ = og5(¢). Starting from the
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last expression, we analyze in the following result the e-subdifferential
of the supremum of affine functions. The proof of this result will follow
from formula (5.1) with the help of Proposition 4.1.16.

Proposition 5.1.2 Let
C .= {(at,bt) € X*x R, te T}
be a non-empty set, and denote

f=sup({a,-) — b).
teT

Then, for every x € dom f and € > 0, we have

O:f(z) =cl {x* €X*: (2% B) €co(C), BER, f(z)> <1:*,m> —-08> f(z)— 5}7

(5.3)
and, particularly,

0f(z) = {z" € X*: (2", 8) € 0(C), FE R, (z",2) — B = f(x)}.

(5.4)

Proof. Let us write f = oc o (Ag+ (6,—1)), where Ag: X — X xR
is the continuous linear mapping defined by Ag(z) := (z,0), and fix
x € dom f and € > 0. Then, since the adjoint mapping Aj : X* xR —
X* of A is given by Afj(z*, ) =2, by making use of relation
(5.1) and formula (4.46) in Proposition 4.1.16 we obtain 0. f(z) =
cl(Aj(0:0¢(z, —1))) = cl(B;), where

ci={2" € X" : («",8) €w(C), BER, f(z) > (z",z) = B> f(z) —¢}.
Take nets (z7); C B. and (f;) C R such that 2} — 2* € X* and
(27, Bi) € (), f(z) = (27, 2) — Bi = f(z) —¢, (5.5)
so that (zf,z) — f(x) < B <(zf,x) — f(z)+¢e. So, taking into
account that (x}); converges, we may assume that (3); converges to
some [ that satisfies (z*, ) € @(C) and (z*,x) — 3 > f(z) — ¢, due

to (5.5). In other words, z* € B, and we deduce that B. is closed.

Consequently,
0. (x) = B.. (5.6)

Next, we claim that the given x € dom f and € > 0 satisfy
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O-f(x) = [ cl(E5), (5.7)

d>e

where
Es:={z" € X" : (z",8) € co(C), BER, f(z) > (", 2) — B> f(z) —d}.

Indeed, given z* € 0. f(x) and § > 0; > € > 0, we have x* € 05, f(x)
and (5.6) gives rise to the existence of some € R such that (z*, ) €
co(C) and (z*,z) — > f(x) — 61 > f(z) — d. Thus, we can find a net
(xf, Bi)i C co(C) converging to (z*, 3) such that (z},z) — 5; > f(x) —
d for all 4; that is, 7 € Es and we deduce that z* € cl (Es). In other
words, by the arbitrariness of § > ¢, the inclusion “C” in (5.7) holds,
and the claim is proved because the opposite inclusion also follows
easily from (5.6),

N cl(Es) € (N cl(Bs) = [ cl(0sf(x)) = (0sf(x) = O f(x).

o>e o>e o>e o>e

Now, taking into account Corollary 4.1.11 and the fact that f €
Fo(X), (5.7) yields

Os f(z) =cl < U 8«,f(:p)> =cl < U Nd (E'5)> Ccl(E:) Ccl(Be) = 0:f(x),
0<y<e 0<y<ed>y

and (5.3) follows. Moreover, using again (5.6), we have that 0f(x) =
Ns>00s f(x) = Ns>oBs. Thus, given any z* € f(x), for every § > 0,
there exists some 35 € R such that (z*, 8s) € c6(C) and (z*,z) — s >
f(z) — 4. In particular, proceeding as in the paragraph above, we see
that (z*, x) — f(x) < 85 < (z*,x) — f(x) + 0, which implies that 55 —
B = (z* x) — f(x) as 0 | 0. Thus, (z*, () € co(C) and (z*,z) — =
f(z), and the non-trivial inclusion “C” in (5.4) follows. m

With the aim of gathering the previous results on the supremum of
affine and linear functions, we introduce the following convexity-like
concept about the dependence of data functions on indices. We shall
use the notation

A(S) = {/\ € Rf) : tzjs)\t = 1} , for sets S C T,
€

(already introduced in (2.46)) and

S() = {tET:ﬁEFQ(X)}. (58)
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Definition 5.1.3 A family of convex functions {f,: X — R, t € T}
is said to be closed for convex combinations if, for each \ € A(Sy),
there exists some s € Sy such that

=2 Mfi < fs (5.9)

tesupp A

The family {f. := (c,-), ¢ € C'} for a convex subset C' C X*, associ-
ated with the support function o, provides a basic example of families
that are closed for convex combinations. Also, families that are non-
decreasing with respect to the associated indices (see Example 5.1.6
for the definition) is another useful example of such families.

Theorem 5.1.4 below gives the main result of the current section.
It provides characterizations of the e-subdifferential of the supremum
function f of a family {f; : X — R, t € T'} of convex functions that is
closed for convex combinations and satisfies the following closedness
criterion

cl f = sup(cl fy). (5.10)
teT

More details on this condition will be given in section 5.2. The resulting
formula of 0. f is given by means of the approximate subdifferential of
the data functions augmented by the indicator of convex sets D C X
that satisfy

domfcDcC () cl(dom f) (5.11)
teT\So

(with the convention M;cpcl (dom f;) = X). Thus, in particular, when
all the f;’s are in I'g(X) we take D = X, so that the resulting formula
writes 0. f by means exclusively of the data functions.

Theorem 5.1.4 Let {f;: X — R, t € T} be a family of convex func-
tions which is closed for conver combinations, D C X a conver set

satisfying (5.11), and denote f := sup,cp fr. If (5.10) holds, then for
all z € dom f ande >0

Ocf(z) = cl {tg et fi(x)—f(a)) (ft +1D) (fv)} ; (5.12)

and Of(x) is obtained by intersecting these sets over € > 0.

Proof. We give the proof in the case where {f;, t € T} C I'o(X) and
D = X (= Nyeggcl(dom f;)); the general case is proved in Exercise 71.
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First, we denote A := {(z*, f;(2*)) : * € dom f}, t € T'} so that, by
Theorem 3.2.2,

f=supfi=supfi*=  sup  {{z%,)— fi(z")}
teT teT teT, x*€dom f;

= rpsen ert e Tk
So, by (5.3), for every z € dom f and € > 0 we obtain
O-f(x) =cl{z" € X*: (2%, a") € co(A), (z",x) —a” > f(zx) —e}.
Moreover, if (z*,a*) € co(A) satisfies (z*,x) — a* > f(z) — e, then

there are t1,...,t, € T, x7 €dom f{',i=1,...,k k> 1, and A € A}
such that (z*,a*) = Zlggk/\i(x;‘, fi (z7)) and

)= 20 Nife(@) = >0 (Niw,a) — 30 Aify(a7)

1<i<k 1<i<k 1<i<k
= < > Ai(:L“;ﬁJ"Eﬁ(fﬂ?)),(:r,1)> = (2%, 2) —a” > f(x) —e.
1<i<k

(5.13)

Next, we set g; := fi, () + ff (z]) — (2}, x) >0,i=1,...,k, and, by
the current closedness assumption, we choose s € T' (= Sp) such that
fr < fs. Then, by applying (5.13) we get

> et fo(@) = fa(@) = fs(@) + 30 i (ff,(2]) — (27, 2)) < fo(@) — f(2) +e
1<i<k 1<i<k
and, in particular, ), Aig; < fa(z) — f(x) + € < e. Consequently,
using Proposition 4.1.6,
¥ = Y Nzl € Y Nlefry(x) = Do e, (Nift;) ()
1<i<k 1<i<k 1<i<k

C 021 cicnriz) ) CO(my i conieit £o@) - fa @) T3 (B) C Dt fu(@)— @) I (@)-

Therefore, the inclusion “C” in (5.12) holds, and the proof is finished
as the converse inclusion is straightforward. m

Being an easy consequence of Theorem 5.1.4, formula (5.14) below
is given for the purpose of comparison with the results of the next
section (more precisely, Theorem 5.2.2), where we deal with families
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that are not necessarily closed for convex combinations. This formula
confirms that 0. f(z) only involve those data functions that are indexed
in the set of almost active indices at x; i.e., Te(z) :={t € T : fy(z) >
f(x) — e}, e > 0. Furthermore, only data functions that have proper
closures are explicitly used within d. f(z). The impact of the other data
functions, having non-proper closures, is only decisive when choosing
the set D in (5.11).

Corollary 5.1.5 With the assumptions of Theorem 5.1.4 we have, for
all x € dom f and € > 0,

0. f(z) = cl{ U 0a(fi+1In) (m)}. (5.14)

teT._o(z),a>0

Proof. By a simple change of parameters in (5.12), putting o := ¢ +
fi(z) — f(z), we obtain o < e and fi(x) — f(x) = o — . Hence, t €
T.—o(z) and the inclusion “C” in (5.14) holds (because O, fi(z) =0
when « < 0). The opposite inclusion in (5.14) is easily checked. m

In the following example, we illustrate the application of Theorem
5.1.4 and Corollary 5.1.5 by analyzing the supremum of non-decreasing
nets. See Exercise 74 for an alternative proof of this result.

Example 5.1.6 Let f,: X — R, t €T, be a non-decreasing net of
convex functions satisfying (5.10), where (T, <) is a given directed set,
and suppose that f := sup,cr fi has a proper closure. In order to com-
pute O f(x), we first observe that { fi,t € T'} is closed for convex com-
binations. Indeed, for every X\ € A(Sy) with supp A := (A, ..., A, ),
Ay S oo A, and ty, ..ty € T, we have that fy < fi,. This implies

that Zlgigk/\i cl(fi,) <l <Zl§i§kAifti> < cl(fy,) and cl(f,) is nec-
essarily proper; that is, tx € Sp.

Next, we verify the existence of somety € T such that cl(f) is proper
for all t € T with ty X t. Otherwise, if not, then cl(f;) would be fre-
quently mon-proper, and this would imply that cl f is non-proper too,
a contradiction with our assumption. Consequently, the family {fs :
to < s, s € T} also satisfies (5.10), since the net (cl fi)ier is also non-
decreasing and, so, clf = super (cl f) = supy <5 ser (cl fs) . There-
fore, as f = supy <5 ser fs, by applying (5.12) with D = X and using
the fact that (fi)ier is non-decreasing, for all x € dom f and e > 0 we
obtain

85f($) = Cl{ U a(erfs(z)f(a:))fs(x)} - Cl{ U ﬂ aeft(m)} s

toxs,s€T seTsxt
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showing that

asf(x) = Cl{ U a(s—&—ft(m)—f(x))ft(l')} =cl ( U ﬂ 85ft(x)> . (5.15)
teT seTs<t
It is not difficult to verify that the convex combinations closedness
condition used in Theorem 5.1.4 does not constitute any loss of gener-
ality, because we can replace the family {f;, t € T} by the new one

{f)ﬁ: > /\tfty)\EA(SO)thateT\SO}a

teEsupp A

where Sp={teT:fi €To(X)} (see (5.8)). Due to the easy rela-
tion cl(fa) > D cquppate cl(fe), we see that cl(fy) is proper for all
A € A(Sp) and, therefore, we can easily verify that the new family
above is closed for convex combinations. The point here is that the
value of the supremum is not altered with this change, both the old
and the new families have the same supremum. Consequently, applying
formula (5.12) to this new family, we obtain the following result.

Theorem 5.1.7 Let {fi,t € T} be a family of convex functions and
denote f := supser fi. If (5.10) holds, then, for all x € dom f and e >
0, we have

O f(z) = cl { U Oetri@)—f@) (fr+1b) (UC)} ; (5.16)

AEA(Sy)

where D C X is any convex set satisfying (5.11).

Proof. Following the previous theorem, it is enough to apply (5.12)
to the family of convex functions {fx, A € A(Sop); fi, t € T\ Sp} once
we have verified that this family satisfies condition (5.10); that is,

AEA(So) teT\So

f:max{ sup cl(fy), sup cl(ft)}. (5.17)

In fact, the inequality “>” always holds, while the opposite one follows
because the given new family contains the original one that is supposed
to satisfy (5.10). m

Remark 3 (i) We obtain the expression for Of(z) in Theorem 5.1.7
Just by intersecting (5.16) on € > 0. Alternatively, we easily check the
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following formula that gives a characterization of O f(x) by covering
together both cases, € >0 ande =0:

agf(ai) = ﬂ Cl{ U 8(54”5\(1),“1)) (f>\ + ID) (1’)} , Vo € dOIIlf7 Ve > 0.

5> NEA(So)

(ii) If, additionally, we assume in theorem 5.1.7 that the family { ft,
t € T} is closed for convex combinations, then (5.16) implies that, for
all x € dom f and € > 0,

O f(z) = cl { U O(etf(@)—f(a)) (ft +1D) (JU)} ;
teT

and, taking into account the remark in (i), we deduce that, for all
x €dom f and e > 0,

O-f(x) = [ cl {tLG.JTa((s-i-ft(x)—f(J:)) (ft +1p) (x)} -

6>e

Next, with the purpose of illustrating the scope of Theorems 5.1.4
and 5.1.7, we give an example dealing with the conjugate function. In
turn, the result provided in this example (and its non-convex version
given in Exercise 75) is so general that it allows us to rediscover formula
(5.12) and its consequences given above. To do this, one can consider
the function ¢ := infie7 f;" whose conjugate is nothing other than our
supremum function f = sup;cr fr = g*.

Example 5.1.8 Given a convez function f : X — Ry, we verify that
(5.14) gives rise to the following characterization, completing relation
(4.18) and Corollary 4.3.4,

O-f*(z*) = cl((9-f) "1 (z*)) for all z* € X* and € > 0. (5.18)

In particular, if f is additionally lsc, then the set (O.f) 1 (x*) is
closed and the last relation reduces to the well-known expression,
O:-f* = (0-f)7' (see (4.18)). Of course, we may additionally assume
that f* is proper (and, hence, f is proper too), otherwise (5.18) always
holds, since all the involved sets would be empty.

To establish (5.18), we first observe that {fy := (-,x) — f(x), x €
dom f} is closed for convex combinations. In fact, for every A€

A(dom f), we have T := ) \Az2 € dom f and

xreESupp
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> Aafe < (7) = f(Z) = fa

TEsupp A

Neat, since f* = Supyedom f fo and {fz, * € dom f} C T'o(X), (5.14)
yields

2€T._o(z*), a>0

az—:f*($*) :Cl{ U aafx(l'*)}

a>0

= Cl{ U Ta_a(m*)} = cl(Tx(x")) = cl((9:£) 7" (),

as we wanted to prove.

Remark 4 It was also possible to obtain Example 5.1.8 as a con-
sequence of its mon-conver counterpart given in FExercise 75, since
the convezity of f implies that, for all A € A(dom f) and €, > 0 (see

(5.84)),
X (0, 0) (@) € (0f) N (@)

x€dom f

It is important to point out that, when X is a reflexive Banach space,
the closure operation previously used in (5.12), (5.14), and (5.16) can
be taken with respect to the norm topology in X*. This fact comes
from certain convexity properties of the sets between the curly brackets
which appear there and from the Mazur theorem (see Exercise 72).

In the special situation where 7T is finite we do not require any

lower semicontinuity-like condition, because the family {21 <i<k e S

A € A, } satisfies condition (5.10) for free as we show in the following
corollary.

Corollary 5.1.9 Given a finite family of convex functions {fi, 1 <
k <n} and f := maxi<k<y [k, for every x € dom f and e > 0 we have

O:f(x)= U 3<s+zlgkgnxkfk(x)f(z))< > Akfk> (z)  (5.19)

AEA, 1<k<n

and, particularly, for e =0,

Of(x) = {U3 ( > Akfk) (@) : A€ An, >0 Mefilz) = f(ﬂf)} :

1<k<n
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Proof. We start by proving that the family {g,\ =D 1<k M SEs

A € A}, whose supremum coincides with f, satisfies condition (5.10);
that is, cl f = maxyea, cl(gy). Indeed, for every z € X, we have

(clf)(2) = sup inf f(z+y)= sup inf max g)(z +y),
UeNx yeU UeNy YEU AEA,

and the minimax theorem (Theorem 3.4.3 and Corollary 3.4.9) yields

(cl1f)(z) = sup max inf Aefiu(z+y) = max sup inf Mefr(z+y).
(=) UeNx AEAny€L’1<Zk:<n ( )= AEA, Ueny€U1<2k:<n )

Therefore,

] — f - ]
(clf)(z) = fax sup ylgUgA(ery) foax ¢ (gr) (2),

and condition (5.10) is satisfied.

Now, since {gx, A € A, } is obviously closed for convex combina-
tions, applying Theorem 5.1.7 (or, more specifically, Remark 3(i7))
with D = dom f = dom gy, for all A € A,,, for every z € dom f and
e > 0 we obtain

Of(x)= (N c { U 95+9x(2)—1(2)) (91 +1p) (fﬂ)}-
0>e AEA,
Therefore, given z* € 9. f(z) and §; | € (0; = ¢ when £ > 0), we find

Ai € Ap and 77 € 8(5#% (2)— 1 (2)) (gx, +Ip) (z) such that zf — x*.

We may assume without loss of generality that \; — A € A,, and, thus,
we can easily prove that = € 94 ¢; (2)—f(2)) (9% + Ip) (7), yielding the
non-trivial inclusion in (5.19). m

Next, we apply Corollary 5.1.9 to the positive part function, f*+ =

max{0, f}.

Example 5.1.10 Consider the convex function f : X — R. Then, for
every x € dom f and € > 0, Corollary 5.1.9 yields

8sf+($)=0 U ae—l-)\f(m —f+ (@) Af) (). (5.20)

In particular, for e =0 we get
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3f+(x)={ U a(Af) (l’):/\f(x):ﬁ(:v)};

0<A<1
that s,
o1 (@), i 1()>0
of () = 4 U A0 (@)UNaom f(2), if f(x) =
0<A<1
Naom s (%), if f(z) <

Another way to make the family {f;,¢ € T'} closed for convex com-
binations is to take maxima of finite subfamilies; i.e.,

fr=max{fi, teJ}, JeT ={SCT:|S| <+oo}. (5.21)

Therefore, in contrast to the previous approach using convex com-
binations, the resulting formulas of 0. f(x) now involve approximate
subdifferentials of the functions f;, reducing the problem to that of
computing the subdifferential of the supremum of a finite family. Fur-
thermore, in Exercise 77, the expression of 0. f(z) is further simplified
when the underlying space is a reflexive Banach space.

Corollary 5.1.11 Let {f;, t € T'} be a family of convex functions sat-
isfying (5.10), and denote f := sup,ep fi. Then, for all x € dom f and
e >0,

JeT, JCSo

aef(x) = Cl{ U a(s+f (x) (fJ + ID) ( )} ) (5‘22)

where D C X is any convex set satisfying (5.11).

Proof. We use Theorem 5.1.4 to calculate the subdifferential of the
supremum of {f;, J €T, J C So; fi, t € T\ S}, which has the same
supremum as the original family {f;, t € T}. Also, it is clear that
cl(fy) € To(X) for all J € T, J C Sy, because cl(fr) > max{cl(f), t €
J} and cl(fy) € To(X) for all t € J C Sp. At the same time, this new
family is easily checked to be closed for convex combinations, and to
satisfy condition (5.10); that is,

f:max{J sup  cl(fy); sup ft}

€T, JCSo teT\So
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In the formulas given above the functions whose closures are proper
stand out, while the others with non-proper closures are present via
the set D. If this distinction needs not to be made, then Example 5.1.6
could directly be applied to the net (f) e by considering 7 as a set
directed by ascending inclusions. Then, since we can easily verify that
[ =supycr fyand cl f =supjcr(cl fr) (under (5.10)), Example 5.1.6
gives rise, for all x € dom f and € > 0, to

O-f(x) = Cl{ U a(€+fJ(z)—f(:v))fJ($)} : (5.23)
JET

It is worth observing that, when X is a reflexive Banach space, the
closure in this expression can be removed provided that, instead of 7,
we consider the collection of countable subsets of T' (see Exercise 77).

The need to make explicit characterizations of the normal cone to
sublevel sets is of great interest in convex analysis (see, for instance,
the proof of Theorem 8.2.2). The following two examples provide pre-
cise characterizations of the normal cone which are immediate conse-
quences of Theorem 5.1.4.

Example 5.1.12 Consider a conver function f: X — R such that
c([f <0))=[f<0]. (5.24)

We are going to prove that, for every x € [f < 0] and every e > 0,

Nif<o (@) =cl < U ta(i+f(x))f(x)> ; (5.25)

t>0

consequently, Niy<o] () is obtained by intersecting the last sets over
e > 0.
To this aim, we define the functions

g :=tf, t >0, and g := sup g;.
t>0

Obviously, {gi, t > 0} is closed for convex combinations. Therefore,
because g = i< and (5.10) holds (as a consequence of (5.24)), by
(5.12) we infer that

Nif<q) (@) = O=g(z) = cl (tyoa(zﬂ»tf(z)) (tf) (5'?)) =cl <tyot8(§+f(z))f($)> .
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Our analysis also covers the case where the function that defines the
sublevel set in Example 5.1.12 is a supremum.

Example 5.1.13 Consider a family of convex functions {fi, t € T'}
such that f := sup,cp fr and

Al £0) = |supfe 0]

tel

Then, by combining Fxample 5.1.12 and Theorem 5.1.7 we obtain, for
allz € [f <0] and e > 0,

Nf<g)(@) =cl <uL>JO/‘aZ+f(z)f(f’3)> =cl ( “‘3(%5(1)) (f+1p) (w)> ,

>0, NEA(Sp)

where So ={t €T : fi € To(X)}, fr = Y tesupp A Atft, and D C X s
any convex set satisfying (5.11).

We close this section by showing how Theorems 5.1.4 and 5.1.7 can
be useful for performing regularization procedures that are used for
developing subdifferential calculus rules. More results in this direction
will be given in chapter 7. In fact, for every function f € I'o(X) defined
on a Banach space X, we know that the Moreau envelope of f, which is
given by f7 := fD% ||||*, non-decreases to f as y | 0. This can also be
extended to finite sums of convex functions f1,..., fr € I'o(X), so that
fl+...+f /fi+...4+ fas~v]0. So, we can apply our previous
results to write O-(f + g) by means of 0-(f7 + ¢7). The advantage here
is that f7 and ¢” are regular enough to guarantee that d.(f7 + ¢7) can
be decomposed. We have the following corollary.

Corollary 5.1.14 Assume that X is Banach. Then the following
assertions hold true:

(i) Given f,g € T'o(X), for all x € dom fNdomg and ¢ >0, we
have

Oe(f +9)(x) = Cl{ U Oe—atpr@)—ranf (@) + 8(a+g'y(z)g(z))g’y(x)} .
>0, a€R

(13) Let {fi,t € T} C I'o(X) and denote f :=sup,cr fr. Then, for
all z € dom f and € > 0, we have

O:f(z) =cl { aﬂzf{’(%)-f(f)) (Ztesuppaatf?> (95)} :

0
>0, a€A(T) (E+t€s‘§]pp
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Proof. (i) Since f, g, f7, g7 € To(X), and f¥ 4+ g7 / f + g, Theorem
5.1.4 applies and yields

O:(f +g)(x) =cl { an(eﬂw(m)+gw(m)—f(g:)_g(m))(fV + QW)(x)} ,
>

and the desired result follows by Proposition 4.1.20(47).
(it) We have sup,cr f; /' f and, again, Theorem 5.1.4 yields

O-f(x) =cl 0 , su 7) x)p.

/(@) {WL>JO (c+sup,er 17 ()~ F(2) (tegft ( )}

Thus, applying Theorem 5.1.7 (formula (5.16)) with D = X (as the
functions involved are in T'y(X)),

O:f(z) =cl cl 0 arf) | (z ,
gf( ) {WL>JO (aeg(T) (s+t65§ppaatfﬂ(z)ff(z)) (tesuzppa tft>( ))}

and we are done. m

In the subsequent sections, we derive different characterizations of
the subdifferential of pointwise suprema, which provide more geomet-
rical insight, and highlight the role played by (almost) active and non-
active functions. For instance, in the case of the support function o¢,
the forthcoming characterizations will rely on the set C' and not on its
closed convex hull, as in (5.1). Also, in the setting of Theorem 5.1.4,
we shall characterize the subdifferential of the supremum function f
by appealing to the (almost) active functions and making implicit use
of the remaining functions through the normal cone to the effective
domain of f (or equivalent representations of it).

5.2 Main subdifferential formulas

We deal with an arbitrary family of convex functions f; : X — R, t € T,
defined on the real (separated) locally convex space X. The index set
T is a fixed arbitrary (possibly, infinite) set. Our aim in this section
is to express in the most general framework the subdifferential of the
associated supremum function f := sup;cr fi, at any reference point
x € X. The formulas that we give rely on the e-active functions at
z, e, T (z) ={teT: fi(x)> f(x) — e}, e > 0. More precisely, our
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objective is to express the subdifferential of f at x by using exclusively
the data functions fi, t € T.(x), for small positive &’s. Only a weak
closedness condition, which is satisfied by many families of functions,
is assumed in this section; but no hypothesis affecting the set of indices
or the continuity behavior of the functions involved is required.

We start with the following simple example illustrating the impos-
sibility of writing in general the set f by means of df;, t € T.

Example 5.2.1 Let fi, fo : R — Ry, be defined as

fi(@) = =]z + g yoo and fo(z) = fi(~2),

so that f1(0) = f2(0) = 0 and f := max{f1, fo} = Iyoy. Then it turns
out that 0f(0) = N0y (0) = R, while 0f1(0) = 0f2(0) = 0.

Theorem 5.2.2 below provides the main formula of the subdiffer-
ential of the supremum function f, under the closedness condition
(5.10); that is, cl f = sup,cp(cl f). This condition is satisfied not only
for Isc functions but also for wider families of functions as it is shown,
for instance, in Proposition 5.2.4 below. It is worth observing that the
inequality “>” in (5.10) always holds, due to the following obvious rela-
tion f > f; > cl(f:). Hence, the Isc function sup,cr(cl f;) is majorized
by f and, thus, also by its closure cl f.

Due to the generality of our infinite-dimensional setting, we shall
make use of the family F(z) (see (1.4)).

Theorem 5.2.2 Assume that the convex functions f;: X — R, t € T,
satisfy condition (5.10). Then, for every x € X,

of (z) = N ( )@ ( U 0:fi(x) + deomf(:c)> . (5.26)

£>0, LEF teT. (z)

Proof. For the sake of brevity, here we only give the crucial part of
the proof corresponding to the case when f; € T'o(X), for all t € T, so
that condition (5.10) trivially holds. The proof of the general case is
completed in Exercises 80 and 81, applying the arguments below to
updated families of functions related to {cl f;, t € T'} (while distin-
guishing among proper and non-proper functions).

Given z € X, we denote by A the set on the right-hand side of (5.26),
and start by proving the inclusion A C df(z). To this aim we prove
that

U asft(m) + NLﬂdomf(x) C 825(f + ILﬂdomf)(m)a
teT. (x)
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for each € > 0 and L € F(x). Indeed, for every ¢t € T.(x) we have that

O ft(2) + Nrndom £ (%) C Oc(ft + Irndom £) () C O2:(f + Lrndom £) (),
(5.27)
and so (4.15) and (4.16) give rise to

AC ﬂ m a2a(f + ILﬂdomf)($) = 8f($)

LeF(x)e>0

Next, we shall prove the converse inclusion df(z) C A, assuming
that x = 6, 0f(0) = d(cl f)(0) # 0, f(0) = (cl f)(0) = 0 (Exercise 78).

Given z* € X*\ A, we shall prove that z* € X* \ 9f(0). Then there
are some ¢ > 0 and L € F(6) such that

z* ¢ cl(co(A:) + Nrndom £(0)),

where A. 1= Uyer, (90 f:(0) is non-empty because the functions f; are
assumed to be lsc. Next, the separation theorem gives rise to some
z € X and v < 0 such that

(Z,2")+v > (T,u"+av”) for all u"€A., v* € Nradom £(€) and o > 0.
(5.28)
Hence, dividing by a and making o T co, we get

Z € (Npadom £(6)) = cl(cone(L Ndom f)). (5.29)
Notice that we have

o4.(z) = sup (z,u”) < f(z)+2¢ forall z € X,
u*€A,

which easily comes from the following inequalities:
(z,u*) < fe(2) — fe(0) + & < f(2)+ 2 forall z € X, t € T=(0), u* € e f(6).
Hence, dom f C domo4_ and we have that
C :=cone(LNdom f) C domoys, = dom(oa, —z*). (5.30)

In particular, we have that z € cl(C), by (5.29), and riC' # ) because
aff C C L and L is finite-dimensional. Next, by taking v* = 6 in (5.28)
we get

v > (Z,u” —x¥) for all u* € A,
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which gives rise to (applying Exercise 14 to the convex proper function
o4, — ¥ satisfying (riC') Ndom(ca. — z*) =1iC # 0, by (5.30))

v/2>~>(ca, —2")(Z) > inf (04, —2%)(2) = inf(ca, — 27)(2).

zecl(C) zeC
Therefore, we find Z € L Ndom f and X > 0 such that
0>7/2> (04, —2*)(A2) > (\z,u* — 2*) for all u* € A,

or, equivalently, v/(2\) > (z,u* — z*) for all u* € A.. Thus, for all
u* € A; and v* € Nrndom f(0), Z satisfies

(Z, 2% +v/(2X) > (Z,u*) > (z,u* + v*).

In other words, up to an adjustment of the parameter ~, zZ plays the
same role as the one of Z in (5.28); therefore, we can suppose that

z € LNdom f. (5.31)

Now, we consider the function h := inficr f; so that, by (3.10) and
Theorem 3.2.2,

h* =sup f{* =sup fi = f. (5.32)
teT teT
Observe that, due to the Fenchel inequality, for all z* € X*
A=) = inf (=) = g (7 () + (0) — (6,27))
> i (7 (=) + il0) = (0,2)) 2 0. (5:33)
Let us check that the function h additionally satisfies

h(z*) > e for all 2* € X*\ A.. (5.34)

Indeed, given z* € X*\ A, so that z* ¢ 0. f;(6) for all t € T.(0), by
using again the Fenchel inequality we obtain that, for all ¢t € T.(0),

fE@) = f7(Z7) + £0) = (0,27) = [ (z") + fu(0) — (0, 27) > e.
Also, for all t € T'\ T.(6) we have that

fEE) = 1(@Z) + £0) = (0,27) > [ (z") + fu(0) + e = (0,27) 2 ¢,
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and the two inequalities above yield h(z*) = tln:ﬁ ff(z*) > e, which is
€
(5.34). Next, by (5.32), for every given A € ]0,1[ we have that

f(AZ) = h*(Az) = sup{(\z, z*) — h(z"): 2" € X"}

= max{ sup [(Az,z") — h(z¥)], sup [(AZ,z")— h(z*)]} .
z*€A z*eX*\A
(5.35)

Then, on the one hand, we have that (z,x >+ A.(Z), by (5.28),
and so, due to the fact that h* > 0 (see (5.33)),

sup [(AZ,2") — h(z")] < sup (AZ,2") = Aoa.(3) < Ay + (&%) < (AT, a").

zZ*€A, z*€A¢
(5.36)
On the other hand, (5.34) yields

2*EX*\Ag 2*EX*\Ag Z*EX*\Ae
S AR (@) — (1 - Ve = Af(@) — (1 - Ne;

sup  [(AZ,2*) — h(z")] < sup  A[{z,2") — h(z*)]+ sup (1 —X)[—h(z")]

hence, if A\g € |0,1[ is such that A\f(z) — (1 — N)e < (Az,z*) for all
A €]0, Agl, the last inequality yields

sup  [(AZ,2%) — h(z")] < (AZ,2") for all X €]0, A].
z*eX*\ A,

Consequently, by combining this inequality with (5.36), (5.35) gives
us f(Az) < (Az,z*) for all X €]0, \o; in other words, f(A\z) — f(0) =
f(Az) < (\Z, 2*)=(\x — 0, 2*), showing that z* ¢ 0f(0), as we wanted

to prove. m

Remark 5 The same conclusion of Theorem 5.2.2 is valid if, instead
of condition (5.10), we assume that

(cl f)(z) = sup(cl fr)(x) for all x € dom f,

teT

as the reader will see in Theorem 7.3.2 in section 7.3 (see, also, Exer-

cise 114(i)).
Observe that if X = R"™ in Theorem 5.2.2, then X € F(x),

Naom () C Nradom f(z) for all L € F(x),
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and formula (5.26) becomes

Of (x) = ﬂCO< U 0-fi(x) +Ndomf<37)> ~

>0 teT. (x)

The intersection over the L’s can also be removed in other situations
which are analyzed in section 5.3.

As a consequence of Theorem 5.2.2, the following corollary shows
that the functions f;, t € T\ T:(z), only contribute to building the
effective domain of f.

Corollary 5.2.3 Let {f;,t € T} be a non-empty family of convex
functions, and set f := sup,cr fi. Then for every x € dom f we have
that

of(x) =0 ( sup fi + Idomf) (z) for alle > 0. (5.37)

teT.(x)

Consequently, provided that int(dom f) # (0 or some of the functions
SUD/eT. () ft, € > 0, is continuous somewhere in dom f, there exists
some g9 > 0 such that

0f(x) = Naom f(x) + 0 ( sup ft> (z) for all0 < e <ep. (5.38)

teT. (x)

Proof. We fix x € dom f such that df(z) = (J; otherwise, if 9f (z) = 0,
then the desired formulas hold trivially. First, we assume that the
family {f;, t € T} satisfies (5.10). We denote Ac := Uycr, (5)0-fi(7)
and g. := Supyer, () fr- Given 6 > & > 0, we observe that for all 2" €
O:f+(z) and t € T.(x) we have that, for all y € X,

%y —2) < fily) — fe(@) + € < ge(v) — fo(@) + & < g5(y) — 95(x) + 25;

that is, z* € da.gs(z) and we deduce that A C dscgs(z). Hence, by
Theorem 5.2.2 and taking into account (4.16), we obtain
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/@)= N @ {Uperdh() + Nooaom () }

LeF(z),0<e<d

C n 01(82595(517) + NLﬂdomf(x))
LeF(x),0<e<d

C N 02¢(95 + ILndom 1) ()
LeF(z),0<e<s

= ﬂ 825(96 + Idomf)($) = 8(95 + Idomf)(m)'
0<e<d

Moreover, since gs < f and gs(z) = f(x), we also have that 9(gs; +
Liom £)(x) C O(f + Laom f)(x) = Of(x); that is, by combining the last
two inclusions, 8 f(z) C 8(gs + Laom £)(z) C 0f(x), and df(x) =(gs +
Liom f)(x) for all § > 0.

To prove (5.37) in the general case, we fix e > 0 and L € F(z). Then

aﬂ@caq+hﬂmwx@=a(wMﬁ+umMﬂ>m»

teT

Moreover, since the family {f; +Irndom s, t € T} satisfies (5.10)
(Proposition 5.2.4(iv)), by the first part of the proof we infer that
Of (z) C O(supser, (2) ft + LLndom r)(2) and, by intersecting over the L’s
and using (4.16),

8f(z)c ﬂ 6( sup ft+ILﬂdomf> (z)_8< sup ft+Idomf> (CI?)

LeF(x) teTe (x) teT: (x)

Then we are done as the opposite inclusion is straightforward:

0 ( sup ft —i—Idomf) () CO(f + laom ) (x) = Of ().

teTe(x)

Assume now that for some €9 > 0 the function g., is continuous at zy €
dom f. Then, by Proposition 4.1.20 and the first part of the proof, we
deduce 0 f (x ) 0(9eo + Idom f)(x) = 09z, (x) + Ngom ¢ (). Also, thanks
to Proposition 4.1.20, the same conclusion holds when int(dom f) # ()
|

The following proposition shows that condition (5.10) is satisfied in
a variety of situations.

Proposition 5.2.4 Let {f;,t € T} be a non-empty family of convex
functions, and set f := sup,er fi. Then condition (5.10) is fulfilled in
any of the following situations:
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(i) Each one of the fi’s is continuous somewhere in dom f. This
holds if, for instance, the function f is continuous somewhere.

(i) T is finite and each one of the fi’s, except perhaps one of them,
18 continuous somewhere in dom f.

(7i1) X = R™ and f is finite at a common point of the sets ri(dom f),
teT.

(iv) aff(dom f;) = aff(dom f), for allt € T, and fagdom f) 5 finite

and continuous somewhere in ri(dom f).

Proof. Setting A; :=epi f; for t € T and A :=epi f, one always has
A = Myer A, and we have to show that

cl(A) = ) cl(Ay).

teT

The inclusion “C” being obvious, the opposite one remains to be
proved in each case.

(i) Take zp € X and p € R such that p > f(zg). Hence, fi(zo) <
f(zo) < p for all t € T, so that yo := (xg, ) € Nger int(As). Now, if
y € Mier cl(Ay), then (1 — XNy + Ayo € Merint(Ay) C A for every A €
10, 1], due to (2.15), and so y € cl(A).

(74) We denote T := {1,...,k,k+ 1}, and assume that each one of
the functions fi,..., fi is continuous at some x; € dom f, respectively.
Set B := Ni<i<x A and zg := Z]f%xz Then zp € Ni<¢<i int(dom f;),
by (2.15), and so each one of the functions fi,..., fx is continuous
at xg. Next, similarly to (i), we can show that yo := (2o, ) € Ag11 N
(Mi<t<k int(Az)) = Ag41 Nint(B). Hence, using (2.20),

cl ( N At> = cl(Ag+1 N B) = cl(Agy1) Ncl(B)

teT

1<t<k teT

= cl(Ag+1) N ( N cl(At)> = cl(A4).

(7i7) Let zp be the given continuity point. If all the f;’s are proper,
then the result is known (see the bibliographical notes). Otherwise,
given a € R such that a < f(zg), we consider the functions

Jto :=max{fi,a}, t e T;
hence, fo := supser fi.o = max {sup,cr fi, o} = max{f,a}, and

fra(zo) = max { fi(z0), a} < max{f(z0),a} = f(z0) < +00;
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that is, all the f;,’s are proper. Moreover, by assertion (i) we have
that cl(fto) = max{cl(f;),a} for all t € T and, similarly, cl(f,) =
cl(max {f,a}) = max{cl f,a}. Since dom f = dom f, and dom f; =
dom f; o for all t € T, and the functions f; o are proper, we infer that

max {cl f, a} = cl(fo) = sup;er cl( ft.o) = max {sup,cpcl(fi), a}.
(5.39)
Thus, (5.10) follows when « goes to —oo. Indeed, we only need to
prove that (cl f)(z) < supercl(fi)(z) for each z € X. If (cl f)(z) =
+00, (5.39) yields, for every scalar «,

+00 = max {(cl f)(z), a} = max {sup,cr(cl ft)(z), o},

and we obtain sup,cp(cl f¢)(z) = +o0. If (cl f)(z) € R and we take
a < (cl f)(z), we get, thanks to (5.39),

(clf)(x) = max {(cl f)(z), o} = max {sup;er(cl fi)(z), o,

and this implies sup,cp(cl fi)(z) = (cl f)(z).
Finally, if (cl f)(xz) = —oo, for every scalar «, also by (5.39) we get

o = max{(cl f)(z), a} = max {sup,cr(cl f)(2),a} ,

entailing this time sup;cp(cl f;)(2) < a, and so sup,cp(cl fi)(z) = —oc.

(tv) Since the inequality sup,cp(clfy) <clf is always true, we
need to prove that (cl f)(x) < sup,ep(cl fi)(z) for x € X such that
supser(cl fr)(x) < 4+00. Then

x € dom(cl f;) C cl(dom f;) C aff(dom f;) = aff(dom f).

We also observe that

(Cl ft)(l‘) = Cl(ft|aﬁ(domf))(x) and (Cl f)(x) = Cl(f\aff(domf))(x)'

Then the conclusion follows from assertion (i) when applied to the
functions fija(dom f)» t € T, and flag(dom ). ™

Relation (5.40) below constitutes an alternative formula to (5.26)
in which condition (5.10) is not required. Nonetheless, instead of the
original f;’s used in (5.26), formula (5.40) involves the augmented func-
tions ft + ILﬁdomfy telT.

Corollary 5.2.5 Given the convex functions f;: X — R, t € T, for
every x € X we have
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of(z) = N )co( U o:(fi + Imdomf)(a:)> . (5.40)

e>0, LeF(x teT. (x)

Proof. We shall consider the non-trivial case x € dom f. To prove
the inclusion “C” in (5.40), we take L € F(x) and define the convex
functions

9t = ft +lendom s t €T, g := Supser gt

Observe that g = f + Irndom f and dom g; = (dom f;) N (L Ndom f) =
LN (dom f) =domg. Then, since domg is a non-empty finite-
dimensional set, the family {g¢:,t € T} satisfies condition (5.10)
(Proposition 5.2.4(iv)). Thus, due to the following relations, d-g:(z) +
Nrzndom £(2) C Oc(fi + Irndom ¢)(x) for all t € T.(x), and {teT:
gi(z) > g(x) — e} =T.(x),e > 0, Theorem 5.2.2 gives us

Of(z) C A(f +1L)(z) = dg(x) C (1 <o < U Oegt(x) + NLmdomg(w)>

e>0 teT: (x)

C ﬂ00< U 3s(ft+1Lmdomf)(z)>,

e>0 te€T: (x)

and the direct inclusion “C” in (5.40) follows. The proof is finished
because the opposite inclusion in (5.40) is straightforward. m

In the sequel, we shall need the following representation of Jf(x)
involving augmented Isc convex functions.

Corollary 5.2.6 Given the lsc convex functions fi: X — R, t €T,
for every x € X we have

af()= N )co( U ag(ftJrIm()mf)(x)). (5.41)

e>0, LeF(x teT.(x)

Proof. We shall consider the non-trivial case x € dom f. We apply
formula (5.26) to the family of lsc convex functions {f;, t € T} and
obtain that
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of(x)= N ()CO( U asft(x)"’_NLﬂdomf(x))

>0, LEF teT. (z)

= N ()CO< U aeft(x)—i—Nm(ch(fU))

e>0, LEF teT.(z)
c N CO( U 0:(fe +1Lmdmnf)($)> ;
e>0, LEF(z) teT.(x)

which is the inclusion “C” in (5.41). The proof is finished because the
opposite inclusion is straightforward. m

Remark 6 Ifdom f = dom f; for allt € T, then the formula in Corol-
lary 5.2.5 reduces to

of(x) = ()CO( U 5e(ft+IL)($)>-

>0, LEF teT. (z)

A Banach version of main formula (5.26) is given next, in Theo-
rems 5.2.7 and 5.2.9, where the subdifferential of f is expressed using
the (exact) subdifferentials of the data functions f, t € T.(z), but at
nearby points.

Theorem 5.2.7 Assume that X is a Banach space and let the func-
tions fy : X = R, t € T, be convexr and lsc. Then, for every r € X,

of(z) = N @ { Afe(y) N S=(y — x) + deomf(x)} , (5.42)
>0, LEF () t€Te (x), yEBt(x,e)
where
Se(y —m):={y" € X" : (y",y —x) < e}, (5.43)
and
Bi(z,e) :={y € Bx(z,¢) : | fi(y) — fr(z)] < e} (5.44)

Proof. If ¢ dom f, then (5.42) holds trivially, thanks to the conven-
tion in (2.6), since both sets Nzqom f(«) and 0f () are empty; hence,
we suppose that x € dom f.

To prove the inclusion “D” we first observe that, given any ¢ > 0,

Ofi(y) N Se(y — x) C O3 f (), (5.45)
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for every t € T.(x) and y € Bi(x,¢). Indeed, if y* € 9f(y) N S:(y — x),
then for every z € X

Whz—z)={"2—y + ¥y —x
< fi(2) = fily) + € < fi(2) = fi(x) + 2¢,
and the fact that t € T.(x) yields (y*,z —z) < fi(z) — fe(z) +2e <
f(z) = f(x) + 3¢; that is, y* € O3. f(x). Thus, denoting by FE the right-
hand side set in (5.42),

EC N €0(03¢ f(z) + NLAdom f()) C N 93¢ (f + Irdom f)()

e>0, LEF(x) e>0, LEF(x)
= N 03¢ (f + laom 5 +11)(z) = N 03¢ (f +1p)(2),
e>0, LEF (x) e>0, LeEF(x)

and the inclusion “D” follows, thanks to (4.15) and (4.16).

To prove the inclusion “C”, we pick L € F(x) and z* € 0. f(z) (if
any), for ¢ > 0 and t € T.(x). Since 0. fi(x) # 0, it turns out that f; is
proper. Next, according to Proposition 4.3.7, there are z. € Bx(x,/¢),
yr € Bx-, and A\; € [—1,1] such that

xl =2 + eyl + ™) € Ofi(xe), (5.46)
(22,2 — @) < e + Ve, [ filze) — fila) < e+ Ve, (5.47)

entailing that z. € By(z,e + /) and zf € 0fi(ze) NS4 (2 — ).
From the relation z* = (1/(1+ Ave)) (zf —+/eyr) coming
from (5.46), we get

z* € (1/(1+ AV (8ft(zg)ﬂ56+\/g(xe —x)—&—\@BX*)
C (1/(1+AvE) (8fe(we) N Sey 2 (@e = ) + Nindom () + VEBx- )
(1/(1+A5f>)co( c+VEBx+),

where

A= U Ofe(y) N Sey ey — @) + Nindom £(2)-
teT.(z), yEB:(z,e++/2)

We take 0 < e <1, so that 1/(1+ A.v/e) € Ac:=[1/(1+ e),1/(1-
V)], entailing that z* € A.co (A; + /eBx-). Observe that 0 ¢ A,
for all 0 < € < 1. Then, according to formula (5.26) in Theorem 5.2.2,
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0f(x) C N ( U 9-fi(2) + Nidom f(a;)> (5.48)

>0 teT.(x)

C () co (Ag co(A: + VeBx+) + NLﬁdomf(x))
O<e<1

= ﬂ co {A.g (CO(A(_: + \/EBX*) + NLﬂdomf(«T))}
0<e<1

= [ Ao {co(A: + VeBx-) + Nrndom £ (2) }
O<e<1

= [ A0 (A: + Nindom f(z) + veBx-)
0<e<1

= ﬂ Ac.co (As + \/EBX*) )
O<e<1

where the second equality comes from Exercise 11. Moreover, since
the families (A¢).>0 and (€6 (A + /€Bx-+)),.s are non-decreasing and
NesoAz = {1}, the last inclusion yields (Exercise 12)

df(z) € Mo (A +VeBx-) = () (co(A:) + VeBx-),

e>0 e>0

and so 0f(z) C Ne>oco(A:) (Exercise 10(i7)). The desired inclusion
follows by the arbitrariness of L in F(z). m

The following example draws aside, in general, the possibility of
extending Theorem 5.2.7 to non-Banach spaces.

Example 5.2.8 Assume that there is a proper lsc convex function g,
defined on the locally convex space X, which has an empty subdiffer-
ential everywhere (such a function exists as it is commented in the
bibliographical notes of this chapter). We may suppose that 8 € dom g
and g(0) = 0. We define the function f; € T'o(X) as

fi(x) :=tg(z), t €T :=]0,+400],

so that f = supep ft = ljy<q). Since dfy =t0g = 0 for all t € T, the
set in the right-hand side of (5.42) is empty, whereas Of(0) =
Nig<o)(0) # 0.

Theorem 5.2.7 can be applied in a general locally convex space X
provided that the set cl(span(Uier dom fy)) is a Banach subspace. We
have the following result where P is the family of all continuous semi-
norms in X.

Theorem 5.2.9 Let f;: X — R, t € T, be convex and Isc functions,
and denote f :=supycp fr. Assume that Xy := cl(span(User dom fi))
1s a Banach linear subspace of X. Then, for every x € X, we have that
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of(z) = 0fe(y) N Se(y — 2) + NLndom f(l“)} ;

(5.49)

CcOo
e>0,pEP, LEF (x) {teTs(x),yeBp,z(x,s)
where

Bpi(z,e) :={y € X :ply —x) <e, [fily) — fe(x)| < e} (5.50)
Proof. Fix z € dom f (C Xy) and L € F(z). Let us first prove that
of(z) C ﬂCO{ U 3ft(y)ﬁse(y—$)+NLmdomf($)},
e>0 teT.(z), y€Bo,:(x,€)
(5.51)

where

Bo(z,e) :={y € X : |y —zlly <& |fily) — fel)| < e},

with [|-||, being the norm in X, which generates the induced topology
from X. To this aim, fix € > 0 and denote X7 := Xy + Lg, where Ly :=
span{L \ Xo}; hence, X; is a Banach subspace of X given with the
norm

hutoll, = ullg + o]l . w € Xo, v e Lo (5.52)

We define the functions ¢; : X; — R, t € T, as the restrictions of the
corresponding functions f; to Xi; that is, g:(z) = fi(2), for z € X; C
X, together with g := sup,cr g¢. It is clear that each g;, t € T', is convex
and Isc on L, as for all z € X;

liminf ¢/(y) = liminf f;(y) > liminf fi(y) > fi(z) = g:(2).
y—z, y€Xu y—z, y€Xu Yy—z
(5.53)

Thus, since L is also a finite-dimensional subspace of the Banach space
X1, by applying Theorem 5.2.7 in X; we get

9g(x) C ©0(A: + Nrndomg(2)), (5.54)

where A, := Uies (@), yeél,,(x,e)agt(y) N S:(y — x), with
Ts(x) ={teT:g(x)>g@)—ct={teT: filzx) > f(z) — e} = Tc(x),

Biu(z,e) i={y € X1 : |y — x|, <&, |ge(y) — ge(2)| < e},
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and R
Se(y—z)={y e X7 :(y,y—2) <e},ye X1

More precisely, since User dom f; C Xg, we have that
Big(z,e) ={y € Xo: |y —zlly < & [fe(y) = fe(x)| < e} = Bog(x,e).

The closure operation and the normal cone Nzngom¢() in (5.54) are
given with respect to the subspace X;. In particular, since L Ndom g C
X1 we verify that (Exercise 55(iv))

NLﬂdomg(ﬂj) = {u‘*xl cut € NLﬂdomg(x)} = {urxl HETRNS NLﬂdomf(l')}v

(5.55)
as dom g = dom f. Similarly, using again the extension theorem, we
verify that

S.ly—z) = {vx, 1 y" € Sc(y — )} for all y € X;. (5.56)

Accordingly, each element y € A. (if any) satisfies 5 € gy, (yo) N
S.(yo —x) for some to € To(x) and yo € By, (z,€). Hence, since
dom f;, C Xo C Xy, there exists y* € 0f;,(yo) such that y5= y|’"X1
(by Exercise 55(i)). Moreover, due to (5.56), we may assume that
y* € Se(yo — x). Thus,

Y- e U Ofi(y) N Se(y —x) =: A
teT.(x), y€Bo,:(x,€)

Therefore, given any z* € df(z), we have that iy, € 0g(x) and so, by
(5.54) and (5.55),

"Eer € @(1215 + NLﬁdomg(m)) C m{erl + uer Yt €A, ut € NLﬂdomf(x)} .

In other words, for all v € X7,

* * *
(x*,v) < sup <y|X1 + u|X1,v>
y*€A57 U*GNLﬁdom f (Z)

= sup (y* +u*,v)
y* €A, u* ENLAdom £ (T)

= OA.+N_rndom () (’U) < O A 4N dom f(z)+X{- (U)
Thus, since this last inequality also holds for all v ¢ X; (the term of

the right-hand side is equal to +00 in such a case, due to (3.51)), we
deduce that
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¥ e @(Ag + NLﬂdomf(CC) + Xf‘)
- @(AE + NLﬂdomf(x) + LL) - @(AE + NLﬂdomf(x))a

as Nndom £(%) + LT C Npadom (7). Then the inclusion “C” in (5.51)
follows because € was arbitrarily chosen.
Finally, fix z* € 0f(z). Given ¢ € P and € > 0, we have that

By(z,e) ={ye X :q(y — ) < e}
D{yeXo:qly—z) <e}={y € Xo:qx,(y—2) <e}h

So, since the norm topology in Xy is equivalently determined by the
family {p|x, : p € P}, we find 0 < § < & such that

lveXo:lly—=lyg <0} C{y € Xo:qx,(y —z) <e} C By, e).

Consequently, using (5.51),

z* GCO{ U Bft(y)ﬂsa(y—a?) +NLﬁdomf($)}
teTs(x), y€Bo,(x,0)
CCO{ U aft(y)is(y_$)+NLﬁdomf(x)}7
teT:(x),yEBy ¢(z,€)

and, by the arbitrariness of ¢ and ¢, we infer that

e co{ U Gft(y)ﬂSg(y—a:)—|—NLmd0mf(:c)}.
teT. (x)

e>0,q€P ,YEBg 1 (x,€)

So, the inclusion “C” in (5.49) follows by intersecting over the L’s. The
proof is complete as the opposite inclusion there is straightforward.
|
Observe that we can replace B (x,¢) in formula (5.49) with the
larger set

Bi(z,e) = {y € X : |fi(y) — felz)] < e},

giving rise to a representation of 9 f(x) free of the seminorms. However,
the use of seminorms in (5.49) will be crucial in the sequel, namely in
Corollary 5.3.6. Moreover, we have the following result.

Corollary 5.2.10 Under the assumptions of Theorem 5.2.9, we have
that
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of (z) = (1 ¢ (tET o U Oft(y) N Se(y — ) + NLmdomf($)> .

>0, LeF(x) s YEBy(z,¢)

Proof. The inclusion “C” follows from (5.49) as By (x,e) C By(z,¢)
for all p € P. To verify the opposite inclusion, observe that, for all
t € T.(r) and y € B(x,¢)

Ofi(y) N Se(y —x) C O f (). (5.57)
Indeed, if z* € 0fi(y) N Sz(y — x), then for all z € X we get (2", z—
v) < Ju(2) — Fily) < J(2) ~ fu() + . and so,

)
f
(z",z—x) <
<

J(2) = ful@) + (=" y —a) + e
F(2) = fulw) + 22 < f(2) — Flx) + 3=.

Consequently, using (4.9),

aft(y) N Ss(y - I) + NLﬁdomf(‘T) C a3€f(x) + NLﬁdomf(x)
= 03 (f + Iondom £)(x) = O3 (f + 1) (),

and (4.15) together with (4.16) yield, intersecting over € and then over
L,

n co < U 8ft(y) N Sa(y - I‘) + NLﬁdomf(x)>
(z) teT: (x)

e>0, LEF(z z), YyEB(z,€)

C N N(f+I(x)= N Of +1)(x) =0f(z).
LeF(z)e>0 LeF(x)

|

The proof of the following corollary is similar to the one of Theorem
5.2.7, but uses formula (5.41) instead of (5.26) in Theorem 5.2.2. In
Theorem 5.2.12 we will indeed prove that this result holds in any
locally convex space.

Corollary 5.2.11 Assume that X is a Banach space and let the func-
tions fr : X — R, t € T, be convex and lsc. Then, for every x € X, we
have that

of@) = co{ U a(ftﬂmmf)(ym&(y—x)}.

e>0, LEF(x) teT.(z), yEBi(x,e)

We can place ourselves in the same setting as that of Theorem 5.2.9
by using the augmented data functions f; + Im, t € T. Addition-
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ally, in this case, the normal cone Nyngom ¢(2) is dropped out from
formula (5.49) as we show next.

Theorem 5.2.12 Given lsc convex functions f; : X — R, t € T, we
denote f := supser fi. Then, for every x € X, we have that

of (z) = U a(ftJrImcmf)(y)ﬂSg(yx)) .

CO
>0, peP, LEF(x) <tETE(w)7y€Bp,t(937€)
(5.58)

Remark 7 (before the proof) Taking into account that, for every
teT.(x) andy € Bp(z,€),

Ofe + Iagomp) (W) N Se(y — ) C O3c(f + 1) (), for every L C X,
(5.59)

formula (5.58) is equivalently written as

e>0,peP teTe (x)
LeF(x) yEBp ¢ (2,¢)

of(x) = N CO( U 3(fz+1momf)(y)ﬂss(yfﬂ)ﬁ@s(f+1L)(x))-

(5.60)

Proof. First we suppose that X is Banach. The proof in this case is
similar to the one in Theorem 5.2.7, and so we only give a sketch of the
proof of the inclusion “C”. Fix 0 < ¢ < 1 and L € F(z), and consider
the Isc convex functions g; : X — R, t € T, defined as

9t = Ji + Irdom 7 (5.61)

So, by Corollary 5.2.6,
of(x)ceo | U Owge(z) |- (5.62)

teT. (x)

Then, by Proposition 4.3.7, associated with each element z* € 0. g;(x),
t € Te(z), there are z. € Bx(x,/2) N (LNdom f), yi € Bx-, and

Az € [—1,1] such that
zl =" + Ve(yl + Aex™) € Ogi(xe), (5.63)

(22,2 — 2)| S e+ Ve, [fulae) — ful@)| < e+ Ve,

entailing that =% € dgi(z:) N S,y (7 —x). Hence, since z*=
(1/(1 + Ae/e)) (z% — \/ey?), coming from (5.63), we get
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z* € (1/(1+ Av/e)) (8ge(ze) N Set (e — ) + VeBx-)
C (1/(1+ A-v/e)) co (As + V/eBx-),

where A; :=[1/(1 4 +/€),1/(1 —\/€)] and

Ae = U agt(y) N Se—&—\/g(y - .7,')
tGTE (x)vyeBt(zfaJ"\/g)

Consequently, (5.62) entails (Exercise 12)
of(x) C N Acco| U A = N | U 4.
0<e<1, LEF(x) teT.(x) 0<e<1, LeF(x) teT.(x)

More generally, we suppose that X is not necessarily Banach. Given
z €dom f, x* € 0f(z), and L € F(x), we introduce the lsc convex

functions g, : L — R, t € T, defined as

9¢(2) = fi(2) + Igagom(2), for z € L,

together with the associated supremum g := sup,c7 g¢; hence, g is the
restriction of f + Im to L whose effective domain is given by

domg = LN (dom fNLNdomf)=LNdom f.

Fixe > 0 and p € P. Then, since z() := :1:|*L € dg(z), by applying Corol-
lary 5.2.11 to the family {g¢, t € T} we get

xp C €O ( U dgi(y) N S(y — x)) , (5.64)
tETE(x),yEprt(IE,E)
where T.(z) := {t € T : gi(zx) > g(z) — e} = To(),

By t(z,e) :=={y € L0dom [ :pj(y —z) <&, |fely) — fe(x)| < €} C Bpu(z,e),

and S.(y — ) ={yeL”:(y",y—x) <e}. Observe that for all ¢t €
T.(z) and y € Bp(z,e) we have that (Exercise 55(1))

Ag:(y) N Se(y — o) = {yj, € L™ - y* € O(fu + Igmgoms) () N S=(y — ) }.

Therefore, (5.64) entails



206 CHAPTER 5. SUPREMUM OF CONVEX FUNCTIONS

" CCO( U 3(ft+1mmf)(y)ﬁSa(y—fv)> +L
teT.(z),y€B, (z,€)

CCO( U 3(ft+1mmf)(y)ﬂ5’a(y—x)> + L,
teT.(z), y€Bp,i(z,€)

and so, by taking the intersection over L and after that over € and
p (Exercise 10(7i7)), we get the inclusion “C” in (5.58). The opposite
inclusion is straightforward. m

The lower semicontinuity assumption cannot be dropped from The-
orem 5.2.7, as we show in the following example, which imitates the
construction in Example 5.2.8. Alternative formulas for the non-lsc

case can be done for functions satisfying the closure condition (5.10)
(Exercise 87).

Example 5.2.13 Let X be any infinite-dimensional Banach space,
let g be a non-continuous linear mapping, and define the functions
fi: X —>Ras

fi(z) :==tg(z), t € T :=]0,+o00].
Also now f = supser fr = Ijg<o) and 0f(0) = Nyg<o)(0) # 0. Simulta-
neously, Ofy =tdg =0 for all t € T, and the conclusion of Theorem
5.2.7 fails.

We continue with Example 5.2.1 to give the corresponding formula
of df, using Theorem 5.2.7.

Example 5.2.14 (Example 5.2.1, revisited) Let fi, fo: R — Ry
be defined as

fi@) = =]z + 1 400 and fo(z) = fi(—2).

