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Preface

This book and its prequel (Theories of Matter Space and
Time: Classical theories) grew out of courses that we have
both taught as part of the third and fourth year of the
undergraduate degree program in Physics at Southampton
University, UK. Our goal was to guide the full MPhys
undergraduate cohort through some of the trickier areas of
theoretical physics that we expect our undergraduates to
master. In particular the aim is to move beyond the initial
courses in classical mechanics, special relativity,
electromagnetism and quantum theory to more
sophisticated views of these subjects and their
interdependence. Our approach is to keep the analysis as
concise and physical as possible whilst revealing the key
elegance in each subject we discuss.

In the first book we introduced several key areas of study.
Firstly the principle of least action, an alternative treatment
of Newtonian dynamics, that provides new understanding of
conservation laws. Secondly special relativity including four-
vector notation. Thirdly we discussed the integral and
differential forms of Maxwell’s equations before massaging
them to four-vector form so that the Lorentz boost
properties of electric and magnetic fields were transparent.

This second book of the pair will move the ideas to the
arena of quantum mechanics. We first quickly review the
basics of quantum mechanics which should be familiar to
the reader from a first course. Then we will link the
Schrodinger equation to the principle of least action
introducing Feynman’s path integral methods. Next we
present the relativistic wave equations of Klein, Gordon and
Dirac. Finally we convert Maxwell’s equations of
electromagnetism to a wave equation for photons and make



contact with quantum electrodynamics (QED) at a first
quantized level. Between the two volumes we hope to move
a student’s understanding from their first courses to a place
where they are ready, beyond, to embark on graduate level
courses on quantum field theory.
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Chapter 1

Non-relativistic qguantum mechanics

To set the scene for the work to come we begin here by reviewing the basics of non-
relativistic quantum mechanics. We will mostly work in one dimension. We will
motivate the form of the Schrédinger equation, discuss the information content and
interpretation of the wave function, and finally work through the simple example of the
square well, including introducing the ideas of orthogonality and completeness.

1.1 One dimensional, time dependent Schrodinger
equation

In quantum mechanics the behaviour of a particle is controlled by a wave equation. A
free particle is associated with a wave

w _ ei(kx—wt)
(1.1

where the wave number k and angular frequency w are related to the momentum )
and energy of the particle

h
(1.2
F )
F=hv — w= %
(1.3
here h is Planck’s constant and h = h/2m. )

The properties of the particle can therefore be obtained from the wave by acting on
it with operators (which we mark by a hat over the symbol)

Ey = iﬁ%tp
(1.4
. L 0 )
pY = —Zﬁa—w
L
(1.5

)

The free wave function (1.1) is an eigenfunction of these operators with the values
of E and p being the eigenvalues.
For a classical particle in a potential V we require that energy is conserved so



p2

(1.6
which, using the operators, we can rewrite as a wave equation )
., 0 h? 0? A

ih—=—————9+Vip =Hy
ot 2m Ox? (1.7

where H is the Hamiltonian operator. This is the time dependent Schrédinger
equation which is central to quantum mechanics.

1.2 Time independent Schrodinger equation

In problems where V is independent of time there are always solutions to the
Schrédinger equation of the form

_ —iBt/h
Y (2,t) = u(z)e s

where u(x) satisfies (simply substitute this solution into the full Schrédinger )
equation) the time independent Schrédinger equation

(1.9

1.3 Interpretation )

The amplitude of the wave function y*(x, t) g (x, t) (which in the time independent
case is just u’ (x)u(x)) is associated with the probability of finding a particle at x.
Remembering that x is continuous, the precise statement is

u" (z)u (x) dz = probability of finding particle between z and = + dz
(1.1

Graphically this is shown in figure 1.1 which shows that the probability of finding 0)
the particle in the dx spatial slice is just the area under the curve u*u in that slice.

& A

uu
L2
II
"

Figure 1.1. u*(x) u(x) dx—the area under the curve shown—gives the probability
to find the particle in that region of x.




Since the particle must be somewhere with probability 1 we must havel

& *

/ u ()u(z)de=1

—00

Formally we find observable properties of the particles using the operators
*

(:r}z/oou*(a:):iu(x)da::/oou (z) z u(x) dx

(0. ¢] (o.°]

o= [ v @@= [T @iy ) u) d

o0 —00

1.4 Proof that probability is conserved

/*A’: /8pdV

(1.1
1)

(1.1
2)

(1.1
3)

To back up this interpretation of the wave function we can show that probability is
conserved in the theory. This means that if the probability of the particle being in some
area decreases then the probability that it lies outside must increase. In other words
there is a flow of probability current density (see figure 1.2) satisfying the usual
conservation equation (cf electric charge)

(1.1

Figure 1.2. The change in a conserved quantity, g, in a volume matches to a

current leaving the volume.

Using Gauss’ theorem ( [ A.dS = f% A dV) we have

Op

8t+VJ

or in one dimension

(1.1
5)



@ N oJ*
ot ox

=0
(1.1
6)

Now we can show using the Schrddinger equation that p = y*y satisfies such a
relation. We add two copies of the Schrédinger equation as follows

—iyp"(SE) + (SE) i

(1.1
This gives 7)
" 5 + A = Py T — iV
— Ly Loy iy VY
(1.1
and hence 8)
th O
3t<¢ ¢) 2m Oz (¢ Fride ¢3w¢)
(1.1
which indeed has the form of a conservation equation with p = g*y. 9)

1.5 Momentum space wave functions

In the above discussion we have described the particle by its wave function at a
particular point in space and then shown how to calculate its momentum with an
operator. Alternatively we could write a wave function that describes the probability of
the particle having momentum in some dp interval directly and then calculating the
position becomes more complicated.

In fact it is possible to set up this momentum space wave function such that

E3

¢ (p) ¢ (p) dp = probability of particle having momentum p to p + dp

(1.2
S 0)
[ ¢ wowan=1
- (1.2
with the properties of the particle being given by the operator relations 1)
/ ¢ (p)p ¢ (p)dp=(p)
- (1.2
2)
[ o w (ing) ew o=
(1.2
3)

Note the difference in sign on Z relative to the position space operator p. The
relationship between w(x) and ¢(p) is given by a Fourier transform



1 0 ,
6= —= [ wl@e ™" da
27Tﬁ —00
(1.2
or inversely 4)
v@ = —— [ s(perhay
27Tﬁ —00
(1.2
5)

We can demonstrate that the Fourier transform indeed has the correct properties
by checking the consistency of the three operator equations above. Firstly consider

ipz!

[¢" (p) ¢ (p)dp = Flﬁfdp[fda:/erJ* (ccl)] [fda;//e$¢(mu)

—ip(zI—af)
= [dxt[dengiep” (xn)p (znr) [dpe™ 7 0
We recognise the dp integral as the Fourier expansion of a Dirac delta function 6)
21
(1.2
where the basic property of the Dirac delta function is 7)
/ £(2)8 (2 — 20) da = F(a0)
(1.2
It is a height one ‘box’ across just the dx slice at x = x,. 8)
So with k = p/h and dk = dp/h
[¢"(p) ¢(p) dp = [dat [ dens (xn—zr)y” (1) (z11)
= [dzrp” (z) (2/)
=1

(1.2
The equations are consistent. 9)

Secondly we can check the relation for the expectation value of the particle’s
position



[6" () (ihd) ¢(p)dp

= 5w Jdp [fdﬂf’e Ty (@ )] (iR (=5")) [fdx//e$¢(xll)]
o)

= [dxtfdzis " (z) zp (x) [dpe 5
= [daxr [ dzns (zi—zny” (1) zi 1 (zn)

= [dzrp” (1) z1 9 (2/)

= (z)

(1.3
0)
Finally we check the expectation value for momentum
[ (9)p6(p) dp = 55 [ dp| [ dare B 4" (a)]
X [f dzi (iﬁ%e i’ﬁz")v,b (:13//)}
(1.3

The differential has been inserted adhocly to simply bring down a factor of p. Now 1)
we integrate by parts throwing away surface terms at infinity

[¢" (P)pé(p)dp = ﬁfdp[fdx/e%”’@b* (m/)]
X [fd:c//e F (—ihgly (x//))]
= [datfdzné (z11—z)y” (1) (—ih ax//)lb(iﬂ”)
= [dznp’ (xl)(_@ﬁ%)¢ (1)
= (p)
(1.3

Everything is nicely consistent. 2)

1.6 Heisenberg uncertainty principle

In general the wave function of a particle w(x) will correspond to some localised wave
packet whose Fourier transform is the momentum space wave function ¢(p), as in
equations (1.24) and (1.25). From the theory of Fourier transforms, it is seen that any
wave packet that is more strongly peaked in position space will be less strongly
peaked in momentum space, and vice versa. For example, a wave function which is a
plane wave in position space (and hence its position is completely undetermined) will
have a sharp value of momentum with no uncertainty. It is possible to derive a relation
between the spread or width of the wave packet in position space Ax and in
momentum space Ap, namely,

AzAp > h/2
(1.3
3)



The equality follows directly from the theory of Fourier transforms for the idealised
wavepackets. The inequality expresses the fact that, in real experiments which
measure the position and momentum of a particle simultaneously, the product of
uncertainties in the respective measurements must always exceed the above bound.

There is also a similar uncertainty relation for energy and time of a quantum state,

AEAt > £/2

(1.3
For example, for an atomic transition, the shorter the transition time At the 4)
greater the width of the associated spectral line AE, and vice versa.

The above relations in equations (1.33) and (1.34) are collectively known as the
Heisenberg uncertainty principle. They highlight the fact that the quantum world
represents a major departure from classical physics, since, even in the most accurate
idealised experiment, two quantities such as position and momentum cannot ever be
known simultaneously to arbitrary precision. Even great physicists such as Albert
Einstein never accepted this, and this led to a series of high profile debates with Niels
Bohr. It is now generally accepted that Bohr was correct and Einstein was wrong.
Quantum mechanics, though completely counter to our intuition, has been thoroughly
vindicated in all experiments to date involving atoms and subatomic particles.

1.7 Square well example

A simple, interesting example of a quantum mechanics system is the square potential
well, as shown in figure 1.3. We assume that the particle cannot penetrate the infinite
barriers

Yv=0, forx <0, z>a

(1.3
o)
V:CD V:O V: [+ =]
x=0 X=a
Figure 1.3. The potential of an infinite square well.
Since the potential is time independent the solution takes the form
—iEt/h
Y (z,t) =u(x)e’
(@,) = u(2) s

and we must solve the time independent Schrédinger equation 6)



——— = u(z) + V(2)u(z) = EU (z)

2m dg?
(1.3
Of course in the region of interest the potential is just V = 0. 7)
The solutions to this equation take the form
u(z) = A sin kx + B cos kz (
1.3

The integration constants are fixed by the boundary conditions of g vanishing at x 8)
=0,aso

nmwT
Up (z) = A sin —
@ (1.3
with n integers 1,2,3, .... 9)
Substituting this solution into the Schrédinger equation we find
2 /nm\?2
Bo= 5 (a)
msa (1.4
Finally, to find the constant A we can require y(x, t) is correctly normalized 0)
o0 *
f_oo¢ Ydr =1
= foa A2 sin? 2 dx
— A2¢
2
(1.4
The full solution is therefore 1)
2 . NTT ipum
Y (z,t) =4/ — sin ——e """
a a
(1.4
2)

1.8 Completeness

The consideration of how a particular initial condition for the wave function in a square
well evolves with time provides interesting insight into the uniqueness of the solutions
we have found. In particular since the solutions are sine waves of period 2a there is a
strong connection to problems one encounters when studying Fourier analysis such as
wave forms on a string.

For example, if we take an initial wave function, at t = 0, of the triangular form
show in figure 1.4 then we can write

Y(z,t=0) = icnun (z)



where the ¢, are the Fourier-like coefficients (we will explain how to derive them in(thé
next section) which are given by 3)

B 8k a . nmw
T e\ 2 M Ty

(1.4

I

x=0 X=a

Figure 1.4. The initial conditions for the square well problem considered in
section 1.8.

We now know the time evolution since we know that each individual term evolves
as

Uy (2,0) — e Ent/fy (2,0)
(1.4
Resuming the series at time t gives the evolution of the initial condition (to a 5)
precision determined by how many terms you resum).
This is an example of a general rule in QM called completeness: any wave function
may be expanded as a series of the eigenfunction solutions of the Schrddinger
equation relevant to that problem. In other words in any problem we may write

¢ (z) = Z Cnln ()
" (1.4
for any function ¢(x), where 6)

Hu, = E,u, (1.4

7)

We will not prove this here but if it were not true it would be quite surprising!
Imagine we had found all the solutions of the Schrédinger equation and then wrote
down an initial condition that could not be rewritten in terms of those solutions ... we
would have missed the evolution of that initial condition and hence we cannot have
had all the solutions! Completeness is usually the case for a theory to make sense and
it allows us to evolve all initial states with time.

1.9 Orthogonality



It is also important in these initial condition problems that there is a unique way of
writing

"/’(573,0) = chun (x)

(1.4

If it were not unique then a given initial condition would have more than one 8)
expansion which would evolve differently. Again the theory would not make sense.

Each u,(x) therefore contains unique information. Orthogonality is a mathematical
statement of this fact

[ @ @) dz = 8

(0.@]

(1.4

where 6,,, = 1 if m = nand 6,,,, = 0 if m # n. 9)

You can think of this expression as similar to a dot product between the coordinate

axes vectors (i,}',é)—the axes contain the separate information about the three

directions in the_space and the dot product is zero between any two orthogonal
directions.

Proof: The u, are eigenfunctions of the Hamiltonian H satisfying Hu, = E,u, so

consider
*
/ui Hu; dx
(1.5

We can act with H to either the left or right in which case we will find 0)

Ej/uiuj dz :Ei/uiuj dz
(1.5

which can only be true for i # j if the wave functions are orthogonal and both 1)
sides are zero. When i = j the integral over the wave function squared is just the usual
probability of finding the particle in all space and is set equal to one.

Now we know enough to derive the coefficients in (1.44). Given

u(z,t=0)= chun (z)

(1.5

* 2

we multiply by some u,, and integrate over all space )
/umu (z,t =0)dz = Z /umcnun () dz

" (1.5

and using orthogonality we find only one term of the sum on the right survives 3)
and hence



Cm = /u;u(az,t =0) dz
(1.5

using the initial conditions show in figure 1.4 and performing the integrals leads to 4)
(1.44).

1.10 The 3D Schrodinger equation

We have concentrated on one dimensional problems but the analysis is easily
extended to three dimensions. The momentum operator is

b= —ikV
P (1.5
5)
The Schrodinger equation becomes
0 h?
ih— = ———V2 + Vo
ot 2m
(1.5
6)
The probability to find a particle in some infinitesimal box of volume 6V is
probability = o 9V
(1.5
7)

where, for example, in spherical coordinates 6V = 2 sin 6 df d¢ dr.

1.11 Wave function collapse and all that

The most mysterious feature of QM is that a particle is described by a probability wave
which ‘collapses’ during a ‘measurement’ to leave the particle at just one point. In
some sense one should think of a quantum of the particle’s energy as being smeared
through the wave. If we probe the wave at a point and it releases a quantum then it
will look like the particle was at that point. This idea has to allow the wave at a point to
‘know’ what is going on in the rest of the wave instantaneously and this is a rather
uncomfortable fact. A number of unresolved ideas to understand things better are:

* Copenhagen interpretation—do not philosophise about it, use it!

