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Foreword 

Godel's famous incompleteness theorem shows that no formal 

proof procedure can reach every truth of mathematics, not even of 

the elementary theory of positive integers. His proof of this theorem, 

strictly mathematical of itself, wrought an abrupt turn in the philos

ophy of mathematics. We had supposed that truth, in mathematics, 

consisted in provability. 

Godel is celebrated in the philosophy of mathematics for this 

great discovery and also three other philosophically significant re

sults, all strictly mathematical. Beyond these he published sundry 

brief notes in technical logic, many reviews, and some speculations 

on his friend Einstein's relativity physics, but of outright philosophy 

he published virtually nothing. 

It was new for philosophers, therefore, when Godel's Nach/ass 

was found to contain manuscripts on the philosophy of mathemat

ics, including even a substantial one on the philosophical bearing of 

his theorems. This is one of the two that Dr. Rodriguez-Consuegra 

has meticulously edited and presented in the present volume. At last 

we can glimpse GOdel's own philosophical adjustment to his bewil

dering discovery. 

His philosophy of mathematics is at odds with the attitudes of 

most latter-day philosophers who deal with mathematics and logic. 

For him the abstract objects of mathematics are as real as sticks and 

stones, and their laws are objective matters of discovery on a par with 

those of physics. The other paper, written and repeatedly revised for 

a volume of commentaries on Carnap but never submitted, brings 

out these divergences very directly, for Carnap was a leading repre

sentative of the more dominant view. 

Both manuscripts were tangles of revisions within revisions, 

labyrinthine transpositions, cryptic abbreviations, smudged erasures. 

These reflect Godel's continuing sense of not having got the philos

ophy quite to his satisfaction. 

Clearly the deciphering and linearizing of the manuscripts and 

the annotating of successive layers cost Dr. Rodriguez-Consuegra a 



lot of drudgery and demanded much scholarly ingenuity and a deep 

understanding of the subj ect. Rodriguez-Consuegra is  a bright new 

light in the study of mathematical logic, set theory, and the philos

ophy of mathematics a s  these developed over the past twelve 

decades .  His painstaking analysis The Mathematical Philosophy of 

Bertrand Russell: Origins and Development has already appeared as  a 

book in English ( B irkhauser, 1 99 1 ) . With the present book he es

tablishes yet another milestone in Spain's  impressive latter-day 

progress in scientific philosophy. 

W.V. Quine 
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Introduction 

Kurt Godel. together with Bertrand Russell ,  is the most impor

tant name in logic, foundations and philosophy of mathematics of 

this century. However, although Russell devoted many pages to ar

ticulating his ideas in these and many other fields, Godel published 

very little apart from his well -known writings in logic, metamathe

matics and set theory. His introverted personality inclined him away 

from philosophical controversy, while his continuous search for de

finitively conclusive arguments in philosophy made it  difficult for 

him to publish his less conclusive writings. Thus,  the sum of his pub

lished philosophical remarks runs to what is  found in the papers on 

Russell and Cantor and a few scattered remarks elsewhere. 

Fortunately, Godel the philosopher, who devoted many more 

years of his l i fe to philosophy than to technical investigation, wrote 

hundreds of pages on philosophy of mathematics, as well as  on other 

fields of philosophy. However, it seems that not even his closest col

leagues and friends were a llowed to read those manuscripts, let alone 

to discuss them. Only the opening of his l iterary estate in Princeton 

for scholarly research, following the catalogization made from 1 982 

to 1 984, have made it possible that a l l  these materials may someday 

appear in print. 

The fundamental goal of  this book is  to make available to the 

scholarly public solid reconstructions and editions of three of the 

most important essays which Godel wrote on the philosophy of 

mathematics.  S ince in chapter I /part II give details about the char

acter and origin of the manuscripts appearing here, as  well as  the par

ticulars about their present edition, I shall devote the rest of  this in

troduction to a summary of the book as  a whole. 

I thought that many - perhaps most - of the readers would be 

grateful if the Godel essays were accompanied by an introductory ap

paratus, devoted not only to the manuscripts themselves but also to 

the philosophical context in which they were written .  This led me 

to divide the book into two parts, the first providing the reader with 

that context, the second offering certain pertinent information re-



garding the background of the particular manuscripts which appear 

here, as  well as  the present edition . 

The first part is composed of three chapters, of which the first tries 

to achieve two goals .  The first of these is to describe briefly the intu

itive kernel of and the philosophical motivations behind Godel 's  cel

ebrated metamathematical results .  Godel took these as supports for 

a realistic ( Platonic) philosophy of mathematics - the belief in the ob 

jectivity of mathematical entities - and we are therefore concerned 

to determine the quality of that support .  To this end, I have succes 

sively examined the theses according to which Godel ' s  real ism 

should be regarded as  ( i )  part of the philosophical implications of 

those results; ( i i )  a heuristic principle leading to them; ( ii i )  a philo

sophical "hypothesis" which can be "verified" by means of them. The 

second goal has been to provide the reader with a sort of overall  view 

of the content of the manuscripts appearing here, as well as  with a 

general context of ideas and authors .  Here, it seemed to me that 

Godel 's  last version of his  essay on Carnap is very useful as a sort of  

summary of the basic ideas of the manuscripts .  

The second chapter is devoted to one of Godel 's  main theses in  

the philosophy of logic and mathematics, namely that  these sciences 

are of an analytic - although not tautological - character. Thus, I 

begin by presenting the essential arguments given by other philoso

phers who supported this thesis before Godel; authors such as  Frege, 

Russell ,  Wittgenstein, Carnap and Quine.  Their ideas provide the 

context needed to explain Godel 's  arguments, published and un

published, and to evaluate some of the advantages and disadvantages 

of his overall  view. 

The third chapter provides the reader with the context and basic 

arguments for another main philosophical thesis, namely that math

ematics is essentially similar to physics, both in its objectivity and 

method.  Here, again,  s imilar ideas by several authors well  known to 

Godel are examined.  The l ist includes such thinkers as  Russel l ,  

Hilbert, Carnap, Tarski and Quine .  Curiously enough, the philo

sophical ideas of the last three authors can be correctly understood 

only when seen in light of the impact of Godel 's  results .  These re

sults, together with Godel 's  particular arguments (both published 

and unpublished ) ,  are also briefly touched upon in the chapter. 



As regards mathematical intuition, s ince most arguments used to 

defend its existence are of the same sort a s  those a lready used by 

Godel in relation to the former theses, no separate chapter has been 

devoted to it .  Concerning analyticity, mathematical intuition is ,  for 

Godel, the faculty providing us with the guarantee of the truth of 

mathematical axioms, its fallibility notwithstanding. Regarding the 

analogy between mathematics and physics, GOdel viewed mathe

matical intuition as  a faculty parallel to sense perception. Indeed, 

there seems to be no other way to develop Godel's conception of 

mathematical intuition . 

These three chapters can be seen as an outline of those aspects 

which I consider to be the most interesting ones of Godel's philo

sophical writings (published and unpublished ) in the field of the phi

losophy of logic and mathematics. Stil l ,  they do not address al l  of his 

philosophical ideas - for example, those in his Gibbs lecture con

cerning mechanistic theories of mind and those in some of his writ 

ings concerning the nature of t ime - for reasons of space . 

The bibliography appears at the close of the third chapter as it 

seemed a fitting accompaniment to the introductory essay in the first 

part of the book. However, i t  contains items pertaining to the fourth 

chapter as  well and also some non-standard references to such things 

as  a symphonic composition and a videotape both devoted to Godel. 

The second part of the book, comprising chapters l-4, is devoted en

tirely to Godel's unpublished essays. Its first chapter, the fourth of the 

book, should adequately equip the reader to fit the essays into the larg

er framework of Godel's unpublished work. It includes basic informa

tion concerning both Godel's Nachlass as well as the origins of  the es

says published here . I also briefly describe the conditions in which I 

found the pieces published, and state the criteria which guided me in 

my choice of what to include here, as  well as in my treatment of it . 

The second chapter contains the text of the Gibbs lecture, which 

Godel,  invited by the American Mathematical Society, read in 

Providence, Rhode Island, in 1 9 5 1 .  Officially entitled u some basic 

theorems on the foundations of mathematics and their philosophi

cal implications",  it was devoted to non-technical description and 

philosophical  discussion of Godel's famous incompleteness results .  

Among the arguments presented, the most important are those as-



serting the impossibility of developing a reductionist program in the 

philosophy of mathematics and the necessary fai lure of any mecha

nis t  conception of human reasoning. Here I should perhaps call the 

reader's attention to the fact that the long and interesting footnotes 

included in the manuscript of this lecture are given in their entire

ty, but only following the main text, so as  to make the reading eas

ier and more fluid .  

Between 1 9 5 3  and 1 9 5 9  GOdel wrote up to six versions of an 

essay on Rudolf Carnap's syntactical conception of mathematics, 

originally intended to appear in the Carnap volume of the Schilpp 

series ( The Library of Living Philosophers) under the title "Is mathe

matics syntax of language?" ,  although none of them were actually 

submitted for publication. The third chapter ( part II ) contains the 

text of the second version of that essay. 

Godel a ttacked the thesis that mathematics can be reduced to for

mal syntax of language, thereby being shown to be tautological and 

thus void of content. It  i s  Godel's only openly polemical essay.  

However, the positive part of the essay is  also remarkable, with im

plications for  a variety of related issues in and connected to the foun

dations of mathematics . The essay contains many references to the 

relevant literature and a number of footnotes . These latter are print

ed at  the end of the main text. 

The fourth and final chapter ( part I I )  contains version VI of the 

same essay. It is a short text and certainly not v�ry convincing. Still ,  

it  seemed worth printing because, although version V is  clearer and 

more philosophical, version VI represents the culmination of a long 

evolution of thought.  Moreover, nothing i s  essentially lost in so 

doing, for  a comparison between both versions is  offered in a sys

tematic series of editorial footnotes. 

Finally, there are the reproductions of various pages of the orig

inal manuscripts printed here. They are included to give the reader 

an idea of Godel's actual style of working. It i s  a style borne of inse

curity and perfectionism - a fact that makes the task of reconstruct 

ing and editing his manuscripts a difficult one. I apologize for the 

poor quality of the reproductions . They had to be made from pho

tocopies s ince the original documents cannot be taken outside the 

Princeton Firestone Library .  



Part I 

Kurt Godel and the philosophy 

Quand je vous a imera i ?  

Ma fo i ,  j e  n e  sa i s  pas. 

Peut-etre jama i s, peut-etre dema in! 

Carmen 

of mathematics 





1 
Real ism, metamathematics, and 

the unpublished essays 

This initial chapter is divided into two sections. The first is devot

ed to a brief exposition of the intuitive essence and the philosophi

cal motivation of Godel 's  main metamathematical results, namely 

his completeness theorem for elementary logic ( 1 9 30 )  and his in

completeness theorems for arithmetic ( 1 9 3 1 ) . Thereafter some dis

cussion of the different ways to confront the relationship between 

those results and Godel's philosophical realism in logic and mathe

matics is offered .  Thus, mathematical realism will be successively re

garded as  ( i )  a philosophical consequence of those results; ( ii )  a 

heuristic principle which leads to them; ( i i i )  a philosophical hy

pothesis which is "verified" by them. In the second section Godel's 

philosophy of mathematics, such as  it can be derived from his pub

lished writings, is briefly expounded upon. Then the final version of 

his essay on Carnap is summed up, in order to see how his unpub

lished philosophical ideas might throw some light on Godel ' s  pub

l ished doctrines.  Finally, other relevant ideas and authors are briefly 

surveyed . 

Godel's results 

Godel 's  celebrated results referred to here have to do with basic 

properties of certain logical and mathematical formal systems. When 

those systems are studied in themselves, their properties are called 

metalinguistic or  metatheoretical, namely metalogical or meta 

mathematical .  By " formal system" we mean a set of symbols and the 

corresponding rules of formation of acceptable sequences of symbols, 

or formulas .  These formulas can be divided into two classes : axioms, 

which are taken as  the starting point, and theorems, which are de-



rivable ( demonstrable, provable ) from the axioms, that is to say, 

which can be obtained from the axioms by means of the application 

of certain rules of inference explicitly formulated. Thus, provability 

will always be u nderstood as referring to a precise set of axioms and 

rules of inference. The main interest of formal systems lies in their 

capacity to be used to formalize certain languages. In this way the 

structure of these languages turns out to be perfectly specified, so it 

is easier to avoid certain problems that, like the one concerning the 

celebrated paradoxes, led to several crises in the foundations of 

mathematics at the turn of this century. In particular, the several at

tempts to formalize logical and mathematical theories, such as ele 

mentary logic and number theory, were the field in which Godel's 

main results first appeared .  

Among the  meta theoretical properties of formal systems are  con -

sistency, completeness and decidability. A system is consistent when 

it is not contradictory, i . e . ,  when it is not the case that both a for

mula and its negation are provable in the system. Thus, if we obtain 

a consistency proof, we will have the guarantee that we will never 

come to the point where we derive contradictory theorems from the 

axioms. A system is complete when every one of its formulas, or its 

negation, is provable . Therefore, to prove the incompleteness of the 

system it suffices to exhibit - or prove the existence of - a well

formed formula of the system, such that neither it nor its negation 

is derivable in it. Finally, a system is decidable when there is an algo

rithmic (mechanical) procedure through which we can determine, 

in a finite number of steps, whether or not each well-formed formula 

is provable in it, i . e . ,  whether or not each formula is one of its theo

rems.  

Understanding the relationships between such properties helps to 

clarify their importance . First of all, it has to be noted that com

pleteness and decidability are by no means equivalent properties: a 

decidable system is not necessarily complete, and a system can be 

both complete and undecidable.  At the same time, it is worth inves

tigating the completeness and decidability of a system only under the 

hypothesis of its consistency, for a contradictory system allows us to 

prove any theorem, so although it is always complete and decidable, 

it is so in a trivial way. In principle, the ideal situation for every for-



ma! system would be to satisfy al l  these properties.  Hence Hilbert 's  

metamathematical program consisted in reaching a formal system 

for classical mathematics ( intuitionist mathematics is more difficult, 

for it  rej ects the application of concepts which cannot be determined 

in a finite way )  which was at once consistent, complete and decid 

able. As we shall see, Godel's results showed the impossibility of such 

an ideal .  

After these preliminary notions, we can already say that  two of  

Godel 's  results are relevant here; first, the demonstration that  the 

formal system for elementary logic ( the logic in which our quanti

fiers range j ust over individuals, not over sets of these or their prop

erties )  i s  complete (a lthough now in the sense that every formula 

universally val id is provable in it ) .  This is what it is known as  " Godel's 

completeness theorem", which improved on former ones by Post and 

Bernays . According to it sentential logic ( the logic with no quanti

fiers ) i s  complete. This theorem was formulated in 1 9 30; shortly 

thereafter, however, Church proved that elementary logic is  not de

cidable ( 1 9 3 6 ) .  

Second, Godel proved, in 1 9 3 1 ,  that every formal system - like 

Russell 's or Hilbert 's  - strong enough to try to embrace - to prove 

from its axioms and rules - every arithmetical truth is  necessarily in

complete ( see below for  a more accurate presentation ) .  It wi l l  always 

be possible to construct a sentence which, although true, i s  unde

cidable in the system, namely neither it nor its negation is  a theo

rem. This is  known as  " Godel's incompleteness theorem",  or simply 

as  " Godel's theorem" . At the same time, Godel proved that it  i s  im

possible to f ind a proof for  the consistency of such systems, because 

a sentence asserting that consistency would be one of those unde

cidable sentences .  The f inal  result  was that the search for an " ideal" 

( see above ) formalism was forever abandoned. Thus, formal systems 

of this type cannot be neither complete nor decidable, and, although 

they can be consistent, their consistency cannot be proved .  

In the rest of th i s  section I will make more detailed comments 

about both results, but mainly with the aim of emphasizing their 

philosophical interest. For more detailed expositions, the reader can 

turn to Hao Wang 1 987 ( chapter I O), Nagel /Newman 1 9 5 8  or 

Hofstadter 1 979 .  Also, a short, clear and thorough exposition of the 



incompleteness results appears in Detlefsen 1 987 ( see especially pp. 

94-97 ) .  As for the specialist, I hope that she may be patient with the 

informal way in which I am going to point out some of the philo

sophical import of Godel's technical work . 

The completeness theorem for elementary logic, which was al

ready established by Godel in his doctoral dissertation ( 1 92 9 ) ,  asserts 

that every valid formula of that logic is a theorem, i . e . ,  it is provable 

from the axioms and rules of the system.  Godel based that result on 

two techniques .  The first came from a former result by Skolem ac

cording to which every formula of elementary logic is equivalent to 

another exhibiting a "normal form",  which is characterized by the 

place of the quantifiers, located at the beginning. With that,  the task 

is l imited to proving that every formula logically valid of this class is 

demonstrable .  The second shows that al l  these formulas can be put 

into correspondence with valid formulas of the sentential logic, from 

which they can be derived . 

The basic idea of the proof is that for every formula X of elemen

tary logic it is possible to construct a formula Y of sentential logic, 

such that ( i )  if Xis a formal truth, then so is Y, and ( i i )  Xis provable 

from Y in the system. Now, if Y is a formal truth, then it is provable 

- it is a theorem. Thus. X is a theorem of the system, for X is prov

able from Y in it . (I follow Sacristan 1 964, pp. 1 8 3 -4 . ) The conclu

sion is that the formal system of elementary logic is complete. (This 

does not mean that it is also decidable :  Church proved in 1 9 3 6  that 

there is no decision procedure for al l  its formulas . )  Hence a formula 

of elementary logic is logically true if and only if it is logically demon

strable .  In other words that means that in languages of this kind log

ical truth is equivalent to provability. 

Several things have to be immediately noted . For one thing. it is 

not the case that in every formal system every true formula is prov

able, as Godel himself proved with his incompleteness theorem: 

there are always undecidable formulas in sufficiently strong systems . 

On the other hand, it is not the case either that every provable sen

tence in any system is true .  It is obvious that it would depend on the 

truth of the sentences which are taken as axioms. Therefore, a gen

eral equivalence between truth and provability cannot be sustained. 

To explore those limitations. together with their philosophical im-



plications in connection with the concept of consistency, I will refer 

now to the context of GOdel 's  philosophical ideas of that t ime. 

Godel's introduction to his 1 9 30 doctoral dissertation is  very in

teresting, but was generally known only after its recent publication 

in his Collected Works, vol. I (henceforth referred to as  CWI ) .  Its philo

sophical character is  l ikely to have been the reason why he did not 

publish it  as  i t  stood. Assuming this to be true, we would thus have 

the first sign of his  extreme reluctance to make his philosophical re

alism public. A reason for this reluctance could be that his form of 

realism was interpreted as  being openly opposed to Hi lbert 's  for

malism, according to which the proof of the consistency of a certain 

system would be sufficient to guarantee the existence of the corre

sponding mathematical concept, as  well as  the truth of its axioms . 

( See, however, the section on Hilbert in chapter 3 of this part . )  

Godel's main argument in that introduction i s  precisely directed 

against the belief that the consistency of a system of axioms implies 

the existence of the corresponding mathematical concept .  That  be

l ief, says Godel,  presupposes that every mathematical problem i s  

solvable, namely, that  there cannot be undecidable formulas .  

However, Godel suggests the possibility of proving the existence of 

unsolvable mathematical problems, so he seems to be foreshadow

ing the incompleteness result of the following year, according to 

which every formal system with certain properties necessarily con

tains undecidable formulas.  

This argument can be used to reveal the extent to which we can 

defend the equivalence between truth and provability, or even bet

ter, between the consistency of a system and the existence of the cor

responding concept .  To do that, Godel applied the completeness the

orem to axiomatics at the end of his doctoral dissertation by ex

tending his  semantical methods ( which are based on the 

construction of models satisfying - making true - certain formulas )  

to axiom systems. The result reached there is  that  every first-order 

axiom system has a model or is inconsistent, i . e . ,  every consistent set 

of axioms has a model ( CWI, p .  1 0 1 ) .  Thus, the consistency of the 

system implies the existence of a model. Hence the completeness 

theorem showed, too, that consistency is  somehow equivalent to ex

istence. Therefore, Godel's reluctance to admit the general equiva-



Jenee between consistency and existence could perhaps be inter

preted as simply meaning that we cannot assume the equivalence 

before obtaining that theorem, and then only in the precise terms in 

which i t  appears as a consequence of the theorem itself  ( see 

Feferman 1 984, pp.  5 5 1 -2 ) .  

The following step towards achieving the incompleteness theo

rem can therefore be seen as  pointing out the l imit of the existential 

import of consistency, a step which took place in the Konigsberg 

symposium of 1 9 30 .  As Godel said there, that consistency is not 

enough can be seen simply by considering a true but undemonstra

ble sentence in classical mathematics; i f  we add the negation of such 

a sentence to the axioms of classical mathematics we obtain a con

sistent system in which false sentences can be proved ( C WI, p. 2 0 3 ) .  

I n  this way the first incompleteness theorem comes t o  l ight; some 

months later Godel stated the existence of true but undecidable sen

tences in every sufficiently strong formal system. 

Thus,  we can already make the conjecture that probably a great 

part of Godel's early interest in marking off the bounds of com

pleteness ( which embraces elementary logic, but not arithmetic) lay 

in  an attempt to provide his mathematical realism with a strong sup

port. With such a support, the opposition to Hilbert's formalism -

and, later, to Carnap's syntactical view of mathematics - could be 

better articulated. For those conceptions of mathematics it was not 

necessary to accept the objective reality of mathematical concepts .  

Thus, that  sort of reality was for  them somehow reducible to the re 

courses available in the mere formal system; hence there was no 

need to postulate the existence of a mathematical intuition in order 

to accede to those objects, and a strong l ink between consistency and 

existence was essential, at  least for Hilbert. 

That is why Godel insisted so explicitly on the limitations of that 

l ink: i f  we can prove that in a consistent mathematical formal sys

tem it is  possible to derive a false theorem, then the consistency proof 

is  not enough to guarantee the existence of the corresponding con

cept, which cannot be " contradictory" .  Now, if  consistency is no 

guarantee of truth, let alone of existence, then we cannot create "ob

jective" concepts simply by means of the construction of formal sys

tems; on the contrary, those systems should represent concepts ex-



isting by themselves. For similar reasons, it can be conjectured that 

even by that time Godel believed that every attempt to interpret 

mathematics in a formalist way is a fa ilure. Such an attempt forgets 

the unavoidable role of mathematical intuition, which leads us  in the 

construction of formal systems, in order to give an account of those 

objective concepts .  Thus, for Godel mathematica l  intuition cannot be 

replaced by any proof of consistency, or by any other " reductive" re

course : there is an ultimate content of mathematics which cannot be 

eliminated by means of any formal system. (The essays appearing 

here are especially useful to see what could be for Godel that ulti

mate content . )  

We thus come t o  the incompleteness theorem, about which we 

can be briefer, once we have established its philosophical interest for 

Godel . Its kernel is that every formal system strong enough to try to 

formalize classical mathematics necessarily contains true but unde

cidable sentences .  ( As a matter of fact the theorem holds for weak

er systems, for all it  needs to apply is that the recursively enumer

able set of natural numbers be representable in the system in a cer

tain way, but its great impact took place on the stronger systems 

which were being used to try to completely formalize mathematics . ) 

Such systems are necessarily incomplete, for if they are consistent 

they cannot contain a proof of all sentences of their language that 

are true. Also, they are incompletable, for no number of sentences 

which we may add to the system could make it complete: the re

sulting system would contain, once again, true but undecidable sen

tences.  Moreover, Godel proved that a sentence expressing the con

sistency of one of such system is not provable in the system ( i f  the 

system is consistent ) ;  that sentence will be precisely an undecidable 

sentence . 

So fascinating a theorem was reached by means of a novel 

method of proof which constitutes one of Godel's greatest ideas, and 

is  now called "arithmetization of syntax" .  Broadly speaking, the 

method consists in the correlation of syntactical objects with num

bers, and properties of syntactical objects with properties of numbers, 

within a given formal system. This can be further explained this way: 

( i )  the assignment of natura l  numbers to every expression of the lan

guage used ( that is, to every symbol. to every finite string of sym-



bols, and so on ) ;  ( i i )  the selection of number-theoretic properties 

(e .g . ,  to be a prime number) to represent metamathematical prop

erties; and ( i i i )  a choice of formal expressions (expressions of the for

mal system used) for these numbers and properties of numbers . In 

this way the formulas are represented by numbers and the proper

ties of formulas and string of formulas are represented by properties 

of numbers, so those numbers can be used to make assertions about 

the formulas .  By using this device, an expression in a formal system 

for classical  mathematics can play, at the same time, the role of an 

arithmetic formula and that of a mathematical sentence attributing 

certain metamathematical property to that formula .  Yet this can be 

done without the need for any language of a higher level - a meta 

language, for both are formulated in the same language. 

GOdel systematically and accurately applied such an idea, in con

j unction with others which cannot be explained here, to construct a 

special formula .  This formula, which we can call G, is both an arith

metic formula and an expression of the metamathematical proposi

tion asserting that G is not provable; hence G represents precisely this 

mathematical proposition. However, the task was done without suc

cumbing to anything similar to the paradox of the Liar, who said the 

truth when lying and lied when saying the truth. In our case, al

though G is true and non-provable, it does not say of itself that it is 

true, but only that it is  not provable .  ( If G would say of itself that it 

is true, it would be in need of a higher language in order to avoid the 

paradox . ) Thus, although G refers to itself, this is  done through a per

fectly acceptable type of self- reference . The following informal rea

soning tries to give at least an idea of the way things happen in 

Godel 's  first incompleteness theorem. It shows that G is true, while 

neither G nor its negation are provable in the system, so G is unde

cidable .  

Let  us  assume a system which is consistent and such that every 

sentence provable in it is true .  Now, i f  we suppose that G is provable, 

then G is true, so that what G asserts is  true, and what it asserts is 

precisely that G is not provable .  On the other hand, if G is provable, 

then G is false, for G asserts that "G is not provable" .  We can there

fore assert at the same time that if G is provable then G is true, and 

that i f  G is provable, then G is false .  But  this is  a contradiction, so G 



is not provable; hence G is true, for what G asserts is precisely that 

G is not provable . The conclusion is that if the corresponding formal 

system is  consistent ( if it is not, everything is  provable in i t ) ,  then nei

ther G nor its negation is  provable in it, so there is a t  least an  unde

cidable formula in the system, and thus it i s  incomplete ( Godel's first 

theorem) .  Also, it can be proved that a sentence expressing the con

sistency of the system is undecidable as well ( Godel's second theo

rem ) .  

O f  course, i t  may always b e  objected that G i s  provable i n  anoth

er formal system, but this amounts to very little, for that formal sys

tem would necessarily contain undecidable formulas as  well .  For 

s imilar reasons, although i t  can be said that the consistency of our 

original formal system can be proved in another, stronger system, the 

problem of the consistency of the new system would immediately 

arise. Thus Godel's results have to be interpreted as  essential - and 

therefore impossible to overcome - limitations of certain formal sys

tems. But  these systems represent the ones which were believed to 

be able to give an account of classical mathematics, so the hope in 

that kind of formal ization had to be definitively abandoned. 

( However, see Detlefsen 1 987 for an interesting challenge to the use 

of Godel 's  theorems to overthrow Hilbert' s  program.  Chapters 4 and 

5 of that book give reasons for thinking that Godel 's  second theorem 

does not refute Hilbert 's  program, and the appendix to the book crit

icizes an  argument cla iming that Godel ' s  first theorem refu tes 

Hilbert ' s  program.  Detlefsen 1 990 extends the argument of the ap

pendix . )  

The "philosophical implications" 

The list of philosophical implications of the incompleteness results 

which have been pointed out from different viewpoints is  impres

s ive :  objective mathematical truth is opposed to mere provability (as  

opposed to formalism and logical positivism ) ;  i t  i s  impossible to build 

up a unique formal system to give an account of mathematics (as op

posed to logicism and formalism) ;  if it is maintained that mathemat

ics is analytic, then the sentence G should be synthetic, for although 



we know that it is true, it is not provable in the system (as  opposed 

to Godel's view of mathematics as  being analytic ) ;  i t  i s  not possible 

to reduce mathematics to any a lgorithm, then the human mind 

should somehow surpass any formalism (as opposed to certain forms 

of materialism ) ;  etc. 

However, Godel, both in his published and unpublished writings, 

insisted mainly on the realistic implications, according to which the 

objective character of mathematical concepts ( number, set, etc. ) goes 

beyond any attempt of complete formalization . Nevertheless, i f  we 

join Godel ' s  incompleteness results together with one of the out

comes of the Lowenheim - S kolem theorem (according to which 

every characterization of natura l  numbers has non-standard mod

els ) ,  then we can also say that some definitely non-realistic implica 

tions may be drawn from Godel 's  discoveries .  

As Dummett has pointed out ( 1 96 3 ,  l 978b ) ,  we cannot say that 

Godel 's  theorem proved that although we possess the concept of 

natural number, no finite description of this concept can give a com

plete account of its structure.  For Dummett this would be to apply 

the notion of model in an incomprehensible way, for we can be given 

a model only by means of a description of it; hence " i f  we cannot be 

given a complete characterization of a model for number theory, 

then there is not any other way in which, [ . . .  ) ,  we could neverthe

less somehow gain a complete conception of its structure" (Dummett 

l 978b, p .  1 9 1 ) .  Thus, the usual conclusion that there is a standard 

model for natural  numbers in our mind, in spite of our inability to 

completely characterize it formally, i s  simply erroneous .  To say that 

we cannot communicate unequivocally our intuit ion of natura l  

numbers through a formal system could be acceptable only  if we had 

available another way to communicate i t ;  but th i s  is  simply not  the 

case, so the Platonic notion of model seems to be in considerably dif

ficulty.  

We tend, says Dummett, to interpret the incompleteness of a for

mal system for arithmetic in terms of non-standard models.  This s im

ply means, for the Platonist, that the formal system fails to capture 

our intuition of the structure of the concept of number, for this 

structure makes other non-standard interpretations possible. Yet 

every formal system makes those interpretations possible, so we can 



never be sure that what someone refers to as the standard model is 

in fact isomorphic with the standard model we have in mind. Thus, 

the supposed objective content of mathematical intuition does not 

seem sure to the grasp. 

Godel never published anything on rfbn -standard models in 

arithmetic, but  in the record of his conversations with Hao Wang in 

the 1 970s some relevant  fragments can be found.  These are given 

below (I retain Wang's original notations to locate the fragments, as 

well as  his remarks, in square brackets ) :  

G says that there shou ld  be a more fru i tfu l manner  of deve lop ing non

sta ndard ana lys i s .  Accord i ng to h i m , i t  i s  wrong i nterpretat ion of 

Skolem's theorem to say that i t  makes the character izat ion of i ntegers 

by logic i m poss i b le,  because one can use the theory of concept. [I be

l ieve Skolem's theorem here refers to h i s  construct ion of nonstandard 

models  of ar i thmet ic) ( 1 1 2 .5); The ax ioms correspond to the concepts 

and the model s  wh ich  sati sfy them correspond to the objects; the rep

resentat ions g ive the re lat ion between concepts and objects (2 1 .4); 

N u m bers appear less concrete than sets : they have d i fferent represen

tat ions [by sets) and a re what i s  common to a l l  representat ions [2 1 .5); 

I say i n  the d raft that for set theory 'we do not even have an equ a l l y  

fi xed i n tended model as wi th natu ra l  numbers . '  G says that i n  i ntent ion 

the model i s  equa l l y  f ixed, only we do not perceive i t  as c lear ly  [2 1 .28] . 

'The i terat ive concept is admi tted ly  vague and u ndeterm i ned . '  G ob

jects to the formu l at ion,  say ing  that we j ust don't see i t  with prec i s ion  

[25.3]; Intu i t ion i s  not  a proof; i t  i s  the  oppos i te of  proof. We do not  an

a lyze i ntu i t ion to see a proof but by i ntu i t ion we see someth i ng with

out proof. We only descr ibe in  what we see those components wh ich  

can not be  ana lyzed any fu rther .  We do not d i st i ngu i sh  between i ntu

i t ion de re and de dicta, the one i s  conta i ned i n  the other. To u nder

stand a propos i t ion we must have an i ntu i t ion of the objects referred 

to. If we leave out the formu l at ion i n  words, someth i ng genera l comes 

in anyhow. We can't separate them complete ly .  [5 1 1 .6] 

It suffices to say here that such fragments appear as Godel ' s  defence 

against certa in philosophical implications of his celebrated results, or 

even a kind of reversion to former well -known views ( such as  



Peano's,  for whom numbers were merely that which all  possible in

terpretations of formal arithmetic have in common) .  At any rate the 

supposed existence of an intuition which allows us  the direct access 

to mathematical objects seems to be the main basis for Godel's philo

sophical conception at  this point.  As we shall see in  the following sec

tions, the same basis comes to light in the rest of the apparently con

flicting views we are going to examine. 

The heuristic principle 

In letters to Hao Wang ( 1 974) ,  Godel provided us with a second 

philosophical interpretation of the relationship between his meta 

mathematical results and his  realist  conception of mathematics .  

According to this interpretation, that philosophical conception, used 

as  a sort of "heuristic principle" ,  made i t  possible for him to obtain 

those results .  In particular, Godel tries to show that there is a l ink 

between transfinite concepts - such as  the concept of objective math

ematical truth - and his results, and his  summed up that l ink by 

speaking of a particular epistemological attitude to metamathemat

ics and the sort of reasoning having to do with the infinite ( non-fini

tary reasoning ) ,  which, for Hilbert,  was reducible to the finite. 

In respect to the completeness result Godel wrote (Hao Wang 1 974) :  

. . .  the completeness theorem, mathemat ica l l y, i s  i ndeed a n  a l most tr iv

ial consequence of Skolem 1 922. However, the fact i s  that, at that t i me, 

nobody ( i n c l u d i ng Skolem h imse l f) d rew th i s  conc l us ion (nei ther from 

Skolem 1 922 nor, as I d id ,  from s i m i l a r  cons iderat ions of h i s  own) . . . .  

The b l i ndness (or prej ud ice, o r  whatever you may ca l l  i t )  o f  log ic ians  

i s  i ndeed surpri s i ng .  But  I th i n k  the exp lanat ion i s  not  hard to fi nd . It 

l ies i n  a widespread lack, at that t i me, of the req u i red epi stemological  

att i tude toward metamathematics and toward non-fi n i ta ry reason i ng. 

Non-fi n itary reason i ng i n  mathematics was wide ly  considered to be 

mean i ngfu l on ly  to the extent to wh ich it can be ' i nterpreted' or ' just i 

f ied' i n  terms of a fi n i tary metamathematics. (Note that th i s ,  for the most 

part, has tu rned out to be imposs ib le  i n  consequence of my resu lts and 

su bsequent work . )  



As for Skolem's results and its relationship to Godel 's  complete

ness theorem, this is a very complex technical and historical prob

lem which we cannot deal with here ( see the introduction by van 

Heijenoort and Dreben in CWI, pp. 5 1  ff. ) .  However, I think Godel 's  

reference in this passage, concerning non-finitary reasoning in con

nection to the completeness results, is not difficult to clarify. Hao 

Wang wrote that this remark applies not only to non- finitary rea 

soning, but also to the formation of certa in concepts, "and the very 

concept of completeness involves the nonfinitary component of 

being true in 'arbitrary domains"' (Wang 1 987, p .  269 ) .  The fact that 

Godel believed that his theorem supposed "a  theoretical completion 

of the usual method of proving consistency" ( CW l ,  p .  6 1  ), is derived 

from a well-known application of the theorem. According to this ap

plication, every consistent first order axiom system has a model . As 

we have pointed out above, for Godel we can only accept the equiv

alence between consistency and existence if we presuppose that 

every mathematical problem is solvable. That is to say, the com

pleteness theorem proves only the existence of a model, but does not 

provide us with any means to discover that model. On the contrary, 

if every problem is solvable, then the particular problem of specify

ing every model in an effective way would also be solvable (Wang 

1 987, p .  272 ) .  

Yet I think it i s  possible t o  defend another interpretation o f  the 

same remark. According to this interpretation, Godel ' s  remark 

would actually refer to Hilbert 's  presupposition of the solvability of 

every problem, but in a different sense . By following the line of 

thought I have already indicated in the first section of this chapter, 

what Hilbert was really presupposing is that consistency implies 

truth . As we have seen, Godel pointed out in the Konigsberg sym

posium that once he indicated the existence of true but non- prov

able sentences, if one added an undecidable false sentence to a con

sistent axioms system, then one could obtain from it false theorems 

( CWI, p .  203 ) .  Thus, consistency would not be enough as a guaran

tee for truth, unless we presupposed that every problem is solvable, 

namely that there is  no undecidable sentence . With that we could 

think that Godel's "heuristic principle" might really have depended 

on a former result, which, although not yet formally reached, may 



well have been seriously conj ectured : the incompleteness of arith

metic, which was later proved through the existence of true but un

decidable sentences .  

As for Godel 's  incompleteness theorem, Godel  offered, in the 

same letters to Hao Wang, a similar explanation in terms of the cor

rect epistemological attitude to mathematics : " How indeed could 

one think of expressing metamathematics in the mathematical  sys

tems themselves, i f  the latter are considered to consist of meaning

less symbols which acquire some substitute of meaning only through 

metamathematics?"  With that he seems to be referring to the arith

metization of syntax ( see above ) ,  which provided Godel with the 

possibility to express metamathematical properties through arith

metic sentences .  Also, he could be referring to the supposed guar

antee that a proof of consistency would bring to Hilbert ' s  " ideal" 

propositions ( see the section on Hilbert in chapter 3 of this part ) .  

However, t o  construct undecidable sentences Godel preferred t o  re

sort to what he calls obj ective mathematical truth, regarded as  a 

heuristic principle .  According to him, objective mathematical truth 

is  a highly transfinite concept which used to be confused with prov

abil ity:  "Again the use of this transfinite concept eventually leads to 

finitarily provable results, e .g . ,  the general theorems about the exis

tence of undecidable propositions in consistent formal systems" .  

Now, l e t  us see  how this is compatible with the  "heuristic princi

ple" interpretation . First of all ,  the existence of an objective transfi

nite truth, as  something different from provability, is a consequence 

of the incompleteness theorem. Yet Godel is now presenting objec

tive truth as  the idea which led him to such famous a result .  On the 

other hand, we now tend to say that the ultimate difference between 

truth and provability is a part of the kernel of what we now know as  

"Tarski's theorem" (e .g . ,  the indefinability of arithmetic truth ) ,  and 

the essentials of this theorem were well  known to Godel  a t  least  as 

early as  1 9 30  ( see next section in this chapter) . Thus,  the interpre

tation in terms of something so vague as  heuristic principles seems 

to be in trouble .  In fact, it seems that Godel ' s  progress depended 

upon precise results, rather than upon ideas ( or "attitudes " )  which, 

in an informal and almost psychological way, merely suggested to 

him other ideas .  



We said before that Godel's rejection to any equivalence between 

consistency and existence seemed to depend rather on a former, a l 

though stil l  not  fully reached, result  ( incompleteness ) than on a 

mere heuristic principle . We can add now, although still provision

ally, that the very incompleteness result might have depended more 

on another former result ( indefinability of arithmetic truth, e .g . ,  

Tarski's theorem)  than on a new heuristic principle . In the next  sec

tion we shall face this problem directly, while we explore the third 

and final  philosophical interpretation under consideration: realism 

as  an hypothesis to be verified by means of its consequences. 

The philosophical hypothesis 

The Godel thesis in the letters to Hao Wang was that the formalists 

were incapable of distinguishing between mathematical truth and 

provability, for they analyzed the first in terms of the latter .  Once the 

incompleteness result  was available, it could be shown that the 

analysis was faulty. This particular fact exemplifies of a more gener

al  pattern :  when it  can be proved mathematically that a philosoph

ical thesis is in error, then an alternative thesis must  be true .  This 

new interpretation of the relationships between Godel 's philosoph

ical viewpoint ( mathematical realism ) and his metamathematical  

results opens the way to our third approach: realism, regarded as  a 

philosophical hypothesis, can be mathematically verified by means 

of its consequences. 

It seems that Godel, in discovering on his own Tarski's theorem 

( the indefinability of arithmetic truth, through the difference be

tween truth and provability) ,  was immediately aware of the existence 

of undecidable sentences in certain strong formal systems .  Then he 

began the search for a proof of this fact which was acceptable for the 

intuitionists, who required "effective",  finitary methods. Thus, such 

a proof should provide us with some effective instance of an unde 

cidable sentence, while it should not require the concept of "every 

true formula",  which is clearly infinitary. There is a line of thought in 

section 7 of Godel's Princeton lectures of 1 9 34 ( first published in 

1 965 ,  now in CWI )  which is relevant for that proof. There we can find 



Godel's first reference in print to Tarski's theorem in connection with 

the necessary existence of undecidable sentences (CWI. p. 3 6 3 ) :  

S o  we see that the c l ass a of numbers o f  true formu l as can not be ex

pressed by a propos i t iona l  fu nct ion of our system, whereas the c l ass f3 

of provab le  formu l as can. Hence a :;t f3 and if we assume f3 �a ( i .e . ,  

every provable formu l a  i s  t rue)  we have f3 ca, i .e . ,  there i s  a propos i

t ion A which i s  true but not provab le .  -A then i s  not true and therefore 

not provab le  e i ther, i .e . ,  A is u ndec idab le .  

This  reasoning had already been expressed in a the letter to Zermelo 

of 1 9 3 1  about his incompleteness theorem ( see Grattan-Guinness 

1 979 ) .  I t  is not clear, however, that it can be seen as an example of 

the application of a genuine "heuristic principle " .  Rather, it seems to 

me simply a rigourous argument which proves the necessary exis

tence of undecidable sentences .  In fact, Tarski 's  theorem and Godel's 

incompleteness theorems are completely rigourous mathematical 

results, and it seems obvious that Godel arrived at  the latter from the 

former. Therefore, when he wrote that the Princeton argument of 

1 9 34 constitutes a "heuristic argument" for the existence of unde

cidable sentences ( CWI, p. 3 6 3 )  it seems we should interpret him as 

saying that ( i )  earlier he was philosophically convinced that objec

tive mathematical truth does not coincide with provability; ( i i )  the 

difference between mathematica l  truth and provability resulted con

firmed by his original discovery of Tarski 's  theorem, which led him 

immediately to state the distinction itself in a rigourous, mathemat 

ical way; ( i ii ) a l l  this l ed  h im to the  incompleteness result .  

At any rate Godel did not develop the philosophical hypothesis 

view in his publications, so it is not possible to resort to them at this 

point . Fortunately, in his later conversations with Hao Wang of the 

1 970s certain fragments appear where it seems that Godel inter

preted that view by speaking of the fru itfulness of verifiable conse

quences of his realist viewpoint (again,  I retain Wang's  original no

tations to locate the fragments, as wel l  as  his remarks, in square 

brackets ) :  



. . .  the P laton ic v iew helps i n  understand ing th i ngs :  th i s  fact i l l u strates 

the poss i b i l i t ies of verify i ng ph i losoph ica l  theory [ 1 1 0 .2] ; The hypoth

es is  stat i ng  that P laton ic ideas g ive shape to the u n i verse i s  the most nat

u ra l  and,  ph i losoph ica l ly, the most econom ica l  [ 1 1 0 .28] ; It is an as

sumpt ion even made by the pos i t iv i sts that i f  a hypothes i s  [object iv i sm 

i n  th i s  case] leads to ver i f iab le conseq uences (wh ich cou ld be reached 

in another way) or to theorems provab le  without th i s  hypothesis,  such 

a state of affa i rs makes the truth of the hypothes i s  l i ke ly .  However, 

mathemat ic ians  [probab ly represented for G by Abraham Rob i nson ]  

l i ke to  take the  oppos i te pos i t ion : I t  i s  correct to  take object iv i sm (or 

P laton ism) to be fru i tfu l but i t  need not be true. Th i s  pos i t ion i s  oppo

s i te to the natu re of truth or even sc ience and pos i t iv i sts [6 1 .26] ; People 

m ight choose not to adopt the object iv i st ic  pos i t ion but mere ly  do the i r  

work 'as i f' t h e  pos i t ion were true, i f  they a re a b l e  t o  prod uce such a n  

att i tude.  But  then they on ly  take th i s  'as i f' po in t  o f  v iew toward th i s  po

s i t ion after it has been shown to be fru i tfu l [2 1 .8 ] . 

With that we can see that GC>del was influenced by a verificationist 

scheme, in the old - fashioned style, which can be regarded as pre 

dating even Popper's falsationism, perhaps in the way of certa in 

rather popular positivistic presentations, in the sense at least of re

sorting to their language. 

In view of this, the only distinction which occurs to me between 

the fru itfulness conception and the one based on the heuristic prin

ciple is that  the  first is more similar to the usual  method of science 

( the classical verification of hypotheses ) ,  while the second involves 

the very psychology of the researcher, who is led by his personality, 

prejudices, etc. ,  to certa in ideas ra ther than to others. But then the 

big difficu lty lies in the fact that Gl>del does not even refer to the need 

for making actual predictions accord ing to the hypothesis under dis

cussion, which const i tutes the sta ndard hypothetico -ded uctive 

scheme to verify that hypothesis .  In this way fru itfulness seems to 

consist simply in the capacity to suggest some, and not others pa ths 

to follow. If we add this difficu lty to the problem of distinguishing 

between the heurist ic principle and the explicit reference to a 

rigourous  result previously obta ined, it seems to me that neither of 

the three views throws much light on Gl>del's actual philosophy of 



mathematics .  As we shall see in the two next chapters, his defence 

of the analytic-synthetic distinction, a s  well as his mathematics 

physics analogy, proceed in a similar way. But  first let us have a look 

at  the way in which Godel's global conception appears in the un

published manuscripts .  

Realism and the basic content of the unpublished essays 

Here I offer merely the skeleton of Godel's main arguments present

ed in the sixth and final version of uls mathematics syntax of lan

guage?" ,  which appears in full in chapter 4 of part II of this edition, 

without offering any critical treatment ( see my 1 99 1  b ) . But first let us 

recall Godel's main theses in philosophy of mathematics, according to 

the three main topics involved (I follow Feferman, CWI, pp. 30-3 1 ) : 

1 .  Mathematical objects (ontology) : 

- they have an independent existence and reality; 

- their reality is analogous to that of physical objects . 

2 .  Mathematical axioms (semantics) : 

- they refer to the reality of mathematical obj ects; 

- their truth depends upon objective facts, not upon our 

constructions; 

- they are analytic, not tautological ( i . e . ,  true in virtue 

of the meanings of the concepts involved, not of their 

definitions ) .  

3 .  Mathematical knowledge (epistemology) : 

- we have something # similar" to perception of 

mathematical objects; 

- even if  there is no direct perception of them, their existence 

is necessary to deduce immediate sense perception; 

- we need to assume mathematical objects and axioms to 

obtain a satisfactory system of mathematics (as physical  

objects and laws are necessary to explain appearances ) ;  



- we can regard as  mathematical ll sense data" those 

propositions whose generalizations require 

ll transcendent" assumptions; 

- mathematical intuition can provide mathematical 

knowledge, although it  can be cultivated through study; 

- mathematical objects and axioms can be also 

j ustified through their fruitfulness, but that is less 

certain than intuition.  

Every one of these philosophical theses is somehow referred to in 

version VI of the essay on Carnap. However, in order to follow 

Godel's own order of exposition in that essay, I will use his threefold 

analysis of the conventionalist conception . According to this analy

sis, conventionalism is based upon the following theses,  which are 

presented by Godel as capable of refutation : ( i )  mathematical intu

ition can be replaced by conventions; ( i i )  there are no mathematical 

obj ects or facts; ( i i i )  mathematical conventionalism is compatible 

with empiricism. Yet at the end of the section I shall add something 

relative to the way in which all  this material can be related to the 

three philosophical fields which have been pointed out above (e .g . ,  

ontology, semantics and epistemology) .  

Godel ' s  disfavour with these three assertions is formed by his 

view that the llphilosophical terms" occurring in them (e .g .  ll replac

ing" , " fact " )  are not well defined, so it can be shown that their mean

ings are artificial .  

The detai led arguments follow (my textual remarks always with

in brackets ) .  As for  ( i ) ,  the thesis that  mathematical  intuition can be 

replaced by conventions, Godel admits that  the application of certain 

syntactical conventions concerning the symbols (and the proposi

t ions containing them) can lead us  to the same results as  the appli

cation of mathematical intu ition; but he insists that we need to know 

that these syntactical rules are consistent, for from inconsistent ru les 

we can derive any proposition . However, already for proving that 

consistency mathematical  intuition is needed . 

Concerning thesis ( ii ) ,  the denial of mathematical objects and 

facts, Godel  resorts to five arguments.  



