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Preface

Electromagnetism — or electrodynamics, as it is more commonly called —
is an elegant science that is founded on a few experiments and the math-
ematical apparatus of vector calculus. The subject was largely developed
in the 19th century by a small number of physicists, among whom James
Clerk Maxwell holds a preeminent position. Maxwell succeeded in uniting
all the known phenomena of electricity and magnetism into a set of four el-
egant equations. Maxwell also provided the inspiration and foundation for
FEinstein’s Special Theory of Relativity which arose in the early 20th cen-
tury. This past century also witnessed the birth of quantum theory, and the
integration of the latter with electromagnetism, which was largely the work
of Richard P. Feynman. Some basic problems of classical electromagnetism
have been solved by quantum electrodynamics. The challenge of the 21st
century is to integrate electromagnetism with Einstein’s General Theory of
Relativity, in which gravity plays the central role. This integration needs
to be done at both macroscopic and microscopic levels, and no consensus
has been reached in these areas.

In this book the focus is on the field itself, and so interactions of the electro-
magnetic field in material media — important as these are — are omitted.
There are excellent texts that cover these areas.

No new physics is introduced in this book. But the pedagogy is original.
The study of the electromagnetic field is related to special relativity and
quantum mechanics, and in a final chapter the relationship between elec-
tromagnetism and general relativity is introduced. Much effort has been
made to simplify derivations of important formulas and theorems.
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This book diverges from most textbooks on electrodynamics in the detailed
attention given to quantum mechanics and relativity, both special and gen-
eral. In the 21st century the study of electromagnetism cannot be isolated
from a knowledge of quantum mechanics and relativity. A firm basic knowl-
edge of these topics is essential for a graduate student specializing in any
area of physics. The author offers this book as evidence that it does not
require extraordinary intellectual abilities to gain a mastery of electromag-
netism, acquire a basic knowledge of quantum mechanics, and obtain a real
grasp of special and general relativity.

The inspiration for this book developed over the years I taught physics
at St. Edmund’s College (Shillong), Tulane University (New Orleans), and
Xavier University of Louisiana (New Orleans).

I dedicate this book to my wife Shyla, who worked hard so that I could
take time off to write this book, and to our children Melinda, Jessica and
Peter, who have always been my cheerleaders.

Basil S. Davis

South Bend, Indiana, 2023.
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Chapter 1

The Study of Empty Space

1.1 Introduction

The word field is a multivalent term capable of a variety of connotations. In
its primary literal sense, a field is a piece of land, an agricultural space upon
which a crop such as corn, rice or wheat is cultivated. Another meaning —
perhaps as literal as the preceding — suggests its usage in sports, such as
a soccer field, a hockey field, or a football field. Used metaphorically, it
could refer to an area of one’s expertise, interest, or specialization — be
it medicine, mathematics or music. But in physics the word field has a
particular meaning, one that is both concrete and abstract. In this book
we will study one particular field that plays an extremely important role
in physics — the electromagnetic field. And whereas some introductory
textbooks might convey the impression that the electromagnetic field is
just a mathematical device that is useful for understanding the real forces
between charges, in this book we will show that the electromagnetic field
is just as real as anything else in physics.

The use of the word field in physics does have parallels in the world of
sports. Just as there are different kinds of fields upon which different sports
are played — soccer, football, cricket, etc. so in physics one studies different
sorts of fields — gravitational, electric, magnetic, nuclear, etc. in which
different interactions occur. The objects also differ from field to field. A
soccer ball differs from a cricket ball, and an electron differs from a neutron.
And just as the rules of soccer are different from the rules of cricket, so too,
the laws that govern interactions in an electromagnetic field are different
from those in a gravitational field. There is yet another detail in this
parallelism that is worthy of particular attention. In sports the field is
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not merely the background upon which the action takes place, but the
field plays an active part in the game itself. So, in American football, a
reception or an interception is completed only if the ball thrown by the
passer did not touch the ground before it was caught. And in physics,
charged particles exchange momentum not only with each other, but also
with the electromagnetic field. Thus both in physics and in sports the field
is not a lifeless surface upon which the action unfolds, but it is something
that actively participates in the action itself. So, if we were to adapt the
well-known Shakespearean quote “all the world’s a stage, and all the men
and women merely players,” we could say the stage is also a player, albeit
one without an entrance or an exit.

The geometry of the ground upon which the field is marked is important
for the specific sport. Soccer and football fields are built on level ground.
Golf, however, requires uneven terrain, and that is perhaps why one speaks
of a golf course, but not a golf field. In physics the ground upon which the
field exists is called space. The electromagnetic field can be thought of as
something created by electric charges — either stationary, or in motion —
and superimposed on or embedded in physical space. In classical physics —
which we shall deal with in most of this book — this electromagnetic field
does not change the space in which it operates. It is an altogether different
matter with the gravitational field of general relativity. Material objects
having mass create a gravitational field, and the gravitational field has an
effect on the space itself. Unlike the gravitational field, the electromagnetic
field exists in a flat three-dimensional space. (This is not strictly true
for an extremely strong electromagnetic field, but it is true enough for
electromagnetic fields we can currently generate on earth, and which we
encounter in outer space.) By “flat” we mean that one can draw straight
lines in such a space, and the three angles made by the straight line triangles
drawn in this space will always add up to two right angles. Such a space is
called a Euclidean space. Thus, to begin the study of the electromagnetic
field we need to study three-dimensional Euclidean space.

We begin our analysis of three-dimensional space by using rectangular or
Cartesian coordinates, which are defined by three mutually perpendicular
straight lines called coordinate axes. Each one of the axes is an infinite
straight line. The fundamental assumption we make here is that there is a
one-to-one correspondence between the set of points on the line and the set
of real numbers. This implies two things: first, that every point in space
can be described by three real numbers, and second, there is no set of three
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real numbers that does not have a corresponding point in three-dimensional
space.

1.2 Real Numbers

To understand the characteristics of real numbers it may help to examine
some of the more familiar subsets of the real numbers. The commonest
subset is the set of natural numbers 1, 2, 3.... Since there is no such
thing as the largest possible natural number, the set of natural numbers
N = {1,2,3...} is said to be a countably infinite set. The cardinality or
cardinal number of a finite set is simply the number of elements of the set.
Cardinalities of infinite sets have also been defined, though these cardinal
numbers are certainly not obtained by counting the elements. The cardinal
number or cardinality of N is written as a symbol

n(N) = |N| =X, (1.1)

where the symbol X (pronounced aleph nought, aleph zero or aleph null) is
what we conventionally label as “infinity.” But mathematicians have found
more than one infinity, so that Ny is actually the smallest of the possible
infinities. Let us check this claim by trying to find a set having a greater
cardinality than |N|. Now, +3 € N (read “+3 is an element of N”) though
—3 ¢ N. But negative numbers are also real (since a negative potential
energy is associated with an attractive force), and so we create a wider set
which includes negative numbers and the number 0, together called the set
of integers. The set of integers is written as

Z={.-3-2-101,23.} (1.2)

But though the set of integers contains many — indeed infinitely many —
more elements than the set of natural numbers, paradoxically Z has the
same cardinality as the set of natural numbers. When comparing two in-
finite sets, cardinality is compared by pairing off elements in the two sets.
If we can establish a one-to-one correspondence (also called a “bijection”)
between the elements of the two sets, we could then say that they have
the same cardinality. So, if we were to define the set Z, as the set of even
integers {... —6,—4,—2,0,2,4,6...} it is easy to see that |Zs| = |Z|.

We will now prove that the set of integers has the same cardinality as
the set of natural numbers. First, we separate out the natural numbers
into even and odd numbers. Clearly, there is a one-to-one correspondence
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between the positive elements of Zy defined above and the even elements of
N. Next, we define the function 1 — n where n is an odd natural number.
Now, for odd values of the natural number n the function 1 — n takes on
the values 0, —2, —4, —6, etc. Now, it is evident that for every n there is
a unique 1 — n and vice versa, and so it follows that there is a one-to-one
correspondence between the odd natural numbers and the set consisting of
0 and the negative even numbers. Putting all this together it follows that
12| = |N].

Let us picture a straight line that extends to infinity in either direction.
If we were to mark off points at equal distances along the line, we would
find that there is a one-to-one correspondence between the integers and
the marked points on the line. But there are also points on the line lying
between those that have been marked. These can also be identified with
numbers, but these numbers will not be integers.

If we obtain the ratio of any two integers, with the restriction that the
denominator should not be 0, we would get a number that could be an
integer, or a positive or negative fraction. The ratios so obtained from
integers are called rational numbers. 3, —2.5, 1/4, —5, etc. are examples of
rational numbers. The set of rational numbers is sometimes written as

Q=A{z:2=p/qVpgeZ,q#0} (1.3)
With a little more effort we can prove that |Q| = |N|.

Exercise:
Prove that |Q| = |NJ.

We could depict each rational number as a point on a straight line. Such
points representing rational numbers may coincide with the points marking
the integers, but in general they would lie between neighboring integer
points.

Exercise:
Prove that for every rational number there is a corresponding point on a
number line. Is the reverse true?

But is there a one-to-one correspondence between the rational numbers
and the points on a line? The answer is in the negative, because there are
points on a line that would not correspond to any rational numbers. If we
draw a right angled triangle whose equal sides are exactly 1 centimeter, the
hypotenuse would have length v/2 cm. Thus, if we can draw a line of length
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1 cm, then we can draw a line of length equal to v/2 cm, and hence the
number /2 corresponds to a point on a line. But /2 cannot be written as a
ratio of two integers, and hence it is an irrational number. Other numbers
that can be depicted on a line, but which are also irrational numbers, are 7
and the natural logarithm base e. The union of the set of irrational numbers
and the set of rational numbers is the set of real numbers R. The square
root of 2 can be written as a decimal expansion using an algorithm for
finding square roots of numbers that are not perfect squares. This method
uses nothing but algebraic operations, and for any finite number of decimal
places we can obtain the square root using a finite number of operations.
Thus the decimal expression of an irrational number can never be 100%
accurate. But every real number can be assigned a geometrical point on a
line with total accuracy. This is an important mathematical principle that
is foundational to all of physics, and in particular to electromagnetic field
theory.

We will assume that there is a one-to-one correspondence between the real
numbers and the points on an unbroken line. This correspondence can be
thought of as a mapping between the algebraic numbers and the geometri-
cal points. The cardinality of the set of real numbers, or the set of points
in a line, is written as n(R) = |R| = X;. There is also a one-to-one map-
ping between the numbers in a finite line segment and those in a line of
infinite length, indicating that the cardinality of the set of points in a line
is independent of the length of the line. There is a mathematical principle
called the continuum hypothesis which states that there is no infinity that
is intermediate between Ny and Ny.

Exercise:
Show that every real number that can be constructed by using algebra or

calculus corresponds to a unique point on a straight line.

The cardinality of the set of points on a line is the same as the cardinal-
ity of the set of real numbers n(R) = |R| and this cardinality is different
from and greater than the cardinality of rational numbers. |R| = ®; is a
higher order of infinity than Rg. Indeed, one could say that Ry is infinitely
greater than Ny. One expresses the relationship between these infinities by
the equation RX; = 2% suggesting that the former is both exponentially and
infinitely greater than the latter. That the cardinality of real numbers is in-
finitely greater than the cardinality of rational numbers (or integers or nat-
ural numbers) has a profound bearing on experimental physics. Quantities
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in physics are expressed in the decimal system, following the scientific no-
tation, e.g. 2.4078 x 10~*. In this example the quantity is expressed to
five significant figures, where the number of significant figures represents
the level of accuracy of the experiment. The decimal expansion of a ra-
tional number would eventually run into repeating strings of digits which
could also be zeros. So, 4/5 = 0.80000, 14/13 = 1.076923076923... and 3/7
= 1.857142857142.... An irrational number cannot be expressed in these
terms. There is no repetitious pattern in the digits of irrational numbers.
The result of any experimental measurement is always expressed as a ra-
tional number with a small number of digits. But if we were to measure
some property of a solid sphere of radius 1.000 m, and find the experimental
value of this property to be 3.142, then we could reasonably guess that the
property is related to the radius r by the formula 7r. The challenge then
would be to derive this formula theoretically.

Roulette wheels, and the wheels on television shows such as Wheel of For-
tune or The Price is Right have a finite number of slots. There is therefore
a non-zero probability of landing on any one of the slots. But if we have
a circle with a continuum of points, and each point represents a real num-
ber, the probability that we will land exactly on any one number that we
choose beforehand is always zero. Volumes, areas, speeds, etc. in nature
are real numbers, which cannot be written exactly in a terminating or re-
curring decimal expansion. The speed of light in space is often expressed as
¢ =3.00 x 10% m/s, but it can be written more precisely as 299792458 m/s,
and even this is an approximation, because c¢ is a real number.

Measurements of ratios between two quantities can tell us if there is any
fundamental relationship between the quantities. In Arthur C. Clarke’s
2001: A Space Odyssey the monolith that was uncovered on the moon
was identified as a device manufactured by intelligent beings, and not as
a natural occurrence, because the ratios of its dimensions appeared to be
exactly 1 : 4 : 9. James Clerk Maxwell found that the two numbers
measured from experiments on electricity and magnetism — equivalent to
our modern €y = 8.85 x 10712 and pg = 1.26 x 107% — when multiplied
together by the square of the measured speed of light ¢ = 3.00 x 10% — yields
a number that is remarkably close to 1. Indeed, when we carry out this
product using these same numbers to three significant figures we obtain
1.00. Maxwell knew this was no coincidence, and correctly inferred that
light is a form of electromagnetic radiation. Atomic spectroscopy revealed
surprising patterns in the wavelengths of radiation emitted by gases such as
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hydrogen and helium. For instance, when the wavelengths of the different
light waves emitted by hydrogen were compared, it was found that their
ratios could be expressed as simple functions of small natural numbers.
A new law of physics — the quantum theory — had to be brought in to
explain this phenomenon. In sum, we expect the results of experiments to
be real numbers, and when rational numbers seem to pop up we seek an
explanation.

1.3 Scalar Fields

Three-dimensional space is analyzable using a set of three real numbers.
The real numbers associated with each point are the coordinates of the
point. The simplest way of analyzing space is with the Cartesian or rectan-
gular coordinates, though in many real life situations spherical and cylin-
drical polar coordinates are easier to use. We shall discuss such situations
later. But for now we will work with rectangular coordinates.

As we saw in the previous section, a field is an abstract entity that is
superimposed on space. As such, the field is subject to the geometry of the
space. Now, the electromagnetic field does not alter the geometry of the
space in which it is embedded. And that is why the study of the geometry
of three-dimensional flat space is important for electromagnetism.

The simplest kind of field is a scalar field. If to every point within a par-
ticular region of space we associate a real number, such a set of numbers is
called a scalar point function, or a scalar field, which we may write as

qS:f(x,y,z) (14)

where the coordinates x,y and z are real numbers. A real physical scalar
field must be single-valued, so that ¢ cannot have more than one value at
any point in space. Moreover, at every point in space ¢ must have a definite
value, though exceptions are permitted at certain points called singularities
or singular points. Thus, apart from these singularities, a scalar field must
be continuous. A scalar field also should not have discrete jumps, i.e., it
must also be differentiable everywhere, except possibly at certain boundary
points.

To be differentiable at a point having the coordinate x, the field must have
a single derivative when approached from the left or from the right of x.
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This means lima ;.o % = ‘g—i must be a single valued function at the point

z. Similar requirements are made for y and z.

In a region where such a field is both continuous and differentiable, we can
define the gradient of the field, which is a vector point function or vector
field,! written as
00; 065 08,

3 82
In electromagnetism we study a scalar field of particular importance called
the scalar potential or the electric potential, written as ¢ or sometimes V.

V¢ =

Scalar point functions can also be defined in regions where the space is filled
with material particles, like a solid or a liquid or a gas. So, the temperature
or the pressure at a point can be a scalar field whose value is a function of
the coordinates of that point.

Whereas scalar fields of interest to physicists do vary in general from point
to point, there may be several points where they have the same value.
So, it is possible that the electric potential has the same value at every
point on the surface of an imaginary sphere, or on the flat surface of a
conductor, etc. Such a surface along which the potential is constant is
called an equipotential surface, which can be expressed algebraically by the
equation ¢(z,y, z) = ¢. Let us consider two points A and B separated by a
small displacement dr = dzi + dyj + dzk on this equipotential surface.

Clearly, the potential is the same at both points A and B. And so the change
in potential from A to B is zero: d¢ = 0. Since ¢ is a function of the three
coordinates (x,y,z), we can write the total differential d¢ in terms of the
partial derivatives

o¢ o¢ 9p ,
axda:—i— 8ydy+ 5% z2=0 (1.5)

So, for any small displacement dr along the equipotential surface

d¢ =

V¢-dr=0 (1.6)

Therefore V¢ is perpendicular to any displacement along the equipotential
surface. Suppose now that dr is an infinitesimal displacement in an arbi-
trary direction. Then V¢ - dr = |V¢||dr|cos @, which has maximum value

1In some books the gradient of a scalar field is called a one-form, not a vector.
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when @ = 0, and becomes zero when § = 90°, i.e. when dr is perpendicu-
lar to the equipotential surface. This means that d¢ is maximum along a
displacement that is perpendicular to the equipotential surface.

Example:

A plane intersects the coordinate axes at * = 3, y = 4, and z = 3 units
respectively. Find the components of a unit vector 4 that is perpendicular
to the plane and directed into the first octant.

Y

>

If we think of the plane in this example as an equipotential surface, then
the normal would be perpendicular to the equipotential surface and thus
would be parallel to the gradient of the potential.

First, we need to obtain the potential as a function of the coordinates.

Now, the equation of a plane intersecting the coordinate axes can be written
easily as

r Yy oz
I AN | 1.
3+4+3 (17)

Or 4z + 3y + 4z = 12. So, the plane can be written as an equipotential
surface ¢ = 12 where ¢ = 4x + 3y + 42. We know that the value of ¢
is constant all along the plane and increases (or decreases) most rapidly
perpendicular to the plane. From the diagram it is evident that the line of
increase points in the first octant. So, we need to find a unit vector that is
parallel to V¢. This is simply

Vo  4di+3j+4k 4 i3
Vol  Va2132142 a4l

A, 4
]+\/4Hk (1.8)

ﬁ:
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Exercise:
The potential due to a point charge ¢ placed at the origin of a coordinate

a

system has the form ¢ = et Find the components of the unit
T +y2+22

vector perpendicular to the equipotential surface at the point (=3, 2, 4)

and pointing away from the origin.

1.4 Delta Function

The volume charge density p appears frequently in electromagnetic equa-
tions. Two-dimensional surface charge densities are generally represented
by the symbol o and one-dimensional linear density by the symbol A. In
the study of electromagnetism one encounters functions that are not con-
tinuous or differentiable. For example, an electron does not have a volume,
and so its charge is not considered to be distributed over a volume, like a
charged spherical conductor. The charge density of a point charge requires
a unique mathematical function to describe it. Such a function is called the
Dirac delta function §(x) (in one-dimensional space) which satisfies these
two conditions, which may be taken as the definition of the function:

1. f: d(x)dz has the value 1 if @ < 0 < b, and has the value 0 otherwise.

2. f; f(z)0(z)dz has the value f(0) if @ < 0 < b, and has the value 0
otherwise.

The definition of the delta function indicates that the delta function has
a dimension that is the inverse of length. Now, linear charge density is
defined as charge per unit length. So, a point charge ¢ located at the point
x = a is described by the charge density A(x) = ¢d(z — a).

A charge located at the point (a, b, ¢) is described by the three-dimensional
charge density p = ¢d(z — a)d(y — b)d(z — ¢).

There are other functions that occur commonly in physics and in the study
of the electromagnetic field, which are related to the delta function.

Consider a thin conducting plate whose thickness is very small in compar-
ison with its other dimensions. Suppose this plate has a very large sur-
face area A, and is given a positive charge @) which is equally distributed
throughout the plate. So the plate has charge per unit area given by o = %.
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Let us name a line perpendicular to the plate as the = axis, and let us
situate the plate itself at x = 0. Since the zero of electric potential can be
defined arbitrarily, we will take the potential to be zero on the plate. Then,
by the laws of electrostatics which we will study presently, the potential
on the z axis on either side of this plate would be given by V(z) = —E|z|
where F is a positive number, and it can be readily seen that V' (0) = 0.

-V (x)

Graphof -V (x)=E |x|

The function —V(z) = Elz| is continuous for all values of x, but it is not

differentiable at = 0.
d(|z])

dx

But we can make |z| differentiable at = 0 by redefining it as a limit

|JI‘ = el_i>%1+ \V .’172 + € (19)

=41 for x>0 and—1 for x <0
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The curve shown above is a graph of y = vx2 + 0.1, which is a rectangular
hyperbola, and has a continuous derivative for all real values of x. Using
this definition for the absolute value function, we obtain its derivative at
z =0 as:

d|x| . x

— = lim ——

dx e—0t \/;[;274—6
So far our discussion is mathematical. But a physical plate has a finite
thickness, however narrow it may be. And at every point on the conducting
plate the potential is the same. So the derivative of the potential at z =0
is actually equal to 0. So our definition of the absolute value in Eq. (1.9)
is physically useful.

=0atx=0 (1.10)

Now, if V(z) is the electric potential, the derivative of —V(x) with re-
spect to  is an important quantity, and as we shall see later, it equals the
component of the electric field along the x direction:
dV (z) _ E%

dx dx
which is —F for z < 0, 0 at x = 0 and F for £ > 0. These values
are consistent with the physical fact that there is no electric field inside a
conductor.

E, = —

—F, ifz<0.
E,={0, ifz=0. (1.11)
+E, ifz>0.

FE, can be written in closed form as a function in terms of the Heaviside
step function 6(z),which is defined as

0, if x < 0.
O(x) = %, if x = 0. (1.12)
+1, ifz>0.

It is evident that F, = E[20(x) — 1].

The step function is clearly discontinuous, but it can be defined as the
limiting case of a continuous function:

. T 1

Spatial derivatives of the electric field are also extremely important in the
study of the electromagnetic field.
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The field E, that we are examining varies only in the x direction.

dE, df(x)
=2F
dz dx

(1.14)

It is not hard to show that di(f) = d(z).

Exercise:

Show that 92 = §(z).

In the case of the uniformly charged plate, we found that E, = E[20(x)—1].
Hence
dE,
dx

= 26 (x) (1.15)

We have thus shown the relationship between three irregular functions:
|z],0(x), and §(x). It is also instructive to consider the dimensions of each
of these functions. |z| has the dimension of length L, 6(z) has no dimension
or L°, and 6(z) has the dimension of L~!.

We shall see in a later chapter that for a large uniformly charged plate
carrying surface charge density o the electric field on either side of the
g

plate has the magnitude E = 5es where ¢y is a constant number whose

significance we will discuss later. Since o = %, the quantity %6(%) is
equivalent to charge ) divided by volume, which is volume charge density,
a quantity that is usually expressed as p. So we can write

dE, P
=0 1.1
dx €0 (1.16)

where €q is a constant number.

For the sake of completeness we will also obtain the second = derivative of
the electric field
2
E
PE, _ d(6()

dx? dx

Exercise:
Show that % G

We have thus seen three “abnormal” scalar functions which do have math-
ematical and physical meaning.
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1.5 Curvilinear Coordinates

1.5.1 Spherical Coordinates

Problems having spherical symmetry — such as the field due to a point
charge or a spherical conductor — are more easily solved using spherical
polar coordinates. In the graph shown below a point (z,y, z) has the spher-
ical polar coordinates (r, 8, ¢).

The transformation equations between these sets of coordinates are as fol-
lows:

e T2 L2 1 20— cos—] z .
T = X +y +Z7 9—COS \/my (P—tan po
x=rsinfcosp; y=rsinfsinp; z=rcosd

When we work in Cartesian coordinates we express a volume element as
dzdydz which is the volume of a rectangular block of sides dz,dy and dz.
In spherical polar coordinates it is convenient to define the volume element
as the volume 72 sin 8dfdpdr of the rectangular block of sides dr,rdf and
rsin Ody shown in the figure below:

8

dr

B rsin 6
@ rdf

do
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An infinitesimal displacement vector is expressed in Cartesian coordinates
as

ds = idz + jdy + kdz (1.17)

The same displacement is expressed in spherical polar coordinates as

ds = é,.dr 4 égrdf + é,rsin fdy (1.18)
where the unit vectors are defined as é, = %, ép =1 gev and é, = rsilne g—z.

Unlike the Cartesian unit vectors, these polar unit vectors are not constants,
but vary in direction at different points. €, is everywhere radial, directed
away from the origin. éy is tangential to a longitude passing through a
point, and é, is tangential to a latitude passing through a point. It can be
seen from the graph that these unit vectors are orthonormal: €; - é; = d;;
where the subscripts 4,j stand for r,0,p. Now, the difference df in the
value of a scalar function f between two closely spaced points is a scalar
and hence independent of the coordinate system. In its general form, it can
be written as

df =V -ds (1.19)

Since df = 87" Ldr+ 2 58 Ldg+ 8f dy, it follows that the gradient of a scalar field
can be expressed as

vi=e 6,10 L_9f

or r 00 T ?rsinf dp (1.20)

Thus the del operator can be written in spherical polar coordinates as

0 10 1 0

V:€r5+€9;%+ewm% (121)

The divergence of a vector field A can be obtained by carrying out the
operation

divA = V- (6,4, + égAg + 6,4,) (1.22)

The unit vectors are not independent of the coordinates. When we carry
out the dot product and evaluate the derivatives we obtain

10 1 0 1 04
A== (r*A — d
v r2 Or (r )+rsin989 rsinf Oy

(sinfAg) + (1.23)
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We can also write expressions for the curl and the Laplacian operations.

VxA=¢é bwwﬂA) a¢}‘*bmwa¢ rar (")
L 1[0 04,
2¢ 200 1 0 0 1 9%
2 — 209 (i — 1.25
°=la2 "o e o (n 89) r?sin® 0 9 1

s

The volume element dr = r2dr sin 0dfdp.

1.5.2 Cwylindrical Coordinates

Many problems in electromagnetism have cylindrical symmetry, such as the
field generated by a long wire carrying current. Cylindrical coordinates are
helpful in such cases. These coordinates are generated by the transforma-
tion equations:

_ e “1y.,_
p=+Vr2+y* g=tan" Lz =2
and their inverses

T =pcosy; y=psing; z==2

Volume element = pdpdpdz
of , 10f of

Vf—epap +é ¢ o +eza (1.26)

19 104, 0A,
VA= oA e (1.27)
104, 0A,\ (04, 0A\ 1[0 04,
VXA“‘eP(paw az)*fW(zh ap>*fzp(ap@A“) 3@)
(1.28)

2 2 2
Gy | B 10r 1 orp o (1.29)

87p2+p8p+p28<p 922
—_————

L (%)
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4
<

1.6 Vector Integral Calculus

1.6.1 Line Integrals

Suppose a particle experiences a force which is expressible as a vector field
F. A simple example is a gravitational field. The work done by such a force
field upon the particle which undergoes an infinitesimal displacement ds is
given by dW =F - ds.

ds
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The total work done by the force field F on the particle which is displaced
from A to B along the path shown above is

B
W:/Fds (1.30)
A

The work done by a force field on a particle which travels along a closed
loop is given by the closed integral

W:¢Fds (1.31)

It is conventional to take a counterclockwise line integral as positive.

Suppose the particle in question is a vehicle that travels along the closed
loop shown above, and let the force field be the friction between the car
and the road. Let us assume that the surface is uniform throughout the
path, and therefore the magnitude of the force of friction is constant. Since
the force of friction is always directed opposite to the displacement, F and
ds are opposite to each other. Therefore F - ds = —F'ds at every point on
the closed path. Now, F' is constant, and therefore the total work done by
friction on the car during its journey from start to finish is —F'S where S
is the total length of the curved path. Negative work means mechanical
energy is being converted to heat energy.

Next, we consider a cart traveling along a roller coaster. There are three
forces acting on the cart at any time: the force of gravity acting downward,
the normal force perpendicular to the surface of the roller coaster, and the
force of friction opposite to the direction of motion. Since the normal force
is always perpendicular to the displacement, the work done by the normal
force is zero.
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Next, we consider the gravitational force F acting on a planet orbiting the
sun. The force of gravity acting on the planet (mass m) is everywhere
directed towards the sun (mass M), and is inversely proportional to the
square of the distance r of the planet from the sun, with magnitude

GmM

F= 5

1.32
d (132
Planetary orbits are ellipses with the sun at one focus. Suppose the planet
undergoes a small displacement along its path during which its distance
from the sun increases by dr.

The work done by gravity on the planet during this small displacement is

dW =F - ds (1.33)

A simple geometrical calculation based on the angles and sides of the small
triangle in the figure above yields the equation

GmM
2

dW = —Fdr = — dr (1.34)

It is evident that the work done depends only on the radial distance from
the planet to the sun. The total work done by gravity on the planet as it
moves from a point at a distance r; to a point at a distance ry is therefore
1 1
W =GmM ( - ) (1.35)
T2 1
The work done is independent of the path, which is the property of a
conservative force field such as gravity, as distinct from a non-conservative
force such as friction.
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1.6.2 Stokes’ Theorem

Consider a two-dimensional rectangle centered at the point (x,y). Let the
dimensions of the rectangle be Az and Ay, so that the vertices of this
rectangle are at A(z — Az/2,y — Ay/2), B(x + Ax/2,y — Ay/2),C(z +
Az /2,y + Ay/2), D(z,y + Ay/2).

Ay Ay

B
A Ax

Let us take the line integral of a vector field F along the perimeter of this
rectangle in the positive sense, i.e. counterclockwise.

Let us call the average value of F}, along AB as F,,, and along CD as F,s.
And let us take the average value of F,, along AD as F,; and along BC' as
F,o2. Let Fy, F, denote the components at the point (z,y) at the center of
the rectangle.

Since Az and Ay are very small, we may write
Ay OF,

Fo.=F —— 1.36
1 ok (1.36)
and
Ay OF,
Foo=F,+— 1.
2 + 2 Dy (1.37)

We obtain similar expressions for Fy; and F),.

So, the line integral amounts to a sum of four terms:

§£F dr = Fpi Az + FppAy — FroAx — Fin Ay (1.38)
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Substituting and adding the four terms we obtain

?ﬁF -dr = AzAy (aaFy - 38F1> (1.39)
@ y

We define an area element vector dS = ndS as a vector of magnitude dS
perpendicular to an infinitesimal area of magnitude dS. There is an ambi-
guity in the direction of the vector, which therefore is defined arbitrarily as
the direction a right handed screw would advance if it were rotated in the
direction taken by a line integral along the perimeter of the area element.
So the quantity AxAy can be taken as the magnitude of an area vector
AS = kAS in the z direction. The term inside the brackets is simply the z
component of V x F. Hence

?ﬁF-dr:As-vXF (1.40)

C
D < < F

ASq AS, N

A)-B)E

From the figure above, it is evident that we can add line integrals around
each of the rectangles ABCDA and BEFCB to yield a line integral over the
larger rectangle AEFDA. Hence

%F'dI’:Asl~VXF1+ASQ'VXF2 (141)

Now, the quantity AS -V x F is a scalar, and therefore independent of the
coordinate system. So, we could generalize the figure above so that the two
adjacent rectangles continue to share a common side but are in different
planes, at a small angle to each other. And Eq. (1.41) would remain valid
even though AS; is not in the same direction as ASs.

If now we have a surface that is no longer a plane but is curved like a
potato chip, we could analyze the curved surface into a large number of
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tiny rectangles, and perform the line integral around the perimeter of this
curved surface to yield

where the index i covers the very large number of area elements.

We now perform a Riemann sum, i.e., make each area element arbitrarily
small while increasing the number of these elements, so that we obtain
Stokes’ theorem:

%F.dr:/vXF-ds (1.43)

It could be objected that we have sort of “cut corners” in our derivation
of Stokes’ theorem. We divided up the curved surface into a large number
of tiny rectangles. But the boundary is a curved loop, not a set of straight
lines, so how do we justify our procedure? Let us consider a small surface
dS in the zy plane. Then we can write F - dr = F - idx + F - jdy. For
an infinitesimal right triangle over which the value of F remains sensibly
constant throughout, the line integral along the hypotenuse is equal to
the sum of the line integrals along the other two sides. Thus the line
integral along the boundary becomes equal to the line integral along the
perpendicular lines in the limit as the rectangles become infinitesimally
small. And the area of the surface enclosed by the curved boundary becomes
equal to the sum of the areas of the rectangles, as shown in the following
figure.
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.7

The work done by gravity on a planet that moves from a distance r; to a
distance ro from the sun was obtained earlier (Eq. (1.35))to be

It is evident that the total work done on the planet as it makes a complete
orbit must be zero. This is consistent with Stokes’ theorem.

If we place the sun at the origin of a coordinate system, and the position
vector of the planet is r, the force applied on the planet due to the sun’s
gravity becomes

GmM

F=- 3

r (1.44)

The total work done on the planet by gravity in one complete orbit is
$ F - dr. By Stokes’ theorem this should equal

/VxF~dS

Now, the curl of any radial vector function, i.e. of the form f(r)r, is zero, as
can be easily verified. Hence V x F = 0 and so ¢ F-dr = 0. So no net work
is done by gravity as the planet makes a complete orbit. So there is no net
change in kinetic energy, and since there is no friction in the path of the
planet through space, such a process can in principle be repeated forever,
or at least as long as the mass of the sun does not change appreciably.

Exercise:
Show that V x f(r)r = 0 where f(r) is a regular function of r.
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1.6.3 Divergence Theorem

The flux of a vector field A across a small surface vector dS = ndS is
defined as A - dS. If the unit vector n is directed along the z axis, i.e.
that the area element is perpendicular to the z axis, and 7 = i, the flux
becomes A - dS = A,dydz. Let us consider a small rectangular block (a
parallelepiped having all rectangular faces) of sides Az, Ay, Az. Let us
call the point inside this block at its center as (z,y,z). The two faces
perpendicular to the z axis are located at x — % and x + %. The outward
normal unit vectors n at these two faces are —i and +i respectively.

The total flux out of this block is the sum of the fluxes out of all six faces.
Through a process analogous to the one we employed in deriving Stokes’
theorem the total flux out of the faces perpendicular to the z axis can be
evaluated as

104, 10A, _ 0A,
(AI + 3 Om Am) AyAz — (AI =3 Am) AyAz = %AxAyAz
(1.45)
Thus the total flux out of the block is
0A, O0A, 0A, _
A = ( o + By + 9% )AxAyAz—V AAT (1.46)

Given a three-dimensional region of arbitrary shape and size, we can divide
it into a very large number of very small blocks. Considering a larger block
made of two adjacent blocks sharing a common face, it is evident that the
total flux of out of the larger block is the sum of the fluxes out of each of
the two smaller boxes. Continuing this way, it follows that the total flux
out of a macroscopic region is simply the sum of the fluxes out of each of
the microscopic blocks. Hence it follows that the flux of a vector field out
of the closed surface of a three-dimensional region is the volume integral of
the divergence of the vector over the region:

#A.dsz// V. Adr (1.47)

This is called Gauss’s Divergence Theorem.

Consider a compressible fluid whose density p is a scalar field which is a
function of the spatial coordinates as well as time: p(z,y, 2, t). The velocity
v is a vector field that also varies with time. The current density J is defined
as J = pv. The rate at which the fluid passes through a small area element
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dS = ndS is J - dS. So the rate at which the fluid exits a region enclosed

by a surface is the surface integral of J - dS over the entire surface. This

must equal the rate fﬂ at which the mass of the liquid inside the region

decreases with time. ThlS latter quantity is the volume integral of the rate
of decrease of the density of the fluid:

///apd (1.48)
///an #lds (1.49)

Applying the divergence theorem, we obtain

_///%m:// V. Jdr (1.50)

This equation is valid no matter what be the shape or size of the region

Therefore

over which the volume integral is evaluated. Hence the integrands must be
equal, and so we obtain the equation of continuity

dp
== 1.51
VeIt or =0 (1.51)

1.6.4 Gradient Theorem

An important corollary to the divergence theorem is the gradient theorem.
For a scalar field ® defined in some region

// Vodr = # ®dS (1.52)

The proof of the gradient theorem is straightforward. Let ® be a scalar
field defined in some region. Suppose we multiply ® by a constant vector
p that is independent of the coordinates. By the divergence theorem

#p@-dSz// V- (p®)dr (1.53)

Since p is a constant, we can take it out of the integral on the left side.
One the right side, we note that V- (p®) = (V-p)®+p-V® =0+p- V.
And so, we obtain the equation

p- [# odS —// Wdr] —0 (1.54)
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For this dot product to be zero for an arbitrary constant vector p, the
second vector must be zero, and so we obtain the gradient theorem:

#@ds = // Vodr (1.55)

Archimedes’ Principle: When a solid is immersed in a fluid, it experi-
ences an upward force of buoyancy equal and opposite to the weight of the
fluid displaced by the solid.

Consider a solid of mass M and density p; fully immersed in a liquid of
density py,. The downward gravitational force on the solid is Mg. The
upward tension in the string by which the solid is suspended is T. The
upward force of buoyancy is B. B is experimentally measurable as T'— Mg.
Archimedes’ principle allows us to calculate B in terms of the density of
the liquid and the volume of the solid. We will now prove Archimedes’
principle by applying the gradient theorem.

The hydrostatic pressure at a depth y inside the liquid is given by p = ypeg.
This hydrostatic pressure will result in varying forces applied normally at
every point on the immersed solid. The force applied on a surface of area
dS is equal to —pndS where the negative sign indicates that the force is
directed onto the solid, whereas the unit vector is directed outwards.
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So the net force applied by the liquid on the solid — which is the force of
buoyancy — equals

B=- # YpegdS = —peg # ydS (1.56)

Applying the gradient theorem,

B = fpgg// Vydr (1.57)

The coordinate y is directed downwards, and so —Vy is a unit vector di-
rected upwards, which we will call &. Thus

B= pggﬂ// dr = UpegV = aW, (1.58)

Thus Archimedes’ principle is proved.

1.7 General Orthogonal Coordinates

Cartesian coordinates are characterized by constant unit vectors %,j,fc
which do not change direction from point to point. Coordinate systems
that do not have this property — such as the spherical and cylindrical
systems — are called curvilinear coordinates. Let us define an arbitrary
curvilinear coordinate system (¢, gz, q3). We label the unit vectors in this
system as €1, éa, €3. An arbitrary vector A can be expanded in terms of its
components as

and a displacement vector dr can be expanded as
Or Or Or

dr = —d —d —dg: 1.60

i oq nt 992 4zt Jq3 @ ( )

Hence ¢é; = g—q’". So the square of an interval can be expressed as

ds® = dr - dr
or or or or or or
= | =—dq + =—dgs + —d | =—dqn + =—dgs + =—d
( a1 q1 7 qz s q3> ( EYS q1 7 q2 943 QS>

(1.61)

We will write this equation as
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where g;; = 59; aaq’ is called the metric tensor or simply the metric of the

coordinate system.

We are particularly interested in orthogonal coordinate systems where the
unit vectors are at every point mutually perpendicular to each other. Exam-
ples are the spherical and cylindrical systems. For such systems é;-¢é; = d;;
and the only non-vanishing elements of the metric are often expressed as
g11 = h%, 922 = h3, 933 = h%dq3, so that the displacement element is ex-
pressed as
ds® = hidqi + h3dgs + h3dg3 (1.63)
Now, an infinitesimal area element dS = ndS takes the forms
%dydz,j’dxdz, /Acdxdy with areas perpendicular to the coordinate axes. It is
evident that I%dxdy = idx x 5dy, and so on cyclically. If we consider an arbi-
trary curvilinear coordinate system, if the sides of the elementary rectangle
are bounded by the element vectors dry, dry and drs, where dr; = g—;dqi,
then the volume of this elementary rectangle is the scalar triple product of
the these three vectors:
dT = dr; - dry X drs (1.64)

Now, dr; = C%d% = ( i+ ] + aqzi I%)dqi, and so dry X drs =

3q1
Oz Oy 9z
0g2 9q2 0q2 dgzdgs
Oz Oy 9z
dqs Jqs Oqs

and the volume element becomes, in curvilinear coordinates

Oz Oy 9z

%‘11 %QI %h

Oz Oy 9z

b0 Dgs D | Aa1da2dgs (1.65)
Oz Oy 9z

dq3 9q3 g3

dT =dry - dry X drg =

The determinant in the equation is called the Jacobian determinant, or sim-
ply the Jacobian. Now, 2 8— = h;é;, and therefore the Jacobian determinant
on the right side is simply hihohs(é1 - é2 X é3) = hyhohs for orthogonal
coordinates for which é; - és x é3 = 1. Hence

dr = dxdydz = hihohsdqydqodqs (1.66)

For spherical coordinates, hy = 1,he = r,hg = rsinf, and so we obtain
dr = r?sin Odrdfde.

For cylindrical coordinates, hy = 1,hy = p,hg = 1, and we get dr =
pdpdpdz.
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1.7.1 D:ifferential Operations in Orthogonal Curvilinear

Coordinates
Gradient:
Vé};éﬁigi (1.67)
Divergence:

1 0 0 0
V- A= [(Alhghg) + 2 (A2h1h3) + aiqg(Ag,hlhg) (1.68)

hihahs | Oq1 g2
Curl:
1 h’lél h2é2 h3é3
VXA_EEE 9qi 94z Oa (1.69)
h’lAl h2A2 h3A3
Laplacian:
1 0 [ hohs 0O 0 ([ hihs 0® o [h P
V2P = [(23>+<13>+(2h18>}
hihahs | Oqq hi Oq1 0q2 ha 0ga Oqs3 hs 0Ogs

(1.70)

1.8 Imaginary Numbers

1.8.1 The Argand Plane

The electromagnetic field exists in a real three-dimensional space where
each point is represented by a set of three real numbers. But real numbers
are not the only numbers that can be generated by elementary algebra.
So, the quadratic equation z? + 1 = 0 does not have any real solution.
We therefore include a set of numbers called imaginary numbers. Since a
quadratic equation has two solutions, we define the solutions of 22 +1 =0
as the numbers i and —i, such that i + (—i) = 0 and, i® = (—i)? = —1.
Imaginary numbers can be plotted along a line. If r is a real number
(positive, negative, zero, rational or irrational), then ir is an imaginary
number.

The imaginary numbers can be plotted along the imaginary number line
which is perpendicular to the real number line. So, if the real number line
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is the z axis then the y axis is the imaginary number line. The plane so
generated by these two axes is called the Argand plane.

Every point on the Argand plane represents a complex number. An ar-
bitrary point in this plane represents an algebraic sum of a real and an
imaginary number, called a complex number, usually written as z = x + iy,
where x and y are both real numbers. z is called the real part of z and y
is called the imaginary part of z. (Note that the imaginary part is also a
real number.) If 7 is the distance of the point from the origin, and 6 is the
angle made by the radius vector of the point with the positive z axis, then
x=rcosf and y = rsinf. Thus z = r(cos + isin ).

Now, 22 = 72(cosf + isinf)(cosd + isinh) = r2(cos’d — sin®@ +
i2 cosfsinf) = r2(cos 20 + isin 26).

Continuing this way, one can show that for any natural number n
(cos @ +isin )™ = cosnb + sin nb (1.71)
This is called De Moivre’s theorem.

One can use Taylor’s theorem to expand sinf in powers of 6 to obtain

93 95
Using the relation cos§ = 3;“9 we can write the Taylor expansion of cos 6:
62 o
0089—1—54—] (1.73)
Using the relation % = ¢? we write the series expansion for e’ as
62 6> ot
_1+9+7+ +E (1.74)
It follows that ) 5 .
0 0 0

Adding separately the real and the imaginary parts on the right side of this
equation we obtain

e’ = cos +isinb (1.76)
De Moivre’s theorem appears as a corollary to this important relation.

An arbitrary complex number is expressible as z = re®?.

The absolute value of a complex number is defined as |z| = y/x2 + y2.
|z| = Vzzr = 22 + % =12

An algebraic function of z is in general a complex number.
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1.8.2 Gamma Function

An important function called the gamma function is defined for a complex
number z as

I'(z) = /OOO e tt*ldt (1.77)

It can be shown that I'(z + 1) = 2I'(2).

From the definition of a gamma function it can be shown readily that
I'(1) = 1. It follows that for a natural number n, I'(n 4+ 1) = nl.

A number that is important for physics is I'(3). This can be calculated
from the integral

I'(1/2) = /OOO ettt (1.78)

We first make the substitution ¢ = 22, and the integral is converted to
2 [;° e~ dy = [z e~ dx.

o

Let us label this integral as I. So

I? :/ 67$2d$/ e*y2dy: // 67I2*y2dxdy (1.79)

The term on the right is a surface integral over the entire zy plane. We
can evaluate it by converting it to two-dimensional polar coordinates (r, ¢),
and replacing the area element dxdy by rdrdy (hy =1,hy = 1) we get

o] 2m
I’ = / re”" dr dp=m (1.80)
0 0
Thus
1
I'i=)=vr
2
1.8.3 Physical Reality of Imaginary Numbers
A magnitude cannot be represented by an imaginary number. What is real
to our senses is something that has magnitude — volume, mass, brightness,

distance, etc, which are expressed as positive real numbers. But we are
also accustomed to negative real numbers such as temperature, negative
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charge, etc. It is hard to think of imaginary numbers as having physical
relevance. But we shall see in Chapter 7 that time can be thought of as
imaginary space. Every point in space can be represented by a set of three
real numbers. But to every point in space there is also a moment of time.
The flow of time can be thought of as a motion in a different dimension, or
as a motion in imaginary space. And further on, we will learn in Chapter 10
that at every point in real space there is a wave function which in general
is a complex function of the coordinates of that point. Hence imaginary
numbers are physically just as real as the mathematical real numbers.



Chapter 2

Fields Produced by Stationary
Charges

2.1 Coulomb’s Law

The earliest scientific study of electromagnetism began with the study of
charged objects. When a piece of glass was rubbed with a silk cloth, the two
bodies attracted each other. The glass and the cloth had become charged.
When a charged glass rod was brought near another glass rod charged in
the same manner, the two objects repelled each other. Likewise, two silk
cloths charged in the same manner repelled each other.

So, there were two different kinds of charges. Like charges repelled each
other, and unlike charges attracted each other.

Moreover, if, after rubbing the glass rod with the silk cloth, the silk cloth
was draped around the glass rod, then after a short time both the cloth
and the rod lost their charge.

This suggested that the charges could be described quantitatively. The
unlike charges were opposite to each other — one was positive and the
other was negative. These opposite charges were able to cancel each other,
just as when a positive number is added to a negative number of the same
magnitude the result is zero.

The charge on the glass rod was arbitrarily labeled as positive, and the
charge on the silk cloth was therefore negative.

The force between two charges was found to be proportional to the product
of the magnitudes of the charges. The force was also found to be inversely
proportional to the square of the distance between the charges.

33
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Force is a vector, and the direction of the force was found to be along the
line joining the charges.

These experimental discoveries were put together in mathematical form to
derive Coulomb’s Law of force between charges. If a charge of magnitude
q1 is placed at a distance r from a charge of magnitude g2, then it will
experience a force Fa; given by the following equation

q192 .
Fo1 = é
T dreer? "

(2.1)

where ¢g is a constant known as the permittivity of free space. If the two
charges have the same sign, the unit vector é, is directed away from the
other charge g2, and if the charges have opposite sign, then é, is directed
towards ¢s. Fo; is the force experienced by charge 1 due to charge 2. So,
F'12, the force experienced by charge 2 due to charge 1 must — by Newton’s
Third Law — be equal and opposite to Fo1:

Fio = -Fo

Unike Charges Like Charges

2.1.1 An Inverse Square Law

Coulomb’s Law is mathematically similar to Newton’s Law of Gravitation:

o Gm1m2

F, = (2.2)

r2

Both laws have forces proportional to the products of magnitudes and in-
versely proportional to the square of the distance between the objects.
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A quantity that is inversely proportional to the square of a distance is said
to obey an inverse square law. An example of an inverse square law is the
law of sound intensity:

P
I =
472

(2.3)

If a source emits sound at power P, the amount of energy passing unit area
at a point a distance r from the source is given by the intensity I. Since
the sound wave travels outwards equally in all directions, the energy per
unit area drops off as the inverse of the area of the sphere centered at the
source. The surface area of this sphere is 4712, which explains the inverse
square law.

The inverse square law also applies to the light intensity generated by a
light source. The equation is mathematically identical to that for sound
intensity.

The inverse square law for both sound and light intensity is a consequence of
the fact that space is three-dimensional, and also that our three-dimensional
space is flat or Euclidean.

A flat space is said to be Euclidean, because it obeys the geometrical prin-
ciples enunciated by Euclid. If we have a point P and a line L outside of
P, it is possible to draw one and only one straight line through P that does
not intersect L. If we draw a triangle in this space the sum of the three
angles would total two right angles. The circumference of a circle would be
27r.

2.1.2 Geometries of Space

Now, suppose the universe is a two-dimensional surface curved in the third
dimension. Consider two such possibilities:

1. The surface is curved like a saddle, called a hyperbolic surface. Such a
curved surface obeys a geometry developed by Bolyai and Lobachevsky. We
say that this surface has negative curvature. Since the surface is curved,
we need to revise our concept of straight lines on this surface. One can
generalize the concept of a straight line and define a straight line as the
shortest distance between two points.
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Suppose on this surface we have a point P and a “straight” line L not
passing through P. Then it is possible to draw more than one “straight”
line through P that does not intersect the line L. Now, if we were to draw
a triangle with three vertices on this surface, the sum of the three angles
would be less than two right angles. The circumference of a circle of radius
7 would be greater than 27r.

2. The surface is everywhere convex, like the surface of a sphere. This
surface obeys a geometry developed by Riemann. We say that this surface
has positive curvature. If we have a point P and a line L outside of P, it is
impossible to draw a “straight” line through P that does not intersect the
line L. The sum of the angles of a triangle would be greater than two right
angles. The circumference of a circle would be less than 27r.

The surface of the earth is a good approximation to a surface of positive
curvature. For small distances the surface of the earth is approximately
flat, and the geometry is Euclidean. But for larger distances the geometry
is Riemannian and therefore not Euclidean. Since the word geometry is
Greek for “measurement of the earth”, the notion of a Euclidean geometry
is a sort of contradiction in terms.

2.1.3 Higher Dimensions

The surface of the earth is an example of a two-dimensional surface that is
curved in the third dimension. Because gravity is a significant but not an
overwhelming force on the surface of the earth, plant and animal life have
been able to evolve, and birds are able to fly above the ground. So, humans
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became aware that they were living in a three-dimensional universe long
before they discovered that the earth is round.

Intelligent two-dimensional entities could determine whether their world
was flat, hyperbolic or Riemannian. They could draw triangles and measure
the sum of the angles, or they could draw circles and measure the ratio of
the circumference to the radius.

We live in a three-dimensional universe that appears to be flat or Euclidean.
The inverse square law is an expression of the fact that the surface area of a
sphere of radius r is 472, which is a feature of flat three-dimensional space.
However, just as early humans thought the surface of the earth was flat
because it looked locally flat — the three angles of a small triangle drawn
on the ground add up to two right angles — so, there is the possibility that
the three dimensions of our space may be curved in the fourth dimension.

Naturally, the concept of a fourth space dimension is necessarily abstract.
At any given point in our space we can draw three mutually perpendicular
lines, but we cannot picture a fourth line perpendicular to the other three.
The only way to conjure up a fourth dimension is through mathematics.

We will begin with a cube and go from there.

The number of vertices (points) = 8.
The number of squares (faces) = 6

(The figure shown above is a two-dimensional projection of a three-
dimensional cube. The four parallelograms are projections of squares.
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Adding these to the two actual squares seen in the figure, there is a to-
tal of 6 squares.)

The number of edges (lines) = 12.

The number of cubes (solids) = 1.

Next, consider the two-dimensional equivalent of a cube, which is a square.
The number of vertices (points) = 4.

The number of squares (faces) = 1.

The number of edges (lines) = 4.

Next, consider the one-dimensional equivalent of a square, which is a line
segment bounded by two points, one at each extremity.

The number of vertices (points) = 2.

The number of edges = 1.

Finally, the zero-dimensional equivalent is a single point.
The number of vertices = 1.

We can find a simple algebraic formula that will generate all these numbers:
(2 4+ 1)™.

Dimension 0: (2z + 1)° =1 (One vertex)

Dimension 1: (
(22 +1)% = 422 + 42 + 1 (4 vertices + 4 lines + 1 square)

)
2z + 1)t = 22 + 1 (2 vertices + 1 line)
Dimension 2: )

Dimension 3: (2z + 1)3 = 82% + 1222 4 6z + 1 (8 vertices + 12 lines + 6
squares + 1 cube)

We could then extrapolate this formula to generate a four-dimensional
equivalent of a cube, which is called a tesseract:

Dimension 4: (2z + 1)* = 162* + 3223 + 2422 + 8z + 1 (16 vertices + 32
lines + 24 squares + 8 cubes + 1 tesseract)

The figure shown below is a two-dimensional projection of a four-
dimensional tesseract:
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We see an inner cube, an outer cube, and six truncated pyramids that
connect the inner to the outer cube. Each truncated pyramid is a projection
of a cube. Thus there are 8 cubes in the tesseract.

2.1.4 Round Objects

The area of a circle of radius r is A = 7r? and the circumference is C' =

dA _
= 27r.

The volume of a sphere of radius r is V = %77'7“3 and its surface area is

S =49 = 4mr?.

By an extension to n-dimensional geometry, it can be shown that the “vol-
ume” of an n-dimensional “hypersphere” is given by

v, G 2.4
w(r) = mr (2.4)

The “surface area” of such an n-dimensional “sphere” is therefore
dV, 272 1

S"(T) = dr = P(%)rn7 (25)

From these general formulas we obtain the four-dimensional “volume” of a

hypersphere of radius r as 27%r* and the “area” of its surface is 2723,
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Of course, the “area” of a four-dimensional sphere is actually a three-
dimensional volume.

Now, what if our three-dimensional universe is actually curved in the fourth
dimension, somewhat like the apparently flat surface we live on is actually
curved in the third dimension? We know that on the surface of the earth
the circumference of a circle is less than 271 where r is the radius measured
along a geodesic. So, if our three-dimensional universe is curved with posi-
tive curvature, we would expect that the surface area of a sphere would be
less than 4772 and if the curvature of our universe is negative, we would
expect that the surface area of a sphere would be greater than 4zxr2. In

either case the inverse square law would not be obeyed.

Einstein’s General Theory of Relativity states that three-dimensional space
is curved by the presence of mass, and this curvature is positive.! One con-
sequence is that straight lines in space are not Euclidean straight lines, but
geodesics. And this affects not only the motion of matter, but also the
motion of electromagnetic waves. Thus light is deflected by gravitational
matter. It has been proved that light waves coming from a distant star un-
dergo a very slight deflection when they pass close to the gravitational field

of the sun. However, this deflection is very small, since the gravitational
1
4meq *

constant G is very small, much smaller than Coulomb’s constant

To conclude, our universe is not exactly Euclidean, but the deviation from
flatness is very small, and becomes significant in the presence of extremely
powerful gravitational fields, such as close to a massive star or a black hole.
But for all practical purposes we will assume that Coulomb’s inverse square
law is obeyed exactly. So we will assume the electromagnetic field exists in
a flat, Euclidean three-dimensional space. And so we will treat Coulomb’s
Law as a universal law valid for large distances. We will have more to
say about Coulomb’s law at microscopic distances in a subsequent chapter,
when we discuss the consequences of the quantum theory of matter and
radiation. And we will examine the shape of the electromagnetic field in a
strong gravitational field in a later chapter.

1We do not say that the universe is a three-dimensional space curved in the fourth
dimension, but simply that it is curved. More will be said on this distinction in Chap-
ter 12.
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2.2 The Electric Field

Coulomb’s Law suggests that when two charges are brought close together,
one charge knows the magnitude, the sign and the exact relative position
of the other, since the force experienced by one charge depends on all three
factors. How did one charge obtain all this information about the other
charge?

A similar question was raised a couple of centuries earlier when Newton
developed his laws of motion and gravitation. Newton showed that the
force between two objects of masses m; and ms is an attractive force of
magnitude

Gmim
Fy= #
where r is the distance between the centers of gravity of the two masses
and G is the Gravitational Constant. Newton’s theory correctly explained
the acceleration of an apple falling from a tree. But Newton could not
explain how the apple knew that there was an earth towards which it should
accelerate.

It was believed in ancient times that the effects of forces were transmitted
instantaneously across distances. So, Archimedes claimed that he could lift
an object as massive as the earth if he had a fulcrum and a sufficiently long
lever. This implied that the force he applied at the end of the longer arm
of the lever would be felt instantaneously at the opposite end of the lever.
But we know that is not the case, since the force would have to travel at a
finite speed from one end to the other, and in the process the lever would
bend.

A cause that has an instant effect at a distance is called action at a distance.
So, it was believed that a gravitational force was an action at a distance.
No explanation could be provided for this action at a distance, but it was
taken for granted.

However, when it came to the interaction between two electric charges,
it was realized very soon that the interaction was not instant, but was
communicated through a medium that is superimposed on empty space, a
medium called the electric field. A charge creates an electric field which
propagates outwards in all directions. A second charge placed some distance
from the first picks up the field generated by the first charge. This second
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charge has no direct knowledge of the charge that generated the field, but
experiences a force that is proportional to the strength of the field. Thus
the field carries information about a charge in every direction.

How does the information travel through the field from one charge to an-
other? We will suspend that question for the present, and limit our discus-
sion to fields produced by static charges. We will assume that the charges
in the systems we are studying have been stationary for a long time, and
that the fields have had ample time to travel from charge to charge. So for
now we will limit our attention to static fields.

Since the field carries quantitative information such as magnitude and di-
rection, it is appropriate to define the field as a vector quantity that is a
function of the coordinates. So, the electric field is a vector point function
or a vector field, written as E. The force acting on a charge ¢ at a point is
given by the product of ¢ and the field E:

F = ¢E, or more appropriately, E = F/q.

So the field at a point P(r) generated by a positive charge ¢ placed at the
origin is given by
q .
E(r)=—é, 2.6
(r) = Le (26)

where é,. is the unit vector directed from the origin to P.

We notice that the magnitude of the electric field is inversely proportional
to the square of the distance from the charge: E o T% This leads to an
interesting corollary. If the charge occupies zero volume — what we call
a point charge — one can come arbitrarily close to the charge, and so
r can become 0. But as r — 0, we see that E — oco. So, the electric
field diverges very close to a point charge. Since an electron is considered
as a point charge, this becomes a real problem. In classical physics the
problem is circumvented by assuming that the electron has a finite radius,
and therefore the charge is spread out over a small but finite volume. The
field generated by such a charge does not diverge. A different procedure
is employed in quantum physics, which we will discuss in a subsequent
chapter.
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2.2.1 FElectric Flux

Consider a region of space containing an electric field. Consider a small
plane area dA whose normal 7 is at an angle to the electric field passing
through dA. If dA is sufficiently small, we can treat the electric field as
uniform across dA. We define the electric flux across dA as d® = E - idA.
If the angle between E and 7 is 6, then d® = EdAcosf. Now, dAcosf
is equal to the area that is perpendicular to E, which we shall call da. So
d® = FEda.

M,

dA

Suppose we have a charge ¢ in a volume bounded by a closed surface. Let
us calculate the total flux coming out of the closed surface from the charge
inside.

Let us divide up the closed surface into a very large number of very small
areas, and call one such area dA. The flux through this area is given
by d® = E - ndA = FEda where da is the area of the element that is
perpendicular to E.
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By Coulomb’s law, the charge ¢ will generate a field at the surface element
dA equal in magnitude to F = —1

4meqr2”

So, the flux out of dA = dd = 49¢

4meqr2”

A solid angle is a three-dimensional angle, written as 2. The base of a cone
subtends a solid angle at the apex. Solid angles are measured in steradians
(sr), the three-dimensional equivalent of the two-dimensional radians. So,
if we have a sphere of radius r, 1 sr is the angle subtended by an area of 72
on the surface of the sphere. So an entire sphere subtends a solid angle of
47 sr.

In the figure above, dQ = %, and so da = r2dS.

Thus d® = 2242 _ d?

4megr? T 4meo "

So the total flux coming out of the enclosed surface ® = [ 47350 dQ = %

If there is more than one charge inside the closed surface, the total flux out
of the surface = Ei%-

This is called Gauss’ Law. The surface over which the flux was calculated
is called a Gaussian surface, which may be physical or simply a construct
of mathematical imagination.

Applying the divergence theorem, we obtain

#E~ﬁdA:// V.- Edr
S 14

So, if V' is a volume containing charge @,

JJ[ v -par=2

If p is the charge density, then Q = [[[,, pdr.

//VV‘EdT:///‘/édT

This relationship is valid for regions of arbitrary shape and size. Thus the

And so, we may write,

integrands on both sides must be equal. And so, we obtain the important
equation

vV-E=2 (2.7)
€0
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This is one of the four Maxwell Equations. We shall call it Maxwell’s First
Equation.

Maxwell’s first equation is a mathematical consequence of Coulomb’s Law,
which was obtained experimentally. Coulomb’s law explains the force be-
tween two charges, whereas Maxwell’s equation is an abstract statement
that relates the divergence of the electric field at a point to the charge
density at that point.

Maxwell’s equation is very helpful for finding the electric fields due to dis-
tributions of charges, and the procedure becomes relatively easy when the
system of charges has a simple geometric symmetry.

Suppose we have a spherical conductor of radius a which carries a charge
@, and we need to find the field at a distance from the conductor.

Let us draw a spherical Gaussian surface with radius r greater than a. The
total electric flux out of this surface is given by 47r2E where F is the
electric field on this surface, and by symmetry has the same value at each
point. By Gauss’s law, 4712 E = % Hence,
Q
dmegr?
Thus, the electric field due a uniformly charged spherical shell at any point

E =

(2.8)

outside the shell is the same as if the radius of the shell were reduced to
zero without changing the charge.

Of course, a charged spherical shell would have an outward pressure because
the charges spread out over the shell would repel each other and attempt to
move as far away from each other as possible. The smaller the radius of the
shell becomes, the greater the pressure. If we were able to reduce the radius
indefinitely, the charges on the surface would fly away into the surrounding
atmosphere, or escape into the surrounding space if the conductor was
surrounded by a vacuum. So, the conductor would lose its charge as it
shrank.

2.2.2 Field Near a Uniformly Charged Infinite Plane

It is an interesting exercise to calculate the electric field due to an infinite
uniformly charged plane at any point above the plane. We will first do it
using Coulomb’s law, and then we will derive the same result using Gauss’s
Law.
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2.2.2.1 Method A: Coulomb’s Law

First, we will consider a uniformly charged rod of infinite length, and a
point at a distance a from this rod.

P

0

Q «x dx

It is evident that the electric field at the point P will be directed away from
the rod, along QP if the charge is positive, and along PQ if the charge
is negative. We will assume the charge is positive. We will evaluate the
magnitude of the field at P.

The charge is uniformly distributed on the rod. We can analyze the system
by considering a small element of length dz on the rod. We will calculate
the contribution of the charge on this element to the field at P:

The magnitude of the field at P due to the charge on dx =

Adz
4meg(a? + x?)

Each such element on the rod will contribute a field given by the above
formula. But only the component along QP will make a contribution, since
components perpendicular to QP will cancel out when we consider contri-
butions from the left and the right sides of Q. So, the actual contribution
from the charge on dx to the field at P is given by

IE Adz P Adx a Aa dx
4reg(a® + x2) dmeg(a® + 22) Va2 + 22 4meo (a2 + 22)3
(2.9)

By carrying out an integral over z from —oo to +0o we obtain the total
electric field at P. This integral can be carried out by a suitable change of
variables:

z = atanf. So dz = asec®0df, and (a® + 22)3 = a3sec? 0.
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Hence

Aa asec?d A
dE = do = 0 do 2.10
47eq a3 sec? 0 4depa €08 ( )

Integrating, we obtain

/2
A/ cos 0df = A (2.11)

47T€() —7/2 27’(6()&

Next, we consider an infinite plane spanned by the zy coordinate system.
We divide this plane into slices of width dy, each slice perpendicular to the
y axis. Now, each slice can be considered an infinite rod. If P is a point
at a distance b from the plane, then a typical slice or infinite rod is at a
distance /b2 + 32 from the point P.

The figure above is a side view of the plane, which appears as the horizontal
line. The slice with length along the x direction has width dy. The electric
field at P due to the slice is directed along the arrow. The electric field
due to this slice is obtained from Eq. (2.11), and we replace a by /0% + y2.
Also, since we are considering areas and not just lengths, we replace the
charge per unit length A by the charge per unit area ¢ in the calculation.
To obtain the total electric field at P due to the infinite plane, we add up
the electric fields due to all the slices, adding up along the y axis from —oo
to +o00. Since the horizontal components cancel as we go from negative y
to positive y, we need to add up only the vertical components of the field.

The contribution due to each slice has the form

ip = IW 0859 (2.12)

 2meq /B2 + 92
Setting i = btan ¢, we get dy = bsec? ¢, and so the total field at P becomes

/2
U/ Py p—— (2.13)

- 2meg —n/2 - 2€g
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2.2.2.2 Alternative method using Coulomb’s Law

An alternative method is to divide up the plane into concentric rings of
small width dr:

dr

Consider a point P at a distance a from an infinite plane with a uniform
charge density of . We will divide the plane into concentric rings of width
dr. If the radius of the ring is r, the vertical component of the field at P
due to the charge on this ring is

2mrodr
dF = ——F—— 0 2.14
dmreg(a? + r?) o8 (2.14)
Now, r = atané, and so dr = asec? 0df, and a? + r? = a? sec? 4.
3 2rcatand asec? 0dO o 3 o
E= =7 [ singdo = — 2.15
/0 47eq a?sec3 0 2¢0 /0 St 2¢0 ( )

2.2.2.3 Method B: Gauss’s Law

————

Consider an infinite plane with a uniform charge density o, and a cylindrical
box of cross-section A that is intersected by the plane as shown above.
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Since the plane is infinite, by symmetry the field above and below the plane
must be everywhere the same in magnitude, and, for positive o, is directed
upwards above the plane and directed downwards below the plane. Let the
magnitude of the field be E.

The total flux out of the box = FA+ EFA = 2EA. By Gauss’s law, this
must equal %, where ¢ is the total charge inside the box, which is 0 A. So
2EA =24

Therefore
E=— (2.16)

2.3 Conservative Force

The electric field generated by a charge at the origin is E = ﬁér. Let us
find the curl of this vector field:
q . q A
VXE=V|—— | xé +—-=V xé, 2.17
(471'607’2) er + 4degr? ¢ ( )
It can be shown that V (T%) = —T%é,., and so the first term on the right

side of the equation is 0. Next, ¢, = 7. It is again easily demonstrated that
V x é. =0.

Hence, V x E = 0 when the field is generated by a charge at the origin.
If the charge is at a point other than the origin, that will not change the
result. Suppose coordinate x is translated to ' = x + a. So, any function
of z will become a function of z’ = x + a. Now, 2 (gja) = aaf(;mjaa)) = 8{;(;)
through a change of variables. So if V x E = 0 for a charge at the origin,
V x E = 0 for fields generated by charges located at arbitrary positions

other than the origin.

Hence we have an important rule concerning the electric field generated by
stationary charges:

The work done by a force F upon an object that is displaced from point A
to point B along a path C is defined as

B
W:/Fdr (2.18)
A
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Now, if a charge ¢ is displaced along a closed path, the work done by the
electric field on the charge is

W = yngodr (2.19)

By Stokes’s theorem, this integral can be converted to a surface integral:

W:yng-dr://quE-ﬁdA (2.20)

Since V x E = 0, it follows that for any arbitrary closed path, ¢ ¢E-dr = 0.

B

A

The line integral of E - dr along the closed path from A to B along path 2
and from B to A in the reverse direction along path 1 is zero for arbitrary
shapes of the paths and arbitrary positions for A and B. This means that
the path integral from A to B along path 2 must be equal to the path
integral from A to B along path 1. So, the path integral from A to B is
independent of the path taken.

A force field with the property that the work done by the field is inde-
pendent of the path, and therefore depends only on the initial and the
final positions, is called a conservative force field, and such a force is called
a conservative force. The electric field is a conservative force field, and
the electric force is a conservative force. Thus the field generated by static
charges is similar to the gravitational field generated by static masses, which
we discussed briefly in the previous chapter.

