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Chapter 1 ®)
Introduction Check for

Current communications systems cannot be conceived without error-correcting codes
in their composition due to different propagation environments affected by distur-
bances (noise, fading, interference, etc.).

The bit error probability (or bit error rate (BER)) is a widely used measure which
assesses the performance of error-correcting codes. It is the ratio between the number
of erroneous bits remaining after decoding and the total number of information bits
transmitted.

Another measure used in assessing the performance of error correcting codes is
the frame error probability (or frame error rate (FER)) representing the ratio between
the number of erroneous frames remaining after decoding and the total number of
frames transmitted. BER and FER values are expressed by curves depending on the
signal to noise ratio (SNR), usually expressed in deciBells (dB).

In Shannon (1948a, b), Claude E. Shannon demonstrated that for a certain channel
there is a minimum value for SNR required to achieve a given BER. This value of
SNR is called Shannon limit.

The coding gain of a coded system is the difference between the SNR required
to achieve a given BER or FER for a non-coded system and the SNR for the coded
system.

Error-correcting codes fall into two categories: block codes and convolutional
codes.

Block codes carry out a bijective correspondence between the set of messages to
be encoded or information words and the so-called code words. Each information
word and code word has a fixed length. The symbols from a code word depend only
on the symbols from the information word, i.e. the encoding is done on blocks of
symbols, hence the name of these codes. The most popular error correcting block
codes are Hamming codes (Hamming 1950), BCH codes (the name comes from the
three researchers who discovered them, Bose, Chauduri and Hocquenghem) Bose
and Ray-Chaudhuri (1960a, b), Hocquenghem (1959), and Reed—Solomon codes
(Reed and Solomon 1960).

© Springer Nature Singapore Pte Ltd. 2019 1
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2 1 Introduction

In the case of convolutional codes (Elias 1955), the coding is no longer performed
on symbol blocks. The symbols at the encoder output at a given time does not depend
only on the input symbols from that time instant, but also on a number of previous
input symbols. Therefore, convolutional codes have memory.

Shannon limit may be reached by increasing the length of information sequence
to be coded, in the case of block codes, or by increasing the memory of the con-
volutional encoder, in the case of convolutional codes. However, in both cases, the
decoding complexity becomes too large to be implemented, so that for a long time
the performance of error correcting codes was quite far from the theoretical Shannon
limit. Approaching this limit was made once the “turbo revolution” came into being,
through the discovery of turbo codes in 1993 by three French researchers (Berrou
et al. 1993).

The core concept of turbo codes is based on two main elements: parallel con-
catenated encoding of two or more recursive convolutional codes with one or more
interleavers and the iterative decoding at reception. Iterative decoding is suboptimal,
but it has a reasonable complexity for practical implementation and leads to very
good performance. In (Berrou et al. 1993), the performance achieved by a turbo code
with the information block length of 65536 bits and 18 iterations of turbo decoding
was 0.5dB far from the Shannon limit, which was an outstanding result.

The crucial component of turbo codes is the interleaver, a device that interlaces
a block of symbols. The interleaver role in decoding is to decorrelate the inputs in
the component decoders of the turbo decoder, which proves essential for turbo code
suboptimal decoding. During encoding, the interleaver combines the low weight code
words provided by a component encoder with those of high weight provided by the
other component encoder, so that the codeword from the turbo encoder output has
an overall large weight.

Since 1993 when turbo codes were discovered, many efforts have been made in
finding performative interleavers. Research has been conducted in two main direc-
tions: generic interleavers, which do not take into account the component codes
and are especially focused on its random behaviour and code matched interleavers,
which consider the component codes and improve significantly the performance of
turbo codes.

The search in a class of interleavers aims at reducing the number of interleavers.
This is made using some metrics, out of which the best known are those that measure
the spread and the randomization.

The main direction in code-matched interleaver design consists in considering the
distance spectrum.

The interleavers can also be classified as: deterministic interleavers, which are
described by mathematical laws, random interleavers and combined interleavers
(described both by mathematical laws and random permutations). Deterministic
interleavers are of particular interest, as they can be mathematically analyzed and
designed. Out of the deterministic interleavers, the PP ones are among the best known
and the most used, due to their outstanding performance and simple, practical imple-
mentation with high-speed, low-power consumption and little memory requirements
(Takeshita 2007).
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In addition to some general aspects regarding turbo codes, described in Chap. 2,
this book attempts to present PP interleavers, focusing on the following issues:

e conditions on the coefficients of a polynomial so that it is PP (in Chap. 3),

e determining the number of true different PP interleavers of a certain degree for a
certain length (in Chap.4),

e results regarding the minimum distance of turbo codes with PP interleavers (in
Chap.5),

e the contention—free property of PP interleavers (in Chap. 6),

e reduced complexity methods to search PP interleavers (in Chap.7) and

e presenting PP interleaver performances on channels with additive white Gaussian
noise (AWGN) (in Chap. 7).
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Chapter 2 ®)
Fundamentals of Turbo Codes Geda

2.1 Convolutional Codes

As mentioned in the Introduction section, for block codes the bits from a code word
depend only on the bits from the information word. If k is the number of information
bits and n is the number of bits from the corresponding code word, then we have a
(n, k) block code. The ratio R, = k/n is named the coding rate of the block code
and it is a measure of the redundancy introduced by the code.

Unlike block codes, where the output bits depend only on the input bits at the
current time, convolutional codes are non-block codes, where the output bits depend
both on the input bits at the current time, and on a number of bits from earlier
times. Non-recursive convolutional codes are structures without feedback, while the
recursive ones are structures with feedback. Turbo codes use recursive convolutional
codes, because of the interleaver gain. It means that the coding gain increases along
with interleaver length (Benedetto and Montorsi 1996).

A binary convolutional encoder is a finite memory system, which provides ng
output bits for ky input bits. It is composed of a shift register with N - ko delay
elements, np modulo 2 adders and another shift register of ny elements for the output
bits, as shown in Fig.2.1.

The coding rate of a convolutional code, denoted by R, is the ratio between the
number of information bits ko and the number of output bits ny:

_k()

no

R. 2.1)

The current n( output bits are linear combinations of the present &, input bits and
the previous (N — 1) - ko input bits. Beside the coding rate, the convolutional codes
are characterized by the memory order of the encoder,

m=(N—1) -k (2.2)
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u —— — ;

Fig. 2.1 The structure of a convolutional encoder

and the constraint length N. A convolutional code (ng, kg, N) provides ny output
bits for ky information (input) bits and its constraint length is N.

The generator matrix of a convolutional code can be composed of N submatrices
Gy, Ga, ..., Gy, each of them with ko rows and ny columns. Submatrix G;, of size
ko X ng, describes the connections of the “ith” structure of ky elements to the ny
modulo 2 adders. The semi-infinite generator matrix of the convolutional code is of
the form:

G1 G, ...Gy
GG, ... Gy
Goo = Gi Gy ... Gy . 2.3)
G, G, ... Gy

The coded output sequence is given by:
c=u-Gy, 2.4)

where u is the input (information) sequence and the sums in the matrix multiplication
are modulo 2.

Alternatively, the structure of the encoder can be given by ng generator vectors
gi, i = 1, ng, of size N - ko, describing the connections between the delay elements
of the shift register from the input to each of the ny modulo 2 adders (they are usually
given as polynomials or in octal form).

Example 2.1 For the convolutional code (3,1,3) (i.e. ng =3, ko =1, N =3),
equivalent representations of the encoder are given in Fig.2.2.
In this case, the generator submatrices are of the form:

G =[101]
G,=[111] (2.5)
G3;=[011]
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Fig. 2.2 Equivalent
representations of the
encoder in Example 2.1

For this particular case, the semi-infinite generator matrix becomes:

101 111 011 000 ... ... ...
000 101 111 011 000

Goo = 000 000 101 111011000 ...

(2.6)

For the input sequence u = (1011), the output sequence ¢ = (101 111 110 010)
results.
The generator vectors for the encoder in this example are:

gr=1[110]
g =[011] (2.7)
g3=1[111]
In polynomial form, we can write:
a(D)=1&D
9:(D) =D D* (2.8)

g3(D) =1 D ® D?,

where D is the delay operator.
In octal representation, with the least significant bit (LSB) in the right side, we
have:

g1 =06
g2 =3 (2.9)
g3 =1

A convolutional code can be equivalently described by:

e generator submatrices G;, or generator vectors g;;
e state diagram;
e trellis diagram.
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Fig. 2.3 State diagram of 000
the encoder in Example 2.1

Table 2.1 Table describing " p o1t p

the state diagram of the

encoder in Example 2.1 0 00 (So) 00 (So) 000
1 00 (So) 10 (S2) 101
0 10 (S2) 01 (S1) 111
1 10 (S2) 11 (S3) 010
0 01 (S1) 00 (So) 011
1 01 (S1) 10 (S2) 110
0 11 (S3) 01 (S1) 100
1 11 (S3) 11 (S3) 001

The description by generator submatrices G; or generator vectors g; was given
above.

A convolutional encoder is a finite memory system, whose output depends on the
input sequence and its state. The state of the encoder is defined as the content of
its shift register at a certain time. The operations of a convolutional encoder can be
described by a state diagram. The number of the encoder states is Ng = 2", where m
is the encoder memory order. There are 2% branches leaving any state, corresponding
to all entries at a time. 2%0 branches enter the encoder states. The transition from one
state to the other is through a branch that is labelled with the output sequence and
the input bits at that time.

For the encoder in Example 2.1, we denote by o; = (u;—_1, u;—;) the state at time
1. There are Ny = 2% = 4 states, denoted by So = (00), §; = (01), S, = (10), S3 =
(11). The corresponding state diagram is given in Fig.2.3, as well as in Table?2.1.
The branches with solid line indicate transitions due to input bit “0” and those with
dashed line indicate transitions corresponding to “1”. The size of diagram grows
exponentially with memory order m.

The trellis diagram describes the time evolution of the state diagram. For the
code presented in Example 2.1, the trellis is given in Fig. 2.4. The four nodes on each



2.1 Convolutional Codes 9

Fig. 2.4 Trellis diagram of
the encoder in Example 2.1

vertical direction represent the four states at the discrete time /, which is called the
depth of the trellis. The representations with solid and dashed lines have the same
meaning as for the state diagram. The path with bold line corresponds to the input
sequence u = (1011).

2.1.1 Systematic Recursive Convolutional Encoders

These types of encoders present feedback branches and were introduced by Costello
(1969) and Forney Jr. (1970).

For example, two encoders with memory of order 2 (two delay elements required
for implementation) are given in Fig.2.5, both in non-recursive and recursive ver-
sions. The coding rate of the two encoders is 1/2. The second encoder is systematic
because the input sequence appears in the codeword, whereas the first encoder is
non-systematic.

Let g1,1(D) and g; 2(D) be the generator polynomials of a convolutional encoder
of rate 1/2. These polynomials describe the connections of delay elements of the
encoder at each of modulo 2 adders (this information can also be given as generator
vectors or in octal form), as shown in Example?2.1.

When the entry in polynomial form is u (D), the output sequences are:

ci(D) = u(D) - g1.1(D)

c2(D) = u(D) - g1.2(D) 2.10)
¢ (D) > ;(D)
u(D) u(D) vl;(D
(D) & (D)

Fig. 2.5 Convolutional encoder: a non-recursive non-systematic; b recursive systematic



10 2 Fundamentals of Turbo Codes

To get a systematic code with ¢; (D) = u(D), we divide (2.10) by g, ; (D), obtain-
ing:

. c1(D)
a(D) = = u(D)
g1.1(D) .11
oy = 2P _ 1B ) |
g1a(D)  gi(D) 7
Considering the new input sequence
i(p) = 42 (2.12)
u = .
g1.1(D)
relations (2.11) become:
c1(D) = u(D) - g1,1(D) (2.13)

c2(D) = u(D) - g12(D)

As u(D) is the reordered sequence u(D) (according to a recursive digital filter),
from (2.10) and (2.13) it results that the set of code sequences ¢(D) is the same as the
set c(D) and thus the two codes have the same weight enumeration function (Proakis
1995).

For the non-recursive non-systematic (NRNS) encoder in Fig. 2.5, the generators
can be written in polynomial form as:

g (D) = 1@ D?

2.14
G/R¥S(D) = 1@ D ® D? 219

and for the recursive systematic (RS) encoder, equivalent to the former, the generators
are:

g¥3(D) =1
RS(Dy = 1® D@ D? (2.15)
92 = T e b2

The generator vectors are:

gyRNS =[101]

(2.16)
GRS =[111]
and the octal representation for the non-recursive non-systematic encoder is:
NRNS _ g
9 2.17)

gIVRNS = 7
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and for the recursive systematic encoder:

RS
9 =

(2.18)
9 =

D3 -

2.2 Tuarbo Code Structure

Turbo codes are composed by the parallel concatenation of two or more convolutional
codes, where the encoder input sequences are interleaved versions of the information
sequence. They are obtained with the so-called interleaver devices. The structure of
a turbo encoder of coding rate 1/3 is given in Fig.2.6.

To increase the coding rate, some output bits can be removed (usually from the
parity check bits ¢f, and c},). This operation is known as puncturing.

In general, the number of component codes can be greater than two, with an
appropriate number of interleavers, resulting the so-called multiple turbo codes.

The interleavers and their complementary devices, de-interleavers, were previ-
ously used to correct error bursts by concatenating with an independent error correc-
tion code. The role of these devices in the turbo code structure is to obtain statistically
independent encoded sequences at the output of the component encoders, which is
essential for the iterative decoding. The interleavers take symbol blocks of size L
from the input and provide at output the same block, but in a different order, perform-
ing the so-called entry permutation. De-interleavers perform the inverse operation,
restoring the original order of symbols.

A block interleaver is described by an invertible function:

T ZL — ZL (219)

cp =y

Input c?

data  u, .| Convolutional 4”;

—)I? encoder 1

Interleaver
of length L

. c?

Convolutional 2k

N
I encoder 2

Fig. 2.6 Structure of a turbo encoder of coding rate 1/3
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which is a permutation of the integers from the set Z; = {0, 1,2, ..., L — 1}, so that
the symbol on position i, with i € Zj, at the output is the symbol on position 7 (i)
from the input.

The inverse device, the de-interleaver, acts on the output interleaver symbols and
places them back in the original order. The permutation describing the de-interleaver
ispu=m"".

Thus, the turbo code becomes ablock code (3L, L) (for the case shown in Fig.2.6),
where L is the length of the information bit block, and 3L is the length of the
codeword. Convolutional encoders are systematic and their coding rate is 1/2; the
input sequence is transmitted once. Besides block interleavers, there is another class
called convolutional interleavers, working with continuous data flow, as code name.

2.3 Trellis Termination

The interleaver size and type influence the turbo code performance and for a good
decoding it is required that the trellises of the two codes start from the same state
(usually the null state) for every block of information bits. This imposes the operation
named trellis termination.

If the trellis is truncated in an unknown state, the decoding performance is weak
towards its end.

Assume the convolutional encoders have the memory of order m. If only the
first trellis is terminated with m bits included in the interleaver, the equivalent block
code corresponding to the turbo-code in Fig.2.6 is (3L, L — m). If both trellises are
terminated with m bits after the interleaver, the equivalent block code corresponding
to the turbo-code in Fig.2.6 is (3(L 4+ m), L).

There are five main classes of trellis termination. Assuming that the two encoders
have m; and m, memory elements, respectively, the trellis termination methods can
be briefly described as follows (Hokfelt et al. 2001):

1. Without trellis termination
In this case, none of the trellises is finished and the decoding performance is the

weakest. The coding rate is R, = 3

1. Termination of the first encoder

The first encoder closes the trellis while the second does not. The termination is
carried out by adding m tail bits to the input sequence, so that the first encoder
reaches state 0. These bits are included in the sequence entering the interleaver and

therefore after permutation they no longer correspond to the termination bits of the
. . L—m
second encoder. For m| = m, = m the coding rate is R, = =L
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Fig. 2.7 Scheme for P«

<
generating “flush” bits by a B
; . u(D) By
recursive convolutional o
encoder A N

c? (D)

> ¢’ (D)

III. Termination of both encoders (dual termination)
This can be accomplished in at least two ways:

(1) Imposing constraints to the interleaver, so that the second encoder can be
forced in the same state as the first encoder, namely:

w(@i)=i mod p,i =0,L —1, (2.20)

where p is the period of the impulse response of the encoder and 7 (-) is the permu-
tation describing the interleaver (Breiling et al. 1999). Then, a single sequence of
“tail bits” is required to end both encoders.

For m| = my = m, the coding rate is R, = L_Lm

(2) Identifying specific input positions, dependent on the interleaver, in order to
bring the encoders in state 0, independently of one another. This is achieved without
constraints on the interleaver, but with a slight increase in the number of input bits
required to close the trellis (m; bits, where max(m, my) < m, < m; + m;). The
method is called dual termination (Guinand and Lodge 1994).

For m; = m; + m, and m; = m, = m, the corresponding coding rate is R, =
L —2m

3L

IV. Post-interleaver flushing

With this method both encoders are brought into the same state independently of each
other, after encoding the input bit sequence of length L. A scheme for generating the
“flush” bits is given in Fig.2.7 (Divsalar and Pollara 1995).

The switch is in position A for L tact periods and in position B for m additional
tact periods (m = 2 for the case shown in Fig.2.7), thereby determining the input
bits that bring the encoder in state 0.

In this case, for m| = m, = m the coding rate is R, = if the ending

3L +3m

. . . L . .
bits of the second trellis are not transmitted and R, = ———— if these bits are
) 3L +4m
transmitted.
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V. Tailbiting termination

In this method both encoders start and end in the same state (Berrou et al. 1999).
The drawback of this method is that the data sequence has to be encoded twice:
firstly from the state “all-zero” and secondly from a state S., determined according
to the block of input bits and the final states of the encoders in the first coding step.
However, in most cases, the double encoding operation is done at a much higher
frequency than the data rate, so that the delay effects are reduced.

This termination method is called circular termination. In this termination method

the coding rate is R, = 3

2.4 Calculation of Turbo Code Distance Spectrum

The distance spectrum of a turbo code represents the values of triplets (d;, N;, w;),
with d) <d, <ds <---. d; is the Hamming distance of code words to the
“all-zero” word (consisting of all zeros) or the weight of the codeword (because
the turbo code is linear), i.e. the number of bit 1 in the word. N; represents the multi-
plicity of codewords of weight d;, i.e. the number of such codewords. w; represents
the overall weight of information words generating codewords of weight d;, i.e. the
sum of the weights of all the information words leading to codewords of weight d;.
Sometimes index 1 is replaced by “min”, specifying the minimum distance, or with
free, specifying the free distance (similar to convolutional codes) (Proakis 1995).

Knowing the exact first few values of the distance spectrum for a particular inter-
leaver is useful because we can assess the performance of turbo code (BER, FER) at
medium to large SNR. It is known that for this range of SNR the “error-floor” phe-
nomenon appears. It consists in flattening the curve of error probability according to
SNR. We can also design turbo codes requiring that the upper bounds of BER/FER
be as small as possible for a certain SNR. Especially in the case of large interleaver
lengths, it has been shown by simulations that, even if the decoding of turbo codes
is suboptimal, the curves BER/FER converge for medium to high SNR to the upper
bounds (UBs) of BER/FER.

The truncated upper bounds (TUB) of the bit and frame error rate on AWGN
channel, to the first M terms of distance spectrum, are given by the relationships
below

M
TUB(BER) 50.5-2% .erfe (,/d,- : RC-E;,/NO), 2.21)
i=1

M

TUB(FER) S0.5- N -erfe (,/di "R, - E;,/No> , (2.22)

i=1

where SNR = E;,/ Ny, E} is the uncoded bit energy, and N, is the power spectral
density of AWGN noise, equal to twice its variance, R, is the coding rate, and the
error function is defined by
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erfc(x) = % . /OO e dt (2.23)

For the independent Rayleigh fading channel with known channel state informa-
tion, the upper bounds of the BER and FER are given by the following relationships,
respectively:

M d;
w; 1 !
TUB(BER) <0.5- “ , 2.24
( )3 ;L (l—i—Rc-SNR) ( )
M | d;
TUB(FER)<05- N | —mm—— ) , 2.25
( )3 Z <1+RC~SNR) ( )

i=1

where SN R is the signal to noise ratio for the above mentioned channel.

An efficient method for the exact calculation of the first terms of the distance
spectrum was given by Garello et al. (2001). This method was implemented in C
programming language and it was used to determine the distance spectra for PP
interleavers presented in this book. Previous inaccurate methods for determining the
distance spectrum of a turbo code were given in Perez et al. (1996) and Daneshgaran
and Mondin (1997).

Garello’s algorithm is based on the computation of the minimum distance (or
distance spectrum) of a constrained subcode, i.e., a subset of a code defined via
constraints on the edges of its trellis. Further, we introduce notations and concepts
necessary for the algorithm presentation.

We denote by u® = (ug, uy, ..., u;_1)a binary input sequence of length i < L.
The main idea of the algorithm is the computation of the minimum Hamming weight
of a turbo codeword generated by a L-bit information frame u = (ug, uy, ..., ur—1),
whose first i bits coincide with . This minimum weight, denoted by v(u”),
consists of two parts, one for each constituent code: v(u®) = vy (u®) + v, (u®).
To evaluate v; (u”), we firstly encode u”) by the first encoder to produce ¢{” = (u®,
p&i)), wherep(li) = (p1,0, P11, - - -» P1.i—1) denotes the parity check bits added by the
first encoder, and then we compute its Hamming weight wy (cﬁi) )

Let o\ be the state reached by the first encoder at time i after encoding u®. We
add to wy (cﬁi)) the minimum weight of the parity check sequence of the code path
through the trellis of the first encoder, starting from aii) and reaching the all-zero
state, denoted by v(aii) )-

Therefore: ' '

v (@) = w(c”) +v(o}"). (2.26)

The bit u; € {0, 1} forces a multiple constraint in the second encoder trellis on
position j = 7~ !(k), where 7(-) is the permutation that describes the interleaver.
Thereby, according to Garello et al. (2001), the input sequence # induces a con-
straint set V (u”) of cardinality i. Then
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. . —1
V) (u(’)) = min [wH (p2) + wu (u;jﬁ (k))) ], 2.27)

where p, is the parity check sequence at the output of the second encoder, and
sy -1
u;] 770D s the sequence of information bits on the positions j # 7! (k), k =
0,1,...,i — 1, of the interleaver output, for which the minimum in the previous
relation is achieved.
In the following, we present Garello’s algorithm approach derived from (Garello

(C program) 2001).
Algorithm Description

e Set the value d* for which all distances in the final computed spectrum are less
than or equal to d*, that is:
di <dy--- <dy <d*, where M is the number of distances in the spectrum to be
calculated and dy, da, . . ., dy are the computed distances.

e Initialize the distances with a very large value and the multiplicities with 0, i.e.
di=d, =---=dy = 10,000,

Ni=Ny=---=Ny =0,
w1=w2=-~~=wM=0.
e Start with the sequences u'™®) = (O, 0,...,0, 1), then
—_———
L—1 zeroes
(00,0, 1,x) = (@, %), (0,0,....0,1, %, x) =
——— ————
L—2 zeroes L—3 zeroes
(u“"z),x,x),...,(O,l,x,x,...,x):(u(z),x,x,...,x>,
— ————
L—2 of x L—2 of x
(1, X, X,y ons x) = (u(”, X, X, oo, X ), where x denotes the unknown bits,
—— ————

L—1 of x L—1 of x
determined by the encoding of the sequence at the second encoder input, so that

v () is minimum.
e Initialize j = L

(1) Seti = j
(2) Forthe sequencesu” and those formed from these in step (3), compute v (u) =
v (#?) + vy (u?). Then

o If v(u(i)) > dy, eliminate the sequence u®.

o Ifv (u(i )) < dy, keep the sequence u'” . Let ¢ be the turbo-coded sequence resulted
by encoding the information sequence consisting of u”) together with ugj ! ),
k=0,1,...,i — 1. Denote by w the Hamming weight of the formed information
sequence and by wy (c), the Hamming weight of the turbo-coded sequence.

o Ifwy(c) =d, foranl € {1,2,..., M}, update the multiplicities for the distance
d;, thus Ny — N; + 1 and w; - w; + w.

o Ifd_| < wH(c) <d, foranl € {1, 2, ..., M}, update the distance spectrum as
follows:
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o Let unmodified the distances d;, d, . . ., d;—; with afferent multiplicities, and
o Set

dy =dy-1,dy- =dy—2,....diy1 =dj, dy = wy(c),

Ny =Ny 1,Ny-1=Ny_2,....,Ny1 =N, ,N =1,

Wy = Wpy—1, Wy—1 = Wy—-2, ..., W41 = W, W) = W.

(3) Add to the set of sequences u, of length i < L, to be tested, a 0 and a 1,
respectively, forming sequences u'*! with u; =0 oru; = 1. Theni — i + 1.
Ifi < L, go to step (2), otherwise, go to step (4).

4) Setj— j—1.If j = 1, goto step (1), otherwise, go to step (5).

(5) For j = 0 the final distance spectrum is obtained.

Garello’s algorithm has been improved in Rosnes and Ytrehus (2005) by reducing
the processing average cost of each constrained set (changing the method for deter-
mining the weight v, (#”) in (2.27) and reducing the total number of the investigated
constraint set (i.e. the number of iterations in steps 3 and 4).
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Chapter 3 ®)
Permutation Polynomial Based oo
Interleavers. Conditions on Coefficients

3.1 Definition of a Permutation Polynomial Interleaver

The PP based interleavers for turbo codes were introduced by Jing Sun and Oscar
Y. Takeshita in 2003 (Sun et al. 2003; Sun and Takeshita 2005). They are preferred
because of several advantages: outstanding performance, complete analytical struc-
ture and simple, practical implementation with high-speed, low-power consumption
and low memory requirements (Takeshita 2007).

A PP-based interleaver of degree d and length L is defined as:

TX)=qo+qi-x+q x>+ +gs-x* (mod L), x =0,L -1, (3.1

where the coefficients g1, ¢, . . . , ¢4 are chosen so that the polynomial 7 (x) of degree
d from (3.1), for x = 0, L — 1, performs a permutation of the set Z; and g, deter-
mines only a shift of the permutation elements. As gy has no influence on whether
w(x) in (3.1) is or is not a permutation polynomial modulo L, we will consider

q0=0.

3.2 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of Any Degree so that It Is PP Modulo
a Number Equal to a Power of 2

For the particular case L = 2", with n € N*, the necessary and sufficient conditions
on the coefficients of a polynomial of any degree so that it is PP were given by Ronald
L. Rivestin (2001). Before giving the main theorem with this result, we present some
helpful lemmas also given in Rivest (2001). The authors have tried to give detailed
proofs of lemmas and theorems for their easy understanding.

Case L =2 (n = 1) is trivial. It is given in Lemma3.1.
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Lemma 3.1 7 (x) from (3.1) is PP modulo 2 ifand only if (g1 +q2 +q3 + - - - +qa)
is odd.

Proof We have m(0) = 0and 7(1) = g1 + g2+ g3+ - - - + g4 (mod 2). For w(x) to
be PP modulo 2 we need 7(1) = 1,1.e. (91 + g2 +¢q3 + - - + g4) mustbe odd. W

Lemma3.2 Let Lbe L =4-r,withr € N*. If m(x) in (3.1) is PP then coefficient
q1 is odd.

Proof We have m(0) = 0. If g; were even, we could write

m2-r)= (Z;’i—l qi - (2 V)’) (mod (4 - r)) =

= <q1 -2-r)+ Zflzz qi-(2- r)i> (mod (4 -r)) =
=q;-2-r)(mod (4-r))+

d
+<Zq,- 4.7 r"“)) (mod (4-7)) =0+0=0. (3.2)

i=2

Therefore, we would have 7(0) = w(2 - r), which means that 7w(x) in (3.1) is not PP.
This is why ¢; must be odd. n

Lemma3.3 Let L and Ly be L = 2", withn € N*, and L, = L/2 = 2"},
respectively. If w(x) in (3.1) is PP modulo L, then 7(x) is PP modulo L.

i1
Proof Asfori € N*, (x+L;) (mod L) = (Z ck.xk.Li* +x") (mod L) =
k=0
x' (mod Ly),Vx € Z, obviously, we have 7(x + L) (mod L) = w(x) (mod L),
Vx € Z;. We note that in the set Z;,, there are only two values equal modulo L;. We
assume that 7(x) in (3.1) is PP modulo L. If 7(x) were not PP modulo L, then there
are two distinct values x, x’ € Zg,, so that 7(x) (mod L;) = w(x’) (mod L) =
y (mod Ly).

Taking into account the considerations above, we have 7(x) (mod L) = w(x +
Ly) (mod L;) = w(x") (mod L1) = w(x’ + L;) (mod L;). Therefore, as w(x) is PP
modulo L, to distinct values modulo L, x, x + Ly, x’, x’ + L1, there correspond the
values 7(x), m(x + L), w(x"), 7(x’ + L;), also distinct modulo L. The four values
7(x) (mod L), m(x + L) (mod L), w(x") (mod L), w(x’+ L) (mod L) are distinct
in the set Z; . But as we have already shown, only two values equal modulo L; can be
in the set Z . This is inconsistent with the fact that the four values are equal modulo
L and consequently with the fact that 7(x) would not be PP modulo L;. Therefore,
if w(x) is PP modulo L, then 7(x) is PP modulo L; = L/2. |

Lemma 3.4 Let Lbe L =2" =2 Ly, withn € N*. If w(x) in (3.1) is PP modulo
L, then m(x + L1) (mod L) = (w(x) + L;) (mod L), Vx € Z;.
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Proof As shown in the proof of Lemma3.3, we have m(x + L) (mod L;) =
7(x) (mod L;),Vx € Z;. We note that m(x) (mod L) and (7w(x) + L) (mod L) are
two distinct values in the set Z; . The values 7(x) (mod L) and w(x + L) (mod L)
are also distinct in the set Z,, 7(x) being PP modulo L. As in the set Z, there are only
two distinct values equal modulo L and 7(x + L;) (mod L;) = 7(x) (mod L) =
(m(x)+Ly) (mod L), itis required that m(x + L) (mod L) = (7w(x)+ L) (mod L).

|

Lemma3.5 Let L and Ly be L = 4 -r, withr € N*and Ly, = L/2 =2 -,
respectively. If m(x) in (3.1) is PP modulo Ly, then m(x) in (3.1) is PP modulo L if
andonly if (g3 +qs +q7+ - +) is even.

Proof “ =" Consider that w(x) in (3.1) is PP both modulo L, and L, and prove
that (g3 + g5 + g7 + - --) is even. From Lemma3.2 we have that ¢; is odd. From
Lemma3.4 we have m(x + L) (mod L) = (7w(x) + L;) (mod L). Using Newton’s
binomial theorem, we have:

(x+L) =) Cfxb L™, wherei e N*. (3.3)
k=0

Because

Ck.xk. Li*=ck.xk .. r)y*=

=2.2.r-Cf ~)lck 27 @il = LR xR iR L ikl G4
and C{‘ is a positive integer, it follows that
(Cf-x*-Li™*) (mod L) =0, 3.5)
forany k <i —2.
If k=i — 1, we have:
chxb it =p.cmt x Tt 27h O =iy x (3.6)
If k =i, we have:
choxr Li*t=cl.x' LY =x". (3.7)
Therefore
(x+ L) (mod L) = (x' +i - L, -x'~") (mod L). (3.8)

Then
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m(x + Ly) (mod L) = <Zfl:1 qi - (x + Ll)i> (mod L) =
= (ZL% (x i Ly -x"l)) (mod L) =

= (Zﬁ’zl ai ~x") (mod L) + (Z,‘Ll gi- (i - Ly -x"‘l)) (mod L) =

d
= (W(x) + Zq; (i Ly .x“)> (mod L). (3.9)
i=1

But
d

(Z‘ﬁ (i Ly 'xi‘1)> (mod L) =

i=I

=<q2~(2-L1~x1)+q4-(4-L1 -x3)+q6-(6-L1~x5)+~-~>
(mod L) + (ql (L1 x%) +gs- (3 Ly -x?)+
+615'(5'L1'x4)+'~)(mOdL)=(612'(L'xl)+614'(2'L~x3)+
+q6~(3-L-x5)~|—-~-)(modL)+
+(ar-Li+asLix>gs-Li-x* 4 (mod L) =

=O+(q1-L1+q3-L1.x2+q5~L1-x4—|—---)(modL)=

= (Li+asLi-a®+gs-Li-x* 4 ) (mod L). (3.10)

In the last equality we used that g; is odd and an odd number multiplied by L,

evaluated modulo L, is equal to L.
For any x even, we obviously have

<L1 +q3-Li-x*+qs-L 'x4+'--) (mod L) =
= Ly (mod L) (3.11)
and thus
m(x + L;) (mod L) = (m(x) + L) (mod L), (3.12)
and for x odd, as x! with i € N* is also odd, we have

(L1+93'L1'x2+615'L1-x4+-~-)(modL):
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= (L] +q3~L1 +CI5-L1 +) (modL) =
and thus
7+ L) (mod L) = (700 + Ly - (1+ g3 +45 +a7 +++)) (mod L), (3.14)
Because the equality
w(x + Ly) (mod L) = (w(x) + L;) (mod L) (3.15)
must be true for any x € Zy, it follows that (1 + g3 4+ g5 + g7 + - - - ) should be odd,
ie. (q3 +q5+qg7+ - ) is even. So, the first part of lemma is proved.

“ «” Consider now that 7w(x) in (3.1) is PP modulo L and (q3 +qgs+q7+--- )
is even and prove that 7(x) is PP modulo L. We notice that equalities (3.3)—(3.14)
also hold in this case. As (Q3 +q5+q7+--- ) is even, equality (3.15) is true for any
X € ZL.

Assume that 7w (x) is no PP modulo L. This means that there are two distinct values
x,x € Zp, so that

m(x) (mod L) = w(x") (mod L) (3.16)
Because the equality (3.15) is true, we have
m(x + Li) (mod L) = 7 (x’ + L) (mod L) (3.17)

The four numbers x, x’, (x + L) (mod L), (x’ + L1) (mod L) are distinct in the
set Zy,. Obviously, two of these four numbers are in the set Z,. Let these be x; and
x1. Evaluating the equality (3.15) modulo L, it follows that

m(x + L) (mod L) = w(x) (mod L;) (3.18)
for any x € Z;. Considering equalities (3.16)—(3.18), it follows that
m(x) (mod L;) = 7(x") (mod L) =
=7n(x+L{) (mod L) =nm(x'+ L) (mod Ly). (3.19)

This means that to the two distinct values x; and x{, in the set Z,, there corre-
sponds through permutation 7 (-), the same modulo L value, i.e.

m(x1) (mod L) = w(x}) (mod Ly). (3.20)
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Equality (3.20) contradicts the hypothesis that 7w(x) is PP modulo L. Therefore,
the assumption that 7(x) is no PP modulo L is false. So, the second part of the lemma
is proved. ]

In the following we give the main theorem regarding the particular case L = 2",
withn e N,n > 1.

Theorem 3.6 For L =2", withn € N, n > 1, m(x) in (3.1) is PP if and only if q,
isodd, (g2 +qa+qe+ ) isevenand (g3 + qs +q7 + - - ) is even.

Proof “ =" Assume first that 7w(x) is PP modulo L. From Lemma 3.2 we have that
q1 is odd. From Lemma 3.3 we also have that 7w(x) is PP modulo L; = L/2. Then,
from Lemma 3.5 it results that (q3+¢s+¢7+- - - ) is even. By repeated application of
Lemma3.3 we have that 7(x) is PP modulo L; = L/2, modulo L /4, a. s. 0. modulo
2. Then, from Lemma 3.1 we have that (g; +¢2 + g3 + - - - + g4) is odd. As g, is odd
and (q3 + g5 + g7 + - - - ) is even, it results that (g, + g4 + g¢ + - - - ) is even. Thus,
the first part of the theorem is proved.

“ «<” Assume now thatq; isodd, (g2 +q4+qe+- - - ) isevenand (qg3+gs+q7+- - -)
is even. We use the mathematical induction technique to show that 7 (x) is PP modulo
L.As(q1+q2+g3+: - -+qy) is odd, from Lemma 3.1 we have that 7 (x) is PP modulo
2. We assume that 7(x) is PP modulo 2™, withn; € N,ny > 2. As (g3+gs+q7+---)
is even, from Lemma 3.5 we have that (x) is also PP modulo 2 - 2" = 2"*! Thus,
induction is complete and the second part of the theorem is proved. |

3.3 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial so that It Is PP Modulo a Number
Equal to a Power of a Prime Number

For the particular case L = p”, with p a prime number and n € N*, the necessary
and sufficient conditions on polynomial coefficients so that it is PP are given in the
following theorem. This theorem is a Nobauer’s result (Nobauer 1965), but it is also
given in Mullen and Stevens (1984); Sun and Takeshita (2005); Chen et al. (2006).
In Mullen and Stevens (1984) it is mentioned that the result of this theorem is a direct
consequence of Theorem 123 from Hardy and Wright (1975).

Theorem 3.7 For L = p", with p a prime number and n € N*, w(x) in (3.1) is PP
modulo L if and only if w(x) is PP modulo p and 7'(x) # 0 (mod p), Vx € Z,,
where 7' (x) is the derivative of the polynomial m(x).

We can check that when p = 2, the conditions from Theorem 3.6 can be obtained
from Theorem 3.7. So, if w(x) is PP modulo 2 it results that (¢ +¢q2 + g3+ - -+ qa)
is odd. Imposing the condition 7'(x) # 0 (mod 2), Vx € Zy:, we have

(@ +2-q-x+3-q3-x*+---+d-gq-x") (mod 2) #0,
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Vx € Zon (3.21)

Taking into account that the even terms from the left hand side of (3.21) are equal
to zero modulo 2, it results that (3.21) is equivalent to

@1+ x> +gs5-x*+--) (mod 2) # 0, Vx € Zo» (3.22)

For x an even number in (3.21) or (3.22), we have that g; is odd. For x an odd
number in (3.22) we have that (¢; + g3 + ¢5 + - - -) is odd and considering that ¢,
is odd, we have that (g3 + g5 +¢q7 +---) iseven. As (g1 + g2 + g3 + -+ - + qa) is
odd, it results that (g» + g4 + g6 + - - - ) is even.

3.4 Simplified Necessary and Sufficient Conditions on the
Coefficients of a Polynomial so that It Is PP Modulo
Any Positive Integer

For the general case when the interleaver length L is any positive integer, Jing Sun
and Oscar Y. Takeshita gave in Sun and Takeshita (2005) a theorem that simplifies
the conditions for a polynomial to be PP modulo L. This theorem is given below.

ny
Theorem 3.8 For any L = Hp?”", where ny € N*, p;, withi = 1,ny, are
i=1

distinct prime numbers and ny, ,, € N*, Vi =1, ny, w(x) in (3.1) is PP modulo L if

and only if w(x) also is PP modulo p:lL"”', Vi=1,n;.

Proof “ =" Assume first that w(x) in (3.1) is PP modulo L. Using Newton’s binomial
formula, for any / € N* we have:

7r(x +1- P?L’pi)(mod p:n“p,ﬂ) _
= (qo+ a1 (r+1p"") +qre (w1 g )
e et 1)

nva[

=(qo+qi-x+q x>+ +qqs x')(mod p;"") (3.23)
Thus

m(x +1-p;"")(mod p;"") = m(x)(mod p;"") (3.24)

i

Assume that 7(x) is no PP modulo p?"'”" . Then there are two numbers x| # x,, with
0<x,x < p ", so that:
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ne,p;
7r(x1) = 7r(x2) = y(mod p; " ) (3.25)

Then, VI € {0, L., =5 — 1}, we would have:
b

m(xi+1- p?”")(mod p:.lL’”") =

=7(x2+1-p;"")(mod p;""") = y(mod p;“") (3.26)

2-L
Thereby, it would follow that a total of —-— different numbers from the set Z, are
i
equal modulo p:‘L""'. However, this cannot be true, because 7 (x) is PP modulo L

L
and, consequently, just —— different numbers from the set Z, are equal modulo
i
pinL'” . Therefore, the initial assumption is false and 7 (x) is PP modulo p?L"”'
“ <« Let L and L; be two relatively prime positive integers. Assume that 7(x)
is PP both modulo L; and modulo L,. Assume that 7(x) is no PP modulo L; - L,.
Then, there are two positive integers x and x’, in the set Z.;,, so that x # x” and

7(x) (mod (L, - L»)) = 7(x") (mod (L; - L3)) (3.27)

Let there be x; = x (mod L), x{ = x’ (mod L;), x, = x (mod L), x5 =
x" (mod L,). Evaluating (3.27) modulo L and modulo L,, respectively, we get:

m(x1) (mod L) = 7w(x;) (mod L) (3.28)

and
m(x2) (mod L,) = 7(x5) (mod Ly) (3.29)

respectively.
Because 7(x) is PP both modulo L and modulo L;, we should have:

x1 (mod L) = x| (mod L) (3.30)

and
X2 (mod L,) = x5 (mod L) (3.31)
respectively.
Because L and L, are relatively prime, from the Chinese remainder theorem (see

Theorem 3.49 at the end of this Chapter), we have:

(x1 - x2) (mod (L - L2)) = (x} - x3) (mod (Ly - Lo)) (3.32)
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& x (mod (L - L)) = x’ (mod (L; - Ly)) (3.33)

But the equality (3.33) contradicts the initial assumption. Therefore, 7w (x) is a PP
modulo L; - L,. |

Next, we give simple necessary and sufficient criteria on the coefficients of a
polynomial of degrees 1, 2, 3, 4 and 5, so that it is PP.