( 1 )  If we say that mathematics or logic imply nothing about ex

periences, the same is true of laws of nature, because to make actu

al  empirica l inferences from laws of nature we need mathematics or 

logic. This is so in the sense that mathematics adds something to the 

laws of nature which is not expressed in them, or in the sense that 

for predicting the result of an observation general laws about an in

finity of physical elements may be required .  Thus, a lthough it is tru e  

that mathematical propositions d o  not express physical properties, 

but properties of concepts, these last properties "are something quite 

as  objective and independent of our choice as  physical properties of 

matter" . 

( 2 )  As for the possibil ity of disproving mathematical axioms, 

Godel continues to resort to the same line of comparison with em

pirical science . Thus,  he says those axioms can be disproved by an 

inconsistency derived from them, so they must have some content, 

such as al l  propositions which may be wrong.  And this leads us to 

attribute existence to the objects of a successful, consistent science 

of mathematics, in the same way that we attribute existence to the 

objects of a successfu l science of physics. 

The two following arguments are very different, for they are re

lated to the meaning of the symbols used in mathematics, in the 

sense that this meaning involves something else than arbitrary con 

vention. The arguments are difficult but brief, so I quote them in 

their entirety. 

( 3) As for the possible voidness of conventions Godel writes (a l 

ways in the same manuscript of  version V I ,  unless otherwise indicat 

ed ) :  

Even i f  i t  were ad mi tted that mathematics can be based o n  convent ions 

about the use of sym bo ls ,  i ts vo id ness of content sti l l  wou ld not fo l low . 

For symbo l i c  convent ions are vo id of content on ly  i n  so fa r as they add 
noth i ng to the theory i n  wh ich  they are made, but they may very we l l  

imp ly  propos i t ions of th i s  theory. I f, e .g . ,  o n  the grou nd o f  the empi r i 

ca l l y known assoc iat iv i ty of  some phys ica l  operat ion a convent ion 

about the d ropp i ng of brackets i s  i ntrod uced, then from th i s  conven

t ion the assoc iat iv i ty of the operat ion i n  quest ion ,  i .e . ,  an empi r ica l  

propos i t ion ,  fo l l ows . I f  a mathemat ica l  convent ion i s  i ntrod uced on the 



bas i s  of its cons i stency, the s i tuat ion is qu ite s i m i la r .  For  th i s  fact of the 

cons i stency of the convent ion,  aga i n ,  i s  express ib le  in the ma in  system 

in wh ich  i t  is made and the convent ion imp l ies, a l though not th i s  con

s i stency itse l f, sti l l  certa i n  only s l ight ly weaker propos i t ions, i .e . ,  sub

sta nt i a l l y  the same facts as those wh ich j u st i f ied its i ntroduct ion . 

(4)  Concerning the possible arbitrariness of conventions, we read :  

Even i f  mathematics i s  bu i l t on ru les of  syntax, th i s  makes i t  no t  a b i t  

more convent iona l ( in  the sense of  "arb i t ra ry") than other sc iences. For 

accord i ng to the pos i t iv ist ic  po i nt of v iew the ru les for the use of a sym
bol are the definition of its mean i ng, so that d i fferent ru les s imp ly  i n 

troduce d i fferent mean i ngs, i .  e .  d i fferent concepts . But  the  choice of 

the concepts is free a l so in other sc iences. Moreover syntact ica l  ru les, 

wh ich  i ntrod uce new symbols  not as mere abbrev iat ions for comb i na

t ions of symbo ls  present a l ready, must be cons i stent [the transcr ipt ion 

of th is  word i s  u ncerta i n] and compat ib le  with a l l  empir ica l  poss ib i l i 

t ies and,  therefore, a re very fa r from arbitra ry .  

We come now to the argument ( 5 ) .  This argument, the last one re

lated to thesis ( i i ) ,  is clearly epistemological, as it is based on the "per

ception" of the mathematical objects involved in mathematical in

tuition, a lthough, as  usual, it is developed by returning to the com

parison with "empirica l"  perception.  Godel begins by advancing the 

main assertion:  "There exist experiences, namely those of mathe

matical intuition, in which we perceive mathematical objects and 

facts just as immediately as physical objects, or perhaps more so". The 

argument is that the di fference between an empirical  datum (e .g . ,  

" th i s  is red" )  and a Iogico-mathematical datum ( e .g . ,  modus ponens or 

complete induction ) " consists solely in the fact that  in the first case 

a relationship between a concept and a particular object is perceived, 

while in the second case it is a rela tionship between concepts" .  Thus, 

in the same way that the syntactical conception tries to reduce math

ematical intuition, which is the  "mathematical sense" ,  to conven

tions about the use of symbols, the same could be done with some 

"physical sense", in order to avoid its corresponding objects or facts. 

The parallelism is even more complete, for in the same way that we 



would need more and more conventions to relate numerous inde

pendent sense- impressions, the same has to be done in mathemat 

ics, where more and more axioms are  needed to solve i t s  problems, 

and these axioms are justified only by intuition or experience . 

As for the last thesis ( i ii ) ,  the supposed compatibility of conven

tionalism with empiricism, Godel is  extremely brief: u i t  suffices to say 

that, i f  consistency and compatibil ity with [ 'empiricism',  ? )  ( which 

must be known in order to be able to introduce the mathematical  ax 

ioms as  'conventions' ) i s  based on empirical induction mathematics 

is not a priori true; on the other hand to prove it by mathematical 

intuition is not compatible with empiricism" .  

Godel finishes b y  pointing out that the plausibility o f  the positivist 

viewpoint about the voidness of content of mathematics depends 

upon two circumstances:  ( 1 )  that the logical concepts seem to belong 

not to the subject matter of the empirical propositions, but to the 

means of expression; ( 2 )  that no possibility is excluded by logically 

true propositions [presumably because they, in being always true, are 

compatible with any facts whatsoever) . However, it can be countered 

that the first argument u does not exclude that the logical concepts 

may be made the subject matter of non-empirical propositions", while 

the second forgets uthat there are different levels of possibility" .  

Now w e  can take, provisionally, t h e  above outline of this partic

ular essay as an  i l lustration of the sort of arguments contained in the 

manuscripts appearing here. Then the question is :  how can these 

manuscripts help us  to improve our understanding of Gode l ' s  philo

sophical viewpoint? I think that they throw light on some of Godel's 

theses, a t  least in comparison with the well-known details in the 

publications, which are often obscure. Yet in so doing GOdel's gen

eral views continue to be difficult to grasp. Let us see the way in 

which this is so, by following, in so far as  this i s  possible, the three 

general philosophical fields which were mentioned above. 

Ontology. Mathematical objects cannot be eliminated, for we a l 

ways need primitive terms and axioms to express their properties .  

Mathematical axioms must have content, for they can be rejected in 

case a n  inconsistency is  derived from them . Primitive concepts 

would then be the raw matter with which to build up the rest of the 

concepts .  Summing up:  the role these concepts play in the formal-



ism would be identical with the one for physical obj ects in physics: 

the assumption of their existence would act as a fruitful hypothesis .  

Semantics. Mathematical axioms a re not void of content, for they 

have physical consequences only in conj unction with others, in the 

same way as do natural laws. Hence mathematics and empirical sci

ence are similar; in fact we can even interpret formal derivation as 

some sort of observation. Moreover, a lso as it happens in empirical 

science, the rules which state the use of the symbols determine, at 

the same time, the definition of their meanings. This can be used to 

reject arbitrariness, for once we accept definitions, what can be de

rived from them is purely objective . 

( i i i )  Epistemology. Mathematical intuition cannot be replaced by a 

set of conventions, for these should be consistent, and this consis

tency can be proved only by means of mathematical intuition. On 

the other hand, the knowledge of the truth of mathematical axioms 

depends on mathematical intuition although they are introduced to 

relate independent problems, in the same way that physical obj ects 

are introduced to relate independent sense data.  

Unfortunately, in version VI of the Carnap essay Godel did not 

use many interesting arguments and considerations which appeared 

in former versions and the Gibbs lecture (we shall refer to some of 

them in the next chapters ) .  Nevertheless, it  has to be regretted the 

fact that Godel never agreed to the publication of this brief, useful 

essay, especially in view of the fact that the volume for which it was 

destined has been widely read .  

Other relevant ideas and authors: a brief survey 

To finish, I shall attempt to relate these arguments to a few main 

ideas which can be found in the writings of other authors, but only 

with the aim to place Godel's philosophy of mathematics into a more 

general historical framework. However, here I merely will point out 

some l inks,  without developing them ( for more detai ls  see chapters 

2 and 3 of this part ) .  

First o f  all ,  w e  have i n  the literature a t  least two more o r  less clear 

occurrences of Gode l 's  "vicious circle" argument ( this argument ap-



pea red in print for the first time in Rodriguez-Consuegra l 99 1 b ) .  

According t o  this argument w e  can say that, i n  a certain sense, the 

conventionalist  view, which intends to dispense with logic and 

mathematics, actually presupposes them. A general form of the ar

gument (or  at least of a parallel one ) can be found in Quine's well 

known attacks against certain forms of conventionalism ( see Quine 

1 9 36  and 1 96 3 ;  especially 1 9 36,  p .  3 5 2 ) :  logic is  presupposed in con

ventions, a s  we need logic to infer whatever we need from conven

tions.  In a more particular form the argument can been literally 

found in Benacerraf's and Putnam's introduction to their celebrated 

anthology ( 1 983 ,  p .  2 3 ; already in the 1 964 edition ) :  admissible con

ventions have ultimately to be consistent, and this can be interpret

ed as  mathematical fact; unless we admit that we could make con

tradictions true by convention as  wel l .  I do not know whether Godel 

had heard about these - or similar - ideas, for he hardly gives us ref

erences to the "philosophical"  li terature, but in ay event this points 

out to an interesting link with Quine, his famous rejection of the an

alytic- synthetic distinction, and some of the philosophical conse

quences .  Let  us  then have a look at  this l ink.  

Quine's rejection of the analytic- synthetic dist inction was pre

cisely a result  of his systematic comparison of mathematics and logic 

with empirical science . He finally came to see both types of  science 

as  the two extremes, only gradual ly separated, of a continuum. The 

rej ection itself took place in print in White 1 9 50, that is one year be

fore Quine's 1 9 5  l publication of the legendary "Two dogmas of em

piricism" (a lthough this was obviously due to Quine's  massive in

fluence ) .  However, the kernel of  the idea can be traced back to the 

celebrated discussions between Carnap, Quine and Tarski in the 

early 1 940s (and even to the writings of J .  S .  Mill ) .  As Carnap wrote 

( 1 96 3 , pp. 64-6 5 ), he was then convinced that there is a sharp dis

tinction between logical and factual truth,  while Tarski and Quine 

thought that the distinction could be, at  best ,  a matter of degree . The 

recent publica tion of a letter of Tarski to White (White 1 987 ) ,  wri t 

ten in 1 944, has thrown some more light on the point. Ta rski, ra ther 

surprisingly, wrote that not only logical and mathematical truths do 

not differ in origin from empirical truths, for "both are results of ac

cumulated experience",  but also that, as a consequence of this fact, 



empirical changes could provoke changes in the underlying logic 

(White 1 987, p. 3 1 ) . 

It is also well-known that Godel himself participated in some of 

the discussions which took place at that time, especially with Carnap 

and Tarski .  As we have seen, Godel always maintained an important 

difference between mathematical and factual truth, yet a question 

naturally arises : to what extent did G6del himself contribute to orig

inate the idea of the rejection of the distinction? And how is it pos

sible that Godel did not arrive at  the rejection itself, especially when 

he always pointed out the deep similarity between mathematics and 

empirical science? 

There are releva nt elements about the relat ionship between 

Godel and Carnap, which have been preserved in Carnap's records, 

as  studied by Wang ( 1 987, pp. 50 ff) and Coffa ( 1 987, pp. 5 52 f ) . 

According to them, it seems that Godel had criticized Carnap's con 

ception of analyticity already in 1 9 32 ,  that is ,  precisely when Carnap 

was working on the first versions of The Logical Syntax of Language. 

And this criticisms were made precisely to persuade Carnap away 

from the mere syntactical viewpoint of language to a more seman

tical one .  Through the  same records (Wang 1 987, p .  52 ) ,  i t  can also 

be seen that in 1 948 Godel regarded as  usual the comparison be

tween theoretical physics and set theory, in the sense that while 

physics is  confirmed by sense perceptions, set theory is confirmed by 

its consequences in arithmetic. And we have seen how, in his man

uscript on Carnap, G()del regarded arithmetical data as  very similar 

to sense data . Thus, it may seem that there was only a further step 

to be taken until arriving at  the full recognition that no sharp dis

tinction can be drawn between mathematical propositions and phys

ical  laws . 

Yet, as we have seen by quoting Tarski 's  letter of 1 944, this l ine 

of thought leads directly to empiricism, and empiricism was for 

G6del completely unacceptable as it is unable to give an account of 

the a priori character of mathematica l intuit ion. Therefore, when 

Godel insisted upon the ana logy between mathematics and empiri 

ca l science, he must have thought not only of the empirical charac

ter of mathematics, but of the intuitive character of empirical science . 

Godel admitted the distinction between the analytic and the syn-



thetic to avoid empiricism, but he also needed to avert the danger of 

presenting mathematics as  something merely tautologica l .  Thus, he 

was apparently forced to give an account of analyticity through a se

mantic ( rather than syntactic)  concept of "meaning" .  However, as 

Quine has taught us, i t  is very difficult to achieve a clear account of 

analyticity by means of meaning or similar concepts .  

Curiously enough, the other great logician of this  century, 

Bertrand Russell, arrived at  a completely opposed position in the phi

losophy of mathematics, in spite of the fact that he began precisely 

with the most exuberant Platonism, through an almost complete 

surrendering to the linguistic account of mathematics. Thus, in a 

manuscript written also in the 1 9 50s, but left unpublished for many 

years, we can read ( Russell 1 97 3 ,  p .  306 ) :  

O u r  conc lu s ion i s  that the propos i t ions of logic and mathematics are 

pure ly  l i ngu i st ic ,  and that they are concerned with syntax .  When a 

propos i t ion "p" seems to occu r, what rea l l y  occu rs is '"p' is true" . A l l  

appl icat ions o f  mathematics depend u pon the pr i nc ip le :  '"p' i s  true" im

p l i es "p" .  A l l  the propos i t ions of mathematics and logic are assert ions  

as to the correct use of  a certa i n  sma l l  number of  words .  Th i s  conc l u 

s ion ,  i f  va l id,  m a y  b e  regarded a s  an  epitaph on Pythagoras. 

As we have seen, for Godel, Pythagoras should live on forever. 



2 
The anal ytic-synthetic distinction 

This chapter tries to throw light on the first of Godel's two main the

ses in the philosophy of mathematics, namely that mathematical propo

sitions are analytic. To this end, an overview of similar conceptions is 

presented first in which the views by Frege, Russell, Wittgenstein, 

Carnap and Quine are expounded. Then Godel's view is analyzed, both 

in his publications and in the manuscripts which appear in this edition. 

The presentation of Carnap's detailed attempt to define analyticity in his 

The Logical Syntax of Language ( 1 934)  may seem rather long in compar

ison with the ones devoted to the other authors, but it should be recalled 

that the Godel manuscripts appearing here were a direct philosophical 

reaction to Carnap's viewpoint, and there is no other sufficiently de

tailed presentation of this viewpoint in the literature. I am convinced 

that Godel's manuscripts cannot be properly understood without hav

ing at least a summary of Carnap's construction available. 

frege 

G. Frege 's Die Grundlagen der Arithmetik ( 1 884 ) ,  was mainly an in

vestigation in search of the ultimate foundations of arithmetic in 

order to show that the rigour of its proofs was based on something 

other than the mere safety against contradictions .  With that a im 

Frege tr ied not only to state the doubtless truth of arithmetic state

ments but also to reach " insight into the dependence of truths upon 

one another", in a way according to which "the further we pursue 

these enquiries, the fewer become the primitive truths to which we 

reduce everything" ( Frege 1 884, §2 ) .  Thus, for Frege, the celebrat 

ed distinctions a priori /a  posteriori and analytic/synthetic are not re

ferred to the content of judgement, but to " the justification for  mak

ing the judgement" ,  that  is to say ,  to " the ultimate ground upon 

which rests the j ustification for holding it  to be true" ,  in complete in-



dependence of the psychological  circumstances ( § 3 ) .  Therefore, the 

main objective would be to find out the proof of every statement, in 

order to show it to depend on the primary truths .  

In applying that method to a particular statement two things can 

happen: ( a )  that we arrive at general logical  truths and definitions, 

in which case we a lready have an analytic truth; (b) that we cannot 

build up the proof without the need for non- logical truths, in which 

case we would have a synthetic statement . As for the a posteriori 

truths, their proof would be valid by means of some recourse to facts, 

while the a priori ones should be proved from general laws, which 

should be non-provable in themselves ( §  3 ) .  

Then Frege faces the problem of the supposed vacuous character 

of the science of numbers, which was assumed for some philosophers 

to be reducible to "mere identities" .  First, he argues that the fact that 

we can make our ca lculations in a purely formal way does not imply 

that the symbols we use are devoid of meaning or content (§ 1 6 ) .  

Second, he points out that "The truths of arithmetic would then be re

lated to those of logic in much the same way as the theorems of geom

etry to the axioms. Each one would contain concentrated within it a 

whole series of deductions for future use . . .  " ( § 1 7 ) .  With that Frege 

seems to point out to a difference between a logical a priori ( i . e . ,  a pri

ori in itself) , and an epistemological a priori ( i .e . ,  a priori to us ) . 

Bertrand Russell 's discovery of his celebrated paradox of set the

ory in 1 90 l led Frege to abandon the bel ief  in logical objects and an

alyticity. After a few years of uncertainty, he seems to have searched 

for the genuine foundations of mathematics not in logic, but in 

geometry. Yet he saw this science as an intuitive and a priori one in 

the Kantian sense, although synthetic. Thus he moved the border

line between both terms of the distinction until al l  was made syn

thetic. As we shall see, Russell, too, was forced to move the border

line, although not so drastical ly .  

Russel l  

After having maintained in former works that the analytic-synthet

ic distinction is indefensible ( following Bradley ) ,  and that the nee-



essary does not coincide with the ana lytic ( following Kant ) ,  B .  

Russell  faced the enormous task o f  giving a logico -philosophical 

foundation to mathematics in his Principles of mathematics ( 1 903  ) .  

There h e  wrote: " . . .  Kant never doubted for a moment that the propo

sitions of logic are analytic, whereas he rightly perceived that those 

of mathematics are synthetic. It has since appeared that logic is just 

as  synthetic as al l  other kinds of truth . . .  " (p. 4 5 7 ) ;  and also:  "All 

mathematics, we may say - and in proof of our assertion we have 

the actual development of the subject - is deducible from the prim

itive propositions of formal logic: these being admitted, no further 

assumptions are requ ired" (p. 4 5 8 ) .  

The bases for these two fragments could b e  the following. In the 

first Russell might have been thinking of Moore's  theory of propos i 

tion, according to which every truth is rela tional ( then synthetic ) ,  in 

the sense that every proposition is a unique concept. which cannot 

be reduced to its components ( this theory was partially inherited 

from Bradley; see Rodriguez-Consuegra 1 990, 1 99 1  c ) . A possible, 

though unlikely alternative could be that Russell was already think

ing of the problematic axioms which would later be needed to de

velop the logicist program (e . g . ,  the axioms of infinity and re

ducibility ) .  Those axioms would be rather synthetic than ana lytic, for 

they could not be proved, and only their consequences would make 

our acceptance of them advisable .  But this alternative is practically 

excluded, for by that time Russell did not yet begin the detailed task 

of developing that program in the mathematical sense.  

As for the second passage, it is not (contrary to Taylor 1 98 1 )  that 

Russell  recognized the analytic ( the tautologica l ) ,  except in the pure

ly logical sense that there is no need to resort to the Kantian intuition 

( the space-time intuition ) .  Thus, it seems that for Russell there were 

two senses of the synthetic: the Kantian one, and a rather obscure one 

which would be relevant in the theory of proposition, and also for the 

pure access to certain axioms which would have a rea l content ( they 

would not be mere tautologies ) .  So the fact that in 1 903 he dispensed 

with the Kantian intuition docs not mean that the result is analytic, i f  

by analytic we understand what is devoid of content . 

In 1 9 1 2  Russell wrote: "But Kant undoubtedly deserves credit for 

two things : first for having perceived that we have a priori knowledge 



which is not purely 'analytic', i .e .  such that the opposite would be self

contradictory; and secondly, for having made evident the philosophi

cal importance of the theory of knowledge" ( 1 9 1 2 , p .  82 ) .  Then he 

added that Kant also deserved credit for having perceived that " . . .  all 

the propositions of arithmetic and geometry are 'synthetic', i .e. , not an

alytic: in all these propositions, no analysis of the subject will reveal the 

predicate" (pp. 8 3-84) . Here we have another interesting element . 

On the one hand, Russell makes clear that for him "analytic" 

means basically " tautologica l" ,  rather than "a priori " ,  a s  is shown by 

his criticism of the subj ect-predicate general scheme for the ana lysis 

of propositions. This was really basic for him, for it would j u stify the 

fact that the process of deduction does provide us with new knowl

edge, and not mere tautologies. Thus, deduction is analytic in the 

logical sense, but synthetic in the sense that i t  leads us to something 

new which is not previously contained in the premises .  On the other 

hand, the very mathematica l  statements are ana lytic, for they are 

provable by means of pure logic from the logical axioms, while they 

are synthetic in the sense that they are not tautological; namely, that 

they have a proper content which is not derivable from the subject 

predicate scheme of analysis .  There is then no contradiction; Russell 

had different reasons to call deduction, as  well as  the mathematical 

axioms themselves, both analytic and synthetic. 

Wittgenstein 

According to L. Wittgenstein's Tractatus logico-philosophicus ( 1 92 2 ) ,  a 

tautology is one of the two extreme possible cases in which we can 

organize the truth possibilities of a non -elementary proposition . A 

proposition is tautological when it is true for any possible assignment 

of a truth value to the elementary propositions which are its com

ponents.  Hence Wittgenstein writes that both tautologies and con

tradictions lack sense, a l though this does not mean that they are 

nonsensical .  They belong to the symbolism itself ( like the arithmetic 

zero ) ,  a lthough they are not "pictures of reality" and do not repre

sent any possible situation, as it happens with genuine propositions 

( Tractatus, 4.46 . . .  ) .  From this conception Wittgenstein sketches a 



whole philosophy of logic ( 6 . 1 . . .  ) ,  according to which logical propo

sitions are tautologies - they say nothing - and makes clear that he 

is referring to the analytic propositions in the traditional sense. 

There is here a most interesting element, precisely the one which 

Carnap was to use to criticize Wittgenstein's apparent restriction to 

sentential logic ( i . e . ,  propositional logic, the logic with no quanti

fiers ) .  It  is the following: Hit is possible - indeed possible even ac

cording to the old conception of logic - to give in advance a descrip

tion of al l  ' true' logical propositions. Hence there can never be sur

prises in logic .  One can calculate whether a proposition belongs to 

logic, by ca lculating the logical properties of the symbol. " 

( 6 . 1 2 5-6 . 1 26 ) .  Now, Carnap interpreted ( in Logical Syntax, see next 

section ) this passage in the sense that Wittgenstein seemed to be 

thinking merely of sentential logic, namely the one which is decid

able ( see first section of chapter 1 of this part ) ,  i . e .  the one in which 

there is an a lgorithmic method to decide whether any non-elemen

tary proposition is tautological, contradictory or merely consistent :  

the truth tables (and similar effective recourses ) .  

The interesting nuance which does not seem to have been seen 

by Carnap is that Wittgenstein is also referring to proofs, while 

Carnap seemed to criticize only the limitations of the truth table 

methods . Wittgenstein wrote: H And this is what we do when we 

'prove ' a logical proposition. For without bothering about sense or 

meaning, we construct the logical  proposition out of others using 

only rules that deal with signs. " ( 6 . 1 2 6 ) ;  and he finishes by saying that 

at  any rate this is not essential in logic, for the starting point for proofs 

( the initial propositions ) has to be accepted as being tautological 

without proof, and that proofs are only the mechanical means to ob

tain an easier recognition of tautologies .  

This seems to me to be rather strange for several reasons.  First, 

Wittgenstein seems to have extended what he said earlier on sen

tential  logic to elementary logic (or first -order logic, the logic with 

quantifiers ) through his recourse to proofs, although he does not 

make any explicit reference to quantifiers. Second, the reference to 

the initial propositions, which have to be accepted without proof, 

seems to coincide with the former point, for in first-order logic the 

method of the truth tables is very limited. Third, at  any rate, it is clear 



to me that Wittgenstein seems to believe that elementary logic is de

cidable, for  he insists that  we can mechanically recognize any tau

tology ( unless he is  thinking, again, merely of sentential logic; but 

then it i s  unclear why he speaks about proof instead of merely about 

the usual semantic elementary methods - truth tables and the like ) .  

A s  i s  usual with Wittgenstein, i t  i s  quite difficult t o  throw light on 

what he wrote, but I think our analysis has been worth the bother 

for his  ideas constitute a significant stage in our overview, as  we shall 

see immediately in connection to Carnap. 

Carnap 

Wittgenstein's stance, at any rate, made a new effort to define ana 

lyticity necessary, hence R. Carnap's task in Logische Syntax der Sprache 

( l 9 34)  to determine more rigourously and with more clarity the 

meaning of "analytic", and also the difference, i f  any, between "ana 

lytic" and "tautologica l " .  The problem was that, in the meantime, 

Gc>del 's resu lts came to light ( 1 930-3 1 ;  see chapter l of this part ) .  

They completely changed the scenery and affected not only the cur

rent views on completeness and incompleteness, but  a lso the under

lying former presupposition that it is obvious that logica l and math 

ematical propositions are analytic (after Frege, Wittgenstein and, par

tially, Russell ) .  In pa rt icula r, Carnap tried not only to "completely" 

define the notion of ana lyticity, in such a way that every mathemat 

ical proposition was shown to be  either analytic or contradictory, but 

also to prove thereby that there cannot be "special" mathematical 

propositions which are not ana lytic. With that he seemed to have 

been thinking of Russell's Principia problematic ax ioms ( infinity, re 

ducibility, choice ) ,  or even struggling against the danger of interpret

ing Godel's celebrated undecidable sentence exhibited in his proof of 

l 93 l - which truly says of i tself  that it is not provable - as  being syn 

thetic ( for it is not ana lytic, in the sense of not being provable in the 

system) yet a priori ( for it is tru e  by means of considerations which 

are comprehensible without recourse to empirical data ) .  

Carnap's view, which i s  usually assimilated t o  logical positivism 

(and this even to its most "popular" presentations ) ,  is often described 



as something which defends the reduction of mathematics to logic 

and the analytic character of mathematical propositions. Carnap 

himself asserted, for instance in 1 9 3 l a, that logical and mathemati

cal propositions are tautologica l, and rejected any possible synthet

ic a priori knowledge. However, in 1 9 3 lb Carnap quickly added sev

eral interesting nuances.  First, he pointed out the difficulty of ac

cepting the logical character of Russell 's problematic axioms in his 

logicism (choice, infinity, reducibility ) .  Second, he suggested lines of 

solution, for infinity and choice, based on their supposed condition

al character, and for reducibility based on F. Ramsey's proposal 

( 1 926,  1 9 3  l ) ,  which dispensed with " ramifications" in the theory of 

types.  

Carnap's own detailed solution to al l  these problems was devel 

oped in his The Logical Syntax of Language ( 1 9 34 German, 1 9 37  

English; Logical syntax in  the following ) .  where he originally tried to  

either eliminate Russell 's problematic axioms or make them analyt

ic,  while rejecting any Pla tonism by means of the reduction of every 

infinitary problem to conventional decisions. This would not have 

been so difficult had Godel 's results not disturbed so deeply the orig

inal programme. In fact, Godel's incompleteness theorem made it ap

parently impossible to formally define mathematical truth by sepa 

rating it radically from provability ( while Church's 1 9 36 undecid 

ability theorem made hopeless the search for a general decision 

procedure for logics higher than sentential logic) . 

That is why Carnap tried in Logical syntax to search for "another 

completeness" for logic and mathematics, which was able to somehow 

accomodate some of the ou tcomes of G6del's results.  This was at

tempted by means of a syntactic - and also actually semantic - re

duction of mathematical propositions, until they were shown to be 

analytic, by indicating that objective mathematical truth coincides 

with analyticity in a specific, very sophisticated sense. Thus, the pos

sible temptation to interprete true but non-provable propositions in a 

given system ( l ike Godel's "G"  statement; see first section of chapter 

l of this part ) as being synthetic a priori should vanish . Na turally, the 

highest price which had to be paid consisted in making analyticity rel

ative to a particular language, namely to a set of premises and rules. 

On the other hand, the best recourse to do that was, paradoxically, 



provided by Godel himself :  a rithmetization of syntax .  This was clev

erly used by Carnap to show, in passing, that Wittgenstein's univer

salism ( the belief in a universal. inescapable language ) was unjust i 

f ied .  Let  us  examine, after thW; general presentation of the main goals 

of Carnap's program, the main features of his  construction of ana

lyticity in the several languages he introduced in  that  work. 

Carnap's "Language I "  contains the arithmetic of natural  num

bers, but  is  l imited in the intuit ionistic sense, namely, by admitting 

only definite ( finitary )  numerical properties, whose possession can be 

determined in a finite number of steps. However, Language I i s  not 

properly a definite language because it contains sentences which are 

not definite, in other words, resoluble - provable or refutable - ones. 

The rules of consequence, which go beyond those of transforma

t ion,  are justified for Carnap because there are cases in which every 

sentence of a sign type is provable but the universal corresponding 

sentence is not ( thus, Carnap was obviously thinking of certain tech

nical details of the proof of Godel's incompleteness theorem ) .  So, to 

create this possibility, the terms "consequence" and "analytic" are in

troduced by Carnap, who assings meanings which are broader re

spectively than "derivable" and "provable" (and the same with "con

tradictory" and " refutable" ) .  

To d o  so, Carnap admits infinite classes o f  sentences, which for 

him is  equivalent to speak of syntactic " forms" ( defined in exten

sion ) .  Two rules are then introduced which define consequence in 

terms of derivation; one of them refers to infinite classes of sentences, 

so two methods of deduction are stated.  A derivation is defined as an 

infinite series of sentences, and a series of consequences as a finite 

series of classes - not necessarily finite - of sentences .  In the case of 

derivation, every step is  defined, but not the relation "derivable" ,  

which is  defined in terms of a complete chain of derivation; in the 

case of a series of consequences, every s tep ( "the relation of d irect 

consequence " )  i s  a lready indefinite ( infinitary ) ,  let alone the relation 

of consequence itself. 

Then Carnap gives the following definitions for Language I :  an 

analytic sentence is a sentence which is a consequence of the null  

set of sentences ( i . e . ,  a consequence of every sentence ) ;  a contradic

tory sentence is a sentence such that every sentence is one of its own 



consequences; an L-determinate ( logically determinate)  sentence is 

one which is analytic or contradictory; and a synthetic sentence is 

one which is neither analytic nor contradictory. Hence every prov

able sentence is analytic -and every refutable one is contradictory, a l 

though the  reverse does not  hold  ( so Carnap is obviously referring 

to the proof of Godel's theorem, where a true but not provable sen 

tence is exhibited, which is supposedly analytic ) . For the same rea 

son every logical sentence is analytic or contradictory, the descrip

tive (or non-logica l )  sentences being the only ones which are syn

thetic. Fermat's theorem, i . e . ,  that x" + y" = z" is not resoluble for n 

> 2 by using positive integers, is offered as an instance of an L-de

terminate sentence, although Carnap admits  that we do not know 

whether it is analytic or contradictory. 

Carnap's "Language II"  contains not only definite concepts and 

intuitionistic arithmetic of natural numbers (which were already in 

I) but also indefinite (non-finitary, or infinitary, as  a matter of fact ) 

concepts, classical mathematics ( including set theory ) and the pos

sibility to formulate physical sentences .  In addition, Carnap intro

duces the following : non-restricted quantifiers ( "unlimited opera 

tors " ) ;  a simple theory of types ( Russell used a more complicated, 

" ramified" one adding also orders to types ) ,  in order to avoid any re

ducibility axiom ( with several types and numerical levels according 

to certain rules ) ;  variables of severa l  types, including second-order 

quantification (i . e., one whose quantifiers range not only over in

dividuals but also over predicates and functions ) ;  identity; the equa

t ion "O = O", which means "the true" and is used to make truth -value 

assignments; and symbols for sentences ( which were absent in 

Language I, a language of positions ) ,  including quantification over 

them. The rest of elements of Language II  are constants .  

The paragraph 34 ( a-i ) is basic for our purposes .  Carnap writes 

there that one of the main tasks in the logical foundation of mathe

matics consists in stating a formal criterion of validity.  In other 

words, it would amount to determine the necessary and sufficient 

conditions to determine valid ( correct. true) sentences of Language 

I I .  In order to obtain completeness for that criterion we should, ac

cording to Carnap, go beyond the definite both in itself  and in the 

individual steps of the deduction; i .e . ,  we should adopt the method 



of consequence, where we operate, not with sentences, as in the 

method of derivation, but with classes of sentences, which could be 

infinite.  

The rules would be the same as  the ones already formulated in 

Language I (§ 1 4 ) ,  and the conclusion is :  " In this way a complete cri

terion of validity for mathematics is obtained. We shall define the term 

'analytic' in such a way that it is applicable to al l  those sentences, and 

only to those sentences, of Language II that are valid ( true, correct ) 

on the basis of logic and classical mathematics " .  The same will be ap

pl ied to "contradictory",  "L-determinate" ,  and " synthetic" (which is 

defined as  that which is not L-determinate ) .  Thus, the method of 

consequence makes no essential difference between Languages I 

and II, except as regards quantification, which is not restricted in 

Language II, and the corresponding changes in the definitions .  

Then Carnap criticizes Wittgenstein and Moritz Schlick (one of 

the founders of the Vienna Circle ) ;  the first one for depending upon 

the method of the truth tables, which is valid only for sentential 

logic; the second for saying that analytic judgments are immediate

ly seen as being a priori, as  soon as we understand their  meaning. 

Carnap argues that.  as it is shown by Fermat's theorem and similar 

instances, it is possible to clearly see the rules of application of a sen

tence without seeing every possible consequence ( a  line of thought 

later followed by Godel,  as  we shall see ) .  However, we should say 

that Carnap's methods are not effective either; namely they are not 

usable in practice because they are infinita ry - this seems to under

ly his criticisms of Wittgenstein and Schlick . Thus, a lthough Carnap 

reached more accurate definitions, they do not lead us to a complete 

criterion of validity, as  Carnap himself would later recognize . 

In Language II the process is the reverse of that in Language I :  first 

"ana lytic" and "contradictory" are defined, then the concept of con

sequence is introduced.  Yet the way is first paved by means of re

duction rules for sentences; these are able to transform the sentences 

into a standard form to simplify their handling. Thus, the problem 

of defining "analytic in II" is reduced to the problem of defining it for 

the corresponding sentences under a particu lar standard form: the 

prenex form, which depends upon arranging the quantifiers at  the 

beginning of every formula by following very precise rules . That is 



made by following a double process of "valuation" and "evaluation" ,  

and by applying GOdel ' s  method of arithmetization of syntax .  

The basic idea is explained b y  Carnap: " W e  shall n o t  define the 

term 'analytic' explicitly, but instead we shall lay down rules to the 

effect that a sentence of a certain form is to be called an  analytic sen

tence when such and such other sentences fulfil certain conditions 

- for instance, when they are analytic" (§ 34c) . Carnap's description 

of the whole process is complex and difficult, but I think it  could be 

summed up this way. Let F be a property in a sentence S. Then we 

will examine not the defined sentences of its type, but "all the pos

sible valuations (Bewertungen ) for F", where we understand "possi 

ble valuation" as  a syntactic assignment, namely the assignment of 

a value to F, in particular of a class of numerals N ( which are called 

"accented expressions" ) .  Now, if  B is a particular assignment of F, and 

if F appears in N as  its argument in any place of S ( for instance, in 

the partial sentence ' the successor of the successor of 0 has the prop

erty F' ) ,  then " this partial sentence is - so to speak - true on account 

of B, if  N is an  element of B, and otherwise false " .  

The evaluation of the  sentence S is then carried out, which will 

be a transformation according to which the partial sentence is re 

placed by 'O = O' if N is an element of B and by 'O -:t:. O' if it is not .  So 

S "will  be called analytic if  and only if  every sentence is analytic 

which results from S by means of evaluation on the basis of any val 

uation for  'F' "  ( §  34c) , and will be contradictory when at  leas t  one 

of the resulting sentences is  contradictory. The same will be applied 

to the rest of types, and a similar procedure is introduced for func

tions and descriptive predicates .  I t  is then when particular  rules of  

valuation and evaluation are given, and it is clearly pointed out that 

the evaluation will be applied to sentences, not to partial  sentences .  

The explanation in the excellent Coffa 1 99 1  may help .  According 

to Coffa, possible valuations are numerals, classes of  numerals, func

tions from numerals to numerals, no matter whether they are de

finable in the system or not.  Once valuations and evaluations have 

been applied, to say that a matrix is mathematically true or analytic 

for a given assignment of its "value-bearing signs" means the fol

lowing (p. 2 92 ) :  



The idea is s imp ly  to f ind the truth va l ue  of the matr ix  re lat ive to that 

va l u at ion by eva l uat i ng  it "from i ns ide out" so to speak, start i ng  from 

the propos i t iona l  atoms i n  the matr ix  and mov ing  outward . Theorem 

34c . 1  states that for every q uant i fier-free reduced matr ix  M and for 

every eva l uat ion of its va l ue-bear ing  s igns v, the descr i bed process of 

eva l u at ion ( i n  conj u nct ion with the reduct ion process) leads i n  a fi n i te 

n u m ber of steps from M and v to ei ther "O = O" or "O * O" ( i .e . ,  the truth 

va l ues of a l l  matr ices are determ i ned, for each appropriate v) . 

But Carnap, says Coffa, by avoiding the "realistic mode" of speak

ing, does not say that the  rules of evaluation determine the  truth value 

of a matrix free of quantifiers in a given valuation. Rather, its rules tell 

us how to transform one sentence into another, in a way according to 

which every mathematical sentence of Language II is to be transformed, 

in the end, either in "the true" (0 = 0 ) ,  or in "the false" (0 * 0 ) .  

Only then does Carnap define "analytic" a n d  "contradictory" in 

II ,  by giving rules which define them for classes of sentences, for a 

given sentence, and for reduced sentences ( which are "analytic in re 

spect to certain valuations" ) .  Thus, once again, what is defined is not 

that which is "analytic" in general, but rather the cases in which a 

sentence is analytic as a function of partial sentences and certain val 

uations ( see Quine's criticism below) .  For  Carnap this is equivalent 

to an effective procedure, at  least in the sense that it a lways finishes 

with a sentence being either true or false .  Hence, Carnap finally says 

that, although a sufficient and necessary criterion of analyticity has 

been given for every sentence, there is no general method for re 

solving every individual step, let alone a general criterion. Thus, 

"analytic" and "contradictory" are indefinite ( infinita ry ) terms .  

With this  as  a starting point, the chain of definitions follows by 

defining "L-determinate" and by clarifying that "analytic", and sim

ilar terms, were introduced in order to overcome the limitations of 

such terms as  "provable" .  Thus, Carnap's ambition to search for com

pleteness and for Godel 's  "obj ective mathematica l  truth" is some

what clarified.  Hence, every logical sentence is L-determinate, i .  e . ,  

either analytic or contradictory (a lthough the  absence of a general 

method of resolution is admitted ) ,  and synthetic sentences are a l 

ways  descriptive, namely, not  logica l .  Now: every logical sentence 



which is defined as analytic is also provable, although there a re an

alytic sentences which are not  provable ( which becomes clear when 

one thinks of Godel's theorem and the true, undecidable sentences 

involved ) ,  and every defined logical sentence is resoi uble, although 

there is  no general method of resolubility. 

Part IV of the book is devoted to investigating general syntax, 

which does not refer to a particular language, but to every language 

or to every language of a given class .  In order to reach my limited 

goals here I will restrict myself to an  attempt to show that Carnap's 

logical sentences constitute a complete, although irresoluble ( unde

cidable)  language . 

Rules of formation and transformation are given first, as well as  

the c-terms ( "c" from consequence, as "d"  is from demonstration, or 

derivation ) ,  in order to make a complete division into analytic and 

contradictory sentences possible. What follows from these rules are 

the definitions of logical content; the distinction between the logical 

and the descriptive ( relative to each language ) ;  the distinction be

tween logical and physical rules  ( which is a matter of convention ) ;  

a n d  the introduction of the L- terms . Now: every analytic sentence i s  

valid; every logically valid sentence is  analytic; a n d  every logical sen

tence is  L-determinate:  " there are no synthetic logical sentences" .  

As for  consistency and completeness, Carnap shows again his  

deep assimilation of Godel ' s  results :  a language is inconsistent if  each 

of its sentences is valid, and consistent otherwise.  However, a non

contradictory language may be inconsistent, for although it does not 

contain any d -contradiction ( a  contradiction in respect to rules of  

demonstration ) ,  i t  may st i l l  contain a c-contradiction ( one which de

pends on the rules  of consequence ) .  This  is the reason for introduc

ing the term "consistent" ,  which is applied to languages which do not 

contain any type of contradiction and corresponds to Godel's ex

pression "ro-non-con tradictory" .  

Thus, a lthough i t  i s  recognized that every consistent language 

containing a general arithmetic is irresoluble, i t  is also affirmed that 

a language sufficiently strong, although it  is irresoluble ( u ndecid

able ) ,  it can be both determinate and complete, provided enough in

definite ( infinitary ) rules  of transformation are stated, a t  happens 

with logical sub- languages from I and II. (However, as  we shall see, 



the appropriateness of our speaking here of completeness is rather 

doubtful, as  the analyticity of certain sentences can only be stated in 

a higher language . )  

The following classification b y  Carnap holds for a language both 

irresoluble and complete, and applies to its logical sentences (p. 2 1 0 ) .  

(d- terms)  

(c - and L-terms)  

demonstrable irresoluble refutable 
- - - - - - - - - - - - - - - - - - - 1 - - - - - - - - - - - - - - 1 - - - - - - - - - - - - - - - - - - -

1 
__________ ________ _ 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - 1 - - - - - - - - - - - - - - - - - - - - - - - - -

valid 

analytic 

contra valid 

contradictory 

The gaps for undecidable ( i rresoluble) sentences which are analytic 

(valid ) ,  or contradictory ( contravalid, or invalid) are clearly evident; 

there is no place for synthetic logical sentences .  Thus, the synthetic 

would be what is  not L-determinate, in other words, neither analytic 

nor contradictory. In this way the sort of completeness Carnap was 

looking for could be reached, despite the incompleteness and unde

cidability of the  general system. At  any  rate, i t  seems that the  read

er, on arriving at  this point, might be under the impression that the 

whole construction suggests that "analytic" is  somehow equivalent 

to "mathematically true" ,  although we may not know this to be so 

in every case.  

Carnap continues by explicitly dealing with the relationship of his 

methods to the Liar paradox, which will lead to the most severe l im

itation of the work:  the clear assimilation of analyticity to truth in 

Tarski ' s  sense. Thus,  Carnap says that our not being able to recon

struct the celebrated paradox with his concepts of "non-demonstra 

ble" or " refutable"  is due to the fact that not every analytic sentence 

is also demonstrable, and that not every contradictory sentence is 

also refutable, which would had been the case had we used "true" 

or "analytic" . Thus, the paradox can be reconstructed by assuming 

that "analytic" and "contradictory" are defined in a syntax formu

lated in the  same language. 

We thus come to the theorem 60c. l ,  which is  essential for our 

goals : "If  S is consistent, or,  at  least ,  non-contradictory, then 'analyt-



ic ( in S ) '  is indefinable in S " .  And the same is true for the rest of the c

terms, as  long as  they do not coincide with d -terms ( valid, conse

quence, equipollent, etc. ) .  Therefore : " I f  a syntax of a language S
1 

is 

to contain the term 'analytic ( in S ) '  then it must, consequently, be 

formulated in a language S
2 

which is richer in modes of expression 

than S
1 
". Hence "ana lytic in I "  is not definable in Language I, but it  

is definable in Language II, and we have the same situation for high

er languages. On the contrary, although "demonstrable in I" cannot 

be defined in I, for it  is an indefinite concept, "demonstrable in II" 

can be defined in II ,  as  we can see in Godel's true but undecidable 

sentence G affirming of itself that i t  is not provable (because of the 

arithmetization of syntax in the same language; see the first section 

of chapter 1 of this part ) .  

I think this i s  a clear sign that the whole construction - a s  Quine 

told me recently in a letter - does not go beyond Tarski 's and GOdel 's .  

In  the end,  the whole manoeuvre cannot be used to extend analyt

icity, in the traditional sense, to al l  mathematics, nor can it  therefore 

be used to offer a genuine criterion of universal validity. It  is one 

which is always limited to a given language. Naturally, the strongest 

objection to the construction proceeds also from GOdel and Quine:  

in carrying it  out, Carnap built up something very similar to Tarski 's 

definition of truth, in the sense that truth, l ike analyticity, is inde

finable in the same language, so it  is always in need of a higher lan

guage. Summing up:  this i l lustrates the impossibility of overcoming 

the Godelian limitations, by showing that the sort of alternative 

completeness that Carnap was looking for was rather an  illusion, and 

that mathematics cannot be completely expressed in one language, 

no matter how rich it may be.  However, as  Carnap explicitly admit

ted, that completeness can be reached through an infinite hierarchy 

of languages, so the logicist program can, a t  least in a limited sense, 

be maintained. 

In his Introduction to Semantics ( 1 942 ) Carnap renounced the def

initions from Logical syntax ( § 3 9 ) ,  by admitting that no general defi 

nition of logical truth in general semantics is known ( §§ 1 3 , 1 6 ) .  

However, i t  i s  interesting t o  see his later controversy with Quine, for 

it  reflects philosophical fea tures which are relevant to understand

ing contemporary analytic philosophy. Among these features there 



is his capacity to continue to believe that mathematics is analytic 

anyway, and that this fact can be formulated with precision by re

sorting only to the necessary formal apparatus, and a series of con

ventions, in spite of Godel 's  results .  As Quine told me,  such a belief 

was always for Carnap as  solid as  the Rock of Gibraltar, which per

haps is not that surprising when we learn that for Godel mathemat

ics is analytic too. 

Quine 

In his Harvard lectures of 1 9 34 ( in C reath 1 990 ) ,  W.V. Quine already 

clearly detected that the analytic-synthetic distinction is relative, in 

the sense that what sentences we regard as  analytic is a matter of 

convention . But Quine did not respond to the following questions :  

Is  this  equivalent to deny the distinction itself, or  rather to seeing it 

a s  a matter of degree?; What is the relationship between that rela

tivity and the one which was admitted by Carnap in Logical syntax ( §  

82 ) ,  when h e  said that the distinction between the logical rules and 

the physical ru les is a matter of degree?; What is the relationship be

tween all  this and the relativity of analyticity which already had been 

pointed out by Frege, which depended upon the particular axioms 

and rules we choose? ( see above) .  Let us see the concrete arguments 

which have been used by Quine in order to clarify such questions, 

a s  well a s  Carnap's replies .  This is relevant to the understanding of 

the problems involved in Godel's ideas, for, as we shall see, his no

t ion of analyticity seems to be related to some of these questions . 

Paradoxically, Godel 's  defence of analyticity is close to Carnap's,  

while he strongly criticizes Carnap's particular construction of ana

lyticity, in spite of the fact that  Carnap's analyticity, as  we have seen, 

tried to be a response to the tremendous problems created by Godel's 

results .  

In Quine's "Two dogmas . . .  " ( 1 9 5 1 )  there are three basic argu

ments against ana lyticity ( in general, I follow the excellent presen

tation of Creath 1 990 ) .  ( i )  Every attempt to clarify the notion is use

less for science, for it finally resorts to more or less obscure notions, 

such as  meaning, synonymy, necessity, semantical rule, etc. . This 



holds when it is said that a sentence is analytic in virtue of the mean

ing  of i t s  terms, or that  it is analytic in case it  proceeds from logical 

truths by replacing synonymous expressions. 

( i i )  Carnap's attempts to clarify the notion of analyticity for arti

ficial languages fail .  In fact,  the specification of the corresponding 

rules already resorts to the term "analytic", so the only thing that 

many supposedly analytic sentences have in common is  that for one 

reason or another they fal l  under the title "analytic" . In this manner 

Carnap succeeds in defining "analytic in L" (L being a particular ar

tificial language ) ,  but he fai ls  to define analyticity for every L .  