Now, if V x E = 0, the inference is that E must be the gradient of a
scalar field (which could also be a constant vector, having the same value
everywhere).
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So, if V x E =0, it follows that
E=-V¢ (2.21)

where the negative sign has been chosen for later convenience. [This symbol
¢ is to be distinguished from ® which was used for the electric flux, and
from ¢, which was used for the azimuthal angle.] ¢ is a scalar field, which
is in general a function of the spatial coordinates. ¢ is called the electric
potential, or simply the scalar potential. It is measured in volts (V).

So ffE-dr = —ffV(ﬁ-dt = —ffd(é = ¢4 — ¢p where ¢4 and ¢p are
the potentials at A and B respectively.

Maxwell’s first equation V - E = £ can be written in terms of the scalar

€0

potential as

Vi =——

(2.22)
€0

This is called Poisson’s equation.

In empty space, where the charge density p = 0, this equation becomes
V3 =0 (2.23)

This is called Laplace’s equation.

2.4 Potential and Field

2.4.1 Equipotential Surfaces

The relation between field and potential E = —V¢ can be used to obtain
the potentials in different situations. We know that the field due to a
positive charge placed at the origin is given by
__Q .
dmegr? "
From this we can infer that the potential due to a charge @ at the origin
is given by

Q

4dmeor

(2.24)

Since the charge @) can be positive or negative, the potential at a point can
be positive or negative. The field due to a system of charges is simply the
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vector sum of the fields due to the charges in the system, and hence the
potential due to a system of charges is the algebraic sum of the potentials
due to these charges.

Fields are pictorially depicted by field lines, the direction of the lines show-
ing the direction of the field, and the clustering density of the lines being
proportional to the magnitude of the field.

There is also a pictorial depiction of electric potentials. The potential at a
point does not have a direction, only a magnitude, which can be positive
or negative. On a flat meteorological map points having the same temper-
ature are connected by a line called an isotherm, and points having the
same pressure by a line called an isobar. If a three-dimensional map could
be generated either holographically or by constructing a solid model, the
isotherms and isobars would not be lines but surfaces. In the same way,
a two-dimensional diagram of an electric field would show points having
the same potential by a line called an equipotential line, which is just a
two-dimensional projection of a surface in three-dimensional space. Such a
surface is called an equipotential surface or an equipotential. Analytically,
the equation for an equipotential surface is given by

o(z,y,2) =c (2.25)
Now, V¢ is a vector that is perpendicular to a surface along which ¢ is
constant. Hence the electric field is perpendicular to the equipotential
surface. So, the electric potential can be depicted pictorially as a Gaussian
surface at every point on which the potential is constant, and at every point
the field is perpendicular to the surface.

E
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Thus we have two different ways of thinking of an electric field. We can
either assign a vector with three components E or a scalar with one com-
ponent ¢. Often, it is easier to work with the electric potential than the
electric field. So, if our objective is to find the force acting on a test charge
q that is introduced at some point in the region, and if we find the electric
potential at that point as a function of the coordinates, then we can take
the gradient to calculate the force.

2.4.2 Calculation of Potential at a Point

If we have a distribution of charges with charge density as a function of
the spatial coordinates p(z,y, z), we can find the potential at the origin by
evaluating the integral

[T pdT
¢—/0 (2.26)

dmegr

where the symbol dr is the element of volume (also written as dV, d3x, or
d®r). For a point charge, this integral reverts to Eq. (2.24).

Now, if there are several charges in some region, and each charge generates
a field at the origin, the net field at the origin is the vector sum of the fields
due to the individual charges. This is a case of the superposition principle.

E=) E=-) V¢ (2.27)

So, if we call the potential at the origin as ¢, so that E = —V¢, then it
follows that V¢ = > V¢;. Thus ¢ = > ¢; plus an arbitrary constant,

which we are free tolset at 0. Thus the Zelectlric potential also obeys the
principle of superposition. If there are several point charges q1, q2, g3, etc.
at different points at distances 71, 72, r3 etc. respectively from the origin,
the total potential at the origin is simply the algebraic sum of the potentials
due to each individual charge.

¢ = Z & (2.28)

471'607"7;

This equation holds good for arbitrary positions of the origin, and hence
the potential at any point in a field is the algebraic sum of the potentials
due to all the charges present.
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Let us consider a system of three point charges, two of them along the x
axis and one on the y axis, as shown:

a 1‘11

a*c‘
=9

At every point in the plane there is a potential due to this system of charges.
But we notice that the potential diverges to infinity at the points (0, a), (b, 0)
and (¢,0). This is a problem if we consider these charges as point objects
having zero volume. We shall temporarily overrule that possibility and
return to it in a later chapter when we examine the quantum theory of the
electromagnetic field.

So we will assume that geometric point charges do not exist, and so we
provisionally assign small finite diameters to these charges. But since these
diameters are considered small, at distances close to a charge the magnitude
of the potential would be large. So, if we were to bring a test charge ¢ into
the picture, and move it around without disturbing the other three charges,
this charge would pick up very high potentials when it comes close to the
fixed charges.

Suppose now we do not have a test charge, but only the three charges
of the system. What is the potential picked up by, say charge ¢17 The
answer is the potential generated by the other two charges ¢» and g3. So
we have made ¢; the test charge in the field generated by charges g2 and
@3- An important corollary is that each charge sees only the field generated
by the other charges. A charge cannot experience the field or potential
that it generates. In other words, a charge cannot detect itself. Putting it
poetically, a charge cannot see itself.
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Cassius: Tell me, good Brutus, can you see your face?
Brutus: No, Cassius, for the eye sees not itself. But by reflection, by
some other things. (Shakespeare, Julius Caesar, Act 1, Scene 2)

As Brutus tells his friend Cassius, the eye can see itself only by reflection
from some other objects. The ancient Romans saw their reflections in water
or in polished metal surfaces. We shall see later that a charge cannot detect
itself except by reflection, primarily from metallic surfaces.

Poisson’s equation holds for the potential at any point:

V=L

(2.29)
€0

And in any region where there is no charge, this equation is replaced by
Laplace’s equation
V2 =0 (2.30)

Whereas this equation is physically equivalent to V-E = 0, Laplace’s equa-
tion is often mathematically easier to solve than the divergence equation
for the same system.
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Chapter 3

Electric Fields and Potentials

3.1 Solutions to Laplace’s Equation

3.1.1 Boundary Value Solutions

In many real life situations we can measure the value of the electric potential
¢ on the boundary of some region, and we seek to find the potential inside
the region — at least as a function of the coordinates. In such situations it
is generally possible to solve Laplace’s equation V2¢ = 0 to find ¢(x,v, 2)
inside the region.

Example A: We are able to measure the potential at every point on the
surface of a sphere, but not inside the sphere. We solve Laplace’s equation
for the inside, by using our knowledge of the potential at the boundary.

Example B: We know the potential at every point on the surface of a sphere.
We seek to find the potential everywhere outside the sphere as a function
of the coordinates. The potential at infinity is zero, far from all charges.
Thus we know the potential at both the inner and the outer boundaries,
and we can calculate the solution to Laplace’s equation outside the sphere.

Example C: We want to find the potential everywhere inside a rectangular
box. The sides of the box are kept at different potentials, which we are able
to measure. Knowing these boundary conditions we can find the solution
to Laplace’s equation inside the box.

Such problems, where a scalar function — which in our case is the electric
potential — is specified at every point of the boundary, are called Dirich-
let problems, and the boundary condition is called a Dirichlet boundary

57
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condition. A different sort of boundary condition, called the Neumann
boundary condition, specifies the gradient of the function — corresponding
to the electric field — at every point on the boundary. For the present we
deal with Dirichlet boundary conditions.

We will now prove that if ¢ is known at every point on the boundary, then
there is a unique solution to Laplace’s equation at every point within the
boundary.

Proof:

Suppose there is more than one solution to Laplace’s equation at any point
within the boundary. Let us call two such distinct solutions ¢; and ¢o. Let
us define the function ) = ¢1 — 2. We need to show that ¢ = 0 everywhere
within the boundary.

Now,

V- (@VY) = Vi + Vi - Vi (3.1)

By the divergence theorem,

// v (WV)dr = #S GV - AdA (3.2)

Therefore
///V (V9 + Vo - V)dr = 5[].2 BV - dA (3.3)

(This equation is a particular case of a theorem called Green’s First Iden-
tity.) Now, V2¢; = V2¢9 = 0, and so V27 = 0 within the boundary. This
result holds even if there are charges in the space within the boundary,
for then Poisson’s equation applies to both potentials, VZ¢; = —% and

V2¢e = —£. So, we obtain

//V |V |2dr = #é YV - ndA (3.4)

Since ¥ = ¢1 — ¢ = 0 everywhere on the boundary, the right side of this
equation is zero. Since |V4| cannot be negative anywhere, it must be zero
everywhere. Therefore Vi) = 0 everywhere within the boundary. So ¢
must be a constant, and since it is zero on the boundary, it must be zero
everywhere inside as well. So ¢1 = ¢o.
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3.1.2 Rectangular Coordinates

Laplace’s equation in Cartesian coordinates is written as
2 2 2
s + o9 + o =0 (3.5)
ox?2  0y? 022
This form of Laplace’s equation can be solved for geometries with right
angles. Recall that a vector can be written in Cartesian coordinates as
A= A+ ij' + A,k. In this coordinate system the unit vectors are
constant and do not vary from point to point, unlike in the spherical and
cylindrical coordinate systems. So, the solution to Laplace’s equation can
be expressed as ¢(x,y, z) = X(2)Y (y)Z(z) where X, Y, and Z are functions
of the separate coordinates x,y and z respectively. Thus Eq. (3.5) becomes
1d’X 14y 1d°Z
X2 "Yap Tz
The first term contains no y or z, the second term contains no z or z, and
the third term contains no x or y. Thus, each of the three terms must be
independent of the coordinates, and therefore constant.

=0 (3.6)

: 1d*°X _ 1d%y _ 1d*Z
So, we can write ¢ 5> = « = f, and T3

= YT = =, where «, 3, and v
are constant numbers, and « + S + v = 0. We shall assume these numbers
are real. Since their sum is zero, at least one of them is negative, and at
least one is positive. The physical geometry of the system, including the

boundary conditions, will determine the signs of these numbers.

Consider the box shown below, with the bottom face in the xy plane, with
one vertex at the origin, and the opposite vertex at the point (a, b, ¢), with
a height of ¢ along the z axis, where ¢ is much greater than a and b. The
bottom face of the box is maintained at a potential which is a function of x
and y: V(x,y,0), and the other five faces are maintained at zero potential.

Z

J
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As we move upwards along z, we move further away from the bottom face
having a non-zero potential to the top face which has zero potential. Hence
we expect the magnitude of the potential inside the box to decrease all the
way from bottom to top. We do not expect a similar variation along the x
or y directions. These considerations imply, as will presently become clear,
that ~ should be positive, and o and 3 should be negative. Let o = — A2,
B = —B?% and v = C?, where A, B and C are real numbers.

¢X =—A2X; X = -B%; 9Z =(?Z where C? = A% + B2,

The general solutions of these equations are:

X = Ajcos Az + Aysin Ax; 'Y = By cos By + Bs sin By;
7z = C’lecz + Cze*CZ

Since the potential is 0 for z = 0,y = 0, we can infer that A; = B; = 0. And
since the potential is 0 for z = a,y = b, it follows that A = n7/a and B =
m /b where n and m are positive integers. Thus C = 7+/(n/a)? 4+ (m/b)2.
We may then combine most of the remaining constants and write the solu-
tion as

é(z,y,2) = G (Clew\/<n/a>2+<m/b>2z LT (n/a)%(m/b)?z)
sin(nma/a) sin(mwy/b) (3.7)

But this is just a special solution. The general solution is a sum of terms
containing all possible values of n and m:

s Z Z G (Cle e te " <%>2+(%>2z>

n=1m=1
Sin(?) sin(?) (3.8)

This is the complete solution to Laplace’s equation. But we can reduce
the number of constants. Since the first term inside the brackets diverges
for large z, this divergence can be eliminated by setting ¢; = 0, thereby
yielding a general solution valid for arbitrary z. And the constants Gy, .,
are not entirely arbitrary. We can apply the boundary condition at z = 0
to obtain

Vi(z,y,0) = Z Z nm Sin(nmz/a) sin(mmy/b) (3.9)

=1m=1

This equation also enables us to determine the coefficients G, .. The
procedure is to multiply by the factor sin(n'mz/a)sin(m’ny/b), where n'



Electric Fields and Potentials 61

and m’ are arbitrary positive integers, and integrate over z and y

b
Z Z G m/ sin(nmx/a) sin(n’ mc/a)dm/o sin(mmy /b) sin(m’ 7y /b)dy

n=1m=1
(3.10)
This is a double Fourier integral, and has the value (ab/4)Gp/ .

Hence, we obtain (dropping the primes on n and m)
4 a b
Gnm = —b/ / V(x,y,0)sin(nrz/a) sin(mmy/b)dxdy (3.11)
av Jo Jo

This double integral can be carried out for each set of numbers (n,m)
by using the explicit form of V' (z,y,0) and integrating between 0 and the
known values of a and b.

3.1.3 Spherical Polar Coordinates
The Laplacian operator in spherical coordinates is as follows:
10 0 1 0 0 1 0?
V2= —(r?= —-— 0 _ 3.12
r2 Or (T 8r> * r2sin 6 00 <sm 89) * 72 sin?  0p? (312)

So, Laplace’s equation in spherical coordinates may be written as

L6\ 1 ¢ 1 %
ar (T ar) t 66 <Sl 339) T anZgap 0 (3:13)

The first term on the left side contains no angular derivatives in 6 or .
We will consider a solution to this equation of the form ¢ = R(r)A(8, ¢).
Substituting into the equation and dividing by R(r)A(f, ¢), we obtain
1d /[ ,dR 1 1 0 0A 1 1 0%4A
0— ——— = =0 3.14
Rdr (r )+As1n080 (Sm >+Asin295<p2 (8:.14)
We shall set the first term as a constant, which in light of later convenience
we write as £(¢ + 1).

Hence we get a radial equation
d dR

il = 1
o (r dr) L+ 1)R (3.15)

which is a second order differential equation with the solution

R(r) = Ar® + Br—*1 (3.16)
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(Note that here A is a constant number, distinct from the function A(6, ¢).)
The angular equation takes the form
11 0 (. ,0A 1 1 0°%4A
——— — [ sinf— — 5o =
Asin6 00 Asin® 0 0p

—L(l+1 3.17
- +1) (317
Next, writing the angular function as a product of functions of the polar
angle 6 and the azimuthal angle ¢: A(6,¢) = O(8)P(p), we obtain the
equation

= —4(¢+1)sin*0 (3.18)

sinf d de 1 d?®
do

sin 0 — Edigpz

Since the second term on the left side is independent of 8, and the remainder
of the equation is independent of ¢, we can treat this term as a constant,
which for later convenience we write as —m? where m is an integer, which
may be positive, negative or zero. The azimuthal equation now becomes

AL 9

= (319)
The general solution is ® = Acosme + Bsinmy, or, in more common
form using complex numbers, ® = A;e"™? + Aye” ™%, Recall that e? =
cos @ + isinf.

That leaves us with the equation in the polar function ©(6):

1 d do m?
— | sinf— Ll+1)— 0=0 3.20
sin 6 df <sm d@) + { (t+1) sinzg} (3.20)
It is easier to solve this equation if we make the substitution x = cos 6 and
replace ©(6) by P(x). The polar equation becomes

2
% [(1 - zr")(jlﬂ + {6(6 +1) - 122
This is called the associated Legendre equation. In order to find the solu-
tions to this equation, we first consider the solutions to the simpler equation
obtained by putting m = 0:

] P=0 (3.21)

% {(1 - x2)cﬂ L6+ 1)P =0 (3.22)

A solution to this differential equation can be obtained using Rodrigues’
Formula
1 od,

Po(w) = oo (2% = 1)¢ (3.23)
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The P, are polynomials in  known as the Legendre polynomials:

Py=1
P=x

Py=1(322-1)

Py = 1(52% — 32)

Py = £(352* — 3022 + 3)
P5 = (632" — 702° + 15z)

We see that for x = 1 or § = 0 all the Legendre polynomials equal 1.

The Legendre polynomials obey an orthogonality condition, expressed as

2
/Pe VPe(w)da = 50, (3.24)

From the Legendre polynomials we define the associated Legendre functions
as

m|
Pl (z) = (1 — 2?)Imi/2 <(Zj> Py(z) (3.25)

The associated Legendre functions are solutions of the associated Legendre
Eq. (3.21). We may now replace the variable z by cos 6 and write some of
the associated Legendre functions:

P)=1; P)=cosf; P)=3(3cos?—1)

P} =sin6; P} =3sinfcosf; Pj=3sinf(5cos?0 —1)
3.1.4 Spherical Harmonics
The angular Eq. (3.17) has a solution that is a product of the polar and az-

imuthal functions. We define an important function that satisfies Eq. (3.17),
called a spherical harmonic, as

Vi (0, 9) = <—1>m\/ T PP s (3.26)

These spherical harmonics have some interesting properties.
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They are orthogonal to each other in both ¢ and m:
27 e
/ dy / Sn0d0YS (0, 0)Yom(0.0) = by iy (327)
0 0

dpsin 0df is the solid angle df, and the integration is done over the entire
spherical surface, i.e. over the solid angle 2 = 4 sr.

An arbitrary function in 6 and ¢ can be written as a series of spherical
harmonics:

9] 4
FO,0) =" A Yim(0, ) (3.28)
{=1 m=—/¢
The coefficients of this series may be obtained by carrying out integrals,
making use of the orthogonality of the spherical harmonics (Eq. (3.27)):

Agm = / QY7 (60.0) (0, 9) (3.20)

To get the general solution of Laplace’s equation where there is no charge
density we integrate these results with Eq. (3.16) and obtain

00 4
o(r,0,0) =Y Y [AemruBemr—(“” Yim (0, 0) (3.30)
=0 m=—¢

Suppose this potential is generated by a point charge at the point r, and

so has the form Incorporating the constant terms (47ep and ¢q)

q
4meg|r—r' |
into the coefficients on the right side, we obtain

o 14
I Z Z {Aémrz + Bzmrf(éﬂ)] P (cos 0)e'™? (3.31)

r—r|
£=0 m=—/¢

If we choose the coordinate system with the z axis pointing along r/, the
potential will have a symmetry about the z axis, and will be independent
of ¢ and hence m = 0.

oo

1

r—r|

|:Ag’l"e + Bﬂ“_(“_l)} Py(cosb) (3.32)
=0

Now,

1 1
r—1'|  (r2+ 72— 2rr'cosf)L/2

(3.33)
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For r > 1/, the right-hand side can be expanded as
1 1 !
=— |1+ —cosf
(r2 + 72 — 2r1’ cos 0)1/2 ( s )

l(:)OPO(COS 0) + (Z/)l Py (cos 9)] (3.34)

’

This equation suggests the first two terms of a Taylor series in “-. Moreover,
if the solution is valid for large r, the coefficients A, must be set to zero,
and thus we obtain, for r’ < r,

ﬁ _ %i (t;)éPg(cos 0) (3.35)

£=0

<

S|

We can check this equation for # = 0 or z = 1. Each Legendre polynomial
becomes unity. And the two sides balance.

3.1.5 Cylindrical Coordinates

In cylindrical coordinates (p, o, z) Laplace’s equation becomes
0? 10 1 02 0?
o 109 10  0°¢ - (3.36)
9p?  pdp  p*Op? 022

As usual, we can seek a solution as a product of functions of p, ¢ and z:

o(p, ¢, 2) = R(p)F(p)Z(2) (3.37)

We obtain three separate differential equations:

d*Z

— =kZ 3.38
d’F

pre —V*F (3.39)

d’R 1dR V2
i P_-__)R=0 3.40
dp2+pdp+( p2> (3.40)

The solutions to the first two equations are straightforward:

Z(z) = a1e" + age™* (3.41)

F(p) = be™? + bye™ ™%
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It is customary to solve the third equation by first making the substitution
x = kp, and writing the equation as

2R 1d 2
dR | 1dR (1—;>R:0 (3.42)

dz?2 'z dx

This is called the Bessel equation. We seek a solution in the form of a power
series in x:

x) =z Z a;x’ (3.43)
=0

Substituting into the Bessel equation we obtain solutions that can be ex-
pressed as power series in x. Two linearly independent solutions are

Jo(z) = (;)V;O j,m(ﬁ):m (§>2j (3.44)

known as the Bessel function of the first kind, and

Jy(x) cosvm — J_,(x)

sin vm

Ny(z) = (3.45)

known as the Bessel function of the second kind, also known as the Neu-
mann function, which can be constructed from the Bessel functions of the
first kind.

Bessel functions of the first kind satisfy the generating function equation

z(t— 1/t)/2 Z tmJ n (346)

n=—oo

Exercise:
The potential due to a charge distribution p(r, 8, ) is

q e—r/a

 4mey T
where ¢ is a positive point charge located at the origin.
(a) Solve Poisson’s equation V2¢ = —£ to find p as a function of the
polar coordinates (r,8, ¢).
(b) Calculate the total charge by taking an integral of p over all space.




Electric Fields and Potentials 67

3.2 A Puzzle

An electric field can be described either by its field vector E or by its scalar
potential ¢. In order to describe the field by its field vector we need to
specify three scalar functions: E.(z,y,z2), E,(z,y,2) and E,(z,y,2). So
three independent real numbers are needed. On the other hand, the field
is also specified by the electric potential, one scalar function: ¢(z,y, z).
Thus a single real number suffices. This raises the question: how many real
numbers are actually needed to specify the field at a point?

We could tackle this puzzle by considering a conductor or a dielectric that
is an object of non-zero dimensions, however small these dimensions may
be. If the object is placed in a non-vanishing electric field, then, since V¢ is
not zero across the dimensions of the object, there is a variation in the value
of ¢ across the different points on the object. Thus the object measures the
value of ¢ not at one point, but at several points. In order to determine F,
it is necessary to measure ¢ at a minimum of two distinct points in the x
direction, and likewise for the other components of the field.

But what if our object is a point charge with zero dimension? Such an
object could pick up the scalar potential at only one point. In order to
undergo a change of momentum, a particle must know in which direction
it should accelerate. And the field cannot communicate this information to
the point charge if this charge can measure the potential at only a single
point. So a point charge presents a real problem. And this problem has
no solution in classical electromagnetism. The solution is to be found in
quantum mechanics, and we will discuss this in a subsequent chapter.

3.3 Electric Field Lines

3.3.1 Parallel Plate Capacitor

Consider two identical conducting plates parallel to each other, kept at
a distance apart that is small compared to the length and width of each
plate. Suppose one plate carries a surface charge density +o and the other
a surface charge density of —o.
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o

+o
The lines with arrows indicate the direction of the electric field at points
between the plates and at the sides of the plates. Note that within the
space between the plates far from each end the electric field has the same
direction at every point. Now, we will show that if the electric field has
parallel vectors at two closely spaced points in space — with no charges in

between them — then the field must have the same magnitude as well at
these points.

To prove this, we will show that the converse cannot be true. Suppose we
have two parallel but unequal electric fields close to each other. If such a
thing is possible, then let us draw a rectangle such that one side is along
one field and the other along the other parallel field. Let us assume that
these fields are unequal in magnitude, and we shall call their magnitudes
E1 and EQ.

Now, let us carry out the closed line integral ¢ E-dr in a positive (counter-
clockwise) direction along the sides of this rectangle. Clearly, the value of
this integral is (Ey — F3)L where L is the side of the rectangle parallel to
the electric field. By Stokes’s theorem this integral equals [[ 'V x E - fidA,
and since V x E = 0 for electrostatic fields, it follows that this integral is
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zero. Hence Fy = FEs. Thus, if two electric fields in close proximity are
parallel, they must have the same magnitude.

3.3.2 Properties of Field Lines

The foregoing diagram suggests a way of depicting electric fields pictorially,
at least on a flat page. A line carrying an arrow indicates an electric field,
the direction of the arrow showing the direction of the field. If the lines
are parallel, the field is uniform. Since the electric field points away from
a positive charge and towards a negative charge, the field lines originate in
a positive charge and terminate in a negative charge. The diagram below
shows the electric field lines due to a dipole, two equal and opposite charges
situated at a short distance from each other. In this figure we have shown
two charged spheres of equal radius:

AN

The field lines themselves are no more physical than the lines of latitude
and longitude shown on maps. Electric field lines have some interesting
properties, such as the following;:

1. Field lines originate in a positive charge and terminate in a negative
charge. (This rule will be modified when we bring in varying magnetic
fields into the picture.)

2. Field lines never cross each other. Field lines appear to repel each other.

3. The stronger the field, the closer the field lines. The weaker the field,
the more the lines are spread apart.

4. There is a tension along each field line. The lines tend to grow shorter
in length, and to bring the opposite charges closer together.



70 Understanding the Electromagnetic Field

5. In a uniform field, where the field has the same strength and direction
at every point, the lines are parallel to each other.

3.3.3 Conductors and Potential

The degree to which charges can flow varies from material to material. The
flow of charges through a substance is called conduction. Since charges flow
relatively easily through metals, and with much difficulty through most non-
metals, it appears that there is a natural distinction between substances
that conduct and those that do not. Thus, we speak of conductors and
non-conductors or insulators. Solid conductors are almost entirely metals
and their alloys, with the notable exception of graphite, a crystalline form
of carbon. Silver, gold and copper are excellent conductors. Non-metals
are insulators, with the exception as noted of graphite, though diamond,
another crystalline form of carbon, is a bad conductor.

Charge can be stored in a conductor if it is insulated from its surroundings.
So, a metal sphere mounted on an insulating stand can be charged and will
retain the charge. When a charge — in the form of billions of microscopic
elementary charges — is given to such an insulated metal sphere, these
microscopic charges will repel each other. This is because each charge will
experience the field due to the other charges and be accelerated in the
direction of the field (if the charge is positive) or in the opposite direction
as the field (if the charge is negative), and the charges will tend to move far
away from each other. But because they are confined to the conductor, they
will occupy stable positions at which they will experience no net force. Each
charge will experience an outward force of repulsion from the other charges,
and an inward force compelling the charge to remain within the conductor.
Thus, every charge will be in equilibrium, experiencing equal and opposite
forces. We say that the conductor is in electrostatic equilibrium. The
outward force felt by the charges per unit area will appear as an outward
pressure acting on the conductor.

There are some important properties of such a charged conductor.

1. At any point close to the surface of a charged conductor in electrostatic
equilibrium the field is perpendicular to the surface.

Suppose this were not true. Then there would be a component of the field
parallel to the surface. Such a component would cause a charge on the
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surface to accelerate along the surface. But that is not possible, since the
conductor is in equilibrium. Therefore, the field is perpendicular to the
surface at all points close to the surface.

2. There is no field inside the conductor.

Suppose there is a field inside the conductor. Such a field must be rep-
resentable by field lines that originate in a positive charge and terminate
in a negative charge, or go to infinity. Within the conductor there cannot
be charges of opposite signs, and the lines certainly do not go to infinity.
Therefore there can be no fields inside a conductor.

3. All the charges reside on the surface of the conductor.

Suppose there is some charge inside the conductor. This charge would
generate a field in its neighborhood. But since there can be no field inside
the conductor, there cannot be a charge inside the conductor.

4. Charges tend to cluster at points of greater curvature on the surface.

The field lines everywhere are perpendicular to the surface. At a region
of higher curvature the field lines diverge more than at a region of lower
curvature.

Field lines diverge more at surface regions
of greater curvature

Therefore the field is stronger at regions of greater curvature (i.e. smaller
radius of curvature) than at regions of smaller curvature. Now, the field
close to a charged surface has magnitude %, and so the surface charge
density is greater at points of greater curvature. Consider a spherical con-
ductor of radius r having surface charge density o. The total charge on this
conductor is @ = 47?0, and the potential at the surface of the conductor
is ¢ = 475307" = % So, if the potential remains constant the charge density
is inversely proportional to the radius: o %
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Suppose we have three conducting spheres of unequal radius in contact as
shown above. At electrostatic equilibrium they will have the same potential.
But they will not all have the same surface charge density.

5. Every point on and inside a conductor in electrostatic equilibrium is at
the same electric potential.

If there were two neighboring points at different potentials, there would be
a field between them, which is impossible.

3.3.4 Image Charges

Consider the field lines due to a dipole. Let us draw a plane perpendicular
to the page intersecting the field lines halfway between the charges, as
shown below:

Because of the symmetry of the system consisting of two equal and opposite
charges, the field lines must be perpendicular to the plane that divides the
diagram at the center. At every point on the central plane, the potential
must be zero, because every point is equidistant from the two equal and
opposite charges.
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Suppose now we were to remove the negative charge from the system, and
place a grounded conductor with its plane edge along the central line:

=\

/

A grounded conductor is at zero potential. So every point on the conductor
is at the same zero potential. So this grounded conductor has exactly the
same potential as the plane intersecting the field lines midway between the
charges.

We saw earlier that if the potential is specified at every point on the bound-
ary, then the potential is determined at every point within the boundary,
and this result applies even if there are charges within the boundary. Now,
let us consider two different systems. System A consists of a positive charge
+@Q placed at a distance d in front of an infinite grounded plane conductor.
The grounded conductor is at zero potential. So, the region in front of
the conductor is a semi-infinite space where the potential goes to zero at
infinity, and is zero on the conducting surface. Next, consider System B
which consists of two charges +@Q and —@Q placed at a distance of 2d from
each other. Consider the semi-infinite space including the charge +Q with
the perpendicular midway plane as a boundary.

Both the spaces have the same boundaries with zero potential along the
boundaries. Hence the potential at every point on one side of the mid-
plane between the charges will be the same as if there was one charge and
the midway plane was replaced by an infinite grounded conducting plane.

Thus, a charge placed in front of an infinite grounded conducting plane will
generate a potential function in front of the plane which is identical to the
potential due to a dipole.

So, as far as the field in front of the conducting plane is concerned, it is that
due to the charge in front of the plane and an equal and opposite charge
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equidistant on the other side of the plane. This other charge is a fictitious
charge, and is called the image of the real charge placed in front of the
conductor.

This method of finding the potential due to a charge and a conducting
surface is called the method of images.

The method of images can be used to find the potential due to a distribution
of charges in the vicinity of a grounded conductor of any shape, though the
method is useful only for a conductor of a regular shape such as a set of
intersecting planes, a sphere, or a spheroid.

The method of images explains under what circumstances a charge can
interact with itself. When placed near a grounded conductor, it generates
an image of opposite sign and behind the surface of the conductor. The
real charge interacts with its image. If the surface is a plane, the image
has the same magnitude as the real charge. If the surface is convex, the
image has a smaller magnitude. The rules for the image distance and image
magnitude are essentially the same as those for virtual light images formed
behind mirrors. Thus, with the help of a grounded conducting surface, a
charge is able to “see itself”.

3.4 Multipole Expansion of Potentials

3.4.1 Dipoles

A single charge of negligible dimensions can be treated as a point charge as
long as we do not explore the regions microscopically close to the charge.
Such a charge is called a monopole. A pair of equal and opposite point
charges kept at a small distance from each other is called a dipole.
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Z
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The dipole moment of a pair of charges ¢ and —qg with the displacement
vector r from —q to +q is defined as p = ¢r and the SI unit of dipole
moment is the C.m (Coulomb-meter). It is conventional to place the dipole
centered at the origin pointing along the positive z axis. So p = qulAc.

We can find the potential at a point P(r, 0, ¢) by algebraically adding the
potentials due to each charge:

q 1 1

= - 3.47
dmey |12 —2rdcosf +d2 12+ 2rdcosO + d2 ( )
If » > d, we can write the potential as
pcosf
= — 3.48
4megr? ( )

Thus the potential of a dipole drops off as the inverse square of the distance.

At a large distance along the positive z axis, ¢ = and along the

p
4meqr2”?

negative z axis, ¢ = —ﬁ. At any point on the xy plane the potential
is zero.
Using E = —V¢, we can obtain the spherical polar components of the

electric field as

_ 2pcos?

E. =
" dwegr3
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B, = psinf

= 3.49
4drregrs ( )

E,=0

We may write the potential of a dipole in Cartesian coordinates as follows:

pz
= 3.50
¢ dmeg (a2 + y? 4 22)3/2 (8:50)

This will yield the Cartesian components of the electric field of a dipole:

_ 3pzx
T Amegrd
3pzy
y = P (3.51)
p 3pz?

E, =

— +
Amegr3  4megrd
and these three equations can be combined into a single vector equation as

E— [3r(p'r) —p] (3.52)

4megrs 72

which is independent of the orientation of the dipole relative to the coordi-

nates, though the dipole is still centered at the origin. For the more general

case, where the dipole is at an arbitrary position at a distance r¢ from the
origin,

_3np-n)—p (3.53)

47‘1’60 |I‘ — I'()|3

where 7 is a unit vector directed along r — rg.

3.4.2 Multipoles

If we have four charges of equal magnitude, two positive and two negative,
placed at the vertices of a rectangle, so that any two vertices at the ends
of a side have opposite sign, then we have a quadrupole.

The potential of a quadrupole can be shown to drop off as the inverse cube
of the distance: ¢ x %3

An octopole has eight charges of equal magnitude with alternating signs
along the adjacent vertices of a rectangular cuboid (also called a three-
dimensional orthotope, rectangular prism, or rectangular parallelepiped).
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The potential of an octopole can be shown to drop off as the inverse fourth
power of the distance: ¢ « %4

We will now draw an analogy with the study of sound waves. A pure
note has a single frequency, but a note sounded on a musical instrument
is a combination of harmonics, where each harmonic is a multiple of the
fundamental mode. The potential generated by a distribution of charges,
such as a continuous charge density p, can be analyzed as a combination
of multipole potentials. We shall next set up the mathematical analysis of
such potentials.

Since we are talking about an extensive distribution of charges, we can no
longer limit ourselves to point charges placed at the origin, or a pair of
charges placed on either side of the origin. Let us consider a point charge
at the point A in the figure shown above, and let us calculate the potential
at P due to this charge at A.

The potential at P due to a charge at A is proportional to —1-.

lr—r']

Now,
1 1

T = 3.54
v —r'|  /r24+72 =271 cosw ( )

For v’ < r, the right side can be expanded as a series of Legendre polyno-
mials in cosw:

;,‘ _ %i <7:>ZPg(cosw) (3.55)

r—r
=0
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Now, as r — r, the left side diverges. The right side becomes 15 P(1).
=0

Since P;(1) = 1 for all ¢, the sum diverges. Thus this expansiozl is not
helpful for evaluating the potential at positions close to the source.

L involves the spherical harmonics. We

A more complex expansion of i

make use of the spherical harmonic addition theorem:
Py(cosw) = % 1 Z Yom (0, 0)Y5, (0 ¢") (3.56)
where (17,6’ ¢') are the coordlnates of A and (r, 6, ) are those of P. So
oo m={
1 't
—_— = ——Y; (0", ) Yo (0, .
|I'—I‘/| W%ﬂ@; 2€+17“Z+1 Zm( 790) 14 ( 90) (357)

The potential at a point P (r) due to a distribution of charges over a region
described by the variable position vector r is given by

= 3.58
dmey ) |r—1| (3:58)

The integral can be expanded using spherical harmonics as follows:
. 1 1 x ol IN M N 73, Yfm(eﬂo)
P(r) = o ;ﬂ; DY [/ Y (0', )" p(r )d°r T (3.59)

The integral inside the square brackets is called the multipole moment and
is written as ¢g,. And so

0o L
1 4r Yo (0, ¢)
_ N 3.60
(r) 47eq Z Z 20 + 1% pl+l ( )
=0 m=—¢
where
Qom = /Y[;l(e’,w’)r’ep(r/)dgr, (3.61)

The multipole moments have dimension L¥.

Exercise:

Four charges of magnitude ¢ are placed at the vertices of a square of side
2a in the zy plane. P(r,¢) is a point in the plane. Positive charges +¢
are placed at (0,a) and (0,—a) on the y axis. Negative charges —q are
placed at (—a,0) and (a,0) on the x axis. r > a. Evaluate expressions for
(a) the monopole moment of the system

b) the dipole moment of the system

¢) the quadrupole moment of the system

d) the potential at P due to the charge distribution

e) the electric field at P due to the charge distribution.

(
(
(
(
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3.5 Electrostatic Energy

3.5.1 Potential and Potential Energy

In order to bring two like charges closer, an external agent has to perform
work on the charges. This work done by the agent is equal to the increase in
potential energy of the system of the two charges. If the charges are unlike,
the work done by the agent is negative, and the increase in potential energy
is negative.

The magnitude of the force between two charges ¢; and ¢o at a distance r
from each other is
_ q192
T Adweqr?

(3.62)

The work done on the charges by an external force in bringing them from
a distance r1 to a distance ro from each other equals

1 1
W— / Qg qge (11 (3.63)

4’/T60’)"2 47T€0 T2 T
The negative sign inside the integral indicates that the displacement dr is
opposite to the force F. Suppose the charges are brought from infinity. We
can do this in two steps. First, charge ¢; alone is brought from infinity.

The work done is 0, because there are no other charges in the system, and
so g1 does not experience any force. Next, keeping charge ¢; fixed, we bring

g2 from infinity to a point at a distance 7o from ¢;. Since 77 is infinity, the
work done, which is the potential energy of the system of two charges, is

q192

3.64
4megra ( )

Now, we found earlier that the potential at a point at a distance ro from a
charge ¢ is given by
q1

p— .6
¢ 4megra (3.65)

So, the potential energy of a system of the two charges is given by U = ¢q-
where ¢ is the potential due to the charge ¢; at the point occupied by
charge gs.

We will next calculate the potential energy of a charge and an infinite
conducting plate at zero potential, and then show that this is equal to the
potential energy of the charge and its image behind the plate.
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q

dr

Consider a charge ¢ at a distance z from a large grounded conducting plate
at zero potential. The presence of the charge ¢ will induce a surface charge
on the plate. This charge will not be distributed uniformly on the plate,
but its magnitude will diminish with the distance from the charge. So the
plate will have an induced surface charge density that is a function of the
distance r from the foot of the perpendicular drawn from the charge to the
plate. Next, consider a ring of radius 7 and infinitesimal width dr centered
at the foot of the perpendicular.

The amount of charge residing on this ring is equal to 27rdro(r). o is not
constant, but is a function of the radial distance r. (o is opposite in sign

to q.)
So the potential energy of the charge ¢ plus this ring equals

q2nrdro(r)  q ro(r)dr

=2V 1 TV
dneoVr + 2 202 1 22

(3.66)

This number is negative, because ¢ has the opposite sign as q. Now, the
force component F), on the charge g due the charge on the ring is obtained
by taking the z derivative of the potential energy:

o(dU) gro(r)drz

F,=- = - 3.67
92 2e0(r2 + 22)3/2 (3.67)

This force component is negative, because ¢ and ¢ have opposite sign, and
so the force is downward, attracting the charge g to the plate. The force
acting on the ring itself is equal and opposite to this force, and so equal to
—F,, and is directed upward.
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The upward force acting on the ring of charge is equal to the field at the
ring divided by the charge on the ring. The electric field E immediately
above the surface of the plate is perpendicular to the surface and so is in

the z direction:
qz

E=F,=-F./2nrdro) = “Ire(? 1 272 (3.68)
where —F’, is the force acting on the ring.
And since E = %, this yields
dn:§75¥%?ﬁ (3.69)
Therefore
g =~z __rdr (3.70)

dmey (12 + 22)2

So the potential energy of the entire system consisting of the charge ¢ and

the plate is
2 0
— d
U q z/ rdr
dmey Jo (2 + 22)2

2 1 o0 2
_ 7= -7 (3.71)
dmeg [2(r? +22) ], dmen2z

This is exactly equal to the potential energy of a charge ¢ and its image —q

at a distance 2z from each other.

3.5.2 FEnergy of an Electric Field

In general, if the potential at a point is ¢, the work done in bringing a charge
q from infinity to that point is g¢. If there is a system of charges already
in place before charge ¢ was brought in, then the work done in bringing
this additional charge equals the increase in potential energy of the system.
The total potential energy of the system is the total work done in bringing
all the charges from infinity to the points occupied by the charges. If a set
of n charges occupy positions r;, then the potential energy of a pair of such
charges is U;; = didy Thus the total potential energy of the system

47\'60 II‘@ —ry ‘ .
of n charges is given by

%9
U= 3.72
Z dmeg|r; — 1) ( )
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If we write |r; — r;| = r;;, then this equation can be written as

1« g
U=—- = i 3.73
2 i dmegr;; Z @ Z 471'607"” ( )

The factor % compensates for the double counting over pairs of charges.
The expression within brackets is the potential generated by all the other
charges g; at the point occupied by the charge g;. We shall call this quantity
@(r;), and so we can express the potential energy of the entire system of
point charges as

= % Z qid(r;) (3.74)

If we have a continuous distribution of charges within some region, we
can calculate the potential energy of the distribution of charges using the

_ % ///V p(r)d(r)dr (3.75)

Now, p = —¢9V2¢. So we obtain for the potential energy

U= _7// OV3odr (3.76)

formula

V- (¢Vg) =Vp-Vo+ ¢V3h. So

U———// V- (¢Vo)d 7// V¢ - Vdr (3.77)

The first integral can be converted into a surface integral over the closed
surface enclosing the region containing the charges. And we shall use V¢ =
—E in the second integral.

U-——#(;SVQ& AdS + = ///E Edr (3.78)

We will now let the closed surface recede to infinity, so that it is a sphere
of very large radius R. At any point on this surface, the potential is of the
order of %, and the gradient of the potential is of the order of %, and so
the integrand drops off as 1%3 This integrand is evaluated over a closed
surface of area 47R?. And so the integral itself is of the order of %

vanishes as R — oo.

and

7
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And so, the total potential energy of the charge distribution becomes

U:ﬂﬂ"ﬁm- (3.79)
2 14

In order to find the potential energy of the charge distribution we evaluated
the electric field throughout all space. This suggests that the repository of
the potential energy of the charges is not within the charges themselves,
but in the space that carries the field itself. This is a feature of every kind
of potential energy. Whereas kinetic energy is the property of individual
particles, potential energy is the property of systems. So the gravitational
potential energy of the earth-sun system does not belong only to the earth
or the sun, but is a property of the gravitational field between the two
objects. So, we can drop the adjective potential and simply talk about the
energy of a field. And since the space over which we have evaluated this
electrical energy is infinite, it is more helpful to talk about energy per unit
volume or energy density (u):

uz%ﬁ (3.80)

which is measured in J/m3. It is evident that the energy density can never
be negative.

3.5.3 FEnergy of a Charged Capacitor

If a charge ¢ is displaced by an external force from a point where the
potential is ¢; to a point where the potential is ¢, the work done by the
external force, or the increase in potential energy of the system = g(¢—¢;).
This increase could be positive or negative. In the event that the initial
potential ¢; = 0, the work done, or increase in potential energy = q¢y.
Where would we find points having zero potential? A point very far from
any charge, or at infinity, is at zero potential. Also, a point equidistant
from two equal and opposite charges, or every point in the plane halfway
between the plates of a capacitor, are all at zero potential.

Consider a parallel plate capacitor having charges +@Q and — with corre-
sponding charge densities +0 and —o on each plate. Let the area of each
plate be A and the distance between the plates be d. Now, let us picture the
two charged plates brought really close together so they almost touch each
other. At this stage the potential energy of the capacitor would be very
small, practically zero. Now, suppose the positive plate is slowly moved
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away from the negative plate through a distance d. The potential energy of
the capacitor now increases, and is equal to the work done by the external
agent who is carrying out this displacement.

The force acting on the positive plate is the charge on the plate multiplied
by the field experienced by the plate, which is the field due to the nega-
tive plate, with magnitude F; = ﬁ where 0 = Q/A. So Q = 2¢E1 A.
So, the potential energy of the capacitor U = force x displacement =
QFE,d = 2AegE?d. Now, the electric field between the plates is twice the
field generated by a single plate, E = 2F,. And so we can write the poten-
tial energy of the capacitor as U = %eoEzAd. Since Ad = V, the volume
of the space between the plates, the energy per unit volume between the
plates is u = %E()E2.

3.5.4 Potential Energy and Field Energy of a Pair of
Charges

The potential energy of a pair of equal and opposite charges ¢ and —q at a
distance r from each other is

q2

4megr

This is clearly negative. However, we know that the energy of an electric
field can never be negative. So this is a paradox. But only apparently.
In physics what is real — i.e. measurable — is not the potential energy,
but the change in potential energy. For a conservative force system — like
electrical or gravitational forces, a change in potential energy is measurable
as a corresponding change in kinetic energy. We saw earlier that a single
charge ¢ in an otherwise empty space has zero potential energy. But this
is not quite true. In order to create that charge, parts of the charge have
to come together, and that requires work done by the agent responsible for
bringing the parts of the charge together, and so even an isolated charge
has electrical energy.

Let us model a charge as a hollow sphere of radius rg with a total charge g.
The electric field generated by this charge at any point outside the sphere
So the total electrical energy in all of space is given by

2 2
- 2, 4
60 /// <4ﬂ60r2> 4rrdr F— (3.81)

is 47\'6 4meqr?”
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We would get an identical expression if the charge were negative. So, for
two such charged spheres at great distance from each other, the total field
. 2
energy is -
charges kept at great distance from each other. The work done by an
external agent in bringing them closer to a distance r from each other is
2
q
T Armeor”
energy — of the charges at a distance r from each other becomes

q> 1 1
dmeg \r9 T

Since g < r, this field energy is always positive.

. We may call this the initial potential energy of the two

Hence the total potential energy — or more accurately, the field

For a given pair of charges only the second term is measurable. But the first
term cannot be neglected in quantum theory or relativity, as we shall see in
a later chapter. So, if two equal and opposite charges are suddenly created
at large distances from each other, the energy needed to create them is

q2

8mepro

But if they are created at a distance r = rqg from each other, the energy
required is 0. Thus, it is possible for equal and opposite charges to appear
out of nowhere and then disappear as long as the distance between them
is of the order of rg, for then not only the total charge but also the total
energy of the system will be conserved.
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Chapter 4

Magnetostatics

4.1 The Phenomenon of Magnetism

4.1.1 Properties of Magnets

Magnetism as a natural phenomenon has been attested in antiquity. Certain
pieces of metallic ores were found to have some peculiar properties: they
attracted pieces of iron, and when suspended freely from its center of mass,
such a piece of ore swung to a preferred orientation that was approximately
north-south. The two ends of such a piece were dubbed the north-seeking
or north pole, and the south-seeking or south pole. When two such pieces
of ore were brought close, the ends of opposite polarity attracted, and the
ends of like polarity repelled.

A piece of ore having these properties came to be called a magnet in English,
because a large amount of such ores were mined in Magnesia in Greece.
Soon artificial magnets came to be made through contact with natural
magnets.

A tiny magnet in the shape of a needle pivoted at its center of mass —
called a compass — points in a particular direction at any point on the
surface of the earth. In analogy with the electric field, we say there is a
magnetic field at every point close to the surface of the earth. A magnetic
piece of iron such as a bar magnet also generates its own magnetic field.
Again, in analogy to an electric field, a magnetic field can be represented
by field lines. These field lines diverge close to a north or south pole, and
are parallel at great distances from a pole:

87
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\\//\\\
N

/

It is seen that the field lines are very similar to those of an electric dipole.
But there is a difference. Whereas positive and negative charges can be
isolated, a north pole can never be separated from a south pole. So, if we
were to cut the bar magnet in half, we would obtain not a north pole and
a south pole, but two shorter bar magnets, each with a north and a south
pole:

The inseparability of magnetic poles indicates that magnetic field lines may
have some fundamental differences from the electric field lines.

Suppose we consider an imaginary Gaussian surface that intersects a bar
magnet as shown below:
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If a north pole could be isolated, then the total divergence of the magnetic
field out of the Gaussian surface would be non-zero. But, if the north pole
cannot be isolated from the south pole, then we should assume that a south
pole is generated inside the Gaussian surface and a north pole outside the
surface:

N SA s

Thus the flux of the magnetic field through any closed surface must be zero.

Let us denote the magnetic field by the vector B leaving the precise defini-
tion of this field for later.

So, our hypothesis suggests that for any closed surface, 5@33 B - ndS = 0.
So by the divergence theorem, the volume integral of the divergence of B
over the volume enclosed by the surface is zero. Since this is true for any
volume enclosed by any surface, it follows that V- B = 0 at all times. This
is the magnetic equivalent of Maxwell’s first equation V - E = % and a
comparison of the two suggests that there is no such thing as a magnetic
charge.

Our inability to isolate a magnetic pole has therefore yielded a mathe-
matical equation expressing a fundamental property of the magnetic field.
A rigorous treatment will serve to confirm and corroborate our intuitive
reasoning.
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4.1.2 Coulomb’s Law for Magnets

Magnetic poles cannot be isolated. But if we have two very long magnets,
the forces between their poles can be investigated. Coulomb discovered the
inverse square law for magnetic poles. He found that the force between
two poles is directly proportional to the products of their pole strengths,
inversely proportional to the square of the distance between the poles, and
acts along the line joining the poles. In today’s ST units the force in newtons

(N) can be expressed as

pip2
F = Momer (4.1)

In this equation we have expressed the constants in the light of later knowl-
edge regarding magnetism. And so we will not bother to assign units to
the different quantities. We will measure the pole strengths p; and ps in
unnamed SI units. r is the distance between the poles in meters, and é, a
unit vector directed along the line between the poles. pg is called the per-
meability of free space, and in the SI system has the exact value 47 x 1077.

The strength of a magnet is generally expressed in terms of its magnetic
moment. If s is the displacement vector directed from the south pole to
the north pole, and the strength of each pole has magnitude p, then the
magnetic moment is defined as

m=ps (4.2)
Unlike the pole strength, the magnetic moment — also called the magnetic
dipole moment — is an important quantity, and we will express it in its
modern units, which are ampere meters squared (A.m?).

A magnetic pole experiences a force in a magnetic field. Such a field can be
represented as a vector field with magnitude and direction at any point in
space. In analogy to the definition of the electric field, we may define the
magnetic field B by the force experienced by a pole in the magnetic field,

F =pB (4.3)

Now, a pole cannot be isolated, and so a more useful formula would be the
magnetic field due to a dipole at a large distance (large compared to the
length of the magnet) from the center of the magnet. Since the same law —
Coulomb’s law — holds for both electric charges and magnetic poles, we
seek an equation analogous to the equation for the electric field due to an
electric dipole:

1 1

Bap(r) = o0 7s

[3(p-7)7 — p] (4.4)
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And so the magnetic field due a magnet having dipole moment m at a long

distance r from the magnet is given by
_ Mo 1

Buip(r) = 22 [3(m - 7)7 — m] (45)

4.2 Current and Magnetic Field

4.2.1 FElectric Current

A charge g experiences a force in an electric field according to F = gE. In a
vacuum a charged particle would accelerate according to Newton’s Second
Law. But in a conductor, free charges collide with the atoms and with
other free charges and as a result they cannot accelerate freely. So, when
an electric field is applied to a conductor, the free electrons would attempt
to accelerate, but would end up moving with a constant velocity called the
drift velocity. This flow of electrons leads to an electric current. Because
of historical reasons, the direction of electric current was chosen so that it
came out to be the opposite of the actual direction of electron flow. So it
is conventional to speak of positive charges moving along a conductor. The
magnitude of electric current I is defined as the amount of charge crossing
any section of the conducting wire per second:

_dQ
=== (4.6)

The vector current density J at a point is defined as the product of the
charge density and the velocity of charge at that point:

J=pv (4.7
Experiments have shown that the direction of flow of the current is the di-

rection of the electric field, and the magnitude of the current is proportional
to the strength of the field.

So, we can write: E = pJ. The proportionality constant o is called the
resistivity of the conducting material. This ¢ is to be distinguished from
the charge density p. The greater the resistivity, the smaller the current,
for a particular electric field.

Suppose the current flows along a cylindrical conductor of constant cross-
section A. Let L be the displacement vector of a section of the conductor
of length L. Then

E-L=0oJ L (4.8)
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Now, E - L = AV, the potential difference across the ends of the length L

of the conductor, J-L = JL, and J = I/A. So

_ oL
AV =& (4.9)

The ratio AV/I is called the resistance R (measured in ohms, ) of the

section of the wire. So
_ oL

B="

(4.10)

4.2.2 Oersted’s Law

Oersted discovered that when current flows through a wire, a curling mag-
netic field appears concentric with the wire in a plane perpendicular to the
wire. The direction of the magnetic field has a particular relation to the
direction of the current. The current flows in the direction that a right
handed screw would advance if rotated along the direction of the magnetic
field. This rule is also called the right-hand rule, as indicated in the figure
below. If the thumb of the right hand indicates the direction of the current,
the curved fingers indicate the direction of the field.

Current Current
'y Magnetic T
Fielt’i/.
O Circular
Magnetic 3
Field
Right Hand
\ Rule

Oersted’s law is stated in mathematical form as

55 B dr = pol (4.11)
c
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where g is the permeability of free space. If we consider a point at a
distance r from the center of the wire, then the above equation yields the
magnitude of the magnetic field at that point as

pol
B="—
2mr

(4.12)

If we take the direction of the current to be the z axis, the magnetic field
is perpendicular to the z axis, and can be expressed in vector form (in
cylindrical coordinates) as

pol .

== 4.1
2ﬂ_pe¢ ( 3)

where é,, is a unit vector tangential to the magnetic field at every point.

Oersted’s law indicates that a time independent magnetic field is generated
by a time independent electric current. Taking the divergence of Eq. (4.13)
and expressing the result in cylindrical polar coordinates — whereby B, =

0,B, =0, and B, = % — we obtain

10(pB,) 0B. 10B,
= - = 4.14
Jdp 0z + p 0y 0 (4.14)

Thus Oersted’s law provides a mathematical proof for a divergence free
magnetic field generated by a steady current. Later we will see that re-
gardless of how a magnetic field is generated, it will always be divergence
free: V-B = 0.

Oersted’s law introduces a concept of profound importance for the elec-
tromagnetic field — handedness. A current generates a field of a definite
handedness. This phenomenon raised some questions of symmetry, and the
physicist Ernst Mach expressed his shock on seeing that nature was appar-
ently not ambidextrous. The relationship between the current and the field
is illustrated by the right-hand rule, and thus lacks a bilateral symmetry.

We have thus far considered a current traveling through a wire, which has
a relatively small and uniform radius. In the more general case, we could
consider current moving through a medium, and the rate of flow of charge
may not be uniform throughout the medium. Suppose at a given point
within the medium the charge density is p and the velocity of the charge is
v. We define the current density

J=pv (4.15)
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The rate of flow of charge across a small area element dA is given by J-ndA
where 7 is a unit vector perpendicular the area element. The rate of flow
of charge out of a volume V contained by a closed surface S is

#éJ-ﬁdA://VV-JdT (4.16)

Conservation of electric charge requires that as charge flows out of a volume,
the amount of charge within the volume should decrease, and therefore the
charge density within should also decrease. So

//Vv-JdT///g’;dT (4.17)

which leads to the equation of continuity for charge

_ 9
VeI=—o (4.18)

So, for a steady flow of charge within a conductor, where the amount of
charge within any volume does not change with time,

Vv.-J=0.
Now, consider a conductor carrying a total steady current I. This is the

rate at which charge crosses any section of the wire. So, if J is the current
density at any point within the conductor, then

//JWALdA:I:i B~dr:i//V><B-ﬁdA (4.19)
Ho JC Ho

and hence we obtain the equation
V x B = pupdJ (4.20)

This is true only for steady currents, and fields that do not change with
time. Equation (4.20) is called Ampere’s Law. It is the differential form of
Oersted’s Law.

4.3 Force on a Charge in a Magnetic Field

4.3.1 Forces between Wires carrying Current

Consider two wires carrying current in the same direction placed close to
each other in parallel directions:
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The magnetic lines are in opposite directions in the space between the wires.
Since these lines represent the magnetic field vector, they would cancel each
other at all points along the line joining the wires. A view of the wires in
which the currents flow into the page would show a typical magnetic field
line as a loop with an approximate elliptical shape:

When we studied electrostatics, we noted that the electric field lines be-
have as though there is a tension along each line, so that the line tries
to become as short as possible. Thus, a line flowing from a positive to a
negative charge has a tendency to shorten its own length, thereby drawing
the opposite charges towards each other. A similar rule applies to magnetic
field lines. In the diagram above, the field line shown curving around the
two wires (with parallel currents flowing into the page) tends to minimize
its length or perimeter, thereby drawing the wires closer together. This,
then, is our theoretical guess. It turns out that this guess is substantiated
by experiment.

When two long wires carrying parallel currents [; and I, are placed along-
side each other at a distance a from one another, they are found to experi-
ence a force of attraction per unit length given by
pol11o
f==
Ta

(4.21)
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This is the magnetostatic equivalent to Coulomb’s law in electrostatics.
The correspondence is not obvious at first sight, since Coulomb’s law is an
inverse square law, and above we have an inverse law without the square.
But that is because when we consider two infinitely long wires parallel
to each other, we have reduced the three-dimensional system to a two-
dimensional problem. In order to compare apples with apples, we need to
set up an analogous two-dimensional problem in electrostatics. Consider
two infinitely long uniformly charged straight wires placed at a distance a
parallel to each other. It is not hard to show that the force per unit length
between these two wires is

ALA
= 272 (4.22)
2mega

The lambdas are the linear charge densities on the wires. Equation (4.22)
is the two-dimensional version of Coulomb’s law, and it is a simple inverse
law.

Exercise:
Prove Eq. (4.22).

Equation (4.21) gives the force per unit length between two wires. Now, a
force is a vector quantity that is applied to one object by another. So wire
1 applies this force to wire 2, and wire 2 applies an equal and opposite force
to wire 1, by Newton’s third law.

If the two parallel wires have current flowing in opposite directions, so that
the currents are antiparallel in the neighboring wires, these wires would
repel each other, and the magnitude of the force would remain the same.
So the rule is: parallel currents attract, antiparallel currents repel. This
rule might seem in some ways the opposite of the corresponding rule in
electrostatics. But when we examine the situation more closely, as the
ensuing discussions will clarify, the rule regarding forces between current
carrying conductors actually confirms the rule: likes repel, unlikes attract.

4.3.2 The Lorentz Force

Consider a line segment of length d on wire 2. The force experienced by
this segment of wire 2 is

I Ind
F = fd="r120 (4.23)
2ma
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Suppose the charges flow at speed v along wire 2, and that the time taken
for a charge ¢ to travel the distance d along wire 2 is ¢ seconds. Since
v = d/t and I = q/t, it follows that qu = I>d and so the force can be
written as

r_ qupoly

21a

The magnetic field experienced by wire 2 due to the current in wire 1 has
magnitude B = oy “and therefore

27a ?
F =quB (4.25)

(4.24)

Now, the charge velocity v, the magnetic field B and the force F are all
vectors. Examining the directions of these vectors, for this particular con-
figuration we can write

F=¢qvxB (4.26)

This suggests that a moving charge experiences a force that is perpendicular
to the magnetic field. A magnetic field has no effect on a stationary charge.
This formula has been confirmed experimentally by sending charges at dif-
ferent velocities through magnetic fields of varying strengths. If a region of
space contains both an electric field E and a magnetic field B, a charge ¢
traveling at velocity v through that region will experience a force F given
by

F=¢gE+vxB) (4.27)

The total force experienced by a charge in an electromagnetic field is called
the Lorentz force.

4.4 The Biot-Savart Law

Let us consider a coordinate system in which the origin passes through a
wire carrying current I. Consider an element of length ds represented by
the vector ds along the wire at the origin. According to Biot and Savart,
the magnetic field dB at a point at a displacement r relative to the origin
is given by

wol ds xr
ar 8
The Biot-Savart law is the three-dimensional equivalent of Oersted’s law.
Whereas Oersted’s law is an inverse distance law, the Biot-Savart law is an

dB =

(4.28)

inverse square distance law.
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dB

The following figure denotes a section of wire of arbitrary shape carrying
constant current:

The resultant magnetic field at a point P(r) generated by a current flowing
through a wire of arbitrary shape is

_u(i)l'/dsxrg_,u(i]f ds X (r —ry)

B =
4w ra|3 4 |r —rq|3

(4.29)



Magnetostatics 99

The variable in the integral is the coordinate r;. This variable gets inte-
grated out, and the result is a function of r.

This equation is the Biot-Savart law in integral form. It provides the most
general expression for a magnetic field due to a steady current. A steady
current generally flows through a closed circuit, and so the integral in the
above equation is a line integral taken around the loop of the circuit. In
any case, the result of the integration is a function of the position r of the
point at which the magnetic field is evaluated.

It is not hard to show that V- B = 0 from the above integral. We need to
use the identity V- (axb) =b-(V xa)—a-(V x b). Since the integral is
a function of r, the divergence acts only on functions of r, and so ds and r;
must be treated as constants. V x ds is obviously 0, and it is easy to show
that V x ‘(rr::lg = 0. The Biot-Savart law of Eq. (4.29) is the most general
formula for the generation of magnetic fields by steady currents.

Exercise:
Using Eq. (4.29) prove that V- B = 0.

4.5 Magnetic Field of a Circular Circuit

The Biot-Savart law enables us to find the magnetic field at the center of
a circular circuit carrying a constant current. If a circular circuit of radius
a carries a steady current I then the magnetic field at the center is axial,
perpendicular to the plane of the circuit. Performing the integral over the
entire circumference, we obtain the magnitude of the magnetic field at the
center as

ol 2ma? ol
4t a3 2a

(4.30)

Exercise:
Derive Eq. (4.30) using the Biot-Savart law of Eq. (4.29).

Equation (4.29) also enables us to find the direction of this field. The field
has the direction in which a right handed screw would advance if rotated
along the direction of the current.
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Magnetic field
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Current

The field has the same direction at every point inside the circuit in the
plane of the circuit. The following figure shows the lines of the magnetic
field due to a circuit in the shape of a ring or torus seen edge on:

In the figure above, the current in the ring — when viewed from the left —
flows clockwise. The magnetic field lines are very similar to those of a bar
magnet. Thus the current carrying ring is a magnet, with a north pole on
the right face and a south pole on the left face.

The above figure also provides a schematic model of the magnetic field
of the earth. The earth contains a circulating current below its surface,
which causes the entire planet to behave like a large magnet. The axis of
rotation of this subterraneous current is not exactly aligned with the axis
of rotation of the earth itself, and so the magnetic poles are not exactly
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at the geographical poles. So there is a small angle called the declination
between the magnetic north-south and the geographical north-south at any
point on the surface of the earth.

If we place two identical rings carrying current coaxially close to each other,
so that the direction of current will be the same in both, then they will
attract each other. We can also examine this phenomenon in terms of the
magnetic fields generated by the rings:

Between the two rings the field lines flow as though from a north pole to
a south pole. There is attraction between the rings because the currents
are parallel. The attraction can also be described as an attraction between
opposite magnetic poles. In terms of the field lines, one could describe the
attraction as a tension along the lines, tending to minimize the lengths of
the lines between the rings. Thus each ring is a tiny magnet. One face is a
north pole, and the other face is a south pole. When the rings are lined up
with currents in parallel, a south pole faces the north pole of the other ring,
and there is attraction. So, in this sense, it is the opposites that attract.

Now, if one of the rings is flipped, the rings would repel, because the cur-
rents would be flowing in opposite directions. The rings are now arranged
with like poles facing each other, and there is repulsion. So, likes do repel.

A wire in the shape of a coil — called a solenoid — can be thought of
as a large number of rings arranged parallel to each other. When current
flows through such a solenoid there is a magnetic field generated inside and
outside the solenoid. The magnetic field lines outside the solenoid mimic
those of a bar magnet:
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A solenoid carrying current becomes a magnet with north and south poles|

Thus, a bar magnet — or any other magnet — can be thought of as contain-
ing circling currents that generate the magnetism. This would also explain
why it is impossible to separate the poles of a magnet — it would be like at-
tempting to separate the two faces of a coin. In the case of a magnetizable
metal like iron, the circling current is due to the atomic electrons which
have orbital and spin angular momentum. While it is incorrect to say an
individual electron spins around its axis, or even that it revolves around the
nucleus, when a large number of atoms are brought together it is possible
for the spins to be aligned in the atoms that constitute a neighborhood
within the metal. When such an alignment takes place, the effect is like
a circulating current within the neighborhood. So such a cluster of atoms
becomes a magnet with a north and a south pole. Each such cluster —
also called a domain — is quite small. In an unmagnetized piece of iron
these domains have random orientations and so their magnetic fields cancel
each other. But when such a piece of iron is magnetized the domains align
themselves and their magnetic moments add up so that the iron piece has
become a magnet.

Because the phenomenon of magnetism arises from the flow of electric
charges, it is better to define the magnetic field B in terms of the electric
charge and its velocity, and not in terms of a force acting on a magnetic
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pole. And so, we define the magnetic field via the force experienced by a
charge moving through the field:

F=gvxB (4.31)
So a magnetic field of 1 Tesla (T) imparts a force of 1 N to a charge of 1 C
traveling at 1 m/s perpendicular to the field.

Unlike the electric field, the magnetic field applies a force perpendicular to
the field. One consequence is that magnetic forces do no work.

The work done by a force on an object is defined as dW = F - dr and so
the work done on a charge ¢ in an electromagnetic field is

F-dr=¢q(E4+vxB)-dr=¢gE-dr+q(vxB)-dr (4.32)

Now, dr = %4t = vdt, and so (v x B) - dr = (v x B) - vdt = 0. Thus the
work done by a magnetic field on a charge is zero. Hence dW = ¢E - dr.
The work done by an electromagnetic field on a charge is purely electrical.

4.5.1 Magnetic Field inside a Long Solenoid

According to Ampere’s law, V x B = pgJ. By Stokes’s theorem, ﬁs B-dr =
JJ VxB-ndA, and so the line integral of the magnetic field along any closed
loop equals the integral uo [[ J - 7ndA which is equal to poI where I is the
total current flowing through the loop. Such a loop is called an Ampérian
loop.

The following illustrates a long solenoid carrying a steady current I:

For a long solenoid, the field outside and close to the solenoid is zero. Let
the field inside the solenoid have magnitude B. Consider an Amperian loop
in the shape of a rectangle with the long side equal to d. Let the number of
turns of the solenoid per meter be n. So the total current flowing through
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the Amperian loop is nld. This is proportional to the line integral of the
magnetic field around the loop. And so we obtain Bd = pugnld and thus

B = pgnl (4.33)

We notice that — as long as the field outside the solenoid is zero — the
field inside the solenoid is uniform, since a vertical shift in the Ampérian
loop will not affect the result of the integral, as long as we keep one of the
horizontal sides fully inside and the other fully outside the solenoid.

4.6 The Vector Potential A

In a time independent system where the charges and the currents do not
change with time, we found that V-B = 0. But we may reasonably assume
that this is valid even for time-dependent systems, as otherwise we would
be able to separate the poles of a magnet, which, as we saw, is impossible
as long as we understand magnetism as caused by circulating currents even
at the microscopic level. And so we can reasonably assume that V-B =0
is a universal law of physics. We defer the rigorous mathematical proof to
a later chapter.

Since the divergence of the curl of any vector is identically zero, we can
write the magnetic field as the curl of some other vector field:

B=VxA (4.34)

The vector A is called the vector potential, and is associated with the scalar
potential ¢ that we learned in an earlier chapter.

One can find the vector potential quite easily for a uniform magnetic field,
for which B is a constant, independent of the coordinates. This is the case
inside a long solenoid.

Let us consider a circle C of radius r inside the solenoid, with its center on
the axis of the solenoid. So

?gA.dr://vXA-ﬁdA://B-ﬁdA (4.35)

Thus, we obtain 27rrA = Bmr? and hence

Br 1
A= — =— 1 4.
D) 2#0” r (4.36)
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The vector A curls along a circle perpendicular to the axis of the solenoid.
Hence A is parallel to the current flowing along the turns of the solenoid.
The fact that A follows the actual motion of the charges suggests that A
may be more real than B in relation to the charges themselves.

