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Preface

These notes originated from a series of lectures given at Waseda University in
April-May 2021, supported by Top Global University Project of Waseda University.
The first author expresses warm gratitude to the organizers for this opportunity, in
particular to Prof. Tadahisa Funaki and Prof. Yoshihiro Shibata. The lectures and
the subsequent refinements by both authors have been occasions to review classical
ideas and techniques (mostly Chaps. 1 and 2) and present a new direction that has
emerged in the last few years (Chaps. 3, 4, and 5).

In spite of the existence of many texts and references devoted to stochastic fluid
mechanics (among others, see [3, 46, 94, 112, 113, 187, 192, 193, 256]), we have
been motivated to write an additional one by a recent idea, which emerged from
the paper by Lucio Galeati [147], that small-scale noise suitably introduced into the
equations in transport form may lead to an enhanced dissipation. This mathematical
result calls the old idea, often traced back to Joseph Valentin Boussinesq in 1877
[43] (see a discussion in [239]), sometimes called the turbulent viscosity hypothesis,
namely that small-scale turbulence may produce an additional viscosity term in the
equations.

The analogy with the result of [147] motivates us to ask ourselves several side
questions, including about the origin and form of the noise in fluid mechanics.
Where does the noise come from and which forms does it take in the equations?
Noise has been introduced in fluid dynamic equations for a long time, starting from
the foundational book of Landau and Lifshitz [197], to the literature on numerical
computation of turbulence (e.g. [254]), to investigations of theoretical physics (e.g.
[195]); see also P.L.. Chow [71], Vishik and Fursikov [256] and very many other
works, some of them quoted in other parts of this book. Generically, it is meant to
describe fluctuations, random external perturbations, and the proposal to include it
into the equations is generally accepted also thanks to the fact that real observations
of turbulent fluids show some degree of randomness. But a precise description of its
mechanical origin is missing.

In Chap. 5 of these notes, we describe a heuristic path from small-scale per-
turbations and turbulence to additional viscosity, through the intermediate step of
transport noise. The chapter is full of open questions. Part of the mathematics that
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can be used to formalize such a heuristic path is given in Chaps. 1-4. Chapter 1 is
limited to additive noise treated in a fully deterministic way, motivated for instance
by perturbations arising near boundaries due to irregularity of the boundary profile,
as described in Sect. 5.5; for a deterministic audience, this chapter may be a useful
introduction to the subject. In Chap.2, we move to truly stochastic analysis and
treat stochastic Navier—Stokes equations with state-dependent noise, a motivation
for velocity-dependent noise being described at the end of Sect. 5.5.

Chapters 3 and 4 are devoted to transport noise. Its introduction into fluid
equations may be motivated in different ways, quoted in Chap.3, among which
we stress the geometric approach of Darryl Holm [177]. Our viewpoint is that it
describes the action of small space scales on large ones; see Chap.5, Sect.5.3.
Additive noise at small scales lifts to transport noise acting on large scales, as
described in Sect.5.1.1. Accepted transport noise as an interesting random input,
Chaps. 3 and 4 develop the mathematical theory of well-posedness and the link
with deterministic equations with enhanced diffusion, precisely with enhanced
dissipation in the case of heat-type equations (Chap. 3) and enhanced viscosity in
the case of the Navier—Stokes equations (Chap. 4).

More than a conclusive book on a fully developed theory, this is for us a
starting point for a better understanding of stochasticity related to turbulence and
its effects following the ideas of the turbulent viscosity hypothesis. This book will
be successful if in a few years a more advanced one will be written with a more
mature view of these topics.

Pisa, Italy Franco Flandoli
Eliseo Luongo
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Chapter 1 ®
The Navier-Stokes Equations with oo
Deterministic Rough Force

1.1 The Deterministic Navier-Stokes Equations

1.1.1 The Newtonian Equations

These notes are based on the following mathematical model, called the incompress-
ible Navier—Stokes equations (see [250] for more details on the physics of fluids, just
sketched here). We assume that D is a regular bounded connected open domain, but
for the purpose of this introductory subsection it can be more general. In D we have
a fluid described by means of its velocity u = u (¢, x) (a vector field) and pressure
p = p (t, x) (ascalar field). The equations are

oou+u-Vu+Vp=vAu+ f (1.1)
divu =0

supplemented by boundary and initial conditions

ulgp =0

Uli=0 = uo.

The density field is assumed to be constant and, up to a normalization, equal
to 1, hence it does not explicitly appear in the equations. Constant density is
the consequence of two assumptions: incompressibility, imposed by the equation
divu = 0, and the assumption that the density is constant at time zero, hence it
remains constant. The fluid is assumed to be viscous, namely we assume

v>0

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 1
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2 1 The Navier-Stokes Equations with Deterministic Rough Force

and this fact has, as a consequence, the no-slip boundary condition u|3p = 0,
because viscous fluids must be at rest on solid boundaries. The function f is a
body force, like gravitation. The differential equation in (1.1) is a system, u being a
vector field. The meaning of such an equation is the second Newton law: consider a
very small portion of fluid, identified by a point x (#), which moves in time. Recall
that we assume a mass density equal to one. The acceleration x” (¢) is equal to the
sum of the forces. But the velocity x’ () is equal to u (¢, x (¢)), by definition of u.
Hence

d
Eu (t, x (t)) = forces.

This reads
o;u + u - Vu = forces

along the trajectory x (¢), which is the first system of differential equations in (1.1).
The forces are due to pressure, viscosity and the external inputs.

We stress that the no-slip condition u|3p = 0 provokes large stress near the
boundary, if u is large nearby and this stress, when the viscosity is small enough,
may lead to instabilities and generate vortices. This is the so—called phenomenon
of the emergence of a boundary layer: close to the boundary the fluid presents a
turbulent behavior for v — 0. The thickness of the boundary layer and some control
on the behavior of the fluid in this region are very challenging and mostly open
questions, see [16] for a review on the topic.

Basic is the energy balance. Assuming enough regularity to perform computa-
tions, the time derivative of the global kinetic energy is given by

d 1
EE/D|u(t,x)|2dx:/DM(I,X)-azu(LX)dx
:—/u-(qu)dx—/u-Vde
D D

+U/M'Audx+/u~fdx.
D D

Now

1 1
/u-(u~Vu)dx=—/ u~V|u|2dx=——/ divu~|u|2dx=0
D 2Jp 2Jp

(we have used also u|yp = 0); similarly,

f u~Vpdx=—f pdivudx =0
D D
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and

/ u- Audx = —/ |Vu|2dx.
D D

Therefore we get

d1
——/ |u(t,x)|2dx+v/|Vu|2dx:/ u- fdx.
dt 2 D D D

The interpretation is that the variation of kinetic energy is given by the dissipation
into heat plus the work done by the external forces. This equation is not only very
informative from the physical viewpoint but represents one of the main tools in the
mathematical investigation (in dimension 3, when dealing with weak solutions, it
must be replaced by an inequality).

1.1.2 A Rigorous Deterministic Theorem in d = 2

Let us recall a rigorous result about Eq. (1.1). More details on functional analytic
aspects traced here can be found for instance in [146, 148, 199, 200, 205, 209, 247,
248].

Assume D is a regular bounded connected open domain. Denote by H* (D, Rz),
k =1,2,..., the classical Sobolev spaces or vector fields and by Hé‘ (D, Rz) the
subspace of those which are zero at the boundary. Denote by H (resp. V, D (A)) the
closure in L2 (D; Rz) (resp. H'! (D, RZ), H? (D, Rz)) of smooth compact support
fields v € C2° (D; R?) such that div v = 0.

It turns out that H is the space of L? (D; Rz)-vector fields v, divergence free,
such that v - n|yp = 0 where n is the normal to d D (one can prove that v - n|yp is
well-defined, for divergence free L? vector fields). Denote by P the projection of
L? (D; Rz) on H. Moreover, V (resp. D (A)) is the space of all v € HOl (D, R2)
(resp. v € H* (D, R?) N Hy (D, R?)) such that div v = 0.

Define the unbounded linear operator A : D (A) C H — H by the identity

(Av, w) = v (Av, w)
forallv € D (A) and w € H, or as

Av =vPAv.
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Denote by LL* the space L* (D, Rz) N H, with the usual topology of L* (D, Rz).
Define the trilinear form b : L* x V x L* — R as

b(u,v,w)= Z/u,(x)av](x)wj(x)dx—/ (u-Vv) - wdx

i,j=1

(it is well-defined and continuous on L* x V x IL* by the Holder inequality). Notice
that

VcL?
by the Sobolev embedding theorem, hence b is also defined and continuous on

V x V x V. Moreover, the following interpolation inequality (sometimes known
as Ladyzhenskaya’s inequality [196]) holds true: for some constant C > 0

1124y < CUF N2 Lt o (1.2)

forall f € H' (D). It follows that

IIM(t)IIUdt =C SUP IIM(I)IIHf e (0) 15,z (1.3)

tel0

This implies in particular that the integral

t
/ bu(s), b u(s))ds
0

in the definition below is well-defined, under the regularity of u and ¢ specified
there. Note that

bw,v,w)=—bu,w,v)

ifuel,v,weV.
Sometimes we shall also use the operator

B:L*xL*—> VvV

defined by the identity

(B (4, v) . §) = —b (u, /<u Vo) - vdx
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for all ¢ € V. Thanks to the embedding D((—A)!*¢) — W1®(D,R?), € > 0,
the operator B can be extended to a continuous bilinear operator between H x H
and D((—A)~'7¢). Whenv € V, we may also write
(B (u,v),¢) =bu,v,$).

Moreover, when u - Vv € L? (D; R?), itis explicitly given by

B (u,v) = P(u-Vv).
This representation extends to several classes of pairs (u, v) at the price of suitable
extensions of the projection P, that we do not discuss here (see the references

mentioned above). In the sequel we shall only use the rules explicitly given above.
For smooth divergence free fields, equal to zero at the boundary, we have

(B(u,v),¢)=/ (u-Vv)-d)dx:—/ (u-Vo¢)-vdx = —b(u, ¢, v).
D D

In the sequel we denote by V' the dual of V. We may identify H with H' and
thus write D (A) C V € H C V’ with continuous dense embeddings. The scalar
product (-, -) in H “extends” to the dual pairing between V and V’, which will be
denoted by the same notation.

Definition 1.1 Givenug € H and f € L? (0, T; V'), we say that
ueC(0,T]: HYNL*(,T; V)

is a weak solution of Eq. (1.1) if
t
<u<r),¢>—/0 b (s), b, u(s))ds

t t
_ <uo,¢>+/0 <u(s>,A¢>ds+fO (F (). 6 ds

for every ¢ € D (A).

The previous definition is a natural reformulation of Eq. (1.1). Indeed,

/¢~(u-Vu)dx=—/ u-(u-Vo)ydx = —b(u, ¢, u)
D D

(using also u|3p = 0) and similarly,

/¢-Audx:/u-A¢dx.
D D
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In fact we could avoid the integration by parts in the first case, and a single
integration by parts is sufficient in the second case, but in this way we anticipate
the poor regular case investigated later on. The following result is classical, see for
instance [199, 200, 247, 248].

Theorem 1.2 For everyug € H and f € L? (O, T; V’) there exists a unique weak
solution of Eq. (1.1). It satisfies

t t
lu N7 + 2va IVu ()17 2ds = lluollz; + 2/0 (). f () ds.

If (uS)neN is a sequence in H converging to ug € H and (f"),cn is a sequence
in L? (0, T, V’) converging to f € L? (O, T; V/), then the corresponding unique
solutions (u™),en converge to the corresponding solution u in C ([0, T1; H) and in
L%(0,T; V).

We do not provide a proof but, when we give a proof for the stochastic case in
Chap. 2, the reader may easily reconstruct one for this theorem. Since measurability
is a consequence of continuity, we have the following result.

Corollary 1.3 If (2, F,P) is a probability space and w + (ug(w), f (w))
is a measurable map from (2, F) to H x L2 (0, T; V’) (endowed with the
Borel o-algebra) then, denoting by u (w) the weak solution corresponding
to (ug (w), f (w)), we have that  +— u(w) is measurable from (2, F) to
C(0,T); HYNL*(,T; V).

1.2 Well-Posedness of the Model with Rough Force

Consider the equation

ou+u-Vu+Vp=vAu + oW
divu =0

when W is a function of space and time, not differentiable in time, with

ulogp =0

ul;=0 = uo.

It is a generalization of the model of the previous section, with f = 9; W, where we
stress the irregularity in time of the forcing term. A justification to the introduction
of this model is given in Chap.5, see in particular Sect.5.5. Let us stress that,
although the notation W clearly alludes to a Wiener process and will do so in the
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subsequent chapters, here it is just a single function; even discontinuous, a priori, as
in the starting examples of Sect. 5.5.

The aim of this section is to give a rigorous definition of the solution and prove,
in 2D, existence and uniqueness.

The approach we follow here may look strange at first sight but (although old)
is quite modern in style. We could learn the proof of the deterministic case and
adapt it to the stochastic one (Galerkin approximations, compactness etc.). This has
been done with great success in the literature and, indeed, we will investigate some
models with such an approach in Chaps.2 and 4. However, a different approach
which became more and more successful recently with singular SPDEs, consists
of two steps: a probabilistic kernel, often linear, Gaussian, followed by a nonlinear
deterministic step. We do the same here: we solve the linear case, the so—called
Stokes equation, with ad hoc tools, then we apply Theorem 1.2. In this chapter,
thanks to the fact that the force is additive and not depending on the state of the
system, we also solve the linear problem by means of deterministic tools, but in the
next one we use probability.

The methodology developed here, as we said, is very classical but was proved
to be useful for several different purposes. In [25] there was a sort of primitive but
very instructive use of this idea, where the auxiliary variable was not the solution
of the Stokes problem but just the Brownian motion itself. The approach was
used several times for purposes of existence, uniqueness regularity, approximation,
random dynamical system studies, even investigation of very complex regimes, both
in dimensions 2 and 3 and sometimes for state-dependent noise of very simple
form which allows us to apply another kind of transformation. See for instance
[3, 79, 80, 104, 110, 136—140], but this list is highly incomplete and the method
is used also today in order to reduce the stochastic case to a random one and use
advanced deterministic results of maximal regularity, e.g. [40].

1.2.1 The Stokes Problem

Let us consider first the Stokes problem:

0z+ Vg =vAz+ o, W
divz=0
Let us argue heuristically in order to identify the solution, then we formalize the

concept of the solution and the result. Thanks to the linearity of the problem, we
may use semigroups to get an explicit formula:

t
z (1) =e“‘z<>+/ eI W (s) ds.
0
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Here we have denoted by e’4 the analytic semigroup generated by A (cf. [225]
for general facts about analytic semigroups and [248] for the Stokes case). But at
this level we still have the same problem of the meaning of d; W. However, if we
integrate by parts, we get

s=t t d
2 (1) =etAZo+[e(”s)AW(s)] - f — DA (5)ds
s=0 0 ds
t
=20+ W(@1t)— W (0) + / Ae"=DAW (5) ds,
0

which is an expression with only W. The problem now is that Ae =4 W (s) should
be well-defined and integrable, in spite of the fact that A is an unbounded operator.
The semigroup ¢'4, being analytic, takes values in D (A) for every ¢ > 0 but with a
singularity for ¢+ = 0, measured by the property

C
|Ae'*h|ly < —lhla-

The singularity % is not integrable, hence we need some property of W in order to
have that Ae =AW (s) is integrable on [0, T'].
We solve the previous problem in the simplest possible way by assuming that

W e L0, T; D (A)).

In the examples of Sect. 5.5 this is guaranteed by oy € D (A). Under this assumption
we may write

t t
/Ae(t_s)AW(s)ds=/ eITIAAW (s)ds
0 0

and the integral is obviously well-defined. In the two remarks below we explain two
other solutions under less regularity of W.

Remark 1.4 If
W e L*® (0, T; D ((—A)E))

for some € > 0, then we can write

t t
/ AW (5)ds = —/ (—A)' €I (— A W (s)ds
0 0
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and use the inequality

C

1—€ tA
1A'= el < =

Al

to get the well-posedness of z(¢).

Remark 1.5 1If
W eC(0,T]; H)

for some € > 0, then we can write
t t t
/ Ae"IAW (s)ds = / A" (W (s) — W (1)) ds +[ Ae""IAW (1) ds
0 0 0
t
= / A=A (W (s) — W (1)) ds — W (1) + AW (1)
0
and now
(t—s5)A C €
[ Ae (W(s)—W(t))llemlt—sl ,

which is integrable. Therefore z(¢) is well-defined.

We can thus give the following definition and prove the following theorem. As
just remarked, with some effort it can be extended to

W e L*(0,T; D((—A)))UC([0,T]; H)

for some € > 0.

Definition 1.6 Given zo € H and W € L* (0, T; D (A)), we say that z is a weak
solution of the Stokes problem if

ze€L®(0,T; H)

and

t

<Z(t),¢)=(zo,¢)+/o (z(s), Ap)ds + (W (1), ¢) — (W (0), $)

for every ¢ € D (A).
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Theorem 1.7 Ifzo € H and W € L*° (0, T; D (A)), then there exists one and only
one weak solution of the Stokes problem; it is given by

t
2() =420+ W (t) — AW (0) +/ eTTIAAW (5) ds. (1.4)
0

Proof

Step 1 (uniqueness and explicit formula) Let z be a solution. Let
¢ € C1(10.T]: HYNC ([0, T]; D (A))

be given. Let 0 = typ < ... < t, = T be a partition of [0, T'], partition also
denoted by 7. Then, using the identities

Lit1
(z(tiv), o tig1)) =z (tiz1) , ¢ (1)) = / (z(tig1), 059 (5)) ds
t
lit1
(W (tirD), o (tiv1)) — (W (tir), 0 ) = / (W (tiz1), 05 (5)) ds
t
we get
li+1
(s, @ i) =z, ¢ (1)) +/ (2 (tit1), 050 (5)) ds
t

lit1
+/ (2 (5). Ad (1)) ds
t
+AW (tig1), @ Wtiv1)) — (W (), ¢ (1))

Lit1
- [T W ag o
ti
It implies
T

T
(Z(T),¢>(T))=(Zo,¢(0)>+/0 (z (S;L),a@(S))der/o (2 (). Ag (s7))ds

T
+(W(T),¢>(T))—<W(0),¢(0))—/(; (W (1), 850 (s))ds,
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where s, = 1, s; = tiy1, if s € [#;, tj+1]. Taking the limit over a sequence of

partitions 7 with size going to zero, we get

T

T
(Z(T),¢(T)>=(zo,¢(0))+/0 (Z(S),8x¢(5)>ds+/0 (z(s), A (5))ds

T
+(W(T),¢>(T)>—<W(0),¢(0)>—/0 (W(s), 050 (s))ds

(thanks to the regularity of z, ¢ and Lebesgue dominated convergence theorem).
The argument applies to every intermediate time ¢ in place of 7', hence we have

t t
(z(@), ¢ @) = <Z0,¢(0))+/0 (z (S),ax¢>(8)>ds+/o (z(s), A9 (s))ds

+ (W (1), ¢ (1)) — (W (0). ¢ (0) — /O (W (s) . 95 (5)) ds.
For such a value of ¢, take the function
¢ (5) =y
with ¢ € D (A). This function is of class
¢ () € C'([0,1]; H)N C ([0.1]; D (A))

hence, from the previous identity,
1 t
(z (1), w)=<zo, e >—/ <z (s), Ae(t_S)Aw> ds-i—/ (z (s), Ae(’_‘Y)AI/r> ds
0 0
t
+(W(t),¢)—<W(O),e’Aw>+/ <W(s),Ae<’*S>Aw)ds.
0
Using the fact that A is selfadjoint and W (s) € D (A) we get

0 ) ={e 0, wpw 0 e W © L ue e aw ). ) ds

and finally, by the arbitrary nature of ¥, we find that z is given by the explicit
formula (1.4). This also implies uniqueness.

Step 2 (existence) Formula (1.4) defines a function of class L* (0, T; H). The

function z (¢) — W (¢) is given by

t
2(t) = W (@) = e (zo — W (0) +f eTTIAAW (s)ds
0
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and therefore, by classical results on analytic semigroups, it is differentiable for
¢t > 0 and satisfies

% (z (@) —W(@) = Az(1).

Then it is sufficient to integrate this identity in time, taking the scalar product
with ¢ € D (A) and using the fact that A is selfadjoint.
|

When we have given the definition of the trilinear form » we have seen the role
of the space L*. We need to upgrade the regularity of z in order to cope with the
nonlinearity later on. Since it is sufficient for us, we restrict to zo = 0. As usual, we
state and prove the result under the abundant regularity W € L* (0, T; D (A)), but
the result is true, in this case, also when

W e L® (o, T:D ((—A)%“)) U CIte ([0, T]: H)

for some € > 0.

Theorem 1.8 Let zo = 0. If W € L*°(0,T; D (A)), then the weak solution
of the Stokes problem satisfies z € L™ (O, T; IL4) and the map from W to z is
linear continuous between these spaces. If (2, F,P) is a probability space and
w +— W (w) is a measurable map from (2, F) to L*° (0, T; D (A)) (endowed with
the Borel o-algebra) then, denoting by z (w) the weak solution corresponding to
W (w), we have that  — z (w) is measurable from (2, F) to C ([0,T]; H) N
L> (0, T; L*).

Proof Without optimizing the argument, let us remark that V C LL* by the Sobolev
embedding theorem and

t
Iz @)y < W (1) — AW () |ly + /0 e D4 AW (s)llvds.

Now D (A) C V, hence |W (1) — ¢'AW (0)||y is bounded. And a well-known
inequality for analytic semigroups gives us, for some constant C > 0

C
ledwlly < —=|lwllu

NG

forallw € Vandt € (0, T]. Hence we deduce z € L*° (0, T; V) C L*® (O, T; L4).
The measurability follows from the continuity, which is a consequence of linearity
and boundedness. |

As we said above, the theorem extends to more general data. The following one
is an example.
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Theorem 1.9 Ifzgp € D ((—A)%“) and
We L= (0.7: D ((-a)i))
for some € > 0 then
2e1(0.7; D ((—A)3*?)) € L¥O, T; LY.

Proof The term elzg + W () — AW (0) in the explicit expression for z (¢) is
of class L™ (O, T;D ((—A)%*)), directly from the assumptions. For the integral
term fé Ae"=9)AW (5) ds we have

1

t t
(—A)3ts f Ae""IAW (s)ds = — / (—A)! 72074 (AW (5) ds.
0 0

Now (—A)I+€ W e L® (0, T; H) and

. C
=5 (t—9)A —
I(—A)!"2e Il By < (— )=

These two facts imply the result. |

Since our main goal is to consider a stochastic forcing term which is a Brownian
motion, let us explain a bit better the case when W is only H valued, namely W <
cY(0,T]; H), Ya < %, W (0) = 0. Arguing as in Remark 1.5, we can write

t
2(t) =70+ W) + / Ae"TIAW (s) — W (1)) ds. (1.5)
0

Thus, as explained in Remark 1.5, z(r) € L°(0,T; H). A result completely
analogous to Theorem 1.7 can be stated also in this framework:

Theorem 1.10 Ifzo € H and W € C*([0,T]; H), Ya < %, W) = 0, there
exists one and only one weak solution for the Stokes problem and it is given by the
formula

t
2(1) = 4z + AW (1) +/ AW (s) — W (1)) ds.
0

Proof

Step 1 (uniqueness and explicit formula) Let z be a solution. Let

¢ € C' ([0, T1; HYNC([0, T]; D (A)).
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Arguing exactly as in the proof of Theorem 1.7 we get that z(¢) satisfies
t t
08O =G0 )+ [ 2 dpoNds + [ 0, Ap 6 ds

H(W (). ¢ ®) — (W(©0).¢(0) - fo (W (), 06 (5)) ds.
For such a value of #, take the function
1 (5) = ey
with ¢ € D (A). This function is of class
¢ () € C'([0,1]: H)N C([0,1]; D (A)).

Using ¢, defined above in the weak formulation satisfied by z () we get
t
@9 = (a0, u) 4 W@+ [ (W) a9y s
0

We add and subtract f(; <W (t),Ae([_S)Alﬂds in the relation above, then,
exploiting the regularity of ¢, the semigroup and its infinitesimal generator
commute. Thus, thanks to the fact that A is selfadjoint, we arrive at the following
relation:

t
(@ 0) = (20, )+ W @9+ [ (A=A ) = w . v)ds
0
t
+/ <W(t),Ae(’_”Aw>ds
0

t
=<zo, o' )+<e'AW . w)+< / AW (5)—= W (£))ds, w>.
0

From the density of D(A) in H, the first statement follows.

Step 2 (existence) As in the proof of Theorem 1.7, formula (1.5) defines a
function in L%°(0, T; H) and the relation z(r) — e AW(t) — fé Aelt=9)A
(W(s) = W@)) ds = e'?zg holds. Therefore, by classical results on analytic
semigroups, we can differentiate this relation for ¢ > 0, obtaining

t
% <z(t) — W@ —/ AT (W (s) — W) ds)
0

t
=A (z(t) — W () - / AT (W (s) — W(1)) ds>.
0
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Integrating this identity in time, taking the scalar product with ¢ € D (Az) we
arrive at the relation below:

t
<z(t) —2(0) — "W (1) —f A4 (W (s) — W(1)) ds,¢>
0

t Ky
- <[ (z(s) — AW (s) —/ AeSTIA (W (r) — W(s)) dr) ds, A¢>>.
0 0

Our goal is to try to rewrite better the quantity
t
<e’AW(t) + / AT (W (s) — W), ¢>
0

t s
- </ <e“‘W(s) +/ AeSTIA (W (r) — W(s)) dr)ds,A¢>.
0

0

We first concentrate on the double integral. Thanks to the fact that A is selfadjoint
and the regularity of the process eS=A (W (r) — W(s)), it can be rewritten as

t s
—< / ds / eSTIAW () — W(s)) dr, A2¢>>
0 0

t s t s
:_</ ds/ eSTIAW(r) dr—/ ds/ eSTIAW(s) dr, A2¢>
0 0 0 0
t t t S
:_</ dr/ eSTIAW(r) ds—/ ds/ eSIAW (s) dr, A2¢>
0 r 0 0

t
- </ SAW(s) — e AW (s) ds, A¢>.
0

The exchange of the order of integration is allowed thanks to the continuity of
the integrand functions and the compactness of the integration set. Exploiting
this relation we arrive at

t
<efAW(t)+f Ae=94 (W (s) — W(t)),¢>
0
t s
—</ (eSAW(s)—i-/ AeSTIA (W (r) — W(s)) dr)ds, A¢>
0 0
t
- <efAW(t) - / A" (1), ¢>
0

= (W), ¢).

Thus the thesis follows from the density of D(A?) in D(A).
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For the remainder of the chapter, in order to treat the nonlinearity, we will need
z(t) € L*(0, T; L*) and the map o — z (w), which is measurable from (€2, F) to
C(0,T]; H)nL* (0,T; ]L4). Recall our definition of a mild solution

t
zU):dAm+emW0y+/1Ad“m%W@y—WODd&
0

We will show separately that e'4zq and e'A W (1) + fot Ael=94(W(s) — W) ds
have the required regularity. For the first term we will use a trick which will be
presented in Chap.3 in a more difficult case, so we refer to Sect.3.2.2 for more
details. For the second one, we will exploit, again, the Holder regularity of the
Brownian motion. As discussed previously,

T T
A 4 A 2 tA 2
Izl vt < € [ e zoll ezl dr
L
0 0
A 2 T A 2
t t
< C supyeqo.rylle 20l f le'Azoldr
0

T
=< C||ZO||%1/ (—Ae'zg, e z0)dt
0
Tdlle 20113,
= —CJz0|I? / 2 OH g4
ol % A i

2
_ Clizoll},
- 2

C
2 tA 2
(120 = lle" 201 ) = 5 lz0l%-

For the second one, taking € > 0 small enough, we have

t
le" W (1) + / AW (s) — W) dslf s
0
t 4
< Cle*wOl4 1wl +C ( f | Ae" AW (s) — W(t)>||L4ds)
0
C
< ~IWOll
4
+C ( f 1AeT=94W (s) = W) 12 I1Ae DA W (s) — W) |1/ 2d )

(t—s5)2°

¢ IW1I ci—e
<cIwi*, 4 ‘/ O.1:H) ds
CIEO.T; H) 0 t —5)i

<CT, e, D)|W|*
cz E(OTH)
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Thus, up to introducing another different constant C depending only from 7', € and
the domain D, we have that

le AW )+ /0 AW (=W ) dsllao,rins) SCT € DIIWI

1 e

1790 T; HY

Thus z € L* (0, T; LY).
The measurability of the map follows for the same reasons as the case treated in
Theorem 1.8.

Remark 1.11 When W is a Brownian motion in a suitable Hilbert space, or also
in the case of other special stochastic processes, using rules of stochastic calculus
one can improve a bit on the previous results, which therefore are sub-optimal. In
fact, when W takes values in H only, it is not possible to prove that almost surely
z € L2(0, T; V) with previous deterministic tricks. However, this result is true and
follows from the argument described in Sect. 3.2.2. The theory extends also to the
case of Banach-valued processes. Several results can be found for instance in [90]
and [179, 180], see also [1, 49, 253].

1.2.2 Auxiliary Navier—Stokes Type Equations

Let us explain first the heuristics. Having solved the Stokes problem we introduce
the auxiliary variable

v (t) =u () —z(),
which satisfies

v+ (@W+z2)-V+2)+V(p—¢q) =vAv
divv = 0.

This equation has the form

oov+v-Vvo+ Vo =vAv— L (v,2)
divv =0

with the affine function
L(,z)=v-Vz+2z-Vv+2z-Vz

Therefore the Navier—Stokes structure is preserved, for the variable v, up to a
remainder which is affine. It is then not surprising that the auxiliary equation for
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v is solvable similarly to the classical Navier—Stokes equations. The strategy then is
solving the auxiliary equation and then deducing the solution of the Navier—Stokes
equations with rough force.

To avoid confusion with the heuristics above, let us formulate the problem from
scratch. Consider the modified Navier—Stokes equation

v+ (w+2z) - Viv+z2)+ Ve =vAv+ f (1.6)
divv =0
with
vlgp =0
v]t=0 = vo.

Definition 1.12 Given vg € H, f € L>(0,T; V') and z € L* (0, T; L*), we say
that

veC(0,T]; HyNL*>©0,T;V)
is a weak solution of Eq. (1.6) if

t
(v(t)»¢>—/0 bu(s)+z(s), ¢, v(s)+z(s)ds

t

t
_ <vo,¢>+/0 <v<s>,A¢>ds+/0 (f (). §) ds

for every ¢ € D (A).

Theorem 1.13 For every vg € H, f € L?>(0,T; V') and z € L* (0, T; L*), there
exists a unique weak solution of Eq. (1.6). It satisfies

t t
||v<r>||%,+zvf0 1V (5)1122ds = ||vo||%,+2/0 (f (), v (5)) ds

t
+ 2/ bw,v,2)+b(z,v,2)) (s)ds.
0

Finally, a continuity and a measurability statement completely analogous to those
of Theorem 1.2 and Corollary 1.3 hold here too.
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Proof

Step 1 (uniqueness) Let v be two solutions. The function w = v — @
satisfies

(w(), ) — /l (b (v(l) +z,¢, 00 + z) —-b (v(z) +z,¢, 0% + z)) ds

0
1
= [ ). ag)ds
0
for every ¢ € D (A). A simple manipulation gives us
b(vV 420,00 +2) = b (12 +2,0,0% +2) = b, ¢, w)
=b (v(z) +z. 9, w) +b (w, ¢. v + z)

hence
t
<w<t),¢>—/0 b(w(s). 6. w () ds

t t
=/ (w(s),A¢)ds+/ (f(s),9)ds
0 0
where
f=-8 (v(z) +z, w) - B (w v® +z>.
By Lemma 1.14 below, fe L? (O, T; V’). Then, by Theorem 1.2,
t t
llw 117 +2v / IVw (5)l72ds =2 / b(w.w,v® +2) () ds.
0 0
Again by Lemma 1.14, we have
1b (. w, 0@+ 2)1 = b (w0, 0@ + b (w, w, )]
< 2 4 2, C 2 @4
<elwlly +ellwlly 6—3IIwIIH||v 74
ellwl + elwl + S i)
v VT3 HIIZ 4

C
= dellwly + Sl (@I + 12174)
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Summarizing, with 4¢ = v, using the fact that [w|}, = [[Vw|37, + w3,
renaming the constant C,

t
||w<r)||%,+v/0 IVw ()II3ds

t
= Cfo lw &I (14102 @l + 12 )14) ds.

We conclude w = 0 by the Gronwall lemma, using the assumption on z and
inequality (1.3) for v®.

Step 2 (existence) Define the sequence (v") by setting v = 0 and for every n >
0, given v" € C ([0, T]; H) N L% (0, T; V), let v"*+! be the solution of Eq. (1.1)
with initial condition vg and with

f=B(".z)=B(z,v") = B(z,2)

in place of f. In particular

t
n+1 , _ b n+1 b, n+1 d
("1 0. 0) /O (v @), 90" () ds
t t
= (vo, @) +/ <vn+l (s),A¢>ds+/ (f(@s),p)ds
0 0

t
- / (B(v".2) + B (2.0") + B (2.2) () . $)ds
0

for every ¢ € D (A). In order to claim that this definition is well done, we notice
that

B(v",z),B(z,v"),B(z,2) € L*(0,T; V')

by Lemma 1.14 below.

Then let us investigate the convergence of (v"). First, let us prove a bound. From
the previous identity and Theorem 1.2 we get

t
o™t @) 13 +2v / IV ()12, ds
0

t
= ||U0||%1 + 2/ <f (S) s U”+1 (s))ds
0

+ 2/0’ (b (v", e Z) b (Z’ it vn) b (Z’ o z)) (5) ds.
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It gives us (using Lemma 1.14 below)
1 2 ! 1 2
" @1 +v fo IV ()12, ds
2 ! 2 ! 2
=||v0||H+C/0 IIf(s)IIV/ds+e/0 10" ()13 ds
t t
+C. /0 " I (1412 @)134) ds + C. /O Iz ()11 ods.

By using the Gronwall lemma and a small constant €, one can find R > ||v0||%1, and
T small enough such that if

T
sup 0" (1% < R, / 1" (5)3ds < R (L.7)
1€[0,T] 0

then the same inequalities hold for v"*!.

Set w, = v"* — v"~!, forn > 1. From the identity above,

(w1 @).9) = [ (0 ) b (0.0 s

- /0[ (wpt1 (s), Ap) ds — /Ot <(B (v".z) - B (v"‘l, z)) (), qb)ds
- [ -8 (=) o). 0)as

Again as above, since

b (u”“, b, v"+l> —b V", ¢, V") = b (Wpt1, §, was1)
=b (Un, ¢, U)n+l) + b (wn-l-lv ¢s vl’l)

we may rewrite it as

t

(Was1 (1) @) — fo b (Was1 (5) .+ . st (5)) ds
t t
=/0 (Wit <s>,A¢>ds—/0 (B (wn, 2) + B (2 ) (5) . §) ds

t
+ /0 (b (V" b, wnt1) + b (wng1, ¢, V")) (5) ds.



22 1 The Navier-Stokes Equations with Deterministic Rough Force

One can check as above the applicability of Theorem 1.2 and get
2 ' 2
lwni1 @Ol + 2Uf0 Vw1 ($)1l72ds
t
= 2/ (b (Wn, Wpt1, 2) + b (2, Wpy1, wp)) (5) ds
0
t
2 [ b () 6)ds,
0
As above we deduce
v
1B (w1, watt, V)| = Slwnsr I + Cllwner 17 10" 1
But
v 2 1 2 2 4
b (Wn, Wnt1,2) + b (2, Wag1, wa)| < Ellwn+1llv + Z”wn”\/ + Cllwallg Izl 4

Hence
2 ! 2
lmsr O +v /0 IVans1 (5)122ds
t
<c /0 1 O (141" 014 ) ds

1 t t
+ /0 lwn ()3 ds + C /O lwa (N7 11z ()7 4ds.

