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Preface

This book grew out of several years of teaching about gambling in a variety
of contexts at Albion College beginning in 2002. For several years, I taught a
first-year seminar called “Chance,” which I came to describe as “probability
and statistics for the educated citizen” as distinguished from a formula-heavy
approach to elementary statistics. I also focused more on probability than
statistics in Chance. Part of probability is gambling, of course, and so over
the years, the course evolved to include more casino examples in class, whether
by simulation or actual in-class game play. The course included a field trip to
the Soaring Eagle Casino in Mount Pleasant, Michigan, late in the semester
after all of the students had turned 18. This provided students with a fine
opportunity to combine theory with practice and see for themselves how the
laws of probability worked, in a way that no classroom activity could mimic.

Later on, I expanded the gambling material into a course called Great Is-
sues in Humanities: Perspectives on Gambling, in Albion’s honors program.
The course combined mathematics from Chance (for mathematics, in the
words of one of my colleagues, is the first of the humanities) with other read-
ings from literature, philosophy, and history to provide a well-rounded view
of a subject that is not becoming less important in America.

Throughout my years teaching about gambling, I struggled to find a good
probability textbook that covered the topics germane to my course without
a lot of material that was not related to gambling. Basic Gambling Mathe-
matics is my effort to distill the mathematics involved in gambling, and only
that mathematics, into one place. While the final product started out as that
textbook, over the course of an intensive summer spent writing (with a goal
of 1000 words a day), it evolved to include more general information on the
mathematics that I have found so fascinating during my years of teaching.

The text necessarily contains a large number of examples, illustrating the
mathematical ideas in a range of casino games. The end of an example is
indicated with a ■ symbol.

The exercises provided here are included for students, of course, and for
those casual readers who would like to try their hand at some casino-related
computations. Most of them either present other examples of the ideas in the
chapter or ask for fairly straightforward verification of computations men-
tioned in the main text.

ix
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Preface to the Second Edition
Since the first edition of BGMNBN was published in 2014, I have had the

privilege of writing and publishing three additional books on gambling math-
ematics [8, 9, 10]. In circling back to this book with many ideas for different
material based on those books, I have been guided by the considerable thought
in the gaming mathematics community about what content is desirable in an
introductory course on the subject. One of the most influential recent pa-
pers on this topic is “Teaching a University Course on the Mathematics of
Gambling”, by Stewart N. Ethier and Fred M. Hoppe [24]. This 2020 paper
reviewed a number of textbooks similar to and including BGMNBN, and much
of the revision of this book is inspired by its comments.

Chapters 1 and 2 from the first edition have been merged into a new
Chapter 1 covering both mathematical and historical background material.
Part of the motivation for this change was a reviewer’s excellent suggestion to
get to the games earlier. Additionally, the level of mathematical complexity
has been decreased in the new edition; specifically, the approach to set theory
is much more informal. In writing about gambling mathematics since 2014,
I have come to appreciate the advantages of a more casual approach to the
underlying mathematics.

The other chapters have been updated with new examples, new exercises,
and new content—one thing that is certain amidst the uncertainty of the gam-
bling world is that there’s always something new to think about and analyze
mathematically. This especially applies to Chapter 4 (formerly Chapter 5) on
modified casino games. There have been a number of new ideas in gambling
since the first edition, and a lot of material has been replaced with fresh in-
formation. This is especially true in the area of sports gambling, which has
exploded in prominence since the 2018 U.S. Supreme Court decision overturn-
ing the Professional and Amateur Sports Protection Act. With this decision,
legal sports betting has spread across America, and so there is considerable
new mathematics here that may be of interest to a much wider audience.

Other new material includes sections on the birthday problem (for infor-
mal gamblers) and the Monty Hall problem. The latter may not strictly be a
gambling question, but it certainly stands as an excellent example of condi-
tional probability and how it captivated the USA for a brief while in the early
1990s.

Acknowledgments
I would like to thank Callum Fraser, my editor with CRC Press, for the

invitation to write a second edition of BGMNBN. I am especially grateful for
the advice offered by the reviewers of the proposal for this edition, which have
enhanced this project in ways I had not expected.

My wife Laura, though she frequently states that she doesn’t understand
how I do this, has been nothing but supportive as this book has taken shape,
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for which I am eternally grateful. It’s also fun to have her as a companion as
we’ve checked out casinos across the USA and beyond on our travels.

The Chance course that got this book started was taught for the last
time in 2016, but this book has found its way into my honors course and the
math majors’ course Math 257: Mathematics of the Gaming Industry, which
includes a field trip to Las Vegas to compare theory and practice. Some of the
new material in this edition was class-tested in the 2022 section of Math 257.
I would like to thank Grace Cholette, Devon Funk, Grace Hoffman, Quinlan
O’Keefe, and Madeline Peterson for their suggestions that have informed and
improved this revision.

The Chase the Ace image on page 85 was provided by and used with per-
mission of Lotto Alaska. Spider craps (see page 30) was developed by Albion
College student Jacob Engel during a summer research program in 2011. Fund-
ing for this project was provided by Albion’s Foundation for Undergraduate
Research, Scholarship, and Creative Activity (FURSCA).
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Chapter 1
Fundamental Ideas

1.1 Historical Background
Gaming in antiquity

The roots of probability lie in gambling. While the mathematical foun-
dations of probability date back fewer than 400 years, evidence of games of
chance can be found among the artifacts of far-older civilizations. Dice, for
example, date back many thousands of years, in much the form we know to-
day. Dungeons & Dragons players, who use polyhedral dice with 4–20 sides,
may well notice that their dice bear Arabic numerals, in contrast to cubical
casino and ordinary game dice, which use dots to label sides. There is a reason
for this: Dice are older than numbers [108]. Standard Arabic numerals only
attained their final form around 700 ce, while cubical dice have been found
dating back as far as 3000 bce.

In China, a 1500-year-old story about looking for monkeys on mountains
leads to the modern game of keno, giving keno one of the longest histories of
any casino game. Legend holds that Chéung Léung (205–187 bce), of the Han
Dynasty, devised an early ancestor of keno to raise money for the army and
for the defense of the capital, at a time when funds were low. This guessing
game called for players to choose 8 Chinese characters from 120; the risk to the
players was small and the rewards for a correct selection were great. Gamblers
could buy a chance for 3 lí, and a winning ticket paid 10 taels, where 1 tael
was equal to 1000 lí, for payoff odds of 10,000 for 3—about 3333 for 1. The
game was a success from the start; within a few decades, the operators’ wealth
was said to be boundless [9].

The casting of lots to solicit the opinions of the gods as an aid to earthly
decision-making eventually gave rise to the use of those devices for more recre-
ational purposes. The Romans appear to have been the first to stage lotteries
for fun; the emperor Augustus launched the forerunner of many government-
run lotteries when he conducted a public works lottery with the net profit put
toward funding civic improvements. The first public lottery in more modern
times was held in the Netherlands in 1434, to raise money for fortifications
for the Dutch town of Sluis [9].

DOI: 10.1201/9781003358183-1 1
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2 Basic Gambling Mathematics

Mathematical Development
The transition from simple games of chance to a mathematical theory of

probability really began in the 16th century when Girolamo Cardano wrote
Liber de Ludo Aleae or Book on Games of Chance. “Aleae” refers here to games
played with dice [6]. The book was not published until 1663, nearly 100 years
after Cardano’s death—nonetheless, many of the ideas used to analyze casino
games can be traced back to this work.

In this volume, Cardano gave the first mathematical treatment of expecta-
tion, which would come to be a fundamental idea in gambling mathematics.
Looking back, we can also see that the notion of sample space is present, and
that concept is also central to a meaningful mathematical treatment of gam-
bling. By the end of the book, Cardano’s work was showing the first signs of
a theoretical, rather than experimental, approach to probability [6].

Further progress in the theory of probability can be found in Galileo’s
treatise on the probabilities of rolling various numbers on three standard dice.
In Sopra le Scoperte Dei Dadi, he correctly counted the various ways to roll
sums such as 9, 10, 11, and 12, and in so doing eclipsed previous incorrect rea-
soning that had confounded dice players [36]. Galileo’s work showed, through
a simple enumeration of cases, that 10 is more likely than 9 and 11 more likely
than 12.

The continued progress, after Cardano and Galileo, of probability as a
formal mathematical subject can be traced to a 1654 letter from Antoine
Gombaud, the Chevalier de Méré, to French mathematician Blaise Pascal.
In this letter, Gombaud reported his experience at two different gambling
games and noted that his actual results were quite different from the results
he expected based on his assessment of the probabilities. The goals of the two
games he played were these:

1. To throw at least one 6 in four tosses of a fair six-sided die.

2. To throw at least one 12 (double sixes) in 24 tosses of two fair dice.

Gombaud’s informal reasoning had led him to believe that his probability
of winning either game was 2

3 , but he reportedly found that he won only
slightly more often than he lost in the first game and lost slightly more often
than not in the second. It is not hard to follow his reasoning: in game #1,
he had 4 tries at a game with 6 possible outcomes, suggesting a 2

3 chance of
success; game #2 offered 24 shots at a game with 36 outcomes, leading to the
same fraction.

It is also easy to find the flaw in this line of thought. Continuing game
#1 for two more rolls, Gombaud would conclude that he would get at least
one 6 every time he rolled a fair die six times, and it is not hard to imagine a
case where this would not happen. Yahtzee and Settlers of Catan players, for
example, are quite familiar with repeated inability to roll a desired number.
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Pascal began a correspondence with Pierre de Fermat about these ques-
tions, which quickly grew to encompass related questions about games of
chance. From these letters emerged a mathematical treatment of chance and
uncertainty that laid the foundation for probability’s development as a rigor-
ous branch of mathematics. These principles would soon find application in a
wide range of fields beyond gambling.

In addition to contributing to the theoretical side of probability and gam-
bling, Pascal also helped develop the applied side of the subject. He is credited
with inventing the roulette wheel while working in vain to build a perpetual
motion machine.

Over the ensuing years, the foundations of probability were refined; in
the early 20th century, Andrei Kolmogorov stated a set of three axioms for
probability that gave probability the same logical foundation as other branches
of mathematics (see page 10). Beginning with Kolmogorov’s three axioms, it
is possible to derive the theory of probability in complete mathematical rigor.

The Rise of Gambling in the USA
At about the same time, in 1931, Nevada paved the way for the spread of

legal gambling in America by legalizing gambling within the state [108]. Over
the next few decades, gambling thrived in Reno, Las Vegas, and other Nevada
cities, but there was no spread of legalized casino gambling to other states
until 1976, when New Jersey voters approved a measure to allow casinos in
Atlantic City. Casinos opened on that city’s Boardwalk in 1978 [108].

The first Native American casino in the USA was launched in a garage
in Zeba, Michigan, on December 31, 1983. The Pines faced legal challenges
for 18 months before being forced to close [126]. However, the push for reser-
vation casinos continued long after the first casino shut down. In 1988, the
landscape of legalized gambling in the USA was changed forever when the
Indian Gaming Regulatory Act issued guidelines for regulation of casinos run
by Indian tribes on reservation lands. In the years since the act was passed,
Native Americans have opened casinos across America, and voter referenda in
numerous other states have paved the way for state-regulated casinos. Some
sort of legal gambling, including casinos, horse racing, and lotteries, is now
available in 48 states, all except Hawaii and Utah.

Any attempt to write a history of poker will invariably find that much
of the game’s past is shrouded in mystery. Various sources trace the game’s
origins to the British isles, to continental Europe, and to Persia. While the
history of games that we would now recognize as poker dates back to the 19th
century, it exploded in popularity in the early 2000s, driven in no small part by
televised Texas hold’em tournaments that used tiny cameras to show players’
hole cards to the TV audience. The rise of the Internet led to interest in online
poker sites, which made live gambling as close as a player’s home computer.
In the United States, these sites were effectively shut down on “Black Friday”:
April 15, 2011, when the Department of Justice seized the assets of several
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leading online poker sites and charged their operators with money laundering.
This abruptly ended most online poker in the USA, and while the industry has
rebounded somewhat, considerable legal obstacles to live online poker remain.

Another significant legal opinion that changed the face of American gam-
bling landed in 2018, when the Supreme Court repealed the Professional and
Amateur Sports Protection Act. This act had confined betting on sports to
the 4 states where it was legal before the law was adopted, and its repeal left
the question of sports betting in each state to that’s state’s lawmakers.

1.2 Mathematical Background
The mathematics behind games of chance is drawn from probability theory

at various levels of complexity. This is appropriate, because the origins of this
branch of mathematics lie with the analysis of simple games of chance. This
began with a series of letters noted above, between Blaise Pascal and Pierre
de Fermat in 1654, that raised and answered several questions at the founda-
tion of probability theory while addressing questions that arose in resolving
gambling games [17]. Later mathematicians have developed and expanded this
topic into a rigorous field of mathematics with many important applications
unrelated to gambling.

In this section, we shall outline the fundamental ideas of probability that
are essential for analyzing casino games. In so doing, we will have occasion to
use some of the mathematical ideas of set theory, informally. A deck of playing
cards is a good illustration of the concept of a set. Considered one way, it’s
52 separate things, but we may just as easily think of it as a single object.
Example 1.2.1. The set of numbers that can appear when a standard six-
sided die is rolled can be written as A “ t1, 2, 3, 4, 5, 6u. ■

Example 1.2.2. A standard deck of playing cards consists of 52 cards, 13
cards in each of four suits. The 13 cards within each suit are denoted ace (A),
2 or deuce, 3, 4, 5, 6, 7, 8, 9, 10 (or T), jack (J), queen (Q), and king (K).
Aces may, depending on the card game being played, be considered as either
high or low. The suits are clubs p♣q, diamonds p♢q, hearts p♡q, and spades
p♠q. Clubs and spades are black; hearts and diamonds are red.

Figure 1.1 shows a standard English deck. Other decks may change the
design of certain cards, especially the face cards (jacks, queens, and kings)
and the ace of spades.

We can think of a standard deck as a single set D containing 52 elements,
which may be written systematically by listing the cards from 2 through ace
in each suit and the four suits in succession alphabetically, as

D “ t2♣, 3♣, . . . , A♣, 2♢, . . . , A♢, 2♡, . . . , A♡, 2♠, . . . , A♠u.

■
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FIGURE 1.1: 52-card English deck [30].

For our work in probability, we will frequently be interested in the size of
a set—that is, how many elements it has. For convenience, we introduce the
following notation:

#pAq denotes the number of elements in a set A.

This is most often used when A is a finite set—while it is certainly possible
to consider the size of an infinite set, such sets are uncommon in gambling
mathematics and are not considered in this book.

Example 1.2.3. If A is a standard deck of playing cards, then #pAq “ 52. ■

Example 1.2.4. Suppose that we roll three standard dice: one each in red,
green, and blue. Let the ordered triple pr, g, bq indicate the result of the roll
in the order red, green, blue—so (2, 3, 4) is a different outcome from (3, 4,
2). Denote by A the set of all possible ordered triples resulting from one roll.
Each of r, g, and b is an integer in the range 1–6, and so we can write

A “ tpr, g, bq : 1 ď r ď 6, 1 ď g ď 6, 1 ď b ď 6u.

It follows that #pAq “ 6 ¨ 6 ¨ 6 “ 216. ■

The challenge here is that a set of items that are of interest in gambling
mathematics can be very large. If we are interested in the set A of all possible
five-card poker hands, then #pAq “ 2, 598, 960, and we’d like to have a way to
come up with that number without having to list all of the hands and count
them. Techniques for finding the size of such large sets will be discussed in
Section 2.1.
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1.3 Definitions
We begin our study of probability with the careful definition of some im-

portant terms.

Definition 1.3.1. An experiment is a process whose outcome is determined
by chance.

This may not seem like a useful definition. We illustrate the concept with
several examples.

Example 1.3.1. Roll a standard six-sided die and record the number that
results. ■

Example 1.3.2. Roll two standard six-sided dice (abbreviated as 2d6) and
record the sum. ■

Example 1.3.3. Draw one card from a standard deck and record its suit. ■

Example 1.3.4. Roll 2d6 and record the larger of the two numbers rolled
(or the number rolled, if both dice show the same number). ■

Example 1.3.5. Deal a five-card video poker hand and record the number
of aces it contains. ■

An important trait of an experiment is that it leads to a definite outcome.
While we will eventually concern ourselves with individual outcomes, we begin
by looking at all of the possible results of an experiment.

Definition 1.3.2. The sample space S of an experiment is the set of all
possible outcomes of the experiment.

Example 1.3.6. If we consider the simple experiment of tossing a fair coin,
our sample space is S “ tHeads, Tailsu or tH,Tu for short. ■

Example 1.3.7. In Example 1.3.1, the sample space is S “ t1, 2, 3, 4, 5, 6u.
The same sample space applies to the experiment described in Example 1.3.4.

■

Example 1.3.8. In Example 1.3.2, the sample space is

S “ t2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12u.

It is important to note that the 11 elements of S in this example are not equally
likely, as this will play an important part in our explorations of probability.
Cardano himself recognized that the proper sample space (or “circuit,” to
use his term) for questions involving the sum of two dice has 36, not 11,
elements. ■
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Example 1.3.9. S “ t♣, ♢, ♡, ♠u is the sample space in Example 1.3.3. ■

When we’re only interested in some of the possible outcomes of an exper-
iment, we are looking at subsets of S. These are called events.

Definition 1.3.3. An event A is any subset of the sample space S. An event
is called simple if it contains only one element.

Example 1.3.10. In Example 1.3.2, the event A “ tThe roll is an even #u
can be written A “ t2, 4, 6, 8, 10, 12u. The event B “ tThe roll is a squareu
is B “ t4, 9u. The event C “ tThe roll is a prime number greater than 10u
is C “ t11u and is a simple event—though this is certainly not the simplest
verbal description of C. ■

Example 1.3.11. In playing video poker, suppose that your initial dealt
hand is 4♡ 5♡ 6♡ 7♡ J♣, and you discard the J♣ to draw a new fifth card
in hopes of completing either a straight or a flush. The sample space for the
draw contains the 47 remaining cards. The event corresponding to succeeding
at this goal is the set A consisting of 15 cards: the 9 remaining hearts, the 3
nonheart 3s (we exclude the 3♡ here because we already included it among
the hearts), and the 3 nonheart 8s. ■

Definition 1.3.4. Two events A and B are disjoint if they have no elements
in common.

Example 1.3.12. In Example 1.3.3, where we draw one card from a standard
52-card deck and observe its suit, the two events D “ tThe card is a ♢u and
H “ tThe card is a ♡u are disjoint, since no card has more than one suit.

What Does it Mean to be Random?
Throughout our consideration of probability applied to gambling, we will

have occasion to address the notion of randomness. A formal definition of
“random” inherently includes humans:

Definition 1.3.5. A process is random if its output contains no pattern that
is detectable to human observers.

This is not as satisfying a definition as we might want, but for practical
purposes, it does a pretty good job of explaining what we mean when we
describe something as “random.” An alternate approach to randomness is this:
A process is random if every possibility or every arrangement of its components
is equally likely.

Example 1.3.13. A standard deck of playing cards is arranged in a specified
order determined by the manufacturer. One such ordering begins with all of
the hearts in order from ace up to king, followed by the ace through king of
clubs, king through ace of diamonds, and king through ace of spades. This is
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about as far from random (in the sense of Definition 1.3.5) as the deck can
get, and so it is important that a new deck be thoroughly shuffled before being
put in play.

How thorough is “thoroughly shuffled”? Seven standard riffle shuffles, ac-
cording to Dave Bayer and Persi Diaconis—provided that the shuffles are
“imperfect” [63]. Perfect shuffles are those where the deck is divided exactly
into two 26-card halves and the cards from each half are perfectly alternated
when interlaced. These have the curious property that if the top card of the
original deck remains on top throughout the process, eight perfect shuffles
return the deck to its original non-random state [133].

Bayer and Diaconis showed that fewer than seven shuffles were not suf-
ficient to randomize the deck, and that more than seven didn’t improve the
randomness significantly. ■

By contrast, the street game of Three-Card Monte is anything but random.
The setup is simple enough: a dealer flips three face-down playing cards, two
red and one black, back and forth rapidly, and challenges the player to choose
the black card. The machinations used by the dealer to mix the cards can be
incredibly intricate.

The game could not be more simple to play: put down your money and try
to pick the right card out of three. A one-in-three chance of winning is better
than you get from many traditional casino games or lotteries, and if you can
get just a little bit lucky, or find some kind of telltale pattern in the dealer’s
routine, Three-Card Monte might seem like a reasonable gamble.

It’s not.
The dealer has complete control over the placement of the cards, and a

skilled Three-Card Monte dealer, or grifter, will know where the odd card is at
all times, and will control the game environment so that every outside gambler
loses. Indeed, any player you see win at Three-Card Monte is a shill—someone
who is working in league with the dealer to take all the players’ money and
has been tipped off to the location of the black card by the dealer’s words
or actions. A thorough discussion of the methods used by Three-Card Monte
grifters may be found in [143].

In a modern casino, the slot machines and video poker machines are con-
trolled by computer chips that generate thousands of numbers every second.
Those numbers are determined by a proprietary algorithm that we could, in
theory, exploit to predict the exact outcome of each spin of the (real or sim-
ulated) reels. Since an algorithm generates these numbers, they are properly
termed pseudorandom numbers: not strictly random in a technical sense, but
random enough for their intended use.

Example 1.3.14. The TI-58C calculator manufactured by Texas Instruments
in the 1970s included a random number generator that used the following
algorithm to generate a list of pseudorandom numbers [77, p. 54]:

1. Enter an initial number x0 in the range 0 ď x0 ď 199, 017.
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2. Define
xn`1 “ p24, 298 ¨ xn ` 99, 991q mod 199, 017,

where “mod 199,017” denotes the remainder when 24, 298 ¨ xn ` 99, 991
is divided by 199,017.

3. Scale xn`1 as necessary to produce a random integer in a desired range.
If the range is from 1 to B, the equation

yn`1 “ pxn`1 mod Bq ` 1

will produce an integer in that interval.

Step 2 of this algorithm will generate a list of integers in the range 0–
199,016. If we begin with x0 “ 1146, for example, we get the sequence

x1 “ 83, 119, x2 “ 100, 937, x3 “ 180, 726, x4 “ 70, 234, x5 “ 74, 948.

If we then scale these integers to the range 1–6, to represent rolls of a standard
die, we would get 2, 6, 1, 5, and 3. ■

Some attempts to cheat casinos at keno or video poker have relied on
insider knowledge of these algorithms. In practice, however, doing so from
the outside is so difficult that the machines are “random enough” for their
intended purpose. It may well be the case that the numbers generated by the
computer chip repeat with a period of 32 million, but it is equally the case
that no person can hope to take advantage of this repetition. Contemporary
slot machines generate numbers at a rapid rate even when they’re not being
played; it is only the pull of a lever or the push of a button that translates the
generated number into a sequence of symbols and generates the corresponding
payoff. Changing the time of the triggering event by as little as one millisecond
will result in a different outcome—this is too fast for humans to exploit.

As computing power has increased, better pseudorandom number gener-
ators have been developed. The popular programming language Python uses
an algorithm called the Mersenne Twister to generate acceptably random
numbers. This algorithm is somewhat more complicated than simple modular
arithmetic, but faster computers have made it possible to use more secure
computational methods while still getting acceptably fast output. The twister
generates numbers that run from 0 to 232 ´ 1 “ 4, 294, 967, 295, with a period
of 219.937 ´ 1 « 106002 [101].

1.4 Axioms of Probability
In any formal mathematical system, it is necessary to specify certain state-

ments, called axioms or postulates, which are assumed to be true without the
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need for proof. We may think of our axioms as the foundation on which our
mathematical system is constructed, with each theorem resting atop results
that are required in its proof, whether axioms or previously proved theorems.
Ideally, these statements should be small in number; if there are too many ax-
ioms, proofs tend to be trivial—too many theorems are true by assumption.
However, too few axioms can make early proofs difficult to construct since
there is not much previous material to use in a proof. Additionally, axioms
should be results that are “obvious” to reasonable observers.

Euclidean geometry was the first mathematical system founded on this
axiomatic method. In Euclid’s original formulation, five “common notions”—
statements such as “If a “ b and a “ c, then b “ c,” assumed to be true
throughout all of mathematics—were joined by five postulates of a more
specifically geometric nature to form the logical foundation from which all
other geometric results followed. The fifth postulate (“If two lines are cut by a
transversal in such a way that the interior angles on one side of the transversal
add up to less than two right angles, then the lines intersect on that side of
the transversal.”) was considerably less intuitively obvious than the first four,
and so mathematicians over the next several centuries devoted considerable
effort to trying to prove it from the other axioms, without success. This was
resolved in the 19th century with the development of non-Euclidean geome-
try, where the fifth postulate is replaced by another axiom that leads to other
geometries.

The following three axioms, which were precisely formulated in 1933 by
the Russian mathematician Andrei Kolmogorov, will form the foundation of
our work in probability [144].

Axiom 1. Given a sample space S, it is possible to assign to each event E a
nonnegative number P pEq, called the probability of E.

If an event is certain to occur, then its probability is 1. If an event is
impossible, then its probability is 0.

Axiom 2. P pSq “ 1.

In a given experiment, something must happen.

Axiom 3. If A1, A2, . . . , An are pairwise disjoint events, then

P pA1 or A2 or . . . or Anq “ P pA1q ` P pA2q ` ¨ ¨ ¨ ` P pAnq.

In words, Axiom 3 states that the probability of any one of a set of disjoint
events is equal to the sum of the probabilities of the individual events. It should
be noted that the events under consideration must be disjoint—if they are not,
a slightly more complicated formula called the Second Addition Rule may be
used to find the probability that one or more of the events occurs. We shall
consider this rule in Chapter 2.

As an example of how these axioms can be used to construct proofs, we
shall prove a simple result called the Complement Rule.
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Definition 1.4.1. The complement of an event A is the event consisting of
all elements of the sample space that are not in A. We denote the complement
of A by AC .

Theorem 1.4.1. (The Complement Rule): For any event A,

P pACq “ 1 ´ P pAq.

Proof. Given any event A, we know that A and AC are disjoint sets which,
taken together, make up the entire sample space. It follows from Axiom 3 that

P pA or ACq “ P pAq ` P pACq.

We also have
P pA or ACq “ P pSq “ 1,

using Axiom 2. Combining these two equations gives

P pAq ` P pACq “ P pSq,

hence
P pACq “ P pSq ´ P pAq “ 1 ´ P pAq,

as desired.

We shall see that the Complement Rule frequently turns out to be useful
in simplifying probability calculations. It can, for example, be used to resolve
the Chevalier de Méré’s question that launched probability theory as a branch
of mathematics (see page 67).

A more significant result limits probabilities to the interval 0 ď P pEq ď 1.

Theorem 1.4.2. For any event E, 0 ď P pEq ď 1.

Proof. Axiom 1 tells us that probabilities are nonnegative, so P pEq ě 0 and
half of our conclusion is established.

We note that E and EC , taken together, make up the sample space S, and
furthermore that E and EC are disjoint. By Axiom 3,

P pE or ECq “ P pEq ` P pECq

and by Axiom 2,
P pE or ECq “ P pSq “ 1.

Combining these two equations gives

P pEq ` P pECq “ 1.

If P pEq ą 1, it follows that P pECq “ 1´P pEq ă 0, an impossibility. This con-
tradiction establishes the other half of our conclusion: P pEq ď 1, completing
the proof.
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We could have chosen to use Theorem 1.4.2 in place of or in addition
to Axiom 1, but since we can prove the former using the latter, and since
Axiom 1 is simpler, it is the preferred choice as an axiom. It is a worthy goal,
in constructing an axiomatic system, not to include anything in an axiom
that can be proved from the other axioms—we say then that our axioms are
independent of each other.

To progress further, we need to develop procedures for assigning probabil-
ities to events. We define P pAq as a ratio of the size of A to the size of the
sample space S:

Definition 1.4.2. Let S be a finite sample space in which all of the outcomes
are equally likely, and suppose A is an event within S. The probability of the
event A is

P pAq “ Number of elements in A

Number of elements in S “ #pAq
#pSq .

For convenience, we state this as a definition, although it is possible to
prove this formula from Kolmogorov’s axioms.

Theorem 1.4.3. If the event B is contained in the event A, which is written
B Ă A, then P pBq ď P pAq.

Proof. If B Ă A, then every element of B is also an element of A, but not
necessarily vice versa: that is, A contains at least as many elements as B.
Accordingly:

#pBq ď #pAq.

Dividing by #pSq gives
#B

#pSq ď #A

#pSq ,

or
P pBq ď P pAq,

as desired.

There are several ways by which we might determine the value of P pAq in
practice. These methods vary in their mathematical complexity as well as in
their level of precision. Each of them corresponds to a question we might ask
or try to answer about a given probabilistic situation.

1. Theoretical Probability
If we are asking the question “What’s supposed to happen?” and relying
on pure mathematical reasoning rather than on accumulated data, then
we are computing the theoretical probability of an event.

Example 1.4.1. Consider the experiment of tossing a fair coin. Since
there are two possible outcomes, heads and tails, we can compute the
theoretical probability of heads as 1/2. ■
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Example 1.4.2. If we roll 2d6, what is the probability of getting a sum
of 7?
An incorrect approach to this problem is to note that the sample space
is S “ t2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12u, and since one of those 11 outcomes
is 7, the probability must be 1

11 . This fails to take into account the fact
that some rolls occur more frequently than others—for example, while
there is only one way to roll a 2, there are 6 ways to roll a 7: 1-6, 2-5,
3-4, 4-3, 5-1, and 6-1. It may be useful to think of the dice as being
different colors, so that is a different roll from , even though
the numbers showing are the same. Table 1.1 shows all of the possible
sums.

TABLE 1.1: Sample space of outcomes when rolling 2d6

+
2 3 4 5 6 7
3 4 5 6 7 8
4 5 6 7 8 9
5 6 7 8 9 10
6 7 8 9 10 11
7 8 9 10 11 12

Counting up all of the possibilities shows that there are 6 ¨ 6 “ 36 ways
for two dice to land. Since six of those yield a sum of 7, the correct
answer is P p7q “ 6

36 “ 1
6 . ■

2. Experimental Probability
When our probability calculations are based on actual experimental re-
sults, the resulting value is the experimental probability of A. Here, we
are answering the question “What really did happen?”

Example 1.4.3. Suppose that you toss a coin 100 times and that the
result of this experiment is 48 heads and 52 tails. The experimental prob-
ability of heads in this experiment is 48{100 “ .48, and the experimental
probability of tails is 52{100 “ .52. ■

This experimental probability is different from the theoretical probabil-
ity of getting heads on a single toss, which is ½. This is not unusual.
One area of gambling where experimental probability is especially preva-
lent is blackjack. As we will see in Chapter 5, the mathematics of black-
jack can be fairly complicated, owing to the wide variety of rules that are
used in various casinos and the dependence of each hand on the hands
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previously dealt. Many blackjack probabilities have been computed only
through computer simulation of millions of hands under specified game
conditions.

3. Subjective Probability
Sometimes our probability calculations are intended to answer the ques-
tion “What happened in the past?” and use the answer to that question
to predict the likelihood of a future event. A probability so calculated
is called the subjective probability of A. The question we’re trying to
answer here is about an event that has not yet happened, instead of one
that has already occurred and for which we have generated data—in
this way, subjective probability can be distinguished from experimental
probability.

Example 1.4.4. Perhaps the best example of subjective probability is
weather forecasting. It’s simply not possible to measure such parameters
as temperature, humidity, barometric pressure, and wind speed and di-
rection, plug those numbers into a (possibly) complicated formula, and
have a computer generate accurate long-range weather forecasts. The
inherent instability of the equations that govern weather means that
small differences in the input values can lead to large differences in the
predicted weather. Accordingly, there will always be some uncertainty
in weather predictions. ■

Comedian George Wallace described the imprecision of weather fore-
casting in the following way:

[The weatherman] has the only job in the world where he’s
never right and they say “Come back tomorrow.”...If you go
to school, and the teacher asks you “How much is 3+4?” you
can’t go “Nearly 7, with a 20% chance of being 8, and maybe
9 in the low-lying areas.”

As subjective probability is, by its very nature, less mathematically pre-
cise than the other two types, we shall not consider it any further here.

The connection between theoretical and experimental probability is de-
scribed in a mathematical result called the Law of Large Numbers, or LLN for
short.

Theorem 1.4.4. (Law of Large Numbers) Suppose an event has theo-
retical probability p. If x is the number of times that the event occurs in a
sequence of n trials, then as the number of trials n increases, the experimental
probability x

n
approaches p.

Informally, the LLN states that, in the long run, things happen in an
experiment the way that theory says that they do. What is meant by “in
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the long run” is not a fixed number of trials, but will vary depending on the
experiment. For some experiments, n “ 500 may be a large number, but for
others—particularly if the probability of success or failure is small—it may
take far more trials before the experimental probabilities get acceptably close
to the theoretical probabilities.
Example 1.4.5. While it is possible to load a die so that the sides are not
equally likely (see Example 3.1.6 for one way), it is not possible to load a coin in
that way—no matter what sort of modifications are made, short of putting the
same face on both sides of a coin, the probability of heads and the probability
of tails will always equal ½ when the coin is tossed [38]. Nonetheless, it is
customary when talking about tossing a coin to specify that the coin is “fair,”
and we shall do so here.

Consider the experiment of repeatedly flipping a fair coin, where the the-
oretical probability of heads is ½. We don’t expect that every other toss will
yield heads, but we do expect that the coin will land heads up approximately
half the time. Table 1.2 contains data, and the corresponding experimental
probabilities, from a computer simulation of a fair coin.

TABLE 1.2: Coin tossing and the Law of Large Numbers

# of tosses, n # of Heads, x P pHeadsq, x
n

P pHeadsq ´ 1
2

10 3 .30 -.20
100 48 .48 -.02
1000 518 .518 .018

10,000 5044 .5044 .0044
100,000 50,039 .50039 .00039

1,000,000 499,740 .499740 -.000260
10,000,000 4,999,909 .4999909 -.0000091

While the number of heads tossed (column 2) is not exactly half, we observe
that, as the number of trials increases, the proportion of tosses landing heads
(column 3) gets closer to ½, and the value in the fourth column approaches
0, as the LLN suggests. ■

1.5 Elementary Counting Arguments
Whether we are computing theoretical or experimental probabilities, we

will find ourselves counting things. For simple games, it is not always necessary
to invoke complicated formulas; all we need to do is be careful to make sure
that every element in the set at issue is counted once and no element is counted
more than once.
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Example 1.5.1. A game occasionally seen in carnivals, and also present for
a time on a carnival midway at the Excalibur Casino in Las Vegas, has a
barker, or carnival employee, offering to guess your birth month. The barker
is considered correct if his or her guess is within two months of your actual
birthday, so if you were born in August, the barker wins on a guess of June,
July, August, September, or October. You win a prize if the barker’s guess is
any other month. The barker typically writes down a guess before asking for
your birthday, thus eliminating any opportunity for either side to profit by
lying.

No matter when you were born, there are five months that, if chosen by
the barker, result in a loss for you, and seven on which you win. It follows
immediately that your probability of winning is 7

12 , and your probability of

losing is 5
12 . ■

While the barker can guess any month at random without affecting these
probabilities, a smart strategy for the barker would look at the number of days
covered by a prediction rather than the number of months, which is fixed at
five. Assuming that all 365 birthdays (omitting February 29) are equally likely,
the barker should choose a month to avoid catching February. A guess of any
month from May through November covers three months with 31 days and
two with 30, a total of 153 days. This is more days than can be covered by
guessing any of the other five months, and so a barker should pick from those
months exclusively. Of course, this strategy leaves the carnival open to an
attack by hordes of people with February birthdays, as none of these seven
months cover February in their five-month intervals.

The Big Six Wheel
The Big Six wheel is a large wheel (typically six feet or more in diameter;

the wheel at Bob Stupak’s Vegas World in the 1980s measured 30 feet across)
divided into 54 sectors. Each sector bears some kind of symbol, classically
a piece of currency or casino logo. Figure 1.2 shows a wheel from the Silver
Legacy Casino in Reno, Nevada. These wheels are frequently placed near the
perimeter of the casino floor in full view of an entrance, as if to beckon a
prospective gambler with the lure of a fun and simple game.

Fun? If you’re winning, probably. Every game is fun when you’re winning.
Simple? Yes. Players bet on one of the wheel’s symbols. The wheel is spun,
and if the symbol at the top of the wheel, indicated by an arrow or a leather
strip called a clapper, matches the one the player bets on, the bet wins.

The Big Six wheel draws its name from the number of different payoffs
that are possible when it’s spun. A classic Big Six wheel is divided into 54
sectors, and the following symbols appear in the quantities listed in Table 1.3.
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FIGURE 1.2: Big Six Wheel at the Silver Legacy Casino, Reno, NV [95].

TABLE 1.3: Big Six Wheel: Symbol frequencies

Symbol Count
$1 24
$2 15
$5 7
$10 4
$20 2

Logo A 1
Logo B 1

In Figure 1.2, Logo A is the “Joker” space and Logo B is labeled “Silver
Legacy”. At the Venetian Casino in Las Vegas, the two logos on the wheel
were a joker and an American flag. Down the Strip at the Cosmopolitan, the
logo slots were labeled “Art” and “Music.”

Calculating probabilities on the Big Six wheel is a simple matter of count-
ing the sectors containing the symbol on which you have bet and dividing by
54. Accordingly, we have the probabilities listed in Table 1.4.
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TABLE 1.4: Big Six Wheel probabilities

Symbol Probability
$1 24{54
$2 15{54
$5 7{54
$10 4{54
$20 2{54

Logo A 1{54
Logo B 1{54

Roulette
My lucky number is 4 billion. That doesn’t come in real handy

when you’re gambling.

—Mitch Hedberg, Strategic Grill Locations

In the game of roulette, a small ball is spun on a rotating wheel and comes
to rest in a numbered pocket on the wheel. European roulette uses a wheel
divided into 37 pockets, numbered 1 to 36 and 0. The 0 is colored green, and
the remaining 36 slots are split evenly between red and black. In American
roulette, a 38th pocket, colored green and numbered 00, is added—see Figure
1.3.

FIGURE 1.3: American roulette wheel [29].

Players select numbers from the wheel and are paid if the ball lands in a
pocket bearing one of their numbers. A variety of bets, at a range of payoffs,
is available to players—see Figure 1.4 for an illustration of the betting layout.

Table 1.5 lists the standard bets and their corresponding payoffs. Wagers
made on the grid of numbers, covering 6 or fewer numbers, are called inside
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FIGURE 1.4: American roulette layout [28].

bets, while bets on 12 or more numbers, placed at the edges of the layout, are
known as outside bets.

TABLE 1.5: Roulette bets and payoffs

Bet # of numbers Payoff
Straight 1 35 to 1

Split 2 17 to 1
Street 3 11 to 1

Corner 4 8 to 1
Basket 5 6 to 1

Double street 6 5 to 1
Dozen 12 2 to 1

Even-money 18 1 to 1
Double column 24 ½ to 1

• Straight bets cover a single number.
• Split bets are made on two adjacent numbers on the layout by placing

a chip on their common line segment. Except for 0 and 2, numbers that
are adjacent on the layout are not adjacent on the wheel.

• A street bet is made on a row of three consecutive numbers, for example
28, 29, and 30, by laying that chip at the edge of the row.
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• Corner bets may be made on any block of 4 numbers forming a 2 ˆ 2
square, by placing the chip at the center of that block.

• The basket bet is available only on American roulette wheels and can
only be made on the five-number combination 0, 00, 1, 2, and 3. A player
makes this bet by putting chips down at the edge of that block of five
numbers, either at the corner where 0 and 1 meet or the corner where
00 meets 3.

• Double street bets cover 6 numbers, 2 adjacent rows, and are made by
placing chips on the edge of the grid of numbers where two numbers
meet, as where 24 and 27 come together. This double street bet would
cover the numbers 22 through 27.

• A dozen bet may be made on the numbers from 1 to 12, 13 to 24, or 25
to 36, or on any of the three columns on the betting layout.

• An even-money bet may be made on odd, even, red, black, low (1–18),
or high (19–36) numbers. Every even-money bet covers exactly 18 of the
38 numbers; 0 and 00 are neither even nor low.

• Double column bets, which are not offered at many casinos, cover two
adjacent columns of 12 numbers each.

As a convenient shortcut, it should be noted that, except for the basket
bet, the payoff for a bet on n numbers is 36 ´ n

n
to 1. A winning player’s

initial bet is returned with the payoff.
The probability of winning a roulette bet is easy to compute:

P pWinq “ # of numbers covered by the bet
# of numbers on the wheel .

In European roulette, the denominator is 37; in American roulette, it is
38. This formula produces the probabilities recorded in Table 1.6.

We can easily see that European roulette gives slightly higher probabilities
of winning the same bet, so if you have a choice between European and Amer-
ican roulette, pick European. It’s better for the player, though as we shall see,
both games still favor the casino. Casinos which offer both American and Eu-
ropean roulette tables frequently extract a price from gamblers in the form of
higher bet minimums at European tables, which require players to risk more
money if they want a game with a better chance of winning.

In 2016, the Venetian Casino in Las Vegas introduced Sands Roulette. This
game added a 39th pocket to an American roulette wheel, which was colored
green and bore an “S” for Sands, the parent company of the Venetian. The S
space acts like a third zero for betting and payoff purposes. It is represented
on the layout by a rectangle above the 0 and 00 spaces, so it also belongs to
no column. Basket bets are available on this layout.

The following year, 000 spaces appeared on some roulette wheels along the
Strip, at New York–New York and Planet Hollywood, and the Luxor added a



Fundamental Ideas 21

TABLE 1.6: Roulette probabilities

P(Win)
Bet European American

Straight 1{37 1{38
Split 2{37 2{38

Street 3{37 3{38
Corner 4{37 4{38
Basket — 5{38

Double street 6{37 6{38
Dozen 12{37 12{38

Even-money 18{37 18{38
Double column 24{37 24{38

39th pocket bearing its pyramid logo. Triple-zero roulette wheels have since
been installed at numerous Strip casinos. The payoffs remain the same: 36 ´ n

n
to 1 except for the basket bet, but the probability of winning drops [10].

California state law forbids the use of a roulette wheel or dice as the sole
determiner of the outcome of a game of chance, requiring that the outcomes
of all casino games be determined by cards. Nonetheless, casinos in San Diego
County have found a number of innovative ways to use a roulette wheel or
other gaming devices to run a game that is mathematically equivalent. At
the Barona Casino, a single-zero wheel is spun and 3 cards from a 37-card
deck, numbered 0 to 36, are dealt to the table. If the number spun is in the
range 0–12, the first card is flipped over and used as the result of the game.
Similarly, the second card is used if the wheel comes up 13–24 and the third
if the number on the wheel is 25–36.

Craps
Craps is a popular casino game played with two six-sided dice. A game

begins when the shooter rolls the two dice, which is called the come-out roll.
If the come-out roll is 7 or 11, this is an immediate win for the shooter; if 2,
3, or 12, an immediate loss.

If the come-out roll is any other number, that number becomes the point.
The shooter then continues rolling until he either rolls the point again, or rolls
a 7. All other rolls are disregarded for the purposes of resolving this main bet;
there are several other betting options that can be chosen on individual rolls.
The shooter wins if he re-rolls the point before a 7, and loses if he rolls a 7
first.

There is a large collection of wagers available to a craps bettor. Figure 1.5
depicts all of the bets available on a standard craps layout. A full-size craps
table would include a second betting field for come, pass, and field bets, placed
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symmetrically to the right of the illustration to duplicate the betting options
at the other end of the table.

FIGURE 1.5: Craps layout [60].

Example 1.5.2. We shall focus first on the Pass and Don’t Pass bets. A Pass
bet is a bet that the shooter will win, and a Don’t Pass bet is a bet that the
shooter will lose. For the Pass bet, there are six ways to roll a 7 and two ways
to roll an 11 on the come-out roll, so P pWin on the come-out rollq “ 8

36 . If a
point is established, the probability of an eventual win depends on the value
of the point. Once the point is known, the only rolls that matter are those
resulting in that number or in a 7. For example, if the point is 9, all we look at
are the four ways to roll a 9 and the six ways to roll a 7, so there are ten rolls
that will resolve the pass/don’t pass question. The probabilities of winning
with each point are shown in Table 1.7.

TABLE 1.7: Craps: Win probabilities once points are set

Point Ways to roll P(Win)
4 or 10 3 3{9
5 or 9 4 4{10
6 or 8 5 5{11

The probability of each number becoming the point is equal to the number
of ways to roll that point divided by 36, so, for example, the probability of
first establishing the number 4 as a point and then successfully making that
point is 3

36 ¨ 3
9 “ 1

36 . For the other points, we have the figures in Table 1.8.
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TABLE 1.8: Craps win probabilities

Point P(Point rolled) P(Point wins) P(Win on this point)
4 or 10 3{36 3{9 1{36
5 or 9 4{36 4{10 2{45
6 or 8 5{36 5{11 25{396

By adding up the seven probabilities so far determined, we find that the
probability of winning a pass line bet is approximately

p “ 8
36 ` 2 ¨ 1

36 ` 2 ¨ 2
45 ` 2 ¨ 25

396 “ 244
495 « .4929.

■

If there were no other rules, it would follow that the probability of winning
a Don’t Pass bet would be q “ 1 ´ p « .5071, which is greater than 50%—and
this is not in the casino’s interests, for the gambler would have an advantage.

To prevent this, most casinos have adopted a “Bar 12” rule for the come-
out roll, which means that if the shooter rolls a 12 on the come-out roll, Pass
bets lose but Don’t Pass bets push (tie) instead of winning. With this 1

36
removed, the probability of winning on a Don’t Pass bet is p “ .4792. Some
casinos bar the 2 rather than the 12; since 2 and 12 are equally likely rolls,
the probabilities are the same.

A standard craps layout also includes spaces labeled “Come” and “Don’t
Come.” These wagers act and are paid exactly like Pass and Don’t Pass, but
may be made by a bettor at any time, without waiting for the previous point
to be resolved. When a Come or Don’t Come bet is made, the next roll of the
dice functions as a come-out roll. If the bet is not resolved immediately by the
roll of a 2, 3, 7, 11, or 12, then the chips are moved to a numbered space on
the layout just above the “Come” space bearing the point rolled, where the
bet can be monitored by casino personnel until it is resolved.

If Pass/Come and Don’t Pass/Don’t Come were the only bets available
at craps, there would be a lot of downtime without much wagering, as it can
potentially take many rolls before the pass/don’t pass question is resolved. To
maintain the level of excitement and encourage additional wagering, a craps
layout has many more betting options available to players.

One class of craps wagers is one-roll bets, which are simply bets on what
the next roll of the dice will be and thus are quickly resolved.

Example 1.5.3. A very simple one-roll bet is the Eleven bet, which wins if
the next roll is an 11 and loses otherwise. There are two ways to roll an 11—6-5
and 5-6—so the probability of winning the Eleven bet is 2

36 , or 1
18 . ■
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In practice, a roll of 11 is frequently announced with a shout of “Yo!”—this
is short for “yo-leven,” which is used to distinguish “eleven” from the similar-
sounding “seven.” A longtime craps superstition holds that saying “seven”
at the table is bad luck, so avoiding anything that sounds like that number
eliminates confusion.

It should be noted that the craps layout depicted in Figure 1.5 gives the
payoff for the Eleven bet as “15 for 1,” which means that a winning bettor’s
wager is included as part of the payoff, so that the effective payoff is only 14
to 1. “15 for 1” sounds like a bigger prize than the identical payoff of “14 to
1,” which may explain this word choice.

Example 1.5.4. The multiple “C” and “E” spots located to the left of the
center betting section in Figure 1.5 stand for Crap and Eleven, and are placed
on the felt in such a way that they point at players who gather at the table.
By using these betting spots, dice dealers can more easily keep track of which
bets belong to which bettor. C and E are used for making the Craps & Eleven
one-roll bet, which combines the “Any Craps” (2, 3, or 12) bet with the Eleven
bet. Any Craps pays off at 8 for 1 if the next roll is 2, 3, or 12; these are the
numbers that lose for the Pass better on the come-out. The Eleven bet pays
off at 15 for 1 if the next roll is an 11.

In practice, a player’s C&E wager is split evenly between the C and E
spaces; if this is not possible, as for example with a $5 wager, the chip or
chips are placed between the circles, and any fractional payoff is rounded
down, in the casino’s favor.

The probability of winning the C&E bet can be calculated by adding up
the number of ways to roll a 2, 3, 11, or 12, and is simply

p “ 1 ` 2 ` 2 ` 1
36 “ 6

36 « .1667.

■

Blackjack
Blackjack is one of the most popular casino games, in part because the

gambler plays an active role in the game by his or her choices of how to play
the cards that are dealt. The goal in blackjack is to get a total closer to 21
than the dealer, without going over 21. Aces count either 1 or 11, at the
player’s discretion. Face cards count 10, and all other cards count their rank.
A full examination of blackjack may be found in Chapter 5; we examine here
some simple questions that can be answered with the mathematics we have
developed so far.

Example 1.5.5. Blackjack hands start with two cards dealt to each player.
In a blackjack game dealt from a double deck—two standard decks shuffled
together—find the probability that your first card is an ace.
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There are 8 aces in a double deck, and 104 cards in all, so

P pAceq “ 8
104 “ 1

13 .

■

Example 1.5.6. In a double-deck game, suppose that you have been dealt two
10s, for a total of 20. The dealer’s first card is an ace. What is the probability
that his second card will be a 10-count card (10, jack, queen, or king) that
brings his total to 21 and beats you?

There are 101 cards as yet unaccounted for. Each deck starts out with 16
ten-count cards, for a total of 32 at the hand’s start, and two of them are in
your hand and so cannot be drawn by the dealer. This leaves 30 in the deck,
and we have

P pDealer 21q “ 30
101 « .2970,

or slightly less than 30%. ■

Poker
Whether played around dining room tables, in college dorm rooms, or at

casino poker rooms like the one at the aptly-named Poker Palace in North Las
Vegas, Nevada (Figure 1.6), the goal in many poker games is to make the best
5-card hand, however “best” may be determined by the rules of the game.

FIGURE 1.6: The Poker Palace casino in North Las Vegas, Nevada [138].
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5-Card Poker Hands

The following 5-card hands, listed here from highest to lowest ranked, are
commonly recognized.

1. The highest-ranked 5-card poker hand is a royal flush, which consists
of the ace, king, queen, jack, and 10 of the same suit. If two players
hold royal flushes in the same hand, they split the pot—suits have no
standing in most poker games.

2. Royal flushes may also be thought of as the highest-ranking straight
flush. A straight flush includes 5 cards of consecutive ranks in the same
suit. Aces can count as high, which results in a royal flush, or low, as in
5432A♡, the lowest-ranked straight flush. In a showdown between two
straight flushes, the hand with the highest card wins. If two players have
the same cards in different suits, they split the pot.
The straight flush, or “sequence flush”, to use its original name, is the
newest widely recognized 5-card poker hand, arriving on the scene in the
late 19th century. The hand is mentioned in an 1875 book on poker [147],
but an 1876 edition of Hoyle’s Book of Games fails to mention either
straight flushes or straights among its ranking of poker hands [32].

3. Four of a kind is the third highest hand. These hands consist of all 4
cards of one rank together with an unmatched card.
Prior to the recognition of the straight flush, including the royal flush,
as a separate hand, a player holding 4 aces, or 4 kings and an ace,
knew that his hand was unbeatable and could bet accordingly. This was
thought by some gamblers and poker writers to be contrary to the spirit
of gambling [62, 91]. Even if a player holds a royal flush, there can be
a very small chance, depending on the game, that one or more other
players may also hold one, so the modern ranking of poker hands has no
unbeatable hand.

4. A full house includes 3 cards of one rank and 2 cards of another rank.
If two players hold full houses, the hand with the higher-ranked three-
of-a-kind wins the showdown, so 99922 beats 444AA. The pair makes
the hand a full house, of course, but otherwise, it adds no value [62].
Since the pair is immaterial in the rankings, full houses are sometimes
described briefly by the rank of the three-of-a-kind, such as “aces full”
for any hand of the form AAAxx.

In [92], Richard A. Proctor correctly notes that 3 aces and a pair of 3s
beats 3 aces and a pair of 2s, but if both were to occur in the same hand
of 5-card draw poker, there are larger questions to be answered than
who holds the better cards. In Texas hold’em poker, such a showdown
is possible.
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5. A flush is a hand in which all 5 cards are of the same suit, but are not
in sequence. When two or more players hold a flush, the hand with the
highest card is the winner.

6. Straights have 5 cards in sequence, but not all in the same suit. As
with straight flushes, an ace can be high or low, but straights are not
allowed to go “around the corner”, counting the ace as both high and
low, as in KA234. A “Broadway straight” is the highest possible straight:
AKQJT.

As noted above under straight flushes, straights were not always ac-
cepted as a poker hand. An 1866 work by William B. Dick made mention
of straights, or “rotations”, but while asserting that “straights are not
considered in the game”, allowed that “they are played in some localities,
and it should always be determined whether they are to be admitted at
the commencement of the game” [18]. The book did, however, go on
to support the recognition of the straight flush as the highest-ranking
hand, citing the inadvisability of an unbeatable hand.
In a poker game played with 5-card hands dealt from a standard 52-card
deck, any straight must contain either a 5 or a 10. This fact has some
implications for stud poker games where each player can see some of
their opponents’ cards.

7. Three-of-a-kind hands are made up of 3 cards of one rank and two odd
cards which match neither the three-of-a-kind nor each other.

8. Two pairs ranks next: a hand with two pairs of cards of different ranks
and a fifth card not matching either pair.
Two-pair hands are described by the rank of the higher pair, such as
“9s up”, for a pair of 9s and any lower pair. In a showdown between
2 two-pair hands, the highest pair wins. If both hands have the same
higher pair, then the hand with the higher lower pair wins, for example,
KK88T beats KK44Q. Should the hands have the same pairs, the odd
card determines the winner, so 7733A beats 77334.

9. A pair includes 2 cards of the same rank and 3 unmatched cards. Ties
between pairs are broken by looking at the highest unpaired cards in
each hand.

10. A high card hand consists of 5 unmatched cards, not in sequence, cov-
ering at least 2 suits. This is the lowest-ranked hand.

These relative hand rankings are used in any form of poker using a stan-
dard deck. If wild cards are added to the deck, as when using a 53-card deck
including a joker, some slight variations in hand frequency are introduced (see
page 190).

There are numerous variations on poker’s fundamental idea, which is to
achieve as high-ranking a hand as possible within the rules of the game at
play. In a variation called lowball, the goal is to achieve the lowest possible
hand with straights and flushes often excluded from consideration, so “high-
ranking” in a lowball game would mean “weakest” according to this list.
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Texas hold’em

Texas hold’em is a form of poker whose popularity skyrocketed in the early
2000s, in large part due to its presence on television. The game is played as
follows:

• Two cards—the hole or pocket cards—are dealt face down to each player.
This is followed by a round of betting.

• Three cards—the flop—are dealt face up to the center of the table.
These three cards and the two that follow are community cards, and
are used by all players, together with their two hole cards, to make the
best possible five-card poker hand. A second round of betting follows
the flop.

• A fourth community card—the turn—is dealt face up to the table, and
a third round of betting follows.

• The final community card—the river—is dealt to the table, completing
the hands. A final round of betting takes place, and at the end, the
player with the highest five-card poker hand, made from the community
cards and their two hole cards, remaining in the game wins the pot.

The fall of the cards at Texas hold’em suggests many probability questions,
some of which can be answered using no more than simple counting. Televised
poker, whose popularity may be traced in no small part to the development
of tiny cameras that allow home viewers to see the players’ hole cards, usually
includes the probability of each player winning the hand, which is calculated by
a brute-force computer simulation. All possible choices of the cards remaining
to be dealt are considered, and the winning hand for each arrangement is
determined. Simple counting of the number of times each player wins gives
the experimental probabilities shown on the screen.

Example 1.5.7. Suppose that your hole cards are the 4♣ and 5♠, the flop
is 6♢ 2♡ 5♢, and the turn is the 6♡. What is the probability that the river
will complete a full house?

To pull a full house, the river must be one of the two remaining 5s or the
two 6s. Since there are 4 such cards, while 46 cards remain in the deck, you
have probability 4

46 « .0870 of drawing into a full house. ■

We have carried out this calculation without concern for what cards other
players may hold and thus are unavailable to be drawn on the river. If all of
the 5s and 6s have been dealt out, then your probability of completing your
full house is 0, but if none of them is in other players’ hands, then your chances
have increased past .0870. In light of the information we have, .0870 is the
best estimate for P pFull houseq, and if we were to compute the probability for
every possible game situation, we would find that the average probability of
a full house would be .0870.
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Example 1.5.8. In the example above, what is the probability that you will
complete a straight on the river?

To fill in your straight, you need to draw a 3. Since there are four 3s as
yet unaccounted for, the probability of getting a straight is also 4

46 . ■

There is considerable literature on Texas hold’em that takes the game’s
mathematics into account. One of the best books is Introduction to Probability
with Texas Hold’Em Examples by Frederic Paik Schoenberg [106]. A good
portion of the game’s strategy is when to make a bet or fold a given hand,
and most experts would agree that the hand above should be folded before
the flop, as two low cards, even consecutive ones, of different suits comprise a
very weak starting hand.

Example 1.5.9. Find the probability that your hole cards are the same
suit—“suited,” in the game’s lingo.

The first card doesn’t matter; what we need to compute is the probability
that your second card matches its suit. Again, with no knowledge about the
other players’ holdings, there are 12 cards of your suit remaining out of 51
overall, so the probability of suited hole cards is 12

51 « .2105. ■

1.6 Exercises
Answers to starred exercises begin on page 285.

1.1.‹ A complete bet at roulette is a collection of bets that cover every possible
way, through split, street, corner, and double street bets, to make an inside
bet on a single number. The cost of a complete bet depends on the number
selected, which affects the number of some of the compound bets that are
available. For example, a complete bet on the number 23 includes a single-
number bet on 23; four split bets covering 23 with one other adjacent number;
one street bet on 22, 23, and 24; four corner bets; and two double street bets.
At $1 per bet, this wager would cost $12 altogether.

a. Assuming an American roulette wheel, find the probability of hitting a
winning number on a complete bet on 23.

b. Referring to Figure 1.4, how many separate $1 bets must be made to make
a complete bet on the number 33? Find the probability of hitting a winning
number, on an American roulette wheel, for this bet.

1.2.‹ Some casinos pay a small bonus on certain blackjack hands—for example,
a hand containing three 7s, totaling 21. In a double-deck blackjack game, find
the probability of being dealt three 7s.
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1.3.‹ Find the probability of being dealt a pair as your hole cards in Texas
hold’em.

1.4.‹ The following lyrics are from the song “Transistor Radio” by British
comedian Benny Hill:

Last night I held her little hand,
It made my poor heart sing.

It was the sweetest hand I’d held,
Four aces and a king.

Explain why the probability of being dealt four aces and a king is the same
as that of being dealt a royal flush.

1.5.‹ Considering only jacks, queens, and kings as face cards, find the highest
and lowest possible ranks for a poker hand consisting of 5 face cards.

1.6.‹ Mini-craps is a version of craps that is played on a smaller table and
frequently offers simpler betting options. One version of mini-craps removes
the four line bets: pass, don’t pass, come, and don’t come. These are replaced
with the simpler “Over 7” and “Under 7” bets, where the gambler simply
wagers on the value of the next roll of the dice. These wagers pay off at even
money. Find the probability of winning the Over 7 bet, which wins if the
subsequent roll is 8 or higher.

Spider craps
Spider craps is a game variation that uses eight-sided dice rather than six-

sided dice. It was originally proposed by Richard Epstein in 1977 and called
“sparc” [22]. The game was later developed more fully by Jacob Engel. In
order to design a game that will be attractive both to players and to casinos,
certain modifications are made that are nonetheless consistent with the rules
of the original game. The following exercises explain and explore some of the
rules of spider craps.

1.7.‹ On the come-out roll in spider craps, a Pass bet wins instantly if the
shooter rolls a 9 or a 15 and loses if the roll is a 2, 3, or 16. Find the probability
of winning a Pass bet and the probability of losing a Pass bet on the come-out
roll.

1.8. In spider craps, once a point (4–8 or 10–14) has been established on the
come-out roll, a Pass line bet wins if the shooter re-rolls that number before
rolling a 9. By mimicking the calculations leading to the table on page 23,
compute the probability of winning a Pass line bet at spider craps.

1.9.‹ If no rolls are barred on the come-out roll, then a Don’t Pass bet at
spider craps will have a probability of winning that exceeds .5. Show that
barring only the 16 (analogous to standard craps), or the 2 and 16 together,
still results in a bet with an advantage for the player.
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1.10. Show that if both 2 and 3 are barred on the come-out roll, then the
spider craps Don’t Pass bet has a probability of winning that is under 50%.
This is the rule in force in spider craps.
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Chapter 2
Combinatorics and Probability

Combinatorics is the branch of mathematics that studies counting tech-
niques. In many applications of Definition 1.4.2, P pAq “ #pAq

#pSq , the sheer
number of elements comprising an event or the sample space is far too large
to be counted one by one. When computing probabilities, we seldom have
need to consider each of these simple events individually; we are usually only
interested in how many there are. This chapter will identify some common
counting challenges that arise in gambling mathematics and suggest several
techniques to compute the numbers required in an efficient way.

2.1 Advanced Counting Arguments
Fundamental Counting Principle

Frequently in gambling mathematics, we find ourselves considering the
number of ways in which several events can happen in sequence. If we know
the number of ways that each individual event can happen, elementary com-
binatorics tells us that simple multiplication can be used to find the answer.
Theorem 2.1.1. (The Fundamental Counting Principle) If there are
n independent tasks to be performed, such that task T1 can be performed in
m1 ways, task T2 can be performed in m2 ways, and so on, then the number
of ways in which all n tasks can be performed successively is

N “ m1 ¨ m2 ¨ . . . ¨ mn.

That the FCP is a reasonable result can be easily seen by testing out some
examples with small numbers and listing all possibilities—for example, when
rolling 2d6, one red and one green, each die is independent of the other and
can land in any of six ways. By the FCP, there are 6 ¨ 6 “ 36 ways for the two
dice to fall, and this may be confirmed by writing out all of the possibilities.

As an example of how the Fundamental Counting Principle is used, we
can show that the number of possible events associated with a probability
experiment is exponentially greater than the number of elements. Specifically,
we have the following result.
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Theorem 2.1.2. If #pSq “ n, then there are 2n events that may be chosen
from S.

Another way to state Theorem 2.1.2 is to say that a set with n elements
has 2n subsets. For example, if we toss a coin, we have S “ tH, T u. Since
we have #pSq “ 2, we expect 22 “ 4 events. The complete list of events
contained within S is H, tHu, tT u, tH, T u, where H denotes the empty set:
an event containing no elements. This list indeed numbers 4.

Proof. Let A be an event within the sample space S. For every element x in
S, either x is part of A or x is not part of A. That is, there are 2 possibilities
for each element: “Yes, it is in A” or “No, it is not in A.” Every arrangement
of the n possible yes and no answers corresponds to a different subset of S,
and thus to a different event. For example, choosing “no” for every element
gives the empty event, and at the other extreme, choosing “yes” each time
gives S itself.

There are n choices to be made, and two options for each of the n choices.
Therefore, by the Fundamental Counting Principle, there are

2 ¨ 2 ¨ . . . ¨ 2
looooomooooon

n terms

“ 2n

possible events.

Example 2.1.1. If we consider the experiment of drawing a card from a
standard deck, then #pSq “ 52, and there are 252 “ 4, 503, 599, 627, 370, 496
different events we could consider. Most of these are of limited mathematical
interest—for example, the event “Draw any card except the 3♣ or 7♡,” with
50 elements, comes up only very rarely.

On the other hand, an event such as “Draw any face card or 10,” which
has 16 elements, has considerable importance when you’ve been dealt an ace
as your first card in a hand of blackjack. ■

Old-style mechanical three-reel slot machines often had 20 symbols per
reel. When the handle was pulled, each of the reels would spin independently
before stopping with one symbol on the central payline. By the Fundamental
Counting Principle, there are N “ 20 ¨ 20 ¨ 20 “ 8000 different arrangements
of three symbols.

Modern computerized slot machines are considerably more intricate. On a
three-reel or five-reel electromechanical slot machine, the position of each reel
after the handle is pulled (or the spin reels button is pressed) is determined
by a randomly generated number, and the number of symbols on the reels
need not bear any direct relationship to the total number of possible random
numbers. Some reel configurations, such as a blank on all three reels, may
correspond to hundreds of random numbers.

On a video slot machine, the screen displays simulated reels, and the com-
puter can process winning and losing combinations on dozens, even hundreds,
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of paylines that criss-cross the screen connecting symbols. As with comput-
erized reel slots, a generated random number determines the arrangement of
symbols on the virtual reels.

Example 2.1.2. The Carnival of Mystery video slot machine, manufactured
by International Game Technology, uses a five-reel screen with three symbols
displayed on each reel. The game can be played with any symbol on each reel
combining with any symbol on each other reel to form a payline. A payline
is built by choosing one displayed symbol from the three on each reel, and so
the total number of paylines is 35 “ 243. On a penny machine, all 243 lines
can be played for one wager of 25¢. ■

A special case of the Fundamental Counting Principle arises when we con-
sider the number of ways to arrange a set of n elements, with no repetition
allowed, in different orders. The first element may be chosen in n ways, the
second in n ´ 1, and so on, down to the last item, which may be chosen
in only one way. The total number of orders for a set of n elements is thus
n ¨ pn´1q ¨ pn´2q ¨ . . . ¨3 ¨2 ¨1. This number is given a special name, n factorial.

Definition 2.1.1. If n is a positive integer, the factorial of n, denoted n!, is
the product of all of the positive integers up to and including n:

n! “ 1 ¨ 2 ¨ 3 ¨ . . . ¨ pn ´ 1q ¨ n.

0! “ 1, by definition.

It is an immediate consequence of the definition that n! “ n ¨ pn ´ 1q!.
Factorials get very big very fast. 4! “ 24, but then 5! “ 120 and 6! “ 720.
10! is greater than 1 million, and 52!, which is the number of different ways
to arrange a standard deck of cards, is approximately 8.066 ˆ 1067. In the
1970s and 1980s, the largest factorial that could be computed on a standard
scientific calculator was 69! « 1.711ˆ1098, a limit well-known to many people
whose interest in mathematics was generated in part by playing with early
calculators.

Factorials may be computed on the Texas Instruments TI-84+ calculator
by following these steps:

• Enter n.

• Press MATH to bring up the Math menu.

• Scroll to the right to PRB. This brings up the Probability submenu.

• Select option 4: ! and press ENTER .

• Press ENTER again.
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Where Order Matters: Permutations
Definition 2.1.2. A permutation of r items from a set of n items is a selection
of r items chosen so that the order matters.

For example, ABC is a different choice of three alphabet letters than CBA.
It should be noted that “order” may appear in several forms. One way to
determine whether or not order matters in making a selection is to ask if
different elements of the selection are being treated differently once they are
chosen.

Example 2.1.3. Suppose that a baseball team includes 15 players, each of
whom can play any of the 9 positions. If we select nine players to start a
game, the assignment of players to positions is a different treatment of the
individual players. It would be correct to conclude that the order of selection
matters—the same subset of nine players can be assigned to the nine positions
in many ways. ■

We are usually not as interested in a list of all of the permutations of a set
as in how many permutations there are. The following theorem allows easy
calculation of that number, which is denoted nPr.

Theorem 2.1.3. The number of permutations of r items chosen from a set
of n items is

nPr “ n!
pn ´ rq! .

Proof. There are n ways to select the first item. Once an item is chosen, it
cannot be chosen again, so the second item may be chosen in n ´ 1 ways.
There are then n ´ 2 items remaining for the third choice, and so on. By the
Fundamental Counting Principle, we have

nPr “ n ¨ pn ´ 1q ¨ . . . ¨ pn ´ r ` 1q.

Multiplying the right-hand expression by 1 “ pn ´ rq!{pn ´ rq! gives

nPr “ n ¨ pn ´ 1q ¨ . . . ¨ pn ´ r ` 1q ¨ pn ´ rq!
pn ´ rq!

“ n ¨ . . . ¨ pn ´ r ` 1q ¨ pn ´ rq ¨ . . . ¨ 3 ¨ 2 ¨ 1
pn ´ rq!

“ n!
pn ´ rq! .

The number nPr can be calculated easily on a TI-84+ calculator as follows:

• Enter n.
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• Press MATH to bring up the Math menu.

• Scroll to the right to PRB. This brings up the Probability submenu.

• Select option 2: nPr and press ENTER .

• Enter r and press ENTER .