* Hidden variables—secretly there is a deterministic description of QM which the

wave function is an ‘average’ over.

* Many worlds—all outcomes happen in parallel Universes (this does not explain

why a measurement splits the Universes though).

None of these are really satisfactory—not least because it is not precisely clear
what constitutes a measurement. Nevertheless QM is the most successful theory
physics has and so is clearly correct. The real impact of these issues is that it is hard
to have an intuitive feel for the subject. In the next chapter we will investigate an
alternative formalism for QM in which the idea of a trajectory for the particle is central,
rather than a wave function, and it allows some classical intuition to be used.

Exercise 1.1. Make an odd continuation of the solutions to the infinite square well
problem and calculate the momentum space wave functions ¢(p). What is the physical



significance of your result?

Appendix A. Time independent perturbation theory

Perturbation theory is a technique for solving problems where a system we understand
is ‘tweaked’ by a small change. For example, we know how to find the solutions of the
Schroédinger equation for a particle in a square well potential, or a simple harmonic
potential—perturbation theory can tell us the solutions (approximately) if these
potentials are modified a little. Let us begin by studying the case where the
modification is time independent (we will return to the time dependent case in the
next chapter).

Consider a time-independent problem in QM we can already solve. This means we
have found solutions to the Schrédinger equation

Hyu(z) = Eyu(x)

(A1
where )
R? 02
HO = —% W +V (33)
v (A.2
We assume that the different solutions ¢; have different energies Ey;. )

Now imagine perturbing the problem by changing the potential by a small amount.
Thus

H=H)+H, s

Since it is a small change most likely the wave function solutions have not )
changed much and we can write the new solutions as

i = @i+ 09; (Aa

The Schrodinger equation now becomes )
(Ho + Hy)(¢i + 0¢:) = (Eoi + Ep)(¢i + ;) (A5

Hp, 6¢; and E, are all small so we can expand this equation )

zeroth order: Hy¢; = Ey; ¢;
first order: Hyd¢; + Hyp; = Ep; 6 p; + E, ¢,

We have dropped terms that are the square of a small quantity.
Now we use the completeness of the set of states ¢, to write

5¢2 - ch¢n

(A.6



(Note: the 6¢; is the amount that ¢; shifts away from being ¢; so we do not include ¢; in
the sum.)
The first order expression is

Hy» cnn+ Hyi = Eoi Y cndn+ Epdi

n#i n#i
(A.7

In the first term we can act with Hy on ¢, and get a factor of Ey,. Now multiply on )

*
the left by qu and integrate over all space

f¢j Zn?ﬁi E0n0n¢n dr + f¢ij¢i dz = By, f¢J Zn# Cn¢n dz + Ep f¢]¢z dz

(A.8
*
Using the orthogonality of the wave functions (f ¢;¢; dz = 6;5) we find )
S Boncadng +/¢] Hyd: do = By S cudp + By
n#£i n#i
(A.9
and performing the sums )
CjEOj + /¢]HP¢Z dﬂi‘ = E(]i Cj + Epéij
(A.1
Now set i = j so the first term on each side cancels and 0)
E, = /qbingb,- dr
(A.1
or if j # i so the 6;; are zero 1)
C;, =
7 (Eoi — Ev))
(A.1
2)
We have obtained the lowest order perturbation theory results
E; = Ey + [ ¢; Hyo; dx:
J buHy: dz
¢7’ + Zn#z EOz pEOn ¢TL
(A.1

Of course these are not exact—we threw away some small terms. We can get a 3)
better approximation by taking the above answers and allowing small corrections on
top



(Ho + Hp)(%; + 0¢;) = (B; + E) (v; + 6¢;)

(A.1
We then repeat everything above so for example 4)
E=F;+ /uinui dr
(A.1
or substituting in terms of the unperturbed results 5)
* 2
* ¢, H,¢; dx
E=E0i+/¢in¢idx+Z J onHy o
(A.1
By repeatedly doing this we can make the result arbitrarily good. 6)

The first order shift in the energy is easy to calculate since it only requires
knowledge of the unperturbed ¢, in question. The first order shift in the wave function,

and hence second order shift in the energy, requires a knowledge of all the ¢, to
calculate the shifts for one ¢;.

A.1 Example: perturbed square well

Consider the square well problem we solved before. Now imagine that the potential is
perturbed by a term (shown in figure Al)

AV =—azx 0<z<a/2

(A.1
We can calculate the shift in the energy of the solutions u,, as follows 7)
00 *
AE, = ["__u, (z)AVu, (z) dz
_ 20 /2 : 2 nrx
=— =), xsin® 0 dx
= =% ~ Tz T+ qmze COS OT
(A.1
8
V(x)

square well

Figure Al. The perturbation to the square well discussed in (1.74).




Appendix B. Orbital and spin angular momentum

Here we provide a brief introduction to orbital and intrinsic spin in quantum
mechanics.

In three-dimensional problems with rotational symmetry (for example an electron
moving in the central potential V(r) from the proton in a hydrogen atom) we can write
the Laplacian, V2, in spherical polar coordinates

(B.1

v2_i i rzi +Li 51119i —I—La—2
T r2|8r\ Or) sind 80 00 )  sin?@ 0>
)

The Schrodinger equation can then be solved by an ansatz of the form
U(Z,t) = R(r)Y (0, ¢)e*Ft. If we substitute this into the Schrodinger equation (1.56)
we find the top and bottom expressions in

1I+1) = 7y [ & (P52 + 222(B -V ()R ()]

0 (i 0 52
== Y(é,qﬁ) [siie 5 (sin 055) + sinl2e aTﬂ]Y(ea )

(B.2

Here we have separated the variables so each of the two sides of the equation can )
be written as equal to a constant which we have written as /(I + 1) where | is some
constant for the moment.

The top equation depends on V(r) and depends on the particular problem—so we
will leave this unsolved but instead concentrate on the bottom equation for the
angular dependence which is common to all such problems. We will just quote the
form of the smooth solutions (which are called spherical harmonics) here

Y (0,¢) = P, (cos 6)e™™?
(B.3
m here can only take integer values and [ =| m |,| m | +1,| m | +2,.... The P,,, )

are polynomials that depend on the choice of /| and m. For example some early cases
are

=0, m=0, PFPyp=1

=1, m=0, Pyyg=cos§é

l=1, |m|=1, P;;=sinf

1=2, m=0, Py=3cos’0— %
=2, |m|=1, Py; =sin 0 cos 6

=2, |m|=2, P5=sin%6
(B.4
)
You may recognise the relation between the degeneracy of these states for a given

I and the degeneracy of atomic orbitals. For example there is one s-state, three p-
states and five d-states.



Let us now make the connection to angular momentum. The angular momentum
operators are

f}:;xﬁz—iﬁ(Fxﬁ)
(B.5
)
In spherical polar coordinates these are explicitly
L= iﬁ[(sin qﬁ% + cot 6 cos qb%):f:
+ (— cos ¢% + cot 0 sin ¢%) y — %i]
(B.6

We can immediately see that the Y(6, ¢) are eigenvalues of L, with eigenvector )
mh.

Further if we compute L? = L2 + Lf/ + L? we find

[ A PSS N 0
~  |sin0 80 \"" 780 ) T sin2 g 042
(B.7

which is precisely the quantity that occurs in V2. Now we can see from (1.77) that )
2

the Y(6, ¢) are eigenvalues of ﬁ with eigenvector I(/ + 1) A2. Spherical harmonics with
the same | have the same angular momentum magnitude. m then chooses the state
with a particular projection of the angular momentum onto the z-axis.

This, in brief, is the story of orbital angular momentum. To understand intrinsic spin
we should abstract a little. The angular momentum operators satisfy an interesting
algebra. To find this take the definition of L in (1.80) in Cartesian coordinates and one
can simply show that

(L, L,) = ihL., [Ly,L.]=ikls, [L., L] =1kL,
(B.8
)

Now consider for example the /| = 1 spherical harmonics of which there are three.
Let us associate them with the basis vectors (1,0,0), (0,1,0) and (0,0,1). These are

eigenvectors of L, with eigenvalues mh so we can write L, as the matrix

10 0
L.=% 00 0
00 —1

(B.9

L, and L, can also be written as 3 x 3 matrices—one acts on the appropriate )
spherical harmonic with the operator from (B.6) then rewrites the answer in terms of
the three | = 1 spherical harmonics. The coefficients in that expansion are the matrix
elements and one finds



010 0 —i 0
L,=h 101, L,=h i 0 —i
010 0 i 0

(B.1

These three matrices satisfy the algebra (B.8). The spherical harmonics are a 0)
particular representation of the basis vectors of this algebra. You can play the same
trick with higher [ values producing larger dimension matrices that satisfy the algebra.

The interesting thing is that there are additional representations of the algebra
(B.8) that the orbital angular momentum solutions do not create. For example there is
a two-dimensional representation where the matrices are the Pauli matrices

L;= ho; /2. Explicitly here

0 —i 0 1 1 0
o1 = , 09 = , 03 =
"\ o 27 \1 0 57 \o -1

The ﬁz act on a two vector and the L, eigenvalues are m = * h/2. It turns out that

nature uses these representations as an abstraction of angular momentum. All
fundamental fermions (e.g. electrons, or quarks) have intrinsic spin 1/2 and need to be
written as a two vector of wave functions, the top element of which describes the spin
up particle and the bottom component the spin down particle. In non-relativistic
quantum mechanics this seems like an add-on but we will see in chapter 3 that in
relativistic quantum mechanics spin naturally emerges in the context of the Dirac
equation.

(B.1
1)

INote that for a free particle wave function the normalization of the wave function is interpreted as the flux of
particles per unit volume or within a finite box.
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Chapter 2

Path integral approach to quantum mechanics

New insights into classical mechanics can be obtained from Hamilton’s
principle in which a classical particle is viewed as following the path which
minimizes an action (we introduce these ideas in detail in the partner book
Theories of Matter Space and Time: Classical Theories). Feynman developed a
quantum mechanics version of this idea which we will study here. We are
going to start with his prescription and see that it is indeed the same theory
as the Schrodinger equation. Although it returns some classical intuition to the
quantum world, it is still a very strange place!

2.1 Proposal for the quantum mechanical
amplitude

To motivate the form of the theory consider the usual double slit type
experiment shown in figure 2.1. A classical description in which the particle
goes through a single slit will clearly not do. We will adopt a much more
radical idea that the particle travels by ALL possible paths!

)

- .
e
- "'
-"'"-.__l -

Figure 2.1. The classic double slit experiment showing the wave nature
of particles.




The interference pattern suggests that there should be cancelling and
reinforcing phases in the description. We are therefore led to the proposal of
Feynman that the probability amplitude for a particle to travel from point A to
point B is given schematically by

iS[path] /A

K (B, A) = constant ) e

all paths
(2.1

where S is the classical action of each particular path, and every possible )
path contributes in the sum.

The probability for a particle to travel from point A to point B is then given
by

P(B.4)= | K(B4) | s

where K(B, A) in equation (2.1) is called the quantum mechanical kernel. )

Our proposal looks nutty (!)—every possible path is contributing the same
constant amount up to a phase. Can this ever reproduce Hamilton’s principle
as the classical limit of the theory?

2.2 The classical limit

If we consider a particle (with momentum p) incident on a hole (of radius r)
then we will see large quantum effects only when the wavelength of the wave
function associated with the particle is

AT
(2.3

Of course A\ = % so it is because h is small in nature that we do not see )

quantum effects when we throw cricket balls through doors (of course there
might well be some serious classical effects, so do not try this at home!).

From this discussion we can see that if we take

h—0 (2.4

then all wavelengths become very small and the theory becomes classical )
at all length scales.

Note that also in this limit the uncertainty principle (ApAx > h) allows
both p and x to be measured together which again corresponds to classical
physics.

So what does our prescription give in this classical limit h — 0? In general
for a set of paths close to each other (as shown in figure 2.2), in this limit, we
will find the difference in the classical action between neighbouring paths

AS>h



just because h is so small. This means that these paths have very diffef@rk
phases in the kernel above. The phase just points out a direction in the )
complex plane. The sum over these paths will just average the phase ... but if
the phases are essentially random as in this case we will get precisely zero.

A AS>h

Figure 2.2. A collection of paths away from the minimum of the action
have rapidly varying phase in the kernel and cancel.

The only time this will not be true is if we find a cluster of paths for which
AS < h. This will only be true around a minimum of S where there is little
change in S. A little cluster of paths here will all have roughly the same phase
and add in such a way as to dominate the kernel. Thus in the classical limit
our prescription does reproduce Hamilton’s principle.

Incidentally, this tells us that in a quantum theory a classical trajectory
gets smeared since it is equally likely to travel on a neighbouring path
provided AS < h.

2.3 Wave functions

We will not really believe that this new prescription is quantum mechanical
until we have seen that it gives identical physics to the Schrédinger equation.
To move towards that proof let us see how to relate the kernel to wave
functions. We had that for motion from a point A = (x,, t;) to a point B = (x;,

tp)

probability (A — B) = | K (B, A) |?
(2.6
)
If we imagine that the particle began at A at t,, because its wave function
was such that

2 _ —
| $(ta) |” = 6(z — 2a), 2.7

then we can identify the wave function at a later time t, > t, with the )
kernel



d)(whtb) - K(Ba A)
(2.8
where we allow x, to be any general point at time t,. )
Using this result it is possible to derive an expression for the evolution of
any wave function at some time into the wave function at some later time in
terms of an integral over the product of the initial wave function and the

kernel. In order to do this, consider the set of paths shown in figure 2.3. For a
path going through C the action divides

Spath = Ssc+ Scs = til Ldt + fttf Ldt
(2.9

So the contribution to the kernel from all possible paths from A to B )
through C is given by

K(B, A, via C) — ZA—>C eiSAC/ﬁ . ZC—)B eiSCB/ﬁ
(2.1

Note that the cross terms in the multiplication of the sums gives all 0)
combinations of route A to C with all routes C to B. We therefore have

K (B, A, via C) = constant K (C,A) K (B,C)

A

t
T C
X

Figure 2.3. Paths from A to B via C.

These are not all the paths from A to B though because they all go through
the special point C. To get all paths from A to B we must let C vary over all
possible positions so that

K (B, A) = constant f_oooo K(C,A) K (B,C) dx,
(2.1
2)
We previously, in (2.8), identified K(B, A) as the wave function at time t,
and similarly we can identify here K(C, A) = y (x., t.), the wave function at
time t.. In both cases the wave functions have evolved from the delta function



form at time t, in (2.7) but they can be arbitrarily complicated depending on

the evolution, for example, through some potential. Thus this expression tells
us how one wave function evolves into another

Y(zp,tp) = constant [°° v (z.,t.) K (B,C) dz. o1
The evolution is controlled by the kernel. 3)

2.4 Deriving the Schrodinger equation

We want to show that the path integral expression for the evolution of a wave
function is the same as the Schrodinger equation. The analysis below makes
use of Gaussian integrals which are reviewed in Appendix C.