Then f :=max{f1, f2} = Loy and, so, f(0) =R. This can be con-
firmed by Theorem 5.2.7. Indeed, denote

Ai = {y* € 8fl(y) Yy e €BR, |f’b(y)| < &, y*y < 5}7 1= 1727
where 0 < € < 1 is fired. Then we have that

A ={-1/2y):0<y< 62} =]—00,-1/(2¢)],
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and, similarly, As = [1/(2¢), +oo[. Therefore, since T.(0) = {1,2} and
dom f = {0}, Theorem 5.2.7 yields Of(0) = Nz>0c0{(41 U A3) + R} =
R.

5.3 The role of continuity assumptions

In this part, we derive other characterizations of the subdifferential of
f when the data functions satisfy additional continuity assumptions.
The first result allows us to remove the finite-dimensional sections of
dom f used in the general characterization of the subdifferential of f
given in Theorem 5.2.2.

Proposition 5.3.1 Letz € dom f be such that either ri(cone(dom f —
x)) # 0 or cone(dom f — x) is closed. Then, provided that (5.10) holds,
we have that

Of(z) = (Nco < U O-filz) + Ndomf($)> : (5.65)

e>0 teT.(x)

Proof. The inclusion “D” always holds, due to Theorem 5.2.2. To
prove the inclusion “C”, we only consider the case when 9f(x) # 0;
hence, we may suppose that x = 6 and f(6) = 0 (Exercise 78).

Assume first that ri(cone(dom f)) #0. We fix >0, a 0-
neighborhood V C X*, and choose L € F(f) such that L+ C (1/2)V
and L Nri(cone(dom f)) #0. We also denote A.:= Ut (g
0-f(0). Then, by (2.15), we have that cl (L N (cone(dom f))) = LN
cl(cone(dom f)), which leads us to

N7ndom £(0) = (L Ncl(cone(dom f)))~
= cl(L™ + (cone(dom f))™) =cl <LL + Ndomf(e)) .
Thus, according to Theorem 5.2.2,
8f(9) Ccco (AS + NLﬁdomf(e)) =co (Ae + LL + Ndomf(e)) C CO(AE) + Ndomf(e) + V7

and the desired inclusion follows then by intersecting over V and € > 0.
Now, we assume that cone(dom f) is closed. Then, for every L €
F(6), we have

NLﬂdomf(e) = NLﬂ(cone(dom ) (0) = a(IL + Icone(dom f))(e)
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Then, using (4.45) together with the relations 0.1 () = L+ and

aEIcone(dom ) (0) = alcone(dom f)(e) = Ndomf(9)7

we obtain

Nrrdom £(0) = N cl(3-12(0) + OeIeone(dom £)(0)) = cl(LY + Naom £(0)).

e>0

Consequently, by Theorem 5.2.2 and Exercise 10,

af(6) = N cl (co(A:) + Naom £(8) + L) = N @0 (A: + Naom £(0))
e>0, LEF(0) e>0

as we wanted to prove. m

Remark 8 The conditions in Proposition (5.3.1) guarantee that (see
Ezercise 5(i))

U cl(L N (cone(dom f —z))) = cl(cone(dom f — z)),
LeFx

where Fx = Fx(0). At the same time, the second part in that exercise
gives an example where the last equality is not fulfilled.

Corollary 5.3.2 Assume that (5.10) holds, and let x € dom f be such
that the set int(cone(dom f — x)) is non-empty. Then we have

9f(x) = Naom f() + ﬂCO{ U &:ft(ﬂC)}- (5.66)

e>0 teT.(x)

Proof. We may assume that 0f(x) # 0. By Proposition 5.3.1 we have
that

of (x) = ﬂco{ U 0:-filz)+ Ndomf(in)} )
e>0 | teT. ()
and the conclusion follows by applying Proposition 4.1.28 to the non-
decreasing family of non-empty convex sets A. = co {UteTE(x)(‘)E ft(az)} ,
e > 0 (non-empty because we are assuming that df(z) # (). =

Corollary 5.3.3 Assume that condition (5.10) holds. Fix x € dom f
and let g > 0 such that the function f., = SUDeT, (2) ft is finite and
continuous at some point in dom f. Then we have that
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Of(x) = Ngom f(z) + ﬂco{ U agft(a:)}.

e>0 teT. ()

Proof. Theorem 5.2.2 together with Proposition 4.1.20 yields, due to
Corollary 5.2.3,

Of(x) = 0(fzo + laom 1) (2) = 0 (2) + Naom 7 (2)- (5.67)

Moreover, since the supremum function f;, is continuous somewhere,
the family {fi, t € T;,(x)} satisfies condition (5.10) (Exercise 67(7)).
Thus, Corollary 5.3.2 gives rise to

0fu(®) = Naom 1., (@) + N0 {Ues. 0y 0:Sl) |
e>0

= Naom s, @)+ N @ {Upeq, oy 0-fu(@) }

0<e<eg

where T.(z) :={t € To(z) : fi(w)>feo(x) —e} = {t € T, (2) : fe(z) >
f(xz) —e}. Hence, T.(x) = T.(x) for all € € ]0,e0[, and the relation
above, together with (5.67), entails

8f($) = Ndomf(x) +Ndomf50 (-T) + ﬂ CO{ U asft(x)} .
0<e<eo teT.(x)
(5.68)

More precisely, again by Proposition 4.1.20, we have that Ngom f() +
Ndom ., (*) = Ndom frdom f., () = Ndom f(x), and (5.68) implies the
desired formula. m

In the following result, the continuity assumption on the f;’s allows
us to avoid the assumption that the whole space X is Banach in The-
orem 5.2.7.
Theorem 5.3.4 Let the functions fy, t € T, be conver and lsc, and

denote f :=sup;cr fi. Assume that there exists a Banach linear sub-
space Xy such that each one of the fi’s has a point of continuity in

XoN f7Y(R). Then for every x € X we have that

Of (z) = 9fe(y) N Se(y — ) + Nrndom f(2) ¢ -

(5.69)

CcO
e>0, peP, LeF(x) {tETg(z),yEprf,(ac,s)

Remark 9 (before the proof) The hypothesis above is fulfilled if,
for instance, all the fi’s have a common continuity point oy € X; in
such a case, we can take Xo = R{zp}.
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Proof. Fix z € dom f, ¢ > 0, and p € P. Given L € F(x), we denote
Ly :=span{L \ Xo} and X; := X¢ + Lo, so that L C X;. Hence, X, is
a Banach space and cl(span(Usep dom(f; +1x,))) C Xi. So, by apply-
ing Theorem 5.2.9 to the supremum function, f + Ix,, of the family of
Isc convex functions {f; + Ix,, t € T} we obtain that

of(x) C O(f +1x,)(z) C T {Aa,p + NLAdom fnX; (x)} =co {Ae,p + deomf(w)} :
(5.70)

where

Aep = U Ofi +1x,)(y) N Sely — ),

and

Bpi(z,e) =={y € X1 :ply —2) <&, |fily) — fiz)| < e} C Bpy(z,e).

Observe that d(f; + Ix,)(y) = 0f;(y) + X1, due to Proposition 4.1.20.
Thus, because S:(y — )+ X1+ C Sc(y —x) for all y € Byy(z,e) C
X1, we can easily verify that

O(fi +1Ix,)(y) N Se(y — ) C (Ofe(y) N Se(y — ) + X1T C (8fe(y) N Se(y — x)) + L*.

Thus, (5.70) entails

CC €p+NLﬁdomf( )}

)
{ 8ft(y)mS&(y_w)_‘_NLﬂdomf(x)"i‘Ll}
teT.( ,yEBp, (z,€)

:co{ U aft<y>msa<y—w>+deomf<x>}-
teT. (x)

(@ 7y€Bp,t(m7€)

Hence, the inclusion “C” holds by intersecting over € > 0, p € P, and

L € F(z), and we are done as the opposite inclusion is straightforward.

|

The previous formulas of Of(x) are significantly simplified under
the continuity of the supremum function.

Theorem 5.3.5 Let the functions fy, t € T, be convex, and assume
that f := sup,er fi is finite and continuous somewhere. Then, for every
r € X, we have that
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0f(x) = Naom () + ﬂco{ U agft(g;)} (5.71)

e>0 teT. ()

and, provided that the fi’s are lsc,

Of(x) = Naoms(x) + N

CcO
e>0, peP teT. (z),yEBp, it (z,€)

Afi(y) N S (y — w)} :
(5.72)

Remark 10 (before the proof) Observe that formula (5.71) uses
approzimate subdifferentials of the fi’s at the reference point x, like
in (5.26), whereas (5.72) is given in terms of exact subdifferentials at
nearby points, as in (5.58).

Proof. Formula (5.71) follows from Corollary 5.3.2, as condition (5.10)
automatically holds in the current setting (Proposition 5.2.4(¢)). To
prove formula (5.72) we denote

Aeyp = U Afi(y) N Se(y — ).

tETE (x)v yGBp,t(zve)

Since A, C 03.f(x), coming from (5.57), we have that

Naom f(z) + (1 ©0(Acp) C Naom f(x) + ) O3 f ()
e>0, peP e>0

= Ndomf(m) + af(x) = 6f(:v),

showing that the inclusion “D” in (5.72) holds. Hence, (5.72) holds
whenever Jf(z) = (), and we only need to establish the inclusion “C”
in (5.72) when 0f (z) # 0.

To this aim, we assume that all the f;’s are proper; the general case
is treated in Exercise 89. Then, due to Proposition 2.2.6, the current
continuity hypothesis implies that all the f;’s are finite and continuous
at some point xg € dom f. Therefore, Theorem 5.3.4 applies and yields

of(z) = N @0 (NLndom f() + Aep) -
e>0, peP, LEF (z)

Observe that the same relation holds if F(z) is replaced with the family
F(x,z0) :={L € F(x) : z9p € L} (Exercise 82). Notice also that, due to
Proposition 4.1.20, Npndom £(2) = Naom £(z) + L+ for all L € F(z, zo),
and the relation above yields (Exercise 10(7))
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of () = N & (Naom (@) + Ac p + L")
e>0, peP, LEF(z,z0)
= N ©@Naomf@) +Acp) = N (Ngom (@) +co(Acp)). (5.73)
e>0,pEP e>0,peP

Now we consider the following partial order in the set |0, +-00[xP,

(e1,p1) < (g2,p2) <= €1 < &9 and p; > po,

so that (]0,4+o00[xP,=<) becomes a directed set, and the net
(coAap)(&p) is non-decreasing. Moreover, using again the relation
A, C O3 f(x), for every z € dom f, € > 0, and p € P we have that

OcoA, (2 —x) =04, (2 =) <0g,_pa)(2 —2) < f(2) = f(2) + 3¢ < 400;

that is, dom f — 2 C N>, pep domoy,_, and, obviously, dom f —x C
Ues0,pep dom oy . Therefore, Proposition 4.1.28 applies and (5.73)
produces the desired result. m

Corollary 5.3.6 Let f;: X — Ry, t €T, be convex functions and
assume that f :=sup,cr fi is finite and continuous at x € X. Then
we have that

Of(x) = ﬂCO{ U &:ft(fv)} (5.74)

e>0 teT.(x)

= N CO{ U 8)‘%(1/)}7 (5.75)
teT.( )

e>0,peP x),yEB,(z,e

where By(xz,e) :={y € X :ply —x) <e}.

Proof. Without any loss of generality, we may suppose that all the
ft’s are proper. Otherwise, according to Corollary 5.2.3, and since

of(x) =0 ( sup ft> () + Ngom f(z) for all € > 0, (5.76)
teT.(x)

we can deal with the subfamily {f;, t € T.(z)} of functions, which are
continuous at x and, therefore, proper. We may assume that = =6
and f(0) =0 (Exercise 78). First, formula (5.74) is straightforward
from (5.71) as Ngom £(0) = {0}, whereas formula (5.72) implies that

of(0) = ﬂ @(Aa,p) - ﬂ Co{t 7.6) U 5,6 )aft(y)}7

e>0,peP e>0,peP ,YE
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where we remember that

Az—:,p = U aft(y) N Ss(y)
teT.(0),yEB,,:(0,e)

This yields the inclusion “C” in (5.75). To prove the other inclusion
in (5.75), we only need to verify that

C:= ) ©(Ccp)C [\ ©co(A:p),

e>0, peP e>0, peP

where C. 1= User, (9), yeB, (0,0)0.f¢ (). To this aim, we take o € ]0,1]
and U € Nx such that (see Proposition 2.2.6)

[fe(y) = fi(2)| <puly —2) for all y, z € U, t € T, (0),  (5.77)

where py is the gauge function of U. Next, take € € |0,£9/2[, p € P
and consider p := max{p, pr}. Then, given y € Bj(0,¢) (C By, (0,¢) =
elpy < 1] =¢U), y* € 0f(y), and t € T.(0) C T, (), relation (5.77)

gives rise to

("2 —y) < fi(z) = fily) < |fi(y) — fe(2)| < pu(y — 2) for all z € U.

In particular, taking z = 6 we obtain that |f;(y) — f:(0)| < pu(y) <e,
while z = 2y € 2eU C U gives (y*,y) < pu(y) < ¢, entailing that y* €
O0fi(y) N S:(y) and y € Bp (0, ¢); in other words, C. 5 C A, 5. There-
fore, choosing pg € P such that p < pq,

cc N ©(Cep)C [ 0(Cep)

0<e<eo/2 0<e<eo/2
C N ©(Ap)C (1 TO(Acp).
0<e<eo/2 0<e<eo/2

Hence, C' C Mycecey/2, pepC0(Acp) = Nes0, pep(A:p) and the proof
is complete. m

Remark 11 Taking into account (5.76), the proof above shows that
formulas (5.74) and (5.75) also hold if, instead of the continuity of
[ at x, we assume that the function supser, (z) fi, for some e >0, is
continuous at x and that x € int(dom f).

The following corollary deals with a non-convex situation, where
Theorem 5.2.2 can also be applied.
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Corollary 5.3.7 Given non-necessarily convex functions f; : X — R,
teT, and f :=super f, formula (5.26) is still valid under the con-
dition
cof = sup(cofy). (5.78)
teT

Proof. We only need to prove the inclusion “C”. We fix x € dom f such

that df(x) # 0; hence, (cof)(z) = f(z) € R and df(x) = d(cof)(x)
(Exercise 78). Then, by applying Theorem 5.2.2 to the family of lsc
convex functions {¢of;, t € T}, we obtain that

of(x) = N ()CO( U aa(coft)(w)+NLﬂdom(cof)($))7 (5.79)

e>0, LeF (x T. ()

where T, (z) := {t € T : (cof)(x)
for all ¢ € T.(z) we have (cof;)(x)
to 0:(cofi)(x) C Oac fi(x) (Exercise
then for all y € X

(x%,y —x) < (0fi)(y) — (0fi)(x) + € < fily) — filx) + 2.

f(z) —e} C T.(x). Observe that

f(x) —e > fi(x) — €, giving rise
62). In fact, if 2* € d.(cofi)(z),

>
>

Consequently, taking into account that

T.(z) C T-(x) and Nzndom(esf) () € Nradom £ (),
Exercise 62 entails
8f(37) C ﬂ €9 ( U 825]015(55) + NLﬂdomf<x)> 5
e>0, LEF(x) teT.(x)

and we are done. m

As an illustration of the previous results, in the following example
we provide some formulas for the subdifferential of the supremum of
affine functions.

Example 5.3.8 Assume that

f(z) :=sup{{at,z) — b : t €T},

with (ag,by) € X* x R. Then, according to Theorem 5.2.2, for every
fixed x € dom f we have that
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of(x)= (1 ©(Az + Nrndom (), (5.80)
e>0, LeF(x)

where Az :={a; € A: {ag,x) — by > f(x) —€}.

Let us suppose that X =R and a; > 0 for allt € T. We also assume

that x = 0, so that b := sup {—b; : t € T} < 4o00. Then, by Proposition
5.8.1, the intersection over the L’s is removed from (5.80), which is
now written in two forms:
1) When 1 € [co{as, t € T} . In this case, we have sup;cp a; = +00,
and so dom f = |—o0, c] for some c € R. If ¢ = 0, then Ngom £(0) = R4
and (5.80) simplifies to 0f(0) = Neso [infy,ca. at, +oo[. If ¢ > 0, then
Ndom £(0) = {0} and (5.80) reads

af(O): ﬂ@{ateA:—thB—E}.

e>0

2) When 1 ¢ [cof{as, t € T} . In this case, the set {a;: t €T} is
bounded, and so f is finite everywhere; that is, dom f = R. Hence, the
last formula holds in this case too.
We shall discuss a pair of particular cases:

i) (a,b) = (t,1/t), t > 0. We have dom f = | —00,0] so that 0 €
bd(dom f), and the formula in 1) entails 0f(0) = Nge>o[l/e,+00 |
=0; i.e., f has no subgradient at 0. In fact, we have in this case
f(z) = =2y/—z, for x <0.

ii) (ag,be) = (t]sin(t)|,1/t), t > 0. Again dom f = | —00,0] and the
formula in 1) also applies because

L 2 (2k+ 1)m . 2
(1,0) = kli»Holo okt )r ( 5 sin((2k + 1)7/2)], (2]‘34‘1)”) .

Thus Of(0) = N> [0, 400 [= R

In the case of the support function, let us say f = o4 for a non-
empty set A C X*, the formula in Theorem 5.2.2 is different from
the following classical characterization, which can be derived from the
Fenchel inequality (see (5.1)).

Example 5.3.9 Let T C R3 be the set given by
T:={(1,a,8): aa>0, peR}U{(0,7,—logvy): 0 <~y <1},

so that fi:= (t,), t € T, and f := sup,cr fi is the support function of
the set T. For x := (—1,—1,0) we have f(x) =0 and, withe <1 fized,
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Te(z) ={teT: (t,x) > f(z)—ct={teT: (t,x) =—t;] —ty > —¢}
={(0,7,—logy): 0 <vy<e},
and
coq U 0:fi(z) p ={(0,7,0): 0<vy<e —loge << —logn}.
teT, (x)
Moreover, Ngom ¢(z) = R(0,0,1) and

co { U &;ft(ac)} + Ndom f(z) = (coT:(z)) + R(0,0,1)

teT. (x)
={(0,7,0): 0<vy<e, §d€R}

which obviously is not closed. Then
Of(x) = CO{ U o:fi(z) + Ndomf(iﬂ)} = R{(0,0,1)}.
e>0 teT. (x)
Howewver, for every e > 0 the Fenchel equality yields

O-f(x) ={tel: (t,x)>—c}
={teR3:0<t; <1, t2 >0, t1 +ta <e}.

This shows that, for every e > 0,

CO{ U 8sft($)+Ndomf($)} =cl <CO{ U 8gft(l’)} +Ndomf(m)> gasf(m)

teT: (x) teTe (x)

The above example also shows that even in finite-dimensional
spaces, one may have that

e>0 teT. (z)

N (CO{ U asft(ﬁ)} +Ndomf(l‘)> & 0f ().

The following example shows that, in general, the set Nqom ¢(2) in
formula (5.26) cannot be removed.

Example 5.3.10 Consider the family of linear functions f;: R? —
Roo, t € T := {0} U ]1, +00], given by



5.4. EXERCISES 217

—, fort=0,
fulw, v) = {tu +t fort > 1,

and the associated supremum function
f(u,v) == max {—v, sup{tu+v/(t —1):t>1}}.

Observe that f is the support function of the set {(u,v) € R? :u >
0,v > —1}. On the one hand, for z:=(—1,0) we easily check that
f(z) =0 and 0f(z)={0} x [-1,4+o00[. On the other hand, for alle < 1
we have that T.(z) ={t € T : fi(x) > —e} = {0}, and

ﬂCO{ U (%ft(:r)} = e]fgl[@sfo(l‘) = 0fo(z) ={(0,-1)} .

e>0 teT. (x)

Thus, ﬂ€>0(30{ U 8Eft(x)} & Of(x). At the same time, we have
teT. (x)

dom f =] — 00, 0] %] — o0, 0].

ThenNgom ¢(z) = {0} x [0, 400, and formula (5.71) reads

af(x):Ndomf(x)+ ﬂCO{ U aaft(x)}

e>0 teT.(x)
= {0} x [0, +o00[+ {(0,—-1)} = {0} x [-1, +o0].

5.4 Exercises

Exercise 67 Let {f;, t € T} be a non-empty family of proper convex
functions, and set f :=sup,cp fr. Assume that {f;, t € T} satisfies
condition (5.10).

(i) Given T; C T such that UT; =T, we set g; := supser, fi. Prove
that the family {g;} satisfies (5.10). Prove in addition that (5.26) holds
if there exists some g > 0 such that the following condition holds:

clf =supqclfi, t el (z);cl sup  ft )
teT\T., (x)

(73) Assume that {cl fy : t € T} C I'o(X). Prove that, for every con-
vex set A D dom f, the family {fi + 14 : t € T} satisfies (5.10).
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Exercise 68 Let A C X* be a non-empty set. Prove that, for every
x € X and e > 0,

O-04(x) = (Q cl{z* € coA: (z",x) > oa(x) — 6}. (5.81)

Exercise 69 Let A := {(a;,by) € X* xR, t € T} be a non-empty set,
and denote f :=sup,er({as,-) —b). Prove that, for every x € X and
e >0,

O-f(x) = (N c{z" € X" : (z%,a") € c0A, (z",x) —a™ > f(z) —d}.

o>e

Exercise 70 Let C := {(at,b;) € X* xR, t € T} be a non-empty set,
and denote f :=sup;cr({as,-) —b). Let the mappings A, Ay: X —
X xR be such that Apz := (x,0), Az := Aoz + (0, —1). Prove the fol-
lowing statements:

(1) f=0c o A.

(73) For every x € X and e > 0,

O f () = cl(Ap(Oeoc(x, 1))
=cl({z* € X" : (2", a") € Dcoc(z,—1)}).

Exercise 71 We have proved in Theorem 5.1.4 that, when {f;, t €
T} C To(X) is closed for convex combinations and f := sup,er ft, for
all z € X and e > 0 we have

O:f(x) = Cl{ U 8(£+ft(x)—f(x))ft($)} : (5.82)
teT

The purpose of this exercise is to show, under the assumptions that
the functions fi, t € T, are not necessarily in T'o(X) but satisfy (5.10),
that for all x € X and e >0

O-f(x) = Cl{ U Ot f(@)—f@)) (fe + ID)(ﬂf)} : (5.83)

teSo

where D C X is as in (5.11). To this aim, proceed by proving the fol-
lowing facts.

(i) f = SUPyes, gt» where g; 1= fi+ Lapy-
(7) {gt,t € So} CTo(X) is closed for convexr combinations.
(4i1) Formula (5.83) holds.
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Exercise 72 Assume that X is a reflexive Banach space. Prove that
formula (5.16) also holds if the closure is taken with respect to the
norm topology.

Exercise 73 Prove that formula (5.22) also holds if the closure is
taken with respect to the norm topology when X is a reflexive Banach
space.

Exercise 74 Give a proof of FExample 5.1.6 by using Proposition
3.2.8.

Exercise 75 Given any function f: X — Ry with a proper conju-
gate, prove that, for all z* € X* and € > 0,

O (z*) = cl{ S X0, f) @) A€ A(dom f), £, >0, Y Apes < e}
xc€dom f czedom f
(5.84)

Exercise 76 Let (fn)n CTo(X) be a countable family, and denote
J = sup,>1 fn. Using Corollary 5.1.9 and Example 5.1.6, prove that,
for all x € dom f and € > 0,

O:f(x) = N Cl( U Octsimicicnfi@)—f(a) ( > Aﬂ)( ))-
6>0 AEA,,n>1 j

Exercise 77 Assume that X is a reflexive Banach space. Let {f;,t €

T} be a family of convexr functions satisfying (5.10), denote f :=

supser fi, and let D C X be convex set satisfying (5.11). Prove the

following assertions, for every x € dom f and e > 0:

(i) O-f(z) = U et f,(2)—f(x)) (f7+1D) (2).
JCSo,J countable
(i1) O-f(w) = U et fy(x)—f(x)) F7 ().

JCT,J countable

Exercise 78 Given convex functions fi, t €T, f :=sup,er fi, and
z € f~Y(R), we introduce the functions

fi=fi(-4+z)— f(z), teT,

and the associated supremum function

f=sup fy = f(- +2) — f(2).

teT
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(i) Prove that if the family {f;, t € T'} satisfies condition (5.10),
then the family {f;, t € T'} also does.

(ii) Use the fi’s to prove that, in order to establish (5.26) and related
formulas when Of (x) # 0, it suffices to suppose that x =6, df(0) =

A(cl f)(8) # 0, and f(6) = (c1 f)(0) = 0.

Exercise 79 Let C be a convez set in X, and let {Ac}e>0 be a family
of convex subsets of X*, which is non-increasing as e | 0. Given x € C,
we assume that either Ry (C — ) is closed orri(C' — x) Ndomoy, # 0
for some g9 > 0. Prove that

EQO cl{A: + Nz (x)} = EDO cl{A: + N¢(x)}. (5.85)

Exercise 80 Complete the proof of Theorem 5.2.2 where, instead of
supposing that {f;, t € T} C T'o(X), we assume that the functions fi
are lsc.

Exercise 81 Complete the proof of Theorem 5.2.2 when the convex
functions f;, t € T, are not necessarily lsc (as in Exercise 80) but sat-
isfy condition (5.10).

Exercise 82 Let the functions f;, t € T, be convex and lsc, and denote
fi=supser fr. Let A C X be a finite-dimensional subset. Prove that
in formulas (5.26), (5.42), (5.49), (5.69), etc., F(x) can be replaced
with the family F(z, A) :={L € F(z): A C L}.

Exercise 83 (i) Prove that if X is a reflexive Banach space, then
formula (5.26) holds when the convex closure is taken with respect to
the norm topology.

(7i) Prove that if X is a Banach space, then the formula in Corollary
5.2.5 is also true when the convex closure is taken with respect to the
norm topology.

Exercise 84 Given a non-empty set A CRP, p > 1, and the associ-
ated support function o4, prove that for every x € domo s we have

Ooa(x) = rol ((co{a € A: (a,x) > oa(x) —e}) + A(x)), (5.86)

where
A(z) := [eoA] N {x}*. (5.87)

In the particular case when x € ri(domo4) prove that
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doa(x) = Qo cl((cofa € A: (a,z) > oa(x) —e}) + lin(cod)),

where lin(coA) is the lineality space of C6A (see (2.21)). Moreover,
when x € int(domoy) prove that

Ooa(zx) = Doﬁ{a € A:(a,z) > oa(x)—e}.

Exercise 85 Given a non-empty set A := {(as,b;): t €T} C RPHL
p>1, and the supremum function f(x):=sup{(a;,x)—0b;:te T},
prove that, for every r € dom f,

Of(x) = () cl(co{as : t € T.(x)} + B(z)), (5.88)

e>0

where B(zx) :={v € RP: (v, (v,z)) € [c6(A)]}. In particular, if x €
ri(dom f), one has

Of(xz) = () cl(co{ar : t € T.(z)} + C(x)), (5.89)

e>0

where C(x) :={v € RP : (v, (v,z)) € lin(co{A})}, and if x€ int(dom f)

Of (x) = N cofar : t € To(x)}. (5.90)

e>0

Exercise 86 Let T #0 and {f;, t€T} CTo(R"), and set f:=
supser fi. Prove that, for every x € X, we have

Of(x) = QO@ {A + tey( )&sft(x)} ;

where

A= {v* e X*: (v*, (v*,2)) € [co{thepift*Hoo}.

Exercise 87 Given conver functions f;, t €1, we denote f :=
sup;er ft and assume that condition (5.10) holds. Prove that, for all
x e X,
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Of(x) = DO o U o fe) + Imgomma) W) N Se(y —2) |,
LeF(x), peP yetg:i((fc)s)

where To(z) == {t € T : (cl f;)(x) > f(x) — ¢} and

Bpi(w,e):={y € X :py —z) <&, |(cl fi)(y) — fe(x)] < e}

Exercise 88 Let f;:R" — R, t € T, be convex and lsc, and denote
f = super fi. Prove that, for every x € R",

(4)

af(l‘): ﬂCO{ U aft(y)ﬂss(y_m)+Ndomf($)},
e>0 teT.(z), yEBi(x,e)
(5.91)
where Sz and By(x,€) are defined in (5.43) and (5.44), respectively.
(i)

Of (x) = ﬂCO( U 5(ft+1domf)(y)ﬂSs(y—x)ﬂaef(x)>-

e>0 teT. (), yeEBi(x,€)
(5.92)
(#i2) In addition, if dom f; = dom f for allt € T, then
Of(x) = o U sy, (593

e>0 teT. (x), y€B,(z,¢)

Exercise 89 Complete the proof of Theorem 5.3.5 when the proper-
ness assumption is dropped out.

Exercise 90 Let f;: X — R, t € T, be convex, and suppose that f :=
supser [t @s finite and continuous at some point. Prove that, for every

x e X,

9f(x) =Naoms(z) + [ CO{ U 5(let)(y)055(y—x)},

€>0,peP tETE(w),yEBp,t(w,E)
(5.94)
where Se(y —z) :=={y* € X* : (y*,y —z) <&} and

Bpi(z,e) =={y e X :p(y—z) <&, |(clfi)(y) — felz)| < e}
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(Observe that when the f;’s are lsc, Byi(x,e) reduces to By(z,e)
introduced in (5.50).)

Exercise 91 Let the functions fi, t € T, be convex, and let x € dom f.
Assume the existence of some g9 > 0 such that fe, := subier, (2) ft is
finite and continuous somewhere in dom f. Prove that

9f(x) = Naom f() + ﬂCO{ U asft(x)}a (5.95)

e>0 teT. (x)

and, provided that the fi’s are lsc,

Of(x) = Naoms(z) + CO{teT()U 8ft(y)ﬂSs(y—fv)}-

>0, peP ,YEBy +(2,€)
(5.96)

5.5 Bibliographical notes

The chapter presents extensions of the following historical results:
Dubovitskii and Milyutin (see [115]) for a finite number of contin-
uous functions, Levin [131] for infinitely many finite-valued convex
functions, Rockafellar [177, Theorem 4] and Volle [196] under weaker
continuity assumptions with finitely many functions, Brgndsted [29]
who used the concept of approximate subdifferentials, Valadier [191] in
normed spaces, assuming the continuity of the supremum function and
resorting to the exact subdifferential at nearby points around it, and
Volle [195] who obtained another characterization in terms of approx-
imate subgradients at the nominal point. The material in this chapter
has been mainly extracted from [50], [51], [52], [53], [99], [100], and
[103].

The large number of references allows us to emphasize the impor-
tance of this subject. Let us quote a paragraph on the second page
of [107]: “Omne of the most specific constructions in convex or nons-
mooth analysis is certainly taking the supremum of a (possibly infi-
nite) collection of functions”. In the years 1965-1970, various calculus
rules concerning the subdifferential of supremum functions started to
emerge. There is extensive literature dealing with subdifferential calcu-
lus rules for the supremum of convex functions including, among many
others, [64, 113, 114, 122, 134, 139, 141, 142, 185, 191, 196, 198,
201], etc. Pioneering works for the subdifferential/directional deriva-
tive of the supremum function are attributed to A. Y. Dubovitskii and
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A. A. Milyutin ([76]), and J. M. Danskin ([66, 67]) (and references
therein). The first two authors dealt with the supremum of finitely
many continuous convex functions, whereas the results in [66, 67] con-
cern finite families of C!'-functions. These results were extended by
Valadier ([191]) to arbitrary families provided that the data functions
are continuous with respect to both the state variable and the index
parameter. In such a case, and assuming the compactness of the index
set and the upper semicontinuity of the index mappings, the subdiffer-
ential of the supremum function is completely characterized by means
of the subdifferentials of active functions at the nominal point. In the
general case, maintaining only the continuity of the supremum with
respect to the state variable, the same author provided other charac-
terizations using the subdifferentials at nearby points of the e-active
functions. The last result was rewritten by M. Volle ([195, Theorem A])
replacing exact subdifferentials with e-subdifferentials of the e-active
functions f;, evaluated at the reference point instead of nearby ones.
Therefore, the mathematical interest of this topic, which is the main
subject of this book, has been widely recognized by such prestigious
authors since the very beginning of convex analysis history. Although
we are mainly concerned with the convex case, the general case is also
of great interest. For example, besides the aforementioned works by
Danskin, dealing with the maximum of a finite family of C'-functions,
we also cite [169] and [40] for further extensions. The last one deals
with the maximum of Lipschitz functions and appeals to the concept
of the generalized gradient introduced by the same author (see, also,
[130]). More recently, [157] considered the supremum of an arbitrary
family of non-convex Lipschitz functions and established some formu-
las via different notions of nonsmooth subdifferentials.

Corollary 5.1.9 and Example 5.1.10 are well-known; see, for instance,
[201, Corollary 2.8.11 and Example 2.8.1, respectively|. Example 5.1.12
is given in [105, Corollary 7] for the case of Isc convex functions (see,
also, [32] and references therein). For results related to Corollary 5.1.14
we refer to [6]. Example 5.2.1 can also be found in [110]. Theorem 5.1.7
is in the line of some results in [105], [142], and [167, Proposition 3.1].

Theorem 5.2.2 is established in [103], but the first attempts to
obtain it have been made in [100] and [99] in the finite-dimensional
setting. Namely, the approach used in [100] starts from the analysis of
the subdifferential of the support function, which is extended, in the
second step, to the supremum of affine functions. Then, the general
case of arbitrary convex functions is obtained based on the Fenchel—
Moreau-Rockafellar theorem (Theorem 3.2.2). The lower semicontinu-
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ity assumption (5.10) is an intrinsic condition for developing subdif-
ferential calculus rules for convex functions. A variant of (5.10) was
shown in [134, Theorem 3.1] to be necessary for the validity of for-
mula (5.26) in the Banach setting. For other variants of [103], see
[134, Theorem 3.1] and [113]. Proposition5.2.4(iii) can be found in
[174, Theorem 9.4] in the case where all the functions are proper. In
Banach spaces, [139] gives a formula using the exact subdifferentials
of the data functions but at points which are close to the reference
point. The locally convex version of this result is investigated in [52].
We also quote here [185], which deals with the directional derivative
of the supremum function, under certain conditions on the index set.
The first non-convex counterpart to Theorem 5.2.2, given in Corollary
5.3.7, has been proposed in [141]. The condition relying on the local
closedness of the set cone(dom f —z) in Proposition 5.3.1 has been
used in [141] and [113]. Corollary 6.4.4, established in [55], extends to
the compact setting the well-known Brgndsted formula ([29]), given
for the supremum of a finite number of proper lsc convex functions,
all of them being active at the reference point. Other extensions of
the Brgndsted formula were provided in [100, Proposition 6.3] for the
finite-dimensional setting. Theorem 5.2.7 is given in [51, Theorem X]
(see, also, [139]). The existence of proper lsc convex functions with
empty subdifferential mapping, such as those considered in Example
5.2.8, can be consulted in [172] (for some Fréchet spaces) and in [21]
(for some non-complete normed spaces; actually, certain subspaces of
05(N)). Exercise 66 is [43, Theorem 5.3]. Exercise 84 is [100, Proposi-
tion 2.1]. Exercise 90 extends formula (5.72) to convex (non-necessarily
Isc) functions.
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Chapter 6

The supremum in
specific contexts

This chapter aims to provide formulas for the subdifferential of supre-
mum functions in specific contexts. In these scenarios, an additional
structure is available so that the proposed characterizations can adopt
particular formats, generally of greater simplicity. As in the previous
chapter, X is an lecs with a topological dual X*. Unless otherwise
stated, X* is endowed with a compatible topology, in particular, the
topologies o(X™*, X) and 7(X*, X), or the dual norm topology when X
is a reflexive Banach space. The associated bilinear form is represented

by <7>

6.1 The compact-continuous setting

In this section, we provide precise formulas for the subdifferential of
the supremum function f := sup,cr f;, which only involve the sub-
differentials of the active data functions at the reference point. We
focus on the compact-continuous setting where the following standard
hypothesis holds:

T is compact and the mapping t — f;(z) is usc, for every z € dom f;
(6.1)
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the topological space T needs not to be Hausdorff, and so its compact
subsets are not necessarily closed. As in the previous chapters, given
z € X and € > 0, we denote F(x) := {L is a finite-dimensional linear
subspace of X containing x} and T (z) :={t € T : fi(x) > f(x) — e},
with T'(z) := Tp(z).

Below, in Theorems 6.1.4 and 6.1.5, we establish the main result
of this section. Formula (6.12) in Theorem 6.1.4 characterizes 0f(x)
by means of exact subdifferentials of the active enlarged data func-
tions f; + IrAdom £, t € T'(x). The proof of this theorem appeals to the
following technical lemmas.

Lemma 6.1.1 Given the lsc convex functions fy, t €T, and f :=
sup;er fi, we suppose that f(0) =0 and L C X is a finite-dimensional
linear subspace. We denote D := LNdom f and Z :=spanD, and
introduce the lsc conver functions

gt = (ft + lap)|z and g := sup g;.
teT

Then domg = D and

0fiz(0) C 9g(0) = (o {tET " U o )A(t, z,s)} , (6.2)

£>0 2€B,
where T(0) :={t € T : g:(0) > —¢},
Bi(0,e) :=={z € Z: |zl z <e lg:(2) — g9:(0)| <&},
and
A(t, z,e) == 0gt(2) N Se(2) N Oz9(0), witht €T, z € Z.

Proof. Observe that g = (f + I p)z, and since cI D C L, we have the
following relation in X:

domg = ZNdom(f +I4p) = (cI1D)Ndom f = D. (6.3)
Consequently,
dfiz(0) 0 ((f+1ap)z) () = dg(0). (6.4)

To prove the second inclusion in (6.2), we apply formula (5.60) (or,
more precisely, formula (5.92)) to the family of Isc convex functions
{gt, t € T'}. Indeed, thanks to (5.92), we get
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dg(0) = (o (teT( U 9g:(2) N S:(2) N 859(9)> - (6.5)

e>0 0), z€B(6,¢)

|
The following lemma gives more information on the convex combi-
nations involved in (6.2).

Lemma 6.1.2 With the same assumptions and notations as Lemma
6.1.1, for every 2* € 0f|z(0) there exist p > 0 and d > 1 such that, for
each ¢ € 10,1], there are X\ € Agy1, u* € Bz- and some

ti € T.(0), z; € By, (0,e)Ncl D, and z; € A(t;, zi,e), 1 <i < d+1,

such that iz} € pBz- and z* = Elgigdﬂ)‘ﬂ; + eu®.

Proof. First, we pick zg € ri D. Then z € ri D = ri(dom g), by Lemma
6.1.1, and the continuity of g at zy entails the existence of m > 0 and
0 > 0 such that zg + 6Bz C D and

g(zo0+z) <mfor all z € §By. (6.6)
Now, we fix € € |0, 1]. According to (6.2), we have that
2" € 0fjz(0) C 9g(0) C o U A(t,z,e) p C Z*.
teT.(0), z€B:(0,e)
Hence, taking into account the Carathéodory theorem, and denoting
d:=dimZ, we find A € Agyq, u* € By, t; € Tc(0), z; € By, (0,¢), and
zF € A(ti, zise), 1 <i < d+ 1, such that

2= > Nzl teut. (6.7)
1<i<d+1

Notice also that z; € By, (f,e) Cdomg;, CclD for all 1 <i<d+
1. Next, for each fixed 1 <i <d+ 1, the relation z; € A(t;, z;,€) C
0-9(0) together with (6.6) implies that

(zF,20+2) <g(zo+2)—g(@) +e <m+1forall z € IBy;
that is, taking z = 6 and multiplying by \;, we get (A2}, z0) < Ai(m +

1) and
(Nizi,z2) < —(Nizf, z0) + m+ 1 for all z € By. (6.8)
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Hence, (6.7) yields

(Nizf, 20) = (27, 20) — 21<]<d+1 i (N ]’ZO> (u®, 20)
> (2", 20) —m —1— |20l £ ;

that is, [(A\iz],20)| < M, where M > max{m+1,m+ 1+ |2, —
(2*,20)}. Therefore, (6.8) implies that (A\;z},2) < M +m+1 for all
z € 6By, showing that A\;2} € (M +m +1)6 !Bz, and the conclu-
sion holds by taking p:= (M +m +1)d~1 > 0. m

Lemma 6.1.3 Given the convex functions fi, te€T, and f:=
supger ft, we suppose that f(0) =0, 0f(0) # 0, and L € F(0). We
denote D := LNdom f and Z :=span D, and introduce the lsc con-
vex functions

hi .= cl(f +1p), t € T, and h := sup hy. (6.9)
teT

Then h = cl(f +1p), k() =0,
domh C cl(D), cl(domh) = cl(D), Z = span(L Ndomh), (6.10)

and

of(0) C Oh(0). (6.11)
Proof. Notice that, for all ¢t € T,
dom(f: +1Ip) =DnNdom f; = LNdom f = dom(f +1p) =D,
so that

aff(dom(f; +Ip)) = aff(dom(f +1p)) = aff(D)and(f + Ip)p.x p

is finite and continuous on ri D, because D is finite-dimensional. Hence,
since f + Ip = sup;cp(fi +1p), Proposition 5.2.4(iv) applies and we
get

c(f+1Ip) =supcl(fy +1p) = h,
teT

which also implies that

domh = dom(cl(f +1Ip)) C cl(DNdom f)) =cl(D) C L
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and, using (2.35),
cl(domh) = cl(dom(f +1p)) = cl(D).
Therefore, Z = aff(dom h) = aff (L Ndom h),
B £ 0F(0) C O(f +1p)(60) = AC(f +1p))(6) = Ih(0),

and 0= (f +1p)(0) = (cl(f +1p))(6) = h(0). m

Theorem 6.1.4 Given the convex functions fi, t € T, we denote f :=
sup;er fi. Under hypothesis (6.1), for every x € dom f, we have

of(z) = ﬂ()co{ U 8(ft+ILmdomf)(m)}. (6.12)

LeF teT(x)

Remark 12 (before the proof) Actually, we prove the following
formula:

6f($) = ﬂ co { U a(ft + Icl(Lﬂdomf))(x)} ) (613)

LeF(x) teT (x)

which will be used in the proof of Theorem 6.1.5 and elsewhere. This
formula easily leads us to the inclusion “C” in (6.12), as O(fi +
Lai(zndom £)) () C O(ft + Indom f) (), for allt € T and x € L N dom f,
while the inclusion “O7 in (6.12) is straightforward (Ezercise 92).

Proof. We only need to prove the inclusion “C” in (6.13) when x =
0, 0f(0) # 0 and f(#) =0, by using Lemmas 6.1.1, 6.1.2, 6.1.3, and
the notations used there. Given a fixed L € F(#), we consider the lsc
convex functions h; and h defined in (6.9), together with the sets D =
LNndom f and Z := span D; hence cl D = cl(dom h) = cl(L Ndom h)
due to (6.10).

Fix z* € 9f(0) C Oh(6), so that z* := mTZ € Oh|z(0). By applying
Lemma 6.1.2 to the family {h;, t € T}, we find some p >0 and
d>1 such that, for each k> 1, there are A\, € Agi1, uj € Bz,
tik € Tlh/k(e) ={teT:h(0) >—-1/k},

2k € B (0,1/k) = {z € Z: |zll, < Lk, b, . (2) — b, (6)] < 1/k},

and
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2 € O(hy, , +Tap)z(zik) N S1/k(2ik) N O1k(h +Tap)z(0)

with ()\Z;gzl*k)k C pBz«,1<i<d+1, and

o= 1<;:d 1/\1‘,1@2% + (1/k)ug. (6.14)
<i<d+

By taking subnets if necessary, we may suppose that t;, — t; € T (T
is compact by (6.1)) and A\; ; — A € Agyq, 1 <i < d+ 1. At the same
time, by the Weierstrass theorem, we also may suppose that (Azszk) k
converges to some z; € 2, 1 <i < d+ 1. Consequently, since 27, €

8(httk + ICID)|Z(Zi,k) and Zik € ng(e, 1/k) M (Cl D), for all z €clD
we obtain

(2F,2) = 111?1 <)\i,kz;k, z> = liin(/\i,k <zzk, z— zi,k> + </\i,kz;k, zzk>)
< limkinf()\m(hti’k(z) — h, o (zig)) + (LK) || Nk s
= limkinf ik (ht,  (2) = he, (2 k)

z+)

More precisely, because z; j, € B,Z’k(G, 1/k) and t;, € Tlh/k(ﬁ)7 the last
inequality yields for all z € cl D

(27, 2) < limkinf Xig(he, , (2) = he,  (0) + 1/k)
< limkinf Xig(he,  (2) +2/k) = limkinf i ke, (2).

In particular, using the upper semicontinuity assumption in (6.1), for
every z € D (C dom f;,) the last inequality gives rise to

(zF,2) < limkinf Nk St (2) < Nift, (2). (6.15)

Therefore, if i is such that \; =0 (if any), then (y;,z) <0 for all
z€ D, and so zf € Np(f) (the normal cone to D in Z). Other-
wise, if A\; > 0, then (6.15) yields 0 = (2,0) < A\ fi,(0) < X\if(6) =0
(that is, t; € T'(0)) and (A7 '2F,2) < fi.(2) = fi.(2) — fi.(0) for all
z € D. Moreover, as (ri D) N (dom f;,) =ri D # (), the last inequality
also implies that <)\i_12;",z> < fi.(2) = f,(8) for all z € clD (Exer-
cise 14 applied in Z), and we get 2] € \i0(ft, + lap)z(#). Thus, by
taking limits in (6.14), and remembering that each one of ()\Mzzk)k,
1 <¢<d+ 1, converges, we deduce
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x‘*Z =2 =1lim < > )\i,sz’k + > )\i,kzz‘,k>

ko \1<i<d+1,2,=0 1<i<d+1, 1,0

e Np(f) + > NiO(ft, +1ap)z(0).
1<i<d+1, 23>0

Hence, because (see Exercise 55(iv))

Np(0) = {u(z : u" € Np(0)}, 8(ft, +1ap)(0) = {uz : u* € d(fi, +1ap)(9)},
and {1 <i<d+1:)\ >0} #0, the relation above yields

2 eNpO)+ Y NO(fe +Tap)(0) + 2T
1<i<d+1, ;>0

C > XO(fr; +Lap +12)(0) = CO{ U o(fe + Ich)(Q)} :

1<i<d+1, A\;>0 teT(0)

Finally, (6.13) follows by the arbitrariness of the L’s in F(6). m
Formula (6.16) below gives another variant of (5.26) involving the
approximate subdifferentials of the active data functions fi, t € T'(z).

Theorem 6.1.5 Given the Isc convex functions fy, t € T, and f :=
sup;er fi, we assume that hypothesis (6.1) fulfills. Then, for every x €
dom f, we have

of@)= N )co{ U agft<a:>+deomf<:c>}. (6.16)

e>0, LEF(x teT(z)

Proof. As in the proof of Theorem 6.1.4, only the inclusion “C”
in (6.16) needs to be verified, as the opposite one comes easily
from Theorem 5.2.2. Again, we suppose that df(z) # 0, x =6, and
f(8) = (cl f)(8) = 0, consider a fixed finite-dimensional linear subspace
L C X, and denote D = L Ndom f. Then, by (6.13), we get

of(8) Cco { U a(fi + Ich)(g)} . (6.17)

teT(6)

Thus, since each f; for t € T'() is proper and lsc, Proposition 4.1.16
entails
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af(0) < N CO{ U Cl(aaft(9)+Ni1D(9))}

e>0 teT(0)

N co{cl( U 0-f:(0) +N§1D(9)>}

e>0 teT(0)
C N cl(A: + N5 (9)),
e>0

where A := co {UtGT(g)&ft(ﬂ)} . But we have () # ri D C dom a4, for
all € > 0, as the following inequality holds for all z¢ € ri D,

oa.(x0) = sup op_f,9)(r0) < sup g ) (o) < fwo) + € < +00,
teT(0) teT(0)

and so Exercise 79 applies and yields the desired inclusion. m

Remark 13 Due to the relation (see Corollary 5.2.3)

of(x) =0 < sup (f; + Idomf)> (z) for alle >0,
teT.(x)

it suffices to apply formulas (6.12) and (6.16) to the smaller family

of functions { f; + laom ¢, t € Te(x)}. In other words, when calculating

Of(x), the compactness of the index set used in hypothesis (6.1) can

be relaxed by taking, instead of the whole set T, the subset T.(x) for

sufficiently small € > 0.

As the following corollary shows, df(x) is based only on the active
functions at the reference point, while the rest of the functions are
beyond the construction of dom f.

Corollary 6.1.6 Given the conver functions f;: X — R, t € T, and
[ :=super fr, suppose that hypothesis (6.1) fulfills. Then, for every
x € dom f, we have that

teT(z)

af(li) =0 ( sup ft+Idomf> (:L‘)

Consequently, provided that int(dom f) #£ () or SUPser(q) ft 18 continu-
ous somewhere in dom f, we get

df(x) =0 ( sup ft> () + Ngom f(x).

teT(x)
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Proof. It suffices to prove the inclusion “C”. By Theorem 6.1.4, we
have

of(z) = CO{ U 3(ft+1mdomf)(95)}-

LeF(z) teT(z)

Observe that, for all ¢t € T'(x) and L € F(x), one has f; + Irndom f <
SUPser(z) fs + LLndom £, and both functions coincide at z, entailing

O(ft + Irndom £) (%) C O(SUPser(y fs + Iondom f) (). Consequently,
using (4.16),

8f(x) C ﬂ a < sup ft +ILﬂdomf> (I) = a < sup ft +Id0mf> (.73),

LeF(x) teT (x) teT (x)

and the proof of the first statement is complete since the opposite
inclusion is straightforward. The last statement comes by applying
Proposition 4.1.20. =

We can relax the upper semicontinuity assumption in Theorems
6.1.4 and 6.1.5, but maintaining the compactness of the index set T.
To this aim, we introduce the usc regularizations of the functions f,
fi: X = R, t € T, defined by

fi(2) := limsup fy(2). (6.18)

s—t

The following lemma gives some properties of the functions ft, telT,
which are exploited in the sequel.

Lemma 6.1.7 Let f;: X — R, t € T, be convex and let ft be defined
as in (6.18). Then the following statements hold true:

(1) The fi’s are convex and satisfy f = sup,cr fi-

(i3) The family {f;, t € T} satisfies condition (5.10) if the original
family {f, t € T} does. 3

(#i7) The mappings s € T — fs(z), z € dom f, are usc on T.

Proof. (i) Given t € T, for every z,y € X and A € ]0, 1], we have

FrOx+ (1= Ny) < lir;r:sllp (Afs(z) + (1 =N)fs(y)

<limsup Mfs(z) + limsup(1 — A) fa (y) = Me(2) + (1 = A) fe(y),

s—t s—t

entailing the convexity of f;. To verify that f = SUpPse f;, we observe
that for every z € X
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sup fi(z) = sup <nm - fs<z>) < ().

teT teT s—t

The opposite inclusion follows as limsup,_,; fs(z) > fi(z) for all z € X.

(#4) Assume that the family {f;, t € T'} satisfies condition (5.10).
We observe that clfy < fi < fy < f, for all t € T. So, clfy <clfy <
cl f and, taking the supremum over ¢ € T and using the equality f =
sup;cr fr coming from (i),

cl f = sup(cl f) < sup(cl f;) < cl f = cl(sup fr);
teT teT teT
that is, {f, t € T} satisfies condition (5.10) too. }

(79i) Take any t € T' and z € dom f (= dom(sup,cp ft)), and con-
sider a net (t;); C T such that t; — t and limsup,_, fs(z) = lim; f;, (2).
Similarly, for each 4, there exists a net (¢; ;); C T such that ¢; ; —; t;
and f, (2) = lim, ft.,(2). Next, we can find a diagonal net (¢; ;,); such
that t; j, —; t and lim; f;, ; (2) = limsup,_,, fs(2); that is,

limsup f;(2) = lim f,, , (2) < limsup f;(2) = fi(2),

s—t s—t

showing the desired property. m

Corollary 6.1.8 Given the convex functions fi: X — R, t € T, and
f = supyer fi, assume that T is compact. Then, for every x € dom f,
we have

Of(x) = ﬂ( )CO{ U af +Imdomf)(fv)}, (6.19)

LeF teT (x)

where f; is defined in (6.18) and T'(xz) :={t € T : fi(x) = f(x)}.

Proof. According to Lemma 6.1.7, the family {f;, t € T} satisfies (6.1)
and its supremum is f. Therefore, formula (6.19) follows by applying
formula (6.12) to the family {f;, t € T}. m

Example 6.1.9 Consider the set T' = [0, 1] and define the affine func-
tions f; :R—-R, teT, by

fi(z) := % —t, t€]0,1], and fo(z) :=x —1.

Hence,
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400, if x>0,
f(@) = sup fi(z) = { ~2v=a,if —1<2 <0,

teT x—1, ifr<-—1.

We have that T(0) = 0, fi :=limsup, _; fs = fy for all t € 10,1], and
fo(z) :=limsup,_, fs(x) = max{z — 1,limsup, |, 7 }; that is,

~ 400, if x>0,
fo(.%’) = 0, fo = 0,
x—1,if x <O.

Hencle, T(0) = {t € [0,1] : £:(0) = £(0) = 0} = {0} and formula (6.19)
entails

9f(0) = 0(fo + T1—000))(0) = 9fo(0) = 0.

Let us show how this conclusion can be achieved using formula (5.26).
Observe that, for every 0 < e < 1,

To(0) :={t € [0,1] : f1(0) > —e} = {t €]0,1] : t <&} =]0,¢],

and 0g f+(0) = {1/t} for all t € ]0,e]. Then formula (5.26) (or better
its variant given in (5.65)) yields

af(o) = ﬂ co ( U asft(o) + Ndomf(o))

>0 teT.(0)

=N co( U {1/t}+R+> = N [1/e,+oo[=0.

0<e<1 t€]0,¢] O<e<1

Remark 14 The L’s are naturally dropped out from Theorems 6.1.4
and 6.1.5 if the underlying space is finite-dimensional. For instance,
Theorem 6.1.4 simplifies to

df(z) = co { U a(fr + Idomf)(x)} . (6.20)

teT (x)

The following corollary establishes a slight generalization of this last
relation.

Corollary 6.1.10 Given convex functions f; : X — R, t € T, satisfy-
ing hypothesis (6.1), assume that ri(dom f) # 0 and that the restriction
of f :=supyer fi to aff(dom f) is continuous on ri(dom f). Then, for
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every x € X, we have

(9f(90)200{ U a(ftJrIdomf)(fﬂ)}-

teT (x)

Proof. We may assume that x = 6 and 9f(6) # 0. Only the inclusion
“C” needs to be proved. The key idea of the proof consists of simpli-
fying the formula provided in Theorem 6.1.4, by means of Corollary
4.1.27 applied in the subspace Y := aff(dom f), which is closed because

ri(dom f) # 0.
Fix zg € ri(dom f), L € F(0) and denote Lg := span{L, zo}. Then,
for every t € T'(6), Corollary 4.1.27 gives rise to

a(ft + ILgﬁdomf)(e) = a(ft + Idomf + ILO)(H) = a(ft + Idomf)(g) + B(ILO + IY)(G):

and Proposition 4.1.16 (applied to the functions Iy, Iy) yields

O(fi + Iondom £)(0) = O(fi + Laom 5) () + cl(Lg + Y).

Therefore, Theorem 6.1.4 implies that

Bf(e) - CO{ U 8(ft + ILoﬁdomf)(x)}

teT(0)

= co { U 9(fi + Liom £)(0) + cl(Lg + YL)}
teT(6)

Cc:o{ U 9(f + Taom ) (0) + Ly +Yl}.
teT(0)

Notice that Y1 =0lIy(0), so that I(fi + laoms)(0) + Y+ C O(fit
Liom f +1Iy)(0) = O(fi + ldaom £)(8). Then, since Lé c LY, the
last inclusion gives

af(0) ceog U a(fi + laoms)(0) + L ¢,
teT(0)
and the desired conclusion follows by intersecting over the L’s (Exercise

10(7)). m

Theorem 6.1.11 Given the lsc convex functions f; : X — R, t € T,
and f := supser fi, suppose that hypothesis (6.1) fulfills. Then, pro-
vided that ri(dom f) # (), for every x € dom f, we have that
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af(x) = ﬂco{ U agft(a:)+Ndomf(:v)}. (6.21)

e>0 teT (x)

In particular, when int(dom f) # 0, we have

Of(x) = Naom f(x) + ﬂCO{ U agft(z)}- (6.22)

e>0 teT (x)

Proof. We only prove the inclusions “C” in (6.21) and (6.22), assum-
ing again that x =6, f(0) =0 and 9f(0) # 0. Indeed, the converse
inclusions “D” follow easily from Theorem 5.2.2 and Corollary 5.3.2,
respectively.

Fix zg € ri(dom f), L € F(#), ¢ > 0, and consider Ly := span{L, zo}
and Y := aff(dom f), which is closed as ri(dom f) # (). Then, accord-
ing to Corollary 4.1.27(ii), we have that Nz ndom £(¢) = Ndom £(0) +
cl(Lg +Y™). Hence, denoting A. := Uep(p)0:f¢(6), by (6.16), (2.9),
and the identity Ngom () + Yyt = Ndom £(0) , we obtain that

af(o)cCo{ U aaft(a)JrNLomdomf(g)}

teT(6)
=0 {Ac + Naom £(0) + cl(Lg + Y1)} = {Ac + Naom £(0) + Lg + Y}
:@{AE +Ndomf(0) +Lé}7

and the first conclusion follows from Exercise 10, by intersecting first
over the L’s, and then over the positive €’s.

Now, we proceed with the proof of inclusion “C” in (6.22) when
int(dom f) # (). By (6.21), we have

1} 7& 8f(9) = ﬂ cl (CO(Ag) + Ndomf(g)) )

e>0

and so all the sets co(A:), € > 0, are non-empty. Notice that co(A;) C
0-f(0) and the family {co(A.), € > 0} is non-decreasing. Therefore,
Proposition 4.1.28 leads us to 0f(€) = Ngom £(#) + Ne>0C0(A:). m

Next we derive simpler formulas for df(z), which involve only the
exact subdifferential of active functions, adopting the assumption that
f is continuous somewhere. This assumption is possibly stronger than
the condition int(dom f) # (), namely out of Banach spaces. In Corol-
lary 6.5.3, formula (6.23) is shown to be valid with @ replaced with
co, provided that T is finite and each function f;, except perhaps one
of them, is continuous somewhere in dom f.
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Corollary 6.1.12 Given convex functions fi, t € T, we suppose that
(6.1) fulfills. If the function f := sup,cp fi is continuous somewhere,
then for every x € dom f, we have

Of(x) = Ndom f(x) —i—co{ U 3ft(:c)} (6.23)

teT (x)

teT (x)

:Ndomf(a:)—i—co{ U 8ft(x)} (if X =R").

Proof. Only the inclusion “C” will be verified, and so we may assume
that z =6, f(6) =0 and 0f(0) # 0. Applying Proposition 4.1.20,
Corollary 6.1.10 entails

of(0) :CO{ U a(ft+1domf)(9)} =cl (A + Ngom f(0)),

teT(6)

whereA := co {UteT(g) 8ft(0)} . Notice that § # A C 9f(0), and apply-
ing Proposition 4.1.28 with the constant family A, := A, ¢ > 0, we get
the first formula of the corollary.

Finally, by combining formula (6.20) and Proposition 4.1.20, we get

8f(9):co{ U a(ft+1d0mf)(9)}:Co{ U aft(0)+Ndomf(9)}y

teT(0) teT(0)

and the second formula follows. m
The following result is straightforward from Corollary 6.1.12.

Corollary 6.1.13 Given convex functions f; : X — R, t € T, we sup-
pose that hypothesis (6.1) fulfills. If the function f := sup,er f is con-
tinuous at x € X, then we have

af(x) = co{ U 8ft(a:)} (6.24)

teT ()

= co{ U 8ft(a:)} (when X =R"). (6.25)

teT(x)

Corollary 6.1.14 Given convez functions f, : X — R, t € T, and f :=
sup;er ft, suppose that hypothesis (6.1) holds. Assume the fi’s are
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finite and continuous on an open set U C X. Then formulas (6.24)
and (6.25) hold on U.