When we defined the scalar potential or electric potential ¢ by E = —V¢,
we could have added any constant number to ¢ without affecting the def-
inition. Physically, this means that it is not the actual potential, but the
difference of potential, that can be physically measured in any situation.
Now, as we define the vector potential (which we do not call the magnetic
potential) by B = V x A, we see that we can add any function of the
form Vy to A without affecting the definition, because V x Vxy = 0. So,
the vector potential is undefined to within an additive function Vy. This
property of the vector potential is called gauge invariance.

Now, suppose we have two different vector potentials, A and A which are
related by the gradient of some scalar function y such that A = A+ Vx.
Now, both A and A’ are equally valid vector potentials for some magnetic
field B. Let us choose the function y such that V?y = —V - A Clearly,
therefore, for this choice of gauge, V- A = 0. We will work in this gauge

According to Ampere’s theorem V x B = poJ. Putting in B=V x A, we
obtain

V x (Vx A) = pod (4.37)

Now, Vx (VxA) = V(V-A)—V2?A. Within our choice of gauge, V-A = 0,
and so we obtain

VA = —pod (4.38)

This is the magnetic equivalent of the electrical Poisson’s equation V2¢ =

—%. Whereas the electrostatic potential is a scalar with a single compo-

nent, the magnetostatic potential is a vector with three components.
When we study time varying systems we will see that we can no longer
make a clean distinction between electric and magnetic phenomena. And
so the potential ¢ is simply called the scalar potential, and A is called
the vector potential. In analogy with the solution to Poisson’s equation in
electrostatics, we can find a solution to Eq. (4.38) as follows:

_ Mo J(rl) 3,
Ar) = 47r/ \r—r’|d (4.39)
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4.7 Magnetic Moment and Rotating Charges

4.7.1 Magnetic Dipole Moment of a Current Loop

We will now evaluate the vector potential at a point P some distance away
from the currents, i.e. if r is the distance from the origin to P, and r’ the
distance from the origin to a point through which a current flows, then we
assume that 7’ < r. In such a situation the following approximation is
valid:

’

1 1 r-r

v —r'| R (4:40)

Exercise:
Prove Eq. (4.40).

Within this approximation we can obtain an expansion for the vector po-
tential at some point. The expression for the ith component of the vector
potential becomes, within this approximation:
o Mo 1 ’ ’ r 1ot ’

Ai(r) = o L/Ji(r Ydr + 3 ~/Ji(r )r dr} (4.41)
In analogy with electric multipoles, the first integral is a magnetic monopole
term, and the second is a dipole term. If all the currents are contained
within a certain region, we can choose the volume of integration to include
this region. Clearly, the net current within this volume is zero, since no
current flows in or flows out of the region. Thus the monopole term van-

ishes. This reflects the physical fact that magnetic poles cannot be isolated,
unlike electric charges.

Now, if v and v are scalar fields and J the current density, then

//V V- (wod)dr = #q uvd - ndA (4.42)

If the closed surface S is extended to a sphere of sufficiently large radius, the
right side will vanish, since we assume the currents are limited to a small
region close to the origin. The integral on the left side can be expanded as

/// (wVu-J+uVo-J+uwwV - -J)dr=0 (4.43)
1%
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We now assume the currents are steady, and so V-J = —% = 0. Next, let

us set u = r;, the ith component of the vector r'. We shall set v = 7";». So
the above integral becomes

/// (r;J; +riJ;)dr =0 (4.44)

We will express the integral in the second term within the square brackets
in Eq. (4.41) as

r. / v =S / v Jidr (4.45)
J
Making use of the result of Eq. (4.44), we can write
’ ’ ]_ / ’ /
r- /r Jidr = — > o /(riJj —r;Ji)dr (4.46)
J

An inspection of the right side of the equation shows that it is the ith
component of a cross product. The vector equation can then be written as

r- /I‘leT/ = f%r X /(r/ x J)dr (4.47)

If we consider a current I flowing through a wire in the shape of a loop,
then J (I‘l)dT/ = Idr', where dr’ is the displacement vector of an element of
length dr’ along the wire. Thus,

r- /I‘IJdT/ = -—r X I§£ %r' x dr’ (4.48)

Now, %r, xdr is a vector perpendicular to the plane of r and dr and having
magnitude equal to the area of the triangle formed by r,r +dr,dr’. If the
loop carrying current is very small, the integral is a vector of magnitude
A (= area of the loop) and perpendicular to the plane of the loop. When
multiplied by the current I one obtains a quantity defined as the magnetic
dipole moment m for the small loop. This definition can be applied also to
an extended current density. So, the magnetic dipole moment — or simply
magnetic moment — of a current distribution is

m = % / r x J(r')dr (4.49)
This is a very different definition of magnetic dipole moment than the
one we introduced earlier in this chapter, where we defined the magnetic
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moment of a magnet as m = ps in terms of the pole strength p and the
length vector of the magnet s. (Note the difference between the symbols.
m is not the same as m.) But we shall see that both provide the same
results for the magnetic field due to a dipole, whether the dipole is due
to a magnet or due to a circulating current. In other words, there is no
difference between m and m as far as the magnetic field is concerned.

So, using Eq. (4.49), we obtain for the vector potential:

Mo M X T
4T 13

A(r) (4.50)
The magnetic field due to this vector potential can be obtained from B =
V x A, and so we get
o1 o

Byip(r) = Z—WT—B [3(m - 7#)7 — m] (4.51)
This equation is identical to Eq. (4.5). The bottom line therefore is that a
magnet can be thought of either as a pair of poles separated by a distance
or a circling current with an enclosed area. The magnetic moment can be
defined as either the product of a pole strength and the separation between
the poles or the current multiplied by the area of the loop. So ps = I A.

Exercise:
Prove Eq. (4.51).

4.7.2 Gyromagnetic Ratio

The gyromagnetic ratio or the magnetogyric ratio of a particle is the ratio
of its magnetic moment to its angular momentum. Suppose there are n
different charges g; contributing to the current density J. If the velocity
of such a charge occupying a position r; is v;, then the current density
J=>,4¢vié(r —r;). The magnetic moment of such a system of particles
is

1 1
m = 5/1‘ X Xl:quqé(r — rj)dT = 5 Xi:qi(ri X Vi) (452)

Suppose the ith particle has mass M;. Its angular momentum about the
origin is given by L; = M;(r; x v;). Then

qi
m —

_iQMi

L; (4.53)
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So, if we are considering a collection of particles of the same mass and
charge, - is the same for all of them, and we shall call this ratio ;. Let
L =}, L;. The magnetic moment of this system of particles is

q
=—L 4.54
T oM (4.54)
The gyromagnetic ratio g of such a system of charges is therefore
q
=< 4.55
9= oM (4.55)

If now we have a uniformly charged sphere carrying a total charge ¢ and
having mass m, its gyromagnetic ratio is
q
== 4.56
V=5 (4.56)
Later we will learn that this formula does not work for an electron’s mag-
netic moment in terms of its intrinsic angular momentum. This is a conse-
quence of the quantum theory. For elementary particles such as the elec-
tron, we introduce what is called the g factor, a dimensionless number.
The electron ¢ factor is sometimes written as g., and is slightly greater
than 2. So the gyromagnetic ratio of an electron is about twice the value
of a classical rotating charged sphere.
e
Yelectron = %ge (457)
ge has been measured with great accuracy. Expressed to 8 significant fig-
ures, g. = 2.0023193.

4.8 Magnetic Monopoles

We have shown that classical macroscopic laws forbid the separation of
magnetic poles. However, at the subatomic level, certain phenomena have
been predicted and detected that seem to suggest that it may be possible
to separate the north and the south poles in this sort of magnetism. Re-
searchers at the London Centre for Nanotechnology have coined the term
magnetricity for this new phenomenon whereby magnetic north and south
poles could travel independently.! If this line of investigation is correct,
then the ideas presented in this chapter would require some readjustments.

I1Bramwell, S., Giblin, S., Calder, S. et al “Measurement of the charge
and current of magnetic monopoles in spin ice,” Nature 461, 956-959 (2009).
https://doi.org/10.1038 /nature08500.



This page intentionally left blank



Chapter 5

Fields Produced by Time Varying
Sources

5.1 Equation of Continuity and Applications

Thus far we have studied electric fields that are generated by static charge
configurations that do not vary with time, and magnetic fields that are
generated by steady time-independent currents. So time as a variable did
not enter any of the equations for the electric or the magnetic fields, and
while current was defined as the time rate of flow of charge, this rate of
flow was constant, without any changes.

When an object is being charged or discharged the charge on the object
varies with time. In order to charge up an object, charges need to flow
into it, i.e. there must be a flow of current. A charge cannot appear out of
nowhere, and also cannot disappear at any point. The equation of continu-
ity expresses the relationship between varying charge and flowing current
in any region of space:

ap

VeT=—5

(5.1)

It is evident that J and p are functions of position and time.

According to Maxwell’s differential equation the charge density is the source
of the electric field:

vV-E=2 (5.2)
€0

Let us now examine the insights this equation can provide if the charge
density — and hence the electric field — are no longer time independent.

111



112 Understanding the Electromagnetic Field

First, we take the time derivative on both sides:

0 1 0p
Substituting Eq. (5.1), we obtain
OE 1
L — . J ~4
\Y% 5 EOV (5.4)

which we can rewrite as
OE J
. Z =0 5.5
v ( ot * 60) ( )

If the divergence of a vector is zero, then the vector can be written as the
curl of some vector field. And so, we can write

—4+Z=VxG (5.6)

where G is a yet undetermined vector field. For this equation to be valid
at all times, it must be valid for time invariant fields as well. So, setting
the first term on the left side to zero, we get

J

VxG=— (5.7)
€0

We know that static currents obey Ampere’s Law

V x B = pugJ (5.8)
This correspondence enables us to identify the vector field G as
1
G= B (5.9)
Ho€o
Substituting into Eq. (5.6), we get the equation
OE
VxB= 60#05 + pod (510)

This equation shows that a curling magnetic field is produced not only by
a current, but also by a time varying electric field.

The physical meaning of this equation can be illustrated by a simple ex-
ample. Consider a circuit with a capacitor formed of two identical parallel
disks that is being discharged at a steady rate, thereby providing a steady
current in the wires of the circuit. We seek to calculate the magnetic field
at two different positions: first, at some distance perpendicular from the
wire, and second, at the same distance but measured from the central point
midway between the plates of the capacitor, as shown in the figure.
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Let the radius of each plate of the capacitor be a, and let the separation
between the plates be h. Let the charge on the capacitor at any time be
Q. Let the current in the wires be I.

. . _ dQ
By the continuity of charge and current, I = —%=.

The magnetic field at a point at a distance r from the wire, from Oersted’s

law, is a circular vector field of magnitude B = “;i .

Let us now evaluate the magnetic field at the same distance from the center
of the capacitor.

We will use Eq. (5.10) and apply Stokes’s theorem in a plane perpendicular
to the wire and passing between the plates of the capacitor. Here there is
no current, but a varying electric field. There is no electric field outside the
plates of the capacitor. The magnetic field at a distance r from the center
of the capacitor has the magnitude

1 OF eopoa’ OF
B = % = — 5.11
oy S5 €0H0 ot (ma”) o ot ( )
Between the capacitor plates,
p-2__@ (5.12)

€ maZe

Hence, we obtain the magnitude of the curling magnetic field at a point at
the same distance r from the center of the capacitor

pol
= 5.13
2mr ( )
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As this calculation shows, a curling magnetic field cannot tell if the source
is a steady current or a steadily changing electric field.

Mathematically, the left side of Eq. (5.10) vanishes if the two terms on the
right side cancel each other. We will next examine a physical realization of
this mathematical result.

Suppose a capacitor is discharged directly across its plates as shown:

Q

Let the magnitude of the charge on one plate at any time be Q. Let the area
of each plate be A and let the distance between the plates be d. Suppose
now the charges are discharged across the plates. So, the current density
J has the opposite sign as %—];3. Now JA = %. So % = %A%o' The field
across the plate at any time is % = AQEO . So the rate of decrease of the field

has magnitude %A%o' Thus,

J OE
== (5.14)

So the changing electric field cancels the current density between the plates,
resulting in a net zero magnetic field.

Equation (5.10) is one of the Maxwell equations of the electromagnetic
field. This equation implies that a source of a magnetic field can be either
a current or a varying electric field. And either of these sources generates a
curling magnetic field with zero divergence, and hence magnetic monopoles
cannot be generated by currents or by electric fields. This result enhances
a claim for the universal validity of the equation V - B = 0. We are now
ready to elevate this equation to the status of a law. But it will not hurt to
examine an important phenomenon that will finally put to rest any residual
doubts.
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5.2 Faraday’s Law

5.2.1 Magnetic Flux Increase and EMF in a Circuit

The figure below shows a wire in the shape of a rectangular C (C) with a
rod placed perpendicularly across the arms of the wire. This rod is capable
of sliding to the left or right along the arms of the wire. A uniform magnetic
field B perpendicular to the plane of the figure is directed into the page.

— > v

/LB
x
Let the distance between the arms of the wire be L. Suppose the rod is
moved to the right at a constant speed v = ‘fi—gt”. Now, the conducting rod
has charges that are free to move along the rod. So, if we consider a charge
q sitting on the rod, this charge is being carried to the right at speed wv.
So, by the Lorentz force law, it would experience a force in the positive y

direction. The magnitude of this force would be

F =quB (5.15)

The work done by this force in displacing the charge along the rod between
the arms of the wire is F'L = quBL = qBL‘Cil—f = qB‘Z—‘? where A is the area
of the rectangle constituted by the wire and the rod, i.e. the area formed
by the completed circuit. Now, B% = % where @ is the total magnetic
flux through the circuit. F'L is the work done in taking a charge g across
the rod, and since there is no force acting on the charge in the remaining
portion of the circuit, F'L is the work done in taking a charge ¢ around the

entire circuit. Therefore

FL:q¢E~dr (5.16)

The integral is carried out in the positive sense — i.e. counterclockwise —
in the zy plane. A counterclockwise rotation in the xy plane is represented
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as a rotation vector along the positive z direction. But the magnetic field
is directed along the negative z axis, and so we can write

4 B
E- = = _ — . hdA 1
55 ar = //dt ad (5.17)

By Stokes’s theorem this yields the relation

B
VxE:—CiTt (5.18)

In this final equation we have abstracted away from the physical situation
that led to the creation of the equation. In the actual derivation of this
equation we considered the magnetic field as a constant vector field that
does not change with time, but the equation we came up with is a relation-
ship between a curling electric field and a magnetic field that varies with
time. We need to test the general validity of this equation, and examine
whether it is possible to generate a curling electric field from a time varying
magnetic field.

Such a process is illustrated in this figure, which shows two views of a
circular loop of wire in motion relative to a bar magnet. The field lines due
to the north pole of the magnet are shown in both views.

Case 1. The magnet is kept stationary and the loop is moved towards the
magnet.

A charge sitting on the loop will experience a force perpendicular to the
magnetic field and perpendicular to the direction of motion of the loop, and
so a clockwise current is induced in the loop.

Case 2. The loop is stationary and the magnet is brought towards the loop.
The magnetic flux will increase and so a curling electric field is generated
along the loop which induces a current in the loop. In accordance with
Eq. (5.18) a clockwise current is induced in the loop.
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Experimental evidence shows that in both cases, as long as the relative
velocity is the same, the induced emf in the loop is the same. Thus Case 2
establishes the validity of Eq. (5.18) as a standalone equation expressing a
fundamental fact of physics.

5.2.2 Magnetic Flux Inertia

As the magnetic field through the loop is changed, a current is induced in
the loop. This induced current will have a magnetic field of its own, and it
is not hard to see that this induced field will have the opposite direction as
the external field due to the bar magnet. This has two implications.

First, the current induced in the loop will cause a repulsion between the
magnet and the loop, since the induced current will generate a north pole
that will be facing the north pole of the approaching bar magnet. And
so, the external agent that is bringing the two objects closer together must
exert a force to overcome this repulsion.

Second, since the induced magnetic field inside the loop has the opposite
direction as the external magnetic flux, it has the effect of at least partly
neutralizing the increasing magnetic flux within the loop. Suppose now
the loop was initially close to the magnet, with some flux passing through
it. If now the loop and the magnet are pulled away from each other, the
flux within the loop decreases, but the loop will generate a current with a
flux that is in the same direction as the original flux, thus attempting to
neutralize the change in flux. So, the current induced in the loop always
attempts to neutralize any change in the flux through the loop. This is a
sort of inertia of magnetic flux. This phenomenon is called Lenz’s Law.

5.3 Sources and Fields

5.3.1 Maxwell’s Equations

When Eq. (5.18) is abstracted from specific experimental situations it is a
statement that a curling electric field is equal to a time varying magnetic
field. To express this relation between a spatial variation of one field and a

time variation of another, the partial time derivative is employed:

OB
VxE=-2> (5.19)



118 Understanding the Electromagnetic Field

This equation has the status of a universal law.

Let us now take the divergence of both sides:

V-(VXE):—%(V-B)

Since the left side is identically zero, it follows that V - B must always be
0. Hence, we can state as a universal law that the divergence of a magnetic
field is always zero, regardless of how the field is generated — whether by
a static current or by a varying electric field.

So the three equations that we have established in this chapter are the
following:

V.-B=0 (5.20)
E
VxB= Eoﬂo% + podJ (521)
0B
E=— 22
V x 5 (5.22)

To these we must add the equation established in an earlier chapter:

v E=". (5.23)
€0
And these are all the laws we need for the complete description of clas-
sical (i.e. pre-quantum) electromagnetism. What is remarkable is that all
four equations contain the del operator. Electromagnetism is a thoroughly
spatial theory. It is a field theory.

5.3.2 Fields and Potentials

For a system consisting only of static charges, the electric field is entirely
expressible in terms of the scalar potential: E = —V¢, and the magnetic
field does not exist. If some of these charges are set in arbitrary motion,
a magnetic field also arises, which can be fully expressed in terms of the
vector potential: B =V x A.

The electric field is independent of the vector potential as long as the sys-
tem is time independent, i.e. when the currents are stationary. But if the
currents vary with time, the magnetic field also varies with time, and a
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time varying magnetic field induces a curling electric field according to the

equation
VXE= —aa—]? (5.24)
Using the equation B =V x A we obtain
V x (E + %?) =0 (5.25)
Thus the vector E—|—%—’? must be the gradient of some scalar. Since E = —V¢

for static fields, i.e. those for which A is independent of time, we may write
the electric field in terms of both the scalar and the vector potentials:
E=-V¢— — 5.26
s (5.26)
The first term on the right is the contribution to the electric field from
charges, and the second term from changing currents. Steady currents do
not generate electric fields.

A magnetic field is expressible entirely by the curl of the vector potential.

B=VxA (5.27)
A time varying vector potential will generate a time varying magnetic field.
Since %—? = —V¢ — E, taking the time derivative of Eq. (5.27) will yield
the Maxwell equation expressing Faraday’s law Eq. (5.24).

5.3.3 Causality

Suppose we have a system consisting of charges in arbitrary motion. The
fields generated by them would in general be quite complicated. Time
varying electric fields generate magnetic fields and time varying magnetic
fields generate electric fields. These fields have an important property that
we shall now examine.

Two philosophers named Publius and Vitellius from ancient Rome
fell into a spacetime warp and found themselves on a beach in 21st
century USA. While taking in their new surroundings, they observed
a water skier being pulled along by a speeding boat. The following is
a literal translation of their conversation. (Latin has no articles.)
Publius: Why boat go so fast?

Vitellius: Man on string chase him!
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For these philosophers motion was explicable in terms of causality. But
it is not just ancient philosophers who worried about causes and effects.
Causality is an important issue in modern thought, including modern sci-
ence. Just as in algebra there are independent and dependent variables,
so too in physics there are causes and effects. The cause is created in the
setup of the experimental apparatus and the effects are measured. But not
all equations are causal statements. The popular statement of Newton’s
Third Law — every action has an equal and opposite reaction — is mis-
leading, because the word reaction has the connotation of a response to an
action, and therefore temporally posterior to the action. But the correct
understanding of the Third Law is that when an object A applies a force
on an object B, the object B simultaneously applies an equal and opposite
force on A. It is misleading to think of these two opposite forces as a cause
followed by an effect. However, in the equation for Newton’s Second Law
F = ma the force is understood as the cause and the acceleration as the
effect. Inside a turning vehicle the effect of inertia is experienced by the
passengers as the pseudoforce called centrifugal force. We do not say that
the turning — which is a centripetal acceleration — is the cause and the
centrifugal force the effect. Rather, we say that the cause is the centripetal
force of friction applied by the road to the turning wheels of the vehicle. So
equations in physics can be both causal and acausal or reversible. We now
raise the question whether (5.18) is causal or reversible. We have already
shown that a changing magnetic flux can produce a curling electric field.
So the right side is the cause and the left side is the effect. But can the
process be reversed?

For this process to be reversed it would be necessary to create a curling
electric field in a closed loop so that ¢ E - dr has a non-zero value along the
loop. But this cannot be done by any assembly of static electric charges,
since for fields generated by static charges V x E = 0. Having a source
of potential difference like a battery or a capacitor will not help, since the
net potential difference across a closed circuit included these sources will be
zero. The only way to generate such a curling electric field along the loop
is to generate a varying magnetic flux within the loop. Thus Eq. (5.18)
is irreversible. The changing magnetic flux is the source, and the curling
electric field is the effect. And since a magnetic field is generated by an
electric current, electric charges and electric currents are the sources that
generate electric and magnetic fields. Causality is important in the study
of electromagnetic fields.
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5.3.4 Speed of Electromagnetic Fields

Causality implies an earlier cause and a later effect. We shall see in this
section that electric and magnetic fields are not created instantaneously at
arbitrary distances from the sources, but they propagate through space at
a finite speed.

In this following discussion we are interested only in the fields in spatial
regions where there are no charges — stationary or in motion — and hence
where p = 0 and J = 0 everywhere in the region of interest to us. Such
fields are called fields in empty space.

Taking the curl of Eq. (5.21) after setting J = 0,

V x (V X B) = Eouog(v X E)

ot
0’B
2p
V(V . B) —V*B = —GQMOW
which yields
2
B
2p
VB = 60/,(/0@ (528)
Following an analogous procedure with Eq. (5.22) we obtain
’E
21 _
V E= GOMOW (529)
These equations are of the form V2Zu = U%%% which represents a plane

wave traveling at speed v through a medium. Thus, in empty space an
electric field E and a magnetic field B propagate as waves at the finite
speed
1
v = 5.30
vV E€olo ( )

The experimentally determined values of these constants are, to three sig-
nificant figures, ey = 8.85 x 10712 C?/N.m?, and o = 1.26 x 107% T.m/A
(47 x10~7 T.m/A). This yields the velocity of the wave v = 3.00 x 10% m/s.
Maxwell realized that this is so close to the known value of the speed of
light ¢ that he concluded that light is a form of electromagnetic radiation
consisting of oscillating electric and magnetic fields.
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Apart from identifying the nature of light as an electromagnetic wave, the
electromagnetic wave equations provide proof that any influence generated
by a moving charge cannot travel instantaneously through space, and al-
though c¢ is a very large number by ordinary standards, it is not infinity.

Einstein’s theory of Special Relativity is based partly on the premise that
nothing, not even a signal, can travel faster than ¢. Thus c is a fundamental

. _ 1
constant (?f na.ture. And sm.ce c = Veors We of ¢
constants in this equation. It is common to eliminate pg and replace it with
60102. With this substitution, we may write the four Maxwell equations as
follows:

we can eliminate one of the

Maxwell’s Equations

v.E= 2 (5.31)
€0
V-B=0 (5.32)
OB
VxE=-—>" (5.33)
VxBo O 4 19E (5.34)

coc? | 2ot
and the electric and magnetic fields are defined via the Lorentz force

F =¢(v xB) (5.35)

The origin of the magnetic field is contained in the fourth equation. Let us
play a game in which the constant ¢ becomes a parameter that we can vary
at will. Suppose ¢ becomes arbitrarily large, i.e. ¢ — oo. The right side of
the equation then vanishes, and so the magnetic field B reduces to zero.
Thus, if ¢ is infinity, then there is no magnetism. The magnetic field B
exists because the effect of disturbing an electric charge travels at a finite
speed through space.



Fields Produced by Time Varying Sources 123

5.3.5 Plane Wave Electric and Magnetic Fields

The wave equations for E and B can be solved to yield the plane wave
solutions

E=Egcos(k - r —wt) (5.36)
and
B =By cos(k - r — wi) (5.37)

where w = ck.

Consider a short antenna directed along the z axis with a current that
oscillates at angular frequency w. Let us take the midpoint of the antenna
to be the origin. Consider the magnetic field at some distance in the x
direction from the origin in the xy plane. From the equation ¢?V x B = 6‘]—0
it is seen that the magnetic field curls in a circle with the antenna as an
axis through the center. As the current changes, so does the magnetic field.
A changing magnetic field induces an electric field perpendicular to the
magnetic field. Thus, the electric field is perpendicular to the zy plane and
is along the z axis. This oscillating electric field propagates radially from the
oscillating current at the origin, and is everywhere directed perpendicular
to the zy plane. The magnetic field is everywhere in the xy plane. Thus,
the electric and magnetic fields are always perpendicular to each other. So
E - B = 0 for an electromagnetic wave generated by a source. The electric
field is always in the z direction, and the magnetic field in the y direction.
Both fields propagate in the x direction. What we have described is an
example of a plane polarized wave. Real waves are superpositions of such
waves.

The graph illustrates a propagating electromagnetic field. The shaded por-
tion indicates the plane of the electric field. The magnetic field is perpen-
dicular to the electric field.
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If we pursue the transmission of the wave along the z axis, this wave will
have its electric field only in the z direction (positive or negative) and its
magnetic field only in the y direction. Such a wave is said to be polarized
in the xz plane, which is the plane of the electric field.

The electric field of a wave propagating along the z axis and polarized in
the zz plane can be written as

E = Eok cos(kx — wt) (5.38)
and the magnetic field as
B = By cos(kx — wt) (5.39)

For a wave propagating at speed c the following relation applies:
w

= (5.40)
Substituting the solutions from Egs. (5.38) and (5.39) into the Maxwell
equations VX E = 7%3 or ’VxB = %—];3 (since J = 0 in empty space), we

obtain the relationship between the amplitudes of the electric and magnetic
fields:

EQ = CBO (541)

In general, where there are multiple sources, the time dependent electric
field at any point is given by

E=)E (5.42)

and likewise for the magnetic field.

5.3.6 The Liénard-Wiechert Potentials

The scalar potential at a point r due to a charge ¢ at a point ry is given by

$r) = — (5.43)

 Ameg|r — 1y

The vector potential at r due to a charge ¢ traveling with velocity v at r,
is

1 qvq

A(r) (5.44)

~ dmeoc? Ir —rgl
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However, because the electric and magnetic fields propagate at the speed
¢, we need to calculate the potential at a point r at time ¢ generated by a
charge at the point r’ at an earlier time t’, and so ¢ — ¢’ is the time taken
for light to travel from the charge to the point r.

The scalar potential at a point r at time ¢ due to a charge q at a point r
at time # is given by

d(r,t) = — /Oo L5 (Ir - rcq(t’)\ —t +t’> dt’ (5.45)

T dmeg | oo [t — 1y (V)]

And the equation for the vector potential becomes

Alr,t) = 1 /OO va(t) 5<r1;q(t,)t+t’>dt’ (5.46)

dmepc? J_oo | — 1y ()]

The delta function chooses what is called the retarded time t,., which is the
solution to the equation

tr =t = ~le(t) — x4 (1) (5.47)
We now make use of an identity:
> / ’ r_ F(tT‘)
/_oo PO = i (5.48)

where f(t.) =0 but f'(¢.) # 0.

We now set
1
f&)y=t —t, =t —t+ E|r(t) —ry(ty)] (5.49)

so that f(t') vanishes at ¢’ = t,, but not f/(¢'). We first set ¢, = ¢’ and
obtain the derivative

£ =1 L) @) ey T 550
and set ¢’ = ¢, to obtain
P = 1= 2e) — gt =g fr)) - Eo0L g5y

Exercise:
1. Prove the identity (5.48).
2. Derive Eq. (5.50).
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_ r-rg
[r—rg|

ft)=1-ng-8,

il for the scalar potential ¢, and as

Next, we define 3, = v,/c, and n,

We next set F(t') as W
#ﬁrq(f/)l for the vector potential. We set the time argument ¢’ of r,
and B, as the retarded time ¢,, which is earlier than the time ¢ at which the

potentials are measured. Hence we write the Liénard-Wiechert potentials

b(r,t) = — < ( d ) (5.52)

~ dmeg \ (1 —ng - By)|r — 1y

Alr,t) = — ( 4Py ) (5.53)

dmege \ (1 —ng - Bg)[r — 1y

as

5.4 Energy in a Magnetic Field

In the experiment shown in the following illustration the rod is mechanically
moved to the right. In that process a current is set up in the closed circuit.
The direction of the current is in the direction of the emf that is set up,
which we can call the driving emf of the circuit.

—> Vv

R=
®

=

The direction of the current in the rod — moving along the positive y
direction — is determined by the vector equation for the magnetic force
F = gv x B acting on a charge ¢ on the rod. The potential difference set
up across the ends of the rod will cause a current flow as shown in the
counterclockwise direction.

This current in the rectangular loop will in turn generate a magnetic field
through the loop. This induced magnetic field B;,4 will be directed out of
the page, and therefore in the opposite direction of the fixed magnetic field
B that is directed into the page.
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As we saw in Section 5.2.2, this is a property of induced currents, and is an
example of Lenz’s law. So, the induced magnetic field attempts to reduce
the flux that is passing through the circuit. This is a sort of inertia of the
magnetic field. And in order to overcome this inertia an external force must
be applied and work must be done on the system.

The Biot-Savart law showed that a magnetic field is proportional to the
current that generates the field. The flux generated within the circuit is
therefore proportional to the current through the circuit. Self-inductance of
a circuit is defined as the magnetic flux induced within the circuit divided
by the current flowing through the circuit:
o ‘(I)ind‘
1|

L (5.54)
Since L by definition is positive, we are interested only in the magnitudes
and not the directions of the flux or the current.

Now, by Faraday’s law, the emf induced in the circuit is equal to the rate

of change of flux through the circuit:

_8¢de — Lﬂ
ot dt

The change in current dI is opposite to the existing current I, and so df

has the opposite sign of 1.

Thus the work done in a circuit in raising the current from 0 to [ is

/ Einaldt = / LIdI = %Lﬂ (5.56)

This is the magnetic energy within an arbitrary circuit. In our experiment
we generated the current by electromagnetic means, but the result will
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hold good even if we generate the current by other means, such as by a
battery, or by a temporary current through discharge from a capacitor.
Equation (5.56) does not include any energy due to the external magnetic
field B, but only the energy generated by the current through the circuit.
We will next evaluate the magnetic energy within a solenoid generated by
the current.

The magnetic field inside a solenoid has magnitude B = pgnl where n =
number of turns per meter. n = N/d where N is the number of turns in
a length d of the solenoid. If A is the cross-section of the solenoid, the
flux through N turns is ® = BAN, and therefore the self-inductance of a
solenoid of length d is

_ BAN _ poNIAN  poN*A

L 1 Id d

(5.57)

So the magnetic energy stored within a solenoid of cross-section A and
length d is equal to

1poN2A ( Bd\* 1
Un = Ko () = —DB%Ad (5.58)
2 d polN 2410
Setting pg = 60%, we obtain the magnetic energy per unit volume by

dividing the right side of the equation by Ad, the volume of the space
within the solenoid:

1
Uy = 5eoc2B2 (5.59)

This result can be obtained more generally as follows:

The work done by an electromagnetic field on a small charge dq is given by
dW:/F-dr:/dq(E+va)-dr:/qu-vdt (5.60)

since (v X B) - v = 0. Replacing dgqv by pvdr = Jdr, we get an expression
for the work done by the field on all the charges in the region

W = /E~Jd7dt (5.61)

Setting J = —eo 28 + €9c?V x B, we obtain

e [ (b s @) oo
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Next, we use the identity
E- (VxB)=B:(VxE)-V-(ExB)

Hence

W= / (—€0E~ %—Pj + 6B - (V x E) — ¢c®V - (E x B)) drdt (5.63)
Now, if we choose the region over which the volume integral is evaluated
to be approximately spherical with very large radius 7, the electric and
magnetic fields will become very small at every point on the boundary. We
know that for arbitrary charge and current distributions the dominant term
for the electric field is the monopole term which drops off as T%, and the
dominant term for the magnetic field is the dipole term which drops off as
T%. Thus the magnitude of E x B drops off at least as fast as %5, whereas
the area of the boundary increases only as r2. Thus the volume integral of
the third term becomes zero by Gauss’s law for sufficiently large regions.
Replacing V x E by —%—]? we obtain

B OE 2 OB
W = / (eOE gy T coc B- 8t> drdt (5.64)

We first perform the integral over time, using the fact that E - %—If = %85;2
and likewise for the magnetic field, we obtain

1
W=-3 / (e0E” + e0c®B?) dr (5.65)

Now, this is the expression for the work done by the electromagnetic field
in order to generate a particular configuration of charges. The positive
energy stored in the field is the work done by an external agent on the
electromagnetic field, and has the opposite sign. This work done is the
total energy stored in the field

1
Uew = 5 / (B + co® B2)dr (5.66)

The first term is the energy density for the electric field, and the second
that of the magnetic field. Thus, the total energy per unit volume or energy
density of the electromagnetic field is

u= %O(EQ +2B?) (5.67)

We saw earlier (Eq. (5.41)) that in a plane electromagnetic wave the am-
plitude of the electric field Ej is related to that of the magnetic field by
FEy = cBy. The energy of a propagating wave is proportional to the square
of the amplitude of the wave. So we find that in an electromagnetic wave
described by the solutions given above, the electric and magnetic fields
contribute equally to the total energy density.
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5.5 Simple Circuits

5.5.1 RC Circuits

A capacitor can be charged by connecting the terminals of a battery of emf
& across the plates of the capacitor in series with a resistance R, which
safeguards the circuit from excessively high currents. A capacitor carry-
ing charge Q¢ with potential Vj can be discharged through the resistor
after disconnection from the battery. A switch helps to toggle between the
charging and the discharging processes as shown in Fig. 5.1.

A ﬁ

T
toggle B
switch

C
é
R
VAN

Fig. 5.1 A charging and discharging RC circuit.

It is an elementary exercise to derive the following expressions for the charge
on the capacitor, the potential difference across the capacitor, and the
current I through the resistor at any time during the charging:

Q = Qmam(l - eiﬁ)

V=E1-e ) (5.68)
I = %ei CtR

It is equally straightforward to derive the equations for the charge and the
potential of the capacitor, and the current I through the resistor during
discharging:

V = Ve °r (5.69)
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Exercise:
Derive Egs. (5.68) and (5.69).

5.5.2 LC Circuits

it

Consider a circuit consisting of a solenoid or inductor with self inductance
L and a capacitor with capacitance C'. Suppose initially the capacitor was
given a charge and then it was discharged through the inductor. Let us
neglect the resistance in the circuit.

At any time, the total energy in the circuit is given by

1o, 17
E= LI+ 5% (5.70)

As the capacitor discharges through the solenoid, there is a decrease of
charge in the capacitor as this charge flows through the inductor as current.
Since there is no resistance, there is no loss of energy in the circuit. Thus
F is a constant. Taking the time derivative, we obtain

Ll—+=—= .71
a ca " (5.71)
Now, % =1, and so
dl  Q
L—+==0 5.72
i c (5.72)
which can be written as
d?Q 1

S (5.73)
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This is a Simple Harmonic differential equation, and the solutions are

Q = Acoswt + Bsinwt (5.74)

where w = 4

Jic
The energy in the capacitor is due to the repulsion between the static
charges, and may be called a potential energy. The energy in the inductor
is due to flowing charges, and may be called kinetic energy. Thus the oscil-
lating LC' circuit is mathematically analogous to a pendulum or a vibrating
spring. This analogy is important for subsequent discussions.



Chapter 6

Energy and Momentum of Fields

6.1 Tensor Analysis

6.1.1 Transformation Laws

A vector field is a set of three scalar fields that form the components of a
vector whose direction and magnitude in general vary from point to point.
A mathematical entity which can be considered as a sort of vector field
for which every component is a set of three elements, and therefore a sort
of nested vector with three components, is an example of a 3 x 3 tensor
field. Such a tensor has 9 elements, and these elements can be written as a
square array, or a square matrix. Not all matrices are tensors, because the
elements of a tensor must follow definite rules for transformation from one
coordinate system to another.

A vector field is a special tensor, called a tensor of rank 1. A tensor whose
elements can be written as a square matrix is called a tensor of rank 2. A
tensor of rank 3 can be pictured as a three-dimensional matrix, the elements
arranged like atoms in a cubical crystal. We are concerned with tensors of

rank 1 and 2 in this section.
A common example of a tensor of rank 1 is the displacement vector dr =
idz + jdy + kdz. From this we can construct the velocity vector v = % =

dt
Z'l(iTﬂtv +j% + k% = Uzt + vy + vk

Suppose we change to a different coordinate system (u,v,w). This could
be, say, the spherical (r, 0, ¢) or the cylindrical (p, ¢, z) system. The trans-
formation equations can be expressed as

133
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8u 8u ou

Bv 8 ov
ow ow ow
dw = 6—d x + afd Y+ 6—dz (6.3)

For the sake of economy of space, we use shorthand notation, and express
the (x,y, z) coordinates by the symbol z* where the superscript is not an ex-
ponent. Exponents are expressed as (z%)2, etc. We may express the (u, v, w)
coordinates by the symbol u?, and thus, the transformation equations can
be expressed by a single line:

ou’

du’ =
“ Oxd

(6.4)

Now, consider the gradient of a scalar field V¢ = (%7 %7 %). The trans-
formation equations are expressed simply as

d¢ 0¢ Ox

ouwl - Oxt ul

(6.5)

The transformation coefficients are different in the two equations. The dif-
ference in the transformations reflects a basic difference in the two vectors.
The displacement vector and vectors derived from the displacement such as
the velocity vector transform one way. The gradient vector transforms in a
different way. The former belong to a class of vectors called contravariant
vectors, and the latter are called covariant vectors, though alternate termi-
nology is available to distinguish these two classes of vectors. So, it is not
uncommon to hear the former referred to as simply vectors, and the latter
as one-forms.

The contravariant vectors are depicted with a superscript da®, and the
covariant vectors are depicted with a subscript F;. Coordinate systems are
distinguished by appending a prime to one set: z’ is different from z. So,
the transformation equations can be written as:

For contravariant vectors
amll
oI

da't = da? (6.6)
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and for covariant vectors
o ox’?

i it (6.7)
J

A note on the transformation factors:

It is important to note that g:,] is not the reciprocal of ‘?f;-i . As evidence
¢ X

for this statement, let * = (z,y,2) and «’ = (r,60,¢). Let us select the

. . o /o ozt dx _
factor for Whl?lh i =7 =1, so that ;1 = x and x| = 7. o™ = or =
: Ox _ or _ x I oxr”
sinfcosp. Gor = 5o = 7\/@ = sinfcosp. Thus 57 is not the
. /1 . . oy 1 /1
reciprocal of %17, but counter to algebraic intuition, % = %”; —. But
this equation also cannot be generalized into a rule, for it is evident that

% cannot equal g—z, since y has the dimension of length and # has no
dimension. Indeed, 2 = 1 cos@sinp and 28 = cosfsing
90 Oy

T

6.1.2 The Metric Tensor

A vector — covariant or contravariant — is called a tensor of rank 1. A
scalar is called a tensor of rank 0 or an invariant. So the distance ds
between two points is an invariant or a scalar because it is an absolute
quantity irrespective of the coordinate system.

In Cartesian coordinates
ds? = da® + dy® + dz?
and in spherical polar coordinates
ds® = dr® + r2d#* + r?sin® 0dy>

The coefficients of these displacement squared terms are called the elements
of the metric, which is a 3 x 3 matrix. So, for Cartesian coordinates the
metric is simply the identity matrix:

100
g=|010 (6.8)
001
and for the spherical polar coordinates
1 0 0
g= 0 2 0 (6.9)

,
0 0 7r2sin’6
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Both the Cartesian and the spherical polar coordinates are examples of
orthogonal coordinates, since the axes are mutually orthogonal at every
point. In the more general case, where the coordinate axes may not be
orthogonal, the square of the distance becomes

ds® = gijda'da’ (6.10)
.

The elements are then written as

911 912 913
9= |921 922 923 (6.11)
931 932 933

It turns out that in most cases where a superscript index (contravariant
index) is the same as a subscript index (contravariant index), there is also
a summation over the repeated index. Accordingly, for the sake of economy
of space, we use the convention introduced by Einstein whereby a repeated
index implies a summation over that index. And so, we may drop the
summation symbol in the equation

ds? = g;jdz"dx’ (6.12)

The metric g;; is a tensor with two subscripts. It is therefore a covariant
tensor of rank 2. We notice that the sums over the indices ¢ and j on the
right side result in a scalar or invariant ds?. The dx’ are contravariant
tensors of rank 1, and the g;; is a covariant tensor of rank 2. So the sum
over the products of the contravariant and covariant tensors yields a scalar
or a tensor of rank 0. This process whereby a combination of tensors yields
a tensor of lower rank is called contraction. A covariant and a contravariant
vector can be contracted to yield a scalar:

A;B' =k (6.13)
So, the length or the magnitude A of a vector A; can be expressed as
A AT = A? (6.14)

which is an invariant. The above equation is also called the inner product of
the vectors A and B. In Cartesian coordinates A; = A?, that is, covariant
and contravariant vectors have the same form. But, in general,

Ai = gijAj (615)
And so the inner product A% = A; A can be written as
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Summation indices are also called dummy indices, since the actual symbol
used is irrelevant. So, in the equation above, the sum is invariant under
interchange of ¢ and j. Hence it is evident that g;; = g;;. This is an example
of a symmetric tensor. If A;; = —Aj; then A is called a skew-symmetric or
antisymmetric tensor.

A second rank tensor can be covariant, contravariant, or it can be a mixed
tensor with one covariant and one contravariant index, e.g. Az Such a
mixed tensor can be contracted by itself, so A? is the sum of all the diagonal
elements of the tensor, i.e. the sum }_, ; d;; A{, and is a scalar or invariant.
The sum of the diagonal elements of a matrix is called the trace or spur of
the matrix.

This brief introduction to the terminology of tensor analysis will be helpful
for the discussions that follow.

6.2 Energy and Momentum Flow in Fields

6.2.1 Poynting Vector

Newton’s Third Law states that when an object A applies a force F on an
object B, the object B simultaneously applies a force —F on object A. This
is evident for contact forces, but because electric and magnetic fields are
transported at finite speeds through space, this Law needs to be clarified
for forces between charges. Suppose we have a stationary charge A and
a charge B in motion. Because the potential at A due to be B travels
at a finite speed, by the time charge B is at a later position, the force
experienced by A would be due to the charge B at an earlier position:

Position 2
F 1 ( ) Position 1

Charge A experiences a force I due to
charge B when it was in position 1
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Thus, the charge A, which experiences a force F1, will apply an equal and
opposite force not on the charge B, but on the field. As we saw in the
previous chapter, an electromagnetic field carries energy. Now, we will see
that a field also carries momentum. The force experienced by charge A is
due to the momentum imparted per second to A by the field. We will now
derive an expression for the momentum carried by a field.

The work done by an electromagnetic field on a small charge dq is given by
dW:/F-dr:/dq(E+va)-dr:/qu-vdt (6.17)

since (v x B) - v = 0. Replacing dgqv by pvdr = Jdr, we get an expression
for the work done by the field on all the charges in the region

W= // E. Jdrdt (6.18)
Setting J = —60%3 + €oc?V x B from Maxwell’s equation, we obtain

W = // (—eOE — 4+ ¢c®E - (V x B)) drdt (6.19)
Next, we use the identity
E- (VxB)=B:(VxE)-V-(ExB)

Hence

W= // <60E- % +€c®B - (Vx E) — ¢V - (E x B)) drdt (6.20)

Applying Maxwell’s equation V x E = —%—]? we obtain

W= // <—60E. %}f —ec’B - 88—]:’ — €c®V - (E x B)) drdt  (6.21)

Let us consider the situation where the total work done by the field in the
region is zero. So the integral is zero, which means that the integrand must
be identically zero, since dr and dt are both positive everywhere. If no
work is done by the field, then no work is done by an external agent on the
field either.

Hence, we obtain the important equation for a region where no work is
done by an external agent on the field:

OE OB 10
€’V (ExB) = —¢E-— —¢y’B-— =

5 5% = 391 (e0E* + e9c®B?) (6.22)



Energy and Momentum of Fields 139

Now, if we consider an arbitrary region V enclosed by a surface S, we can
write the equality of the integrals

/ €c?V - (E x B)dr = —9/ (o E? + eoc® BY)dr (6.23)
v ot Jv

By Gauss’s theorem this yields

aU'em
ot

y§ coc®(E x B) - 1dA = —3/ (€0 E? + eoc? B¥)dr = — (6.24)
s ot Jv

Thus the surface integral of egc?E x B over a closed surface equals the rate
of decrease of electromagnetic energy in the region enclosed by the surface.

Therefore the vector egc?E x B must be rate of energy flow, expressing the
conservation of electromagnetic energy in the field. This vector is called
the Poynting Vector, and is commonly written as S.

Poynting Vector: S = ¢;c’E x B

Since the electric and the magnetic fields propagate at speed ¢ through
space, that is also the speed of the Poynting Vector. Electromagnetic energy
propagates through space at speed c.

The direction of the flow of energy is along the Poynting Vector eqc’E x B
which is perpendicular to both the electric and the magnetic fields. Thus,
the electric field propagates as a transverse wave insofar as the direction
of the field at any point is perpendicular to the direction of the transport of
the field energy. Likewise the magnetic field also propagates as a transverse
wave.

6.2.2 Maxwell Stress Tensor

A vector field can be written in terms of its components as a row matrix
B,

or a column matrix: [ET Ey EZ] or |By| . Each of these vectors is a rank
B.

1 tensor, and may be expressed in symbolic form as E; or B;, where F; =

E., FEy = E,, etc.

We can obtain scalars — tensors of rank 0 — from these vectors by con-
traction, such as F? = FE;E', B2 = B;B", E-B = E;B* = E'B;. In all
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these instances the scalars so obtained by contraction are invariant only
under spatial transformations. (The definition of a scalar or invariant will
be modified when we study transformations of space and time according to
the rules of Special Relativity in a later chapter.)

One can also obtain tensors of rank 2 by suitable combinations of these
vectors. So the symbol EB without a dot or a cross between them is a
tensor of rank 2. It can be expressed in symbolic form and matrix form as

E,B, E.B, E,B,
EB = E;B; = | E,B, E,B, E,B, (6.25)
E.B, E.B, E.B,

Obviously, not all the possible tensors we could create from the components
of the electric and magnetic fields have applications in physics. But one such
tensor that has important physical meaning is the Mazwell Stress Tensor.

The word stress in an introductory study of elasticity is commonly defined
as the ratio of applied force to cross sectional area. At the advanced level
one makes a distinction between a traction vector T, which is the force
vector F divided by area A, and the second rank stress tensor o. The
relationship between the two is given by the equation T = n- o, where n is
a unit vector perpendicular to some imaginary surface in the medium, and
T is the traction force per unit area across that surface. T is in general not
in the same direction as n. The stress tensor so defined is also called the
Cauchy Stress Tensor. An analogous stress tensor — called the Maxwell
Stress Tensor — is important in electromagnetism.

Electromagnetic energy travels through space. Because it is in motion,
it also has momentum. The rate of increase of the momentum of the field
within a region of space is equal to the net force acting upon that region, by
Newton’s Second Law. And this net force divided by the area perpendicular
to the force can be obtained from the electromagnetic Maxwell stress tensor.

6.2.3 Momentum of a Field

The force on a charge ¢ moving with velocity v in an electromagnetic field
is given by the Lorentz force equation

F=qE+vxB) (6.26)
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The total force acting on all the charges inside a volume V is given by
Newton’s Second Law
deech
dt

where we have converted the sum over charges to an integral over charge and
current densities. We can now apply Maxwell’s equations to this integral.

- / (pE+J x B)dr (6.27)
1%

We use the two equations

v-E=L
€0
and
1 1 OE
B=—J+ -2
VX €oc? +028t

and write p = ¢V - E and J = ¢yc?V x B — 60%~ Substituting these into
the integrand above, and rearranging slightly, we get

PE+J x B =¢ E(V~E)+Bx%—];]—c2B><(VxB) (6.28)
Now,
%(EXB)Z%XB-{-EX%—?
Rearranging terms, and using Maxwell’s equation V X E = —%—?, we obtain
Bx%—?:—%(ExB)—Ex(VxE)

Substituting into Eq. (6.28),

PE+JxB = ¢ E(V-E)—%(EXB)—EX(VxE)—cQBx(VxB)

:eO[E(V.E)—Ex(VxE)—c2B><(V><B)]—60%(E><B)

The expression inside the brackets can be given a symmetry by adding
¢*B(V - B) which has the value 0. And so we get

6(E><B)

E+4+JxB —
p+><+eoat

=¢ [E(V-E)—Ex (VxE)+’B(V-B) — ¢’B x (V x B)]
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From Eq. (6.27) above et = [ (pE + J x B)dr and so

deech d
— E xB)d
dt +dt/‘/60( X ) T

:eo/ [E(V-E)-Ex (VxE)+¢B(V-B) - B x (V xB)|dr
14

In the second term on the left a partial derivative with respect to time
has been replaced by a total derivative with respect to time. The partial
time derivative meant that the derivative was taken only with respect to
time ¢, and not the space variables (z,y,z), but when we integrate the
expression over the volume V' the space variables have disappeared and the
only variable is time.

The terms in E and B in the integrand on the right side of the equation
have a similar mathematical form. Let us examine the E terms:

We will use the abbreviation ¢ = 1,2,3 to denote the subscripts for z,y
and z respectively. The cross product —E x (V x E) can be expressed in
determinant form as
i J k
_ B, B, By
OBy _ 0E;\ (9B, _ 0E3\ (9E. _ 9B
<8w2 Oxs ) (8363 oz ) (611 Oxo )

= —i[E, (gff - g—f;) — E3 (gf; - gff )] + ... similar terms for j and k. To
these we will add E(V - E).

OFE, O0FE> O0F;3 0Fs, 0FE; OFE, O0Fs3
E By (=2 - ) 4By (= - 222
! ( ) (&xl (91'2) + (&cg 811)
0 0 0 1 0

And so we obtain the z component of the terms containing E as
81‘1 + 8x2 + 31’3
The above expression can be rewritten as
—(BE}) + — (B E E\E3) — ——(E} + E3 + E3
8(1)1( 1)+ax2( 1 2) 6 ( 1 3) 26 ( 1+ 2+ 3)

Thus the ith component of the E terms are expressible as

[E(V-E)-Ex (VxE)]; Za (E:E; — E-E&ij) (6.29)

The term inside the brackets on the right side is a tensor. When we add
to it the corresponding magnetic field terms, we obtain the Maxwell Stress
Tensor:

1
T;j = eo|E:E; + *B;B; — S(E-E+ ?B - B)djj] (6.30)
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The Maxwell Stress Tensor can be written in matrix form as %T =

E2—1E? +c*(B2 - 1B?) ExEy + ¢2Be By E.E. + c®ByB.
EyEy + c?ByBy E2 - 1E? +¢*(B2 - 1B?) EyE. +c?ByB,
E.E; 4+ ¢*B. B, E.Ey+ ¢?B. By, E2 - 1?4+ c3(B2 -

15)
(6.31)
The inner product of a tensor and a vector is another vector: Tx = y.
Suppose we rotate the coordinate system, so that the individual elements
of T, x and y all change. So the equation now becomes T'x’ = y’. The
relationship between the new and the old elements is expressible in terms
of the rotation matrix R as x’ = Rx, y’ = Ry, and R(Tx) = Ry.

Hence the equation for the transformation of the tensor: T/ = RTR L.

The trace of a square matrix A is the sum of its diagonal elements: TrA =
Zii Ais.
It is easy to show that Tr (AB) = Tr(BA):

An element of AB can be written as »_,; A;;Bj,. Hence Tr (AB) =
>3 AiBji = >0, 32, BjiAy; =Tr (BA). Thus, Tr (T') = Tr (RTR™Y)
=Tr (RT'RT) =Tr T.

Thus the trace of a matrix remains invariant under rotations of the coordi-
nate system. Let us examine the physical significance of this result for the
Maxwell Stress Tensor.

The trace of the stress tensor = — ¢ (E?+c? B?) which is simply the negative
of the energy density of the electromagnetic field. We see that it is invariant
under coordinate rotations. This is an indicator that space is isotropic.
There is no preferred direction in space.

An inner product between a second rank tensor and a vector is another
vector. Such an inner product is obtained by contraction. We can write
such a dot product in component form as ¥,7;;E7. (Of course, for three-
dimensional Cartesian spatial coordinates there is no difference between
E; and E’, but we will use conventional tensor notation for the sake of
consistency.) For ¢ = 1, this sum written out in full form becomes ThE!+
T12E? + T13E3. We can write similar sums for i = 2 and i = 3. When we
carry out the sum > j T;;E7 over j the only subscript or superscript that
remains is 7. Thus the result of this inner product or contraction is a vector.
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One can also perform an inner product between the vector operator V and
the stress tensor, and the result will be a vector.

The term on the right side of Eq. (6.29) is the inner product of the operator
V and the stress tensor. When we take the divergence of a vector we obtain
a scalar. But when we take the divergence of the stress tensor, we obtain
another vector. So, in Eq. (6.29) the left side is the ith component of a
vector, and we can see that on the right side, after the sum is made over
the index j, we have only the ith component of some vector.

The stress tensor is sometimes written as 'f with a double arrow over the
head, showing that one can form a dot product either from the left or from
the right. In our case we are doing a dot product from the left by taking
the divergence.

>

The symbol % is the contravariant form of the gradient or del operator
J

9
Oxd *

The two are related via the metric tensor
0 0
Gij 7 — = i
8;10]- ox
where the summation is implied over the repeated indices. This equation
can be expressed equivalently as

9i; V' =V,
or as
9i;0" = 9;
Hence we can write, using the Maxwell Stress Tensor,
d%gm+iV@@xByhzﬂj%fm (6.33)

One can apply the divergence theorem to the integral on the right side:

/vﬁm:#%wm (6.34)
1% S

This would yield the equation

deech d 3 # AN
—_— e — E x B)d°z = T - ndA .
y +ﬁAm(x):r D T+ (6.35)
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The first term on the left is the rate of change of the momentum of the
charges inside the volume V. We need to understand the second term.

The rate of flow of electromagnetic energy through space is given by the
Poynting Vector S = ¢yc?E x B. The magnitude of this vector equals the
amount of electromagnetic energy crossing unit area in unit time.

Consider a region of space in the shape of a cylinder of length ¢ and cross-
section 1 m?. The volume of this region is V = ¢ m®. We now consider an
electromagnetic field propagating along the length of this cylinder.

1t

Electromagnetic fields travel at the speed ¢ through space. So, the average
value of the magnitude of the Poynting vector within this region equals the
magnitude of the electromagnetic energy contained within this cylinder of
length ¢ and cross-section 1 m?2. Since the energy travels at speed c, all the
energy contained in this cylinder will cross the area of 1 m? in one second.
So, the amount of energy present inside this cylinder at any given instant
of time is simply

W = |eoc®E x B (6.36)

Let us picture the cylinder in the figure above as empty space into which the
electromagnetic field is being introduced. By the Work Energy Theorem,
the energy received by this cylinder equals the work done on the space
within the cylinder. This work is given by W = FAx where F is the
average force acting on the space and Ax the displacement of the force.
By the Impulse Momentum Theorem, which is essentially Newton’s Second
Law, F = % where P is the momentum communicated to the space within
the cylinder, and ¢ is the time over which this momentum is imparted.
Since this momentum is carried entirely by the electromagnetic field, and
not by material particles, we will denote it as Pfjeiq-

SoW = FAz = @Aw = Pfield%-

Now, % = ¢, the rate of transport of electromagnetic energy. So W =

cPficld-
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Hence the momentum communicated by the field to the space within the
cylinder is Pfieiq = %W This is therefore the magnitude of the momentum
within the volume of the cylinder at any given instant of time.

Writing in vector form, the total momentum of the field within the cylinder
is

Pfield = €OCE x B (637)

We will denote the momentum per unit volume as py. Since the volume of
the cylinder is ¢, the momentum of the field per unit volume is py = ¢¢gExB.

Thus the integrand of the second integral on the left side of Eq. (6.35)
is the momentum per unit volume, or the momentum density, which is
being integrated over the entire volume, and hence becomes the total field
momentum within the volume. The time derivative of the field momentum
is the force acting on the field, by Newton’s Second Law.

Thus, Eq. (6.35) can be written as

deech dezeld # T.AdA (6 38)
dt '

The left side is the sum of the rate of change of momentum of the charges
and the rate of change of momentum of the field. This should equal the net
force acting on the volume. Thus the quantity 'T‘ -ndA can be interpreted
as force acting on an area dA on the surface of the region and directed into
the region. The integral of this quantity over the entire closed surface is
equal to the net force acting on the region. Thus T has the dimension of
pressure or stress, and is consequently known as the Maxwell Stress Tensor.
Notice that the unit vector 7 is directed outwards, but the stress is directed
inwards.

Now, let us move the boundaries so that the integral on the right is over a
sphere of very large radius r. Since the stress tensor contains fields in the
second power, and the electric field drops off as the inverse square of r, the
integral vanishes for large r. Thus, for a sufficiently large region,
deech _ deield
a—dt

(6.39)

The net force on the field is equal and opposite to the net force acting on
the particles. This is the electromagnetic field equivalent of Newton’s Third
Law.
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6.2.4 Momentum and Energy of a Field

Comparing Eqs. (6.36) and (6.37) we find that the momentum of the radi-
ation equals its energy divided by the speed c:

P=E/c (6.40)

This equation enables us to calculate the momentum imparted to a me-
chanical surface by the impact of electromagnetic radiation on the surface.

In classical mechanics one makes a distinction between mass and energy.
Classical dynamics deals with individual objects endowed with individual
and unchangeable mass which can exchange energy with other such in-
dividual objects. Thus mass is fixed, and energy is communicable. The
momentum of an object is closely related to its velocity, and in Newtonian
kinematics the momentum has magnitude p = mwv, where m is the mass
and v the speed of the object. Thus, if both the momentum and the speed
could be measured, the mass of an object could be calculated as m = p/v.
When measured thus, the mass of the object is called its inertial mass. The
inertial mass is also expressible in terms of Newton’s Second Law as

m = l (6.41)

a

If a charged solid object has a charge g and it is placed in an electric field E
we can calculate its mass by calculating the force F' = ¢F and by measuring
its acceleration a. The mass of an object can also be calculated from the
force F' = mg it experiences when measured by a spring scale. The mass
so measured is called the gravitational mass of the body. Newton did not
make a distinction between the inertial and gravitational mass. Einstein
made the equivalence of the two masses a principle of his General theory
of Relativity.

We can define an inertial mass of the electromagnetic field in terms of its
momentum and velocity. So, by extrapolating the equations P = E/c and
m = p/v to the electromagnetic field, we obtain the mass m of the field
within a region of space that is related to the momentum of the field within
that space by m = p/c. Thus, we would obtain the equation for the mass
of a region of space containing nothing but electromagnetic fields as

m = 652 (6.42)
For the present we will treat this mass as purely inertial, with measurable
consequences.
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One such consequence is that an electromagnetic field carrying momentum
also has a measurable angular momentum.

The angular momentum L of a body of mass m with momentum p about
some point is defined as

L=rxp (6.43)

where r is the displacement vector drawn from the point to the center of
mass of the body. Using the equation p = ¢gE x B for the momentum
density of a field, we can obtain an expression for the angular momentum
of an electromagnetic field as follows:

L= /// r % (E x B)dr (6.44)

Now, the field is constantly interacting with the charged particles that are
the source of the field. During this process the particles exchange angular
momentum with each other and with the field. Conservation of global
angular momentum implies the conservation of the sum of the angular
momenta of the field and the particles.

We saw earlier that the net force applied by the charges to the field is equal
and opposite to the net force applied by the field to the charges:

deech _ deield

dt dt

Now, if r is the position vector of any point in space relative to some point
of origin, then we obtain

deech deield
_ _— 4
rX — rx — (6.45)
Since r is constant,
d
% (I‘ X Pmech +r X Pfield) =0 (646)

The total angular momentum of the particles and the field about any point
remains constant. In a space far away from any charges the angular mo-
mentum of the field is constant. Alternatively, we could say the net torque
of the electromagnetic field in empty space is zero:

dP fic1q
dt

r X =r X Ffield = Tfield = 0 (647)
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6.3 Energy Flow in Simple Circuits

Consider a simple RC circuit as shown below:

N o

A parallel plate capacitor C consisting of circular plates of radius a each
and separation d between the plates is connected to a resistor R through an
open/shut key. The capacitor is initially charged and then the key is closed
so that the charge flows through the resistor as the capacitor is discharged.

As the capacitor is being discharged, there is a change in the electric field
between the plates. So, we apply Maxwell’s equation for the space between
the plates. The current density in this space is 0, and so the equation

becomes
OE
2 _
¢’V xB = 5 (6.48)

We take the surface integral of both sides across the cross-section of the
space between the capacitor plates:

//02V x B-ndA = %//E-ﬁdA (6.49)

By applying Stokes’s theorem, the left-hand side becomes a line integral
over the circular perimeter of the cross-section:

oF
02 §£B -dr = 21ac®B = Ewcﬁ (6.50)
Now, E = % = %2507 and so
1d 1
2rac’B = 14dQ = — (6.51)
€0 dt €0
Hence
I
B —

2maegc?
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Thus at every point in the space between the capacitor plates there is an
electric field perpendicular to the plates and a circling magnetic field parallel
to the plates. An examination of the directions of these fields shows that the
Poynting vector eoc?E x B is everywhere directed radially outwards. The
flow of electromagnetic energy outwards through the sides of the capacitor
plates is therefore egc? EB2mad. Thus the rate of flow of electromagnetic
energy from between the plates is Fdl which equals VI where V is the
potential difference across the plates.

Now, if the conducting wires have zero resistance, the potential difference
across the plates equals the potential difference across the resistor. So, if
the resistor has length L, the electric field across the resistor is V/L. The
magnetic field that curls around the resistor has magnitude B = W
where the field is measured at a distance r from the resistor.

-

The influx of electromagnetic energy into a cylinder of length L and radius
r around the resistor is therefore eoc? EB2nrL = ELI = VI. This energy
flows into the resistor from all directions perpendicular to the length of
the resistor wire. The power generated in the resistor — i.e. the amount
of electrical energy converted to heat every second, is simply VI. And
so, we get this somewhat counterintuitive result that the amount of energy
radiated away equally in all directions from the space between the capacitor
plates equals the amount of electromagnetic energy flowing into the resistor
per second.
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In the figure above, U represents the energy flowing away from the circuit
to the left, V' the energy flowing to the right, within the space of the
circuit, and W the energy flowing from the right into the resistor. Since
U+V =V 4+ W, it follows that U = W. Electromagnetic energy flows
from the capacitor into space in a direction away from the resistor, and an
equal amount of energy flows from space into the resistor from a direction
opposite to that of the capacitor. This diagram illustrates the importance
of the role played by the field in the flow of electromagnetic energy. The
field is like a bank. The capacitor makes a deposit into this bank, and the
resistor makes a withdrawal of an equal amount from the bank. The energy
flows out from between the plates of the capacitor, and enters the resistor
where it is converted to heat. But the energy does not flow exclusively
through the wires. The energy flows primarily through empty space. This
is important for understanding a puzzling phenomenon regarding the rates
of charge and energy flow in a circuit.!

Consider a conductor along which charges of magnitude ¢ are transported
at an average speed vgy. If n is the number of charges per unit volume, and
A the cross-section of the wire, then the current I through the wire is given
by

d
I= d—cf = nqugA (6.52)

Suppose we have a copper wire of cross-section A = 2.45x 1076 m?

a current of I = 1.00 A. Given the density of copper at room temperature
to be p = 8920 kg/m?, we will calculate the drift speed vg of electrons
through the wire.

carrying

Icf. B.S. Davis and L. Kaplan, “Poynting Vector Flow in a Circular Circuit,” American
Journal of Physics, 79, 1155 (2011).
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The atomic weight, or molar mass of copper is M = 63.5. So the mass of
1 mole of copper is 0.0635 kg. The volume of 1 mole of copper is there-
fore 0.0635/8920 = 7.12 x 107¢ m3. The number of copper atoms in 1
mole is Avogadro’s number 6.02 x 1023, Assuming that each copper atom
contributes 1 free electron to the current, the number of free electrons per
cubic meter n = 6.03 x 1023/7.12x 1075 m~3. The magnitude of the charge
of an electron is ¢ = 1.60 x 1071 C. Hence we find the value of the drift
speed of electrons in the wire to be

I 7.12 x 1076
ngA  6.02 x 102 x 1.60 x 10719 x 2.45 x 10-6

=3.02 x 107° m/s
(6.53)

Vg =

The charges travel rather slowly through this wire carrying a current of
1 A. If the distance from the capacitor to the resistor is 1 meter, it would
take over 9 hours for the current to reach the resistor from the capacitor.
But our experience with household circuits suggests that the current should
reach the resistor within a fraction of a second after the key is closed near
the capacitor. The explanation is that the energy does not flow through
the wires along with the charges, but travels through the intervening space
at the speed of light, taking less than 1078 s to travel from the capacitor
to the resistor.



Chapter 7

Special Relativity and
Electromagnetism

7.1 Detection of the Ether

7.1.1 Medium of Electromagnetic Waves

An electromagnetic wave propagates in a direction perpendicular to the
electric and magnetic fields. The direction of propagation is given by the
Poynting Vector

S = ¢,c’E x B

A wave is understood as a disturbance that is propagated along some
medium. In the course of the propagation the medium is not transported.
But the shape of the wave and the energy of the wave are displaced from
point to point along the path of propagation.

Since the medium undergoes local oscillation or vibration during wave prop-
agation, it was believed that electromagnetic waves could not travel in a
space that was absolutely empty. It was believed that there had to be an
invisible physical medium whose local vibration provided the energy that
was transmitted by an electromagnetic wave.

The medium through which electromagnetic waves propagate was called
ether. This was the term used by the ancient Greek philosophers for the
medium in which the heavenly bodies moved. Naturally, scientists of the
nineteenth century were not particularly interested in the ancient philo-
sophical attributes of ether. They found the term convenient for denoting
the invisible stuff that permeated all of otherwise empty space.

153
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So, material objects move through the ether, like fishes swimming under
water. However, unlike the case of water and air, nobody had ever detected
any ether currents or ether eddies due to the motion of planets, asteroids
or meteorites through space. Water in turbulent motion does distort the
view of objects under the water, and the hot gases rising from a flame do
distort the view of objects in the air. However, no such distortion of light
was detected as a result of the relative motion of objects through ether.
The motion of the moon through space did not produce any perceptible
distortion of the light coming from distant stars. However, this negative
observation did not seem significant. It was entirely possible that ether
is an ideal fluid with zero viscosity, and hence no turbulence or frictional
forces are generated through a motion of a solid object through the ether.

7.1.2 Motion of Detector Relative to the Medium

However, there is one effect which should be perceptible even in a non-
viscous ether. Suppose we have a stationary source of sound such as a siren
and a speeding car that approaches the siren. And let us say we have an
apparatus fixed in the car that is capable of measuring the speed of the
sound waves emitted by the siren. A simple calculation shows that the
speed of the sound as measured by the car approaching at speed u relative
to the road is

w=v+u
where v is the speed of sound waves relative to the air. Similarly, if the

speed of the sound is measured by a car receding from the source at speed
u, we would get

w=v—u

Suppose we have a long ship that is capable of moving at very high speed
over the water, say at about 5 to 10 percent of the speed of sound. Let us
say two observers are situated on the deck at a distance of L (about 300 m)
from each other along the length of the ship. The time taken for a sound
wave to travel from one observer to the other and back again would be

L L 2L 1

T, = oL 7.1
! v—u+v+u v(—%‘,‘) (7.1)

If we know the speed of sound in air v, and measure the time taken for the
sound to make the round trip, then we can calculate the speed of the ship
relative to the air.
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Next, consider a ship with a wide deck moving at speed u relative to the
ground, on a still day. Consider two observers O; and O, facing each other
at a distance L perpendicular to the direction of motion of the ship. Let
T5 be the time taken for a sound wave emitted by O; to return to O; after
reflection from O,. See Fig. 7.1.

