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Chapter 1

Introduction

The most informative way to study Ilaboratory and
astrophysical plasmas is by analyzing their radiation.
Nonlinear phenomena are encountered almost everywhere
in nature and in laboratory experiments. The overturning of
a wave coming into a beach is an example of nonlinearity in
nature that most people have seen: the wave becomes
nonlinear. A ubiquitous example of man-made nonlinearity
can be found in electric circuits: as the current heats the
wire, its resistance changes, so that the linear Ohm’s law
ceases to be valid.

The radiation from plasmas is no exception. The
nonlinear phenomena in the radiation from plasmas are
important both fundamentally as well as practically and are
the subject of this book. The book is structured as follows.

Chapter 2 presents an overview of the studies of
nonlinear effects in the radiation of satellites of hydrogenic
spectral lines from plasmas and their applications. The
satellites are caused by various types of
quasimonochromatic electric field. These fields can be
either intrinsic to plasmas (such as Langmuir waves) or
extrinsic (such as a laser field). The effects under
consideration are nonlinear with respect to the energy
density Ey?/(16m) of a quasimonochromatic electric field of
amplitude E,. This chapter covers nonlinear effects in the

following situations: (1) satellites under a one-dimensional
one-mode monochromatic electric field in the non-opaque



case; (2) satellites under a one-dimensional one-mode
monochromatic electric field in the opaque case; (3)
satellites under a one-dimensional two-mode
monochromatic electric field; (4) satellites under a one-
dimensional multimode monochromatic electric field; (5)
satellites under a two-dimensional multimode electric field;
(6) satellites in an elliptically polarized electric field; (7)
nonlinear spectral effects in the case of Langmuir solitons.
Chapter 3 presents nonlinear effects in the radiation of
hydrogenic spectral lines under the broadband electric field
of Langmuir turbulence. The Langmuir waves, which are
quasimonochromatic in plasmas of relatively low electron
densities N,, can be broadband waves (turbulent) at high

electron densities, such as N, > 1018 cm~3. The broadening

of the power spectrum of the Langmuir waves at high
electron densities is mainly caused by electron collisions.
We consider two possible shapes of the power spectrum of
the stochastic electric field (such as broadband Langmuir
turbulence): the Lorentzian shape and the Gaussian shape.
We analyze effects that are nonlinear with respect to the
energy density of the stochastic electric field.

Chapter 4 presents a study of various nonlinear effects in
the radiation of satellites of non-hydrogenic spectral lines
from plasmas and their applications. This kind of satellite
can occur in the spectral lines of helium and lithium atoms
as well as in the spectral lines of He-like and Li-like ions. We
cover the early theoretical results obtained for the situation
in which the quasimonochromatic electric field (causing the
satellites) is relatively weak, so that the effects can be
described in the frame of the perturbation theory. We then
cover theoretical and experimental results obtained for
stronger fields: the adiabatic theory of satellites and its
applications, as well as the case in which the frequency of
the quasimonochromatic electric field is much greater than
the corresponding atomic frequencies.



Chapter 5 presents the simultaneous interaction between
the radiating atom or ion and the quasimonochromatic
electric field and with the quasistatic part of the plasma
electric field, which led to the discovery of a new sub-area
of plasma spectroscopy: intra-Stark spectroscopy. It deals
with Langmuir-wave-induced structures (bump-dip-bump
structures) in certain locations of the profiles of hydrogenic
spectral lines. These structures (called for brevity Langmuir
‘dips’), consisting of a local intensity minimum surrounded
by two ‘bumps’ (peaks)—are emergent phenomena that
spring from multifrequency nonlinear dynamic resonances.
The analytical predictions of the emergent phenomenon of
the Langmuir-wave-induced ‘dips’ have been confirmed by a
large number of experiments by various experimental
groups working with different plasma machines as well as
by astrophysical observations. In these experiments and
observations, which span about ten orders of magnitude of
electron density, the highly localized Langmuir-wave-
induced structures were reliably detected, identified, and
used for plasma diagnostics. In particular, this included
high-precision, benchmark experiments at the gas-liner
pinch, where plasma parameters were measured using
coherent Thomson scattering independently of
measurements of the line profiles.

Chapter 6 presents nonlinear effects in the radiation of
quasistatically Stark-broadened spectral lines from plasmas
under a high-frequency laser field E, cos wt. The high-

frequency laser field partially or completely suppresses the
components of the quasistatic field F perpendicular to E,.

This leads to a highly nonlinear dependence of the
intensities of the spectral line components and the shift of
spectral line components on the scaled energy density of
the high-frequency laser field.

Chapter 7 presents nonlinear effects in the radiation of
dynamically Stark-broadened hydrogenic spectral lines by



plasma electrons. In analytical theories of the Stark
broadening of spectral lines by the electron microfield in
plasmas, the effects of the electrons were considered in the
dynamic regime. Specifically, Stark broadening was treated
as resulting from a sequence of binary collisions with the
perturbing electrons (some collisions were not completed).
Due to the binary nature of this framework, it might be
expected that the resulting Stark width would be linear with
respect to the plasma electron density N.. However, in

reality, the Stark width turned out to be nonlinear with
respect to Ng: either weakly nonlinear, as in the early

theories, or strongly nonlinear, as in the more sophisticated
theories. This chapter covers the following: (1) early
theoretical results; (2) the refinement of the conventional
theory for hydrogen spectral lines; (3) the refinement of the
conventional theory for hydrogenlike spectral lines; (4) the
generalized theory; (5) reduction of Stark broadening due to
the acceleration of electrons by the ion field in plasmas.
Chapter 8 presents nonlinear effects in dynamical Stark
broadening by plasma ions. We demonstrate that the ion
dynamical Stark width of the lines without the central Stark
components (such as the Ly-beta, Lyman-delta, Balmer beta,
or Balmer-delta lines) depends on the ion density N; in a

significantly nonlinear way. At relatively small ion densities,
the dependence is quasi-linear. However, at relatively large
ion densities, the dependence becomes significantly
nonlinear: proportional to N;¥/2. We also show that the ion

dynamical Stark width of these spectral lines has the
following dependence on the ion temperature T. At
relatively large temperatures, the ion dynamical Stark width
is proportional to (1/T)Y2. At relatively small temperatures,
the ion dynamical Stark width is proportional to T4.

Some additional topics are covered in the appendices.
Appendix A exhibits the effects of various electric fields on
the energy levels 5D, 5F, and 5G of helium. Appendix B



provides practical examples of the use of spectral line
radiation to diagnhose oscillatory electric fields in laser-
produced plasmas. Appendix C is devoted to the validity of
using the analytical method based on the separation of
rapid and slow subsystems for a more accurate analysis of
the Stark broadening of hydrogenlike spectral lines by
plasma electrons. Appendix D provides a brief outline of the
impact approximation in the conventional theory of the
Stark broadening of spectral lines in plasmas.

Major publications related to the topic of this book are
listed below.
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Chapter 2

Nonlinear effects in the radiation of satellites of
hydrogenic spectral lines from plasmas and their
applications

2.1 Satellites under a one-dimensional one-mode
monochromatic electric field in the non-opaque case

In this section, we consider a hydrogenic atom/ion that has a nuclear charge of Z under a
linearly-polarized field Ey cos wt, such as that of a laser field. As early as 1933, Blochinzew

[1] analytically solved this problem for a model hydrogenic line consisting of just one Stark
component. His result for the profile of the Stark component can be represented in the
following way:

o0

Sprofile(Aw/w) = Z [J5(Xe)]*8(Aw/w — p).

(2.1

In equation (2.1), Aw is the detuning from the unperturbed frequency wg of the )
spectral line and J,(X¢) are the Bessel functions, where

€= 3hEo/(2ZTne€LU), X = (nq)upper - (nq)loweN q= (nl - n2)' (2.2
In equation (2.2), m. and e are the electron mass and charge, respectively; n is the )
principal quantum number; n; and n, are the parabolic quantum numbers; and the

subscripts ‘upper’ and ‘lower’ relate to the upper and lower energy levels involved in the
radiative transition.

The profile S(Aw/w) is normalized to unity:

/_ " Srotie(Aw/w)d(Aw/w) = 1.

(2.3
It can be seen that, generally speaking, the profile of the Stark component splits into )
an infinite number of satellites separated from the unperturbed frequency w, of the
spectral line by pw, where p is any positive or negative integer (the value p = 0
corresponds to the ‘main line,’ that is, to Aw = 0).
We focus on the nonlinear dependence of the satellite intensities on the energy density
Ey%/(8m) of the laser field. For this purpose, it is convenient to let

2
a = (Xe)
’ (2.4
which is the scaled energy density of the laser field (see equation (2.2)). Equation (2.1) )
can now be rewritten as



S 1/2\12
Sprofile(Aw/w) = Z |:Jp ((1 / ):| 5(Aw/w —p).
pP=—00
(2.5
Thus, the dependence of the satellite intensity S(a, p) on the scaled energy density of )
the laser field and on the satellite number is as follows:

S(a,p) = {Jp (a1/2)] : (2.6

Let us consider, for example, the intensity of the first satellite S(a,1) = [J;(a¥?)]2. At )

relatively small energy densities of the laser field (a < 1), the intensity linearly depends on
the energy density:

S(a,1) ~ a/4.
(2.7
However, at a = 1, the dependence of the intensity on the scaled energy density of the )
laser field becomes nonlinear. This is illustrated by figure 2.1, in which the dashed line
corresponds to an assumed linear dependence, while the solid line corresponds to the
actual dependence.
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Figure 2.1. The intensity of the first satellite of the Blochinzew profile of the Stark
component of a hydrogenic spectral line versus the scaled energy density of the laser
field a, defined by equations (2.2) and (2.6). The solid line represents the actual
dependence, while the dashed line represents a projected linear dependence, which is
relevant only fora < 1.

Figures 2.2 and 2.3 present three-dimensional plots of the dependence of the satellite
intensity on the scaled energy density a of the laser field and on the satellite number p. It
can be seen that for any satellite, the dependence on the energy density of the laser field
is highly nonlinear.



Figure 2.2. Dependence of the satellite intensity on the scaled energy density a of
the laser field and on the satellite number p.

Figure 2.3. The same as in figure 2.2 but from the alternative viewpoint, so that
together with figure 2.2, it gives a comprehensive view of the nonlinear dependence
on the scaled energy density of the laser field.

The same problem has sometimes been treated in the quasistatic limit, that is w —» 0. In
this case, the profile mimics the distribution of the instantaneous field intensity:

SCluasist(p) = (1/7T) [a o pz} _1/2' (2.8

Figures 2.4-2.8 provide comparisons between the quasistatic results from equation )
(2.8) with the actual satellite intensities from equation (2.6) for values of the scaled laser
field energy density of 1, 4, 16, 64, and 256, respectively.
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Figure 2.4. A comparison between the quasistatic result from equation (2.8), shown
by the dashed line, and the actual satellite intensity from equation (2.6), shown by the

solid line, for a scaled laser field energy density of a = 1.
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Figure 2.5. The same as in figure 2.4, but for a = 4.




Figure 2.6. The same as in figure 2.4, but for a = 16.
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Figure 2.7. The same as in figure 2.4, but for a = 64.

Figure 2.8. The same as in figure 2.4, but for a = 256.

It can be seen that for all the above values of the scaled laser field energy density, the
actual dependence of the satellite intensity on the satellite nhumber exhibits much more
structure than its quasistatic counterpart. In distinction to the latter, the actual
dependence is oscillatory and thus ‘more nonlinear’ than in the quasistatic case.

Figure 2.9 shows the dependence of the intensity of the main line S(a,0) on the scaled
energy density of the laser field. It can be seen that this dependence is also highly
nonlinear.
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Figure 2.9. The dependence of the intensity of the main line S(a,0) on the scaled
energy density of the laser field.

2.2 Satellites under a one-dimensional one-mode
monochromatic electric field in the opaque case

The satellites of hydrogenic spectral lines in laser-produced plasmas have not yet been
used to measure the laser field (or the transverse electromagnetic field caused by the laser
field)—to the best of our knowledge. Most probably, this is because the laser field would be
deduced from the experimental ratio of the intensity of the satellite to the intensity of the
main line. The problem would be that in plasmas produced by lasers, especially by
relativistic laser pulses (those that drive plasma electrons to relativistic energies), the most
frequently observed hydrogenic lines—Ly-alpha and Ly-beta—could have an opacity. In such
a case, the observed peak intensity of the main line would be affected by the optical
thickness, but the observed peak intensity of the satellite would remain unaffected.
Obviously, in this case, the theory presented in the previous section would not be a good
tool for determining the laser field.

A method appropriate for such a situation was proposed in [2]. This method allows one
to use hydrogenic lines that display satellites to measure both the laser field and the
opacity.

In this section, we define the scaled dimensionless energy density of the laser field as

a=¢e’.
(2.9
The profile of a multicomponent hydrogenic spectral line is as follows (see section 3.1 )
of [3]):

+00

S(Aw/w) = Z I(p,a1/2>5(Aw/w) —p,

p=—00

Fomax
I(p,e) = [f05po +2) kap2<Xka1/2>] /(fo +2) fk)-
i
(2.1

In equation (2.9), f, is the total intensity of all central Stark components and f; is the 0)
intensity of the lateral Stark component with the number k = 1, 2,..., kax-



The focus of [2] was the case in which € < 1 and thus a < 1. In this case, the intensities
of the satellites are significantly smaller than the intensity of the main line. Therefore, the
satellites would be optically thin even if the optical depth Ty the main line were greater

than unity.
The ratio of the intensity of the second satellite to the intensity of the first satellite has
the form:

Roy (al/Z) = I<2, al/z) /I(l, al/2) .
(2.1

This ratio depends only on the scaled energy density of the electric field. Therefore, 1)
from the experimental value of the ratio R,;, one can determine the value of a and then

(using equations (2.2) and (2.9)) the laser amplitude Ej.

As for the ratio of the intensity of the first satellite to the intensity of the main line, at
the zero optical depth of the main line, it would be

R (7‘0 =0, a1/2) = I(l, a1/2>/I<O, a1/2).
(2.1

Below, we illustrate the dependence of the ratio R,; on the scaled energy density of 2)
the laser field a and the corresponding dependence of the ratio Ry, calculated at Tg= 0 for

several hydrogenic lines in two different directions of observation: perpendicular to the
laser field and parallel to the laser field.

Figure 2.10 shows the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at T,
= 0 (dashed line), for the Ly-beta line for observation perpendicular to the laser field.

Figure 2.10. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at 7g= 0 (dashed line), for the Ly-beta line for observation perpendicular to the laser
field.

Figure 2.11 presents the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at T,
= 0 (dashed line) for the Ly-beta line for observation parallel to the laser field.
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Figure 2.11. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at To= 0 (dashed line), for the Ly-beta line for observation parallel to the laser field.

Figure 2.12 shows the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at T,
= 0 (dashed line) for the Ly-delta line for observation perpendicular to the laser field.
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Figure 2.12. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at Tp= 0 (dashed line), for the Ly-delta line for observation perpendicular to the laser
field.

Figure 2.13 presents the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio R;y, calculated at 1
= 0 (dashed line), for the Ly-delta line for observation parallel to the laser field.
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Figure 2.13. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at 7= 0 (dashed line), for the Ly-delta line for observation parallel to the laser field.

Figure 2.14 shows the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at 1
= 0 (dashed line), for the Balmer-beta line for observation perpendicular to the laser field.
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Figure 2.14. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at Ty = 0 (dashed line), for the Balmer-beta line for observation perpendicular to the
laser field.

Figure 2.15 presents the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at T,
= 0 (dashed line), for the Balmer-beta line for observation parallel to the laser field.
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Figure 2.15. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at Tg= 0 (dashed line), for the Balmer-beta line for observation parallel to the laser
field.

Figure 2.16 shows the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio R, calculated at 1
= 0 (dashed line), for the Balmer-delta line for observation perpendicular to the laser field.
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Figure 2.16. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at 7g= 0 (dashed line), for the Balmer-delta line for observation perpendicular to the

laser field.

Figure 2.17 presents the dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated at T,
= 0 (dashed line), for the Balmer-delta line for observation parallel to the laser field.
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Figure 2.17. The dependence of the ratio R,; on the scaled energy density of the
laser field a (solid line) and the corresponding dependence of the ratio Ry, calculated
at Tp= 0 (dashed line), for the Balmer-delta line for observation parallel to the laser
field.

Figures 2.10-2.17 demonstrate the highly nonlinear dependence of these ratios on the
scaled energy density of the laser field.

We now discuss the corresponding analytical results for cases of nonzero optical depth.
At Ty > 0 (and especially at Ty > 1), the calculation of the ratio R,4(Tg) has to be done in

the following way [2]. The profile P(Aw) of a spectral line, with an allowance for its opacity,
is

P(T(),Aw) = {1 — eXp[—Topo(Aw)]}/To. 2.1
In equation (2.13), Py(Aw) is the profile of the absorption coefficient with the 3)

normalization chosen to be Py(0) = 1. At Ty = 0, we have P(0, Aw) = Py(Aw); consequently,
P(0, 0) = 1. The intensity at the peak of the normalized profile becomes

P(19,0) = [1 — exp(—T79)]/7o0- (2.1

So, the factor reducing the intensity at the peak of the profile compared to the 4)
situation of the optically thin profile is

f(m0) = [1 — exp(—T0)] /7o 1

Figure 2.18 shows a plot of the reducing factor f versus the optical depth t,. One can 5)

see that as the optical depth increases, the reduction of the peak intensity becomes more
and more significant.
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Figure 2.18. The reducing factor f from equation (2.15) versus the optical depth 7.
Reproduced from [2]. CC BY 4.0.

In view of the fact that the satellites are optically thin and that P(0,0) = 1, the ratio of
the peak intensities of the second and first satellites R, is still described by equation

(2.11). However, for the ratio of the peak intensities of the first satellite and the main line,
one finds that

Ry (To,a1/2> = I(l, a1/2>/[1<0, a1/2>f(7'0)}

or 6)

0 = 1(167) 100 R 07
(2.1

So, the scaled energy density a (and thus the laser amplitude E;) can be deduced from 7)
the experimental ratio R,;. Thereafter, on substituting the determined value of a and the
experimental ratio R;g into the right-hand side of equation (2.16), it is possible to obtain
the optical depth 7y of the main line. For the spectral lines Lyman-beta, Lyman-delta,

Balmer-beta, and Balmer-delta, which are often utilized in plasma spectroscopy, the ratio
I(1,a)/1(0,a) that appears in equations (2.12) and (2.16) can be also deduced from figures
2.10-2.17.

2.3 Satellites under a one-dimensional two-mode
monochromatic electric field
The corresponding profile of a Stark component, according to equation (3.2.8) of [3], is

S2,profile(Aw/w) - i S(a’7p) (Aw/w - p)7

where a is defined by equation (2.24) and 8)



S(a,p) = Jg <a1/2) — Jp-1 <a1/2>Jp+1 <al/2>.
(2.1

For the first satellite (p = 1) at a <« 1, the dependence of the satellite intensity on the 9)
scaled laser field energy density is approximately linear:

S(a,p) ~ a/8.
(a,p) ~ a/ (2.2
However, as the scaled energy density of the laser field grows, the corresponding 0)
dependence becomes nonlinear, as illustrated below.
Figure 2.19 shows the dependence of the intensity of the first satellite of the profile of
the Stark component of a hydrogenic spectral line versus the scaled energy density of the
two-mode laser field a.
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Figure 2.19. The dependence of the intensity of the first satellite of the profile of the
Stark component of a hydrogenic spectral line versus the scaled energy density of the
two-mode laser field a. The solid line represents the actual dependence, the dashed
line represents the projected linear dependence, which is relevant only for a < 1.

Figures 2.20 and 2.21 present three-dimensional plots of the dependence of the satellite
intensity on the scaled energy density a of the two-mode laser field and on the satellite
number p. It can seen that for any satellite, the dependence on the energy density of the
two-mode laser field is highly nonlinear.



Figure 2.20. The dependence of the satellite intensity on the scaled energy density a
of the two-mode laser field and on the satellite number p.

Figure 2.21. The same as in figure 2.20 but from the alternative viewpoint, so that
together with figure 2.20, it gives the most comprehensive view of the nonlinear
dependence on the scaled energy density of the two-mode laser field.

Figure 2.22 shows the dependence of the satellite intensity on the satellite number for
the scaled energy density on the two-mode laser field a = 1. It can be seen that the
dependence is monotonic.
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Figure 2.22. The dependence of the satellite intensity on the satellite number for the
scaled energy density on the two-mode laser field a = 1.

However, as the scaled energy density of the two-mode laser field increases, the
dependence ceases to be monotonic. Figure 2.23 illustrates this for a = 4.
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Figure 2.23. The same as in figure 2.22, but for a = 4.

Figure 2.24 presents the same kind of dependence for a = 10. It can be seen that for a
= 10, the intensity of the first satellite exceeds the intensity of the main line.
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Figure 2.24. The same as in figure 2.22, but for a = 10.

Figures 2.25 and 2.26 show this dependence for a = 16 and a = 64, respectively. It can
be seen that the intensities of the second and higher satellites never exceed the intensity
of the main line—in contrast to the case of the one-mode laser field.
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Figure 2.25. The same as in figure 2.22, but for a = 16.
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Figure 2.26. The same as in figure 2.22, but for a = 64.

Figure 2.27 shows this kind of dependence for a = 256. It can be seen that as the scaled
energy density of the two-mode laser field increases, the difference in the intensities of the
various satellites decreases—in contrast to the case of the one-mode laser field.

S
0.10

0.08

0.06

L S ST e N
0.02

0.00 p

0 2 4 6 8 10
Figure 2.27. The same as in figure 2.22, but for a = 256.

Finally, figure 2.28 presents the dependence of the intensity of the main line on the
scaled energy density of the two-mode laser field. It can be seen that the intensity
oscillates much less than for the case of the one-mode laser field (see figure 2.9).
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Figure 2.28. The dependence of the intensity of the main line on the scaled energy
density of the two-mode laser field.

We note that all the dependencies presented in figures 2.22-2.28 are nonlinear.

2.4 Satellites under a one-dimensional multimode
monochromatic electric field
A one-dimensional multimode monochromatic electric field can be represented in the form

N
E(t) = Z E; cos (wt + ¢;),

j=1
(2.2

where the number of modes is N > 1. For this situation, the profile of a Stark 1)
component was calculated analytically by Lifshitz [4]:

St ot (Awfw) = 3 S(a,p)(Aw/w — p),

S (2.2
where a is defined by equation (2.4) and 2)
S(a,p) = Ip|(a/2) exp(—a/2). 2

In equation (2.23), /|, (a/2) are the modified Bessel functions and the scaled energy 3)
density of the multimode monochromatic electric field is defined by equation (2.4) with the

replacement of E, by
N 1/2
EoL = (Z Ef) :
=1
’ (2.2

For the first satellite (p = 1) at a < 1, the dependence of the satellite intensity of the 4)
scaled energy density of the field is approximately linear:



S(a,p) ~ a/4.

(a,p) ~ o/ 02
However, as the scaled energy density of the laser field grows, the corresponding 5)
dependence becomes nonlinear. This is illustrated by figure 2.29, where the dashed line
corresponds to the projected linear dependence, while the solid line corresponds to the
actual dependence.
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Figure 2.29. The intensity of the first satellite of the Lifshitz profile of the Stark
component of a hydrogenic spectral line versus the scaled energy density of the
multimode monochromatic electric field a. The solid line represents the actual
dependence, the dashed line represents the projected linear dependence, which is
relevant only for a <« 1.

Figures 2.30 and 2.31 present three-dimensional plots of the dependence of the satellite
intensity on the scaled energy density a of the laser field and on the satellite number p. It
can be seen that for any satellite, the dependence on the energy density of the laser field
is highly nonlinear.

Figure 2.30. The dependence of the satellite intensity on the scaled energy density a
of the multimode monochromatic electric field and on the satellite number p.




Figure 2.31. The same as in figure 2.30 but from the alternative viewpoint, so that
together with figure 2.30, it gives the most comprehensive view of the nonlinear
dependence on the scaled energy density of the multimode monochromatic electric
field.

For the case in which

a>p>1, (2.2

the satellite intensity from equation (2.23) simplifies to (see equation (3.2.4) from [3]): 6)

S(a,p) ~ (7'('0,)71/2 exp(—p2/a).
(2.2

It can be seen that at fixed a, the approximate envelope of the satellites is Gaussian. 7)

Figures 2.32-2.35 present a comparison between the exact satellite intensity from
equation (2.23), shown by the solid line, and the approximate result from equation (2.27),
shown by the dashed line, for several values of the scaled energy density of the multimode
monochromatic electric field.
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Figure 2.32. A comparison between the exact satellite intensity from equation (2.23),
shown by the solid line, and the approximate result from equation (2.27), shown by
the dashed line, for the scaled energy density of the multimode monochromatic
electric field a = 1.
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Figure 2.33. The same as in figure 2.32, but for a = 4.




Figure 2.34. The same as in figure 2.32, but fora = 9.
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Figure 2.35. The same as in figure 2.32, but for a = 16.

From figures 2.32-2.35, one can see that at a > 10, the approximate satellite intensity
from equation (2.27) practically coincides with the exact result from equation (2.23). It can
also be seen that for the multimode electric field, the envelope of the satellites does not
exhibit the oscillatory behavior—in contrast to the cases of the one-mode field and the two-
mode field.

Finally, figure 2.36 presents the dependence of the intensity of the main line on the
scaled energy density of the multimode monochromatic electric field. It can be seen that
the intensity does not oscillate—in contrast to the cases of the one-mode field and the two-
mode field (see figures 2.9 and 2.28).
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Figure 2.36. The dependence of the intensity of the main line on the scaled energy
density of the multimode monochromatic electric field.

We note that all the dependencies presented in figures 2.32-2.36 are nonlinear.



2.5 Satellites under a two-dimensional multimode
electric field

In all the preceding sections of this chapter, the monochromatic electric field was
considered to be one-dimensional. In this section, we consider the Stark broadening of
hydrogenic spectral lines by a two-dimensional multimode monochromatic electric field.
One of the primary differences between the effect of one-dimensional multimode
monochromatic fields on hydrogenic spectral lines, described in the previous section, and
the effect of the two-dimensional multimode monochromatic fields on hydrogenic spectral
lines, presented in this section, involves the concept of quasienergy states introduced by
Zeldovich [5] and Ritus [6], So, let us first briefly describe quasienergy states.