To derive the standard Schrodinger equation we must look at a particle
with the Lagrangian

L= %mdz2 — V()

(2.1
4)
The path integral expression for how the wave function evolves is
Y (x1,tr) = A [° K (2t z,t)¢ (2, t)dz
(2.1
5)

We need a way to keep track of all possible paths in order to work out the
kernel. One way to do this is to divide time up into infinitesimal time slices
and assume that the particle travels in a straight line at constant speed in any
such time slice as shown in figure 2.4.

Figure 2.4. Paths a particle might take from the point x at time t to x” at
time t’ divided into many very short straight segments.




Now we can consider the time evolution of the wave function just across
one At time slice. We will assume that the particle does not travel too far in
any time slice (so we will write x = x* + Ax) and we will assume that its
velocity is constant along the way

Yzt + At) = A% K (a1t + Aty z,t)¢ (z, t)dz
(2.1
6)

We know the kernel here because the paths are always straight lines (it is
just exp(i Spatn/h))

S = [/ L (2, &)dt

:L<x—|—ml T/— )At

2 0 At

(x/ x) _V(x—l—ml)}At

(2.1
7)
Thus our wave function evolves as
- At l xl—T 2_ Tt/
Y(zt+ At) = A [ eZT[Qm(_At_) V(5 )} Y (z,t)dz
(2.1
8)

There are lots of small terms in this expression so we can perform an
expansion in them

x—x = Ax
¥zt + At) = ¢ (2, t) + At—— w(x't) +...
P (:1: t) = (m/, t) + Az 31%;:,15) 4+ (A2:c) 0% (z1,t) o

oxr?
efzﬁAtV(iEH’) =1-— %V(a;/) IR

 To zeroth order our expression is, keeping x” constant in the integral

Y (xnt) = A [T lmw (zt,t)d (Ax)
(2.1
9)

Note we have changed from summing over all x to summing over all
Ax but these are equivalent! Of course we had assumed that Ax was small
whilst in the integral we are letting it take all possible values—this is an



approximation. We can get away with this because the integrand is
peaked around Ax = 0 so the large Ax pieces are not very important.
The integral is just a Gaussian integral and so

'd} (xl,t) — A(2mﬁAt)1/2¢( / t)

(2.2
which can only be true if 0)
_ (2mikAt ) —1/2
A= (=)
(2.2
1)

We have derived an expression for the constant in the wave function
evolution equation.
* The Schrédinger equation emerges at the next leading order

Atafgb x/t) _ Af el i [—i%V(x’)¢(w/’t)
+ Az 81/}(:1:/15) | (Ba)? 32¢($”t)]d(Aag)

2 ozx/r?
(2.2
2)

Each term on the right-hand side is a Gaussian style integral again. The
middle term has a single power of Ax so is an odd integral and zero. The
remaining terms give

AP ALY () (a1, 1) + BAL V()

(2.2
or in other words the Schrédinger equation. 3)

2.5 Path integral for a free particle

The path integral provides a nice way to think about quantum mechanics but
in truth the Schrodinger equation is usually easier to solve. Let us look at a
very simple problem—a free particle—using the path integral approach
though.

We will split the free particle’s trajectory up into At time slices again (see

figure 2.4 but now with V = 0). We have already determined that the kernel
for motion over one time slice is

im (mwo)z}
K(xl,xo) — /%e 2h|: At

4)



To combine two time slices we multiply the kernels for the two separate
motions and integrate over the position of the central point as in (2.12)

i [ (o og)? | (o y)® ]
K(x3,20) = (9mma7) J o (2.2

which we can do using the final Gaussian integral result from Appendix C. 5)

(g —20)” ]

iﬂ
K (29,20) = /32 e | (2.2

Note that all that has happened is that we have recovered the result for 6)
one time slice but with the time doubled and the distance travelled
lengthened. One can keep repeating the above calculation adding time slices
and the final result for the whole motion is then just

im (wnzm?]
K(mmwo): /%'e 271{ At

jm [ (mn—xo)z :|
_ m 2f | (tn—tp)

Smifi(tn—to) ©

(2.2

Note the form of the exponential is easy to remember because it is just 7)
exp(iAt KE/ h) with KE the classical kinetic energy assuming constant velocity.

2.6 Interpreting the free particle kernel

We can see that this answer encodes a number of QM results we already
know. First set x, = 0 and ty = 0 for simplicity so

ma?
2ht

K (z,t) = \/ 57 ' (2.2

From (2.8) we know that K(x, t) = @ (x, t) is a free particle wave function if 8)
the particle started from a Dirac delta function at the origin. Now if we plot
the real part of K(x, t) at some later t it looks like figure 2.5.



0.4}
o.Eq /\ /\
Re(K) : F

Figure 2.5. The real part of the kernel for a free particle plotted against
position at some fixed time (it takes the form cos z?).

It is a wave whose wavelength shortens as we go to larger x. Classically for
a particle to have got to some x in time t it must have

p=m—
t (2.2

9)

The quantum mechanical version of this result is that the approximate
wavelength of the kernel at some x is given by

A phase = 27
_ mz+N)? mz?
—  2nt  2ht
~ mx
i
! (2.3
where we have expanded in A/x. We find 0)
_ 2rh_ h
mz/t D
(2.3

a familiar result. The interpretation is that the higher momentum (smaller 1)
wavelength) components of the wavepacket travel further out in a given time.

Similarly we can fix x in K(x, t) and plot the real part against t as shown in
figure 2.6. We can work out the period of the wave at some t as we did the



wavelength above

’I’)’L[E2 mm2

21 = o — 2h(t+T)
mz> -1
= S (1—1+T/t) )

2
me
2ht? T

12

(2.3

S
| /\ /\

Re(K) ITE on. 1 0.15 0.2 0.25 ¢
_1.

Figure 2.6. The real part of the kernel for a free particle plotted against
time at some fixed position (it takes the form cos(1/t)).

The angular frequency is

(2.3

which, up to the factor of h is just the kinetic energy of the particle and 3)
hence

F = hw
(2.3

The interpretation is that the higher energy (higher frequency) 4)
components of the wavepacket pass by a fixed point earlier in time.

2.7 Barrier problems

Knowing the kernel for a free particle we can solve a number of problems
involving particles starting from a point source, passing through a barrier and



eventually ending up on a screen.

To find the kernel associated with the particles’ motion from the source to
the screen we must sum e’>/ for all the paths not blocked by the barrier. On
these paths the particles are free, so

.2
K = C(t)e #r
(2.3
If we assume the source is at infinity then the distance from the source to 5)
any point on the barrier is the same. We can therefore treat each point on the
barrier as an equal emitter of particles and just sum e°/" for the paths from
the barrier to the screen. We find

.2
mx ah
K (screen) = A(t) [, . e 7 f(s) ds
(2.3
Here A(t) is a constant depending only on time, the exponential is the 6)
contribution from the action of each path, f (s) is either 1 or 0 depending upon
whether that point on the barrier is a hole or blocking the particle and finally
ds sums over all points on the barrier. Compare this to (2.12).

Example: single slit

Let us look at a simple barrier with a single slit opening of width d as shown in
figure 2.7. We will work in the narrow width approximation where d < Ly. The

distance from a point P on the screen to each element of the slit is

) d d
Lo+ x sin 0, 5 <z < 3
(2.3
/
P
L_n’,u"’r
>|< d I.\::’_'__Q__E' _______________
SOUrce L’% sin ©
barrier e
Figure 2.7. A single slit barrier problem.




Our expression for the kernel is therefore

K (P,t) = A(t) f_%i gim(Lota sin 6)*/2ft 7.,

(2.3
Since Lo > d then 8)
K(P t) ~ Af%d eimL§/2ﬁtei2mL0m sin 0/2ht .,
,t) ~
-7
L2 /oK . . a
~ Aeim 0/ t imL?tsin ; [eszox sin O/ﬁt] i%
N i A(t)te ™0/ 9 gin (mEodsin 0
— mLg sin 6 S11 2ht
(2.3
9)
The probability of finding a particle at P is
2 AR . 2 ( mLodsin 6
‘ K(P7 t) ‘ - m2Lg sin2045111 = 02ﬁtsm
-~ sin?(a sin )
~ constant e
(2.4

where a and B are just constants. We can plot the rough form of this 0)
solution and find the form in figure 2.8.

sin“y

[ ]

30 5 5 10




Figure 2.8. The probability function for the end-point of a particle
passing through a single slit.

Note that the minima are when

mLo d .

T sin 0 = nw
(2.4
i.e. when 1)

2ht h

d sin 0 = nT=n— =n\

mL, P
(2.4
The usual result for destructive interference. 2)

2.8 The kernel in terms of wave functions

In order to switch between the Schrodinger equation formalism and the path
integral formalism it is helpful to have an expression for the kernel in terms of
wave functions.

To find this form remember that

¢($,t2) - ffooo K(watZ;yatl),'vb(yatl)dy
(2.4
3)

Let us try now to get an equivalent statement starting from the time
independent Schrodinger equation

Hy = By (2.4

If we start with some wavepacket at time t; we can use completeness to 4)
write it as

o0
¢($at1) - Z Cn P (:U)
n=1
(2.4
Equally we can invert this expression to give 5)
0 &
- (2.4

6)



We have used the orthogonality of the wave functions here to pick out the

*
coefficient of a particular ¢, by multiplying by ¢, and integrating over all

space. Again we have switched * — y to remind that the answer does not
depend on the integration variable.

Furthermore, we know how y(x, t;) evolves in time to time ¢,

¢($,t2) - E?zozl cnd)n (CE)ezEn (ta—t1)/R

(2.4
Substituting in our expression for the ¢, we find 7)
*
P(@,t2) = [0, Yonsy b (2)eB /B (y)p(y, t1)dy o
Comparing back to the path integral result (2.43) we see that 8)
K(z,t259,t1) = 2071 ¢n (2) ¢y, (y)en /R
(2.4

Exercise 2.1: Show that for a free particle travelling from x, at t, to x, at 9)
t, the classical action is given by

2
1, (zp—2a)
Sclassical = jmﬁ

Exercise 2.2: Perform the Gaussian integral
x© 2
/ oo —ﬂxdw
—0

Exercise 2.3: Consider a non-relativistic, free particle of mass m travelling in
two dimensions between two points A and B on the x-axis equally spaced
about the y-axis. Consider paths where the particle travels in a straight line at
constant speed to an arbitrary point on the y-axis and then in a straight line
at the same speed to B, taking total time T. Calculate the action for these
paths. Argue that classically the particle will travel in a straight line. Quantum
mechanically the path is smeared. Estimate the width of the path when the
particle crosses the y-axis.

Hint: Complete the square!

Exercise 2.4: A massive, non-relativistic particle emitted by a source at
infinity encounters a sheet of absorbing material with a circular hole of side a
in it. Derive an expression for the quantum probability for finding the particle
at a distance d along the axis of the hole on the far side at a time T.



Appendix C. Gaussian integrals

We will need to know the results of the following integrals (but we will need a
few tricks in order to calculate them)

L, (o) = [T z"e  dg

—00
(C.1
« Firstly consider when n = 0. The trick is to calculate /,? )
I (a) = [ e@dx [ e Vdy= [ [ emol+v) dwdy(c :

This is a two dimensional integral in the x, y-plane and we can switch )
to polar coordinates r, 6

= [ e (rdrdf)
(C.3
since rdr = dr?/2 )
2 1 1 o [ —ar?| ™ _
(@) = § g o] =
(C.4
and thus )
Iy(a) = /%
(C.5
* When n is an ODD number the integral is ODD and therefore zero. )
* To obtain the result for EVEN n note that
Ia(a) = (—1)" {5 I ()
(C.6
Thus, for example )
2
I = [T x?e " dx = —LI(a)= 5 +/Z
(C.7
Finally, we shall also need the related integral )
2
J= = o\ reo +ea)?]
(C.8

which is simplified by noting that )



2 )2
(331 _$0)2+(ZE2—$1)2 = 2|:m1_ (‘mQT—HBO)} 4 (m22 0)
(C.9

now if we change the integration variable to w = 1 — (22 + z¢)/2 )
(dw = dx;) we find

J = f f2a'w %(m27m0)2dw

J =V g% (-0)° )

Appendix D. Scattering theory

Consider an experiment such as that in figure D1 in which a particle scatters
off some weak potential. We have a trajectory based intuition in such
problems and so the path integral formalism is a natural place to start. The
kernel governing the motion in the potential is

ity ma2
KV (baa’) — Zpatthseg tab(zx V)dt

(D.1
If the potential is weak we can expand the exponential in V )
Ky (b7 a) - Zpaths e;i ftg} Bo (1 o % ttb V(wat)dt + - )
= Ko (b,a) — + t F(s)ds + -
(D.2
where )
t m i2d
F(s) = Cpus e #74V (2 (s), 9) 0

@
Figure D1. A moving particle scattering off a stationary target.




F(s) is the free kernel but with each path weighted by the value of the
potential where the path is at time s. If that point is ¢ we can draw the motion
as in figure D2.

—_—

th

t.’_- /
tEI

a

- X

Figure D2. Splitting a trajectory from a to b at point ¢

As we saw before, because the action can be split into two parts (the
motion a — ¢ then ¢ — b) we can rewrite the kernel as two propagators,
provided we remember to let the mid-point take all possible values, so

F(t,) = / Z Ko (b, )V (20, t) Ko (¢, a)da.

Thus

Ky (b,a) = Ko (b,a) — £ [ [ Ky (b,¢)V (2, te) Ko (¢, a)dzdt, + - - -
‘ (D.5
)

This expression is easily interpreted as a set of diagrams where the particle
travels freely except at points where it scatters one or more times with the
potential as shown in figure D3.



area of space with potential

b b

no scatters one scatter two scatters

b

Figure D3. A diagrammatic representation of the perturbative expansion
of the kernel in (2.65).

Feynman constructed a set of rules that relate each diagram to the
mathematical formula:

Feynman rules
a——b K, (b.a)

/C.\ —ih V()

®  [negrate over time and position of all intermediate points

Thus for example we can immediately write down the form of the third
diagram above

N\ 2
Ky = <—%) //Ko (b,d)V (d)Ky (d,c)V (¢)Ky (c,a) dt. dx. dty dzg
(D.6
This is clearly a useful mnemonic. )

D.1 Traditional time dependent perturbation theory

We can rewrite the path integral perturbation theory results in terms of wave
functions. Remember we showed the kernel could be written in terms of
eigenfunctions of the Hamiltonian in problems where the potential U is time
independent

U (ba a) = Zn Dn (wb)¢:; (xa)e*iEn(tb*ta)/ﬁ
(D.7



Now imagine adding a small perturbation V,(x, t). We can again expand
the exponent of the path integral and obtain

Kv (b,a) = Ky (b,a) — + [ [ Ky (b,e)V, (¢)Ku (c,a)dz. dt. +

(D.8

Substituting in we get )
v (b,a) = 22, > Amn(tes ta) dm(23) (%) 0.9

where )

Ay = Sume i Enlts—ta) /B

. * .