3.5 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of First Degree so that It Is PP Modulo
Any Positive Integer

A PP of first degree is named LPP and it is of the form:
m(x) =(q;-x)(mod L), x =0,L — 1 (3.34)

Particularizing Theorem 3.7 for polynomials of degree one, we get the following
theorem.

Theorem 3.9 For any L = Hp?””, where ny € N* p;, withi = 1,ng, are
i=1

distinct prime numbers and ny , € N*, Vi = 1,n;, a polynomial of degree one is
LPP modulo L if and only if g1 # 0 (mod p;), Vi = 1, ny.

Proof According to Theorem 3.8 we must show only that w(x) in (3.34) is LPP
modulo p?“’", Vi = 1, ny. Further, we consider that the index i is any of the set
{1,2,...,n.}.

“ =" Assume that 7(x) in (3.34) is LPP modulo p:l’” . Considering Theorem 3.7,
the formal derivative of the polynomial in (3.34) is

7' (x) = q1 # 0 (mod p;) (3.35)

“ <" Assume that g; # 0 (mod p;). This means that ¢; and p?L"” are relatively
prime. Therefore, from Theorem57 in Hardy and Wright (1975), the congruence

equation
q1-x = y(mod p:.l"'”") (3.36)

has only one solution modulo p;“‘""' , in variable x. Because the solutions are distinct
foreach y € Zp’,“"’f it means that 7 (x) from (3.34) is LPP modulo p?L'p" . |
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3.6 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of Second Degree so that It Is PP
Modulo Any Positive Integer

A PP of degree two is named QPP and it is of the form:
T(x) =(q1-x+q2-x*) (mod L), x =0,L — 1 (3.37)

Particularizing Theorem 3.8 for polynomials of degree two, the necessary and
sufficient conditions for a polynomial of degree two to be QPP can be tested using
the following algorithm in three steps which was given in Chen et al. (2006) for the
coefficients of a CPP.

nr
(1) Decompose the interleaver length into prime factors of the form L = H p?L'”" ,
i=1
where n; € N*, p;, withi = 1, nz, are different prime numbers and n;, p,, € N*,
Vi = 1, nr.
(2) For any p;, with i = 1,n;, and the corresponding exponent 7 p; from the
previous step, check if the conditions from Table 3.1 are accomplished.
(3) m(x) from (3.37) is QPP if and only if the conditions in step (2) are fulfilled for
all p;, withi =1, n;.

The proofs for the conditions on the coefficients given in Table 3.1 are presented
below.

3.6.1 Casep=2andnp ;=1
This case results by particularizing Lemma3.1 for polynomials of second degree,
requiring that g; + g5 has to be odd.

3.6.2 Casep=2andny > l,andp >2andny ,>1

Particularizing Theorem 3.7 for polynomials of second degree, we get the following
Corrolary (Sun and Takeshita 2005).

Table 3.1 Conditions for coefficients ¢, g2 so that 7(x) in (3.37) is a QPP

1(a) p=2 npy =1 (g1 + g2) # 0 (mod 2)
1(b) npp > 1 q1 # 0,92 =0 (mod 2)
(2) p>2 npp>1 q1 # 0, g2 =0 (mod p)
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Corollary 3.10 Let the interleaver length be of the form L = p", with p a prime
number and n € N*, n > 1 when p > 2, and n > 1 when p = 2. A polynomial
of second degree is a QPP modulo L = p" if and only if ¢ # 0 (mod p) and
g2 = 0 (mod p).

Proof For p =2 and n > 1, this corollary is a particular case of Theorem 3.6, from
where we have that ¢; is odd and ¢ is even, which is equivalent to g; # 0 (mod 2)
and ¢, = 0 (mod 2). For this reason we will consider only the case when p > 2.
We check the conditions given in Theorem 3.7 both for direct and reverse proof. The
formal derivative of the polynomial of second degree is:

T7X)=q +2-q-x (3.38)

“ =" Consider that 7(x) in (3.37) is QPP modulo L = p". From Theorem 3.7
we have

T'(X) =q1+2-q2-x #0 (mod p) (3.39)

Replacing x = 0 in (3.39), it follows that g; # 0 (mod p).

Further, assume that g # 0 (mod p). Then, it follows that 2 - ¢, and p are
relatively prime. Therefore, 2 - ¢, - x is PP modulo p. This means there is a number
x inthe set Z, so that g; +2 - g> - x = 0 (mod p), which contradicts relation (3.39).
Thus, it follows that g, = 0 (mod p).

“ <" We consider that the coefficients of the polynomial of second degree satisfy
the conditions g; # 0 (mod p) and ¢, = 0 (mod p). Then

m(x) (mod p) = (g1 - x) (mod p) (3.40)

As g and p are relatively prime, it follows that 7(x) is PP modulo p. The formal
derivative of the polynomial in (3.40) is

7' (x) = g1 # 0 (mod p) (3.41)

Therefore, from Theorem 3.7, it results that 7(x) is a QPP modulo p”. |

The conditions in Table 3.1 are the same as in Proposition 1 in Takeshita (2006)
or Corrolary 2.7 in Ryu and Takeshita (2006).

For example, if L = 256, then from the case Sect.3.6.2, for p =2 and ny » = 8,
it follows that ¢; € {1, 2, 5, ..., 255} (the set of numbers relatively prime with 256)
and ¢q; € {2,4,6, ...,254} (the set of numbers containing 2 as a factor). This leads
to 128 x 127 = 16256 possible pairs of coefficients (q;, g») which determine that
m(x) is QPP.

Further, we give the definition of normalized permutation polynomial and two
propositions that follow from Dickson (1896, 1901) needed to establish the con-
ditions on the coefficients of a polynomial of degree greater than two, so that it is
PP.
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d
Definition 3.11 The polynomial 7(x) = Z quk( mod p”) is a normalized PP if
k=1
qa = 1,7(0) =0, and, if p 1 d then g4_; = 0.

Proposition 3.12 A polynomial 7w(x) of degree d is a PP (mod p), with p 1 d, if
and only ifa - m(x +b) +cisa PP foralla #0,b,c € Z,,.

Proposition 3.13 A polynomial 7w(x) of degree d is a PP (mod p), with p | d, if
and only ifa - m(x) +cisa PP foralla # 0, c € Zj,.

3.7 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of Third Degree so that It Is PP Modulo
Any Positive Integer

A PP of third degree is named CPP and it is of the form:
T(x)=(q1-x+q-x>+¢q3-x>) (mod L), x =0, L — 1 (3.42)

Particularizing Theorem 3.8 for polynomials of degree three, we can test whether
a polynomial of degree three is CPP using the same algorithm in three steps from
Chen et al. (2006) given in Sect. 3.6. The conditions on the coefficients used in step
2 are given in Table3.2.

Table 3.2 can be considered a simpler equivalent test of Theorem 3.8. The proof
is given below.

Table 3.2 Conditions for coefficients g1, ¢2, g3 so that w(x) in (3.42) is a CPP

1(a) p=2 npy =1 (g1 + g2 + q3) # 0 (mod 2)
1(b) npa > 1 q1 # 0,92 =0, g3 =0 (mod 2)
2(a) p=3 np3 =1 (g1 +¢3) # 0,492 =0 (mod 3)
2(b) np3 > 1 q1 #0,(q1 +¢3) # 0,92 =0 (mod 3)
3(a) 31(p—1D npp=1 q1 #0,92 =0, g3 =0 (mod p)
3(b) npp>1 q1 #0,92 =0, g3 = 0 (mod p)
4(a) 3f(p—1, |nL,=1 (1) g3 = 3q143 (mod p)
p>3 if g3 # 0 (mod p) and
(2) g1 # 0 (mod p), g2 = 0 (mod p)
if g3 = 0 (mod p)
4(b) npp > 1 q1 # 0,92 =0, g3 =0 (mod p)
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3.71 Casep =2

This case follows immediately from Lemma3.1 for n; » = 1 and Theorem 3.6 for
np» > 1.

3.7.2 Casep =3

3.7.2.1 Subcase p=3andn; ;=1

Theorem 3.14 The polynomial w(x) = (g1 - x +¢q» - x> + g3 - x°) (mod 3) is a CPP
if and only if (q1 + q3) % 0 (mod 3) and g, = 0 (mod 3).

Proof 1t is obvious that 7(0) = 0. Then 7(x) is CPP if w(1) # 0, w(2) # 0 and

m(1) # w(2). Replacing x = 1 and x = 2 in (3.42), respectively, and evaluating the
results modulo 3, we have

(g1 + g2+ q3) # 0 (mod 3) (3.43)

and
2q1 + q2 + 2q3) # 0 (mod 3) (3.44)

Then, condition 7(1) # 7(2) is equivalent to
(91 + g3) # 0 (mod 3) (3.45)
From (3.43)—(3.44) and (3.45) it follows
g2 = 0 (mod 3) (3.46)
The converse implication follows the steps from the direct implication in reverse
order. |
3.72.2 Subcase p=3andn; ;> 1
Theorem 3.15 The polynomial w(x) = (g1 - X + g2 - x> + g3 - x>) (mod 3"%3) with

np3 € N*, np 3> lisa CPPifand only if q; # 0 (mod 3), (g1 + ¢g3) # 0 (mod 3)
and g = 0 (mod 3).

Proof “ =” Let w(x) be a CPP modulo 3":3. Then, from Theorem 3.7, it follows
that 7w(x) is CPP modulo 3 and

7' (x) = (g1 + 22 - x + 3¢5 - x?) # 0 (mod 3), Vx € Zs (3.47)
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As m(x) is a CPP modulo 3, from Theorem 3.14 we have (q; + ¢g3) # 0 (mod 3)
and g, = 0 (mod 3). Replacing x = 0 in (3.47) we get g¢; # 0 (mod 3).

“ «&” Let there be g; # 0 (mod 3), (¢1 + ¢g3) # 0 (mod 3) and g, = 0 (mod 3).
As (g1 + ¢g3) # 0 (mod 3) and g, = 0 (mod 3), from Theorem 3.14 we have that
7(x) is CPP modulo 3. The formal derivative of 7(x) in (3.47), evaluated modulo
3, is for g = 0 (mod 3), 7' (x) = ¢ # 0 (mod 3). Therefore, from Theorem 3.7 it
follows that 7 (x) is CPP modulo 3"%3, |

3.7.3 Case3 | (p—1),withp >3

3.7.31 Subcase3 | (p —1),withp > 3,andn; , =1

Theorem 3.16 Let p be a prime number so that 3 | (p — 1). The polynomial w(x) =
(g1 -x + g2 - x>+ g3 - x°) (mod p) is a CPP if and only if g # 0 (mod p),
g>» = 0 (mod p) and g3 = 0 (mod p).

Proof From the Corrolary given in Lidl and GL Mullen (1988) we have that if a
polynomial of degree d > 1 is PP modulo p then d { (p — 1). Therefore, if the
degree d | (p — 1), then the degree of the PP is smaller then d, or, in other words,
gq = 0 (mod p). For polynomial degree equal to 3, if 3 | (p — 1) is equivalent to
g3 = 0 (mod p). This means that the polynomial of degree 3 modulo p is equivalent
to a polynomial of degree 2. As p is odd, it follows that 2 | (p — 1). From the same
Corrolary from Lidl and GL Mullen (1988) we have that g, = 0 (mod p). Then,
the polynomial of degree 3 modulo p is equivalent to the polynomial of degree 1,
(g1-x) (mod p), which, according to Theorem 3.9 is PP if and only if ¢; # 0 (mod p).

]

3.7.3.2 Subcase3 | (p—1) andn; , >1

Theorem 3.17 Let p be a prime number so that 3 | (p — 1). The polynomial w(x) =
(q1-x +q2- x>+ q3-x%) (mod p"tr), with np.p € N, ny , > 1,isa CPPif and
only if g1 # 0 (mod p), g = 0 (mod p) and g3 = 0 (mod p).

Proof “ =" Let m(x) be a CPP modulo p"t». Then, from Theorem 3.8, it follows
that 7w(x) is CPP modulo p. From Theorem3.16 we have that ¢; # 0 (mod p),
g>» = 0 (mod p) and g3 = 0 (mod p).

“ & Let there be g; # 0 (mod p), g0 = 0 (mod p) and g3 = 0 (mod p).
Then, from the Theorem3.16 we have that w(x) is CPP modulo p. The formal
derivative of 7 (x), evaluated modulo p, for g, = 0 (mod p) and g3 = 0 (mod p),
is 7' (x) = g1 # 0 (mod p). Therefore, from Theorem 3.7 we have that 7 (x) is CPP
modulo p"tr. |
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3.7.4 Case3t{(p—1)withp >3

3.74.1 Subcase3{(p—1) withp >3andn; ,=1

In 1897 Dickson gave all normalized polynomials of degree at most six, except those
of degree 6 modulo a power of 2 (Dickson 1896). From this list we can see that the
only normalized CPP modulo p > 3, with 3 { (p — 1), is T(x) = x* (mod p) (see
Table 3.7). This case is given in the next proposition.

Proposition 3.18 The only normalized CPP modulo p > 3, with3 1 (p — 1), is
7(x) = x* (mod p).

The following lemma is required to get the general result from Theorem 3.20 for
this subcase.

Lemma 3.19 The polynomial 7(x) = (q1 - x + ¢q» - x> + g3 - x>) (mod p), where
g3 # 0 (mod p), can be factorized in the form m(x) = a - (x + b)> + ¢ (mod p) if
and only if (g2)* = 3q1¢3 (mod p).

Proof “ =" Assume that:
7(x) =a- (x + b)’ 4+ ¢ (mod p) (3.48)
‘We have to prove that (q2)2 = 3q193 (mod p). Equation (3.48) can be written as:

m(x) = a - (x> +3x%b + 3xb* + b) + ¢ (mod p) =
= ax® + 3abx* + 3ab*x + ab’® + ¢ (mod p) (3.49)

Identifying the coefficients of terms of degrees 3 and 2, we have:
g3 = a (mod p) (3.50)
¢q» = 3ab (mod p) (3.51)

Considering (3.50) and that g3 # 0 (mod p), (3.51) can be written as:

£ _ p (mod p) (3.52)
3q3

Identifying the coefficients for degree 1, we have:
g1 = 3ab* (mod p) (3.53)

or, considering (3.50) and (3.52)

2
9= 35 (5-) " (mod p) & (42)* = 34145 (mod p) (3.54)
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Identifying the coefficient of the free terms, we have:
ab® + ¢ =0 (mod p) & ¢ = —ab® (mod p) (3.55)
or, considering (3.50) and (3.52)

_ (q2)?
27(q3)?

(mod p) (3.56)

Therefore, we have

7T()C)Z(m')C—f-qz-xz+q3-)c3) (mod p) =

3
_ @\ (@)’
=q3- (X + @) 27(q0)? (mod p) (3.57)

whence, the obvious equality

_ (q2)*

q3

(mod p) ¢ (2)° = 3¢143 (mod p) (3.58)

q1

“ & The reciprocal is shown in reverse way. Thus, assuming that equality (3.58)
is true, w(x) can be written as in (3.57), as follows

T(x) = (q1-Xx + ¢ x> +¢3-x°) (mod p) =

2
= ((6]2) -x+q2~x2+q3-x3> (mod p) =

3q3
. <x3+3.q_2 43 (2)2.x+ (2)3>_
3q3 3g3 3q3
__@) (mod p) = g; - <x + 2>3 _ @’ (mod p)  (3.59)
27(g3)? 3q3 27(g3)?

Therefore w(x) can be written as in (3.48), where a, b, and c, are those from
(3.50), (3.52), and (3.56), respectively. |

Theorem 3.20 The polynomial w(x) = (q1 - x + g - x> + g3 - x>) (mod p), with
34 (p — 1), is PP if and only if one of the following conditions is fulfilled:

(1) Forgs # 0 (mod p), then (¢2)* = 3¢1q3 (mod p).
(2) For g3 =0 (mod p), then g = 0 (mod p) and q; # 0 (mod p).

Proof From Propositions 3.12 and 3.18 we have that all CPPs modulo p > 3, with
34 (p—1), when g3 # 0 (mod p), can be obtained using the formula w(x) =
a-(x+b)*+c(mod p),foralla £0,b,c € Z,. From Lemma3.19 it follows that
for g3 # 0 (mod p), w(x) is CPP if and only if (¢2)> = 3¢1¢3 (mod p).
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If g3 = 0 (mod p), then we can apply the conditions for QPPs from Corrolary 3.10,
getting the conditions g = 0 (mod p) and g; # 0 (mod p). |

3.74.2 Subcase 3t (p — 1) with p > 3 and np,>1
The next proposition and lemma are needed to get the general result from Theo-
rem 3.23 for this subcase.

Proposition 3.21 The equation y> = 0 (mod p) has y = 0 (mod p) as single
solution.

Lemma 3.22 Let p > 3 be a prime number so that 3 t (p — 1). If (q2)2 =
3q1g3 (mod p), with g3 # 0 (mod p), then the equation ©'(x) = (q1 + 2q> -

x +3q;3 -x%) =0 (mod p) has always the solution x = —361—2 (mod p).
q3

Proof We rearrange 7’ (x) in terms of a perfect square:

(X)) =q1+2q2-x +3q3 - x* =
_ 2 2q> _
S ()

2
— 2 @ _
—343'(16 +2-%~x+<3’%>>+q1—%_

@\’ (q2)*
A s
3q3 3q3

Considering that (q2)2 = 3q1q3 (mod p), (3.60) becomes

2 2
m'(x) = 3q3 - <x+q_2> +g1—q1=3q3- <X+q—2) (3.61)
3q3 3q3

We make the change of variable y = x + 3q_2 in (3.61), and the equation 7' (x) =
q3

0 (mod p) becomes y> = 0 (mod p). From Prbposition 3.21 we have that equation

y? = 0 (mod p) has always the solution y = 0 (mod p). Therefore, the equation

7' (x) = 0 (mod p) has always the solution x = —2. |

q3
Theorem 3.23 The polynomial 7(x) = (q1 - x + g2 - x> + g3 - x3) (mod p"t-r),
with3 1 (p — 1) and ny,, > 1, is PP if and only if g3 = ¢ = 0 (mod p) and
g1 # 0 (mod p).

Proof “ =" Let w(x) be a PP (mod p"tr), with 3 1 (p — 1) and ng,p > 1. From
Theorem 3.7 we have that 7(x) is PP (mod p) and 7/(x) = g, +2¢» - x +3g3 - x> #
0 (mod p), Vx € Z,,.
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As m(x)is PP (mod p), from Theorem 3.20 we have that when g3 #% 0 (mod p),
the equality (¢2)> = 3¢1¢3 (mod p) is true. But from Lemma3.22, equation 7’(x) =
g1+ 2q> - x +3¢q3 - x> = 0 (mod p) has always one solution in this case. Therefore,
there is no CPP (mod p":»), with 3 { (p — 1) and n; , > 1, when g3 # 0 (mod p),
because, otherwise Theorem 3.7 would be contradicted.

When g3 = 0 (mod p), from Theorem 3.20 we have that g, = 0 (mod p) and
g1 # 0 (mod p). In this case 7'(x) = ¢ # 0 (mod p), Vx € Z,. Thus, if 7(x) is
PP (mod p"~»), with 3 { (p — 1) and ny , > 1, then g3 = ¢» = 0 (mod p) and
¢1 # 0 (mod p).

“ «” Converse proof is obvious, considering Theorem3.7. Indeed, for g3 =
¢g>» = 0 (mod p) and ¢; # 0 (mod p) we have that 7(x) = g;x (mod p), which, for
g1 # 0 (mod p), is a LPP, according to Theorem 3.9, and 7' (x) = q; # 0 (mod p),
Vx € Zp. [ |

3.8 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of Fourth Degree so that It Is PP
Modulo Any Positive Integer

A PP of fourth degree is denoted by 4-PP and it is of the form:
T(xX) = (q1 - X +q2-x*>+q3-x> +q4-x*) (mod L),
x=0,L-1 (3.62)

Particularizing Theorem 3.8 for polynomials of degree four, the necessary and
sufficient conditions for a polynomial of degree four to be a 4-PP can be tested using
the same algorithm in three steps from Chen et al. (2006) given in Sect.3.6, where
the conditions on the coefficients are given in Table 3.3 (Trifina and Tarniceriu 2016).

In the following, we prove the conditions on the coefficients given in Table 3.3.
Because of the similarities of the cases p = 7andny 7 > 1,3 | (p — 1) with p > 7
andn; , > 1,34 (p—1) withp =5o0r p > 7andn; , > 1, they are addressed
together in Sect. 3.8.4.

3.8.1 Casep =2

This case follows immediately from Lemma3.1, for n; » = 1 and from Theorem 3.6
forng, > 1.
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Table 3.3 Conditions for coefficients ¢1, g2, 3, g4 so that w(x) in (3.62) is a 4-PP

1(2) p=2 npa=1 (g1 + g2 + g3 + q4) # 0 (mod 2)
1(b) npp > 1 q1 # 0 (mod 2),
(g2 + q4) = 0 (mod 2),
g3 = 0 (mod 2)
2(a) p=3 np3=1 (g1 +¢g3) # 0 (mod 3),
(g2 + q4) = 0 (mod 3)
2(b) np3 > 1 q1 # 0 (mod 3),

(g1 + ¢3) # 0 (mod 3),

q2 = q4 = 0 (mod 3)

3(a) p=1 np7=1 (1) If g4 # 0 (mod 7), then
(1.1) 3(g3)* = 294 (mod 7), and
(1.2) 2q1(q4)* =

= (¢3)° + (g4)* (mod 7)
or 241 (q4)? =
= (¢3)° + 6(g4)* (mod 7)

(2) If g4 = 0 (mod 7) then
q1 # 0 (mod 7) and
g2 = g3 =0 (mod 7)

3(b) np7>1 q1 # 0 (mod 7),
42 = q3 = g4 = 0 (mod 7)
4(a) 3t(p—1 |nep=1 | qa=0(mod p)and
(p=Sor (1) If g3 = 0 (mod p) then
p>T7 q1 # 0 (mod p) and
g2 =0 (mod p)

(2) If g3 # 0 (mod p) then
(92)* = 34193 (mod p)

4(b) npp>1 q1 # 0 (mod p),
q2 = q3 = q4 = 0 (mod p)

5 3l (p—=1) |nLp=1 g1 # 0 (mod p),
(p>7) q2 = q3 = q4 = 0 (mod p)

3.8.2 Casep=3

3.82.1 Subcase p=3andn; ;=1

Theorem 3.24 7(x) = (q1x + g2x° + q3x> + q4x*) (mod 3) is a 4-PP if and only
if (g1 + q3) # 0 (mod 3) and (g2 + g4) = 0 (mod 3).

Proof As m(0) = 0, it is required that
(1) = q1 +¢2 + g3 + g4 # 0 (mod 3), (3.63)

7(2) = 241 + g2+ 2q3 + qa # 0 (mod 3), (3.64)
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and
m(1) # w(2) (mod 3). (3.65)

Replacing (3.63) and (3.64) in (3.65), we have
(g1 + g3) # 0 (mod 3). (3.66)

If g1 + g3 = 1 (mod 3), then, from (3.63) it follows that g, + g4 = 0 (mod 3)
or ¢o + g4 = 1 (mod 3), and from (3.64) it follows that ¢, + g4 = 0 (mod 3) or
q2» +q4 = 2 (mod 3). Therefore, g, + g4 = 0 (mod 3). For case g; + g3 = 2 (mod 3)
we can obtain the same result in a similar way. ]

3.8.22 Subcase p=3andn; ;> 1

Theorem 3.25 7(x) = (q1x + q2x*> + g3x> + q4x*) (mod 3":3), with ny 3 € N,
np3 > 1, is 4-PP if and only if ¢ # 0 (mod 3), (g1 + q3) # 0 (mod 3) and
q>» = q4 = 0 (mod 3).

Proof “ = For the direct proof, we consider that (x) is a PP (mod 3":3), with
nyp 3 > 1. Then, according to Theorem 3.7, m(x) is a PP (mod 3) and

7' (x) = q1 + 2q2x + 3¢3x° 4 4g4x” (mod 3) =
= q1 +2¢>x + qax’ # 0 (mod 3). (3.67)

As m(x)isaPP (mod 3), from Theorem 3.24, we have (g; +¢3) # 0 (mod 3) and
(g2 +g4) = 0 (mod 3). Replacing x = 01in (3.67), we have 7/(0) = ¢g; # 0 (mod 3).
Replacing x = 1 in (3.67), we have 7'(1) = q; + 2q2 + g4 # 0 (mod 3). As
(g2 + g4) = 0 (mod 3), it follows that

7' (1) = q1 + g2 # 0 (mod 3). (3.68)

Replacing x = 21in (3.67), we have 7' (2) = q1 +q2 +2¢4 # 0 (mod 3) and, because
(g2 + g4) = 0 (mod 3), it follows that

7'(2) = q1 + qa # 0 (mod 3). (3.69)

Relations (3.68) and (3.69) must hold for any ¢; # 0 (mod 3). Forg; = 1 (mod 3),
from (3.68) it follows that g, = 0 (mod 3) or g = 1 (mod 3), and from (3.69) that
g4 = 0 (mod 3) or g4 = 1 (mod 3). For g; = 2 (mod 3), from (3.68), it follows
that ¢, = 0 (mod 3) or g = 2 (mod 3), and from (3.69) that g4 = 0 (mod 3) or
qs = 2 (mod 3). Therefore, only the values g, = 0 (mod 3) and g4 = 0 (mod 3)
meet (3.68) and (3.69) for any g; # 0 (mod 3).
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“ «” For the converse proof, because (q; + ¢g3) # 0 (mod 3) and ¢, = g4 =
0 (mod 3), from Theorem 3.24 it follows that 7(x) is a PP (mod 3).

For ¢ = g4 = 0 (mod 3), from (3.67) we have that 7'(x) = ¢g; # 0 (mod 3).
Then, according to Theorem3.7, it results that 7w(x) is a PP (mod 3"%3), with
nps > 1. |

383 Casep=Tandn; ;=1

From the list with normalized PPs from Dickson (1896) we see that the only normal-
ized 4-PPs modulo p = 7 are 7(x) = x* 4 3x (mod 7) (see Table3.7). This aspect
is presented in the following proposition.

Proposition 3.26 The only normalized 4-PPs (mod 7) are 7(x) = x*#3x (mod 7).

The next lemma is needed to get the general result from Theorem 3.28 for this
subcase.

Lemma 3.27 Let there be 7(x) = q1x + q2x> + g3x> 4+ g4x* (mod 7), where g4 #
0 (mod 7). Then, m(x) can be factorizedas w(x) = a ((x +b)*+3(x +b)) +c (mod 7),
if and only if the following two conditions are fulfilled:

(1) 3(g3)* = g2q4 (mod 7) and
(2) 241(g4)* = (g3)° + (g4)° (mod 7) or
2q1(g4)* = (¢3)* + 6(q4)* (mod 7).

Proof We consider that 7(x) = a((x + b)* = 3(x + b)) + ¢ (mod 7). Then, we can
write
7(x) = ax* + 4abx® + 6ab*x*+

+a(4b® £ 3)x + ab* £+ 3ab + ¢ (mod 7) (3.70)

By identifying the coefficients of terms of degree 4, 3, and 0 and using q4 #
0 (mod 7), we have

a = qa, (3.71)
b=L (mod7), (3.72)
4q4

4
c=—gi[ ) £330 L) (mod 7). (3.73)
4qa4 444
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Then, we have

4
a2 )
444 4q4
4
—614(£> F 3CI4<£> (mod 7) =
4q4 4q4

= qux* + g3 + = (‘13) 24 ( @)’ | 3q4>x (mod 7). (3.74)
g4 (q4)*
Therefore, it is required that
3 2
g2 = @) (mod 7), (3.75)
94
3
quiz + 3¢, (mod 7). (3.76)
Equation (3.75) is equivalent to
3(93)* = g2q4 (mod 7), (3.77)
and (3.76) is equivalent to
291(g4)* = (¢3)° + (g4)° (mod 7), (3.78)
or
291(g4)* = (¢3)* + 6(g4)* (mod 7). (3.79)
The reciprocal is proved in the reverse way. ]

Theorem 3.28 7(x) = q1x + q2x* + g3x> + qux* (mod 7) is a PP if and only if:
(1) If g4 # 0 (mod 7), then

(1.1) 3(¢3)* = q2q4 (mod 7) and

(1.2) 2q1(q2)* = (g3)* + (q4)* (mod 7) or 2¢1(q4)* = (¢3)* + 6(g4)* (mod 7).
(2) If g2 = 0 (mod 7), then g\ # 0 (mod 7) and q» = g3 = 0 (mod 7).
Proof From Propositions 3.12 and 3.26, we have that all 4-PPs, when g4 # 0 (mod 7),

can be obtained with the formula a7 (x + b) + ¢, where T(x) = x* & 3x (mod 7)
and a # 0,b,c € Zj. Then, according to Lemma3.27, w(x) is a (mod 7) PP
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if and only if the equalities (1.1) and (1.2) from the theorem statement are true.
When g4 = 0 (mod 7), we can use the test for CPP coefficients when 3 | (p — 1) and
ng.p =1, givenin Sect.3.7.3.1. Thisis ¢; # 0 (mod 7),g> = g3 =0 (mod 7). N

384 Casesp=Tandn;7>1,3|(p—1)withp >7and
np,p,>1,31(p—1) withp=5,0rp>7and
npp,>1

Theorem 3.29 Let p be a prime number and ny , a positive integer so that: a)
3l (p—Vandnp, >1ifp=Tandn,, > 1ifp>Torb)3{(p—1) and
np.p > 1L, withp =5o0rp > 7. Then, w(x) = q1x +qox? 4+ q3x° +qax* (mod p"tr)
is a PP if and only if ¢ # 0 (mod p) and g, = q3 = q4 = 0 (mod p).

Proof Because all 4-PPs (mod 7), when g4 # 0 (mod 7), can be obtained with the
formula 7(x) = aw(x+b)+c, where 7(x) = x*+3x (mod 7) anda # 0, b, ¢ € Z7,
when p = 7andn; 7 > 1, we have to show that equation 7/(x) = 45343 = 0 always
has solutions (mod 7). Obviously, if x is a solution of equation 7/(x) = 0 (mod 7),
then x — b is a solution of equation 7/(x) = 0 (mod 7). It is easy to check that
x = 1,x = 2, and x = 4 are solutions for the equation 4x3 4+ 3 =0 (mod 7) and
that x = 3, x = 5, and x = 6 are solutions for the equation 4x> — 3 = 0 (mod 7).
Because in the others cases there are no fourth degree normalized PPs, it follows
that g4 = 0 (mod p) and, therefore, we can use the test for CPP coefficients when
3/(p—1),p>3,andn; , > 1, given in Sect.3.7.3.1, or when 3 { (p — 1) and
ng.p > 1, givenin Sect.3.7.4.2. This is g # 0 (mod p), g» = g3 =0 (mod p). A

3.85 Cases3{(p—1) withp=50rp>Tandn; ,=1

Theorem 3.30 Let p be a prime number so that3 1 (p—1) (p = 5o0r p > 7). Then,
7(x) = g1x + ¢ox? + q3x> + qux* (mod p) is a PP, if and only if g; = 0 (mod p)
and

(1) If g3 = 0 (mod p), then q; # 0 (mod p) and g, = 0 (mod p).
(2) Ifgs # 0 (mod p), then (¢2)* = 3q1g5 (mod p).

Proof Since in this case there are also no fourth degree normalized PPs, we have that
g4 = 0 (mod p) and, therefore, we can use the test for the CPP coefficients when
31(p—1)and ny, » = 1, given in Sect.3.7.4.1, which represents the statement of
the theorem. |
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3.9 Necessary and Sufficient Conditions on the Coefficients
of a Polynomial of Fifth Degree so that It Is PP Modulo
Any Positive Integer

A PP of fifth degree is denoted by 5-PP (named quintic PP) and it is of the form:
T(x) = (g1 % +q2- %% +q3-x° + g4~ x* + g5 - x°) (mod L),

x=0,L—-1 (3.80)
Particularizing Theorem 3.8 for polynomials of degree five, the necessary and
sufficient conditions for a polynomial of degree five to be 5-PP can be tested using
the same algorithm in three steps from Chen et al. (2006) given in Sect.3.6, where
the conditions on the coefficients are given in Table 3.4 (Trifina and Tarniceriu 2018).
The proofs for the conditions on the coefficients are given in the following. The
cases p=2,p=3,p=25,p=7,and p = 13 are addressed in Sects.3.9.1-3.9.5,

respectively, and the cases p = 1 (mod 5), p = 2,3 (mod 5), with p > 13, and
p =4 (mod 5), in Sects. 3.9.6-3.9.8, respectively.

3.9.1 Casep =2

This case is identical to that from Lemma3.1 for n; , = 1 and to that from Theo-
rem3.6 forny , > 1.

3.9.2 Casep=3

3921 Subcase p=3andn;3=1

Theorem 3.31 7(x) = qix + ¢2x% + q3x> + qax* + gsx> (mod 3) is a PP if and
only if (g1 + g3 + gs5) # 0 (mod 3) and (q> + q4) = 0 (mod 3).

Proof As w(0) = 0, it is required that
m(1) =q1 + g2+ g3 + g4+ g5 # 0 (mod 3), (3.81)
m(2) = 2q1 + g2 + 293 + q4 + 2q5 # 0 (mod 3), (3.82)

and
w(1) # w(2) (mod 3). (3.83)
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Replacing (3.81) and (3.82) in (3.83), we have
(g1 + g3+ g5) # 0 (mod 3). (3.84)

If (g1 +¢3+¢gs) = 1 (mod 3), then, from (3.81) it follows that (g2 +¢4) = 0 (mod 3)
or (g2 + q4) = 1 (mod 3), and from (3.82) it follows that (g + g4) = 0 (mod 3) or
(g2 +q4) = 2 (mod 3). Therefore, (g2 +g4) = 0 (mod 3). The case (g1 +g3+g5) =
2 (mod 3) is approached similarly and leads to the same result. |

3.9.22 Subcase p=3andn; ;> 1

Theorem 3.32 7(x) = q1x+qox>+q3x3+qax*+gsx> (mod 3":3), withny 3 > 1, is
aPPifandonlyifq, # 0(mod 3), (g1 +¢3+qs) # 0 (mod 3), (g2+¢4) = 0 (mod 3),
(g1 +q2+2-gs5) #0 (mod 3) and (g1 + q4 + 2 - g5) # 0 (mod 3).

Proof “ =" To prove the necessity, we assume that w(x) is a PP (mod 3"%3), with
ny 3 > 1. Then, according to Theorem3.7, 7(x) is a PP (mod 3) and

7' (x) = q1 + 2g2x + 3q3x* 4 4qux® + 5gsx* (mod 3) =
= q1 + 2¢2x + qux* + 2gsx* # 0 (mod 3) (3.85)

As w(x) is a PP (mod 3), from Theorem3.31, we have that (g; + g3 + g5) #
0 (mod 3) and (g2 + g4) = 0 (mod 3). Replacing x = 0 in (3.85), we have that
7' (0) = g1 # 0 (mod 3). Replacing x = 1 in (3.85), we have that 7'(1) = q; +
2¢g> + q4 + 2qs # 0 (mod 3). As (¢2 + g4) = 0 (mod 3), it follows that

7(1) =g+ +2-gs #0 (mod 3) (3.86)

Replacing x = 2 in (3.85), we have that 7' (2) = ¢; + g2 + 294 + 2g5 # 0 (mod 3)
and, as (g2 + g4) = 0 (mod 3), it follows that

'(2)=q+qs+2-gs #0 (mod 3) (3.87)

“ «<” To prove the sufficiency, we assume that g; # 0 (mod 3), (g1 + g3 +
gs) # 0 (mod 3), (g2 + q4) = 0 (mod 3), (g1 +¢g2 +2-g5) # 0 (mod 3) and
(g1 +q4+2-g5) # 0 (mod 3). Then, from Theorem 3.31, it follows that 7w(x) is a PP
(mod 3). Forx = 0, from (3.85), we have that 7' (0) = ¢g; # 0 (mod 3).Forx = 1 and
x = 2, and taking into account the equality (¢> + g4) = 0 (mod 3), from (3.85), we
have that 7' (1) = ¢1+¢2+2-g5 # 0 (mod 3) and 7' (2) = g1 +q4+2-g5 # 0 (mod 3),
respectively. Then, according to Theorem 3.7, it results that 7w(x) is a PP (mod 3"%3).

|
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3.93 Casep =5

3.93.1 Subcase p=5Sandn;s=1

Proposition 3.33 (Dickson 1896) The only normalized quintic PPs (mod 5) are
7(x) = x° (mod 5), T(x) = x> — ax (mod 5) (« not a fourth power) and 7(x) =
x> —2ax3 + o®x (mod 5) (o not a square).

Theorem 3.34 7(x) = qi1x + q2x* + q3x> + qax* + gsx° (mod 5) is PP if and only
l'f:.

(1) g4 = g» =0 (mod 5) and (q; + gs5) # 0 (mod 5), when g3 = 0 (mod 5),
or if and only if:
(2) g4 =0 (mod 5) and (g2)> = 3(q1 + g5)q3 (mod 5), when g3 # 0 (mod 5).

Proof From Propositions3.13 and 3.33, we have that, when g5 # 0 (mod 5), all
5-PPs can be obtained with the formula a7 (x) + ¢, where 7(x) = x> (mod 5) or
7(x) = x> —ax (mod 5) (a not a fourth power) or 7 (x) = x° —2ax> +a’x (mod 5)
(anot a square). We note that if « is not a fourth power modulo 5, then o € {2, 3, 4}
and, if « is not a square modulo 5, then a € {2, 3}.

When 7(x) = x> (mod 5), it follows that g5 # 0 (mod 5), g4 = 0 (mod 5),
g3 = 0 (mod 5), g = 0 (mod 5) and g¢; = 0 (mod 5).

When 7(x) = x° — ax (mod 5) (o € {2, 3,4}), it follows that g5 # 0 (mod 5),
g4 = 0 (mod 5), g3 = 0 (mod 5), g = 0 (mod 5) and ¢g; + ags = 0 (mod 5) for
only one a € {2, 3, 4}.

When 7(x) = x° — 2ax’ + o®x (mod 5) (a € {2, 3}), we have that g5 #
0 (mod 5), g4 = 0 (mod 5), g3 = —2ags (mod 5), g = 0 (mod 5) and ¢; = a’gqs =
4qs (mod 5). For o € {2, 3}, the equality g3 = —2ags (mod 5) is equivalent to
g3 + g5 = 0 (mod 5) or g3 — g5 = 0 (mod 5), and the equality g; = 4¢s (mod 5) is
equivalent to (¢; + ¢gs) = 0 (mod 5).

There are four null quintic polynomials modulo 5 (7(x) is a null polynomial
modulo L if 7(x) = 0 (mod L), Vx € Z;). These null polynomials modulo 5 are
x> 4+ 4x (mod 5), 2x° + 3x (mod 5), 3x° + 2x (mod 5) and 4x° + x (mod 5), and
therefore we have that a quintic polynomial 7(x) = ¢1x + g2x> + g3x> + qux* +
gsx> (mod 5) is equivalent to the polynomial 7(x) + gsx + (5 — q5)x5 (mod 5),
Vgs € Z%. There are two normalized PPs modulo 5 of degree less than five (Dickson
1896), i.e. #(x) = x (mod 5) and 7(x) = x> (mod 5). Therefore, a 5-PP can also
result when m(x) 4+ gsx 4+ (5 — gs5)x° (mod 5) = a(x +b) +c, or m(x) +gsx + (5 —
gs)x> (mod 5) = a(x + b)? + ¢, witha # 0, b, c € Zs.

Considering the analysis for CPPs from Sect.3.7 or for 4-PPs from Sect. 3.8, for
the normalized PP 7(x) = x (mod 5), it follows that g5 # 0 (mod 5), g4 = 0 (mod5),
g3 = 0 (mod 5), g = 0 (mod 5) and ¢g; + g5 # 0 (mod 5).