For an atom in a monochromatic electric field that has a frequency of w, quasienergy
states are those of the combined system ‘atom plus field.” In the absence of a coupling
between the atom and the field, each atomic state of energy E; corresponds to an infinite

number of states of the combined system of energies E;{® = E; + jhw, where j is any
positive or negative integer or zero. In other words, the quasienergy state of E,j(O) is the
combination of the atomic state E; and j quanta of the field. Here, the superscript (0)
indicates that the coupling between the atom and the field has been disregarded.

When allowance is made for the coupling between the atom and the field, the energies
Ej; of the combined system generally differ from the unperturbed values E,-j(O):

Ey; = E; + K. (2.2

The quantities K; are called quasienergies. 8)

In terms of the quasienergies, the outcome for a hydrogenic atom under the one-
dimensional multimode monochromatic electric field, presented in the previous section,
was zero quasienergies. In other words, the outcome was only the splitting of the
hydrogenic line into satellites, but not a shift of the positions of all satellites and the main
line—the shift that would be the same for all satellites and for the main line. In contrast, for
a hydrogenic atom under a two-dimensional multimode monochromatic electric field, the
quasienergies are generally nonzero, as presented below.

We consider the hydrogenic Ly-alpha line of a hydrogenic atom/ion that has a nuclear
charge of Z acted upon by the following two-dimensional multimode monochromatic
electric field:

E(t) = Es(t)e, + E:(t)e:,

(2.2

E.(t) = ZEk cos (wt + ) = pg cos (wt + o), 9

* (2.3

E.(t) = ZEP cos (wt + ¢p) = p. cos (wt + ;). 0
P

(2.3

In equations (2.30) and (2.31), the phases a, and a, are uniformly distributed within 1)
the (0,2n) interval. The quantities p, and p,, which are the amplitudes of the x- and z-
components of the field, respectively, have the Rayleigh distributions

W(pz) = (2pm/Pw02) eXp(_me/pm02)’ W(p:) = (2pz/p9«“02) exp(—pz2/pz02)(.2 3
2)



In equation (2.32), p,o and p,o are the root-mean-square values of the field amplitudes p,
and p,, respectively. Below, we focus on the situation in which p, < p,.

At the fixed difference of the phases
A - az - aw7
(2.3

the spectrum of the Ly-alpha line is as presented in section 4.1.5 of [3], as follows 3)
(here and below, the atomic units h = e = m, are used):

I,(Aw) = §(Aw — K) + 6(Aw + K),
I(Aw) = 26(Aw), 4)

L(Aw) = io: 2J9p1°(v2)0[Aw — (2p + 1)w] 5)
z + Jop 2 (v.)[6(Aw — 2pw — K) + 6(Aw — 2pw + K)] .

p=—00
(2.3
Here, the quantity K is the quasienergy: 6)
K = —wv,J1(v,) sin (A), 23
where J;(v) are the Bessel functions. In equations (2.36) and (2.37), 7)
vy = 3p./(Zw), v, =3p,/(Zw). 0.3

So, the two-dimensional multimode monochromatic electric field indeed leads to 8)
nonzero values =K of the quasienergy—in contrast to the case of the one-dimensional
multimode monochromatic field.

We introduce the scaled dimensionless energy densities of each component of the field
as follows:

2 2
az = vz, a, = v,".

(2.3

Figures 2.37 and 2.38 present three-dimensional plots of the dependence of the 9)
quasienergy K (in units of the field frequency w) on the scaled energy densities a, and a, of

the two components of the field for the phase difference A = /2.



Figure 2.37. The dependence of the quasienergy K (in units of the field frequency w)
on the scaled energy densities a, and a, of the two components of the multimode

monochromatic electric field for the phase difference A = /2.
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Figure 2.38. The same as in figure 2.37 but from the alternative viewpoint, so that
together with figure 2.37, it gives the most comprehensive view of the nonlinear
dependence of the quasienergy on the scaled energy densities a, and a, of the two
components of the multimode monochromatic electric field for the phase difference A
= /2.

Figures 2.39 and 2.40 display three-dimensional plots of the dependence of the
quasienergy K (in units of the field frequency w) on the scaled energy density a, of the z-

component of the field and on the phase difference A for a, = 1.



Figure 2.39. The dependence of the quasienergy K (in units of the field frequency w)
on the scaled energy density a, of the z-component of the field and on the phase

difference A for a, = 1.

Figure 2.40. The same as in figure 2.39 but from the alternative viewpoint, so that
together with figure 2.39, it gives the most comprehensive view of the nonlinear
dependence of the quasienergy on the scaled energy density a, of the z-component of

the multimode monochromatic electric field and on the phase difference A for a, = 1.

Figure 2.41 depicts the dependence of the quasienergy K (in units of w) on the scaled
energy density a, of the z-component of the field for a, = 1 and on the phase difference A

=Tm/2.
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Figure 2.41. The dependence of the quasienergy K (in units of w) on the scaled
energy density a, of the z-component of the field for the phase difference A = /2 and

a,=1.

From figures 2.37-2.41, it can be seen that the dependence of the quasienergy on the
energy density of the field components is highly nonlinear.

The next task is to average over the phase difference A (except that there is no need to
average /,(Aw) = 26(Aw)). The result is as follows [7]:

(L(AW)) se = (2/71'){ [3sz1 (az1/2> / Z} 2 (Aw)z}—w 9[3pZ|J1 (azl/z) /Z— | Ac

(2.4
y 2 o)
(L.(Aw)) = (1/m) p;@{szﬁ () {[30.1 (a:) /2]
(B @p+ e’} 030,11 (1) /2 | Aw— (2p+ 1) |
+ 205 (.2) [(3p2 T (a:1/2) ) 2) )
(w0 2p0)* ) B(301 (0.12)1/2Z | Aw 2w
In equations (2.40) and (2.41), 6(w) is the step function. (zf;

From equations (2.40) and (2.41), one can see that the Ly-alpha spectrum, averaged
over the phase difference, comprises terms of the following kind (with different statistical
weights):

So(D) = (1 /7r){ [3p1 (a.2) /(20) g D?}_m 0[30:1.1 (a.?) /(20 | D]

(2.4
In equation (2.42), 2)
D= (Aw)/w, or D= (Aw)/w—(2p+1), or D= (Aw)/w— 2p. (2.4

3)



Here, the selected unit of the frequency scale is the frequency w of the two-dimensional
multimode monochromatic electric field.

The next step is to integrate Syo(D) from equation (2.42) over the distribution W(p,) from
equation (2.32). The corresponding analytical result is:

(So(D)) , = exp{ ~D?/[3pa0 1 (v:)/(Zw)]* }/ | 7/23p,0) T2 (v.)] /(2.
(2.4
Finally, (So(D)),x from equation (2.44) has to be averaged over the distribution W(p,) 4)
from equation (2.32):

S(D) = <(SO(D))pz> - (2/7r1/2) / " dww exp{—w2 — D? /[aJl(bw)]2} /la | Ji(bu

pz 0
(2.4
In equation (2.54), 5)
w=p./p0, a=3pwn/(Zw), b=3pn/(Zw). (2.4
In the case where 6)
b<<1,ab/2 < |D| < a/(2b), -

and assuming that the argument of the exponential in equation (2.45) has a maximum 7)
at some value w = w,, where bwy < 1, the integration in equation (2.45) can be performed

using the approximate analytical method of the steepest descent. The outcome is [7]:

So(D) ~ 2 exp[—4|D|/(ab)]/(ab). (2.4
Equation (2.48) shows that the Stark profile Sy(D) of each satellite and of the main line 8)

can have a cusp in its center. Figure 2.42 presents a numerical example, calculated using
equation (2.45), that confirms this analytical result.

o
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Figure 2.42. A Stark profile S(D) calculated using equation (2.45) fora = 0.75, b =
7.5, where D = (Aw)/w, a = 3p,0/(Zw), b = 3p,0/(ZW).




The cusp-shaped type of spectral profile of the main line and of the satellites is a
counterintuitive result. The prospective application of this result is the spectroscopic
diagnosis of multidimensional Bernstein-Greene-Kruskal modes in laboratory and space
plasmas [8].

It should be noted that plasmas in which the quasimonochromatic electric field
dominates other broadening mechanisms are encountered, for instance, in flare stars (with
an electron density N, ~ 1015 cm=3), in solar flares (N, ~ 1013 cm~3), as well as in the edge

plasmas of tokamaks (N, ~ 1013-101%) cm~3—see, e.g. [9] and references therein.

2.6 Satellites in an elliptically polarized electric field

The splitting of hydrogenic spectral lines under an elliptically polarized laser field has been
studied, for example, in [10, 11]. Here we present some results related to the situation in
which the laser frequency is much greater than the corresponding atomic frequencies.

The elliptically polarized laser field can be represented in the form

E(t) = e be sin (wt) + e,e cos (wt).
(2.4
In equation (2.49), e, and e, are the unit vectors along the corresponding axes, b is the 9)

ellipticity degree, and

1/2
e=Ey/(1+82)"?
(2.5
where Ej is the laser intensity. The instantaneous rotational frequency of the laser field 0)
is

Q(t) = bw/ [cos2 (wt) + b* sin’ (wt)].
(2.5
The following results for the quasienergies were produced by employing the general 1)
formalism for the action of a high-frequency oscillatory field on a quantum system
presented in section 2.3 of [3]. For the Ly-alpha line, the quasienergies are

w12 =0, w3=K, ws=—kK,
(2.5
where 2)
9y 1/2
Kk =bwvJi(v), v= 3E0/[Zw(1 +b%) ]
(2.5

In equation (2.53), J1() is the Bessel function. (Here and below, atomic units are used.) 3)
It can be seen that the quasienergies A3 and A, are nonlinear functions of the laser
amplitude E,, so they are nonlinear functions of the energy density (proportional to Ey?) of
the laser field.

For an arbitrary hydrogenlike spectral line, the analytical calculation of the
quasienergies w in the elliptically polarized laser field can be reduced to calculating the
Stark splitting in some effective static electric field, yielding

w=gbla/(1+8%)]"* 11 {la/(1 + )]},



In equation (2.54), the electric quantum number g is as defined in equation (2.2), and the
scaled dimensionless energy density of the laser field, denoted by a, is:

a = [3nEy/2w]’.
(2.5
Figures 2.43 and 2.44 show three-dimensional plots of the quasienergy w from 5)
equation (2.54) for g = 1 versus the scaled energy density a of the laser field and the
ellipticity degree b.

Figure 2.43. The quasienergy w from equation (2.54) for g = 1 versus the scaled
energy density a of the laser field and the ellipticity degree b.

~0.0

Figure 2.44. The same as in figure 2.43 but from the alternative viewpoint, so that
together with figure 2.43, it gives the most comprehensive view of the nonlinear
dependence of the quasienergy on the scaled energy density a of the laser field and
on the ellipticity degree b.




Figure 2.45 presents the dependence of the quasienergy w from equation (2.54) for g =
1 on the scaled energy density a of the laser for three values of the ellipticity degree: b =
0.2 (dotted line), b = 0.5 (dashed line), and b = 0.8 (solid line).
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Figure 2.45. The dependence of the quasienergy w from equation (2.54) forg = 1 on
the scaled energy density a of the laser for three values of the ellipticity degree: b =
0.2 (dotted line), b = 0.5 (dashed line), and b = 0.8 (solid line).

From figures 2.43-2.45, it can be seen that the dependence of the quasienergies on the
scaled energy density of the elliptically polarized laser field and on the ellipticity degree is
highly nonlinear.

2.7 Nonlinear spectral effects in the case of Langmuir
solitons

A set of Langmuir solitons separated by a distance L has the following spatial and temporal
dependence [12]:

F(z,t) = E(z) cos wt, E(x)= Ey/ch(z/)), A< L, (
2.5
where 6)

W = Wpe — 3Te/(2mewpe)\2).
(2.5
In equations (2.56) and (2.57), A is the characteristic size of the soliton and w. is the 7)
plasma electron frequency. The experimental task of identifying solitons consists of
detecting an electric field that oscillates at the frequency ~wg. and confirming that the
amplitude is spatially distributed according to the form factor E(x) from equation (2.56).
The corresponding method was developed in [13], which we follow here.

At a given coordinate x, the spectrum of a Stark component of a hydrogenic spectral
line is described by equation (2.1) with the notations defined in equation (2.2). The next
step is to average the spectrum over the form factor E(x) from equation (2.56). First, we
substitute the form factor in the argument of the Bessel function in equation (2.1). We then
integrate with respect to x from —A to A, or equivalently



b/2

f(p,a,b) = (1/b)/ dpr2 {alp/ch(y)].
—b/2
(2.5
In equation (2.58), 8)
b=L/\ y=zx/A
(2.5

The scaled dimensionless energy density of the Langmuir wave, denoted by a, was 9)
given by equation (2.4) (see also equation (2.2)).

For a > 1, the maximum intensity has the satellite at the position pyax(a@), where

(@) = a2 — 0.809(a) /.
Pmax (@) (a) 2.6

The spatially integrated intensity of the maximum intensity satellite is 0)
I = f[ max(a')aa" b]

Figure 2.46 demonstrates the dependence of the quantity / on the scaled separation b of
the Langmuir solitons in the sequence for three values of the scaled energy density of the
Langmuir wave: a = 100, a = 225, and a = 400. From figure 2.46, one can see that the
integrated intensity of the most intense satellite decreases as either the parameter b
increases (i.e. the separation L between Langmuir solitons in the sequence increases) or
the scaled energy density of the Langmuir wave a increases.

(== = = = i = I = ]

Figure 2.46. The spatially integrated intensity / of the most prominent satellite versus
the scaled separation b = L/A of Langmuir solitons in the sequence for three values of
the scaled amplitude a = 3hXEy/(2Z,m ew) of the soliton electric field: a = 100 (solid
line), a = 225 (dashed line), and a = 400 (dotted line). Reproduced from [13]. CC BY
4.0.

Figure 2.47 displays a three-dimensional plot of the dependence of the spatially
integrated intensity of the most prominent satellite on both the scaled energy density of
the Langmuir wave a and on the scaled separation b of the Langmuir solitons in the
sequence. The nonlinear character of the dependence of the intensity of this satellite on
the scaled energy density of the Langmuir wave can clearly be seen.
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Figure 2.47. The spatially integrated intensity of the most prominent satellite versus
the scaled energy density a of the soliton electric field and the scaled separation b =
L/A of Langmuir solitons in the sequence. Reproduced from [13]. CC BY 4.0.

Figures 2.48 and 2.49 present the dependence of the ratio fipax(@).a,b1/f10,a,b] on a
and b. The ratio presented in these figures is the spatially integrated intensity of the most
intense satellite divided by the spatially integrated intensity of the main line (the ‘zeroth’
satellite). One can see that this ratio is also a nonlinear function of the scaled energy
density a of the soliton electric field.
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Figure 2.48. The ratio fipyax(a),a,b1/f10,a,b] of the spatially integrated intensity of
the most prominent satellite to the spatially integrated intensity of the main line (the
‘zeroth’ satellite) versus the scaled energy density of the soliton electric field and the
scaled separation b = L/A of Langmuir solitons in the sequence. Reproduced from [13].
CC BY 4.0.
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Figure 2.49. The same as in figure 2.48 but from the alternative viewpoint, so that
together with figure 2.48, it gives the most comprehensive view of the nonlinear
dependence of the intensity ratio under consideration on the scaled energy density of
the soliton electric field a.

The next few figures present calculated profiles of the Ly-beta line for the direction of
observation perpendicular to the soliton electric field E,. Figure 2.50 shows the profile of
the Ly-beta line versus the scaled distance Aw/w from the unperturbed position of this line
for the (differently) scaled energy density of the Langmuir wave € = [3REy/(2Zm.ew)]? = 1
and the scaled separation between Langmuir solitons in the sequence b = L/A = 2 (solid
line). The corresponding profile of the Ly-beta line for the situation in which the Langmuir
waves are non-solitonic, for the same value of € = 1, is shown by the dashed line.
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Figure 2.50. The profile of the Ly-beta line versus the scaled distance Aw/w from the
unperturbed position of this line for the (differently) scaled energy density of the
Langmuir wave € = [3hEy/(2Z,m.ew)]? = 1 and the scaled separation b = L/A = 2 of
Langmuir solitons in the sequence (solid line). Also shown is the corresponding profile
for the case of the non-solitonic Langmuir waves for the same value of € = 1 (dashed
line). The direction of observation is perpendicular to the vector E,. Reproduced from

[13]. CC BY 4.0.

Paper [13] noted:



‘The profiles are continuous (rather than being a set of satellites isolated from each
other) because additional broadening mechanisms (the Stark broadening by plasma
microfields and the Doppler broadening) were taken into account in amount of 6w =
2w. An example of the fulfillment of the latter relation could be plasmas of multi-
charged ions produced by a powerful Nd-glass laser, where at the surface of the
critical density, the electron density is N, = 102! cm~3 (or slightly higher due to

relativistic effects) and the temperature would be up to T ~ 103 eV. It is seen that in
the case of the solitons, the profile is narrower than in the non-solitonic case. It is
also seen that both profiles have practically the bell-shape without any significant
features.’

Figure 2.51 depicts the same results as figure 2.50 but for more intense Langmuir solitons,
corresponding to € = 9. It can be seen that in the non-solitonic situation, shown by the
dashed line, the profile has four maxima. In the solitonic case, the two secondary maxima
become just shoulders.
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Figure 2.51. The same as figure 2.50 but for more intense Langmuir solitons,
corresponding to € = 9. Reproduced from [13]. CC BY 4.0.

Figure 2.52 presents the same results as figure 2.51 but for even more intense Langmuir
solitons, corresponding to € = 36. Both the solitonic profile (solid line) and the non-solitonic
profile (dashed line) have six maxima. Some of these maxima are more pronounced in the
solitonic situation, while other maxima are more pronounced in the non-solitonic situation.
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Figure 2.52. The same as figure 2.51 but for even stronger Langmuir waves,
corresponding to € = 36. Reproduced from [13]. CC BY 4.0.




Paper [13] then discussed the dependence of the solitonic Ly-beta profiles on the scaled
separation b = L/A between Langmuir solitons in the sequence. Figure 2.53 presents the Ly-
beta profiles for the case of € = 9 for the following three values of the parameter b: b = 2,
b = 4, and b = 6. One can see that with an increase in the scaled separation b = L/A
between Langmuir solitons, various features (minima, maxima, and shoulders) gradually
fade away.
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Figure 2.53. The dependence of the Ly-beta profiles for the case of Langmuir
solitons, corresponding to the scaled energy density of the solitons € = 9, on the
scaled distance b = L/A between Langmuir solitons in the sequence: b = 2 (solid line),
b = 4 (dashed line), and b = 6 (dash-dotted line). Reproduced from [13]. CC BY 4.0.

Thus, the diagnostic of Langmuir solitons based on the use of experimental profiles of
the Ly-beta line can be implemented as follows: pronounced secondary maxima would
appear in the wings of the spectral line in the non-solitonic situation, but those maxima
would appear like shoulders in the solitonic situation—see figures 2.51 and 2.52 and the
solid line in figure 2.53. All these transformations of the line profiles are due to their
nonlinear dependence on the scaled energy density of the Langmuir solitons.
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Chapter 3

Nonlinear effects in the radiation of hydrogenic
spectral lines under the broadband electric field of
Langmuir turbulence

Langmuir waves, which are quasimonochromatic in plasmas of relatively low electron
densities N, can be broadband waves (turbulent) at high electron densities, such as Ny >

1018 cm~—3. The broadening of the power spectrum of Langmuir waves at high electron
densities is mainly caused by electron collisions. The corresponding effect on the spectral
lines was utilized in papers [1-3] to interpret some of the experimental results. It was also
studied theoretically by Gavrilenko [4].

Gavrilenko [4] considered the power spectrum of the stochastic electric field (such as
broadband Langmuir turbulence) to be Lorentzian. In [5], his results were further
developed for the Gaussian power spectrum of the stochastic electric field. Also, in
distinction to [4], where only hydrogen lines were analyzed, the analysis of [5] was
extended to hydrogenic spectral lines; in other words, it included the spectral lines of
hydrogenlike ions of any nuclear charge Z. In addition, a new diagnostic method was
developed in [5] to measure the Langmuir turbulence average field and to get some
information on the Langmuir turbulence power spectrum. We present some details from
paper [5] below.

Gavrilenko [4] considered a linearly polarized electric field

N
E(t) = ZE]- cos (wit + ¢j), N > 1.
=1
! (3.1

where fE(t) was a stationary Gaussian random process characterized by a zero average )
{E(1)},, = 0 and whose correlation function was

{E(t)E(t +7)},, = BG(1), B={E*} .
(3.2
In equation (3.2), G(71) is a correlation coefficient. )

A hydrogenic spectral line, representing the radiative transition between Stark sublevels
a of the upper state a and Stark sublevels B of the lower state b, has the following profile
S(Aw):

o0
S(AQ) = (1/7) ) " Re / exp(—iTAQ)® 45(7)d7.
3 0
* (3.3
In equation (3.3), the argument AQ is meant to be in the frequency scale and )

Bop(7) = exp (i0a7)|(palre| ps)|* Pas(7),



Pos(T) = exp[—bI(7)], b= Cas’B, I(1)= /OT(T —t)G(t)dt, > 0.
(3.5

In equations (3.4) and (3.5), e is the unit vector of the polarization of the emitted )
photons, r is the radius vector of the atomic electron, and re stands for the scalar product
of r and e. The other notations are as follows: the energy difference between levels a and b
is denoted by 6,5; ¢, and @g are the parabolic wave functions of the hydrogenic atom/ion

(the z-axis, which is the parabolic quantization axis, is along E(t)); the quantity C,g in
equation (3.5) is the Stark constant

Cop = 3(nagqa —m0qp)/(22), 36

where n and g are the principal and electric quantum numbers. (Atomic units have )
been used in equations (3.5) and (3.6): h = e =m, = 1.)
It should be emphasized that the quantity b = C,5°B = C,52{E?},, is the scaled energy

density of the Langmuir turbulence. Therefore, we will pay special attention to the
dependences of various physical quantities on the parameter b.

The Lorentzian-shaped power spectrum of the stochastic field E(t) was characterized by
the following correlation coefficient:

G(1) = exp(— COS WrT.
(7) = exp(— | 7 [} cos wr .

The analytical result calculated by Gavrilenko [4] for the integral I(T) in equation (3.5) )
was:

I(t) = {exp(—7)[(7v? — w?) cos (wr) — 29w sin (wr)] + ¥7(¥? + w?)
~(r =)} (v - W)’ s

On substituting equation (3.7) into equation (3.4), he obtained the result for the )
correlation function ®,5(7). We remind that the spectral line shape is the Fourier transform

of the correlation function.
In [5], the author analyzed the case in which the correlation coefficient is

G(t) = exp(—72%/g%) cos wr,
(3.9

which represents the Gaussian form of the power spectrum of the stochastic field. He )
calculated the integral I(T) in equation (3.5) by employing the correlation coefficient G(T)
from equation (3.9). As a result, he obtained:

I(t) = (¢%/2) [exp(—7%/g?) cos h(wr) — 1]
+ (7%/%g/4) exp (—g’w?/4) {Re [(27 +ig’w) erf(r/g+ igw/2)] + ig’w e(r3f(115

In equation (3.10), erf(z) is the error function. On substituting equation (3.10) into 0)
equation (3.4), we the following analytical expression for the correlation function ®,4(7):

®,5(7) = exp (10,p7)|(palre] <p5>|2 exp {—b{ (92/2) [exp(—¢2/92) cos h(wr) — 1}
+ (72g/4) exp(—g’w?/4) {Re [(27 +ig’w) erf(r/g + igw/2)] + ig’w erf(i



It can be seen that in this case, the line profile in equation (3.3) is also the one-fold integ3dl
—just as it was in [4]. 1)

The author of [5] then considered different limits of the general result of equation
(3.11). The first limit was the case in which the carrier frequency is much greater than the
characteristic width g of the power spectrum of the stochastic field E(t):

wg > 1.
g (3.1
In this situation, equation (3.10) simplifies to 2)
I(1) =[1 — cos (wr)]/w?,
(7) = (1~ cos (wr)]/ "
so that 3)
P,s5(1) = exp{—b[1 — cos (wr)]/w?}.
(3.1

Equation (3.14) for P,g(T) describes the shape of the spectral line found by Lifshitz [6]. 4)

The second limit analyzed in [5]—the more interesting limit physically—was the case in
which the carrier frequency is much smaller than the characteristic width g of the power
spectrum of the stochastic field E(t):

wg < 1. -

In this situation, equation (3.10) simplifies to 5)
I(r) = (¢/2) [exp(~7%/g%) — 1] + (7/2/2) g7 erf(r/g),

co that o

Pos(r) = exp{ —(bg*/2) [exp(~72/g%) — 1] + (7"2/2) bgr eri(r/g) }. .

When the time 7 is relatively large, so that t/g > 1, the following expression for Pyg(T) 7)
was obtained in [5]:

Pos(1) = exp [— (771/2/2> bg ’T]. o

This signifies that at relatively small detunings from the unperturbed frequency, the 8)
shape of the spectral line is Lorentzian. This Lorentzian would have the following full width
at half maximum (FWHM):

FWHM;, = n'/? bg. 51

When the time T is relatively small, so that T/g <« 1, the author of [5] obtained the 9)
following for PO,B(T):

P,s() = exp(—b7?/2). 52

This signifies that at relatively large detunings from the unperturbed frequency, the 0)
shape of the spectral line changes to Gaussian. This Gasussian shape would have the



following FWHM:

FWHM¢ = 2(2b In 2)"/2
(3.2

The author of [5] then let D denote the detuning in the frequency scale from the 1)
unperturbed frequency of the spectral line:

D = AQ — dgp. (3.2

For the profile of any Stark component of the hydrogenic spectral line, he then 2)
obtained the following (for the situation in which wg < 1):

S(D) = 1/7r)/ cos (
exp{—(bg?/2) [exp(—ﬁ/gz) —-1] + (7r1/2/2) bgT erf(r/g)}dr. 5

In all figures below, the quantities b, g, and D are measured in units of the carrier 3)
frequency w (for example, D = (AQ — 6,4,)/w). Figure 3.1 presents the calculated profile of
any Stark component for b = 25 and g = 0.25. (Here and below, in all figures of this
chapter, the quantities b, g, and D are measured in units of the carrier frequency w: for
instance, D = (AQ — 6,,)/w.) Figure 3.1 also displays the Gaussian of FWHMg = 2(2b In 2)1/2
and the Lorentzian of FWHM, = nl/2bg. One can see that the central part of the profile is

close to a Lorentzian shape, but in the wings, the shape becomes Gaussian, thus
confirming the above analytical results.