( ii i )  Scientific reasoning is constituted by a body of beliefs, none 

of which is fundamental. but which can be revised through the prin

ciples of simplicity and conservation . Logic and mathematics are in 

the centre of that body, so we prefer to make changes in the pe

riphery when necessary, but there is nothing really immune. There 

are conventions, of course, but there is no way to locate that which 

is conventional as  opposed to that which is not. Hence there is no 

possibility of any analytic-synthetic absolute distinction.  For Quine, 

this whole alternative constitutes a better program than Carnap's .  

It is unfortunate that Carnap's reply of 1 9 52 remained unpub

l ished unti l  Creath 1 990, as  it is much better than his reply to Quine 

in the Schilpp volume of 1 96 3 .  According to Carnap, in order to clar

ify the meaning of certain vague terms in natural  language, certain 

decisions have to be made, for vagueness is unacceptable in science . 

For instance, it can be said that a certain sentence is a postulate, and 

that therefore it is analytic. As for semantic rules, they do not make 

the definition of "analytic in L" arbitrary: "the defined concept em

braces what philosophers have meant,  intuitively but not exactly, 

when they speak of 'analytic sentences' or more specifically, of ' sen

tences whose truth depends on their  meanings a lone and is thus in

dependent of the contingency of facts"' ( C reath 1 990, p .  430 ) .  

I n  addition, for Carnap, Quine's requirement that the explicatum 

(explicans, I would say) be applicable to every system is unreasonable, 

and we cannot meet it through semantic or syntactic concepts.  The 

same line of thought is refined when Carnap writes that for Quine 

the determination of analytic sentences is useless ,  for first we have 

to understand the notion of analyticity. The reply is then the same: 



we possess a practical comprehension of the notion of analyticity 

which is enough for many cases, but which is not enough " for other 

cases or for theoretical purposes. The semantical rules give us  an 

exact concept; we accept it as  an explicatum if we find by compari

son with the explicandum that it is sufficiently in accord with this" 

(p.  43 1 ) . 

Carnap clearly accepts Quine's thesis that there is no rule im

mune to observation, although, unfortunately, without quoting his 

splendid paragraph 82 of Logical syntax. For Carnap, i t  is true that we 

have an increasing feeling of doubt as  long as  we try to revise sen

tences which are more and more faraway from observation, but this 

does not imply that there is no definite borderline between logic and 

physics . So he writes :  "the difference between analytic and synthet

ic is a difference internal to two kinds of statements inside a given 

language structure; i t  has nothing to do with the transition from one 

language to another. 'Analytic' means rather much the same as  true 

in virtue of meanings" (pp.  43 1 -2 ) .  But as  everything can be changed 

in the logical structure of a language, the same sentence can be an

alytic in a system and synthetic in another. As the meaning depends 

upon the rules and not upon the facts, an analytic sentence is not re

visable as  long as  that rules do not change. So, although the synthetic 

truth value is changed, this does not affect the analytic sentences .  

Therefore, the distinction can always be stated in respect to a well

determined, artificial language, although this is not possible for a 

given historical language. 

The correspondence between both authors (in Creath 1 990 )  con

cerning these matters is extensive and contains certain pages which 

are really excellent, but it  largely is based on the former arguments. 

In the following, I quote something by Quine which is relative to his 

rej ection of the distinction between natural and artificial languages, 

that seems to me to be fundamental .  

In a letter of 1 943,  Quine already referred to the  fact that  speak

ing of artificial languages changes nothing, for in them we do as  if  

there were people who really spoke them, so a behaviourist defini

tion of "analytic" and of " sentence" remains basic, in the sense that 

i t  is a part of the pragmatic substructure of semantics .  In a letter of 

1 9 54 ( thus later than the reply we referred to above ) ,  Quine wrote 



that his arguments were not limited to natura l  language : "It  is indif

ferent to my purpose whether the notation be traditional or artifi

cial, so long as the artificiality is not made to exceed the scope of ' lan

guage' ordinarily so-called, and beg the analyticity question itself" 

( Creath 1 990,  pp.  437-8 ) .  So, Quine continues, if the definition of 

analyticity is included in art ificial languages, then the distinction i t 

self  between natural  and artificial i s  false.  

Quine finishes the controversy by saying that artificial languages 

are not uninterpreted notations, for every predicate has its unique 

extension, and we have the same situation for logical signs: "But they 

are not of kind (b) if, as  I suspect, ' languages' of kind (b) are con

ceived as  embodying a complement of transformation rules - a 

ready-made stipulation of a boundary between analytic and syn

thetic. In view of 'Two dogmas' and our years of discussion, I think 

the above brief remark will suffice to convey my meaning" (p. 438 ) .  

Summing u p :  Quine does not admit that the distinction can be 

traced, because he believes that the interpretation which already un

derlies artificial languages makes it blurred anyway, so admitting the 

distinction natural -artificial amounts to the same as admitting the 

original ana lytic-synthetic distinction.  

In his contribution to the 1 96 3  Schilpp volume devoted to his old 

master ( the volume for which Godel 's  Gibbs lecture was intended to 

appear)  Quine did not accept Carnap's syntactic reduction of Logical 

syntax either. His arguments are somehow similar to the ones we 

shall see as formulated by Godel himself, and run as follows . As for 

Carnap's Language I ( see the former section ) ,  the formulation of log

ical truth is closely syntactic, in the usual way of the axiomatic for

malizations with inference rules, but for Godel 's results we know 

that such a procedure is not suitable for general mathematics, set 

theory, or stronger languages such as  Carnap's Language II itself. 

Thus, for Language II, Carnap really resorts to techniques which are 

very simila r to the ones appearing in Tarski 's semant ics . On the other 

hand, Quine adds, Carnap's final result is a more liberal  syntax in 

which we admit ( i )  names of signs; ( i i )  an operator expressing the 

concatenations of expressions; and ( i i i )  the totality of the logica l and 

mathematical vocabulary, as  a sort of auxil iary machinery. Then 

Quine writes ( 1 963 ,  p .  400 ) :  



So construed, however, the thes i s  that log ico-mathemat ica l  truth is syn

tact ica l l y  spec i f iab le becomes u n i nterest i ng.  For, what i t  says i s  that 

logico-mathemat ica l  truth i s  spec if iab le in a notat ion cons i st i ng  so le ly  

of  (a ) ,  (b) ,  and the whole  log ico-mathemat ica l  vocabu l ary itself .  But  this 
thes i s  wou ld  hold eq u a l l y  if " l og ico-mathemat ica l "  were broadened (at 

both p laces in the thesis)  to i nc l ude physics, econom ics, and anyth i ng  

e l se u nder t he  sun ;  Tarsk i ' s  rout i ne o f  truth-defi n i t ion wou ld  sti l l  ca rry 

through j ust as wel l .  No spec ia l  tra i t  of logic and mathematics has been 

s i ng led out after a l l .  

Quine finishes b y  saying that ,  in the end, t h e  mathematica l we 

would have to accept would be larger than the apparatus we want

ed to explain, as  is shown by Tarski's theory of truth . 

This anti -reductionist argument by Quine brings to mind his par

allel vicious circle argument of 1 9 36  (which is repeated here ) ,  ac

cording to which logic cannot be explained by conventions, for then 

we would have to resort to logic to apply these conventions to par

ticu lar cases. The 1 96 3  version of the argument is brief and interest

ing, and it recalls also Godel's argument in our manuscripts against 

conventions ( which to acceptable require a proof of consistency) : 

" logical truths, being infinite in number, must be given by general 

conventions rather than singly; and logic is needed then to begin 

with, in the metatheory, in order to apply the general conventions 

to individual cases" (pp. 3 9 1 -2 ) .  

Godel 

In order to correctly understand Godel's views on analyticity in the 

unpublished manuscripts appearing here, it is advisable to become 

familiar with his published views on the same subject. 

I know of only two published writings by Godel in which the an

alytic character of mathematics is explicitly discussed : h i s  article on 

Russell  of 1 944, and the remarks on the undecidability results from 

1 972 (CWII ) .  In 1 944 the problem is posed whether the axioms of 

Russell 's and Whitehead's  Principia mathematica can be regarded as  

ana lytic. According to Godel, analyticity can be understood in two 



ways, the tautological sense and the properly analytic sense.  In the 

tautological sense ( CWII, pp.  1 39-9 ) 

it may have the pure ly  formal  sense that the terms occurr ing  can be de

fi ned (either exp l ic i t ly  or by ru les for e l i m i nat i ng  them from sentences 

conta i n i ng them) in such a way that the ax ioms and theorems become 

spec i a l  cases of the l aw of ident i ty and d i sprovab le  propos i t ions be

come negat ions of th i s  law. In th i s  sense even the theory of i ntegers is 

demonstrab ly  non-ana lyt ic ,  prov ided that one req u i res of the ru les of 

e l i m i nat ion that they a l l ow one actua l l y  to carry out the el i m i nat ion i n  

a fi n ite number of steps i n  each case. 

The ultimate reason, as  Godel says in a footnote, is that this would 

suppose the existence of a decision procedure for arithmetic, which 

cannot exist. Thus, mathematics cannot be analytic in the first sense, 

for it is undecidable . (This, by the way, reca lls Carnap's similar ob

jection to Wittgenstein's  conception of mathematics as tautologica l . ) 

Godel continues to say that if we admit sentences of infinite (and 

non-denumerable )  length in the process of reduction, then every 

axiom of Principia mathematica would be analytic for certa in inter

pretations: HBut this observation is of doubtful value, because the 

whole of mathematics as  applied to sentences of infinite length has 

to be presupposed in  order to prove this analyticity, e .g . ,  the axiom 

of choice can be proved to be analytic only if it is assumed to be true" 

(p. 1 39 ) .  I think this is also a clear, although implicit, reference to 

Carnap's H indefinite " rules, and also to the fact that in Carnap's 

Logical syntax the axiom of choice was presented as  analytic (a lthough 

the axioms of infinity and reducibility were eliminated in that work ) .  

Certainly Carnap spoke about indefinite rules, and defined them a s  

those which can b e  defined only i n  an infinitary way, that is ,  they 

are rules which admit quantifiers with no restriction in their do

mains .  

To explain the properly analytic sense of analyticity, Godel wrote: 

Ha  proposition is  called analytic if  it holds 'owing to the meaning of 

the concepts occurring in it ' ,  where this meaning may perhaps be 

undefinable ( i . e . ,  i rreducible to anything more fundamenta l ) "  

( C WII, p .  1 3 9 ) .  I t  would seem then that the axioms of Principia math-



ematica (except the axiom of infinity) would be analytic for certain 

interpretations of the primitive terms:  "namely if the term 'predica 

tive function ' is replaced either by 'class' ( in the extensional sense ) 

or ( leaving out the axiom of choice ) by 'concept', s ince nothing can 

express better the meaning of the term 'class'  than the axiom of class

es and the axiom of choice, and since, on the other hand, the mean

ing of the term 'concept' seems to imply that  every propositional 

function defines a concept" ( ibid. ) .  Godel adds a footnote to say that 

this does not contradict his former position that mathematics is based 

upon axioms with a rea l content, for the existence itself of the con

cept of "class" ( set )  constitutes already an axiom of such a kind. 

Also, Godel adds the following il luminating passage : " i t  is to be 

noted that this view about analyticity makes it again possible that 

every mathematical proposition could perhaps be reduced to a spe

cial case of a = a, namely i f  the reduction is effected not in virtue of 

the definitions of the terms occurring, but in virtue of their mean

ing,  which can never be completely expressed in a set  of formal 

rules" ( ibid. ) .  So he is speaking of something objective, independent 

from our definitions.  Thus, the notion of meaning is used as  being 

relative to reference, i . e . ,  to the objective concepts which are denot

ed by our terms . However, as  objective, but infinite concepts cannot 

be embraced through finitary rules, they cannot be expressed by a 

set of such rules ( in case these rules a re admitted to be infinita ry, 

then the former obj ection applies ) .  But then the basic problem is that 

the notion of meaning for concepts is taken to be indefinable, so we 

have to resort to other passages in which Godel speaks about mean

ing and about the nature of concepts .  

Yet something relevant is added in the same place :  "The difficu l 

ty is only that  we don't  perceive the concepts of 'concept' and of 

'class'  with su fficient distinctness, as  is shown by the paradoxes " .  

According t o  Godel. this led Russell t o  build those concepts up, but 

in so doing only certain fragments of logic remain, unless their con

tent is reintroduced through infinite propositions or the axiom of re

ducibility. Godel. however, says it is preferable to try to make clear

er the true meaning of "cla ss" and "concept" by considering them as 

objectively existing realities and to use the simple theory of types and 

axiomatic set theory as  the basic instruments. With that it seems to 



me that Godel is referring to the analysis of concepts in the way Frege 

and Russell did, that is ,  by trying to analyze the appearances ( " the 

given" )  in terms of the fundamental,  perhaps both logically and epis

temological ly .  In his " Some remarks on the undecidability results" 

( 1 972 ) he wrote: " there do exist unexplored series of axioms which 

are analytic in the sense that they only explicate the content of  the 

concepts occurring in them, e .g . ,  the axioms of infinity in set theo

ry, which assert the existence of sets of greater and greater cardinal

ity or of higher transfinite types and which only explicate the con 

tent of the general concept of set" ( CWII, p. 306 ) .  However, here the 

difficult expression "content of the concepts"  appears with no ex

planation, so we can add it to the list of former unexplained ones 

( meaning, concept, term, etc. ) .  

We come now t o  the unpublished manuscripts .  Useful remarks 

and arguments can be found in them which contribute to clarify 

some of the problems which have been pointed out .  In particu lar, 

the Gibbs lecture ( 1 9 5 1 )  conta ins two versions of a strong attack 

against Carnap's syntactic view, which can throw some light on 

Gode l 's  view of the analytic and the tautologica l .  The first version of 

the attack was finally rejected and not actually read, but it is clearer 

and does not depend upon the analogy between mathematics and 

physics . 

There ( see the full text in chapter 2 of part II ) ,  G6del writes that 

the most simple version of the syntactic conception is the thesis that 

mathematica l  propositions express only certain aspects of l inguistic 

conventions, in the sense that they are true only by virtue of the de

finitions of the terms involved, so that  they would be reducible to 

tautologies . But  he adds that this reduction is impossible for the fol

lowing arguments .  

( i )  It would entail the existence of a mechanical decision proce 

dure for every mathematica l proposition, but this kind of procedure 

cannot exist, not even in number theory. Curiously enough, this ar

gument seems to me to be the same one that  Carnap used against 

Wittgenstein in Logical syntax, so it can hardly be used against Carnap 

himself .  As we have seen, Carnap was fully aware of Godel 's  in

completeness results in that book; that is why he resorted there to 

ra ther semantic concepts and to the admission of a different type of 



"completeness" ,  which was to be compatible with the existence of 

undecidable propositions. 

( i i )  It is true that the truth of mathematical axioms can be derived 

from certain semantic rules which are chosen for logical and math

ematical systems, but in such a derivation the logical and mathe

matical concepts themselves have to be used as  referring to symbols 

and their combinations . Therefore, in order to prove the tautologi 

cal character of mathematical axioms their truth has to be assumed 

first (as takes place with Ramsey's expression of infinite length and 

Carnap's infinite sets of f inite propositions ) .  Thus,  instead of defin

ing their meaning through syntactic conventions, we must first 

know their meaning to be able to understand those conventions. On 

the whole,  this criticism seems to me very s imilar to the one which 

appeared in Gi::idel 's Cantor paper ( 1 947 ) ,  and should be inserted in 

the long tradition against reductionism. As Quine wrote in criticiz

ing Carnap's construction of analyticity ( see above ) ,  the totality of 

the mathematical vocabulary is already admitted in it as  an auxil iary 

element, so it is already presupposed in the intended elimination of 

the mathematical content proper, and no reduction i s  actually 

reached. Gi::idel 's  priority is, however, undeniable for his argumen

tat ion was put in writting before this t ime.  

( i i i )  A proof of the tautological character of mathematical axioms 

is  equivalent to a proof of their consistency, but this  proof cannot be 

reached unless we use stronger means than the ones contained in 

those axioms. At any rate, to prove the consistency of number the

ory (or  of any other stronger system) certain "abstract" concepts 

have to be used, i . e . ,  concepts which are not referred to sense ob

jects, such as  " set",  "function of integers" ,  "derivable" ,  or " there is" ,  

and these concepts a re not syntactic. 

In the other version of the Gibbs lecture, the one which seems to 

have been actually read by Godel in Providence, there are several ar

guments concerning what he cal ls  " relations between concepts" ,  

which are very interesting for  the notion of analyticity. 

( 1 )  There obviously are non-tautological relations between math

ematical concepts, for certain primitive terms always have to be as

sumed in mathematical axioms, and these axioms are not reducible 

to tautologies, but they follow from the meaning of those primitive 



terms. With that Godel seems to me to follow the Frege-Russell  tra

dition, according to which the mind's eye has to look for the most 

simple and primary concepts and axioms, with the aim of using them 

to be able to define and derive the remaining concepts and theorems 

of mathematics. Godel actually goes back to the most primary con

cepts, but with that the problem arises as to whether the axioms " im

plicitly" define those concepts somehow, or whether they express 

some of their properties according to our faculty of mathematical in

tuition . The problem is faced in the following argument. 

( 2 )  We can say that the axioms which determine the concept of 

set are analytic, in the sense that they are valid in virtue of the mean

ing of the term "set", but this does not mean that they are tautolog

ical, for the assertion that there exists a concept of set that satisfies 

those axioms is so obviously full of  content that it cannot be under

stood without already using the concept of set itself or any other sim

ilar abstract concept. With that, Godel seems to somehow clarify the 

former problem, for he seems to be saying that it is the axioms which 

develop the concept of set previously given to us. However, in men 

tioning the existence of a concept of set which satisfies the axioms, 

he does not discuss the possibility that there exist several concepts 

of set, according to the different axioms we choose (a lthough, as  we 

shall see later, he did discuss the question in the Cantor paper) . At 

any rate, in writing that the axioms are analytic in virtue of the 

meaning of the term "set" ,  Godel does not clarify whether it is the 

axioms which define this meaning, or the concept of meaning itself, 

which by that time was being strongly criticized by Quine through 

the notions of synonymy, substitution, etc . .  Perhaps Godel assumed 

the concept to be something fundamental, and therefore " indefin

able " .  

( 3 )  This concept of analyticity is objective, for i t  depends on the 

nature of the concepts, and not subj ective, which would depend on 

the definitions, and it is opposed to the synthetic, which depends on 

the properties and the behaviour of things. However, it has a con

tent, as can be seen by the fact that it is possible that an analytic 

proposition is undecidible, since our knowledge of the concepts can 

be so limited and incomplete as  our knowledge of the world of 

things. Also, this can be seen if we explain the paradoxes of set the-



ory as being similar to optical illusions, where, although we do not 

see what it is real, we are perfectly able to explain why we see what 

we do. 

Here we have a passage which could have been written even by 

Carnap, as he maintained a very similar position in respect to the an

alyticity of instances such Godel's undecidible statement, Goldbach's  

conjecture and the l ike .  The problem is the way in which Godel 

might j ustify the attribution of analyticity to those examples, which 

he seems to handle as being simply the same as  intuitive "mathe

matical truth" .  The reference to the paradoxes doubtlessly means 

that we are not free to build up the concepts, for their very objec

tivity constitutes for us  an insurmountable barrier. This would be a 

proof that there exist objective relations between concepts which are 

independent of our methods and devices, and this seems to me to be 

what underlies Godel's  interest in defending a certain concept of an

a lyticity : the mere struggle against the subjective, that  is to say, the 

conventional .  In  the same way, Russell attacked analyticity ( see sec

tion on Russell  above ) ,  and he did so for the same reasons :  he 

thought that it  unavoidably implied the property of being tautolog

ical, i . e . ,  lacking any content.  Godel, as well as  Russell, separated the 

analytic from the tautological and defended the character of math

ematical facts as  having full content.  

In the essay on Carnap, version II  ( chapter 3 of part I I  of this 

book ) ,  Godel goes back to the same problems, but  he adds much new 

material .  The first relevant point consists in pointing out the failure 

of the reductionist view (Ramsey, Carnap ) ,  as  regards its intended 

refutation of the thesis according to which mathematics can be re

placed by syntax of language. Godel, after accurately defining what 

is actually involved in that thesis, returns to his arguments against 

reductionism .  Thus, he writes that the requirements themselves of 

the syntactic view ( with regard both to the syntactic rules and to the 

derivation from them of the mathematical axioms, and to the con

sistency proof) call for the use of syntactic concepts only, namely, 

finitary concepts referred to finite combinations of symbols and ev

ident axioms about them. Otherwise, we would have to resort to "ab

stract " concepts which cannot be understood without mathematical 

intuition, and this is what the syntactic view tries to avoid. 



However, Godel adds, the syntactic conception cannot sat isfy 

these requirements. Ramsey admitted propositions of infinite length, 

and Carnap used infinita ry syntactic rules and arguments. Therefore, 

the syntactic program fa ils because the replacement of intuition by 

certain rules on the use of symbols destroys any hope of expecting 

the existence of consistency, and also because for the proof of con

sistency an equally strong intuition is required . As I have already 

pointed out above, this criticism against Carnap is somewhat sur

prising, as  he was already aware of the implications of Godel 's  in

completeness results, as  wel l  as  of the infinitary character of his rules 

and of the lack of a proof of consistency for them. Perhaps Carnap 

would have replied that precisely because consistency was un

demonstrable, it made no sense to insist on  it for h i s  rules, since it 

makes no sense to insist on it for mathematics .  So consistency would 

have to be uempirica l "  in both cases, that is, relative to the good re

sults actually obtained . 

The second relevant point against the syntactic conception is the 

intended refutation of the thesis that mathematical propositions a re 

void of content, where interesting remarks about the analytic and 

the tautological again appear. Godel writes that mathematics has 

content, for certa in undefined terms and certa in axioms about them 

are always needed; here he clearly goes back to some of the a rgu 

ments we have seen above. However, he adds that for such axioms 

there cannot be any rational foundation other than (i )  the immedi

ate perception of their truth (according to the meanings of the terms 

involved, or through an intuition of the obj ects which fa ll under 

them ) ;  ( i i ) the inductive arguments on the basis of the success in the 

applications.  

This essential ly is  the same as  we have seen above. Thus, the 

problem is also the same as  before : Godel finally depends on a ra ther 

vague mathematical intuition, as  well as  on the belief in primary 

concepts and axioms whose truth we must perceive immediately. 

The new shade is the allusion to the empirical success, but i t  pertains 

to our  other problem : the analogy between mathematics and 

physics . We can then go on to explicitly consider the similarities be

tween the formal and the empirical sciences .  





3 
The mathematics-physics analogy 

The basic goal of this chapter is to delve deeply into Godel's sec

ond great strategy in the philosophy of mathematics : the analogy be

tween deductive and empirical sciences .  Moreover, I shall try to ex

plore the holistic, and even conventionalist, implications of the anal

ogy, such as  it appears in some contemporary philosophers of 

mathematics who have defended the analogy to some extent. To do 

this, it has been necessary to present an overview of the most impor

tant precedents in the use of the analogy, such as  Russell, Hilbert, 

Carnap, Tarski, Quine. After that, I shall present GOdel's views on the 

analogy, in both his published and unpublished writings . Surprisingly, 

most of these authors maintained very different philosophical con

ceptions, in spite of the fact that they all believed that mathematics 

and physics are very similar, both in their objectivity and methods.  

Russell 

B .  Russell ' s  The Principles of Mathematics ( 1 90 3 )  had two basic objec

tives :  ( i )  technically, to prove that mathematics is  only concerned 

with concepts which are definable in terms of a small number of fun

damental logical concepts ( the primitive ideas ) ,  and that al l  its propo

sitions are derivable from a small number of fundamental logical 

principles ( the primitive propositions ) ;  ( ii )  philosophically, to explain 

the concepts which are taken as  fundamental and indefinable .  This 

second objective is the one which led Russell, a lready in 1 903 ,  to for

mulate an analogy between mathematics and empirical science; to 

my knowledge, it is the first one to appear in his writings . To reach 

that objective involves, according to Russell ,  "the endeavour to see 

clearly . . .  the entities concerned, in order that the mind may have 

that kind of acquaintance with them it has with redness or the taste 

of a pineapple" ( 1 903 ,  p. xv ) .  



It is then that Russell resorts to the analogy: "Where, as in the pre 

sent case, the indefinables are obtained primarily as the necessary 

residue in a process of analysis, it is often easier to know that there 

must  be such entit ies than actually to perceive them; there is a 

process analogous to that which resulted in the discovery of 

Neptune, with the difference that the final stage - the search with a 

mental telescope for the entity which has been inferred - is often the 

most difficu lt part of the undertaking" ( 1 903 ,  p .  xv ) .  Finally, Russell  

applies the analogy to the concept of class, by recognizing his fa i lure 

in "perceiving" it, because of the celebrated paradox about whether 

or not the class of al l  classes not being members of themselves is a 

member of itself ( if it is a member of itself, then it is not, and vice 

versa ) .  

In 1 906 Russell faced the problem again, now under the form of 

the nature of mathematical intuit ion and the sort of reasons we have 

to maintain the truth of logical propositions, and he solved it by 

means of the analogy with empirical  science . One of the most inter

esting passages was recently pointed out by Hao Wang ( 1 987 )  as 

probably being the one which was referred to by Godel in his essay 

on Russell ( 1 944 ) ,  so this paper by Russel l  i s  l ikely to have somehow 

influenced Godel . On the whole, Russell introduces there a series of 

highly original ideas which could be summed up this way ( 1 906, 

pp.  1 94-5 ) .  

The method o f  " logistics" is, for Russell ,  basically the same a s  the 

one applied in other sciences .  It is therefore characterized by fallibil

ity and uncertainty, the mixture of induction and deduction, and the 

confirmation of its principles by means of the agreement with ob

servation. The objective of this method is by no means to eliminate 

intuition, but to refine it unti l  one discerns the general laws from 

which we can deduce consistent results, which are then to be con 

firmed intuitively. The primitive propositions have not always to be 

intuitively obvious; they have to be also acceptable for inductive rea 

sons.  Thus, it is required "that, among their known consequences 

( including themselves ) ,  many appear to intuition to be true, none 

appear to intuition to be false and those that appear to intuition to 

be true are not, so far as  can be seen, deducible from any system of 

indemonstrable propositions inconsistent with the system in ques-



tion" .  Among the systems which satisfy the former conditions we 

should, according to Russell ,  choose that whose primitive proposi 

tions are the clearest and in the smallest number, in the same way 

that Newton's laws are preferable to Kepler' s .  

As for  intuition, it is not ,  for Russell ,  infal lible, as  can be seen by 

the paradoxes; thus we see that  an element of uncertainty is un

avoidable, as it happens in empirical science . Finally, the rules of 

logic should be applied mechanically to primitive propositions, es

pecial ly to the doubtful cases .  If ,  after the process, they are con

firmed, we have inductive evidence of their validi ty; in the same way 

the scientist does when trying to verify certain hypothesis .  However, 

an element of imagination is needed in order to see what conse

quences could be false and to search for the crucial cases :  " I f, final 

ly ,  we can arrive at a set of principles which recommend themselves 

to intuition, and which show exactly how we formerly fell into error, 

we may have a reasonable assurance that our new principles are at 

any rate nearer the truth than our old ones" .  

In  1 907 Russell devoted a whole lecture to the  analogy, which 

was read before the Cambridge Mathematical Club.  There we can 

find basically the same arguments, but also several new remarks on 

the global organization of our thoughts, which exhibit certain holis

tic nuances. Also, there are other remarks which have to do with re

alism, pragmatism and the role of intuition in a way that, as it was 

already noted by Lackey in his introduction, it seems that it is the 

mathematical theorems ( the consequences)  that what can justify the 

axioms ( the logica l premises ) ,  and not the other way round.  

Russell 's  starting point  is that  the propositions which are easier 

to learn have only a moderate degree of complexity. In mathemat

ics the premises give us  usually the reason for believing in a given 

propositions, but in the foundations this relation is inverted ( 1 907, 

pp. 2 7 3-4) : 

Our propos it ions are too s imp le  to be easy, and thus the i r  consequences 

are genera l l y  easier than they are. Hence we tend to be l ieve the prem is

es because we can see that the i r  consequences are true,  i nstead of be

l iev i ng the consequences because we know the prem ises to be true. But  

the i nferr i ng  of  the  premises from consequences i s  the  essence of  i n -



duct ion;  thus the method of i nvest igat i ng  the pr i nc ip les of mathemat

ics is rea l l y  an i nd uct ive method, and is substant i a l l y  the same as the 

method of d i scover ing general l aws in any other sc ience. 

Concerning the method which is common to every science, Russell 's  

ideas are also fundamenta l .  According to him, in every science we 

start from a body of propositions which we feel secure about; these 

a re our empirical premises,  or observable facts .  We can ask then 

about their consequences or about that from which they are conse

quences, ti l l  obtaining simpler propositions (general laws ) to deduce 

them ( 1 907, p .  274) : 

The l aws on ly  become as certa i n  as the empi r ica l  premises if we can 

show that no other hypotheses wou ld  lead to the empir ica l  prem ises, 

or i f  (what may happen in mathematics) the l aws, once obta i ned, are 

found  to be themse lves obvious, and thus  to be capable of themse lves 

becom ing  empi r ica l  prem i ses . . . .  But  when the general l aws are nei ther 

themse lves obvious,  nor demonstrab ly  the only hypotheses to account  

for the empi r ica l  prem ises, then the genera l l aws rema i n  mere ly  prob

ab le ;  though the degree of probab i l i ty may be i ndefi nete ly  he ightened 

as observat ion and exper iment  i n c rease the n u m ber of emp i r ica l  

prem ises wh ich they account  for. 

Curiously enough, through such methodological unification Russell  

does not distinguish between what we usually call  the empirical, 

which is the object of our perception, and that what we could call 

the abstract empirical, which would presumably be the object of our 

intuition, so I think he is clearly anticipating a subject dear to Godel . 

However, Russell 's  comparison between the two types of hypothe

ses and the way to increase their degree of probability is  to be em

phasized .  In doing that he was a lmost surely thinking of the prob

lematic axioms he was forced to admit in his  attempts to logically 

found mathematics ( especially the axioms of choice, infinity and re

ducibility ) .  

Also, Russell explicitly mentioned several advantages which can 

be obtained when we find simple logical premises out: they give us 

a higher probability of detecting a possible element of falsehood; they 



organize our knowledge; they have more consequences than the 

empirical premises, so they lead us  to discover many more things. 

Russell 's  example are Newton's  laws, which for him are opposed to 

the observable motions of the planets. As for arithmetic, he writes 

that if we take the usual arithmetic propositions as  empirical premis

es ,  we arrive at the logical premises, from which we can deduce com 

plex theories, a s  for instance Cantor's theory o f  transfinite numbers. 

I think here we should emphasize at  least two elements: ( i )  the holis

tic element appearing in the reference to the advantage of a higher 

organization of our global knowledge, and ( i i )  the "quasi-empiricist" 

interpretation of logicism, where the analogy between mathematics 

and physics is almost perfect. 

Russell  continues by clarifying the role of intrinsic obviousness in 

any body of knowledge ( that what we sometimes call intuition, in a 

non-Kantian sense ) :  " In the natural sciences, the obviousness is that 

of the senses, while in pure mathematics it i s  an a priori obviousness, 

such as  that of the law of contradiction" ( 1 907, p .  279 ) .  However, 

several precautions before the apparently obvious are also pointed 

out, in the best tradition of the methodology of science : ( i )  intrinsic 

obviousness is a matter of degree:  in case of a conflict we prefer the 

most obvious; ( i i )  even the highest degree does not lead us  to infa l 

libility, so consistency with other obvious propositions has pre-em

inence, as  is clearly seen in the case of hallucinations; ( i i i )  when we 

can deduce one obvious proposition from another, it has ,  as  a whole, 

a higher degree of obviousness, which can be applied to whole de

ductive complex systems: "Thus, a lthough intrinsic obviousness is 

the basis of every science, i t  i s  never, in a fairly advanced science, the 

whole of our reason for believing any one proposition of the science" 

( 1 907, p. 279 ) .  

All these elements are immediately applied t o  symbolic logic, in 

particu lar when we arrive at  the paradoxes . According to Russell, the 

more advisable procedure consists in stating a hierarchy of results ac

cording to their  degree of obviousness, and then in isolating the 

premises from which the paradoxes seem to depend in order to mod

ify them. But then our procedure would be the same as  in empirical 

science: to avoid the false and to keep what we regard as  true, as  can 

be seen in examples taken from physics and mathematics, e .g . ,  both 



Boyle 's Jaw and Frege 's premises would be only approximately true .  

The ul t imate resul ts  would be the complete unificat ion of the 

method of science : "The various sciences are distinguished by their 

subject matter, but as  regards method they seem to differ only in the 

proportions between the three parts of which every science consists, 

namely ( i )  the registration of ' facts' ,  which are what I have ca lled 

empirical premises; ( i i )  the inductive discovery of hypotheses, or log

ical  premises, to fit the facts; ( i i i )  the deduction of new propositions 

from the facts and hypotheses" ( 1 907, p .  282 ) .  

Once again, one should point out Russell 's emphasis on the holis

tic elements when describing the way to organize our knowledge as  

a whole .  It is not  the intrinsic obviousness in itself that  is used, but 

rather the global consistency of the system. This is not yet explicit 

holism, for the impossibility of verifying isolated hypotheses and 

similar conditions is stil l  lacking, but i f  we add the methodological 

unification which he tried to reach, it is really difficu lt to deny that 

in these passages there is not only an obvious similarity to Godel 's  

analogy between mathematics and physics, but also something as a 

sort of precedent to Quine's later holistic ideas.  

In Principia mathematica ( 1 9 1 0- 1  3) such principles are first of all 

applied to the very problematic reducibility axiom, the one needed 

to avoid the paradoxes according to the theory of logical types. This 

axiom is recognized as  being hardly obvious, but obviousness is, for 

Russell .  only a part of our justification to accept an axiom, and it is 

never indispensable: "The reason for accepting an axiom, as  for ac

cepting any other proposition, is always largely inductive, namely 

that many propositions which are nearly indubitable can be deduced 

from it .  and that no equally plausible way is known by which these 

propos itions could be true i f  the axiom were false, and nothing 

which is probably fa lse can be deduced from it" ( 1 9 1 0, p .  5 9 ) . Russell 

adds that indubitabil ity is not infallible, for it can lead us to error, 

while if an axiom is indubitable this is  simply added to the inductive 

evidence which is derived from the fact that its consequences are in 

fact indubitable .  Summing up: infall ibil ity is never reached, for an 

element of doubt is always present in every axiom, as well  as in every 

of its consequences. As for the axiom of reducibility itself. although 

Russell  insists that the inductive evidence in favour of it is very 



strong, he also recognizes that perhaps it would be possible to deduce 

it from another more fundamental and obvious axiom. Thus we see 

that Russell was hardly happy with fallibilism, which seems to have 

been merely a provisory and anyway undesirable stage for him.  

Russel l ' s  "Sur Jes axiomes de l ' infini et  du transfini" ( 1 9 1 1 a )  is an 

important lecture that he read in Paris and devoted to the other two 

problematic axioms which were used in the Principia construction in

finity and choice . He begins by admitting that these axioms cannot 

be proved, but that in lacking intuitive obviousness it is necessary to 

ana lyze their nature and consequences ( 1 9 1 1 a,  p .  1 6  3 ) .  After show

ing that both axioms are necessary and sufficient to prove important 

theorems about infinite progressions, Russell admits that they are 

epistemologically very different.  So, while the axiom of choice has 

the form of a logical axiom, in the sense that we do not know how 

to prove it by resorting to empirical data, and its truth or fa lsehood 

depends upon a priori considerations, the infinity axiom is purely 

empirica l :  the empirical evidence about the divisibility of obj ects 

seems to lead us to reject that the universe has only a finite number 

of individuals .  

It is then when Russel l  speaks about "hypothesis" and brings to 

mind once again Godel 's  way to approach the problem of the status 

of certa in problematic mathematical propositions .  Empirical data are 

not enough to prove that the number of individuals is not finite, but 

they are enough to show that the finitistic hypothesis is less simple 

than the other alternative . This leads Russell to admit the infinity 

axiom as a sort of scientific hypothesis, namely something fa llible, 

by applying considerations similar to the ones we already have seen 

concerning the axiom of choice . 

Some of these ideas appear again in his paper 1 9 1 1 b, as well as  

in the Introduction to mathematical philosophy ( 1 9 1 9 ) ,  although with 

less extension and precision. It is " Logical atom ism" ( 1 924)  where it 

is shown that such fa llibilist and quasi-empiricist a conception was 

really lasting, at least until Russell ' s  later more positivistic stage . 

Russell begins by saying that in a deductive system the premises are 

less obvious than some of their consequences . Then he writes ( 1 924, 

pp. 3 2 5-6 ) :  



It is not the logica l ly s imp lest propos i t ions of the system that are the 

most obvious, or that prov ide the ch ief part of our reasons for be l iev

i ng  i n  the system.  With the empi r ica l  sc iences th i s  is ev ident .  E l ectro

dynam ics, for example, can be concentrated i nto Maxwe l l ' s  equat ions,  

but these equat ions are bel i eved because of the observed truth of cer

ta i n  of the i r  logica l  consequences. Exact ly  the same th i n g  happens i n  

the pure rea l m  o f  log ic ;  the logica l l y  fi rst pr i nc ip les of logic - a t  least 

some of them - are to be bel i eved, not on the i r  own accou nt, but on 

account  of the i r  consequences. The ep istemological  quest ion : 'Why 

shou ld  I bel ieve th i s  set of propos i t ions? '  is qu ite d i fferent from the log

ica l  question : 'What is the sma l l est and logica l ly s imp lest group of 

propos i t ions from which th i s  set of propos i t ions can be deduced ?' Our  

reasons for be l iev ing log ic  and pure mathematics are, i n  part, on ly  i n

duct ive and probab le, i n  sp i te of the fact that, i n  the i r  logical order, the 

proposi t ions of logic and pure mathematics fol l ow from prem i ses of 

logic by pure deduct ion . I th i n k  this po i nt i mportant, s i nce errors are l i 

ab le  to ar i se from ass i m i la t ing  the logica l to the ep istemolog ica l  order, 

and a l so, conversely ,  from assi m i l at i ng  the ep i stemologica l  to the log

ica l  order .  The on ly  way in wh ich  work on mathemat ica l  logic th rows 

l ight on the truth or fa l sehood of mathematics is by d i sprov ing  the sup

posed ant i nom ies .  Th i s  shows that mathematics may be true. But  to 

show that mathematics is true wou ld req u i re other methods and other 

cons iderat ions .  

Finally, Russel l  insists on the same ideas, a lthough more briefly, in 

the introduction to the second edition of Principia ( 1 92 5 ) .  

Some remarks can be made about Russell 's  conception of the 

analogy. First, the constancy of the analogy is to be noted, as  well as 

its difficult relationship to the analytic-synthetic distinct ion.  Thus, 

while the analogy was always maintained, the distinction seemed to 

vary in different periods, and even to have been understood in a 

rather contradictory manner in the same period. Second, some de

gree of skepticism can be perfectly recognized, and even a certain de

gree of "if-thenism", in  Russell 's  explanation of formal sciences .  This 

was probably due to Russel l 's  sensation of fragility after the discov

ery of the paradoxes and the need for resorting to highly controver

sial axioms. It is in this connection that we should insert Russell 's  



final renunciation of the original dream to identify the logical and 

the epistemological orders, which seemed to have tempted him in 

some stages of his development.  

At this moment the similarity between logic and zoology, so dear 

to Russell  some years before, is  no longer valid, and that for at least 

two reasons:  first, because our "perception" of the logical and math

ematical obj ects have already been shown to be dangerous and even 

il lusory. Second, because the element of consistency is increasingly 

important as  long as  the logical and the epistemological orders are 

more and more separated, and the analogy between mathematics 

and physics is much more than a mere comparison . The holistic im

plications of the whole situation were unfortunately not  drawn by 

Russell himself. at least in this  field of his  philosophy. Yet  as  we shall 

see later some sort of conventionalism can be avoided at this stage 

only by means of a conception based upon the intrinsic admissibi l i 

ty of certain "hard" data . Where we do not have these data available, 

the dangerous all iance between our analogy and the conventional 

i s t  conception ( through holism)  seems to be unavoidable. 

At any rate, it has been necessary to start this chapter with a pre 

sentation of Russell 's  views, both because of their intrinsic interest 

and because of the fact that, a lthough they are not very well -known, 

they were certainly known to Godel ( see above the reference to Hao 

Wang ) .  To my knowledge they have been taken into some consid

eration only by Lakatos ( 1 967,  who quoted only from Russell 1 924 ) ,  

and  more recently by  Irvine ( 1 989 ) .  Yet in this last paper by Irvine 

the connection with the paradoxes, the similarities with Godel. and 

the nexus with the analytic-synthetic distinction are missing, in the 

sense that it is necessary to show that the evolution of the analogy 

was parallel to the progressive admission of the synthetic character 

of some mathematical axioms: precisely those whose logical nature 

was frankly doubtful .  

Hi lbert 

Even D. Hilbert can be said to have based a great part of his philos

ophy of mathematics on its analogy with physics, in spite of years 



and years of propaganda telling us that his formalist approach had 

nothing to do with reality.  To Hilbert mathematical propositions can 

be divided into two classes:  real propositions, dealing with the finite, 

and ideal propositions, which, in admitting non- restricted quantifi

cation, refer to the infinite .  Now, Hilbert said in his article 1 92 7  that 

ideal obj ects are accepted only as  long as they are governed by the 

rules that we introduce to handle them, but that they are really noth

ing by themselves. Therefore, they would be only a sort of " theoret

ical  concept" - to use a later terminology - whose admissibility would 

depend upon a proof of their consistency. Only that proof would be 

a guarantee that the extension from real to ideal elements is a legit

imate one, for it would mean that their acceptance would not in

volve the introduction of any contradiction in the original domin

ion. Thus,  the relationships which result  for the real obj ects would 

continue to be valid after the ideal obj ects had been introduced, used 

and eliminated ( 1 927 ,  p .  47 1 ) .  In this way, the comparison with the 

obj ects of physical theories, and the corresponding physical holism, 

cannot be avoided.  

In fact, clearly against the usual argument that this sort of proce

dure would transform mathematics in a mere game of formulas, 

Hilbert writes ( 1 92 7, p .  47 5 ) :  

T h i s  formu l a  game enables u s  to express the ent i re thought-content  of 

the science of mathemat ics i n  a u n i form man ner and develop i t  in such 

way that ,  at the same t i me, the i ntercon nect ions between the i nd iv id 

ua l  propos i t ions and facts become c lear .  To make i t  a u n iversa l re

q u i rement that each i nd iv idua l  form u l a  then be in terpretab le  by itse l f  

i s  by no means reasonable ;  on the contrary, a theory by i ts very natu re 

i s  such that we do not need to fa l l  back u pon i n tu i t ion or mea n i ng i n  

the m idst of some argu ment .  What the phys ic i st demands prec ise ly of 

a theory is that part i cu la r  propos i t ions be der ived from laws of nature 

or hypotheses sole ly  by i nferences, hence on the bas i s  of a pure for

m u l a  game, w i thout extra neous considerat ions be i ng add uced . On ly  

certa i n  com b i nat ions and conseq uences of  the  phys ica l  l aws can  be 

checked by experi ment - j u st as i n  my proof theory on ly  the rea l propo

s i t ions are d i rect ly  capable of verif icat ion . The va lue  of pure ex istence 

proofs cons i sts prec ise ly in that the i nd iv idua l  construct ion i s  e l i m i nat-



ed by them and that many d i fferent construct ions are subsu med u nder 

one fu ndamental  idea, so that only what i s  essent ia l  to the proof stands 

out c lear ly ;  brev i ty and economy of thought are the raison d'etre of ex

i stence proofs . 

Let me point out, at least, the clear holism resulting from the analo

gy and emphasize the "contact" with experience, where the para l 

lelism with the empirical is particularly clear .  Also, i t  is important to  

notice that  the distinction between theory and observation, which 

underlies the one existing between the ideal and the real. is closely 

related to the non-distinction between perception and mathemati

cal intuition . As we shall see, most of these elements can also be seen 

in Godel's overview of mathematics, in spite of his frontal opposi

t ion to any kind of formalism . 

Curiously enough, it was precisely Weyl who, in his remarks of 
I 

the same year to Hilbert 's  1 921  paper, seemed to accept Hilbert's 

holism, and even to formulate it more clearly. According to Weyl, 

no physical proposition can be compared to experience in an isolat 

ed way; what  we reach with physical theories is not  a description or  

copy of rea lity, but a symbolic construction of the world.  With that, 

we have not only a clear precedent of Quine but also an instance that 

the holism of Duhem and Poincare was fruitful also in the philoso

phy of mathematics, even independently from the philosophy of 

physics (Popper, etc. ) .  At any rate I think Weyl's conception can be 

seen as  an instance that something - as Quine indicated to me in a 

letter - was, by that time, in the air .  

Weyl even emphasizes that our theoretical interest is  not ex

hausted in what is observable, as is the case with Hilbert ' s  " real" 

propositions; it also extends to the entit ies assumed by the theory, 

such as  ideal objects in mathematics or electrons in physics: "ac

cording to Hilbert ,  a lready pure mathemat ics goes beyond the 

bounds of intuitively ascertainable states of affairs through such ideal 

assumptions" (Weyl 1 927,  p .  480 ) .  It is then unavoidable to liken 

these ideal assumptions more closely to "theoretical concepts" than 

to "physical objects" ,  as  GOdel used to write. 



Godel's resu lts 

Very briefly, in his incompleteness theorems Godel proved the exis

tence of true, although non-provable sentences in a formal system 

strong enough to try to formulate every arithmetical truth; also he 

proved that a sentence asserting the consistency of that system is un

decidable as well ( see the first section of chapter I of this part for a 

more accurate presentation and more details ) .  In the following are 

some of the implications of these results which I think are philosoph

ically more relevant for the mathematics-physics analogy. To analyze 

them in every detail would require a more detailed discussion that the 

one which follows, but although there is no room here to do so, these 

implicatons have to be at least clearly indicated in order that the ma

terial contained in the following sections can be fully understandood. 

In having proved that mathematical truth and demonstrability 

are very different things, in the sense that the latter can no longer 

be presented as  an analysis of the first, the truth of certain sentences 

which cannot be proved in  the same system becomes something 

more intuitive, to be decided by resorting to means other that a di

rect proof. In the case of empirical science, that would take place with 

the concepts which go beyond observation.  As Godel wrote in his let

ters to Hao Wang ( see chapter I of this part ) ,  this distinction itself 

between mathematical truth and provability already led him to his 

incompleteness result, as  a sort of heuristic principle.  In those letters 

the heuristic value of the belief in an objective transfinite truth is 

shown. However, as  we saw in chapter 1 ( this part )  i t  seems that 

Godel was already explicitly searching for something similar, so 

those results could be viewed as  something like "proofs" that certain 

philosophical hypotheses are true, rather than as  a sort of helpful 

guide which assists us in a "neutral" investigation.  

In any event, after Godel's results the ideal of a secure, consistent, 

decidable, formalizable and complete mathematics is  no longer ten

able, and Hilbert's  program with it ( see, however, Detlefsen 1 987 ) .  

Yet what should b e  emphasized now i s  that, a s  a consequence of that, 

the parallelism between mathematics and the humble empirical sci

ence is  again appropriate, as  it was before mathematics was seen as 

something capable of being presented as  perfect. Quine's following 



passage ( taken from a letter to me of May 20, 1 992 ) excellently sums 

up the new situation:  " Before Godel proved the contrary, I had sup

posed that mathematics was deductively completable, and that it was 

probably already complete, in sharp contrast to natural  science, for 

which I entertained no such hope. Such was the sharp contrast, to 

my mind, between mathematics and natural science, and was this 

that was blurred by Godel's discovery" .  

I think the impossibility t o  prove consistency, because o f  i t s  im

plications for  Hilbert's program, is especially important for  our anal 

ogy .  According to Hilbert, consistency is  somehow equivalent to ex

istence ( see chapter 1 of this part for details ) ,  which would mean that 

in mathematics we would have a special criterion that would allow 

us to dispense with intuition. Thus, our belief in the existence of 

mathematical entities which go beyond the mathematically "ob

servable" would be j ust a matter  of formal consistency, whi le  in em

pirical science the existence of problematic entities would a lways de

pend upon both observation and theory. After Godel, who proved 

consistency of interesting mathematical theories to be undecidable, 

the situation is similar for both kinds of sciences :  now mathematics 

has to resort to intuition ( the abstract equivalent of observation ) and 

also theory for sources of our "knowledge" of mathematical objects. 