0,

N

7

01 u 01
Fig. 7.1

The total distance traveled by the sound during the time interval T, taken
to go from O; to Oy and back to O; is given by the equation

% = /(uTy)2)? + L2 (7.2)

Solving, we obtain

2L 1
Ty = —

v _u?
v2

There is a difference in the round trip times when the motion of the ship
is in the same direction as the sound, and when it is perpendicular to the
sound.

(7.3)

7.1.3 Michelson-Morley Experiment

Michelson and Morley set out to measure the speed of the earth relative to
the ether as it moves in its orbit round the sun. One can calculate this speed
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knowing the radius of the earth’s orbit and the time taken for one orbit (=
one year). This calculation yields a speed of 2.99 x 10* m/s, which is about
0.0001 times the speed of light. This ratio is small, but not negligible.

Michelson and Morley split a beam into two parts, one traveling in the same
direction as the earth’s motion, and the other perpendicular to the earth’s
motion. The distances traveled by the beams were made equal. The two
beams would — by analogy to the sound wave experiment — take slightly
different times, and the time difference would come to

-1 = 2 ! _ (7.4)

C 1_u2 1,7172

The time difference between the paths of the two beams would be mea-
surable as a phase difference. The experiment was conducted using what
is known as the Michelson Interferometer. The experiment was repeated
rotating the apparatus through ninety degrees, so that the paths parallel to
and perpendicular to the direction of the earth’s motion were interchanged.
After taking into account every possible experimental error, the calcula-
tions showed that there should be a measurable phase difference between
the two beams. However, the result of the experiment was found to be nega-
tive every time. There was apparently no time difference between the paths
of the light beams traveling parallel and perpendicular to the direction of
the earth’s motion through space. Thus, it was impossible to measure the
speed of the earth relative to the ether using this method.

Fitzgerald and Lorentz argued that the negative result obtained by Michel-
son and Morley could be explained away by making the hypothesis that
material objects undergo a contraction as they move through ether, so that
if the length of a stationary object is L, its length L’ when it is moving at
speed v relative to ether becomes
L' =Ly\/1- f (7.5)
c? '

Hence we obtain the value of 17 as

2
oL\1-%= 20 1
T == S =Ty (7.6)

2
[ _ c 2
02 1 - ,ZIT

Hence the times taken by light to travel parallel and perpendicular to the
earth’s motion become equal, and so there is no phase difference between
the two beams of light.
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The contraction of material objects as a result of their motion came to be
called the Fitzgerald contraction or more commonly the Lorentz contraction,
and less commonly as the Lorentz-Fitzgerald contraction.

Whatever be the source or cause of the Lorentz contraction, the conse-
quence of this contraction is that it is impossible to measure the speed of
an object relative to the ether. And since ether did not exhibit any viscosity
or turbulence, the inability to detect a speed relative to the ether simply
confirmed the suspicion that the ether was too elusive to be detected. Thus,
there is a fundamental difference between the medium of a wave such as
sound and the medium of electromagnetic waves.

7.2 Einstein’s Theory of Special Relativity

7.2.1 Postulates of Special Relativity

Newton’s first law of motion states that every body remains at rest or moves
in a straight line with constant speed unless compelled to do otherwise by
an external agent. Even though inertia could be manifested either by rest
or by uniform motion, the states of rest and motion were still treated as
fundamentally different. The distinction was most obvious in astronomy.
Prior to Copernicus it was believed that the earth was at rest, and the
stars, the sun, the moon and the planets moved round the earth. After
Copernicus it became convenient to think of the sun as an object whose
center of mass was at rest and all the planets were in motion relative to the
sun. However, when it became known that the sun itself revolves around
the center of our Milky Way galaxy, and that galaxies themselves are in
relative motion, it became difficult to pinpoint any one object in the sky
as something that was at rest. Nevertheless, the distinction between rest
and motion, being so deeply ingrained in human consciousness, remained
a fundamental notion in physics. Thus, physicists — both subconsciously
and consciously — thought that the concept of absolute rest was as real as
any other concept in physics. Absolute rest meant at rest relative to empty
space, or more precisely, at rest relative to the ether. The ether was the
one entity that was at absolute rest, and all motion was defined relative to
this invisible ether.

But the failure to detect this ether raised problems. Fitzgerald and Lorentz
had tried to rescue the concept of ether by positing a contraction undergone
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by bodies in motion relative to the ether. But Einstein was not satisfied
with this ad hoc solution. Einstein interpreted the failure to detect the
ether — a substance that was supposed to define absolute rest — as a signal
to abandon the time honored concept of absolute rest that was distinct from
motion of any kind.

Einstein’s hypothesis was that there was no difference between rest and
motion with constant velocity. A laboratory that was moving with constant
velocity (i.e. not accelerating) and where no external forces act on any of
the bodies — called an inertial frame of reference — was fully equivalent
to any other inertial frame of reference. A law of physics that is valid in
one inertial frame would have to be valid in any other inertial frame. This
also means that any measurement restricted exclusively to objects within a
laboratory in one inertial frame would yield the same results as an identical
measurement in an identical laboratory in a different inertial frame. Thus,
it is impossible to measure the velocity of an inertial laboratory if the
measurements are limited to objects within that laboratory. And as a
corollary, there will be no difference in the speed of light as measured by
observers in two different inertial frames.

The hypothesis and the corollary of the last paragraph express the two
postulates of Special Relativity enunciated by Einstein:

Postulate 1:
The laws of physics take the same form in every inertial frame of reference.
Postulate 2:

The speed of light in vacuum is the same when measured in any inertial
frame of reference.

The first postulate eliminates the notion of a preferred frame of reference.
All inertial frames are fully equivalent. Thus, there is no such thing as
absolute rest, a concept which implies a preferred frame of reference against
which all other frames are measured. So we can no longer talk about the
absolute velocity of an object, only a velocity in some frame of reference.

The equivalence of all inertial frames and the invariance of the speed of light
in all frames provide the axiomatic bases for the mathematical foundation
of Special Relativity.
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7.3 The Geometry of Special Relativity

7.3.1 World Lines

In the study of motion and velocity we use displacement-time graphs. Con-
sider a straight road that runs west to east. Suppose a car is moving at
a constant speed on this road towards east. A stationary observer called
Alice draws a graph of the car’s position at different times and obtains
something like this:

t
World
line of ‘World line
observer of car
0 X

Fig. 7.2

The horizontal space axis — labeled © — represents the road along which
the car travels from west to east. The vertical time axis labeled ¢ represents
the passage of time. The observer Alice sees the car at different positions
on the road at different times. If the car is at a point labeled x = 0 at the
starting moment when time ¢ = 0 then the oblique line is the graph of the
motion of the car. We call the oblique line the world line of the car. Since
Alice herself is traveling forwards not in space but in time in this reference
frame, the time axis in this graph is Alice’s own world line.

We now apply the postulate of the constancy of the speed of light in all
reference frames. In nonrelativistic kinematics we can identify a point in
space and imagine that this point will not change its position through
the passage of time. However, such a notion of an absolutely immovable
fixed point in space has to be thrown out along with the concept of a
universal ether. So, instead of points in space, we will talk about points in
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space-time. So, we will use the concept of a point to identify events. An
event occurs at a specific point at a specific moment of time. Thus an event
has both spatial and time coordinates. Suppose we are interested in two
events: the emission of light by a source and the absorption of the same
light by a detector. For the sake of simplicity we shall limit our discussion
to one spatial dimension, so that the light travels along the x axis. So we
shall call the coordinates of the emission (z1,t1) and those of the detection
(z2,t2). Clearly,

T2 — X1

lo —t
Writing Az = x5 — z1 and At = t5 — t1, we write Az = cAt. Allowing
for positive and negative directions of motion — with positive and negative

=c (7.7)

velocities — we can write

Ax?
W = 02 (78)

The invariance of the speed of light in any reference frame means that

Az? — AA? = Az’ — AAL? (7.9)

This equation can be written as

Az? + (icAt)? = Ax'? + (icAt')? (7.10)

We shall now generalize the direction of the motion of the light beam, and
write

Ax? + Ay? + Az? + (icAt)? = Az? + Ay? + AZ? + (icAV)?  (7.11)

This equation suggests that we can define a four-dimensional space includ-
ing the three spatial dimensions and a time dimension, and render the time
dimension spatial by the factor ic. Such a four-dimensional space is called
a Minkowski space. A four-dimensional interval As in Minkowski space can
be defined as

As? = Az? + Ay? + A2% + (icAt)? (7.12)

In three-dimensional space, a spatial interval is defined as Ar? = Az? +
Ay? + Az?. Such an interval is invariant under translation, rotation and
reflection of coordinates. Equation (7.12) shows that an interval in four-
dimensional space has the components Az, Ay, Az, icAt. The factor ic has
the effect of converting time into a spatial dimension. So this is a result



Special Relativity and Electromagnetism 161

we obtained from the postulate that the speed of light is invariant in any
inertial reference frame. We will next apply the second postulate — the
invariance of the laws of physics — to obtain another geometrical principle
of special relativity. In the observer’s reference frame the time axis is the
observer’s world line. In this frame the world line of a car moving away
from the observer is indicated by an oblique straight line. Now, in the
reference frame of the car, this line becomes the time axis. The invariance
of physical laws under a change of reference frame implies that the space
axis of the car’s reference frame should be perpendicular to the car’s time
axis or world line. Thus, the reference frame of the car is rotated relative
to the reference frame of the observer. A rotation in Minkowski space is
also called a Lorentz transformation or a Lorentz boost.

ict'
ict
World line of car
World line
of observer

Space line of observer

X

X Space line of car

Fig. 7.3 Rotation in Minkowski Space.

Thus, using the postulates of special relativity we have obtained two im-
portant geometrical results. The constancy of the speed of light enabled
us to convert time ¢ into a spatial coordinate by multiplying by ic. The
equivalence of all inertial frames led to the geometrical description of a
transformation of reference frame as a rotation in Minkowski space.

In Fig. 7.3 the primed coordinates represent a frame that is in relative
uniform motion with respect to the unprimed coordinates. Evidently the
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primed frame is moving in the positive = direction as measured in the un-

primed frame. Let the velocity of the primed frame relative to the unprimed
Az

frame be v. Clearly v = F7.

Now, from the graph, tanf = Z,CAAxt. And so we obtain the important result

that tan = . Equivalently, v = ictan 6. Since v and c are real, it follows

that tan # must be imaginary, and since tan# is an odd function of 6, it is
reasonable to infer that € is imaginary. Dealing with imaginary angles is
problematic, and we will find a way of eliminating imaginary numbers from
special relativity, but for now we will continue with the procedure followed
by Einstein, since the algebra is simple, and helps us to obtain some very
important physical results.

An interval As in Minkowski space is invariant under a transformation
from one inertial frame to another. Such a transformation is a rotation in
Minkowski space. And since an interval in three-space is invariant under
spatial rotation, an interval in Minkowski space is invariant under a four-
dimensional rotation. So, the quantity Ax? + Ay? + Az? + (icAt)? is an
invariant that has the same value in all inertial frames. It is clearly a real
number, which could be positive, negative or zero.

7.3.2 Space-like, Time-like and Light-like Intervals

Suppose we have an interval of space Ar of the order of the distance between
the earth and the sun (about 150 million km) and an interval of time
At equal to 3 minutes. Clearly, it takes longer than 3 minutes (about
8 minutes) for light to travel 150 million km. So if an event occurred
at 8:00 am US Central Time on the sun and another event occurred at
8:03 am US Central Time on the earth (on the same day) these two events
are separated by a spatial distance that is greater than the distance traveled
by light in 3 minutes. We say these two events are separated by a space-like
interval. So for this interval Ar > cAt implying that Ar? > ¢2At? and
therefore Ax? + Ay? + Az? — 2 At? = k? where k is some real number. We
could write this equation as

(Az)? + (Ay)® + (A2)? + (icAt)? = k? (7.13)
The number k? is invariant under inertial frame transformations. This
means that if two events are separated by a space-like interval in one inertial

frame of reference, then they are separated by a space-like interval in any
other inertial frame.
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Now, if we consider an event on the sun at 10:00 am US Central Time,
and another on the same day on earth at 11:00 am US Central Time, the
spatial and temporal intervals are now related by the inequality Ar < cAt,
because the time difference between the events is greater than the time
taken for light to move from the location of one event to the location of the
other. Such an interval is called a time-like interval. This would lead to
the equation

(Az)? 4 (Ay)? + (A2)? + (icAt)? = —k? (7.14)
where k is a real number. It is evident that if two events are separated by

a time-like interval in one inertial frame, they have a time-like interval in
any other inertial frame.

One could also consider two events for which k& = 0. Such an interval is
called a light-like interval, because the distance between the events is equal
to the distance traveled by light during that time interval. Two events
separated by a light-like interval in one frame will have a light-like interval
in any other inertial frame. This expresses the principle that the speed of
light is the same in any inertial frame.

Hence we can enunciate an important principle concerning intervals in Spe-
cial Relativity:

Interval Principle:

The type of an interval (space-like, light-like or time-like) between any two
events will not change under a transformation between inertial frames of
reference in which the events are measured.

7.3.3 Limiting Cases of Time-like and Space-like Intervals

Figure 7.4 represents the inertial reference frame of an observer. The points
A and B represent two points on the observer’s world line. For the interval
AB the spatial separation Az = 0 and so the interval is time-like. The
points C and D represent two events that occur at time ¢ = 0 at different
spatial locations in the observer’s frame. The temporal separation At = 0
for the interval CD, and so CD is a space-like interval. AB and CD represent
limiting cases of time-like and space-like intervals. It is not hard to show —
e.g. using Egs. (7.13) and (7.14) that the value of k2 is equal to the limiting
Ax? for a space-like interval, and equal to the limiting c>At? for a time-like
interval.
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} +—> X

O C D

Fig. 7.4 AB is a time-like interval; CD is a space-like interval.

Suppose two events have a space-like separation in some reference frame.
It is possible to find some inertial frame of reference in which these two
events will occur simultaneously at two different points in space. This leads
to an important inference. It is impossible for two events separated by a
space-like separation to influence one another. So, events with a space-like
separation are mutually acausal — one cannot be the cause of the other,
and one cannot be the result of the other.

Suppose two events have a time-like separation in some reference frame.
It is possible to find some inertial frame of reference in which these two
events will occur at the same place but at two different times. Also, the
time order of the events will not change, and so the earlier event in one
frame will remain the earlier event in any other frame. Hence, causality
is preserved. Events separated by a time-like separation can have a causal
relationship.

In Fig. 7.5 an observer Simon is represented at an instant of time at the
origin O. Simon moves along his own time axis ict, which is his world line.
OC is the world line of a light ray emitted by him at time t = 0, i.e. when
he was at O. Now, consider a traveler Alice moving with a speed v less
than ¢, whose world line is represented by OA. Clearly, the interval O-A
is time-like as measured by Simon. For Alice the interval O-A, which runs
along her world line, would be a limiting time-like interval. The space-like
interval OB is shown for purposes of comparison.
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ict
C

A World line of a light ray
B

O

Fig. 7.5 Intervals: OA = time-like; OC = light-like; OB = space-like.

Suppose Simon were to move in a direction opposite to that of Alice. Alice’s
world line would change in Simon’s frame, but it would still remain time-
like. No matter how fast Simon could move, he would never observe Alice
moving at light speed, because Alice’s world line cannot change from time-
like to light-like. And Alice would never observe Simon moving at light
speed. Thus, no matter how fast Simon moved, he could never reach the
speed of light as measured in any frame of reference.

Corollary 1:
No object can be accelerated to reach the speed of light.

Of course, light itself does travel at light speed, but then it was never
accelerated. Light can travel only at the speed of light. It cannot travel
at any other speed. (The average speed of light within a medium is less
than ¢, but that is because light is absorbed and re-emitted by the atoms
of the medium. Light travels at speed ¢ from one atom to another.) It is
impossible to find a frame of reference in which light is observed at any
speed other than c¢. This also holds for any entity that travels at speed ¢
in some reference frame.

Corollary 2:

Any physical entity, initially traveling at speed ¢, cannot be slowed down or
sped up.



166 Understanding the Electromagnetic Field

Electromagnetic waves travel at speed ¢ in vacuum. At one time it was
thought that neutrinos also travel at speed ¢, but now it is known that
neutrinos travel slower than light.!

In Fig. 7.5 the interval O-B is space-like, since the spatial separation be-
tween B and O is greater than the distance that light would travel during
the temporal separation between B and O. Thus an object traveling at light
speed cannot be found traveling faster than light in any reference frame.
Thus, it is impossible to send a message by an electromagnetic wave at any
speed greater than c¢. But that still does not preclude the possibility that
there may be some entities that always travel faster than light, and which
cannot travel slower than light. But we can dismiss this possibility without
too much difficulty.

Suppose it were possible for some object to travel faster than light. If
so, OB would be a physically possible world line. The interval O-B is
space-like, and hence it is possible, through a suitable transformation of
reference frame, to render this interval into a purely spatial interval for
some observer, along the observer’s = axis. Then the events O and B would
now lie at different points on the x axis, or at different spatial points at
the same time. But O and B represent the same object at different times
in the object’s own reference frame. So, our transformation of frames has
yielded the bizarre result that the same object is now detected at two
different points at some instant of time by an observer in a different frame.
Moreover, proceeding with this line of reasoning we can show that the
object is detected not merely at two different points, but at every point on
the observer’s x axis!

Another problem with the possibility of faster than light motion is illus-
trated by the graph in Fig. 7.6. Suppose an object W were to travel at
speed w relative to a frame of reference indicated by the x,ict axes as
shown. Next, we consider an object V moving at speed v in the negative
x direction. In the reference frame of object V it will be seen that object
W is moving backwards in time! So, if V and W are twins who take off
in opposite directions, with V traveling slower than light and W traveling
faster than light, then W would be moving backwards in time as observed
by V!

Lef., J. Beringer (Particle Data Group) et al. (2012). “Neutrino Properties — Review
of Particle Physics,” Physical Review D. 86 (1): 010001.
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ict

Fig. 7.6 Object moving faster than light is seen moving backwards in time.

These arguments dismiss the possibility of existence of any faster than
light particles or tachyons which were postulated in the 20th century. It
was believed that tachyons always traveled faster than light, and the faster
the tachyon the lower its kinetic energy.?

Corollary 3:
No physical entity can travel with a speed greater than c.

Equation (7.13) is the equation for a space-like interval. Two events sep-
arated by a space-like interval are truly independent of each other. One
event cannot affect the other. It would take longer for a message at light
speed to travel from one place to the other than the time interval between
these two events in the two places. So people who are present at one event
cannot communicate the news of that event to the other place before the
second event takes place. Events that have a time-like interval may not
always be independent, because it could be possible for a message to be
sent from one event which arrives at the other place before the other event
occurs.

Are events separated by a light-like interval independent of each other? A
message can in principle be sent from one event to the other at the speed
of light, but since it takes some time — however small — for the message

2Feinberg, G. (1967). “Possibility of Faster-than-light Particles,” Physical Review. 159
(5): 1089-1105. Bilaniuk, O-M.P., Sudarshan, E.C.G. (1969). “Particles beyond the
Light Barrier,” Physics Today. 22 (5): 43-51.
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to be read and interpreted, events separated by an exact light-like interval
are independent.

Exercise:

A distant star has two planets. A volcano erupts at 02:12:34 AM
(hours:minutes:seconds) according to some interstellar standard time on
one planet. A meteor hits the surface of the other planet at 11:56:43 AM
the same day. If these planets are 1200 million kilometers apart, determine
if the interval between the two events is space-like, light-like or time-like.

7.4 The Algebra of Special Relativity

Consider three observers A, B and C. A is stationary relative to the earth.
B moves in the positive x direction with speed u relative to A. C moves in
the positive = direction with speed v relative to B.

. . det’

ict

A B ict"

AXx| C
icat\?
¢

X
XI

Fig. 7.7 A, B and C in relative motion in the x direction.

The coordinates x, t are related to the coordinates z’,t’ by the transforma-
tion equations

2’ =xcosh —ictsind

ict' = zsinf + ict cos 0 (7.15)
From A’s reference frame, B makes a displacement Az in time At. So, B’s
velocity as measured by A is % = u. From the graph tanf = i?AIt = .

So sec = V1 4+ tan? 6, cosf = ﬁ, and sin @ = tan  sec 6.
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L and sinf = —~
1-27 icy/1-42

Therefore cosf =

j
N 1ol

And thus we get the transformation equations:

' = ———(x — ut)

t = ——(—ux/c® +1) (7.16)

For a relative motion along the x direction, the other two spatial coor-
dinates remain the same: 3y’ = y and 2’ = z. Equations (7.16) are the
algebraic forms of the Lorentz transformation equations, or Lorentz boosts,
that we had previously defined geometrically. We can write these equations

in compact form by using the symbol v = —= —. The matrix form of the

2
Lorentz transformation for relative motion along the x direction is

v —L£00
Yu
—= ~ 00
A= c 1
0 0 10 (7.17)
0 0 01
so that the transformation itself is written as
ct’ v —=L£00 ct
x! - ~ 00 T
= c = 1
y' 0 0 10 Yy (7.18)
4 0 0 01 z
It is easy to show that
v 200
~Yu
-1 _ | 7 00
A = 0 010 (7.19)
0 001
and hence
A (u) = A(—w) (7.20)

This states that a transformation to a frame moving at velocity u can
be reversed by a transformation to a frame moving at velocity —u. Two
such transformations applied in succession bring us to the original frame:
A(u)A(—u) = I (the unit matrix of order 4).
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However, it is not obvious that A(u)A(v) = A(u+v). We will next see why
this is equation is not true.

In Fig. 7.7 the traveler B is in motion with velocity u relative to A, and C is
moving with velocity v relative to B, both along the common x direction of
A. According to classical kinematics the relative velocity of C with respect
to A is u + v. This cannot be true in relativity, because if u = 0.9¢ and
v = 0.9¢ then we would get the value of 1.8¢ for the speed of C measured
by A. This clearly violates Corollary 3. The calculation of relative velocity
is different in relativistic kinematics.

Let the relative velocity of C with respect to A be w. So, according to
the formula we obtained earlier, w = ictan(6 4+ ¢), and v = ictanf and
v = ictan ¢.

Applying the rules of trigonometry,

) tan 6 + tan ¢ u+v
= = 21
v ZC(ltanHtanqS) (7.21)

1+

c2

So A(w) = A(v)A(u) = A(u)A(v).
But since w # u + v, it follows that A(v)A(u) # A(u + v).

It can be easily shown that for all u,v < ¢, w < ¢. If either u or v equals
c then w = ¢. This expresses the postulate that the speed of light is the
same when measured by any observer.

7.4.1 Transformation of Space and Time Intervals
7.4.1.1 Lorentz contraction

Suppose spaceship B is moving with a velocity v relative to an identical
spaceship A, each having length L when they are stationary relative to
each other. What is the length of B as measured by A when they are in
relative motion?

This question needs to be stated with clarity. What we mean is, if an
observer in A notes the positions of the front end and the rear end of B at
the same time in A’s reference frame, what will be the length of B when
measured thus?
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The measurement of the position of the front end of A’s space ship is one
event, and the measurement of the position of the rear of A’s ship is a
different event. If this measurement is done by A on A’s own ship, we
would get Az = L. If this measurement is done by A on B’s ship we would
get Ax’, and since both events occur at the same time for A, we must set
At = 0. The Lorentz transformation equations yield

Am’:Aac\/l—v—Q (7.22)
c? '

The algebraic steps are detailed in the box below:

We write the Lorentz transformation equations in terms of differences
thus:

Az’ = y(Ax — uAt)

At = y(At — uAz/c?)
Setting At’ = 0, we obtain At = uAxz/c?. And so,

2
Ar' = ~y(Azx — u?Ax/c?) = Az /1 — %

Thus B’s ship will be contracted when viewed in A’s frame. This, then, is
the true Lorentz contraction. The negative result of Michelson and Morley

is explained in terms of an equation derived on the basis of the postulates of
Einstein’s special relativity. The Lorentz contraction is not caused by any
compression brought about through the motion of a solid through ether. It
is a consequence of the relativity of space and time. Indeed, a calculation
shows that while A observes B’s ship contracted, B will observe the same
thing about A. A’s ship will be contracted by the exact amount when
observed by B.

7.4.1.2 Time dilatation

Consider the following scenario. Twins Molly and Jane decide to be apart
for some time. Molly stays on earth, while Jane takes a trip on a spaceship
traveling at a speed close to that of light. Molly measures the time At that
elapses while Jane is away. Jane measures the time At for her journey.
Now, since Jane’s spatial position does not change relative to her own
frame of reference, Az’ = 0. Using the Lorentz transformation equations,
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we obtain
/ ’U2

At = Aty /1 — = (7.23)
A shorter time has elapsed on Jane’s spaceship than on earth where Molly is
waiting. This phenomenon is called time dilatation. Actually the situation
described in this process is not a pure special relativity effect. In order
to return to earth Jane would have to turn around or slow down, stop
and retrace her path. Either way, she would need to accelerate. And
acceleration is not included in special relativity. But if the distance traveled
by Jane is sufficiently great, then the amount of time spent on acceleration
can be made proportionately negligible.

7.4.1.3 Proper time

One can divide up Jane’s travel into a large number of infinitesimal steps,
so that the velocity remains more or less constant during each interval.
This way one could apply special relativity to each such infinitesimal step.
The time measured by Jane in one such infinitesimal step would be dt/,
and the duration of this step would be measured by Molly as dt so that

dt' = dty/1 — Z—; The total time experienced by Jane on her voyage can

T:/dt’:/\/l—gdt (7.24)

where v is a function of ¢. This is clearly less than the time that has passed

be calculated as

on the earth, which is simply [ dt. The time interval dty/1 — ”Z—; is called
Jane’s proper time interval, signifying that this duration of time is proper
to Jane’s own reference frame. In general, we can define a proper time T

according to
[ 2

(dr as a proper time interval should not be confused with our earlier use of
dr as an element of volume.) The definition of proper time enables us to
define a proper velocity as

U= —— (7.26)
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An important application of proper velocity is the definition of relativistic
momentum. For small velocities (much less than that of light) we define
the momentum of an object as p = mv. But for arbitrary velocities this
definition needs to be replaced by the relativistic equation

mv

_ v
02

p=mU= (7.27)

7.4.2 Energy and Mass

The Work Kinetic Energy theorem of classical mechanics states that the
work done by some force on an object equals the change in kinetic energy of
that object. So, the work done by a force F on an object which undergoes
a displacement is given by

W:/F-dr:Tf—Ti (7.28)

By Newton’s Second Law, F = d—p. And so

W= /i’ dr =T — T, (7.29)

If the motion is confined to one direction, which we call x, we can evaluate
the work needed to accelerate the object from rest (so T; = 0)to speed v by

dp dx v v v
W= | —de= [ dp— = dp = — d .
/ ’ T / ) : /O udp = [up), /0 pdu (7.30)

Substituting p = \/% and carrying out the integration, we obtain
2

T = 17 —mc? (7.31)

c2

The first term on the right is called the relativistic energy E of the object
and the second term is called its rest energy.

The quantity

T— is called the relativistic mass of the object. So the

2
relativistic energy of a moving object can be expressed in terms of its rela-

tivistic mass m, as

E =m,c? (7.32)
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It is also customary to denote the relativistic mass as m and the rest mass as
myg. In this book we will refer to the rest mass simply as m in keeping with
the preferred usage in current literature. The energy and the momentum
are calculated from the relativistic mass of an object, but the rest mass
is important because it is an invariant quantity. Using some elementary
algebra it is easy to show that the relativistic energy and the momentum
are related by the equation

E? —p?¢® =m?ct (7.33)

This equation shows that whereas F and p vary with motion, and hence
these quantities take on different values in different reference frames,
E?—p?c? is an invariant. This suggests that the four quantities E, p,, py, p»
could be thought of as components of a space-time vector, similar to
dt,dx, dy, dz, which are the components of a four-dimensional displacement
with invariant magnitude

ds* = da? + dy? + dz* — Adt? (7.34)

We may now dispense with imaginary numbers by defining a metric tensor
according to the equation for four-dimensional displacement as

ds® = g, dxtda” (7.35)
where the repeated indices signify addition over the index.

Various conventions are used for the elements of the metric tensor, all lead-
ing to the same physical results. We will use the following convention,
which is also widely employed in the literature:

-1000
0100
9 =109 010 (7.36)

0001

There are also various different conventions for numbering the rows and
columns. We will adopt a convention that has a respectable following:
The first row and the first column are given the cardinal number 0, and
the other rows and columns are numbered 1, 2, and 3. So ggo = —1 and
gi1 = g22 = g33 = 1. All other elements are zero, so g, = 0 if p # v.
One important property of tensors in Minkowski space is that covariant
and contravariant elements are identical.
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Following the rules of the conventions outlined above, dz® = cdt,dz' =
dz,dz? = dy, and da® = dz. To avoid confusion between superscripts and
exponents, we will write dy? as (dz?)?, etc.

The elements of the energy-momentum four-vector — which we express by
the symbol p* — can be chosen in a variety of ways. One valid choice would
be (E,pgc,pyc, p-c). Another equally valid choice is (E/c, ps, py, p-). We
will select the latter, since it leaves three of the components unchanged.

So according to our choice p® = E/c,p! = p,,p? = py,p3 = p,. The

invariant equation becomes

oV

Guup"p” = p'p, = —m>c® (7.37)

Exercises:

1. Two Deuterium (H?) nuclei (each containing one proton and one neu-
tron — also called a deuteron) combine to form a Helium 4 (Hej) nu-
cleus (containing two protons and two neutrons — also called an alpha
particle). The mass of a Deuterium nucleus is 3.34358348 x 10727 kg
and the mass of a Helium 4 nucleus is 6.64465675 x 10727 kg. Take
c = 2.99792458 x 108 m/s. How much energy is released in this nuclear
fusion reaction?

2. In laboratory X a free neutron is observed to decay into a proton,
electron and neutrino 9.30 minutes after it was produced. How long was
this neutron observed to be in existence before decaying when observed
in laboratory Y that is moving with speed 0.900c relative to X?

7.5 Electromagnetic Fields

7.5.1 Covariant Forms

Invariants can also be obtained by taking the inner product of two four-
vectors. Inner product or contraction renders two vectors into a scalar. The
equation of continuity in electrodynamics runs as follows:

op 90J, 09J, 90J. 0Op
ot ox oy " o: ot 0 (7.38)

Writing the equation in shorthand form, we get 0#.J,, = 0, where 0" = %
m
and Jo = ¢p. Thus, the inner product of d, and J, is an invariant under
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Lorentz transformations. So, it follows that (cp,J) is a relativistic four-
vector.

Thus, the sources of the electromagnetic fields transform as a four-vector.
We will now examine the potentials ¢ and A.

Using the equations for the fields E = —V¢ — % and B =V x A and
the Maxwell equations 2V x B = %J +22 and V-E = 2 we obtain the
following:

¢ A1

20 09\ 22 _
V(c V-A+ 815) c“*V*A + 5 6OJ (7.39)
and
9 2 P
——(V-A)-V%p=1— (7.40)
ot €0

The potentials ¢ and A have a certain arbitrariness to them. Since B =
V x A, we can add a gradient of a function Vy to A without altering the
value of B provided we add —% to ¢. This freedom in the choice of the
potentials is called gauge invariance. Suppose we select a gauge in which
AV -A+ % = 0. Such a gauge is called a Lorenz gauge (where the name
is to be distinguished from that of Lorentz). In this gauge the equations
become

1 92A 1
2A == —_— 41
v 2 8t2 6002 (7 )
and
2y L% p
Vep = 202 o (7.42)

In this gauge, the potentials propagate as waves at speed ¢ in empty space
where there are no sources. Writing A* = (¢, cA), we can write the gauge
equation for the potentials as

0'A, =0 (7.43)
and the equations for the potentials and the sources as
JH
OA* = — (7.44)
€pC

where the D’Alembertian 0 = —V2+ 4 25 A4 = (¢,cA) and J* = (cp, J).

cZ o2
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7.5.2 Electromagnetic Field Tensor

The electromagnetic fields are derived from the potentials via

0A
E= _Vé_ ==
ve ot
B=VxA (7.45)
Writing out the x components of these equations, we obtain
OAs 09 _ 2041 a1 40
E,=—- ——=0"A"-0'A
ot ox 0 ?
and
_ (9A: 0Ay\ _ o3 3 42
ch—c(ay % ) =0°A° - 0°A (7.46)

where 0% = (—B%O,V). Since 0 and A are rank 1 tensors, it follows that
the electric and magnetic fields are components of a second rank tensor.

We define an electromagnetic field-strength tensor as follows:
FP =948 — 9P A (7.47)
The components of this tensor are expressed in matrix form as
0 FE, E, E,
—-E, 0 cB, —cBy
-E, —cB, 0 cB,
-E, ¢By —cB; 0

FoB = (7.48)

Thus, F*? is a skew symmetrical tensor, for which the diagonal elements
are all 0. (At this point we need to emphasize that there is no unique
form of the field-strength tensor. Some authors prefer the transpose of
our matrix as their definition. Other authors suppress the speed of light ¢
factor for the sake of simplicity. Other conventions define the Minkowski
metric differently, so that goo = 1,911 = —1,922 = —1,933 = —1. Their
field-strength tensor will be correspondingly different.)

We can apply the metric tensor twice to convert the contravariant indices

to covariant indices:

—-1000 0 E, LEy, FE, —-1000

0100 |-E, 0 B, —cB, 0100

0010( |-Ey —cB, 0 cB, 0010

0001 [-E, cBy, —cB, 0 0001
(7.49)

Fuop = gar F'gs5p =
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Hence

0 -E, —E, —E,
E, cB, —cBy
Fop = E, —cB. 0 ¢B, (7.50)

E., ¢By —cB; 0

We notice that in the covariant form the signs of the electric field compo-
nents are flipped, but not those of the magnetic field components. This
reflects the signs of the metric elements: ggg = —1, 911 = g22 = g33 = 1.

We may now write the four Maxwell equations in terms of the field tensor:
V-E = % and ?V x B = % + %—If can be combined into a single tensor
equation

B
Do FP* = i (7.51)

CeQ

and the homogeneous equations V-B = 0 and V x E + %—]? = 0 can be
written as

O FP7 + 05 F7™ + 0, F*P =0 (7.52)

7.6 Lorentz Transformation of Tensors

Let us now examine the transformation rules for a (1, 1) tensor G. We con-
tract this tensor with a contravariant vector to obtain another contravariant
vector:

%D% = A* (7.53)
The equation can be expressed in matrix form as
GD=A (7.54)

Suppose we measure the same components in a different inertial frame. We
would get a corresponding equation

G'D = A (7.55)

where the transformed vectors are related to the original vectors by the
equations D' = AD and A’ = AA. In order for Eq. (7.55) to be valid in the
new frame, the tensors G and G’ should be related by

G' = AGA™! (7.56)
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NOW, Tr (AB) :Zz}j Aiiji = Zj;i Bj,iAi,j =Tr (BA) for any two square
matrices of the same order. So, Tr (AGA™!) = Tr (A~*AG) = Tr G. Thus
Tr G = Tr G.

Let G% = F*7F,3. The elements of this tensor are obtained by matrix
multiplication:

0O E, FE, E, 0 -kE, -k, —FE,
- -E, 0 —cB, cB, E, 0 —cB, cBy _
—-E, cB, 0 —cB, E, cB, 0 —cB,

—F, —cBy cB, 0 E, —cBy cB, 0

E? (cEyB. —cE.By) (—cE;B.+cE.B;) (cE:By — cEyBy)
(—¢B:Ey + cByE;) (E2 — ?B2 — ?B}) (ExEy + ?ByB;) (EzE:+ 2Bz B:)
(cEyB; —cBzE.) (E:Ey+ c2B:By) (B2 —c?B2 —c?B2) (EyE. +c®B;By)
(—cExBy + cByEy) (EzE.+c?BeB.) (E.E,+c?B:By) (EZ—c?B2—c*B2)

Tr G = 2(E? — ¢2B?). This must therefore be invariant under a Lorentz

transformation. Hence E? —c?B? is a Lorentz invariant or a Lorentz scalar.

We will now obtain expressions for the Lorentz transformation of the elec-
tric and magnetic fields, via the electromagnetic field tensor, using the
transformation equation

ox'™ dz'P
0x7 0x9

Flof — e (7.57)

If we are to write this equation in matrix form we must respect the order of
the indices. Specifically, the sum A‘gB”fB cannot be written as the matrix
product AB. The correct matrix order is expressed as follows:

A5B"Y = BP A = BA (7.58)

Thus, it is preferable to write the transformation as
dx'™ 50x'"
oz oo

which is expressed in matrix form as

Fof = (7.59)

F' = AFA (7.60)

This is the transformation law for a (2, 0) tensor, which is different from
that of a (1, 1) tensor, cf. Eq. (7.56).
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Writing out the matrix elements explicitly, we obtain

v =200 0 E, FE, E, v =200

- v 00| |-E, 0 —cB. cB, - 5 00

0 0 10| |-E, ¢B. 0 —cB,|| 0 0 10

0 0 01f [-E, —cBy ¢B; 0 0 0 01

0 E, Y(Ey +uB.) ~(E,—uBy)

_ —E; 0 —y(*5* +¢B.) 1(=*E= + ¢B,)
—v(Ey +uB,) v(uf“ +¢B.) 0 —cB,

—Y(E: —uBy) y(*Z= — cBy) By 0

(7.61)

The transformation equations for the individual components become

E =E, (7.62)
E! = 4(E, + uB.) (7.63)
E. =~(E, —uBy) (7.64)
B. =B, (7.65)

E
B =y <By - “02> (7.66)
B, =~ (Bz + “§”> (7.67)

The above equations list the Lorentz transformation equations for electric
and magnetic fields between two inertial frames having a relative speed v in
the x direction. A little calculation shows that our earlier prediction that
E? — ¢2B? is invariant under Lorentz transformations is justified, because
when we plug in the components of the primed and the unprimed vectors
we obtain

E? - ?B? = FE* - *B? (7.68)

Further, it is seen that the dot product E - B is invariant under a Lorentz
transformation,

E-B =E-B (7.69)
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There is an interesting complex vector called the Riemann-Silberstein vector
which can be expressed as R = E+4icB. One of the interesting properties of
this vector is that its magnitude is invariant under Lorentz transformations:

R -R=(E+icB): (E+icB) = E* - *B* + 2ic(E - B) (7.70)

The electromagnetic energy density can be written in terms of the Riemann-
Silberstein vector as

u= %O(EZ +¢2B?) = %OR ‘R (7.71)
Note that the electromagnetic energy density is not invariant under Lorentz
transformations. Another interesting result is obtained by taking a cross
product:

RxR"=-2icExB= ,iS (7.72)

1€0C

where S = ¢yc?E x B, the Poynting Vector.

The transformation equations listed above apply to a translation along the x
direction. It is possible to obtain the transformation equations for a general
relative velocity v, though we will not derive these expressions. We define
the dimensionless vector symbol 3 = v/c and write the transformation

equations as
2

= v
E =9E-c¢8xB) - 74_1ﬁ(ﬁ'E) (7.73)
, 2

B_V(B+fxE)—711ﬂ(ﬁ~B) (7.74)

Exercises:

1. Use Egs. (7.62) through (7.67) to show that E- B and E? — ¢?B? are
Lorentz invariant scalars.

2. Show that Eqgs. (7.62) through (7.67) are special cases of the more
general Egs. (7.73) and (7.74).

3. Use Egs. (7.73) and (7.74) to show that E-B and E? —c?B? are Lorentz
invariant scalars.

7.7 Doppler Effect

7.7.1 Classical Formula

Suppose there is a stationary source emitting a wave having speed v in the
z direction, and an observer traveling in the negative x direction at speed
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u. Suppose the frequency of the wave emitted by the source is fs; and the
frequency of the same wave as measured by the observer is f,. In this
situation f, will be greater than f, and the difference is due to the Doppler
effect.

¥
4

e
u

In 1 second the wave advances a distance v and the observer a distance
u. In 1 second the source emits ng waves. This is numerically equal to f;
the frequency of the source. Therefore there are ns waves contained in a
distance v along the path of the wave. If the observer were stationary, they
would count ng waves passing them every second. But because the observer
is in motion towards the source, they would count an additional number of
waves that are contained in the distance u advanced by the observer in one
second. Since there are ng waves in the distance v, the number of waves in
the distance u equals ng(u/v). So, the number of waves measured by the
observer in one second would be not ng but ns + ns(u/v) = ng(v + u)/v.
So, the number of waves counted by the observer in one second would be

Ne = N (1 + %) (7.75)
Thus, the frequency measured by the observer would be

fo= 1o (14 %) (7.76)

Exercise:
Derive the Doppler formula for the frequency f, measured by an observer
moving away at speed u from a stationary source emitting sound of fre-

quency fs.

7.7.2 Relativistic Formula

In deriving the classical formula for the Doppler effect produced by an
observer approaching a stationary source, we assumed that the elapsed
time is the same for both the source and the observer that are in relative
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motion. But this assumption is not valid when we include the postulates
of special relativity.

So, if Ateps is the time taken by the observer to count the waves, this will
not be the same as the time At,,, taken by the source to count the waves.
At o, will be greater than At,ps. The relationship between these two time

intervals
u2
Atops = Atgout/ 1 — = (7.77)

The frequency of the wave as measured by the observer will be
No

fo= Ao, (7.78)
and the frequency of the wave as measured by the source will be
Ng
s = 7.79
o= 7p (7.79)

To obtain the relativistic Doppler formula we substitute these results into
Eq. (7.75) and obtain

PR (1+2) (7.80)
/1 _ w2 v
c2
The above equation is valid for any type of wave, be it a sound wave or a
light wave. For the case of a light wave we replace v by c:

PR (1 + %) (7.81)

_u?
02

7.7.3 Alternative Derivation of Relativistic Doppler
Formula for Light

The displacement of the medium due to a plane transverse wave propa-
gating in the positive x direction and having angular frequency w can be
expressed as y = cos(kx — wt) or y = sin(kx — wt) where the wave number
k is related to the angular frequency and the wave velocity ¢ by the formula
w = kc. It is also customary to write the solution of the wave equation as
y = expi(kx — wt), where the physical displacement is the real part of y.
For any electromagnetic wave the displacement — which represents some
component of the electric or the magnetic field — is always perpendicu-
lar to the direction of propagation. So, this displacement will be invariant
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under a Lorentz transformation or boost in the x direction. So, let the dis-
placement due to the light wave as measured in the frame of the source be
expi(kx — wt) and the same displacement measured in a frame traveling in
the negative x direction and therefore approaching the source with velocity
—u be expi(k’z’ — w't’). Since these displacements are equal, we can set
the phases equal

K2 — W't = ke — wt (7.82)

(Equal displacements require that the phases can differ only by 27n with n
being an integer. But here n = 0, because the two phases have to become
identical as u — 0.) Now, the unprimed frame is moving with velocity u
in the = direction as measured by the primed system. The transformation
equations are therefore

= (z' —ut')y (7.83)

t= " —wux'/c*)y (7.84)
Substituting into Eq. (7.82), we obtain
o' — o't =k(z' —ut)y —w(t’ —ua'/c?)y (7.85)

Now, w'/k' = w/k = ¢. So we can eliminate k and k' from both sides of
the equation to obtain

YWt = g(x' —ut") —wt' —uz'/c*)y (7.86)
c c
Equating the coefficients of z’ on both sides we obtain

W = wy (1 + %) (7.87)

w' = 2nf, and w = 27 f,. Therefore

fo= fiu (1+%) (7.88)

It is easy to show that for the case of an observer receding from a source
emitting light of frequency fs the observed frequency of the light will be
given by the expression

fo= fiu (1-%) (7.89)
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Equations (7.88) and (7.89) enable us to calculate the relative speed be-
tween the earth and any star which is bright enough for us to study its
emission spectrum. An observed increase in frequency of the light emitted
by the star — evidenced in the shift of the recognizable spectral lines to-
wards the blue end of the spectrum — is called a blue shift, and indicates
an approaching star. An observed decrease in the frequency of the light —
evidenced by the shift towards the red end of the spectrum — is called a
red shift, and indicates a receding star. The relative speed between the star
and the earth can then be calculated.

Galaxies have been observed to recede from the earth, and the rate of
recession is proportional to the distance of the galaxy from the earth. This
red shift of the galaxies — first observed by Hubble — is now interpreted as
a feature of the expanding universe. In the general relativity model of the
universe we do not picture all the other galaxies in a dynamic motion away
from our own galaxy. We picture the galaxies as more or less statically
embedded in a space that itself is expanding, causing a steady increase in
the distance between the galaxies.

Earlier we found that an electromagnetic field propagates with momentum
proportional to the Poynting Vector. Electromagnetic waves interact with
material objects having mechanical mass and momentum. Indeed, every
electric and magnetic field requires a source which is a charge. Charges are
embedded in material objects, and even the electron which is considered
as an elementary charge itself has mass and momentum. The conservation
of global momentum is a consequence of a basic symmetry of space called
translational symmetry, that the nature of the surrounding space will not
change when we displace a particle in any direction. (Conservation of global
angular momentum follows from the rotational symmetry of space.)

We will now see that the law of conservation of global momentum implies a
definite relationship between the frequency and the momentum of radiation.

Suppose we have two spheres colliding along their line of centers. This
collision is viewed from two different frames. We define motion to the right
as positive. In the first frame sphere B is at rest, and sphere A has positive
momentum. In the second frame B has positive momentum, and A has a
greater positive momentum than in the first frame.
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®—> @ ®

In this frame B is at rest. A has In this frame A has greater
some momentum. momentum. B has some momentum,

We now replace the sphere A by an incoming electromagnetic wave, and
the sphere B by a solid object that absorbs the radiation. In the figure
below a solid object with a rectangular cross-section is shown absorbing a
beam of electromagnetic radiation, and in this reference frame the object
is at rest.

m> | P

In this frame the object has zero momentum, and the radiation has positive
momentum — directed to the right.

Next, suppose the same process is viewed from a different reference frame
moving opposite to the direction of the electromagnetic radiation. In
this frame the object has a velocity relative to the observer, and so will
appear contracted according to the Lorentz contraction formula AL =

ALgy/1— ;’—; The radiation will have the same speed, but the frequency
of the wave will be increased due to the Doppler effect.
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In this frame both the object and the radiation will have momentum di-
rected to the right, and the analogy to the colliding spheres suggests that
the momentum of the radiation will be greater in this frame than the pre-
vious one in which the object was at rest.

Now, the radiation has increased frequency due to Doppler effect. And
it appears logical that the radiation has greater momentum in this frame.
This suggests that an increase in frequency is accompanied by an increase in
momentum. The inference is that there is a direct correlation between the
frequency and the momentum of electromagnetic radiation — the greater
the frequency, the greater the momentum.

We saw earlier that the momentum of electromagnetic radiation is pro-
portional to the Poynting Vector eyc?E x B, and hence the momentum is
proportional to the product of the amplitudes of the electric and magnetic
fields, and since the electric and magnetic fields are proportional to one
another in a wave, the momentum of a wave is proportional to the square
of the amplitude of the wave. Also, the energy carried by a wave is also
proportional to the square of the amplitude of the wave. But the Doppler
effect suggests that the momentum of a beam of electromagnetic radiation
is also proportional to the frequency, a quantity associated not with mat-
ter but with waves. Thus electromagnetic waves have both material and
undular (wavelike) properties.

This matter-wave duality of radiation bears an interesting relationship to
the concept of intensive and extensive variables. Broadly speaking, an
intensive variable is independent of quantities such as mass and volume,
whereas extensive variables are dependent on such quantities. So mass and
volume are both extensive, but density is not. Gaseous pressure is also an
intensive variable — the pressure inside our lungs is equal to the pressure of
the atmosphere. The internal energy of an object is an extensive variable,
but its temperature is intensive. It is evident that the extensive-intensive
dichotomy is a category that occurs only in the study of large aggregates of
particles, such as a gas made up of molecules, a solid constituted of atoms
or ions, etc.

The total momentum of electromagnetic radiation contained within some
region of space is extensive, since it depends on the volume of the region.
But now we see that the momentum of radiation also depends on its fre-
quency. However, the frequency of the radiation is an intensive variable,
independent of the volume.
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That the distinction between extensive and intensive variables is a category
that is also applicable to the momentum of electromagnetic radiation sug-
gests that electromagnetic radiation itself has a corpuscular nature. The
total momentum in some region is proportional to two quantities: (a) the
number of corpuscles present in that region, which in turn is proportional
to the volume of the region, and (b) the frequency of the radiation, which
is independent of the volume of the region and hence also independent of
the number of corpuscles in that region.

Everything that was said about the momentum of radiation is equally ap-
plicable to the energy of radiation. We saw earlier that the electromagnetic
energy within a given volume of space is equal to the magnitude of the mo-
mentum of the field in that volume multiplied by c. The quantum theory of
radiation first introduced by Planck and applied by Einstein to explain the
photoelectric effect confirms the corpuscular nature of electromagnetic ra-
diation. The total energy within a region of space is proportional on the one
hand to the number of corpuscles of radiation within that region, and also
to the frequency of the radiation, a quantity independent of the number of
corpuscles. This last sentence implies that each corpuscle of radiation has
an energy that is a function of the frequency of the radiation. As it turns
out, the function is a simple linear dependence: the energy of a corpuscle
of radiation is directly proportional to the frequency of the radiation. The
constant of proportionality A is Planck’s constant. We will discuss these
ideas in more detail in the following chapters.

7.8 Relativistic Dynamics of Charged Particles

The Lorentz force acting on a charged particle is given by

dp

E—F:q(E—i—va) (7.90)

The power expended during this interaction between the field and the par-
ticle is therefore

— =F-v=¢qE v (7.91)

These equations can be checked for consistency with the energy-momentum
four-vector equation. Consider a particle of rest mass m, having momentum
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p and total energy E in some reference frame. These quantities are related
by the energy-momentum equation

E? =p-pc® +m?ct (7.92)
Taking the time derivative,
dFE dp ,
2E— =2p- — 7.93
it~ P (7.93)

Therefore
dE._ p dp , dp
dat B att TVt
It is easily seen that this equation is consistent with Eqgs. (7.90) and (7.91).

(7.94)

We can rewrite Egs. (7.90) and (7.91) in covariant form by multiplying both
sides by v = ——

The force equation becomes

dp

— =vq(E+v x B) (7.95)
dr
The power equation becomes
dE
— =vyqE v (7.96)
dr

The four-velocity U of a particle is defined with components (yc,yv), where
v is the measured velocity of the particle in some reference frame. Now
v -v = v? is a scalar under rotations and translations, but not under
Lorentz boosts. But the four-velocity is indeed a scalar under boosts, be-

cause UU,, = 72(—c? + v?) = —c?, which is an invariant or scalar.

The two Egs. (7.95) and (7.96) can be combined into a single tensor equation
by employing the four-velocity U = (y¢,yv).

Newton’s Second Law takes on the covariant form
dp®  dU®

= 7.97
dr ' dr ( )
Equations (7.95) and (7.96) can be written in compact form as
ap® _q
—— = 2Fy 7.98
dr c g ( )

Exercise:
Show that Eq. (7.98) is equivalent to Egs. (7.95) and (7.96).
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7.9 Lagrangian Dynamics of the Electromagnetic Field

7.9.1 The Principle of Least Action

In geometric ray optics one employs the laws of reflection (angle of incidence
= angle of reflection) and the laws of refraction (Snell’s law relating the
angles of incidence and refraction to the speeds of light in the two different
media). An alternative formulation of ray optics uses the principle of least
time — the path taken by a ray of light between two points is the path of
least time. The laws of geometric optics emerge as a consequence of the
principle of least time (which is a consequence of Huygens’ theory of wave
propagation). This equivalence between two very different mathematical
approaches finds a parallel in classical mechanics. Newtonian dynamics is
based on the second law according to which the net force acting on a system
is equal to the rate of change of momentum of the system:

_dP

F=——
dt

(7.99)
However, in many situations it is easier to use an alternative mathematical
formulation of the same physical principles. One such formulation is the
Lagrangian formalism. The Lagrangian is defined as a functional (basically
a function of functions) of the positions and the velocities of the particles
of a system, and possibly the time as well: L|[g;(t),¢;(t),t] In Lagrangian
dynamics the action is defined as the integral of the Lagrangian between
two points in time:

ta
A= [ Lia(0.d(0), (7.100)
1
These moments in time are analogous to the starting and ending positions
in the least time principle of ray optics. The principle of Lagrangian dy-
namics states that the physical process undergone by the system between
the initial and the final times will be that process for which the action is an
extremum — i.e. a maximum or a minimum, expressible mathematically
as 0A = 0. The actual equations of motion will emerge as a consequence of
this extremum condition. Stated as an integral, this condition is expressed
as
ta

SL[g:i(t), 4i(t), )t = 0 (7.101)

t1
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We can express the variation of the integrand in terms of a variation of
each of the coordinates g;:

oL oL .. oL oL d
5L_Zi:<a 5q; + a%éqi)_Zi:(aqé . dtm)

The integral of the second term within brackets can be manipulated as
follows:

2 9L d t2 9L oL . 1™ oL
Z5qdt = 2 dsg; = — Sq;dt
t 0g; dt 4 4 04 @ {6% Ll /t1 dt (3 ) 4

We allow each dg; to vary independently only within the open interval
(t1,t2), and so 0¢; = 0 at both #; and t2. And so, we obtain

5L[( t)dt = /t2z 3L Sqidt =0
" qi Qz 1 ey dt q;at =

Now, each d¢; is an arbitrary variation in ¢;. Hence the vanishing of the

integral between t; and t; implies the Euler-Lagrange equations

oL d (OL\
dq; dt \9qg;)

for each one of the generalized coordinates g;.

7.9.2 FExamples
7.9.2.1 Harmonic oscillator

The Lagrangian function of a system takes on the form 7" — U in classical
mechanics where T = ZZ 5M;V; 2 is the kinetic energy of the system, where
the ith particle has mass m; and speed v;, and U is the potential energy of
the system.

So, for a ball of mass m attached to a spring of constant k Which is capable of
extending without friction along the x direction, T' = va and U = 1 ska?.

The Euler-Lagrange equation becomes

d
kx = % —(mv) = —F (7.102)
Thus, we obtain Hooke’s Law for a spring F' = —kzx.

Moreover, from Eq. (7.102) we obtain the second order differential equation

d’z k
ar_ F 1
dt? m” (7.103)
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which is the simple harmonic motion equation having the general solution
x = Acos(wt + ¢) where the amplitude A and the phase constant ¢ are

constants of integration, and w = \/% . Equivalently, the solution can also
be expressed as

r = Ae™" + Be ™t (7.104)
where A and B are in general complex numbers.

7.9.2.2 Ring around a sphere

A non-conducting sphere of radius R has a positive charge @ distributed
uniformly over its surface. A narrow non-conducting solid ring of radius
slightly larger than R, which carries a uniformly distributed charge —|g],
floats around the “equator” of the sphere:

L
N

The mass of the ring is m. The system is in a weightless environment, such
as a space ship. Electrostatic attraction between the ring and the sphere
keeps the ring in place. If now the ring is given a slight displacement in the
axial direction, the potential energy of the sphere-belt system becomes, for
small 6,

V =

_gQeost Q@ (. 6?
dregR~ 4dmweoR 2

N

= » |

o
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The speed of the ring is 2 (R tan §) which for small § becomes % (R6). The
kinetic energy of the belt is therefore 7 = 1mR2#?. The Lagrangian for

2
L= %mR292 4@ (1 - 9)

this system is

deg R 2
The solution is a harmonic oscillation of angular frequency
_ qQ
4megmR3

Next, suppose the sphere is the earth of mass M and radius R, and the ring
has radius slightly greater than R, and mass m. Such a system would be
entirely analogous to the electrostatic system, and the angular frequency

for small oscillations becomes
,  |GM
w' = N

It is interesting that in the electrostatic problem a measurement of the
oscillation frequency can only give us the charge to mass ratio ¢/m of
the ring, and in the gravitational problem the mass of the ring cannot be
obtained.

7.9.3 LC Circuit

An idealized L-C circuit (with zero resistance) consists of a capacitor of
capacitance C' connected to a solenoid of self-inductance L. The electrical
energy stored in the capacitor at any moment is given by U, = %2 and the
magnetic energy inside the solenoid at any moment is given by %LI 2, The
current I = %. We could set @ as a generalized coordinate ¢ and I as
the corresponding generalized velocity, which would identify the electrical
energy stored in the capacitor as the potential energy and the magnetic
energy in the solenoid as the kinetic energy. So, the Lagrangian for this
circuit becomes )

c-trp 1< (7.105)

2 2C
and the Euler-Lagrange equation becomes

oL d(é)ﬁ) Q_,dl__Q &Q

=2 (= e - 1
0Q dt \ oI c dt LC  dt? 0 (7.106)

This is also a harmonic oscillator equation whose general solution is ex-
pressible as
t

Q = A’ + Be 'r (7.107)
where 7 = v/ LC' is the time constant.
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7.9.4 Energy of an Electromagnetic Field

Now, the total energy in an electromagnetic field is given by

U= %0 /(E2 + 3BV (7.108)

Treating the electrical energy as potential and the magnetic energy as ki-
netic, the Lagrangian for an L-C circuit can be expressed as

L= %0 /(0232 — E?)dV (7.109)

We could model an electromagnetic wave as an oscillating LC' circuit, with
constantly changing electric and magnetic fields, where the electromag-
netic field energy alternates between electric and magnetic. In terms of a
harmonic oscillator model, we could picture the electromagnetic energy as
oscillating between potential (electric) and kinetic (magnetic).

The discussion so far has been non-relativistic. A relativistic Lagrangian
must satisfy other conditions. We have seen that a non-relativistic La-
grangian yields the action defined by

ta

A= [ Llg(t),q:(t),t]dt (7.110)

t1
To incorporate relativistic invariance into the Lagrangian dynamics of the
electromagnetic field we can write the time element in terms of the ~ factor

(v=—+

—) as follows:

o2

dt = ~vdr (7.111)

where dr is the proper time. Thus, we get the action integral

A:/ ~Ldr (7.112)

Since the proper time interval dr is relativistically invariant, the condition
for A to be invariant is that v£ should be invariant.

Multiplying Eq. (7.109) by -, we obtain
vL = %0 /(0232 — E*)ydV (7.113)

Now, vdV is invariant. (Consider a relative motion along the x axis. ydV =
~vdxdydz. Here dy and dz are invariant, and ~ydzx is invariant.) Earlier we
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had shown that ¢?B? — E? is Lorentz invariant. Thus £ = £ [(c?B? —
E?)dV is an appropriate Lagrangian for the field of an electromagnetic
wave (in the absence of charges and currents).

Hence, the relativistic action of an electromagnetic wave is expressible as

A= /deT = %0 /(0232 — E%)dy (7.114)

where d*z = dVdt = vdVdr is the invariant four-vector volume element.

7.9.5 Electric and Magnetic Fields in a Propagating Wave

If the force between any two particles of a many particle system results
from a potential energy V(r) = ar™ that is proportional to some power n
of the inter-particle distance r, the wvirial theorem states that

2T) = n(V) (7.115)

where (T') is the average kinetic energy, and (V) is the average total poten-
tial energy, of the system.

For a harmonic oscillator potential n = 2, and so we get the simple result
(T) =(V) (7.116)

Treating %EoEQ as the average potential energy and %600232 as the average
kinetic energy of the electromagnetic wave we obtain

(E) = c(B) (7.117)

In an electromagnetic wave, the direction of propagation is perpendicular
to the directions of the electric and the magnetic fields, as shown by the
Poynting Vector:

S=¢c’ExB (7.118)

If the direction of propagation is the z axis, then E and B are both per-
pendicular to the z axis. Let us choose the x axis as the direction of E. We
will show that B must be directed along the y axis.

Since both E and B satisfy the equation for a wave propagating at speed
¢, the solutions can be written in complex form as

E = iEye’ k==t (7.119)
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(where the unit vector i is to be distinguished from the unit imaginary
number 7), and

B = Be!F==+t) (7.120)
where the constants k and w are related by the phase velocity ¢ = w/k.
Substituting these solutions into Maxwell’s equation V x E = —%—}f, we

obtain 5E 5B
Z == 7.121
0z ot ( )

and 5B

=0 7.122
5 (7.122)

Thus, if E is directed along the x axis, then B is directed along the y axis,
and so the electric and magnetic fields are perpendicular to each other in
an electromagnetic wave. Also, Eq. (7.121) implies that Ey = ¢By, which
is in agreement with the result from the virial theorem.

7.9.6 Lagrangian for a Charge Interacting with a Field
7.9.6.1 Free particle

The relativistically invariant action for a Lagrangian was shown earlier to
have the form

A:/ ~Ldr (7.123)

where vL is Lorentz invariant.

We first construct the Lagrangian for a free particle, in the absence of fields.
Since there are no forces, there can be no dependence on position coordi-
nates. So, the Lagrangian must be a function of the velocity. Moreover,
it must be Lorentz invariant, and so it must be a constant multiplied by
U U® = —c2. So, in order for v£ to be invariant, £ must be a constant
multiple of % A function that works is

2 u?
Substituting into the Euler-Lagrange equation
oL d [oL
([ Z=)=0 7.125
Oq dt < 04 ) ( )

we obtain the equation of a free particle, with constant relativistic momen-
tum:

d
%(’ymu) =0 (7.126)
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7.9.6.2 Electron in an electromagnetic field

We have seen that a relativistic Lagrangian must satisfy the condition that
~L is invariant. Thus, we seek a Lagrangian that is of the form € where
G is an invariant function that includes the charge and the velocity of the
electron as well as the scalar potential ® and the vector potential A. The
simplest such function takes the form eU, A% where U is the four-velocity
and A the four-potential.

We will therefore try a Lagrangian of the form

2
2 1-%  fyae (7.127)

L =—mc
2 qe

c
which written out explicitly becomes

2
L=—mP\[1-5 —cdteu-A (7.128)
C
Exercise:

Show that Eq. (7.128) leads to the Lorentz force equation through an
application of the Euler-Lagrange equation. The total time derivative is
related to the partial derivative through % = % 4+u-V.

7.9.6.3 Hamiltonian formulation

The Hamiltonian of a dynamical system is defined as

H= Zpiqi —L (7.129)

where P; is the canonical momentum conjugate to the coordinate ¢;, defined

as

Ye
P=— 1
i (7.130)

Taking the Lagrangian of Eq. (7.128), we obtain the canonical momentum
coordinates as

P; = ymu; + eA; (7.131)
Writing in vector notation, we express the relation between the canonical

momentum P and the mechanical momentum (in terms of the mass of the
particle) p = ymu as

P=p+eA (7.132)
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The mechanical momentum p is related to the velocity u by the relativistic

equation
p= 4 (7.133)
l—&
Inverting the variables we obtain
T (7.134)

The Lagrangian formulation treated the position ¢; and the corresponding
velocity ¢; as the independent variables. In Hamiltonian dynamics the
variables are position and the conjugate canonical momentum. The velocity
has to be expressed in terms of these other quantities. Since the conjugate
variables are P and r, we need to eliminate the velocity using the equation

ue P eh) (7.135)

\/(P —eA)? +m2e2
This will yield the relativistic Hamiltonian for a charged particle in a field:

H = \/c2(P — eA)2 + m2c* 4 e® (7.136)

Exercises:
1. Derive Eq. (7.136).
2. Using Eq. (7 136) and the Hamiltonian equations of motion (P; =

—‘gf ,and ¢; = ) derive the Lorentz force equation.

7.9.6.4 Gauge invariance

The electric and magnetic fields are related to the potentials by the equa-
tions E = —V& — W and B = V x A. These fields are invariant under
a change of gauge of the potentials A — A + Vy, and & — ¢ — g—’;. A
gauge transformation will affect the form of the Lagrangian of Eq. (7.128).
However, it can be shown that a gauge transformation will not affect the
action integral or the equations of motion.

Exercises:

1. Show that a gauge transformation does not affect the action integral
of Eq. (7.123).

2. Show that a gauge transformation does not affect the equations of
motion.
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7.10 Abstract Covariant Formulation of the Lagrangian
For more general situations, it is useful to set up an abstract covariant

formulation of the Lagrangian of the electromagnetic field.

The three-dimensional position vector r and the corresponding velocity
vector u are replaced by the corresponding 4-vectors which we can express
as % and the four-velocity U®. The free-particle Hamiltonian of a particle

of mass m (: —mc?y/1 — 'é;) becomes, using the equality U,U® = —c?
ALO::—Z%Ex/:ZiEf; (7.137)
The action integral (A = [* vLdr) becomes
A:fmg/w¢fiﬁah (7.138)
The integrand can be rewritten as f(l)llows:

dxo, dx®
_ adr — 4| 2T g — af
VU U¥dr =4/ I dr dr = 1/g*Pdx,dzg

Replacing the variable of integration 7 by the parameter s that increases
monotonically with 7 (to ensure causality), the action integral can be ex-

pressed as
52 dz,, dx
A=— \Jgr e By 1
mc/s1 9 g 98 (7.139)

The Lagrangian variables are now z® and dd%, where s is an arbitrary
parameter. The subscripts and superscripts are significant for the time-

component terms. So 2 = ¢t, and g = —ct, O° = 5%0 = —12 and
Oy = 9 _ 10

0= 920 — cot-

Exercises:

1. Using the Lagrangian of Eq. (7.139) derive the Euler-Lagrange equation

mci dz®/ds B
ds (dﬁ@)w
ds ds

2. Show that the previous equation reduces to the free particle equation

. _ . dZ «@ _
by setting the parameter s = 7: m< 5% =
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We may next write the Lagrangian for the particle in an electromagnetic

field as
/ dr,, dx edx
—— af a &g _ e A% .14
£ mey\ g dr dr c dr () (7.140)

Use the Lagrangian of Eq. (7.140) for these two exercises:

Exercises:

1. The canonical momentum four-vector is defined as P = —%.

Show that P* = mU* + £A“.

2. Show that the Euler-Lagrange equations yield the covariant equations
2, .«

of motion mL%- = ¢ (9*A% — 9% A~) df—f.

dr2 c

7.11 Maxwell’s Equations from the Lagrangian

We will now consider the electromagnetic field itself as a system, and obtain
a Lagrangian for this system. We want the action integral to be invariant
under a Lorentz transformation, i.e. we want it to be a Lorentz scalar. And
we want the Lagrangian itself to be also a Lorentz scalar. The reasons for
this two-fold requirement will become clear presently.

The electromagnetic field is described by an electric and a magnetic field
vector at every point in space. Space itself is a flat or Euclidean three-
dimensional space that is not affected by the presence of charges or currents,
unlike a gravitational field, which we will discuss in a later chapter.

We have seen that at every point in space there is a scalar potential ® and
a vector potential A. The electric and magnetic fields can be written in
terms of space and time derivatives of the potentials. This suggests that
a Lagrangian of the electromagnetic field can be written as a functional
of the functions ¢(z) of the position, and the space and time derivatives
of x which we shall express as 0%¢(z). The latter is called a four-vector
gradient of ¢. Since the set of points in space is isomorphic to the set of
real numbers, there is an uncountably infinite number of points in space.
By dividing space into a large number of infinitesimal volume elements of
size d®>z, we can divide space into a countably infinite number of volume
elements. Each such volume element corresponds to a different degree of
freedom of the system. One could also think of each such volume element
as a particle belonging to the system. So, we define a Lagrangian density
L such that the Lagrangian corresponding to each volume element is Ld3z.
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The total Lagrangian is obtained by adding these infinitesimal Lagrangians,
i.e. by integrating over the entire region. Now, if there are multiple sources,
there are also multiple potentials and corresponding fields. Considering
these sources to be independent of one another, they would correspond
to different dimensions, or different components. Thus, the most general
Lagrangian is expressible as

L= /L(m,aaqsk)d% (7.141)

The action integral becomes

A= //&F’xdt = /£d4x (7.142)

The four-volume element d*z is a Lorentz scalar, and so the Lorentz invari-
ance of the action integral requires that the Lagrangian density £ should
also be relativistically invariant.