Proof. As in Corollary 6.1.12, we only prove the inclusion “C”, assum-
ing that z =0 € U, f(0) =0 and 9f(0) # ). Take z* € df(6). Given

an L € F(#), we introduce the convex functions ¢g;: L — R, t € T,
defined for z € L by

9t(2) == fi(z) and g(2) := ?élIT)gt(Z) = f(2).

Since the family {g;, ¢t € T} satisfies condition (6.1) and the g;’s
are finite and continuous on the open set U N L, the function g is
finite and continuous on U N L (Exercise 96). Hence, formula (6.25)
entails 2% ;= z} € 99(0) = co {User(s)09:(0) } , where T(0) = {t € T :
ft(0) = 0}. Consequently, taking into account Proposition 4.1.20, we
obtain that (Exercise 55(1))

z*ecod U A(fi+1)0) p =cod U 9fi(0) + L+,

teT(6) teT(0)
and the inclusion “C” in (6.25) follows (when X = R"™). The inclusion
“C” in formula (6.24) comes from the relation above by intersecting
over L € F(0) (Exercise 10(7)). m

Remark 15 When the space X is Banach, the continuity assump-
tion in Corollary 6.1.14 implies the continuity of the function f on U
(Exercise 96), and Corollary 6.1.13 comes into play.

6.2 Compactification approach

The analysis of the compact framework developed in section 6.1 is
applied in this section to more general families, where the sets of
indices and the associated index mappings are not necessarily com-
pact and upper semicontinuous, respectively. To this aim, we propose
a compactification procedure for the index set and an upper semicon-
tinuous regularization of the index mappings. Doing so, we generate
new indices and enlarge the family of the data functions, but main-
taining the same supremum function. In a further step, and applying
the results of the compact-continuous setting of section 6.1, we obtain
new formulas for the subdifferential of the supremum which involve
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these new objects. In this way, we provide a unified analysis for the
compact-continuous and the non-compact non-continuous settings.

We consider a family of extended real-valued convex functions
fi: X = R, t €T, and its supremum function f := sup,cp fi, defined
on the locally convex space X, which are indexed by an arbitrary
topological space T. In particular, if no topology is known on T, we
shall consider the discrete topology, which is completely reqular and
Hausdorff.

The first step toward the compactification process is the identifica-
tion of the index set T' as a subset of the compact product space

S := [0, 160D = (5 - ¢(T, [0,1]) — [0,1]},

where C(T', [0, 1]) is the set of continuous functions from 7" to [0, 1]. The
product space S is endowed with the product topology, so that S is
Hausdorff for being the product of infinite copies of the Hausdorff
space [0,1]. Hence, a given net (v;); C S converges to v € S, written
~v; — 7, if and only if

vi(¢) — v(p) for all p € C(T,][0,1]). (6.26)

The identification of T" as a subset of S is made possible thanks to the
mapping o : T — S, defined as

w(t) =, (6.27)
where 7y, t € T is the evaluation function defined as

Ve(p) = (), ¢ € C(T}0,1]). (6.28)

By abuse of language and notation, the closure of r(7") with respect
to the product topology, denoted by

BT = cl(w(T)), (6.29)

is called Stone-Cech compactification (or just Stone-Cech compact
extension) of T. Recall that the formal definition of the Stone-Cech
compactification additionally requires that 7" and ro(7") be homeomor-
phic; indeed, this fact occurs if and only if T is completely regular and
Hausdorff (i.e., Tychonoff). In our analysis, we don’t need this addi-
tional condition since our approach exclusively relies on the properties
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of the associated regularized family, in particular, on the fact that the
new family maintains the same supremum (see Proposition 6.2.3).

The proof of the following lemma, gathering standard properties of
the compact extension T, is given in Exercise 95.

Lemma 6.2.1 The following assertions hold true:

(1) The set BT is a Hausdorff compact subset of S.

(#9) The mapping w is continuous. So, if T is compact, then BT =
w(T).

(#i1) If T is Tychonoff, then the mapping to is a homeomorphism
between T' and w(T'); that is,

Ve, — v if and only if t;y — t in T,

for everyt € T and net (t;); C T.

Next, we enlarge the original family { f, t € T'} for the aim of agree-
ing with the upper semicontinuity condition of the index mappings in
the compact framework (6.1).

Definition 6.2.2 Given v € BT, we define the function f,: X — R
as

fy(x) == limsup fi(z). (6.30)
Y —y, tET

Remark 16 The family {f,,y € BT} includes all the elements of the
form f,, t €T, defined as

f%(x): lim sup fS(x)§
’YS_VYMSGT

hence, provided that T is Tychonoff, Lemma 6.2.1(iit) yields

fr.(z) =1lim SUD,_ v, seT fs(z) = lim SUPs ¢ seT fs(z),

which is the usc reqularization defined in (6.18). Let us point out that
these functions may not belong to the original family {f;, t € T} as
Ezxample 6.1.9 shows.

Let us emphasize that the changes we made to the original functions
do not modify the value of the supremum function f. Other properties
of these new functions f, are given in the following proposition.
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Proposition 6.2.3 The following statements hold true:
(i) The functions f, v € BT, are convex and satisfy

f = supser fi = max,egr f-

(i) For allt €T,
Jr 2 (6.31)

(13i) The mappings v — fy(z), z € dom f, are usc.

Proof. (i) The convexity of the f,’s follows easily from the convexity of
the fi’s (see (2.51)). Next, for each v € 1 and x € X, we have f,(z) =
limsup, _,, fs(x) < f(z), entailing that sup,cgp fy < f. In addition,
given x € X, if the sequence (t5,), C T is such that f(z) = lim,, f;, (z),
then the compactness of 3T gives rise to the existence of some subnet
(t;); of (tn)n and 7o € BT such that v, — 0. Hence, we obtain

f(x) > fy,(x) > limsup; f, (x) = lim, fi, () = f(x),
and f,(x) = f(x).

(7i) Since the mapping w is continuous by Lemma 6.2.1(iz), for all
teT and z € X, we have

[y, (x) = limsup fs(x) > limsup fs(x) > fi(x).

Vst s—t

(iii) We prove that limsup,,_,. f,(2) < fy,(2), for every fixed 7o €
OBT. Let (v;); C BT such that v; — 79 and

lim f,, (2) = limsup, ., f,(2); (6.32)
hence, by (6.26), we have 7;(¢) — Y0 (p) for all ¢ € C(T, [0, 1]). Next,
for each i, there exists a net (t;;); C T such that +; = lim; vy, , and
fr,(z) = lim; f;, (z). So, applying a diagonal process to the scheme

(feis (2)s70i,) =35 (i Fa(2)) =i (o, lim £, (2),

we find a net (¢;;); CT such that . ; —; v and lim; f;;,(2) =
lim; f,, (). Hence, by (6.32) and the definition of f,, in (6.30),

limsup,,_,., fr(2) = lim; fy, (2) = lim; fi5,(2) < lim SUDP~, —svyq fe(2) = fro(2),
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and we are done. m
Now, given z € f~}(R) and ¢ > 0, we introduce the extended e-
active index set of f at x defined by

T.(x) = {7 € BT : fy() = f(z) — €}, (6.33)
and the extended active index set of f at x, which is
T(z) == To(x). (6.34)

Obviously, T'(x) C T.(z) for all € > 0. Moreover, the following propo-
sition highlights the structure and properties of the extended active
index set T (z) and its relationships with 7. (z).

Proposition 6.2.4 Given x € f~1(R) and € > 0, the following state-
ments hold:

(1) T-(x) is non-empty and compact.

(if) w(T(x)) C T(x).

(i5i) T(x) = EDO cl (ro(T:(z))) .

(iv) T(z) = w(T(z)) = (N w(Te(x)), provided that (6.1) holds.

e>0

Proof. (i) First, the non-emptiness of the set 7(z) comes from Propo-
sition 6.2.3, entailing that ﬁ(:p) is also non-empty, for all € > 0.
To prove the compactness of i(aj), € >0, we only need to verify
that it is closed in the Hausdorff compact space ST Indeed, given
a net (v;); C Tz(x) that converges to v (€ $T') and, by the definition
of each f,,, there exists a net (t;;); C T such that v, 6 —;; and
[(@) — & < foulw) = limy fi, (2) < F(2).

We may assume that f,, (z) — a € [f(z) — &, f(z)]. Thus, there
exists a diagonal net (’ytj , fti,ji (x)); C (BT) x R such that Vi i Y
and fy, . (x) —; «, and we get f,(z) > limsup;, fto, () =a> f(x) —
€, implying that v € fg(a;) Hence, we are done.

(i¢) The inclusion obviously holds if T'(z) = 0; otherwise, take
t € T'(x). So, by Proposition 6.2.3 and (6.31), f(z) > f,,(z) > fi(z) =
f(z) and we get w(t) =y € f(x)

(iii) We take v € T(x). Then there exists a net (¢;); C T such
that v, — v and f(z) = f,(z) = lim; f;, (z). Hence, for each ¢ >0,
we have t; € T.(z) eventually, and so v, € w(T:(x)), entailing that
v € cl(w(Tx(z))) .
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Conversely, take v € Nzso ¢l (w(7z(x))) . Then, using a diagonal pro-
cess, we can find nets (¢;); and &; | 0 such that v = lim; v, and ¢; €
T, (x) for all i. Hence, f(z) —&; < fi,(z) < f,, (z) by (6.31), and we
obtain f(z) < limsup; f,, () < fy(z) < f(x); that is, v € T(x) and
we are done.

(7v) Under condition (6.1), the sets T.(x), € > 0, are compact by
Exercise 94. Thus, using the continuity of the mapping to, from asser-
tion (7i7) and the fact that T is Hausdorff compact, we obtain

T(z) = N cl(w(T(2)) = N w(T-(x)).

e>0 e>0

Take v € T(z). Then, for every k > 1, the last relation yields some
tx € Tyjp(z) such that v =~,. Since T' is compact, we find a sub-
net (tg,); of (tx)r and t € T such that t;, — t. Hence, (6.1) leads
us to fi(x) > limsup; fi,, (v) > limsup,(f(x) — 1/k;) = f(x), that is,
t € T(x). Moreover, the continuity of the mapping to implies that
Y =Y, = 10(t,) — 1(t), and so v = w(t) € w(T(x)).

Conversely, if t € T'(z), then w(t) € w(T(z)) C w(T:(z)) for all € >
0, and so the desired inclusion follows by (iii). m

We characterize in (6.35) below the subdifferential set Jf(z) in
terms of (exact) subdifferentials involving the new functions f,, v €

T(x).

Theorem 6.2.5 Given the convex functions f;: X — R, t € T, and
f = supycr fi, where T' is a topological space, for every x € dom f, we
have

8f(33) = ﬂ Co { u 8(f'y + ILﬂdomf)(x)} . (6'35)
) veT(z)

LeF(z

Proof. By Proposition 6.2.3(4), the functions f,, v € BT, are convex
and their supremum is f. Therefore, since the set 87 is compact in S by
Lemma 6.2.1, and the mappings v — f,(2), z € dom f, are usc thanks
to Proposition 6.2.3(iii), the desired formula comes from Theorem
6.1.4. m

The following result provides an explicit reformulation of Theorem
6.2.5, in which the elements coming from the set [0, 1]°(7[%1) are now
replaced with nets in the index set 7. The limits lim;(f;, + Irndom f)
involved in (6.36) are defined locally around the reference point z with
values in Ry; in other words, 0(lim;(f:, + Izndom £))(x) refers to the
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subdifferential of the function lim;(f;, + Iynrndom ), where U C X is
some convex neighborhood of z in which the limit lim;(f;, + Irndom f)
exists in Ry,.

Theorem 6.2.6 Given the convex functions f;: X — R, t €T, and
f = supyer fi, for every x € dom f, we have

of(z)= CO{ U 8(lim(ft,.,+1mdomf))(3:)}, (6.36)
rer@  (t).eT@ ¢

where each limit lim;(f;, + Irndom 1) exists in R in a convexr neigh-
borhood of x, and

T(z) = {(t)i € T+ lim f () = f(2)}. (6.37)

Proof. We may assume that x =6 and f(#) = 0. We introduce the
family of convex functions ¢g; : X — R, t € T, defined as

gt ‘= max{ft7 _1}7
together with their associated supremum function g := sup;cr g¢. Then

we obtain ¢ = max{f, —1}, g(f) = 0, and 9f(0) = 0g(0) (Exercise 93).
Next we endow T" with the discrete topology and apply (6.35) to get

af(0) = 0g(9) = . Q( )CO { u (g + ILmdomf)(G)} ,  (6.38)
cr(z ~€eT(6)

where g, := limsup,,_,, g: (see (6.30)) and

T(0) := {y € BT : g,(0) = 0} = {y € BT : £,(0) = 0}.

Let us introduce the real-valued functions ¢,, z € dom f, defined on T
by
w2 (t) = (max {f(2) +1,1}) " (ge(2) + 1) (6.39)

Then ¢, € C(T,[0,1]), since T has been endowed with the discrete
topology, and whenever the convergence 7 — 7y occurs, we have
02 (ti) —i v(pz) (€]0,1]) for all z € dom f; hence, thanks to (6.39),

9t.(2) =i v(p) max {f(2) + 1,1} — 1 € R. (6.40)
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In other words, for all z € dom f and all net (¢;); satisfying v, —; 7,
we have

gv(2) = limsup g¢(2) = lim g¢(2) = lim gy, (2) = v(p-) max{f(z) + 1,1} —1 € R.
Y=y Rl 4
(6.41)
Now, given L € F(6) and ~ € T(6) such that 9(g + Irndom £)(0) # 0,
we choose a net (¢;); C T such that v, — v and

that is, g,(f) = lim; g;,(#) = 0. Hence, for any z € LNdom f, the
equality g(z) = lim; g,(2), coming from (6.41) and the definition of
the g;’s, leads us to g(2z) = lim; g, (2) = lim; max{f;, (2), —1}. In par-
ticular, for a subnet of (t;); that realizes the upper limit of (f,(2)):;
that is, lim; f;, (z) = limsup; f,(z), we get

9,(2) = limgy, () = limmax { ;, (=), 1|
= max {lim It (2), —1} = max {limsup f.(2), —1} .
i i

By applying the same argument to the lower limit liminf; f;,(2), we
show that

9(2) = max{liminf f;,(2), —1};
that is, for all z € L Ndom f such that g,(z) > —1, we have

g(2) = liminf f;,(2) = lim sup fi.(2);

7

in other words, for all z € X such that (g, + Irndom f)(2) > —1 we
have

(g’y + Izndom f)(z) = h?l(ftz + ILﬂdomf)(Z)' (643)

But we have assumed that the function g, + Iz ndom ¢ is subdifferen-
tiable at 6, and so it is proper, and lsc at #. Thus, we find (convex)
U € Nx such that

(9y + Iadom £)(2) > (9y + Irndom £)(0) — 1 = —1 for all z € U,

and, a fortiori, (6.43) yields
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(97 +1ndom £)(2) = hzm(fti + Iynzndom £)(2) € Ry for all z € X,

entailing that

85y + Trndom £)(©) = 0 (1n(e, + Turzndom 1)) (0) = & (Im(fe, + Traom 1) ) (6),

because of the local coincidence of the involved convex functions. This
yields the inclusion “C” in (6.36), due to (6.38). The proof is over
because the opposite inclusion in (6.36) is straightforward. m

Example 6.2.7 Assume that T is finite and T = T(x). Therefore, T
is compact for the discrete topology and Theorem 6.1.4 applies and
gives

of(x) = ﬂ( )co{ U a(fe + ILmdomf)(a;)} . (6.44)

LeF teT(x)

Now we see how to recover this formula starting from (6.56), asserting
that

of(z) = ﬂ( )CO {(t.) U 8(lizm(fti + ILmdomf))(w)} . (6.45)

LeF €T (z)

Take (t;); € T (x), so that lim; f;,(z) = f(z) and lim;(fi, + Irndom f) €
R locally around x. Then there ezists some S C T'(x) such that each
element of S is visited infinitely many times by the net (t;);. Pick
to € S and consider the constant subnet t;, = to of (t;)i- Hence, for all
z close enough to x,

h{n(ft, + ILﬁdom f)(Z) = hjrn(ft,] + ILﬂdom f)(Z) = <ft0 + ILﬁdomf)(Z)a

so that

Olim(ft; +Irndom r))(2) = 8(fto +1rndom 1) ()

C Uo(ft +Tondom £)(®) € U 0(ft + Indom f)(2).
tes teT(z)

Hence, (6.45) yields the inclusion “C” in (6.44), whereas the opposite
inclusion is easily verified.
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We show below that the results of Theorem 6.2.6, based on the
Stone-Cech compactification, also gives rise to formulas for Of(z)
involving the one-point compact extension of the index set T'. Given a
topology ¥ on T, we choose an element w ¢ T and consider the com-
pact topological space T'U {w}, where the topology is given by

T, = TUHwlU(T\O): C e (D), (6.46)

and
C(T):={C CT:C is compact and closed};

remember that 7" and T'U {w} are not required to be Hausdorff. Let
us recall that the space (T'U {w}, %) is Hausdorff if and only if (T, %)
is Hausdorff and locally compact.
In the following result, f,: X — R denotes the convex function
defined by ~
fo := limsup fg; (6.47)

s—w, seT

that is, denoting by V(w) the family of neighborhoods of w,

f,= inf sup fs| = inf sup fs | .
J Vev(w) (sEV\{w} d ) Cee(T) (sET\Cf >

Observe that B
fo< £ (6.48)

Remember that f; : X — R, ¢t € T, denote the usc regularizations of
the f;’s defined in (6.18); that is,

fi := limsup fs, (6.49)

s—t

and

T(x):={teT: fiz)=f(x)}.

Theorem 6.2.8 Assume that T is a topological space. Given the con-
vex functions fi: X — R, t €T, and f :=supser fi, for every x €
dom f, we have

af(l') = ﬂ( )CO { U a(fs + ILﬂdomf)(:L‘)} ) (6'50)

LeF s€T«(x)
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where
wip) . { T(), if fulz) <
) {Tmu{w}, if fule) =

Proof. Fix L € F(z) and denote

(@),

f
f(x)

— Y ~limy (ft; + Iondom f) € Roo locally around z,
hil@) = {(tl)l €T(): and (¢;); has a cluster point ’
and

Ta(x) == {(t:): € T(x) \ Ta(z) : im (fi; + Iondom ) € Reo locally around x}.

Pick (t;); € 71(x) and choose a convergent subnet (t;); such that
ti; > to € T. Then f(z) = lim; fy,(z) =lim; fy, (z) = fi,(z) and the
following relation holds locally around the point =z,

lim (fi, + Tindom ) = Fro + Irrdom f- (6.51)
Then ty € T(x) and

0 (lim (fr; + ILmdomf)) (x) =0 (fto + Irndom f) (@) C U 9(fi + Londom 5)(2).
¢ teT(x)

(6.52)

Now take (t¢;); € Ta(x). Then, for any C € €(T'), we have t; € T'\

C eventually, and the inequality lim; (f:, + Irndom f) < super\c ft +

I7ndom s holds locally around z; that is, taking the infimum over the
sets C' € &(T),

lim (£, + Tzndom f) < foo + Tirdom f- (6.53)

Thus, taking into account (6.48), since

f(CL‘) = hfn (ftl + ILﬂdomf) (:E) < (fw + ILﬂdomf)(x) = fw(x)a (654)
relation (6.53) gives rise to
9 (lim; (f1, + Izndom £)) () € O(fu + Iondom ) (2). (6.55)

Consequently, when f,(z) < f(z), relations (6.54) and (6.55) imply
that
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{(ti)i € T(x) : lim (fi, + Izndom f) € Roo locally around x} = 7y (z),

and combining (6.36) and (6.52), we infer that

of(x) C co{ U o(f: + ILﬂdomf)(x)} :

teT(z)

Hence, by intersecting over the L’s, the inclusion “C ” in (6.50) follows,
and we are done as the opposite inclusion is straightforward. In the
other case, where f,(x) = f(z), (6.50) follows by combining (6.36),
(6.52), and (6.55). m

The special case of T' = N easily comes from Theorem 6.2.8. In this
case, the function f, defined in (6.47) is

foo := lim sup f,.

n—-+00

Corollary 6.2.9 Given the convex functions f, : X — R, n > 1, and
[ :=sup,>1 ft, for every x € dom f, we have

Of (z) = ﬂ()CO{ U 3(fs+1mdomf)(w)},

LeF s€T>(x)

where
ey [T@, i fule) < f(a),
™) {T<a:>u{oo}, if fool2) = ().

Proof. We are going to apply Theorem 6.2.8 to N, endowed with
the discrete topology, whose one-point compact extension is denoted
NU {oo}. In the current case, we have f,, := limsup,,_,,, fm = fn for

alln > 1, and
.fw = inf sup fn Efom
Cee(N) \ nen\C

where €(N) = {C C N: C finite}. Hence, the conclusion follows from
Theorem 6.2.8. m

The following result gives rise to a slight extension of Corollary 6.1.8,
stated in a kind of compact-like framework.

Corollary 6.2.10 Given the conver functions f; : X — R, t € T, the
supremum f = supycr fi, and v € dom f, let us assume that, for each
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net (t;); € T (x) (see (6.37)), there exist a subnet (t;,); CT andt € T
such that
limsup; fi, (2) < fi(z) for all z € dom f.

Then we have

of(z) = ﬂ( )co{ U o(fr + Imdomf)(a:)} . (6.56)

LeF teT ()

Proof. Fix L € F(x) and take (t;); € 7 (z) such that the limit lim,
(ft: +Irndom ) exists in Ry, locally around . By the current assump-
tion, there exist a subnet (4;,); CT and te€T such that
lim sup; ftij +Izndom £ < ft + Inndom £ that is, locally around =z,

h;m (ft: ¥ 1ondom £) = li]m (ftij + Imdomf> < ft + Indom f-

But these functions take the same value at x, because
fla) =lm(fy + Inaom 1) (2) < (fe + Londom ) (@) < f(2),

so that ¢t € T(x) and O(lim; (ft, +1rndom £))(2) CO(fi + Inndom £)();
hence the inclusion “C” in (6.56) comes from (6.36). The other inclu-
sion is straightforward. m

Additional continuity assumptions allow simple characterizations of
0f(x). The following corollary simplifies the formula of Theorem 6.2.6.
Actually, we can apply the same analysis to simplify the formula of
Theorem 6.2.8.

Corollary 6.2.11 Given convex functions f; : X — R, t € T, and f :=
supser ft, the following assertions hold true for every x € dom f:
(4) If flafi(dom f) 18 continuous at some point in ri(dom f), then

of (z) = co{ U  9(limsup f;, + Idomf)(x)} , (6.57)

(t:):€7 (x) J

where (t;,); denotes any particular subnet of the net (t;);.

J

(i) If f is continuous somewhere, then
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Of(x) = Naom p(x) + co{ U o(limsup fi, )(x)} (6.58)

(t:):€T (x) J

= Ndom () + co { U 9(lim sup ftJ)(aj)} (if X = R"),

(t:):€7 (z) J
(6.59)

where (t;,); is as in ().

Proof. We may assume that z =60, () =0 and 9f(0) # 0. Fix L €
F(0) such that LNri(dom f) # 0, and let (¢;); € 7(6) such that the
limit function lim;(fi, + Izndom f) exists in Ry around 6. Then, for
every subnet (t;,); of (¢;), locally around 6, we have

hgn(fti + ILﬁdom f) = li?l(ftij + ILﬁdom f)
= lim Supj (ft,ij + ILI’Tdom f) < <hm Supj ftij> + ILﬁdom f

Thus, since these two convex functions take the same value at 6, we
get

3(11?1 fts + 1ondom £)(0) C O(limsup; fr, + Irndom f)(6).  (6.60)

Moreover, applying Corollary 4.1.27(:) to the convex functions (f,
lim sup; fti,j, I1), we obtain

6(1i1nl ft: + 1Lndom f)(o) C 9(lim sup ft'ij + Ldom f)(‘g) + 8ILﬁ(af‘f dom f) (0).
’ J

Since Ol (af dom 1)(0) = cl(L*+ 4+ (aff dom f)1), due to Proposition
4.1.16, from (6.60) we get

O(lim ft, +Izrdom £)(0) C Olimsup fi, . +Laom £)(6) + c(L* + (aff dom f)71)
H J

C cl(@imsup fr; + Laom £)(0) + L + Olast dom £ (6)),
J

and Proposition 4.1.6(7i7) yields
O(lim fo; +1Lndom £)(0) C cl(@(imsup fo, +aom f + latt dom £)(0) + L)

j J

= cl(9(limsup fti]. + Ldom £)(0) + LF).
J

Therefore, formula (6.36) leads us to
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0f(6) C co { U 8(lilirn ft, + Imdomf)(ﬁ)}

(t:):€7T(0)

C co U  9(limsup fi, + Lgom £)(0) + L 3, (6.61)
(t:):€T(6) J ’

and the inclusion “C” in (6.57) follows by intersecting over the L’s
(Exercise 10(i)). We are done with assertion (i) since the inclusion
“D” in (6.57) is easily verified.

Now we establish formula (6.58). According to Proposition 4.1.20,
formula (6.57) simplifies to

af(e) =co { U a(hm sup ffij + IdDm f)(e)}

(ti):€7(0) J

= co{ U aQimsup fe, )(6) + Ndomf(e)} =cl (A+Naom £(0)), (6.62)
(ti)i€T(0) J

where A is the non-empty convex set (because we have assumed that

of(6) #0)
A:=co {( ) U Od(limsup ft,ij)(e)} .

€T (0) J

With the same arguments as in the proof of Theorem 6.1.11, we prove
that dom f C domo 4. In fact, observe that, for all z € dom f,

O'A(Z) = sup Ja(limsupj fti_)(O)(Z)
(t:):€T(0) !
< sup ((limsup fy, )(2) — (limsup ft, )(6))
(ti)iET(Q) J ’ J )

< [(2) = £(8) = J(2) < +oo.

Therefore, Proposition 4.1.28 ensures that cI(A + Ngom £(6)) = (cl 4) +
Ndom £(#), and (6.62) yields the desired formula,

of(#) =co { U O(limsup f;, )} + Naom 7(6).
(t:):€7T(0) J ’

Finally, to prove formula (6.59), we suppose X = R™. Then, taking
into account Proposition 4.1.20, (6.61) with L = R"™ yields
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af(0) C co{ U O(limsup fi, + Idomf)(ﬁ)}

(t:):€T(0) J

= Ngom f(0) + co{ U O(limsup ftij)(e)} ;

(t:):€7T(0) J

and we conclude the proof as the opposite inclusion easily comes from
(6.58). m

A good choice of the subnet (Z;,); in formulas (6.57) and (6.58)
would lead to operative representations of 0 f(x), whereas inappropri-
ate choices make these formulas useless. This fact is illustrated in the
following example.

Example 6.2.12 Take T :={1,...,m} and f := maxep fi. Let x €
X such that T(z) =T and f is continuous at x. We are going to show
that if we choose as a subnet (t;,); the same net (t;); in formula (6.58);
that is,

of(z) = co{ U o(limsup,; ft)(m)} , (6.63)

(t:):€T (z)
may be useless. Notice that
T(x) ={(t:)i CT: f1,(x) = f(x), eventually} = {(t;); C T(x), eventually}; (664)

in other words, associated with each net (t;);, there exists a subset
S C T'(x) such that each element of S is visited by (t;); infinitely many
times. Therefore, limsup, fi.(z) = maxees fi(z) for all z € X. Con-
versely, given any set S C T'(x), we can easily construct a net (even
a sequence) such that all the elements of S are visited infinitely many
times. Consequently, formula (6.63) yields

8f(fC)ZCO{ U a(m&mj‘"t)(fﬂ)}-

ScT(z) t€5

This representation is useless because the set in the right-hand side
could contain the subdifferential of the same supremum function f;
this is the case when S =T (x) =T. Alternatively, given our net (t;);,
if we choose a constant subnet (t;,); such that t;, =tg € T'(x) for all
J, then limsup; fi, = fi,, and formula (6.63) reads
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af(x)ZCO{ U 8ft($)}7

teT (x)

which is nothing else but formula (6.24).

We give the following example to illustrate the difference between
Theorems 6.2.8 and 6.2.6 (or, more precisely, Corollary 6.2.11), which
are based on the one-point and the Stone-Cech compactifications,
respectively.

Example 6.2.13 Consider the family of convex functions gan+1, han
X — R, neN, defined on R as

nx —nx
9on+1(x) := max {n—i—l’ 0} , hon(x) := max{ 0} )

n+1’

We introduce the family {fn, n € N} such that fopi1:= gont1 and
fon 1= hay, together with the supremum function f :=sup,cyfn =
SUPyen {92n+1, hon} . Obviously, f(x) = |z|,

. [~1,1], ifz = 0,
(N,ifz=0, B :
TW)‘{@L if o 40, M4OI@) = ?_}1’} ey

If we apply the formula established in Theorem 6.1.4, then we attain
a false conclusion since, obviously, N is not compact: for every x € R

_ }_171[7#1‘:0)
af(w)_{(b, if x # 0.

Next, we apply the formulas obtained in Corollaries 6.2.9 and 6.2.11.
(i) One-point compact extension (Corollary 6.2.9): the function fu
defined in (6.47) is given in the current case by foo(x)=
limsup,, o fn(x) = |z| = f(x), and Corollary 6.2.9 is useless.
(ii) Stone-Cech compact extension (finite-dimensional formula
(6.59) in Corollary 6.2.11(ii)): take x € R and (n;); € T (x), so that

lim; fp,(x) = |z|. Here T (x) is (see (6.64))
T(z) ={(ni); CN: fn,(z) = f(x), eventually} = {(n;); C T(x), eventually}.
If x > 0, then n; must be odd eventually, so that

limsup fp,(2) = limsup gan,+1(2) = max{z, 0} =: g5(2).

K3 3
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Thus, taking for (n;,); the own net (n;); in Corollary 6.2.11(ii),

of (x) = co{ U d(lim sup fn)(:v)} = 0gy(x) = {1}.

(n:): €7 (x),n; odd 7
Stmilarly, if x < 0, then n; must be even eventually, so that

limsup fp, (2) = limsup hop, (2) = max{—z,0} =: hy(2),

(2 K3

and Corollary 6.2.11(ii) again yields 0f(x) = Ohy(x) = {—1}.

Assume now that x = 0. In this case, given (n;); € T(0), we choose a
subnet (n;,); of (n;); that is composed uniquely of odd or even numbers.
Since

lim sup fmj = lim sup Yom; +1 < lim sup gon41 = g5, if ni, is odd,
ij i n—00 ’

lim sup fnij = limsup h2mj <limsup ho, = hy, if n;, is even,
Vi 7 n—oo

and all these functions are equal at 0, we derive that

d(limsup fr, )(0) C 0g5(0), if ns; is odd for all j,
j

d(limsup f,, )(0) C 0h5(0), if ni, is even for all j;
j J

that is, O(limsup; fn, )(0) C 0g5(0) U dhs(0). So, by formula (6.59),

9f(0) = co { U (992n+1(0) U Ohan(0)) Uagw(O)Uahw(O)}

n>1

:co{U ([0  ju—= 0]) U[O’l]U[l,O]}

n>1 ’7’L+1 7’L+17
= [Oal[u] - 170] U [07 1] U [_170] = [_171]7

and we recover the whole set Jf(0).
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6.3 Main subdifferential formula revisited

In this section, we again consider a family f; : X — R, ¢t € T, of con-
vex functions defined on the locally convex space X, together with the
supremum function f := sup,cp f;. Our goal is to derive new charac-
terizations for Jf, starting from the compactification processes devel-
oped in section 6.2. To do this, we will write the subdifferential of the
regularizing functions f., v € 87, introduced in the Stone-Cech com-
pactification, in terms of the original data f;, t € T. Theorems 6.1.4
and 6.2.6, and their consequences, will allow us to refine the results of
chapter 5. We will need the following technical proposition.

Proposition 6.3.1 Assume that the fi’s are proper and lsc such
that 6 € f~4(0) and fispan(dom f) 18 continuous at some point xo €
ri(dom f). We consider a net (2); C X* such that

)
g )

lim <th£ f;‘) (27) =0 and limsup (2], zg) > —o0. (6.65)
c .

Then there exist a subnet (27 ); of (2f); and z* € X* such that

]

<sz — z*,z> —; 0, for all z € span(dom f), and

z* e ﬂ cl U O f(0) + (dom f)* | . (6.66)

>0 teT.(0)

Proof. We denote E := span(dom f) with E* standing for the dual of
E; hence FE is a closed subspace because ri(dom f) # (). We also denote
h := infyer f; so that, by (3.10) and Theorem 3.2.2,

h* = <inf ft*> =sup f;* =sup fi = f, (6.67)
teT teT teT

and (6.65) gives rise to
h*(0) + h(zi) = f(0) + h(z]) = (infier f7) (27) — 0. (6.68)
Hence, for every fixed € > 0, eventually on i, we have

W*(0) + h** (2F) < h*(0) + h(z}) = h(z}) < e, (6.69)

1

and (6.67) implies, also eventually on i,
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25 € 8.0 (0) = O-f(6). (6.70)

Without loss of generality, we may assume that (6.70) holds for all i.
Moreover, using (6.69), for each i there exists ¢; € T such that f;(z) <
€, and so

fo(0) + 17(2) < FO) + [ (27) = fi. (=) <e.

This entails that z;€0. fy, () and — f;,(0)=(2,0) — fi.(0) < ff(2)) <
e;that is, t; € To(0) and (2] ); € 0-f1,(0) C User, (9)0-f1(0). Now, thanks
to the continuity assumption of f at xg € dom f, we choose U € Nx
and r > 0 such that

fleao+y) <r forally e UNE. (6.71)

Also, due to (6.65), there exists some M > 0 such that inf; (27, zo) >
—M for all i (without loss of generality). Therefore, taking into account
(6.70), (6.71) yields the existence of some m > r + M + ¢ such that,
forally e UN E and 1,

<Zz>'k7 y> < f(x() + y) +e—- 1nf <Z;,.T0> < m, (672)

showing that (z7); C (UNE)°. Consequently, using the w*-
compactness of (U N E)° and the fact that the dual E* is isomor-
phic to the quotient space X*/EL, Exercise 106 yields the exis-

tence of a subnet (2 ); and 2* € cl(User, (9)0:f2(0) + E*) such that

<z;-"j — 2%, u> —; 0 for all w € E. The conclusion follows by intersect-
ing over V' and then over ¢ > (0. =

We proceed by giving the main result of this section. The difference
between formula (6.73) below and main formula (5.26) in Theorem
5.2.2 can be particularly appreciated in section 8.3, where we obtained
expressions of the optimal sets of relaxed-convex optimization prob-
lems. While formula (5.26) produces characterizations by means of
approximate solutions of the original problem (Theorem 8.3.2), for-
mula (6.73) below gives rise to characterizations in terms of exact
rather than approximate solutions (Theorem 8.3.3). In Exercise 97, a
non-convex version of Theorem 6.3.2 is given.

Theorem 6.3.2 Let conver functions f;: X — R, teT, and f :=
supser ft satisfy the same assumption as in Theorem 5.2.2; that is,
cl f = sup;ep(cl fi). Then, for every x € X, we have
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of(z) = ﬂ( )co{ N cl ( U 0:fi(x) +NLmd0mf(a;)> } (6.73)

LeF e>0 teT.(x)

Proof. The inclusion “D” follows easily from formula (5.26). To
prove the inclusion “C” we assume, without loss of generality, that
z =40, f(0) =0 and 9f(0) # 0; hence, d(cl f)(0) = df(0) and f(0) =
(cl £)(0) = 0. We give the proof only for the case {f;, t € T} C T'9(X),
the general case is treated in Exercise 105. We fix L € F(6) and intro-
duce the proper Isc convex functions f; : X — R, t € T, defined by

f‘t = ft + IL7 te T7 (674)

together with the function h : X — R given by

h := inf f}.
ot
Hence, using Theorem 3.2.2,
f4+1I, =sup fi* = (inf f;‘) =h*= sup h.-, (6.75)
teT teT Z e X~

where h,- := (2*,-) — h(z*). Then, applying Theorem 6.2.6 to the func-
tion f 4 Iy and the index set T'= X*, we get

91(6) C (f +11)(0) C co { lim(he; +Iordom 1)) (0)} . (6.76)

d
(21)iCX* hr (0)—0 7

where each limit lim;(h.: + Izndom f) exists in Ry locally around 0,
say, in some (convex) neighborhood U € Nx. Let (z}); C X* be any
of the nets involved in (6.76). Hence, since U Nri(L Ndom f) # () by
(2.15), for every zg € U Nri(L Ndom f) we have

limsup (27, zo) = hgn«zf» ) + Izndom £) (x0) > —o0.
(]
Moreover, because h.-(6) — 0, (6.75) implies that h(z)) = (z,0) —
h.-(0) — 0, and Proposition 6.3.1 yields the existence of z* € X* such
that
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2 e N c1< U 85(ft+IL)(9)+(Lﬂdomf)L>, (6.77)

>0 teT.(6)

and a subnet (2] ); such that <zl*] — 2%, z> — 0 for all z € span(L N
dom f). Equivalently, for all z € X,

11?1(hz; +IynLndom £)(2) = 1ijm <<ij , Z> —h(z;) + IUﬂLﬁdomf(z)>

= 11?1 <zz*7 , Z> + Iunrndom £(2) = (2%, 2) + IunLndom 5 (2)-

(6.78)

In other words, taking into account (6.77) and the fact that (LN
dom f)L + NLmdomf(e) C deomf(e), we obtain

0 <1im(hz; +IvnLndom f)) O c e ( U 0:(ft +1)(9) + NLmdomf(9)> .
i >0 \teTe(0)

Finally, using Proposition 4.1.16, we have 9-(f; + 11)(0) C cl(0-f+(0) +
L1), and the last inclusion gives rise to

0 (hlr,n(hz;‘ + IUmLmdomf)) (0) e el < U 0-fi(0) + NLmdomf(9)> .

e>0 teT.(0)

The desired inclusion “C” comes from (6.76) by intersecting over L &
F@). m

In the following corollary, we remove the closedness condition (5.10).

Corollary 6.3.3 Given conver functions f; : X — R, t € T, and f :=
supser fi, for every x € X we have

of(x) = co{ N cl ( U 0:(ft —i—ILmdomf)(x)) } . (6.79)
LeF(x) >0 teT. ()

Proof. Given any z € dom f and L € F(x), the family of convex

functions { f; + Irndom f, t € T} satisfies condition (5.10) (Proposition

5.2.4(iv)). Therefore, since sup;cr(fi + Irndom f) = f + Izndom £, The-

orem 6.3.2 entails
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of(x) C co{ N cl ( U 0:(ft + Irndom f) () + NLﬂdomf(l’)) }

>0 teT. ()

Cco{ﬂ cl( U Gg(ft—l-ILndomf)(a:))}.

>0 teT. (x)

Then the inclusion “C” follows by intersecting over L. The proof is
complete since the opposite inclusion is straightforward. m

It is clear that Theorem 6.3.2 easily implies Theorem 5.2.2, while
the converse implication is more complicated. To better appreciate
the difference between the scope of both results we give the following
example. It shows how to retrieve Theorem 6.1.4 from formula (6.73)
in the case of a finite number of functions. Notice that this analysis
cannot be done, at least directly, from formula (5.26).

Example 6.3.4 Assume that T is finite. Then formula (6.79) easily
implies, for any given x € dom f, that

of(z) = ﬂ( )co{ U o(fe + ILmdomf)(w)} ) (6.80)

LeF teT(x)

which is formula (6.12), whereas formula (5.26) only gives (by com-
bining Corollary 5.2.5 and Exercise 107)

af(x)= co{ U ag(fthdomf)(x)}. (6.81)

LeF(z), e>0 teT (z)

In fact, to obtain (6.80), we observe that T.(x) = T (x), for all small
enough € > 0, so formula (6.79) yields

of(x) = ﬂ( )CO (ﬂ U o(fi + ILﬂdomf)(x)> . (6.82)

LeF e>0teT(x)

Take x* € Ne>0 Uger(z) O (fit + Irndom £)(x). Then, for eachn > 1, we
find t,, € T(x) such that x* € 0/, (fi, + londom r)(x). Since T(x) is
finite, by taking a subsequence if needed, we may assume that t, =
to € T'(z) for alln > 1, and (4.15) implies * € O(ft, + Irndom £)(2).
Consequently, (6.82) gives rise to



264 CHAPTER 6. THE SUPREMUM IN SPECIFIC ...

8f($) - ﬁ )CO < U a(ft + ILﬂdomf)(x)> 5

LeF(x teT (x)

and (6.80) follows, since the converse inclusion is straightforward.

If X =R" in Theorem 6.3.2, then formula (6.73) reads

of(z) = co{ N cl < U 0:fi(x) + Ndomf(x)> } . (6.83)

e>0  \teT.(a)
More generally, we have the following result.

Corollary 6.3.5 Given conver functions fy - X — R, t € T, and f :=
supser ft, we assume that (5.10) holds. Provided that ri(dom f) # ()
and flatt(dom f) @S continuous on ri(dom f), for every x € X, we have

6f(a:):co{ﬂcl< U 8aft(x)+Nd0mf(a:)>}.

e>0 teT.(x)

Proof. The proof is similar to that of Theorem 6.3.2, except that
we use formula (6.57) instead of Theorem 6.2.6. For the sake of com-
pleteness, we give the proof of the non-trivial inclusion “C” when { f;,
teT} Clog(X), z=0and d(clf)(0) =0f(0) # 0, f(0) = (clf)(0) =
0. We consider the function h: X — R defined by h := inf;cr f, so
that

f=h"= sup h,-(z),
zreX*

with h,« 1= (2%, -) — h(z*). Moreover, (6.57) yields

0 #0f(0) =co U 0 <lim sup h.: + Idomf> @) ¢,
(27):CX*, h(z;)—0 j !
(6.84)

where (z); denotes any particular subnet of (z);. Let nets (z]);,

(27); C X* be as in (6.84) such that h(z}) = (27,60) — h,~() — 0 and
O(limsup; h.: + Igom f)(0) # 0. Observe that

*

limsup h,: < limsuph,:
j d i

and
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0 = limsup h; (0) < limsup h.:(0) < h*(0) = f(0) = 0,

J 3

so that () # d(limsup;, hz: 4 laom £)(0) C O(limsup; hz: + Laom f)(0)
and the convex function limsup;(h. 4+ Igoms) is proper. Hence,
lim sup; (27, xo) = limsup; (A, (20) + Iqom f(20)) > —oo for all xq €
dom f (D ri(dom f)). Consequently, Proposition 6.3.1 applies and
yields some z* € X™* such that

zfe ) d ( U 0:f:(0) + (dom f)L> , (6.85)
e>0 teT.(0)

together with the existence of a subnet (2} )p of (z]); such that
<z* -z, z> — 0 for all z € span(dom f); that is, for all z € X

i
lim sup(hz;«k + Ldom £)(2) = liin ({25, 2) + laom £(2)) = Laom £(2) + (27, 2) .
k

Therefore, by (6.85),

0 (hm Sup(hz,’.“ + Idom f) (9) - Ndomf(e) + n cl U 8€ft(9) + (dOl’Il f)L
k ‘k e>0 teT:(6)

c n cl ( U BEft(e)"'(domf)J_+Ndomf(6)> )

>0 teTe ()

and the relation

(dom f)J_ + Ndomf(e) = alspan f(e) + Ndomf(e) - 8(Idom f + Ispan f)(e) = Ndom f(e)

leads us to

0 <limsup(hz;k + Idomf> (0) c N < U 0-f:(6) + Ndomf(0)> .

k e>0 teT.(0)

Then the inclusion “C” follows from (6.84). m

Corollary 6.3.6 Given convez functions f; : X — R, t € T, we assume
that f 1= sup,ep fi is continuous somewhere. Then, for every x € X,
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J0f(x) = Ngom f(x) —i—co{ N cl ( U 85ft(a:)> } (6.86)

>0 teT. ()

= Naom f(z) + CO{ OO cl (teju( )8eft(x)> } (if X =R").
E (6.87)

Proof. First, the current continuity assumption on f implies condition
(5.10) (Proposition 5.2.4(i)). We proceed as in the proof of Corollary
6.3.5, using formula (6.58) and outlining only the proof of the inclu-
sion “C” when {f;, t € T} CTo(X), z =06 and 9(cl f)(0) = 0f(9) #
0, £(0) = (clf)(#) =0. Again we consider the function h: X — R
defined by h :=inficr ff, so that f = h* =sup,.cx- h;-(2), where
hy« == (2*,-) — h(2*). So, (6.58) yields

0 £ 95(6) = Noom 4(0) +co{ U o (hmsup hz;) <9>} ,
(27):CX*, h(z;)—0 J ’
(6.88)

*

where (27 ); denotes any particular subnet of (z]);. As in the proof

of Corollary 6.3.5, we consider those nets (z); C X* involved in

(6.88), which satisfy h(zf) — 0 and limsup; (2}, z9) > —oo for all
ro € int(dom f). Consequently, since (dom f)* = {#} due to the cur-
rent assumption, Proposition 6.3.1 yields the existence of z* € X* such

that

2 e N c1< U aeft(a)>, (6.89)

>0 teT. ()

and a subnet (Z:Z );j such that <ZZ*J —2*, z> —; 0 for all z € X; that is,

lim sup; hz;j (2) = lim; <ZZ’ z> = (2%, z) for all z € X. Thus, the inclu-
sion “C” in (6.86) comes by combining (6.88) and (6.89).

The proof of (6.87) is similar, except that we use formula (6.59)
instead of (6.58). m

We end this section by illustrating the previous formulas with the
support function.

Example 6.3.7 Consider the support function f(z):=o0a(z)=
sup{{(a,z) :a € A}, where A C X =R" is a non-empty set. Let us
show that, for every given x € dom f,
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af (x) = Co{ N« (Ag(g;) + (@0A)s0 N {x}L)} , (6.90)

e>0

where A.(z):={a€ A:{(a,z) > f(z) —e} (and A(z):={a€ A:
{(a,z) = f(x)}). Moreover, if A is closed and int ([(€0A)x] ) # 0, then

Of (z) = (@0A)0e N {z} + co (A(x)). (6.91)

Indeed, since Ngom f(7) = (€04)s N {z} (see Exercise 54), (6.90) fol-
lows by (6.73) (or, more precisely, its finite-dimensional version given
in formula (6.839)).

Assume now that A is closed and int ([(C0A)x] ) # 0, so that A (x)
is closed and we obtain

N cl(A(2)) = ) Ac(2) = A(2).

e>0 e>0

Therefore, thanks to (5.52), we have int(dom f) = int ([(C0A)s0] ™) #
(), and f is continuous on int(dom f). So, using again the relation
Naom £ (%) = (€0A4) oo N {z}+, formula (6.87) entails (6.91). If, in addi-
tion x € int ([(€0A)x] ™), then

Of(xz) =co(A(z)) . (6.92)

Consequently, f is (Fréchet-) differentiable at x € int ([(C0A)s0] ™) if
and only if the set A(z) is a singleton; in this case, we have A(z) =

{Vf(2)}-

6.4 Homogeneous formulas

In this section, we represent the subdifferential of the supremum func-
tion f :=sup;cr fi, using exclusively the data functions fi, t € T,
belonging to I'o(X). If the (almost) active functions are still present
in the final formulas, the normal cone Ngom ¢() is now removed and
replaced with the approximate subdifferential of non-active functions,
but affected by appropriate weights. The resulting formulas are called
homogeneous because they do not depend, at least explicitly, on the
normal cone to the effective domain of f (or to finite-dimensional sec-
tions of it).
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To this aim, we first characterize the normal cone Ngom f(x) by
means of the data functions f;, ¢ € T. The following result deals with
the so-called compact-continuous case.

Proposition 6.4.1 Assume that {f;, t € T} C T'o(X) with T compact
and that the mappings t — fi(z), z € X, are usc. Then, for every x €
dom f, such that

tléljﬁ fe(z) > —o0, (6.93)
we have
Ndom £(2) = [co ( U 85ft(a:)>] for all e > 0. (6.94)
teT o

Proof. We fix € > 0 and denote

Ee = U 0 fi();

teT

observe that E. is non-empty by Proposition 4.1.10.

To establish the inclusion “D” in (6.94), we take 2* € [co(E:)],, and
fix «f € E.. Then for every o > 0, we have z{+ ax® € co(E;), and
so there are nets (\j1,...,\jx,) € A*j, bty tik, €T, and a7 €
Ocft; 0 (@), -5 @fy. € Oft;, () such that zf + ax® = lim;(Aja2], +
e Ak, x;‘k7) Hence, for every fixed y € dom f,

(g + az™,y — x) = lim; <)\j71m;,1 ot Ny T g Y — m>

< limsup; ( > Nl (y) = fo. (@) + 5))

i=1,....k;
< lim sup; (_Z Nii(f () = fi,. (@) + 5))
< fHy) —inf {fi(x), t € T} +e,
where f7 is the positive part of f. Next, dividing by o and making o |
+00, condition (6.93) ensures that (z*,y —z) <0 for all y € dom f =

dom f; that is, 2* € Ngom f(z), as we wanted to prove.
Now, we prove the inclusion

([0 (Bo)loe)™ € (Naom f()) ™, (6.95)
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or equivalently, according to (3.52) and the fact that (Ngom ¢(2))” =
AR (dom f — 7)),

cl(domopg, ) C cl(Ry(dom f — x)). (6.96)

Take z € domog, = dom (supser 0o, f,(x)) = dom (supyer(fi)L(z;-))
where the last equality comes from Proposition 4.1.12. Then, by (4.1)

z € ) dom((fo)(x;-)) = (Y Ry (dom f; — x),

teT teT

)
)

and (see Exercise 9)

z € MNRy(dom f; — ) = Ry(dom f — ) C cl(R4(dom f — x)).
teT

Hence, (6.96) holds and (6.95) follows. Finally, the inclusion “C” in
(6.94) follows from (6.95) by the bipolar theorem (3.51). m

The following result provides the non-compact counterpart to Propo-
sition 6.4.1. Now, instead of the individual functions f;, t € T, we use
the following max-type functions (introduced in (5.21))

fr=max{f,teJ}, JeT ={JCT: |J| <+oo}. (6.97)

The proof of this result uses a countable reduction argument given in
Exercise 100 whose proof is based on strictly topological arguments.

Proposition 6.4.2 Consider the family {fi, t € T} C To(X), the
function f :=sup;cp fi, and let x € dom f such that condition (6.93)
holds; that is, infiep fi(x) > —oo. Then, for every e > 0,

Nmﬂ@%{@(U@b@ﬂw- (6.98)

JeT

Proof. Take u* € Ngom f(z) and ¢ > 0. By Exercise 100, for every
fixed L € F(z) there exists a sequence (t), C T such that u* €
Ndaom(sup, -, f.,)nr(). We denote Jy,, := {t1,...,t,}, n > 1, and intro-
duce the convex functions f,, := fs + 1, n > 1 (see (6.97)). So, (fn)n
is non-decreasing and satisfies sup,>y (fi, +1r) =sup,>; fn and
dom (supnzl ftn) N L = dom (supnzl fn) . In addition, according to
Example 5.1.6 (formula (5.15)), we have
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Oe /2 <Sup fn) (x)= N ( Un 35+s/2fn(96)> Cecl ( U 0= (£, +IL)(iE)> ;
n>1 K>1

5>0 E>1n>k

taking § = ¢/2 and n = k. Next, using formula (4.46) in Proposition
4.1.16, we get

9. (supfn) @Wcd|Ud| U (@fs(@)+oals(@)
n>1 k>1 581+£52>:05

C(:O(Uagfjk(x)—FLJ‘) .

k>1

Therefore, applying (4.9) and Proposition 4.1.10,

u* € Ndom(supn>1ftn)ﬁL(x) = |:8£/2 (Sup fn> (.Z‘):|
- n>1 0o

C

@ ( U017, () +Ll>] c [CO< Y 0:ds () +LL>L’

k>1 JET

and so, by (2.23),

e g, (g -

LeF(x) oo

[ N co(uast(ccHLl)] 7

LEF(x) JET -

and we obtain that u* € [¢0(Uje70-f7(2))],, (see Exercise 10(iv)).
Hence, the inclusion “C” in (6.98) follows, and we are done since the
opposite inclusion follows as in the proof of Proposition 6.4.1. m

Next, we give the first homogeneous formula of 9 f(x), corresponding
to the so-called compact-continuous framework.

Theorem 6.4.3 Assume that {f;, t € T} C I'o(X) with T compact
and that the mappingst — fi(z), z € X, are usc. Denote f := sup,cp fi
and let x € dom f such that condition (6.93) holds; that is, inficp
fi(x) > —oo. Then we have

9f(x) = (1co (( U 3sft(90)> + ( U {0.¢} Beft(m)>> :
e>0 teT (x) teT\T(x)
(6.99)



6.4. HOMOGENEOUS FORMULAS 271

Proof. We may assume that f(z) =0 (without loss of generality).
Fix e > 0, U € Nx-, and pick L € F(x) such that L+ C U. An isolated
index is assigned to the function Iy, so that the family {f;, t € T; I} C
['p(X) also satisfies the same compactness and upper semicontinu-
ity assumptions. Therefore, applying Proposition 6.4.1 to the family
{ft, t € T; 11}, we obtain

Nzadom f(%) = [CO (( U 8eft(x)> U < U 8€ft(:v)> ULL>] ;
teT(z) teT\T(x) 0
(6.100)

and so (see Exercises 22 and 23)

NLﬁdomf(x) = |:CO (( U afft(x)> U ( U Eaeft(z)> ULL>:|
teT (x) teT\T(x) .

(s 00) (o 00) )
teT (z) teT\T(x) o

)]

oo

where we denote

A = ( U aeft(x)> + ( U {075}65ft(33)> .

teT(z) teT\T(x)
Observe that, due to the lower semicontinuity of the f;’s, the sets

Oe ft(z) are non-empty and we have 6 € Uycp\7(a) {0} O fi(z) + Lt
Thus, using (6.16),

df(x) C co ( U 0-fi(x) + NLﬁdomf(x)>

teT (x)

C (tegj(@aaft(a:) + [@ <A5 + Llﬂ OO) ,

and, taking into account that Uyep(y)0c fi(x) C A, we have

af(x) C a(Ag + [a (AS + LLH )

e}

cm(AerLl) cco<AE+Ll> +U =co(Ac)+ Lt +U C co(Ae) + 2U.

Therefore, the first inclusion “C” in (6.99) follows by intersecting over
U € Nx- and then over ¢ > 0. Conversely, to show the inclusion “2>”
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in (6.99) we fix £ > 0. Then we have 0. fi(x) C O._pf(x), for alle > 0
and t € T, where M := inficp fy(xz). Thus, given any z* in the right-
hand side set of (6.99), we obtain

+* €co (( U &;ft(l‘)) + ( U {915} 88—Mf($)>>
teT (z) teT\T (z)
Ccl(0:f(x) +co({0,e} O—nr f(x))) = cl (O f(z) + [0,€]0c—n f (@) ,

where in the last inclusion we used the fact that 0; f;(z) C 0. f(x) for all

t € T'(zx). Let us consider nets (y;); C 0-f(x), (€;); C [0,¢] and (2}); C

O:—n f(x) such that 2* = lim; (y} + €;2]) . Then, for each y € dom f,
(", y —x) = 1i£n (yj +eizi,y —x)

<limsup ((f(y) — f(2) +¢) +&i (f(y) - f(z) - M +¢))

7

<S(fW) = f@)+e)+e(fly) - fla)—M+e)™;

that is,

(@ y—2) < (fly) = fl@) +e) +e(f(y) — f&) = M +¢)" foralle >0,

and we deduce that z* € 9f(x) ase | 0. m
The following corollary deals with the particular case in which all
the functions are active; it is an immediate consequence of Theorem

6.4.3.
Corollary 6.4.4 Assume in Theorem 6.4.3 that T'(x) =T. Then
df(xz) = (o < U 8€ft(x)> .
e>0 teT
Next, we give a non-compact counterpart to Theorem 6.4.3.

Theorem 6.4.5 Consider the family {f:, t € T} CT'o(X) and f:=
supser ft- Then, for every x € dom f, we have

8f($) = ﬂ@ (( U aaft(x)) + {075} < U aefJ(w)>> )
e>0 teT. (x) JET (z)

(6.101)
where fj and T are defined in (6.97), and
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T(z) :={J €T : f;(x) > f(zx) — e} (6.102)

Proof. Fix ¢ € dom f and € > 0. So, by Theorem 5.2.2, for each L €
F(x) one has

df(xz) C e ( U 0:fi(x) + NLmdomf($)> : (6.103)
teT. (x)
Now, given a fixed ¢y € T.(x), we introduce the functions
gt ‘= max{ft7fto} + IL7 te T7

hence sup;cr gt = f + 11, and for all J € 7,

97 = max g = fro) + 1o (6.104)

Observe that gj(z) > fi, () > f(z) — ¢; that is, J' := JU {to} € To(x).

Therefore, since {g;, t € T} C I'g(X) and satisfies condition (6.93);
that is, infer g¢(x) > fi,(x) > —o0, Proposition 6.4.2 entails

o {00
JeT I

={w<uas<fw{to}+u>(x>ﬂ c{co( U aauumcw”
JET J' €T (x)

oo

NLﬁdomf(x) = Ndom(S‘JPtGT gt)(x) =

oo

Thus, using formula (4.46) in Proposition 4.1.16,

NLﬂdomf(x) (- |:CO < U ang(x) + LL>:|

JeT(z)

C [co(( U asft(ﬂj)‘FLL)U( U ang(x)—&-Ll))] ,
teTe (z) JeT: (x) oo

and we deduce that Npngom f(2) C [@ (E€ + LL)] ~ (see Exercises 22
and 23), where

E. = ( U 3eft(x)> +{0,¢} (JEU 3efj($)> :

teT. () T (x)

Consequently, (6.103) gives rise to
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of (@) C co< U 0-fil@) + oo (B + L*)] )
teT. (x) o0
C@(EE—FLJ‘—F [@(EEJFLL)LO) :E(ESJFLL)
Cco(EE—i-LJ‘) +U =co(E.)+ L+ +U Cco(E.) +2U,

and the desired inclusion “C” follows once we intersect over all U €
Nx- and after over ¢ > 0. To verify the opposite inclusion, we easily
observe that, for all € > 0,

U aeft(x) - 825]0('7;) and U ast(x) C 825f($)7

teT.(z) JeT ()

and so

(co (E:) C [1¢0 (Do f(x) + {0,102 f(2))

e>0 e>0

C N [M1+edf(z) = 0f(x).

e>0

6.5 Qualification conditions

This section addresses the conditions on the data functions, f;, t € T,
which allow us to derive formulas for the subdifferential of the supre-
mum function f := sup;cp f; that are simpler than those given previ-
ously. These conditions are of a geometric and topological nature and
depend on the way in which the functions involved are related; that is,
when their effective domains overlap sufficiently. The term qualifica-
tion applies here because the conditions we give are of the same type as
those often used to derive optimality conditions for convex optimiza-
tion problems (see chapter 8). More precisely, some constraints are
qualified and lead to simple expressions of the subdifferential of f by
means of convex combinations of the subdifferentials of the qualified
ft’s. This approach avoids the use of limiting processes.

The first result in this section is based on a finite-dimensional qual-
ification. In contrast to Corollary 6.1.12, which assumes the continuity
of the supremum function f, the condition given here is only based on
the effective domains of the fi’s.
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Theorem 6.5.1 Given conver functions f;:R"™ — Ry, t €T, and
f = super fi, take x € dom f and assume that the standard compact-
ness hypothesis (6.1) holds. If, additionally, we assume that

ri(dom f;) Ndom f # 0 for all t € T'(x), (6.105)

then we have

Of(x) = Ngom f(z) + co{ U 8ft(x)} : (6.106)

teT (x)

Proof. Fix t € T(z) and, by (6.105), take ¢ € ri(dom f;) N dom f.
Then, by (2.15), for any z; € ri(dom f) C dom f; and A € |0, 1], we
have

Az1 + (1 — XNz € ri(dom f;) Nri(dom f).