Carnap 

As we have seen in chapter 2 of this part, R .  Carnap's reaction to 

Godel's results is better understood by following his technical attempt 

to defend the thesis that, in spite of those results, mathematics can be 

shown to be analytic. However, it is also clear that Carnap was con

vinced that Godel's results had destroyed any precise distinction be

tween mathematics and physics, at  least in the sense of the formerly 

understood distinction. In this connection, Logical syntax ( 1 934-37 )  

contains a paragraph ( §  82 ) ,  which can b e  regarded as a genuine 

Quinean treatise of philosophy avant la lettre. The following is a sum

mary of some of i ts  ideas, especially of the ones which directly lead to 

holism and conventionalism. To make the exposition more systemat

ic I will precede each paragraph with a notation of its main subject. 



(Al l  the materials and quotations proceed from the mentioned § 82,  

u nless otherwise indicated . ) 

The language of physics. According to Carnap, the logical analysis 

of physics,  as  a part of the logic of science, is the syntax of the phys

ical language. Such logical analysis i s  constituted by means of rules 

of the formation for sentences, which are classified into concrete sen

tences (without non-restricted variables )  and general laws ( without 

constants ) .  Both L- rules ( logical rules ) and P-rules (physical rules ) 

can be used as rules of transformation from sentences to sentences, 

which are called P-primitive sentences. There will  be also primitive 

laws, although synthetic descriptive sentences, taken as  P-primitive 

sentences, will be admitted too. 

Observation and verification. Protocol- sentences express, according 

to Carnap, the results of observation. A particular  physical sentence 

will be verified by drawing consequences from it through the appli

cation of the transformation rules .  Once new sentences have been 

obtained under the form of protocol- sentences, these will be com

pared with protocol- sentences previously admitted, thus to be con

firmed or refuted by them. This idea, which already involves the im

possibility of comparing directly language and reality, can be seen as  

the common basis of the  underlying idealism, and perhaps a l so  as the 

seed to any possible holistic conception.  

Induction and the statement of new primitive laws. According to Carnap, 

there is no inductive rule, hence in order to state new laws it is possi

ble to apply only general criteria of convenience and fruitfulness.  

There is no rule because the content of a law is completely universal, 

so it a lways goes beyond the content of every finite class of protocol

sentences.  Therefore, such laws will exhibit the character of hypothe

ses in connection to the protocol-sentences . They cannot be inferred 

from the protocol- sentences, but only selected and stated on the basis 

of existent protocol-sentences, which are always re-examined with the 

help of new protocol-sentences, which are always emerging. 

The impossibility of refutation or confirmation of an hypothesis. Even 

when an hypothesis is incompatible with certain protocol- sentences 

we can always keep the hypothesis and drop the sentence as  being 

a protoco l  one.  There can be only degrees of confirmation according 

to the number of concordances with the protocol - sentences. In gen-



eral, Carnap concludes, even the verification of an isolated hypoth

es i s  is impossible, for  such an hypothesis has no consequences of the 

form of protocol- sentences :  to carry out the deduction it is a lways 

necessary to resort to additional hypotheses. Thus, what is really test

ed is the total system of physics as a global system of hypotheses.  It 

i s  really difficult to find out a better, more precise exposition of the 

Duhem-Quine thesis, as it i s  now called . 

The difference between mathematics and physics. For Carnap there is 

no definitive rule of the physical language. This is immediately ap

plied to the logical rules, which include those of mathematics: "In 

this respect there are only differences in degree; certain rules are 

more difficult to renounce than others " .  This seems to me to be fun

damental, for it shows that Carnap's former holism was not only a 

question of physics, as it is usually presented, but it embraced math

ematics as well .  The result is a conception of science where holism 

and conventionalism come together: science depends globally upon 

protocol-sentences, but these are admitted by convenience. In this re 

spect, Quine told me in a recent letter that it was doubtless this 

Carnapian published holistic conception, which he had completely 

forgotten, what assuaged Quine's first doubts concerning the dis

tinction between formal and empirical sciences for a while. (By the 

way, Quine is proud of the recent discovery of a passage in Carnap's 

diary of 1 9 3 3  in which he wrote that the attack by the young Quine 

of the distinction was essentially j ustified . )  

Conventionalism and indetermination as results. According t o  Carnap, 

the construction of the physical system is not carried out through 

fixed rules, but by means of conventions which are inspired in prac

tical methodological considerations. Moreover, the hypotheses al

ways contain an element of convention which proceeds from the fact 

that the system of hypotheses is never univocally determined for the 

empirical material, no matter how rich it  is. This is basic to me, for it 

seems to somehow embrace well known theses which are usually at

tributed to Quine: the empirical subdetermination of theories; the 

empirical equivalency of systems; the indetermination of translation, 

etc. ( See my l 99 l f  for more details . )  

Unfortunately, the application o f  all this to mathematics i s  not 

very explicit in Carnap. However, in § 84 of the same work he says 



that the way to satisfy the best elements of logicism and formalism 

consists in admitting that the application of mathematics to real sci

ence is possible only by means of the inclusion of the mathematical 

calculuses in the global language of science . In this way the appar

ent contradictions between logicism and formalism vanish. The fact 

that we later admit primitive logical symbols (as in Russell ) ,  or only 

mathematical ones (as in Hilbert ) ,  is also a matter of convention .  Yet 

with that conception it seems to me that Carnap is now clearly ad

mitting that i t  is the  global system of science which, without making 

any difference between mathematics and physics, is tested and im

proved by means of its consequences. It is difficult to determine 

whether it was Q uine who influenced Carnap or vice versa.  

At any rate we cannot finish without  saying something on the an

alytic-synthetic distinction in connection with our present analogy. 

The analytic is conventional in the sense that we can choose what 

propositions we regard as analytic ( in other words, not subj ect to ob

servation) ,  then there is no strict separation between the logical and 

the factual which proceeds from our data. This is also interesting be

cause it shows that  § 82 of Logical syntax is not only a mere adden

dum, but  it underlies the whole construction, which is, therefore, 

ruled by conventionalism. 

Tarski 

It is not know whether or not Godel's results influenced A. Tarski 

concerning his philosophy of mathematics, but Tarski took a stand 

against Carnap, concurring with Quine's conception of the l 940's 

that the analytic-synthetic distinction is hopeless.  However, apart of 

that piece of information, Tarski's explicit view on the relationship 

between the deductive and the empirical sciences was a mystery to 

all those outside a small circle of friends and close colleagues .  

Fortunately, White published in 1 987 a letter received from Tarski 

in 1 944, in which Tarski maintains a view which seems to follow 

Stuart Mill's  empiricist philosophy of mathematics . The basic ideas 

of that letter are the following ( all the references are to White 1 987, 

unless otherwise indicated) . 



Tarski wrote that he was inclined to believe that " logical and 

mathematical truths don't differ in their origin from empirical truths 

- both are results of accumulated experience " .  Tarski ' s  example was 

"p or not p",  which according to him must have been a generaliza 

tion from numerous particular cases in which it is true .  However, he 

finally says that this problem lacks any philosophical nature and be

longs rather to the history of science . 

Concerning the supposed difference between logical and empir

ical premises, Tarski writes :  " I  am ready to rej ect certain logical 

premises (axioms) of our science in exactly the same circumstances 

in which I am ready to rej ect empirical premises ( e .g . ,  physical hy

potheses ) ;  and I do not think that I am an exception in this respect" .  

H e  adds that w e  reject certain hypotheses o r  scientific theories be

cause of their internal inconsistency, their lack of agreement with 

observation, or with individual empirical sentences, but we could 

also modify many auxiliary hypotheses or add others in order to save 

them. As for the axioms of logic, they 

are of so genera l a natu re that they are ra rely  affected by such experi

ences in spec i a l  doma ins .  However, I don't see here any d ifference 'of 

pr inc ip le ' ;  I can i magi ne that certa i n  new experiences of a very fu nda

mental natu re may make us i n c l i ned to change just some axioms of 

logic.  And certa i n  new deve lopments in quantum mechan ics seem 

c lear ly to i nd i cate th i s  poss i b i l i ty .  That we are re l uctant to do so is be

yond any dou bts; after a l l ,  ' log ica l  truths' are not on ly  more genera l ,  

b u t  a l so m u c h  o lder t h a n  phys ica l  theor ies or even geometr ica l  ax ioms.  

And perhaps we s i ng le out these logica l l y  t rue sentences, comb ine  

them i n  a c l ass, j ust to  express our  re l uctance to  reject them . 

Carnap's possible objection to Tarski could be that the difference be

tween logical and physical truths would suppose a change of lan

guage ( with which we would use the terms with new meanings ) ,  

while a change of physical theory would not lead t o  such changes .  

Tarski 's actual  reply was that this  would follow simply from the fact 

that Carnap defines the notion of meaning on the basis of logical 

terms and the notion of logical truth, so it is obvious that we cannot 

change the logical axioms without changing our language as  well, 



for such axioms will embrace in their definition the fact that they 

cannot be modified without affecting the language itself .  

As in  every conception which assimilates logical truths to em

pirical ones, also here it  is possible to point out  the holism and con

ventionalism . The first is  rather explicit by means of defending in

ternal consistency as  a criterion of  truth, as  well  as  rej ecting isolat

ed observations as  being able to be used to falsify certain hypotheses.  

In  a ddition, Tarski  insists that  the difference between logical and 

empirical truths is a matter of degree, and that  both  ultimately de

pend upon global experience. Hence the conventionalist character 

of  any precise borderline between the two types of truths appears 

clearly. 

Quine 

We already saw above that Quine's  reaction to Carnap's attempts to 

clearly distinguish between mathematics and physics was partially 

based on the impact of  Godel's results, which made the basic differ

ence - completeness - irrelevant .  However, as  Q uine himself told me 

in  a recent letter, he a lready had u nderstood, by reflecting on the 

paradoxes, that there a complete formalization of mathematics in the 

strong classical sense was not possible, and that, at any rate, any for

malization should refer to set theory, regarded as  an  extended logic 

( in this sense Quine says he is stil l  a logicist ) .  

The canonical place of Quine's  attack against any precise distinc

tion between mathematics and physics is also his famous paper of 

1 9 5 1 .  Yet we should not forget that the analogy between mathe

matics and physics, in the sense that both are different layers of a 

global conceptua l  vision of the world, can be found already in the 

original preface to Methods of Logic ( 1 9 5 0 ) . Thus,  i t  clearly appears that 

the analogy can be formulated independent of the criticism to the an

alytic-synthetic distinction, i .e . ,  it results from a complete pragmat

ic epistemological a lternative to the positivist conception . That  is 

why in  the following I will  emphasize those aspects of the celebrat 

ed paper of 1 9 5 1  which seem to be less  a ffected by the criticism to 

the analytic- synthetic distinction proper. 



We can start by pointing out the nexus between the two dogmas, 

namely the famous distinction and reductionism. According to 

Quine, both dogmas are closely connected:  "as  long as  i t  i s  taken to 

be significant in general to speak of the confirmation and infirma

tion of a statement, i t  seems significant to speak also of a l imited kind 

of statement which is vacuously confirmed, ipso facto, come what 

may; and such a statement is  analytic" ( 1 9 5 l b, p .  41 ) .  In fact, Quine 

adds, science presents both the linguistic and the factual faces, but 

such a duality cannot be maintained until  isolating scientific sen

tences one by one. Summing up:  admitting sentences as units is bet

ter than admitting words, but the genuine unit  of empirical signifi

cance is the whole science . (The obvious reference to P. Duhem is, 

however, acknowledged only in a footnote which was added later. 

Quine told me that he did not know about Duhem in writing the pas 

sage, so by that time he must have forgotten about § 82 of Carnap's 

Logical syntax, where, as we have seen, the Duhem-Quine thesis ,  as  

i t  i s  now known, was clearly introduced, and credited to Duhem . )  

I t  i s  then that the global scheme o f  experience appears. To Quine, 

the totality of our knowledge, including logic and mathematics as 

well, i s  an  artifact built up by us which is not in contact with expe

rience but along the borderlines.  A conflict with experience is the 

way only to internal changes, as  the total field is  insufficiently de

termined for  that  partial contact . Thus, no particular observation is 

especially connected to a particular sentence : any sentence can hold 

if we make certain changes in the system. Hence there is  no possible 

sentence which is  really immune to revision, as  for instance takes 

place with the law of the excluded middle when i t  i s  seen under the 

light of quantum mechanics. Considerations of convenience and 

simplicity are then relevant, so we are reluctant to modify the most 

theoretical sentences of physics, logic and ontology, while the ult i 

mate a im of the global scheme of our knowledge is  simply to predict 

and handle experience . 

Unfortunately, Quine did not say at that time that the role of the 

second dogma ( reductionism ) is  no less important than the fuzziness 

of the analytic-synthetic distinction itself .  I t  i s  to be noted that when 

we abandon reductionism our mathematics is  closer to our physics, 

because i f  physical propositions are not reducible to sense percep-



tions, then they depend on a theory, as do mathematical proposi

tions. I think this contributes to the destructive implications of 

Godel's results from the other extreme. Quine has referred to the 

point, too, by writing that in abandoning the second dogma, logic 

and mathematics are mixed with physics and other sciences ( 1 986, 

p .  207 ) .  

O n  the whole, Quine's view clearly shows the different elements 

we have seen before, together with the close connection between the 

analogy mathematics-physics, holism and conventionalism. Perhaps 

the pragmatic nuance is more properly Quinean, although I think it  

could have been defended by Carnap. too, had he not been so ob

sessed by strict formal methods. If my interpretation of the ideas of 

Russel l .  Hilbert ,  Wey!. Carnap, Tarski and Godel is r ight,  then 

Quine's  role seems to have been mainly the one of the constructor 

of a new conglomerate by using a series of ideas already available in 

the scholarly atmosphere of the time. These ideas were certa inly in 

need of a convincing global presentation, a philosophically clever 

practical application, and doubtless a popularization by an author 

prestigious enough, in the field of logic, to be able to be accurately 

heard by the analytic philosophers of the period, who were rather 

deaf to doctrines coming from any other origin.  

Godel 

Godel discussed the analogy between mathematics and physics in 

two places in his publications:  the Russell article ( 1 944) and the 

paper on Cantor ( 1 947-64) .  Before proceeding, however, I think it 

important to first describe what seems to me to be the essentials of  

what he wrote there, which was obviously the context to the un

published essays appearing here .  Then we shal l  come to some analy

sis of the relevant ideas which can be found in the unpublished ma

terials themselves . 

In 1 944 Godel devotes a couple of paragraphs to the analogy. The 

first of them established a link with Russell 's former ideas according 

to which mathematical axioms have to be regarded as  hypotheses to 

be evaluated for their consequences .  The second paragraph tries to 



justify our acceptance of classes and concepts as real objects, in the 

sense of pluralities or structures of things ( classes ) ,  and properties 

and relations of things which exist independent of our definitions 

and constructions ( concepts ) .  It i s  then that the " indispensability ar

gument" appears: " I t  seems to me that the assumption of such ob

j ects is quite as  legitimate as  the assumption of physical bodies and 

there is quite as  much reason to believe in their existence. They are 

in the same sense necessary to obtain a satisfactory system of math

ematics as  physical bodies are necessary for a satisfactory theory of 

our sense perceptions and in both cases it is impossible to interpret 

the propositions one wants to assert about these entities as  proposi 

tions about the  'data' ,  i . e . ,  in the  latter case the  actually occurring 

sense perceptions" ( C WII, 1 28 ) .  

First o f  all ,  there i s  a n  underlying non-distinction between phys

ical obj ects and theoretical concepts, for they both make sense only 

within a theory, although the " theory" of physical obj ects is  a theo

ry only in a loose, indefinite sense.  I think it  is precisely this non-dis

tinction which makes it possible to link the argument to Quine's ,  at  

least  in the sense that Godel  explicitly mentions a " satisfactory sys

tem", which could refer to a conceptual  scheme which, as  a whole, 

is successful in the applications. Also, Godel ' s  argument can be in

serted in the Russellian l ine that  certain necessary assumptions, a l 

though lacking any observable basis, can be given the status of suc

cessful " inferences" (a s  opposed to "constructions" ) .  

The holistic nuance i s  present only in a n  indirect, but I think clear, 

way. The use of the expression "a satisfactory system" ,  both for 

physics and mathematics, seems to allow us  to take a further step and 

speak of a common system for both sciences, or at  least  of certain  

basic traits in common. However, perhaps Godel wanted to avoid the 

presentation of physical obj ects as  mere entities depending upon the 

theoretical support ( "theoretical concepts " ) . This would certainly 

suppose the mixture of very different levels of  hypothetical a s 

sumption, precisely in order not to  come too close to  explicit holism . 

The final lines of the passage doubtless constitute a clear rej ection of 

Quine's second dogma of empiricism: reductionism, which seems to 

me to be a sign of the role that this rej ection naturally plays in our 

analogy. But  what seems to me really amazing is  Godel's clarity and 



boldness in rejecting reductionism earlier to any explicit separation 

between both kinds of sciences .  With that, I think we can point out 

some link to his rej ection of Hilbert's finitism, which can be seen, in 

the philosophy of mathematics, as a version of phenomenalism in 

the philosophy of physics . 

As for the Cantor paper, the more philosophical version is the one 

from 1 964, where some paragraphs were rewritten in a more philo

sophical manner, and to which a philosophical  supplement was 

added .  It is there where the analogy between mathematics and 

physics appears in its more pragmatic form: the decision about the 

truth of mathematical axioms, in case they lack intrinsic necessity, 

could possibly be made inductively, that is, by studying their success 

( CWII, p .  2 6 1 ) : 

Success here means fru i tfu l ness i n  consequences, i n  part icu la r  i n  'ver

if iable' consequences, i .e . ,  consequences demonstrable  wi thout the 

new axiom, whose proofs with the he lp of the new axiom, however, 

a re considerab ly  s impler and eas ier  to d iscover, and make it poss ib le  

to  contract i nto one proof many d i fferent proofs . . . .  There m ight ex ist 

ax ioms so abundant  i n  the i r  ver if i ab le  conseq uences, shedd i n g  so 

much l ight u pon a whole f ie ld,  and y ie ld i ng such powerfu l methods for 

solv ing  problems . . .  that,  no matter  whether or not they a re i ntr i ns ica l 

l y  necessary, they wou ld  have to be accepted at least i n  the same sense 

as any wel l -estab l i shed physica l theory. 

I think this passage is useful for delving deeply into the analogy, es

pecially because the non-distinction between physical objects and 

theoretical concepts appears again.  In this case GOdel is more explicit 

for he speaks of "physical theory" .  Thus the interpretation in terms 

of theoretical concepts could be the correct one, but we should re

member that for physical obj ects Godel used to speak of the theory 

of our sense perceptions, which is also a theory. As for the parallelism 

between empirical verification and the sort of verification appearing 

in mathematics, it seems to refer to the consequences of set theoret

ical axioms in arithmetic. Yet there are other passages which allow 

us  to make different interpretations, in particular the ones which 

refer rather to physical applications, or at least to applications in con-



j unction with well established physical laws . Where this is so, the 

holistic nuance is of course emphasized. 

I come now to some of the interesting ideas which can be found 

in Godel's supplement added in l 964. This supplement was partial 

ly motivated by the  nominalistic attempts to  interpret the  continu 

um hypothesis, especially after Cohen's result from l 963 ,  in a simi

lar way to Euclid's fifth postulate.  In the same way that Euclid's pos

tulate can be said to be true in certain geometries and false in others, 

the continuum hypothesis, once shown to be undecidable, can be 

seen as  true in certain set theories and false in others . Thus, it could 

perhaps be said that the undecidability of the hypothesis might be 

interpreted as  being equivalent to saying that the question of its 

truth loses its meaning. Let me point out what seems to me to be the 

philosophically more interesting elements in these ideas .  

Godel writes that  the undecidability argument is sound only if  the 

terms of the axioms system under consideration are left undeter

mined. But Euclid's postulates refer to physical entities, while our ac

cess to the objects of transfinite set theory is mathematical intuition, 

for they do not belong to the physical world, "and even their indi

rect connection with physical experience is very loose (owing pri 

marily to the fact that set-theoretical concepts play only a minor role 

in the physical theories of today) " (CWII, p.  2 67 ) .  Here Godel clear

ly admits that the physical connection of a mathematical axiom is 

due to its role in physical theories, so that this physical connection 

may change in so fa r the role changes; but this depends upon the 

whole system of theories, so it seems to me we have again some jus 

tification to speak of holism. 

Then Godel continues by defending the existence of mathemati

cal intuition, which is presented as  the faculty, simila r to sense per

ception, that makes our access to the objects of set theory possible, 

despite their remoteness from sense experience . The argument is 

simply the assertion that "the axioms force themselves upon us as 

being true" ( C WII, p .  268 ) .  According to GOdeL there is no reason to 

be more suspicious about mathematical intuition than about sense 

perception, which allows us to build up theories and expect that fu 

ture perceptions agree with them. The point to be emphasized here 

seems to me to be the deep parallelism between mathematical intu -



it ion and sense perception. Yet this parallelism makes sense only 

within a theory, the theory of sense perception, the theory of physi 

cal objects, or the one which embraces certain specific theoretical 

concepts which are not perceivable.  As we shall see later, this could 

be a reason to make some criticisms of the concept of science that 

Godel was in fact maintaining. 

According to Godel,  mathematica l intuition does not provide us 

with immediate knowledge, a l though we form our ideas in this field 

by means of something immediately given to us. This takes place 

through a process similar to that by which we form our ideas of phys

ica l  objects by means of the syntheses of our sensations provided by 

the idea of object itself: "Evidently the 'given ' underlying mathe

matics is  closely related to the abstract elements contained in our em -

pirical ideas .  It by no means follows, however, that the data of this 

second kind, because they cannot be associated with actions of cer

tain things upon our sense organs, are something purely subjective . . .  

their presence i n  u s  may b e  due t o  another kind o f  relationship be

tween ourselves and rea lity" ( CWII, p .  2 68 ) .  Yet some causal  theo

ry, or any other similar theory about constant connections, seems to 

be underlying here, without any explanation . Also, the role of syn

thesis attributed in a footnote to the concept of set seems to lead us 

to a rather Kantian theory of knowledge, which may hardly be com

patible with the view of science which Godel seems to maintain at  

t imes,  in which hypotheses can be immediately verified by experi 

ence .  As we shall see later, the problem of our relation to mathe

matical objects appears again in the manuscripts, and in an even 

clearer way. 

Finally, Godel insists that the question of the objective existence 

of the objects of mathematica l  intuition is exactly like the question 

of the obj ective existence of the external world .  Thus, we have an

other criterion for  the truth of mathematical  axioms, besides that  of  

mathematical intuit ion:  their fruitfulness in mathematics and possi 

bly also in physics. In fact, in the manuscripts he speaks more frankly 

about fruitfulness in physics, but this is so when he speaks about an

other  k ind of application of mathematical axioms: that  which takes 

place in combination with well established physical theories .  I think 

Godel is likely to have been concerned about the danger of stating a 



clear connection between this new sense of fruitfulness and explic

it  holism. Let us  therefore have a look at  the relevant passages in the 

unpublished materials .  

In the Gibbs lecture a very original argument appears in connec

tion with Godel's attack on Carnap's syntactic conception of math 

ematics, according to which there are no mathematical obj ects and 

facts, and mathematical propositions are void of content, and there

fore reducible to conventions. Godel counters this by saying, first, 

that to deny the existence of  mathematical facts we have to use sim 

ilar mathematical facts, for we have to start from the consistency of 

the conventions used, and also to accept abstract concepts for the 

proof of this consistency. Then the new argument takes place that 

we can also deny the content of empirical facts .  To do that, we can 

divide these facts into two parts A, B ,  such that B does not imply any

thing in A.  Then we could build up a language in which propositions 

expressing B would be void of content.  And in case it i s  obj ected that 

in so doing certain observable facts B had been neglected, then we 

might reply that the same takes place in the field of mathematical 

objects, for instance by saying that the law of complete induction is 

perceivable by our understanding. 

With that I think that Godel was saying that the same situation 

takes place when we compare mathematical and empirical facts . 

Thus, we would be allowed to assert that although it is true that  

mathematical propositions say nothing about empirical reality, they 

have an objective content, as  they make assertions about relations 

between concepts .  I have no room here to make remarks about the 

different arguments which follow in the manuscript, but I would like 

at least to say that the presentation of the ud ivision" argument is still 

a little audacious, as  becomes apparent as soon as we compare it with 

the way in which it  appears in later manuscripts.  

Actually, in the essay on Carnap, version II, Godel says that al

though pure mathematics can be replaced by syntax under certa in 

requirements, this is due to the fact that ( i )  pure mathematics im

plies nothing about the truth-value of those propositions which do 

not contain logical or mathematical symbols; ( i i )  mathematics fol 

lows from a finite number of axioms and formal rules which are 

known when the relevant language is built up.  But  such conditions, 



Godel adds, can be also satisfied by some part of empirical science in 

relation to the rest of i t .  Thus, we are obviously facing an improved 

version of the "division" argument which goes as follows . 

We could possess an additional sense, Godel writes, which would 

show us a second reality, so separated from the space-time reality, 

that it would not be possible for us  to draw any conclusion about the 

empirical facts, and so regular that it could be described through a 

finite number of laws . We could then arbitrarily recognize only the 

first reality, and say that the propositions concerning the second one 

are void of content, i . e . ,  true by convention, and choose them with 

the aim to have them agree with those which were true according 

to the additional sense . Needless to say, the additional sense which 

Godel is speaking about is precisely " reason", in the old rationalistic 

sense . Unfortunately, he does not devote more room to explain it or 

to reply to some possible objections against so audacious an argu 

ment.  For instance, it could be said that we cannot even imagine an 

empirical sense which could be totally independent from the rest of 

senses, so I think the actual device is again based upon the mere anal

ogy between mathematical  intuition and sense perception.  

In the end,  all this  leads Godel  to deny once again that the syn

tactic program may be equivalent to what we can reach by means of 

mathematical intuition, unless we admit we need a genuine math

ematical  fact, i . e . ,  the consistency of the syntactic system used.  

However. this considerations are useful to us in rea lizing that what 

seems to underlie the new form of the ana logy is precisely a further 

link with holism in Quine's sense, i . e . ,  with the vision of human 

knowledge as proceeding from a unique conceptual scheme, where 

formal and empirica l sciences are adapted to a unique pattern of 

working, and for which they should have a common foundation . I 

think this is the way we have to interpret Godel's allusions to his the

ory of objective concepts, according to which that which defines a 

science is only the set of primitive concepts chosen, as well as the 

conceptual relationships which are determined by its axioms, but not 

the perceptive or intuitive support of this primary apparatus.  Besides, 

if we remember that the acceptability of this apparatus depends upon 

its fruitfulness, and this upon its successful applicability, then the 

connection is confirmed. 



The problem would then consist of explaining whether Godel, in 

spite of the many times he resorts to the analogy, is able to convinc

ingly avoid explicit holism, i . e . ,  the thesis that since both sciences 

embody a common conceptual pattern, they differ from one anoth

er only gradually, as Carnap and Quine had argued before . I think 

that is why Godel ,  in the same manuscript, accuses the syntactic con 

ception of making it difficult to clearly distinguish between mathe

matics and natural science . The argument was that it is precisely this 

conception, which denies mathematical evidence and does not dif

ferentiate between causation and other constant connections, that 

makes it impossible to make a distinction between the two kinds of 

science . For, in so far as we take into consideration the verifiable con

sequences of theories, as Godel adds, mathematica l  axioms are ac

tually as necessary to obtain those consequences as are natural  laws. 

Thus, he is able to insist that even from the syntactic view mathe

matical axioms can be seen as part of physical theory, which can be 

well defined only when they have been given, and therefore to con

clude that such axioms are irreducible, and are hypotheses necessary 

for the scientific description of reality.  This is very much in the 

Quinean style, but then G6del did not succeed in overcoming the 

holistic conception of science . 

To formulate it paradoxically:  in so far as Godel wishes to em

phasize the objectivity of mathematics, he needs to significantly ex

tend the analogy with natural science; but  this leads him directly to 

hol ism, where the distinction works only in a pragmatic way, and 

where the expected conclusion is that the distinction is only a grad

ual one,  so that  we can protect from revision certain logical or math

ematical statements only in a conventional way. On the contrary: in 

so far as Godel wishes to defend the distinction precisely to escape 

from the serious holistic consequences of the non-distinction, he has 

to emphasize the importance of the pure relationships between 

primitive concepts. Yet not al l  primitive concepts are equally relevant 

for, as  we have seen, every science has a set of them, but only those 

which are given to us thro ugh mathematical intuit ion. However, 

mathematical intu ition is only explained in terms of the usual  

metaphorical parallelism with sense perception. This  could perhaps 

explain why Gt>del insisted again and again that mathematics is an-



alytic: this could be the only way to escape from the conventional 

i s t  consequences implicit in his overall conception . 

I think the root of the problem lies in the conception of science 

that Godel was presupposing. According to this conception, the ar

gument of the "empirica l"  application of set-theoretical axioms to 

arithmetic is  holistic, for it really supposes not a class of pure facts 

( the numerical series in itself) ,  but a whole theory (number theory ) .  

Thus,  the success i n  the applications should b e  evaluated b y  taking 

into consideration not only the particular hypothesis we are trying 

to verify, but also other auxiliary hypotheses, or certa in laws sup

posedly established. All that,  as  a whole,  would make an actual the

ory possible .  Therefore Godel presupposes "the given"  in a field even 

more difficult than natural science proper, where nobody admits it 

today in order to avoid to be accused of foundationalism . To sum up: 

Godel seems to accept pure facts, so he seems to accept facts which 

are independent of theories, while some of his arguments can be 

holistically interpreted .  Thus,  his analogy between mathematics and 

empirical science seems to have a basic f law: to depend upon a con

cept of science rather typical of certain conceptions of logical posi

tivism. 
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Part I I  

The unpublished essays 

Zwangvol le P lage ! 

M U h  ohne Zweck !  
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1 
The c h a racter and or i g i n  of the 

m a n u sc r i pts i n  the prese nt ed i t ion  

I n  the following I try t o  provide the reader with all  the details 

needed to insert the Godel essays appearing here in the broader con

text of the rest of his unpublished work, as well as everything about 

my personal work on them. I start with a short description of what 

can be found in the Gt>del Nachlass in Princeton, USA, by referring 

to the catalogue prepared by John Dawson . Then I attempt to j usti

fy the particular selection I made of the manuscripts which I finally 

decided to study, reconstruct and publish . Such an explanation 

seems to be advisable given the great amount of Godel 's material  un

published but st i l l  extant. Also, I describe some of the historica l de

tai ls  relevant to understanding Godel 's  reason for writing the man

uscripts, and also for withholding them from publication . The rest of 

the chapter concerns my own work related to these essays . I begin 

by explaining the state in which I found the original manuscripts; 

then I give the criteria which I have applied to their reconstruction 

and editing. 

Godel's Nachlass 

Already during Godel 's lifetime certa in rumours were heard that his 

personal archive constituted a very valuable scientific resource, both 

because of the materials which he had been writing but left unpub

lished, and because of certain technical works which had been in

formally circulating. This made some people think that Godel was 

working much more than his publications allowed one to suppose . 

Moreover, some people rather close to him knew that Godel often 

devoted himself to writing on phi losophy and theology. After his 

death it became known that many of these materials were written 



in Gabelsberger shorthand, an already obsolete system which at pre

sent is understood by only very few people - among them by Cheryl 

Dawson, who is transcribing those materials .  

Godel  even received a letter from the Library of the Congress, 

Washington, asking him to donate his archive to the Library, but he 

never replied, as  was typical of his habits. ( Yet, on the other hand, 

he often wrote replies which were never actually sent out . )  The 

truth is that when Godel died, in 1 978, his archive was simply in

herited by his wife Adele. This was a hardly fortunate fact, since she 

did not have the capacity to understand its real  value.  ( For example, 

there is reason to believe that she probably destroyed some letters 

between Godel and his mother, perhaps because of the hard feelings 

she still had from the time Godel's family opposed their marriage . )  

Fortunately, Adele soon came t o  understand the great value of 

the archive, as  well as  the importance of donating it to the Institute 

for Advanced Study, in Princeton . Thus, some time before she died, 

in 1 98 1 ,  the archive was deposited in that institution in which Godel 

had worked since 1 940, when he came definitively to the USA. The 

next step was the cataloguing of the documents, carried out by John 

Dawson, a logician and historian of mathematics, and former student 

of Solomon Feferman .  From 1 982 to 1 984 the original sixty boxes 

of documents were catalogued and ordered into a number of fold

ers. Finally, the Institute for Advanced Study deposited the Nachlass 

in the Firestone Library, Princeton University, where after some time 

it was opened to scholars for study. It is from this source that this 

book and the third and further volumes of Godel's Collected Works 

have, and are being, prepared. 

The content of the Nachlass is extensive and varied, and it is per

fectly listed and classified in Dawson 's "Nachlass Inventory" ( 1 99 1  ) ,  

at  the disposal of the scholars who arrive at  the Firestone Library, o r  

who a s k  him directly for a copy at the Pennsylvania State University 

at York. In its present state the documents are located in 1 2  series of 

folders, of which the most interesting are the ones devoted to scien 

tific a n d  personal correspondence ( 0 1  ) , t h e  working notebooks ( 0 3 ) ,  

a n d  t h e  drafts a n d  offprints of  lectures a n d  papers ( 04 ) .  The rest con

tain virtually everything, from small pieces of paper containing notes 

concerning books to bills from the Viennese cafes in the l 9 30's,  to-



gether with materials of academic records, photographs and medical 

documents ( for instance a daily record of the amount of milk of mag 

nesium Godel consumed for over thirty years ) .  

The personal and scientific correspondence i s  really extensive 

( comprising about 3 , 500 letters, most of them received ) and partic

ularly interesting, given the quality of many of his correspondents: 

Bernays, Cohen, Heyting, Kreisel, Menger, Morgenstern, von 

Neumann, and Hao Wang, as well as  Church, A .  Robinson, Schilpp, 

D. Scott, Takeuti, and van Heijenoort. The letters which Godel wrote 

but he never actually sent out are very interesting as well .  Among 

them, there are two, to Mr. Balas and Mr. Gradjean, which give us 

many details concerning Godel's ideas which have not been found 

in other sources of information . The enormous task of reconstruct

ing and publishing Godel's correspondence is one of the main goals 

of the team of editors of the Collected Works, who at present are a l 

ready working on the fourth volume, entirely devoted to some of this 

correspondence . 

As for the drafts, most of them are of a technical nature, although 

it seems that they contain no essentially new results in any of the 

areas in which Godel had been working . However, it is to be noted 

that he often obtained certain rather minor results which were later 

independently obtained and published by others, which can be ex

plained by Godel's preference to devote himself strictly to really fun

damental work. Also, the notes written for lectures and courses are 

interesting, although they do not seem to contain anything not 

known by means of other sources. As for the material of a philo

sophical character, doubtless the star is the Gibbs lecture, the six ver

sions of the Carnap essay, and the extended version of the paper on 

time and relativity. In addition, there is of course the great amount 

of material in Gabelsberger, among which a short paper on Kant and 

Husserl can be mentioned . The content of this material can be re

vealed by no other means than deciphering, although John and 

Cheryl Dawson told me in 1 990 that ,  according to the material a l 

ready decoded, they did not expect those materials to contain spec

tacular revelations on Godel's already known philosophical views . 



The present selection 

Among the severa l unpublished materials in Godel's Nachlass, those 

which were destined to be published, whether as lectures or papers, 

are doubtless the most interesting ones. Godel was really a perfec

tionist, so they were written - and sometimes revised - more accu 

ra tely than the rest .  Among them, the Gibbs lecture and the several  

versions of the Carnap essay are the ones with substantial phi lo

sophical content.  In addition, there are many philosophical materi

als  among the several hundreds of sheets written in Gabelsberger, 

but it seems that those materials are written in a more dogmatic style, 

namely, with less argumentation . 

The Gibbs lecture is the most philosophical of al l  the lectures 

which have been preserved, and it is a lso very interesting because it 

was mainly devoted to examining the philosophical implications of 

Godel 's  celebrated metamathematical results .  The rest of lectures 

which are extant are much more technical .  and are mainly devoted 

to spreading new results ra ther than to analyzing their philosophi 

cal consequences. GC>del himself was  entirely aware of the  philo

sophical importance of the text .  which was read in Providence. 

Rhode Island, in 1 9 5 1 .  as  is shown by the fact that he was working 

on the lecture for one yea r. Also, he openly referred to the content 

of the lecture as being clearly phi losophical in his conversations with 

Hao Wang and others .  Yet he never showed the text of the lecture 

to anyone, probably because of the state of the manuscript, which 

was in need of revision and rewriting (which GC>del himself never 

found the time to do ) .  and perhaps also because of his caution in 

communicating his philosophical ideas to others . Sometimes, during 

his conversations with Hao Wang, Godel told him that he was going 

to show the manuscript to him, but this never took actually place. 

All these factors justify, I think, the inclusion of the Gibbs lecture in 

this volume. 

Concerning the critica l series of versions of the essay on Carnap's 

logical syntax of language, i t  doubtless constitutes an exception 

among the unpublished manuscripts, which are technical almost in 

their entirety (apart from the extended version of the Einstein essay 

and some of the Gabelsberger materials ) .  It is genuinely philosoph-



ical, from beginning to end, and it was destined to develop the ideas 

which Godel had already outlined in his published papers on Russell 

( 1 944) and Cantor ( 1 947 ) .  The only places where some of these ideas 

were published, in a cautious and very fragmentary way, are the 

1 9 58  paper on finitism and the philosophical postscript to the 1 964 

edition of the Cantor paper. Therefore, it was clear to me from the 

beginning that some version of the Carnap essay had to be published 

here. The problem was, which one? 

None of the six extant versions is dated, and there does not seem 

to be any indication in correspondence or conversations about their 

particu lar dates of composition, a lthough generally on the title page 

we have the number of the version ( " I  Fassung", etc. ) .  Also, we can 

divide with certainty the series into two sets, one containing the four  

first versions, the other the two last .  

The fifth and sixth versions are the final result of Godel 's  enor

mous effort to sum up the best arguments in the least controversial 

possible way, so a great part of the philosophical complexity and in

terest of the  first versions is inevitably lost. However, apart from their 

interest as useful summaries, there is also the fact that they constitute 

the versions closest to being in publishable form, according to Godel's 

standards, in spite of the fact that he finally decided against publica 

tion, probably because he found them insufficiently convincing. 

Therefore, it seemed to me that the sixth version - the last one -

should be included here, together with a series of footnotes written 

by myself in which I offer to the reader a systematic comparison with 

the arguments contained in the fifth version, which is more philo 

sophical and less reticent in tone. In this way I try to do justice to the 

final stages of Godel's efforts, roughly spanning the years from 1 9 5 3  

t o  1 9 59, with intermediate periods devoted t o  other tasks. 

As for the versions I-IV, I pondered between including II or III . 

Version I is mainly the handwritten version of II ,  which is mostly 

typewritten, and IV constitutes only a new starting point of a very 

different cha racter, doubtless due to Godel's dissatisfaction with his 

former attempts. Finally I opted for version II, which seemed to me 

to be the most finished one. Apart from a few finishing touches, it 

appeared almost ready for the print (a lthough, of course, a fa ir copy 

would first have to be obtained from the mass of addenda, footnotes 



and interpolations ) .  Also, it seemed to me that version III included 

a certain development of some of the points of II, but that the state 

of the manuscript was not so good (a lthough it included more folios 

in type ) .  On the other hand, some of its pages were missing, and 

probably they were added to IV.  By taking into consideration all  

these factors, I finally decided to include version II here. Finally,  it is 

also interesting the fact that II constitutes a version in which Gode l 's  

increasing imposed self-censure had not yet begun, while it is possi

ble to interpret the later evolution of the essay as an attempt to 

somehow " smooth " many of the often controversia l arguments 

against Carnap's position and the positivist philosophy. This process 

finally transformed the one hundred folios of version I into the eight 

folios of VI .  

Some t ime after having made these decisions, and even after hav

ing finished the reconstruction and editing of the manuscripts which 

appear here, I learned from Hao Wang that, among the unpublished 

materials to appear in the third volume of Gode l 's  Collected Works, the 

Gibbs lecture was to be included, as well as some version of the 

Carnap essay. However, as  Hao Wang told me too, my reconstruc

tion of the Gibbs lecture, which he compared with the reconstruc

tion to appear in the official edition, is longer. This is probably due 

to the fact that my main criterion of reconstruction and transcrip

tion was to save as many fragments as it was possible, even in cases 

when it was difficu lt - or impossible - to determine precisely where 

these fragments were originally located, or even in cases they were 

finally crossed out by Godel .  Later, I learnt that the versions chosen 

by the editors were III and V .  Thus, I think that this edition and the 

third volume of the Collected Works can be regarded as complemen

tary. At any rate, I an:i convinced that it is good that more and more 

materials written by such a genius are published. 

The origin of the present manuscripts 

Concerning the details of the Gibbs lecture, there is not much to say, 

and is mostly due to the information given to me by Hao Wang and 

John Dawson, both personally and in correspondence. In particular, 



it is not known when or by what means Godel received the original 

invitation . The lecture was read on December 26,  1 9 5 1 ,  at  8 pm, dur

ing the annual  meeting of the American Mathematical Society, 

which took place at  Brown University, Providence, Rhode Island.  It 

seems that Godel devoted most of the year to writing it ,  at  a time 

when he was very interested in certain philosophical ideas once his 

public declaration of Platonism was made in the 1 944 and 1 947 pa 

pers. However, certain difficulties related to his weak state of health 

made the task more difficult .  In particu lar, bleeding caused by a duo

denal ulcer forced him to receive medical treatment in a hospita l .  

According to Hao Wang, who attended the lecture, Godel l imit

ed himself to reading the manuscript - obviously the same text 

which appears here - very quickly, including the final quotation by 

Hermite .  The audience was large, consisting mostly of mathemati

cians.  At the end there were no questions (perhaps due to Godel's 

directions ) ,  although an enthusiastic applause followed, which is 

very understandable given the ra rity of the opportunity to see and 

hear so eminent a speaker. 

There is no sign that Godel revised the manuscript a fter reading 

it in Providence. Yet its appears in a list of writings he regarded as 

suitable for publication, which has been found among his docu 

ments.  This is not strange given the fine quality of the essay, and the 

great ease with which Godel was able to prepare it .  However, the task 

of preparing and improving essays was precisely Godel's big d ifficul 

ty  because of his almost pathological perfectionism, together with his  

great and a lmost paranoid fear  of controversy. For  example, in re 

sponse to some people who were interested in its publication, Godel 

said (around 1 9 5 3-4 )  that he was trying to publish the lecture in the 

Bulletin of the American Mathematical Society. Yet it  is virtually certain 

that not only did he never submit the paper to that j ournal,  but that 

he never made any attempt in that direction. As for the content of 

the lecture, only certain al lusions were made by Godel in a few con 

versations and pieces of correspondence with Hao Wang and others, 

but  it seems that Godel never showed the paper to anybody . 

Concerning the series of versions of the essay on Carnap, the story 

is considerably longer, although fortunately I have been able to re 

construct it in detail .  In May, 1 9 5 3 ,  Paul  Schilpp, the editor of the The 



Library of Living Philosophers series, wrote to Godel inviting him to con

tribute to a volume devoted to Carnap, which was then in prepara 

tion. Godel had formerly accepted a similar invitation for the Russell 

volume, which appeared in 1 944, although his contribution had some 

deadline problems. Also, Godel was by then devoting nearly all of his 

time to philosophical studies at  the Institute for Advanced Study, in 

Princeton, so the invitation was kindly accepted. Moreover, in 1 9 5 1  

h e  had devoted most of the Gibbs lecture to criticizing the philosophy 

of mathematics of logical positivism on the basis of his famous meta 

mathematical results and his Platonist philosophy, so it can be said 

that he should have had the way well paved with only some im

provement necessary to the main critical arguments. 

Between 1 9 5 3  and 1 9 59 Godel wrote up to six different versions 

of a manuscript entitled "Is mathematics syntax of language?" ,  which, 

as  we have seen above, constitute some of the more interesting philo

sophical materials in the Nachlass. Probably most of the work was car

ried out between 1 9 5 3  and 1 9 5 5  or 1 9 56,  when Godel accepted an

other invitation to write a paper on the occasion of the 70 birthday 

of his friend Paul  Bernays ( finally published in 1 9 5 8 ) .  Curiously 

enough, Carnap was also at the Institute for Advanced Study between 

1 9 52 and 1 9 54, although it seems that no philosophical interaction 

between these old friends took place then, in spite of the fact that they 

had collaborated in the late 1 920s, and especially in the early 1 9 30s, 

after Godel 's  spectacular results, when Carnap was working on the 

first versions of his Logische Syntax der Sprache. 

After 1 943 Godel 's  philosophical interests were clearly increasing, 

and in the 1 9 50s was reading and thinking about philosophy even 

more seriously, as can be seen in some of the philosophica l notebooks 

written (in Gabelsberger's shorthand)  of that time and by entries in 

library books a t  Princeton . Such writings were probably destined to 

face the general philosophical problems involved in his criticism of 

Carnap. It seems that among his favourite readings there were works 

by Leibniz and Husserl; probably he was in search for ideas which a l 

lowed him to make some advances in the problem of the nature of  

concepts, their combinations, and our knowledge of them. 

The only explicit testimonies concerning the decision not to pub

lish any of the versions proceed from Godel 's  conversations with Hao 



Wang in the 1 970s .  The problem is that, although Hao Wang has re 

ferred to the point several times in print, he hardly did so in a con

sistent way. In his 1 986 (p .  1 9 ) he writes that Godel told him sever

a l  times that he did not publish the text because he did not have an 

adequate response to the question about the nature of mathematics, 

that is to say, to the positive features which characterize mathemat

ics as a specific science different from other sciences .  I think we 

should interpret this as meaning that it is very different to say what 

mathematics is not, as for instance when Godel said that it is not a set 

of propositions without content and which are reducible to a few lin 

guistic conventions, than saying what mathematics actually is. But  

later Hao Wang, although he insists on the  same point ( 1 987, pp .  2 3 , 

2 8 ) ,  he also writes that Godel did not publish the paper because he 

believed that it would be possible to give a more convincing response 

to Carnap (p. 46 ) .  However, nothing about Godel's particular dis

satisfaction with the work can be found in Wang's book, except a ref

erence, in passing, when he writes (p. 1 1 9 )  that Godel 's  kind of pre

cision, compared to Carnap's, was so different that he was probably 

unable to find out a common language satisfactory enough to allow 

him to present his arguments in a entirely convincing way. 

On the other hand, Wang also referred to Godel 's  three al leged 

reasons for not publishing any of the six versions, which appear in 

his letter to Schilpp of January 1 9 5 9 .  According to Wang, the rea 

sons were that: ( i )  Godel was unsatisfied; ( i i )  the final  manuscript 

was overly critical ;  ( i i i )  Carnap was already unable to reply. I think 

that even a superficial  comparison between the different versions of 

the manuscript shows that, although GOdel tried again and again to 

improve his general position, he succeeded only in eliminating a se

ries of substantial arguments which, in spite of their  great interest, 

present many openings for frontal attack. Thus, his habit in mathe

matics to present his arguments in a concise, precise and definitive 

way, led him in philosophy to disaster, for in philosophy ( fortu 

nately ) there are  no absolutely conclusive arguments, in the  sense 

of leaving the interlocutor without any possible reply. 

Therefore, an  analysis of Godel 's  letter to Schilpp of 1 9 5 9  is in

teresting, for it may add new relevant elements to Wang's treatment 

of the problem. These elements seem to me to point out to another 



explanation, which we can sum up this way: Godel was simply very 

afraid of provoking strong adverse criticism. The text of this letter, 

which can be found in Godel's Nachlass, is as  follows: 

I am extremely sorry I can not g ive an  affi rmative answer to you r i n q u i ry 

of Jan .  2 4 .  I n  v iew of the fact that my a rt i c le  wou ld  severe ly  cr i t ic ize 

some of Carnap's  statements, i t  does not  seem fa i r  to pub l i sh i t  without 

a rep ly  by Carnap.  Nor wou ld  th i s  be conduc ive to an e luc idat ion of 

the s i tuat ion . 

However, I fee l  I owe you an explanat ion why I d id  not send my paper 

ear l ier .  The fact i s  that I have completed severa l d i fferent vers ions, but 

none of them sati sfies me. I t  is easy to a l lege very weighty and stri k ing  

argu ments i n  favor of  my v iews, but  a complete e luc idat ion of  the  s i t

uat ion tu rned out to be more d i fficu l t  than I had ant ic i pated, dou btless 

in conseq uence of the fact that the su bject matter i s  c lose ly  related to, 

and in part ident ica l  wi th ,  one of the bas ic  problems of ph i losophy, 

namely the quest ion of the objective rea l i ty of concepts and the i r  re la

t ions .  On the other hand,  i n  v iew of  wide ly  he ld prej ud ices, i t  may do 

more harm than good to pub l i sh  half done work . 