We note that for the normalized PPs 7 (x) = x° (mod 5), 7(x) = x> —ax (mod 5)
(a € {2, 3, 4}) and 7(x) = x (mod 5), the common conditions on the coefficients
45 94, 93, q2 are gs # 0 (mod 5), g4 = 0 (mod 5), g3 = 0 (mod 5) and ¢, =
0 (mod 5). The condition for the coefficient g, is just g; +¢g5 # 0 (mod 5), because it
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includes the conditions for all the normalized PPs above. Indeed, for g; = 0 (mod 5),
we have ¢; + g5 # 0 (mod 5), Vg5 # 0 (mod 5), and the condition ¢; + ags =
0 (mod 5) for any o € {2, 3, 4} and for only one g5 # 0O (mod 5) is equivalent
to g1 € {Z% — {—qs}} and, therefore, ¢; + g5 # 0 (mod 5). Thus, for the three
normalized PPs, the conditions in (1) result for g5 7 0 (mod 5).

For the normalized PP 7(x) = x> (mod 5), we have g5 # 0 (mod 5), g4 =
0 (mod 5), g3 # 0 (mod 5) and (q2)2 = 3(q1 + gs5)g3 (mod 5). We note that for
the normalized PP 7(x) = x°> — 2ax® 4+ ox (mod 5) (o € {2, 3}), the conditions
on the coefficients are included in those for the normalized PP 7(x) = x3 (mod 5),
because for g = 0 (mod 5) and g; + g5 = 0 (mod 5), we have that (¢,)> =
3(q1 + ¢5)q3 (mod 5) = 0 (mod 5). Thus, for the two normalized PPs, conditions
(2) result for g5 # 0 (mod 5).

When ¢gs = 0 (mod 5), we can use the test on the coefficients of a 4-PP from
Sect.3.8.5, for the case 31 (p — 1) and n; , = 1. This is given by conditions (1) or
(2) for gs = 0 (mod 5). |

3.9.3.2 Subcase p=5andn;s>1
Theorem 3.35 7(x) = q1x +q2x*>+q3x> +qax* +¢sx° (mod 5":35), withny 5 > 1,
is PP if and only if:

(1) g4 =¢q3 =g =0 (mod 5), g1 # 0 (mod 5) and (g1 + g5) # 0 (mod 5),
or if and only if:
(2) g4 =0 (mod 5), (¢2)* = 3(¢q1 + gs5)g3 (mod 5) and

(2.1) g3+ g5 =0 (mod 5),
or

(2.2) g3 — g5 = 0 (mod 5),

when g5 # 0 (mod 5),
or if and only if:
(3) g4 = g3 = q> =0 (mod 5) and q; # 0 (mod 5), when gs = 0 (mod 5).

Proof “ =" To prove the necessity, we assume that 7(x) is a PP (mod 5"%5), with
nps > 1. Then, from Theorem 3.7, it follows that 7(x) is a PP (mod 5) and

7' (x) = q1 + 2g2x + 3q3x* 4 4qux® + 5gsx* (mod 5) =
= q1 + 2qox + 3g3x% + 4qux® # 0 (mod 5) (3.88)

Because 7(x) is PP (mod 5), g4 = 0 (mod 5) and, consequently
7' (x) = g1 + 2¢2x + 3¢g3x* # 0 (mod 5). (3.89)

As in the proof of Theorem 3.34, from Propositions3.13 and 3.33, when g5 #
0 (mod 5), it follows that all 5-PPs can be obtained with the formula a7 (x) + c,
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with a # 0,c € Zs, where 7(x) = x> (mod 5) or 7(x) = x°> — ax (mod 5)
(o € {2, 3, 4}) or 7(x) = x> — 2ax® 4+ o2x (mod 5) (« € {2, 3}). Thus, we have
that 7'(x) = a7’(x) = ¢s7'(x). In the following we will consider each normalized
PP.

When 7(x) = x° (mod 5), it follows that 7/ (x) = gs7'(x) = S¢sx* (mod 5) =
0 (mod 5). Therefore, the value g; = 0 (mod 5), under conditions (1) from Theo-
rem 3.34, is invalid for this case.

When 7(x) = x° — ax (mod 5) (o € {2, 3, 4}), we have 7' (x) = gs7'(x) =
gs(5x* — @) (mod 5) = —ags (mod 5) # 0 (mod 5), YVgs # 0 (mod 5) for
a € {2, 3, 4}.

When 7 (x) = x> —2ax?+a’x (mod 5) (a € {2,3}), wehave 7' (x) = gs7'(x) =
gs(5x* —2a-3x% +a?) (mod 5) = 4¢s(ax?+1) (mod 5). It is easy to verify that the
equation (ax?+1) = 0 (mod 5) has no solutions for &« = 2 or &« = 3. Because in this
case 7'(x) # 0, Vx € Zs, conditions (2) from Theorem 3.34, for g5 # 0 (mod 5), are
still valid when g3 + g5 = 0 (mod 5) or g3 — g5 = 0 (mod 5), and result conditions
(2) from Theorem 3.35.

For the two normalized PPs modulo 5 of degree less than 5, when g5 7~ 0 (mod 5),
all 5-PPs can be obtained with the formula 7 (x) +¢gsx + (5 —q5)x5 (mod 5) = am(x+
b)+c,witha # 0, b, ¢ € Zs. Thus, it follows that 7’ (x) = (a7’ (x+b) —gs) (mod 5).

When 7(x) = x (mod 5), a = q; + g5 and we have that 7'(x) = ¢; (mod 5).
Therefore, beside conditions (1) from Theorem3.34, when g5 # 0 (mod 5) we
have additionally to impose g; # 0 (mod 5), resulting in conditions (1) from Theo-
rem 3.35.

When 7(x) = x> (mod 5), then a = g3 and we have 7' (x) = ¢37'(x + b) — g5 =
3¢3(x 4+ b)?> — gs. As g3 # 0 (mod 5) then from the proof of Lemma3.19, it
follows that b = 36]—2 The equation 3g3(x + b)> — g5 = 0 (mod 5) is equivalent

q3
to (x + b)2 = 36]—5 (mod 5). For this equation to have no solution, 36]_5 cannot be a
q3 q3
square modulo 5, that is 36]—5 =2 (mod 5) or 36]—5 = 3 (mod 5). These equalities are
q3

equivalent to g3 — g5 = 0 (mod 5) or g3 + g5 =3O (mod 5), respectively. Therefore,
besides equalities (2) from Theorem 3.34, when gs # 0 (mod 5), we have to impose
the equalities g3 + gs = 0 (mod 5) or g3 — g5 = 0 (mod 5), resulting in conditions
(2) of Theorem 3.35.

When g5 = 0 (mod 5), we can apply the coefficient test on a4-PP when3 { (p—1)
and ny , > 1 from Sect. 3.8.4. This is given by conditions (3) from Theorem 3.35.

“ «<” To prove the sufficiency, we assume that the conditions on the coefficients
from the theorem statement are fulfilled. From these conditions, according to Theo-
rem 3.34, we have that w(x) is PP (mod 5). According to Theorem 3.7, we still need
to show that 7/(x) # 0 (mod 5), Vx € Zs, where 7’ (x) is that from (3.89).

In cases (1) and (3), as g3 = ¢» = 0 (mod 5), we have that 7'(x) = ¢q| #
0 (mod 5), Vx € Zs.

Case (2) follows from the equivalence of equations 7'(x) = 0 (mod 5) and

(x +b)> = 3‘1—5 (mod 5), with b = 3q—2. Therefore, for conditions (2.1) or (2.2) the
q3 q3
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Table 3.5 Quintic Normalized PPs modulo p for p > 5

Normalized PP )4

Ax) =x° p # 1 (mod 5)
F(x) = x° £+ 2x2 p=7

7(x) = x> 4+ ax? £ x2 +3a2x, anota square p=7

7(x) = x° + ax3 + 57 1a%x, o arbitrary p =2,3 (mod 5)
7(x) = x> 4+ ax® 4+ 3a’x, a not a square p=13

equation has no solution modulo 5. Thus, 7'(x) # 0 (mod 5), Vx € Zs, also in this
case. |

Because for p > 5 there are seven normalized quintic PPs (Dickson 1896) (given
in Table 3.5), we give a unified approach for the conditions on the coefficients of a
5-PP, when the normalized PP has the form:

T(x) = x4+ a3x3 + a2x2 +ax. (3.90)

Lemma 3.36 Let there be n(x) = q1x +qox> +q3x> + q4x4 +gs5x° (mod p), where
qs # 0 (mod p). Then, w(x) can be factorized as w(x) = a((x +b)’ +a3(x+b)> +
a(x + b +a(x + b)) + ¢ (mod p) if and only if the following three conditions
are fulfilled:

(1) 5g3gs = 2(q4)* + 5a3(gs)* (mod p),

(2) 25¢2(gs)* = 2(q4)* + 15a3q4(gs)* + 25a2(gs)* (mod p),

(3) 125q1(gs5)* = (g4)* + 15a3(g4)*(g5)* + 50a2q4(gs)*+
1254, (gs)* (mod p).

Proof We consider that m(x) = a((x +b0 +a3(x + b +a(x + b + a1 (x +
b)) + ¢ (mod p). Then, we can write

m(x) = ax® + Sabx* + a(10b? + a3)x*+
+a(106% + 3asbh + a)x*+
+a(5b* + 3azb* + 2ab + ar)x+

+a(b® + azb® + ab* + a;b)x + ¢ (mod p) (3.91)

By identifying the coefficients of terms of degree 5, 4, 3, 2, 1 and 0, we have

a=gs, (3.92)
b=2 (mod p), (3.93)
595
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2
g3 = 10gs <ﬂ> + asgs (mod p), (3.94)
5g5s
q : q
4> = 10gs (—“) +3a3gs = + azgs (mod p), (3.95)
5g5s 5gs
4 2
4 = qu(ﬁ) + 3a3qs("—“) + 29525 4 aigs (mod p).  (3.96)
5gs 5¢s 5¢s

5 3 2
= —qs(( 14 ) +a3(q—4> + 2( s ) +a1q—> (mod p),  (3.97)
5¢s 5gs 5¢s 5qs

Equations (3.94)—(3.96) are equivalent to:
54395 = 2(q4)* + 5a3(gs)* (mod p), (3.98)

5¢2(qs5)* = 2(q4)* + 15a394(gs)* + 25a2(gs)* (mod p), (3.99)

and

125¢1(g5)° = (q4)*+15a3(q4)(g5)>+50a2q4(qs)* +125a; (g5)* (mod p), (3.100)

respectively.
Then, we have

5 3 2
7r(x)=q5<<x+q—4> +a3<x+q—4> +a2(x+q—> +
5qs 5qs 5qs
5 3 2
o)) ol (&) +o(e) +n(2) 2]
2

(mod p) = gsx° + qax* + (10115(5‘];5) + aaqs)x3+

3
(10615(5%) +3a3gs - +azf]5>x +

4 2
+(54]5<q—4) + 36136]5<q—4) + 2d2615£ + a1q5)x (mod p) (3.101)
5gs 5gs 595

Therefore, conditions (3.98), (3.99) and (3.100) have to be met, that is, the three
conditions of the lemma statement.
The reciprocal is proved in the reverse way. ]
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To facilitate the handling of cases for PPs modulo p"*», with p > Sandn; , > 1,
we remark that when a quintic PP has a corresponding normalized quintic PP, 7 (x),
according to Proposition3.12, it is of the form 7w(x) = an(x + b) + ¢, with a #
0,b,c € Z,. According to Theorem 3.7, it is required that 7'(x) = a@'(x + b) #
0 (mod p),Vx € Z,. Therefore, if x is a solution for the equation 7’(x) = 0 (mod p),
then x —b is a solution for the equation 7’ (x) = 0 (mod p). The nextlemma addresses
the solving of equation 7'(x) = 0 (mod p), for each normalized PP from Table 3.5.

We note that if « is not a square modulo 7, then a € {3, 5, 6}, and if v is not a
square modulo 13, then «« € {2,5,6,7, 8, 11}.

Lemma 3.37 Let 7(x) be a normalized PP from Table 3.5. The equation 7' (x) =
0 (mod p) has always solutions modulo p, except for 7(x) = x° + ax® + 5 1a’x,
with o € Z’; and p = 2,3 (mod 9).

Proof For @(x) = x° (mod p), with p # 1 (mod 5), we have 7’'(x) = 5x* =
0 (mod p), with solution x = 0.

For 7(x) = x° & 2x2 (mod 7), we have 7' (x) = 5x* £ 4x = 0 (mod 7), with
solution x = 0.

For 7(x) = x° + ax’® + x + 3a%x (mod 7), with v € {3, 5, 6}, we have 7/ (x) =
5x* 4+ 3ax? & 2x + 30 = 0 (mod 7). It can be easily verified that for o = 3, the
solutions are x = 2 and x = 5, for & = 5, the solutions are x = 3 and x = 4, and
for o = 6, the solutions are x = 1 and x = 6.

For 7(x) = x° + ax® + 3a?x (mod 13), with o € {2, 5,6, 7, 8, 11}, we have
7' (x) = 5x* 4+ 3ax? 4 3a? = 0 (mod 13). It can be easily verified that for o = 2,
the solutions are x = 6 and x = 7, for & = 5, the solutions are x = 5 and x = 8§,
for o« = 6, the solutions are x = 2 and x = 11, for & = 7, the solutions are x = 3
and x = 10, for a = 8, the solutions are x = 1 and x = 12, and for &« = 11, the
solutions are x = 4 and x = 9.

For 7(x) = x° 4+ ax® + 5 'a?x (mod p), with p = 2,3 (mod 5) and arbitrary «,
we have 7/ (x) = 5x* +3ax?+5"'a? = 0 (mod p). We use the substitution x> = y
and one of the following equivalent equations result: 5y>+3ay+5"'a? = 0 (mod p)
or 25y% + 15ay +a? = 0 (mod p) or (5y)> +2-5y-27" - 3a+ 27! -3a)% +
a?— (27" 3a)> =0 (mod p)or Sy +27"-3a)> +a? - (27" - 3a)? = 0 (mod p)
or (10y + 3a)? + 4a? — 3a)? = 0 (mod p) or (10y + 3a)? = 502 (mod p).
The last equation has solutions modulo p for a # 0 (mod p) if 5o is a quadratic
residue modulo p. As o is a quadratic residue, according to Theorem 85 from Hardy
and Wright (1975), 5o is a quadratic residue, only if 5 is a quadratic residue. But,
according to Theorem 97 in Hardy and Wright (1975), 5 is a quadratic non-residue
for p = 2,3 (mod 5). Therefore, the equation (10y + 3a)?> = 5a% (mod p) has no
solution for p = 2,3 (mod 5) and @ # 0 (mod p). |
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3.94 Casep=17

3.94.1 Subcase p=T7andn; ;=1

Theorem 3.38 7(x) = q1x + q2x% + q3x> 4+ qax* + gsx° (mod 7) is PP if and only

(1) 4q2(g5)* = 2(g4)* (mod 7) and 6¢1(gs)* = (q4)* (mod 7),
or if and only if:
(2) 4q92(gs5)* = 2(q4)* + (g5)°* (mod 7) and
641(gs)* = (g4)* £ 2q4(gs)* (mod 7),
when gs # 0 (mod 7) and 5q3q5 = 2(q4)2 (mod 7),
or if and only if:
(3) 442(g5)* = 2(q4)* + q4(gs)* (mod 7) and
641(q5)° = (94)* + (ga)*(gs)* + 4a*(gs)* 1
(mod 7), where o = (q3g5 + (g4)*) - ((g5)*) " (mod 7),
when qs # 0 (mod 7) and 5q3qs # 2(q4)2 (mod 7),
or if and only if:
(4) 492(q5)* = 2(q4)* + aqa(gs)* £4(gs)* (mod 7) and
641(g5)® = (q4)* + (qa)*(g5)* £ qzi(qs)3 + 4a’(gs)* (mod 7),
where o = (q3gs + (q4)*) - ((g5)*) " (mod 7),
when o € {3, 5, 6}, g5 # 0 (mod 7) and 5q3qs # 2(q4)2 (mod 7),
(5) 3(g3)* = g294 (mod 7) and 2q1(q4)* = (q3)° + (q4)*,
or if and only if:
(6) 3(q3)* = q2q4 (mod 7) and 2¢1(q4)* = (¢3)° + 6(¢4)° (mod 7),
when gs = 0 (mod 7) and g4 # 0 (mod 7),
or if and only if:
(7) @3 = g =0 (mod 7) and g, # 0 (mod 7),
when g5 = q4 = 0 (mod 7).

Proof If gs # 0 (mod 7), considering Proposition3.12, Lemma3.36 and the nor-
malized PPs modulo 7 from Table 3.5, the next conditions result:

(1) 5g3gs = 2(g4)* (mod 7), 44>(gs)* = 2(g4)* % (¢5)* (mod 7) and
641(gs)* = (g4)* £ 2q4(gs)* (mod 7),
or
(2) 535 = 2(g4)* + 5a(gs)* (mod 7),
44>(qs)* = 2(q4)* + aqa(gs)* £ 4(gs)* (mod 7) and
691(g5)* = (g4)* + a(g4)*(g5)* £ g4(gs)* + 4a*(gs)* (mod 7), for only one
a € {3,5,6),
or
(3) 535 = 2(g4)* + 5a(gs)* (mod 7),
442(gs)* = 2(q4)* + aqa(gs)* (mod 7) and
641(g5)° = (g4)* + a(qa)?(gs)* + 4a*(gs)* (mod 7), for only one o € Z;.
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Because conditions (2) and (3) above need up to three and seven sets of checking
conditions, respectively, it is more efficient to compute the value of o from the
first congruence equation in these sets of conditions. This congruence equation is
equivalent to:

a(gs)® = q3gs + (q4)* (mod 7) (3.102)

Because g5 # 0 (mod 7), we have (q5)2 # 0 (mod 7). Then, the congruence
equation (3.102) has only one solution (Hardy and Wright 1975), which is o =
0 (mod 7) if 5g3g5 = 2(g4)? (mod 7), and o # 0 (mod 7) if 5g3g5 # 2(q4)? (mod 7).
To find out the solution, we need to compute the inverse modulo 7 of (gs)>. An
algorithm for finding the arithmetic inverse of an integer modulo another integer is
given in TableII from Ryu and Takeshita (2006) (see Algorithm?2 from Chap. 95).
The six values of the inverses modulo 7 for {1, 2, 3,4, 5, 6} are {1,4,5, 2, 3, 6},
respectively, in this order. These values can be stored in an array before proceeding
to find 5-PPs modulo a number which contains 7 as a prime factor. Thus, if g5 #
0 (mod 7), the conditions (1) or (2) and (3) or (4) from the theorem result.

If gs = 0 (mod 7), we can apply the test coefficient for 4-PPs from Sect.3.8.3,
resulting the conditions (5) or (6) or (7) from Theorem 3.38. |

3.94.2 Subcase p=T7andn;;>1

Theorem 3.39 7(x) = q1x +q2x*> +q3x3 +qax* +gsx° (mod 7"7), withny 7 > 1,
is PP if and only if:

(1) 5q3q5s # 2(qs)* (mod 7), 4g2(q5)* = 2(q4)’ + @qa(gs)* (mod 7) and
691(g5)* = (g2)* + a(g4)*(gs)* + 40*(gs)* (mod 7), where o = (q3qs +
() - ((g5)?)"" (mod 7), when g # 0 (mod 7),
or if and only if:

(2) g4 =¢q3 =q> =0 (mod 7) and q; # 0 (mod 7), when gs = 0 (mod 7).

Proof If g5 # 0 (mod 7), according to Theorem3.7 and Lemma3.37, 7(x) is
PP if and only if the normalized PP leading to m(x) (mod 7) is 7(x) = x> +
ax’ 4+ 57 'a?x (mod 7), with o € Z5. Because o # 0 (mod 7), it is required that
5¢3g5 # 2(g4)* (mod 7). Then, the conditions on the coefficients are those from (3)

in Theorem 3.38.
If gs = 0 (mod 7), we can apply the conditions on the coefficients for 4-PPs
(mod 7"-7) withny, 7 > 1 from Sect. 3.8.4. They are those in (2) from Theorem 3.39.
|
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3.95 Casep =13

3951 Subcase p=13andn; ;3=1

Theorem 3.40 7(x) = q\x + ¢2x% + q3x> + gax* + gsx° (mod 13) is PP if and
only if:

(1) 1245(g5)* = 2(g4)* (mod 13) and 84, (qs)* = (g4)* (mod 13),
when gs # 0 (mod 13) and 5g3gs = 2(g4)* (mod 13),
or if and only if:

(2) 12g2(g5)* = 2(q4)* + 2aq4(gs)* (mod 13) and
841(gs)* = (ga)* + 2a(g4)*(g5)* + 12(112(%)4 (mod 13),
where o = (q3gs + 10(g4)%) - ((g5)*) (mod 13),
when gs # 0 (mod 13) and 5g3qs5 # 2(g4)* (mod 13),
or if and only if:

(3) 12g2(q5)* = 2(q4)* + 2aq4(gs)* (mod 13) and
841(g5)* = (ga)* + 2a(g4)*(g5)* + 11(112(615)4 (mod 13),
where o = (q3gs + 10(g4)%) - ((95)*) (mod 13),
when o € {2,5,6,7,8, 11}, g5 # 0 (mod 13) and
5¢3qs # 2(g4)* (mod 13),
or if and only if:

(4) g4 =q3 =q> =0 (mod 13) and q; # 0 (mod 13),
when gs = 0 (mod 13).

Proof If g5 # 0 (mod 13), considering Proposition3.12, Lemma3.36 and the nor-
malized PPs modulo 13 from Table 3.5, the next conditions result:

(1) 5g3gs = 2(q4)* + 5a(gs)* (mod 13),
12¢>(gs5)* = 2(gq4)* + 2aq4(gs)* (mod 13) and
8q1(g5)° = (ga)* +2a(q4)?(g5)* + 12a%(gs)* (mod 13), for only one a € Z3,
or

(2) 535 = 2(g4)* + 5a(gs)* (mod 13),
1242(gs5)* = 2(q4)* + 2aq4(gs)* (mod 13) and
8¢1(g5)® = (q)* + 2a(g4)*(g5)* + 11a%(gs)* (mod 13), for only one o €
2,5,6,7,8, 11}.

Because the conditions above need up to 13 and six sets of checking conditions,
respectively, it is more efficient to compute the value of « from the first congruence
equation in these sets of conditions. This congruence equation is equivalent to:

a(gs)* = q3qs + 10(g4)* (mod 13) (3.103)

Because g5 # 0 (mod 13), we have (q5)2 # 0 (mod 13). Then, the congruence equa-
tion (3.103) has only one solution (Hardy and Wright 1975), whichis @ = 0 (mod 13)
if 5g3gs = 2(g4)* (mod 13), and o # 0 (mod 13) if 5g3g5 # 2(gs)> (mod 13).
The 12 values of the inverses modulo 13 for {1,2,3,4,5,6,7,8,9,10, 11, 12} are
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{1,7,9,10,8, 11,2, 5, 3,4, 6, 12}, in this order, and they can be stored in an array
before to proceed for finding 5-PPs modulo a number which contains 13 as prime
factor. Thus, if gs 7 0 (mod 13), the conditions (1) or (2) or (3) in the theorem result.

If gs = 0 (mod 13), we can apply the test for 4-PPs from Sect. 3.8.4. This is given
by conditions (4) from Theorem 3.40. ]

3.9.5.2 Subcase p=13andn 3 > 1

Theorem 3.41 7(x) = qix +q2x? +q3x> +qux* +gqsx> (mod 13"+:3), withny 13 >
1, is PP if and only if:

(1) 5¢3g5 # 2(qa)* (mod 13),
12¢5(g5)* = 2(94)> + 20q4(gs)* (mod 13) and
841(g5)° = (ga)* + 20(ga)*(g5)* + 1207(g5)* (mod 13),
where a = (g3q5 + 10(g2)*) - ((g5)?) " (mod 13),
when gs # 0 (mod 13),
or if and only if:
(2) g4 = q3 = q2 =0 (mod 13) and q; # 0 (mod 13),
when gs = 0 (mod 13).

Proof If gs # 0 (mod 13), according to Theorem 3.7 and Lemma3.37, w(x) is PP
if and only if the normalized PP leading to w(x) (mod 13) is 7(x) = x° + ax® +
57'a’x (mod 13), with o € Z?;. Because @ # 0 (mod 13), it is required that
5¢3qs # 2(qg4)* (mod 13). Then, the conditions on the coefficients are those from
(2) in Theorem 3.40.

If gs = 0 (mod 13), we can apply the conditions on the coefficients for 4-PPs
(mod 13"%13) with ny ;3 > 1 from Sect.3.8.4. They are those in (2) from Theo-
rem3.41. |

3.9.6 Case p =1 (mod 5)

3.9.6.1 Subcase p=1(modS5)andn; , =1

Theorem 3.42 7(x) = q1x 4+ g2x> + q3x> + qux* + gsx° (mod p), with p =
1 (mod 5), is PP if and only if:

(1) g5 = q4 = q2 =0 (mod p) and g\ # 0 (mod p),
when3 1 (p — 1) and g3 = 0 (mod p),
or if and only if:

(2) gs = q4 =0 (mod p) and (q2)* = 3q193 (mod p),
when 3t (p — 1) and g3 # 0 (mod p),
or if and only if:
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(3) gs =q4 =q3 = q>» =0 (mod p) and q; # 0 (mod p),
when3 | (p — 1).

Proof Because in this case there are no normalized PPs of fifth or fourth degree, we
can apply the coefficient test for CPPs from Sect.3.7.4.1. ]

3.9.6.2 Subcase p=1(modS5)andn; , > 1

Theorem 3.43 7(x) = q1x + q2x> + 3x° + qax* + gsx° (mod p"tr), with p =
1 (mod 5) and ny , > 1, is PP if and only if g5 = q4 = q3 = gq» = 0 (mod p) and
g1 # 0 (mod p).

Proof Because in this case there are no normalized PPs of fifth or fourth degree, we
can apply the coefficient test for CPPs from Sect.3.7.4.2. ]

3.9.7 Case p =2,3 (mod 5) with p > 13

3.9.7.1 Subcase p =2,3 (mod 5) with p > 13andn; , =1

Theorem 3.44 7(x) = qix + ¢x? + ¢3x° + qax* + gsx° (mod p), with p =
2,3 (mod 5) and p > 13, is PP if and only if:

(1) 25g2(gs)* = 2(ga)* (mod p) and 125¢1(gs)* = (qa)* (mod p),
when gs # 0 (mod p) and 5q3q5s = 2(g4)* (mod p),
or if and only if:
(2) 25¢2(gs)* = 2(g4)* + 150q4(gs)* (mod p) and
125¢1(g5)* = (q4)* + 15a(q4)*(g5)* + 25042(615)14 (mod p),
where a = (5¢3qs + (p —2) - (q4)*) - (5(g5)?) " (mod p),
when gs # 0 (mod p) and 5q3qs # 2(q4)* (mod p),
or if and only if:
(3) g4 =q> =0 (mod p) and g, # 0 (mod p),
when 31 (p — 1) and gs = g3 = 0 (mod p),
or if and only if:
(4) g4 =0 (mod p) and (¢2)* = 3q1¢5 (mod p),
when 3t (p — 1), gs = 0 (mod p) and g3 # 0 (mod p),
or if and only if:
(5) g4 = q3 = q>» =0 (mod p) and q; # 0 (mod p),
when 3 | (p — 1) and g5 = 0 (mod p).

Proof 1f g5 # 0 (mod p), by considering Proposition3.12, Lemma3.36 and the
normalized PPs modulo p from Table 3.5, when p = 2,3 (mod 5) and p > 13, that
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is (x) = x° (mod p) and 7T(x) = x* + ax® + 5~ 'a’x (mod p), with a € Z?, the
next conditions result:

5¢3qs = 2(q4)* + 5a(gs)* (mod p),
25¢2(gs)* = 2(q4)’ + 15a44(gs)* (mod p) and
125¢1(gs5)* = (g4)* + 15a(g4)*(g5)* + 250°(gs)* (mod p), for only one a € Z,,.

Because the conditions above need up to p sets of checking conditions, it is more
efficient to compute the value of « from the first congruence equation from this set
of conditions. This congruence equation is equivalent to:

o - 5(g5)* = 5¢3q5 + (p — 2) - (g4)* (mod p) (3.104)

Because g5 # 0 (mod p), we have (q5)2 # 0 (mod p). Then, the congruence equa-
tion (3.104) has only one solution (Hardy and Wright 1975), which is « = 0 (mod p)
if 5395 = 2(g4)* (mod p), and a # 0 (mod p) if 5g3gs # 2(q4)* (mod p). Thus,
if g5 # 0 (mod p), conditions (1) or (2) in the theorem result.

If gs = 0 (mod p), we can apply the test for 4-PPs from Sect. 3.8.4. This is given
by conditions (3) or (4) or (5) from Theorem 3.44. |

3.9.7.2 Subcase p = 2,3 (mod 5) with p > 13and n; , > 1

Theorem 3.45 7(x) = q1x + q2x> + @3x° + qax* + gsx° (mod p"tr), with p =
2,3 (mod 5), p > 13 andny, > 1, is PP if and only if:

(1) 5q3gs # 2(q4)* (mod p),
25¢2(g5)* = 2(q4)* + 150:q4(gs)* (mod p) and
125¢1(gs)* = (qa)* + 15a(qa)*(g5)* + 25042(615)14 (mod p),
where o = (5q3qs + (p — 2) - (q4)*) - (5(¢5)*) " (mod p),
when gs # 0 (mod p),
or if and only if:

(2) g4 = g3 = q2 =0 (mod p) and g # 0 (mod p),
when gs = 0 (mod p).

Proof If gs # 0 (mod p), according to Theorem 3.7 and Lemma3.37, 7(x) is PP if
and only if the normalized PP leading to m(x) (mod p) is 7(x) = x° 4+ ax’ +
57'a’x (mod p), with a € Z;,. Because o # 0 (mod p), it is required that
5g3gs # 2(qs)? (mod p). Then, the conditions for the coefficients are those in
(2) from Theorem 3.44.

If gs = 0 (mod p), we can apply the conditions on coefficients for 4-PPs
(mod p"tr) with ny , > 1 from Sect.3.8.4. They are those in (2) from Theo-
rem3.45. |
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3.9.8 Case p =4 (mod 5)

3.9.8.1 Subcase p =4 (modS5)andn; , =1

Theorem 3.46 7(x) = q1x + ¢x* + ¢3x° + qax* + gsx° (mod p), with p =
4 (mod 5), is PP if and only if:

(1) 5¢3g5 = 2(qa)* (mod p), 25¢>(g5)* = 2(q4)* (mod p) and
125¢1(gs)* = (ga)* (mod p),
when gs # 0 (mod p),
or if and only if:
(2) g4 = g2 =0 (mod p) and q; # 0 (mod p),
when 3t (p — 1) and g5 = g3 = 0 (mod p),
or if and only if:
(3) g4 =0 (mod p) and (g2)* = 3q143 (mod p),
when 31 (p — 1), gs = 0 (mod p) and g3 # 0 (mod p),
or if and only if:
(4) g4 =q3 = q2 =0 (mod p) and q; # 0 (mod p),
when 3 | (p — 1) and g5 = 0 (mod p).

Proof If g5 # 0 (mod p), the conditions in the theorem result by considering Propo-
sition3.12, Lemma3.36 and the normalized PP modulo p from Table3.5, when
p =4 (mod 5),ie. 7(x) = x> (mod p).

If gs = 0 (mod p), we can apply the test for 4-PPs from Sect. 3.8.4. |

3.9.8.2 Subcase p =4 (mod5)andn; , > 1

Theorem 3.47 7(x) = q1x + q2x> + 3x° + qax* + gsx° (mod p"tr), with p =
4 (mod 5) and ny , > 1, is PP if and only if g5 = q4 = q3 = g> = 0 (mod p) and
g1 # 0 (mod p).

Proof Because in this case the only normalized quintic PP is 7(x) = x° (mod p) and
the equation 7'(x) = 0 (mod p) has always solutions, we have that g5 = 0 (mod p)
and thus, we can apply the coefficient test for 4-PPs from Sect. 3.8.4. ]

3.10 Sufficient Conditions on the Coefficients of a
Polynomial of Any Degree so that It Is PP Modulo
Any Positive Integer

Hongyu Zhao and Pingzhi Fan gave in (2007) sufficient conditions on the coefficients
of a polynomial of any degree so that it is PP modulo any positive integer. These are
given in Table 3.6, which is similar to Theorem 1 in Zhao and Fan (2007).
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Table 3.6 Sufficient conditions for coefficients ¢y, ¢2, . . ., qq so that w(x) in (3.1) is a PP

1(a) p=2 np2 =1 (g1 + g2+ -+ qa) # 0 (mod 2)

1(b) npo > 1 g1 #0,92+ g4 + g6+ - =0 (mod 2),
q3+q5+q7+--- =0 (mod2)

2 p>2 nep>1 g1 #0,q2 =q3 =--- =gqa =0 (mod p)

In the following we give the proof of the sufficiency for conditions on the coeffi-
cients given in Table 3.6.

3.10.1 Casep =2

This case is identical to that from Lemma3.1 for n; , = 1 and to that from Theo-
rem3.6 forn; , > 1.

3.10.2 Casep > 2

Theorem 3.48 (x) from (3.1) is PP modulo p"t-», with p > 2 and ny , > 1, if

q1 #0 (mod p)and g, = q3 = -+ = qq = 0 (mod p).
Proof In this case, as g = g3 = --- = g4 = 0 (mod p), for n; , = 1 we have
m(x) = q; - x (mod p) (3.105)

As g1 # 0 (mod p), from Theorem 3.9 it results that w(x) is PP (mod p).

Forn; , > 1, because the conditions are the same as for n; , = 1, it follows that
w(x) is PP (mod p). According to Theorem 3.7, we have to show additionally that
7' (x) # 0, Vx € Z,. Considering 7(x) from (3.105), it follows that

7' (x) = g1 (mod p) (3.106)

But g; # 0 (mod p), thus also 7'(x) # 0, Vx € Z,. Therefore, 7(x) is PP
(mod p"t-r). |

Considering the conditions on the coefficients from Theorem 3.6 for PPs of any
degree modulo 2", from Theorem 3.9 for LPPs and from Table 3.1 for QPPs, it fol-
lows that for these particular cases, the sufficient conditions of Zhao and Fan, from
Table 3.6, also become necessary.

‘We mention that Zhao and Fan sufficient conditions were also given, in a different
form, by Jing Sun and Oscar Y. Takeshita in Corollarry 2.5 from Sun and Takeshita
(2005).
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3.11 Getting all Permutation Polynomials of Degrees
up to Five by Weng and Dong Algorithm

In Weng and Dong (2008) an algorithm for getting all PPs of degree no more than
six over Z is derived on the base of normalized PPs, Theorems 3.7 and 3.8, Proposi-
tions 3.12 and 3.13 and on the Chinese Remainder Theorem (Theorem 3.49 below).

In Dickson (1896), all normalized PPs of degree no more than six are given,
except for odd powers of two. The PPs modulo p, for p > 5, of degrees up to five,
which are of interest in this chapter, are given in Table3.7. We mention that the
normalized PP of degree three from Table 3.7 was used in Sect.3.7.4.1 to obtain the
coefficient conditions for a CPP modulo p > 3, with 3 { (p —1). The two normalized
PPs of degree four from Table 3.7 were used in Sect. 3.8.3 to obtain the coefficient
conditions for a 4-PP modulo 7. The normalized PPs of degree five from the last
five rows of Table 3.7 were used in Sect. 3.9 to obtain the coefficient conditions for
a 5-PP modulo p with p > 5, or for a 5-PP modulo p"*» with p > Sandn; , > 1.

For the primes p = 2, p = 3 and p = 5, the coefficient conditions for PPs of
degrees no more than five were given in Table 3.4. We mention that, unlike Table II
from Weng and Dong (2008), the coefficient conditions from Table 3.4 provide all
PPs modulo 2, 3 or 5.

Considering Theorem 3.7, the permutation polynomials from Table 3.7 can be used
to get the PPs over a prime at a power greater than one, by imposing the condition
7' (x) # 0 (mod p) for every integer x. The PPs modulo p, for p > 3, of degrees up
to five, that fulfill this constraint are given in Table 3.8. The proof that the PP from

Table 3.7 Normalized PPs modulo p of degree up to five, for p > 5

Normalized PP P

m(x) =x any p

7(x) = x3 p # 1 (mod 3)
(x) = x* £ 3x2 p=1

7(x) =x7 p # 1 (mod 5)
7(x) = x° £+ 242 p=71

7(x) = x> 4+ ax? + x2 4+ 3a2x, p=7

« not a square

7(x) = x° + ax® + 5 1alx, p =2,3 (mod5)
a € Zp

T(x) = x>+ ax3 +3a2x, p=13

« not a square

Table 3.8 Normalized PPs Normalized PP
modulo p of degree up to
five, for p > 5, that permute
Zynp, withny p > 1 7(x) = x° 4+ ax? + 5 1a’x, p =2,3 (mod 5)
a€ Zj,‘,

14
T(x) =x any p
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the third line in Table 3.8 fulfills the constraint 7'(x) # 0 (mod p), Vx € Z,, was
given in Lemma3.37. The proof for the PP w(x) = x (mod p) is trivial. For powers
greater than one of the primes 2, 3 or 5, the coefficient conditions are also given in
Table 3.4. Unlike Table IV from Weng and Dong (2008), these conditions provide
all PPs modulo a power greater than one of the primes 2, 3 or 5.

If we consider ¢ = 0 and 7(x) any normalized PP from Table 3.7, from Proposi-
tion3.12 all PPs (mod p) of degree d (d < 5) are obtained with formula a7 (x +5) for
alla #0,b € Z,, when p t d. When p | d, from Proposition3.13 all PPs (mod p)
of degree d (d < 5) are obtained with formula a7 (x) foralla € Z}’;. We recall that for
primes 2, 3 or 5, Table 3.4 provides all PPs modulo 2, 3 or 5. Further we consider the
PPs obtained above where 7(x) is any normalized PP given in Table 3.8. To obtain
all PPs (mod p"t») withn; , > 1, we have to add to the previously obtained PPs a
polynomial p - p(x), where p(x) is any polynomial over Z prep-t- Inthis way we have
(m(x)+ p-p(x))’ (mod p) = 7'(x) (mod p)+ p- p'(x) (mod p) = 7'(x) (mod p) #
0 (mod p).

In the following, we recall the result of the Chinese remainder theorem.

Theorem 3.49 (Chinese remainder theorem) Suppose ny, ns, ..., n; are k positive
integers (k € N*) that are pairwise coprime. Then, for any given sequence of integers
(a1, an, ..., ay), there is an integer x solving the following system of simultaneous
congruencies:
x =a; (mod ny)
X = ap (mod ny) (3.107)

x = a; (mod ny)

Furthermore, all solutions x of this system are congruent modulo the product N =
ny-ny- ... -ng. Hence

x =y (mod n;), forani,withl <i <k < x =y (mod N) (3.108)

Theorem 3.49 ensures that for two different sequences ay, ay, . . ., ai, two distinct
modulo N solutions exist.

Below, we give the algorithm for getting all PPs of degrees up to five. This is
a detailed version of the algorithm from Weng and Dong (2008), where we have
considered ¢ = 0.

1. Factor the interleaver length as

nry npi+nes
nep
L=]]r [] p"™ (3.109)
k=1 k=ny+1
where n; , > 1,Vk = npy +1,...,np1 + npo, npy = 0 is the number of

primes at power of one from the decomposition of L, n;, > 0 is the number
of primes at powers greater than one from the decomposition of L, and n;; +
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nry > 1. Theorem3.8 assures that if 7 (x), m2(x), ..., 7, (X), T, 41(X), ...,

. ”L,anl+1 ML.pny 140y,
Ty +n., (X) 1s aset of PPs modulo py, po, - - - s Pnpys Puy 41 50" ~,andanIJran s

respectively, then the corresponding PP 7(x) (mod L) is the polynomial which
fulfills the following equalities:

m(x) (mod p;) = m(x) (mod p;)
m(x) (mod p;) = m(x) (mod p,)

7T(.X) (mOd Pn“) = ﬂ-l’l[,](x) (mOd anl) (3110)
ML Py 41 ML pyy 41
ﬂ(x)(mod anHrl ) = Tnp+1 (x)(mod anHrl )

NLpy,  + RL.pn; +
m(x)(mod p,, "5 ) = T, ny, (1) (mod p,, 1)

2. Fork =1,...,np,,to getall PPs over Z,,, if p; > 7 one can use the following
formula:
an(x +b), Ya #0,b e Z,, (3.111)

where 7(x) is any normalized PP (mod p;) from Table3.7. If p;. € {2,3,5},
Table 3.4 provides all PPs (mod py).