Now we work under the bounds (1.7) and deduce, using the Gronwall lemma, for T
possibly smaller than the previous one,

T
sup [lwt1 (0115 + / lwnt1 (5) I3 ds
t€[0,7T] 0

1
= 5( sup [[w, (D13 + / lwy (s)llvds)
tel0,T1]
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It implies that the sequence (v") is Cauchy in C ([0, T]; H) N L?(0,T; V). The
limit v has the right regularity to be a weak solution and satisfies the weak
formulation; in the identity above for v"*! and v" we may prove that

t t
/b(v"“ (s), ¢, V" (s))ds—>/ b (s),d,v(s))ds
0 0
t t
/ b(vn (S),¢,Z(S))ds —>/ b((s),p,z(s))ds
0 0

t '
/ b(z(s). ¢, V" (5))ds — / b(z(s),d,v(s))ds.
0 0

All these convergences can be proved easily by recalling the definition of b.
Similarly, we can pass to the limit in the energy identity. |

Lemma 1.14 [fu,v € L* (O, T; Hf‘) then

B(u,v) e L*(0,T; V). (1.8)
Moreover,
b < 2 / 2 C 2 4 19
b (u, v, w)| <€lvlly +e€ ||u||v+zllullyllwllL4 (1.9)
2 / 2 C 2 4
b (u, v, w)| < elvlly +e€llwlly + @Ilwllyllullw (1.10)

where C is a constant independent of € and €.

Proof Indeed,

[(B (u,v),¢)| = [b(u, ¢, v)| < lI$llvIlullzsllv]izs

1B (u, v)llv < llullpallvllzs

and thus

T T
/0 ||B(u(t),v(;))||2v,dt_</0 ||u(t)||i4dr>

Moreover,

1/2 172

A

T
( fo lv <t>||14dt)

1
2 2 2
16 G, v, w)l = llvllullslwlizs = €lolly + = lullplwiys.
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hence the proof of (1.9) and (1.10) is the same. Let us prove the first one. From the
interpolation inequality (1.2),

2 c 2
16 G, v, )l = €lfolly + —llullvllulla lwlya

C
2 l 2 2 4
= €llvlly +€llully + 7wl lwllzs.

1.2.3 Final Main Result on the Equation with Rough Force

Finally, we may define the concept of the solution and prove the well-posedness for
the Navier—Stokes equations with rough force

oou+u-Vu+Vp=vAv+ f+ oW (1.11)
divu =0
with
ulagp =0
Ulr=0 = uo.

Definition 1.15 Givenug € H, f € L> (0, T; V') and W € L™ (0, T; D (A)), we
say that

ueC(0,T]; H)yNL® (o, T; L“)
+C([0,T]; H)NL* (0, T; V)

is a weak solution of Eq. (1.11) if
u—zeC(0,T]; HYNL*(0,T; V),

where z is defined above with zg = 0 and
t
w00 [ b g ds

t t
=<Mo,¢>+/0 (M(S),A¢>ds+/0 (f (). drds + (W), ¢) — (W), )

for every ¢ € D (A).
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Theorem 1.16 Assume ug € H, f € L?>(0,T; V') and W € L™ (0, T; D (A)).
Then the Navier-Stokes equation (1.11) has a unique weak solution, given by
the sum of the solution of the Stokes problem and the solution of the auxiliary
problem, which satisfies the energy identity of Theorem 1.13. Finally, a continuity
and a measurability statement completely analogous to those of Theorem 1.2 and
Corollary 1.3 hold here too.

Proof

Step 1 (uniqueness) Let u” be two solutions. Let v = u® — z: they are
solutions of the auxiliary problem, hence they coincide, hence also u") coincide.

Step 2 (existence) Let v be a solution of the auxiliary problem. Set u = v + z:
then u is a solution of Eq. (1.11).

Step 3 (measurability)  Again, u () is given by

u(w) =v (o) +z(w),

hence it inherits the measurability properties of v (w) and z (w) given by
Theorems 1.13 and 1.8, respectively.
|

1.3 Summary

The main technique illustrated in this chapter is the reduction of the PDE with
rough input to the classical PDE, by means of the solution of Stokes problem with
rough input. Even if this approach is less flexible that the one based on probabilistic
methods that will be described in Chap. 2, see the discussion in Sect.2.1, it is
quite useful and successful in a number of cases, especially in the theory of
Random Dynamical Systems [78, 79] but also when the continuity of solution with
respect to the input force may help, as in Large Deviation Theory, to apply the
contraction theorem. Indeed, for these kinds of applications the pathwise approach
leads to a final structure which is more powerful than the one based on probabilistic
methods. Therefore, the topics described in this chapter have not only a pedagogical
motivation, in order to introduce a little at a time to researchers with a deterministic
background the issues related to SPDE, but also to present a methodology, not
optimal for studying the well-posedness of stochastic partial differential equations
with additive noise, but useful for treating other issues related to such problems.

Fluid dynamic equations with rough inputs (time derivative of non-differentiable
stochastic processes) have been studied by many authors. Nowadays, thanks to the
interest of many researchers in the singular SPDE, the regularity of the rough inputs
is being pushed to the limit. However, a main question, still widely open, is a precise
justification of such rough inputs. In Chap. 5 we consider this problem and suggest
a research direction related to the complexity of real irregular boundaries and the
input they have on the fluid.



Chapter 2 ®
Stochastic Navier-Stokes Equations and oo
State-Dependent Noise

2.1 Introduction

In the previous chapter the force d; W was a single deterministic function (more
precisely a distribution). The theory applies to the case when W is a stochastic
process, just by treating each realization separately, and caring about measurability
a posteriori.

We may thus ask ourselves whether the theory of Chap. 1 can be extended to
rough inputs which depend on the solution, in particular of the simple form

oou+u-Vu+Vp=vAu+ f+Fw)+o (u)o,wW
divu =0,

where the distributional derivative d; W is multiplied by a function o (1) of the
solution. In Sect. 5.5 we motivate this generality by examples.

Application of the ideas of Chap. 1 to this case meets trouble. The problem is not
just the fact that the Stokes problem

02+ Vg =vAz+o (u) oW
divz =0
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depends on u: this problem in principle could be solved by an iteration. The problem
is that we cannot apply the trick of integration by parts in the mild formula for z:

t
z (1) :emzo—i-/ "G (u (5)) 0, W () ds
0

= t
= e'hzo+ [e(’_s)Ao u (s) W (s)] ; - / 4 (e(’_s)Aa (u (s))) W (s)ds

§=l 0 dS
=20 +0 W @) Wt)—elo (u(0) W (0)

t t
+/ A" (u (s))W(s)ds+/ e‘f—”f‘ia (u () W (s)ds
0 0 ds
and

d
o) = (Do (u(s)) , dsu (s))
N

brings again into play the term 9, W (s).

One way to escape this problem is to use the theory of rough paths, which
however is quite elaborated for our purposes. The most classical way is, when W is
related to Brownian motions, to use stochastic calculus. The purpose of this chapter
is to illustrate the technique to study the Stochastic Navier—Stokes equations by
stochastic calculus.

Remark 2.1 The reader has certainly noticed that we have introduced, in parallel
to o (u) 9; W, also a term F (u). This is not for generality, which clearly is not our
purpose in these notes. The reason is deep: if we introduce a term o (1) 9; W, we
also need to introduce a compensator F (u), otherwise the physics is wrong. This is
the Wong—Zakai principle: see Sects. 5.5 and 5.6.

2.1.1 Filtered Probability Space

Let (2, F,P) be a probability space. A filtration indexed by ¢+ > 0 is a fam-
ily (F;);>p of o-algebras such that F,, C F, C F for every t1 < 0.
We call (Q,]—" , (]-",),Zo,]P’) a filtered probability space, and we abbreviate it
to (2, F, F;,P). A stochastic process (X;);>¢ on (2, F, F;, P), taking values
in a measurable space, is adapted if X; is JF;-measurable for every ¢t > O.
It is progressively measurable if the map (s, w) — X (w) is measurable on
([0,1] x 2, B(0,1) ® F;) for every t > 0 (B (0, t) being the Borel o-algebra on
[0, £]). When the target space is metric with the Borel o-algebra, and the process
is continuous, the concepts of adapted and progressively measurable are equivalent.
When we deal with processes that, with respect to the time variable, are equivalence
classes (with respect to zero sets for the Lebesgue measure on the time interval),
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like L2 (0, T; V), we cannot use the concept of an adapted process since X, (given
t) is not well-defined. In this case we always use the concept of progressively
measurable: for every ¢, the restriction on [0, ¢] is a well-defined equivalence class
and the definition applies to it.

Denote by L%_-t (2, H) the space of random variables (in fact equivalence
classes) X : Q — H that are F;-measurable and square integrable. We denote by
Cr ([0, T]; H) the space of continuous adapted processes (X;),¢jo, 71 With values
in H such that

]E|: sup ||Xt||%1:| < 00
t€[0,T]

and by L%_- (0, T; V) the space of progressively measurable processes (X¢);e(o,7]

with values in V such that
T
E [/ ||Xl||%,dt] < o0.
0

Of course we may use similar notations also with different spaces in place of H and
V; this is just the most common case in the sequel.

A (real-valued) Brownian motion on (2, F, F;,P) is a continuous adapted
process (W;);>¢ such that P (W; = 0) = 1, W; — W is independent of F; for every
t > 5 >0, and W, — Wy is a centered Gaussian random variable with variance
t — s (we write W, — Wy ~ N (0, t — 5)). With probability one, paths are not only
continuous but also locally Holder continuous with any Holder exponent o < %

A noise often used in these notes is

Wt x) =Y VAo (x) W, (2.1)

keK

where K is a finite set, o, € D (A), (Wlk) (>0 are independent Brownian motions on
some filtered probability space (2, F, F;, P). With probability one, the path ¢
W (¢, ) is of class C ([0, T]; D (A)) (also C* ([0, T]; D (A)) for every o < %).

The machinery introduced here and below is strongly based on the general
theory on Stochastic Partial Differential Equations (SPDEs), of which wide and
fundamental accounts can be found for instance in the paper of Bensoussan and
Temam [25], the theses of E. Pardoux [224] and M. Viot [255], the work of Krylov
and Rozovski [191], in the books of Vishik-Fursikov [256], Metivier [215], Da Prato
and Zabczyk [90], [91], [92] and Prevot and Roeckner [226], among others.
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2.2 Additive Noise Under the View of Stochastic Calculus

First, let us elaborate the result of Chap. 1 under the view of stochastic calculus.
Consider the Itd-type equation, in d = 2,

du+ (u-Vu+ Vp)dt = vAudt + Z Varordwk (2.2)
keK
divu =0
with
ulagp =0
u(0) = up.

Definition 2.2 Given a filtered probability space (<2, F, F;,P) and the noise
W (t,x) as in (2.1), given ug : Q — H, Fo-measurable, we say that a process
u is a solution of equation (2.2), if its paths are of class

ueC(0,T]; HYNL*(0,T; V)

with probability one, it is adapted as a process in H, progressively measurable in V,
and

t
(u (), d) _/o bu(s),¢,u(s)ds

t
= (o, ¢) +/0 w(s), Ap)ds + 3 v/ak (0w, @) W

keK

for every ¢ € D (A).
Theorem 2.3 There exists a unique solution.

Proof Given two solutions, with probability one their paths are two solutions in
the sense of the theorem of the previous chapter, hence they coincide. Path by path
the existence of u (w) is given by that theorem; since W is measurable, also u is
measurable. But the measurability result can be applied on any subinterval [0, ¢],
the process u being always the same (namely the restriction to [0, #] of the process
on [0, T']), hence we have progressive measurability, which gives also adaptedness
in H due to continuity. O

We want now to apply the Itd formula to compute

dllu ).
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Let us recall, for comparison, that when X; is a process in R satisfying the equation

dX} = bjdt + Y _o/*aw}
keK

and f is a function of class C? (RY), then

d d
| o
df (X0) =) 0 f (X dXj+2 37 " %d; f (Xn) o/ dr,

i=1 i,j=1kek

where we have to replace dX! by the equation. Rigorously, all these identities
have to be interpreted in integral form and the stochastic processes X!, b, ok

are assumed progressively measurable. In order to apply these facts we need a
progressively measurable process (and this is provided by the previous theorem)
and a finite-dimensional reduction.

Theorem 2.4 IfE [||uo||%1] < 00 then
ueCr(0,T1; H)NLE (0, T; V)

and

E[lu 01 ] + 2v/OtE [1Vu )12 | ds = B[ ol | +1 D acliowliy

keK

E [ sup [ (t)n%,} <E [luol}]

te[0,T]

T
+ T dllonlyy +C | Y- ME [/ (u (s),gk)zds].
0

keK keK

Proof Taking a complete orthonormal system in H, (e;), made of eigenvectors of
A, with eigenvalues (—2;), called H,, the finite-dimensional space generated by
e1, .., en and m, the projection onto H,, called u,, (t) = m,u (¢), called finally

by (u () 1= D b (u(s), u(s), e)e;

i=1

we have (from the weak formulation applied to each e;)

t t
u, (t) + / b, (u (s))ds = mpug + / Auy (8)ds + T, W(t).
0 0
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Taken the function f, (x) = Y7, (x, e;)2, which has‘ the properties 9; f, (x) =
2({x,e;), 0;0; fu (x) = 28;j, using the fact that, with 0,’]‘ = /A {or, e;), one has

N2 . A .
Z;’il (0,’]‘) = Arllow ||%1, the classical It6 formula gives us

dllun (O3 =2 (un (), dun () + Y Aellmaorl|Fdt
keK

= =20 Vuy (1) 7241 + Y Mllmaox |7 dt
keK

+2) Vi (1), m00k) AW, + b (u (5) , u (5, up (5)) dt,

keK

where we have used

(n (5), by (u(s5))) = b(u(s),u(s),up(s)).

This identity has to be interpreted in integral form. Using the convergence properties
of m,, and the regularity of u, it is not difficult to pass to the limit and obtain

t
lu ()17 + 2v/ IV ($)1132ds = luolly +¢ > MellowllF (2.3)
0 keK
t
F230Var [) on
keK 0

where the last term is an It6-integral. In order to take expected values we have to use
a localization argument that we explain here, namely we omit the repetition below
when it is used several times. For sake of simplicity of notation assume that u is a
solution defined for all + > 0 (we can do this, T is arbitrary). For every R > 0, let
TR be the stopping time defined as

tg=inf{t > 0: ||lu(@®)|g > R}

or equal to +oo if the set is empty. Compute the previous identity at time s A g (it
helps the fact that the process u is continuous in H):

S
lu (s A TR)IF; + 2v / Lr<eg VU () 172dr = lluolly + (s Atr) Y Aellowlly
0
keK

+22‘/)Tk/‘ ly<zg (M(S),Gk)der,
0

keK
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Now E [ fOT Li<eg (u(r), or)? dr] < oo hence the Itd integrals of this identity are
true martingales and we can apply Doob’s inequality. Therefore

E| sup llu s At)l | < E[uoll} ]+ T 3 Acllowl,
s€[0,7] keK

t
+C Z,\k]E/ (W (r), op)? ly<qpdr.
0

keK

Now we observe that E [Sque[o,z] |l (s A ‘L'R)H%{] =E [Supse[o,l] flu (S)||%11s§m]-
Thus, exploiting Young’s inequality, the expression above can be rewritten as

E [ sup u (s>||%,1s§m} < E ol |+ 7Y ellowliy

s€[0,7] kek

t
+C Zxknokn%,\/f E [lu()131r<ze] dr
keK 0

< E[lluol, | +27 3 axllonlly
keK

t
+C [ B [supycio o)y 1izey ] dr

By the Gronwall lemma it follows that
E [ sup [|u <s)||%{1s<m} <c,
5€[0,T]

where C is a constant independent of R. Letting R — 400, by the monotone
convergence theorem we get

E| sup Jlu(s)lF | <C.
s€[0,T]
This means, in particular, thatu € Cx([0, T]; H) and E [fOT (u(r), ok>2 dr] < 0.

Therefore ) rek VM fot (u(s),or)d va is a true martingale and its expected value
is equal to zero. Starting again from relation (2.3), thanks to previous computations,



34 2 Stochastic Navier-Stokes Equations and State-Dependent Noise

the right-hand side and ||u(?) ||%1 have finite expected value, hence the same is true
for the other term on the left-hand side. We get, in particular, the energy relation

t
E [l 01} ] +20E [/O |V (s)nizds} = E[Juol, | + ¢ 3" relloliy-

keK

From this result, which is already part of the thesis, we deduce u € L%_- O, T;V).
The last energy relation can be obtained starting again from relation (2.3) and
exploiting Doob’s inequality similarly to what we have done before for proving
that & [supse[O’T] [l (s) ||%{] < C. We omit the easy details. o

2.2.1 Consequences

The message we get from this theorem is manifold:

* The solution has integrability properties in w reflecting analogous properties
assumed on the data.

* In the modeling of emergence of vortices developed in the previous section we
have made a mistake: creating vortices from nothing we introduce energy into
the system. Therefore we have to include an extra dissipation mechanism. There
is a loss of energy due to the impact of the flow with the obstacle (which, let us
remember, is not included into the boundary conditions); part of this energy is
given back in the form of emerging vortices. We do not have a sufficiently good
solution to this mistake, which then we leave as an open problem. A possible
proposal is adding a friction term —A (x) u

du+ (u-Vu+Vp)dt = (vAu— X (x)u)dt + Y \/arordWf
keK

with a friction coefficient possibly depending on x and localized near the
boundary: in this way the physical idea is that energy of large scales is subtracted
near the boundary and re-injected through the vortices oy. The energy balance is
now

t t
E[||u(t)||%,]+2u/0 ]E[||Vu(s)||§2]ds+2]E [/0 /Dk(x) |u(s,x)|2dxds]

= E[lluol, | +¢ 3" rellowliy-
kek
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But we should be able to choose A (x) in such a way that

t
2E [/ / A(x)|u (s,x)|2dxds] ~t Z XkIIUklllzq.
0 JD

keK

We do not know how to reach this target.
e Assume u (¢) is a statistically stationary solution; this implies that E [llu (t) ||%1] =

E[lluol%] and E [||Vu (S)”iZ] is independent of s, which then we denote by

E [||Vu ||iz]. Then, stressing the dependence of u on v,

1
€ = VE[IViul}:] = 3 D Allowly-
kekK

The dissipation € of energy due to viscosity remains constant in the inviscid
limit e — O (it is a statement of K41 theory), if the energy injection is constant.
Relations like this one may be useful for investigations about turbulence and go in
the direction opposite to the famous Kato’s criterion, e.g. [22], [26], [42], [120],
[184], [195], [203].

* We may use a small variant of the previous result to study state-dependent noise
by iterations, see below.

We complete this section by listing several references, which however are just
a minority of the existing ones (and excluding those already quoted elsewhere in
the notes, especially in the Preface). The stochastic Navier Stokes equations with
additive noise, or more generally with state-dependent noise (the case of transport
noise is a particular one treated in the next chapter), has been a sort of paradigm
of SPDEs and thus it has been investigated by many authors. To some extent it is
possible to make a classification (but often a single work approaches several topics):

* existence, uniqueness and other foundational properties, including Markov selec-
tions, Kolmogorov equations and the difficult case of space-time white noise:
[4], [14], [24], [33], [36], [47], [57], [87], [93], [106], [107], [119], [144], [158],
[165], [208], [214], [229], [232], [237], [246], [261], [263], [262];

* invariant measures, stationary solutions and ergodicity: [20], [32], [48], [58],
[102], [103], [129], [136], [156], [161], [162], [163], [164], [169], [170], [212],
[219], [222], [231], [234];

* special properties, including large deviations, inviscid limits, existence of densi-
ties, numerical methods and optimal control: [9], [23], [30], [159], [160], [155],
[157], [31], [34], [45], [55], [54], [56], [66], [73], [96], [105], [108], [154], [173],
[174], [203], [211], [221], [228], [233], [243], [258].
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2.3 2D Stochastic Navier-Stokes Equations

Consider now the equations

8,u+u-Vu+Vp=vAu+f+F(u)+ZJk(u)8tWtk (2.4)
keK
divu =0

with
ulagp =0
u (0) = uop.

Assume

F e Lip(H, H)

ox € Lip (H, H)N C (H, D (A)),bounded in H,  k € K.

With some additional elements of stochastic analysis (Itd formula for |ju (t)||Z
and Burkholder—Davis—Gundy inequality) one can drop the assumption that oy
are bounded, so it is made here only for simplicity of exposition. The assumption
C (H, D (A)) is also made just for simplicity, but it is clear from the estimates below
that it is absolutely unessential.

Definition 2.5 Givenug € H and f € L* (0, T; V'), we say that
ueCr(0,T1; H)NLE (0, T; V)
is a weak solution of Eq. (2.4) if
t
<u<r),¢>—f0 bu(s), ¢, u(s))ds

t t
=<uo,¢>+/0 <u(s),A¢>ds+/o (F (). 6 ds

t t
+/O <F(u(s)>,¢>ds+2/0 (0% ( (5)) , ) WY

keK

for every ¢ € D (A).
Theorem 2.6 For every ug € L%_-O (Q,H)and f € L.2F (O, T, V’) such that

T
E[lluolly ] +E [/0 [FA]% dS} < 400
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for some r > 4, there exists a unique weak solution of Eq. (2.4). It satisfies
t
E[llu 0l ] +2vE UO |Vu <s>||%,ds}

t
= E[luol; | +2E UO (u(s), f () +F @) ds}

t
+) E [ fo llo (u (s))n%,ds}

keK

Remark 2.7 In the language of stochastic differential equations [183], the notion of
uniqueness used here corresponds to the so-called pathwise uniqueness; the notion
of existence to the so-called strong existence. We use the name weak solutions not
in the probabilistic sense of stochastic equations but in the analytical sense, being
the formulation made against test functions.

Remark 2.8 If we take a deterministic initial condition #( and forcing term f, then
Theorem 2.6 holds under the more natural assumptions ug € H, f € L%0,T; V).
Indeed, uniqueness holds under the natural assumption ug € LZ}-0 (2, H) and

f e L%_- (O, T; V’). The additional integrability assumptions are required to prove
some additional bounds in order to get existence, see Step 3 in Sect. 2.4.4 below.
In the case of deterministic data such estimates hold without requiring this kind
of integrability, see Remark 2.25 below. We decide to consider stochastic data
in the statement of Theorem 2.6 for the purpose of giving the reader a complete
understanding of the main tools and difficulties in order to prove the well-posedness
of a nonlinear stochastic system with state-dependent noise.

The previous theorem is, today, a sort of paradigm of the compactness method
and its proof has served as a basis for several generalizations, not only in SPDE
theory but also, for instance, in the framework of interacting particle systems and
their macroscopic limit (see for instance [132] and references therein); this is why
we give several details below, although classical, and we even extend pedagogically
the discussion. We have decided also to present from scratch the technical but quite
classical argument related to the realization on an auxiliary space based on the
Skorohod theorem. Although great, we have the feeling that an alternative should be
found, similarly to what the Gyongy—Krylov theorem does with respect to proving
first weak existence and then applying the Yamada—Watanabe theorem. When the
limit equation is deterministic, or in the case of additive noise, an alternative proof
to Skorohod embedding exists and is described below for the 3D Navier—Stokes
equations with additive noise. However, in general, we have not found a similar
solution.

The proof of the previous theorem owes a lot to several investigations. Among
many others, let us mention only [255], [256], [215], [118], [238], [61], [46].
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2.3.1 Proof of Uniqueness

Let u® be two solutions. Then w = u® — 4@ satisfies

(w (1), ¢) — /: (b (u(]), b, M(l)) b (M(2)7 b, u(2))> (s)ds

= At (w(s), Ap)ds + /OI <F (u(l) (s)) - F (u(z) (s)) , ¢> ds
+ I;{ /Ot <O'k (u“) (S)) — oy (u(z) (S)) , ¢)dWsk
and since
b (um, &, u(l)) _b (u(2>’ ¢, u@)) —b(w, ¢, w)

=b (u(z), ¢, w) +b (w, ¢, u(z))

we get

t
(w(t),¢) — /0 b w(s),d, w(s))ds

- /Ot (w (s), Ad) ds + /Ot <F (u(l) (s)) —F (u<2> (s)) , ¢> ds
+ Xk: /Ot (ok <u<” (s)) _ oy <u<2> (s)) ,¢>dWs"

+ /Ot (b (u(z), ¢, w) +b (w, ¢, u(2))> (s)ds.

We need the Itd formula to continue; it can be proved similarly to Theorem 2.4. It
gives us

lw ()13 + 2v /Oluw ()2 ds = 2[ <F (Mm (S)) ~F (u<2> (S)) L w (s)>ds

t
0
+ 2/0t (b (u(z), w, w) +b (u), w, u(2)>) (s)ds
+y /O ok (4 ) = o1 (1@ ) s

keK

+ M;
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where
M, = Xk:/()l (ak (ua) (s)) — o (u<2) (s)) L w (s)>dWSk.

Therefore, if Lr and Ly are the Lipschitz constants of F' and oy respectively, using
estimates of Chap. 1 we get

t t
hw ()13 + ”/o IVw (5)]12,ds < (2LF £y Li)fo lw () ds

keK
t
+C [ O (1416 0)12.) s
+ M,

We need now a very interesting trick that we have learned from Bjorn Schmalfuss
[238]: introducing

t
Pt = exp (_C/o (1 + ||u(2) (s)||i4) ds)

we have, from the It6 formula again,

t t
llw (11300 + v/o IVw ()72 p5ds < <2LF +> Lﬁ)/o lw ()17 05ds + M,

keK
where
M, = k;{ /Ot <ok (um (s)) — o (u<2> (s)) W (s)),odeSk.

Omitting the necessary localization argument entirely similar to the one used in
Theorem 2.4, we get

t
E [||w (t)||%,p,] +E UO [Vw (s)||izpsdsi|

t
< <2LF + Li)/o E[lw @Ip ] ds.

keK

which leads to E[[lw (1)|I3,0:] = 0 by the Gronwall lemma. But, thanks to the
regularity of u®, P (p; > 0) = 1. Hence P (w (r) = 0) = 1. Since this is true for
all 7, the processes u") and u® are modifications; but they are continuous, hence
they are indistinguishable.
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2.4 Proof of Existence

2.4.1 Introduction

Existence for differential equations is a wide subject with many ideas. More or less,
all methods consist in the construction of a sequence, based on some approximation
or iteration method which allows us to define the sequence by means of easier
equations than the one object of investigation. Then one has to prove convergence in
a topology which allows one to pass to the limit in the approximate equations. Linear
terms pass to the limit under very weak convergences, hence the demanding parts
for the limit step are the nonlinear terms. When they have suitable monotonicity
properties, again weak convergence is sufficient, but the Navier—Stokes nonlinearity
does not have such properties. Strong convergence in a topology like H is needed.
Weak convergence does not suffice to take the limit in a quadratic expression; the
weak limit of the square is not the square of the weak limit, in general.

We have insisted on this classification of ideas because the existence of weakly
convergent subsequences of an approximating scheme is an excellent property also
in the stochastic case, it applies for instance to spaces like L> (2, B) with a Banach
space B. But the existence of strongly convergent subsequences of an approximating
scheme is very demanding, in the stochastic case. And for the Navier—Stokes
equations we are faced with this demanding problem.

Essentially there are two ways to get strong convergence: one is related to
contraction principle arguments and consists in the proof of the Cauchy property
of the sequence, in the strong topology, usually in expected value. This kind of
argument is not easy to be implemented for the Navier—Stokes equations. In the
deterministic setting we have seen an example of this technique in Chap. 1: for the
auxiliary Navier—Stokes equations we have constructed a sequence (v,) and proved
it was Cauchy. In the stochastic case, performing similar proofs is very difficult
because of the problem of closure of moments: we have to take expected values
but the nonlinearity increases the order of the moment. Inspection into the proof
of Chap. | reveals we have used uniform bounds on the iterates to close a certain
inequality in the proof of the Cauchy property; in the deterministic case such bounds
are deterministic; in the stochastic case they are in expected value and thus not easily
applicable.

The alternative strategy to have strong convergence of subsequences is by
compactness theorems. However, here there is a structural problem: compactness in
spaces like L2 (€2, B) is essentially impossible to prove (except for criteria based on
Malliavin calculus, which however did not prove to be competitive, until now). Thus
one goes to compactness of the laws, because compactness in spaces of measures is
very well characterized.

But then the problem becomes that we have only subsequences of laws, which
converge in strong topologies. Namely, it is not strong convergence of the original
stochastic processes, only of their laws. How can we identify a limit stochastic
process and pass to the limit in the equations?
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Here there are several strategies, each one with advantages depending on a certain
feature of the problem; or, if not advantages, it is the only one we can use.

* When we can prove the so-called pathwise uniqueness, as above in the 2D case,
there is a brilliant criterion of Gyongy and Krylov which proves the convergence
in probability of the approximating sequence of stochastic processes, hence
upgrading the pure convergence in law. We shall explain this below.

e An alternative to this method, when pathwise uniqueness is known, is proving
weak convergence of the laws; constructing a solution on an auxiliary probability
space and then using a theorem of Yamada—Watanabe type (which requires
pathwise uniqueness) to prove that a solution on the original probability space
exists. This strategy looks longer than the previous one, hence we prefer to
describe the Gyongy—Krylov approach.

* When pathwise uniqueness is not known or it is false, there is no way to
upgrade the weak convergence of laws to some kind of stronger convergence
of the processes. In this case the Skorohod representation theorem allows one to
reformulate the approximating sequence on a new, auxiliary probability space,
where it converges also almost surely, not only in law. Then one can pass to the
limit. But the limit process lives in an auxiliary probability space. This is the same
strategy used in the previous item, but not followed by a Yamada—Watanabe step.
Hence the final result is just existence on an auxiliary space.

» For special noise, like the additive one, when pathwise uniqueness is not known,
there is a trick to pass to the limit in the equation using just the weak convergence
of the laws, without performing the Skorohod representation theorem step. The
limit law is a solution of the equation, in a suitable sense. We shall describe this
procedure below. It applies for instance to the 3D Navier—Stokes equations with
additive noise.

One may add several comments to the previous list, related for instance to the
concept of martingale solutions, but we limit ourselves to the previous discussion
and show some of the computations for the first and the last item.

2.4.2 Gyongy-Krylov Convergence Criterion

The following result is taken from [168]. We give the details for completeness.

If (E, d) is a metric space we denote by (E2, d?) the product space with the
metric d? ((x, v), (x/, y’)) =d (x,y)+d (x/, y’); we understand that on every one
of these metric spaces the o-field is the Borel one; and we denote by D the diagonal:

D= [(x,x) cF%:xe E}

Lemma 2.9 Let (Xp),en be a sequence of random variables from a probability
space (2, F,P) to a complete separable metric space (E,d). Assume that, for
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every pair of subsequences ((ny (k) ,na (k)))ren, With ny (k) > no (k) for every
k € N, there is a subsequence (k (h)),ecn such that the random variables
(X, (ehy)» an(k(h)))hemem (2, F,P)to (Ez, d2) converge in law to a measure .
on E? such that W (D) = 1. Then there exists a random variable X from (Q, F,P)
to (E, d) such that X,, converges to X in probability.

Proof 1t is sufficient to prove that (X,),cy 1s Cauchy in probability: given € > 0
we have to find ng such that for all n, m > ng one has

P(d(Xn, Xn) =€) <e.

Let us prove this by contradiction: we assume that there exists €y > 0 such that for
every k there are ny (k) > ny (k) > k such that

P (d (Xnyt)> Xnoh)) = €0) = €0

We may perfect the construction in order to have that ny (k) , ny (k) are strictly
increasing, hence they are subsequences. But by assumption there exists a sub-
sequence k (k) such that (an(k(h)), X,,2(k<h))) converges in law to W, hence its
probability of taking values in a closed set is upper semicontinuous:

W ((x,y) :d(x,y) =€) = limsupP (d (Xn,kn))» Xnak(h))) = €0) = €o.

This inequality is incompatible with pw (D) = 0, hence we have reached a
contradiction. |

2.4.3 Compactness Criteria
Deterministic Ascoli-Arzela Theorem

Given two Banach spaces X C Y, we say that the embedding X C Y is compact if
bounded sets of X are relatively compactin Y.

A version of the Ascoli—Arzela theorem claims that, given two Banach spaces
compact

C Y,afamily F C C([0,T];Y) with the following two properties is
relatively compact in C ([0, T']; Y):

1) {f@); f € F}isbounded in X;

(i) F is uniformly equicontinuous in C ([0, T]; Y); namely, for every € > 0 there
isé > Osuchthat || f (#) — f (s)|ly < eforevery f € Fand¢,s € [0, T] such
that |t — s| < 6.
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In particular:
compact

Proposition 2.10 Ifp > land X C Y, then

1 compact
W PO, T;X) C C(0,T];Y).

Indeed, if F ¢ wWl.» (0, T; X) is bounded, and t € [% T] (similarly for ¢t €
[0. 7]
t
FO @)= f @,
s

T/2

2 2 (TR 1
ro== [ f(s)ds+7/0 /Sf(r)drds,

2 T/2 2 T/2 pt
I Olly < = / I1F ) lixds + > / / I ()lxdrds
0 0 K

2
< —Iflorx + 1 orx <C

and
t
If @) — f©)lx < / I M ixdr < I f el — sV < Clt — 514,
S

where % + [ll = 1 and the constant C is independent of f € F. So F satisfies the
assumptions of Ascoli—Arzela theorem.

Deterministic Aubin—Lions Type Theorems

Theorem 2.11 Let X C Y C Z be three Banach spaces, with continuous dense
embeddings. Assume that the embedding X C Y is compact. Let p € [1, 00) be
given. Then the embedding

LP O, T: X)nWh'0,T;Z) Cc LP (0, T;Y)

is compact.

Remark 2.12 The previous theorem, when applied to functions spaces X C Y C Z,
treats the problem of compactness of functions of space-time. Heuristically, one
needs a condition of compactness for the space variable and one for the time variable
and, a priori, one could expect the need for some sort of joint compactness in the
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two variables. By the Ascoli—Arzela theorem, the space or real-valued functions
w2 (0, T; R) is compactly embedded into L? (0, T; R). The remarkable feature
of the previous theorem is that the compactness in the time variable does not require
a simultaneous compactness in the space variable: the space Z can be much larger
than Y. Said differently, the two compactness requirements, in space and time, are
quite decoupled.

Remark 2.13 The consequence in examples is that the only key assumption turns
out to be L? (0, T; X), the other being a technical consequence based on the
differential equation.

Remark 2.14 Assume p > 1 and also assume the bound is in W' (0, T'; Z) with
r > 1. The previous result means that, if we have a sequence of functions (u,)
(usually solutions of an approximate equation) such that

T T duy, (t)
fllun(t)llf;dwr/ |——==|%dt < C
0 0 dt

then there exists a subsequence (i, ) and a function u € L? (0, T; Y) such that

T
lim / llttn, (1) —u (t)||ydt = 0.
n—>oo 0

Moreover, u € L? (0,T; X) N WY (0, T; Z) and (1n,) can be chosen so that it
converges weakly to # in L? (0, T; X) and in WL (0, T; Z) (it is here that we
use p,r > 1). The weak convergence in these topologies is a consequence of
the general theory of reflexive Banach spaces; that it can be done for a unique
subsequence is easy; that the limit in the strong topology of L? (0, T'; Y) and weak
topologies of L? (0, T'; X) and wlr (0, T'; Z) is the same function u requires some
arguments that we omit (for instance: weak convergence in L? (0, T'; X) implies
weak convergence in L? (0, T'; Y), hence the weak limit in these topologies is the
same as the strong limit in L? (0, T'; Y), by uniqueness between weak and strong
limit in L? (0, T'; Y)). Moreover, in most examples one proves also a bound of the
form

sup |lu, (Dy = C.
1€[0,T]
By the same arguments, one may have that (unk) converges also weak-star to u in

compact
L (0,T;Y).Finally, f Y C Z, by Proposition 2.10 we may also add strong
convergence of (u,) tou in C ([0, T1; Z).

Essential for the stochastic case is the following generalization (see Simon [240],
Corollary 5):
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Theorem 2.15 Ifar > 1 — % (p,r > 1) then

t
LP (O, T: X)N W (0,T:Z) ¢ LP©,T:Y).

Here ¢ € (0, 1) and W*” (0, T; Z) is the space of functions f € L" (0, T; Z)
such that

/ /T IIf(t)—f(S)IIZd dt <

|Z_S|l+ar

Recall also that W*” (0, T; Z) C C ([0, T]; Z) if ar > 1. The reason for asking
this generalization is that we do not have true time derivatives in the stochastic case,
but we have fractional time regularity.