Horse racing

There are very few casino games where the order of events matters and
permutations must be counted. One place where order is important when
gambling is in horse racing. The trifecta wager requires a gambler to pick the
first three horses to finish a race, in order. It’s not enough simply to pick
the right three horses, it’s also necessary to identify which horse wins, which
horse comes in second (or places), and which is third (the show horse). This,
of course, requires considerable skill—or luck.

Example 2.1.4. In recent years, the Kentucky Derby, the first race in thor-
oughbred racing’s Triple Crown, has been restricted to 20 horses, determined
originally by lifetime winnings and beginning in 2013 by a point system tak-
ing the results of preliminary races into account. If you pick your trifecta
ticket at random, what is the probability of choosing the winning three horses
correctly?

There are
20P3 “ 20 ¨ 19 ¨ 18 “ 6840

different ways to choose the top three horses, so your chance of winning with
a single ticket is 1

6840 . ■

Note that the calculation of this probability assumes that all possible top-
three outcomes are equally likely, which may not be appropriate to every race.
If one horse in the field is very heavily favored (see Example 2.2.3 for one such
race), then it may be wise to slot that horse into the winner’s spot and consider
only the place and show positions for your wager. It may be more sensible,
from a purely mathematical perspective, to consider any choice of horses for
those two slots as equally likely.

If the trifecta wager seems too risky for your tastes, the exacta bet, which
requires only that you pick the top two horses in order, may be more suitable.
In the example above, with 20 horses starting, the chance of picking the top
two finishers in order correctly is

1
20P2

“ 1
380 .

Going in the other direction, some racetracks offer a superfecta wager, which
pays off if you correctly pick the top four finishers. There are

20P4 “ 20 ¨ 19 ¨ 18 ¨ 17 “ 116, 280
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different ways to arrange 4 horses out of 20 in order, so your chance of winning
on a single superfecta ticket is 1

116, 280 . It follows that winning superfecta
tickets are rather rare and thus are likely to pay off handsomely if the field is
relatively large.

How handsomely do winning superfecta tickets pay off? Racetracks use a
method called pari-mutuel wagering, where the money bet on a given proposi-
tion is pooled. As more and more races are run without a winning superfecta
wager, the pool accumulates money. The racetrack retains a portion of the
wagers, which can run as high as 20%, and the remainder is equally divided
among everyone holding a winning ticket. In managing bets this way, the track
assures that its profit is taken off the top before any payoffs are made. Similar
separate pools are established for other bets, such as trifecta and exacta bets.
The accumulated pool is divided among the winning bettors, so the odds you
take when you bet may not be the odds at which you are paid; a winning
ticket is paid in accordance with the odds in force at the time that betting for
the race ends.

Example 2.1.5. In the 2022 Kentucky Derby, a winning $1 superfecta ticket
paid out $321,500.10 [102]. If you wanted to cover every possible permutation
of 4 horses from 20, how much money would you have to invest?

At $1 per ticket, your total ticket cost would be $116,280—which is less
than the payoff, so this would be a profitable bet provided that no one else
chose the same 4 horses in the same order. ■

The challenge to the expert horse bettor is to find information about the
horses in the race that suggests that certain outcomes are more or less likely
than others—perhaps the favored horse has a history of performing well only
in rainy weather, and the forecast for the race is dry. This information can
then be used to make bets that are thought to have a better-than-random
chance of winning.

Example 2.1.6. If you can safely identify which horse will win, one way to
wager is to make a wheel bet on the exacta. A wheel combines one horse to
win with every one of the other horses to place, and so is guaranteed to win
provided that you chose the winner correctly. In a 20-horse race, a wheeled
exacta bet is the equivalent of 19 different tickets; a wheeled trifecta bet covers
19P2 “ 342 different tickets. ■

Where Order Doesn’t Matter: Combinations
Most of the time when gambling, we are not so concerned about the order

of events, as when a hand of cards is dealt or a set of lottery numbers is
drawn. For counting these arrangements, we are interested in combinations
rather than permutations.
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Definition 2.1.3. A combination of r items from a set of n items is a subset
of r items chosen without regard to order. The number of such combinations
is denoted

ˆ

n

r

˙

, pronounced “n choose r”. An alternate notation is nCr.

Here, ABC and CBA are interchangeable combinations, as they are subsets
of the alphabet consisting of the same three letters. The different order is not
a concern here. If the elements of a selected subset are receiving the same
treatment once selected, then the choice is a combination, not a permutation.

Example 2.1.7. The American Song Contest, a competition aired on NBC
television in 2022, is a musical competition with 56 participants: one from each
US state and inhabited territory. If we pick the top four finishers in order, that
would be a permutation, since there is a significant difference between finishing
first and finishing fourth. If we simply select four of the contestants to appear
at a press conference, then it does not matter which singer is selected first,
second, third, or fourth—this is a combination. ■

Theorem 2.1.4. The number of combinations of r items chosen from a set
of n items is

ˆ

n

r

˙

“ n!
pn ´ rq! ¨ r! “ nPr

r! .

Proof. We begin with the formula for the number of permutations:

nPr “ n!
pn ´ rq! .

Since we are looking for combinations, two permutations that differ only in
the order of the elements are identical to us. Any combination of r elements
from a set of n can be rearranged into r! different orders, by the Fundamental
Counting Principle. We then have

ˆ

n

r

˙

“ nPr

r!

“ n!
pn ´ rq! ¨ r! ,

as desired.
ˆ

n

r

˙

can be calculated on a TI-84+ calculator by following the steps on
page 36 for nPr but replacing 2: nPr by 3: nCr.

The following theorem collects several simple facts about combinations.

Theorem 2.1.5. For all n ě 0:

1.
ˆ

n

0

˙

“
ˆ

n

n

˙

“ 1, and
ˆ

n

1

˙

“ n.
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2. For all k, 0 ď k ď n,
ˆ

n

k

˙

“
ˆ

n

n ´ k

˙

.

3.
ˆ

n

0

˙

`
ˆ

n

1

˙

`
ˆ

n

2

˙

` ¨ ¨ ¨ `
ˆ

n

n

˙

“ 2n.

The left-hand side of this equation can be written more concisely as
n

ÿ

r“0

ˆ

n

r

˙

,

where Σ is the capital Greek letter sigma. Sigma corresponds to the letter S
and is used here to stand for “sum.” The new variable r is an index that keeps
track of the terms being added.

Proof. 1. Given a set of n elements, there is only one way to select none
of them—that is, there is only one way to do nothing, so

ˆ

n

0

˙

“ 1.
Similarly, since the order does not matter, there is only one way to
choose all of the items:

ˆ

n

n

˙

“ 1.

If we are choosing only one item, we may select any element from among
the n, and there are thus n choices possible.

2. We note that every selection of k items from a set of n partitions the
set into two disjoint subsets: one of size k and the other of size n ´ k,
and so choosing k items to take is equivalent to choosing n ´ k items to
leave behind. The conclusion follows immediately.
Alternately, direct application of the formula for combinations gives the
following:
ˆ

n

k

˙

“ n!
pn ´ kq! ¨ k! “ n!

k! ¨ pn ´ kq! “ n!
rn ´ pn ´ kqs! ¨ pn ´ kq! “

ˆ

n

n ´ k

˙

.

3. If we think of a combination of r items from a set A with #pAq “ n as
choosing a subset of A with r elements, then the left side of this equation
is simply the total number of subsets of A of all sizes.
From Theorem 2.1.2, we know that the number of subsets of a set with
n elements is 2n. Since we have counted the set of all subsets of A in
two different ways, those two expressions must be the same, completing
the proof.



Combinatorics and Probability 41

Horse racing

While exacta, trifecta, and superfecta wagers in horse racing require a
gambler to pick the first two, three, or four finishers in order, another wagering
option is a box bet. Boxing a bet gives the bettor all possible permutations
of the selected horses, and thus eliminates the need to pick the exact order
correctly. A boxed wager comes with either an increased price or a decreased
payoff.

Example 2.1.8. For a 20-horse race, what is the probability of winning a
superfecta box wager?

You must select four horses, but the order in which they finish does not
matter, which means that your ticket will cover all 4P4 “ 24 permutations.
Your probability of winning is

4P4

20P4
“ 1

ˆ

20
4

˙ “ 1
4845 « 2.0640 ˆ 10´4,

where the second expression reflects the reality that you are simply trying to
pick the right combination of four horses without any regard to order.

The chance of winning has increased over the chance of a straight (un-
boxed) superfecta bet, but the payoff will surely be much smaller by compar-
ison. ■

Poker

When counting possibilities in a poker game like Texas hold’em, we may
safely ignore suits, since suits have no standing in hold’em. Considering only
the ranks of the cards, there are, of course,

ˆ

52
2

˙

“ 1326 different ways
to choose 2 cards from a deck, but this includes many holdings which are
indistinguishable: for example, 8♢ 4♠ and 4♢ 8♣. Looking for the number of
2-card sets that are different from a player’s perspective, we note that there
are 13 ranks for each card, and repeating a rank is allowed—even desirable,
as it leads to a pocket pair. The number of possible pocket pairs is 13: the
number of ranks in a deck.

Unmatched hole cards are counted by counting ranks. There are
ˆ

13
2

˙

“ 78

ways to select 2 different ranks for hole cards. Taken together with the 13
different pocket pairs, we have 91 different possible hole-card holdings.

Example 2.1.9. The best set of hole cards in Texas hold’em is a pair of aces,
often dubbed “pocket rockets” or “bullets” by players. What is the probability
of being dealt a pair of aces?
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There are
ˆ

4
2

˙

“ 6 different pairs of aces, and
ˆ

52
2

˙

“ 1326 different pairs
of cards that can be dealt, since the order does not matter. We find that the
probability of pocket aces is

p “ 6
1326 “ 1

221 .

In the long run, then, you will be dealt a pair of aces once in every 221
hands—which means that if this pair arrives, you should bet it for as long as
doing so makes sense, since you have an advantage and this is a genuinely rare
event. ■

Since the formulas for nPr and
ˆ

n

r

˙

involve factorials, which are known
to grow very fast, it follows that these numbers also get very big very fast.
Starting with a standard 52-card deck, the number of possible subsets of a
given size r is quite large, even if order is not considered. Three-card poker
(page 139) deals a three-card hand to each player. Since the order does not
matter, there are

ˆ

52
3

˙

“ 52!
49! ¨ 3! “ 22, 100

different hands. In five-card poker, the number of hands is
ˆ

52
5

˙

“ 2, 598, 960,

and in contract bridge, where each player receives 13 cards, there are
ˆ

52
13

˙

“ 635, 013, 559, 600

hands—over 600 billion.
Example 2.1.10. In five-card draw poker, the royal flush is the highest-
ranked hand. The order in which the cards are dealt does not affect the hand’s
value—indeed, if you are ever dealt a royal flush, it would be bad form to
complain that the cards didn’t arrive in increasing order. Since there are four
possible royal flushes—the cards are fixed, so the only variable is the suit—the
probability of a royal flush is

p “ 4
2, 598, 960 “ 1

649, 740 .

■

In computing the probability of various poker hands, we need to account
for every card in the hand—for example, when computing the probability of
two pairs, we need to exclude the possibilities that the two pairs are of the
same rank, which would mean that the hand was four-of-a-kind, and that the
fifth card is the same rank as one of the pairs, which would turn the hand into
a full house.
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Example 2.1.11. The form of a two-pair hand is AABBX, where A, B, and
X are card ranks, A ‰ B, and neither A nor B is equal to X. A and B,
together, may be chosen in

ˆ

13
2

˙

“ 78 ways, since the order does not matter.
Once the ranks have been chosen, the pairs can consist of any two of the four
cards of those ranks, and the order in which we pick them doesn’t matter. By
the Fundamental Counting Principle, we can find the two pairs in

ˆ

13
2

˙

¨
ˆ

4
2

˙2
“ 78 ¨ 36 “ 2808

ways.
The fifth card, X, can be any of the 48 remaining that do not match either

pair. For example, if we have a pair of queens and a pair of 7s, the fifth card
can be any card remaining except for the two queens and the two 7s, and
there are 44 of these.

Putting this all together with the Fundamental Counting Principle
and remembering that the number of possible poker hands is

ˆ

52
5

˙

“

2, 598, 960, we have

P p2 pairsq “ 2808 ¨ 44
2, 598, 960 “ 123, 552

2, 598, 960 « .0475 “ 4.75%.

■

In the hierarchy of poker hands (pages 26–27), a flush beats a straight.
This is an ordering that people often get backwards, because to the casual
observer, getting five cards in sequence but not of the same suit seems very
similar to getting five cards of the same suit but not in sequence. By counting
the number of possible hands of each type, the reason for this ordering becomes
clear.

Flushes are easier to count. We select a suit, in 4 ways, and then choose 5
of the 13 cards in that suit. Multiplication gives us

4 ¨
ˆ

13
5

˙

“ 5148

flushes.
This number includes straight flushes and royal flushes, which a poker

player would not play as a flush. To obtain an accurate count, we must subtract
these hands from our total. Any card from ace through 9 may be the lowest-
ranking card in a straight flush, and so there are 36 of those. For royal flushes,
the only variable is the suit, so there 4 royal flushes. Subtracting these 40
hands from 5148 leaves 5108 flushes.

To count straights, while the order in which the cards are dealt doesn’t
matter, we can facilitate the count by thinking of the cards in numerical order.
There are 40 choices for the lowest card in a straight, because an ace can be
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either high or low, so all cards from ace through ten are candidates. Having
chosen this first card, the remaining ranks are determined, and we have four
choices for each of the four remaining cards, giving

40 ¨ 44 “ 10, 240

possible straights. Once again, we need to subtract the 40 straight and royal
flushes, leaving 10,200 hands that are called a straight.

Comparing these numbers, we see that there are almost exactly twice as
many possible straights as flushes, which accounts for the relative ranking of
the two hands.

We consider next some general formulas for counting hands in a 52-card
deck [16]. The number of ways to draw exactly h sets of i cards of the same
rank and j sets of k cards of the same rank among a hand of m cards, where
hi ` jk ď m, is

ˆ

13
h

˙ˆ

4
i

˙h

¨
ˆ

13 ´ h

j

˙ˆ

4
k

˙j

¨
ˆ

13 ´ h ´ j

m ´ hi ´ jk

˙ˆ

4
1

˙m´hi´jk

.

In this formula:

• The factor
ˆ

13
h

˙ˆ

4
i

˙h

counts the number of ways to choose h ranks
from 13 and then to choose i cards from the 4 cards in each suit. The
exponent h counts the number of sets of i cards.

• Once this choice has been made, there are
ˆ

13 ´ h

j

˙ˆ

4
k

˙j

ways to choose
j ranks from the 13 ´ h ranks that remain, and then k cards of each
chosen rank.

• At this point, there are 13 ´ h ´ j ranks left untouched, and we want
to choose m ´ hi ´ jk of them to fill out the hand with singleton cards
drawn from the 4 suits.

For example, when counting full houses in a 5-card hand, we have h “
1, i “ 3, j “ 1, k “ 2, and m “ 5, and we have

ˆ

13
1

˙ˆ

4
3

˙ˆ

12
1

˙ˆ

4
2

˙

“ 3744.

full houses.
This formula encompasses the calculations for four of a kind hands, full

houses, three-of-a-kinds, two-pair hands, and pairs.
Counting straights and flushes, including straight flushes, involves the fol-

lowing additional formulas:

Straight flushes: 4p15 ´ mq
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This number includes royal flushes.

Flushes: 4
ˆ

13
m

˙

´ 4p15 ´ mq

Straights: p15 ´ mq
ˆ

4
1

˙m

´ 4p15 ´ mq.

The number 15 arises in these formulas because there are 13 ranks in a
deck and the ace can rank both high or low in a straight or straight flush. The
number of possible lowest cards in a straight is then 13 ´ pm ´ 2q “ 15 ´ m,
since the top m ´ 2 ranks, with the ace considered low, are not low enough to
fit m ´ 1 cards in sequence above them. If m “ 5, then 15 ´ m “ 10, which
indicates that any card from the ace through 10 can be the lowest card in a
straight or straight flush.

Example 2.1.12. Most Texas hold’em experts advise a fairly conservative
betting strategy, folding most initial hands unless they contain a pair, two high
cards (such as AK), or certain suited connectors, which are two hole cards
of consecutive ranks, so called because of their potential to yield a straight.
According to this reasoning, which is backed up by millions of simulated hands,
a pair of hole cards such as 9♠ 2♠ should be folded immediately.

Some novice players note “But they’re suited!” and insist on betting that
sort of hand. What is the probability of drawing into a flush starting with
these two cards?

To get a flush in this example, the flop, turn, and river must contain at
least three spades among their five cards. In counting the number of spades
in a set of five cards, we need to account for the suits of all five cards, so
that a set with four spades is counted with four-spade sets and not also with
the three-spade sets. For example, if we wish to count the number of ways to
draw exactly three spades, we must count the number of ways to draw three
spades, count the number of ways to draw two nonspades, and then use the
Fundamental Counting Principle to multiply those two numbers. Given our
hole cards, there are 11 spades and 39 other cards remaining to be dealt; it
follows that the number of ways to draw five cards containing exactly three
spades is

ˆ

11
3

˙

¨
ˆ

39
2

˙

.

Accounting for every card, we have
ˆ

11
3

˙

¨
ˆ

39
2

˙

`
ˆ

11
4

˙

¨
ˆ

39
1

˙

`
ˆ

11
5

˙

“ 135, 597

ways for the community cards to complete a flush.
The probability of drawing into a flush, therefore, is

p “ 135, 597
ˆ

50
5

˙ “ 135, 597
2, 118, 760 « .0640 « 1

16 ,
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only about a 6.4% chance of success including the very low probability of
drawing into a straight flush. Betting on this sort of hand in the hope of
drawing a flush is a losing proposition. ■

There is an exception to this betting vs. folding strategy. Each round of
Texas hold’em begins with two designated players making ante, or starting,
bets before the cards are dealt. These bets, whose amounts are fixed, are
called the small blind and the big blind, which is typically twice the small
blind. These bets are often thought of as an initial bet and an initial raise.
The players charged with making these bets are identified by a button that
rotates clockwise around the table [106].

If it is your turn to make the big blind bet, and no further bets are made
in the opening round before the flop, there is no cost to you to remain in
the game and see the flop, and thus there is no reason why you should fold
any hand, no matter how weak. While the chance of improving two weak hole
cards into a winning hand is slight, there is nothing lost in this case in seeing
what cards come out on the flop.

Lotteries

An r/s lottery is a game where players bet on which r numbers will be
drawn from a set of s, and games operating on this basic premise are common
throughout the world. Lotteries are another example of a game of chance
where the order of events, in this case the drawing of numbers, does not
matter. We are perhaps most familiar with multimillion-dollar lottery prizes
that attract media attention, but the typical r{s lottery offers prizes other
than the life-changing jackpot.

Example 2.1.13. The Michigan State Lottery’s Lotto 47 game is a 6/47
lottery, with prize structure shown in Table 2.1.

TABLE 2.1: Michigan Lottery: Lotto 47 pay table

Match Payoff
3 $5
4 $100
5 $2500
6 Jackpot

The jackpot starts at $1 million and increases each week that it is not won,
resetting to $1 million in the drawing after a winner is determined. What are
the probabilities of winning each of the four prizes?

The probability of winning each of these amounts is computed using the
formula for combinations, recognizing that the order in which the numbers
are drawn is not important, only that the numbers you’ve chosen be drawn
somewhere in the set of six. In reporting the winning numbers for a lottery
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drawing, media outlets will arrange them in ascending order, but this is a
convenience and almost certainly not a faithful representation of the order of
events. When doing so, it is important to account for each of the six numbers
being drawn in both the numerator and denominator.

The probability of matching exactly k numbers out of 6, chosen from a set
of 47, is given by the formula

P(Match kq “

ˆ

6
k

˙

¨
ˆ

41
6 ´ k

˙

ˆ

47
6

˙ .

In the numerator, the first term counts the number of ways to choose
the winning numbers, while the second is the number of ways to choose the
nonwinning numbers from among the 41 not appearing on the ticket. When
computing these numbers on a calculator, you should use the built-in nCr

routine and not round off any results until the end of the calculation. For
k “ 3, 4, 5, and 6, we have the probabilities shown in Table 2.2.

TABLE 2.2: Michigan Lottery: Lotto 47 prize-winning probabilities

k P(Match k)
3 .0199
4 .0011
5 2.291 ˆ 10´5

6 9.313 ˆ 10´8

Summing the probabilities in Table 2.2 shows that the chance of winning
any prize when buying a Lotto 47 ticket is only .0210, or about 1 chance in
47.5. ■

More generally, the probability of matching k of the numbers drawn in an
r{s lottery is

P(Match kq “

ˆ

r

k

˙

¨
ˆ

s ´ r

r ´ k

˙

ˆ

s

r

˙ .

Table 2.3 (page 48) contains a list of international lottery games. The
smallest lottery listed there is the Double Daily Grand lottery from the
Caribbean island of St. Lucia: a 4/22 lottery admitting only 7315 different
combinations. Since the 2022 population of St. Lucia is about 185,000, this
lottery is surely adequate for its market. The probabilities of matching k num-
bers in the St. Lucia lottery are shown below.
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TABLE 2.3: A sample of international lottery games

Location Lottery Name r s

ˆ

s

r

˙

St. Lucia Double Daily Grand 4 22 7,315
Trinidad and Tobago Cash Pot 5 20 15,504
Guyana Daily Millions 5 26 65,780
Aruba Lotto di Dia 5 30 142,506
Dominican Republic Loto Pool 5 31 169,911
Grenada Lotto 5 34 278,256
Costa Rica Lotto 5 35 324,632
Windward Islands Super 6 6 28 376,740
Iceland Lotto 5 40 658,008
Poland MINI Lotto 5 42 850,668
Barbados Mega 6 6 33 1,107,568
Malta Super5 5 45 1,221,759
Samoa Samoa National Lotto 6 35 1,623,160
France France Loto 5 49 1,906,884
Fiji Pick 6 6 36 1,947,792
Israel Lotto 6 37 2,324,784
Jamaica Lotto 6 39 3,262,623
New Zealand Lotto 6 40 3,838,380
Mongolia 6/42 Jackpot Lotto 6 42 5,245,786
Norway Lotto 7 34 5,379,616
Netherlands Lotto 6 45 8,145,060
Denmark Saturday Lotto 7/36 7 36 8,347,680
Argentina Quini 6 6 46 9,366,819
Ireland Lotto 6 47 10,737,573
Sweden Viking Lotto 6 48 12,271,512
Germany Lotto 6 49 13,983,816
India Lotto India 6 50 15,890,700
Finland Lotto 7 40 18,643,560
South Africa Lotto 6 52 20,358,520
Turkey Süper Loto 6 54 25,827,165
Philippines Grandlotto 6/55 6 55 28,989,675
Mexico Melate 6 56 32,468,436
Nigeria GG 5/90 Chance 5 5 90 43,949,268
United Kingdom Lotto 6 59 45,057,474
Brazil Mega-Sena 6 60 50,063,860
Australia Oz Lotto 7 47 62,891,499
Russia GosLoto 7 49 85,900,584
Canada Lotto Max 7 50 99,884,400
Italy SuperEnalotto 6 90 622,614,630
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k P pMatch kq
0 .4183
1 .4462
2 .1255
3 .0098
4 .0001

Double Daily Grand tickets win a prize if they match 2 or more numbers;
we see that the probability of holding a winning ticket is approximately .1355.

In New York state, the twice-daily Take 5 drawing is a 5/39 lottery with
winning numbers drawn at midday (2:30 P.M.) and in the evening (10:30
P.M.). Tickets must be purchased separately for each drawing. On October
27, 2022, the same combination of winning numbers—18, 21, 30, 35, and
36—was chosen at both drawings [87]. The New York lottery uses numbered
ping-pong balls in an air blower, and independent auditors quickly moved to
inspect the equipment and confirm that the two drawings were independent.
The probability of any combination being repeated at two successive drawings
is simply

1
ˆ

39
5

˙ “ 1
575, 757 ,

since once the first combination is drawn, all we are looking for is the prob-
ability that the second drawing matches it. The probability that a specified
5-number combination is drawn twice in a row is much smaller:

ˆ

1
575, 757

˙2
“ 1

331, 496, 123, 049 .

There were no winning tickets for the midday drawing, but 52 tickets
were sold for the winning combination in the evening drawing. Each winner
collected $715.50 from the jackpot pool; a lone winner would have received
$37,206 [87].

While this may seem like an unlikely, even suspicious, occurrence, a mo-
ment’s reflection suggests that suspicion may be uncalled for. When we con-
sider the dozens of state, provincial, and national lotteries offering r{s games,
the number of different games offered—New York, for example, has 7 different
draw games, with varying values of r and s, conducting a total of 28 drawings
every week—and the number of years that lotteries have been running these
games, it is far less surprising that some draw game somewhere in the world,
at some point in time, drew the same combination in 2 consecutive draws.

Another lottery coincidence that initially seems unbelievable happened to
Massachusetts resident Maureen Wilcox in 1980. Wilcox purchased lottery
tickets in both Massachusetts and Rhode Island. Both of her tickets matched
the winning numbers—but her Massachusetts ticket matched the Rhode Island
numbers and her Rhode Island ticket matched the Massachusetts numbers [48].
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The probability of this event is tiny; the same as the probability that both of
her tickets won in the correct state. Once again, given enough gamblers buying
enough lottery tickets, even a coincidence this striking is bound to happen to
someone at some time.

Powerball is a popular American game administered by the Multi-State
Lottery Association. Tickets for this lottery, which cost $2, are sold in 45
states, the District of Columbia, Puerto Rico, and the U.S. Virgin Islands. The
game operators choose five white balls from a bin containing balls numbered
from 1 to 69 and one red ball from a separate bin with balls numbered from 1
to 26—this last ball is known as the Powerball. Thus, we may regard Powerball
as a 5/69 lottery together with a simultaneous 1/26 game. The jackpot is won
by a player holding a ticket whose six numbers match those chosen by the
lottery operators. Order doesn’t matter when choosing the white balls, so
they may be chosen in

ˆ

69
5

˙

“ 11, 238, 513

different ways. By the Fundamental Counting Principle, we must multiply this
number by the 26 choices for the Powerball; this gives 292,201,338 possible
results for each drawing, and so the probability of winning the jackpot on a
single ticket is 1

292, 201, 338 .
To put this number in perspective, consider Michigan Stadium at the Uni-

versity of Michigan-Ann Arbor (Figure 2.1), which is the largest stadium in
the USA, with a capacity of 107,601. If we were to fill the stadium 2715 times,

FIGURE 2.1: Michigan Stadium, Ann Arbor, MI [52].
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we would have almost as many people as there are possible Powerball tickets.
In the history of the stadium, which includes many years before its capacity
was expanded to its current number, there have not been even half that many
games. In short, fewer people have attended Michigan home football games
than there are Powerball combinations.

Powerball’s pay table is shown in Table 2.4. In this table, “+ P” denotes
a winning combination that includes matching the Powerball.

TABLE 2.4: Powerball pay table

Match Payoff
5 + P Jackpot

5 $1,000,000
4 + P $50,000

4 $100
3 + P $100

3 $7
2 + P $7
1 + P $4
0 + P $4

Example 2.1.14. Table 2.4 shows that the same payoff, $100, goes to a ticket
matching 4 numbers without the Powerball or to one matching 3 numbers plus
the Powerball. Are these outcomes close to equally likely?

Matching 4 numbers without the Powerball has probability
ˆ

5
4

˙

¨
ˆ

64
1

˙

ˆ

69
5

˙ ¨ 25
26 « 2.7378 ˆ 10´5.

The chance of matching 3 numbers and the Powerball is
ˆ

5
3

˙

¨
ˆ

64
2

˙

ˆ

69
5

˙ ¨ 1
26 « 6.8994 ˆ 10´5,

which is 63
25 “ 2.52 times more likely than matching 4 numbers without

the Powerball. ■

Powerball officials have changed the game parameters over its existence,
often to increase the number of combinations in the hopes of creating bigger
jackpots. Table 2.5 shows the change in the numbers of white and red balls
since the game began in 1992.
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TABLE 2.5: Powerball combination history [89]

White balls Red balls
Years (pick 5) (pick 1) Combinations

1992–1997 45 45 54,979,155
1997–2002 49 42 80,089,128
2002–2005 53 42 120,526,770
2005–2009 55 42 146,107,962
2009–2012 59 39 195,249,054
2012–2015 59 35 175,223,510

2015– 69 26 292,201,338

The probability of winning the jackpot—already quite low—decreased by
a factor of more than 5 between 1992 and 2022. This had the intended effect:
the Powerball jackpot for the drawing of November 7, 2022 set a new record by
topping $2 billion. One ticket, sold in Calfiornia, matched all 6 drawn numbers
and qualified for the jackpot.

Keno
The same mathematical principles underlying lotteries can be used in a

casino to analyze keno. Keno is one of the easiest casino games to understand
and to play. In a simple keno game, the player chooses anywhere from 1 to 20
numbers in the range from 1 to 80. The casino then selects 20 numbers from
this set. Originally this was done with a cage or blower containing numbered
balls—called a goose—but many casinos now use a computer to generate the
numbers. Figure 2.2 shows a modern keno goose.

The player wins if a certain number of the numbers he or she chose appears
among the casino’s selection. In many casino resorts, the keno games run
continuously, and the numbers can be found on video monitors throughout
the premises or on the hotel’s closed-circuit television channels, so players can
monitor their wagers from the restaurants or their hotel rooms. Some casinos
broadcast their drawings over the Internet so the games can be tracked by
players even when they aren’t in the casino. Two Web sites that aggregate
and broadcast the keno drawings from multiple casinos are kenocloud.com
and kenousa.com. Since some keno operations allow bets on 1000 consecutive
games that can take over three days to complete, this is convenient for people
who place such a wager.

American casinos have shifted their game offerings away from live keno
in recent years; this is perhaps in part due to the cost of maintaining a keno
operation. As we shall see, keno is one of the worst casino games for gamblers,
who may have moved on to other games as they realize the steep disadvantage
they face. At the same time, keno games have found a new place in state

https://kenocloud.com
https://kenousa.com
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FIGURE 2.2: Keno goose, after 20 numbers have been drawn [84].

lotteries, with Wyoming the latest to add keno to its lottery game lineup, in
2022. State lottery keno games are typically drawn at a central location and
the numbers broadcast to participating bars and other sales points, making
the overhead cost lower than for a casino relying on multiple people to staff
its lightly-patronized game. This model is also successful in Nebraska, where
traditional 80-ball keno is regulated by local governments and a wide variety
of games may be found across the state.

There are
ˆ

80
20

˙

“ 3, 535, 316, 142, 212, 174, 320

ways for the casino to draw its 20 numbers. This will be the denominator in
our keno calculations. In the history of keno, there is no record of any player
who has matched all 20 numbers drawn by the casino on a single ticket, an
occurrence which has probability

1
3, 535, 316, 142, 212, 174, 320 « 2.829 ˆ 10´19.

It is more likely that you would toss a coin 61 times and get tails on every toss,
an event with probability p “ 2´61 « 4.337 ˆ 10´19. If we imagine one keno
drawing every second since the Big Bang, approximately 15 billion years ago,
this would only account for 4.7335 ˆ 1017 combinations, and the probability
of any single combination being drawn in that time is only about 13.4%.
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Possibly in recognition of this mathematical fact, the FireKeepers Casino
in Battle Creek, Michigan offers a 20-number keno game which, for a $2 bet,
pays off the same $100,000 if the ticket matches 15 or more numbers. Since
the probability of hitting 15 numbers out of 20 is small (see Exercise 2.14),
and the chances of hitting 16 through 20 are smaller still, this is no great
advantage to the player.

Casinos who maintain a live keno operation offer a wide range of keno bets.
For example, the players’ guide for keno at FireKeepers includes 14 different
games, and several others are available at electronic keno terminals. Table 2.6
shows the pay table for a $1 bet on their “Mark 7 Numbers” game. If a player

TABLE 2.6: FireKeepers Casino Mark 7 keno pay table

Match Payoff
4 $1
5 $20
6 $350
7 $10,000

bets more than $1 (the maximum bet is $5), these payoffs are increased by
multiplying each payoff by the amount wagered.

Example 2.1.15. What is the probability of matching four out of seven
numbers and qualifying for the lowest prize—which is a simple refund of the
ticket price?

There are
ˆ

7
4

˙

“ 35 ways to select the four numbers that are matched by
the casino. We must also account for the other 16 numbers, and they must be
chosen from the 73 numbers that the player did not select. This can be done
in

ˆ

73
16

˙

“ 5, 271, 759, 063, 474, 612

ways. By the Fundamental Counting Principle, any subset of 4 matches can
be combined with any subset of 16 non-matches to form a winning combina-
tion, and so we multiply these two numbers together to find the numerator:
there are 184,511,567,221,611,420 (over 184 quadrillion) ways to win this bet.
That sounds encouraging until we compare it to the denominator, which is
3,535,316,142,212,174,320—over 3.5 quintillion, and nearly 20 times larger.

P pMatch 4q “

ˆ

7
4

˙

¨
ˆ

73
16

˙

ˆ

80
20

˙

“ 184, 511, 567, 221, 611, 420
3, 535, 316, 142, 212, 174, 320 « .0522.
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■

The probabilities of the other winning events in the table can be calculated
similarly, using the general formula

P pMatch kq “

ˆ

7
k

˙

¨
ˆ

73
20 ´ k

˙

ˆ

80
20

˙ .

For the remaining money-winning combinations, this formula gives the follow-
ing probabilities:

P pMatch 5q “

ˆ

7
5

˙

¨
ˆ

73
15

˙

ˆ

80
20

˙ « .0086.

P pMatch 6q “

ˆ

7
6

˙

¨
ˆ

73
14

˙

ˆ

80
20

˙ « .00073.

P pMatch 7q “

ˆ

7
7

˙

¨
ˆ

73
13

˙

ˆ

80
20

˙ « 2.440 ˆ 10´5.

Example 2.1.16. Making only a single n-number bet is not terribly interest-
ing for a gambler, nor is it lucrative for the casino. By making a way bet, it is
possible to cover more combinations of numbers, frequently at a reduced price
per wager, and increase the probability of drawing into a winning combina-
tion. To make a way bet, the bettor selects several groups of numbers, as in
Figure 2.3, where three groups of four numbers, indicated by shaded blocks,
have been chosen.

It should be noted that the numbers comprising a block need not be adja-
cent as shown here; by placing an X through the desired numbers and circling
the entire set, any group of numbers may be combined into a block. The player
may then specify how the blocks are to be combined. For the ticket shown
in Figure 2.3, there are three 4-spot bets consisting of the three individual
blocks, three 8-spot tickets, which arise from combining every pair of 4-spot
blocks into a “virtual” 8-spot block, and a single 12-spot ticket encompassing
all of the selected numbers. If all seven ways were then played, this ticket
would be called a 3/4, 3/8, 1/12 seven-way keno ticket. ■

At FireKeepers, each way may be purchased for as little as 5¢, provided
that the ticket as a whole covers at least 100 ways, or $5 of bets. A way ticket
provides for the possibility of multiple wins, but this possibility is purchased
with a greater cost for the ticket as a whole.
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1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80

FIGURE 2.3: Keno bet slip with shaded 3/4, 3/8, 1/12 way bet.

Example 2.1.17. The blocks on a way bet need not be the same size. Con-
sider the ticket shown in Figure 2.4, which has seven blocks: three 2-spots and
four 4-spots.

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80

FIGURE 2.4: Keno bet slip with shaded 3/2, 7/4, 13/6, 18/8, 22/10 way bet.

Suppose now that the 20 numbers drawn against this ticket are the follow-
ing, with the covered numbers bolded:

6, 7, 15, 19, 21, 23, 24, 26, 28, 39,
44, 45, 48, 49, 51, 64, 67, 69, 71, 73

How many wagers are formed by the selected blocks, and what is the net
payoff on this way ticket?

These blocks may be combined in the following ways to form virtual tickets
with ten or fewer spots:

• The four 2-spots may be played individually.

• There are seven 4-spot tickets: the four 4-spots played individually and
ˆ

3
2

˙

“ 3 arising from all possible combinations of the three 2-spot

blocks: {37,38,51,61}, {37,38,67,77}, and {51,61,67,77}.
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• Each 4-spot block may be combined with each of the 2-spot blocks to
form a separate 6-spot block, and the three 2-spot blocks may be com-
bined for a virtual 6-spot ticket, making thirteen 6-spot choices.

• There are eighteen 8-spot blocks:

–
ˆ

4
2

˙

“ 6 from combining two 4-spot blocks.

–
ˆ

3
2

˙

¨ 4 “ 12 from combining any two 2-spot blocks with a 4-spot
block.

• Finally, there are twenty-two 10-spot blocks:

– Choose any two 4-spot blocks, which may be done in
ˆ

4
2

˙

“ 6
ways, and add in any of the three 2-spot blocks, for a total of 18.

– Use all three of the 2-spot blocks with any one 4-spot block, totaling
four more.

This results in 63 different combinations of the seven blocks. Suppose that
you wager the ticket in Figure 2.4 at this 10¢ minimum, which represents a
total investment of $6.30. The payoff table, which is shown in Table 2.7, is
taken from the casino’s $1 wager pay table; payoffs should be divided by 10
to find the amounts won for a 10¢ bet..

TABLE 2.7: Paytable for a $1 keno wager, FireKeepers Casino

Number of spots marked
Match 2 4 6 8 10

0 $1
2 $12 $1
3 $2 $1
4 $160 $2
5 $75 $11 $1
6 $2500 $91 $20
7 $1500 $160
8 $15,000 $1000
9 $5000
10 $50,000

The $1500 payoff for matching 7 out of 8 spots is important, as it represents
a net win of $1499. This value has been specifically chosen because a net keno
payoff of $1500 or more must be reported by the casino to the Internal Revenue
Service. (All gambling winnings are judged by the IRS to be taxable income,
whether reported directly by the casino or not. Gambling losses, if carefully
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documented, may be declared as a deduction, but only up to the extent of your
winnings.) It is easy to see that multiple wins at the lower levels, where they
are most likely, may be necessary to win back the $6.30 cost of the original
ticket.

The only winning combinations are from the 4-spot 14, 24, 34, 44, and the
combined 2-spots 51, 61, 67, 77, which each return $1 of the wager. The net
return on this ticket in this drawing is –$4.30. ■

Example 2.1.18. Perhaps the ultimate way bet ticket is a king ticket. A
single number played as part of a way bet is called a king, and a keno ticket
consisting entirely of kings provides a multitude of betting combinations. A
ticket with seven kings circled and all combinations activated has 127 possible
winning ways. This number is 27 ´ 1, and may be easily calculated without
resorting to a list by referring to Theorem 2.1.2: There are 27 ways to choose
a subset of the seven kings, but since one of these, the empty set, does not
correspond to a keno combination, we subtract 1 from this number.

If all 7 numbers are drawn, an event with probability

p “

ˆ

73
13

˙

ˆ

80
20

˙ « 1
40.979 ,

the $12.70 ticket will pay off 127 times, for a total of $5381.30. ■

Example 2.1.19. FireKeepers also offers a keno bet called the “Ring of Fire”
bet. This bet allows you to bet on the 32 edge numbers on the betting slip,
which are shaded in Figure 2.5.

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80

FIGURE 2.5: Keno bet slip with Ring of Fire bet shaded.

Among the 18 payoffs, you win $25,000 if none of the edge numbers is
selected. What is the probability of this happening?

The calculation is actually quite simple: You win if the 20 numbers chosen
by the casino are among the 48 that are not on the edge of the bet slip. The
probability of this is
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P “

ˆ

48
20

˙

ˆ

80
20

˙ « 4.73 ˆ 10´6 « 1
211, 244 .

■

The Football Pools

In Great Britain, a popular gambling pastime for decades was football
[soccer] pools, which celebrate their centennial in 2023. Though the rise of the
National Lottery cut sharply into their popularity, the Pools were for many
years an exciting game of chance which required no actual knowledge of the
sport. The leading Pools manager for many years was Littlewoods, which dates
back to 1923 and is now part of The Football Pools [46].

Mathematically, the Pools are very much like an r{s lottery. Bettors select
10–12 games from the list of the weekend’s 49 designated games, attempting—
if skill plays a part in their choices—to pick the games that will end in draws.
Tied games are divided into two subsets: score draws, where each team scores
at least once, and scoreless draws, where the final score is 0-0. The Classic
Pools game covers all possible combinations, or “lines,” of 8 games from those
selected. A 10-game ticket costs only £1, and thus covers

ˆ

10
8

˙

“ 45 possible
combinations at a cost of less than 3 pence apiece. Players may select 11
matches for £2.75, covering

ˆ

11
8

˙

“ 165 lines, and 12 games, totaling
ˆ

12
8

˙

“

495 lines, for £7.50 [75].
Points are awarded based on the outcomes each set of 8 games, and a

player’s ticket is valued at the best score of all 8-game subsets that can be
formed. A game ending in a score draw counts for 3 points, a scoreless draw or
void match (one where the match is played on a different date than originally
declared, for example) for 2, and a win for 1. Prize funds established from
entry fees are divided among bettors whose lines score the top three point
totals; if 8 games of the 49 end in score draws, the top prize pool is divided
among any players with a line totaling 24 points. The top prize fund typically
runs into millions of pounds.

Example 2.1.20. Assuming that exactly eight score draws occur, a player
buying a 10-game ticket has probability

p “

ˆ

10
8

˙

ˆ

49
8

˙ “ 45
450, 978, 066 « 9.978 ˆ 10´8

of winning a share of the top prize pool. ■
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Many Pools players simply pick their favorite numbers in the range from 1
to 49, thus making this at least as much a game of chance as a game of skill.
The Pools are so popular in Britain that in 1963, on a weekend when unusu-
ally bad weather led to the cancellation of most games, a “Pools Panel” was
appointed to invent outcomes for games so as not to interfere with gambling
[46].

2.2 Odds
In the world of gambling, probabilities are often encountered in terms of

odds.

Definition 2.2.1. The odds against an event A is the ratio P pACq : P pAq,
or P pACq{P pAq.

This is often stated in a form like “x to 1,” as is the case in horse racing,
for example. Most of the time when odds are quoted, they are odds against.
We can also consider the odds in favor of an event.

Definition 2.2.2. The odds for an event A is the ratio P pAq : P pACq—the
reciprocal of the odds against A.

Example 2.2.1. When rolling 2d6, snake eyes is the name given to a roll of
1-1. Since there are 36 ways for the dice to land, and only one is a 1-1, the
probability of snake eyes is 1/36. The odds against snake eyes would then be

35
36 : 1

36 “

35
36
1
36

“ 35
1 ,

or 35 to 1. ■

Example 2.2.2. The odds against the double street bet (six numbers) at
American roulette are

32
38 : 6

38 ,

or 32 to 6, which reduces to 5 1
3 to 1. ■

Note that the payoff for the double street bet is 5 to 1, so this bet is paid
off at less than its true odds of 5 1

3 to 1, which is where the casino gets its
advantage. Contrary to common belief, a casino doesn’t make its money from
wagers collected from losing bettors, but rather from paying off winners at
less than true odds. Roulette and craps tables, especially, ensure a casino’s
profits by retaining some money to which the winner of a fair bet paid at true
odds would be entitled.
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Example 2.2.3. At the 1973 Belmont Stakes, the final race in thoroughbred
racing’s Triple Crown, the quoted odds on the favored horse, Secretariat, were
1 to 10. Using this information, we can compute P pAq, the probability that
the oddsmakers assigned to Secretariat winning:

1
10 “ P pACq

P pAq “ 1 ´ P pAq
P pAq .

Cross-multiplying gives

P pAq “ 10 ´ 10 ¨ P pAq
11 ¨ P pAq “ 10

P pAq “ 10
11 « .909 “ 90.9%.

■

Secretariat won the race by 31 lengths, becoming the first Triple Crown
winner since Count Fleet in 1948. Both the margin of victory and the time,
2:24.00, remain Belmont Stakes records.

We can rearrange the formula for odds and derive the following result.

Theorem 2.2.1. If the odds against an event A are x to 1, then P pAq “
1

x ` 1 .

Proof. We have
1 ´ P pAq

P pAq “ x

1 .

Cross-multiplying gives

1 ´ P pAq “ x ¨ P pAq,

or
px ` 1q ¨ P pAq “ 1.

Dividing by x ` 1 gives

P pAq “ 1
x ` 1 ,

completing the proof.

More generally, if the odds against an event A are x to y, the probability
of the event is P pAq “ y

x ` y
.

Applying this result in a casino sports book can lead to some interesting
revelations. In December 2022, the Superbook at the Westgate Casino in Las
Vegas set odds of winning the championship on the four participants in the
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College Football Playoff. These odds, and the corresponding probabilities of
winning the championship, are shown in Table 2.8.

TABLE 2.8: Westgate Casino: College Football Playoff odds of winning, De-
cember 2022

School Odds P pWinq
Georgia 5–6 6{11
Ohio State 15–4 4{19
Michigan 3–1 1{4
Texas Christian 33–2 2{35

If we were to place a $300 bet (to avoid payoffs rounded down in the
casino’s favor) on each of the 4 teams, we would invest $1200. If Georgia won,
we would receive $550, a net loss of $650. If Michigan won, we would break
even, since our $300 bet would be returned with our $900 win. We would only
make a profit if one of the two longest shots in the field won.

According to Axiom 2, we would expect the sum of the 4 probabilities to
be 1; it was instead

31, 107
29, 260 « 1.0631.

How are we to interpret this deviation from the laws of probability? The
extra .0631 reflects the amount of profit that the casino expects to make on
futures bets on the playoffs. Westgate has declared its best estimate of the
probability of each team winning the championship in setting its odds. If
gamblers bet on each team in proportion to the odds assigned by Westgate,
then 1

4 of the wagered money ($25 out of each $100) will be bet on Michigan
and 2

35 ($5.71 of every $100) will be bet on Texas Christian, for example.
The payoff on one of these bets will be approximately $100, regardless of

which team wins. (Payoffs are rounded down to the nearest cent or 10¢, always
in the casino’s favor.) Since the 4 probabilities add up to more than 100%,
the casino will take in more than $100 for every $100 it eventually pays out to
the winners. Specifically, the casino expects to collect $106.31 for every $100
in winnings it will pay.

This excess is the fraction
.0631
1.0631 « .0594,

which denotes the “over-round,” or proportion of the total money wagered
that will not be returned to winning gamblers but will be retained by the
casino as profit [23]. Here, the casino expects to hold about 6% of the total
amount bet.

Westgate was on sound financial footing in offering these wagers. Georgia
won the championship, defeating Texas Christian 65–7 in the title game.
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2.3 Addition Rules
Our next challenge will be to extend our understanding of probability to

compound events: events that can be broken down into several simple events.
We can often find the probability of these simple events using techniques pre-
viously covered; this chapter allows us to combine those probabilities correctly
to find probabilities of more complicated events.

Definition 2.3.1. Two events A and B are mutually exclusive if they have
no elements in common—that is, if they cannot occur together.

Example 2.3.1. If we draw one card from a deck and record its suit, the
events A = {The card is a diamond} and B = {The card is a spade} are
mutually exclusive. ■

Example 2.3.2. Again drawing one card from a deck, the events A = {The
card is a diamond} and C = {The card is a 7} are not mutually exclusive as
there is one card, the 7♢, common to both events. ■

In computing probabilities, we may be in a situation where we know P pAq
and P pBq and want to know the probability that either A or B occurs. It is
common in mathematics to interpret “or” as the inclusive or, which allows for
the possibility that both events occur together—“or” here means “and/or”.
The addition rules described next allow us to compute this new probability in
terms of the known ones. There are two rules, depending on whether or not
the events under consideration are mutually exclusive.

Theorem 2.3.1. (The First Addition Rule) If A and B are mutually
exclusive events, then

P pA or Bq “ P pAq ` P pBq.

The First Addition Rule is, of course, just Axiom 3 with n “ 2. If A and B
are not mutually exclusive, a slightly more complicated formula can be used
to calculate P pA or Bq.

Theorem 2.3.2. (The Second Addition Rule) If A and B are any two
events, then

P pA or Bq “ P pAq ` P pBq ´ P pA and Bq.

Proof. By definition,
P pA or Bq “ #pA or Bq

#pSq .

What we need to do is compute #pA or Bq. Elements of A or B can be
counted by adding together the number of elements of A and of B, but if
any elements belong to both, they have just been counted twice. In order
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that each element is only counted once, we must subtract out the number of
elements that belong to both A and B. This gives

#pA or Bq “ #pAq ` #pBq ´ #pA and Bq.

Dividing by #pSq completes the proof.

We can see that the First Addition Rule is a special case of the Second,
for if A and B are mutually exclusive, then they cannot occur together; hence
P pA and Bq “ 0.

Example 2.3.3. Suppose that you are playing five-card draw poker and have
been dealt the following hand:

4♠ 5♠ 6♠ 7♠ K♡.

If you discard the king, what is the probability of your drawing a card that
will complete either the straight or the flush?

The question asks for your chance of drawing either a spade, a 3, or an 8.
Define the following events:

F “ tDraw a spadeu
S “ tDraw a 3 or an 8u

The event F completes a flush, while the event S completes a straight. The
intersection of these two events is F and S “ t3♠, 8♠u, and consists of the
cards that will complete a straight flush.

There are 47 unknown cards remaining in the deck. Of these, nine are
spades and eight are either 3s or 8s. It follows that P pF q “ 9

47 , P pSq “ 8
47 ,

and P pF and Sq “ 2
47 , and thus

P pF and Sq “ 9
47 ` 8

47 ´ 2
47 “ 15

47 « .3191,

so you have slightly more than a 30% chance of drawing to complete a straight
or flush. ■

2.4 Multiplication Rules and Conditional
Probability

Definition 2.4.1. Two events A and B are independent if the occurrence of
one has no effect on the occurrence of the other one.
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Example 2.4.1. Consider a simple experiment where you toss a fair coin and
simultaneously roll a fair d6. Unless you’re deliberately trying to bounce one
object off the other, the two throws can reasonably be said not to have any
influence on each other. We conclude that the results of the toss and the roll
are independent events. ■

Two events that are mutually exclusive (Section 2.3) are explicitly not
independent, since the occurrence of one eliminates the chance of the other
occurring. Moreover, two events that are independent cannot be mutually
exclusive.

It is a fundamental principle of gambling mathematics that successive trials
of random experiments are independent. This includes successive die rolls at
craps, successive wheel spins at roulette, and successive weekly drawings of
six lottery numbers, but not successive hands in blackjack—for in blackjack, a
card played in one hand is a card that cannot be played in the next hand. Since
the composition of the deck has changed, we are not considering successive
trials of the same random experiment.

This principle is not always well-understood by gamblers, and the inability
or unwillingness to understand this doctrine of independent trials is sometimes
called the Gambler’s Fallacy. This fallacy is commonly committed by roulette
players who have too strong a belief in the Law of Large Numbers, although
it can crop up in any casino game where successive trials are independent.

A frequently observed form of the Gambler’s Fallacy comes when roulette
players rush to bet on red after a long string—three or four—of successive
black numbers has come up, on the grounds that red is “due” so that things
will “even up.” Dice, cards, and roulette wheels don’t understand the laws
of probability. They have no knowledge of the mathematics we humans have
devised to describe their actions, and they certainly don’t understand what
the long-term distribution of results is supposed to be. For the same reason,
it would be equally erroneous to flock to black on the grounds that black is
“hot.”

Casinos are willing to cater to these mistaken beliefs. At many casinos, the
roulette tables are equipped with lighted signs that automatically detect and
display the results of the last 20 or so spins. Although the previous spins of
the wheel have no effect on the next spin (unless the wheel is defective), if the
players wish to track them, identify spurious patterns, and bet accordingly,
the casino will gladly accommodate them by providing these results. These
signs cost around $7000; one casino installing them found that they paid for
themselves in the form of increased roulette income within six weeks [100].

At the Luxor Casino in Las Vegas, the roulette boards at one table dis-
played the last 14 numbers spun, together with the distribution of red/black
and odd/even numbers across the last 100 spins. Individual numbers were
labeled as “hot” or “cold” based on the previous 300 spins. Over the course
of 300 spins on this triple-zero wheel, any one number would be expected to
come up about 7 or 8 times, but it is certain that some numbers, due to ran-
dom chance alone, would come up more or less often than expected—enough
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to convince a superstitious observer that certain numbers were favored by the
wheel or were overdue to turn up and thus worth backing with a wager.

For example, in a computer simulation of 300 spins, the least-frequent
numbers were 000 and 24, each appearing only 4 times. The apparently “hot”
numbers, 7 and 25, turned up 13 times apiece.

If A and B are independent events, it is a simple matter to compute the
probability that they occur together, with the use of a theorem called the
Multiplication Rule.

Theorem 2.4.1. (The Multiplication Rule) If A and B are independent
events, then

P pA and Bq “ P pAq ¨ P pBq.

Informally, the Multiplication Rule states that we can find the probability
that two successive independent events occur by multiplying the probability of
the first by the probability of the second. Mathematical induction can be used
to extend this rule to any number of independent events: the probability of a
sequence of n independent events is simply the product of the n probabilities
of the individual events.

Lucrative though the roulette signs described above may be for the casino,
there is no guarantee that the numbers reported on them are accurate, and
a careful reading of the fine print on a casino’s roulette information brochure
will reveal that no guarantee of accuracy is made. This was pointed out in
dramatic fashion in June 2012, when an American roulette board at the Rio
Casino in Las Vegas showed seven straight 19s. Since the individual spins are
independent, the Multiplication Rule can be used to compute probability of
getting the same number seven times in a row:

p “
ˆ

1
38

˙6
“ 1

3, 010, 936, 384 .

In computing this probability, the first spin can be any number; we are
merely computing the probability that the next six spins match it; hence the
exponent in the equation above is 6, not 7. While it is within the realm of
reason that some roulette wheel somewhere in the world will, given an amount
of time less than the average human lifetime, come up on the same number
seven times in a row, it was revealed only a couple of days later that the
display—though not the wheel itself—had been malfunctioning.

Recall that the payoff on a straight number bet is 35 to 1. Assuming that
the display was accurate, had you bet $1 on 19 before the first spin and then
let your winnings ride through seven spins—and had the foresight to withdraw
your windfall before the next spin—you would have won $35 on the first spin,
then $36 ¨ 35 on the second spin, and in general, $35 ¨ 36n´1 on spin #n.
After seven spins, your total winnings would amount to $78,364,164,095: over
78 billion dollars. On a practical level, the house limits on maximum bet size
would have prevented you from letting your winnings ride more than two or
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three times. For example, if the casino’s limit on inside bets, such as bets on
a single number, is $100 (see Figure 6.1 on page 259), you would be unable
even to place the third bet in that sequence, which would be for $1295.

Example 2.4.2. We can now use the Multiplication Rule together with the
Complement Rule to solve the question posed by the Chevalier de Méré: Why
does it seem like the probability of rolling at least one 6 in four tosses of a
fair die is slightly more than 50% and the probability of rolling at least one
12 in 24 rolls of 2d6 is slightly less than 50%? In other words, can we develop
a theoretical explanation for his observed results?

The probability of rolling at least one 6, by the Complement Rule, is
1 ´ P pNo 6sq. The probability of not rolling a 6 in a single roll is 5

6 . Since the
successive rolls of the die are independent, we have

1 ´ P pNo 6sq “ 1 ´ P pNot a 6q4

“ 1 ´
ˆ

5
6

˙4

“ 1 ´ 625
1296

“ 671
1296

« .5177 ą 1
2 ,

consistent with Gombaud’s declared experience that he won slightly more than
half the time with this wager.

Similarly, the probability of not rolling a 12 in one roll is 35
36 , and the

probability of at least one 12 is 1 ´ P pNo 12sq, or

1 ´
ˆ

35
36

˙24
« .4914 ă 1

2 ,

which is also what Gombaud reported. ■

Note that, by extension, the probability of rolling at least one 6 in n rolls
is

1 ´
ˆ

5
6

˙n

,

which approaches but never equals 1 as n approaches 8.
It is worth noting that the two probabilities in this example are so close to

½ as to cast some doubt on whether Gombaud really gambled at these games
long enough to observe the deviation. Since he played a major role in opening
up a rich field of mathematics, this discrepancy need not concern us. The story
is a good illustration of the difference between theoretical and experimental
probability, even if the details may not be completely accurate.
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The Birthday Problem
Another use of the Complement Rule and the Multiplication Rule known

as the Birthday Problem provides an opportunity for placing a bet where you
have a clear advantage. If you are in a room with 30 people, offer to bet a
companion that at least 2 people in the room have the same birthday—day
and month, not necessarily year. Your chance of winning this bet is over 70%.

We begin our analysis by making the following reasonable assumptions:

• No one was born on February 29.
• All other 365 birthdays are equally likely.
• The birthdays of any 2 people are independent of one another. If there

are no pairs of twins (or other multiple births) in the room, this is a
sound assumption.

Using the Complement Rule, we see that the probability of at least 1
repeated birthday is 1 ´ P pNo repeated birthdaysq. Since the birthdays are
assumed to be independent, the chance of no repeated birthdays is

p “ 365
365 ¨ 364

365 ¨ 363
365 ¨ ¨ ¨ ¨ 336

365 .

In this expression, the first person’s birthday can be on any day of the year.
The next person must be born on one of the 364 other days, so the chance of
her birthday being different from the first person’s is 364

365 . The third person’s
birthday can be on any of the 363 days not covered by either of the first 2
people, and so on. Person #30’s birthday can be on any of the 365 ´ 29 “ 336
days not yet covered.

This probability can be rewritten as

p “ 365 ¨ 364 ¨ ¨ ¨ 336
36530 « .2937,

so the probability of at least one repeated birthday is 1 ´ p « 70.63%. In the
long run, you should win this bet 7 times out of 10.

This result is counterintuitive; there are 2 reasons why people underesti-
mate this probability.

1. People typically compare the population of the room to the number of
birthdays and figure that 30 is far less than 365. It is, but the relevant
quantity here is the number of pairs of people in the room, which is
ˆ

30
2

˙

“ 435. With so many possible pairs, duplication becomes far
more reasonable.

2. Often, people hear the question “What is the chance that two people
in this room have the same birthday?” and think “What is the chance
that someone in this room shares my birthday?” This is a very different
question, with a much smaller probability.
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The probability that any one person in the room does not share your
birthday is 364

365 . Of the 29 other people in the room, the probability that
someone shares your birthday is

1 ´ P pNo one has your birthdayq “ 1 ´
ˆ

364
365

˙29
« .0765,

about 1 chance in 13—much less than ½.
For this probability to reach 50% requires 253 other people in the room.

The probability of matching birthdays increases with the number of people
in the room. If a 70% chance of winning is not secure enough for you to make
this bet, wait until there are 41 people in the room, for then your chance of
winning is approximately 9 in 10: 90.32%. If you’re content with a mere 50%
chance of winning the bet, the chance of at least one shared birthday exceeds
0.5 for the first time when there are 23 people present.

Sports Betting
In the USA, sports betting was legalized nationwide by a Supreme Court

decision in 2018, subject to the action of state governments to regulate wa-
gering within their borders. This decision struck down a 1992 law, the Profes-
sional and Amateur Sports Protection Act, restricting wagering on sporting
events to only four states: Delaware, Montana, Nevada, and Oregon. These
four states had all legalized sports betting before the passage of the law.

In the earliest days of sports betting, odds were set on each team playing in
a game, with the odds on the favorite shorter than the odds on the underdog. A
gambler betting on the favorite might be required to give 2–1 odds, winning
$1 for every $2 wagered if the favorite won. By contract, a bettor backing
the underdog might receive 8–5 odds, risking $5 for an $8 payoff [39]. This
method fell into disfavor because of how it handled lopsided matchups, where
gamblers might balk at giving 5–1 or 6–1 odds on an overwhelming favorite
or at risking money on a prohibitive underdog with little chance of winning.
Gaming changes to adapt to gamblers’ interests—if the rules are discouraging
action, then the rules can be changed. Sports bets on single games now take
two forms: point-spread bets and money line bets.

Point-Spread Betting

If a casino sports book says that the Miami Dolphins are a 3½-point fa-
vorite over the Jacksonville Jaguars, bets on Miami only pay off if the Dolphins
win by at least 4 points; bets on Jacksonville win if the Jaguars win the game
or lose by no more than 3. In effect, a team tabbed as an x-point underdog
starts the game—for betting purposes—with x points. Half-point increments
are often seen and eliminate the possibility of a wager ending in a tie.
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In setting the point spreads for football games, casinos do so in order to
encourage approximately equal action on both teams. A 24-point underdog
might well get some gamblers willing to back it on those terms: gamblers who
wouldn’t consider betting on a team that was that overmatched.

The casino makes its money on point-spread bets in the way that bets are
accepted: gamblers wishing to bet on a game must usually bet $11 to win
$10. This extra $1 is called the vigorish, or “vig” for short. The sports book
collects $11 from every player and pays out $21 (the original $11 bet plus $10
in winnings) to approximately half of them, leaving the extra $1 vig from each
of the losing bettors as the casino’s profit: 4.55% of the total handle—and it
doesn’t matter which team wins.

Of course, point spreads are sometimes known to shift in the days preceding
a game, due to changing circumstances such as player injuries or a casino’s
desire to keep its books balanced with approximately equal action on each
team. In our example, if too many people are betting on Miami giving 3½
points, the casino may change the line to “Miami –4½,” meaning that the
Dolphins are now a 4½-point favorite, with the intent of encouraging people
to bet on Jacksonville and balance the amounts being wagered on each team.

This can allow an observant and quick-acting gambler the chance to make
separate bets on both teams in a game and hope for a “straddle,” where both
bets win. For example, if someone has already placed a bet on Jacksonville
getting 3½ points above, and the line moves to make Miami only a 2½-point
favorite, making a second bet on Miami on these terms means that if the
Dolphins win by exactly 3 points, both of these bets pay off.

The risk here is that in the event of any other outcome to the game, one
bet wins and the other loses, for a net player loss of the $1 vig, so this may
not be advisable if the line has only moved by one point.

Another form of 11–10 betting involving points is available on the
over/under line: a bet made against a predicted total number of points scored
by both teams in the game. If an American football game is listed with an
over/under line of 41 points, bettors may choose to be $11 to win $10 that
the actual total will be more than or less than this number. If the total score
is exactly 41, all bets push, and are refunded. To eliminate the chance of a
push, total point bets may also be stated to half a point.
Example 2.4.3. At six casinos in metropolitan Las Vegas operated by Red
Rock Resorts, it is possible to wager on multiple sporting events with 1 wager
through a daily parlay card. In playing a parlay card, you place a bet (mini-
mum bet $2) and pick the winner, against a point spread, of 3–10 games being
played on a given day. If all of your selections win, you are paid off according
to Table 2.9. If one or more bets tie, they are dropped from consideration and
the parlay is evaluated at the appropriate lower level. If there are so many
ties that fewer than 3 games still have action, the entire remaining ticket has
no action and the cost is refunded.

Once again, the payoffs quoted here are in the form “x for 1” rather than
“x to 1,” as we saw with the craps table in Figure 1.5, and as is also seen on
some video poker and blackjack machines. If you win, your wager is returned
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TABLE 2.9: Red Rock Resorts’ sports parlay card payoffs

Wins Payoff
3 for 3 6 for 1
4 for 4 12 for 1
5 for 5 23 for 1
6 for 6 45 for 1
7 for 7 80 for 1
8 for 8 160 for 1
9 for 9 320 for 1

10 for 10 800 for 1

as part of your payoff—for example, if you bet $10 on a five-team parlay card
and pick all five games correctly, you will be paid $230, not $240. One reason
for quoting odds in this fashion is to make the payoff seem bigger; another
reason is that there can be a considerable time interval between when the bet
is placed and when the games are completed and the win is verified, and it
makes no sense for the casino not to collect your wager when you place the
bet.

Since each game can reasonably be considered to be independent of all
the others, computing the probability of winning is easy. The casino sets the
point spreads in an effort to encourage equal action on each team in each
game, so we will begin by assuming you have a 50% chance of picking each
winner correctly. With that probability and the assumption of independence,

the probability of winning an n-team parlay is simply
ˆ

1
2

˙n

. If you are an

expert in predicting winners and can pick the right team 55% of the time,
your chance of winning rises to p.55qn. ■

Another parlay card option when betting American football games is a
teaser bet. Teaser bets give bettors additional points—frequently 6, 6½, or
7—on the team they select, making the team more likely to win against a
new point spread. Taking the Detroit Lions +4 on a 6½-point teaser converts
the bet into Detroit +10½. Conversely, a favored team might shift from giv-
ing points to receiving points, as when a Minnesota Vikings –3 bet becomes
Minnesota +4 when played on a 7-point teaser card.

The catch in playing teaser cards is that the payoffs are sharply reduced
from ordinary parlay card payoffs: less than even money for 2-team teasers,
for example. Table 2.10 shows the pro football pay table at the Golden Nugget
in Las Vegas for standard parlay cards and for 6-, 6½-, and 7-point teasers.

Given the change in the point spread, we would expect that your chance
of picking each winner would increase. Even a 70% chance of winning a single
game, though, would still make your probability of winning all the bets less
than 50%.
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TABLE 2.10: Golden Nugget pro football teaser payoff odds

Teams Parlay 6-pt. Teaser 6½-pt. Teaser 7-pt. Teaser
2 13–5 5–7 2–3 5–8
3 6–1 8–5 7–5 11–10
4 11–1 12–5 2–1 8–5
5 22–1 4–1 7–2 3–1
6 40–1 6–1 5–1 9–2
7 75–1 8–1 7–1 6–1
8 140–1 10–1 9–1 8–1

Example 2.4.4. 6 and 7-point teasers are ideally suited to football games.
In a casino error that created a massive opportunity for observant bettors, an
employee at the Comstock Casino in Reno once posted a teaser card including
National Hockey League games with 6 goals added [3].

Very few NHL games are decided by more than 6 goals, so adding 6 goals
to either team’s score generated an almost-certain winner on both sides of the
wager. The teasers got good action before management shut them down, and
the casino took a financial beating. The sports book closed not long afterward,
followed shortly by the Comstock itself. ■

In the other direction, a bettor playing a reverse teaser or pleaser card
gives points back to the casino.

Example 2.4.5. At the Circa Casino, the December 18, 2022 Philadelphia
Eagles-Chicago Bears game was listed as Philadelphia –9½. On the reverse
teaser card, the line shifted by –7 points, so a bettor wishing to include the
Eagles took them at –16½ points and could bet on the Bears +2½.

Philadelphia won the game 25–20, so neither side scored a win on a reverse
teaser card. ■

In exchange for a smaller chance of winning, the payoffs are bigger. Table
2.11 compares the pay schedules for the pro football teaser and reverse teaser
cards played at Circa Casino.

TABLE 2.11: Circa teaser and reverse teaser payoff odds

Teams Teaser Reverse Teaser
3 1.6–1 25–1
4 5–2 75–1
5 4–1 250–1
6 6–1 750–1
7 8.5–1 2500–1
8 12–1 7500–1
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Money Line Bets

An alternate approach to moving a point spread is offering a money line,
which requires that bettors wishing to wager on the favorite risk more money
than if they were betting on the underdog. In the Miami-Jacksonville game
above, rather than projecting a point spread, the bookmaker may set the
wager to something like “–120/+110,” which means that a gambler wishing
to bet on the favorite (Miami) must risk $120 to win $100, while someone
betting $100 on the underdog (Jacksonville) would win $110 for a $100 bet.
Winning bets require that the selected team win outright, with no margin of
victory specified. Moving the line, or changing either or both of the numbers
in response to incoming action, substitutes for changing the point spread as
a means to encourage approximately equal action on each team. The casino
offering money line bets avoids the prospect of being caught in a straddle,
because there is no point spread to change.

Both options can be available at the same sports book. In June 2022, the
William Hill sports book offered two ways to bet on the United States Football
League game between the Tampa Bay Bandits and the Birmingham Stallions.
The Stallions were listed as 3½-point favorites, so making a point-spread bet
meant giving 11 to 10 odds and either taking the points on Tampa Bay or
giving them on Birmingham. The money line was –165 on Birmingham and
+145 on Tampa Bay.

Example 2.4.6. Money line bets can be made on propositions other than ac-
tual games. In November 2016, right after the NHL’s expansion Vegas Golden
Knights revealed their nickname, the Westgate Superbook in Las Vegas of-
fered a –50,000 proposition bet that the team would not win the Stanley Cup
in its first season: 2017–18. A bettor making this wager would have to put
up $50,000 about 18 months ahead of the playoffs, and would collect $50,100
unless the Knights won the championship.

On one hand, this seems like a fairly safe bet at plausible odds, since
expansion teams are typically not very good in their first season. However,
the Golden Knights advanced all the way to the Stanley Cup finals before
losing in 5 games to the Washington Capitals, which certainly would have
made some big bettors nervous. No one actually made this bet, although it
could have been viewed as an oddly reasonable investment opportunity. A
winning wager would effectively pay 0.2% interest over 18 months, which was
better than banks were then paying on savings.