3. Fork =np,+1,...,np, + ng,, to get all PPs over Zmu_pk , if pr > 7 one can
use the following formula:

ar(x +b) +p-pkx), Ya #0,b € Z,, (3.112)

where 7(x) is any normalized PP (mod py) from Table 3.8 and p(x) is any poly-
nomial over Z , n, ,, . If py € {2, 3, 5}, Table3.4 provides all PPs (mod p,"").

nLJ’n“-H ML.pny 140y, . .
4. Because the numbers Pls---, anl , anl+] socos Pnyytng, o are pairwise

coprime, after Steps 2 and 3, one can get all PPs over Z; by the Chinese
remainder theorem. Thus, if gi 1,42, ..., Ging,> Ging+1> - o> Qing +n.,» With
i € {1,2,3,4,5}, is a coefficients’ set of PPs obtained in Steps 2 and 3, then
the coefficient ¢; of the resulting PP (mod L) is given by the solution of the
following system of simultaneous congruencies:

gi = gqi,1 (mod pp)
gi = gi> (mod py)

4i = qin,, (mod py,,) (3.113)
MLopny 41
4i = Ging, +1 (mOd Pnpi+1 )

"Lpng,y4ngy
qi = 4inp +np, (mOd anlJran )

At the end of this chapter we mention that the algorithm above gets all PPs
of degree up to five without any coefficient ordering. If we want to see if a set
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of coefficients of a polynomial of degree no more than five determine a PP, then
the coefficient conditions obtained in the previous sections of this chapter allow to
directly decide in this matter. Using these coefficient conditions, the coefficients of
PPs modulo any positive integer can be obtained in a desired order, which is tractable
in computer processing.
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Chapter 4 ®
Determining the Number of Permutation | oo

Polynomial-Based Interleavers in Terms
of Their Length

4.1 Preliminaries

True PP interleavers are those that cannot be reduced to the same PP interleaver of
smaller degree. This is of interest when we are looking for interleavers of a certain
length.

These numbers may have a practical application in the search of PP interleavers for
turbo codes, as follows. If we intend to optimize a PP interleaver of a certain length
using a certain criterion, e.g., the distance spectrum of turbo codes, the optimization
can be done among all possible interleavers, if their number is not too large. If the
number of interleavers for a certain length is too large, a random search of a good
interleaver or an optimization in a reduced search space, as in Tarniceriu et al. (2009,
2011), Trifina and Tarniceriu (2014, 2013), is the more practical solution.

The number of all true PP interleavers is given for at most degree 5. For degrees
of PPs of 1, 2, and 3, we will firstly give explicit formulas for the number of all
true different PPs, for each required prime factorization of interleaver length. For
the true PP interleavers of degree from 3 to 5, we will also give and prove formulas
for the number of such interleavers that fulfill only the sufficient conditions of Zhao
and Fan from Sect. 3.10. In each case, according to the prime decomposition of the
interleaver length, we identify the lengths for which the number of such true PPs is
equal to zero. Some comments are made for the lengths used for QPP interleavers in
the LTE standard (3GPP 2008).

The method used is based on the Chinese remainder theorem and is very simple
to be applied.

Because we want to determine the true number of different PP interleavers of a
certain degree we need equivalence conditions between PPs. They will be given in
Sect.4.2.In Sect. 4.3 we describe the method used, after which in the next subsections
we apply this method and determine the number of all true different LPPs, QPPs and
CPPs and then the number of true different CPPs, 4-PPs and 5-PPs under Zhao and
Fan sufficient conditions.

© Springer Nature Singapore Pte Ltd. 2019 65
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The number of PPs with degree at most six was addressed in Weng and Dong
(2008), but this approach did not consider the equivalence conditions, nor the number
of polynomials, separately, for each polynomial degree. At the end of this chapter,
in Sect.4.7, we will give an algorithm, based on the Weng and Dong algorithm
given in Weng and Dong (2008), to compute the number of all true different PP
interleavers of degree at most 5. The algorithm can be easily modified to compute
the number of true different PPs under Zhao and Fan sufficient conditions. Reference
Number of 1-5-PPs (2016) is a link to a file where we computed the number of true
different LPPs, QPPs, CPPs, 4-PPs and 5-PPs, for any interleaver length L < 100000,
using the mentioned algorithm. The number of true different LPPs, QPPs and CPPs
determined with counting formulas given in Sects.4.3—4.5 can be found in a file at
the link in reference (Number of LPPs/QPPs/CPPs 2015) and they are the same as
those from the file at the link in reference (Number of 1-5-PPs 2016).

4.2 The Equivalence Conditions Between Permutation
Polynomials

The equivalence conditions between permutation polynomials modulo L involve the
notion of NPs modulo L.

In the following we give some essential results regarding NPs from Li (2005), but
with some different notations.

d
Definition 4.1 (Definition 7 in Li 2005) A polynomial z(x) = Z quk (mod L) of

k=0
degree d > Ois a NP of degree d modulo L if, Vx € Z, z(x) = 0 (mod L). Especially,
z(x) = 0 is a trivial null polynomial of degree 0 modulo L.

Theorem 4.2 (Theorem 1 in Li 2005) Assume p1, pa, ..., pa, are ny, distinct prime
numbers and ny p ,NL p,; - -, nLp, = 1. A polynomial z(x) is a NP modulo L =

nr

H p?L'”[, if and only if z(x) is a NP modulo p?L"”, Vi =1,n;g.

i=1

Theorem 4.3 (Theorem 35 in Li 2005) Let 7(x) and m(x) denote two integer

polynomials of any degrees modulo L, w(x) is equivalent to m(x), i.e. m(x) =
m(x) (mod L) if and only if 1 (x) — mr(x) (mod L) is a NP modulo L.

We mention that there are no non-trivial linear null polynomials (LNPs). This
follows from the fact that the equation g; - x = 0 (mod L) has exactly ged(q;, L)
solutions in variable x (Theorem 57 from Hardy and Wright 1975). For an LNP, the
previous congruence equation must have L different solutions modulo L. Because
ged(gy, L) = L only for gy =0,L,2-L,..., ie. for g (mod L) =0, only the
trivial LNP results.

The necessary and sufficient conditions for quadratic null polynomials (QNPs)
modulo L are given in the next theorem.
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Theorem 4.4 (Theorem 5 in Zhao et al. 2010) z(x) = go + ¢1x + g2x* (mod L) is
a QNP different from the trivial z(x) = 0 if and only if L is an even integer, gy = 0,
and gy =q, = L/2.

L
Proof “ =" To prove the sufficiency of the theorem we have to show that 7"
L , . L L , L
x—i—E -x*=0(mod L), Vx € ZL.WecanwrlteE ~x+§ Sxt = ) sx - (x4 1).
As x - (x + 1) is the product of two successive numbers, it is always even and

x-(x+1) L
—eNandthusE-x~(x~|—1)=0(modL),VxeZL.

“ «<” To prove the necessity of the theorem, we assume that z(x) is QNP. For
x = 0, it follows that z(0) = g¢ (mod L). From z(0) = 0 (mod L), it follows that
qo = 0. Therefore, from the condition z(x) = 0 (mod L), Vx € Z7, it follows:

gn®*+qn=0modL),n=1,2,...,L—1 4.1

Summing up the equations in (4.1) for the first n natural numbers, we get the
equivalent equations

@Y K +qy k=0@modL),n=12 . L-1 4.2)
k=1 k=1

Foreachn =1,2,...,L — 1, (4.2) is equivalent to

nn+1)2n+1) nn+1)
q2 - qi - =0 (mod L) 4.3)
6 2
o ( 1) 2 1
nn + n—+
— (qz S + ql> =0 (mod L) 4.4)
Forn =1and n = 2, (4.4) becomes
q> +¢q1 =0 (mod L) 4.5)
and
5¢> +3¢1 =0 (mod L) (4.6)
respectively.

Considering (4.5), (4.6) becomes

2g> =0 (mod L) 4.7
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According to Theorem 57 from Hardy and Wright (1975), Eq. (4.7) has solutions
different from zero only if L is even. In this case gcd(2, L) = 2 and the only solution
different from zero of Eq.(4.7) is g» = L/2. Then, from (4.5), g; = L/2 follows
naturally. Considering the sufficiency of the theorem, it is obvious that the solution
q1 = q» = L/2 satisfies all equations from (4.1) and thus also those from (4.4). In
this way, the theorem is proved. |

To prove the necessary and sufficient conditions for cubic null polynomials (CNPs)
modulo L the next lemma is needed.

Lemma 4.5 The sum of the first n natural numbers is:

1
@:3mifﬂ:3porn=3p+2, withm, p € N (4.8)
or )
n(n—;)=3m+llfn=3p+l, withm, p € N 4.9)

Proof If n = 3p, we have

nin+1) 3pGBp+1)

7 > 3m,m € N (4.10)

because p(3p + 1) is an even number.
If n =3p + 2, we have

nn+1) _ Bp+2)Bp+3) _ 3(p+1)3Bp+2) _

5 5 > 3m,m € N 4.11)

because (p + 1)(3p + 2) is an even number.
Ifn=3p+ 1, we have

nn+1)  Gp+DBp+2) 9p>+9p+2 9p(p+1)
2 2 - 2 =5 *l

=3m+1,meN 4.12)

because p(p + 1) is an even number. |

The necessary and sufficient conditions for CNPs modulo L are given in the next
theorem from Trifina and Tarniceriu (2013) in a slightly changed form.

Theorem 4.6 The third degree polynomial
z2x)=qo+qix + x> +qx* (mod L), x =0,1,...,L —1 (4.13)

is a CNP with g3 > 0, if and only if qo = 0 and the coefficients q,, q», q3 are:
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(a) if2| L and 31 L those in cases (I) or (I)

L L
1) ¢ =5,Qz=0,q3=5
L L
(1) q =0,Qz=5,q3=5
(b) if21 L and3 | L those in cases (II) or (IV)
2L L
() q, = Fn= 0.95 = 3
2L

L
14% =g =0,q3 = —
(IV) q 30 q3 3

(c) if6 | L, those in cases (I), (II), (IIl), (IV) or (V)—~(X)

5L L

(V) 6]12?7112:0,6]3:6

L L L

(VI) D= D=T.43=¢

L L L

(vii) W= =243 = 3
(vil) q =5—L7Q2=£,CI%=2—L
6 27 3

(IX) 611=£,612=0,43=5—L

6 6
(X) QI=2—L,%=£,(]3=5—L
3 2 6

Proof The proof of the theorem is based on the idea in Zhao et al. (2010) used for
QNP.
So, for a CNP with gy = 0, we must have

gsn® +qn® +qn=0mod L),n=1,2,...,L — 1 (4.14)
Summing up the relations in (4.14) for the first n natural numbers, we have:
Y K +qY P+qy k=0@modL),n=12,...,.L-1 (415
k=1 k=1 k=1

Equation (4.15) can be equivalently written as:

nn+1)
q1 - ——F

6 2

<n(n+1)>2 nn+1)@2n+1)
B\—5 )t ——

=0(@mod L),n=1,2,...,L -1 (4.16)
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or

nin+1 nn+1 2n + 1
( ) 3 ( )+612' +¢1 ) =0 (mod L),
2 2 3
n=1,2,...,L—1 “4.17)

“ =" In the following we prove the sufficiency for each of the cases [-X.
Cases I and II follow directly because of the next relations:

L L
E(x3 +x) = Ex(x2 +1)=0@modL),x=0,1,...,L —1 (4.18)

L 3 2 L 2
S 42 = 2@+ ) =0(mod L), x=0.1..... L~ 1 (4.19)

They are true due to the fact that the numbers x (x> + 1) and x?(x + 1) are even,
Vx € N.

For cases [IT and IV, as 3 | L, we consider L = 3r, Vr € N. We have to check the
condition in (4.17).

For case I11I:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3m(r -3m +2r) = 3rm(3m + 2)3(3r) (4.20)

e if condition (4.9) is fulfilled, the sum in (4.17) becomes

Gm+ 1) - Gm + 1) +2r) = 3r(m + DGm +2)'(3r) 4.21)

As L = 3r the condition in (4.17) is fulfilled.

For case I'V:
e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3mQ2r -3m +r) = 3rm(6m + 1)5(3}’) 4.22)

e if condition (4.9) is fulfilled, the sum in (4.17) becomes

@Gm+1)Q2r-BGm+ 1) +r)=3r2m+ 1)(3m + 1):(3r) (4.23)

Thus, in this case the condition in (4.17) is fulfilled.
For cases V=X, as 6 | L, we consider L = 6r, r € N. We have to check the con-
dition in (4.17).
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For case V:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes

3m(r - 3m + 5r) = 3rm(3m + 5):(6r)

because m(3m + 5) is even.
e if condition (4.9) is fulfilled, the sum in (4.17) becomes

Gm+ D) -Gm+1)+5r) =3rmGBm + 1) + 6r3m + 1):(6r)

because m(3m + 1) is even.
For case VI:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3m(r-3m+r2n+1)+2r) = 9rm?* + 6rmn + 9rm =
= 9rm(m + 1) + 6rmn:(6r)

because 3 | 9 and m(m + 1) is even.
e if condition (4.9) is fulfilled, the sum in (4.17) becomes

BGm+1D@-Gm+1)+r2n+1)+2r) =
= @Bm+1)Brm+2rn+4r) =
= 9rm* + 6rmn + 15rm + 2rn + 4r =
=6rmn +3rmQBm+5)+2r(n+2) =
= 6rmn + 3rm(3m + 5) + 6r (p + 1):(6r)

because m(3m + 5) is even.
For case VII:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3m@2r-3m+rQn+ 1) +r) = 18rm® 4+ 6rmn + 6rm =

= 6r(3m* + mn + m):(6r)
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(4.24)

(4.25)

(4.26)

4.27)

(4.28)
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e if condition (4.9) is fulfilled, the sum in (4.17) becomes
BGm+1D)Q2r - Gm+1)+r2n+1)+r)=
= Bm+ 1)(6rm 4+ 2rn + 4r) =
= 18rm® + 6rmn + 18rm + 2rn + 4r =
=6rmn+ 18rm(m 4+ 1) +2r(n +2) =
=6rmn+ 18rm(m + 1)+ 6r(p+1) =
= 6r(mn +3rm(m + 1) + p + 1):(6r) (4.29)

For case VIII:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3mAr - 3m +r2n + 1) + 5r) = 36rm* + 6rmn + 18rm =
= 6r(6m* + mn + 3m):(6r) (4.30)
e if condition (4.9) is fulfilled, the sum in (4.17) becomes
Gm+1)@r-BGm+1)+rQ2n+1)+5r)=
= @Bm+ 1)(12rm 4+ 2rn + 10r) =
= 36rm? 4+ 6rmn + 42rm + 2rn + 10r =
=6rmn + 6rm(6m +7) 4+ 2r(n +5) =
= 6rmn + 6rm(6m +7) + 6r(p +2) =
= 6r(mn 4+ m(6m +7) + p + 2):(6r) (4.31)

For case IX:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes

3m(5r -3m +r) = 3rm(15m + l)f(6r) 4.32)

because m(15m + 1) is even.
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e if condition (4.9) is fulfilled, the sum in (4.17) becomes
BGm+1)5r-Cm+1)+r) =
= 15rmGBm + 1) + 6r 3m + 1)}(6r) (4.33)

because 3 | 15 and m(3m + 1) is even.
For case X:

e if condition (4.8) is fulfilled, the sum in (4.17) becomes
3m(G5r-3m+rQ2n+1)+r) = 45rm* + 6rmn + 15rm =
= 6rmn + 15rm(3m + 1):(6r) (4.34)

because 3 | 15 and m(3m + 1) is even.
e if condition (4.9) is fulfilled, the sum in (4.17) becomes

Gm+ DG Gm+ 1) +rQn+1) +4r) =
= @Bm+ 1)(15rm 4+ 2rn + 10r) =
= 45rm?* + 6rmn + 45rm + 2rn + 10r =
=6rmn +45rm(m + 1) +2r(n +5) =
= 6rmn + 45rm(m + 1) + 6r(p + 2):(6r) (4.35)

because 3 | 45 m(m + 1) is even (for this case n = 3p + 1).

In this way the sufficiency of the theorem is proved.
“ <" In order to prove the necessity of the theorem, we write relation (4.17) for
n =1,n =2 and n = 3, obtaining

g3+ g2 +¢q1 =0 (mod L), (4.36)
993 + 5¢> + 31 = 0 (mod L), (4.37)
36q; + 149> + 691 = 0 (mod L). (4.38)

Considering (4.36), relations (4.37) and (4.38) become:
693 + 29> =0 (mod L), (4.39)

30g; + 8¢> = 0 (mod L). (4.40)
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Relations (4.39) and (4.40) are equivalent to
693 +2g, = k1L, k; € N* (4.41)
30g3 + 8g» = koL, ky € N* (4.42)
Multiplying (4.41) by 4 and subtracting it from (4.42), we get:
6q; = (ko —4k1)L (4.43)

Obviously, from (4.41) and (4.42) we have k, — 4k, > 0, and, thus, (4.43) is
equivalent to linear congruence equation:

6g3 = 0 (mod L) (4.44)

which has ged(L, 6) distinct solutions modulo L (Theorem 57 in Hardy and Wright
1975). They are of the form:

L-i
=—i=0,1,...,gcd(L,6) — 1 4.45
93 ocd(L. 6) i ged(L, 6) (4.45)
Considering (4.44), (4.39) becomes
2g, =0 (mod L) (4.46)
whose solutions are
Li i on d(L,2) -1 (4.47)
= ——,1=0,1,...,8C 3 - .
=, 2! &

The solutions for ¢; are obtained from (4.36), taking into account (4.45) and
(4.47). The fact that gy = 0 results from the condition z(0) = 0 (mod L) and from
(4.13) for x = 0. As ged(L, 6) can take the values 1, 2, 3 or 6, and gcd(L, 2) can
take the values 1 or 2, we see immediately that all solutions (different from zero) are
those given in the theorem statement. Thus, the theorem is proven. |

In Ryu (2007), Ryu and Takeshita (2011) Jonghoon Ryu gave the number and the
general form of NPs of degree up to d. These are given in the next theorems.

d
Theorem 4.7 The number of NPs modulo L of degree up to d is l_[ ged(k!, L).
k=1
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Theorem 4.8 NPs of degree up to d are of the form

d

L
2x) = Z gcdk, L) H(x_m)

where 0 < 1, < ged(k!, L) — 1 (4.48)

4.3 The Method Used for Determining the Number of True
Different Permutation Polynomial-Based Interleavers
Using the Chinese Remainder Theorem

The Chinese remainder theorem was given in Sect.3.11 (Theorem 3.49). We recall
that Theorem 3.49 ensures thatif ny, n,, ..., n; are k positive integers (k € N*) that
are pairwise coprime and (ay, as, .. ., ai) is any given sequence of integers, then the
following system of simultaneous congruencies

x = a; (mod ny)
X = a; (mod ny)

(4.49)

x = a; (mod ny)
has exactly one solution x modulo N = ny - n, - --- - ng. Theorem 3.49 also ensures
that for two different sequences ay, as, ..., ai, exactly two distinct modulo N =

ny- --- -ny solutions of system (4.49) exist.
Assume that 7(x) from (3.1) is a PP and the prime decomposition of L is L =

1_[ "7 Let there be:

gij = gi(mod p,""),Vj =T, n,vi =1.d. (4.50)

. n WP . b aa— . .
Since the numbers p ,.L Py j =1, ny, are relatively prime to each other, from

the Chinese remainder theorem it follows that for Vi = 1, d, if we know the values
gi,j €7 i ,Vj =1, np, then there is a single number g; € Z that is precisely the

coefﬁment q, for the assumed PP.

d
Since (Zq, ) (mod p]L ") = (Zqi~j .xi> (mod p;L'p’), from Theorem
i=1

3.8, it results that if the coefficients ¢; ; € Z ».,;,i = 1,d, j = 1, ny, are chosen so
Pj

d
that the polynomials (Z gij - xi) (mod p;’L.p,-) are PPs modulo p’;LJJj Vj=T1,nz,
i=1
then the coefficients ¢; € Z,,i = 1, d, determine a modulo L PP. Therefore, we can
determine the number of modulo L PPs in the following way:



76 4 Determining the Number of Permutation Polynomial-Based Interleavers ...

(a) We decompose the interleaver length in prime factors

nr
L= l—[p;_‘w/, sothatn, , € N, n. , >1,Vj=1,n..
j=1
(b) Forany j =1, n;, we find all the coefficients g; ; € anL,,,j i =1, d, so that the
j

d
polynomial < Z qij - ) (mod P, “ri ) is a PP modulo p:L'” . This can be done
easily if we knlov:/ the conditions the coefficients of the PP must meet depending
on p; and ny, .. We calculate the number of such PPs modulo p;L'p’ from the
coefficient conditions.

(c¢) To determine the number of true different PPs, we must take into account the
equivalence conditions imposed for PPs of degree d and considering g4 # 0.
For QPPs and CPPs, these equivalence conditions are given in Theorems4.3,
4.4 and 4.3, 4.6, respectively. The condition g4 = 0 is met only when ¢4,; = 0,
Vj = 1, n;. For the remaining number of coefficients ¢;, jEL i j=1,ng,

we compute the total number of combinations that can lead to a PP modulo L.
It will be the product of numbers of all coefficient combinations for j = 1, ny.

In the next subsections, we apply the method described above for the case of QPPs
and CPPs and determine the true number of different QPPs and CPPs, respectively,
depending on the types of factors that appear in prime factor decomposition of L. As
in Zhao et al. (2010), we denote by ® (L) the Euler function, which is the number
of numbers relatively prime with L, smaller than L. It is given by the following

equation:
o(L)y=L-[] ( ) (4.51)

peP,
pIL

where P is the set of prime numbers.
Considering Theorem 3.9, the number of LPPs is

Cr.rrps = ®(L) (4.52)

4.4 Determining the Number of All True Different
Quadratic Permutation Polynomial-Based Interleavers

We mention that the equivalence condition of QPPs given in Theorems 4.3 and 4.4
requires that go < L/2, when2 | L.

In the case of QPPs, we have three types of factors, as shown in Table 3.1. These
are considered in the following and for each type of prime factor, the number of
QPPs is determined. The prime factor 2 is considered the first one and the other
prime factors are considered with arbitrary indices j > 2.

Case 1. (a) If p =2 and ny » = 1, the coefficients ¢; | € Z,, i = 1, 2. The con-
dition (1,1 + g2.1) # 0 (mod 2) ismetforgq; 1 = 0,921 =1lorg; 1 =1,42, =0.
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Since the two sets of coefficients lead to equivalent QPPs, from the two combinations
only one must be kept, for example q; | = 1, g2,; = 0, combined with other prime
factors.

Case 1. (b) If p =2 and ny , > 1, the coefficients ¢, | € Zyu2, i = 1,2. The

condition ¢; | # 0 (mod 2) is met for & (2"+?) = 227! coefficients. The condition
nr2

= 2271 coefficients, out of which one is zero. In

g2.1 = 0 (mod 2) is met for

this case, from the equivalence conditions of QPPs it results that all values greater
onL2 onra—l1
= 2271 have to be removed, i.e.

than or equal to = 2272 values,

2nL,271

leading to = 2272 yalues for q>.1, out of which one is zero.

Case 2. If p; > 2 and np, = 1, the coefficients g; ; € Zpu,,,,, i=1,2. The

nL.p
J

. 1 .
condition g ; # 0 (mod p;) is met for d>(pj“’) =p;, " - (pj—1) coefficients.
np.p.

j " _ nL,,,j—l

Pj

The condition g5 ; =0 (mod p;) is met for coefficients, from

which one is zero.

We apply the method described in Sect.4.3 and distinguish three situations for
the prime decomposition of L. The results regarding the number of all true different
QPPs are given in Theorems 4.9—4.11 below and are summarized in Table 4.1 at the
end of this section.

Table 4.1 Number of all true different QPP-based interleavers

Case Decomposition of L CrL.oprps Theorems
nL
) L=[]p,"".pj>2a0d | Cropps= 49
j=1 L npp.—1
npp; = LVj=1ng H(pj ' '(pj_1)>'
Jj=1
nr
np p.—1
(I =1)
j=1
L L p: 1
0 ny »—
2 L=2"2. l_lzpj !, ff’QPPS =227 4.10
J= np p:—1
npy>1,p;>2and H(pj " ~(pj71)>~
nL.ijLVj:Z,nL j=2
ng
o i
j=2
L nLp;
3) L=2-[]p; ", pj>2and | Cropps = 411
j=2 L npp;—1
npp, > LVj=2ng H(P.f ! '(pf_]))'
j=2
nL nL.pjfl
[1r; -1
j=2
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ny

Theorem 4.9 If2{L,ie L= l_[p;lL"”, with p; >2andnp , > 1,Vj=1,ny,
j=1

the number of QPPs will be equal to:

I ngp;—1 I ngp,—1
Crorrs =[] (p/ T (py - 1)) AT -1 (4.53)
Jj=1 j=1

Proof From case 2 above, the number of possible combinations for the coefficient g,

nL,,,/fl

nr
results equal to l—[ ( p; -(pj — 1)) and the number of coefficients ¢, is equal

Jj=1
nr

npp;—1 . _— .

to l_[ p; "/ . The value g, = O results only when ¢ ; = 0,Vj =1, ng, that is for
j=1

only one combination of the coefficients g, ;, j = 1, ny, which has to be removed.

The number of QPPs will be that in (4.53). [ |

Equation (4.53) is equivalent to Theorem 6, case (a), from Zhao et al. (2010).
From (4.53) we see that the number of QPPs is equal to 0, when the interleaver
length is a product of prime numbers greater than 2, each of them to the power of 1.

nr

Theorem 4.10 [f4 | L,ie. L =2"2. l—[ P;va/, withnp 2 > 1, p; > 2andny ,, >
j=2

1,Vj =2, ny, the number of QPPs will be equal to:

nr

nL
pi—1 -1
CL,QPPs =2mat l_[ (p;L’,/ . (pj - 1)) | a2, 1_[ p:L A |
j=2

j=2
(4.54)
Proof From cases 1.b and 2 above, the number of possible combinations for coeffi-
" ngp;—1
cient g, is equal to 2271 . 1—[ (ij' o (pj— 1)) and the number of coefficients

Jj=2
nr
. ny o—1 ”L.p,'_l . . e
q> isequal to 2227 . l_[ p; . Since from the equivalence condition of QPPs we
j=2
1 L 1 = 1
—1 npp;— _2 NLp;—
must have ¢, < L/2, a number of 3 2m2 Hpj o= 2mem l_[Pj '
j=2 j=2
coefficients remain, from which the value g, = 0 has to be removed, finally remain-

nr

,—1

ing 2272 . 1_[ p’;""’ — 1 values for true different QPPs. The number of QPPs
j=2

j_
will be that in (4.54). [ |
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Equation (4.54) is equivalent to Theorem 6, case (b), from Zhao et al. (2010).

From (4.54), we see that the number of QPPs is equal to 0, when the interleaver
length is a multiple of 4 of a product of prime numbers greater than 2, each of them
to the power of 1.

Theorem 4.11 [f2 | Land4 1t L,ie. L =2- 1_[ p;L""f, with pj > 2andny , > 1,
j=2
Vj = 2, ny, the number of QPPs will be equal to:

nr nr

n _pffl n "’i71
Crorps = 1—[ (P,-L To(pj— l)) . ij -1 (4.55)

j=2 =2

Proof From cases 1. (a) and 2 above, the number of possible combinations for

ng
L —1
coefficient ¢, is equal to 1_[ (p;” "

j=2

-(pj — 1)) and the number of coefficients

Pj—

np nr
np . —1 n 1
q» is equal to l_[ p jL’p’ . We mention that in this case, the 1_[ p jL' coefficients

j=2 j=2

nr
ny ,.—1
q» have l_[ p; """ modulo L different values, all smaller than L/2. Therefore,

j=2
nL
npp;—1
we have only to remove the value g, = 0, finally leading to l_[ p; ’ —1 values
j=2
for the coefficient g, of true different QPPs. The number of QPPs will be that in
(4.55). |

Equation (4.55) is equivalent to Theorem 6, case (c), from Zhao et al. (2010).

From (4.55) we see that the number of QPPs is equal to 0, when the interleaver
length is a multiple of 2 of a product of prime numbers greater than 2, each of them
to the power of 1.

From Theorems 4.9-4.11, we conclude that the number of true different QPPs is
0, when the interleaver length is

n
L =2"2. ]‘[pj, withny, =0,2, p; > 2,V¥j =2,n; (4.56)
j=2

Such lengths have to be avoided in designing QPP-based interleavers.
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4.5 Determining the Number of All True Different Cubic
Permutation Polynomial-Based Interleavers

We note that from the equivalence conditions for CPPs given in Theorems 4.3 and
4.6, we must have:

e gy <L/2andgs <L/2,when2 | Land31L.
e g3 <L/3,when3|Land21L.
e gy <L/2andq; < L/6,when6 | L.

In the case of CPPs, there are four types of prime factors, as shown in Table 3.2,
each of them with two distinct sets of powers of the prime number. As the conditions
for cases 3. (a), 3. (b) and 4. (b) are the same, they are analyzed together. We determine
the number of CPPs for each type of prime factor. The prime factor 2 is considered
the first one, the prime factor 3 is considered the second one and the other prime
factors are considered with arbitrary indices j > 3.

Case 1. (a)If p =2and ny », = 1, the coefficients g; | € Z,i = 1, 3. The condi-
tion (¢1.1 + ¢q2.1 + ¢3.1) # 0 (mod 2) is met for the following coefficient combina-
tions qgi1 € Zo,i =1,3: qi,1 = 0, Q1= 0, q31 = 1or qi,1 = 0, 1= 1,931 =0
orgi1=1,¢q1=0,g31=00rq11 =1, g21=1, g3, = 1. Since the four sets
of coefficients lead to equivalent CPPs, only one must be kept in combination with
other types of prime factors.

Case 1. (b) If p =2 and ny , > 1, the coefficients ¢; | € Zyn.2, i = 1,3. The
condition g; | # 0 (mod 2) is met for ®(2"+2) = 2m271 coefficients. The condition

nrL2

g2,1 =0 (mod 2) or g3,; = 0 (mod 2) is met for = 2"271 coefficients. From

the equivalence conditions of CPPs for 2 | L and 3 { L, it results that from the 2nL2—l

npa—1

values of ¢»,; and g3,; only = 2"272 Jead to different permutations.

Case 2. (a) If p =3 and ny 3 = 1, the coefficients g; » € Zs, i = 1, 3. The con-
dition (g1 + g3.2) # 0 (mod 3) is met for the following coefficient combinations
(G@12:932):q12=0,g30 =1o0rq12 =0,q30 =20rgi 2 =1,q32 =00rqgip =1,
gzp=1orqi»=2,q932=00rq;» =2,g32 = 2. The condition g », = 0 (mod 3)
is met only for g, , = 0. From the equivalence conditions of CPPs for 2 { L and
3 | L, it results that the six sets of coefficients g; », i = 1,3, lead only to two distinct
permutations. The corresponding two sets of coefficients can be considered g; , = 1,
g22=0,q32=0,and q1» =2, g2 =0, g3, = 0. Because for these two sets we
have g3 2 = g2, = 0, only g, » being different, we must consider two coefficients
for g1 2 and only one for g, » and g3 5, respectively, in combination with other prime
factors.

Case 2. (b) If p =3 and n; 3 > 1, the coefficients ¢;» € Zzws, i = 1, 3. The
condition ¢» » = 0 (mod 3) is met for 3"+3~! values. The condition g; » # 0 (mod 3)
is met for ®(3":3) =2.3"3"1 values. The set of values for g, is
{1,2,4,5,7,8,...,3%3 —2 3"3 — 1}, out of which 3"+3~! values are equal to
1 modulo 3 and also 3":3~! values are equal to 2 modulo 3. As g3, € Zss, the
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condition (g1 2 + q32) # 0 (mod 3), for a fixed value of g, », will be fulfilled for
3mea=l 4 3ma=l = 2. 3ms~1 coefficients g3 ». However, when 374371 is multiple of
3, from the equivalence conditions of CPPs for 2 { L and 3 | L, it results that of the
2 . 3"3~1 coefficients g3, only 3 2.3m371 = 2.3"372 Jead to distinct permuta-

tions.
Cases 3. (a), 3. (b), 4. (b)If p; > 3andn, ,, > I when p; =3k + 1,k € N and
npp, >1when p; =3k+2, ke N, the coefficients g; j € Z ».p;, 1 = 1,3. The
p/

. ,—1 .
condition g ; # 0 (mod p;) is met for CD(p;L‘“) = p;L”’ - (pj — 1) coefficients.
nLAp/
; —1
The condition ¢> ; = 0 (mod p;) or g3 ; = 0 (mod p;) is met for SR ?L'”"
pj '

coefficients, out of which one is zero.

Case 4. (a) If 31 (p; — 1), p; > 3 and ny ,, = 1, the coefficients g; ; € Z, ,
i =1, 3. The condition q1,; # 0 (mod p;) is met for ®(p;) = p; — 1 coefficients.
The condition g, ; =0 (mod p;) or g3 ; =0 (mod p;) is obviously met only for
the value zero. When g3 ; # 0 (mod p;) (for ®(p;) = p; — 1 values), the condition
qi ; = 341,jg3,j (mod p;) has to be fulfilled. This congruence equation, for fixed ¢, ;
and g3 ;, has only one solution modulo p; in the variable ¢, ; (Hardy and Wright
1975). Therefore, by considering all the p; possible values for g ;, a number of
pj - (p; — 1) coefficient combinations g; ; € Z,,, i = 1, 3, results. The coefficients
verify the condition g3 ; = 3¢1,;¢3,; (mod p;).

For this case, it is useful to see how many coefficient combinations result when the
factorization of L contains a product of factors of type 4. (a). The factors of type 4. (a)
will be considered with the last n4, € N* indices in writing of L as a product of prime

np—N4q np
. ne p. .
factors. Thus, L will be of the form L = l_[ ij i l_[ pj, withny € N*,
J=1 J=np—na+1

ng > n4, (if np = n4, the first product in L is considered equal to 1), p; > 2 and
npp, =1, pj #3k+2, ke N ifny ,, =1,Vj=1,n; —n4y, and p; = 3k + 2,
nr
ke N*, Vj=ny —n4, + 1,n,. We denote by l_[ Pj = Lua) the product
J=np—na,+1
from the factorization of L consisting only of factors of type 4. (a). The product of
np—n4q

the remaining factors from the decomposition of L will be 1_[ p;wj = L/Luy).
=1

The conditions q;,; # 0 (mod p;), g»,; =0 (mod p;) a{nd q3,; =0 (mod p;)
have to be considered for each group of nu, o prime factors of type 4. (a), with
N4a0 = 1, n4,. We denote by I, = {n; —nag, + 1,n; —nags +2,...,n.} the set
of indices corresponding to those n4, prime factors.

We firstly consider the case of groups consisting only of one prime factor,
pj» with ji € I,,,. Thus, if g3 j, = 0 (mod p},), the following conditions must be
met g1,;, 70 (mod p;) and ¢5 j, =0 (mod p;). For Vj € I,,,., j # ji we have
q3,j, 7 0 (mod p;,), and the condition qzzﬁj = 3q1,jg3,; (mod p;),Vj € I, ] # ji
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must be met. The first set of conditions is met for p; — 1 coefficients g; and a
single value for g, and g3, respectively, which is zero. The second set of condi-

nL

tions is met for l_[ (pj — 1) coefficients g3, and the congruence equation
J=nr—na+1,
J#j
nr
has one solution in the variable g ;, for each of the l_[ p; coefficients
Jj=np—na+1,
J#
ny

q>, and the 1_[ (pj — 1) coefficients g3. Therefore, in total, for the groups

j=np—ns+1,

J#N
consisting of one factor p;,, for which ¢3 ;, =0 (mod p; ), we have (p;, — 1) -
nr nr n nr
l_[ pj- l_[ (pj—D= l_[ pj- l_[ (pj — 1) combina-
J=ni—naatl, j=ng —naatl, Jj=np—na+1, Jj=np—ng+1
J#N J#N J#N

tions of coefficients ¢;, i = 1, 3.

In the following, we consider the case of groups consisting of two prime fac-
tors, pj, and p;, with ji, j» € I,,, and j; # jo. Thus, if g3 ; =0 (mod p;),
Vj € {ji, o} the conditions g; ; # 0 (mod p;) and g» ; =0 (mod p;) must be
met for j € {ji, jo}. ForVj e I,,.,j # jiand j # j,, we have g3 ; # 0 (mod p;),
and the condition q%j =3q1,jg3,; (mod p;),Vj e l,, , j#jiand j # j,, must
be met. The first set of conditions is met for (p; — 1) - (p;, — 1) coefficients

q1 and a single value for ¢, and g3, respectively, which is zero. The second
n

set of conditions is met for 1_[ (pj — 1) coefficients g3, and the congru-

J=np—na+1,

JENJ#]
nL
ence equation has one solution in the variable ¢ ;, for each of the l_[ Dj
Jj=np—na+1,
JEhJ#ED

np

coefficients g, and the 1_[ (pj — 1) coefficients g3. Thus, in total, for the

j=np—nga+1,
J#EINTFE]
groups consisting of two factors, p; and pj,, for which g3 ; =0 (mod p;),
np nrp
Vj €. bl wehave (pj, = - (p, =1 [] pi- [] wi-D=
Jj=np—nag+1, Jj=np—ni+1,
J#iJ# JFEINT#]
np np
1_[ Dj- 1_[ (pj — 1) combinations of coefficients g;, i = 1,3.
Jj=np—na.+1, J=np—ns,+1
JFEIJFE R

Now, let there be the set 1,,,, € I,,,, With 1 < ny, o < n4,, consisting of n4, o
different indices (the notation 0 derives from the fact that g3 ; = 0 (mod p;), for

J € 1,,,,). Then, if there are groups of ny4, o prime factors of type 4. (a), it means
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that the following conditions have to be met: g1 ; # 0 (mod p;), g2 ; = 0 (mod p;),
g3,; =0 (mod p;),¥j € ., and g3 ; = 3q1,;q3,; (mod p;), g3; # 0 (mod p;),
Vj € {Iu, — Iu,,}- The first set of conditions is met for l_[ (p; — 1) coefficients
J€Iny, o
q1 and one value for g, and g3, respectively, which is zero. The second set of con-
ditions is met for 1_[ (pj — 1) coefficients g3, and the congruence equation
VSO
has one solution in the variable g ;, for each of the l_[ p; coefficients g,
JE€lnyg=1Iny, 0}
and the 1_[ (pj — 1) coefficients g3. Thus, in total, for groups consisting of
J€ngy =Tngg 0}
44,0 factors, for which g3 ; = 0 (mod p;),Vj € I,,,,, we will have l_[ (pj—1-
J€lng o

l_[ pj- H (Pj—1)=1_[(1?j—1)' l_[ pj =

J€Ungy ~Ingq ) J€ngy —Ingy ) J€lny, J€Ungy ~Ingy )
np
1—[ (pj—1- 1_[ p;j combinations of coefficients ¢;, i =1,3. If
J=np—naa+1 J€lngy =lngq 0}
n
Iy, , = I, thatis n4, o = n4,, we have 1_[ (pj—1 = 1_[ (pj — 1) coef-
€, J=np—na+1
ficients g; and one coefficient g, and g3, respectively (namely, the value zero that
will be removed from the combinations with other prime factors).
The total number of combinations of coefficients ¢;, i = 1, 3, for all groups
consisting of n4, 0 factors, with n4,0 = 1, n4e, for which gz ; =0 (mod p;),
np Nngq—1 np

Vj € I,,,isequal to l_[ (pj—DH+ Z ( Z ( 1_[ (p;—1)-
Jj=np—nag+1 M4q,0=1 Iy, (Clay,  J=nr—n4q+1
np
1—[ pj>>, where the sum Z ( l_[ (pj—1)- l_[ Pj)
J€ngg=Tnga 0} Inga0Clngg  J=nr—naa+1 Jellng, —Ingg o}

is over all different sets of distinct indices 1,,,,, C I,,,-

Since the above expression is hard to read, in the following we will give more
detailed formulas for ny, = 2, n4, = 3, and ny, = 4, respectively (for ny, = 1 the
formula is direct), because the smallest number containing at least four factors of
type4.(a)is5 - 11 - 17 - 23 = 21505, which is a large enough value for an interleaver
length. We specify that the smallest number containing at least five factors of type
4. (a) is 21505 - 29 = 623645, which is a value too large for an interleaver length.