N % ffqu(xc)V(wc, tc)¢n(xc)dxc e'L[Em(tctb)En(tcta)]/hd(tB 1

What is the physical meaning of A,,,? Remember that if we begin in the 0)
state ¢, at t, then the wave function evolves so at t,

Y (xp,t5) = [ Ky (b,a)¢ (z,)dz,

= 3 S At (@) [ 61 (0)n (z)da
=D Aen®k () 0.1

The A,,, are the expansion coefficients of the wave form at t,. Since we 1)
started in the single state ¢, their square is the probability that the state will
be in a different state at time t,. They are therefore called the transition
amplitudes.

D.2 Initial response to a perturbation

One example we can make progress with is studying the initial response of a
system to the imposition of a perturbation at, say, the time t, = 0. Thus

V=0 fort<0 Vp=V,(x) fort>0
(D.1
Suppose the system begins in the state ®g, what is the transition 2)
amplitude to a different state ®,,,, at time t, = T?

ei(Emta—Entb)/ﬁ)\mn ~ ﬁ f¢ CUc V (CEc ¢n )d:cc fO Em)tc/hdtc

~ ]g )ng [ —i(Ep—E,)T/h _ 1} o1
3)



*
where for convenience we have defined (V,), = [ ¢, V,¢ndx

The probability of a transition from the initial state n to a final state m is
given by

Poun (T) = A (T) A (T) = | Apan (T) |

(D.1
which is 4)
Vohmn (Vo) 2 [ (Em—En)t
72 s1 [ 2% }
P (t) ~ [(Emen)r
2h
(D.1

Plotting the factor sin? w/m2 at fixed t gives a curve of the form in figure >)

D4.

P r— e

210 _5 5 10

Figure D4. A plot of sin? w/wz which gives the form of the probability for
a system to scatter by energy AE after a perturbation.

. . _ . En—FEn __ T
Its maximum is at E,, = E, and it falls to zero when 5T — T -

Essentially only transitions between states in this energy range occur.

D.3 Example: perturbed square well Il



Consider the perturbed square well from A.1. The probability of a transition
from the ground state to an excited state as a result of imposing the
perturbation is

. E,—E,
(), 2 sin® [ Bty
h2 (E, — E1)*/4K?

Pln (t) ~

(D.1
6)
The energies of the level are already known so the only thing to calculate
is

(V)i = S 91 (2)Vp s (2)da

_ 2a a/2 : TL oF nme

= —=> ), T sin Fsin T Edx

_ % O(1/233{C0S (n+(;l)7rm oS (n;)m;]
(D.1

7)
Integrating by parts one finds, for example
(‘/}9)13 = 9T

(D.1

D.4 Fermi’s golden rule 8)
In most systems there are many states with the same energy. If there are dN;

states with energy Eg; to Eq; + dEg; then the total transition probability from a
state i is

Pi(t) = 57 [70 X (X (0)AN; = [Z X (8)X; (t) g5~ dE;
(D.1
dN;/dE; is just the ‘density of states’, p;. Substituting in for the a;(t) we 9)
have

sin? [(onEgi)t}

o0 * 2R

P;(t) ~ /oo( p)gz( p)ﬂp] [(on_Eoz)r dE;
2h

(D.2

The sin?x/x2 bit of the integrand is so peaked though we can assume the 0)
integral only gets contributions around the central peak. Since it is so narrow
(V)i and p; will not vary much in this range and we can write



2 | (Boj—Eo)t
L v v) /oosm * L
P;(t) ~ — 3 , ~
(t) ﬁg( p)ﬂ( p jiPJ . (Bo—Fo) 12 0;
e
(D.2
In fact the integral can now be calculated 1)
00 1.2
/ sm2 zdz .
oo 2
(D.2
and thus 2)
2m *
P;(t) ~ 7(%%4%) .Z.Pjt
’ (D.2

Note it is proportional to the elapsed time. The transition rate is the time 3)
derivative of this probability

dP;(t T 2
dt() - 2?‘ (Vp)ﬂ‘ Pj

R;

(D.2

This is ‘Fermi’s golden rule’ for the transition rate from a state i to all 4)
nearby states as a result of a perturbation.

Exercise D1: A hydrogen atom consists of an electron subject to the
potential

2

Vi(z) = —4m

" dwegr

the ground state wave function for the electron is given by

_ =3/2 —r/ay ,—iEt/h
Y (z,t) = —=a,” e "Ye

V70
where ag is the Bohr radius (a, = 4meyh?/m, e€?), and the ground state energy
is

4

E — mee
(47ep)*2h2

* If the atom is placed in a uniform weak electric field pointing in the z-
direction find the first order shift in energy of this state.



Exercise D2: For a particle in a one-dimensional, simple harmonic potential
well

V(z) = gka*
the wave functions for the system are given by

U (1) = xn (x)e Ent/R

where

xn (@) = (v/Z (357)) P H, (Vaz)e e

forn =0, 1, 2, ... and where @ = mw/h(w = /k/m). The H,, are the Hermite
polynomials of order n.

HO(y):17 Hl(y):2y7 HO(y):2_4y27

The states have energy (3 + n)hw.

 Show that for n = 0 and n = 1 these are the solutions of the time
independent Schrodinger equation subject to the problem’s boundary
conditions.

* If the potential is perturbed by a term

AV (z) = —kz?

calculate the shift in the energy of the ground state a long time after the
perturbation is imposed. You will need to make use of the Gaussian
integral results in Appendix C.

« What are the probabilities, for small times, of a transition from the
ground state to the first and second excited states if this perturbation is
applied att = 07



IOP Concise Physics

Theories of Matter, Space and Time, Volume 2

Quantum theories
N Evans and S F King



Chapter 3

Relativistic quantum mechanics

In this chapter we study the quantum theory of relativistic particles. In a
particle accelerator we are interested in, for example, the interactions of
highly energetic electrons so the need to combine relativity and quantum
mechanics is pressing. Some remarkable results will come out of this
synthesis. In particular we will theoretically predict the existence of anti-
particles and also fermion spin. Sit back and enjoy!

3.1 Relativity review

A more thorough introduction to special relativity is provided in the
prequel book Theories of Matter, Space and Time: Classical Theories but
here is a quick recap.

In relativity an event is described by the four coordinates of a four-
vector

zh = (ct,f)

(3.1

Under Lorentz transformations (LT) it transforms—a familiar example )
of a LT is a boost along the z-axis, for which

vy 0 0 —pBy

0 10 0
A*, =

0 01 0

—By 0 0 «v

with, as usual, B = v/c and v = (1 — 52)_1/2. LTs can be thought of as
generalized rotations.

xH is then a 4-vector since it transforms as

zt — xt = ALz



The Greek labels u, v ... €{0, 1, 2, 3} denote Lorentz indices and (&h2
summation convention is used. )

The ‘length’ of the 4-vector (c?t?— | Z |?) is invariant to LTs. In general
we define the Minkowski scalar product of two 4-vectors x and y as

Ty = x'uyyg'uy — x.uyu

where the metric )
1if u=v
9" = g = diag (1,-1,-1,-1),  ¢"'gn =04 = { £

has been introduced. The last step in (3.3) is nothing but the )
definition of a covariant 4-vector (sometimes referred to as a co-vector)

x, = gux’
g - (3.5

)

To formulate a coherent relativistic theory of dynamics we define
kinematic variables that are also 4-vectors (i.e. transform as described
above). For example, we define a 4-velocity

o 4

ar (3.6
where T is the proper time measured by a clock moving with the )
particle. Everyone will agree as to what the clock says at a particular
event so this measure of time is Lorentz invariant and uH transforms as
xH. Note that since t = yT (this is the usual time dilation result)

dt dz* .
ut = ——— = v(c, V)
dr dt ’
(3.7
and has invariant length )
wu, =72 |5 [?) = ¢
(3.8

)

Similarly 4-momentum provides a relativistic definition of energy and
momentum



p* =mu* = (E/c,p)

(3.9
The invariant length gives us the crucial relation )

272 = 12 2 2

p'py=E"/c"— |p["=m’c
(3.1
0)

Note that 9, is defined by,
0
Op= g Oua” =3,

(3.1
1)

soVi=—dand 9* = (8%, V).

We will use natural units henceforth. This firstly means redefining the
unit of distance so that ¢ = 1. Secondly, we will redefine the unit of
energy sothat E = hv = 2 v, i.e. set h = 1. So mass, energy, inverse
length and inverse time all have the same dimensions. Generally, think
of energy E as the basic unit, e.g. mass m has units of GeV and distance
x has unit Gev~1,

3.2 The Klein-Gordon equation

For a free relativistic particle the total energy E is no longer given by the
equation we used to derive the Schrodinger equation in chapter 1.
Instead it is given by the Einstein equation

2
E?=5"4+m?2
P (3.1
In position space we write the energy-momentum operator as 2)
N Py A~ R . a e
p" —id"* (E,p) = za,—zv
(3.1

Note that the minus sign in the spatial parts of 0¥ match and explain 3)
the sign in the standard operator relations (1.4) and (1.5).

Substituting these operators into (3.10) acting on a wave function ¢(x)
generates the Klein-Gordon equation

(O+m?)e (z) = 0



where we have introduced the box notation, (3.1

4)
O =0§,0"=0%/0t* — V?
(3.1
and x is the 4-vector (t, Z). 5)
The Klein-Gordon equation has plane wave solutions:
¢ r) = Ne—i(Et—ﬁ.ﬁf)
(=) (3.1

where N is a normalization constant and if we substitute the solution 6)
into the equation we recover

E=44/|PB|* +m?
(3.1
3.2.1 Problems in the Klein-Gordon equation 7)

There are two problems with this equation though. Indeed historically
Schrodinger originally began by writing down this relativistic equation
but then retreated to his non-relativistic equation because of the issues
we will discuss here.

Firstly, there are both positive and negative energy solutions because
of the square root in (3.17). The negative energy solutions pose a severe
problem if you try to interpret ¢ as a wave function as we are trying to
do. The spectrum is no longer bounded from below, and you can extract
arbitrarily large amounts of energy from the system by driving it into
ever more negative energy states. The system is completely unstable!
Any external perturbation capable of pushing a particle across the
energy gap of 2m between the positive and negative energy continuum
of states can uncover this difficulty. Furthermore, we cannot just throw
away these solutions as unphysical since they appear as part of the
complete set of states (as discussed in section 1.8) for the Klein-Gordon
equation and so emerge in almost any problem.

A second problem with the wave function interpretation arises when
trying to find a probability density. In relativity a density transforms
under boosts, since lengths contract, and forms part of a 4-vector with

the current density. Here since ¢ is Lorentz invariant, | ¢ |2 does not

transform like a density so we will not have a Lorentz covariant continuity
equation

Bp+V.J =0 or 8,J"=0



(3.1

We can derive a candidate for the probability density/current by 8)
finding something which does satisfy such a continuity equation as we
did in section 1.4 for the Schrédinger equation. As there, one starts with
the Klein-Gordon equation multiplied by ¢* and subtracts the complex
conjugate of the KG equation multiplied by ¢. (3.18) emerges with

J* = (p,J ) and
(5202,

p

ot ot
(3.1
- B *x = = X% 9)
J =— Vo — ¢V
i(¢'Ve— ¢V 52
0)

—

It is thus natural to interpret p as a probability density and J as a
probability current.
However, for a plane wave solution (3.16), p = 2 | N |2 FE, so pis not

positive definite since we have already found E can be negative. This
clearly makes no sense!

We should note that the equation is a candidate to describe spinless
relativistic particles only since there is just a single probability density
describing a particle state (as in the Schrédinger equation).

Exercise 3.1: Derive (3.19) and (3.20).

3.2.2 Feynman-Stuckelberg interpretation

The Klein-Gordon equation appears to have unacceptable negative
energy states and negative probabilities for those states if ¢ is
interpreted as the single particle wave function. Many vyears later
Feynman and Stlckelberg came to the rescue and proposed a way
forwards to make sense of the equation. It is linked to Pauli’s idea that
one does not directly measure the number of particles. You can only
detect them via their charges through an interaction. This means you
cannot observe the probability density but only the charge
density/current (¢J*) and that can be negative!

The Klein-Gordon equation has a time reversal symmetry so in
addition to states propagating forwards in time that look like ekt there
are solutions that travel backwards in time like e*Et, Normally we would
throw away these backwards propagating solutions for causality’s sake
(you do not want to be able to kill your Grandfather!). However, if E can



be negative these two sets of states become confused. Does e~/(-E)t
propagate forwards in time with negative energy or backwards in time
with positive energy?

Feynman and Stuckelberg proposed that it is possible to consistently
keep just half of the solutions to the Klein-Gordon equations but not the
ones you would immediately guess. They suggested to keep positive
energy states propagating forwards in time, but only negative energy
states that propagate backwards in time! We interpret these states as
positive energy states moving forwards in time (e*(-5)t), Howeuver, in the
solutions the charge density/current is opposite sign. These particles look
like opposite charge versions of the normal particle states propagating
forwards in time. This is a prediction of anti-particles!

Now we find a theory that is consistent with the requirements of
causality and that has none of the aforementioned problems. In fact, the
negative energy states cause us problems only so long as we think of
them as real physical states propagating forwards in time. Therefore, we
should interpret the emission (absorption) of a negative energy particle
with momentum pH as the absorption (emission) of a positive energy
antiparticle with momentum —pH.

In order to get more familiar with this picture, consider a process with
a nt and a photon in the initial state and final state. In figure 3.1(a) the
nt starts from the point A and at a later time t; emits a photon at the

point Z;. If the energy of the nt is still positive, it travels on forwards in
time and eventually will absorb the initial state photon at t, at the point

Z9. The final state is then again a photon and a (positive energy) r+.

A

time

(a) (b)

Figure 3.1. Pion-photon scatterings in which the intermediate pion
has (a) positive energy and travels forwards in time and (b) has
negative energy and travels backwards in time.




There is another process however, with the same initial and final
state, shown in figure 3.1(b). Again, the n* starts from the point A and at
a later time t, emits a photon at the point Z1. But this time, the energy of

the photon emitted is bigger than the energy of the initial n*. Thus, the
energy of the n*t becomes negative and it is forced to travel backwards in
time. Then at an earlier time t; it absorbs the initial state photon at the

point T, thereby rendering its energy positive again. From there, it
travels forward in time and the final state is the same as in figure 2.1(a),
namely a photon and a (positive energy) nt.

In today’s language, the process in figure 3.1(b) would be described
as follows: in the initial state we have a ™ and a photon. At time t; and

at the point Zo the photon creates a T pair. Both propagate
forwards in time. The n* ends up in the final state, whereas the n~ is
annihilated at (a later) time t, at the point Z; by the initial state n™,

thereby producing the final state photon. To someone observing in real
time, the negative energy state moving backwards in time looks to all
intents and purposes like a negatively charged pion with positive energy
moving forwards in time.

We have discovered anti-matter! The Feynman-Stuckelberg
interpretation revives the Klein-Gordon equation as a perfectly sensible
theory of spinless particles and their anti-particles. Note the pions we
have already mentioned are an example of spinless particles although
they are fundamentally made from quarks. In 2012 the Higgs boson was
discovered at the Large Hadron Collider and, to date, it seems to be the
first example of a fundamental spinless particle.