There was considerable action on the reverse proposition that the team
would win the title in their first season, which was a 500–1 wager at the start
of the season; gamblers could bet $100 with a chance of winning $50,000 [69].
The odds fell as low as 9–2 over the course of that successful first season. ■

For comparative purposes, money line bets can be easily converted to
odds bets. For a negative money line of ´X, the wager is X and the payoff is
X ` 100, so the odds in force are effectively pX ` 100q to X, or 1 ` 100

X
to 1.
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When betting $100 on a positive money line of X, the payoff on a winning
bet is X ` 100 and the corresponding odds are 1 ` X

100 to 1.

Conditional Probability
If events A and B are not independent, we will need to generalize Theorem

2.4.1 to handle the new situation. This generalization requires the idea of
conditional probability. We begin with an example.
Example 2.4.7. If we draw one card from a standard deck, the probability
that it is a king is 4

52 “ 1
13 . If, however, we are told that the card is a face card,

the probability that it’s a king is 4
12 “ 1

3—that is, additional information has
changed the probability of our event by allowing us to restrict the sample
space. If we denote the events “The card is a king” by K and “The card is
a face card” by F , this last result is written P pK|F q “ 1

3 and read as “the

(conditional) probability of K given F is 1
3 .” ■

The fundamental idea here is that more information can change proba-
bilities. If we know that event A has occurred and we’re interested in event
B, we are now not looking for P pBq, but P pB and Aq, because only the part
of B that overlaps with A is now possible. With that in mind, we have the
following formula for conditional probability:
Definition 2.4.2. The conditional probability of B given A is

P pB|Aq “ P pB and Aq
P pAq .

This formula divides the probability that both events A and B occur by
the probability of the event A that we know has already occurred. Note that
if A and B are independent, we immediately have P pB|Aq “ P pBq, since then
P pB and Aq “ P pAq ¨P pBq. This is one case where more information—in this
case, the knowledge that A has occurred—does not change the probability of
B occurring.
Example 2.4.8. Suppose that we draw one card from a standard deck. Let
A be the event that the card is an ace, and D be the event that the card is
a diamond. We have P pAq “ 1

13 , and the event “A and D” is the event that
the card is the A♢. If we are told that the card is a diamond, the probability
that the card is also an ace is

P pA|Dq “ P pA and Dq
P pDq “

1{52
1{4

“ 4
52 “ 1

13 ,

which confirms that events A and D are independent. Knowing the suit of a
drawn card gives us no new information about its rank. ■
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Example 2.4.9. In craps, the probability of rolling an 11 is 1
18 . Suppose that,

on the come-out roll, one of the dice leaves the table and cannot be seen, but
the other die is a 5. What is the probability that the roll is an 11?

Let A be the event {The first die is a 5} and B be the event {The sum is
11}. We seek P pB|Aq. P pAq “ 1

6 , and P pB and Aq “ 1
36 , since the compound

event B and A can be described as “the roll is a 5 on the first die (the one we
can see) and a 6 on the second die.” It follows that

P pB|Aq “ P pB and Aq
P pAq “

1{36
1{6

“ 1
6 .

We see that knowing that one die is a 5 has improved the chance of rolling
an 11 from 1

18 to 1
6 .

In actual casino play, this roll would be declared void, since a die left the
table. ■

Example 2.4.10. Recall from Example 2.1.9 that the probability of being
dealt pocket aces at Texas hold’em is 1

221 . If you have indeed been dealt two
aces, what is the probability that the player to your immediate left also holds
two aces in the hole?

We can answer this question by restricting the sample space. With your
cards removed from consideration, there are now

ˆ

50
2

˙

“ 1225 possible two-
card combinations available for the next player. Of these, only one is a pair of
aces (since only two aces remain among the unknown cards), so the probability
of a second pair of pocket aces, given that one pair has already been dealt, is

P pYour opponent has 2 aces | You have 2 acesq “ 1
1225

—about five and a half times less, which gives more support to the idea that
you should bet your holdings strongly. ■

The Monty Hall Problem

In the early 1990s, the following question, or some variation of it, pushed
recreational mathematics and conditional probability into the national spot-
light. This problem is a variation of an older puzzle, the Three Prisoners
Problem.

Suppose you’re a contestant on a game show, and you’re given
the choice of three doors. Behind one door, selected at random,
is a car; behind the others, goats. You pick a door, say #1, and
the host, who knows what’s behind the other doors, opens another
door which reveals a goat—this is always possible since only one
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door conceals a car. He then says to you, “Do you want to trade
your door for the other closed door?”.

Is it to your advantage to switch?

Frequently, the host was said to be Monty Hall, long-time host of the TV
game show Let’s Make A Deal, and so this came to be known as the Monty
Hall Problem. There were two popular interpretations of the “correct” course
of action, phrased here in terms of how the new information has or hasn’t
changed your chances of winning.

1. If one door is shown to be a loser, that information changes the proba-
bility of either remaining choice—neither of which has any reason to be
more likely—to 1

2 . It follows that there is no advantage to switching.

2. Suppose that you pick door #1. The following are the 4 possible out-
comes:

a. The car is behind door #2
ˆ

p “ 1
3

˙

, and Monty opens door #3. You
should switch.

b. The car is behind door #3
ˆ

p “ 1
3

˙

, and Monty opens door #2. You
should switch.

c. The car is behind door #1, and Monty opens door #2
ˆ

p “ 1
6

˙

. You
should not switch.

d. The car is behind door #1, and Monty opens door #3
ˆ

p “ 1
6

˙

. You
should not switch.

It follows that you should switch 2
3 of the time, and not switch 1

3 of the
time.

Of course, since this is a one-time decision, any strategy is unsuitable for
long-term play. If you’re interested in the greatest possible chance of winning
the car, which reasoning is correct?

The key to resolving this question lies in the fact that the host knows where
the car is and will always open a door concealing a goat; his choice is not made
randomly. In effect, you are being offered a choice to take your original door
or both of the other doors. If the car is equally likely to be behind any of the
3 doors, then the chance that you originally selected the door with the car is
1
3 and your chance of winning the car if you switch is 2

3 . Since you know that
given any 2 of the 3 doors, at least 1 must have a goat behind it, revealing a
goat effectively shifts that 2

3 probability to the door you are being offered.
Under the reasonable assumption that you would rather win a car than a
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goat, you should always switch doors. While counterintuitive, numerous com-
puter simulations have experimentally confirmed the theoretical probability
that switching doors wins the car 2

3 of the time.

The General Multiplication Rule

As with the addition rules, we can state a second, more general, version
of the Multiplication Rule that applies to any two events—independent or
not—and reduces to the first rule when the events are independent. This
more general rule simply incorporates the conditional probability of B given
A, since we are looking for the probability that both occur.

Theorem 2.4.2. (The General Multiplication Rule) For any two events
A and B, we have

P pA and Bq “ P pAq ¨ P pB|Aq.

Proof. This result follows from the fact that P pA and Bq “ P pB and Aq and
from Definition 2.4.2.

As an example of the General Multiplication Rule, we consider bingo. Bingo
is related to lotteries and keno, and is a game familiar to many from its
frequent appearances in charitable fundraisers. Foxwoods Casino in Mashan-
tucket, Connecticut, one of North America’s largest casinos, got its start as a
bingo hall on the Mashantucket Pequot reservation.

Bingo is a simple game to play: players receive cards on which the word
“BINGO” is printed above a 5 ˆ 5 grid of numbers, as in Figure 2.6. The five

FIGURE 2.6: Bingo card.

squares under the B are filled with numbers in the range 1–15, the I squares
from 16 to 20, the N squares from 31 to 45, the G squares from 46 to 60, and
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the O squares from 61 to 75. The center square of the grid, under the N, is
traditionally a “free” square and contains no number.

Numbers in the range from 1 to 75 are drawn, either from a cage or blower
full of ping-pong balls as in keno, or electronically. As numbers that appear
on the players’ cards are drawn, the players cover them in some fashion. The
free space is considered covered automatically. Depending on the rules of the
game, the winner is the first player to complete a line of five covered spaces
horizontally, vertically, or diagonally, including the center free space; cover all
24 numbers (the “Cover All” game); or make other significant patterns, such
as crosses or Xs, on their card. A winning player traditionally shouts “Bingo!”
to indicate their success and have their win certified so that they may claim
their prize.

Casinos have been known to offer bingo as a loss leader : a game on which
they are prepared to lose money in order to bring people into the building.
Casino bingo is typically scheduled in discrete sessions, often one starting
every other hour, rather than being continuously played. The thought behind
a loss leader strategy is that bingo players will venture into other areas of the
casino and gamble there—in less favorable games—in between sessions. The
reason that bingo may be a losing proposition for a casino is that there is
always a winner in every game, no matter how few people might be playing,
and if the amount of the top prize is not covered by player wagers, the game
still goes on.

Example 2.4.11. How many possible bingo cards are there?
Order matters when laying out a bingo card—if the first five numbers

drawn are B-13, I-28, N-41, G-55, and O-72, and all five appear on your card,
you are only a winner if they are all in the same row or if all except 41 (the
N number) fall on a diagonal. For the B, I, G, and O columns, there are
15P5 “ 360, 360 possible choices of the numbers. In the N column, the free
space means that there are only 4 numbers to be picked, and so there are
15P4 “ 32, 760 ways to fill it in. The total number of cards is therefore

p360, 360q4 ¨ 32, 760 “ 552, 446, 474, 061, 128, 648, 601, 600, 000

—or about 552 septillion. ■

Example 2.4.12. Since the chance of winning at bingo depends both on the
numbers on one’s own card and the numbers on the other players’ cards, it
can be challenging to compute the probability of winning. We shall consider
a simple question: What is the probability of covering all 24 of your numbers
after exactly N numbers have been called?

As with keno, we need to account for all N numbers drawn. Twenty-four
of these must be the numbers that appear on your card, and one of them
must be the last number; otherwise, you would win in fewer than N numbers.
It follows that the first N ´ 1 numbers drawn must contain 23 of yours, and
then that, given the occurrence of this event, the last draw must be your 24th
number. Define the following events:
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• A = Draw 23 numbers in exactly N ´ 1 bingo balls.

• B = Draw your 24th number on the Nth ball.

Then P(Draw 24 numbers in exactly N balls) is P pA and Bq “ P pAq¨P pB|Aq.

For P pAq, there are
ˆ

24
23

˙

“ 24 ways to pick those 23 numbers. The

remaining pN ´ 1q ´ 23 “ N ´ 24 numbers must be drawn from among the 51

numbers that are not on your card; those may be chosen in
ˆ

51
N ´ 24

˙

ways.

There is a total of
ˆ

75
N ´ 1

˙

ways to draw the first N ´1 numbers. Assembling
these factors gives

P (A) “ P (Draw 23 numbers in N ´ 1 bingo balls) “

ˆ

24
23

˙

¨
ˆ

51
N ´ 24

˙

ˆ

75
N ´ 1

˙ .

Having accounted for this event, we now consider the probability of draw-
ing that last number on the Nth bingo ball, given that 23 numbers have
already been drawn. When the last number is drawn, there are 75´pN ´1q “
76 ´ N bingo balls remaining, and only one of them bears the lone uncovered
number on your card. The probability of matching that number is therefore

P pB|Aq “ 1
76 ´ N

.

In the N draws, then, we have the following probability:

P (Win in exactly N draws) “

ˆ

24
23

˙

¨
ˆ

51
N ´ 24

˙

ˆ

75
N ´ 1

˙ ¨
ˆ

1
76 ´ N

˙

.

■

We shall illustrate the use of this formula by considering the extreme cases.
If N “ 24, the formula simplifies to

P (Win in 24 draws) “ 24
ˆ

75
23

˙ ¨
ˆ

1
52

˙

“ 24 ¨ 23! ¨ 52!
75! ¨ 52 “ 24! ¨ 51!

75! “ 1
ˆ

75
24

˙ ,

as we would expect, since we’re asking for the probability of drawing precisely
your 24 numbers in 24 draws.

If N “ 75, then we have

P (Win in 75 draws) “ 24
75 “ .3200,
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which is just the probability of choosing one of the numbers on your card from
the full range of 75 numbers. This may be interpreted as choosing one number
not to be drawn from 75, and thinking of that number as the last number left
in the cage after 74 numbers have been drawn.

In general, the expression for this probability may be rewritten as

P (Win in N draws) “ 24 ¨ 51! ¨ pN ´ 1q!
pN ´ 24q! ¨ 75! .

Table 2.12 collects this probability for various values of N .

TABLE 2.12: Bingo probabilities for Cover All

N P(Cover All in Exactly N Draws)
24 3.8792 ˆ 10´20

25 9.3100 ˆ 10´19

30 1.8427 ˆ 10´14

35 1.1098 ˆ 10´11

40 1.4629 ˆ 10´9

45 7.8073 ˆ 10´8

50 2.2632 ˆ 10´6

55 4.2125 ˆ 10´5

60 5.5941 ˆ 10´4

65 5.6916 ˆ 10´3

70 4.6664 ˆ 10´2

75 .3200

At the same time, we might be interested in the probability of covering a
complete card in N or fewer draws. Computing that probability is a simple
matter of adding up the individual mutually exclusive probabilities P(Cover
all in x draws) for 24 ď x ď N :

P (Cover all in ď N drawsq “
N
ÿ

k“24

24 ¨ 51! ¨ pk ´ 1q!
pk ´ 24q! ¨ 75! .

Some of these cumulative probabilities are collected in Table 2.13.

TABLE 2.13: Cumulative bingo probabilities for Cover All

N P(Cover All in ď N Draws)
25 9.6979 ˆ 10´19

35 1.6185 ˆ 10´11

45 1.4639 ˆ 10´7

55 9.6537 ˆ 10´5

65 1.5415 ˆ 10´2

75 1
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In practice, many cards are in play in a single round of bingo: there are
surely multiple players, and it is not uncommon for bingo players to play many
cards in one game. Calculating the probability of holding the first card to win
a Cover All game is extremely tricky because two cards are generally not
independent; they may share one or more numbers. A rough approximation
of the chance of any one card being the first to have all of its numbers called
can best be done by repeated simulation—see [119] for the details.

Punchboards

The punchboard was a popular, though often crooked, gambling device
frequently found in American retail stores as a trade stimulator from the
late 1700s through the middle of the 20th century [104]. A common form of
punchboard consists of a thick piece of cardboard with anywhere from 20 to
10,000 small holes, called spots, cut into it and covered on both sides by paper
or thin metal foil. The holes each contain a small slip of paper printed with a
number. One such board is shown in Figure 2.7.

FIGURE 2.7: Ninety Percenter punchboard.

Upon payment of an entry fee, which typically ranged between 5¢ and $1, a
player would punch out a circle to reveal their number. Certain of these num-
bers corresponded to prizes of cash or merchandise, which could be redeemed
on the spot. Proprietors would purchase punchboards from local dealers for
an amount less than the difference between the cost of all of the spots and the
sum of all prizes; this is how a merchant could make money from a punchboard
in his or her store.
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Example 2.4.13. The Ninety Percenter punchboard shown in Figure 2.7
claims just that: a 90% payout of all money invested by players. The punch-
board has 800 spots, which are sold for 10¢ each. Players punching out any
multiple of 10 between 10 and 650 receive a $1 prize, and the last spot on
the board carries a $5 bonus. If the claim is accurate and all of the winning
numbers appear at least once each, how many multiples of 10 are repeated on
this punchboard?

If all 800 spots are sold, the proprietor takes in $80. If the claim of a 90%
payback rate is correct, then $72 must be returned in prizes. Subtracting the
$5 bonus for the last spot leaves $67, so two extra winning spots must be
included—either two numbers repeated twice each or one number repeated
three times. ■

If we make the reasonable assumption that each winning number appears
only once, then the total prize money paid out is $70, and the return percent-
age is 87.5%—which only becomes 90% through generous rounding.

An alternate punchboard game replaced the numbers with girls’ names, as
in Figure 2.8. Each spot sold corresponded to one name; the person buying
each spot signed the punchboard beside their chosen name—perhaps the name
of a wife or girlfriend—and then punched out the spot to reveal the price of
that name. Once all of the spots were sold, a seal on the punchboard was
broken to reveal the prize-winning name.

FIGURE 2.8: Lucky Girl punchboard.

Suppose that you’re playing the Lucky Girl punchboard in Figure 2.8,
which has 35 spots, and that the top prize is $5. If you are the first to purchase
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a chance, your probability of winning is 1
35 . What is your chance of winning

(that is, of picking the winning name) if you are the second player?
To win on the second punch, the first punch must have chosen a losing

name. The probability of losing on the first punch is

P pA1q “ 34
35 ,

and the probability of then winning on the second punch is

P pA2|A1q “ 1
34 ,

since we can compute this conditional probability by restricting the sample
space to the 34 spots left after the initial loser. These events must occur in
sequence, which gives

P pLose on first punch and Win on second punchq “ P pA1 and A2q.

By the General Multiplication Rule , this is

P pA1 and A2q “ P pA2|A1q ¨ P pA1q “ 1
34 ¨ 34

35 “ 1
35 ,

which is the same as the probability of winning on the first punch. This as-
sumes, of course, that the punchboard operator is offering a fair game, which
was often not the case.

Repeating this calculation with different numbers of previous losing
punches reveals an interesting and possibly counterintuitive result: The prob-
ability of winning any specified prize is independent of the number of previous
punches. There is no benefit in going first, nor in waiting until the end; the
advantages and disadvantages cancel out at any place in the line.

Example 2.4.14. To illustrate this independence, we consider a generaliza-
tion: For a punchboard with n spots and a single prize, find the probability
that the jackpot will be won by the player picking the last spot.

We need only compute the probability that the first n ´ 1 spots chosen
do not win the jackpot, for then the jackpot number must be under the last
remaining spot. The probability of losing on the first punch is

p1 “ n ´ 1
n

.

Given that the first punch loses, the probability that the second punch also
loses is

p2 “ n ´ 2
n ´ 1 .

We continue in this fashion:

pk “ P pLose on punch #k | All previous punches loseq “ n ´ k

n ´ pk ´ 1q .
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Multiplying these probabilities together for k “ 1, 2, . . . , n ´ 1 yields

P pWin on punch #nq “ n ´ 1
n

¨ n ´ 2
n ´ 1 ¨ n ´ 3

n ´ 2 ¨ ¨ ¨ 3
4 ¨ 2

3 ¨ 1
2 “ 1

n
,

since all of the intermediate numerators and denominators cancel. ■

This is the same chance of winning that you have if you pick first or
second—or anywhere else in line.

Some punchboards, called keyed punchboards, were sold together with a
list or diagram of the locations of the winning numbers for the use of the
proprietor, and while this could easily be explained as a convenience, it was
just as easy for an unscrupulous operator to either steer his preferred cus-
tomers to the winning numbers or punch out all of the biggest winners before
putting the board on display so that the top prizes could not be won, thus
increasing his profit. Alternately, an associate of the punchboard dealer could
obtain a key from him, take it around to neighborhoods where punchboards
were available for play, and punch out winning spots in what appeared to be
a run of pure luck.

The spread of crooked punchboards led to a rapid decline in their popu-
larity; however, the punchboard features of player involvement in a game and
an instant decision make them a forerunner of the scratch-off instant lottery
tickets that remain popular today.

Example 2.4.15. Alaska has no state-run lottery and does not participate
in Powerball, but Lotto Alaska is authorized to conduct games of chance as
charitable fundraisers. Chase the Ace is a game where one winning ticket is
chosen each week from all tickets sold that week—unlike Powerball, there is
exactly one winner per week. The holder of the winning ticket receives 20% of
the week’s ticket sales and has a chance at winning a jackpot of 30% of sales,
with a minimum top prize of $10,000. The remaining 50% of sales is set aside
for charitable organizations [73].

The winning ticketholder is invited to choose a number between 1 and 54,
which corresponds to a space on the Chase the Ace game board. Each space
holds a playing card, including 2 jokers. If the number chosen corresponds to
the A♠, then the player wins the jackpot. If not, the number is removed from
consideration, and subsequent weeks’ winners must choose other numbers.
Once the A♠ is selected, the jackpot resets to $10,000, all windows are put
back into the pool, and a new game begins.

Figure 2.9 shows the online game board from which weekly winners choose
their cards. The jackpot was $95,218 for the drawing on October 30, 2022 [73].
While the chance of holding the winning ticket varies from week to week based
on the number of tickets sold, it is simple to show that the probability of
drawing the A♠ is independent of when a player wins.

Imagine all 54 weekly winners assembled in a room and ready to choose
their space on the board, in order. Just as we saw in Example 2.4.14, the
probability of any one winner choosing the A♠ is conditional, involving the
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FIGURE 2.9: Lotto Alaska Chase The Ace game board. Used with permission.

probability that no previous weekly winner has chosen that card and the
probability of choosing the A♠ from the cards that then remain. The chance
of picking the A♠ on the kth card is

1
54 ´ pk ´ 1q “ 1

55 ´ k
.

This probability of winning is then

P pWin on card #kq “
ˆ

53
54 ¨ 52

53 ¨ 51
52 ¨ ¨ ¨ 55 ´ k

56 ´ k

˙

¨ 1
55 ´ k

“ 1
54 ,

regardless of the number of weeks since the last jackpot was awarded. ■

The jackpot of over $3.5 million was won following the drawing of January
8, 2023. The A♠ was revealed under card #49.

Table 2.14 collects some of the more useful probability and counting rules
that we have discussed so far. In referring to this table, note that the First
Addition Rule applies only to mutually exclusive events, while the Second
Addition Rule applies to all events. Similarly, the first Multiplication Rule
in the table requires that the events A and B be independent; the General
Multiplication Rule applies in all cases.
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TABLE 2.14: Common probability formulas

Complement Rule P pACq “ 1 ´ P pAq.
Subset Rule If B Ă A, then P pBq ď P pAq.

Permutations nPr “ n!
pn ´ rq! .

Combinations
˜

n

r

¸

“ n!
r! ¨ pn ´ rq! .

First Addition Rule P pA or Bq “ P pAq ` P pBq.
(mutually exclusive events)

Second Addition Rule P pA or Bq “ P pAq ` P pBq ´ P pA and Bq.
Multiplication Rule P pA and Bq “ P pAq ¨ P pBq.

(independent events)

Conditional Probability P pB|Aq “ P pA and Bq
P pAq .

General Multiplication Rule P pA and Bq “ P pAq ¨ P pB|Aq.

2.5 Exercises
Answers to starred exercises begin on page 285.

2.1. Use the Multiplication Rule to confirm that the probability of any one
number being chosen in a round of card-based roulette at the Barona Casino
(page 21) is still 1

37 despite the curious setup. Note that the wheel spin and
card draw are independent events.

2.2. Some local variations of poker recognize a hand called a blaze, which con-
sists of five face cards. (Note that only jacks, queens, and kings are considered
face cards.) A blaze beats two pairs but loses to three of a kind, although a
blaze containing three of a kind or higher (for example, the full house JJJQQ)
need not be called a blaze [33].

a. Find the probability of being dealt five face cards.

b. Find the probability that a player is dealt a hand that he or she calls a
blaze—which must consist of two pairs of face cards and a fifth face card
of the third rank, such as QQJJK.

2.3.‹ In [7], John Blackbridge asserts that a hand containing 5 cards of the
same color should rank between 1 pair and 2 pairs. Find the probability that
a five-card poker hand contains five cards of the same color.

We note here that some high-ranking poker hands—flushes and straight
flushes, for example—are necessarily one-color hands that rank higher than 2
pairs and would be played as their standard value instead of as a one-color
hand. This need not be considered here.
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2.4.‹ Calculate the probability of the poker hand three of a kind. Note that
in a hand holding three of a kind, if the other two cards form a pair, the hand
is a full house; these need to be excluded from your calculations.

2.5. Consider a modified deck of cards containing six suits, with the usual 13
cards in each suit for a total of 78 cards. The two new suits are red crowns
and black anchors.

a. In a five-card poker game played with this deck, five-of-a-kind would be a
possible hand. Compute the probability of five-of-a-kind. Would five-of-a-
kind outrank a royal flush?

b. Find the probability of being dealt a hand containing five cards of different
suits, which is called a rainbow.

c. A rainbow straight is a hand consisting of five cards in sequence and all of
different suits. Find the probability of a rainbow straight.

2.6. MyDaY is a Nebraska Lottery offering where players choose a date from
the calendar instead of a number [9]. The state draws a single date in a daily
drawing, and prizes are paid according to how many components of the date
are matched. The date is composed of three separate choices:

• The month, which is a number between 1 and 12.

• The day, which is a number between 1 and 31. Only valid calendar dates
are accepted in MyDaY, so the computer system will block attempts to
wager on nonexistent dates such as November 31. February 29 may be
chosen only if the year is a bona fide leap year, including the year 2000.
In the history of MyDaY, beginning in October 2008, February 29 was
drawn 4 times: twice in 2016 and twice in 2020. Coincidentally, both
2016 and 2020 were leap years.

• The year, which is a two-digit number from 00 through 99. These digits
represent the last two digits of the year, with the understanding that
00 represents 2000 (which was a leap year, permitting bets on 2/29/00)
rather than 1900 (which was not a leap year) [82].

a. How many dates are possible in MyDaY?

b. Matching the month alone wins a prize of $1–a break-even proposition
for these $1 tickets. If you purchase a ticket for May 17, 1965, find the
probability that you will match only the month.

c. A ticket that matches the month and day, but not the year, wins $12. For
the ticket in part b., find the probability of winning the $12 prize.
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2.7.‹ 2by2 is a game offered by the Multi-State Lottery Association, the or-
ganization responsible for Powerball, in Kansas, Nebraska, North Dakota, and
Wyoming. 2by2 is effectively a double 2/26 lottery: players pick two numbers,
in the range 1 to 26, in each of two colors: red and white. Two numbers in
each color are drawn independently, and a ticket wins if at least one of its four
numbers matches them. The payoff table for 2by2 is shown in Table 2.15.

TABLE 2.15: 2by2 payoff table [1]

Red matches White matches Prize
2 2 $22,000
2 1 $100
1 2 $100
2 0 $3
0 2 $3
1 1 $3
1 0 Free ticket
0 1 Free ticket

Due to symmetry, there are five different winning probabilities. Find each
one.

2.8.‹ Repeat Example 2.1.14 using the 2004 Powerball configuration. Which
event has a higher probability: matching 4 numbers without the Powerball or
matching 3 with the Powerball?

2.9. The most recent U.S. state to establish a state lottery is Mississippi,
whose state legislature approved lottery legislation in 2018. Mississippi Match
5 is a 5/35 game with three weekly drawings. Find the probability of winning
a prize in this game by matching 2 or more numbers.

2.10.‹ The Ring of Fire keno bet (Example 2.1.19) offers a payout of $100,000
if 20 of the 32 edge numbers are chosen by the casino. Find the probability of
this payoff.

2.11. Calculate the number of betting combinations on a keno way ticket
consisting of two 2-spots, four 3-spots, and one 5-spot, with the understanding
that no combination may involve more than 15 numbers.

2.12.‹ The Kewadin Casino in Sault Sainte Marie, Michigan offers a way bet
called the “Cover All” keno wager. As the name suggests, the Cover All bet
has all 80 numbers working for the player. In one Cover All game, the numbers
are divided into 2 ˆ 2 blocks of 4, according to how they are arranged on the
bet slip (see Figure 2.3), so 1-2-11-12 is one block, as is 3-4-13-14, and so
on up to 69-70-79-80. These 20 blocks are each combined with every other
block to form virtual 8-spot tickets. Show that there are 190 distinct 8-spot
combinations available in a Cover All game.
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2.13.‹ The “Top and Bottom” keno game at the Kewadin Casino does not
require the player to choose any numbers. By playing a $5 Top and Bottom
ticket, you win if 13 or more of the 20 numbers drawn fall on the top half of
the ticket, which bears numbers from 1 to 40, or on the bottom half, where
the numbers run from 41 to 80. Prizes are awarded according to how many
numbers hit: a 13-7 or 7-13 top/bottom split pays off with a free ticket for
another game, while a 20-0 or 0-20 split pays $25,000.

Find the probability of winning on a Top and Bottom ticket.

2.14.‹ Recall the FireKeepers Casino’s 20-spot $2 keno wager, whose top
prize of $100,000 is won when the player matches 15 or more of the 20 drawn
numbers.

a. Find the probability of hitting exactly 15 of 20 numbers in keno.

b. By mimicking the calculation in part a, find the probability of matching
16, 17, 18, 19, and 20 numbers.

c. What is the probability that a single keno ticket will win the $100,000
prize?

2.15. Suppose that on a football (soccer) weekend in Great Britain, 11 of the
49 games end in score draws. What is the probability that your ticket for ten
games includes at least one line with eight score draws?

2.16.‹ In December 2022, the sports books operated by MGM Resorts Inter-
national offered the following futures odds on the College Football Playoff.

• Georgia: –165.
• Ohio State: 7–2.
• Michigan: 3–1.
• Texas Christian: 16–1.

Compute the over-round for this set of odds.

2.17.‹ Video poker (see Section 3.2) is an electronic version of five-card draw
poker. When the option to discard some cards and draw replacements is in-
cluded, the probability of a royal flush is roughly 1 in 40,000. Use this estimate
to calculate the probability of not drawing a royal flush in 40,000 video poker
hands.

2.18.‹ In Texas hold’em, suppose that your hole cards are an ace and a 2.
Find the probability that the player to your immediate left has been dealt
pocket aces.

2.19.‹ If two pairs appear on the board in a hand of Texas hold’em, the board
is said to be double-paired. This tends to limit the subsequent betting, as every
player has at least 2 pairs and there’s not a lot of room for improvement. Find
the probability that a hold’em board is double-paired in the first 4 cards.
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2.20.‹ Consider the following 2 events in a hand of Texas hold’em:

• A “ Flopping a set (holding three-of-a-kind after the flop) given that
you hold a pair.

• B “ Flopping exactly 4 cards to a flush, given that your hole cards are
suited.

Which event has the greater probability, A or B?

2.21. Repeat Exercise 2.20 allowing for the possibility of flopping 3 or four-
of-a-kind in event A and flopping 4 or 5 cards to a flush in B, given the same
hole cards.

2.22.‹ Two bingo cards with different sets of 24 numbers are called disjoint;
cards with one or more numbers in common are said to overlap. Given the
layout of a card, it is possible to construct three disjoint cards—the 72 numbers
on the three cards include all 75 numbers except three of the numbers from
31 to 45, due to the free space under the N. In a Cover All game with these
three cards, find the probability that there will be a winner by the time that
the 65th number is drawn.

2.23. Find the probability that two randomly selected bingo cards will have
no numbers in common.

2.24.‹ Bingo cards are typically sold in packages of 3000. Use the probability
calculated in Exercise 2.23 to find the probability that a package will contain
two or more disjoint cards.

2.25.‹ In the 2005 episode “Can You See What I See?” of the TV series
Las Vegas, pit boss Nessa Holt states that she has seen a girl hit 56 straight
passes [at craps], a player hit 17 straight naturals in blackjack, moving among
9 different tables, and the number 14 come up 14 straight times at roulette.
Using the approximation P pNaturalq “ 1

21 and assuming an American wheel,
rank these 3 events by their probability from lowest to highest.

2.26. If you make the Ring of Fire keno bet (Example 2.1.19), you lose your
wager if exactly 6, 7, 8, or 9 edge numbers are drawn. Find the probability of
this event.

2.27.‹ Find the probability that each number on an American roulette wheel
will come up exactly once in a string of 38 consecutive spins.



Chapter 3
Probability Distributions and
Expectation

3.1 Random Variables
Definition 3.1.1. A random variable (RV for short) is an unknown quantity
X whose value is determined by a chance process.

This is another definition that, on its face, isn’t terribly useful—indeed, this
comes perilously close to using the words “random” and “variable” in its own
definition. Once again, a sequence of examples will illustrate this important
idea far better than a formal definition.

Example 3.1.1. Roll 2d6 and let X denote their sum. X then takes on a
value in the set {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. ■

Example 3.1.2. In a five-card poker hand, let X count the number of aces
it contains. X can equal 0, 1, 2, 3, or 4. ■

Example 3.1.3. In a hand of blackjack, let X denote the sum of the first two
cards, counting the first ace as 11. Here, X is an integer between 3 and 21.
(A hand containing two aces would be counted here as 12, not 2 or 22.) ■

Example 3.1.4. Let X be the number spun on a European roulette wheel.
Then X is contained in t0, 1, 2, 3, . . . , 35, 36u, a set with 37 elements. ■

Our next definition connects the possible values of a random variable with
the respective probabilities of those values.

Definition 3.1.2. A probability distribution for a random variable X is a list
of the possible values of X, together with their associated probabilities.

Example 3.1.5. Suppose we roll 2d6 and let X denote the sum of the num-
bers rolled. The possible sums are illustrated in Table 3.1, and the correspond-
ing probability distribution for X is compiled in Table 3.2.

■

Axioms 2 and 3 require that the sum of the probabilities in Table 3.2, and
in any probability distribution, is 1.
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TABLE 3.1: Sample space of outcomes when rolling 2d6

X � � � � � �

� 2 3 4 5 6 7
� 3 4 5 6 7 8
� 4 5 6 7 8 9
� 5 6 7 8 9 10
� 6 7 8 9 10 11
� 7 8 9 10 11 12

TABLE 3.2: Probability distribution when rolling 2d6

x 2 3 4 5 6 7 8 9 10 11 12
P pX “ xq 1{36 2{36 3{36 4{36 5{36 6{36 5{36 4{36 3{36 2{36 1{36

To ensure that their craps tables are profitable, casinos depend on their
dice following this probability distribution. In order to guarantee that the real
dice conform to these theoretical probabilities, casino dice are manufactured
to exacting specifications and are perfect cubes to within 1/10,000 of an inch
on each side. The spots on the dice are made of a different-colored plastic
with the same density as that used for the dice and are flush with the surface
rather then being indented, as is the case with common game dice. Moreover,
casino dice have razor-sharp edges and corners, in order to ensure that they
bounce and roll in a truly random fashion. Common dice, such as those used
for playing board games like backgammon, have rounded courses and edges
so that they will roll better in the limited space for rolling dice. Figure 3.1
compares casino dice with board game dice.

FIGURE 3.1: Left: Casino dice from the Palms Casino in Las Vegas. Right:
Common board game dice.

Additionally, casino dice are typically used on the tables for eight hours or
less and are then removed from play before they develop small chips or other
imperfections that might cause them to deviate from this distribution. Dice
so removed are immediately canceled with a circle punched into one face or
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a hole drilled through two faces to guard against reintroduction of modified
dice to the tables, and replaced by new dice. (In New Jersey, dice removed
from play must be canceled by drilling.) Depending on casino policy, canceled
dice may either be destroyed, given away to players, or offered for sale in the
casino’s gift shop.

A similarly short lifetime on the casino floor awaits playing cards, which
are typically used for one eight-hour shift or less and then replaced before they
have a chance to accumulate telltale nicks or marks that might tip off an alert
gambler to the imminent arrival of a particularly high or low card. Cards used
in baccarat or blackjack are also prone to develop “waves” from being bent
back by players peering at the card faces, and these curves can also indicate
a rank if a player is paying very close attention. Since this would lead to a
departure from the true randomness on which the rules of the games depend,
and since playing cards are relatively inexpensive, this is a small investment in
ensuring that the games are being played correctly. Large casinos go through
thousands of decks every week; the Bellagio in Las Vegas has a standing order
with its card manufacturer for 60 cases of cards (8640 decks) per week [68].
As with dice, retired card decks are canceled, either by drilling (see Figure
3.2) or clipping off one corner, before being discarded or sold as souvenirs.

FIGURE 3.2: Used playing cards from FireKeepers Casino, Battle Creek, MI.
The cards have been canceled with a hole drilled through their centers.

Example 3.1.6. Door pops are a relatively unsophisticated type of loaded
dice. One die of the pair has a 2 on three sides and a 6 on the other three,
and the other has a 5 on all six sides [103]. It follows that a pair of door pops
can only roll a 7 or 11—and thus will always produce a winner on a come-out
roll. It stands to reason that such a pair of dice, if introduced into a craps
game, would be very easily discovered. On the other hand, the author has, on
more than one occasion, presented a pair of door pops to a class of students
and watched some of them closely examine the dice for several minutes before
figuring out how they differ from standard dice.
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If we define X to be the sum of the numbers showing when a pair of door
pops is rolled, we have Table 3.3, the probability distribution for X.

TABLE 3.3: PDF for the sum when a pair of door pops is thrown

x 7 11
P pX “ xq 1{2 1{2

■

Example 3.1.7. Chuck-a-luck is a game played with three dice. In its original
form, it is not often seen in casinos anymore but can still be found in carnivals
and, in expanded form, in the casino game sic bo (page 183). The three dice
are tumbled in a wire cage. Gamblers bet on the numbers from 1 to 6, and are
paid according to how many of their number appear on the dice: the amount
wagered is matched for each die showing the selected number, so the payoff is
1 to 1 if one die shows the number, 2 to 1 if two do, and 3 to 1 if all three do.

Let X be the number of 4s that appear when the cage is spun. Since there
are six sides on each die, there are 6 ¨ 6 ¨ 6 “ 216 ways that the dice can land.
We note that the numbers showing on the three dice are independent random
variables. We shall consider each possible value for X individually.

X “ 0: There are five sides on each die that do not show a 4, so there are
5 ¨ 5 ¨ 5 “ 125 ways not to roll any 4s. Accordingly, P pX “ 0q “ 125

216 .

X “ 1: For convenience, we shall imagine that the three dice are different
colors: red, green, and blue. (In practice, the cage contains three identical
dice.) Since there are five ways on each die not to roll a 4, and one way to roll
a 4, we have the following chart of possibilities:

Red Green Blue Count
4 Not 4 Not 4 1 ¨ 5 ¨ 5 “ 25

Not 4 4 Not 4 5 ¨ 1 ¨ 5 “ 25
Not 4 Not 4 4 5 ¨ 5 ¨ 1 “ 25

Adding the last column shows that there are 75 ways to roll exactly one
4, so we conclude that P pX “ 1q “ 75

216 .
X “ 2: Once again, we organize our work in a chart:

Red Green Blue Count
4 4 Not 4 1 ¨ 1 ¨ 5 “ 5
4 Not 4 4 1 ¨ 5 ¨ 1 “ 5

Not 4 4 4 5 ¨ 1 ¨ 1 “ 5

Adding the last column shows that there are 15 ways to roll exactly two
4s, so we have P pX “ 2q “ 15

216 .
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X “ 3: There is only one 4 on each die, so there is only one way to
roll three 4s. We conclude that P pX “ 3q “ 1

216 . This probability could also
have been calculated by using the complement rule and the three probabilities
previously computed.

Combining this information gives us the probability distribution for X:
Table 3.4.

TABLE 3.4: PDF for a spin of a chuck-a-luck cage

x 0 1 2 3
P pX “ xq 125{216 75{216 15{216 1{216

■

Example 3.1.8. At FireKeepers Casino, a 20-spot keno game offers 19 ways
to win. For a minimum bet of $2, the player picks 20 numbers in the range
1–80 and wins unless 4 or 5 of the numbers selected are matched by the
casino’s numbers, although matching 3 or 6 numbers pays off only $1—a net
loss of $1—and matching 2, 7, or 8 numbers merely gets the player their
$2 wager back. Let X count the number of matches. Since we account for
every number drawn by the casino in computing keno probabilities, we have
the following formula for P pX “ xq, which could be used to compute the
numerical probabilities that comprise a distribution:

P pX “ xq “

ˆ

20
x

˙

¨
ˆ

60
20 ´ x

˙

ˆ

80
20

˙ .

In the numerator, the factor
ˆ

20
x

˙

corresponds to the number of ways
to choose x numbers from the 20 selected by the player. The second factor,
ˆ

60
20 ´ x

˙

, counts the number of ways to choose the remaining 20´x numbers
from among the 60 that the player did not choose. The denominator remains
ˆ

80
20

˙

, the number of possible subsets of 20 keno balls from a set of 80. ■

What can we conclude from this probability function?

• The probability of losing money by matching 3–6 numbers is

P pX “ 3q ` P pX “ 4q ` P pX “ 5q ` P pX “ 6q “ .7534,

which conforms to our notion that keno is not a very player-friendly
game.



96 Basic Gambling Mathematics

• Including the three break-even payoffs, the probability of not profiting
from this bet is .9662, which definitely makes this look more like a casino
game.

3.2 Expected Value and House Advantage
The notion of expected value is fundamental to any discussion of random

variables and is especially important when those random variables arise from
a gambling game. The expected value of a random variable X is, in some
sense, an “average” value, or what we might expect in the long run if we were
to sample many values of X.

The common notion of “average” corresponds to what mathematicians
call the mean of a data set: add up all of the numbers and divide by how
many numbers there are. For a random variable X, this approach requires
some fine-tuning, as there is no guarantee that a small sample of values of
X will be representative of the range of possible values. Our interpretation of
average will incorporate each possible value of X together with its probabil-
ity, computing what is in some sense a long-term average over a very large
hypothetical sample.

Definition 3.2.1. The expected value or expectation EpXq of a random vari-
able X is computed by multiplying each possible value for X by its corre-
sponding probability and then adding the resulting products:

EpXq “
ÿ

x

x ¨ P pX “ xq.

This expression may be interpreted as a standard mathematical mean
drawn from an infinitely large random sample. If we were to draw such a
sample, we would expect that the proportion of sample elements with the
value x would be P pX “ xq; adding up over all values of x gives this formula
for EpXq.

We may abbreviate EpXq to E when the random variable is clearly un-
derstood. The notation µ “ EpXq, where µ is the Greek letter mu, is also
common, particularly when the expected value appears as a term in another
expression.

Example 3.2.1. Let X be the result when a fair d6 is rolled. The expectation
is

EpXq “
6

ÿ

x“1
x ¨ P pX “ xq “

6
ÿ

x“1

x

6 “ 21
6 “ 3.5.

■
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The notation used in Definition 3.2.1 does not indicate the limits of the
indexing variable x, as we have done with summation in earlier chapters; this
is because those values may not be a simple list running from 1 to some n.
When written this way, we should take this sum over all possible values of
the random variable X, as in the next example.

Example 3.2.2. If we let X be the outcome when $1 is wagered on an
American roulette corner bet (four numbers), the expression for EpXq would
be

EpXq “
ÿ

x

x ¨ P pX “ xq,

where x “ ´1 or x “ 8. The resulting expectation would be

EpXq “ p8q ¨ 4
38 ` p´1q ¨ 34

38 “ ´ 2
38 .

■

Definition 3.2.2. If X is a random variable measuring the payoffs from a
game, we say that the game is fair if EpXq “ 0.

Example 3.2.3. Suppose you gamble with a friend on the toss of a coin. If
heads is tossed, you win $1; if tails is tossed, you pay $1. Since a fair coin can
be expected to land heads and tails equally often, the expected value for this
game is

E “ p1q ¨ 1
2 ` p´1q ¨ 1

2 “ 0.

The game is fair. ■

If a game is fair, then in the long run, we expect to win exactly as much
money as we lose, and thus, aside from any possible entertainment derived
from playing, we expect no gain. This is often summarized in the following
principle:

If a game is fair, don’t bother to play.
If a game is unfair, make sure it’s unfair in your favor.

Failure to heed this maxim, of course, is responsible for the ongoing success
of the gambling industry, for, as we shall see, games which are unfair and favor
the gambler are rare.

Example 3.2.4. In 1998, Baldini’s Casino in Sparks, Nevada ran a promotion
aimed at local residents. It is common practice for casinos catering to local
residents rather than tourists to offer paycheck cashing services, and anyone
cashing their paycheck at Baldini’s received a free spin on a special video poker
machine. This machine offered a million-dollar payout to any player dealt a
sequential royal flush—the ace, king, queen, jack, and 10 of the same suit,
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with all five cards in either ascending or descending order [78]. What does the
million-dollar top prize contribute to the expected value of this game?

There is no cost to play this game, so this is one of those rare cases where
the advantage lies with the player. However, having the advantage doesn’t
mean that it’s in any way lucrative. Receiving a dealt royal flush is difficult
enough; p “ 4

2, 598, 960 . Getting the cards dealt in order is considerably more
difficult.

The number of possible arrangements of 5 cards out of 52, where the order
matters, is

52P5 “ 311, 875, 200.

Of these hundreds of millions of arrangements, only 8 are sequential royal
flushes: there are 4 suits to choose from, and 2 orders in which the royal flush
can be arranged in sequence. The probability of a dealt sequential royal flush,
therefore, is

8
311, 875, 200 “ 1

38, 984, 400 .

The last denominator is close to the 2020 population of California, making
the probability of winning this game about the same as randomly choosing a
resident of California and getting the attorney general.

We find that

E “ p1, 000, 000q ¨ 8
311, 875, 200 “ 8, 000, 000

311, 875, 200 “ 2500
97, 461 « $.0257,

or approximately 2½¢. ■

This was a free promotion, so there was no risk to players, but there was
also very little risk to the casino offering this game. Other prizes were offered
for different poker hands; the easiest one to win was a free beer [78]. Of course,
if you offer paycheck-cashing services, then you have people in your casino with
money in their pockets and a wealth of places where they can spend it, which
explains what the casino has to gain from promotions like this one.

If someone were to offer you 3¢ for the opportunity to take your spin on
the machine—ignoring all other payoffs—you would be wise to accept it, for
they’re offering you more than this chance is worth.
Example 3.2.5. Example 1.5.1 described the carnival game where the barker
attempts to guess the month of your birth. Noting right away that your chance
of winning is greater than your chance of losing, how does the carnival profit
from this game?

The expectation of this game rests on two factors: the cost to play and the
value of the prize. Let us denote these two values by C and V . If you win the
game, you win a prize valued at V , but must subtract the cost C of playing
from its value. If you lose, of course, your loss is $C. The expectation from
this game is then

E “ pV ´ Cq ¨ 7
12 ` p´Cq ¨ 5

12 “ 7V

12 ´ C,
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and as long as this value is negative, the carnival has an advantage. This
happens when

V ă 12C

7 ,

and so if, for example, the player is charged $3 for a chance at a prize, the
prizes can be worth as much as $5.14 each and the carnival will still make
money in the long run. ■

An important principle of expected value, one that will be very important
in the analysis of gambling systems, is contained in the following theorem.
Theorem 3.2.1. If X1, X2, . . . , Xn are random variables, then

EpX1 ` X2 ` ¨ ¨ ¨ ` Xnq “ EpX1q ` EpX2q ` ¨ ¨ ¨ ` EpXnq.

Another way to state this result is to say that expectation is additive.
The expected value of a sum of random variables—for example, a collection
of outcomes of a sequence of bets—is the sum of the expected values of the
individual RVs.

In a casino game, the expected value of a random variable has an important
interpretation as the house advantage (abbreviated HA), or the percentage of
each bet that a casino expects to win.
Definition 3.2.3. The house advantage (HA) of a game with a wager of N

and payoffs given by the random variable X is ´EpXq
N

.

For convenience, we will assume that most bets are for $1. This makes
converting house advantages to percentages easier. For bets of more or less
than $1, the expected value can be found by multiplying both sides of the
equation by the amount wagered, and the HA can be found by dividing the
calculated expectation by the size of the bet.

As the term suggests, a fair game has zero HA. If the expected value is
negative, then the HA is positive and the game favors the casino; a game with
a positive HA favors the gambler. Very few casino games—blackjack with card
counting, video poker under certain payoff tables and with perfect strategy,
live poker, and sports betting—ever have a favorable long-term edge for the
player. It should be noted that these four games all have a skill component.
No standard casino game where the results are completely due to chance has
a positive player expectation under ordinary playing conditions—although
casino errors can create a lucrative opportunity for players; see page 184 for
one such incident. Many of the house edges computed in this and the next
chapter are collected in the appendix on page 283.

Roulette
Example 3.2.6. Let X be the random variable measuring the outcome of a
$1 bet on the number 17 at American roulette. The probability distribution
for X is
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x 35 –1
P pX “ xq 1{38 37{38

and the expected value of X is

EpXq “ p35q ¨ 1
38 ` p´1q ¨ 37

38 “ ´ 2
38 « ´$.0526 “ ´5.26¢.

The house advantage is 5.26%. ■

When gambling, EpXq represents a “typical” outcome. In a single spin of
a roulette wheel, we will never lose exactly 5.26¢ on a $1 bet, but if we make
a large number of bets on many successive spins, we will find that our average
loss per spin will be very close to this value.

Example 3.2.7. If we consider the bet in Example 3.2.6 on a European
roulette wheel, the only change that needs to be made is switching 37 for 38
in the denominators to reflect the absence of a 00 on a European wheel. The
resulting expectation is

EpXq “ p35q ¨ 1
37 ` p´1q ¨ 36

37 “ ´ 1
37 « ´$.0270,

for an HA of 2.70%, about half the advantage of American roulette. While
both games favor the casino, the player has a better chance of winning if the
00 is absent. ■

In European roulette, the HA on even-money bets (red/black, high/low,
and odd/even) is slightly lower than indicated in Example 3.2.7 when the en
prison rule is used. Under this rule, if a player makes an even-money bet and
the wheel turns up a 0, the bet is not resolved, but rather placed “in prison,”
to await the next spin. If the bet wins on the next spin, the initial bet is
returned to the player with no additional payoff; if not, the bet is collected.
If the second spin is also a 0, the bet loses—en prison lasts for only one
additional spin.

The house advantage for a $1 even-money bet with en prison in force
decreases, to

p1q ¨ 18
37 ` p0q ¨ 1

37 ¨ 18
37 ` p´1q ¨

ˆ

18
37 ` 1

37 ¨ 19
37

˙

“ ´$0.0139,

and so the HA has dropped by nearly 50% on even-money bets, to 1.39%.
One might reasonably wonder why a casino would offer the en prison

option, which works to reduce its edge. One possibility, as explained in [70],
is that en prison is offered on the even-money bets, which are the bets most
often involved in gambling systems for roulette (see Section 6.1). By decreasing
the risk on even-money bets, the casino is subtly encouraging system players.
Since betting systems do not work, this encouragement allows a casino to
make up in volume what it gives back in a smaller HA.



Probability Distributions and Expectation 101

More generally, for any bet on n numbers on an American roulette wheel
except the basket bet pn “ 5q, we have the probability distribution shown in
Table 3.5.

TABLE 3.5: General PDF for a roulette bet on n numbers, n ‰ 5

x –1 p36 ´ nq{n

P pX “ xq 38 ´ n

38
n

38

This PDF corresponds to an expectation of

E “
ˆ

36 ´ n

n

˙

¨ n

38 ` p´1q ¨ 38 ´ n

38 “ ´ 2
38 .

This is independent of n and shows that the casino has a constant 5.26% edge
on every roulette bet other than the basket bet.

With this house advantage on every bet except the basket bet, where the
HA is 7.89%, American roulette is one of the worst games in a casino for
players. It is an excellent example of the gambler’s rule of thumb expressed
on the “Luck Be An Old Lady” episode of Sex and the City (2002):

The easier a bet is to understand, the greater the house edge.

It’s not difficult at all to understand the idea of “pick some numbers and see
if they come up on a wheel.” By contrast, the house advantage on a blackjack
hand, for a player using perfect basic strategy, is approximately .5% (depend-
ing on the number of decks used and the exact house rules), and the HA on
the pass line bet in craps is only 1.41% (see Example 3.2.9). The calculations
leading to these values are somewhat more complicated than those above, as
are the rules of the games.

If the wheel has 0, 00, and 000 spaces, we can derive another formula
similar to those above for the expectation of a wager on n numbers paying
off at 36 ´ n

n
to 1. Rather than do so, we shall derive a general formula for a

roulette wheel with z zeroes, for which the games we have so far considered
emerge as special cases. Excepting the basket bet as usual, the expectation
for a bet on n numbers is then

E “
ˆ

36 ´ n

n

˙

¨ n

36 ` z
` p´1q ¨ 36 ´ n ` z

36 ` z
“ ´ z

36 ` z
.

Sands Roulette, with z “ 3, offers the casino a consistent 7.69% edge on
every bet except the basket bet. Adding a 0000 space to the wheel and the
layout would round the HA up to an even 10%.



102 Basic Gambling Mathematics

As bad as Sands Roulette might be for the gambler, other casino games
can be far worse. The Match 1 bet at keno typically pays 3 for 1 and has an
expected value of

E “ p2q ¨ 20
80 ` p´1q ¨ 60

80 “ ´$0.25,

leading to a 25% house advantage. How many zeros would a roulette wheel
have to have before the HA reached this level?

We seek to solve the equation

Epzq “
ˆ

36 ´ n

n

˙

¨ n

36 ` z
` p´1q ¨ 36 ´ n ` z

36 ` z
“ ´ z

36 ` z
“ ´.25,

or
4z “ 36 ` z,

to which the solution is z “ 12. A Match 1 keno ticket is equivalent to playing
roulette with a 000000000000 pocket on the wheel.

The Big Six Wheel
Is the Big Six wheel (page 16) lucrative? Only for the casino, as we might

expect given the simplicity of the game. The standard Las Vegas rules for the
Big Six wheel state that each currency amount pays its face value per $1 bet,
and the two logos each pay off at 40 to 1 [113]. Armed with these payouts, we
can see how much of an edge the casino has. For a $1 bet on the $1 spot:

E “ p1q ¨ 24
54 ` p´1q ¨ 30

54 “ ´ 6
54 “ ´1

9 « ´$.1111.

This 11.11% house advantage is the best bet, for the player, on the Big
Six wheel. Other bets have HAs ranging from 16.67% to 24.07% (see Exercise
3.19).

In New Jersey, state regulations require that the two logos pay off at 45
to 1, rather than 40 to 1. While the HA on these bets drops from 24.07%
to 11.11%, a 2011 study [107] showed that one casino’s hold (the percentage
of wagered money that is kept by the casino) at the Big Six wheel averaged
42.25%, well in excess of even the highest house advantage. This increased
casino hold arises due to players re-betting their winnings and thus exposing
more money to the already-high house advantage.

This study confirmed that Big Six is not a player-friendly game in practice,
as well as in theory.

Dice Games
Example 3.2.8. In the game of chuck-a-luck described in Example 3.1.7, a
$1 bet pays $1 for each time the selected number appears on the dice, so a
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player can win $1, $2, or $3—or lose $1. A winning player’s original bet is
returned, so we can modify the probability distribution for X, the number of
times the selected number appears, to a distribution (Table 3.6) for the new
random variable Y that counts a player’s winnings. If X “ 0, then Y “ ´1;
all other values for Y are identical to those for X.

TABLE 3.6: PDF for a single-number chuck-a-luck bet

y –1 1 2 3
P pY “ yq 125{216 75{216 15{216 1{216

The expected value of a $1 bet on a single number in chuck-a-luck is thus

EpY q “ p´1q ¨ 125
216 ` p1q ¨ 75

216 ` p2q ¨ 15
216 ` p3q ¨ 1

216
“ ´ 17

216 « ´$0.0787,

indicating a house advantage of about 7.87%. ■

This may be the reason for chuck-a-luck’s disappearance from casinos—if
the house advantage is too high, players will eventually avoid the game. Indi-
vidual bets with a high house advantage are not a barrier to long-term player
acceptance of a casino game—many bets on the craps table, for example, have
edges higher than 7.87%. In chuck-a-luck, however, the only bets available are
single-number bets, and so all bets have the same 7.87% house edge. Without
a less unfavorable betting option, chuck-a-luck has little to offer a perceptive
gambler.
Example 3.2.9. In craps, we saw in Example 1.5.2 that the probability of
winning a bet on the pass line is p “ 244

495 « .4929. For a $1 bet, the expected
return is

E “ p1q ¨ 244
495 ` p´1q ¨ 251

495 “ ´ 7
495 « ´$.0141 “ ´1.41¢,

so the house advantage is a mere 1.41%. The corresponding expectation for
the don’t pass bet, incorporating the Bar 12 rule, is

E “ p1q ¨ 949
1980 ¨ `p0q ¨ 1

36 ` p´1q ¨ 244
495 “ ´ 3

220 « ´$.0134 “ ´1.34¢,

so the HA is 1.34%. ■

These results show that, from a purely mathematical standpoint, the house
advantages on pass and don’t pass bets are very low, and these bets stand
among the best in the casino for the gambler. These low house advantages
can be reduced further by the use of the free odds betting option, which we
shall consider in Chapter 4.
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Craps: One-Roll Bets

Many of the other bets on a standard craps layout are simple one-roll bets
that are resolved on the next roll of the dice. These bets have the advantage of
being easy to understand, but as we might now expect, their house advantage
is large.

Example 3.2.10. The “Any Seven” or “Big Red” bet is a one-roll wager that
the next roll of the dice will show a 7. This bet pays off at 4 to 1 (or 5 for 1,
as shown in Figure 1.5), and the probability of winning is just the probability
of rolling a 7: 1

6 . The expected return on a $1 Any Seven bet is

E “ p4q ¨ 1
6 ` p´1q ¨ 5

6 “ ´1
6 « ´$.1667,

so the HA is 16.67%. ■

The alternate name “Big Red” is a pretty good description of where your
bankroll is headed if you make this bet, and in light of the other available bets
with less onerous HAs, this one should be avoided.

Example 3.2.11. In Example 1.5.4, we looked at the C&E bet, which com-
bines the Any Craps and Eleven bets. Assuming a $2 bet split evenly between
the two wagers, what is the HA of C&E?

The Any Craps bet pays off at 8 for 1 (or 7 to 1) while Eleven’s payoff is
15 for 1 (14 to 1). Note that if one of the two bets in this combination wins,
the other loses; this must be accounted for in the calculations.

If a 2, 3, or 12 is rolled, the net win is $7 ´ $1, or $6. This event has
probability 4

36 . If the dice show 11, the net payoff is $14 ´ 1 = $13, with

probability 2
36 . The probability distribution for the net winnings X on the

C&E bet is shown in Table 3.7.

TABLE 3.7: PDF for the craps C&E bet

x 6 13 –2
P pX “ xq 4{36 2{36 30{36

The expectation on a C&E bet is then

E “ p6q ¨ 4
36 ` p13q ¨ 2

36 ` p´2q ¨ 30
36 “ ´10

36 « ´$.2778.

Dividing this expectation by the $2 wagered gives an HA of approximately
13.89%—better than Any Seven, but still too high for the serious craps player.

■
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Example 3.2.12. Another one-roll bet popular on craps tables is the field
bet. One version of the Field bet section of the layout is shown in Figure 3.3.

FIGURE 3.3: Field betting area [60].

While the specific details may vary slightly among casinos, each Field bet
assembles a collection of less-likely outcomes and pays off if any one of the
numbers is rolled. In Figure 3.3, the Field bet covers 2, 3, 4, 9, 10, 11, and 12.
A casual observer might note that this includes 7 of the 11 possible sums, not
noticing right away that these 7 numbers combine for a cumulative probability
of only 16

36 , less than 50%. Some tables exchange the 9 shown in Figure 3.3
for the 5, which does not change the probability of winning.

On the surface, this looks like a good bet—a field bet covers 7 of the 11
possible sums and pays double or triple on two of them. Of course, as we
know, this apparent advantage is based on an incorrect interpretation of the
sample space (see Example 1.4.2). On a $1 bet:

• There is one way to win $3: by rolling 6-6.

• There is one way to win $2: by rolling 1-1.

• There are 14 ways to win $1: when the roll is a 3 (two ways), 4 (three
ways), 9 (four ways), 10 (three ways), or 11 (two ways).

• The remaining 20 rolls—totals of 5, 6, 7, or 8—result in a $1 loss.

With the facts before us, we can derive the probability distribution for X,
the net amount won on a $1 field bet:

x –1 1 2 3
P pX “ xq 20{36 14{36 1{36 1{36

and compute the expectation:

E “ p3q ¨ 1
36 ` p2q ¨ 1

36 ` p1q ¨ 14
36 ` p´1q ¨ 20

36 “ ´ 1
36 « ´$.0278.

The HA on this bet is therefore 2.78%—exactly one-sixth the HA of “Any
Seven.” ■

Alternate versions of the Field bet are available to casinos; these usually
involve varying the bonus payout on 2 or 12 but do not change the overall
probability of winning. The bonus payout affects the house edge.
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• A 2–1 payoff on either 2 or 12 with an even-money payoff on the other
raises the HA to 8.33%; offering this payoff on both 2 and 12 gives a
5.56% house advantage.

• The same 5.56% HA occurs if one of 2 and 12 pays even money and the
other pays 3–1.

• If a casino offers 3–1 on both 2 and 12, the bet is fair, with no advantage
on either side. This is unlikely in casino play unless someone has made
an error in designing or printing the layout. [10].

A simple 1–1 payoff on all Field numbers was in force at a casino in the
Bahamas in the 1970s with no bonuses on either 2 or 12 [51]. This version of
the Field bet wins even money on 16 rolls and loses on the other 20, raising
the casino’s advantage to 11.11%—double the HA of a Field bet paying 2–1
on both 2 and 12.

Craps: Multi-Roll Bets

A second class of craps bets can extend over several rolls before being
resolved. The hardway bets are one example. A hardway bet can be made at
any time, whether or not a point has been established. A player making a
hardway bet on an even number (4, 6, 8, or 10) bets that that number will
be rolled “the hard way,” as doubles, before it is rolled another way or a 7 is
rolled.

A hardway bet can be won if any of the following sequences of events
happens:

• The number is rolled as doubles on the first roll after the bet is made.

• Neither the number nor a 7 is rolled on the first roll, and the number is
rolled as doubles on the second roll.

• Neither the number nor a 7 is rolled on the first two rolls, and the
number is rolled as doubles on the third roll.

• Neither the number nor a 7 is rolled on the first three rolls, and the
number is rolled as doubles on the fourth roll.

• And so on, through an infinite number of possibilities. As the number
of rolls increases, of course, the probability of needing that many rolls
to resolve the bet decreases.

Since the successive rolls are independent, we could use the Multiplication
Rule to compute the probability of each of these sequences and the mathe-
matical theory of infinite series, which is beyond the scope of this book, to
add them all up. As we saw with the Pass and Don’t Pass bets in Chapter 1,
an easier approach to computing probabilities for hardway bets may be used.
It focuses only on the rolls that will resolve the bet.
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Example 3.2.13. Consider the case of a hardway bet on 6, which pays off
at 9 to 1. We can ignore all possible rolls except 6s and 7s—there are 11 of
these to be considered. Only one of them, the 3-3, results in this bet winning,
so the probability of winning the bet is 1

11 . The expected value of a $1 bet is
then

E “ p9q ¨ 1
11 ` p´1q ¨ 10

11 “ ´ 1
11 « ´$.0909,

for a 9.09% house advantage. This bet may be better than “Any Seven,” but
there are still far better bets available. Even the field bet is a better bet for
the player. ■

Since 6 and 8 are equally likely, the HA of a hardway bet on 8 is also
9.09%. Hardway bets on 4 or 10 pay off at 7 to 1, a lower payoff since there
are fewer “easy” ways to roll these numbers. Confining our attention to the
rolls that resolve the bet, we find that the probability of winning this bet is
1
9 , from which it follows that the house edge is 11.11%.

One of the most attractive craps bets to players is not listed on the layout.
Place bets get their name from the fact that they are made for a player by a
dice dealer; you place your chips in a neutral place on the layout and tell the
dealer how you want them wagered. A place bet may be made on any point
number and is simply a bet that that number will be rolled before a 7. This
differs from a pass line bet in that the number you choose need only be rolled
once, not once to establish the point and then a second time to win. Place
bets pay off as follows:

• 4 and 10 pay off at 9 to 5.
• 5 and 9 pay 7 to 5.
• 6 and 8 pay 7 to 6.

As always, fractions are rounded down, in favor of the house, so the wise
gambler will make place bets in multiples of 5 or 6, as appropriate.

The casino can afford to pay place bets at slightly better than even-money
odds because a player making a place bet is sacrificing the chance to win a
pass line bet on the come-out roll, and this gives up more than the player gains
by not running the risk of losing on the come-out. Since 6s and 8s are equally
likely when 2d6 are rolled, place bets on those numbers are mathematically
equivalent. As with Pass and Don’t Pass, we can restrict our attention to the
rolls that resolve the bet: there are 5 ways to roll a 6 and 6 ways to roll a 7.
The expected value of a $6 bet is

E “ p7q ¨ 5
11 ` p´6q ¨ 6

11 “ ´$ 1
11 « ´$0.0909.

Dividing by the wager reveals that the HA of a place bet on 6 is only 1.52%.
The lay bet, also absent from the layout, is the equivalent of the place bet
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for gamblers wishing to bet against the shooter. Lay bettors are wagering that
a 7 will be rolled before the number they choose appears. Since betting on the
7 gives the lay bettor an advantage, lay bets pay off at less than even money.
A lay bet on the numbers 4 or 10 pays out at 1–2, 5 or 9 pay 2–3, and 6 or 8
pay 5–6. These are the true odds, so the casino has no advantage yet. Casinos
charge a 5% commission on lay bets, so a player must pay an additional $1
for every $20 that he stands to win on a lay bet. This commission may be
charged on all lay bets, or only collected from winning lay bettors—which
makes a difference in the expectation and the HA.

Laying the 6, for example, is a wager that a 7 will be rolled before a 6. As
with placing a 6, there are only 11 rolls that matter to resolving the bet. If
the bet is made for $24, the player hopes to win $20, so the commission is $1
and the bet must be made for $25 if the commission is charged on all bets.
The $1 commission is lost regardless of the outcome of the bet, so the two
possible outcomes are “Win a net total of $19” and “Lose $25”. The expected
value of this bet is

E “ p19q ¨ 6
11 ` p´25q ¨ 5

11 “ ´$1

and the HA is 4.00%.
Lay bets charging a 5% commission should be made so that the amount to

be won is a multiple of $20, since casinos frequently round fractions in their
favor. If the lowest-value chip in the rack is $1, a $10 lay bet would be charged
$1, a 10% commission. For lay bets on 4 or 10, this means betting in multiples
of $40 before adding in the commission. Lay bets on 5 or 9 should be made
in multiples of $30, and lay bets on 6 or 8 should be multiples of $24. If the
casino uses 50¢ chips or half-dollar coins, these multiples may be halved.

Bingo, Keno, and Lotteries
In an actual Cover All bingo game (Example 2.4.12), it is highly unlikely

that a game will last until all 75 numbers are drawn. This would require that
every player in the game have a number common to all of their cards, and
that that number be the last one drawn—which would result in a massive tie
as everyone shouted “Bingo!” at once. We can compute the average number
of draws required for a given card to be covered by evaluating the sum

75
ÿ

k“24
k ¨ P (Win in k draws) “

75
ÿ

k“24
k ¨ 24 ¨ 51! ¨ pk ´ 1q!

pk ´ 24q! ¨ 75! “ 72.96.

If 200 cards are in play, then repeated simulation suggests that it will
take about 62 numbers before a winner is determined. This number slowly
decreases with the number of cards in a game; for 1000 cards, the average is
58.85 [119].

If a game does not refund the original bet to winning players, we must
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take this into account when computing expected returns. This is the case, for
example, when playing keno or buying a lottery ticket. One way to do this is
to reduce the advertised payoffs by the cost of the wager, and the next few
examples demonstrate this approach.

Example 3.2.14. The Michigan State Lottery’s Club Keno game, played in
bars across the state, is an electronic version of keno. The 1 Spot Game asks
the player to pick one number in the range from 1 to 80. The state then draws
20 numbers in that range, and if the player’s number is among the 20, the
payoff is $2, making the payoff odds 1 for 1. This is less than the standard 3
for 1 payoff typically offered in Match 1 games of live keno.

The probability of winning this bet is the probability of one’s number
appearing as one of the 20 drawn. This chance can be computed without
the need for combinations by performing a thought experiment. Imagine that
you buy 80 Club Keno tickets, one on each number. When Michigan draws
its numbers, 20 of your tickets will be winners and 60 will be losers, so the
probability that any one ticket is a winner is

20
80 “ 1

4 .

The probability of losing is therefore 3
4 . If tickets cost $1, which is paid when

the ticket is purchased, then the appropriate probability distribution for your
winnings X is

x –1 1
P pX “ xq 3{4 1{4

where each of the outcomes—$0 or $2—has been reduced by the cost of the
ticket. The corresponding expected value is

E “ p´1q
ˆ

3
4

˙

` p1q
ˆ

1
4

˙

“ ´$.50 “ ´50¢

—giving a 50% HA which makes this bet equivalent to asking someone for
change for a dollar and receiving two quarters in return. And being happy
with the exchange. ■

In 2022, the Wyoming State Lottery introduced a live keno game that paid
$2.50 for a winning 1-spot ticket. This game has the slightly better, but by
no means player-favorable, house advantage of 37.5%.