The time derivative is replaced by a four-vector derivative, with time and
the three spatial coordinates as independent variables of differentiation. So

the Euler-Lagrange equations become (using the abbreviation 9° = %)
oL oL
P = (7.143)

0(0P¢r) Oy

In Section 7.9.4 we employed the analogy of the LC circuit to obtain an
expression for the Lagrangian of an electromagnetic field in the absence of
sources: L = [(c?B? — E?)dV. In Section 7.6 we derived the relationship

F,3F*" = 2(E* - *B?)
Then, we may write the Lagrangian density of an electromagnetic field in
the absence of sources as

L= 7%0 WP (7.144)

Next, we include the sources. Here we can look to Eq. (7.127) of Sec-
tion 7.9.6.2 for inspiration. There is a potential term of the form —%UaA"‘
which comes from the effect of the field on the electron. We can now invert
this process and seek a causal term, one which expresses the effect of a
source — i.e., a charge or a current — on the field. A logical procedure
might be to replace the term eU, /v by the four-current J,. (We do not
bring in the « factor, because our Lagrangian density is Lorentz invariant.)
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Then, the additional term due to the sources becomes —%JO,AO‘. And so,
the Lagrangian density of the electromagnetic field becomes

1
L= 7%0 ws PO — — T, A" (7.145)

The above equation can be written in terms of the potentials as

1
L= =2 gauuo (DM AT = DT AP A = 0" AN) = —J A (7.146)

All the four Maxwell equations flow from this Lagrangian density of the
electromagnetic field. First we note that it is not necessary to derive the
homogeneous equations V x E = —%—? and V- B = 0 from the Lagrangian
density. The homogeneous equations follow from the very definitions of the

scalar and vector potentials B=—-V x A and E = —V@—%—?:
VXxE=VxVe-Vx%=-B and V.B=V-VxA=0

The Euler-Lagrange equations reduce to the equations of the electromag-
netic field
1

0P Fs, = —J, 7.147
b = ( )

These are the inhomogeneous Maxwell equations 2V x B = %J + %—]f‘ and
V-E=2£.
€0



Chapter 8

Microscopy of the Electromagnetic
Field

8.1 Charges and Fields

The concept of an electromagnetic field arose in the context of understand-
ing the mechanism of an interaction between two different charges placed at
some spatial distance apart. Fields are generated by charges, and charges
experience forces in fields.

The Maxwell equation V - E = % expresses the relationship between a
charge source and the field generated by the charge. The Biot-Savart law
expressible as dB = kI (dl%r) states the relationship between a current ele-
ment and the magnetic field generated by it. Both these equations indicate
that electromagnetic fields are generated by sources.

And these fields, in turn, are detected by the forces experienced by electric
charges. The Lorentz force equation expresses the force applied by an
electric and a magnetic field on a charge moving through the fields: F =
q(E +v x B).

Electric charges exist in nature as microscopic units, each unit being a
positive or a negative value of magnitude e = 1.602 x 10~ C. Since the
electromagnetic field is generated by microscopic charges, and in turn the
field itself acts upon microscopic charges, it is necessary to understand the
microscopic nature of charges themselves, insofar as this is possible. In
this chapter we will develop a conceptual picture of the microscopic realm
of electromagnetism, and save the mathematical formalism — otherwise
called quantum mechanics — for the next chapter.

203
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8.2 Macroscopic and Microscopic Domains

The importance of the microscopic realm arose only in the 19th century,
though the reality of the microscopic world had been recognized in antiq-
uity. The Greek philosopher Democritus of Abdera had suggested around
430 BCE that matter is made of indivisible (atomos in Greek) particles.
And because these particles are in motion in a gas such as air, the space
in which they move must be empty. Thus the concept of a vacuum or
empty space is an integral part of the atomic theory of matter. And as for
these particles, today we call them molecules, and since the molecules can
be split up into smaller chemically indivisible component particles, these
component particles have come to be called atoms (indivisible objects) in
modern science.

Experiments on gases at temperatures much higher than the condensation
or boiling point and at pressures of the order of one atmosphere (about
10° Pa) enabled researchers to conclude that a gas at such ordinary pres-
sures and temperatures — called an ideal or perfect gas — obeys an equa-
tion connecting pressure P, volume V and absolute temperature T':

PV =nRT (8.1)

where R is the Universal Gas Constant, and n is the ratio of the mass of the
gas expressed in grams to the molecular weight of the gas, and this ratio
is also called the mole number of the gas. Avogadro hypothesized that one
mole of any gas contains the same number of molecules. This number, which
has come to be called Avogadro’s number, written as N4 or Ny, expresses
the connection between the macroscopic and the microscopic realms. Once
this number was measured, temperature could be related to the mechanical
energy of the molecules of the gas. Temperature and pressure belong to a
class of quantities called intensive variables, because they are independent
of the total mass of the object. Other intensive variables are density and
specific heat. The opposite class of quantities, called extensive variables,
include mass, number of moles, volume, and internal energy. The great size
of Avogadro’s number (6.02 x 10'3) enables the application of statistical
mechanics to the treatment of matter in bulk.

The Universal Gas Constant R is a macroscopic quantity, and has the value
8.31 J/K mol~!. The ratio R/Ny = kg is called Boltzmann’s constant,
and being essentially an inverse of Avogadro’s number it also provides a
bridge between the macro and the micro worlds. Whereas Democritus had



Microscopy of the Electromagnetic Field 205

adduced evidence for the existence of invisible microscopic units of matter
in the aromas that were carried by the wind from flowers to human nostrils,
scientific proof of their existence could only come with direct observation
and mathematical calculations. This meant that Avogadro’s number (or
Boltzmann’s constant) had to be measured.

The discovery of the random zig-zag Brownian motion of particles such as
pollen grains suspended in water provided irrefutable evidence that water
consisted of microscopic particles in constant rapid, random motion. The
erratic motion of the pollen grains was explained as the resultant motion
due to the impulses imparted by collisions with the water molecules.

Using statistical mechanics, it can be shown that the expected displacement
Az of a spherical grain of pollen or other matter suspended in a liquid over
a period of time ¢ is given by

Ax? = 2Dt (8.2)
where D is a constant called the Diffusion Coefficient of the particle.

Einstein obtained an expression for the diffusion coefficient in terms of the
temperature T', the viscosity 7 of the medium, and the radius a of the
suspended particle:

kpT
p_ B

= o (8.3)

By measuring D and a microscopically, and by putting in the values of 7
and T', Boltzmann’s constant could be determined. The present day value
of kp is 1.38 x 10723 J/K. And thus Avogadro’s number N4 = 6.02 x 10?3
particles/mole.

Thus, the bridge between the macroscopic (pressure, volume, temperature,
mass of a body) and the microscopic (mass of a molecule, average speed of
a molecule) was achieved through the observation of the mesoscopic pollen
grains which are considerably larger than molecules, and small enough to
be invisible to the naked eye, but visible through a microscope. A paral-
lel development occurred in the determination of the fundamental unit of
electric charge e.

The charge to mass ratio e/m of an electron can be determined in a simple
experiment. A stream of electrons produced by a source is sent through
an electric field E perpendicular to their direction of motion. A magnetic
field B perpendicular to both the electron velocity and the electric field
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E generates a force on the electrons that is equal and opposite to that
produced by the electric field, causing the electrons to move undeflected
along a straight line. Thus

eFE =evB (8.4)

This yields v = E/B and so the speed of the electron is determined. The
electron beam then enters a region where the electric field is 0 and the
magnetic field remains the same, B. Now the electron has a circular path
of radius r, and experiences a centripetal force given by

2
M _ eB .
. ve (8.5)

Hence v = erB/m. Since v = E/B, we obtain

e E

- = 8.6

m  rB2 (8.6)
There are also other methods of obtaining the charge to mass ratio of an
electron. This ratio was first obtained by J. J. Thomson.

The actual charge or the actual mass could not be determined by such elec-
tromagnetic methods which employ Newtonian dynamics. But the charge
of an electron was finally measured, again using a mesoscopic approach.

Avogadro’s number — or the equivalent Boltzmann’s constant — had been
measured using the mesoscopic pollen grains, and now the electron charge
was measured by R. A. Millikan using mesoscopic oil droplets suspended in
air.

Millikan sprayed oil droplets into a space between two vertically separated
flat plates at opposite electric potential, and used x-rays to ionize the air.
Electrons that were freed by this ionization process attached themselves
to the droplets, so that each droplet acquired a negative charge. Droplets
could have charges of magnitude e, 2e, 3e, etc., depending on the number of
electrons attached to the droplet. The electric field between the plates was
directed downwards, and thus the charged droplets experienced an upward
attraction which was opposite to the net downward force due to gravity
minus buoyancy on each droplet. The strength of the electric field was
adjusted until the droplets were suspended motionless.

The weight of a droplet of radius r and density p,;; = %777’3,00“9

The buoyant force on a droplet in air of density pg; = %ﬂ?"spm'rg.
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Electrostatic force on a droplet = ¢F.

Hence, applying the conditions for equilibrium, the charge on a droplet is
obtained from the equation
4 4
q= 37E7”" g(poil - pair) (87)
The radius of the droplet cannot be measured directly with a microscope.
A different measurement is needed.

Stokes’ equation for the force acting on a sphere moving slowly through a
liquid or gas with speed v is given by

F = 6mnro (8.8)

where 7 is the viscosity of the fluid, and r the radius of the sphere. Now, if
the sphere reaches terminal speed, that is, it moves downward with constant
speed v, the net force on the sphere is zero. Then the resistive force due to
viscosity is balanced by gravity and buoyancy:

4 4
6o = 271 poirg = ST pairg (8.9)

By measuring v using a microscope, the radius of the sphere can be ob-
tained, and substituted into Eq. (8.7). Now, a droplet could acquire one,
two or more electrons. When this experiment is repeated multiple times,
one gets the following values for the magnitude of the charge of a droplet:
q = e,2e,3e,.... Thus the electron charge e is determined. Knowing the
experimentally established value of e/m, the electron mass is obtained. The
electron constants are: charge = 1.60 x 107 C; mass = 9.11 x 103! kg.

8.3 Frequency and Energy of an Electromagnetic Wave

We now review some results we obtained in Chapter 6 (Energy and Mo-
mentum of Fields). Electromagnetic energy is propagated through space
via electromagnetic waves, at speed c. Light is a form of electromagnetic
radiation. The rate at which energy crosses unit area perpendicular to the
radiation is given by the Poynting Vector S = ¢yc?E x B. The amount of
energy in a cylinder of length ¢ and unit cross-section is €gc?|E x B| and the
momentum carried by this quantity of energy has magnitude eqc|/Ex B|. So,
if F is the energy of the field within a given volume, and p the magnitude
of the momentum of that amount of energy, E = pec, and so E? = p2c2.
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Comparing this to the relativistic energy-momentum equation for a mate-
rial object E? = p?c? + m2c*, we can think of a traveling electromagnetic
field as a substance constituted of units or bodies having energy E and
momentum p, but with rest mass 0. And since the rest mass of a volume of
electromagnetic energy is zero, we should not think of the energy density
of a “static” electromagnetic field %Eo(EQ + ¢®B?) as a sort of rest energy
analogous to the rest energy mc? of a material object.

In the foregoing paragraph we discussed the concept of energy per unit vol-
ume or energy density of a field, in analogy with the mass density of a body.
But the concept of density is macroscopic, and breaks down at the atomic
level. Matter is composed of molecules, and charge is composed of electrons
and protons. Neither mass nor charge is truly continuous. A question can
be raised concerning electromagnetic radiation. Is electromagnetic energy
continuously divisible, or is there a graininess or atomicity to this energy?
We shall discuss this question in what follows.

In Chapter 7 (Special Relativity and Electromagnetism) we derived the
equations for the Doppler effect whereby the frequency of light measured
by an observer is different from the frequency emitted by the source, when
there is relative motion between the source and observer. So, for a source
receding from the observer we got the equation:

Jo= fiﬁ (1 - 9) (8.10)

C

In the discussion that followed we argued that the momentum, and hence
the energy, of a region of space carrying electromagnetic radiation, is pro-
portional to the frequency of the radiation.

In classical electromagnetism the energy density of electromagnetic radia-
tion is proportional to the product of the electric and the magnetic fields of
the radiation. Thus the energy density is proportional to the square of the
amplitude of the electric field, and hence it is proportional to the intensity
of the radiation. Yet here we see that the energy density is apparently
also proportional to the frequency of the radiation, a quantity independent
of the field strength. We suggested therefore that electromagnetic radi-
ation may be granular in nature, since its energy is dependent on both
an extensive property — its intensity, which can be raised by increasing
the power supplied to the generating source — and an intensive property,
which is the frequency. Such duality is the property of matter consisting of
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a large number of units whose aggregate behavior is described by statistical
mechanics.

These properties of electromagnetic energy enable us to postulate that elec-
tromagnetic radiation exists as units of energy, with each unit being pro-
portional to the frequency of the radiation. And the total amount of energy
within a given volume of space is proportional to the number of such units
within that space, where this number is proportional to the strengths of
the electric and the magnetic field (i.e. intensity). Writing this hypothesis
in algebraic notation, if F is the energy of a unit of radiation, then £ = hf
where f is the frequency and h is a constant of proportionality. The total
energy within a volume is therefore nhf where the number of energy units
n is proportional to the intensity of the field.

If the energy of a unit is £ = hf, then the momentum of a unit is p = hf/c.
We will now show that the Doppler formula of Eq. (8.10) is indeed the
Lorentz transformation equation for the energy of a body as measured in
two different inertial frames of reference with a relative speed u along their
x axis. Multiplying both sides by h, and making the identification £ = hf,

and using the symbol vy = —= — we obtain

Vi-

E' = (E —up)y (8.11)

And multiplying both sides of Eq. (8.10) by h/c, we obtain

P =(p—uE/c)y (8.12)

Equations (8.11) and (8.12) describe the Lorentz transformation of an ob-
ject having energy E and momentum p. It can be readily verified that
B — 2p? = B2 _ 2p2.

Thus the packets or units of electromagnetic energy obey the Lorentz trans-
formation equations. And so we may treat these units of energy as material
particles having energy hf where f is the frequency of the radiation and h
a constant.

8.4 Determination of the Value of h

The constant A is called Planck’s Constant, because this number was first
introduced and calculated by Planck in his solution to a thermodynamic
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problem involving standing electromagnetic waves inside a hollow con-
tainer. This is an important historical development, and we will take it
up presently, but for now we continue along the conceptual path of treating
the units of electromagnetic energy as particles having energy and momen-
tum.

If the units of electromagnetic energy behave like particles with energy hf
and momentum hf/c, then they could exchange momentum and energy
with other particles through collisions. This means that a unit of radiation
could collide with an electron and the two particles could exchange energy
and momentum in that process.

We will now replace the phrase “unit of electromagnetic energy” by a more
economical term. A convenient word is “photon” which means something
like “a light particle” though it is used of a unit of any sort of electromag-
netic radiation, not limited to the visible spectrum. Experimental evidence
for the existence of photons carrying momentum and energy was provided
by the phenomenon called the Compton Effect.

Suppose a photon of frequency f and wavelength \; were to collide with a
stationary electron of mass m. Let us say this is a “glancing” collision, so
that the photon is scattered at an angle ¢ relative to its initial direction,
and the electron travels at some speed in a different direction as shown
below:

Scattered electron

Incident photon

Let 6 be the angle between the direction of the scattered photon and that
of the incident photon. ); is the wavelength of the incident photon, and let
Ar be the wavelength of the scattered photon. The energy and momentum
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of the incident photon are he/A; and h/\; respectively, and those of the
scattered photon are hc/Ay and h/\y.

Let P represent the energy-momentum four-vector of the incident photon,
and () the initial energy-momentum four-vector of the electron. Let R
represent the energy-momentum four-vector of the scattered photon, and
let S represent the final energy-momentum four-vector of the electron.

Conservation of energy and momentum in the collision is represented by
the four-vector equation

P, +Qu=R,+ 5, (8.13)
For the electron, @,Q" = S,5" = —E?/c® 4+ p?> = —m?2c?, which is an

invariant or Lorentz scalar. And for the photon P,P* = R, R* = 0. One

can also form invariant inner products. So P,Q* = R, S*.
We now take the inner product of both sides of Eq. (8.13) with RM:
P,R"+Q.R"=R,R"+ S, R" (8.14)

Now, the inner product of two energy-momentum four vectors labeled 1
and 2 is —F1 Fy/ ¢ 4 p1p2 cos @ where @ is the angle between the momenta.

So,

QuR" = —hme/Ns, R,R* =0, and S, R* = Q, P" = —mhc/\;.

Substituting into Eq. (8.14), we obtain

2 hme hme
— 1—cosf) — =0-
Noay LT eost) = ¥
Hence, we obtain the equation
h
A=A =—(1—cosf 8.15
P = (1= cos) (5.15)

The wavelength of a photon is the wavelength of the radiation of which
the photons are the individual units. This wavelength can be measured
by spectroscopy. The angle between the initial and final directions of the
radiation can also be measured. Hence h can be measured. h = 6.63 X
10734 J.s.
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Historically, the Compton Effect described above was discovered after the
value of h had been determined by other means, and it served to confirm
that electromagnetic radiation is composed of individual units which came
to be called photons, with energy hf and momentum hf/c = h/A\.

The notion that electromagnetic radiation exists in discrete units first arose
in the context of statistical mechanics, which was created to provide micro-
scopic explanations for the laws of thermodynamics.

8.5 Thermodynamics

The study of thermodynamics is classified under four laws, which are briefly
explained below.

Zeroth Law:

The 0th law states that if two bodies are separately in thermal equilibrium
with a third body, then they must be in thermal equilibrium with one an-
other. By thermal equilibrium we mean simply that no heat flows between
the two bodies when they are placed in contact with each other. The zeroth
law enables the definition of temperature. Two bodies that are in thermal
equilibrium with one another have the same temperature. So if body A and
body B have the same temperature, and body A and body C have the same
temperature, then by the zeroth law body B and body C must have the
same temperature. This means we can define temperature as an absolute
quantity, regardless of the nature of the body that has the temperature.
Temperature is also an intensive variable, since it is independent of mass
or volume.

First Law:

The 1st law is an expression of the conservation of energy. It states that
when heat energy is given to a body, part of it goes to raise the temperature,
and hence the internal energy of the body increases, and the rest goes to
do external work, which is done by the expansion of the body. Since this is
a law of conservation of energy, it can also be applied to a case when work
is done on a gas by compressing it. In this case the gas gets heated, and
may yield some of its heat to the surroundings. No energy is created, and
no energy is destroyed.
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If the amount of heat energy supplied to a body is AQ, the rise of internal
energy of the body AU, and the external work done by the body AW, then
the first law can be expressed as

AQ =AU + AW
The internal energy U of a body is an extensive variable.
Second Law:

The 2nd law is a statement of irreversibility. It can be stated in many
different ways. The simplest statement is that heat always flows naturally
from a hotter to a cooler body.

Both the first and the second law deal with the conversion of heat into work
and work into heat. The first law tells us that heat and work are different
forms of energy and that one can be converted to the other. The second
law places restrictions on the conversion of heat energy into work. Heat
and work (mechanical energy) are not fully reversible. Whereas mechanical
energy can be converted entirely into heat energy, the reverse cannot take
place. When brakes are applied to a moving car, the kinetic energy of the
car is converted to heat energy in the wheels and the road. But the heat
energy that is so generated cannot be converted back to obtain the kinetic
energy that was lost by the car.

Third Law:

The 3rd law states that it is impossible to cool a body right down to absolute
zero (0 K) in any finite number of steps, even though it is theoretically
possible to come closer to this temperature with each step.

8.6 Statistical Mechanics

All the laws of thermodynamics can be explained by the atomic or molecular
theory of matter. Heat is a manifestation of the internal energy of a body —
the sum of the kinetic and potential energies of all the molecules. Here
the forces that give rise to the potential energy are due to intermolecular
attraction and repulsion. The kinetic energy is due to the motion of the
molecules. The phenomenon of Brownian motion showed that the motion
of the molecules in a liquid is erratic and random. The molecules move in
all possible directions with a range of velocities that change in magnitude
and direction each time a molecule collides with another or with the walls
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of the container — or more precisely with the atoms or molecules of the
solid container. Thus it is futile to try and follow the movements of any
one molecule. The best we can do is to investigate the overall aggregate
or statistical behavior of these molecules. The study of the behavior of
matter in terms of the collective motion of the molecules is therefore called
statistical mechanics.

The temperature of a body is a measure of the average kinetic energy of
the molecules of the body. If two bodies are in thermal contact with each
other, there will be a transfer of kinetic energy from the molecules of one
body to the molecules of the other body, until both bodies have the same
average kinetic energy of their molecules. This means they will have the
same temperature. This is the explanation for the zeroth law.

Consider a gas contained in a cylinder enclosed by a piston. If some heat is
supplied to the gas, its temperature will increase, and so the molecules will
have greater kinetic energy. This greater kinetic energy will mean that the
molecules will pound on the piston with greater force, causing the piston
to move outwards. So the gas expands and the force of this expanding gas
does work on the piston. This is an illustration of the first law.

The second law merits an extensive and detailed statement. We will take
up a discussion of the second law in the following section.

The third law can be explained by an analogy. Suppose a moving sphere
A collides head-on with an identical stationary sphere B. By the laws of
conservation of energy and momentum, the first sphere will stop, and the
second sphere will move with the same velocity possessed by the first sphere
before the collision. It is important to note that the first sphere will not
stop if the second had any velocity at all. Suppose A is a molecule of a gas
that we are trying to cool to absolute zero. At absolute zero the kinetic
energy of the molecules is zero according to classical physics. So, if we want
to reduce the temperature of a gas to zero, we must place it in contact with
a gas that is already at absolute zero, with stationary molecules. Unless
we can find such a gas somewhere in the universe — which is impossible,
considering that the universe is constantly cooling down from a very hot
initial state — it is impossible to reduce the temperature of any gas to
absolute zero. (Our argument here is classical. The argument becomes
stronger in quantum mechanics where it is impossible for the molecules of
a gas to have zero energy no matter how low is the temperature of the gas.)
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8.6.1 Omne-dimensional Gas

A helium molecule, which is a single atom, can be treated as a rigid sphere.
Diatomic molecules such as hydrogen and oxygen have a dumbbell shape.
Molecules with three or more atoms have more complex shapes. We now
limit our discussion to the simplest kind of gas — one consisting of iden-
tical monatomic molecules such as Helium, Argon or Neon. Each of these
molecules can be modeled as a tiny rigid sphere.

Suppose all these rigid spheres are lined up along their line of centers, i.e.
like a one-dimensional array of identical billiard balls.

0000
B C D E

A

And let us say that this array of balls is suspended within a zero gravity
box. If the sphere A at the far left were set in motion towards the right,
it would collide with the next one, which in turn would collide with the
sphere next to it, and so on till the last sphere E moves forward, hits the
wall of the container, bounces back, hits the previous ball D, which in turn
hits the ball C behind it, and so on until the ball A moves to the left wall,
bounces back, hits the ball B, and the process continues indefinitely. As
long as all the collisions are elastic, i.e. with no loss of kinetic energy at each
collision, the process will be repeated forever. Moreover, again assuming
the collisions to be elastic, the process is also time reversible. If we were
to record the motion of the balls for a period of time and play the film
backwards it would be impossible to find any essential difference between
the forward time and backward time sequences of motion. What we have
just described is a model of a one-dimensional gas, and a one-dimensional
gas in a gravity-free environment is a time reversible system.

A degree of freedom is a particular way in which a molecule is free to
move. And because a molecule in this scenario can execute only one kind
of motion, which is to move along a straight line, such a molecule has a
single degree of freedom.
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8.6.2 FEquipartition of Energy

Next we consider a two-dimensional gas. Again, we consider a container in
a gravity-free environment. Here the balls are floating at different points
but their centers are all in the same plane. This time, the spheres are not
all aligned in straight lines. Now, if one ball were given a push in any
direction, it would hit another, which would hit another, and so on, but
these collisions would not necessarily be head on. As a result, the directions
of the motion of the spheres will change, as well as their speeds.

o
S

These collisions would be random. Eventually, the balls would be moving
haphazardly in all directions, while remaining in the same two-dimensional
plane. But the kinetic energy of the balls has now been distributed evenly
along two dimensions. The random statistical nature of the motions ensures
that the average kinetic energy due to the motion in any one direction
equals the average kinetic energy due to motion in any other direction.
Every two-dimensional motion can be resolved into motion in two mutually
perpendicular directions, and we call each such perpendicular direction a
degree of freedom. So a monatomic molecule that is capable of moving in
two dimensions has 2 degrees of freedom. Each degree of freedom has the
same average kinetic energy. The average energy per molecule has been
divided equally between its two degrees of freedom. Clearly, the dynamics
of this two-dimensional gas are not time reversible. In forward time the
energy gets distributed evenly between the two degrees of freedom. One
does not observe the reverse happening in nature. Thus a two-dimensional
gas is an irreversible system.

The dynamics of a three-dimensional gas are not much different from those
of a two-dimensional one. In an actual physical gas the molecules move
rapidly like tiny bullets, and so gravity does not play a perceptible role in
their motion. As they move within the space of the container — which we
shall take to be a cube — they collide with the walls of the cube and change
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direction with each collision. They also collide with one another. With
each collision the molecules abruptly change velocity and exchange kinetic
energy. Since the collisions are haphazard, at every collision each molecule
undergoes a random change of momentum and energy. With about 10%*
molecules to deal with, we can only use statistics to analyze the motions of
the molecules comprising the gas. When the molecules are moving in the
most random fashion, the kinetic energy gets distributed equally among the
three degrees of freedom of the three-dimensional gas, which is an example
of the Principle of Equipartition of Energy.

8.6.3 Second Law of Thermodynamics

Because heat cannot flow from a cold body to a hot body by itself, the
Second Law of Thermodynamics provides a unique arrow of time. Suppose
an ice cube were placed in a glass of warm water. A video recording will
show the ice melting as it receives heat from the water. If the video were
played backwards it would show a tiny piece of ice gradually becoming
bigger until it acquired the shape of a cube floating on the warm water.
It is evident that this sort of time reversal cannot occur in nature. The
flow of time is like the flow of heat. It cannot be reversed. If we have a
large number of microscopic particles whose motions are random, no matter
how orderly they are arranged in the beginning, once the system is set in
motion, the random collisions will create a disorder from which the original
order can never be retrieved. This has some important consequences.

One consequence is the diminishing of available energy. An array of
molecules all moving together can apply a concerted force which can there-
fore do a lot of work on an object and thereby impart a corresponding
energy to the object. But if the molecules are moving haphazardly, the
force they can exert together is considerably less, and so the amount of
energy that can be provided is less. Thus, in an irreversible process there is
a decrease in the amount of available energy. So the Second Law can also
be stated as: Natural processes always occur in such a way that the amount
of available energy decreases.

Another consequence is the collapse of orderliness. An array of molecules
all moving with the same velocity parallel to each other is a highly orderly
system. But as the system is left to itself, the degree of orderliness will
gradually diminish until there is total randomness. So the 2nd Law can
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also be stated thus: Natural processes will always take place in such a way
that there is a loss of order.

Disorderliness is also called entropy. So another formulation of the 2nd Law:
Natural processes occur in such a way that the overall entropy increases.

Yet another consequence is the loss of information. We could create differ-
ent arrays of molecules which are all orderly, but not identical with each
other. Let us say we have two boxes with the same number of molecules all
moving parallel to each other. In one box we divide the molecules into two
parallel arrays with a gap between them. In the second box we have the
same number of molecules, all parallel to each other, but without a gap. We
could label the first box 0 and the second box 1. The distinction between
the two boxes allows us to store information. The simplest information is
binary — yes or no. We could agree that 0 means yes and 1 means no,
or vice versa. Now, suppose we allow both the boxes to stand for a while.
After some time all the molecules in both boxes will be moving at random,
and the gap between the molecules in the first box will vanish. And so the
distinction between the two boxes has disappeared. We can no longer tell
which is 0 and which is 1. The information is lost. So the 2nd Law can be
stated thus: Natural processes tend to destroy information.

The example of the two boxes in the preceding paragraph offers an illustra-
tion of the principle of thermodynamic equilibrium. The two boxes were
initially in thermodynamically unstable states. But as time passed, each
of them underwent a development towards greater disorder and eventually
reached thermodynamic equilibrium. This equilibrium is reached when
the energy of the molecules is distributed evenly among all the different
degrees of freedom. An enclosed system will reach equilibrium when its
molecules achieve maximum randomness, so that the degree of disorder-
liness has reached its highest possible value. When this happens, energy
is distributed equally among all the particles and degrees of freedom. Of
course, due to the randomness of the motion of the molecules, an individual
molecule will undergo a constant change of energy, but over a period of time
its average kinetic energy will be the same as the average kinetic energy
of every other molecule in the system. Now, if the molecules are diatomic
(and rigid), in addition to translation, they will also be able to rotate, and
since there are two mutually perpendicular axes about which the rotations
can be resolved, each molecule has two rotational degrees of freedom. (A
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diatomic molecule does not have energy of rotation about an axis passing
through the component atoms.)

8.7 Entropy and Temperature

The 0th and the 2nd laws of thermodynamics enable us to define tempera-
ture as a variable. If two bodies are in thermal equilibrium, they have the
same temperature. And heat flows spontaneously from a body at higher
temperature to a body at lower temperature when these bodies are placed
in thermal contact. Temperature can also be defined in terms of entropy.

A body reaches thermodynamic equilibrium when its entropy reaches the
highest possible value, when the energy is distributed over the maximum
number of microscopic components. Suppose we label the number of mi-
croscopic components which share the internal energy of the body as (.
The entropy S is clearly a monotonically increasing function of Q. This
relationship between entropy and the number of microscopic components
enables us to define temperature in a different way.

Consider a gas consisting of a large number of molecules. For simplicity
we shall consider a gravity-free environment, such as a laboratory in outer
space. Let us say initially all the molecules are absolutely stationary, float-
ing at equidistant fixed points in a three-dimensional lattice or grid. Let
us say there is no force between the molecules. So, in this state of total
suspended animation the internal energy of the gas is zero. The number of
ways in which energy is distributed among the molecules, which is a mea-
sure of €, the number of different components of energy, is 1. Now, suppose
some energy were given to the gas. This energy would set the molecules
in motion. For a small input of energy only certain modes of the motion
would be activated. For example, suppose the gas is contained in a cubical
box, one wall of which is a movable piston. Suppose now a small amount
of energy is given to the gas by compressing the piston a little bit, thereby
imparting momentum to the molecules in the layer closest to the piston.
These molecules would move forward and share some of their energy with
the next layer of molecules, and this process would continue, but the effect
would weaken with each successive layer. In this process a large number of
molecules would be set in motion, but there would be even more molecules
that remain at rest, because the energy has been dissipated before reach-
ing them. So, a small input of energy sets in motion a small number of
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components or modes of motion. As more energy is inputted, more compo-
nents of motion are activated. Thus, the number of components of motion
) is a function of the internal energy E of the gas.

Suppose we have two boxes A and B having volumes V; and V5, with
numbers of particles N; and Ns, and internal energies F; and E5. If we
keep the volume and the number of particles constant for both boxes, the
number of components §2 in each box will be a function of the only variable,
which is the energy F. So, the number of components in A can be written
as Q1(E1) and that in B as Q(E>). Now, suppose the two boxes are
placed in thermal contact with each other. Heat will flow from one to
the other, until both reach the same temperature. Equilibrium is reached
when the compound A — B system has the maximum number of microscopic
components. Let Q(°) denote the number of components of the AB system,
which we enumerate as follows: For each component of A there are 9
components of B, and for each component of B there are {2; components
of A, and so, the total number of components of the A — B system is the
product of the components of A and B. Hence, we can write

QOB Ey) = Q1 (E)Q(Ey) (8.16)

Now, F; and F5 will vary as long as heat flows between the bodies, but
the total £ = E; + E5 will remain constant. Since E; and Es are not
independent, we can write Q%) as a function of E; alone. So

QO (Ey) = Q1 (B1)Q(E>) (8.17)

Heat will flow from one body to the other until equilibrium is reached. Let
the equilibrium heat of each body be E; and Es, so that E; + Ey = E. At
equilibrium, the total number of components of the A — B system will be
a maximum, and so we can write

IO (E) 994 (Er) 005 (Es) OFs
= Qs (FE — 0 (F1)=—— =0 8.18
O, T A T A S o) (818)
Now, F1 + F» = FE, a constant, and so ggf = —1. Hence
1 0 (Ey) _ 1 9Q2(E?) (8.19)
QI(EI) 8E1 E1:E1 QQ(EQ) 8E2 E2:E2 '

This equality holds at thermal equilibrium between the two bodies, when
both bodies have the same temperature. Thus, the quantity on both sides
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cannot depend on the extensive variables F; and Es. It is a function solely
of the final equilibrium temperature, an intensive variable. So we write

dQ
o = f(T)dE (8.20)
Or,
dInQ) = f(T)dE (8.21)

In thermodynamics the entropy S of a body is defined by

e

ds T

(8.22)

Here temperature is a macroscopic thermodynamic quantity, and dS is
the infinitesimal increase of entropy of a body at temperature T which
receives an infinitesimal amount of heat energy dE. A comparison of the two
equations enables us to define entropy in terms of the number of microscopic
components via dS = kpd(In2), and temperature in terms of 2 and E, by
writing ﬁ = kT. Here kp is Boltzmann’s constant, also written as kg or
as k, that relates the macroscopic temperature to the microscopic variable
f. And so, we write

dE

dInQ) = — 2

(In®) =7 (8.23)

Integrating, we get
E
InQ)=-— .24
n T +c (8.24)
E
Q= AeFsT (8.25)

Q) is the number of different possible microscopic ways that the body can
exist at any point in time. This number is also called the number of mi-
crostates. The probability of finding the body in any one of the states is
inversely proportional to é Thus, the probability of finding a body in one
of these states is proportional to 67’“5%. So the probability of occurrence of
a particular state is related to the energy of that state. If there are a total
of Ny possible states, the number N; of states having a particular energy
E; is given by

E;
Nz' = J\[()G_kBﬁ (826)
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Another relation we obtained is
dS = kpd(ln Q) (8.27)
which, upon integration, yields S = kgInQ + c.

Now, entropy increases with disorder. If there is only one state, there is
no disorder, and the entropy is 0. Setting 2 = 1, and S = 0, we find that
c=0. So

S=kplnQ (8.28)
We will next apply the basic formula of thermodynamics:
dE =TdS — PdV + udN (8.29)

where p is the chemical potential, and the other quantities have their usual
meanings. Taking the partial derivative,

S P
9o _L 8.30
(aV>N,E T (8:30)
So
kp dQ P

We will now apply this equation to an ideal gas, consisting of non-
interacting distinct particles. Both the volume V of the gas and the number
of particles N within the volume are extensive variables. At thermodynamic
equilibrium the number of microstates per unit volume is constant through-
out the gas. So, given any molecule, the total number of distinct states €2 is
proportional to V. And for N molecules the number of distinct microstates
is proportional to V.

So, we obtain
PV = NkgT (8.32)

This is the perfect or ideal gas equation for a gas containing N molecules.
From the kinetic theory of gases, we obtain the average kinetic energy of
a molecule in a monatomic ideal gas as %kBT and so the average energy
per degree of freedom is %kBT. For diatomic molecules there are more
degrees of freedom. By the principle of equipartition of energy each degree
of freedom has an average energy of %kBT.
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8.8 Electromagnetic Radiation Gas

When light is scattered by matter, the process can be described as an ab-
sorption of the light followed by an emission. When it gets reflected off a
mirror or other shiny metal surface the direction of the waves changes, but
the coherence of the absorbed waves is maintained in the emitted waves.
It is a different case with a surface such as soil, wood, or other solid mate-
rial. There is no coherence between the absorbed and the emitted waves.
Suppose we have a hollow cavity made of walls that have the property
that they absorb electromagnetic radiation of all frequencies, and also emit
radiation of all frequencies in an incoherent manner. So, if there is some
radiation introduced into the cavity, this radiation will undergo absorption
by the walls, and each absorption will be followed by an emission of radia-
tion at possibly a different frequency in a direction that is uncorrelated to
the absorbed radiation.

A surface that absorbs radiation of all frequencies — and emits at all fre-
quencies — is called a black-body. So, if some radiation is introduced into
such a cavity containing black-body walls, this radiation will exchange en-
ergy with the molecules of the walls. Some radiation will be absorbed by
the walls, and some radiation emitted by the walls. Such a system is akin
to a gas, except that unlike the molecules of a gas, where the molecules
collide with one another as well as with the walls, in the case of a radiation
gas the waves do not interact with one another, but only with the walls.

If allowed to stand for some time, there will be thermodynamic equilibrium
between the radiation and the walls. The radiation inside the cavity can
then be called stationary waves or standing waves. Such radiation is called
black-body radiation.

At equilibrium, there will be a range of frequencies of the radiation inside
the cavity. Just as in a standing wave in a stretched string the energy of
the different modes is different, so that the energy is unequally distributed
among the different harmonics, so, too, the energy of the radiation gas is
not uniformly distributed among all the frequencies.

Let u(w)dw be the amount of energy possessed by radiation of angular
frequencies ranging from w to w + dw within the cavity. The function u(w)
is called the equilibrium radiation density. According to Kirchhoff’s First
Law of Radiation, this function is independent of the nature of the material
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objects inside the cavity, and depends only on the temperature of the cavity.
So we could write v = u(w,T). The total energy within the cavity would
then be U = [~ u(w, T)dw.

We can obtain an expression for this energy in terms of the dimensions of
the cavity, by treating the equilibrium radiation as standing waves. For
simplifying the analysis we first assume that the cavity is shaped like a
cube of side L, with each side parallel to one of the Cartesian coordinate
axes.

Considering a standing wave parallel to one of the sides, the condition for
standing waves is that 2L = nA = 27‘7” where k is the wave number. We
could write a similar condition for each one of the three mutually perpen-
dicular directions. For each direction we would get an independent number

n, so that for integers ny,n, and n, we could write
kol = mng, kyL = mny, k,L =mn, (8.33)

The number dN of waves whose wave numbers lie between k, and k, +
dky, ky and ky + dky, k. and k, + dk. is equal to the number of integers
in the interval (ng,ny + dng), (ny,ny + dny), and (n,,n. + dn.). Now,
electromagnetic waves, unlike sound waves, are transverse, and have two
degrees of freedom as regards their polarization. Thus, the total number of
different waves has to be doubled. Hence

dN = 2dn,dny,dn, = 2(L/7)*dk,dk,dk, (8.34)

This analysis can be simplified by transforming to an abstract phase space
in which k,, k, and k, are treated as Cartesian coordinates, with (k, 8, ) as
the corresponding spherical polar coordinates. But k;, ky, k. are positive,
and so the volume element in spherical coordinates is the spherical shell
having inner radius k and outer radius k + dk confined to the positive
octant, hence having volume %. The actual number of waves therefore
becomes

dN = 2(L/7)*(1/8)4rk*dk = (L/7)3nk*dk (8.35)

The wave number k of a wave is related to its frequency w by k = w/c.!

And so, the number of waves per unit volume in the cavity is
2

dN/L? = dw (8.36)

m2c3

1The symbol w is called the angular frequency, and is related to the frequency f by
w = 27 f. We will occasionally drop the adjective “angular” and refer to w simply as the
f y drop j g ply
frequency.
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Since we have replaced the wave number k by the frequency w, the symbol
k has been freed up, so that we can use it for Boltzmann’s constant, and
drop the subscript from kp and write k instead.

Now, when the radiation is in equilibrium with the walls, the fraction of the
waves having a particular energy drops off exponentially with the energy
according to the rule (cf. Eq. (8.26))

AN = Ne~*1 (8.37)

So, the average energy per oscillation mode having frequency w becomes
(£) = E(W)AN/N = E(w)e &/kT (8.38)

where £(w) is the energy of a mode of frequency w.

8.8.1 Transition to Quantum Theory

The fundamental axioms of the quantum theory of radiation are the fol-
lowing:

1. The energy of radiation is proportional to the frequency of the radiation.

2. The energy of radiation is proportional to the number of individual units
or quanta of radiation of that frequency.

These two axioms can be combined into one equation: & = hv = hw where
h is Planck’s constant (or the Planck constant), and h = % is known as
Dirac’s constant (or the Dirac constant). In this equation £ is the energy
of a single quantum of radiation.

The classical equivalent of the second axiom is that the energy is propor-
tional to the intensity of the radiation. The classical and the quantum
pictures can be reconciled by interpreting intensity as a measure of the
number of photons present in unit volume of the radiation.

Here the classical and the quantum pictures lead to different functions for
the energy density within a black-body cavity. We outline the quantum
calculation below.

For any given frequency, there can be one, two, three, or more quanta
within the cavity. The probability for the presence of a particular number
of quanta depends on the total energy of these photons for that frequency.
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This means, that if the energy of a quantum of radiation is £ = hw, the
total number of modes of a particular energy is not simply AN = N e_kLTw,
but rather

AN = ANy + ANy + AN3 + ... where AN, is the number of modes having

vhw

n quanta. Clearly, AN, = Ne~ %7, and so

hw 2hw 3hw

AN = N(e ’T 4 e *T 4 e+ + ...

. _ hw _ 2hw
So, the average energy of a wave of frequency w is hw(e™ *T + e~ %7 +
_ 3hw

e T 4 ..).

The number of waves per unit volume is given by Eq. (8.36). The energy
per unit volume for waves between w and w + dw is therefore

du w? _hw _ 2hw _ shw

v = dWw = @hw(e KT +e” R e kT 4 ..)dw (8.39)
Unlike material particles, light waves can pass through each other without
destroying each other. And this principle of superposition is independent of
the intensity of the light waves. From the quantum perspective, this means
that the number of quanta can be increased indefinitely. So, the sum in
Eq. (8.39) extends indefinitely. Such an infinite series can be summed easily.

Exercise:
Show that

oo
—nhw 1
e kT =

n=1

Writing W, (T) = ‘%/, we get Planck’s formula for the energy density of
black-body radiation of frequency w :

hiw? 1

7263 ehw/(KT) _ |

W, = (8.40)

8.8.2 Correspondence with Classical Formulas

In 1896 Wien used general thermodynamics to infer that the energy of a
mode with frequency w is proportional to w. Using f as the constant of
proportionality, and applying the Boltzmann distribution AN = Ne€/kT

Wien obtained this formula for the energy density for high frequencies:

W, = hwe "/ (KT) /(72:3) (8.41)
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Exercise:
Show that Planck’s formula (Eq. (8.40)) agrees with Wien’s formula
(Eq. (8.41)) in the limit as w — oc.

Rayleigh and later Jeans developed an equation for the energy density of
standing waves using Eq. (8.36). Using the principle of equipartition of
energy, whereby each degree of freedom has energy %k‘T, they assigned two
degrees of freedom to each mode of radiation, with each degree correspond-
ing to the polarizations, and obtained this formula:

W (T) = W?kT/(7%c?) (8.42)
We see that W, diverges for large w, which does not agree with experi-

mental observation. Such a divergence for larger frequencies was called the
ultraviolet catastrophe.

Exercise:
Show that Planck’s law (Eq. (8.40)) agrees with the formula obtained by
Rayleigh and Jeans (Eq. (8.42)) in the limit as w — 0.

8.8.3 Stefan-Boltzmann Law

In Eq. (8.40), W,, = %, where W is the total energy density of all wave-
lengths of radiation. We may integrate this equation to obtain the total
energy density:

h w3dw
T 7203 phw/KT _ | (8.43)
By a suitable change of variables (§ = %)7 this integral becomes
k4T4 e’} 3 k4 2T4
= / & ge-tm (8.44)
m2c3hd f, et —1 15¢3h3

Thus the total energy contained within the cavity is proportional to the
fourth power of the absolute temperature.

According to the Stefan-Boltzmann Law, a body at absolute temperature
T radiates energy at the rate

M =oT* (8.45)
where 0 = 5.67 x 1078 W. m~2 K~* is the Stefan-Boltzmann Con-

stant. Planck’s equation provides a quantum theoretical justification for
the Stefan-Boltzmann Law.
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Exercises:

1. Prove Eq. (8.44). (Assume the value ) ;% L = g—é.)
2. Two bodies A and B, in thermal contact with each other, are initially
at temperatures Ty and Tg where T4 is slightly greater than Ty, so that
AT = T4 — Tp is small compared to T4 or Tg. Show that the rate at
which heat flows from A to B is proportional to AT. This is Newton’s

law of cooling.

8.9 The Photoelectric Effect

Ordinarily a strong electric field is required to entice free electrons to jump
out of the body of a conductor. But there is a phenomenon in which
electrons can be released from a conductor without the use of a strong
field. This is the photoelectric effect. When light waves fall upon certain
metallic conductors electrons are released from the surface of the conductor.

The following is a simplified description of an apparatus that illustrates
the photoelectric effect. Two conducting plates are kept a small distance
apart in a vacuum. One plate is connected to the negative terminal of a
battery or some other DC power supply and the other plate is connected
to the positive terminal. Thus there is an electric field set up between the
positive and the negative plates which attracts the electrons that are on
the negatively charged metal plate. But they cannot leave the surface of
the plate because of the cohesive forces that bind them to the body of the
conducting plate. However, if electromagnetic radiation such as light is
shone on the plate, this radiation can communicate energy to the electrons,
thereby enabling them to overcome the cohesive forces and leap through
the vacuum to the positive plate. Once inside the positive plate they are
attracted to the positive terminal of the power supply and flow through the
ammeter which records the electric current — which is proportional to the
rate at which electrons flow through the device.
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The results of the experiments can be summed up as follows:

1. When the negatively charged plate was bombarded with radiation of low
frequency, there was no discharge of electrons, no matter how great was the
intensity of the radiation. Thus even a large amount of energy given to the
conductor did not serve to release any electrons from the conductor.

2. Then the frequency of the radiation was increased steadily. When a
particular frequency was reached, the electrons began to be emitted. Next,
keeping the frequency of the radiation constant, the intensity of radiation
was raised. As the intensity increased, more electrons were released. The
current measured by the ammeter increased in proportion to the intensity
of the radiation.

3. The frequency of the radiation was now raised, without changing the
intensity. It was now observed that the electrons were leaving the plate with
greater kinetic energy. The change in kinetic energy could be measured by
changing the potential difference between the plates. But the number of
electrons — as measured by the current strength — did not increase.
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As a particular example, the metal potassium did not emit any electrons
when red light (low frequency) fell upon it. When green light (higher fre-
quency) was shone on the metal it began to emit electrons. The energy of
the electrons increased as the frequency of the light was further raised to
blue and violet.

The results were given a simple interpretation:

1. A minimum frequency of radiation is necessary to release the electrons,
i.e. to help them overcome the cohesive force that binds them to the con-
ductor.

2. Once this minimum frequency was reached, the number of electrons
released is proportional to the intensity of the radiation.

3. As the frequency of the radiation is further increased, the energy of the
electrons also rises.

8.9.1 Finstein’s Explanation

Einstein provided a coherent explanation for this photoelectric effect. He
suggested that electromagnetic energy travels in the form of packets of
energy, with each packet having energy proportional to the frequency of
the wave, and on the basis of this suggestion he was able to explain the
photoelectric effect.

Planck had suggested that radiation was emitted or absorbed in units or
quanta of energy € = hv where v is the frequency of the radiation. Ein-
stein’s postulate carries Planck’s hypothesis to the next logical step — that
radiation is not only absorbed or emitted in quanta, but radiation exists
only as quanta of energy hv.

Einstein’s explanation for the photoelectric effect can be summed up as
follows:

Each quantum of electromagnetic radiation has energy hr. An electron in
the metallic conductor receives this energy from the bombarding radiation.
If this energy is low, the electron cannot escape from the metal surface.
As the frequency v is steadily raised, a point is reached when the energy
of each quantum of radiation is exactly equal to the energy needed for
the electron to burst free of the cohesive force. If the intensity of the
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radiation is increased, more quanta are present. Each such quantum gives
its energy to an electron, and releases the electron. Thus, the number of
released electrons — which is measured as the current by the ammeter — is
proportional to the intensity of the radiation, since the number of emitted
electrons is equal to the number of quanta incident upon the metal surface.
As the frequency of the beam is increased, the energy of each quantum
increases according to € = hv. And so each electromagnetic quantum is
able to give more energy to each electron.

Exercise:

Light of frequency 7.00 x 10'* Hz was shone on a metal surface. Electrons
of kinetic energy up to 1.30 x 10~'° J were emitted. The frequency of the
light was raised to 8.00 x 10'* Hz. This time electrons of kinetic energy
up to 1.96 x 1071 J were emitted. The relationship between the energy
of the light (¢ = hv) and the maximum kinetic energy 7' of an emitted
electron is the following;:

e=T+d

where ® is a constant number equal to the work done by the electron in
escaping from the metal surface. Use the data given in this exercise to
calculate the value of h.

8.10 Uncertainty Principle

The photoelectric effect and the Compton effect have shown that electro-
magnetic energy is propagated as quanta or photons with energy ¢ = hv,
and momentum p = % = hv/ec. These properties of a photon are impor-
tant for understanding the peculiarities of measuring the position or the
momentum of an electron.

Suppose we want to measure the position of an electron. We know that
an electron is subject to an electromagnetic field and a gravitational field.
Since the electron mass is very small, its direct interaction with gravity
is very hard to measure. The most direct way of measuring an electron’s
position is by measuring its interaction with an electromagnetic field.

Now, the electromagnetic field is quantized, and exists in units of energy hv.
A single electron is so small that in order to measure its position, we need
to employ a weak electromagnetic field. A strong field — carrying several
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photons — would disturb the electron significantly, and so the measurement
would not be accurate. The weakest possible field would contain just a
single photon. Let us do a thought experiment in which a photon tries to
“measure” the position of an electron.

The interaction of the photon with the electron can be thought of as two
successive events: first, the electron absorbs a photon, and next, the elec-
tron emits a photon.

As the electron absorbs the photon, it undergoes a change of momentum, as
the momentum of the photon is transferred to the electron. If the photon
has momentum p, then it imparts a momentum p to the electron. Thus, in
the process of measuring the position of the electron, the momentum of the
electron is not known accurately. There is an uncertainty in the momentum
of the electron, an uncertainty which is of the order of the momentum of
the measuring photon. So, if Ap, is the uncertainty in the x-component of
the momentum of the electron,

Apg ~p (8.46)

The photon has wavelength A, which means that in the course of the ab-
sorption of the photon, the electron is displaced through a distance which
is of the order of the wavelength of the photon. So, an error Ax has come
into the measurement of the position of the electron. And Az ~ X, where
A is the wavelength of the photon. Now, A = %, where p is the momentum
of the photon. So

h h

A ~ — ~

P Apg

Thus, we obtain this relationship between the measured uncertainty in

momentum and the corresponding uncertainty in position of the electron:

Ap, Az ~ h (8.48)

(8.47)

This is a simple form of the uncertainty principle. A rigorous derivation of
the uncertainty principle, employing a definition of uncertainty in terms of
the standard deviation of outcomes of independent repeated measurements,
yields the result
h

AzAp, = 5 (8.49)
The uncertainty principle implies that the process of measuring an elec-
tron causes it to undergo a displacement of the order of Ax. Suppose the
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temporal duration of this measurement is At. We could therefore write

Ap, h
2l A > D
At , Az 2 5 (8.50)

In the course of the interaction between the photon and the electron a

force F, is exchanged between the two particles, which is of the order of
Aps
A
one particle to the other, of the order of F,Az. Thus, in making any

measurement on the electron, there is a minimum time At involved, and

. During this process a certain amount of energy is transferred from

a corresponding minimum uncertainty in energy AFE of the electron, and
these are related by

AEAt >

| St

(8.51)

The quantization of electromagnetic energy implies that no measurement
can be done in an arbitrarily short period of time.

8.10.1 Wawve Particle Duality

Newton had suggested that light is a stream of particles. This seemed
to be a reasonable theory. The reflection of light from smooth surfaces
was similar to the kinematics of tiny spheres bouncing off a hard floor.
And because these particles travel very fast the effect of gravity on their
motion is unnoticeable. But other physicists such as Huygens and later
Fresnel proposed the wave theory of light, which was eventually confirmed
by Young’s double slit experiment.

So, prior to the twentieth century it was known that light has wave-like
properties — it is capable of interference and diffraction. But in the early
twentieth century it was discovered that also has particle-like properties.
However, this corpuscular nature of light is different from the model pro-
posed by Newton. The wave-particle duality of light can be expressed in
simple terms in two principles, the first we call the wavelike or undular
principle, and the other the particle-like or corpuscular principle:

1. Undular principle: Photons propagate as waves — they undergo
interference and diffraction according to the properties of waves.

2. Corpuscular principle: Photons are detected as particles. When
they are “caught,” they are found to have mass, momentum, and other
properties traditionally associated with particles.
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In the following we show how an updated version of Young’s experiment
illustrates these two principles.

Plane
wave
front

—=>

I 1 Interference
pattern
Screen with 2 slits (exaggerated)

In the figure above a source of light is kept far to the left of screen I. So
the light reaching screen I has a plane wave front. This wave is blocked by
the screen except for a small amount that is allowed to pass through the
two slits (cut perpendicular to the plane of the diagram). These two slits
behave like sources producing waves having cylindrical wave fronts, which
appear in the diagram as circular arcs. These two waves proceeding from
the two slits will undergo interference. Consider a point A which receives
light from both the slits. If the distance of A to the upper slit is equal to
its distance to the lower slit, then both the waves will reach A in phase.
There will be a large amplitude at A, and the intensity of light will be great
at A. So there will be a bright spot at A. Suppose now there is a point B
such that the difference in the distances of the two slits from B is equal to a
whole number of wavelengths. Then the two beams will arrive at the point
B in phase. There will therefore be a bright spot also at B. Next consider
a point C such that the difference in the distances between C and the two
slits is an odd multiple of half a wavelength, so that a crest of one wave and
a trough of the other wave reach C simultaneously. The two waves will be
exactly out of phase when they arrive at C, and so there will be destructive
interference and hence a dark spot at C. Of course, since the openings on
screen [ are not tiny holes but narrow slits, the wave fronts between screens
I and IT are cylindrical, and so the pattern we find on screen II will not be
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dots of light but alternate bright and dark bands perpendicular to the plane
of the figure. This interference pattern demonstrates that light travels in
the form of waves.

The double slit experiment was originally carried out by Thomas Young
who proved that light is a form of wave motion. In the following section
we shall see how the double slit experiment can be refined to illustrate the
corpuscular or quantum nature of light.

8.10.2 Quantum Theory of Light

Suppose we were to reduce the brightness of the source until it is so feeble
that it cannot be seen with the human eye. If we now replace the screen
IT by a photosensitive plate of very high resolution, and mount a powerful
microscope on the other side of the plate, we would observe an interesting
thing.

Initially, the photosensitive plate would be dark. Then, a single bright
spot would appear in a region where a bright band used to be, and later
another bright spot where another bright band used to be when the source
had full power. A little later a bright spot might appear in line with the
first bright spot — within the same band as one of the original bright bands
observed earlier — and another bright spot where another bright band used
to be, and so on. After a long time, there will be millions of spots which
will eventually merge to form the interference pattern that we saw when a
bright source was used.

Each bright spot represents a unit of light energy — a quantum, or a
photon. This experiment shows that light energy is not emitted or ab-
sorbed continuously, but only in drops or units. What we have done in this
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experiment is to lower the intensity of the source so much that only about 1
quantum of light energy — or 1 photon — is emitted per second. This ex-
periment proves that light energy is quantized, that it exists only in discrete
multiples of a basic unit of energy.

This then raises a question. If only one photon were traveling from the
source to the screen II, through which slit did it travel across screen I —
the upper or the lower slit? The surprising answer is that the photon
went through both slits, or, more precisely, electromagnetic energy traveled
through both slits, and this energy was detected somewhere along screen
IT as a single photon.

The electromagnetic wave went through both slits, and became two waves
on the other side of screen 1. The interference between these two waves
determined where the photon would be found on a detector such as screen
II. But we saw that there is a certain randomness to the process. Each
individual photon did not seem to follow any set procedure for falling on
the screen, except that it landed only where the bright bands appeared
when the source had full intensity.

Suppose we were to keep track of all the light quanta by following the
appearances of all the spots of light at different points on the screen. So
we could draw numbers indicating the order in which the spots of light
appeared at different places on the screen, 1 for the first spot that appears,
2 for the second spot, etc. A typical pattern with numbered spots may have
1 at the mid point or center, 2 at a point some distance below 1, 3 above
1, 4 close to 1, etc. After a long time, the spots will be clustered so closely
that they are no longer discernible as individual spots but merge into the
interference pattern we saw earlier.
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Now we switch off the source, and replace the photographic plate.
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We

switch on the source as before. The order in which the spots arrive will
not be the same as the former. But after millions of spots have appeared,
the same interference pattern will emerge. This shows that while the wave
determines all the possible locations where the light energy could hit the
screen, it does not tell any one quantum where to go. There is a randomness
in the way individual light quanta “decided” where to land on the screen.
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The regular pattern did not appear with one or two photons, but with
billions of them. So the interference pattern is a statistical effect. The
apparently well defined image is formed by billions of spots appearing at
random but falling in preferred locations. The probability for the appear-
ance of a spot is determined by the geometry of the apparatus, but an
individual photon is free to choose any location that is permitted by the
probability. Over the long run the number of photons arriving at any one
location is proportional to the probability for a single photon to arrive at
that location.

Now, the refraction of light through a lens is ultimately due to wave inter-
ference, even though elementary textbooks treat this subject as “geometric
optics.” What this means is that the image produced on our retina is due
to the impression created by billions of photons arriving at random fol-
lowing the laws of probability as they pass through the lens in our eye.
Our perception of reality is therefore a statistical effect. Maxwell had ac-
curately predicted that “the true logic of this world is in the calculus of
probabilities.”

8.11 Electron Waves

Atoms emit and absorb infrared, visible, and ultraviolet radiations. Ruther-
ford had shown that the atom consists of a positively charged central core
or nucleus and negative electrons at some distance from the nucleus. The
exact motion of these electrons was not understood. We know that elec-
trons absorb and emit photons. Thus it made sense to think of these atomic
electrons as the sources or the targets of radiation. Experimental physicists
discovered interesting and puzzling relationships between the frequencies of
the radiation emitted (or absorbed) by atoms. The radiation appears only
with certain frequencies, and these have a mathematical relationship which
cannot be explained by classical physics:

1 1
Frequency of the radiation = Constant x <2 — 2)
ny  np

where nq and no are natural numbers 1, 2, 3, ...etc. with ny > n;.

As we explained in the first chapter, if the result of a measurement suggests
an exact rational number in the formula, there must be a theoretical expla-
nation. Some new principle or law is being discovered. An explanation for
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this mathematical relationship was provided by Louis de Broglie, who pos-
tulated that it is not just light quanta that have a dual wave-particle nature,
but that this duality is a property of every known particle, including elec-
trons, protons, neutrons, and even composite objects such as nuclei, atoms
and molecules. De Broglie proposed that every object having momentum
p also has a wavelength )\ associated with it, given by the formula

A=— 8.52
» (8.52)
This wavelength is called the de Broglie wavelength of the object. For
macroscopic objects such as baseballs the de Broglie wavelength is too small
to be measurable. But for electrons the wave properties are significant.

Fig. 8.1 Atomic orbitals as standing de Broglie waves. Here 3 wavelengths are contained
in 1 orbit, corresponding to n = 3. There are 6 nodes (zero displacement) and 6 antinodes
(maximum displacement).

De Broglie suggested that the permitted electron orbits were the circular
standing waves of the electron. His explanation was that when an electron
orbits the nucleus the circumference of the orbit should be equal to an
integer multiple of the wavelength of the electron. In other words, the
paths of the orbiting electrons should be thought of as stationary waves,
similar to the standing waves in a vibrating string.

Using this principle, if the radius of the nth orbit is r, we would have

h
2 = N\ = (8.53)
mu

So not all radii are permitted, but only those that have a specific relation-
ship to the speed v of the electron:
nh

= — 8.54
ur 2mm ( )
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This equation may be rewritten as
mur = — =nh 8.55
o (8.55)
The quantity on the far left is the angular momentum of the orbiting elec-
tron. This angular momentum is seen to be a whole multiple of A.

Now, an electron in orbit round the nucleus is kept in a circular orbit by
the centripetal force which is the electrical force of attraction between the
electron and the proton (which constitutes the nucleus of a hydrogen atom).
According to the laws of electrostatics this force is equal to

e2

4dmeqr?

This centripetal force generates a centripetal acceleration. And the cen-
tripetal acceleration of a particle moving with speed v along a circle of
radius r is given by the formula % By Newton’s second law (mass x ac-
celeration = force),

’ITLU2 62

By combining Eqs. (8.54) and (8.56) we obtain an expression for the radius
n2h260

7" pry
mme?

(8.57)

The total energy of an atom = kinetic + potential. The kinetic energy of
the atom is entirely due to the orbital motion of the electron, since the
nucleus can be taken to be stationary in comparison with the fast motion
of the electron round the nucleus. The potential energy of the atom is the
potential energy due to the electrical force between the electron and the
nucleus. So the total energy

1 e?

E=- —
2mv 4megr

(8.58)

The potential energy is negative because the force between the electron and
nucleus is attractive. Substituting expressions for v and r obtained earlier,
and using some simple algebra, we get

e4m

EF=—-———— 8.59

8e3h?n? (8:59)

We find that the total energy is negative. This means that the electron
cannot escape from the nucleus unless it receives some energy from outside.
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If this positive energy given to the electron is greater in magnitude than
the negative energy of the atom that would enable the electron to break
free from the nucleus. But if it receives energy somewhat less than this
amount then it may be possible for the electron to jump to a higher orbit
with a higher value of n. Normally the electron occupies the lowest possible
energy state, for which n = 1. If it receives some energy, it could jump to
an orbit where the value of n = 2, 3, 4, etc.

The lowest possible energy state of an atom is called its ground state. For
a hydrogen atom the ground state is the energy state with n = 1. States
with higher values of n are called excited states. When an atom is in an
excited state it would normally return to the ground state by emitting a
light particle or photon. The energy of this photon would be equal to the
difference in energy between the excited state and the ground state of the
atom. This energy is
4
e*m 1 1
E—-F=——|—5——= 8.60
1= o () (860)
If A is the wavelength and v the frequency of the emitted photon, we can
write
hc e*m (1 1
Eo—-Fi=h=—=—=|—5—-— 8.61
2= B N T san (n% ng> (8:61)
The experimental physicists used a quantity called wave number, which is
the reciprocal of the wavelength:

1 e*m 1 1 1 1
1 R I -3 (S 8.62
v= s (e ) =" (o~ ) (862)

where R is called the Rydberg constant, which was originally obtained
from experiment. The value of R may be calculated theoretically from the
above equation. It works out to be 10 973 732 m~! and agrees with the
experimental value.

In the calculation of the Rydberg constant we used both classical electrody-
namics and classical mechanics, with two notable exceptions. We assumed
that the electrons can only assume certain orbital paths, which are deter-
mined by the de Broglie wavelength, and that when an electron moves along
such a path it does not emit electromagnetic radiation, as required by an
accelerating charge. An atomic electron gives off electromagnetic radiation
only when it drops from a higher to a lower energy state. The difference
in energy is equal to the energy of the photon emitted by the atom. This
model of the atom we have outlined above was originally postulated by Neils
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Bohr, who was the first to suggest that the electrons in an atom occupy
stable orbits in which they do not radiate energy, and only do so as they
transition to orbits of lower energy. But it was de Broglie who provided
the correct explanation for why these orbits were stable. Bohr himself had
put forward an ad hoc hypothesis which relates the stability of the orbits
to their angular momentum.

8.11.1 Photon Angular Momentum

Equation (8.55) shows that the angular momentum of an electron in a stable
orbit is a whole multiple of h. So, if an electron drops from the 3rd orbit
to the 2nd orbit the orbital angular moment of the electron — which is
essentially the angular momentum of the atom — decreases by an amount
h. This suggests that the emitted photon must have an angular momentum
of magnitude £, in order that the total angular momentum of the system
may be conserved.

Whereas the Bohr-de Broglie atom model has been considerably refined by
developments in quantum theory, the conclusion of the last paragraph re-
mains valid. A photon does have intrinsic angular momentum of magnitude
h, regardless of its wavelength.



Chapter 9

The Quantum Mechanics of the Field

9.1 Feynman Graphs

The Compton effect can be depicted in terms of the world lines of the
photon and the electron as follows:

The thick line is the world line of the electron and the wavy line is the world
line of the photon. The horizontal axis represents spatial displacement and
the vertical axis represents the flow of time, and these coordinates are
measured in some inertial frame of reference. This graph depicts a single
spatial coordinate, which we have taken to be the direction of motion of
the particles. So in this situation there is a head on collision between the
electron and the photon.

The laws of physics are invariant in all inertial frames. Two frames that
are in uniform relative motion with respect to each other are shown as

243
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rotated relative to each other. So relative motion is depicted as a rotation
in Minkowski space.

What if we were to rotate the axes through ninety degrees? The graph of
the world lines would appear thus:

This is a physically different process, but by the laws of special relativity
this graph also represents a physically valid process. Here we have two
photons approaching each other, and then they collide and disappear, and
two particles emerge and move in opposite directions. Now, electric charge
cannot be created or destroyed, and therefore the two particles cannot
have the same charge. They could be neutral, or they could have opposite
charges. As it turns out, this diagram represents the process called electron-
positron pair production. The collision of the photons occurs in a strong
electromagnetic field, and two charged particles of equal mass and opposite
charge — a negative electron and a positive positron — are created.

We could further rotate the diagram and obtain the following graph:
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Here two particles approach each other, collide and disappear, and two
photons emerge and move in opposite directions. Such a process is also
physically possible. This figure represents electron-positron pair annihila-
tion. When a negatively charged electron approaches a positively charged
positron they fall into each other and annihilate each other, and the result
is two photons that move in opposite directions.

In all three processes the total momentum, the total energy, and the total
charge of all the particles is conserved before and after the interaction.

Such graphs are helpful for understanding interactions of particles, and are
very useful for calculations. They were invented by Feynman, and are called
Feynman graphs or Feynman diagrams. (We will see further down that the
above diagrams need to be refined in order to be physically correct.)

9.2 Quantum Interactions

Classical electromagnetism deals with the laws of electricity and magnetism
as they were known prior to the twentieth century. According to these laws
charges can receive or emit electromagnetic energy in continuous streams,
and not in discrete units or quanta. But Planck showed at the beginning
of the twentieth century that energy can be absorbed or emitted only in
discrete quanta of magnitude hr. This idea is the genesis of quantum theory
and remains one of its central tenets.

Einstein took Planck’s hypothesis one step further and showed that the
reason why light is absorbed or emitted in packets or quanta is that light
exists as packets or quanta. And these quanta of light are particles in their
own right, with energy, mass, momentum and even angular momentum.
They collide with electrons in the phenomenon called the Compton Effect.
Light propagates as a wave but is detected as a particle.

De Broglie removed the basic distinction between light and matter when
he showed that material particles such as electrons too have a wavelength.
They too propagate as waves but are detected as particles.

The study of the energy, motion, angular momentum and other properties
of a physical system is called mechanics. Quantum mechanics is the study
of microscopic objects such as photons, electrons, protons, neutrons, and
small collections of particles such as atoms and molecules.
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We now come to a profound difference between classical and quantum me-
chanics. In any problem in classical mechanics we can concentrate on one
aspect or one facet of the object and ignore the others. As an example,
suppose we are interested solely in studying the forces that lift up a flying
airplane. For most purposes it is sufficient to study the air flow above and
below the wings to understand how the aircraft overcomes gravity and re-
mains aloft. The remainder of the airplane — including the interior — is
largely irrelevant for the investigation of the lift.

By contrast, there are no parts or components of a fundamental particle
such as an electron or a photon. When we observe or detect an electron
we do not detect its top part or its side. We detect the entire particle.
Likewise for a photon.

Quantum theory as it is understood today states that in order to make
any sort of measurement on a particle, the particle must be absorbed first,
and then re-emitted. And the absorption and re-emission involve the whole
particle, not any one portion of it.