3.3 Dirac equation

Historically the Klein-Gordon equation was believed to be sick although
now we understand it is telling us about anti-particles. Dirac tried an
alternative route to obtain a relativistic wave equation. To try to solve the
problem of negative energy solutions Dirac wanted an equation which
was first order in time derivatives. The free particle solution would then
only generate one power of E and the pesky square root that gave
negative energy solutions in the Klein-Gordon equation might be
avoided.
His starting point was to assume a Hamiltonian of the form,

Hp = a1p; + agps + asps + Pm



where p; are the three components of the momentum operator p, an@&

and B are some unknown quantities, which, as will be seen below, 1)
cannot simply be commuting numbers.

We should write the momentum operators explicitly in terms of their
differential operators, using equation (3.13). Then the Dirac equation
becomes, using the Dirac Hamiltonian in equation (3.21),

.0 R
z—¢ = (—ia-V+ pm)y
ot
(3.2
which is the position space Dirac equation. 2)

If y is to describe a free particle it must though satisfy the Klein-
Gordon equation so that it has the correct energy-momentum relation.
This requirement imposes relationships among a;, a,, a3 and B. To see

these, apply the operator on each side of equation (3.22) twice, i.e.
iterate the equation,

9% i ieied i A i i 2m?2
——n = [/ VV —i(Ba’ + o' BymV + Fim’]y

with an implicit sum over j and j from 1 to 3. The Klein-Gordon equation
by comparison is

2 .
—8715 = [-ViV' + m?] 3
(3.2
If we do not assume that the a’ and B commute then the KG will be 3)

satisfied if

O{Z’Oéj + ozjai = 251]
Ba; +a;f =0
g2 =1
(3.2

ford,j =1,2,3. 4
The a; and B cannot be ordinary numbers since they do not commute,

but it is possible to give them a realization as matrices. In this case, y
must become a column vector that the matrices act on. These multi-
component objects are called spinors. Since these have more than one
component our wave equation will describe probabilities for more than
one particle—what these extra particles are we will investigate shortly.



In two dimensions a natural set of matrices for the a would be the
Pauli matrices

0 1 0 —i 1 0
g1 = O9 — O —
7 \1 0 27\ 0 >~ \o -1
(3.2

However, there is no other independent 2 x 2 matrix with the right 5)
properties for B, and it turns out that the smallest number of dimensions
for which the Dirac matrices can be realized is four. One choice is the

Dirac representation:
. 0 o 1 0
(o0 200 )

Note that each entry above denotes a two-by-two block and that the 6)
1 denotes the 2 x 2 identity matrix.

Exercise 3.2: Consider an eigenvector of a; or . Show, that since these

matrices square to 1, their eigenvalues must be *1.
Next, by considering the trace of the relations in (3.24), show that a;

and 8 are traceless.
Hence argue that the a; and B matrices must be even dimensional.

There is a theorem due to Pauli that states that all sets of matrices
obeying the relations in (3.24) are equivalent.

Exercise 3.3: Check explicitly that the matrices in (3.26) satisfy the
Dirac algebra in (3.24).

3.3.1 Continuity equation

Again we need a candidate for J* = (p, j) the probability
density/current for the particles being described. One proceeds as before
by simply adding 1,DDEJr + %" DE and rearranging.

Note here the ‘dagger’ symbol means complex conjugation and
transposing. If one wants to make a single real number from a complex

vector such as
b
A= (22h)
c+1id

then 7)



b
AfA = (a—ib,c—id)(”'f > —a>+ b2+ +d2

c+id

(3.2

does the trick! 8)

Back to the continuity equation one finds
—J0=yly T =4la
p (U Yoy (32

satisfy the continuity equation 8,J# = 0. 9)

Note that p is now positive definite, unlike in the Klein-Gordon
equation—this seemed initially like a major achievement to Dirac.

Exercise 3.4: Derive (3.29).

3.3.2 Solutions to the Dirac equation

The wave function in the Dirac equation is a four component vector. To
shed light on what this means let us look at free particle solutions.
We look for plane wave solutions of the form

b= x (P) o —i(Bt—5-7)
¢ (P)

(3.3

Here ¢ (p) and x (p) are two-component spinors that depend on 0)

momentum p but are independent of Z . If they depended on Z then we

would mess up the action of the energy and momentum operators which

give the correct eigenvalues just by differentiation of the exponential
term. We want to keep that property.

Using the Dirac representation of the matrices, and inserting the trial

solution into the Dirac equation gives the pair of simultaneous equations

#(0)= (% ) G)

The simplest example we can solve the Dirac equation for is when p = 0,
m # 0, which might represent an electron in its rest frame. The
equations (3.31) decouple and become simply,

Particle at rest 1)



Ex =mx E¢=-m¢

(3.3
So, in this case, we see that y corresponds to solutions with E = m, 2)
while ¢ corresponds to solutions with E = —m. Dirac had therefore failed

to remove these negative energy solutions! In light of our earlier
discussion of the Feynman-Stuckelberg interpretation, we no longer need
to recoil in horror at the appearance of these negative energy states. The
same interpretation works here although Dirac came up with his own
interpretation which is still a useful way to think about the problem.

Dirac’s interpretation of negative energy

Dirac’s interpretation depends on the assumption that we are describing
fermions that obey the Pauli exclusion principle. He postulated the
existence of a ‘sea’ of negative energy states (see figure 3.2). The
vacuum or ground state has all the negative energy states full. An
additional electron must now occupy a positive energy state since the
Pauli exclusion principle forbids it from falling into one of the filled
negative energy states. On promoting one of these negative energy
states to a positive energy one, by supplying energy, an electron-hole
pair is created, i.e. a positive energy electron and a hole in the negative
energy sea. The hole is seen in nature as a positive energy positron. This
was a radical new idea, and brought pair creation and antiparticles into
physics.

m —.+
______________ nerove() - - - — - — — — —_____ paircreation
energy=0 e

—ve levels filled

Figure 3.2. Dirac’s filled negative energy states.

The problem with Dirac’s hole theory is that it does not work for
bosons. Such particles have no exclusion principle to stop them falling



into the negative energy states, releasing their energy.

General solutions

The negative energy solutions persist for an electron with p % 0 for
which the solutions to equation (3.31) are

5B 5B

¢ = ¢

(3.3
3)

Now we can substitute one of these equations into the other and use
L2 12 .
(6-p) = ‘p| . Explicitly

. 2
(6.13’)2 _ <p p3s p1— ZP2>

1+1ipy  —D3

2 2 2
_ ((m + (p2)” + (p3) 0 ) PR
B 2 2 2] —
0 (p1)” + (p2)” + (p3)
(3.3
We find that 4)
o )2 =2
(0 .p) ‘p
¢_E2—m2 E2—m2¢
(3.3
5
from which we deduce that the familiar E = + | ‘5‘2 +m? | is
indeed satisfied by the solutions.
We write the positive energy solutions with ' = + | ‘ﬁ| +m? | as
X : .
_ —i(Et—p-
E+m
(3.3
while the general negative energy solutions with  6)

E=—| ‘ﬁ|2—|—m2|are



'(,b (x) _ (Ea.i:;l QS) e—i(Et—ﬁ~§)
(3.3

for arbitrary constant ¢ and y. Clearly when p = 0 these solutions 7)
reduce to the positive and negative energy solutions discussed
previously.

Let us rewrite the solutions, (3.36) and (3.37), in a standard form
introducing the spinors u,(s,P) and v,(s,P). The labela =1, 2, 3,4 is a
spinor index that often will be suppressed. Take the positive energy
solution equation (3.36) and define

\/ Xr —ipr — —ip-x

E+m| 55 e = u(s,p)e :
E_|_m X'f’

(3.3

Here we have used four vector notation to writep-z = Et — p - Z.  ©)

For the negative energy solution of equation (3.37), we change the

sign of the energy, E » — E (note that since E is already negative this

makes it positive), and the three-momentum, p — —p, to obtain,

P4\ .
VE +m <E+m T) e’ = v(s,p)e?”
¢r
(3.3
In these two solutions E is now always positive and given by 9)

- 1/2 :
E = (‘ p|2 +m?) " . The argument s takes the values 1, 2 with

0
! 1
X1 = 0 X2 =
(3.4
0)
The u-spinor solutions will correspond to particles and the v-spinor
solutions to antiparticles. The role of the two x's will become clear in a

following section, where it will be shown that the two choices of s are
spin labels.

Orthogonality and completeness



Our solutions to the Dirac equation take the form

= Nuse P? = Nuv,e®??® r,s=1,2
Y s Y r .4

The N is a normalization factor. We have already included a 1)
normalization factor v EZ 4+ m in our spinors. With this factor,

i (r,p)u(s,p) — of (r,p)’u(s,p) = 2FE¢§"°.
(3.4

This corresponds to the standard relativistic normalization of 2E 2)
particles per unit volume—this makes utu and hence g* y transforms like
the time component of a 4-vector under Lorentz transformations, as it
must to be the zeroth component of JH. Note that the spinors are
orthogonal.

We must further normalize the spatial wave functions. In fact a plane
wave is not normalizable in an infinite space so we will work in a large
box of volume V

/ Yiapydde = 2E N2V 64
(3.4

where a, b run over the possible values of r, s and the value of p. 3)
Note again the orthogonality of the states. To normalize to 2E particles

per unit volume we must set N = 1/\/1_/ Sometimes it is helpful to
normalize so that f@bl@bbd?’w = d,4p (SO that there is one particle per unit
volume) in which case N = 1/v/2EV—this is not a Lorentz invariant

normalization so must be done in a particular frame.

Remember that the solutions to the wave equation form a complete
set of states meaning that we can expand (like a Fourier expansion) an
arbitrary function y(x) in terms of them

X (2) =) anthy ()
" (3.4

The a,, are the equivalent of Fourier coefficients and if xy is a wave 4)

function in some quantum mixed state then | a, \2 is the probability of
being in the state y,,.

3.3.3 Spin



Now it is time to justify the statements we have been making that the
Dirac equation describes spin. We will see that the two components of
each of the positive and negative energy solutions describe spin up and
spin down states of a spin 1/2 fermion.

Conserved quantities: A conserved quantity in quantum mechanics
is described by a time independent operator that commutes with the
Hamiltonian. To prove this we evaluate the time derivative of the

A

expectation value of some operator, F',

i = g [V Ppde

oA ~
= [ % Fyde + [T F 9 dx 5

Note that F' is time independent here. Now we use the wave
equation

H@b—zﬁgw
(3.4
to find 6)
<f B /
7R ¢ I—IF FH)¢dx
(3.4

7)

So if the commutator [F', H] vanishes the expectation value is
conserved.
Now the Dirac Hamiltonian in momentum space is given in equation

(3.21) as
Hp=a-p+ Bm
and the orbital angular momentum operator is 8)
L=Rx7p

E and Hp may not commute because they contain x and p which do not

commute ( [z, p;] = ;). Evaluating the commutator of L with Hp,



—iaxp G4

we see that the orbital angular momentum is not conserved 9)
(otherwise the commutator would be zero).

We would like to find a total angular momentum J that is conserved,
by adding an additional operator S to L,

— —

J=L+8, |J,Hp| =0

(3.5
To this end, consider the three matrices, 0)
- g 0 . .
2= ( _,) = —la1 o 3Q
0 o
(3.5

where the first equivalence is merely a definition of X and the last

equality can be verified by an explicit calculation. The 2/2 have the
correct commutation relations to represent angular momentum, since the
Pauli matrices do, and their commutators with & and B are,

[E, ,3} =0 [Ei, Oﬁj] = 2ie¢jkak
(3.5
Here g is a totally anti-symmetric tensor which is zero if any of the 2)
three indices are the same: €153 is +1, and we get a minus sign if we
interchange any two indices so €573 = —1.

From the relations in (3.52) we find that

[f},HD] — _2d x P
(3.5

Exercise 3.5: It is instructive to explicitly work out the relations 3)
(3.51), (3.52) and (3.53) in the Dirac representation.

Comparing equation (3.53) with the commutator of L with Hp in
equation (3.49), you see that



(3.5
and we can identify 4)
— ]_ —
S==X
2
(3.5
5)

as the additional quantity that, when added to L in equation (3. 50)

yields a conserved total angular momentum J We interpret S as an
angular momentum intrinsic to the particle. It is hopefully clear from the

form of § that we are describing the spin of a spin 1/2 fermion. More

formally
52_1(3-3 0)_3(1 0)
4\ 0 -3/ 4\01

L2 6)
and, recalling that the eigenvalue of J for spinjis j(j + 1), we
conclude that S represents spin-1/2 and the solutions of the Dirac
equation have spin-1/2 as promised. We worked in the Dirac
representation of the matrices for convenience, but the result is
necessarily independent of the representation.

Now consider the u-spinor solutions u(s, p) of equation (3.38). Choose
= (0,0, p;)and write

VE+m 0
0 E+m
w=up=| L | w=uen= [V
—m
0 —vVE—m
(3.5
With these definitions, we get 7)
1 1
Sup = EUT, Suy = —§u¢



So, these two spinors represent spin up and spin down along the z-axis
respectively. For the v-spinors, with the same choice for p, write,

vVE —m 0
0 —+vVE—m
v, =v(l,p) = JETm vy =v(2,p) = 0
0 vVE+m
(3.5
where now, 8)
1 1
SZ’U¢ = E’U¢ Ssz = —E’UT

This apparently perverse choice of up and down for the v’s is actually
quite sensible when one realizes that a negative energy electron carrying
spin +1/2 backwards in time looks just like a positive energy positron
carrying spin —1/2 forwards in time.

3.3.4 Lorentz covariant notation

There is a more compact way of writing the Dirac equation, which
requires that we get to grips with some more notation. Define the y-
matrices,

W=8 F=pa

In the Dirac representation, 9)

o (1 0 . (0 &
T = \o -1 "=\ o

In terms of these, the relations between the & and B in equation 0)
(3.24) can be written compactly as, the Clifford algebra,
{v*, 7"} = 29"
’ (3.6

Exercise 3.6: Again it is a good idea to work out the relations (3.61) 1)
explicitly in the Dirac representation.
Combinations like a,y" occur frequently and are conventionally

written as,



A = a7t = alyy,
H H (3.6

pronounced ‘a slash’. 2)

The Dirac equation we had previously multiplied through by B from
the right was

o

5xz’§:/3x(—i&.§w)+/3xﬁmw

using B2 = 1 and the relabelling the remaining matrices as ’yi gives 3)

iyt0, ) —myp =0

Or more compactly yet
(zﬁ — m)¢ =0

or, in momentum space, 5)

(7 =m)u=0

(3.6
6)
The spinors u and v satisfy
(/—m)u(s,p) =0
(3.6
(ﬂ+m>”(8ap)=0 7
(3.6

since for v(s,p), E — —FE andp — —p. 8)
We want the Dirac equation (3.65) to preserve its form under Lorentz

transformations (3.2). We have just naively written the matrices in the
Dirac equation as y,, however, this does not make them a 4-vector! They

are just a set of numbers in four matrices and there is no reason they
should change when we do a boost. However, the notation is deliberately
suggestive, for when combined with Dirac fields you can construct
quantities that transform like vectors and other Lorentz tensors (we will



not show this here). Since o4 does transform, for the equation to be
Lorentz covariant we are led to propose that g transforms too. As an
example of such a transformation let us look at Parity transformations.