Example 3.2.15. For the Pick 7 keno game described in Example 2.1.15, we
saw that the probability of winning was .0616. Of course, part of the lure of
keno is the potential to win a large payoff for a small bet, as when matching
seven out of seven numbers (an admittedly rare occurrence) pays off $10,000
for every dollar bet. Do the higher payoffs for the rarer events result in a
reasonable expectation?
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Let Y be the net amount won on a $1 bet, taking the cost of the ticket
into account. The probability distribution for Y is

y –1 0 19 349 9999
P pY “ yq .9384 .0522 .0086 .00073 2.44 ˆ 10´5

The corresponding expectation is

E “ p´1qp.9384q ` p19qp.0086q ` p349qp.00073q ` p9999qp2.44 ˆ 10´5q
« ´$.2762,

so the house advantage is 27.62%, and while there is no well-defined meaning
of “reasonable bet,” it is safe to say that this bet does not qualify. ■

Live keno is in decline in casinos, in part due to the fact that it’s labor-
intensive and requires a high HA to make up for the fact that live keno only
draws about 12 games per hour. This high house edge can drive patrons to
other games. At the same time, though, video keno, which can run through
a game in well under a minute, is rising in popularity. The increased speed
and the automatic nature of video keno can allow casinos to offer better odds
with lower house advantages, confident that the money will continue to roll
in through increased decisions per hour.

Table 3.8 compares live and electronic Pick 4 keno games at the FireKeep-
ers Casino. While the payoff for catching 4 out of 4 numbers has been sharply

TABLE 3.8: FireKeepers Casino Pick 4 keno pay tables

Catches Live payoff Electronic payoff
2 1 2
3 2 5
4 160 91

reduced, this is the least-likely outcome and is more than compensated for by
the larger payments for fewer catches. The HA for the live game is 21.07% and
the edge for the electronic game is 7.97%: perhaps not a lucrative bet in its
own right, but a lot lower than the corresponding live bet’s house advantage.
The machine with this game was in the same room where live casino draws
are conducted, so a short walk would have uncovered a better game.

Another option when incorporating the cost of the wager into an expected
value calculation is to work with the payoffs as advertised and then, at the end,
to subtract the price of the ticket from the sum. The following two examples
illustrate this method.

Example 3.2.16. A 50/50 drawing is a common version of a lottery, often
used as a charitable fundraiser, where 50% of the money raised by selling
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tickets is returned as a prize to the holder of the winning ticket. If the tickets
are sold for $1 each, and n tickets are sold, then the prize will be $n

2 and the
expected win when buying a single ticket is

E “
´n

2

¯

¨ 1
n

“ $.50.

From this amount, which is independent of the number of tickets sold, we
subtract the cost of the ticket to arrive at a final expectation of ´$.50 “
´50¢. ■

An expected value of half the ticket price is what we would expect, given
the prize structure of a 50/50 drawing. This extends to the case where you
purchase k tickets instead of just 1; while your probability of winning rises
to k

n
, you must subtract $k at the end rather than just $1, and so your

expectation is –$k

2 , or half of the money you paid out at the start.

Example 3.2.17. In the FireKeepers Casino’s Pick 20 keno game, (Example
3.1.8), the expected number of matches is

20
ÿ

x“0
x ¨ P pX “ xq “

20
ÿ

x“0
x ¨

ˆ

20
x

˙

¨
ˆ

60
20 ´ x

˙

ˆ

80
20

˙ “ 5,

and so it is no surprise that the casino has tagged this event, and three very
near it, for a player loss. The expected value of a $2 bet can be computed by
using the payoff table for this game, Table 3.9.

TABLE 3.9: FireKeepers Casino: Pick 20 pay table, $2 ticket

Matches 0 1 2 3 4 5 6
Payoff 400 4 2 1 0 0 1

Matches 7 8 9 10 11 12 13
Payoff 2 2 4 20 75 400 2000

Matches 14 15 16 17 18 19 20
Payoff 50,000 ———— 100,000 ————

Denoting this payoff function by Apxq, where x is the number of matches,
and subtracting $2 at the end to incorporate the cost of the ticket into the
expectation, we find that

E “
«

20
ÿ

x“0
Apxq ¨ P pX “ xq

ff

´ 2 « ´$0.3402,

which, upon dividing by the cost of the ticket, gives an HA of 17.01%. ■
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Example 3.2.18. The Michigan State Lottery also offers a “Daily 3” game,
for which numbers are drawn twice a day, seven days a week. The simplest
bet is a “straight” bet, where the gambler picks a three-digit number and
wagers $1. If the player’s number matches the three-digit number drawn by
the state, the payoff is 500 for 1. Notice that the payoff is “500 for 1” rather
than “500 to 1” and so the profit for a winning player is only $499. Since there
are 1000 possible three-digit numbers, from 000 through 999, the probability
of winning this lottery is 1

1000 “ .001. The expected value of a $1 bet is

E “ p499q ¨ 1
1000 ` p´1q ¨ 999

1000 “ ´ 500
1000 “ ´$.50

or, subtracting the cost of the ticket at the end rather than reducing the
payoffs,

E “ p500q ¨ 1
1000 ` p0q ¨ 999

1000 ´ 1 “ ´ 500
1000 “ ´$.50.

Either way, the state takes half of every dollar wagered on a Daily 3 ticket. ■

Example 3.2.19. Another Daily 3 option is the box bet. As in horse racing
(Example 2.1.8), when a player “boxes” a three-digit number, the ticket wins
if the three digits comprising that number come up, in any order, in the state’s
chosen number. For example, if you make a box bet on the number 678, you
win if the state’s number is 678, 687, 768, 786, 867, or 876. The payoff structure
depends on whether the player’s number contains two or three different digits;
we shall consider the case where the three digits are all distinct. This leads
to what is called a“six-way boxed bet,” since there are 3P3 “ 6 different
permutations of a three-digit number consisting of three different digits. This
bet pays off at 83 for 1 if any of the six permutations is drawn, and so the
expected value is

E “ p82q ¨ 6
1000 ` p´1q ¨ 994

1000 “ ´ 502
1000 “ ´$.502,

slightly, though not significantly, less than the expectation for a $1 straight
bet. ■

While the lottery bets considered in Examples 3.2.14, 3.2.18, and 3.2.19
are exceptionally bad bets from the gambler’s perspective, one fact that must
be addressed here is that state lotteries are intended in part as a fundraising
mechanism. Since its inception in 1972, the Michigan State Lottery has con-
tributed over $26 billion to the state’s public schools, and that number is far
greater than it would be if players were getting a 95% return on their lottery
dollars [81]. A 50% house advantage would be untenable in a casino, but is
readily accepted in a state lottery when it is understood that a portion of the
proceeds is supporting education.
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Numbers and Policy Games

Daily state lottery drawings can trace their origins to a collection of un-
derground games loosely connected under an umbrella called the Numbers
Game. This name describes several versions of an illegal game of chance pop-
ular in large American cities during the middle of the twentieth century[104].
The Numbers Game is a very simple proposition: players bet on a number
of their choice and win their bet if the number appearing in some legitimate
and presumably unbiased source matches theirs. In its heyday, the Numbers
Game attracted millions of dollars in bets and engaged a significant fraction
of the adult population in some areas. While the game promoters kept very
few reliable records, it was estimated that there were 500,000 daily bettors in
New York City in the 1960s [43]. The game was popular in part because the
cost of entry was tiny: in some locations, action could be had for as little as
a penny.

Often, Numbers Games were run by local organized crime operations [43].
This made it necessary for transparency in determining the winning number,
so that bettors could be assured that they were playing a game where they
had at least a chance of winning. Some games generated winning numbers by
using digits from the U.S. Treasury balance as published in a newspaper or a
formula involving the payoff prices on specified races at an indicated racetrack;
the latter method led to a winning number called the Manhattan number in
New York City [71]. Also in New York, the Brooklyn number used the last 3
digits of the day’s handle at Aqueduct racetrack [43, 61].

Example 3.2.20. Suppose that a round of the Numbers Game was played
using the Manhattan number computed from the returns of the first 7 races
in the Breeders’ Cup on November 5, 2022. The payoffs from those races are
shown in Table 3.10.

TABLE 3.10: Breeders’ Cup results, November 15, 2022.

Race 1 2 3 4 5 6 7
Win 5.70 87.78 6.32 10.38 13.10 4.76 7.76

Place 4.76 20.76 4.14 4.84 19.64 33.28 12.40
Show 6.56 6.42 6.30 14.08 2.54 7.28 4.66
Total 17.02 114.96 16.76 29.30 35.28 45.32 24.82

Sums:
Races 1–3: 148.74

Races 1–5: 213.32
Races 1–7 : 283.46

The digits of the day’s winning number, 833, are indicated in bold. The
first digit is the units digit in the sum of the payoffs from races 1–3, the second
is the units digit in the sum of the payoffs from the first 5 races, and the final
digit is determined by adding the totals from races 1–7. ■
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A common form of the Numbers Game called on players to pick a 3-
digit number. This permits 1000 possible choices. Several betting options were
available, depending on the neighborhood [61].

• A straight bet typically paid 600 for 1 if the player’s choice matched
the chosen number. Some combinations—the most popular ones, such
as 111, 222, or 711—were designated as restricted numbers, and payoffs
were lower; as low as 450 for 1. This decreased payoff insulated the bank
operating the game against financial ruin if a very popular number was
selected as the winner.

• The combination bet was a box bet that paid 100 for 1 if the player’s 3
digits appeared, in any order, in the winning number.

• Players could choose a front bolita or back bolita bet, which involved
choosing a 2-digit number. Both bets paid winners at 60 for 1: the front
bolita bet paid if the player’s 2-digit number matched the first 2 digits of
the winning number and back bolita paid off if the last 2 digits matched.
Either bolita bet had expected value of

E “ p60q ¨ 10
1000 ´ 1 “ ´0.40 units,

and the game operators enjoyed a 40% advantage.
• Single action bets could be made on any one digit. Players specified

which number they wanted and which position in the winning number
they thought it would appear. These bets could pay 6, 7, or 8 for 1; with
a probability of winning of 1

10 , the operators held an edge from 20–40%.

The house advantage on a straight bet seems like it should be 40%, pro-
vided that the winning number is not restricted, but the payoff mechanism
decreased the payoff and raised the advantage. A player winning a 600 for 1
shot collected only 540 units; 10% of the win was taken as a tip by the col-
lector, who served as the intermediary between gamblers and game operators.
Collectors were responsible for collecting bets and dispensing winnings. The
eventual expected value for a 1-unit bet was then

E “ p540q ¨ 1
1000 ´ 1 “ ´0.46 units,

and the HA was 46%, not 40%.
Despite the long odds, the Numbers Game was quite popular. In Detroit,

an employee at the Free Press once clipped the two lines containing the day’s
Treasury balance from the business pages so that the stock market tables
would all fit. When the newspaper hit the streets the next morning, the paper’s
telephone lines were swamped with calls wanting to know where the numbers
were [27].

Daily numbers games were a target of state government-run state lotteries,
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which returned in the USA beginning in New Hampshire in 1963. The effect on
numbers games was minimal early on, due to the fact that early state lotteries
had no mechanism to allow players to choose their own numbers. These games,
where tickets are sold in random or sequential number order, are known as
passive lotteries. Over the course of a decade, lottery officials in several Eastern
and Midwestern states sought ways to offer games with the features of the
Numbers Game, with its daily drawings and player-chosen numbers. By 1977,
multiple state lotteries had begun to offer daily draw games [141].

An alternate form of the Numbers Game was called a policy game. This
game, popular in Chicago, Illinois, used a random drawing rather than a
publicly available source to select winning numbers. Many of these games
selected winning numbers in the range from 1–78; some operators used num-
bers drawn at a central location in Covington, Kentucky and transmitted by
telegraph [71].

Betting options for policy games varied greatly by location and over time.
A standard game setup called for gamblers to pick 3 numbers, giving them

ˆ

78
3

˙

“ 76, 076

choices, while operators chose 12. This ticket, called a gig, paid 200 for 1 if
the chosen numbers appeared anywhere on the list of 12. The probability of
a winning ticket was then

ˆ

75
9

˙

ˆ

78
12

˙ “ 5
1729 « .0029.

A flat gig bet was a wager that the 3 chosen numbers appeared in 3 speci-
fied locations among the operator’s dozen [71]. This more difficult feat carried
a larger payoff of 1000 for 1. Without loss of generality, we can simplify our
thinking by assuming that the three numbers are to appear in positions 1, 2,
and 3, since the exact positions do not affect the probability of the 3 chosen
numbers falling into them. Since the order in which the 3 numbers were drawn
into the 3 positions did not matter, the chance of a winning flat gig ticket was

1
ˆ

78
3

˙ “ 1
76, 076 .

which results in a huge house advantage, over 98%.
Another policy option was a day number bet, which called for the player

to choose 1 number and paid 5 for 1 if it hit. As in Example 3.2.14, this bet
can be analyzed without the need for advanced counting techniques. Assume
that a bettor has made separate day number bets on each of the 78 numbers.
When the numbers are drawn, 12 tickets will be winners, so the probability of
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winning on a single number is 12
78 “ 2

13 . The expected value of a 1-unit ticket
is

E “ p5q ¨ 2
13 ´ 1 “ ´ 3

13 “ ´.2308,

and the operator’s edge was 23.08%.
The Chicago Wheel was a variation on the policy game. Players chose 3

numbers from 1–78, and game operators selected two lists, called columns,
of 12 numbers each [19]. Drawings were held twice daily; to win, all 3 of
the gambler’s numbers had to appear among the 24 numbers drawn. For the
moment, we are not concerned with the allocation of numbers to columns, so
the probability of a winning ticket is then

p “

ˆ

3
3

˙

¨
ˆ

75
21

˙

ˆ

78
24

˙ “ 46
1729 « .0266.

The Chicago Wheel paid off at 100 for 1 if a winner’s numbers all appeared
in one column and 10 for 1 if they were split 2–1 between the columns. The
probability of all 3 numbers landing in a single column can be computed
as a fraction of the probability p computed above. Once the 3 numbers are
selected into a column, we need to count the number of ways to pick the other
9 numbers in that column from the 24 drawn numbers. We have

P p3–0 splitq “ p ¨

ˆ

21
9

˙

ˆ

24
12

˙ “ 5
1729 .

By the Complement Rule, the probability of a 2–1 split between the
columns is then 41

1729 , since we are dividing the winning probability p into
the probability of 2 disjoint events. The expected value of a 1-unit Chicago
Wheel ticket is

E “ p100q ¨ 5
1729 ` p10q ¨ 41

1729 ´ 1 « ´.4737,

and so the operator held a 47.4% edge—comparable to a state lottery ticket.
Some other policy wagers are considered in Exercises 3.9–3.13.

Baccarat
Baccarat is a card game similar to blackjack that is often played in the

high-limit area of casinos and is favored by many high rollers, among whom
it is not unusual to risk tens of thousands of dollars on a single hand. Outside
high-limit areas, it is seen in a scaled-down form known as mini-baccarat or
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“mini-bac” for short. In either case, the rules are simple: gamblers bet on
which of two hands—called the Player and the Banker—will be closer to 9.
These bets are paid at 1 to 1. A third option is to bet that the two hands will
tie, which pays off at 8 to 1. If the hand is a tie, bets on Banker and on Player
are also ties, and no money is won or lost on them.

Two cards, from a shoe (a box that holds multiple decks of playing cards)
containing six to eight decks, are initially dealt to each hand. The Riviera
Casino in Las Vegas once used a 16-deck shoe in an effort to encourage play-
ers to gamble longer—many players leave almost reflexively at the conclusion
of a shoe while the cards are being shuffled. The Union Plaza Casino in down-
town Las Vegas (now the Plaza) experimented briefly with what was billed as
“the world’s largest baccarat shoe” (see Figure 3.4), which held 144 decks, or
7488 cards, but this novelty was short-lived [131]. With a single deck of cards

FIGURE 3.4: A $3 Union Plaza baccarat chip advertising their 144-deck shoe.

measuring about 1.6 centimeters thick, this monster shoe measured about 7.5
feet long, held nearly 30 pounds of cards, and would certainly have been a
challenge for the dealers to use.

Hand values are computed by counting each card at its face value, with
aces counting 1 and face cards 0. If the sum of the cards exceeds 9, then
the tens digit is dropped. For example, a hand consisting of a 7 and a 5 has
value 2. Unlike in blackjack, a baccarat hand does not “bust” if it exceeds the
highest possible hand value of 9.

If either hand has a value of 8 or 9, the hand is called a natural, and
no further cards are drawn. If there are no naturals, an intricate set of rules
dictates when either hand may receive a third card. The Player hand, which
always goes first, draws a third card if its value is 5 or less. If the Player stands
with 6 or 7, the Banker hand draws a third card if its value is 5 or less. If
the Player draws a third card, the Banker hand’s action is determined by its
value and the value of the Player’s third card. Table 3.11 shows the standard
set of rules.
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TABLE 3.11: Baccarat rules for the Banker hand [86]

Banker draws if
Banker’s hand Player’s 3rd card is

0–2 Anything
3 Not an 8
4 2–7
5 4–7
6 6 or 7
7 None

Example 3.2.21. Suppose that the cards dealt to the Player hand are K♡
and 7♢, and that the Banker hand receives 7♠ and 6♢. The Player hand totals
7, and so does not draw a third card. Since the Banker’s total is 3, which is
less than 5, a third card is dealt to the Banker hand. If this card is the Q♡,
the hand remains a 3, and so the Player wins, 7 to 3. ■

Example 3.2.22. In the next hand, suppose the Player’s hand is 9♡ and 2♡,
for a total of 1, and the banker is dealt K♠ and 4♡, totaling 4. The Player
hand draws a third card, the 6♠, for a total of 7. Since the Player’s third card
was a 6, a Banker hand of 4 is required to draw a third card. If that card is
the 6♣, the Banker hand is now 0, and Player wins, 7 to 0. ■

These rules include some cases where the Banker hand is required to draw
another card even though it’s beating the Player hand already. For example,
suppose that the Player hand is A-3, totaling 4. The Player takes a third card
and draws a 7, bringing that hand’s total to 1. If the Banker’s hand is 9-6, for
a total of 5, the Banker leads but must nonetheless take another card since
the Player’s third card was a 7. It is also possible for the Banker hand to be
denied a third card even if it’s tied with the Player hand, as in the case where
the Player has 2-3 and draws an 8 for a total of 3, and the Banker holds 3-K.
Because the Banker has 3 and the Player’s third card was an 8, no further
card will be drawn to the Banker hand, and the round ends in a tie.

How did game designers settle on these rules? Consider the rule cited above
for drawing a third card to a Banker hand of 3. If the Player hand has drawn
an 8 as its third card, it follows that the hand’s value is 8, 9, 0, 1, 2, or 3,
according as the initial two-card hand was 0, 1, 2, 3, 4, or 5. We may assume
that these six totals occur equally often in the long run. If the Banker hand
is 3, it wins half the time and ties one-sixth of the time, and the desire for a
balanced game makes this a good place to stop drawing cards.

Since the rules of baccarat are fixed, it is entirely a game of chance. Con-
trary to the image of baccarat as presented in popular culture, such as when
James Bond plays the game in six movies, skill plays no part in the play of
the game. The replacement of baccarat by Texas hold’em in the 2006 version
of Casino Royale represents something of a betrayal of the Bond legend even
as it tapped into a wave of poker popularity.
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In light of these complicated rules and the principle that “the easier a bet
is to understand, the higher the house advantage,” we might expect baccarat
to have a fairly low HA, and indeed this is so. In an eight-deck game, the
probability of winning a resolved bet (i.e., when the hand is not a tie) on
Player is .4932 and the probability of winning a resolved bet on Banker is
.5068 [86]. As with the Don’t Pass bet in craps, it is not in the casino’s best
interests to offer a bet with a positive expected value, and so it is standard
practice for casinos to charge a 5% commission on winning Banker bets. In
effect, this means that if you win a bet on Player, you are paid at 1 to 1
odds, but if you bet on Banker and win, you receive only 95% of the amount
wagered (19 to 20 odds).

As a convenience to everyone involved, players and dealers alike, some
casinos use special $20 chips at their baccarat tables; this is a denomination
not typically used elsewhere in the casino. These chips make the calculation of
commissions easy: $1 for every $20 chip in play on a winning Banker wager. In
practice, to avoid complicated change-making transactions, many casinos pay
all winning Banker bets at even money, and commissions that an individual
gambler owes are simply counted during the play of a shoe. When a player
wishes to leave or the round has ended and the cards are being shuffled or
replaced, the casino collects the accumulated commissions owed.

Example 3.2.23. As is also the case in blackjack, the probabilities of winning
baccarat wagers depend on the number of decks of cards being used. If eight
decks are used, these rules lead to the following probability distributions:

• Let X be the return on a $1 Player bet. The probability distribution for
X is

x –1 1 0
P pX “ xq .4584 .4461 .0955

and the corresponding expectation is

EpXq “ p´1q ¨ .4584 ` p1q ¨ .4461 ` p0q ¨ .0955 “ ´$.0123,

so the house advantage is 1.23%.

• If Y is the return on a $1 Banker bet, the distribution for Y is

y –1 .95 0
P pY “ yq .4461 .4584 .0955

and the expected value is

EpY q “ p´1q ¨ .4461 ` p.95q ¨ .4584 ` p0q ¨ .0955 “ ´$.0106,

for an HA of 1.06%.
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• Finally, if Z is the return from a $1 Tie bet, the payoff is 8 to 1, and
the distribution is

z –1 8
P pZ “ zq .9045 .0955

The resulting expected value is then

EpZq “ p´1q ¨ .9045 ` p8q ¨ .0955 “ ´$.1405,

for an HA of 14.05%—this is clearly a bet to be avoided.

■

As a promotional tool intended to attract bettors to the baccarat tables,
casinos have been known to experiment with lowering the commission charged
on winning Banker bets, which, of course, reduces the HA. If the commission
is reduced to 4%, the house advantage drops to .60%, and at a 3% commission,
the HA is a nearly invisible .14%—the game is essentially even at that level,
as a $100 bet loses, on the average, only 14¢.

In considering the mathematical aspects of baccarat, we are immediately
drawn to one difference between it and other games we have considered: suc-
cessive hands are not independent. As is also the case in blackjack, a card dealt
in one hand is a card that cannot be dealt in the next hand, and so the prob-
abilities of different hand totals change as the dealer moves through the shoe.
That being the case, a mathematical analysis of baccarat requires somewhat
more involved calculations that account for the changing deck composition.
The following extended example will illustrate this.

Example 3.2.24. A variation of the baccarat stand or draw rules gives the
gambler making the largest Player wager the option of deciding whether a
Player hand of 5 draws a third card or stands. This less common version,
sometimes called chemin de fer, appears to have a skill component, but does
it really, or is the casino offering the player a meaningless choice?

That question can be answered with some simple reasoning, and aside
from accounting for the lack of independence between hands, requires very
little mathematics. Assuming that the Banker hand is not a natural, a Player
hand of 5 wins against Banker hands of 0 to 4, ties a Banker 5, and loses
only against a 6 or 7. The player making this decision has full knowledge of
the Banker hand and a large bet on Player, and so certainly should choose
to draw when losing to a 6 or 7—as the standard baccarat rules provide. In
chemin de fer, the Banker hand will not draw to a 6 or 7 if the Player hand
does not take a third card, and so will win if the player chooses not to draw.

Against a Banker hand of 0 to 4, the player in control of the decision must
weigh the possibility of improvement against the fact that the hand is winning
as dealt. If the player chooses never to draw to a 5, the Banker hand will draw
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another card, and so has a chance to convert a losing or tying hand into a
winning hand. There is no instance where a winning Banker hand is converted
to a nonwinning hand when the player stands on 5—at worst, a losing Banker
hand remains a loser; it might improve and tie or win. It follows that standing
on a 5 in these circumstances does not improve the Player hand’s chance of
winning.

If the hands are tied and the Player hand stands on 5, then the Banker
hand will draw a third card. A decision by the player not to draw to the
Player hand is a gamble that the next card out of the shoe will not improve
a 5. While the exact probability of improvement depends on the cards that
have been dealt, including the exact cards that constitute the two dealt 5s,
we can get a sufficiently accurate estimate of the probability by assuming a
full shoe. If the player chooses to draw a third card to a 5:

• The hand is improved if the third card dealt to it is an ace through 4,
and the probability of improvement is therefore 20

52 “ 4
13 . If that third

card is not a 4, then Table 3.11 indicates that the Banker hand does not
draw again, and so the Player wins with probability 3

13 ..

• The hand stays the same if a face card or 10 is drawn, an event which
also has probability 4

12 . The Banker hand does not draw under these
circumstances, and so the hand remains tied.

• The hand loses value—dropping below 5—on any other card: a 5 through
9. This has probability 5

13 . If the third card is an 8 or 9, then the Banker
hand does not draw a third card, and so wins automatically. On a 5, 6,
or 7 (final Player hand of 0, 1, or 2), the Banker must draw again.

We have the following probabilities:

Event Probability
Player wins 3{13
Banker wins 2{13
Hand is a tie 4{13
Banker draws 4{13

We shall break down the four subcases, each with probability 1
13 , that

make up the “Banker draws” outcome. If the Player’s third card is a 4, then
the Banker hand is drawing against a Player 9, and so cannot win. The Banker
ties only if the third card drawn to that hand is also a 4. The probability
of drawing a 4 depends on how many 4s are included among the five cards
already played; we know that that number is at least 1. An upper bound for
the probability of a tie, assuming an eight-deck shoe, is 31

411 « .0754, since
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there are no more than 31 4s left among the 411 undealt cards. The maximum
number of 4s removed from the deck is 3, in the case where each hand has
been dealt a 4 and an ace initially, and so the probability of a tie is no less
than 29

411 « .0706. (.0706–.0754 will also be the range of the probability of a
tie in the other situations where the Banker must draw, because in each case
we are simply computing the probability that the Banker’s third card matches
the Player’s third card.) The probability that the Player hand wins is then
between 380

411 « .9246 and 382
411 « .9294.

In the other cases where the Banker hand must draw a third card, the
Banker can win or tie, and can lose if the Player hand is not 0. The ranges of
the various probabilities are collected in Table 3.12.

TABLE 3.12: Chemin de fer: Probabilities when Player draws to a 5 and
Banker also draws

Player Outcome
Third card Total P pBanker winq P pPlayer winq P pTieq

4 9 0 .9246–.9294 .0706–.0754
5 0 .9246–.9294 0 .0706–.0754
6 1 .8467–.8540 .0730–.0779 .0706–.0754
7 2 .7689–.7762 .1509–.1557 .0706–.0754

The “Player draws 4” and “Player draws 5” cases are mirror images of one
another; in the other two cases, the Banker has a large edge over the Player.
How does this edge compare to the edge of 1

13 that the Player has in all other
cases?

We shall consider the case where neither the Banker nor the Player hands
contains a card of the same rank as the Player’s third hand. Under this as-
sumption, the probability of a Banker win is

pB “
ˆ

1
13

˙

¨ p.9294 ` .8540 ` .7762q “ .1969,

the probability of a Player win is

pP “
ˆ

1
13

˙

¨ p.9294 ` .0779 ` .1557q “ .0895,

and the probability of a tie is

pT “
ˆ

4
13

˙

¨ .0706 “ .0217.

Combining this information with the probabilities in the first three lines of
the table above gives the following probabilities of the three possible outcomes
when the player chooses to draw to a 5 against a Banker 5.
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Event Probability
Player wins 3{13 ` .0895 « .3202
Banker wins 2{13 ` .1969 « .3507
Hand is a tie 4{13 ` .0217 « .3293

As a result, the expectation of a $1 bet in this situation is

E “ p1q ¨ .320 ` p´1q ¨ .351 ` p0q ¨ .329 “ ´$.031.

This value must be compared to the expected value when the player stands
on 5. There are three possible outcomes.

• The Player wins despite the Banker’s draw. This happens when the third
card dealt to the Banker hand is a 5 through 9. The number of such cards
left in the shoe is between 156 (if, for example, both Player and Banker
hands are an 8 and a 7) and 160 (as is the case when both hands consist
of an ace and a 4, or a 2 and a 3). Since only four cards have been dealt,
412 remain in the shoe, and so

156
412 ď P (Player win) ď 160

412 .

• The hand remains tied. The Banker hand remains a 5 if its third card is
a 10 or a face card. There are between 126 and 128 10-count cards left
in the shoe, as each of the Player and Banker hands can have at most 1
such card. It follows that

126
412 ď P (Tie) ď 128

412 .

• The Banker hand draws a third card and wins. The Banker’s third card
must be in the range ace–4. There are 124–128 such cards remaining,
because the two hands dealt may contain, between them, 0, 2, or 4 of
these low cards, and thus

124
412 ď P (Banker win) ď 128

412 .

We can see immediately that at the start of a shoe, the probability that
the Player wins when standing on 5 against a Banker 5 exceeds the probability
of a Banker win. The Player’s expectation is therefore positive when standing
on 5 at the start of a shoe, and so standing has a higher expectation than
drawing against a 5. Absent any useful information about the composition of
the remaining cards, we have the following strategy for the lead bettor when
the Player hand is dealt a 5:

Banker hand Action
0–4 Draw
5 Stand

6–7 Draw
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Since an optimal strategy exists, any deviation from this strategy increases
the casino’s advantage, and this may be a reason why a casino would offer this
choice to a player—remember that the choice is given to the bettor making the
largest Player bet, and so a choice that decreases the Player hand’s chance
of winning increases the likelihood that the casino will collect that largest
wager. ■

Texas Hold’Em
Texas hold’em is arguably the most popular form of poker in the 21st

century. Though the game dates back to well before 2001, its recent rise in
popularity can be attributed to televised tournaments which use small cam-
eras to reveal players’ hole cards to a viewing audience. Additionally, tele-
vised hold’em games use computers to calculate and display the probability
of each player’s hand winning the pot by rapidly running through each pos-
sible finished game in real time and identifying the best hand—an exercise in
experimental probability that enhances the experience for the viewers.

The best possible hole cards are a pair of aces. The probability of drawing
a pair of aces was computed on page 41 and found to be 1

221 . At the other
end of the spectrum, the worst hole cards are a 2 and 7 of different suits: two
low-ranked cards that are too far apart to fill in a straight and with no start
on drawing a flush. The probability of an offsuit 2–7 is

4 ¨ 4 ´ 4
ˆ

52
2

˙ “ 12
1326 “ 2

221

—twice as likely as a pair of aces.

Example 3.2.25. Suppose that your hole cards are A♡ T♡. Find the prob-
ability that the board completes a flush.

There are 11 hearts left unseen, and completing a flush requires 3 of them,
but it doesn’t matter where they fall among the flop, turn, and river. The
probability of getting 3 or more hearts in 5 cards is

ˆ

11
3

˙

¨
ˆ

39
2

˙

`
ˆ

11
4

˙

¨
ˆ

39
1

˙

`
ˆ

11
5

˙

ˆ

50
5

˙ “ 135, 597
2, 118, 760 « .0640,

or about 6.4%.
This includes the small probability that 5 hearts appear on the board and

every player holds at least a flush, but in that circumstance, you hold the
best, or nut, flush since the A♡ is in your hand. Only a straight flush can beat
you if there are 5 hearts on the board. Since you hold the A♡ and T♡, only
4 straight flushes are even possible in other player’s hands.



Probability Distributions and Expectation 125

If only one heart falls on the flop, it may be advisable to fold, but if you
stay in, what is the probability of completing the flush on the turn and river?

Here, there are 10 hearts left, but you need 2 of them in 2 cards. This
probability is

ˆ

10
2

˙

ˆ

47
2

˙ “ 10 ¨ 9
47 ¨ 46 « .0416,

roughly two-thirds of the probability initially computed. ■

The probability of a royal flush in a 5-card game is 1 in 649,740. With 7
cards to choose 5 from, but far more 7-card combinations than 5-card ones,
how does this probability change in Texas hold’em?

There are 4 royal flushes; each may be combined with any 2 of the other
47 cards in the deck. The probability of a royal flush is

4 ¨
ˆ

47
2

˙

ˆ

52
7

˙ “ 1
30, 940 .

Royal flushes may be 21 times more likely, but there is a small chance,

p “ 4
2, 598, 960 ,

that the 5 cards of the royal flush all appear on the board, generating a tie
among all players who have not folded.

Counting Outs and the Rule of Four

When assessing a hold’em hand after the flop, a player knows 5 cards. If
that hand holds 4 cards to a flush, the probability of completing the flush on
the turn is 9

47 « .1915, and the probability of missing the flush on the turn
but filling it in on the river is

38
47 ¨ 9

46 « .1582,

giving an overall probability of making the flush of about 34.97%.
To complete this calculation in one step, we use the Complement Rule.

Suppose that the hand contains 4 clubs.

P pFlushq “ 1 ´ P pDraw 0 clubsq “ 1 ´

ˆ

38
2

˙

ˆ

47
2

˙ « .3497.
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The cards that will complete a hand are known as outs; in this exam-
ple, there are 9 outs to the hand. More generally, if a hand has k outs, the
probability Pk of catching 1 or 2 cards and completing the hand is

Pk “ 1 ´

ˆ

47 ´ k

2

˙

ˆ

47
2

˙ “ 93k ´ k2

2162 .

This formula is too complicated to evaluate on the fly at a poker table with
limited time to think, so an excellent approximation called the Rule of Four
can be used instead [40].

Theorem 3.2.2. The Rule of Four: The probability Pk of making a hand
on the turn or river when there are k outs is approximately 4k%, or 4k

100 .

Before proving this result, we shall illustrate it with an example. When
drawing to an open-ended straight such as 89TJ, which can be completed to
a straight by 8 cards, we have Pk « .3145. The Rule of Four estimates this
probability as .3200, which is less than 1.8% from the true value.

Proof. We shall consider this proposed approximation both algebraically and
graphically as evidence for its accuracy.

We seek to approximate

Pk “ 93k ´ k2

2162 .

Factoring in the numerator gives

Pk “ p93 ´ kq ¨ k

2162 .

The Rule of Four claims that
93 ´ k

2162 « 4
100 “ .04.

The left side of this approximation is a decreasing function of k which is,
to 4 decimal places, .0430 at k “ 0 and falls to .0375 at k “ 12. Over the
interval 0 ď k ď 12, then, the proposed approximation is within .0030 of .04;
acceptably close to establish the desired result.

Figure 3.5 shows a graph of the difference Pk ´ 4k

100 for 0 ď k ď 12. Pk

is greater than the Rule of Four estimate until the two functions are equal,
at k “ 6.52. The difference between the two functions over this interval is
seen to be small, further confirming that the approximation an accurate one.
If k ď 14, the Rule of Four gives an approximation that is within 10% of Pk,
and this is close enough to be useful in gameplay.
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FIGURE 3.5: Error in the Rule of Four approximation: Pk ´ 4k

100 .

Table 3.13 illustrates the accuracy of the Rule of Four by comparing Pk

and 4k

100 numerically.

TABLE 3.13: Probability Pk of completing a hold’em hand with k outs and
Rule of Four approximation 4k{100

k Pk
4k{100

1 .0426 .0400
2 .0842 .0800
3 .1249 .1200
4 .1647 .1600
5 .2035 .2000
6 .2414 .2400
7 .2785 .2800
8 .3145 .3200
9 .3487 .3600
10 .3839 .4000
11 .4172 .4400
12 .4486 .4800
13 .4810 .5200
14 .5116 .5600

For a better approximation when 11 ď k ď 18, use

Pk « 4pk ´ 1q
100 .

A similar rule, suitable for estimating the probability of making a hand
on a one-card draw, is the Rule of Two. In considering a one-card draw—the
turn or the river—to a hand with k outs, this rule states that the approximate
percent chance of successfully completing the hand is twice the number of outs.

For a 1-card draw with k outs from an n-card deck, the Rule of Two states
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that
ˆ

k

1

˙

ˆ

n

1

˙ “ k

n
« 2k

100 ,

which is equivalent to saying that n « 50. Since the number of unknown cards
on the turn is 47 and the number on the river is 46, this approximation is
accurate. Multiplying by 2 is far easier than dividing by 47 or 46.

Bad Beat Bonus

A bad beat in hold’em is when a strong hand—defined, in some card rooms,
to be aces full or higher—is beaten at the showdown by an even higher hand.

Example 3.2.26. Suppose that Robin’s hole cards are A♡ A♣ while Terry
holds K♢ Q♢. If the flop comes A♠J♢ T♢, then Robin’s hand is three aces
and Terry holds a 4-card straight flush with a possible royal flush draw. If the
turn and river are the J♣ and 9♢, Robin improves to aces full of jacks, but
loses to Terry’s straight flush. ■

In an effort to cushion some of the blow of a crushing disappointment when
a very high hand—well into the top 1% of all 5-card hands—nonetheless falls
to an opponent, some card rooms offer a Bad Beat Bonus or Bad Beat Jackpot
payoff to a player whose hand is on the losing end of such a showdown.

Boulder Station, Red Rock, and Santa Fe Station, three casinos oper-
ated by Las Vegas-based Red Rock Resorts, collaborate remotely on a Jumbo
Hold’em Jackpot promotion that pays a progressive jackpot on bad beats. The
progressive jackpot starts at $75,000 and increases once a day by 1–10% of
the jackpot drop (an amount taken from each pot to fund casino promotions)
across all three participating poker rooms. As the jackpot rises, the rules for
awarding the jackpot change. The $75,000 starting value requires that a hand
of AAAJJ or better lose to four-of-a-kind or higher on the flop, while a jack-
pot of $100,000 or higher can be won by AAAJJ or better losing to four of a
kind at any point during the hand.

The progressive jackpot is divided as follows:

• 40% goes to the holder of the beaten hand.
• 25% is awarded to the winner of that hand.

If 2 or more high hands lose on the same hand, the winner’s share is
reduced and the losing players’ share is divided among the losing hands,
with the highest losing hand receiving a larger share.

• 3% is divided evenly among all of the players at the table where the
jackpot was won, including the winner and loser.

• The remaining 32% is divided among all active hold’em players at the
3 participating poker rooms when the jackpot was hit, including the
players at the decisive table who shared 3% of the jackpot earlier.
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One scenario that often leads to bad beats is when 3 aces fall on the flop;
this has probability

ˆ

4
3

˙

ˆ

52
3

˙ “ 1
5525 .

Any player who played a pair in the hole now has aces full, but they will lose
to a player who holds the fourth ace among their hole cards and cannot catch
up by drawing into a straight flush, since they hold cards of 2 ranks with only
the turn and river to come.

The probability that the board contains exactly 3 aces, which might trigger
a bad beat bonus even if the aces aren’t all part of the flop, is

ˆ

4
3

˙

¨
ˆ

48
2

˙

ˆ

52
5

˙ « 1
576 .

In the Red Rock Resorts promotion described above, a player whose pair
in the hole is completed to four-of-a-kind by the turn and river could claim the
loser’s share of the prize pool by losing to 4 aces—provided that the jackpot
is at least $100,000.

Example 3.2.27. Jackpots of this size are only awarded when low-probability
events happen. How low is “low”?

Suppose you are playing in a 6-handed game. If your hole cards are 9♣ 9♡
and 3 aces come on the flop (p “ 1

5525 ; above), the probability that the turn
and the river are then the 9♠ and 9♢, in either order, is

1
ˆ

47
2

˙ “ 1
1081 .

If this happens, the probability that one of your 5 opponents holds the fourth
ace and beats your four 9s with four aces is

ˆ

44
9

˙

ˆ

45
10

˙ “ 2
9 .

If this sequence of 3 improbable events happens and the jackpot is at least
$100,000, you qualify for the loser’s share of the jackpot. The exact amount
of your win depends on how many players are at the 3 poker rooms involved,
but it’ll be at least $40,000. ■
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At the Mandalay Bay poker room on the Las Vegas Strip, the Aces Cracked
promotion in the fall of 2021 offered a $100 consolation prize to any player
whose pocket aces wound up as a losing hand in a pot amounting to at least
$10. This prize was awarded up to 4 times during each gaming session, which
ran from 3:00 to 6:00 P.M., Thursday through Monday.

Bad beat jackpots of this size invite collusion among players, since the
prize for winning a $30 pot by cracking an opponent’s aces is far less than
the $100 jackpot paid to the losing player. Players in such a game might
share information about their hands and agree to split the proceeds of the
bonus, which is contrary to the “one player, one hand” rule that is standard
in card rooms. The official rules of both Aces Cracked and the Jumbo Hold’Em
Jackpot explicitly stated that any player discussion of hands during play could
forfeit eligibility for this jackpot.

Video Poker
While Texas hold’em is the version of poker that has come to dominate

both live play in casinos and televised play in poker tournaments, video poker
is primarily a game of five-card draw poker simulated by a computer (Figure
3.6). As with slot machines, the player is playing against a fixed pay table

FIGURE 3.6: Video poker machines at Harrah’s Casino, New Orleans,
Louisiana [76].

rather than another human or electronic opponent. The goal is simply to end
up with the best possible five-card poker hand: five cards are dealt, and the
player may discard any or all of them and receive replacements.
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There are two places in playing video poker where skill plays a part.
The first, which begins before any money is put down, is selecting the best
machine—in terms of the pay table offered—to play. The second, of course,
lies in knowing what to discard and which hands to pursue in the draw. We
begin with the first. The expected return for a video poker machine is typi-
cally expressed as its payback percentage, which with the right pay table and
perfect play on the part of the player, can very occasionally exceed 100%—
that is, the machine is expected to return more money than it takes in, in
the long run. For example, Table 3.14 is a video poker pay table where all of
the payoffs are “for 1,” and include the amount wagered, so the 1 for 1 payoff
for a pair of jacks or better is simply a break-even payoff [59, p. 121]. Most
video poker machines accept wagers of one to five times the minimum bet;
the amount wagered is typically described in the pay table as “n coins” even
if the minimum amount does not correspond to a physical coin, as is the case,
for example, with a $5 video poker machine.

TABLE 3.14: Jacks or Better video poker pay table with 99.8% return

Poker hand Payoff: 1 coin Payoff: 5 coins
Royal flush 250 4700

Straight flush 50 250
Four of a kind 25 125

Full house 9 45
Flush 6 30

Straight 4 20
Three of a kind 3 15

Two pair 2 10
Pair of jacks or higher 1 5

It is customary to describe video poker pay tables by the payoff for a one-
coin bet on a full house and a flush; thus this would be a 9/6 game. With all
other payouts equal, a 9/6 machine is better than a 9/5 machine, which is in
turn better than an 8/5 machine.

One thing to notice immediately is that, when betting five coins, the payoff
on every hand but one is simply five times the payoff with a single coin at risk.
The exception—and it’s a big one—is the royal flush. This is important, since
approximately 2% of the payback percentage on most video poker machines
comes from royal flushes betting the maximum, or playing “max coins” for
short [142]. By not ruthlessly pursuing royal flushes whenever the strategy
tables advocate doing so, the player is giving up on a meaningful part of
the payoff: reducing a 98% machine to a 96% one, for example. This means
that not only should a video poker player bet max coins, but also that the
drawing strategy should be tilted toward pursuing royal flushes, which have a
probability of approximately 1 in 40,000 on a video poker machine. Contrast
this with the probability of 1 in 649,740 of receiving a dealt royal flush, and
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we can see the value of being allowed to discard cards and replace them in the
draw.

How do we arrive at 1
40, 000 as the approximate probability of a royal

flush? Consider 3 ways to get a royal flush at video poker:

• The probability of a dealt royal flush is the same as it is in any 5-card
poker game:

P pDealt royal flushq “ 4
ˆ

52
5

˙ .

• Another way to get a royal flush is to draw 1 card to an initial 4-card
royal and get the fifth card. This event has a probability of

20 ¨ 47
ˆ

52
5

˙ ¨ 1
47 “ 20

ˆ

52
5

˙ .

• The probability of a royal flush when drawing 2 cards to a dealt 3-card
royal is

4 ¨
ˆ

5
3

˙

¨
ˆ

47
2

˙

ˆ

52
5

˙ ¨ 1
ˆ

47
2

˙ “ 40
ˆ

52
5

˙ .

We might reasonably continue in this vein, considering 3-card draws to 2-
card royals, but this ignores the reality that a hand such as A♠ Q♠ 9♣ 9♡ 5♢
is best played by drawing 3 cards to the pair of 9s rather than pursuing a royal
flush, so many 2-card royals will be discarded as the player tries to improve
the starting hand differently.

Adding these 3 probabilities gives

P pRoyal flushq « 64
ˆ

52
5

˙ “ 1
40, 608.75 ,

which is within 1.5% of 1
40, 000 .

We have also omitted some lower-probability events that might be played
out, such as receiving a royal flush on the draw after discarding all 5 initial
cards. A video poker hand where all 5 cards should be discarded is sometimes
called a razgu; its probability is about 3.5% [34]. Assuming that the razgu
contains no 10s, the probability of drawing a royal flush after discarding a
razgu is

4
ˆ

47
5

˙ ,
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making the probability of receiving a 10-free razgu and then drawing a royal
flush approximately

p.035q ¨ 4
ˆ

47
5

˙ « 1
10, 959, 707 .

If an initial Jacks or Better hand contains a single jack, queen, king, or
ace, with no straight or flush possibility, optimal strategy calls for the player
to hold that card and draw 4 new cards, so no razgu can contain a card higher
than a 10.

Omitting this and similar very small terms does not change the fact that
the common estimate P pRoyal flushq « 1

40, 000 “ 2.5 ˆ 10´5 is very accurate.
Using this as the probability of a royal flush allows some simple calculations
about the frequency of royals in actual gameplay—for video poker machines
do not know the laws of probability and so do not understand that they’re
supposed to give the skilled player a royal flush every 40,000 hands.

The payoff percentage for Table 3.14 is 99.8%, assuming perfect play. What
is perfect play? It depends on the machine and on the pay table; part of intel-
ligent video poker play is learning the strategy appropriate to your machine.
The ideal strategy for a given machine and pay table has been determined
through computer simulation of millions of video poker hands. For the pay
table above, the strategy in Table 3.15 leads to that 99.8% payback percent-
age. The corresponding 9/5 machine’s payback percentage is 98.8%, and an
8/5 machine that is otherwise the same pays back at 97.6% [59].

Table 3.15 should be read from the top down until you reach a combination
contained in the hand you hold, and then you should discard appropriately
and draw the number of cards indicated.

The following terms are used in the table:

• An outside straight is four cards comprising a straight that is open at
both ends, such as 6789. Drawing either a 5 or a 10 will complete this
straight.

• An inside straight is four cards comprising a straight, but with a “hole”
in the middle, such as 4568 or 5689. Only a drawn 7 will complete any of
these straights, so an inside straight has less potential for improvement,
and thus is less valuable, than an outside straight.
The term “inside straight” is also applied to straights of the form A234
and JKQA which, due to the ace, are only open at one end.

• High cards, for the purpose of jacks or better video poker, are the jack,
queen, king, and ace—those cards that, when paired, pay off.

At a number of places in the table (line 4 and especially line 12), one can see
that the pursuit of a royal flush is prioritized over lesser payoffs. Occasionally,
perfect strategy may call on the gambler to break up a winning combination in
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TABLE 3.15: Video poker strategy for standard 9/6 Jacks or Better [59]

When dealt Draw
1: Royal flush 0
2: Straight flush 0
3: Four-of-a-kind 0
4: 4-card royal flush 1
5: Full house 0
6: Flush 0
7: Three-of-a-kind 2
8: Straight 0
9: 2 pairs 1

10: 4-card straight flush 1
11: High pair: J, Q, K, or A 3
12: 3-card royal flush 2
13: 4-card flush 1
14: Low pair, 2–10 3
15: 4-card outside straight 1
16: 3-card straight flush 2
17: Suited JQ, JK, or QK 3
18: 4-card inside straight (3–4 high cards) 1
19: Suited JA, QA, or KA 3
20: Nonsuited JQK 2
21: Suited J10, Q10, or K10 3
22: 1 or 2 high cards 3–4
23: 5 mixed low cards (a razgu) 5

order to draw cards toward completing a royal flush. Unlikely as successfully
completing a royal by drawing one or two cards may be, the high payoff at
max coins leads to an expected value in excess of the hand being broken up.

Example 3.2.28. On a game played with Table 3.14 as pay table, if you are
dealt

4♣ 10♣ J♣ Q♣ A♣,

then perfect video poker strategy dictates that you break up the flush by dis-
carding the 4♣ and draw one card, hoping to pull the K♣ needed to complete
the royal flush. (In Table 3.15, line 4, 4-card royal flush, appears before line 6,
Flush.) The greatly enhanced payoff for a royal flush with max coins wagered
makes this the better play, as we can see by computing expected values. If
you hold the 4♣ and cash in the flush, your expected profit is $25 with a max
coins bet, assuming a $1 coin. If you discard the 4 and go for the royal flush,
the following outcomes are possible:
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Result Net Payoff Probability
Royal flush 4695 1{47
Flush (nonroyal) 25 7{47
Straight 15 3{47
Pair (J, Q, or A) 0 9{47
Nonpaying hand –5 27{47

The expected value of the hand if the 4♣ is discarded is

E “ p4695q ¨ 1
47 ` p25q ¨ 7

47 ` p15q ¨ 3
47 ` p0q ¨ 9

47 ` p´5q ¨ 27
47

“ 4780
47 « $101.70.

It follows that, even though the probability of winding up with nothing
after the draw is over 50%, your expected return is over four times greater by
giving up on the sure $25 payoff for the chance of hitting a royal flush. ■

Some video poker machines modify this pay table by paying out 4000 coins
for a 5-coin bet with a royal flush. The payback percentage on such a machine
drops to 99.5%. Such a machine has an expectation of $86.81 for this hand,
which is less than $101.70 but still better than the $25 expectation of holding
the dealt flush.

Example 3.2.29. What should you do if you are dealt the following hand?

4♢ 4♣ 5♣ 6♡ 7♡

The competing holdings here are a low pair (of 4s) and a 4-card outside
straight. Reading down the chart, the pair appears on line 14 and the straight
at position 15. It might be a close call, but the best play is to hold the pair. ■

Low pairs, though they are not winning hands on the deal, nonetheless have
value, and so they should be held rather than breaking them up in pursuit of
an incomplete straight, or trying to pair a single dealt high card by discarding
4 cards.

Note that a three-card straight does not appear in the table, and thus is
not worth holding unless it is suited (and hence a three-card straight flush; line
16) or consists of a jack, queen, and king (line 20). Similarly, the table never
directs the player to hold a three-card flush unless it’s part of a three-card
royal or straight flush.

More significantly, the table never advises a player to hold a kicker : an
unpaired high card held alongside a pair. If you have two 10s, a 5, a 2, and
an ace of various suits, you should hold only the 10s and draw three cards,
resisting the temptation to hold the ace as well, because holding onto it will
not, in the long run, improve your position. This, of course, only applies to
a game using Table 3.14 as its pay table. It is important when playing video
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poker to align your strategy with the rules and payoffs for the game you are
playing. Nonetheless, holding a kicker is almost certainly going to decrease
your long-term expectation, by as much as 4%, regardless of the exact game
you’re playing [59].

Consider a 3-card draw to 9♢ 9♣, with
ˆ

47
3

˙

“ 16, 215 possibilities, com-

pared to a 2-card draw to 9♢ 9♣ A♢, which can be completed in
ˆ

47
2

˙

“ 1081

ways. In either case, there is 1 rank (9s) with 2 cards remaining, 3 ranks with
3 cards remaining, and 8 ranks with all 4 cards still in the deck. The ways to
improve these hands are compared in Table 3.16.

TABLE 3.16: Probabilities of the possible outcomes when drawing to a pair
vs. a pair plus a kicker

Final hand Draw 3 Draw 2
Four-of-a-kind .0028 .0009
Full house .0102 .0083
Three-of-a-kind .1143 .0777
2 pairs .1599 .1776
1 pair (no change) .7129 .7354

Holding a kicker brings a slight increase in the probability of drawing into
2 pairs, but otherwise, the chance of improving is better without the third
card, and the chance of no improvement and hence no payoff is greater when
holding the ace.

Kickers may have some value in live draw poker when they might mislead
opponents about the strength of your hand. When dealt a pair of 9s and an ace,
holding the ace and drawing 2 cards represents your hand as possibly being
three-of-a-kind or 3 cards to a straight flush. This illusion might influence your
opponents to act in ways that benefit you, perhaps by folding or underbetting
their hands. Since video poker is played against a fixed pay table, their is no
opponent to outwit, and so no value in holding a kicker.

Example 3.2.30. What does the strategy chart say about the following
hand?

5♣ 8♡ 4♢ 9♣ 7♣

This hand contains the following:

• A three-card straight.
• A three-card inside straight flush.
• Two different four-card inside straights, although neither one contains

any high cards.
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Referring to Table 3.15, we see that line 16, “3-card straight flush,” is the
first one that matches our holdings, and so the correct course of action is to
discard the 8♡ and 4♢ and hope to complete the straight flush by drawing
the 6♣ and 8♣. While the probability of pulling this off is only 1

1081 , it’s the
option with the highest expected value. ■

It should be noted, of course, that there are multiple ways to win in this
example; we might complete a flush or straight instead of a straight flush, or
draw into two pairs or three of a kind.

The strategy table does not distinguish between inside and outside straight
flushes because the payoff justifies the reach. If you hold three cards of a
straight flush, the number of pairs of cards that will complete it ranges from
one to three: 7♠ 8♠ 9♠ can be filled out to a straight flush with either the
5 and 6, 5 and 10, or 10 and jack of spades, while 4♢ 6♢ 8♢ can only be
completed to a straight flush with the 5 and 7 of diamonds. (A double inside
straight flush such as 4♢ 6♢ 8♢ is sometimes called a kangaroo straight.) In
any event, it’s worth drawing two cards in search of the 50 for 1 payoff.

By making some small modifications to the pay table, we can arrive at
Table 3.17, which is an 8/8 game with a payback percentage of 101.1% with
perfect play [59, p. 125].

TABLE 3.17: Video poker pay table with a 101.1% return

Poker Hand Payoff: 1 coin Payoff: 5 coins
Royal flush 250 4700

Straight flush 200 1000
Four of a kind 40 200

Full house 8 40
Flush 8 40

Straight 8 40
Three of a kind 3 15

Two pair 1 5
Pair of jacks or higher 1 5

Of course, “perfect play” on this machine would be different from perfect
play on the previous pay table. In particular, the sharply increased payoff for
straight flushes means that perfect play calls for a gambler to pursue those
more aggressively, even to the point where “Two-card royal flush” and “Two-
card straight flush,” which have no standing in Table 3.15, appear as entries
in the corresponding strategy table [59].

In Example 3.2.4, we considered a million-dollar sequential royal flush
(SRF) promotion. Some video poker machines have added sequential royals as
the highest-paying hand. If there is no significant reduction in the payoff for a
non-sequential royal, then the expected return on the game increases. If this is
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coupled with a progressive jackpot awarded to the holder of a sequential royal,
it is possible that the game may pay off more than 100%—again assuming
perfect play, which would have to include different strategy to incorporate
the pursuit of certain sequential royals. As a general guideline, altering video
poker strategy to pursue sequential royals is only the superior play if you are
dealt at least 2 cards of a sequential royal. Note that the queen must land
in the center position in either order, so if a queen is dealt there, both SRFs
remain possible on the draw.

However, one must be careful to inspect the pay table for changes to the
payoffs on more common hands. Bonus Poker is a video poker variant that
pays extra on some four-of-a-kind hands. These bonuses are paid for by lower
payoffs for some lesser hands. Table 3.18 shows the pay table for a 5¢ Bonus
Poker video game including a sequential royal bonus at the Aliante Casino
in North Las Vegas, Nevada together with the pay table for a nearby Bonus
Poker machine without the sequential royal bonus.

TABLE 3.18: Aliante Casino Bonus Poker pay tables

SRF bonus No SRF bonus
Poker Hand 1 coin 5 coins 1 coin 5 coins

Sequential royal flush 250 Jackpot 250 4000
Royal flush 250 4000 250 4000
Straight flush 50 250 50 250
Four aces 80 400 80 400
Four 2s, 3s, or 4s 80 400 40 200
Four 5s through Ks 80 400 25 125
Full house 8 40 6 30
Flush 5 25 5 25
Straight 4 20 4 20
Three of a kind 3 15 3 15
Two pair 1 5 2 10
Pair of jacks or higher 1 5 1 5

The progressive jackpot at the time was $63,835.82, a handsome 255,341–1
payoff for a 25¢ bet.

Without the SRF bonus, the four-of-a-kind hands are lumped together and
paid at the same rate, but the casino makes up for this largesse and funds the
progressive jackpot by reducing the payoff on two pairs from 2 for 1 to a mere
push. Players eschewing the SRF bonus take on the further burden of lower
payoffs for full houses and some four of a kinds, but will make a 1-unit profit
anytime they draw into 2 pairs.
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Three Card Poker
If five-card poker hands are too complicated, perhaps restricting your hand

to three cards might be more to your liking. Apparently enough people feel
this way to make Three Card Poker (3CP) another carnival game that’s found
a place in the game lineup at a number of casinos.

The title gives the key to the game: players are dealt three cards apiece,
and match their cards up against the dealer’s hand—unlike Texas hold’em,
this is a game where players face off against the dealer instead of each other.
In 3CP, players make an Ante bet and then can choose, based on their cards,
to fold or make a second “Play” bet. Play bets only have action if the dealer’s
hand “qualifies” by ranking queen-high or better. If the dealer fails to qualify,
Ante bets pay even money and Play bets push. If the dealer qualifies, winning
player hands pay even money on both the Ante and Play bets; if the dealer’s
hand is higher, then both bets lose. Additionally, the Ante bet pays a bonus
if the player’s hand is a straight or higher, even if it is beaten by the dealer.

The need for the dealer to reach a minimum qualifying hand raises an
important question: What is the probability of the dealer qualifying?

There are
ˆ

52
3

˙

“ 22, 100 three-card hands, and
ˆ

40
3

˙

“ 9880 of them
contain no queens, kings, or aces. From this latter number, of course, we must
remove any hand containing a pair or higher.

For example: Any card from 4 to J can be the highest card in a three-card
straight flush; these hands run from 432 through J109. There are 8 ranks and
4 suits to consider, for a total of 32 such hands.

These “exceptional” hands are counted in Table 3.19.

TABLE 3.19: Three Card Poker: Qualifying hands with no AKQ

Hand Count
Straight flush, JT9 or lower 32
Three of a kind, jacks or lower 40

Flush, jack-high or lower 4 ¨
ˆ

10
3

˙

´ 32 “ 448

Straight, JT9 or lower 32 ¨ 4 ¨ 4 ´ 32 “ 480

Pair, jacks or lower 10 ¨
ˆ

4
2

˙

¨ 36 “ 2160

Adding up in this table gives 3160 possible qualifying hands with no card
higher than a jack, and subtracting gives 6720 nonqualifying hands. The prob-
ability that the dealer qualifies is therefore

p “ 1 ´ 6720
22, 100 “ 15, 380

22, 100 « .6959,

so the dealer qualifies about 70% of the time.
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The qualifying hand is the source of the house’s advantage in 3CP. By
requiring that the dealer hold at least a queen before Play bets have action,
some winning hands will be underpaid, winning only the Ante bet instead of
both the Ante and Play wagers.

Armed with this information, we look next at the pay table for player
hands that beat a qualifying dealer hand. The Ante Bonus pay table varies
among casinos; a common payoff structure is 1 to 1 on straights, 4 to 1 on
three-of-a-kinds, and 5 to 1 on straight flushes [120]. Some casinos recognize a
“Mini Royal Flush”: a suited AKQ, and reward it with a 50 to 1 Ante Bonus
payoff.

There is no pay table for the Play bet—all bets are paid at 1 to 1—but
there is an optional Pair Plus bet that pays off player hands of at least a pair
at odds. This bet must be made with the Ante bet before the cards are dealt,
of course. Paytables can vary among casinos; one of the most common is Table
3.20. It should be noted that the Pair Plus bet is paid off even if the player’s
hand does not beat the dealer’s or if the dealer fails to qualify.

TABLE 3.20: Three Card Poker payoffs: Pair Plus bet [120]

Hand Payoff
Straight flush 40 to 1
Three of a kind 30 to 1
Straight 5 to 1
Flush 4 to 1
Pair 1 to 1

As we might expect, these payoffs are far below the probabilities of the
various hands. In the case of a straight flush, there are 48 possible hands (any
card except a deuce can be the high card in a three-card straight flush), and
so P (Straight flush) “ 48

22, 100 « 1
460 .

In table games derived from poker where the player faces a decision to
fold or make an additional bet after seeing some or all of her cards, optimal
strategy suggests determining the minimum hand, the so-called beacon hand,
for which the expectation is greater than the –$1 outcome achieved by folding
and forfeiting the Ante bet. The beacon hand separating folding from playing
on for 3CP turns out to be Q64: any player hand better than this should be
backed with a Play bet and any lesser hand should be folded. Following this
one piece of advice limits the casino’s advantage to a mere 3.37%—actually
quite reasonable for a table game. If instead you choose to “mimic the dealer”
by calling on every hand holding at least a queen, that gives the casino a
3.45% edge—not much of a change. The nonstrategy of always calling, on the
other hand, raises the HA to 7.65%: more than double that when using the
beacon hand strategy above [120].
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Sports Betting
When a bookmaker, legal or otherwise, sets odds on the two teams in a

game, these odds are based on implied probabilities that each team will win.
These “true” odds can be determined by finding the mean of the two sets of
odds [39]. On page 69, we saw an example where bettors on the favorite in a
contest had to give odds of 2–1 (or 10–5), betting $2 to win $1, while players
backing the underdog received 8–5 odds. The true odds on the favorite were
thus 9–5, meaning that the bookmaker had assessed the probability of the
favorite winning as 9

14 .

It follows that the sports book has the edge on either wager. The expected
value of bets on the favorite and the underdog are

EpFavoriteq “ p1q ¨ 9
14 ` p´2q ¨ 5

14 “ ´ 1
14

and
EpUnderdogq “ p8q ¨ 5

14 ` p´5q 9
14 “ ´ 5

14 .

Both expectations are negative, so the bookmaker will extract a profit no
matter which team wins. The HA is larger on the underdog bet; this might
serve as some insurance to the bookmaker in the event that action will be
unequal between the two teams.

Example 3.2.31. Consider a point spread bet on a single game. Assuming
that the line has been properly set, players are essentially betting $11 on a
50/50 proposition hoping to win $10, and so the expectation is

E “ p10q ¨ 1
2 ` p´11q ¨ 1

2 “ ´$1
2 ,

which results in a house edge of approximately 4.55%, no matter which team
the bettor chooses. If the point spread has been carefully chosen and attracts
approximately equal action on each team, the sports book will make its 4.55%
regardless of which team wins. ■

In Example 2.4.3, we looked at the daily parlay cards offered by Station
Casinos. If we assume that your chance of picking the winner of each game
you bet on is ½ and that the games are independent, what is the expected
value of a parlay card bet?

The expected value depends on how many games you select. In general,
the expected value of a $1 bet on an n-team parlay card is a function of n:

Epnq “ x ¨
ˆ

1
2

˙n

´ 1,

where x is the payoff, stated as “x for 1.” Remember that when payoff odds are
stated in this fashion, the payoff includes the amount of the original bet. For
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TABLE 3.21: Parlay card payoffs and expectations: p “ .50

n Payoff Expected value HA
3 6 for 1 –$.25 25%
4 12 for 1 –$.25 25%
5 23 for 1 –$.281 28.1%
6 45 for 1 –$.297 29.7%
7 80 for 1 –$.375 37.5%
8 160 for 1 –$.375 37.5%
9 320 for 1 –$.375 37.5%
10 800 for 1 –$.219 21.9%

the payoff options offered on the parlay card, Table 3.21 shows the expected
values and corresponding house advantages.

Some things are immediately apparent from this table:

• The house advantage on every bet offered is huge—on a par with keno
and among the highest of all the bets available in a casino.

• The parlay with the lowest HA—picking ten games correctly—is also
the one with the lowest probability of success, 1

1024 .

• The HA for picking 7, 8, or 9 games correctly is the same. This is because
the payoff has doubled while the probability of winning has decreased
by ½, and these factors cancel out.

• If the pattern for 7, 8, and 9 games had been continued through to 10
games, the payoff would have been 640 for 1. Since the 800 for 1 payoff
is printed on the parlay card in larger and bolder type than the others,
we may conclude that the casino wishes to attract action on this betting
option by offering a higher payoff, and that, given the low probability
of winning this bet, they do so at little risk.

But what if you know something about sports and can pick winners at a
better-than-50% rate? If you can do even as well as 53% on every game, you
can cut the HA to a far more reasonable level—and even turn the game to
your advantage for n “ 9 or 10. The EV for a $1 bet then increases to

E “ x ¨ p.53qn ´ 1.

These values, for the various values of n, are collected in Table 3.22. A negative
HA in this table represents a player advantage.

Here, then, is one case where skill plays a part in gambling and where,
under the right circumstances, the game can be turned in the gambler’s favor.
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TABLE 3.22: Parlay card payoffs and expectations: p “ .53

n Payoff Expected value HA
3 6 for 1 –$.1070 10.7%
4 12 for 1 –$.0530 5.3%
5 23 for 1 –$.0382 3.82%
6 45 for 1 –$.0026 .26%
7 80 for 1 –$.0602 6.02%
8 160 for 1 –$.0038 .38%
9 320 for 1 $.0559 –5.59%
10 800 for 1 $.3991 –39.91%

However, the chance of picking 10 out of 10 games correctly, even with a 53%
chance of success per game, is still the low

ˆ

53
100

˙10
« 1

572 .

When betting a teaser card, though, 53% isn’t enough to turn the expec-
tation positive. Consider the 7-team, 7-point pro football teaser at the Golden
Nugget (page 72), which pays 6–1. The expectation is positive if

Eppq “ p6q ¨ p7 ` p´1q ¨ p1 ´ p7q “ 7p7 ´ 1 ą 0,

which requires

p ą 7

c

1
7 « .7573,

just over ¾.
College football games tend to be somewhat more unpredictable than pro

games, so the Golden Nugget offers slightly higher payoff odds on its college
football teaser cards. A 7-team, 7-point college football teaser pays 7–1 instead
of 6–1. This card has positive expectation if the gambler can pick winners,
incorporating the 7-point bonus, with probability p ą .7430, slightly less than
¾.

Neither level of accuracy is enough, however, to make an 8-team, 7-point
teaser profitable at its 8–1 payoff. Positive expectation for that teaser requires

that p ą 8

c

1
9 « .7598.

Looking at a smaller ticket, consider the 2-team, 6½-point teaser offering
a 2–3 payoff. The expected value is

Eppq “ p2q ¨ p2 ` p´3q ¨ p1 ´ p2q “ 5p2 ´ 3.

This requires p ą
c

3
5 « .7746 to be positive, so the situation is not any better

on a 2-team teaser.
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Repeating this calculation for all of the Golden Nugget’s pro football teaser
card options shows that the lowest probability yielding a positive expectation
is the 6-team, 6-point teaser, with p ą .7230, and the highest probability is
required for the 4-team, 7-point card, for which p ą .7875.

Reverse teasers turn that trend around. Lower chances of winning are
countered by higher payoffs. The 6-team reverse teaser at Circa pays 750–1,
and so has positive expectation when

Eppq “ p750q ¨ p6 ` p´1q ¨ p1 ´ p6q “ 751p6 ´ 1 ą 0,

or when p ą .3317. While it is true that picking winners against the shifted
point spread requires less than 40% proficiency per game to be profitable,
the gambler is playing against an unfavorable point spread, and it is quite
possible, as we saw in Example 2.4.5, that reverse teaser point spreads can
lead to neither team winning against its point spread.

Example 3.2.32. In early 2023, the sports book at the South Point Casino
in Las Vegas was offering the following money line on the coin toss at Super
Bowl LVII:

Heads: –102
Tails: –102

Translated into betting activity, this meant that, in making this bet, you
would be risking $102 on the outcome of the coin toss, hoping to win $100 (or
some other allowable wager at the same odds: $51 hoping to win $50 or $204
to win $200, for example). Since a coin toss is the ultimate 50/50 proposition,
the expected value of this bet is

E “ p100q ¨ 1
2 ` p´102q ¨ 1

2 “ ´$1,

and the corresponding house advantage is 1
102 « .98%. ■

While this is a very low HA, it cannot escape notice that making this bet
calls for risking more money than you stand to win—on the literal toss of a
coin. Similar –102 wagers both ways were available on whether the Kansas
City Chiefs or Philadelphia Eagles would win the toss, and on whether the
player who called the toss would be right or wrong. (The coin came up heads.)

Sports book manager Chris Andrews, who has worked at several casinos in
Las Vegas and Reno, first offered a Super Bowl coin toss proposition at –120
either way. His intent was to point out how ridiculous betting on a coin toss
was, but bettors flocked to this opportunity, even at an 8.33% disadvantage [3].
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Punchboards
In considering the Ninety Percenter punchboard from Example 2.4.13, one

is drawn to the fact that, due to the $5 prize for punching out the last spot,
a gambler is guaranteed a profit if there are 49 or fewer unpunched spots:
by purchasing and punching all of them. This profit is at least 10¢ and may
be more if there are additional winning numbers still on the board. At the
same time, purchasing all 800 spots on a fresh punchboard is a recipe for a
guaranteed loss of $8 if the board is accurately named.