Let us illustrate this in the case of the scattering of an electron in the Comp-
ton Effect. The schematic Feynman diagram illustrating this phenomenon
is the following:

Photon

Electron scattering

scattering

Compton effect

Schematic diagram

However, this is not the correct Feynman diagram. A correct Feynman
diagram cannot have a vertex with two electron lines and two photon lines
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meeting at a point. A more accurate Feynman diagram has two electron
lines and a photon line meeting at a point. So there are two such vertices
in the complete Feynman diagram:

Scattere Scattered photon

electron

Intermediate
electron

Incident photon

Incident electron

Compton effect

There are 5 distinct particles in this diagram: the incident electron, the
incident photon, the intermediate electron, the scattered electron and the
scattered photon. The incident photon disappears at the first (lower) ver-
tex, and the “scattered” photon appears at the second (upper) vertex. It is
common in quantum theory to use the terms “annihilated” and “created”
for the disappearing and the appearing photons. These terms serve to in-
dicate that the incident photon comes to the end of its career when it is
absorbed by the electron and the “scattered” photon begins its own career
when it is emitted by the electron. So they are two different particles.

What is perhaps really surprising is that the incident electron also ends its
career when it absorbs a photon. It is annihilated the moment it absorbs
the photon. The intermediate electron is a new particle that exists only for
a short time before it is annihilated and a new electron is created which
appears as the “scattered” electron.

It is easier to think of the electron as a continuously existing particle because
it has charge, and charge cannot be destroyed according to Maxwell’s theory
of electromagnetism. But quantum theory permits a charge to be destroyed
and recreated immediately. This is one of the surprising consequences of
the Uncertainty Principle.
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In the historical development of quantum mechanics particles such as elec-
trons were treated as though they existed indefinitely, even as they inter-
acted with other charges and with photons. The notion of electrons being
created and destroyed as they interact with other particles is a later devel-
opment, and this quantum mechanical approach was called second quanti-
zation or quantum field theory. But nowadays it is becoming increasingly
recognized that this so-called field theoretical approach expresses a better
understanding of the behavior of fundamental particles such as electrons
and photons. And so we will pursue this approach and then we shall see
that this path leads us in a more logical way to the same conclusions that
were arrived at by the more ad hoc methods of earlier quantum theory.

Absorption or emission of a quantum has absolutely no place in classical
physics. We therefore need to invent a new language to describe quantum
theory. In this chapter we shall develop this new language in the context
of photons. After learning the basics of the vocabulary and the grammar
of this new language we shall apply it to other particles such as electrons.

9.3 Complex Numbers in Quantum Mechanics

Both absorption and emission are processes in time. It takes time to ab-
sorb a photon, and it takes time to emit a photon. But each of them is an
elementary process, involving a photon and an elementary particle such as
an electron. And such elementary processes — as distinct from processes
involving a large number of particles — are time reversible. So an absorp-
tion is simply a time reversed emission, and vice versa. This has serious
implications for the mathematical description of the two different processes.

Let us describe the process of absorption by a mathematical symbol a.
Right now we do not know anything about a except that it describes the
absorption or annihilation of a photon. Since this entity describes an action
it is called an operator. And since it describes the action of annihilation it
is called the annihilation operator.

In special relativity time is treated as an imaginary spatial dimension. So,
imaginary numbers were given a physical meaning. But we learned that
it is possible to camouflage the imaginary numbers by using the metric
with positive and negative elements. As it turns out, quantum mechanics
also involves imaginary numbers, but here it is not possible to camouflage
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them. And so, the mathematical descriptions of operators frequently con-
tain imaginary numbers. And this would be true of creation and annihila-
tion operators.

Notice that time reversal — changing ict to —ict — can be accomplished
either by changing ¢ to —t or by changing ¢ to —i. This suggests a rule
in quantum mechanics. The creation of a photon is the time reversal of
its absorption or annihilation. So, wherever the imaginary number i ap-
pears in the operator expressing annihilation, the corresponding operator
expressing creation would have —i. The process of changing ¢ to —i in any
mathematical expression is called complex conjugation. We need to carry
out a complex conjugation when converting the operator for annihilation
into an operator for creation.

The operator representing emission or creation is written as at and is called
the creation operator. So a and a' are related to each other. Wherever i
appears in a, the complex conjugate —i appears in af (and vice versa).

9.4 States and Operators

Let us return to the black body cavity. We now consider these two distinct
processes:

Process I: Wall A emits a photon.

Process II: Wall B absorbs a photon.

Wall B Wall A

/\ Creation
o ofa
Annihilation O photon
of a photon

In this process a photon is first created and then annihilated. In order
to represent this process mathematically, we require mathematical symbols
for creation and annihilation. First, the creation. Suppose there were no
photons in the cavity prior to the creation of this photon. We express such
a state by the symbol |0). This symbol is called a state function, because
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it expresses the state of the cavity. The symbol is also called a state vector,
for reasons that will become clear subsequently. This symbol expresses the
fact that there are no photons in the cavity.

The state — (the word is related to the adjective static) — does not describe
a process. A process is described by an operator (Latin for someone who
does work). The process of emission of a photon is described by a creation
operator written as af. An operator works on a state. So the full description
of the emission of a photon is expressed in quantum mechanical symbolism
as a'|0).

The result of this process is that the cavity now contains one photon of
light. This photon is subsequently absorbed by wall B and so the cavity
then returns to its empty state. The process of absorption is the exact time
reverse of emission. The quantum mechanical representation of absorption
is by means of an absorption or annihilation operator which we write as
a. So the entire process can be written as aaf|0). This symbol actually
represents the state of the cavity after the emission and absorption have
been completed. And since we now have 0 photons in the cavity, this state
should be the same as |0). So, we can write a mathematical equation

aa’|0) = |0) (9.1)

9.5 Physical Meaning of Symbols

9.5.1 Creation and Annihilation of Photons

But how we know that aa'|0) is identical with [0)? That is, how do we
know for sure that after the emission and absorption are completed we
have returned to the original state? We can do a check on the state aa’|0)
to see if it indeed has no photon. There are physical ways of doing this, and
such a physical check is represented mathematically by the symbol (0|. The
significance of this symbol is that we are seeking an answer to the question:
“Is it true that there is no photon in the cavity?”

Thus, we have carried out an experiment. First, we created a photon,
then we annihilated the photon, and finally we checked the field to make
sure there was no photon left. This sequence of actions is represented as a
mathematical chain of symbols, to be read from right to left:

(0]aa'|0)
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The earliest stage is at the extreme right, and the latest on the extreme
left. So this symbol is shorthand for saying that initially there were no
photons in the cavity (|0)), then a photon was created (a'), then a photon
was annihilated (a), and finally we checked that there were no photons in
the cavity ((0]).

The expression (0laa’|0) may be read as a report of the entire process.
While the symbolic expression does have a narrative appearance, it also has
a numerical value. This numerical value is in general a complex number. If
the process is certain or inevitable, we give the report a value of 1. If the
process is impossible, we give it a value of 0. If there is some possibility of its
occurring even though it is not entirely certain, we give it a number whose
absolute value is intermediate between 0 and 1. The absolute value of a
complex number a+ib is defined as |a+ib| = /(a + ib)(a — ib) = Va2 + b2,
keeping in mind that the square root symbol always indicates a positive
number.

Thus the report of the entire process is a (complex) number. But the
intermediate stages of the process are not numbers. The initial state |0)
is not a number but a state function or a state vector. The process of the
emission of a photon is not represented by a number but by an operator
(a') which is not a number. When the creation operator acts on the state
with no photons, it changes the state into a state with 1 photon. This
process is written as

afj0) = 1) (9.2)

An annihilation operator a performs the reverse operation as the creation
operator. So if a were to operate on |1) it would give us |0):

all) = [0) (9-3)

What do Egs. (9.2) and (9.3) represent physically? The precise meaning
will depend on the exact physical conditions. As an example, they could
represent the interaction between an atom and a photon. The first expresses
an atom emitting a photon and the second represents an atom absorbing a
photon. So quantum mechanics offers us an elegant mathematical language
for expressing the foundational tenet of quantum theory, that energy is
absorbed or emitted not continuously, but in units or quanta.
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If we know the actual physical conditions of the system in which a process
occurs, then we can calculate the numerical value of the report of this
process, a value which in general is a complex number whose absolute value
lies between 0 and 1. What is the purpose of calculating this number? It
turns out that every prediction that we can make in a particular situation
depends on the calculation of this number for that situation.

Suppose the cavity is divided into two chambers by a wall with 2 openings
labeled T and II. Suppose a photon is emitted at A and absorbed at B.
How do we express this process quantum mechanically? We first write an
expression for the creation of a photon in the right-hand chamber: al. So
we now have one photon in the right-hand chamber, and we can express
this state as

al|0>r

where the subscript r signifies that we are considering the right-hand cham-
ber.

9.5.2 Propagation of a Photon

Now, the photon can pass through either of the two openings I or II. Let us
see what happens if the photon passes through I. The passage of the photon
can be thought of as two sequential actions — entering the opening from
the right chamber, and exiting the opening into the left. Each of these is a
separate action and needs a separate operator to describe the process. We
represent the photon’s entering the opening I by the operator U(I). So the
process so far reads:

U(I)af|0),

T

In the next step, the photon exits the opening I. Since entering the opening
was described by the operator U(I), we shall represent the exit of the
photon from the opening by the operator UT(I), where the dagger symbol
indicates an operator representing a reverse process, similar to the creation
and annihilation operators. So the process now reads:

Finally, the photon is absorbed in the left chamber and disappears. This
step is represented by the operator ay. The state is then measured and no
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photon is found in the left chamber. This final step is represented by the
measurement (0|,. The report of the entire process is given by:

(0lea,UT(IU(I)al|0),

This report is a number, but we cannot give it the value 1. The reason is
that this is not the only possible way for an electron originating in the right
chamber to be absorbed in the left chamber. There is the possibility that
the photon might have gone through opening II. So let us say

{OleacUT (DU (a0, =
where 91 is a complex number and || lies between 0 and 1.

Next, we consider the possibility that the photon went through the opening
II. We would get a similar number for this path:

(0leaeUT(INU (I1)af|0), = 1o

where 15 is another complex number and |1)s| also lies between 0 and 1.

9.5.3 Probability Amplitudes

The numbers 11 and o are called probability amplitudes or simply ampli-
tudes. So 1 is the amplitude for the photon to go through I and s the
amplitude for the photon to go through II.

We saw above that a photon (or an electron or a proton, etc.) propagates
as a wave but is detected or absorbed as a particle. When it is passing
through the wall separating the two chambers the photon is not detected.
So we must consider the kinematics of the photon’s movement from one
chamber to the other to be the kinematics of a wave. Now, one of the
properties of a wave is interference. So the photon wave — or light wave —
undergoes interference as it moves between the two chambers. So there is
interference between the wave that flows through opening I and the one
that flows through opening II. In quantum theory, interference is expressed
by adding the amplitudes. So the complete description of the photon being
emitted at wall A and absorbed at wall B is given by

¥1 + P2 = (0[ea,UT(1)U(I)al|0), + (0]eaeUT (11U (11)al|0),
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Path 1 I Path1
B / A
Path 2 T Path 2

If we assume that a photon emitted at wall A must cross the partition
and be absorbed at wall B, then the above equation tells the whole story.
This means that ¢; + 12 = 1. We notice that the expression for each
amplitude summarizes the path. The expression begins on the right with
the state function and ends on the left with the state function in reverse
form, signifying closure of the process through a measurement. In between
we have a string of operators.

9.5.4 Addition of Paths

Thus each amplitude is a product of possibly several operators between two
state functions at the two ends. This amplitude is a complex number. And
we add up the amplitudes for all the possible paths.

If we know for certain that the process is bound to happen — i.e. a photon
emitted at A is bound to cross the partition through either I or IT and be
absorbed at B, then the sum of the amplitudes is 1. But if the process is not
one hundred percent certain — say there is a possibility that the photon
could be absorbed by the partition itself, then ¥ + ¥y will not be equal to
1, but |[¢1 + 12| would be less than 1. In this case the probability of this
entire process occurring is given by the square of the absolute value of the
amplitude:

Probability of I or IT occurring = |11 + 77/12|2 (9.4)
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So the rule is as follows:

1. Multiply all the operators representing a particular path, making sure
that the order in which the operators are placed — right to left — follows
the path correctly.

2. Multiply this operator product on the right by the initial state and on
the left by the final state (written in reverse form). This product will be a
complex number, and is called the amplitude for this path.

3. Add up the amplitudes for all the paths.

4. The square of the absolute value of this sum of the amplitudes is the
probability for the entire process to occur. This could be anywhere between
0 and 1.

9.5.5 Classical and Quantum Probabilities

Suppose we close up one of the two openings, say opening II. Then the
photon would be able to go through I only. The amplitude for this process
is simply 9;. The probability for this process to occur is given by |t/1]? =

i

If now we close up opening I and open II the probability for the photon to
go through this opening is |9|? = 3.

Now we come to one of the biggest differences between classical and modern
physics.

Probability for the photon to go through I and NOT through IT = |t/4]|?.
Probability for the photon to go through II and NOT through I = |t)5]|?.

If now both I and II are open, according to classical physics, the proba-
bility that the photon goes through either I or II is simply the sum of the
probabilities:

1|2 4 1b2|? = P (either I or IT) = P,..
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But quantum physics makes a very different prediction. If both I and II
are open, the probability that the photon goes through these openings is

Y1 + 2|? = P (both I and II) = P,
P, = |12 + |2]? + e + 1905 = Pe + b + 113,

According to quantum theory the photon is detected as a particle, but it
propagates as a wave. And so when both I and II are open the photon
travels through these openings and there is interference between these two
portions of the wave. This interference term is the difference between the
two probabilities, which equals ¥]12 + 11935. This term can be positive or
negative.

9.5.6 Constructive Interference

The highest positive value for the expression ¥je + ¥11)3 is when ¢ =
1y, in which case this expression has the value 2|11]? (or 2|12]?). So then
we would have

P, = 4[¢1]? and P. = 2J¢1|? so that the quantum mechanical probability
P, is twice the classical probability P..

9.5.7 Destructive Interference

When 1)1 = —1)2 the expression Y712 4 11105 has its lowest negative value
equal to —[11]2 = —|¢2|%. In this case ¥; + ¢2 = 0 and P, = 0. But P,
remains the same at 2[¢1|2. So if we think of the photon as a classical
particle, it has a probability of going through one or the other opening,
but as a quantum mechanical wave particle, the photon cannot cross over
through either opening. The quantum paradox is therefore that if only one
of the openings P or Q is open, the photon has a chance of crossing to the
other side, but if both are open, the photon cannot cross.
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The above diagram illustrates how the quantum mechanical probability
could become zero. A photon is created at A. A detector is placed at B
to observe this photon. If we think of the photon as a classical particle,
this photon has some probability of going through P and then to B, and
another probability of going through Q and then to B. So the probability
that the photon is detected at B is the sum of these two probabilities.

The resolution of the paradox is that the quantum mechanical probability is
calculated by considering the propagation of the photon as a wave. Because
it is a wave, it undergoes interference between the two paths. One wave
travels from A to P to B, and another wave travels from A to Q to B.
Suppose the difference between these two paths is exactly an odd multiple
of half a wavelength:

AQB — APB = (2n + 1)%

where n is any whole number 0, 1, 2, 3, etc. Then there is destructive
interference between the two waves at the point B, with the result that the
intensity at B is zero. Hence there is zero probability of finding the photon
at B.

9.6 Matrix Representation

9.6.1 States, Operators and Matrices

A state with no photons is written |0). The question “Does this state have
zero photons?” is expressed as (0|. The answer is yes, and so we write
(0]0) = 1. A state with 1 photon is written |1). If now we ask “Does this
state have one photon?” the answer is yes, and we write (1|1) = 1.
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But if the given state is |1) and the question is “Does this state have zero
photons?” the answer is no, and we write (0|1) = 0. Likewise (1]0) = 0.

So far we have been treating the states |0) and |1) (as well as (0] and (1]
as abstract entities. We shall now make them concrete in terms of familiar
mathematical structures.

One very important mode of representing states and operators is matrix
notation. We shall see that it is possible to represent the relationships be-
tween the states |0), |1), and the operators a and a' by drawing a “numerical
picture” of each one of these entities by an array of numbers. Specifically,
we shall seek to represent each one of these abstract quantum theoretical
objects by a rectangular array of numbers — in general complex numbers.

The matrix representation of quantum mechanical objects is helpful because
these matrices follow universal algebraic rules of addition, subtraction, mul-
tiplication, etc. It is remarkable that these rules can be validly employed in
the quantum mechanical calculation of physical observable and measurable
quantities.

9.6.2 A Highly Simplified Special Case

We will now consider a highly simplified and artificial situation. A cavity
has just enough energy to produce one photon. So at any time there may
be no photon in the cavity, or exactly one photon. So the state of the cavity
is binary, because it can take one of two values: |0), or |1).

Of course, a real cavity can have billions of photons, since as long as there
is sufficient available energy there is no reason in principle why more and
more photons cannot be emitted by the walls. But our cavity is idealized
and artificial and serves merely to illustrate how quantum mechanical states
and operators can be represented by matrices or arrays of numbers.

1
Let us represent the state |0) by the column matrix or column vector [ﬁ] .

V2
What is the explanation for this particular array of numbers? Right now

we are offering no explanation. We are just suggesting that this rather
arbitrary pair of numbers will help to make somewhat more concrete the
abstract equations we have written so far.
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Since (0|0) = 1 we see that it makes sense to set (0] = {% *ﬁ] so that

the number (0]0) is equal to the matrix product

4[4 -
2

Note that the elements of (0] are the complex conjugates of the elements
of |0).

i
We could also set up a matrix or vector for the |1) state as [\{5 . The
V2
corresponding (1| state vector becomes [—% %} .
Exercise: ) _
Taking |0) = \/P], 1) = l\{i], 0] = {% \_7%} and (1] = [\% %} use
V2 V2

the rules of matrix multiplication to show that
(a) (0/0) =1 (b) (1]1) =1 (c) (0[1) =0 (d) (1]0) = 0.

|n) is called a ket or a ket vector and (n| is called a bra or bra vector, where
these words are derived from bracket. So a bra vector can be written as a
horizontal row matrix, and a ket vector as a vertical column matrix. We
notice that when a bra vector or row matrix is converted into a ket vector or
column matrix or vice versa the imaginary numbers changes sign. In other
words, the elements of the bra form of a vector are the complex conjugates
of the corresponding elements of the ket form of the same vector.

If after transposing a matrix X — i.e. switching columns and rows — we
change each element into its complex conjugate, then the resulting matrix
is called the adjoint of the original matrix, written as XT. The converse is

also true. So if X = [2i —4i] then X7 = { 2i } and XT = [_432} . Thus

—43
0yt = (0] and (0] = [0).

9.6.3 Operators and Square Matrices

If a square matrix A has this property that AT = A, then we say that A is

—1 1
Hermitian. So the matrices [0 Oq and {0 OJ are Hermitian matrices.
i _
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Suppose A and B are both n x n matrices. Let C' = AB. It can be shown
easily that CT = BT AT and that CT = BT A'.

Next we shall set up matrices for the operators a and af. For the operator

i1l i1
a let us try the matrix § [ 1Z } = [ 12 2|. Here we have followed the rule
i 1

2

that multiplying a matrix by a number means multiplying each element of

[SIER N
—_

the matrix by that number.

Exercises: ‘ )

1. Taking a = 1 [_12 1} and |1) = l\?] and |0) = [\? show that
! V2 V2

a|l) = |0) by matrix multiplication.

2. Given A = B —_322] and B = {322 (1)] show that (AB)" = BfAt.

We next need a corresponding matrix for the operator af. It seems plausible
that a' is the adjoint of a. Let us recall that wherever a has the number 7,

i1
we expect af to have the number —i. So let us try af = % [i } .
—1i

Exercise:

Taking af = 3 [i _:lJ and [1) = [

o

] and |0) = [ 42] show that a'|0) =

S
<

[1) by matrix multiplication.

Thus we have obtained matrices for |0),[1),a and af. We find that these
matrices obey the equations (0|0) = 1, (1|1) = 1, (0]1) = 0, (1]0) = 0,a|l) =
|0) and af|0) = [1).

Are these matrices purely ad hoc, meaning they have been cooked up only
to satisfy the equations we want them to satisfy? Or can they actually be
used to make some predictions?

Suppose we were to apply the annihilation operator to a state with no
photons. This cannot be done, since it is impossible to annihilate a photon
when there is no photon present. Quantum mechanically, we represent this
fact in an equation as follows:

al0) =0

The product of a 2 x 2 square matrix and a 2 x 1 column matrix is another
2 x 1 column matrix. So the number 0 on the right-hand side of the above
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equation is actually a 2 x 1 column matrix with both elements equal to 0,
. 0 . . . .

ie. [O} . Let us check if we do get this matrix as a result of multiplying a
and |0). We obtain the result:

1[-i1] |5
3 [11 ] [ﬁ] = m (9.6)
(R V-
So we have some degree of confidence in our choice of matrix elements to
describe the annihilation operator a.

Thus the matrix representation of these states and operators has served to
illustrate how matrices work in quantum mechanics. But now we want to
reiterate something we emphasized at the beginning of this discussion, that
these particular matrices that we created are artificial and work only in the
limited situation where there is at most one photon in the cavity. Actual
physical states distinguished by the number of photons are not binary,
because the number of photons in a real cavity is not limited to 0 or 1.
Because of the limitations imposed on our physical setup, we find that the
matrices representing a' and |1) obey this equation af|1) = 0, which means
that it is impossible to add another photon to the cavity which already has
1 photon. Real cavities do not behave this way, and so we cannot use these
matrices in real situations.

What do the matrices look like for a real cavity? To answer that question,
let us first ask what sort of matrices would describe a cavity that can contain
a maximum of 2 photons. Now there are 3 possible states — no photon,
one photon or two photons. It is a good guess that the state vectors would
have 3 elements and the creation and annihilation operators would be 3 x 3
matrices. That would be correct. We could continue this way. A cavity
capable of holding a maximum of n photons would require an n + 1 state
vector and (n+1) x (n+1) operators. Since there is no limit to the number
of photons a real cavity can hold, the state vectors and operators would
have infinite numbers of elements. We will not attempt to write down these
infinite matrices.

9.7 Orthonormal Vectors

We see that quantum mechanical entities such as state functions and oper-
ators can all be expressed in matrix form. A state function is expressible as
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a column matrix, which is also called a column vector. The rules of vector
algebra basically carry over to the algebra of state functions in quantum
mechanics. Because of the close analogy between vectors and state func-
tions, the latter are also called state vectors. The analogy is purely math-
ematical, not physical. A quantum mechanical state cannot be pictured as
a physical quantity with magnitude and direction. Vectors such as force,
displacement, velocity, etc., can be measured in physical space. Quantum
mechanical state functions are vectors in an abstract space called Hilbert
space. An important property of Hilbert space is that the components of
a state vector are in general complex numbers. So, there is no one-to-one
correspondence between Hilbert space and the space of the electromagnetic
field defined by Maxwell’s equations, since the coordinates of the latter are
all real numbers.

Suppose we have a vector r = iz + jy in two dimensions. The length
or magnitude of this vector r = /22 +y2. If we divide a vector by its
magnitude we do not change the direction of the vector but we alter its
magnitude to unity. This procedure is called normalizing the vector. So
any vector 7 can be normalized to 7 by dividing 7 by its magnitude r:
F=7/r

So if 7 = [z y] (the vector expressed in matrix form) then the unit vector #

has the components

z Y

d

We saw above that (0|0) = 1. So that tells us that the state vector |0)
has been normalized. In quantum mechanics we want (z|z) = 1 for every

state function. Normalization is important for vector state functions. So,
henceforth, when we write the state functions |0),|1), |2), etc. it will be
understood that these functions are all normalized.

What is the value of the quantity (0]1)? This expression means that a state
having a single photon is measured to check if it is a state having no photon.
These two states are wholly disjoint. According to quantum theory there
can be no overlap between these two states. If we measure one state by
another that is wholly disjoint then the result is 0. So we write (0|1) = 0.
Another way of stating this result is that a state having one photon cannot
simultaneously be a state having no photon. More precisely, the amplitude
for a state having one photon to be also a state with no photon is zero.
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In mathematical language we say that the states |0) and |1) are orthogonal
to each other. If two state vectors are normalized and are also orthogonal to
each other we call them orthonormal vectors. |x) and |y) are orthonormal
it (zly) = (ylzy = 0,(z|z) = 1,and(y|ly) = 1. Clearly, |0) and |1) are
orthonormal vectors. For n dimensions one can find n vectors with every
pair of the set orthogonal to each other. In a space with a maximum of n
photons, |k) and |m) are orthonormal if (k|m) = g .

9.8 Operators and State Vectors

9.8.1 Changing a Vector by an Operator

We now eschew the artificial matrix formulations of the creation and anni-
hilation operators that we had set up earlier (Section 9.6) for illustrative
purposes. The actual matrix forms of these operators are complicated by
the fact that there is no limit to the number of photons we can add to the
cavity. And so we will not consider the actual matrix structures of these
operators in the ensuing discussions.

An operator acting on a vector would in general produce a different vector.
So a' changes |0) to |1). From the standpoint of physics af|0) = |1) means
the creation operator adds a photon to a field with no photons and a|1) = |0)
means the annihilation operator removes a photon from a field with one
photon. We would therefore expect that af|1) = |2) but this would not be
quite right because we do not know if af|1) is a normalized state. Some
calculations show that

a'ln) = Vn+1jn+1) (9.7)

We shall next explain how this formula can be derived.

9.8.1.1 The Number Operator

Suppose we initially have a state with 1 photon: |1). Now, let us annihilate
this photon: a|1). This yields a state with no photons: a|1) = |0). We then
re-create a photon and thus restore the original state: af|0) = |1). Now,
(1]1) = 1. Therefore, (1|atall) = 1.
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Next, let us begin with a state having two photons: |2). We annihilate one
photon: a|2). We cannot assume that this is equal to |1), since we do not
know that a|2) is a normalized state. We next create a photon: a'a|2).

When this state is measured by a state with 2 photons the result is (2|afa|2).
We cannot assume that this is equal to 1. In fact, it is not. The reason is
that photons are indistinguishable particles. Since there are 2 photons in
the field, which we shall label “photon A” and“ photon B”, in annihilating
one photon and creating a photon we could have done it in two different
ways. We could have annihilated photon A and then created a photon in
its place, or we could have annihilated photon B and then created a photon
in its place.

These two alternative ways of doing the job represent two different “paths”
that we could have taken from the initial state to the final state. As we
saw earlier, when there are two different paths for a process, and we do not
make an observation of which path is taken in the process, we add up the
amplitudes for the different paths. The example given earlier dealt with an
actual physical path. Here we are talking about different choices. But the
same quantum mechanical principle applies:

If a process can take place in two different ways, and we cannot tell which
way the system actually “chose”, then we find out the amplitudes for each
of the two ways, and add up the amplitudes to obtain the amplitude for the
completed process.

So this is how we proceed in this situation. We focus on one photon, which
we shall call A. We consider the state containing this one photon, which
is |1)4. We then obtain the amplitude for annihilating and creating this
photon: (1|safa|l)s = 1.

Next we focus on photon B, and obtain the amplitude for annihilating and
creating this photon: (1|ga’all)p = 1.

Since the two photons are indistinguishable, each of the two processes de-
scribed just now represents an alternative “path” that we can take in the
process of removing and then adding a photon to the field containing two
photons. Thus the total amplitude that we want is

(2la’a|2) = (1]aa%al1l) 4 + (1|patall)p = 2.
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If there are 3 photons, there are 3 different ways of annihilating and creating
a photon in this field, and so

(3|la’al3) = 3.
Proceeding this way, it follows that we can write a general formula as

(n|ata|n) = n. (9.8)

When the annihilation operator acts on |n), it reduces the number of pho-
tons in the state from n to n — 1. So, aln) = A\i|n — 1), where \; is some
(complex) number. Next, we operate on this state by the creation operator
a’, which adds a photon to the state and brings the number back to n:
afA1ln — 1) = AgAi|n), where )y is another complex number. So we have
operated on the state |n) by two operators in succession, first ¢ and then
at. This process is written as a'a|n). And so, we have found that

ataln) = M) |n) (9.9)

Operating on the left by (n|,
(n|ataln) = (n|A2A1|n) = A1 (n|n) (9.10)

Comparison with Eq. (9.8) shows that A2A; = n. Hence Eq. (9.9) can be
written as

ataln) = nln) (9.11)

a’a is called the number operator, because when it operates on a state with
n photons, it multiplies the state by the number of photons in the state.

Exercise:

Go back to the special case of the cavity with a maximum of 1 photon.
Write down the operators a! and @ in 2 x 2 matrix form and the state
vectors |0) and |1) as 2 x 1 column matrices. Obtain the matrix product
a'a and show that aa|0) = 0 and afal1) = |1).

9.8.2 FEigenfunctions and FEigenvalues

In mathematics, when an operator acts upon a function and leaves the
function unchanged except perhaps for a constant factor, we say that the
function is an eigenfunction of the operator, and the constant factor is called
the corresponding eigenvalue. So |n) is an eigenfunction of the operator a’a
with eigenvalue n.
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But a and a' do not have eigenfunctions. Since the annihilation operator by
its very definition represents the absorption of a photon, it cannot possibly
have an eigenfunction, since it changes the state which it operates upon (e.g.
from one photon to no photon). Similarly the creation operator cannot have
an eigenfunction.

The states |n) and |n — 1) are each normalized. And we know that a|n)
yields the state [n — 1) but we cannot simply write a|n) = |n — 1) because
there may be a factor that we do not know. Earlier we called this factor
A1. Now we will call this factor k,, where the subscript indicates that this
number may vary with the value of n. In general k,, could be a complex
number.

So
aln) = kpln —1). (9.12)

Earlier we saw that for two matrices A and B the following relationship
holds good: (AB)T = BTAT. Taking the adjuncts of both sides of Eq. (9.12)
we obtain (n|a’ = &k} (n — 1|. Combining these two equations we obtain

(nlata|n) = kXkn,(n —1|n — 1) = |kn |2

So |kn|? = n. Can k,, be a real number? If so, then k,, = y/n. Let us check
if this would work. Since a|1) = |0), we see that k1 = 1. So k,, is real for
n =1 and so we may take k,, as a real number for all n. So k2 = n and
therefore k, = v/n.

And so we have a|n) = \/n|n — 1). Multiplying on the left by a' we obtain
ataln) = vnal|n — 1)

Since the left-hand side equals n|n), we obtain the relation \/naf|ln — 1) =
n|n). Thus

afln — 1) = Valn)

So at]0) = |1), af|1) = v2]2),at|2) = V/33),a’|3) = V4|4), etc. And from
Eq. (9.12) we get al4) = vAP3), al3) = v3|2),al2) = v2|1),al1) = [0),
and a|0) = 0. The last equation implies that it is impossible to annihilate
a photon from a state having zero photons.

The number operator a’a has as eigenvalue the number of photons in the
field. We can therefore write afa = N. N|n) = n|n).
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There is no upper limit to the number of photons in any cavity, and so N
has many eigenfunctions |n), theoretically infinite in number, for all possible
integer values of n, and correspondingly an infinite number of eigenvalues
n. Therefore the operator aa’ has an infinite number of rows and columns,
and consequently a' and a are infinite-dimensional matrices.

What about the operator aa’? Does this operator have an eigenvalue and
a corresponding eigenfunction? Let us apply this operator to the state
function |n). We obtain

aa’|n) = avn+1n+1) = vVn+ 1vVn + 1|n) = (n +1)|n) (9.13)
So aa' also has an infinite number of eigenfunctions |n) with an infinite
number of corresponding eigenvalues n + 1.

It is also evident that afa # aa’. Operators in quantum mechanics do not
in general follow the commutative law of multiplication. The operators af
and a do not commute. But the operators afa and aa’ do commute, and
we can show easily that afaaa’|n) = aa’a’a|n). Commutation and non-
commutation between operators is a central theme in quantum mechanics.
In fact, one could say it is this very property that defines quantum mechan-
ics and distinguishes it from classical mechanics. We shall say more about
this in a subsequent section of this chapter.

9.9 Energy of a Photon Field

Suppose we were to try to measure the energy of a photon field inside a
cavity. In order to do that we need to interact with the field. In quan-
tum theory we cannot possibly make a measurement on a system without
disturbing the system in some way. So the act of measurement is itself a
physical process that follows the rules of quantum theory.

Without going into specific physical details we present the summary of
the process. Photons are being created and annihilated inside the cavity.
Suppose this cavity contains only photons of a particular wavelength and
therefore of a particular frequency v. So this cavity is not a black body. We
could think of it as a box with reflecting inner walls. And let us say that
at any time there are n photons in this cavity. How do we measure this
number? These photons are constantly bouncing off the walls and thereby
imparting momentum to the walls. But when we say a photon bounces
off a wall what we actually mean is that a photon is absorbed by a wall
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and another photon is emitted by the wall. We could therefore count the
number of emissions or the number of absorptions. According to classical
physics these two numbers should be the same, but we cannot make that
assumption in quantum physics. If we count both of these separately, and
find they are not equal, we shall take the average in order to obtain the
measured energy of the photons inside the container, which we shall obtain
by multiplying this number by the energy of a single photon hv.

There are two ways of counting the photons: either count the number of
ways a photon could be emitted first, and then absorbed, or count the
number of ways a photon could be absorbed first, and then emitted. If it
turns out that these two numbers are different, we take the average of the
two numbers.

Number of ways a photon could be emitted first and then absorbed:

(naat|n) =n+1 (9.14)

Number of ways a photon could be absorbed first and then emitted:

(n|ataln) =n (9.15)
The two numbers are not the same. So the required number is
1 1
§(n—|—1+n) =n-+ 3

Thus, the measured energy of the field is given by

B = hy (n—l—;) :m(mé) (9.16)

It is interesting that even when the number of photons n = 0 the energy
is not zero, but is %hw This energy is called the zero point energy and
is present even in the absence of any photon. This is a purely quantum
phenomenon, and is related to the uncertainty principle. The uncertainty
in energy comes from the uncertainty in the number of counted photons.

In a real field one has to consider the contributions due to photons of all
frequencies. So even in the absence of any photons, there is a zero point
energy contribution from every possible frequency. If we were to add up all
these contributions, we would get infinity. Thus we obtain this apparently
unphysical result that a vacuum contains an infinite amount of energy.
However, this is not really a problem, because what is actually measurable
is not the energy stored in the field, but the work done by this energy
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in displacing an object through a force. So if we bring two metal plates
very close to each other, there is some vacuum energy between them. This
energy is a potential energy. Every system tends to move in such a way as
to reduce its potential energy. And this tendency is experienced as a force.
So the plates will experience a force when they are brought very close to
each other. It turns out that for the case of two conducting plates there is a
force of attraction, and this force is finite, even though the vacuum energy is
infinite. (But, as we shall see in a later chapter, this infinite positive energy
could be canceled by the infinite negative energy of electrons according to
the Dirac theory.)

The force between two conducting plates due to the vacuum energy is called
the Casimir force, which was predicted by Casimir in 1948 and measured
experimentally about 50 years later.

9.10 Hermitian Operators

9.10.1 FEigenvalues of Hermitian Operators
N is a Hermitian operator. When it operates on the state function [n) it
multiplies the state function by the eigenvalue n.

It can be proved mathematically that for any Hermitian operator it is pos-
sible to find an eigenfunction such that when the operator acts on the
eigenfunction, it multiplies the eigenfunction by a constant which is the
eigenvalue. We shall not go into this proof, but accept it as true.

An important theorem states that the eigenvalues of a Hermitian operator
must be real numbers. This proof is very simple, and we provide it below:

Let A be an eigenvalue of a Hermitian operator A. Let [¢) be the corre-
sponding eigenfunction. So

AlY) = Aly) (9.17)
Let us take the adjoint of both sides of the equation:
(AT = (p[* (9.18)

Now we multiply on the right by the state function |t)):
(WA ) = X*(vly) = »* (9-19)
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Since A is Hermitian, AT = A. And so,

(Y] Alg) = A" (920
Let us next multiply on the left of Eq. (9.17) by (¢]:
(V| Alg) = A (9.21)

Comparing Eqs. (9.20) and (9.21) we see that A* = X\ and so A is real.

Since every eigenvalue of a Hermitian operator is a real number, it follows
that a Hermitian operator is a suitable mathematical tool to describe a
physical quantity that is the result of a measurement, such as position, mo-
mentum, energy, angular momentum, number of particles, electric charge,
magnetic moment, etc.

Indeed, one of the fundamental principles of quantum theory is that every
physically observable or measurable quantity can be represented mathemat-
ically by a Hermitian operator, and that the eigenvalues of this operator
represent the possible measured values of the physical quantity. Thus the
energy operator of a hydrogen atom has as its eigenvalues all the possible
energy levels of the atom.

To summarize:

a and af are not Hermitian. a # af. The operators N =dfa and M = aal
are Hermitian. (a'a)’ = afa and (aa’)' = aa’. The state function |n) is an
eigenfunction of both afa and aa’ with eigenvalues n and n+ 1 respectively.

9.11 Other Operators in Quantum Mechanics

We are now familiar with the creation operator which creates a photon in a
field, and the annihilation operator which removes a photon from the field.
We are also familiar with combinations of such operators.

Suppose we are interested in measuring some physical attribute of a particle
such as its energy, or its momentum. Such measurements are also repre-
sented by operators. These operators act upon different types of Hilbert
spaces. An important type is the spatial wave function.
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9.12 The Spatial Wave Function

9.12.1 Probability Density

A photographic plate records the spot at which a photon hit the plate. But
this spot is not a geometric point. If it were, it would not be visible to the
human eye, and we could never detect the photon. The spot is actually a
smudge, smeared over a small area. The spot on the photographic plate
also has a small depth. So we have really localized the photon to within a
small volume, and not a geometrical point.

We have discussed photons within cavities or chambers. Now we make the
chamber infinitesimal in size, and ask: What is the probability of finding
the photon within a small volume AV? Since this volume is very small,
we shall call it a volume element. We first define a quantity that we call a
probability density p which has the meaning that the product pAV is the
probability of finding the photon within the volume element AV. Let us
choose a point at the center of this volume element and label this point by
its coordinates as P(x,y,z). Since we expect that the probability density
should vary from point to point, it is in general a function of the coordinates
of the point: p(x,y, z). p is a real scalar field or scalar point function.

Suppose we know for a fact that the photon is somewhere inside a macro-
scopic cavity. Let us divide up the cavity into a large number of microscopic
volume elements AV;. The probability of finding the photon within the el-
ement AV; is equal to p(z;,y;, z;)AV;. Here i can have a value from 1 to
some very large number equal to the number of volume elements into which
we have divided up the cavity.

9.12.2 Amplitude and Probability

We saw earlier that a probability P for an event to occur — such as detect-
ing a photon on one of the walls of the cavity — is related to the amplitude
« for the event to occur by the equation

P=oa*a=|af?

We make a slightly different definition when we come to spatial probability,
or the probability of finding the particle in some small volume located at a
point.
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We define an amplitude ¢, which we call the spatial wave function, which
is related to the probability density of finding the particle at a point ¢ by
the equation
p(Tiy Yis 2i) = PP = |1/’|2

So the probability of finding the particle inside a small volume element AV;
is given by

Py = " (i, yi, 20)0 (20, yi, 20) AV,
If we know for certain that the particle is somewhere within a fixed space,
we can divide up the space into a large number of tiny volume elements,
and if we add up the probabilities of finding the particle in each of the
volume elements we should get 1 as the total:

NP = 21/)*(%'7%,ZiW(Iuyuzz‘)AVi =1
Taking the limit as the size of each volume element goes to zero:
/w*(fﬂz‘;yz‘azi)lﬁ(ﬂ%yi,zi)dv =1 (9.22)
A wave function that satisfies this equation is said to be normalized. We

will next obtain a relationship between the wave function v and the creation
and annihilation operators.

9.12.3 Field Operators and Probability Amplitude

Let us divide the cavity into a very large number of microscopic volume
elements AV;. We consider the case where there is only one particle inside
the cavity. Since this particle can be found somewhere within the cavity,
clearly the probability of finding it somewhere inside the cavity is 1.

The probability of finding the particle inside the element AV} is
V(4 Yiy 20) (T4, yiy 20) AV

so that
Do U (i, yis 2i) (w4, iy 20) AV = 1.

O o 0O O

AV.

1

Cavity
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The schematic diagram shows the cavity with four volume elements (greatly
exaggerated in size for clarity), one of them marked AV;. Suppose we detect
a photon inside this volume element AV;. If the particle is detected within
the element AV; then it cannot simultaneously be anywhere else within the
cavity. The quantum mechanical way of representing this fact is to say
that the photon has been annihilated from the cavity as a whole and then
created within the small volume element AVj.

We may write the amplitude for this process as (AV;|atal1).
This is a complex number of the form (¢)|¢). Suppose we were to represent

these quantum mechanical states by matrices. So let [¢) = {Z} and let

16) = m |
So (¥|6) = [a* b°] m R

a

It is easy to see that (¢|y) = [c* d*] [b

] = c*a + d*b.

Thus (¢[¢)* = (¢|¢) and so we can write [(|¢)[> = (¥|¢)(d]¢)).
Replacing |¢) by |AV;) and |[¢) by afall), we may write
[(AV;laTa|1)]* = (1]aa| AV;) (AVila'al1)
So
(1ata|AV;)(AVilaTal1) = " (2, yi, 2:)0 (i, yi, 20) AV
This equation can be satisfied if we make
AV;latall
(@i, yi, 2i) = <|AVZ>

So
AVilatal1)|2
p(xi,yizi) = (@i, i, 2) > = %

9.12.4 Wawve Function of a Plane Wave Photon

In Section 5.3.5 we came across Eq. (5.36) which describes the plane wave
solution for the electric field in the electromagnetic wave equation:

E=Eqgcos(k - r—wt) (9.23)
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The amplitude of this wave is Ey and its energy density is proportional to
E2. The quantum mechanical wave function that describes the photon field
should also satisfy the wave equation, but this function need not be real.
Let us begin with the most general complex solution of the electromagnetic
wave equation:

E=Epexpi(k-r— wt) (9.24)
For a wave propagating in the x direction, we write the magnitude of the
electric field as

E = Eyexpi(kyx — wt) (9.25)
where w = k,c and Ej is real.

Here E is a complex number. |E|? = EZ, a real number. So, we can call E
the wave function 1 (which may not be normalized), since |1|? is propor-
tional to the probability density and hence to the number of photons per
unit volume. Thus 1 can be chose to be equal to E to within a normalizing
factor.

The energy of a quantum is E = hr = hw, and the momentum — along the
x direction — is p, = h/A = hv/c = hk,. From Eq. (9.25) we obtain

op
o = ikt = (ipa /M) (9:26)
and 5
aif — iwp = —(im/R)) (9.27)
And so we obtain the equations
L0
—zha—x = pa (9.28)
and o0
zha =EY (9.29)

Equations (9.24) and (9.25) represent plane waves with constant w and ky,
i.e. all the photons present in this wave have constant energy E = fiw and
momentum p, = hk,. So in Eq. (9.28) —ih% is an operator, p, is an
eigenvalue, and 1 is the corresponding eigenfunction. In Eq. (9.29) ih% is
the operator, E the eigenvalue, and v the eigenfunction.

Thus we have derived two operators which act upon wave functions, viz.
the momentum and the energy operators. In Cartesian coordinates these
operators take the form —ih%, —iha%, —ih%, (or —ihV), ih%. Cartesian
coordinates are suitable for plane waves. We can also write these momen-
tum and energy operators for spherical and cylindrical coordinates, which

would be appropriate for spherical and cylindrical waves, respectively.
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9.13 Operators and Eigenvalues

9.13.1 Physical Observables

An operator is a mathematical entity that has a special relationship to the
observed physical quantity that it represents. Suppose we want to measure
a physical quantity A of a quantum mechanical system, say an atom. To
do this experimentally we would set up the required apparatus to make
this measurement. Quantum mechanics gives us a method of theoretically
calculating the value of this observable quantity. And for this we need to
find the wave function of the system v first. Once we have obtained
as a (complex) function of the coordinates, we can calculate the physical
quantity mathematically.

The probability of finding the particle inside a small volume AV; containing
the point (x4, yi, 2;) 18 ¥(xi, yi, 2:)*W(xs, yi, 2;)AV;. We first ask the ques-
tion: if the particle were found in this volume element, what would be the
measured value of variable A? Let us call this value A;. We define the
expected value of A as the average value we obtain for a measurement of
A when carried out over a very large number of independent experiments.
The word independent is extremely important. Each measurement is inde-
pendent of the previous one. Since there is a finite probability of finding
the particle inside any volume AV}, and this probability is in general differ-
ent from that of finding the particle in another volume AV}, the expected
value of the observable A is obtained by weighting the value of A in some
volume AV, by the probability of finding it inside AV;. A is a function of
the coordinates, and so the value of A will not be uniform over the entire
region. By the laws of probability, the average measured value of A, which
is also the theoretically calculated expected value of A, written as (A), is

— fw*(mayvz)Adj(x,y,Z)dV
[ (@,y, 2)¢(x,y, 2)dV

(A) (9.30)

If the wave function 1 is normalized the denominator is 1. This definition
is therefore valid even when 1 may not be normalized. We shall derive this
equation in the following subsection.
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9.13.2 Application to Electrons

We have seen that in classical electrodynamics the fields are generated by
sources, which are stationary and moving charges, and the fields in turn
operate on charges. At the quantum level, the electromagnetic field exists
as photons which interact with charged particles such as electrons, protons,
muons, etc. We have seen examples of interaction of photons with electrons
in the Compton effect and the photoelectric effect. When photons interact
with atoms the interaction is primarily with the atomic electrons.

The position, the momentum, and the energy of an electron are measured
through the interaction of the electron with the electromagnetic field, i.e.
through the interaction of the electron with one or more photons. (The
mass of the electron is too small for direct measurement of the interaction
of an electron with a gravitational field.) Hence, it is a plausible hypothesis
that the operators for momentum and energy should have the same form
for electrons and photons.

So, if ¥(z,y,2) is an electron wave function, the momentum operator is
fih%, and the energy operator is ih%.

Now, a photon always travels at the speed ¢, but an electron always travels
slower than light. For a slow moving electron we can use the Newtonian
formula for kinetic energy, which is a good approximation for speeds much
slower than light. We could then construct a kinetic energy operator thus:

-2 2 2 2 2 2
. P nrlo 0 0 R,
2m 2m | 0x? + Oy? * 022 2mV (9:31)

where the hat over the letter signifies that the symbol is an operator.

The operator for the position is the position coordinate itself. So & = x,
4§ =1y, 2 = z, and likewise for functions of the coordinates. For conservative
forces the potential energy is a function of the coordinates: V' (z,y, 2).

So, the Newtonian equation 7'+ V = E has the quantum counterpart:

ﬁ2
“2m

V2 + V(x,y, 2)h = m%“f (9.32)

This is the original Schrédinger wave equation.
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9.13.3 Eigenvalues and Eigenfunctions

In a stable atom, or other stable configurations where the total energy does
not change with time, F is a constant in the equation
N

ih— - = EY (9.33)

And so we obtain the time independent Schrodinger wave equation
h2
—%v% +V(2,y,2)¢ = By (9.34)

The left side of the equation is often abbreviated as H and so the equation
is written as

Hi = Ev (9.35)

H is the total energy operator, and is called the Hamiltonian of the quantum
mechanical system. In this equation F is the eigenvalue of H and ¢ is an
eigenfunction of H.

This equation can be applied to many situations, not just an electron in
an atom. We need to first know what is the expression for the potential
energy V in that situation. We do not know ¢ and we do not know E. But
knowing V helps us to solve the equation and obtain the values of E that
will satisfy the equation.

The Hamiltonian operator is Hermitian, and it has real eigenvalues. Energy
is always real. It can be positive or negative. For an electron orbiting
a nucleus, the total energy is negative, because the potential energy is
negative, and is greater in magnitude than the kinetic energy.

In general, a system with constant energy can have more than one energy
eigenvalue, with corresponding eigenfunctions. Suppose a system has 3
eigenvalues for a given Hamiltonian. Then we would have three solutions
to the Schrodinger wave equation, which can be written as Hiyy = FE11)1,
Hvpy = Eytpy and Hpg = E3ips.

9.13.4 Electron in a General State

In general, an electron may not be in an eigenstate. Let us consider the
following example:
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Suppose the energy of the ground state or lowest energy state of an electron
in a hydrogen atom is F7, and the energy of the first excited state is Fs. So
if the electron is initially in the excited state, and drops from the excited
state to the ground state, it would emit a photon of frequency v such that

hv = E2 — E1
Conversely, if an electron which is in its ground state is hit with a photon

frequency v, this electron could absorb the photon and its own energy level
would rise from F; to Es.

Now, let us consider a container of hydrogen gas which is irradiated with
light of frequency v. The photons of this light beam would be absorbed
by some atoms and the electrons of these atoms would then jump to the
first excited state. Other atoms will not absorb a photon, and these would
remain in the ground state.

So if we have a container of hydrogen which has been irradiated with some
photons of frequency v, then a given atom could at any given time be either
in its ground state or in its first excited state. We are talking about the
electron’s energy state when we talk about the energy state of the atom.

If we make a measurement of the energy of the atom, we would obtain
either E or E5. Suppose we now perform independent measurements on a
large number of atoms which are in identical situations. Suppose we find
that 36% of the time we obtain E; and 64% of the time we obtain E,.
So the probability of finding the atom in the ground state is 0.36 and the
probability of finding it in the excited state is 0.64. So what will be the
average value of the energy — which we write as (E) — that we measured
over a thousand independent measurements on identically prepared atoms?
The answer is

(E) = 0.36E; + 0.64F, (9.36)

Prior to making a measurement of the energy of an atom, we can theoret-
ically set up the wave function of the atomic electron. Since we know it
may be in one of the two energy states, but we cannot know which it is
until we actually perform a measurement, we can definitely say the electron
wave function is not an eigenfunction of the energy operator (Hamiltonian).
Rather, we write it as a linear combination of the eigenfunctions as

Y = ap1 + b (9.37)

When we carried out the measurements we found 36% to have energy F;
and the remaining to have energy Es. Could we have predicted this outcome
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prior to doing the measurements? Yes, if we knew the wave function ¥. We
could then have applied the Hamiltonian operator to the wave function ):

Hy =aHp1 +bHepo (9.38)

Now, ¢ is an eigenfunction of H with eigenvalue F; and ¢- is an eigen-
function of H with eigenvalue F5. So H¢y = FEi1¢1 and Hps = FEaogs.
Hence

Hv = aF1¢1 + bE2¢s (9.39)

Moreover, these two eigenstates are normalized.  This means that

Eigenstates are also orthogonal. If the particle is definitely in one of these
eigenstates, then it is impossible for it to be found in the other state. This
implies that [ ¢7¢2dV =0 and [ ¢5¢1dV = 0.

Let us multiply both sides of Eq. (9.39) by ¢* = a*¢7 + b*¢5. We obtain

Y HY = (a* g7 +b"¢5)(al1¢1 + bEags)
= |a|*E1|¢1]? + |b]* E2|¢2|* + a*bEsgi o + ab* E1d3¢n

Integrating over the entire region, we get
/¢*H¢dv = |a]?E; /¢’;¢1dv + a*bEQ/qs’;@dV + ab*E,
[ 65010V + 0P Es [ 3620V = faPEx +bPE: - (940)
Hence
[ Hudv = @lHW) = () = o B bPE: (0.1)

Since we know the values of a and b this equation gives us the expected
value of the energy (F). And if we know F; and Es we could also calculate
|a|? and |b|?, knowing that the total probability |a|? + |b]? = 1.

For an arbitrary observable A represented by the operator /1, the expected
value is given by

) = [ vy (0.42)

where ¢ is a normalized function. Thus Eq. (9.30) is proved.
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9.14 Operator Algebra

The bra and ket notation is a handy way of writing wave functions.
If |¢1) and |¢p2) are two orthonormal eigenfunctions of the same op-

erator, then (¢1]¢1) = [é1(z,y,2)*¢1(z,y,2)dV = 1, and (p1|p2) =
[ 1(z,y,2)*d2(2,y,2)dV = 0.

A hermitian matrix is defined as a square matrix that is identical with the
complex conjugate of its transpose:

H=(H")* (9.43)

The complex conjugate of the transpose of a matrix is called the adjoint
of the matrix. So a hermitian matrix is equal to its own adjoint, and so it
is also called a self-adjoint matrix. The same language is carried over to
quantum mechanical operators. Consider two arbitrary states

[Y) = a1]¢1) + az|p2) + as|ds) (9.44)

and

1X) = bi|¢1) + ba|p2) + bs|ds) (9.45)

where the |¢;) are orthonormal eigenstates of some hermitian operator H.
Hermitian operators, as we have learned, have real eigenvalues. It can be
proved easily that for any hermitian operator H

(XIH|¥) = (WIH[x)" (9.46)

where x and ¢ are two different possible states of the same system.

Exercise:
Prove Eq. (9.46).

These spaces that we have considered above are finite-dimensional vector
spaces. But we often deal with Hilbert spaces that have an uncountably
infinite number of dimensions. The simplest example is the position of a
particle. If we take the dimensions of a particle to be zero, the particle
can occupy a continuous range of positions in any direction. So the posi-
tion wave function ¥ (z,y, z) is a Hilbert space vector with an uncountably
infinite number of components. The inner product of two such vectors is
evaluated as

(6} = / o*pdV (0.47)
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A normalized vector obeys the rule

Wi = [0 @2ty v =1 (9.49)
The expected value of an operator A becomes
(4) = (@Al = [0 @240y, 2)V (9.49)

We saw earlier that for a discrete space, a hermitian operator A obeys the
relationship

(XIAlY) = (LA (9-50)

Extending this relationship to continuous space, a hermitian operator A
has the property

[ = ([ naa ) s
Since the context shows that A is an operator, we have dispensed with the
hat over the symbol.

9.14.1 Momentum Operator is Hermitian

The operator for linear momentum p, = —iha% can be shown to be hermi-
tian: o0 5 5
L0 0 L OXT
Therefore - 5 5
x . X"
- - | = — .52

[xgeav = [ rocwav - [ vy (9.52)

The first term on the right side of the equation becomes
dydz [y,

The wave functions are assumed to go to zero at the boundaries, which
includes the integration limits © = a and x = b. Thus this integral vanishes,
and so we get

JeCogyor=oug)o (o (o))

Hence p, = —ih% is a hermitian operator.

We saw earlier that a hermitian operator has real eigenvalues. Clearly, the
measured momentum of a particle is always a real number, even though
the operator itself seems to have an imaginary form.
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9.14.2 Commutation of Operators

If two operators A and B have the relationship that AB = BA then we say
that they commute. Not all pairs of operators commute. The annihilation
operator a and the creation operator af do not commute. afal0) = 0.

an|O> = al1) = |0). Hence afa # aa!. But the operators N = afa and
M = aa' commute.

Commutation of operators has important applications in quantum physics.
If two observable quantities can be measured accurately (barring experi-
mental errors) then the operators that represent these observable quanti-
ties commute with each other. Conversely, if two operators commute, then
the observables they represent can be measured simultaneously, and so one
measurement will not jeopardize the other.

For example, let us say a system is represented by the quantum state |a)
which is an eigenstate of both the operators A and B with respective eigen-
values a and b, which means that the observables represented by A and B
can be measured simultaneously with arbitrary accuracy. When we mea-
sure the observable A the result is @ and when we measure the observable
B the result is b.

Let us express the foregoing processes in quantum mechanical language.

The initial state of the system is |a). Now we subject the system (which
may be a single particle moving in space, or an electron orbiting a nucleus,
or a proton moving in an electromagnetic field) to the measurement of a
variable, such as the momentum of the particle. This interaction of the
experimental apparatus with the system is expressed as A|a>. This also
means the state of the system has become Ala). So Ala) = a|a). Since
(a]ala) = a, this means the outcome of the measurement is the value a. If
instead we were the measure the observable B we would get Bla) = bla).
If we were to measure B first and subsequently measure A we would get
AB|a) = Ab| ) = abla). If we change the order of our measurements and
measure A first and then B we would get BA|a) = Bala) = bala). S
AB|a) = BA|a). Thus A and B commute.

We have shown that if two observables can be measured with arbitrary
accuracy, then their corresponding operators must commute. The converse
is also true, that if two operators commute, their corresponding observables
can be measured simultaneously with arbitrary accuracy.
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The opposite is also true, that if two operators do not commute, the cor-
responding physical observables cannot be measured simultaneously, and
conversely.

Heisenberg showed that the minimum error that occurs in measuring any
two physical variables is related to the question of whether or not the oper-
ators representing these variables commute. If they commute, it is possible
to measure both variables with arbitrary accuracy. If they do not commute,
then a simultaneous measurement of both variables will result in a mini-
mum uncertainty in each variable. The product of these uncertainties will
be of the order of /. This is the uncertainty principle. Thus the uncertainty
principle is related to the commutation of the operators.

As a general rule, the physical quantities that correspond to non-commuting
operators are related to each other. So the operator for the x position —
which we may write as & — does not commute with the operator for the x
component of momentum p, but the & operator commutes with the operator
for the y component of momentum p,. This means that we can measure
the z position and the y component of momentum simultaneously with
arbitrary accuracy, but we cannot do the same for the x position and the
r component of the momentum.

We had earlier shown that for the photon field there is a zero point energy
for all possible frequencies, because the total energy of a field is given by

= (n i ;) (9.54)

There is a zero point energy %hw for every possible frequency, which leads
to an infinite zero point energy. We explained that this is a consequence
of the uncertainty principle. We will now show how this result can also be
understood in the context of non-commutation of operators.

We recall from an earlier chapter that there is a close similarity between
the mathematical structures of a harmonic oscillator and the fields in a
propagating electromagnetic wave. We will now see that this structural
connection extends to quantum mechanics.

A ball of mass m attached to a spring of force constant k executes simple
harmonic motion according to the equation
APz
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The general solution is

z(t) = ae™’ + b=t (9.56)
where the angular frequency w = %

The total energy of this spring-ball system is a constant, equal to

2 1
;—m + imw2x2

where p = p,, the momentum of the ball (in the x direction).

(9.57)

Let us now define the term a = /*5* (x + %) and its complex conjugate

o = VB (o= )

So

p* 1
wa*a = waa* = p- + —mw?a?

— 3 (9.58)

In the quantum version of this problem, the momentum and the position
become operators. The term a becomes an operator, and a* is replaced by
at. And we can no longer assume that a and af commute.

The commutator of two operators A and B is in general an operator, written
as [A,B] = AB — BA. We will now evaluate [z, p.]. Suppose the system
is described by the wave function 1. A measurement of the variable A is
described by the operation A. A measurement of B is described by Bu.
If A is measured first, and B is measured next, the state becomes BA. If
the order is reversed, the state becomes ABv. If [A, B] = 0 the order of
measurement is irrelevant. One measurement does not interfere with the
other. But if [A, B] # 0, then the order does make a difference. So, we will
now determine whether the state [x, p,|¢ is zero or has a finite value.
L0 0

TP — Prxth = fzhm%vﬁ + zh%(:m/)) (9.59)
We notice that in the second term on the right the momentum operator
acts upon the state (zv), because the measurement of ¢ by the position
operator has rendered it to a different state, viz. x.

And so, we obtain

Since this is true for any function ¢, we can write the operator equation as

[Iapm] =ih
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We will use this result in the following calculation for the total energy of a
quantum harmonic oscillator. The Hamiltonian of the oscillator is

1
H= 2p—m + 5muta? (9.61)

Let us now employ the quantum mechanical operator a defined as

oo [ (o ) o2

o=\ (- L) (9.63)

and its adjoint af as

There is a subtle point here that needs careful attention. In Eq. (9.63) we
have used the same symbol for the momentum as in Eq. (9.62). This is
because p is a hermitian operator. So p! = p. This may appear counterin-

tuitive, since p = —iha%, and thus one might be tempted to write pi = —p,
which would be incorrect. This is one of the peculiarities of quantum me-
chanics.
2 . .
t, . mw _w P 9.64
wa'a o7 (:L' o ermw (9.64)
hwata = 25 b2 L 90 g Ly, (9.65)
a'a=—+ —mw x4+ —[z,p]=H — = .
om ' 2 g 1P 2
And thus
1
H = hw (a*a + 2) (9.66)

H is evidently a hermitian operator, and it corresponds to the energy of
a harmonic oscillator. Recalling earlier discussions, we can identify afa as
the number operator N , and so we see that a quantized harmonic oscillator
has non-zero ground state energy:

H=hw (N + ;) (9.67)

When we model the electromagnetic field as a series of harmonic oscillators,
we see that even in the absence of photons (N = 0) the vacuum has zero
point energy for every possible frequency.
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Chapter 10

Quantum Angular Momentum and
the Field

10.1 Quantum Mechanics of a Stable Hydrogen Atom

A hydrogen atom can be modeled crudely as a composite particle consisting
of an electron-nucleus pair. The potential energy of the electron-nucleus
system in a hydrogen atom — with the center of the coordinate system at
the nucleus — and the coordinates of the electron (r,0, ¢) is

62

V=- 10.1
dmegr ( )

The time independent Schrédinger wave equation for an atomic state having
total energy E is therefore:

e2

h2v2 =F 10.2
™ ) — Y =Evy (10.2)

Since the potential has spherical symmetry, we seek solutions in spherical
polar coordinates. The Schrodinger equation then becomes

h—z [ L0 <r28¢> + L0 <sin98w> + 1 821/)}

4megr

"~ 2m |[r20r or 2 sin 6 96 00 r2sin2 0 02
2
e
— =F 10.
47T€07”w v (10.3)

This second order differential equation can be solved by the method of
separation of variables. Most standard textbooks on quantum mechanics
and atomic physics provide the detailed solutions. Here we will supply the
results.

We assume a solution of the form ¢ = R(r)Y (6, ) where R is the radial
function and Y the angular function. Substituting and carrying out the

287
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mathematical manipulations we obtain the solutions

Yy (6, ) = e\/ (%4; (16)_(5|;1:;7|)!eim‘PPZm(cos 0) (10.4)

where £ is a non-negative integer, and |m| < £. The P} are the Associated
Legendre functions. The factor € = (=1)™ for m > 0 and € = 1 for m < 0.
These functions are called spherical harmonics, and are orthonormal for ¢
and m:

27 T
| [ o e 6.0))sin0dsde = b (10.5)
0 0

The complete solution can be written as

3 4
(10.6)

The constant a is called the Bohr radius, defined as

4meoh?
a="00 —0.529%107% m
me

The associated Laguerre polynomial Lffj}

L2 (p) = (=1)** <(Z))2€+1 lep (jp)nﬂ] (e—f’p"“)] (10.7)

The numbers n, £ and m are called the quantum numbers of the hydrogen
atom. n is a natural number, £ is a non-negative whole number less than n,
and m can be positive, zero or negative, and as noted above, |m| < £. The
solutions of the Schrodinger wave equation enable us to obtain the possible
values of the total energy of the atom, in terms of the quantum number n,

is evaluated as

which is also called the principal quantum number:

2 2
m e 1
<wnlm‘H|wan> =E,=- lQhQ (47T€0> ] ﬁ (10~8)
Here the symbol m is the mass of the electron, not a quantum number. We
notice that the energy levels are independent of the values of the quantum
numbers ¢ and m. States with different quantum numbers but the same
energy are said to be degenerate.
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This is found to be in perfect agreement with the value calculated on the
basis of the Bohr-de Broglie model of the atom without applying wave
mechanics. And we saw earlier that there is excellent agreement between
the theoretical and experimental values.

One very important conclusion is that Coulomb’s law is valid
at the level of the atom, and can be assumed to be true for
quantum mechanical calculations at these atomic distances.

10.2 Quantization of Angular Momentum

We saw earlier that in the Bohr-de Broglie model of the atom the angular
momentum of an electron orbiting the nucleus in an atom is quantized, i.e.
the magnitude of the angular momentum is a natural number multiple of
h, so that the only possible values of the electron angular momentum are
h, 2h, 3k, 4h, etc. So, not only can the angular momentum not take on
any intermediate value between these, but it also cannot be zero. We shall
see that this last restriction is lifted when we apply quantum mechanics to
the atom. Predictions made on the basis of the old quantum theory had to
make way for the more accurate results of quantum mechanics.

The angular momentum of a particle about an axis is defined as

L=rxp (10.9)
where p is the momentum of the particle and r the displacement vector
from the nearest point on the axis to the particle itself. We saw that Bohr
had derived the energy levels of a hydrogen atom by applying Newton’s
laws of motion to the atomic electron. This gives us confidence to apply
Eq. (10.9) to the orbital angular momentum of an atomic electron.

We choose the position of the nucleus — which being much more massive
than the electron may be assumed to be stationary for our calculations —
as the origin of the coordinate system, and so r is the position vector
of the electron. Since the linear momentum is replaced by a quantum
operator, we shall replace the angular momentum also by a corresponding
quantum operator. And there are three of them, corresponding to the three
coordinate axes.

We write down the three components of the angular momentum operator
as

L, =yp, — Zﬁy? Ly = 2Py — TPy L, = xﬁy — YPa (10'10)
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The operators can be expressed in vector form as
L =—iirxV (10.11)

We could write out each component operator equation explicitly in spherical
polar coordinates, but we are particularly interested in the z component —
not because there is any essential difference between the z axis and the other
axes, but because conventionally we take the z axis to be the direction of
an external magnetic field. The expression for angular momentum becomes
particularly simple.

L.=k-[—ih(r x V)] = —ihk - [érr X <éra +(§912 te,+ 9 ﬂ
T

or 90 " ¥rsinf dyp
= —ilik - <é¢§0 - égsirllec’fp> (10.12)
Since k - é,=10and k-ég = —sin 6, we obtain
L,= —m% (10.13)

Since the electron carries a charge, the motion of the electron is equiva-
lent to a circulating current, which is therefore a magnetic dipole, with its
dipole moment vector coaxial with its angular momentum vector. So, the z
component of the angular momentum is measured by applying a magnetic
field along the z direction. Now, the wave function for the atomic electron
contains only one factor which is a function of ¢, which is €™, and so

L. = mha) (10.14)

Now, for a given value of £, |m| < £. So, for £ = 3, m can take on the values
-3, —-2,—1,0, 1, 2, 3. What this means is that for a given atom with ¢ = 3
a measurement of the z component of the angular momentum would yield
any one of these values —3h, —2h, —h, 0, +h, +2h, +3A. If we do a large
number of independent measurements of L, the average or expected value
is 0 (assuming that the positive and negative values are equally likely). By
applying the operator twice we get the eigenvalue equation

L2 = m2h%y (10.15)

So, if we were to measure L2 for £ = 3, we would get one of the values 0, h?,
4h%, 9h?. The expected value of L? is clearly positive. Now, for each value
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of ¢, there are 2¢ + 1 possible values of m. If we grant equal probability to
all these values, then the expected value of L? would be

pe(0+44+14+0+1+440)
2x3+1

= 4h?,

In general, the expected value of L? for any value of ¢ is given by
(12+22 4324 .02) 2 0(+1)
2041 B 3

(L?) = 2h? (10.16)
Of course, we could have placed the external measuring field in any direc-
tion, and we could just as well have measured L, or L,. We can therefore
write:

12422432+ ..0%) 00+1)
L?) = 2h2( =h? 10.1
(Lz) W1 3 (10.17)
and
oo (P22 4324 02 U(l+1)
(L2) =2h 1 =h 3 (10.18)

The operators corresponding to different components of angular momentum
do not commute. We can show that

(Lo, Ly) =ihL.; [L,,L.] =ihL,; [L.,L.)=ihL, (10.19)

Exercises:

1. Prove that 12 +22 + 324 ..n? = %. Hint: Use mathematical
induction. First show that it is true for small values of n such as 1 and
2 (basis of induction). Then show that if it is true for some number k, it
must also be true for k£ 4+ 1 (induction transition or step).

2. Prove the relations of Eq. (10.19).

From Egs. (10.19) it follows that it is not possible to measure two different
components of the angular momentum simultaneously.