I hope that i n  v iew of the reasons stated, and a l so i n  v iew of the fact 

that I was considerab ly  hampered in my work by i l l ness and other d if

fi cu l t ies, you w i l l  k i nd ly  excuse it that I cou ld  not carry out my or ig i na l  

i ntent ion .  

The circumstances were, therefore, similar to the ones  surrounding 

Godel's contribution to Russell 's 1 944 volume in the same series. 

Then, Godel finally did send the paper, which was the result of sev

eral earlier versions, although so late that Russell was unable to 

reply. Schilpp could have sent a former version to Russell for him to 

prepare the reply, but Godel had given Schilpp permission to send 

Russell only the final version, as can be seen by reading the unpub

lished correspondence between Schilpp and Godel . This is another 

instance demonstrating how Godel often felt uncomfortable in wait

ing for the reactions of others to his writings, especially when there 

were of a philosophical character. 

There are two more similarities. Once again, Godel had problems 

in deciding about an  absolutely final version, which was probably 



due to his constant obsession with making more and more im

provements . This resulted in several letters by Schilpp in which he  

referred to  successively later deadlines. And also, again, Godel refers 

to his own state of health, which seems to me to proceed rather from 

a hypochondriac personality, especially as he was working on his 

contribution for a very long time. 

As for the "widely held prejudices" ,  there is no doubt that Godel 

is referring to nominalism and positivism. Clear evidence of this can 

be seen in the difficulties Benacerraf and Putnam had in obtaining 

Godel's permission for reprinting his essay on Cantor's continuum 

problem in the first edition of their celebrated anthology ( 1 964) ;  that 

is, only four or five years later. According to Moore's  account ( CWII, 

p . 1 66 ), " Godel hesitated to grant permission, fearing that the intro

duction to their book would subject his article to positivistic attacks" ,  

and he finally gave permission only when Benacerraf assured him 

that the editors wanted only to outline the essay, and that at any rate 

he would be able to see the introduction before it was printed.  

Against such a background it is not strange that Godel 's philo 

sophical stage, the longest period of his whole lifetime ( from 1 943 to 

1 978 ) ,  was so unfruitful in terms of publications: the Russell paper, 

the philosophical fragments contained in the Cantor paper, some of 

the ideas from the articles on Einstein and Bernays, and some other 

reprints were the only results .  This is not completely consistent with 

Feferman's explanation of Godel's Platonism as a reaction to nomi 

nalism. Feferman's thesis is that, before the 1 940s, "Godel was un

derstandably cautious about making public h i s  platonistic ideas, con 

trary as they were to the 'dominant philosophical prejudices' of the 

time. With his reputation solidly established and with the security 

provided by the Institute, Godel felt freer to pursue and publicly elab

orate his philosophical vision" ( C WI, p .  34; see also Feferman 1 984) .  

And yet, had Godel really " felt freer", h e  should have been able to 

face any criticism after his appointment as  full professor in the 

Institute for Advanced Study, which took place on July 1 ,  1 9 5 3 , 

where he would have been completely safe from any kind of "dan

gerous" consequences, either actual or simply imagined .  

It is true that  Godel d id  not  accept the Schilpp invitation (of  May 

1 5 , 1 9 5 3 )  until July 2 ,  namely, j ust one day after his appointment, but 



at any rate the professional security was never enough for him to 

face what perhaps had implied a series of replies and counter- replies 

(probably written by others ) in the best journals of the field.  I think 

that such a fear of criticism was due more to the probable personal 

disturbances caused by the expected reaction than to the "technical"  

difficulty in replying to actual criticisms, al l  the more so for  the ex

pectation which doubtless had caused any philosophical publication 

written by such a genius, who was really much more inclined to the 

usually quiet and predictable way of life at the Institute. 

At any rate, it is also true that the whole question seems to be re

lated to the unsatisfactory nature of Godel 's  general philosophical 

position at  the time, which, according to Wang 1 987, remained un

settled despite many efforts in search for  a definitive clarification. As 

we have seen, when we analyze Godel 's  efforts in these manuscripts, 

and when we see them as a whole, numerous difficulties come to 

light, and the main ones are precisely related to what he calls in the 

letter above "one of the basic problems of philosophy", namely, the 

problem of the objectivity of concepts and the truth of the corre

sponding propositions, particularly as we try to know them by means 

of some kind of immediate intuition. 

The original manuscripts: their reconstruction and editing 

The Gibbs lecture is doubtless what John Dawson described to me in 

a letter as "an editor's nightmare" .  The original manuscript, without 

a title and in GOdel's hand, was written in English in pencil ,  and with 

unequivocal signs that had been erased again and again, then writ

ten again in the same places. B esides, Godel  often changed his mind 

regarding the actual  text which should be read in Princeton, so there 

are many fragments which were crossed out. One very undesirable 

consequence of the script having been written in pencil - a very soft 

one - is that many parts of the text have, over the years, become ex

tremely fuzzy, often simply unreadable. Also, I have to mention 

what seems to have been Godel's obsession to save paper, which can 

be seen in the exhaustive use of every sheet, where there is no blank 

margin left on any side. In addition, many words are abbreviated; I 



do not know whether this, too, is due to his economy or a desire to 

write faster. 

To make matters worse, the manuscript is  composed of four parts: 

the main text of the lecture (number 04029 3  of catalogue; 43  folios ) ;  

the footnotes ( 04029 5 ;  26  folios, and 040296;  5 folios ) ;  a n d  the in

terpolations ( 040294, 18 folios ) .  The problem with the interpolations 

is that it is  not only necessary to insert them in the main text by 

means of a very complex system of keys, but also in the text of the 

footnotes, and even in the text of other interpolations. This leads to 

a system of cross references of a degree of complexity almost intol

erable, where sometimes we have to deal with five or six levels at  a 

time (e .g . ,  interpolation to another interpolation of a footnote which 

has been divided into several fragments which belong to different fo

lios of a passage belonging to the main text which has been frag

mented too . . .  ) ,  and where everything is often written, erased, rewrit

ten, and with some fragments simply crossed out, while others are 

crossed out but with a note ( which is often almost unreadable)  say

ing that the original text really holds . 

My main criterion in reconstructing the manuscript concealed 

within such a nightmare has been to preserve the greatest amount 

of material possible, even in cases when the original location of the 

reconstructed fragments could not be precisely ascertained. In such 

cases this material has been included in the final appendix, which 

contains also some loose footnotes and interpolations. In addition, I 

have sought to preserve the paragraphs, footnotes and interpolations 

which were finally crossed out, and to do so preferably in the origi

nal positions; these appear in the final edition between double square 

brackets ( [ [ ] ] ) . This, however, has sometimes proven impossible, so 

there are a few crossed out fragments which do not appear in these 

texts. In cases where a safe reading has been impossible, or seemed 

at best very doubtful to me, I have proposed what I found to be the 

best possible reading. These passages are followed by a question 

mark between simple square brackets ( [? ] ) ,  indicating that my ren

dition is not  absolutely certain .  When it  happens not  only that the 

reading is doubtful, although complete, but that certain sentences or 

paragraphs become u nreadable or doubtful in a particular place, 

then I offer the readable part, followed by suspension points and the 



corresponding question mark as in the the former case ( . . .  [ ? ] ) .  

Finally, my own few interpolations always appear between simple 

square brackets, unless otherwise indicated. 

Concerning the final presentation, I have been forced to intro

duce new paragraphing. Except for the deletions and interpolations, 

Godel's original script seems often to consist of one enormous para

graph, perhaps again with view to saving paper ( which, by the way, 

was generally already recycled, often having been used before for 

other things, then erased ) ,  perhaps in order to obtain a manuscript 

consisting of only a few sheets, which was more convenient to han

dle in the moment of reading the actual  lecture. Finally, I transcribe 

in ita lics, not only what has been originally underlined by Godel, but 

also the t it les of books and journals, as  well  as  some letters used as 

symbols and a few Latin terms. 

As for the version II of the Carnap essay, which was written orig

inally in English as well, it is comparatively delightful, although the 

cross reference system is as complex as the one used in the Gibbs lec

ture.  The original manuscript ( catalogue number 040434) has no 

title, although it doubtless belongs to the series with a common title.  

Godel tried originally to typewrite it entirely, but finally he was forced 

to introduce numerous handwriting interpolations, which were 

often written in separate folios. It  includes 63 folios as a whole, from 

which 3 3  are devoted to the main text (among which there are 1 0  

containing handwritten materials ) ,  and 3 3  more folios devoted to the 

footnotes ( among which there are I 0 additional ones of handwritten 

interpolations ) ,  plus 2 more folios containing attempts to state a cor

respondence between the several series of numbers corresponding to 

the footnotes.  Such attempts have been useful to me when trying to 

reconstruct the original text, but the numbers of the footnotes which 

appear in this edition do not coincide with any of them. On the one 

hand, Godel finally added new footnotes; on the other, I have pre

served certain footnotes which Godel himself finally crossed out ( in 

which case they appear between double square brackets ) .  

The main principle here has been the same a s  before, namely, to 

preserve the greatest amount of materia l .  In this case the application 

of the criterion has led me, after much effort, to an almost complete 

reconstruction, that strives nonetheless to respect Godel's original in-



tentions concerning the " final" version .  Yet I have included also the 

fragments which were ultimately crossed out, inserting them where 

they appeared originally (a lways between double square brackets ) .  

This should be useful in helping to understand Godel 's  development 

when trying to express an idea or argument in alternative ways. I 

have not included discarded material when the old version differs 

from the new one only in an obvious stylistic way, or when, in two 

or three cases, the fragments are extremely short ( two or three lines) 

and I have been unable to determine their original location . I felt that 

creating an appendix only for these insignificant fragments was un

necessary. The rest of the criteria coincide strictly with the ones 

which have been applied to the editing of the Gibbs lecture . 

Concerning version VI of the Carnap essay, the original English 

text which has been transcribed here is the one which can be found 

under the catalogue number 040446.  It appears to be a carbon copy 

of a typewritten manuscript of eight pages, numbered from 1 to 8 .  

(The fact that the original version i s  not  extant suggests that Godel 

gave it to someone . )  On the title page we read "VI Fassung", and I 

have used the "V Fassung" to introduce a systematic comparison in 

order to take advantage of the fact that the fifth version is more 

philosophical in character. There are only a few corrections and a few 

modifications in Godel's hand.  Finally, I have eliminated Godel's 

projects for cross references, which were obviously incomplete ( " see 

number . . .  " ) ,  in part because this could have introduced mistakes, in 

part because the manuscript is very short and such references can be 

easily imagined by the reader. 

I have incorporated, without comment, al l  of Godel's corrections 

and interpolations in order to keep the text free of footnotes ( except 

where comparison is made between versions VI and V ) . The main 

criterion has always been to offer a text as uninterrupted as possible, 

with the only exception of including fragments which, while even

tually crossed out ,  contribute significantly to the understanding of 

the final version. An alternative would have been to offer the tex

tual variants in footnotes or in a final appendix, but I think the pre 

sent system does not  disrupt the  reading. As for Godel 's  English, no  

attempt has  been made to improve it, even in the  few cases where 

some sentences are not grammatica l .  
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1 .  G ibbs lecture. F i rst fol io of the main text.  
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2 .  Gibbs lecture. Fol io 23 of the main text. It is to be noted the 
several keys, in the form of an inverted A plus a number, pointing 
to interpolations. 



3 .  G i bbs lecture. Fol io 1 5  of the footnotes. There are fol ios which are 
much more d ifficult  to be read. 
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4. G i bbs lecture. F i rst fol io of the i nterpolations. 





2 
Some bas i c  theo rems on the 

fou ndat i o n s  of mathemat ics  and the i r  

ph i l osoph ica l  i m p l icat ions  

Research i n  the foundations o f  mathematics during the past few 

decades has produced some results, which seem to me of interest, not 

only in themselves, but also with regard to their implications for the 

traditional philosophical problems about the nature of mathematics. 

The results themselves, I believe, are fa irly widely known, but nev

ertheless, I think, it will be useful to present them in outline once 

again, especially in view of the fact that, due to the work of various 

mathematicians, they have taken on a much more satisfactory form, 

than they had had originally.  The greatest improvement was made 

possible through the precise definition of the concept of finite pro

cedure, which plays a decisive role in these results .  There are sever

al  different ways of arriving at such a definition, which however all  

lead to exactly the same concept . The most satisfactory way, in my 

opinion, is that of reducing the concept of finite procedure to that of 

a machine with a finite number of parts ,  as  has been done by the 

British mathematician Turing.  As for the philosophical consequences 

of the results under consideration, I don't  think they have ever been 

adequately discussed or only taken notice of. 

The metamathematical results I have in mind arc all centered 

around, or, one may even say, are only different aspects of one basic 

fact, which might be ca lled the incompletability or inexhaustibility of 

mathematics. This fact is encountered in its simplest form, when the ax

iomatic method is applied, not to some hypothctico-deductive system 

as geometry (where the mathematician can assert only the condition

al truth of the theorems) ,  but mathematics proper, i .e. to the body of 

those mathematical propositions, which hold in an absolute sense, 

without any further hypothesis. There must exist propositions of this 



kind, because otherwise there could not exist any hypothetical theo

rems either. E .g. some implications of the form: If such and such axioms 

are assumed then such and such a theorem holds, must necessarily be 

true in an absolute sense. Similarly any theorem of finitistic number the

ory such as 2 + 2 = 4 is, no doubt, of this kind. Of course the task of ax

iomatising mathematics proper differs from the usual conception of ax

iomatics in so far, as the axioms are not arbitrary, but must be correct 

mathematical propositions and moreover evident without proof, there 

is no escaping the necessity of assuming some axioms or rules of infer

ence as evident without proof because the proofs must have some start

ing point. However there are widely divergent views as to the exten

sion of mathematics proper, as I defined it. The intuitionists and finitists 

e.g. reject some of its axioms and concepts, which others acknowledge, 

such as the law of excluded middle or the general concept of set. 

The phenomenon of the inexhaustibility of mathematics, 1 how

ever, always is present in some form, no matter what standpoint is 

taken. So I might as well explain it for the simplest and most natur

al standpoint, which takes mathematics as it is, without curtailing it 

by any criticism. From this standpoint all of mathematics is reducible 

to abstract set theory. E .g .  the statement that the axioms of proj ec

tive geometry imply a certain theorem means, that if a set M of ele

ments called points and a set N of subsets of M called straight lines 

satisfies the axioms, then the theorem holds for N, M. Or, to men

tion another example, a theorem of number theory can be inter

preted to be an assertion about finite sets . So the problem at stake is 

that of axiomatising set theory. Now, if one attacks this problem, the 

result is quite different from what one would have expected .  Instead 

of ending up with a finite number of axioms, as in geometry, one is  

faced with an infinite series of axioms, which can be extended fur

ther and further, without any end being visible and, apparently, 

without any possibility of comprising all these axioms in a finite rule 

producing them.2  This comes about through the circumstance that, 

if one wants to avoid the paradoxes of set theory without bringing 

in something entirely extraneous to actual mathematical procedure, 

the concept of set must be axiomatised in a step-wise manner. 3  

If e .g .  we begin with the integers, i . e .  the finite sets of a special 

kind, we have at first the sets of integers and the axioms referring to 



them ( axioms of the 1 '51 level ) ,  then the sets of sets of integers with 

their axioms (axioms of the second level ) ,  etc. for any finite iteration 

of the operation "set of" . 4  Next we have the set of al l  these sets of fi 

nite order. But  now we can deal with this set in exactly the same 

manner, as  we dealt with the set of integers before, i . e .  consider the 

subsets of  it  ( i . e .  the sets of order ro) and formulate axioms about 

their existence . Evidently this procedure can be iterated beyond ro, 

in fact up to any transfinite ordinal number. So it may be required 

as the next axiom, that the iteration is possible for any ordinal, i . e .  

for  any order type belonging to some well ordered se t .  But  are  we at  

an end now? By no means,  for we have now a new operation of 

forming sets,  namely forming a set of some initial set A and some well 

ordered set B by applying the operation "set of" to A as many times 

as the well ordered set B indicates . 5 And, setting B equal to some well 

ordering of A now we can iterate this new operation, and again it

erate it into the transfinite .  This will give rise to a new operation 

again, which we can treat in the same way etc. So the next step will 

be, to requ ire that any operation producing sets out of sets can be it

erated up to any ordinal number ( i . e .  order type of a well -ordered 

set ) .  But are we at an end now? No, because we can require, that not 

only the procedure j u st described can be carried out with any oper

ation, but that moreover there should exist a set closed with respect 

to it, i . e .  one which has the property that, i f  this procedure (with any 

operation)  is  applied to elements of this set, i t  again yields elements 

of this set .  

You will  realise, I think, that we a re still not at an end, nor can 

there ever be an end to this procedure of forming the axioms, because 

the very formulation of the axioms up to a certain stage gives rise to 

the next axiom. It is true that in the mathematics of today the high

er levels of this hiera rchy are practically never used. It is safe to say 

that 99 .9% of present day mathematics are conta ined in the first 3 

levels of this hierarchy. So for al l  practical purposes al l  of mathe

matics can be reduced to a finite number of axioms.  However this is 

a mere historical accident, which is of no importance for questions 

of principle.  Moreover it  is not altogether unlikely that this charac

ter of present day mathematics may have something to do with an

other character of i t ,  namely i t s  inability to  prove certa in funda -



mental theorems, such as e .g .  Riemann's hypothesis, in spite of 

many years of effort . For, it can be shown that the axioms for sets of 

higher levels, in their relevance. are by no means confined to these 

sets, but, on the contrary, have consequences even for the 0- leveL 

i . e .  the theory of integers . 

To be more exact, each of these set theoretical axioms entails the 

solution of certain Diophantine problems, which had been undecid

able on the basis  of the preceding axioms.6 The Diophantine problems 

in question are of the following type: Let P(xr . .  x11• Yr · ·Ym ) be a polynomial 

with given integral coefficients and n + m variables Xr . . x11• Yr · ·Ym and con

sider the variables X; as the unknown and the variables Y; as parameters. then 

the problem is: Has the equation P = 0 integral solutions for any integral val

ues of the parameters. or are there integral values of the parameters for which 

this equation has no integral solutions? To each of the set theoretical axioms 

a certain polynomial P can be assigned, for which the problem just formu

lated becomes decidable owing to this axiom. It even can always be achieved 

that the degree of P is not higher than 4. Mathemat ics of today has not 

yet learned to make use of the set theoretical axioms for the solution 

of number theoretical problems, except for the axioms of the first 

level. These arc actually used in analytic number theory. B u t  for 

mastering number theory this is demonstrably insufficient.  Some 

kind of set theoretical, number theory, still to be discovered, would 

certainly reach much farther. 

I have tried so far to explain the fact I ca ll incomplctability of 

mathematics for one particular approach to the foundations of math 

ematics, namely axiomatics of set theory. That however this fact i s  

entirely independent of the particu lar approach and standpoint cho

sen appears from certain very general theorems.  The first of these 

theorems simply states that, whatever well defined system of axioms and 

rules of inference may be chosen, there always exist Diophantine problems of 

the type describecf which are undecidable by these axioms and rules. provid

ed only that no false propositions of this type are derivable. If I speak of a 

well defined system of axioms and rules here, this only means that 

it must be possible actually to write the axioms down in some pre

cise formalism or, if their number is infinite, a finite proced ure for 

writing them down one after the other must be given . Likewise the 

rules of inference are to be such that, given any premisses, either the 



conclusions by any one of the rules of inference can be written down, 

or it can be ascertained that there exists no immediate conclusion by 

the rule of inference under consideration.  This requ irement for the 

rules and axioms is equivalent to the requirement that it should be 

possible to build a finite machine in the precise sense of a "Turing 

machine" which will write down al l  the consequences of the axioms 

one after the other. For this reason the theorem under consideration 

is equivalent to the fact that there exists no finite procedure for the 

systematic decision of all Diophantine problems of the type specified. 

The second theorem has to do with the concept of freedom from 

contradiction. For a well defined system of axioms and rules the ques

tion of their consistency is, of course, itself a well defined mathemat 

ical question . Moreover, since the  symbols and propositions of one 

formalism are always at most enumerable, everything can be mapped 

on the integers and it is plausible and in fact demonstrable that the 

question of consistency can always be transformed into a number the 

oretical question ( to be more exact into one of the type described 

above ) .  Now the theorem says, that for any well defined system of axioms 

and rules in particular the proposition stating their consistency8 (or rather the 

equivalent number theoretical proposition) is undemonstrable from these ax

ioms and rules, provided these axioms and rules are consistent and suffice to 

derive a certain portion9 of the finitistic arithmetic of integers. It is this theo

rem which makes the incompletability of mathematics particularly 

evident .  For, it makes it impossible that someone should set up a certain well 

defined system of axioms and rules and consistently make the following as

sertion about it: All of the axioms and rules I perceive (with mathematical cer

titude) to be correct 1 0  and moreover I believe that they contain all of mathe

matics. If someone makes such a statement he contradicts himself. For 

if he perceives the axioms under consideration to be correct, he also 

perceives (with the same certainty) that they are consistent. Hence 

he has a mathematical insight not derivable from his axioms.  

However, one has to be careful in order to understand clearly the 

meaning of this  state of affairs .  Does it mean that no well  defined sys 

tem of correct axioms can contain all of mathematics proper? It does, 

if  by mathematics proper is understood the system of all true mathe 

matical propositions, it does not however, if one understands by it the 

system of al l  demonstrable mathematical propositions. 



I shall distinguish these two meanings of mathematics as mathe

matics in the objective and in the subjective sense . Evidently no well 

defined system of correct axioms can comprise al l  objective mathe

matics, since the proposition which states the consistency of the sys

tem is true, but not demonstrable in the system. However as  to sub

j ective mathematics, it is  not precluded, that there should exist a fi 

nite rule producing all  its evident axioms. However, if such a rule 

exists,  we with our human understanding could certainly never 

know it to be such, i . e .  we could never know with mathematical cer

tainty that al l  propositions it produces are correct; 1 1  or in other terms 

we could perceive to be true only one proposition after the other for 

any finite number of them. The assertion however that they are al l  

true could at  most be known with empirical certainty on the basis of 

a sufficient number of instances or by other inductive inferences . 1 2 

If it were so this would mean that the human mind ( in  the realm of 

pure mathematics ) is equivalent to a finite machine, that however 

he is  unable to understand completely 1 3 his own functioning. This 

inability to understand himself would then wrongly appear to him 

as  its boundlessness or inexhaustibility. But, please, note that if it 

were so this would in no way derogate from the incompletability of 

objective mathematics. On the contrary, it would only make i t  par

ticularly striking. For if the human mind were equivalent to a finite 

machine, then obj ective mathematics not only would be incom

pletable in the sense of not being contained in any well defined ax

iomatic system, but moreover there would ex is t  absolutely 

Diophantine problems of the type described above, where the epi

thet "absolutely" means that they would be undecidable not j ust 

within some particular axiomatic system but by any mathematical 

proof the human mind can conceive . 

So the following disj unctive conclusion is inevitable :  Either math

ematics is incompletable in  this sense that its evident axioms can never be  com

prised in a finite rule, i .e . to say the human mind (even within the realm of 

pure mathematics) infinitely surpasses the powers of any finite machine, or 

else there exist absolutely unsolvable Diophantine problems of the type spec

ified ( where the case that both terms of the disj unction are true is not 

excluded so that there are, strictly speaking, three alternatives ) .  It is 

this mathematically established fact which seems to me of great 



philosophical  interest. Of course in this connection it is of great im

portance that at least  this fact is entirely independent of the special 

standpoint taken toward the foundations of mathematics . 1 4  There is 

however one restriction to this independence, namely the stand

point taken must be liberal enough to admit propositions about all  

integers as  meaningful .  If someone were so strict a finitist that he 

would maintain that only particular propositions of the type 2 + 2 = 

4 belong to mathematics proper, 1 5  then the incompletability theo

rem would not apply. But  I don't think that such an attitude could 

be maintained consistently, because it is by exactly the same kind of 

evidence that we judge that 2 + 2 = 4 and that a + b = b + a for any 

two integers a, b. Moreover this standpoint in order to be consistent 

would have to exclude also concepts that refer to all integers such as 

"+" (or  to all  formulas such as  "correct proof by such and such rules" )  

and replace them with others that apply only within some finite do

main of integers ( or formulas ) .  It is to be noted however that ,  a l 

though the truth of the disj unctive theorem is independent of the 

standpoint taken, the question as to which alternative holds need not 

be independent of it. 

I think I now have explained sufficiently the mathematical aspect 

of the situation and can tum to the philosophical implications . Of 

course, in consequence of the undeveloped state of philosophy in 

our days, you must not expect these inferences to be drawn with 

mathematical rigour.  

Corresponding to the disjunctive form of the main theorem about 

the incompletability of mathematics the philosophical implications 

prima fade will be disjunctive too, however under either alternative 

they are very decidedly opposed to materialistic philosophy. Namely 

if the first alternative holds, this seems to imply that the working of 

the human mind cannot be reduced to the working of the brain, 

which to all  appearances is a finite machine with a finite number of  

parts namely the neurons and their  connections.  So apparently one 

is driven to take some vitalistic viewpoint.  On the other hand the sec

ond alternative, where there exist absolutely undecidable mathe

matical propositions, seems to disprove the view, that mathematics 

( in any sense ) is only our own creation . For the creator necessarily 

knows all properties of his creatures, because they can't  have any 



others except those he has given to them. So this alternative seems 

to imply that mathematical objects and facts or at  least something in 

them exist objectively and independently of our mental acts and de

cisions, i . e .  to say some form or other of Platonism or "Realism" as 

to the mathematical objects . 1 6  For, the empirical interpretation of 

mathematics, 1 7  i . e . ,  the view that mathematical facts are a special 

kind of physical or psychological facts, is too absurd to be maintained 

( see below) .  

[ [Of course i n  these brief formulations I have oversimplified mat

ters. There are in both cases certain obj ections which however, in my 

opinion, do not withstand a thoro ugh examination . In case of the 

first alternative one may object that the fact that the human mind is 

more effective than any finite machine does not necessarily imply 

that some non-materialistic entity such as an entelechy exists besides 

the brains, but only that the laws governing the behaviour of living 

matter are much more complicated than had been anticipated, and 

in particular do not allow one to deduce the behaviour of the whole 

from the behaviour of the isolated parts . 1 8  (This view incidentally 

seems to be supported also by quantum mechanics where the state 

of a compound system in general cannot be described as composed 

of the states of the partial systems . )  There actually exists a school of 

psychologists, which defends this view, namely the so ca lled 

wholists .  However it seems clear to me that this theory in effect also 

abandons materialism, because it ascribes from the beginning to 

matter all the mysterious properties of mind and life, whereas orig

inally it  was the very essence of materialism to explain these prop

erties from the structure of the organism and the rela tively simple 

laws of interaction of the parts . ] ] 

It is not known whether the first alternative holds, but at any rate 

it  is in good agreement with the opinions of some of the leading men 

in brain and nerve physiology, who very decidedly deny the possi 

bility of a purely mechanistic explanation of psychical  and neurons 

processes .  As far as the second alternative is concerned, one might 

obj ect that the constructor need not necessarily know every proper

ty of what he constructs. E .g .  we build machines and stil l  cannot pre

dict their behaviour in every detai l .  But this obj ection is very poor. 

For we don't create the machines out of nothing, but build them out 



of some given material .  If the situation were similar in mathematics, 

then this material or basis for our constructions would be something 

obj ective and would force some realistic viewpoint upon us even if 

certain other ingredients of mathematics were our own creation . The 

same would be true if in our creations we were to use some instru 

ment in us but different from our ego ( such as " reason" interpreted 

as  something like a thinking machine ) .  For mathematical facts would 

then (at least in part ) express properties of this instrument, which 

would have an objective existence . 

One may thirdly obj ect, that the meaning of a proposition about 

al l  integers, since it is impossible to verify it for al l  integers one by 

one, can consist only in the existence of a general proof. Therefore, 

in the case of an undecidable proposition about all integers neither 

itself not its negation is true, hence neither expresses an objectively 

existing but unknown property of the integers. I am not in a posi

tion now to discuss the epistemological  question as  to whether this 

opinion is at  all consistent.  It certa inly looks as  if  one must first un

derstand the meaning of a proposition, before he can understand a 

proof of it so that the meaning of "a l l "  could not be defined in terms 

of the meaning of "proof" . But independently of this epistemologi 

cal investigations I wish to point out that one may conjecture the 

truth of a . . .  [?] proposition ( e .g .  that I shall be able to verify a cer

tain property for any integer given to me)  and, at the same time con 

jecture that no general proof for this fact exists .  It is easy to imagine 

situations in which both these conj ectures would be very well found

ed .  For the first half of it this would . . .  [ ? ]  be the case if the proposi

tion in quest ion were some equation F( n )  = G ( n )  of two number the

oret ical  functions which could be verified up to very great num

bers n. 1 9  

Moreover, exactly as  i n  the natural  sciences, this inductio per enu

merationem simplicem by no means is the only, inductive method con

ceivable in mathematics . I admit that every mathematician has an 

inborn abhorrence to giving more than heuristic significance to such 

inductive arguments .  I think however that this is  due to the very 

prejudice that mathematical obj ects somehow have no rea l exis

tence . If  mathematics describes an obj ective world j ust l ike physics, 

there is  no reason why inductive methods should not be applied in 



mathematics j ust the same as in physics. The fact is that in mathe

matics we stil l  have the same attitude today that in former times one 

had toward all  science, namely we try to derive everything by co

gent proofs from the definitions ( i . e .  in ontological terminology from 

the essences of things ) .  Perhaps this method, if  it claims monopoly, 

i s  as wrong in mathematics as  it was in physics . It is true that only 

the second alternative points in this direction.  This whole consider

ation incidentally shows that the philosophical implications of the 

mathematical facts explained do not be entirely on the side of ratio

nalist ic or idealistic philosophy, but that in one respect they favor the 

empiristic viewpoint.20 

However, and this is the item I would like to discuss now, it seems to 

me that the philosophical conclusions drawn under the second a l 

ternative, in particular concerning Realism ( Platonism ) ,  are  sup

ported by modern developments in the foundations of mathematics 

also irrespectively of which alternative holds. The main argument 

pointing in this direction seems to me the following. First of all ,  i f  

mathematics were our free creation, ignorance as  to the obj ects we 

created, it is true,  might stil l  occur, but only through lack of a clear 

realisation as to what we really have created (or . . .  [?] due to the 

practical difficulty of too complicated computations ) . Therefore it  

would have to disappear (at  least in principle although perhaps not 

in practice2 1 )  as  soon as we attain perfect clearness .  However mod

ern developments in the foundations of mathematics have accom

plished an insurmountable degree of exactness, but this has helped 

practically nothing for the solution of mathematical problems. 

Secondly the activity of the mathematician shows very l i tt le of 

the freedom a creator should enjoy.  Even if  e.g. the axioms about in

tegers were a free invention, stil l  i t  must be admitted that the math

ematician, after he has imagined the first few properties of his ob

jects, is at  an end with his creative ability, and he is not in a position 

also to create the validity of the theorems at  his will .  I f  anything like 

creation exists a t  al l  in mathematics, then what any theorem does is 

exactly to restrict the freedom of creation. That however which re

stricts it must evidently exist independently of the creation .22  

Thirdly:  If mathematical obj ects are our creation, then evidently 

integers and sets of integers will have to be two different creations.  



The first of which does not necessitate the second. However, in order 

to prove certain propositions about integers the concept of set of in

teger is necessary. So here, in order to f ind out what  properties we 

have given to certain obj ects of pure imagination must be first cre

ate certain other obj ects, a very strange situation indeed ! 

What I said so far has been formulated in terms of the rather 

vague concept of " free creation" or " free invention" .  There exist at

tempts to give more precise meaning to this term. However this only 

has the consequence that also the disproof of the standpoint in ques

tion is becoming more precise and cogent .  I would like to show this 

in detail  for the most precise, and at  the same time most radical, for

mulation that has been given so fa r. I t  is that which asserts mathe

matical  propositions to be true solely due to certain arbitrary rules 

about the use of symbols .  

[Godel 's  note : ]  Omit from here to p .  29  [p .  1 43 of this edition) 

[.[ [ I t  is that which] interprets mathematical propositions as express

ing solely certain aspects of syntactical (or  l inguistic ) 2 3  conventions, 

i . e .  they simply repeat parts of these conventions. According to this 

view mathematical propositions duly analysed must turn out to be 

void of content as e.g. the statement " All stallions are horses" .  

Everybody will agree that this proposition does not express any 

zoological or other obj ective fact ,  but its truth is due solely to the cir

cumstance that we chose to use the term "stall ion" as an abbrevia 

tion for " male horse " ,  since the simplest rules about the use of sym

bols are definit ions.  Now by far the most common type of symbolic 

conventions are definitions ( either explicit or contextual where the 

latter however must be such as to make it  possible to eliminate the 

term defined in any context i t  occurs ) .  Therefore the simplest ver

sion of the view in question would consist in the assertion that math 

ematical propositions are true solely owing to the definitions of the 

terms occurring in them, i .e .  that by successively replacing al l  terms 

by their definientia, any theorem can be reduced to a =  a ( note that a 

= a must be admitted as true if definitions are admitted, for one may 

define b by b = a and then owing to this definition replace b by a in 

this equality ) .  [An alternative version deleted after: "any theorem 



can be reduced to" : ]  [ [an explicit tautology, such as a =  a or p :::) p or 

pq :::) p or something like it; ( i t is immaterial in this connection what 

is considered to be an expl icit tautology, except that, in order to jus 

tify the  term "explicit " ,  i t  must be possible and even easy to find out 

about a given proposition whether or not it is an exp/icit tautology ) . ] ]  

But now i t  follows directly from the theorems mentioned before 

that such a reduction to explicit tau tologies is impossible .  For it 

would immediately yield a mechanical procedure for deciding about 

the truth or fa lsehood of every mathematical proposition.  Such a 

procedure however cannot exist ,  not even for number theory. The 

disproof, it is true, refers only to the simplest version of this (nomi

nalistic) standpoint. But  the more refined ones do not fare any bet

ter .  The weakest statement that  at least  would have to be demon

strable in order that the view concerning the ta utologica l character 

of mathema tics be tenable, is the following: Every demonstrable 

mathematical proposition can be deduced from the semantical rules 

about the truth and fa lsehood of sentences alone ( i . e .  without using 

or knowing anything else except these rules ) ,  24 and that the nega 

tions of demonstrable mathematical  propositions cannot be so de

rived ( cnf. Footnote 2 3 ) .  ( In precisely formulated languages such 

rules - i . e .  rules which stipulate under which conditions a given sen

tence is true - occur as a means for determining the meaning of sen

tences .  Moreover in al l  known languages there are propositions 

which seem to be true owing to these rules alone . )  E .g .  of disj unc

tion and negation are introduced by the ru les :  1 . ) p v q is true, if at 

least one of its terms is true, and 2 . )  - p is true if p is not true .  Then 

it clearly follows from these rules that p v - p is always true what 

ever  p may be. ( Propositions so derivable are ca lled tautologies . ) .  

Now i t  i s  actually so, that for the symbolisms o f  mathematical 

logic, with su itable chosen semantical rules,  the truth of the mathe

matical axioms is derivable from these rules ; 2 5  however (and this is 

the great stumbling block ) in this derivation the mathematical and 

logical  concepts and axioms themselves must be used in a special ap

plication, namely as  referring to symbols, combinations of symbols, 

sets of combinations, etc. Hence, this theory if it wants to prove the 

tautological character of the mathematical axioms, must first assume 

these axioms to be true .  So while the original idea of this viewpoint 



was to make the truth of the mathematical axioms understandable 

by showing that they a re tautologies, it ends up with just the oppo

site, i .e .  the truth of the axioms must first be assumed and then i t  can 

be shown that ,  in a suitably chosen language, they are tautologies 

[ [That this can be done is of course not surprising. It could be done 

for any axioms whatsoever.26 ] ] .  Moreover a similar statement holds 

good for the mathematical concepts, i . e . :  Instead of being able to de

fine their meaning by means of syntactical conventions one must 

first know their meaning in order to understand the syntactical con 

ventions in question or the proof that they imply the mathematical 

axioms but not their negation . 

Now of course it is clear that the elaboration of the nominalistic 

view does not satisfy the requirement set up on p .  [?] because not 

the syntactical rules alone but all of mathematics in addition is used 

in the deriva tions.  But moreover this elaboration of nominalism 

would yield an outright disproof of i t  (I must confess I can' t  picture 

any better disproof of this view than this proof of it ) ,  provided that 

one thing cou ld be added, namely that the outcome described is un

avoidable ( i . e .  independent of the particular symbolic language and 

interpreta tion of mathematics chosen ) .  Now it is not exactly this that 

can be proved but something so close to it that it also su ffices to dis 

prove the view in quest ion.  This  however can be done,  namely it  fol 

lows that a proof for the tautological character ( in  a su itable lan 

guage ) o f  the mathematical axioms i s  a t  the same time a proof for 

their consistency, and therefore by the metatheorems mentioned 

cannot be achieved with any weaker means  of proof than are con 

tained i n  these axioms themselves. This does not mean that all the 

axioms of a given system must be used in its consistency proof .  On 

the contrary usually the axioms lying outside the system which are 

necessary make it possible to dispense with some of the axioms of 

the system (a lthough they do not imply these latter ) . 

However what follows with practical  certainty is this :  In order to 

prove the consistency of classical number theory (and a fortiori of all 

stronger systems ) certain abstract concepts (and the directly evident 

axioms referring to them) must be used where "abstract " means 

concepts which do not refer to sense objects,27 of which symbols are 

a special kind. These abstract concepts however are certainly not syn-



tactical (but rather those whose j ustification by syntactical consider

ations should be the main task of nominalism ) .  Hence it  follows that 

there exists no rational justification of our precritical beliefs concerning the 

applicability and consistency of classical mathematics (nor even it 's under

most level, number theory) on the basis of a syntactical interpretation. It is 

true that this statement does not apply to certain subsystems of clas

s ical  mathematics which may even contain some part of the theory 

of the abstract concepts referred to. In this sense nominalism can 

point to some partial successes. For it is actually possible to base the 

axioms of these systems on purely syntactical considerations [ [ (with 

out any reference using any "abstract" concepts ) . ] ] .  In this manner 

the use of the concepts of "all" and " there is"  referring to integers can 

be justified ( i . e .  proved consistent )  by means of syntactical consid

erations.  However for the most essential number theoretical axiom, 

complete induction, such a syntactical foundation, even within the 

limits in which it  is possible, gives no justification of our precritical 

belief in it, since this axiom itself has to be used in the syntactical con

siderations.28 

The fact that, the more modest you are in the axioms for which 

you want to set up a tautological interpretation, the less of mathe 

matics you need in order to do it has the consequence that if finally 

you become so modest as to confine yourself to some finite domain, 

e.g.  to the integers up to 1 000, then the mathematical propositions 

valid in this field can be so interpreted as to be tautologica l  even in 

the strictest sense, i . e .  reducible to explicit tautologies by means of 

the explicit definitions of the terms. No wonder because the section 

of mathematics necessary for the proof of the consistency of this fi

nite mathematics is contained a lready in the theory of the finite 

combinatorial processes which are necessary in order to reduce a for

mula to an explicit tautology by substitutions. This  explains the well 

known, but misleading, fact that formulas like 5 + 7 = 1 2  can, by 

means of certain definitions, be reduced to explicit tautologies. This 

fact, incidentally, is misleading also for this reason that in these re 

ductions ( i f  they are to be interpreted as simple substitutions of the 

definiens for the definiendum on the basis of explicit definitions ) the + 

is not identical with the ordinary + because it can be defined only for 

a finite number of arguments (by enumeration of this finite number 



of cases ) .  ( I f  on the other hand + is defined contextually then one 

has to use the concept of f inite manifold already in the proof of 2 + 

2 = 4 . )  A similar circularity [ [similar to that I have just  pointed out 

in the reduction of 5 + 7 = 1 2  to an explicit identity29] ] also occurs 

in the proof that p v - p is a tautology, because disj unction and nega 

tion in their intuitive meaning evidently occur in i t . ] ]  

[Godel 's note, after these omitted pages : ]  Begin 

[ [My considerations about Platonism so far have been chiefly apagoge 

i . e .  I have tried to disprove the opposite view in its various forms. In 

conclusion of this lecture I would like to describe positively in some 

more detail the view about the nature of mathematics to which in my 

opinion one is driven by modern developments in the foundations. I 

think this can be best done . . .  [ ? ]  the view I was criticizing. ] ]  

The essence o f  this view i s  that there exists n o  such thing as  a 

mathematical fact, that the truth of propositions by which we believe 

to express mathematical facts only means that (due to the rather 

complicated rules which define the meaning of proposit ions i . e .  

which determine under what circumstances a given proposition i s  

true )  an idle running of language occurs i n  these propositions in that 

the said rules make them true no matter what the facts . . .  [ ? ] . Such 

propositions can rightly be called void of content .  Now it is actually 

possible to build up a language in which mathematical propositions 

are void of content in this sense.  The trouble only is 1 .  that one has 

to use the very same mathematical fact
_
s (or  equally complicated 

mathematical facts )  in order to show that they don't exist, 2. that by 

this method if a division of the empirical  facts in 2 parts A, B is given, 

such that B implies nothing in A, a language can be constructed in 

which the propositions expressing B would be void of content.  And 

if your opponent were to say: You are arbitrary disregarding certain 

observable facts B, one may answer you are doing the same thing e .g .  

with the law of complete induction which I perceive to be true on 

the basis of my understanding ( i . e .  perception)  of the concept of in

teger. Moreover it is easily seen that for any division of the empirical 

facts in two classes A, B such that the facts of B imply nothing about 

those of A, using the facts of B one could constru ct a language in 



which the propositions expressing the facts of B would be "void of 

content" and true solely due to semantica l rules.  

However, it seems to me that nevertheless one ingredient of this 

wrong theory of mathematical truth is perfectly correct and rea lly 

discloses the true nature of mathematics.  Namely it is correct that a 

mathemat ical proposition says nothing about the physical or psy

chical existing in space and time, because it is true already owing to 

the meaning of the terms occurring in it, irrespectively of the world 

of rea l things . What is wrong however is, that the meaning of the 

terms ( i . e .  the concepts they denote ) is asserted to be something 

man-made and consisting merely in semantical conventions.  The 

truth I believe is that these concepts form an objective rea lity of their 

own, which we cannot create or change, but only perceive and de

scribe. 10 Therefore a mathematical proposition, al though it does not 

say anything about space -time reality, still may have a very sound 

objective content, in so far as  it says something about rela tions of 

concepts .  The existence of non "tautological"  relations between the 

concepts of mathematics, appears [ [not so much in the trivial fact 

that necessarily certa in primitive, i . e .  indefinable ideas, must be as

sumed both for mathematics and syntax, bu t ] ] above all in the c ir 

cumstance, that for the primitive terms of mathematica l axioms must 

be assumed, which are by no means tautologies, in the sense of 

being in any way reducible to a =  a, but st i l l  do follow from the mean

ing of the primitive terms under consideration. 

E .g .  the basic axiom or ra ther axiom-schema for the concept of 

set of integers says that, given a well defined property of integers ( i . e .  

a propositional expression q>(n )  with an  integer-variable n ) ,  there ex 

ists the  se t  M of those integers which have the  property q>) . Now con 

sidering the circumstance that q> may itself contain the term "set of 

integers" ,  we have here a series of ra ther involved axioms about the 

concept of set .  Nevertheless these axioms (as the afo rementioned re 

sults show) ca nnot be reduced to anything substantially simpler, let 

alone to explicit tautologies . It is true that these axioms are valid 

owing to the meaning of the term "set", one might even say they ex

press the very meaning of the term set, and therefore they might fit 

tingly be  called analytic; however the  term tautological .  i . e .  devoid 

of content, is for them entirely out of place, because even the asser-



tion of the existence of a concept of set satisfying these axioms (or  

of the consistency of these axioms ) is so far  from being empty that  it  

cannot be perceived [? ]  without again using the concept of set itself 

or some other abstract concepts of similar nature .  

Of  course this particular argument is  addressed only to mathe

maticians who admit the general  concept of set in mathematics prop

er. For finitists, however, literally the same argument could be a l 

leged for the concept of integer and the axiom of complete induc

tion.  For, if the general concept of set is not admitted in mathematics 

proper, then complete induction must be assumed as an axiom. [ [I 

don't think it can be objected to this viewpoint, concerning the an

alyticity of mathematics, that  an undecidable mathematical propo

sition, whose truth could be recognized at most with probability, 

cannot be analytic. For I am using the term] ] I wish to repeat that 

analytic [ [not in] ] here does not mean [ [the subjectivistic sense of] ] 

" true owing to our definitions",  but rather [ [ in the objectivistic sense 

of] ] " true owing to the nature of the concepts occurring"; in con

tradistinction to [ [synthetic, which would mean] ] "true owing to the 

properties and the behaviour of things . "  

This concept o f  analytic i s  s o  far from meaning "void o f  content" 

that it is a perfectly possible that an analytic proposition might be un

decidable ( or decidable only with probability ) .  For our knowledge of 

the world of concepts may be as limited and incomplete as that about 

the world of things . It is  certain and undeniable that this knowledge 

(in certain cases ) not only is incomplete, but even indistinct . This oc

curs in the paradoxes of set theory, which are frequently a lleged as 

a disproof of Platonism, but, I think, quite unjustly. Our visual per

ceptions sometimes contradict our tactile perceptions, e .g .  in the 

case of a rod immersed in water, but nobody in his right mind will 

conclude from this fact that the outer world does not exist . 

Of course I do not claim that the foregoing considerations amount 

to a real proof of this view about the nature of mathematics. The 

most I could assert would be to have disproved the nominalistic 

view, which considers mathematics to consist solely in syntactical 

conventions and their consequences. Moreover I have adduced some 

strong arguments against the more general view that mathematics 

is our own creation . There are however other a lternatives to 



Platonism, in particular Psychologism and Aristotelian realism. In 

order to establish Platonistic realism, these theories have to be dis

proved one after the other, and then it would have to be shown that 

they exhaust all possibilities. I am not in a position to do this [ [con

clusively] ] now; however, I would like to give some indications 

along these lines . 

One possible form of psychologism admits that mathematics in

vestigates relations of concepts and that concepts cannot be created 

at  our will, but are given to us as a reality, which we cannot change, 

however it contends that these concepts are only psychological 

[ [structures or] ] dispositions [ [ in our minds] ] ,  i .e. that they are noth

ing, but so to speak the wheels of our our thinking machine. To be 

more exact a concept would consists in the disposition 1 .  to have a 

certain mental experience, when we think of it and 2 .  to pass cer

tain judgements ( or have certain experiences of direct knowledge ) 

about its relations to other concepts and to empirical objects .  The 

essence of this psychologistic view is that the object of mathematics 

is nothing but the psychological laws by which thoughts, convic

tions, etc. occur in us, in the same sense as  the object of another part 

of psychology is the laws by which emotions occur in us .  The chief 

objection to this view I can see at  the present moment is that if it 

were correct, we would have no mathematical knowledge whatso

ever. We would not know e.g. that 2 + 2 = 4, but only that our mind 

is so constituted as to hold this to be true and there would then be 

no reason whatsoever why, by some other train of thought, we 

should not arrive at the opposite conclusion with the same degree of 

certainty. Hence, whoever assumes that there is some domain, how

ever small, of mathematical propositions which we know to be true, 

cannot accept this view. 