Figure 3.1. The calculated profile of any Stark component for b = 25 and g = 0.25
(solid line). Also shown is the Lorentzian of FWHM, = n'2bg (dashed line) as well as

the Gaussian of FWHMg = 2(2b In 2)1/2 (dotted line).

To make the transition from the Lorentzian in the profile center to the Gaussian in the
wings more visible, figure 3.2 presents parts of the profiles from figure 3.1 using a log[S]
versus D1/2 representation. One can see that in the wings, the calculated profile (bold line)
becomes a straight line in accordance with its transition to the Gaussian.
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Figure 3.2. Parts of the spectral line profile from figure 3.1 but in a log[S] versus D1/2
representation.

Figure 3.3 shows how the profile of any Stark component of the spectral line transforms
at a fixed value of b = 40 as the quantity g varies. One can see that as g grows, the width
of the spectral profile increases—in accordance with the analytical results presented above.

Figure 3.3. The transformation of the profile of any Stark component of the spectral
line at a fixed value of b = 40 as the quantity g varies.

Figure 3.4 demonstrates the transformation of the profile of any Stark component of the
spectral line as the scaled energy density b of the Langmuir turbulence varies at a fixed
value of g = 0.3. One can see that as the scaled energy density b of the Langmuir
turbulence grows, the width of the spectral profile increases—in accordance with the
analytical results presented above. If the profile were Lorentzian, then its width would have
had a linear dependence on b—according to equation (3.19). The fact that the profile is not
actually Lorentzian means that the dependence of the width on the scaled energy density b
of the Langmuir turbulence is nonlinear.




Figure 3.4. The transformation of the profile of any Stark component of the spectral
line as the scaled energy density b of the Langmuir turbulence varies at a fixed value
of g = 0.3.

Figure 3.5 shows the calculated Ly-beta spectral profiles versus the scaled detuning D =
AQ/w at a fixed value of the scaled root-mean-squared field {E2},,Y?/(Z,w) = 0.2 for the
following two values of the parameter g that controls the width of the power spectrum of

the Langmuir turbulence: g = 1/4 and g = 1/2. One can see that as the parameter g grows,
the spectral line width increases.

Figure 3.5. The calculated Ly-beta spectral profiles versus the scaled detuning D =
AQ/w at a fixed value of the scaled root-mean-squared field {E2},,Y?%/(Z,w) = 0.2 for

the following two values of the parameter g that controls the width of the power
spectrum of the Langmuir turbulence: g = 1/4 (solid line) and g = 1/2 (dashed line).

It is instructive to compare the profiles of the hydrogenic Ly-beta line for the Gaussian
power spectrum utilized in [5] and for the Lorentzian power spectrum employed in [4] for
the situation in which both types of power spectrum have the same FWHM. This
comparison is presented in figures 3.6 and 3.7. The solid line represents the case of the



Gaussian power spectrum and the dashed line represents the case of the Lorentzian power
spectrum. Figure 3.6 corresponds to {E?},,?/(Zw) = 0.2 and g = 0.5. Figure 3.7

corresponds to the {E?},,'?/(Z,w) =5 and g = 1.

Figure 3.6. A comparison of the profiles of the hydrogenic Ly-beta line for the
Gaussian power spectrum utilized in [5] (solid line) and for the Lorentzian power

spectrum employed in [4] (dashed line) for the parameters {E?},,%/(Z.w) = 0.2 and g
= 0.5.
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Figure 3.7. The same plot as in figure 3.6 but for the parameters {E?},,%/(Z,w) = 5
and g = 1.

It can be seen that that the profile corresponding to the Gaussian power spectrum is
narrower than the profile corresponding to the Lorentzian power spectrum. It can also be
seen that the difference in the widths of the two profiles increases with the growth of the
parameters {E?},,Y?/(Zw) and g. It is important to emphasize the following: at the
relatively small value of the scaled field of {E£2},,%?/(Z.w) = 0.2 and thus a relatively small
energy density of the field (figure 3.6), the shapes of both profiles are Lorentzian. However,



at the relatively large value of the scaled field of {E?},,'/?/(Z.w) = 5 and thus a relatively

large energy density of the field (figure 3.7), the shapes of both profiles become Gaussian.
This effect is nonlinear with respect to the energy density of the stochastic Langmuir
turbulence. Figure 3.8 is the same as figure 3.7 but for a smaller value of g = 0.1. One can
see that for the relatively small g, both profiles are practically the same. Both profiles are
Gaussian.
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Figure 3.8. The same plot as figure 3.7 but for a smaller value of g = 0.1.

Furthermore, [5] revealed that there is a critical value of g: gt ~ 0.3. While at g < gits
the two profiles are almost identical, at g > g, the two profiles have very different

widths: the profile corresponding to the Gaussian power spectrum is narrower than the
profile corresponding to the Lorentzian power spectrum.

Finally, [5] emphasized that the obtained results present for the first time the
opportunity to deduce from the experimental spectral line profiles information about the
power spectrum of the stochastic Langmuir turbulence—in addition to measuring the
average stochastic field and thus the energy density of the Langmuir turbulence. It also
provided a detailed algorithm showing how to do this.
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Chapter 4

Nonlinear effects in the radiation of satellites of non-
hydrogenic spectral lines from plasmas and their
applications

4.1 Early theoretical results

This kind of satellite can occur in the spectral lines of helium and lithium atoms, as well
as in the spectral lines of He-like and Li-like ions. For example, Baranger and Mozer [1]
considered the situation where, in the energy spectrum of a helium atom, one can select
a system of three levels, namely zero, one, and two, which have the following
properties. Level two is coupled by dipole matrix elements with a closely located level
one and to the distant level zero, while levels one and zero are not coupled by a dipole
matrix element. So, in the absence of an external electric field, the radiative transition
from two to zero is allowed, while the radiative transition from one to zero is forbidden
(in the dipole approximation). Under a static electric field F, in addition to the allowed
spectral line at the frequency w,o = w, — wy, the dipole-forbidden spectral line appears
at the frequency w;g = w; — wqy. (We use atomic units, so that the frequencies wgy, wy,
and w, are the energies of the levels zero, one, and two, respectively.)

Under a relatively weak quasimonochromatic electric field (QEF) of frequency w, two
satellites can appear at the frequencies w¢y: = W19 * w, instead of the dipole-forbidden

spectral line. For the case of the isotropic multimode QEF, Baranger and Mozer [1] used
the standard nonstationary perturbation theory to obtain the following ratio of the
satellite intensities S, and S_ to the intensity /, of the allowed spectral line (in atomic

units):

Si/I, = [6(A + w)* (2 + 1)]71 <E2> max(l1,l2) l/ooo Ry, (r)Ry, (r)ridr| |

(4.1
In equation (4.1), /; and [, are the quantum numbers of the orbital momenta for )
energy levels one and two; A is the separation between these two energy levels; R, is
the radial part of the wave functions in the spherical quantization; the mean-square
amplitude of the QEF is denoted by (E?).

Several years later, Cooper and Ringler [2] performed similar calculations in frames
of the standard nonstationary perturbation theory for the case in which the QEF has a
single mode and is linearly polarized, being in the form of E(t) = E; cos wt. For

observation perpendicular to the field, they obtained the following result:



Z | z12 |* (| y20 > + | 220 |?)

St . Eg mo,m1,ms
I, 4(A + w)? Z (I y20 |2 + | 220 |?)
mo,m2

(4.2

The summations in equation (4.2) are performed over the magnetic quantum )
numbers my, m,, and m, of the sublevels of the levels zero, one, and two.

Baranger and Mozer suggested measuring the QEF amplitude by measuring the
experimental value of the ratio S./I; and then comparing it with the corresponding
theoretical ratio. This idea was first implemented experimentally by Kunze and Griem [3]
and was then employed by other authors in several experiments. However, these
experiments soon entered the situation in which the QEF was relatively strong, so that
the Baranger-Mozer theoretical results [1] and the Cooper-Ringler theoretical results [2]
became invalid.

4.2 The adiabatic theory of satellites

The overwhelming majority of these later experiments corresponded to the low-
frequency case, where w <« A. In this case, the employment of the adiabatic
perturbation theory allowed the corresponding analytical results to be obtained beyond
the limits of validity of the standard nonstationary perturbation theory—see section 5.1
of [3]. To illustrate this, we let:

o = 2E0212/A.
(4.3

The nonstationary perturbation theory is valid only for @ < 1. In contrast, the )
adiabatic perturbation theory is valid for

aw/A < 1. 44

So, as long as w <K A, condition (4.4) can be satisfied even for a > 1, that is, for the )
stronger QEF. The analytical results obtained using the adiabatic perturbation theory
(the results of which are presented below) allowed the experimental determination of
the QEF amplitude for relatively strong fields.

The adiabatic perturbation theory of satellites starts from the instantaneous
eigenvalues of the operator

H(t) = H, + zEy cos wt
(4.5
(where H, is the Hamiltonian of the unperturbed atom) for the two-level subsystem )

consisting of levels one and two:

wia(t) = [wl(O) +wr® £ (_A)(l + a? cos? wt) 2 ] /2.
(4.6

The corresponding instantaneous eigenfunctions that constitute the adiabatic basis, )
are



x1(t) = ¢1 cos(B/2) — 2 sin(B/2),
x2(t) = 1 cos(B/2) — 2 sin(B/2),
B = arctan(a cos wt).
(4.7
The solution of the Schrédinger equation )
i0y/o0t = (H, + zEy cos wt)y (
4.8
is sought in the form )
2 t
Y(t) = Z Cji(t)x, (t)exp l—i/o dt/wj(tl)] :
=1
’ (4.9
On substituting equation (4.9) into equation (4.8), one obtains: )
t
Ci = — Cg(B/Z)exp l—l/ dtlw21(t/)]
0
t
Cy = C1(B/2)exp [1/ dtlwgl(tl)l;
0 (4.1
B = —aw(sinwt) /(1 + a’cos’wt). ( 0)
4.1

To calculate the intensities of the satellites, the following initial conditions are 1)
chosen: C;(0) = 1, C5(0) = 0. With these initial conditions, the solution of the system of

equations (4.10) is

Cs(t) ~ % /0 t dt1B(tr) exp (i /0 ’ d7w21(t)).

In order to calculate the integrals in equation (4.12), the quantities ﬂ(t) and wo (t)
have been expanded into the corresponding Fourier series:

(4.1
2)

+00

B(t) = i(kw/4) ) (az — agpir)eapli(2p + wt],

p=—00

o0
wo1(t) = A+ ngq cos 2quw,
q=1

A = (2/m)AQ + o) E(k).
(4.1
The notations used in equation (4.13) are as follows: 3)
k=a(l+ a)71/2,
(4.1



2|p|
ay = 2~ 1R 2P - k)P 1)

(4.
5

(4.
6

eq = (4(157k%)) A x (1 + a?)7[(8K* — 24k + 16)K (k) + (—k* + 16k2 — 16)E (k)

=

1/2

~

g9 = (4/37)A(1 + o?) " [E(k) — 2(1 — E*)D(E)],

- =

In equations (4.16) and (4.17), E(k), D(k), and K(k) are the complete elliptic 7)
integrals.

To illustrate the last line of equation (4.13) pictorially in terms of its dependence on
the energy density of the field, we rewrite it in the form

D= (2/mA(1+a/A%) B (aV2/A) /(14 a/8%) "],
(4.1
where 8)

a= 4,21/2E02
(4.1
is the scaled energy density of the field. Figure 4.1 shows the dependence of the 9)
perturbed separation D of levels one and two versus the scaled energy density a and the
unperturbed separation A, all quantities being in atomic units.

Figure 4.1. The dependence of the perturbed separation D of levels one and two
versus the scaled energy density a and the unperturbed separation A, all quantities
being in atomic units (see equations (4.18) and (4.19)).

Figure 4.2 shows the same results as those of figure 4.1 but from the alternative
viewpoint, so that together with figure 4.1, it demonstrates in a comprehensive way the
nonlinear dependence of the perturbed separation D of levels one and two on the scaled
energy density a of the laser field for various values of the unperturbed separation A.



Figure 4.2. The same results as those shown in figure 4.1 but from the alternative
viewpoint, so that together with figure 4.1, this figure demonstrates in a
comprehensive way the nonlinear dependence of the perturbed separation D of
levels one and two on the scaled energy density a of the laser field.

Figure 4.3 presents the dependence of the perturbed separation D of levels one and
two on the scaled energy density a of the laser field at the unperturbed separation A =
1.

20 40 60 80 100"
Figure 4.3. The dependence of the perturbed separation D of levels one and two
on the scaled energy density a of the laser field at the unperturbed separation A =
1.

From figures 4.1-4.3, it can be seen that the dependence of the perturbed separation
D of levels one and two on the scaled energy density a of the laser field is significantly
nonlinear.



Figure 4.4 shows the dependence of the Fourier expansion coefficient &, from

equation (4.13) on the scaled energy density a and the unperturbed separation A for g =
1.

20 Yy

Figure 4.4. The dependence of the Fourier expansion coefficient &,, from equation
(4.13) on the scaled energy density a and the unperturbed separation A forg = 1.

Figure 4.5 shows the same results as those of figure 4.4 but from the alternative
viewpoint, so that together with figure 4.4, it demonstrates in a comprehensive way the
nonlinear dependence of the Fourier expansion coefficient €;,, from equation (4.13) on

the scaled energy density a and the unperturbed separation A forqg = 1.

Figure 4.5. The same results as those shown in figure 4.4 but from the alternative
viewpoint, so that together with figure 4.4, this figure demonstrates in a
comprehensive way the nonlinear dependence of the Fourier expansion coefficient




€59 from equation (4.13) on the scaled energy density a and the unperturbed
separation A for g = 1.

Figure 4.6 shows the dependence of the Fourier expansion coefficient &,, from

equation (4.13) on the scaled energy density a and the unperturbed separation A for g =
2.

Figure 4.6. The dependence of the Fourier expansion coefficient &,, from equation
(4.13) on the scaled energy density a and the unperturbed separation A for g = 2.

Figure 4.7 shows the same results as those of figure 4.6 but from the alternative
viewpoint, so that together with figure 4.6, it demonstrates in a comprehensive way the
nonlinear dependence of the Fourier expansion coefficient €,, from equation (4.13) on

the scaled energy density a and the unperturbed separation A for g = 2.




Figure 4.7. The same results as those of figure 4.6 but from the alternative
viewpoint, so that together with figure 4.6, this figure demonstrates in a
comprehensive way the nonlinear dependence of the Fourier expansion coefficient
€9 from equation (4.13) on the scaled energy density a and the unperturbed

separation A for g = 2.

Figure 4.8 shows the dependence of the Fourier expansion coefficient &, from
equation (4.13) on the scaled energy density a and the unperturbed separation A for g =
3.
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Figure 4.8. The dependence of the Fourier expansion coefficient &,, from equation
(4.13) on the scaled energy density a and the unperturbed separation A for g = 3.

Figure 4.9 shows the same results as those of figure 4.8 but from the alternative
viewpoint, so that together with figure 4.8, this figure demonstrates in a comprehensive
way the nonlinear dependence of the Fourier expansion coefficient &,, from equation

(4.13) on the scaled energy density a and the unperturbed separation A for g = 3.



Figure 4.9. The same results as those shown in figure 4.8 but from the alternative
viewpoint, so that together with figure 4.8, this figure demonstrates in the
comprehensive way the nonlinear dependence of the Fourier expansion coefficient
€, from equation (4.13) on the scaled energy density a and the unperturbed

separation A for g = 3.

Figure 4.10 shows the dependence of the Fourier expansion coefficient &, from

equation (4.13) on the scaled energy density a and the unperturbed separation A for g =
4.

Figure 4.10. The dependence of the Fourier expansion coefficient &, from

equation (4.13) on the scaled energy density a and the unperturbed separation A
forq = 4.




Figure 4.11 shows the same results as those shown in figure 4.10 but from the
alternative viewpoint, so that together with figure 4.8, it demonstrates in a
comprehensive way the nonlinear dependence of the Fourier expansion coefficient &,,
from equation (4.13) on the scaled energy density a and the unperturbed separation A
for g = 4.
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Figure 4.11. The same results as those shown in figure 4.10 but from the
alternative viewpoint, so that together with figure 4.8, this figure demonstrates in a
comprehensive way the nonlinear dependence of the Fourier expansion coefficient
€9 from equation (4.13) on the scaled energy density a and the unperturbed

separation A for g = 4.

From figures 4.2 and 4.4-4.11, it can be seen that the dependence of the Fourier
expansion coefficients &, from equation (4.13) on the scaled energy density a is

significantly nonlinear for any q.
The solution of equation (4.12) is

(kzw/8){[(2 - ag)JO — 2J1]Q(Z —+ (.U) - [(2 — a2)J0 —+ 2J1]

$?
2

% g(A — w) + (2J1 + asJo)g(A + 3w) + (21 — asJo)g(A — 3w)},
g(u) = [exp(iut) — 1]/u, .

where J, and J; stand for the Bessel functions Jole,/(2w)] and Jil&5/(2w)]. The 0)
corresponding approximate solution of equation (4.8) is

Y(t) =~ x1(t)exp l—i/otdt/wl(t/)] + Co(t)x2(t)exp [—i/ot dtlwz(tl)].
(4.2

The spectrum of the spontaneous emission to level zero is determined by the 1)
following equation



2

T
I (Aw) = Tli_1>1100(27rT)_1\/0 dt ((t) | re | o) exp(—itAw)| ,
(4.2

where the unit vector of photon polarization is denoted by e. 2)

In many experiments, the satellites are emitted from a much smaller volume than the
allowed spectral line. In this situation, both the theoretical ratio of the intensity S_ of the

near satellite to the intensity /, of the allowed line and the theoretical ratio of the
intensity S, of the far satellite to the intensity /, of the allowed line cannot be used to
determine the field amplitude E,. A possible way to resolve this is to compare the
experimental ratio of the satellite intensities S_/S, with the corresponding theoretical
ratio. However, within the first nonvanishing order of the standard perturbation theory
(~Ey?), this theoretical ratio does not depend on E, and cannot be used to determine E,,.
To obtain the dependence of the theoretical ratio S_/S, within the standard perturbation
theory, one should extend the calculations to at least the next order (~Ey?*). The
corresponding result for the satellite intensities o, is

1
(A + w)?

~

o4 ~

Eyzi9 2 4 Eyzi9 4 A3 F TA?%w + 3AwW? F w3
2 2 w(A2 — w2)2

(4.2
Figure 4.12 presents (in solid lines) the dependence of the satellite intensity ratio 3)
S_/S, on the field amplitude E, for the lines He | 4471 A and He | 4922 A, calculated by

the adiabatic theory for the frequency w/(2nc) = 1.28 cm~1. For comparison, the dashed
lines show the corresponding results calculated by the standard perturbation theory up
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Figure 4.12. Solid lines—the dependence of the satellite intensity ratio S_/S, on
the field amplitude E, for the lines He |1 4471 A and He | 4922 A, calculated by the

adiabatic theory for the frequency w/(2nc) = 1.28 cm~l. Dashed lines—the
corresponding results calculated by the standard perturbation theory up to ~Ey*.




The lines marked ‘1’ are for He | 4471 A and the lines marked ‘2’ are for He | 4922
A. Reprinted from [3], Copyright (1995), with permission from Springer.

One can see that even after the inclusion of the terms ~E,% the standard
perturbation theory can be used to determine the field amplitude E, from the

corresponding experimental ratio alone for relatively small fields. In contrast, the
adiabatic theory opens up a way to extend this diagnostic method to stronger fields.

4.3 The high-frequency or strong field case in the
three-level scheme
We consider the same system of two closely lying levels one and two and the distant

level zero. The effect of the linearly polarized field E(t) = E, cos wt on the subsystem of

levels one and two in the high-frequency case turns out to be equivalent to the effect in
the strong field case. This is because the corresponding small parameter is

6 = A?/(219Eqw) < 1.
/(120) (4.2

The corresponding solution for the probability amplitudes C;(t) and C,(t) can be 4)
represented in the form [4]

Ci2(t) =27%% exp [—i(w1® + wp(0)t/2]

{cos (Qt) exp[—(iA) sin wt] £+ sin (Qt) exp [(14) sin wt|}, 4.2

where 5)

Q = AJO(2A)/2, A= zleo/w. (4.2
The quantities £Q are the quasienergies. To study the dependence of the 6)
quasienergies on the energy density of the field, we introduce the following scaled
energy density of the field:

B = A% = (213Ey/w)*.
(4.2
7)

Figure 4.13 shows a plot of the quasienergy Q versus the scaled energy density of the
field and the unperturbed separation A of levels one and two. We remind the reader that
all quantities are in atomic units.



Figure 4.13. The dependence of the quasienergy Q from equation (4.26) on the
scaled energy density of the field B defined in equation (4.27) and on the
unperturbed separation A of the levels one and two.

Figure 4.14 shows the same results as those of figure 4.13 but from the alternative
viewpoint, so that together with figure 4.13, it demonstrates in a comprehensive way
the nonlinear dependence of the quasienergy Q on the scaled energy density of the field
B and on the unperturbed separation A of levels one and two.

Figure 4.14. The same results as those shown in figure 4.13 but from the
alternative viewpoint, so that together with figure 4.13, this figure demonstrates in
a comprehensive way the nonlinear dependence of the quasienergy Q on the scaled
energy density of the field B and on the unperturbed separation A of levels one and

two.




Figure 4.15 shows the dependence of the quasienergy Q on the scaled energy density
of the field B for the unperturbed separation (of levels one and two) A = 1.
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Figure 4.15. The dependence of the quasienergy Q on the scaled energy density
of the field B for the unperturbed separation (of levels one and two) A = 1.

From figures 4.13-4.15, it can be seen that the dependence of the quasienergy Q on
the energy density of the field is highly nonlinear. From equations (4.26) and (4.27), it is
clear that as the energy density of the field B increases, the separation 2Q of the two
quasienergies decreases. In this sense, it can be stated that the mutual ‘repulsion’ of
levels one and two, which is characteristic for relatively small fields (6 > 1, w < A),
changes to mutual ‘attraction’ for relatively strong fields (6 < 1, w = A).

From equation (4.25), it can be seen that in the spectrum of the radiative transition
from levels one and two to the relatively distant level zero, two systems of satellites
appear at the frequencies

Wsat,1 = Q + pw
and the frequencies 8)
Wsat,2 = _Q + quw,

wherep =0, =1, 2, ...and g = 0, £1, 2, .... As the amplitude or the frequency of 9)
the field increases, this spectrum approaches Blochinzew’s spectrum [5].

4.4 The high-frequency or strong field case in the four-
level scheme
We consider a system of three closely lying levels one, two, and three and a distant level

zero. The effect of the linearly polarized field E(t) = Ey cos wt on the subsystem of levels

one, two, and three in the high-frequency case turns out to be equivalent to the effect in
the strong field case—similarly to the situation presented in the previous section. The
subsystem of levels one, two, and three is characterized by the following dipole matrix
elements: z;, # 0, z;3 # 0, Z,3 = 0.

The wave functions are sought in the following form



3
9(t) = Cul(t)on(t), @nlt) = exp(—iw ' By sin wt)yy,,

n=1

(4.3

where 1/;£LO) are the unperturbed wave functions. We remind the reader again that we 0)

utilize the atomic units: A = m = e = 1. After substituting equation (4.30) into the
corresponding Schrédinger equation, one gets

C; = —iC,Vsin? a + Cy315 sin a(waZ2, + V cos a)

+ C3Z13 sin oz(—cuggi’%3 +V cos ),

Cy = — C1 213 sin a(wy3zl; +V cos a) —iChy (W23, + 223,22,wo3 cos a
+ V72, cos? oz) —1C3Z19213[— W + (225 — 22,)wazcosa + V cos? a, 3
where 1)
_ . _ — (.2 2 \1/2
a = B sin wt, B=£Eg/w,§ = (27, + 213) ',
Z19 = 212/§, %13 = 213/4,
V = w212%2 + w31§%3, W = w212%3 + (U312,~“%2. 43

The corresponding equation for the probability amplitude C5 can be produced from 2)
the equation for the probability amplitude C, by transposing the indices 2 < 3.

To obtain an approximate solution, we use the following Fourier expansions:

sin o = 2 Z Jop—1(B) sin(2k — 1)wt, cos a = Jy(B)
k=1
+2 Z Jor(B) sin 2kwt
k=1

(4.3

and neglect the oscillatory parts of the coefficients of the system of equation (4.31). 3)
As a result, this system of equations takes the following form:

C1 = —ia11C1, Cy = —ianCs — iaxCs, C3 = —iazCs — iasCs,

(4.3
where 4)

ajlr — []. — J0(2B)]V/2,

az = agp = Z1pZ13{(2}; — Z}y)was[Jo(B) — 1] + [Jo(2B) — 1]V/2};

app = wpl + (—1)1)22%22%36023 [Jo(B) — ].]

22 [Jo(2B) — 1V /2, (p = 2,3). (

4.3

After finding the solution of the system (4.34), we obtain the following wave 5)
functions of the quasienergy states in the high-frequency or strong field E(t):



. ~1/2 .
Y1(t) = p1 exp(—ipt), Pa(t) = (1 + A42) (s — Apy)exp(—ipst),
~1/2 .
¥3(t) = (1+ A%) " (Aps + ps)exp(—ipst),
A = (us —as33)/a = (a2 — p2)/a2s, 43
where 6)
_ _ 2 2 11/2
p1 = a1, pe23 = (a2 +asz)/2 % (a2 — as33)”/4 + ajs) 43
are the quasienergies. 7)
We introduce the following scaled energy density of the field:
G = B? = (¢Ey/w)>.
(£Ep/w) 3

As an example, figure 4.16 shows the dependence of the quasienergy u; on the 8)
scaled energy density of the field G and on the parameter V defined in equation (4.32).