Parity

Consider parity (space inversion) transformations, P: t,Z — t, —Z.

We would not expect physics to change because of such a redefinition
of our axes labelling. For the Dirac equation to remain the same though
we must also transform g, in the Dirac representation as

voru=(y )
0 —1

(3.6
9)
To see that this works note that under parity
0 R~ 0 R~
- oc.V - —0.V
ﬂ _ ot B ) . ot ;
—0. — = o —
ot ot (3.7
So 0)
1 0 S F.V 1 0
) ol = y
0 -1 a.vV 2 0 -1
: ot
(3.7
1)
This means we can write the parity transformed Dirac equation
(8 —m)wr=0
(3.7

(b ) (7 -m)v=o

which has the same solutions as the Dirac equation before the 3)
transformation we require.



The upshot is that we have discovered that particles and anti-particles
have opposite intrinsic parity as can be seen from (3.69).

3.3.5 Massless (ultra-relativistic) fermions
At very high energies we may neglect the masses of particles (

E? ~| p |?). Let us look, therefore, at solutions of the Dirac equation with

m = 0, on the basis that this will be an extremely good approximation for
many situations.
From equation (3.31) we have in this case

E¢=c-px, Ex=0-p¢
(3.7

These equations can easily be decoupled by taking linear 4)
combinations and defining the two component spinors N, and Np,

Nr=x+¢, Np=x—
R=EXT9 L=X—¢ (3.7

which leads to 5)

ENgp =0-pNg EN; = —0-pNy, (3.7
The system is in fact described by two entirely separated two 6)
component spinors. If we take them to be moving in the z-direction, and
noting that o3 = diag(1l, —1), we see that there is one positive and one

negative energy solution in each.

Further, since E =| p | for massless particles, these equations may be
written

(3.7

is known as the helicity operator (i.e. it is the spin

—

ap
operatorh;'rojected in the direction of motion of the momentum of the
particle). We see that the N, corresponds to solutions with negative
helicity, while Ng corresponds to solutions with positive helicity. In other
words N, describes a left-handed particle while N describes a right-
handed particle, and each type is described by a two-component spinor.
For example, N, can describe massless left-handed neutrinos.

1
Now, b



Note that under parity transformations & — & (like R X p), p — —D,
therefore o -p — —0 - P, i.e. the spinors transform into each other:

Ny < Ng (3.7

So a theory in which N, has different interactions to Ny (such as the 8)

standard model of particle physics in which the weak force only acts on
left-handed particles) manifestly violates parity.

Although massless particles can be described very simply using two
component spinors as above, they may also be incorporated into the
four-component formalism as follows. We use a new matrix

0 1

5 0.1.2 3
Y =iy Y (1 0)
(3.7

here written in the Dirac representation again. Now acting with (1 + 9)

y°)/12
1 /1 1\ /[x _ 1 (x+¢
2\1 1/\¢) 2\x+¢
leaving a four component spinor that has only the N degree of 0)

freedom with helicity 1/2 (right handed). Equally (1 — y?)/2 projects out
N,, the particle with helicity —1/2 (left handed):

(1-+°)
2

ﬂ+7)

1/} "pR, ¢ = '(/)L

define the four-component spinors g and y;. 1)
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Chapter 4

Quantum electrodynamics

We have developed a quantum description of free relativistic particles in Chapter 3. To add
interactions we need a theory of force. Here, we will include the electromagnetic
interactions of particles within the context of the Dirac equation, including developing a
wave equation for photons. This will enable us to consider real collider process such as
electron positron annihilation.

4.1 Photon wave equation

To see how to make a relativistic wave equation that describes photons let us begin back at
Maxwell’s equations in differential form (a more in-depth analysis of classical relativistic
electrodynamics is provided in the prequel Theories of Matter, Space and Time: Classical
Theories)

V-E=p V-B=0
UxB=-8B GxB-Jyok
(4.1
We have used units here where uy = €5 = 1 (this can be achieved by picking the )

appropriate units for E,B and charge). We can solve the Maxwell equations with the
following potentials

E=-% _vy¢

B=VxA
(4.2
which are automatically solutions of the Maxwell equations )
V-B=V-(VxA4)=
(4.3
and also )
VXxE=Vx (— 5 —V¢>
A(VxA =
= — L5 -V x (V)
— _ 9B _
g (4.4

)

This simplifies things greatly since now there are only the remaining two Maxwell
equations to solve. Let us write them out in terms of the potentials



R _
V.-E=-V7 5
(4.5
and(since%x%xﬁz—V2f_1)+6-(6-f_1))) )
L oL . - o o4
CA) - V%A = — == -
V(V-A) -V J+8t< 5 qu)
(4.6
or rearranging )
. 024 - s - O
—V2A =J — A+ =2
VA4 o5 =T v<v + 8t> (
4.7

)

Unfortunately, the two equations we are left with, (4.5) and (4.7), are quite messy! To
clean them up we can make use of our ability to redefine the potentials whilst keeping the

E, B fields the same.

The gauge transformations for these potentials that leave E”,B invariant are the
following

f_f — f_{ + ﬁa
da
¢ — - 5
(4.8
where a is an arbitrary scalar function of position and time. )
Let us choose to make a gauge transformation such that
- - 9
VA3
(4.9
In this gauge (Lorenz gauge) Maxwell’s equations simplify to )
62
Gt =
(4.1
~-V*4 5z =
(4.1

This form of our remaining Maxwell’s equations is much prettier! They also have a very 1)
suggestive form for relativity. They suggest we should define

Jh=(p,J), AF=(¢,A)
so the Maxwell equations can be written as (L1 = 0#9,,) 2)

OA# = J*



The u = 0 equation is the ¢ equation (4.10) and the u = 1, 2, 3 equations give (thé&

components of the equation (4.11) for A. 3)

The Maxwell equations in Lorenz gauge also required the gauge condition (4.9) which
becomes

"4, =0
(4.1
To move to a quantum theory we will now treat A# as a wave function for photons. In 4)
the limit of a large number of photons the wave function can be interpreted as number
density. For an observer who is not counting individual photons but just the energy density
they provide, A# will then look like the classical wave theory. In free space we have

OA* =0
(4.1
with solutions 5)
Al = gl
(4.1
where € is the polarization tensor and g2 = 0 as required for a photon. 6)
The Lorenz condition enforces
qgl'e, =0
(4.1
and we can choose to set the component of € in the direction of motion to zero. 7)
Further, within Lorenz gauge there are still gauge transformations
At — AF 4+ 9%y where [ x =0 @1

This can be used to remove one extra degree of freedom from & for example in 8)
Coulomb gauge setting

A’ =0
(4.1
9)

AH only has two degrees of freedom which describe the probability distribution of the
two polarizations of the photon. The photon’s two polarizations are transverse to the
direction of motion.

4.2 Minimal substitution
We now want to return to thinking about coupling the photons to our Dirac field electrons

(o4 m)o=o

(4.2

The obvious thing to do is to just be led by Lorentz invariance 0)
O* — 9* + jgA* = DM

(4.2

where the factor of iq is a free constant which as our notation suggests will enter as 1)
the electric coupling. This is called minimal substitution and in fact matches what nature
does. We write



(5 m)o=o

(4.2
2)
We must also include the fermion current in the Maxwell equations which we know are

OA# = JH

(4.2

We have seen that the probability current for Dirac equation solutions is given by 3)

p =Pl = P12 = Py

J = ylay = i2ayp = Yy (42

Note here we use the standard notation 4)
T t0

v=v (4.2

When there are many fermions present (4.24) becomes the number density current for 5)
those particles and so clearly the charge density current should be

Tt = qpyHy
7 (4.2
. . 6
4.3 Gauge invariance )
Minimal substitution in fact works but looks a little ad hoc. It hides a much more
fundamental and beautiful symmetry.
Remember that Maxwell’s equations are invariant to gauge transformations

At — AF — OFa (z) 4.2
4.
7)

However, the modified Dirac equation (4.22) we have written above with AH in it is not
invariant to such a transformation. There is, though, a bigger symmetry which all the
equations respect that incorporates the gauge invariance. That larger symmetry is

,(/J — eiqa(m)d)
Ar = AP —0Fa(x)

(4.2
Proof: We begin with the Dirac equation 8)
[iy, (0" +iqA") —mlyp =0
(4.2
When we make the transformations we arrive at 9)
[iy,(0" + igA* —iq(0" ) — m]eiqo‘(m)zb
(4.3

Now for it to be a symmetry we require the solutions of the first equation (4.29) to also 0)
be solutions of the second equation (4.30).

The way to show this is to try to move the exp(iga(x)) term to the far left. The only term
we cannot commute it past is the derivative which will act on a(x). In particular



OFelt)h = e'1® (8”¢) + eiqaiq((‘?“a)v,b
(4.3
1)

However, if you look at the term induced in the Dirac equation by the shift in A¥ you will
see it precisely cancels this extra term with o“a. Thus we arrive at

e'[iry, (0" + igA*) — m]yh = 0
(4.3
which clearly has the same solutions as the Dirac equation we started with. 2)
The Maxwell equations we already know are invariant to gauge transformations but we

must check that J* = q@’y“w which we added is too. The exponentials cancel between 15
and w and all is well.

The beauty herein: We can look at the gauge transformations from the point of view of
the Dirac equation. The free Dirac equation has a symmetry where we shift the solution y

by a phase 1) — €@ but where a does not depend on x

(iﬂ—m)em :eio‘(iﬁ/—m)zpzo s

This is called a global transformation. It is telling us that we are free to place our 3)
coordinate axes where we like in the complex plane for y.

Now in a relativistic theory you might wonder whether two areas of space that are not
causally connected should be forced to have the same choice of coordinate axes. You might
choose to impose that a can have dependence on spacetime position x*. If you tried to
impose this you would find it is not a symmetry of the Dirac equation unless you introduced
a field A# with the specific transformations we observed nature to have above. In other
words you would have had to invent electromagnetism in order to have this symmetry. This
is apparently what nature does.

Note that in current thinking we view the symmetry as the fundamental guiding
theoretical concept of the theory and consider the existence of AY to be derived.

Massless photon: We get one more fact for free too. The Klein-Gordon equation for the
photon is

OA%* =0 not (D + mz)A” =0
(4.3

The second term would not be gauge invariant so we must set m?2 = 0. The symmetry 4)
correctly predicts that the photon is massless!

4.4 QED interactions in perturbation theory

The main technique for computations of particle scatterings is perturbation theory—in
other words we assume that the coupling g < 1. We will be interested in processes such as
that shown in figure 4.1. Since we will concentrate on scatterings involving electrons and
muons we will set g = —e henceforth. Outside the shaded interaction region we assume the
particles are free.



b d

Figure 4.1. The scattering of two particles off each other. We consider the interaction
to be non-zero only in the shaded region. Outside that region the solutions are of the
free Dirac equation.

Let us write the Dirac equation in a way that displays the smallness of the interaction

i’yog—qf + iy 0 —mip — Y0 SV o =0
(4.3
so for the electromagnetic interaction 5)
§V = —ey’y* A,
(4.3
Note that (y%)2 = 1 so the y° have been included simply for notational convenience. 6)

We will assume that the scattering particles begin in a pure p state but the interaction
then scatters them to anotherﬁ state with some (small) probability. In general we can write

—iE,t
’d): Zﬂn¢n(w)e ton

" (4.3

7)

The ¢,(x) are the free Dirac equation solutions with n labelling the spinor state and the

p state. The k, are the probability amplitudes for the given state n. Before the interaction

all the k,, will be zero except one but during the interaction (—=T/2 < t < T/2) we allow k,, to
change— k,(t).

If we now substitute the solution into the perturbed Dirac equation above then, at
leading order, we obtain zero since we have expanded in solutions of the unperturbed
equation. At next order we find

. dkn —i —i
Y0 Z( dt >¢n€ But = Z'YO OV Ky, ¢n (ac)e Bnt

(4.3
8)

Now we will make use of the orthogonality of the ¢, to extract the final state k,. We
multiply through by [d3z ¢}'yo



dlﬂ',f .
heh? 3. 4t —i(En—Ej)t
Tl z;nn/d x¢f6V¢ne
(4.3
For a discussion of normalization of the spinors see section 3.3.2 (we are using 9)

N =1/v2EV).

Remembering that at t = —T/2 k; = 1 and K;, = 0 at leading order we have

d/”f/f X T 3
(4.4
and integrating with respect to t we find the important result 0)
ks(T/2) = —i / YoV, d'z
(4.4
Note that this equation is a rewritten form of (2.70). 1)

Now let us use our explicit form for 6V in QED and concentrate on the scattering of a
particle a — ¢ by a photon A (see figure 4.2).

Kea = — 1 [P (—ey, AM)p® d*

= —ilef“A/‘ d*x
(4.4
where 2)
Jﬁ“ = —e zﬁcvui/)a =e NN, ua°y,u” eipe—pa)x
(4.4

The N’s here are the normalizations of the spatial wave functions g again from section 3)
3.3.2.

Figure 4.2. The scattering of a particle a — ¢ by a photon A~.

We are really interested in two particles scattering off each other so we would better
compute the AH field produced when another particle scatters from state b — d (see figure
4.3)

OAF = ng = —e NpNg gy up eiPa—m)



the solution is (4.4

A“Z—%Jﬁ,, q=Pi— P
1 (4.4
So finally substituting this back into our expression for k., we find 5)
Kfi = — 1 NgNyN Ny a® (—evy,)u’ (—ql—z> a? (—eyt)ub [ eiPetpapap)2 iy
(4.4
¢

b d

Figure 4.3. The scattering of a particle b — d that generates the photon that scatters
a— c.

Note that the integral is just a delta function that ensures 4-momentum conservation in
the interaction.

In order to make this result more memorable, Feynman developed his famous rules that
associate different parts of the expression with elements of a diagram of the scattering. For
example, consider the Feynman diagram for this scattering shown in figure 4.4 with the
appropriate rules shown and where implicitly momentum is conserved at the vertices.

Figure 4.4. The Feynman diagram for a two-two particle scattering showing the
appropriate Feynman rules.




Multiplying out the rules shown in figure 4.4 gives us —iMﬁ where

kg = —i NoNyN Ny (27)*6* (ps — ps) M, s
4.4.1 Summary of Feynman rules of QED 7)

The Feynman rules for computing the amplitude Mﬁ for an arbitrary process in QED are
summarized here. They include the rules for internal fermion lines and external photons
though we will not derive them directly.

For every ... draw ... write ...
Internal photon line M~~~
p2+i0*

Internal fermion line @« , B iZ+m)

p—ow p?—m2+i0+
Vertex “TB —ie'y(’;ﬁ

u

Outgoing electron Uq(s,p)
Incoming electron Uq(s, p)
Outgoing positron Va(S, p)
Incoming positron Va(s,p)
Outgoing photon eHQ, p)
Incoming photon el (A, p)
¢ Attach a directed momentum to every internal line
* Conserve momentum at every vertex, i.e. include
s (X pi)
Feynman rules for QED. u, v are Lorentz indices, a, B are spinor indices
and s and A fix the polarization of the electron and photon respectively.