The property of continuity in time in Y of solutions sometimes follows a
posteriori, from the (S)PDE. Alternatively, we may try to prove convergence of
the approximating scheme in the uniform topology. Obviously, the Ascoli—Arzela
theorem provides uniform convergence but the assumptions are too difficult to be
checked in (S)PDEs like those of fluid mechanics (let us remark, however, that
the Ascoli—Arzela theorem is at the foundation of most proofs of the compactness
results illustrated here). To this purpose we may use the following results [240],
Corollary 9, [118], Theorem 2.2:

Theorem 2.16 Assume in addition (0 € (0, 1))

lvlly < Clvlix ?lIvlg 6 €(0,1)

-0 r
ozr>1andp>—
0 ar—1

(p,r = 1)

Then

» . ar ) compact .
LP O, T; X)yNnwW*"(0,T;Z) C C(0,T];Y).

Theorem 2.17 Ifa € (0, 1), p > 1 satisfy
ap > 1.
Then

compact
WP, 7;X) C C(0,T];Y).
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Stochastic Theory

Consider now a differential equation where the solution depends also on a random
parameter,

u=u(w,t,x).

The principle that compactness can be investigated separately in the three argu-
ments, in principle, could still hold. However, the obstacle is that compactness in
the random parameter w is not an easy matter. The probability space (2, F, P) is
always infinite dimensional in our examples and compactness criteria in L? (£2) are
not natural (although something can be done by means of Malliavin calculus, see
for instance [89]).

The natural approach is to consider the laws of the random objects and apply
compactness arguments to these laws. It is easier due to the following basic theorem.
Let (X, d) be a complete metric space and B the Borel o-field. Recall we say that
a family G of probability measures on (X, B) is tight if for every € > 0 there is a
compact set K C X such that

m(K)>1-—¢€

forall p € G.

Theorem 2.18 (Prohorov) A family G of probability measures on (X, B) is tight if
and only if it is relatively compact.

Corollary 2.19 Assume (uy) is a sequence of random functions from (2, F, P) to
L? (0, T;Y). Assume ar > 1 — % and that for every € > 0 there are R1, Ry > 0
such that

P (lunllro.r:x) = R1) <e,

P (lunllwero.7:2) = R2) < €
forall N € N. Then there exists a subsequence (u Nk) which converges in law, in the
strong topology of L? (0, T;Y), to a random function U from a probability space

(Q, F, ]P’) to L? (0, T;Y). Moreover, if p,r > 1, we may choose (uNk) so that u
takes also values in LP (0, T; X) and W*" (0, T; Z).

Corollary 2.20 Assume (uy) is a sequence of random functions from (2, F, P) to
C ([0, T]; Y). Assume ar > 1 and that for every € > 0O there are R > 0 such that

P (lunllwero.7:x) = R1) < €
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forall N € N. Then there exists a subsequence (u Nk) which converges in law, in the
strong topology of C ([0, T1; Y), to a random function i from a probability space
(Q, F, IP’) toC ([0, T]; Y).

Recall that the convergence in law stated in Corollary 2.19 means

lim E[® (uy,)] =E[® @)]

k—o00

for every bounded continuous function ¢ : L” (0, 7;Y) — R. Here E and E are
the expected values on (€2, 7, P) and (Q F, ]P’) respectively. The convergence in
law stated in Corollary 2.20 has an analogous meaning replacing L? (0, T'; Y) with
CU0, TL; Y).

Remark 2.21 Sufficient conditions for the applicability of Corollary 2.19 are
uniform in N estimates of the form
E[lunlzro.r:x)] <

C,
E[lunllwero,1:2)] < C.

Indeed, by the Markov inequality,

C
P (lunllzro,r:x) > Ri) < R

and similarly for the second inequality, hence given € > 0 we can find Ry, R, >
0 with the required properties. Similar sufficient conditions can be stated for
Corollary 2.20.

Remark 2.22 The consequence of the peculiar feature of the previous corollaries
that the process ¥ may be defined on a new probability space (EZ, F, ]P’) is the
emergence of the concept of a “weak solution in the probabilistic sense”. This
means that the probability space over which we find a solution is not necessarily
prescribed a priori. If we are only interested in statistical properties, this is not bad,
but sometimes for special investigation it is very restrictive.

2.4.4 Application to Galerkin Approximations: 2D Case
Estimates and Compactness

Step 1 (Preparation) Let us use the definitions introduced in the proof of
Theorem 2.4: (e;) is a complete orthonormal system in H made of eigenvectors of
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A, with eigenvalues (—A;), H, and 7, are consequently defined, and we introduce
the bilinear operator B, : H, x H, — H, defined as

B, (u,v) =m, P (u-Vv)

(we omit the verification that u, v € H, imply u - Vv € L%(D; R?), so that P is
well-defined on u - Vv). Then we consider the finite-dimensional equation

duy = Aupdt — By (un un) dt + fo + Fy (un) + Y 0f (un) dW[,
k

where f, = m, f, Fy w) = m, F (w), o} (uy) = m,0% (uy); with initial condition
ug = myuo. It is easy to check that

(By (Up, un) , uy) = 0.

Step 2 (Estimates in Square Norms) Therefore, from the Itd formula (in finite
dimensions) we get

t

t
lun ()11 +2v /O IVitn ()]172ds =2 fo (fr (8) + Fu (tn (5)) . tty () ds
13
+ Z/ lof (un ()| 5ds + M (2.5)
keK 0
where
t
M = zzf (o un (5)) s un (5))d WS-
keK 0

After having seen above various proofs, it is a simple exercise to deduce (see also
Step 3 below)

T
E [ / ™ (s>||2Vds] ¢, 2.6)
0

JE[ sup |luy (r>||%,} <C.
t€l0,T]
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Then we investigate the W& (O, TV’ ) norm of u,. In a sense, this is the most
technical part but the reader will recognize that the key properties are (2.6), the rest
of the proof is technicalities. For s < ¢

t t
litn (1) — ttn ()17 < / 1 Auy () lyrdr + / 1By s ) ()l yedr
t
+ f 1 fu () + Fn ) (Pl yedr
t
+1) f o (un (r)) dWE |y
k N

We have
t ¢ 172
E[/ A, (r)nwdr]s r—s(EU 1Aty (r)||2v,dr]) <CiTs
N N
by (2.6), and similarly,

t
E|:/ | frn (r) + Fy (un) (r)”V’d"] < C/t —s.

Moreover,

t t 1/2
E[HZ / of' (it (r))derllvl§<E{IIZ / of' (i <r)>de||2V/])
k vS k VS

, 1/2
= (E [Z / o (r))||2wer
k N
< Cit—s

because we assume o;' bounded. Finally, from the usual inequalities,
t t
f 1Bn (n, un) (Mllyrdr < C [ lwn (DI llun (Dlvdr
N s

t
= C sup |[luy (V)IIH/ lun (M) lvdr,
rel0,T] K
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hence

, 1/2
E [/ | Bn (n, un) (r)llv'dr} <CE |: sup ||uy, (l’)||%11|

rel0,T]

, 271/2
E[(/ ||Mn(r)||vdr> :|

< C+/t —s.

Putting together all these pieces,
E[llun () — up ()lly] < Ct — s,

which implies

T T ) — ) T T C
E[/ / llun (1) uf(s)”‘/dsdt]ff / — ——dsdt = C <00
0 Jo |t —s|!+e 0 Jo |r—g|2te
1

ifa € (0, 1 ). The condition ar > 1— Z of Theorem 2.15 is fulfilled for 1 - % <1

2 >
namely for p < 2. This result is not so good for the sequel: when passing to the limit
in the nonlinear term we have

t

t
/0 (By (n (5) , un (), ) ds = —/0 b (un (s), Tn, un (s)) ds

so, for € > 0, taking ¢ € D ((—A)!*¢) c C/} (D), it is sufficient to have strong
convergence of u, in L? (0, T; H), but not in L? (0, T; H) with p < 2. Perhaps
there are arguments to overcome this difficulty thanks to the uniform in time bound
of estimate (2.6), but it is interesting to show how to upgrade the integrability of
solutions and thus let us develop this in the next step. Note that we required that the
test function ¢ € D(A) in the definition of a weak solution. We can move from test
functions in D((—A)'*€) to test functions in D(A) by density of D((—A)!T€) in
D(A) and exploiting the regularity of u.

Step 3 (Estimates in L") Take r > 2. Assume

'
E [lluolly] < oo, E[/O IIf(S)IIQ//dS} < 00.
Consider the function

f ) = llx]I”
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for x € R". We have, for x # 0,

—1 X -2
i f ) =rlx|I" — =rlx|"""x,

llx]]
3;0; f () = rxidjllx |2 4 rllx %85
= r (r = 2) Ixll"*xixj + rllx "85,
and we may include x = 0 for r > 4. Treating rigorously the case r € (2, 4),

unnecessary for the following, requires some more details that we omit. Then from
the It6 formula we have

dllun Oy = rllun O (un (¢) , duy (1))

1
+ 57 =2 )l O {uen @), 0 o)) d

kekK

1 r— n
57l Ol Yoy e ()7,

keK
hence
dllun O + vl O 21 Vin O3
< rllun O\ (n (0) fo + Fu ua)) dt +dM;"
- %r r = 1) llun 057 ijno—k" (un () 3,d1,
where

13
M =7 Z/O it (N5 2 (0 i (5)) , tt (5)) dWE.

keK

From the usual localization argument,
! 2 2
E [llun @)y ]+ rvE [/O lwn () Iy~ Vi, (S)IIdeS}
t t 5
<CE [ / (i ()1 + l)ds} +CE [ / lutn I IIf(s)Ilzvfds}
0 0

t
1B [ [ 15720, (s)||%/dsi| CE o]
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r

t t t
E[ fo it <s>||;,‘2||f<s>||é,ds} flE[ fo it (S)II’HdS}LE[ fo IIf(s)II’Vfds}

hence the additional assumption on ug and f. From the Gronwall lemma,

We need, from ab < ¢, (aﬁ + b%) (2421

sup E[llu, )] <C
t€[0,T]

Using this preliminary estimate and Burkholder—Davis—Gundy inequality (we omit
the details) we get

]E[ sup |[uy, (t)llﬁl} =C. 2.7)

tel0,T]

Raising relation (2.5) to the power 5 and exploiting the preliminary estimates above
and the properties of the stochastic mtegral

r/2
[(/ IIVun(t)IIdet> :|§C. (2.8)

Repeating the arguments above, one can check that under previous integrability
assumptions on uq and f, thanks to relations (2.7), (2.8),

E [l 1) = un 0)177] = € 0 = )7,

It follows that

T e (t u. (s r/,2 T T C
ST —
0 Jo|p g2 rer/

=:C, <

if ar < 5. The condition a5 > 1 — # of Theorem 2.15 is fulfilled for p = 2 if
ar > 2 — 5. Thus if

2 r
2 =% =3
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both conditions are satisfied. For » = 2 this is impossible, as seen in the previous
step, but for every r > 2 there exists o € (0, %) with such a property. Similarly, the
condition a5 > 1 of Theorem 2.17 is fulfilled if

-
2<ar < —.
2

For every r > 4 there exists @ € (O, %) with such a property. This is exactly our
integrability assumption on the initial condition and the forcing term.

The conclusion is:

Theorem 2.23 There exist («, r) with ar > 1 and C > 0 such that
E [llun llwer o,7;v1] < C.

From the previous results and the embedding D((—A)%) < D((—A) ifa >
B, the corollary below follows immediately.

Corollary 2.24 The family of laws of u, is tight in L*>(0,T; H) N C ([0, T1;
D ((—A)_ﬁ))for each p > %

Remark 2.25 From the proof above, it is completely clear that the additional
integrability assumptions on u( and f are needed only to complete Step 3. Here we
want to explain how to change the proof above in order to obtain similar estimates
in the case of deterministic data ug € H, f € L?(0, T; V). We restart from the

last relation obtained without considering the additional integrability assumptions,
namely

t
E [llun ()] + rvE [ fo litn ()15 21 Vitn <s>||izds}
t t
<GE [ /0 (ltn <s>||;,+1)ds} +CE [ /0 ™ (S)Ilfqzllf(S)Il%//ds}

t
+E [/0 et ()17 Nt (S)II%/dS} + lluoll’y -
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We apply in a way different from before Young’s inequality to
E [ fyllun 01520 F 9)13.ds ),

' t 2r=2) 4
E[Anw@mgwf@waw}=E[ﬁnw@mg%fuwwfnf@m@w}
t

SQ<AEmewHwﬂmﬁm

t
+Aufmm§w)

From these relations, by the Gronwall Lemma

SUDP; [0, 7] E [”“n (t)”;]] <C.

This is the only change in the proof of Step 3 in the case of deterministic data with
minor integrability assumptions, then the proof goes on exactly as above without
any changes.

Application of Gyongy—Krylov Criterion and Conclusion of the Proof of
Existence

Let u,, be the Galerkin sequence. Assume we have a subsequence u,, and a process
u with the following properties:

1. u has the regularity prescribed by the theorem;
2. uy, converges to u in probability in L2 (0, T; H);
3. uy, converges weakly to u in L%C (0, T; V) and weak starin Cr ([0, T]; H).

Then with some work we can pass to the limit in the weak formulation of the
equations; property 2 is needed to pass to the limit in the quadratic term. The
existence of a subsequence with properties 1-3 comes from (2.6) (and a variant
of the argument of Remark 2.14 to identify the limit as the same function). From
this subsequence, from the bounds of the previous section and the compactness
theorem, we may also extract another one such that u,, converges in law, in the
strong topology of L? (0, T; H) N C ([0, T1; D ((—A)_ﬂ)) for each 8 > %, to the
law of u (again we identify the limit by a variant of the argument of Remark 2.14).
The convergence in law implies convergence in probability, in the strong topology of
L? O, T;HyncC ([O, T), D ((—A)_ﬁ)), by the Gyongy—Krylov criterion, which is
applicable as shown below in this section. The tightness in C ([0, T1; D ((—A)_ﬁ ))
never mentioned before, is a technical requirement in order to apply the Gyongy—
Krylov criterion.

Hence we have to show that the Gyongy—Krylov criterion applies. We
fix B > 1, take any pair of subsequences (n; (k),n> (k)) and consider the
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sequence of pairs (unl(k), unz(k)). Since (u,) is tight in L? O, T;HynC (0, TT;
D ((—=A)7P)), it is very easy to check that also (un, k), Unyry) is tight in

L*(0,T; H)NnC ([0,T]; D ((—A)*ﬁ)))z. Let k (h) be a subsequence such that
Uny (k(h))» Uny(k(hy)) converges in law to some . We only need to prove that
w (D) = 1. This is the final aim of this section. The proof of this fact will be
split into several steps. Before this we recall a classical characterization for Wiener
processes used several times below. We refer to [90] Chapter 4 for a detailed
discussion on Wiener processes taking values in separable Hilbert spaces.

Theorem 2.26 Let Uy be a separable Hilbert space and M(t) a square integrable
continuous martingale with values in Uy such that M(0) = 0. M (t) is a Wiener
process with covariance Q adapted to the filtration F; and increments M (t) — M (s)
independent of F; if and only if (M)); =tQ, t > 0.

Step 1 (Notations) To shorten the notations, let us denote the subsequences
Un, (k(h))» Una(k(h)) SIMPLy BY uy ), m(ny. We denote by W the cylindrical Wiener
process on H; it is a continuous stochastic process on a larger set Up, such that
the embedding J of H in Uy is Hilbert—Schmidt. Under these assumptions W is a
well-defined continuous process with values in Uy and covariance Q| = JJ*; see
[90] for more details on this topic. After introducing this notation, the diffusion term
ZkeK Uk(u(t))dW,k can be rewritten as G(u)dW; where G € Lip (H, L(H, H)) N
C (H, L(H, D(A))) is the operator defined by

G(h) = Z(ek, Yox(h) Yh € H.
keK

Thanks to this notation, applying the projector 7, on the coefficients oy is equivalent
to considering the operator

G"(h) = (ex. )maox(h) Vh € H.
keK

Consider the quintuple (un<h), Um(hy, U0, [, W) and call Qy, its law. We fix g > 1.
Due to Corollary 2.24, this quintuple converges weakly to a measure Q on

(L2, 7: Hyn (o, 71 D ((—A)—ﬁ))2 x H x L0, T; V') x C([0, T1; Up).

By the Skorohod representation theorem there exist a new probability space
(Q, F, IP’), random variables (ﬁn(h), WUm(hy, W0,hs [h, Wh) with laws Qj, and a ran-
dom variable ('[i(l), i, o, f, W) with law Q, such that

(@nihys Tonthys To,s frs W) — (ﬁ(l), 1@, o, f, VT’) P—a.s.
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in (L2(0, T; H)NC([0,T1; D ((— A)—ﬁ))2 x Hx L*(0,T; V') x C ([0, T]; Up).

Moreover, by the results of [252], interesting side information, not used below, is

that the random variables (un(h), Um(h), wo.n, fh, Wh) can be chosen of the form
(@nihys Tonhys T,y Frs Wi) = (nhy © Gy iy © P 0 © P, f 0 iy W o ),

where ¢, are perfect maps between €2 and €. Let us consider the filtrations

(]?h)t = 0 (Fnny (5)s Tonny (5), Tops Fu(s), Wi(s), s < 1),
Fi=o (#0672 6). 0, J), W), s <1),
the stochastic processes
t
M (t) = (—A) P () () — Tamytion) + (—A)_ﬁ/O By Uiy (8), Un(y (5))ds
t - t
—(-A)7F /0 Tty fa(s)ds — (=A) 7P /0 T F (nny () ds

t
—(—A)F /0 Aty (5) ds,

t
e = (—A)F /O G" ™ (i) (5)) W

and similarly for m(h). By preservation of laws and the definition of the filtration,
we have that also Wh is a Q1 Wiener process in Uy, adapted to the filtration
(]—"h) Thus the stochastic integrals are well-defined and Wy is a square integrable,
continuous martingale with values in Uy. Let us denote, for each s € [0, T'], by

X, = (L2 (0,s; HynC ([0, s]; D ((—A)_ﬂ))>2xHxL2(O,s; VY% C ([0, s1; Up).

Step 2 (Characterization of W(t)) The first thing we want to_ show is that W(t)
is a Q1 Wiener process on Uy with respect to the filtration ;. Let us consider
arbitrary u, v € Uy and ¥ : X; — R continuous and bounded. By the
integrability properties of a Q1 Wiener process it follows immediately that the
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families {(W5 (1) — Wi (s), u)ui ), cp {||W,, 012, }h , are uniformly integrable.
~ €
Thus, due to the fact that W, (¢) is a martingale, the following relations hold:

tTr(Q)) =& [||Wh(t)||%]0] —E I:”W(t)”%]():l’

0 = E[(Wi(t) — Wi(s), wvg¥ (@nchy, Bomeiys Bo.ns Frs Wi)]

E [(W(z) — W), u)u, ¥ (ﬁ“), i 7, 1. VT/)]

0 = E[((Wa (), w)ue (Wi (1), v)uy — (Wh(s), w)ue (Wi (s), v)u
—(t — ){Q1u, V)uy) ¥ (@nchys Tmnys To.ns Fins Wi)]
— E[((W@), u)uy (W @), vhuy — (W (), )y (W(s), vy — (t — $)(Q1u, vy )

" (E(l), 72 %, 7. W)]

W(O) = 0P — a.s. due to the fact that VT/h(O) =0P—a.s.and Wh - WP—a.s.
Therefore, due to the characterization of Wiener processes recalled before, it follows
that W is a Q1 Wiener process with values in Uy, adapted to .7-',

Step 3 (Identification of M{l’ @), M;:1 1), I,Z’ ), I}:” (t)) Now we wish to study
M (), M;'(t), 1;(t), 1;'(t). The fact that I;'(¢), I;'(t) are H valued, square
integrable, continuous martingales follows immediately by the definition of the

stochastic integrals and the regularity of the operator G. Moreover, by the properties
of the stochastic integral, we have

~ t *

I = /0 A6 (@) (6" ([@n0n()) (~4) " ds.
~ 4 %

(I =/O (—A) PG (ny(5)) (Gm(h) (5m<h)(S))) (—A)F ds.

In order to identify M 5 (1) with I:’;(r) (analogously for M () and I~hm (1)) we need
to show that also M (¢) is a square integrable continuous martingale, with values in
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H and ((1\7,’; — IN,’I’)), = 0, YVt € [0, T]. To obtain this result we introduce another
sequence of stochastic processes

t
M) = (—A)F (n@ny () = Ta(myno) + (—A)_ﬂ/o Buuhy (tn(ny (8), n(ny(s))ds
t t
—(—A)7P /0 Tney f(s)ds — (—A) 7P /0 Ty F (i (5)) ds
t
—(—A)’ﬂ/ Aty (s) ds
0

t
=(-A)7F fo G" ™ (unny (5)) AWy = 1] (0).

The second equality follows from the weak formulation satisfied by u,,(;). From the
properties of the stochastic integral and the regularity of G, it follows immediately
that M} is a square integrable continuous martingale with values in H for each
h € N and its quadratic variation is

t *
(M) = /0 (=M PG" (uy(®) (6" P (1)) (=A) 7 ds.

Let us consider arbitrary u, v € H and ¢ : Xy — R continuous and bounded.
From the fact that

(@nhys Tomcny» Ho,ns fns Wi £ (Un@hys Umny, uo, f, W),

the regularity of the coefficients o} and the properties of the stochastic integral, see
Theorem 4.36 in [90], we have the following relations

supheNIE[||A~4;}(r)||’;,] = sup,en E[IM) D)II5] = Cp < +o0 p =2, (2.9)

0 =E[(M} ) — M} (s), )V (unchy, mny uo, fr W)]
= E[(M}(t) — M} (5), )W (fnnys Toniiys Bo,ns Fis Wi)] s

0= E[((Mﬂ(l)s u)(Mj (1), v) — (M (s), u) (M}, (s), v)
t *
- < / (—=A) PG D (w0 (r)) (G”(h) (u,,(h)(r))) (—A)Pu ds, v> )
K H

U (Un(ny mnys wo, fo W) ]
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= IE[((MZ([), u)(MZ(t), v) — <MZ(S)a M)(MZ(S), o)

t *
—< / (=AY PG D (0 () (G"(”) (i?n(h)(r))) (—A)Pu ds, v> )
K H

Y (@nchys Wn(hys 00,1 frr W) :|

0= E[(W}Z(t), w) (I (1), v) — (M} (s), u) (I]'(5), v)
! *
— <[ (_A)iﬂGn(h) (Mn(h) (V)) (Gn(h) (un(h)(r))> (_A)*.Bu dr, U> >
§ H
¥ (tnmy, Umy, w0, fs W) }

- EK(MZ(’)’ u)(I7}(6), ) = (M (), ) (T} (5), 0)

N

t *
—</ (—A) PG (i () (G"(h) (ﬁn(h)(r))) (—A)Pu dr, u> >
H
¥ (s Tmnys Bo,ns s Wh)]

Therefore M ;i 1s a square integrable continuous martingale with values in H,
(M) = (M}, T1D)e
t *
= /0 (AP (1)) (G" P (1)) ) (—4)~F ds
and
(M) = Ti)e = (MDY + (T = 20, T = 0.

Thus we have the required identification. Relation (2.9) for p > 2 implies that the
families || M}/ ||%1 and || M} ||%1 are uniformly integrable. This fact will be crucial in
the next steps.

Step 4 (Limit Processes, Preparation) Since we applied Corollary 2.19 with
both p,r > 1, it follows, in particular, that #), #® have paths P — a.s. in
L>®(0, T; HYNL?(0, T; V). From this and the regularity in C([0, T']; D((—A)#)),
it follows that their paths have also regularity Cy, ([0, T']; H). This kind of regularity
is enough to prove the pathwise uniqueness as in Sect.2.3.1. Thus, in order to be
able to apply the Gyongy—Krylov criterion and obtaining the existence of a weak
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solution, it is enough to show that both Nﬁ(l) and 7® satisfy a weak formulation
with respect to the same Wiener process W. In fact this will imply that the measure
Q restricted on (L2 O, T; HynC ([0, T, D((—A)_ﬁ)))2 is concentrated on the
diagonal. Thus for j € {1, 2} we introduce the stochastic processes

t
D@ = )7 (@00 - i) + (-4 / B (s), 1) (s))ds
0
r ' )
—(—A)—ﬂ/ f(s)ds—(—A)—ﬂ/ F(w)(s)) ds
0 0

t
—(—A)F / ALY (s) ds,
0

t
TV = (_A)*ﬂ/ G (ﬁ(j)(s)> dWs.
0

As before, TU) are H valued, square integrable, continuous martingales from the
properties of the stochastic integral and the regularity of the operator G. Moreover,
by the properties of the stochastic integral, we have

(T, = /O A6 (#0) (6 (@) (=47 as.

Step 5 (Limit Processes, Analysis of /7)) In order to complete the proof we
have to identify M with T, Thus, as before, we need to show that also MO is
a square integrable continuous martingale, with values in H and ((M O M), =
0, V¢ € [0, T]. Note that, if #/) were weak solutions of the stochastic Navier
Stokes equations they would satisfy MY = T for B = 1. We can move from
our condition on B to the case 8 = 1 a posteriori via a density argument due to
the regularity of #/). We will skip the easy details related to this point. For what
concerns the analysis of MY, we do the computations only for j = 1, but the same

can be done analogously for j = 2. Obviously, i £ uo, f £ f. Easily, we get the
convergence in H P-a.s. of

t
(—A) P () (1) — Tayiio ) — (—A) P fo Aty (s) ds
t - t
—(—A)F /0 Ty fu($)ds — (—A) 7P /0 Tty F (Wn(iny (5)) ds

to the corresponding terms in M M () due to convergence properties of
(Wn(ny, Wo,n, fn), the Lipschitzianity of the operator F and the properties of the
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orthogonal projector 7, (5). We just show the convergence of one term as an example,
the others being simpler.

t t
H/ aiy F (fan) (9)) ds —/ F(ﬁ(l)(s)) ds
0 0
t
<),
—Jo
t
“
0

t t
<Lp ( /0 Iy (s) — TV ()| pds + /0 (1 — m,(m)ﬁ‘”(s)ans)

H

Tath) (F (iTniny (5)) ds — F (i?“)(s))) HH ds

(I — 7tu)) F (ﬁ“)(s)) HH ds

+ T — ) FO) |

S0P —as.

exploiting the convergence of ;) in L?(0, T; H) for the first term, the properties
of () and dominated convergence theorem for the others. In order to obtain the
almost sure convergence in H of Mn(h)(t) toM (1)(1‘) it remains to show that

-0 P—as.

H(—A)‘ﬂ / Bouiy @y (5), inqiy (5)) — B@W (s), 7V (s5)) ds
H

The convergence of the nonlinear term is, in general, the most involved part of the
proof. For this reason several approaches have been introduced which fit well to
different situations. We start with the simplest one for this case, but at the end of the
proof we will present other possibilities. Note that all the computations we did so
far can be performed under the assumption 8 = 1; this is the unique step where we
use the assumption 8 > 1.

H(—A)ﬁ /0 Bouny Gin(ny (5), linny (5)) — B@ (), 7 (s)) ds

H

t
< /0 By @iy (- Tty (89) — By G5, TV 6D | -ty s
t
+ /0 1T = 1) BG@D (), 0| -t s
t
<cC /0 iy () a2 iy (s) — @D ()| s
t
e fo gy () — V@) 113D ) 11

t
+ fo (I = 7)) BAD (), TV () (p—ay-) ds. (2.10)
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The last inequality follows from the fact that D((—A)#) — WL®(D)if 8 > 1.
Therefore for each u, v € H, w € D((—A)P),

‘/ u(x) - Vw)v@)dx| < Cllullgllvilallwll p—as)-
D

The required convergence follows from relation (2.10) due to the almost sure
convergence of i) to #M in L2(0, T; H) for the first two terms and properties
of the projector for the remaining one.

Thus the family ||]l71;l1 (t)||%1 is uniformly integrable and ||A7I;ll (t)||%1 —
1M D (1)||3, P — a.s. Therefore

EI#O 013 = tim E[1#; 015 ] = tim E[IT 01 ] < +oo.
h—+00 h—+o00

From the computations above it follows that~]l7f () is a square integrable process
with values in H. Now we want to show that M (M (t) is a martingale with quadratic
variation equal to ((/(V)),. The proof of this fact is similar to what we have done for
the Wiener process. In fact due to the P-as. convergence of || M (@))% 47> the fact that
such random variables are uniformly integrable and M" (t) is a square integrable
martingale with quadratic variation (M n ), the following chain of equalities hold
foreach u, v € H, ¥ : X; — R continuous and bounded:

0= E[(M] (1) — M} (s), )W (Fncay, Ty Fo.n fins Wi)]

o [(1\71(1)0) — #0s), wy (70,72, 7, . VT/)] ,

0= IE[(M?;:@), u) (MI(1), v) — (M} (s), u) (M} (s), v)

t *
- / (=G (i (1) (G (aiy (1)) (=A) P, v) dr)

N

W @nchys Tonny To,ns i VT’h)]

— E[(Wf“)m, u) (MDV (1), v) — (MD(s), u)(MD(s), v)

_ /t((—A)_ﬂG (u<1>(r)) (G (u(l)(r)))* (—A) Pu, vy dr)

N

o (705,70, 7. ) |
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Thus M1 is a continuous square integrable martingale with values in A such that
~ ~ ! *
(D), = (T, = f (=A)76 (#09) (6 (709)) (=47 ds.
0

Step 6 (Limit Processes, Identification) We need to show that ((]l? M_ 7(1))), =0
for all ¢ € [0, T] to conclude the proof. This claim is true, indeed

(I = 80y, = (D), + (T, = 27D, D)),
t *
=2 [ (-APc (T G (atV -A)Fa
1= @ w) (6 (@) A" as
—2/t(—A)ﬂG (ﬁ“)(s)) T a (v, Oy, @2.11)
0

Thus it remains to compute ((W, M (DY), but this can be done thanks to the
converging properties of Wj, to W and the fact that they are Wiener processes with
values in Uy, therefore uniformly integrable. In conclusion, if u € Uy, v € H, ¥ :
X, — R continuous and bounded, then

~

0= E[((Wh,t, vy (Mp (1), v) — (Wi, )y (M} (5). v)
— /I((—A)_’SG””’) (#ay () T~ Q1 ) dr)
W (i), Toncny> T0.1s S Wh)]
= E[((%,I, Wy (M} (1), v) — (Wi )y (M} (5). v)
— fl<(—A)—ﬁG”<h) (T (1)) T*u, v) dr>
¥ (innys Tninys Bo.ns s VT/h)]
- IE[(WTG, Wy (M (1), v) — (We, u) gy (M (s), )

- fl((—A)ﬁG (i(”(r)) J*u, v) dr)tﬁ (ﬁ“), 7 . 7. VT/) }
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Therefore

(MDY, W) /( APGEV)(s)J* ds,
thus

(W, 7)), = /0 (6@ ®)" (~a)* as.

Inserting this expression in relation (2.11) we can identify MO and T, Arguing
analogously for M@ and T®, it follows that both 7" and 7@ satisfy a weak
formulation with respect to the same Wiener process W and this implies the thesis.

We have adapted the previous proof from several ideas on the existence of
martingale solutions for stochastic partial differential equations, see for example
[46], [90], [98], [118].

As anticipated in Step 5, here we extend pedagogically the discussion about the
limiting behavior ||A71;l' O3, ||1\7;’l1 (t)||2H in order to describe other techniques to
show the required convergences.

First we want show a different approach to obtain the almost sure convergence
of the non linear term

S 0P—as.
H

t
H(—A)—'3 /0 Buuh) (i (5), Uy () — B@ P (s), a1V (s)) ds

The convergence above holds for 8 large enough such that

o0
D IV=A) Pein < +oo,
k=1

where ¢y is an orthonormal basis of H made by eigenvectors of A. In order to prove
that under this assumption the convergence of the nonlinear term holds, we note first
that if n(h) > k, then

(Bueiy @iy (5). Ty (), (=AY Per) = (B (), dneay (5)), (—A) Pex).

Therefore, if n(h) > k,
t
| fo (Bao G (9), Ty () = BGD @), 706, (~A)Pex) ds|
t
< /0 (B (®). iy () = BED @), T (), (~A)Per)l ds

t
= /0 (B (), (=A)Per), iy ) = (BED (), (=A)Per), 7)) ds
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t
< [ B0 61, =) P T o) =TV ds

t
+ [ B T )P TV ds
0

t
< IV el /0 i () = Tl (Wina e+ 170 ) ds.

On the opposite side, if n(h) < k,

(Bany Gy (5). Tnny (9)), (—A) Per) = 0

therefore

t
| /0 Bty G 9): T (8)) = B@D (), 70 (s)), (—A)Per) s
= f (B @), 7). (~A)Pe) ds|
0
t
IV el [ 1061 ds

Coming back to the convergence of the nonlinear term, we have

I(—4)~F fo Bouiy @n(ny (5), in(iy(5)) — B@(s), 7V () ds |3

=1

o0 2
Z< / Bty G 5), uy ) — B@ DV (5), 70 (s)) ds, (—A)~ ﬂek>
k

n(h)
< [DoIvEaPelix

k=1

00 2
Z( / (Buio @i @), ftwin (90) = BGED ), 70 65)), (—A)Per) d )
k=1

t 2
( fo a5 = TV e (Winon )1+ 170 6)1#) s)

Z IV(=A)Perl|7o (/ ||ﬁ<”<s)||Hds>
k=n(h)

< (an—mﬁekn%m)

k=1
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t 2
~ ~(1 ~ ~(1
( [ 155) =TV (1) + 1751 ds)
0

e t 2
+ D v Pali~ (fo 17V )13 ds) .

k=n(h)

The second factor of the first addend converges to zero a.s. and the first factor of the
first addend is finite by assumption, hence the first addend goes to zero; the second
one also for similar but easier reasons.

Note that in the case of the torus with periodic boundary conditions, we have

_ 1
DIV Peallic =Y T <o = B> 1.
k keZz3

Therefore we do not expect that the condition on 8 presented in this remark allows
us to avoid the requirement of considering 8 > 1. Indeed, the condition

o0
D IV(=A)Perll7e < +o00
k=1

holds for g > % in a general 2D domain. To get this bound on 8, we recall that if
D is a d-dimensional smooth, bounded domain, then the eigenvalues of the Stokes
operator with no-slip boundary conditions satisfy the asymptotic relation

A ~ Cde/d

where Cy is a constant depending only from d and the volume of D, see for example
[181]. Thanks to this relation and exploiting Sobolev embedding theorem we get the
result easily. Indeed the following relations hold true:

o0 o0
DIV el =Y =4 Perllfn

k=1 k=1

oo
< Ca Y =D Perlfypyie,
k=1

o
=Ca ) (=) P
k=1

+

= 2(6—1—-¢)°
k=1 )”k
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The last series converges, in dimension two, if and only if 2(8 — 1 —€) > 1.
Therefore we arrive at the relation 8 > %

The argument presented in the main proof can be refined in order to obtain
the final result without passing for the condition § > 1. We just sketch this
argument. Before we showed that, if we take § = 1 and € > 0 such that
B+ € > 1 then A7I[l’(t) — A71(1)(t) a.s. in D((—A)™¢) and, thanks to the

fact that the random variables ||1\7I;l1(t)||%)((_ Ay-e) are uniformly integrable, also

E [||1\7I;l’ (I)HZD((—A)*G):I —E [||A7I(1)(t)||%((_A),E)]. Let us introduce the functions

F) = lxl%, fn&) = llzyxl3 AN.

The first one is continuous on H, the others are continuous and bounded on
D((—A)%), Ya € R. Obviously, it holds that

0< fn(x) / f(x) < +o00, Vx € D((=A)).

Thanks to above computations, we have
E [||nNM'“>(t)||§{ A N] — lim E [||nNMZ(t)||%1 A N]
h—~+00
— lim E [nNuT;j(t)n%, A N] < C < 400,
h—400

where C is a constant independent of N. By monotone convergence it follows
immediately that M (D (¢) is a square integrable random variable with values in H.
Since with this approach we did not show that M} (r) — M‘D(¢) almost surely in
H we cannot take u, v € H in order to study the martingale properties of the limit
processes, but we can only take u, v € D((—A)~€). This regularity of u and v is
enough to prove the required properties and conclude the proof.