[ [Another form of psychologism says that, not the mathematical 

concepts, but the objects to which they refer, are something purely 

subjective or mental e .g .  operations of the mind, such as going over 

to the next integer in counting. If under this view it is maintained that 

the propositions about these mental entities are analytic ( in whatev 

er sense of this term ) ,  then he [ [he also is a Platonist 3 1 ] ]  must affirm 

that our knowledge of analytic prop. is confined to propositions re 

ferring to mental phenomena which [ [ if one once accepts Platonism] ]  



seems quite unnatural  and unacceptable to me. If, on the other hand, 

it is maintained that the propositions about these mental entities are 

synthetic, it is hard to see how any universal mathematical proposi 

tion can be known, except by inductive generalization . 32 

As to the view corresponding to Aristotelian realism [ [ (which as 

serts the concepts to be parts or "aspects" of space- time things ) i t  

seems to me it  wi l l  hardly be able to give a satisfactory account of 

concepts of higher level than the first (and all mathematical concepts 

are such ) J I  it will hardly be maintained that the objects of mathe

matics are single objects in nature ( such as heaps of pebbles ) .  If how

ever the objects in nature with which mathematics deals are as

sumed to be qualities (and relations ) then one is faced with all diffi 

culties connected with the Aristotel ian view that qualit ies and 

relations are (abstract)  parts of the things . In particular the transi

tivity of the relation of part seems to imply that qualit ies of qualities 

are qualities of the things. Moreover it is very hard to think of all  pos

sible worlds as  parts of the real world .  I have not yet clarified every 

aspect of these questions to my own satisfaction. All these of course 

are rather loose considerations . J I  

I a m  under the impression that after sufficient clarification o f  the 

concepts in question it  will be possible to conduct these discussions 

with mathematical rigour and that the result then will be that ( under 

certa in assumptions which can hardly be denied - in particular the 

assumption that there exists at al l  some thing like mathematical 

knowledge)  the Platonistic view is the only one tenable . Thereby I 

mean the view that mathematics describes a non-sensual reality, 

which exists independently both of the acts and the dispositions of 

the human mind and is only perceived, and probably perceived very 

incompletely, by the human mind. This view is rather unpopular 

among mathematicians, there exist however some great mathe

maticians who have adhered to i t .  E .g .  Hermite once wrote the fol 

lowing sentence: 

I I ex i ste, s i  je ne me trompe, tout un monde qui est I ' ensemble  des ver

ites mathematiques, dans leque l  nous n 'avons acces que par l ' i ntel l i 

gence, comme ex i ste le monde des rea l i tes physiq ues; l ' u n  et l ' autre i n 

dependant de nous, tous deux  de creat ion d iv i ne . 1 1  





Godel ' s footnotes 

This concept for the applications to be considered in this lecture 

is equivalent to the concept of a "computable function of inte

gers" ( i .e .  one whose definition makes it  possible actually to com

pute f(n )  for each integer n to be considered ) .  The procedures do 

not operate on integers but on formulas, but because of these . . .  

[ ? ]  o f  the formulas i n  question they can always b e  reduced t o  pro

cedures operating on integers. 

2 In the axiomatisations of non-mathematical disciplines such as 

physical geometry what I cal l  mathematics proper is presupposed; 

and the axiomatisation refers to the content of the discipline 

under consideration only in so far as it  goes beyond mathemat

ics  proper . . . .  [ ? ]  

3 This circumstance in the usual presentation of the axioms is not 

directly apparent but shows itself  on closer examination of the 

meaning of the axioms. 

4 The operation "set of" is substantially the same as  the operation 

"Power set" where the power set of M is by definition the set of 

al l  subsets of M. 

5 In order to carry out the iteration one may put A = B and assume 

that a special well ordering has been assigned to any set. 

6 This theorem in order to hold also if the intuitionistic or finitistic 

standpoint is assumed requires as  a hypothesis the consistency of 

the axioms of set theory which of  course is self-evident (and 

therefore can be dropped as  a hypothesis )  i f  set theory is consid 

ered to be mathematics proper. However for finitistic mathemat

ics a similar theorem without any questionable hypothesis of 

consistency holds. 



7 This last hypothesis can be replaced by consistency (as  shown by 

Rosser in [ "Extensions of some theorems of Godel and Church ",  

Jrn. Symb. Logic I, pp.  87-9 1 ) )  but the undecidable propositions 

then have a slightly more complicated structure . Moreover the 

hypothesis must be added that the axioms imply the primitive 

propositions . . .  [?] addition and multiplication and <. 

8 It is one of the propositions which are undecidable provided that 

no false number theoretica l [propositions] are derivable ( cnf .  the 

precedent theorem ) .  

9 Namely Peano's axioms plus the rule of definition by ordinary in

duction with a . . .  [ ? ]  satisfying the strictest finitistic requirements . 

1 0  If he only says "I believe I shall be able to perceive one after the 

other to be true"  (where their number is supposed to be infinite ) 

he does not contradict himself ( see below) . 

1 1  For this (or  the consequence concerning the consistency of the 

axioms) would constitute a mathematical insight not derivable 

from the axiom [and?] rule under consideration contrary to the 

assumption . 

1 2  E .g .  it is conceivable ( although far outside the l imits of present 

day science ) that brain physiology would advance so far that i t  

would be known with empirical certainty 1 .  that the brain suf

fices for the explanation of al l  mental phenomena and is a ma

chine in the sense of Turing; 2.  that such and such is the precise 

mathematical structure and physiological functioning of the part 

of the brain which performs mathematical thinking. Furthermore 

in case the finitistic (or intuitionistic) standpoint is  taken such an 

inductive inference might be based on a ( more or less empirica l )  

belief that non  finitistic (or  non  intuitionistic) mathematics i s  

consistent . 

1 3  Of  course the physical working of the thinking mechanism could 

very well  be completely understandable . The insight that this 



particular mechanism must always lead to correct (or  only con

sistent ) results would surpass the powers of human reason. 

14 For Int;iitionists and Finit ists the theorem holds as  an implication 

( instead of a disj unction ) .  It i s  to be noticed that Intuitionists 

have a lways asserted the first term of the disjunction and negat 

ed the  second term in the  sense that  no dem.  [ onstrably?] unde

cidable proposition can exist ( cnf. above p .  [ ? ] ) . As for finitism i t  

seems very likely that the first disj unctive term is  false . 

1 5  K.  Menger's " . . .  [ ? ] " ( cnf. Blatter f d. Phil. 4 ( 1 9 30 )  p .  32 3 )  if taken 

in the strictest sense would lead to such an attitude since accord

ing to it the only meaningful mathematical proposition ( i . e .  in 

any term the only ones belonging to mathematics proper) would 

be those that assert that such and such a conclusion can be drawn 

from such and such axioms and rules of inference in such and 

such manner. This however is a proposition of exactly the same 

logical character as  2 + 2 = 4.  Some of the undesirable conse 

quences of this standpoint are t h e  following: A negative proposi 

tion to the effect that the conclusion B cannot be drawn from the 

axioms and rule A would not belong to mathematics proper. 

Hence nothing could be known about it except perhaps that i t  fol 

lows from certain other axioms and rules.  However a proof that 

i t  does so follow ( since these other axioms and rules again are ar

bitrary ) would in no way exclude the possibility that ( in spite of 

the formal proof to the contrary ) a derivation of B from A might 

some day be accomplished.  For the same reason also the usual in -

ductive proof for a + b = b + a would not exclude the possibility 

of discovering two integers not satisfying this equation. 

1 6  There exists no term of sufficient genera lity to express exactly the 

conclusion drawn here which only says that the objects and the 

orems of mathematics are as objective and independent of our 

free choice and our creative acts a s  is the physical world .  It de

termines however in no way what these obj ective entities are, 

whether they are located in nature or in the human mind or in 

neither of the two. These three views about the nature of math-



ematics correspond exactly to the three views about the nature 

of concepts which . . .  [ ? ]  by the names of psychologism, Aristo

telian conceptualism, and Platonism. 

1 7  I . e .  the view that mathematical obj ects and the way in which we 

know them are not essentially different from physical or psychi

cal  obj ects and laws of nature .  The true on the contrary is  that  if  

the objectivity of mathematics is  assumed it  follows at  once that 

its obj ects must be total ly different from sensual obj ects because 

they can be known ( in  principle ) without using senses ( i . e .  by 

means of reason alone, for . . .  [? ]  they don't concern actualities 

about which the senses ( the . . .  [?) sense included ) inform us, but 

possibilit ies and impossibilities ) .  The mathematical obj ects are 

genera l . . . [ ? ) . Mathematics . . .  [ ? ]  assert nothing about the actual 

i t ies  of the space- time world .  In physics e .g .  nothing is known ex

cept by probability but nobody thinks of denying for  this  reason 

the status of an exact science to physics . That our attitude toward 

mathematics is  different to my mind is  [? ]  

18  [ [The other possibility namely to ascribe " reason" already to the 

behaviour of the elementary parts ( i . e .  the neurons or al l  . . .  [ ? ) ) 

seems utterly unlikely (both in itself and in view of the success of 

physics in explaining the behaviour of non structured wholes in 

terms of "computable" laws ) . ] )  

1 9  Such a verification o f  a n  equality ( not a n  inequality) between two 

number theoretical functions of not too complicated or artificial 

structure would certainly give a great probability to their com

plete equality although its numerical value could not be estimat

ed in the present state of science. However it  is easy to give ex

amples of general propositions about integers where the proba

bil i ty can be estimated even now. E .g .  the probabil ity of the 

proposition which states that for each n there is  a t  least one digit 

:#- O between the n1h and n21h digit of the decimal expression of 7t 

converges toward 1 as one goes on verifying it for greater and 

greater n . . A s imilar s i tuation is also [? ]  for Goldbach and Fermat 

theorems. 



20  To be more precise it suggests that the situation in mathematics 

is not so very different from that in the natural sciences .  As to 

whether in the last analysis apriorism or empiricism is correct, is 

a different question. 

2 1  I .e.  every problem would have to be reducible to some finite 

computation . 

22  It is of no avail to say that these restrictions are brought about by 

the requirement of consistency which itself is our free choice, be

cause one might choose to bring about consistency and certain 

theorems. Nor does it  help to say that the theorems only repeat 

( wholly or in part ) the properties first invented because then the 

exact realization of what was first assumed would have to be suf

ficient for deciding any question of the theory which is disproved 

by the first and the third argument. As to the question of whether 

undecidable propositions can be decided arbitrarily by a new act 

of creation cnf. footn.  [? ] . 

2 3  [ [I .e .  these conventions must not refer to any extralinguistic ob

jects (as does a demonstrat .  [ ive?] definition ) ,  but must state rules 

about the meaning or . . .  [?] of symbolic expressions solely on the 

basis of their outward structure. Moreover of course these rules 

must be such that they do not imply the truth or falsehood of any 

factual proposition ( since in that case they could certainly not be 

called void of content nor syntactical ) .  It is to be noted that if the 

term #syntactical rule" is understood in this generality the view 

under consideration includes as a special elaboration of it the for

malistic foundation of mathematics. S ince according to the latter 

mathematics is based solely on certain syntactical rules of the form: 

propositions of such and such structure are true ( the axioms) and: 

if  propositions of . . .  structure are true, then such and such other 

propositions are also true.  And moreover the consistency proof. as 

can easily be seen, gives the consequence that these rules are void 

of content in so far as they imply no factual propositions. On the 

other hand also vice versa it will turn out below that the feasibili

ty of the nominalistic program implies the feasibility of the for-



malistic program.  It may be doubted whether this (nominalistic) 

view should at al l  be subsumed under the view considering math

ematics to be a free creation of the mind, because it denies alto

gether the existence of mathematical objects . However the relat

edness between the two is extremely close since also under the 

other view the so called existence of mathematical obj ects consists 

solely in their being constructed in thought and nominalists would 

not deny that we actually imagine (non existent) objects behind 

the mathematical symbols and that these subjective ideas might 

even furnish the guiding principle in the choice of the syntactical  

rules. For very lucid expositions of the philosophical aspect of this 

nominalistic view cnf. H.  Hahn, Act. Sci. et ind. 226 ( 1 9 3  5) or R. 

Carnap, Act. Sci. 29 1 ( 1 9 3 5  ) ,  Erk. 5 ( 1 9 3 5 )  p .  30 .  

24 [ (As to the requirement of consistency cnf .  footnote [? ]  

[ [Otherwise of course the solution would be trivial .  The require

ment of consistency also follows directly from the concept of syn

tactical rule (as explained in footnote ( ? ) ) since an inconsistent 

system of syntactical ru les would imply the truth of every factu

al  proposition, while lack of content means that  no factual propo

sition should follow and hence conflict with the criteria of  truth 

following from dem. ( onstrat ive? ] definitions. 

25 [ [Cnf .  Ramsey F .  P. Proc. Land. Math . Soc. I I  ser 25 ( 1 926 )  p .  368 

p .  382,  Carnap R .  Log. Synt. of Lang. 1 9 37  p 39  and 1 1 0 and 1 82 .  

I t  i s  worth mentioning that Ramsey even succeeds i n  reducing 

them to explicit tautologies a =  a by means of explicit  definitions 

but a t  the expense of admitting propositions of infinite (and even 

transfini te )  length which of course entails the necessity of pre

supposing transfinite set theory in order to be able deal with these 

infinite entit ies .  Carnap confines himself to propositions of finite 

length but instead has to consider infinite sets, sets of sets, etc. of 

these finite propositions. 

26  [ [Let us  assume e .g .  someone had a sixth sense which would give 

him only a few perceptions and these in no causal connection 

with the perception of the other senses . Then he could incorpo-



rate these perceptions in a few syntactical rules which he could 

prove tautological ( i .e .  of no consequence for  the other percep

tions ) using in this proof the perceived prop. [erties?]  of the per

ceptions of his sixth sense.  This simile in my opinion expresses 

very well both the relationship of reason to the senses and the 

truth value of the theories which undertake to prove reason to 

be tautological .  

27 [ [Examples for such abstract concepts are e . g .  "set" ,  "function of 

integers " or "demonstrable"  ( the latter in the non formalist ic 

sense of " knowable to be true" )  or "derivable" etc. or finally " there 

is" referring to . . .  [?] possible combinations of symbols .  The neces 

sity of such concepts for the consistency proof of classical mathe

matics results from the fact that symbols can be mapped on the 

integers and therefore finitistic (and a fortiori classica l )  number 

theory contains al l  proofs based solely upon them. The evidence 

for this fact so far is not absolutely conclusive because the evident 

axioms referring to the non-abstract concepts under consideration 

have not been investigated thoroughly enough. However the fact 

itself is acknowledged even by leading formalists .  

28 [ [The obj ection raised here against a syntactical foundation of 

number theory is substantially the same which Poincare leveled 

against both Frege's and Hilbert 's foundation of number theory. 

However this objection is not justified against Frege because the 

logical concepts and axioms he has to presuppose do not explicit

ly contain the concept of " finite manifold" with its axioms while 

the grammatical concepts and considerations [?] necessary to set 

up the syntactical rules and establish their tautological character do. 

29  [ [This circularity does not imply that (as Poincare was . . .  ( ? ] ) 

Frege 's derivation of such equations from the logical  or set theo

retical axioms contains a vicious circle ( cnf .  footnote [ ? ] ) .  [ [be

cause for  Frege, in contradistinction to nominalists,  an inference 

is  not a combinatorial operation on certain finite combinations of 

symbols ( which involves the concept of a finite manifold )  but an 

insight about the logical concepts occurring in i t . ] ) ] )  



30 This holds good also for those parts of mathematics which can be 

reduced to syntactical rules (cnf. above ) .  For these rules are based 

on the idea of a finite manifold ( namely of a finite sequence of 

symbols ) and this idea and its properties entirely independent of 

our free choice . In fact its theory is equivalent to the theory of in

tegers . The possibility of so constructing a language that this the

ory is incorporated into it in the form of syntactical rules proves 

nothing, cnf. Footn . [? ] . 

3 1  [ [As remarked in footn [ ? ] ,  the mere assumption that concepts 

are something objective ( i . e .  extramenta l )  does not yet mean 

Platonistic realism but rather a disj unction of this view and 

Aristotelian conceptualism [ [that concepts are elements ( or "ab

stract parts" )  of the space time world which come to our knowl

edge by applying the analysing (or abstracting ) faculty of our 

mind to the material furnished by the senses] ] .  However, under 

this theory no other a priori propositions about concepts seem to 

be possible except those that state relations of part and whole be

tween these constituents i . e .  such as  can be reduced to explicit 

tautologies. Hence in consequence of the non-tautological nature 

of the mathematical axioms ( see above ) Aristotelian conceptual

ism [ [seems to imply the synthetic nature of mathematics cannot 

be maintained] ] is  inapplicable to mathematics. 

32  [ [Kant has maintained the possibility of it owing to his "pure" in

tuition whose function is to present to us a totality of single ob

jects ( i .e .  points, lines, etc. ) in such manner that, in contradis

t inction to sense perception one can directly read the general 

propositions off this perception without any extrapolation or in

duction . . . .  [ ? ] . ] ]  

3 3  Cnf.  G .  Darboux, Eloges academ. et discours, 1 9 1 2, p .  1 42 .  The pas

sage quoted continues as follows : "qui ne semblent distincts qu'a 

cause de la faiblesse de notre esprit qui ne sont pour une pensee 

plus puissante qu'une seule et meme chose et  dont la synthese se 

revele partiellement dans cette merveil leuse correspondance 

entre la mathematique abstraite d 'une part, l' Astronomie et  



toutes les branches de la physique de l 'autre . "  So  here Hermite 

seems to turn toward Aristotelian realism. However he does so 

only figuratively since Platonism remains the only conception 

understandable for the human mind. 





Append i x  

Loose fragments and footnotes 

What follows is a series of interpolations and footnotes which Godel 

ultimately deleted from the original manuscript - including deleted 

( crossed out) fragments as  usual - and whose position within the text 

cannot, a t  this  stage, be determined with certainty.  They are 

nonetheless interesting because of their content, and often can be 

understood independently, or, a t  any rate, can be related of to other 

ideas in the text .  

I nterpolations 

1 5  [ [There is  a milder ( not quite so absurd ) form of empiricism (ad

vocated by Aristotle )  according to which the concepts ( i . e .  prop

erties ) are parts of the things ( not so very different from their spa 

t ial  . . .  [ ? ] ) which come to our knowledge by the senses . . .  [ ? ] . 

Mathematical or logical propositions however are not empirical 

ly t rue but only  state th i s  relation of part and whole . ] ]  

1 7  One might however say that i n  order t o  carry through the nom

inalist ic view a mathematical proof for this fact is not necessary but 

empirical evidence ( obtained by trying out the consequences of 

the syntactical rules) i s  sufficient .  [ [ In this restricted sense the 

nominalistic standpoint actually can be upheld (by taking as  one 

of the semantical rules that everything derivable from the - arbi

trarily chosen - mathematical axioms is  to be true ) . ) ]  But  to this  

suggestion it  must be obj ected that [ [with this sense not only 

mathematics but every science ( also physics ) can be made tauto

logical ] ] the very fact in quest ion (or better the proposition ex

pressing i t )  namely that  the semantical rules imply no empirical 

propositions on the one hand is  not empirical according to the 

nominalistic own interpretation of mathematical propositions ( it 



says nothing about the space time world . . .  ( ? ]  ) ,  on the other 

hand is not tautological because in that case i t  would have to be 

demonstrable by analysis of the content of the syntactical  rules 

(while by the axioms under which we . . .  [?] indemonstrable ) .  So 

the semantical standpoint ( in this formulation ) precisely presup

poses one of the mathematical facts whose non-existence it wants 

to prove [ ? ] . 

2 1  [ [The reason why ( in  my opinion ) the exclusion of empiricism, 

together with the obj ectivity of mathematics leads to something 

like Platonism is  that we have the two categories " thing", "con

cept",  both taken in the widest sense ( i . e .  actuality and possibi l i 

ty )  . . .  [ ? ] ] ]  

2 4  To be more exact i t  i s  asserted that the meaning o f  mathematical 

symbols is completely contained in the man-made rules govern 

ing their use and that mathematical theorems are those proposi 

tions which are true owing to the linguistic conventions con

cerning the use of the symbols occurring in them. 

26  Secondly nominalists might say that under the assumption that 

mathematical obj ects and facts are free creations the existence of 

an undecidable proposition is something to be expected.  It only 

means that by our creative acts we have not determined the ob

jects in every respect and therefore have to supplement these acts 

by new ones determining e .g .  whether p or not-p is  true (in case 

p is undecidable ) .  This argument stated generally sounds very 

convincing. However applied to certain . . .  (?] situation it  turns 

out to be . . .  [ ? ] . Namely since in particular the question of the 

consistency of the mathematical system created is one of the un

decidable propositions of the  system the  argument here says that 

one may decide on the consistency of an arbitrary system by a 

new arbitrary assumption. 

28 In direct contradiction to the nominalistic standpoint that wants 

to confine himself in its presuppositions to a definite (and very 

small ) subsystem of mathematics namely the one dealing ( in a 



finitistic manner) with finite combinations of discrete obj ects ( the 

symbols ) .  Now this  basis  is demonstrably insufficient even for the 

consistency proof of number theory (because it is contained in 

mathematics ) .  [Footnote : ]  The decisive point in this connection is 

that for this proposition (and a fortiori for all more far [?] reaching 

consistency proof)  axioms about certain abstract concepts must be 

used ( i . e .  concepts that do not directly refer to sense objects such 

as symbols ) .  Now it is the essence of nominalism that they do not 

accept such abstract concepts in themselves but only in so far as 

they can be interpreted in terms of symbols and sense-objects .  But 

such an interpretation proves impossible excJpt for a very small 

part of mathematics provided it is required of an interpretation 

that it should give a rational foundation for our precritical belief 

(which is the very purpose of any such interpretation . )  

Footnotes 

1 1  This argument is not valid for finitists because this standpoint re 

jects explicitly any general concept of set or function of integers 

even in the restricted intu itionistic sense of constructible or com

putable function. However in finitistic mathematics a similar s i t 

uation preva ils in so fa r as  in order to prove certa in propositions 

about certa in functions ( such as + and . )  other ( recursively de

fined ) functions ( such as  exponentiation ) must be introduced 

and in finitistic mathematics the definitions by induction cannot 

be considered to be mere abbreviations but each of them consti

tutes an . . .  [ ? ] . 

1 2  For in order to have a tautological  interpretation of mathematics 

it must be required that it should follow from the semantical  

rules not only that the mathematical axioms are true but also that 

their negations are not true,  or at  least  some s imilar . . .  [ ? ]  must 

be made.  [ [Because if the semantical rules concerning logica l and 

mathematical concepts are to be nothing else but mere devices of 

associating new kinds of expressions in a more complicated but 

more useful way to rea lity than is done by stating the single em-



pirical  facts by atomic propositions ( such as " this is red " )  then 

these rules must certainly not allow one to deduce new atomic 

propositions as  would be the case if  they implied a contradic

tion . ) ) Because the axioms in question would certainly not be 

tautological ( i . e .  devoid of content ) i f  they implied any empirical 

propositions as  would be the case i f  they implied a contradiction, 

because then every empirical proposition whatsoever would fol 

low. [ [Also it is clear that if  mathematics consists merely in l in

guist ic conventions it must cannot imply any empirica l proposi

tion . ] ) Hence in order to prove the tautological character of the 

mathematical axioms it is not sufficient to show that in a suitably 

constructed language they follow from the syntactical rules, but 

moreover these rules must be proved to be such that they imply 

no empirical proposition such as  "this is red" .  

1 4  Even in this case subjective mathematics also would b e  incom

pletable in the following sense:  If some of the mathematical un

decidable propositions were decided by probability arguments 

( see below) and adj oined as  new axioms, other propositions of 

the same type would remain unsoluble so that the process of ad

joining new axioms in this manner could never come to an end. 

2 1  [ [To assume that the concepts are more than j ust dispositions in 

our minds is  not yet Platonism because the concepts might be con

sidered to be something in the things or parts of the things (not 

much different from their spatial parts) which come to our knowl

edge by the senses ( the outer or the inner sense ) .  This  

(Aristotelian )  theory however (not to mention the difficulties en

countered in connection with relations ) ,  seems to entail the hard 

ly tenable consequence (which is in evident contradiction with 

inner observation namely) that each concept (the primitives in

cluded) should have as many parts as there are different assertions 

about it  and moreover also parts involving this concept itself. ] ]  

2 2  This may be identified with Kant's view except that according to 

Kant the mental entities concerned are not operations but per

manent structures in the mind. namely space and time, the indi-



vidual elements or other constituents of which ( not the concepts 

referring to them) are perceived by "pure intuition" .  Moreover 

according to the Kritik of pure reason the mathematical  concepts 

too are subjective, since they are obtained by applying the pure

ly subj ective categories of thinking to the obj ects of intuit ion. Not 

so according to Kant's earlier writing " De mundi [sensibi/is atque in

telligibilis forma et principiis, 1 770] " where only the world of the 

senses ( including its forms, space and time ) is considered to be 

subjective phenomenon which abstract thinking conveys knowl

edge of the things in themselves. The writing quoted is  interest

ing also for this reason that i t  avoids the faulty analogy: "arith 

metics : t ime = geometry : space",  but instead holds that the in

tuition of t ime gives r i se  to the science of kinematics, while the 

concept of number is considered to belong to the sphere of ab

stract thinking and to require pure intuition ( of either t ime or 

space ) only for its "actuatio in concreto " ( cnf. § 1 2  of the writing 

quoted ) .  

2 3  The wording of Kant's definition o f  "analytic" given i n  Proleg. , §2a 

agrees better with this conception of analytic than the conception 

of tautological ,  since Kant defines a proposition to be analytic " i f  

in the predicate i t  says nothing except that which in the concept 

of the subj ect had actually been thought although not so clear and 

consciously" .  In order to approximate the modern conception of 

tautology he would have had to require that the predicate should 

be contained in the definition of the subj ect. Evidently we think 

something under the indefinable concepts.  Hence there should 

exist non-void analytic propositions also about them. But there 

can exist no tautologies about them ( except explicit ones such as  

a =  a) ,  since they have no definit ion. The Kantian definition quot

ed fits literally to the two examples given in the text  if  the total 

ity of sets of integers (or  the  totality of integers ) is made the  sub

j ect of the sentences expressing the axioms. All this however ap

pl ies  only to the wording of Kant's  definition quoted while from 

other passages of his writings ( cnf.  in part. Logik, § 3 6, 3 7 )  i t  clear

ly appears that the concept of "analytica l"  he rea lly had in mind 

agrees in essence with the modern concept of "tautologica l " .  



26 [ [One might ask:  isn't  it sufficient that the tautological character 

of mathematics follows from the truth of mathematics? For this 

seems [?] to mean that mathematics must either be rejected (or? ]  

considered to be  tautologica l .  But  to this objection two things are 

to be replied.  1 .  For those parts of mathematics which need ab

stracts concepts for their consistency proof ( see footnote [ ? ] ) the 

condition stated on p .  (? ]  (which is necessary in order that the se

mantical system [? ]  be tenable ) is not satisfied at  a l l ,  since the 

truth of mathematical axioms does not follow the semantical rules 

alone, but only from these rules plus certain properties of abstract 

concepts which have nothing to do with semantics (on the con

trary, if the  semantical view were correct i t  is precisely these con

cepts which in the  first place would have to be reduced to se 

mantics. But if one  tries to  do th i s  then the  semantical substitutes 

always fall  short of the abstract concepts they are to represent and 

necessarily so according to what has been explained ) .  

2 .  As for subsystems of number theory (cnf. footnote [ ? ) ) i t  i s  to 

be noted that it is not the tautological character which can be 

proved but only the ex istence of a tautological interpretation 

which does not preclude the existence of other interpretations .  

Hence another necessary requirement for the semantical view in 

this case would be that the tautological interpretation at least  is 

sufficient for al l  purposes. But  this precisely is not the case since 

for the very setting up of the tautological interpretation the intu 

itive interpretation ( referred to the symbols )  is presupposed and 

the tautological interpretation is by no means only a precization 

(?] of the intuitive one, because although the two agree with each 

other extensionally, i . e .  make the same propositions true stil l  in 

the latter we doubtless imagine mathematics to be something as 

obj ective as  physics . ] ]  

One might ask:  isn't  it sufficient a t  least [ ? ]  a refutation of real 

i sm that the  tautological character o f  mathematics can be  con

cluded from mathemat ics itself? For  th i s  inference although not 

binding for nominal ists who have to leave the validity of mathe

matics in abeyance until  they succeed to derive it on the basis of 

their philosophical presuppositions will have to be acknowledged 

at  least by Realists and hence implicate them into self contradic-



t ion. This conclusion would be correct if " tautology" in this con

nection really meant "void of content " .  However what (by defi 

nition ) it means is [ [ two things. 1 .  That mathematics in a suitable 

language follows from the syntactical rules of this language and 

2. that these rules have no consequences in the rea lm of space 

time reality. But the second circumstance means voidness of con

tent only if (by use of a petitio principii) fact is identified with em

pirical fact . But  the first ( i f " syntactical ru le"  is understood in the 

generality explained in footnote [? ] ) can easily be accomplished 

for any theory (or system of propositions )  which is known (or as

sumed ) to be true at the time the language is defined ( except that 

if  there are too many independent assertions in this theory their 

incorporation as syntactica l rules would make the language in

tolerably complicated ) ] ]  that there exists a language in which math

ematics is void of content in so far as follows from the rules of syn 

ta x .  

This however amounts to very little since the division of the true 

propositions into those that are expressed by syntactical  rules 

and those that are arrived at by means of dem. [onstrative?]  de

finit ions is  quite  arbitrary except that the former 1 .  must be 

known (at least through the principles from which they follow) 

at the time the language is constructed, and 2. must be sufficiently 

disconnected from the latter to avoid conflict between the two 

classes of rules.  Hence if e .g .  all astronomica l  truth were to follow 

from a few axioms, and there were moreover no correlation be

tween directions on the sky and on the earth, then the axioms of 

astronomy could be incorporated as  syntactica l  rules and demon

str. [ative?] definitions be restricted to earthly obj ects . This would 

make astronomy tautologica l .  Nevertheless it would imply no 

loss in astronomical knowledge but only a change in the inter

pretation of astronomy. This procedure would succeed even bet

ter for astronomy than for mathematics because astronomy itself  

would not be necessary in order to j ustify the syntactical rules by 

their consistency. It is true that in the case of mathematics this 

representation by syntactical rules ( if it is done a long the lines of 

Ramsey, cnf. [ ? ] ) is particularly easy and so to speak "natura l " .  

Therefore it is j ustified to conclude that there is a close relation-



ship between mathematics and language. Moreover in the light 

of the facts presented in this lecture, one should conclude not that 

mathematics is an outgrow of language, but rather that language 

is possible only by mathematics. 

27  [ [ It is possible to maintain the objectivity ( i . e .  extramentality [ ? ] ) 

of concepts and stil l  reject Platonism namely if something like the 

theory explained in the second half of footnote is assumed (ex -

cept that now the inner sense ( i . e .  the faculty of inner self-per

ception)  takes the place of the outer senses ) . ) ] 

3 5  To be more exact the true situation as opposed to the view crit i

cized is the following . 1 .  The meanings of the mathematical terms 

are not reducible to the linguistic rules about their use except for 

a very restricted domain of mathematics. 2. Even where such a 

reduction is possible the linguistic rules cannot be considered to 

be something man-made and propositions about them to be lack

ing objective content because these rules are based on the idea of 

a finite manifold ( in the form of finite sequences of symbols ) and 

this idea ( with all  its properties)  is entirely independent of any 

convention and free choice (hence is something objective ) .  In fact 

its theory is equivalent to arithmetic. 

37 The chief difference between finitism ( in the Hilbertian sense ) 

and intuitionism [ [ is 1 .  Finitism restricts the application of the 

propositional connectives ( - .  ::::), etc. ) to decidable propositions 

( except of course in so far as  their meaning could be defined in 

terms of other ideas admitted ) .  2. Finitism introduces] ) is that the 

latter 1 .  does not admit any "abstract" concepts ( such as  " not",  

"implies",  "there is" ,  " function [? ]  of integers" ,  or axioms refer

ring to them ) as  primitive terms (or axioms ) of mathematics prop

er.  [ [ 2 .  admits as objects of mathematics proper only objects of fi 

nite (and intuitively penetrable )  complexity such as integers or 

finite sequences of symbols and concepts definable for them with 

out the use of transfinite quantification ( i . e .  by induction alone) 

but remains within the domain of the " . . .  [ ? ] " .  Cnf.  footn. [ ? ] . ) ]  



45  If e .g .  some new mathematical axiom had a great number of eas

ily arrived at consequences verifiable separately without making 

use of this axiom there would be exactly as much reason to be

lieve i t  to be true as  for a well established law of physics.  

Nevertheless it might for other reasons be very unlikely that this 

axiom could ever be proved (or  proved consistent )  by construc

t ive methods. 

48 If however nominalists renouncing a proof wanted to be content 

with empirical evidence for this fact they would acknowledge 

thereby that their whole theory precisely is based on one of the 

objectively subsisting mathematical facts whose non existence it 

wants to prove . 
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3 
Is mathematics syntax of language?, I I  

1 .  
Around 1 9 30 R .  Carnap, H.  Hahn and M. Schlick, 1 largely under 

the influence of L.  Wittgenstein, developed a conception of the na 

ture of mathematics2 which can be characterized as  being a combi

nation of nominalism and conventionalism and which had been fore 

shadowed in Schlick's doctrine about implicit definitions . 3 Its main 

obj ective, according to Hahn and Schlick, 4 was to conciliate strict em

piricism5 with the a priori certainty of mathematics . According to this 

conception (which, in the sequel, I shall call the syntactical view

point ) mathematics can completely be reduced to (or replaced by) 

syntax of language .6  I .e .  the validity of mathematical propositions 

consists solely in their being consequences 7 of certain syntactical con

ventions about the use of symbols, 8 not in their describing states of 

affairs in some realm of things.  Or, as  Carnap puts it :  Mathematics is a 

system of auxiliary propositions without content or object. 9  

2 .  

The syntactical conventions concerned in this program a re those 

by which the use of some symbol "a"  (or symbols "a", "b", etc . )  is  de

fined by stating rules about the truth ( i . e .  the assertibil ity) of sen

tences containing "a" (or  "a" ,  "b" ,  etc. ) ,  where these rules refer only 

to the outward structure of expressions, not to their meaning, nor to 

anything else outside the expressions.  

3 .  

Such rules e.g.  are :  I .  For the symbol "2" :  I f  the sentence B contains 

"2" in some place where A contains " 1 + I ", and otherwise agrees with 

A, then B is true if and only if A is true. 2. For the symbol "=" :  Every sen

tence of the form A = A is true.  3. For the symbol 3 ( roughly seaking) :  If 

a sentence of the form <p(a) is true then the sentence (3x)<p(x) is true. 



4.  

In his  Log. Synt. of Lang. (p .  I O I  [? ]-1 29 )  Carnap has  carried this pro

gram out. Another method of carrying it through can be derived from 

a paper by F. P. Ramsey. IO Finally much of the work of the Hilbert School 

about the formalization and consistency of mathematics can be inter

preted to be a partial elaboration of this view, 1 1  although the authors of 

these papers, for the most part, favor different philosophical opinions. 

5 .  

All these developments n o  doubt are interesting from a technical 

point of view, moreover they have contributed much to the cla rifi 

cation of some fundamental concepts. However, they prove that :  I .  
Mathematics can be replaced by syntax of language. 2 .  Mathematical propo

sitions have no content, only if the terms usyntax" ,  ucontent " ,  etc. a re 

taken in a very generalized (or  a too restricted ) sense, whereby these 

results become unfit to serve the afore-mentioned purpose of the 

syntactical program or the support of the philosophical views in ques

tion ( such as nominalism or empiricism ) .  On the other hand, if these 

terms are taken in their original sense (which also is the one required 

by the obj ect ive of the syntactical program and the philosophical 

questions involved ) ,  then assertion No. I ( except for a limited sec

tion of mathematics ) is disprovable. As to assertion No. 2 the exam

ination of the syntactical viewpoint; perhaps more than anything 

else, leads to the conclusion that there do exist mathemat ical objects 

and facts which are exactly as  obj ective ( i . e .  independent of our con

ventions or constructions )  as physical  or psychological objects and 

facts, although, of course, they are objects and facts of an entirely dif

ferent nature. And this is true even for those sections of mathemat

ics which can be reduced to syntax in the original sense of the  term.  

Therefore the  view that physics and other empirical sciences describe 

some u realm of things", while mathematics does not ( cnf. the differ

ence between "Realwissenschaft" and u Formalwissenschaft" in the pas 

sage quoted in  footn. 9 ) ,  seems hardly tenable.  

6 .  

Starting with the  first item, assertion No .  I above, I shall now give 

a list of the meanings of the terms occurring in it, as they seem to me 



to be required by the obj ective of the syntactical program and the 

philosophical questions involved . 

7 .  

l .  Since the syntactical program aims at  dispensing with mathe

matical intuition without impairing the usefulness of mathematics 

for the empirical sciences, it will have to be required of a satisfacto

ry elaboration that mathematics is covered to the fu ll extent to which 

it can be used in the empirical sciences ( in particular for deriving ver

if iable consequences from laws of nature ) .  This however is the case 

for al l  classical mathematics.  Therefore "mathematics" will have to 

mean classical mathematics.  But nothing is changed in the results 

stated in the sequel if it means intuitionistic mathematics. In both 

cases mathematics (in assertion No. l )  must be considered to be a 

system of propositions discernible to be true .  For the question ( see 

§1 and footn .  5 and 6) is exactly whether the intu itive content 1 2 of 

mathematics can be disregarded and nevertheless the theorems of 

mathematics be asserted and applied. 1 3 

8 .  

2 .  "Language" will have to mean some symbolism which can ac

tually be exhibited and used in the empirical world .  In particu lar it 

will have to be required that its sentences consist of a finite number 

of symbols .  For sentences of infinite length ( since they do not exist  

and cannot be produced in the empirical world ) evidently are pure

ly mathematical obj ects . Th us, such objects, instead of being avoid

ed, would be assumed right from the beginning. 

9. 

3. For the same reason it will have to be required of the " rules of 

syntax" that they be " finitary", i . e . ,  that they do not contain such 

phrases as e .g . :  " I f  there exists an infinite set of expressions with a 

certa in property",  nor even:  " I f  al l  expressions of a certain infinite 

set have a certa in property" [ [without naming some procedure for 

constructing it ( in case it exists . ) ] ] .  For these phrases have no mean

ing if  attention is confined to what  i s ,  or can be ,  given in sense per

ceptions, but ra ther some intuition for mathemat ica l  obj ects, such as  



the totality of al l  possible expressions, or the intuitive concept of a 

correct proof, is necessary for them to be understood . 1 4  

1 0 . 

The occurrence of the phrases mentioned also contradicts the ordi 

nary concept of a syntactical rule, which requires that the rule should 

refer only to the structures of given finite expressions, not to infinite sets 

of expressions, which would make the application of the rule depend on 

the solution of difficult, and possibly unsolvable, mathematical problems. 

1 1 . 

4. Moreover a rule about the truth of propositions can be called 

"syntactical" only if  i t  i s  clear from its formulation, or if  it can be 

proved, that i t  does not imply the truth or falsehood of any " factu

a l"  proposition ( i . e .  one whose truth, owing to the semantical rules 

of the language, depends on experiences of some kind ) .  This re

quirement in particular follows from the fact that mathematics is to 

be developed as an a priori science and that i t  i s  the lack of content 

upon which its a priori admissibility in spite of strict empiricism is  to 

be based. The requirement under discussion implies that the rules of 

syntax must be demonstrably consistent, s ince from an inconsisten 

cy every proposition follows, 1 5  al l  factual propositions included.  

1 2 .  

5 .  According to what was said i n  the end of footn. 6 and i n  the 

beginning of §7 the phrase :  "Mathematics is replaceable by syntax of 

language" will have to mean :  1 .  that the formal axioms and rules of 

inference of mathematics can be deduced from the rules of syntax, 1 6  

and 2 .  that the applications o f  mathematics t o  the empirical world, 

which formerly were based on the intuitive truth of the mathemat

ical  axioms, can be j ustified by syntactical considerations.  The sec

ond item, however, again requires a consistency proof for the syn

tactical rules, as can be seen from the following example : 

1 3 . 

If mathematics is interpreted to be a system of objectively true 

propositions, then, e .g . ,  on the ground of a proof for Goldbach 's  



Conj ecture ( which says that every even number is the sum of two 

primes)  it can be predicted that a computing machine (which is em

pirically known to work reliably) will find two primes whose sum is  

some large number N .  In order to make the same prediction ( for 

every N ) ,  if mathematics is interpreted syntactically, the consisten

cy [ [ (and only the consistency ) ] ]  of the rules of syntax must be 

known. For a failure of the machine to furnish such a decomposi

tion of N would entail the existence of a formal disproof of 

Goldbach 's  Conjecture (provided that the formalism of finitary arith 

metic follows from the rules of syntax ) .  On the other hand, from the 

mere fact that Goldbach's  Conjecture follows from some arbitrarily 

assumed rules for handling certain symbols ( even if they imply the 

formalism of finitary arithmetic ) ,  nothing whatsoever can be con

cluded about the result the machine will yield . 

1 4 . 

The situation is quite similar for the prediction (on the basis of em

pirically known physical laws ) that  a bridge constructed in a certain 

manner will not break under a certain load; the single parts of the 

bridge playing the same role as the elements of the computing machine. 

1 5 . 

Similarly also in pure mathematics one needs a consistency proof 

in order to draw the usual conclusions from mathematical theorems, 

e .g . ,  in order to conclude from a proof of Goldbach 's  C onjecture that 

a finitary procedure for decomposing an even number N into two 

primes will  yield a positive result for every N .  But this exactly is the 

question one is interested in, if he wants to solve Goldbach's  prob

lem. Moreover it [ [can be formulated as a syntactical question, and 

hence is meaningful from the syntactical point of view] ] is a ques 

tion regarding ascertainable facts .  Therefore syntax would not be a 

substitute for intu itive mathematics in the sense of footn .  6, if this 

conclusion could not be drawn on its basis . ( Note that the question 

discussed in this paragraph, in order to be meaningful, and not triv 

ial, from the syntactical viewpoint, must refer to the actual perfor

mance of a computation and, therefore, like the two preceding ques

tions concerns the applications of mathematics to reality . )  



I 6 . 

Of course there is no question that by applying mechanically 

certa in rules for handling mathematical symbols one arrives at  the 

same formulas as  by using ma thematical  intuit ion 1 7  ( e . g . ,  a lso at  

those formulas which express the two predictions and the mathe

matical  conclusion dealt  with in §§  I 3- I 6 ) .  However mathema t i 

c a l  intuit ion i n  addit ion creates t h e  conviction that ,  i f  these for

mulas  express observable facts  and were obta ined by applying 

mathemat ics to verified physical  laws ( or i f  they express ascerta in

ab le  mathematical facts ) ,  then these facts will be brought out by ob

serva tion (or computation ) .  Therefore, syntax, i f  it is to be an ac

ceptable substitute for intuition, must also yield sufficient rea son 

for this convict ion.  And for this purpose a consistency proof is nec

essa ry. 

I 7 .  

That t h e  consistency of t h e  syntactical rules m u s t  b e  known in 

order to apply mathematics can, more generally, be seen as follows: 

According to the syntactical viewpoint the whole purpose of intro 

ducing, in addition to the propositions expressing directly observ

able facts, others, which by definition have various mutual deriv

abil ity rela tions to the former, is to be able to apply a principle 

which, roughly speaking, reads as follows : If some compa ra tively 

simple proposition A of the second kind implies the facts of a cer

tain category which were observed, then any proposition about ob

servables of  this category which follows from A has a high proba 

bil ity of being verif ied.  But  this conclusion evidently presupposes 

that the negations of  consequences of A are not likewise conse

quences of A. 

I 8 . 

One might attempt to escape the necessity of a consistency proof 

by basing consistency ( or consistency up to some very grea t number 

of inferences )  on empirical induction. In this case however: I .  The 

rules of syntax would not satisfy requirement 4 .  ( see § I  I )  [ [ 2 .  The 

a priori certainty of mathematics could not be established in this way, 

nor therefore its compatibility with st rict empiricism . Moreover, if  



the a priori certainty of mathematics has to be replaced by some 

questionable probability argument, this would mean a very incom

plete replaceability of intuitive mathematics by syntax . ] ]  2. The ad

mission that consistency which is a mathematical fact must  be based 

on empirical induction directly contradicts the syntactical viewpoint 

and means a return to Mill's view. It also contradicts the assertion 

that mathematics has no content. For if a proposition stating the con

sistency of the syntax chosen has no objective content, i . e . ,  contains 

nothing beyond what we produce ourselves by our own syntactical 

stipulations ( cnf. footn.  7 ) ,  its truth must be known to us due to the 

knowledge we have of our own acts, provided only that we give a 

complete account of them to ourselves. And these conclusions can

not  be escaped by interpreting a proposition about consistency to be 

a physical proposition about written or spoken language . For  this 

physical proposition, too, is analytic, although it contains non-logi

cal concepts (exactly as, e.g. ,  the proposition:  #Either it will rain or 

it will not ra in " ) .  

1 9 . 

6 .  For the reasons stated in §§ 8- 1 0  ( i . e .  in order not to replace 

mathematics by some " syntax"  as unacceptable for empiricists as in

tuitive mathematics itself ) ,  it wi l l  have to be required that ,  not only 

in the rules of syntax, but also in the derivation of the mathematical 

axioms from them and in the proof of their consistency only syn

tactical concepts in the sense of § 9- 1 0  are used ( i . e . ,  only finitary 

concepts referring to finite combinations of symbols ) [ [ 1 8 ] ]  and only 

axioms immediately evident about them on the basis of our knowl

edge of the structure of sense objects . 1 9 

[ [7 .  As to the concept of the "content" of a proposition, in the 

sense of the "objective fact" expressed by it, it is doubtful whether it 

can be defined in terms of anything more primitive . By way of an 

explanation, sufficient for the subsequent arguments, it may be said 

that :  Any ascertainable relation between things that are perceived, 

but cannot be created by us, which moreover is such that its sub

sisting in no way depends on our arbitrary acts or decisions, consti

tutes an objective fact ( a lthough, vice versa, every objective fact 

need not necessarily satisfy all these conditions ) . ] ]  



20.  

The requirements 2 ,  3 ,  6 are particularly important in order to at

tain the objective of the syntactical program. For, i f  mathematical in

tuition is to be dispensed with by means of syntax, it certainly will 

have to be required that the use of the "abstract" concepts20 of math

ematics and of the axioms referring to them, which cannot be un

derstood or known without mathematical intuition, be based on 

considerations about concretely presentable finite combinations of 

symbols. If, instead, in the formulation of the syntactical rules some 

of the very same abstract concepts are being used, or in the consis

tency proof some of the axioms usually assumed about them, then 

the whole program completely changes its meaning and is turned 

into its downright opposite: Instead of clarifying the meanings of the 

abstract mathematical forms by explaining them in terms of syntac

tical rules, abstract mathematical concepts are necessary in order to 

formulate the syntactical rules; and instead of justifying the mathe

matical axioms about these concepts by reducing them to syntact i 

cal  rules, these axioms (or at least  some of them) are necessary in 

order to justify the syntactical rules as consistent. 

2 1 .  

Therefore, only i f  the syntactical program could be carried 

through under the requirements 1 -6, the assertion that mathemat

ics  is syntax of language would have any relevance for the problem 

of nominalism and conventionalism versus realism, or empiricism 

versus rationalism. Whether it  would entail that mathematics has no 

content is a different question ( cnf. § 34) . 

22 .  

Now, do  the elaborations of the syntactical viewpoint which have 

actually been given satisfy the requirements 1 -6? By no means. 

Ramsey's ideas necessitate admitting propositions of infinite (and even 

non-denumerable ) length . Carnap uses non-finitary syntactical rules 

and arguments. Formalism under the requirements 2-6 has yielded 

syntactical foundation only for a small part of mathematics. Only if re

quirement 6 or 5 is substantially weakened (cnf. §24 and footn. 39 ) ,  

there i s  some hope that i t  may yield a foundation for all mathematics . 



2 3 .  

Now the question arises whether this fai lure applies only t o  the 

particular attempts that have been made or has deeper reasons. The 

answer to this question depends on the precise extension of " finitary 

combinatorial reasoning" .  Now an explicit definition of this concept 

has not been given yet. B ut, in view of the work by G .  Gentzen, 2 1  

there can b e  no doubt that all  such reasoning can b e  expressed in the 

formalism of classical number theory. Since, however, owing to a 

general theorem, a consistency proof for a system containing prim

itive recursive number theory can never be expressed in this system, 

it follows that not even classical number theory, still less any more 

comprehensive systems, can be proved consistent by finitary rea 

soning.22 

24. 

The fact that ,  in addition to the concepts directly referring to con

cretely given combinations of symbols [ [ (which are al l  contained in 

finitism ) ] ] ,  certain "abstract" concepts ( together with their axioms ) 

must be admitted, in order to make a consistency proof for classical 

mathematics possible, was recognized also by leading proponents of 

formalism.2 3  

2 5 .  

So, i n  carrying through the syntactical program, the requirements 

1 -6 cannot be satisfied simultaneously, i . e . ,  the intuition for, or the as

sumptions about, the abstract and transfinite concepts of mathematics can

not  be  replaced by considerations about finite combinations of symbols and 

their finitary properties and relations, where "replacing" here means 

that the same consequences as to ascertainable facts ( including gen

eral propositions about them24 ) can be derived in either case, and 

"ascertainable fact" means any numerical equation for computable 

functions or trivially equivalent propositions .2 5  

26.  

This holds no matter whether "mathematics" is  understood to 

mean classical or intuitionistic or constructivistic mathematics, or 

even intuitionistic number theory.26  Only if  mathematics itself is 



confined to some level27 of finitary combinatorial reasoning (and 

moreover for certain sections of mathematics which contain abstract 

concepts and their axioms only with [ [substantially weakened ax

ioms] ] artificia l restrictions or which do not contain primitive recur

sive number theory ) the syntactical program can be carried through 

under the requirements 2-6 . 

27 .  