Thus, according Proposition 4.1.26, O(f; + Liom r)(x) = 0 fi(x)+
Ndom £(2), and consequently, (6.106) comes by combining Corollary
6.1.10 and Exercise 107. =

Remark 17 Theorem 6.5.1 remains true if, instead of condition
(6.105), we assume that Niepri(dom fi) # 0. Indeed, this condition
ensures that ri(dom f) = Nerri(dom f;) (see Exercise 13), which in
turn yields condition (6.105).

Theorem 6.5.2 below gives an infinite-dimensional counterpart to
Theorem 6.5.1. It uses the continuity somewhere in dom f of all but
one of the active functions. This condition is much weaker than the
continuity of the supremum function f imposed in Corollary 6.1.12.

Theorem 6.5.2 Given convex functions f; : X — Ry, t € T, we denote
[ = sup;er fr and assume the standard compactness hypothesis (6.1).
Let x € dom f such that T(z) :={1,....,m+ 1} C T, m > 0, and assume
that each one of the functions f;, i € T(x), except perhaps one of them,
say fm+1, 18 continuous somewhere in dom f. Then we have

df(z) = co { U 9fi(x)Uo(frms1 + Idomf)(a:)} + Naom £ ().

1<i<m

Proof. The inclusion “D” is straightforward. To prove “C” we may
assume that 9f(z) # 0; hence f(z) = (clf)(z) €R and If(z) =
d(cl f)(x). We also assume that z =6 and f(0) = (clf)(0) =0.
Observe that if m = 0, so that T'(f) = {1}, then Corollary 6.1.6 yields
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af(0) =0 Tdom 0) =0 Tgom 7) (0),
70 =0 (s i+ Taam s ) 6) =0 (i +Taom ) 0

and the desired formula follows as (see (4.9))

Naom £(#) = Ndom frdom £, (#) = (0 (f1 + ldom 1) (0))co-

Now we consider the case m > 0. By the current assumption, for each
i €{1,...,m} there exists some z; € dom f such that f; is continuous
at x;. More precisely, (2.15) (see also Exercise 13) ensures that

1
xo:=— >, x; €dom fNint(dom f1)N...Nint(dom fp,),
Mmi<i<m

and the functions fi,..., f;, are continuous at zg € dom f. Conse-
quently, using Proposition 5.2.4(ii), we have

cl (max {1217%)(7” fiv fm+1 + Idomf}) = max {lgmiaéXmCIfiv Cl(fm+1 + Idomf)} .
Therefore, taking into account Corollary 6.1.6 and observing that

'Ieni?ég) fi+ Laom f = max{fi, 1 <i <m; frne1 + Ldom £}

by applying Corollary 5.1.9, we get

af(0) =0 ( max fi +Idomf) ®= U o ( 2 Mefre + Amt1fmt1 +Idomf)> (9),
1<k<m

teT(0) A€S(0)

where A\i fi = Lgom 7, if A\x = 0, and

5(9) = {)\ c Am+1 : Z )\kfk(g) = 0} .

1<k<m-+1

Hence, since the convex functions A; fi, ..., A fm are also continuous
at xg € dom f (C dom(Apt1fmt1 + ldom f)), by applying Proposition
4.1.20, we get

of@)= U X 9wfr)©) +0(Am+1fm+1 + Ldom £)(0)
AES(9)1<k<m

= U X M@+ X Naom g (0) + 0Amt1fma1 + Idom £)(0)
AES(6) AL>0 Ap=0
1<k<m 1<kZmt1
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- U Z /\kafk(o) +0 ()‘m+lfm+1 + Idomf + Z Liom fk) (9)
AES(0) Ap>0 k=
1<k<m 1<k<m+1

= U > MOfe(0) + 0 A1 fmt1 + Ldom £) (6), (6107)

AES(0) A>0

1<k<m

where the last inclusion holds because dom f C dom fj, for all 1 < k <

m + 1. Finally, given any z* € 9f(0), by (6.107) there exists some A €
Ayn+1 such that

x* c Z )\kﬁfk(Q) + a()\erlfm+1 + Idomf)(e)‘
A >0,1<k<m

Denote A := Uger()0fk(0). If Ajpy1 = 0, then

= > MOfr(0) + Naom f(0)
>0, 1<k<m

C co A+ Naom () C co{AUI(frm+1 + Laom £)(0)} + Naom £(0),

and otherwise, i.e., when A1 > 0,
z* € > A0Sk (0) + Amt10(frmt1 + ldom £)(6)
AL >0,1<k<m
Cco {A u a(fm+1 + Ldom f)(e)} Cco {A U a(fm+1 + ldom f)(e)} + Ndomf(9)~

The proof of the inclusion “C” is complete. m

As a consequence of Theorem 6.5.2, we obtain the following result
for the maximum of a finite family of convex functions. This model
constitutes a relevant particular case of the compactly indexed setting
studied in section 6.1.

Corollary 6.5.3 Given a finite family of convex functions, fr : X —
Roo, k € T :={1,...,p}, p > 1, we denote f := maxyer fi. Assume that
each one of the functions fi, k € T, except perhaps one of them, say
fp, is continuous somewhere in dom f. Then, for every x € X, we have

of(x) = CO{ U 8fk(w)} + > Ndom f, (). (6.108)

keT (x) kET

Proof. First, if p =1, then (6.108) trivially holds as it reduces to
O0f(x) = 0f(x) + Naom ¢(z). Assume that p>1 and fix v € X. If p ¢
T(z), so that all the active functions at x are continuous somewhere
in dom f, then Theorem 6.5.2 yields
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8f(a:):co{ U 8fk(a:)}+Ndomf(a:).

keT(x)
Thus, (6.108) follows by applying Proposition 4.1.20:

Ndomf(fl') = kgTNdom f (LZ') (6109)

Next we assume that p € T'(x). By Corollary 6.1.6, we have

07(0) =0 (ox o+ Laon ) () = Do), (6.110)

keT(

where g = max{fy, k € T'(x) \ {p}; fp+ ldomf}. Since f, + lgom ¢ <
g < f, we observe that dom f = dom g. Then, since all the functions
fr, k€T (x)\ {p}, are continuous somewhere in dom f = dom(f, +
Liom £), by applying again Theorem 6.5.2, we obtain

dg(x) = co { U  df(x)UJo(fp + Idomf)(az)} + Ndom £ ().
keT (x)\{p}
(6.111)

In addition, we have that

fp+Idomf:fp+I a domfk:fp+ E Idomfk
S ke (p}

and the functions lyom ¢, K € T'\ {p}, are continuous at a common
point in dom f C dom f, (by (2.15)). Then Proposition 4.1.20 yields

I fp +Taomyp)(x) = 0fp(®) + > Ndom f, (2),
keT\{p}

and (6.110), (6.111) and (6.109) entail

Af(x) = CO{ Afr(z)U (Wp(ﬂﬂ) + 2 Naomy, (@) } + k%:TNdom (@)

keT(z)\{p} keT\{p}

C CO{ U 8fk(x)} + Z Ndom fr (I)
keT

keT(x)

Thus, we are done since the opposite inclusion is straightforward. m

Corollary 6.5.4 In addition to the assumption of Corollary 6.5.3,
suppose that T = T(x) and dfy(x) # 0 for all k € T. Then
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of(e) = (U o))

keT

Proof. By taking into account (4.9), Corollary 6.5.3 yields

of(z) = CO{ U 3fk(1)} + 2 Ndom g, () = CO{ U 3fk($)} + > (0fr(2))oo
KET Ker kET ker

col yonol(=(yonw)) cw(yonem).
KET kET - kET

The desired formula follows because the opposite inclusion clearly
holds. m

6.6 Exercises

Exercise 92 Prove the inclusion “O” in (6.12) and (6.16).

Exercise 93 (Ezercise 40 revisited) Let f be a proper convex function
and take x € dom f.

(a) If g :== max{f, f(x) — 1}, prove that 0f (x) = Og(x) (Hint: Apply
Theorem 6.1.4).

(b) If {fi: X =R, t € T} is a family of conver functions and f =
supser fi s proper, prove that

Of(x) =20 <sup(max{ft, fx) — 1}) .
teT
Exercise 94 Under hypothesis (6.1), prove that the sets T.(x), x €

f~YHR), € >0, are non-empty, closed and compact (remember that T
is not necessarily Hausdorff).

Exercise 95 Prove Lemma 6.2.1.

Exercise 96 Assume that X is Banach, and let the convexr func-
tions fy : X — R, t € T, be such that (6.1) holds. If the f;’s are finite
and continuous on some open set U C X, prove that the function
f = supscr fi is continuous on U.

Exercise 97 Given the functions f;:X — R, teT, and f:=
supser ft, we assume that [** = supser fi*. Prove that, for every
x e X,
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of(z) = ﬂ( )co{ N cl ( U 0-fi(z) +NLmd0mf(:1;)> }

LeF e>0 teT.(x)

Exercise 98 Assume that {f;, t € T} C I'g(X) with T compact and
that the mappings t — fi(2), z € X, are usc. Take x € dom f such that
infier fi(x) > —o0 and, given ty € T'(x) and 0 < p; < 1, we define

f — {ft, ift S T(m),
i Ntft—i_(l_lu’t)ftoathET\T(x)a
and f = SUup;er fi. Prove that, for every e > 0,
N 1(0) = Ny 70) = [0 (U0fi@)) | - (612
teT o

Exercise 99 Let {fi, t € T} and T be as in Exercise 98. Given ty €
T(x) and € > 0, we define

f L {ft, ift c T(m),
DT Ve fe + (1= pue) oo, if t € T\ T(2),

where py o = e(2f(x) — 2fi(x) +¢)~L, t € T\ T(z), € > 0. Prove that

of(e) = N (Uofic(o)). (6.113)
e>0 teT
and so, provided that T'(z) =T,
df(x) = (o ( U agft,a(x)) . (6.114)
e>0 teT

Exercise 100 Consider a family {f;, t€ T} CTo(X) and f:=
supser ft. Given x € dom f, L € F(z), and u* € Ngom (), prove the
existence of a sequence (tn)n C T such that u* € Nyom(sup, , .. )nz.(Z)-

Exercise 101 Let f be a proper convez function and take x € dom f.
Prove that

Of(x) = [ ©0(0-f(x) +{0,e}0.45f(2)),

0<e<eg

for every 6 > 0 and g9 > 0.
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Exercise 102 Consider a convex function f that attains its minimum
at x € dom f. Prove that, for every 6 > 0 and g9 > 0,

Of(x)= 1 c0(0:f(x) Uebeysf(x)). (6.115)

0<e<eg

Exercise 103 Assume that {f;, t € T} C T'o(X) with T compact and
that the mappings t — fi(z), z € X, are usc. Denote f := sup;cr fi.
(i) Prove that

df(x) C (Nco (( U aeft(w)) U ( U( )8(%]%(@)) , (6.116)

£>0 teT(x) teT\T

and that (6.116) becomes an equality when inficr fi(x) > —oo and z
s a minimum of f.

(43) If we consider the family {fi, t € T; h}, where h is the constant
function h = f(x) — 1 with x € dom f not being a minimum of f, prove
that the inclusion in (6.116) may be strict for this new family.

Exercise 104 Given a family of convex functions, fi: X — Ry, t €
T, and f := sup,er fi, we suppose that condition (6.1) holds. Given x €
dom f, we suppose that T, := {t € T(x) : f; is continuous somewhere
in dom f} is finite. Prove that, for every x € dom f, we have

teT.

Of (x) = 00{ U afi(@)Ua(f + Idomf)(:f)} + Netom £ (),

where f := SUPer(a)\T, ft-

Exercise 105 Complete the proof of Theorem 6.3.2 where, instead of
being in I'o(X), the fi’s satisfy condition (5.10).

Exercise 106 Let E be a closed linear subspace of X. Given a mon-
empty set A C X* and a net (z)); C A, we assume that (); C (UN
E)° for some U € Nx. Prove the ezistence of a subnet (] ); and z* €

cl(A+ EL) such that <zZ*J - z*,u> —; 0 forallue E.

Exercise 107 Given the convex functions fy, t € T, we assume that
T is compact and that the mappings t — fi(z), z € X, are usc. Denote
[ :=super fr and, for x € X, e1,e2 >0 and L € F(x), consider the
set
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Er = CO{ U 851(ft+ILﬁdomf)(x)}'

teT., (x)

Prove that E7, is closed.

6.7 Bibliographical notes

An early version of Theorem 6.1.4 was established in [53, Theorem 3.6]
under slightly weaker conditions of continuity and compactness. The
current version of this result is [54, Proposition 1] and allows us to use
co instead of ¢o. Formula (6.16) is given in [53, Theorem 3.8], whereas
(6.21) corresponds to [53, Corollary 3.10]. Corollary 6.1.12, which is
[53, Theorem 3.12], gives rise to the well-known characterization (6.24),
originally from [191]. Formula (6.25) was also proved in [53, Theorem
3.12].

In section 6.2, the compactification process of the index set is per-
formed using the Stone-Cech and one-point compact extensions; mean-
while, the regularization of the family of data functions is done by
enlarging it by means of the associated usc hulls. The main result in
this section is Theorem 6.2.5; some consequences of it were given in [54,
Theorem 1]. Theorem 6.2.8 is based on the one-point compact exten-
sion. Formula (6.73) in Theorem 6.3.2 is [56, Theorem 12, formula
(59)], whereas (6.92) can also be found in [204, Proposition 8]. The
main results of section 6.4 are Proposition 6.4.1 and Theorem 6.4.3,
and are stated in [55, Theorems 5 and 10, respectively]. The first result
in section 6.5 is Theorem 6.5.1, given in [52, Theorem 3(ii) |. Theorem
6.5.2 represents an improvement of [52, Theorem 9]. Corollary 6.5.3 in
[196] goes back to [177] when the supremum function is continuous at
the reference point. Exercise 98 can be found in [102, Lemma 1].
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Chapter 7

Other subdifferential
calculus rules

The main objective of this chapter is to establish new formulas for the
subdifferential of the sum under conditions that are at an intermediate
level of generality between those in Proposition 4.1.16, which hold for
Isc proper convex functions, and Proposition 4.1.20, which requires
additional continuity assumptions. Alternative sufficient conditions for
the validity of Proposition 4.1.16 will also be supplied, including the
case of polyhedral functions. Throughout this chapter, X stands for
an lcs with a dual X* endowed with a compatible topology (unless
otherwise stated). The associated bilinear form is represented by (-, -).

7.1 Subdifferential of the sum

Throughout this section, we consider two convex functions f: Y — R
and g : X — R, where Y is another lcs, and a continuous linear map-
ping A: X — Y with continuous adjoint A*. We show that Theo-
rem 5.2.2, which provides a characterization of the subdifferential of
suprema, also leads to other calculus rules for functions that can be
written as a supremum. This includes the sum of functions and the
composition with affine mappings.
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First, we give an alternative supremum-based proof to formula
(4.45) in Proposition 4.1.16 (for ¢ = 0). We actually assume a hypoth-
esis that is weaker than the lower semicontinuity assumption required
there.

Theorem 7.1.1 Consider two convex functions f:Y — R and g:
X — R, and a continuous linear mapping A : X — Y such that

cl(g+ foA)=(clg) + (cl f) o A. (7.1)
Then, for every x € X, we have

g+ foA)(x) = (1 cl(9eg(x) + A™0.f(Ax)) . (7.2)

e>0

Proof. Let us denote ¢ := g+ fo A and ¢ := (clg) + (cl f) o A. The
inclusion “D” always holds as 0.g(x) + A*0.f(Az) C 0a-(g+ f o A)(x)
for all z € X and € > 0. Consequently, it suffices to establish the oppo-
site inclusion “C” when dg(z) # 0. In such a case, by (7.1), we have
that

(clg) (z) + (el f) (Az) = (clp) (x) = p(z) = g(x) + [(Az) € R(? .
and (by Exercise 62) '

dp(x) = 9 (clp) () = D ((clg) + (1 f) o A) (a) = D(x).  (7.4)

Since (clg) (z) < g(x) and (cl f) (Ax) < f(Azx), from (7.3) we get
(clg) () = g(x) € R and (clf)(Ax) = f(Ax) € R; therefore, cl f €
I'o(Y) and clg € I'g(X). Furthermore, for every € > 0, one has (again
by Exercise 62)

0: (clg) (x) = 0-g(z) and 0- (cl f) (Az) = 0. f(Ax). (7.5)

Now, taking into account that cl f € T'o(Y"), Theorem 3.2.2 yields,
for every z € X
P(x) = (clg) (z) + [ (Az) = sup {(clg) () + (A"y",z) — f*(y")}.
y*€dom f*
Hence, since the functions (clg)(-) + (A*y*,-) — f*(y*), y* € dom f*,
are obviously lIsc, condition (5.10) trivially holds, and Theorem 5.2.2
gives rise to
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() = n d <CO ( U (0(clg)(z) + A*y*)> + NLﬁdomu(x)> ;

LeF(z),e>0 y*€T:(x)

where we also have applied Proposition 4.1.6(7). Now, remembering
that ¥ (x) = (clg) (z) + (cl f) (Ax), we write

Te(z) ={y" € Y": (clg) (z) + (A"y",2) = " (") 2 ¢(2) — €}

(
={y" €Y : (¥(z) - (clf) (Az)) + (A"y",2) — f*(y") = ¥(z) — ¢}
={y" €Y": (clf) (Az) + " (y") < (y*, Az) + ¢}
= 0- (cl f) (Az) = 0-f (Ax).
Therefore,
du(a) = N cd(O(clg)(@) + A F(AT) + Npraom (@)

LeF(z),e>0
(7.6)
Now, take V € Nx-, € > 0 and let L € F(z) such that L+ C (1/2)V.
Then the normal cone Nyngom () is written (Exercise 41)

NLndom (%) = Naom((el g)+1; + (et o) (®) = [cl (9:(clg)(@) + L + A*0:(cl )(An)) |
and (7.6), (7.4) and (7.5) lead us to
Op(x) = 0Y(x)

C ol (0.(clg)(z) + A*0-f(Az) + [cl (ag(clg)(m)JrLi+A*ag(c1f)(,4x))]oo)

Ccl(a (clg)(@) + A*0- (cl f) (Aw) + LT)
d:(clg)(x) + A%: (cl f) (Az) + L + (1/2)V
0:(clg)(z) + A*0: (cl1 f) (Az) +V

0:-g(x) + A0 f(Az) + V.

Consequently,

dp(z) C N N (O:g9(x) + A0 f(Az) + V) = fDO cl(9:g(x) + A*0: f(Ax)),

e>0VEN x *
and the proof is complete. m

Remark 18 The main motivation of Theorem 7.1.1 is to unify the
sum and the supremum calculus rules. An alternative proof, using
Proposition 4.1.16, is proposed in Fxercises 108 and 109.

Again using our supremum-based methodology, we provide another
proof for formula (4.58) (when ¢ =0). First we need the following
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lemma which shows the effect of continuity conditions on the topolog-
ical properties of the sets d.g(x) + A*0.f(Az), € > 0.

Lemma 7.1.2 Let f: Y — R and g : X — R be convex functions and
A: X =Y be a continuous linear mapping. Assume that f is con-

tinuous at some point in A(domg). Then, for every x € domgn
A=Y (dom f) and & > 0, the set 0.g(x) + A*0-f(Ax) is closed.

Proof. Fix z € domgn A~!(dom f) and € > 0. Then it suffices to
prove that the convex set E := 0.g(x)+ A*0.f(Az) is w*-closed,
because we are considering a compatible topology in X*. Take z* €
cl(E) = cl¥ (E). Let 9 € domg such that f is continuous at Axo
Given nets (uj);C-g(x) and (v;), CO. f(Ax) such that uj + A*v] —*

z*, we may assume that (u} —|—A* s x—xg) < (z* x—xo>+1 for
every i. Moreover, since u} € 0.g(x), we have

(v, Ax — Azg) < (uj,z0 —x) + (x*, 2 — x) + 1
<g(xo) —g(z) + (%, 2 —x9) + ¢ + 1.

Now, due to the continuity of f at Axg, we can choose U € Ny such
that sup,ci f(y + Awo) < f(Azo) + 1. Hence, by the last inequality
above, we get for all y € U

<U;7y> < z* Aw0> < ;,y—i—Al‘o _Ax>
< (v, Ax — Axg) + f(y + Axg) — f(Ax) + ¢
<g(x ) 9()+<$a$—330>+f(z41‘o)—f(Aac)—l—25+2§u,

for some p > 0 (since the expression in the last inequality depends

only on z and z(). In other words, (v}), C (1 'U)° and Theorem 2.1.9

ensures that (v]), is w*-convergent (Wlthout loss of generality) to some

v* € O-f(Az) N (u=U)°. Moreover, since u} + A*vf —*" z*, the cor-

responding net (u}), also w*-converges to W=t — A*v* E 0-g(x);

that is, * = u* + A*v* € 0.g(x) + A*0.f(Ax), and we are done. m
We recover the rules in Proposition 4.1.20 (when ¢ = 0).

Corollary 7.1.3 Under the assumptions of Lemma 7.1.2, we have
O(g+ foA)(x) =0g(x)+ A*0f (Ax) for every x € X.

Proof. Since the inclusion “D” trivially holds, we only need to
prove “C” when 9(g+ f o A)(x) # 0; hence, g(x), f(Az) € R. More-
over, using Proposition 2.2.11 , the current continuity assumption
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guarantees that cl(g + fo A) = (clg) + (cl f) o A, and Theorem 7.1.1
together with Lemma 7.1.2 leads us to

g+ foA)(z) = QO cl(O:g(x) + A"0: f(Ax)) = :Do (0:9(x) + A™0- f(Ax)) .

Thus, the proof will be over once we show that

Qo (0-g(x) + A*0.f(Az)) C Og(x) + A*0f(Ax). (7.7)

Take 2™ € N> (0-9(x) + A*0-f(Axz)) . Then, for each r = 1,2, ..., there
exist uy € 0y/,g(x) and vy € 0y, f(Az) such that x* = u; + A*vy. Pro-
ceeding as in the proof of Lemma 7.1.2, we choose xg € dom g and
U € Ny such that sup,cy f(y + Azo) < f(Axg) + 1. Hence, for all
yeU,
(vi,y) = (vy, Az — Azo) + (v, y + Azo — Ax)

< (z*,z —xo) + (uy,x0 — x) + f(y + Azo) — f(Az) +1/r

< (2% @ —x0) + 9(wo) — g(z) + f(Azo) — f(Az) +1+2/r < p,
where p > 0. Then (v}), C (1~1U)° and, without loss of generality, we
may assume that (v)), and (u}), are w*-convergent to some v* € X*
and z* — A*v*, respectively. Since u; € 9;/,.9(x) and vy € 0y, f(Ax)
for all r > 1, by Proposition 4.1.6(vi), we deduce that u* € dg(z) and
v* € 0f(Ax). Thus, z* =u* 4+ A*v* € dg(z) + A*0f(Ax) and (7.7)
follows. m

7.2 Symmetric versus asymmetric
conditions

As in the previous section, we consider two convex functions f : Y — R
and g : X — R, where Y is another lcs, and a continuous linear map-
ping A: X — Y with continuous adjoint A*. We establish a subd-
ifferential sum rule that is given in terms of the exact subdifferen-
tial of one function and the approximate subdifferential of the other.
The given formula requires less restrictive conditions than those of
Theorem 7.1.1 and Corollary 7.1.3. More precisely, Corollary 7.1.3
requires the continuity of, say, g at some point in dom f, while its finite-
dimensional counterpart in Proposition 4.1.26 appeals to the condition
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ri(dom f) Nri(dom g) # (). If one of the functions, say, g is polyhedral,
it is enough to assume that ri(dom f) N dom g # (). Also, Theorem 7.1.1
uses condition (7.1); that is, cl(g + f) = (clg) + (cl f) . In the following
theorem, X =Y and A is the identity mapping.

Theorem 7.2.1 Consider two functions f,g€ To(X), and =z €
dom f Ndom g. We assume that at least one of the following condi-
tions holds:

(1) Ry(epig — (x, g(x))) is closed,

(4i) dom f Nri(dom g) # B and gjagt(dom ¢) I8 continuous on ri(dom g).

Then we have

f+9)(x) = N cl(O:-f(x) + dg(x)). (7.8)

e>0

Proof. According to Theorem 7.1.1 (see, also, Proposition 4.1.16), we
have

S +g)(x) = () cl(0:f(z) + D-g(x)). (7.9)

e>0

Hence, the inclusion “D” in (7.8) follows immediately. To show “C”
we pick z* in O(f + g)(z) (if O(f + ¢g)(z) is empty, the inclusion is
trivial). Then, since 0-g(x) x {—1} C Ng; ,(z,g(z)), (by Proposition
4.1.6(vi7)), (7.9) yields,

(@%, —1) € () 1 (0-f(x) x {0} + D-g(x) x {~1})

e>0
Cc (85]”(37) x {0} + ngig(aﬁ,g(aﬁ))) . (7.10)

e>0

We appeal now to Exercise 79. If (i) holds, then it follows from the
last inclusion that

(2%, 1) € gQO cl (9 f () x {0} + Nepig(2, 9(x))) - (7.11)

Otherwise, if (i) holds, then we can check that (see Exercise 19)
(ri(epig — (z,9()))) N ((dom f —z) x R) # 0,
and so, since

(dom f —x) xR C (dom cragf(z)) X R =dom oy, (z)x {0}
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we conclude that

(ri(epig — (z,9(x)))) N dom oy, f(a) 0} 7 0-

Therefore, (7.11) also follows in the present case by Exercise 79.
Now we claim that, for each € > 0 and v € X,

Ta(f+9)(@) (W) < T f(2)+ag(z) (1), (7.12)

as this clearly entails the inclusion “C” in (7.8). To prove (7.12), we
take o < 0y(f1g)(z)(w). Let u* € O(f + g)(z) such that o < (u*,u).
Then, using (7.11), we find nets (yf); C 0-f(z), (2]); C X* and
(Bi)i € Ry such that ((2,—0))i C Nepig(x,g(z)), fi — 1, and u* =
lim; (y; + 2}). Since ; — 1, we can suppose that 3; > 0, and then
B, lz;“ € dg(z) (thanks again to Proposition 4.1.6(vii)). Consequently,

dg(x) # 0 and 04 f(z)+ag(x) (W) = To.f(2) (W) + Tog(z)(u). Then, writing
o f(x) (W) + BiGog(e) () = (yi u) + B; (B 25 u) = (yi + 25, u),
and taking limits, we get
To.f (@) +9g(2) () = im(05, () (1) + Bi0og(a) (w)) 2 lim (' + 27, u) = (u”,u) > a.

Therefore, (7.12) follows when a approaches the value oy(f.g)(z)(u)-
|
The following result produces a nearly exact subdifferential rule
for convex functions whose domains or epigraphs overlap sufficiently.
Statement (i7i) below has been proven in Corollary 4.1.27(i7) in the
case of indicator functions.

Theorem 7.2.2 Let functions f,g € T'9(X). Given z € dom f N dom g,
we assume that one of the following conditions holds:

(i) Ry(epif — (z,f(x))) is closed, dom fNri(domg)+# 0 and
laff(dom g) 5 continuous on ri(dom g).

(i9) R (epi f — (2, £(z))) and Ry (epig — (2, 9(x)) are closed.

(iii) ri(dom f)Nri(domg) # O and flagdom f) aNd Glafi(dom g) aT€
continuous on ri(dom f) and ri(dom g), respectively.

Then we have

f +9)(x) = cl(0f(x) + dg(x)) . (7.13)
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Proof. We only need to prove that, for every x € X such that 9(f +
9)(x) # 0,
I(f +g)(x) C cl(9f (x) + dg(x)), (7.14)

since the converse inclusion is straightforward. We take z* € O(f +
g)(x). So, arguing as in the proof of Theorem 7.2.1 (statement (7.11)),
we show that

(2%, -1) € Dod (0-9(x) x {0} + Nepi r(, 9())) , (7.15)

under conditions (i) and (éi), and also under (ii), thanks to

ri(epi f — (z, f(z))) N dom oy g(4)x 0} 7 0

Similarly, (7.15) implies that oy(t4¢)(2)(%) < Oof(@)+a.9(z)(w), for all
e>0 and v € X, which in turn leads us to z* € N.socl(9f(z) +
0-g(x)). In order to remove ¢ from the last expression, we repeat the
same arguments as in the previous theorem to obtain that

(2%, =1) € N 1 (0f(x) x {0} 4+ Nepig(a, g(2))) , (7.16)

e>0
leading us to the desired inclusion. m

Remark 19 If in Theorem 7.2.2 f, g are the indicators functions of
two closed linear subspaces C, D C X, respectively, then (7.13) yields
the following formula (see, also, Exercise 53 for a standard proof based
on the bipolar theorem),

(C N D)t =a(1c +1p)(6) = cl (oL + DL) .

Note that the closure here can be removed when X is finite-dimensional.

Theorem 7.2.1 is applied below to derive a calculus rule for the
subdifferential of the composition with a linear mapping. This result
will be used in Theorem 7.2.5.

Theorem 7.2.3 Consider f € To(Y) and a continuous linear map-
ping A: X — Y. Given x € A~(dom f), we assume that at least one
of the following conditions holds:

(i) Ry(epif — (Ax, f(Ax))) is closed.

(ii) A(X)Nri(dom f) #0  and flagom ) 95 continuous at some
point in ri(dom f).
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Then we have that
O(foA)(zx)=cl(A"0f(Ax)). (7.17)

Proof. We consider the convex functions g, h : X X Y — R, defined
by
g(x,y) = f(y) and h(m,y) = IgphA(xa y)v

which satisfy (Exercise 46)
O(foA)x)x {0} =0(g+h)(x,Az) N (X" x {6}). (7.18)

Obviously, dom g = X x dom f and dom h = gph A, and we have that
g,h € To(X x Y). Then, on the one hand, from the relation

Ry (epih — ((z, Az),0)) = R4 (((gph A) X Ry) — ((z, Az),0)) = (gph A) x R4,

it follows that Ry (epih — ((x, Ax),0)) is a closed set. On the other
hand, we have

Ry (epig — ((x, Ax) , f(Ax))) = Ry (X x epi f) — (2, Az) , f(Ax)))
— X x (Ry(epi f — (Az, f(Ax)))).

If (i) holds, then Ry (epig— ((z,Ax), f(Az))) is closed, and so, by
Theorem 7.2.2(i7),

0(g + h)(z, Az) = cl(9g(z, Az) + 0lgpn a(z, Ax)) = cl({0} x Of(Ax) + Ngph 4(z, Ax)),

where

Ngph a(z, Az) = {(u*,v") € X" x Y™ : (u*,z —2) + (v",A(z —x)) <O for all z € X}
={(uv") e X* XYY" : (" + A", z—1z) <0 forall z € X}
={(A*v*, —v*) v e Y*}

Thus, using (7.18),
O(f o A)(z) x {0} = cl{(A™v",y* —v™): y* € 0f(Ax),v" € Y*} N (X™* x {0}). (719)
In other words, if 2* € O(f o A)(z), then we find nets (y}); C 0f(Az)

and (v]); C Y* such that 2* = lim; A*v} and lim;(y; — v}) = 6. Since
A* is continuous, we deduce that

¥ =lim A*v] = lim A%y} € cl(A*0f(Ax)),
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and the inclusion 9(f o A)(x) C cl (A*0f(Ax)) holds. The opposite
inclusion easily follows.
If (4i) is fulfilled and yo := Azg € ri(dom f) for some zy € X, then

(z0,y0) € (gph A) N (X X ri(dom f)) = (gph A) Nri(X X dom f) = dom h Nri(dom g),

and glaff(domg) 18 continuous relative to ri(dom g) = X X ri(dom f).
Thus, we conclude as in the first part of the proof, but now applying
Theorem 7.2.2(i). m

Conditions (i7i) in Theorem 7.2.2 and (i¢) in Theorem 7.2.3 are
clearly weaker than the continuity assumption used in Proposition
4.1.20. However, the conclusion of the latter is stronger since it pro-
duces formulas without the closure. The following corollary shows that
the closure in formula (7.13) of Theorem 7.2.2 can be sometimes ruled
out.

Corollary 7.2.4 Let f and g be the same as in Theorem 7.2.2(iii).
If x € X is such that Of(z) or dg(x) is locally compact, then

O(f +9)(x) = 9f(x) + dg(x).

Proof. We may assume that f(z), g(x) € R. According to Theorem
7.2.2(7i1), we have that O(f + g)(x) = cl(0f(z) + dg(z)). If Of(x) or
0g(x) is empty, then we are done. So, we may assume that Jf(x),
0g(x), and O(f + g)(x) are non-empty; hence, = € dom f N domg.
Assuming that 6 € ri(dom f) Nri(dom g), without loss of generality,
we choose U € Nx such that

Uy := U Nspan(dom f) C dom f, Uy := U N span(dom g) C dom g;

hence U; and U; are absorbing, balanced, and convex neighborhoods of
¢ in span(dom f) and span(dom g), respectively. Take v* € (0f(x)),, N
(= (99(%)) ) = Ndom f() N (~Ndom¢(x)), by (4.9). Then, for every
w1 € Uy and ug € Uy, we obtain

(v*';ur — ) <0 and (—v*,ue —z) <0, (7.20)
and by summing up, (v*,u; — ug) < 0. Moreover, since —u; € U; and
—ug € Us, we also have (v*,us — u1) < 0 for all u; € Uy and ug € Uy;

that is, v* € (span(dom f — domg))~. Then

Ndom £() N (—Naom ¢()) C (span(dom f — domg))~,
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and observing that
(span(dom f — domg))” C (dom f —z)” N (7 [(domg — z)_}) =Ndom () N (—Ngom ¢(x)),

we deduce that

Ndomf(x) N (_Ndomg(x)) = (Span(domf - domg))_'

Therefore, the closedness of df(x) + dg(x) follows by Theorem 2.1.8.

]

The following theorem deals with a typical situation in which finite

and infinite-dimensional settings coexist (as in Remark 2). The result-

ing formula only involves, once again, the exact subdifferential of the
qualified function as in Theorem 7.2.1.

Theorem 7.2.5 Consider f €T'g(R"), g €T'o(X), and a continu-
ous linear mapping A : X — R™. Given x € domgnN A~!(dom f), we
assume that one of the following conditions holds:

(i) Ry (epi f — (Ax, f(Ax))) is closed in R* 1,

(i7) (A(dom g)) Nri(dom f) # 0.

Then we have

g+ foA)x)= EDO cl(0-g(z) + A*0f (Ax)).

Proof. We suppose that d(g+ f o A)(x) # 0, so that the conditions
of Theorem 7.2.3 are fulfilled, and we obtain

A(f o A)(z) = cl(A*df(Ax)). (7.21)

Hence, we only need to check that the Isc convex functions f o A and g
satisfy the assumptions of Theorem 7.2.1, with f o A playing the role
of the qualified function; that is, f o A satisfies

Ry (epi(foA) — (z,(f(Ax)))) is closed, (7.22)

and

{domg Nri(dom(f o A)) # 0 and (7.23)

(f © A)jafi(dom(foA)) is continuous on ri(dom(f o A)).

First, we assume that (7) holds. To show (7.22) we take

(u, ) € cl(Ry(epi(f o A) — (z, (f(Ax))))),
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and consider nets («;); C Ry and (z;, \;); C epi(f o A) such that
Oéi((qu;, )‘1) - ($7f(A$))) - (U,/.L), hencea
(Azi, \;) € epi f and a; ((Azi, \i) — (Az, f(Az))) — (Au, p).

Thus, condition (¢) leads us to (Au, 1) € Ry (epi f — (Ax, f(Az))), and
there are o € Ry and (y,\) € epi f such that (Au,p) = a((y,A) —
(Az, f(Ax))); that is, Au= a(y — Az) and p = a(X — f(Azx)). Next,
thanks to the convexity of f, for all v > 0 small enough to satisfy
avy < 1, we obtain

(foA)(yu+x)= f(A(yu+ 1)) = f(yaly — Ax) + Ax)
< avf(y) + (1 —ya)f(Az) < ayA + (1 — ya) f(Az)
=k +af(Ax)) + (1 —va) f(Az) = f(Az) + yu,

and so

(u, 1) € v~ (epi(f 0 A) — (z, f(Ax))),

showing that (7.22) holds.

Now, assuming (ii), we prove that (7.23) holds. We choose z €
domg such that yp:= Axg € ri(dom f). Thus, taking into account
Corollary 2.2.9, there are some m > 0 and V € Ng« (i.e., a ball cen-
tered at 0,,) such that

f(yo+y) <m forall y € VNaff(dom f).

Let U € Nx such that A(U) C V. Then, for every z € (zo+U)N
aff(dom(f o A)), we have

(foA)(z) <sup f(yo + Au) < sup f(yo +y) < m,
uelU yev

and, particularly, z¢ € ri(dom(f o A)); that is,
xo € dom g Nri(dom(f o A)).

Therefore, (7.23) follows. Finally, taking into account (7.21), Theorem
7.2.1 entails

g+ foA)z) = ;QO cl(d-9(z) + 0(f o A)(z))

= N cl(O-g(x) + cl(A*0f (Az))) = () cl(0-g(x) + A*0f (Ax)),
e>0 e>0

yielding the conclusion of the theorem. m
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The proof of the following result is similar to that of Theorem 7.2.5,
but its proof is based on Theorem 7.2.2 instead of Theorem 7.2.1 (see
Exercise 111 for the proof).

Corollary 7.2.6 With the notation of Theorem 7.2.5, assume that
the sets Ry (epi f — (Azx, f(Ax))) and Ry (epig — (x, g(x))) are closed.
Then we have that

g+ foA)(x) = cl(9g(x) + A* (9f (Ax))).

The following corollary establishes a sequential rule. It only uses
exact subdifferentials at the reference point of the qualified function
(the one whose relative interior or epigraph is involved in the assump-
tion), while the subdifferential of the other function is taken at nearby
points. This result is stated in Banach spaces because it appeals to
Proposition 4.3.8 (or 4.3.7). The reflexivity assumption comes to jus-
tify the use of sequences instead of nets.

Corollary 7.2.7 Assume that X is a reflexive Banach space, and let
fyg € To(X). Given z € dom f Ndom g, we assume that at least one of
conditions (i) and (ii) in Theorem 7.2.1 holds. Then, x* € O(f + g)(z)
if and only if there are sequences (zy)n, C X and (x}), C X, (y})n C
0g(x) such that x} € Of(xy), for alln > 1, and

Ty — $7f($n) + <x:<wx - xn> - f(x)’ and x;kL +y;; — x".

Proof. Fix z* € 9(f 4+ g)(x). Then, using Theorem 7.2.1 and the
reflexivity assumption, we have

Af +g)(x) = N Al(0.f(z) + 9g(x)),

e>0

where ||-|| refers to the dual norm in X*. So, for each integer n > 1,
there are z; € 01,2 f(z) and y;, € dg(x) such that z* € 2 +y;, +
(1/n)Bx-. Now, appealing to Proposition 4.3.8, we find x, € x +
(1/n)Bx and z} € Of(zy) such that ||z} — z}|| < 1/n and |f(z,)—
f(z)+ (2}, — x,)| < 2/n?. Thus, using the Cauchy—Schwarz inequal-
ity,

1f(@n) = F(2) + (25, @ = 2a)| <[ f(@n) = (@) + (20, @ = za)| + (27, — 23, 2 — 2|

2 3
< 5 +lleh = 2l o —wall < 5

Consequently, z* € =} + v + (2/n)Bx-, and so lim, (z} + y}) = z*.
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To prove the opposite implication, we take sequences (), C X and
(z3,)n C X™ such that xj, € 0f(zn), (yp)n C 99(x), Tn — z, f(2n) +
(xf,x —xy) — f(x) and x + vy — «*. Hence, for all z € X

(@3 +yn, 2z — @) = (Tn, 2 — @) + (Yp, 2 — @) + (25, T — @)
< f(Z) f(@n) + (2, 20 — ) + 9(2) — g(2)
=f(z) = f(@) +9(z) —9(@) + f(z) = f(zn) + (2, Tn — T) ,

and, taking the limits when n — oo, we get

(2%, 2 —x) < f(2) = f(2) + 9(2) — g(2) + f(2),

showing that z* € O(f + g)(z). m

7.3 Supremum-sum subdifferential calculus

In this section, we deal jointly with a non-empty family of convex func-
tions f; : X — R, t € T, together with a distinguished convex function
g: X — R.If f:=sup,cr fi, the main purpose of this section is to
characterize the subdifferential of the sum f + g by means, exclu-
sively, of the e-subdifferential of the functions f;, t €T, and the
(exact) subdifferential of g. It is worth observing that, given that
[+ g =supycr(fi + g), we can apply Theorem 5.2.2 to obtain the fol-
lowing formula

of+9)(x)= N ( )CO{ U 0:fi(x) + 0-9(z) + NLndom fndomg(r)} ;

e>0, LEF (x teT:(x)

where T.(z) ={t €T : fi(x)> f(x) —e}. This expression uses the
e-subdifferential of f; and g (see details in Exercise 113). However,
our purpose here is to provide formulas involving the (exact) sub-
differential of the functions g + Irndom f, L € F(x), rather than the
e-subdifferential of g.

Theorem 7.3.2 below states the main result of this section, constitut-
ing the desired extension of (5.26). In its proof, we use the following
result, which involves the family F of finite-dimensional linear sub-
spaces of X.

Proposition 7.3.1 Let fi,g: X — Ry, t € T, be proper conver func-
tions and consider f := sup,cr fi. Assume that
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cl(f 4+ g) (x) =sup(cl fi)(z) + g(z) for all z € dom f Ndom g.

teT
(7.24)
Then we have
cd(f+g)=cl <sup(cl fi) + inf cl(g + ILmdomf)> ) (7.25)
teT LeF
Proof. Let us denote
fi= sup(cl f;) and g7, := g +Irndom s, L € F. (7.26)

teT

Observe that, for every F' € F,
f+LiI€l£r(ClgL) <f4cdgr<f+gr<f+g+1p,
and by taking the infimum over F' € F, we get

f + inf (clgy) < inf Ip) = Lp = .
f+L12f(c gL)_];Ielj__(f—Fg-F F)=f+9+1lyrrery=f+g

Thus, passing to the closure in each side, cl ( f + inf rer(cl gL)> <
cl(f+g), and the inequality “>" in (7.25) follows. To establish the
inequality “<” in (7.25) we fix L € F and take z € cl(LNdom f N
domg). Since dom(g+ Irndom f) C L, we pick zp € ri(L Ndom fN
dom g). Then, for every A\ € ]0,1[, (2.15) implies that

zy = Az0+ (1 — Az € ri(L Ndom f Ndom g).
Moreover, since dom(f + g+ 1) = L Ndom f Ndom g = dom gy, we
have z) € ri(dom gr) and gr.(z\) = (clgr) (zx), due to Corollary 2.2.9.
Thus, the current assumption and the convexity of the data functions

entail

c(f+9)(22) = f(2) +gr(22) = f(=22) + (clgr) (=)
< (1 =NF(2) + Af(20) + (1= X) (clgr) (2) + A(clgr) (20)-

As f(z0) < +o0 and (clgr) (20) = g(20) < +00, by taking limits over
Al 0, we get

cl(f +9) (2) < limint el (f +9) (1) < F(2) + (clgr) ().
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Since this last inequality also holds when z ¢ cl(L Ndom f N dom g),
we deduce that

A (f+9)(2) < f(2)+ (clgp) (2) for all z € X. (7.27)

Consequently, by taking the infimum over L € F, we get cl(f + g) <
f+infrer(clgr), and this implies the desired inequality “<” in
(7.25). m

Theorem 7.3.2 Let f;,9: X — Ry, t €T, be proper convex func-
tions, f :=supser fi, and suppose that (7.24) holds. Then, for every
x € X, we have

of+9)=)= N ()CO{ U 0aft(w)+3(9+1mdomf)(w)}-

>0, LEF teT:(x)
(7.28)

Proof. The proof of the inclusion “D” follows easily (as in Exercise
113). Thus, we only need to prove “C” in the nontrivial case when
A(f + g)(x) # 0; hence by Exercise 62,

U0 = 9@ md of +9)0) =061 TN,

7.29

The idea of the proof is to look for an appropriate family of lsc

convex functions giving rise to a tight approximation of the subd-

ifferential of f + g. To this aim, we fix L € F(z) and consider the

functions f and g;, defined previously in (7.26); i.e., f = sup,cp(cl fi),
gL = g +Irndom f- Then, by Proposition 7.3.1,

c(f+g) < f+clgr. (7.30)

Moreover, since f(z) + (clgr)(z) < (f+g) (@) = cl(f +g) (z) by
(7.29), the inequality above ensures that

cl(f+9) (@) = (f +9) (@) = f(2) + (clgr)(x), (7.31)
which in turn yields, due to the relations f < f and (clgr)(z) < g(z),
f(x) = f(x) and (clgr)(z) = gr(z) = g(=) € R. (7.32)

In particular, gz, is Isc at « and clgz, € I'g(X), and Proposition 4.1.10
guarantees that 0-gr(z) = 0-(clgr)(x) # 0 for all € > 0. Now, we take
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2* € d(f+g)(x) = d(cl(f + g))(x), so that * € d(f + (clgr))(x) due
to (7.30) and (7.31). Let us define the lsc convex functions

hy = (cl fy) +clgr, t € T, and h := sup h.
teT

Observe that € domh C L, and so ri(cone(domh — z)) # 0. There-
fore, since h < f+ g+ 1, and LNdom f Ndomg C dom h, Proposi-
tion 5.3.1 gives rise to

¥ e 6h(£L’) = nCO{ U asht(x) + Ndomh('r)}

e>0 teT.(x)

C n CO{ U asht(x) + NLﬂdomfﬂdomg(x)} ) (7'33)

>0 teT(x)
where, thanks to (7.32),
To(x) :={teT: (clf)(x)+ (clgr)(x) > h(z) — e} C To(z). (7.34)
Moreover, for each t € T.(z), one has
fil@) = (cl fi)(@) = f(z) —e = folz) —e, (7.35)

implying that d.(cl f;)(z) C 0. fi(x). Consequently, thanks to the fol-
lowing inclusions coming from (4.45),

O-hi(x) C cl(0:(cl fi)(x) + 0=(clgr)(x)) C cl(Oa: fe(x) 4+ O2z(clgr)(z)),

and by (7.32) and (7.33), we obtain

z* € ﬂCO{ U cl (82eft(x) +825(C19L)($)) +NLﬂdomfﬂdomg(x)}

e>0 teT.(z)

C ﬂ co { U 325ft(l‘) + 825((31 gL)(l”) + NZndom fﬂdomg(x)}

e>0 teT.(z)
= [1co { U 0-fi(x) + 9-(cl gL)(w)} : (7.36)
e>0 teT.(x)

where in the last equality we took into account that

dom(clgr) C cl(domgr) = cl (L Ndom f Ndomg).
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Finally, we introduce the closed convex sets
A, ::co{ U &.;ft(a:)} ,e > 0.
teT.(z)

For every ze ri(dom(clgr,)) = ri(dom gr,) = ri(L N dom f N dom g) and
e > 0, by (7.35) we have

o4z —1x) < Sl}I(> )(ft(z) — filz) +¢) < f(2) = f(z) 4+ 2 < +00,
teT.(x

showing that (ri(dom(clgr)) — ) Ndom oy, # (0. Consequently, since
clgr € T'o(X) and (clgL) aft(dom g,) 15 continuous on ri(dom(clgy)), by
Exercise 112 and (7.32), we get

¥ e () cl(A: 4 0-(clgp)(x)) = ) cl (As + O(clgr)(x))

e>0 e>0
- mco{ U agft<x>+agL<x>}.
e>0 teT.(z)

Therefore, since T-(z) C T.(x) by (7.34), we deduce that

z* e ﬂco{ U 85ft(:v)+5gL(w)},

e>0 teT:(x)

which leads us to the desired inclusion. =
The following corollary is a particular instance of Theorem 7.3.2,
with g being the indicator of a convex set.

Corollary 7.3.3 Let f;: X — Ry, t € T, be proper convex functions
and consider f :=sup;cr fi. Let D C X be a non-empty convex set
such that

cl(f+1Ip) (z) =sup(cl fr)(x) for all x € dom f N D.
teT

Then, for every x € X, we have

of +1Ip)(@) = )CO{ U 0O-fe(x) + NLmDmdomf(ﬂf)} :

e>0, LEF(x teT.(x)
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The intersection over the L’s in Theorem 7.3.2 can obviously be
omitted in the finite-dimensional setting; in fact, we have the following
result which is more general.

Corollary 7.3.4 Let fi,g: X — Ry, t €T, be proper convex func-
tions, f :=supser fi, and suppose that (7.24) holds. Additionally, we
assume that ri(dom f Ndom g) # 0 and 9laff (dom fndom g) &S continuous
on ri(dom f Ndom g). Then, for every x € X, we have

of+9)(=) =N 00{ U 0-fi(x) + (g + Idomf)(x)} - (7.37)

e>0 teT.(x)

Proof. If z ¢ dom f Ndom g = dom f N dom(g + Iqom ), then O(f +
9)(x) = 0(g + Idom ¢)(x) = 0, and (7.37) holds trivially; so, we take
z € dom f Ndomyg. Given U € Nx-, we choose L € F(x) such that
L+ C U, and take L; € F(z) satisfying L C Ly and L; Nri(dom f N
dom g) # (. Then, by Theorem 7.3.2,

f +9)(x) C ﬂCO< U 9:fi(x) + 0(g +1Lmdomf)(x)> , (7.38)

>0 teT.(x)

and we provide next a simplified expression for d(g + Ir,,ndom ) (). To
this aim, we introduce the functions

o =1, and ¥ := g + Iqom ¢,

and check that they satisfy the conditions of Theorem 7.2.2(ii).
Observe that |7, is continuous on Ly, and the equality ¥jag(domy) =
9laff(dom fndom g) holds on ri(dom f N dom g) # 0. S0, Y|agi(dom v) 18 con-
tinuous on ri(domt) by assumption. Then, Theorem 7.2.2(7i7) yields

(g + 1Ly ndom £)(2) = Ay + ¥)(2) = cl(@p(x) + 8W(2)) = (L1 + (g + Laom 5)(x)).
Plugging this equality into (7.38) yields

f +g)(x) C ﬂCO(

e>0

U 0 fia) +l (8(g + Laowm 1) () + Lf))

teT.(x)

= ﬂCO( U 5aft(w)+(9(g+1domf)(x)+Lf>

e>0 teT.(x)
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C Nco ( U 0-fi(z) + 0(g + laom s)(z) + U) .

e>0 teT.(x)

Finally, since U was arbitrarily chosen, we get

e>0 teT.(x)

f +9)(x) C ﬂCO( U 9:fi(x) +0(g +Idomf)(w)) ;

and the inclusion “C” of (7.37) follows. This finishes the proof since
the opposite inclusion is straightforward from Theorem 7.3.2, in virtue
of the relation 9(g + Lyom £)(z) C 9(9 + IrAdom £)(x). ™

Another way to avoid finite-dimensional linear subspaces, as was
achieved in Corollary 7.3.4, is to use the e-subdifferential of the func-
tion g + Iqom f-

Corollary 7.3.5 Let fi,g9: X — Ry, t € T, be proper convex func-
tions, f :=supyer fi, and suppose that (7.24) holds. If g+ Igom f €
[o(X), then for every x € X we have

>0 teT.(x)

of +9)(z) = ﬂco{ U Bgft(:r)—i—ﬁg(g—i—ldomf)(:c)}. (7.39)

Proof. Fix z € dom f Ndomg, € >0 and L € F(z). By (4.45), one
has

09 + Lndom £)(@) = 0(9 + Liom 7 +12)(@) C el (0:(g + aom 1) (@) + L),

and Theorem 7.3.2 gives rise to

(f+g)(x) Cco { O-fr(x) + 0(g + ILmdomf)(ﬂ?)}

teT.(x)

Cco{t U asft(x)—i_Cl (aE(g_'_Idomf)(x)"i'LL)}

T.(x)

= CO{ U asft(x) + as(g +Idomf)(x) + LL} :

teT.(x)

Thus, using Exercise 10(iv) and taking the intersection over L € F(x)
and £ > 0, we get the nontrivial inclusion in (7.39). m
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7.4 Exercises

Exercise 108 Give a proof of (7.2) based on formula (4.45).

Exercise 109 Consider two functions f:Y — R and g: X — R
(non-necessarily convex), whereY is another lcs, and a continuous lin-
ear mapping A : X — Y such that ¢6(g + f o A) = (cog) + (cof) o A.
Prove that, for every x € X,

g+ foA)(z) = ng cl(d-g(x) + A0 f(Ax)),

where A* is the adjoint mapping of A.

Exercise 110 Let f,g: X — Ry be such that cl f and clg are proper.
If f and clg are convex, and f is finite and continuous at some point
in dom(cl g), prove that cl(f + g) = (cl f) + (clg) and O(f + g) = Of +
Jg.

Exercise 111 Prove Corollary 7.2.6.

Exercise 112 Let (A:).>0 be a non-decreasing family of non-empty
closed convex sets of X*; that is, if €1 < ea, then A, C A.,. Given
a function g € To(X), we assume that (ri(dom g) — x) Ndom o4 # 0,
Jor every small e > 0, and gjag(dom g) i continuous on ri(dom g). Prove
that

N el (A: + d-g(x)) = [ cl(A: + dg()).-

e>0 e>0

Exercise 113 Given lsc convez functions f;, f,g: X — R, t € T, such
that f := sup;cr fi, prove that, for every x € X,

Wf+g@)= N co{ U agft<x)+asg(m)+NLmdommdomg<x)}. (7.40)
e>0, LEF (x)

teT: ()

Exercise 114 Let f;: X — Ry, t €T, be proper convexr functions
and consider f := sup,cr fi such that

(cl f)(x) = sup(cl fi)(x) for all x € dom f.
teT

(7) Prove that formula (5.26) holds; that is, for every x € X,

af(x)= N )co{ U 85ft(x)+NLmd0mf(:c)}. (7.41)

>0, LeF (x teT.(x)
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(#1) If x € X is such that either ri(cone(dom f — z)) # () or cone
(dom f — x) is closed, prove that (5.65) holds; that is,

8f(x): ﬂco{ U 85ft($)+Ndomf<$)}-

e>0 teT.(x)

(7ii) If v € X and dom f is closed, prove that

Of (z) = ﬂCO{ U afft(x)—i_Néomf(x)}'

e>0 teT.(x)

Exercise 115 Let fi: X — Ry, t €T, be proper convexr functions
and consider f :=sup;er f and a convex set D C X. Prove that
cl(f +1Ip) = supsep(cl fr) holds on D if and only if it holds on the
larger set Upexrcl(L N D). (Remember that F is the family of finite-
dimensional subspaces of X.)

7.5 Bibliographical notes

Main references for this chapter are [49] and [50]. Theorem 7.1.1
is a slight extension of the Hiriart-Urruty—Phelps formula [111] (see
(4.45)), which relaxes the lower semicontinuity assumption. It was
established in [103, Theorem 13]. Corollary 7.1.3 is the classical chain
rule by Moreau and Rockafellar for the sum and composition with a
continuous linear mapping (see, e.g., [161]). Theorem 7.2.1, yielding an
asymmetric chain rule, was established in [49, Theorem 12|, and the
symmetric version given in Theorem 7.2.2 is Theorem 15 of the same
paper. Indeed, Theorem 7.2.2 is an infinite-dimensional extension of
[174, Theorem 23.8]. In particular, Theorem 7.2.2(i7i) makes use of an
assumption that can be regarded as a counterpart of the Attouch-Brzis
condition ([7]) for general locally convex spaces. Theorem 7.2.5, given
in [49, Corollary 23|, provides an asymmetric version of the results in
[19, Theorem 4.2] (compare, also, with [19, Corollary 4.3] where the so-
called quasi-relative interior is involved). Corollary 7.2.7, given in [49,
Corollary 24], is in the spirit of the sequential calculus rules provided in
[123], [165], and [188]. Theorem 7.3.2, establishing a mixed supremum-
sum rule, is given in [49, Theorem 4]. Corollary 7.3.5, particularly its
second statement, is related to [113, Theorem 5.1] and applies when
[ is a polyhedral function (see [49, Lemma 8]). A characterization of
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this closedness property can also be found in [152]. Exercise 110 pro-
vides an extension of Corollary 7.1.3 to non-convex functions whose
closures are in I'g(X). In fact, functions with convex closures are fre-
quently used in variational analysis even though they are non-convex
(see, e.g., [80]). Exercise 115 is related to [134, Theorem 3.1].
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Chapter 8

Miscellaneous

This last chapter addresses several issues related to the previous chap-
ters. The first part is mainly aimed at deriving optimality conditions
for a convex optimization problem, posed in an Ics, with an arbitrary
number of constraints. The approach taken is to replace the set of
constraints with a unique constraint via the supremum function. Sub-
sequently, we appeal to the properties of the subdifferential of the
supremum function that has been exhaustively studied in the previ-
ous chapters. With this goal, we extend to infinite convex systems two
constraint qualifications that are crucial in linear semi-infinite pro-
gramming. The first, called the Farkas—Minkowski property, is global
in nature, while the other is a local property, called locally Farkas—
Minkowski. We obtain two types of Karush-Kuhn-Tucker (KKT, in
brief) optimality conditions: asymptotic and non-asymptotic.

In section 8.3, we analyze the relationship between the optimal solu-
tions of a given optimization problem and those of its convex regular-
ization. This will be performed by exact or approximate solutions of
the original problem. Furthermore, in the same section, we give differ-
ent formulas for the subdifferential of the conjugate function, which
are extensions of the Fenchel formula (4.18). In section 8.4, we develop
an integration theory for the exact and approximate subdifferentials
of non-convex functions. This section builds on chapters 5 and 6 to
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provide extensions of the integration results of section 4.4 that were
limited to convex functions. Section 8.5 establishes some variational
characterizations of convexity of functions and sets, while last section
8.6 is devoted to the so-called Chebychev sets.

Also, in this chapter, X is an lecs with a dual X* that is endowed
with a compatible topology (unless otherwise stated). The associated
bilinear form is represented by (-, -).

8.1 Convex systems and Farkas-type
qualifications

In this section, we deal with the convex optimization problem

(P) Min g(z)
st. fi(z) <0, t €T, (8.1)
xeC,

where T is an arbitrary (possibly infinite) index set, C' is a non-empty
closed convex subset of X, and {g; f;, t € T} C T'o(X). We consider
the constraint system

S:={fi(x) <0, teT; xecC}, (8.2)

and denote by F' the corresponding set of solutions, also called feasi-
ble set. Observe that F is a closed convex set in X. When F # (), we
say that S is a consistent system. The constraint = € C' is referred to
as the abstract constraint, whereas fi(x) <0, t € T, are the explicit
constraints. We assume that F'Ndom g # (). We say that (P) is solv-
able when it has optimal solutions. An important particular case is
that when the explicit constraints are affine and there is no abstract
constraint, i.e.,

S:={(af,z) <by, t €T}, (8.3)

with af € X*, t € T. If T is infinite, the objective function g is linear,
and X = R", we have the so-called linear semi-infinite optimization
problem (LSIP, in brief).

It is obvious that (P) can be written equivalently as follows:

(P) Min g(z)

st. f(z) <0, (8-4)
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where

fi=sup{fi, t€T; 1o}, (8.5)

and, consequently, F' = {z € X : f(z) < 0}.

The aim of the next section is to establish KKT optimality condi-
tions for (P). For this purpose, we extend to infinite convex systems two
constraint qualifications, which play a crucial role in linear semi-infinite
programming. The first, called the Farkas—Minkowski property, is of
global nature, whereas the second, called locally Farkas—Minkowski, is
a local property.

Let us recall that the space of generalized finite sequences, R,
was defined in chapter 3 (see (2.3)) as the (topological) dual of RT,

and that Rf) is its nonnegative cone. If A € R +T ) and we are dealing
with proper functions (as in this chapter, where g, f, t € T, belong to
['o(X)), we define

<Z)\tft> (z) := E Aefe(@) + 11 dom g, (2) (8.6)

tel tesupp A ter

with the convention ), = 0. Analogously, if {Y;, t € T'} is a family
of subsets of some linear space Y, whose zero is also denoted by 6, for

A€ ]RSFT), we have
ZAth = Z AtYy,

teT tesupp A

with the convention > = {#}. Particularly, coneco A = {>,cp M A :

A€ RSFT)} for every non-empty set A C Y.