The number of combinations of coefficients ¢;, i = 1, 3, resulted for the groups
consisting only of n4, 0 = ry € N* factors from the product L.y, where n4, o €
{1,2, ..., n4e — 1}, with some ny4, =r € N*, for which g3 ; =0 (mod p;), Vj €
1, will be denoted by Cy,,, ny,=r.ns0=ro» Where ro < r. As noted above, for some

N4a,0°
n4, € N*, we have
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nr
Cluwmia=rmiao=r = Y [T wi-v- ] » 4.57)
Ly Cl, \j=nL—ns+1 Jell,— I}

For r € {2, 3, 4}, the values Cy ) n,.=r.ns, 0=r, ar€ written in detail as
CLuoynsa=2n300=1 = (Pny—1 = D) - pp, - (pn, — D+
+(Pn, =D - Pup—1 - (Prp—1 — D (4.58)
ClLuyniw=3ma0=1 = Pn—2— 1) =1 Puy  (Pu—1 — 1) - (pu, — D+
+(Pu—1 =D pop—2 Puy - (Puy—2— 1) - (pn, — D+
+Pu, =D o2 Poy—1 - (P2 — 1) - (pp,—1 — 1) (4.59)
CrLumnie=3n10=2 = Pp,—2 = 1) - (Pp,—1 = 1) = pn, - (pn, — D+
+Pp—2= 1 (pp, = 1) - puy—1 - (Pn—1 — D+
+Pu-1 =D - (Pu, = V) - pup—2 - (pn,—2— 1) (4.60)
CLwy naa=tns00=1 =
= (Pn,—3 — 1) pu,—2* Pny—1* Py
“Pr—2 =D (pu—1 = D - (po, — D+
+Pn—2 = 1) - Pny—3* Pnp—1 Pny
‘P33 =D (poy—1 = D - (pn, = D+
+(Pn—1 =D Pn=3 Pny—2 Py
(Pry3 =1 (pu,2—1) - (ps, — D+
+(Pu, = 1) - Puy—3* Pnyp—2-
Pn—1* Pny=3 =1 - (pny—2 = 1) - (pu,—1 — 1) (4.61)
ClLiwynia=4inia0=2 =
= Pn-3 =D Pu—2 =D po—1 - Pnp - (Puy—1 — 1) - (pn, — D+

+(an73 - 1) : (anfl - ]) *Pnp—2° Pny (an72 - ]) . (an - 1)""
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+Pu—3 =D (Po, =D - Puy—2 Pny—1 - (Pp—2 = 1) - (pp,—1 — D+
+(Pp—2—= 1 - (ppy—1 =1 - puy—3 Puy - (Pn—3— 1) - (pp, — D+
+Pu—2—= D (Pu, =) Puy—3 - Pup—1 - (Ppy—3 = 1) - (pp,—1 — D+
TP =D Pu, =D o3 Pr—2- (Pp—3 =D - (pp,—2— 1) (4.62)

CLwy Nia=dn300=3 =
=Pn-3— 1 - Pu—2—D - Pu=1 =D pu, - (P, — D+
+Pp—3 =D - (Ppy—2— 1 - (pp, =D - pop—1 - (Pn—1 — D+
+Pn-3 =D Pu=1 =D - (pn, = D - puy—2 - (Pp,—2 — D+
+Pp—2 =D - (Ppy—1 =D - (ppy, = D) - puy—3 - (Pny—3 — 1) (4.63)

We denote by C, /Luo the number of combinations of coefficients ¢;, i = 1,3,
resulted from the product L/L 4,). Then, the total number of combinations of coef-
ficients g;, i = I, 3, resulted by considering the groups consisting of 74, fac-
tors from the product L, for which g3 ; = 0 (mod p;), Vj € I,,,,, With ns, 0 €

4a,0
Vl4a71

{1,2, ..., n4y — 1}, where nq, = r € N*, will be equal to Z <CL(4M,”40:,,,,4“V0=,.0 .

ro=1
Crt <40)) . The previous sum is equal to zero when n4, = 1. Some of the following the-

orems give the formulas for the number of true different CPPs when the prime decom-
position of L contains prime factors of type 4. (a). For some n4, = r € N*, the value
CLiwynsa=r.nsao=ro 18 thatin (4.57), and for ny, € {2, 3, 4} the values Cr ) ny,=r,n400=ro
can be easily computed from relations (4.58)—(4.63). The expression Cpr ., will
appear explicitly in formulas, according to the prime factors of decomposition of
L / L (4a)-

In the case of CPPs, there are four types of prime numbers that are considered in
stating the conditions in Table 3.2, each with two distinct sets of values of power of
the prime number. As the conditions for cases 1. (b), 3. (a), 3. (b) and 4. (b) are the
same, there are 23 possible cases of decomposition of the number L in prime factors,
which lead to combinations of different conditions on the coefficients g1, g2, g3.
Since the formulas resulted for the cases when the decomposition of L contains
the factors 2 and 3 with powers O or 1 are very similar, we provide these formulas
combined into only one, in terms of powers of factors 2 and 3, denoted by n, € {0, 1}
and n3 € {0, 1}, respectively. Three of these 23 cases are for very small values of the
number L, being trivial cases. The results regarding the number of all true different
CPPs are given in Theorems 4.12—4.27 and are summarized in Table 4.2 at the end
of this section.
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np

Theorem 4.12 [f the decomposition of L is of the form L = 2" . 3™ . 1_[ pjw’,

Jj=nri
with  np €{0,1}, n3€{0,1}, nyy=ny+n3+1, ny>ny, p;>3
nep, = 1, when p; :3~k+1,kENandnL,,,j > 1whenp;j=3-k+2 keN,
Jj =ng1, ng, the number of CPPs will be equal to:

nr np

n 2'(’11_,;j—1) nlu)j_l
Crerrs=\2"- [T p, " "= [] " 1| @64

Jj=nr Jj=nri

Proof For n, =0 and n3; = 0, we have ny; = 1, and the factors from the decom-
position of L are of type 3. (a) and/or 3. (b) and/or 4. (b). From cases 3. (a),
3. (b) and 4. (b) above, the number of possible combinations for g; is equal

np
p; —1 .
to ®(L) = l_[ p;lL"’ - (pj — 1) and the total number of coefficients g, and g3,

nr
respectively, are equal to 1_[ pl;""”
j=1
Vj =1,ng,ie., for a single combination of coefficients g3 ;, j = 1, n., that has to
be removed. The number of CPPs will be equal to

1
. The value g3 = O results only when g3 ; =0,

np

np.p.— l j
Crcprps = HP,‘L” pj—1D 1_[ jL,

j=1

e ) = (T ™ - o) (T -1
j=l1 Jj=l1 J=1
(4.65)
i.e., the one from (4.64), for n, = 0 and n3 = 0.
Forn, = 1 and n3 = 0, we have n;; = 2, and the factors from the decomposition
of L are of type 1. (a) and 3. (a) and/or 3. (b) and/or 4. (b). From the analysis for
cases 1. (a) and 3. (a), 3. (b), 4. (b) above, the number of possible combinations for

Lon pi—1
coefficient g; isequal to 1 - ®(L/2) = 1_[ ij‘ "+ (pj — 1) and the total number

of coefficients ¢, and g3, respectively, is equal to 1 - l_[ p;" = l_[ i
j=2
of which one value is 0. By removing the value g3 = 0, the number of CPPs will be
equal to:
np np

npp. —1 ng.,. —1
Crcpps = Hij[j (pj =1 |- Hij[j

J= j=
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nL nL nr
nrL.p 1 2 (VlL Pj 1)

= “(np.p,— np.p;—1
p; " =t =TI, " -@i=0)-{]]p," -1

Jj=2 Jj=2 Jj=2
(4.66)
i.e., the one from (4.64), for n, = 1 and n3 = 0.

Forn, = 0andn3 = 1, we have n; | = 2, and the factors from the decomposition
of L are of type 2. (a) and 3. (a) and/or 3. (b) and/or 4. (b). In determining the number
of coefficients, we consider that for the two sets of coefficients valid for the factor
of type 2. (a), we have only a single value for qz and g3. The number of possible

)=l
combinations for coefficient g, is equal to 2 - l_[ S (pj — 1), the number of

j=2

nr
. . nep;—1 . .
coefficients ¢, is equal to 1_[ p ,-L "/ and the number of coefficients g3 is equal to

Jj=2
np

1_[ P, Loi ! , out of which one is 0. By removing the value g3 = 0, the number of

CPPs will be equal to:

Crcpps = 1_[ i pi—D|- 1_[ T

np n

npp —1 L 2, —1)
[Tr;” 1) =|2-T]p, ™" ;=D

j=2 j=2

nr

np . —1
[[r," -1 (4.67)

j=2

i.e., the one from (4.64), for n, = 0 and n3 = 1.
Forn, = 1 and n3 = 1, we have ny | = 3, and the factors from the decomposition
of L are of type 1. (a) and 2. (a) and 3. (a) and/or 3. (b) and/or 4. (b). The number of

;=1
possible combinations for coefficient ¢; is equal to 1 -2 - l_[ p; (pj—1 =
j=3

ng.,.—l . .
2. Hpj“’ - (pj — 1), the number of coefficients ¢, and g3 is equal to 1-1-

nL np

1_[ T 1_[ , out of which one is 0. After removing the value g3 = 0,
j=3

the number of CPPs will be equal to:
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NLp; 1 —1
Crcpps =|2- ij : -1 l_[ Pj
j=3
a1 e 2, —1)
p; " —1]=\2-]lp, " -(pi-D
j=3 j=3
e np.p,—1
[[r;" -1 (4.68)
j=3
i.e., the one from (4.64), for n, = 1 and n3 = 1. [ |

From (4.64), we see that the number of CPPs is equal to 0 if the interleaver length
is one, two, three or six times a product of prime numbers greater than 3, of the form
3.k + 1,k € N, each of them to the power of 1.

Theorem 4.13 [f the decomposition of L is of the form L = 22 . 3" . l_[ an "

J=nr
withnp, > 1,n3€{0,1}, npy =n3+2,n, >npy, pj >3, npp, =1, when p; =
3-k+1,keNandny p,, > 1whenp; =3-k+2, k€N, j=nr,nL, the num-
ber of CPPs will be equal to:

nr

2(np . —1)
Crcpps = |27 Qa3 1_[ Dj iR (pj =D

Jj=nr1

nr

np . —1
L | T (4.69)

J=nr

Proof For n3 =0, we have ny; = 2, and the factors from the decomposition of
L are of type 1. (b) and 3. (a) and/or 3. (b) and/or 4. (b). From cases 1. (b),
3. (a), 3. (b) and 4. (b) above, the number of possible combinations for coeffi-

n
. . _ onpa—1 | . npp; =1 . L
cient ¢g; is equal to (L) =2 l_[ p; (p; — 1) and the total number

ng
np . —1 .
of coefficients g, and g3, respectively, is equal to 2"2! . l_[ Pj[ """ As this case
j=2

requires from the equivalence conditions that g, < L/2 and g3 < L/2 , a number
nrp

1 np . —1 L npp.—1

1 L.p ) L.p . .

of 3 AL H p; =2 1—[ p; ' possible coefficients g> and g3,
j=2 j=

respectively, remains, out of which one is zero. By removing the value g3 = 0, the
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number of CPPs will be equal to:

L n
p;—1 .
Crcpps = [ 227 'HP:%L‘” (pj =D |2m2? l_[ MLy =
j=2
nr
nL2=2 Hp;”v”f71 1l =
J=2
n 2(n oo
22 np2—3 1_[ Lpj— ] _ 1) ) 2"L272 . l—[ij,p/- _ 1 (470)
j=2

i.e., the one from (4.69), for n3 = 0.

For ny = 1, we have n;; = 3, and the factors from the decomposition of L are of
type 1. (b) and 2. (a) and 3. (a) and/or 3. (b) and/or 4. (b). In determining the number of
coefficients, we consider that for the two sets of coefficients valid for the factor of type
2. (a) we always have ¢»,; = g3,1 = 0. From the two sets we have to keep only one for
the coefficients g, and q3 The number of possible combinations for the coefficient

L ngp;—1

ML.pj -1 n Pj
q is equal to 2"+~ . 1_[ " (pj—l):2“-1—[pj -(pj — 1), the

j=3 j=3

p; —1 .
number of coefficients ¢, and g3 is equal to 22272 . 1_[ p’;L"’ , out of which one
Jj=3
is 0. By removing the value g3 = 0, the number of CPPs will be equal to:

nr ",
—1 -

Jj=3

ny

2"L2 2 l_[ an =

o Ty 2, ) niy,
= |22 T p, ™y =1 | - 227 ]_[ o] @
j=3
i.e., the one from (4.69), for n; = 1. |

From (4.69), we see that the number of CPPs is equal to 0 if the interleaver length
is 4 or 12 times a product of prime numbers greater than 3, of the form 3 -k + 1,
k € N, each of them to the power of 1.
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np
Theorem 4.14 [f the decomposition of L is of the form L = 2™ . 3"-3 . 1_[ pjw’,

J=np
withny € (0,1}, np 3> Lingy =ny+2,np > ngy, pj >3, nL.p; = 1, when p; =
3-k+l,keNandnL,,,j > 1whenp; =3-k+2 keN, j=nr,ng, the num-
ber of CPPs will be equal to:

ng
_ 2-(ng,,;—1)
Cropps = | 232D, 1_[ Pj b (pj—1D

J=nri

nr

2.3 T pi ' =1 4.72)

J=nLy

Proof For ny =0, we have ny; = 2, and the factors from the decomposition of

L are of type 2. (b) and 3. (a) and/or 3. (b) and/or 4. (b). The number of possi-
iz npp;—1

ble combinations for coefficient ¢, is equal to 2 - 3":37 1. 1_[ ij' To(pj— D,
j=2

np
ng ,.—1
the number of coefficients ¢, is equal to 3"2371. l_[ p jL"’ and the number of

j=2
nr
nLy,,jfl

P (py = 1)

nLp;—

np
1
coefficients g3 is equal to 2 - 3372 1_[ p; for 371
j=2 j=2
nr

of the 2 - 3"3~1. l_[ p

j=2

ZL")’_l -(p; — 1) values of coefficients ¢; and it is equal to
r o, -1 L

2.3ma72. l_[ ij'”" for the other 3371 . 1_[ p

cients g1, Oljlt: cz)f which one is 0. By removing]t:hze value g3 = 0, the number of CPPs

will be equal to:

nLp; —1

j - (p; — 1) values of coeffi-

I 1 I 1
— np3—1 ML.pj— ny3—1 nip;—
Crcpps = | 3" 'Hpj (pj=D - 3" 'Hpj
j= j=
[ 1 - 1
_ nL.p;— _ Np,p:—
2.3 [ ]p, =1+ 3" ]]p,™ ;=1
= j=2
nr | nr )
3”L,3*1 3 ;Lvﬁ/7 N 2. 3nL,372 . ij~Pj7 -1 —

j=2 j=2
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e 2,1
2.32~<"L-371>.Hpj“w L -1
j=2
2. 372 ]_[ Mer (4.73)

i.e., the one from (4.72), for n, = 0.

For n, =1, we have ny; = 3, and the factors from the decomposition of L
are of type 1. (a) and 2. (b) and 3. (a) and/or 3. (b) and/or 4. (b). From the
analysis of cases 1. (a), 2. (b) and 3. (a), 3. (b), 4. (b) above, it follows that

the number of possible combinations for coefficient g, is equal to 1-2-3"371.
nr nr
p; —1 i1
Hl’th (pj—DH=2- sl Hpj“/ - (pj — 1), the number of coeffi-
j=3 j=3
nr nr
—1 -1
cients g, is equal to 1 - 32371 . l—[ p;w, =3ms-l. H p;L'p/ and the number
j=3 j=3

nr
y il
of coefficients g3 isequal to 1 - 2 - 3372 l_[ R 1_[ p;L " for

j=3
np 1 np
n L=
K 1_[ ij‘p" -(pj — 1) values of the 2 - 3mal,
Jj=3 j=3

,—1

';L"’ -(pj — 1) ones

of coefficient ¢; and equal to 1 -2 - 3"372 1_[ el L 3nes2 l_[ T
j=3

' npp;—1

for the other 3"+~ 1. ij' 7 - (pj — 1) values of coefficient g1, out of which
Jj=3

one is 0. By removing the value g3 = 0, the number of CPPs results equal to:

nr np

p.—1 i1
Crerre= (3" []p"" oy =1 |- [3"7 - T}

Jj=3 Jj=3

nr
1

nr
2.3 T o =1 |+ (3T e = D)

=3

ot 1—[ S N DR LRSS ]‘[ =
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Ymst) T L 20s =D
2. 3200Ls )_Hpj S(pj =1
j=3
"L n —1
2.3 e -1 (4.74)
j=3
i.e., the one from (4.72), for n, = 1. |

From (4.72) we see that in this case the number of CPPs is always greater than 0.

nr

Theorem 4.15 [f the decomposition of L is of the form L = 2""-? . 33 .

MLopj

j ’
Jj=3
withnp, > 1, np3>1,n, >3, pj >3, nep, = 1, when p;j =3-k+1, keN
and npp, > 1 whenp; =3-k+2, keN*, j= 3. n,, the number of CPPs will be
equal to:

np

= | 22 (2=l 323D

2:(np,p.—1)
Crcprps = o

P; (pj =D
j=3

n
npp,—1
2"L,2_1 . 3”L<3_2 . 1_[ ij.p, —1 (475)
Jj=3

Proof In this case, the factors from the decomposition of L are of type 1. (b) and
2. (b) and 3. (a) and/or 3. (b) and/or 4. (b). The numbers of possible combina-

1
tions for coefficient ¢; is equal to 27221 . 2. 3"3=1 . 1_[ ij'p-’ “(pj— 1) =2"2.
j=3
np

—1
3nea=l. Hp:w’ -(pj — 1), the number of coefficients ¢, is equal to 22l

j=3
[ n -1

3nea-l, 1_[ p].L‘"" and the number of coefficients g3 is equal to 2272 . 2 . 32372
j=3

nr

np np

np,.—1 _ _ ng.p.—1 _ _ np. . —1
Hpj T S TR Hpj i7" foraita=l | gna—l Hp.i P (pj —
Jj=3 Jj=3

j=3
n
ngp;—1 A
1) of 22 . 3ma=l. l_[ij‘ 7 - (pj — 1) values for coefficient q; and equal to
j=3

J

np np
m2m2 .. 3ma 2 I P T I p;‘“’f‘l for the other2"-2~ " .
j=3 j=3
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np

p i -1 . . .
3nes=l, Hpj“’ - (pj — 1) values of coefficient g, out of which one is 0. By
j=3
removing the value g3 = 0, the number of CPPs will be equal to:

nr

;-1
Crcpps = |22 3ma! 1_[17];’”” (pj =1
Jj=3

np
_ npp.—1 _ _ nep.—1
N2 2. 313 1 l_[ Pj N L% 1, 3L 2. le Pj —1|+

nr
npp;—1

+ 2nL,271 . 3nL,371 A pj Pj ) (pj _ 1)
Jj=3
ny
onLa=2  gnis—l Hp'fL,pj—l | onea-1 gnea-2 1—[ )T —
J
j=3

np
2-(ng,p;—1)
2:(nLp—1)  22-(np3—1) P, -
Powa g2 T 200 ™ () - 1)
j=3

nr

pna=l gnia=2 ]_[ Meri (4.76)

i.e., the one from (4.75). [ |

From (4.75), we see that in this case the number of CPPs is always greater than 0.

np—n4q

Theorem 4.16 If the decomposition of L is of the form L = 2" - 3" . H an i

J=nr
nr

[T piowith na (0.1}, n3 € (0. 1), npy =natn3+1, nyg €N np =
Jj=nr—ns+1
N4q +nr1, pj >3, ne.p, > 1, when p; =3-k+1, ke N and nep;, > 1 when
pj=3-k+2 keN, j=np,n.—nsyg and p;=3-k+2, keN¥
Jj =np —ng, + 1, nyg, the number of CPPs will be equal to:

nr

Crerrs=2"- [T (pj- ;= D)

Jj=nr—na+1
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np—N4q 3'("L.pj—l)
[T (») (i =D )+

J=nr

n4q—1 np—n, 3 D
3-(np,p;—
+2" - Z CL(Aa),Ma:hMaAo:ro : l_[ (pj ! : (pj - 1)) +

ro=1 j=nr,

nr np—n4q 2'(”L,p-71)
2 ] (p,-—l)-]'[(p, , -(pj—n)

Jj=nr—na+1 Jj=nr1

np—n4q

ng.,.—1
]_[ p; " =1 (4.77)

J=nr

Proof Forn, = 0andn; = 0, wehaveny | = 1, and the factors from the decomposi-
tion of L are of type 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). We consider the analysis
of case 4. (a) above. It follows that for a group of n4, ¢ prime factors of type 4.a), with
N4a,0 < Naq, for which g3 ; = 0 (mod p;), Vj € I,,,,, the number of possible com-

M, -1
binations for coefficient ¢, is equal to 1_[ (pj—1- l_[ (ij‘ T (pj - 1)>,

J€lng, 0 j=1
. . M np,
the number of coefficients ¢, is equal to 1_[ Dj- l_[ p; and the num-
J€lngy ~Ingy o) =1
. . M ne, -
ber of coefficients g3 is equal to 1_[ (pj—1- 1_[ p; . In total, for
J€Ungg =lngy 0} Jj=1

a group of ny, o prime factors of type 4. (a), with n4,0 € {1, 2, ..., n4y — 1}, the
number of CPPs will be equal to:

np—n4q ny o, —1
Crerpsmwe=| [] (i=D- ] (p, K -(p,,~—1>)

J€hu, . j=1

np—n4q

[T »-]] pi
J

J€llngy =gy o) j=1

nL—ndq

l_[ (pj—=1D- H P;lL'pf_l =

J€ g —1Ing, o} J=1
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1_[ (s —1)- 1_[ . 1_[ (pjm.,,,—l) s — 1)) _

J€lny, JE€ g, —Ingy o} j=l1

= [I @-v- [I »i- ]_[“(pjl("“”'_l)~(pj—l)) (4.78)

Jj=np—nag+1 Jellng, —1Ing, o} Jj=1

For a group of n4, prime factors of type 4. (a), we have to remove the case when
g3 = 0 and the number of CPPs will be:

nr np—naq . _p_—]
CrL.cPPsing, = 1_[ (pj—1- l_[ (P_,-L T (pj— 1))
=1

Jj=np—na+1

nL*’Ma np—n4q
nL Pj ne, N

J
j=1 j=1

nr 2(an/
= ] -1 H Lpi-1
j=n,‘—n44+l j=1
np—ns, e 1
]_[ p;" =1 (4.79)

Jj=1

When the condition g3 ; = 0 (mod p;) is not met for any of the n4, prime factors
of type 4. (a), according to condition 4. (a) above, the number of CPPs will be:

np—N4q n, —1
CrL.cprso = l_[ <Pj M (py— 1))
=1

nL np—n4q

nL,,,l.fl
[T ri- 11w
J=nr—ns.+1 Jj=1
np np—n4q B 1
L.pj_
[T @i-v-ITr" |=
J=np—ng+1 j=1

= JI -w-n)- ]_[(3("“’ (Pj_1)> (4.80)

Jj=np—na,+1 Jj=1
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The final number of CPPs results by summing up the quantities in (4.78), for
Nago=1,2,...,n4, — 1,(4.79) and (4.80):

nr np—n4q 3
nr,
Crcrps = l—[ (pj-(pj—D)- l—[ < T (pj — 1)>_|_
J=nr—nsa+1 j=1
n4u_1

l_[ pi—1)- l_[ pi

N4a0= 1 j=np— ”4a+1 J€lngy =lngy 0t

nyp—nag 3 (HL .,
(Pj -+

j=1

n np—na, 2'(”L,pj_1)
+1 J] @-b ] (p S(p;—1)

Jj=np—n4a+1 j=1

np—nia

Jj=1

= I -wi-v)- 1 (pj"”‘”-"”-(p,-—l))+

J=np—na+1 j=1

n4q—1 np—ni, 3 D
ng.p, —
+ Z CL(4ﬂ)’n4ﬂ=ra”4aAU=r0 ’ l_[ (pj N (pj — 1)) +

ro=1 j=1

n np—nag 2'(”vaj_1)
+1 J] @i-b- p; S(p;j—1)

J=np—na+1 j=1

nL—nN4a

ng ,.—1
[] r," -1 (4.81)

j=1

i.e., the one from (4.77), for n, = 0 and n3; = 0.

Forn, = 1 and n3 = 0, we have n;; = 2, and the factors from the decomposition
of L are of type 1. (a) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). The number of
CPPs results by considering the previous case (for n, = 0 and n3 = 0) and case 1.
(a) above:



104 4 Determining the Number of Permutation Polynomial-Based Interleavers ...

np—n4q ne, 1
Crcpps=11- 1_[ P; “(pj—1)

j=2

nr np—naq

nL_,,‘/.fl
f1 et T s
j=np—na+1 Jj=2
np np—ngg, Y .
Lp;—
[T wi-v-1- [] """ |+
J=np—n4a+1 j=2

Ny —1 np—niq
+ Y ([ TTw-v1- ] (pZL"’f1-<pj—1)>

N4q,0=1 J€lny, o Jj=2

np—n4q

nL',,j—l

M oeer T

jE{1n4a_1»14a_0} j=2
np—n4q

n,_v,,]—l

[ w-o T )|+

€l —lng ) j=2

nr np—ny4q 0, 1
+ I w-bv-1- ] (pj : -<pj—1>)

Jj=np—na+1 j=2
np—n4q 1 np—nqg 1
NLp;— NLp;— _
T » A IT 2 -1 =
=2 j=2
nr 4a 3.(
nLp;—
= I --1)- n( ~<pj—1>)+
Jj=np—na+1 j=2
ngq—1 nr
S e 1w
n4q,0=1 J=np—n,+1 j€[1n4a_1n4u<0]
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np np—N4q 2'("L.p]71)
+1 IT @-v- [T (p, ™" -wi-D

J=np—ni+1 Jj=2

np—n4q

= 1_[ ( (p]—l) 1_[0( 30ep; = -(pj—l))-i-

J=nL—n4,+1 =2

ngg—1 np—n4q
3 ('lL pj
+ 2 : CL iy naa=rniao=ro * l_[ (pj -1 +

V[):l

np

N 1_[ _1) Ha< 2(an -(pj—l))

j:nL_n4a+]

np—N4q

[T e -1 82

j=2

i.e., the one from (4.77), for n, = 1 and n3 = 0.

Forn, = 0and n3; = 1, we have ny | = 2, and the factors from the decomposition
of L are of type 2. (a) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). We consider
the analysis from the proof of this theorem for n, = 0 and n3 = 0 and the conditions
from case 2. (a) above. For a group of n4, ¢ prime factors of type 4. (a), with ng, o €
{1,2,..., ngy — 1}, the number of CPPs is equal to:

np—na,
CL.CPPs g = l_[ (pj—1-2- l—[ < e _1)>

€y

nL—ndq

nL,,,jfl
[T » I10»
Jlng —Ingg o} Jj=2
np—N4q !
NLp;—
[T @w-b- ]I v» =
FE€Ungy =Ty o) j=2
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l_[ (pj—1)-2- H P l_[ (p;(m.p,—l) (pj — 1)) =

J€lny, J€ gy =lng, 0} j=2

= [1 @-v2 I »- 1_[“<pf7(””"'_”-(pj—l>> (4.83)

J=np—naa+1 jE[]zx4“_lrx4(l.0] Jj=2

For a group of n4, prime factors of type 4. (a), we have to remove the case when
g3 = 0 and the number of CPPs will be equal to:

np np—n4q
Crerpsma=| [[ @i—-D-2 H ( —1))

j=n,‘—n4“+1
np—n4a np—nN4q

D;j D; =
j= j=2

= I w-bn-2 ]_[ ( e (p_/-—l))

j=”L*ﬂ4a+1
np—na,
I’IL‘],j —1
I1 » -1 (4.84)

j=2

When the condition g3 ; = 0 (mod p;) is not met for any of the 4, prime factors
of type 4. (a), the number of CPPs will be:

np—n4q ey —1
Crerrso=|2-[] (P,-L” (pj — 1))

j=2
nr np—n4q
nL,,,ffl
[T »- 11w
J=nr—na+1 Jj=2
nr np—n4q

[T @wi-v-]] p;z«,,,.-l _

Jj=np—ng+1 j=2
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= I -w-0)2- ] (pjm“”_l)-(p,-—l)) (4.85)

j=np—n4+1 j=2

The number of CPPs results by summing up the quantities in (4.83), for ng, o =
1,2,...,n40 — 1, (4.84) and (4.85):

np

Crcpps = 1_[ (pj -(pj — 1))~

Jj=np—ns,+1

np—n4q 3.(ny
l_[< " (p,-—l)>+

n4q—1 nr
X [ I w2 TT e
M 0=l \J=nL—nsa+1 J€Tngy—1Ing o}

M S, 1)
1 (Pj Y '(Pj_1)> +

j=2

+ J] wi-b»-2 H( 2 =D (pj—l))

Jj=nL —'l4a+1

np—nia

I1 PHACIE

Jj=2

=2. l_[ (pj (pj — 1)) ) l—[ <pj-(”bﬂj1) p; — 1)>+

Jj=np—na+1 j=2

n4q—1 np—nag 3'(”L,pj71)
+2- Z CL(M)’”M:’«"M.U:"O : l_[ P : ([7] -1 +

ro=1 j=2

ng np—naq 211, 1)
+2- l_[ (pj—=1- 1_[ p, ' (pi—D

Jj=np—n4+1 j=2
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T 2 = 4.86
[] »; (4.86)
=2

i.e., the one from (4.77), forn, = 0 and n3; = 1.

Forn, = 1l andns = 1, we have n;; = 3, and the factors from the decomposition
of L are of type 1. (a) and 2. (a) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). In
determining the number of CPPs, we consider the proof of this theorem for n, = 0
and n3 = 1 and the analysis for case 1. (a) above. The number of CPPs will be:

np—n4q nLp 1
Crcprps =|2- l_[ (Pj bo(pj— 1))

Jj=3
np np—n4q
nL.,,j—l
[T »- 11w
J=np—ng,+1 Jj=3
ny np—n4q 1
tpj T
[T @-o- T 7" |+
J=np—na+1 j=3

n4q—1 np—n4q
+ ) [T w-v-2- ] <P:L‘Pj_l (pj — 1))

N4a,0=1 J€D, 0 Jj=3

nL—ndq

nLp; —1
[T » 11 %
JE€ Uy —Ing, o} Jj=3
np—n4q 1
MLpiT
[T @=n- 1w |+
]‘E[Irx4“_ln4a<0] Jj=3

ng np—n4q
n_,,].—l
+ 1 <p,-—1>-2-1"[<pf -<p,-—1>)
j=3

J=np—n+1

nL—nia nL—Ndq

J=3 Jj=3
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= 1T =021 (pj(nwj_l)‘(l’j_l)>+

j=np—na+1 j=3
ngq—1 np
+2 | II @-o- I »r
nga0=1 \j=np—ns.+1 JE€ny, —Ingy o}

(e T ()

Jj=nr —ﬂ4a+l

np—n4q

j=3

=2 [ (-wi-D) Ha<3(”L”f (p,-—l)>+

Jj=np—ns+1 Jj=3

ngg—1 np—nyq 3 1
\RL.p;—
+2- Z CL<41,)J141,=Nl4a.0=V0 ! l_[ (pj ' ’ (pj - 1)> +
ro=1 j=3

nr

np—N4q 2'(”L,p,v*1)
+2- [T w-v- ] (/™" -w-D
j=3

J=np—ns+1

np—n4q B 1
[] »," -1 (4.87)
j=3
i.e., the one from (4.77), forn, = 1 and n3 = 1. |

From (4.77) we see that in this case the number of CPPs is always greater than 0.

nL—ndq

Theorem 4.17 [fthe decomposition of L is of the form L = 2""-* . 3" . H an ki

J=nri
np

l—[ ppwithnp s > 1,n3 €{0,1}, npy =n3 +2,n4g € N*, np > 4y +ngy,

J=np—na+1
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pj>3npp =1, whenp; =3-k+1,keNandny , >1whenp; =3 -k+2,
keN', j=np,np —ngeand p; =3 -k+2, keN, j=n; —n4, +1,ny, the
number of CPPs will be equal to:

nr

Crcpps =2"- 1_[ (pj-(pj—=D) - 23mLa=s,

Jj=nL—n4.+1
np—n4q
3-(np,p;—1)
T (pj "y -(p,-—l)>+

J=nri

n41,71

n3 3-nL1275
+2" - E (CL(Aa)anAa:r~n4a,0:r() -2 :

ro=1

np—n4q
3-(nrp;—1)
- I1 (l’j ' '(P.f—1)> +

J=nr

nL np—n4q 2:( 1

o

2 [ wi-n-22me (p_,- ~<p,»—1>)
J=np—naa+l1 Jj=nri
np—n4q 1
nr.p.—
2me I p =1 (4.88)
Jj=nri

Proof For n3 = 0, we have ny; = 2, and the factors from the decomposition of L
are of type 1. (b) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). We consider the
proof of Theorem 4.16 for n, = 0 and n3 = 0 and the additional case 1. (b) above.

The number of CPPs will be equal to:

np—n4q 1
— RL.p;—
Crcpps = | 227" 1_[ (Pj T (p— 1))

j=2
np np—N4q 1
npa—2 RLpj—
[ ez T
Jj=nr—na+1 Jj=2

nr ny—nag

l_[ (17.,‘ —1)- mLa=2 l—[ pjl"‘7j_1 N

Jj=np—na+1 Jj=2
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Nga—1 .
* Z [1 wi—-v-2mt 1—[ <p;zL,,,,1

n4q,0=1 J€lny, i
e n 1
npo—2 Lpj—
H pj-2 . H P,
JE€ gy —Ingy o) i

N —N4q

1_[ (P] — 1) . 2n1,_2—2 . 1_[ p;lL'pj_

J€Ungy = Ingg o}

n4q

j=2

-(pj

1

_ 1)>

+

( 1_[ = 1) 2nL,2*1 X l_[‘7 (ijJ)jl - (p] B 1))

L— ’14a+1 =2

np—n4q | _— |
an i ny p.—
np2—2 Pj . npa=2 2
2 7 2 | | P,

j=2

n np—naq o,
= 1_[ (pj'(Pj—l) 23an -5 . 1—[ < 9 (pj_1)>+

Jj=np—nag+1 :
N4qg— nr
S e Tl
nag0=1 \j=np—ns+1 Jellny —In. o)

np—N4q
3-(nzp; =1
'H(Pj ' ~(p,-—1)> "

j=2

ng 2o 4—3 np—nag 201, —1)
+ [T wi—-v-22m7 ] (»p; .

J=nr—na+l1 i

- H (pj-(pj — D) -2%m275.

J=nL—na+l1

(

_1 =

pj- 23'nL'2_5.

Pj— 1))

111
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np—nyg
3-(npp;—1
11 (pj S 1>>+
j=2
n4g—1

3-np,—5
+ Z (CL<4u),Il4z,=r,n4[,‘0=r0 L2 L2TI,

ro=1

np—nq
3-(nLp
( nLp; -(pj—l)) +
Jj=2

np np—n4q 2(np
+| 11 (pj—l)'zz'”“‘“l_[( " (p,-—1>>

Jj=np—na+1

o np—Nyq -
pma I p " =1 (4.89)
Jj=2

i.e., the one from (4.88), for n3 = 0.

For n; = 1, we have ny; = 3, and the factors from the decomposition of L are of
type 1. (b) and 2. (a) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). We consider the
proof of Theorem 4.16 for n, = 0 and n3 = 1 and the additional case 1. (b) above.
The number of CPPs is equal to:

np—N4q
Crcpps = 22712 1_[ < e j_1)>

np np—n4q

.—1
np,—2 nL.p;
IR
Jj=np—na+1 j=3
np np—n4a 1
[T o-veze T )+
J
Jj=np—nag+1 Jj=3

n4g—1 np—na
_ npp;—1
+ 3 [T - D-2mat 2. (p, g -(m—l))

N4q,0=1 J€ln, 0 Jj=3
np—N4q n 1
npa,—2 Lpj—
[T pi-2ze 1
Ty =1Tngy 0} j=3
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np—nq

[T w-v-2e2 1 2 |+

J€ngg =lngg 0} j=3

4a

L np—n4q .
+( [] w—-n-2mte2. H( _1))

J=np—na+1

np—n4q np—nag

2 I p | feme T o0 =1 =

j=3 i

o np—Nda
= II (rtpy-m)2mes H(S(Lp' ~(p,-—1)>+

J=nr—na+1 i3

n4g—1 nL
3npo—4
+ Z H (pj—=1D- H pj 27"
n4a0=1 \j=nr—ns.+1 €y ~Tngg o)
nL—ns,
3-(np,p;—1)
Jj=3

a 2-(np1—1) e 2:(ng,p; =1
| I e=n2oe I (p 7 =

j=nr—naa+1 j=3

np—N4q

2.nL.2—2 . 1_[ pZL.pffl 1 _

Jj=3

nr

- H (pj-(pj — D) -2"27%

Jj=np—nag+1

np—n4q 3.(,,1‘»1”‘ —l)
- IT (»; S(pj =D )+
j=3

n4q—1

3npa—4
+ 2 : (CLMA)7114“=r,n4a.o=ro -2 :

r0=1
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e N\
T (p,- -(p,»—l)) +

Jj=3

B 2-(np—1) e 21, p;,—1)
S U L O i | B A i

J=np—ng,+1 j=3
N
2272, 1_[ ij*”.f -1 (4.90)
j=3
i.e., the one from (4.88), for n3 = 1. |

From (4.88) we see that in this case the number of CPPs is always greater than 0.

np—N4q

Theorem 4.18 [fthe decomposition of L is of the form L = 2" . 33 . H p

J=nL

HLp;
i .
nr
1—[ Dj with ny € {0, 1}, npsz > 1, npp =np ~|—2, N4, € N*, np = N4g +npy,
J=np—naa+1

pj > 3,nL,p/ > 1, when p; =3-k+1,keNandnL,p/ > lwhenp; =3-k+2,
keN j=np,ng —nseand p; =3 -k+2, keN* j=np —ng+1,n., the
number of CPPs will be equal to:

ng

Crcprps =4 1_[ (pj-(pj — 1) -3*ms4

J=np—ng,+1

M Sy, —1)
T (p,- -(p,»—l)) +

Jj=nr1

n4071

3np3—4
+4 . Z (CL‘4“)’n4“:rv”4a,0=ro . 3 L3—4,

ro=1

np—N4q 3'(I1L<r,j—1)
D; ~(pj— 1D +
Jj=nri
nr
2 ] b 3o,

Jj=np—ng,+1
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np—n4q
2-(ng,p; —1)
11 (pj -(pj—1)>

J=nri
np—ngq R

2.3m32, 1_[ p; R | “4.91)
Jj=nri

Proof Forn, = 0, we have ny; = 2, and the factors from the decomposition of L are
of type 2. (b) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). We consider the analysis
from the proof of the Theorem 4.16 for n, = 0 and n3 = 0 and the conditions from
the case 2. (b) above. For a group of n4, o prime factors of the type 4. (a), with
n4a0 € {1,2, ..., n4, — 1}, the number of CPPs is equal to:

CrL.CPPsugy =2+ l_[ (pj—1- 3nLa—l,

J€lngy 0

np—ngq, .
Lp;—
T1 (Pj' '(Pj—l))

j=2

nL—ndq

l_[ pj-3"“_1- 1—[ p';va/-*l
VSO j=2
np—nag .
2 nL.p;—
[T wi-v-23=2 [] " |=
J€ngy =Tnga 0} j=2
= H (p; —1) - 3%ma=4. H i
J€lny, J €Uy, =lngy 0}
np—n4q
3:(npp; =1
T (p,- g ~(pj—1>)=
j=2
nr
— 1_[ (pj _ 1) . 33-"L.3*4 . 1_[ pJ
J=np—ns,+1 Jelng, —Ingg o}
np—n4q
3:(np,p; =1
- T] <p, N '(Pj_1)> (4.92)

j=
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For a group of ny4, prime factors of the type 4. (a), we have to remove the case
when g3 = 0 and the number of CPPs will be equal to:

nr

Cr.cppsng, =2+ l_[ (pj— 1) - 3ms7L,

J=np—ni.+1

np—n4q n, —1
- T] (pj -(p,-—l))

j=2
np—n4q 1 np—n4q 1
3ot T P ] (23 T 0 =] =
j= j=2

np 2y 2 np—n4q 2'(”L.pj—1)
=2 [1 @-p-3m 0 T (p “(pj—1)

Jj=np—na+1 j=2
np—Nda |
_ nLp;—
2.3 I pi =1 (4.93)
j=2

When the condition g3 ; = 0 (mod p;) is not met for any of the 4, prime factors
of the type 4. (a), the number of CPPs will be:

np—n4q 1
np3— MLpj—
Creppso=2-|3""". 1_[ (pj (pj — U)

j=2
nr np—N4q 1
nps—1 Lpj T
pj- 3" H p;
J
J=np—na+1 =2
nr np—n4q )
1_[ (p/ — 1) 2. 3”"-3_2 . 1_[ p’?L'pj =
. J
J=nL—ng,+1 j=2

nr

e B SRR

J=np—ns,+1
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J

M Sy, 1)
- I1 (p- " -(p,-—l)) (4.94)
Jj=2

The number of CPPs results by summing up the quantities in (4.92), for n4, 0 =
1,2,...,n4 — 1,(4.93) and (4.94):

nr

Crcrps =4- [T (v (pj—1)-3¥ma

Jj=nr—na.+1

np—n4q
3-(np,p;—1)

1 (p, / -(p,~—1>) +
j=2

n4q—1 nr

+4- >3 1 wi-n-3==* ] »pr

g 0=1 \j=nr—ns+1 J€Ungy —Ing, o}

np—nN4q 3'(I1L<pj—1)
: 1_[ D; ~(pj— 1D +

j=2

ny A B nyp—naq 2~(n 1,1.71)
+2-| [ w-p-3*eeh T (p,- " -<p,—1))

j=nr—nsa+l1 Jj=2
np—nag |
LRnL3=2 1_[ nLpj— _ —
2.3 P; 1] =
=2
nL

o T e

J=np—ns,+1

M B, D)
- T1 (p, "y -(pj—1>) +

j=2

n4,,—1

3np3—4
+4- z : (CLmu)Jua=r,n4a.o=ro - 37T

r()=1
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np—nq 3-(npp —1)
T (pj -(p,»—l)) +

Jj=2

np B np—n4q 2, —1)
+2-( [T w-vn.3200 ] (p,- ! ~<pj—1>)

Jj=np—na+1 j=2

np3—2 T nL"’f_l
2.3 T »py -1 (4.95)

J
=2

i.e., the one from (4.91), for n, = 0.