But  in these cases an even larger section of finitary mathematics, 

than the one contained in the system, is necessary for the consistency 

proof. Therefore, also for finitary mathematics, the syntactical interpretation 

gives no rational foundation for the belief in its correctness. Moreover, if 

syntax is understood in the strict sense explained in the end of footn. 

1 9  (which is necessary in order to build up mathematics without in

troducing any purely mathematical objects by the help of mathe

matical intuition (cnf. footn. 5 ) )  then, very likely, not even finitary 

mathematics can be founded on syntax .  For it probably is demon

strable that  the consistency of very great integers, even for  a mod 

erate number of proof steps, cannot be proved, in a feasible number 

of steps, without using very great numbers in the consistency proof. 

28 .  

In general  the  concepts and  axioms occurring in  the  section of 

mathematics considered need not al l  occur among (or be derivable 

from) those sufficient for a consistency proof. There exist certain pos 

sibilities of replacing some of them by others .28 But  the very fact that, 

if some of the essential concepts or axioms are omitted, others of 

equal power become necessary reveals a principle which could per

haps be called the "Non-eliminability of the mathematical content of an 

axiomatic system by the syntactical interpretation. " This principle can be 

made precise in several ways, e .g .  thus :  The axioms used in the con

sistency proof must have at least the same ( in fact even a slightly 

greater) demonstrative power within finitary combinatorics (or fini

tary number theory )  than those proved consistent; or thus:  It must 

be possible [ [ in a certain sense] ] ,  by means of the concepts and ax

ioms used in the consistency proof, to construct a "model"  for those 

proved consistent,29 i . e . ,  to define concepts demonstrably, satisfying 



the given axioms and not satisfying any proposition disprovable from 

them. 30 So in this slightly weakened sense the axioms used do imply 

those proved consistent .  Finally also the above-mentioned theorem 

which says that the consistency of a system S of axioms conta ining 

arithmetic cannot be proved in any subsystem of S belongs into this 

order of ideas .  

( [ In what sense the  results stated in the  preceding paragraphs 

justify the inference that mathematical objects and facts do exist will 

be discussed later ( cnf. §4 3 ) .  This conclusion however can be reached 

much more easily and directly by other arguments, which I shall ex

plain now. ] ]  

29 .  

On the  ground of these results i t  can be  said that the scheme of the 

syntactical program to replace intuition by rules for the use of symbols fails 

because this replacing destroys any reason for expecting consistency, which is 

fundamental for both pure and applied mathematics. and because for the 

consistency proof a mathematical intuition of the same power is necessary as 

for discerning the truth of the mathematical axioms. 

30 .  

This  formulation of the non- feasibility of the syntact ical program 

( which also applies to finitary mathematics ) is particularly well suit

ed for elucidating the question as  to whether mathematics is  void of 

content [ [ in the sense that no mathematical objects or facts exist] ) .  

For, if  prima fade content o f  mathematics were only a wrong ap

pearance, it would have to be possible to build up mathematics sat

isfactorily without making use of this upseudo" content .  

3 1 .  

More precisely the situation can be described as follows : That 

mathematics does have content ( in  any acceptable sense of the term) 

appears from the fact that, in whatever way it (or any part of it ) i s  

built up ,  one  always needs certain undefined terms and certa in ax

ioms about them . 3 1  For these axioms there exists no  other rational foun

dation except that either they can directly be perceived to be true (owing to the 

meaning of the terms or by an intuition of the objects falling under them): or 



else that they are assumed (like physical hypotheses) on the ground of in

ductive arguments, e.g . ,  their success in the applications. 32 The former case 

would [ [unquestionably] ] seem to apply at  least to some mathe 

matical axioms, e .g . ,  the modus ponens and complete induction . 3 3  In 

the latter case the mathematical  character of the axioms, in spite of 

their inductive foundation, appears in the circumstance that [ [they 

are necessary in order to derive verifiable consequences from the 

laws of physics, exactly as the laws of physics themselves, and that 

moreover] ] they have consequences not obtainable without them in 

that part of mathematics to which the former case applies, i .e . ,  whose 

primitive terms have an immediately understandable meaning [ [This 

circumstance also shows that these axioms of the second kind remain 

mathematical even though an inductive character may be attributed 

to them . ] ] (e .g .  the axioms of infinity mentioned in footn.  45  have 

number- theoretical consequences ) .  

3 2 .  

A third possibility, namely to posit the mathematical axioms by conven

tion, does not exist. For, before any such convention can be made, 

mathematical axioms of the same power are necessary already in 

order to prove the consistency of the envisaged convention. A con

sistency proof, however, is indispensable because it belongs to the 

essence of a convention, as  opposed to a proposition with content, 

that i t  cannot be disproved and that, in particular, it does not imply 

any propositions which can be falsified by observation ( cnf. § 1 1 ) . 

Without a consistency proof the llconvention" itself, since open to 

disproof, would really be an assumption. 34 Brought to its shortest 

form this proof runs as follows : If mathematical intuition is accept

ed as a source of knowledge, the existence of a content of mathe

matics evidently is  admitted. If it is rejected, mathematics becomes 

open to disproof and for this reason has content. 

3 3 .  

All attempts o f  analyzing away the given o r  assumed facts ex

pressed in the axioms of mathematics have failed and must neces

sari ly fai l :  The axioms demonstrably cannot be replaced by defini

t ions and the rule of substituting the definiens for the definiendum. 3 5  



If mathematics is reduced to logic, then axioms about the primitive 

terms of logic36 must be assumed, some of which are so far from triv

ial. that they are rejected as  false by many mathematicians.  If the 

mathematical axioms are replaced by syntactical rules, one needs ax 

ioms of the  same power about the  primitive terms of syntax or about 

abstract concepts to be used in the syntactical considerations. 

34. 

All this also applies to finitary mathematics, which, therefore, 

likewise has content. Hence, 

[ [  . . .  [ ? ] symbols fal l  under certain finitary rule belong to the class 

of those mathematical facts which, in a certain sense, are the sim

plest. This class contains, e.g. ,  also the numerical equations, like 2 + 

3 = 5 .  That such an equation is true, in syntactical interpretation, 

means the combinatorial fact that it follows ( in a finite number of 

steps ) from the general rule defining the arithmetical operation oc

curring (e .g .  (x + y) + 1 = x + (y + 1 )  in the case of addition ) .  I f ,  fol

lowing Frege, we give a meaning to the arithmetical symbols, the 

equation expresses a similar combinatorial fact in terms of the prim

itive concepts of logic ( i . e .  the concepts necessary are then more fully 

analyzed ) .  

These facts o f  finite combinatorics, both a s  to their logical struc

ture and their immediacy and certainty, correspond exactly to the 

sense perceptions in physics. Like the sense perceptions they are not 

objectively the simplest ( these are the axioms concerning the prim

itive terms of logic) ,  but they are the most obvious to us. 

These arguments show also finite combinatorics by no means is 

void of content. Therefore ] ] 

if all  of mathematics could be reduced to finitary syntax ( in  ac

cordance with the requirements 2-6 ) this would mean, not that it 

has no content, but only that its content would not be larger than 

that of finitary combinatorics. (Note that in this case a model for 

mathematics could be defined in terms of finitary combinatorics and 

that, given finitary combinatorics, the rest of mathematics could re

ally be introduced by conventions. ) In reality it turns out to be infi

nitely larger. It should be noted, however, that this is only the result 

of a mathematical investigation . A priori it is conceivable that the 



syntax necessary for building up and applying mathematics would 

require only an insignificant part of finitary combinatorics, as would 

be the case, e .g . ,  if  all mathematics could be derived from explicit de

finitions and the law of identity. In that case there would be some 

justification to calling mathematics "void of content" .  

3 5 .  

I t  can b e  shown ( see § 3 7 )  that the reasoning which leads to the con

clusion that no mathematical facts exist is nothing but  a petitio principii, 

i .e. "fact " from the beginning is identified with "empirical fact ", i.e. "fact in 

the world of sense perception ". 37 In this sense the voidness of content of 

mathematics can be admitted, but i t  ceases to have anything to do 

with the philosophical  questions mentioned in the beginning of this 

paper, since also Platonists should agree that mathematics has no 

content of this kind. For its content, according to Platonism, does not 

consist in facts perceptible with the senses, but in relations between 

concepts or other ideal objects. 

36 .  

Al l  pure mathematics that has  been developed, as well as i t s  ap

plications in the  empirical sciences, it  is true, can be replaced ( in the 

sense of footn. 6 or § 1 2 38 ) : I .  By  non-finitary syntax.  II .  By finitary 

syntactical rules plus an empirical knowledge of their consistency. III 

Some sections of mathematics can even be replaced by syntax under 

the requirements 2-6. 39 In all these schemes the syntactical rules re 

placing mathematics are really "void of content" in this sense that 

they do not imply the truth or falsehood of any sentence stating an 

empirical fact ( i . e .  they are compatible with all distributions of truth

values for atomic - i .e .  indecomposable - empirical propositions ) ,  al 

though in case II this is known only empirically. But to conclude from 

this state of affairs that mathematics (or the section of mathematics 

concerned) has no content is possible only owing to the petitio prin

cipii mentioned. This can be brought to complete evidence as follows : 

3 7 .  

The possibility of building u p  mathematics (or  parts of mathe

matics ) in the ways described under I, II, III, IV ( cnf. footn.  3 9 )  and 



its lack of content in the sense explained, evidently is due solely to 

these two circumstances:  1 .  That pure mathematics implies nothing 

about the truth values of those propositions which contain no logi 

cal or mathematical symbols ( i . e . ,  within the field of mathematics 

and natural science, the atomic empirical propositions ) ,  2. that math

ematics ( or rather the part of mathematics concerned ) follows from 

a finite number of axioms and formal rules, known at the time when 

the language is constructed.  40 

38 .  

These two conditions, however, might very well be satisfied also 

for some portion of empirical science with respect to the rest of i t .  

We might, e .g . ,  possess an additional sense that would show to us a 

second reality, so widely separated from space- time reality, as not to 

allow us any conclusions about the latter, and moreover so regular, 

that it could be described by a finite number of laws. We could then, 

by an arbitrary decision, 41 recognize only the first reality as such, and 

declare propositions referring to the other one to be without content 

and true only in consequence of syntactical conventions. These could 

be chosen as  to make exactly those propositions true which could be 

seen to be true with the supposed additional sense .42 

39 .  

I even think that this comes pretty close t o  the true state of affairs 

( cnf.  footn . 3 3 ) ,  except that this additional sense ( i . e .  reason ) is not 

counted as  a sense, [ [because it differs too much from the others, in 

particular by the fact that the truth of universal propositions is di 

rectly ( i .e .  without induction)  perceivable by it . ] )  because its obj ects 

are quite different from those of all  other senses. For, while with the 

latter we perceive Uthe particular", with reason we perceive "the gen

era l" . 4 3  

40. 

But can it  at  least  be said that ,  owing to the syntactical interpre

tations that are feasible, the intuitive content of mathematics can be 

disregarded without loss except that mentioned in footn. 38? It can

not.  For  [ [under I (or  III, IV) ) )  either the  intuitive content of math-



ematics, to a very large extent, is necessary for the syntactical con

siderations replacing mathematics [ [Under II, it is true, this applies 

only to a very small extent, and not at  a l l  if attention is confined to 

marks on paper and syntax is interpreted to be Hphysics of symbols " .  

However, in the  latter case 2 + 2 = 4 becomes an empirical fact and 

that this means purposely closing one's eyes in the face of obvious 

facts, ) ]  or else consistency, which is necessary for the application of 

mathematical theorems ( cnf. §§  1 3- 1 6 ) ,  must be based on empirical 

induction . I believe that, at least for finitary and some parts of intu

itionistic mathematics, practically everybody will agree that the con

sistency proof based on mathematical intuition is incomparably bet

ter. 

4 1 .  

The preceding paragraph also answers the first of the two ques

tions raised in footn . 1 3 , namely as follows: In order to arrive at  the 

same conclusion about ascertainable facts as one who uses mathe

matical intuition, the syntactical interpretation, without an exten

sive use of mathematical intuition, is not sufficient. but rather at  least 

one mathematical fact must be known empirically, namely the con

sistency of the syntactical system used . However, to accept some 

mathematical proposition as true and admit that it  can only be 

known with the help of empirical induction is incompatible with the 

syntactical viewpoint ( cnf. § 1 8 ) .  

42 . 

From later publications of Carnap it appears that today he would 

hardly uphold the formulation quoted in footn. 9 .  From what he says 

in Rev. Int. Phil. 1 1  ( 1 9 5 0 ) ,  p .  3 5 , e .g . ,  it follows that at present he 

does not object to associating, in scientific semantics, mathematical 

objects to formulas as their meaning or denotation . However he 

maintains (in the article just quoted)  that the philosophical  question 

about the objective existence of mathematical objects does not refer 

to this H internal"  existence, but means whether these objects, for

mally introduced by axioms, Hreally" exist .  An answer to this ques

tion is asserted to have no Hcognitive content", i .e .  the question is 

considered to be meaningless, while formerly it was answered neg-



atively; or else Carnap has changed his opinion about internal exis

tence in mathematics. 

43 . 

At any rate Carnap's present standpoint as to the existence of 

mathematical objects does not lend itself to founding any difference 

between "Real- " and "Forma/" -wissenchaft, in the sense of the passage 

quoted in footn.  9 .  For exactly the same considerations, according to 

Carnap, apply to the question of the existence of objects of physics 

and even of everyday life .  Moreover, a lso as to the meaning of " in

ternal" existence there is no difference between the two cases.  For 

the relevant existential assertions in either case can only be based ei

ther on direct perception or on assumptions which are made because 

they imply correct answers to questions regarding ascertainable facts 

( cnf. §44 ) ,  and which can be disproved, but not on conventions ( cnf. 

§ 3 2 ) .  On the other hand, if the meaning of the term "convention" is 

so enlarged that conventions do not need any consistency proof. 

then physical hypotheses also can be classed as conventions. [ [Also 

the relationship of the objects of science to our experience is basi

cally the same in the Real- and Formalwissenschaft. For the experience 

of understanding and discerning the truth of mathematical facts cor

responds exactly to the experience of sense perception ( cnf. footn. 

33 ) . ) )  Nor is it true of the mathematical "conventions" ( not even of 

those of finitary mathematics, cnf. footn.  1 9 ) that in case of an in

consistency with observation we never would (or  ought to ) change 

them, but rather the laws of nature (e .g .  by assuming systematic er

rors ) .  The appearance to the contrary is due solely to the convincing 

power of the very same mathematical intuition, which convention

alism is supposed to make unnecessary. 

44. 

It is exactly from the syntactical viewpoint, which does not ac

knowledge the direct evidence of mathematical  axioms, nor wants 

to make use of an " understanding" of the primitive terms of mathe

matical or physical theories, nor distinguishes between "causation" 

and other constant connections, that it is least of all  possible to make 

a difference on principle between mathematics and natural science. 



For as far as verifiable consequences of theories are concerned the 

mathematical axioms are exactly as necessary for obtaining them as 

the Jaws of nature ( cnf. footn . 4 1 ) . If, e .g . ,  the impredicative axioms 

of analysis are necessary for the solution of some problem of math

ematical physics, these axioms will imply predictions about observ

able facts not obtainable without them. Moreover it is perfectly con

ceivable that an inconsistency with observation may be due not to 

some wrong physical assumptions but to an inconsistency of these 

axioms. This shows that. from the syntactical point of view, the 

mathematical axioms can be looked upon as part of the physical the

ory which is only well defined after they have been given. Also for 

the considerations given in § 1 7  it makes no difference whether A is 

a mere description of the experiences with the help of logical terms 

or contains physical concepts .  

4 5 .  

I t  seems t o  m e  that this whole situation viewed from Carnap's 

own standpoint can only mean that the mathematical axioms are 

certain irreducible, largely existential. hypotheses which are exact

ly as necessary for the scientific description of reality as, e .g . ,  the hy

pothesis of the existence of elementary particles or of some field sat

isfying certain equations.  [ [Also in both cases these hypotheses are 

disprovable, in physics by deriving some wrong propositions about 

sense perceptions, in mathematics by deriving some wrong numer

ical equation ( which, in two valued logic, is equivalent to deriving 

an inconsistency ) . ] ] 

46.  

Therefore, a lso from the empirical standpoint, there is not the slight

est reason to answer the question of the objective existence of mathematical 

and empirical objects and facts differently, while it is the essence of the syn

tactical viewpoint to  distinguish the two exactly in  this respect. ( Cnf. the 

quotation in footn . 9 ) .  

47.  

There is real difference between the two that the acceptance of 

mathematical axioms ( unlike that of laws of nature ) so far has been 



based exclusively on their intuitive evidence, and not on the success 

of their consequences. 44 However, in view of the fact that a large pro

portion of mathematical problems ( even of the number-theoretical  

problems of Goldbach type mentioned in footn.  24) may not be solv

able in this fashion and that, moreover, axioms with an incompara 

bly greater demonstrative power might be discovered empirically, it 

is not impossible that this attitude will be given up sometime in the 

future .45 Today already, to recognize the intuitionistic critique to be 

justified, and continue to use classical mathematics in the applica 

tions, is something of this nature .  

48 .  

I do not  want to conclude this paper without mentioning the 

paradoxical fact that, although any kind of nominalism or conven

tionalism, in mathematics turns out to be fundamentally wrong, 

nevertheless the syntactical conception perhaps has contributed 

more to the clarification of the situation than any other of the philo

sophical views proposed : on the one hand by the negative results to 

which lead the attempts to carry it through, on the other hand by 

the emphasis it puts on a difference of fundamental importance, 

namely the difference between empirical and conceptual truth, upon 

which it reflects a bright light by identifying it with the difference be

tween empirical and conventional truth. [ [But it must of course be 

admitted that there is a fundamental opposition in the character of 

these two kinds of truth . ] ]  

49.  

I believe the true meaning of the opposition between things and 

concepts or between factual and conceptual truth is not yet com

pletely understood in contemporary philosophy, but so much at  least 

is clear that in both cases one is faced with #solid facts " ,  which are 

entirely outside the reach of our arbitrary decisions . 





Godel 's footnotes 

Cnf :  R .  Carnap, Erk. 5 ( 1 9 3 5  ) ,  30 ;  Einheitswissenschaft, Heft 3 

( 1 9 34) . H .  Hahn, ibid. Heft 2 ( 1 9 3 3  ) ,  French translations of these 

papers in Act. Sci. Ind. 29 1 ,  226 .  Moreover: H .  Hahn, Erk. 1 ( 1 9 3 0 ) ,  

p .  9 6 ;  Erk. 2 ( 1 9 3 l ) , p .  1 3 5 ;  Krise u .  Neuaufbau in den exakten 

Wissenschaften, Leipzig 1 9 3 3 .  M. Schlick, Gesammelte A ufsiitze, 

1 9 38, p .  1 45 , p . 222 .  

2 The terms "mathematical" ,  "mathematics" throughout this paper 

are used as synonymous with " logico-mathematical" ,  "logic and 

mathematics . "  Moreover the term "axiom" is always used in the 

sense of " formal axiom or rule of inference" and is applied to any 

assertion that can be used in a complete proof without being 

[ [expressed] ] proved, in both contensive and formalized mathe

matics. The term "contensive" was suggested as a translation of 

" inhaltlich" by H.  B. C urry in [?] [see also C urry, Foundations of 

mathematical logic, 1 96 3 ,  p .  1 4] .  

3 Cnf :  M. Schlick, Allgemeine Erkenntnislehre, 1 .  Aufl . ,  1 9 1 8, p .  30 .  

4 Cnf. : H. Hahn, Act. Sci. Ind. 226, p. 1 3 , 1 9  and M. Schlick, 1. c. , p. 1 47 

5 The tenet of empiricism in question evidently is this that al l  

knowledge is based on sense perceptions and their  digest, and 

that we do not possess an intuit ion into some independent realm 

of abstract ( mathematica l )  objects . The objective of the syntact i 

cal  program, therefore, could a lso be stated thus :  to bui ld up 

mathematics as an a priori science without using mathematical 

intuition or referring to any mathematica l objects or facts .  

6 The precise formulation on the basis of the papers quoted would 

be:  Mathematics is syntax of language. S ince however mathematics 

is usually presented as a science of certain objects, about which 

certain propositions are asserted to be demonstrably true, the 



question is whether it can be replaced by syntax; i . e .  whether 

what is asserted in mathematics can be interpreted in terms of syn 

tax, and whether on the basis of this interpretation the same con

clusions as to ascertainable facts can be drawn, if mathematical 

theorems are applied . 

7 Combining this assertion with another one of the syntactical 

school, namely that a logical consequence only repeats part of the 

content of the premisses, one arrives at the conclusion that a 

statement to the effect that some mathematical proposition is 

true does nothing else but repeat part of the conventions about 

the use of the symbols.  This shows most clearly the lack of ob

jective content of mathematical  propositions on the basis of this 

view. However some proponents of the syntactical conception 

apparently would prefer to regard the derivability of a mathe

matical theorem as an empirical fact and to place the voidness of 

content of mathematical propositions in the circumstance that 

nothing except the arbitrarily chosen rules of syntax is used in de

riving them. Cnf. ,  however, what is said in §§  30-33  and 4 3 .  

8 E .g . ,  according to Hahn, Act. Sci. Ind. 226 ,  p. 26 ,  the laws of con

tradiction and of excluded middle express certain conventions 

about the use of the sign of negation. 

9 Cnf. Erk. 5 ( 1 9 3 5 ) , p. 36;  Act. Sci. Ind. 2 9 1 ,  p .  37 .  The whole pas

sage reads as follows : "Wenn zu der Realwissenschaft die 

Formalwissenschaft hinzugefiigt wird, so wird damit kein neues 

Gegenstandsgebiet eingefiihrt, wie manche Philosophen glauben, 

die den ' realen ' Gegenstanden der Realwissenschaft die ' for

malen'  oder 'geistigen '  oder ' idealen'  Gegenstande der 

Formalwissenschaft gegeniirberstel len. Die Formalwissenschaft 

hat iiberhaupt keine Gegenstande; sie ist ein System gegen

standsfreier, gehaltleerer Hilfssatze . "  [ " In adjoining the  formal 

sciences to the factual sciences no new area of subject matter is in

troduced, despite the contrary opinion of some philosophers who 

believe that the "rea l "  objects of the factual sciences must be con

trasted with the "formal" ,  "geistig" or "ideal" objects of the formal 



sciences.  The formal sciences do not have any objects at all; they are sys

tems of auxiliary statements without objects and without con

tent" .  In Feigl/Brodbeck ( eds . ) ,  Readings in the philosophy of science, 

New York, 1 9 5 3 ,  p. 1 2 8 . )  I would l ike to say right here that 

Carnap today would hardly uphold the formulations I have quot 

ed ( cnf. §42 ) .  Moreover some of them were given only by Hahn 

and Schl ick, and probably would never have been subscribed to 

by Carnap. [ [That nevertheless I am discussing them in detail has 

two reasons, namely: l .  While the program itself and its elabora 

tion, as fa r as it is feasible, have been presented in detail in sev

eral publications, the negative results as to its feasibility in its most 

straightforward and philosophically most interesting sense have 

nowhere been discussed . 2. The syntactical program in the form 

I am presenting it here is a priori perfectly sound and poses an in

teresting problem.  Only a thorough mathematical investigation 

can decide on its feasibility . ] )  However, I am not concerned in this 

paper with a detailed evaluation of what Carnap has said about 

the subject, but rather my purpose is to discuss the relationship 

between syntax and mathematics from an angle which, I believe, 

has been neglected in the publications about the subject. For, 

while the syntactical  program itself and its elaboration, as far as 

it is possible, have been presented in detail . the negative results 

as to its feasibility in its most straightforward and philosophical 

ly most  interesting sense have never been discussed sufficiently. 

10 Cnf. Proc. Land. Math. Soc., 2 s .  vol 25 ( 1 926 ) ,  p. 338. Reprinted in The 

foundations of mathematics and other logical essays, by F. P. Ramsey, 1 93 1 .  

1 1  Because the axioms and rules of inference of formal systems can 

be interpreted to be syntactical rules which state that :  l .  All for

mulas of a certa in structure are true.  2. Formulas obta ined from 

true formulas by certain formal operations are also tru e .  

Moreover consistency will turn o u t  t o  b e  t h e  key problem also for 

the syntactical  viewpoint. 

12 [ [The existence, as a psychological fact, of an intuition covering the 

axioms of classical mathematics can hardly be doubted, if the in-



tuitionistic critique is recognized to be justified. In fact this intuition 

(which may be called the "natural mathematical intuition" )  has a 

high degree of precision, as can be seen from the fact that mathe

maticians never disagree as to the question of the correctness of a 

proof, even if they are not familiar with the precise axiomatization 

of classical mathematics . ] ] The existence, as psychological fact, of 

an intuition covering the axioms of classical mathematics can hard 

ly be doubted even by adherents of the Brouwerean school, except 

that the latter will explain this psychological  fact by the circum

stance that we are all  subject to the same kind of errors, if we are 

not sufficiently careful in our thinking. 

1 3  In consequence of the intuitionistic critique it has become cus

tomary to regard, not the theorems of classical mathematics, but 

only their derivability from certain axioms, to be mathematical 

truth .  But thereby mathematics, to a very large extent, loses its 

applicability ( cnf. §§  1 3- 1 6 ) ,  unless the consistency of the axioms 

is known, which however cannot be known on the basis of this 

" implicationistic" standpoint.  For the consistency of a system of 

axioms is not equivalent to a proposition of the form: B follows 

from the axioms A. Therefore if only implicationistic mathemat

ics could be replaced by syntax, mathematics as to its applications 

could not. [ [Moreover the delimitation of mathematical truth 

given by Implicationism is very artificia l .  For it  acknowledges 

only particular mathematical truths ( i . e . ,  propositions of the same 

type as 2 + 2 = 4 and their consequences of the form: [? ] ) ,  while 

we perceive with the same certainty and distinctness that a +  b = 

b + a holds for all integers a, b. For a more detailed exposition of 

implicationism cnf. K.  Menger, Blaetter fuer Deutsche Philosophie, 

Bd.  4, 1 9 30, p. 324. ) )  

The concept o f  "discernible truth" [ [ ( inhaltliche Richtigkeit) ] ] ,  as 

applied to the propositions of classical mathematics themselves, 

may be rejected as meaningless. However, what is necessary here 

is only to imagine some mathematician who believes in the truth 

of classical mathematics ( i . e . ,  in the "natural  mathematical intu 

it ion" mentioned in footn. 1 2 )  and to inquire, whether the con 

sequences he can arrive at on the basis of this belief as to propo-



sitions considered to be meaningful can also be obtained on the 

basis of some syntactical interpretation without using mathe 

matical intuit ion. Cnf.  the answer to this question in §4 1 .  

Moreover, if  the syntactical viewpoint with regard to mathemat

ics, in contradistinction to the factual sciences, is  to make any 

sense, some concept of truth, other than truth by syntactical con

vention ( let us call it "objective truth " )  must be admitted and the 

question then is whether, due to some syntactical interpretation, 

the consequences of the mathematical axioms occurring in the 

applications, can be obtained without knowing or assuming the 

objective truth ( in  the sense admitted)  of the mathematical ax

ioms, or at least a considerable number of them. Cnf .  the  answer 

to this question given in footn.  34. 

1 4  Carnap, to the objection that Platonism is implied by transfinite 

rules, replies (Log. Synt., p .  1 1 4 )  that one may know how to han

dle the transfinite concepts ( in  inferences, definitions, etc. ) with 

out making any metaphysical assumptions about the objective 

existence of the abstract entities concerned. This, of course, is true 

in the same sense as one also may know how to handle the con

cepts of physical  objects without ascribing to these objects any ex

istence in a metaphysical sense. But  nevertheless, before one can 

rationally use them in science, he must assign to them reality ( or 

objectivity ) at least in some immanent ( Kantian ) sense, in order 

to distinguish them from wrong ( i . e .  disprovable ) physical hy

potheses. The same, therefore, applies to the transfinite mathe

matical entities, whose existence also can be disproved, namely 

by an inconsistency derived from them. Hence, if mathematics is  

based on transfinite syntax, it is  implied that there are two dif

ferent rea lities of equal standing, which is  exactly what the syn

tactical viewpoint denies ( cnf. footn.  9 ) .  To finitary rules evi

dently this argument does not apply, because the objects to which 

they refer may be considered to be parts of the physical  world (e i 

ther existing already or producible ) .  

1 5  This holds both for classical  and intuitionistic logic and, therefore, 

also for the syntactical rules replacing them (cnf. § 1 2 ) .  Note that 



under rather general assumptions about the logic chosen consis

tency of the syntactical rules vice versa implies their compatibil

ity with all  possible sense experiences that can have occurred at 

any time. 

16 If mathematics is to be replaceable by syntax only in the restrict 

ed sense that each individual  observable fact which is a mathe

matical consequence of laws of nature or of other observable 

facts and empirical induction should also follow on the basis of 

the syntactical interpretation, then it is not necessary that the 

mathematical axioms themselves be derivable from the rules of 

syntax, since the same individual consequences as to observable 

may follow also with the help of different general concepts or ax 

ioms .  As  to th i s  approach cnf. footn. 39 .  [ [ In particular it then i s  

sufficient i f  the  inference il lustrated by  Goldbach 's Conjecture on 

§ 1 3  can be  drawn finitarily for each particu lar N. However also 

in this weakened sense mathematics cannot actual ly, but only 

theoretically, be replaced by syntax . ] ]  

1 7  Except that all mathematical intuition very likely cannot b e  ex

pressed in one formal system ( cnf. footn .  45  and 40 ) and demon

strably in none that itself is intuitively evident.  

1 8  [ [ It is important to note that, i f  mathematics is to be completely 

replaceable (or interpretable, or justifiable ) by syntax, then, not 

only each proposition demonstrable in mathematics, but also the 

mathematical procedures of  proof. must be derivable from the 

rules of syntax . ] ]  

1 9  I believe that what must b e  understood b y  "syntax" ,  i f  syntax is 

not to presuppose some Platonistic realm of all possible combi 

nations of symbols or other abstract entities ( cnf. footn.  2 0 ) ,  is ex

actly equivalent to Hilbert 's  "Finitism", i .e . ,  it consists of those 

concepts and reasonings, referring to finite combinations of sym 

bols, which are contained within the limits of " that which is d i 

rectly given in sensual  intui t ion" ( " das unmittelbar anschaulich 

Gegebene" ) .  ( cnf. Math. Ann.  9 5  ( 1 92 5 ) , p. 1 7 1 - 1 7 3 ) .  The section 



of mathematics thus defined is equivalent with recursive num

ber theory (cnf. Hilbert -Bernays, Grundlagen der Mathematik, Bd.  

l ,  p.  20-34 and p .  307-346 ) ,  except that  it may rightly be argued 

( cnf. P. Bernays, L 'enseignement math . ,  34 ( 1 9 3 5 ) ,  p .  6 1 )  that ex

orbitantly great integers must not occur in finitary proofs, because 

they are theoretical constructions which are as far apart from the 

u immediately given " (and even from anything given in space

time rea l i ty)  as the infinite, and, therefore, cannot be known to 

be meaningful or consistent, unless we trust some abstract math

ematical intuit ion.  If restrictions of this kind are introduced 

( namely to the effect that the integers and the number of ele

ments of combinations referred to in a theorem or its proof must 

not be above some limit ) ,  then the negative results as to finitary 

consistency proofs mentioned in the sequel remain valid ( cnf. 

footn .  2 2 )  and stronger ones probably can be obtained ( cnf. §27 ) .  

2 0  Such abstract concepts, e .g . ,  are:  uproof", u function ",  "there is" ,  

" infinite set" ,  where the first three of these terms are to be un

derstood in their  original "contensive" [see footn. 2 ]  meaning, 

i . e . :  "Proof" does not mean a sequence of expressions satisfying 

certa in formal conditions, but a sequence of thoughts (or rather 

forms of thought ) creating conviction in a sound mind; "func

tion" does not mean an expression of the formalism, but an un

derstandable and precise rule associating mathematical objects 

with mathematical objects ( in  the simplest case integers with in

tegers ) ;  "there is"  means objective existence irrespective of actu

al producibil ity.  

2 1  On the occasion of G .  Gentzen's consistency proof for number 

theory (cnf. Forsch . Log. Grundleg. exakt. Wiss. ,  N. F .  Heft 4, 1 9 3 8 )  

i t  was ascertained u p  to which ordinal number definitions and 

proofs by transfin i te  induction can be expressed in the formalism 

of classical number theory. ( Cnf.  D. Hilbert and P.  Bernays, 

Grundlagen der Mathematik, Bd. 2 ( 1 9 3 9 ) ,  p .  3 60-3 74 ) .  Thereby it 

became evident that those which cannot be so expressed are not 

finitary, while, on the other hand, a l l  finitary proofs can be rep

resented as inductions with respect to certain ordinal numbers . 



22  It may be argued that for all  applications consistency up to some 

huge, but finite, number N of simple proof-steps is sufficient and 

that, moreover, from a strictly empirical  standpoint the question 

of consistency is meaningful only up to some number N of proof

steps which is not absolutely beyond what can somehow be re

al ized in our world . However, also in this weakened sense con

sistency cannot actually be proved by finitary reasoning, because 

the length of a finitary consistency proof in this sense would have 

to be of at least the same order of magnitude as N.  Whether for 

each N there actually exist such limited consistency proofs of this 

length is an interesting question ( cnf. footn. 39 ) .  (Note that, in 

order that the length of a proof. i .e. the number of simple proof

steps, be a true measure of the degree of complication, and for 

other reasons, it must be stipulated that each definition and each 

assertion occurring in a proof contain fewer than K symbols, 

where K is chosen once and for all . ) 

2 3  Cnf. P. Bernays, Entretiens de Zurich, 1 9 38, ed. by F. Gonseth, 1 94 1 ,  

pp. 1 44, 1 47; L 'enseignement math. ,  3 4  ( 1 9 3 5 , pp. 68, 69,  94; Rev. 

Internal. Phil. , No 27-28, 1 9 54, Fasc. 1 -2,  p. 2; also: G. Gentzen, 

Trav. oln [?] IX. Congr. Int. Phil. . VI, p .  2 0 3  (published in:  Act. Sci. 

Ind. 5 3 5, l 9 3 7 ) .  In the more recent papers of the formalistic school 

the term "finitary" has been replaced by "constructivistic", in 

order to indicate that it is necessary to use certain parts of intu 

itionistic mathematics which are not contained within the limits 

of that which is directly given in sensual intuition. 

24 Thereby I mean universal propositions the special instances of 

which are ascertainable facts, such as, e.g. ,  Goldbach's Conjecture. 

25 E .g . ,  the statement that the formalized system of classical analy

sis is consistent is a general proposition about ascertainable facts 

( concerning individual proof figures )  which can be proved from 

transfinite axioms, but not finitarily. 

26  Of course this result disproves assertion I .  in §5 only i f  some es

sential ly non- finitary part of mathematics is consistent (and, 



therefore, its consequences as to ascertainable facts are correct ) .  

But  i t  i s  hardly possible to doubt the consistency of intuitionistic 

number theory and believe in that of finitary number theory. 

Moreover the [ [empirical evidence for the consistency of classi

cal mathematics is about as strong as that for some well estab

lished physical theory] ] restriction imposed by this remark on the 

validity of the disproof of assertion No. 1 only means that it  can

not  be asserted with greater confidence than the  theorems of 

classical or intuitionistic mathematics. 

27  Finitary mathematics can be split up into a hierarchy of levels in 

such manner that the lower levels can be proved consistent in the 

higher ones. 

28  E.g. the non-constructive concept of "there is" ( referring to inte

gers ) can be replaced by " intuitionistic number- theoretical 

proof", or by "computable function of finite type",  or by [ [ "con

structive accessible ordinal " ] ] "ordinal number < Eo" .  Also the 

general concept of "set" can be replaced by that of "ordinal num

ber" in conj unction with that of "recursive function of ordinal 

numbers " .  The concept of " integer" (with the axiom of complete 

induction ) can be replaced by the concept of "set" (and its ax

ioms ) .  Finally it is not impossible that  the non-constructive con

cepts of mathematics can be replaced by constructive ones, pro

vided "constructivity" is taken in a sufficiently wide sense. 

29  That  this follows from a consistency proof was formulated as a 

conjecture by Carnap himself in the discussion at the Deutsche 

Naturforschertagung in Koenigsberg 1 9 30 .  ( Cnf. Erk. 2 ( 1 9 3 0 ) ,  

p .  1 4 3 . )  

30  Without the second requirement a model a lways exists, even for 

inconsistent systems (on account of the fact that the sign of nega 

tion need not be interpreted by negation ) .  But  such models are 

of little interest, because they cannot replace the axioms under 

consideration as to their applications in other fields or in empir

ical science. 



3 1  The question as to the existence of a content and as to the necessi 

t y  o f  axioms ( i n  the sense o f  footn . 2 ) ,  o f  course, refers t o  mathe 

matics as a system of propositions discerned (or posited) to be true, 

not as a hypothetico-deductive system. Some body of uncondition 

al mathematical truth must be acknowledged, because, even if 

mathematics is interpreted to be a hypothetico-deductive system, 

still the proposition which states that the axioms imply the theorems 

must be unconditionally true. The field of unconditional mathe

matical truth is delimited very differently by different mathemati 

cians. At least eight standpoints can be distinguished. They may be 

characterized by the following catchwords:  I .  Classical mathemat

ics in the broad sense (i .e. ,  set theory included ) ,  2 .  Classical mathe

matics in the strict sense, 3 .  Semi-Intuitionism, 4. Intuitionism, 5 .  

Constructivism, 6 .  Finitism, 7 .  Restricted Finitism (cnf. footn. 1 9 ) ,  

8 .  Implicationism (cnf. footn . 1 3 ) .  However, the conclusion that 

mathematics has content holds no matter which standpoint is taken. 

[ [It can even be said that it appears most clearly in propositions of 

this type that mathematical theorems express objective facts. For 

while the definitions of 5 ,  7, 1 2  and the rules of computation for + 

and = (namely: x + (y + I )  = (x + y) + I ,  the transitivity of =, etc. ) 

seemingly can be interpreted to be conventions, the statement that 

5 + 7 = 1 2  follows from these conventions evidently expresses an 

objective (combinatorial) fact . ] ] It can even be said that, if the most 

restricted standpoint ( implicationism) is taken, it can be seen most 

easily that mathematical theorems express objective facts . For the 

singular combinatorial facts concerned are unequivocally ascer

tainable relations between the primitive terms of combinatorics, 

such as: "pair", "equality", "iteration", and they can least of all be 

true by convention, because an inconsistency in the rules for the use 

of these terms can only be excluded by an intuition which has the 

meanings of the very same terms as its object (cnf. §32 ) .  

32  A s  t o  the meaning o f  "success"  i n  the case o f  mathematical ax

ioms cnf. §44 and footn . 44. 

33 It seems arbitrary to me to consider propositions l ike "This is red" 

immediate data, but not so to consider the directly perceivable 



mathematical facts mentioned. For, disregarding the greater pre

cision and greater complication of the latter, the difference only 

lies in the fact that in the first case a relation between an unde

fined concept and an individual object is perceived, while in the 

second case it i s  a rela tion between two or more undefined con

cepts.  Note that the axioms mentioned, a lthough they do not fol 

low from definitions, nevertheless can be classed as  analytic 

propositions .  For "truth owing to the meaning of the undefined 

terms" has exactly the same significance for undefined terms that 

"truth owing to the definitions" has for defined terms.  It may be 

argued that these and similar axioms ( cnf. footn . 4 5 )  should 

rather be called synthetic a priori, because a mere understanding 

of the concepts does not suffice for knowing their truth, but 

rather an intuition of the objects fa ll ing under them is necessary. 

However, 

[ [an intuition of objects which are not concepts (and which are 

infinite in number) can lead to a positive knowledge of genera l  

propositions only  if infinitely many objects can somehow be ap

prehended in one glance (e .g .  in one composite object ) or if, for 

conceptual reasons, it is known that all the objects concerned are 

equal. Both these conditions perhaps are satisfied in geometry 

( the first one due to continuous motion ) ,  but not for the axioms 

of set -theoretic mathematics . ] )  

it can be answered that some kind of survey of al l  possible objects 

fa lling under it is implied in the complete understanding of a con -

cept . At any rate the situation, for the axioms mentioned, is quite 

different from that preva iling, e .g . ,  for the proposition : "Intuitive 

space is three dimensiona l " .  Here reference is made to a particu 

lar non-conceptual  obj ect ( space ) which is not defined in gener

al  terms, but directly given, so that this proposition in no sense 

follows from an understanding of the concepts occurring. 

34 This answers the question raised in the end of footn.  1 3 . 

"Objective truth" of axioms may be understood in two senses, 

namely to be: 1 .  the subsistence of the facts described in them, or 

2. the verifiability of their consequences in the field of the directly 

observable, which, in the case of mathematics, e .g . ,  may mean 



verifiability in conj unction with certain simple laws of nature, 

such as the invariability of written characters or the reliability of 

short term memory. [ [ 3 .  Assumption of obj ective truth may sim

ply mean the decision to base one's expectations and actions on 

the axioms concerned . ] ]  But, no matter which meaning of "ob

jective truth" is chosen, provided only that there is to be any rea 

son for expecting that the applications of mathematics will lead 

to correct assertions as to observable facts, a knowledge (with cer

tainty or probability )  of the objective truth of the mathematical 

axioms ( or at  least a large portion of them ) cannot be dispensed 

with on the ground of any syntactical  interpretation. For, unless 

the axioms used in the consistency proof are known to be true in 

either sense l .  or 2. ,  the consistency proof is of no avail for draw

ing the conclusions sketched in §§ 1 3- 1 7 . 

[ [Moreover, if one takes the empirical standpoint, this assump

tion [the assumption of the "objective truth of the mathematical 

axioms";  or their "validity", according to another version) cannot 

consist in the syntactical convention that the axioms are to be 

true by definition . For this presupposes that the consistency of the 

axioms is known, since otherwise the axioms one day could be 

disproved, while it belongs to the essence of any convention, as 

opposed to a proposition with content, that it cannot be disproved 

( cnf. moreover requirement 4 on § 1 1 ) . But a knowledge of the 

consistency of the axioms can only be obtained with the help of 

mathematical intuition . If, on the other hand, the concept of con

vention is so enlarged as to comprise this case, the laws of nature 

also become conventions, so that mathematics as l itt le,  or as 

much, rests on syntactical conventions as natural  sciences, and 

the distinction between "Real- "and "Formal" - wissenschaft in the 

sense of the quotation in footn. 9 loses every j ustification . ] ]  

[ [Carnap, i t  is true, has never asserted explicitly that reduction of 

mathematics to syntax means reduction to convention . However] ] 

The passage quoted in footn . 9 seems to imply that mathematical 

truth, in Carnap's opinion, consists in nothing but conventions 

( cnf. also footn .  7 ) .  For, if there were in it some objective element 

( i . e .  one not subject to our arbitrary choice ) ,  then this evidently 

would be the object of Formalwissenschaft. Hence the philosophical 



opinion explicitly rejected in the passage quoted would then be 

correct ( unless, at least for some parts of mathematical truth, one 

advocates psychologism, or Mill's opinion, which are both reject

ed by proponents of the syntactical viewpoint ) .  

I t  i s  t o  be noted that the arguments adduced i n  the text d o  much 

more than disprove the syntactical conception as formulated in 

the preceding paragraph. They show in addition that, in a certain 

sense, the content of mathematics is infinite .  For there exist a 

practically unlimited series of axioms ( cnf.  footn . 4 5 )  each of 

which expresses some new and independent mathematical fact, 

since it  cannot be reduced to a convention on the basis of the pre 

ceding axioms. 

In order to disprove the assertion that mathematics has no ob

jective content whatsoever (which would not be tenable even if  

mathematics were reducible to explicit definitions, cnf .  § 34 ) ,  it is 

sufficient to point out that it is not in the least subject to our op

tions, and therefore an objective fact, that such and such theo

rems are implied by such and such conventions. These facts are 

of a combinatorial nature ( cnf. footn.  3 1  ) ,  and to interpret them 

to be physical facts about marks on paper evidently means a re

turn to Mill 's  view as to this particular kind of mathematical facts. 

It may be added that, no matter whether the Platonistic or the 

syntactical view is taken, the truth of mathematical propositions 

is not a bit more conventional than that of factual propositions .  

For, a lso in mathematics, what  is conventional is solely which 

symbols are associated with meanings, but, once these conven

tions have been made, the truth or fa lsehood of propositions is 

objectively determined.  This fol lows from the fact that it is exactly 

by the rules of syntax that, according to the syntactical viewpoint, 

the meaning of the mathematical symbols is defined.  

[ [The foregoing proofs, it is true,  only show that finite beings can 

n o t  interpret mathematics as  a system of conventions ( a n d  

human beings not even t h e  mathematics of moderately large fi 

nite systems ) .  However, if we were able to perform a transfinite 

number of mental acts, mathematics could be so. ] ]  

There remains the possibility to see the voidness of content of 

some mathematical propositions, e.g. those referred to in the two 



preceding paragraphs, not in their conventional character, but in 

the alleged fact that, if the psychologica l difficu lties of ascertain

ing their truth are disregarded, they all  turn out to assert the same 

trivial thing, namely p :::) p or something similar. However, this 

view clearly is psychologism. For if it were true that al l  those 

propositions assert p :::) p in different ways, the substance of their 

content would be that by such and such combinations of concepts 

( ideas )  p :::) p is asserted . But this exactly would be a psychologi 

cal fact . Cnf .  also footn.  36 .  

The only way to eliminate a l l  mathematical facts, without fa lling 

into psychologism or Mill 's view, evidently would be to define the 

truth of every mathematical theorem by a separate convention. 

But  in that case, of  course, mathematics would lose al l  its inter

est and all its applicability. For also in the applications it is a lways 

a question of ascertaining some mathematical fact ( cnf. § 1 7 ) .  

Mill 's  theory today i s  hardly maintained by anybody. 

3 5  Neither classical nor intu itionistic mathematics, nor any system 

in which they can be proved consistent, nor even finitary math 

ematics, can be based on definitions alone, where "defin ition" 

means an always applicable rule for eliminating the symbol de

f ined and "T" ( truth by definition ) and "F"  ( fa lsity by definition ) 

are the only undefined terms. For this would yield a decision pro

cedure for al l  propositions occurring. 

36 The indispensableness of primitive terms and of axioms for them, 

also in logic, refutes the view that in logical inference the con

clusion only reiterates tautologically part of the content of the 

premisses. For the very fact that the conclusion is contained (and 

asserted already) in the premisses is due to the meaning of the 

primitive terms of logic and, therefore, is an objective fact con 

cerning (and specific for) these meanings. 

Similarly the answer to the assertion mentioned in footn.  8 is that 

in order to understand these "conventions" and apprehend their 

possibility ( i . e . ,  their consistency) one either needs the concept 

of  negation under some other name, or some other logical or 

combinatorial concepts with their axioms. 



37  What induces to identifying "fact" and "synthetic fact" ( i . e .  to dis

regarding facts consisting in relations between concepts ) is the 

circumstance that, due to definitions, relations between concepts 

apparently can be reduced to relations between logical concepts 

( cnf . ,  however, footn.  4 3 )  and that the logical concepts in their 

regular use ( i . e . ,  as connectives and operators ) somehow don't 

seem to belong to the subj ect-matter of the proposit ion, but 

rather to be the means by which something is said about the sub

ject -matter.  But, if a proposition is true due to nothing but prop 

erties of the means of expression, it cannot say anything about 

the subj ect -matter; but neither about the means of expression, or 

they would not be means of expression, but subject-matter .  

However, even if this were admitted,  it would only prove that 

mathematical propositions in certa in formulations express no 

facts, because these are hidden in the means of expression.  But 

this would imply neither the non-existence nor the inexpress

ibility of mathematical facts .  For mathematical concepts can also 

be made subjects of propositions. 

38  I .e . ,  in particu lar, apart from the loss of aesthetic va lues and the 

paralysing of mathematica l invention consequential  (at least 

under the schemes II and IV [ for scheme IV, see footnote 39 ] ) on 

disregarding the content of mathematica l propositions. 

39  Moreover, IV: All classical mathematics, at least theoretical ly, can 

be replaced by finitary syntax in a certain weakened sense . This 

is accomplished by dropping the requirement ( contained in § 1 2 )  

that the logical rules of inference, too, should be derivable from 

the rules of syntax, and requiring only that this should be possi 

ble for each mathematical theorem. Then there do exist syntac

tical systems which can finitarily be proved consistent and which 

(provided classical  mathematics is consistent ) are equivalent with 

al l  classical mathematics ( although this equivalence cannot be 

proved finitarily ) .  They are obtained by stipulating that a sen

tence A is true if, for some n, A can be proved in n steps, but the 

negation of A cannot be proved in n or fewer than n steps. (This 

definition is due to L.  Kalmar. ) 



If the question raised in footnote 22 were answered affirmatively, 

the truth, in this sense, of the theorems of mathematics could ac

tually be proved by finitary reasoning in a feasible number of steps. 