2.4.5 3D Navier-Stokes Equations with Additive Noise

Let us add a few remarks on the 3D Navier—Stokes equations in a domain D, just
with additive noise, which we write briefly in abstract form

du = Audt + B (u,u)dt + f + F () + Y _ ordWy. (2.12)
k

Writing the theory of 3D Navier—Stokes equations in the same detail as above is
not consistent with the format of these notes. Therefore we shall limit ourselves to
an outline of ideas. For more elements on the deterministic theory see for instance
[247], [248], [200]. For a result on weak solutions not limited to additive noise see



68 2 Stochastic Navier-Stokes Equations and State-Dependent Noise

for instance [118] and for other results on additive noise, including a theory about
the Kolmogorov equation and Markov selections, see [88] and [137]. For a path-by-
path approach (which provides solutions on an a priori given probability space, but
is not proved to be progressively measurable) see for instance [139].

The definition of a weak solution is similar to the 2D case. However, two new
elements are present. The first one is that we just require weak continuity in H,
namely continuity in the weak topology of H:

ue C(0,T]; Hy) NL® (0, T: H)N L0, T; V). (2.13)

For every test function ¢ € H, the function # — (u (¢) , ¢) is continuous. Since we
assume u € L*° (0, T; H), a property like

ueC([0,T]; D(A))

implies u € C ([0, T]; Hy).

The second detail is that now we cannot prove the energy identity; and if u is
a weak solution (in the sense of weak regularity plus the weak formulation of the
equation), we cannot even prove an energy inequality. We have to include it in the
definition, if we want to use it; and the existence of weak solutions satisfying the
energy inequality can be established. Sometimes the weak solutions which have an
energy inequality are called Leray solutions.

The other aspect which drastically changes is the interpolation inequalities. The
property (b, B, P etc. are defined as in the 2D case)

b(u,v,w) < [llv llullpsllwlips

is always true, being given by the Holder inequality. But the Ladyzhenskaya
inequality is crucially different:

d=2 1/2 1/2
1l < 00y < LA D,

1/4 3/4

d=3
1£0s SN 30 < LA

This is due to Sobolev embedding theorem in dimension d: W*? (D) C L% (D) if
L—1_ &. This increase of the power of || || 1.2 has tremendous consequences.

g~ p
In particular, from the regularity

uel®O,T;HyNL*>©0,T;V)
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we cannot deduce anymore u € L* (0, T; ]L4), property that we have used in
essential way in d = 2. Now we only have u € L8/3 (0, T, IL4):

/||u<t>||8/3dr<6/ lu @37 Nl ()13 dt < C Sup ||u(r>||H / lu (£) |13 dt.

The Problem of Uniqueness

Let us illustrate the problem in the particular case F = 0, oy = 0. If u") are two
solutions and we set w = u™ — 4@ we have

(w (1), ¢>—f0t (b <u(‘>, b, u<‘>) —b (u<2>, ®, u<2>)) (s)ds = /Ot (w (s), Ad) ds
and since

b (u(l), b u<1>) —b <u(2), &, u<2>) —b(w, , w)

=b (u(z), ¢, w) +b (u), ¢, u(z))

we get

t
(w (@), ) _/o (bw(s), ¢, w(s))ds

= /(;t (w(s), Ap)ds + /Ot (b (u(z), ¢, w) +b (w, o, u(2)>) (s)ds.

Up to details (in particular the next fact requires Leray solutions), we have

lw (D112, + 2v /OIHVw $)|%,ds < 2/(: (b (u<2>, w, w) b (w, w, u<2>)> (s)ds

= 2/0t b (w, w, u(z)) (s)ds.

But now
b (w, w,u® )| < Cllwlly s u®

7/4 1/4
< Cllwlly/ w1 s
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We may use Young’s inequality ab < va®/7 4+ C,b%:
2 2 2 41,28
b (. w, u® )| < viwly + Collwl 1a @1,

so that
2 ! 2 ! 2 2 8
llw 11 +v/0 IVw ()l 7ds < CV/O lw ()17 (||u< Y54+ l)ds.

The Gronwall lemma this time does not apply because we do not know that u® is
of class L8 (0, T; IL4); we only know u € L8/3 (0, T; IL4).

Estimates on Galerkin and Tightness

The definition of Galerkin approximations is the same as in 2D and the first energy
inequalities are proved in the same way. We get the same bounds (2.6)—(2.7). With
due work we deduce that laws of u, are tight in L? (0, T; H). A little additional
work gives tightness in

L*(0,T; HyNC ([0, T1; D (A)).

Moreover, we have weak convergence in the topologies of (2.6), hence any limit
measure of subsequences is supported on the regularity space of the definition of a
weak solution. It remains to prove that such limit measures (which exist) correspond
to solutions of the 3D Navier—Stokes equations.

Definition of Solution and Convergence

Until now a solution has been a stochastic process. However, the previous construc-
tion provides only a probability measure on certain function spaces. One can always
introduce a stochastic process with such a measure as a law, but it is just an artefact,
it is not defined on the original probability space where the problem was formulated.
Therefore we give the following definition, which is called weak in a double sense:
weak probabilistically and weak analytically.

Definition 2.27 Let up € H be given. A weak solution of the 3D Navier—
Stokes equations (2.12) with initial condition ug is a filtered probability space
(R, F, F;:,P), a family of independent Brownian motions Wk, k e K, over
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such space, and a stochastic process u, with paths of class (2.13), progressively
measurable (adapted in H, being weakly continuous), which satisfies

t
<u<r>,¢>—fo bu(s), 6. u(s) ds

t
= {uo, ¢) +f0 (u(s), Ag)ds + Y v/ax (o, ¢) W[

keK
t
+/O (f(s)+ F (u(s)), g)ds

for every ¢ € D (A). We also require

t
E[lln 0l ] + 2v/0 E[IVu @12 | ds < luoly +1 Y Axllowl
keK

t
+/0 EL(f(s)+ F (u(s)), u(s))] ds.

Notice that assuming u( random provokes a problem: a probability space should
be defined in advance; this is not compatible with the construction. An alternative
then is to prescribe the law of g on H.

Let us sketch the proof of existence of such solutions. In order to simplify
the notation, we will neglect the dependence of the time of the processes and the
functions appearing in the integrals. Let u,, be the Galerkin approximations defined
above. In fact, consider for each n the pair

(Un, W)
where W, (1) := ), o,f Wtk, which is a random variable with values in
L? 0, T; H)y x C([0, T]; H). 2.14)

Call Q,, its law. The family (Q;), cy is tight in this space (the tightness of the second
component follows from its convergence to W (¢) := Y, ox W¥). Let us extract a
subsequence (Q,, k) which weakly converges to a probability measure Q. Then, for
every smooth compact support divergence free test vector field ¢ (¢, x), consider the
functional

Jp (u, w) := 1A
T

T T
’/ (u,(as—i-A)qb)ds—i—/ b(u,qb,u)ds—i—/ (f+F ), o)
0 0 0

T
—/ (w, 05¢) ds
0
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Notice that, if a sequence of functions (u,) C L? (0, T; H) converges strongly to
u, and ¢ is bounded, then b (u,, ¢, u,) converges to b (u, ¢, u). Thus the functional
J is continuous on the product space (2.14), and bounded. Hence

klim / Jo (u, w) Qp, (du, dw) = / Jo (u, w) Q(du, dw).
But

/ J (u, w) Qp, (du, dw)

T

T
/O(Mnk,(as+A)¢)ds+/o b (ung, &, un,)ds

|

The equation satisfied by u,, may be rewritten for time-dependent test functions ¢
as we did in Chap. 1 when dealing with the Stokes problem:

:IE|:1/\

T

+/(;T<f+F(unk)7¢>_/(‘) (W, 359 ds

T T

b(unk,nnk¢,unk)ds+/ (f + F (tny) . Ty $)ds

0

T
f (unk,(8s+A)¢)ds+/
0 0
T
—/ (Wi, 05¢)ds = 0.
0
Hence
/J(u,w) Qu, (du, dw)
T T
=E|:1/\|/0 b(unk,¢—nnk¢,unk)ds+/0 (f~|—F(unk),¢—7rnk¢)|].

Let us prove it goes to zero:

T T
E [Ifo b (tngs ¢ — T, tn, ) dSI} < ¢ — mndllpa)E [/0 etny |l 1 Nty ||Vd5:|

T
=l¢ - ﬂnk¢||D(A)E|: sup |lup, (I)HH/(; ||Mnk||vd5i|
T

tel0,

and ||¢ — 7, @llpa)y — O (using ¢ € D(A) and the commutativity of 7, with A),

T
E|: sup |lup (t)IIH/0 ||”nk||VdS] =C

1€[0,T]
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by the bounds (2.6); and

]E[|/0T<f+ F(un) . ¢ _”nk¢)ds|i|

< ll¢ — 7n Sllv (E [/OTIIfIIV/ds} +CE [/OT (1+ ||unk||H)ds}>

and the argument is similar and easier.
It follows that Q satisfies

/ Jp (u, w) Q (du,dw) =0

for every ¢. Realize Q as law of (ﬁ VT/) The second marginal of Q is the law of
w=3 © Okd Wtk , being the weak limit of the second marginal of Q,,, which is the
law of W,, which converges a.s. to W; hence W has the same law of W. Working a
little bit with Gaussianity, we may check that W is represented as ), oxd W,k where
VNVIk are independent Brownian motions.

‘We have
ﬁ[] A

T T
—l—/o (f—i-F(ﬁ),(b)—/O (W, d,¢)ds

T T
/ (, (85+A)¢)ds+/ b, ¢,u)ds
0 0

|0

hence P-a.s.

T
/ (, (8S+A)¢)ds+/
0 0

T ~
—/ (W, 05¢)ds =0
0

T

T
b(i?,qb,ﬁ)ds—i—/ (f+F@, o)
0

for every given ¢ (the negligible set where this may not hold depends on ¢). Taking
first a dense countable set of ¢’s, so that we can invert the quantiﬁersNand then
a convergence argument based on pathwise regularity, we deduce that, P-a.s., we
have

T

T T
/ (i, (3‘Y+A)¢)ds+/ b(ﬁ,¢,ﬁ)d~?+f (f + F @), )
0 0 0

T
—/ (W, 85¢)ds =0
0
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for all ¢, which is the definition of a weak solution.

‘We have adapted the previous proof from the case of convergence to a determin-
istic equation (see for instance [185], Chapter 4, for an example in the framework
of particle systems). It does not extend, however, to state-dependent noise since the
stochastic integral is not continuous in the noise.

2.5 Summary

The main techniques illustrated in this chapter are the use of the It6 formula, an
interesting idea for uniqueness, its consequence through a criterion of Gyongy and
Krylov, and especially the method of compactness, quite universal and useful in
many fields.

Similarly to the remarks in the summary of Chap. 1, a main open problem related
to this chapter is the link between a real irregular boundary (or other mechanisms
responsible for noise terms) and stochastic models of fluids; here the problem is
enriched by the dependence on the flow intensity, a very realistic feature, which
poses a new technical issue, namely the presence of the Wong—Zakai corrector in
the limit equation, as discussed in Sects. 5.5 and 5.6. Also the case, not treated here
for simplicity (but see [118]), of noise depending on the gradient of the solution is
relevant, since vortex production due to instability is related to shear. We discuss
noise depending on the gradient of the solution in the next two chapters but the
physical origin is different and the mathematical dependence is linear, while in the
case of shear dependence it may also be nonlinear. This issue should be investigated
much better.

We have also seen that noise introduces energy, on average, hence the model
should be corrected by an energy loss.



Chapter 3 )
Transport Noise in the Heat Equation Qe

This chapter and the following one present miscellaneous topics around the concept
of transport noise, which came recently to the attention of researchers as an
additional term of the Navier-Stokes equations, although relevant older works
existed [52, 53, 145,216, 217, 259]; its effects on passive scalars are on the contrary
a classical subject nowadays in mathematical physics, see for instance [65, 69, 143,
149, 198, 206, 242]. We distinguish these two directions, mathematically related but
physically very different:

1. the case when the transport noise affects a passive scalar (let us call this the
€X0genous case);

2. the case when the transport noise affects the fluid equation itself (endogenous
case).

We devote Chap. 3 to the exogenous case and Chap. 4 to the endogenous one.
The second level of subdivision is:

(a) action of transport noise on scalars;
(b) action on vector fields.

Essentially, our present understanding is limited to case (a). We devote to it
Sects. 3.2, 3.3, 4.1, and 4.2 considering both exogenous and endogenous actions.

Finally, we discuss case (b) in Sects. 3.4 and 4.4 where we stress the limitations of
our understanding. In spite of these, we hope it will be possible in the future to throw
light, on this difficult subject. Due to the strong connections between this chapter
and the following one we avoid adding a summary section at the end of this chapter.
For this scope we suggest to read Sect. 4.5 and Chap. 5, which summarize not only
the topics of Chaps. 3 and 4 but, in a sense, the meaning of these lecture notes as
a journey from perturbations introduced by boundary roughness to regularization
effects related to turbulence.

Concerning the investigation of transport—type noise in Navier—Stokes, Euler
and related equations, the so—called endogenous case, apart from the pioneering
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F. Flandoli, E. Luongo, Stochastic Partial Differential Equations in Fluid Mechanics,
Lecture Notes in Mathematics 2328, https://doi.org/10.1007/978-981-99-0385-6_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-99-0385-6protect T1	extunderscore 3&domain=pdf
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3
https://doi.org/10.1007/978-981-99-0385-6_3

76 3 Transport Noise in the Heat Equation

works mentioned above, a great impetus has been given by two sources. One
of them has been the variational approach given by D.D. Holm [177], see also
[5, 6, 68, 77, 81, 82, 100, 101, 141, 150, 178] among several other works in this
direction. Another one has been the realization that transport noise may have
special regularizing properties, like restoring uniqueness to a PDE which has
multiple solutions, see for instance [8, 20, 121] among many others for the case
of scalar transport equations, [130, 131] for the transport of vector fields, and [10—
13, 35, 122, 152] for nonlinear models, including the so—called dyadic model of
turbulence. Some further results are summarized in [36, 113]. A new mechanism of
regularization by noise was discovered more recently and will be presented below
in a particular case in Sect.4.4. Among the works in this direction let us quote
[19,97, 115, 117, 123, 126, 210].

Besides the works already quoted, several others contributed to the development
of our present understanding of transport terms in fluid dynamics. Some of them
are quoted below in the specific sections; let us mention in addition [15, 60, 62, 74—
76, 81, 83, 84, 194, 201, 202, 220, 230, 244] among others.

3.1 Introduction: Stochastic Heat Transport

Let us oversimplify the fluid dynamics near the boundary. The following view is
highly phenomenological and should be subject to much deeper research (see some
progress in [135]).

We assume that the fluid, in a region near the boundary, may be approximately
described by the equations

1 1
ou+Vp=vAu — —u+ - ZUkBZWk,
€ ekeK

divu =0,
ulagp = 0.

This is the Stokes model, strongly incorrect in itself for turbulent fluids, but
complemented by the creation of eddies/vortices (the term é > iex 0kd W¥) and
an extra-dissipation term of friction type (—%u) to compensate the extra input of
energy (in the average) due to the noise.

We have intentionally parametrized the problem by € > 0, in the very precise
way written above, because we want to explore here a special scaling limit. Physical
motivations for this special rescaling can be found for instance in [133, 134, 207].
Let us also, from now on, denote u by u€. The abstract semigroup formulation of
this problem, with A given by the operator v P A as in the previous chapters, is

u€ (1) = et<A_%)uo + é Z /Ot e(t_s)<A_é)adeSk.

keK
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In Chap. 1, in order to avoid It6 integrals and cover rough noise sources of very
different type, we integrated by parts and used the following formulation:

u€ (1) :et(A )u0+ ZakaJr Z/ (r—s)(a-1 <A B —)Jkads
keK keK
When W¥ are independent Brownian motions, both formulations are meaningful
and they are equivalent. In the following lines we shall apply a Fubini—type theorem
to the stochastic integral: one way to justify it rigorously is precisely to use the last
formulation which involves only Lebesgue integrals.
Let us introduce two notations:

t
We(t,x) = / u€ (s, x)ds,
0

Wt x) =Y ox(x) Wk

keK
Then
We (1) = -Z/ f s=n(4 adekds
keK
g [
= — O’dedW
ke[(
1 1\~
=-Z/ (A——) [(’ n(a- )—1}okdwk
keK 0 €
1 ! to 1 1 -1
Z_(A__> Z/ (48, dW,"--(A——) W (1)
€ € keK 0

Now we use the fact (well-known in the framework of Yosida approximations of
semigroup theory, see [225]) that

lim A(A—A) " "h=h
A—00

forall h € H; A~! being compact in our example, we can easily verify this property
using the spectral decomposition. With minor additional arguments that we leave as
exercise, it follows that:

Lemma 3.1

. € 2 J—
éh_%E[HW () — W(t)IIH] =
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The result is also uniform in time, with supremum inside the expected value. The
message of this lemma is that u converges in distribution to a white noise, the time
derivative of the space-dependent Brownian motion W.

Why is this an interesting regime? Let us investigate this issue in the case of the
evolution of an auxiliary quantity: heat. Assume the fluid has a variable temperature
and is not strongly influenced by temperature, hence we do not change its equation
of motion. But temperature, next indicated by 6 (¢, x), evolves according to the
diffusion-transport equation

00 +u-Vo =kAb +q,

where k > 0, typically small, is the heat diffusion constant and u - V8 is the transport
due to the fluid motion; ¢ is a heat source. If we take the limit € — 0 in the model of
fluid above and we apply the heuristics of the Wong—Zakai result, we find the model

%0+ Y (o VO) o WK =kA0+q.
keK

where the symbol o stands for the Stratonovich operation. In Chap.5 we explain
why the correct It6 interpretation of this equation is

%0+ (k- VO {WE = (kA +L)60 +q, 3.1
kekK

where the stochastic term is now understood in the classical It sense and L is the
linear differential operator

1
(L0) (x) = 5 3 ok (x) - V (0 (x) - V8 (1))

keK

The result of this modeling step is that we end-up with model (3.1) for the heat
diffusion under a turbulent velocity field. Taking (heuristically at this stage) the
expectation of each term and introducing the mean temperature profile

O, x)=E[0(, x)]
we get
0 =KkKA+L)O +q.

If the noise has suitable properties, the elliptic operator £ strongly increases the
dissipation of the term x A. Moreover, we shall prove that the random field 6 (z, x)
is close to its average O (¢, x) under suitable assumptions. This will lead to the
statement that turbulent transport increases the original diffusion, a fact that is
observed in experiments (it corresponds, in our daily life, to the fact that when we
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stir coffee the temperature rapidly decreases). This model has the power to explain
a well-known experimental phenomenon, the so—called eddy diffusion.

The results outlined in this introductory section will be developed below in some
detail but additional information can be found in the paper that initiated this research
[147] and in subsequent references like [116, 223]; a different scaling can be seen
in [125].

3.1.1 Divergence Form of the Operator

Let us discuss the additional term £6 appearing in Eq. (3.1). Componentwise we
can write

d
1 . .
(L6) (1) = 5 3 Z ol (1) 8; <a,g (x) 9,0 (x)).
keK i,j=1
Since Zf: h aia,é' (x) = 0, we deduce also
d
1 . .
Lo@=3 >0 (o 00 09,6 @),
keK i, j=1

Let us now introduce for the first time (but this doesn’t mean it is a secondary
concept) the covariance function of the noise, covariance with respect to the space
variable. It is defined as

Qx, ) =E[W (I x)@W(,y)] x,yeD

and it is easily found to be

Q(x,y) =Y o1 (x) ® k().

keK
Therefore we have found
1 d
(L) (x) = 3 Z 3 (Qij (x,x) 9,6 (x)).
ij=1

This is an elliptic operator in divergence form. Ellipticity comes from the property

d
> 0 (o0& =E[IW .0 -£7] 20

i,j=1

forall & = (&),...,&;) € R4,
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3.2 Existence and Uniqueness for the Heat Equation with
Transport Noise

In this section we want to prove an existence and uniqueness result for the equation

%0+ Y (ox- VO IWr = (kA +L)0+¢
keK

in a bounded regular domain D C R¢ with Dirichlet boundary conditions. Other
domains and boundary conditions can be studied as well.
We know two very efficient methods:

1. variational;
2. semigroups.

3.2.1 Variational Method

This method has been developed by Pardoux [224] and Krylov—Rozovskii [191], in
the more general context of SPDEs with monotone operators. We limit ourselves to
the ideas.

* One has to introduce a sequence of approximating problems which have a unique
solution by known results. We skip this step.

* On these approximations, one has to prove estimates independent of the approx-
imating parameter.

*  We perform such a step on the true equation, in the style of a priori estimates:
we assume that we have a smooth solution and see which estimates hold.

e Such estimates imply the existence of weakly convergent subsequences, suffi-
cient to pass to the limit, the equation being linear. We skip the details of this
step.

A Priori Estimates Using Stratonovich Formulation

If we use the Stratonovich formulation

%0+ (k- VO o Wr = kA0 +q
keK
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and we accept that the rules of calculus (being the limit of smooth noise) are the
classical ones, we get (recall divoy = 0)

d
il O3, = -2 <9, D ok VO)o ath> +2(0,kA0) +2(0,q)
keK

= —2%[VO (D)7, +2(0.q)

because
2f 6, ox - VO) =2f 0 (x) ok (x) - VO (x) dx
D D
=/ oy (x) - VO? (x)dx = —/ div oy (x) 6% (x)dx = 0.
D D

Therefore
d
0 OIZ + 261V (Ol =20 (1) q (1)

leading to the a.s. (deterministic!) estimates. By easy classical steps one gets

sup 16 ()7, < C
t€[0,T]

T
/ IV6 ()[72ds < C
0

with C depending only on «, ||6p]| 2, f0T||q (s)||izds.

A Priori Estimates Using Itd6 Formulation

Obviously the final result will be the same, but let us see the computation when
the equation contains the Ito—Stratonovich corrector; and the Itd formula is used to
perform computations, with its correcting term. We use the 1t6 formulation

%0+ Y (ox - VO IWr = (kA +L)0+¢
keK
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and we apply the Itd formula, to get

dlo Oll7 =—2) (0, (ox - VO) dW* +2(0, (kA + L) 6 + q) di
keK

+ ) llox - VO3 dr
keK

= —21|[VO (1)]3, +2(0 ) 3;09;0dxd
= —2c|IV0 D)2 +2(0,9) = 23 D%:Q(x,x)l j0dxdt
+Z/ > o (x) 960 (x) 8;0dxd!.
kek VD ij

We obtain the same result as above. At the level of energy estimates, the Ité term
and the corrector completely balance each other.

Maximum Principle a Priori Estimates

Let us also describe a side estimate of some interest. Consider the Kolmogorov
equation

30 +u-V0 =kA0 +q,
Oli=0 = 0o

on a time interval [0, T']. Introducing 67 (t) = 0 (T —1t), ur (t) = u(T —1),
qr (1) = q (T —1), we get

007 —ur - VOr + kA0 + qr =0,
9T|1=T = 90~
Denoting by ¢; ; (x) the flow associated to the equation
dosi (x) = —ur (t, Vst (x)) dt + @dB, tels, T],
Ps,s (X) =X,
where B; is an auxiliary Brownian motion, we have
dér (t, ©s.t (x)) = 0,0rdt + VOr - dos; + k AOrdt
=u7 - VOrdt — k AOrdt — qrdt
— VOr - urdt + Vr - V2icd B, + k Afrdt
= —grdt + Vor - V2«dB,
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and therefore

T
E[60 (¢s.7 (1))] — 7 (5. ) = — [ E[qr (1. g (0))] dr.

Going back to the original variables we have

T
E [6 (¢s.1 (1))] = 6 (T — s.) = / E[q (T — 1. g5 (0)] dt.

namely,
T
0 (t,x) =E [0 (pr—1.7 (x))] +[ E[q (T —r, @71 (x))]dr.
T—t
We deduce in particular
T
160 (Dlloo = [160lco +f0 llg () lloodr. (3.2)

The previous computation, performed here heuristically, can be made rigorous by
convolution under very general assumptions. With due effort based on the theory of
stochastic flows, it works also for the equation

%0+ Y (o -VO) o W =kAO+¢
keK

in Stratonovich form, being the limit of equations with regular coefficients. The final
result is the same, a deterministic (a.s.) inequality in the supremum norm, a kind of
maximum principle estimate.

3.2.2 Semigroup Method

Opposite to the previous subsections which contain only an outline of the variational
approach, here we give all the details of the semigroup approach. Initially, it was
more difficult to understand how to apply semigroups to this kind of equations,
since the regularity issues about the stochastic term are “at the limit”, so to speak.
The breakthrough came with the papers by Da Prato [85, 86], developed further in
the book [90]. The theory was later assessed by a series of works, see the book
[111]. Recently, this theory has been much extended by Agresti and Veraar [1, 2],
Hytonen et al. [179, 180].
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Consider the equation

%0+ Y (on-VO) W= (kA+L)0 +q. (3.3)
keK

Let: H = L> (D), V = W, > (D), D (A) = W>2(D)NV,A: D(A) C H — H,
A0 = (kA + L)6.

e, t > 0, the analytic semigroup generated by A (under minimal regularity
assumptions on Q (x, x), see [225, Chapter 7]). Then

t t
0 (1) = 460y — Z/ 1794 (o - VO (s))deJr/ =94 (s) ds.
keK 0 0

We want to solve this equation by iterations. These equations are not trivial because
there is a gradient of 8 on the right-hand side and thus iteration requires that also
the left-hand side accepts a gradient.

Notions of Solution and Main Result

Even if the definitions of H, V, A, D(A) changed with respect to the previous
chapters we keep the same notations. In particular, in the sequel we denote by V'
the dual of V. We may identify H with H’ and thus write D (A) C V C H C
V’ with continuous dense embeddings. The scalar product (-, -} in H “extends” to
the dual pairing between V and V', which will be denoted by the same notation.
As already done in a previous chapter, let us denote by L%_- (0, T; V) the space of
progressively measurable process with values in V and by C~ ([0, T']; H) the space
of continuous adapted square integrable processes. Assume o} smooth enough, 9y €
H,q € L%, T; H). A stochastic basis (2, F, (F;),P) is assumed to be given
(thus we deal with strong solutions).

Definition 3.2 A stochastic process
0 € Cr([0,T1; H)N L% (0, T; V)

is a weak solution if, for every ¢ € D(A), we have
t
0 @), ) = (60, ®) +/0 0 (s), (kA +L)p)ds

t t
+/O <q<s),¢>ds+2/0 (0 (s, 0% - Vo) AW

keK

for every t € [0, T], P-a.s.
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Notice that the stochastic integrals are well-defined since o} - V¢p € H, hence
the integrand is a continuous adapted process; the deterministic integral is obviously
well-defined, since s — (0 (s), (kA + L) ¢) is P-a.s. continuous.

In the following alternative definition we use the heat semigroup e’4.

Definition 3.3 A stochastic process
6 € Cr([0,T1; H)N L% (0, T; V)

is a mild solution if the following identity holds:

t t
6 (1) = €60 + f "G (s)ds — ) f "o - VO (5) dWE
0 0
keK

for every t € [0, T], P-a.s.
Proposition 3.4 The two notions of solution coincide.

The proof is not difficult and similar to one shown in Chap. 1 for the Stokes
problem. However, it can be found in [127]. The main result proved below is:

Theorem 3.5 For every 8y € H and q € L? (0, T; H), there exists one and only
one (weak or mild) solution.
General Parabolic Equations with It6—Type Transport Noise

In order to fully appreciate certain aspects of the previous result, consider the more
general problem: the equation

d
%0+ Y (ox- VO yWE =" 0 (aij (x) 0) +q. (3.4)
kek i,j=1

where g; ; is strongly elliptic and sufficiently regular so that the operator

d

A=Y 0 (aij (x)8;6)

i,j=1
generates an analytic semigroup. The notions of solutions are the same.

Theorem 3.6 Assume the exists n < 1 such that

d
1
32 @) 67 <0 Y ai; () &g (3.5)

kek i,j=1
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forall € = (&1, ...,&1) € RY. Then, for every 0y € H, there exists one and only
one (weak or mild) solution.

Auxiliary Variables and End of the Proof

In order to study the equation
t t
0 (1) = ¢'6y +/ "4 (s)ds — Zf "6, . VO (5) dWE
0 0
keK

let us consider the auxiliary system

t
v (t) = oy, - Ve 40y + / op - Vel™94 (s)ds
0

t
- Z/ on - Vel (s) dWk
0

keK

for h € K. These two problems are equivalent (specifying correctly the function
spaces): if 8 (¢) is a solution of the first one then

v (1) == ok - VO (),

v (1) = (vk (1)kek

is a solution of the second one; and if v (¢) := (v (t))rck 1s a solution of the second
one, then 6 (¢) defined by

t t
2] (t) — €tA6() +/ o} - VE(I—S)Aq (S) ds — Z/ e(l—S)Avk (S)de(
0 0
kek

is a solution of the first one. Up to details related to continuity properties of
stochastic convolutions, the key lemma to prove the theorem for the first equation is
the following result for the second one.

Consider the space X7 of vectors (vi (-))rcx such that v € L%_- (0, T; H) and,
in the case when K is countable,

T
loliF == ZE/ llon (D11%dt < oo.
hek 0

It is a Hilbert space and ||v]|| 7 is the induced norm.

Proposition 3.7 There exists a unique solution (vi (-))rcx € XT-
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Proof
Step 1 (preparation)  Notice that, by assumption (3.5),

Y llox - V£l = / Yok () - Vf (x)dx

keK keK

d
< 2n/D D @ ()0 f (x) 0, f (x)dx

i,j=1
= —271/D(Af) (x) f(x)dx = =2n(Af, f)

for every f € D (A). We use this fact in the inequalities below.
Moreover, we use the following fact:

T T d
—2 / <Ae’A90, efAe())dt —_ / £ <e’A90, e’A90> dr
0 o dt

= — (lle"60l13; — 16013 ) < 1601

Similarly, one has

T T
— 2/ / <Ae(’7S)Avk (s), ey, (s)>dtds
0 s

T T d
= —/ / — <e(’_S)Avk (s), "9y, (s)>dtds
0 K dt
T

== [ (1T o I = I )1z ) s

T
< /O ok (5)112.ds.

Step 2 (fixed point) Consider the map I" defined on X7 as

t
Cv)y, (1) = wp () + / o - Ve, (s) dWE
keK 0

h € K, where we have set

t
wy, (1) := oy - Ve'40y + / op - Ve(t_x)Aq (s)ds.
0

87
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We prove it takes values in X7 and it is a contraction; thus it has a unique fixed
point. Notice that, opposite to many other applications of contraction mapping
principle, we do not need to take 7" small.

Using a result of the first step and similar estimates for the convolution integral,
we get

! 2
L = .
Z/() EI:”wh(t)” 2]dt<C1<oo

hekK

Moreover, from the isometry formula and the Fubini theorem,

T t
Z/O IE|:||Z/O op - Ve =94y, (s)dWSk||izi| dt
hek

keK
T /T A )
=Z/ / E Znah-Ve(H) ve ()17, | drds
hek Y0 Vs hekK
T /T
527]2/ / <Ae(tﬂ)Avk(s),e(lfs)Avk(s)>dtds
kek V0 IS
<nlvll,

having used the two facts proved in Step 1. Therefore 'v € Xr. By the same
computation we have

ITV = To"I7 < nllv = v"[17

and < 1, hence I' is a contraction. |

Super-Parabolicity Condition and Stratonovich Formulation

We have solved the general parabolic equation (3.4) under assumption (3.5),
sometimes called the super—parabolicity condition, very famous in the theory of
nonlinear filtering and Zakai equations (cf. [191, 224, 235, 236]). The parabolic
equation

d

30 = 9 (aij (x) 3;0)

i j=1
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is well-posed when a;; is strongly parabolic, namely when there exists v > 0 such
that

d
Y ay () &&= v|E|?
i,j=1

for all £ = (&,...,&;) € R? The condition of the stochastic case is therefore
much more restrictive. However, when the problem (3.4) comes from a Stratonovich
equation of the form (3.3), we have

1
ajj (x) = «é;j + EQij (x, x)
with

0ij (x,x) = Zali (x) okj(x).

keK
The super-parabolicity condition in this case requires us to find € (0, 1) such that
1 d 1 .
PICIORIEL DY (xaij DAL <x>) £
keK i,j=1 keK

= nl§1?+ 3 Y (e () §)7,

keK

namely such that

2
Y- o) = T fgl
-1

keK

Under the summability conditions which guarantee to have Q (x, y) well-defined
and bounded, such an 7 exists, sufficiently close to 1. Therefore the Stratonovich
equation is always well-posed.

3.2.3 The Equation for the Average

We have immediately a result if we take the average, called as above
O, x)=E[0(, x)]

We assume here that 6y € H is deterministic.
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Proposition 3.8 If 0 (¢, x) is the solution given by Theorem 3.5, then ® (t, x) is a
(weak or mild) solution of the deterministic equation

0,0 =kA+L)O +gq,
Oli=0 = bp.

Proof We take ¢ = 0 for brevity. Take for instance the weak formulation, for ¢ €
D (A):

t t
<9(z),¢>=<eo,¢>>+/0 <e<s),<m+£>¢>ds+2/0 (0 (s), 0% - V) dWE.

keK

The stochastic integral fol 6 (s),or - Vo) thk is a martingale because 8 €
L%_- (0, T; H) (it is much more than this). Therefore

t
(©(@1),¢) = (6. &) +/0 (©@), kA +L)p)ds.

Moreover,
®eC(0,T]; HYNL*(0,T; V)
as a consequence of the property
0 € Cr([0,T1; HYNL%(0,T; V).

Therefore it is a weak solution. The proof that it is a mild solution is similar, or it
follows from the equivalence between the two concepts, under our regularity, in the
deterministic case. |

3.3 When 0 Is Close to ®

In the previous section we have shown than the average © satisfies an equation with
enhanced dissipation; this fact is well-known, see for instance [206, Chapter 4].
The behavior of the stochastic process 6 may be, however, very different, a priori.
In this section we show conditions under which 6 is close to ®, hence producing
the dissipative properties of ®, in a suitable sense. When so, we may speak of eddy
dissipation: thanks to the noise, the passive scalar has dissipative properties similar
to those of the solution of a deterministic equation with enhanced dissipation.
Starting from the idea of [147] (see also [125]), several results in this direction
have been proved, [114, 115, 115-117, 201, 202].
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This research line intersects with the study of mixing properties and enhanced
dissipation due to deterministic and stochastic vector fields. The deterministic
literature on this subject is already too diverse for easy references; in the stochastic
case let us mention [18, 21, 22, 99, 117, 153].

3.3.1 Main Assumption and Result

Define £g , > 0 as the smallest number such that
[ [verm 0w mvmaray (3.6)
2 1 T
&g« / (Klv (" + Y x)" Qx,x)v (X)> dx
forall v € L? (D, Rd). When v (x) = f (x) Vw (x), it gives us
/ / v ()" QO (x,y)v(y)dxdy

< &0k /If )P (KIVw ™)+ %Vw )7 0 (x, x) Vw (x)) dx
< —e0.xll f 12 (Aw, w).

In the next theorem we assume 6y € L* (D), ¢ € L*([0,T] x D). Call
Coo (T, 6y, q) > 0 a constant such that

sup E[6 (9)I1% ] = Coo (T, 60, 9)
s€[0,T]

In Sect.3.2.1 above we have outlined one method to prove a bound of this form, in
that case even an a.s. bound:

10 D llco = lI00llcc + TlIglloo-

However, there are other bounds available, on the average, using regularity theory
for 6 (1), see [127], which improve the dependence on T'.

Theorem 3.9 For every ¢ € L? (D),

E[(6(0) - 00),8)7] < e0.xl9l}>CoulT. b0, ).
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Proof Recall the identity
t t
6 (t) — etAG() +/ e(l—S)Aq (S) dS _ Z/ e(l—S)Ao.k . VG (S)dW‘{{
0 keK 0
Here e'46y + fot =944 (s) ds is precisely O (), hence

t
0()—O@) =— Z/O =6, . VO () dWE.

keK

If¢ e H,

t
O@) -0 @), ) = Z/O <9 (s), 0% - vee“—“%)dwf.

keK

Then (here we take advantage of the cancellations of Itd integrals)

t
E [(9 1) -0 @), ¢)2] -SE U <9 (s) . 0% - Ve(t_s)A¢>2 ds].
keK 0
Write ¢ 5 := e ~)4¢. Then

S (o). 0x - Vo)

keK

= Z//Q(S,X)Q(S,y) ok (X) - Vo s (x) 0k (¥) - Vo s (y) dxdy

kekK

=//9(S,y) Vors )" Q (x,y) Vs ()6 (s, ) dxdy

IA

—£0. 10 (s)||§o<Ae<f—~Y>A¢, e(z_smd))

Therefore, with the notation C, (T, 69, q),

E[00-00,9)7]
t
< €Q,KCoo (T, 6, q)/o ((—A) e(tfs)Ad), e(tfs)Ad)) ds
! d A 2
= £0.xCoo (T, 60, q) /0 gue“—” ol3,ds

< 0. Coo (T.00,9) 19117,

after a computation already done above for fot % fle _S)A¢>||%2ds. |
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3.3.2 When €g  Is Small (and L Is Not Small)

Inequality (3.6) is not immediately transparent. Let us discuss it in two cases, which,
however, do not exhaust all opportunities.