Figure 4.16. The dependence of the quasienergy u; from equation (4.37) (see also

equation (4.35)) on the scaled energy density of the field G and on the parameter V
defined in equation (4.32).

Figure 4.17 shows the same results as those of figure 4.16 but from the alternative
viewpoint, so that together with figure 4.16, it demonstrates in a comprehensive way
the nonlinear dependence of the quasienergy u; on the scaled energy density of the

field G and on the parameter V.



Figure 4.17. The same results as those shown in figure 4.16 but from the
alternative viewpoint, so that together with figure 4.16, this figure demonstrates in
a comprehensive way the nonlinear dependence of the quasienergy u; on the

scaled energy density of the field G and on the parameter V.

Figure 4.18 shows the dependence of the quasienergy u; on the scaled energy
density of the field G for the parameter V = 5.
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Figure 4.18. The dependence of the quasienergy u; on the scaled energy density
of the field G for the parameter V = 5.

From figures 4.16-4.18, it can be seen that the dependence of the quasienergy u; on
the scaled energy density of the field G is highly nonlinear.

Appendix A presents an example of the application of the above general results to
the specific case in which the three levels from which the radiative transitions originate
are the energy levels 5D, 5F, and 5G of helium.



Bibliography

[1] Baranger M and Mozer B 1961 Phys. Rev. 123 25

[2] Cooper W S and Ringler H 1969 Phys. Rev. 179 226

[3] Oks E 1995 Plasma Spectroscopy: The Influence of Microwave and Laser Fields (Berlin: Springer)
[4] Dion D R and Hirshfelder J O 1976 Adv. Chem. Phys. 35 265-350

[5] Blochinzew D I 1933 Phys. Z. Sow. Union 4 501


http://dx.doi.org/10.1103/PhysRev.123.25
http://dx.doi.org/10.1103/PhysRev.179.226
http://dx.doi.org/10.1002/9780470142547.ch5

IOP Publishing

Nonlinear Phenomena in the Radiation from
Plasmas

Eugene Oks



Chapter 5

Intra-Stark spectroscopy of plasmas: the
nonlinear optical phenomenon and its
applications

The  simultaneous interaction of the radiator with the
quasimonochromatic electric field and the quasistatic part of the plasma
electric field led to the discovery of a new sub-area of plasma
spectroscopy: intra-Stark spectroscopy. It deals with Langmuir-wave-
induced structures (bump-dip-bump structures) at certain locations in
the profiles of hydrogenic spectral lines. These structures (called for
brevity Langmuir ‘dips’), which consist of a local intensity minimum
surrounded by two ‘bumps’ (peaks), constitute an emergent
phenomenon that springs from multifrequency nonlinear dynamic
resonances (see, e.g. papers [1, 2] and books [3, 4]). The analytical
predictions of the emergent phenomenon of the Langmuir-wave-caused
‘dips’ were confirmed by a large number of experiments by various
experimental groups working with different plasma machines as well as
by astrophysical observations. In these experiments and observations,
which span about ten orders of magnitude of electron densities, the
highly localized Langmuir-wave-induced structures were reliably
detected, identified, and used for plasma diagnostics. In particular, this
included the high-precision, benchmark experiments at the gas-liner
pinch by Kunze’s group [5, 6], in which plasma parameters were
measured using coherent Thomson scattering independently of
measurements of the line profiles.

The physics behind the Langmuir-wave-induced structures is as
follows. Let us consider the electric field

E(t) =F + E{ cos (wt),

(5.1
where F represents the quasistatic part of the electric field in the )
plasma. The field F may not only include the contribution from the
quasistatic part of the ion microfield but also the contribution from the
low-frequency electrostatic plasma turbulence (such as ion acoustic



waves, lower hybrid waves, or Bernstein modes). If F and E; are not

collinear (which is true for the overwhelming majority of possible mutual
orientations of the vectors F and E), then the total field E(t) is librating.
The frequency spectrum of this librating field consists not only of the
frequency w but also its harmonics: the frequency spectrum of the
librating field is uw, whereu =1, 2, 3, ....

Fes denotes the absolute value of the total electric field averaged
over the period of the libration:

Fue = ([E(2)]). o

If the librating nature of the total electric field is first disregarded, )
the energy levels of a radiating hydrogenic atom/ion (the radiator) of the
nuclear charge Z, split into 2n — 1 Stark sublevels separated by (in

atomic units)

Q) = 3nkF, ff/(2Z )

e r) (5.3

where n is the principal quantum number. The Stark sublevels are )
distinguished by the electric quantum number

qg=—mnig—n2
’ (5.4

where n; and n, are the parabolic quantum numbers. )

The combined system ‘radiator + field’ can be described in terms of
quasienergy states, whose quasienergies Q are as follows:

Q=04+w, v=0,+1,+243,.... 55
We now take into account the time-dependent component of the )
librating electric field. We recall that its frequency spectrum is uw, where
u=1, 2,3, ... Here, we come to the central point. In the situation in
which

Q=uww, u©u=1,23,...

9 Y I Y I (56
there are multiple resonances between the harmonics of the )
librating field and all quasienergy states of the quasienergies Q = Q +
vw. In other words, the resonances are multiquantum (in terms of the
quanta of the Langmuir field) and multifrequency. This causes the
degeneracy of all quasienergy states: the quasienergy harmonics



resulting from each of the 2n — 1 atomic Stark substates are
superimposed on each other.

In this multiqguantum multifrequency resonance, each degenerate
quasienergy state is the superposition of several quasienergy harmonics
originating from different Stark sublevels (sublevels of different values of
the electric quantum number q). The Stark sublevel of some value of g is
coupled by the dipole matrix element with the sublevels g + 1 and q —
1. As a result of this coupling, additional splitting of all quasienergy
harmonics occurs. This splitting is analogous to Rabi splitting, but it is its
generalization for the case of the multiguantum multifrequency
resonances. The additional splitting of all quasienergy harmonics is
generally a nonlinear function of the Langmuir field amplitude E, (see,
e.g. equation (5.9) from [2]).

The multiqguantum multifrequency resonances correspond to a set of
specific locations in the profile of a hydrogenlike spectral line because
they correspond to specific resonance values of F. that satisfy condition
(5.5). These locations are separated from the center of the spectral line
by well-defined amounts of the wavelength AA9P(w), where AA9P(w) are
well-defined functions of the Langmuir-wave frequency w =
(4ne’N /mg)Y?, so that (see, for example, [3, 4])

AXTP = N '/2 4 bN, /4,

(5.7
where the coefficients a and b are controlled by quantum numbers )
and by the charges of the radiating and perturbing ions. The
identification of these structures in the experimental line profile allows
the electron density N, to be very accurately determined from their

locations. From equation (5.7) it is clear that the locations of these
resonance structures in the spectral line profile depend on the electron
density in a nonlinear way. There is more nonlinearity in this
phenomenon, as explained further in this chapter.

At each exact location in the line profile corresponding to the
resonance (5.6), (for brevity, the ‘resonance location’), a partial transfer
of intensity takes place from the wavelength of the exact resonance
location to adjacent wavelengths on each side of the exact resonance
location due to the generalized Rabi splitting of the quasienergies. As a
result, a structure can appear that consists of the local depression of the
intensity surrounded by two relatively small ‘bumps,’ as illustrated in
figure 5.1.
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Figure 5.1. A calculated ‘bump-dip-bump’ structure caused by the
multifrequency nonlinear dynamic resonance (5.5), superimposed
on an inclined ‘unperturbed’ spectral line profile.

When superimposed with an inclined ‘unperturbed’ spectral profile,
each bump-dip-bump structure can be responsible for two local minima
of the intensity—as shown in figure 5.1—rather than just one local
minimum of the intensity. The secondary minimum located at a higher
intensity than the primary minimum is of no physical significance.
Sometimes one of the two bumps and/or the secondary local minimum
manifests only as a small ‘shoulder.’

The analytically predicted Langmuir-wave-induced ‘dips’ were then
revealed in a large number of various experiments around the world [5-
19] and in astrophysical observations [20]. In these experiments and
observations, the Langmuir-wave-induced ‘dips’ were reliably detected,
identified, and used for plasma diagnostics in plasmas of electron
densities ranging from 1013 cm~3 to 3x1022 cm~3,

It should be noted that the nonlinear phenomenon of intra-Stark
spectroscopy is analogous to the ‘older’ nonlinear phenomenon of intra-
Doppler spectroscopy. In intra-Doppler spectroscopy, the nonlinear
phenomenon manifests as localized structures within the Doppler line
profile. In intra-Stark spectroscopy, the nonlinear phenomenon
manifests as localized structures within the quasistatic Stark profile of
the spectral line. Below are more analytical details of this phenomenon.

In order to present the analytical details in the simplest way, we focus
here on the case where in the total electric field given by equation (5.1),



the quasistatic field F is perpendicular to the quasimonochromatic field
amplitude Eg. In this case, the nonadiabatic effects are expected to be
the strongest. The general case, in which the angle between F and E is
arbitrary, is presented in paper [2] and book [3].

Let the z-axis of the fixed coordinate system lie along E; and the x-
axis lie along F. The analysis is performed by adopting the rotating (or
more rigorously, librating) reference frame whose z-axis lies along the
total electric field E(t) at all instants of time. The z-axis constitutes a
time-dependent angle ¢(t) with the z-axis. The Hamiltonian of the
radiator in the rotating frame can be represented as follows:

H = H() + Vl(t) + Vg(t), Vl(t) = ZE(t), VQ(t) = lyd(p/d(t5 8
In equation (5.8), /,, is the angular momentum projection onto the y- )
axis, Hgp is the Hamiltonian of the unperturbed atom in the fixed
reference frame, and

E(t) = |E(t)], dp/dt =wFEy(sin wt)/E(t).

(5.9
The time-averaged value of the perturbation V;(t) splits the Stark )
level of the principal quantum number n into 2n — 1 equidistant
sublevels separated from each other by

9 1/2
Aw = (3n/7)(F*+ A)""E(k),

(5.1

where 0)
A = E,?
(5.1

is the scaled energy density of the oscillatory electric field, E(k) is 1)
the complete elliptic integral of the second kind, and

1/2
k= AY?)(F? 1+ 4)"
(5.1
Figure 5.2 shows the dependence of the separation Aw from 2)
equation (5.10) on the scaled energy density A of the
quasimonochromatic electric field and on the quasistatic field F for n =
2.




Figure 5.2. The dependence of the separation Aw from equation
(5.10) on the scaled energy density A of the quasimonochromatic
electric field and on the quasistatic field F for n = 2.

Figure 5.3 shows the same plot as in figure 5.2 but from the
alternative viewpoint, so that together with figure 5.2 it demonstrates in
the most comprehensive way the dependence of the separation Aw from
equation (5.10) on the scaled energy density A of the
quasimonochromatic electric field and on the quasistatic field F for n =
2.



Figure 5.3. The same plot as in figure 5.2 but from the alternative
viewpoint, so that together with figure 5.2 it demonstrates in the
most comprehensive way the dependence of the separation Aw
from equation (5.10) on the scaled energy density A of the
quasimonochromatic electric field and on the quasistatic field F for
n=2.

From figures 5.2 and 5.3, it can be seen that the separation Aw
depends on the scaled energy density A of the quasimonochromatic
electric field in a nonlinear way.

In the particular case of one-quantum resonance, corresponding to u
= 1 in equation (5.6), the system of equations used to determine the
quasienergies A consists of n? linear equations. To solve this system in a
straightforward way, one should equate the determinant of this system
to zero. As a result, one would have to find the roots of the polynomial of
degree n? with respect to A, so that for n > 2 there would be no
analytical solution. Luckily, there is a way out, namely that this system
of equations is equivalent to the system describing a static Stark effect
in the effective electric field Ep/2. Consequently, the quasienergies can

be expressed as follows (for Ey < F):

A=3ngAY?/2, q=mni—no,



where A is the scaled energy density of the quasimonochromatic electric
field (see equation (5.11)) and n; and n, are the parabolic quantum
numbers.

Figure 5.4 presents the dependence of the quasienergies on the
scaled energy density of the quasimonochromatic electric field for n = 3.

It can be seen that the quasienergies depend on the energy density of
the quasimonochromatic electric field in a nonlinear way.

Figure 5.4. The dependence of the quasienergies on the scaled
energy density of the quasimonochromatic electric field for n = 3 in
the case of one-quantum resonance, corresponding to u = 1 in
equation (5.6).

Figure 5.5 presents the spectrum of the Lyman-alpha line in the
mutually perpendicular fields F and FE; cos wt under one-quantum
resonance in the n = 2 level. The direction of observation is
perpendicular to both F and Ejy. The transmission axis of the linear
polarizer is either parallel to F or parallel to E. The split is equal to
Qo = 3Ey/2.
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Figure 5.5. The spectrum of the Lyman-alpha line in the mutually
perpendicular fields F and FE, cos wt under one-quantum
resonance in the n = 2 level. The direction of observation is
perpendicular to both F and Ey. The transmission axis of the linear
polarizer is either parallel to F (solid lines) or parallel to E (dashed
lines). The split is equal to Q¢ = 3FE;/2. Reprinted from [3],
Copyright (1995), with permission from Springer.

Figure 5.6 shows the same as figure 5.5 but for the Lyman-beta line
for the case of one-quantum resonance in the n = 3 level (Qy = 9E,/4)
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Figure 5.6. The same as figure 5.5 but for the Lyman-beta line
under single-quantum resonance in the n = 3 level () = 9E,/4).
Reprinted from [3], Copyright (1995), with permission from
Springer.




Figure 5.7 displays the same as in figure 5.6 but for the Balmer-alpha
line. The entire spectrum is presented only at Aw > 0, since the
spectrum is symmetric with respect to the unperturbed frequency
Aw = 0. The intensities of the components inside the wavy lines are
shown enlarged by a factor of 200.
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Figure 5.7. The same as in figure 5.6 but for the Balmer-alpha line.
The entire spectrum is presented only at Aw > 0, since the
spectrum is symmetric with respect to the unperturbed frequency
Aw = 0. The intensities of the components inside the wavy lines
are shown enlarged by a factor of 200. Reprinted from [3],
Copyright (1995), with permission from Springer.
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Let us now present some details from the high-precision, benchmark
experiments by Kunze’s group at the gas-liner pinch [5], where plasma
parameters were independently measured by both coherent Thomson
scattering and measurements of the line profiles. First, this reliably
established the existence of the Langmuir-wave-induced ‘dips’; the
evolution of their positions as the electron density varied was consistent
with theory—see figure 5.8.
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Figure 5.8. A comparison of the experimental and theoretical
positions of the dips in Lyman-alpha line profiles caused by the
simultaneous action of the quasistatic part of the ion microfield and
the dynamic electric field of the Langmuir waves. The spectra were
taken 110 ns (top) and 200 ns (bottom) after the maximum
compression. The electron densities measured by coherent
Thomson scattering are also indicated. The theoretical positions of
the Langmuir dips are shown by pairs of vertical solid lines
connected by a dashed line. Reprinted figure with permission from
[5], Copyright (1991) by the American Physical Society.

Figure 5.9 presents a magnified part of the profile of the Ly-alpha line
obtained in the high-precision, benchmark experiment at the gas-liner
pinch [5], showing the observed bump-dip-bump structure, as predicted
by theory.
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Figure 5.9. A magnified part of the profile of the Ly-alpha line
obtained in the high-precision, benchmark experiment at the gas-
liner pinch, showing the observed bump-dip-bump structure, as
predicted by theory. Reprinted figure with permission from [5],
Copyright (1991) by the American Physical Society.

Figure 5.10 demonstrates that the experimental positions of the
Langmuir dips yielded the values of the electron density just as
accurately as the electron densities measured using coherent Thomson
scattering.




3.0

lIIIEIlIIlIIiII]I!]III!IIII
s [ ]
5 2.5 |— & _—
m } -~ —
-jn_ = -
@ B ooo -
o 2.0 j— (+ 243 —_
8 L e N
N . ]
e 1.5 }— oo _
Er > .

| o -
E — -
o — —
& 1.0 |— e @ !
g L o -
=
o — & —
o = o -
0.5 }— o —

Lo d g g by rg s dbag g gty s by
0.0 0.5 1.0 1.5 2.0 2.5 3.0

ELECTROM DENSITY FROM COHERENT THOMSON SCATTERING ¢ 1018 cn™3

Figure 5.10. Electron densities obtained from the experimental
positions of the Langmuir-wave-induced bump-dip-bump structures
versus the electron densities measured using coherent Thomson
scattering. The comparison is shown for many electron densities in
experiments at the gas-liner pinch. Reprinted figure with permission
from [5], Copyright (1991) by the American Physical Society.

During relativistic laser-plasma interactions, very strong magnetic
fields of gigagauss or multi-gigagauss scales are expected to develop.
Such strong magnetic fields influence the separation between Langmuir
dips in the same spectral line profile. Based on this effect, [21] proposed
a method for measuring these strong magnetic fields using non-Lyman
lines, e.g. Balmer lines in the x-ray range. The authors of [22] proposed
an alternative method based on the effect of the strong magnetic fields
on the width of the Langmuir dips.



Figure 5.11 shows the theoretical ratio Awg,®/Awy,® of the dip

positions in a pair of Langmuir-wave-induced dips for the Balmer-alpha
line and the Balmer-beta line versus the scaled dimensionless magnetic
field b defined as follows:

b = poB/(shw) = (1/5)[B(GG)/0.201] [w(sec ™) /(1.77 x 1015)(];,

where L is the Bohr magneton and s is the number of the Langmuir- 4)
wave quanta involved in the resonance that led to the dips.
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Figure 5.11. The theoretical ratio Awgi,®/Awg,'* of the dip
positions in a pair of Langmuir-wave-induced dips for the Balmer-
alpha line (solid curve) and for the Balmer-beta line (dashed curve)
versus the scaled dimensionless magnetic field b defined in the
above equation (5.14). Reprinted from [22], Copyright (2019), with
permission from Elsevier.

The authors of [22] introduced the following three dimensionless
quantities:

f=nF/(Zmeew), ~v=hEy/(Zmeew), by= ,LLOB/(ﬁw)(% .
where Z, is the nuclear charge of the radiating hydrogenlike ion. 5)

Figure 5.12 displays the theoretical dependence of the scaled width w of
the Langmuir dips in the case of one-quantum resonance on the scaled



magnetic field by at y = 0.01 for the following three values of the scaled
quasistatic electric field: f = 0.03, f= 0.1, and f = 0.3.
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Figure 5.12. The theoretical dependence of the scaled width w of
the Langmuir dips in the case of one-quantum resonance on the
scaled magnetic field by at y = 0.01 for the following three values of
the scaled quasistatic electric field: f = 0.03 (solid line), f = 0.1
(dashed line), and f = 0.3 (dotted line). The dimensionless
quantities by, y, and f are defined in the above equation (5.15).

Reprinted from [22], Copyright (2019),

with permission from
Elsevier.

Figure 5.13 demonstrates the same results as figure 5.12 but for the
case of two-quantum resonance.
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Figure 5.13. The same results as those of figure 5.12 but for the

case of two-quantum resonance. Reprinted from [22], Copyright
(2019), with permission from Elsevier.
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Chapter 6

Nonlinear effects in the spectrum of the
quasistatically Stark-broadened spectral lines of
plasma under a high-frequency laser field

The effect of the dynamic electric field

E(t) = Ej cos wt + F
(6.1

(where F represents the quasistatic field in a plasma) on a hydrogenic atom/ion of )
the nuclear charge Z can be reduced to the Stark effect in the following effective static
field (if the field Ey cos wt is either strong or has a high frequency):

F'%W = (F,Jy(3nEy/22w),0, F) o
in the basis of the parabolic wave functions with the quantization axis Oz along the )
vector Ey [1]. In equation (6.2), n is the principal quantum number. Physically, this
means that the high-frequency laser field E, cos wt suppresses—partially or completely
—the components of the quasistatic field perpendicular to E,. (This discussion uses
atomic units.)

The corresponding radiation spectrum of the Ly-alpha line in the x-polarization is as
follows [11]:

I(Aw, Ey) = [F.?/(2Fe®) | 6(Aw)
+{F,*Jo*[3nEy/(2Zw)]/Fett®} [6(Aw — 3Fet/ Z) + 6(Aw + 3Feff/(§)%,

where 6(-++) are the Dirac delta functions. So, the spectrum consists of the unshifted )
component of the intensity [F,%/(2F.¢°)]1 and the two components of the intensity

F?o*[3nE/(2Zw)1/F ¢ shifted by +3Fx/Z.
We introduce the following scaled dimensionless energy density of the laser field

A = [3nE,/(2Zw)]?

(6.4

and the ratio of the F, and F, components of the quasistatic field: )
R=F,/F.,.

(6.5

Figure 6.1 shows the dependence of the intensity /, of the unshifted component on )
the scaled energy density of the field A and on the ratio R.




Figure 6.1. The dependence of the intensity /, of the unshifted component on the
scaled energy density of the field A and on the ratio R.

Figure 6.2 shows the same results as those shown in figure 6.1 but from the
alternative viewpoint, so that together with figure 6.1, it demonstrates in a
comprehensive way the nonlinear dependence of the intensity of the unshifted
component on the scaled energy density of the field at various values of the ratio R =

F/F,.

Figure 6.2. The same results as those shown in figure 6.1 but from the alternative
viewpoint, so that together with figure 6.1, this figure demonstrates in a
comprehensive way the nonlinear dependence of the intensity of the unshifted
component on the scaled energy density of the field at various values of the ratio R

= F,/F,.




Figure 6.3 shows the dependence of the intensity /, of the unshifted component on
the scaled energy density of the field A at the ratioR = 1.
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Figure 6.3. The dependence of the intensity /, of the unshifted component on the
scaled energy density of the field A at the ratio R = 1.

Figure 6.4 shows the dependence of the intensity /i of any of the two shifted
components on the scaled energy density of the field A and on the ratio R.

100

Figure 6.4. The dependence of the intensity /; of any of the two shifted
components on the scaled energy density of the field A and on the ratio R.

Figure 6.5 shows the same results as those shown in figure 6.4 but from the
alternative viewpoint, so that together with figure 6.4, it demonstrates in a
comprehensive way the nonlinear dependence of the intensity of any of the two shifted



components on the scaled energy density of the field at various values of the ratio R =
F,/F,.

Figure 6.5. The same results as those shown in figure 6.4 but from the alternative
viewpoint, so that together with figure 6.4, this figure demonstrates in a
comprehensive way the nonlinear dependence of the intensity of any of the two
shifted components on the scaled energy density of the field at various values of
the ratio R = F,/F,.

Figure 6.6 shows the dependence of the intensity /; of any of the two shifted
components on the scaled energy density of the field A at the ratio R = 0.2.
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Figure 6.6. The dependence of the intensity /i of any of the two shifted
components on the scaled energy density of the field A at the ratio R = 0.2.

Figure 6.7 shows the dependence of the shift S of the blue-shifted component on the
scaled energy density of the field A and on the ratio R.



Figure 6.7. The dependence of the shift S of the blue-shifted component on the
scaled energy density of the field A and on the ratio R.

Figure 6.8 shows the same results as those shown in figure 6.7 but from the
alternative viewpoint, so that together with figure 6.7, it demonstrates in a
comprehensive way the nonlinear dependence of the shift of the blue-shifted component
on the scaled energy density of the field at various values of the ratio R = F,/F,.

Figure 6.8. The same results as those shown in figure 6.7 but from the alternative
viewpoint, so that together with figure 6.7, this figure demonstrates in a
comprehensive way the nonlinear dependence of the shift of the blue-shifted
component on the scaled energy density of the field at various values of the ratio R

= F,/F,.




Figure 6.9 shows the dependence of the shift S of the blue-shifted component on the
scaled energy density of the field A at the ratio R = 0.2.
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Figure 6.9. The dependence of the shift S of the blue-shifted component on the
scaled energy density of the field A at the ratio R = 0.2.

From figures 6.1-6.9, it can be seen that the intensities of the shifted and unshifted
components of the Ly-alpha line and the shift of the blue-shifted component depend on
the scaled energy density of the high-frequency laser field in a highly nonlinear way.
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Chapter 7

Nonlinear effects in the radiation of dynamically-Stark-
broadened hydrogenic spectral lines by plasma
electrons

7.1 Early theoretical results

In the early analytical theories of the Stark broadening of spectral lines by the electron
microfield in plasmas, the electrons were considered in the dynamic regime. The early
theories disregarded the back reaction of the radiating atom/ion (hereafter, the radiator) on
the perturbing electrons, i.e. they were developed in the approximation of ‘no back
reaction.” In the frame of this approximation, there are two types of analytical theory:
semiclassical theories and limited-quantal theories. In the semiclassical theories, the
perturbing electrons are described as classical particles, whereas the radiator is described
quantum mechanically. In the limited-quantal theories, both the perturbing electrons and
the radiator are described quantum mechanically.

The first semiclassical theory was the so-called ‘conventional theory’ (sometimes called
the ‘standard theory’), in which the dynamic Stark broadening due to the perturbing
electrons was considered in the impact approximation [1, 2]. In a simplified way, it can be
stated that in the impact approximation, the influence of the perturbing electrons was
treated as a sequence of binary collisions, in which each collision was assumed to be
completed. An approximate solution of the Schrédinger equation for the radiating atomic
electron was then found in the second order of Dirac’s perturbation theory. Some additional
details of the impact approximation are presented in appendix C.

The so-called ‘unified theory’ [3, 4] was developed later. Its principal distinction
(compared to the conventional theory) was that it took into account incomplete collisions.