4.4.2 Electron-muon scattering

So far we have been a little vague about the precise scattering we are studying. Electron-
muon scattering is the simplest process at lowest order in the electromagnetic coupling
where just the one diagram we have considered so far contributes. It is again shown in
figure 4.5. The amplitude obtained by applying the Feynman rules to this diagram is



M = (i¢) & el (p) ™ ) (i) " ()

(4.4

where g2 = (p,—p.)?. Note that, for clarity, we have dropped the spin label on the 8)
spinors. We will restore them when we need to. In constructing this amplitude we have
followed the fermion lines backwards with respect to fermion flow when working out the
order of matrix multiplication (which makes sense if you think of an unbarred spinor as a
column vector and a barred spinor as a row vector and remember that the amplitude
carries no spinor indices).

‘f}'“ . P'(_ e
e e

H u

P, — p{ —

Figure 4.5. Lowest order Feynman diagram for e~ u— - e~ u~scattering.

The probability for the scattering involves the squared modulus of the amplitude, | M \2.
Let us see how we obtain a neat form for this—this is a considerable amount of work.
Consider

(@(pe)r"u(pa))” = (AP ulpa))’

We could transpose it for free since the whole quantity is just a number. Using rules of
matrix algebra we see that this is

(u(pe) Vv u(pa) = () 'y u(p.))

(4.4
_ Tapta0 9)
= UPa) 77 ulp
(u(p) 717 u(po)) -
Now it is the case that v%y#T4% = 4#, and so this becomes 0)
(u(pa) 7" u(pe)) = (@(pa)y*ulpe))
Using this general result in the expression for | M |2 we obtain
4 _ _ _
(M |* = & a(pe)y™u (pa)@ (Pa) v, (94)E (Pa)y"u (pe)a (po)vou (Pa)
_ et
= o Lotumw s
where the subscripts e and u refer to the electron and muon respectively and 1)

Lty = @ (pe)y*u (o) (pa)y"u (pe)



with a similar expression for L*V(,

Exercise 4.1: check explicitly the relations fyofy”T'yO = yH.

Usually a collider experiment has an unpolarized beam and target and they do not
measure the polarization of the outgoing particles. Thus we should calculate the squared
amplitudes for each possible spin combination, then average over initial spin states and
sum over final spin states. Note that we square and then sum since the different spin
configurations are in principle distinguishable. In contrast, if several Feynman diagrams
contribute to the same process, you have to sum the amplitudes first. We will see examples
of this below.

The spin sums are made easy by the following results

Zsu(sp)ﬂ(sp =p+m
>sv(s,p)0(s,p) = p'—m s

Where, do not forget, we really mean m times the unit 4 x 4 matrix when we write just 2)
m.

Exercise 4.2: Prove (4.52) using (3.38) and (3.39).
Using the spin sums we find that

1 2 _ €
ZZspins | M | - 46?lvgﬂ</ﬂa+me>ﬂc’yéjn<}/c+me>na‘|

[’yu’a/ﬂ, (ﬂb ”) %/ < (ﬂd +m )nla']
= 5 Tr (Y408, + mey (§, +me)) Tr (7§, + )+
(4.5

where in the first expression, we have made explicit the spinor indices in order that 3)
you can see how the trace that appears in the second expression emerges. All calculations
of probabilities in QED require the evaluation of traces of products of y-matrices. Useful
theorems can be derived from the fundamental anti-commutation relations of the y-
matrices in equation (3.61) together with the invariance of the trace under a cyclic change
of its arguments. For now it suffices to use

Tr(y# ... y#) =0 for n odd
Tr(ytt ... yhn) = gt Tr(yhs ... yln) — ghts Tr(yleyte ... yhe)
+ oo gt Tr(y#2 Lo k)
Tr(/a/ }{) —4da.b
Tr<}(}{/f/{) — 4(a.be.d—a.cb.d+a.db.c)
(4.5

Exercise 4.3: Derive the trace results in equation (4.54). (Hint: for the first one use 4)
(y?)?=1)
Using these results,



F s | MI” = 0 (T (7402 )7 (¢ )) + Tx (77)m?)
( (’m (2 ) (p) ) + Tr (yuyw)m )
= £+ (4(phpY — 9"pa - pe + Pipt) + 4g™m2) X (-+)
= £r (4(phpy + plpt + 6" (—Pa - Pe + m2))) x ()

Mandelstam variables: the following kinematic variable are useful and frequently used

§ = (pa +pb)2
(4.5
_ 2 5)
t=(pa—p
(o ~pc) (4.5
_ 2 6)
u = (pa — pd
(P = pa) (4.5
Note 7)
s+t +u = 3p) +pj + P2+ P+ 2Pa-Pa — 2Pa- Pe — 2Pa-Pa
= m2+m? +m2+m2+ 2p2 + 2p,. (b — Pc — Pa)
= m2+m} +mZ+m}
(4.5
Now t = (p, — P)? = — 2Pps * Pc + 2m2 ort = (py _pd)2 = —2pp - pqg + 2mi. So 8)
4
T Y epims | M |? = 25 (php? + pipk + t/2g)
X (pb,updv + DPovPdp + t/2g;w)
4
= %5 (2(pa - pb) (Pe - Pa) + 2(pa - pa) (P - Pe)
+ t(pa - Pe) + t(pb - Pa) + t2)
Expressing the answer in terms of the Mandelstam variables, we find
1 2 _ et [gfs _ (mimd)\? o0y (mirm) 2
ZZSpins|M’ _7[2(5_ 2 ) +2(5_ 2 )
+t(—5 +m2) +t(—5 +ml) +t?
= 2[5 — s (m?+m2) + 4 —u(m?+m})
+ (m2 +m2)® +t<m§ +m,3)]
= 2t—624 (32 +u? — 4<mz + mi) (s+u) +6(m2 + mi)z)
(4.5

In the ultra-relativistic limit where we can neglect the particle masses this is just 9)



1 s 2t 5,
T2 M= G (s ),
spins
(4.6
. 0
4.5 Cross sections and decay rates )
In practice one does not scatter a single particle off another single particle since this is
hard to arrange and since most of the time nothing would happen. Instead bunches of
particles are collided with each other or a static target or one observes the decay of
particles in a sample. Let us introduce the ideas of cross-section and decay rate before we
compute them in detail.

Cross-sections
A typical experiment can be schematically represented as in figure 4.6. We have

#scatters /s = flux X F target pts X cross-section, o
) z)?
(4.6
where we have displayed the dimensions of the terms. Algebraically we could write 1)
Ng =NV Ny O
s (4.6

Note that in a classical scattering of say, balls, there is a scattering with probability one 2)
if one ball hits any of the area of another. In this case the cross section is precisely the area
the ball presents to the scatterer—hence the name.

Vp target with n
particles

nb pts

beam !
per unit area

Figure 4.6. A beam on target scattering experiment.

Experimenters measure

7 scatters per sec
77 Flux x # target pts

(4.6
3)

The number of scatters/s depends on our probability ] M \2 summed over all possible
final states. Frequently the number of scatters into some solid angle is measured so people
quote the differential cross-section 3—6. We calculate these quantities in detail shortly.

Decay rates
When observing particle decays

A—s1+2+4--



one measures the number of decays per second per number of A in the sample. Thigli6
again just the probability \ M |2 summed over all possible final states. So we measure 4)

dN
I'=- th /Na
(4.6
Integrating gives 5)
Ny (t) =Ny (0)e™
4(t) = N4 (0) 46
6)

So ' 1 is the life-time of the particle since 1/e of the particles decay in that time.
I"is also referred to as the width of the decaying particle. To see why, imagine searching

for the particle A through

ete” — A —  decay products

(4.6
7)

You might expect to find a cross section against energy that is zero until you have
enough energy to create A, then a sharp edge at E = 2m, as shown on the left in figure

4.7. In fact rather than this edge one finds a peak as on the right in figure 4.7.

[~ [ /¥

2m E 2m E

Figure 4.7. The cross-section to pair create particles near the mass threshold of E =
2m. On the left is a naive guess. On the right is the structure seen.

Close to E = 2my the cross section is much higher than you might naively expect due to
a resonance effect. The width of the resonance peak is determined from the uncertainty
principle using 1 as the uncertainty in time

AEAt ~ h (4.6

8)

The width of a resonance therefore counts the number of decay channels a particle has!
Let us now turn to computing these quantities in detail.

4.5.1 Transition rate

Consider an arbitrary scattering process with an initial state i with total 4-momentum P;
and a final state f with total 4-momentum P;. Let us assume we computed the scattering
amplitude for this process, i.e. we know the matrix element



N
—i [ v ][ Vi M(2m) 6% (P; — Py)
=1 in
d (4.6

Our task is to convert this into a scattering cross section (relevant if there is more than 9)
1 particle in the initial state) or a decay rate (relevant if there is just 1 particle in the initial
state), see figure 4.8.

(a) (b)

Figure 4.8. Scattering (a) and decay (b) processes.

The probability for the transition to occur is the square of the matrix element, i.e.

2

N
probability = | —i [ [ Ny [] V: M(2m)*6*(Ps — P;)
=1 in

(4.7
Attempting to take the squared modulus of the amplitude produces a meaningless 0)
square of a delta function. This is a technical problem because our amplitude is expressed
between plane wave states. These states are states of definite momentum and so extend
throughout all of space-time. In a real experiment the incoming and outgoing states are
localized (e.g. they might leave tracks in a detector). To deal with this properly we would
have to construct normalized wave packet states which do become well separated in the
far past and the far future. Instead of doing this we will do a much simpler but rather
sloppy derivation. First of all, we will put our system in a box of volume V = L3. We also
imagine that the interaction is restricted to act only over a time of order T. The final
answers come out independent of V and T, reproducing the ones we would get if we
worked with localized wave packets.

Using

(2m)*s*(Ps — P;) = / e Pr gty
(4.7
we get in our space-time box the result 1)

| @2m)*64(P; — Py |* ~ (2m)*64(P; — P;) [ eiPrPedle ~ VT (21)46%(Py — P))
(4.7

Here we have used the first 6-function to set p; = p; in the integral. 2)
We must also use the explicit expressions for the wave function normalizations from

section 3.3.2. Above we used the normalization N = 1/\/2EV. So putting everything
together, we find for the transition rate W, i.e. the probability per unit time



N
1 9 4 1 1
W= —=|M|*’VT(2n)*6*(P; — P; — ——

(4.7
As expected, the dependence on T cancelled. Usually we are interested in much more 3)
detailed information than just the total transition rate. We want to know the differential
transition rate dW, i.e. the transition rate into a particular element of the final state phase
space. To get dW we have to multiply by the number of available states in the (small) part
of phase space under consideration.

For a single particle final state, the number of available states dn in some momentum
range k to k + dk is, in the box normalization,

V%

dn =
(2m)°

(4.7

This result is proved by recalling that the allowed momenta in the box have 4)
components that can only take on discrete values since n, A = L so that k, = 2 n,/L where

Ny is an integer. Thus dn = dn,dn,dn, and the result follows. For a two particle final state
we have

dn = dnidns

where

where dn is the number of final states in some momentum range k; to k; + dk; for particle

1 and k, to k, + dk, for particle 2. There is an obvious generalization to an N particle final
state,

N 37
Vd’k
dn = H 3f
f=1 (2m)
4.7
5)

The transition rate for transitions into a particular element of final state phase space is
thus given by, using equations (4.75) and (4.73),

Vd3E
= 38 PV T ] T I 225

= | M PV, | 287 | x LIPS (V)
(4.7

where in the second step we defined the Lorentz invariant phase space with N particles 6)
in the final state



- N d?%f
LIPS (N) = (27)°6*(P; — P; _
(N) = (2m) 6% (P )fII1 ()" 28, .

Observe that everything in the transition rate is Lorentz invariant save for the initial 7)
energy factor and the factors of V.

Exercise 4.4: Show that d3k/2E is a Lorentz-invariant element of phase space. (Hint: Think

how you would write the phase space in a 4-dimensional integral but with the particle on-
1/2

- 2
shell,i.e. E = (|k| +m?) ).

4.5.2 Decay rates

We turn now to the special case where we have only one particle with mass m in the initial
state i/, i.e. we consider the decay of this particle into some final state f. In this case, the
transition rate is called the partial decay rate and is denoted by I First of all, we observe

that the dependence on V cancels. In the rest frame of the particle the partial decay rate is
given by

1
F,-f:%/|M|2><LIPS

(4.7
8)

The important special case of two particles in the final state deserves further
consideration. Consider the partial decay rate for a particle i of mass m into two particles f;

and f,. The Lorentz-invariant phase space is

d*p, d*p,
(2m)° 2B, (27)° 2E,

LIPS (N) = (27)*6* (p; — p1 — p2)

(4.7
In the rest frame the four-vectors of each particle are 9)
pi=(m,0)  p1 = (E.,pP) p2 = (E2, —D) s
Therefore, we can eliminate one three-momentum in the phase space 0)
d’py
LIPS (N) = 5m—E1—E2
( ) (27[_)2 ( ) 4E1E2
(4.8
Hence the partial decay rate becomes 1)
— 2 — *
1 5 dlps| | py|dQ

Ly = —— [IM[6m— By~ B) ="

8m(27) 182
(4.8

where dQ* is the solid angle element for the angle of one of the outgoing particles with 2)
respect to some fixed direction, and pf is the momentum of one of the final state particles.

But from the on-shell condition £; = (| 5|, + m;?)'2, we have dEy =| 5, | /E1 d | P |
and similarly for particle 2 and so



. .  E1+E
d(Er+ E2) =|ps|d|ps| —55—

E\E,
therefore
o 2, o 1 |ﬁf |
d = d(E E
|pf| |pf‘E]_E2 E1+E2 ( 1+ 2)
(4.8
Using this in (4.82) and integrating over (E; + E,) we obtain the final result 3)
Typn= — [ M| 5,]d0
il T g n2m2 Py
(4.8
4)

The total decay rate of particle i is obtained by summation of the partial decay rates
into all possible final states
Tiot = » Ty
f
(4.8

The total decay rate is related to the mean life time T via ()™t = t. For 5)

completeness we also give the definition of the branching ratio for the decay into a specific
final state f

T;f
B: =
f 1-‘tot
(4.8
6)

In an arbitrary frame we find, W = (m/E)lot, which has the expected Lorentz dilation
factor. In the master formula (equation (4.76)) this is what the product of 1/2E; factors for
the initial particles does.