We can define L? as the square of the total angular momentum:
L*=12+L2+12 (10.20)
We can show that
(L% L,) = [L* L,) = [L?,L,] =0 (10.21)

which means we can simultaneously measure the total angular momentum
and any one component.
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What is the expected value of L2? From Eq. (10.20) we obtain
2y _ /72 2 2\ _ 12
(L7) = (Ly) + (L) +(L3) = h*{(L + 1) (10.22)

And so the expected value of the total angular momentum, defined as

v/ (L?), becomes
(L) = hn/L(L+ 1) (10.23)

Our derivation may give the impression that L2 is not a measurable quan-
tity, and that we can obtain (L?) only through repeated independent mea-
surements of LZ,L> and L?. However, because L? commutes separately
with each of the L; component operators, L? is a hermitian operator that
has real measurable eigenvalues. So if ¥, is an eigenfunction of ﬁz7 it
must also be an eigenfunction of L2. And since (¢|L2[y)) = h20(¢ + 1), it
follows that

L*%nom = B2+ 1)Ypem (10.24)
As stated earlier, the Laguerre functions of Eq. (10.7) require that ¢ < n.
This means that for n = 1, £ must be 0. So, for the lowest energy state, the
angular momentum is zero, and not A, as expected in the Bohr-de Broglie
model of the atom.

Exercises:

1. Prove Eq. (10.21).

2. Derive an explicit expression for L? and show that it has eigenvalues
L+1).

10.2.1 Potential and Kinetic Energy

The kinetic energy of a rotating rigid body is obtained in classical mechanics
as

L2

T=—

21

where [ is the moment of inertia of the body about its axis of rotation.

(10.25)

Thus the quantity L? is proportional to the kinetic energy of the atomic
electron.

Now, the magnetic moment of a circulating current I moving in a circle
of area A has the magnitude = I A. The potential energy of a magnet
with moment p in a magnetic field B is U = —p - B. And for an orbiting
electron, its magnetic moment is proportional to its angular momentum.
Thus, when we measure L,, we are measuring the potential energy of the
electron in the magnetic field.
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10.2.2 Angle between Orbital Angular Momentum and
Measuring Field

The total angular momentum of an electron in an atom is y/¢(¢ + 1)i where
¢ =0,1,2,3, etc. is called the orbital quantum number of the electron.
Suppose ¢ were to have the value 2. Then the total angular momentum is
V/6h = 2.45h and the possible components of this angular momentum are
2h, h, 0, —h and —2h. The coefficient of # in these numbers is called the
magnetic quantum number because it becomes significant when the atom
is placed in a magnetic field. The magnetic quantum number is expressed
by the number m which is a positive, negative or zero integer.

The magnetic quantum number is manifested in the presence of a magnetic
field. The angular momentum of the orbiting electron can only take on
certain directions relative to the magnetic field. If we call the direction of
the magnetic field the z axis, then the angular momentum can only take
on these possible angles relative to the z axis such that

cosf =Tz ™M (10.26)
L LC+1)

For the case where ¢ = 2, the possible values of 6 are derived as follows:
For positive values of m we get cosf = 2/2.45 which makes § = 35.3°,

cosf) = 1/2.45 for which 0 = 65.9° and cos = 0 for which § = 90°. The
corresponding angles are the same for the negative values of m.

10.3 Spin

In classical mechanics every object has its proper identity, implying that
each particle carries a label distinguishing it from every other particle. So
every electron has its own “selfhood” and a particular history including
its various trajectories in the course of time. In quantum mechanics two
identical particles — such as two electrons or two protons — do not have
distinctive labels or identities. Thus it is meaningless to talk about the
history of any one such particle. This distinction has important implications
for the statistics of identical particles in quantum mechanics.

Now, let us consider two identical particles located at two points on the x
axis equidistant from the origin. Let us say one particle is at * = +a and the
other at © = —a. Now, suppose the system of the two particles is rotated
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counterclockwise by 180° or 7 radians. This new state is indistinguishable
from the original as far as a physical measurement is concerned, since there
is no way of physically distinguishing the identical particles. But we cannot
assume that the quantum mechanical wave function is unchanged. One
particle was initially at ¢ = 0 and after the rotation it was at ¢ = .
Suppose we were to describe the state of the pair of particles by the wave
function ¢. While we expect that [¢)(¢ +m)[* = |¢(p)|?, we cannot assume
a priori that 1¥(¢) = ¥(p + 7). Next, let us rotate the system once more
through 7 radians in the counterclockwise direction. Now the system is
exactly in the original state before the rotations began, and therefore we

expect ¥ (¢ + 2m) = Y(p).
Let us define a rotation operator R such that

Rip(p) = (g +m) (10.27)

Since this state is physically indistinguishable from the unrotated state, we
must have

(e +m)* = [v(p) (10.28)

So, we can write

Yo +m) = M(p) (10.29)

where ) is a complex number such that [A|? = 1. If we were to rotate the
system by another 7 radians continuing in the counterclockwise direction,
we would be back to the original configuration, which is both physically
and quantum mechanically indistinguishable from the original. So

RRi(p) = R*)() = N¢(p) = ¢(p) (10.30)
Thus A2 =1, and so A = +1.

So, depending on the value of A\, upon a rotation through 7, the wave
function either changes sign, or it does not.

A rotation through 7 is also equivalent to an exchange of particles. So, if
A = —1, the wave function changes sign when the particles are exchanged,
and if A = 1, the wave function does not change sign under a particle
exchange.

Now, if the two identical particles occupy exactly the same position, and
have the same quantum numbers, such as two electrons in an atom bigger
than hydrogen, the system would be physically and mathematically un-
changed under an exchange of particles. Which would mean that the wave
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function should not change. This has important consequences. If A = —1,
the wave function can remain unchanged only if it is zero. So, two identical
particles for which A = —1 cannot occupy the same position.

Particles with A = —1 are called Fermi-Dirac particles or fermions. Particles
with A = +1 are called Bose-Einstein particles or bosons. So, two identical
fermions cannot occupy the same position if they have the same quantum
numbers, i.e. two identical fermions cannot have identical wave functions.
This is called the Pauli exclusion principle.

An electron in an atom is described by radial (r), polar (§) and azimuthal
(¢) coordinates. The z component of angular momentum is proportional to
the function e”¥. We know that the total angular momentum of a system
of bodies is conserved, as long as there is no external torque on the system.
So, if an atomic electron has an intrinsic angular momentum due to some
sort of rotation about its axis in addition to its orbital angular momentum,
then the vector sum of these two will always be conserved when there is
no external torque on the atom. So, we should look for an intrinsic or spin
angular momentum wave function proportional to e**? where s is some real
number.

If the wave function is rotated through 27, the wave function remains un-
changed (boson) or changes sign (fermion).

So e?(#+2m) = ¢is¢ (boson) and e?*(?+2™) = —¢i%¢ (fermion).

Therefore e?*™ = +1 for a boson, and so s = 0, 1, 2, 3..., and €?¥™ = —1
for a fermion, and hence s = 1/2, 3/2,5/2, ....

We obtain the intrinsic angular momentum (about the z axis) by the equa-
tion

—maieiw = hse'? (10.31)

Thus the intrinsic angular momentum is i/2, 34/2, 5h/2... for a fermion,
and 0, A, 2A... for a boson.

The number s is called the spin quantum number or simply the spin of the
particle. The spin angular momentum sh is written as S, and its compo-
nents as Sy, Sy, 5.
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For a fermion of spin half, S, = /2 or —k/2, and the same goes for S, and
S,.

For a fermion of spin %, the z component of the spin angular momentum

3 h _h _3h ; :
55,5, 5. Lhe z component is written

as mgh, and mg can take on 2s + 1 values. The number 2s + 1 is the spin

could take on the four values

degeneracy of the particle. If S is the total spin angular momentum, then
(S%) = (S2) +(S2) + (S2) = s(s + 1)A? (10.32)
so that (S) = +/s(s+ 1)h.

Exercise:
Prove Eq. (10.32).

10.3.1 Stern-Gerlach Experiment

An electron is negatively charged, and since it has spin angular momentum,
it also has an intrinsic magnetic moment p. The potential energy of such
a magnet in a magnetic field B is given by —pu - B. Since the spin of an
electron is %7 the component of spin along a magnetic field can take on only
two values: :I:%. Based on this fact an experiment can be performed that
demonstrates that an electron spin can only be parallel or antiparallel to
a magnetic field. This is done by sending a stream of electrons through a
magnetic field. If the direction of the spins is entirely random before going
through the magnetic field, there is a 50 per cent probability that the spin
gets aligned parallel to the field and a 50 per cent probability that the spin
gets aligned antiparallel to the field. Let a stream of electrons be sent along
the x axis, and let us apply a magnetic field in the z direction.

As the electrons pass through the magnetic field they become oriented
in opposite directions, but they cannot be distinguished as long as the
field is uniform. Since the two states have different energies, depending
on the sign of —u - B, we could use their difference in energy to split the
beam according to the spin state. A method for splitting the beam in this
manner is to introduce a non-uniformity in the magnetic field, by giving
the field a gradient along the z direction. This means that the value of
B is not uniform but increases as we move upwards and decreases as we
move downwards. Particles tend to move from a position of higher potential
energy to one of lower potential energy. Since the potential energy of the
electron is proportional to B, if the energy is positive, it would move in the
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direction of decreasing B, and in the opposite direction for negative energy.
The incoming electron beam is thus split into 2s 4+ 1 = 2 streams, with each
stream having a different potential energy.

Such experiments carried out by Stern and Gerlach showed that the elec-
tron beam was split into two streams as it passed through the apparatus.
Classical physics predicts the electron beam to fan out in both directions
with electrons deflected through a continuous range of angles, because in
classical physics the electron spin can have any orientation relative to a
magnetic field. But the experiment showed only two clearly demarcated
streams, thereby demonstrating that the spin had only two orientations
relative to the magnetic field. Thus the Stern-Gerlach experiment provides
experimental proof for the quantum theory of electron spin, and at the
same time confirms that the electron has spin %

Since an electron is a fermion, it obeys the Pauli exclusion principle. This
becomes significant in any atom having more than one electron, of which
helium with two electrons is the simplest example. In the ground state of
the helium atom the principal quantum number n = 1. In any atom, for
n = 1, the only possible value of the orbital quantum number /£ is zero, since
¢ <n—1. (The electron cannot be pictured as orbiting the nucleus but as
oscillating in a straight line with the nucleus at the mean position of rest.
This is a crude picture, because at the quantum level one can no longer
talk about trajectories.) There are two electrons in the ground state of the
helium atom, each having n = 1 and ¢ = 0. But since the two electrons
of the atom cannot have all the same quantum numbers, the electrons
must differ in their spin quantum number m, which is the magnetic spin
L and +%. Thus the two electrons

2
must have opposite spins. If we were to measure their spins simultaneously

quantum number, taking the values —

in any direction, say the x direction, if the spin of one electron is along the
positive x direction, the other electron will be found to have spin along the
negative x direction.

The next atom Lithium, has three electrons. Two electrons have n = 1 and
¢ =0, and they have opposite spins. The third electron cannot have n =1
and ¢ = 0, because it is impossible to have three electrons with different
spin directions. And since £ is always less than n, the third electron has
n=2and ¢{=0.

Thus the periodic table of elements is built up with the Pauli exclusion
principle as the guiding rule.
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10.3.2 Spin and Polarization of the Photon

Experiments on the spectra of atoms have shown that when an atom emits
or absorbs a photon, the atom must undergo a change in orbital quantum
number by 1, i.e. the only permitted transitions are those for which A¢ =
+1. The change of angular momentum is accounted for by the absorbed
or emitted photon. Thus the photon must have spin 1, and the measured
intrinsic angular momentum in any direction must be +h.

Since the photon is a boson, it is not constrained by the Pauli principle.
There is no reason why any number of photons cannot be placed in the
same quantum state. And this is why lasers are possible. In a laser (Light
Amplification by Stimulated Emission of Radiation) a very large number
of photons are generated in the same quantum state, thus providing great
coherence and intensity.

Since the photon has spin 1, we would expect that a measurement of the
photon angular momentum should yield A,0 or —A units in any direction.
But the photon has never been measured with zero angular momentum.
Thus its degeneracy is 2, and not 3, as one might expect from the formula
2s+1. One explanation for this anomaly is that the photon travels at speed
c and has zero rest mass.

A plane polarized electromagnetic wave has its electric and magnetic fields
oscillating in planes perpendicular to each other, and to the direction of
propagation. The propagation is along the Poynting Vector eyc’E x B,
which is evidently perpendicular to both E and B.

If we superpose two identical plane waves with the electric fields perpendic-
ular to each other, we would get a wave which is a resultant of these com-
ponent waves. For a particular phase difference of the fields, the resultant
electric field will circulate in the clockwise direction in a plane perpendic-
ular to the propagation of the wave. Such a wave is said to be circularly
polarized with negative helicity. For a different phase difference, the wave
will be circularly polarized in the counterclockwise direction, and thus with
positive helicity. The helicity A of a particle is defined as the component
of its spin in the direction of motion. So, if the momentum of the photon
is p, and its spin s, its helicity equals

S-p
A=+ 10.33
, (10.33)
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A circular polarized wave has spin angular momentum +% or —h along the
axis of propagation. So s is either parallel or antiparallel to p. Since S =
1 for a photon, its helicity A = £1.

The state of a right circular polarized photon (with negative helicity) can be
represented by |R) and one with positive helicity by |L). A plane polarized
wave can be converted to a circular polarized wave by passing through
suitable filters. A plane polarized wave can be considered as a superposition
of two opposite circular polarizations, and a circular polarized wave is a
superposition of two perpendicular plane polarizations. So, a normalized
photon wave — one photon within the region — is expressible in either
plane polarized (|z) or |y)) or circular polarized (|L) or |R))forms, which
have definite relations to each other:

V2
(10.34)
V2
Equations (10.34) can be solved to obtain the inverse equations
|R) +|L)
o) = LI
V2
(10.35)
|R) —|L)

ly) = 7

The states |z) and |y) form an orthonormal basis. (z|z) = 1, (z|y) = 0, etc.
And an arbitrary polarization state can be written as |¢) = al|x) + bly).
Alternatively, we can also choose the circularly polarized states as bases
and write the same polarization state as ) = ¢|R) + d|L).

A linear polarized wave can be converted to a circular polarized wave by
passing it through a suitable crystal called a half-wave plate. The conver-
sion process is represented quantum mechanically by the operators

Cr = |R){z| +|R)(y|

(10.36)
Cr = |L){z| + [L)(y|
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Exercises:

1. Evaluate (i) Cglz) (i) Cply).

2. Evaluate (i) (R|z) (i) (L|y).

3. Evaluate CrCy. Interpret this physically.

4. Derive operators P, and Py for the conversion of circular polarization
to plane polarization.

5. Derive an expression for é’; Show that C’;r?é’ r is the identity operator

I, so that (x|C';C'R|x> =1, and <y\C’£C’R|y> =1.

10.4 The Pauli Spin Matrices

10.4.1 Wave Function and Electron Spin

An electron can be described by a spatial wave function ¢ (z,y, z) in terms
of the coordinates (x,y, z). But this wave function does not tell us the spin
state of the electron. Since an electron has spin %, this spin can be oriented
either parallel or antiparallel to a magnetic field.

Thus, in order to describe the state of the electron, it is not sufficient simply
to provide the probability amplitude for finding the electron at some point
in space — for that is what ¢(x,y,2) is — but we should also provide
the probability amplitude for finding the electron with spin up or down
along some axis. When we say finding, we mean measuring the spin of the
electron using a magnetic field. Conventionally we use the z axis as the
direction of the field.

In quantum mechanical language, we write the spin state of an electron as

9 = ) or =)

where |+) is the state in which the electron has spin up and |—) the state
with spin down. If both these are normalized, and if both these states
(spin up or spin down) are equally likely — i.e. we have not made any
measurement on whether the spin is up or down — then the quantum
mechanical spin state of the electron may be written as this normalized
wave function

o) = )

V2

This state is a linear combination of equally weighted amplitudes for spin

(10.37)

up and spin down. Of course, the plus sign between the two state functions
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is not the only possibility. A different linear combination would yield the
following wave function

N G el )
|$2) = 7 (10.38)

The most general spin state with an arbitrary linear combination of up and
down states is written as
[¥) = al+) + b]—) (10.39)

where a and b are complex numbers and |a|? + |b|? = 1. The probability of
finding spin up is |a|? and that of finding spin down is |b|>.

Exercise:
Assuming that |[+) and |—) are orthonormal, show that |¢1) and |¢2) are
orthonormal.

A fuller description of the electron state is obtained by combining the spin
and the space states. The standard procedure is to form the simple product.
So, if the spatial wave function is v, the total wave function would be

something like
) +1-)
()

We have some familiarity with the matrix representation of quantum states.
In this situation each of the spin state vectors can be written as a column
matrix. A common convention is the following:

) = H (10.40)
and
-y = m (10.41)

So, if an electron is definitely in a state of spin up, it would be described
by the wave function
vleaa) o] = |0

If the electron is in a state with equal probability of being found with spin
up or down, then the wave function could take on the shape

(25 -5
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or more generally as

1 [et*y
7 o)
where o and 8 are real numbers. In general, however, we cannot assume
that the electron has equal probability of its spin being up or down. More-
over, the probability of finding the electron with spin up (or down) will in
general vary from point to point in space. This is because the electric and
magnetic fields may not be uniform in the region. So the most general wave
function would have the form

[w-ﬁ- (l‘, Y, Z):|
,(/)_ (x’ y’ Z)
where ¥4 (z,y,2) and ¥_(z,y, z) are the amplitudes for finding the elec-
tron with spin up or down at the point (z,y, z) respectively. But we shall
consider the simpler case where the spin does not depend on the spatial
coordinates, as in a uniform magnetic field:

ot []

where a and b are complex numbers, and [a} is normalized, so that

b
][] = 1o+ 2 =1

If an electron is in the spin state |¢), the probability amplitude for finding
its spin in the up direction is

=1 alfy] = (10.42)

Thus the probability of finding the electron with spin up is |a|?. Likewise the
probability of finding the electron with spin down is |b|?, and |a|? + |b|?> = 1.

Exercises:

(SIS

1. Given a normalized spin wave function find the value of |b|.
b

2. Show that C.OS 0 and sin 0 are orthonormal.
sin 6 —cos 6

Suppose we have an electron in an eigenstate with spin up along the z
axis. Now, if the spin angular momentum is measured along the z axis, the
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state of the electron will not change, and the result of the measurement
will be +//2 along the z axis. We could therefore represent the process of
measurement by this operator equation:

s. H — 12 m (10.43)

If the spin of the electron were along the negative z direction, the measure-
ment of the spin angular momentum would yield —%4/2:

s. m — _h2 m (10.44)

This suggests that S, is a 2 X 2 matrix:
h/2 0 10
=h/2
v e = o )

That was quite simple. But what about S, and S,? These require some
more work.

First, since space is isotropic, we expect that S, and S, are related to S, by
a simple rotation of axes. We recall that the trace of a matrix is unchanged
under a rotation. Since Tr [S,] = 0, it follows that Tr [S;] = Tr [S,] = 0
as well.

Secondly, since all three operators Sy, Sy, S, represent observables, they are
hermitian.

Thirdly, since the spin angular momentum of an electron is //2 when mea-
2

sured in any direction, S% = 5’; =52 = %I, where I is the 2 x 2 unit

matrix.

We will begin with the matrix S, = //2 {Z Z} .
Since this matrix has 0 trace, d = —a. Since it is hermitian, a is real, and
¢ = b*. Next, since S2 = (h?/4)I, a® + |b]*> = 1.

a b
So, S, = h/2 [b* a}

Now, the Hilbert space representing electron spin is a two-dimensional
space, and the states representing spin in the z direction (|z+) and |z—))
are orthonormal, i.e. (z+|z+) = 1; (z+|z—) = 0, etc. So, we can take |z+)
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and |z—) as a pair of unit vectors that span this space. If we now decide
to measure the spins along the x direction, we would then find the electron
either in the state |x+) or the state |[z—). But since we have made |z+)
and |z—) the base vectors of this space, we should be able to write the state
vectors corresponding to spins along the x axis and the y axis also as linear
combinations of |z+) and |z—).

So, we could write
B el

7 (10.45)

|z+)

and

ooy = |20 = 10)
V2

(Of course, other linear combinations of |z+) and |z—) are possible, so long

as |z+) and |z—) come out orthonormal.) Therefore, Eq. (10.45) becomes

(e -all o

Since |z+) is an eigenfunction of the operator Sy,

Sylz+) = h/2|x+) (10.48)

(10.46)

Writing out the matrix elements explicitly,

b2 B =L o

So, we get the equations a + b =1 and b* — a = 1. Adding, we find
b*+b=2 (10.50)
Next, we use the eigenfunction equation

Splz—) = —|z—) (10.51)

I (1052

And we find that a — b = —1 and b* + a = 1. So we get 2a + b* — b = 0.
b* — b is wholly imaginary, and a is real. The inference is that a = 0, and

which becomes

b is real. And so b = 1. The required matrix is

h|01
Sy = 3 [1 0} (10.53)
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Next, we will find an expression for S,. The eigenstates of this operator
are |y+) and |y—). Let us try these two states which are made of equal
contributions from |z+) and |z—):

_ |z+4) +iz—)
V2

_l=H) =)

ly+) and ly—)

So

=751 wd )= 5| 1

A similar procedure yields the result

%zhﬁ4] (10.54)

Exercise:
Derive Eq. (10.54).

So we have obtained three different hermitian matrices that adequately rep-
resent the components of the spin of an electron. Of course, these matrices
are by no means unique, and we could have come up with different matrices
that serve the same purpose. Each such choice of a set of matrices is called a

. Lo . . . 01
representation. Our choice is the Pauli representation. The matrices [1 O} ,

¢ 0 0-1
0z,0y and o, respectively.

[0 _1 and [1 0 ] are called the Pauli spin matrices and are written as

10.4.2 Trace of a Hermitian Matriz

Let H be a 2 x 2 hermitian matrix. Let X = {m} be an eigenvector
1)

of H with eigenvalue A\;. Let Y = Bl} be the other eigenvector of H
2

with eigenvalue Ao. These eigenvectors are orthonormal, meaning XY =
YIX=0and XX =YY = 1.

Now, HX = \1X and HY = oY, which can be written in matrix form as

hi1 h12} {551} [)\1331]
— 10.55
{hzl hao| |22 A2 ( )
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hi1 hu] [Zh} [)\le}
= 10.56
|:h21 haa| Y2 A2y2 ( )
Let us construct the matrix U:
U= rl yl] (10.57)
T2 Y2
and its adjoint
Ut = [“””1 xf] (10.58)
Y1 Y2
From Egs. (10.55) and (10.56) we obtain
Az )\2y1}
HU = 10.59
{/\11‘2 )\2y2 ( )
So
2 2 * *
UTHU = Pl(m'* ol el + nyg)] (10.60)
AL(z1yy + 22y3) Ayl + |y2/%)

The sum of the diagonal elements of a square matrix H is called its
trace or spur, written Tr [H] = >, h;;. Consider the product of two
square matrices AB, with elements (AB);; = Y., AixByj. Tr [AB] =
D i(AB)ii =350 AiyBji =32, 32, BjiAij = Tr [BA].

It is easy to show that UUT = I where I is a 2 x 2 unit square matrix. So
Tr [UTHU] = Tr [UUTH] = Tr [H].

Since |z1|? + |z2|?> = 1 and |y1]? + |y2|? = 1, Te[UTHU] = A\; + A\2. Hence
Tr [H] = A; + A2. Thus the trace of a hermitian operator is the sum of its
eigenvalues.

Since the eigenvalues of an electron spin operator are equal and opposite in
sign, the trace of these operators is zero. Tr [Sg] = Tr [S,] = Tr [S.] = 0.
Naturally, the same holds also for the Pauli spin matrices o, 0y,0.

Exercises:
1. Show that [ﬂ and [1

] are eigenfunctions of S, corresponding to the
two eigenvalues h/2 and —h/2.
2. Show that K] and {_12] are also eigenfunctions of Sy and find their

corresponding eigenvalues.
3. Show that 0,0y, = i0,, 0y0, = i0, and 0,0, = i0y.

4. Show that 0,0y = —0y04, 0y0, = —0,0y and 0,0, = —0,0,.
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10.4.3 Unitary Matrices
A square matrix A having the property AA" = I is said to be a unitary
matriz. Clearly, for a unitary matrix AT = A~1.

Some unitary matrices can also be hermitian. A unitary hermitian matrix
is its own inverse. If A = At and AT = A~! then AA =1.

Exercises:

1. Show that o4, oy and o, are Hermitian and unitary matrices.

2. Prove that the eigenvalues of a hermitian unit matrix are either +1 or
-1

3. Show that if X is the eigenvalue of a unitary matrix, then A*A = 1.

So when we multiply an eigenvector by the corresponding unitary matrix,
we get another vector with the same magnitude. In general, a unitary
matrix does not change the magnitude of any vector, regardless of whether
it is an eigenvector or any other vector. This can be proved easily.

Suppose we have a normalized vector [¢)). Since this vector is normalized,
it has magnitude 1, i.e. (¢|¢)) = 1. Let us multiply this vector by a unitary
matrix U and let us call the resulting product the vector |¢):

Ulpy=1|¢) and (WU = (¢|
(Blo) = (WUTU) = (W[I1p) = (p[v) = 1. (10.61)

10.4.4 Spin Angular Momentum

Because angular momentum can be thought of as a vector, with three spa-
tial components, it is natural to think of spin as a vector. The Pauli spin
matrices are sometimes written as a vector with three components:

o = %UI —&—j’oy + ]%UZ
where 7, 7 and k are unit vectors along the z,y and z axes respectively.
So if we call S = %a‘ the spin angular momentum, we can write

S = 1i/2(104 + jo, + ko)

Let us now define the square of the spin angular momentum S? =S - S

S5?2=8.S= %2('2037 +jay Jrl;:az) . (gax Jrjay JrlAsz) = %2(03 Jrog +02)
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Since 02 = 02 = 02 = 1, it follows that

S% = 3h?/4

So we get this interesting result that when we measure the component of
the spin angular momentum in any direction we obtain //2 but when we
measure the magnitude of the total spin angular momentum we obtain

V3h/2.

10.5 Spin of an Electron

The earth spins on its axis as it flies through space in a wide orbit round
the sun. The axis of the earth’s rotation is approximately perpendicular
to the direction of its orbital motion. This macroscopic object could serve
as a model for an atomic electron which has spin and linear motion as it
orbits the nucleus. However, when we consider a microscopic particle such
as an electron, it is not possible to think of its spin as a rotation about
its axis because an electron is really not a hard spinning sphere of charge.
Indeed, it is not possible to picture the electron at all, because any attempt
at picturing involves a mental construction of its shape and trajectory of
motion, neither of which is real when we are dealing with extremely small
objects. Nevertheless, there is some merit to thinking of the spin of an
electron as a rotation about its axis.

The law of conservation of angular momentum states that the total angular
momentum of a system of objects remains constant unless there is an ex-
ternal rotational force acting on the system. It turns out that for an atomic
electron only the sum of its orbital angular momentum and its spin angular
momentum is conserved, not the spin or the orbital angular momentum
separately. So it is possible for the electron spin to undergo a spontaneous
flip, but if that should occur there would also be a change in the orbital
angular momentum, maintaining the total angular momentum constant. A
second argument for considering spin as a sort of rotation comes from fer-
romagnetism. In classical physics a spinning charge behaves as a magnet
with a north and a south pole. The magnetism of iron comes primarily
from the spin of electrons.

Thus it is not unscientific to picture the electron as a spinning charge, all
the while keeping in mind that in quantum theory a spinning particle is no
more than a convenient symbol. In addition to spin an electron could also
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have linear momentum due to its motion. The component of the spin along
the direction of motion is called the helicity of the electron. More precisely,
for an electron with spin o and linear momentum p the helicity = o - p/p
where o = 0, + jcry + lAcaz, the vector formed from the Pauli o matrices.
The helicity of an electron is :i:%.

The quantity o - p is a matrix. If the components of the momentum are
(Pz, Py, =), then we can write o - p = 04Dy + oypy + 02D

Exercises:

1. Show that o -p = Pz pz—lpy].

Pz +ipy  —P-
1
2. Show that (o - p)? = p?I where I is the unit matrix {0 (i)] '

10.6 Pauli Equation

10.6.1 Pauli Equation for a Free Electron

An important result established in the preceding exercise is that (o - p)? =
p?I. This suggests a way to incorporate spin into the wave equation for
an electron. For the sake of simplicity, we shall limit ourselves to sys-
tems which do not change with time. Then the wave equation takes on
a particularly simple shape, since the total energy remains constant, and
the wave function is therefore an eigenfunction of the energy operator or
Hamiltonian.

If an electron is in a state of definite energy, i.e. an energy eigenstate, which
we denote as [1), the energy operator or Hamiltonian H is related to the
eigenstate by the equation

Hp) = E|1) (10.62)
For a free electron, H = %mv2 = % in the non-relativistic case where v is

much less than c. Writing the momentum as an operator, the free electron
energy operator becomes

A2
H|) = 2 [)
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If the wave function |¢) includes the spatial and spin components, we may
write it as

_ ¢1 (J?, Y, Z)
) = Lﬂg(x,y,z)} (10.63)

Here the upper term represents the wave function for an electron with spin
up, and the lower term for spin down. A wave function consisting of two
components corresponding to the two different spin orientations is called a
spinor. (We could think of this word as an abbreviation of spin vector.)

The energy operator acting on the wave function is expressible as

u {wl(fmy,zq _ {dn(x,y&)} _(o-p)? {dn(x,y&)}

’IZ)Q(I',y,Z) - 2m Z/JQ(.’E,y,Z) 2m 7/)2(%2/’2)
So
(U'p)2 1/11(:c,y,z) _ ¢1(1’7ya2’)

Equation (10.64) is called the time independent Pauli equation for a free
electron in the absence of electric and magnetic fields. A closer look at the
equation reveals that it is actually two different equations written together
in matrix form:

)2
Z BNy (y,2) = B9, 2) (10.65)
and
om 22, Y, 2) = 22, Y, 2 .

So there is really no advantage to writing the two equations as a single
matrix equation for a free electron in the absence of any fields.

10.6.2 Electron in an Electromagnetic Field

However, the situation changes if we introduce a magnetic field. A mag-
netic field is represented either by its field strength vector B or by its vector
potential written as A. Both these vectors are equally valid ways of repre-
senting the magnetic field, and we use one or the other depending on the
physical context. When a particle of charge ¢ moves in a magnetic field, it



Quantum Angular Momentum and the Field 311

carries with it a momentum equal to ¢gA in addition to its mechanical mo-
mentum p. In an earlier chapter (Special Relativity and Electromagnetism)
we saw that the Lagrangian for a field containing a charge ¢ traveling with
velocity u is given by

2
£:—m02\11—2—2—q¢+qu~A (10.67)

The canonical momentum is derived from the Lagrangian by taking the
derivative with respect to the position coordinate:

oL muy

Ou; a2
02

where A1 = Az,AQ = Ay,Ag = Az.

P = +%Ai:pi+q14i

In quantum mechanics, the momentum operator in the presence of a field
is obtained not from the mechanical momentum, but from the canonical

momentum:
P, - —ih2
” or
Hence the mechanical momentum p, = P, — qA; = —ih% —qA,.

The presence of the magnetic field will modify the Pauli equation so that
it now reads:

ol (P~ gA)Pl) = Blo) (10.68)

where [1)) is the two-component spinor given by Eq. (10.63). Here again |)
is an eigenvector of the energy operator. Since the operator is a 2 X 2 matrix,
it has two eigenvalues (which may be equal under certain circumstances)
which we shall call F; and Es.

There is an important vector identity involving the Pauli spin matrices:

(c-a)(oc-b)=a-b+io-(axb) (10.69)

Settinga=b = P— qA = —ihV — qA, we get
[0 (P —qA)2= (P —qA)?+io-[(—ihV — qA) x (—ihV — qA)]

[(—ihV — qA) x (—=ihV — qA)] ¢ = igh[V x (AY) + A x (V)]

= igh[ (V x A) — A x (V) + A x (Vi)] = ighBy (10.70)
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So Eq. (10.68) becomes

(P‘P _an B) ) = Ely) (10.71)

2m 2m

In the above equation p is no longer the momentum operator but simply
the mechanical momentum of the charged particle. The Pauli spin matrices
appear in a dot product with the magnetic field. The first term inside the
brackets is the kinetic energy operator, and the second term is the poten-
tial energy operator. The Pauli equation applies to all spin half charged
particles. The second term can be compared to the potential energy of a
magnet of dipole moment p in a field B which is U = —u - B. Thus, the
magnetic moment vector of a spin half particle of charge ¢ is given by

qh
= — 10.72
p=y -0 (10.72)
The spin magnetic moment of an electron pupg is called the Bohr magneton.

pp = £ =9.274 x 10724 J/T.

We saw in an earlier chapter that a classical rotating charge ¢ and mass m

with angular momentum L has a magnetic moment of magnitude y = - L.

2
5 is called the gyromagnetic ratio. But we see that for an electron = <5
where S is the angular momentum /2. So for an electron, the gyromagnetic
ratio is e/m, twice the expected value. This ratio between the quantum
mechanical and the classical gyromagnetic ratios of an electron is called the
g factor of the electron. According to this calculation g = 2, but because of
the interaction of the electron with the electromagnetic field, a correction

is required that makes the electron g factor slightly greater than 2.

10.7 Interaction of an Electron with a Photon

The electromagnetic field is generated by charges, and the field can only
be detected by charges. At the microscopic level, the simplest interaction
between a charge and a field is the collision between a photon and an
electron, otherwise known as the Compton Effect. In an earlier chapter we
discussed the exchange of energy and momentum between the two particles.
In this section we will examine the angular momentum exchange in this
process.

Global conservation of angular momentum is required by isotropy of space,
i.e. that the laws of physics are valid in every direction. So, in the collision
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of a photon with an electron the total angular momentum of the system
about any axis remains constant.

Consider a propagating electromagnetic wave with linear momentum den-
sity p = egcE x B. Suppose there is a charge ¢ placed at the origin of the
coordinate system. The angular momentum density of the field about the
origin is

L= /r x pdV (10.73)
So

L= eoc/r x (E x B)dV (10.74)

Suppose this electromagnetic wave has low intensity. If the charge was ini-
tially stationary, then as the wave begins to interact with it, the charge will
be displaced in the direction of the force applied by the wave. The magnetic
field B has no effect on a static charge, and so the initial displacement will
be in the direction of the electric field. Let us consider an infinitesimal
displacement Ar undergone by the charge. Because of this displacement of
the charge, the angular momentum of the wave relative to the charge will
also change correspondingly:

AL = eoc/Ar x (E x B)dV (10.75)

Now,
Ar x (ExB)=(Ar-B)E — (Ar-E)B (10.76)

A stationary charge is not affected by a magnetic field, but it will undergo a
displacement along the electric field — in the same direction for a positive
charge, and opposite direction for a negative charge. The magnetic field is
perpendicular to the electric field. So Ar-B = 0.

Therefore
AL = —eoc/(Ar -E)BdV (10.77)

Thus the change of angular momentum of the field relative to the point
charge will be along the magnetic field B. Global conservation of angular
momentum requires that the charge will undergo an equal and opposite
change of angular momentum, relative to itself, i.e. about its own axis in
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a classical description. So, in classical electrodynamics the charge would
begin to spin as it enters the field of the electromagnetic wave.

If the charge in question is an electron, we will apply quantum mechanics.
The electron has angular momentum component :I:g along the direction of
the magnetic field B. And angular momentum cannot be exchanged con-
tinuously, but only in quanta. The interaction between the electromagnetic
wave and the electron is described as an absorption followed by an emission
of a photon (or an emission followed by an absorption). In either case there
is a transfer of angular momentum 7% to or from the electron, because the
photon has spin 1 and intrinsic angular momentum . Since the spin angu-
lar momentum of the electron in any direction can only be A/2 or —f/2, an
absorption or emission of a photon causes the electron spin to flip, so that
the angular momentum change of the electron is always .

We know that the forces between electrons are mediated by the electromag-
netic field. So, the repulsive forces between two electrons can be described
in terms of exchange of photons. An electron emits a photon, and thereby
experiences a recoil, and this emitted photon is absorbed by the other elec-
tron, imparting it a momentum away from the first electron. This interme-
diate photon is not detectable, and so is called a wvirtual photon. Virtual
particles function as catalysts in fundamental processes. Their careers are
fleeting, and they come under the realm of the uncertainty principle. The
momentum they exchange is the uncertainty in momentum of the real elec-
trons. Likewise the uncertainty in position is the displacement of the virtual
photon, etc.

A virtual photon can be absorbed from the vacuum, and returned to the
vacuum. Consider the following process:

~)~Q o>
e c

An electron and a positron are in close proximity to each other. The electron
absorbs a virtual photon from the vacuum field, and the positron emits a
virtual photon to the vacuum field. There is no net change to the vacuum
field. The electron has gained a momentum to the right, and the positron
a momentum to the left. The spin of the electron was flipped when it
absorbed the photon, and likewise for the positron. The net result is that
the two particles approach each other. The virtual process of absorption
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and emission of photons is repeated, and the charged particles accelerate
towards each other.

If two electrons — or two positrons — are brought close to each other,
one would emit a virtual photon which would be absorbed by the other
particle. The first particle would recoil — say to the left — and the other
would receive a momentum to the right. Thus there would be repulsion.

The Compton effect is the scattering of a free electron by a photon. The
Feynman diagram of the process is as shown below:

+1

Scattered photon
Scattered p

electron
12| Intermediate
electron

Incident electron Incident photon

Compton Effect

The incident electron absorbs a photon (incident photon), exists momen-
tarily as an intermediate electron, then continues as a scattered electron
after emitting a photon (scattered photon). There are two vertices in this
diagram. At each vertex there is conservation of charge, momentum, en-
ergy and angular momentum. The absorbed incident photon has the effect
of flipping the spin of the electron, so that the intermediate electron has
the opposite spin as the incident electron. The intermediate electron emits
a photon and thereby its spin flips back to the original.

Conservation of global angular momentum is an important rule in the inter-
action of elementary particles. Charged particles interact with each other
via the electromagnetic field. Most charged elementary particles have spin
1
29
ton angular momentum can only be +A, and never 0. So the photon is

and the photon has spin 1, with degeneracy 2, i.e. the measured pho-
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able to mediate the interaction between spin half charged particles, such
as electrons, muons and tau particles, as well as their antiparticles having
opposite charge. Protons and antiprotons are composite particles consti-
tuted of quarks of spin half. Quarks have fractional electric charge values:
an up quark (u) has charge +2e/3, and a down quark (d) has charge —e/3
where the elementary charge e has the magnitude of the electron charge
1.60 x 10719 C. Having spin half, they can interact with photons. A neu-
tron is constituted of one up quark and two down quarks (udd), and a
proton is constituted of two up quarks and one down quark (udu).



Chapter 11

Relativistic Quantum
Electrodynamics

11.1 Applying Special Relativity to Pauli’s Equation

The Schrédinger wave equation explained the quantum mechanical proper-
ties of a non-relativistic particle, and provided the correct energy levels of
a hydrogen atom. Pauli’s equation incorporated electron spin and correctly
yielded the energy eigenvalues in the presence of a magnetic field. How-
ever, because it is a non-relativistic equation, it is of limited application.
Dirac set out to find an equation that would have all the features of Pauli’s
equation, but would transcend its limitations. In doing so, he made some
interesting discoveries.

The relativistic energy of a particle of rest mass m and momentum of
magnitude p is given by E? = p2c? + m2c*. What is interesting about
this equation is that the energy and momentum appear only in the second
power. This means that for any value of the measured momentum the
energy can have two values, one positive, and the other negative:

E = ++/p?c? + m3c* (11.1)

Negative energies are not uncommon in physical situations. For an atomic
electron the potential energy is negative and greater in magnitude than
the positive kinetic energy, and so the total energy comes out negative.
But Eq. (11.1) shows that E can have negative values even in the limit as
p — 0, i.e. for a virtually stationary particle in the absence of a potential.
Thus, the rest energy of the particle could also be negative. Dirac realized
that he would have to include negative energies as valid possibilities in his
relativistic wave equation.

317
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Hence Dirac’s wave function for the electron is a vector or row matrix with
four elements — positive spin up, positive spin down, negative spin up,
negative spin down. Such a matrix is called a Dirac spinor:

(G}
(CM
U3
(O

¥) =

Each of these four elements is a spatial wave function of the electron. The
first (¢1) is the wave function of the electron with positive energy spin
up, the second (¢3) represents positive energy spin down, the third (i)
negative energy spin up, and the fourth (¢4) negative energy spin down.

A vector with 4 components requires a 4 X 4 matrix operator to act upon
it. Let us recall that spin was explicitly incorporated into Pauli’s non-

2
relativistic equation by rewriting the Hamiltonian as (‘72'7‘;) , and for a free

electron this is identically equal to %I . Allowing for positive and negative
energies, in the absence of fields — the square of the energy is E? = p? +
m2ct. So, for a free electron, the Hamiltonian H must satisfy H? = p*I +
m2c*T where I is a 4 x 4 unit matrix.

o]

We now define three 4 x 4 matrices:

«

usual 2 x 2 Pauli spin matrix vector = io, + jay + ko

0001 00 0—i 0010
0010 0030 000-1
“=1o100] ® Jo—ioo] T |1000
1000 i 000 0-10 0
We also define another 4 x 4 matrix:
100 0
(1ol lo10 o
B_[O—I}_ 00-10

000 -1
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We now propose a free particle Hamiltonian:

H = ca - p + fmc? (11.2)
Since a and [ are hermitian, the operator H is also hermitian. Now, the
energy of the electron is given by E? = p? + m?c?, and so the eigenvalues
of H are E and —F. Since the trace of a hermitian operator is the sum of

its eigenvalues, we require that Tr [H] = 0. An examination of the matrices
shows that Tr [a] = 0, and Tr[8] = 0, and hence Tr [H] = 0.

We should carry out the following exercises before proceeding further.

Exercises:

1. Show that 82 = I where I is the 4 x 4 identity matrix.

2. Show that Sa = —af.

3. Using the relations 0,0, = —0,0,, etc. show that (o - p)(o - p) = p*I
where [ is the 2 x 2 identity matrix.

4. Show that (o - p)(a - p) = p*I where I is the 4 x 4 identity matrix.

As stated above, for both positive and negative energies, the Hamiltonian
H must satisfy H?> = (p? + m?c*)I where I is the 4 x 4 unit matrix.
This is easily verified, using the results obtained in the exercise above:
(a-p)- (a-p)=p?l and Ba = —aB. And so
[ca “p+ ,6’mc2] [ca “p+ ,6’mc2] = (p* + m*cHI

For a spin half particle of charge e in a field described by the potentials
(¢, A) the Dirac Hamiltonian becomes

H=coa- (P —eA)+ Bmc*l + epl (11.3)
where P is the canonical momentum operator —iAV. When applied to
the four-component spinor, there are four equations, and in general the
components cannot be separated, i.e. there is no equation containing only
one element 1; of the spinor.

It is customary to suppress the unit matrix factor I and so we write the
general time-dependent wave equation as

(3 LN
(P — 2 Yo| _ 0 |
[ca- (P —eA) + Bmc” + ed) vel = m@t s (11.4)
(o (N
which we express in condensed form as
Hyp) = ihM (11.5)

ot
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For a time independent steady state, with constant total energy, the solu-
tion becomes

) = e F M) (11.6)
where |u) is a state vector which is independent of the time.

A time independent steady state is a state of constant energy, which could
be positive or negative. For each positive energy there are two possible spin
states, and likewise there are two negative energy states corresponding to
the different spin values. So F is positive for the first two elements of |u),
and is negative for the third and fourth elements. It is evident that the |u;)
are orthonormal states.

Let us now consider a free electron in the frame of reference where its
momentum p = 0. The Hamiltonian becomes H = Bmc?, and Dirac’s
equation takes the form Bmc?|u) = E|u). The eigenvalue E takes on the
values mc? and —mc?, and the corresponding normalized time independent
spinor solutions become

o Ju2) = y lus)y = || fua) = (11.7)

0
0
lur) = 1
0

o O O
o O = O
_= o O O

|u1) and |ug) represent solutions of positive energy, and |ug) and |u4) rep-
resent solutions of negative energy.

11.2 Interpretation of the Negative Energy States

If negative energy states are real, how come every electron does not drop
into a negative energy state like an atomic electron dropping from a higher
to a lower energy state? If this could happen, there should be no positive
energy electron available in the universe, because they would all drop from
higher (positive) to lower (negative) energy states. Dirac suggested that
the negative energy states were all filled. This would be analogous to an
atom in which the lower energy states are occupied by electrons, and by
Pauli’s exclusion principle the higher energy electrons could not drop to one
of these lower energy states, since no two electrons can occupy the same
quantum state. So Dirac’s hypothesis was that the universe is actually an
enormous sea of negative energy electrons of all possible (negative) energies,
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and so there is no possibility of a positive energy electron dropping to a
negative energy state, simply because there is no room available.

But in an atom it would be possible for a higher energy electron to drop
to a lower energy state if somehow one of the lower energy electrons got
knocked out of the atom, thereby creating a “hole” which could be filled
by a higher energy electron.

So Dirac considered the possibility that a negative energy electron could
be knocked out of its state and become a positive energy electron, leaving
a hole behind. This hole would behave like a positive energy particle. And
if a positive energy electron fell into the hole, the hole would disappear.

So let us see what happens when such an electron at rest falls into a hole.
Its initial energy is mc?. As it drops into the hole, its energy becomes
—mc?. So the net loss of energy of the electron is 2mc?. This energy is
radiated away as photons. Since the photons carry momentum, we need
two photons to balance energy and momentum. The sum of the energies of

the photons would therefore have to be 2mc?.

Dirac suggested that a hole in the negative electron sea is equivalent to a
particle with the same mass as an electron, but with opposite charge, since
the union of an electron and a hole results in photons having no charge.

And so the idea of a positron was born. The positron was eventually discov-
ered. Positrons are given off by the nuclei of certain atoms. These positrons
collide with electrons and the two particles annihilate to produce a pair of
photons. Because these positrons die so quickly after they are generated
by the nucleus, they are difficult to detect.

The existence of positrons having identical properties as the electron — but
with opposite charge — helps eliminate at least one objection to Dirac’s
negative energy sea. If all the negative energy electron states are filled with
electrons, then the vacuum would not be neutral but would have (infinite)
negative charge. However, if we assume that the vacuum is also a sea of
negative energy positrons, then the net charge of the vacuum would be zero.

Dirac’s sea would have a net infinite negative energy. But since the vacuum
has infinite positive zero point energy %hw for every possible frequency w,
one could imagine that these two infinities cancel each other.
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11.3 Anomalous Velocity of the Electron

11.3.1 Dirac’s Explanation

Dirac’s equation leads to a surprising result: the electron is always found
traveling at the speed of light. A velocity operator &; can be defined for
the Dirac electron from the Hamiltonian of Dirac’s equation:

=

i‘i cQ; (118)
Each of the alpha matrices is hermitian, and so all the eigenvalues of the
alpha matrices are real. Let

aildi) = Aildi) (11.9)

Multiplying both sides by «;, and noting that o? = I:

Q| di) = |di) = A7|g) (11.10)
Therefore, the eigenvalues of «; are all £1, and so each component of the
velocity operator has the two eigenvalues +c.

One could also obtain the eigenvalues of the o operators the “traditional”
way, via the following procedure: «|p) = A|¢), which can be written as
(a = AI)¢ = 0. This is a set of four equations which have solutions only if
| = AIl = 0. Thus we obtain the four values of A;.

Exercise:
Show from explicit calculation, i.e. by setting the determinant |a; — AI| =
0, that each of the alpha matrices has the four eigenvalues +1, +1, -1, —1.

Now, each one of the alpha matrices is hermitian, with real eigenvalues,
suggesting that the velocity operator corresponds to a physical observable.
It appears that the velocity of the Dirac electron is an observable quantity,
and a measurement of this velocity in any direction yields the value +c,
where c is the speed of light. This appears to be in blatant contradiction to
the special theory of relativity, according to which a particle with non-zero
rest mass cannot be observed traveling at the speed of light.

Dirac provided an explanation for this apparent violation of special relativ-
ity:

“To measure the velocity we must measure the position at two slightly dif-
ferent times and then divide the change of position by the time interval. (It
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will not do to measure the momentum and apply a formula, as the ordinary
connexion between velocity and momentum is not valid.) In order that our
measured velocity may approximate to the instantaneous velocity, the time
interval between the two measurements of position must be very short and
hence these measurements must be very accurate. The great accuracy with
which the position of the electron is known during the time-interval must
give rise, according to the principle of uncertainty, to an almost complete
indeterminacy in its momentum. This means that almost all values of the
momentum are equally probable, so that the momentum is almost certain
to be infinite. An infinite value for a component of momentum corresponds

to the value of +c for the corresponding component of velocity.”!

In the last sentence Dirac is alluding to the relationship between velocity
and momentum of a relativistic electron

v=__P° (11.11)

whereby every component of velocity becomes +c¢ as the corresponding
component of momentum goes to +o0o. But — as Dirac himself acknowl-
edges — the validity of Eq. (11.11) for quantum mechanics is not obvious.
Also, Dirac’s explanation is that any particle — not just an electron —
would have an expected velocity c¢ in any direction. All that is needed is
an application of special relativity and the uncertainty principle. But there
is a more serious problem with Dirac’s argument. According to Dirac’s
explanation any single measurement of the velocity would yield a value
less than ¢, but the average value of the velocity over a large number of
repeated measurements will asymptotically reach the value ¢. Thus Dirac
claims that ¢ is not an eigenvalue of the velocity operator, but the expected
value. In order to appreciate the importance of this distinction it is helpful
to revisit this basic quantum mechanical rule.

Suppose an operator A has the eigenvalues A\, Ay and A3 with corresponding
orthonormal eigenfunctions |¢1),|p2) and |¢ps). So, by definition,

Algi) = Al ¢s) (11.12)

Suppose the system is not in a pure eigenstate, but in some random (nor-
malized) state |1) related to the eigenstates by

[v) = alg1) + blga) + cl¢s) (11.13)

1P. A. M. Dirac, The Principles of Quantum Mechanics, Fourth Edition (p. 262).
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A large number of independent measurements on a state |¢) will yield the
expected value

(Y] A) = (a” (1| + b™ (2| + c*(@3]) Alal¢1) + bl¢2) + cl¢s))
= Mla® + Ao|b> + Asc|? (11.14)

Dirac’s claim that ¢ is not an eigenvalue but the expected value of the
velocity operator is incorrect. We found that ¢ is an eigenvalue of each of
the operators ca;. So we need to find a better explanation.

Now, the velocity operator v was obtained from the Hamiltonian by apply-
ing the formula v; = g—g, and this turned out to be a constant, independent
of p;, and therefore valid even when p; — 0. Thus, even in its rest frame the
electron has a measured velocity v; = ¢ in any direction. Now, in the limit
as p — 0, the eigenvectors (or eigenfunction matrices) of the Hamiltonian

Bmc? are the spinors listed in Eq. (11.7).

Let us now examine if these spinors are also eigenvectors of the velocity
operators ca;. It becomes evident that none of them is an eigenvector.

Exercise:
Show that none of the spinors in Eq. (11.7) is an eigenvector of any of the
velocity operators ca;.

So, an eigenfunction of the Hamiltonian (definite energy) is not an eigen-
function of velocity. This implies that when the velocity of an electron
in its rest frame is found to be ¢, this electron is not in an eigenstate of
the Hamiltonian, i.e. it does not have definite energy, either positive or
negative.

Let us consider a linear combination of these eigenvectors, say

0

1

1|0

xs)=—7=1 o] + (11.15)
0

V2

sk ook

0
1
0

The wave function |yx3) is a linear combination of two states, one of positive
energy, and one of negative energy. Moreover, it is an equally balanced
mixture of the two energy eigenstates. So, if the energy of this state is
measured, there is a probability of % that the energy will be positive (or
negative).
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Tt is readily seen that this wave vector |y3) is an eigenvector of the velocity
operator ca,. We can construct eigenvectors of the operators co, and coy
as well.

is an eigenvector of cay,, and |x1) = is an eigenvector

Ix2) =

o ook
= ook

of cay;.

Each of the three spinors |x1), [x2), |x3) is an equal mixture of positive and
negative energy states. Note that they are not all mutually orthogonal to
each other. They are not eigenstates of the same operator.

Corollary 1:
An eigenstate of the velocity operator is an equal mixture of positive and
negative energy eigenstates.

So, in order to obtain the value ¢ for the velocity, the electron must be in
a state that is a superposition of positive and negative energy states. If
an electron is in an energy eigenstate, with either purely positive or purely
negative energy, its measured velocity cannot be c¢. This last sentence also
implies that the Hamiltonian and the velocity operators cannot have the
same eigenstates, and therefore, the Hamiltonian cannot commute with the
velocity operator.

Exercises:

1. Show that H = 8mc? does not commute with car.

2. Show that H = ca - (P — eA) + fmc?] + epl does not commute with
co.

Consider the spinors |¢1) = and |¢9) =

- o o3k
S o osk

V2

Applying the velocity operator 9, = cay to these vectors we obtain

by|r) = clg) (11.16)

and

by|pa) = —c|pa) (11.17)
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And it is easily verified that (¢1|¢1) = (P2|d2) = 1, and (¢1]¢p2) = 0, and
so the two vectors are orthonormal.

Now, consider the vector |[¢) = ==(|¢1) +|¢2)). This is clearly

5 , which

1
0
0
0
is an eigenvector of the Hamiltonian with positive energy.

Now, the eigenvalue of a velocity operator is +c. But if the electron is not
in an eigenstate of a velocity operator, the measured velocity will not be
+c. We saw above that Dirac suggested that the expected value of the
velocity of a particle must be ¢. Here we will show that is not the case for
the most common electron state, a state of pure positive energy. Let us
evaluate the expected value of 9, in the state |1), keeping in mind that we
are still in the rest frame of the electron:

. 1 c c c ¢
(Wliul) = (1] + (2] <ﬂ|¢1> - ﬂ|¢2>> “Lfo0 ()

The result is almost trivial. When we measure the velocity of an electron

in the positive energy eigenstate, in the reference frame of the electron, the
result is zero.

Exercise:
Show that the expected velocity in the x and z directions of an electron

in a positive energy state is zero in the rest frame of the electron.

Let us consider an electron in an arbitrary normalized state x. Let us
expand this state vector in terms of the vectors |¢1) and |¢2) as

IX) = alé1) + bl¢2) (11.19)

Since |x) is normalized, |a|? + [b]> =1. (0 < |a|* <1 and 0 < [p> < 1.)
Now, the expected value of ¥, is given by

(x[tylx) = (" (1] + 0™ (d2])0y (al1) + ble2)) = c(lal* — b]*)  (11.20)
Since |al? + [b|* = 1, it follows that —1 < |a|? — [b]? < +1. Hence, —c <
(0y) < +ec.

The expected value of the velocity of an electron which is in an arbitrary
state always has magnitude less than or equal to c¢. For a pure positive or a
pure negative energy state, the coefficients a and b have equal magnitude,
and so the expected velocity comes out zero. The expected value becomes
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+c only for a state with an exactly equal proportion of positive and negative
energy states.

A superposition of positive and negative energy states is a valid solution
to Dirac equation. Schrodinger labeled the motion of an electron in such
a state as zitterbewegung — meaning jittery motion. This term not only
implies a rapid oscillation between positive and negative energies, but —
as we shall see presently — an oscillation in physical space as well.

The phenomenon of zitterbewegung is highly abstract, and can be under-
stood only in the light of quantum mechanics. The following model was
developed by experts in quantum mechanics in the twentieth century.

We observe an electron in its rest frame, in the absence of electromagnetic
(and gravitational) potentials. According to classical physics this electron
would just sit there and not budge. But quantum mechanics shows that the
vacuum has energy %hw for every possible frequency w. The uncertainty
principle allows the electron to give some energy AF to the vacuum and
retrieve it in a short time At (or do the reverse) as long as AEAt 2> %

So now, let us picture the following scenario. A free electron of energy
mc? gives off a quantum of energy E = 2mc? to the vacuum, thereby
becoming an electron of negative energy —mc?. We know that the exclusion
principle would prohibit this process because all the negative energy states
are already filled, but the uncertainty principle finds a way around this
restriction. The vacuum converts the energy it has received to a photon of
energy 2mc?. This photon knocks out a negative energy electron, thereby
creating a hole which is manifested as a positron, and a positive energy
electron. In that process the photon is absorbed by the vacuum, and the
result is a hole — which is a positron — and also creates a positive energy
electron, alongside the original electron which now has negative energy.
The negative energy electron now falls into the hole and fills it. All this
takes place within the short time interval At ~ h/mc? permitted by the
uncertainty principle.? The net overall result is a positive energy electron,
with the same energy as the original positive energy electron, except that
this electron is not at the same spatial point as the original electron. The
photon that was emitted by the vacuum and the photon that was absorbed
by the vacuum have the same energy, and the two photons can be thought

2Here we are talking about approximate order of magnitude relationships, and so a
factor of 2 is not significant.
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of as the same virtual photon. So, in this picture, the original electron
interacts with the vacuum and creates a virtual electron-positron pair. The
original electron annihilates the virtual positron, and the virtual electron
now becomes a real electron.?

The spontaneous creation and mutual annihilation of electron-positron
pairs is illustrated in the figure below. An electron-positron pair ap-
pears out of the vacuum, disappears, and reappears, with the electron and
positron having switched places, and the process continues ad infinitum.

€
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The model of zitterbewegung outlined in the preceding paragraph suggests
that zitterbewegung occurs when the free electron interacts with the spon-
taneous creation of virtual electron-positron pairs by the vacuum. There
is a spatial translation that accompanies the oscillation of the electron be-
tween positive and negative energies. See the figure below:

e | e —

(S et
o— o
Free electron e-p pair Free electron

A free electron encounters a virtual electron-positron
pair, is annihilated by the positron, and the virtual
electron continues as a real free electron

3cf. J. J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley: Menlo Park, CA,
1967).
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The process described above can be expressed using a Feynman diagram,
this time with the emission and absorption of virtual photons. Here the
electron-positron pair is depicted as two divergent lines flowing from a
vertex C into which a photon line flows. Feynman had suggested that
a positron can be thought of as an electron traveling backward in time.
The two different photon lines represent virtual photons. The photons are
drawn from the vacuum and returned to the vacuum. One could also con-
nect the two ends of the photon lines to make it a single curved photon line
that joins the two electron vertices.

CB = positron,
which can be
thought of as an
electron traveling
backward in time
from B to C.

A

AB = free electron; CB = virtual positron;
CD = virtual electon; DE = free electron

An oscillation between positive and negative energies is expressed quan-
tum mechanically as a state which is a linear combination of positive and
negative energy states. And such a state has the velocity eigenvalue =c.
So, in the process outlined above, the displacement of the electron from
its original position to its final position takes place at the speed of light.
And we note that the electron does not travel linearly from one point to
the other, but is annihilated at one spot, and re-created in another. The
displacement (from B to D in the above diagram) is to be understood as a
quantum process, not a classical one.
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11.3.2 Position of an Electron

The position operator x in Schrédinger’s wave mechanics is identical with
the position of the particle. The situation is somewhat different in the
quantum mechanics of the Dirac wave equation, which incorporates special
relativity. The difference will become clearer as we construct the position
operator z of the Dirac electron. We follow the procedure taken by Dirac.*

We first derive an important formula for the time derivative of an operator
A. We will employ the relations H|y) = in2Y) and (Y|H = fih%:

ot
ad) _ . dwlAl) o )
ot

dt dt ot

0A
in Ay +in (15210 ) + il

— (et +in (S Y+ wlam) = wiia,mjy+in (52 a2

If the operator has no explicit time dependence, such as the position oper-
ator x or the velocity operator ca,, then the term on the extreme right is
zero. Then we would have

d(A)
Cdt
This is true for an arbitrary time-independent operator A and an arbitrary
Hamiltonian H, and so we may write

ih% = [A, H] (11.23)

Let us apply this equation to one of the alpha operators, say a:

WL = (A, H)) (11.22)

ihéy = apH — Hay (11.24)

Now, for a free particle Hamiltonian H = ca - p + fmc?,

azH 4+ Hoy = apcagpy + cpproy, = 20py (11.25)

Exercise:
Prove Eq. (11.25).

From (11.24) and (11.25) we obtain
ihévy = 20, H — 2¢p, (11.26)

4P. A. M. Dirac, The Principles of Quantum Mechanics, Fourth Edition, Oxford, 1967.
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and

tha, = —2Hay, + 2cp, (11.27)

Since H and p, are time independent, when we take the time derivative of
Eq. (11.26) we obtain

ihéry = 26, H (11.28)

Upon integration, we get the following expression for d,:
Gy = a0~ 2N (11.29)

where &2 = ¢, (t = 0). Since the two factors on the right side of this

equation are matrices, their order is important. From Eq. (11.24) we see
that &, is hermitian.

Exercise:

Prove that ¢, is hermitian.

Using Eqgs. (11.26) and (11.29), we get the result

1 )
oy = image*%“/ "H™Y 4 ep, H™? (11.30)

Since ca, = &, the time integral of the above equation yields,
1 .
x = —Zch2d26_2’Ht/hH_2 +cp.H 't +a (11.31)
where a is a constant of integration.

Using Eq. (11.30),

1 ; 1
—Zch2dg6_21Ht/hH_2 = 52’07‘1(0@ —cp, H HH™! (11.32)

And so Eq. (11.31) becomes

1
x = iich(am —ep, HYWH '+ Pp, H 't +a (11.33)

This is a 4 x 4 matrix equation, and so a is a constant matrix. But this
equation corresponds to the single variable equation in the macroscopic
limit A — 0:

z=cp,H 't+a (11.34)



332 Understanding the Electromagnetic Field

pr = ymuy, and H = ymc?, where v = —. And so we get z = vt +a,

-3
which is the classical equation for displacement at velocity v,, and the
constant number « is the initial position, which can be set to zero. And so,
we may set the constant matrix a = 0 in our quantum matrix equation:

1
:§wMax—q%H;UH’l+c%@H;H (11.35)

This is an operator of profound significance. What we provide below is
the interpretation that has evolved from the second half of the twentieth
century through the present.

Let us now return to the frame where the momentum of the electron p, = 0.

1
x:iwm%H”' (11.36)

Now, o, and H are hermitian, and so x is not hermitian. This means x
is not an observable, unlike the Schrédinger position operator. But the
operator X2 = 2tz is hermitian:

2h?

X? =
4H?

(11.37)

In the rest frame p = 0, this operator has eigenvalue %. We observe
that this operator X2 does not distinguish between positive and negative
energy states. Therefore, since a velocity eigenstate is a combination of
positive and negative energy states, it is also an eigenstate of the operator
of Eq. (11.37). So we would expect X2 to commute with the velocity
operators ca;, which indeed it does.

Exercise:
For a free electron in the absence of a field, write out explicitly H
H~2, and show that H~2 commutes with c.

—1 and

Therefore, we can find states that are simultaneously elgenbtateb of X2 and
of ;. For an electron at rest, X2 has the eigenvalue 477’?2 s. We can then
construct the operator X = \/7 which has the eigenvalues 5 — T’Z -. This
suggests that a measurement of the position of the electron in its rest frame
yields +5". The electron is found at z = 5™ 2mc So, the
electron appears to flit back and forth over a distance of -t with each
measurement. And each such displacement occurs at the speed of light.

Now z itself is not hermitian, and therefore the actual position itself is not

oratz = —
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an observable, and so we should not imagine that the electron was actually
transported at the speed of light through a short distance in the act of
measurement. But X = vziz is an observable, and this can be measured.
We will examine the physical significance of such a measurement presently.

11.4 Electron Velocity and Electron Charge

In classical mechanics a point particle is defined by its mass, and the po-
sition of the particle is where the mass is located. And this definition of
position does not change if the particle carries a charge. For a charged parti-
cle the position of the mass is identical with the position of the charge. The
situation is no different in non-relativistic quantum mechanics, where the
particle position of an electron has been identified with the “mass point” of
the electron. But in the study of the Dirac electron, the coordinate operator
x associated with Dirac’s equation is explicitly identified as the “position
of the charge”,® which is not necessarily the position of the mass. And the
time derivative of this charge position operator is identified as the velocity
operator:

le—): = co (11.38)
Defining the velocity operator as the velocity of the charge is physically
meaningful, because the charge of a particle is a constant, independent of
the velocity, unlike the mass. If this were not the case, the negative charges
on the fast moving electrons would not neutralize the positive charge in the
nucleus of an atom.

We can therefore identify gv = —eca as the electron charge current opera-
tor, where ¢ = —e is the negative electron charge. This operator commutes
with the velocity operator, thereby indicating that electron charge could be
observed being displaced at speed c. And so the phenomenon of zitterbewe-
gung is to be understood as the rapid spatial oscillation of electron charge,
even as the energy of the electron fluctuates rapidly between positive and
negative values. This zitterbewegung of electron charge has measurable
consequences.

5A. O. Barut and S. Malin, “Position Operators and localizability of Quantum Systems
described by finite and Infinite-Dimensional Wave Equations,” Rev. Mod. Phys. 40, 632
(1968).
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The hermitian operator \/xgxi measures a distance — not a displacement.
The electron charge apparently covers this distance at the speed of light. So,
according to this model, the charge disappears at one point in space-time
and reappears at another point. Since the displacement of the electron
charge takes place at the speed of light, the separation between the two
events — the disappearance at one point and the appearance at the other
point — is a light-like separation. Since the electromagnetic field itself
travels at the speed of light, the electron interacts with its own field. The
electron emits a field at point A and when it reappears at point B it catches
up with the field it emitted when it was at point A. Thus the electron
experiences a potential due to itself at its earlier position. The Liénard-
Wiechert potential formula applies to this situation, because this formula
takes into account the finite speed of an electromagnetic field. The potential
at a point r at time ¢ due to a charge @ at a point rg(y) at time t' is given
by

_ Q > 1 |I‘—I'Q(t/)| / ’
¢5<I‘,t) = Irey ) o ‘I‘ — I‘Q(t')|5 ( . —t4+ t) dt (11.39)

Since the zitterbewegung electron is separated from its “twin” by a light-
like interval, we could picture “one” electron at r at time ¢ experiencing the
potential of the “other” electron at rg at time ¢’ such that |r — rg(t')| =
c(t—t') = % So in the electron center of mass system the length |[r—rg(t')]

is the eigenvalue of the operator \/xjxl-. The delta function reduces the
integral to
mce

o(r,t) = - dmegh

(11.40)

Since the electron and its zitterbewegung twin have the same negative
charge, there is an increase in the potential energy of the electron, which
we may call the self-energy of the electron as it interacts with itself via the
vacuum field.

Thus zitterbewegung has the effect of increasing the electron energy by an
amount equal to

mee? mc?e? 9

— t p— = =
co(r,?) dregh  4dmeghe mea

Here « is the fine structure constant —%— ~ L. The total energy of the

4meghc 137"
electron is therefore mc?(1+a). Since an increase of energy is manifested as
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an increase of mass according to Einstein’s equation E = mc?, the mass of
the electron undergoes a small increase due to its interaction with itself via
the electromagnetic field. The augmented mass is called the electromagnetic
mass of the electron, and is equal to m(1 + ).

11.4.1 The Electron as a Spherical Shell

The electron charge undergoes zitterbewegung in every direction, and so
we can picture the electron at any point in time as occupying a point on a
shell of radius h/(2mc). The twin electrons at antipodal or diametric points
on the shell have the effect of canceling the field inside the shell. So the
net electromagnetic energy inside the shell is zero. In quantum mechanical
language we say that the expected value of the field energy is zero, i.e.
(2E-E) = 0. The shell itself carries a net charge of —e since at any instant
of time the electron is at one and only point on the shell. But the rapid
motion of the charge has the overall effect that this charge is evenly spread
out over the entire spherical surface of the shell.

We now use classical electrodynamics to calculate the energy of the space
outside the shell. The radius of the shell is @ = 5. The magnitude of the

2me”
field at a distance r > a from the center of the shell is
e
= — 11.41
4Amreqr? ( )

The total energy of the field outside the shell is

/OO1 E%lV—/Oo E—OL drrPdr = < =mcla (11.42)
“ 20 Jo |2 1672630t i -~ 8mepa '

This is the same as the quantity we derived using the Liénard-Wiechert
potential formula. So an electron increases the energy of the space sur-
rounding it by the amount mc2a.