Given this progression from negative to positive expectation, it’s reason-
able to ask the following question: At which number of unpunched spots is the
expected return from purchasing them all a maximum? To assess this ques-
tion, we need to develop an expression for the expected number of $1-winning
spots left on the board after a certain number of punches have been sold. Let
the number of previous punches be n, where 0 ď n ď 799, and denote by N
the expected number of winners drawn; we then have

N “
n

ÿ

k“0
k ¨ P pk winners in n punchesq “

n
ÿ

k“0
k ¨

ˆ

67
k

˙

¨
ˆ

733
n ´ k

˙

ˆ

800
n

˙ .

N is a function only of n and may rightly be denoted Npnq to show this

functional relationship. Since
ˆ

n

r

˙

“ 0 if r ą n, this sum can be truncated
with an upper limit of 67 if n ą 67.

It follows that the expected number of $1 winners remaining after n
punches is 67 ´ Npnq. If you go on to purchase the last 800 ´ n spots, your
expected return as a function of n is

Epnq “ $
ˆ

67 ´ Npnq ` 5 ´ 800 ´ n

10

˙

“ $
´ n

10 ´ Npnq ´ 8
¯

.

This can be simplified considerably:

Epnq “ 13
800n ´ 8,

from which we can see that the expectation is linear and increasing, and first
exceeds 0 when n “ 493. It follows that a Ninety Percenter punchboard with
307 or fewer spots remaining has a positive expectation.

The maximum expectation is achieved with one spot left to be punched,
although it is difficult to imagine a situation where a gambler would have
encountered this punchboard with only one spot remaining. Since the return
on the last spot is guaranteed to be at least $5, it is unlikely that another
gambler would have walked away when $5 (or possibly $6, with probability
67/800) could be had for a dime.
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3.3 Binomial Distribution
We begin by considering an example:

Suppose you make 100 $1 bets on red at an American roulette
wheel. What is the probability that you will win on 60 of the spins?

We might consider this problem by looking at your total winnings, should
this occur—that would be $20. Trying to calculate this probability directly
quickly leads us into an algebraic morass from which it is difficult to emerge
with an answer that we can trust.

Solving this problem is facilitated by introducing the concept of a binomial
experiment.

Definition 3.3.1. A binomial experiment has the following four characteris-
tics:

1. The experiment consists of a fixed number of successive trials, denoted
by n.

2. Each trial has exactly two outcomes, denoted success and failure.
In practice, it is often possible to amalgamate multiple outcomes into a
single category to get down to two. For example, in the roulette problem
posed above, we can denote the 18 red numbers as “success” and the 20
nonred numbers as “failure”—if we lose our bet on red, it matters little
whether the number that was actually spun was black or green, or what
the number was.

3. The probabilities of success and failure are constant from trial to trial.
We denote the probability of success by p and the probability of failure
by q, where q “ 1 ´ p.

4. The trials are independent.

Definition 3.3.2. A random variable X that counts the number of successes
of a binomial experiment is called a binomial random variable. The values n
and p are called the parameters of X, and X is sometimes denoted as a Bpn, pq
random variable to show dependence on the parameters.

The experiment described in the example above meets the four listed cri-
teria and is therefore a binomial experiment. If we change the experiment
to “Begin betting on red on successive spins of a roulette wheel, and let the
random variable X be the number of spins required to win exactly 10 times,”
then the new experiment is not binomial. Since the number of trials is no
longer fixed at the outset, criterion 1 is no longer true.

If X is a binomial random variable with parameters n and p, the formula
for P pX “ rq can be derived through the following three-step process:



Probability Distributions and Expectation 147

1. Select which r of the n trials are to be successes. This can be done in
ˆ

n

r

˙

ways, as the order in which we select the successes does not matter.

If we think of the trials as a row of n boxes, each to be designated
“success” or “failure,” what we’re doing here is determining which r of
the n boxes are successes.

2. Compute the probability of these r trials resulting in successes. Since
the trials are independent, this probability is pr.

3. We must now ensure that there are only p successes. This is done by
assigning the outcome “failure” to the remaining n ´ r trials. The prob-
ability of this many failures is p1 ´ pqn´r “ qn´r.

Multiplying these three factors together gives the following result, called
the binomial formula:

Theorem 3.3.1. If X is a binomial random variable with parameters n and
p, then

P pX “ rq “
ˆ

n

r

˙

¨ pr ¨ qn´r “
ˆ

n

r

˙

¨ pr ¨ p1 ´ pqn´r.

We can now revisit our original example. The experiment described meets
the four criteria of a binomial experiment, where the amalgamation described
in the definition is used to get down to two outcomes. The parameters of the
experiment are n “ 100 and p “ 18

38 , and so with r “ 60, we find that

P pX “ 60q “
ˆ

100
60

˙

¨
ˆ

18
38

˙60
¨

ˆ

20
38

˙40
« .0033.

Binomial probabilities can be computed directly on a TI-84+ calculator
by using the binompdf routine, which is found by pressing 2nd DISTR
and choosing option A: binompdf. The calculator will prompt you for the
values of n, p, and r. “pdf” is an abbreviation for “probability distribution
function.”

Another calculator routine, B: binomcdf, computes binomial probabili-
ties involving inequalities. “cdf” stands for “cumulative distribution function”
and finds probabilities of the form P pX ď nq.

Example 3.3.1. In the roulette betting scenario described above, what is the
probability that you will be ahead after 100 bets?

Being ahead after 100 even-money bets corresponds to winning at least
51 bets, which may be interpreted probabilistically as P pX ě 51q. Calcu-
lating this probability using the binomial formula would require 50 separate
calculations and one large sum, or some advanced estimation techniques. The
binomcdf routine, accessible as option B: binomcdf on the distribution
menu, computes P p0 ď X ď rq when provided with values for n, p, and r.
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For this problem, we need P pX ě 51q, which is 1 ´ P p0 ď X ď 50q
by the Complement Rule. Using the TI-84+ shows that this probability is
approximately .2650.

Suppose instead that you make 100 consecutive roulette bets on the num-
ber 13. What is the probability that you will be ahead after 100 spins?

A single-number roulette bet pays off at 35 to 1, so if you win three times,
the $105 you win will offset your $97 in losses and leave you with $8 in profit.
To show a profit, then, you must win at least three times, so we need to find
P pX ě 3q, or 1 ´ P pX ď 2q. With n “ 100 and p “ 1

38 , we compute this on
the TI-84+ by finding 1 ´ P pX ď 2q, which is .1649. ■

If a random variable is binomial, computing its expected value is simple.

Theorem 3.3.2. If X is a binomial random variable with parameters n and
p, then EpXq “ np.

Put simply, the average number of successes is the number of trials multi-
plied by the probability of success on a single trial.

Proof.

EpXq “
n

ÿ

x“0
x ¨ P pX “ xq

“
n

ÿ

x“0
x ¨

ˆ

n

x

˙

¨ px ¨ qn´x

“
n

ÿ

x“0
x ¨ n!

pn ´ xq! ¨ x! ¨ px ¨ qn´x.

Since the x “ 0 term is equal to zero, we can drop that term from the sum
and renumber starting at 1:

EpXq “
n

ÿ

x“1
x ¨ n!

pn ´ xq! ¨ x! ¨ px ¨ qn´x

“
n

ÿ

x“1

n!
pn ´ xq! ¨ px ´ 1q! ¨ px ¨ qn´x

“ np ¨
n

ÿ

x“1

pn ´ 1q!
pn ´ xq! ¨ px ´ 1q! ¨ px´1 ¨ qn´x

“ np ¨
n

ÿ

x“1

pn ´ 1q!
rpn ´ 1q ´ px ´ 1qs! ¨ px ´ 1q! ¨ px´1 ¨ qn´1´x`1.

If we substitute y “ x ´ 1 in this last sum, we have
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EpXq “ np ¨
n´1
ÿ

y“0

pn ´ 1q!
rpn ´ 1q ´ ys! ¨ y! ¨ py ¨ qn´1´y

“ np ¨
n´1
ÿ

y“0
P pY “ yq.

This sum is the sum of all of the probabilities of a binomial random variable
Y with parameters n ´ 1 and p, and so adds up to 1 (Axiom 2), completing
the proof.

Example 3.3.2. In Example 3.3.1, the expected number of wins in 100 spins
of the wheel is E “ np “ 100 ¨ 18

38 « 47.37. ■

It follows from this result that your average winnings after making 100 of
these bets would be

p1q ¨ 47.37 ` p´1q ¨ 52.63 “ ´$5.26,

or 5.26% of the amount wagered—which is, of course, the long-term HA on a
single bet.

Example 3.3.3. If we consider a bet on a single number rather than on red
in American roulette (as in Example 3.3.1), the expected number of wins in
100 spins is E “ np “ 100 ¨ 1

38 « 2.63. Once again, your average winnings
would be ´$5.26 after 100 $1 bets. ■

When betting a sports parlay card, the number of games that win is a
binomial random variable X. If the probability of picking a game correctly is
p, then the probability of picking k games on an n-game card correctly is

P pX “ kq “
ˆ

n

k

˙

¨ pk ¨ p1 ´ pqn´k.

Of course, all of the games must win if the parlay card is to pay off. One
might consider, instead of making a single parlay card bet, wagering on each
game individually, at 10–11 odds against a point spread. While this requires
a greater initial investment, the “all or nothing” factor is removed from the
payoff. For n bets of $11 each, the PDF for X, the number of wins, is the
function P pX “ kq given above, but the total won or lost is

10x ´ 11pn ´ xq “ 21x ´ 11n.

Since each individual bet carries a 4.55% HA, so too does the collection of
bets. By contrast, the HA for a parlay card, assuming a 50% probability of
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picking each game correctly, is far higher. If you can afford the increased cost,
your chance of winning money is far better by making separate wagers.

For a 10-game card, you make a profit on the set of wagers provided that
you can pick 6 or more games correctly.. The expected return is

E “
10
ÿ

k“0
p21k ´ 110q ¨

ˆ

10
k

˙

¨ pk ¨ p1 ´ pq10´k,

a 10th-degree polynomial in the probability of success p.. This polynomial is
greater than 0 if p ą .5238, so it’s not necessary to be much better than a
coin flip at picking winners to turn this into a positive-expectation bet.

Twenty-Six was a popular game in the Midwest (in underground gambling
operations, of course) in the 1950s [103]. To play Twenty-Six, you select a
number from 1 to 6—called your point—and roll 130 six-sided dice. In practice,
this was done by having the player roll ten dice 13 times. If your point comes
up 26 times or more, you are paid off at 3 to 1 odds. If you roll your point 33
or more times, you are paid 7 to 1. At the other end of the scale, if you roll
your point 11 or fewer times, that pays 3 to 1 also, and if you roll your point
exactly 13 times, the payoff is 2 to 1.

Suppose that you choose the point 5. Before breaking this game down, we
note that the mean number of 5s you can expect to roll in 130 tosses of a fair
die is 130 ¨ 1

6 “ 212
3 , so the number of 5s that triggers a payoff is pretty far

removed—in both directions—from the expected value. With that in mind,
we note that there are four possible numerical outcomes for a $1 bet:

• Win $1 with 13 5s.

• Win $3, either by rolling fewer than 11 5s or between 26 and 32 of them.

• Win $7, by rolling 33 or more 5s.

• Lose $1, in every other outcome.

We shall treat these four cases separately. If we let X denote the number
of 5s rolled in 130 trials, we have a binomial random variable with parameters
n “ 130 and p “ 1

6 .
Winning $1 is the easiest case to compute, since this involves only a single

outcome.

P pX “ 13q “
ˆ

130
13

˙

¨
ˆ

1
6

˙13
¨

ˆ

5
6

˙117
“ .0109.

To win $3, you must roll 11 or fewer 5s, or between 26 and 32 5s inclusive.
Mathematically, we seek P pX ď 11q`P p26 ď X ď 32q. On the TI-84+, this is
easily computed with three applications of the binomcdf routine. P pX ď 11q
is available with a direct application of binomcdf and is .0053.
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To compute the second term in the sum above, we need to find P p26 ď
X ď 32q “ P pX ď 32q ´ P pX ď 25q, which is done with binomcdf(130, 1/6,
32) - binomcdf(130, 1/6, 25). This probability is found to be .1746. Adding
this to P pX ď 11q gives P pWin $3q “ .1799.

Winning $7 requires rolling 33 or more 5s. P pX ě 33q “ 1 ´ P pX ď 32q “
1 ´ .9925 “ .0075.

Losing $1 is the outcome in all other cases. By the Complement Rule,
P pLose $1q “ 1 ´ .0109 ´ .1799 ´ .0075 “ .8017.

We then have the following probability distribution for Y , the number of
dollars won:

y –1 1 3 7
P pY “ yq .8017 .0109 .1799 .0075

and the expected value of a $1 bet is then found to be -$.1986—a 19.86%
advantage for the house.

Aside from the general rule about “gambling games always favor the
house,” it might be reasonable to ask if there is any way to identify par-
ticularly bad bets such as this one before risking money. One tool that may
be useful is the standard deviation of a random variable, which is denoted by
the Greek letter sigma: σ.

Definition 3.3.3. The standard deviation σ of a random variable X with
mean µ is

σ “
b

ÿ

rx2 ¨ P pX “ xqs ´ µ2

where the sum is taken over all possible values of X.

Informally, σ is a measure of how far a typical value of X lies from the
mean. Computing σ using the formula above is an arithmetically intense pro-
cess:

• Compute the mean of the random variable.

• For each value of x that X can attain, multiply x2 by P pX “ xq and
add up the products.

• Subtract the square of the mean from this sum.

• Take the square root of the difference. Notice that the use of the square
root guarantees that σ ě 0.

Fortunately, it is seldom necessary to perform these calculations by hand,
as calculators and computer software will readily compute σ. In the special
case where the random variable is binomial, we have the following simple
result:
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Theorem 3.3.3. If X is a binomial random variable with parameters n and
p, then the standard deviation of X is given by

σ “
a

npp1 ´ pq “ ?
npq.

While the expected value of a random variable tells us about where a
“typical” value of X lies, the standard deviation gives us information about
the “spread” of the values of X. A larger value of σ indicates a data set where
the elements farther from the mean µ, and a smaller σ corresponds to data
that are clustered close to µ.

The nature of a binomial random variable X allows us to use the mean
and standard deviation to derive useful information about the distribution of
the data set. For example, in considering a suitably large number of tosses
of two fair dice, the distribution of sums is approximately bell-shaped (many
values near the mean, and fewer values as we move away from the mean of 7
in either direction) and symmetrically distributed about the mean. See Figure
3.7, which illustrates the results of 1000 simulated rolls of 2d6, for an example.

The symmetry of the graph becomes more pronounced as the number of
rolls increases; Figure 3.8 shows a histogram of 10,000 rolls of 2d6, which is
more symmetric than Figure 3.7.

Data sets that are distributed this way are called normal. In this circum-
stance, a result called the Empirical Rule is a good description of the data.
Theorem 3.3.4. (The Empirical Rule) If the values of many samples of
a random variable with mean µ and standard deviation σ are bell-shaped and
symmetric, then we have the following result:

1. Approximately 68% of the data points lie within 1 standard deviation of
the mean: between µ´σ and µ`σ. (This is often stated as “approximately
2/3.”)

2. Approximately 95% of the data points lie within 2 standard deviations
of the mean: between µ ´ 2σ and µ ` 2σ.

3. Approximately 99.7% of the data points lie within three standard devia-
tions of the mean: between µ ´ 3σ and µ ` 3σ. (This is often stated as
“almost all.”)

For many practical purposes, an experimental result is deemed to be sta-
tistically significant if it is at least 2 standard deviations away from the mean,
which means that its probability—under the assumption that there is no un-
usual effect and all of the deviation from the mean is due to random chance—is
less than 5%. Since the random variable is symmetric, this 5% is evenly dis-
tributed between results greater than 2 SDs above µ and results less than 2
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FIGURE 3.7: Results of 1000 rolls of 2d6.

FIGURE 3.8: Results of 10,000 rolls of 2d6.
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SDs below µ. This 2 SD standard is a convention agreed upon by the statis-
tics community; it does not fall out of any equation as a rigorously derived
standard.

By using 95% as a minimum, what we are saying is that 19 out of 20 times
that we identify a result as due to something other than random variation, we
will be correct, and this level of confidence is acceptable in many lines of in-
quiry. Some fields may have more exacting standards: in experimental particle
physics, for example, the standard for confirming a discovery is “5 sigma,” or
at least 5 standard deviations away from the expected value, corresponding
to P (Chance event) ă 1

3, 500, 000 , approximately.

Example 3.3.4. Reconsidering Twenty-Six in light of this new information,
we can calculate the SD of the binomial random variable X:

σ “ ?
npq “

c

130 ¨ 1
6 ¨ 5

6 « 4.25.

Figure 3.9 indicates that the number of 3s (for example; any number from
1 to 6 could be chosen) has an approximately normal distribution, and so the
Empirical Rule may be used to analyze this game.

FIGURE 3.9: Number of 3s rolled in 10,000 rolls of 130d6.
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The Empirical Rule then tells us the following:

P pµ ´ σ ă X ă µ ` σq “ P

ˆ

1611
12 ă X ă 25 5

12

˙

« .68

P pµ ´ 2σ ă X ă µ ` 2σq “ P

ˆ

131
6 ă X ă 301

6

˙

« .95

P pµ ´ 3σ ă X ă µ ` 3σq “ P

ˆ

811
12 ă X ă 34 5

12

˙

« .997.

To win money, we must either roll 26 or more of our point, 11 or fewer,
or exactly 13. Since 13 is an exact value and not an interval, the Empirical
Rule is not necessary to assess the likelihood of that result. With µ “ 21 2

3 and
σ “ 4.25, we can see that 11 is about 2.5 SDs below the mean, and so is outside
the interval from 14 to 30 within 2 SDs of µ. The symmetry of the distribution
tells us that P pX ď 13q « .025, and this includes nonpaying values of 12 and
13 as well all money-winning values of 11 or less. The situation for 33 or more
is the same; 33 lies about 2.67 standard deviations from the mean.

For rolling between 26 and 32 points, our chance of winning is certainly
better—but “better” is always a relative term, and here it’s relative to “less
than a 2.5% chance.” The Empirical Rule, by itself, suggests that this proba-
bility is less than 16%—hardly a winning proposition. ■

Craps
The binomial distribution can also be useful in analyzing certain craps

wagers. The probability of rolling a 7 at craps is p “ 1
6 , and so the probability

of not rolling a 7 is q “ 5
6 . If a point has been established and you have a bet

on the pass line, you are rooting for the shooter not to throw a 7.
While no one can toss a pair of fair dice under casino conditions and bring

up the desired number with 100% accuracy, there are dice experts who claim
the ability to control the throw of the dice so that the proportion of 7s is
statistically significantly less than the 16.67% expected by chance. The stakes
are not insignificant: If a shooter can cut the proportion of 7s rolled from 1 in
6 to 1 in 7, he or she can achieve an edge of 4.4% over the casino [153]. Since
the number of 7s in a fixed number of tosses is a binomial random variable,
we have the mathematical model to assess these shooters’ skill level.

A controlled shooter’s regimen has two components: setting the dice and
tossing them. Setting the dice refers to how the dice are aligned in the shooter’s
hand, relative both to each other and to his or her fingers. In a common set
intended to throw hardway combinations, the dice are held together as a
rectangular solid, arranged with hardway pairs from 2-2 through 5-5 together
on the outside and the 1 and 6 faces on the vertical sides. The dice, when
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tossed, rotate about an axis through the 1 and 6 faces, and if thrown properly,
turn up more hardways and fewer 7s than expected by random chance, since
the 1-6 combination is less likely [152].

A controlled toss is intended to minimize, if not totally eliminate, random
bouncing of the dice. At the craps table, it is expected that the dice will re-
bound off the far wall of the table, which is covered with pyramid-textured
rubber to induce random rolling, before coming to rest. In an ideal controlled
toss, the dice leave the shooter’s hand together, fly through the air touch-
ing or nearly touching with some backspin, bounce off the table and hit the
wall nearly together, and finally drop back to the table as gently as possible,
without much random effect imparted from the wall.

Suppose that a controlled shooter claims the ability to throw fewer 7s
than the 1 in 6 that would be expected from throwing the dice at random.
How would we assess their performance, ideally before risking a lot of money
based on their claim? How many fewer 7s than expected would be enough to
convince us that there’s a real effect here, and not just random fluctuation?

In [152], Stanford Wong describes an experiment testing his and another
shooter’s ability to toss fewer 7s than expected by chance. In 500 rolls, the two
men tossed only 74 7s. Does this constitute a statistically significant result?

The proportion of 7s in this experiment was 74
500 “ .1480, certainly less

than 1
6 . Since the random variable is binomial, we can use Theorems 3.3.2

and 3.3.3 to compute the mean and standard deviation.

µ “ np “ 500 ¨ 1
6 “ 83.333.

σ “ ?
npq “

c

500 ¨ 1
6 ¨ 5

6 “ 8.333.

It follows that the probability of tossing fewer than

µ ´ 2σ “ 83.333 ´ 2 ¨ 8.333 “ 66.667

7’s is .025, so a result of 74, while considerably less than 83.333, does not quite
rise to the level of statistical significance.

In devising this challenge, Wong was aiming at a slightly lower level of
significance, and set his target number at 79, roughly half a standard devia-
tion below the expected number. The probability of tossing 79 or fewer 7s in
500 tosses is about .37—not statistically significant, but perhaps meaningful
enough to give an advantage to gamblers betting on the pass line with him
throwing the dice [152]. Recall that the HA for a bet on the pass line is only
1.41%, so it wouldn’t take a large deviation from random chance to tip the
edge over to the players.
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Roulette
Controlled dice shooting is not illegal. Neither is wheel clocking, or re-

peatedly observing and recording the successive spins of a roulette wheel in
an effort to detect which numbers, if any, the wheel favors through simple
mechanical slackness. While professional-grade roulette wheels are very care-
fully machined to ensure totally random results, they are nonetheless physical
objects and so subject to mechanical wear and tear that could potentially
lead to some numbers appearing more often than random chance would sug-
gest. Casino-quality roulette wheels cost thousands of dollars, and so are not
replaced as often as cards and dice are.

How often that “more often” is can be determined through the use of the
binomial formula together with the Empirical Rule. To do this effectively, it
is necessary to consider a fairly large number of spins, since the probability of
spinning a given single number is only p “ 1

38 .

Example 3.3.5. If you clock a wheel through 200 spins, the mean and stan-
dard deviation of the number of times any one number appears are

µ “ np “ 200 ¨ 1
38 “ 200

38 « 5.263

and
σ “ ?

npq “
c

200 ¨ 1
38 ¨ 37

38 « 2.264.

Figure 3.10, which displays the results of 10,000 trials in which a simulated
roulette wheel was spun 200 times and the number of 0s recorded, shows
that the distribution of the number of 0s in 200 spins is roughly normal.
Accordingly, the Empirical Rule applies.

Under the assumption that the wheel is truly random, the rule can be used
to show that the probability that the number of 0s is more than 3 standard
deviations above the mean is approximately .0015. Accordingly, if your wheel
clocking shows any number appearing more than µ`3σ « 12.054 times in 200
spins, you may safely conclude that the roulette wheel favors that number,
and you should bet in line with this discovery. ■

Nonrandomness in roulette wheels can be eliminated with an electronic
game where the winning number is chosen by a random number generator.

3.4 Exercises
Answers to starred exercises begin on page 287.
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FIGURE 3.10: Results of 10,000 runs of 200 spins of a roulette wheel.

3.1.‹ Sicherman dice are a variant on ordinary six-sided dice. One die of the
pair is numbered 1, 2, 2, 3, 3, 4; and the other is numbered 1, 3, 4, 5, 6, 8.

a. Find the probability of rolling a 7 with a pair of Sicherman dice.

b. Find the probability of rolling doubles with a pair of Sicherman dice.

c. Let X be the sum of the numbers rolled on a pair of Sicherman dice.
Construct a probability distribution for X. How does this compare to the
distribution for the sum of two standard dice seen in Example 3.1.5?

3.2. Consider a game of chance where you roll a d6 once and are paid, in
dollars, an amount equal to the number thrown. What would be the correct
price to charge to make this a fair game?

3.3.‹ A one-roll craps bet that the next roll will be an 11—called “yo-leven”
at the tables—pays 15 to 1. Find the house advantage.

3.4. Some older craps layouts offer space at the corners for “Big Six” and
”Big Eight” multiroll bets. Big Six pays even money if a 6 is rolled before a 7,
and Big Eight pays even money if an 8 is rolled before a 7. Since the 6 and 8
are equally probable, the two bets are mathematically equivalent. Of course,
they are inferior to place bets on the two numbers, since the payoff odds are
lower. New Jersey state law forbids the Big 6 and Big 8 bets, perhaps out of
a desire to protect gamblers from a particularly disadvantageous bet.

a. Find the house advantage for the Big Six bet and confirm that it’s higher
than the HA for a Place bet on 6.



Probability Distributions and Expectation 159

b. At what rate would this bet have to pay off to make it a fair bet?

3.5.‹ How does the HA for a $5 place bet on 9 compare to the HA for a $6
place bet on 6 calculated on page 107?

3.6.‹ Some casinos bar the 3 instead of the 12 on the Don’t Pass bet. How
does this change the probability of winning? Find the expected value of this
bet variation.

3.7.‹ The Vermont Lottery is among many state lotteries offering a Daily
4 game. Like the Daily 3, players pick a four-digit number for one of two
drawings per day. Bets on this number may be made for 50¢, $1, $2, or $5.

• For a straight bet, the player wins if their number is exactly the one
matched by the state. This pays off at 5000 for 1.

• There are several varieties of boxed bets available.

– A 24-way boxed bet is made on a four-digit number with four
different digits, such as 1729. If any combination of the four digits
is chosen, the bet pays off at 208 for 1.

– A 12-way boxed bet covers a number which has two copies of one
digit and two nonmatching digits, for example, 1146. If any of the
12 rearrangements of the number hits, the payoff is 416 for 1.

– The 6-way boxed bet is for a four-digit number with two pairs of
identical digits, as in 6688. The payoff on a 6-way box is 834 for 1.

– Finally, a 4-way boxed bet can be made on a number where one of
the two different digits is repeated three times, like in 3393. This
payoff is 1250 for 1.

a. Compute the HA for the straight bet. How does it compare to the HA for
the straight bets in the Michigan Daily 3 game (Example 3.2.18)?

b. How do the HAs for the various boxed bets compare to one another and
to the HA for the straight bet on the same four-digit number?

3.8.‹ Figure 3.11 shows a glass panel from a roulette machine promoting its
“Super 7–11” bet.

Note that this wager extends over 2 consecutive spins, provided, of course,
that the first one wins.

a. Find the probability of winning this bet, assuming an American wheel.
b. What are the payoff odds on the second bet, on the number 11? How does

this compare to the 35–1 payoff on the first bet?
c. Find the house advantage for this bet.
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FIGURE 3.11: Super 7–11 bet from an electronic roulette machine.

3.9.‹ A policy game wager on two numbers instead of 3 is called a saddle, and
pays 32 for 1 if both numbers are drawn [71]. Calculate the house advantage
of a saddle bet.

3.10.‹ The Capital saddle bet is a variation on the saddle bet (Exercise 3.9)
where the player’s 2 numbers must appear among the first 3 numbers drawn.
This bet pays 500 for 1. Find the probability of winning a Capital saddle bet.

3.11.‹ A 4-number policy game bet is called a horse bet [71]. Find the expected
value of a 1-unit horse bet paying 680 for 1.

3.12. Some policy game operations drew more or fewer than 12 numbers,
anywhere from 11 to 15. If a game draws n numbers, find the probability of
winning a gig bet (3 numbers) as a function of n.

3.13. Just up the road from Chicago, the Milwaukee Wheel put a slightly
different spin on the policy game [90]. In this game, the operators chose two
sets of 12 numbers and a set of 6 numbers from 1–78. Players, as in Chicago,
chose 3 numbers. If a gambler’s numbers appeared in once of the two sets of
12, they were paid 100–1. The “cyclone” occurred when the player’s numbers
all fell among the set of 6, and paid 845 for 1.

a. Find the probability of a 100–1 payoff.

b. What is the chance of hitting the cyclone? (Hint: Consider the cyclone as
being drawn first.)

c. Find the house edge on a Milwaukee Wheel bet.
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3.14.‹ Fahfee is an illegal variation on the Numbers Game that is played in
South Africa. The game is quite simple: players choose a number from 1 to 36,
and are paid 27–1 if their number matches the one drawn by game operators.
A winning player’s initial wager is returned with his payoff, so the game pays
27 to 1, not 27 for 1 [74]. Find the house advantage of a 1 rand (South Africa’s
currency unit) fahfee wager.
3.15.‹ In October 2022, Big Red Keno in Beatrice, Nebraska offered a Quarter
Mania promotional 5-spot keno game, which is compared to the standard 5-
spot game in Beatrice in Table 3.23. Tickets for this game were priced at
25¢. Since two payoffs have increased while the third is unchanged, the house

TABLE 3.23: Beatrice, NE 5-spot keno pay table, October 2022

Standard Game Quarter Mania
Match Payoff Match Payoff

5 $200 5 $250
4 $1.00 4 $1.75
3 $0.25 3 $0.25

advantage has gone down. How much has the house advantage decreased with
the promotional pay table?
3.16.‹ The Wyoming state lottery introduced keno in 2022. Its 5-spot pay
table is shown in Table 3.24. How does the house edge for this game compare

TABLE 3.24: Wyoming Lottery 5-spot keno payoffs, $1 wager

Match Payoff
5 $500
4 $16
3 $2

to the standard HA in Beatrice, NE (Exercise 3.15)?

3.17.‹ In Table 3.15, explain why switching the “Full house” and “4-card royal
flush” lines would not change the strategy for a player following the table.
3.18. A parlay card offered by a consortium of seven casinos in southern
Nevada offers the payoffs indicated in Table 3.25.

Let p be your probability of picking the winner of a single game.

a. What value of p will make the 3 for 3 bet a break-even proposition?

b. What value of p will make the 9 for 9 bet a break-even proposition? If you
have that same probability p of picking one game correctly, do you have an
advantage in playing the 10 for 10 wager? If so, how big is it?



162 Basic Gambling Mathematics

TABLE 3.25: Alternate sports parlay card payoffs

Wins Payoff
3 for 3 6 for 1
4 for 4 10 for 1
5 for 5 20 for 1
6 for 6 35 for 1
7 for 7 75 for 1
8 for 8 125 for 1
9 for 9 250 for 1

10 for 10 700 for 1

3.19.‹ Compute the house advantages for the bets other than on the $1 spot
on the Big Six Wheel, using the Las Vegas payoffs stated on page 102.

3.20.‹ For an n-team teaser card paying off at a to b, derive an expression
in terms of a, b, and n for the minimum probability p of success at picking
a winning team with the additional points that gives the wager a positive
expectation.

3.21. In 1994, two Las Vegas casinos run by the Hilton Corporation charged
over/under sports bettors 12 to win 10 rather than the usual 11 on basketball
games, citing a belief that over/under lines could be exploited by skilled sports
bettors with access to game information such as injuries to key players [67].
Show that doubling the excess charge from $1 to $2 increases the 4.55% house
advantage, but does not double it to 9.10%.

3.22. Example 2.4.13 described the Ninety Percenter punchboard. The punch-
board has 800 spots, which are sold for 10¢ each. Players punching out any
multiple of 10 between 10 and 650 receive a $1 prize, and the last spot on the
board carries a $5 bonus.

Assuming that the advertised 90% return is accurate, calculate the expec-
tation of the first bet on a fresh Ninety Percenter punchboard.

3.23.‹ For the Ninety Percenter punchboard described in Exercise 3.22, cal-
culate the expectation for the player punching out the second spot.

3.24. Recall that the probability of drawing a royal flush at video poker is
approximately 1 in 40,000. Use this estimate to calculate the probability of
getting exactly two royal flushes in 40,000 hands of video poker.

3.25.‹ In Example 2.4.3, we considered the parlay card available in the sports
books run by Station Casinos. Assuming a 50% chance of picking each game
successfully, find the probability that you will pick exactly half of a ten-game
parlay correctly.
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3.26. Another way of setting two dice is designed to throw more 7s than the 1
in 6 fraction we expect from a random roll. This could be an advantage for the
shooter on the come-out roll. In 400 rolls, how many 7s would be necessary
to constitute a statistically significant excess?

3.27.‹ In spider craps (see page 30), the payoff for a one-roll bet that the next
roll will be a 2 is 55 to 1. Find the house advantage for this bet. How does
the HA compare to the 13.89% HA for the corresponding wager at standard
craps?

3.28. The spider craps equivalent of the craps field bet pays off if the next
roll is 2–6 or 12–16, with a 2 to 1 payoff on a 16 and an even-money payoff
on the other rolls. Find the house edge on this wager.

3.29.‹ The one-roll horn bet in spider craps is derived from the standard craps
menu of wagers. In standard craps, a horn bet wins if the next roll is a 2, 3,
11, or 12; in spider craps, the horn bet covers the numbers 2, 3, 15, and 16.
Customarily, horn bets are made in multiples of 4 units, with equal bets on
each number. At least three of these four bets will lose on each roll, but the
fourth may win and cover the other losses. Bets on 2 or 16 pay off at 55 to
1; bets on 3 or 15 pay off at 28 to 1. Find the HA of a $4 horn bet at spider
craps.

3.30. At what odds must the baccarat Tie bet pay off to reduce the HA on
this wager to approximately 4%?

3.31. Suppose that a variation on baccarat provides that bets on Player or
Banker both lose rather than push if the two hands tie. Find the HA for both
bets with this rule in force.

Street Craps
Casino craps shares many features with the street game of craps, which is

considerably less formal and offers fewer protections to gamblers. Street craps
games are often patronized by craps hustlers, who offer side bets to players
that frequently appear much fairer than they are.

3.32.‹ One such proposition, described in [111], is made when a point of 6
or 8 is established. The hustler offers even money that the point will not be
made in 3 rolls or fewer. A player accepting this bet backs the shooter to roll
the point before a 7 within 3 rolls; if the bet is not resolved in 3 rolls, the bet
pushes.

a. Find the probability that a shooter fails to make a point of 6 or 8 in 3 or
fewer rolls.

b. Find the probability that a shooter makes a point of 6 or 8 in 3 or fewer
rolls.
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c. Calculate the hustler’s edge on this bet.

3.33. Repeat Exercise 3.32 for a point of 5 or 9 in 4 rolls.

3.34.‹ Consider the proposition that a player will roll a 7 or 8 in 2 rolls.
This bet can be made independent of whether or not a point is active. A
dice hustler offers to take the “will roll” side and offers even money to players
wishing to bet that the shooter will not roll a 7 or 8 in 2 rolls. Find the
hustler’s advantage.

3.35.‹ A hustler may offer 3–2 that a point of 4 or 10 will not be made [111].
What is the expectation for the player who accepts this proposition and bets
that the point will be made?



Chapter 4
Modified Casino Games

In the preceding chapters, we considered what might be called “standard”
casino games. Game development specialists frequently propose new games or
modifications to existing games or wagers, which are the focus of this chapter.

As of August 2021, there are over 1250 table games and game variations
approved for play in Nevada casinos [83]. While the vast majority of new
casino game ideas are unsuccessful, the potential to make a lot of money by
selling the rights to a new popular game continues to attract game designers.
For example, the inventors of Caribbean Stud Poker sold their idea for $30
million [57]. An important part of any new game proposal is a mathematical
analysis of the bets and a careful calculation of the HA.

4.1 Wheel Games
Roulette

It is common practice in Oklahoma tribal casinos to charge a per-hand fee
at card games independent of a player’s wager, and this practice was carried
over to craps and roulette tables when those games were permitted beginning
in 2018 [15]. In roulette, this takes the form of a $1 ante charged per spin
of the wheel. Combined with a $5 minimum bet, the effective payout on a
winning even-money bet was 5–6. The expected value of such a bet was then

E “ p5q ¨ 18
38 ` p´5q ¨ 20

38 ´ 1 “ ´48
38 ,

giving a house advantage of 48
190 , or 25.26%—nearly 5 times the 5.26% advan-

tage without the fee.
Since the fee was fixed rather than set as a proportion of a player’s wager,

it was possible to decrease the casino’s advantage by making a bigger bet. On
an $N even-money bet, the expectation becomes

EpNq “ pNq ¨ 18
38 ` p´Nq ¨ 20

38 ´ 1 “ ´2N ´ 38
38 .
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Dividing by N gives a HA of

´´2N ´ 38
38N

“ 1
19 ` 1

N
,

which decreases as N increases. For a $100 wager, the player is fighting a
house edge of 6.26%.

How does the ante affect other roulette bets? A $5 single-number bet would
have an expected value of

E “ p175q ¨ 1
38 ` p´5q ¨ 37

38 ´ 1 “ ´48
38 ,

as with even-money bets. The HA remains 25.26%, and it decreases in inverse
proportion to the amount of the wager as well.

The same mathematics applies to every bet on an American wheel, except
for the basket bet. The expected value of a $5 basket bet in Oklahoma is

E “ p30q ¨ 5
38 ` p´5q ¨ 33

38 ´ 1 “ ´$53
38 « ´$1.39,

leading to a house advantage of 27.89%.
A new roulette betting option, introduced in 2008 and seen at the Orleans

Casino in Las Vegas, is the “Colors” bet [12]. To make this bet, a gambler
wagers on either Red or Black, and if that color then turns up on three con-
secutive spins, the payoff is 8 to 1. We would like to find the house advantage
for a $1 Colors bet if an American (0 and 00) roulette wheel is used.

No matter which color is chosen, we have P pWinq “ p “ 18
38 for a single

spin. Since the spins are independent, the probability of winning the Colors

bet is p3 “
ˆ

18
38

˙3
“ 729

6859 « .1063, and so we have

E “ p8q ¨ 729
6859 ` p´1q ¨ 6130

6859 “ ´ 298
6859 « ´$.0434,

and so the house advantage is about 4.34%—somewhat less than the HA for
any other bet on the board.

As with other roulette wagers, the HA depends on the wheel. An analogous
calculation for European roulette wheels, where P pWinq ticks up to 18

37 , shows
that the expected value of a $1 Colors bet is

E “ p8q ¨ 5832
50, 653 ` p´1q ¨ 44, 821

50, 653 “ 1835
50, 653 « $.0362,

about 3.6¢. Since this is positive, the player has a 3.6% advantage over the
casino—meaning that you won’t see the Colors bet with this payoff on a Eu-
ropean wheel. If you do, someone has made a serious calculation or judgment
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error. The bet is unfair in your favor, and you should settle in and prepare to
win money.

A challenge facing the casino game designer who wishes to develop a vari-
ation on roulette is the increased cost of a nonstandard wheel. Professional-
grade roulette wheels in European or American configurations cost thousands
of dollars; there would be considerable additional expense in manufacturing a
specialized wheel with a different number of pockets. While a large number of
alternate casino games have been marketed using standard cards and dice in
new ways, new roulette games—as opposed to new wagers using a standard
wheel—often require a modified wheel, and so are considerably rarer.

Royal Roulette

Royal Roulette is a variation on roulette, developed in Australia, that uses
familiar playing cards as spots on the wheel [99]. The wheel contains 50 pock-
ets: one for each of the 48 cards from 2 through king, a single ace, and a joker.
The layout (Figure 4.1) is similar to a traditional roulette layout and offers
the betting options listed in Table 4.1.

FIGURE 4.1: Royal Roulette layout

How does Royal Roulette compare to the standard game on which it is
based? A quick examination of the payoff structure shows that the payoff on a
winning bet on n cards is 48 ´ n

n
to 1. There is no exception corresponding to

the basket bet in American roulette. Royal Roulette’s versions of the basket
bet, by which we mean unusual bets derived from the layout, are the Court
and Six Line bets. Unlike in standard American roulette, the Royal Roulette
analogs pay in line with other bets. We can compute the expected value of
any Royal Roulette bet with one simple equation:

E “
ˆ

48 ´ n

n

˙

¨
´ n

50

¯

` p´1q ¨
ˆ

50 ´ n

50

˙

“ 48 ´ n ´ 50 ` n

50 “ ´ 2
50 “ ´$.04

—for a house edge of 4%, a result which is independent of n and more favorable
to the player than American roulette.
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TABLE 4.1: Royal Roulette betting options

Name Payoff Number of cards covered
Straight Up 47 to 1 1, including Ace or Joker

Split 23 to 1 2
Court 15 to 1 3: Ace 3♠ 3♡ or Joker 2♠ 2♡

Street/Corner 11 to 1 4
Six Line 7 to 1 6: Ace, Joker, 2♡, 2♠, 3♡, 3♠

Eight Line 5 to 1 8
Suit/Column 3 to 1 12: One suit or one column

Sixteen Set 2 to 1 16
Even Chances 1 to 1 24: Red, Black, Odd, Even, 2-7, 8-K

A second version of Royal Roulette removes the joker from the wheel and
the layout—we might think of this, informally, as European Royal Roulette.
The Six Line bet is eliminated, though the Court bet remains and must involve
the Ace. Though the number of pockets on the wheel is now only 49, the
payoffs are the same as in the jokered game, and the expectation can again
be calculated for all bets at once:

E “
ˆ

48 ´ n

n

˙

¨
´ n

49

¯

`p´1q¨
ˆ

49 ´ n

49

˙

“ 48 ´ n ´ 49 ` n

49 “ ´ 1
49 « ´$.0204,

which yields a game with a lower casino edge, 2.04%, than European roulette.

Double Action Roulette

In 2012, the M Resort in Henderson, Nevada introduced Double Action
roulette. A Double Action wheel contains two identical rings of 37 or 38 num-
bers (in either European or American roulette configurations). The two wheels
rotate independently in opposite directions, and when the ball falls into a
pocket, it identifies two winning numbers, one on each wheel.

Two separate betting layouts allow standard roulette bets (with an HA of
2.70% or 5.26%) on either wheel separately, and a collection of new bets that
apply to the numbers on both wheels. These bets mimic the standard roulette
bets; one may bet, for example, on whether or not both numbers will be red,
or even, or low.

One new bet is a separate single-number side bet (a bet unrelated to the
main play of a casino game) that pays off at 1200 to 1 when the chosen number
is hit on both wheels in a single spin. The expectation on a $1 bet on this
proposition, at an American Double Action wheel, is

E “ p1200q ¨
ˆ

1
38

˙2
` p´1q ¨

«

1 ´
ˆ

1
38

˙2
ff

“ ´ 243
1444 « ´$.1683,
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a 16.83% house edge. The edge for this bet on a European Double Action wheel
is not much better: 12.3%. In the first month of Double Action Roulette’s test
run at M, there were 18 of these jackpots paid [110].

Double Action is a direct descendant of Double Roulette, a game introduced
at Monte Carlo in 1936, which used two concentric wheels and two roulette
balls [22]. The high house advantage doubtlessly contributed to the game’s
short lifespan in Monaco.

Roulette 73

Roulette 73, as the name suggests, offers a wheel with 73 pockets, numbered
1–72 and 0. The layout is a 6 by 12 grid topped with a rectangle for bets on
0 (Figure 4.2), so there are 6 possible column bets and street bets include 6
numbers.

0
1 2 3 4 5 6
7 8 9 10 11 12
13 14 15 16 17 18
19 20 21 22 23 24
25 26 27 28 29 30
31 32 33 34 35 36
37 38 39 40 41 42
43 44 45 46 47 48
49 50 51 52 53 54
55 56 57 58 59 60
61 62 63 64 65 66
67 68 69 70 71 72

FIGURE 4.2: Roulette 73 layout.

Three-number bets are only available by combining 0 with two consecutive
numbers from 1 to 6. As in American and European roulette, a wager on n
numbers has a payoff in inverse proportion to the area covered, in this case
72 ´ n

n
to 1. The common HA of these wagers is then

E “
ˆ

72 ´ n

n

˙

¨ n

73 ` p´1q ¨ 73 ´ n

73 “ ´ 1
73 « ´.0137,

giving a 1.37% HA that outstrips the standard HA on any roulette wheel
we’ve seen so far.

As shown in Figure 4.2, 24 of the numbers are colored gray on the Roulette
73 layout, though they are red or black on the wheel. These 24 numbers are the
basis for a 14-chip combination bet. This bet includes 4 single-number bets: on
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the numbers 8, 13, 44, and 49, together with 10 chips in split bets covering the
other 20 numbers in pairs. Since expected value is additive (Theorem 3.2.1),
we can compute the expected value of this combined bet by looking at the
sum of the expected values of its components.

With 14 bets in play, each with the same expected value, the expectation
with $1 chips is E “ 14 ¨

ˆ

´ 1
73

˙

“ ´14
73 « ´$0.1918, but when we divide by

the $14 wagered, we find ourselves looking again at a bet with a 1.37% HA.

Big Six Wheel
The symbol distribution and corresponding payoff values on a Big Six

Wheel are certainly open for modification as a casino may wish. In particular,
there is no requirement that payoffs correspond to currency denominations,
or that currency symbols be used at all.

One possible reason for the high HA on the classic Big Six Wheel is that
the game attracted less player traffic than other table games, yet incurred
the expense of a full-time casino employee who spent considerable time alone,
waiting for gamblers to try their luck. With the advent of all-electronic games
such as Big Six Wheels manufactured by Interblock, newer wheels require no
human dealer. The cost of operating the game is then decreased considerably,
and some of the savings can be passed on to patrons in the form of better
payoffs.

A wheel at the Soaring Eagle Casino used the symbols shown in Table
4.2. Numbered spaces pay their numerical value; the American flag and Joker
spaces pay 50–1.

TABLE 4.2: Big Six wheel symbols: Soaring Eagle Casino

Symbol Count
1 26
3 13
6 7
12 4
25 2

Flag 1
Joker 1

One can immediately see that some payoffs are greater than currency val-
ues, which might suggest a more player-friendly game. This wheel is somewhat
better for players than the standard Big Six wheel; a bet on the $1, $3, $12, or
$25 spots faces a HA of only 3.70%; the house edges on the other bets are all
less than the 11.11% HA of the best standard Big Six bet. A second advantage
to a better pay table is that patrons might win more frequently or win larger
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amounts. Passersby might then be drawn in by the attendant excitement, and
some might be encouraged to play a game that has a reputation for being
unfriendly to players.

Dream Catcher , from Evolution Gaming, is a Big Six wheel variation in
a live online casino, where a dealer spins the wheel and interacts with online
players. The wheel includes two bonus multiplier sectors, which replace the
special logos. The breakdown of its prizes is shown in Table 4.3.

TABLE 4.3: Dream Catcher wheel symbols [72]

Symbol Count
1 23
2 15
5 7
10 4
20 2
2ˆ 1
7ˆ 1

If a wheel spin turns up either one of the multipliers, all bets are held
and the wheel is respun until a number appears—subsequent spins landing on
multipliers are disregarded. Once a winning number is chosen, all payoffs are
multiplied by that multiplier, so a $1 bet on the 20 spot could pay off $140 if
the 7ˆ and 20 sectors are spun in succession. The probability of this payoff is

1
54 ¨ 2

54 “ 1
1458 .

Unlikely though this may be, the presence of the multipliers nonetheless de-
creases the large HA on the wheel.

Example 4.1.1. Recall that the standard Big Six configuration has an 11.11%
HA when betting on the 1. Since successive spins of the Dream Catcher wheel
are independent, the probability of winning $7 when betting on the 1 spot is

1
54 ¨ 23

52 “ 23
2808 .

Here, the denominator in the second fraction, which represents the chance
of spinning a 1 after the 7ˆ sector has come up, is 52 rather than 54 since
the multiplier spaces are disregarded on that spin. The complete probability
distribution for this bet is shown in Table 4.4.

The HA of this bet is then only 5.80%, about half of the HA on a standard
wheel. ■

Another alternate electronic wheel uses the wheel and clapper only as an
indicator of the winning result chosen by a random number generator. A wheel
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TABLE 4.4: Dream Catcher probability distribution: $1 bet on the 1 spot

Outcome Probability
$1 23{54
$2 23{2808
$7 23{2808
–$1 29{52

at Circus Circus in Las Vegas in 2022 has 54 sectors, distributed as per Table
4.5.

TABLE 4.5: Alternate Big Six Wheel configuration.

Symbol Count
1 24
3 12
5 8
11 4
23 2

Silver diamond 1
Red diamond 1

Superspin 2

The two diamond spaces pay 45–1. The Superspin spaces offer the possi-
bility of a large payoff, though the probability of hitting a Superspin space is
only 2

54 . If a Superspin sector is selected, the wheel activates a second bonus
spin where bettors who made a Superspin bet can win 20, 50, 75, 100, 500, or
1000 times their initial wager. The PDF for this second spin is a trade secret;
one might reasonably assume that the 6 possible outcomes are not equally
likely. Nonetheless, this opens up the possibility of a much bigger player win
than a traditional wheel offers.

4.2 Dice Games
Crapless Craps

Crapless craps is a variation that was described in a 1930 work by Charles
E. Shampaign, where it was called “Everything A Point” [122]. The game was
refined and brought to the casino floor by Bob Stupak, owner of the Vegas
World Casino (now the Strat) in Las Vegas. If 2, 3, 11, or 12 is rolled on the
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come-out roll, they neither lose nor win, but become points like any other
point, and the shooter must roll that number again before rolling a 7 to win.
A 7 on the come-out roll remains an automatic winner. To make up for this
change in rules, the Don’t Pass bet is not offered at crapless craps—you cannot
bet against the shooter.

Example 4.2.1. On the face of it, this looks like a good deal for dice players:
four automatic losing come-out rolls (1-1, 1-2, 2-1, and 6-6) are now points
with a chance to win, while only two automatic wins (5-6 and 6-5) have
been converted to possible losers. The mathematics tells a different story,
though. In addition to the figures in Example 1.5.2, we have the following
new probabilities:

Point P(Point rolled) P(Point wins) P(Win on this point)
2 or 12 1{36 1{7 1{252
3 or 11 2{36 2{8 1{72

The probability of winning after a come-out roll of 2 or 12 has risen from 0
to 1

7 , and the probability of winning after a 3 has risen from 0 to 1
4 . However,

the probability of winning after an 11 has fallen from 1 to 1
4 . The player has

given up far more than he has gained. Adding everything up reveals that the
probability of winning a Pass line bet at crapless craps is .4730, and thus that
the house advantage has risen to approximately 5.39%—making this game
about as advantageous for the casino as American roulette. ■

Free Odds
Free odds bets in craps, though commonly available, are a casino rarity—a

bet with zero house advantage. Once a point is established on the come-
out roll, players who have placed a pass line bet have the opportunity to
“back it up” with an additional odds bet. These odds bets are limited to a
certain multiple of the original bet, often “3X/4X/5X,” meaning three times
the original bet if the point is 4 or 10, four times the original bet if the point
is 5 or 9, and five times the original bet if the point is 6 or 8.

Putting the “free” in free odds is this: These bets are fair bets, without
any house advantage. An odds bet on a point of 4 or 10 pays 2 to 1, since the
probability of making a 4 or 10 is 3

9 “ 1
3 . Converting to odds, the odds against

making a 4 or 10 are 2 to 1—precisely the payoff odds. Similarly, an odds bet
on 5 or 9 pays off at the correct odds of 3 to 2, and odds bets on 6 or 8 are paid
at 6 to 5. It is worth noting that, here as elsewhere in a casino, fractions of
a dollar that cannot be accommodated by common chip values—casino chips
with values less than 50¢ are unusual; some casinos use half-dollar coins for
this denomination—are rounded down, in favor of the casino. To gain the full
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effect of free odds, it is important to bet in such a way that no rounding is
necessary. The easiest way to do this is to remember to place odds bets in
multiples of $10.

Free odds are also available on Don’t Pass bets; since the Don’t Pass bettor
has the advantage once the point is established, these pay off at less than even
money: 1 to 2 if the point is 4 or 10, 2 to 3 on 5 or 9, and 5 to 6 on 6 or 8.
Moreover, odds bets backing up a Don’t Pass bet may be taken down by the
bettor at any time before they’re resolved—casinos are pleased to let gamblers
back out of a bet where they have a greater chance of winning than of losing.

The 3X/4X/5X structure makes paying off winning pass line bets with full
odds easy for craps dealers. If the initial bet is made for 1 unit and backed up
with full odds, Table 4.6 shows that the total payoff is always 7 units [109].

TABLE 4.6: Craps payoffs with a 1-unit bet and full odds

Point Max odds bet Payoff odds Total payoff (units)
4, 10 3X 2–1 7
5, 9 4X 3–2 7
6, 8 5X 6–5 7

Example 4.2.2. From a gambler’s perspective, then, pass line bets should
be made to get as little as possible on the front line and as much as possible
in an odds bet. If the casino has a $5 minimum on the pass line and you wish
to bet $25 on each decision, the best possible play is to make a $5 line bet
and, once the point is established, back it up with a $20 odds bet, provided
that the multipliers allow that. Recall that the HA on a pass line bet is 1.41%.
Using free odds in this manner, and assuming that the casino offers at least
4X odds on every point (for simplicity), the expected return on the bet is

E “ 5 ¨ 8
36 ´ 5 ¨ 4

36 ` 45 ¨ 2
36 ` 35 ¨ 4

45 ` 29 ¨ 50
396 ´ 25 ¨ 196

495 “ ´ 7
99 ,

which, on dividing by the $25 wagered, corresponds to an HA of merely .28%.
The first two terms in the middle of this equation correspond to those out-
comes when the bet is resolved on the come-out roll and there is no opportunity
to place an odds bet; the remaining terms represent the different ways that
the bet with full odds can play out.

By contrast, if you make a $15 pass line bet and then back it up with a
$10 odds bet (to avoid fractional payoffs), the expected return is

E “ 15 ¨ 8
36 ´ 15 ¨ 4

36 ` 35 ¨ 2
36 ` 30 ¨ 4

45 ` 27 ¨ 50
396 ´ 25 ¨ 196

495 “ ´ 7
33 ,

and the HA rises to .84%. ■

Why would a casino offer odds bets? One reason is to encourage activity
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at the craps tables, of course. Another is to encourage larger bets and take
advantage of volatility. We note that the only time that an odds bet can be
made is after a point has been established, which is when the casino has the
advantage over a pass line bettor.

The exact multiple allowed is decided by the individual casino; in 2012,
as part of a new focus on player-friendly gambling in their advertising, the
Riviera Casino in Las Vegas offered 1000X odds bets on any point in an effort
to entice craps players to their casino. A pass line player taking full advantage
of the 1000X bets at a $5 minimum table at the Riviera was risking $5005
on each established point. Some of these bets will be lost to the casino, even
though the expectation remains

E “ p5q ¨ 8
36 ` p10, 005q ¨ 2

36 ` p7505q ¨ 4
45 ` p6005q ¨ 50

396
` p´5q ¨ 4

36 ` p´5005q ¨ 196
495

“ ´ 7
99 .

Neither the odds of winning nor the expected value has changed, since the
free odds bet is paid at true odds. Only the magnitude of the bets involved is
different. The HA has dropped to a mere .0014%, but every losing odds bet
nets the casino $5005, and it is quite likely that many dice players will not be
able to withstand too many consecutive losses at these stakes.

The mean and standard deviation can be used to assess the volatility of
this betting option. Consider the case where the point is 6 (or 8). For the
wagers in which a full odds bet is made—that is, where the bet is not resolved
on the come-out roll—we have the following probability distribution for the
winnings X:

x 6005 –5005
P pX “ xq 5{11 6{11

This distribution gives µ “ ´$.45 and σ “ $5482.20. Note the extremely high
value of σ relative to µ—this indicates a bet with very high variability and
thus the potential for wild swings back and forth. Since the casino has far
more money than any player, it is much better equipped to withstand a run
of bad luck than the gambler is.

Casino officials who are tasked with rewarding gamblers with complimen-
tary meals, hotel rooms, and other amenities (“comps”) face a tricky dilemma
when confronted with evaluating the play of gamblers making pass line bets
backed up by immense odds bets. Comps are typically awarded based on a
percentage of the player’s theoretical, not actual, losses. A gambler betting
$10 on the pass line and backing it up with 100X odds of $1000 is giving the
casino an average win of only .014%, even as she loses $1010 on every losing
bet. Her comps will be based on the casino’s theoretical return, which is 14¢
per wager, not on the amount lost [109].
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Craps Side Bets
It may be said that every bet on a craps table except for the Pass and

Don’t Pass wagers is a side bet, in the sense that they are bets that are not
related to the main play of the game. The bets described in this section are
relatively new bets that do not have dedicated spaces on the standard craps
layout (Figure 1.5).

The Fire Bet is a craps side bet, developed by Las Vegas casino supervisor
Perry Staci, whose name suggests its purpose: to cash in on a shooter having
a “hot” hand and making many points before sevening out [11]. A bet on the
Fire Bet pays off if the shooter makes a certain number of different points, at
least three or four depending on the pay table, before tossing a 7. While the
pay table for the Fire Bet varies from casino to casino, one version is this:

Points Made Payoff
4 10 to 1
5 200 to 1
6 2000 to 1

The points made must be different: if the shooter makes the points 4, 9, 4,
and 6 before sevening out, this is only three different points for the purpose
of the Fire Bet. A roll of 7 on a come-out roll does not interrupt a string
of points. Mathematically, the Fire Bet is somewhat complicated to analyze,
due to the different probabilities for establishing and making the six possible
points. A good source for the computations required is [116]; there we find the
following:

Points Made Probability
0 .5939
1 .2608
2 .1013
3 .0334
4 .0088
5 .0016
6 .000162

With the pay table above, the probability of winning anything with the
Fire Bet is a mere .0106, or 1.06%. The corresponding expectation is

E “ p´1q ¨ .9894 ` p10q ¨ .0088 ` p200q ¨ .0016 ` p2000q ¨ .000162 “ ´.2486,

giving an HA of 24.9%.
In part, no doubt, because of the high casino advantage, the Fire Bet

has gained a place on the craps table in many casinos. Despite the high HA,
gamblers seem to be drawn to it; they are perhaps attracted in part by the
large payoff for a small bet. The maximum Fire Bet wager at most casinos
offering this wager is $5.
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In 1997, Donald Catlin and Leonard Frome proposed a new craps wager
called the Hard Hardway bet. This is a simple wager that each of the six even
sums, 2 through 12, will be rolled the hard way, as doubles, twice before a 7 is
rolled. As one might expect, this is an extremely unlikely event. Considerable
calculation (see [14]) leads to a probability of winning of

p “ 9, 198, 254, 528, 424
1, 458, 015, 678, 282, 240, 000 ,

which is approximately 1/158,510.
Catlin and Frome noted that an easier route to a good estimate of the

probability of winning a Hard Hardway bet was a computer simulation of
the wager; they indicated that 1 billion trials would produce a sufficiently
accurate approximation. In an excursion into experimental probability, the
Python program in Figure 4.3 executes that simulation.

FIGURE 4.3: Python program for 1 billion trials of Hard Hardway [10].

This program takes about 6 hours to run. When it was executed, the first
success occurred on trial number 153,637—just within the interval from trial
#1 to trial #158,510 where we’d expect, on average, to find it. In this trial,
there were 4 rolls of � � and 2 rolls of each other hardway total. The last
win was on trial 999,707,594. In 1 billion trials, there were 6402 wins, for a
win probability of

6.402 ˆ 10´6 « 1
156, 201 ,

a figure within 1.48% of Catlin and Frome’s theoretical value.
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Either way, this seems so unlikely that no one would ever make this bet.
On the other hand, the probability of winning a Powerball lottery jackpot is
considerably less, and people still buy lottery tickets, so it’s possible that, as
with the Fire Bet, a large potential payoff might attract bettors in spite of the
unfavorable odds. Suppose that a casino offers the Hard Hardway bet with
a payoff of 150,000 to 1 for convenience—theirs. The expected value for a $1
Hard Hardway bet with this payoff is

E “ p150, 000q ¨ p ` p´1q ¨ p1 ´ pq « ´$.054,

where p is the theoretical value above, and so the house advantage is about
5.4%. While this is more unfavorable to a player than a Pass or Don’t Pass
bet, the house advantage here is considerably less than that of several craps
bets that are currently offered.

Beyond Craps
Here’s a problem posed by noted gambling mathematician Peter Griffin in

the magazine Casino & Sports and reprinted in [41]:

You have your choice of betting that a pair of sixes will appear
on a roll of 2d6 before back-to-back totals of seven appear, or taking
the opposite position: that two consecutive sums of seven will be
rolled before a 12. Which side should you take?

At first glance, this looks like an even proposition: the probability of rolling
a 7 is 1

6 , and the probability of rolling two 7s in succession is thus 1
36—the same

as the probability of rolling a 12 on 2d6. Griffin reported that “an enterprising
pair from New York was offering this proposition in Atlantic City,” but that
they were backing the less favorable outcome. This suggests that the proposed
game is not as even as it may first appear. Which is the favored side?

Successive rolls of the dice are independent, and so the Multiplication
Rule is useful in solving the problem. Denote by A the event that a 12 is
rolled before two consecutive 7s. If P pAq ą .5, this side has the advantage; if
P pAq ă .5, the other side is favored. A is itself the union of infinitely many
mutually exclusive events:

• A1 = A 12 is rolled on the first throw. P pA1q “ 1
36 .

• A2 = A 12 is not rolled on the first throw but is then rolled on the second
throw. For convenience, we divide A2 into two subcases: the case where
a 7 is rolled on the first toss and then a 12 comes up on the second,
and the case where the first roll is something other than a 7 or 12 (a
“neutral” roll) and a 12 is rolled on the second toss. It then follows that

P pA2q “ 1
6 ¨ 1

36 ` 29
36 ¨ 1

36 “ 35
1296 .
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• A3 = The first two tosses produce neither a 12 nor two straight 7s, and
a 12 is then thrown on the third roll. We have

P pA3q “
«

ˆ

35
36

˙2
´ 1

36

ff

¨ 1
36 “ 1189

46, 656 .

• And so on. The probabilities become smaller as n, the number of rolls,
increases, but P pAnq is never 0.

Let P pAq be denoted by p. Since the events An are mutually exclusive, the
Addition Rule gives the infinite series

p “
8
ÿ

n“1
P pAnq “

ˆ

1
36

˙

`
ˆ

1
6 ¨ 1

36 ` 29
36 ¨ 1

36

˙

`
ˆ

352 ´ 36
362 ¨ 1

36

˙

` . . .

Some algebraic gymnastics will allow us to convert this infinite sum of
probabilities into something easily managed. If the first roll is a 12, the game
is over, and similarly if the first roll is a 7 but the second is a 12. If the first
toss is neutral (probability 29

36 ), then we can think of the game as starting on
the second roll, with P pAq “ p. Finally, if the first toss is a 7 but the second
is neutral, we’re back at the beginning again, and the probability p reappears
as a factor. Taken together, we have

p “
ˆ

1
36

˙

`
ˆ

1
6 ¨ 1

36

˙

`
ˆ

29
36 ¨ p

˙

`
ˆ

1
6 ¨ 29

36 ¨ p

˙

.

This finite sum is a linear equation in p and hence is easily solved. Col-
lecting terms on the right gives

p “ 7
216 ` 203

216 ¨ p,

from which we find that
p “ 7

13 « .538,

and so it is more likely that a 12 will be rolled before a pair of consecutive 7s.
Why is 12 favored over a pair of 7s? It’s because any roll has the possibility

of turning up a 12, while a 7 can only win if the previous roll was a 7. For
example, if the first roll was � �, the probability of winning the pair of 7s
bet on the next roll is 0, while the chance of winning the 12 side of the wager
remains 1

36 .

Barbooth

Bob Stupak was known for offering unusual games at Vegas World. In
the game of barbooth, he took a street game called barbudi, a Canadian game
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also favored in large northern U.S. cities, and revamped it for casino play.
Barbooth is unusual in that it is a fair game, with neither side having an
advantage [103].

In barbooth, two players alternate turns at throwing two dice. A shooter,
and everyone betting on him or her, wins when tossing 3-3, 5-5, 6-6, or 5-6; the
probability of this is 5

36 . The shooter and any backers lose when 1-1, 1-2, 2-2,

or 4-4 is rolled; an event that also has probability 5
36—making the game even.

All other rolls result in the dice being passed to the other player. A winning
player in one round shoots first in the next round. In the casino, these two
players are designated “Player” and “Bank,” as is also the case in baccarat.

Example 4.2.3. How many rolls, on average, are necessary for a round of
barbooth to be resolved?

Define p “ 10
36 , the probability of the game ending on any one turn, and

let
q “ 1 ´ p “ 26

36 .

The probability of the game ending on the first roll is p. The probability of
the game lasting two rolls is q ¨ p, where the first roll neither wins nor loses
and the second roll finishes the game one way or the other. In general, a game
has probability qk´1 ¨ p of lasting exactly k rolls.

The expected number of rolls is then

E “
8
ÿ

k“1
k ¨ qk´1 ¨ p

“ p

q
¨

8
ÿ

k“1
k ¨ qk

“ p

q
¨

ˆ

q

pq ´ 1q2

˙

,

where the computer algebra system Mathematica is used to evaluate the sum.
Continuing, we have

E “ p

p2 , since q ´ 1 “ ´p

“ 1
p

“ 36
10 ,

or 3.6 rolls. ■
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With no edge on either side, where does the casino make its money? Ba-
sic bets at Barbooth pay off at less than even money. As in baccarat, a 5%
commission is charged on all bets and collected on losing bets. This is accom-
plished by paying off bets at 20 to 21 odds: players risk $21 but are paid only
$20 if they win. At the same time, casino barbooth offers side bets, similar to
the wagers found on a craps table, that also charge the 5% commission. The
craps bet “Any 7” is often available, as are separate bets on the eight decisive
rolls.

Chuck-A-Luck and Sic Bo

We noted in Section 3.2 that chuck-a-luck’s high HA of 7.9% might be
responsible for its disappearance from casinos. Assuming the truth of this
hypothesis, game designers might reasonably set out to modify the game and
reduce the house advantage in order to attract players. There is a delicate
balancing act at work here, in that changing the game so much that the
gambler has an advantage will result in a game that casinos will not offer.

One possibility would be to introduce a “bonus die” that pays out twice
what the other dice do. Suppose that we replace the three identical dice in
the standard cage with two white dice and one purple die, with the purple die
paying off at 2 to 1 if it shows the player’s number.

In this game, the probability of losing $1 remains

P p´1q “
ˆ

5
6

˙3
“ 125

216 .

The remaining probabilities change, depending on whether or not the chosen
number appears on the purple bonus die. For a $1 win, the number cannot
appear on the bonus die, so

P p1q “
„

2 ¨ 1
6 ¨ 5

6

ȷ

¨ 5
6 “ 50

256 ,

where the term in brackets computes the probability of rolling the chosen
number on exactly one of the two white dice, and the remaining 5/6 factor
accounts for not rolling the number on the bonus die.

For $2, there are two cases to consider: either the number appears on both
white dice or only on the purple die. These cases may be combined using the
First Addition Rule, so

P p2q “
„

1
6 ¨ 1

6 ¨ 5
6

ȷ

`
„

5
6 ¨ 5

6 ¨ 1
6

ȷ

“ 5 ` 25
216 “ 30

216 .

A $3 win occurs when one white die and the purple die show your number,
and the third die does not.

P p3q “ 2 ¨
ˆ

1
6

˙2
¨ 5

6 “ 10
216 .
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Finally, you win $4 when all three dice show your number. This is identical
to the case of winning $3 at standard chuck-a-luck and so has probability 1

216 .
The resulting probability distribution for the random variable X that

counts the winnings on a $1 bet on a single number is shown in Table 4.7.

TABLE 4.7: PDF for chuck-a-luck with a single bonus die

x –1 1 2 3 4
P pX “ xq 125{216 50{216 30{216 10{216 1{216

We note that the probability of losing $1 has not changed. The probability
of winning $1 has fallen by 25

216 , with that fraction being distributed to higher
payoffs, so the expected value of a bet will increase. The expected return can
be calculated to be $.088—so we have overcorrected and created a game with
a positive player expectation of 8.8%.

There are, of course, other ways to modify chuck-a-luck. If we just swap out
the standard dice for eight-sided dice, we can easily see that the HA for three
identical dice will increase, since with more sides, the probability of winning
will decrease while the payoffs will still be $1 to $3. What if we incorporated
the bonus die idea from above, but with d8s?

With one bonus die, paying $2, and two regular dice, paying $1 each, it
turns out that there are too many losing combinations. The probability distri-
bution is shown in Table 4.8 and the expected value comes out to ´$.16992,

TABLE 4.8: PDF for chuck-a-luck with 3d8 and a bonus die

x –1 1 2 3 4
P pX “ xq 343{512 98{512 56{512 14{512 1{512

about a 17% HA—worse than regular chuck-a-luck.
So we try again. Table 4.9 shows the effect of switching to one even money

die and two that pay at 2 to 1.