4.5.3 Cross sections

The total cross section for a static target and a beam of incoming particles is defined as the
total transition rate for a single target particle and a unit beam flux. The differential cross
section is similarly related to the differential transition rate. We have calculated the
differential transition rate with a choice of normalization corresponding to a single ‘target’
particle in the box, and a ‘beam’ corresponding also to one particle in the box. A beam
consisting of one particle per volume V with a velocity v has a flux Ny given by

N():V

particles per unit area per unit time. Thus the differential cross section is related to the
differential transition rate in equation (4.76) by

dw |%4
d :—:d —_—
o N W x ”



Now let us generalize to the case where in the frame in which you make the
measurements, the ‘beam’ has a velocity v; but the ‘target’ particles are also moving with

a velocity v,. In a colliding beam experiment, for example, v; and v, will point in opposite
directions in the laboratory. In this case the definition of the cross section is retained as
above, but now the beam flux of particles N, is effectively increased by the fact that the
target particles are moving towards it. The effective flux in the laboratory in this case is
given by

| U1 — 0 |
Ny=————"

0 v
which is just the total number of particles per unit area which run past each other per unit
time. We denote the velocities with arrows to remind you that they are vector velocities,
which must be added using the vector law of velocity addition, not the relativistic law. In
the general case, then, the differential cross section is given by

dw 1 1

do = =
NO ’ 1_51 — 172 ‘ 4E1E2

| M |* x LIPS

(4.8

where we have used equation (4.76) for the transition rate, and the box volume V has 8)
again canceled. The amplitude-squared and phase space factors are manifestly Lorentz
invariant. What about the initial velocity and energy factors? Observe that (remember that

for a particle p* = (E,p) = v(m, mv) so ¥ = p/E)
E1E>(v1 —v2) = Eap; — E1ps

In a frame where p; and P are collinear (with four momentum (E;, p1, 0, 0) and (E,, —ps,
0, 0),

o o 2
| Eap, — E1py |” = (p1 'P2)2 —mfm%

as can be shown by explicitly computing both sides and re-writing using m? = E2 — p2. The
last expression is now manifestly Lorentz invariant.

Hence we can define a Lorentz invariant differential cross section. The total cross
section is obtained by integrating over the final state phase space:

1 1 / 2
oo L | M |? x LIPS
| V1 — V2 | 4B, By final%ates (4.8

A slight word of caution is needed in deciding on the limits of integration to get the 9)
total cross section. If there are identical particles in the final state then the phase space
should be integrated so as not to double count.

2-2 Scatters: An important special case is 2 - 2 scattering

a(pa) + b(ps) — c(pc) + d(pa)

Let us work in the centre of mass frame, in the ultra-relativistic limit, where initially the
particles have p, = —p, = E and finally p. = —p4 = E. The flux factor is given by



F =A4E, Ey (v, — vy) = 4(Eupy + Eyp,) = 8E* = 2s

(4.9
and the LIPS factor is 0)
3 3
LIPS = (27)*6*(pa + Py — Pe — pa)—2 De d Dd
(2m)°2E. (2m)°2Eq4
(4.9
one three momenta integral just sets conservation of momenta and we have 1)
IPS = 11 ) 2 dp dQ
LIPS = ﬁ@ (2p; — 2py)(p}dpsdQ2y)
(4.9

where we have also used E = pr. The Qf integration is over the angular distribution of 2)
the final momenta. The factors of p? cancel top and bottom. We change variables to y =
2prto make the integration over the final delta function trivial. We have

1
LIPS = de
272
32m (4.9
Putting the flux and LIPS factors together gives a final answer of 3)
do 1
= M |*
dQy 64m2s
(4.9

Exercise 4.5: Show that in the centre of mass frame the differential cross section for 4)
two particles of mass m scattering to two of mass M is,

do \1-4M?/s M
d 64m2s\/1 — 4m?/s .

(4.9
5)

Thus for example if we return to the electron-muon scattering problem where we
compute M in (4.60). We can now compute the 2 - 2 cross section formula (4.95) to give,

in the high energy limit (s, | u [> m2,m?2),
do et s?4u?
dQ” 32m2s 2
(4.9
for the differential cross section in the centre of mass frame. 6)

4.6 More scattering processes

The following two examples show a few more of the subtleties of computing scattering
processes in QED.

4.6.1 Electron-electron scattering

Since the two scattered particles are now identical fermions, you cannot just replace m, by
me in the calculation we did above. If you look at the diagram of figure 4.5 (with the muons



replaced by electrons) you will see that the outgoing legs can be labeled in two ways.
Hence we get the two diagrams of figure 4.9.

]J“ — ﬁ{ — . P — P

e e e e
P, — P, - P, = P,

Figure 4.9. Lowest order Feynman diagrams for electron-electron scattering.

The two diagrams give the amplitudes,

2

ie
iM1 = ——a(pe)y"u(pa)@(pa)yuu(pe)
(4.9
262 7)
My = ———a(pa)y"u(pa)a(pe)vuulps)
(4.9

Notice the additional minus sign in the second amplitude. This is related to Fermi-Dirac 8)
statistics which requires that the two final state fermions cannot be in the same final state.
If we set pH = pH the result must be zero. The minus sign means in this limit the two

diagrams cancel. For a deeper understanding the reader will need to move on to quantum
field theory. The minus sign is very important because

M |? = | M; +M, |?

*
= | My |* + | Ms |® +2 Re M;M,
(4.9
so the interference term will have the wrong sign if you do not include the extra sign 9)
difference between the two diagrams. | M; |? and | M, |? are very similar to the previous
calculation. The interference term is a little more complicated due to a different trace
structure.

Performing the calculation explicitly yields (in the limit of negligible fermion masses),

2 | 42 2
9 s2+u?  sP4t 2s
_Z|M| ( £2 + u2 +tu

spins

(4.1
Exercise 4.6: Prove the result in (4.100). It will be helpful first to prove 00)
TV Y = =298
VY Ve = 49"
YNV = =29y H
(4.1

4.6.2 Electron-positron annihilation 01)



The two diagrams for this process are shown in figure 4.10, with the one on the right
known as the annihilation diagram. They are just what you get from the diagrams for
electron-electron scattering in figure 4.9 if you twist round the fermion lines. The fact that
the diagrams are related in this way implies a relation between the amplitudes. The
interchange of incoming particles/antiparticles with outgoing antiparticles/particles is called
crossing. For our particular example, the squared amplitude for et e~ -» et e~ is related to
that for e~ e~ —» e~ e~ by performing the interchange s <+ u. Hence, squaring the
amplitude and doing the traces yields (again neglecting fermion mass terms)

1 6 oafSP+ur W4t 20
ZZ|M|=2e( ot a T,

T S
spins

02

e [ e [

Figure 4.10. Lowest order Feynman diagrams for electron-positron scattering in QED.

If electrons and positrons collide and produce muon-antimuon or quark-antiquark pairs,
then the annihilation diagram is the only one that contributes. At sufficiently high energies
that the quark masses can be neglected, this immediately gives the lowest order QED
prediction for the ratio of the annihilation cross section into hadrons to that into utu~:

R= o(e"e” — hadrons) 3ZQ2
~ oolete »optp) TS
(4.1
where the sum is over quark flavours f and Qr is the quark’s charge in units of e. The 3 03)
comes from the existence of three colours for each flavour of quark. Historically this was
important: you could look for a step in the value of R as your e*e™ collider’s centre of mass
energy rose through a threshold for producing a new quark flavour. If you did not know
about colour, the height of the step would seem too large.
Finally, we compute the total cross section for eTe~ — u™u~, neglecting the lepton
masses. Here we only have the annihilation diagram, and for the amplitude, we get

. 2 _ 72‘9 vV —
M = (—ie)” @(pa)y*v(pe) —* (Pa)y"u(ps)
= = Ugy vV Y up
Summing over final state spins and averaging over initial spins gives, 04)

4

2 M P S T g ) T )

spins



where we have neglected m, and m,,. Using the results in equation (4.54) to evaluate the
traces gives,

1 8e?
1 > M PP= 2 (PaPaPy - e+ pa- PPy pa)

spins
Neglecting masses we have,
DPa *Pc = Pb*Pd = —t/2
(4.1

Pa*Pa =Dy Pc=—u/2 05)
(4.1

Hence (1/4) 3 | M |2 u?)/s2, which incidentally is what you get by applying crossing 06)
to the electron-muon amplitude of section 4.4.2. We can use this in (4.95) to find the
differential cross section in the CM frame,

do  e*(t* +u?)
d* 327283

You could get straight to this point by noting that the appearance of v spinors instead of u
spinors in | M |2 does not change the answer since only quadratic terms in m, survive the

Dirac algebra and we go on to neglect masses anyway. Hence you can use the result of
equation (4.96) with appropriate changes.

Neglecting masses, the CM momenta are

1 -~ N 1 -
P = 5\/3 (1,€) Pe = 5\/5 (1,€r)
(4.1
1 1 07)
prE\/g(l,é) deE\/g(lagl)

4
which gives ¢t = —s(1 —cos #)/2 and u = —s(1 + cos 6)/2, where cos § = & - é. 08)
Hence, finally, the total cross section is,

1 d 4 2
o= / U* 27d (cos 6) = T
—1 dQ2 3s

4.7 Renormalization

Let us very briefly discuss higher order corrections to QED. When we want to calculate
scattering amplitudes beyond 0(62) we encounter loop diagrams such as those in figure
4.11. Such a loop has a free momentum in it, as shown in figure 4.12.

Km0 0 L




Figure 4.11. Feynman diagrams contributing to an electron photon vertex at one loop
in QED.

P p+k p

Figure 4.12. The flow of momenta through a loop diagram showing that the momenta
k is undetermined.

Quantum mechanically we should allow all possible states in the loop, but since there
are potentially an infinite number of possible momenta the answer after doing the sum is
infinity! The diagram we have drawn contributes to a freely travelling electron and
conspires to make the mass infinite and the normalization of the wave function infinite.
What is going on?

Actually this is an example of a problem we have in classical physics too. If we treat the
electron as a uniform charged ball it has some energy

3 @’ 2
E = — = mc
sphere = g dmeg R
(4.1
If we believe the electron is a point-like particle we find it has an infinite mass. 09)

All we are learning in these examples is that we are totally ignorant (in both EM and
QED) of high energy (ultra-violet) physics that really determines the electron mass. Indeed
no one would suggest that QED is a good theory at any energy scale—at the weak scale we
must include the weak force and at very high energies gravity.

What we do in both cases is then to ‘ignore’ this contribution we cannot compute.
Formally we can write everywhere in the equations

MMphysical = MMbare + 62 10g (0.9)
(4.1
where the ‘bare’ mass is the one we had put into the Dirac equation before we did this 10)
computation. It is important that everywhere the physical mass appears there is the same
infinite expression but if that happens we can just call the whole lot the observed mass.

If this is going to work we would better be able to absorb all divergences into the four
parameters of the theory—the electric charge and mass of the electron and the wave
function normalizations of the electron and photon. In fact it is a tougher task to ask of the
theory because this must continue to be true at higher loop level where new divergences
appear. Remarkably this has been shown to be the case—gauge theories such as QED are
unique in having this property as far as we know.

This looks miraculous but in fact physically it is telling us that we have the sensible
infra-red end of a correct theory. We call this ‘bit’ of a theory valid only at low energies an
‘effective’ theory. We can use this theory in the infra-red and all our ignorance of the ultra-
violet is hidden in the parameters of the theory that are handed to us by nature.



All of this though does not mean we just drop the loops in our computations. When the
momenta in the loop are of low energy the theory is the correct description. So we might
calculate

H' 1 ) (4.111)
= = - "-1’2109;\—_
P pk p s
and shift the mass, say, by this amount. Whilst, when the external particle has momentum
g we would get a q rather than p in the answer and want to shift the mass by a different
amount. The difference between these two amounts we want to shift by is real and tells us
that the particle has a different mass at different energies. The parameters in QED are
energy scale dependent.

For example in QED the coupling constant ‘runs’ with energy according to
2\ 2
e(Q?)
4

o7)]

aQ2 = 5
( ) 1—%11&%

(4.1
where «ag is the value of the coupling at the sale M. The form of the solution is sketched 12)
in figure 4.13. Note there is a ‘Landau pole’ at very high energies where the coupling blows

up. This is a ridiculously high scale though of 10277 GeV. QED will surely be replaced by
something else before then!

1/137 |

Q 10*"7 GeV

Figure 4.13. A sketch of the running of a with energy scale.

4.8 g — 2 of the electron

Finally, there is the classic success of renormalization in QED in calculating the
gyromagnetic ratio of the electron. Let us sketch how this story goes. The interaction
amplitude between an electron and a photon is given by (4.42)

Kfi = —i/J;fZ.A,L d*z
(4.1
where 13)

J}é = —eﬁf’)’“% = —eﬂfyl‘uiei(pf*pi)-w
(4.1
14)

There are actually two sorts of interaction present here as we can see using the Gordon
decomposition



_ 1 _ .
upytui = 5 —ap((py +pi)" + 10" (py — i) Jui

(4.1

where 15)
w_ Yy VAl
ot = 5(7 Y=yt

(4.1

16)

The Gordon decomposition can be easily derived using the Clifford algebra and the fact
that /p/ul = mu;.
1

Inserting the Gordon decomposition into our interaction expression gives us two types of
term. The first takes the form

) 1 (D s
JIHA, = _euf%(Pf + i) ue’PrPIT A,
(4.1
which is diagonal in spinor space. This is just the electric coupling of a Klein-Gordon 17)
type field.

The second term involves the spin structure and is therefore unique to fermions. We
have

(4.1
where the time integration has been explicitly carried out to give the energy 18)
conserving 6 function, and the spatial integral is
€ T .
/JJZA“ d'z = " om /¢fww(Pf — )" i AF dPx
(4.1
19)

To understand this term better we must take the non-relativistic limit. A number of
simplifications result:

* the delta function sets Es= E; so (pf— p;)° = 0

e the spinors are close to static solutions and so we can drop the bottom

o o o
o o~ O

two components

« let us also look at the coupling to a time independent magnetic field so A* = (0, A)
These restrictions mean that y and v must be spatial indices. Using the explicit form of
the y matrices and restricting to just the top right 2 x 2 matrix that acts on the top two
components of the spinor we have

Pty = (T

20)



The upshot of this index structure is that

ki = —i2w8(E; — Ef) /¢}<2ia (V x 3))1/% Bz

m (4.1
where y now has only two components. This is a coupling to the magnetic field 21)
E = 6 X f_f It takes the form of a magnetic moment interaction

—4i-B
(4.1
and we see that we are predicting 22)
- eh
H=— o
2me (4.1
23)
In classical physics the magnetic moment of an orbiting charge e is usually written
— € =g
Horb — — L
2me (4.1

and by analogy experimentalists defined the magnetic moment due to intrinsic spin of 24)
the charge as

- ge = ge o
:u'spin = - = - 5y
2mce 2mec 2 4.1
where g is the gyromagnetic ratio of the particle. The Dirac equation predicts 25)
9Dirac = 2 (4.1
Experimentally one finds for the electron that g — 2 = 0.00232 which is pretty good 26)

already.

The discrepancy though is due to the next order diagram shown in figure 4.14 which
gives a contribution to the vertex Feynman rule of the form

101”q,
2m

I* = y"Fy (¢*) + F, (¢%)

(4.1
F, is the divergent renormalization of the electric charge. F, though, which is a 27)
contribution to the magnetic moment interaction, is finite. A long calculation gives

Fy = 2i — 0.00232
T (4.1

which is even more impressive. At higher order there are many diagrams to consider, 28)
and UV divergences enter and must be renormalized. Virtual loops such as that in figure
4.15 probe the physics of quarks and even potentially particles that have not been
discovered on-shell yet. To date the computation for the electron has been completed to



order a* and matches experiment to 8 significant figures. QED is therefore one of the most
stringently tested theories we have ever known.

Figure 4.14. The one loop diagram that corrects g — 2 of the electron in QED.

eg quarks

Figure 4.15. A two loop diagram that corrects g — 2 of the electron in QED.
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