Definition 8.1.1 The characteristic cone of S = {fi(z) <0, t € T}
x € C} is the convex cone

K := coneco { U epi f{ Uepi ac} . (8.7)
teT
Taking into account that epio¢ is a convex cone, we can write
K = cone co{ U epi ft*} + epioc.

teT

For the linear system (8.3), epi f;" = (a},b;) + R4 (0,1), t € T, and
epioc =epiox = Ri(0,1). Hence
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K = coneco{(af,b;), t€T; (6,1)}. (8.8)

Next, in Theorem 8.1.4, we will prove the so-called generalized
Farkas lemma in a simple way by applying the following lemma.

Lemma 8.1.2 If F # (), then epiop = cl K.

Proof. Since FF = {x € X : f(x) <0}, with f:=sup{f, t € T; I}
(e T'o(X)), Exercise 32(b) applies and yields epiop = cl(cone(epi f*)).
Now, since we are assuming F # (), by Proposition 3.2.6,

=G (it {fj, t€ T; 1)) = (inf {f7, t € T; oc}).

entailing epi f* = 6 {Uier epi f; Uepioc} . Therefore,

epiop = cone <co{ U epi ff Uepiac}> =cl K.
teT

|

By applying Exercise 32(a), we may also characterize the feasibility

of §; actually,
F#£0) & (6,-1) ¢ clK. (8.9)

Definition 8.1.3 Given the functions h,f: X — R, we say that the
inequality £ < h is consequence of the consistent system S with feasible
set F', if and only if {(x) < h(z), for every x € F.

The following result can be regarded as a generalized Farkas lemma.
It turns out to be the key stone for deriving different characterizations
of consequent relations in Theorem 8.1.5.

Theorem 8.1.4 Let h,l € I'g(X), consider the consistent system S
with feasible set F, and suppose that F Ndomh # (). Then £ < h is
consequence of S if and only if

epil* C cl(epih* + K). (8.10)

Proof. The inequality ¢ < h is the consequence of the consistent
system S if and only if ¢ < h+Ip. This happens if and only if
(h+1p)* < £*, equivalently if and only if, taking into account (4.44)
and Lemma 8.1.2,

epil* C epi(h +1p)* =cl(epih” + epior)
=cl(epih* + cl K) = cl(epih* + K).
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The following theorem provides several Farkas-type results.

Theorem 8.1.5 Suppose that S in (8.2) is consistent. Then the fol-
lowing statements hold:
(i) If (a*, ) € X* x R, the inequality (a*,-) < « is consequence of
S if and only if
(a*,a) € cl K. (8.11)

(@) If £ € To(X) and a € R, the inequality £ < «v is a consequence
of § if and only if (0, ) + epil* C cl K.

(#i1) If h e To(X),v € R, and F Ndomh # (), the inequality h >~
is a consequence of S if and only if

(0, —7) € cl(epih* + K). (8.12)

(i) If heTy(X), yeR, FNdomh # 0, and epih* + K is w*-
closed, then h >~ is a consequence of S if and only if there exists
S ]Rng) such that

h(z) + > Afi(z) >~ for allx € C. (8.13)
teT

(v) If h € To(X) is finite and continuous somewhere in F, v € R,
and K is w*-closed, then h > v is a consequence of S if and only if

(8.13) holds for some \ € ]RSFT).
Proof. (i) It is a straightforward consequence of Theorem 8.1.4 with
¢:=(a*,-) —a and h = 0. If the inequality (a*,-) < « is consequence
of S, since epi h* =R, (0,1) we get

(a*,a) € epil* Ccl(epih* + K) =cl(Ry(0,1)+ K) =clK.
Conversely, if (8.11) holds,
epif*=(a*,a) +Ry(0,1) C (cl K) + R4 (6,1)=cl K = cl(epi h* + K),

and Theorem 8.1.4 yields the desired conclusion.
(7i) Using Theorem 8.1.4, ¢ < « is consequence of S if and only if
epil* Ccl((6,—a)+Ri(6,1)+ K)
=cl((#,—a)+ K) = (0,—a) + cl K.
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(7i7) Now take ¢ = v. Then, by Theorem 8.1.4, h > + is consequence
of § if and only if

(0, =) € (6, =) + R4.(0,1) = epil” C cl(epih” + K).

(17v) Suppose that epi h* + K is w*-closed. If h > v is consequence
of S, by (iii) there will exist a* € dom h*, p > 0, z} € dom f, oy > 0,
teT, z* €domoc, 5>0and X € ]RSFT) such that

(0, =) = (", h"(a") +p) + > Melay, fi(2}) + o) + (2, 00(2") + B).

tEsupp A
Equivalently,
0 =a*+ Z )\tx;,k_'_Z*a
tEsupp A (8.14)
y=—=h*(a")— > M(ff(@) +a)—oc(z*)—p— 0.
tEsupp A

Since, for all z € X, h*(a*) > (a*,x) — h(x), f;(z}) > (z},z) — fi(x)
for allt € T, and o¢(z*) > (2%, z) for all z € C, it follows from the two
equalities in (8.14) that, for all x € C,

v={a%x) =)+ >0 N({af,x) — fi(2)

tesupp A
+((z%x) —oc(2") = X Mar—p—f
tesupp A
<h@)+ X Mile)— > Mau—p-—0
tesupp A teEsupp A
<h(z)+ X Afilw),

tesupp A

which is (8.13). Finally, if (8.13) is satisfied and = € F' (C (), then
Y < h(@) + 3 cquppattfi(z) < h(z), and we are done as h > v is con-
sequence of S.
(v) Due to Exercise 119, the continuity assumption ensures that
epih* + K = epih* + cl K is w*-closed. Thus, it suffices to apply (iv).
[
The following property is crucial in getting (exact) KKT conditions
for problem (P). In fact, it constitutes the first constraint qualification
of system S in problem (P).

Definition 8.1.6 We say that the consistent system S in (8.2) is
Farkas—Minkowski (FM, in brief) if K is w*-closed.
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If 7' is a finite subset of T', we say that
S:={fi(x) <0, teT; zC} (8.15)

is a finite subsystem of S, and its feasible set is correspondingly
denoted by F'. The finite subsystems always include the abstract con-
straint x € C, and so F' C C.

Theorem 8.1.7 IfS is FM, then every continuous affine consequence
of S is also consequence of a finite subsystem of it. The converse state-
ment holds if S is linear.

Proof. Since S is FM, if (a*,x) <« is consequence of S, then
(a*,a) € cl K = K, by Theorem 8.1.5(7). This implies the existence
of a (possibly empty) finite subset ' C T, {z}, t € T; z*} C X*, and
{)\t, teT; oy, teTs ﬂ} C R, such that

(@, 0) = 3 M@}, ff (0F) + ap) + (2,00 (2*) + B) € K,
tesupp A

where K is the characteristic cone of the subsystem & in (8.15); i.e.,

K = coneco{ U epi ff Uepi(fc}.

teT

Since (a*, ) € K C ¢l K, the inequality (a*,-) < « is consequence of
S, , again by Theorem 8.1.5(7). Now, we consider a linear system; i.e.,
C =X and f; (z) = (af,z) — by, with af € X* and b; € R, t € T. Take
any (a*,a) € cl K and let us prove that (a*, ) € K. Theorem 8.1.5(7)
establishes that (a*,-) < « is consequence of S. By assumption, there
exists a finite set 7' C T such that (a*,-) < a is consequence of S, so
that (a*,®) € cl K, where K is the characteristic cone of S as defined
above. Since this cone is a polyhedral set, it is w*-closed (Exercise 2)
and (a*,a) € K C K. Thus, K is w*-closed as we have proved that
cdKCK. n

The following example shows that the converse statement of Theo-
rem 8.1.7 is not true for a very simple convex system.

Example 8.1.8 Let C=X=R, T={1} and S={fi(z):=
(1/2)2% < 0}. Since fi(u) = (1/2)u?, the characteristic cone K =
(Rx]0, +o0[) U{02} is not closed. Thus, S is a finite non-FM convex
system.
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The following result is used later.

Proposition 8.1.9 Let S be an FM system and (a*,a) € X* x R.
Then the inequality (a*,-) < « is consequence of S if and only if there

exists \ € Rf) such that

(@) —a< > MNfi(z) for allz € C. (8.16)

tesupp A

Proof. It is a mere application of Theorem 8.1.5(iv) with h = (—a*, )
and v = —a, and observing that

epih* + K = (—a*,0) + ({0} x Ry) + K = (—a*,0) + K

that is, epi h* + K is a w*-closed set because § is FM. m
Now, we introduce another constraint qualification. Given = € X,
consider the set of indices

A(z) ={teT: fi(x)=0}.

If x € F, A(z) corresponds to the so-called active constraints at =, and
it is easily verified (see Exercise 116) that

N¢(z) + cone co < E‘J( )8]}(37)) C Np(x). (8.17)

Definition 8.1.10 We say that the consistent system S in (8.2) is
locally Farkas-Minkowski (LFM, in short) at © € F' if

N¢(x) + coneco < U 8ft(x)> = Np(x). (8.18)
teA(x)

And S is said to be LEM if it is LFM at every feasible point.
Thanks to (8.17), S is LFM at = € F' if and only if

Ng(z) C Ne(x) + cone co ( U Bft(a:)> .
teA(x)

The LFM property is closely related to the following condition,
involving the set of indices

T(x):={teT: fi(z)=f(x)}, zeC,
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where

f:=sup f;. (8.19)
teT

The following theorem is a LFM counterpart to Theorem 8.1.7.

Theorem 8.1.11 If S is LFM at x € F, and for certain a* € X* we
have
(a*,z) < {a*,x) for all z € F, (8.20)

then (a*,-) < (a*,x) is also consequence of a finite subsystem of S.
The converse statement holds provided that S is linear.

Proof. We only consider the non-trivial case a* # 6. Then (8.20) is
equivalent to a* € Np(z)\ {0}, and (8.18) entails the existence of

y* € No(x) and x* € coneco < U 3]‘}(1’)) ,

teA(x)

such that a* = y* + z*.

If x* =0, then a* = y* € N¢(x) and (a*,-) < (a*,x) is consequence
of any possible subsystems of S, whose solution set is always included
in C.

If «* # 6, the convexity of the subdifferential set entails the exis-
tence of A € RSFT) and u;y € 0fi(x), t € supp A C A(z), such that z* =

S = {fi(z) <0, t esupp\; z € C},

and let z € F , where F' is the solution set of S. We have, for every
t € supp A C A(z),

0> fi(2) > filz) + (ug, 2 — x) = (uf, 2 — @),
and so

0= > M)z > My, z—z) =" 2-1)

tesupp A tesupp A
=" -y z—x)={(a",z—xz)+ (—y",z—x) > (a*,z — x),

where the last inequality comes from y* € N¢(z). Thus, we have proved
that (a*, z) < (a*,z) for every z € F', and we finished the proof of the
first statement.



316 CHAPTER 8. MISCELLANEOUS

Now, let C'= X and f;(z) = (a}, z) — by, with af € X* and b, €
R, t € T. Let a* € Np(x)\{0}; i.e., (a*,z—x) <0 for all z € F. By
assumption, there exists a finite set 7' C T such that (a*,z) < (a*, z)
for all z € F , Where

F:={zeX: (a},2) <b forallt € T}.

Then, by Theorem 8.1.5(3),
(a*, (a*,z)) €l K = K = coneco{(a}f,bt), teT; (6, 1)} ;

i.e., there exist \; > 0, t € T, not all of them equal to zero, and p > 0
such that (a*, (a*, 7)) = >, M (a7, be) + p(0, 1) so that, making the
scalar product of (a*, (a*,z)) and (x,—1),

0="2 M{ay,2) =br) —p=" > Mllag,2) = br) — po.

teT tesupp A

Since x € F, it must be = 0 and supp A C A(x), entailing

a* € coneco{aj, t € A(x)} = coneco ( U 8ft(a:)> ,

teA(x)

and (8.18) holds. m

The converse statement in the last theorem does not hold in general
for convex systems without any additional assumption, as the same
Example 8.1.8 shows. An example of an infinite convex system illus-
trating this fact is given in Exercise 118. The following example shows
that the class of LEM systems is strictly larger than the FM class.

Example 8.1.12 Consider the system
S:={—x; —t?ry < —2t, t > 0}.

Observe that every consequent linear inequality supporting F is a con-
sequence of a finite subsystem of S, namely the subsystem formed
by the same inequality. However, the inequality x9 > 0 is a conse-
quence of S, but for every finite linear subsystem S, it happens that
Fn {(z1,22) €ER%: 29 <0} #0, and so x2 > 0 is not a consequence
ofg. Thus, by Theorem 8.1.7, S is not FM.
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The LFM property is related to the so-called basic constraint qual-
ification:

Definition 8.1.13 We say that the basic constraint qualification
(BCQ, in short) is fulfilled at x € F if

Np(x) € Ne(x) 4 coneco < U 8ft(a:)) . (8.21)

teT (x)

Exercise 117 establishes the equivalence between LFM and BCQ
under the continuity of f at the reference point x when x € int C.

8.2 Optimality and duality in
(semi)infinite convex optimization

Our aim in this second section is to present KKT optimality condi-
tions for problem (P) introduced previously. We do it by exploiting the
advantages of representation (8.4), and appealing to the properties of
the supremum function f and the characterizations of its subdifferen-
tial provided in the previous chapters. The following result, which is
known as the Pshenichnyi—Rockafellar theorem, constitutes the sim-
plest generalization of the Fermat rule for problem (P) in the absence
of explicit constraints.

Theorem 8.2.1 Suppose that either (domg) N (int C) # O or there
exists xg € (dom g) N C where g is continuous. Then, under the absence
of explicit constraints, T € C' is an optimal solution of (P) if and only
if

09(z) N (=N¢(z)) # 0.

Proof. We apply Proposition 4.1.20 to the convex functions g and I¢.
We obtain that z € C' is an optimal solution of (P) if and only if 6 €
(g +1c0)(Z) = 09(Z) + Ne(T), if and and only if dg(T) N (—N¢(Z)) #
0. m

The following result gives approximate KKT conditions, avoiding
the qualifications of Theorem 8.2.1.

Theorem 8.2.2 A feasible solution of (P) is optimal if and only if,
for all e > 0,
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0 €cl U 0e9(@)+po > Afe) (@) +Ne(@) |,
(;L>O, /\GA(T)E (£+ X )\tft(f)> tEsupp A “

where A(T') is defined in (2.46).

Proof. Observe that € C' is an optimal solution of (P) if and only if
it is optimal for the unconstrained optimization problem

inf {g(2) + Lup,., 1<0)(2) +Lo(@) |
hence, if and only if 6 € 9(g + Igup,_, f,<0)(z) +1c)(Z). Therefore,
the conclusion follows by combining Proposition 4.1.20 and Example
5.1.13. m

The following theorem provides KK T-type optimality conditions for
problem (P). These conditions are in contrast to those of Theorem
8.2.5 below, which are of a fuzzy type.

Theorem 8.2.3 Provided that g is finite and continuous somewhere
in F, under LFM at T € F Ndom g, the point T is a (global) minimum

of (P) if and only if there exists A € RSFT) such that

0e€dg(®+ > MOfi(T)+ No(T) and M\ fe(T) =0 for allt € T.
tEsupp A

(8.22)

Proof. Notice that T € F' N dom g is a minimum of (P) if and only if 6 €
d(g + 1r)(Z), if and only if 6 € 0g(T) 4+ 01p(T) = 09(T) + Np(Z) due
to Proposition 4.1.20. In other words, if and only if there exists a* €
0¢g(Z) such that (—a*,-) < (—a*,T) is a consequence of S. Therefore,
if 7 is a minimum of (P), then Theorem 8.1.11 entails the existence of
some finite set 7' C T such that

—(a*, (a*,T)) € coneco{ U epift*} + epiog;
teT
that is, there exist A € RSFT), xf € dom ff, a; > 0, t € supp A (a possi-
bly empty subset of T ), 2" € domog, and > 0, satisfying

—(a", (7)) = %At (@7, ¢ (27) + o) + (2% 00 (27) + ) -

From this last equation, if n := ), .rAiay + 3, we get
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0= %:T/\t(@af) = fi (@) + (25, 7) —oc (7)) =1

<Y Afi(@) —n <0,
teT

but this implies, from the one side, supp A C A(Z), # =0 and oy, =0
for all t € supp A, and from the other side

(x7,T) — f; (2) = fe(T) for all t € supp A, (8.23)
and
(z",7) —oc (") = 1a(T). (8.24)
Therefore,
x; € 0fy () for all t € supp A, and z* € 0l (T) = N (T),
and

—a* = Z)\t$: +2* e Z )\t(‘?ft(f) + NC(E)
teT teEsupp A

leads us to (8.22). Conversely, we show that (8.22) implies that T is a

minimum of (P). Indeed, (8.22) gives rise to some A € RSFT) and a* € X*
such that —a* € N¢(Z) and (using the convention 0f; = Igom f,)

edg@ Y Ataft<x>ca(g+ zm) (@),

tEsupp A teT

so that

g(x) + Y- Mefi(x) > g(Z) + Y M fe(Z) + (a*, o — ) for all z € X.

teT teT
(8.25)
Since A¢ f(T) = 0 for all t € supp A, and —a* € N¢(Z), (8.25) implies

g(x) + D Mefi(x) —g(@T) > (a*,z —T) >0 for all x € C.
teT

In particular, for z € F, we get g(x) > g(z) + > ,erAefi(x) > 9(T),
which proves that T is a minimum of (P). m
The following example illustrates Theorem 8.2.3.
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Example 8.2.4 Consider problem (P) in R? where

(P) Min xo
s.t.txy — 29 < (1/2)t2, t >0,

whose optimal set is {x € R? : 1 <0, 29 = 0}. Then
S = {tx; — x5 < (1/2)t%, t > 0}

1s neither FM nor LEM at every point in the optimal set. Indeed, the
inequality xo > 0 defines a supporting half-space to F' at every optimal
solution T of (P), but it is not consequence of any finite subsystem of
S. Hence, S is not LFM and, a fortiori, is not FM (by Ezercise 122).
Additionally, the KKT optimality conditions at T = 09 are not satisfied
as A(02) =0 and

02 ¢ 9g(02) + Ne2(02) = {(0,1)}.
Observe that if we consider the enlarged inequality system
S = {twy —za < (1/2)%, t € [0,00[},

then 8" turns out to be LEM as every supporting half-space to F' (the
feasible set of S") is consequence of a subsystem composed by a unique
inequality constraint (the same inequality). Moreover, every affine con-
sequence of S’ is of the form —xo < —twy — a with o < —t2/2, t > 0,
and therefore, it is also consequence of the finite subsystem

S = {—wy < —tzy + (1/2)1%} .

Consequently, Theorem 8.2.3 implies that, for every optimal solution
T €{x eR?: 21 <0, 29 = 0}, we have that A(Z) = {0}, and the KKT
optimality conditions are fulfilled as 02 € (0,1) + R4 (0,—1).

Next, we establish fuzzy KKT optimality conditions for problem (P)
under, again, the LEM property.

Theorem 8.2.5 Let us assume that S is LFM and (ri F') Ndom g # (.
Then T € F is a minimum of (P) if and only if, for each € >0 and

U € Nx-, there exists \ = \(e,U) € RSrT) such that supp A C A(T) and

0cig@+ S MOS(T)+ No@) + U (8.26)

tesupp A
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Proof. Suppose that T € F' N dom g is a minimum of (P). Since (ri F) N
dom g # ), Theorem 7.2.1(ii) yields

g +1r)(@) = (1 cl(0=9(T) + Np(T)).

e>0

Then,

T is optimal for (P) < 0 € () cl(0:9(%) + Np(T)).
e>0

So, 0 € 0.9(%) + Np(Z) + U for every given ¢ > 0 and U € Nx~. Thus,
by the LFM property, we have that

0 € 9.9(T) + coneco | U 9f(Z) | + No(z) + U,
teA(T)
and we are done with the necessity statement. Conversely, we fix x € F
(C C). Given € > 0, we choose U € Nx- such that |(u*,x —T)| < e for
all u* € U. If (8.26) holds, then there exists u} € U such that

tEsupp A tEsupp A

ul €09+ Y, MNOfi(T)+ Ne(T) C 0- <g+ > At +Ic> (@),

and we deduce

g@)+ 2 Mfi()2g9@ + X Mfi@) 4 (ul,z —T) —e.
tesupp A tesupp A
(8.27)

Hence, since supp A\: C A(Z),

g(x) > g(z) + t > )\)\tft(x) > g(T) + (ui,z —T) —e > g(T) — 2,

the desired conclusion follows by taking limits for e — 0. m

We proceed by giving alternative fuzzy-type optimality conditions
for problem (P), using the following strong Slater qualification condi-
tion:

f(zo) = sup fi(zo) <0, for some z¢y € C; (8.28)
teT

the point zq is called a strong Slater point. For the sake of simplicity,
the set C is supposed to be the whole space X.
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Theorem 8.2.6 Assume that X is a reflexive Banach space. Given
problem (P), suppose that C = X, T is compact and the mappings t —
fi(z), z € X, are usc, and assume that (8.28) holds. Let T € F be a
minimum of (P) such that infier f1(T) > —oo and A(z) # (. Then, for

every € > 0, there exists (Ao, A) = (Ao(g), A(e€)) € Ry X ]RSLT) such that
AO > 0, )\0 + ZtEA(:E) At = 1, ZtGT\A(:f)At S 13 and

0 € X0:9(Z)+ > MOfe()+ > MOfi(z)+eBx-. (8.29)
teA(Z) teT\A(z)

Proof. It is well-known that Z is a minimum of the convex supremum
function ¢ : X — Ry, defined as

p(x) := sup{g(x) — g(2); fi(z), t €T} (8.30)
that is, 0 € 9p(z), and Theorem 6.4.3 yields

0 € 0p(%)

= N0 ((359(96) U ( U 8sft(x))> + ( U {076}6eft(w)))
e>0 teA(x) teT\A(Z)

=N cllllls (co (359(:5) U ( U 8Eft(:n))> + co ( [0, ]0: fi(Z >> ,
e>0 teA(z) teT\A(z)

8.31)

where |[|-||, is the dual norm. Then, given £ > 0, we obtain

teA(T) teT\A(z)

6 € co (&g(x) U ( U 8Eft(x)>> +co < U [O,e]agft(a:)> +eBx-,

and there exists an associated (pc 0, fte) € Ry x Rf) such that 1.0 +
ZtEA(:Y:) Het = 1, ZteT\A(:E)ME,t =1 and

0 e N’E,ang(i‘) + Z ,U/E,taeft(j) + Z [O Elle, t]a ft( ) + 8BX
teA(z) teT\A(Z)
(8.32)

Let us show that p. o > 0 for all € > 0 small enough. Arguing by con-
tradiction, we suppose the existence of some ¢, | 0 such that p., o =0
for all k£ > 1. Consequently, taking into account Proposition 4.1.10,
(8.32) becomes, for all k > 1,
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0 € Z /’Lc‘:k,taﬁ'kft(a_:) + Z [0 Ek’:u/Ek, ]8€kft( ) + EkBX
teA(z) teT\A(Z)

Cco (( U aqft(@) + ( U [0,€k]aekft(l’)>> +erBx-;
teA(T) teT\A(Z)

that is,

0e N (Co (( U agkft(a:)) + < U [0,€k]68kft(m)>> +g,€BX*>.
k>1 teA(T) teT\A(Z)

Next, given any € > 0, we can find some kg > 1 such that e;, < € and
the last relation yields

6 € co << U (%koft(m)) ( U [0 5k0]85kft(af))> + ex, Bx~
teA(z) teT\A(z

Cco(( U 8]} >+< 0€aft( )>>+5BX*,
teA(z teT\A(z

and we conclude that

0 c m (CO (( 8 ft > < 0 8]85]“,5(:6))) +€BX*>
e>0 teT\A(z
- (( g o0) +(_u, patns)
e>0 teA(z ) teT\A(z)

= [¢co (( U asft(l')> + ( U {O,s}@aft(x)>>.
€>0 tEA(z) teT\A(z)

Hence, applying once again Theorem 6.4.3, we obtain 6 € 0 f(Z), where
f = supcr fi, contradicting the strong Slater condition. Finally, the
conclusion follows by taking Ao(e) := pe,0, Ae(€) = pey for t € A(Z),
and A¢(e) := Yo pter with o4 € [0,¢], for t € T\ A(Z). m

We proceed by deriving other optimality conditions for the semi-
infinite convex optimization problem (P);i.e.,now X = R" and C C R"
is convex, not necessarily closed, T" is a Hausdorff topological space,
and the functions g, fi, t € T', are proper convex, possibly not lsc. Let

us denote 3
D :=domgNdom f, (8.33)
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where we have denoted f = sup,cr fi (see (8.19)). The following the-
orems provide Fritz-John optimality conditions for problem (P).

Theorem 8.2.7 Given the semi-infinite problem (P) above, assume
that T is compact and the mappings t — fi(z), z € X, are usc. If T is
optimal for (P) such that A(Z) # 0, then

0, € co {a(g 4 Ipne) (@) U %J( )a( for Imc)(@)} . (8.34)
teA(x

Moreover, we have
0p, € co dg(z)U |J 90f(Z) p + Npne(Z), (8.35)
teA(z)
provided that, for allt € A(Z),

ri(dom g) Nri(DNC) # 0, ri(dom f) Nri(DNC) #0.  (8.36)

Proof. We know that if Z is optimal for (P), then Z is an unconstrained
minimum of the supremum function ¢ : R — R, defined as

p(x) :=sup{g(z) — g(z), Ic(x) — 2¢c0, fi(x),t €T},

where g9 > 0 is fixed. Consequently, according to Remark 14, we obtain

0, € 8@(53) = COo {8(9 + IDmC)(i') U U B(ft + IDmc)(x)} ;

teA()

that is, (8.34) holds. Finally, (8.35) follows from (8.34) by applying
Proposition 4.1.26, =

In the following result, we use the strong conical hull intersection
property (strong CHIP) at x € C'N D of the family {C, dom g, dom f;,
t € T}, stating that

NCﬂdomgﬂ(ﬂteT domft)(x) = NC(J}) + Ndomg(x) + ;Ndomft(x)7
te
(8.37)

where

> Ndom £, (z) == { >oar: ap € Naom £, (), J being a finite subset of T} .
teT teJ
(8.38)
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Observe, for instance, that (8.37) holds in the finite-dimensional setting
when T is finite and

(ri C)Nri(dom g)N < (N ri(dom ft)> #0, (8.39)

teT

as a consequence of Proposition 4.1.26 when applied to the correspond-
ing indicator functions.

Theorem 8.2.8 Assume that T is compact, the mappings t — fi(2),
z € X, are usc, and that (8.36) holds. Let & be optimal for (P) such
that A(z) # 0. If (8.37) holds at T, then

On € co {8g(x) U U 8ft(x)} + NC(*%) + Ndomg(j) + ZNdomft(j)‘

te A(Z) teT

Proof. The compactness and the upper semicontinuity assumptions
imply that dom f = Nyer dom f; (Exercise 9), entailing

DﬂC—domgﬁC’ﬂ(ﬂ domft>.

Then, using (8.35), we get

0,, € co {89(:6) U < U 8ft($)> } + Npne(Z),

teA(T)

and the result comes by applying (8.37). m
Next, we give additional KKT optimality conditions for problem (P)
under the strong Slater qualification.

Theorem 8.2.9 If in Theorem 8.2.8 we assume, additionally, the
existence of a strong Slater point in dom g, then the optimalily of T
implies the existence of a (possibly empty) finite set A(z) C A(Z) and
scalars Ay > 0 fort € A\(:E), satisfying

0, €09(Z)+ >, MNOfi(Z) + Ne(Z) + Y Naom £, (Z). (8.40)
te A(z) teT
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Proof. According to Theorem 8.2.8, we have

OnGCO{ag(w)U< U 3ft(fﬂ)>}+Nc( ) 4 Naom ¢ () + ZNdomft( )-

A(z)

(8.41)

If 0g(Z) does not intervene within the convex combination of 0,, coming
from (8.41), then we get

0, € co {t U 3ft(i)} + NC( ) +Ndomg( ) +t§Ndomﬁ(f)

A(z)

C co {tey()aft(%)} + Ne(Z) + Naomg (%) + Ny (7). (8:42)

Therefore,

Op € Of (%) + No(®) + Naom g (2) + Nyop, 7(&) € 0(f + Iordom ¢) (),

and Z is a minimum of f + Icndom - constituting a contradiction with
the existence of a strong Slater point g € C' Ndom g,

0= f(i') = (f"‘ ICﬁdomg)(j) < (f"‘ ICﬁdomg)($O) = f(%) <0.

Otherwise, if dg(z) intervenes in (8.41), then there would exist scalars
a>0and g€ Rf) such that supp 5 C A(Z), a + ZteA(fc) B¢ =1 and

0, € adg(z) + > Bi0fi(Z) + Ne(Z) + Naom ¢(Z) + > Ndom £, (Z)

tesupp B teT
=adg(z)+ Y B0fi(Z)+ Ne(z)+ ZNdomft( ),
tesupp B

because adg(z) + Ngom ¢(Z) = adg(z) and dg(z) # (). Hence, dividing
by «,

0, €0g(z)+ > o '8:0f(Z) + Ne(@) + 3 Naom 1, (%),

tesupp 3 tel

and we are done. m
We illustrate Theorem 8.2.9 by means of the following example.

Example 8.2.10 In (P) suppose n=1,C=R,T={1},g(x) ==z
and f1(z) = —v/x if x > 0 and 400 if not. Then T =0 is the unique
optimal point of (P) and we have that ri(dom g) Nri(dom f) = R%.
Hence, (8.36) and (8.37) hold, due to Proposition 4.1.26. Then, since
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A(z) = {1}, N¢(0) = {0} and the strong Slater condition holds, we can
apply Theorem 8.2.9 with A(0) =0 :

0€0g(0)+Ng,(0)=1+]—00,0].

It turns out that we cannot get rid of the term Naom f,(0) = Ng, (0).

Corollary 8.2.11 Let T be a feasible point of the semi-infinite prob-
lem (P) such that C = dom g = dom f; = R"™ for allt € T. Assume that
T is compact, the mappings t — fi(z), z € X, are usc, and the strong
Slater condition (8.28) holds. Then T is optimal for (P) if and only if

there exists \ € Rf) such that
0 € 09(T) + 3 cqupp \MOft(T) and A fi(T) =0 for allt € T. (8.43)

Proof. Conditions (8.36) and (8.37) are fulfilled in the current setting.
Assume that z is optimal for (P). If A(Z) # 0, then (8.43) comes from
Theorem 8.2.9. Otherwise, if A(Z) = (), then by the continuity of f =
maxier fr (dom f = Myerdom f; = R™), Z is an interior point of the
feasible set of (P), and so it satisfies 0,, € dg(Z). The proof of the
converse statement is the same as the one in Theorem 8.2.3. =

In the last part of this section, we specify the basic perturbational
duality scheme developed in section 4.2 to convex infinite program-
ming. We introduce a family of perturbed problems associated to (P)
together with the corresponding Lagrange dual problem (D). Under
the assumption that the constraint system S is FM, we will get strong
duality between (P) and (D).

Let us consider the perturbed primal problem

(Py) Min g(z)
st. fi(x) <y, teT, xeC,

where y := (y;) € RT. Recall that T is an arbitrary index set, C' is a
non-empty closed convex set, and {g; fi, t € T} C I'p(X). The feasible
set of (Py), represented by Fy, can be empty for some y # Or, where
07 represents both the zero of RT and the zero of R(T).

If we represent by v(y) the optimal value of (P,), then in particular
v(0r) = v(P), and the perturbed optimal value function v:R” — R
is convex, and possibly non-proper. The function F € I'o(X x RT)
defined by

F(z,y) :== g(z) + 1, (v)
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allows us to write

(Py) 1;@)1? F(z,y), and (P) = (Po,) g/él)f(l F(z,0r).

For each (z*,5*) € X* x (RT)* = X* x R() we have

F*(z*,y*) = sup {(z*,z) + (y*,y) — F(z,y)}
z€X, yeRT

= sup sup {(x*,a:> + 2 yiye — g, (2) —9(%‘)}

zeX yerT teT
sup {(w*w) + > i fe(z) — g(x)}7 if yf <0, Vt € suppy*,
= zeC teT

~+o0, otherwise.

In particular, if A := —y*,

— 1 ; (1)
F*(Q,)\) — ;Ielé {g($)+t§Atft($)}’lf)\eR+ ,
Fo0, otherwise.

Additionally, we have that

v = sup { o)~ inf Pl |

yeRrT zeX (8.44)
= sup {(\y)— F(z,y)} = F*(0,)).
zeX, yeRT

The perturbed dual problem of (P) is defined as

(Dg+) Min F*(z*,\),and (D) = (Dg) Min F*(0, ).
Aer(” Aer(”

Since the Lagrangian for (P) is the function L : X x RT) — R, defined
by

g(x)+ D Mefi(x),if x € C and X € RSFT),
L(z,\) := teT

400, otherwise,

it turns out that

(D) — Max inf L(z, ).
Aer{" z€C
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Then

v(P)=v(07) = v (07)= sup (=v"(A)) = sup (=F7(0,})) = —v(D),
XS Aer(”

and the weak duality holds between (P) and (D), v(P) + v(D) > 0. The
next result shows that the strong duality between (P) and (D) also
holds under the standard assumptions used in this section.

Theorem 8.2.12 Let us assume that problem (P) satisfies v(0r) € R.
Suppose that S is FM and g is finite and continuous at some feasible
point of (P). Then (D) is solvable and v(P) + v(D) = 0; i.e., strong dual-
ity holds.

Proof. Because g is finite and continuous at some feasible point of (P)
and § is FM, Proposition 4.1.20 and Lemma 8.1.2 give rise to

epi(g+Ip)* = epig" +epilp =epig" + cl K =epig” + K,

and epig* + K is w*-closed. Moreover, v(07) € R entails the implica-
tion
fi(z) <0, teT, z€C = g(x)>v(0r),

and Theorem 8.1.5(iv) yields some A€ RSLT) such that g(x)+
Y erAifi(x) > v(07) for all z € C; that is,

—v(D) > inf L(x,\) > v(0r) = v(P).

This, together with the weak duality, gives rise to v(P) = —v(D), and
to the conclusion that A is an optimal solution of (D). m

Let us consider, instead of the Lagrangian function L introduced
above, the function Lg : X x R — R, defined by

Lo(w, \) = g(x) + Mf(x),if z € C and A > 0,

400, otherwise,
where f is defined in (8.19); i.e., f := sup;cr fi. Correspondingly, we
consider the following dual problem of (P),

D) — Max inf Lg(x, \);
(Ds) —Max inf, Ly(w, A)

in other words, (Ds) has the format of (D) when the primal problem
(P) is written in the equivalent form
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(P) Min g(z)

st. f(x) <0, zeC.

We can verify that v(D) > v(Ds). Then, arguing as above but consider-
ing now this last representation, we consider the perturbation function
Fs; € To(X x R) defined by

Fs('rv y) = g(.CU) + I[fgy] (33),
whose conjugate satisfies

— inf {g(2) + Af(2)},if A > 0,

00, otherwise.

FX(0,)) :{

Therefore, similarly as above, we get

(P) = (0) = v™*(0) = sup(—v" () = sup(~F (0.)) = ~v(Dy).

and the weak duality holds between (P) and (Ds); that is, v(P) +
v(Dg) > 0. The following result easily comes from Theorem 4.2.2.

Corollary 8.2.13 Assume that problem (P) satisfies the strong Slater
condition (8.28) at some point in dom g. Then strong duality holds for
the pair (P) and (D).

8.3 Convexification processes in
optimization

Given a proper function f: X — R, we consider the optimization
problem

Fr I (8.45)

together with associated conver relaxed problem

(Pg) Min g(x)
s.t.xe X,

where g : X — R is a proper convex function that somehow approxi-
mates f, for instance, the convex, closed or closed convex hulls of f.
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More precisely, we are interested in comparing the optimal sets of both
problems (Py) and its relaxation (Py). To this aim, if i is one of these
functions, f and g, we denote by v(Pj) and e-sol(Pj) the optimal value
and the set of e-optimal solutions of (Pp), £ > 0, respectively; that is,

e-s0l(Py) := (0:-h) 71 (0) = {x € X : h(z) < v(Pp) + ¢}

In addition, we write sol(Py) := 0-sol(Ps) to denote the set of opti-
mal solutions of (Pj). Due to the properness assumption, we have
e-s0l(Py,) = 0 whenever v(Pj,) = —oo, while e-s0l(Pp,) # () when £ > 0
and v(Py) > —o0.

The following simple lemma shows that the convexification process
does not alter the optimal value of the original problem (Py).

Lemma 8.3.1 For every function f : X — Ru, the values v(Py) and
v(Py) coincide for every function g : X — Ry satisfying cof < g < f.

Proof. Take g : X — Ry such that cof < g < f. Then the inequal-
ity v(Pf) > v(P4) is a consequence of the relation g < f. In particu-
lar, if v(Pf) = —oo, then we get v(Ps) = v(Py) = —oo. Otherwise, if
v(Pf) > —o0, then f(x) > v(Py) for all z € X, and we deduce that
g(x) > (cof)(x) > v(Py) for all x € X; that is, v(Py) > v(Py). m

It is also clear that every solution of (Py) is a solution of (Py), for any
function g : X — Ry satisfying ¢of < g < f. A general purpose would
be to express the optimal set of (P4) in terms of the approximate and/or
exact optimal solutions of (Ps), but here we will focus on (Pgss). As
before, we use Fx- to represent the family of finite-dimensional linear
subspaces of X*.

Theorem 8.3.2 For every function f: X — Ry with a proper con-
jugate, we have

s0l(Pesy) = (1 co(e-sol(Py) + Nradom - (0)) - (8.46)
e>0, LEFx~

Moreover, the following statements hold true:
(i) If ri(cone(dom f*)) # 0 or if cone(dom f*) is closed, then

s0l(Proy) = (170 (e-501(P) + Naom - (0))
e>

and, when additionally cone(dom f*) = X*,

sol(Pgf) = 590@ (e-sol(Py)) .
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(#4) If int(cone(dom f*)) # 0, then

s0l(Pesf) = Ndom £+ (0) + ED()@ (e-s0l(Py)).

Proof. Since f* is assumed proper, the function f admits an affine
minorant and, according to Theorem 3.2.2, we have that f** =¢of.
So, (4.18) together with (4.8) yields

Of*(0) = (9f)1(0) = (9(cof)) ™" (6) = sol(Pasy).- (8.47)

Now the inclusion “D” in (8.46) follows easily, because of (4.8), (4.17),
and (4.9) we have

e-50l(P#) + Nyom ¢+ (0) = (3sf)_1(9) + Naom r+(6)
C 9 f"(0) + Naom £+ (0) = 0-f*(0).

Hence, using (4.15) and (8.47),

@ (- 50L(Pf) + Naom s+ (8)) C (0-*(8) = 9f"(6) = s0l(Peoy)

e>0 e>0

and, particularly, the inclusion becomes an equality when sol(Pssy¢) =
(). To see that such an equality also holds when sol(Pgsf) # 0; hence,
f*(0) € R, we apply Example 5.3.8 to the supremum function f* :=

supgex ((2) — f(2)):

sol(Pef) = Of*(0) = (1 <0 (E: + Nradom £+(0)), (8.48)
e>0, LEF x+*
where
E.:={zedomf: —f(x) > f*(0) —¢c}. (8.49)

In other words, thanks (4.18) and (4.8), we have E. = (9.f) "' (§) = e-
sol(Py), and from (8.48), we obtain (8.46). The other assertions in (%)
and (i7) follow similarly by using, instead of Example 5.3.8, Proposition
5.3.1 and Corollary 5.3.2, respectively. m

Additional relationships between sol(Pess) and sol(Py) are given in
the following theorem. Remember that the continuity assumption on
the conjugate function f* assumed below is with respect to a compat-
ible topology given in X*.
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Theorem 8.3.3 Given a weakly lsc function f : X — Ry, we assume
that f* is finite and continuous somewhere. Then we have that

50l(Pes) = Naom f+(6) + o (s0l(Py)) ,
and, when X = R",

s0l(Pes¢) = Ndom f+(6) + co (sol(Py)) .

Proof. We consider the compatible dual pair ((X*, Tx-), (X,
o(X,X™"))), where Tx- is a compatible topology given in X* for which
f* is continuous at some point. We apply Corollary 6.3.6 in our dual

pair to the family of continuous convex functions f, : X* - R, z € X,
defined by

fa() = () = f2),

whose supremum is f*. Furthermore, taking into account (8.47) and
the fact that f* is proper, we show as in the proof of Theorem 8.3.2 that
sol(Pef) = 0f*(#). Therefore, since f* is assumed to be continuous
somewhere, Corollary 6.3.6 applies and yields

sol(Pesy) = 0F°(6) =Naom - (0) + w0 { (| (@D}, (850

e>0

where E. is defined as in (8.49); that is, E. ={z € X : —f(z) >
f*(0) — e}, and cl E; is the closure of E. with respect to the weak
topology in X. The same Corollary 6.3.6 shows that (8.50) holds with
co instead of co when X = R". Moreover, since f is assumed to be
weakly lsc, the set F. is weakly closed, and so

EQOCI (E;) = €QOEE ={zeX: f'0)+ f(x) =0} =sol(Py).

The conclusion comes from (8.50). m

The continuity assumption of the conjugate function in Theorems
8.3.2 and 8.3.3 is taken with respect to any topology in X* that is com-
patible with the duality pair (X*, X). Of course, the Mackey topology
provides the less restrictive continuity condition, while the choice of the
w*-continuity would be very restrictive as it forces, for instance in the
Hilbert setting, the original function f to have a finite-dimensional
effective domain. However, it is possible to relax this assumption of
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continuity in the case of normed spaces, allowing to consider the con-
tinuity with respect to the norm topology.

Given a function f: X — Rz where X is assumed to be Banach,
we consider the function c®” f: X* — R introduced in section 4.3,
where f is the extension of f to X** (see (4.103)). Then, by Theorem
4.3.3, we know that

(™ f)(z) = liminf f(z), (8.51)

r—w" 2, xeX

¢ *9

where “—%""" refers to the convergence with respect to the topology
o(X*, X*) in X**. The issue here is that the norm topology in X* is
not necessarily compatible for the duality pair (X, X*), entailing that
the conjugate function of f* should be defined on the whole space

X
(f*)*(2) = sup{(z, ") — f*(z"), 2" € X"}, 2z € X",

Abusing the notation, we write (f*)* = f** and use Ngom f-(6) to
denote the cone of vectors in X** that are normal to dom f* at z*.
Accordingly, instead of (Pes¢) used above, we consider the problems
(Pgev) and (P ju-- f) posed in X**. Then, in the following theorem, we
establish different relationships among the optimal solutions of prob-
lems (Py), (P ju~ f) and (Pg+«). These results involve the normal cone

5

Ndom £+(6) (C X**) and the w**-closed convex hull co“"".

The need for such an analysis that requires the passage to the bid-
ual space could be motivated by certain regularization methods in
applied topics such as problems issued from calculus of variations. In
such a case, the associated bidual consists of a good framework to
search for generalized solutions. After that, the problem arises of how
to relate these new solutions to those of the initial problem. The fol-
lowing results establish an abstract general framework to address such
an approach.

Theorem 8.3.4 Assume that X is a Banach space. Given a proper
function f:X — Ry, we suppose that f* is finite and norm-
continuous somewhere. Then the following statements hold true, pro-
vided that X™* is endowed with its dual norm topology:
(i
SOl(Pf+) = Naom f- () + [ €0” (e-s0l(Py)).
e>0
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() s0l(Py) = Nagm-(6) + 30" (solPyer ). (852

(#i2) If f* is norm-continuous at 0, then

sol(Pf--) = (" (e-sol(Py)) (8.53)
e>0
=¥ (sol(Pdw** f)) ) (8.54)
and, consequently,
s0l(Pz5f) = () 0 (e-s0l(Py)) (8.55)
e>0
—Xn <@w** (sol(PClw** f))> . (8.56)

Proof. Given the extension f of f to X**, as defined in (4.103), and
thanks to the identification of X as a linear subspace of X™*, the
definition of f implies that

g-s0l(Py) = e-sol(P;) for all € > 0, (8.57)

and . R
(f)" = f* and dom(f)* = dom f*. (8.58)

In addition, the continuity assumption on f* implies that f is minorized
by a w**-continuous affine mapping. So, we get

I, — int(cone(dom(f)*)) = |||l — int(cone(dom f*)) # 0

and Theorem 8.3.2(77), applied to the function f in the dual pair
(X, w*™), (X*, ||Il,)), together with (4.105) entails

sol(P--) = 501(Pege- () = Nyou - () + EQO@W (5— sol(P f)) .

Then, taking into account (8.57) and (8.58), we get

sol(Pys) = sol(Pﬁw**(fA)) = Ndom f+(0) + EDOE“’** (e-sol(Py)) (8.59)

and the formula in (i) follows. If f* is additionally norm-continuous
at 0, then

Ndom(f)* (0) = Ndomf* (0) = {9}
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and (8.59) reduces to

SOl(P e ) = SOI(P@UJ**(J;)) = N (e-sol(Py)), (8.60)
e>0

showing that (8.53) holds. At the same time, due to the relation
(f*);x =cof coming from (4.106), relation (8.60) leads us to

sol(Pgmf) = X N sol(me**(f)) =XnN <ﬂ oV (e- sol(Pf))>

e>0

= EQO (X Nco”™ (e-sol(Py))) = 590@ (e-sol(Py)),

and we are done with (8.55).

We now turn to the proof of formulas (8.52), (8.54), and (8.56). To
show (8.52), we proceed as in the proof of Theorem 8.3.3 but, similarly
as in the paragraph above, we apply Corollary 6.3.6 in the dual pair
(X L) s (X, w*)) to the family of norm-continuous convex func-
tions fz(-) = (-,z) — f(z), x € X. Then, taking into account (4.105),
we get

Sol(Py+) = s0l(P e 1)) = )" (0) = Ny 51+ (0) + 0" { 0, a” (EE)} :
(8.61)

where

E = {z € X —f(2) = (f)"(0) —5} ={zeX:—f(2) 2 [ (0) —¢}.

PEEPN

Observe that cl” (E.) C {z e X —(c" f)(2) > f1(0) — 5} and,

using (8.58) and (3.7),

£5(0) = (F)*(0) = (" f)7(0) = — inf (1”7 f)(=),

zEX "

so that

N (B)c N {z e X (V" f)(2) > F4(0) —5}

e>0 e>0

_ {z X (¥ f)(z) = f*(e)} = sol(P e+ ;).

Therefore, using again (8.58), (8.61) implies that
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s0l(Pf-) C Nejom f=(60) + 00" (s0l(P o+ 7))

The converse of this last inclusion also holds because sol(P .- f) -
sol(Pwu**(f)) = 9(f)*(#) and, due (4.9),

Naom - (0) + 0" (s0l(P e 7)) € Nyojy- (0) + ()7 (0)

= 0(f)* () = s0l(Pgu-- f));

that is, (8.52) holds.

Finally, formula (8.54) is easily derived from (8.52), while (8.56)
follows from (8.54) due to the fact seen above, sol(Pgyf) = X Nsol
(P@w**(f)) =X Nsol(Ps+-). m

The key in the proof of the previous results, giving different expres-
sions for sol(Pgsf) and sol(Py«-), is the characterization of the subdif-
ferential of the conjugate at 6. More generally, the following corollary
gives the subdifferential of the conjugate at each point in terms of the
operators 0. f, € > 0, in the setting of compatible dual pairs (X, X*).
The formulas below can also be considered as non-convex extensions
of the Fenchel relation given in (4.18). For the sake of simplicity, we
denote F(z*) the family of finite-dimensional linear subspaces of X*
containing x* € X*.

Corollary 8.3.5 Given a function f: X — Ry with a proper conju-
gate, for all x* € X*, we have

off(z*)= (N @ ((0:f)"" (") + Nendomy-(¢7)) . (8.62)
e>0, LeF(x*)

Moreover, the following assertions are true:
(¢) If ri(cone(dom f* — 2*)) # 0 or if cone(dom f* — x*) is closed,
then
Of(x7) = ﬂO@((aef)_l(w*) + Naom f- (")) - (8.63)
e>
(id) If f is weakly lsc and f* is continuous somewhere, then
Of*(x*) = Ngom f+(z*) + €0 ((8f)_1(x*)) : (8.64)
= Ndom f+(z*) + co ((8f)_1(:n*)) (when X =R"). (8.65)



338 CHAPTER 8. MISCELLANEOUS

Proof. Fix z* € X* and observe that, due to (4.18),
Of () = sol(Ppes g ) = SOL(P(f_ge)e= ),

where (P+-_,-) is the optimization problem whose objective function
is f**(-) — (z*,-), which coincides with the biconjugate of the func-
tion g(-) := f(-) — («*,-) . Then, applying (8.46) to the function g, we
obtain that

Of*(x*) = 0g™ (#) = sol(Pssg) = N €0 (e-501(Py) + NzAdom g+ (7)),
e>0, LEF x=

where Fx« = F(6). Thus, since dom g* = (dom f*) — 2* and

we get

Of(x7) = 0 Def 0 ((9=f) " (") + Niadom f+—a) (6))

= N @((0H7) + Nindom s (7))
e>0, LEF (z*)

proving (8.62).

The proof of the remaining formulas follows the same pattern as
above using the corresponding statements in Theorems 8.3.2, 8.3.3,
and 8.3.4. m

The following corollary characterizes 0 f*(x*) as a subset of X** in
the framework of Banach spaces.

Corollary 8.3.6 Let X be a Banach space with X* being endowed
with the dual norm topology. Given a function f: X — Ry such that
f* is norm-continuous somewhere, for every x* € X*, we have

O (2*) = Naom -(*) + @0 (O™ )))7(@")),  (3.66)
and, when X is reflexive and f is weakly lsc,
Of*(z*) = Naom - (z*) + @0 ((0f) ' (%)) . (8.67)

Proof. Formula (8.66) follows as in the proof of Corollary 8.3.5, apply-
ing (8.52). Formula (8.67) is easily derived from (8.66). m
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The previous formulas giving the subdifferential of the conjugate
become simpler when the latter is Fréchet-differentiable. To certain
extent, the formulas below extend to non-convex functions the well-
known relation f* = (9f)~! satisfied by functions in T'o(X) (see
(4.18)).

Theorem 8.3.7 Let X be a Banach space with X* being endowed with
the dual norm topology. Given a function f: X — Ry and z* € X*,
the following assertions hold:

(i) If f* 1is Fréchet-differentiable at x* and f is lsc at (f*) (x*)
(e X), then

{(f) (@)} =0f (%) = (0f) " (z").

(i) If f* is Gateaux-differentiable at x*, with Gateaux-derivative
(f*)a(x*) € X, and f is weakly lsc at (f*)g(z*), then

{(FMa@)} =0f (") = (0f)~ (@)
Proof. (i) The Fréchet differentiability of f* at z*, with derivative

z:= (f*)(z*) (z € X, due to Proposition 4.3.10), implies its continuity
at * and (8.66) simplifies to

EES

{z} = 05" @) =" {(@(" )@}
= X N @@ )@ = @ ) @),

where the last equality comes from Lemma 4.3.2. Hence, z* €
9(cl¥ f)(z) and Proposition 4.1.6(v) gives us

(? f)(@) + f7(27) = (¥ [)(@) + (I f)"(27) = (z,27) . (8.68)

Remembering the definition of cl* f in (2.34), for each n > 1, we find
z, € X such that [(Z — z,,2*)| < 1/n and

flan) < (A" )(@) +1/n=(2,2") = [ (&) + 1/n < (zn,2") = [7(27) +2/n,
entailing that
f7(@") <liminf ((zn, 2") — f(2n) +2/n) = liminf ({25, 27) — f(zn))

< limsup ({zn, 27) — f(zn)) < f7(27);
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that is, lim, ((zy, 2*) — f(zy)) = f*(«*). Thus, by Proposition 4.3.10,
the Fréchet differentiability of f* at z* implies that x,, — & and so,
using the lower semicontinuity of f at Z, the last equality yields

f(@®) = lim ((zp, 27) = f(20)) < (2, 27) = f(2) < [7(27).

Therefore, z € (0f)~(z*) C 0f*(z*) = {#} and the conclusion of (4)
follows.

(74) The Gateaux-differentiability assumption on the w*-Isc (hence,
||| ,-1sc) convex function f* implies that x* € ||-||,-int(dom f*), so that

f* is norm-continuous at x* by Corollary 2.2.8. Thus, denoting z :=
(f*)(z*), (8.66) reduces to

{2} = (0™ )7\ (@") = @@ /)~ ("),
Since z € X by the current assumption, Lemma 4.3.2 entails

{2} =X 0@ ) a") = (0’ )7 ("),

and the desired conclusion comes, as in the paragraph above, from the
weak lower semicontinuity of f at z. m

The following corollary gives a slight extension of the Stegall varia-
tional principle (see Theorem 4.3.13), under the norm-continuity of the
conjugate function; see Exercise 126 for a sufficient condition for such
a continuity property. Formula (8.69) below shows that the (Fenchel)
relation Of* = (0f)~! holds in a dense subset of dom f* when working
in Banach spaces enjoying the RNP.

Corollary 8.3.8 Let X be a Banach space with the RNP, and let
the function f: X — Ry be Isc and such that f* is finite and norm-
continuous somewhere. Then there exists some Gg-set D C X*, dense
in dom f*, and satisfying

{(f*)(z*)} = 0f*(z*) = (9f) ! (a*) for all 2* € D. (8.69)

Consequently, the functions f —x*, * € D, attain a strong minimum
on X.

Proof. By the RNP property, X* is w*-Asplund, and so the w*-lsc
convex function f* is Fréchet-differentiable on a Gs-set D, which is
dense in dom f*. Hence, using Theorem 8.3.7(i), for each z* € D, we

have
{(f) (=)} = af*(a*) = (8f) " ("),
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particularly showing that (f*)(z*) is a minimum of f — z* for all
x* € D. Moreover, for every fixed * € D and every sequence (z;,), C
X such that f(x,) — (z*, z,) — infx(f — %) = —f*(z*), by Propo-
sition 4.3.10 the Fréchet differentiability of f* at z* implies that
xn — (f*)(z*). This proves that the element (f*)'(z*) is, indeed, a
strong minimum of f —z*. m

The following corollary shows, under the continuity of the conjugate
function and the RNP, that the function f and its closed convex hull
cof have the same optimal solutions up to tilt perturbations.

Corollary 8.3.9 Assume that X is Banach with the RNP, and endow
X* with the dual norm topology. Let f: X — Ry be an lsc func-
tion such that infx f € R, and suppose that f* is finite and norm-
continuous somewhere. Then, for every e > 0, there exists x* € eBx-~
such that

SOI(P(@f)_m* ) = SOl(Pf_x*).

Proof. On the one hand, the current assumption ensures that cof €
[o(X), so that (9(cof))~! = d(cof)* = df* by (4.18). On the other
hand, by Corollary 8.3.8, there exists some Gs-set D C X*, which
is dense in dom f* and satisfies df*(z*) = (0f)~(z*) for all z* €
D; that is, (9(cof))"(x*) = (0f) " (z*) for all 2* € D. Therefore,
as (9(cof)) Ha*) = sol(Pesf)—s+) and (9f)~(a*) = s0l(Pj_g+), we
obtain sol(P(gsf)—y+) = s0l(Py_-) for all x* € D. Finally, since 6 €
dom f* thanks to the assumption infx f € R, for every € > 0 there
exists * € DN (eBx-), and we are done. m

The following result extends Corollary 4.3.9 to non-necessarily con-
vex functions.

Corollary 8.3.10 Let X be a Banach space with the RNP, and let f :
X — R be an lsc function such that f* is norm-continuous somewhere.
Then we have

cdl'll(dom f*) = cllll(Im(af)).
Moreover, if X is reflexive and f is weakly lsc, then
(0f)H(X) = Im(af).

Proof. It is clear that Imdf C dom f*, and so cl”'“(lm@f)
c clll(dom f*).  Conversely, take z* e dom f* C cll'll(dom f*) =
CIH'”(D)7 where D C X* is as in Corollary 8.3.8; that is, a dense
set in dom f* such that the equality {(f*)'(z*)} = (0f)~1(z*) holds
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for all z* € D. Then there exists a sequence (z)) C D such that
x} — z* in norm. Since x, := (f*)'(x%) = (0f)~!(z}), we infer that
2t € df (z,) C Imdf, and so z* € clll(Im @f). This yields the first
part of the corollary.

When X is reflexive and f is weakly lsc, we have x* € dom df* if
and only if 0 f*(z*) # 0; thus by (8.67) and taking into account (2.6),
if and only if (9f)~!(z*) # 0, if and only if 2* € ImOf. m

8.4 Non-convex integration

In this section, we apply the material in chapters 5 and 6 to extend the
integration results of section 4.4 that were limited to convex functions.
We will need the following lemma.

Lemma 8.4.1 Assume that X is a Banach space, and let f,g €
Lo(X). Given a non-empty open set V.C (0f)~H(X*), we suppose the
existence of a dense subset D of V' such that 0f(x) C dg(x) for all
x € D. Then

Of(z) C dg(x) for all z € V.

Proof. First, since V C (0f)"1(X*) Cdom f, V C VN (9f) 1 (X*) C
(0g9)~1(X*) C dom g and V is open, Corollary 2.2.8 guarantees that f
and g are continuous on V. We fix x € V. Proceeding by contradiction,
we assume that z* € 9f(x) \ dg(z) exists. Then, using the separation
theorem in (X*,w*), we find zp € X \ {0} and ay € R such that

(x*, 20) < ag < (Y™, z0) for all y* € dg(z); (8.70)

that is,
Og(z) C W :={y" € X*: (y", 20) > apo}.

Furthermore, since W is (X*,w*)-open, Proposition 4.1.7 ((¢) and
(i11)) establishes the existence of U € Nx and >0 such that
B(x,2¢) C V and

dg(y) cU°NW for all y € B(x, 2¢). (8.71)

We choose ¢ > 0 small enough such that y := 2 — dzyp € B(x,¢) (C V).
Then, by the density of D in V, we also choose (y,), C D N B(z,2¢)
such that y,, — y; therefore, the current assumption and Proposition
4.1.22 imply the existence of a sequence (y), C X* such that y} €
Of(yn) C 9g(yn) for all n > 1. Then, due to Theorem 2.1.9, (8.71)
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gives rise to a subnet (y}); of (y}), and y* € X* such that
yi =" y* and yf € 0f(y;) C 9g(y;) C U® for all i.

Therefore, since y; — y, Proposition 4.1.6(ix) implies that y* € df(y) N
dg(y) (C Of(y) N W, by (8.71)). Thus, (8.70) leads us to

(x" —y",xz —y) = 6(z" —y*, 20) <O,

which is a contradiction with (z* —y*, z —y) > 0, coming from the
monotonicity of df. The proof is over. m
Next, we introduce the concept of epi-pointed functions.

Definition 8.4.2 A function f : X — R is called T-epi-pointed, for
a locally convex topology ¥ in X*, if f* is T-continuous at some point
of its effective domain.

The first result of this section, given in Theorem 8.4.3 below, pro-
vides an integration result that is valid in Banach spaces enjoying the
RNP. The (-epi-pointedness somewhat replaces the convexity of the
involved functions in section 4.4 (see, for instance, Proposition 4.4.8).