TABLE 4.9: PDF for chuck-a-luck with 3d8 and 2 bonus dice

x –1 1 2 3 4 5
P pX “ xq 343{512 49{512 98{512 14{512 7{216 1{512

Things look better; the expectation for this game is ´ 23
512 « ´$.045. With

a 4.5% HA, we have found a modification of chuck-a-luck that—from a purely
mathematical standpoint—might be competitive against roulette and most of
the center bets in craps.
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The success or failure of a new game, of course, is a function of many other
variables, most of which are not purely mathematical.

Sic bo is a three-die game that expands on chuck-a-luck. The chuck-a-luck
option of betting on a single number from 1 to 6 remains, and it is joined
by a host of additional betting options. For example, one may bet on various
propositions involving the sum of the three dice, the occurrence of a specific
pair of numbers, or on whether or not the dice will all show the same number.
Figure 4.4 shows a betting layout for sic bo. The bottom two lines of the layout
are home to the single-number chuck-a-luck bets. At some casinos, including

FIGURE 4.4: Sic bo betting layout [124].

the Mohegan Sun in Montville, Connecticut, the layout is electrified, and the
sic bo dealer need only press buttons corresponding to the numbers on the
three dice to light up all of the winning bets.

Example 4.2.4. A new option in sic bo is a bet on a specified pair of different
numbers, which pays off at 6 to 1 if both numbers appear among the three
dice. Among the 216 ways for three dice to land, how many show a given pair
of numbers, and what is the expectation of this bet?

The two numbers selected are immaterial, so we shall focus on the 1–2 bet.
Designating the dice by Red, Green, and Blue, we have the following winning
combinations:

Red Green Blue
1 2 Any
2 1 Any
1 Any 2
2 Any 1

Any 1 2
Any 2 1
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Since each of the “Any” slots may be filled by six numbers, it appears that
there are 36 winning combinations, which would give the player a 16.67%
advantage. It follows, therefore, that we have missed something with this
model. Certain winning combinations where “Any” is replaced by a 1 or 2 have
been counted twice in this accounting; these are 1-2-1, 1-2-2, 2-1-1, 2-1-2, 1-
1-2, and 2-2-1. Removing the duplicate occurrences of these six combinations
from the list of 36 leaves 30 winning rolls and 186 losing rolls for the 1-2 bet;
the resulting expectation on a $1 bet is

E “ p6q ¨ 30
216 ` p´1q ¨ 186

216 “ ´ 6
216 « ´$.0278,

which gives a house advantage of 2.78%, considerably better than the edge of
7.87% on single-number chuck-a-luck bets. ■

Example 4.2.5. Galileo’s work in determining the correct probabilities for
rolling sums of 9–12 on three dice is essential to sic bo bets on those sums. In
Figure 4.4, we see that bets on a sum of 9, 10, 11, or 12 all pay off at 6 to 1.
Which of these has the lowest HA?

Let x be the number of ways to roll the specified number. The expectation
of a $1 wager is then

Epxq “ p6q ¨ x

216 ` p´1q ¨ 216 ´ x

216 “ 7x

216 ´ 1.

For wagers on 9 or 12, x “ 25, and thus the expected return is –$.190, for
a 19% house advantage. You do slightly better by wagering on 10 or 11, where
x “ 27 and the HA is 12.5%. ■

Due to an unintentional modification, the most exciting day in the history
of sic bo was October 26, 1994 [150]. On that day, the Grand Casino in Biloxi,
Mississippi was found to be unwittingly offering an 80 to 1 payoff for winning
bets that the sum of the dice would be 4 or 17. Since there are three ways to
roll a total of 4 on three dice (1-1-2, 1-2-1, and 2-1-1), the expected value of
a $1 bet on 4 was

E “ p80q ¨ 3
216 ` p´1q ¨ 213

216 “ 27
216 “ $.125

—so players had a 12.5% advantage. The same player advantage held for a
bet on 17.

News of this unusual opportunity spread through the gambling community,
largely via fax—this was in the infancy of the World Wide Web—and on
the 26th, gamblers from across America converged on Biloxi, including one
Minnesota man who drove for 17 hours to reach the casino. They played the
game for hours, crowding the table so deeply that it was difficult to find a
place. After the game shut down for the night, casino officials estimated that
the casino’s losses were in the neighborhood of $180,000. Casino management
closed the game down the next day, and when it reopened, the payout on 4 and
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17 had been reduced to the standard 60 to 1, resulting in a new expectation
of

E “ p60q ¨ 3
216 ` p´1q ¨ 213

216 “ ´ 33
216 “ ´$.1528,

or an HA of about 15.3%.

4.3 Card Games
Card Craps

In California, state law holds that dice cannot be used as the sole device
determining the outcome of a game of chance. A similar law held in Oklahoma
until the state’s compact with its tribal casinos was amended to allow ball and
dice games in 2018 [15].

Prior to the change in the compact, a game developed by the Quapaw tribe
of Oklahoma used two rows of six cards, each running from ace through 6 and
randomly dealt facedown to the table. Players called out two numbers, which
determined which cards from each row would be turned over and added to
simulate a roll of dice. When the two rows of cards are shuffled and replaced
after each simulated roll, this game is mathematically identical to standard
craps [45].

California casinos may legally offer a game called card craps, a game similar
to craps in which a special deck of cards is used to mimic a pair of dice.
One version of card craps differs in both the number of cards in use and the
probabilities of the various outcomes: either 264 or 324 cards are used, evenly
distributed among the numbers 1 to 6. Two cards are dealt to simulate a roll of
two dice. The deck is not dealt down very far without replacement; cards are
immediately reinserted into a continuous shuffling machine that replaces them
into the deck, but there may be a small time lag during which the numbers
from 1 to 6 are not exactly equally likely. Specifically, cards that have just been
dealt—perhaps as many as 12—are unavailable because of how the machine
operates: these cards are held in a buffer and cannot be immediately redrawn
so that the machine can dispense cards as needed without an undesirable time
lag.

One difference that is immediately apparent and that does not depend on
any buffered reserve of cards is that the probability of “rolling” doubles is
slightly less than 1

6 , because once the first card is drawn, the six numbers
are no longer equally likely for the draw of the second card. Specifically, if a
264-card deck (44 of each rank) is used, the probability p of doubles is the
probability that the second card matches the first in rank:

p “ 43
263 « .1635 ă 1

6 « .1667,



186 Basic Gambling Mathematics

and with 324 cards (54 of each rank),

p “ 53
323 « .1641 ă 1

6 .

On a more practical level, the use of a continuous shuffling machine with a
delay may make the Don’t Pass bet more lucrative, with a positive expected
value that favors the player who counts cards and adjusts odds bets with the
count, taking them down when the count is bad and restoring them when the
count is favorable [53]. Remember that odds bets on the Don’t Pass line may
be removed at any time before being resolved. Suppose, for example, that the
point is 4. If a lot of 1s and 2s are dealt out of the deck and held in the
buffer, they’re unavailable to be dealt immediately, and so the cards will tend
to generate higher totals: 7 will be even more favored relative to 4 than it is
normally.

EZ Baccarat
The baccarat requirement that winning bettors on the Banker hand pay a

5% commission is a source of some confusion to players and dealers alike. EZ
Baccarat is an effort to eliminate this confusion by a rule change that changes
the edge on a Banker bet from the bettor to the casino: If the Banker hand
is a three-card total of 7, then a Banker bet pushes rather than wins against
a lower Player hand. A Player wager still loses against a three-card 7 if the
Player hand is 0–6.

The odds of a three-card 7 are approximately 43.4 to 1 [25]. This change
in the rules, turning a winning hand into a push, is enough to give the house
a 1.02% advantage when winning Banker bets are paid at 1 to 1 [64]. As a
result, the need to pay commissions is eliminated, as is (more importantly)
the time spent collecting them. With an increase in game pace, the casino can
deal more hands per hour and so increase its long-term gain.

Often appearing together with EZ Baccarat is the Dragon 7 side bet, which
is a simple bet that the Banker hand will win with a three-card 7 and which
pays 40 to 1. The expectation of this wager is

E “ p40q ¨ 1
44.4 ` p´1q ¨

ˆ

1 ´ 1
44.4

˙

“ ´ 3.4
44.4 « .0766,

giving the house a 7.66% advantage. In light of the fact that the HA on the
main game is less than 1.25% on either Player or Banker, this is a bet to be
avoided, though it is better than the Tie bet.

Casino War
Casino War is a gambler’s version of the children’s card game War. Player

and dealer are each dealt one card from a six-deck shoe (the number of decks
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may vary), and the high card wins. Aces are always high. At this point, the
game is even—both sides have an equal chance of drawing the higher card.

The casino’s edge comes from how ties are handled. If the two cards match,
players may either surrender, forfeiting half their wager and ending the game
right away, or, as in the children’s game, go to war. If war is declared, the
player must double his or her bet, and the dealer then burns three cards
(removes them from play without exposing them) and deals a second card to
each side. If the player’s card is higher, the player wins the second bet, which
is paid off at 1 to 1 odds, and the first bet is a push; if the dealer’s card is
higher, the player loses both bets.

A tie on the second card is handled differently at different casinos. A
common resolution is to pay the player a bonus equal to the amount of the
original bet while the actual bets are declared pushes, a net win of 1 unit. On
a $1 bet, then, we have the following player outcomes:

Result Win/Loss
Win without war +$1
Lose without war –$1
Surrender –$.50
Win after war +$1
Lose after war –$2
Tie after war +$1

The source of the casino’s advantage is clear from this chart: In the event
of a casino win after a tie, 2 units are won, while the player can never win
more than the amount of his or her original wager even if 2 units are at risk
in a war.

It may be stretching the definition of the word to speak of a “strategy”
for a game as simple as Casino War, but the question of whether to surrender
or go to war after a tie is a place where player choice is involved, and thus a
place where an optimal strategy may be determined.

If you surrender a $1 bet, your expectation is ´$.50. If you go forward with
the war, then the probability of winning is again dependent on the number
of decks in use. You will either win $1, whether through winning the war or
tying, or lose $2 when the war is lost. Let p be the probability of a tie; it
follows that

P pWin $1q “ 1
2 ` p

and
P pLose $2q “ 1

2 ´ p.

We assume no knowledge about the cards remaining to be dealt, and again
assume that we’re starting at the top of a fresh n-deck shoe. Three cards are
known at the start of the war: the two matching cards that triggered the war
and the player’s second card. The burn cards are not exposed when dealt, so
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we ignore them—the result will be another long-term average value that is
suitable for quick calculations like this one. Two cases emerge:

• If your second card matches the first two in rank, then the conditional
probability of a fourth card of that rank falling to the dealer is

p1 “ 4n ´ 3
52n ´ 3 .

This case has probability

q1 “ 4n ´ 2
52n ´ 2 .

• If your second card is of a different rank than the first two, then the
conditional probability of a second match is

p2 “ 4n ´ 1
52n ´ 3 ,

and this case has probability

q2 “ 48n

52n ´ 2 .

The probability p of a tie and the expectation E are both functions of n.
We find that

ppnq “ q1p1 ` q2p2 “ 208n2 ´ 68n ` 6
p52n ´ 2qp52n ´ 3q ,

where n is the number of decks in the shoe. Hence, your expectation as a
function of n is

Epnq “ p1q ¨
ˆ

1
2 ` ppnq

˙

` p´2q ¨
ˆ

1
2 ´ ppnq

˙

“ ´36 ¨ p26n ´ 3q
p26n ´ 1qp52n ´ 3q ´ 7

26 .

For the commonly used values of n, Table 4.10 contains the expectation
if you go to war. Once again, a limiting value for the case of infinitely many
decks can be computed, and here that limit is ´$ 7

26 « ´$.269.
Since the expected value for any number of decks is greater than –50¢, it

follows that you should never surrender, and thus that the casino derives an
additional advantage whenever a player surrenders.

Casino War also offers a Tie bet, which pays 10 to 1 if the first two cards
match. Assuming a single hand dealt from a fresh shoe, the HA for this bet
depends on the number of decks in play. We shall compute this house edge
for a variable number of decks, denoted by n; substitution of commonly used
values of n will then give the HA appropriate to any particular game.

Once the first card is drawn, we seek the number of cards remaining in
the shoe that match its rank. In an n-deck game, there are 4n ´ 1 such cards.
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TABLE 4.10: Expected return when going to war, Casino War

n E(n)
1 –$.321
2 –$.296
4 –$.282
6 –$.278
8 –$.276

Since the entire shoe holds 52n cards and one (the player’s card) has been
removed, the probability of a match is

p “ 4n ´ 1
52n ´ 1 .

For a single-deck game, p “ 1
17 ; as n increases, this probability approaches

4
52 , or 1

13 . The casino’s advantage comes from paying 10 to 1 on what is no
better than a 12 to 1 shot. The exact HA may be found from the equation

Epnq “ p10q ¨ 4n ´ 1
52n ´ 1 ` p´1q ¨

ˆ

1 ´ 4n ´ 1
52n ´ 1

˙

“ ´8n ` 10
52n ´ 1 .

The expected values are tabulated for the various values of n typically used
in casinos in Table 4.11.

TABLE 4.11: House edge on the Tie bet for Casino War

# of decks HA
1 35.29%
2 25.24%
4 20.29%
6 18.65%
8 17.83%

It is clear that you should not make this bet, but it is of interest to notice
that the casino’s edge actually decreases with the number of decks in the
shoe, which is the opposite of the effect in a game like blackjack. Increasing
the number of decks past eight (the maximum typically in use in casino table
games) cannot, however, eliminate the casino advantage completely. In the
limit as n Ñ 8, the expectation approaches

E “ p10q ¨ 1
13 ` p´1q ¨ 12

13 “ ´ 2
13 ,

which corresponds to approximately a 15.38% house edge.
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Wild Cards
A common feature in casual poker games, and an occasional component

of some video poker machines, is the use of wild cards, one or more cards in a
deck that may be redefined as any card the holder desires. Common choices
for wild cards are a joker added to the deck, deuces, and one-eyed jacks (the
J♡ and J♠).

The incorporation of wild cards into poker has a number of effects on the
probabilities of the game. One possibly unintentional effect is that, in games
with a wild card, three of a kind becomes more common than two pairs. The
reason for this is contained in the relative rankings of the two hands: if a player
is dealt, say, A♠ A♢ 5♢ 2♢ and a wild joker, the joker could be regarded as a
third ace or as a second 5, and counting the hand as three aces is better than
calling it two pairs. In short, there are no two-pair hands that include a wild
card.

Example 4.3.1. Suppose we add a single joker to the deck of 52 to function
as a wild card. A hand that does not contain a joker will be called a natural
hand to distinguish it from a hand using a wild joker. The number of natural
two-pair hands (see Example 2.1.11) is

ˆ

13
2

˙

¨
ˆ

4
2

˙2
¨ 44 “ 123, 552.

This number will not increase with a wild joker, for the reason given above.
Let us count next the number of three-of-a-kinds without a wild card. The
rank of the triple may be chosen in 13 ways, and the three cards comprising
the triple may be chosen in

ˆ

4
3

˙

“ 4 ways, for a total of 52 triples. Another
way to think of this is that there’s one three-of-a-kind corresponding to every
card in the deck: the other three cards of that rank.

The two remaining cards must not match either the triple or each other;
we may choose them in 48 ¨ 44

2 “ 1056 ways. We divide by 2 because, again,
the order in which the two odd cards are chosen does not matter: if we have
three kings, a jack, and a 7, whether we pick the jack first and then the 7, or
the other way around, the resulting hand is the same.

The total number of natural three of a kinds is thus
52 ¨ 48 ¨ 44

2 “ 54, 912.

To this we must add the number of three of a kinds which include a joker:
these hands are of the form Wxxyz, where the W denotes the wild joker. The
joker can be dealt in only one way, so we are simply counting the number of
four-card one-pair hands here. There are

ˆ

13
1

˙

¨
ˆ

4
2

˙

¨
ˆ

12
2

˙

¨
ˆ

4
1

˙2
“ 82, 368
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three-of-a-kinds including a joker. Adding these to the natural three-of-a-kinds
gives 137,280 three-of-a-kinds in a 53-card deck with one wild joker—more
than the number of two-pair hands. ■

In theory, then, the ranking of hands in 53-card poker should be rearranged
to place two pairs above three-of-a-kind. In practice, of course, this would
simply result in players opting to define a hand including a pair and a joker
as two pairs rather than three of a kind—and so negate the mathematical
correctness of the new hand ordering. John Scarne suggested the following
two possible changes to the rules of poker, for players interested in strict
adherence to mathematical laws [104]:

1. In a hand consisting of a pair plus a joker, the joker cannot be called
wild and must be valued as a third unmatched card.

2. Alternately, in a hand with pair of 8s through aces plus a joker, the joker
may be used to raise the hand to three-of-a-kind. A pair of 2s through
7s plus a joker must be called two pairs.

Under either one of these alternate hand-ranking schemes, three of a kind
is less common than two pairs. In suggesting these rule changes, Scarne was
well aware that his hybrid schemes might be mathematically correct, but
would be very unlikely to catch on for casual play. The first scheme simply
eliminates all two-pair and three-of-a-kind hands containing a wild card. Six
ranks of pairs cannot be raised to three of a kind by a joker in the second
scheme, while seven ranks can. This discrepancy does not overcome the excess
of natural two-pair hands over natural three-of-a-kinds, and so the order of
the two hands is preserved.

Example 4.3.2. As an example of the challenges that arise when playing
poker with wild cards, we will show that in a 54-card deck with 2 wild jokers,
full houses and four-of-a-kind hands are equally likely.

Natural hands of both types can be counted using the formula on page 44:
there are 624 four-of-a-kind hands and 3744 full houses without jokers.

To form a four-of-a-kind hand with 1 joker, the hand must be Wxxxy,
where x and y are different card ranks—which could also be called a full
house, but isn’t because four-of-a-kind beats a full house with a standard
deck. There are 2 choices for the joker, 13 for the rank of the triple,

ˆ

4
3

˙

“ 4
ways to pick the cards of the triple, and 48 ways to choose the odd card of
rank y. Multiplying gives 4992 one-joker four-of-a-kinds.

A full house with a single joker looks like Wxxyy, and the joker is used as

the higher rank of x and y. These hands number 2 ¨
ˆ

13
2

˙

¨
ˆ

4
2

˙2
“ 5616.

Hands with 2 jokers become four-of-a-kinds if the hand is WWxxy, with
x ‰ y. There is only 1 way to select the jokers, and then 13 ¨

ˆ

4
2

˙

¨ 48 “ 3744
ways to fill out the rest of the hand.
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There are no full houses with 2 jokers, since any such hand would contain
a natural pair of xs and would thus be played as four of a kind. These hands
look like WWxxy, and there are 13 ¨

ˆ

4
2

˙

¨ 48 = 3744 of them.
Adding everything up gives 9360 of each type of hand. ■

The implications of this result for gameplay are left to individual poker
players. It is important for all players to agree on how jokers may be used
when playing poker with wild cards.

A later examination of the mathematics by John Emert and Dale Umbach
considered poker hands dealt from a deck with one, two, or four wild cards [21].
This analysis showed that if wild cards are allowed in poker, it is not possible
to rank the hands so that more valuable hands occur less frequently without
restrictions on how wild cards may be valued. No matter how the various
hands are ranked, there will always be a way to value hands containing wild
cards so that a more common hand is ranked higher than one that is less
common.

In 2011, Kristen Lampe proposed the Wild Card Rule as a way to preserve
hand rankings while incorporating one or more jokers into poker [66].

Wild Card Rule: A poker hand containing one or more wild
cards is assigned its second highest possible rank, using the stan-
dard poker hand rankings as an ordering.

Here are some applications of the Wild Card Rule:

1. In a 53-card deck with 1 wild joker, a hand only counts as three-of-a-
kind under the Wild Card Rule if it contains no wild cards. Three of
a kind is a possible hand valuation with a joker only if the hand also
contains a natural pair. The hand W 7♡ 7♣ A♢ 9♢ can be valued as
three-of-a-kind, 2 pairs, or 1 pair. The Wild Card Rule would call this
2 pairs. This is how any hand of the form Wxxyz will play.
A hand of the form Wxxxy can be scored as either three-of-a-kind, a
full house, or four-of-a-kind. Since the full house ranks second, the hand
is called a full house.

2. If a game uses 2 or more wild cards, the hand W W K♣ J♣ J♠,
with 2 wild cards, has multiple evaluation possibilities. This hand can
be four-of-a-kind, a full house, three-of-a-kind, 2 pairs, or 1 pair. The
second-highest option is a full house: kings over jacks.

3. W W J♢ 6♢ 3♣ can be counted as three-of-a-kind, 2 pairs, 1 pair, or
high card. The Wild Card Rule directs that this hand play as 2 pairs.
If the 3♣ is replaced by the 3♢, the new hand can also be counted as a
flush, and so is elevated to three-of-a-kind.
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4. Any hand of the form Wxyzw, with no flush or straight possibilities,
cannot be promoted to one pair and must be valued as a high-card
hand.

5. A desirable corollary to the Wild Card Rule is that there is no unbeat-
able hand, even with a wild card in play. There are no five-of-a-kind
hands using the Wild Card Rule. Since five-of-a-kind ranks highest, no
hand containing a wild card can have five-of-a-kind as its second-highest
valuation.

One unexpected challenge to the Wild Card Rule arises with a hand like
W K♢ 9♢ 5♢ 3♢. The possible assignments of W give a flush, a pair, or a
high-card hand. The Wild Card Rule ranks this hand as a pair of kings. If the
game is draw poker, a player might be tempted to discard the joker in the
hope of improving the hand to a natural flush [66].

By discarding the wild card and drawing, the following hands, shown with
their probabilities, are possible:

P pFlushq “ 9
48 “ 3

16 .

P pPairq “ 12
48 “ 1

4 .

P pHigh cardq “ 27
48 “ 9

16 .

The probability of improving this pair of kings by discarding the joker is
only 3

16 . There is a 1
16 chance that the hand remains a pair of kings, and the

probability that the hand declines in value is 3
4 .

A better strategy might be to discard three cards, keeping the king and
joker, or just to hold the joker and draw four new cards.

A variation on this idea may be found on some video poker machines, where
a royal flush with wild cards pays off somewhat less than a natural royal flush,
but video poker has the advantage of being automatically scored and paid off,
and unlike live poker need not be concerned with human interpretation of its
results. One pay table for a video poker machine dealing from a 53-card deck
including one wild joker is Table 4.12 [59].

The big payoff—indeed, the only inflated payoff at the five-coin level—
remains the natural royal flush. A royal flush with a joker pays well, but not
nearly as well as the natural royal, and it collects no bonus when betting max
coins.

An additional modification that appears in this table is the fact that two
pairs is now the lowest paying hand, although in the play of the game, a pair
plus a joker is interpreted as three of a kind. Some joker-wild games pay off on
a pair of kings or better; this usually comes along with slightly lower payoffs
further up the table.
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TABLE 4.12: Video poker pay table with one wild joker

Poker hand Payoff: 1 coin Payoff: 5 coins
Natural royal flush 500 4700
Five-of-a-kind 100 500
Joker royal flush 50 250
Straight flush 50 250
Four of a kind 20 100
Full house 8 40
Flush 7 35
Straight 6 30
Three of a kind 2 10
Two pair 1 5

An obvious question arises: If you are dealt a joker royal flush, is it a good
idea to discard the joker and go for the natural royal? The probability of
hitting it is 1/48, but the payoff is greater by a factor of 18.8 when playing
max coins, and there are smaller payoffs possible to fill the gap.

This problem is similar to the one explored in Example 3.2.28, with a
similar table of probabilities. Assume that you have been dealt KQJT♡ along
with a joker. On a $1 machine with max coins ($5) bet, your possible outcomes
if you discard the joker are these:

Result Net Payoff Probability
Natural royal flush 4695 1{48
Straight flush 245 1{48
Flush 30 7{48
Straight 25 6{48
Nothing –5 33{48

The expectation if you hold the joker is $245. If you discard the joker, your
expectation is

E “ p4695q ¨ 1
48 ` p245q ¨ 1

48 ` p30q ¨ 7
48 ` p25q ¨ 6

48 ` p´5q ¨ 33
48 « $106.98.

It’s not even close. As one might expect, breaking up a joker royal flush is
not a good strategy, and the corresponding strategy table for this game makes
that clear: A joker should never be discarded [59].

A second option seen in video poker is Deuces Wild, in which all four 2s
function as wild cards. In the long run, of course, this leads to higher-ranked
hands, and the pay table must accommodate that. On a Deuces Wild machine,
payoffs for a pair of jacks or better and for two pairs are typically eliminated,
and the lowest hand that pays off is three of a kind. Table 4.13 shows a Deuces
Wild pay table with a 100.76% return [117].
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TABLE 4.13: Full pay Deuces Wild pay table with 100.76% return [117]

Poker Hand Payoff: 1 coin
Natural royal flush 800
Four deuces 200
Wild royal flush 25
Five of a kind 15
Straight flush 9
Four of a kind 5
Full house 3
Flush 2
Straight 2
Three of a kind 1

Example 4.3.3. There are four natural royal flushes. In each hand, we can
replace up to four cards by 2s and still have a royal flush. What is the proba-
bility of a dealt wild royal flush in Deuces Wild poker?

We proceed by counting the number of 2s. If there is one deuce in the hand,
there are five cards that it can replace, and four choices for the replacing card.
Multiplying by the four natural royal flushes gives a total of 4 ¨ 5 ¨ 4 “ 80 one-
deuce royals.

If our royal flush contains two deuces, we can pick the deuces in
ˆ

4
2

˙

“ 6

ways, and the exiting cards in
ˆ

5
2

˙

“ 10 ways. Across all four natural royals,
this leads to 4 ¨ 6 ¨ 10 “ 240 royal flushes with two wild cards.

A three-deuce royal has four choices for the deuces and
ˆ

5
3

˙

“ 10 ways to
pick the replaced cards. There are therefore 4 ¨ 4 ¨ 10 “ 160 such hands.

Four-deuce royals are easy to count: We simply combine the four deuces
with any of the 20 cards that can be part of a royal flush, for a total of 20.

Adding everything up gives a total of 504 royal flushes, 126 times the
number without wild cards, and so the probability of a royal flush is also 126
times greater, or

504
2, 598, 960 “ 3

15, 470 « 1.939 ˆ 10´4.

■

This plethora of new royal flushes is reflected in the pay tables, where a
natural royal flush pays anywhere from 10 to 32 times as much as a royal
flush with one or more deuces, depending on the exact game being played. Of
course, each pay table carries its own perfect strategy, and players using the
wrong strategy will increase the often-tiny house advantage.
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4.4 Casino Promotions
We have seen the Baldini’s promotion (Example 3.2.4) of a free spin on a

video poker machine as an incentive for local patrons to cash their paychecks
at the casino. Another incentive for players comes in the form of matchplay
coupons, which allow players to make a bet at a table game and have the
amount they wager matched, in principle, by the casino. No additional chips
are played; the coupon functions as a chip.

The net effect of a matchplay coupon is to double the payoff, should the
bet win. Typically, these coupons are restricted to even-money wagers and
have some maximum bet limit. A matchplay coupon offered by the Downtown
Grand Casino of Las Vegas in 2022 effectively offers a 2 to 1 payment on any
even money bet of $50 or less by doubling the amount of a player’s wager.
The coupon must be played with a live bet of the amount indicated and is
surrendered after the bet is either won or lost; in the case of a tied bet, as
in blackjack, the player may re-bet the coupon. It is not unusual for this
increased payoff to tip the game to the player’s advantage, hence the bet limit
and restrictions on the coupon’s use.

Example 4.4.1. For a $50 matchplay bet on red at roulette at the Downtown
Grand, what is the player’s advantage?

The probability of winning has not changed; what is different is the payoff
to a winning player, which has doubled. In American roulette, we have

E “ p100q ¨ 18
38 ` p´50q ¨ 800

38 “ 160
38 « $21.05,

which, when divided by the $50 initial bet, gives the player a 42.1% edge over
the casino. ■

If this coupon could be used on a 35 to 1 single number bet in roulette,
a payoff of $1750 would be doubled to $3500. Accordingly, the expectation
would be

E “ p3500q ¨ 1
38 ` p´50q ¨ 37

38 “ 1650
38 « $43.42,

for a player advantage of 86.8%.
Related to matchplay coupons are nonnegotiable or no cash value (NCV)

chips. These special chips have a face value, but may not be redeemed at the
casino for cash. Instead, they must be played at the tables at least once. They
need not be accompanied by matched cash bets, and if a bet made with these
chips wins, the player is paid with ordinary negotiable casino chips. NCV chips
come in two types. The first type, and the most common, may be wagered only
once, and like a coupon, is taken after a resolved bet—win or lose. The second
type, while occasionally offered to any casino patron, is usually available only
to a casino’s best customers, and can be retained after a win to bet again,
until they lose.
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Both forms of nonnegotiable chips are, like matchplay coupons, typically
restricted to even-money wagers. One-use chips have an expected value of
approximately half their face value, because they are only in play for a single
wager. If an NCV chip has a face value of $A and is wagered on an even-money
bet whose probability of winning is p ă .5, it follows that

E “ pAq ¨ p ` p0q ¨ p1 ´ pq “ A ¨ p « A

2 ,

where the expectation is roughly as close to A

2 as p is to ½. For even-money
bets, p is usually very close to, but always less than, ½.

Bob Stupak took this consideration and turned it around on his customers
at Vegas World. Stupak was known in Las Vegas for his “VIP Vacation”
packages, which he liberally offered and aggressively marketed in order to
attract visitors to Vegas World, which was located on Las Vegas Boulevard
about half a mile north of Sahara Avenue, the traditional northern boundary
of the Las Vegas Strip, in a neighborhood of questionable reputation known
as “Naked City.” The packages offered a low-cost Las Vegas vacation that
included two nights at the resort, complimentary drinks, and free gambling
money in the form of cash and special gambling chips, as much as $1000 in
chips per visit, all for less than the face value of the chips alone. These not-
quite-NCV chips, shown in Figure 4.5, were inscribed with a table value and
a cash redemption value of ¼ that value, so a $25 chip had a cash value of
$6.25 and a $5 chip had a cash value of $1.25. Vegas World guests who were

FIGURE 4.5: Vegas World promotional chips. Each chip had cash redemption
value equal to 25% of its face value.

unfamiliar with gambling mathematics and were happy to cash in their chips
for their redemption value were handing the casino nearly 25% of the chips’
face value, for, as was shown above, the chips had an expected return of close
to half their face value.
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An alternate Vegas World promotion issued patrons two $100 bills when
they checked in, with instructions to take them to the casino cashier to ex-
change them for $600 in nonnegotiable chips [125]. Customers, of course, were
free to disregard the instructions and keep the money; anyone who did so was
essentially forfeiting nearly $100 in value. Many did.

Example 4.4.2. What would be a good way to use those Vegas World chips?
As we will see in Section 6.5, maximizing your return in a casino is best done
by making a few large bets rather than many small ones. Several people inde-
pendently made the following discovery: if you have $1000 in non-negotiable
chips, take them to a roulette table and bet $500 on red, bet the other $500
on black, and put $20 in regular casino chips on each of the zeroes. You have
every possibility covered, and so cannot lose. The outcomes of this wagering
combination are these:

• A red or black number comes up. You lose your bets on the zeroes
(–$40), but win $500 in casino chips on your color bet. Your NCV chips
are taken, but you can walk away with a $460 profit.

• 0 or 00 is spun. You lose all of your NCV chips, but win $700 on your
winning bet, from which we subtract the $20 you wagered on the losing
number, for a net profit of $680.

Your expected return with this combination bet at an American roulette
table is

E “ p460q ¨ 36
38 ` p680q ¨ 2

38 « $471.58.

This is a guaranteed return of about 99.56% of the $473.68
ˆ

1000 ˆ 18
38

˙

theoretical expected value of $1000 in NCV chips when wagered on an even-
money roulette bet. ■

It’s possible to do better. Take your $1000 to a craps table and put $500
on pass, $500 on don’t pass, and $20 cash on 12, a one-roll bet paying 30 to 1
if a 12 is rolled. As with the roulette example, every possible roll of the dice
leads to a win for you.

• If a 12 is rolled on the come-out roll, your pass line bet chips are taken,
but your don’t pass chips are still yours to bet again, and your bet on
12 wins $600.

• In any other case, exactly one of your pass and don’t pass bets wins,
whether by a 2, 3, 7, or 11 on the come-out roll or by the shooter setting
and making a point. You win $500 but lose the $20 wager on the 12, for
a profit of $480 to take away with you.

Your expectation on the first bet with this wagering strategy is

E “ p480q ¨ 35
36 ` p600q ¨ 1

36 « $483.33.
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The theoretical expectation of $1000 bet this way is $485.50; your return
here is again 99.56% of the long-term average return. If the come-out roll was
a 12, you can continue by mimicking this wager with the $500 in NCV chips
you originally bet on don’t pass, which you retain since that bet was a push.

Casino personnel, while not happy to see the NCV chips being used in
this way, evidently made no move to stop players from making these bet
combinations. Of course, most people were not aware of this potential and
made many bets against the intractable house edge.

Example 4.4.3. A nonnegotiable chip that can be re-bet until it loses has
an expected value of approximately its face value. This can be seen in the
following calculation: Assume once again that the chip has a face value of $A
and is being wagered on a bet where the probability of winning is p ă .5,
repeatedly until it loses. Since the chip cannot be cashed in, this is standard
procedure with this type of NCV chip. We then have

E “ p0q ¨ p1 ´ pq ` pAq ¨ p ¨ p1 ´ pq ` p2Aq ¨ p2 ¨ p1 ´ pq ` ¨ ¨ ¨

“
8
ÿ

k“0
kA ¨ pk ¨ p1 ´ pq

“ A ¨ p1 ´ pq ¨
8
ÿ

k“0
k ¨ pk

“ A ¨ p1 ´ pq ¨
ˆ

p

pp ´ 1q2

˙

, as seen in Example 4.2.3.

“ A ¨ p

1 ´ p
.

It should be noted that this calculation includes some very unlikely events
with very high payoffs, such as winning 1000 straight bets. If p “ .5, then the
expectation above is A; if p ă .5, then the expectation is less than A. For
most even-money casino bets, p is less than, but close to, .5, and so an upper
bound for the value of a replayable nonnegotiable chip is its face value. ■

Table 4.14 collects some common even-money wagers and shows the ex-
pectation of a renewable NCV chip when used on these propositions.

Other casino promotions come in the form of games that offer a particularly
advantageous wager, but without a matchplay component. As with the sic bo
opportunity in Mississippi described on page 184, these may arise if games are
placed on the casino floor in error and without correct mathematics backing
them up.

Example 4.4.4. A standard $3 bet on a six-spot keno ticket at Jerry’s Nugget
in North Las Vegas, Nevada has the payoff table shown in Table 4.15.

This game carries a fairly standard 25.40% house edge. In 1990, the Con-
tinental Casino in Las Vegas (now the Silver Sevens) offered a six-spot keno
game with the pay structure for a $3 bet shown in Table 4.16 [149]:
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TABLE 4.14: Expectation of an $A renewable NCV chip

Wager P(Win) Expectation
American roulette, even money bet .4737 .9000 ¨ A
Blackjack, basic rules .4750 .9048 ¨ A
Craps, don’t pass line .4790 .9194 ¨ A
European roulette, even money bet .4865 .9474 ¨ A
Craps, pass line .4920 .9685 ¨ A
Baccarat, player .4932 .9732 ¨ A

TABLE 4.15: $3 Pick 6 keno pay table from Jerry’s Nugget

Outcome Payoff (for 1) Net win
Match 4 $9 $6
Match 5 $315 $312
Match 6 $7800 $7797

TABLE 4.16: $3 Pick 6 keno pay table from the Continental Casino

Outcome Payoff (for 1) Net win
Match 4 $15 $12
Match 5 $800 $797
Match 6 $5500 $5497

Improving the payoffs for the Match 4 and Match 5 wins had a potentially
unintended effect on the house advantage which was not balanced by dimin-
ishing the payoff on the very unlikely event of catching all 6 numbers. Writing
P pxq for the probability of catching x numbers gives the expected return on
a $3 bet at this game:

E “ p15q ¨ P p4q ` p800q ¨ P p5q ` p5500q ¨ P p6q ´ 3 “ 194, 217
316, 316 « $.614,

a positive expectation which gives a player edge of 20.47%. ■

A challenge in fully exploiting this opportunity—should you ever find it
again—is that the probability of even a “Match 4” win, P p4q, is only about
2.85%, and so there is some risk that your bankroll might not be large enough
to continue betting until you win.

Example 4.4.5. In December 1989, the Sahara Casino in Las Vegas ran a
baccarat promotion that eliminated the commission entirely [149]. The expec-
tation of a $1 Banker bet was then
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E “ p1q ¨ p.4584q ` p0q ¨ p.0955q ` p´1q ¨ p.4461q “ $.0123,

giving gamblers a 1.23% edge on Banker bets. ■

Although the promotion ran only from Monday through Thursday, and
then only from 7:00 P.M. to 2:00 A.M., the attraction was so great that seats
were seldom available at those tables.

4.5 Exercises
Answers to starred exercises begin on page 288.

Wheel Games
4.1.‹ Find the house advantage of a $1 Colors bet when made at a Sands
Roulette table.

4.2. In 2022, a new roulette bet called 2 G’s was introduced [121]. G stands
for “Green” here; the 2-spin bet pays 350–1 if the next 2 spins after the bet
is made result in a green number.

a. Find the HA of this bet if made on an American roulette wheel.

b. At 350–1, this bet would have a high player advantage if it were offered at
Sands Roulette. Suppose that the Sands version of 2 G’s pays off at x to
1, where x, for dealer convenience, is restricted to a multiple of 5. What
value for x gives a house edge that is closest to 5%?

4.3.‹ In January 2023, the Massachusetts Lottery introduced The Wheel of
Luck, a roulette-based electronic game that was drawn between rounds of the
lottery’s electronic keno game. The Wheel of Luck contained 36 numbers–no
zeroes–and offered both single-number and 18-number bets.

a. A single-number bet paid off at 25 for 1. Find the house advantage.

b. 18-number bets were available on even, odd, red, and black. Each had
probability ½ of winning and paid off at 3 for 2: a $2 winning bet returned
$3 in total. What is the HA of an 18-number bet?

4.4. In looking at Table 1.5, the list of roulette bets, we notice that every
proper divisor of 36 has a corresponding roulette wager, except for 9. A hy-
pothetical 9-number roulette bet should pay 3–1. One obsolete wager gave
the player an opportunity to bet on 9 numbers. By laying a chip on the line
separating Low and Even on the layout, a player could make a bet covering
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both cases. If the number spun was both low and even—and there are 9 of
those—the bet paid 1–1. If the number was low or even, but not both, the bet
pushed. A number that was neither low nor even meant that the bet lost [94].

Find the HA of this bet on an American wheel.
4.5. Confirm the assertion in Example 4.1 that the house advantage for a $1
bet that the number 23 will come up on both wheels of a European Double
Action roulette game is 12.3%.
4.6.‹ Multicolore is a roulette-like game that debuted at Monte Carlo in the
1950s [22, p. 115–6]. A wheel is divided into 25 sectors: six each colored green,
red, white, and yellow, and one colored blue. A billiard ball is tossed into the
spinning wheel and eventually comes to rest within one of the sectors. Players
bet on a color: the blue sector is labeled 24 and the six sectors of each of the
other four colors are labeled 4-3-3-3-2-2. A bet on blue pays off at 24 to 1, a
bet on any other color pays off at x to 1 in accordance with the number x on
the sector.
a. Find the house advantage for a bet on blue.

b. Find the house advantage for a bet on any of the other colors.

c. What is the best betting strategy for Multicolore?
4.7. Boule or La Boule is another roulette variation that, as the name sug-
gests, is of French origin [98]. The wheel is much simpler, using only the
numbers 1 to 9. A rubber ball is thrown into the spinning wheel and eventu-
ally settles into a hole at the center. Each number has four holes allocated to
it. Numbers 1, 3, 6, and 8 are black; 2, 4, 7, and 9 are red. The 5 is yellow and
functions somewhat like the green zero in standard roulette. The following
bets are available at La Boule:

Bet Payoff Description
Red/Black 1 to 1 Bet on red or black
Low (Manqué) 1 to 1 Bet on 1, 2, 3, 4
High (Passé) 1 to 1 Bet on 6, 7, 8, 9
Odd/Even 1 to 1 Bet on odd or even
Single number 7 to 1 Bet on any one number

The number 5 is neither odd nor even, high nor low. Notice that the
payoff structure of La Boule is considerably simpler than standard roulette or
Royal Roulette—only two different payoffs are available. Compute the house
advantage on each of the two payoffs. How do these HAs compare to those of
standard roulette and Royal Roulette?
4.8.‹ In 2008, New Jersey gaming officials approved a seven-number roulette
bet, which must be made on the block of numbers 10, 11, 12, 13, 14, 15, and
33. If one of those seven numbers is spun, the bet pays off at 4 to 1 [85].
Find the expected value of a $1 seven-number bet on both single-zero and
double-zero wheels.
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Dice Games
4.9.‹ The Hollywood Casino in Joliet, Illinois was at one time the only casino
offering the “All Day 2” bet, which is a bet that a 2 will be rolled before a 7.
There was also an “All Day 12” bet, which is mathematically identical to All
Day 2. This bet pays off at 5 to 1. Find the house advantage.

4.10.‹ In 2008, the 7 Point 7 craps side bet debuted at the Orleans Casino
in Las Vegas [37]. The bet is made before a come-out roll, and is named for
the ways that it wins:

• If the come-out roll is a 7, the bet wins and pays 2–1. 7 Point 7 loses if
the come-out roll is 2, 3, 11, or 12.

• If a point is established, the bet remains active and is resolved on the
next roll.

• If that next roll is a 7, then the bet wins, paying 3–1. Any other roll
loses.

Find the probability of winning and the HA of 7 Point 7.

4.11.‹ Does the player have an advantage if the 7 Point 7 bet is offered at a
Crapless Craps table?

4.12. Here’s a combination of chuck-a-luck and craps that has been seen in
the craps pit at a number of casinos. The player may bet on any single number
from 1 to 6 and is paid off according to the number of dice that show that
number. If two dice show your number, the payoff is 4 to 1; if one die shows
your number, the bet is paid off at 2 to 1. Find the expected value of a $1 bet
on a single number. How does this compare with the HA of more traditional
craps bets?

4.13.‹ We saw that switching from six-sided to eight-sided dice in chuck-a-luck
increases the already high house advantage to an even higher and thus less
attractive number. It stands to reason (and can be confirmed mathematically)
that switching from six-sided to four-sided dice would give the players too
much of an edge, but what if we used nonstandard d4s? Consider a chuck-a-
luck cage containing three four-sided dice numbered as follows:

Die Numbers
Red 1, 2, 3, 4
Green 5, 6, 1, 2
Blue 3, 4, 5, 6

Note that for any number you choose, one of the three dice cannot show
it, and so the maximum payoff is $2. Find the house advantage for a $1 bet
on a single number.
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4.14. The Strat Casino in Las Vegas, successor to Vegas World, continues to
offer crapless craps and does so with 10X odds available.

a. Remembering that odds bets are paid off at true odds with no house ad-
vantage, find the payoff odds for an odds bet when the point is 2 or 12.

b. Find the payoff odds for an odds bet on 3 or 11.

c. Find the house advantage of a $5 pass line bet backed up with maximum
10X odds.

4.15.‹ Sic bo also offers the Big bet, which pays off at 1 to 1 if the sum of
the three dice is between 11 and 17 inclusive, with the provision that the bet
loses if triples are rolled. Find the HA of the Big bet.

4.16. The Any Triple sic bo bet pays off at 30 to 1 if all three dice show the
same number. What is the house advantage of this bet?

Card Games
4.17.‹ Five Deck Poker is a video poker innovation that deals each of the 5
cards in a player’s hand from a separate 52-card deck. This greatly increases
the number of possible hands, to 525 “ 380, 204, 032. Included among this
number are new hands such as five-of-a-kind and suited five-of-a-kinds con-
sisting of 5 copies of the same card. When drawing 1 card to the 4-card straight
flush ♢6789, is the chance of completing the straight flush higher in Jacks or
Better or in Five Deck Poker?

Omaha is a variant of Texas hold’em where players are dealt 4 hole cards
instead of 2 and must use exactly 2 of them to build their final hand. A player
dealt all 4 aces as hole cards can only use 2 of them—and will not see any
help in the form of additional aces among the 5 community cards.

4.18. ‹ If your hole cards are K♠ 9♡ 6♠ 6♣ and the board shows
K♣ K♢ T♣ 8♣ 5♣, what is the best 5-card Omaha hand you can make?

4.19.‹ A Texas hold’em hand can be formed from 7 cards in
ˆ

7
5

˙

“ 21 ways.
How many possible Omaha hands can a player make from 4 hole cards and a
5-card board?

4.20.‹ In a 4-handed game of Omaha, find the probability that 2 or more
players tie with a royal flush.

Casino Promotions
4.21.‹ Another Vegas World promotion was a $100 “Field Roll” chip. Find
the expectation of this chip when used on a field bet (see Example 3.2.12).
Assume that the chip is taken after the field bet is resolved.
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4.22.‹ The Lady Luck Casino in downtown Las Vegas (now the Downtown
Grand) once issued a coupon offering a $250 payoff on a winning $5 roulette
bet on the number 00. Find the player’s advantage when using this coupon.

4.23.‹ Many sports books make their money by requiring that players risk
$11 to win $10, or, multiplying by 10, risking $110 to win $100. This locks in a
4.55% HA for the book, provided that action on both teams is approximately
equal. Some books run occasional promotions that reduce the required bet
from $110 to $105. The casino hopes to make up for the smaller HA that
results by booking more bets. What is the HA of a $105 bet under these
terms?

4.24.‹ The Golden Nugget in downtown Las Vegas once offered a 20-game
“Million Dollar Parlay Card” which offered a $1,000,000 payoff for a $5 bet,
with the provision that all ties lost [118].

a. Find the house advantage on this bet for a gambler with 50% accuracy in
picking winners.

b. How proficient would a player have to be to make this a break-even wager?
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Chapter 5
Blackjack: The Mathematical
Exception

Thus far, we have not said much about blackjack or 21, arguably the most
popular casino table game and certainly one of the most popular subjects of
casino mathematics study. There are good reasons for this—some mathemat-

FIGURE 5.1: Blackjack table [96].

ical, some logistical:

• As mentioned in Section 2.4, successive hands of blackjack are not in-
dependent, and so the Multiplication Rule in its simplest form is not
applicable. In part because of this nonindependence, the probability of
winning a hand and the expected value of a bet are somewhat more
difficult to calculate.

• The rules of blackjack fluctuate from casino to casino—or even from
table to table within a casino, making universal calculations impossible.
While the best that we can do is build a collection of probabilities as are
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appropriate for different game conditions, this is no barrier to interesting
mathematics. It simply means that we must be careful about tailoring
our calculations to the game at hand and specifying the applicability of
our conclusions.

• Blackjack is a game with a skill component, and so player action and
player error must be factored into any calculations.
A novice blackjack player would do well to learn basic strategy (Section
5.3), which is a set of rules for decision-making for a player to follow.
Based on millions of simulated hands, basic strategy gives a player the
best advice on how to play a hand, given the composition of the hand
and the dealer’s upcard. Calculations about the HA typically assume
that the player is using basic strategy correctly; deviations from these
instructions will work to increase the casino’s long-term edge.

5.1 Rules of Blackjack
A common notion is that the object of blackjack is to get a hand of cards

totaling as close to 21 as possible without going over. This is not quite ac-
curate: the object of blackjack is to get a hand that is closer to 21 than the
dealer’s hand without going over.

If the first object listed were the point of the game, stopping on a hand
of 12, as is often called for in blackjack basic strategy, would be a bad idea.
However, there are times when standing on a relatively weak hand in hopes
that the dealer’s hand will “bust,” or go over 21, is the best strategy for a
player.

Basic Rules
Blackjack uses anywhere from one to eight decks of cards shuffled together.

Two cards are dealt to each player, and two—one face up, the upcard and the
other face down, the hole card—to the dealer. Players’ cards are customarily
dealt face down from the dealer’s hand in single- or double-deck games, and
face up from a shoe in games using four or more decks. Each card counts
its face value, with the exceptions that face cards count 10, and an ace may
be counted as either 1 or 11, at the player’s discretion. (In writing about
blackjack, it is common to use the shorthand “ten” to refer to any card—10,
jack, queen, or king—counting as 10.)

A hand containing an ace counted as 11 is called a soft hand, because it
cannot be busted by a one-card draw—if a hand counting an ace as 11 goes
over 21 upon drawing a card, the ace may simply be revalued at 1. A hand
with a total of 12 to 16 without any aces, or with all aces counted as 1, is
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called a hard or stiff hand, because drawing a single card risks busting the
hand. A player dealt a two-card total of 21 consisting of an ace and a ten-count
card—called a natural or blackjack—wins immediately unless the dealer also
has a natural. Naturals pay either 3 to 2 or 6 to 5, depending on the rules of
the casino. (The alternate name “blackjack” for a two-card total of 21 derives
from the earliest days of the game, when a 21 consisting of the ace and jack
of spades qualified for a bonus payoff.)

If the dealer does not have a natural, then each player in turn has the
opportunity to “hit” their hand and take additional cards in an effort to bring
their total closer to 21 without going over. If a player’s hand exceeds 21, this
is called busting or breaking, and the bet is lost and collected at once.

Once all player hands are settled, the dealer exposes the hole card. If the
dealer’s hand is 16 or less, he must take additional cards. The dealer must
stand on a hand of 17 or higher, although many casinos also require dealers to
hit a soft 17 hand. When the dealer’s hand is complete—either by busting or
reaching a total of 17 or higher—the hand is compared to those of all players
who have not yet busted. Player hands that are closer to 21 than the dealer’s
are paid off at 1 to 1; if the player and the dealer have the same total, the
hand is called a push, and no money changes hands. If the dealer’s completed
hand is closer to 21 than the player’s, the player loses and his or her wager is
collected.
Example 5.1.1. Suppose that two players are facing the dealer in a blackjack
game dealt from a single deck. Player 1 is dealt Q♠ 8♣ and player 2’s hand
is 6♡ 4♡. The dealer’s upcard is the 3♡.

Player 1 chooses to stand on her total of 18, and player 2 hits his 10,
drawing the 2♡ and bringing his total to 12. He draws a fourth card, the T♢,
and busts with 22, losing his bet. The dealer turns over the K♡ for a 13, and
must draw. His third card is the 2♢, bringing his total to 15. Since this is still
less than 17, he draws again and receives the 2♣. His total is 17, and he stops.
Player 1 wins with her 18. ■

The advantage for the casino lies in the fact that the players must play out
their hands first, and if they bust, they lose even if the dealer subsequently
busts with a higher total. The blackjack rule that “ties are a push and the
player neither wins nor loses” applies only to ties at 21 or less—if a player
and dealer tie with hands of 23, the player’s chips are already in the dealer’s
rack before the dealer busts, and they aren’t returned.

Additional Rules
Depending on the casino, players may be offered several options during play

to make additional bets that offer the chance of winning more money (or, in
the case of surrender, losing less money). These are not options available to
the dealer.

• If the player’s first two cards are the same–as in a pair of 8s or aces—they
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may be split to form the first card of two separate hands. The player
must match his bet on the new hand, and the two hands are played
out separately. Some casinos allow players to split two 10-count cards,
such as a jack and queen, and a standard casino rule allows the player
to draw only one additional card to each hand after splitting aces. If a
third card matching the first two is drawn to a split hand, many casinos
allow that hand to be split again, although some do not allow resplitting
of aces. Most casinos have a limit on the number of times a given hand
may be split: a maximum of four separate hands is common.

• The player has the option to double down—to double his or her initial
bet after the first two cards are dealt. This represents a chance for the
player to get more money in play upon receiving a good initial hand,
but this opportunity comes at a cost: only one additional card may be
drawn to a doubled hand. Candidates for double-down hands are hands
totaling 9, 10, or 11, as well as certain soft hands. Casinos may place
restrictions on which hands may be doubled; some, for example, restrict
doubles to 10s and 11s. Some casinos do not allow players to double
down after splitting pairs. It is also possible to “double down for less”:
to increase the bet by less than the full amount originally wagered—this
is only recommended if you absolutely cannot afford to double your bet,
as doubling for less means taking less than full advantage of a situation
where you have the edge over the house.

• If the dealer’s face-up card is an ace, players have the opportunity to
make an insurance bet. This is a separate bet of up to half their initial
wager and pays 2 to 1 if the dealer has a natural. Of course, if the dealer
does have 21, the main hand loses (unless the player also has a natural),
and this is the reason for the name—the player is “insuring” the main
hand against a dealer 21.

• Some casinos offer a surrender option, in which a player may elect not to
play out his hand and forfeits only 50% of his initial wager. This might
be something worth considering when the chances of beating the dealer
are small—for example, when the player’s hand is 16 and the dealer’s
upcard is a 10. Surrender comes in two versions: early surrender, where
the option is available before the dealer checks his or her hole card for a
possible natural, and the far more common and less player-friendly late
surrender, which is only offered after the check for a natural is complete.

In light of these options, the outcomes of a $1 blackjack bet can be more
than just “win $1” and “lose $1” that follow from a $1 bet on red at roulette,
and this range of options leads to more complicated—and more interesting—
mathematics. If the player doubles down, it’s possible to win or lose $2, or to
break even. A natural results in a win of $1.50. Surrendering introduces the
possibility of a loss of $.50. If an initial pair is split, then it’s possible to win
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$2, win $1, break even, lose $1, or lose $2. If pairs can be resplit, or if a player
can double down after splitting a pair, the list of possible outcomes grows.

Players may play more than one hand at most blackjack tables, provided
that space is available. Most casinos, however, require that gamblers playing
multiple hands bet more than the table minimum on the extra hands, fre-
quently double the minimum on a second hand and triple the minimum on
the third hand. While playing multiple hands gives no advantage in winning
any particular hand, this can be a way to bet more money than the table
maximum and thus win more if the dealer busts. If the hands are dealt face
down, as is usually the case in one-deck and two-deck games, players are not
allowed to look at the cards in one hand until any previous hands have been
played out to completion.

Depending on the set of rules, the number of decks used, and the payoffs
on naturals, the house advantage on a hand of blackjack, in practice, can
range from essentially 0% to upwards of 4% for a player using basic strategy.
(Deviations from basic strategy increase the HA.) At the outset, let us assume
that we are playing single-deck blackjack under what are called “standard Las
Vegas Strip rules” [137]. This name is used out of convenience; these rules are
neither exclusive to the Strip nor universal thereon:

• Dealer stands on all 17s.
• Players may double on any two cards, and may double after splitting a

pair.
• Aces may be resplit, though only 1 card is dealt to split aces.
• Naturals pay 3 to 2.

With these rules in force, single-deck blackjack is nearly an even game for a
player using basic strategy. Table 5.1 on page 212 lists the effect on the house
edge of various rules changes.

In the first few lines of Table 5.1, we see that the house edge increases as
the number of decks in use goes up, but the effect levels out pretty quickly, and
the difference between 6- and 8-deck games is only .03%—almost negligible to
a basic strategy player. A card counter or other sort of blackjack advantage
player might look for strategies to eliminate even this small a change in the
HA. Whatever additional advantage a casino may gain from using 12 or more
decks is outweighed by the inconvenience of handling and shuffling that many
cards. Time spent shuffling is, after all, time not spent dealing hands and col-
lecting the HA, on the average, from every hand dealt. A continuous shuffling
machine (CSM) cuts down on shuffle time and allows more hands per hour
by immediately recycling discards into the shoe and reshuffling them. With a
CSM, every hand is effectively dealt from a fresh shoe.

A particularly onerous and common rule change reduces the payoff on
a natural from the traditional 3–2 to 6–5. On a $10 bet, this changes the
payoff on a natural from $15 to $12. While this may seem insignificant due
to the scarcity of naturals, Table 5.1 shows that this rule raises the HA by
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TABLE 5.1: Effects of rule changes on blackjack house advantage [13, 42, 47].
Negative values favor the player.

Rule change Effect on HA
Deck Size
Two decks +0.32%
Four decks +0.48%
Six decks +0.54%
Eight decks +0.57%
Continuous shuffling machine used +0.30%
Double Downs
No double downs on soft hands +0.13%
Double down only on 10 or 11 +0.26%
No double downs on 9 +0.13%
No double downs on 10 +0.52%
Double downs only allowed on 11 +0.78%
No double downs allowed +1.60%
Double down on two or more cards –0.24%
Double down after pair splitting –0.14%
Pair splitting
No non-ace pair resplitting +0.03%
No splitting of aces +0.18%
Pair splitting forbidden +0.40%
Resplitting aces allowed –0.06%
Draw more than one card to split aces –0.14%
Payoffs
Dealer wins ties +9.00%
Naturals pay 6 to 5 +1.39%
Naturals pay even money +2.32%
Naturals pay 2 to 1 –2.32%
Six cards under 21 automatically wins –0.15%
Soft 17s
Dealer hits soft 17 +0.20%
Surrender
Late surrender –0.06%
Early surrender –0.62%
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1.39%—more than a threefold addition to the HA in a 1-deck game. This rule
change finds its origins in Super Fun Blackjack (page 216). While 6–5 payoffs
on naturals began with Super Fun 21, the rule change found fast approval at
many casinos, especially on blackjack tables with lower bet minimums.

These percentages may be combined to determine the house edge for a
blackjack game with a specified set of rules. Figure 5.2 shows the rules screen
of a single-deck electronic blackjack game on offer at a downtown Las Vegas
casino.

FIGURE 5.2: Electronic blackjack rules.

The following game parameters affect the HA:

• Blackjacks pay even money (“2 for 1”): HA +2.32%.
• Doubling down only permitted on 10 or 11: HA +.26%.
• No pair resplitting: HA +.03%.
• Six cards under 21 automatically wins: HA –.15%.

These last two rules are included in part because of the difficulty of
displaying three or more player hands, or a hand of 7 or more cards, on
the video screen.

Adding up the cumulative effects of these rule changes results in a game
with a house edge of 2.46%.

At the same downtown casino, a neighboring blackjack machine used the
rules shown in Figure 5.3, with no option to split pairs or double down.

The rules for this game affect the HA as follows:

• Blackjacks pay even money: HA +2.32%.
• No pair splitting: HA +.40%.
• No opportunity to double down: HA +1.60%.
• Six cards under 21 automatically wins: HA –.15%.
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FIGURE 5.3: Alternate electronic blackjack rules.

This game—which gave players the option of defining their betting unit as
$100—is much less friendly to players, with a casino edge of 4.17%.

The two games discussed here appear identical until the rules screens are
revealed. As with video poker, it’s essential to review the rules in force before
settling in for a session of electronic blackjack. in particular, many electronic
blackjack machines pay only even money on naturals, which has a big effect
on the house edge.

Side Bets
Many new ideas and game variations have been proposed for blackjack

bets. In part this is because blackjack is in part a game where skill at making
choices plays a role, and so if there’s a new bet offering a chance for players to
make incorrect choices that favor the casino, that bet may seem attractive to
some casino officials. In part this may be because blackjack using basic strategy
is nearly an even game, and these side bets offer the casino an opportunity to
increase its profits, as these bets frequently have a high house edge.

• The Royal Match bet allows players to make a side bet on their first
two cards. The pay tables for Royal Match vary somewhat; one version
pays 2½ to 1 if the first two cards are suited (the “Easy Match”) and
25 to 1 if they are the king and queen of the same suit (the “Royal
Match”). An additional option is to offer a progressive jackpot for the
“Crown Treasure,” which happens when both the player and dealer have
a Royal Match.

• Instant 18 is a separate side bet that must be made alongside a regular
blackjack wager. When you make an Instant 18 bet, you are effectively
playing a second hand that is assigned a value of 18. No cards are dealt
to this phantom hand.

• One hallmark of a good blackjack side bet is its ability to be resolved
before players start drawing cards, and Over/Under , which was launched
at Caesars Tahoe in Stateline, Nevada (now Bally’s Montbleu) in 1988,
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fits that description [128]. The player may wager that his or her initial
2-card hand will be either over 13 or under 13, with aces counted as 1 for
the purpose of this bet. On a dealt 13, both bets lose. Over/Under does
not involve the dealer’s upcard, which makes it easier to administer.
Once the wager is settled, the blackjack hands are played out against
the dealer as usual.

• Jack-A-Tack is a side bet on offer in 2021 at Circus Circus Casino in Las
Vegas. The bet is resolved on the player’s initial 2 cards, with payoffs
based on the number and type of jacks present. The highest payoff in-
corporates the dealer’s first 2 cards as well. Table 5.2 shows the payoffs
offered at Circus Circus. One-eyed jacks are the J♠ and J♡ : the cards
where the jacks appear in profile.

TABLE 5.2: Jack-A-Tack pay table

Hand Payoff odds
4 one-eyed jacks (player and dealer) 299–1
2 one-eyed jacks (player) 100–1
2 suited jacks 100–1
Any 2 jacks 25–1
Total of 20 5–1

As is standard with side bets, only the highest winning combination is
paid; a player hand of J♣ J♣ pays only the 100–1 offered for 2 suited
jacks, not the other payoffs lower in Table 5.2. If the player holds 2
one-eyed jacks and the dealer’s upcard is also a one-eyed jack, then this
bet will have to wait until the hand is fully played out for the dealer’s
hole card to be revealed and the payoff determined to be 100–1 or 299–1.
This sets Jack-A-Tack apart from a bet like Over/Under that is resolved
before any additional cards are dealt.

Game Variations

• Bob Stupak, whom we first met in Example 4.2.1 in connection with
Crapless Craps, also invented a variation of blackjack called Double Ex-
posure 21, in which both of the dealer’s cards are revealed to the player.
This game variation was originally suggested by gaming mathematician
Richard Epstein under the name Zweikartenspiel in 1977 [22].
Revelaing both dealer cards, of course, gives the player a large advantage,
but that is more than compensated for by new rules [132, p. 93]:

– The house wins all ties, except ties between naturals, which the
player wins.
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This may lead to some unusual decisions that would never be made
in ordinary blackjack, as when a player holding 20 against a dealer
20 must take a hit and hope for an ace, for 20 vs. dealer 20 is a
losing hand.

– Naturals pay only even money, except naturals consisting of A♠
and J♠, which pay 2 to 1. A three-card 21 consisting of a suited 6,
7, and 8 also pays 2 to 1.

– Doubling down is only permitted on 9, 10, and 11.
– Pairs may be split only once.

Double Exposure II, introduced somewhat later, exposed the dealer’s
hole card only when it was a ten-count card, and forbade doubling and
splitting pairs. The payoff on a suited 6-7-8 in Double Exposure II was
triple instead of double.

• Super Fun 21 claims to be “the most exciting way to play blackjack”
according to the Orleans Casino’s rack card (a promotional card that
describes the rules and payoffs for a casino game) for the game. This
version of blackjack is a 1999 single-deck variation on blackjack invented
by Howard Grossman and designed in part as a defense against card
counters. In Super Fun 21, players have the following additional options:

– Double down on two or more cards, including after hitting or split-
ting pairs. If you have a three-card total of 11, you may double
down—this is not allowed under standard blackjack rules.

– Pairs, including aces, may be resplit up to three times, resulting in
as many as four hands in play at a time.

– Hands totaling less than 21 may be surrendered at any point, in-
cluding after drawing one or more cards, doubling down, or splitting
pairs, if the dealer does not have a natural.

– A hand totaling 20 or less with six or more cards pays even money
regardless of the dealer’s hand, although if the hand has been dou-
bled, the doubled amount is not an instant winner. (It does remain
in play and is paid if the hand beats the dealer.)

– A 21 with five or more cards pays 2 to 1 instantly, with the same
restriction as for six-card 20s.

– Player naturals are instant winners even if the dealer also has a
natural. Naturals with both cards diamonds pay 2 to 1.

The following rule acts against the player and more than compensates
the casino for the more player-friendly rules above:

– Blackjacks other than in diamonds pay even money instead of 3 to
2 or 6 to 5.
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• Spanish 21, introduced in 1995, is a blackjack variant played with six to
eight decks of 48 cards from which all four 10s have been removed—this
is sometimes called a “Spanish deck”[130]. Removing all of the 10s raises
the casino’s advantage by 2%, ½% per removed card, but a number of
rule changes are added to make up for this effect [154]. There is some
variability from casino to casino, but the alternate rules usually include
these:

– Players’ naturals always win, even if the dealer also has a blackjack.
Blackjacks pay 3 to 2.

– All player totals of 21 beat dealer 21s. Other ties are pushes, as is
the case in regular blackjack.

– Players may double down on any number of cards, not just the first
two.

– Players may double down after splitting pairs.
– Players may resplit pairs, including aces, for up to four hands.
– A number of bonus payoffs for certain player hands are offered—for

example, a five-card 21 pays 3 to 2, a six-card 21 pays 2 to 1, and
a 21 consisting of seven or more cards pays 3 to 1.

• Blackjack Switch calls for each player to play two hands, with separate
wagers of the same size on each. After the cards are dealt and the dealer
has checked for a natural, players then have the option to switch the
second cards in each hand from one hand to the other in order to create
more favorable totals.
Example 5.1.2. If a Blackjack Switch player is dealt K♣ 5♢ on one
hand and 6♠ Q♠ on the other, he or she may rearrange the cards to
K♣ Q♠ and 6♠ 5♢, thus changing two mediocre hands of 15 and 16 to
a strong 20 and an 11. The player may then double down on the 11. ■

The dealer plays only one hand and thus does not have the advantage
given by switching cards. The player advantage is tempered by the fol-
lowing two rule changes:

– All blackjacks pay even money rather than 3-2 or 6-5. Typically, a
switched Ace-10 counts as a 21 rather than a blackjack, and so is
not paid off immediately because it may be tied later by a dealer’s
21.

– If the dealer’s hand totals a hard 22, then all remaining bets, includ-
ing any 21’s arising from switching cards, push. This rule turns a
losing dealer hand into an automatic tie. A player 22 remains a los-
ing hand, even if it’s later tied by a dealer hard 22. (A dealer’s soft
22 would be revalued at 12, and additional cards drawn.) This rule
adds 6.91% to the HA, which more than compensates the casino
for allowing card switching [114].
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Other rules of blackjack—doubling down, splitting pairs, and insurance—
remain as in standard blackjack.

5.2 Mathematics of Blackjack
Some of the mathematical questions associated with blackjack can be as-

sessed with the mathematics we have already developed, without concern for
the lack of independent events or the need to account for player decisions.

Example 5.2.1. Let’s begin with a very simple question: What is the prob-
ability of being dealt a natural?

We consider only the player’s hand, not the dealer’s, and for simplicity, we
will assume that we’re dealing from a full single deck. Since a natural consists
of a ten-count card and an ace, and since the order in which the cards arrive
does not matter, we can consider each order separately. The probability of
being dealt a ten-count card is 16

52 and the probability of being dealt an ace is
4
52 . As cards are dealt, of course, these probabilities change, but since we’re
assuming that we start with a full deck, the only change is in the denominator,
from 52 to 51. We then can compute

P pNaturalq “ 16
52 ¨ 4

51 ` 4
52 ¨ 16

51 “ 32
663 « .0482 « 1

21

—so roughly 1 out of every 21 dealt hands will be a natural. In the calculation
above, the first term in the sum covers the case where the ten-count card is
dealt first, and the second covers the case where the ace is dealt first. Since
these two events are mutually exclusive, the First Addition Rule may be used
to add the probabilities.

If the hand is being dealt from the top of a six-deck shoe, a similar analysis
gives

P pNaturalq “ 96
312 ¨ 24

311 ` 24
312 ¨ 96

311 “ 4608
97, 032 « .0475,

slightly less than for a single-deck game. ■

That having been said, it must be noted that this probability is a long-term
average value. If, in a one-deck game, all four aces are dealt on the first round
(see Exercise 5.13), no further naturals are possible until the deck is reshuffled,
but if the first round contains no aces or ten-count cards, the likelihood of a
natural in the second round increases. Deck composition and the dependence
of each hand on previously dealt hands are what make blackjack mathematics
tricky and explain why card counting works to improve the player’s chance of
winning big bets.
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An alternate way to compute long-term average probabilities is the infinite
deck approximation. As the name implies, the method assumes that blackjack
is being dealt from a shoe containing infinitely many decks of cards. This
simplifying assumption means that the probability of drawing any particular
card, or type of card, from the shoe is constant, and independent of how many
cards have been drawn previously. Under this approximation, the probability
of drawing a natural is

P pNaturalq “ 16
52 ¨ 4

52 ` 4
52 ¨ 16

52 “ 8
169 « .0473 « 1

21 1
8

,

a value which is quite close to the value of .0482 calculated above for a full
single deck.

Example 5.2.2. Given a two-card blackjack hand, the dealer’s upcard, and
the specific game rules in force, it is possible through repeated simulation to
obtain an accurate estimate of the probability p of winning the hand. At what
probability is surrendering the correct choice?