The Case When Q (x, x) Is Degenerate

The first one neglects the second term on the right-hand side, the term with Q (x, x),

because in very relevant cases it is degenerate. This happens precisely in the case

considered everywhere in these notes, namely the case of a viscous fluid in a

bounded domain D, satisfying the no-slip boundary condition u#|3p = 0. In this

case Q (x,x) = 0 for x € aD. We do not exclude that, in spite of this degeneracy,

O (x, x) may help on the right-hand side of (3.6). But a priori it is difficult to use it.
In this case we look for the smallest constant €p > 0 such that

//v(x)T Q(x,y)v(y)dxdy < €Q/|U(x)|2dx (3.7)

forall v e L2 (D, ]Rd). Then

€0
€0k =
¢ K

because, if (3.7) holds, being
2 €0 2 1 T
GQ/IU(X)I dx < 7/ (Klv(x)l +§v(X) Q(x,X)v(X)> dx

we have that GTQ is a constant fulfilling (3.6), hence the smallest one is less or equal
to GK—Q We thus have:

Corollary 3.10
E[0 1) -0 ). 8] < 81210l + Tllgl)

Therefore, one way to have 6 (¢) close to ® () is to have a very small €p.
However, any small noise realizes this target but then also the additional operator
L is small. Thus the true question is: are there noises such that € is small and the
operator L is substantial?

The name “substantial” may refer to different properties. We have in mind two
of them:

¢ improvement of the decay rate « (eddy diffusion);
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e production of a significantly modified profile (turbulent boundary layer heat
profile).

In [116] we have constructed a noise, made of vortex structures, in simple 2D
domains, with the following properties: given €, 6 > 0 (small) and 02>0 (large)
we have

€Q <€

0 (x,x) > ol for all x € D such thatd (x, D) > §.

The first condition guarantees that the profile of 6 (f) (smoothed by the scalar
product (0 () , ¢)) is close to the profile of ® (). The second condition implies that
the deterministic equation of ® (¢) has an enhanced diffusion, still effective in spite
of the vanishing-diffusion boundary layer. In [116] we have proved the following
dissipativity property:

Theorem 3.11 Assume D = B (0, 1) C R?. Call AD,k,0 the first eigenvalue of —A
(it measures the rate of decay of © (t)). Then there exists a constant Cp 4 > 0 such
that

AD.k,0 = Cp,g min (Oz, g)

asymptotically as § — 0 one can take Cp g = d/2 and one also has Ap .0 >
kd 2
K+8020 '

This result corresponds to the improvement of the decay rate « (eddy diffusion)
mentioned above. Considering the other sentence, namely producing a significantly
modified profile (diffusion boundary layer), we have the following result, in a
modified geometry with respect to the one of these lectures (see [127] for more
details and other results in this direction). The domain now is the infinite channel

D=Rx[-1,1]

with Dirichlet boundary condition for both temperature and fluid at the upper and
bottom boundaries:

0 (x1, 1) =0 (x1,£1) =0 forevery x; e R, k € K.
The theoretical results are similar to those above. In addition, let us consider the
stationary deterministic profile for a given ¢ = ¢ (x), element of H: we have to

solve

ABy +4q =0,
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namely

®st = —A_lq.
In practice, assume that in a region x € [—L, L] x [—1, 1] the function g (x) is
equal to a constant g, and both the stationary solution ®g; (x) and Q (x, x) depend

only on the vertical direction z € [—1, 1] and they are symmetric with respect to
z = 0. The equation

div ((u + %Q . x)) Vo, (x)) - )

becomes
9z ((k + 022 (2)) 9:04 (2)) = —¢.
It gives us
(kK + 022 (2)) 9:04; (2) = —qz
without constants, since both sides of the identity should vanish at z = 0 (the

function ®y; is symmetric with respect to z = 0 and smooth, hence 9, ®;; (0) = 0).
Therefore we have to solve

qz

9:0: ) === "%

O, (1) = 0.

The solution of the previous equation is

O (2) = /_1 K+ O»n (S)ds'

Without noise the solution is

2
-0 gl—z q q
0" @ =" = 2

2 2% 2%

so the curvature % is large (for « small) and also the maximum is large:

max ©970 = 21
K

Assume

2 2
2071 [145,1-51 < 022 (2) < 20
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with large o2 and small 8. Then

2 Z

ds.

qg 11—z / qs
—_— <04 (@@ -
K +c0? 2 (@) _1 k41021 [—14s,1-51 (5)

Ifz e [—1,—1+4 §] we have
1—22
2

Oy (2) () < 1
K

like in the case without noise but, for z € [—1 + §, 0] we have

1—(1—§)>2 1—8)2—72
%(z)(z)s% a-9 , ¢ (-9 -z

2 Kk +cro? 2
2
z
=C (K,q,6,02> — Lz_
K+ co
The curvature —2%— is much smaller than £ and the maximum
K+cio K

g (1-6)7°
®' = C( k] 787 2) =
max Oy (z) 6400 )= TE I )

is very small for large o and small 8.

Figure 3.1 illustrates the modification of the profile, from the standard parabolic
one of free diffusion in a steady medium, to the case of turbulent decay. The
reduction in heat content can be dramatic, due to turbulence, creating a fundamental
engineering problem.

The Case When Q (x, x) Is Non-degenerate
In bounded domains with no-slip boundary conditions for the fluid, Q (x, x) is
always degenerate. However, in other geometries, like the torus or the full space,
we may have non-degenerate Q (x, x).

Assume, for some 02>0 (large), we have

0 (x,x) > ol forall x € D.

Then

/ <K|v @+ %v T o, xv (x)> dx

o2 2
> (K+7>/|U(X>| dx.
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0.4 =
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Fig. 3.1 The dashed profile is the classical parabolic profile with Q = 0. The solid-line profile is
the one obtained by a large o2 and small &

If (3.7) holds, being

EQf|v(x)|2dx < E—Qf <x|v<x)|2+ %v(x)T Q(x,x)v(x)) dx
IC+7

we deduce (as above)

€0
K+§‘

Q. =

We thus have:
Corollary 3.12

a2

E[6 0 -00, 8] = =2 1813 60lloc + T llglloc)’
K+ >

Therefore, another way to have 6 () close to ® (¢), different from €p small (or
concurring with it) is to have o2 large.
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Assume we are in full space R?. A famous noise satisfying the previous
conditions (for suitable values of its parameters) is R. Kraichnan noise, [188, 189].
It is space-homogeneous, Q (x, y) = Q (x — y), with the form

1 . k®k
0 (z) = o2k}, f — ke <1 - —) dk.
O Jeo<iki<k, 1kl4HE |k|?

This model has a meaning and an interest for both positive and negative ¢. Assume
¢ > 0 (the so—called Kolmogorov 41 case is ¢ = 4/3). In this case, take k| = +o00.
Assume

ko = ki)
and take k(j)v — 00. Then
1 k®Qk
Q(x,x>=Q<0>=62kf/ _(1__)dk
0 Jro=iki<oo 1kI4HE k|2
Kbibo G2 / __ (1 _ke k/> kddi’
O Ji<w<co k‘01+§|k’|d+€ k2 )0

1 k®k>
2
/;§k<oo |k|d+§ ( |k|2

is independent of ko and therefore of N. This is the matrix appearing in the limit
parabolic equation. But, concerning €, we have

//v(x)T 0 (x, y)v (y)dxdy

1

2.6 -~ 2

<o°k / —— v (k)|°dk
0 ko<|k|<oo |k|d+§

<ottt [ Pk = ot .
ko<|k|<oo

Thus € is small if Uzko_ d s small, hence if kév — 0.

Remark 3.13 If —d < ¢ < 0, ky = 1, o2 small, and k; is so large that
o? fi <k<ky I#dk is large, then Q (x, x) is large and €¢ is small. This regime is
further investigated in [124].

Remark 3.14 We have seen that, in order to fulfill our conditions, the noise has to
activate very small scales (large k) with high energy.
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3.3.3 The Result for Long Times

The last result we want discuss in this section is an easy consequence of the
techniques developed in this section and the estimate below proved in [127] in the
case of an infinite channel. In this framework we can link the evolution of 6, solution
of problem (3.1), to ®;, solution of the corresponding stationary problem.

Proposition 3.15 If0y € L*>(Fo; D(A)), q(t) = q € D(A), then

sup E[100)11%] = CIgliha) + 160l
tel0,T]

for some C independent of T.

Anyway, the argument of [127] can be extended also to regular two—dimensional
or three—dimensional domains such that Poincaré inequality holds. Letting
Coo (60, ¢) > 0 denote the right-hand side of previous proposition, namely

supE [ 19 () 1%, ] = Coc60. 9),

t>0

the result above holds.
Theorem 3.16 For every ¢ € H,
. €
limsup E[ (¢ (1) — O, 7| = 211917 Coc (60, ).

t—0o0

Proof Recall the identity

t t
0 (1) = 46, +/0 =94 (s)ds — Z/O 1= . V0 (s) dWE.

keK
Set
t
O (1) = ey + f =94 (s) ds.
0
Then
t
0(t)—O(t) = — Zf =940, . VO () dWE.
keK 0
If$ € H,

t
O@)—0(@1),p) = Z/O <9 (s), 0 - v9e<’—S>A¢>dwf.

keK
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Then (here we take advantage of the cancellations of Itd integrals)

E [(9 1) — O (1), ¢>2] = E/Ot <9 (s), 0% - Ve(’_S)AqS)z ds.

kekK

Write ¢ s 1= e"~4¢. Then

S o). 0n - Vo)

keK

= Z//G(s,X)G(S,y) ok (X) - Vopr s (x) 0k (¥) - Vepr s (y) dxdy

keK

= f / 0 (s, ) Vors ' O (x,y) Vopr 5 (x) 0 (5, x) dxdy

IA

—2110 ()1 (e, )
K
Therefore
t
E[6 (0 -00).07] = “2Cx 0. ) f (=) et=4g, et=4¢) ds
K 0

€ td _
— 20 (6o, q) / L9 g)2ds
K o ds

IA

L 0.9 191
Now we use the fact that
lim (O (1) — Oy, ) = 0.
Indeed,
O) — O, = e (90 n A—lq).

For every € > 0, from the inequality (a + b2 <(1+e)a’+ (1 + g) b* we have

E[6®) - 0. ¢)?]
sU+0E[00 -0, 7]+ (1 + g) E[©® - 0,.4)]

This implies the result of the theorem. |
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In order to be of interest for applications, this theorem requires two conditions:

* that g is small;
* that Oy, is significantly affected by the noise.

These two conditions have already been discussed deeply in Sect.3.3.2, here
we just refer to [127, 128] for some numerical experiments of the fact that ®y; is
significantly affected by the noise.

3.4 The Action of Transport Noise on Vector Fields

Our understanding of the action on vector fields is completely different with respect
to the case of the action on scalar fields. The reason stays in the stretching term
which formalizes the fact that vectors are (possibly) elongated by the deformation
tensor of the underlying Lagrangian dynamics.

In this section we will focus our attention to the linear case (passive vector fields).
The nonlinear one (vorticity formulation of the Navier—Stokes equations) will be the
object of Sect. 4.4. Thus we start with the equation of a passive vector field, typically
a magnetic field in applications. This investigation is related to the research on the
so—called dynamo effect, see for instance [190, 260].

3.4.1 Passive Magnetic Field

The equations for a magnetic field M in a fluid u are
oM +u-VM =nAM + M - Vu.

Similarly to the scalar case, we model u by a white noise, with the Stratonovich
interpretation:

dM + Y oy VM odWf =nAMdt+ ) M- Vo o dWy.
keK keK

The equation can be written as
dM = (nA + L) Mdt + Tt6 terms
for a suitable second order differential operator £. And M (1) := E [M] satisfies

M =nA+L)M.
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Thus, as above, the question arises whether E [(M (t)— M (1), ¢)2] is small.

This question is open. We shall see below that in the case of special noise (space-
homogeneous and mirror symmetric) the operator £ is the same as the one of the
scalar case. In this situation there exists the following conjecture from Krause and
Raidler [190, page 12]: “homogeneous isotropic mirror symmetric turbulence only
influences the decay rate of the mean magnetic fields, which is enhanced in almost
all cases of physical interest.”

The Corrector
If we define
BtM =M -Vo, —o, - VM

then the corrector is % Zke x BiBiM. Thus let us compute By By M. We have

ByBiM = (ByM) - Vo — o - V(B M)
=M -Voy —o0,-VM) -Vor —or, - V(M -Voy —or - VM)
= (M -Voy)-Vor — (o - VM) - Vo
—o0x V(M Vo) +or-V(ox - VM).

Lemma 3.17
1 .
3 Z BiBiM = LM — Z Z(i,éaiMjajO'k
keK kekK i,j
1 . .
+ 5 Z Z (8]'0’]23,'0’]( — O']éaiajo’k> M;.
keK i

Proof The term

1
EZokoV(ok'VM)
keK
is equal to LM, as in the previous sections. The term oy - V (M - Voy) is equal to

(0k- VM) - Vo + 3 (a,ﬁaiajak) M;
iy



3.4 The Action of Transport Noise on Vector Fields 103

hence its first addendum, (o} - VM) - Voy, adds to another equal term in the total
sum; they form the term

- Z ZO’liaiMjajUk
keK i,j

in the final result. The zero order term is thus the remainder of this computation. ll

Lemma 3.18 Assume the noise is space-homogeneous:

O, y)=0(x—y)

and Q (x, x) = Q (0), a constant matrix. Then

1 . )
3 Z Z (3j(7/é3il7k — U,iaiaj(fk) M; =0.

kekK i,j

Proof

Step1 The sum ) ;g U,i (x) o (x) is constant, equal to Q;« (0), for every
i,a = 1,2, 3. Thus their derivatives are equal to zero. It follows that

3 (aja,ﬁ) W ol (1) ==Y of () (3j0f) ().
keK keK
Moreover, it follows also
DaY oo (x)=0
i keK
which implies
YD ol diof (x)=0
keK i

because div o, = 0. _
Step2 Not only the sum » , po0; (x)of (x) is constant, but also
ek (8j0f) (x) of (x). Indeed, we have

> (31#) @) o () =0y, Y of (¥) of (¥)

keK keK

=0y Qia (x =) = (3 Qi) (x = Y),
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which implies
Z (3j01£) (xX) o (x) = (9j Qi) (0).
keK
This implies
5y (ajo,ﬁ) () of (x) = 0.
keK

Step3 Now, first the two terms we have to investigate are opposite one to the
other:

Z Zaja,iaiak =0; Z ZO']ia,'O'k — Z Z()‘,iaiajo‘k

keK i keK i keK i

= — Z Zo’liaiaj(fk,

keK i

where we have used the fact that ), x>, o,i ;01 is equal to zero (Step 1).
Therefore it is sufficient to prove that

> > djoitior =0.

keK i

But this term can be written as

Z 0; Z ajoliak,

i keK
which is zero, because of Step 2. The identity between the previous two terms is

due to the fact that ), 9; Bjali =0, being divoy = 0.
[ ]

Corollary 3.19 [f the noise is space-homogeneous, then

1
3 D> BBM =LM - "3;0(0) VM;
kekK J

where 3; Q (0) is the matrix with entries (8 i QW-) (0). In the particular case when

Q(—x) =0 (x)
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(mirror symmetry) then 0; Q (0) = 0 and thus

1
3 Z BiBxM = LM.
keK

Proof For the first identity it remains to show that

DD citiMjdiof =} (Z 012310;?‘) 0 M;

keK i,j i,j \kek

= (97 Qi) (0) i M,
J

where we have used an identity proved in Step 2 of the previous proof.
Under mirror symmetry, Q ; (x) is a smooth even function, hence its derivatives
at zero are equal to zero. |

The Difficulty

We have shown that in the particular case of space-homogeneous noise with mirror
symmetry the It6 form of the equation is

dM + ) o VMW = (0A + L) Mdt + Y M - VordWy,
keK keK

similarly to the passive scalar case. Without mirror symmetry we would have an
additional first-order differential operator, related to the so—called a—effect in the
dynamo theory.

Notice first, as a secondary detail, that we have not used the assumption of
isotropy in the derivation of the previous subsection. If the sentence quoted above
from [190] concerns only the mean magnetic field, then it is true and without
isotropy. We have proved:

Theorem 3.20 If the noise is homogeneous and mirror symmetric, then the mean
magnetic field M (t) := E [M] satisfies the parabolic equation

M =mA+L)M,
where

LM =" 0i;(0)9;0;M.

iJj
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And we have shown in Sect. 3.3.2 that Kraichnan noise gives us Q (0) equal to a
large multiple of the identity, under some conditions on the parameters.

The problem arises if we interpret the sentence of [190] for the true magnetic
field M instead of its average. We are not able anymore to prove that M is close to
M. The reason stands in the estimates on M. We do not have anymore the energy
conservation estimate, because

(o - VM, M) =0
hence

dIM O3, + 20[IVM (0)|72dt =2 (M - Vor, M) odWf
keK

but (M - Vo, M) is not zero and contributes a lot, at least a priori.
Similarly, the Lagrangian property should be reformulated here as

M (1, x) = Do_; (x) Mo (¢ (x))

and the Lagrangian deformation tensor D¢_; (x) may have, a priori, an enormous
effect of stretching on My (¢—; (x)). Thus, even if we may start the computation as
in the scalar case

t
M@),¢)— (M), 9)= +Z/O <M (s) . e, . V¢>dWlk

keK

+> /0[ <M (s) Vo, e(t_S)Aqb)dW,k,

keK

we do not have good estimates on M (s) to control in mean square the stochastic
terms.

The Purely Transport Case

If we consider the ideal model

dM + Z or - VM o dWF = nAMad:
keK

where the noise acts only on the transport term, we get the equation

dM + )" o - VMAW[ = (nA + L) Mdt
keK
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which satisfies the estimates
2 ! 2 2
1M @112, + 21 [ IVM (5)11%,ds = [ Mol12,
0

IM ()lloo = [[Molloo-

Therefore we may control the difference

t
(M), 9)— (M), ¢)= Z/O <M (s),e<r—s>Aak,v¢>thk

keK

exactly as in the scalar scase.
From the physical viewpoint the stretching term ) ;. M - Voy o thk cannot
be neglected. However, it is possible that there are regimes where its effect is small.

Remark 3.21 1In this model we should not assume div M = 0, otherwise the model
is incorrect, because oy - VM is not divergence free in general, while the other terms
of the equation would be divergence free (ox - VM — M - Voy, is divergence free, on
the contrary). If we want the additional property that M is divergence free, then we
have to consider the more difficult model

dM + " P (o - VM) 0 dW[ = nAMdt,
keK

where P is the projector introduced in the previous chapters. The Ito—Stratonovich
corrector now is much more complex. This difficulty is necessary in the case below
of the Navier—Stokes equations, where the role of M is taken by the vorticity w,
which is divergence free. Hence the simple ideas described in this subsection are
more complex, for the 3D Navier—Stokes equations, in two respects: the problem
is nonlinear, hence it is not sufficient to control (M (t),¢) — (M (1), $), and the
corrector is non-local, since it contains P.



Chapter 4 )
Transport Noise in the Navier—Stokes Qe
Equations

Stochastic transport of passive scalars (the topic described in the previous chapter) is
a well-known subject in the literature (see for instance [206]). On the contrary, this
chapter introduces an analogous idea for the internal modeling of a fluid, which is
less common and still debated. In some cases, however, it leads to results observed
in the real world, hence it deserves to be investigated.

Prior to the concepts described in this chapter is the concept of vorticity,
mentioned several times in these notes but never used explicitly, also because a
rigorous use of vorticity in bounded domains leads to troubles (the value of the
vorticity at the boundary is not known and thus a proper initial-boundary value
problem for the vorticity equation cannot be settled).

Vorticity is defined as

w=curlu

and in d = 2 it is a vector perpendicular to the plane of motion, hence it can be
described by a scalar given by the third component of curl #, namely

d=2
w = 01Uy — duj.

From the Navier—Stokes equations, using some vector identities, we find the
equation

osjw+u-Vo+w-Vu =vAw +curl f

which has the advantage that the pressure has disappeared; but the term w - Vu,
called the vortex stretching term, provokes several troubles (it is responsible for the
increase of intensity of the vorticity, which otherwise, for curl f = 0, would be just
transported by u - Vow and diffused by vAw).
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Ind = 2 one can see that - Vu = 0 (indeed u lives in the plane of motion, hence
also Vu, but w is perpendicular to such plane) and therefore the equation simplifies
into the diffusion-transport equation

w+u-Vo =) Aw + curl f

which is very useful in domains “without” boundary, like the torus or the full space.
It leads to additional invariants and a priori estimates with great success. See [70,
205, 209] for outstanding accounts of scientific and mathematical understandings
based on vorticity. In the case d = 2 the velocity and the vorticity are linked by the
relation

u=-vt=nlo,

ny
-y
map of the boundary value problem —Avy = w with proper boundary conditions,
¥ = 0 where we work in a bounded domain and the velocity satisfies the no-slip
boundary conditions, ¥ periodic where we work in the torus. In the case d = 3 we
can reconstruct u by o, but the explicit linear relation is less simple, see [209]. In
this case, we simply write # = K.

After introducing the concept of vorticity, we can try to generalize the topic
described in the previous chapter, stochastic transport of passive scalars, to the
endogenous case. Before this we want to explain how transport noise appears in the
system. Fluids, in their complex regimes that we loosely name turbulent, show the
activation of several scales: we observe large-scale motions and small-scale ones at
the same time, with several intermediate scales; very small vortices, larger and larger
ones, up to motion at the scale of the full domain. Oversimplifying this multiscale
picture, let us think that we want to split the fluid velocity into two components

where V1 is the differential operator V= = [ i| and (—A)~! is the solution

ol x)=ox)+ o, x),

the first one containing most of the large scales, the second one mostly related to the
small scales. We will return to this topic in Chap.5 for some deeper motivations
to this decomposition and some concrete possibilities to perform it. A precise
subdivision is impossible, due to the multiscale nature of the problem. However,
in some regime, a considerable degree of separation occurs [218].

Then we can consider the Navier—Stokes-type system

vAw + curl f/,

o+ @+u) Vo+o- (Vi+ Vu') = vAu + curl f,
o' + [@+u') Vo' + o - (Vi + Vi)
@, u =Ko,

@0 =@, o ©0) = o).

=
I
>~
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This system is equivalent to the original equation

orw+u-Vo+ow-Vu =vAw + curl f,

M=KCL), w(0)=a)o,
when

curl f = curl f + curl f/,

wo 250—{-0)(/).

Indeed, if (5; o ) is a solution of the system, then @ = @ + ' is a solution of the
equations; vice versa, if w is a solution of the equations and @ is a solution of

w4+ u-Vo+o-Vu =vAw + curl f,
then ' = w — @ is a solution of

o + @ +u') Vo' + & - (Vi + Vu') = vAe + curl £/,

u =Ko

We may reverse the roles of @ and ' in the latter argument.

In the system we impose the small-large-scale subdivision only on data: on the
initial condition and on the forcing term. At least for a short time, this subdivision
is expected to be maintained, approximately. How much it is maintained for longer
times is a very difficult issue; certainly o, for longer times is corrupted by small
scales and o’ by large scales; the open problem is how much.

Now let us come to stochastic modeling: looking at real situations with a
boundary and the vortices produced near it, we suspect that the small scales are quite
concentrated in a region near the boundary, the large scales are active everywhere.

Thus we replace the system above with the model

yo+ (u+u) Vo+wo- (Vu+Vu')=vAw + curl f,

1 1
9w =vAW — -0 + g ZcurlakB,Wk,

€ k
u=Ko, u =Ko,
o (0) = wo, o' (0) = wy,

where both equations are considered in the full domain D but the second one is
mostly active near the boundary thanks to the fact that the vector fields oy have
small support near the boundary. A more complete model is treated in [135].
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Let us look only at the equation of large scales

do+u-Vo+o - Vi=vAw+culf —u' -Vo—o- Vi,

u=Ko.

If we take the limit ¢ — 0 and argue as in the linear case of temperature diffusion,
we get the equation

4o+ Vo=A+LYD+cul f =Y (or - V@) i, W =D (Voy - @) 9, Wk,
keK keK

u=Ko.

This is a closed model of large scales, influenced by turbulent small scales.
Is it useful and realistic? This difficult question is under investigation. Let us only
mention one positive fact. Consider the associated deterministic equation

#Q24+U -VQ+Q -VU = vA+L)Q+curl f,
U=KQ, Q(0) = wy

(if wp and curl f are deterministic, otherwise take their expectations). This equation
has, for suitable £, stronger dissipativity properties that the original one with just
VvA. If we can prove that w is close to €2, then we get that the large-scale motion @
reveals a stronger dissipativity, due to the presence of turbulent small scales. This
is the observed phenomenon of eddy viscosity: turbulence improves the viscous
properties. Mathematically, we can prove that @ is close to €2 only in d = 2; in
d = 3 there are essential obstructions. But at least for d = 2 we see that this model
leads to realistic results. We will discuss some issues related to d = 3 in Sect. 4.4.
In 2D, the procedure above leads to the simpler stochastic equation (let us write it
here in Stratonovich form for simplicity of notation)

8;E+E~V5d;2 VA® — Zok~Vao B,Wk~|—curlf,
keK
72 _via)a.

This is an excellent equation, similar to the one of temperature diffusion and
transport. In particular, one can discuss when @ is close to the deterministic solution
of an equation with increased dissipation of the form

W+ U -VQE WA+ L)Q+curl 7,

U= _vicala.
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In this case, as declared before, some convergence results can be stated. In Sect. 4.1
we will prove the well-posedness of the vorticity equation with transport noise; the
phenomenon of eddy viscosity, namely the convergence of @ to €2, will be the main
object of Sect. 4.2, showing some results analogous to the ones explained in Chap. 3.
We refer to [114, 117] for a more complete treatment of the convergence of @ to 2.
Some of the results outlined in this introductory section would require a chapter in
themselves and will not be developed in this book. The reader may see some of the
existing results in the following references: [133-135].

Lastly, we want point out that we may perform this argument at the level of
velocity, instead of vorticity. They are not equivalent, and which one is better for the
physics is still debated.

4.1 Well-Posedness for the Vorticity Formulation

In this section we want to show an existence and uniqueness result for the equation

do+ Y (o Vo) W= WA+ Lw—u-Vo+gq (4.1)
keK
in the two-dimensional torus T2 = [0, 7], where u = —V1(—A)"lw, o} are

divergence free, smooth, vector fields and

Lo = Z oy - V(o - Vo).
keK

These are the Navier—Stokes equations in vorticity formulation with transport
noise. Contrary, for example, to the additive noise case, considering the equations
in vorticity formulation or in velocity formulation leads us to different results.
We postpone to Sect.4.3 the discussion about the differences between vorticity
formulation and velocity formulation in the transport noise framework. In this
section and in the next one we are only interested to show results analogous to
the ones of Sects. 3.2-3.3 in the endogenous case.

Contrary to Sect. 3.2, here we present only the variational method that we think
is more suitable to treat the Navier—Stokes nonlinearity. The proof of the well-
posedness of the systems of Sects. 4.1 and 4.3 are strongly inspired by the results of
[44], which we suggest reading also for an alternative approach to the analysis of
the system with state-dependent noise described in Chap. 2.

4.1.1 Variational Method: Plan of Work

We recall the plan of work for the variational approach already described in Chap. 3.
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According to the results of Pardoux and Krylov—Rozovskii in the more general
context of SPDEs with monotone operators [191, 224] or in a less abstract context
[44], we will perform the following steps:

* One has to introduce a sequence of approximating problems which have a unique
solution by known results. We will skip the details about the local existence that
follows from the classical theory on stochastic differential equations with locally
Lipshitz coefficients, see for example [183, 241].

* On these approximations, one has to prove estimates independent of the approx-
imating parameter.

* Such estimates imply the existence of weakly convergent subsequences which
are, indeed, global solutions of the approximating problems. Contrary to the
linear case, this condition is not enough to pass to the limit in the equation, due to
the nonlinear term. We will need to obtain a stronger result about the convergence
of the approximations in order to pass to the limit in the nonlinear term.

4.1.2 Functional Setting and Assumptions

Let: H = L} (T?), V = W' (T*) N H, D(A) = W22 (T?)NV,A: D(A) C
H— H

Aw = Aw,
where L%(Tz) is the subspace of L%(T?) made by zero mean functions. It is well-
known that A is the infinitesimal generator of analytic semigroup of negative type
and moreover V can be identified with D((—A)!/?). Something more can be said
on the fractional powers of the operator —A. Indeed, for each ¢ € R

D((—=A)*) = D((—A)") = {g € W***(T?) : (g, 1) yyawr, 202 = O},

see [225] Chapter 7 for more details.
According to these notations, it follows immediately that

The transport term, v - V& where £ is a real-valued function and v is a divergence
free vector field, is defined analogously to what we have done in Sect. 1.1.2 and
satisfies similar skewness properties, namely

/ E1(0)v(x) - V& (x)dx = —/ E(x)v(x) - V& (x)dx
']1'2 ']1'2
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every time the integrals above are well-defined. Therefore if £ is zero mean, then
also v - V& is zero mean.

As already done in a previous chapter, we consider the stochastic basis
(Q, Fo(F)eso» IE”), thus we deal with strong solutions. Let us denote by
Lg_- (0, T; V) the space of p integrable, progressively measurable processes with
values in V and by Cr ([0,T]; H) the space of continuous adapted square
integrable processes. Assume o; smooth enough (just for simplicity we assume
ox € C®(T2; R?), but less can be required), wo € L‘}_-O(Q, H),q € L‘}_- O, T; H).

Definition 4.1 A stochastic process
weCr(0,T]; H)NL%(0,T; V)

is a weak solution of Eq. (4.1) if, for every ¢ € D(A), we have
t '
W) 6 = 0. 0)+ [ 06), A+ 0915+ [ ws),us) Vords

t t
[ o oas+ Y [ w0 vorawk

keK

for every t € [0, T], P-a.s.
The main result proved below is:

Theorem 4.2 For every wgy € L4}-0 (Q,H)and q € Lifc (0, T; H), there exists one
and only one weak solution of Eq. (4.1).

Remark 4.3 The result stated here is a bit superabundant for our scope. In Sect. 4.2,
we will consider deterministic initial conditions and forcing terms. We prefer to state
Theorem 4.2 in full generality in order to explain several tricks for the variational
method. As in Sect.2.3 the extra integrability conditions are needed in order to
get existence, but uniqueness follows under the more natural assumptions wy €
L%_-O (R, H), qe€ Lz}-(O, T; H). Moreover, the extra integrability in time of ¢ is not
needed in the case of deterministic forcing term.

4.1.3 Galerkin Approximation and Limit Equations

Let {e;}ien be an orthonormal basis of H made by eigenvectors of —A and A;
the corresponding eigenvalues, A; are positive and nondecreasing. Let HY =
span{e|, ..., ey} € H, PN : H — H the orthogonal projector of H on H" .
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We start looking for a finite-dimensional approximation of the solution of Eq. (4.1).
We define

N

o™ (1) =) cin(t)ei(x).

i=1
The c¢; x have been chosen in order to satisfy Ve;, 1 <i < N, ¢t € [0, T],

<a)N (t),ei>=<a)év,ei>—l—/ot <a)N (s), (vA+/3N) ei>ds

t

t
—i—/ (a)N(s),uN(s)-Vei)ds—i-/ (q (s),ei)ds
0 0

13
+y / <a)N (s),ak.Ve,»>de, P-as., (4.2)
keK 0
where a)év = PNao, u™(t) = =VE(=A)"1wN (1) and

1
Vg = 51;<PN (ak-VPN(ak-V¢)) Vo e HY.

As stated in the plan of work, local existence and uniqueness for the solution of
this system of ordinary stochastic differential equations follows from the classical
theory for stochastic differential equations with locally Lipshitz coefficients. For
what concerns the global existence, it follows from the a priori estimates below.

Lemma 4.4 The It6 formula below holds:
Ao |1F + 20V |2 ,dt = 2(q, o™)d1 (4.3)

and the following energy estimates are satisfied:

N PO - _
o™ ()13 < /O eV ”Tﬂdwe "ol (4.4)
! " g3
v /0 IV (5)]17,ds < /O T”ds+llwoll%1, (4.5)
T g2
E [supyco.ryllo” 011 SE[ /0 ———tds + ol | (4.6)

T T 2
vE[/ ||VwN<r)||izds}sE[/ %dwnwonz} 7
0 0
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T
E[sup,E[o,T,||wN<t)||‘},]+IEU0 ||wN(s)||%1||VwN(s)||izds}sc, (48)

T 2
E [(/ IV ()12, ds> } <C, (4.9)
0

where C is a constant possibly changing its value line by line, but independent of
N.

Proof The Itd formula follows immediately from the finite dimensional It6 formula,
in fact

N N N
dlo™ G =Y deiy =2 cindein + Y _(deiy, dein).
i=1 i=1 i=1

Thus, exploiting the weak formulation satisfied by ", we have

dlwV % =2 ((a)N, vAON) + (g, o) + (@, u" - Vo) + (oY L’Na)N)) di

+Z( , Ok - Vol de—i—ZZ , 0k - Ve;) d.
keK i=1kek
From the fact that u”V, oy, are divergence free, it follows immediately that (w®, u™ -
Vo) = (0", 0 - Vo) = 0. Moreover, we can notice, integrating by parts and
exploiting div oy = 0, that

XN:Z ak-Ve,')2—|—2(a)1\’,£1\/a)1\/):%:X:(ak-Va)N,e,)2

i=1 keK i=1 keK

+3 (PN (ok VPN (o - Va)N)> L)
keK

=Y (o - Vo, PY (o1 - Vo))
keK

+ ) ox - VPV (or - Vo), o) = 0.
keK

Thus we arrive at the It6 formula in the statement. Starting from the It6 formula
and applying the Poincaré inequality for zero mean functions in the torus, Cauchy—
Schwarz, Young’s inequality properly we get

||q|| ||q||
d||w”||%{+2v||VwN||izdts<|| 17+ —2)dt < lIVe |3, + =2 dr.
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Thus by the Gronwall lemma, we have the following relation:

s VO : _
o Ol = [ e by e
0

’ ()]
v/ IV ()12 ,ds < ||wo||%,+/ O 4
0 0

These inequalities imply the first four energy relations stated and the last one. For
what concerns the remaining one, we use the It formula satisfied by || (1) I|%{ and
we apply the classical Ité formula for the function f(x) = x2. Arguing as above,
we get

dlo™* + 4]l [ 511V 17, = 4llo" (g, o™)dt

2llq |13, ll™ |13
< <2v||wN||%,||VwN||iz + =t

™7, gl
s(2v||wN||%,||VwN||iz+ ol sl KL

and this relation implies the thesis by the Gronwall lemma. O

Remark 4.5 Only relations (4.8) and (4.9) use the further integrability assumptions
on the initial conditions and the forcing term.

From the energy estimates on o', there exists a subsequence, which we will
denote again for simplicity by w”, which converges to a stochastic process w in the
way described below:

o 5w LYQ; L0, T; H)),
oV = w LYQ; L*(0, T; V))
and an unknown process B* such that
u Vo —~ B* L2(Q; L*(0, T; V¥)).