For completeness, we also mention the so-called relaxation theory [5, 6]. Its central
point is some integro-differential equation (rather than the Schrédinger equation) that
describes how the radiating atomic electron evolves over time on average. The
mathematical tools of the relaxation theory are Green’s function and Zwanzig’s projection
operators. However, in order to obtain an analytical solution, it is necessary to make almost
the same simplifying suppositions as those of the conventional theory, with the exception
of assuming that the collisions are complete. Therefore, the practical version of the
relaxation theory is basically the same as the unified theory.

An analytical solution of the Stark broadening problem—the exact solution beyond the
perturbation theory—was later found [7] in the binary approximation. Further, in [8], the
binary assumption was eliminated and an exact analytical solution was obtained in the
multiparticle (i.e. the most general) picture of the interaction of the radiator with the
electron microfield.

7.2 The refinement of the conventional theory for
hydrogen lines

In [9], we refined the conventional theory of the Stark broadening of hydrogen lines by
plasma electrons by allowing for the fact that the overwhelming majority of the hydrogen
atom states have nonzero electric dipole moments:



e(R) = —3e*A /(4| Ey |)-

In equation (7.1), E; and (R) are the energy and the average value of the radius vector )
of the radiating atomic electron, and A is the conserved Runge-Lenz vector:

A = —R/R+ (pzL — Lzp)/(2m.e?).
(7.2
In equation (7.2), m,, e, L, and p are the mass, charge, angular momentum, and linear )
momentum of the radiating atomic electron, respectively.

Since the Runge-Lenz vector A and the dipole moment are antiparallel, it follows that
the motion of the perturbing electrons occurs in the following dipole potential:

V =e%(R)er/rs.
(R)er/ 73
In equation (7.3), r is the radius vector of the perturbing electrons. Thus, in distinction )
to the conventional theory, in which the perturbing electrons were considered to move as
free particles, in the refined conventional theory, they move in the potential given by
equation (7.3).

Another refinement made in [9] concerned the so-called Weisskopf radius (defined
below). Griem, in his description of the conventional theory presented in his book [10],
proposed a modification of the so-called strong collision constant without making the
corresponding change in the Weisskopf radius. In [9], it was demonstrated that the choices
of the strong collision constant and of the Weisskopf radius are interconnected.

These refinements of the conventional theory are important for plasmas that have the
following parameters (called warm dense plasmas): a temperature T of a few eV (or less)
and the electron density N, ~ 108 cm~3 (or greater). Below are some details from paper
[91.

Equation (7.3) can be represented in the form

V(r,0) = (d cos 0)/r%, d=€*(R)|.

(7.4
Here, 0 is the polar angle of the vector r; the polar axis is parallel to the vector (R, )
whose absolute value is [11]: ]<R>| = 3nan/2, where n is the principal quantum

number; g = n; — ng is the difference between the parabolic quantum numbers; and ag is
the Bohr radius. Thus, d = 3n|q|e2aB/2 for the spectral lines of the Lyman series. For the

non-Lyman lines of hydrogen, it is appropriate to use the corresponding arithmetic average
for the lower (n/, g/) and upper (n, g) Stark sublevels involved in the radiative transition:

d = 3(n|q| + n/| ¢|)e*an /4.
(7.5
The motion in the potential of the type given by equation (7.4) has been analyzed by )
several authors [12-14]. An important property of this type of potential is the presence of
an additional conserved quantity B (in addition to the conservation of the projection M, of

the perturbing electron angular momentum M):

B = M? + 2m.d cos 6.
(7.6

This quantity is conserved at any instant of time. Consequently, it can be represented )
via its asymptotic value at t = —o0 as follows:



B = (mevopo)2 + 2med cos 0.

(7.7
In equation (7.7), 6, is the angle between r(—«) and (R); py is the asymptotic impact )
parameter at t = —». The angle 6, is the same as the angle between —v; and (R), v; being

the perturbing electron asymptotic velocity v(—) att = —.

Another essential property of the physical system under consideration is the possibility
of separating the angular and radial motions, so that the radial motion occurs in the
effective potential

Uet = B/ (2mer2).
(7.8
As a result, one obtains the following formula for the dependence of the absolute value )
of the perturbing electron radial coordinate on time:
211/2
r(t) = [B/(2meE) + (2E/me.)t } . -
In equation (7.9), E is the energy of the perturbing electron. On substituting the )
expression for B from equation (7.7) and the expression E = mg /2 in equation (7.9), we
find that

1/2
r(t) = (peis” + vo°t?)
(7.1
with 0)
— [po® + 2d cos 8 2]
Peff = [Po + 2d cos 0/(meU0 )} . 71
Below, the subscript 0 of the quantity v is omitted for brevity. 1)
We introduced the notation
2d/ (mev2) = pg?
(7.1
and represented equation (7.11) as follows: 2)
1/2
Peff = (po2 + pq? cos 60) 2 -

We then applied the method of effective trajectories employed in atomic physics in  3)
calculations of cross-sections [15]. In the frames of this method, the nonrectilinear (actual)
trajectory of the perturbing electrons was replaced by a rectilinear trajectory corresponding
to the effective impact parameter p.s from equation (7.13) and the velocity .

The Stark width caused by plasma electrons is controlled by the diagonal elements
(a |{f | o(v) | B)| @) of the operator o(v), whose physical meaning is the cross-section of the
‘optical collisions’ (i.e. the collisions responsible for the Stark broadening). Here, a and f
are the Stark sublevels of the upper and lower energy levels (involved in the radiative
transition), respectively.

After some lengthy calculations (presented in full in our paper [9]), we obtained the
following expression for the ratio of the Stark width in the refined conventional theory to
the corresponding Stark width of the conventional theory:



WIDTH RATIO = {In[(exp(2b2) — 1)"/*(1/z* — 1)"/*/21/2] — b2 /2 + [1/(422?)]
In[(1+ 22)/(1 — 22)]}/{In[b/(xC/?)] + 0.356},

(7.1

where contains two dimensionless parameters: 4)
T = <Pd> /pmax

av ) (7.1

b= (20/3)1/2(n2—|—n12)1/2/(n2 —nr?). >)

(7.1

In equation (7.15), C is the strong collision constant, whose value should be chosen to 6)
be between zero and two, and

(Pd)uy = [(n* + %) /2] *h/ (mev),

(7.1

while pay is typically the Debye radius 7)
2 1/2
p = |Te/(4me” N, .

pp = 1./ (4m*No) o

We note that the parameter b defined in equation (7.16) is essentially just a 8)
combination of the quantum numbers characterizing (and thus, identifying) the particular
hydrogen line.

Figure 7.1 shows the dependence of the WIDTH RATIO from equation (7.14) on the
parameters x and b.
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Figure 7.1. The dependence of the WIDTH RATIO from equation (7.15) on the
parameters x and b defined in equation (7.16) at a strong collision constant value of C
= 3/2. Reprinted from [9], Copyright (2015), with permission from Elsevier.

Figure 7.2 represents the same plot as in figure 7.1, but from the alternative viewpoint,
so that together with figure 7.1 it shows the width ratio versus the parameters x and b in
the most comprehensive way.
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Figure 7.2. The same plot as in figure 7.1, but from the alternative viewpoint, so that
together with figure 7.1 it shows the width ratio versus the parameters x and b in the

most comprehensive way.

Figure 7.3 presents the ratio of the Stark widths from equation (7.15) for the Balmer-
alpha hydrogen line versus the dimensionless parameter x (defined in equation (7.16)) for
the following values of the strong collision constant: C = 2, C = 3/2, and C = 1 (figure 11.2
from my seventh book ‘Analytical Advances in Quantum and Celestial Mechanics:
Separating Rapid and Slow Subsystems’).

WIDTHS RATIO
e

Figure 7.3. The ratio of the Stark widths from equation (7.15) for the Balmer-alpha
line of hydrogen versus the dimensionless parameter x (defined in equation (7.16)) for
the following values of the strong collision constant: C = 2 (solid curve), C= 3/2
(dotted curve), and C = 1 (dashed curve). Reproduced from [16]. © IOP Publishing Ltd.

All rights reserved.

From figures 7.1-7.3, one can see that in the refined conventional theory, the Stark
width due to plasma electrons is greater than the corresponding Stark width of the

conventional theory.
We now focus on the nonlinear dependence of the electron-induced Stark width on the

electron density N, in the refined conventional theory. Since the conventional theory treats
this broadening using a sequence of binary encounters with the perturbing electrons, the



corresponding Stark width might be expected to be linear with respect to the electron
density. However, in reality, it is nonlinear, as presented below.
A more explicit expression for the parameter x from equation (7.16) is

z = (2eh/T)[(n® + nr*) N /m.] 12

(7.1

We introduce the scaled electron density N, ¢ as follows: 9)
Ne,s = {L‘2 = (2eh/T)2(n2 + nlz)Ne/me.

(7.2

The scaled electron-induced Stark width in the refined conventional theory W, can now 0)
be represented in the form

W, = N, {In[(exp(2b?) — 1)"/*(1/N.;2 — 1)"/*/21/2] — b2/2
+[1/(4Nes) In[(1 + Nes) /(1 — Nes)l}- 72

Figure 7.4 shows the dependence of the scaled electron-induced Stark width in the 1)
refined conventional theory W, on the scaled electron density N, ; and on the parameter b.

Figure 7.4. The dependence of the scaled electron-induced Stark width in the refined
conventional theory W, on the scaled electron density N s and on the parameter b.

Figure 7.5 represents the same plot as in figure 7.4, but from the alternative viewpoint,
so that together with figure 7.4 it shows the scaled Stark width versus the scaled electron
density N, ; and the parameter b in the most comprehensive way.



Figure 7.5. The same plot as in figure 7.4, but from the alternative viewpoint, so that
together with figure 7.4 it shows the scaled Stark width versus the scaled electron
density N, ; and the parameter b in the most comprehensive way.

From figures 7.4 and 7.5, it can be seen that in the refined conventional theory, the
electron-induced Stark width depends on the electron density in a nonlinear way, even
though the interaction of the radiator with the perturbing electrons was considered using a
sequence of binary encounters.

7.3 The refinement of the conventional theory for
hydrogenlike lines

The so-called conventional theory of the electron-induced Stark broadening of hydrogenlike
spectral lines in plasmas was worked out in [17] and later also presented in [10]. Later
advances can be found in [18, 19] and in references therein. The conventional theory uses
a simplified picture of the corresponding interaction: there is a coulomb field that has an
effective charge of Z — 1, and the perturbing electrons follow hyperbolic paths in this
coulomb field. (Here, Z is the radiator nuclear charge; atomic units are used.) Thus, the
conventional theory is based on a simplification, i.e. a two-body problem (the charge Z — 1
plus the perturbing electron).

However, the actual system represents a three-body problem: the nucleus, the bound
electron, and the perturbing electrons. Therefore, the actual path of the perturbing electron
is more complex.

In [20], we treated this three-body problem by applying the standard analytical method
based on the separation of rapid and slow subsystems—see, e.g. [21]. The application of
this analytical method was possible because the characteristic frequency of the ‘rotation’
of the perturbing electron around the radiator is much smaller than the characteristic
frequency of the motion of the bound electron. Therefore, the latter can be treated as the
rapid subsystem and the former can be treated as the slow subsystem. We note that this
analytical method vyields sufficiently accurate results in cases in which the standard
perturbation theory is invalid—see, e.g. [21].

Thus, in paper [20] we produced significantly more accurate analytical results (for the
operator of the Stark broadening by electrons) than those produced by the conventional
theory.



We demonstrated that, for instance, for Lyman spectral lines of ionized helium (He II),
the three-body treatment increases the electron-induced Stark width, and that the higher
the electron density N, the greater this increase becomes. Some details are given below.

The conventional theory starts from the following expression for the operator of the
Stark broadening by electrons [16]:

P, = 27mv Ne /dpp {SaSb* — 1},
(7.2
where p and v are the impact parameter and the velocity of the perturbing electron, 2)
respectively. In equation (7.22), Sa(O) and Sb(O) are the S matrices for the energy level ‘a’
(the upper state) and the energy level ‘b’ (the lower state) involved in the radiative
transition, respectively; the symbol {:--} signifies averaging over the angular variables of
vectors p and v.

The conventional theory subdivides the collisions into so-called weak collisions (treated
by Dirac’s standard perturbation theory) and strong collisions. In terms of the impact
parameter, the boundary between the two types of collision is determined from the
condition in which the expression {S;S,* — 1} (formally calculated for the weak collisions)
begins to violate the unitarity of the S matrices. This boundary value of the impact
parameter is called the electron Weisskopf radius pye.

In the conventional theory, the integral over the impact parameters diverges at small
values of p, which is why the conventional theory divides the range of the integration into
two subranges: from zero to py, (the strong collisional contribution) and from pye t0 Prax
(the weak collisional contribution). The quantity p,ax is the upper cutoff, required because
the integral over the impact parameters also diverges at large p. The typical choice of the
upper cutoff is the Debye radius pp = [T/ (47?62Ne)} 12 7 being the electron
temperature.

In the conventional theory, after the calculation of the S matrices is performed for the

weak collisions, the operator of the Stark broadening by plasma electrons is as follows (in
atomic units):

Pwe (e} C Omin d 2 e}
Preak — C/m dp p sin® % =5 /@m d@% sin” 5
(7.2
where © is the scattering angle that describes the outcome of the collision between 3)
the perturbing electron and the radiator. The quantities ® and p are interrelated, as
elucidated below. In equation (7.23), the operator C' has the form:

C= -5FN. V: & vsf(v)]ﬁ(ra_rb*)% 7.2

In equation (7.24), m is the reduced mass of the ‘perturbing electron—radiator’ 4)
system, and f(z) is the velocity distribution of the perturbing electrons. Further, in equation
(7.24), r is the operator of the radius vector of the atomic electron (it is proportional to
1/Z); the subscripts ‘a’ and ‘b’ relate to the action of this operator on the upper and lower
energy levels, respectively. The formula (r, — ry*)? signifies the scalar product (sometimes
called the dot product) of the operator (r; — ry*) with itself. We note that the calculations of
the matrix elements of this operator in the theory of the electron-induced Stark broadening
in plasmas are performed on the basis of the unperturbed wave functions.



Since, in the conventional theory, the scattering takes place in the effective coulomb
potential (in the effective nuclear charge Z — 1), the path of the perturbing electron has a
hyperbolic shape characterized by the following relation between the scattering angle and
the impact parameter:

. ©
= cot —.
p 2
(7.2

In equation (7.25), the superscript (0) in the impact parameter p(o) refers to the 5)

hyperbolic paths.

In [20], we analyzed the real situation: the paths of the perturbing electrons are more
complex—the nucleus, the bound electron, and the perturbing electron should be treated
as a three-body (rather than a two-body) system. Based on the fact that the frequency Qg
of the spectral line is much greater than the typical frequency vr./pye Of the variation in the
perturbing electron electric field at the location of the radiator, we employed the analytical
method of separating the slow and rapid subsystems. (Details are presented in appendix
C.) We note that the frequency Q,, is the Kepler frequency or its harmonics if radiative
transition occurs between the Rydberg states.

Step one of this method is to ‘freeze’ the perturbing electron (the slow subsystem) and
obtain the analytical solution for the radiator (the rapid subsystem); the solution depends
on the frozen coordinates of the perturbing electron: namely, on the separation R between
the radiator and the perturbing electron. The corresponding energy, within the first
nonvanishing order of the dependence on R, is the following:

Z? 3ngq
Bn(R)= "5+ 57 ps

2 27 R2’
n R (7.2
where n is the principal quantum number and g = n; — n, is the difference between 6)
the parabolic quantum numbers of the radiator state.

Step two is to analyze the motion of the perturbing electron (the slow subsystem) in the
‘effective potential’ V(R) that combines the actual potential and E,4(R). The effective
potential for the motion of the perturbing electron can be represented in the form (given
that the first term on the right-hand side of equation (7.26) does not depend on R and thus
does not influence the motion):

a
Veff(R):—E—i-%, a=27-—1.

(7.2

For the Lyman lines, since the lower state b can be considered to be unperturbed (up 7)

to the order ~1/R2), the coefficient B can be represented in the form:

3 naga

==z

(7.2

For other (non-Lyman) lines of hydrogenlike ions, in order to allow for both the upper 8)
and lower states, the coefficient 8 can be formulated as follows:

5= 3 (naga — M1qp)
- 27 ‘

(7.2
9)



For the motion in the potential given by equation (7.27), there is an exact analytical
solution. In particular, for the interrelation between the impact parameter and the
scattering angle, this exact analytical solution yields the following (instead of equation
(7.25); see, e.qg. book [22]):

2 4 F M?2
O=7— arctan\/—2<ﬁ+—).
/ 2m B o 2m
1+ e
(7.3

In equation (7.30), M and E are the perturbing electron angular momentum and the 0)
energy, respectively.
In terms of the impact parameter p, the angular momentum is

M=muwuvp.
P (7.3
Equation (7.30) can now be represented in the form: 1)
T™— 0 20 v
_°2F7 ) = = 2002 2
tan( 5 \/1—1— mv2p2> = a\/m v2p?4+2mp.
(7.3

After finding the solution of equation (7.32) and the subsequent substitution of the 2)
solution in equation (7.23), one can obtain a more rigorous formula for the operator of the
dynamical Stark broadening by electrons compared to that given by the conventional
theory. However, this can be done only numerically because equation (7.32) does not allow
an exact analytical solution.

In [20], we gave an approximate analytical solution of equation (7.32), as follows. We
expanded equation (7.32) in powers of B and obtained the following:

T™— 0 ™— 0 , [T—0O B vazp B
tan( 5 )+( 5 )ll—i—tan( 5 )]mtﬂpQN o —i—ap.

(7.3
We sought the solution with respect to p in the form 3)
~ o0 4+ 1)
p=p p (7.3
In equation (7.34), oV < p(®, where p(%) corresponds to 8 = 0 (and was presented in 4)
equation (7.4)). On substituting equation (7.34) into equation (7.33), the result is
(- ©) 8 g mv?p®
NG © " a
2 m v2p(0)” sin? 35 *p
(7.3

After finding p(l) using equation (7.35), the formula for p becomes the following: 5)



(7.3
The subsequent integration in equation (7.22) can be simplified if, instead of the 6)
integral over p, the integration is performed over ©. To achieve this task, we calculate the
square of equation (7.36):

2 e -0
p2za—c0t2——|— b - —-11,
m?2 vt 2 m v? . 6 C)

sin o cos o

(7.3
where we kept only the first-order terms with respect to 3. For a further simplification 7)
of the formulas, we let ¢ = @/2. We then differentiated equation (7.37) with respect to ¢
and obtained the following:

dp2N_ a? 2cot¢_2,3 1 +(£_¢) 1 B 1 :
d¢ 7 m2ot sin?¢ m v? sin ¢ cos ¢ 2 sin®¢ cos?¢p |
(7.3
8)

On substituting ©® = 2¢ and then ‘3_!;:

equation (7.23), we got

from equation (7.38) into the far right of

2
@;"sak_ C[ 24j‘¢mm cot ¢ do 'B %Otanqbdd)—i- 02 (——¢)1—ta
(7.3

After performing the integrations in equation (7.39), we obtained the following 9)
expression for the weak collisional contribution to the operator of the dynamical Stark
broadening by plasma electrons:

weak 4 N2 0 f(v) Sin Prax mv?B [ w2
(I) ——TN( —Tp ) |:/OOdUT] [].Og <in ¢mjn + (Z_]_)2 <T—1>]

(74

We then added the following formula for the contribution of strong collisions: 0)
t 2
T < ol pwe?,

(7.4

where pw, corresponds to ¢,.x. The formulas for ¢, and ¢, from [16] are as 1)

follows:
n ¢ \/? Z(Z —1)
Sin Prax = A/ = ,
* 2 (n2—ni)mv




Z-1
m v2pp

1+(Z_1)2

m?2vipd
(7.4
It should be underscored that the formula from [16] reproduced here as equation 3)
(7.42) was an approximate expression for non-Lyman lines. For Lyman lines, the lower level

(the ground level) does not yield any contribution to the operator of the dynamical Stark
broadening by plasma electrons. Therefore, for the Lyman lines, we can write the following

instead of equation (7.42):
, ¢§Z@—U
SiN Prax = A/ =——.
2 n’muo

sin ¢min -

(7.4
It should be noted that the right-hand sides of equations (7.42) or (7.44) can become 4)
greater than unity for relatively slow perturbing electrons. In this situation, one should use
sin ¢n.x = 1. This corresponds to pp,;, = 0 and thus a zero strong collisional contribution.
Usually, the statistical weight of such slow electrons in the velocity distribution of plasma
electrons is relatively small.
On substituting the expressions for sin ¢,,,, and sin ¢,,;, into equation (7.39) and
adding together the weak and strong collisional contributions, we found the following final
result for the operator of the dynamical Stark broadening by plasma electrons:

47 #\ 2 v
Pa(B) = —gdﬁﬁfﬂ%)piwfiw
1 Z%(Z —1)* /3 Z Z-1
2 2 (n2 —n?) m? v? 2 (n2 —n}) mv2pp
(7.4
for the non-Lyman lines and 5)
4w w20, f)]1 3 2%(Z-1)°
b, = — —N.(r, — dv —| = |1 — ————
v(B) 3 (ra = m) {foo Y0 | 2 2 nim?o?
3 Zvpp Z-1)\2 mv*p [ m?
1 2 1+ 2—— P (2
+ log \/2 n? \/ +(mv2pD) +(Z—1)2 1
(7.4

for the Lyman lines. In equations (7.45) and (7.46), the symbol log[:::] signifies the 6)
natural logarithm.

To reveal the importance of allowing for the non-hyperbolic trajectories, we analyzed the
ratio of the third term in braces in equation (7.46) to the combination of the first and
second terms:



3 mv?(naga — nbqn) 7r_2 .
2 4

Z —1)?
ratio = ( )
1 3 Z%Z-1)° 3 Z Z-1\"
2 2 ( n2)2m2 02 2 (n2 n%) m vpp
(7.4
for the non-Lyman lines or the ratio 7)
3 mv®n,q, (_2 1)
: 2 (z-1)?
ratio =

1], 3 22(Z-1)° /3 ZUpD 2
2 2 n4m2 v2 mv pD
(7.4

for the Lyman lines. We provided a quantitative example for some Lyman lines. Instead 8)
of integrating over the velocities of the perturbing electrons, we utilized the mean thermal
velocity T, which is usually used in the theories of the dynamical Stark broadening. Below
are the formulas for 1, the Debye radius pp, and the reduced mass, m:

me
1
T(eV) [ TEv) " A,
v = 0.1917 , PD = 1.404 x 10 oy M= ——,
m Ne(CIIl_3) 1 + 2 me
Am,

(7.4
where A is the atomic number of the radiator (4 ~ 27), m,, is the proton mass, and 9)
m, is the electron mass.

As examples, for several Lyman lines of ionized helium, table 7.1 provides the numerical
values of the ratio from equation (7.48) for a plasma that has the following parameters:
N, =2x 10" cm=3, T=8eV.

Table 7.1. Ratios given by equation (7.26) for the Stark components of several Lyman lines of He Il at a
temperature T = 8 eV and an electron density N, = 2 X 1017 ecm~3. Reproduced from [20]. © IOP Publishing Ltd.
All rights reserved.

n lql Ratio

2 1 0.3261

3 1 0.3748

3 2 0.7496

4 1 0.5156

4 2 1.0311

4 3 1.5467




Figure 7.6 demonstrates the dependence of the ratio given by equation (7.48) on the
electron density N, at the temperature T = 8 eV for the Stark components characterized by
the quantum number |q| = 1 for the following spectral lines: Lyman-alpha (n = 2), Lyman-
beta (n = 3), and Lyman-gamma (n = 4).
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Figure 7.6. The dependence of the ratio given by equation (7.48) on the electron
density N, at the temperature T = 8 eV for the Stark components characterized by the
quantum number |g| = 1 for the following spectral lines: Lyman-alpha (n = 2), Lyman-
beta (n = 3), and Lyman-gamma (n = 4). Reproduced from [20]. © IOP Publishing Ltd.
All rights reserved.

From table 7.1 and figure 7.6, one can see that the allowance for the non-hyperbolic
trajectories of the perturbing electrons already becomes important for the Lyman lines of
the ionized helium at N, ~ 1017 cm=3. The effect becomes more and more important as the
electron density increases.

We note in passing that in the case in which the formally calculated ratio given by
equation (7.48) is comparable to unity, this would mean that the approximate analytical
solution is invalid. In this case, a numerical solution of equation (7.32) with respect to p
should be used.

In relation to the nonlinearity, we wish to emphasize the following. The ratio given by
equation (7.48), presented in figure 7.6, shows the nonlinear dependence on the electron
density N.. As for the dependence of the Stark width on N, it is proportional to the right-

hand sides of equations (7.45) or (7.46). After introducing the properly scaled electron
density Ny o and the dynamical Stark width W, the dependence of the latter on N, ¢ can

be represented in the following form:

W, = Ne,sc{c +In [(1 n 1/Ne,sc)1/2] }
(7.5

In equation (7.50), the quantity C depends on the temperature T, the nuclear charge Z, 0)
and quantum numbers but is independent of N .



Figure 7.7 shows the dependence of the scaled electron-induced dynamical Stark width
W, on the scaled electron density N, . and on the parameter C.
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Figure 7.7. The dependence of the scaled electron-induced dynamical Stark width
W, on the scaled electron density N, ;. and on the parameter C from equation (7.50).

Figure 7.8 represents the same plot as in figure 7.7, but from the alternative viewpoint,
so that together with figure 7.7 it shows the dependence of Wy, on N, in a

comprehensive way.

Figure 7.8. The same plot as in figure 7.7, but from the alternative viewpoint, so that
together with figure 7.7 it shows the dependence of W,. on N, .. in a comprehensive

way.

Figure 7.9 presents the dependence of Wy, on N, . for the following three values of the
parameter C: 0.02, 0.1, and 0.5.
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Figure 7.9. Dependence of W, on N, for the following three values of the

parameter C from equation (7.50): 0.02 (solid line), 0.1 (dashed line), and 0.5 (dotted
line).

From figures 7.7-7.9, it can be seen that the dependence of the electron-induced
dynamical Stark width on the electron density is nonlinear.