Theorem 8.4.3 Let X be a Banach space with the RNP and consider
functions f,g: X — R such that f is lsc and ||-||,-epi-pointed. If

Of(x) C dg(x) for all x € X,
then there exists some ¢ € R such that
[ =¢"00dom + + ¢, (8.72)
with an exact inf-convolution. Equivalently,
f*(x*) = g*(a¥) — ¢ for all ™ € cl(dom f*). (8.73)
Proof. First, from the relations dg C d(cog) (Exercise 62) and g** =
(Cog)*™, we may assume without loss of generality that g is con-

vex and lsc. Furthermore, since Im(9f) C dom f* C cl*" (dom f*) =
00dom f+(0) by (4.13), we have that (Exercise 49)

Of(x) C 9g(x) N O0dom ¢+ (0) C Oh(x), (8.74)



344 CHAPTER 8. MISCELLANEOUS

where we denote h := gllogom s~ Then we will assume without loss
of generality that 0 € ||||,-int(dom f*). By the RNP (see page 35),
the dual space X* is a w*-Asplund space. Since the w*-lsc convex
function f* is (norm-) continuous on ||-||,-int(dom f*), it is Fréchet-
differentiable on a (norm-) dense subset D of the last set. Thus, using
the identification of X as a subspace of X™**, Proposition 4.1.22 and
Theorem 8.3.7(7), together with (8.74), entail for all z* € D

0#0f (") = (0f)~(x") C g(x) N 0o dom s+ (0) C (0h) ™" (a") C O" (a7);

(8.75)
hence, in particular, f* g* € I'o(X™). Moreover, since D is (norm-)
dense in ||-||,-int(dom f*), applying Lemma 8.4.1 in the Banach space
(X5, [1[l..), we get

Af*(x*) C Oh*(x*) for all z* € ||-||, - int(dom f*).

Therefore, Corollary 4.4.4 gives rise to some ¢ € R such that f* =
h* + ¢ on cll'l (dom f*), which in turn implies that

ff—c=h"+ Lyt (dom f+) = (g* + ICIH»H(domf*)) + Lo (dom £+) = h*.

Thus, taking the conjugate in each side, and since (||-||,-int(dom f*)) N
dom ¢g* # () (from (8.75)), Proposition 4.1.20(7) entails

[T+ e=0" = (9" +1g1@om )" = 9 Dodom f+

where the inf-convolution is exact. Therefore, (8.72) follows. Finally,
the claimed equivalence is also a consequence of Proposition 4.1.20. m

We give a series of simple examples to justify the conditions used
in Theorem 8.4.3. The first example shows the necessity of the lower
semicontinuity assumption of f.

Example 8.4.4 We consider the functions f,g: R — R given by

x| =1, 4 x| > 1, o
flay= { IR IS L and ) =1,
so that f* = |-| +1j_y,1); hence, dom f* = [~1,1] and

oo [ l2l =1, |2 > 1,
! (‘T)'_{o, if —1<a<1.

Moreover, we have
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0, if —1<z<1, 1, if x >0,
Of () =< 1, ifx>1, and 0g(x) := ¢ —1, if x <0,
—1,if v < 1, [—1,1],ifx =0,

showing that Of (x) C dg(x) for all x € R. In other words, all the con-
ditions in Theorem 8.4.3 hold except the lower semicontinuity of f.
It is clear that f** and g™ =g do not coincide up to an additive
constant. Formula (8.72) is also not satisfied, since ogom - = || and
g 0odom ¢+ = |-| (Exzercise 17).

The following example shows that the term ogom f+ cannot be
ignored within the conclusion of Theorem 8.4.3.

Example 8.4.5 We consider the functions f,g: R — Ry, given by

e ife>1, .
fl):=< 2, f0<xz<]1, andg(z) ::{i’oo Ziig’
400, if x < 0, ’ ’

Then dom f* = R_ and we have

. 1 ifx >0
0, ifxz#£0, ’ : ’
of (z) := {{O} zﬁx 7: 0 and 0g(x) := < [0,1], if z = 0,
’ ’ 0, ifz<O.

Here, we have that 0f(x) C dg(x) for all x € R, but obviously f** =
Ir, and g** (= g) do not coincide up to an additive constant. But, for
all x € R, we have

(9" Uodom ¢+) (z) = i:gf (9(x1) + I, (z — 21)) = 0§i£2x$1 = " (z).
The following corollary gives conditions under which the term
Odom f+ is dropped out from (8.72).

Corollary 8.4.6 Let X be a Banach space with the RNP and let f, g :
X — R be functions such that f is lsc and ||-||,-epi-pointed. If

of(z) C dg(x) for every x € X, (8.76)

then f** and g** coincide up to an additive constant, provided that one
of the following conditions holds:

(i) g < f,

(i7) ||-||,-int(dom g*) C clll- (dom f*).
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Proof. First, according to Theorem 8.4.3, there exists a constant
c € R such that f** = ¢g**Uogom s+ +c. We also proved there that
f*, g" € To(X™). Then, applying Theorem 3.2.2 to f* and g* in the
pair ((X™, [|[[,), (X™*,w*™)), we obtain

=" =) + 1t @omysy —¢=9" + et (dom =) — €
(8.77)
Now, under (i), we have f* < g*, and so dom g* C dom f*. Thus, by
(8.77), f* = 9" 4+ L1 (dom f+) — € = " — ¢, and the conclusion follows
by taking the conjugate.
Under (ii), we have

||-|I, — int(dom ¢*) € clll- (dom f*) c clll- (dom ¢*),

due to (8.77), and we deduce that cll'l-(dom g*) = cll'l- (dom f*).
Therefore, the conclusion follows as above, using again (8.77). m

Remark 20 As one can ewxpect, the term oqom f+ 5 also dropped out
from (8.72) in the conver setting. In fact, using Exercise 62, (8.76)
reads Of(x) C dg(x) C d(clg)(x), for every x € X, and Proposition
4.4.8, applied to the functions f € To(X) and the lsc function clg,
establishes the equality (up to some additive constant) of f and clg in
any Banach space not necessarily with RNP. In particular, this implies
that f** = (clg)™ +c= g™ +c.

The following theorem gives a general integration criterion in the
les X, when the latter is not necessarily Banach, and without using
the epi-pointedness condition. As in (8.73), the conclusion now relies
on the equality between the conjugates f* and ¢g* (up to some con-
stant) but only on the set Urer,. cl(L Ndom f*) rather than the set
cl(dom f*). Remember here that Fy- denotes the family of all finite-
dimensional linear subspaces of X*. As Exercise 5(ii7) shows, the inclu-
sion Urex,. cl(L Ndom f*) C cl(dom f*) may be strict even in simple
cases such as 0.

Theorem 8.4.7 Consider two functions f,g: X — Ro such that f*
is proper, and assume the ezistence of some § > 0 such that

O-f(x) C D:g(x) for allx € X and e € ]0,4]. (8.78)
Then there exists some ¢ satisfying

ff@)=g"(@*)+c forallz* € |J cl(LNdom f*). (8.79)
LeFx~
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Proof. Let us first verify that
dom f* C dom g*. (8.80)

Indeed, if z* € dom f*, then, for every e € ]0,4[, there exists some
x € X such that z* € 0. f(x) C 0-9(z), and z* € dom g*. The rest of
the proof is divided into two steps.

1st step. We prove (8.79) in the case where the set dom f* is finite-
dimensional. Hence, given «* € dom f*, we have that

ri(cone(dom f* — z*)) # 0

and (8.63) in Corollary 8.3.5 together with the current assumption
yields

of*(z*) = N @ ((0-f)" (") + Netom - (z"))

0<e<d

- 0<ﬂ<6@ ((9=9) " (=) + Naom s+ (7)) -

But (0.9)"(2*) C 9-¢*(2*) by (4.17), so we get

8f*(:v*) C 0 ﬂ 688(9* + Icl(domf*))(x*) = 8(9* + Icl(domf*))(x*)'
<e<

Therefore, there exists some ¢ such that (Exercise 61)

f* = g* + Icl(domf*) + Iaff(domf*) +c= g* + Icl(domf*) +c.

Consequently, f* and g* + ¢ coincide on the set cl(dom f*), which in
the current case is equal to Urer,. cl(L Ndom f*) (Exercise 5(7)).

2nd step. Fix z§ € dom f* (C domg*, by (8.80)), L € F(z{j) and
consider the functions

J1:= fUor, g1 :=gUoy,

so that f{ = f*+ 1 and the function f] is proper and has a finite-
dimensional (effective) domain. Moreover, due to (4.38) in Proposition
4.1.13, for every x € X and ¢ € (0,0/2), we have

O:fi(z) = ) U Oc, f(21) N Oc,o(72)
0<a<d/2 ZT1+T2=T
€1,62>0, e1+e2=c+a
c N U 0e,9(x1) N Os,01(22) = Oeg1(2).
0<a<d/2 Ty +To2=2T

€1,2>0, e1+e2=c+a
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Thus, by the first step, there exists some ¢y, such that
[P+ 1= fi = g1 + la@ndom ) + L
= (g" + 1) + La(ndom ) + L = g* + Lai(zndom £+) + CL-

In particular, the evaluation of this last relation at zj gives us ¢, =
[*(z0) — g*(x0) =: c. Therefore, since L € F(z;) was arbitrarily cho-
sen, we infer that

*=  inf *4+1;)= inf 41 . 8.81
f L€1.7r-—l(a:3) (f + L) L€1.7r:l(zg) (g + cl(LNdom f )) +c ( )
= Lél}f ) (9" + Lizndom ) +c=9g" + Iy, s cl(Zndom f+) + €,

and (8.79) is proved. m

Remark 21 In terms of primal objects, Theorem 8.4.7 yields the fol-
lowing relation between the closed convex hulls of the functions f and
g (Exercise 128):

cof = sup cl((cog)dorndom f+) + C. (8.82)
LeFx~

The following corollary simplifies Theorem 8.4.7.

Corollary 8.4.8 With the assumptions of Theorem 8.4.7, the follow-
ing statements hold for some scalar c :

(2) If dom f* is closed or ri(dom f*) # 0, then
cof = cl((cog)Todom f+) + .
(it) If g* is continuous somewhere in dom f*, then
cof = (cog)Hodqom + + c.

(i) If g < f or dom g* C dom f*, then ¢6f = cog + c.

Proof. (i) In the current case, A:=Urer,.cl(LNdom f*)=
cl(dom f*), by Exercise 5(i). So, the conclusion follows as in Exercise
128.

(#) Since dom f* C A, (8.79) implies f* = ¢* + Iqom s+ — ¢. There-
fore, due to (4.56) and Theorem 3.2.2, we get ¢of = (€6g)Hoqom f++c.

(7i7) We have dom g* C dom f* C A. Then f*=g¢* +14 —c=g* —
¢, by (8.79), and the conclusion follows once again by Theorem 3.2.2.
[
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The equality between ¢of and ¢og below follows provided that the
inclusion in (8.78) is reinforced for all € > 0.

Corollary 8.4.9 Given two proper functions f,g: X — Roo with f*
being proper, we assume that

O-f(x) C 0eg(x) for all x € X and all € > 0.

Then €of and €og are equal up to an additive constant.

Proof. By Exercise 75, for every * € X* and € > 0, we have

Of (@)= Necq U X X0 /) (@) e >0, 3 Nei <9
§>e AEALISISh 1<i<k

CNed U X N0,9) Hz"):e:>0, X Ne; <6 p =0.9"(x").

5>e AEARI<i<E 1<i<k
k>1

Thus, since f** is also proper (by Proposition 3.1.4, as f* is assumed
proper), by applying Theorem 8.4.7 to the functions f*, g* € I'o(X™)
in the compatible dual pair ((X*,w*),(X,%x)) we find some ¢ such
that

f** = g** + ngfb_f ICI(Lﬂdomf**) +c Z g** +c.

Then f* < g* — ¢, using Theorem 3.2.2, and we deduce that dom g* C
dom f*. The conclusion follows then by Corollary 8.4.8(iii). m

Let us illustrate the above integration criteria by means of a simple
example.

Example 8.4.10 Consider the functions f,g:R — Ry defined by
g(x) := Iy and

x| +1,ifx #0
f(z) = {0, if z = 0.

Then f*=1_11, g*=0, (cof)(x) = |z, and (c6g) Dodom s-(z) =
|z| . The e-subdifferential of f and g are given by

0, if e €[0,1] and = # 0,
[ if e € 10,1 and x = 0,
ife>1 and xz > 0,
1+1_5],if521 and x < 0,

) T
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and 0:g(x) =0, if © # 0, and O-g(x) =R, if x = 0. Observe that the
hypothesis of Theorem 8.4.7 holds but not the one of Corollary 8.4.9.

As applications of the previous integration results, one can obtain
constructive characterizations of the closed convex envelope ¢of by
means of e-subdifferentials or subdifferentials of f. See Exercises 129
and 130, which provide extensions to non-convex functions of Corollary
4.4.9 and its consequences in section 4.4.

8.5 Variational characterization of
convexity

We give in this section different criteria ensuring the convexity of func-
tions defined on the lcs X. We will need the following lemma in order
to compare the subdifferential of an epi-pointed function and that of
its biconjugate.

Lemma 8.5.1 Given a T-epi-pointed weakly lsc function f:X —
R, we denote

My = {z" € X" : s0l(Pf_g~) is convex},

where sol(Py_y+) is the optimal set of problem (Py_g-) (see (8.45)).
Then, for every x € X, we have

af (x) N (r-int(dom f*)) N My C Of(x). (8.83)

Consequently, for every non-empty w*-compact conver set C contained in
7-int (dom f*) N My, we have

ccdf*™ = ocOf.

Proof. Take v € X and z* € 0f**(x) N (7-int(dom f*)) N M. Since
the set (0f) 1 (z*) = sol(Pf_,+) is convex and (weakly) closed, apply-
ing Corollary 8.3.5(i7) in the dual pair ((X, 7(X, X*)), (X*, 7(X*, X))),
we get

0f*(@*) = Naom - (x*) + 0 ((2f) ' (z*)) = (0f) " (z¥).
Consequently, using Theorem 3.2.2, since f* € I'og(X™*) we obtain

z € O(f*) (x*) = af* (x*) = (8f) ™" (2")
showing that z* € df(z).
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To show the second statement, we choose a non-empty w*-compact
convex set C' C (7-int(dom f*)) N My. Since f* is 7-continuous some-
where, it is 7-continuous in C, and taking into account Proposition
3.1.4, we infer from Proposition 4.1.20 that (Io + f*)* = ocOf** €
['o(X) and there are x1,x9 € X such that x = x1 + z2 and

(ccOf)(x) = oc(x1) + [ (2).

Observe that o¢ < ooy(—c) =: pc and this latter is a 7(X, X™)-continuous

seminorm in X, so Proposition 2.2.6 entails that o¢, and a fortiori
oo f**, are also 7(X, X*)-continuous. Therefore, d(ccOf**)(x) # 0,
due to Proposition 4.1.22, and (see Exercise 49)

0 # 0(ocOlf*)(z) = doc (1) N OS* (22). (8.84)
Consequently, using (5.2), we have
doc(z1) € C C (r — int(dom f*)) N M;
and (8.83) together with (8.84) implies that
0 # 0(ocOf*)(x) C doc(z1) NOf(22) C AocOf)(z);  (8.85)
that is,
0 £ 0(ocOf*™)(x) C d(ocOf)(z) for all z € X.

In particular, d(ocOf)(z) #0 for all x € X, and ocOf € To(X).
Therefore, applying Theorem 4.4.3, we find v such that oocJf** =
ocf 4+ . More precisely, taking the conjugates and using Theorem
3.2.2, we get Io + f* =1 + (f*)* = 1c + f* — 7, and we deduce that
v = 0 because () # C C 7-int(dom f*); that is, ccOf** = ocOf. =

Theorem 8.5.2 Let f: X — Ry, be a T-epi-pointed weakly lsc func-
tion, and let D be a convex dense subset of dom f* such that sol(Py_z-)
is convex for every x* € D. Then we have that

f** = Udomf*Df'

Consequently, f is convexr provided that dom f* = X*.
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Proof. We may assume that D C 7-int(dom f*); otherwise, instead
of D, we should work with the set D N 7-int(dom f*) which is also a
dense subset in dom f*. Pick z{; € 7-int(dom f*) and define the family

¢ :={coF : F is a finite subset of D, z € F'},

endowed with the order given by ascending inclusions. Observe that
each C' € € is convex T-compact and satisfies C C D C 7-int(dom f*) N
My, and Lemma 8.5.1 entails oo f = o¢f**. Moreover, since f* is
T-continuous at xj € C' = domlg, by Propositions 4.1.20 and 3.2.5,
we have ocOf = ocOf** = (Ic + f*)* € T'o(X) and supgee (0cOf)
€ I'g(X). Thus, for every z € X, we obtain

sup (ocf) (z) = sup (ocOf™) (2) < (0dom +0f ™) (&) < (Faom ~0f) (2),

Cee cee
(8.86)

with an equality when a := supgce (0cOf) () = 4+00. Thus, we sup-
pose that a < 4o00. Moreover, the function f** —xj is weakly inf-
compact, thanks to Proposition 3.1.3 applied in the dual pair
((X*,7),(X,%x)). Also, for each C € €, every sequence (yx)r C X
such that oc(x —yx) + f(yx) — (ccOf)(z) (€ R) satisfies, for all &k
sufficiently large,

(@0, @ = yr) + fyr) < ooz — ) + fyr) < (0cOf) (@) +1 < a+1;

that is,
flyr) = (o, k) < a+1—(xg,z) = v €R.

So, we can assume without loss of generality that (yx)r C [f — 2z <
v C [f** —xzf <] =: A, with A being weakly compact. Therefore,

sup (ocOf) () = sup min(oc(z — y) + f(y)),
Cee Cee yeA

and Proposition 3.4.1 implies that

sup (ocf) (z) = l;fgg gléré(ac(x -y)+ fly) = ggg(OD(m —y)+ f(v)

- Z%iﬁl(”df’mf*(x —y) + () > (Gdom s~0f) ().

Consequently, combining with (8.86),

sup (JCDf> = Udomf*Df = Jdomf*ljf**v
cee
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and the fact that ocOf € T'o(X) implies that all these functions are in
['o(X). Thus, the proof is done because Theorem 3.2.2 applies again
to conclude that (Gqom f0f*)* = ledom -y + f* = f* and, so, [ =
(Udom f* Df**)** = Odom f* O f**; that is, 0qom f*Df:Udom f* af~=f.
|
The following example illustrates the necessity of considering the
support function of dom f* in Theorem 8.5.2.

Example 8.5.3 Let f:R —R be the (non-convex) lsc function

defined by
o ‘l’|, /Lf:E 6 [_17 1 9
f(z) = { 2| + e 17 if 2 € R\[-1,1].

We have f* =1_yj; hence f is epi-pointed, and

{0}, ifaec]—-1,1],

_ [07 1]7 Zf a=1,
SOI(Pf_a) B [_170]7 Zfa =-1,
0, if o ¢ [—1,1].
Therefore, Theorem 8.5.2 applies and yields f** =|-| = oqom f-0f.

Howewver, the equality f™ = f obviously fails as f is not convex.

The following example shows the necessity of assuming the convexity
of the set D in Theorem 8.5.2.

Example 8.5.4 Assume that X is a reflexive Banach space, and con-
sider a function h € To(X) such that dom h*=X*; hence h* is (norm-)
continuous on X by Corollary 2.2.8, and so h is T-epi-pointed, as T
coincides with the dual morm topology. Then we choose a non-convex
weakly lsc and nonnegative function g such that f := h + g is not con-
vex. Then f is weakly lsc and T-epi-pointed because h* > f*, by Propo-
sition 2.2.6. Furthermore, we have dom f* = X™*, and so f* is also

T-continuous on X*. Consequently, f* is Fréchet-differentiable in a
(Gs)-dense subset D C X*, and Theorem 8.3.7(i) entails for all x* € D

sol(Pr) = (0F)7 (@) = {(F) ")

that is, sol(Py_g+) is convex for all x* € D. At the same time, the
equality f** = o4om f-0Of (= f) obviously fails because f is not convex.
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8.6 Chebychev sets and convexity
In his section, we study the convexity of Chebychev sets when X is a

Hilbert space with an inner product (,-).

Definition 8.6.1 A non-empty set A C X is said to be a Chebychev
set if the projection set wa(x) is a singleton for every x € X.

We also introduce the concept of weak projection .

Definition 8.6.2 Let A C X be a non-empty set. Given x € X, the
set Ta(x) C X given by

wa(x) = {w—li}gna:k cap €A, zg — x| — da(x)},

1s called weak projection set of x on the set A.

It is clear that 74(x) is weakly closed, and that every projection is
a weak projection; that is,

ma(x) C Ta(x) for all z € X, (8.87)

with a possibly strict inclusion in infinite-dimensional spaces. In partic-
ular, if A is weakly closed, then every weak projection y = w-limy, xy,
such that (zx)r C A and ||z — z|| — da(z), satisfies y € A and

da(z) = lim ||z — zf| 2 |y - z|| = da(@),

due to the weak lower semicontinuity of the norm function. Therefore,
da(z) = ||y — z|| and y is a projection of z on A. Consequently, we
have that

a(x) = ma(x). (8.88)

A similar relation holds for the so-called approximately compact sets.

Definition 8.6.3 A non-empty set A C X is said to be approximately
compact if, for every x € X and (zy)r C A satisfying ||xx — x| —
da(z), the sequence (x)r has a (norm-) convergent subsequence.

Proposition 8.6.4 If A C X is approzimately compact, then Ta(z) =
aA(x) for every x € X.

Proof. Take y € 74 (z); that is, y = w-limy x, for a sequence (zx) C
A such that ||zx — z|| — da(z). Then there exists a norm-convergent
subsequence (zy, )m such that y = lim,, zj,, € cl A and
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da(z) = lim [|zy,, — 2| =y — 2] = daa(z) = da(z).

Thus, the Kadec—Klee property entails that (zy, ) (norm-) converges
to y, and we conclude that every subsequence of (zx)r has a sub-
sequence which norm-converges to the same limit y. Consequently,
the whole sequence (zx)xr norm-converges to y, and we deduce that
7a(x) C waa(x). Conversely, if y € mqa(x) (C clA), then ||z —y| =
de (), and every sequence (), C A which norm-converges (hence,
weak converges) to y satisfies ||z — x| — ||y — || = da a(z) = da(x);
that is, y € Ta(z), and the inclusion 7g 4(z) C Ta(x) follows. m
The above concepts are related to the function f4 : X — R, defined
by
Fa() = Ta(a) + (1/2) 2] (8.89)

The following lemma expresses the conjugate and the subdifferential
of fa. Other properties are gathered in Exercise 25. The function in
(7) below is the so-called Asplund function.

Lemma 8.6.5 Let A C X be a non-empty set. Then dom f} = X, f*
is (norm-) continuous and, for all z € X,

(i) (fa)" (@) = 3(||l2]]* = &4 ().

(i) O(cl” fa)(z ) (Ta) ().

(i4i) O(fa)*(x) = co(7a(x)).

(iv) O(fa)*(x) = co(ma(x)) when X = R™.

Proof. Relation (i) is easily verified and implies that dom(fa)* = X,
so that f* is norm-continuous by Proposition 2.2.6. Moreover, x €
(0(cl® fa))~Y(y) if and only if

(e fa) (@) + (fa)"(y) = (I fa)(z) + (I f4)"(y) = (y, @) ;
that is, by assertion (i), if and only if
(eI fa) () + (1/2) [lyl* = (1/2)d%(y) = (y, ) -

Therefore, z € (9(cl” fa))~!(y) if and only if there exists a sequence
(xg)r C A that weakly converges to  and such that

lim(1/2) lax = ylI* = tim ((1/2) loel® = (w,x)) + (1/2) 9]l = (1/2)d% w)-

In other words, = € (9(cl” fa))~!(y) if and only if x € 74(y). This
proves assertion (i7), while assertion (ii7) comes by combining Corol-
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lary 8.3.5(i7) and assertion (7). Finally, assertion (iv) comes from
(8.65). m

Corollary 8.6.6 Let A C X be a non-empty set, and suppose that
A is either weakly closed or approximately compact. Then, for every
x e X,

9(fa)"(z) = co(raa(z)) (8.90)

and, when X = R",
I(fa)*(z) = co(mea1 a(x)). (8.91)

Proof. Relation (8.90) follows by combining Lemma 8.6.5(i77), (8.88)
(when A is weakly closed) and Proposition 8.6.4 (when A is approxi-
mately compact). Relation (8.91) follows similarly but using assertion
(tv) in Lemma 8.6.5 instead of (iii). m

We now proceed by characterizing the (norm,norm)-continuity of
the projection mapping.

Proposition 8.6.7 The following properties are equivalent, for every
non-empty closed set A C X,

(i) ma is (norm,norm)-continuous.

(ii) d% is Fréchet-differentiable on X.

Proof. According to Lemma 8.6.5(i), d% is Fréchet-differentiable on
X if and only if (f4)* is so. Moreover, using Lemma 8.6.5(ii7), for all
r € X , we have

ma(z) € co{ma(x)} = O(fa)"(x);

that is, m4(+) is a selection of O(fa)*. Then the equivalence of (i) and
(73) comes from Proposition 4.1.8. m

The following theorem establishes the convexity of the weak closure
of sets having convex weak projection sets.

Theorem 8.6.8 Assume that X is Hilbert. Let A C X be a non-empty
set, and consider the following assertions:
(i) Ta(x) is convez, for every x € X.
(i) Ta(z) is convex, for every x in a convex dense subset of X.
(1i1) The function cl fa is convez.
(iv) The set cl¥ A is convez.
Then (i) <= (i1) <= (ii1) = (iv).
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Proof. (i) = (i) This is obvious.

(74) = (i7i) Denote g :=cl” f4 and let D be as in (ii). Take x €
D. Thanks to Lemma 8.6.5(ii) we have that dg = (74)~! and, so,
7a(z) = (0g)~1(x). Thus, 74 (z) is weakly closed due to the weak lower
semicontinuity of g. At the same time, Lemma 8.6.5(7i7) ensures that

O(fa)*(x) =co(wa(x)) and, therefore,
O(fa)"(x) = cl(Fa(x)) = Ta(z) = (99) " ();

that is, sol(Py_z) = (9g) ! (z) is convex for every x € D. Furthermore,
using Lemma 8.6.5, we have dom ¢g* = dom(f4)* = X and, in par-
ticular, g is continuous in X thanks to Corollary 2.2.8; that is, g is
norme-epi-pointed. Therefore, the convexity of the weakly lsc function
g = cl¥ f4 follows from Theorem 8.5.2.

(7i1) = (i) Assume that the function cl f4 is convex. Then Lemma
8.6.5(ii) implies that the set T4(x) = (9(cl” fa))'(x) is convex for
every x € X.

(131) = (iv) See Exercise 25(iv). m

The convexity of cI” A is the maximum that can be obtained from
Theorem 8.6.8. Here is an example.

Example 8.6.9 Let A be the unit sphere in €s. Then we verify that

m = {5

so that 7 a(z) is convex for all x € (2. However, the set A is obviously
not convezx, but cl¥ A = By, is convez.

Now we give the characterization of the convexity of a set A by
means of the single-valuedness of 74, as well as other criteria related
to the continuity of m4 or to the differentiability of dzA.

Theorem 8.6.10 Given a closed set A C X, the following conditions
are equivalent:
(1) A is conver.
(i7) 7TA is single valued.
(zzz) is Gateaux differentiable.
(iv) d zs Fréchet differentiable.
(v) T4 has a (norm,weak )-continuous selection.
(vi) A has a (norm,norm)-continuous selection.

Proof. (iv) = (iii) and (vi) = (v) : They are evident.
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(vi) = (iv) : Notice that 74 is a selection of 9(f4)*, combining
(8.87) and Lemma 8.6.5(i77). Then, thanks to Proposition 4.1.8(ii),
assertion (vi) implies the Fréchet differentiability of (f4)* on X, which
in turn implies the Fréchet differentiability of di, due to Lemma
8.6.5(4).

(v) = (741) : This is proved similarly as (vi) = (iv), but applying
assertion (i) in Proposition 4.1.8 instead of assertion (ii) there.

(7i1) = (4i) By Lemma 8.6.5(7), assertion (¢i7) implies the Gateaux-
differentiability of the function (f4)*. So, according to Lemma 8.6.5(i),
for all z € X we have that 0(fa)*(z) = co(7a(z)) and T4(x) is a sin-
gleton.

(i1) = (i) Fix € X. Due to the relation () # m4(x) C 74(z) coming
from (8.87), by assertion (ii) we have that m4(x) = 7a(x). So, Lemma
8.6.5(4i7) and Exercise 25(v) imply that

O(fa)*(x) = eo(7a(2)) = ma(z) = (0fa)" (@),
which in turn yields, using (4.18),
A(fa)*(x) = (O(fa)*) () C fa(x) for all z € X.

Therefore, since f4 is lsc (because A is closed) and (f4)** € T'o(X),
Proposition 4.4.8 implies the equality of f4 and (fa)™ up to some
constant. This obviously entails that f4 is convex and (i) follows.

(i) = (vi) : It comes from the 1-Lipschitz continuity of 74 when A
is a (closed) convex set. m

By combining the equivalence (i) < (i¢) in Theorem 8.6.10 and
(8.88) together with Proposition 8.6.4, we get the following charac-
terization of Chebychev sets.

Corollary 8.6.11 Let A C X be a non-empty closed set which is
either weakly closed or approximately compact. Then A is convex if
and only if it is a Chebychev set.

8.7 Exercises

Exercise 116 Given problem (P) in (8.1), if x is a feasible point of
this problem (i.e., x € F'), and A(x) is the set of active indices at x,
prove that
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N¢(x) + coneco < U 8ft(x)> C Np(x).

teA(x)

Exercise 117 Suppose that, in problem (P), f := super ft is contin-
wous at x € F and x € int C. Prove that the conditions LFM and BCQ
at x are equivalent.

Exercise 118 Let X = C =R, and
S = {fi (z) := max{0,2**"} <0, t € N}.

Prove that S is not LEM despite that the condition in Theorem 8.1.11
18 satisfied.

Exercise 119 Assume that the feasible set F' of problem (P) in (8.1) is
non-empty. Prove that epig* + cl K is w*-closed if any of the following
conditions is satisfied:

(a) The set epig* + K is w*-closed.

(b) The function g is linear.

(¢) g is continuous at some point of F.

Consequently, prove that if g is continuous at some point of F and
S is FM, then epig* + K is w*-closed.

Exercise 120 Given the convex problem (P) such that C' = dom g =
dom fy =R", for allt € T, consider the linear system

Spi={(2",) < (&".y) ~ fily), (ty) €T xR", a* € dfi(y)}.

Prove the following assertions:
(a) The set of solutions of S, coincides with the feasible set of (P).
(b) The constraint system S of (P) is LFM if and only if St is LFM.

Exercise 121 Prove Theorem 8.2.3 when the consistent system S :=
{filx) <0, teT,xe€C}is LFM atT € F Ndomg, by applying The-
orem 8.2.1.

Exercise 122 Prove that if the consistent system S := {fi(x) <0, t €
T,z € C}in (8.2) is FM, then it is also LFM at every feasible point
x.

Exercise 123 Suppose that v(0) € R, § is FM, and g is continuous
at some point of F'. Prove that T € F is minimum of (P) if and only if

there exists A € RSFT) such that (T, \) is a saddle point of the Lagrangian
function L; that is,
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L(Z,A) < L(Z,\) < L(z, ), ¥AeR) andva e C, (8.92)

In such a case, A is a mazimizer of (D).

Exercise 124 Prove that for any function f:X — R such that
dom f* # () one has

argmin f** = N €0 (e-argmin f + {2*}7) . (8.93)
e>0, z*&dom f*

Exercise 125 Let X be a Banach space with the RNP, and let f:
X — Ry be an Isc function such that, for some a >0 and b € R,

f(z) > allz|| +b for all z € X. (8.94)

Prove that there exists some Gg-set D C aBx~, which is dense in aBx~,

and such that the functions f —x*, x* € D, attain a strong minimum
on X.

Exercise 126 Given a normed space X and a function f: X — R,
prove that the following conditions are equivalent:
(i) f 1is B-epi-pointed; that is, f* is ||-||,-continuous somewhere.
(73) There are a >0, pu € R and x§ € X* such that

f(z) > a||z|| + (x5, x) + p for all x € X. (8.95)

Exercise 127 Assume that X is Banach with the RNP. Let C C X be
a closed bounded convex set, and let f : C — R be an lsc function such
that info f € R. Prove that, for every € > 0, there exists x* € eBx-
such that

argmin((cof) — z*) = argmin(f — x*).

Exercise 128 Consider two functions f,g: X — Ry such that f* is
proper, and assume the existence of some § >0 such that 0. f(x) C
O:g(x) for allz € X and e € ]0,0[. Prove the existence of some ¢ such
that

@f = sup Cl((@g)DULﬁdomf*) +ec.
LeFx~

Exercise 129 Given a function f: X — Ry, 29 € (f)"1(X*) and
6 > 0, prove that

(@f)(@) = f(w0) +sup { 17 (@ wis1 — @) + (@hyw —20) = Tl f
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where the supremum is taken over n >0, g; € (0,0), x; € X and z} €
O:, f(x;), i=0,...,n (with the convention that Zi_:l(] =Y =0).

Exercise 130 Assume that X is a Banach space with the RNP. Let
f:X =Ry be lsc and ||-||,-epi-pointed, and let xo € (Of)~1(X*).
Prove that

n—1

(@) (2) = F(z0) + sup { S (a7 2 — i) + (a2 xn>} . (8.96)

1=0

where the supremum is taken over n >0, z; € X, xf € 0f(z;), i =
0,...,n.

Exercise 131 Let fi,fo: X — Rs be two functions such that
dom(f1 + f2)* # 0, and consider the following assertions:
(i) There exists some 6 > 0 such that, for alle € 10,6 | and x € X,

O:(fi+ fa)(x) = ) cl U 0. fix) + 0, falx) | . (897)

6>0 e1t+ex<e+d
€1,622>0
(ii) For allx € X,
Afi+ f2)(x) = ﬂod (0 f1(2) + O: fo(2)) - (8.98)
>

(#77) co(f1 + f2) = (€0 f1) + (Cof2) -

Prove that (i) = (iti) = (it). If, in addition, X is Banach with
the RNP, fi1, fo are lsc, and int(dom(f1 + f2)*) # 0, then prove that
(17) <> (i1)

8.8 Bibliographical notes

The material in section 8.1 has been mainly extracted from [49], [71],
[72], and [116, Lemma 2.1]. Since the literature on the Farkas lemma
(Theorem 8.1.5) is vast (see, e.g., the survey in [117]), we mention here
some works giving Farkas-type results for the kind of systems consid-
ered in the section: [27], [92], [118], and [132] for semi-infinite systems;
[71], [116], [121], and [133] for infinite systems; and [74], [90], [119],
and [120] for cone convex systems. The condition of the closedness of
the characteristic cone K in (8.7) was introduced in [37] as a very
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general assumption for the duality theorem in LSIP, where it plays a
crucial role (see, e.g., [92]). The FM property for convex systems was
first studied in [119] with X being Banach and all the functions being
finite-valued, under the name of closed cone constraint qualification. It
is known that the FM property is strictly weaker than several known
interior-type regularity conditions, and gives rise to the so-called non-
asymptotic optimality conditions for (P) (Theorem 8.2.3). The char-
acterization of feasibility given in (8.9) was first established for linear
systems in [84, Theorem 1], and the convex version is provided in [71,
Theorem 3.1]. Proposition 8.1.9 is Theorem 4.4(i4i") in [71]. The LFM
property, related to BCQ (Definition 8.1.13), appeared in [108, p. 307]
relative to ordinary convex programming problems with equality and
inequality constraints. It was extended in [171] to the setting of lin-
ear semi-infinite systems, and intensively studied in [92, Chapter 5.
The consequences of its extension to convex semi-infinite systems were
analyzed in [82]. For a deep analysis of BCQ and related conditions,
see, also, [132] and [133]. Conditions BCQ and LFM are practically
equivalent, as it is pointed out in Exercise 117 (which is Proposition
2 in [72]). For other Farkas-type qualification conditions, see [27]. An
extensive comparative analysis of constraint qualifications for (P) is
given in [133] and [136]. Other contributions to constraint qualifica-
tions and optimality conditions in nonlinear semi-infinite and infinite
programming are [158] and [159] (see, also, [155, chapter 8]). In [159]
the authors dealt with the Banach space setting in contrast to the
Asplund space one in [157].

The different statements in Theorem 8.1.5 can be found in [71,
Proposition 3.4], extending [116, Theorem 2.1], [118, Theorem 4.1],
and [27, Theorem 5.6], where the last two deal with finite-valued con-
vex functions in the Euclidean space. Theorem 8.1.5(i4i) applies to
the problem of set containment, which is key in solving large scale
knowledge-based data classification problems (e.g., [147]). Theorem
8.1.5(4v) is related to [74, Theorem 2.2], which deals with conical con-
straints in Banach spaces. In the presence of a set constraint C, and
assuming the continuity of the involved functions, Theorem 8.1.5(iv)
is given in [98], under a different closedness condition which is related
to the FM property ([74, p. 93]).

The notion of strongly CHIP, used in Theorem 8.2.8, was intro-
duced in [70], and extended to infinite families of convex sets in [135]
and [136]. Previously, in [92, Chapter 7], KKT conditions for convex
semi-infinite optimization were derived for finite-valued functions (see,
also, [140] for differentiable convex functions). The original version of
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Corollary 8.2.11 can be found in [92, Theorems 7.8 and 7.9], where it
is proved that, under the corresponding assumptions, the constraint
system S is LFM. Apart from this, many KKT conditions exist in
the literature which are obtained via different approaches: approxi-
mate subdifferentials of the data functions ([49], [55], [111]), exact
subdifferentials at close points ([188]), asymptotic KKT conditions
([137]) for linear semi-infinite programming, Farkas—Minkowski-type
closedness criteria ([71]) in convex semi-infinite optimization, strong
CHIP-like qualifications for convex optimization with non-necessarily
convex Cl-constraints ([38]) (see, also, [78] for locally Lipschitz con-
straints), among others. We also refer to [205], and references therein,
for KKT conditions in the framework of sub-smooth semi-infinite opti-
mization, and to [85] for analyzing the relationship among KKT rules
and Lagrangian dualities. We finally refer to [92], [94], [138], etc., and
references therein, for theory, algorithms and applications of semi-
infinite optimization.

The relaxation arguments used in section 8.3 are very useful in prac-
tice, namely, in calculus of variations, in mathematical programming
problems, as well as in many other theoretical and numerical purposes
(see, e.g., [80] and [108]). This fundamental topic has been considered
by many researchers in recent years. The approach in [14] is based on
the subdifferential analysis of the closed convex hull. The different for-
mulas in Theorem 8.3.2 were given in [141], based on the subdifferen-
tial of the Fenchel conjugate, which itself relies on the subdifferential of
the supremum function. Theorem 8.3.4, given in [46], adapts Theorem
8.3.2 to the setting of Banach spaces. Theorem 8.3.3 is given in [45].
A variant of Theorem 8.3.3 involves the asymptotic theory from [68]
and [69], and was first established in [14, Theorem 4.6]. Theorem 8.3.7
provides criteria for the Gateaux and Fréchet differentiability of the
conjugate function as in [5], [22], and [127]. A characterization of the
w*-continuity of the conjugate function can be found in [161, Corollary
8.g] (remember that the continuity of the conjugate function in Theo-
rems 8.3.2 and 8.3.3 is required with respect to a compatible topology).
The concept of strong minima (or maxima) in Definition 4.3.12 is also
called Tychonoff well-posedness (e.g., [92]). Theorem 8.3.7(i7) can be
found, for instance, in [3, page 52|. Theorem 8.4.3 is given in [44] (see,
also, [143] and [144]). Theorem 8.4.7 is provided in [43] (see, also, [62]).
The convex counterpart to Corollary 8.4.9 is given in [148] for locally
convex spaces, and in [193] for normed spaces. Theorem 8.5.2 is given
in [59] (extending [179, Theorem 10] to the setting of locally convex
spaces). The definition of Asplund function in Lemma 8.6.5(i) can be
found [4]. The notion of approximately compact sets was introduced in
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[194]. It amounts to saying that the associated problem infyec4 ||z — y/|
is well-posed at = (see [106]). It is still unknown whether the weak
projection in Theorem 8.6.10(i7) can be replaced with the standard
projection. Exercise 118 is similar to [82, Example 2.1]. Exercise 120
is [92, Theorem 7.10]. Exercise 125 is stated in [22, Corollary 2.3].
Exercise 129 is [43, Theorem 4.1]. Exercise 130 can be found in [44,
Corollary 15]. A related result relying on the construction of the closed
convex hull was given in [13]. The implication (iii) = (ii) in Exercise
131 is known (see, e.g., [43]).
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Chapter 9

Exercises - Solutions

9.1 Exercises of chapter 2

Exercise 1: (i) First, observe that po(6) =inf{A>0:6 € A\C} = 0.
To check that pc is positively homogeneous on dompc, we fix x €
dompc and o > 0. If @ = 0, then pc(0z) = pc(0) = 0 = Opc(x). If o >
0, then

po(ax) =inf{A > 0: azx € A\C} = ainf{\ > 0: 2 € \C'} = apc(z).

(74) To prove the inclusion “C” in (2.63) take (z,«) € epig pc, so
that po(z) < a. If po(x) > 0, then there exists A > 0 such that z € A\C'
and a > A. So,

(z,a) € (AC) x |\, +oo[= A (C x |1, +0o0])
CRL(Cx ]1,+00[) CRL ((CU{O}) x ]1,+00]).

If po(z) =0 and = € \;C for some sequence \i | 0, then, for large
enough k such that A\; < «, we obtain

(z,a) € (\MC) x Ak, +oo[= Ag (C x |1, +00])
C R (C x |L,+o00]) C BE (CU{8}) x ]1,+00])-
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If pc(z) = 0 and there is no sequence A\ | 0 such that x € \C, then
x € 0C, entailing that x = 6. Thus,

(z,0) = (0,a) € {0} x R CR* (CU{0}) x ]1,+00]).

In order to prove the opposite inclusion in (2.63), we take x> 0 and
(x,a) € p((CU{O}) x ]1,400[); that is, (z,a)= p(a,B) for some
acCU{f}and > 1.Ifa =0, thenz = 6 and pc(z) =0 < «, and we
get (z,a) € epiypo. Otherwise, if a € C, then, by the positive homo-
geneity of pc on dompc, and the fact that po(a) <1 and p < a,
we conclude that po(z) = po(pa) = upce(a) < p < «, entailing that
(x, ) € epigpc.

(7i7) If C is convex, then we can show that epiipc is convex
by observing that co(epi, pc) C R (C x |1,+00[) C epi, pc; that is,
co(epiy po) = epig pe.

Exercise 2: Given xz € C let us denote I, :={ie{l,..,m}:
(af,z) =b;}. If I, = (), then z € int C, and so R4 (C' — z) = X. Other-
wise, i.e., if I, # (), we prove that

Ri(C—2z)={ue X: (aj,u) <0, fori € I,}.

The inclusion “C” is clear. To verify the other inclusion, we take
u(# 0) in the set of the right-hand side and choose an o > 0 such that
(a7, ou+x) < b; for all i € {1,..,m} \ J;. Then, since (a},au + z) =
(af,au) +b; < b;foralli € J,,weget au+x € C,andsou € a™1(C —
z) C Ry(C —x).

Exercise 3: (i) Suppose that int A # (). Since we only need to prove
that A® C int A, we pick a € A’. Proceeding by contradiction, we sup-
pose that a ¢ int A. Then, by the separation theorem, we find a proper
closed half-space S C X such that X = Ry (A —a) C S, yielding a con-
tradiction.

(ii) Suppose that X is finite-dimensional and take a € A’. Then
Ry (A —a) =X, and so aff A = X and we infer that int A =i A # 0.
Then we apply assertion ().

(7ii1) We denote A :=Up>1A4,, for closed convex sets A, C X,
m > 1. Due to the inclusion int A C A’ the equality int A = A® holds
when A° = (). Otherwise, we take a € A’. Since A — a is absorbing
and 0 € A — a, we have that X = Up? n(A —a) = Uy, _1n(Anm — a).
Then, by the Baire theorem, there exist ng, mg > 1 such that the set
int(ng(Am, — x)) is non-empty, entailing () # int A,,, C int A. Hence,
A® = int A, by assertion (i).
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Finally, given a proper lsc convex function f : X — R, defined on
the Banach space X, we show that int(dom f) = (dom f)’. Indeed, it
suffices to apply assertion (iii) above to the set dom f = U,>1[f < n],
since [f < m] is convex and closed.

Exercise 4: Observe that each A is convex but not necessarily
closed. Also, the set A is convex. Assume that z € A’ (C £3), and so
there exists some kg > 1 such that x € Ay, ; that is, z = Zfil a;e;,
ak, > 0. Let t > 0 such that —eg, 1 € t(A — ). Then —(1/t)ex,+1 +
= —(1/t)ex,+1 + D <p,i€i € A, and a contradiction occurs. There-
fore, A =int A = (.

Exercise 5: (i) Let C C X be a non-empty convex set. If C is
closed, then the conclusion is trivial. In the second case, pick zg € 1i(C)
and denote C':=Urecr, cl(LNC). Given x € cl(C), if x = g, then
obviously x € C. Otherwise, x # ¢, and (2.15) implies that |z, xq] C
LN C, where L :=span{z,z¢}. Thus, z € cl(LNC) C C.

(i) If C is the set A of Exercise 4, then cl(C)=/¢y and
Urery, cl(L N C) = C because, for each L € Fx, there exists some ko
such that L C Ay, .

(7i7) Let (en)n be the canonical basis of ¢, denote C := span{e,,
n > 1} and consider the function g : £ — R4, defined by

@ {k§1(|xk| + D)k, if x := Zk21 xrer € C,
g(z) = ¢ k>

400, if not.

The function g is easily shown to be convex, entailing the convexity
of its closed hull f := clg. Next, we verify that dom f = C. It is clear
that C' C dom f. Conversely, take x € dom f \ C and let (2™),, C C,
a™ =%, x'ex, be a sequence converging to x such that f(z) =
lim,, g(z™). So, we can find m; — +oo together with k; > m; such

that ‘xzj”‘ > (. Therefore,

f(z) =limg(z™) > lim sup <’x21]
J j !

+ 1) k; > limsup m; = +o00,
J

and we deduce that = ¢ dom f. Finally, we verify that

U cd(ndomf)= U (LNC)=C <& ¥ly=cl(C)=cl(dom f).
LeFx~ LeFx~
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Exercise 6: Denote f :=inf,~0(Inae + ). If ¢ dom oy, then by
(2.49), we have x ¢ R4 A°, and so f(z) = 400 = 0a(x). If z € domoy
and (0 = (0, z) <) oa(z) < X for a given XA € R, then \~!z € A°, and
so f(z) <Iyge(x) + A = A. This entails f(x) < oa(z) when A | 04(z).
To show the opposite inequality, we suppose that f(z) < A for a given
A € R. Then there exists some oy > 0 such that z € apA° and ag < A.
Hence, o4(z) < ap < A and we deduce that o4(x) < f(z) as A | f(x).

Exercise 7: It is clear that h := inf; pep 04, , is positively homoge-
neous. To prove its subadditivity, we fix z, y € X and «a, € R such
that h(z) < a and h(y) < 8. Then there are 41,72 and p;,p2 € P such
that o4, , () <« and o4, , (y) < 8. Take ip such that i; < ip and
i2 < 1o and choose py € P such that pg > max{p1,p2} (P is saturated).
Then A, p, C A, p, N Ai, p, and we deduce

h(.’E + y) < TAig.po (.’E + y) < OAiy.p0 (SU) + O Aiy.p0 (y)
<oa;,, (@) +oa,, (y) <a+p.

Thus, as a — h(z) and § — h(y), we obtain h(z +y) < h(x) + h(y).
We are done since this last inequality also holds if h(z) = 400 or
h(y) = +o0.

Exercise 8: Assume that f(6) =0 and f(Ax) = \f(z) for all z €
dom f and A > 0. Given (z,«) € epi f (which is non-empty by the
properness of f) and A > 0; hence x € dom f, we have that f(\x) =
M (z) < Aa; that is, Az, a) = (Ax, Aa) € epi f. Thus, since (6,0) €
epi f, we deduce that R (epi f U {(0,0)}) C epi f, and epi f is a cone.

Conversely, assume that epif is a cone. So, (6,0) € epif and
f(0) € R because f is proper. Moreover, given x € dom f and A\ >
0, we have (Az, A\f(x)) = Az, f(x)) € R epi f C epi f, entailing that
f(Ax) < Af(z), and hence Az € dom f. Hence, f(Az)<Af(x)=
Af(AIAz) < AL (Ax) = f(Az) and we deduce that f(\z) = \f(z).

Finally, if € dom f and f(Az) = Af(z) for all z € dom f and A > 0,
then f(0) = f(A0) = Af(f) for all A >0, and f(#) =0 follows when
ALO.

Exercise 9: It is clear that dom f C Nyer dom fi. If x € Ny dom fi,
then the current assumption implies that f(z) = maxier fi(x) € R,
giving rise to the converse inclusion.

To prove the second statement, we take z € NyerRy (dom f; — z). If
z =0, then we are obviously done. Otherwise, for each ¢ € T, there
exist oy, my > 0 and z; € dom f; such that z = ay(zy — x) and fi(z) <
my. By arguing as above, the upper semicontinuity assumption yields
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some neighborhood V; of ¢ such that fs(z;) < my; for all s € V;. Con-
sider a finite covering V;,, ..., V;, of T, so that z;, = a;lz + x € dom f;
for all s € V;,. Next, for & := max{a,, i =1,...,k} we obtain that
alze a oy, (Nsev,, (dom fs — x)) C Ngey,, (dom fo —z), 1<i<E,
where the last inclusion comes from the convexity of the set
Nsev;, (dom fs — ) and the fact that 6 € Nsey, (dom fs — z). Hence,

and the first statement of the lemma leads wus to
z € Ry (Meer(dom f; — z)) = Ry (dom f — ).

Exercise 10: (i) Due to the fact that the family of sets
{z" e X*: [(xs,2")| <9, i€l,.,k}, v, € X, keN, §>0,
is a base of #-neighborhoods of the w*-topology, and observing that
{rie X, iel,. k)t c{z* e X* | [{zs,2")] <6, i €1,..,k},

(2.11)  allows us to write cl(A) C(percl(A+LY) C
Nuen,. cl(A+U)=cl(4). If xe€X, then we have that
Nrerc (A+LY) C MNrer( ¢l (A+ L) . Conversely, we have that
Neercl (A+LY) =Npercd (A+ (L+Ra)) CNpepcl (A+ L)

(73) Let A be closed and let B be convex and compact with 6 €
B. Then A C(\.5o(A+¢eB). Conversely, take = € (.o, (A +¢eB).
Hence, for each 0 < € < 1, we write x = a. + b, for some a. € A and
b. € B. Since eb. € eB C B, we may assume without loss of gener-
ality that b — b€ B and eb; — c € B as ¢ | 0. Moreover, for every
xz* € X*, we have that lim, ¢ (eb.,z*) = 0; that is, eb. —" 6 and so
¢ = 0. Hence, z = lim.|o(ae + €b;) = lim.|ga. € cl A = A.

In relation to the second statement in this part, we write

N (A:+eB)= (N (As+eB) = ) 4s.
e>0 0>0e>0 >0

(7i1) For every Ly € F, we have

N (cr+1t)c Lefr]L L (cr+13)

- LQ}_C] (Cspan{LULo} + Lé‘) C LD}_CI (CL + Lé‘) ,
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as Cypan{ruLo} C CrL. Thus, as Ly is arbitrary in F, by (2.67)

N cl(cL+Ll>c n N cl(CLJrLé): n N cl(cL+L§)= N c(CL),

LeF LoeFLeF LeFLoeF LeF

and we conclude that (), czcl (Cp + L) = (,crcl(CL) . Moreover,
as {Cr, L € F} is non-increasing, for each € X, we have

N (CL + Li) cnd (Cspan{L,m} + LL) cnd (CL + Li) .

Finally, the desired relation comes by observing that (), zcl(Cr) =
ﬂLef(m) cl (CL)

(iv) The first statement comes from assertions (i) and (iii). To verify
the last statement, take x € (.., C0(A: +eBx-). Applying (2.10) in
X* and taking into account that Bx- is w*-compact, we obtain that
z € () cl(co(As) +eBx+) = () (co(As) + eBx-+). Since (¢0(A:))es0 C

e>0 e>0
X* is also non-decreasing with respect to e, assertion (ii) applies in

(X*,w*) and entails = € (.., ¢0(A:), yielding the inclusion “C”.

Exercise 11: The conclusion follows from the equality A(co A) =
co(AA) together with its consequence A(¢6A4) = cl(A(co A)) = co(AA),
which are true under the assumption 0 ¢ A.

Exercise 12: The inclusion “D” is obvious since 1 € A, entails A, C
A A.. Let us prove the inclusion “C”. If @ € (..o AcAe, we have a =
Aeae with A € A; and a. € A, for all ¢ > 0. Since lim, o A. = 1, we can
assume that A. > 0. For each £ > 0, the net (as)g<s<- is contained in
A, and the closedness of A, implies that lims|oas = lims lo()\(;)*la, =
a € A..

Exercise 13: Using (2.17), (2.69) implies that, for all t € T,
ri(C;) Nri(C) = ri(Cy) Nri ( N Ci>
1<i<m

=1i(C;) N < m I"I(Cl)> = ﬂ II(CZ) #£ 0,

1<i<m 1<i<m

and (2.70) follows. Conversely, if condition (2.70) holds, we choose z; €
1i(C;) N C and denote 7 := > Lx;. Then for each ig € {1,...,m},

i=1m

we have D 1 icm iz —Lx;, € C C Cj, and so, by (2.15), = La;, +
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(mT_l) Zlgigm, istio ﬁxz € 1i(Cj, ). In other words, 7 € (1, .;,,, 1i(Ci)
and (2.69) holds.

Exercise 14: We only need to prove that infy; 4 f < f(y) for any
y € cl A such that inf; 4 f > —o0 and f(y) < +oo. Taking z € (ri A) N
dom f, (2.15) would yield z) := Az + (1 — Ny € ri A for all X €]0,1].
So, —oo <infyiaf < f(zn) < Af(2)+ (1 —N)f(y) < +oo for all A e
10, 1]. Accordingly, f(z) € R, f(y) € R and we are done by taking A | 0.

Exercise 15: Since f(x) > (¢o f)(x) for all z € X, the liminf in
(2.71) is nonnegative (possibly +00). Otherwise, there would exist ¢ >
0 and A > 0 such that

o W~ (©))
lyl=]l] [yl

> ¢ for all x € X such that ||z| > A.

Thus, £(2) — (c0 £)(x) = ¢ 2]l when [z > A, while f(z) — (co )(x)
> 0 otherwise. In short, f > (¢o f)(-) + ¢(]|-|| — A). Since the function
on the right-hand side is convex, we have o f > (¢o f)(-) + ¢(||-|| — A).
But this is false for ||z|| > A, yielding a contradiction. Now observe
that, certainly, the gap between (¢o f)(z) and f(z) when ||z| — oo
may be larger and larger; this is the caseof f : z € R — f(z) := \/m

Exercise 16: Fix t1,t9,t3 € dom f such that t; <ty < t3. Then,
taking \ := fﬁ:il, we have A € ]0,1[ and (1 — \)t; + Atg = to. Thus,

f(t2) < (1 =XN)f(t1) + Af(t3) by the convexity of f, and we obtain
f(t2) = f(t1) < A(f(ts) — f(t1)) and f(t2) — f(ts) < (1= A)(f(t1) —

f(t3)). The desired inequalities follows by rearranging these terms.

Exercise 17: Apply (2.57) and (2.58).

Exercise 18: Applying (2.17) to A = dom f and B = dom g, we get
(2.73). Moreover, since fjag(4) is continuous on ri(4), and aff (A N B) C
aff(A), it follows that f.ganp) is continuous on ri(A4) Naff(AN B).
Similarly, gj.g¢(anp) is continuous on 1i(B) Naff(AN B) so that (f +
9)jaft(AnB) = flat(anB) T jafi(anp) is continuous on ri(A) Nri(B)N
aff (AN B) =ri(ANn B)Naff(AN B) =ri(AN B).

Exercise 19: (i) = (i) If zo € dom f Nri(domg) and gjag(dom g)
is continuous on ri(dom g), then, obviously, (zg, g(xo) + 1) € ri(epig).
Now, for any = € dom g, one has (z9, g(z9) + 1) — (x, g(x)) € ri(epig —
(z,9(x))) and (xo — x, g(x0) — g(x) + 1) € (dom f — z) x R.

(#i7) = (i) Take

(2, ) € (ri(epig — (0, 9(x0)))) N ((dom f —z0) X R)
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for o € domg. Since (z,u) + (zo,9(xo)) € ri(epig), there exist V €
Nx and € > 0 such that

(VN {(aff dom g) — (2 + z0)}) x Jg(w0) + p = &,9(20) + p + [ C epiyg.

Hence, gjafr(domg) 18 continuous at z+ zo € ri(dom g), and then on
ri(domg), thanks to Proposition 2.2.6. In addition, since (z,p) €
(dom f — xg) X R, we get z + z¢ € dom f, and so z + xg € ri(dom g) N
dom f. We are done since (ii) = (iii) obviously.

Exercise 20: The own definition of the lIsc hull of a function yields
cl(f+g) > clf+clg. To prove the opposite inequality, we take x €
dom(cl f) Ndom(clg) C cl(dom f) N cl(dom g).

(1) We pick zg € ri(dom f) Nri(dom g) and denote x) := Az + (1 —
Nz, A € [0,1] . Then, since x) € ri(dom f) Nri(dom g), by the con-
tinuity assumption, we infer that (cl f)(zy) = f(x)) and (clg)(zy) =
g(xy). Consequently, by the convexity of f and g, for every A € [0,1]

f(@x) +g(zn) = (cl f)(2) + (clg) (@)
< AM(el f)(@) + (clg)(z)) + (1 = M) ((cl f)(zo) + (clg)(x0))-

Thus, since zg € dom f Ndom g C dom(cl f) Ndom(clg) and cl f, clg
are necessarily proper, by taking limits for A T 1, we get the desired
inequality

c(f +g)(x) < liTTilnf(f +g) (@)
< lirilTilan((clf)(x) + (clg)(x)) + (1 = A)((cl f)(wo) + (clg)(z0))

= (clf)(z) + (clg)(x).

(ii) We choose xy € dom f Nri(dom g) and denote x) as above so
that =) € dom(cl f) Nri(domg) and (clg)(zy) = g(zy). If cl f is not
proper, then (clf)(zy) = —oo for all A€ [0,1] and we get cl(f +
9)(z) = cl((cl ) + g)(x) < liminfr {(c )(za) +9(z2)} = 00,  as
required. Moreover, when cl f is proper, we shall argue as in the proof
of (i).
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9.2 Exercises of chapter 3

Exercise 21: It suffices to prove the equality dgom f = 0dom f-+ When
f is convex and lsc. To show that it is sufficient to take f*(6) =0, we
pick z € dom f* so that f*(z) € R, as f* is supposed to be proper.
We consider the function g := f — zf + f*(2). Then ¢* = f*(- + xf) —
[*(z3) and g** = f** — af + f*(zf), and we obtain ¢*(#) = 0, dom f =
dom g, and dom f** = dom g**. Thus, providing that cqom g+ = Tdom g,
we deduce that oqom f++ = Odom g** = Odom g = Tdom f-

Exercise 22: It is clear that max {O’Ak+l, R aAm} = 0 A, ,U..UA,,
and, knowing that 04 + op = 04 for every pair of sets A, B C X,

oA+ Foa, +max{oa, ..., 04, } =04, 144, + 04U UA,

= JA1+~~-+Ak+(Ak+1U-~-UAm) .

Next, observing that

dOIIlO'Al_,_m_f_Am = dOIIl(UA1 +...+o04a )

m

= dom (max{o4,,i=1,...,m}) =dom (c4,u..UA,, ),
by (3.52), we get

([Co(A1U...UAp)]) =cl(domoa,u..ua,,)
=cl(domoa, . 44, )= ([0(A1+ ...+ Ap)]

00)

Thus, the first equality in (3.72) follows from (3.51). The second equal-
ity in (3.72) comes from the first one and the following observation

[C0(A1U...UAp,)] =[0(A1U...UA, U (A1 U...UAR)]
:[@(Al+...+Ak+(Ak+1U...UAm)]OO.