Moreover, thanks to the converging properties of the projector PV for N — 400,
the processes w and B* satisfies P-a.s. foreachi € Nand ¢ € [0, T]

t

t
<w(z),¢>>+/ <B*(s>,ei>v*,vds=<wo,el->+/ (@(s), WA + L) ) ds
0 0
t
+f @ (s), e ds
0

t
+Z/0 (@ (s), 01 - Ve;) dWE, (4.10)

keK
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Let us explain a bit better the part related to the convergence of the term
Jo (@™ (s), LNe;)ds. We know that for each @ > 0, x € D((—A)*), [|PVx —
x| p(=a)yy — 0. Thus, since for each k € K, § > 1/2, the operator oy - (V) €
L(D((=A)P), D((=A)P~1/2)), then if ¢ € D((—=A)), |P¥(or - V§) — oy -
Vol p(—ayp-1/2) = 0. Starting from these observations it is easy to show that for

each ¢ € D(A), ||LNe; — Le;|| — 0. Then, thanks to the weak convergence of w'
to w, we have the required convergence of f(; (a)N (s), LN ej)ds.

For what concerns the continuity in H of the process w we can argue in the
following way via Itd formula and Kolmogorov continuity theorem. From the weak
formulation above we get the weak continuity in H of @ applying the Kolmogorov
continuity theorem for the SDE satisfied by (w(¢), ;). Applying the Itd formula to
lw(2) ||%{ we get, arguing as in the proof of Lemma 4.4,

dl|ollf; = —2v|Voll3,dt — 2(B*, w)y+ vdt + 2(q, w)dt.

From this, we get the continuity of ||a)||%, thanks to the integrability properties of w.
Weak continuity and continuity of the norm implies strong continuity, thus we have
the strong continuity of w as a process taking values in H. Alternatively, the strong
continuity in H of w follows from the results in [224].

Remark 4.6 Without the additional energy estimates it is not possible to gain a weak
convergent subsequence for the nonlinearity. In fact we have for each ¢ € V

W™ (s) - Vo, o™ ()| < CIVOI 21V ()l 2 ll0™ ()1l

thus [u® (s) - Vo () lv+ < CIIVoN ()20 (5) | and
! 2
supyen E [/o lu® (s) - Ve ()15« dS}

T
< Csupyen E [ /0 IV ()12, o™ ()11 ds} <C

thanks to relation (4.8).

4.1.4 Existence, Uniqueness and Further Results

To prove the existence of the solutions of Eq. (4.1) we need the following lemma.
This way of proceeding is classical in stochastic analysis, see for example [44, 227].

Lemma 4.7 Let

t
ty = inf{t € [0, T]: lw(@)||3 = M}Ainf{r € [0, T] : / IV ()13, ds > M}AT
0
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then
110,741 (wN — a)) — 0, in L>(, L*(0, T; H)).

Proof We have to show that
T
E [/O 10,51 0™ () — 0 ()11 dS] 4.11)

converges to zero in N. Let ¥ = PNw, iV = —V1L(=A)"'®". Then, by the
triangular inequality

T
(4.11) < 2E [ f 10,01 ) 10V (5) — 0 ()14 ds}
0
T
+2E [ [ Lo, 1) 10" (5) — @™ ()13 ds}
0

Thanks to the properties of the projector PV and dominated convergence theorem,
it follows that @ — w in L2(Q2, L%(0, T; V)) N L%(, C(0, T; H)), and also in
weaker topologies. Therefore, we are left to show the convergence of

E [/Wnaﬂ(s) — V()% ds} (4.12)
0

Let BN (s) = u™(s) - Vo (s), then for each i < N the following relation holds
true:

t
<(w—wN)(t),ei)+/O (B*(s) — BN (5), e;) v+ vds
t
=/ V(@ — o™)(s), Aei) + (w(s), Lei)ds
0
t
—/ (@ (s), LNe;) ds
0

t
+ Z/o (w(s) — wN(s), oy - Ve,-)dWSk.

keK

N ||§1 via the It6 formula:

Thanks to the previous relation we can compute %d oY —w

1
5d||ch — oM |F +vIVE@Y = o™)2, dt = (0, LG" — V))dt

— (", N @Y — o™))dt
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—(B* — BN, oN — a)N)V*,th

+ > o — o op - V@ —0™)awf

keK
1 N
+ 3 Z Z(w — oV, oy - Ve,-)zdt.
kekK i=1

(4.13)

Next, to better understand the behavior of the terms

N
1
(a),ﬁ(d)N—wN))—(wN,EN(d)N—w —G—EZZw o ok-Vei)z,
keK i=1

we will first write them in an equivalent form:
2w, LGV — ™)) = 2(0", LN @ — o))
= Z(a), oy -V (ak V@M - a)N)))

keK

~Y (", o - VPV (ak V@Y —a)N)))

keK

=— Z(ak V" — o), 01 - Vo)
keK

+ > PV (crk v —a)N)> Loy Vo)
keK

N

Z w— oV Gk-Vel-)z

Z (or - Vo — PN (op - Vo), PN (o} - Vo) — PN (o} - Vo).

NM

eK
Thus
N
2w, LGN — ™)) = 20", LY@ —0™) + YD (0 — 0N, op - Ve)?
keK i=1
= Z(O’k Vo — PN(O'k . Va)N), PN(ok - Vo)
keK

— PNy - Vo) — oy - V@V + or - Vo)
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==Y (ox - Vo — PN(oy - Vo), (I = PV)(0x - Vo))
keK

+ > ok - Vo — PN(op - Vo), oy - V(e — &)
keK

+ Z(ak Vo — PNy - Vo), I = PV) (o} - Vo))
keK

< lox - Voo — PN (o - Vo) [ |(I = PV)(ox - Vo)l
keK

+ > Clok - Vo = PV (ox - Vo) ||V (@ — &V) | 2
keK

+Y_ClU = PY) o - Vo)l a Vo™ | 2.
keK

We now move on to treating the nonlinear term
W -V, o — oMy y = (@ —u") - V@" — M), &)y y
+ @ - val, oV — o)y y.
Therefore, by Ladyzhenskaya’s and Young’s inequalities,
(@ —u™) - V@Y — o). 0"y vl < IVOV 216" — &N palla™ —u® |l s
< ClIVoll2llo" — o7,
< ClIVol 2 lla"
— oM glIV@" =o)L
< CVol3;a" — "%
+31VG@" — oM.
To remove some positive terms which corrupt our estimates we use, again, the
trick we learnt by Bjorn Schmalfuss [238], introduced in Chap.2 and we apply
the classical It formula to JR(1)[|@" (1) — @™ (1)|1%,, where R(t) = exp(—nit —

n2 f(; Vo (s) ||i2 ds). Taking the expected value for ¢+ = 77 and exploiting previous
estimates, we arrive at

1
E [ER(rM)IIcBN(rM) - wNuM)n%,}

+E [ / M AREIVE (s) - w%))ﬂﬂ
0
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< ——]E [/ Rs)[@" (s) — o™ ()5 ds}

——E[ / ROIVo©)I2 16" s) - N(s>||Hds}

+ 'IE [/ R(s)(B*(s) — @ (s) - Vo (s), &V (s) — o™ () vy ds]
0

+ CE |:/0 R(S)HVw(s)”iz”d)N(s) —a)N(s)”%{ dsj|

s [/ ROV ) - Vo 01 dS}

+ZEU R(s) ok - Vor (s)

keK

—PN (o - Vo NIl = PN)(ok - Vo))l ds]

+CY R U ds R(s)|ox - Var(s)

keK

—PY o Vo ()l IV @) = 3V ()2

+CY E [/ ds R&)IU = PY)(ox - Vo)l Vo ()l 2 ds} :
keK
“4.14)

If we choose 11, n» large enough, we can remove some terms in the right-hand side.
Let us consider the remaining terms, recalling that from the weak convergence of

N it follows that E [ fOT ||Va)||i2 ds] < C. Applying Cauchy—Schwarz inequality
where it is needed, we get

ZEU R(s) ok - Vo (s)
keK
—PN(op - Vo NIl = PV)(ok - Vo))l ds]
+C Z E U ds R(s)|lox - Va(s)
keK

—PY (o Vo ()l V @) =V ()12
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+C) E [ / ds R = PY)(ox - Vo) | Vo ()1l 2 ds}

keK

1/2
<CZE[/ I = P¥) (o Vw(s»ans}

keK

1/2
+CE [/ IV ((s) — &V ()7 ds:| —0.
0

Lastly, we have to treat |IE [fOTM R(s)(B*(s)—it" (s) - VOV (5), @V (s)—N ($))v=y
ds]|.

‘E /TM R(s)(B*(s) — it (s) - VA" (5), " (s) — o™ (8))y+.v ds:|
LJO

< E[ / YR B S) — us) - Vo s), 3V () — o (5))ve.y ds}
0

+|E [/ " R(s)(u(s) - Var(s) — i (s) - Vo (s), @" (s) — oV (5))y+.v ds} '
0

Thanks to @V — w™ — 0in L2(Q; L*>(0, T; V)) the first term converges to 0. For
what concerns the second one

‘EU YR s - Vools) — iV s) - Vo (). 3V (s) — o () ye.y ds
0

+ /TM R(s)(u(s) - Vo (s), &" (s) — o™ () y+.v ds]
0

E[ / " R($){(u(s) - (Va(s) — Vo (5)), @ (s) — o™ () v+, v ds]
0

=

+ ‘E[ / YR s — 160 -V (51,3 (5) — o 6y v ds]
< E[/o lu)ll 4l (s) — & ()1 1V (@(s)

— VNI IVE@N (5) — o™ ()2 ds}
+IEUOTM||u<s) — iV )16 Ol 1V 121V @Y )

— o™ ()2 ds}
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1/4 1/4
< CE[nw - a)Nniz(O,T;HJ E[nw - @Nniz«,,m}
1/2
E[an — a)Nniz(O,T;H)}

1/4 ™ 1/4
+ CE[nw - a»Nniz(O,T;H)} E[ fo IvaN ()12, ds]

1/2
E| o™ — &N |? / -0
L2(0,T;V) :

In the last inequalities we use strongly the fact that ||w(s)||%{ < M on [0, Ty].
In conclusion, in (4.14) all the terms on the right-hand side converge to zero as
N — oo, namely we have the following relation:

1
E [ER(rM)uch(rM) - wN(rM)Ilé}
+ gE Uw dsR(s) V(@& (s) — wN(s))||izi| — 0. (4.15)
0

From relation (4.15), R(¢) > Cp > 0Vt < 137 and the properties of PN via
triangular inequality the thesis follows. O

Lemma 4.8 B* = u -V in L*(Q, L*(0, T; V*)).

Proof Thanks to the estimates (4.8) and (4.9) we get easily that u- Vo and uV -V
converge to u - Vo weakly in LZ(Q; L2(O, T; V*)). We do the explicit computations
just for one of the two, the other one being analogous.

T r T
EUO luts) - Vo (5)115+ ds}saa /0 V)11, Vo™ ()12, ds]
r T
< CE | sup;jo.rlo®|F fo IV ()12, ds}
I 4
< CE [sup,cpo rylo 011}

T 2
( fo IV ()17, ds) }

+CE
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Letnow ¢ € L®(2; L®(0, T; V), thenu - V¢ € L%(2; L%(0, T; H)). Thus, from
the convergence properties of ™, we have

T T
EU (u(s) - VwN(s),¢)V*,Vds} =-F [/ (u(s) - V¢,wN(s))ds:|
0 0
T
— —E |:/ (u(s) - Vo, a)(s))ds:|
0

T
=K |:/0 (u(s) - Voo (s), ¢)v*,vdsi|.

From the density of L(2; L0, T; V)) in L*>(2; L?(0, T; V)) and the uniform
boundedness of u - Vo! in L2(S2; L2(O, T; V*)) we have the required claim. For
what concerns the convergence of the nonlinear term, first note that, arguing as
above, the sequence (u? - VoV yen is uniformly bounded in LZ(Q; LZ(O, T;V*)).
Moreover, we have

u-Vo—u" Vo =u-Viw— o) +u- Vol
+uN-V(w—a)N)—uN-Va)=: L+DL+ 13+ 14.
Thanks to the previous observations I1 + I» + I converges weakly to O in

L2(2; L%(0, T; V*)). For what concerns I3, let us take ¢ € L*(S2; L®(0, T;
D(A))) and 1) defined as in Lemma 4.7, then we have

E [/O W) - Viwls) — o (), hyey ds}

™
<CE UO o™ )l allo(s) — o™ ($)ln ds}
-0

thanks to Holder’s inequality and Lemma 4.7. Since it holds that Ty ' T a.s., the
thesis follows, thanks to Lemma 4.4. Indeed,

T
'E [[0 W (s) - V(w(s) — o (5), p)v= v ds}

=

E [/O W (s) - V(w(s) — o (s)), p)vs.v dS]

T
+ 'E [/ WV (s) - V(wls) — o (), hyey ds}

M
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=<

E [ /O W (s) - V(w(s) — o™ (5)), p)v+,v ds]

T 2
+CE [/ o) 1% + HwN(s)HH ds}

<

E [ /0 W (s) - V(wls) — (), $hyey ds]

T T ,
+CE[/ (/0 ||B*(r>||%*+||q<r>||i,dr> ds}+CE[f ||wo||%1ds:|.
™ .

Thus, if we fix € > 0 and M > O such that

T T
CE [/ (/0 1B*)13. + llg()11% dr + ||wo||%{) ds} <e,
™

then
T
limusupy_, | o |E |:/ W (s) - V(w(s) — o™ (5)), p)ve v ds]| <e.
0

The thesis follows by the density of L*°(£2; L*°(0, T; D(A))) in L?(S:;L?(0,T; V))
and the uniform boundedness of u”" - Vo in L2(Q; L%(0, T; V*)). |

Theorem 4.9 There is at most one weak solution of problem (4.1) in the sense of
Definition 4.1.

Proof Let w, @ be two solutions and v be their difference. Let u =
VA=A "lw i = =V (=A)"!d be the corresponding velocities and x their
difference. Thus, v and yx satisfies IP-a.s. for each t € [0, T] and ¢ € D(A)

t t
(w(1). @) = /0 (v(s), (WA + L)g)ds + /0 W(s) - Vo, w(s)ds
t
- / (i(s) - V. (s))ds
0

t
- Zfo (0% - Vo, u(s))dWE.

keK

Arguing as in the proof of Proposition 4.10 below, v and yx satisfy the It6 formula

dlvlly

T = (<Yl + (- Vo, 0yey = (- Vo, By ) dr

+ (i - Vo, a))v*,vdt

= —v[|Vv||3,dt + (x - Vv, w)y+ vdt.
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We apply the Itd6 formula to the process %R(t)||v(t)||%1, where R(t) =
exp(—n [y Vol?, ds)

d (Rlvl? nR

% = R(=VIVolig2 + (x - Vo, 0hys v)dt = —=|vlly I Vel g.de
nR

< —VRIVulI.dr — ==l IVl j.dt

+ CRVol 2] 1 Vol 2dt
nR

< —VRIVuIIadr — == ol IVl j.dt

VR[IV|2,
- TLdt + CR|vl[3 I Vol?,dt.

Thus, taking n large enough, we have

d(RIlvl2 VR||Vvl?
(IIvIIH)+ l IIdet

<0
> =<

and the thesis follows immediately by the Gronwall lemma. O

Lemmas 4.7, 4.8 identify the nonlinear term and together with Theorem 4.9
conclude the proof of Theorem 4.2. Actually, thanks to some abstract results on
stochastic processes something more can be shown, namely that the full sequence
o converges to w in L2(§2; L2(O, T: V))and, foreacht € [0, T], o™ (r) converges
to w(t) in L2(S2; H). We skip the details related to this kind of convergence, which
are not necessary for the next sections, in order to keep this chapter self-contained.
Some details about this kind of result and, more in general, the application of the
variational method to other fluid dynamical models with transport noise can be
found in [64, 204].

Lastly, we want to show that the Itd formula stated in Lemma 4.4 continues to
hold for w, the solution of problem (4.1). For what concerns the energy estimates,
they continue to hold immediately due to the weak convergence of w" to w, but
they can proved independently starting from the Itd formula and repeating the same
steps as in Lemma 4.4.

Proposition 4.10 The It6 formula below holds:
dllwlf + vIIVoll7.dt =2(q, w)dt.

Proof Let &" be defined as in Lemma 4.7. We already know by the properties of
the projector PN that @Y — w € L2(0,T; V)N C(0, T; H) P-as. Exploiting the
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weak formulation satisfied by @ with test functions e; we get
t t
W@ e) = (one) + [ w0, 08+ Lards+ [0, epds
0

/ (q (s),ei ds+Z/ (@ (s), 0 - Ve;) dWE P-ass.
0

keK
Multiplying each equation by e; and summing up, we get

N
doV = vAoNdr + Z(a), u-Ve;i)e; dt
i=1

N
+ > (g.ei)ei dt + Z(w, Le;)e; dt

1 i=1

-

1

N
+ Z w, o - Ve;)e; dW
ek i=1

=~

~ 2
&™)l
2

Now we can apply the Itd formula to the process obtaining

t
&N )13 + 2v /0 IVaN ()12, ds = llw) II* +2 / (@(s), u(s) - Vo' (s)) ds
+2f (q(s), @V (s)) ds
0

t
+ 2f (w(s), LN (5)) ds

—i—ZZ/ (w(s), of - Ve,)

keK i=1

+2Z/ (@(s), ox - Vo )dWE.

keK

Thanks to the properties of the projector PV we get the Itd formula easily. The only
thing we need to prove is that

(@(s5), 01 - Ver)2 + (w(s), o1 - V (ak : Vd)N)) 0.

1=
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The last relation is true, in fact

N

@), 0k - Ver) + (w(s), o1 ¥ (01 Vo 1))
i=1

= —(@), 0V (PY ok Vo) ) + (@) 0 V (01 - VoV (5)))

= (o} - Va(s), PN (o - Vo (s))) — (ox - Vo (s), ox - VOV (5)) = 0.

4.2 [Eddy Viscosity for the Vorticity Equation

Let w be the solution of the problem of the previous section. Due the presence of a
non-linear term and contrary to Sect. 3.3, it is not true anymore that [E [w ()] solves
the system

9o =WA+L)o—il-d+q. (4.16)

Therefore, a fortiori, the behavior of the stochastic process w can be very different
from the one of @. In this section we show conditions under which w is close to @,
hence producing the dissipative properties of @, in a suitable sense. When so, we
may speak, similarly to Sect. 3.3, of eddy viscosity: thanks to the noise, the fluid
has dissipative properties similar to those of the solution of a deterministic equation
with enhanced dissipation. We will show in this section a result in this direction,
but plenty more general results can be found in [64, 114, 115, 117] for several fluid
dynamics models.
We now give explicit representations of the coefficients oy, k € Z(z),

€

icx kt 5
or(x) = V2kare™ ™ = VKO g ifk € 73
m@keimx% ifk 7.

where Zi_, 7% isa partition of 72 =72\ {(0,0)} with Z2 = —7Z2 , 6 satisfies:

LY ep =1
0
2. 6 = 0 if |k| is large enough. We will denote by K the finite set of k where
O # 0.
3. 6k =6 if k| =]
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Lastly, we take an infinite sequence of complex standard Brownian motions such
that Wk = WK_ At the end, our noise is parameterized by the coefficients «, 6
and the set K. Under this setting, Eq. (4.1) can be rewritten as

da)+Z(Gk-Va))thk=((v+K)Aa)—u-Va)+q)dt. “4.17)
keK

The corresponding deterministic system is
w=W+Kk)Ad—u-Vo+gq. (4.18)

Due to the results of Sect.4.1 and classical results on two-dimensional Navier—
Stokes equations, see for example [200, 247, 248], under the assumptions wg €
H, g € L*0, T; H) there exists a unique weak solution w (resp. @) of prob-
lem (4.17) (resp. (4.18)).

Let us introduce a notation used in this section in order to improve the readability
of the results: if a, b are two positive numbers, then we write a < b if there exists
a positive constant C such that a < Cb and a <, b when we want to highlight the
dependence of the constant C on a parameter «.

Now we can state the main result of this section.

Theorem 4.11 Let w and @ be weak solutions to (4.17) and (4.18) respectively.
Then for any a € (0, 1), there exists C = C(«) such that for any € € (0, o] one has

- 1/p
E I:”w - w”C(O,T;H_O‘):I

_ C )
Sep. 7 VEENONG Rrexp (m ((T(K +v)+ 1D RT)> )

. 1/p _ CR2
B[l = ol re)]| S VRO Reexp (TT)

where the constant R, independent of the noise, is defined below.

This result was originally proven in [117] and we refer to it for a more detailed
discussion on the convergence rate of some fluid dynamical models with transport
noise to the corresponding deterministic systems.

4.2.1 Some Analytical Lemmas

For the remainder of the section we need to recall some classical tools on the
transport term, products of functions in Sobolev spaces and the heat semigroup,
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see for example [117, 225] for the proof of these statements and more details on the
topics.

Lemma 4.12 Given a divergence free vector field V. € L*(T?; R?) the following
bounds hold true.

1. If Ve L*® (T2; Rz), f € L*(T?), then we have
IV -V fllg-r S IVl flz2.
2. Letae(1,2], Be(0,a—1), Ve H (T R?), fe H P(T?), we have
IV -V lg-1-6 Sap 1VIaell fllg-s.
3. Let B € (0, 1), then forany f € HP(T?), g € H'=P(T?) it holds that
I fele Sp N f I maligllpi-s-
4. Let B € (0,1), Ve H=B(T?%, R?), f e L*(T?), then one has

IV -V fllg-i-6 Sp 1V s L f N 2

The second lemma provides classical estimates on the semigroup generated by
A:

Lemma 4.13 Let g € D((—A)*/?), a € R. Then:

1. for any p > 0, it holds that ||e'*q|| gat+r < Cpt_p/2||q||Ha for some constant
increasing in p;
2. forany p € [0,2], it holds that || (I — ') qll ga—0 Sp t°/*1q | e

The semigroup eSU—9A

Lemma 4.14 Forany$ >0, @ € R, g € L*(0, T; D((—A)*/?)), it holds that

has also regularizing effects as stated in the following:

t 1 t
H /0 UG (s) ds <535 fo g ()| 3e ds ¥t € [0, T1.

2
Ho+l

4.2.2 The Stochastic Convolution

Similarly to Sect. 3.3, we will prove Theorem 4.2 introducing a mild formulation
satisfied by w. Thus we will need some preliminaries about the stochastic convolu-
tion in this framework.
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Under our assumptions, we know by Lemma 4.10 that
T 2
2 llg ()1l 2 2
sup,cpo. 71l Iz < / Tds + llaolly =: Ry < +oo P-as.
0

This quantity will play a crucial role in this section. Given a positive parameter
6 > 0, denote the stochastic integral and stochastic convolution as

t
M@) =2k Z/ are™** . Vaod Wk, (4.19)
keK 0
t .
Z@0) =2 Y. / =9 (ake’k'x : Va)) AWk, (4.20)
keK 0

Lemma 4.15 The processes M(t) and Z(t) defined above satisfy:

(i) M(t) is a continuous martingale with values in V*. Moreover, it holds that

E [supicio,n 1M1} ] < € R3T.

(ii) Foreache € (0,1/2), p > 1,

1
E[supyeio, I 2O Sepr Vs Ry, “21)

1/p
E[supyeo i1 Z015-1- | Sepr Vies 6]l Rr. (4.22)

(iii) For B € (0, 1] and € € (0, B, p > 1 it holds that

I/p -
E [supyeo il ZON5- | Sepr Vies 10105 Ry (4.23)

Proof Up to some technicalities, the proofs of these statements are similar to some
computations we did several times before. Therefore we simply provide the proof
of the first statement. For a fully detailed and complete proof of all the estimates we
suggest of reading [117].

The first point follows immediately by the Burkholder—Davis—Gundy inequality,

Lemma 4.12.1. and the obvious relation ‘lkTLll ||eik"‘ |0 = 1. Indeed,

'
E |:SuPte[O,T]||Z/(; Ok - Vw(s)dWsk||%/*:|

keK
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T
<«E [Z/ llage™ ™ - Vw(s)ll%,*ds]
keK 0

T
SKZ/ 9,3]E[||w(s)||%,] ds < kR2T.
keK 0

Now we can state the result about the mild formulation satisfied by w.

Theorem 4.16 Let w be the weak solution of problem (4.17), then w satisfies the
following integral relation P-a.s.:

t
w(t) = e“ Ty, — / W=D () . Va(s))ds — Z(1). (4.24)
0

The proof is not difficult and is similar to one made in Chap. 1 for the Stokes
problem. However, it can be found in [117].

4.2.3 Proof of Theorem 4.11

First we prove the following lemma about the behavior of the nonlinearity.

Lemmad4.17 Ifoe H, @ € V,u = -V (A" v, i = —VE(=A)"'®, then
for each o € (0, 1) it holds that

lu- Vo —i- Vol g-u1 So llo —ollg-a(lolla + llollv).
Proof

| —it) Vol g-ai + li - V(o — @) o

=+ D.

i - Vo — ii - V| g-a—i

IA

By Lemma 4.12.4. with 8 = o we have
L Sa llu —illgi-ellolla < llo — ollg-aloll,
Again by Lemma 4.12.2. we have
L S lalpaylle = ollg-« < 1@llvllo — &l g-a.

Combining these two relations the thesis follows. O
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Proof of Theorem 4.11 From the energy estimates we know that

r ||q<s>||%,ds

le0I3 + v +K>/0 IV(©)I2 ds < lawoly +/0 O +i)

Moreover, by the results of Sect.4.2.2 we know that both @ and @ satisfy a mild
formulation. Thus letting £ = w — @ we have

t
£(1) = —/ W=D () . Va(s) — ils) - Va(s)) ds — Z;.
0
By Lemmas 4.14 and 4.17 it follows that
2 < 1ZD|% ! t v i(s) - Va(s)|? d
IEO Ny Se 12O 5-o + o [ u(s) - Vor(s) —ii(s) - Vo)l a1 ds
1 t -
So 1ZWON3—a + —/ IE ) 15—a (o ()12 + D)3 ds.
K+v 0

Thus by the Gronwall lemma, there exists C = C(«) such that

c [* -
160130 Sa (SuPreto, | ZWI3-a ) exp (m /0 o) + o)1 ds).
(4.25)

Taking the expectation and exploiting relation (4.23) we arrive at the first relation in
the statement. Exploiting the other estimate

T 2
f”w<S>IIHds</ o)1y ds < (nw 1% + /—”"“”'%)
% 0 v

and the obvious fact that %—i— < Jlru <=, startlng from (4.25) we can obtain the second
estimate and the proof is complete. O

4.2.4 The Result for Long Times

The last result we want to discuss in this section is an easy corollary of Theorem 4.11
and the convergence, for high viscosity, of the solution of the deterministic Navier—
Stokes equations to the corresponding stationary solution in the case of ¢(f) =
g € H. Obviously, we are in the framework for having existence and uniqueness of
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the weak solution of problem (4.17). In this section we have to consider w a weak
solution of problem (4.17), @ a solution of problem (4.18) and @ a weak solution of
the following stationary problem with periodic boundary conditions:

W+K)AD—i-Vo+q =0, (4.26)

where i = —V+i(—=A)"1a. By a weak solution of problem (4.26) we mean a
function @ € V such that

(K +v)(Vo, Vo) + (u - Vo, d) = (g, ¢) Vo € V.
For the sake of completeness we state and prove the classical deterministic result

below, see for example [247, 248] for a detailed discussion on this topic.

Theorem 4.18 For k + v large enough there exists a unique @ weak solution of
problem (4.26), moreover ||w(t) — @|| — 0 exponentially fast as t — +o00.

Proof of Theorem 4.11 Existence and uniqueness for « 4 v large enough follows
by the contraction mapping theorem. Indeed, let us define the map 77 : V — V
such that to each v € V is associated 7 (v) which is the unique weak solution of the
stationary problem below:

W4+ )ATW) —x -VT(v)+q =0, 4.27)

where ¥ = —V+(=A)~lv. The existence and uniqueness of a weak solution of
problems (4.27) follows immediately by the Lax—Milgram lemma due the fact that
(x - Vz,z) = 0Vz € V, thus the bilinear form a(z, z2) = (¢ + v){(Vz1, Vz2) +
(x - Vz1, z2) is continuous and coercive for all z;, z» € V. Moreover, again by the
Lax—Milgram lemma, the following a priori estimate holds true:

llgllz
T < —.
ITWIlv = P

For what concerns contractivity, let vy, v € V, u; = vt =Nl up =
—V+L(=A)~"lv, the corresponding velocity. Then 7 (v;) and T (v2) satisfy for all
peV
(k +v)(V(T(v1) =T (v2)), V) = (uz - VT (v2), ) — (u1 - VT (v1), ¢)
= (uz- V(T (v2) —T(v1)), )
— ((u1 —u2) - VI (v1), ¢).

If we take ¢ = T (v;) — T (v2), we get via the Holder inequality and Sobolev
embedding theorem

(c +VIT @) =TIy < Cllvor = v2llvIT @) = T)IVIT @Dy
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We restrict the map T to the closed ball in V centered in 0 and with radius % =:
M which we will denote by Bj,. Thanks to the a priori estimate T : By — By.
Moreover, by previous computations, if % = % < 1 the map is a contraction
and we have existence and uniqueness of the solution.

For what concerns the convergence of @ to w, if we denote by § = @ — w and

X = u — u, then the following relation holds true:

d
EIISII% +20c + ) IVEN7, = =2 - V@, &) + 2(ii - V@, £)

=2l - V&, &) +2(ii - Vo, E) £ 2(ii - Vv, £)
=—2(x - V@,&) < C|Vl 2 IIVEN21E I 1
< C|Vall 2[IVE7,.

The constant appearing in the chain of inequalities is due to the Sobolev embedding
theorem and the boundedness of the operator V- € L(D(—A)¥; H**~1(T?; R?))
foreacha > 1/2. Thus, if k v is large enough, letting o := 2(k +v)—C|| Vol ;2 >
2(k +v) — % > 0 we have

d
>

d 2 2
> = v
0= t||§||H+Ot|| Slle_dt

€N + ol

Therefore by the Gronwall lemma

- ~ 2 — 12—
lo = &® Iy < loo — dlge".

O

In this framework we can have « + v large enough without any unrealistic
assumption on the viscosity v. This is a particular property of the transport noise,
which moreover guarantees a suitable convergence of w to @ for long times for a
suitable scaling of the parameters {6x}xcx . This kind of convergence is described
by the theorem below.

’I_‘hem:em 4.19 For k + v large enough, for each § > 0 and o € (0, 1), there exists
T = T (8) and a sequence {0 }rcx depending on §, T and o such that

B [sup,ci7 o7l = @13 | < 6.
Proof of Theorem 4.11 Let @ be the weak solution of problem (4.18). First we fix
§ >0, a € (0,1). If (k + v) is large enough, by Theorem 4.18, we can find
T = T(6) such that

o — )3 < 6/4, Ve = T.
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Now we use the results of Theorem 4.11 for € = «/2, thus we have

i 27 |q17
E [nw - wngmﬁ;f,ﬂ,)]Sa,zfx"‘/zneuz’w (TH + llaoll;

C 2T lql13
exp (ﬁ (”C()OH%-] + TH .

If we take 6 such that the right-hand side of the previous inequality can be bounded
by §/4 then the thesis follows immediately. For example, some possible choices of
0 can be found in [117, Example 1.3] |

4.3 Velocity Formulation

Contrary to the results of Sect. 4.1, here we want to discuss the well-posedness of
the stochastic Navier—Stokes equations with transport noise, in the perhaps, more
natural formulation: the velocity formulation. As discussed in the introduction to
this chapter, so far, it is not clear which formulation of the Navier—Stokes equations
with transport noise is better for the physics. We have chosen to explain all the
computations in detail at the vorticity level because the portrait of the results is more
clear and readable, due to the gain of regularity. For the matter of completeness, we
want to explain what changes considering the well-posedness of velocity equations.
We will follow again the variational method and the plan described in Sect. 4.1.1.
We will consider the stochastic problem, already written in Itd form,

du+ Y P(o - Vi)dWf = (vA+ Lyu — P(u - Vu) + q) dt (4.28)
keK

in the two-dimensional torus T? = [0, 71]2, where oy are smooth, divergence free
vector fields, P and A are the projector and the Stokes operator as described in
Chap. 1, but now with periodic boundary conditions,

Lu="P(oxV(Pox - Vu))).
keK

However, the argument presented in the following pages continues to be valid
considering no-slip boundary conditions in a bounded domain. We have chosen to
consider the case of periodic boundary conditions in order to be consistent with
previous sections.
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4.3.1 Functional Setting and Assumptions

Let: H = L§ 4, (T% R?), V. = WH2 (T3 R*) N H, D(A) = W22 (T3 RY) NV,
A:D(A)CH— H

Au = PAu,

where L%’ div (T2; R2) is the subspace of L?(T2; R?) made by zero mean, divergence
free vector fields. It is well-known that A is the infinitesimal generator of an analytic
semigroup of negative type and moreover V can be identified with D((—A)'/?),
see [247, 248]. Obviously the nonlinearity of the system has the same properties
described in Sect. 1.1.2.

Let us consider the stochastic basis (Q Fo (Fi)i=0» IP’), thus we deal with strong
solutions. As already done in a previous chapter, let us denote by L g_- (0,T; V) the
space of p integrable, progressively measurable processes with values in V and
by Cr ([0, T]; H) the space of continuous adapted square integrable processes.
Assume o} smooth enough (just for simplicity we assume o3 € C*°(T?; R?), but
less can be required), ug € L‘}O(Q, H),q e L‘}_- 0,T; H).

Definition 4.20 A stochastic process
ueCr(0,T1; H)NLE (0, T; V)

is a weak solution of Eq. (4.28) if, for every ¢ € D(A), we have
t t
(u (1), @) = (uo, ¢) +/0 (w(s), VA+L)¢)ds +/0 b(u(s), ¢, u(s))ds

t t
+[aw oras+ Y [ b s uenaw

keK

forevery t € [0, T'], P-a.s.
The main result proved below is:

Theorem 4.21 For every ugp € L4]_-O(Q, H)and q € Lj,_- (0, T; H), there exists one
and only one weak solution of Eq. (4.28).

Remark 4.22 One can notice that the definitions given and the assumptions required
in this section and the ones given in Sect. 4.1 are completely dual. For this reason, it
is not surprising that the computations needed in order to get Theorem 4.21 and the
ones needed to get Theorem 4.2 are similar. Thus, in the following, we will refer to
Sect. 4.1 for the complete explanations of some arguments. In a certain sense, this
section can be seen by the reader as a long exercise on the variational method for
fluid dynamic models with transport noise. For pedagogical reasons we add almost
all the proofs of the statements below, but we suggest that you try to prove them
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by yourself. Again, as in Sect.2.3 the extra integrability conditions are needed in
order to get existence, but uniqueness follows under the more natural assumptions
uo € L% (2, H), q € L0, T; H).

Remark 4.23 The difference between the two models is clear, noting that, at a
formal level, taking the curl of Eq. (4.28) we do not arrive Eq. (4.1). A different,
perhaps more transparent, possibility to see this is considering the evolution of the
quantity [|(—A)'/?u ||%, by It6 formula, at least at a formal level. If the two models
were equivalent, then we would have d || (—A) 2y ||%17 =d ||w||iz. In fact in the case
of periodic boundary conditions, integrating by parts, we have the following chain
of equalities:

/Tz|w(x)|2dx = /TZ(Bluz(x))z + (D1 (x))? — 281ua(x)dpu (x)dx
= /TZ(am(x))2 + o1 ()2 + Dotua (x)uy (X) 3121 (X)uz (x)dx
= sz(all‘Z(’C))z + (Bou1 (x))% = Byqu g (x)uy (x)—dapua (X)uz (x)dx
= /Tz(aluz(x))z + (Bou1(0))? + (D11 (x))? + (Baua (x))* dx.

We already know by Lemma 4.10 that d||a)||i2 has only a drift term. Now we
compute d||(—A)"2ul|3; = d||Vul?,.

dl[(=A) ' 2u)3, = — v||Aul|3dt — (Lu, Au)dt + b (u, u, Au) dt

— (g, Au)dt + Z b(ok, u, Au)*dt + Z b(og, u, Au)d Wk,
keK keK

While b(u, u, Au) = 0 in the torus, see for example [192], there is no reason that
b(oy, u, Au) = 0, thus d||Vu||i2 has also a diffusion term.