For n, = 1, we have n;; = 3, and the factors from the decomposition of L are of
type 1. (a) and 2. (b) and 4. (a) and 3. (a) and/or 3. (b) and/or 4. (b). In determining the
number of CPPs we consider the proof of this theorem for 7, = 0 and the analysis
for case 1. (a) above. The number of CPPs will be:

np—n4q ., 1
Crcpps =2+ |37 ". l_[ (pj " (py - 1))

j=3

nr np—n4a

-1
npa—1 ML.pj
pj 3" pj
Jj=np—na+1 j=3
np np—n4q 1
l_[ (p] _ 1) .. 3’1L.3*2 . 1_[ p";L,ﬁ/‘i +
J=nr—n.+1 Jj=3

ngq—1 np—n4,
+2- > || [T wi—b-3= ] (p}?“’f‘l«pj—l))

N4a,0=1 J€lny, Jj=3
np—n4q n 1
o ane3—l Lpj ™
[T e300 p
J€ gy =lngy 0} j=3
np—naq

[T w-v-2-32 1 2 ) |+

€ty ~ g o) j=3
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nr np—N4q " _,,.71
+2- [ -3t I (p,-L / -(p,—n)

Jj=nr—ng+1 j=3

np—n4q np—na,

gna—l, 1_[ p;_l["”’_] 232, 1_[ pj"'ﬁj_l _1] =
j=3 j=3
np
=4-[ [T (ps-pj—1D)-3%mst.
J=np—n,+1

M S, 1)
1_[ (Pj Y '(Pj—l)) +

j=3
ngq—1
3np3—4
+4- > [Twi=-v-3*=* ] »i
Naa 0= \J€luy, J€ gy =Ty )

np—n4q 3'0“”»_1)
1 (p, : -(pj—1>) +

j=3
2| I py-n-3onn.

Jj=np—n4,+1

np—n4q

np—n4q
2-(np.,,—1) _ npp.—1
: (Pj o ~(p,-—1)> 232 l—[ pj“f 1] =
Jj=3 j=3
ng
=4. 1_[ (Pj (pj — 1)) . 33nLs—4,
Jj=np—ns+1

M Sy, —1)
-1 (p,- " -(pj—l)) +

Jj=3

}1407]

3np3—4
+4- Z (CL(Aa)sn4a:r~n4a,U:r0 - 37T

7'0:1
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e N\
T (p,- -(p,»—l)) +

Jj=3

np B np—n4q 2, —1)
+2-( [T w-n.3200 ] (p, ! ~<p‘,~—1>)

Jj=np—na+1 Jj=3
np—N4q n 1
2.3 I p) =1 (4.96)
j=3
i.e., the one from (4.91), for n, = 1. |

From (4.91) we see that in this case the number of CPPs is always greater than 0.

Theorem 4.19 [f the decomposition of L is of the form L =?2"2.3"3.

np—n4a np

H P:L'p/ ’ H ppwithng, > 1,np3>1,n4, € N, 0, > naq +3, pj >
j=3 j=ng—ng+1
3, npp, =1, when p; =3-k+1, keNandnL,pj >1whenp;=3-k+2 ke

N* j=3,n, —ngeandp; =3 -k+2,k e N', j =np — n4y + 1, ny, the number
of CPPs will be equal to:

ng
3. ,—1 3. —4
CL,CPPs: 1_[ (p](p]_l))z (nr2 )3 nr3 .
J=np—ng,+1
np—n4q
3.-(np.,,—1)
11 (pj SRS 1)>+
j=3
ngg—1
(g2 3np3—4
+ Z (CL(4a>»n4a:r,n4a.o:ro R e
r0=1

np—N4q %(np
( o -(p,-—l)) +

Jj=3

nr
+[ ] @—p-22ee 3o,

J=np—n+1

np—n4q
2-(ng, . —1)
11 (pj -(pj—1)>

j=3
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onr2=l gni3—2 R nLp;—l
e T P 4.97)
j=3

Proof We consider the proof of Theorem 4.18 for n, = 0 and the additional case 1.
(b) above. The number of CPPs is equal to:

np—n4, ne, 1
Crepps = (2-2271. 307t T (pf’ ~<pj—1>)

j=

np np—n4q
1_[ pi- 2nL_272 . 3nL.371 . 1_[ an‘pj*I
J J
Jj=np—na,+1 Jj=3
np np—n, .
1_[ (p _ 1) . 2n1“272 .. 3}11"372 . 1_[ pnlupj_ +
J J
J=nL—na.+1 j=3
n4,,—l
42. E 1_[ (p;—1) conea=l gnrs—l,
n4q0=1 j€["4a.0

np—n4q 1
Lp;—
1 (pj’ ~<p<,~—1>)

j=3

nL—nN4a

 Anp2—2 Anps—l nep;—l
[T pi-ze3e™ T b
VS U PP j=3
np—nyq 1
o —
1_[ (pj —1)- 2nL<2—2 0. 3nL_3—2 . l_[ ijmj +
Je€ gy —Tng, o} Jj=3
ny
+2- [T wi—1n-2met3met
Jj=np—ng+1

np—N4q n 1 np—N4q 1

Lpj— np2—2 Anpsz—1 MLp;—
T (5w ) (e T
Jj=3

Jj=3



122 4 Determining the Number of Permutation Polynomial-Based Interleavers ...

np—N4q

npa—2 np3—2 = nL,],I_fl

L= 9 33T, Hpj _1l=
Jj=3

np

- 1_[ (Pj (pj - 1)) 93 (ia=1) | g3nis—4,

Jj=nr—na+1

np—n4q 3.(n ,[)‘_])
(" - n)

j=3
nag—1 nr
3 -1 3y A—dh
+4- Z 1_[ (pj—1- 1—[ pj.z(”L.Z ) 33nLa—4,
n4a0=1 \ j=nr—ns.+1 JE€Ungy=1Ingy 0}

np—N4q
3(nLp; =D
1 (pj "’ '(Pj—1)> +

Jj=3

np

+{ TT -1 22emeh . 3,

Jj=nr—na+1

np—n4q 20 —1)
(5 i)

j=3

np—N4q
npa—l  anp3=2 nLp;—1
2nea=l 3nLs=2, 1‘[ S o) =

i
Jj=3

np

= J] (pj-(pj—1) 202D 33mas,

J=np—n4a+1

np—n4q 3.(,”“”!‘_1)
' l_[ pj “(pj—D )+

=3

N4qg— 1

3 —1 3y 1—4
+ Z (CL(4H)vn4a=VJ14a.o=ro -2 2=l 323,

ro=1
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np—niq
3-(np,p;—1)
11 (Pj ' '(Pj—l)) +
j=3
npr

+ 1_[ (P] _ 1) . 22'(711‘,2—1) X 32-(n,_'3—1).

Jj=np—n+1

np—naq
2-(np. ,.—1)
- T1 (Pj Ll’ '(Pj—l))

j=3
np—n4q " 1
etz T pt =1 (4.98)
j=3
|
From (4.97) we see that in this case the number of CPPs is always greater than 0.
nag+np;—1
Theorem 4.20 If the decomposition of L is of the form L = 2" . 3" . l—[ D,
J=nri

withny € {0,1}, n3 € {0, 1}, npy =ny+n3+ 1, n4, e N, p; =3 -k +2,k e N,
Jj =npi1,naq +npy — 1, the number of CPPs will be equal to:

Nag+np—1 Ngq—1
CLopps =27 . 1‘[ (pj-(pj = D) +2"- Z ClLuwmaa=rnsgo=ro  (4.99)
Jj=nri ro=1

Proof This is a particular case of Theorem 4.16, therefore we can use Eq.(4.77) in

np—n4q 3y, —1 np—n4q 2(ny , —1
which the products H <pj( S (p; — 1)>, 1_[ (Pj( e (pj — 1))

J=nr J=nr
np—n.
L—N4q nLApj*l
and l_[ 14 are replaced by 1, and ny = ng, +np — 1. |
J=nri

From (4.99) we see that in this case the number of CPPs is always greater than 0.
nagtnp;—1
Theorem 4.21 If the decomposition of L is of the form L = 2""-* . 3" . 1_[ D
Jj=nr1
withnpo > 1, n3€{0,1}, npy =n3+2, nye eN*, p; =3 -k+2, keN*, j=
npy, Nag +npy — 1, the number of CPPs will be equal to:

nag+np—1

Crerrs=2"- [T (pj-(pj—1D) 227+

Jj=nri
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n4,,—l

3np2=5
+2" Z (CL(40)7”40=V,I14H_0=I'0 .72 )+

ro= 1

nag+ng;—1

421 1_[ (p;—1)- 22ni2=3 | (2'”L,272 _ 1) (4.100)

J=nL

Proof This is a particular case of Theorem 4.17, therefore we can use Eq. (4.88), in

. np—nyq 3'(”L,p<_1) np—N4q 2-(nL,,,v—l)
which the products [T (2, " ;=D ). ] (P, ™ "= D

Jj=nri Jj=nri
np—n4g
npp.—1
and l_[ p; ri are replaced by 1, and np, = ng, +np; — 1. |
Jj=nri

From (4.100) we see that in this case the number of CPPs is always greater
than 0.

Nag+np;—1
Theorem 4.22 [f the decomposition of L is of the form L = 2> . 3.3 . 1_[ D

Jj=nri
with ny € {0,1}, np 3> 1, npy=ny+2, nyg eN*, p; =3-k+2, keN, j=
npy, Nag +npy — 1, the number of CPPs will be equal to:

nag+ng;—1
Crcpps =4- 1_[ (pj-(pj— D) -3t 4
J=nri
n4g—1
+4- Z (CL(4a)yn4a:h"4a.0:ro : 33%1“3_4)4‘
r0=1
nyg+np—1
w2 T (y=n-30e 0] (203707221 (4.101)

J=nry

Proof This is a particular case of Theorem 4.18, therefore we can use Eq.(4.91), in

np—n4q 3y, —1 np—n4q 2(ny, —1
which the products l_[ <pj( S (pj — 1)>, 1_[ (Pj( i (pj — 1))

J=np J=np
np—n.
L—N4q nlu17j_1
and l_[ P, are replaced by 1, and ny = nyg, +np — 1. |
Jj=nri

From (4.101) we see that in this case the number of CPPs is always greater
than 0.
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ngq+2
Theorem 4.23 If the decomposition of L is of the form L = 2"-? . 3".3 . l_[ Dj»

j=3
withnp o > 1,np 3> 1,n4 e N, p; =3 - k+2,k e N*, j =3, nyy + 2, the num-
ber of CPPs will be equal to:

nag+2

Crcpps = 1_[ (Pj ~(pj — 1)) N
=3

n4q—1

. -1 . —4
+ Z (CL(411)'n4a=r~,n4a,O:r0 ! 23 (2= 33 e )+

r0=1

n4a+2
+ l_[ (pj _ 1) . 22'(7!L,2*1) 5 32‘(}’1L.3*1) X (2”L,2*1 X 3'”L43*2 _ 1) (4102)

Jj=3

Proof This is a particular case of Theorem 4.19, therefore we can use Eq.(4.97), in

. np—nN4q 3'("1_,,;j —1 np—n4q 2'(’“.”/ —1
which the products H p; “(pj =1, 1_[ p; ~(pj— 1D

J=np J=np
ny—ny,
L—N4q nlu,;j—l
and l_[ P, are replaced by 1, and ny, = ng, +np — 1. |
Jj=nry

From (4.102) we see that in this case the number of CPPs is always greater
than 0.

Theorem 4.24 [fthe decomposition of L is of the form L = 22 - 3" withny » > 1,
n3 € {0, 1}, the number of CPPs will be equal to:

CrLopps =2 - 223 (2“,24 - 1) (4.103)

Proof This is a particular case of Theorem 4.13, therefore we can use Eq. (4.69), in
np—n4q

LM 2:(np ,.—1 ng ,.—1
which the products l—[ <pj( 7D (pj — 1)) and l—[ p; "7 are replaced

J=ne J=nLy

by 1. |

From (4.103) we see that the number of CPPs is equal to 0 if the interleaver length
is 4 or 12.

Theorem 4.25 If the decomposition of L is of the form L = 2" -3"%3 with n; €
{0, 1}, np 3 > 1, the number of CPPs will be equal to:

Crcpps =2- 32:(3=1) (2 e LT S 1) (4.104)
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Proof This is a particular case of Theorem 4.14, therefore we can use Eq. (4.72), in

np—n4q np—n4q
2(np,p,—1 ,—1
which the products l—[ <Pj e~ (pj — 1)) and l—[ p;L’“ are replaced

J=ne J=nLy

by 1. |

From (4.104) we see that in this case the number of CPPs is always greater
than 0.

Theorem 4.26 If the decomposition of L is of the form L = 2"? . 3"3 'withny , >
1, np 3 > 1, the number of CPPs will be equal to:

Cpepps = 220La=h  320ua=D) (2'“,2*1 L 3ma2 _ 1) (4.105)

Proof This is a particular case of Theorem 4.15, therefore we can use Eq.(4.75),

N4q M4a
2(np . —1 ) =1
in which the products l_[ (pj ers =l (pj — 1)) and Hpj“’ are replaced
j=3 j=3
by 1. ]

From (4.105) we see that in this case the number of CPPs is always greater
than 0.

Theorem 4.27 If L =2 or L = 3 or L = 6, the number of CPPs is equal to zero.

Proof Since L = 2 is even, it is required that g3 < L/2 = 1. As g3 can not be 0,
there is no true CPP in this case, i.e. C2.cpps = 0.

When L = 3, from the equivalence conditions, it is required that g3 < L/3 = 1.
As g3 cannot be 0, there is no true CPP in this case, i.e. C3 cpps = 0.

When L = 6, from the equivalence conditions of CPPs, it is required that g3 <
L/6 = 1. As g3 cannot be 0, there is no trueCPP, i.e. Cs cpps = 0. |

We bring together the conclusions from Theorems 4.12—4.27 and conclude that
the number of CPPs is equal to O if the interleaver length is of the form:

ny
L =2m2.3m3., l_[Pj, withny» =0,2,n,3=0,1, p; > 3,
j=3

with p; =3-k+1,keN, j=3,n, (4.106)

Such lengths have to be avoided in designing CPP-based interleavers.

By comparing Eqgs. (4.56) and (4.106), it can be concluded that for any interleaver
length for which the number of CPPs is 0, the number of QPPs is also 0. But there
are lengths for which the number of QPPs is 0 and the number of CPPs is greater
than 0. Such lengths are generated by multiplying by one, two or four products of
prime numbers greater than 2, each to the power of 1. In each product, there should
be at least a prime number of the form 3 - k + 2, k € N*, so that:
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np—n4q nr
n n . n N n 1
L =2"2 .33 l_[ ]7] | | PJ, WlthnL,ZZOyz’nL,3= ’17
j=3 Jj=np—ng,+1

pj >3, withp; =3-k+1,keN, if j =3,n; —n4, and

pi=3-k+2,keN', if j=n; —ng+1,n,n, >nsa >1 (4.107)

For the lengths of the type in (4.107) the CPP-based interleavers can be used
instead of QPP-based ones. The number of lengths for which the number of QPPs is
0 is significantly greater than the number of lengths for which the number of CPPs
is equal to 0. For example, from 2 to 1,00,000 there are 7098 lengths for which the
number of QPPs is 0 and only 2264 lengths for which the number of CPPs is 0.

In the following, we give an example of checking the formula for the number
of true different CPPs, for a more comprehensive case, i.e., when the prime-factor
decomposition of the interleaver length contains almost all types of prime factors that
appear in the theorems presented in the paper. The chosen length of the interleaver
corresponds to the decomposition from Theorem 4.16, when n, = 1 and n; = 1.

Example 4.1 Let L =16170=2-3-5- 72 . 11. According to Theorem 4.16, we
have ny = 1, n3 = 1, npy = 3, ngy = 2. We mention that the two factors of type 4.
(a) are 5 and 11, and the only factor of type 3. (b) is 7.

The quantity Cy,, .ns,=2,n4,0=1 Used in (4.77), is given in (4.58). It is equal to

CNuga=tinigo=l = =D 11- (11 =D+ (11 =1)-5-(5—1) = 640
According to (4.77), the number of all true different CPPs is equal to:
Cisto.cpps =2-5-(5—=1)-11- (11 = 1) - 77D (7 = D+
+2-640 - 77D (7 — 1)+
+2-5-1-A1=1)-77D . 7 -1)- (7> = 1) = 11830560

In the following, we detail the coefficients of the 11830560 true different CPPs.

Because 6 | L, it is required that g3 < L/6 = 2695 and g, < L/2 = 8085.

Because of the factor of type 3. (b) from the decomposition of 16170, coef-
ficients g3 and g, have to be multiples of 7, and coefficient g; has to be rela-
tively prime with 7. Because of the factor of type 2. (a) from the decomposition
of 16170, coefficient g, also has to be multiple of 3. Therefore, g3 can take val-
ues in the set {7, 14, 21, ..., 2688} (with cardinality 384), ¢, can take values in the
set {0,21,42,...,8064} (with cardinality 385), and ¢; can take values in the set

6
{1,2,3,4,5,6,8,9,..., 16169} (with cardinality 16170 - 7= 13860).
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Because of the factor of type 2. (a), the condition (g; 4+ ¢3) # 0 (mod 3) must
be fulfilled. Because of the factor of type 1. (a), the condition (g, + ¢» + q3) #
0 (mod 2) must be fulfilled. Thus, when ¢, is even, (q; + ¢3) is required to be odd,
and when ¢ is odd, (g; + ¢3) is required to be even.

Because of the two factors of type 4. (a) (5 and 11), the analysis has to be performed
for four different cases: (a) g3 is a multiple of 5 - 11 = 55; (b) ¢3 is a multiple of 5,
but not a multiple of 11; (c) g3 is a multiple of 11, but not a multiple of 5; and (d) g3
is neither a multiple of 5, nor a multiple of 11.

(a) When g3 is multiple of 5 - 11 = 55, g5 has to be multiple of 5 - 11 = 55, and
g1 has to be relatively prime with 5 and 11. This situation happens for six values from
the set of 384 possible values for g3 (namely, {385, 770, 1155, 1540, 1925, 2310}),

for 7 values from the set of 385 possible values for ¢

6 4 10
(namely, {0, 1155, 2310, 3465, 4620, 5775, 6930}) and for 16170 - TR AT
10080 values from the set of 13860 possible values for ¢

(namely, {1,2,3,4,6,8,9,12,13,...,16169}).

From the six previous values for g3, two are multiples of 3 (namely, 1155 and
2310), two are multiples of 3 plus 1 (namely 385 and 1540) and two are multi-
ples of 3 plus 2 (namely, 770 and 1925). From the 10080 values for ¢, there are
10080/3 = 3360 values multiples of 3, multiples of 3 plus 1, and multiples of 3
plus 2, respectively. Therefore, the condition (g 4+ g3) # 0 (mod 3) is fulfilled for
2-3360 - 2 - 3 = 40320 pairs of values for the coefficients (g3, ;). Of the seven val-
ues for ¢,, four values are even and three are odd. From each of the three groups of
two values for g3, one is even and one is odd and from each of three groups of 3360
values for g1, 1680 are even and 1680 are odd. It follows that from the 40320 pairs of
values for the coefficients (g3, g1), the sum (q; + ¢3) is even for 40320/2 = 20160
pairs of values and odd for 40320/2 = 20160 pairs. Therefore, when g3 is multi-
pleof 511 =55, we will have 4 - 20160 + 3 - 20160 = 141120 sets of coefficients
(93, 92, q1) leading to true different CPPs modulo 16170.

(b) When g3 is a multiple of 5, but not a multiple of 11, g, has to be a mul-
tiple of 5, g, has to be relatively prime with 5, and the three coefficients must
fulfill the condition ¢3 = 3q1¢q3 (mod 11). g3 is a multiple of 5, but not a mul-
tiple of 11, for 70 values from the set of 384 possible values for g; (namely,
{35,70, 105, ..., 350,420, 455, ..., 735,805, ..., 2660}). g, is a multiple of 5 for
77 values from the set of 385 possible values for g, (namely, {0, 105, 210, ..., 7980}).
For each two coefficients g3 and ¢, from the sets previously mentioned, the con-
gruence equation qz2 = 3q1q3 (mod 11) has only one solution modulo 11, in vari-
able ¢g; and, thus, 16170/11 = 1470 solutions modulo 16170. Of these, we have to
remove those that are multiples of 5 or multiples of 7. In this way, 1470 — 1470/5 —
1470/7 + 1470/35 = 1008 valid solutions remain. For example, for g3 = 35 and
g» = 105, the possible values for g; are from the set {6, 17, 39, 61, ..., 16154}.

From the 70 possible solutions for g3, 23 values are multiples of 3 and multiples of
3 plus 1, respectively, and 24 values are multiples of 3 plus 2. From the 1008 possible
values for g;, 1008/3 = 336 values are multiples of 3, multiples of 3 plus 1, and
multiples of 3 plus 2, respectively. Therefore, the condition (g; + ¢g3) # 0 (mod 3) is
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fulfilled for 2 - 23 - 336 - 2 4 24 - 336 - 2 = 47040 pairs of values of the coefficients
(g3, q1). From the 77 values for g,, 39 values are even and 38 values are odd. From
each of the three groups of 336 values for g, 168 values are even and 168 values
are odd. From the two groups of 23 values for g3, one contains 11 even values and
12 odd values and the other group contains 12 even values and 11 odd values. The
group of 24 values for g3 contains 12 even and odd values, respectively. It follows
that from the 47040 pairs of values for the coefficients (g3, q1), the sum (g; + ¢3) is
evenandoddfor2 - 11-168-2+2-12-168-2+2-12-168 -2 = 23520 pairs of
values, respectively. Therefore, the condition (q; + g2 + ¢3) # 0 (mod 2) is fulfilled
for 39 - 23520 4 38 - 23520 = 1811040 sets of coefficients (g3, g2, q1). Thus, when
g3 is a multiple of 5, but not a multiple of 11, we will have 1811040 true different
CPPs modulo 16170.

(c) When g3 is a multiple of 11, but not a multiple of 5, g, has to be a mul-
tiple of 11, g; has to be relatively prime with 11, and the three coefficients must
fulfill the condition ¢3 = 3q1¢q3 (mod 5). g3 is a multiple of 11, but not a mul-
tiple of 5, for 28 values from the set of 384 possible values for g; (namely,
{77, 154, 231, 308, 462, 539, 616, 693, . . ., 2387, 2464, 2541, 2618}). ¢ is a mul-
tiple of 11 for 35 values from the set of 385 possible values for g, (namely,
{0,231, 462, ...,7854}). For each two coefficients g3 and ¢, fixed in the sets pre-
viously mentioned, the congruence equation g3 = 3¢;¢3 (mod 5) has only one solu-
tion modulo 5, in variable ¢, and thus, 16170/5 = 3234 solutions modulo 16170.
From these, we have to remove those that are multiples of 11 or multiples of 7.
In this way, 3234 — 3234/11 — 3234/7 4 3234 /77 = 2520 valid solutions remain.
For example, for g3 = 77 and g, = 231, the possible values for ¢; are from the set
{1,6, 16,26, ...,16166}.

From the 28 possible values for g3, nine values are multiples of 3 and multiples of 3
plus 1, respectively, and 10 values are multiples of 3 plus 2. From the 2520 possible
values for g1, 2520/3 = 840 values are multiples of 3, multiples of 3 plus 1, and
multiples of 3 plus 2, respectively. Therefore, the condition (g; 4+ ¢3) # 0 (mod 3)
is fulfilled by 2-9-840 -2 + 10 - 840 - 2 = 47040 pairs of values of coefficients
(g3, q1). From the 35 values for ¢,, 18 values are even and 17 values are odd. From
each of the three groups of 840 values for g, 420 values are even and 420 are odd.
From the two groups of nine values for g3, one contains four even and five odd values
and the other contains five even and four odd values. The group of 10 values for g3
contains five even and five odd values. It follows that from the 47040 pairs of values
of coefficients (g3, q1), the sum (g; + ¢g3) is even and odd for 2-4-420-2+2 -
5-420-2+42-5-420 -2 = 23520 pairs of values (g3, q1), respectively. Therefore,
the condition (g + ¢» + ¢g3) # 0 (mod 2) is fulfilled for 18 - 23520 + 17 - 23520 =
823200 sets of coefficients. Thus, when g3 is a multiple of 11, but not a multiple of
5, we have 823200 true different CPPs modulo 16170.

(d) When g3 is neither a multiple of 5 nor a multiple of 11, the three coeffi-
cients have to fulfill the conditions g5 = 3¢1¢g3 (mod 5) and ¢3 = 3q1¢3 (mod 11).
g5 is neither a multiple of 5 nor of 11, but is a multiple of 7, for 384 — 6 —
70 — 28 = 280 values from the initial set of 384 possible values for g3 (namely,
{7, 14,21, 28,42,49, 56, 63, 84, ..., 2688}). g» should have only 3 or 7 as prime
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factors; thus, it can take 385 values, as it was stated at the beginning of this exam-
ple. For each two coefficients g3 and g, from the sets previously mentioned, the
congruence equations g5 = 3g1q3 (mod 5) and g7 = 3q1g3 (mod 11) have a sin-
gle solution modulo 55, in variable g}, and thus, 16170/55 = 294 solutions modulo
16170. From these, we have to remove those that are multiples of 7. In this way
294 — 294 /7 = 252 valid solutions remain. For example, for g3 = 7 and ¢, = 21,
the possible values for g; are from the set {76, 131, 186, ..., 16136}.

Out of the 280 possible values for g3, 94 are multiples of 3 and multiples of 3 plus
1, respectively and 92 values are multiples of 3 plus 2. Out of the 252 possible values
for g1, 252/3 = 84 values are multiples of 3, multiples of 3 plus 1, and multiples
of 3 plus 2, respectively. Therefore, the condition (g, + ¢3) # 0 (mod 3) is fulfilled
by2-94-84-2+ 9284 -2 = 47040 pairs of values of coefficients (g3, ;). Out of
the 385 values for g2, 193 are even and 192 are odd. Out of each of the three groups
of 84 values for g, 42 are even and 42 are odd. Out of the two groups of 94 values for
¢3, one contains 46 even values and 48 odd values and the other one contains 48 even
values and 46 odd values. The group of 92 values for g3 contains 46 even and odd
values, respectively. It follows that, from the 47040 pairs of values of coefficients
(g3, 4q1), the sum (g + g3) is even and odd for 2-46-42-2+42.48-42.-2+42.
46 - 42 -2 = 23520 pairs of values (g3, q1), respectively. Therefore the condition
(g1 + g2 + g3) # 0 (mod 2) is fulfilled for 193 - 23520 4 192 - 23520 = 9055200
sets of coefficients (g3, g2, q1). Thus, when g3 is neither a multiple of 11 nor of 5,
we will have 9055200 true different CPPs modulo 16170.

The total number of true different CPPs modulo 16170 results by summing
up the number of CPPs from the four cases. It is equal to 141120 4 1811040 +
823200 + 9055200 = 11830560, which is the one determined by the formula in
Theorem 4.16. ]

4.6 Determining the Number of True Different Permutation
Polynomial-Based Interleavers Under Zhao and Fan
Sufficient Conditions for Degrees 3,4 and 5

The method used to determine the number of different true PPs under Zhao and
Fan sufficient conditions (denoted ZF PPs) is that given in Sect.4.3. However the
equivalence conditions for PPs fulfilling Zhao and Fan sufficient conditions at point
(c) can be different from those for general PPs.

The form of NPs of degree up to d is given in (4.48) from Theorem 4.8. We
have checked that (4.48) includes all NPs of degree d or less, for d = 5, which is
of interest, using the method from Sect. 4.2 for QNPs and CNPs. The number of all

d

NPs of degree up to d is equal to l_[ gcd(k!, L), as it was shown in Theorem 4.7. We
k=1

notice that always one of the NPs has all coefficients null, named trivial NP.
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Let

d
2(x) =)z - x* (mod L) (4.108)
k=1

be a NP modulo L of degree d.

We define a NP valid under Zhao and Fan sufficient conditions (denoted a ZF
NP) a NP z(x) (denoted zz(x)) fulfilling the condition that if w(x) is a ZF PP then
7(x) + zzr(x) is also a ZF PP. From Table 3.6 we can determine the conditions on
the coefficients of a valid NP under Zhao and Fan sufficient conditions. Since Zhao
and Fan sufficient conditions are also necessary for the prime p = 2 we have to take
into account only the conditions for primes p > 2 (i.e. the last row in Table 3.6).
This means:

71 # (—=q1) (mod p),zo =23 =--- =24 =0 (mod p),Yp | L, p > 2. (4.109)

In the following, we explain how the coefficients g in (4.108), with k = 1, d, take
values according to (4.48), ford =2,d =3,d =4 ord = 5. Since gcd(1!, L) =1,
it follows that 71 = 0 and, consequently, there are no non-trivial NPs of degree 1 and
therefore the index k can take values from 2 to d in the sum in (4.48). As the NPs
obtained for d = 5 in (4.48) include all NPs of degree up to 5, we will detail the
Eq. (4.48) only for d = 5. z4—s(x) denotes z(x) for d = 5. Thus, we have

L
— = —_— . . . — 1
Za=5(x) wcd2. 1) X (x — D+
L 1 2
+m'73'x'(x— ) (x =2+
+m7’4x()€—1)()€—2)()€—3)+
L
+m~7'5-xo(x—1)-(x—2)-(x—3)'(x—4)=
L 5 L L 1o “t
= — . T5 - X - Ta — . . T - X
gcd(3L, L) gcd@, L) ' ged(S, L) )
+ L L 6 7+ — = 35 4
ecd3LL) " ged@ L) O T ey )T

1-7'4—

+(—L I G 1
ecd2, L) 7 ged@LL) T 7T gcd@l L)

L 5 L L
_— 507X+ —— 2y .
gcd(S!, L) ged(3!, L) ged(2!, L)
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L

L
-6 —.24. X,
eccd@ 1) O T el L) 75) *

with0 < 7 < ged(2!, L) — 1,0 < 73 < ged(3!, L) — 1,
0<m <ged@d!, L) —1and0 < 75 < ged(5!, L) — 1. (4.110)

In (4.110), 7, can take any value between 0 and gcd(2!, L) — 1, 73 can take
any value between O and gcd(3!, L) — 1, 74 can take any value between O and
gcd(4!, L) — 1, and 75 can take any value between 0 and ged (5!, L) — 1. Non-trivial
NPs of degree 5 result if 75 > 0, non-trivial NPs of degree 4 if 75 = 0 and 74 > O,
non-trivial NPs of degree 3 (CNPs) if 75 =0, 74 = 0 and 73 > 0, and non-trivial
NPs of degree 2 (QNPs) if 75 =0, 4 = 0, 73 = 0 and 7, > 0. As the coefficients
of a non-trivial NP have to be integers, and the coefficient of the maximum degree
term has to be positive, there are non-trivial NPs of degree 5, only if 2 | L or/and
3| Lor/and 5 | L, non-trivial NPs of degree 4, only if 2 | L or/and 3 | L, non-trivial
CNPs only if 2 | L or/and 3 | L, and non-trivial QNPs only if 2 | L. With the above
considerations, it follows that the number of non-trivial NPs of degree 5 is equal
to ged(2!, L) - ged(3!, L) - gcd(4!, L) - (gcd(5!, L) — 1), the number of non-trivial
NPs of degree 4 is equal to ged(2!, L) - ged(3!, L) - (gcd(4!, L) — 1), the number of
non-trivial CNPs is equal to ged(2!, L) - (gcd(3!, L) — 1), and the number of non-
trivial QNPs is equal to gcd (2!, L) — 1. Thus, according to the value of L, the number
of non-trivial QNPs may be 0 or 1 (as it also results from Theorem 4.4), the number
of non-trivial CNPs may be 0, 2 or 10 (as it also results from Theorem 4.6), the
number of non-trivial NPs of degree 4 may be 0, 4, 6, 12, 28, 60, 132 or 276, and
the number of non-trivial NPs of degree 5 may be 0, 4, 8, 18, 48, 72, 126, 224, 304,
360, 1248, 1584, 2088, 6624, 8496 or 34272.

We have to impose additional constraints for z,,—s(x) to be a valid ZF NP only if
3| L and/or 5 | L because for every prime p > 5, with p | L, the five coefficients
of z,-5(x) will be divisible by p, and thus they fulfill the conditions (4.109).

We denote by g; the value ged(k!, L), for k € N*, k < L. Let the prime factor-
ization of g, for k = 3, 4, 5, be of the form

gk = ged(k!, L) = 2"o2 . 33 . 5Moxs |
where 0 <ng» <3,0<n,3 <1, and0 <n, s <1. (4.111)

Obviously, for k = 3 or k = 4 we have n,, 5 = 0in (4.111).
We write the prime factorization of L as

L — DM . 33 gL 1_[ p

j=4

nLp;
i

withn; , > 0for p =2,3,5, and npp, = 1Vj=4,n;. 4.112)
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We note that if n; 3 = 0 then 3 1 L and we not have to impose additional con-
straints for prime p = 3 forz,;—x(x),k = 3,4, 5,tobeavalid ZFNP. Alsoifn; s =0
then 51 L and we not have to impose additional constraints for prime p = 5 for
Zd=5(x).

If np 3 > 1 we have 3 | Vk =2,3,4,5, and from (4.110) it results

ged(k!, L)’
that 3 divides all coefficients of z;—s(x), thus fulfilling the conditions for prime

L
p=3foravalid ZFNP. If ny s > 1 we have 5 | ——————, Vk =2,3,4,5, and
' ged(5!, L)

from (4.110) it results that 5 divides all coefficients of z;—5(x), thus fulfilling the
conditions for prime p = 5 for a valid ZF NP.

From those above it results that we have to impose additional constraints for
Z4=5(x) to be a valid ZF NP only if n; 3 = 1 and/or n; 5 = 1. We analyze these
cases below.

If w(x) is a ZF PP modulo L of degree d, and 7z ¢ (x) is a non-trivial ZF NP modulo
L of degree less than or equal to d, then m(x) 4+ zzp(x) is also a ZF PP modulo L
of degree d, with coefficients different from those of m(x). From (4.48), we note
that the coefficient of the maximum degree term of a NP (denoted by dyp) is any

multiple of

L
. ,with0 < < ged(dyp!, L) —
geddnrt, L)’ aeddy ) VM Tvp < ged(dne!, L)

1. It follows that any PP modulo L of degree d > dyp is equivalent to a PP having

the coefficient of the dyp degree term ———— . We assume that the
NP g Qdyp < ng(dNP!,L) u
L
coefficient of the dyp degree term of the initial PP is in the range | ————— -
ng(dNP !, L)

L

TNPy —— 77~
ged(dyp!, L)
We obtain the equivalent PP by subtracting the NP of the maximum degree dy p

-(typ + 1)) forafixed 7iyp withO < 7yp < ng(de!, L)—1.

with the leading coefficient ————————— - 7yp from the initial PP. However the
ng (d NP !, L)

coefficient of the maximum degree term of a ZF NP (denoted by dzr_yp) is not

L
any multiple of ————————— because this coefficient, ie. ——— -
ged(dzr-np!, L) ] ged(dzr-yp!, L)
TzF—NP, have to be a multiple of any prime greater than 2 which is a divisor of

L. Then, for 7(x) in (3.1) a ZF PP, we can consider only those PP coefficients for

whichqy < —— -7, Vk = 2.d, where 7 is the least positive integer such that
ged(k!, L)

L
p || ————— 7 ), forevery prime p | L with2 < p < k. In this way we get the
ged(k!, L)
conditions on the maximum values of the coefficients for a ZF CPP, a ZF PP of fourth

degree (denoted by ZF 4-PP) and a ZF PP of fifth degree (denoted by ZF 5-PP) in
Sects.4.6.1-4.6.3, respectively. Thus, the number of ZF NPs for a certain degree will
also give the number of combinations of maximum values for the coefficient of ZF
PPs we are interested in.

We detail below the conditions for a ZF NP of degree three, four, and five.
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If np3=1 then 3¢ Vk = 3,4, 5. In this case for z4—;(x), Vk =

gcd(k!, L)’

3,4, 5, to be a valid ZF NP we have to impose the condition that 3 | 7, Vk = 3, 4, 5.
L

Similarly, if n; 5 = 1 then 5 { m In this case for z4=5(x) to be a valid ZF

NP we have to impose the condition that 5 | 7s.
Thus, when n; 3 = 1 any ZF PP modulo L is equivalent to a ZF PP having the
L
gcd(3!, L)’
For similar reasons when n; 3 = 1 any ZF PP modulo L is equivalent to a ZF PP
L
ged(4!, L)’
Whenn; 3 = 1andn; 5 = 0 any ZF PP modulo L is equivalent to a ZF PP having
L
gcd(5!, L)’
Whenn; 3 =0andn; 5 = 1 any ZF PP modulo L is equivalent to a ZF PP having
L
ged(5L L)’
Whenn; 3 = landn; s = 1 any ZF PP modulo L is equivalent to a ZF PP having
L
gcd(5!, L)’
We have not to impose additional constraints for the coefficients z; and z, of the

Vk=3,4,5and 5| 75 -

coefficient of the third degree term g3 < 3 -
having the coefficient of the fourth degree term g4 < 3 -
the coefficient of the fifth degree term gs < 3 -
the coefficient of the fifth degree term gs < 5
the coefficient of the fifth degree term gs < 15 -

L L
NP z4-5(x) b hen 3 | 7 - ——7— ’
Z4=5(x) because when 3 | 7% ecd(k, L) gcd(5!, L)

then p | z; and p | 2o, for p =3 or 5. Thus z; = z; = 0 (mod p), p =3 or 5, and
the conditions from (4.109) for primes 3 and 5 are fulfilled.

From the Zhao and Fan sufficient conditions on the coefficients of a PP from
Sect. 3.10, there are three types of prime factors, as shown in Table 3.6. These condi-
tions are considered in the following and for each type of prime factor, the number of
ZF PPs is determined. The notation ZF stands for Zhao and Fan sufficient conditions.

‘We mention that as we want to determine the number of true ZF PPs, the coefficient
of the term of maximum degree has to be different from zero. Therefore, whenever
appropriate, we will mention when a coefficient is zero as a consequence of the
conditions we imposed. This zero value will be eliminated in counting.

CaseZF1.(a)If p = 2andn, » = 1,thecoefficients g, ; € Z, = {0, 1},Vi = 1,d.

In this case, there are two distinct permutations. The ZF NPs of degree d result
by imposing L = 2. Since ged(k!, L) =2, Vk = 2.d, it follows that ———— =
ged(k!, L)
1, Vk = 2, d, and we can consider gi1 =0, Vi = 2,d. We take into account the
condition (g1 +¢g2.1 + - -+ ga.1) # 0 (mod 2), resulting ¢; ; = 1 and, therefore,
we have only a single combination of coefficients g; | € Z,, i = 1, d, that has to be
considered in combinations with other prime factors.

Case ZF1. (b) If p =2 and n;, > 1, the coefficients g;; € Zyu., Vi = 1,d.
The condition g;.; # 0 (mod 2) is met for @ (2":2) = 2":2~1 coefficients. In the
following, we will consider thee particular cases ford = 3,d =4 andd = 5.
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For d = 3, the conditions 1. (b) in Table 3.6 become ¢, | = g3,; = 0 (mod 2).
By considering ZF NPs of third degree (ZF CNPs), we have g1 1, g3.1 < 227! and
there are 2":272 coefficients ¢».; and g3 1, respectively, out of which one is zero.

For d = 4, the conditions 1. (b) from Table 3.6 become (g2,1 4 g4.1) = 0 (mod 2)

and g3.;1 = 0 (mod 2). By considering ZF NPs of fourth degree, we have g5 1, ¢3.1 <
2L
npa—1 _
22T gy < ocd(24, 272 =2
If ny » > 4, the condition (g2,1 + q4,1) = 0 (mod 2) will be met by 21272 and
21.2=4 even coefficients q>.1, and g4, 1, respectively, out of which one is zero and by
21272 gnd 2724 odd coefficients q2,1 and g4, 1, respectively. If ny , =2orny , =3
the only possible value for g4 ; is 0, and the possible values for ¢, ; are O forny » = 2,
and 0 and 2, respectively, for n; » = 3. The condition g3 ; = 0 (mod 2) is met for
2272 coefficients g3 ;.
For d = 5, the conditions 1. (b) from Table 3.6 become (g2,; + ¢4,1) = 0 (mod 2)
and (g3, +¢s5.1) =0 (mod 2). By considering the ZF NPs of fifth degree,

npa
2 — onr2—min(3,np2)

ged(24, 2m2)

ng2—min(3,ny2)

we  have qqu,q3,1<2"“’1, qa1 <

2”L,2
ged (120, 2m2)

If ny » > 4, the condition (g2,1 + g4.1) = 0 (mod 2) will be met by 21.2=2 gpd
2".2=4 even coefficients o1 and qq 1, respectively and by 27272 and 2":2~* odd
coefficients g, ; and g4 1, respectively.