If you surrender, your expectation on a $1 bet is a flat –$.50. If you choose
instead to play out the hand, your expectation is

E “ p1q ¨ p ` p´1q ¨ p1 ´ pq “ 2p ´ 1.

This will be greater than –$.50 if p ą .25, so if you have at least a 25% chance
of winning, surrendering is not the optimal play. Turning this around, if your
hand has greater than a 75% chance of losing, you should surrender if the
option is available. ■

The challenge here is that p is not a probability that is readily calculable
from the three visible cards. Blackjack experts have, through the repeated sim-
ulation mentioned above, identified certain hands that should be surrendered,
and these are listed in Table 5.3.

TABLE 5.3: Strategy for surrender [97]

Dealer upcard Surrender
Ace 10/6
T T/6, T/5, T/7, 9/6, 7/7

Note that the composition of the hand matters as well as the total: no soft
hands should be surrendered, and while you should surrender T/6 against a
dealer ace, you should not surrender 9/7 or 8/8, which also add up to 16. A
pair of 8s should be split rather than surrendered, even against a dealer ace.

Example 5.2.3. Should you make the insurance bet?
If the dealer’s upcard is an ace, you will be offered the opportunity to

make what is effectively a side bet that the dealer has a natural. We assume
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that we’re looking at the first hand of a new single deck, and that the only
three cards known to you are the two in your hand and the dealer’s ace. If
you have no ten-count cards in your hand, the probability of a dealer natural
is 16

49 . Since the insurance bet pays 2 to 1 and is limited to half your main
bet, we have the following expected value for a $1 main bet:

E “ p1q ¨ 16
49 ` p´.50q ¨ 33

49 “ ´$.0102.

The HA on a 50¢ bet is thus 2.04%—not awful, but this assumes that
you hold no tens. If you have one or two, the dealer has a smaller chance of
completing a natural, and thus the HA of an insurance bet increases.

Holding one ten, we have

E “ p1q ¨ 15
49 ` p´.50q ¨ 34

49 “ ´$.0408,

and the HA on the insurance bet is 9.16%.
If you hold two tens, then the expectation drops further, to

E “ p1q ¨ 14
49 ` p´.50q ¨ 35

49 “ ´$.0714

—an HA of 14.28%. ■

But what if you hold a natural yourself? Some casinos will offer even money
on a player natural against a dealer ace—offering to settle the main bet as
though an insurance bet had been made without the need for the player to
make the bet. This even money option arises from the fact that if the dealer
has a natural, your main bet pushes but a hypothetical insurance bet of half
the main wager pays off at 2 to 1. The net effect is a profit of the amount
originally wagered.

Psychologically, there is some appeal to this bet—at least you win even
money on your one-hand-in-21 natural, even if the dealer ties you. You forfeit
the extra 50% payoff at a 3 to 2 table; that’s equivalent to making an insurance
bet and losing it. But what does the mathematics say?

As we might expect, the casinos aren’t offering the even money option
in an effort to be nice to players. There’s something in it for them—let’s do
the math. There are 15 tens left in a 49-card deck. By taking even money,
your return, regardless of the dealer’s hand, is exactly $1. If you decline even
money, which is equivalent to not making an insurance bet, you win $1.50 if
the dealer does not have a natural and push if he does, so your expectation is

E “ p1.50q ¨ 34
49 ` p0q ¨ 15

49 « $1.0408,

and declining even money is a better call by about 4.08%.
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If, through bad fortune or poor judgment, you are playing blackjack at a
casino that only pays 6 to 5 on naturals, then the expectation if you decline
even money and the implied insurance bet is

E “ p1.20q ¨ 34
49 ` p0q ¨ 15

49 « $.83,

so if the casino should offer even money pE “ $1q for your natural, take it. Of
course, since casino management knows this, it is unlikely that you will even
be offered even money on a natural if the casino pays only 6 to 5.

With an eye on the “all tie on dealer 22” rule in Blackjack Switch, it should
be noted that 12 is the second most common two-card count, trailing only 20.
This is in part because any first card can result in a two-card 12, whereas
if your first card is a 9, there is no way to have a two-card total of 8. The
probability of a two-card 12 in a single-deck game is

p “ 2 ¨ 4
52 ¨ 16

51 ` 2 ¨ 4
52 ¨ 3

51 ` 24
52 ¨ 4

51 “ 248
2652 « .0935,

or about once every 10.69 hands.
In this equation, the first term considers the case where the first card is a

2 or a ten-count card, the second covers the case where the dealt 12 is a pair
of aces or a pair of 6s, and the third term collects all other cases leading to a
hand of 12.

This calculation includes the hands 6-6 and A-A, which the player should
often split rather than play out as 12s. When considering the possibility of a
dealer drawing out to a total of 22, of course, these hands will not be split,
for the dealer may not split pairs.

If we consider this question using the infinite deck approximation, then
the probability of a two-card 12 is

p “ 2 ¨ 4 ¨ 16
52 ¨ 52 ` 2 ¨ 4

52 ¨ 3
52 ` 24

52 ¨ 4
52 “ 31

338 « .0917,

a respectably close approximation.

Example 5.2.4. How does the “different payoff on naturals” rule in the
alternate blackjack games affect the player’s income from naturals?

If we use the result of Example 5.2.1, we can conclude that once in every
21 hands, the player will receive a natural. If we’re playing standard blackjack
with a 3 to 2 payout, the extra money will be 50¢ per $1 bet per 21 hands,
assuming flat, or constant, bets. A 6 to 5 payout gives the player an extra 20¢
per $1 bet per 21 hands, which is a 60% decrease from a 3 to 2 payoff game.

In either Super Fun 21 or Double Exposure 21, there is one type of natural
that will pay an extra $1 per dollar bet. The probability of a natural in
diamonds (as in Super Fun 21) is

2 ¨ 1
52 ¨ 4

51 “ 2
663 « .003,
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so the extra money accruing to the player is about $1 per $1 bet per 331.5
hands, or 3.17¢ per $1 bet per 21 hands. This is less than the increased ex-
pectation of regular blackjack by a factor of about 16.

For Double Exposure 21, the probability of receiving the one blackjack
that triggers a 2 to 1 payoff is

2 ¨ 1
52 ¨ 1

51 “ 1
1326 « .00075,

so a player can expect to win an extra $1 per $1 bet per 1326 hands, or
.016¢ per $1 bet per 21 hands, about 1

63 of the payoff of standard 3 to 2
blackjack. ■

Blackjack Switch lacks even this single exception and so eliminates all
of the advantage of a natural. While the option to switch cards means that
Blackjack Switch leads to more two-card 21s than the other games, 21s arising
from a card switch aren’t considered natural 21s—not that that matters for
the payoff.

We cannot fail to see the true impact of this rule change: since so much is
being taken from the players with the different payoff on naturals, the casinos
can afford to give quite a bit back with the new rules, especially considering
that players might not adjust their playing strategy to account for these rules
and thus hand over even more percentage points of advantage to the house.
In light of this calculation, we are not surprised to see that switching from 3
to 2 to 6 to 5 payoffs on naturals, as many casinos in Las Vegas have done on
their lower-limit or single-deck games, produces a larger HA.

That having been said, it is worth noting that rules can be changed. Some
casinos have offered Double Exposure blackjack with a 3-2 payoff on naturals,
and this payoff turns a house edge into a positive player expectation ranging
from .4% to 2.1%, depending on the other rules in force [149].

On page 214, we introduced the Royal Match wager, which is an optional
side bet on a player’s first two cards whose resolution does not affect the
play of the hand. Consider the Royal Match bet that pays 2½ to 1 if the
first two cards are suited (the “Easy Match”), 25 to 1 if they are the king
and queen of the same suit (the “Royal Match”), and a progressive jackpot
for the “Crown Treasure,” which happens when both the player and dealer
have a Royal Match. Leaving out the Crown Treasure progressive bet for the
moment, is this a bet worth making?

Once again, we begin by assuming a full single deck. For the Easy Match
bet, the first card can be any card at all; we are simply looking for the prob-
ability that the second card is the same suit as the first.

P pEasy Matchq “
ˆ

52
52

˙

¨
ˆ

12
51

˙

“ 12
51 “ 4

17 « .2353.
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It should be noted that this calculation includes the probability of drawing
a Royal Match. We will account for that when we develop the probability
distribution.

For the Royal Match payoff, two things must happen:
1. The first card dealt to the player must be a king or queen.

2. The second card must be the rank not dealt in step 1, of the same suit.
It follows that

P pRoyal Matchq “ 8
52 ¨ 1

51 “ 2
663 « .0030.

We find that the probability of hitting the Easy Match but not the Royal
Match is .2353 ´ .0030 “ .2323. Defining X to be the return on a $1 Royal
Match bet gives the following probability distribution:

x 2.5 25 –1
P pX “ xq .2323 .0030 .7647

—so this is a bet you will lose approximately 3
4 of the time.

For a $1 bet on the Royal Match, we have
E “ p2.5q ¨ .2323 ` p25q ¨ .0030 ` p´1q ¨ .7647 “ ´$.10895,

and the HA is about 10.9%.
In the infinite deck approximation, we find that

P pEasy Matchq “ 52
52 ¨ 12

52 “ 12
52 “ 3

13 « .2308,

and that
P pRoyal Matchq “ 8

52 ¨ 1
52 “ 1

338 « .0030.

The difference between this last probability and the one calculated in the
single-deck case is

2
663 ´ 1

338 “ 1
17, 238 « 5.80 ˆ 10´5,

so little is lost in assuming an infinite shoe for the Royal Match payoff.
If the Crown Treasure progressive bet is active, then the expected value of

the Royal Match bet depends on the size of the progressive jackpot, and there
will be an amount past which this bet favors the player. Let us denote the
amount of the jackpot by J . The probability of winning the Crown Treasure
bet is the probability that player and dealer both receive a Royal Match. For
the dealer’s hand, under the assumption that the player has a Royal Match,
the probability of a second Royal Match is

P “ 6
50 ¨ 1

49 “ 3
1225 « .0024,
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and so the probability of a Crown Treasure is

p “ 2
663 ¨ 3

1225 “ 1
135, 362.5 « 7.388 ˆ 10´6.

This probability, insignificant though it may be, must be subtracted from
P(Royal Match) above in computing the new expected value. We have

E “ p2.5q ¨ .2323 ` p25q ¨ p.0030 ´ pq ` pJq ¨ p ` p´1q ¨ .7647,

or
E “ ´.10895 ` p ¨ pJ ´ 25q.

If we set this last quantity equal to 0 and solve for J , we get

J “ .10895
p

` 25,

which yields J = 14,772.74438, so if the progressive jackpot for the Crown
Treasure exceeds $14,745.74, Royal Match is a bet that favors the player, since
the expectation above will then be greater than zero.

We return now to the Over/Under bet. Table 5.4 shows the distribution
of the sum of a player’s 2 cards using the infinite deck approximation.

TABLE 5.4: Over/Under: Sum of a player’s first 2 cards. Aces count as 1,
infinite deck approximation in force.

Hand Probability Hand Probability
2 .0059 14 .0769
3 .0118 15 .0710
4 .0178 16 .0651
5 .0237 17 .0592
6 .0296 18 .0533
7 .0355 19 .0473
8 .0414 20 .0947
9 .0473
10 .0533
11 .0947
12 .0888

Under: .4497 Over: .4675
Probability of 13: .0828

Using this information, we can compute the house advantages for Under
and Over.

EpUnderq “ p1q ¨ .4497 ` p´1q ¨ .5503 “ ´.1006,
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for a HA of 10.06%, and

EpOverq “ p1q ¨ .4675 ` p´1q ¨ .5325 “ ´.0650,

giving a HA of 6.50%.

Example 5.2.5. A challenge in developing blackjack side bets is separating
the side bet from the play of the main game to minimize confusion, and so
many such bets are resolved before players begin drawing cards. The Lucky
Lucky side bet offers a range of payoffs based on the player’s cards combined
with the dealer’s upcard, and pays off on any three-card total of 19 through
21, with a top prize of 200 to 1 if the three cards are all 7s of the same suit.

The probability of this last payoff depends on the number of decks in play
(don’t make this bet if it’s offered at a double-deck game!). For a six-deck
game, we are interested in the probability of drawing three cards and having
them all be the same 7. Starting from a full shoe gives

p “
4 ¨

ˆ

6
3

˙

ˆ

312
3

˙ “ 80
5, 013, 320 « 1.596 ˆ 10´5.

200 to 1 scarcely seems adequate payoff for the incredibly long odds you’ve
beaten in pulling this hand. ■

An advantage to the Bonus Blackjack side bet is that it is only available
on the first hand after a shuffle and cut, and so can be easily assessed without
the need to account for changing deck composition. An individual player may
bet on their own hand, the dealer’s hand, or both. The bet pays off at 15–1 if
the chosen hand gets a natural. If a player bets both hands and their hand is
dealt A♠ J♠, a progressive jackpot is awarded.

In a 6-deck shoe, the probability of a natural to either hand is

2 ¨ 24
312 ¨ 96311 “ 192

4043 « .0475,

considerably less than 1
15 . The HA of either the Player or Dealer bet is 24.02%.

The probability of a player A♠ J♠ is

2 ¨ 6
312 ¨ 6

311 “ 3
4043 .

The expected value of this $2 bet is a function of the progressive jackpot J,
and is positive if

EpJq “ pJq ¨ 3
4043 ` p´2q ¨ 4040

4043 ą 0,

which happens if the jackpot is at least $2693.33.
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5.3 Basic Strategy
Further calculation of blackjack probabilities will assume that the player

is using the correct basic strategy, so a discussion of what that means is in
order here.

Blackjack is a game that offers players choices in how to play their hands,
and so it is reasonable to conclude that some choices are better than others in
light of the information available: the player’s cards and the dealer’s upcard.
Some of these choices are very easy: don’t hit a hard 19 regardless of what the
dealer is showing, for example. Other choices are more subtle: if you hold hard
16 and the dealer is showing a queen, is it better to hit or to stand? Certainly
a hand of 16 will lose if the dealer does not bust, but starting with a queen
means that the dealer has a strong start and a better probability of holding
or drawing to a 17 or higher. Hitting, though it runs a high probability of
busting, may be worth the risk if the hand needs to improve in order to win.

Prior to the formal development of what we now call basic strategy, some
gamblers had begun to identify certain strategy plays that seemed to be bet-
ter than others. Sidney H. Radner devised a “Calculation Method” that sug-
gested, with a simple plausibility argument but without formal mathematical
justification, that the choices listed in Table 5.5 were the best for the player.

TABLE 5.5: Radner’s Calculation Method for blackjack [94]

Always stand on 16 or higher.
Hit 15 only against a dealer 7 or higher.
Always split aces and 8s.
Never split 10s, 9s, 7s, 6s, 5s, or 4s.
Double down on 9, 10, or 11, but only against a dealer 2–6.
Only take insurance when playing a betting system.

It is noteworthy that Radner’s recommendations did not distinguish be-
tween soft and hard hands. Some of these decisions have been mathematically
verified as optimal strategy, while others have been superseded by more thor-
ough mathematical analysis.

The formal history of what we now call basic strategy begins with “The
Optimum Strategy in Blackjack,” a paper by Roger Baldwin, Wilbert Cantey,
Herbert Maisel, and James McDermott that was published in the September
1956 issue of the Journal of the American Statistical Association [5]. The four
authors were mathematicians serving in the Army at the Aberdeen Proving
Grounds in Maryland, and their casual blackjack games inspired the foursome
to analyze the game mathematically. This paper was the first to suggest that
a set of rules for player action, which has now evolved into basic strategy,
would lead to the best possible return for players. For the first time, the idea
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that the player’s position in blackjack could be improved by skillful play was
backed up with a rigorous mathematical argument. Among other revelations,
this paper was the first to advocate, with mathematical justification, that a
pair of 8s should always be split and that standing on a 12 against a dealer 4,
5, or 6 is the better play.

Given the player’s cards and the dealer’s upcard, basic strategy gives the
best choices for the player: when to hit, stand, double down, or split pairs
for the best long-term results. The key word here is long-term: basic strategy,
for example, tells a player to hit rather than stand when holding 15 against
a dealer 8. Note that the only way a player 15 can win is if the dealer busts,
since a completed dealer hand will always be 17 or greater. While hitting a
15 will certainly bust some hands—more often than not, in fact—computer
simulation indicates that this action is best for the player, in the sense that,
over a lifetime of gambling, you will win more (or lose less, which is effectively
the same thing) by hitting and taking the chance of busting than by standing
and hoping the dealer will bust.

The probabilities derived in this manner which give rise to basic strategy
are often experimental probabilities, this being one case where it’s easier to
generate large numbers of simulated hands and draw conclusions from data
than to account theoretically for the effects of player decisions on game out-
comes.

Example 5.3.1. What does this mean mathematically? If the dealer’s upcard
is an 8, the probability distribution for the final value x of the hand is (from
[47]):

x 17 18 19 20 21 ą 21
P pxq .131 .363 .129 .068 .070 .239

so by standing on 15, you have only a 23.9% chance of winning; you will lose
roughly three of every four hands. By hitting your 15, you take the chance
of busting pP pBustq « 7

13 « .538q, but you also have about a 46% chance
of improving your hand and possibly beating a nonbusting dealer hand. Your
actual chance of winning if you hit is not quite 46%, but it’s better than 23.9%,
which is why basic strategy directs a player to hit 15 against an 8. ■

The goal of basic strategy is simple: to get the most money in play, via
double downs and splitting pairs, when conditions favor the player, and to
minimize exposure by forgoing these options when conditions are less favor-
able. If the dealer’s upcard indicates that his hand is likely to bust—say, a
4, 5, or 6—then we double down and split pairs more frequently, and do not
risk busting ourselves. When the hand is strong—a ten or ace showing, for
example—then we take more risks as we try to compete against a hand that
is more likely to be close to 21, and we don’t invest additional money under
the less favorable circumstances.
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Table 5.6 contains the complete basic strategy for a multideck game. A
simplified strategy, suitable for beginners, can be stated in a few straightfor-
ward rules:

1. Always split 8s and aces. Sixteen is a very weak hand, and turning
it into two hands starting at 8 gives you a fighting chance against the
dealer. You may not win both hands, but your chance of breaking even,
by winning one of the two new hands, increases. A player hand starting
with an ace has a 52% edge over the casino; splitting a pair of aces gives
you two such hands.
Aces and 8s illustrate the two types of pair-splitting: offensive and de-
fensive. Splitting aces is an offense-minded move: the gambler has good
cards, and by dividing the pair into 2 strong hands, is in a position to
win more money. Splitting 8s is a defensive decision: by breaking a weak
hand of 16 into two slightly better hands starting with an 8, the player
is making the best of an admittedly poor starting hand.

2. Never split 4s, 5s, or 10s.

• 8 may not be the best starting hand, but two hands starting with
a 4 is a weaker situation. Hit this hand.

• Splitting 5s means breaking up a hand of 10, which is a good total
to draw to. Indeed, most of the time, a basic strategy player should
double down on 5-5.

• Splitting 10s can be tempting, since starting a hand with a 10 gives
you a 13% advantage over the house, but it means turning your back
on a very strong hand of 20. In addition to being an unwise play,
splitting 10s will almost certainly increase casino scrutiny and get
you labeled as either a bad player or a card counter.

3. Always double down on 11, and double down on 10 except
against a 10 or ace. In the infinite deck approximation, holding an 11
gives you a 4

13 chance of drawing one card and getting a unbeatable 21.

If you hit a 10 with one card, you have that same 4
13 chance of drawing

a 10 and reaching 20, and if you draw an ace
ˆ

p “ 1
13

˙

, you have a 21.
In either case, you have a strong hand, and it’s time to get more money
in play.

4. Hit any soft hand with a total less than 19. A soft hand gives you
two chances at improving your holdings. If drawing a card puts your
total over 21, revalue the ace as 1 and follow the basic or simplified
strategy for your new hand.

5. If the upcard is 2 to 6, stand on any hard count of 12 or higher.
In short, don’t risk busting when facing a weak dealer upcard.
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TABLE 5.6: Basic strategy for six-deck blackjack [47]

Dealer’s upcard
Player’s Hand 2 3 4 5 6 7 8 9 T A

17+ S S S S S S S S S S
16 S S S S S H H H H H
15 S S S S S H H H H H
14 S S S S S H H H H H

No pair 13 S S S S S H H H H H
or ace 12 H H S S S H H H H H

11 D D D D D D D D D H
10 D D D D D D D D H H
9 H D D D D D H H H H

8– H H H H H H H H H H
A/9 S S S S S S S S S S
A/8 S S S S S S S S S S
A/7 S DS DS DS DS S S H H H

Soft hand A/6 H D D D D H H H H H
(no pair) A/5 H H D D D H H H H H

A/4 H H D D D H H H H H
A/3 H H H D D H H H H H
A/2 H H H D D H H H H H

Pair

A/A SP SP SP SP SP SP SP SP SP SP
T/T S S S S S S S S S S
9/9 SP SP SP SP SP S SP SP S S
8/8 SP SP SP SP SP SP SP SP SP SP
7/7 SP SP SP SP SP SP H H H H
6/6 H SP SP SP SP H H H H H
5/5 D D D D D D D D H H
4/4 H H H H H H H H H H
3/3 H H SP SP SP SP H H H H
2/2 H H SP SP SP SP H H H H

Never take insurance.

Key:
D: Double down
DS: Double down if permitted, otherwise stand
H: Hit
S: Stand
SP: Split
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6. Against an upcard of 7 or better, stand only if your hand is
17 or higher. The dealer is now more likely to have a strong hand,
and you’ll have to risk busting to improve your hand and have the best
chance of winning.

7. Never take insurance. Example 5.2.3 gives the mathematical reason
for this.

There are some places where this simplified strategy conflicts with basic
strategy, but novices may find these rules easier to remember at first. Another
option is to bring a wallet-size basic strategy card to the table—many casino
gift shops sell such cards. There are also many blackjack Web sites (blackjack-
info.com is one) that allow you to specify the parameters of the game and will
then generate a basic strategy chart appropriate for that game.

For an examination of how basic strategy affects the house advantage, let
us assume that we are playing six-deck blackjack under standard Las Vegas
Strip rules (page 211). Suppose in addition that you choose to ignore basic
strategy and simply adopt a “mimic the dealer” strategy by playing exactly
as the dealer must: forgoing double downs and splits (since these are not
available to the dealer), hitting on all 16s, and standing whenever your hand
is 17 or higher, regardless of what card the dealer is showing. This strategy is
rooted in the superficially plausible notion that since these are the rules that
the dealer must follow, casinos must have devised them to give themselves the
best advantage—so the savvy player should do the same [94].

Casinos will welcome you; indeed, they may compete for your business.
In so doing, you are handing the house approximately a 5.46% advantage,
more than they would get if you played American roulette [42]. Blackjack is
symmetric under this approach, since both sides are using the same strategy.
Remembering that the HA in blackjack derives from the double bust, and
that the dealer’s required strategy results in a bust 28% of the time, the HA
starts at p.28q ¨ p.28q “ .0784. We must reduce this to account for the 3 to 2
payoff on naturals available to the player but not to the dealer: this reduction
is approximately .5 ¨ 1

21 “ 2.38%, since the player profits an additional half
a bet every 21 hands on average (see Example 5.2.1). Subtracting gives an
approximate HA of 5.46%.

Using the recommendations called for in the basic strategy table gives a
player the benefits in Table 5.7, which have been determined by repeated
simulation [42].

Adding these together shows that basic strategy can turn the HA from
5.5% to approximately 0%—a dead-even game. It is admittedly difficult to
find a game played under these rules today: many casinos offering otherwise
favorable games extract a price from players by paying only 6 to 5 on naturals
unless the game has a very high minimum bet—$25 or more. This modification
raises the HA by 1.39%, a change roughly equivalent to banning double downs.
A 6 to 5 payoff on naturals is, by itself, good reason to seek out a different table,

https://blackjackinfo.com
https://blackjackinfo.com
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TABLE 5.7: Basic strategy advantages

Option Edge
Proper standing 3.2%
Doubling down 1.6%
Proper pair splitting .4%
Hitting soft 17 & 18 .3%

or a different casino entirely, for your blackjack action. Moreover, casinos that
require that a dealer hit soft 17s are giving themselves a chance to turn a weak
dealer hand into a stronger one—admittedly at some risk—and increasing
their advantage by about .20% [47].

Going in the other direction: From time to time, some casinos will offer
a promotion or coupon where blackjacks pay 2 to 1. This adds 2.37% to the
player’s expectation in a six-deck game, turning a 1% HA into a 1.37% player
edge. Benny Binion, longtime owner of the Horseshoe Casino (now Binion’s)
in downtown Las Vegas, used to offer this promotion at Christmas as a gift to
his loyal players—but he limited his losses by restricting the bonus to bets of
$5 or less and only allowing it on one hand per player at a time. If you were
playing more than one hand at a time, only one hand qualified for the 2 to 1
payoff.

Of course, basic strategy errors do occur, whether because players find
themselves in a rare situation that they have not memorized—for example,
whether or not to split 9s against a 7 (you shouldn’t, because your total of 18
will win if the dealer has a ten in the hole, which happens with probability
4
13 )—or because they are “feeling lucky” and acting on gut instinct rather
than following basic strategy recommendations. Such errors, averaged across
all players, are generally taken to add about .7% to the casino’s advantage
[153].

Variations
Blackjack variants—Double Exposure, Spanish 21, and others—require dif-

ferent strategies if the player is to play correctly and minimize the house ad-
vantage. In Double Exposure, for example, you must hit your hand if it is
beaten in sight by the dealer’s cards, even if—as when you hold 19 against a
dealer 20—you would never draw a card in standard blackjack.

In Spanish 21, pursuing the bonuses for 21s with five or more cards some-
times calls for a player to hit hands with a number of small cards in hopes of
catching the bonus. For example, a player would ordinarily stand if holding
a hard 15 against a dealer 2 in standard blackjack. However, the following
adjustments should be made to take full advantage of the bonus [93]:

• With 4 or more cards, such as 7332, hit hard 15 against a dealer 2.



232 Basic Gambling Mathematics

• With 5 or more cards, hit hard 15 against a dealer 3 or 4.
• Finally, with 6 cards, hit hard 15 against a dealer 5 or 6.

The “5-Card Charlie” and “6-Card Charlie” are perhaps more common in
casual home blackjack play than in the casino game. This rule variation, a
version of which is incorporated into Super Fun 21 and some video blackjack
games, states that a five- or six-card player hand totaling 21 or less is an
automatic winner regardless of the dealer’s hand.

To take full advantage of this rule change necessitates some small changes
to basic strategy—to wit: occasionally drawing on some four- or five-card
totals in hopes of catching a small fifth or sixth card and an immediate winning
hand. For example, if you hold a soft 21 in five cards, such as A2224, drawing
a sixth card puts you at no risk of busting and guarantees you a win, even if
the dealer later draws out to the 21 that would tie you if you stood on your
21.

“Charlies” are perhaps best analyzed, once again, through simulation.
Stanford Wong has described the necessary modifications to basic strategy
if the 5-card Charlie payoff is active; this rule increases the player edge by
1.46%, provided that the player uses the correct modified basic strategy. Un-
der the assumption that a 5-card Charlie pays even money, those modifications
are detailed in Table 5.8. In some cases, these strategy changes call for forgo-
ing doubling down on a soft hand so that additional cards may be drawn if
the bonus is reachable.

TABLE 5.8: Basic strategy modifications for 5-card Charlie blackjack games
[148]

4-card hands Against a dealer
Hit soft 16 4
Hit soft 15 5
Hit soft 14 5 or 6
Hit soft 13 6
Hit hard 17 8, 9, 10, or ace
Hit hard 16 2 or 3
Hit hard 15 2 through 6
Hit hard 14 2 through 6
Hit hard 13 3 through 6
3-card hands Against a dealer
Hit hard 13 2
Hit hard 12 4, 5, or 6
2-card hands Against a dealer
Split aces 10 or ace
Split 3s 4, 5, or 7
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A 6-card Charlie rule lowers the HA by .16%. Table 5.9 contains the recom-
mended strategy changes for a game where any six-card hand is an automatic
winner.

TABLE 5.9: Basic strategy modifications for 6-card Charlie blackjack games
[42]

5-card hands Against a dealer
Hit soft hands less than 20 Anything but 7 or 8
Hit hard 15 and less 2
Hit hard 14 and less 3 or 4
Hit hard 13 and less 5 or 6

Expert Blackjack Switch strategy comes in two parts. Both must be mas-
tered if a player is to minimize the HA, which is .58% in a six-deck game. The
first is a set of guidelines for how and when to switch cards between hands.
Some decisions are simple: if you’re dealt Q♢ T♡ and K♡ Q♣, there is no
point in switching, and switching in the two hands 9♢ 7♡ and 4♡ Q♢ turns
a 16 and a 14 into the far better pair of a 19 and an 11.

However, what if your two hands are 9♢ A♠ and A♣ 5♠ against a dealer
7? Your soft 20 and soft 16 could be switched to a pair of aces—which could
then be split—and a weak hard 14. It’s not as clear what the better choice is.
As with basic strategy, the question of when to switch hands can be answered
by computer simulation of millions of hands. Each possible player hand can be
assigned an expected value against a specified dealer upcard. Expected values
range from 2.00 for a player natural against a dealer 2–9 to 0.43 for a hard
17 against a dealer ace, and the player should switch cards, or not, to get the
highest possible total expected value from the 2 hands that result. Reflecting
the facts that Blackjack Switch hands tie on a dealer 22 and that the most
common hand totaling 22 is a deuce and 2 tens, all player hands except a
natural have lower value against a dealer 2 than a dealer 3 [35].

In this example, the four possible hands have the following values:

Hand Value vs. 7
9♢ A♠ 1.71
A♣ 5♠ 0.95
9♢ 5♠ 0.65
A♣ A♠ 1.34

Since the initial hands are worth 2.66 while the switched hands are worth
1.99, the better choice is not to switch cards [35].

Once the hands are switched or not, successful Blackjack Switch players
need to modify standard basic strategy slightly to accommodate the “push on
22” rule [115]. These changes call for fewer double downs and splits, and are
intended in part as protection against the high HA that “push on 22” affords
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the casino; this rule adds about 6.91% to the casino edge [114]. This is, in part,
why a pair of aces has a lower expected value than a standard blackjack player
might think. While proper Blackjack Switch strategy still calls for splitting all
pairs of aces, a hand starting with an ace is slightly less valuable with “push
on 22” in effect.

Some changes to blackjack basic strategy when playing Blackjack Switch
are listed in Table 5.10.

TABLE 5.10: Selected basic strategy changes for Blackjack Switch [35]

Hit 5/5 against a T or A instead of doubling down
Hit 8/8 against a T or A instead of splitting
Hit hard 13 against a 2 instead of standing
Hit hard 9 against a 3, 4, 5, or 7 instead of doubling down
Hit hard 10 against a 9 instead of doubling down

Following both proper switching strategy and Blackjack Switch basic strat-
egy keeps the HA at .45%. Switching correctly but using standard blackjack
basic strategy nearly doubles that advantage, to .88%. Using the right basic
strategy but never switching makes a huge difference: the HA is 9.12% [35].

5.4 Introduction to Card Counting
Basic strategy does not hold the answer to all blackjack questions. The fol-

lowing hypothetical blackjack situation was first described by mathematician
Edward O. Thorp [135]:

You are playing one-on-one against the dealer, and have deter-
mined that the last five cards remaining to be dealt are three 8s
and two 7s. How should you play this hand?

The correct strategy is to bet as much as you can on the next hand. Borrow
money if you have to, for you are a guaranteed winner.

You and the dealer will each be dealt a total of 14, 15, or 16, with one card
remaining to be dealt. You stand—which you would not ordinarily do with a
hard 14–16 against a dealer’s 7 or 8 upcard—and the dealer must draw. If the
dealer has 14, the remaining card must be an 8, and the dealer busts. If the
dealer’s total is 15 or 16, the remaining card—whether 7 or 8—is a certain
bust card. Enjoy your win.

In practice, you would never see a game dealt down this far, nor would
you know with 100% accuracy what the last five cards were. Even single-
deck games reshuffle before getting down this far into the deck, and shoe
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games typically reshuffle with 1 to 1½ decks left. Bob Stupak once invented
a blackjack variant called Experto 21, which used a single deck and was dealt
down to the last card, but one card was burned at the start of the hand
precisely to prevent endgame gambits such as this one. To counteract the
obvious advantage this offered to a player with a good memory, naturals at
Experto 21 paid only even money—which increases the HA by 2.32% [125].

Though the specific circumstances may be unlikely, Thorp’s example points
out the possible advantage to be gained from knowledge of the unplayed cards
at blackjack. As we have repeatedly mentioned throughout this chapter, black-
jack is different from other casino games in that successive trials are not in-
dependent. Each hand in blackjack depends in a meaningful way on the cards
that have been dealt since the last shuffle, and as a result, probability calcu-
lations for blackjack must take this into account. The infinite deck approxi-
mation described in Section 5.2 assumes independence in its calculations and
sacrifices a small amount of accuracy for ease of computation. Since we are
looking specifically at how previous cards affect probabilities, we must discard
the assumption of independence and thus the infinite deck simplification.

Thorp raised the profile of basic strategy as devised by Baldwin et al. and
added the new twist of card counting with his 1962 book Beat the Dealer [134],
in which he presented a mathematical argument describing how the composi-
tion of the undealt cards in a deck affected the probabilities of hands yet to
come. In the ensuing years, blackjack players and mathematicians alike worked
to determine an optimal strategy for keeping track of unplayed cards and using
that information to adjust betting and playing strategies—and casino officials
sought to counteract this new player advantage by changing the rules of the
game and the procedures for its operation.

There is nothing mathematically complicated about card counting; all that
is required for the most commonly used counting system is the ability to add
and subtract 1, and to divide. (To do so under casino conditions is, as por-
trayed in the movie 21, considerably more challenging.) It is not necessary,
nor is it desirable, to try and track every card in a deck or shoe; all that most
card-counting systems do is give the player a sense of the balance between
high and low cards in the remaining undealt portion of the deck. This infor-
mation, combined with the ability to adjust bet sizes and the willingness to
learn exceptions to basic strategy, makes card counting a tool that can give a
blackjack player an advantage over the casino.

Casino managers, of course, know this, and so the years since the publica-
tion of Thorp’s book have seen a collection of changes to blackjack as casinos
try to stop, or at least discourage, card counters. These changes include the
introduction of more decks into the game, fewer hands dealt before reshuffling,
and more conservative rules, as well as increased scrutiny of player activity,
especially bet fluctuation.
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Thorp’s Five-Count
The simplest card-counting system described in Beat The Dealer involves

tracking only the 5s. This is best suited for single- and double-deck games;
when the book was first published, shoes containing four, six, or eight decks
were nowhere near as common as they would become. Since the event that
triggers a change in betting and playing strategy is the removal of all the 5s,
this is far less viable in shoe games, where the likelihood of all the 5s being
dealt out before the cards are shuffled is very small.

Why the focus on the 5s? Since the dealer must draw when holding 16, the
absence of 5s renders the deck less favorable to the house. Thorp’s calculations
measured the effect on the house advantage of the removal of all the cards of
each rank from a single deck, and his results are shown in Table 5.11. It can be
seen that the biggest boost to the player comes when all of the 5s are removed,
whereas removal of all of the aces or 9s increases the house edge.

TABLE 5.11: Effect of card removal on blackjack house edge [134]

Card Rank A 2 3 4 5
% HA Change 2.42 –1.75 –2.14 –2.64 –3.58

Card Rank 6 7 8 9 T
% HA Change –2.40 –2.05 –0.43 0.41 –1.62

It follows that, if all of the 5s have been dealt, and there are sufficient
cards remaining in the deck to complete the next hand, the player has a
considerable edge, and a larger bet is therefore called for. Some small changes
in basic strategy are appropriate in a game with no 5s remaining; among these
is that a pair of 10s should be split against a dealer’s upcard of 6 [134].

The High-Low Count
A simple but powerful counting system, and arguably the most popular,

is the high-low count. The idea behind the high-low count is that a deck with
a surplus of high cards favors the player, in the sense that the probability
of naturals and of drawing a high card on a double down both increase. Of
course, the probability of the dealer pulling a natural also increases, but since
player naturals are paid 3 to 2 while dealer naturals lose only the amount bet,
this is still a benefit for the player.

Thorp’s original high-low card-counting system simply tracked the ratio of
non-10s to 10s in a deck, a ratio that starts at 36/16 in a full deck [134]. This
was soon eclipsed by more sophisticated counting methods. In the high-low
counting system, the cards are assigned the point values in Table 5.12.

A complete deck, or shoe of several decks, has initial count 0, since there
are exactly as many high cards as low cards in a deck. Cards are counted as
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TABLE 5.12: High-Low Count point values

Cards Value
Low: 2, 3, 4, 5, 6 +1
Neutral: 7, 8, 9 0
High: T, J, Q, K, A –1

they appear: add 1 to the count for every low card dealt and subtract 1 for
every high card. The total is called the running count, RC.

Example 5.4.1. At the start of a four-player single-deck game, suppose that
the cards dealt are J/9, K/5, K/J, and 2/Q, with a 4 for the dealer’s upcard.
The running count is p´1 ` 0q ` p´1 ` 1q ` p´1 ´ 1q ` p1 ´ 1q ` 1 “ ´2. ■

For playing purposes, the running count must be converted into the true
count, TC. This is done by dividing the RC by the number of decks remaining
to be dealt. This divisor is estimated from the progress of the hand; a look at
the discard rack on the table can help with the estimation. This modification
gives a per-deck accounting of the excess or deficiency of high cards. A running
count of +4, signifying an excess of four high cards over low cards, is a lot
more meaningful if only one deck remains than if three are left in the shoe.

Example 5.4.2. Completing the hand above: Since the dealer’s upcard is
a 4, basic strategy dictates that all four players, who hold 19, 15, 20, and
12, stand. No further cards were drawn and the count remained at –2. The
dealer’s hole card was a 7 (RC still –2) and he drew a 10 (RC now –3) for
a total of 21, beating all four players. Eleven cards have been dealt, leaving
roughly 3

4 of a deck—in general, the number of decks remaining is estimated
to the nearest half- or quarter-deck. The TC is then ´3˜ p3{4q “ ´4, meaning
that low cards currently exceed high cards, making the game less favorable to
players. Consequently, they should bet no more than the table minimum. ■

There are two uses for the TC. The first is to indicate a point when the
player’s initial bet should be increased because the cards are favorable and a
good hand is more likely, or conversely (as in the example above), when the
cards favor the casino and bets should be kept as small as possible. To be
precise, every increase of 1 in the true count translates into approximately a
.5% advantage for the player [137]. Since the game starts out with a house
edge of about .5% when using many common rule sets including a 3-2 payoff
on naturals, a count of +1 makes the game essentially even, and if the true
count is +4, players have a 1.5% edge over the casino.

The second purpose of the TC is to highlight times in the course of a deck
or shoe when the composition of the remaining cards is such that certain devi-
ations from basic strategy are, probabilistically, more favorable to the player.
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Once again, these true counts, called index numbers, have been determined
by computer simulation.

For example, consider the insurance bet. Since you’re basically making a
side bet that the dealer has a ten in the hole, a positive count indicating more
high cards might indicate that that bet is worth making. Since insurance pays
2 to 1, this bet has a player advantage (independent of the player’s hand) if
the ratio of 10s to non-10s exceeds 1:2.

Suppose that on the first round of a one-deck game, 11 cards were dealt:
2 tens and 9 lower cards. On the second round, the dealer shows an ace and
your hand is a pair of 5s. The composition of the deck is now 16 ´ 2 “ 14 tens
cards and 36 ´ 12 “ 24 nontens. Since the ratio of tens to nontens is 14

24 ą 1
2 ,

an insurance bet has an expectation in your favor. Specifically, the expected
value of a 50¢ insurance bet is

E “ p1q ¨ 14
24 ` p´.50q ¨ 10

24 “ $ 9
24 ą 0,

so you should make the insurance bet.
This does not account for the fact that if the insurance bet wins, your

original $1 bet loses unless you also have a natural, and a careful analysis of
game options will have to take that into account.

Translating this into the world of card-counting, this means that if the
TC is +3 or greater, the insurance bet favors the player. This index number
takes into account the fact that aces as well as tens count –1 in the high-low
count, hence the count by itself is not a perfect indicator of the ratio of tens
to nontens remaining in the shoe. At the other end of the spectrum, a highly
negative true count, indicating an abundance of low cards over high ones, may
mean that hitting certain hard hands despite the advice of basic strategy—for
example, hitting a hard 12 against a 5 at a TC of –2—is called for. Eighteen
deviations from basic strategy for a four-deck game where the dealer stands
on all 17s—dubbed the “Illustrious 18” by blackjack experts—are listed in
Table 5.13 in decreasing order of their contribution to the player’s edge.

The Illustrious 18 is just the beginning of the full measure of strategy
decisions that call for changes to basic strategy when the count has reached
a certain level. A truly proficient card counter will have memorized dozens of
index numbers similar to those in Table 5.13 and be able to make the strtagey
discions called for in the play of a hand. For example, in a 4-deck game where
the dealer hits soft 17, the player should hit a hard 17 against a dealer 2 if
the count is –20 or less [151]. With such a strong excess of low cards over high
cards, the chance of busting on a 1-card draw to 17 is lower, and the chance
that the dealer’s hand will bust also drops considerably, so standing on 17 is
a losing move. (The best strategy when facing such a strongly negative count
is not to bet at all. This is a good time for a restroom break.)

When playing a game where surrender is allowed, judicious use of this
option in conjunction with the true count can further add to a player’s edge.
In addition to the recommended surrenders in Table 5.3, the “Fab 4” surrender
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TABLE 5.13: Blackjack’s Illustrious 18 [105]

Strategy deviation If the high-low true count is
Take insurance ě `3
Stand on 16 vs. 10 ě 0
Stand on 15 vs. 10 ě `4
Split 10s vs. 5 ě `5
Split 10s vs. 6 ě `4
Double 10 vs. 10 ě `4
Stand on 12 vs. 3 ě `2
Stand on 12 vs. 2 ě `3
Double 11 vs. ace ě `1
Double 9 vs. 2 ě `1
Double 10 vs. ace ě `4
Double 9 vs. 7 ě `3
Stand on 16 vs. 9 ě `5
Hit 13 vs. 2 ď ´1
Hit 12 vs. 4 ď 0
Hit 12 vs. 5 ď ´2
Hit 12 vs. 6 ď ´1
Hit 13 vs. 3 ď ´2

decisions listed in Table 5.14, again in order of the advantage they carry, are
profitable at or above the indicated count [105].

TABLE 5.14: Blackjack’s Fab 4 [105]

Surrender If the high-low true count is
14 vs. 4 ě `3
15 vs. 10 ě 0
15 vs. 9 ě `2
15 vs. ace ě `1

It is important to understand the inherent risk here: Part of the appeal
to casinos of offering the surrender option is that many players will not use
it even when it’s the “correct” decision. A blackjack player who surrenders
correctly may be a card counter, and permitting this game choice may be
part of a casino’s strategy for identifying and barring counters.

The K-O Count
After the introduction of the high-low count, a number of blackjack experts

set out to improve on it, whether through more sophisticated counting schemes
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that purported to provide more complete information or simpler schemes that
were said to be easier to implement. The K-O count, named for its inventors
Ken Fuchs and Olaf Vancura, is described as “the easiest card-counting system
ever devised” [140]. An advantage of the K-O system is that it immediately
produces the true count as play elapses, without the need to estimate the
number of decks remaining or to divide by that estimate.

K-O is an unbalanced counting system, meaning that the total count of a
complete deck or shoe is not 0. The point system for individual cards in the
K-O system is shown in Table 5.15.

TABLE 5.15: K-O Count point values

Cards Value
Low: 2, 3, 4, 5, 6, 7 +1
Neutral: 8, 9 0
High: T, J, Q, K, A –1

This differs from the high-low count only in that 7s are classified as low
cards, with a value of +1, rather than as neutrals. With this modification, the
value of a full deck is +4, and the value of an n-deck shoe is `4n.

The necessary twist in the K-O count is that the count at the start of a
shoe starts at 4´4n, where n is the number of decks in use. If you’re playing a
single-deck game, this means that you start at 0, as with the high-low count.
In a six-deck shoe game, the count starts at –20. From this starting number,
cards are counted as they appear, as in any other counting system, and the
running count is updated.

Example 5.4.3. In a six-deck game with five players, the following hands are
dealt:

A♠ T♣, 7♡ 5♠, J♣ 5♢, 9♡ 7♠, 6♡ 5♢.

The dealer’s upcard is an A♠. The K-O count, working from left to right, is
p´20q ´ 1 ´ 1 ` 1 ` 1 ´ 1 ` 1 ` 0 ` 1 ` 1 ` 1 ´ 1 “ ´18. ■

The high-low count for this hand would be 0, since the count would start
at 0 and the two 7s would be counted at 0 instead of +1.

Making this counting system easy is this: The true count for the K-O count
is the same as the running count. No division is necessary, and there is no need
to estimate the number of decks remaining. Decisions relative to changing deck
composition are made by referring to the key count for the number of decks in
play. This is a fixed number that, unlike the running count, does not fluctuate
as cards are dealt. The key count is the number at which a K-O counter has
an advantage over the casino [140]:
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Decks Key count
1 +2
2 +1
4 –1
6 –4
8 –6

As a comparison between the K-O count and the high-low count, consider a
six-deck game. If the K-O count, which starts at –20, has risen to –4 after, say,
two decks have been dealt, this means that 16 more low cards than high cards
have been dealt. Two decks contain eight 7s, counted as low cards in K-O, so
the average corresponding high-low running count would be +8. Dividing by
the four decks remaining gives a high-low true count of +2, and this indicates
a .5% player edge using basic strategy alone.

Betting in light of the K-O count is simple: For K-O novices, Vancura and
Fuchs recommend a two-level wagering structure: make a “small” bet when the
count is less than the key count and a “large” bet when the count exceeds this
number. If the large bet is five times the small bet, a K-O counter can achieve
an edge over the house ranging from .16% in an eight-deck game to .88% at a
single-deck table [140, p. 77]. In addition to being simple, this betting strategy
has the advantage of evading casino scrutiny, since the bet is not moving with
the count, as is often done with other counting systems that call for larger
and larger bets as the count grows more favorable.

For a more advanced version of K-O, there are also changes in basic strat-
egy associated with this count. In this “K-O Preferred” strategy, insurance
becomes a good bet whenever the count—with any number of decks—is at
least +3. Using this modification alone adds from .16% in an eight-deck game
to 1.06% at single-deck to the edges quoted above for a 1- to 5-unit bet spread
[140].

+3 is, of course, the same value given for the high-low count as the bench-
mark for insurance bets. Consider a two-deck game in which approximately
26 cards, or half a deck, have been dealt out. If the high-low true count is +3,
this means that the running count is approximately +5, indicating an excess
of five low cards over high cards dealt to the table. If 26 cards have been dealt,
we would expect that two 7s have appeared on average, and so the K-O count
would be -4 (starting value) + 5 (for the low cards from 2 to 6) + 2 (counting
7s as low cards), or +3 again.

Under either counting system, an insurance bet would be called for if the
dealer’s upcard is an ace.

Since the K-O count does not divide by the number of remaining decks,
additional modifications to basic strategy that are called for by the K-O count
are based on index numbers. The size of the shoe is accommodated by the fact
that, in some cases, these indices depend on how many decks are in play. The
recommended modifications are listed in Table 5.16.
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TABLE 5.16: Modifications to basic strategy based on the K-O count [140]

Decks
1 2 4 6 8 Strategy deviation

+3 +3 +3 +3 +3 Take insurance
+4 +4 +4 +4 +4 Stand on 16 vs. 9

Stand on 15 vs. 10
Stand on 12 vs. 2
Stand on 12 vs. 3
Double 11 vs. ace
Double 10 vs. 10
Double 10 vs. ace
Double 9 vs. 2
Double 9 vs. 7
Double 8 vs. 5
Double 8 vs. 6

+2 +1 –1 –4 –6 Stand on 16 vs. 10
0 –4 n/a n/a n/a Hit 13 vs. 2

Hit 13 vs. 3
Hit 12 vs. 4
Hit 12 vs. 5
Hit 12 vs. 6

These changes in playing strategy should be used as follows:
• For the “stand” and “double” decisions, deviate from basic strategy

whenever the K-O count equals or exceeds the index number in the
table. These decisions are correct if the shoe holds a surplus of high
cards, as indicated by the count.

• For the “hit” decisions, deviate from basic strategy when the K-O count
is less than the index number in the table. These decisions are riskier
against a shoe containing a surplus of high cards, and so should only be
used when the remainder of the shoe is relatively rich in low cards.

Note that the strategy associated with the K-O count includes no changes
to basic strategy for splitting pairs or handling soft hands. Additionally, cer-
tain strategy changes are not recommended in a game with more than two
decks; these are identified by “n/a” in the table.

The Big Picture
While it is not necessary to keep track of every card in the shoe to

count cards successfully, that doesn’t mean that that task is impossible or
unhelpful—at least in theory. Under the infinite deck approximation, a more
precise estimate of the effect on the basic strategy player’s advantage of
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removing individual cards from the deck is possible [42, ?]. The player expec-
tation E (in %) as a function of the proportions p1, p2, . . . p10 of card ranks
ace through ten is

Epp1, p2, . . . p10q « ´.69 ´ 52
10
ÿ

i“1
piEi,

where E “ xEiy is the 10-dimensional vector

E “ x´.59, .37, .43, .55, .69, .44, .26, .00, ´.19, ´.49y

that gives the effect of removal of a single card of rank i from a deck.
Examining this formula closely leads to the following observations:

• p1 ` p2 ` ¨ ¨ ¨ p10 “ 1. These proportions are not independent: once any 9
have been specified, the tenth is automatically known. As proportions,
these numbers all fall within the range 0 ď pi ď 1.

• The constant term ´.69 arises when the expectation for a “full” deck is
computed, with p10 “ 4

13 and pi “ 1
13 for all other values of i. This is

the HA for a blackjack game using standard rules.
• Removal of one or more 8s has no effect on the player’s expectation,

since E8 “ .00.

Evaluation of E with p8 “ 0, p10 “ 4
12 , and pi “ 1

12 for i ‰ 8 or 10,
indicating a deck with all the 8s removed and all other cards present,
returns the same ´.69% that a full deck yields.

• As aces, 9s, or tens are removed, the corresponding proportion decreases,
which decreases the negative product piEi and so decreases the player’s
expectation.

• Removal of a 2–7 raises the player’s expectation by decreasing the prod-
uct 52piEi that is subtracted from the base expectation of ´.69%, with
the biggest increase coming from removing a 5—as Thorp’s five-count
initially surmised.

This information could be used to derive the ultimate card-counting sys-
tem, which would assign appropriate values to every rank in the deck that
measure their precise significance to players. This system uses the point val-
ues shown in Table 5.17. As might be expected, this system achieves great
accuracy only at the cost of increased complexity.

A careful observer cannot fail to see how the high/low counting system is
a fair approximation to these numbers. With the exception of the values for
5 and 7, the high/low system uses these numbers with standard arithmetic
rounding rules applied. (Another unbalanced counting system, the Red Seven
count, counts red 7s as +1 and black 7s as 0, making ½ the average value of
a 7 and coming even closer than high/low to these ultimate values.)
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TABLE 5.17: Ultimate blackjack counting system [145]

Card A 2 3 4 5 6 7 8 9 T
Value –1.28 0.82 0.94 1.21 1.51 0.98 0.57 –0.06 –0.42 –1.07

A card counter who is adept at adding and subtracting numbers with 2
decimal places under live casino conditions can take this count system into
a casino and be assured that he or she is playing the most accurate game of
blackjack possible. Deriving the strategy that corresponds with this system
remains an unexplored challenge.

Casino Pushback
It must be stressed at the outset here that card counting is not illegal. Card

counters are simply using their brains to keep track of what’s going on at the
table, and it is difficult to imagine the magnitude of the fallout from a law
forbidding thinking. However, while they are violating no laws, that does not
give them free rein to practice their craft. Casinos, being private businesses,
are free to restrict or forbid access to anyone they choose, and so casinos in
Nevada may, if they wish, eject suspected card counters.

New Jersey law, by contrast, forbids casinos from barring card counters;
Atlantic City casinos deal with counters by restricting the amount they are
allowed to bet or by shuffling after every hand, and so eliminating any ad-
vantage that might be gained from counting cards. Bob Stupak followed a
similar policy at Vegas World, where he was known to issue identified card
counters a card stating that they were welcome to play blackjack, but that
their wagers were to be restricted to no more than 7 units [127]. This meant
that, for example, at a $5 table, known counters could not bet more than $35.

Casino reactions to card counting seek an elusive balance between the fact
that successful card counters have the potential to win a lot more money
than the house advantage says that they should and the equally important
fact that far more people think they can count cards successfully than actu-
ally can, which leads to increased traffic at blackjack tables and, ultimately,
the likelihood of increased casino income from the tables. Since the first of
these facts is easier for casinos to address, we begin by describing some casino
countermeasures.

Rule Changes

One of the first things that casino managers did after Beat the Dealer was
published was to tighten up the rules of the game in an effort to eliminate the
advantages of card counting. On April 1, 1964, the Las Vegas Resort Hotel
Association announced that henceforth, double downs would be allowed only
on hands of 11 and that blackjack players were forbidden to split aces [135].
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These changes eliminated two very advantageous situations for card coun-
ters, since a high true count favors doubling down on a 9, 10, or certain soft
hands against an unfavorable dealer hand, and splitting aces, which is always
the right basic strategy move, is even more lucrative when the remaining deck
is rich in 10s. Table 5.1 can be used to calculate the effect of these changes.

• Double down only on 11: +0.78%.
• No splitting aces: +0.18%.

The HA with these new rules went up by .96%, but perhaps the bigger ef-
fect was on the public’s perception that casino operators were explicitly dis-
advantaging talented players. Blackjack players—counters and noncounters
alike—stayed away from the games with new unfavorable rules, and they were
reversed within three weeks.

After that reversal, casinos started looking for other game modifications
that might restore their advantage and started moving from single-deck hand-
dealt games to multiple-deck shoe games. Adding decks, in addition to increas-
ing casino profits because more time is spent dealing the cards than shuffling
them, increases the HA, but this increase levels off as more decks are added.

• Two decks: +0.32%
• Four decks: +0.48%
• Six decks: +0.54%
• Eight decks: +0.57%

The casino derives no significant game-related advantage in going past
eight decks, and the greater height of the stack of cards may make it unwieldy
for a dealer to handle.

Card counters then responded by developing new guidelines for counting
into multideck shoes, which led to the running count and true count, and so the
arms race of sorts between players and casinos was on. As casinos found a new
rule or game procedure that would improve their position, the card-counting
community developed a modification to their tactics that would combat it,
and vice versa.

Since one important part of card counting is bet fluctuation—you bet more
when the count is highly positive to take advantage of favorable conditions—
casinos began barring players whose bets went up and down too widely over a
period of observation, or using preferential shuffling: shuffling the cards as soon
as a player increased their bet. This worked both ways, of course—a counter
could increase his or her bet during a highly negative deck to encourage the
dealer to shuffle early and give up the house’s edge. At many casinos, dealers
are not part of the defense against card counters, as they have enough to do
just running the game properly. As a result, the dealer might well have been
unaware of the count and simply reacted to the jump in the player’s wager.

Even nonpreferential shuffling sometimes works in a casino’s favor. In a
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single-deck game with five players against the dealer, one can safely expect
two full rounds to be dealt, since an average blackjack hand uses 2.7 cards.
With six hands per round, we would expect 33 cards to be dealt in the first
two rounds, leaving only 19 for a third round. Many dealers will shuffle the
cards when less than half a deck remains, so two rounds is about all one would
expect—unless those first two rounds use an unusually small number of cards.
When would that happen? Precisely when most players stand on their initial
two-card totals, and this frequently happens when the player’s hands are rich
in high cards, leaving a partial deck with a highly negative count, favoring the
casino, on the third round. This benefit accrues to the casino whether or not
the players are counting cards.

Electronic blackjack games which use from 1 to 8 decks commonly reshuffle
the cards after every hand, making card counting at these machines a pointless
exercise, even thought the lack of close supervision might make counting seem
like a profitable pursuit.

A significant player reaction to casino action against bet variation was
the idea of team play, where certain team members would play and count
while flat-betting, then when the count was high, call in a “big player” who
came in, made a few large bets, and left when the count dropped. Since the
big player simply made large bets at advantageous tables, there was no bet
variation to arouse suspicion—to all appearances, he or she was just a lucky
high roller moving among tables. Some of the most famous blackjack teams
were based at the Massachusetts Institute of Technology (MIT); their exploits
were chronicled by Ben Mezrich [79, 80] and portrayed in the movie 21.

Casinos countered team play by forbidding mid-shoe entry, requiring play-
ers to wait for the shuffle before joining a game and thus blocking “big play-
ers” from jumping into favorable shoes. This also protected the casino against
wonging: the practice where an individual player counts down a deck or shoe
while standing behind the table instead of wagering, then settles in to play
only if the count grows favorable.

At the same time, the publication of the Illustrious 18 and other recom-
mended deviations from basic strategy led casinos to watch players somewhat
more closely for such deviations. A player who splits tens when the deck is
highly positive (part of the Illustrious 18 if the dealer’s upcard is a 5 or 6), for
example, is almost certain to attract scrutiny from casino personnel, for this
is a move that is almost never made by noncounters. A player who splits 10s
is either very inept—and thus a valued customer—or a card counter. Ongoing
observation of the player’s actions relative to the count—and players should
take it for granted that someone on the casino security staff knows how to
count cards—will easily determine which. The casino can then act accord-
ingly: encouraging the inept player with complimentary meals, hotel rooms,
or other inducements, and barring the counter or initiating countermeasures
to make the game less attractive.
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Rise of the Machines

In the early 1970s, some card counters turned to the new technology of
home-built portable computers to automate and expedite the counting pro-
cess. Technical restrictions hampered many of these devices, which had to be
small enough to be undetectably concealed on a player’s person. Some were
controlled through switches operated by a player’s toes, and these were fre-
quently unreliable. Additionally, some means had to be found to signal the
correct playing decision to the player, and this posed another significant chal-
lenge. Radio transmitters ran the risk of detection when they interfered with
casino security systems, and smaller devices that connected to fake digital
watches or LEDs imbedded in eyeglass frames were tricky to conceal. This age
of innovation emphatically ended in Nevada on July 1, 1985, when portable
computers were banned in casinos. Violators of this law are subject to fines
of up to $10,000 plus 1 to 10 years in jail [139]. New Jersey followed with its
own law, and as new gaming jurisdictions came online, they swiftly moved to
ban card-counting computers.

This issue resurfaced beginning in 2009, when the introduction of Apple’s
iPhone led several developers to program and market card-counting applica-
tions. Some of these apps were designed to operate even when the screen was
turned off, and so avoid the giveaway of an illuminated screen. Casino oper-
ators were warned about the apps, and the Nevada Gaming Control Board
swiftly forbade their use in a casino. Card counting may be legal, though not
exactly welcome, but using an electronic device to count cards is emphatically
not.

One more recent device introduced by casinos to counteract card counting
is the continuous shuffling machine (CSM). A CSM is a machine that collects
the discards from each hand and immediately re-inserts them into the packet
of cards, thus effectively dealing every hand from a fresh shoe of four to
eight decks and eliminating all of the advantages of card counting. As when
casinos addressed the advent of card counting by changing the rules to restrict
player actions in the 1960s, CSMs as a casino response to advantage play
proved to be something of an overreach. Part of the continuing appeal of
blackjack is the fact—and it is a fact—that it can be beaten with sufficient
work. Continuous shuffling machines, by completely negating the advantages
to be gained from counting cards, demolish this selling point while adding .30%
to the HA. While CSMs are still to be found on some casino floors, serious
gamblers avoided them so assiduously that blackjack income dropped off. In
a competitive market such as Las Vegas or Reno, gamblers had options, and
exercised them. In a market with a small number of casinos such as Osceola,
Iowa—home to only one casino, the Lakeside—blackjack players must take
the game as offered and so have little recourse to resist any anti-counting
strategies. Of course, smaller markets such as Osceola are less susceptible to
major attacks by card counters.

Card counters are obviously disadvantaged by CSMs, but do they affect
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ordinary basic strategy players? The play of an individual hand is not affected
for noncounters; the effect kicks in to their detriment when we consider the
increased game pace that CSMs allow. In light of the fact that no playing time
is lost to shuffling the cards, a CSM allows the dealer to deal more hands per
hour than an ordinary shoe, and this exposes the players to more hands where
the casino’s advantage works against them.

It should be noted that there’s a difference between a CSM and an au-
tomatic shuffler. Many casinos have turned to shuffling machines in order to
reduce the time spent not dealing blackjack, but only if the cards are contin-
uously replaced in the shoe are you dealing with a CSM. If the used cards are
collected in a tray for multiple hands before being inserted into the machine,
and if there’s a pause in the game while the cards are machine shuffled, then
the only disadvantage to players—counters or not—comes from the aforemen-
tioned increased number of hands dealt per hour.

The Aladdin Strikes A Balance

With regard to the second fact described above, the tendency of many
casino patrons to overestimate their ability to count cards, casino manage-
ment simply needs to find a way to welcome these players, who pose no real
threat to their blackjack tables, for low-level gambling that won’t cost the
casino too much in the event of a short-term run of player luck. This pro-
cess includes the realistic assessment of anti-counter methods for their effect
on the casino’s overall financial health. Casino management expert Bill Zen-
der has advised casinos against overreaction to the supposed threat posed by
counters, claiming that excessive countermeasures had the unintended effect
of decreasing the casino’s profits by wasting time trying to respond to an
overstated threat. Zender’s assertion is that increasing the number of black-
jack hands dealt per hour is key to improving a casino’s bottom line, and
such tactics as excessively complicated shuffles (to deter “shuffle trackers,” an
advanced type of player who tries to track the movement of groups of cards
through the shuffle and bet appropriately when the same cards come up in
the next round [80]), barring mid-shoe entry, and dealing less than 80% into a
shoe (75% in hand-held single- or double-deck games) work against maximum
dealer efficiency [153].

As casino manager at the Aladdin Casino in Las Vegas (now Planet Hol-
lywood) during the mid-1990s, Zender instituted a number of policies that,
taken together, had the effect of producing one of the best blackjack games
offered on the Strip at the time [78]. The Aladdin offered the following rules
on its blackjack tables [153, p. 17–22]:

• Single-deck games replaced by double-deck games. This adds .32% to the
casino advantage. Zender’s contention was that players don’t readily
distinguish between the two games, classifying them all as “hand-held.”
Since single-deck blackjack is approximately an even game for players
using perfect basic strategy, and is specifically sought out by expert
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players, this move to two decks benefits the casino without raising too
many player objections. The objections that were raised at the Aladdin
came from the more knowledgable players, the loss of whose business
was not necessarily regarded as tragic.

• Hitting soft 17. We have previously looked at the reasons why a casino
would do this, which has become standard practice across the Las Vegas
market. Zender noted that many casino patrons actually favored this
change that gives the casino an additional .2% edge, since it gives them
a second chance to beat the dealer when they stand on a low hand.

Example 5.4.4. If the dealer’s upcard is a 6, basic strategy calls for a
player to stand on 12 or higher. If the player stands on a 13, and the
dealer then turns over an ace for a soft 17, a losing hand for the player
is turned into a hand with another chance to win. ■

• Dealing 5½ decks from a six-deck shoe, and 1½ decks in a double-deck
game. This was a change that was difficult to sell to floor personnel, due
to their overestimate of the threat posed by card counters. Nonetheless,
Zender sold it as a way to spend more time dealing and less time shuf-
fling, and the added casino revenue per six-deck table per year due to
this switch is in the hundreds of thousands of dollars.

• Offering late surrender. While this option gives players a .06% edge
over the casino, the fact that few players exercise it, and fewer still use
it correctly (Example 5.2.2), makes this a relatively inexpensive rule
to implement, and it can be explained as compensation to players for
hitting soft 17s. What the casino receives from this rule change is insight
that might help identify card counters, since most players who surrender
correctly are doing so in conjunction with knowledge of the count.

• Ignoring card counters whose top wager was $50 or less. Such counters,
whatever their skill level, pose very little threat to the casino’s bottom
line. This change established the Aladdin as a counter-friendly casino,
and numerous aspiring counters—of all skill levels—descended on their
games, raising the casino’s income. Since the number of truly skilled
card counters is wildly overestimated, and the number of novice counters
prone to errors is large, this change benefited both parties.

Pessimistic observers confidently predicted that card counters would ex-
ploit the new procedures to their fullest advantage and to the detriment of
the casino [78]. The reality was far different: The net effect of these changes
was that the Aladdin’s blackjack revenue during this period was consistently
2% over the average for the Las Vegas Strip [153].
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5.5 Additional Topics in Card Counting
Counting Over/Under

Blackjack side bets often have a high house advantage to offset the low
edge the casino holds against a basic strategy player. Over/Under proved to
be an exception.

The infinite deck approximation used to analyze that bet (Table 5.4) con-
ceals, perhaps, the fact that Over/Under is susceptible to card counting. An
early study using the High-Low count in a 6-deck game showed that the Over
bet had a player advantage at a true count of +5 and the Under bet shifted
to favor gamblers when the true count reached –8 [128]. This was a case of
adapting an existing count system to a different wager, and while it was ad-
equate for identifying a player edge, a specialized counting system tailored
to Over/Under was soon developed as the game spread more widely from
northern Nevada.

Of particular significance in the Over/Under count was proper treatment
of aces, which count as low cards for Over/Under but are counted with the
10s in High-Low. The Over/Under count uses the following values [129]:

Cards Value
Low: A, 2, 3, 4 +1
Neutral: 5, 6, 7, 8, 9 0
High: 10, J, Q, K –1

With the Over/Under count, players have the advantage on the Over bet
when the true count is +3 or greater, and have the edge on Under at –4 or
less [129].

Card Counting in Baccarat
Baccarat, of course, is also a game in which cards are not replaced after

each hand, and so prior hands affect future hands. This naturally leads to
the question of whether card counting as employed in blackjack can be used
in baccarat to improve a player’s position relative to the casino. The answer,
perhaps surprisingly, is “no.” There are a number of reasons for this:

• Baccarat play is rigidly prescribed, with no place for player decisions.
Card counting often calls for different player action under different deck
compositions, including such actions as doubling down or splitting pairs
that are not available in baccarat.

• An important part of the strategy behind card counting in blackjack
involves standing on a low hand when the deck is rich in high cards in
the hopes that the dealer will bust. Since baccarat hands do not bust if
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they go over 9, there is nothing to be gained here by tracking specific
cards. Ten-count cards in blackjack count zero in baccarat; thus there’s
no real advantage in tracking how many remain in the shoe.

• There is no bonus for a natural in baccarat, whereas a natural 21 in
blackjack pays better than even money (3 to 2 or 6 to 5, depending on
the casino). Knowing when natural 8s or 9s are more likely to occur
might have some value as far as increasing a wager, but even a natural
pays only 1 to 1.

• The bettor may wager on either the Banker or the Player hand. Since
the rules are approximately symmetric for the play of the two hands,
there are no cards that can be said to be more favorable to one side than
the other, as is the case with tens in blackjack, an excess of which favors
the player over the dealer.

Not long after the introduction of card counting methods to blackjack,
mathematicians naturally examined how information gained from counting
cards might be used to gain an edge at baccarat. Edward Thorp soon con-
cluded that “no practical card counting systems are possible” for baccarat [42].
Given a particular block of six cards ready to be dealt, it is possible for the
sharp player to gain an advantage. For example, if it is known that the next
six cards to be dealt are all 7s, which leads to both hands totaling 4, drawing
a third card, and tying at 1, a large Tie bet is guaranteed to win—but it is ex-
tremely unlikely that any baccarat player would encounter such a setting. Is it
possible to count cards at baccarat? Of course—many card counting systems
have been developed. Does it matter? No—the advantage that you might gain
is, at best, microscopic. One source claimed a 15¢ advantage per shoe for a
player betting $1000 when the shoe turned favorable, an edge of .015%, which
is hardly worth the effort or the risk of exposure [56].

Nonetheless, most casinos are happy to provide scorecards to players who
wish to track the winning hand from deal to deal in an effort to find and exploit
patterns. The patterns certainly exist, but this is only because in an extended
gaming session, there will always be apparent patterns in the sequence of
winning hands. For all practical purposes, the winning hand in a round of
baccarat is independent of the previous rounds’ winners.

However, side bets might be a different matter. Some baccarat tables once
featured the Banker 9 side bet, a separate wager that paid off at 9 to 1 if the
Banker hand was a natural 9. Thorp and William Walden reported that the
probability of winning this wager was .0949 in an eight-deck game [136]. The
corresponding expectation is

E “ p9q ¨ p.0949q ` p´1q ¨ p1 ´ .0949q “ ´.0510,

which gives the casino a 5.10% edge.
The dependence of any one hand on the cards previously dealt means that

the probability p of winning this bet is not fixed. A look at the expectation
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for the Banker 9 wager shows that the bettor has an edge if 10p ´ 1 ą 0, or
if p ą .10. This suggests that careful tracking of the cards remaining in the
shoe might reveal a point where the bet favors the gambler. In light of the
fact that there are many ways to draw a two-card total of 9, this might seem
like too complicated an undertaking, though, so a simple approach focuses on
the most common combination totaling 9: a dealt 9 with a ten-count card.