This scheme would then be the closest existing approximation to 

a satisfactory syntactical foundation of mathematics. But still syn

tax [ [would remain a very incomplete substitute for intuit ive 

mathematics] ] could not replace mathematics in the sense ex

plained in footn .  5 ,  because the inference illustrated by Goldbach's 

problem in § 1 3  could, in general,  only be drawn for integers below 

some limit M, although M could be enlarged successively. [ (In fact, 

because of the degree of complication necessarily involved, it 

could, in general, not even be drawn for very great single numbers 

N. And this is true of every finitary syntax as to inferences about 

individual numbers drawn from transfinite axioms . ] ] 

However, the scheme IV, combined with the treatment of em

pirical induction indicated in § 1 7, opens up a possibility to set  up 

a finitary syntactical system which can replace mathematics in the 

restricted sense explained in footn .  1 6 . But this depends on an af

firmative answer to the question raised in footn.  22  and, more

over, i t  is very likely demonstrable that in any finitary syntax 

which can replace transfinite mathematics in this restricted sense 

the syntactical  considerations necessarily go far beyond restrict 

ed finitism ( cnf. footn . 1 9  and §27 ) .  Therefore these syntactical 

schemes are open to the same obj ections as transfinite syntax 

( namely that they have to refer to purely mathematical obj ects 

which cannot at all be realized in physical or psychical reality) . 

Incidentally, it must not be said that questions regarding the ac

tual feasibility of proofs are of no philosophical interest .  For the 

main function of mathematics (as of every conceptual thinking ) 

is to bring the vast manifold of particularities of the world under 

control . Therefore a substitute for mathematics that would fai l  at 

this point could not replace mathematics in one of its most es

sential aspects .  If. e .g . ,  in some syntactical system, in order to 

apply some mathematical theorem to the number of electrons in 

our world, it were necessary to perform a number of operations 

about equal to the number of electrons, this system certa inly 

could not replace mathematics satisfactorily even for empiricists . 



40 Note that item 2 is true only for mathematics at some given stage 

of its historical development and that, therefore, a definite syn 

tactical interpretation also can be given only for mathematics in 

this sense ( cnf. footn .  45 and 1 7 ) .  

4 1  The arbitrariness involved in Carnap's definition of content consists 

in the fad that it is based on the relation of logical consequence. I .e .  

logically equivalent sentences by definition have the same content. 

The content thus defined, therefore, should rather be called "empir

ical content" .  [ [One could similarly define a "mathematical content" 

by using some other relation (e .g . ,  "consequence in the calculus of 

quantifiers" ) ;  and a "logical content" by using the relation "equiva

lent by substitution of definiens and definiendum for each other" . ] )  

By using other relations one could similarly define various kinds 

of "mathematical content" ( corresponding to the various sections 

of mathematics ) ,  e .g . ,  in  Carnap's language II, a "set- theoretical 

content" by means of the relation of "consequence owing to the 

calculus of propositions and quantifiers " .  On the other hand, by 

using the relation of "consequence due to laws of nature" some 

kind of "historical content" could be defined relative to which 

laws of nature would be "void of content" .  

That i t  i s  arbitrary t o  call  mathematics void o f  content because, 

without laws of nature, i t  has no verifiable consequences also ap

pears from the fact that the same is true for laws of nature with 

out mathematics or logic. Cnf .  also §44 . 

[ [If, on the other hand, content is defined, not by some relation 

of consequence, but by the significata of expressions, then, since 

in constructing a language one can choose freely what, if any

thing, one wants to associate to expressions as their significatum, 

one can make mathematical expressions void of content in this 

sense too. But the same can be done also for many factual propo

sitions, in both cases without impairing the applicabi l i ty of the 

propositions in question, since consequences from them can be 

derived formally. However the expectation that the application 

will not lead to wrong propositions about observables rests sole

ly on a discernment of the content, or part of the content, of these 

propositions, or of other propositions about them. 



This can be seen as follows : The conventions in question comprise 

an infinity of  applications to special cases .  Therefore they cannot 

be expressed by enumeration of all these cases, but must be for

mulated in general rules. The general concepts occurring in these 

rules, such as Hsubstitution" or Hj uxtaposition ", it is true, can be 

ana lysed further, but one necessa rily ends up with certain unde

fined concepts .  

Note that also by interpreting mathematics to be "physics of sym

bols" ( cnf.  II ,  § 3 6 )  the necessity of a knowledge of primitive terms 

and facts concerning them ( such as the consistency of the system ) 

cannot be escaped. Only these terms and facts are transferred into 

the field of physics. 

Moreover it is impossible that the primitive terms in any way can 

be created or constructed by ourselves . For the essence of any 

general concept consists in its relatedness to an infinity of special 

instances, namely in the fact that some of them fa ll under it and 

others do not, while everything which we (who are finite beings ) 

can produce has a finite degree of complicat ion.  Therefo re, 

whenever we construct some concept, we construct it out of  

other concepts .  Hence the primitive concepts and the facts con 

cerning them are objective at least in this sense that they are only 

perceived, not made, by us .  Moreover they are objective also in 

the sense that they are not something merely psychological ,  be

ca use confronted with the same (or  equal ) objects we always 

make the same assertions, so that to differences in our assertions 

differences in the obj ects correspond .  But this question does not 

concern us here since I am not engaged in disproving psycholo

gism, but the syntactical viewpoint . ) ]  

42 It might be obj ected that the analogy between mathematical in

tuit ion and the supposed additional sense breaks down insofar as 

the general laws holding for the supposed second reality could be 

disproved by further observations.  However, the same would 

happen for mathematics if an inconsistency arose .  For a disproval 

of observed laws also is nothing else but an inconsistency be

tween different methods of ascerta ining the same thing, since 

empirical  induction and the application of laws of nature also are 



such methods. The H inexhaustibilityH of mathematics makes the 

similarity between reason and the senses ( cnf. § 3 9 )  still closer, be

cause it  shows that there exists a practically unlimited number of 

independent perceptions a lso of this H senseu .  

In reply to  another possible objection it should be noted that, ex 

actly as mathematics, the  second reality, although implying noth 

ing about the facts in the first reality, nevertheless might help us 

in knowing the latter, e .g . ,  i f  it conta ined schematic pictures of all  

situations possible in the first reality. 

43  What the organs of sense convey us is, strictly speaking, only the 

impressions of particular objects. For propositions such as HThis is 

redu one already needs reason (a lthough on a primitive level ) in 

order to understand the general concept "red" and the copula " isu .  

Mathematical knowledge (at  least  in the interpretation given to i t  

by logicism, as opposed to Kantianism) is purely conceptual [ [i . e . ,  

no particular objects occur in i t ] ) .  But such conceptual (analytic ) 

knowledge may (and actually does ) exist also outside mathemat

ics, i .e . ,  with regard to non-mathematical primitive terms. 

It is clear that the "general" ,  exactly as the "particular",  is not cre

ated, but only perceived by us .  For every general concept com

prises a potential infinity of specia l instances of application, while 

everything we can produce is finite. Concepts, therefore, can only 

be obtained by the help of other concepts ( even in case they are 

introduced by rules for the use of symbols ) .  Therefore at least the 

primitive concepts cannot be constructed by us .  But  the defined 

concepts are only combinations of the primitive ones, and the fact 

that these combinations are meaningful and the meanings they 

have, again, are not within the reach of our constructions, but 

rather implied by the meanings of the primitive terms. 

It should be noted that the direct perceptibility of certain mathe

matical objects is by no means the only reason for asserting their 

existence. Even empiricists, who do not accept this kind of per

ception ( except perhaps for the sense qualities ) as a source of 

knowledge, must nevertheless assert the existence of mathemat

ical obj ects, if they consistently apply their own criteria of obj ec

tivity ( cnf. §§  43-46 and footn. 1 4 ) .  



44 "Success" ,  within mathematics,  of some new mathematical 

axiom would mean that many of its consequences could be ver

ified on the basis of the former axioms, the proofs, however, 

being more difficult, and moreover, it would solve important 

problems not solvable before . Note that also the consistency of 

some new axiom, provided it yields a substantially stronger sys

tem, is indemonstrable on the basis of the preceding axioms and 

their consistency. But  the undecidabili ty, from the former ax

ioms, of certa in questions decidable by it might be so demonstra 

ble.  

4 5  What can be said today is this :  In order to solve all problems of 

Goldbach type (cnf. footn . 24)  of a certa in degree of complication 

k, a system of axioms is necessary whose degree of complication 

is of at  least the same order of magnitude as k (where the degree 

of complication is measured by the number of symbols necessary 

to formulate the problem - or the system of axioms-, either in 

primitive terms, or in defined terms if the number of symbols oc

curring in the definitions is also counted ) .  S ince it seems reason

able to assume that there exist only a finite number of primitive 

terms ( i . e .  terms whose meaning is understandable without def

inition ) and that, moreover, the degree of complica tion of axioms 

( i . e .  of propositions discernible to be true without proof) has an 

upper bound, it seems to follow that there exist propositions of 

Goldbach type which, for the human mind, a re undecidable in 

an absolute sense . Their degree of complication, it is true, might 

be so great that they could not even be formulated within a rea 

sonable length of t ime. However, it is to be noted that all of pre

sent day mathematics can be derived from a handful of very s im

ple axioms about a very few primitive terms.  Hence the problems 

undecidable from these axioms can easily be formulated . Therefore, 

even if solutions are desired only for all those problems which can 

be formulated in a few pages, mathematics will have to change 

completely its character; namely the few axioms being used today 

will have to be supplemented by a vast number of new ones. This 

is not entirely impossible .  In fact the change required would not 

be greater than was that from Greek to modern mathemat ics . 



Moreover there do exist unexplored series of axioms which are 

analytic in this sense that they only explicate the content of the 

concepts occurring in them ( cnf. footn . 3 3 ) ,  e.g. ,  the axioms of in 

finity in set-theory, which assert the existence of sets of greater 

and greater cardinality. However, if modern standards of mathe

matical rigour are applied, the  concepts concerned, e .g . ,  the  gen 

eral concept of set. cannot be considered sufficiently precise or 

constructive to serve as  the basis for unimpeachable mathemati 

cal proofs. That there should exist sufficiently powerful series of 

axioms not based on some rather questionable concept is not very 

likely. Therefore, even if there do exist enough analytic axioms for 

the solution of all problems characterized above, still a more or less 

inductive character probably will have to be assigned to them. 
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4 
Is mathemati cs syntax of language?, VI  

I t  i s  well known that Carnap has carried through, i n  great detail, 

the conception that mathematics is syntax of language. However, not 

enough attention has been paid to the fact that the philosophical as

sertions which form the original content and the chief interest of this 

conception have by no means been proved thereby. Quite on the 

contrary, this, as well as  any other possible, execution of the syn

tactical scheme tend to bring the falsehood of these assertions to 

light. I am speaking of the following assertions: 

I .  Mathematical intuition, for all  scientifically relevant purposes, 

in particular for drawing the conclusions as  to observable facts oc

curring in applied mathematics, can be replaced by conventions 

about the use of symbols . 

II .  In contradistinction to the other sciences, which describe cer

tain objects and facts, there do not exist any mathematical objects or 

facts .  Mathematical propositions, because they are nothing but con

sequences of conventions about the use of symbols, are compatible 

with all  possible experiences, and, therefore, are devoid of any con

tent.  

III . The conception of mathematics as  a system of conventions 

makes the a priori validity of mathematics compatible with strict em

piricism. For we know a priori,  and without having to appeal to any 

a priori intuition, that conventions about the use of symbols cannot 

be disproved by experience . 

It seems to me that these three assertions are refutable, as far as  

any philosophical assertion can be refutable in the present state of 

philosophy. That this is possible only in a l imited sense follows from 

the fact that the philosophical, as well as  the other very general. 

terms occurring in philosophical  assertions are not well defined and 

admit of various interpretations.  In particular this applies to the 

terms occurring in I. II, III above, namely: " replacing",  "content" ,  

" fact" ,  "disproving" .  Therefore, what can be shown is  only that those 



meanings of the terms which make the assertions in question true 

are artificial and widely divergent from the original ones, or even 

that, by a kind of  petitio principii, the answers to the questions are an

ticipated by definitions which deal differently with analogous situa

tions. 1 The purpose of the following considerations is to show this .  

I .  I .  As far as  assertion I is concerned, it is  true that by applying 

certa in rules about the use of symbols ( to be more precise rules stat 

ing conditions under which propositions conta ining them are true ) 

one arrives at the same results ( a lso in the applications) as by apply

ing mathematica l intuition. However, in order to have any reason 

for the expectation that, if  these rules are applied to verified laws of 

nature (e .g . ,  the primitive laws of elasticity theory ) ,  one will obtain 

empirica lly correct propositions (e .g . ,  about the carrying-power of a 

bridge ) ,  one must know (at  least with probabi l ity) that the syntacti

ca l rules . . .  rea lly are . . .  [? ] consistent [? )  i .e .  compatible with all em

pirical facts . . .  [ ? ]  [ [  For on the basis  of inconsistent rules ,  all propo

sitions] ] ,  the empirical ones included, can be derived. But  now it 

turns out that for proving the consistency of mathematics an intu

i t ion of the same depth ( a lthough possibly of a different kind ) i s  

needed as for recognizing the truth of the mathematical axioms. 

In particular the consistency of the abstract mathematical con

cepts, such as " infinite set" ,  "function ", etc . ,  cannot be proved con

sistent without again us ing abstract concepts, i . e . ,  such as are not  as 

certainable properties or relations of finite combinations of symbols 

or other concrete objects. If for the proof of the consistency or ad

missibility of the conventions only such concepts and insights were 

required as are necessary in order to understand and handle sym 

bolic conventions,  then assertion I would in a sense be true .  

However, exactly this  is demonstrably not  the case .  Consistency, it  

is true, can also be inferred empirically, but at any rate it is  clea r that,  

with an adequate meaning of the term "replace ",  mathematical in

tuition cannot be replaced by conventions, but only by conventions 

plus mathematical intuition or by conventions plus an empirical 

knowledge involving in a certa in sense an equivalent mathematical 

content.  

2 .  There rema ins the possibility to interpret the word "can" ,  not 

in a realistic (practica l ) ,  but rather in an idealized sense, e .g . ,  by mak-



ing the fiction that we can mentally run through any finite totality, 

no matter how large, or even through infinite totalities .  As to such 

schemes it is to be noted that the whole content and purpose of 

mathematics is to master arbitrary finite and infinite totalities and 

structures. It is therefore not surprising that mathematical intuition 

can be replaced by an immediate and complete knowledge of  those 

totalities .  All factual propositions likewise can be transformed into 

consequences of conventions about the use of symbols, if we assume 

that we can run through the totality of all  objects in the word. For 

in that case every concept could be defined by enumeration of al l  ob

j ects falling under it. These "conventions" about the use of words, 

together with those about the use of the logical terms evidently 

would entail everything else . 2  

II .  The fact that ,  in order to draw mathematical inferences in the 

empirical sciences, something more is necessary than conventions 

and their application points to the existence of a content of mathe

matics . S till more clearly its existence results from the following ar

guments:  

I .  If i t  is said that mathematical propositions have no content be

cause nothing follows from them about experiences, i t  can be an

swered that the same is true of laws of nature .  For laws of nature 

without mathematics or logic imply as little about experiences as  

mathematics without laws of nature. That mathematics, at  least in 

some cases, does add something to the laws of nature which is not 

expressed in them, is best seen from examples where one has very 

simple laws about certa in elements (e .g . ,  those about the reactions 

of an electronic tube ) .  Here mathematics adds the general laws of 

multiplicity, i . e .  the laws as  to how many tubes connected in a cer

tain manner will react. That the latter laws are not contained in the 

former is seen from the fact that I .  they contain concepts not defin

able in terms of those occurring in the former, and that 2 .  new em

pirical inductions may be necessary in order to ascertain the latter 

laws, namely in case the mathematical problems in question are un

solvable. E .g .  this may occur in a case like Goldbach's  conjecture, 

which evidently implies a certain law about the reactions of a com

puting machine. Mathematical propositions, it is true, do not express 

physical properties of the structures concerned, but rather proper-



t ies of the concepts in which we describe the structures. But  in view 

of the example given this only shows that the properties of those 

concepts are something quite as objective and independent from our 

choice as  physical properties of matter. 3 

It may be added that, unlike in  the example given above, the gen

eral laws about the interaction of many elements may even be re

quired for predicting the result of a single observation, namely in case 

the latter depends on an infinity, e.g. ,  a continuum, of physical ele

ments.  

2 .  Mathematical axioms, in principle, are disprovable exactly l ike 

laws of nature, namely by an inconsistency derived from them. B u t  

it seems that propositions which m a y  be wrong m u s t  have some con

tent. If a contradiction is not acknowledged as a disproval, but only 

as a proof for the " inexpediency" of the conventions, the same can 

be done for laws of nature, which also can be interpreted to be con

ventions which become " inexpedient" in case a counterexample is  

found.  It  should also be noted that an inconsistent mathematical 

axiom, before the inconsistency is  discovered, would work out in the 

application exactly as a wrong law of nature,  since it would imply 

also wrong empirica l  proposit ions.  From the disprovability of math

ematical axioms it follows that, if mathematics is dealt with from the 

positivistic point of view, regarding "existence" ,  without prej udice, 

" existence" should be attributed to the objects of a successful math

ematics ( in  contradistinction to those of one contradictory ) exactly 

as  is done for the objects of a successful physics. If the possibility of 

a disproval of mathematical axioms is frequently disregarded, this is  

due solely to the convincing power of mathematical intuition . B u t  

t h e  very starting point of t h e  syntactical conception is t h e  rejection 

of mathematical intuition. Even for consistent mathematical axioms 

there is a possibility of d isproval ,  namely by the fact that they lead 

to wrong predictions on the basis of well verified laws of nature. 4 

3 .  Even if it were admitted that mathematics can be based on con

ventions about the use of symbols, its voidness of content sti l l  would 

not follow. For symbolic conventions are void of content only in  so 

far as  they add nothing to the theory in which they are made, but 

they may very well imply propositions of this theory. I f ,  e .g . ,  on the 

ground of the empirical ly known associativity of  some physical op-



eration a convention about the dropping of brackets is introduced, 

then from this convention the associativity of the operation in ques

tion, i .e . ,  an empirical proposition, follows . I f  a mathematical con

vention is introduced on the basis of its consistency, the situation is 

quite similar. For this fact of the consistency of the convention, again, 

is expressible in the main system in which it  is made and the con

vention implies, although not this consistency itself, still certain only 

slightly weaker propositions, i . e . ,  substantially the same facts as  those 

which justified its introduction. 5 

4. Even if mathematics is built on rules of syntax, this makes it 

not a bit more conventional (in the sense of "arbitrary " )  than other 

sciences. For according to the positivistic point of view the rules for 

the use of a symbol are the definition of its meaning, so that different 

rules simply introduce different meanings, i . e .  different concepts. 

But the choice of the concepts is free also in other sciences . Moreover 

syntactical rules, which introduce new symbols not as  mere abbre

viations for combinations of symbols present already, must be con

sistent [? ]  and compatible with all  empirical possibilities and, there 

fore, are very far from arbitrary . 6  

5 .  There exist experiences, namely those of mathematical intu

ition, in which we perceive mathematical objects and facts just as im

mediately as physical objects, or perhaps more so.  It is arbitrary to 

consider "this is red" an immediate datum, but not so to consider 

modus ponens or complete induction (or  perhaps some simpler propo

sitions from which the latter follows ) .  For the difference, as  far as  it  

is relevant here,  consists solely in the fact that in the first case a re

lationship between a concept and a particular object is perceived, 

while in the second case it is a relationship between concepts .  Exactly 

as mathematical intuition is dealt with in the syntactical conception 

of mathematics some physical sense could also be dealt with, pro

vided i t  were sufficiently separated from the other senses. I . e . ,  one 

could disregard the impressions of this sense and not associate with 

them any objects or facts, but rather introduce the propositions con 

cerned by "conventions about the use of symbols" .  A difficulty would 

arise, i f  the mutually independent impressions of this sense were so 

numerous, that they would make it necessary constantly to intro

duce new conventions. Actually, however, a somewhat similar sit-



uation does subsist for mathematics. For it turns out that, in order to 

solve its problems, i t  is necessary again and again to introduce new 

axioms, which can be justified only by intuition or experience . One 

might say that, in contradistinction to other sciences the experiences 

of mathematical intuition are not the object of mathematics . 

However, truly speaking, experiences themselves are not the object 

of most other sciences either. E .g . ,  [ (animals seen in hallucinations 

are not an object of Zoology] ] color sensations are not the object of 

physical optics . 7  

I I I .  As to assertion I I I  it suffices to say that, if consistency and com

patibility with [empiricism?] ( which must be known in order to be 

able to introduce the mathematical axioms as  "conventions " )  is 

based on empirical induction mathematics is not a priori true; on the 

other hand to prove it by mathematical intuition is not compatible 

with empiricism . 8 

What psychologically plays a large part in any plausibility which 

the thesis of the voidness of content of mathematical propositions 

may have are these two circumstances: 

l.  The logical concepts in their use in empirical propositions don't 

seem to belong to the subject matter of the proposition, but rather 

seem to be means of expression . However, if  a proposition is true a l 

ready due to properties of the means of expression, it cannot say any

thing about the subject matter. Nor can it say anything about the 

means of expression. For, if it did, they would not be means of ex

pression, but subject matter. 

2. No possibility is excluded by a logically true proposition, while 

the content of a proposition seems to consist exactly in the fact that 

it  excludes certain possibilities.  However, the first argument, even if  

its antecedent is admitted, does not exclude that the logical concepts 

may be made the subject matter of non-empirical  propositions. As 

to the second argument it can be answered that there are different 

levels of possibility.9 



Ed i to r i a l  footnotes of com pa r i son  

w i th vers i o n  V 

In the fifth version the general argument is similar, but Godel 

concedes to the syntactical view "the merit of having pointed out 

the fundamental difference between mathematical and empirical 

truth",  and this difference is admitted to be located "in the fact 

that mathematica l propositions, as opposed to empirical ones, are 

true in virtue of the concepts occurring in them",  with which Godel 

seems to accept that mathematical propositions are, in a certain 

sense, analytic. What he denies is the nominalistic step of identi

fying concepts with terms, or symbols, in order to transform 

"mathematical truth into conventions and, eventually, into noth 

ing" .  

2 The fifth version is a little bit clearer for we are told that the only 

possible rules to be used in the syntactical attempt are those which 

are "admissible" - non-arbitrary - rules, and admissibility entails 

consistency, which requires intuition . This "vicious circle" is de 

scribed by writing that no matter which syntadical rules are for

mulated, "the power and usefulness of the mathematics resulting 

is proportional to the power of the mathematical intuition neces 

sary for their proof of admissibility", whose phenomenon is ca lled 

by Godel "the non-eliminability of the content of mathematics by 

the syntactical interpretation" .  Ultimately, this means that math 

ematical truth has to be acknowledged to be non -conventional .  

3 The corresponding argument in the fifth version is considerably 

bolder, as it adds the following Platonic words:  "This is not sur

prising, since concepts are composed of primitive ones, which, as 

well  as their properties, we can create as l i tt le as the primitive 

constituents of matter and their properties.  However, in spite of 

the objective character of conceptual truth, it is quite necessary 

to distinguish sharply these two kinds of content and facts as ' fac-



tual '  and 'conceptual ' .  What Carnap ca lls 'content' really is ' fac

tual content ' " .  

4 The language of the fifth version is more philosophical .  We are 

told about "immanent existence" as being attributed by the pos

itivists to the "correct mathematics " .  Moreover. Godel adds the 

following strong assertion: "these mathematical objects and facts 

[e .g .  infinite sets or properties of properties] cannot be eliminat

ed (as. e .g  . .  infinite points in geometry can ) ,  since there always 

remain primitive mathematical terms and axioms about them, e i 

ther in the scientific language or the metalanguage, where 

'axiom' here means a proposition assumed on the ground of its 

intu itive evidence or because of its success in the applications " .  

Therefore. Godel concludes, t h e  positivistic point of view as  for 

mathematical objects is inconsistent when the positivists speak 

about their "pseudoexistence";  the difference with physical ob 

jects "primarily lies in their different intuitive character" ,  but their 

roles in the formalism is similar, so they could be regarded as  " ir

reducible hypotheses of science, exactly as  the assumption of a 

field and of the laws governing it" . 

5 The fifth version is again clearer, as it is, philosophically speak

ing, more ingenuous .  Godel starts by saying that conventions on 

symbols are void of content only relatively to the sense in which 

"they add nothing to a theory which implies their admissibility" .  

The argument depends o n  the comparison with empirical laws a s  

well, but here Godel adds that any law o f  nature can as  well be 

interpreted as "a convention whose admissibility derives from this 

law of nature " .  There are two possible objections. First, that in this 

way mathematical axioms - and thus the convention in question 

- are not sufficient to derive the empirically verifiable fact of con

sistency .  Godel's answer is that "nobody will call a law of nature 

( . . .  ) void of content, because it has verifiable consequences only 

in conjunction with other, independently known, laws " .  Second. 

that the statement of consistency itself is void of content because 

all instances of individual proof figures can be derived from the 

axioms before the convention in question has been made. Now 



the answer is one of Godel's strongest assertions about the simi

larity between mathematics and empirical science : "the process 

of formal derivation in a theory is itself a kind of observation. So 

the objection is about the same as if  it were said that a law of na

ture is void of content, because the single instances of it can be 

ascertained without its help, namely by direct observation" .  

6 A n  extension o f  this argument appears i n  the fifth version . It 

might sound as belonging to a rather formalist philosophy of 

mathematics, as it is based on the " fact" that definitions in some 

way create their object, but this impression is complemented by 

the insistence on the similarity between mathematics and em

pirical science . Godel writes that "what can be asserted on the 

basis  of the definitions is exactly as objectively determined in 

mathematics as in other sciences. Viewed from this angle the 

content of mathematics appears in the fact that definitions im

plicitly assert the existence of the object defined. In particular if 

a symbol is introduced by stating rules as to which sentences con

taining it are true, then from these rules much the same conclu 

sions can be  drawn as could be  from the  assumption of the  exis

tence of an object satisfying those rules" .  

7 In the fifth version the parallelism between mathematics and em

pirical science is emphasized, as it is pointed out that the syntac

tical program is possible only because mathematical propositions 

follow from a small number of primitive ones, and they are sep

arable from other propositions because no empirical propositions 

follow from them. Thus, there is a great similarity between math

ematical intuition and empirical perception. for if the objects of 

physical sense were so regular and separated from those of the 

other senses, "we could interpret also the propositions based on 

impressions of this sense to be syntactical conventions without 

content and associate no facts or objects with them or their con

stituents" .  Godel arrives even at  the assertion that there is no sub

stantial difference between mathematics and other sciences for "a 

general mathematical theorem, in a sense, has the mathematical 

experiences relating to the special cases as its object " .  



8 The fifth version is again clearer, now because it resorts to ad

missibil ity. Thus, if the syntactical rules we introduce to replace 

mathematics are non-admissible, certain empirical consequences 

are derivable, which can be disproved by experience. If, on the 

other hand, our rules are admissible ( then consistent ) ,  any a pri

ori knowledge of this fact can only be obtained by mathematical 

intuition . 

9 In the fifth version the last sentence is somewhat clarified, as a 

distinction between physical and logical possibility is added . Also, 

there was a third item dealing with the fact that certain sentences 

are determined by semantical rules to be true under al l  circum

stances (e .g . ,  " I t  will rain or it will not  rain tomorrow" ) ,  which 

are usually admitted to be void of content. Thus, they cannot be 

denied because of their structure, or because of the meanings of 

the terms occurring in them, which could be interpreted by say

ing that logic is a part of syntax .  Godel 's  answer is, however, that 

"what is regarded as the content of a proposition largely is a ques

tion of what one is interested in .  E .g . ,  one may very well say that 

the proposition mentioned above, although it says nothing about 

rain, does express a property of 'not'  and 'or" ' .  
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Kant 44; 45 ; 7 5; 94; 99;  I l l ; 1 56; 1 62 ;  1 6 3;  1 9 5 ; 209 

knowledge, mathematical 3 5; 1 46-7 

Kreisel 1 1 1  

Lackey 7 3 ;  1 04 

Lakatos 79; 1 02 

language artificial/natural  5 9-6 1 

laws of nature 36 ;  80;  1 5 2 ;  1 7 3 ;  1 87-8; 1 96;  202 ;  207-8; 

2 1 4-6 

linguistic convention, see convention 

logic 7; 8; 1 1 -3;  27; 36; 40; 42; 44; 49; 52; 60; 62; 64; 7 3 ;  7 5 ;  79;  

87-90; 1 40; 1 83 ;  1 88; 1 9 1 ;  1 9 5;  204; 207; 2 1 5  

- elementary 1 7; 1 8; 1 9; 20; 22;  47 

- sentential 1 9-20; 47; 49; 52 

logical, see 

- concept 

- term 

- truth 



logicism/t 2 5; 45 ;  49; 7 5 ;  86; 88; 209 

Lowenheim-Skolem theorem 26  

machine 1 29; 1 36; 1 46; 1 50 

- computing 1 7 5 ;  2 1 5  

- finite 1 3 3-6 

manuscripts 7; 1 1 -2 ; 1 4; 34; 38;  43 ;  62;  6 5 ;  94-5;  1 09; 1 1 2 ;  1 1 4; 

1 20 

materialism 26;  1 3 5 ; 1 36 

mathematical, see 

- axiom 

- concept 

- entity 

- fact 

- intuition 

- knowledge 

- object 

- problem 

- proposition 

- theorem 

- truth 

mathematics 1 2-4; 1 7-8; 22; 2 3 ;  2 5 ; 28;  30; 34; 3 6-42;  44-5; 49; 

5 1 -2;  57;  58-9; 6 1 -65 ;  67-9; 7 1 ; 7 3-6; 79-3; 8 5 ; 88-2; 94-5;  

97-8; 1 1 7;  1 29- 1 3 5 ; 1 37-8; 1 40-7; 1 49-5 3;  1 56; 1 59-62 ;  

1 64-6; 1 7 1 -4; 1 76; 1 77-84; 1 87-9; 1 9 1 ;  1 9 3 ;  1 9 5-204; 206- 1 0; 

2 1 3-22 

- classical 1 9; 22 ;  2 3; 24; 2 5 ; 5 1 ;  52 ;  1 42;  1 5 5 ;  1 7 3 ;  1 79; 1 89; 

1 9 3 ;  1 94; 1 9� 20� 2 0 5  

- finitary 1 80- 1 ;  1 8 3 ;  1 87; 1 99; 204 

- pure 7 5 ;  78; 8 1 ;  9 5 ; 1 34; 1 7 5 ;  1 84-5 

Maxwell 78 

meaning 34-7; 39; 42; 44; 47-8; 50;  52; 58-6 1 ; 6 3-4; 66-7; 69; 

80; 87; 93; 1 1 7; 1 3 3-5 ;  1 37; 1 40- 1 ;  1 43-4; 1 49; 1 5 3 ;  1 60; 1 66; 

1 7 1-3 ;  1 78; 1 8 1 ;  1 8 3 ;  1 86-7; 1 89; 1 94; 1 97-8; 200-4; 2 1 0; 2 1 4; 

2 1 7; 222 

means of expression, see expression 

mechanist/ic 1 3-4; 1 36 



Menger 1 1 1 ; 1 5 1 ;  1 94 

metalanguage 24; 220  

metamathematical 1 2 ; 1 7 ; 1 9 ; 24; 28; 30- 1 ;  1 1 2 ;  1 1 6; 1 29 

metamathematics 1 1 ; 2 8; 3 0  

method 1 2 ; 2 1 ; 2 3 ; 29;  3 1 ;  3 3 ; 44; 47; 50-6; 68; 7 1 -2; 74; 76; 78; 

90; 92; 1 29; 1 37; 1 43 ;  1 67; 1 72;  208 

Mill  40; 86; 1 77; 20 3-4 

mind 1 3 ; 26-7; 67; 7 1 ; 1 46; 1 54; 1 56; 1 62 

- human 26;  1 34-6; 1 47; 1 5 1 ;  1 57; 2 1 0  

model 2 1 ;  2 6; 29;  1 80; 1 8 3;  1 99 

Moore 

- George 45 ;  1 03 ;  

- Gregory 1 1 9 

Morgenstern 1 1 1  

Nachlass, see Godel 

natural, see 

- language 

- number 

- science 

Neumann 1 1 1  

Newton 73 ;  7 5  

nominalism/t/ic 9 3 ;  1 1 9; 1 40- 1 ;  1 42;  1 4 5;  1 5 3;  1 5 5;  1 60- 1 ;  1 64; 

1 7 1 ;  1 72 ;  1 78; 1 89; 2 1 9  

number 

- natural 23; 26-7; 50; 5 1  

- ordinal 1 3 1 ; 1 97; 1 99 

number theoretical 1 32-3; 1 37; 1 42;  1 50; 1 52 

number theory 1 8; 26;  6 5-6; 98; 1 30; 1 32 ;  1 40- 1 ;  1 5 5 ;  1 6 1 ;  1 64; 

1 79-80; 1 97; 1 99 

object/s  7; 22-3; 27 ;  34; 36;  44; 66; 69; 77;  80- 1 ;  9 1 ;  9 3-4; 1 38; 

1 4 1 ;  1 46-7; 1 5 1 -3 ;  1 5 6; 1 6 1 ;  1 6 3 ;  1 6 5-6; 1 77; 1 8 1 ;  1 84-5;  

1 9 1 -2 ; 20 1 ; 208-9; 2 1 3-6; 22 1 

- empirical 1 46; 1 88 

- mathematical 28; 34-5;  37-8; 79; 83 ;  94-5;  1 36-8; 1 52 ;  1 54; 

1 60; 1 72-3; 1 80- 1 ;  1 86-7; 1 9 1 ;  1 97; 206; 209;  2 1 3 ; 2 1 7; 220  



- physical 34; 37 ;  39 ;  8 1 ;  9 1 -2 ;  94; 1 9 5 ;  2 1 7; 220 

objective 7; 22 ;  2 5-8; 30; 34 ;  36 ;  39 ;  44; 64;  67-8; 7 1-2; 82;  

94-6; 1 1 8; 1 34; 1 36-7; 1 39; 1 44; 1 5 1 ; 1 56; 1 64; 1 66-7; 1 74; 

1 77-8; 1 8 3 ;  1 86; 1 88; 1 9 1 -2 ;  1 9 5 ;  1 97; 200; 202-4; 208; 2 1 6; 

2 1 9; 22 1 , see 

- concept 

- truth, mathematical 

objectivity 1 2 ; 68; 7 1 ;  97; 1 20; 1 52;  1 60; 1 66; 1 9 5 ;  209 

ontology 34-5;  38; 89 

ordinal number, see number 

paradox 1 8; 24; 44; 56; 64; 67-8; 72-3; 7 5-6; 78-9; 88; 1 30; 1 4 5  

Peano 28; 1 50 

philosophical,  see 

- hypothesis 

- implication 

philosophy 7;  1 1 ; 1 3; 47; 57; 7 1 ;  79; 83 ;  1 09; 1 1 6; 1 1 7-8; 1 20; 

1 3 5 ;  1 38; 1 89; 2 1 3  

- of mathematics 7; 8; 1 1 ; 1 2 ; 1 4; 1 7; 34; 39; 42-3; 7 1 ;  79; 8 1 ;  

86; 92; 1 1 6; 22 1 

physical, see object 

physics 7; 1 2-3; 34; 36; 39; 4 1 ;  60; 62; 65 ;  69; 7 1 ;  7 5-6; 79; 8 1 ;  

83 ;  84-6; 88-92; 94; 1 37; 1 52;  1 59; 1 64; 1 67;  1 72;  1 82-3; 

1 86-8; 208; 2 1 6  

Platonic, 

Platoni/c/sm/stic 1 2 ; 26; 3 3 ; 42; 49; 1 00; 1 1 5 ; 1 1 9; 1 36; 1 38; 1 43; 

145 ;  1 46-7; 1 52;  1 56-7; 1 60; 1 62;  1 66; 1 84; 1 9 5-6; 203; 2 1 9  

Poincare 8 1 ;  1 5 5 

Popper 33 ;  8 1  

positivis/m/t /tic 2 5; 3 3; 37-8; 48; 77; 88; 98; 1 1 4; 1 1 6; 1 1 9; 2 1 6; 

2 1 7; 220 

Post 1 9  

primitive, see 

- concept 

- proposition 

- term 

Princeton 1 1 ; 1 4; 3 1 -2;  1 0 5 ;  1 09- 1 0; 1 1 6; 1 20 



probability 74; 1 4 5; 1 52;  1 62;  1 76; 1 77; 202; 2 1 4 

problem mathematical 2 1 ;  29; 1 38; 1 74; 1 89; 2 1 5  

program syntactical 1 72-3; 1 79-8 1 ;  1 9 1 ;  1 9 3  

proof 7 ;  1 9; 20; 2 1 ;  22;  2 3 ;  27;  30; 3 1 ;  43 ;  44; 47; 48; 50; 5 1 ; 62; 

6� 68; 6� 8� 82; 92; 95 ;  1 3� 1 3� 1 3 5 ;  1 3� 1 38; 1 4 1 ;  1 42;  

1 45 ;  1 5 1 ; 1 5 3 ;  1 5 5 ;  1 59; 1 64; 1 67; 1 74; 1 77; 1 78; 1 79; 1 9 1 ;  

1 94; 1 96; 1 97;  1 98; 1 99; 203 ; 206; 2 1 0; 2 1 4; 2 1 6; 2 1 9; 220 

- finitary 1 97 

- see consistency proof 

proposition 

- empirical 36; 38; 1 59; 1 62;  1 84-5;  2 1 6-8; 22 1 

- factual 1 5 3-4; 1 74; 203 ;  207; 2 1 5  

- mathematical 36;  4 1 ;  43 ;  48-9; 65 ;  69; 77; 80-90; 95 ;  1 29; 

1 3 3 ;  1 3 5 ;  1 39; 1 40; 1 42-3; 1 46; 1 59; 1 7 1 ;  1 92;  203 ;  205 ;  

2 1 5 ; 2 1 8-9; 22 1 

- primitive 45;  7 1 -3; 1 5 0 

propositional function 32;  64 

provability 7; 1 8; 20- 1 ;  2 5 ;  30-2; 49; 82; 2 1 6  

provable 1 8-20; 2 3-6; 29-30; 32-3; 44; 46; 48-5 1 ;  54; 57; 63 ;  

82 ;  1 8 1 ;  1 9 5 ; 2 1 6, see 

- sentence 

pure mathematics, see mathematics 

Putnam 40; 99; 1 00; 1 02-3; 1 1 9 

Pythagoras 42 

quantum mechanics 87; 89; 1 36 

Quine 1 2 ; 40; 42-3; 54; 57-62; 66-7; 7 1 ; 76; 8 1 -3; 85 ; 86; 

88-9 1 ; 96-97; 99; 1 00-3 

Ramsey 49; 66; 68-9; 1 03 ;  1 54; 1 6 5 ;  1 72;  1 78; 1 9 3 

real is/m/t/tic 1 2 ; 1 7; 2 1 ;  22;  26; 28; 3 1 -2; 54; 73 ;  1 37; 1 46; 1 47; 

1 5� 1 5� 1 64; 1 78; 2 1 4 

reality 22; 34; 46; 80- 1 ;  84; 94-7; 1 1 8; 1 44; 1 46-7; 1 6 1 ;  1 6 5 ;  

1 7 5; 1 8 5; 1 88; 1 9 5 ;  1 97; 206; 208-9 

recursive 2 3; 1 6 1 ;  1 79- 1 80; 1 97; 1 99 

reductionis/m/t/t ic 1 4; 62; 68 

refutable 50; 5 1 ;  56;  2 1 3  



refutation 3 5 ; 68; 69; 84; 1 64 

resoluble 50; 5 1 ; 5 5-6 

Riemann 1 32 

Robinson 3 3; 1 1 1  

RodrfguezConsuegra 7; 40; 45 ;  1 0 3 

Rosser 1 50 

rule 1 7; 1 9-20; 37 ;  39 ; 47; 49; 50-2; 5 3-5;  58-6 1 ; 6 3-4; 68; 73 ;  

80 ;  84-6; 9 5; 1 30-4; 1 39; 1 43 ;  1 50; 1 5 3-5;  1 60; 1 66; 1 7 1 ;  

1 7 3-4; 1 76-7; 1 8 1 -2;  1 83 ;  1 8 5 ;  1 92 ;  1 9 5 ;  1 96-7; 200; 203-4; 

208-9; 2 1 4; 2 1 7; 2 1 9; 22 1 

- of inference 1 8; 1 30; 1 32 ;  1 5 1 ; 1 74; 1 9 1 ;  1 9 3 ;  205  

- semantical 58-60; 66; 1 40; 1 44; 1 59; 1 6 1 ;  1 64; 1 74; 222 

- syntactic/al 3 5 ; 69; 1 4 1 ;  1 5 3-6; 1 59; 1 6 5 ;  1 74-6; 1 78; 1 84; 

1 9 5 ;  205 ;  2 1 9; 222 

Russell 1 1 -2; 1 9; 42-6; 48-9; 5 1 ;  62;  64;  67-8; 7 1 -9; 86; 90- 1 ;  

1 00- 1 ;  1 0 3-5; 1 1 3 ; 1 1 6; 1 1 8-9 

- Principia 48; 62-3; 76-8; 1 04 

- Principles 45 ;  7 1  

Sacristan 20; 1 04 

Schilpp 1 4; 59; 6 1 ;  99- 1 0 1 ;  1 03 ;  1 0 5 ;  1 1 1 ; 1 1 5 ; 1 1 7-9 

Schlick 52; 1 7 1 ;  1 9 1 ;  1 9 3 

science 

- empirical 36;  39-4 1 ;  69; 7 1 -3; 7 5 ;  78; 82-3; 8 5-6; 96; 98; 

1 72-3; 1 84-5;  1 99; 2 1 5 ; 22 1 

- natural  7 5 ;  83 ;  97-8; 1 37; 1 5 3;  1 8 5 ;  1 87;  202 

Scott 1 1 1  

semantic 42; 48-9; 59;  6 5  

semantical 2 1 ;  4 1 ;  1 44; 1 64, see 

- rule 

semantics 34-5; 57; 60- 1 ;  1 64; 1 86 

sense perception 1 3 ; 34; 4 1 ;  90-3; 96-7; 1 5 6; 1 7 3 ;  1 83-4; 1 87-8; 

1 9 1  

senses, the 7 5 ;  1 52 ;  1 5 5-6; 1 59;  1 62-3; 1 84; 209 

sentence 

- provable 20; 5 1  

- undecidable 1 9; 2 3 ;  29-32 



set theoretical 92; 1 32;  1 5  5 

set theory 8; I I ;  27;  4 1 ;  44; 5 1 ; 6 I ;  64; 68; 88; 93 ;  1 30; 1 32;  I 45 ;  

I 49; I 54;  200;  2 I I 

Skolem 20; 27-9; 1 0 5 

solvable 2 1 ;  29; 1 34; I 74; I 89; 2 I O; 2 I S  

space-time 45;  96; I 44; I 47; I 8 5 ;  I 97 

structure I 8; 26; 60; 9 1 ;  1 36; I 46; I 50; 1 52-3; 1 62; 1 7 1 ;  1 74; 

I 77; I 8 3 ;  I 9 3 ;  2 I 5 ; 222 

subjective 67; 68 ;  94;  I 34; I 46; I 54; 1 62-3 

symbol 1 7 ; 2 3; 30; 3 5-7; 39; 44; 46-7; S I ; 66; 68-9; 8 I ;  86; 95 ;  

I 22;  1 3 3;  1 39; I 4 I ;  1 5 3 ;  1 5 5-6; I 60- I ;  I 64; I 66; I 7 1 ;  I 7 5-9; 

I 8 I ;  I 8 3 ;  1 8 5-6; I 92;  I 96; I 98; 203-4; 208- I O; 2 1 3-7; 2 I 9-2 I 

syntactic/al I 4; 22-3; 3 5 ; 37 ;  4 1 -2;  49-50; 6 1 -2; 6 5-6; 68-9; 

9 5-7; 1 39; 1 42; 145 ;  1 5 3-5; 1 62;  1 7 1 -2; 1 74-5;  1 77-8; 1 80-1 ;  

1 8 3 ;  1 87; 1 92;  1 9 5-6; 202-3; 20 5-8; 2 1 3-7; 2 I 9; 22 I , see 

- conception 

- convention 

- program 

- rule 

- viewpoint 

syntax I 4; 37; 42; 5 5-7; 68; 8 3-4; 9 5 ; I 44; I 7 I -8; I 80; I 8 3 ;  I 86; 

I 9 I -6; 202-3; 206; 2 I 3 ; 2 I 7; 222 

- finitary, I 8 3-4; 20 5-6 

synthetic 2 5 ;  42-6; 48-9; 5 1 -2;  54; 5 5-6; 60- I ;  67; 84; I 45 ;  I 47; 

I 5 6; 20 I ; 205  

Tarski I 2 ; 30-2; 40- I ;  56-7; 6 I -2; 7 I ;  86-8; 90 ;  99 ;  I 06 

Tarski's theorem 3 1 -2 

tautolog/ical /y I 2 ; 1 4; 34;  42; 45-9; 63 ;  6 5-9; 1 40-2; I 44; I 54-6; 

I 60-5; 204 

Taylor 45;  1 0 5 

term 

- logical 87; 1 88; 2 1 5  

- primitive 38; 64; 66; I 44; I 66; I 82-3; I 87; 200; 204; 

208- 1 0  

theorem, mathematical 73 ;  I 60; 1 7 5 ;  I 86; 1 92;  200 

theoretical concept, see concept 

theory of types 49; 5 I ; 64 



transfinite 28; 30; 6 5; 75 ;  82;  93 ;  1 3 1 ;  1 54; 1 66; 1 79; 1 9 5 ;  1 97-8; 

203 ; 206 

truth 1 3 ; 1 9-22; 24; 29-3 1 ;  3 3-4; 39-4 1 ;  43-7; 5 1 -2;  54; 56-7; 

59-60; 62; 66; 69; 72-3; 77-8; 82; 87-8; 92-5; 1 20; 1 29; 1 3 5 ;  

1 37; 1 39-40; 1 43 ;  1 45 ;  1 5 3-5 ;  1 6 5 ;  1 7 1 ;  1 74; 1 77; 1 8 1 ;  1 84; 

1 8 5 ;  1 87; 1 89; 1 94-5;  20 1 -4; 206; 2 1 4; 2 1 9  

- empirical 40; 87; 88; 2 1 9  

- logical 20; 44; 57 ;  59 ;  6 1 ;  62;  87 

- mathematical 7; 3 1 ;  40; 49; 62; 68; 82; 87; 1 44; 1 64, 1 94; 

200; 202; 2 1 9  

- objective 2 5 ; 28;  30; 32 ;  49; 54 

Turing 1 29; 1 3 3 ;  1 50 

undecidable 1 8-2 5;  29-32;  48; 5 5-7; 63 ;  66; 82-3; 93 ;  1 32-5; 

1 37; 1 45 ;  1 50- 1 ;  1 5 3;  1 60; 1 62 ;  2 1 0, see 

- sentence 

van Heijenoort, see Heijenoort, van 

validity 5 1 ;  52; 57; 73 ;  1 38; 1 64; 1 7 1 ;  1 99; 202; 2 1 3  

verifiable consequences 32-3; 92; 97; 1 7 3 ;  1 82;  1 88; 207; 220 

verification 3 3 ; 80 ;  84-5 ;  92; 1 52 

vicious circle 39;  62; 1 5 5 ;  2 1 9  

viewpoint, syntactical 1 72 ;  1 7 5-6; 1 86; 1 88; 1 9 3 ;  203  

void/ness 1 4; 36;  38-9; 69; 95; 96; 1 3 9; 1 43-5; 1 5 3;  1 62; 1 6 3 ;  

1 6 5 ; 1 8 1 ;  1 8 3-4; 1 92;  203 ;  207; 2 1 3 ; 2 1 6; 2 1 8 : 220; 222 

Wang, Hao 1 9; 27-32;  4 1 ;  72;  79; 82; 1 0 5 ;  1 1 1 -2;  1 1 4; 1 1 5 ; 1 1 7; 

1 20 

Wey! 8 1 ;  90; 1 0 5  

White 40; 86; 1 0 5 

Whitehead 62; 1 04 

Wittgenstein 1 2 ; 43; 46-7; 48; 50; 52; 63; 65 ;  1 04-6; 1 7 1  

- Tractatus 46; 1 06 

Zermelo 32;  1 0 1  
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