Similarly, the condition (g3 1 + ¢s,1) = 0 (mod 2) will be met by 27422 and
2".2~4 even coefficients g3, and gs.;, respectively, out of which one is zero, and by
2122 gpd 2"e2—4 odd coefficients q3.1 and gs 1, respectively. Ifny » = 2orng » = 3,
the single possible value for g4 and gs,; is 0, and the possible values for g, ; and
q3,1 will be O for ny , = 2, and 0 and 2, respectively, for ny » = 3.

Case ZF2.1f p; > 2and ny p, > 1, the coefficients ¢; ; € Z r.,;, Vi = 1,d. The

J

»q45,1 <

npo—min(3,np2)

.. i1 .
condition ¢; ; # 0 (mod p;) is met for <1>(ij ") = P;ll " . (p — 1) coefficients.
nLp;
S i , =1 .
The condition g; ; = 0 (mod p;), Vi = 2, d is met for ! = pjl“” coefficients,

out of which one is zero. We also impose here the equivzgénce conditions for degrees
d=3,d=4andd =5.

For d = 3, ZF CNPs depend on whether the prime factor p; is equal to 3. If
pj =3,wehaveq;; < 3=l ifn,3>2andg;; < 3ifng 3 = 1. Therefore, there
are 3":371 coefficients g, ; and 3"-372 coefficients g3 ; if nz 3 > 2, out of which
one is zero. If n; 3 = 1, g2 ; and g3 ; can be only zero. Summarizing, for ny 3 > 1
there are 3":2~! coefficients ¢, ; and 3m*%123=2} coefficients g3, ;, out of which one
is zero. If p; # 3, there are no ZF NPs of degree less than or equal to three and,

pi—1 . . .
"I coefficients q»,j and g3_;, respectively, out of which one

therefore, there are ij'
is zero.
For d = 4, the ZF NPs of fourth degree depend on whether p; = 3. If p; =3,

we have ¢3 j,q4,; < 3rea—lgf np3>2and g3 j,q4; <3if ny 3 = 1. Thus, there
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will be 33~ coefficients q2,j and if ny 3 > 2, 31372 coefficients q3,j and g4 ;,
respectively, out of which one is zero. Summarizing, for ny 3 > 1 there are 3nea—l
coefficients g, ; and 3m*%123=2} coefficients g3 ; and g4, ;, respectively, out of which
one is zero. If n; 3 =1, g2, g3,; and g4 ; can take only the value zero. If p; # 3,
there arle no ZF NPs of degree less than or equal to four and, therefore, there will be

npp;,—

* coefficients q» ;, g3,;, and g4 ;, respectively, out of which one is zero.

For d =5, the ZF NPs of fifth degree depend on whether p; = 3, as well as
whether p; = 5.

If p; = 3, we have g3 ;, qa,j, gs,; < 3"-*~! and, thus, there will be 323~ coef-
ficients ¢, ; and 31372 (if n 1,3 = 2) coefficients g3 ;, g4, ; and gs ;, respectively, out
of which one is zero. If n; 3 =1, g2 j, q3,j, q4,j and g5 ; can take only the value
zero. Summarizing, for ny 3 > 1 there are 313~ 1 coefficients q>,j and 3max{Oing 3 =2}
coefficients g3 ;, g4 ; and gs_;, respectively, out of which one is zero.

If pj =5,wehavegs ; < 5Ll ifn;, s >2andgs; < Sifn; s = 1. Thus, there
will be 574571 coefficients q2,j, q3,; and g4 ; respectively, and 5152 (if nps>?2)
coefficients g5 ;, out of which one is zero. If n; 5 = 1, g5 ; can take only the value
zero. Summarizing, for ny s > 1 there are 5"-5~! coefficients g2 ;, g3 ; and qu,;
respectively, and 5™%n.5=2) coefficients gs ;, respectively, out of which one is
zero.

If p; #3and p; # 5, there are no ZF NPs of degree less than or equal to five and,
therefore, there will be p;L’"’ B coefficients g5 ;, g3, j, q4,j and gs_;, respectively, out
of which one is zero.

In the following, we apply the method described in Sect.4.3 to determine the
number of true different ZF PPs of degrees 3, 4 and 5.

4.6.1 Determining the Number of True Different Cubic
Permutation Polynomial-Based Interleavers Under
Zhao and Fan Sufficient Conditions

From the equivalence conditions for ZF CPPs, given in Theorems 4.3 and 4.6 with
the additional constraints from the beginning of this section, we must have:

g» <L/2and g3 < L/2,when2 | Land31{L;
q3 < L/3,when9 | Land2tL;

g <L/2and g3 < L/2,when6 | Land9 ¢ L;
q» < L/2and g3 < L/6, when 18 | L.

For CPPs, we distinguish six cases for prime decomposition of L. The results
regarding the number of true different ZF CPPs are given in Theorems 4.28-4.33
below and are summarized in Table 4.3 at the end of this subsection.
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Theorem 4.28 If2{L and31L, ie. L = l_[p ', with p; >3 and np ,, > 1,
j=1
Vj =1, ng, the number of ZF CPPs will be equal to:

n

L 2@ b nL
CrLcpps,zF = HPJ- oo -] l_[ B | (4.113)
j=1 =1

Proof From case ZF2 at the beginning of Sect.4.6, it follows that the number of

np
—1
possible combinations for the coefficient g; is equal to 1_[ ( p;fL”’" -(pj — l))
=1
J s 1
ng p.—
and the number of coefficients g, and g3, respectively, is equal to l_[ ij"’ . The
j=1
value g3 = O results only when g3 ; =0, Vj =1, n,, i.e. for a single combination
of coefficients g3 j, j = 1, nr, that has to be removed. The number of ZF CPPs will

be equal to that in (4.113). |

From (4.113) we see that the number of ZF CPPs is equal to 0 if L is a product
of prime numbers greater than three, each of them to the power of 1.

Theorem4.29 [f2| L, 41 L and 31 L, i.e. L=2- Hp:L'"f, with p; > 3 and
j=2
npp, > 1L, Vj=2,ny, the number of ZF CPPs will be equal to:

L ny
2:(n,p;—1) iy —1
CrLcpps,zr = | | p; (=1 ] - ij" -1 (4.114)
Jj=2 j=2

Proof From the analysis for cases ZF1. (a) and ZF2 at the beginning of Sect.4.6,
the number of possible combinations for coefficient ¢, is equal to 1 - ®(L/2) =

nr
p;—1 . .
1_[ ( p’;L"’ -(pj — 1)), and the number of coefficients g, and g3, respectively,
j=2

L
np . —1
isequal to 1 - 1_[ p; "7, out of which one value is zero. By removing the value
j=2
g3 = 0, the number of ZF CPPs will be equal to:

nr nr
np.p;—

CrL.cpps,zF = p; " (pi=D|- P,
j=2 j=2

nLy,,jfl
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r i, 21, -D) i,
p, " =t =T1p, " -i=D|-|I]r,"” -1
Jj=2 Jj=2 j=2
(4.115)
|

From (4.114) we see that the number of ZF CPPs is equal to 0 if L is two times a
product of prime numbers greater than three, each of them to the power of 1.

ny

Theorem 4.30 [f4 | L and 3{ L, ie. L =2"2-]] pf“’f, withnp, > 1, pj >3
j=2

and npp, > LVj=2ng, the number of ZF CPPs will be equal to:

_ r 2, 1)
Crcppozr =22"270 l_[pj (=1
j=
s ng ,.—1
anJ*Z . l_[ p; Pj -1 (4.116)
j=2

Proof From cases ZF1. (a) and ZF2 at the beginning of Sect. 4.6, it follows that
the number of possible combinations for coefficient g; is equal to ® (L) = 2"+2~1.

nr
p -1 . . .
1_[ ( pj""’ -(pj — 1)), and the number of coefficients g, and g3, respectively, is

j=2
np 1
_ np.p;— . . .
equal to 2272 . H p; ", out of which one value is zero. By removing the value

j=2
g3 = 0, the number of ZF CPPs will be equal to:

nr
_ npp.—1
Crcppszr = | 2271 D T(pj— 1D
=2
L n 1 L n 1
nr. ) L.p;— nr. ) L.p;— _ _
2 L2 . Hpj J . 2 L2 . H pj J 1 —
=2 i—2
"L 1 iz 1
-(np., — np.,, —
_ p2nia=3 P Lpj = (p,-D|- nLa=2 l_[ ij"’ —1 4.117)
j=2 j=2

From (4.116) we see that the number of ZF CPPs is equal to 0 if L is four times
a product of prime numbers greater than three, each of them to the power of 1.
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ny
Theorem 4.31 If24 L and3 | L, ie. L=3"-[]p,"", withny 5> 1, p; > 3
j=2

and np, > 1,Vj =2, ny, the number of ZF CPPs will be equal to:

nr
] _ 2:(np.p.—1)
Crcprps,zr =12- 33 ma=h . Hpj v (pj =1
j=2
np
gmax{Oing 3—2} | ;LW?I -1 (4.118)
j=2

Proof The number of possible combinations for coefficient g; is equal to 2 -

ng
-1 ) ,
3mea=l. l_[ (pZL"’ (pj — 1)), the number of coefficients g5 is equal to 32371 .

Jj=2
nr nrp
"L,pj_l . . max{0;n; 3—2} nLApj_l
1_[ p; , and the number of coefficients g3 is equal to 3 WL, . 1_[ p; ,
j=2 j=2

out of which one value is zero. By removing the value g3 = 0, the number of ZF
CPPs will be equal to:

nr

— np, —1
Ceppozr=|2-3"""TTp;"" - (ps = 1)
j=2
ng "
3nL.3—1 . p;‘L,pj—] ) 3max{0;nL‘3—2} . 1_[ p:L,pj—l 1 _
j=2 j=2
np
2(np,,;—1)
= 2 . 32‘(nL‘371) . Hpj nL]/ . (pj — 1)
j=2
nr .
ax{0- npp—
S I (4.119)
j=2

From (4.118) we see that the number of ZF CPPs is equal to 0, if L is three or

nine times a product of prime numbers greater than three, each of them to the power
of 1.
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np

Theorem 4.32 [f2 | L,4¢Land3 | L,ie L =2-3"". l_[ P’;wj, withnp 3 > 1,
j=3

pj > 3and npp, > 1L,Vj=3ng, the number of ZF CPPs will be equal to:

n
o 201, -1)
Crcppszr =230 Hpj v
i=3
ny
gmax{O:n.3—2} | ;LW?I -1 (4.120)
j=3

Proof The proof for Theorem 4.32 is similar to that of Theorem 4.31, by replacing
L by L/2. Therefore, the number of ZF CPPs will be equal to:

np

_ ng . —1
Crcppszr = [2-3"37! 'HPjL,j “(pj =1
j=3

nr

np3—1 . 7 ”L']’j -1 . max{0;nz 3—2} nL, Pj _
3 p; 3 | | =
=12 .320ws=D | | 2L p, T
- pPj

gmax{0;n 3—2} 1_[ nL” 4.121)

From (4.120) we see that the number of ZF CPPs is equal to 0 if L is 6 or 18 times
a product of prime numbers greater than three, each of them to the power of 1.

. n n < nL"’/ .
Theorem 4.33 If 4| L and 3 | L, ie. L =2"2-3"= . []p,"", with nyp > 1,
j=3
np3>1,p;>3and nep, = 1, Vj = 3, ng, the number of ZF CPPs will be equal

to:
nr

. — . _ 2:(np,p;—1)
Crcpps,zF = 22 2=D) 32—l p; S (pj —1

j=3
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nr

. np.p;—1
great2 gmaOnes =2l T pMn T (4.122)

j=3
Proof The number of possible combinations for coefficient g; is equal to ®(L) =

ny
p;—1 . .
2=l g gma=l, l_[ <p;lL"’ “(pj — 1)), the number of coefficients ¢, is equal

j=3

ny
ng . —1
to 2"L2 2. 3=l l_[ ij'p’ and the number of coefficients g3 is equal to 2272 .
j=3
max{0;ny 3—2} < nrp; =1 : : .
3 LI 1_[ P, , out of which one is zero. By removing the value g3 = 0,
j=3
the number of ZF CPPs will be equal to:

nL
Lp;—1
Crcppszr = | 2"271 2. 3ma70. 1_[17;” Ypi =)
j=3

nr
—1
npa—2  anpi—1 ML.pj
2 3 ;
Jj=3

np
2nL,272 . 3max{0;nLA372} . 1_[ p;”“""/il 1] =
Jj=3

ng
— 22.(;”'2—1) . 32.(n1“3—1) . Hp%-(nL.lrj_l) ) (p] _ 1)
j .

j=3

nr

. np.p—1
2nL,272 . 3max{0,nL_372} . 1_[ ij J -1 (4123)

Jj=3

From (4.122) we see that the number of ZF CPPs is equal to 0, if L is 12 or 36
times a product of prime numbers greater than three, each of them to the power of 1.

From Theorems 4.28—4.33 above, we conclude that under Zhao and Fan sufficient
conditions the number of CPPs is 0, when the interleaver length is

np

L= 2”’“‘2 . 3”1-'3 . Hpjv npa2= 0»_21 nL,3 = 0,_2, pj > 37 Vj = 3a np (4.124)
=3
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Such lengths have to be avoided in designing CPP-based interleavers, under Zhao
and Fan sufficient conditions.

Because all the lengths from the LTE standard (3GPP 2008) are multiples of 8,
from (4.124) it results that for all these lengths there exist CPPs, under Zhao and Fan
sufficient conditions.

The necessary and sufficient conditions that the coefficients of CPPs must fulfill
are given in Table 3.2. By comparing them with those in Table 3.6, we notice that
Zhao and Fan sufficient conditions become necessary when 3 at any power, or a
prime number greater than 2, of the form 3 - k + 2, k € N, at the power 1, are not
prime factors in the decomposition of the interleaver length. LTE standard contains
58 such lengths. However, for all lengths for which in their prime factorization there
exists the prime 3 at power of 1, the number of all true different CPPs is equal to
the number of true different ZF CPPs. There exist 25 such lengths among the LTE
lengths. Thus for 83 lengths from the LTE standard the number of all true different
CPPs is equal to the number of true different ZF CPPs.

Figure 4.1 shows the ratio (in percentage) between the number of true different
ZF CPPs and the number of all true different CPPs, for all the 188 lengths of the LTE
standard. For 105 lengths (others than the 83 ones for which the number of all true
different CPPs is equal to the number of true different ZF CPPs), this percentage is
less than 50%.

In the following, we give an example with related comments for the most com-
prehensive case, i.e. for Theorems 4.33. The example provides information about all
the values the coefficients of polynomials of degree 3 can take, so that they are CPPs
modulo the considered length.

Example 4.2 (Example for Theorem 4.33) Let the lengthbe L = 2100 =22 -3 .52
7. According to (4.122), the number of CPPs will be equal to:

Cargo.cpps.zr = 27370 . 32070 522D (5 1) . 720=D (7 7).
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_(2272 . 3max{0;172} . 5271 . 7171 _ 1) —
=4-1:25-4-1-6-(1-3°-5-1—1)=2400- (5 — 1) = 9600.

Further, we detail the coefficients of the 9600 true different ZF CPPs. As 6 | L
and9 { L, itisrequired thatg; < 3 - L/6 = L/2 = 1050 and g, < L/2 = 1050. The
coefficients g, and g3 have to be multiples of 2 -3 -5 -7 = 210, and coefficient g,
has to be relatively prime with 2100. Therefore, coefficient g3 can take 4 values:

210, 420, 630 and 840, g, can take 5 values: 0, 210, 420, 630 and 840, and coeffi-

1 2 4 6
cient ¢g; can take ®(2100) = 2100 - 3357 = 480 values. The total number

of ZF CPPs is equal to 4 - 5 - 480 = 9600, just the number found by the formula
we determined. We note that the number of all true different CPP is also 9600.
However the equivalence conditions for CPPs, in this case, are: g3 < L/6 = 350
and ¢; < L/2 = 1050. We note that every ZF CPP having coefficient g3 > 350
(i.e. 420, 630, or 840) has a equivalent CPP having coefficient g3 < 350 and
coefficient g, < 1050. For example, ZF CPP 1 - x + 0 - x> + 420 - x> (mod 2100)
is equivalent to CPP 351 -x +0-x?>+70-x3 (mod 2100) only by NP z(x) =
350 - x +0-x2+ 1750 - x* (mod 2100). This NP is not a ZF NP since 3 { 350 and
34 1750. |

4.6.2 Determining the Number of True Different Fourth
Degree Permutation Polynomial-Based Interleavers
Under Zhao and Fan Sufficient Conditions

As it is shown at the beginning of Sect. 4.6, from the equivalence conditions for ZF
4-PPs we must have:

g <L/2,g3 <Lj/2andqs < L/2,when2 | L,34Land41tL;
g <L/2,qg3 <L/2and g4 < L/4, when3{L,4|Land8¢tL;
g <L/2,qg3 <L/2and g4 < L/2, when4{L,6|L,and 91 L;
g2 <L/2,qg3 <L/2and g4 < L/8, when3{ L and 8 | L;

g3 <L/3andgs < L/3,when2{ L and9 | L;

g <L/2,g3 <L/2andgq < L/4, when8+tL,94L,and 12 | L;
g2 <L/2,q3 <L/6andgs < L/6, when4{ L and 18 | L;
q»<L/2,q3 < L/6and q4 < L/12, when 8¢ L and 36 | L;
q»<L/2,qg3 <L/2and g4 < L/8,when9{ L and24 | L;

g <L/2,q3 < L/6and g4 < L/24, when 72 | L.
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Table 4.3 Number of true different CPP-based interleavers under Zhao and Fan sufficient condi-
tions
Case Decomposition of L CrL.cPPs,ZF Theorems
UL L 2, —1)
W | L=]]p"".p;>3and CLcppszF = ( P2 4o
Jj=1 j=1
npp. > 1LVj=1ng L. |
’ pi-b)-([Ip, ™ -1
j=1
nL nL.p: L 2'("L,p'_1)
@) L=2'HP,- ', pj >3and CL.crps.zF = Hpj 771429
j=2 j=2
npp > 1LVj=2ng ML -l
! =) ([Ip, " -1
Jj=2
nr L
3) L=2"2. l_[ p; Pinpa > 1, | Creppszr=2""273 4.30
=2 "L 2, —1)
I L,p/ . o l) X
pj>3andngp > 1,Vj=2,ng ( D (pj )
j=2
J L 1
o )
j=2
nr n
Lip:
“ L=3"3T]p; " n3=1, | Crcepszr= 431
j=2 ) "L g, —1)
. (np3—1) | Pj .
pj>3andng,, = 1,Vj =2 | 23 ( L)
j=
(Pj _ 1)> . <3max{0;nLv3—2) .
nL -1
P~ 1)
j=2
"L nr p:
(5) L=2.3"3. l_[ pj ", Cr.cpps,zF = 4.32
j=3 2-(np 3—1) M 2npp; =D
nL’321,[7j>3al’ldnL,ijI, 2-3 " . pj ’ .
Vj=3,nL j=3
(P] _ 1)) . (31‘1‘16){{0;)‘111372} .
nr
npp.—1
[Tr," - 1)
j=3
L nL.p;
©) L=22.3w3 [ Tp, ", CLcppszr = 220La=. 433
J=3 2sn (T 20D
npp>1,n3>1,p;j >3and 3oL : l_[Pj :
j=3

npp; =2 LVj=3ngt

() = 1)) : (Z"Lﬂ :

ng
3max{0;nL_3—2} . l—[ p'fL.P/*l B 1)
J

Jj=3




4.6 Determining the Number of True Different Permutation ...

145

For ZF PPs of fourth degree, there are eight cases for the prime decomposition of
L. The results regarding the number of true different ZF 4-PPs are given in Theorems
4.34-4.41 below and are summarized in Table 4.4 at the end of this subsection.

Table 4.4 Number of true different 4-PP-based interleavers under Zhao and Fan sufficient condi-

tions
Case Decomposition of L CL.4—PPs.ZF Theorems
nr
nr.p.
N L=[]p; " . pj>3and | Crarpryzr= 434
j=l _ "L 3, —1)
npp; =2 LVj=1ng p; " “(pj =1
j=1
nr
nr.p.—1
(I =)
j=1
nr
2) L=2. l_[ p;lL'pj ,pj>3and | CL4 pps,zF = 4.35
j=2 L 312, —1)
nLp; = LV =2 (flm ’@f—U>'
j=
nr
1
()
j=2
3) =3 l_[ PlL Y onpa=| CLa ppszr = 4.36
2 .32 3=D+max{0;ng 3-2}
1, ML 3, 1)
pj>3andng p; > 1, H(pj J .(Pj—l)>.
Yji=2n j=2
<3max(0;nL‘3—2) .
NL.p;
H pp "=
nr
nL.p.
@) L=4-[]p;".pj>3and | CLa—ppszr = 4.37
Jj=2 3-(np,p;
nep, = L,Vj=2n1 2 H( 7y -
nL nLvl’j_l
D) (T1 P; -1
j=2
nr
&) L=2.3"3. ;L‘p’a CrLa—pPPs,2F = 438
j=3 2 .32 3=D+max{O;ng 3-2} |
np3>1,

pj > 3andnL,pj >1,

V_j :3,nL

j=3
<3max(0;nL,3—2) ,

n -1)

th B, -1
(H& “-m—@~

(continued)
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Table 4.4 (continued)

Case Decomposition of L CL4—PPs.ZF Theorems
ny
© L=2w2[]p,"". naz| CLappszr=2"275. 439
Jj=2 n 3.(nL,,,I._1)
3 l_[ p; “(pj—=D)-
pj>3andng ,; > 1, j=2
. . .
Vj=2,ng <2,1L12_3 . p;L,pj B 1)
j=2
nr n
Lip:
@ L=4.3%2. H p; " Cra—pPps,zF = 4.40
J .
j=3 4 . 32 (L 3=D+max{0ing 3-2}
nL3 = L L 3-(np,p; =1
pj>3andng p, > 1, 1_[<pj j '(Pj_l)>~
Vj = 3, ny Jj=3

<3max{0;n1“372) 3

nr nLpy =1
[Tr; -1

j=3
nL
®) L=2w2.33 [ pi" | Cracppsze =2°"274 441
j=3 / 32:(np3—D+max{Oing 3-2} |
np2>3,np3>1,p;>3and| L 3., ~1) 1
npp; =2 1,Vj=3nt 11 Pj “(pi=DJ
Jj=3

<2nL,273 . 3max(0;n1~'372} .

L n,‘.pjfl
[1» -1

j=3

Theorem 4.34 24 L and 3t L, ie. L =[] p,”", with p; > 3 and ny ,, > 1,
Jj=1
Vj =1, ny, the number of ZF 4-PPs will be equal to:

np np
3-(npp;—1)

n‘,,j—l
Cra—rrezr = |[]P; = ([]p," -1 (4.125)

j=1 j=1
Proof From case ZF2 at the beginning of Sect.4.6, the number of possible com-

nr
,.—1
binations for coefficient g; is equal to l_[ ( p’;L"’ -(pj — 1)) and the number of
j=1
J

nr
-1
coefficients ¢, g3 and g4, respectively, is equal to l_[ p;w . By removing the value

j=1
g4 = 0, the number of ZF 4-PPs will be equal to that in (4.125). |
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From (4.125) we see that the number of ZF 4-PPs is equal to 0 if L is a product
of prime numbers greater than three, each of them to the power of 1.

Theorem 4.35 If 2| L, 3{L and 44 L, ie. L=2-[]p;"", with p; >3 and
j=2
npp, > 1, Vj =2, ny, the number of ZF 4-PPs will be equal to:

e B, D) T
Crarrsze=|[]p; " ~i=D]-|[]p," -1 (4.126)

j=2 j=2

Proof From the analysis for cases ZF1. (a) and ZF2 at the beginning of Sect.4.6,
the number of possible combinations for coefficient ¢, is equal to 1 - ®(L/2) =
nL

np . —1 . .
1_[ ( p; T (p = 1)), and the number of coefficients ¢, g3 and g4, respectively,
j=2

nr
np . —1
isequal to 1 - l_[ p; "7, out of which one value is zero. By removing the value
j=2
q4 = 0, the number of ZF 4-PPs will be equal to:

np np
np.,.—1 np.,.—1
Cra—pps,zF = 1_[ Pij/ ~(pj=D |- H Pij/
j=2 j=
L nL'pj—l L nL'p]—l
[1r; AT -1 =
j= j=2
0, D) i,
=[]~ =0 |]]p," -1 (4.127)
j=2 j=2

From (4.126) we see that the number of ZF 4-PPs is equal to 0 if L is two times
a product of prime numbers greater than three, each of them to the power of 1.

ny
Theorem 4.36 [f2{ L and3 | L, ie L =3" ] pj“’f, withnps > 1, p; >3
j=2
and nyp, = 1,Vj = 2, ny, the number of ZF 4-PPs will be equal to:

nr
. — g A— 3:(np,p,—1)
CLa_pps.zp = 2 - 3¥ s Dimax{Oin, 32} l_[ <Pj T (py — 1)).
j=2
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nr
nLp; —1

3max{0;nL_372} A
J

-1 (4.128)
Jj=2

Proof The number of possible combinations for coefficient g; is equal to 2 -
nr
)>_1 . .
3nes—h, l_[ (pﬁ'“ “(pj — 1)), the number of coefficients g5 is equal to 32371 .

J
j=2

Lp;—1 . . .
1_[ p’;I 7", and the number of coefficients g3 and g4, respectively, is equal to

np

3max{0:ng3=2} l_[ p; , out of which one value is zero. By removing the value

qs4 = 0, the number of ZF 4-PPs will be equal to:

- np.p;—1

j=2

np np

_ ng ,.—1 . _ ng ,.—1
33—l 1_[ P; Pj . 3max{Osng 3=2} 1_[ P; P

j=2 =2

3max{0;nL_3 -2} 1_[ MLp;— _

np
— 0. 32 s—max{0ny 52} 1—[ <p§~(;1L,,7/1) s — 1)).
j

j=2

Jmax{0ing 3-2) l—[ T (4.129)

From (4.128) we see that the number of ZF 4-PPs is equal to O if L is three or
nine times a product of prime numbers greater than three, each of them to the power
of 1.

Theorem 4.37 [f3{L, 4| L and 84 L, ie. L=4-[]p;"", with p; >3 and
j=2
npp; > 1L, Vj =2,ny, the number of ZF 4-PPs will be equal to:
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nL

3-(npp; —1) nip,—1
Cra-ppszr =2- 1_[( - '(Pj—l))' PjL 7= (4.130)

Jj=2 Jj=2

Proof From cases ZF1. (a) and ZF2 at the beginning of Sect.4.6, it follows
that the number of possible combinations for coefficient g; is equal to ®(L) =

2. 1_[ ( - 1)) and the number of coefficients g,, g3 and g4, respec-

npp.—1
tively, is equal to l—[ p jL'p/ , out of which one value is zero. By removing the value
j=2

q4 = 0, the number of ZF 4-PPs will be equal to:

Cra—pps,zF =2~ n( neri ‘—1)> l_[ i

j=2
np 1 np 1
nLp:— np.p;—
[Tr ) TTey” -1 =
j=2 j=2
(3, i,
=2-[[{r ™" =) (T]p,™” -1 (4.131)
J=2 j=2
|

From (4.130) we see that the number of ZF 4-PPs is equal to 0 if L is four times
a product of prime numbers greater than three, each of them to the power of 1.

ny
Theorem 4.38 If6 | Land4{ L i.e. L =2-3"*-[] pj“’f, withny 3 > 1,p; > 3
=3
and npp, > 1L,Vj=3ng, the number of ZF 4-PPs will be equal to:

ny
CLa_pps.zrp =2 - 32 (o= Dmax{Oin, =2} | HP?(M'M_I) (pj— 1

=3

np
gmax{O;n.3—2} | MLopj -1
J
j=3

—1 (4.132)

Proof The proof for Theorem 4.38 is similar to that of Theorem 4.36, by replacing
L by L/2. Thus, the number of ZF 4-PPs will be equal to:
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- npp.—1
Crappszr =2-3"7". 1_[ (pj“j (pj — 1)>.

j=3
np
3nLa—l 1_[ p’fL-l’f_l . gmax{0ing 3-2} 1_[ Mpi T
J
=3 j=3
nr
max{0:n 3-2) "y~ _
3 . ; -1] =
j=

3(”Lp
—9. 32(nL; 1)+max{0;n; 3—2} 1_[ _1)

3max{0:nL,3 -2} 1—[ nL” (4.133)

From (4.132) we see that the number of ZF 4-PPs is equal to 0 if L is 6 or 18
times a product of prime numbers greater than three, each of them to the power of 1.

ny

Theorem 4.39 If8 | L and3{L, ie. L =2"2-]] pj“’f, withngp, >3, p; > 3
j=2

and npp, = 1, Vj = 2, ny, the number of ZF 4-PPs will be equal to:

. 3-nep,—1)
CrLa_pps.zp =2"270 H( " '(Pj_l))'

=2

nr

a3 1—[ (4.134)

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of

nr
, =1
possible combinations for coefficient ¢; is equal to & (L) = 2271 . 1_[ <p’;L"’ .

=2
» J
. : npa—2 nep; 1
(pj — 1)) , the number of coefficients g3 is equal to 2427~ - l_[ p; , the number

j=2

np
. . _ np . —1
of even or odd coefficients g, is equal to 2"2272 . 1_[ p ,.L ", and the number of
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even or odd coefficients ¢4 is equal to 22~ 1_[ e

j=2

1f np2 > 4, out of which
nr
)‘_l .
one value is zero. If ny » = 3, there are H p?“’ coefficients g4 (all even), and
j=2
-1
2. 1_[ " coefficients q» (all even). Therefore, if ny , > 4, the number of ZF
4- PPs will be equal to:
np
npp.—1 _
CrLa ppszr =227 1_[ (pj“’ ~(pj — 1)) . (2”“ 2.
j=2
np

np np
ng ,.—1 _ npp.,—1 _ np . —1
'||P,- g : 2"L-22.||pj Py . 2”L-24.||pj 1)+
j=2 j=2

j=2

ng np
+2n,‘,2—1 . 1_[ <p;ll‘.p/-—1 . (p] _ 1)) . 2n1ﬂ2—2 . Hp;”ﬂpj_l
Jj=2

j=2

nr

np
—1
nr2=2 1_[ HLP . "L.2—4,1_[ "L.pj _
2 2 e =
Jj=2

3.(ng, f npp;—1
— 93nL2-5 l_[ < g = (Pj _ 1)> | orea3 Hpj ER— (4.135)
j=2

We mention that if ny » = 3, the number of ZF 4-PPs will be equal to:

np np
npp;—1 np.p.—1
Crappszr=2""- 1_[ (ij[j “(pj — 1)) |2 Plej
j=2

j=2

np
=16- ]‘[( i (pj_1)). [1r =1 (4.136)

j=

so that the relation (4.135) is also true. |
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From (4.134) we see that the number of ZF 4-PPs is equal to 0 if L is eight times
a product of prime numbers greater than three, each of them to the power of 1.

n
Theorem 4.40 [f12 | Land8{L,ie. L =4-3"* -[] pj""’f, withny 3> 1, p; >
j=3
3 and npp =1L, Vj= 3, ny, the number of ZF 4-PPs will be equal to:

nL
. _ . _ 3i(np.,.—1)
CLa_pps.zr = 4 - 3¥ (s Dimax{Oing 32} 1_[ <pj T (pj - 1)>.
j=3

nLp;—

nr
. 1
e I -1 (4.137)
j=3

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect. 4.6, the number of possi-

ny
ngp;—1
ble combinations for coefficients ¢; is equal to ® (L) =2 -2 . 3"~ 1. l_[ (ij' b

Jj=3

nr
' -1
(pj — 1)), the number of coefficients g3 is equal to 3max{0in 3 =2}, l_[ p;L ", the

j=3
nr 1
. . _ npp:—
number of coefficients g, is equal to 3"27" . 1_[ p jL """ and the number of coeffi-
j=3
np 1
. n N . .
cients g4 is equal to 3m{%nza=2} H p jL """, out of which one is zero. Therefore,
j=3

the number of ZF 4-PPs will be equal to:

L np.p,—1
Cra-ppszr =4 3=l 1_[ (ij T (pj— 1))

j=3

nr nr

—1 n —1
nps—1 nL.pj . max{0;n, 3—2} Lpj
3 p; (3 p;
3

j=3

np I
3max{0;nL‘3—2} . 1_[ p;lL"’j_ -1 —
j=3

ny
. 3y, —1)
— 4. 32— rmax(0ing 5-2) " o
= 4 . 32— Dmax{Oin. 5 .||(pj 7 (p 1)).
j=3
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nr

gmax{0inz 3=2} | nL.p; =1

J

-1 (4.138)
Jj=3

From (4.137) we see that the number of ZF 4-PPs is equal to 0 if L is 12 or 36
times a product of prime numbers, greater than three, each of them to the power
of 1.

np
Theorem 4.41 [f24 | L, i.e. L =2"2.3M3. np;bpj, withnp, >3, np3 > 1,
=3

pj > 3and npp, =1L, Vj= 3, ny, the number of ZF 4-PPs will be equal to:

CrLappszF = p3nra—4  32-(nr3—D+max{0ing 3-2},

o7 (30D npa=3  amax{0;ng 3—2} S
. P; S(pj=1D)- |23 ; 'Hpj -1
j=3

j=3

(4.139)

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of
possible combinations for coefficient ¢; is equal to ®(L) = 2"2~1.2. 3371,

np
)'_l . .
1‘[(ij~/, (pj — 1)), the number of coefficients g3 is equal to 2":272.
j=3

nrp
. npp.—1 . .
gmax{O:ng, 3 =2}, 1_[ p jL” , the number of even or odd coefficients ¢, is equal to
j=3

ng
npp.—1 . . —
222 gmal, l_[ pj[ """, and the number of coefficients ¢, is equal to 2"2*.
=3

nr
gmax{Oing =2} pl;""’j i ny» > 4, from which one is zero. If n; » = 3, there are
j=3
L 1 t =1
2. 3max{Oinis=2} pjl""’ coefficients g3, 3m{0nL3=2) 1_[ ij'p’ coefficients
j=3 j=3

ny
np . —1
g4 (all even), and 2 - 3371 l_[ p; "7 coefficients ¢, (all even). Therefore, if
j=3
ny» > 4, the number of ZF 4-PPs will be equal to:

1 npp;—1
CrLa—ppszr=2"2"".2.3"m37. l_[ (ij "o — 1)).
Jj=3
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nr 1 nr 1
np2=2 gniz=l 1_[ Mpi— . np2—2  qmax{0;np3—2} MLpj—
2 3 P, 2 3 p;
j=3 Jj=3
nr
npo—4 Amax{0;n; 3—2} nLp;—1
et gm0 TTplt "™ — 1] +
Jj=3
nr 1
npa—1 np3—1 ML.pj—
+2mah .3 -H(p, p =)
Jj=3
nr 1 nr 1
npa=2  gnp3—1 MLopj =~ npa—2  qamax{0;n; 3—2} RLpj T
mL2=2  3m 'Hpj o2 3 L T1» .
=3 j=3

nLp; -1

ng
2nL1274 . 3max{0;nL‘372} . 1—[ pJ
j=3

np
— 23.nL_2—4 . 32»(nL‘3—1)+max{0;nL_3—2} . 1—[ (pj.(nw’jl) ) (pj _ 1))

j=3

nr

. nr p.fl
2/1L,273 . 3max{0,nL_372} . 1_[ pj Pj -1 (4140)

j=3

We mention that, if n;, » = 3, the number of ZF 4-PPs will be equal to:

- npp;—1
CrLa pps,zF = PAREIN N S l_[ (ij T(pj— 1)).

j=3
np | np |
— npp;,— . _ npp;,—
2 . 3"LA3 1 . 1_[ p] Pj . 2 . 3max{0,nL,3 2} . p] Pj
j=3 Jj=3
np
max{0;n; 3—2} nL.pj -1 _
3 . ; —-1) =
j=

A ¥ 1)
. . npp;,—
= 32 . 3= DamaxiinLa =2}, (p, T (py - 1)).
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Fig. 4.2 The ratio (in ‘ ‘ ‘ ‘ ‘ ‘
percentage) between the 100 ;-).ooom @ O GO O WOO AW® O OF
number of true different ZF P
4-PPs and the number of all > 80}
true different 4-PPs, for all S
lengths used in LTE standard & 60
A
o\i amoo 0O O O ) o o
N 40f
Ql/:
a
S Vmmoooo o o oo o o|
© o® 0.0 o
BRBS % %2 0% o S,
(0] 1000 2000 3000 4000 5000 6000
L
. nLp;
3max{0,nL,3 2 1—[ (4141)
so that relation (4.140) is also true. |

From (4.139) we see that the number of ZF 4-PPs is equal to 0 if L is 24 or 72
times a product of prime numbers greater than three, each of them to the power of 1.

From Theorems 4.34-4.41 above, we conclude that the number of ZF 4-PPs is
equal to zero, when the interleaver length L is of the form:

nr

L=2">.3"]]pjn2=073n.3=02p; >3.Vj=3n. (4142
j=3

Such lengths have to be avoided in designing 4-PP-based interleavers, under Zhao
and Fan sufficient conditions. We notice that the LTE standard (3GPP 2008) contains
27 lengths (multiples of 8, of the form (4.142) with n;, , = 3) for which there are no
ZF 4-PPs, viz. the lengths 0, 56, 72, 88, 104, 120, 136, 152, 168, 184, 232, 248, 264,
280, 296, 312, 328, 344, 360, 376, 408, 424, 440, 456, 472, 488, and 504.

We compared the total number of true different 4-PPs, obtained with the algorithm
from Sect. 4.7, for all lengths from the LTE standard with the number of true different
ZF 4-PPs. Figure 4.2 shows the ratio (in percentage) between the number of true
different ZF 4-PPs and the number of all true different 4-PPs for all the 188 lengths
of the LTE standard. We note that for 23 from the 188 lengths the number of all true
different 4-PPs is zero (i.e. there are no true 4-PPs for these lengths) and thus, the
percentage is 100%. For 84 from the 188 lengths (from which 23 lengths are those
mentioned above), the Zhao and Fan sufficient conditions are also necessary (i.e. this
percentage is 100%). For other 4 lengths, this percentage is 0% (i.e. there are no true
4-PPs under Zhao and Fan sufficient conditions, but there are true different 4-PPs,
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for these lengths, namely 56, 168, 280, and 504), for 12 lengths the percentage is
equal to 50% and for the other 88 lengths, the percentage is less than 20%.

In the following, we give an example with related comments for the most com-
prehensive case, i.e. for Theorem 4.41. The example provides information about all
the values the coefficients of polynomials of degree 4 can take, so that they are 4-PPs
modulo the considered length.

Example 4.3 (Example for Theorem 4.41) Let the interleaver length be L = 1080 =
23.33.5,
According to (4.139), the number of ZF 4-PPs will be equal to:

C1080,4—PPS.ZF — 23-3—4 . 32~(3—l)+max{0;3—2} . 53-(1—1) . (5 _ 1)

(2377 gm0 51l 1) =32.243.1-4 - (3 — 1) = 62208.

Since 72 | L, it is required that g4 < L/24 =45, g3 < L/6 =180 and ¢; <
L/2 = 540. The coefficients g4 and g, have to be multiples of 3 - 5 = 15, coeffi-
cient g3 has to be multiple of 2 -3 -5 = 30, and the coefficient g, has to be rel-
atively prime with 1080. Moreover, the coefficients g4 and g, have to meet the
condition that the sum g4 + ¢, is even. Therefore, coefficient g3 can take 6 val-
ues: 0, 30, 60, 90, 120, 150, the pair of coefficients (g4, g2) can take the values
(15, 15), (15, 45), (15,75), ..., (15,525) (18 pairs with both coefficients odd) and
(30, 0), (30, 30), (30, 60), ..., (30, 510) (18 pairs with both coefficients even), i.e. a

1 2 4
total of 36 pairs. Coefficient g; can take & (1080) = 1080 - 335> 288 values.