Thorp and Walden then proceeded to outline a strategy that would lead
to a player advantage for the Banker 9 wager. The strategy involves counting
n, the total number of cards, and t, the total number of 9s, still in the deck.
In a fresh eight-deck shoe, n “ 416 and n

t
“ 13{1; as n

t
decreases, indicating

an excess of 9s over the other cards in the shoe, the Banker 9 bet becomes
more advantageous for the gambler. The ratio n

t
, combined with the value of

n, determines the optimal amount to wager, as a fraction of a gambler’s total
bankroll V , on the Banker 9 bet. For example, if n « 130 and n

t
“ 5, the

optimal strategy calls for a wager of 4.7% of V [136].
This was terrific in theory, but was it practical for casino use? A team

of players tried the system in two Nevada casinos, winning $100 per hour for
seven nights in one and $1000 per hour for two hours in the other before being
barred from both. The net result of this discovery was that Nevada casinos
discontinued the Banker 9 side bet [135].

5.6 Exercises
Answers to starred exercises begin on page 289.

5.1.‹ Consider the following scenario: On the first round of a single-deck
blackjack game, there are three players. You are dealt K♢Q♣, player #2 is
dealt 2♣7♠, and player #3 is dealt 6♡9♠. The dealer’s upcard is the 3♣. You
naturally stand on your 20. Player #2 doubles down on her 9 and draws the
J♣ for a 19. Player #3 stands on his 15, as basic strategy directs. The dealer
turns over the 4♣ and draws the K♠ for a 17, and so the first hand ends with
you and player #2 winning and Player #3 losing.

On the next hand, you have bet $10 and the dealer’s upcard is the A♢.
You have A♠T♢, a natural 21. Based on this information, is a $5 insurance
bet a good idea? Explain your answer by computing the expected value of the
total bet including insurance, bearing in mind that if the insurance bet wins,
your original bet pushes, and if the insurance bet loses, your original bet pays
off at 3 to 2.
5.2. Some casinos have offered an insurance bet when the dealer’s upcard is
a ten-count card, which pays off at 10 to 1 odds if the hole card turns out to
be an ace.
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a. Assume that the game is being dealt from a fresh double deck and that
the only cards you can see are your hand and the upcard. Calculate the
expected value of this bet if you hold

i. No aces.
ii. One ace.
iii. Two aces.

b. If you have a natural, calculate the expectation of your total wager, as-
suming that you make an insurance bet for half of your original bet and
that blackjack pays off at 3 to 2. How does it compare to the expectation
without an insurance bet?

5.3.‹ Use the infinite deck approximation to estimate the probability of win-
ning the Lucky Lucky side bet (page 225).

5.4. The Four Queens Casino in downtown Las Vegas once offered a
“Red/Black” blackjack side bet on the color of the dealer’s upcard [148]. The
bet paid off at even money, with the provision that if the upcard was a deuce
of the color bet, the wager pushed. Find the expectation of this bet.

5.5.‹ Basic strategy for Double Exposure 21 calls for a player to hit a hard
20 if the dealer is also showing a total of 20 and hope for an ace, since ties
lose. Use the infinite deck approximation to find the probability that both the
player and dealer are dealt hard 20s.

5.6. Single-deck blackjack under reasonable rules, including a 3 to 2 payment
on naturals, is nearly an even game, and for that reason, casinos tend to
scrutinize play at single-deck tables more closely. A technique called depth
charging has been used by some high rollers to try and gain an advantage at
single-deck games. The gambler plays all seven hands on the table, betting
increasing amounts on each hand. For example, the wager on the first hand
may be $100, then $200, $300, and so on, up to $700 on the last hand to
receive cards. In practice, single-deck blackjack is dealt with all player cards
face down, and players playing multiple hands may not look at any hand until
all previous hands are completely played out.

How does a player gain any advantage from depth charging?

5.7. Blackjack Switch offers a side bet called the Super Match bet, which pays
off if the player’s first four cards contain a pair or better. The payoff table for
the Super Match bet is

Combination Payoff
One pair 1 to 1
Three of a kind 5 to 1
Two pairs 8 to 1
Four of a kind 40 to 1
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Assuming a hand that’s being dealt from the top of a fresh six-deck shoe,
show that the house advantage on this bet is approximately 2.55%.

5.8. The Perfect Pairs side bet, seen at the MGM Grand Casino in Detroit,
pays off the following amounts if the player is dealt a pair in his or her first
two cards:

• Mixed Pair: If the pair contains cards of different colors, the payoff is
5 to 1.

• Colored Pair: If the pair consists of two cards of the same color but
different suits, the bet pays 10 to 1.

• Perfect Pair: A pair consisting of two identical cards (for example, two
7♢s) pays 30 to 1.

For a blackjack game dealt from a five-deck shoe, calculate the house ad-
vantage for Perfect Pairs.

5.9.‹ The Tropicana Casino in Las Vegas once offered a blackjack bonus for
a hand consisting of four red 5s [148]. For a game dealt from a six-deck shoe,
calculate the probability of being dealt such a hand. How does this probability
change in the infinite deck approximation?

5.10.‹ For a Jack-A-Tack bet, use the infinite deck approximation to estimate
the probability of winning the top 299–1 prize..

5.11. In a four-deck game without surrender, 100 cards have been dealt out,
in accordance with the following table:

Low cards: 45
7s: 4
8s or 9s: 13
High cards: 38

On the next hand, you have been dealt 9♡7♠. The dealer shows the T♢.

a. Compute the high-low count and determine the correct play for this hand.

b. Compute the K-O count and determine the correct play for this hand.

5.12. The Instant 18 side bet (page 214) gives a player making it a hypothet-
ical hand with a value of 18. In [54], we find the following distribution for the
final value of the dealer’s hand in a single-deck game where the dealer stands
on soft 17:

x 17 18 19 20 21 ą 21
P pxq .1458 .1381 .1348 .1758 .1219 .2836

Using this distribution, find the expectation of a $1 Instant 18 wager.
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5.13.‹ Consider a single-deck blackjack game with a full table of seven players,
plus the dealer. Given that the average blackjack hand uses up 2.7 cards, find
the probability that all four aces will be dealt on the first round, leaving no
possibility for a natural in the second round.

5.14. If you’re playing single-deck blackjack and are dealt a pair of 7s against
a dealer 10, a variation on basic strategy specific to one-deck games states
that you should stand on your 14 rather than hitting, as called for in Table
5.6. In light of the fact that the dealer’s hole card is more likely to be a 10
than any other value, explain this strategy change.

5.15.‹ A possible wager that could be added to Over/Under is a “13” bet,
that the player’s hand will total exactly 13.

a. What is the HA if this bet pays 10–1?

b. If the 13 bet pays off at x to 1, find x so that this bet is fair.

5.16.‹ 21 Superbucks is a blackjack side bet that appeared at the Treasure
Bay Casino in Biloxi, Mississippi [49]. The side bet pays off if the player’s first
two cards are suited and in sequence. Find the probability of winning this bet
if the game is dealt from a 6-deck shoe.

5.17.‹ The Royal City Star Casino in New Westminster, British Columbia
offered a $1 blackjack side bet that paid off on the number of aces in a player’s
hand. A progressive jackpot was paid if a player was dealt 4 aces of the same
color [44]. In a 6-deck shoe, find the probability of receiving 4 aces of the same
color.

5.18.‹ The Lucky Aces blackjack side bet pays off based on the first 4 cards
dealt to the player and the dealer. Table 5.18 shows the pay table.

TABLE 5.18: Lucky Aces pay table

Cards Payoff
4 aces 500–1
3 suited aces 250–1
3 aces 20–1
2 suited aces 8–1
2 aces 5–1
1 A♢ 2–1
1 ace 1–1

Since this bet is offered on an electronic blackjack machine using a 6-deck
shoe that is reshuffled after every hand, computing winning probabilities can
be done without regard for previously-dealt cards, as we saw with the Bonus
blackjack side bet. Find the probability of each event listed in Table 5.18.
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Chapter 6
Betting Strategies: Why They Don’t
Work

Here’s an inescapable mathematical fact:

No betting strategy can overcome a negative expectation.

This is because expected value is additive; that is,

EpX1 ` X2q “ EpX1q ` EpX2q,

as established in Theorem 3.2.1. Translated into English, this means that if
the expectation of a bet is negative, making bigger bets, or multiple bets to-
gether, will still produce a negative expectation. A more mathematical way of
assessing multiple bets is this: The expectation of a collection of simultaneous
bets can never be better than the expectation of the most favorable bet or
worse than the expectation of the least favorable bet.

This does not stop people from developing and marketing “get rich quick”
schemes for pretty much any casino game. In this chapter, we will look at
some of the more common ruses either intentionally or unintentionally offered
for sale to unsuspecting gamblers.

6.1 Roulette Strategies
There are numerous strategies proposed for roulette, perhaps more than for

any other casino game. This is likely because roulette is easy to understand and
to play, and thus systems for roulette carry the lure of easy money with little
effort. By contrast, blackjack gives an impression of requiring considerable
effort to master, and the craps layout is complicated and can intimidate new
gamblers.

Example 6.1.1. Here’s a simple strategy for roulette which was first pub-
lished in a Cuban magazine, Bohemia, in 1959 and further described by gam-
bling scholar John Scarne [104].
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Bet one chip on black and one on the third column, which,
owing to a fluke of the layout, is unbalanced and contains only
four black numbers among its dozen.

The usual claim here revolves around the idea that this bet covers 26 of
the 38 slots on the wheel, and 4 of them are covered by both bets. Considered
only at that level, this may sound promising, but we need to consider the
expected value of the two-unit bet before passing our final judgment:

• If one of the four black numbers in the third column (6, 15, 24, and 33)
comes up, both bets win, and we profit $3.

• If one of the eight red numbers in the third column comes up, we win
the column bet at 2 to 1 but lose the color bet at 1 to 1, for a net win
of $1.

• If one of the 14 black numbers in the first or second column comes up,
we break even, losing the column bet but winning $1 on the color bet.

• This leaves only 12 numbers—10 red and 2 green—on which we lose $2.

All possibilities are covered here, and so the expected return is

E “ p3q ¨ 4
38 ` p1q ¨ 8

38 ` p0q ¨ 14
38 ` p´2q ¨ 12

38 “ ´ 2
19 ,

and the standard HA of 5.26% has returned. This collection of bets, each of
which has an HA of 5.26%, combines to produce a compound bet with the
same house edge. Note here that since we bet $2, a return of – $ 2

19 represents
a loss of 5.26% of our original wager. ■

Needless to say, this was not the mathematical analysis provided by the
original purveyor of this scheme.

Martingale
The martingale or double-up strategy is rediscovered from time to time,

and is most often employed on even-money roulette propositions such as red
or black. It can also be used in craps, blackjack, baccarat, or any other game
where the probability of winning a bet is close to .5.

Bet $1 on the first spin of the wheel. If you win, pocket your
$1 profit. If you lose, bet $2 on the next spin. If you win, your net
profit is $1—quit while you’re ahead. If you lose again, bet $4 on
the next spin—win and you walk away with $1, lose and your next
bet is $8, and so on. In short, you double up after every losing
spin. Since you will win eventually, when you do, you’ll walk away
a $1 winner.
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Leaving out the concern that this seems like a lot of effort in order to win
$1, let’s see what we have here. Every statement in this scheme is true until
the very end. It is true that you will win “eventually” (the probability of an
infinite string of losses is 0), but that can take a very long string of spins.
For example, if you bet on red and red fails to come up ten times in a row,

an event with probability
ˆ

20
38

˙10
« .001631 « 1

613 (small, to be sure, but

not impossibly so), then your losses total $1023, and your 11th bet would be
for $1024 in an attempt to wipe out all of your previous losses and come out
$1 ahead. That’s a lot to risk for such a small payoff—and you are still more
likely to lose than win that bet. If you lose that one, you’re down $2047 and
are next supposed to put $2048 on the line to come out $1 ahead.

But there’s another problem that arises. Casinos typically have maximum
bet limits on their roulette tables. For example, suppose that your chosen
roulette table displays the sign in Figure 6.1.

FIGURE 6.1: Roulette table sign showing bet limits.

This sign refers to two different bet limits:

• On “inside bets,” which are bets made on the numbered part of the
layout covering from one to six numbers, such as a single-number bet
on 23 or a double street bet covering 1 to 6, the minimum bet is $1 and
the maximum bet is $100. The casino’s maximum payoff on any winning
inside bet is limited to $3500.

• On “outside bets,” which are placed along the edge of the layout on
even-money and 2 to 1 bets such as red/black or the three columns,
the minimum is $5 and the maximum payout is $2000. The limit on the
payout effectively limits even-money outside bets to $2000 and 2 to 1
outside bets to $1000.

The limits are higher for outside bets because the payoff odds are lower,
so the casino is exposed to less risk. For the martingale, you will be making
outside bets.
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If you begin with a $5 bet (the minimum for outside bets) on red, then
after nine straight losses, the table limit of $2000 on payouts will prevent you
from making the next bet, for $2560, that will recoup all of your losses and
give you a $5 profit. Since you’re making even-money bets, the maximum of
$2000 on payouts is also the limit on your martingale wager.

Suppose that you begin with a $1 bet at a table with a $1000 maximum
on outside bets and play this system exactly 1024 times betting on red, where
your probability of winning on each spin is approximately .4737. In 485 games,
you’ll win your dollar on the first spin. On 255 more, you’ll lose $1 on the first
spin but then win back $2 on the next for a net win of $1. You’ll lose on the
first two spins before winning on the third in 134 games—again profiting by
$1—and so on until game 1022, when you lose the first nine spins, dropping
$511 before making it all back with a winning $512 bet on the tenth spin.
Through the first 1022 games, you’ll be ahead $1 on each, for a total of $1022.
On games 1023 and 1024, though, you lose on the first ten spins, for a total
loss of $1023 and no opportunity to make the 11th bet that wipes out all of
your losses. The best you can do at that point is to bet $1000 and hope to
win that bet, which will leave you down only $23. Lose that bet, however, and
you’ll find yourself down $2023 and still unable to bet more than $1000.

A more accurate description of this martingale would be “When you win,
you’ll win $1 each time. But when you lose—and if you use this strategy often
enough, you will eventually lose—you’ll lose around $1000.” The system would
be foolproof if you had an infinite bankroll and the casino had no bet limits—
although if you had an infinite amount of money, what would be the point
of gambling? The thrill of the game, by itself, would seem to be insufficient
motivation.

Fibonacci Progression
The Fibonacci progression attempts to build a system out of the Fibonacci

sequence of integers [4]. The first two numbers in the Fibonacci sequence
are F0 “ 0 and F1 “ 1, and each successive term of the sequence is found
by adding the two previous numbers together. Thus, the sequence continues
F2 “ 0 ` 1 “ 1, F3 “ 1 ` 1 “ 2, and so on. The sequence begins

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . .

and can be extended as long as desired.
A roulette system based on the Fibonacci sequence works like the mar-

tingale. You begin by betting $1, but then instead of doubling your bet after
each loss, you bet the number of dollars given by the next number in the Fi-
bonacci sequence. After you win, instead of returning to a $1 bet, you bet the
previous number in the sequence, and so move your way up and down the list
as the spins accumulate. Owing to the nature of the sequence, you bet some-
what less than twice your previous bet after you pass a $2 bet; the increase
between successive bets after a loss is approximately 61.8% rather than 100%.
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Nonetheless, this suffers from the same flaw as the martingale—following a
stretch of losses, you will be betting a large sum in order to come out a small
amount ahead—you’ll just lose somewhat more slowly and hit the casino’s
maximum bet limit after a few more bets than with the martingale. Using the
standard martingale strategy with a $1 minimum and $1000 maximum wager
allows you to make ten bets before hitting the maximum; the Fibonacci strat-
egy can endure 16 straight losses before the next bet, for $1597, would exceed
$1000.

Kryptos
The Kryptos system for roulette is a variation on the martingale that

attempts to account for the independence of successive wheel spins. The idea
behind Kryptos is that there are three attributes to every nonzero roulette
number: high/low, odd/even, and red/black. As described in [65],

Here, what we are trying to do is forecast, at random, the next
spins of the wheel, counting on the fact that we really can’t forecast
them correctly.

Six spins of the wheel are recorded, in an effort to secure a random sample.
Suppose that those spins are 9 (low, odd, red), 11 (low, odd, black), 33 (high,
odd, black), 21 (high, odd, red), 36 (high, even, red), and 6 (low, even, black).
We are interested only in the attributes of the numbers, and not the numbers
themselves, and so we arrange those attributes in a table:

L O R
L O B
H O B
H O R
H E R
L E B

The argument in support of Kryptos is that it’s highly unlikely that all six
of these patterns will be completely wrong, thus making it highly likely that
betting the even-money chances as listed will result in one win per column by
the end of the sixth spin. We now make three separate even-money bets for
$1, on low, odd, and red—corresponding to the first row. If a bet wins, we
collect our profit and cease betting that column until all six rows are complete.
If a bet loses, we double the bet on the choice indicated in that column of
the next row (a martingale system). For example, if we make our three bets
and the first number then spun is 2 (low, even, and black), we take down $1
of winnings on low and bet $2 each on odd and black (row 2) for the next
spin. If that spin yields the high/odd/red 21, we collect $2 from the odd bet
and next bet $4 on red. The next spin is a black 11, so our next bet is $8 on
red. That spin is a red 19, so we collect $8. Our accumulated losses come to
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$1 ` 1 ` 2 ` 4 “ $8, while our wins total $1 ` 2 ` 8 “ $11—a $3 profit, or
precisely the payoff of three separate martingales.

Clearly, the risks of Kryptos are that one or more of the three bets will
lose six times in a row, or that the table limit on even-money bets will be
reached. The probability of losing six straight even-money bets at American
roulette is

p “
ˆ

20
38

˙6
« .0213

—so there’s about a 2% chance that any one column will lose six times in a
row and cost $63. While the author of this system claims that “this will be
more than offset by our winnings,” it will take a lot of $3 winning sessions to
make up such a setback.

Cancellation
The Cancellation or Labouchère system is often suggested for roulette, but

it can be used for any game with approximately even-money wagers [104].

If your goal is to win $N , write down a sequence of numbers
that add up to N . For your first bet, add the top and bottom num-
bers together and wager that amount. If you win, cross the numbers
out. If you lose, add the amount you lost to the bottom of the list.
For the next bet, add the top and bottom numbers and bet that
amount, and continue in this manner.

Every time you win, you cross off two numbers. Every time you
lose, you add only one. Therefore, you will eventually cross off all
the numbers, at which time your profit is the $N you sought.

An immediate problem here is that a gambler using this system will be
making increasingly larger bets as the gaming session goes on. Consider the
following sequence of wagers and spins, where you are out to win $36:

Original list: {1, 2, 3, 4, 5, 6, 7, 8}
Assume that you always bet on red. The first bet is for 9 units, and loses.
Second list: {1, 2, 3, 4, 5, 6, 7, 8, 9}
The second bet is for $10 and wins. The net profit is $1.
Third list: {2, 3, 4, 5, 6, 7, 8}
The next bet is for $10 and loses. The net loss is –$9.
Fourth list: {2, 3, 4, 5, 6, 7, 8, 10}
The fourth bet is for $12 and wins, for a net win of $3. The list now reads

{3, 4, 5, 6, 7, 8}. Note that the amount you have won is equal to the sum of
the numbers you have crossed off the original list—the $9, $10, and $12 bets
were just means to this end.

Suppose that the next three bets—for $11, $14, and $17—all lose. The list
now reads {3, 4, 5, 6, 7, 8, 11, 14, 17}, you are down $39, and your next
bet is to be for $20.
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If your luck is average or worse, the net effect of the Cancellation System
is that you will be betting large amounts in order to win small amounts, for
you’ll never be ahead more than the sum of the numbers that you originally
wrote down. At some point, then, the very real risk that you will run out of
money comes into play, and no system works if you can’t afford the wager.

The Gambler’s Fallacy Resurfaces
An apparently self-published pamphlet called Famous Las Vegas Gambling

Systems [26] purports to offer winning systems for a range of casino games.
Several of the roulette schemes mentioned in this text are simple betting
strategies that ignore the fact that successive spins of a roulette wheel are
independent:

• Watch the game until either low (1–18) or high (19–36) numbers have
failed to come up five times in a row, then start betting that half of the
layout (the “cold” or “due” numbers fallacy).

• Going in the other direction: wait until three straight odd or even num-
bers have come up, and then bet with the streak (the “hot” numbers
fallacy).

• Wait until one of the columns on the layout has not come up for seven
spins, then bet that column (“cold” numbers again).

About the only advantage to be derived from strategies like these is that
you’ll lose, on the average, less money by virtue of not betting on every spin
while you wait for the necessary streak to be established. The unnamed author
of this brochure does note that these systems do not guarantee a win, but then
assures the reader that he has “won consistently” using them.

A betting strategy from Famous Las Vegas Gambling Systems that does
not rely on disregarding independence calls for repeated betting on one of the
columns; these bets pay off at 2 to 1. For an initial bet of $1, the scheme calls
for the following:

• On any winning bet
ˆ

p “ 12
38

˙

, take down your winnings and let the
original bet ride.

• If the first bet loses, bet $1 again.

• If the second bet also loses, bet $2 on the third spin.

• Follow this “two losing spins, then double your bet” strategy until you
win a bet.

The author then states that “you may do this [double your bet after two
straight losses] as many times as you like.” This is just the martingale approach
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with a slight delay built in, as you will double a bet only after two consecutive
losses. Of course, the 2 to 1 payoff means that you’ll be ahead after a win, but
the risk of a long string of losses, during which the amount wagered slowly
climbs, is greater than with the martingale on an even-money bet.

6.2 Craps Strategies
Patience

In [104], John Scarne describes the following scam, called the Watcher
or Patience System. The purveyors of this betting strategy either have no
understanding of the concept of conditional probability or understand it and
are deceiving their customers. Neither of those is a ringing endorsement of
their methods.

Make $10 at craps almost every time. Simply hold your money
until the shooter has made four straight passes, then bet $10 on
Don’t Pass on the fifth come-out roll. Since the probability of a
shooter making 5 consecutive passes is less than 3%, your chance
of winning is a whopping 97%!

Here’s what’s right about this system:

• The probability of a shooter making five straight points is p.492q5 «
.0288, which is indeed less than 3%. This is because successive rounds of
craps starting with a come-out roll are independent, and so the simple
version of the Multiplication Rule (Theorem 2.4.1) can be used.

Here’s what’s wrong about it:

• The probability we should be considering when we make that Don’t Pass
bet is not the simple probability “What is the chance of a craps shooter
making five consecutive points?” but the conditional probability “What
is the chance of a craps shooter making 5 consecutive points, given that
he or she has already made four points?”
Since the individual rounds are independent, this probability is just the
probability of making a single point, which is .492. By betting on Don’t
Pass, your chance of winning is 47.9%, less than half the advertised 97%.

The system goes on, however, by adopting a martingale strategy should
you lose that first $10 bet. If the shooter makes that fifth point, simply make
a $20 Don’t Pass bet on the sixth point, and so on. While a win will take you
back to a $10 profit, a long losing streak will once again bump up against the
casino’s bet limit.
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Like the roulette systems mentioned in Famous Las Vegas Gambling Sys-
tems, one small redeeming feature of this system is its requirement that you
wait until four straight passes have been made before making a bet. This will
keep you out of action for long periods of time—the probability of four straight
passes is p.492q4 « .0586, meaning that you won’t be betting on about 94%
of all rolls—and thus decrease the rate at which you lose money.

Iron Cross
The Iron Cross is a combination of craps bets that illustrates Theorem

3.2.1, on the additivity of expected value, perfectly. Many sources (see [55] for
an example) are honest enough to admit that the overall expectation is still
negative.

To bet the Iron Cross, a gambler makes the following four simultaneous
bets:

• A $5 Field bet. Recall from Example 3.2.12 that this is a bet that the
next roll will be 2, 3, 4, 9, 10, 11, or 12. At many casinos, a field bet
pays 2 to 1 if a 2 or 12 is rolled; it pays even money otherwise.

• Three Place bets (see page 107)—a bet that the number placed will be
rolled before a 7—on the numbers 5, 6, and 8. The 6 and 8 place bets
pay off at 7 to 6, and so should be made for $6 to avoid rounding in
favor of the casino. The place bet on the 5, which pays off at 7 to 5,
should be made for $5.

With $22 at risk, Table 6.1 collects the outcomes for each possible roll.
The place bets are only resolved if the number placed or a 7 is rolled, and
remain active, or “ride,” in casino lingo, when any other number is rolled.

TABLE 6.1: Outcomes for the Iron Cross craps bet

Rolls Field Place 5 Place 6 Place 8 Net Win Prob.
2,12 Wins Rides Rides Rides $10 2/36

3, 4, 9, 10, 11 Wins Rides Rides Rides $5 14/36
5 Loses Wins Rides Rides $2 4/36
6 Loses Rides Wins Rides $2 5/36
8 Loses Rides Rides Wins $2 5/36
7 Loses Loses Loses Loses –$22 6/36

Bets that lose are replaced by the bettor. The surface appeal of this bet is
easy to see: one of the four bets wins whenever any number other than a 7 is
thrown, and thus the Iron Cross returns money 5/6 of the time.

The expected return on each roll of the dice is then

E “ p10q ¨ 2
36 ` p5q ¨ 14

36 ` p2q ¨ 14
36 ` p´22q ¨ 6

36 “ ´$14
36 .
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Dividing by the $22 wagered gives a house edge of 1.76%.
A modification of this strategy, called the Unbeatable Iron Cross, disregards

both the additivity of expectation and the law of independent trials. The bets
are the same, but the bettor is directed not to place his or her first bet until
a point is established, thus avoiding the possibility of losing all of the bets on
a come-out roll of 7. Bets are replaced as they lose until the point is made, at
which point all bets that remain are left to ride until they are resolved and
are not replaced after a loss [55].

The inherent assumption behind the Unbeatable Iron Cross is that a 7 is
somehow “due” after the point has been made, and so risking further money
is unwise. Anyone who understands that successive rolls of the dice are inde-
pendent will appreciate the flaw in this reasoning: the probability of rolling
the dreaded 7 remains at 1

6 , regardless of any or all previous rolls.

6.3 Slot Machine Strategies
There are literally dozens of suggestions for slot machine players about

how to choose a machine or how to choose their wager in an effort to improve
their chances of winning or the amount of their winnings. Few of these stand
up to mathematical scrutiny.

The fact of the matter is this: With the computer technology that runs
a slot machine generating thousands of random numbers every second, no
amount of “strategizing” once play has begun will have any more than a
random effect on the outcome. This includes such practices as playing rapidly
or slowly, opting to pull a handle rather than push a button to spin the reels,
and playing without a player’s club card out of suspicion that the computer
is set to give lower payoffs to club members.

It is not widely appreciated that identical-looking machines may have very
different payoff odds, due to the internal settings on the computers running
the games. While information about the exact payoff percentage of a given
machine is difficult to obtain—the proprietary algorithms that generate pseu-
dorandom numbers and map them to reel positions are closely-guarded trade
secrets—there are some general principles that are valid. One is that the hold
percentage—the proportion of the wagered money that is retained by the
casino—is generally higher for lower denomination machines, and decreases
as the denomination rises. Penny slots may return 88–90% of the money in-
serted, holding 10–12%, while dollar slot machines might return 95% and hold
only 5%, and $5 slots return 95–97.5% [112]. It must be stressed that these are
long-term percentages; this does not mean that an individual player will get
back 97¢ of every dollar played. Over the course of the machine’s life, during
which it takes in thousands of dollars, a casino operator can rely on the Law
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of Large Numbers to confidently count on a certain percentage being held as
profit. The return to a single player betting a couple of dollars is far more
variable.
Example 6.3.1. On a slot machine with a 94% payback percentage, an initial
investment of $100 should, on the average, return $94. If these proceeds are
played back into the machine, the expected return after the second cycle is
$100 ¨ .942 “ $88.36. If the player continues “reinvesting” all of his or her
winnings, the expected holdings after n cycles is $100 ¨ .94n—an amount that
approaches 0 as n increases. ■

Short-term fluctuations—in either direction—are likely, but the casino will
get its percentage in the long run.

This difference in payback percentages becomes more important when
modern video slot machines are considered. The denomination may well be
1¢, but if a machine offers 20 paylines and the chance to risk 9 credits per
line, a player making the maximum bet (which is often easily facilitated by
pressing a Max Bet button) is putting $1.80 on the line with every spin of
the virtual reels. This simple act effectively turns a penny machine into a $1
machine, but without the more favorable payback percentage of the higher
denomination. The intangible factor is, as always, the entertainment value of
the 1¢ machine. Modern video slot machines often resemble intricate video
games with complex bonus games that are an entertainment experience in
themselves. The risk is that a player will invest far more money than he or
she intended in a gaming session chasing “just one more bonus round.” While
good advice to the slot player would be to play on the highest denomination
machine your average bet per spin matches, there are recreational benefits to
lower-denomination machines that confound stark mathematical analysis.

Progressive Slots
A strategy that has some validity concerns progressive slot machines. These

may be identified by the presence of one or more large prize amounts displayed
on a video screen above a single machine or a bank of several machines. A
typical progressive slot machine operates by extracting a small amount of
each bet placed and adding it to the progressive jackpot, which increases with
player activity and is awarded under a particularly rare set of circumstances,
such as hitting three jackpot symbols on a designated payline with maximum
coins bet.

Naturally, in light of the jackpot amounts—often running into millions of
dollars—these prizes are very rarely won. Less obvious is the fact that, in
order to finance the big jackpot, progressive slot machines typically pay off
at a lower rate than other slot machines—even nonprogressive versions of the
same model. One valid conclusion that can be drawn is this:

If you’re going to play a progressive slot machine, make sure that
you bet enough to activate the conditions for winning the big jackpot.
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Whether this is activating all payoff lines or making the maximum bet per
line, you need to do it. It is entirely possible to hit the right combination of
symbols but lose out on the big prize because you haven’t wagered enough
money on that payline. If betting the necessary amount to make the progres-
sive jackpot available exceeds your bankroll or your comfort level, then you
need to find a different slot machine.

Some slot machines have progressive jackpots that are guaranteed to hit
before some fixed jackpot amount is reached. On many such machines, the
computer chooses a number at random from the minimum value to which the
jackpot resets and the maximum value. For example, a given machine may
have a jackpot that starts at $1000 and must hit before the jackpot reaches
$5000. The jackpot may be triggered when the accumulated value reaches
$3652.24. This value is, of course, not displayed to players. As the jackpot
rises with continued play, the triggering value is reached, and the player is
then awarded the jackpot. This result can be arranged and displayed on the
screen by the computer software.

In the case of multiple machines linked over a network, the player whose
wager puts the jackpot over the top receives the jackpot.

As the jackpot gets closer to the “must hit by” number, the game may
become a positive expectation wager, although the advantage may be tough
to identify and the window of opportunity may be limited. If the jackpot is
sufficiently large, such a scenario can attract advantage slot machine players,
who may team up to monopolize all networked machines that feed the same
jackpot and agree to split their accumulated winnings.

Accumulator Slots
One other avenue for advantage slot play involves accumulator or bank-

ing slot machines. In addition to the standard physical or simulated reels,
accumulator slot machines have a separate display where certain symbols are
collected, randomly as the machine is played. When the number of symbols
reaches a certain threshold, a bonus of some sort—free spins or a cash prize—is
awarded.

An accumulator slot machine that inspired some advantage play in the
early 2000s was based on S&H Green Stamps, which were trading stamps
given out with purchases that could be collected and redeemed for cash or
merchandise. As a gambler played the S&H machine, occasionally it would
award some virtual stamps, which were displayed in a booklet. When the
number of stamps hit 1200 and filled a booklet, players were offered the option
of collecting 5 free spins or playing on in pursuit of more stamps and bigger
prizes. If a player collected 5 full books, an extra 1000-credit bonus was paid
and the 25 free spins began.

A player who abandoned the machine, for whatever reason, before filling a
stamp book left their accumulated stamps behind. The next player could begin
playing with a head start on getting to 1200. This gave rise to an advantage
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situation: if a player came across an S&H machine with 1000 stamps already
in a book, it might not take a large investment (S&H was frequently a penny
machine) to pick up the remaining stamps and trigger 5 free spins. Once those
were complete, the advantage player would cash out and move on. The payout
may have been small—no one was likely to swoop in and play the machine
to a life-changing jackpot—but if there were more than 600 stamps on the
screen, the machine was likely in positive-expectation territory.

Other banking machines have made it to casino floors; each one requires
careful study of its bonus structure to determine whether or not, and when,
an arriving player has an edge [58]. Some more recent accumulators will reset
the collection after a certain period of inactivity, making the window of op-
portunity for an advantage player very narrow. Indeed, advantage players are
responsible for the disappearance of many popular and lucrative accumulator
machines.

6.4 And One That Does: Lottery Strategies
When we claim that the lottery strategies described in this section work,

it’s necessary to be clear about what that means. Following the ideas pre-
sented here to choose your lottery numbers will not change your probability
of winning. Any set of, say, six numbers from 1 to 47 has the same probability
of winning, whether it is a combination like t1, 2, 3, 4, 5, 6u or something more
random like t7, 20, 25, 35, 43, 45u. A life-changing lottery jackpot in Powerball
or a similar lottery, when it’s won, will be split among all tickets bearing the
winning numbers, so your goal in picking numbers is to choose numbers that
are unlikely to be chosen by other players. You will still have the same (tiny)
probability of winning the jackpot, but if you do win, you will be far less likely
to have to share your winnings with another player or players. Forget what
you learned in elementary school: sharing [jackpots] is bad.

Example 6.4.1. One of the lottery options in the Philippines is the Grand
Lotto 6/55 , a thrice-weekly 6/55 drawing. On October 1, 2022, the winning
numbers were 9, 18, 27, 36, 45, and 54—all multiples of 9. The jackpot of
236,091,188.40 Philippine pesos (approximately 4 million US dollars) was split
among 433 winning tickets. Rather than a multi-million dollar prize, each
winner had to be content with $9300 before taxes [20]. ■

The reaction to this drawing in the Philippines was swift: a disappointed
population and an outcry of accusations of fraud among lottery officials. As
we shall see, it is not at all unreasonable that multiple gamblers would pick
the same numbers in an r{s lottery, and the combination chosen that day has
the same probability of winning as any other combination, including all the
ones that look more random than this one.
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The basic idea behind the strategy outlined here is very simple: Find out
what other people are likely to do, and don’t do that. For purposes of illustra-
tion, we shall consider a Classic Lotto 47 game, where players pick six numbers
in the range from 1 to 47. Studies have shown that many lottery players tend
to pick their lotto numbers using some combination of the following methods
[50]:

1. Choose numbers with personal significance, such as birthdays, anniver-
saries, or other important dates.

2. Choose numbers that make interesting patterns on the bet slip.
3. Choose numbers toward the center of the bet slip.
4. Choose numbers in arithmetic progression, such as the set {7, 14, 21, 28,

35, 42}. Seven, of course, is considered by many to be a lucky number,
and so this progression starts with 7 and counts by 7s.

There is some overlap among these methods, of course—numbers in arith-
metic progression often make interesting patterns on the bet slip, for example.
Avoiding the numbers that these methods tend to choose is the key to mini-
mizing the likelihood that you will have to share the jackpot in the unlikely
event that you win it.

The first criterion is the easiest to avoid. Lottery numbers based on birth-
days will not be greater than 31, so a player seeking to pick a unique set of
numbers should primarily choose high numbers, with no more than one under
31. In practice, the goal should be to choose a set of numbers with a large
sum.

Consider the general r{s lottery (page 46), where players select r numbers
in the range from 1 to s. Classic Lotto 47, then, is a 6/47 game. In an r{s
lottery, the sum of the numbers in any possible combination will have (see
[50]) mean

µ “ r ¨ ps ` 1q
2

and standard deviation

σ “
c

ps ´ rq ¨ r ¨ ps ` 1q
12 .

Your goal in choosing numbers should be to have a sum higher than about
75% of all possible sums. Since the sums of the r numbers chosen in an r{s
lottery are bell-shaped and symmetrically distributed about the mean, some
simple properties of the normal distribution can be used here. For a normal
distribution with parameters µ and σ, the value separating the bottom 75%
of values from the top 25% is

x “ .6745σ ` µ,
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which we round up to the next integer. In a 6/47 lottery such as Classic Lotto
47, we find that the sum of a player’s numbers has mean µ “ 144 and SD
σ « 31.37. If we choose numbers that add up to 166 or greater, we will have
a combination whose sum exceeds 75% of all possible sums, and we will avoid
most popular date combinations.

Of course, it is necessary to take the other factors listed above and ex-
plained below into account, for while the combination {42, 43, 44, 45, 46, 47}
may have a high sum, it is actually a relatively popular choice and fails our
other tests of suitability [50].

Since lottery bet slips are optically scanned, interesting patterns on the bet
slip that are not associated with arithmetic progressions tend to be clusters
of adjacent numbers. Figure 6.2 shows a 6/47 ticket with 2 clusters. Once

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20
21 22 23 24 25
26 27 28 29 30
31 32 33 34 35
36 37 38 39 40
41 42 43 44 45
46 47

FIGURE 6.2: 6/47 lottery ticket with numbers forming 2 clusters.

again, we look at common practice and then do something else. This factor
depends on the exact layout of the betting slip, which in turn may depend
on s. A general rule is to avoid too many clusters, which may correspond to
arithmetic progressions, and also to avoid too few, which result from bettors
making nice-looking patterns.

Example 6.4.2. Referring to the ticket shown in Figure 6.2, the selection
t1, 8, 15, 22, 29, 36u is an arithmetic progression with no adjacent numbers. A
ticket for t27, 28, 33, 34, 39, 40u confines all of its numbers to a single cluster.

■

Toward that end, we define the cluster number of a wager as the number of
adjacent—either edge-adjacent or diagonally adjacent—blocks of numbers. A
single number in isolation comprises a cluster, as does any string of bet squares
connected at their edges or corners. For an r{s lottery, cluster numbers of 1
or s are to be avoided, as they tend to correlate with smaller overall payouts
at the high levels [50].

Edge numbers are numbers that appear on an edge of the bet slip, and
their exact number and values depend on the format of the slip, as with
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clusters. Players trying to be “random” in their selections often choose few
numbers near the edges, so if you don’t want to share your prize, look to the
edge numbers in selecting your combination [50]. From a practical perspec-
tive, you should choose a combination of 6 numbers containing least 4 edge
numbers—keeping in mind, of course, the need for a suitably large sum and
an appropriate cluster number.

Finally, we address arithmetic progressions. A combination such as {1, 2,
3, 4, 5, 6} is very simple, very popular, and no more or less likely to win
than any other. In no small part, this is because the rule for determining this
combination is very simple and easily discovered by many people. The same
objection may be raised against a combination like {5, 10, 15, 20, 25, 30}
or even one like {8, 15, 22, 29, 36, 43}. To avoid such popular methods of
choosing numbers, we define the arithmetic complexity of a combination:

Definition 6.4.1. The arithmetic complexity (AC) of a set of r numbers is
the number of positive differences among all of the numbers in that set, minus
r ´ 1.
Example 6.4.3. The set {5, 23, 25, 28, 44, 46} chosen by an online random
number generator leads to the following positive differences:

46 ´ 5 “ 41 46 ´ 23 “ 23 46 ´ 25 “ 21 46 ´ 28 “ 18 46 ´ 44 “ 2
44 ´ 5 “ 39 44 ´ 23 “ 21 44 ´ 25 “ 19 44 ´ 28 “ 16
28 ´ 5 “ 23 28 ´ 23 “ 5 28 ´ 25 “ 3
25 ´ 5 “ 20 25 ´ 23 “ 2
23 ´ 5 “ 18

Note that every number is subtracted from every other number in such a
way that the difference is positive. There are 12 different differences—2, 21,
and 23 are repeated—so the AC of this set is 12 ´ 5 “ 7.

■

Example 6.4.4. For the set {1, 2, 3, 4, 5, 6}, the numbers give rise to the
following positive differences:

6 ´ 1 “ 5 6 ´ 2 “ 4 6 ´ 3 “ 3 6 ´ 4 “ 2 6 ´ 5 “ 1
5 ´ 1 “ 4 5 ´ 2 “ 3 5 ´ 3 “ 2 5 ´ 4 “ 1
4 ´ 1 “ 3 4 ´ 2 “ 2 4 ´ 3 “ 1
3 ´ 1 “ 2 3 ´ 2 “ 1
2 ´ 1 “ 1

We count five different differences, so the AC of this set is 5 ´ 5 “ 0. ■

When a set of r different numbers is in an arithmetic progression like
those above, the AC will always be 0—this is why we subtract r ´ 1. An AC
of 0 suggests that the set in question is not very complex, and that certainly
applies to an arithmetic sequence. The maximum AC is

rpr ´ 1q
2 ´ pr ´ 1q “ pr ´ 2qpr ´ 1q

2 ,

when all of the differences are different.
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Since lottery players tend toward patterns and simple combinations, the
gambler seeking an edge should avoid those and choose more complex sets:
anything with an AC of at least 6. This excludes few combinations (in a
6/49 lottery, over 96% of combinations have AC ą 6), but they are popular
combinations [50].

Taking everything together, we have arrived at one possible strategy for
choosing numbers that will decrease the likelihood of choosing someone else’s
numbers and thus having to split the prize if you should win: For a 6/47
lottery, play only combinations fitting all four of the following criteria:

• The sum of the numbers is at least 166.
• The cluster number is between 2 and 5.
• The edge number is at least 4.
• The AC is at least 6.
In addition, any combination that satisfies these requirements should

nonetheless be discarded if it has a recognizable pattern—for example, {32,
33, 35, 38, 42, 47}, or is a recent winning combination in this lottery or a
neighboring state’s lottery, for people are known to favor those combinations
as well. In the New York Take 5 drawings of October 27, 2022 (page 49), 52
players chose the winning numbers from the 2:30 P.M. drawing as their num-
bers for the 10:30 P.M. drawing. When the combination repeated, they split
the jackpot 52 ways, taking home only $715.50 apiece instead of the lump sum
of $37,206 that would have been paid to a lone winner.
Example 6.4.5. Returning to Example 6.4.1, we see that the Grand Lotto
6/55 winning combination consisting of all of the multiples of 9 has arithmetic
complexity 0, making it a poor choice. Additionally, the bet slip for the Grand
Lotto 6/55, shown in Figure 6.3, has all 6 of these numbers on a common
diagonal, giving this combination a cluster number of 1, and includes only 3
edge numbers.

A good combination for this lottery would have a sum of at least 193; this
choice adds up to 189 and so falls just short on that measure as well. ■

Another option when buying a lottery ticket is to let a computer select
your numbers randomly, an option called “Quick Pick” or something similar.
This makes it easier to buy a ticket and may actually be an option worth using
if you’re trying not to share a prize—provided that your random selection isn’t
a collection of possible birthday numbers, for example. If you have the chance
to examine your Quick Pick numbers before committing to the ticket, this
can be an easy way to risk money on a longshot without much likelihood that
your numbers will be chosen, nonrandomly, by another gambler.

Powerball Advantage Play
The Powerball jackpot for the drawing of November 7, 2022 was estimated

at $1.9 billion. Even with the probability of winning fixed at 1 chance in
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1 11 21 31 41 51
2 12 22 32 42 52
3 13 23 33 43 53
4 14 24 34 44 54
5 15 25 35 45 55
6 16 26 36 46
7 17 27 37 47
8 18 28 38 48
9 19 29 39 49
10 20 30 40 50

FIGURE 6.3: Philippines Grand Lotto 6/55 bet slip, with multiples of 9 high-
lighted. This was the winning combination on October 1, 2022.

292,201,338, it is worthwhile to consider the question of an accumulated jack-
pot so large as to make a $2 Powerball ticket a positive-expectation venture.

A simple analysis of Powerball might suggest that when the jackpot ex-
ceeds twice the number of tickets, or $584,402,676, then the expected value of
a single ticket is positive. This disregards all prizes except for the jackpot. It
also ignores tax implications on the prize, which is a more problematic omis-
sion that nonetheless can be accommodated by considering only the after-tax
portion of the jackpot. However, this does not account for increased ticket
demand; if 292,201,338 people each reasoned this way and bought a ticket
with a positive expected value, very few of them would actually make money.

Careful analysis can derive a minimum value for a positive-expectation
jackpot. The probability of matching k white numbers on a single Powerball
ticket is

P pkq “

ˆ

5
k

˙

¨
ˆ

64
5 ´ k

˙

ˆ

69
5

˙ .

This probability must be multiplied by 1
26 to find the chance that the Power-

ball is also matched, or by 25
26 to consider an event where the ticket does not

match the Powerball.
Table 6.2 shows the probability of winning each of the available Powerball

prizes. “+ P” indicates that the player’s ticket matches the Powerball.
Let J be the amount of the Powerball jackpot. The expected value of a $2

Powerball ticket is then

E “ J ¨ p3.4223 ˆ 10´9q ´ 1.68,
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TABLE 6.2: Powerball win probabilities

Match Payoff Probability
5 + P Jackpot 3.4223 ˆ 10´9

5 $1,000,000 8.5557 ˆ 10´8

4 + P $50,000 1.0951 ˆ 10´6

4 $100 2.7378 ˆ 10´5

3 + P $100 6.8994 ˆ 10´5

3 $7 .0017
2 + P $7 .0014
1 + P $4 .0109
0 + P $4 .0261

where every outcome other than winning the top prize, including losing $2, is
collected into the –$1.68 term. E ą 0 provided that J ą $490, 936, 628.

This view of Powerball overlooks the fact that as the jackpot rises, the
number of tickets sold also increases, as does the probability of sharing the
prize—possibly dividing it below the level where the expectation is positive. In
2010, a paper by Aaron Abrams and Skip Garibaldi [2] addressed the interplay
between lottery jackpots and ticket demand, attempting to determine whether
any lotto jackpot with a positive expectation could rise to the level of a good
investment when the increase in ticket sales that accompanies a rising jackpot
was taken into account. Their work led to two inequalities that were necessary
to identify a good investment:

• N ă J : The number of tickets sold, N , should be less than the jackpot
J .

• J ą 2J0: The jackpot must exceed twice the jackpot cutoff J0, which
is the product of the number of possible tickets and the proportion of
ticket sales allocated to the jackpot plus lottery expenses.

For the current Powerball rules, approximately 82.13% of sales is allocated
to the jackpot and overhead, so

J0 “
„ˆ

69
5

˙

¨ 26
ȷ

¨ .8213 « $240, 000, 000.

Consequently, Powerball qualifies as a good bet if the jackpot is at least $480
million and the number of tickets sold is less than the jackpot amount.

A good bet is not necessarily a good investment; these conditions merely
identify a lottery drawing with a positive expected rate of return. Abrams and
Garibaldi went on to claim that no Powerball jackpot would ever achieve that
second goal.
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6.5 How to Double Your Money
Q: What’s the best way to double your money in a casino?
A: Fold it in half and put it back in your wallet!

All kidding aside, consider the following scenario, a variation of one posed
in [46]: You have $500 and need $1000, and no less than $1000, urgently.
With an eye toward doubling your money, you enter a casino, determined
to bet until you either hit your goal or lose everything—reaching $999 is as
useless to you as losing all $500. What strategy gives you the best chance of
achieving your goal?

One option is the “big bet” approach: wagering your entire bankroll on
one even-money bet and hoping for the best. This has the advantage of being
quick—one way or the other, your dilemma will be resolved in about a minute.

It might be argued, however, that this method is riskier than it needs to be
in staking everything on one bet, and that you might be better off making a
bet with a higher risk but higher payoff, so that you will have several chances
to win.

Consider the big bet approach at roulette, where you’ll stake all $500 on a
single even-money bet. Your chance of doubling your money is 18/38 = .4737.

If, instead, you put your $500 down at a blackjack table, your chance of
winning is about .49 under moderately favorable rules and using basic strategy
(see Section 5.3). With that in mind, though, it should be noted that it is
unwise to risk your entire bankroll at the start of any one blackjack hand, as
this will leave you with no money to split pairs or double down, as you should
do when your first two cards give you an edge over the dealer and the rules
allow you to get more money on the table.

If you make your one big bet on the pass line at craps, you have a .492
chance of winning and reaching your goal. If you bet the don’t pass line, your
chance is about .493, allowing for a come-out roll of 12 that does not resolve
your initial bet. If you are playing at a craps table that allows free odds bets,
it may be possible to devise a betting strategy that allows you to risk less
money up front, but this puts you in a position where a win on the come-out
roll won’t get you all the way to the goal of $1000.

Let’s look at spreading the risk (or spreading the opportunity) across more
bets. Roulette has a number of options at the same HA, so we’ll begin there.
If you bet $30 on a single number and it hits once, you can cash out for $1050
and walk away regardless of how many bets you’ve lost earlier. Five hundred
dollars allows for 16 such bets—and all you need to do is win one. The chance
of that happening is

P (Win at least once) “ 1 ´ P (Lose 16 out of 16) “ 1 ´
ˆ

37
38

˙16
« .3473,

about 12.5% less than making a single even-money bet.
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By switching to a street bet on three numbers, your money won’t last for
quite as many spins, but your chance of winning on any spin is tripled. A $90
bet will give you five chances at a $990 payoff, and since your bet is returned
with your win, your total after a single win will exceed $1000. The chance of
winning one of those 5 bets is

P (Win at least once) “ 1 ´ P (Lose 5 out of 5) “ 1 ´
ˆ

35
38

˙5
« .3371,

which is not as good as any previous option.
A trend seems to be developing here. Let’s look at the other choices for

roulette bets, which are compiled in Table 6.3. In each case, the amount of
the bet has been rounded to a convenient number.

TABLE 6.3: Roulette bets in a quest to double $500 to $1000

Bet Payoff # of bets Wager P(Win at least 1)
Straight 35 to 1 16 $30 .3473
Split 17 to 1 8 $60 .3511
Street 11 to 1 5 $90 .3371
Corner 8 to 1 4 $125 .3591
Basket 6 to 1 3 $166 .3451
Double street 5 to 1 3 $166 .4028
Dozen 2 to 1 1 $500 .3684
Even-money 1 to 1 1 $500 .4737

One note: If you’re going to make a dozen bet, your first bet can be for
only $250, since a win there gives you $500 in winnings and the return of your
wager. Taken together with the $250 you didn’t bet, you have $1000. However,
if your first bet loses, you then are faced with raising $1000 starting with only
$250—a somewhat more daunting task than the original.

The conclusion is clear: If you’re trying to double your money at roulette,
your best chance to do so is by making a single even-money bet.

The reason for this is very simple and has nothing to do with roulette: The
more bets you make, the greater the opportunity for the house advantage,
whatever the game or the edge may be, to work against you. The phrase “Go
big or go home” is highly appropriate to this quest, and this applies regardless
of the game you’re playing. If your tastes run more toward slot machines,
you’re better off making your bets on the highest denomination machine you
can find, because the rate of return is typically higher on higher-denomination
slot machines, and fewer spins will be necessary to win the money you seek.
Find your way to the high-limit room of your favorite casino. If there’s no $500
machine available (they exist, and pay out as much as 1000 to 1 on certain
reel combinations) then you should seek out the highest denomination they
do provide.
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Example 6.5.1. A bet with multiple payoffs, such as the Field bet at craps,
might suggest an alternate strategy, since the possibility of a better-than-even
payoff provides the option of making a smaller initial bet and holding back
some money for a second wager. If you bet $250 on the first roll, there’s a 1

18
chance that a 2 or 12 will be rolled, bringing your total immediately to $1000;
if you lose that bet, you still have $250 for another chance at reaching $1000.

Suppose that you bet $250 on each roll until you have at least $1000 or
run out of money. Let E be the event that you reach or exceed your $1000
goal, and define p̂ “ P pEq. The following disjoint events are part of E:

• E1: A 2 or 12 is rolled on the first roll, and you have $1000. The proba-
bility of this event is

p1 “ 2
36 .

• E2: You win even money on two consecutive rolls, bringing your total
to $1000. This event has probability

p2 “
ˆ

14
36

˙2
“ 196

1296 .

• E3: You win even money on the first roll and 2 to 1 on the second roll,
for a total of $1250.

P pE3q “ p3 “ 14
36 ¨ 2

36 “ 28
1296 .

• E4: You lose the first roll, win 2 to 1 on the second, and win either 1 to
1 or 2 to 1 on the third roll. Your total is either $1000 or $1250, and the
probability of this event is

p4 “ 20
36 ¨ 2

36 ¨ 16
36 “ 640

46, 656 .

• E5: In the first two rolls, you win one and lose one, returning you to a
balance of $500. When your balance is $500, your probability of even-
tually winning is p̂. Since there are two different orders (win-lose and
lose-win), we have

p5 “ 2 ¨ 14
36 ¨ 20

36 ¨ p̂ “ 560
1296 ¨ p̂.

• E6: You lose on the first roll, win 2 to 1 on the second to bring your
total to $750, and lose the third roll to return you to $500, from which
your chance of winning is again p̂.

P pE6q “ p6 “ 20
36 ¨ 2

36 ¨ 20
36 ¨ p̂ “ 800

46, 656 ¨ p̂.
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Adding everything up gives

p̂ “ p1 ` p2 ` p3 ` p4 ` p5 ` p6 “ 353
1458 ` 655

1458 ¨ p̂,

which is a linear equation in p̂ whose solution is

p̂ “ 353
803 « .4396.

■

This is still inferior to the probability of .492 of doubling your money by
making a single pass line wager.

6.6 Exercises
Answers to starred exercises begin on page 290.

6.1.‹ More recently, the roulette system published in Bohemia (Example
6.1.1) has been called the “Three-Two System,” and calls for a bet of 3 units
on black and 2 units on the third column [146]. Find the expectation of this
version of the bet.

6.2. The d’Alembert system for roulette is said to be the work of French math-
ematician Jean le Rond d’Alembert. Its fundamental premise is an excellent
illustration of the Gambler’s Fallacy. The description here (from [4]) assumes
that you’re betting on red:

Since red and black occur equally often, you simply increase
your bet by one unit after each loss and decrease it by one unit
after each win until you get back to your original starting bet, and
then bet one unit each spin until you lose.

Apart from its embrace of incorrect mathematics in its disregard for inde-
pendence, find the flaw in this system.

6.3. Here’s a roulette system posted on the Internet in July 2012:

Beginning with a bankroll of $450, wager on a single number
until either it wins or you go broke after 50 straight losses. On
spins 1–20, wager $5 per spin. On spins 21–40, wager $10 per
spin. On spins 41–50, wager $15 per spin.

As soon as your number hits, you quit and leave with a profit.

Assume that you’re playing American roulette.
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a.‹ Find the probability that your number will hit exactly once in 50 spins.

b. By computing your total holdings if your number comes up for the first
time on spins 20, 40, and 50, show that you will indeed be ahead if your
number hits once.

c.‹ Find the probability that you will lose all of your initial bankroll.

6.4. Absent the potential for a 2 to 1 payoff when a 2 or 12 is rolled, doubling
your money on a Field bet would be a simple “one-shot” problem. Show that
the probability that you will double your money from $500 to $1000 on a
single Field bet is greater than the probability of .4396 calculated in Example
6.5.1.
6.5. The Red Snake strategy at roulette has been imbued by some with mys-
tical powers. Like the Bohemia magazine strategy described in Example 6.1.1,
it relies on a pattern in the roulette layout. To make the Red Snake bet, a
gambler wagers on the 12 red numbers 1, 5, 9, 12, 14, 16, 19, 23, 27, 30, 32,
and 34, which form a continuous string of red numbers crossing back and forth
across the table. Show that the house advantage of the Red Snake wager on
an American roulette wheel is the same 5.26% that most other roulette bets
face.
6.6. In [88], we find the following roulette system, which relies on making
single-number bets and hoping for a big payoff:

There are 38 numbers on the wheel. One number, played nine-
teen times, has literally a fifty percent chance of showing; that’s
even odds! But you don’t play that way for even money; if and
when your number shows, you are paid 35 to 1!

We’ve seen this error before—the author is making the same miscalculation
that the Chevalier de Méré made. Find the correct probability that a single
given number will turn up at least once in 19 spins of an American roulette
wheel.
6.7.‹ In the scenario described in Exercise 6.6, suppose that you choose to
bet on the number 00. The number of 00s in 19 spins is a binomial random
variable. Calculate the expectation of 19 straight bets on 00.
6.8. The Shotwell system for roulette betting, described in [123], relies on the
proximity of certain numbers to one another on an American roulette wheel,
which is shown in Figure 6.4.

The Shotwell system combines one double street (six-number) bet with
four specific single-number bets, chosen so that the ten numbers covered by
the bet are no more than three spaces apart on the wheel. The choices for the
Shotwell system are given in Table 6.4.

The author of this system asserts that every time the wheel is spun, you
have a 1 in 4 chance of winning, and closes by saying “Enjoy your winnings—
the casino won’t.”[123]. Show that the house edge for this bet is still 5.26%.
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FIGURE 6.4: American roulette wheel layout [29].

TABLE 6.4: Betting options for the Shotwell roulette system

Six-number bet Single-number bets
1–6 8, 10, 20, 26
4–9 10, 13, 14, 15

10–15 16, 17, 18, 28
19–24 1, 2, 4, 26
28–33 00, 22, 24, 35
31–36 0, 00, 29, 30

6.9. The Shotwell system goes on to advocate increasing your bets after a
win. After a single-number bet hits, the system calls for doubling all of the
bets until they lose—an act that does not change the HA. If the double street
bet wins, the next bet should be double the previous bet on the double street,
while the four single-number bets are unchanged. Confirm that the house edge
remains 5.26% in this latter scenario.

6.10. In [131], we find the following craps system, purported to be a way to
“risk $2700 to win $25”: The bet is that four consecutive shooters will not
make at least four straight passes—that is, that somewhere in four shooters,
one of them will fail to make a point among their first four decisions.

Here are the details, with all wagers on Don’t Pass: For shooter #1, begin
with a $25 bet. If the shooter fails to make the point, you win $25. If the
shooter makes his or her point, bet $50 on the next come-out roll. If this
point is not made, you win $50, for a net profit of $25. If the shooter makes
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the second point, bet $100 on the next come-out roll, and if that point is
made, bet $200 on the fourth roll. If the shooter makes four straight points,
stop betting until the streak ends and a new shooter takes the dice. Your
current loss is $375.

Repeat this action on the second shooter, but with successive wagers of
$50, $75, $150, and $300. Again, once a point is missed or the shooter rolls a 2
or 3 on the come-out roll, collect your $25 profit and begin again at the start
of the sequence. If the second shooter makes four straight passes, wait for the
third shooter and begin betting with the sequence $75, $100, $200, $400. If
shooter #3 makes four straight passes, start the sequence $100, $125, $250,
$500 with the fourth shooter.

If all four shooters make at least four passes, your total loss is $2700. If
not, you’ve made at least a $25 profit with your last bet.

a. Using the probabilities on page 23, find the probability of losing the first
four bets.

b. Find the probability of losing 16 straight bets and hence the full $2700.

c.‹ If you lose the first four bets and are down $375, find the probability
that the next 15 shooters will each fail to make four straight passes, thus
allowing you to recoup all of your losses.

6.11. Given the following bet slip for a 6/47 lottery, construct a “good”
combination of numbers that meets all of the criteria in Section 6.4:

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20
21 22 23 24 25
26 27 28 29 30
31 32 33 34 35
36 37 38 39 40
41 42 43 44 45
46 47



Appendix A: House Advantages

Wager HA Page
Blackjack, single-deck, Las Vegas Strip rules „ 0.00% 230
Craps, pass line bet with 1000X odds .0014% 175
Craps, pass line bet with 4X odds 0.28% 174
Super Bowl coin toss proposition bet 0.98% 144
Baccarat, Banker bet with 5% commission 1.06% 119
Baccarat, Player bet 1.23% 119
Craps, don’t pass or don’t come line 1.34% 103
Craps, pass or come line 1.41% 103
European roulette, all bets 2.70% 100
Three card poker, Q64 as beacon hand 3.37% 140
Three card poker, call on queen or higher 3.45% 140
American Royal Roulette, all bets 4.00% 167
American roulette, Colors bet 4.34% 166
Sports betting, one game 4.55% 141
American roulette, all bets except basket bet 5.26% 99
Crapless craps, pass line bet 5.40% 173
Craps, field bet 5.56% 105
Chuck-a-luck 7.87% 102
American roulette, basket bet 7.89% 101
Craps, hardway bet on 6 or 8 9.09% 107
Blackjack, Royal Match side bet 10.90% 222
Big Six wheel, bet on $1 11.11% 102
Craps, hardway bet on 4 or 10 11.11% 107
Baccarat, Tie bet 14.05% 119
Sic bo, bet on 4 or 17 (correct payoff) 15.28% 184
Double Action Roulette, single number, both wheels 16.83% 168
Craps, Any Seven bet 16.67% 104
Keno, FireKeepers Casino 20-spot game 17.01% 111
Policy game, day number bet 23.08% 115
Craps, Fire Bet 24.90% 176
Keno, Mark 7 bet 36.30% 109
Michigan State Lottery Daily 3 straight bet 50.00% 112
Michigan State Lottery Daily 3 box bet 50.20% 112
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Answers to Selected Exercises

Chapter 1
Exercises begin on page 29.
1.1a. 9{38.
1.1b. 9{38.
1.2. 3.075 ˆ 10´4.
1.3. 1{17.
1.4. For a royal flush, there are only four choices—the suit—hence four

possible hands. For Benny Hill’s hand of four aces and a king, the only variable
is the suit of the king, and again there are four choices. In either case, there
are 4 possible hands, and so the probabilities of the 2 hands are identical—we
don’t need to know how many 5-card poker hands are possible.

1.5. Highest rank: four-of-a-kind—for example, JJJJK. Lowest rank: 2
pairs, such as QQJJK.

1.6. P(Win an Over 7 bet) « .4167. By symmetry, this is also the proba-
bility of winning the Under 7 bet.

1.7. P pWinq “ .15625, P pLoseq “ .0625.
1.9. With 16 barred, P pWinq « .5184 ą .5. With 2 and 16 barred,

P pWinq « .5027 ą .5.

Chapter 2
Exercises begin on page 86.
2.3. .0506.
2.4. .0211.
2.7. Let r be the number of matched red numbers, w the number of

matched white numbers, and P pr, wq the probability of matching r red and w
white numbers. The following table gives the values of P pr, wq.

285
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r w P pr, wq
2 2 1{106, 525
2 1 48{106, 525
1 2 48{106, 525
2 0 276{106, 525
0 2 276{106, 525
1 1 2304{106, 525
1 0 13, 248{106, 525
0 1 13, 248{106, 525

2.8. Matching 3 numbers plus the Powerball is (slightly) more likely.
2.10. 6.4 ˆ 10´11.
2.12. 190.
2.13. .1961.
2.14a. P p15q « 2.3951 ˆ 10´8.
2.14b.

P p16q « 6.6828 ˆ 10´10.

P p17q « 1.1035 ˆ 10´11.

P p18q « 9.5125 ˆ 10´13.

P p19q « 3.3943 ˆ 10´16.

P p20q « 2.8286 ˆ 10´19.

2.14c. 2.4631 ˆ 10´8.
2.16. 12.10%.
2.17. .3679.
2.18. .0024.
2.19. .0103.
2.20. P pAq « .1151; P pBq « .1094, so A is more likely.
2.22. .0455.
2.24. .0353.
2.25. The most likely of the 3 events is 56 straight passes, with probability

6.2509 ˆ 10´18 « 1
160, 000, 000, 000, 000, 000 .

Fourteen straight 14s at American roulette has probability 7.6389 ˆ 10´23,
approximately double the 3.3287 ˆ 10´23 probability of 17 straight naturals.

2.27. p “ 38!
3838 « 4.8612 ˆ 10´16.
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Chapter 3
Exercises begin on page 157.
3.1a. P p7q “ 1{6.
b. 4{36 “ 1{9.
c. Careful counting of the possibilities will reveal that the probability dis-

tribution of the sum of a pair of Sicherman dice is the same as that for a pair
of standard d6s.

3.3. E « ´.1111. The HA is 11.11%.
3.5. The HA is 4.00%, rather higher than the HA of 1.52% for placing the

6.
3.6. The probability of winning falls, since 2 winning rolls have been con-

verted to pushes while only 1 pushing roll is now a winner. The new expected
value is –.0414.

3.7a. For the straight bet, the expectation is –$.50, and the HA is therefore
50%.

3.7b. For an n-way boxed bet with net winnings of $x, we have

n x E HA
24 207 –$.5008 50.08%
12 415 –$.5008 50.08%
6 833 –$.4996 49.96%
4 1249 –$.5000 50.00%

3.8a.
ˆ

1
38

˙2
“ 1

1444 .

3.8b. 388
9 ´ 1.

3.8c. 2.98%.
3.9. 29.67%.
3.10. 1

1001 .

3.11. –.7640.

3.12. P pWinq “

ˆ

75
n ´ 3

˙

ˆ

78
n

˙ “ n ¨ pn ´ 1q ¨ pn ´ 2q
456, 456 .

3.13a. .0058.
3.13b. 2.69 ˆ 10´4.
3.13c. 19.95%.
3.14. 22.22%.
3.15. The HA drops from 35.18% to 18.65%; nearly a 50% reduction.
3.16. The HA of 31.62% is slightly better for players than the standard

payoff in Nebraska, but inferior to the Quarter Mania edge.
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3.17. No five-card poker hand can contain both a full house and a four-card
royal flush.

3.19. For a bet on the $2 spot, E « ´$.1667.
For a bet on the $5 spot, E « ´$.2222.
For a bet on $10, E « ´$.1852.
For a bet on $20, E « ´$.2222.
For a bet on either one of the two logos, E « ´$.2407.

3.20. p ą n

c

b

a ` b
.

3.23. –$.01625.
3.25. .2461.
3.27. –$.125, and so the HA is 12.5%.
3.29. 10.94%.
3.31. –$.1078, so the house advantage is 10.78%.
3.32a. .6976. This includes both rolling a 7 before the point and 3-roll

sequences that result in a push.
3.32b. .3023.
3.32c. 6.05%.
3.34. 3.55%.
3.35. ´1

3 .

Chapter 4
Exercises begin on page 201.
4.1. 11.52%.
4.2a. 2.77%.
4.2b. 160.
4.3a. 30.6%.
4.3b. 25%.
4.4. 5.26%.
4.6a. 0. (Yes, this bet is fair!)
4.6b. –$.08.
4.6c. Bet only on Blue.
4.8. –.0540, –.0789.
4.9. 14.3% for either bet.
4.10. P pWinq “ 5{18. E “ ´1{18.
4.11. Yes. The expected value of a bet is positive.
4.13. 36.1%.
4.15. E « ´.0278.
4.17. Jacks or Better.
4.18. K♠ K♢ K♣ T♣ 9♡.
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4.19. 60.
4.20. Careful counting will show that a royal flush is an unbeatable Omaha

hand, due to the requirement that a player’s final hand use exactly 2 of his or
her hole cards. The probability is 0. (In Texas hold’em, the only way for two
or more players to tie with a royal flush is if all 5 of the cards appear on the
board, but a royal flush on the board in Omaha cannot be completely used
by any player.)

4.21. $52.78.
4.22. 7.89%.
4.23. 2.38%.
4.24a. 80.93%.
4.24b. 54.32%.

Chapter 5
Exercises begin on page 252.
5.1. The true count is –4. You should not make the insurance bet.
5.3. 2.845 ˆ 10´5.
5.5. .896%.
5.9. 1{782, 382. In the infinite deck approximation, p « 2.188 ˆ 10´6.
5.10. 1{456, 976 « 2.1883 ˆ 10´6.
5.13. .0270.
5.15a. 8.92%.
5.15b. Approximately 11.08.
5.16. As a function of the number of decks n, the probability of winning

is
P pnq “ 2n

52n ´ 1
at the top of a fresh shoe. For n “ 6, we have P pWinq “ 12{311 « .0386.

5.17. Approximately 1{391, 191.
5.18.

Event Probability
4 aces 2.7438 ˆ 10´5

3 suited aces 5.9492 ˆ 10´5

3 aces 1.4457 ˆ 10´3

2 suited aces 6.4028 ˆ 10´3

2 aces .0231
1 A♢ .0610
1 ace .1831
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Chapter 6
Exercises begin on page 279.
6.1. ´5{19.
6.3a. .3562.
6.3c. .2636.
6.7. –$1.
6.10a. .086.
6.10b. 1.17 ˆ 10´5.
6.10c. .4042.
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