4.3.2 Galerkin Approximation and Limit Equations

Let {e;}ien be an orthonormal basis of H made by eigenvectors of —A, and the
corresponding eigenvalues, A;, are positive and nondecreasing thanks to our choice
of removing the constant vector fields. Let H N = spanfer, ..., ey} € H,
PN : H — H the orthogonal projector of H on H™. We start looking for a finite-
dimensional approximation of the solution of Eq. (4.28). We define

N
uN () = cin(t)ei(x).

i=1
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The c¢; x have been chosen in order to satisfy Ve;, 1 <i <N, t € [0, T]

(uN (t),ei>=<uév,ei>—l—/ot <uN (s), (VA+£N) ei>ds
+/0tb (MN(S),e,',uN(S)) ds
/ (g (s),ei dS—i—Z/ Ok, €, U (s))dWsk, P-as.,

keK
(4.29)

where
1
o =3y PVP (ok VPP (o - v¢>)) Vo € HY.
keK

Local existence and uniqueness of the solution of this system of ordinary stochastic
differential equations follows from the classical theory for stochastic differential
equations with locally Lipshitz coefficients. For what concerns the global existence,
it follows from the a priori estimates below.

Lemma 4.24 The It6 formula below holds:
du™ (13 + 20 Vul || ,dt = 2(q, u™)dt (4.30)

and the following energy estimates are satisfied:

lu™ 07 < fo t e—”“—“%ds + e luolly, (4.31)
v /0 Ian(s)uizds < /0 l %dw luoll ;. (4.32)
E [sup,eo e 01, ] < B [ / g )”Hd Tl ||%,} (433)
vE |:/OT||VMN(t)||iZ ds] <E [/OT lats )”Hd + llu II%J], (4.34)

T
E[sup,e[o,n||u’v<t)||‘},]+E[/O ||uN<s)||%,||qu<s>||izds}sc, (4.35)

T 2
E[( / 1vu™ ()17 ds) } <C, (4.36)
0
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where C is a constant possibly changing its value line by line, but independent of
N.

Proof of Theorem 4.11 The proof of this statement is completely analogous to that
of Lemma 4.4. We prefer to add it only for the matter of completeness, in order to
make clear to the reader the little changes due to the presence of the Leray projector
P.

The It6 formula follows immediately from the finite dimensional Itd formula. In
fact

N N N
dluN|G =Y deiy =2 cindein + Y _(deiy. deiy).
i=1 i=1 i=1

Thus, exploiting the weak formulation satisfied by "V, we have

d||uN||12q = 2((uN, vAuNY + (g, u) + b (uN,uN,uN> + (uN,ENuN))dt
N 2
+ Zb(ak, ul, uN)dW,k + Z Zb (ak, e, uN) dt.
keK i=1 keK
From the fact that u", o} are divergence free, it follows immediately that

b N, u, uN) = b(or, u",u™) = 0. Moreover, we can notice, integrating by
parts and exploiting div o = 0, that

N
ZZb(Uk,ei,uN)2+2(uN,£NuN)

i=1 keK

N 2

- ZZ(ak : VuN,e,-> +3(pVp (ak .vPVP(oy - WN)) )
i=1kekK keK

=Y (ox - Vu, PN P(or - Vu™))
keK

+ Y (o - VPV P(oy - Vu), uM) = 0.
keK

Thus we arrive at the Itd formula in the statement. Starting from the It6 formula
and applying the Poincaré inequality for zero mean vector fields in the torus, the
Cauchy—Schwarz and Young’s inequality properly, we get

g3 g3
d||uN||§,+2v||wN||2det5<u||uN||%,+—q H)dar < (vIvu™)2, + W) 4.
v v
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Thus we obtain the following relations by the Gronwall lemma:
N 2 ! —v(t—s) ”q(s)”%i —vt 2
lu” Ol = [ e Tds+e luollz
0

! “lg )3
ufo ||VMN(s)||izds < lluoll% +/(; TH ds.

These inequalities imply the first four energy relations stated and the last one. For
what concerns the remaining one, we use the Ito formula satisfied by ||u® (r) ||%1 and
we apply the Itd formula for the function f(x) = x2. Arguing as above, we get

du™ (1 + Wl 131V 12, = 4 13 g, ™ )dt

g3, a2
< (2v||uN||%,||wN||iz + % dt

N4 4
flu™ |l llqll )dl

N2 N2
s(zvnu L e

and this implies the thesis by the Gronwall lemma. O

Remark 4.25 Only relations (4.35) and (4.36) use the further integrability assump-
tions on the initial conditions and the forcing term.

From the energy estimates on u", there exists a subsequence, which we will
denote again for simplicity by u”, which converges to a stochastic process u in the
way described below:

uN 5w LHQ; L0, T; H))
u —~ u L* Q2 L0, T; V)
and an unknown process B* such that
Bw™,u™) —~ B* L2(Q; L>(0, T; V*)).

Moreover, thanks to the converging properties of the projector PV for N — 400,
the processes u and B* satisfy P-a.s. foreachi € Nand r € [0, T,

t

t
(u (t),</>>+/ (B*(s), ei)v+vds = (uo,ei)+f (u(s), WA+ L)e)ds
0

0

t
+/ (4 (s).e)ds
0

t
+Z/O b (ox. ¢;, u(s)) dWE. (4.37)

keK
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For what concerns the convergence of fot (uN (s), LN e;)ds and the continuity of u
as a process taking values in H, one can argue as in the vorticity framework.

Remark 4.26 Without the additional energy estimates it is not possible to gain
a weak convergent subsequence for the nonlinearity. In fact, we have, thanks to
Ladyzhenskaya’s inequality, for each ¢ € V

b@®, ¢, u™)| < CIVRI VU | 21 ||,

thus | B@™, u™) |y« < ClIIVu™ || 2 1lu™ |2 and
T N N 2
supNeNE[ f IB@™ (s), u™ ()13 ds]
0

T
< Csupyen E [ /0 IVu™ )17 1™ ()11 ds} <C,

thanks to relation (4.35).

4.3.3 Existence, Uniqueness and Further Results

To prove the existence of the solutions of Eq. (4.28) we need the following lemma.
As described before, this way of proceeding is classical in stochastic analysis, see
for example [44, 227].

Lemma 4.27 Let
ty = inf{r € [0, T1: |u(r)|3 = M) Ainf{r € [0, T] : fotnvu(s)ui2 ds > MYAT
then
10.0,1 @ —u) = 0, in L*(Q, L*(0, T; H)).
Proof of Theorem 4.11 We have to show that

T
E [/0 110,01 () 4™ () — u(s) 1 dS] (4.38)

converges to zero in N. Let i’V = PN u. Then, by the triangular inequality

T
(4.38) <2E [/ Lo, @) 1" () — u(s)113; dS]
0

T
+2FE [/ L.,y NN (s) — u ()% ds}
0
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Thanks to the properties of the projector P and dominated convergence theorem,
it follows that #V — w in L2(2, L2(0, T; V)) N L%(2, C(0, T; H)), and also in
weaker topologies. Therefore, we are left to show the convergence of

™
E U i (s) — u ()% ds} (4.39)
0
Calling BN = B, u"), then for each i < N the following relation holds true:
1t
(W — ™)), e) + /0 (B*(s) — BV (s). e}y vds
t
= / vius) — uN(s), Ae;)ds
0

t
+ / (u(s), Le;) — (uN(s), L'Nei)ds
0

+ Z/Otb<ak,e,~,u(s) - MN(S)) dWsk

keK

Thanks to the previous relation we can compute %d luN —aV ||%_I via the It6 formula:

1
Ear||zzN —uM |G V@Y — a3, dt = (u, LGN —u™))dt
— @, N @ —uNy)de
—(B* = BN, iV —uNyy« ydt

—i—Zb(Uk,IZN—uN,u—uN)dW,k

N
+ % ZZb(ok,ei,u —uN)Zdt.
keK i=1
(4.40)

Next, to better understand the behavior of the terms

w, LN —u™)) — @, N@N —u™)) +

2
Zb(ak,e,-,u—uN)

keK i=1

N =
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we will first write them in an equivalent form:
20u, L@Y —u™y) =2, LV @ —u™))

= Z(u, o -V (P (Gk V@ - MN))))

keK
_ N N (N _ N
];((u 0% V(P P(ak VN —u ))))
_ . ~N _ N
= I;(b(ok,u,P(ok V(a u )))
N pN N _ N
—i-];(b(ak,u , P P(ak V(u u )))
=3 (P (o V@ —uM)), PV PGy - Vu))
keK
= 3P (ok- V@ = uM)). P (or - Vu)),
keK
ib(ak,ei,u—uNY:Z(P(ak'Vu),PNP(Gk-V(u—uN))>
keK i=1 keK
— N . N N . —uN .
];((P P(ak Vu ),P P(ak YV —u )))

Thus, by the Cauchy-Schwartz inequality we obtain

2u, LN —u™My)y =2, N @V —uy) + Z Zb(ok,e,-,u - uN>2

= S (PVP(ox- Vi) — P (0 - Vu) . P (ok V@ — uN))
keK

—pNp (ak~V(u —uN)>

==Y (P (ox-Vu) — PN P(oy - Vu), (I = PN)P (o - Vu))
keK

+ 3P (k- V) = PN Plog - V), P (o - Vi — ™) ))
kekK

+ Z(P (0% - Vu) — PN P(oy - Vu™), (I = PNYP(op - Vu'))
keK
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= 2P k- Vuy = PP (o - V)l (0 = PY)P (o Vil
keK

+ Y CIP @ - Vuy = PN P (- V)19 — @)l
kekK

+ Y Cld = PY)Por - V)|l Vu™ | 2.
keK

For what concerns the nonlinear term we have
N ~N__N ~N N ~N___ Ny ~N ~N ~Ny ~N__ N
(B, u” —u )y y = (B —u”,u” —u”),u Yy« y+H(B@™,u"), u” —u)yxy
and, by Ladyzhenskaya’s and Young’s inequalities,
~N N ~N Ny ~N ~N ~N
KB@™ —u™,u” —u™),u” )y v < [Va™ l2lla™ —u™ 74
~N N ~N N
< ClVullp2llu™ —u™ g IV@™ —u™)|l 2
2 =N N2
= ClVullalle™ —u™ Iy

v ~
+ S IV @Y =g,

To remove some positive terms which corrupt our estimates we use, again, the trick
we learnt from Bjorn Schmalfuss [238], introduced in Chap.2 and we apply the
1t formula to the process sR(1)[l@" (t) — u™ (1)]|3,, where R(t) = exp(—nit —

2 fo Vu(s)|? 72 ds). We take the expected value for ¢t = t); and exploit previous
estimates:

1 o
E [ER@M)H»?%M) - uN(rM)n%,} +E [ fo dsR() [V (@" (s) — uN<s>>lliz]
< ——E [/ RN () — u ()1l ds]

——E[ / REIVu@)[17 17" (s) - N<s>||Hds}

" ‘E [/ R(s)(B*(s) — B@" (), @ (1), @ () — u () v v dS]
0
+ CE I:,/() R(S)”Vu(s)”iz”ﬁN(s) —MN(S)”% dsi|

+ E|: / T R@IVEY ) - Vi ()12, ds}
0

| <
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+> E [/0 RSP (0% - Vu(s))

keK

—PVP (o1 VuN ) Iln (1 = PY)P(ox - Vu(s)lln ds |

+CZE[/W ds R(s)| P (ox - Vi)
0

keK

—PYP (o1 - Vu ) 1n IV (s) — @ (5D 2]

+CY E U " ds RO = PYYP(oy - Va1V ()12 ds].
0

keK

Taking 11, n, large enough we can remove some terms in the right-hand side. Let
us consider the remaining terms, recalling that the weak convergence of u” implies

E [ fOT Vu(s) ||i2 ds] < C. Applying the Cauchy—Schwarz inequality where it is
needed, we get

™
> E [ /0 RSP (0% - Vu(s))

keK

—PVP (01 Vi) Il (= PY)P(ox - Vuls) | ds]

+CY R UW ds R(s)|| P (ox - Vu(s))
0

keK

—pPVp (Uk : wN(s>)||H||V(u<s> - ~N<s>>I|L2]

+C) E [/ " ds RO — PY) P - V) 196V ()2 ds}
0

keK

T 12
<cYE [/0 I = P¥) PG - V) ds}

keK

T 1/2
+CE [/0 IV u(s) — @™ ()I3 ds}

— 0.
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Lastly, we have to treat [E [ [ R(s)(B*(s) =B (s), @ (5)), & (5)—u™ () v,
ds]|.

’E /TM R(s)(B*(s) — B@" (s), i (s)), i (s) — u (s)) v+ dS:|
LJo

: ]E[/TM R()(B*(s) = Bu(s), u(s)), d" () = u™ () y=v dS]
0

+ E |:/TM R(s)(B(u(s), u(s)) — BN (s), iV (s)), i (s) — u™ () vy ds]
0

Thanks to iV — u™ — 0in L?(2; L?(0, T; V)) the first term converges to 0. For
what concerns the second one:

‘E[/TM R(s)(Bu(s), u(s)) — B (s), a™ (s)), i (s) — u® (s)) v+ vds
0

+ / rM R()(B(s), a" (), a" (s) — u" (s))y» v ds}
0

E[/TM R()(Buls), u(s) — ™ (5)), " () — u™ (5))y+,v dS]
0

=

N ‘E[/w R()(Bu(s) —a™ (s), a" (), a" (s) — u" () vy ds}
0
< E[/O ()l palluls) — ﬁ(S)N”ZzIIV(u(s) B ﬁN(S))lllL/ZZIIV(ﬂN(s)

M) ds:|

™
+E|:/o lu(s) — @™ ()l e llu™ () — @™ ()|l 2 I V() 2 ds}

= CE[/O V@21V @™ () = ¥ )1V @Y 5) — usHIL Y )

1/2

—u)1lY ds}

r 174 T 1/4
e ([ wor-wona) ([ o-suro)

172

1/2 1/2 N N N
/ / I L2(0,T,V)”“ —u ||L2(0,T,V)}

~N
< CE]| |lu _u“LOO(O’T;H)||u||L2(O,‘EM,V) —u|
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~ 1/2 ~ 1/2 ~ 1/2
+ CE[uu AL IO el RN T S 17
~N1/2
- ||L“(O,T;H)
1/4 1/4
~N 2 ~N 2
< CE[1" ~ | E[1 =1

12
(E[HﬁN - uN”iZ(O,T;V):| + E|:”"7N - ”NH%OC(O,T;H):|

1/4
E| @ —u®|? /
L2(0,T;V)

— 0.

1/4

In several steps we use the fact that ||u(t)||%1 < M on [0, 7] and fOTM ||Vu(s)||i2 <
M. At the end, we find the following relation:

1
E [ERuM)MﬁN(rM) — Ww)ﬂ%,}
+ gE [/TM dsR(s)||IV@" (s) — uN(s))||iz] — 0. (4.41)
0

From relation (4.41), R(t) > Cyp > 0Vt < 137 and the properties of PN via
triangular inequality the thesis follows. O

Remark 4.28 Until the final estimates on the nonlinear term, the proof of Lemma
4.27 is analogous to the proof of Lemma 4.7 up to some technicalities due to the
presence of the Leray projection P. The final estimates of the nonlinear term are a
bit different due to the lack of regularity of some terms. Thus we prefer to show this
proof in all its details.

Lemma 4.29 B* = B(u, u) in L2(2, L%(0, T; V*)).

Proof of Theorem 4.11 Due to the experience gained on the vorticity formulation,
we hope at this point that it is clear that Lemma 4.27 is the crucial result in order
to identify the nonlinear term. We add some computations, similar to what we have
done for Lemma 4.8 above. The only changes are due to the lack of regularity of the
process u with respect to the previous section.

Thanks to the estimates (4.35), (4.36) and the further results about the
weak (resp. weak#) convergence of uV to u in L*(Q; L%, T; V)) (resp.
L*(; L>®(0, T; H))) we get that B(u,u") and Bu",u) converge weakly to
B(u, u) in LZ(Q; L2(0, T; V*)) easily. We do the explicit computations just for one
of the two, the other one is analogous:
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T
E [ /0 IBu(s), u™ ()13 ds}

T
<E [ / ()12 1IVu™ ()24 ds}
0
I N N
< CE | lullze©,7;m)llu ||L°°(0,T;H)||u||L2(0,T;V)||M ||L2(O,T;V):|

< CE | lull}so. 7.y | + CE | 1u™ 0 71
i (0.T;H) (O.T;H)

B T 2 T 2
+CE (/ IVu ()17, ds) ]—i—CE [(/ IVu(s)I13, ds> ]
0 0

<C.

Now let ¢ € L°°(2; L°*°(0, T; V)), then B(u, ¢) € L>®(Q; L*°(0, T; V*)), thus
from the convergence properties of u”" we have

T T
E [/ (Bu(s), u™(s), ¢>V*,Vds] =-E [/ (u(s) - vo, u(s)>ds}
0 0
T
— —E |:/ (u(s) - Vo, u(s))ds]
0

T
=E [/O (B(u(s), u(s)), ¢>v*,vdS}-

From the density of L%(Q;L*(0,T;V)) in L*(;L*©0,T;V)) and the
uniform boundedness of B(u,u™) in L2(Q; L%(0, T; V*)) we have the required
claim. For what concerns the convergence of the nonlinear term, first note
that, arguing as above, the sequence {B(u",u")}yen is uniformly bounded in
L2(Q; L%(0, T; V*)). Moreover, we have

B(u,u) — B(uN,uN) = B(u,u —uN)+B(u,uN)

+BwN,u—u"y =B, w)=NL+ 5L+ 5L+ L.

Thanks to the previous observations, I1 4+ I» + I4 converges weakly to O in
L2($2: L%(0, T; V*)). For what concerns I3, let us take ¢ € L%°(2: L>(0, T;
D(A))) and 1) defined as in Lemma 4.27, then we have

E [/0 (Bw™ (), u(s) —u" (s)), p)v+ v ds}

=—-E [/0 (B (), @), u(s) —u™(s))y=v dS}
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<CE [/anN(s)annu(s) —u™N ()l ds} -0
0

thanks to Holder’s inequality and Lemma 4.27. Since it holds that 73y /' T a.s., we
have, thanks to Lemma 4.24,

e

T
fo B™ (s), u(s) —u™(s)), ¢)y+ v ds}

E [/0 (BN (s), u(s) — u™ (5)), @) vy ds}

IA

T
+|E U BN (s), u(s) — u™ (5)), @)y ds}

M

<|E [/ww(u’v(s), u(s) — N (), $)vey ds}
0

T
+ CE [/ ™ ()1l palluls) — u ()1l 1o ds}

=

E [/0 (Bw™ (s), u(s) — u™(s)), p)v+.v ds}

T 1/4 T
+CE[/ ||uN(s)||%1ds:| E[/ ||u(s)—uN(s)||%1ds:|
™ ™

v
E [ /0 (BN (s), us) — u™ (5)), @) ve.v ds}

r T 12
tCE [/ (/0 OB + 1B OB dr + ||uo||%,) ds] .
™

Therefore, if we fix € > 0 and M > 0 such that

T T 1/2
CEU (/0 ||q<r>||%,+||B*<r>||zv*dr+||uo||%,)ds] <e,
™

1/4

=

then

<e€.

T
limusupy_, | o ’E [/ B (s), u(s) — u" (), $)v=,v dS:|
0

The thesis follows by the density of L>(2; L>(0, T; D(A))) in L?(2; L*(0, T;
V)) and the uniform boundedness of B(u®, u™) in L>(Q; L>(0, T; V*)). |
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Theorem 4.30 There is at most one weak solution of problem (4.28) in the sense of
Definition 4.20.

Proof of Theorem 4.11 Even if this proof is analogous to the one presented for
Theorem 4.9, we prefer to add it in order to make clear to the reader the
simplifications of the argument described in Sect.2.3.1 thanks to the presence of
the transport noise.

Let uy, us be two solutions and v be their difference. Thus, v satisfies IP-a.s. for
eacht € [0, T]and ¢ € D(A),

1 t
(v(®), ) =/0 <v(S),(vA+/3)¢>ds+/(; b(ui(s), ¢, ui(s))ds
t
—/0 b (uz(s), ¢, uz(s))ds

t
+Z/O b (or, ¢, v(s)) dWE.

keK

Arguing as in the proof of Lemma 4.10 and 4.24, v satisfies the Itd formula below:

2
dlviy

T = (=VIVOIZ: + b, v = b, v, o) £ bz, von) )

= —v[|Vv|3,dt + b(v, v, uy)dt.

We apply the It6 formula to the process %R(l)”v(l)”%, where R(t) =
exp(—n [y IVui ()|, ds)

d (Rv|? R

% —R (—v||Vv||i2 +b(v, v, ul)) dr — %HUH%,HVulHizdt
nR

< —VRIVulIgadr — ==l I Vur i j.de

+ CRIVuill 2 vl g Vvl 2dt
nR

< —VRIVvlIgadr — ==l I Vur i j2de

VR V|2
+ T”dt + CRIVI Vi 112, dr.

Thus, taking n large enough, we have

d(Rlv|2 VR Vvl?
(IIUIIH)+ I IIdet

<0
> =<
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and the thesis follows immediately by the Gronwall lemma. O

Lemmas 4.27 and 4.29 identify the nonlinear term and together with Theo-
rem 4.30 conclude the proof of Theorem 4.21. Again, invoking some abstract results
on stochastic processes, it can be shown also that the full sequence u”¥ converges
to u in LZ(Q; L2(O, T:V)) and for each t € [0, T] u™ (¢) converges to u(t) in
L2(Q; H), see [44] for some details. Arguing as in Sect. 4.1.4 one can prove that the
It6 formula and the estimates stated in Lemma 4.24 for the approximating sequence

u™ continue to hold for the limit point . We omit the easy details.

4.4 The 3D Navier-Stokes Equations with Transport Noise

The final topic we want to discuss is the vorticity formulation for the 3D Navier—
Stokes equation with transport noise. In this case we should find

9@+ @ -Vo—@- Vi) ‘= vAG + curl f

- Z (ox - Vo — @ - Voy) o & WE.
keK

Indeed, in the original vorticity equation there are two quadratic terms
u-Vo—w-Vu

and in both of them we have to replace u by (ﬁ +u ), and then u’ by noise. The
previous stochastic equation has been investigated, at the level of local-in-time
existence and uniqueness of smooth solutions (see in particular [81] dealing with
the more difficult case of v = 0), but the link with an equation of the form

WU -VQE WA+ L)Q+Q-VU +curl f (4.42)

has not been understood until now. Maybe there are fluid regimes where there is a
link (see the discussion in [126]), but this is still an open problem.
On the contrary, if we investigate the model, in 3D, with just transport noise,

9@+ @ -Vo—@- Vi) ‘= vAG + curl f

— Y P(ox V@) o g, WF,
keK

it is possible to prove a rigorous link with (4.42). Notice that we have introduced
the projection P : L?> — H in this equation: in general the term o} - V@ is not
divergence free, while the sum of all other terms is divergence free, hence without
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the projection there would be no solution in general. Moreover, notice that the
previous model has been investigated only on the 3D torus, to avoid the problem
of the boundary conditions for the vorticity.

One can prove that the solution @ of the stochastic Navier—Stokes equations
is close (in a suitable topology) to the solution 2 of the deterministic Navier—
Stokes equations (4.42) with increased dissipation. This fact has a very important
consequence: that well-posedness is improved by noise. In the deterministic case,
the larger the viscosity, the longer the time interval of existence and uniqueness of
smooth solutions; this interval becomes even infinite when the sizes of the initial
condition and the viscosity (and the forcing term if it is not zero) satisfy a certain
relation. Since the noise has the effect of introducing an extra dissipation, it has
the effect of increasing the length of the time interval of existence and uniqueness
of smooth solutions of the stochastic equation, length that again becomes infinite
under certain conditions.

This is the first known regularization by noise result for 3D Navier—Stokes
equations; it has been proved in [126]. See also the “deterministic” variant obtained
by a Wong—Zakai approximation based on rough paths [123]. These works leave
open the very difficult question of whether the same result holds when the noise
affects also the stretching term. Results for regularization by noise along similar
lines, but for other equations, have been developed in [115].

4.4.1 The Result in the Case of Only Transport

Consider, on the 3D torus, the vorticity equation with noise only in the transport
component:

B,a)+u-Va)+P(u’-Va)) =Aw+w-Vu,
with noise u’ of the form

u (t,x) = Zak (x) o 8 WE.
k

The projection in the term P (u’ ) Va)), necessary for compatibility, is the source of
great technical difficulties (the Itd—Stratonovich corrector is a nonlocal differential
operator).

Call w the unique local solution, for wg € H (the space L? with usual conditions).

Theorem 4.31 Given T, Ro,e > O there exists (ox)rex With the following
property: for every initial condition wy € H with |wollg < Ro, the 3D Navier—
Stokes equations with transport noise (and viscosity = 1) has a global unique
solution on [0, T, up to probability €.
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The full proof requires too many details, see [126]. Let us mention only one fact.
The norm ||w (1) ||%1 can be controlled locally from

dhw+u-Vo—w-Vu = Aw,
1d
50 Ol +1Ve O, = (@ Vu, o).

The term (w - Vu, w) describes the stretching of vorticity w produced by the
deformation tensor Vu. This is the potential source of unboundedness of ||w (¢) ||%_I.
Sobolev and interpolation inequalities:

3/2 2 6
< lll30s + ol

3 3 3/2
(- Vu, w) < |oll}; < ol < ol wi2 =

< lloll ;o]

lead to
d
Enw(t)u% < Cllw)$,

which provides only a local control.
However, the interval of existence depends on the viscosity coefficient v:

oow+u-Vo—w-Vu =vAw

1d ) 5
—— o @)% +vIVo ()3 = (@ - Vu, »)
2dt
3/2 3/2
< ol ol
2 9 6
< vlIVo Ol + slolf

d 2 _C 6
710 Ol = Flloly

The explosion is delayed for large v. Not only that: beyond a threshold the solution
is global.

This is the key for a regularization by noise: transport noise improves dissipation,
hence it delays blow-up.

4.5 Summary

In this chapter and in the previous one we have discussed a second class of noise:
the one of transport type. There is a third class, variant of the second one, namely
noise of transport-stretching type in 3D, which is only mentioned but should receive
due attention.
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Noise of transport type in the equations for auxiliary quantities, like heat, has
been investigated by several authors. In Chap. 5 we will see that it can be introduced
as a Wong—Zakai limit, in order to emphasize the presence of a correcting term. In
the case of heat transport our investigation culminates in the proof of a property of
eddy dissipation.

But similar ideas may be applied to the internal structure of the fluid itself
when we introduce the subdivision in large and small scales. Here the noise is
used to summarize the dynamics of small scales and affects the closed equation
for the large scales. This is the motivation for considering stochastic Navier—Stokes
equations with transport-type noise (and, as mentioned above, also with transport-
stretching noise in 3D). The 2D case starts to be well understood and, in particular,
similarly to the case of heat transfer, we proved a result of eddy viscosity: turbulence
enhances the viscosity of the fluid itself. This fact, clearly observed in real situations,
is perhaps the main confirmation that the heuristic discussion made here about
stochastic modeling of small scales and consequent transport noise in the large
ones may have a deep physical meaning, in spite of poor justification at the level
of continuum mechanics that we can provide at present.

Moving these ideas to the 3D case but with the limitation of a transport-
type noise, we may show that noise improves the theory of 3D Navier—Stokes
equations. This was a long-standing project in the case of additive noise, frustrated
however by several technical difficulties. The case of transport noise proved to be
more promising. However, for future research, understanding the case of transport-
stretching noise must be considered the most important open problem.

Let us also add the following very heuristic remark. In these notes we started
from additive perturbations. The introduction of such noise will be motivated in
Chap. 5 by the roughness of boundaries. Additive noise, as just mentioned, has not
been shown to improve so much the theory of 3D Navier—Stokes equations. But
additive noise in the small scales, as shown in the present chapter, may lead to a
multiplicative transport noise in the large scales. And transport noise has a better
regularizing power. In the end it seems, then, that it is the additive noise at small
scales which regularizes! Presumably the long-standing conjecture that additive
noise regularizes could be correct but the path to reveal its power is very complex.
Until now the efforts to prove that additive noise regularizes were based on the
similarity with the finite-dimensional case, where additive noise is so successful.
But this is probably too abstract a viewpoint for the Navier—Stokes equations. The
deep reason of regularization stands inside the links between scales, a fact true for
fluid dynamics and not for general evolution equations.



Chapter 5
From Small-Scale Turbulence to Eddy oo
Viscosity and Dissipation

5.1 Introduction: The Global Heuristic Scheme

The previous chapters have been intentionally restricted to purely mathematical
results and techniques. However, the choice made above of subjects and their order
is motivated by certain intuitions, related to turbulence, that we aim to describe in
this final chapter. For a general and wide introduction to turbulence, see the books
of A. Chorin [70] and U. Frisch [142].

Usually below we refer to the 3D Navier—Stokes equations in vorticity form:

w+u-Vo+ow-Vu =vAw + f,
wli=0 = wo,
unless differently specified, because some arguments are closer to our intuition
when formulated for the vorticity.

Said in a nutshell, the global heuristic scheme we aim to illustrate here starts
from the decomposition in large and small space scales introduced in Chap. 4 (see
Sect. 5.1.1 for a critical discussion of this decomposition)

do+u-Vo+o-Vu=vAw+ f,
3o +u-Vo' +o' - Vu =vAw + f,

u=u+u,

then concentrate the attention on the large scales

3@+ -Vo+@- Vi —vAD — [

=—u -Vo—o- Vi,
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and find a suitable model of the small scales u’ so that the large scales satisfy a
closed equation, with small scales acting as a given input.

In order to construct a model of small scales u’ we argue that, in certain turbulent
regimes, it is reasonable to perturb the Navier—Stokes equations by a small-scale
additive noise (see Sects. 5.2 and 5.5)

do+ u-Vo+w-Vu—vAw)dt = f +d (curl W),
N e’

small scale

i.e. f/ = d (curl W), so that such noise appears in the small-scale component of the
previous decomposition

do' + (u- Vo' + o - Vu)dt = vAe'dt +d (curl W).

It leads (see Sect.5.3), in a suitable scaling limit based on modeling assumptions
which include a form of scale separation, to the choice

,dw
T dr

and thus to the Stratonovich-type equation with transport noise
do+ @ - Vo +o-Vi)dt +dW o Vo + @ o VdW = (vAD + f) dt

for the large scales.
Finally (see Sect.5.4), in a further suitable scaling limit, the equation approxi-
mates a deterministic equation with enhanced viscosity

do+u-Vo+o-Vi=@w+K)Aw+ f.

The full procedure becomes a justification of the well-known claim (Boussinesq
1877 [43]) that small scale-turbulence acts as an eddy viscosity.

We shall stress in the next section that the intermediate decomposition step is
reasonable only locally in time. However, the final model with enhanced viscosity
is reasonable without time restrictions.

Our hope is to understand more closely this procedure in order to clarify
its range of validity and possibly its modifications depending on specific flows.
See for instance [151, 182, 239] for criticisms about simplistic eddy viscosity
models, asking for a better understanding of the underlying ideas and therefore the
subsequent modifications.
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5.1.1 Large and Small Space Scales

The first heuristic ingredient of the intuition described in Sect.5.1 is the duality
between small and large space scales. There are rigorous definitions, see the remark
below, but they do not fit so well with the heuristic idea we have in mind, hence we
mention them mostly for comparison.

Remark 5.1 Let w (¢, x) be the vorticity field. If, given ¢, it is a square integrable
function, we may define (at least) two large-scale projections:

TNo () = Y o (1) ex,

kEKN

[Mew (1) = O * w(t),

where (eg) is a complete orthonormal system in the Hilbert space where w (¢) lives,
Ky is a set of “first” modes, 6. is a smooth mollifier and * denotes convolution.
These projections depend on the choice of N and €.

The large-scale filters described in the Remark are very useful and rigorous.
However, they do not correspond precisely to our intuition of large-scale vortex
structures. Anyway, the operator 1. could be a surrogate, if nothing better is
available, to single out large vortices.

Unfortunately, making rigorous the intuition of vortex structures is very difficult.
However, let us stress that such intuition may be very strong after we had the chance,
nowadays, to see the results of numerical simulations where these vortex structures
are clearly visible: in 2D we may observe small vortices merging into larger ones,
see [41, 218]; and in 3D we have seen large vortex tubes producing small filament
like vortices by instabilities, see [37, 38, 70, 186, 254]. In nature, vortices are also
visible many times, see the figures below in this chapter.

Given an initial condition wy = wy (x), we assume (at least by using Il above)
that we are able to decompose it into a large-scale component and a small-scale one:

wo 250—}-0)6.

Similarly, if a force f = f (¢, x) acts on the fluid, we assume we can make an
analogous splitting:

f=r+r.

Splitting the data is feasible. The difficulty comes when we want a splitting of
the solution w (t, x). There are two strategies, that we call explicit and implicit. The
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explicit strategy consists in choosing a projection P (like those of the Remark above)
and defining

w= Pw,

!
w

w— .

Then the pair (6, o' ) satisfies a coupled system of equations (of course if one
does this, it is natural to define the splitting of wp and f above using P itself).
The advantage of this approach is that we are sure, by definition, that (6, ' ) isa
splitting in large and small scales. The drawback is that the coupled system may be
complicated. For instance, using as P the convolution I1¢ with a smooth mollifier,
we get for w the equation

o+u-Vo+ao- Vi =vAD+ f + R,
where the reminder R is given by
R=u-Vo+o-Vu—-TIlc(u-Vo+ w- Vu).

The analysis or simplification by modeling of this remainder is quite difficult.
When u, @ are averages, R corresponds to the Reynold stress term in the vorticity
formulation, whose modeling was widely investigated, but it remains a subject of
great debate, with features depending on specific flows.

The implicit strategy consists in the study of the system

dw+u-Vo+o-Vu=vAw+ f,
90 +u-Vo' +0 - Vu =vAw + f,

with initial conditions
—_— = / _ /
@|t=0 = w0, ' |1=0 = wy,

where u is the result of the Biot-Savart law on the full vorticity @ = @ + @', hence
also decomposable in two parts

u=u-+u.

If a pair (5, o' ) is a solution to this system (e.g. in distributional sense), then v =
@ + o' is a solution (in distributional sense) of the full equation. The system for
(E, o ) contains all information to solve the true Navier—Stokes equations. This
was the approach that led us to the Navier—Stokes equations with transport noise
described in Chap. 4. Let us discuss the pros and cons of this approach.

In this approach the choice of the splitting of wg and f is free and may better
correspond to our intuition of large and small vortex structures. This is an advantage,
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together with the most important one that the system of equations is relatively easy
compared to those obtained by the explicit strategy described above. Indeed, the
equation for large scales reads

yo+u-Vo+o-Vi—vAo— f

=—u' -Vo—o-Vu'

It opens the door to choose a priori a model of small scales u’, e.g. a suitable
stochastic process, and get a closed equation for large scales (it is related to what
we do below, in a sense, although we try to be as strictly as possible in the choice of
u').

The drawback is that the two components of the solution (E, o' ) may lose the
property of representing only large and small scales, as time goes on. Initially, they
are a correct large- and small-scale decomposition, by definition of the splitting
wy = wo + w. But for how long should we expect that (E, a)’) is a reasonable
decomposition in large and small structures?

Let us briefly discuss this extremely difficult and open issue, distinguishing 2D
from 3D. As we have remarked above, we all know that in 2D small vortex structures
merge into larger ones (inverse cascade), see for example [41, 109]. Choose an initial
condition of the form wy = w(;, made only of small scales and assume for simplicity
f = 0. The solution for the system (which can be proved to be unique) is simply
(O, o' ), namely o' is the full vorticity field. But we know it develops large scales
by inverse cascade, hence it is not a small-scale field anymore, after a relatively
short time. And the large scales which are created do not appear in the “large-scale
component” w, which remains equal to zero. How could we modify the equations
in such a way that large-scale structures created by inverse cascade are shifted from
the ' to the @ component? At present we do not know.

In terms of energy and enstrophy, it is commonly accepted that, in 2D, energy
moves from small to large scales and enstrophy from large to small, see the
outstanding work of Kraichnan [188] or the more recent reviews [41, 245]. For the
equations in vorticity form,

dw+u-Vo=vAw+ f,
3o +u-Vo =vAo + f/,

here rewritten in 2D without the stretching terms @ - Vu and @’ - Vu, it is not easy
to see the flux of energy. But enstrophy is certainly preserved by both terms u - Vo
and u - V&', hence no flux of enstrophy is accepted by this implicit decomposition.
This is certainly another drawback of the method.