Exercise 23: Denoting T :=T; UT, and A :=730 (UierAy), the
functions @1 :=sup;epr, 04, and @2 :=sup,eq, 0pa,  satisfy
max {‘Pb 302} = O(Uper, A)U(Urery pAr) and

©1+@a= sup (o4, +0pa,)
t1€T1,t2 €T (9 1)
= Sup  0A, +pA,, = Ou Ay +pAL)"
t €T 1T t1 ta t1€T1«t2€T2( t1 ta
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Moreover, since dom(y; + p2) = dom(max {p1, ¢2}) = dom(max
{o1,p7 p2}), (3.52) yields

()] ) = (=)= ()] )
(= (Cw ) (o))

and we are done; thanks to (3.51).

Exercise 24: Fix « € domo4 and € > 0. The first equality comes

from (3.52). Take z* € N?[*A} ),(x), so that (z*,ay — x) < ¢ for all
CcO

y € ([co4],)” and a > 0. Then, dividing by o and next making
a T 400, by (3.51), we obtain z* € ([c0A]_ )" = [c0A],, . Moreover,
since (z*, (o —1)z) < e and z € domoy C ([c0d] )" (by (3.52)), it
follows that (z*, (o — 1)x) < e for all @ > 0. Hence, taking oo = 0, we
get —e < (z*,z), while (z*,2) <0 when a — +00. By summarizing,
we have proved that 2* € [c6A] N {z* € X* : —e < (z*,2) < 0}. Con-
versely, if x* € [c0A]  N{z* : —e < (z*,x) <0}, then (z*,y—z) <
(x*,—x) < e forall y € ([coA] )", and so z* € Ni[ﬁA}w),(aj).

Exercise 25: (i) We have epi f4 = (A x R) x epi(3 |-|[*), and so fa
is convex if and only if A is convex.

(7i) If A is closed, then obviously f4 is Isc. Conversely, if f is Isc, then
fa=cfa=cla+3 []/?) and the continuity of the norm ensures
that 14 + 3 I[-1* = cl(I4) + : 1> = Taa + i |-[|%; that is, A is closed.

(i4i) From the relation cl(I4 + % I-3) = Iga + 3 ||-|2, it follows that
cl fa is convex if and only if cl A is convex.

(iv) Assume that cl¥ f4 is convex. Given A €]0,1[ and x1,z2 € A,
the relation cl? f > I 4 + 4 ||| yields

Low a(Az1 + (1 = N)ag) < (¥ f)(Azy + (1 — Nao)
S Al f)(z1) + (1= A)(el” f)(2)
< Af(@) + (1= A)f(z2)
A o2 (1-X
2

2
> N,

so that Az1 4 (1 — N)xg € cl¥ A. More generally, if z1,z9 € cI” A and
the nets (x1,), (v2,7); C A weakly converge to 21 and x2, respectively,

then the last arguments show that A\zi; + (1 — A)zg; € cI¥ A for all
i, j. Hence, by taking the limits on ¢ and j, we obtain Az + (1 — \)xzg €
cl¥ A, proving the convexity of ¢l A.
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(v) We have z € (0f4) " (y) if and only if fa(z) + (fa)*(y) = (y,2);
that is, by assertion (i), if and only if fa(z)+ (1/2)|y|?*—
(1/2)d%(y) = (y,z) .Therefore, x € (0f4)~*(y) if and only if z € A and

(1/2) [l = yl* = (1/2) |z]* = (y, 2) + (1/2) [ly|I* = (1/2)dA(y).

In other words, = € (0f4) *(y) if and only if € wa(y).

Exercise 26: First, taking into account that U is absorbing and
U° is w*-compact, for each U € Ny, we have dom(fOoy-) = dom f +
domoye = dom f + X and (fOope) (z +y) < f(z) + ove(y) < f(x) +
1 < 400 for all x € dom f and y € U; that is, fUoy. is continuous
and g := supyep, fOoye is Isc on X. Let (x,-) + o be such that
[+ (x5, ) + ao > 0. Given x € dom g and m > 1, we choose n > 1 such
that

n

o . (9.2)

1
<1 and max{g(x), —m} + — + (x5, 2) + ap <
n

|3

Next, given U € NY := {V € Nx : oy (—zf) < 1}, we choose y, y € X
such that

(x5, ynv — ) — a0 + o(1pye (Yn,U) < F(2 = ynv) +0(2107)0 (Yn,07)

1
< max{fDa(%U)o(a;), —-m} + -
(9.3)

Thus, since (—z(,ynv) < ov(—z5)ove(Ynu) < ove(ynu) due to
(3.54), (9.2) entails

1
U(%U)" (yn,U) < Inax{f|:|0'(%U)O(x)7 —m} + ﬁ+

n
+ (x5, z) + ap + oy (Yn,v) < 5 Toue (Yn,U),

and we deduce that oy (yn,r) = %a(;U)o(me) < % + %JUO (Yn,v), and
n

so oye(Ynu) < D) <1; that is, y,u € U. Next, since the set
NxN )0( can be made a directed set through the partial order given
by (n1,U1) < (ng,Us) if and only if n; <ng and Uy C U, we infer
that the net (y,,u)n,u converges to f. Consequently, using the second
inequality in (9.3), we get
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max{g(:c),—m}zmax{ sup (fDo(iU)o)(m),—m}

n>1, UGNX

> sup max{(fDa(;U)o)(x),—m}
n>1, UENY "

. . 1
> liminf ) <f(33 — Ynu) + U(%U)O(yn,U) - )

n—oo, UENR n

> liminf f(z — ynv) = (el f)(2).

Thus, letting m — +oo we obtain that g(z) > (cl f)(z). Since this
inequality obviously holds when g(z) = 400, we deduce that cl f <
g < f. Finally, by taking the closure in each side of these inequalities,
and remembering that g is lsc, we conclude that cl f =clg = g.

Exercise 27: Because () # dom(cl f) D dom f and cl f is not proper,
clf takes the value —oo, and so (af)* = (a(clf))* = +oo for all
a > 0. Thus, m;%(af)* = (0f)* = (Idom f)* = 0dom f- Moreover, since

a>

(cl f)(x) = —o0 for all z € cl(dom f) (# 0), we have that [cl f < 0] =
cl(dom f). In addition, we must have that infx f < 0; otherwise, we
would have the contradiction —oo = infx(cl f) =infx f > 0. There-
fore, O[f<0] = Ocl[f<0] = Olcl £<0] = Ocl(dom f) = Odom f>» by Lemma 3.3.3
and the first statement follows. At the same time, since epi f* = 0,
we deduce that epio|r<g) = eplodom s = (Ri epi f *) U epiodom f, giv-
ing rise to the second statement.

Exercise 28: The current assumption implies that o4 + op = 04+B
< o0a+c =04+ 0c. Since A is bounded, o4 is finite-valued and we
deduce o < o¢. Then, Theorem 3.2.2 entails I;so = (0¢)* < (0B)* =
(0wsB)* = I, and we get B C 6B C ¢oC.

Exercise 29: First, we prove that [co(A41 + A2)],, C Ry{e1}. Let
u = (u;)i>1 € [€0(A1 + A2)], = [c0(A1 U Ag)] ., by Exercise 22, so
that —e; + au € ©6(A; U Ag) for all o > 0. Hence, for each v > 0,

-1 . -1 . . 1 .
u=a e+ hlgn (ZjeJa,ka Aak,j(ijer + 2ije;;) — EleLa,ko‘ )\mk,meil) ,

where J, 1 and L,y are finite subsets of N, such that one of them
can be empty, and Ay j, Ak, are positive real numbers such that
D jedun Aakg t 2ier, , Aakl = 1.

Let us check that u; =0 for all ¢ > 2, for instance, that wuy =
0. We distinguish two cases: a) First, if 2 ¢ J, 1 ULy for some
a >0, then for infinitely many k, we get ug =0. b) If for each
a >0, we have 2 € J, ULy eventually on k, then up = 0+ limy,
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(EjeJa,k, ij:240‘71)‘0¢,k7j + EleLa,k, il:22a*1)\a,k7l> and we deduce
that 0 < up < 6a~!; that is, us = 0 (by taking the limit as o — o0).
Next, we prove that Ry{e;} C [co(A; + A3)], or, equivalently, e; €
[co(A1 + A2)],, . Suppose for the contrary that ey ¢ [co(A1 + A2)] -
Since, [c0(A1 + A2)],, = (domoa,44,)” , by (3.77), we find some z €
domog, 14, (Clx) such that z;:=(z,e;) >0. Observe that
domo g, 44, = dom(max(c4,,04,)), and so z € dom(max(ca,,04,));
that is, o4,(2), 04,(z) € R. More specifically, we have that o4,(z) =
sup;>1{iz1 + 2iz;} and 04,(z) = sup;>;{—iz;}. Hence,

oa,(z) =sup{iz) + 2iz;} > supqiz1} — sup{—2iz;}
i>1 i>1 i>1
= sup{iz1} — 204,(2) = 00,
i>1

and this constitutes a contradiction since o4, (2) < 4o0.

Exercise 30: Since dom o4 is a cone containing z, we write [c0A] N
{2z}t = (cl(dom 0 4))° N (Rz)° = (dom o 4)° N (R2)°, and so

[coA] N {z}l = ((domoy) +Rz)° = ((domoa) — Ry 2)° = Ngomo, (2).

Exercise 31: Since f is proper, we have that (infier f/)" =

sup;er fi* = super fr = f; hence f* = (infier f7)™ = o (infier f7)
and

epi f* = ¢o (Uier epi f) . Thus, since [epi f*] . = epi(ddom f),

Ndomf(x) = {I'* € X (.’L'*, <$*7$>) € epi(adomf)}

:{x*EX*: (z*, (x*,x)) € co(Uepiff)] };
teT o

that is, (3.79) holds. Now we denote by Fj(z) and Es(x) the sets
appearing in the right-hand sides of (3.78) and (3.79), respectively. To
prove the inclusion Es(z) C Eq(x), observe that [0 (Uier gph f;)] N

(= [R4(6,D)]) = {(6,0)} and

CO(U gphff) Ccl |:CO<U gphff) +R+(9,1):| :co(U epift*> =epi f*.

teT teT teT

Thus, since f* is proper the set €0 (Uier gph f7) + Ry (0, 1) is closed.
Whence,
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()l we] o)
teT . teT o teT

Take z* € Ea(x), so that (z*, (z*,z)) = (u*,n+ \) for some (u*,n) €
[c0 (User gph f7)] o and A > 0. Then, since

+R(6,1).

oo

dom f x {—1} C dom (oepi p+) C ([epi f*] ) s
we obtain

dom f x {1} C ([co (Urer epi f;)]o) ™ C ([c0 (Urer gph f)]o0) ™

which yields ((u*,7n), (z,—1)) < 0. In addition, we have z* = v* and so

A= (%), (z, =1)) = ((u*,n), (z,=1)) <0;

that is, A = 0, and so (z*, (z*, x)) = (u*,n) € [¢0 (Uter gph f})]; that
is, z* € Ej(x).

Exercise 32: (a) If F# 0, then Ip(z) > f(z) for all 2 € X, and
consequently, op = I, < f*, entailing epi f* C epiop. Then, as epiop
is a closed convex cone, cl(cone(epi f*)) C epiop. Now, since (0, —1) ¢
epiop, we get (0,—1) ¢ cl(cone(epi f*)). Conversely, if (6,—1) ¢
cl(cone(epi f*)), by the separation theorem there will exist (z,\) €
X x R such that ((6,—1), (x,\)) = =X\ < 0 and

((z*, @), (z,A) = (¥, z) + aX > 0 for all (z*, ) € cl(cone(epi f*)).
(9.4)
Now, if 7:=(1/N)x, (9.4) yields (z*,Z)+a >0 for all (z*, )€
cl(cone(epi f*)). Then, if 2* € dom f* (remember that f* € I'o(X™)),
we have (2*,7) + f*(z*) > 0; equivalently, (z*,—Z)— f*(z*) <0.
Hence, f(—7) = /**(~7) = $uy-cgom s+ 1(2°, —T) — f*(2*)} < 0 and
—z € F.

(b) In (a), we proved the inclusion cl(coneepif*) C epiop. To
establish the converse inclusion, suppose that (z*, ) ¢ cl(coneepi f*).
Also, from (a), we have that (6, —1) ¢ cl(cone(epi f*)). We consider
the segment B := co{(z*,«),(0,—1)} so that BN cl(cone(epi f*)) =
(); otherwise, BN cl(coneepi f*) # 0 would yield do(z*, ) + (1 — dp)
(0,—1) € cl(cone(epi f*)) for some dp €]0,1[. Thus, since (0,1) €
cl(coneepi f*), we deduce that

do(x*, ) = dp(a™, ) + (1 — o) (6, —1) + (1 — 00)(0, 1) € cl(cone(epi f*))
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and we get the contradiction (z*, ) € cl(cone(epi f*)) as this set is a
cone. Next, taking into account that B is compact, we apply the sep-
aration theorem to conclude the existence of (z,p) € X x R satisfying
((z",7), (@, p)) = 0, for all (2%, ) € cl(cone(epi f*)), and

(0@ o) + (1 =06)(0,-1), (z,p)) = & {«”, x)

+(da— (1 =96))p <0 for all § € [0,1], 95)

In particular, p >0 and (2% z) + ap < 0; equivalently, (z*, (1/p)
(—z)) > . Additionally, it follows that ((z*, f*(z*), ((1/p)(—x),—1))
< 0 for all z* € dom f*; i.e., ((z*, (1/p)(—x)) — f*(z*) <0 for all z* €
dom f*, entailing (1/p)(—z) € F and

F((/p)(=x)) = [ ((1/p)(=x)) = sup  {{z",(1/p)(—x)) — f*(z")} < 0.

z*€dom f*

Finally, op(z*) > (2*,(1/p)(—x)) > @ and (z*,«) ¢ epiop, and the
inclusion epior C cl(cone(epi f*)) is proved.

Exercise 33: Since f = max{f,0} = sup,¢jo1j A\f and Af € To(X)
for all 0 < A < 1, Proposition 3.2.6 yields (f*)* = co(infgpo,1j(Af)*).

Exercise 34: Let g : X* — R denote the function defined by

1<i<k

g(a*) :—inf{l{ § }<w*>+ > %-bz-:weAk},
lgigk_%ai

which is easily shown to be in I'g(X™), due to the compactness of Ay.
Also, the last infimum is attained, and so

g(x*):mf{ > bt YD viai = a7, VEAk}

1<i<k 1<i<k

:min{ STowibis > via; =2, ’yEAk}.

1<i<k 1<i<k

Then, by (3.10) and (2.45),

g*(w)zsup{< > %ai,x> - > ’Yibii’YeAk} = f(=),

1<i<k 1<i<k

and Theorem 3.2.2 leads us to f*(z*) = ¢™* (z*) = g (z*).
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Exercise 35: By the current assumption on Ay,

sup f(z,y) = +00 = sup f(z,y) = 400

T€EA TEA,
for all y € B, and the upper semicontinuity and concavity of the
functions f(-,y), y € B, yield elements x(y) € A, y € B, such that
f(z(y),y) = +oo. Hence, the usc concave functions f(-,y), y € B, are
non-proper (equivalently, the convex function —f(-,y) is non-proper)
and, consequently, they only take infinite values (either 400 or —o0).
But, since we are also assuming that Ag # (), we have f(x,y) > —oo
for all x € Ap and y € B, and so f(z,y) = oo for all z € Ay and
y € B. Therefore, using again the upper semicontinuity and concavity
assumptions on f,

max inf f(x sup inf f(x
xeAyer( Y) = sup inf f(z,y)

> sup inf f(z,y) = 400 = inf sup f(z,y),
z€A, YEB YE€B ze A,

and the proof is finished.

9.3 Exercises of chapter 4

Exercise 36: If m =infx f ¢ R, we have ¢ — argmin f = (), and so
Oc—argmin f = —00, which entails dom (0 _argmin f) = X*, and the inclu-
sion cone(dom f*) C dom (0z—argmin f) is trivially satisfied. Assume,
then, that m € R. For any z* € dom f*, if we take x € ¢ — argmin f,
we have

(2%, 2) < f(z) + f7(2%) <m+e+ f7(27).
Therefore, 0. _argmin () < m +e+ f*(2*) < +00. Hence,
dom f* C dom (0z—argmin )

and we are done since the set on the right-hand side is a cone.

Exercise 37: By (3.10), we have that
(f (z+s)—

(f1(x:)" = sup

s>0

= sup ((slf(x + s))* +

s>0

S

f(x) +e)*

S

CEG)
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At the same time, we have

(M> (%) = s~ sup{ (", @ + 52) — fw +s2)} — 5" (2", 2)

S zeX
=5 (f*(@") — (z,2")),
and we are done.

Exercise 38: Take u* € Ngom ¢(v) and fix zj € 0. f(x). Then, for
every A >0, we have that (zf+ Au*,y —z) < (2§, vy — ) < f(y) —
f(z)+¢ for all y€domf; that is, zfj+ Au* € 0-f(z) and u* €
[0:f(x)],, - Conversely, if u* € [0.f(z)],, , then (zj+ A\u*,y—z) <
fly) — f(x) +¢€ for all y € dom f, A > 0 and, by dividing by A and
making A\ — 400, we deduce that u* € Ndomf(x).

Exercise 39: First, assume that X =R". If f is proper, then
ri(dom f) 20 and Of(x) #0 for all x €ri(dom f). Hence, if
u € df(x) =0(cl f)(z), x € ri(dom f), then cl f is minorized by the
(continuous) affine mapping f(x) + (u,- — z), and so it is proper. Con-
versely, if cl f is proper, then from the inequality f > cl f, we deduce
that f is also proper. Now, consider the space ¢y := {(zp)n>1 : zp € R,
x, — 0}, which is a subspace of ¢, such that (cp)* = ¢, and define
the proper convex function f : cg — R as

Fa) = {Zn T, T € €0,

400, otherwise,

where cop := {(Zn)n>1 : Tn € R, z, = 0 except for finitely many n’s}.
If cl f were proper, so that cl f € I'g(cp), then there would exist x* € ¢4
and a € R such that >z’ x, +a < (cl f)(z) for all z € ¢y (by Theo-
rem 3.2.2). Because f is homogeneous, it can easily be seen that cl f
is positively homogeneous and we write ), 7 (yzy) + a < (cl f)(yz)
for all € ¢y and all v > 0 so that Y z}z, < (clf)(z) <> x, for
all € cgg, by dividing over v and after making v T co. In particular,
replacing x by e, and —e,, n > 1, in the last inequality, we obtain that
xf =1 for all n > 1, and we get the contradiction z* ¢ ¢*.

Exercise 40: (i) We may assume that x =60 € f~1(R)Ng ' (R).
Let U € Nx such that f(z) = g(z) for all z € U. Given z* € 9f(0),
we get (z*,2) < f(2) — f(0) = g(z) — g(0) for all z € U. Now, given
z € X \ U, there exists some A € ]0,1] such that Az € U, and the last
inequality yields
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(2%, Az) < g(Az) = g(0) < Ag(z) + (1 = A)g(0) — g(0) = Ag(2) — Ag(x).

Hence, dividing by A, we get (z*, z) < g(z) — g(0) and x* € Jg(0). This
shows that df(6) C dg(0), and by symmetry, we have the other inclu-
sion.

(#4) By the lower semicontinuity of f, there exists some U € Ny
such that f and g coincide on x + U, and the first assertion applies.

Exercise 41: (i) To simplify the proof, we take m = 2. Using (3.52),
(4.28), (4.1), and taking into account that Ry (BNC) = (RyB)N
(R4+C), when B and C are convex sets containing ¢, we get

([l (0z, f1(®) + Oe, fo(@) + A™(0-9(Ax)))|o0) ™
= cl(dom(aaglf1 (z) T 00., f2(z) T TA=(o. g(Ax))))
= cl(dom(0y_, £,(2) + 00., fo(a) T To.9(4a) © A))

= ((dom((fl)/al(xv )) N (dom((f2)/52 (:L', )

= cl (R4 (dom f; — z) N Ry (dom fy — )
cl (R4 (dom f1 —z) NR4 (dom fo — z)

cl(Ry (dom(fy + fo+ g0 A) —2)).

Whence the conclusion follows using (3.51).
(73) It is enough to apply (3.72).

Exercise 42: For every € > 0 and k£ > 1, we have
O:-f(0) ={a €R:ax < 2?4 ¢ for all x € R} = [-2v/z,2/2],
N1 /k1/k(0) ={a €R:az <cforall v € [-1/k,1/k]} = [~ke, ke].
Then, using (4.58), we have

8E(f + I[—l/k,l/k])(o) = U (aflf(o) + Nfil/k71/k] (O))

E1+E2=¢
€1,622>0
= U ([—2\/61,2\/61 + [-k‘Eg,keg])
E1+Ex=¢€
€1,622>0

= U [-2vE — k(e —1),2vEr + k(e — 1))

0<e;<e
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2(2-v2)

In particular, taking e; = the assumption k& > =~ yields

35
ap =221 + k(e —e1) = V2 + % > 24/e, SO that ay €
O=(f +T—1/k,1/%))(0) \ 9 £(0).

Exercise 43: (i) Obviously, z* € [0. f(z)], if and only if 2* + A\2* €
O-f(x) for all A>0 and a*€0.f(x); in other words,
fly) > flx)+ (" + A" y—z)—¢ Vyedomf, A>0 and z*¢€
O-f(x). With y and z* fixed, dividing by A and taking limits for
A T oo, we conclude that 2* € Nqom £(2). Conversely, for z* € Nqom £()
and z* € 0. f(x), we can write, fly) > f(z) +
(", y—z) —e> f(z)+ (2 + A",y —x) — ¢ for any y € dom f and
A > 0. In other words, z* 4+ \z* € O.f(z) for all A >0, and z* €

(7i) Left to the reader.

Exercise 44: We prove first that (4.134) holds. It is clear that
epi f — (z, f(x)) Cepif'(z;-), and since f'(x;-) is sublinear,
Ry (epi f — (z, f(x))) C epi f'(x;-). Conversely, for (u,\) € epi f'(x;-)
and 6 > 0, there will exist ¢ > 0 such that t 1 (f(z + tu) — f(z)) < A+
5 that s, (u,A+0) €t~ (epi f — (z, f(x)) C Ry (epi f — (z, f(x))
and  (u,A) € clRy(epi f — (z, f(x)) = Ry(epi f — (z, f(x)). Thus,
epi f(x;) = Ry(epi f — (z, f(x)) so that f/(x;-) is Isc. Consequently,
df(x) # 0 and (4.10) implies that f'(x;-) = 0y (y)- Therefore, (cl f)(x)
= f(z) € R and cl f is proper. Moreover, since

R (epi(cl f) — (z, f(x))) = Ry (clepi f) — (z, f(x)) = Ry (epi f — (, f(2)),

we infer that f/(z;-) = (cl f)(z;-) = 09(cl f)(x) = Oof(x)-

Exercise 45: Consider a net (o, (24, A;)); C Ry x epi(f + g) such
that a;((z4, ) — (z, f(z) + g(z )))) converges to some (u,u) € X X
R; we shall prove that (u, p) € Ry(epi(f + g) — (z, f(z) + g(x))). If
(u, ) = (0,0), we are done, and therefore, we shall examine only
the cases u # 60 or u =0, u # 0. Obviously, the net «;(x; — z) con-
verges to u and «;(A; — f(x) — g(z)) converges to u. If y* € 0f(x) and
z* € dg(z) (due to Exercise 44, 0f(x) and dg(x) are both non-empty),
by taking into account that f(x;)+ g(x;) < A;, we can easily prove
that

(y" ai(wi —2)) < ai(f(zi) = f(2) < (i = f(2) — g(x)) = (", ai(zi — @),

and so, for every € > 0, the net «o;(f(z;) — f(x)) is eventually con-
tained in the interval [(y*,u) —e,pu — (2*,u) + ¢]. Similarly, the net
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a;(g(z;) — g(x)) is eventually contained in the interval [(z*,u) — &, u —
(y*,u) + €]. Therefore, we may suppose that the (eventually bounded)
nets (a;(f(x;) — f(z))); and (a;(g(z;) — g(x))); converge to some
w1, p2 € R, respectively. Moreover, we have «;(f(x;) — f(x)) +
a;i(g(z;) — g(x)) < a;(Ni — f(x) — g(z)) for every 7, entailing pi + p2 <
p- In other words, o ((ws, f (i) — (@, f(2))) — (u, p1) and a;((wi, g(z:) —
(z,g9(x))) — (u, p2). Thus, by the current assumption, there are vy, y2 >
0 such that (u,p1) € yi(epif — (z, f(z))) and  (u,p2) €
~vo(epig — (z,g(x))). If the scalars 1 and 7y are positive, so that
(u, p1) # (0,0) and (u, p2) # (0, 0), by the convexity of the sets epi f —
(x, f(z)) and epig — (z,g(z)) and the fact that they contain (6,0), we
may assume that y; = y9 > 1. Then, denoting v := v = 72, we con-
clude that (z, f(z)) +v H(u, 1) € epi f and (x,g(z)) + v H(u, u2) €
epig. This relation is also valid if (u,p;) = (0,0) or (u,u2) = (6,0).
Hence,

Fla+y7u) + gl +97 ) < fla) 97 i+ g(@) +97 o

< flz) +g(z) +77 .

Therefore, (z +~y tu, f(z) + g(x) + v 'u) € epi(f +g), and so
(u, p) € y(epi(f +9) — (2, f(x) + g(2)))-

Exercise 46: We have that * € J(f o A)(z) if and only if (z*, z — z)
< f(Az) — f(Ax) for every z € X; hence, if and only if (z*,z — z) <
f(y) + Igpna(z,y) — f(Azx) for every (z,y) € X xY, if and only if
<(‘7j*7‘9)7 (Z — LY — ASC)) < g(za y) + h(Z,y) - g(x, A[L‘) - h(CE, A‘T) for
every (z,y) € X x Y. In other words, * € 9(f o A)(z) if and only if
(x*,0) € 9(g + h)(x, Ax).

Exercise 47: If 2*€0d.f(x) with >0, we have
s7Hf(x + su) — f(z) +¢) > (z*,u) for all uw € X and s > 0, and so

7/(w3u) — (@:6) = f(w0) = ing LEFS) T

s>0 S

= (2%, u),

entailing x* € 9(f.(x;-))(0). Conversely, if z* € O(f.(x;-))(#), we have
fletu) = f(x) +e> fi(zyu) > fi(w;0) + (&%, u) = (2%, u) forallu
X and z* € 0.f(x). Moreover, u € dom fl(x;-) if and only if
infg~o s 1 (f(x + su) — f(x) +¢) < +00, if and only if there exists sy >
0 such that f(z + sou) € R;i.e., if and only if u € (1/sp)(dom f — z) C
R4 (dom f — x).
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Exercise 48: We start the proof by assuming that m = 1, where the
current hypothesis yields the existence of some xg € dom fy such that
fi(xo) < 0. Let us define the function F': X x R — Ry, by F(x,y) :=
fo(x )+If1<y]}( x). We are going to apply Corollary 4.2.5 to F' and
the dual pair (X x R, X* x R) given via the linear pairing ((z*,y*),
(z,y)) = (x*, x) + y*y, where y*y is the inner product in R. It is clear
that infyex F(z,0) = inf[;, <g) fo and F € T'o(X x R). Moreover, we
have

F*(0,y") =sup{y*y — F(z,y) : x € X, y € R}
=sup{y*y — fo(z) 1z € X, fi(z) <y},

so that F*(0,y*) = +oo if y* > 0 and otherwise, when y* < 0,

FX0,y%) = Sup{y fi(@) = fo(w)} = — inf {fo(z) —y" fu(@)}.

zeX

Therefore, because inf,cx F(x,0) < F(z0,0) = fo(zo) < +00 and
F(xo,-) is continuous at yp = 0 € R, as a consequence of Proposition
2.2.6, Corollary 4.2.5 entails

inf fo=— min F*(6,y")

[f1<0] y*€R
=~ Inin < nf {fo(x) - y*fl(fe)}> = max inf £ {fo(w) + Afi(2)}-

Now, to deal with the general case of m constraints, we write

i0f o, <o £i0] fo = 0f[f, <0) fo(@) + g <0)(@) + -+ g, <0)(2),
and the first part of the proof yields some A, > 0 such that

[flnf fo= 1nf {f()( )+ I[flgo] (x)+...+ I[fm,lgo] (x) + )\mfm(a:)}

Thus, the conclusion follows by successively applying this argument.

Exercise 49: To verify the inclusion (4.135), in the non-trivial case,
take x* € O, f(x) N O,g(y). For every z, z1, z2 € X such that z; +
z9 =z, we have (z*,z1 —z) < f(21) — f(z) + &1 and (2%, 20 —y) <
g(z2) — g(y) + €2 and, by summing up, we get

f(z1) +g(22) — f(x) —g(y) + &1 + &2 (9.6)

(", 2= (x+y)) <
< f(z1) +9(22) — (fOg)(z +y) +e1 +e2;  (9.7)
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in particular, taking the infimum over z; and 29 in (9.6), we get

(fHg)(z +y) > f(z) +g(y) —e1 — e

Moreover, after taking the infimum over z; and 29 in (9.7),

(52— (z+y) < inf (f(z1)+g(22)) — (fOg)(z +y) +e1+e2

21+22=2

= (fOg)(2) = (fOg)(x +y) + &1 + &2,

that iS? .'L'* G a€1+€2 (ng)($ + y)
Suppose now that (fOg)(x +y) > f(x) + g(y) — e and take x* €
O0s(f0g)(x + y). Then, for all z € X,

(fOg)(2) = (fOg)(z +y) + (2", 2 — (x +y)) — 0

>
> f(@) +9(y) + (&7 2 = (x+y)) -0 e

Then

flz=y)+9(y) = (fO9)(2) = f(z) + g(y) + (=", 2 — (z +y)) — 5(— 53
9.8
in other words, since y € domg, we deduce that f(z —y) > f(z)+
(*,(z —y) —x) —d —¢e for all z € X, implying that z* € Js4.f(x).
Analogously, we show that «* € 054.9(y).
Finally, if * € 9(fOg)(z + y) and (zp, yn)n satisfies z, + yp = +
y and f(zn) + g(yn) < (fOg)(z + y) + £, we write, for all z € X,

(fOg)(2) > (fOg)(z +y) + (2,2 — (z + y))

> flxn) +9(yn) + (2,2 — (x +y)) — %

Thus, if y* € 0f(z) N dg(y), we have

(fO9)(2) 2 f(@) +9(6) + (", (w+9n) — @+ 9} + {2 — (@ +9) —
= F@) + 9l) + ("2~ @+ y)) -

Taking limits for n — oo, one gets (9.8), and the proof is finished as
above.

Exercise 50: Since f is proper, its extension f is also proper. Then,
by Proposition 4.1.14, we have
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o Nly= N U 0f)

and the definition of f together with the identification of X as a sub-
space of X™** yields

o flz)= N U  0-f(y)
UEE./\>/O yez+U, yeX

Xk

Consequently, again by Proposition 4.1.14,

—1

(0@ H) @)= N (@H @) = N a0 @),

>0 >0

Exercise 51: Given convex functions f: X - R, ¢g:Y — R, and a
continuous linear mapping A : X — Y, we suppose that g is finite and
continuous at some point of the form Axy with xg € dom f. We define
the convex function F': X x Y — Ry by F(x,y) := f(z) + g(Ax + y),
so that F'(zg, -) is finite and continuous at 6. Therefore, by Proposition
4.1.24, the conjugate of the function ¢(x) := F(x,0) is computed as
©* = miny-cy~ F*(-,y*), where F* is expressed as, for all z* € X* and
yrevyr,

F (2% y") = me;uly)ey{@*,@ +hy - Az) - f(2) +9(y)}

= f"(x" - A"y )+ g*(y").

Thus, taking into  account (4.44), we  infer  that
©*(x*) = ming-cy-{ f* (" — A*y*) + g*(y*)} for all z* € X*. More-
over, using the same arguments (taking, for example, f=0), we
show that the conjugate of the function (g o A) satisfies (g o A)*(z*) =
Miny-cy+, Ay— 97 (y*) = (A*g*)(z*) for all z* € X*, proving (4.56).

Exercise 52: Formula (4.136) follows easily from (4.137), because
O(f o A)(x) = N 05(f 0 A)(x) = [ cl (Agdsf(Ax)),

6>0 6>0

and so, we only need to show (4.137). With this aim, we introduce
the continuous linear mapping A : X x R — Y defined by A(z, \) :=
Aoz + Ab, and the proper Isc convex function b : X X R — Ry defined
by h:= f o A. Hence, for every given x € X and ¢ > 0, by Propo-
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sition 4.1.16, we have O.h(x,1) = cl (A*@Ef(on + b)) , where A*:
Y* — X* x R is the adjoint of A, satisfying for every (z,1) € X x R

(@2, (A)y*) = (Agz + Xb,y")
= (2, Agy™) + A (b, y7) = (2, A), (Agy™, (b, 97))) »
that is, (A)*y* = (Ay*, (b,y*)). In other words,
0-h(z,1) = L {(Afy", (b,y™)) : " € O-F (Ao + b)}
At the same time, taking into account (4.28), for every u € X

Goonon) (1, 0) = B (2, 1); (u, 0)) = ing & D5 0) Zhlz 1) +e

s>0 S
. Aoz + +b) — f(Aox +b) +¢
_ SH;E f(Ao(z + su) )5 f(Aox +b) = Co. (for)(e) (1),

and we get

To.(fo)(x) (W) = O(Azy~ (by"))w€o. f(Aoz+b)} (U 0) = T a0, p(Agz+b) (1)-

The last relation leads us, due to Corollary 3.2.9, to 0-(f o A)(x)
= cl (Aj0:f(Aox + b)) .

Exercise 53: Define the functions f :=1y and g :=1Ip; o A. Then
feTy(X), geTy(Y), and 6 € dom f N A1 (domg), and we verify
that z* € (LN A~Y(M))~ if and only if (z*,2) <0 for all z € LN
A=Y (M), if and only if (x*,z) <Ip(z) + Iy 0 A(z) for all z € X. In
other words, using formula (4.45) in Proposition 4.1.16, we obtain

(LN A™YM))™ =9I, + Iy 0 A)(H)

=N cl( U <aslf<e>+A*an<Ae>>) =l (L™ + A" (M7)).
e>0 £1+ea=¢
€1,6220

Exercise 54: Denote f:=04. Since cl(dom f) = [(C0A)x]~ by
(3.52), for each x € dom f, we have

Ndomf(x) = Ncl(dom f) (‘T)
= (cl(Ry (cl(dom f) — z)))~ = ([(€0A)x] ™ — )
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But we have ([(€04)s]” — ) = ([(€0A4)x]” —Ryx) , and so Corol-

lary 3.3.6 together with Exercise 53 ensures that ([(¢04)s]” — Ryz)

(€0A)oc N {—x}7; that is, Ngom f(x) = (€0A)sc N {—x}~. Moreover,

any y € (C0A)oo N{—z}~ satisfies y € (C0A)so = ([(C0A)x] ™) =

(dom f)7; that is, 0 < (y,z) <0 as z € dom f, and we conclude that
€ (0A)o N {z}t.

Exercise 55: (i) We have

e d.f(x) = (z*,y—x) < fy) — flw)+eforally e X
<I|L,y > o*y—x) < fir(y) — fip(x) +eforally € L

=z, € 0. fir(2).

Suppose now that dom f C L. If 2* € O.fjz(z), then (2*,y—x) <
fiL®) — fit(x) + e = f(y) — f(x) + € for all y € L. Consequently, for
every extension z* of z* to X, the inclusion dom f C L yields (z*,y — z)
< fly) — f(z) + ¢ for all y € X, and so z* € O-f(x). Relation (4.139)
follows from (4.138) as dom(f + 1) C L. To prove (4.140), take z* €
O-(f +1r)(x). Then 2y, € O(f +1p) (), by (4.139), and we obtain
=240 {x*+L: ), € Oc(f +1p) ()}

Conversely, if z* € 2* + Lt with Ty € O:(f +11) (), then for all 2z €
L, we get

*

(@2 —xz) = (2,2 —2) < (f+10)jp(=z) — (f +1)L(z) +e
=(f+1)(z) = (f+1)(2) + &

that is, 2* € 0-(f +11)(z) + L+ C 0.(f +1)(x).
(74) By (4.140), we have

Of+g+1n)(x) ={a" + L* 2l € O(fir + giu) (@)}
={z*+L*: er € 0fir(x) + 9gi(x)}
(ot L e, = 5 4 3 5 € Ofue), 5 € gu(@)).

Then, using (4.139), for z; and Z} there are z] € d(f +11)(x) and
24 € 9(g + I)(x) such that 7 = 2y and 23 = 23, . Hence,

Af+g+1)(x) ={a" + L+ v@fy =27 23, 21 €0(f +1)(@), 25 € 0(g +1L) (=)}
={a*+ Lt 2" €d(f+1)(x) + B(g+ 1) (x) + Lt}
=8(f+1p)(x) +0(g+1.)(x) + L.
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(7i1) Given x € LN M, we pick z* € O(f + g + Iran) (). Since (f +
Iz, + g)jar is also the restriction of the function f + g + Iz to M, by
part (i) and (4.141), we obtain

aiy € O(f + 1L+ g)m(x) = 0(f + 1) (x) + 9gm (@)

Let u* € O(f +1)|m(z) and v* € dgjpr(x) such that Ty = ut ot
Then, since (f +1L)p is the restriction of f+Irnn to M and
dom(f 4+ Ipnn) € M, by (i) we find 2* € O(f + Irqn)(z) such that
2|*M = u*. Similarly, we find y* € (g + Ips)(z) such that yh, = vt
More precisely, arguing similarly, since 2|*L € O(f +1n)p(z) = o(f +
I)iL(z) + 0 (In))y, (), by (4.142), we find 2* € O(f +1)L(z) and
w* € 9 (Inr)| (z) satisfying 27 = 2% +w”, together with 2* € O(f +
I7)(z) such that 2y, = Z". In particular, we have

(2%, 2) = (u" +v",2) = (2" + 9", 2)
=(Z"+y",z)=("4+y",z) forall ze LN M,

which, using the relation (L N M)+ = cl(L+ + M™') (see Exercise 53),
entails z* € 9(f +11) (2) + (g + Iar)(z) +cl(Lt + M*+).  This finishes
the proof of (iii) as the opposite inclusion is straightforward.

The statement in (iv) follows by applying statement (i) to the indi-
cator function of A.

Exercise 56: For the sake of simplicity, as in the proof of (4.58)
in Proposition 4.1.26, we prove (4.56) when € =0, m =n, A is the
identity mapping, and 6 € dom f N dom g. Take x* € R™. Then, due to
Proposition 4.1.16, we have (f + ¢)*(z*) = cl(f*0Og¢*)(z*), and so by
Proposition 3.1.4, we may assume that (f + ¢)*(z*) € R; otherwise,
+oo = (f + g)*(z*) = cl(f*0Og*)(x*) and (4.56) obviously holds.

Arguing as in the proof of (4.58) in Proposition 4.1.26, we denote
E :=span(dom g), and consider the restrictions f and g of the func-
tions f+ Igp and ¢ to the subspace E, respectively. By the current
assumption, we can show that § is (finite and) continuous some-
where in dom f, and Proposition 4.1.20 together with the Banach
extension theorem implies the existence of some y*, z* € R"™ such that
z* € y* 4+ 2* + E+ and

(f+9)" (@) = (F+3) @) = (F'05") (afe) = (f +18) ") +9"(="). (9.9)
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Similarly, we denote F' := span(dom f) and consider the restrictions f
and 1 EAF of; the functions f and Ipng to F, respectively. Then we can
show that f is continuous at zg € dom I EnF, and therefore, as above,
we find some u*,v* € R” such that y* € u* + v* + F and

(f +16)(s") = (F + Tmre) () = (Ol ) (91)
= [*(u") + Trp(v®) = f*(u") + Ipespe (v9), (9.10)

where the last equality comes from the relation Ipnp = opnr =1 grp L,
and the identity (ENF)*" = cl(E+ 4+ FL) = BL + FL (see Exercise
53). Therefore, combining (9.9) and (9.10), we get (f+ g)*(z*) =
) +1grype(v*) + g*(2*). But we have (f + ¢g)*(2*) € R, and so
we must have Iz g (v*) = 0, which implies that v* € E+ 4+ F+. So,
ey + 2+ EtCcut v+ Ft 42+ B =ut 2+ B+ FL
Let % € u* + F* and x5 € z* + E+ such that o7 + 23 = 2*. Then, by
the definition of the conjugate, we easily check that f*(u*) = f*(x7)
and ¢*(z*) = g*(«3), and Proposition 4.1.20 imply that f*(z})+
g*(x3) = (f +9)"(«") = l(f*Og")(«") < (f*Og")(«™); that is, (4.56)
holds.

Exercise 57: Observe that A+ Ng(x) = 0o4(0) + Olg, (c—s)(0)-
Also, since the function Ig, (c_;) is continuous at some point in
domoy, by (4.58), we obtain that A+ Ng(z)=0d04(0)+
Olg, (0—2)(0) = O(0a + Ig, (0—2))(0), which yields the closedness of
A+ Nc(x).

Exercise 58: Fix = := (x,) € ¢; such that z,, > 0 for all n > 1. If
z* € dg(z), then taking ey := (0,---,0,1%),0,...) € £; we see that,
for all ¢ € R sufficiently small,

try, = (2%, (v +teg) —x) < gz + tey) — g(x)
= |z +tekll,, — lzlly, = |2k + ¢ — 2] = ¢.

Thus, z; =1 and we deduce that dg(x) C {(1, 1, ...)}. Therefore,
since g is continuous, we have dg(x) # () (Proposition 4.1.22), and so

dg(x) ={(1,1,..)}.
Exercise 59: See the bibliographical notes of chapter 4.

Exercise 60: (i) We have int(dom f) C int(dom g). Also, we have
for all = € int(dom f)

0 # 0f(x) N dg(x) C f(x) N (99(x) + Nygmz(w)) C 0f () N (g + Igomy) (@)
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But g:= g+ Iz € T'o(X) and so, since int(dom g) = int(dom g) N
int(dom f) C int(dom f), the conclusion follows by applying Proposi-
tion 4.4.5 with f and g.

(ii) The current assumption implies that dom f = dom f C dom g.
Also, for all z € dom f and 0 < € < gp, we have

0 # Oc f(x) N Oeg(x) C Ocf(x) N (9eg(x) + Naom £ () C e f(x) N O=(g + laom £)(@)-

Hence, g := g + lqom s € T'o(X) and dom g = dom g Ndom f C dom f,
and so the conclusion follows by applying Corollary 4.4.7 with f and
g.

Exercise 61: We may assume that 6 € domf, so that
Y := aff(dom f) = span(dom f) is a finite-dimensional Banach space.
We consider the functions fi:= fjy and g1 := (g +1Iy)y, so that
f1,91 € T'p(Y) and the current assumption together with Exercise 55(1)
implies that, for all y € Y,

Of1(y) = {er L1 € af(y)} c {xTY L1 € ag(y)}. (9.11)

But, since g < g + Iy and the two functions coincide on Y, we have
that

{zly 12" € 0g(y)} C {z]y : 2" € (g +1v)(y)} = g1 (y) for all y € Y,

where the last equality comes again by Exercise 55(i), and so (9.11)
reads Jf1(y) C dgi1(y) for all y € Y. Then, applying Proposition 4.4.8
in Y, there exists some ¢ € R such that fi(y) = gi1(y) + cfor all y € Y,
entailing that f(y) = g(y) + cfor ally € Y.

Exercise 62: Take z* € 0. f(x). Then f(z) € R and (z*,y — x) +
f(z) < f(y) + € for all y € X. Thus, the function ¢of satisfies the same
inequality, and so. (¢of)(x) > f(z) — € as the affine function (z*,-) —
(x*,z) + f(z) — e is an affine minorant of f + e.

Exercise 63: If 2% € Oesf)(2)—f(2)4(C0f) (), then we can write, for
ally € X,

fly) = (@f)(y) = (©f)(z) + (=%, y — 2) — ((cof)(2) — f(z) +¢)
= f(z) + (&5 y —x) —¢,
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and x* € O, f(x). Conversely, if * € 0. f(x), for all y € X, the contin-
uous affine function h := (z*,-) — ((z*,z) — f(z) + €) is a minorant of
f and this entails €6 f > h, in other words, for all y € X,

(©f)(y) = hy) = &,y —x) = (= f(z) +¢)
= (cof)(x) + (2%, y — x) — ((cof)(z) - f(z) +¢€)),

i.e., we are done. Additionally, since cof € I'o(X), one has 0, (cof)(x) #
() for all >0, and we deduce from the first part that f is e-
subdifferentiable for each ¢ > f(z) — (cof)(x). Finally, 0. f(z) # 0 for
all € > 0 if and only if (¢of)(x) — f(z) + ¢ for all € > 0, if and only if
(cof)(z) — f(z) = 0.

Exercise 64: We have h(z*) = infier(f/ (z*) — (%, 2)) + f(z) >
infrer(—fi(z)) + f(z) = 0 and

h*(z) = fgg(ft* —(a)+ f(@)"(2) =sup sup {(z%,2) — f(2") + (2", 2) — f(2)}

teT z*eX*

_ sup{ sup (" 2 4+ 2) — f7 (=) - f(:v)} = sup (7" (2 +9) ~ ()

teT (z*eX*

sup {fi(z +z) — f(2)}.
teT

Finally, if h(z*) <e, there must exist to € T' such that f; (z*) —
(x*,z) + f(z) < e, and from this we get —fi,(z) + f(z) < (fto (x*) —
*

(z%,2)) + f(z) <eand fi(z") — (2, 2) + fi,(x) < ff, (z") — (2", 2) +
f(z) < g; that is, tg € Te(z) and z* € 0. f;, ().

Exercise 65: Take f:=1Ip, . Then f* = | x., ( ) . and
Theorem 4.3.3 gives rise to Ip,.. = (f*)* = cl*" (f) = IBX) =

Lejor (B, Where f is defined in (4.103).

Exercise 66: By Proposition 4.1.14, we have for all x € X and € €
(0,6/2)

85(C1 f)(ﬂj) = ﬂo<7<5/2, VeNx Le_Jvaer'yf(x + y)
)

- ﬂO<'y<§/2, VEeNx Uvas—i-'yg(x +y) = 0:(clg)(x).
ye
Thus, since cl f € T'y(X) thanks to Proposition 3.1.4 (as (cl f)* = f* €

I'o(X)), Proposition 4.4.6 yields the existence of some ¢ such that
cf=clg+ec
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9.4 Exercises of chapter 5

Exercise 67: (i) It is clear that sup,g; = f, so that sup,clg; <
sup; g; = f, and hence sup;(clg;) < cl f = cl(sup;, g;). Conversely, since
clg; > supye (cl f;), we obtain the other inequality, sup;(clg;) > sup;
supyer, (cl f;) = supser(cl fi) = cl f = cl(sup; g;). Now, concerning the
validity of (5.26) under the following condition clf = sup
{cl feo € Tey(2); cl(Supren\1, (a) ft)} , for some given ¢ > 0, we only
need to apply Theorem 5.2.2 to the family g; := f;, t € T.,(x), g1 :=
SUP;er\1., (2) J¢- Indeed, setting I :=Tg,(x) U {1}, with 1 being a new
index, we have that

of (@) = 0(sup, ) (@) = N 0 {Uses, 1)9:96() + Neaom (@)}

LeF(x),0<e<eq

where I (z) :={i: gi(x) > f(z) —e}. Since for 0 < e < gy we have
f(@) —e> f(x) — €0 = supien\1,, (o) ft(x) = 91(x), it follows that 1 ¢
I.(x); that is, I.(x) = T:(z) and the last relation simplifies to

8f(x) = ﬂ co {UteTE(x)a?ft(x) + NLﬁdomf(x)} :

LeF(z),e>0

(77) Fix a convex set A D dom f. Assume first that f; € I'o(X) for all
t € T. Then we have

sup dl(@ - fi@)Fla) = sup {of - @) + 1)
teT, v* €dom f teT, z* €dom f}

=sup {fe + 15} = f+1z=f=clf=clf+1a),
teT

which shows that the family {z* — ff(z*) + 14 : t € T, x* € dom f;},
whose supremum is f + 14, satisfies (5.10). Thus, by (¢), the family

{fie + 14, teT}:{ sup {a* — fi(z") + 1a}, tET}

z*€dom f;

satisfies (5.10). Now, we suppose that cl f; € To(X) for all t € T, so
that the last paragraph gives us

supyer cl((cl fi) +1a) = cl(supsep(cl fr) +1a) = cl((cl f) +14).

Consequently, using the relations A D dom f D dom(cl f),
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supser cl(ft +1a) 2 super cl((cl fi) +14) = cl((cl f) +14) 2 cl((cl f) + Ix) = (cl f),

and so

supger cl(fe +1a) 2 el f = cl(f +1a) = supep cl(fe +La).

Thus, the family {f;: + 14 : ¢t € T} satisfies (5.10) as required.

Exercise 68: Fix z € X and ¢ > 0. If 2* € 0.04(x) and § > ¢, then
(5.1) yields a net (x}); C {z* € coA: (z*,x) > 0a(x) — 0} which w*-
converges to x*. Hence, the inclusion “C” in (5.81) follows. The con-
verse inclusion also holds since, by (4.4),

{z" €coA: (x",x) > oa(x) — 0} C Os0a(x) for all § > e.

Exercise 69: The same as the proof of Exercise 68, but with the
use of Proposition 5.1.2 instead of (5.1).

Exercise 70: Combine (5.1) and Proposition 5.1.2.

Exercise 71: First, observe that only the inclusion “C” in (5.83)
needs to be proved in the case where 9.f(x) # (). Hence, f(z) <
(cl f)(x) +e < f(x) + e < 400, and so we may assume for simplicity
that x = 0 and f(0) = 0, so that 0 > sup;cp fi(0) = f(0) > f(0) —e =
—€.

(i) Since f;(z) = —oo, forallt € T'\ Sp and z € cl(dom f;), the com-
ment above implies that Sy # (). Also, since

sup fo(2) = {suptesU fi(2), %f z € ﬂseT\So cl(dom fy),
teT ~+00, if not,

and dom f C D C cl(D) C cl(dom fs) for all s €T\ Sy, (i) follows
from (5.10) and

f=supfi= sup  fi+Ila@omys,) < sup fi + Loy = sup g < f.
teT tESo, SET\SO tGSO tESO

(13) Tt is clear that {g;,t € Sp} C T'g(X). To verify that this fam-
ily also satisfies the convex combinations closedness assumption we
pick A € A(So), so that Ztesupp)\)‘tgt = Ztesupp)\)\tft + Icl(D)- But the
family {f:, t € Sp} is closed for convex combinations by the current
assumption, and so there exists some s € Sy such that Ztesupp Aefi <
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fs, showing that Ztesupp)\)\tﬁ < fs. Therefore, ZtESupp)\)\tgt < fo+
Lapy = gs and {g¢, t € Sp} is closed for convex combinations.

(741) Applying (5.82) to the family {g;, So} C I'o(X), we obtain
0-£(8) C 9.1 F(0) = {ttg Os s e+ ID><0>}
€00

c cl{ U Ot 1,000 (i + ID)(9)} :

teSo

which gives rise to the non-trivial inclusion in (5.83).

Exercise 72: Given z € dom f, we fix § > ¢. By applying Theorem
5.1.4 and using the Mazur theorem, we obtain that

d-f(z) c all- [ co U AG, Nt .t k1) 3
AEA, (ti)i1<i<kCT, k>1

where, for the sake of simplicity, we denoted

Al Aty oot Ky Y) 5= Ongens oy (@) 4ot A0 fry ()7 £ (@) <1<Z.<k>\ifti> ().
_7/_

Take z* € A(0, A\, t1,...,tk, k, 1) and y* € A(S, 5,51, ., Sm,m, 1), for
A E Ak, ,8 S Am, (ti)1§i§k> (Si)lgigm C T and k:,m > 1. Then, for all
a €]0,1],

az” + (1 —a)y”™ € A(ad,aX,t1, ..., ty, ko) + A((1 — )3, (1 — @)B, 51, -, 8mym, (1 — @),

and Proposition 4.1.6 gives us az™ + (1 — a)y* € A(5,v,t1,. .., tgy tit1,
coytmy k+m, 1), where vy := (a1, ..., a\g, (1 —a)B1, ..., (1 —a)Bm)
€ Apim. Thus, ax* + (1 — a)y* € UAeAk, (t)1<i<nCT, 1 A0 At
t, k, 1) and the inclusion “C” in (5.16) (with the norm closure) holds.
The converse inclusion is immediate from (5.16) (with the w*-closure).

Exercise 73: The arguments are similar to Exercise 72.

Exercise 74: Take 2* € 0. f(z) and fix 6 > 0. Then f(z) + f*(2*) <
(x*,z) + & < (x*,z) + e+ d. By Proposition 3.2.8(i), we know that
f* = cl(inf; ), and so

f(z) + cl(inf; f7)(z*) = f(z) + fH(z") < (x*,z) + € + 0.
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Hence, there exists a net (z}); C X* w*-converging to z* such that
f(z) + (inf; f7) (2]) < (z],z) + €+ for all L.

In other words, for each [, there exists 4; such that f;(z)+ f(z}) <
f(x) + fi(x}) < (x],z) + & + 6 for all i; < i; that is,

zf € () Oeysfi(x) CUN Oetsfi(w),

R J s

and by taking the limit on [, we get z* € cl (U; Nj<;i O-45fj(x)). Then
the direct inclusion follows by intersecting over § > 0, while the oppo-
site inclusion is straightforward.

Exercise 75: We consider the family {f,:= (-,z)— f(x), z €
dom f} C I'gp(X), used in Example 5.1.8, so that

> afe = <-, > )\xm> — > Ao f(z) for all A € A(dom f).

TESUpp A xESUpPp A xTESUpPp A

Then, by (5.16), for all z* € X* and € > 0, we obtain

a>0, A€ A(dom f),
O f" (") =Cl{ EZ /\)\g;:c: S Aafa(z) > f*(x*)+a—z—:}
resupp TESUpPp A

A € A(dom f),
=cy X w3 n(@ta) - f@) - fT@) 2 e (-
z€dom f TESUpp A
Next, taking e, 1= f(z) + f*(z*) — (2", z) , we get €2 > 0, 3" cqom fAe
ex < ¢, and the last expression simplifies to (5.84).
Exercise 76: We denote g, := maxj<i<y fi, n > 1, so that (gn)n

is non-decreasing and f = sup,, g,. Then, by Example 5.1.6, for every
given z € X and € > 0, we have

Ocf(z) = N ( Un 3a+5gn($)> :

5>0 E>1n>k

Hence, given § > 0 and U € Nx- and denoting hy := Y, ., ., Aifi, for
each z* € 0. f(x) there exists some kg > 1 such that o

$* [ m a{;‘—l—%gn(l‘) + U= ﬂ U a€+%+21§i§n)\iﬁ($)—gn($)h>‘(l‘) + Uv7
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where the last equality comes from Corollary 5.1.9. Hence, if ng > ko
is such that g,(x) > f(x) — % for all n > ng, we deduce that

LE* e ﬂ U 65+g+21§iﬁ71>\ifi('r)_gn('r)h)\(m) + U
n>NoAEA,

C U Oegsmicicnfil@—f@)a(@) + U,
n>ng,AEA,,

and, a fortiori, 0-f(z) C Un>1xeA, Octos4sicicnhifi(a)—fa)r () + U.
Finally, the inclusion “C” follows by intersecting over U € Nx- and
after over 9 > 0. To verify the converse inclusion, we take z* €
8€+5+E1§igw,)\¢f7z(I)—f(x)hk(x) for given 6 > 0,n > 1 and A € A,. Then,
for every y € X,

(2% y —x) < ha(y) — ha(z) + e+ 5+ ha(z) — f(z) < fy) — fz) +e+9,

so that z* € J.45f(x). Consequently, using (4.15),

N Cl( U 85+5+21<1<n>\if1:(z)—f(1)hk(x)> C N cldeysf(x) = f(x).

6>0 n>1, €A, 6>0

Exercise 77: (i) Fix € dom f, € > 0 and take z* € 0. f(x). Then,
taking into account the Mazur theorem, (5.22) yields

O:f(z) C ﬂCO{ U 96+f@)-f@) (f7+1D) (90)}

o>e JeT, JCSy

= ﬂCOH'{ U 96tf5@)-f@) (fJ+ID)($)}~ (9.12)

0>e JeT, JCSo

Moreover, for every o € Ay and every selection of finite sets Ji, ..., Ji
C So, k > 2, the set J := Uj<i<iJi € Sp is finite and satisfies, for all
0> e,

Z1§i§kai5<

5+fg, (w%f(w)) (fJi + ID) (z) C B(

s = (Z1§igkaif,]i +ID) ()
+1Sigka1f‘]i(z)*f(ﬂ")>

C (541, () f(a)) (f7 +1D) (),

and consequently, (9.12) implies that

0-f(z) C ﬂcl”'”{ U O6+f@)—f@) (fJ+1D><x>}. (9.13)

o>e JeT, JCSy
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Now, take z* € 9. f(z). Then, by the last relation, for each n > 1, there
exists a (finite) set J, C T such that J, C So, fy, (z) > f(z) —e— 1
(fr.(x) > f(x) —e, if e > 0), and

1
: . I ~Bx-
T €Oy aiy, (o) fwy) (F1. +1p) (@) + —Bx
1
C et 2 gy (@) f(y) (f1+1p) (@) + —Bx-,

where J := U, >1J,, and Bx- is the closed unit ball in X*. Therefore, by
taking the limits as n — oo, we deduce that 2™ € 0.1 ¢, (2)— () (f7 + ID)
(x), and since J is countable, (9.13) gives rise to the non—trwlal inclu-
sion “C” in (7)

(74) The proof of this assertion is the same as (i), except that we
use (5.23) instead of (5.22).

Exercise 78: (i) We have

sup(cl f;) = sup(cl(fe(- + @) — f(x))) = sup(cl(fi(- + 2))) — f(2),
teT teT teT

where cl(fi(- + ))(y) = liminf, ., fiy(z + ) = (cl fe)(y + x) forally €
X. Hence, since the family {f;, ¢t € T'} satisfies (5.10),

sup(cl ft) = sup((cl fi) (- + @) = f(z) = (L f)(- + 2) = f(2) = l(f(- + 7) = f(2)) = el ,
teT teT

that is, {f;, t € T} also satisfies (5.10). 3

(i) Tt is obvious that f(0) = sup,er f:(6) = 0, while 8f(0) = f (x)
and 9. f;(0) = 8. f;(x) for all t € T and € > 0. Hence, it suffices to prove
formula (5.26) for the functions f;, t € T, as far as {t € T : f;(#) >
—ep={teT: fi(x) > f(z) — e} = Te(x).

Exercise 79: We denote by B the set in the left-hand side of (5.85).
Then, taking into account the non-decreasing character of the A.’s,
we only need to prove that B C (..., cl{A: + Ng(x)} in the non-
trivial case when the sets A.’s are assumed to be non-empty (otherwise,
by (2.6) both sets in (5.85) are empty). Actually, we shall prove that,
for every u € X and 0 < € < €g,

oB(U) < 04, 4N () (W)- (9.14)

More precisely, since 04 ;N (@) (@) = 04, () + oNng (2)(u) = 04, (u) +
I(Ne () (1), we deduce that o 4_4 N (z) (1) = +00 when u ¢ (No(2))° =
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cone(C' — x), and (9.14) trivially holds in this case. Assume now that
u € cone(C —x). lfu =y — x, for some y € C, then forall0 < § < e <
€9, we have

op(u) < oa,(u) + ONZ, (2) (y—x) <oa,(u) +6 < OA.4N¢(z) (u) 2’ 9, )
9.15

which leads us to op(u) < 04, 4N, () (¢). Thus, taking into account the
positive homogeneity of the support function, (9.14) holds for all u €
cone(C — ). Thus, we are done under the closedness of Ry (C — z).
Therefore, only the case u € cone(C' — x)\ cone(C — z) remains to be
checked when there is some ug € ri(C' — x) Ndom oy, (C ri(cone(C —
z)) Ndomaoy, ). To this aim, for each A € ]0, 1], we denote uy := Au +
(1 = X)ug. Then, uy € ri(cone(C — x)) C cone(C' — x) by (2.15), and
so, by the paragraph above and the convexity of the support function,
for every A € 0, 1] we obtain

op(ur) < 04 4N (2)(UA) S ATA N6 (@) (W) + (1= N)oa_ 1N () (o)

Hence, using the lower semicontinuity and convexity of op,

op(u) < liminfop(uy) < o4, 1N (@) (u) + limsup(l — Aoa, (uo)
- A1

< 04 N (1) + 1iHA1TSIUP(1 —A)oa,, (Uo) = 044N (z) (1),

and the desired conclusion follows.