It should be underscored that the possibility of obtaining the above analytical solution
was mainly facilitated by the algebraic (higher than geometrical) symmetry of the
potentials V(R) = —A/R + B/R?, where A and B are constants. The algebraic symmetry is
manifested by the existence of an additional conserved quantity M. = M? + 2mB, where
m and M are the mass and the angular momentum of the particle, respectively. This
conserved quantity can be treated as the square of the effective angular momentum.

As for the utilization of the impact approximation, it was not critical to our study. Rather,
we employed it to simplify the formulas and thus the message of our work, as well as for a
comparison with the corresponding results produced by the conventional theory, for which
the impact approximation was critical. A brief description of the impact approximation is
presented in appendix D.

Finally, we mention [23], which contains noteworthy results on the same subject
(presented also in [24]). The results were obtained in the framework on the so-called
quantum theory of the dynamical Stark broadening, in which both the perturbing plasma
electrons and the radiator are treated on an equal footing by quantum mechanics. In
distinction, our results were produced in the framework of the corresponding semiclassical
theory, in which the perturbing plasma electrons are described by classical mechanics
whereas the radiator is described by quantum mechanics. (The same semiclassical
framework was used in the conventional theory of the dynamical Stark broadening.) Both
in our work [20] and in [23], the symmetry of the potentials V(R) = —A/R + B/R? was used
to produce analytical results.

The authors of [23] employed the impact approximation to produce specific results for
the Stark width of Lyman lines in the classical limit only. In [20], we also compared their
results with the corresponding results of the conventional theory for ionized helium Lyman
lines for N, ~ (1017-1018) cm~3. This is the range of N, used by most of the experiments

that have measured the widths of the ionized helium lines. We found that the Stark widths
given in [23] are two or more orders of magnitude greater than the corresponding Stark
widths calculated by the conventional theory.

It should be emphasized that the widths of the ionized helium lines measured in
experiments where plasma parameters are determined independently of the width of these
spectral lines (i.e. in the benchmark experiments) always show the ratio of the
experimental width to the corresponding width given by the conventional theory to be a



factor of two or less. The same is true for the corrections in our paper [20] to the Stark
width calculated by the conventional theory.

7.4 The generalized theory

The generalized theory of the dynamical Stark broadening of hydrogenic spectral lines in
plasmas was developed in [25-27]. This theory is based mostly on a generalization of the
formalism of dressed atomic states (DAS) in plasmas.

The usual formalism of dressed atomic states was initially intended for describing the
interaction of a monochromatic (or quasi-monochromatic) field (such as the electric field of
laser or maser radiation) with gases. Subsequently, this formalism was employed to
describe the interaction of the quasi-monochromatic electric field with plasmas [28]. The
utilization of this formalism in plasma spectroscopy facilitated better accuracy of the
analytical calculations and more advanced codes.

In contrast, in the generalization of the dressed atomic-state formalism in [25-27], the
atomic states were dressed by a broadband field of plasma electrons and ions. Obviously,
these generalized dressed atomic states result in a more complicated construct than the
usual dressed atomic states.

The design of the generalized theory consists of the following eight stages, as
formulated in [27], from which we quote these stages here:

1. Separation of static and dynamic ions. For a given value T of the argument of the
correlation function C(t), the ion-dynamical part of C(t) originates from the collisions
for which the instants of the closest approach t, fall within the interval (—7/2,7/2). The

rest of the perturbing ions are considered to be static. This is consistent with the fact
that at T —» =, all ions are dynamic, while at T — 0, all ions are static. Thus, different
values of T correspond different proportions of dynamic and static ions.

2. Partition of the Hamiltonian. The Hamiltonian H(t) is broken down into the following
four terms:

H(t) = Ho+ Vi + Vpar(t) + Vperp(t)7 Vpar(t) = VHID(t) + VIIE(t)a Vperp(t)

= ViIP(t) + ViE(2).
(7.5
Here, Hy is the Hamiltonian of the unperturbed radiating atom/ion (radiator); the 1)
superscripts IS, ID, and E refer to the interactions of the radiator with static ions,
dynamic ions, and electrons, respectively; the subscripts | and L refer, respectively, to
parallel and perpendicular components of the electron and dynamic ion microfields
with respect to the direction of the quasistatic ion field at the location of the radiator.
3. Generalized dressed atomic states. The atomic states of the radiator are dressed by
the following time-dependent factor:

t

Q(t) = exp {(i/h) {(Ho +VB)t+ /

dt'Vyar (t’)} }
—o0

(7.5
In other words, the interactions V'S and Vpar(t) are taken into account exactly, 2)
moreover—analytically. The interaction Vpe.(t) is then allowed for by Dirac’s
perturbation theory.The dressing factor Q(t) is controlled by the interaction Vpar(t) with

a broadband field—in distinction to the usual DAS dressed by a monochromatic field
(examples of the latter can be found in book [28]).

4. Evolution operator in the MODIFIED interaction representation. This employs the
dressing factor Q(t) from equation (7.52):



[2)
Ult1,t2) =T exp [—(i/h) dtQ*(t)Vperp(t)Q(t)],
t
' (7.5
where Texp[:--] is the time-ordered exponential. 3)
5. Calculation of the M-matrix. The M-matrix that controls the calculation of the
correlation function (defined in stage 6) is calculated as follows:

M(t1,5) = exp l(i/h) / v, (t’)} Ult, ),

t
! (7.5

where exp[---] is calculated exactly, analytically, while U(ty,t,) is calculated via the 4)

perturbation theory. The impact approximation is not used.
6. Correlation function. This is defined by the formula

C(r) =Tr {dd exp[—(i/h)(Ho + VIS)T}p<M(T/2, —T/2)>av}, s
where Tr{::-} stands for the trace, (---)av denotes the ensemble average. 5)
7. Line shape at a fixed quasistatic ion field F. This is calculated as the Fourier transform
of the correlation function C(T).
8. Averaging over the distribution W(F). The distribution W(F) of the quasistatic ion field
can be produced using, e.g. APEX code [29].’

The central point of the generalized theory is the following: it treats the interaction V|(t)
on an equal footing with the unperturbed Hamiltonian H,: no perturbation expansion is

involved.
In order to compare the generalized theory with the conventional theory, it is useful to
introduce the following parameter that plays a central role in the generalized theory:

< VB>

Quw (V

Y = ,
par)

(7.5
where Qu(V4,) is the Weisskopf frequency related to the dynamical interaction Vi, (t). 6)
(The Weisskopf frequency is defined as the mean thermal velocity of perturbing charges
divided by the Weisskopf radius.) The generalized theory embraces the conventional theory
as the limiting case corresponding to Y - 0.

In the generalized theory, the integral over the impact parameters converges at small
impact parameters, while in the conventional theory for neutral radiators, the
corresponding integral diverges at small impact parameters. The physical reason for the
convergence of this integral in the generalized theory is as follows. The interaction Vep(t)
causes the virtual transitions between the sublevels of the radiator that are ‘dressed’ by
the interaction V,(t). Due to this dressing, the divergence of the integral is eliminated and
the accuracy of the results is enhanced.

The matrix M(t,,t;) in equation (7.54) and its simplified counterpart—the scattering
matrix S = M(—», «)—are composed of two terms that differ physically:

M = Ma+Mna,



The first term in equations (7.57) and (7.58) is the adiabatic contribution. This is analog@us
to the corresponding concept known as the ‘Old Adiabatic Theory’ of broadening (see 8)
e.g. review [30]). For example, the form of the adiabatic term in the scattering matrix is as

follows:
S, = emp[% / dtf}l(t)].

Here and below, it is denoted by Vi = V5, V5 = Verp:

The second term in equations (7.57) and (7.58) is nonadiabatic: it is nonzero only
because of the nonadiabatic virtual transitions produced by the interaction V,(t) between
sublevels of the radiator dressed by the interaction V,(t). The nonadiabatic term in the
scattering matrix is as follows:

3. = cap lz /wdtvl(t>] {fmp{ i /‘”dt@*@(t)@}},
- > * (7.6

where the first nonvanishing contribution, obtained after expanding Texp[-:] and 0)
performing the angular averaging, is typically of the second order with respect to V,.

It should be emphasized that the generalized theory, despite having more complex
starting expressions than those of the conventional theory, was analytically developed to
the same extent as the conventional theory. We give some details below.

For a hydrogen/deuterium atom subjected to the quasistatic part F of the ion microfield
and the dynamic field E(t) of the plasma electrons, the Hamiltonian is

(7.5
9)

H = Hy— dF - dE(¢).
(7.6
In equation (7.61), H is the Hamiltonian in the absence of the external fields and d is 1)

the operator of the electric dipole moment. The choice of the z-axis of the parabolic
quantization to be along the quasistatic field F diagonalizes the operator -dF in the n-
subspace, corresponding to a fixed value of the principal quantum number n. In the version
of the conventional theory developed in paper [31], the interaction -dF was taken into
account ‘exactly’ (within the n-subspace). The interaction -dE(t) was processed in the
second order of Dirac’s perturbation theory.

In contrast, the generalized theory allowed exactly (within the n-subspace) for the entire
z-component of the total field F + E(t). This was possible because not only —d,F, but also

—d,[F + E(t)] is diagonal in any n-subspace. In this way, the z-component of the electron

microfield was taken into account more rigorously than in the conventional theory.
The perturbed wave functions are set up as follows:

t

¥;(t,r) = exp [—iwjt + i/ dir(dy) ;;E.(t) | U(t, —o0)ep;(r),w; = wo; — (dz) ;;F.

(7.6
In equation (7.62), wy; is the (unperturbed) energy of the Stark sublevel j (j = B, B, ... 2)
for the lower sublevels involved in the radiative transition or j = a, a’, ... for the upper

sublevels involved in the radiative transition). Here and below, we set h = 1.
In our modified interaction representation, the evolution operator U(t,,t;) is



Ulta,t1) = T exp [—i / * at V(t)],

tq

(7.6
t t 3)
V(t) = exp {i / dtr H; (tl)} [—d,E | (t)] exp l—i/ dtr H; (tl)} )
—00 —00 (7.6
In equation (7.64), d, E, = d,E, + d/E,. The operator Hy(t) is 4)
H(t) =Hy—d,F—d,E,(t).
1(t) = Ho (t) 76
In the expression for the shape of the spectral line, 5)
J(Aw) = (27)"! / drC(7) exp(iAwr),

- (7.6

where Aw = w — wy, the correlation function can be written as 6)

C(r) = Y {ald|B)(B|d|es) exp|—i(wa — wg)T]{c| (BI] [M(7/2,~7/2)], | B

a) a/’ B? /B/

(7.6

In equation (7.67), the relation of the M-operator to the evolution operator (7.63) is 7)
7/2

M(1/2,—7/2) = exp idz/ dtE.(t)|U(1/2,—7/2).

—7/2

(7.6

Since, in the M-operator, there are adiabatic and nonadiabatic contributions, the same 8)
is true for the correlation function C(t) (see equation (7.67)). The adiabatic term in the
correlation function, which is proportional to d,d,, is diagonal in the line space. The other

term in the correlation function, controlled by d,d, + d,d,, is not diagonal in the line space.
The diagonal contribution to the correlation function has the form

Caiag(T) = |dag % exp|—i(wo — wp)T]
T/2
{exp iAd, //2 dtE.(t)| Usal(T/2, —T/2)U55*(7'/2,—7'/2)}

In equation (7.69), 9)
Ad, = (d,) 4 — (d2) s
On expanding the evolution operator in equation (7.69) up to the second order, we get  0)
Caiag(T) = dag > exp[~i(wa — wp)7][{fa(T))ay + (Fra(T))ar]-

In equation (7.71), the adiabatic part is controlled by 1)



7/2

fa(T) = exp [iAdz/

—7/2

thz(t)] ,

while the nonadiabatic part is controlled by 2)

T/2 T/2
Foa(7) = — fa(T){; / Lo / e e i — )1 — ) —(6d),

§ \
/t dtdt Ez<t>Ez<t>] (1) 0 B (ED)I(1) o B (82)] + 3l — B, 00— ﬁ/]*},

18/ (7.7

)

(5dz)a = (dl)aa - (dz)ala/‘ 3
(7.7

In equation (7.73), the symbol 2z [a—=B, a'=»B’] stands for the term obtained from the 4)
term X, [---] in equation (7.73) on substituting a=f, a’'-p".

Equations (7.63)-(7.74) describe the most general form of the generalized theory. This
general form was employed for most of the numerical examples presented in [18].

We also present below the simplified generalized theory that uses the impact
approximation. The simplified version provides a better insight into the physics behind the
generalized theory and facilitates a better understanding of the relation between the
generalized and conventional theories.

The limits of the integration in equation (7.68) are now extended to infinities, the
corresponding notation being

[M(OO’_OO)]aV = 9. (7.7

The operator ® is called the electron impact operator (also known as the electron 5)
broadening operator). Obviously, it does not depend on T, while still depending on F.

The correlation function C(1) is now
C(r)= > (ald|f)(Bld|ar) exp[—i(ws — wp)T](ct| (81| @ | B) | ),
a’ al? /87 /B, (7 7

and the line shape J(Aw) is 6)

J(Aw) = —7 ! Re g <a | d | ﬁ'><ﬂ | d | a’><a’ | <ﬂ' | ({(Aw + wp — wy) + ¢
a7al’ﬂ’ﬁl
(7.7

If the operator dd were diagonal, then the line shape would consist of Lorentzians of 7)
the half width at the half maximum (HWHM) I'aB shifted by Daﬁ, where

Ly = ~Re(a| (3] 2] §) | @), Dos=-Imfa| (3| @8 [a)-

However, in fact, the operator dd is not diagonal: its nondiagonal elements couple the 8)
would-be Lorentzians. This complicates calculations of the line shape, requiring inversion of



the matrix of the rank (nanﬁ)z, which for the example of the Balmer-gamma line is a matrix
of rank 100.
The adiabatic part of the electron impact operator has only diagonal elements:

<L aB_ P, afl >= 47T‘—2A£e fidvWM(v)% _

2
3mziag

_ [ Zaa”aa _2z010t'255+ Zﬂﬂzﬂﬂ ] I(U’aﬂ)

(7.7
In equation (7.79), 9)
Ugp = meva/[3ﬁXaB]7 Xaﬂ = (nQQQ - nﬂQﬂ), (7.8
v 0)

I(u) = / dz z[1 — z sin (1/2)] = Int(u).

0
The integration can be performed analytically to yield:
Int(u) = u?/2 — [u2 cos (1/u) + (2u3 — u) sin (1/u) + Ci(1/u)] /6.

(7.8

In equation (7.80), pp is the Debye radius and g = n; — n, is the difference between 1)
the parabolic quantum numbers n; and n,. In equation (7.81), Ci(x) is the integral cosine
function.

It is very important to underscore that the adiabatic part of the electron impact operator
presented in equations (7.79)-(7.81) is equivalent to the combined effect of all orders of
the Dyson expansion of the time-ordered exponential in equation (7.63). This is the crucial
advantage of the generalized theory over the conventional theory, in which both adiabatic
and nonadiabatic terms were calculated only in the first nonvanishing order of the Dyson
expansion.

Here is the nonadiabatic part of the electron impact operator:

(aB| @nal| arBr)) = AN [0 Gy Wiy(v) -

2,2
3mgzag

X Z(xaal/xallal + YaanYan ar) fooo dzia Ci(Xars Yo, Za)

all

+ Z[(aa//a//) — (BBnpINI*|.

(7.8

In equation (7.82), the formula under the summation over 8” can be retrieved from the 2)
formula under the summation over a” by substituting (aa’a”) = (88'8”) and performing the
complex conjugation. The lower system of the signs relates to the diagonal elements (a’'=a
in the first term or B'=B in the second term). The upper system of the signs relates to the
nondiagonal elements (a’'=a or f'#B) of the operator dd.

Further, in equation (7.82), Z, and Zg represent the scaled dimensionless impact
parameter:

Zop = 3nqsRFp/(2meev).

In equation (7.83), F is the quasistatic part of the plasma ion microfield. 3)



Below are the formulas for the generalized broadening functions C. that appear in
equation (7.82):

Ci(x,Y,2) = —% /dwl /dwz[w(wl)w(azg)]?’ expliZ(zy £ x)]

x {Go(e) + (2z122 — 1) 2 1+ [(1 — 2125)0? — (1 + @2)0109]j2(e) /€2},

€

e=4/ol+o0i o= %[mlw(ml) + zow(zy) + 1 + 12y,
oy = ~w(zy) £ w(zs)], w(z) = 1/v1+ 22,

(7.8
In equation (7.84), jy(€), j1(€), and j,(€) are the spherical Bessel functions: 4)
. 1 . . 1,
jo(e) = —sineg, ji(e) = — (sin € — € cos g),
€ €
ja(e) = o (3 sin € — 3¢ cos € — &2 sin ¢).
(7.8

In the nonadiabatic part of the electron impact operator, there are new parameters 5)
that were absent from the conventional theory:

Xa = (Pa9adaar 18980p5) | (Malda qarr)),
Xb = (naq(y(saa/ nﬁ‘]ﬁ(sﬁﬁ/) / (nﬁ(Qﬂ Q,B//))- (7.8
3nk_ 2 F 6)
Y. = | ————— — = ;
k (2kaev> e’ k=ap
(7.8

The parameter Y helps the generalized theory to embrace the conventional theory. 7)
Indeed, in the limit Y = 0 (meaning that a plasma either has a relatively high temperature,
a relatively low density, or both), equation (7.84) simplifies to the corresponding formula of
the conventional theory:

oo o day (1
Ci(x,0,2) = —l/ dzx, / 2 (142 x2)3 expliZ(z, £ x3)].
Phee @ aha e

(7.8

As the parameter Y increases (meaning either a relatively low plasma temperature, or 8)
a relatively high electron density, or both), the conventional theory becomes more and
more inaccurate.

In the generalized theory, the integral over the scaled impact parameter Z in equation
(7.82) converges at low Z for any nonzero value of the parameter Y, while in the
conventional theory the corresponding integral diverges at low Z. The physical reason is
that the generalized theory takes into account the average splitting of the Stark sublevels
caused by the z-component of the field of perturbing electrons (in addition to the allowance
for the Stark splitting by the quasistatic part F of the ion microfield in plasmas). This
additional splitting facilitates the convergence of the integral over the impact parameter at
small values of Z (i.e. at small values of p).



The nonadiabatic part of the electron impact operator also contains the so-called
interference term (for the non-Lyman spectral lines), which is nonzero only for the
nondiagonal matrix elements of this operator:

* dZ
0 o a
(7.8

In equation (7.89), C, is as follows: 9)

Cx(Xa’Ya’Yﬁ’ ZOH Zﬂ) = % dwl / da:2[w (m1)w(x2)]se$p[i(zﬁwz - Zam1)]

‘8\8

—

_ {jo (5) + (2z1251) 1166 + [(1351332)01(:1:1 + x2)0107] g2 Ja(e )}

e =4/0% + 03,01 = 2% + (1 + z2w(z2)) lzf — (1+ z1w(z1)) 3,
o = w(z1)H — w(zs) 7, w(z) = 1/vV1+ 2%
The quantity C(x, Y, Z) from equation (7.84) can be broken down in two terms: (769)
Ci:(x,Y,2) = AL(x,Y,Z) + iB+(x,Y, Z) 7.9

In equation (7.91), the terms A4 (x,Y,Z) and B.(x,Y, Z) are real quantities. The 1)
term A, (x,Y,Z) is called the width function, while the term B (x,Y, Z) is called the
shift function.

Figure 7.10 shows the Z-dependence of the width function A—(Z) of the conventional
theory (labeled in the figure as ST, ‘standard theory’) and of the width function A—(Z,k) of
the generalized theory for several values of the parameter k defined as

= alx|Y,

(7.9
where y and Y are as given in equations (7.86) and (7.87), respectively. One can see 2)
that there is a very significant qualitative difference between the width function of the
conventional theory and the width function of the generalized theory. In the generalized
theory, it oscillates as Z approaches zero and vanishes at Z = 0. So, in the integral from
equation (7.82), even after the width function is multiplied by 1/Z, the integration
converges at small Z due to the oscillations of the width function. However, this is not the
case for the conventional theory, where the width function approaches unity (rather than
zero) at small Z without oscillation. Therefore, after this width function is multiplied by 1/Z,
the integral in equation (7.82) diverges.
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Figure 7.10. The Z-dependence of the width function A—(Z) of the conventional
theory (labeled in the figure as ST, ‘standard theory’) and of the width function A—
(Z,k) of the generalized theory for several values of the parameter k defined as Kk =
glx|Y, where x and Y are as given in equations (7.86) and (7.87), respectively.
Reproduced from [18]. © Alpha Science International Limited.

There are practical situations in which the nonadiabatic contribution to the electron-
induced dynamical Stark width is much smaller than the adiabatic contribution. For
example, in magnetized plasmas, a sufficiently strong magnetic field B significantly
suppresses the nonadiabatic contribution without affecting the adiabatic contribution, as
shown in [32-35]. Therefore, in the following, we focus on the adiabatic contribution given
by equations (7.79)-(7.81) and study its nonlinearities.

The parameter u,g from equation (7.81) can be redefined in the form

2
Uas = MeV”/[3A(NaGa — Npds)wpel,
where 3)
1/2
Wpe = (47r62Ne/me) /
(7.9
is the plasma electron frequency. From equation (7.93), it can be seen that the 4)
parameter u,g can be interpreted as the scaled kinetic energy K; of the perturbing electron.

From equation (7.79), it can be seen that the adiabatic Stark width is controlled by the
product NeInt(ugg) = NeInt(Ks), where the function Int(u) is given by equation (7.81). At

large u, the asymptotic expression for this function is



Int(Ks) ~ 0.209 + In (K5)/6. 7.9

Figure 7.11 presents the dependence of the factor Int on the scaled kinetic energy K, of 5)

the perturbing electron (solid line). For comparison, the asymptotic result given by
equation (7.95) is shown by the dashed line.
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Figure 7.11. Dependence of the factor Int from equation (7.81) on the scaled kinetic
energy K of the perturbing electron (solid line). For comparison, the asymptotic result

given by equation (7.95) is shown by the dashed line.

From figure 7.11, it can be seen that the dependence of the factor Int on the scaled
kinetic energy K, of the perturbing electron is nonlinear. It can also be seen that for K, > 1,

the exact and approximate expressions for the factor Int are very close to each other.
Here, we introduce the scaled adiabatic Stark width Iy, which is related to the (unscaled)

adiabatic Stark width I as follows:

I = sme5/4el/2/(31/267r1/4ﬁ3/2Xa53/2>.
(7.9

We also introduce the scaled electron temperature T, which is related to the 6)
(unscaled) electron temperature T, as follows:

T, = Temel/2/ (671'1/2Xa/3ﬁe> .
(7.9

The scaled adiabatic Stark width from equation (7.79) can now be represented in the 7)
form

T = N, Int <TS/N61/2).
(7.9
Figure 7.12 shows the dependence of the scaled adiabatic width I on the scaled 8)
electron temperature T, and on the electron density N, (cm~3) for a relatively low range of
electron densities.



Figure 7.12. The dependence of the scaled adiabatic width Iy on the scaled electron
temperature T, and on the electron density N, (cm~3) for a relatively low range of
electron densities.

Figure 7.13 presents the same plot as that of figure 7.12 but rotated by 90°, so that
together with figure 7.12 it gives the most comprehensive view of the dependence of the
scaled adiabatic width I'; on the scaled electron temperature T and on the electron density

N, at a relatively low range of N..

Figure 7.13. The same plot as in figure 7.12 but rotated by 90°, so that together with
figure 7.12 it gives the most comprehensive view of the dependence of the scaled
adiabatic width 'y on the scaled electron temperature T4 and on the electron density

N, (cm~3) at a relatively low range of electron densities.

Figure 7.14 shows the dependence of the scaled adiabatic width Iy on the electron
density N, (cm~3) at a relatively low range of electron densities for the scaled electron

temperature T, = 10°.
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Figure 7.14. The dependence of the scaled adiabatic width I'; on the electron density

N. (cm~—3) at a relatively low range of electron densities for the scaled electron
temperature T, = 10°.

Figure 7.15 shows the dependence of the scaled adiabatic width I on the scaled

electron temperature T and on the electron density N, (cm~3) at a relatively high range of
electron densities.
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Figure 7.15. The dependence of the scaled adiabatic width I'; on the scaled electron

temperature T, and on the electron density N, (cm~3) at a relatively high range of
electron densities.

Figure 7.16 represents the same plot as that of figure 7.15 but rotated by 90°, so that
together with figure 7.15 it gives the most comprehensive view of the dependence of the
scaled adiabatic width I'; on the scaled electron temperature T and on the electron density
N, at a relatively high range of N,.
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Figure 7.16. The same plot as that shown in figure 7.15 but rotated by 90°, so that
together with figure 7.15 it gives the most comprehensive view of the dependence of
the scaled adiabatic width I on the scaled electron temperature T, and on the

electron density N, at a relatively high range of N.

Figure 7.17 shows the dependence of the scaled adiabatic width I on the electron
density N, (cm~3) at a relatively high range of electron densities for the scaled electron
temperature T, = 2x108,
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Figure 7.17. The dependence of the scaled adiabatic width 'y on the electron density
N, (cm~3) at a relatively high range of electron densities for the scaled electron
temperature T, = 2 x 108,

From figures 7.12-7.17, it can be seen that the dependence of the adiabatic Stark width
(due to plasma electrons) on the electron density is significantly nonlinear.

7.5 Reduction of the Stark broadening due to the
acceleration of electrons by the ion field in plasmas

The quasistatic part of the ion microfield in the vicinity of the radiator causes perturbing
electrons to pass the radiator faster than when no allowance is made for the ion microfield.



Because the dynamical Stark widths and shifts are inversely (approximately) proportional
to the velocity of the perturbing electrons, this effect diminishes both the dynamical Stark
shift and the dynamical Stark width. The lower the electron temperature and the higher the
electron density, the more significant this decrease should become.

This effect was first presented analytically in [36] in frames of the binary approximation.
Some analytical improvements were then made in [37]. This effect was later presented
analytically using an approximate multiparticle description in [18] and [27].