Thus, the zitterbewegung model of the electron solves a very important
problem. If the electron is thought of as a point charge of zero radius,
then its electromagnetic energy diverges and becomes infinite. So physi-
cists pictured the electron as a tiny charged sphere with a finite radius.
But this model ran into several problems. For one thing, a charged sphere
experiences an outward force due to the repulsion of the like charges. This
outward force must be counteracted by an inward force which ensures that
the charge will not explode. That requires an additional theory to account
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for this binding force. And more importantly, scattering experiments show
that the electron must be thought of as a point charge with zero dimen-
sions. But this brings along with it the problem of infinite self-energy.
Various mathematical methods have been proposed to deal with this infin-
ity. We have shown that the zitterbewegung model offers a satisfying way
of eliminating the infinity.

11.4.2 Quantization of Maxwell’s Equations

The notion of an electron disappearing at one point and then appearing at
a different point is in violation of the equations of classical electrodynamics.
For example, the equation of continuity requires that in any volume charge
cannot be created or destroyed, and any alteration in charge within a region
must be accompanied by a flow of charge out of or into the region:

Ip
V- J=-—— 11.43
ot (11.43)
Applying the divergence theorem to the continuity equation, we obtain:
oQ
J-ndS =—— 11.44
# " ot (11.44)

The rate of decrease of the charge inside the region is equal to the net
flow of current out of the region. Charge cannot simply disappear at one
point and reappear at another. But in the process of zitterbewegung a free
electron interacts with the vacuum field via spontaneous electron-positron
production. The vacuum field is not empty, because it has zero point en-
ergy. This energy is capable of generating an electron-positron pair which
is immediately annihilated, and another pair generated, with the positions
of the electron and positron flipped, and this process continues without
end. In the process of zitterbewegung, a free electron interacts with these
electron-positron pairs. The free electron annihilates the positron, leaving
the electron that was generated. The electron and positron of the pair are
not created at the same geometric point, but there is a spatial distance of
W};LC
the electron-positron pair creation and pair-annihilation as taking place

the order of & between them. (It is conventional to schematically show

at point vertices as shown in the Feynman diagram shown above.) The
generation of the electron-positron pair at distinct positions is a violation
of the equation of continuity according to classical physics. But in quan-
tum theory one can think of the field and the charges as operators. And
these operates act upon the states of the electromagnetic field, represented
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by |®). So the Maxwell equations are to be understood as relationships
between measured or expected values. Thus, the first equation becomes

(®|V - E|®) = <<1>|:;|<1>> (11.45)

So, whereas the instantaneous value of p at any point may not be 0, because
the field constantly creates and annihilates electron-positron and positron-
electron pairs, the expected value is indeed 0. The quantum mechanical
equation of continuity becomes V -J = f%. In a vacuum (p) = 0 and so

V - J = 0. There is no continuous flow of charge in this process.

Special relativity forbids the transport of any massive object at the speed
of light ¢. However, there is no reason in principle why charge cannot be
transported at light speed.

The spontaneous appearance and disappearance of virtual electron-positron
pairs in the vacuum requires that V - E # 0 within a small spatial volume
(of dimensions less than of the order of %) at any given time even if
(®|V - E|®) = 0 everywhere. In Maxwellian electrodynamics an electric
field propagates at speed c¢ in the absence of charges:
V2E = LOE (11.46)
2 ot? '
In the standard derivation of this equation it is assumed that V-E = 0
everywhere in the space under consideration. But in a quantum description,
the vacuum stimulates the constant generation and annihilation of electron-
positron pairs. So we cannot assume that V - E = 0, though it is true that
(®|V - E|®) = 0 everywhere. So, permitting V - E = p/ep and taking the
divergence of both sides of Eq. (11.46) we obtain
2 19%

Vip = 22 (11.47)
This is the equation of a wave that travels at speed c¢. This is not a contin-
uous wave, since the distance of transport of the charge is only about %
The electron charge is displaced through this distance at the speed of light.
Thus, the quantum theory of Maxwell’s equations corroborates the theory
of zitterbewegung according to which the electron charge is transported at
light speed over a short distance.

11.4.3 Interaction with Potentials

Finally, we will show that the electron charge must be carried over a short
distance at the speed of light in order for electrodynamics to work.
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Suppose we have a positively charged body placed in a uniform electric field
as shown below:

Uniform electric field

GO

A B

The conductor will pick up a higher potential at the end A, and a lower
potential at the end B. Thus it will “sense” the direction of the field and
will accelerate in that direction.

Next, suppose a positive point charge is placed in an electric field. The field
need not be uniform. In the figure below, the arrow indicates the direction
of the field at the position of the charge. In the figure the charge is shown
as a black dot for clarity, but it is a point of zero dimension:

Electric field
h Y

Fd

o+

Point charge

The effect of a field on a charge is measured by the force F = ¢E = —¢V¢
acting on the charge, because the force generates a change of momentum. A
charge must therefore be able to pick up the gradient of the potential. And
in order to pick up the gradient, it should be able to measure the potential
at two distinct points. Since a point charge is unable to do this, it follows
that a stationary point charge will not experience a force in an electric field.
This is an important rule, and we state it below more generally, since we
know that a stationary charge does not experience a force in a magnetic
field.
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A stationary point charge will not experience a force in an electromagnetic
field.

In classical physics, a point charge is considered as the limiting case of

a finite object. For a finite object — however small — the gradient of
a potential can be defined as %ﬁ which is meaningful however small Az

becomes, as long as Az never takes the value 0. But, as we have explained,
the point charge of an electron is not generated by shrinking a classical
charged sphere to a mathematical point, for such a shrinking would entail
an infinite increase of electromagnetic self-energy.

Zitterbewegung — the rapid flitting back and forth — provides a means for
a point charge to measure the potential at two different points and thereby
measure the electric field E = —V¢. In order to measure the electric field
in any direction a point charge must evaluate the electric potential at two
different points in space simultaneously. Simultaneity has a natural mean-
ing in Newtonian physics where space and time are distinct. But simultane-
ity has a different meaning in relativistic mechanics. If by simultaneity we
mean that the two events are separated by a light-like interval, then such
a definition is relativistically invariant. We recall that a light-like interval
remains light-like in any inertial frame of reference.

If the events are separated by a time-like interval, one could always trans-
form via a Lorentz boost to a reference frame where the two points have
different time coordinates but the same spatial coordinate, and so the gra-
dient of the potential would not exist at that spatial point in that frame.
Thus a time-like interval is ruled out.

If the two events are separated by a space-like interval, they will remain
causally independent. The charge would have to be transported faster than
light from one point to the other, and we have seen that this is impossible
in special relativity. And so a space-like interval is inadmissible.

Hence it is necessary that a point charge should “scan” the space of the elec-
tric potential at the speed of light, which remains invariant under Lorentz
boosts. And since a light-like interval remains light-like in every frame of
reference, including one in which the electron momentum is not zero, the
velocity eigenvalue remains 4+c¢ even when the momentum is non-vanishing.
So, whereas all our discussion so far has centered around an electron with
zero momentum, the zitterbewegung velocity of electron charge is the same
even in reference frames where the electron has non-zero momentum.
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11.4.3.1  Experimental Evidence for Zitterbewegung

Zitterbewegung permits a stationary electron — i.e. one with zero center
of mass momentum — to scan the field to determine the gradient of the
scalar potential. There is experimental evidence for this. The electrons in
an atom experience the Coulomb potential due to the positive nucleus. Be-
cause of zitterbewegung, there is a small modification or “correction” to the
potential. This correction is experimentally verifiable when the frequency
of the emitted spectra are measured with great accuracy. This correction
term is called the Darwin correction term. Calculation of this correction is
fairly simple.

Let or be the displacement of the electron charge due to zitterbewegung.
So dr ~ % This requires a correction to the potential:

(V) = (V(r+dr)) — (V(r)) (11.48)

This correction term can be written as a Taylor expansion up to second
order in the dr; terms:

(V(r+or)) —(V(r)) = <5r + = Z Oridr; ——— 6r18rj >

<5 > <Z§n(5r]8m > (11.49)

The net work done by the electrical force on an electron in a complete
orbit is zero, since the electrostatic field is a conservative force field. So
5 8Vdr =0, and thus <5rav> =0.

And so

h?
} : ~ 2v2) ~ V2V
< 5725@ 3 67"] > 66r T 6m2c?

where the factor 1/3 takes care of the triple counting of the dr;07;.
ViV = —g, where p is the charge density of the nucleus, responsible
for the potential V', as seen by the atomic electron. This charge density
can be expressed as p = Zey*i, where 9 is the electron wave function at
the position of the nucleus. We will consider the case of a hydrogen atom
for which Z = 1. So the change in potential energy due to zitterbewegung

becomes
n? e,
Gz VY (11.50)

—e(dV) ~
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1) is to be evaluated at the position of the nucleus, which is at » = 0. Recall
from the previous chapter that an atomic wave function for a single electron
is written as a product of a radial function and an angular function:

3 4
Ve = ¢ (2) ot (2) [k er/ma) v 6.0)
(11.51)

where the constant a — called the Bohr radius — is defined as

_ dmegh?
- 2

me

It is evident that at » = 0 all the wave functions vanish except those for
which £ = 0 (and hence m = 0.) For £ = m = 0, the spherical harmonic
Yy = \/%, and, at r = 0, the associated Laguerre polynomials are all equal
to 1. Hence,

¥*(0) . (2>3 (11.52)

8t \ na

So the change in energy due to zitterbewegung can be written as

o1 (2)°
UV =—5——|— 11.53
6m2c? ey 8w (na) ( )

This is the Darwin term. We see that this correction is inversely propor-
tional to the cube of the principal quantum number n, and becomes less
significant for larger values of n.

Exercises:

1. Show that the Darwin term is proportional to nE?, where E, is the

energy of the atom having principal quantum number n.

2. 0U = AnE2. Find the factor .

The Darwin term contains only the change of potential energy due to zit-
terbewegung. This is because in zitterbewegung it is the charge and not
the mass that undergoes spatial oscillation. If the mass of the electron were
also involved in zitterbewegung, then there would be a contribution from
kinetic energy. The absence of a kinetic energy contribution corroborates
the theory we have discussed in this chapter.
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Chapter 12

Gravity and Electromagnetism

12.1 Dimensions and Their Relationships

Introductory courses in college physics define length, mass and time as the
three basic dimensions for constructing all the units in which quantities
are expressed in physics. The corresponding symbols are L, M and T. The
dimension of length or displacement is L, that of speed or velocity is LT !,
that of acceleration is LT~2, and so on. Since force equals the product of
mass and acceleration, the dimension of force is MLT ~2. We express these
relationships in mathematical symbolism as [v] = LT}, [a] = LT 2, [f] =
MLT~2, etc.

In Newtonian physics, these three dimensions remain independent of one
another. A change in one does not affect the other two. A displacement
of a spaceship at any velocity relative to an observer will not change the
mass of the spaceship or the rate of time flow on the ship as measured by
the observer.

The situation is different in special relativity. When B is in uniform motion
relative to A, a time interval in B is not the same as in A, and the mass of
an object measured by B is not the same as the mass of the same object
measured by A. So, the three dimensions of mass, length and time are no
longer independent, but both length and mass have a relationship with
time. When the position of an object relative to an observer changes with
time, its length and its mass — as measured by the observer — also change.
The greater the relative velocity, the more pronounced is the change in these
measured quantities.

343
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But special relativity does not offer a direct relationship between space and
mass. A material body having mass generates a gravitational field in the
surrounding space, but the geometry of the space remains Euclidean, just
as the presence of a charge creates an electromagnetic field without altering
the geometry.

Einstein’s general theory of relativity introduced a major change to this
picture. According to general relativity, every material object has an effect
both on space and time. Space becomes curved, and so even a light ray will
follow a curved path close to a massive object like the sun. Time is also
altered, and clocks slow down when they are introduced into a gravitational
field.

In this chapter we will provide a basic introduction to the general theory of
relativity and its significance for understanding the electromagnetic field.
We will extend our knowledge of special relativity to include the effects of
matter on space. Einstein’s hypothesis was that matter has an effect on
both space and time, and causes a curvature of the Minkowski spacetime, so
that the metric is no longer simply that of flat spacetime g, = (—=1,1,1,1).
Flat spacetime becomes the limiting case of real spacetime in the limit of low
gravitation, just as Newtonian dynamics is the limiting case of relativistic
dynamics for low velocities.

12.2 Curved Space

The electromagnetic field is embedded in a three-dimensional Euclidean
space. Euclidean space is characterized by Euclidean geometry. The sum
of three angles of a triangle equals two right angles, and parallel lines —
which can be drawn anywhere — will never intersect each other.

Mathematically speaking, other geometries are also possible besides the
Euclidean. Consider the surface of a sphere. This is an example of a
two-dimensional curved surface. Ordinarily we do not think of the surface
of a sphere as a two-dimensional entity. We might think of it as a two-
dimensional surface that is curved in the third dimension. And that is
because we are accustomed to the three dimensions in relation to our bodies:
right-left, front-back, and up-down. And we have learned that though the
surface of the earth may appear two-dimensional it actually curves in the
third dimension.
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Let us now do a little exercise in mathematical abstraction. First, we
consider an infinitely long straight line, such as the real number line. Now,
suppose there is a point somewhere on this line, which we shall call P. Next,
we allow P to travel along this number line in the positive direction. Since
P moves only in this direction, the position of P can be specified uniquely
by a real number. Next, consider an infinitely long curved line, specifically
the sine wave shown below:

-
qnw

Consider a point Q moving at constant speed along the sine curve. Now,
Q is a mathematical point. It has no mass, no right side or left side, no
top and bottom, and no front and back. It is not constrained by Newton’s
laws of motion. The only constraint on it is to move at constant speed
along the sine curve. We humans looking at the two paths can be forgiven
for imagining that whereas P moves in one dimension, Q moves in two
dimensions. But in fact — once the path followed by @ has been chalked
out — the motion of Q is entirely one-dimensional. Assuming that it travels
at constant speed, the actual distance it has covered at any instant of time
is determined solely by a single positive real number representing the time.
The positions of P and Q at earlier and later times are shown for illustrative
purposes, and it is hard to imagine that @ is moving in a single dimension.
But if we label distance along the path as a mathematical dimension, then
it makes sense to say that the motion of Q is just as one-dimensional as
that of P.

Next, consider a point moving along a closed circle. Such a motion is
one-dimensional, but curved and closed. It is one-dimensional, because
at any point in time only one parameter is needed to define its position.
To think of a circle as one-dimensional requires an effort of mathematical
imagination. We will next bring that mathematical imagination to bear on
two-dimensional curved surfaces.
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The surface of a sphere is an example of a two-dimensional curved surface
that is also closed. We shall train our wills to limit our attention to the
surface of the sphere, without worrying about its inside and its outside.
Indeed, we need to train our imagination into believing there is no inside
or outside to this spherical surface, even though this surface does have a
radius of curvature. We naturally picture this radius as a line drawn from
the center to the surface. But if we prescind from such geometric visualiza-
tion, this radius of curvature is just a number — a mathematical entity —
which can be expressed in terms of quantities that are measurable on the
surface itself. Indeed, that is how the radius of the earth was measured
by Eratosthenes. An idealized but conceptually simple method is the fol-
lowing: Three surveyors meet together at some point, each armed with a
large protractor for measuring angles, and a very long piece of string. Each
person attaches one end of the string to the person on the right. Then they
move away from each other, unraveling the string as they go, moving at
equal speeds and thus maintaining equal lengths for the three strings, so
that they form an equilateral triangle with the persons at the vertices. They
measure the angles between the strings as they move outwards. Initially
each angle would be close to 60°, but as they move further apart the an-
gles would increase. The procedure is continued until each angle is exactly
90°. Now each string has length equal to one-fourth of the circumference
of the earth. So, if the length of a string is ¢, the radius of the earth is 2%.
This thought experiment illustrates how the curvature of a surface can be
measured without leaving the surface.

Whereas radius is a well defined quantity for a spherical shell, there are
curved surfaces which do not have a clearly defined radius, such as the
surface of an ellipsoid. The shape of the earth can be described as a good
approximation to an oblate ellipsoid (or spheroid), with polar radius slightly
less than equatorial radius. So, whereas every circle of latitude has a well-
defined radius, this is not true for any line of longitude. It is possible to
imagine various sorts of curved surfaces which have no well-defined radius,
such as that of a potato. A more useful quantity is curvature, which can
be defined even when the radius is indefinite. We can think of curvature as
the inverse of radius of curvature. A plane surface can be thought of as a
spherical surface having infinite radius, and therefore zero curvature. For
a more complicated surface the definition of curvature necessarily becomes
more abstract. But it is possible to come up with a mathematical definition
of curvature applicable to all surfaces. Such a definition must yield 0 for
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a plane surface, which can be thought of as a spherical surface of infinite
radius.

The curvature of a surface such as a sphere or an ellipsoid is positive. A
surface shaped like a saddle has negative curvature. A plane surface has zero
curvature. A plane surface — of zero curvature — is Euclidean. Euclidean
geometry requires that, given any point A and a line not passing through
A, one can draw one and only line through A that is parallel to the line
outside A. A surface of positive curvature obeys Riemannian geometry. For
a Riemannian surface, given any point A and a line not passing through
A, it is impossible to draw a line through A that is parallel to (i.e. does
not intersect) the line outside A. A surface of negative curvature obeys the
geometry of Lobachevsky and Bolyai and is called Bolyai-Lobachevskian
(also Lobachevskian or hyperbolic) geometry. In this geometry one can
draw more than one straight line through a point A that are parallel to a
line outside of A.

In the last paragraph we spoke about straight lines in all three geometries.
Our imaginations have been trained to believe that one can draw a straight
line only on a Euclidean surface. But when considering alternate geome-
tries, it is necessary to adapt the concept of straightness to the specific
geometry of the surface. On a Riemannian surface like the earth’s surface,
one can define a straight line as a set of points that define the shortest
distance between two points. Such a line is also called a geodesic. Every
line of longitude on the surface of the earth is a geodesic, but the equator
is the only latitude that is a geodesic.

A line — be it straight or curved — is a one-dimensional manifold. A plane
or a spherical surface is a two-dimensional manifold. Our physical space
is generally thought of as a three-dimensional manifold. The earth itself
is a three-dimensional manifold, and its surface is a two-dimensional mani-
fold. We commonly visualize the surface of the earth as a two-dimensional
manifold embedded in a three-dimensional manifold.

The notion of embedding is something we implicitly follow when we think
of geodesics on the surface of the earth. We do not think of the geodesics
as straight lines, but as circles or arcs, because we intuitively embed the
manifold of the curved surface in a three-dimensional manifold. But such
an embedding is not mathematically required. If we restrict ourselves to
a mathematical spherical surface — lacking such features as hills, gorges,
volcanoes, etc. — then the surface is simply a two-dimensional manifold
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with curvature. If we abstain from subconsciously embedding the surface
in a three-dimensional manifold, there is no reason why the geodesics should
not be thought of as straight lines.

Of course, a manifold need not have uniform curvature at every point. A
manifold can be formed by stitching together regions of positive, zero and
negative curvature, with the result resembling a fried papad. So, curvature
is not a property of an entire manifold, but of a point and its immediate
neighborhood within the manifold.

12.3 Curvature of Spaces

12.3.1 Cowariant Derivatives

Let us recall that a vector is a tensor of rank one. We have learned that
tensor fields are characterized by the way they transform from one coordi-
nate system to another. A contravariant vector A* transforms according

to
’ (r“).”L'H/
AF = AH 12.1
D (12.1)
and a covariant vector B, transforms according to
ox?
B, =—B, 12.2
e (12.2)

The gradient of a scalar field ¢ is a covariant vector, and transforms ac-

cordingly:
0¢ ox¥ 0¢
= 12.3
dxv" Oz Oz (12.3)
The above equation can be written in shorthand notation as
ox¥
Oy = —0, 12.4
6= o0 (12.4)

Tensors of higher rank have covariant and contravariant indices, and each
index transforms according to whether it is above or below, so
’
o v
W Ozt Oz”
v Ozt dzv' Y

(12.5)

We refer to a tensor of contravariant rank ¢ and covariant rank m as a
tensor of rank (¢,m) or as an (¢,m) tensor. So, the tensor C' is a (1,1)
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tensor. A covariant vector is a (0,1) tensor, and a contravariant vector is
a (1,0) tensor.

We have seen above that the gradient of a scalar field (0,¢) transforms as
a (0,1) tensor. Let us now examine the transformation of a (1,1) tensor
of the form 9, A¥. We might expect it to transform like any other (1,1)
tensor field, but that does not happen, as we will find when we write out
the transformation relations explicitly for both the derivative d,, and the

vector A*:
oAY  dxr 0 [0z
dxH Oz Oxh <8x" A > (12.6)

AV Ozt da¥ DAY dat 9%V

oz OxzH Oxv Ozt OxzH 8x“8x”A (12.7)

v .
gfu does not transform like a tensor, and

therefore it is not a tensor. The additional term on the right side is of the
form BZ:VA” (recalling that repeated indices are summed over). We cannot
assume that it is a tensor.

It is evident that the derivative

The form of Eq. (12.7) suggests that in order to come up with a derivative
that is covariant under transformations we could create an expression of
the form

V,AY = 9,AY + T, A (12.8)
The V,, on the left is a new symbol which is different from the gradient
V¢ =0,¢. V,A” is called the covariant derivative of A”. Since the first
term on the right side is evidently not a tensor, the second term on the
right side is not a tensor either. But since A" itself is a tensor, it follows
that the symbol I'/, cannot be a tensor, for then the term would be an
inner product of two tensors, and thus a tensor of reduced rank. So I';, is
simply a symbol, and it is commonly called a Christoffel Symbol. 1t is also
called a connection, known as the Christoffel connection, or the Levi-Civita
connection. We need to find the explicit form of this symbol or connection.

12.3.2 Christoffel Symbols for Covariant Tensors

First, let us consider the covariant derivative of a (0, 1) tensor. It is not
unreasonable to expect the covariant derivative V,B, to have a similar
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expansion as the covariant derivative of a (1, 0) tensor. But we need not
assume that the expansion will be identical. So, we will assume an expan-
sion of the form

V.B, = 0,B, +T),B\ (12.9)

The symbol T is not necessarily equal to I'. We will now obtain the rela-
tionship between these two symbols.

The covariant derivative by definition is a true tensor, meaning that it
transforms according to the tensor transformation equations. Now, the
contraction of a tensor remains invariant under coordinate transformations.
So, the covariant derivative must commute with contractions. By this we
mean that the covariant derivative of a contraction of a tensor should equal
the contraction of the covariant derivative of the tensor:

Vul(T*5p) = (VT)) 5p (12.10)

Now, the gradient of a scalar transforms as a (0,1) tensor, and hence it is
identical with the covariant derivative of the scalar:

Vo = 8,u¢ (12.11)

Let us consider the scalar ByA*. We can therefore write
V,.(BaA*) = 9,(ByAY) = (8,B,)A* + By (9,A%) (12.12)

The covariant derivative of a (1,1) tensor can be expanded in explicit form,
and in our case it becomes

V. (ByAY) = (V,By) A + BA(V,AY)

= (0uBA\)A* + 19, B, A* + B\(0,AY) + BAT'), A (12.13)

Comparing Eqs. (12.12) and (12.13), we obtain the relationship
[9\B,A* = -T}, B\A” (12.14)

We can relabel dummy indices, and rewrite this equation as

I'9,B,A* = -1, B, A* (12.15)

B and A are arbitrary vectors, and so this equality implies that
ro, =-I7, (12.16)
So these are the expressions for the covariant derivatives of different tensors:
V,AY = 0,A" +T0, A (12.17)
VuB, =08,B, —T), By (12.18)

We will next find explicit expressions for these Christoffel symbols.
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12.3.3 Torsion Tensor

In our study of electromagnetism, we found that the fields generated by

static charges can be expressed as E = —V¢, and therefore V x E =
curl E = 0. This last equation can also be expressed as
0;E; = 0; E; (12.19)

We say that such a field is irrotational. Extending the definition to an
n-dimensional field, an irrotational vector field obeys 0,58, = 0, B,,. From
Eq. (12.18), we obtain the equation

VuB, = V,B, =0,B, — 9,B, — (I, —T'},)Bx (12.20)

If B is an irrotational vector,
VB, —V,B,=—(), —T,,)Bx (12.21)

Let us label the term inside the brackets as T:‘V = Fﬁy — Ff,‘u. On the left
side we have the difference of two tensors, and therefore a tensor. So the
right side is also a tensor. And since B) is a tensor, the expression T :‘V
must be a tensor. It is called the torsion tensor. So, Eq. (12.20) can be
written as

VuB, = V,B, =0,B, — 9,B, — T),Bx (12.22)

The torsion tensor is a measure of the difference between the covariant
curl and the regular curl of a vector field. We can set it equal to zero for
all physically meaningful coordinate spaces. For such spaces, I‘f;u = I‘f,‘u.
A Christoffel symbol that is symmetric in its lower indices is said to be
torsion-free.

12.3.4 Metric Compatibility

An important property of physical spaces is that the covariant derivative
of the metric tensors g, and g"” should vanish:

Vaguw = Vag" =0 (12.23)

This property of a connection is called metric compatibility. All the mani-
folds we study in general relativity are metric compatible. Metric compat-
ibility allows a covariant derivative to commute with raising and lowering
indices. So, given a vector field A

GuaVpAY =V, (g AY) =V, A, (12.24)
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12.3.5 Expression for the Christoffel Symbol

We will now show that given the two conditions that the connection should
be torsion-free and be metric compatible, there is a unique expression for
the Christoffel symbol. And we will derive that expression.

We will first write out the covariant derivative of the metric tensor in three
different ways, basically the same equation but using different letters each
time:

VoG = 0pGuw — F,))\MQAV - F;\ygu/\ =0
_ A A _
ViuGvp = Ougup — Fungp - FupguA =0
vugpu = augpu - Fi\pg)\u - FlA/;Lgp/\ =0 (12'25)

Subtracting the second and the third equation from the first, and using the
symmetry of the connection, we obtain

8/)9;“1 - augup - 6ygp;,a + 2F;>;yg>\p =0 (1226)

Multiplying by ¢g°”, we obtain the expression for the connection:

o 1 o
re, = 59 P(OuGup + OvGpp — OpGuv) (12.27)

For the three-dimensional Cartesian metric (g;; = d;;) and the Minkowski
metric (—1,1,1,1) the Christoffel symbols are all zero. So for such metrics
the covariant derivative is equal to the ordinary derivative: V,A" = 9, A".

1

Let us consider the spherical coordinates (x! = r,2% = 0,23 = ). An

infinitesimal distance ds is expressed in this coordinate system as
ds® = g11(da) >+ gaa(dx?)?+gs3(da®)? = dr?+r2d0*+r? sin? 0dp? (12.28)
The non-diagonal metric components are all zero, and the diagonal com-

ponents are g1; = 1, gao = r2 and ¢33 = r2sin®6. Most of the Christoffel
symbols vanish, with a few exceptions.

Exercises:
1. Evaluate all the Christoffel symbols for the metric of Eq. (12.28).
2. Prove that this metric satisfies metric compatibility: Vg, = 0.
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12.3.6 Divergence Theorem
The covariant derivative of a vector field A* is given by

VuAY = 0,A” +T%, A (12.29)
We now define the covariant divergence of A* as

VuAY = 8, At 4+ Th A (12.30)
Now, it can be shown that FZ/\ = %gp“&\gup. (You are asked to show this

in the following exercise.) If g is the determinant of the metric tensor g,
then it is not hard to show that

1 1
igp"&\gﬂp = ﬁ@)\\/ |g| (1231)

Exercises:
1. Show that I', = 19P1 O Gpp-
2. Prove Eq. (12.31).

And so we obtain the following expression for the covariant divergence:

V, Al = Lau(\/m/w) (12.32)

Val

the divergence theorem in three-dimensional space is written as

// 0, VFid e = # Vi, dPa (12.33)
\% S

where 71, is a outward unit vector normal to the surface S.

Now, let V* = \/HA”. Let the space have n dimensions. We will replace
the three-dimensional volume V' by the n-dimensional “volume” ¥, and the
(n—1)-dimensional “surface” by 93. We will use g for the metric inside the
“volume” and v for the metric on the “surface.” We will use Eq. (12.32)
to replace the divergence by the covariant divergence, and so the covariant
divergence theorem becomes

/VMA“\/|g|d":r:/ A AR/ |y |d e (12.34)
b o5
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12.3.7 Parallel Transport

12.3.7.1  Parallel transport in flat space

In an introductory course in vector analysis we learned how to add vectors.
We learned that a vector is drawn as an arrow with a head and a tail. So,

to form the vector sum A + B we place the head of A on the tail of B and
join the tail of A to the head of B:

In the process of sliding a vector across the page we took care not to alter
the direction or the magnitude of the vector. Since a vector is defined as
a quantity having magnitude and direction, the vector remains the same
no matter where it is drawn, as long as magnitude and direction do not
change. This spatial displacement of a vector is called parallel transport of
a vector. A vector is not altered through parallel transport.

Parallel transport of vectors was helpful in drawing a triangle of vectors,
such as the one shown above, to determine the resultant of two or more
forces acting on a body at the same point. We later learned that the notion
of parallel transport was not useful when we had forces acting at different
points on an extended rigid body, producing torque.

12.3.7.2  Parallel transport in curved space

On a curved space, such as the surface of a globe, a vector cannot be drawn
as an arrow, because a straight arrow will touch the globe at only one point
or intersect it at two points. On a curved surface a vector is defined by
a set of numbers which differ from point to point. These numbers define
the components of the vector that is tangential to the surface at a point.
A geometrical depiction of such a vector would require an embedding in a
higher space, so that the tangent vector at any point on the surface of the
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earth is an arrow that is almost entirely outside the surface. In the following
discussion, we will give ourselves the license to visualize the vector as an
arrow, all the time keeping in mind that the vector itself is defined as a set
of numbers at each point on the surface.

On a spherical surface, a straight line — defined as the shortest distance
between two points — is a geodesic. So, if we were to parallel transport a
vector along a geodesic, the length of the vector should not change, and the
angle between the vector and the geodesic (i.e. the tangent to the geodesic)
should not change. So, if we start at a point where the vector Ais tangential
to the geodesic (angle between A and geodesic is zero), then it should
remain tangential to the geodesic at every point. Suppose we start with
such a vector pointing north somewhere on the equator, and move along
a longitude all the way north to the north pole and continue along the
geodesic till we reach the equator on the other side of the globe. By now
our vector is directed south. If we then parallel transport it along the
equator till we reach the point of origin, our vector would have undergone
a change of direction by 180°.

S

In the above example, the vector changes direction during the parallel trans-
port. We notice that the path taken by the vector was made of two separate
geodesics. Along each geodesic the vector did not change direction, but the
complete path was not a geodesic, and the vector did undergo a change of
direction. In what follows we will discuss parallel transport along arbitrary
paths.
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Now, a curve in 3-dimensional space can be expressed in parametric form
as ' = z°()\), etc. where \ is a parameter, and the z° on the right side
stand for (in general different) functions of A\. A familiar example is the
projectile, with A = ¢, the time. The path of a projectile is expressible as,
e.g. x = 3.50t;y = 12.3 — 4.90t?; z = 5.74. In n-dimensional space, the path
of a curve is expressed in concise form as z#(A). In flat Euclidean space,
we should be able to parallel transport a vector along any path without
changing the vector. But that is not the case with curved space.

For an arbitrary curve z#(\) along which a vector A* is parallel transported,
dA*

= 12.
=0 (12.35)

The principle of parallel transport can be extended to a (p, q) tensor field
such that
d
AN, =0 (12.36)
Now, for any tensor A (where we have suppressed the indices for conve-
nience),
dA  dz" 0A

So, if a tensor A is parallel transported along a curve z#(\), the components
of this tensor cannot change along the curve, and so
dz* 0A

For a general curved space we upgrade this to a covariant parallel transport
by replacing the derivative d,, by the covariant derivative V,, and we define
the condition for parallel transport as:

dz# dz* 0AY  dz*
AY = —I,A?=0 12.39
dA e A\ Oz + dX ( )
Noting that % g‘;‘“ = %, we obtain the following equation:
dAY  dx*
F” AP =0 12.40
dA + dA ( )

This is called the equation of parallel transport for a vector.

Note that a vector cannot be parallel transported along an arbitrary curve.
Only certain curves z#(\) satisfy the equation of parallel transport.
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For a (p, q) tensor we write the equation of parallel transport as

d o
VeI =0 (12.41)

For a connection that is metric compatible, i.e. Vg, = 0, the equation of
parallel transport of the metric tensor is valid for any path z#(\), since

(o8
%vaguu =0 (1242)
regardless of the path z#()). This has an important corollary. The inner
product of two vectors A¥ B, can be expressed as AYB, = g,, A*B". Sup-
pose two vectors A* and BY can be parallel transported along some curve
2P(A). Then the inner product will automatically be parallel transported
along this curve, i.e.

dx? L o

Since the inner product of two vectors is preserved, it follows that the norm
of a vector A*A,, is also preserved in a parallel transport.

Exercise:
Prove Eq. (12.43).

We will now return to the examination of geodesics. A geodesic can be
defined as the shortest path between two points, or more accurately, as
the path that is shorter (or longer) than all its immediately neighboring
non-intersecting paths. But our consideration of parallel transport along
the surface of a globe gives us an alternative definition of a geodesic: a
geodesic is the path along which the tangent vector is parallel transported:

Aot dot_det 0 dat L detda? ot def det

dx "7 dA dX Qe AN PTdN dN dA2 T PTdN dN
(12.44)

A geodesic is a curve z#()) that satisfies the equation
d?z+ dx? dx°

+ H
d\? PTdN dA

=0 (12.45)
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The geodesic is the shortest or longest path among neighboring non-
intersecting paths. A light ray is generated in the laboratory by a
laser — a coherent beam of electromagnetic plane waves' of high frequency.
Such light rays obey Fermat’s least time principle, following straight
lines through a medium of uniform refractive index, and bending when
passing through a boundary between media of different indices. A light ray
passing through curved space would follow the shortest path, which is a
geodesic. A geodesic is the path of a light ray in any space, whether the
curvature be positive, negative or zero.

If the space is flat, with zero curvature, the Christoffel symbols vanish, and

the geodesic equation becomes d;)'f; = 0. Integrating, we get the equation

of a straight line, z* = aA + b.

Suppose we choose to identify the parameter A with the proper time of a
moving particle. By Newton’s first law, a particle under the absence of
forces would travel along a straight line or a geodesic. Its motion can then
be described by the equation

Pt dx? dzx°
™ — — =0 12.46
dr? P9 dr dr ( )

2 o . .
So, for flat space we would get ddf2 = 0, i.e. zero acceleration. If a force

were applied to the particle, Newton’s second law would be expressible as
d?zt
dr?

=F"/m (12.47)

If a particle of mass m and having charge ¢ is placed in an electromagnetic
field, it experiences acceleration

APz _q ,d
dr2 — m Vdr

where F*¥ is the electromagnetic field tensor. The right-hand side of the

(12.48)

equation is the tensor form of the Lorentz force equation in flat space

F =¢(E +v x B) (12.49)

Exercise:
Using the expression for the electromagnetic field tensor, derive

Eq. (12.48) from the Lorentz force equation.

1Lasers can be approximated as plane waves along a distance smaller than the Rayleigh
length, which is typically a couple of meters.
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Generalizing Eq. (12.48) to curved space, we obtain the expression for the
motion of a particle of mass m and charge ¢ in an electromagnetic field
Frv.

APz L @dm” q dx”

= =t — 12.50
dr2 Po dr dr m- Y dr ( )

The behavior of the charged particle depends on the space in which it is
moving. For flat space, all the Christoffel symbols vanish, and we get the
familiar Eq. (12.48) that is valid for special relativity and electromagnetism.

We have emphasized that charges do not change the curvature of space.
Maxwell’s equations and the entire classical electrodynamics as well as
quantum electrodynamics imply a flat Euclidean space. It is only in Ein-
stein’s general theory of relativity that space becomes curved in the presence
of matter. But before we reach Einstein’s theory we need to obtain a proper
expression for the curvature of space.

12.3.8 Curvature of Space

A vector can be parallel transported along any closed path in flat space
without altering its direction:

Al < C

But in curved space, parallel transport along a closed path could result in
a change of direction. In the figure below, a vector marked as 1 is parallel
transported from A to B to C to A, and ends up as 2, in a different direction.
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Thus, the deviation of a vector when it is parallel transported along a closed
curve is a measure of the curvature of a surface. In the diagram we have
shown a sphere with uniform curvature throughout. But an arbitrary sur-
face need not have uniform curvature. Its curvature could vary from point
to point. Curvature is therefore a property of a point and its neighborhood,
and not of an extended region. Mathematically speaking, the curvature at
a point is related to the metric tensor and its derivatives at that point.

Let us consider a parallelogram formed of two infinitesimal vectors dz* and
dz”. Such a parallelogram can be formed exactly in flat space, and these
two vectors can have arbitrary magnitudes, but in curved space the shape
becomes a parallelogram only in the limit as each vector tends to zero:

dxM dxl!

b
rd

A dxV D

Now, suppose a vector A” is parallel transported from A to C in two dif-
ferent ways: (1) from A to B along dz* and then from B to C along dz”,
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and (2) from A to D along dz” and then from D to C along dx*. If it were
flat space, the results of the two transports would be the same. But in
curved space, the results would be different. So, curvature of space can be
measured by the difference in parallel transport along the two alternative
paths. Let us call this difference in the final value of the vector (between
the two paths) as 6 4. We expect this difference to be proportional to A?
itself, and also to the vectors dz* and dx¥. Writing the relationship as a
tensor, the constant of proportionality becomes a (1, 3) tensor, which is

called the Riemann tensor Rf

0AP = R A% datdz” (12.51)

ouv

We need to find an expression for the Riemann tensor.
Suppose the initial vector at A is A?. When it is parallel transported to B,
it becomes A” + dx*V ,A”. Upon parallel transport to C, it becomes
AP + da!'V AP + dx"V (AP + dat'V |, AP)
= AP +da"'V, AP + da"V AP + da¥dat'V, VAP (12.52)

When the vector is parallel transported from A to D to C, the resulting
vector is

AP +dz"V, AP + dat'V AP + dat daV |,V AP (12.53)

Subtracting (12.52) from (12.53), we obtain
0AP = datdz”(V,V, =V, V,)A? (12.54)

We are interested in the terms on the right side:

(VuVy =V, V) AP = 0,(V, AP) +T9 VAN =T VAP — (1 5 v)

= 0,0, AP + (0, T)\) AN + T, 0, A* + 19,0, A* + T4, T AN =T, Vo3 AP —
(1 v)

= (8MF1€U - 8’/FZU + FZ)\Fi\U - FIPIAFQU)AU - (Fﬁl/ - Fli\u)v)\Ap

We have canceled some terms, and changed some dummy indices. Now,
FZ‘V — Fi‘u = Tlf‘y, the torsion tensor, which is zero for all physical spaces of
interest to us. Thus, we obtain an expression for the Riemann tensor.

The Riemann Tensor

Rf,, = 0,0, —9,I0, +T0 T} —T0Th, (12.55)
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The Riemann tensor is a measure of the curvature of a surface at any point.
We see that the Riemann tensor is a (1,3) tensor, of rank 4. But Eq. (12.54)
shows that as far as curvature is concerned, only two indices are significant,
since we are ultimately interested only in V,V, — V,V,. Hence we need
a (0, 2) tensor of the form R, to measure curvature. Since the Riemann
tensor is (1,3), we will perform a contraction in order to obtain a suitable
(0, 2) tensor.

The Riemann tensor has some important properties.

R, =-RC,, (12.56)
Ry, =0 (12.57)

Thus, we can generate a non-vanishing (0, 2) tensor from the Riemann
tensor by contracting the top index with either the second or the third
lower index. We will choose the second lower index. The resulting (0, 2)
tensor is called the Ricci tensor R, :

R;\MV = R,, Ricci tensor (12.58)

Exercises:
1. Prove Egs. (12.56) and (12.57).
2. Show that R,, = R,,.

The trace of the Ricci tensor is called the Ricci scalar or curvature scalar.
Ricci Scalar or Curvature Scalar

R = RF“H = gl“’R'uy

12.4 Equation for Curved Space

We will now derive Einstein’s equation which relates curvature of space to
matter and energy. We will follow a Lagrangian approach. We shall set
up a Lagrangian of the space as a function of the metric coefficients, and
determine the function that minimizes the integral between fixed limits.
The variation of the metric is kept zero at these limits. We first consider
space without matter.
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We need to set up a Lagrangian out of the variables that define curvature.
Now, let us recall from Eq. (12.34) that the expression V, A" /|g|d"z is
an invariant or scalar. Since V,A* is manifestly a scalar, it follows that
\/H d"x is also a scalar. For a metric with a Lorentz signature,? g is always
negative, and so |g| = —g. So \/—gd"x is a scalar.

A relativistically invariant action can then be defined as

A— / Ly=gd"s (12.59)

where the Lagrangian L is a scalar. A suitable candidate for the scalar that
describes curvature is the Ricci scalar. And so we define an action for space
as

A= / Ry=gd"z (12.60)

We will first set up the equations of motion for empty space in the absence
of matter.

Our equations will follow from the condition that the variation 0 A is zero:
0A = (5/R\/—g d"r = 5/g“”RW\/—g d"z (12.61)

We are seeking an equation for the curvature of space, which is a function of
the metric coefficients g"”. So the independent variable is g"*, and we seek
the integral for which the variation dA = 0 for arbitrary small variation
dgH*¥. Our objective is therefore to reduce this integral to a form in which
the variation dg"*” appears as a factor. We expand the integrand using the
Leibniz rule, and write the result as the sum of three integrals:

(6A4)1 = [ 69" Ry/—gd"e

(64)2 = [ g"6R,/~gd"e

(64)s = [ R6(\/=g) d"a

2A Lorentz signature for flat space can be (-1, 1, 1, 1) or (1, —1, —1, —1). For curved

spaces the elements are no longer £1, but the time element always has the opposite sign
as the three space elements, and so the determinant is always negative.
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The first integral is already in the required form. So we proceed by evalu-
ating (0A)s.

We first write out the terms of the Riemann tensor:

RZ/\V = 8,\1“&L + Ff\UI“;H —(Aev) (12.62)
The variations in the Riemann tensor are formed from variations in the
Christoffel connections 6I'7 .

Let us recall that the covariant derivative is a tensor:
17 6AV v o
V, A" = D +I‘WA (12.63)

A small variation in the connection 0I'),, will affect the covariant derivative,
but not the ordinary derivative:

§(V, AY) = 6T, A (12.64)

Since the left side is a tensor, the right side is also a tensor. And since

A7 is a tensor, it follows that 61", is also a tensor, and hence has a valid

covariant derivative.

Va(TY,) = Ox(T9,,) +T% 0T, —T5,0T%, —T% 017, (12.65)

A variation in the Riemann tensor is obtained from Eq. (12.62):

5RZ/\V =0\(0Ty,) + T8 Ty, + T8, 007, — (A< v) (12.66)

A comparison with Eq. (12.65) shows that

SR}y, = VA(OTL,) = V. (oT%,,) (12.67)

Contracting the p and the A indices,
SR = VA(ST},) — V., (0T3,) (12.68)

And so, the second integral becomes

(6A)y = /d”x\/fgg“” [VA(ST2,) = Vo (6T3,)] (12.69)

Applying metric compatibility (¢g**V = Vg#¥) and relabeling some dummy
indices,

(64 = [ @oy=gVlg" (65T7,) - g7 0T, (12.70)
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From the divergence theorem of Eq. (12.34) this integral becomes a surface
integral over the boundary of the region. We will set the boundary at
infinity, where the variation in the metric and its derivatives are zero. Thus
the integral vanishes.

We next tackle the third integral (§A)s. There is an important theorem
that states that if B is a square matrix with non-zero determinant | B|, then

In|B| = Tr(In B) (12.71)

We will not prove this, but show that it is true for the metric tensor g,
which is symmetric in its indices for all physical spaces of interest to us.
We will denote the determinant of g,,,, by the symbol g. Considering a four-
dimensional space, g = g11922933944- And Tr (ln gwj) = lngn + hlggg +
In gs3 +In gsg = Ing. Hence

Ing=Tr(Ing,,) (12.72)

If we introduce a small variation in dg,.,

dg

i = Tr(9,, 09uv) (12.73)
Since g;l,l =g,

69 = 9(9"gu) (12.74)
From g“’\g,“, = ) we get 59“’\9,“, = —g“’\(SgW, and thus ¢g""d0g,., =
—9udgh”. So

69 = —9(9u09"") (12.75)
0V=9 = ~57=00 = 5 A= 909" = — 5/ =99, 09"
So

(0A)5 = /R5(\/jg)d”x = —% /(6g“V)RgW\/jgd"x (12.76)

Hence, the total integral becomes

0A = /(59’“’)[le — %Rg#,,]\/jgd"r (12.77)

This integral vanishes for arbitrary small §g*”. Therefore

1
Ruu - iRg,u,y =0 (1278)
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R, — 1Rg,, = G, is called the Einstein tensor. We have just shown
that this tensor vanishes in empty space. There is another important prop-
erty of this tensor, which we will derive next.

For this derivation we employ the Bianchi identity, which is expressed as
a relationship between different components of the fully covariant form of
the Riemann tensor: Ry, = Gpo KW:

VARpU,uV + VpRg)\y‘y + VO-R)\M“/ =0 (1279)

The proof of this identity is outlined in the box shown on the following page.
Multiplying both sides by ¢g*?¢#*, and changing indices in the middle term,
9°7 9" (VAR pour — VpRoxvu + VoRapu) =0 (12.80)

So
V¥R, —V,R+V'R,, =0

which is also expressible as

1
e (R,m - 2Rgp,l) =0 (12.81)

The Einstein tensor G, = R, — %Rg/w therefore has two important prop-
erties: G, = 0 for empty space without matter, and V*G,, = 0 for all
kinds of space.
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The Bianchi Identity
We will now derive an important property of the Riemann tensor. To
begin, we will write this tensor with all lower indices:

Rpcr,ul/ = gpAng (1282)

Now, consider a function f(z) which has a maximum at some point z = a.
So, f'(a) = 0, and f"”(a) < 0. The first derivative is zero, but not the
higher derivatives. A physical space without singularities can be approx-
imated as a flat space within a very small neighborhood. So, if we limit
ourselves to a small neighborhood of a point in space, the first derivatives
of the metric g,,, can be made zero, but not necessarily the higher deriva-
tives. The Christoffel connections are functions of the first derivatives,
and hence they vanish, but not the derivatives of these connections. So,
within a small space, we approximate the Riemann tensor as

Rguu = 8MFIP/U - 61/Fp

ho (local region)

and

Rpcr,uu = Gpx (a,uréa - 8VF20)

1
= §gmg”(8uaygw + 0,05 Gry — 0402 gue) — (1 V)

1
= i(auaggpu - apapguo) - (p’ A V)

Since the Christoffel symbols vanish in this regime, the covariant deriva-
tive becomes equal to the ordinary derivative: V,, — 0,. So

1
VARpa/w = 8)\Rpa/w = 5(8)\8/#909/)1/ - aAaltapgua) - (,u Ans V)
By writing out the terms and adding them, it is seen that
v)\RpO';UJ + vaU)\;,uj + VUR)\MUJ =0 (1283)

This is called the Bianchi identity. Since it is a tensor equation, it is
valid in any coordinate system, not just one that is locally flat (or inertial).
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12.4.1 Space Containing Matter

We have thus seen that G, = R, — %ng = 0 in a space without matter.
Einstein’s hypothesis was that the presence of matter led to the curvature
of space. We are seeking the complete equation of general relativity, one
which relates the curvature of space to the presence of mass.

It may be helpful to recall an analogy from electromagnetism. Experiments
by Oersted and others showed that a current flowing along a wire generates

a curling electric field. These results were stated as Ampere’s law: VxB =
1
€pc?
both sides we come up with the result that V -J = 0 in every situation.

J. But this equation is not complete. If we take the divergence of

But this is not true, because currents and charges obey the equation of
continuity V-J = —%. Now, Maxwell’s first equation states a relationship
between charge and electric field, V - E = %. And so Maxwell added
a term to the right side of Ampere’s equation, thereby completing it as:
VxB= 60162 J+ C%%—]f. We will take a parallel route in order to obtain the
complete equation relating matter and space.

Our hypothesis is that the presence of matter will transform the equation
G, = 0 into one of the form G,, = A,, where A,, is some (0, 2) ten-
sor that is related to matter, and since V#G,, = 0, it is necessary that
VHA,, =0 as well.

There is a tensor related to matter which satisfies the conditions we are seek-
ing: the energy-momentum tensor or the stress tensor T#”. We construct
this tensor in the following manner: First, we assume the conservation of
matter, and so we use the equation of continuity

9 L9 (pv) =0 (12.84)
ot

where p is the mass density and v the velocity of the matter. This equation
can be written as 0*.J, = 0 in relativistic form. To make this equation
covariant in curved space we write this as V#J, = 0. But J, is only a rank
one tensor, and we are seeking a rank two tensor.

Next, we consider a microscopic region of volume AV and choose a point
within this region. The total momentum of the matter within this region
would be pvAV and the force acting on the region would be

9(pv)
ot

f= AV (12.85)
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If the velocity changes slowly with time, we can use Eq. (12.84) to write
the force as

opv) AV = @VAV = -V . (pv)VAV (12.86)

f=—5 ot

If v also changes gradually with space, we can bring the second v inside
the del:

9(pv)
ot

= -V (pvv) (12.87)

The right side is manifestly a tensor, and we can write the left side also
in the form of a tensor. We replace v with the covariant velocity, i.e.
v, = y(c, vz, vy, v,) and write the equation as a covariant divergence of a
second rank tensor, and relax the restrictions on v:

VAT, =0 (12.88)
where Ty; = pcv; and T;; = pv;v; where the indices ¢ and j refer to the
spatial components (1, 2, 3). The general form is 7, = pv,v,.

So, we could incorporate matter into the equation for curvature and write
the complete equation as

1
R = 5 R = KT (12.89)

The constant k can be fixed by comparison with the classical Newton’s
law of gravitation in the low mass limit. We shall do this in the following
subsection.

There are alternate expressions of Einstein’s equation of general relativity
which we can obtain by taking the trace on both sides:

1
9" Ry, — §Rg“”gm, = kg"'T,, (12.90)

1
R~ SR(4) = kT

R=—kT (12.91)

Ry, =k (TW - TgW) (12.92)
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12.4.2 The Constant k

Just as for small velocities special relativity can be approximated by New-
tonian kinematics, so for small masses general relativity should be approx-
imated by Newtonian gravitational theory. We shall employ this criterion
not only to demonstrate the validity of Einstein’s equation, but also to
derive the value of the constant k in terms of Newton’s laws of gravitation.

Let us assume there is a weak static gravitational potential ¢ in some
region of space. The acceleration experienced by a test object in this field
is therefore a = —V¢. We will also assume that all speeds in this regime
are much smaller than ¢, so that % < ¢. We label the coordinates (0, 1, 2,
3), so the time coordinate 2° = ct. Then, for i # 0,

dxt da®
—_— 12.93
dr < dr ( )
where 7 = t4/1 — Z—; = t/~ is the proper time.
A geodesic in this space is expressed by the equation
d?zt dz? dz°
b ——— =0 12.94
dr2 o dr dr ( )
For small velocities we can neglect all the ‘%i terms (i # 0):
A2t o (dt\?

The field is static, which means that the curvature does not change with
time: dogu, = 0. So

1 1
oo = 59”’\(509,\0 + Jogox — Oxgoo) = —§gM8,\goo (12.96)
Since the mass is small, the curvature is also small. For flat space ggo = —1.
So for a nearly flat space gog = —1 + h where h is small, and g° = 1/ggo =
—1 — h to a first approximation in h. And so
2zt 1, dt\?
==c*¢g"O\(—1+h) | — 12.97
arz 299 =L )(d7> ( )
Multiplying both sides by (4F)?,
>zt 1, 1 .
= —c?g"O0\h = =c*9'h 12.98
5 = 3¢9 k=g (12.98)
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Now, the Newtonian acceleration is related to the gravitational potential
by

A2zt .
=9 12.99
= (12.99)
Hence
2¢
Therefore
2¢

For low velocity, all the elements of 7},, can be neglected except Tpo = pc2.
And T = ¢%°Tyg = —Tpo = —pc? to a first approximation. We showed in
the previous subsection that

1
R;U/ = k (T;LU - 2Tgl“/) (12.102)
So, again to a first approximation,
1 1
oo = [ = 5(-p)(-1)| = ghoe? (12.103)

Now, Roo = Ry, but since Ry, = 0, the only terms that matter are the
R{.o- The time derivative is zero, since the fields are static. And we can
neglect the terms containing products of Christoffel symbols. So the only
significant terms are Rf;, = ;1. From these we can obtain our required

result:
i L i L oo
Roo = Rp;o = 0; 29 (90gx0 + Jogor — Orgoo) | = *55 0;05h = —5V'h
(12.104)
Now, comparing Egs. (12.100), (12.103) and (12.104), we obtain
k 4
V2 = %p (12.105)

This is in the form of the Newtonian equation for gravitational potential
V¢ = 4nGp (12.106)

Thus, Einstein’s equation reduces to Newton’s equation in the low mass low
velocity regime. This gives us confidence in the theory, and also permits us
to obtain the value of k in terms of G:

g = G (12.107)

cl
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So, Einstein’s equation of general relativity becomes

8rG

1
Rl“’ — iRgl“/ = CTTI“/ (12108)

This is the fundamental equation of general relativity. This equation ba-
sically says that matter (right side) produces curvature in spacetime (left
side), and provides the mathematical relationship between the two.

There is an analogy with a corresponding equation from electromagnetism,
where F5¢ is the electromagnetic field tensor, and J? is the four-vector
charge-current:

D FPo = i (12.109)
C€Q
Of course, there are differences. This is a tensor equation of rank 1, whereas
that of general relativity is a tensor equation of rank 2. This has important
consequences at the quantum level. The rank of the tensor is related to the
spin of the quantum of the corresponding field.

When the electromagnetic field was quantized, we obtained photons with
spin 1. When the gravitational field is quantized, we get gravitons with
spin 2.3 Both photons and gravitons are bosons of zero rest mass, which
travel at the same speed c. So, gravitational force is not communicated
instantly from one body to another, but propagates at speed c¢. One of the
consequences is that an oscillating mass should radiate gravitational waves.
Such waves have been detected.*

12.4.3 A Solution to FEinstein’s Equation

An important solution to Einstein’s equation is the curvature of spacetime
outside a spherical mass such as the sun or some large star. The spherical
symmetry of the problem enables us to obtain a simple solution without
going through a lot of complicated mathematics. In empty space in the
absence of matter a spacetime interval ds = (cdt, dr, df, dy) is expressed by

ds® = —2dt® + dr? + r2d6? + r? sin? 0d > (12.110)

3Sean Carroll, Spacetime and Geometry: An Introduction to General Relativity (Pear-
son, 2013), p. 167.

4For a lucid account of this discovery, see Janna Levin, Black Hole Blues and other
Songs from Outer Space (Knopf, 2016).
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The metric tensor takes the form

—100 0

010 0
v = 12.111
Iu 0 07 0 ( )

0 00 r2sin?6

The non-zero metric elements are gz = —1, gr = 1, ggg = 12, Jop =

2 4

r2sin? 0. The determinant g = —r* sin? 6.

Let us now consider the metric in the presence of a mass M at the origin.

The gravitational potential at a distance r from this mass is given by

6= -_CM (12.112)

r

A comparison with Eq. (12.101) shows that the metric tensor gog = g4+ can
be expressed to a good approximation for large values of r as

gt = — (1 — QGM) (12.113)

cr

For a spherically symmetric situation the angular metric elements would
be unaffected, but the radial element would change. Let the altered radial

element be ¢’.,.. Hence the altered determinant becomes g’ = —r*sin?6(1 —

2GM N ./
c2r )grr'

We have seen earlier that the product \/—gd"x is a scalar or a Lorentz
invariant. Relative velocity or a Lorentz boost alters space and time, but
a Lorentz invariant remains the same. The presence of matter has the
effect of curving spacetime, but since mass can be considered as another
dimension — along with space and time — a distortion of spacetime due
to the presence of matter outside the region should not alter the invariant
v/—gd™z. For the metric under consideration, n = 4. d*z is not altered by
the curvature due to matter. So \/—g also remains unaltered. Thus ¢’ = g.

Therefore
2GM\ !
g;r<1 ¢ ) (12.114)

c2r

So the required metric becomes

-1
ds? = — <1 — 2GM> Adt? + (1 — 2GM) dr? + r2d#? + r? sin? 9d902

c3r c2r
(12.115)

This is called the Schwarzschild metric.
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We have derived this metric only for the limiting case where 26M « .
(&

We will next prove that this equation is valid for all values of r. There

are many different functions which take the form 1 — QCGQZTVI in this limit.

_ 2GM
qcir

q
) where ¢ is a non-zero real number. As

q — 00, this function becomes exp (f 22&/[ ) We are seeking a function

that is positive for all values of r, thus ensuring that g;; remains negative.
Consider e2*(") where a(r) is real, and a(r) — 0 as r — co. Thus cZe®(")
will remain positive for all r, and will equal ¢? for large 7. The metric can
be written as

A simple example is (1

ds? = =222 4 22 dr? 1 12dh% + 2 sin® fd? (12.116)

We are interested only in the region outside the mass, i.e. the region where
the Ricci tensor R, = 0. A zero tensor means every element is zero. Let
us choose the element Ryg which we set to zero.

Rog = Rpyg + Ry + Rigg + Ri5 =0 (12.117)

Recalling the expansion of the Riemann tensor
A A
ng/ = 8HF£U - aVFZa + FZ)\FVO' - FZ)\F/LU

and of the Christoffel symbol

o 1 (on
F;w = 59 p(augup + augp# - apg,uu)

we obtain for the #0 component of the Ricci tensor:

Rgo = —re**Ma.a(r) — re?*Moa(r) + 0+1 -2 =0 (12.118)

This simplifies to €2*(2rd,a + 1) = 1, which is compacted to 9, (re?®) = 1,
and yields the solution

k

e =1+4= (12.119)
r
We know that for large r this must become 1 — 2g¥7 and hence k = —%.

Thus, the Schwarzschild metric we derived earlier is exact, and is valid for
all values of M and r.

Exercise:
Using the metric of Eq. (12.116), obtain expressions for the Riemann
tensor components: Rf%ev Ry.9s R290v and wa.
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The Schwarzschild metric was derived for a static field, one that does not
vary with time. But according to Birkhoff’s theorem the Schwarzschild
metric uniquely and accurately describes the spacetime around a spherical
body of mass M even when the mass changes with time.

12.5 Some Consequences of General Relativity

12.5.1 Egquivalence Principle

An important law relating general relativity to Newtonian mechanics and
special relativity is called the principle of equivalence, or the equivalence
principle.

The equivalence principle — like the second law of thermodynamics —
can be stated in different ways. The simplest statement, called the weak
equivalence principle, is the following:

The inertial mass of a body is identical with its gravitational mass.

Suppose we are in a space ship traveling through zero gravity. Now, suppose
the ship enters a gravitational field. All the objects on board will experience
the same acceleration. But the same effect could be generated in empty
space if the ship turned on its engines and began to accelerate. If the
acceleration of the ship was perfectly smooth, it would be impossible to tell
whether the ship was accelerating, or it had entered a uniform gravitational
field.

Einstein’s version of the equivalence principle — called the Einstein Equiv-
alence Principle — is enunciated as follows:

In small enough regions of spacetime, the laws of physics reduce to those of
special relativity; it is impossible to detect the existence of a gravitational
field by means of local experiments.

Cavendish obtained Newton’s gravitational constant G' by measuring the
force between two large metal spheres. The Einstein equivalence principle
would imply that Cavendish would have gotten the same result whether he
did his experiment on earth, or in a space ship accelerating at g = 9.80 m/s?,
i.e. the gravitational force between the spheres would be the same in both
instances. Hence, a more accurate statement, called the Strong Equivalence
Principle, is stated as:
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In small enough regions of spacetime, the laws of physics reduce to those
of special relativity; it is impossible to detect the existence of an external
gravitational field by means of local experiments.

12.5.2 Doppler Effect due to Gravity

A four-interval ds is defined as
ds? = gudatdr” = —A2dt? + dz® + dy? + d2? (12.120)

The proper time 7 of a moving body is defined as

2
AT = /dtw/l — Z—Z = /\/dt2 — (da? + dy?® + dz?)/c?
= 1/\/fgwalx“dav" (12.121)
c

So dr = %\/—gwdxl‘dx” = %\/—gttCZdﬁ — Grrdr? — ggedb? — g, pdp?.

Consider a time interval dt at a fixed point in a gravitational field, so that
dr =df =dp =0, and dr = /—gndt.

Suppose a pulse of light is directed downward from a point 1 at a height
y above the surface of the earth. Point 2 is located on the ground directly
below point 1. Let dr; be the proper time duration for the emission of
the light beam at frequency v, at point 1, and dms the proper time for the
absorption of the same beam at frequency v, at point 2 on the ground. We
expect vy to be different from 4 because of the difference in gravitational
potential at the two points.

We showed earlier that for a weak gravitational field gy = —(1 + 22).
So, the proper time for the emission of the light wave is

20
dry =1+ —dt (12.122)
C

And the proper time for the absorption of the light wave on the ground is

20
dry = /14 C—;dt (12.123)

Dividing one equation by another,

20

d Vit
d—ﬁ —V__ < (12.124)
T2 /1_|_ 2;{;2
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The frequency v of the wave (v; = emission, o = absorption) is inversely
proportional to the time dr, and for small values of ®; and ®s,

? =1+ 31/ — Dy)/c? (12.125)
1

vimn_ P -9 (12.126)

141 02

¢ = —%. r1 = R4y, and ro = R, the radius of the earth. Therefore, for
a small vertical displacement v,

Vg — U 1 GM GM GM
@ <_R+y "R ) = V= /¢ (12.127)

V1

where ¢ = GM/R? is the acceleration due to gravity (approximately
9.80 m/s?). We see from this equation that the frequency of absorption
is greater than the frequency of emission.

This result that we have just obtained from general relativity agrees with
what we get using quantum theory and special relativity.

Suppose a photon of frequency vy is directed downward from a height y
above the surface of the earth. It has initial energy hvy. By the time it
reaches the ground, the force of gravity has done some work done on it,
equal to force x displacement = mgy where m = hvy/c? is the mass of the
photon. As the photon travels downward, it accrues kinetic energy by the
work energy theorem, and this additional kinetic energy is manifested as an
increase of frequency. Considering the photon as a particle of mass hv/c?,
its final energy

h
hvs = huy + %gy (12.128)
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which yields the result:

B _9Y

” - (12.129)

There are also other approaches that yield the same result. We can, for
instance, apply the principle of equivalence and Lorentz contraction.

We consider an observer standing on the ground, and the light source at a
height y above the ground. Applying the principle of equivalence, we could
eschew gravitational attraction between the light beam and the earth, and
instead restrict ourselves to the mutual acceleration of magnitude g between
the two bodies. In this model, the earth is initially at rest relative to the
light source. The observer on the earth — initially at rest relative to the
source — measures the wavelength of the light emitted by the source, and
gets the number A\;. Then the observer — along with the earth — accel-
erates towards the source, and measures the wavelength A5 when the light
source is at the same position as the observer. The relative speed between
the source and the observer is now v = /2¢gy. By Lorentz contraction,

29y
1- == (12.130)

And so, for small values of gy/c?, and bearing in mind that the speed of
light ¢ remains the same,
v= e = (1+ %) (12.131)

29y
]._CT

12.5.3 Deflection of Light by the Sun

In the above example, we considered a light beam traveling in the direction
of a gravitational field. We now consider a light beam traveling perpen-
dicular to the gravitational field of a massive spherical object such as the
sun. At a great distance from a source, the wavefront of any wave becomes
a plane that is perpendicular to the direction of propagation. Consider
an electromagnetic wave passing through the gravitational field of the sun.
Gravity has the effect of shortening the wavelength along the direction of
the field. The result is that the wavefront changes direction, and so does
the propagation. A light wave is therefore deflected upon passing close to
the sun.
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Initial /\/\/\/\/\/\/

wave

front /\/\/\/\/\/\j Final
wave
AVAVAVAVAVAY, front

v

Gravitational Field

Thus a light ray coming from a distant star will undergo a slight deflection
upon passing close to the sun. The total deflection 26 has been exaggerated
in the following diagram:

N

Deflection = 20

The path taken by the light is a geodesic in this field. The light bends to-
wards the sun, in a radial direction. Let us consider the radial displacement
of the path of the light ray, along which dr changes, but df and dy remain
constant. A four-displacement ds in this direction is given by

ds* = gy ?dt? + gppdr® (12.132)
where gy = — (1 - 2551”), Grr = (1 — ng\f[)il, and M is the mass of the

sun. A geodesic along the path of light is a null path, with ds = 0. And so,
we can write

QGM (12.133)

o _ [ -2 2GM )
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Initial /\/\/\/\/\/\/

wave
Ar

e

Gravitational Field

In the triangle shown above,

Tdt c3r

d 2GM
Ar="At=c (1 _ > At (12.134)
The horizontal side A\ is the shortening in wavelength due to the gravita-
tional field, and this can be expressed in terms of a reduction in wave ve-
locity: Ac = %. The apparent reduced speed of the light beam in the field
is & = (¢ — Ac), where Ac = 25M  Tp the figure, AN = AcAt = 284 A¢,

All these derivations are valid to first order, since the effect of the sun’s
gravitational field on the light beam is very small.

The small angle 6 can then be calculated from the triangle in the above
diagram:

0— AN 2GM/er  2GM

_E_c(lf2gy)N c2r

(12.135)

Hence, the total deflection of the light ray grazing the sun (mass M, radius
R) equals

20=—— (12.136)

Putting in the values G = 6.67 x 10711, M = 1.99 x 100, R = 6.96 x 108,
¢ = 3.00 x 10%, we obtain 20 = 1.75 arc-seconds. (3600 arc-seconds =
19, and 57.3Y = 1 radian.) This number agrees well with experimental
observations.
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12.6 Quantization of Gravity

The gravitational field is transmitted at speed c. In analogy with the elec-
tromagnetic field, the gravitational field is communicated by quanta called
gravitons. A graviton propagates at speed ¢, and has zero rest mass. The
electromagnetic field is a vector field, or a tensor field of rank one, and the
corresponding quantum — the photon — is a zero rest mass particle of spin
1. The gravitational field is a tensor field of rank 2, and the corresponding
quantum — the graviton — is a zero rest mass particle of spin 2. It has
been proved that there cannot be any other field besides gravity that has
a quantum of zero rest mass and spin 2. And there is no theoretical or
experimental evidence for a massless particle of spin higher than 2.

Now, electrons can be scattered by electrons. Such a scattering is called
Mgller scattering. Since they do have momentum, and their inertial masses
feature in collisions between electrons, we should expect them to have a
gravitational force between them. How do we incorporate the gravitational
interaction into a Feynman diagram of interacting electrons? Let us try the
following diagram:

graviton

Is this possible?

It is hard to picture vertices such as the above. The spin contribution of
two electrons at a vertex is either 0 or 1. A single graviton has spin 2, and
so it is difficult to see how the above diagram meets conservation of angular
momentum at the vertices. A better picture is the following:
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Here we see the gravitational interaction appearing as a correction to the
electromagnetic interaction between the electrons. At the first vertex two
spin half particles interact with a spin 1 particle. At the second and third
vertices two spin 1 particles interact with a spin 2 particle, and at the fourth
vertex two spin half particles interact with a spin 1 particle.

The above diagram also describes the fundamental processes occurring in
the deflection of the light beam by the sun’s gravity. A photon is emitted
by an electron in a distant star (first vertex). This photon interacts with a
graviton from the sun’s gravity (second and third vertices). As a result of
this interaction, the photon changes direction, and proceeds till it interacts
with an electron in the detecting device (fourth vertex), be it the retina of
a human eye, or a photographic film. It is evident that angular momen-
tum is conserved at each of the four vertices. Therefore, the gravitational
interaction between two electrons is mediated by the electromagnetic field.

Most of the mass of an atom comes from the nucleus, which is constituted
of protons and neutrons. While a neutron has zero charge, it is constituted
of three quarks, just as a proton is also constituted of three quarks. Quarks
have spin half, and have charges of magnitudes e/3 and 2e/3. Quarks also
have spin 1/2. So, quarks also interact with the gravitons through photons.

Thus both the light electrons, and the heavy protons and neutrons of the
nucleus, interact with a gravitational field through the electromagnetic field.
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