In 3D, small scales are produced by instabilities of large ones (direct cascade).
We could reverse the arguments above and identify drawbacks of the implicit
decomposition, symmetric with respect to those in 2D. If it is already an open
problem to detect correcting terms in 2D or 3D separately, we cannot even be
hopeful of finding a general decomposition model which works well in both cases.
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Keeping these objections in mind, we develop some of our heuristic arguments
below under the hope that for a relatively short time interval ¢+ € [0, T] the
decomposition w = @ + &' provided by the above system is not bad. We hope
that future research may improve this approximation.

Remark 5.2 The theory developed by Darryl Holm, Dan Crisan, Mémin and
collaborators in a series of works (see for instance [67, 81, 171, 177, 213]) starts
from different viewpoints and cannot be easily compared to the approach described
here, but it has some similarities, for instance in the structure of the noise. The point
we want to stress here is that, in order to stay close to data, the stochastic modeling
of that approach is applied locally in time, on short time intervals, with a suitable
restarting procedure at every step. This reminds us of the constraint mentioned above
of locality in time of the implicit decomposition.

5.2 Small-Scale Turbulence and Additive Noise

Assume the fluid is turbulent. This is not a unique and well-defined concept.
For instance, think of a fast fluid along a solid boundary, developing a turbulent
boundary layer, or a shear flow developing a turbulent region by instability. Large-
scale motion and structures, specific to the geometry of the flow, coexist with
small-scale ones, maybe more universal. For instance, in the case of the turbulent
boundary layer, we observe a mean flow and possibly other large-scale elements like
large scale-vortex structures, superimposed on an extremely complex small-scale
motion made of small hairpin vortices arising at the boundary, others apparently
detaching from the boundary and traveling in the interior, others arising from
the previous ones by further instabilities and so on. The small-scale turbulence
mentioned in the title of this section refers to this complex motion. See for instance
[172] for a review on the complexity of the so-called turbulence coherent structures.
In [172], the authors describe some possible mechanisms behind turbulent boundary
layer flow and their mechanism of generation. From a mathematical viewpoint, a
not completely exhaustive view, is that, under suitable assumptions, the solution of
the Navier—Stokes equations with no-slip boundary conditions can be split in two
parts: a regular part far from the boundary of the domain which is the solution
of the Euler equations and a rougher part in the boundary layer of the domain
which is the solution of the so-called Prandtl equations. Without entering into the
details of the assumptions about the validity of previous result and the meaning
of the Prandtl equations, which are out of the heuristic scope of this chapter, let
us simply point out that, so far, the validity of this decomposition under the natural
assumptions of Theorem 1.2 is an open problem. It would have a deep impact on our
knowledge about turbulence, because it would imply that some conjectures raised
by Kolmogorov in the last century on the behavior of a turbulent fluid for v ~ 0
were false. We refer to [16] for a recent review on this topic.
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Recall the decomposition in large and small scales of the previous section and the
desire to have an a priori model of small scales. We concentrate on the case when
small scales are turbulent. A key part of our heuristic proposal outlined in Sect. 5.1
is the claim that some turbulent regimes can be described by a stochastic equation
of the form

dw—l—(u~Va)+a)oVu—vAw—7)dt=d(cur1W),

wli=o0 = wo,
with a space-dependent Brownian motion
W =W, x)

mostly made of small-scale structures. In Sect.5.5 below we add details to this
proposal in the particular case of vortices created at boundaries by small obstacles.

Having in mind the large-small-scale decomposition, we move immediately to
the system

do+u-Vo+o-Vu=vAo+ f
do'+ (u- Vo' + o' - Vu —vA®') dt = d (curl W)

which is equivalent to the previous one.
The next step of the story is, unfortunately, some kind of simplification of the
second equation of the previous system. The most extreme simplification would be

do/ = —e '&'dt + €7 'd (curl W).

In several papers, see [7, 95, 133—135], has been investigated the possibility to relax
this extreme simplification in the direction of the true equation

do' + (u- Vo' + o' - Vu —vAe) dt =d (curl W),

but a full solution is still obscure. One of the most critical aspects of the simplifi-
cation is justifying the addition of the term —e ~'w’dt, while several developments
have been made to remove the deletion of other terms. One vague argument in favour
of —e~'w'dt is that, ' being made of small scales, there is a vague correspondence
between vAw’ and —e !’ (think of the Fourier representation of Aw’). Another
vague argument is that, when we have inserted the small-scale force d (curl W)
already a few lines before the simplification, we have arbitrarily introduced energy
into the system (one can prove this) and thus we have to compensate it by some
dissipation and —e ~!w'dt looks like a candidate, although very phenomenological.
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Clearly, the issues just discussed require more investigation. For the time being,
let us accept the proposal that the following system:
dw+u-Vo+o-Vu=vAw+ f
do' = —e '&'dt + e 'd (curl W),
u=u+u,
is a very simplified model of small-scale turbulence coupled with large-scale motion

(we could add some terms to the second equation but we stay at this level for
simplicity of exposition).

5.3 Action of Small-Scale Turbulence on Large-Scales:
Transport Noise Under Scale Separation

The first equation of the previous system, the equation for the large scales, reads
w+u-Vo+ow-Vu
+u -Vo+o- Vi
=VAG + f.
When € is very small, more precisely in the limit as € — 0, it can be proved, see
[7, 95, 133-135], that w solves the stochastic equation
do+ u-Vo+o-Vu)dt
+dWoVw+woVdW
= (vA® + f)dt.

The Stratonovich operation o in the stochastic terms naturally arises in accordance
with the general Wong—Zakai principle. Since it is a key ingredient of the next
approximation, the one leading to eddy viscosity, we give a heuristic presentation in
Sect. 5.6 below.

The proofs of the result above are not trivial but the intuition is clear: when €~
is very large, the balance of terms in the equation

1

do' = —e'&'dt + e 'd (curl W)
leads to the approximation

o'dt ~ d (curl W),
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which means (assuming W divergence free)

AW

u o~ —.
dt

Taking € very small corresponds to an assumption of time-scale separation. The
splitting @ = @ + &’ until now was relatively generic, except for the simplifications
then made in the equation of ’. But now, assuming that € is very small, we assume
that parameters in the equation of small scales are extremized compared to those of
the equation for w. Analogously to the problems of averaging with two time scales,
a very large parameter € ~! in the second equation means that the typical time over
which o' varies is much shorter than the one over which @ varies. This time-scale
separation is an assumption, we do not have justifications.

The time-scale separation heuristically corresponds to a space-scale separation.
If the typical velocities observed into a fluid flow are of order U, vortex structures
with average velocity of rotation U have a ratio of space and time scales (radius
of the vortex times 27 over period of revolution) of order U. Hence smaller space
scales, those of @', correspond to smaller time scales, hence the assumption of small
€ is in the right direction. But very small € means very small space scales too, hence
we need to assume that the fluid is composed of large vortex structures plus very
small ones.

Proving scale separation or proving that existing intermediate scales do not spoil
the arguments remain open problems.

5.4 Eddy Viscosity and Eddy Diffusion

Since the nineteenth century, scientists like Boussinesq started recognizing that
turbulence may be responsible for an increase of viscosity and diffusion: for
instance, if the fluid traveling through a pipe is turbulent, it slows down and
exchanges more heat through the boundary. This idea is also at the foundation of
Large Eddy Simulation (LES) theory.

Finding mathematical proofs of this fact is always a challenging question; see
[27, 239] for a review. There are rigorous theories that investigate the problem but
it is relevant to find new ideas, also because the precise regimes under which these
facts are true and the precise form of the extra-viscous or dissipative terms is not
always known (think to the variety of models in LES theory including Smagorinsky
one [28, 29]).

The ideas developed above plus the results of Chaps.3 and 4 are an attempt to
provide a new justification. The way turbulence is inserted into the equations is by
the term d (curl W), or more precisely by the equation

do' = —e'&'dt + ¢ 'd (curl W)
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or its modifications, which should incorporate realistic features of the region
affected by small-scale turbulence. Given that model, under the assumption of scale
separation we deduce a stochastic model of large scales @ affected by transport-
type noise. When the noise has the features described in Chaps. 3 and 4 we deduce
deterministic equations, precisely for passive quantities in Chap. 3, hence subject
to an eddy dissipation, and for the fluid field o itself in Chap. 4, hence subject to
an eddy viscosity. We hope to develop this topic further in order to contribute to a
better understanding of different dissipative terms corresponding to different fluid
regimes. Indeed in LES theory, the additional dissipative term is not linear, thus it
cannot be modeled via the transport noise described in Chaps. 3 and 4.

The ultimate conjecture arising from such arguments is that turbulence could
even produce a depletion of emerging singularities, thanks to its eddy viscosity
effect; however, the 3D structure of this question remains poorly understood.

5.5 More on Additive Noise at Small Scales: Vortex
Production at Boundaries

This section is a complement to Sect. 5.2: we try to explain in more detail, still quite
heuristically, how additive noise may arise in turbulent fluids.

5.5.1 Generation of Vortices Near Obstacles

Vortices are produced by instability even on a flat boundary. This fact, however, is
already incorporated in a mathematical model based on deterministic Navier—Stokes
equations in a domain with smooth boundary; thus it does not require the artificial
introduction of a noise.

Different is the case of vortices produced by irregularities of the boundary or
by several small or complicated obstacles in the middle of the fluid domain. In
principle, if we describe precisely such irregularities in the mathematical model,
then the deterministic model should be sufficient. But this is never done in practice,
the irregularities being too detailed for a mathematical description. However, some
attempts in this direction can be found in [17, 63]. It is here that it is meaningful
to introduce noise: as a phenomenological replacement of a realistic element which
is discarded by the deterministic part of the mathematical model. In the case of
irregularities of a boundary this is important, since the consequences in the fluid
motion of such irregularities are relevant, visible, macroscopic.

The precise physical description of the generation of vortices is a difficult topic
in itself. Here we take a phenomenological viewpoint: emergence of vortices near
obstacles is commonly observed and we content ourselves with an ad hoc inclusion
of this fact into the equations. Deep research is mandatory on this issue.
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Fig. 5.1 Cloud vortices off Madeira and Canary Islands. Images by the MODIS Rapid Response
team, NASA

Fig. 5.2 Ice floes, Kamchatka Coast, Russia. Image courtesy of the Earth Science and Remote
Sensing Unit, NASA Johnson Space Center, eol.jsc.nasa.gov. NASA photo ID: ISS030-E-162344

Assume that the velocity field at time 7 is u (¢, x). Assume that, as a consequence
of an obstacle in the domain (Fig.5.1') or at the boundary (Figs. 5.22 and 5.3%), a
modification occurs and in a very short time we have a field u (r + Af, x) which is
not just equal to the smooth evolution of u (¢, x). We may idealize and think that at

Uhttps://visibleearth.nasa.gov/images/117121/cloud-vortices-off-madeira-and- canary-islands.
2 https://eol.jsc.nasa.gov/SearchPhotos/photo.pl ?mission=ISS030&roll=E& frame=162344.
3 https://visibleearth.nasa.gov/images/148350/lake-erie-astir/148350f.
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Fig. 5.3 Lake Erie Astir. NASA Earth Observatory images by Joshua Stevens

time t we had a jump:
u (ﬁ, x) =u (f, x) + o (x),

where o (x) is presumably localized in space and corresponds to a vortex structure.
Continuum mechanics does not make jumps; we idealize a fast change due to an
instability as a jump, for a cleaner mathematical description.

‘We emphasize that vortices produced by irregularities (as well as by instabilities)
appear as discrete events. Figures 5.1, 5.2 and 5.3 show wonderful instances visible
in nature thanks to special events (otherwise, usually, vortices are not visible), like
the perturbation of clouds due to the presence of an island and the freezing of water
into ice structures of vortex type. Those of Fig.5.1 are an example of von Karman
vortices and are produced with a rather deterministic time interval, opposite to the
randomized description below but the scaling limit results described in the sequel
would hold also in such a case. Figures 5.1, 5.2 and 5.3 have the merit of showing
very isolated and clearly visible vortices. In general, the complexity of a rough
boundary profile produces a more disordered pattern of vortices, as schematically
represented in Fig. 5.4. A wonderful example in nature is shown in Fig. 5.5:* thanks
to the different colouring due to phytoplankton, we may appreciate the complexity
of vortical structures close to a rough boundary.

4 https://visibleearth.nasa.gov/images/65000/phytoplankton-bloom-off-argentina.
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Fig. 5.4 Schematic representation of several vortices produced by a complex family of boundary
obstacles. Picture by Claudia Flandoli

Fig. 5.5 Phytoplankton bloom off Argentina. Jacques Descloitres, MODIS Rapid Response Team,
NASA/GSFC

Assume that, due to several obstacles in the boundary at certain locations xy,
k € K, we may observe jumps of the form

u(tt,x)=u(t”, x)+ ok (x), (5.1

where oy (x) is a perturbation around x;. We assume that K is finite, but one can
generalize, see [124].
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The way to incorporate these jumps into the Navier—Stokes equations is by means
of an impulsive force:

8ru+u~Vu+Vp=vAu+ZZ<S(t—tf)ak.
keK i

Here, for each k € K, we denote by t{‘ < té‘ < ... the sequence of jump times
of class k. This way the fluid moves according to the free Navier—Stokes equations
between two consecutive jumps times (reorder the full family { tl.k; keK,ie N}
and consider two consecutive elements); and fulfils (5.1) at the jump times, with the
correct k € K. The previous one enters the framework of fluid mechanics SPDEs
with kick force, see for instance [42, 72, 193].

We may assume that the jump times are random or deterministic (for the latter
case, think of Karman vortices past an obstacle, as in one of the pictures above). For
some later purposes it is the same, for others it is mathematically more convenient
to assume them random, thus we do so. We assume that tl.kJrl — tl.k has exponential

. . . . . k
distribution with mean time t*, P (tl.kJrl —tf> s) = e /", and that all these
random time intervals are independent. We may equivalently describe this by means
of a family {(Ntk)
rescale their times as N tk/rk and define t{‘ < té‘ < ... as the random times when the
Poisson process Ntk/rk jumps (at time t{‘ it jumps from O to 1, at time té‘ from 1 to 2
and so on). We have

00 ke K } of independent standard (rate 1) Poisson processes,

dN

t/tk

k
dt

ZZS(I—Z!‘)@:ZU;{

keK i keK

where the time derivative of the jump process N tk/rk is understood in the sense of

distributions.
It is then clear that we introduce the function

Wtx)=) oc@Nu=> > o

kek keK jeN:tk<t
and write the equation in the form
oru+u-Vu+Vp=vAu+ o, W. 5.2)

This arises the mathematical question: can we study an equation of this form when
W (¢) is not differentiable in a classical sense?
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The Brownian Limit
In many examples the vortices appear in opposite pairs
+o (x)

as in the wake after an obstacle of Fig. 5.1 above. At a boundary, usually the primary
vortices always have the same sign but secondary vortices are often in pairs. With a
large degree of idealization (this issue certainly requires more investigation) let us
assume that each vortex o} appears in pairs by means of two independent Poisson
processes N k1 NK2 with the same rate:

t/Tk? "Nt Tk
k,1 k,2
— | o () Nt/rk — ox (%) %
V2 dt dt

The factor \/LE is just to normalize and maintain the notation t* for the mean time

between consecutive generations, now understanding the generations of oy as a
single process. The full process W (¢, x) thus has the form

1
W)=Y N (Nt"/jk — Ntk/’fk) (5.3)

keK
Let us parametrize by n the jump times and the vortex intensities, as:

k,1 k.2

1 n2t)tk - n2t)tk
W (1, %) = Y —o (x) ——F—"1
keK n ﬁ

The heuristics is that we make many more jumps but of smaller size. The precise
rescaling has been chosen in order to have a non-zero finite limit. Indeed, the average
of W, (¢, x) is zero and the variance is equal to

2
eiw 0P = 3 L

keK

which is finite and non-zero in the limit when n — oo. Let us check the previous

A k,j _ n%t k,j _n% k1 k2
result: since E[ant/rk] = =, Var ant/rk = 7 and ant/rk’ ant/rk are
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independent,

k.1 k.2
ant/rk n2t/tk o

1
E 10k (x) NG

1 2 I’lzl k2
= W'ak (OI'E |N 2t/.L.k e _anl/fk +_|

1 K lox (%)

= 35low @ P2var (V5] = e
and then a similar argument applies to the sum in k.

The Donsker invariance principle (see [39]) claims that, as n — oo,

1
— (ant - nzt) — W; (Brownian motion)
n

the convergence being in law and uniform on compact sets. A multidimensional
version of the Donsker theorem similarly gives us that the stochastic process
W, (¢, x) converges in law to

W (¢, x) _Z ak(X)Wk,

keK

where (Wl") ;>0 are independent Brownian motions. The corresponding Navier—
Stokes equations, in the usual language of stochastic differential equations, have
the form

du—l—(u-Vu~|—Vp)dt=vAudt+Z adek
kek Y

Summarizing, we have at least two examples in mind of non-differentiable
functions W (¢#) which motivate the study of Eq.(5.2), non-classical because of
the distributional time derivative: the case when W (¢) is a piecewise constant
function, and the case when it is the trajectory of a process, a linear combination
of Brownian motions. Recall that, with probability one, a trajectory of Brownian
motion is nowhere differentiable, not of bounded variation, not Holder of exponent
a > % on any interval, but it is locally Holder of any exponent o < % The analysis
described in this section motivates the interest in studying Navier—Stokes equations
with rough force as we have done in Chaps. 1 and 2. Some ideas described here are

related to [161].
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5.5.2 Scaling the Previous Example

Consider the previous system before introducing the scaling parameter n, namely
Eq. (5.2) with the forcing W (¢, x) given by (5.3). Let us observe this system at a
new space-time scale (if it may be of interest: think of observing changes minute by
minute, when the vortex generation happens every few seconds). Assume D = R?
and the positions where the vortices are created correspond to a cluster of islands in
the ocean. Let

uy (t,x) :=A%u (Aﬂt, Ax).
Then

dus, (t, x) = 1P @) (M1, rx),
Auy, (t, x) = 1T (Au) (AP1, ax),

w, (t, %) - Vg (1, x) = 22T (- Vu) (W1, rx),

hence we have to choose 8§ = 2 and & = 1 to have the same multiplier, that is A3,
and we get

ity + 15 - Viy + Vpy = vAus + 23 (3, W) (kzt, Ax)

div u), = 0.
But
23 (0, W) (th, Xx) = 0, W, (1, x),
where
1
o 2 _ A k1o k2
W, (1, x) = AW (,\ 1, Ax) - kZ 5@ (Nﬂt/rk Nkzt/rk),
ek
where

a,? (x) = Xzok (Ax).

Assume A is large, like the parameter n of the previous section. In the rescaled unit
of time, we make very many jumps, of larger size; but also much more concentrated,
since a,? (x) is rescaled as classical mollifiers.
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Let us observe this force by a test function ¢ (just to avoid that the pointwise
observation may suffer some regularity issue)

1 k1 k.2 A
(Wi, (1), ¢) = k; Wi (NAZI/Tk - NAZI/T,C> RASIIOLES
We have zero mean and (as above)

1A% :
E[W.0).0] = Y 5525¢ (fR of ()¢ (x)dx)

keK

¢ 2
A
— E T_k(/Rzok (x)¢(x)dx> .

keK
We get

A

[otwomar= [ ame(;)ar—s0 [ ama.
R2 R2 A R2

So again we see that we have a finite non-zero limit.

What may we conclude? It is difficult to get a rich conclusion, because o,f‘ (x)
converge to a vector-valued space-distribution E (a so-called current), the one such
that

(@) = ¢ (0) /R ox () dy.

Thus the limit process is

1
Wt.x)=)_ 2 Wk,
keK Tk

which is distributional in space, not only non-differentiable in time. Investigating
this problem seems to be a challenging mathematical task.

There is a variant which should be mentioned: if we suspend the requirement that
oy is localized and ask that the created structures are point vortices, then

1o —x)t

Ok(X):ﬂ—|x—x 3
ol
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and o,?‘ (x) = ok (x)! In this case the limit process is a vector field in space (not a
distribution), but with infinite energy:

/2|ak (x)]2dx = +o0.
R

See [124] for results on a related model.

5.5.3 Example of State-Dependent Noise

The examples of noise presented in Sect.5.5.1 allow us to deal with the Stochastic
Navier—Stokes equations as if they were deterministic: given a single noise realiza-
tion, we solve the equation. This was the approach we developed in Chap. 1, useful
in relatively few cases. Indeed, the case treated in Chap. 1 had the special feature
that the random input was independent of the solution. But in real situations, as in
Fig. 5.6, the noise may vary depending on the solution.

Mathematically speaking, in Chap. 1 the noise, motivated by the discussion
presented in Sect. 5.5.1, entered the equation as an additive force; this was the key
property which allowed us to study the linear Stokes problem first, independently of
the solution of the nonlinear one. There are other cases (different from the additive
case) which can be treated by similar ideas, but few.

From the discussion above, we can understand that the noise introduced in
Chap. 1 has the following interpretation: vortices emerge at a boundary due to
obstacles and roughness. However, this interpretation neglects some facts. Indeed,
when the fluid is at rest, certainly no vortex is created; similarly, we do not expect
frequent creations if the velocity of the flow is very small. The rate of creation of
vortices hence should depend on some feature of the flow itself. This doesn’t mean

. /
/

—
~0
—/ o o 10 IO,

Fig. 5.6 The average wind speed influences the rate of production of vortices past an obstacle
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that the model of Chap. 1 is useless: it is reasonable when the mean flow is roughly
constant, and the rates ¥ should be taken appropriately with respect to the constant
mean flow value.

When the state u (¢, -) affects the rate of creation, we may use the concept of
non-homogeneous Poisson process with random time-dependent rate: we introduce
(corresponding to each k) an instantaneous rate Ay (« (¢)) depending on an average
intensity of u (¢, -), e.g.

A (u (1) = x? ( lu (¢, y)|dy),

|B (xk, )| J By, r)

where x? is a nondecreasing non-negative function, equal to zero in zero and > 0
is a length scale relevant to the problem. Then we introduce the cumulative rate

t
Ak (t)=/0 A (u () ds

and finally we modify the Poisson process Ntk by this rate, namely we consider the
process

k
Ny
The case previously considered was simply
M) =, A =xt,  Nf,

The jump times of the noise in the equation will be the jump times of this processes,
which are delayed or accelerated depending on the average intensity of u (¢):

Qi +u-Vu+Vp=vAu+f+F @+ Y owdNj, (5.4)
keK

or

1 k k2
du+u-Vu+Vp=vAutf+F @+ 72@3, (NA’klm _ NA’m)) (5.5)
keK

depending whether we assume that both vortices oy (x) and —oy (x) appear and are
equally likely.

This is already a very interesting model which could deserve investigation.
Otherwise, in the case of (5.5), we may rescale the noise as

3 L (Nk’l _ NR2 ) (5.6)
nﬁ n2Ak(t) n2Ak(t) ) :
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Notice that, in order to increase the rate at time ¢, we have to use the instantaneous
rate n2\y (), whence the expression n?Ay (t) (instead of Ay (nzt) which has a
completely different and wrong meaning).

Recalling the convergence of rescaled Poisson processes to Brownian motion
discussed in Sect. 5.5.1, it can be proved that the limit process of (5.6), in law, is

Y ok (1) By s

keK

where B,k are independent Brownian motions. Then, by a deep theorem on martin-
gales (e.g. [183]), there exists (possibly on a larger probability space) independent
Brownian motions W¥ such that, in law

Ak(,)_/ VAr (u (s))dWk

(jointly in k). This result is undoubtedly advanced and not trivial even at the heuristic
level, but notice at least the analogy with the coefficients /A in the case of constant
rate: when A (u (5)) = Ak, Ak (t) = Ait, the previous identity reads

t
B’;k, :/0 VadWk = /g wk

and it is well-known that A ~1/2

The final equation is

Bkkt is a new Brownian motion.

du+u-Vu+Vp=vAu+ f+F (u) + Zak\/)»k (U)o, W,

keK
We write it in the form
Qi +u-Vu+Vp=vAu+ f+F @+ Y o (u)dWf (5.7)
keK

by introducing the maps oy : H — H given by

ok (u) (x) = ox (x) v/ Ax ().

This is exactly the equation treated in Chap. 2.
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5.6 The Wong-Zakai Corrector and Stratonovich Integrals

In more than one place in these notes we invoke the Wong—Zakai principle and write
the final equations in the Stratonovich form, or It6 form plus the corrector which
plays a very key role in Chaps. 3 and 4. Without any aim to prove results here, for
which we address specialized literature like [249, 251, 257], let us illustrate some of
the ideas.

5.6.1 A One-Dimensional Example

Equations (5.4)—(5.5) are mathematically correct (whether they are physically
relevant should be investigated more deeply). On the contrary, Eq.(5.7) requires
a special choice of F (u) to be the right one:

1
Fu) = 2 Z Doy (u) o (u).

keK

Here by Doy (1) we mean the Frechét Jacobian of o} (1), which is a linear bounded
operator from H to H, under suitable assumptions, and Doy (1) ox (u) is the
application of the linear map Doy (1) to the element oy (1) of H. Results of Wong—
Zakai type for fluid dynamic equations have been proved, see [175, 176]. They are
very technical and based on methods different from those described here. Hence we
limit ourselves to explaining the emergence of the term Doy (1) oy (1) in the simple
case of a one-dimensional ordinary differential equation [257].
Consider the one-dimensional equation, with o (x) > v > 0,

dXe o dWE
dt = o (X;) dr ’

where W is an approximation of a Brownian motion W;. It is an equation with
separated variables. Then

dx¢
dt — the
o (X§) dt ’

T dX] T ¢
adw

/ ai dt:f EAP
0 O‘(Xf) o dt

1
D (X5) — @ (x0) = W, P (x) = )

X =@ (@ (xo) + WY).
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Hence X¢€ converges weakly to X. given by
X; = o7 (® (x9) + W)).

From the Itd formula, since

1
—1 _
DO (x) = —q)/ (cb—l (x))

D}l (x) = D [a (cb—l (x))] —o (CI>_1 (x)) Do~ (x)
®

=o' (7' () o (7' )

= (7' )

dX, = o (clr‘ (® (x0) + W,)) dw,
1
+ 50’ (cb—l (® (xo) + W,)) o (qu (@ (xo) + w,)) di
— o (X)dW; + %a’ (X))o (X;)dt.

We have found the corrector above.
Our conclusion, supported by the previous heuristic evidence, is that the right
formulation of Eq. (5.7) is the stochastic equation

1
8,u+u.Vu+Vp=vAu+f+§keZKDok (u) oy (u)+]§0k (u)atWtk.

Remark 5.3 Using the notion of Stratonovich stochastic integral, different from the
Itd one, denoted by fot o (u(s)) od WS", one can write the equation in the more
natural form

8tu+u'Vu+Vp=vAu+f+Zok(u)oE)[W,k
keK

because
13 t 1 t
/ ok (u (s)) 0 dW{ = / o (1 () AW + 5 / Doy (u (5)) o (u (5)) ds
0 0 0

when u solves the equation above. Manipulations (the chain rule) with the
Stratonovich formulation are similar to classical calculus, but taking expected
values is not suitable, the fundamental cancellations of Itd integrals are hidden.
Therefore it is very important to know the 1t6 formulation.
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5.6.2 The Case of the Heat Equation

Key to the facts described in Chaps.3 and 4, see in particular Sect.3.1, is the
emergence of the additional operator £, which is a specific consequence of
Stratonovich formulation; we feel we need to justify it heuristically, at least for the
exogenous case. Researchers used to stochastic calculus have a tendency to accept
a priori the Stratonovich formulation (it is a correct attitude!) and thus accept the
presence of £ as an obvious fact. But looking at the problem with the eyes of a
more general scientist, the presence of the additional operator L is a revolution that
requires an explanation.

The rigorous literature on Wong—Zakai-type results for SPDEs is wide, see for
instance [50, 51, 59, 135, 166, 167, 249, 251]. For the purpose of this heuristic
explanation, let us consider the heat transport equation

0,0° +u€ - VO = kA0 + ¢, (5.8)

where
€ 1 ! —Li—s) k
u(t):—g e Vo dWy .
€ 0
keK

This is a simplified model with respect to the one of Sect. 3.1 (we drop the Stokes
operator A, taking ug = 0 is only to simplify notations).

Theorem 5.4 Ifo;, € D (A), p € C* (D),
0|;=0 = 6y € L*° (D),

then the weak solution 6¢ of Eq.(5.8) with initial condition 6y satisfies for every
t>0

Eli_r)%(Ge (1), ¢)=(0(1), ¢)
in probability, where 0 (t) is the unique weak solution of equation

do + Zak VoAWK = (kA0 + L6 + q) di (5.9)
keK

with

1
(LO) (x) = 5 Z ok (x) - V (or (x) - VO (x)).

keK
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The unique solvability of Eq.(5.9) has been proved in Chap.3. The unique
solvability of Eq. (5.8) is classical, along with estimates of the form

t
16€ (172 + 2« /O IVO€ (5)17.ds = [16oll3 >

16€ (D lloc < 1601l oc- (5.10)

Let us give only the idea of proof of Theorem 5.4, subset of the results of [223].
Recall that, with the notations

t
We(t, x) = / u (s, x)ds,
0

Wt x) =Y ox(x) Wf

keK

in Chap. 3 we have proved that
lim E [||We 1) — W (t)ll%,] —0.
e—>0

Let us introduce also some additional notations:

ke L1 14 k

€ Jo
x t
W[ ,€ / é:;c,eds
0

so that u€ (1, x) = Y pex 0k (X) S, WE(1,x) = Y1k ok (x) WEE.

We use the weak formulation and try to pass to the limit term by term, taking
great advantage of the fact that the equation is linear. In the weak formulation of
Eq. (5.8), let us concentrate only on the difficult term

/t (u€ (5) - Vo, ¢ (5))dss
0

and split it on the partition m,:

t iyl
/O (u€ (s) - Vo, 0° (5))ds = Z/ (u€ (s)- Vo, 0° (5))ds.
1

r<t<h
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Just for notational convenience (at the end we go back to the general case) assume
u€ (¢) is made only of a single term

u¢ (t,x) =0 (x)&
where
t
Wf :=/ E(s)ds — W,.
0

Then
Liy1
/ (u€ (s)- Vo, 0° (5))ds
ti

lit+
:/ 1(0 -V, 0° (5))ESds
t

lit+1

Lit1
=/ (o -V, 6° (r,»))s;ds+/ (o -V, (6°(s) = 0° (1)) 5 ds
ti t
lit1
= o Voo @) (Wi, - wi)+ [ o Ve, (07 ) - 0% @) .
14

The sum over the partition of the first term converges to the Itd integral
fot (o0 - Vo, 0 (s)) dWs. More difficult is to understand the limit of

L1
Z/ (o - Ve, (6° (s) — 0° (1)) &5 ds. (5.11)
t

<t

Notice first a potential mistake: one could think that, 8¢ (s) — 6€ (#;) being small
for s € [t;, t;+1], this sum will converge to zero. But &5, being related (in the limit)
to the derivative of BM, is large, and the product (8¢ (s) — 6€ (;)) &5 could have a
non-zero compensation. Indeed, it has: roughly speaking, (6€ (s) — 6€ (¢;)) behaves
like /711 — f; and &° diverges like «/lljli—t,

The way to capture the precise asymptotics is to use Eq. (5.8) again, written here
for a generic test function v:

(v, 0° (s) —6° (zl»))—/ (o vy, 6° (r))éfdr:/ (kAy,0° (n)dr.  (5.12)
1 14

Take iy = o - V¢ to connect with the above term (5.11) to be investigated. We have
now to deal with the two terms

tiv N
Z/ 1/ (0 -V (o-Ve),0°(r)EEdrds
t; t

L=t !
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and
tiy1 s
Z/ </ (kA (0 - Vo), 6° (r))dr> £€ds. (5.13)
<t/ fi

Having assumed sufficient smoothness of o and ¢, we may use (5.10) to bound
0€ (r) uniformly and find (the inequality is even a.s., with a deterministic constant
C >0

|/ (kA (o -V$),0° (n)dr| < C (tix1 — 1j).
1

Since ftff'“ |&5|ds is infinitesimal in a suitable probabilistic sense, it is easy to show
that the term (5.13) goes to zero in probability. The difficult term is

tit+ N
Z/ 1[ (o -V (0 V), 0 (r)efesdrds.
<t i fi

But we start to see an auxiliary second-order differential operator (o - Vo - V)
arising here and this encourages us to continue the computation. One has to play
again the same trick above: rewrite the previous expression as

t; K
Z/ ) / (o0-V(0o-Ve),0 1)) & drds
ti 1

i<t i

ti s
=Y oV V), 6 (ti))/ / §-&;drds
1 1

i<t
plus the remainder

lit1 S
Re ::Z/,. /;(G~V(O'~V¢),96 (r) — 0° (1)) £S5 drds.

i<t i

This time, one can show that the remainder is infinitesimal. The heuristic idea comes
from the fact that it contains the product of three terms, all roughly speaking of order

Vi1 — 1
0¢ (r) — 0° (1), WE (tiy1) — WE (1), We (tiy1) — WE ().

Again (5.12) and (5.10) are useful here.
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Finally, we have to understand the limit of

tit1 s
Z(a V(o -Ve),0° (t,-))/ / ECECdrds.
t ti

i<t

In the case of general noise with several independent Brownian motions, we have to
understand the limit of

tiy1 N ,
> ok -V (ow - Vo), 6¢ (tl-)>/ / gheek <ards.
1 t

i<t

One can prove the following property on the joint quadratic variation:

. it (9 k,e k' € 1
lim ) £ “drds — bt
1, t;

e—0 .
<t vl

uniformly in time, in probability. From properties of Riemann—Stieltjes integrals, it

follows that the previous sum converges to

S t
% A (o'kV(O'k/V¢)’9(S))dS

The final result is that, in the weak sense,

t

lim [ u€(s)- VO (s)ds

=0 Jo
t 1 t
= Z/ Uk-VédWSk—f——Z/ (ox - Vor - V) 6 (s) ds.
0 2 0
keK keK

5.7 Summary

Opposite to the previous chapters, which were mathematically rigorous, this one
aims to present heuristically an ideal path from small-scale turbulence to eddy
viscosity, going through models with additive noise and transport-type noise.

The topic of eddy viscosity is very important for applications and numerical
computations. Although the idea is classical, a precise knowledge of the additional
elliptic operator, in the large-scale dynamics, which better represents the impact
of turbulent small scales, is still not fully clear, in particular in the regions close
to boundaries; for instance, presumably this operator should be degenerate elliptic
close to the boundary, but the kind of degeneracy may be better understood. Having
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a new strategy to link small turbulent scales to such an operator may give new
insights; the ideal path described in this chapter seems to be a new promising link.

As stated in the preface of this book, several issues in this ideal path are still open
and very difficult. Let us mention a few. The starting point is an additive noise at
small scales. In this chapter we illustrated a few preliminary ideas about it, motivated
by boundary irregularities. However, a more precise form and justification is needed.
The second step is the transfer of this additive noise to a transport noise at large
scales; the research on this topic is active, but certainly not complete, for instance
because it is mostly based on what we called implicit strategy, opposite to explicit
ones. The belief that a transport-type noise should appear is supported also from
the comparison with other theories and approaches, but there is a chance that other
terms should be added, for a more precise description.

Assuming that the previous two problems are sufficiently understood, we have
in our hands stochastic equations of Navier—Stokes type for the large scales, with a
kind of transport noise representing the action of small turbulent scales. The final
step is proving that this stochastic model is close to a deterministic one with eddy
viscosity. We have completed this last step in the idealized case of a torus and a
simple noise, essentially space homogeneous. But a more interesting case is when
there is a boundary, with the small-scale turbulence in the boundary layer; we do
not have information on this case yet. The fluid velocity is zero at the boundary,
so it is the turbulent small-scale component and this should lead to a degeneracy
of the eddy viscosity near the boundary; this is an issue which will require closer
investigation.

Similarly, the fluid velocity, or even better its gradient, should play a role in the
intensity of the turbulent component, leading to state-dependent small-scale noise,
then yielding state-dependent transport-type noise and finally a state-dependent
elliptic operator for the eddy viscosity, like for instance the Smagorinsky model
or other nonlinear models of large eddy simulation theory. This generalization has
not been developed.

In spite of all these difficult open questions, we hope that this chapter provides
some convincing motivations for investigating stochastic versions of Navier-Stokes
equations, both in the more classical case of additive noise and in the intriguing one
of transport-type noise, as well as emphasis on the investigation of the boundary,
related to these topics.
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