This reduction of the Stark widths and shifts is a manifestation of the direct coupling
between the ion and electron microfields. It is called the direct coupling to distinguish it
from the coupling described in section 7.4. In the latter, indirect coupling, the radiator
plays the role of an intermediary. The coupling parameter given by equation (7.87)
depends on the parameters of the radiator (on its quantum numbers), on the parameter of
the perturbing electrons (on their velocity), and on the parameter of the ion microfield (on
the quasistatic field strength F).

Later, a group of authors performed simulations intended to reproduce this phenomenon
[38]. Their simulations were limited to just one value of the electron temperature, just one
value of the electron density, and just one spectral line (Balmer-alpha). They claimed that
they found an increase (rather than a decrease) in the Stark width caused by electrons.

The primary flaw of the fully-numerical approach of [38] is that its authors attempted to
‘mimic’ the binary version of this effect. Therefore, their results have no relevance to the
analytical results obtained in the (approximate) multiparticle description [18, 27].

This controversy was ultimately resolved in [39], where we treated this phenomenon
analytically within statistical mechanics—in contrast to our previous studies [27, 36, 37],
where we employed a dynamical treatment of this phenomenon (specifically, where we
first calculated the modification of the trajectory of a perturbing electron due to the ion
field and then averaged the contribution of the perturbing electron to the Stark width over
the ensemble of the perturbing electrons). In [39], our starting point was the modified
distribution function of the electron velocities from Romanovsky-Ebeling [40]: the
distribution modified by the ion microfield and calculated in [40] in the multiparticle
description of the ion microfield. We then used this distribution to calculate the electron-
caused Stark broadening within the conventional theory. The result demonstrated a
decrease in the Stark broadening. So, the two different analytical formalisms yielded
decreases in the Stark broadening and thus invalidated the simulation described in [38]. In
the following, we give some details from [39].

The authors of paper [40] subdivided the instantaneous state of a plasma under
consideration into a group of ‘domains,” each having the size of about the Debye radius
and each experiencing a different constant value of the quasistatic field F representing the
ion microfield. The microfield was describe by the multiparticle formalism. The changes in
the domain structure occurred at time intervals of the order of 1/w,e The authors of [40]
employed the statistical approach to derive the corresponding (un-normalized) distribution
of the plasma electron velocities:

o0
FW@) = (2v/7r)/ dt sin (tv) exp {— (vpt)®/? — (th)2/4}.
: (7.9
In equation (7.99), the superscript ‘U’ signifies ‘un-normalized’; the quantity v+ = 9)
(2T./m)12 is the electron’s mean thermal velocity. The quantity vg is the typical ion
microfield scaled to the dimension of velocity:

vp = (eBn/me)me/(4me2N:)" > (T /T,) V4.
00)



In equation (7.100), the quantity Ey is the standard characteristic strength of the ion
microfield:

En = 2m(4/15)*%eN, 23,
(7.1
In the limit of vg = 0, the distribution from equation (7.99) simplifies to the Maxwell 01)
distribution, while in the limit of ot = 0, the distribution from equation (7.99) simplifies to
the Holtsmark distribution [41].

Obviously, the distribution function AY)(p) from equation (7.99) is controlled by the ratio

vp/vp = (7/2)Y2(4/15)%2eN, % T.,. -

Figure 7.18 shows the dependence of this ratio on the electron density N, (in cm™3) 02)

and on the electron temperature T, (in eV).
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Figure 7.18. The dependence of the ratio vg/vr on the electron density N, (in cm—3)
and on the electron temperature T, (in eV).

Figure 7.19 presents the same plot as that of figure 7.18 but rotated by 90°, so that
together with figure 7.18 it gives the most comprehensive view of the dependence of the
ratio zg/vt on the electron density N, (in cm~3) and on the electron temperature T, (in eV).



Figure 7.19. The same plot as in figure 7.18 but rotated by 90°, so that together with
figure 7.18 it gives the most comprehensive view of the dependence of the ratio vg/vr

on the electron density N, (cm~3) and on the electron temperature T, (eV).

In paper [39], to obtain more explicit results, we analyzed the situation in which ¢ < o',
which is most important practically. We expanded exp[— (v t)32] in equation (7.99):

Fol@) = (2”/77)/Ooodt sin (tv) [1 - ('UFt)3/2] exp [— (th)2/4].
(7.1

In equation (7.103), the subscript ‘small’ signifies a relatively small ion field (i.e. a 03)
relatively small ion density). We analytically calculated the integral in equation (7.103) and
then analytically normalized the resulting distribution to the form:

Frsa(®) = 407 (ror?2)] [ 2ur exp(—2? fur?)
—25/2T°(9/4) vg®/2F (9/4,3/2; —v? Jup?)].
(7.1

In equation (7.104), F(a,c;z) is the confluent hypergeometric function and I'(z) is the 04)
gamma function.

Before calculating the average over the electron velocities, the electron impact operator
can be represented in the form

d(v) = K/v,
(v) / 71

where the operator K is practically independent of the electron velocities (see, e.g. 05)
[41]):

K= — (rara —orry” r,,*r,,*) [47€* N,/ (3%2)][In (pmax /Pmin) + 1/2]-
(7.1

We then averaged ®(w») from equation (7.105) over the distribution of the electron 06)
velocities from equation (7.103),



Poman = / dv v fsman (v) @(v),
0
and obtained: 07)
Psmanl = {21{/ <H1/2'UT>] [1 - 23/2F(5/4) UF3/2/<71'1/2'UT3/2>].
(7.1

Equation (7.107) clearly proves that as the ratio vg/vr, which is the scaled 08)
dimensionless ion field, grows, the electron-induced Stark broadening decreases. Just this
single result nullifies the statement in [38] that presumably the acceleration of the
perturbing electrons by the ion field increases the Stark broadening by plasma electrons.

To study the nonlinearity of the electron impact operator ®.,5, from equation (7.108),
we scaled the electron density:

Ne,scaled == Ne7T3(4/15)466/me3 — ’UFG.

(7.1

The scaled operator ®g ¢, Can now be represented in the form: 09)
(ﬁs,small — (1/'UT) [1 — 23/2F(5/4) Ne,scaled1/4/ (771/2UT3/2)] .

(7.1

Figure 7.20 shows the dependence of the scaled electron impact operator ®g ¢y, ONn 10)
the scaled electron density Ng ¢caieq @and on the mean thermal velocity of plasma electrons
Ur.
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Figure 7.20. The dependence of the scaled electron impact operator ® ¢, On the
scaled electron density Ng ¢c5eq and on the mean thermal velocity of plasma electrons
UT.

Figure 7.21 presents the same plot as in figure 7.20 but rotated by 90°, so that together
with figure 7.20 it gives the most comprehensive view of the dependence of the scaled
electron impact operator @, .., on the scaled electron density N, and on the mean

thermal velocity of plasma electrons vr.
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Figure 7.21. The same plot as that shown in figure 7.20 but rotated by 90°, so that
together with figure 7.20 it gives the most comprehensive view of the dependence of
the scaled electron impact operator ®g ¢, on the scaled electron density N, and on

the mean thermal velocity of plasma electrons or.

From figures 7.20 and 7.21, it can be seen that the electron broadening operator @,y
depends on the electron density in a significantly nonlinear way.

We now analyze the opposite limit, where v > vr. We expand exp[—(vt t)2/4] in
equation (7.99):

7 (@) = o/ [t sin(00) [1~ (ort)*/4] exp[ - (0r)*?].
(7.1

In equation (7.111), the subscript ‘large’ signifies a relatively large ion field. We 11)
perform the analytical integration in equation (7.111) and then analytically normalize the
result to obtain the normalized velocity distribution function fi5.ge(v). We then employ fi5gel

v) to obtain the average over velocities:

Plarge = / dv v flarge(v) 2(v).
0

(7.1

We perform the analytical integration in equation (7.112) and obtain the following: 12)
Prarge = [9K I'(11/3)/(20mvp)]{1 — 20 vr?/[27 ['(11/3)vg?] }.

(7.1

To study the nonlinearity of the electron impact operator ®,4. from equation (7.113), 13)

we again scale the electron density according to equation (7.109) and represent the scaled
operator @ j54e in the form:

Qs,large - (1/Ne,scaled1/6) [1 - 2O'UT2/(27 F(11/3) Ne,scaled)1/3] .
(7.1
Figure 7.22 shows the dependence of the scaled electron impact operator ® ;4e ON 14)
the scaled electron density Ng ¢caeq and on the mean thermal velocity of plasma electrons
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Figure 7.22. The dependence of the scaled electron impact operator ® ;4e On the
scaled electron density Ng ¢c5eq and on the mean thermal velocity of plasma electrons

UT.

Figure 7.23 presents the same plot as that of figure 7.22 but rotated by 90°, so that
together with figure 7.22 it gives the most comprehensive view of the dependence of the
scaled electron impact operator ® ;4. ON the scaled electron density N and on the mean

thermal velocity of plasma electrons vr.
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Figure 7.23. The same plot as that of figure 7.22 but rotated by 90°, so that together
with figure 7.22 it gives the most comprehensive view of the dependence of the scaled
electron impact operator @ 54 ON the scaled electron density N, and on the mean

thermal velocity of plasma electrons wvr.

From figures 7.22 and 7.23, it can be seen that the electron broadening operator ®5.4c
depends on the electron density in a significantly nonlinear way.



Finally, we define the factor R by which the electron-induced Stark broadening is
reduced due to the acceleration of the perturbing electrons by the ion field:

R = &(vr/vr)/®(0). (7.1

Figure 7.24 shows this reducing factor R versus the ratio vg/or. 15)
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Figure 7.24. The reducing factor R from equation (7.115) versus the ratio vg/oT.

From figure 7.24, one can see that the formalism of the statistical mechanics used in our
paper [39] proves that the acceleration of the perturbing electron by the ion microfield
reduces the Stark broadening. This is unequivocal proof that the simulations by the authors
of [38], which reported the opposite effect, are incorrect.

We also note that the authors of paper [38] admitted the inability of their simulations to
reproduce the analytical results from [42] dealing with the breakdown of the concept of the
line space, while the authors of paper [38] did not find any flaws in the analytical
calculations of [42]. In addition, it should be mentioned that another program developed by
one of the authors of paper [38] (by Alexiou), which was similar to the code used in [38],
produced a discrepancy of about 30% relative to the benchmark experiment [43]. All of the
above create very significant doubts concerning the reliability of these programs.
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Chapter 8

Nonlinear effects in the ion-dynamical Stark
broadening of hydrogenic spectral lines in plasmas

Whether the effect of the ion microfield on the Stark broadening of hydrogen spectral lines
is mostly dynamical or quasistatic is controlled by the number of perturbing ions N; in the

sphere of the Weisskopf radius r;:
Nwi = (47TN1/3)7‘W13,

where )
Twi = n2ﬁ/(meUTi)-

In equations (8.1) and (8.2), N; is the ion density, n is the principal quantum number of )
the upper energy level (from which the spectral line originates), m, is the electron mass,
and vt is the mean thermal velocity of plasma ions:

VT — (2T1/m1) 8.3
In equation (8.3), T; is the ion temperature and m; is the ion mass. In the following, we )

consider the plasma ions to be protons or deuterons, so that due to the quasi-neutrality of
plasmas, one has

Ni = Ne7
(8.4

where N, is the electron density. We also consider the situation in which the electron )
temperature T, is equal to T;, so that we let

T=T.=T.
(8.5

When N,; > 1, the effect of the ion microfield is mostly quasistatic. When N,; < 1, the )
effect of the ion microfield is mostly dynamical.

In this chapter, we are interested in the dynamical effect of the ion microfield, that is,
when

Ny < 1.
(8.6

The condition (8.6) can be reformulated as follows. The plasma temperature T should )
exceed the critical value T, where

Te = [4nN/(3Nw)**nih2m; /me.



Figure 8.1 shows the dependence of the critical temperature T, on the electron density Ng

(in cm~3) and on the principal quantum number n for the number of ions in the ion
Weisskopf sphere N,,; = 1.
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Figure 8.1. The dependence of the critical temperature T, on the electron density N,

(in cm~3) and on the principal quantum number n for the number of ions in the ion
Weisskopf sphere N,,; = 1.

Figure 8.2 displays the same plot as that of figure 8.1 but from the alternative viewpoint,
so that together with figure 8.1 it shows the most comprehensive view of the dependence
of the critical temperature T, on the electron density N, (in cm~3) and on the principal
quantum number n for the number of ions in the ion Weisskopf sphere N,,; = 1.

Figure 8.2. The same plot as that of figure 8.1 but from the alternative viewpoint, so
that together with figure 8.1 it shows the most comprehensive view of the dependence
of the critical temperature T, on the electron density N, (in units of cm~3) and on the
principal quantum number n for the number of ions in the ion Weisskopf sphere N,; =
1.




Figure 8.3 shows the dependence of the critical temperature T, on the electron density
N, (in cm~3) and on the number of ions in the ion Weisskopf sphere N, for the principal
quantum number n = 2.
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Figure 8.3. The dependence of the critical temperature T, on the electron density N,
(in cm~3) and on the number of ions in the ion Weisskopf sphere N, for the principal
quantum number n = 2.

Figure 8.4 displays the same plot as that of figure 8.3 but from the alternative viewpoint,
so that together with figure 8.1 it shows the most comprehensive view of the dependence
of the critical temperature T, on the electron density N, (in cm~3) and on the number of

ions in the ion Weisskopf sphere N, for the principal quantum number n = 2.

0.10

Figure 8.4. The same plot as that of figure 8.3 but from the alternative viewpoint, so
that together with figure 8.1 it shows the most comprehensive view of the dependence
of the critical temperature T, on the electron density N, (in units of cm~3) and on the




number of ions in the ion Weisskopf sphere N,,; for the principal quantum number n =
2.

Figure 8.5 shows the dependence of the critical temperature T, on the number of ions in
the ion Weisskopf sphere N,,; and on the principal quantum number n for the electron
density N, = 1014 cm=3,

Figure 8.5. The dependence of the critical temperature T, on the number of ions in
the ion Weisskopf sphere N,,; and on the principal quantum number n for the electron
density N, = 1014 cm=3,

Figure 8.6 displays the same plot as that of figure 8.5 but from the alternative viewpoint,
so that together with figure 8.5 it shows the most comprehensive view of the dependence
of the critical temperature T, on the number of ions in the ion Weisskopf sphere N,,; and on

the principal quantum number n for the electron density N, = 1014 cm~3.




Figure 8.6. The same plot as that of figure 8.5 but from the alternative viewpoint, so
that together with figure 8.5 it shows the most comprehensive view of the dependence
of the critical temperature T, on the number of ions in the ion Weisskopf sphere N,

and on the principal quantum number n for the electron density N, = 1014 cm~3.

We now focus on dynamical Stark broadening by the ion microfield not only in the
conventional case, where N,; < 1 (so that the ion microfield contributes mostly
dynamically) but in the general case, including in particular N,; ~ 1 and N,,; > 1. According
to the generalized theory of Stark broadening, in the latter case, a minor part of the ion
microfield still makes a dynamical contribution to Stark broadening. This contribution
exhibits a counterintuitive dependence on plasma parameters, as presented below
following [1].

In the generalized theory of Stark broadening [2-4], the ion Weisskopf radius is not
estimated by order of magnitude (as in equation (8.2)) but naturally arises from rigorous
analytical derivation in the form

Ry = 3Xabﬁ/(mevTi),
where )
Xop = no(n1 —na), — ng(n1 —na)y.

In equation (8.9), n, nq, and n, are the principal and parabolic quantum numbers; the )
subscripts a and B denote the upper and lower Stark sublevels, respectively. As the right-
hand side of equation (8.8) differs from the right-hand side of equation (8.2), we changed
the notation on the left-hand side from r,; to R,,. Typically, the number of ions in the

sphere of the ion Weisskopf radius

Nyi = (47N;/3) Ry
(8.1
is much greater than unity, so that the greater part of the ion microfield affects the 0)
spectral lineshape quasistatically.

In this situation, that is, where N,; > 1, we analyzed the dynamical contribution to the
Stark broadening (due to a minor part of the ion microfield) using the following properties
of the generalized theory. First, the adiabatic part of the dynamical contribution
predominates over the nonadiabatic part (for N,;; > 1), so that the latter was disregarded.

Second, the adiabatic contribution was exactly derived in the generalized theory (without
using the perturbation theory). The analytical outcome presented in [1] was the ion
dynamical contribution to the Stark broadening derived without engaging the binary
approximation or the impact approximation or by assuming the collisions to be complete.
Some details are offered below.

For a given argument t of the correlation function C(t), the ion dynamical contribution is
due to collisions such that the instant t, of the closest approach to the radiator satisfies the

inequality
—T/2 <ty < T/2. (
8.1

We do not presume that T > p/v, that is, we do not engage the assumption of 1)
completed collisions. We keep the ratio vt/p arbitrary, so that we take into account the



incomplete collisions.
The ion dynamical part of the correlation function can be represented in the form

00 T/2
C(r) ~ expl-NV(r), V(r)~2m0 [ dpp ({1~ explif(w,pr)lY) [ dt,
0 —7/2
(8.1
where 2)
/2 v/ (20)
I(v,p,7) = (VRwi/2) / dtE(v, p,t) = (cos ORy/p) / dz(1+2%) " = G(v,p,
—7/2 0
(8.1

In equation (8.12), the symbol (--+) signifies the angular average. In equation (8.13), 6 3)
is the angle between the vectors p and F (where F is the quasistatic part of the ion
microfield at the location of the radiator), and

G(v, p,7) = vTRyi/[2p(p? + 0?72 /4)"?). o

After the angular average is obtained, the symbol < --- > in equation (8.12) takes the 4)
form

<> :1_[Sin G(’l),p,T)]/G(’U,p,T)- (8.1
We then expressed p via G by utilizing equation (8.15) and changed the variable of the 5)

integration in equation (8.12) to be G instead of p. As a result, we found the final
expression for the ion dynamical part of the correlation function to be the following:

O(r) = exp|~6Nuif(Qur/4)], f(z) = / T aylt - (sin w)/)/ [12 (02 + 1/22) 7).
8

1

In equation (8.16), 6)
QW = ’U/Rwi

(8.1

is the Weisskopf frequency. 7)

Expression (8.16) for the correlation function is valid for any value of the product Q,T.
Figure 8.7 shows the dependence of the correlation function C on Q,T and on the number
of ions N,; in the sphere of the ion Weisskopf radius.



Figure 8.7. The dependence of the correlation function C on Q, T and on the number
of ions N, in the sphere of the ion Weisskopf radius.

Figure 8.8 displays the same plot as in figure 8.7 but from the alternative viewpoint, so
that together with figure 8.7 it shows in the most comprehensive way the dependence of
the correlation function C on Q,,T and on the number of ions N,; in the sphere of the ion

Weisskopf radius.

Figure 8.8. The same plot as that of figure 8.7 but from the alternative viewpoint, so
that together with figure 8.7 it shows in the most comprehensive way the dependence
of the correlation function C on Q,, T and on the number of ions N,; in the sphere of the

ion Weisskopf radius.

From figures 8.7 and 8.8, it can be seen that for N,;; < 1, the correlation function falls off
with the growth of T significantly slower than for N,,; > 1.



In the limiting case, in which

Q,7m>1,
(8.1
the correlation function simplifies to 8)
C(7) = exp|—Nwi(Qw7/4) In(Qyw7/4)]. ©.1
This correlation function leads to a quasi-Lorentzian lineshape. 9)

In the opposite limiting case, in which Q,T < 1 (corresponding to ‘totally’ incomplete
collisions), the correlation function becomes

C(1) = exp[—(31/32) Ny (7). (8.2

In this limit, the correlation function yields a Gaussian lineshape. The result, namely 0)
that dynamical Stark broadening yields the Gaussian lineshape, is counterintuitive.

So, in the situation in which N,,; > 1, the total correlation function and the
corresponding lineshape have three different regions, as follows. First, there is the
quasistatic region: Q,T <« 1/N,;Y2. Second, there is the Gaussian (dynamic) region:
1/NW11/2 < QT < 1. Third, there is the quasi-Lorentzian (dynamic) region: 1 <« Q7.

Figure 8.9 shows the dependence of the scaled ion dynamical Stark width Aw,,,/Q,, on
the scaled ion density N;/Ng, where Ny corresponds to the ion density, for which the number
of ions in the sphere of the ion Weisskopf radius is equal to unity.
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Figure 8.9. The dependence of the scaled ion dynamical Stark width Aw;,,/Q,, on the
scaled ion density N/N, where N, corresponds to the ion density, for which the
number of ions in the sphere of the ion Weisskopf radius is equal to unity.

From figure 8.9, it can be seen that the ion dynamical Stark width depends on the
electron density in a significantly nonlinear way. At N; < Ng, the dependence is quasi-linear.

However, as the ion density exceeds the value ~0.5N, the dependence becomes
significantly nonlinear: at N; > N, it becomes (N;/Ny)Y/2.



Figure 8.10 shows the dependence of the scaled ion dynamical Stark width Aw,,,/Q,, on
the scaled ion temperature T/T,, where T, corresponds to the ion temperature, for which
the number of ions in the sphere of the ion Weisskopf radius is equal to unity.
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Figure 8.10. The dependence of the scaled ion dynamical Stark width Aw,,,/Q, on

the scaled ion temperature T/T,, where T, corresponds to the ion temperature, for
which the number of ions in the sphere of the ion Weisskopf radius is equal to unity.

Figure 8.10 illustrates the following. At T > T, the scaled ion dynamical Stark width is
(To/T)Y2. As the temperature T decreases, the scaled width reaches its maximum at T/T, =
1.64 and then decreases. At T < T, the scaled width becomes (T/T,)*.

Figure 8.11 shows a typical profile of any lateral Stark component for dynamical
broadening by the ion microfield. Our analytical result is shown by the bold solid line. The
Lorentzian, matching the central part of our calculated profile, is shown by the dashed line.
The Gaussian, matching our calculated profile in the wings, is shown by the thin solid line.

-15 -5

Figure 8.11. The typical profile of any lateral Stark component for dynamical
broadening by the ion microfield. Our analytical result is shown by the bold solid line.
The Lorentzian, matching the central part of our calculated profile, is shown by the
dashed line. The Gaussian, matching our calculated profile in the wings, is shown by
the thin solid line.




In equations (8.10)-(8.12) and in the subsequent results, it was assumed that X,z (given
by equation (8.9)) is nonzero, meaning that we considered lateral Stark components of
hydrogen spectral lines. The situation in which the hydrogen line is dominated by the
central (unshifted) Stark component, which is the case for the Ly-alpha line, was studied by
Stambulchik and Demura [5]. Using simulations, they demonstrated that the Stark width
for the Ly-alpha line is proportional to N, at relatively small perturber (e.g. ion) densities N,
(the impact limit), but at large N, it is proportional to Ny'/3 (while for the quasistatic case,
the Stark width would be proportional to N,*3). They correctly interpreted this result by the
consideration that for the central Stark component of the Ly-alpha line (the component that
has 2/3 of the total intensity of the Ly-alpha line), the so-called amplitude modulation (of
the atomic oscillator) is the dominating broadening mechanism for high N,. So, the Stark
width of the Ly-alpha line at relatively large perturber densities N, is proportional to the
rotational frequency of the perturbers, the rotational frequency being ~v; Np1/3. In the
same way, the authors of [5] demonstrated that for the Ly-alpha line, the Stark width is
proportional to 1/TY2 at relatively large temperatures T (the impact result), but at relatively
small temperatures, it becomes proportional to T2 (i.e. it is again proportional to the
rotational frequency of the perturbers ~v, N,/3).
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Appendix A

The effects of various electric fields on the 5D, 5F,
and 5G energy levels of helium

The simplest three-level scheme employed by Baranger and Mozer [1] to describe
the satellites of dipole-forbidden spectral lines under a quasimonochromatic electric
field (QEF) of frequency w and amplitude E, was applied by Kunze and Griem [2] to

observe the satellites of the 492.2 nm (singlet) and 447.1 nm (triplet) helium lines.
For these lines, the allowed transition is 4D-2P and the forbidden transition is 4F-2P.
In order for the QEF to sufficiently intermix the levels 4D and 4F, thus causing the
satellites, the QEF amplitude required to practically observe the satellites of these
two helium lines is relatively high: ~10 kV cm~1,

For many practical purposes, such as the spectroscopic diagnostic of the QEF at
the lower hybrid frequency in tokamaks, in which the QEF amplitude is expected to
be ~(1-4) kV cm™1, it is necessary to increase the sensitivity of the helium atoms to
the QEF. The following dimensionless parameter a controls the relative intensities of
the satellite, the total number of satellites that can be observed, and most
importantly, the sensitivity of this method:

a=2dE,/(hA).

o/ (RA) A1
Here, d is the dipole matrix element coupling the levels, which originates the )
allowed spectral line and the satellites of the forbidden spectral line and A is the
separation (in the angular frequency scale) between these levels. Situations for
which a < 1 can be described by the perturbation theory (as used by Baranger and
Mozer [1]). However, for situations in which a is greater than or of the order of unity,
the perturbation theory becomes inapplicable.

In order to increase the sensitivity parameter a at a fixed QEF amplitude Ej, the
only way is to proceed to spectral lines originating from levels of the principal
quantum number n > 4. Indeed, a is proportional to the ratio d/A. As n increases, d
also increases (proportionally to n?), while the separation A between closely lying
levels decreases.



Selecting prospective spectral lines of helium involves finding an optimal balance
between several competing, counter-acting factors, such as the sensitivity to the
anticipated QEF, the required spectral resolution, and sufficient absolute intensity.
Indeed, on the one hand, the higher the principal quantum number n of the upper
level, the better the sensitivity with respect to the electric fields. On the other hand,
the higher the value of n, the smaller the separation between the forbidden and
allowed components (or between satellites and the allowed component) of the
corresponding spectral lines, thus requiring a higher spectral resolution. Also, as n
increases, the absolute intensity of the spectral lines decreases. It should be also
emphasized that a spectral line of helium, sensitive enough to the QEF ~ (1-4) kV
cm~1, should be chosen such that the effect of the QEF is strong enough that it
cannot be described by the perturbation theory.