Exercise 80: As in the first part of the proof of Theorem 5.2.2, we
are going to establish the following inclusion, when df(x) # 0 (z =6
and f(0) = 0 by Exercise 78)

8f(l‘) CA:= ﬂ ( )@ ( U asft(x) +NLﬁdomf($)> . (9'16)

e>0,LeF teT. ()

Since some of the f;’s are Isc, but possibly some of them are not proper,

we introduce the set of indices I := {t € T': f; is not proper}. If [ =),

then f; € To(X) for all ¢t € T, and we are in the situation of the proof

of Theorem 5.2.2. Otherwise, if I # (), then we define the functions

g : X >Ry, teT, as
_ max{ f;(z),—1}, for t € I,

g(2) = {ft(z), for t € T\ 1,
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together with the associated supremum function ¢ := sup;cr g¢; that
is, g = max{f, —1}, and so dom f = dom g. It is clear that g, € I'o(X)
for all ¢t € T, and that T\ I # 0; if not, since f;(6) < f(#) =0 for
all t €T, then we would have f;(0) = —oo for all ¢t € T, because
these functions are Isc. This would lead to the contradiction f(6) =
sup;er ft(0) = —oo. Moreover, since f(6) = 0 and f is Isc, there exists
a f-neighborhood V' C X such that f(z) > —1 for all z € V, so that
the functions f and g coincide on V. Consequently, since g; € I'o(X)
for all ¢t € T, as we have shown in the proof of Theorem 5.2.2 (for the
case of functions in I'y(X)), we obtain that

of(0) =0g(0) = ( U 9eg:(0 )+NLmdomg(9)> )

LeF(9), €>0 teT!(0)
(9.17)

where T/(0):={t €T : g(0) > —¢}, € > 0. Moreover, since 9.g.(0)
and T.(6) do not increase as € | 0, we may restrict ourselves to ¢ €
10,1[. Take t € T/(0), with € € ]0,1[. If ¢ € I, then f;(f) = —o0 and so
g¢(0) = max{f;(f),—1} = —1 < —e, entailing a contradiction. Hence,
T/(0) C T\ I and g = fy; that is, /() C T.(¢) and 9:g:(0) = 0 fe(6),
and so (9.16) follows as Nzndom ¢(#) = Nrndom £(0). Thus, taking into
account that the opposite inclusion A C df(z) always holds, Theorem
5.2.2 is proved in the current case.

Exercise 81: As in the proof of Exercise 80, we suppose that z = 0,
af(0) =0 (clf)(0) #0 and (cl f)(0) = f(6) = 0. Then it suffices to
prove that

af(tg) CA:= ﬂ co < U agft(@) + NLﬂdomf(9)> .

e>0, LEF(0) teT.(0)

Let us fix L € F(6) and define the convex and lsc functions h; :=
(cl ft) + Lrdomp t €T, and h := sup h¢, so that

teT
h(0) = sup he(9) = sup(cl fy)(0) = (c1 /)(0) = f(6) =0,  (9.18)
teT teT
h= sup(cl ft) + Im = (Cl f) + Im; (919)
teT

hence, dom h = dom(cl f) N (L Ndom f) and L Ndom f C dom h. Now,
by combining (9.19) and Remark 1, we obtain that df(6) = 0 (cl f) (9)
C O((cl f) + Izrgom7) (0) = Oh(0), and therefore (see Exercise 80),
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9f(8) C on(0) C ﬂCO( U 9:he(0) +deomh(9)> o (9:20)

e>0 teT.(6)

where T.(0) :={t € T : 0> hy(0) > —¢}. Take ¢ € T.(0) with € > 0,
so that —e < ht(0) = (cl f)(0) < fi(0) < f(#) =0, t € T.(0), and cl f;
is proper. Moreover, since 0. (cl f;)(0) C Oa: f:(0), by (4.46), we obtain

O=hi(0) C cl(0c(cl f1)(0) + Nrgom7(0)) C (922 £i(0) + Nngom £ (6))-
Moreover, using (9.19),

af@)c N (ES + N%rdom f(e) + NLﬁdomh(e)) cNd (ES + Niﬂdomf(e)) )

>0 e>0
(9.21)
where E, := co {|J teTE(g)agsft(Q)} . But for every z € dom f and € >
0, we have

op.(z) = sup (z",2) < sup (fi(2) — fe(0) +2¢) < f(z) + 3e < +o0,
te€T(0), z* €0ac ft(0) teT:(0)

showing that (0 # ri(L Ndom f)) C dom f C domog.. So, (see Exer-
cise 79)

m cl (EE + Niﬂdomf(e)) = m cl (EE + NLﬁdomf(e))
e>0 e>0

cNed (co {UteTQE(e)a%ft(e)} + NLmdomf(9)>

e>0

and the desired result follows from (9.21), as L was arbitrarily chosen

in F(0).
Exercise 82: We only give the proof for formula (5.26). If

A= n co ( U 8gft(x) + NLﬂdomf(w)> ’

e>0,LeF(x) teT. (z)

then we have
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Ac () ¢co ( U O:fi(z) + NLmdomf(x))

Leef>(2:,A) teT. (x)
= m co < U agft(x) + N(L+span{A})ﬂdomf(x)>
e>0 teT.(x)
LeF(x)
c N co( U 0:fi(z) +NLmdomf(fE)> :
e>0 teT.(z)
LeF(x)

Exercise 83: Assertion (7) is a mere application of the Mazur theo-
rem, while (4¢) follows because the functions f; + Irndgom s are defined
in the finite-dimensional linear subspace L.

Exercise 84: See the bibliographical notes in chapter 5.
Exercise 85: Apply Proposition 5.3.1 and Exercise 31.

Exercise 86: Like in Exercise 85, apply Proposition 5.3.1 and Exer-
cise 31.

Exercise 87: We may assume that Jf(z) # 0, so that f(z) =
(cl f)(x) and Of(x) = O(cl f)(x) (Exercise 62). Then, by applying The-
orem 5.2.12 to the family {cl f;, ¢t € T}, whose supremum is cl f, we
obtain

of(x) = o(cl f)(x)

C N co U oelfe) + Tagoma ) W) N Se(y — ) |
LE]:E(;)O eP teTe ()
P yEBp ¢t (3,2)

where Byy(z,¢) :i={y € X :p(y —z) <e, |(clfe)(y) — (L fi)(z)| < e}
and T.(x) :={t € T': (cl fy)(z) > f(x) — €}. Observe that fi(z) —¢ <
flx)—e<(cdfy)(x) < fr(x) for all t¢e&T.(x), entailing that
(L fe)(z) — fe(2)] < e Consequently, (L fe)(y) — fe(z)] <
(L fi)(y) = (el fe)(@)] + |(cl fe) (@) — fe(z)] < 2e for all € T(2);
that is, By ¢(x,€) C By ¢(x, 2¢). Therefore, denoting gr, := Irndom f, the
inclusion “C” follows as
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of(x)c 1 <0 U o((clfe) +92)(y) N Se(y — x)

e>0 teﬂ(a:)
LET(J»‘)yPEP yeBp,t($,2€)

To establish the opposite inclusion “2”, we first verify that, for all
y € Bp(z,e) and t € To(x), we have that d((cl f) + g1)(y) N S=(y —
x) C O5:(f + g1)(z) (asin (5.59)). Indeed, if z* € ((cl f;) + g1)(y), so
that y € LNdom f, then for all z € L Ndom f, we get

(2", 2 —y) < (clfi)(2) + g1(2) = (L fi)(y) — g(y)
S(clft)(z)—ft( )+e< f(z) - ( ) + 2.

If, in addition, z* € Sc(y — x), then we obtain (z*,z — z) < (2*, 2 — y)
+ (z"y —x) < f(2) — f(z) + 3¢, proving that 2" € Os-(f + g)().
Therefore, we deduce that

e>0 teT-(x
LeF(z),peP ETe (@)

yEBp ¢ (x.2¢) LEF(E)

N CO( U 8((clft)+gL)(y)ﬁSE(y—x)) ﬂ O3 (f + g1)(x) = Of (x).

Exercise 88: Assertion (i) is a straightforward consequence of
(5.42). Assertion (ii) comes from (5.60). Finally, (i7i) is implied by
(5.92) as fi + Iggmy = fi + Iomp, = ft + ldom s, + Iqomp, = fr, for all
t € T. Indeed, this observation together with formula (5.92) yields

e>0 teT. (x), yeB:(x,e)

8]0('7;) = ﬂCO( U aft(y>m55(yx)ma€f($)>

C ﬂco( U 8ft(y)ﬂ55(y—x)> =: A.
teT. (x)

e>0 , YEBy(x,€)

Also, since 0fi(y) N S:(y — x) C O3 f(x) by (5.45), we have that A C
Ne>003¢ f(z) = O f ().

Exercise 89: Since condition (5.10) holds (as f is continuous at xy,
Proposition 5.2.4(i)), and all the lsc convex proper functions f., :=
SUPseT. (2) ft, €0 > 0, are finite and continuous at x( (again by the con-
tinuity of f at ), Corollary 5.3.3 yields 0f(x) = Ngom ¢(x) + 0 fz, ()
for all £g > 0. Hence, taking into account that the (lsc) functions fi,
t € T, (x), are proper, from the proof of (5.72) in Theorem 5.3.5, we
obtain, for any given g¢ > 0,
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Bf(m) = Ndomf(x)‘i’NdomeO (x)+ ﬂ CO{ U aft(y) ﬂSE(ym)}

€>0,pEP teTe(x),y€By ¢ (v,2)

0<e<eq,pEP teTe (2),y€Bp ¢ (,)

= Ndom £ () + Naom f, () + N CO{ U Bft(y)ﬁsa(lll)} )

where, for 0 < ¢ < gy,

T.(z) = {t € To,(2) : fe(z) > f-, (CU) —&}
={t eIz, (2) : fi(z) =

Moreover, we have that Naom () + Naom 1., () = Naom fndom 1., (%) =
Ndom f(2), coming from Proposition 4.1.20, and the equality above
entails

Of (x) = Ndom r(x) + N

(¢0)
0<e<eq,pEP {tGTE(z),yEprt(z,s)

= Ndom ¢(z) + Co{t - U 3ft(y)ﬂse(y—w)}-

e>0,peP JWEBp, ¢ (x,€)

Oft(y) N Se(y — x)}

Exercise 90: We denote

Azs,p = U 8(C1 ft)(y) N Se(y - ‘T)

teT. (z),y€By, ¢ (2,)

The reader will easily verify, like in the proof of Theorem 5.2.7, that
the inclusion d(cl f;)(y) N Se(y — ) C O3 f(x) holds for all € > 0, t €
T.(z) and y € By (z, ). This entails

Naom (@) + N €0(Ac,p) C Neom £(2) + N 93 f(2) = Naom f(z) + 0f (z) = 0f (),
e>0,peP >0

and the inclusion “C” follows. Thus, we are done if df(z) =0, and
we only need to prove the statement when 9f(z) # 0; hence df (z) =
d(cl f)(z) and f(x) = (cl f)(x) (Exercise 62). Indeed, under the current
continuity condition, (5.10) holds (Proposition 5.2.4(7)); that is, cl f =

sup;er(cl fr). Thus, by applying formula (5.72) to the family {cl fi,
t € T}, we obtain

0f(z) = 9(cl f)(=) = Naom(ar () + [ CO{ U O(cl fi)(y) N Se(y — w)} ;

€>0,peP teTe(2),y€Bp ¢ (x,2)
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where T.(x) :={teT: (clfy)(zx ) (clf)(z)—e}={teT:(clfy)
() > f(x) —e} CT:(z) and Bpt(xs ={ye X :ply—z) <e,
(L fi)(y) — (cl fe)(x)| < e}. Observe that for all ¢ € To(x) and y e
By (), we have fi(z) > (cl fi)(x) > f(x) —e > fi(x) —e and

(el fi)(y) = fe(x)] < [(cl fi)(y) = (L fo) (@) + |(cl fe) () = filz)] < 265

that is, Bp4(x,€) C Bp4(x,2¢). So,

df(z) CNaoms(x)+ [ T
e>0,peP teT: (z),yEBp ¢ (z,2¢)

A(cl f)(y) N Se(y — m)}

CNaoms(z)+ N CO{ U a(clft)(y)ﬂszs(y—w)},

e>0,pEP tETo. (z),yE€Byp ¢ (x,2¢)

and we are done.

Exercise 91: According to Corollary 5.2.3, we have 0f(2) = Ngom f
(x) + 0fe,(z), and by applying Theorem 5.3.5 to the family {f;, t €
T.,(x)}, we get

dfeo(x) = Ndom 1., () + ] CO{ U (9sft($)}

e>0 teT. (x)

:Ndomfgo(x)+ ﬂ CO{ U asft(w)}a

0<e<eg teT.(x)

where T.(x) := {t € Ty(x) : fi(w) > fo(x) —ef ={t € T (x) : fi(x)
> f(x) — e}; hence, Te(z) = Tc(z) for all 0 < & < g¢. Therefore,

0f(x) = Naom 7 () + Naom 1., () + [ CO{ U aaft(x)},
0<e<eo teT.(x)

and so, using the fact that Naom (%) + Ndom 1., (*) = Ndom fndom f., (*)
= Ndom (), coming from Proposition 4.1.20, we obtain that

af(m):Ndomf(m)"‘ N CO{ U aeft(w)}

0<e<eo teT. ()

:Ndomf(x)+ ﬂCO{ U 8€ft($)}

e>0 teT. (x)
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9.5 Exercises of chapter 6

Exercise 92: The inclusion “D” in (6.16) comes from formula (5.26) as
T(x) C Te(z). To prove the inclusion “O” in (6.12), take z* € 9(f; +
Irndom £)(z) with L € F(z) and t € T'(z). Then (z*,y —x) < fi(y) —
fu@) < f(y) — f(z) for all ye LOdom f, and 2* € O(f + Lirdom f)
() = O(f +11)(x). Hence, by (4.16),

ﬂ( )CO{ U a(ft+1mdomf)($)}c N O(f +1p)(x) = 0f(x).

LeF teT(x) LeF(z)

Exercise 93: We apply Theorem 6.1.4 to the (two-elements) fam-
ily {f, f(z) — 1}. Indeed, since f is the unique active function of this
family at x, we obtain

9g(x) = ) O(f +1ndomg)(x) = (1 O(f +1)(x) = df(x).

LeF(x) LeF(x)

Exercise 94: Take a sequence (t;)r C T such that f;, (z) — f(x);
for instance, choose t; € T such that f;, (z) > f(x) — 1/k. Since T is
compact, there exists a subnet (tx,); that converges to some t € T.
Hence, by the upper semicontinuity assumption, f(z) = limy f;, (z) =
lim; fy, (z) <limsup,_; fs(v) < fi(z) and t € T'(x) C To(x) for all e >
0; that is, the sets T:(z) are non-empty. Next, we proceed by show-
ing that each T.(x), € > 0, is closed, and so compact. Indeed, given
a net (t;); C T-(x) converging to t € T, we have that f(z)—e <
limsup; fi, (z) < limsup,_,, fs(x) < fi(z), and t € T.(x).

Exercise 95: (i) The set T is a closed subset of the compact S,
and so it is compact.

(i) If (t;); C T is a net converging to ¢t € T, then v, (¢) = p(t;) —
o(t) = 1(p), for every ¢ € C(T, [0, 1]); that is, w(t;) =y, — v = w(t)
and to is continuous. If T" is compact, then its image by the continuous
mapping w, ST = w(T), is also compact in S, and so closed as S is
endowed with product topology which is Hausdorff.

(#91) If t; — ¢ in T, then 7, — =y by the continuity of ro. If (¢;); C T
and ¢t € T are such that v, — 7, we suppose by contradiction that
t; - t. Then we find an open neighborhood V' of ¢ such that ¢; ¢ V,
frequently. By the complete regularity of T', there exists ¢ € C(T,[0,1])
such that ¢(t) = 1 and ¢(t;) = 0, frequently. But v, — ~; implies that
(t;) =0 — ¢(t) = 1, which is a contradiction.
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Exercise 96: By proceeding as in the proof of Exercise 9, we see
that condition (6.1) entails U C dom f; even more, we get U C f~(R).
Moreover, since the family {f;, ¢t € T} satisfies (5.10) (by Propo-
sition 5.2.4(i)), for all z € U we have (cl f)(z) = supsep(cl fr)(z) =
sup;er fi(x) = f(z), and f is Isc on U. Now, given z € U, we choose
r >0 such that cl(Bx(z,r)) C U, and consider the function f=
f+ Ty (@) Then fe€To(X) and int(dom f) = Bx(z,r) # 0, so

that Corollary 2.2.8 implies the continuity of f on By (z,7).

Exercise 97: It suffices to prove the inclusion “C” for = such that

df(z) # 0; hence f* is proper, f(z)= f**(z), and 0f(z) = d(cof)
(x) = 0f**(x). Thus, applying (6.73) to the family {f;*, t € T},

f(x) =0f"(x)= CO{ N C1< U 01" () +deomf**(w)) }
LeF(x) e>0 tGTEl(Z>

where Tl (z) :={t € T : f}*(x) > f(x) —e}. Observe that every t €

T!(x) satisfies fi(z) > fi*(z) > f(z) —e > fi(z) —,s0that t € T.(z)

and 0. f;(z) C 02 fi(x). Additionally, the inequality f** < f implies

that Nrndom f++ () C Nrndom f(), and the desired inclusion follows.

Exercise 98: It is clear that f < f, so that dom f C dom f and
Ngom 7(2) € Naom f(x). Thus, since infier fi(z) > —oo, Proposition
6.4.1 implies that, for every fixed € > 0,

Ndomf('r) = [@ (UteTasft(l‘)ﬂ =:C.

o0

So, we only need to verify that Ngom f() C C. Equivalently, due to
(3.51) and the relation

cl (dom (O-UteTasft(z))) =C"

coming from (3.52), we show that cl (dom (Juteﬁgﬂ(x))) C cl(Ry
(dom f —z)). To this aim, taking into account (4.28) and (4.1), we
pick

z € dom (O-UtETasft(w)) = dom (?319 O'asﬁ(x)> ;

that is,
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s e dom (sup(7)t(ei1)) € ) dom(Fes) = (R4 (dom - o).

tel teTl tel
(9.22)

Observe that, for every t € T'\ T'(x),

dom(fo)%(z; ) = Ry ((dom(pe fo) N dom((1 — pt) fry)) — )
=Ry ((dom fy Ndom ft,) — z) = (R4 dom(fy — ) N (Ry dom(fry — x)).

Then, denoting h; := (f;).(x;-) if t € T(z), and hy := (fy)L(z;-) if t €
T\ T(x), relation (9.22) entails

z€ [\ domhy
teT (x)

teT (z) teT\T (x)

= ( (1 Ry(dom f —l")> n < N (R4 dom(fy —=)) N (R4 dom(f, —f))> ;

and so (Exercise 9),

z € NRydom(f; —x) =Ry(dom f — z) C cl(R4(dom f — x)).
teT

Exercise 99: Let us suppose, for simplicity, that f(z)=0. Fix
€>0.Then 0 < pyc <1and fi.(v) = pycfi(x) > —5 forevery t € T'\
T'(x). Moreover, since ﬁs < max{ ft, fi,} < f, we have uteT\T(z)asﬁ,s(m)
- 8375 f(z) C Do f(x) and Uter(2)0e fre(z) C O-f ()
C Do f(x). S0, Uterd- fio(z) C o f(x) and the inclusion “>” follows
by taking the closed convex hull and intersecting over € > 0 (using
(4.15)). To verify the inclusion “C”, we fix ¢ > 0 and L € F(x). Since
the family {f;., t € T; Ip} satisfies infier fio(2) > —5, we can show
that (see Exercise 98)

NLﬁdomf(m) = |:CO < U 65ft,6(x) ) LL>:| = I:CO < U 6Sft,6(x) + LL>:| )
teT 0o teT 0o

where the last equality comes from (8.24). Therefore, by (6.16),
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85ft($) + NLﬁdomf(x)>

- (tET(x)asft(x) i [co (thasft,s(w) + LL)] OO)

Cco <tLeJT8€ fre(x) + Li> =cl (co ( U 0. ft,s(x)> + Li> .

teT

Intersecting over the L’s in F(x), we get

@ N od (c0(Uofecto)) 41+ ) =0 Urficto)).

LeF(x teT teT

where the last equality is found in Exercise 10(i).

Exercise 100: Fix positive integers m,n with m > f(z) and take
d > 0. Since u* € Ngom £(2) C Nrndom ¢(2), for every y € L we have
fly) <m = (nu*,y —x) <0< 9; that is, (nu*,y—x) >4, ye L=
f(y) > m, and so (nu*,y —x) > 6,y € L = 3t € T such that fi(y) >
m. In other words, (nu*,y —x) >0, y€ L=y € Uger [ft > m] and
this shows that

{y € Br(z,d): (nu*,y—z) >6t C{yeL: (nu*,y—z) >4} C th [fe > m], (923)

where Bp(z,d) denotes the ball in L centered at x with radius § (L
endowed with the relative topology of X is isomorphic to an Euclidean
space and, consequently, By (z,0) is compact). Therefore, since the sets
[ft > m] are open, by the lower semicontinuity of the f;’s, (9.23) gives

rise to a finite set {tgn’m), . ,tgﬂ?)} CT, k(nym) = 1, such that

{y € Br(z,9) : (nu*,y —x) >} C U [ftgn,m) > m} .

=1, ,k(n,m)

Equivalently, if we define the functions g, ,,,) := maxj=1,.__ k.., ftgn,m>,
so that

oo Sl = N [fem Sm] € N\ Bu@8) Uy € X5 (= 2) <5}
=1,k Lt

Also, by denoting  g:=sup,,,>19mnm), Wwe have that
[g <m] CNp>1 [g(n’m) < m| and we obtain
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[¢9 <m]NBr(z,d8) C < N [9nm) < m}) NBr(z,8) C{y € X : (nu*,y —z) < d}.

n>1
(9.24)
Hence, since = € [g < m| N Br(x,0) (remember that m > f(z)), we get

nu* € N?ggm}ﬂBL(m,(;) (x) for all n > 1,

and by taking n T +oo we deduce that u* € Nyg<p)np, (2 (T) =
Nig<mjnz(z) for all m > f(z). Therefore, u* € N> (o) Nig<m)nr(z) C
Uns 1oy l9<m]nZ(T) = N(dom g)nz.(*) and we conclude the proof since

g = Sup g(n,m) — Sup fﬂ;L,?n)

n,m>1 n,m>14=1,...kn,m)

is the supremum of a countable family.

Exercise 101: The relation that we aim to prove is obvious when
f(xz) = —oo (the sets in both sides are empty); then we suppose that
f(z) € R. The inclusion

Of(z)c [ ©0(0f(x) +{0,}0.15f(x)) (9.25)

0<e<eg

is obvious from Jf(z) = Ne>00:f(x) = No<e<e,O=f(z). In order to
prove the opposite inclusion “D” we suppose that f(z) =0 (with-
out loss of generality) and take z* in the right-hand side set of (9.25).
Hence, for each ¢ €]0, ], we have

z* € cl(0:f(x) + co ({0,¢} D15 f (7))
and so there are nets (y)); C 0-f(z), (Nig)i C[0,1], Ep=1, i <1
and (z,:‘k)Z C Oeqsf(x), k=1,...,k;, k;>1, such that

z* = lim; (y;‘ + Zk:l,...,kig/\i,k*z;k> . Thus, since f(x) =0, for each
y € dom f, we can write

(x*yy_m>:lilrr1<y;‘+s > )\i’kz’;"k,y—m>
k

=1,k

< limsup <(f(y)—f(w)+6)+€< > kai,k<f<y>—f<z>+e+«s>>>

.....

<FW+e+e(fy) +e+9),

and x* € df(x), by taking ¢ | 0.
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Exercise 102: The inclusion

Of(x)c N @0 (0f(x) Uebeysf()) (9.26)

0<e<eg

follows from O f () = Ne>00: f(2) = No<e<e, 0= f (x). To prove the oppo-
site inclusion, take z* in the right-hand side set in (9.26). Then,
for each fixed € > 0, there are nets (\;); C [0,1], (y)); C 0:-f(z), and
(27)i C Oexsf(x) such that z* =lim;(NyS + (1 — A\j)ez’). Thus, for
each y € dom f,

(o y = ) =i oy + (1= Ae],y — )
< timsup ((f(5) = J(2) + ) + (L= N)e(f () = S (&) ++ )
< fly) —fl@)+e+e(fly) — flx) +e+p),

as f(y) > f(x). Now, taking e > 0, we obtain (z*,y — z) < f(y) — f(x)

for all y € X, showing that z* € df(z).

Exercise 103: (i) Fix x € dom f and assume, without loss of gener-
ality, that f(z) = 0. Fix e > 0, U € Nx- and pick L € F(z) such that
L+ C U. Observe that the family {f,,t € T; 1} C To(X) also satisfies
the compactness and upper semicontinuity assumptions as the fam-
ily {fi,t € T'}. Therefore, by applying Proposition 6.4.1 to the family
{ft,t € T; Ip}, we obtain that (see Exercise 23)

Nindom f(z) = [CO (( U 0:fi(z) ULL) U (( U 3eft($)>>>:|
teT (x) teT\T(x) 0o

= [00 (( U Baft(x)> U ( U Easft(x)> ULL)] ;

teT(z) teT\T(x) oo

Moreover, we have Npndom f(z) = [C0A], (Exercise 22) where A :=

(UteT(x)asft(l”)) U (UteT\T(x)5aeft(1?) + LL) . Next, by combining
this relation and (6.16) and denoting Cy := 0: fi(x),
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8f(w)CCO< U Ct+NLmdomf(CU)> :CO< U Ct-i-[(X)A]OO)

teT (x) teT (z)
C co ((coA) + [coA],,) = coA

Cco U G+L*|u U eC +Lt
teT(x) teT\T(z)

C co U G| U U eCi| | +Lt+U
teT (x) teT\T(x)

C co U ¢ |u U eCi| | +2U.
teT (x) teT\T(x)

Consequently, (6.116) follows by intersecting over U € Nx- and after
over € > 0. We proceed now by showing the opposite inclusion in
(6.116), when x € X is such that M := infiep fi(x) > —o0. Let a* €
X* such that z* € co ((UteT(x)Ct> U (UtET\T(x)ECt)) for each € > 0.
Observe that, if z* € C; with ¢t € T(z), then (z*,z—1x) < fi(2) —
fi(z) +e < f(z) + ¢ for every z € X, and so z* € 0. f(z). Also, if 2* €
Cy with t € T\ T(z), then (z*,z—1z) < fi(z) — fi(z) +e < f(z) —
M + ¢ for every z € X, and so z* € 0-_p fi(z) (observe that M <
f(z) =0). Thus, as € >0 was arbitrarily chosen, we obtain z* €
Ne>0€0 (0= f(x) Uede—pr f(x)) = Of (v) (see Exercise 102).

(74) Denote g :=sup{f:, t € T; h}. Then, by the lower semiconti-
nuity of the f;’s, the functions f and g coincide in a neighborhood of
x, entailing df(x) = dg(x). If ¢ satisfied (6.116) with equality, then
taking into account that d.h(z) = {0}, we would have

dg(z) = ﬂCO<( U aeft(w)) U( U 635ft(:v)U{9})>-

e>0 teT (x) teT\T'(z)

But this implies that 6 € dg(z) = 0f(z), which contradicts our
assumption that = is not a minimum of f.

Exercise 104: First, as in the proof of Theorem 6.5.2, we may sup-
pose that all the f;’s, t € T,, are continuous at some common point
xg € dom f. By Corollary 6.1.6, we have

0f (x) =9 ( sup fi + Laom f) (2) = 0 (max {f, f + Liomys } ) (@),

teT ()
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where f:: maxer, ft- Observe that f is continuous at zg as T,
is finite. Then Theorem 6.5.2 yields 9f(x) = co {Of(a:)UA} + Ndom £ (),

where A := O(f + Igom ) (2), whereas Corollary 6.1.12 gives us of (x) =
Nyom (%) + B C Naom f(x) + 0B, where B := User, 0 fi(x). Hence,
by combining these two relations,

O0f(x) C co{(Ngom f(x) +coB) U A} + Naom £()
C co{(Naom s(#) +c0B) U (Ndom s(x) + A)} + Naom s (z)
= co{(coB) U A} + Ngom f(z) C €6 {B U A} + Nom ().

Exercise 105: The proof uses similar arguments to those compos-
ing Exercises 80 and 81, but here we take advantage of Theorem 6.1.4
(namely, one of its consequences given in Exercise 93), the whole thing
proved after Theorem 5.2.2. To prove the direct inclusion “C” in The-
orem 6.3.2, we assume without loss of generality that z =6, f(6) =0
and 0f(0) # 0; hence, 9(cl f)(0) = 9f(0) and f(0) = (clf)(0) =0.
We consider the convex functions ¢g; : X — R, t € T, defined by

_Jefy if cl f; is proper,
9= max {cl ft,—1}, otherwise.

It is easy to see that ¢ €To(X) and g:=suprg=
max {sup;cp(cl f), —1} = max {cl f, -1}, due to (5.10). Hence, since
(cl f)(0) = f(6) =0, we easily verily that f and g have the same value
and the same subdifferential at 6. So, from the proof given in Theorem
6.3.2 (when f; € T'o(X), for all t € T'), we have

9f(0) = 0(cl f)(0) = 9g(0)

= ) co { N «l ( U 0-g:(0) + NLmdomg(9)> } ;
LeF(9) 0<e<1 teT? (x)
(9.27)
where, for all € € |0, 1],
T9() = (1€ T gu(0) > e} = {t € T+ (A f,)(6) > —e}.
Take t € T¢(z) with € € ]0, 1[. Then the function cl f; must be proper,

1
because —e < (cl f;)(6) < f(6) =0, and so g; = cl f; by the definition
of g;. Thus, since —e < (cl f)(0) < f1(0), we have t € T.(#) and it can
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be easily proved that 0-g:(0) = 0-(cl f;)(0) C Do f1(0). Thus, taking
into account that dom f C dom(cl f) = dom g, (9.27) yields

af@)yc N co{ N cl( U At@)} c N co{ N cl( U At75>},
rer©) le>0 \teri(o) Ler) |e>0  \tem.(0)

where we denoted Ay := 02 ft(0) + Nrndom £(0)-

Exercise 106: First, since (2}); C (U N E)° and this last set is w*-
compact in E*, by Theorem 2.1.9, we find a subnet (z;"_| )i, where
z;‘_|E is the restriction to E of z;"j, and z* € E* such that

<2;;|E — 2*,u> —j 0forallue E.

Let z* € X* be an extension of 2* to X*, and fix V € Nx-. Then we
have (see section 2.1)

Vig = {CL‘TE AN V} € Ng-.
Thus, by taking limits on j in the following inclusion
(2 |p) C B = {UTE EE* :u" € A},

we infer that z|*E =7 e’ B Bc B+ Vig- So, there are u* € A
and v* € V' such that 2/ = up + v]p; that is, (z" — (u* 4+ 0v*),u) =0
for all u € E, and we obtain

HGeu v+ Etc ALV + EL

Therefore, z* € cl(A + E*), due to the arbitrariness of V' € Nx-.

Exercise 107: If x ¢ dom f, then Ef, =0 for every L € F(x), and
we are obviously done. Thus, we fix x € dom f and L € F(x), so
that T, (z) # 0, by Exercise 94. We introduce the functions g :=

Jt +Iondom £, t € T, (x), entailing that Er, = co {UteTez(x)aglgt(x)}
and dom g; = LNdom f Ndom f; = L Ndom f. We also consider the
associated restrictions to L, g¢ := §¢|, , t € T'(x). Take a net (u}); C
Ep such that uf —%" u* € X*, and denote z} := u} |, ; hence 2} —*"
u*|, =:2z* (the convergence in L*) because (z*,y)= (u*,y) =
lim; (uf,y) = lim; (27, y) for all y € L. For each i, we write u} =
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piguiy + .+ pigugy,, for some i € O-, gy, (), tij € Te,(2), pi €
Ay, ki > 1. Thus, since u; ; |, € O, g1, () (Exercise 55(i)), we have

X % ok ) *
=gl = i, e g |,

and so (z)); C co{UteTEZ(x)aglgt(x)} C L*, where L* is the dual of
L (which is isomorphic to L, and hence it has the same dimension
as L, say m > 1). Therefore, by the Carathéodory theorem, for each
i, we find some \; := (Ai1,..., Aimt1) € A1 together with (¢;1); C
T:,(x) and 27 € Os g1, ,(2), k € K :={1,...,m+ 1} such that 2 =
Aigzfy + oo+ Aimt12],, 01 We may assume that (X\i)i converges to
some X\ € Ap,41. Also, since (t;1); C T, (z) and T¢,(x) is compact and
closed, by Exercise 94, we may assume that t;, — t;, € T.,(z) for all
k € K. Consequently, for every z € LNdom f (=domgy,, k € K), we
obtain

(z",z — ) = lim; <)\i’1zf’1 o F N 12 1, 2 x>
< A limsup; (¢, ,(2) — g, () + ...
+ Amgr Hmsup; (9t 40 (2) = Gt ia () + €1
= A limsup; g¢, , (2) + ... + A1 limsup, gz, .., (2) — f(2) + €1
< A limsup; g¢, (2) + - .. + A1 limsup; g1, (2) — f(2) + &1

= > Mgn(2) = X Akgn (x) + e,
k}EK+ k)EK+

where K :={k € K : \y > 0}; that is, z* € 0, (Zk€K+)\kgtk) ().
Hence, wusing Proposition 4.1.26, as gy +Irndom s = g1, and
ri(dom g, ) = ri(L Ndom f) # 0, for all z€ L and k € K we obtain
2" € O, (ZkEK+)\kgtk> (2) C X pex, MO, g1, (). Hence, there exists
some vy € 0:, 61, (z), k€ Ky, such that 2% =37, Agvj. Since
domg;, = LNdom f C L, for every extension v; of v;, k€ K, we
have that 0} € ¢, g, (z) (Exercise 55(i)), and so 0% := 3, pe A\i0j; €
> kek, MOe, G, () is an extension of 2* to X*; that is, (0%,y) =
(z*,y) = (u*,y) for all y € L or, equivalently, u* — o* € L*. Therefore,

u* € > AeO-, G, () + L*
kEK

C >0 MO, (ft +loadomy +10) (@) = Y M0e g1, (z) C EL.
keK keEK
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9.6 Exercises of chapter 7

Exercise 108: We proceed as in the beginning of the proof of Theorem
7.1.1; that is, we only need to verify the inclusion “C” when 0(g + f o
A)(@) =0((clg) + (clf) o A) (x) #0, clg € To(X), clfeTo(Y),
(clg)(x) = g(z) and (cl f) (Ax) = f(Ax). Then, by (4.45),

9(g + foA)(z) =0 ((clg) + (clf) 0 A) (z) = (1 cl (0 (clg) (x) + A™0c (cl f) (Ax))

e>0

= (N cl(d:g9(z) + A"0- f(Ax)) .

e>0

Exercise 109: The proof is the same as the one of Exercise 108, but
using the functions ¢of and cog instead of cl f and cl g, respectively.

Exercise 110: Observe that f is proper and continuous on
int(dom f) so that cl(f+g)(xz) = f(z)+ (clg)(xz) for all
z € int(dom f). To prove the non-trivial inequality cl(f + g)(z) <
(cl f)(x) + (clg)(x) for =z € dom(clf)Ndom(clg), we choose
zo € int(dom f) N dom(clg) and denote z) := Axg+ (1 — Az, 0 < A <
1. Then ) € int(dom f) N dom(clg) and so

c(f +g)(@x) = f(xa) + (clg) () = (L f)(zx) + (clg)(zA)-

But the functions (cl f) and (clg) are convex and proper, and so

Cl(f + g)(z) < liminfcl(f + g)(z) = lim (el f)(z2) + (cl)(z2)
< limnf(A(el (@) + (el)(z0)) + (1= X) (e £)(x) + (el g)(x)))

= (el f)(@) + (clg)(2),

yielding the desired inequality. To prove the second statement, take
x € X such that 9(f + g)(x) # 0. Then, by taking into account the first
statement (and Exercise 62), (f 4+ g)(z) = cl(f + g)(x) = (cl f)(x) +
(clg)(x) € Rand 8(f + g)(z) = (cl(f +))(x) = D((cL ) + (c] 9))(x).
In particular, f(z),g(x), (cl f)(x),(clg)(x) € R and we obtain f(x) —
(cl f)(x) + g(x) — (clg)(x) = 0. This implies that f(z) = (cl f)(z) and
g(x) = (clg)(x). Moreover, since cl f < f, the convex function cl f is
continuous at some point in dom(clg), and Corollary 7.1.3 yields

O(f + 9)(x) = 0((cl f) + (clg))(x) = d(cl f)(z) + O(clg)(x) = Of (x) + Dg(x).
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Exercise 111: We start by proving that the set R (epi(fo A) —
(x, f(Ax))) is closed. We proceed as in the proof of Theorem 7.2.5 and
take nets (o;); C Ry and (x4, A;); C epi(f o A) such that o;((zi, Ai) —
(z, f(Ax))) — (u,p) € X x R. Then (Azi, A\;) € epi f and
a;i((Azi, A\;) — (Az, f(Ax))) — (Au, p), due to the continuity of A. But
(A, M) — (Az, (A2))) € Ry (epi / — (Az, f(Az))) and 50, by the
current hypothesis, (Au,p) € Ry(epif — (Az, f(Ax))). Let a € Ry
and (y,A) € epi f such that Au = a(y — Az) and p = a(X — f(Az)).
Next, if we take v > 0 such that ay < 1, then the convexity of f yields

(foA)(yu+z)= flyaly — Az) + Az) < avf(y) + (1 — ya) f(Az)
< ayA + (1 —va) f(Az) = f(Az) + i,

and  so  (u,p) €y ' (epi(f o A) — (x, f(Ax))) C Ry (epi(fo A) -
(x, f(Az))), showing that the set R (epi(f o A) — (x, f(Ax))) is closed.
Hence, the functions fo A and g satisfy condition (i7) of Theorem
7.2.2, and we get O(g+ fo A)(x) =cl(dg(z) + I(f o A)(x)). More-
over, taking into account Theorem 7.2.3, the closedness of R4 (epi f —
(Azx, f(Ax))) ensures that O(f o A)(x) = cl(A*0f(Ax)). Consequently,

the conclusion comes by combining these two identities,

A(g+ foA)(x) =cl(dg(x) + cl(A*0f(Ax))) = cl(dg(x) + A*Of(Ax)).

Exercise 112: The inclusion “D” is obvious. Let § > 0 be small
enough to have (ri(domg) —z)Ndomoy, # 0. Observe that if we
define the function h: X — R as h(y) := 04,(y — ), y € X, then by
(5.1), we have As = 0-.04,(0) = O-h(x) for all € > 0. Next, since the
family (Ag)e>o is non-decreasing, by applying consecutively Proposi-
tion 4.1.6(4i7) and (4.15), we get

N cl(A: 4 0:g(x)) C () cl(As + 0=g9(x)) = () cl(O:h(x) + O:g(x))

e>0 e>0 e>0
C Qoage(h +g)(x) = (h + g)(x).

Now, Theorem 7.2.1(ii) gives rise to

ﬂo cl(Ae + 9eg(x)) C I(h + g)(2) = DO cl(Och(x) + dg(z)) = cl(As + dg(x)) .
> €

Hence, since 6 > 0 is arbitrarily small, we deduce that

Neso el (Ae +9:9(2)) © Mp0 €L (A5 + 9g(2)),
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and we are done since the converse inclusion is obvious we are done.

Exercise 113: We represent by E the right-hand side set in (7.40),
and take x € dom f Ndom g. For all t € T, we have 0. fi(x) + 0-g9(z) C
O2:(ft + g)(z). Moreover, for ¢t € T.(z), we have f; < f and fi(z) >
f(z) — e, and this implies Oa-(f: + g)(x) C O3:(f + g)(x). Therefore,
using (4.16) and (4.15),

EC n @{835(]0 + g) (LL’) + NLﬂdom fﬁdomg(x)}
>0, LeF(x)

c N Os(fHg+I)(z) =0(f +9)(=),
e>0, LEF(x)

and the inclusion “D” follows. To show the opposite inclusion “C”
we observe that f 4 ¢g = sup,cr(f: + ¢g). Then, since condition (5.10)
holds automatically in the current case, by Theorem 5.2.2 and making
use of formula (4.46), we get

O(f+9g)(x)=cl U 0., f(x)+0,9(x) | Ccl(A: + B.) for all e > 0,
g1+ea=¢
€1,6220

where we denoted A. := 0.f(x) and B. := d.g(x). So, denoting C :=
NLﬂdom(f+g) (l‘),

£>0, LEF teT. (z)

of+9)=)= N ()CO{ U 3a(ft+g)($)+0}

e>0, LeF teT.(x)

c N co{ U cl(Ae+Bs)+C}
()

C N co( U AE+BE+C>.
(z)

e>0, LeF teT. ()

Exercise 114: (i) Apply Theorem 7.3.2 with g = 0.
(7i) Using (4.45) and the lower semicontinuity of the function
Ik, (dom f—a), for all ¢ > 0 and L € F(x), we obtain

NLﬁdomf(:E) = NLﬂ(R+(dom f—z)) (9)
Ccl (LJ_ + N]Th_(domffm) (9)) =cl (LJ_ + NR+(domffa:) (6)) :
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Thus, according to Theorem 7.3.2 (taking g = 0),

9f (x) C ﬂCO{ U 0-fi(x) +NLﬁdomf(37)}

e>0 teT. (x)

c mco{ U o.fi(e) +l (T* +NR+<domf_x><e>)}

e>0 teT. (z)

C ﬂco{ U Ggft(x)—i-Ndomf(x)—i-LJ‘}.

>0 teT.(x)

Thus, the inclusion “C” follows by intersecting over the L’s (Exercise
10(7)). The opposite inclusion in (7.41) is once again straightforward.
Assume now that ri(cone(dom f — z)) # 0. Take L € F(z) such that
L Nri(cone(dom f — x)) # 0. Then, since riL = L # ), ri(cone(dom
f—x))#0, and  the convex  function Iz and
(Ir, (dom f—=))|aff(R, (dom f—z)) are continuous on L and ri(cone(dom f —
x)), respectively, Theorem 7.2.2(iii) yields

NLﬂdomf(m) = NLH(RJr(dom f—x))(e)
= 0Lz + T (dom ) () = € (L + Ni (dtom s (6)) -

Thus, the conclusion follows similarly as in the paragraph above using
Theorem 7.3.2.
(#i7) Apply Corollary 7.3.5 with g = 0.

Exercise 115: Assume that cl(f 4+ Ip) = sup;cp(cl f;) holds on D.
Take x in cl(L N D) for certain L € F. Since LN D C L, we pick zg €
ri(L N D). Then xy := Axog+ (1 — ANz e LND C D for A €]0,1], and
SO
c(f+1Ip)(x)= lim cl(f+1Ip)(xx) = lim sup(clfi)(xzx) = sup(cl fi)(z).

A—0*+ A—=0t teT teT

9.7 Exercises of chapter 8

Exercise 116: If A(x) = (), then UteA y0.ft(z) = {0} and the inclusion

trivially holds as F' C C. Take x* € NC( ) and t € A(x). If Of(z) =
(), then obviously Ne(x) + dfi(z) = 0 C Np(x). Otherwise, take x} €
Ofi(x), + >0 and z € F (C C). Then

(" + My, 2 —x) < M (v, 2 — @) < M(fe(2) — fi(@) = M fi(2) <0
that is, No(x) + dfi(x) € Np(x). Hence,
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N¢(x) + cone co < U 8ft(x)) = cone co ( U Ne(x)+ 8ft(a:))>

teA(x) teA(z)
C Np (:L‘)

Exercise 117: Take z € F. If f(z) < 0, the continuity of f together
with condition z € int C' entails = is an interior point of F. Then
Np(z) = {6}, and (8.18) and (8.21) are both trivially satisfied. Finally,
if f(z)=0, then T(x) = A(z) and once again LFM and BCQ are

equivalent.

Exercise 118: Observe that F' =] — 0o, 0], for = 0 we have T'(0) =
T, and every finite subsystem has F' as solution set. Despite this, we
have

Nz(0) = [0, +o0[# {0} = N¢(0) + cone co < U 8ft(0)> ,

teT(0)

because Jf;(0) = {0} for all ¢ € T. Thus, S is not LEM.
Exercise 119: (a) Observe that

clepig®+ clK) =cl(epig” + K) =epig* + K C epig" +cl K,

and epig* + cl K is w*-closed.

(b) If g is linear (and continuous), epig* is a vertical half-line and
so, is locally compact. Moreover, (—epig*)s Ncl K = {(6,0)}, as a
consequence of (8.9), since (P) has feasible solutions. Then we apply
Theorem 2.1.8 to deduce that epig* + cl K is w*-closed.

(¢) If g is continuous at some point of F, the result comes from
Proposition 4.1.20 and Lemma 8.1.2. In fact,

epi(g + Ip)* = epig* + epil} = epig* + epiop = epig* + cl K,

and epi g* + cl K is w*-closed.
Exercise 120: See the bibliographical notes of chapter 8.

Exercise 121: According to Theorem 8.2.1, we have
T is optimal for (P) < 9¢(Z) N (—Np(T)) # 0 < 0 € 9g(T) + Np(T).

Since § is assumed to be LFM at T, we obtain
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T is optimal for (P) < 6 € 0g(T) + cone co < U 8ft(:1:)> + N¢ (),
teA(T)

and we are done.

Exercise 122: If 2* € Np(2)\ {0}, where F' is the feasible set of S,
then the point & turns out to be a minimum of the problem

Min — (z*, x)
st. fu(x) <0, teT, x€C.

Hence, arguing as in the proof of Theorem 8.2.3, we conclude the
existence of A € ]R(f) such that 6 € —2" + 3,00 AN 0fe(Z) + Ne(2)
and A f(Z) = 0 for all ¢t € supp A. Thus, supp A C A(z) and

z* € N¢(Z) + cone co < U aft(a:)> ,

teA(z)

so that S is LFM at z.

Exercise 123: Let 7 € F' be a minimum of (P). Then v(0) = ¢(7),
and in the proof of Theorem 8.2.12, we established the existence of
A€ ]RELT) such that g(z) + > ,cpAefi(z) > g(T) for all z € C. It fol-
lows from this inequality (by letting = T) that ), A fi(Z) = 0, and
hence L(z,\) > L(Z,\) = ¢g(7) for all x € C. In addition, for each A €
]Rg_T), and since fi(7) <0, we have L(Z,\) = g(T) + >, cr e ft(T) <
g(T) = L(Z, ). Thus, (8.92) holds. Conversely, if there exists A € RELT)
satisfying (8.92), by letting A =0 in (8.92), we get ¢(Z) < g(x) +
SierMfi(x) for all w € C. Thus, if € F, then g(z) > g(z) as
> et Aefi(x) < 0. This means that 7 is a minimum of (P).

Finally, from the paragraph above, we deduce that v(P) = ¢g(T) <
inf ;ecL(x,\) < —v(D), and we conclude that X is a maximizer of (D)
by the weak duality.

Exercise 124: It is obvious that (8.93) holds trivially (all the sets
are empty) when f = 4o00; i.e., f* = —oo and f** = +o0. If, alterna-
tively, f* # —oo, the assumption dom f* # () gives rise to the existence
of zf € Y such that f*(zf) € R, and (-,z}) — f*(zf) is a continuous
affine minorant of f (which is proper). Now two possibilities arise. The
first one corresponds to the case m = infx f = infx f** = —o0, where
(8.93) holds due to the convention on e — argmin f. Exploring the
remaining case where f is bounded from below; i.e., m € R, we prove
first the inclusion “C” in (8.93) under the assumption m = infy f =



9.7 EXERCISES OF CHAPTER 8 423

infx f* € R. Then, for any € > 0, z* € dom f*, u € ¢ — argmin f and
z € {z*}~ one has

(z%u+2) = f7(2") < (&7, 2) + fu) < fu) <m &

in other words, ¢ —argmin f + {z*}~ C [(z*,:) — f*(z*) <m +¢].
Thus, since the set on the right hand side is closed and convex,

@ (e —argmin f + {2}7) C [(a") = f*(e*) < m+4]

and taking the intersection over z* € dom f*, we obtain

N ©o(e—argminf+{2z"}7) C sup  {(,z") = f" (@)} <m+e
z*€dom f* z*edom f*

= [f** <m+¢e] =¢e— argmin f**.

We finish this part of the proof by taking the intersection over € > 0.
The converse inclusion “C” in (8.93) comes from (8.46) and the fact
that e-argmin f + Npnqom £+ (0) C e-argmin f + {z*}~, for every z* €
dom f* and L € Fx- such that * € L.

Exercise 125: Taking into account (3.2), inequality (8.94) implies
that, for all z* € X*,

[r@) < (al- )" (=") —b=a(op.) (—) —b
—1z,. (%) —b=1I,p,.(z") — b,

showing that aBx+ C dom f*. Hence, f* is norm-continuous in the
interior of Bx+. Then we apply Corollary 8.3.8.

Exercise 126: (i7) = (i) Assume that (i7) holds. Since o4p,.(z) =
al|z]| for all z € X, inequality (8.95) implies that f > 04s 1 aBy. + -
So,

fr@") < (0ng+aBy- + 1) = Lograny- (@7) — 1
= —p for all 2™ € xj + aBx-~,

and Proposition 2.2.6 implies that f* is [|-||,-continuous at z{;. In other
words, (i) follows:

(1) = (it) If f* is [|-||,-continuous at some zj; € X*, then we find
some 4 € R and o > 0 such that (z*,z) — f(z) < f*(2*) < —p for all
x € X and 2" € 2 + aBx-. Thus, for all z € X,

(g, 2) = f(z) + a|z]| = (x5, 2) — f(x) + sup (a7, 2) < —p,

r*EaBx*
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and (8.95) follows. This yields (i7).

Exercise 127: Consider the function f: X — Ry defined as f(z) :=
f(z) if z € C, and f(x) := +oo if not. We verify that f is Isc and
infx f = infeo f € R. Moreover, if M > 0 is such that C C M Bx, we
get

f*(@%) = sup{(a*,3) — f(2)} < sup [lz] =" || — inf £ < M " — in /.
z€C z€C C c

Hence, f* is norm-continuous on X*, and we apply Corollary 8.3.9.

Exercise 128: Relation (8.81) reads

f* = Lei.;-'l(fx*) (g* + Icl(Lﬁdom f*)) +c

where 2§ € dom f* (C dom g*, by (8.80)). Then, taking the conjugate
with respect to the pair ((X,%x), (X", 0(X*, X))), the properness of
f* and Theorem 3.2.2 give rise to

cof = "= sup (¢*+Iawndoms)) — ¢
LeF(x5)

Moreover, since xj € cl(L Ndom f*) N dom g*, Proposition 4.1.16
implies that

cof = sup cl((cog)Torndom f+) + ¢ = sup cl((cog)0oLndom f+) + ¢,
LeF(xy) LEFx»

and we are done.

Exercise 129: We fix § > 0 and denote the function in the right-
hand side by fs. Then we easily verify that fs < f; hence f5 € T'o(X)
and fs < cof. Next, given x € X and ¢ € (0,0), we show that

O:f(x) C O-f5(x). (9-28)

Take z* € 0. f(x) and let o < f5(). Then there exist n € N, (e;, x4, z})
€ R x X x X* with «} € 0., f(z;), for i =0,...,n, such that

Fmo) + S0 @), wi1 — @) + (2, 0 — @) — S gei > o (9.29)

Therefore, taking (z,41,2), ) := (z,2*) in the graph of O.f and
€nt1 = €, the definition of fs implies that, for each y € X,

F3(y) > Fl@o) + 0o (@, mips — ) + (¥ y — ) — St le,,
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So, (9.29) yields fs(y) > a+ (z*,y —x) —¢ for all a < fs(x), and
we deduce fs(y) > fs(x) + (z*,y — x) — e for all y € X. This proves
that z* € 0. fs(x), and so, (9.28) holds. Therefore, applying Corollary
8.4.8(ii1), there exists ¢ € R such that cof = f5+ ¢, and we get the
coincidence of €6 f and f5 because

f(xo) = (cof) (z0) > fs(xo) > f(x0) + sup(—eo) = f(wo).

8020

Exercise 130: If g denotes the right-hand side in (8.96), then
as in Exercise 129, we show that g € I'o(X), g < f, g(zo) = f(x0),
and df C dg. Thus, by Theorem 8.4.3, there exists ¢ € R such that
[ = g"odom f+ + ¢. Moreover, since g < f, we have f* < g¢* and
dom g* C dom f*. Thus, taking the conjugates in the last relation
above and using Theorem 3.2.2, we obtain f* = g* + Ljom - —c =
g* — c. Consequently, again by taking the conjugates and using Theo-
rem 3.2.2, we get ¢of = g + ¢, and the equality co f = ¢ follows because
¢ = (cof)(wo) — g(zo) = f(xo) — g(x0) = 0.

Exercise 131: (iii) = (ii) Assume (ii¢) and let = € X such that
I(f1+ f2)(z) # 0, implying that O(f1 + f2)(x) = 9(e0(f1 + f2))(z) =
d((cof1) +
(@f))(x) and  (w0fi)(z)+ (@f)(z) ER.  Hence, wofi,
cofy € I'g(X), and Proposition 4.1.16 yields

Of1 + f2)(w) = O(e5f1) + (@f2)) (@) = () el (9= @) (@) +0: (e5f2) ) - (9-30)
Also, by Exercise 62 and assumption (iii), we have fi(x)+ fo(x)
= (co(f1 + f2)) (z) = (c0f1) () + (€O f2) (x), and so f1(x) = (cof1) (2),
fa(x) = (€0f2) (x), O(cof1)(x) = 0fi(z), and O (cof2) (z) = Ofa(x).
Thus, the conclusion of (i7) follows by (9.30). 3

(i) = (iii) We fixe € ]0, 6], a > 0 and = € X, and denote f; := ¢of1,
f2 := @0 fy. Then, by (i) and using Proposition 4.1.6,

e1t+ez<eta
€1,62>0

55(f1+f2)(w)—01( U 5slf1(x)+352f2(13))

cd ( U  0.fi()+ aazﬁ(w)) C Oeralfi + f2)(2),

e1tez<eta
£1,62>0

and taking the intersection over a > 0, we get 9:(f1 + f2)(x) C o-(f1 +

f2)(x) for all x € X and € €]0,4]. Since f1 + fo < f1 + fa, Corollary
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8.4.8 (i) applies and yields some ¢ € R such that co(f; + f2) = f1 +
fa + c. Observe that ¢ > 0 because fi + fo < co(f1 + f2). Moreover,
since dom(f1 + f2)* # () by the current assumption, for each v € 10, %[
there is some (z,,2*) € X x X* that satisfies «* € 0y(f1 + f2)(z,).
Hence, using (i),

ey (fit f)lwy) e U 0 filey) + 0, falzy)
€1+52§2'y
€1,6220

Cecl (82%]01(.%'7) + 62'yf2(x'y)) 5

and we deduce that 0y f1(z) # 0 and Oy fo(z) # 0. Then, by Exer-

cise 62, we get f1(z1) > (€0/1)(2,) 2 fi(ay) — 2y and folz,) > (c0f2)
(xy) > fo(xy) — 2, so that

c=co(f1+ f2) (@) — fi(zy) — folz) < (f1 + fo)(y)
— fi(wy) + 2y — falzy) + 27y = 4v.

Therefore, since v € ]0, g[ is arbitrary, we infer that ¢ < 0; that is,

¢ =0 and @ (f1 + fo) = fi + fo, as required in statement (iii).
(74) = (i7¢) when X is Banach with the RNP, f,¢ are Isc, and
int(dom(f 4 ¢)*) # 0. Given x € X, (4i) implies that

O(fi+ 1)) = (N e (B:f1(@) +0:fo(@)) € () el (0-Fi(w) + 0-fo()

e>0 e>0
C Doaa(fl + fo)(x) = O(f1 + f)(2).

Thus, by Remark 20, there exists some ¢ € R such that (f; + fo)** =
¥+ f3* 4 ¢. Moreover, since int(dom(f + g)*) # 0 and X is Banach
with the RNP, the w*-Isc function (f + g¢)* is (norm-) continuous
on int(dom(f + g)*), and so there exists a (norm-) dense set D of
int(dom(f 4 ¢)*) such that (f+ g)* is Fréchet-differentiable on D.
Take z§ € D. Then, by Theorem 8.3.7(i), we have that O(f + g)*(xf) =
{((f+9)") (=)} = (O(f +9)) " Hx}) =: 20 € X. In other words, using
(i),
zo € O(f + g)(x0) = ﬂod (0= f1(wo0) + 0= f2(20)) -
e>
In particular, 9(f + g)(x0), 0= f1(x0), and O: fo(xo) are non-empty for
all € >0, and we deduce by Exercise 62 that (co(f + g))(zo) = (f +
9)(20), fi(zo) = fi(zo) and fa(wo) = f2(z0). So, by Theorem 3.2.2,
we infer that ¢ = (f1 + f2)""(z0) — f1"(z0) — 3" (2z0) = (f + g)(z0) —
fi(zo) — fa(zo) = 0.



Glossary of notations

R% = 10, 400

Ry := 10, 4o0]

R:=RU {£oo}

Roo : =R U {+00}

R"™, n-dimensional Euclidean space

R?, nonnegative orthant in R"
0,, zero-vector in R"

RT :={\:T — R}
suppA = {t € T: A\ #0}, e RT
R™) := {X € RT : supp \ finite}

R .= (A eRD : X\ >0Vt e T}
N, natural numbers

|T|, cardinality of T'

0, zero, or origin, in X (also in X*)
Tx, initial topology in X

N convex, closed, and balanced
%7\ neighborhoods of 6 in X

Ly, p > 1, sequences (z5)32, s.t. Y po |zxlf < 400
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428 GLOSSARY OF NOTATIONS

{0, sequences (1), s.t. Supg>q |x] < 400

co, subspace of £ s.t. x — 0

coo := RM

C(T), continuous functions in R”

C(T,[0,1]), continuous functions from 7" to [0, 1]
CY(T), continuously differentiable functions in RT
(T, bounded functions in R”

Bx(z,7), closed ball of radius r > 0 centered at z
By, closed unit ball

X* and X**, (topological) dual and bidual spaces of X
['y(X), proper convex and lsc functions on X
A+B:={a+b:ac A, bec B}

AA:={da: Xe A, ac A}, ACR

coA, convex hull of A

coneA, conic hull of A

affA, affine hull of A

spanA, linear hull of A

dim A, dimension of affA
linA, lineality space of A
F(x), finite-dimensional linear subspaces containing x
F:=Fx = F(0)

A°, polar set of A

A~ (negative) dual cone of A
AL, orthogonal subspace of A
N% (x), e-normal set to A at z
N4(x), normal cone to A at
Ao, recession cone of A

intA, interior of A

clA (or A),closure of A



GLOSSARY OF NOTATIONS

bdA, boundary of A
CoA = cl(coA)
coneA := cl(coneA)

riA, relative interior of A

dom f, effective domain of f
epif, epigraph of f

epi, f, strict epigraph of f
gphf, graph of f

[f < a], level set of f

clf, closed hull of f

cof, convex hull of f

cof, closed convex hull of f
fOg, inf-convolution of f and g
f og, composition of f and g
f*, Fenchel conjugate of f

f**, biconjugate of f

o4, support function of A

PA = 0Au(—A)

14, indicator function of A

pa, Minkowski gauge of A

dy, distance to A

T A, projection mapping on A
(-,+), duality pairing in X* x X

I]l, norm

A* . Y* — X*, adjoint operator of A: X — Y

Oe f, e-subdifferential of f
0 f,subdifferential off
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conic hull, 21
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Singer—Toland duality, 140

Slater condition, 137
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strong duality, 139
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