The three-level scheme theoretically employed by Baranger and Mozer [1] (and
later by Cooper and Ringler [3]) was relatively simple because the QEF was
supposed to intermix only two levels: 4D and 4F. (We recall that there are no levels
4G, 4H. etc.) Since enhancing the sensitivity requires proceeding to helium spectral
lines originating from levels of n > 4, this means that the QEF will couple more than
two levels. For example, if one were to use helium spectral lines in the vicinity of the
allowed transition 5D-2P, then there would be two forbidden transitions: 5F-2P and
5G-2P. In other words, in this case, more sophisticated analytical approaches—going
beyond the perturbation theory—should be employed for the four-level scheme
whose three upper levels are 5D, 5F, and 5G.

The need may also arise to use helium spectral lines in the vicinity of the allowed
transition 6D-2P. There would then be three forbidden transitions: 6F-2P, 6G-2P, and
6H-2P. In other words, in this case, the more sophisticated analytical approaches
(beyond the perturbation theory) should be implemented for the five-level scheme
whose four upper levels are 6D, 6F, 6G, and 6H.

Specifically, the two following analytical theories presented in [4] are relevant for
this purpose. Both theories consider satellites of dipole-forbidden spectral lines
under a linearly-polarized electric field E(t) = E, cos(wt). Their regions of validity,

while differing, actually complement each other. For exactness, we provide below
details for helium spectral lines corresponding to the radiative transitions to the
lower level 2P from the upper levels (or sublevels) nD, nF, .... The total number of
upper sublevels is n — 2, where n is the principal quantum number of the upper
sublevels. Atomic units are used in the subsequent formulas.

The first theory is called the adiabatic theory of satellites. Its region of validity
can be expressed as follows:

(2Eo/A)(w/A) < 1.

(A.2
Here, z is the average of the matrix elements of the z-coordinate (chosen along )
the oscillatory electric field) between sublevels nD and nF, nF, and nG, etc.; A is the
separation between the highest and the lowest of the sublevels nD, nF, .... For
example, the adiabatic theory of satellites allows situations in which the amplitude
E, is relatively high (so that the standard perturbation theory fails) to be treated

analytically as long as the frequency w is relatively low.

The second theory is called the high-frequency or strong-field theory of satellites.
As follows from its name, it is valid where either the amplitude E; or the frequency w

is sufficiently large. Its region of validity can be expressed as follows:



(2Eo/A)* + (w/A)* > 1.

(A.3

Figure A.1 schematically illustrates the regions of validity of the adiabatic theory )
of satellites and the high-frequency or strong-field theory of satellites. The former

theory is valid below the solid curve, while the latter theory is valid above the
dashed curve.
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Figure A.l. Regions of validity of the adiabatic theory of satellites and the
high-frequency or strong-field theory of satellites. The former theory is valid
below the solid curve, while the latter theory is valid above the dashed curve.

We now specifically consider the situation in which the three upper energy levels
are 5D, 5F, and 5G. In figure A.2, these levels are denoted by numbers from one to
three for the brevity of the subsequent equations and the analytical results.

5G

[

5F 1

5D 3

Figure A.2. The situation in which the three upper energy levels of helium in
the four-level scheme are 5D, 5F, and 5G.

In the following, we consider the subset of the energy levels corresponding to the
zero projection of the angular momentum in the direction of the electric field: m = 0.
They are coupled by the matrix elements of the z-coordinate, where (in atomic units)



219 = 11.34, 243 = 15.21. "

The energy differences in atomic units are the same as the frequency )
differences, which are as follows:

wo =2.237 x 1078 wg = —1.294 x 107°, wy3 = wy; — w3y = 1.518 x 107>,

A.5
We introduce the following notations: ( )
o = B sin wt,B=£¢E)/w,£ = (z%z + zi,)) 1/2,
Z12 = z12/&, Z13 = 213/§,
V = W212%2 + W31§%3, W = w212~“%3 + W31,§%2. (A6

The primary parameter controlling the quasienergies is the quantity B from )
equation (A.6). The practical formula for the parameter B is:

B = 24.28E)/w,
(A.7
where the field amplitude Ej is in kV cm~! and the field frequency w is in GHz. )
Using the Fourier expansions
o
sin o = 2 Z Jor—1 (B) sin (2k — 1)wt, cos a = Jy (B)
k=1
o0
+2) " Jo (B)sin 2kut,
k=1
(A.8

where J,(B) are the Bessel functions, the quasienergies p,, up, and us can be )
obtained in the following form [4]:

1/2
M1 = a1, M23 = (a2 +as3)/2 £ [(‘122 - a33)2/4 + a§3} .
(A.9
In equation (A.9), the quantities a4, a,,, as3, and a,3 are as follows: )
a1 = [1 — Jo (2B)]V/2;
a23 — agy — 212213 {(2%3 - 2%2)(,023 [Jg (B) — 1] + [JO (2B) — 1]V/2},
app = wy1 + (—1)"221,23wa3 [Jo (B) — 1]
+ Z%p [JO (2B) - 1]V/27 (p = 273)
(A.1
ED denotes the scaled dimensionless energy density of the oscillatory field: 0)

ED = B>.



Figure A.3 presents the quasienergies of the energy levels from figure A.2 versus(éhé
scaled energy density ED of the oscillatory field. 1)
Quasienergies
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Figure A.3. Quasienergies of the energy levels from figure A.2 versus the
scaled energy density ED of the oscillatory field.
From figure A.3, one can see that the dependence of the quasienergies on the
scaled energy density of the oscillatory field is highly nonlinear.

For comparison with the above situation, we consider below the same system
under a uniform electric field F. We slightly change the numeration of these energy
levels, as shown in figure A.4.

5G 3
S5F

5D 2

Figure A.4. The same as figure A.2 but with a different numeration of the
energy levels.

introduce the following notations:

The energy is counted from level one. Its eigenvalues are denoted by w. We

e=—Fy >0, u=w/e, a=z2F/e,

The eigenvalues are the roots of the cubic equation:

b=zi3F/e, ¢c=FE3/e<]1.

(A.1
2)



w4+ (1—c)u® — (a® + >+ c)u— (b> — ca®) = 0.
The strong-field approximation corresponds to the case in which

1/2

(a®>+0%) " > 1.

Under this condition, the roots of the cubic equation (A.13) are as follows:

up = —(b* — ca®) /(a® + %),

1/2

Uy = (a2 + b2) d,

/2

us = —(a2 + bz) d,

where

d=(1—-c—uy)/2.

(A.1
3)

(A.1

It should be noted that in the above results, obtained in the strong-field 8)
approximation, the quantities u; and d do not depend on the field (they are

constants), while u, and us linearly depend on the field. For comparison, figure A.5

presents the exact results for the energies versus the scaled field b for a = (9/5)1/2b
and ¢ = 1/8 (as is the case for the levels from figure A.4). It can be seen that as the
scaled field b increases, the exact results approach the above asymptotic results

obtained in the strong-field approximation.

Roots
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(9/5)2b and ¢ = 1/8 (as is the case for the levels from figure A.4).

Figure A.5. The exact results for the energies versus the scaled field b for a =

It is instructive to represent the exact results for the energies versus b?, that is,
versus the scaled energy density of the field. This is shown in figure A.6. It can seen



that the dependence of the energies is not as highly nonlinear as in the case of the
quasienergies presented in figure A.3.
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Figure A.6. The same results as those of figure A.5, but versus b2, that is,
versus the scaled energy density of the field.
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Appendix B

Examples of the use of spectral line
radiation to perform diagnostics of
oscillatory electric fields in laser-
produced plasmas

The authors of [1] were the first to use the spectral line
radiation (specifically, in the x-ray range) to perform
diagnostics of the oscillatory electric fields in laser-produced
plasmas. The experiment was conducted at the nanosecond
Nd:glass laser facility at LULI (France). The laser intensity at
the target was relatively moderate: 2 x 10 W cm~2. The
target was structured: it consisted of a (20-60) pum thick
powdered aluminum carbide AIl,C5; strip placed between

substrates made of plastic or magnesium. The plasma
parameters (estimated by hydrodynamic simulations) at the



surface of the target were an electron density of N, ~ 5 X

1022 cm~3 and a temperature of T ~ 300 eV.

The Vertical Johann Spectrometer produced two sets of
spatially resolved spectra simultaneously. The two sets were
symmetrically located in relation to the unperturbed
wavelength of the spectral line: the right set and the left
set. This feature very significantly enhanced the possibility
of identifying tiny details (Langmuir ‘dips’) within the
experimental line profiles.

Figure B.1 shows the experimental profile of the Lyman-
gamma line of Al XIIl. In this figure, the right set and the left
set are superimposed. This demonstrates the reproducibility
of the Langmuir dip position (marked b,) in the blue part of

the experimental profile. The Langmuir-wave-induced
‘bump-dip-bump’ structures, being imposed on the inclined
unperturbed profile, can create a secondary minimum (in
addition to the primary minimum, whose Ilocation s
controlled by the electron density) of no practical
importance. The secondary minimum is marked by the
arrow in the blue part of the experimental profile. The
structures marked in the red part of the experimental
profiles are the charge-exchange-induced dips—irrelevant to
the phenomenon of Langmuir-wave-induced dips.
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Figure B.1l. The experimental profile of the Lyman-
gamma line of Al XIlIl. In this figure, the right set and
the left set are superimposed. This demonstrates the
reproducibility of the Langmuir dip position (marked b,)
in the blue part of the experimental profile—see the

text above the figure for more details. Reprinted from
[1], Copyright (2006), with permission from Elsevier.

From the experimental position of the Langmuir dip, the
electron density was determined to be 2.2 x 1022 cm™3.
From the width of the experimental Langmuir dip, the
amplitude of the Langmuir wave was estimated to be 0.1 GV
cm~L,



The authors of [2] analyzed the experimental profiles of
the Al Xll beta line emitted from the aluminum plasma. The
experiment was conducted at the Friedrich Schiller
University Jena laser system, JETi.

The plasma was produced by a picosecond laser beam
and then exposed to the beam of another picosecond laser.
The second laser was turned on after the pulse of the first
laser had terminated.

The first laser beam had an intensity of 5 x 101> W cm~2.
The second laser beam had an intensity of 1.2 x 1016 w
cm~2. Both beams overlapped in space and were
synchronized in time with a precision exceeding 1 ps.

Figure B.2 demonstrates the reproducibility of the
structures in the experimental profiles of the Al XIl beta line.
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Figure B.2. A demonstration of the reproducibility of
the structures in the experimental profiles of the Al XIlI
beta line. Reproduced from [2]. © IOP Publishing Ltd.
All rights reserved.




Simulations employing the Floguet-Liouville formalism
[3] were conducted for electron densities of 2.5 x 1020 cm~3
< N. < 1.5 x 10?1 cm~—3 at a temperature of T, = 150 eV for

a variety of field strengths of the quasimonochromatic
electric field: E = 0, 0.1, 0.3, and 0.6 in units of Ey = Ey =

5.146 GV cm™1, the latter being the atomic unit of the
electric field. The results are presented in figure B.3 (for the
‘parallel’ profiles, i.e. those polarized along the oscillatory
electric field) and in figure B.4 (for the ‘perpendicular’
profiles, i.e. those polarized perpendicular to the oscillatory
electric field).
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Figure B.3. Simulated profiles of the Al XII beta line at
T. = 150 eV for the indicated range of electron density

and the indicated amplitude range E of the oscillatory




electric field, the latter being in units of Eq = 5.146 GV

cm~L. The profiles are polarized along the oscillatory
electric field. Reproduced from [2]. © IOP Publishing
Ltd. All rights reserved.
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Figure B.4. The same profiles as those of figure B.3
but polarized perpendicular to the oscillatory electric
field. Reproduced from [2]. © IOP Publishing Ltd. All
rights reserved.

Figure B.5 displays the outcome of kinetic PIC simulations
of the distribution (in space) of the transverse averaged



oscillatory electric field inside the plasma for N = 0.1 N, Ng
= 0.2 N, and N, = 0.3 N.. Here, N, = 1.7 x 1021 cm~3 is the

critical density. The nonlinear enhancement of the incident
laser field occurs at the surface of the critical density.
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Figure B.5. The outcome of the kinetic PIC simulations
of the distribution (in space) of the transverse averaged
oscillatory electric field inside the plasma: (a) N, =




0.1N_; (b) N, = 0.2N,; (c) Ny = 0.3N.. Here, N = 1.7 X

1021 cm~3 is the critical density. Reproduced from [2].
© IOP Publishing Ltd. All rights reserved.

Figure B.6 shows a comparison of the experimental
profiles with the profiles simulated for the following four
values of the initial electron density: 0.05 N, 0.1 N, 0.2 N,

and 0.35 N..
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Figure B.6. A comparison between the experimental
and simulated profiles for the following four values of
the initial electron density: 0.05 N, 0.1 N, 0.2 N, and




0.35 N.. Reproduced from [2]. © IOP Publishing Ltd. All
rights reserved.

Figure B.7 presents a comparison between the
experimental profile and a profile simulated for an average
electron density of N, = 0.2 N, = 3.3 x 1022 cm~3 and a
time interval AT et = 8.9 ps. The comparison shows good
agreement in the central part of the profile as well as in the
first two satellites in the red and blue parts of the profile.
More distant satellites are in the far wings: there, the
experimental profile blends with the noise. An additional
maximum marked by the arrow corresponds to the dipole
forbidden transition 1s3s 1S, — 1s? 1S, caused by the
quadrupole interaction with the plasma ion field.
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Figure B.7. A comparison between the experimental
profile and a profile simulated for an average electron

density of N, = 0.2 N. = 3.3 x 10%° cm~3 and a time
interval of AT nert = 8.9 ps. Reproduced from [2]. ©
IOP Publishing Ltd. All rights reserved.

The authors of [4] analyzed the experimental hydrogenic
spectral lines of Si XIV and of Al Xlll produced during the
interaction between relativistic laser radiation (at an
intensity of ~1021 W cm™2) and thin foils of silicon. As a
result, the authors of [4] revealed the development of ‘ionic
sound’ (i.e. the ion acoustic turbulence). This marked the
discovery of ionic sound in in spectroscopic studies of laser-
produced plasmas. lonic sound developed at the surface of
the critical density due to the parametric decay instability in
the plasma. This experiment was conducted at the Vulcan
petawatt laser facility located at the Rutherford Appleton
Laboratory [5].

Parametric decay instability is a nonlinear process in
plasmas. In this process, the electromagnetic wave is
converted into an ionic sound wave and a Langmuir wave,
both of which represent electrostatic plasma turbulence.
The electrostatic plasma turbulence corresponds to the
collective degrees of freedom in those plasmas.

The ion acoustic turbulence strongly influences transport
phenomena in variety of plasmas. In particular, the
resistivity of the plasma becomes anomalous: the primary
cause of resistivity becomes the scattering of the
conductivity electrons on the ion acoustic wave—rather than
the scattering on individual plasma ions (the latter being the
cause of the ‘normal’ resistivity of plasmas).

Figure B.8 displays the experimental setup and the
experimental profiles of the Ly-beta and Ly-gamma lines of



Si XIV. In the insets, the locations of the Langmuir dips are
indicated by vertical line segments. The distance between

the experimental Langmuir dips is either 2A,, or 4A,., where
2
Ape = [AG/(2mC) | wpe.
(B.1
)
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Figure B.8. (a) The experimental setup and (b) the
experimental profiles of the Ly-beta and Ly-gamma
lines of Si XIV. In the insets, the locations of the
Langmuir dips are indicated by the vertical line
segments. Reproduced from [4]. © The Optical
Society.




In equation (B.1), Ay is the unperturbed wavelength of
the corresponding line and w,. is the plasma electron
frequency:

Wpe = (47re2Ne/me) 12 62
)

Figure B.9 presents a comparison between the
experimental and theoretical profiles of the Ly-beta and Ly-
gamma lines of Si XIV. The theoretical profiles were
calculated by allowing both for the effect of the ion acoustic
turbulence and for the Langmuir dips.
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Figure B.9. A comparison between the experimental
and theoretical profiles of the Ly-beta and Ly-gamma
lines of Si XIV. The theoretical profiles were calculated
by allowing both for the effect of the ion acoustic
turbulence and for the Langmuir dips. The theoretical
profiles are calculated for the electron density N, =

1.74 x 1022 cm~3. Reproduced from [4]. © The Optical
Society.




Figure B.10 displays the experimental profile of the Ly-
beta line of Al Xlll obtained when the spectrometer was
directed at the front surface of the laser-irradiated target—in
contrast to the experimental profiles in figures B.8 and B.9,
which were obtained by directing the spectrometer at the
back surface of the laser-irradiated target. The target was
aluminum foil coated by a layer of CH. The corresponding
theoretical profile is also presented. The experimental
spectrum exhibits two pairs of Langmuir dips: one pair at a
distance of +£33.6 mA from the line center and the second
pair at a distance of £16.8 mA from the line center.
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Figure B.10. The experimental profile of the Ly-beta
line of Al XIll obtained by directing the spectrometer at
the front surface of the laser-irradiated target—in
contrast to the experimental profiles in figures B.8 and




B.9, which were obtained by directing the spectrometer
at the back surface of the laser-irradiated target. The
target was aluminum foil coated by a layer of CH. The
corresponding theoretical profile is also presented.
Reproduced from [4]. © The Optical Society.

The authors of [6] presented an in-depth spectroscopic
study of the simultaneous production of Langmuir waves
and the ionic sound at the surface of the relativistic critical
density. This experiment was also conducted at the Vulcan
petawatt laser facility located at the Rutherford Appleton
Laboratory [5]. The focus of the paper was the Langmuir
dips in the experimental profiles of the Ly-beta line of Si XIV.
The laser intensity at the target ranged from 1 to 3 x 1020
W cm~2 in different shots.

Figure B.11 displays experimental profiles obtained in
three different shots. There are very distinct ‘bump-dip-
bump’ structures in the experimental profiles. Actually,
these are Langmuir superdips, that is, the superposition of
two Langmuir dips at the same location in the profile. Also
shown are theoretical profiles calculated using the FLYCHK
code, which does not take into account the phenomenon of
the Langmuir dips and the broadening due to ion acoustic
turbulence. The best fit by this code vyielded an
unrealistically high electron density of N, = 6 x 1023 cm~3.

This was one of the indications that ion acoustic turbulence
had developed and that it has to be taken into account.
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Figure B.11l. Experimental profiles of the Si XIV Ly-
beta line obtained in three shots. Also shown are the
corresponding profiles simulated by the FLYCHK code.
The best fit produced by this code vyielded an

unrealistically high electron density of N, = 6 x 1023

cm~3. Reproduced from [6]. © IOP Publishing Ltd. All
rights reserved.

Figure B.12 shows the experimental profiles obtained in
the shots marked A, B, and C. Also shown are the
corresponding theoretical profiles calculated by more
advanced code that took account of the phenomenon of the
Langmuir dips and the broadening due to ion acoustic
turbulence—in addition to all other broadening mechanisms.
The deduced electron density was N, = 2.2 x 1022 cm~3,
The root-mean-square strengths of the electric field of the
ion acoustic turbulence were deduced to be 4.8 GV cm™1,

4.4 GV cm™1, and 4.9 GV cm~! for shots A, B, and C,
respectively.
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Figure B.12. Experimental profiles of the Si XIV Ly-
beta line obtained in four different shots and their
comparison with the profiles calculated by more
advanced code that took into account the phenomenon
of the Langmuir dips and the broadening due to ion
acoustic turbulence (for shots A, B, and C)—in addition
to all other broadening mechanisms. The deduced
electron density was N, = 2.2 x 1022 cm~—3. The root-
mean-square strengths of the electric field of the ion
acoustic turbulence were deduced to be 4.8 GV cm™1,
4.4 GV cm~1, and 4.9 GV cm~! for shots A, B, and C,
respectively. Reproduced from [6]. © IOP Publishing
Ltd. All rights reserved.




Shot D was obtained at a significantly lower laser
intensity at the target than shots A, B, and C. Therefore, in
shot D the electron density was significantly smaller than in
shots A, B, and C. The consequence was a significantly
smaller damping of the Langmuir waves, so that they
attained a considerably greater amplitude.

The deduced parameters for shot D were an electron
density of N, = 6.6 x 10%! cm~3, a temperature of T = 550

eV, a root-mean-square electric field of the ion acoustic
turbulence of Fi;ms = 2.0 GV cm™!, and a Langmuir wave

amplitude of E, = 2.0 GV cm~!. The theoretical and

experimental profiles in shot D do not exhibit bump-dip-
bump structures. This is because in the situation in which
Eo/F¢ rms > 0.5, Langmuir dips cannot form, as explained in

[7].
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Appendix C

The validity of using the analytical
method based on separating rapid
and slow subsystems for a more
accurate analysis of the Stark
broadening of hydrogenlike spectral
lines by plasma electrons

The frequency of the spectral line is the frequency of the
revolution of the atomic electron around the nucleus:

Z2
O Uu (1 1 |
h ng  n:




where Uy is the ionization potential of hydrogen.

The typical frequency characterizing the motion of the
perturbing electron around the radiating ion, leading to the
Stark broadening of spectral lines, is the Weisskopf
frequency (see, e.q. [1]):

VT va?r ZT

pwe  (nZ—ni)h  (n2-—nd)h .
(C.2
Consequently, the ratio of the above frequencies is )

given by
WwWe T ngn%
Q A UH 2)2 .
(C.3

(n3 —ni
In the situation in which n, > ny, this ratio simplifies as )
follows:

Wwe —

WwWe T
~ 1
Q (anUH) <
(C.4
if )
T(eV) < (13.6eV)Zn2.
(C.5

Thus, under condition (C.5), it is legitimate to apply the )
method of separating rapid and slow subsystems to the
problem under consideration.

For instance, for the case of ionized helium (Z = 2), the
above validity condition (C.5) becomes

T (eV) < (27.2eV) n?.



The inequality (C.6) is met for a sufficiently large rang&€Cd
temperatures at which the spectral line radiation of )
ionized helium is observed in various plasmas.

Bibliography

[1] Oks E 2006 Stark Broadening of Hydrogen and Hydrogenlike Spectral Lines
in Plasmas: The Physical Insight (Oxford: Alpha Science International)



IOP Publishing

Nonlinear Phenomena in the Radiation
from Plasmas

Eugene Oks

Appendix D

A brief outline of the impact
approximation in the conventional
theory of the Stark broadening of

spectral lines in plasmas

For the dynamical Stark broadening of spectral lines by
plasma electrons to be efficient, it is required that the
formally calculated number vy, of perturbing electrons

located within the sphere of the electron Weisskopf radius
Pwe Should be much smaller than unity (see, e.g. [1]):

UWe — 47‘(‘Nepwe3/3 < 1.
(D.1

In equation (D.1), pye ~ N? h/(Mmvr.), where n is the )
principal quantum number and vt. is the mean thermal



velocity of the perturbing electrons in a plasma. When
inequality (D.1) is satisfied, the instantaneous Stark splitting
in the electron microfield is much smaller than the typical
frequency of the variation in the electron microfield Q. ~ v,

/pwe (for the overwhelming majority of perturbing

electrons). Physically, the electron Weisskopf radius is
associated with values of the impact parameters p ~ Pye,

which provide the primary contribution to the electron-
induced dynamical Stark broadening of spectral lines in
plasmas [2, 3].

The essence of the electron-induced dynamical Stark
broadening is as follows: virtual transitions within the lower
(n’) and upper (n) multiplets occur in the process of the
radiative transition n & n’. Their principal effect is to shorten
the lifetimes of the states n” and/or n; this causes the
broadening of the line.

The assumption that virtual transitions take place mostly
within the upper and lower multiplets is called the no-
quenching approximation. Within this approximation, virtual
transitions between states that differ by the principal
quantum numbers are not taken into account. This
approximation makes it possible to use the concept of the
line space. The latter is the direct product of the Hilbert
space spanned on the basis vectors of the n-subspace with
the Hilbert space spanned on the (complex-conjugated)
basis vectors of the n’-subspace.

Not only the impact formalism (introduced in [2] and
further developed in [4]), but also the primary properties of
the unified theory of the electron-induced dynamical Stark
broadening [5] can stem from the same succession of
mathematical operations, as shown in [6]. The main
difference between these two formalisms is as follows.

The impact formalism treats all collisions as being
completed. In contrast, the unified theory of the dynamical
Stark broadening takes into account the fact that that not all



collisions are completed. Another difference between the
two formalisms is that within the unified theory, the
calculated Stark profile of the spectra line contains a
transition to the quasistatic shape in the wings; however,
the unified formalism does not always produce this
transition in the correct way.

The crucial feature of the impact formalism is that it
introduces a coarse-grained timescale At defined through
the following condition:

p/ve < At < [ max (7, Aw,wpe)] .
(D.2
In equation (D.2), wpe = (4nN e%/m)t/? is the plasma )
electron frequency, Aw is the detuning from the
unperturbed frequency of the spectral line, and y is the
inverse of the lifetime of the radiator (the latter being of the
order of the impact Stark width of the line).

The physical meaning of this coarse-grained timescale is
as follows. The focal point is the radiator evolution in time
during the intervals ~At defined by equation (D.2), while the
details of the time evolution during the intervals ~p/v. (i.e.
during intervals of the order of the typical time of the
individual collision) are of no interest.

The validity limits of the impact formalism are controlled
by whether or not it is possible to introduce the coarse-
grained timescale defined by the inequality (D.2). It is worth
mentioning that in the unified theory, in the left part of the
condition (D.2), the strong inequality p/v. < At is lessened
to p/v. ~ At.

The operator of the dynamical electron broadening @, is
defined as follows:

B, = [Ua(t,t + ADUX(E, t + At) — 1]/At.



In equation (D.3), U, and U, are the operators of (End

evolution in time for the upper and lower subspaces in )
the line space, respectively. If At > p/v. (i.e. under the
impact approximation), these operators are replaced by the
respective scattering matrices S, and S,,. The utilization of

the two scattering matrices (rather than one) is associated
with the concept of the line space.

A final note: for any hydrogenic spectral line of any
spectral series, dynamical Stark broadening takes place in
the overlapping situation—that is, there are overlaps of the
Stark components of the line. This is the case even for the
Lyman-alpha line (the simplest line) of hydrogenic
atoms/ions—see [7].

Further details on the impact approximation and its
comparison with the unified theory can be found in [8-11].
Also, [6] is quite illuminating on this issue.
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