The total number of ZF 4-PPs is equal to 36 - 6 - 288 = 62208, just the number found
by the formula we determined. ]

4.6.3 Determining the Number of True Different Fifth
Degree Permutation Polynomial-Based Interleavers
Under Zhao and Fan Sufficient Conditions

As shown at the beginning Sect. 4.6, from the equivalence conditions for 5-PPs we
must have:

g <L/2,q3<L/2,qs <L/2,andgs < L/2when2 | L,34L,4{L,and51L;
g <L/2,g3 <L/2,qs < L/4,andgs < L/4when3{L,4|L,5¢L,and81L;
g <L/2,q3 <L/2,q4 < L/2,andgs < L/2when4+{L,5tL,6| L,and91 L;
q»<L/2,qg3<L/2,q4 <L/8,andgs < L/8when3{L,5¢L,and 8 | L;

g3 <L/3,q4 < L/3,andgs < L/3when2{L,5¢L,and9 | L;

g <L/2, g3 <L/2, g4 <L/2, and g5 < L/2 when 3L, 4L, 10| L, and
25¢1L;

e qp<L/2,qg3<L/2,q4 <L/4,andgs < L/4when54L,84L,9¢L,and 12 |
L;
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e gy <L/2,qg3 <L/6,gqs <L/6,and g5 < L/6 when4{ L,5¢L,and 18| L;

e o <L/2, g3 <L/2, g4 <L/4, and g5 < L/4 when 31 L, 8L, 20| L, and
25t L;

e gy <L/2,q3 <L/2,q4 <L/8,andgs < L/8 when5¢L,9¢L,and24 | L;

e gs<L/5when2+{L,34L,and 25| L;

g <L/2, g3 <L/2, gy <L/2, and g5 < L/2 when 4t L, 94 L, 25¢L, and

30| L;

q»<L/2,q3 <L/6,q4s < L/12,and g5 < L/12when5¢L,84L,and 36 | L;

g2 <L/2,qg3 <L/2,q4 <L/8,andgs < L/8 when34L,254L,and 40 | L;

g3 <L/3,q4 < L/3,andgs < L/3when2+tL,25¢L,and45 | L;

g <L/2,g3 <L/2,qs <L/2,andgs < L/10 when3t L,4+L,and 50 | L;

g <L/2, g3 <L/2, g4 <L/4, and g5 < L/4 when 8¢ L, 9L, 25¢L, and

60| L;

g2 <L/2,q3 < L/6,q4s < L/24,and g5 < L/24 when5¢ L and 72 | L;

gs < L/5when24L,9¢L,and75 | L;

g <L/2,q3 <L/6,q4 < L/6,and g5 < L/6 when4{ L,25+ L,and 90 | L;

g2 <L/2,q3 <L/2,q4s < L/4,and g5 < L/20 when3 { L, 8t L, and 100 | L;

g <L/2,g3 <L/2,q4 <L/8,and g5 < L/8 when 9+ L,25¢ L, and 120 | L;

g2 <L/2,qg3 <L/2,q4 < L/2,and g5 < L/10 when4 { L,9¢ L, and 150 | L;

g <L/2,q3 < L/6,q4 < L/12,andgs < L/12when8 ¢t L,251 L,and 180 | L;

g <L/2,q3 <L/2,q4 < L/8,and g5 < L/40 when 3 t L and 200 | L;

g3 < L/3,q4 < L/3,and g5 < L/15when 2t L and 225 | L;

g <L/2,g3 <L/2,q4 < L/4,and g5 < L/20 when 81 L, 9+ L, and 300 | L;

g <L/2,q3 < L/6,q4 < L/24,and g5 < L/24 when 254 L and 360 | L;

q» <L/2,q3 < L/6,q4 < L/6,and g5 < L/30 when 4 { L and 450 | L;

g <L/2,q3 <L/2,q4 < L/8,and g5 < L/40 when 9 t L and 600 | L;

g <L/2,q3 < L/6,q4 < L/12,and g5 < L/60 when 8 { L and 900 | L;

g <L/2,q3 <L/6,q4 < L/24,and g5 < L/120 when 1800 | L.

For ZF PPs of fifth degree, there are sixteen cases for the prime decomposition of
L. The results regarding the number of true different ZF 5-PPs are given in Theorems
4.42-4.57 below and are summarized in Table 4.5 at the end of this subsection.

Theorem 4.42 If2 L, 31 Land5+ L ie.L =[] p;"", with p; > Sandny ,, >
j=1
1,Vj =1, ny, the number of ZF 5-PPs will be equal to:

S ARIOmEnE
CrLs5 pps,zF = l—[ <Pj o = 1)) 1_[ -1 (4.143)

j=1 j=1
Proof From case ZF2 at the beginning of Sect. 4.6, the number of possible combi-

nr
, =1
nations for coefficient g, is equal to l_[ (ij"’ “(pj — 1)) and the number of
j=1
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n
ng. . —1 .
coefficients ¢», g3, q4 and gs, respectively, is equal to 1_[ p jL'” , out of which one
j=1
is zero. By removing the value g5 = 0, the number of ZF 5-PPs will be equal to that
in (4.143). ]

From (4.143) we see that the number of ZF 5-PPs is equal to 0 if L is a product
of prime numbers greater than five, each of them to the power of 1.

nr

Theorem 4.43 If2 | L, 31L, 44Land51L,ie. L =2- 1_[17/[ with p; > 5
j=2

andnp p, > 1,Vj =2,ny, the number of ZF 5-PPs will be equal to:

r (4, —1) AL
CL,s—PPs,ZF=]_[<p, " '(pj_l)>' ]_[pj S| (4.144)

j=2 j=2

Proof From the analysis of cases ZF1. (a) and ZF2 at the beginning of Sect. 4.6,
the number of possible combinations for coefficient ¢, is equal to 1 - ®(L/2) =

n
—1
1_[ (pj”’ “(pj — 1)), and the number of coefficients g3, g3, g4 and gs, respec-
j=2

tively, is equal to 1 - 1_[ "t , out of which one value is zero. By removing the

=2
value g5 = 0, the number of ZF 5-PPs will be equal to:

ny nL
np,.—1 np.,.—1
CrLs—prs.zF = H (PJ-I Y (pj - 1)) : HP,I "

j=2 j=2

l—[< ;T (p,»—1>)~ [17" 1 (4.145)
= |

From (4.144) we see that the number of ZF 5-PPs is equal to 0 if L is two times
a product of prime numbers greater than five, each of them to the power of 1.

Theorem4.44 [f2+L, 3| L and 5tL, i.e. L =3"-3. l_[p;’hn,v, with np 3 > 1,

pj>Sandny p, > 1,Vj =2, ny, the number of ZF 5-PPs will be equal to:
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ng
. 4-(np,p;—1)
2:(np 53— 1)+2-max{0;ny 32 -
CLs-ppszp =237 0ami2maxnea=2), H (pj " (py - 1)>‘
Jj=2

gmax{0;nz 3—2} 1_[ nL” - (4.146)

Proof The number of possible combinations for coefficient g; is equal to 2 -

nr
p; —1 . . _
3nea=l. l_[ (pn.L"/ -(pj — 1)), the number of coefficients g is equal to 3371 .

J
j=2
1_[ "L , and the number of coefficients g3, g4 and gs, respectively, is equal to
max(Ona-2) T ! ~ - ~
3 LI l_[ p; " ,out of which one value is zero. By removing the value
Jj=2

gs = 0, the number of ZF 5-PPs will be equal to:

nL
npp.—1
CrLs—ppszr =2-3"3"". 1_[ (PJ- Y- 1))'

j=2
np 1 np 1
nps—l RLpj T max{0;n; 3—2} nLpj—
3t e 3 e
j=2 i=
ng 1
3max{0:nz 3—2) l—[ M Th | 3max{0ins =2} p;“’f 1] =
: ]‘:2

np
=2. 32.(nL_3—1)+2~max{0;nL_3—2} . l_[ (pé%-(”L,]lj_l) ) (pj . 1)>
J

3max{0:nz 32 l‘[ T (4.147)

From (4.146) we see that the number of ZF 5-PPs is equal to O if L is three or

nine times a product of prime numbers greater than five, each of them to the power
of 1.
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ny

Theorem 4.45 If3L, 4| L, 5t L and 84 L, ie. L=4-[[p,"", with p; > 5
j=2

and np, > 1,Vj = 2, ny, the number of ZF 5-PPs will be equal to:

4(nzp,~1) T
Crs-ppszr =2- H( " '(pj—l))- [[r," —1] 148

j=2 j=2

Proof From cases ZF1. (a) and ZF2 at the beginning of Sect. 4.6, the number of possi-

s np.p;—1
ble combinations for coefficient g; is equal to ®(L) = 2 - H (pj Y (pj— 1)),
j=2

: -1
and the number of coefficients g5, g3, g4 and gs, respectively, is equal to H p;L'p'/ ,

j=2
out of which one value is zero. By removing the value g5 = 0, the number of ZF
5-PPs will be equal to:

ngp,—1 1 nep,—1
Crs—pps,zr =2+ H( S (Pj_l))' HP‘,‘LJ

j=2 j=2
nL nL nL
I—I an I—I NLp;— anjfl 1
p; p; =
Jj=2 j=2 j=2

=2 j=

]‘[( o (pj—1)>. [T -1 (4.149)
n

From (4.148) we see that the number of ZF 5-PPs is equal to O if L is four times
a product of prime numbers greater than five, each of them to the power of 1.

Theorem 4.46 [f21L, 34 L and 5| L, ie. L=5"-[]p;"", with nys > 1,
j=2
pj > 5and nLp, = 1,Vj =2, ny, the number of ZF 5-PPs will be equal to:

ny
o 4, 1)
CrLs-ppszr =4- 57057 | | (Pj (g - 1))'

j=2

J

smax0nss-2) . T P (4.150)
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Proof The number of possible combinations for coefficient ¢, is equal to 4 - 57571 .

nr
p;—1 . .
1_[ (p’;L"/ -(pj — 1)), the number of coefficients ¢, g3, and g4, respectively,

j=2

nr
npp.—1
is equal to 5"~ l—[ p jL'p' and the number of coefficients gs is equal to

j=2
np 1
. _ np.p;— . . .
smax{O:nzs=2} l_[ p; ", out of which one value is zero. By removing the value
j=2

gs = 0, the number of ZF 5-PPs will be equal to:

nL
np.,.—1
CrLs—ppszr =4-5"57". H (pj " (py - 1)>.

j=2
np 1 np 1
nps—1 MLopj T . nps—1 R~
5 p; 5 [Tr;
j=2 =
1 n 1 e n 1
nps—1 Lpj ™ . max{0;ny s—2} Lpj =%t _
5 Pj 5 H Pj 1=
Jj=2 Jj=2
r (A 1
“(np.p, —
=4 .5%0ws=D l‘[ <pj S (py — 1)).
j=2
nr .
max{0;ny 5—2} RLp;—h
5 ]—[ p; 1 (4.151)
j=2

From (4.150) we see that the number of ZF 5-PPs is equal to 0 if L is 5 or 25

times a product of prime numbers greater than five, each of them to the power of 1.
ny

Theorem 4.47 If4{L,5{Land6 | L, ie L=2-3"* T]p
j=3

pj > 5and npp, = 1, Vj = 3, ny, the number of ZF 5-PPs will be equal to:

"N ithng 3 > 1
i withnp s > 1,

ng
p . 4-(ng, ,.—1)
2- —1)+2- 0 -2 | | .
Cris-ppszp = 2~ 3% DizmuiOma2]., <Pj T (py - 1)).
Jj=3

J

ny
gmax{Oinz 3-2} Han'P/_] 1 (4.152)
=3
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162
Proof The proof for Theorem 4.47 is similar to that of Theorem 4.44, by replacing

L by L/2. Therefore, the number of ZF 5-PPs will be equal to:

- np.p;—1
Jj=3

np 1 np 1
_ npp.— . _ nep.—
3Ll | | p Pj . gmax{0ing 3-2} | | P PjT
Jj=3

J

i=3
np nr
amax{0:ng 32} n"-l’j_1 . max{0;ny 3—2} | nL"’/_] _ _
3 ; 3 ; 1] =
j=3 j=3
n
=2. 32.(n1‘_3—1)+2~max{0;n,”3—2} . (pj-(nl“pj_l) . (p] _ 1))
j=3
np 1
max{0;ny,3-2} | ML Tl
3 I3 I (4.153)
=3
|

j=

From (4.152) we see that the number of ZF 5-PPs is equal to 0 if L is 6 or 18

times a product of prime numbers greater than five, each of them to the power of 1.
np

Theorem 4.48 If31L, 5¢{L and 8| L, i.e. L =2"2. np;%:/, with np » > 3,
j=2
pj>Sandnp p, > 1,Vj=2,ny, the number of ZF 5-PPs will be equal to:
ny 4(n .mfl)
<p- Ty - 1>)~

CL,S*PPX,ZF — 24'(71L,2*2) . 1_[ i
j=2

n
npp —1
e [T -1 (4.154)
j=2

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of
ny
np . —1
possible combinations for coefficient ¢, is equal to ®(L) = 227" . l_[ <ij"’ .
j=2

(pj — 1)) , the number of even or odd coefficients ¢, and g3, respectively, is equal to
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L
ny A—2 nL.pj -1 . . .
22T s l_[ p; , the number of even or odd coefficients ¢4 and gs, respectively, is

npp.—1 . . .
equal to 2274 . l_[ ij"’ ifny » > 4, out of which one value is zero. If n; » = 3,
j=2

L
p; —1 . .
there are l_[ p;l""’ coefficients g4 and gs, respectively, all of them even, out of
j=2
ng 1
nr.p.— . .
which one is zero, and 2 - 1_[ p j""’ coefficients g, and g3, respectively, all of them
j=2
even. Therefore, if n; » > 4, the number of ZF 5-PPs will be equal to:

nr

n _pf—l
Crs-ppezr =2""". 1_[ (ij (pj — 1)) :

j=2

nr

'lL _ nL
nr2=2 1_[ P .| onea—4 1_[ Pj +
nr
+ 2”L.2*2 . prfL"’.i71 .| one2 —4 l_[ ML.pj +
J
Jj=2

ng np
+2n,ﬂ2—1 . 1_[ <p;llup,-—1 ) (1)] _ 1)) ) 2n1‘,2—2 ) Hpjlu[)j_
j=2

j=2

nr

_ NL.p;
et Tl
j=2
nr 1
2nL,272 . 1_[ ij*[’/7 . 2nL12 —4 l—[ nLp;j— +
=2 j=2

ny
ng . —1 nL -
np,—-2 1_[ Lo . npo— l_[ Py —
+12 p; 2
j=2



164 4 Determining the Number of Permutation Polynomial-Based Interleavers ...

4-(npp-2) = 4'(nL'/’j_l)
=242 Ty (=D

j=2
1 n -1
3 [T -1 (4.155)
j=2
and, if n; » = 3, this number will be:

np np
np . —1 ng ,.—1
Crs-prszr =4[] (PJ'LP" (pj — 1)) A2 TP

Jj=2 =2

nr nr nr

ng, /.—] ng, /.—] nr, ,j—l
2-[fp;” ‘ p;" ATLe™ -1 =
j:2 j=2 j:
T (D) T
=16-][(»; =) [[]p," -1 (4.156)
j=2 j=2

so that relation (4.155) is also true. |

From (4.154) we see that the number of ZF 5-PPs is equal to 0 if L is eight times
a product of prime numbers greater than five, each of them to the power of 1.

Theorem 4.49 If2| L, 34 L, 44 L and 5| L, ie. L =2-5">. ]_[ ij"’-", with
j=3

ngs>1,p;>5 andnL,pl, > 1,Vj = 3, ny, the number of ZF 5-PPs will be equal

to:
np
o 4-(ng, —1)
CL,SfPPx,ZF —4. 54 (nps=1) | | | (pj L.p; . (pj _ 1))

j=3

nr

gmax{0;n, 5=2] | mep;—1

J

-1 (4.157)
j=3

Proof The proof for Theorem 4.49 is similar to that of Theorem 4.46, by replacing
L by L/2. Therefore, the number of ZF 5-PPs will be equal to:

-z np.,.—1
Crs—ppszr =4-5"57". H (Pj " (pj— 1))'

j=3
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nr nr

—1 npp;—1
nps—1 L.p; A nps—1 Lopj
5 ; 5 ;
Jj=3 Jj=3
np 1 np 1
snLs—1 p;’"J’/_ .| smax{OsnL =2} p;l""’f_ 11l =
i=3 j=3
rr (A, D)
4.(np 5—1 Lp;—
st (570 ),
J=3
np 1
. _ np,p:—
smaxOms=2 T p " =1 (4.158)
j=

From (4.157) we see that the number of ZF 5-PPs is equal to 0 if L is 10 or 50
times a product of prime numbers greater than five, each of them to the power of 1.

nL

Theorem 4.50 If5{ L8 Land12| Lie. L =4-3" [ p;"", withny 5 > 1,
j=3

pj >Sandny p > 1,Vj=3,ny, the number of ZF 5-PPs will be equal to:

np
. _ . R d(npp,—1)
CL,S—PPx,ZF —4. 32 (np3—1)+2-max{0;ny 3—2} | I I <pj »j ) (pj _ 1))
Jj=3

nr
. . ngp.—1
gmax{Oing 32} | | p; EA— | (4.159)
j=3

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect. 4.6, the number of possi-

ny
ngp,—1
ble combinations for coefficients ¢; is equal to ® (L) =2 -2 . 3371 . l_[ (ij' b

j=3
nr 1
. . _ np.p.—
(pj — 1)), the number of coefficients ¢, is equal to 3"+~ ! . l_[ ij """, the number
j=3
"t ny . —1
of coefficients g3, ¢4 and gs, respectively, is equal to 33 {0mea=2} . jL"’ , out
j=3

of which one is zero. Therefore, the number of ZF 5-PPs will be equal to:

e npp;—1
Crs ppszr =4-3"37". 1_[ (ij bo(py - 1))'

Jj=3
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np
nLp; —1 ]

nr
—1
nps—1 l—[ ML.pj _qmax{0;n; 32}
3 Pj 3 j
Jj=3 Jj=3
ng
.3max{0;n,“3—2} . pn"vl’j_] . 3max{0;n1‘_3 -2} 1_[ MLpj T —
j =
j=3 j=3

J

nr
—4. 32~(nL,371)+2-max{0;nL,372} . <p%'(n"'”/'_l) . (pj _ 1))
Jj=3

=
~

(4.160)

max{0;ny 3—2} "L.pj
3 p;
j=3

From (4.159) we see that the number of ZF 5-PPs is equal to 0 if L is 12 or 36
times a product of prime numbers greater than five, each of them to the power of 1.
Theorem 4.51 [f2+L,3| Land5|L,i.e L = 3" .5"3 l_[pj " withny 3 >

j=3
Lnys>1p;j>5andny , > 1,Vj=3,n., thenumber of ZF 5-PPs will be equal

to:
Crs_ppszr=8- 32 (3= D+2max{0ns3-2} | gh(nis—1),

L 4enp . —1)
'H(l’j o '(Pj—l))'

j=3

nr 1
‘ (4.161)

3max{0;nL‘3—2} . Smax{O;nL_s—Z} . ’;L*”J -1
j=3

Proof The number of possible combinations for coefficients g; is equal to 2 - 4

nr
np p.— . .
3nes=h.gnes=l l_[ (ij"’ (p; — 1)) the number of coefficients ¢ is equal to
j=3
nr
n -1
3nea=l . gnes=l. l_[ p jL‘"" , the number of coefficients g3 and ¢4, respectively, is
j=3

o 1
The number of coefficients gs is equal

max{0;ny 3—2} . nps—1 . L.p
equal to 3 5 l_[ p;
j=3
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ny
. . p;—1 . . .
to 3max{0ines=2}  smax{Oing 52}, l_[ p;lL"’ , out of which one is zero. By removing
j=3
the value g5 = 0, the number of ZF 5-PPs will be equal to:

nr
1
CrLs—ppszr =831 5msl. H (p_];hj ~(pj — 1)).
=3

nr nL
;1 gmax(0ing =2} gnis—1
J
Jj=3 Jj=3

nLypf*l

3VlL_371 . 5”L571 . .
J

nr
n,_v,,]—l

max{0;n; 3—2} . nps—1 .
3 5 ;

j=3

nr

3max{0;nL_3—2} . Smax{O;nL_s—Z} . l_[p;leJ_l 1 _
j=3

ng
—3. 32.(;”“3—])+2-maX{0§ﬂL<3—2] '54-(“,5—]) . <pj<(l’lL,pj—]) ) (pj . 1)>

Jj=3

ng
3max{0;nL_372} . Smax{O;nL_sfz} . p;le_,-*l 1 (4162)
Jj=3

From (4.161) we see that the number of ZF 5-PPs is 0 if L is 15, 45, 75, or 225
times a product of prime numbers greater than 5, each of them to the power of 1.

ny
Theorem 4.52 If31L, 4|L, 5|L and 81L, i.e. L=4-5" ] pj’“”f, with

j=3
nps>1,p;>5and npp, =1L, Vj= 3, ny, the number of ZF 5-PPs will be equal
to:

n
. _ 4-(np,p,—1)
Crs_ppszr =8 -540s=1. H <Pj B (pj — 1)>.
j=3

np
. npp,—1
Smax{O,nLj—z} . ij, j -1 (4.163)
j=
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Proof From cases ZF1. (a) and ZF2 at the beginning of Sect. 4.6, the number of possi-

ny
—1
ble combinations for coefficient ¢; is equal to ®(L) =2 - 4 - 5"=5! . l_[ <p;w, .
j=3

(pj — 1)), the number of coefficients ¢, g3 and g4, respectively, is equal to 5ms—l,

np np

npp—1 . . . _ npp.—1
1_[ p jL """ and the number of coefficients gs is equal to Sm0nL5=2) . 1_[ p iL S
=3 j=3

out of which one is zero. Therefore, the number of ZF 5-PPs will be equal to:

' np . —1
CLs ppszr =8-5"7". H (pj Y (pj - 1)>.

j=3
np 1 np 1
_ np,— 1 npp,—
5L L, by | 5res—L. o
J J
j=3 j=
np 1 np l
nps—1 MLpj— 5 max{0:ng 5—2} MLpj— _ _
5 [1r 5 [1» L=
j=3 j=3
r (4, —1)
(g, —
=8 .5 DL T (pj T (py = 1))-
=3
nr |
max{0;ny, s—2} MLpp=t
5 [1r; 1 (4.164)
i=3

From (4.163) we see that the number of ZF 5-PPs is equal to O if L is 20 or 100
times a product of prime numbers greater than five, each of them to the power of 1.

ny
Theorem 4.53 If8 | L3 | Land5{ L,ie. L =223 . ] p;"" withny » >
=3
3np3=>1p; > 5andnL,,,j > 1,Vj = 3, ny, the number of ZF 5-PPs will be equal
to:

CL,S—PP.;‘A,ZF — 24-nL,277 . 32-(n1_,371)+2-max{0;n1“372}.

nr

np
4(np,p; =1 ax10: i1
. (pj nL.p; . (pj _ 1)) . 2n1‘,2—3 . 3mdx{0,n,“3—2} . 1_[ p:” pj —1
3 =3

(4.165)
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Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of
possible combinations for coefficient ¢; is equal to ®(L) = 2"271. 2. 3ma"1.

nr
npp.—1
1_[ (p jL'”-’ “(pj — 1)), the number of even or odd coefficients ¢, is equal to
Jj=3
ny |
np.p.— . .
prea=2 . gl 1—[ p].L"’ , the number of even or odd coefficients g3 is equal
Jj=3
ny |
. nL.p;— .
to 2me2=2 . 3max{0ines =2}, 1_[ p iL "7~ and the number of even or odd coefficients
j=3
np 1
. . —_ . p— n Pi .
g4 and gs, respectively, is equal to 2"2~4 . 3max{0ins =2}, l_[ ij" ifnp, >4,
j=3
np

out of which one is zero. If ny, » = 3, there are 2 - 3ma=l, 1_[ p
j=3

nL‘,,j—l

coefficients

ny
. i )
>, all of them even, 2 - 3max{0nea=20, 1‘[ ij " coefficients g3, all of them even,
j=3

ng
. —1
and 3ma{0inea=2) l_[ p;L'p’ coefficients ¢4 and gs, respectively, all of them even.
j=3
Therefore, if ny; » > 4, the number of ZF 5-PPs will be equal to:

nr
npo,—1 ny a—1 npp;—1
Crs—ppozr =2-2"271. 2.3 T <Pj Tpy - 1)>.
Jj=3
ny nL
npa—2 Anpi—1 nLp;—1 npa—4  amax{0;n; 3—2} n,p;—1
A LS S .| o243 snp3—2) "Lopj
J J
j=3 j=3
nr
2"“—2 . 3max{0;nL,3—2} . VlL,,;j—l
J
j=3
ng .
2”LA2*4 X 3max{0;nLy3—2} . prfL,pjf ]+
J
j=3

J

ng
+ 2nL,2—2 . 3max{0;nl_,3—2} . 1—[ an./’j_] .
j=3
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np
nLp; —1
J

Jj=3

ZnL’274 . 3max{0;nL‘372} .

ng
. 4-(ng ,.—1)
dnpa—T  22-(np3—D)+2-max{O;ny 3—2 :
— p4nL2=T  32:(np3=D+2-max{0nr 3-2} | | | (pj j . (Pj _ 1)>
j=3

nr

. np.,.—1
2nL,273 . 3max{0,nL_372} . 1—[ pj Pj -1 (4166)

j=3

If ny » = 3, the number of ZF 5-PPs will be equal to:

= ngp;—1
CrLs—ppszr =4-2- 3mea=l. 1_[ <ij T (pj— 1)).

j=3
np n
2.3t T ] | 2. amaxiomes-2y "y
J J
Jj=3 Jj=3
nr | nr |
max{0;ny 3—2} | nLp;— . max{0;nz 3—2} nLpj— _
g 007 ) (3 ) -
j=3 j=3
(A, -
2-(ng3—1)4+2-max{0;n, 3—2 Lopj—
= 32 . 320 3= D+2-max{0n. 3 }_n(pj J -(pj—l))‘
j=3
np 1
. np.p, —
gmax{0inL 32} jL” -1, 4.167)
j=3
so that relation (4.166) is also true. |

From (4.165) we see that the number of ZF 5-PPs is equal to 0 if L is 24 or 72
times a product of prime numbers greater than five, each of them to the power of 1.

nr
nLAp]-

Theorem 4.54 [f2| L,3 | Land4{Land5 | L,i.e. L =2-3"3.5"5. npj ,

j=4
withnp 3> 1,np 5> 1, p; > SandnL,,,j > 1,Vj =4, ny, the number of ZF 5-PPs
will be equal to:

CLs_ppszr=38- 32-(nLA3—1)+2-max{0;nL.3—2} . 54~(11L,5—1),
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nr

4(nLp;—1D
pi T (b= )
j=4
nr
3max{0;n,_'3—2} . Smax{O;nLj—Z} . 1_[ p:lﬂpl_l 1 (4168)

j=4

Proof The proof for Theorem 4.54 is similar to that of Theorem 4.51, by replacing
L by L/2. Thus, the number of ZF 5-PPs will be equal to:

I ng.,.—1
CLs—pps.zr =837 5msl. H (l’j“j ~(pj — 1)>.

j=4
nr nL
j= i=
. _ _ L an -1
gmax{0in. 32} gnis—l P
J
j=4
3max{();nLv3—2} . Smax{();nL.5—2} . ln—L[ nL,pj—l _1 —
pPj =
j:
Dm0 1 et 1 4, —D)
—-8.3 (nz3—1)+2-max{0;n 3-2} 3 (nps—1) | Hpj J . (pj -1
j=4
v (0 _ ax {0 _ “ nyp;—1
gmax{O;n; =2} | gmax{O;nz s—2} A | (4.169)
J

From (4.168) we see that the number of ZF 5-PPs is 0 if L is 30, 90, 150, or 450
times a product of prime numbers greater than 5, each of them to the power of 1.

ny
Theorem 4.55 If31L,5| Land8 | L,ie. L =2"2.5" [ p;"", withny» >

j=3
3ns5>1,p;>5 andnL”,,/ > 1,Vj = 3, ny, the number of ZF 5-PPs will be equal
to:
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ng
4(np, 1)
dny o— 4. 1 .
Crs—ppszp = 2270, 54—, 1_[ (pj Y (p - 1))
j=3

J

ny
. npp;—1
2nL,2—3 . SmaX[O,nL,5—2} . | | p L.pj -1 (4170)
j=3

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of
possible combinations for coefficient ¢; is equal to ®(L) = 2":27!. 4. 5ms=1.

nr
-1
p7L"”-f -(p;j — 1) |, the number of even or odd coefficients g, and g3, respec-
J J b
j=3

np

ng ,.—1 .
tively, is equal to ona=2  ghs—l 1—[ pibvz /, the number of even or odd coefficients
j=3
np
. npa—4 gnps—1 nLp; =l
q4 is equal to 2277 . 57T 1_[ P, , and the number of even or odd coeffi-
j=3
1t ng ,.—1
cients gs is equal to 2"z2~4 . smax{0ins =2}, l_[ ij'"’ ifny » > 4, out of which one
j=3
I ny ,.—1
value is zero. If ny , = 3, there are 2 - 5msh, 1_[ ij"’ coefficients ¢, and g3,
j=3

nr
npp.—1 .
respectively, all of them even, 5=l l_[ p jL'”" coefficients ¢4, all of them even,

j=3
nr
max{0;ny 5s—2} nL"’j_l : : .
and 5 LSTEL 1_[ P, coefficients gs, all of them even, out of which one is
j=3

zero. Therefore, if ny » > 4, the number of ZF 5-PPs will be equal to:

2 npp. —1
Crs—ppszr =2-2"271 4. 5ms71, l_[ <pj T (pj - 1)>.
j=3

nr

ny
—1 ng. . —1
npa—2  gnps—1 | | "Lpj . npa—4  gnps—1 | | | Lopj
i—3 i=3

nr

2nL,2—2 . SnLj—l . 1_[ p’?L.pj_l

J
j=3



4.6 Determining the Number of True Different Permutation ... 173

nr
”Lp,*l

2nL_274 . SmaX{O;nLysfz} . .
J

—1|+
Jj=3

np
n,‘,pj—l

+ 2n,"2—2 . 5;11‘,5—1 . pj
j=3

nep; =1

np
2nL,2—4 . SmaX{O;I’le—Z} . 1_[ pj —
j=3

np
4-(np . —1

j=3
. 't n ,,,.71
23 gm0 T p 0 - (4.171)
Jj=3

If ny » = 3, the number of ZF 5-PPs will be equal to:

L n _,,.—1
Crs—ppszr =445 l_[ <ij T (pj— 1)>.

Jj=3
- n 1 I n 1
— L.p;— — L.p;—
2.5”L-5'.l_[pj i . 2.5nL.s'.l_[pj i
=3 =3

nr nr 1
5nL,571 . l—[ p;lLvF/'71 . Smax{O;nLjfZ} . l—[ p;lLvFii —1l =
i—3 i=3

4-(np,1—1) 2 4nep;=1)
=645 | p, (P =D

j=3

np

P 4.172)

max{0;ny s—2}
5 J

j=3

so that relation (4.171) is also true. |

From (4.170) we see that the number of ZF 5-PPs is equal to O if L is 40 or 200
times a product of prime numbers greater than five, each of them to the power of 1.
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nr
NL.pj

Theorem 4.56 [f3| L, 4|L,5|L and 81L, i.e. L =4.3"3.5">. Hpj ,
j=4

withnp 3> L,ngs>1,p; >5 andnL,p,. > 1,VYj = 4, ny, the number of ZF 5-PPs
will be equal to:

CL S_ppszZF = 16 - 32-(nL,371)+2~max{0;nL_372} . 54~(nL1571).

It 4e(np . —1)
-H(p,- ~<p,-—1>)-

j=4

J

3max{0;nL‘3—2} . Smax{O;nL_5—2} . HprL,p,-—l 1 (4173)
j=4

Proof The proof for Theorem 4.56 is similar to that of Theorem 4.51, by replacing
L with L/4 and multiplying the number of coefficients g; by 2. The number of ZF
5-PPs will be equal to:

- ngp;—1
Crs—ppszr = 163371 571 1_[ (ij T (pj— 1)).

Jj=

nr .
gnea—l | gas—l RLpj—

J
Jj=4
nrp 1
max{O;ny 3—2}  gnps—1 | MLopj T
3 5 ;
j=4
ng )
. _ _ ., —
3max{0,nL_3 2} . 5nLs 1, l_lp] rj
j=
nr
3max{0;n,_,372} . 5max{0;n,_,572} . :L,p/*l 1l =
j=4

nr
= 16 3% (s bzmaxiOns 2], 5=l T <Pj'("L”’f1) (pj — 1)).

Jj=
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n

3max{0;nL_372} . Smax{O;nL;fZ} . nLp;—l

J

-1 (4.174)
j=4

From (4.173) we see that the number of ZF 5-PPs is equal to 0 if L is 60, 180,
300, or 900 times a product of prime numbers greater than 5, each of them to the
power of 1.

np
Theorem 4.57 If3 | L,5|Land8 | L, i.e. L = 2" .3"3.5"5. ]_[ p';“”f, with
j=4
npo>3,np3>1,nps>1,p;>5Sandny ;. > 1,Vj =4,n, the number of ZF
5-PPs will be equal to:

Crs5_pps.zp = 24275 . 32 (= DF2max{0ing 5 =2} g4-(ns=1),

L 4e(ng . —1)
'H(p,- : ~<p,~—1))-

j=4

ng
2nL_2—3 . 3max{0;nL_3—2} . Smax[();nLj—z} . ’fL-pj_]
J
j=4

—-1]. (4.175)

Proof From cases ZF1. (b) and ZF2 at the beginning of Sect.4.6, the number of
possible combinations for coefficient ¢; is equal to 22271 . 2. 3ma=1 . 4. 5mes=1,

I npp;—1
1_[ (ij' T (pj— l)), the number of even or odd coefficients ¢, is equal to

j=4
nr 1
ng p.— .
pne2=2 sl gns=l 1_[ ij 7" and the number of even or odd coefficients g3
j=4
np 1
. _ . _ _ npp.—
is equal to 2"c272 . 3max{0nes=2}  guis=l, l_[ ij """, The number of even or odd
j=4
- ng . —1
coefficients g4 is equal to 22 =4 . 3max{0nes=2}  gnis=1 l_[ ij'”’ ifnp,>4.1f
j=4
np 1
. . . _ _ nr.p.—
ny.» = 3,the number of coefficients ¢4 is equal to 3m(0nea=2} . gues—1 . 1_[ ij S
j=4

all of them even. The number of even or odd coefficients g5 is equal to 2274
nL
. . L.
gmax{Oing 3=2)  gmax{0;n; 5=2} ;L"’ ifn,, > 4.1fny , = 3, the number of coef-

j=4
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np
. . npp.—1
ficients g5 is equal to 3ma{(%n2.3=2} | gmax{Oing 5=2} 1_[ ij "~ all of them even, out
j=4

of which one is zero. By removing the value g5 = 0, if n; » > 4, the number of ZF
5-PPs will be equal to:

CrLs ppszr =2-8.2mal . gna=l gmus=l,

nr

ny
npp;—1 ,—2 -1 1 npp —1
TI(r ™ =) (2 s T
j=4 j=4
ng
2nL'2—4 . 3max{0;nL_3—2} . SnL'5_l . r_lL"’/_l
J

j=4

nr

2”L.2_2 . 3max{0;nL,3—2} . SnLys—l . p;L,P,f*l

j=4

nr
2nL1274 . 3max{0;nL‘372} . Smax{O;nLAs—Z} . 1_[ p;lL.Pj_l I
Jj=
nr
4 2nL_2—2 . 3max[0;nL'3—2} . 511L,5—1 . 1_[ p’;L.pj_l
j=
nr
2nL_274 . 3max{0;n,_,372} . 5max{0;n,~1572} . p'fL,pjfl _
J
j=4
— 24-nL,2—5 . 32-(nL_3—l)+2<max{0;nL‘3—2] . 54-(nLv5—l)'
nr
4-(np,p.—1)
T (1’1 bopi— 1))'
Jj=
ng
. . ng ., —1
2nL.2—3 . 3max{0,nLA3—2} . Smax{O,nLA5—2] . 1_[ ij Pj -1 (4176)
j=4

If nyp » = 3, the number of ZF 5-PPs will be equal to:
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- np . —1
Crs—pps.zr =843 5ms7l, l_[ (ij,] ~(pj — 1)>.
j=4

ny
—1
cRnps—1 nL<5—l.1_[ ML.pj
2.3 5 P,
j=

ng
—1
Cqmax{0;n,3-2} | gnps—1 ML.pj
2.3 5 | |pj
j=4

ng
—1
max{0;ny 3—2}  snps—1 | "L.pj
3 5 ;
j=4

nr
3max{0;nL_372} . Smax{O;nL;fZ} . ZL‘”_/71 -1
j=4

=128 - 32~(nL'3—1)+2-max{0;nL‘3—2} . 54-(nL'5—1).

re (g, —D)
-H(p,- o -<pj—1))-

j=4
nr
3max{0;nLA372} . Smax{O;nLA572} . l_[ p;“‘«l’jil -1 , (4177)
j=4
so that relation (4.176) is also true. |

From (4.175) we see that the number of ZF 5-PPs is equal to O if L is 120, 360,
600, or 1800 times a product of prime numbers greater than five, each of them to the
power of 1.

From Theorems 4.42-4.57 above, we conclude that the number of ZF 5-PPs is
equal to O if the interleaver length L is of the form:

nr
n n n n 2
L =2"2 . 303 . 51Ls -Hpj,nL,2=0,3,nL,3= ,2,n.5=0,2,
j=4

Such lengths have to be avoided in designing 5-PP-based interleavers under Zhao
and Fan sufficient conditions. We notice that the LTE standard (3GPP 2008) contains
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28 lengths (of the form (4.178) with ny » = 3) for which there are no 5-PPs under
Zhao and Fan sufficient conditions, viz. the lengths 40, 56, 72, 88, 104, 120, 136,
152, 168, 184, 200, 232, 248, 264, 280, 296, 312, 328, 344, 360, 376, 408, 424, 440,
456, 472, 488, and 504.

We compared the total number of true different 5-PPs obtained with the algoritm
from Sect. 4.7 for all lengths from the LTE standard with the number of true different
ZF 5-PPs. Figure 4.3 shows the ratio (in percentage) between the number of true
different ZF 5-PPs and the number of all true different 5-PPs, for all the 188 lengths
of the LTE standard. We note that for 8 of the 188 lengths the number of all true
different 5-PPs is zero (i.e. there are no true different 5-PPs for these lengths, namely
40, 88, 120, 248, 264, 328, 440, and 488) and thus the percentage is 100%. For 31
from the 188 lengths (from which 8 lengths are those mentioned above), the Zhao
and Fan sufficient conditions are also necessary (i.e. this percentage is 100%). For
other 20 lengths, this percentage is 0% (i.e. there are no true 5-PPs under Zhao and
Fan sufficient conditions, but there are true different 5-PPs, for these lengths) and
for the other 137 lengths, the percentage is less than 20%.

In the following, we give two examples with related comments for the most
comprehensive case, i.e. for Theorem 4.57. The examples provide information about
all the values the coefficients of polynomials of degree 5 can take, so that they are
5-PPs modulo the considered length.

Example 4.4 (Example 1 for Theorem 4.57) Let the interleaver length be L =
25200 = 2*.3%.52.7. According to (4.175), the number of ZF 5-PPs will be equal
to:

C25200,5—PPs,ZF — 24~475 . 32~(271)+2~max{0;272} X 54~(271) X 74~(171) . (7 _ 1)

.(24—3 . 3max{0;2—2} . 5max{0;2—2} . 71—1 _ 1) —
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=(2048-9-625-1-6)-(2-1-1-1—1) =69120000.

Since 1800 | L, it is required that g5 < L/120 = 210, g4 < L/24 = 1050, g3 <
L/6 = 4200 and ¢, < L/2 = 12600. Coefficients gs, g4, g3 and g, have to be mul-
tiples of 3.5 -7 = 105, and coefficient g; has to be relatively prime with 25200.
Moreover, the coefficients ¢s and g3 have to meet the condition that the sum
gs + g3 be even and the coefficients g4 and ¢, have to meet the condition that the
sum g4 + ¢g» be even. Therefore, the pair of coefficients (gs, g3) can take the val-
ues (105, 105), (105, 315), (105, 525), ..., (105, 4095) (20 pairs with both coef-
ficients odd), and the pair of coefficients (g4, ¢2) can take the values (105, 105),
(105, 315), (105, 425), ..., (105, 12495), (315, 105), (315, 315), (315,425), ...,
(315, 12495), (525, 105), (525, 315), (525, 425), ..., (525, 12495), (735, 105),
(735, 315), (735, 425), ..., (735, 12495), (945, 105), (945, 315), (945, 425), ...,
(945, 12495) (5 - 60 = 300 pairs with both coefficients odd) and (0, 0), (0, 210),
(0,420), ..., (0,12390), (210,0), (210, 210), (210,420), ..., (210, 12390),
(420, 0), (420, 210), (420, 420), . . ., (420, 12390), (630, 0), (630, 210), (630, 420),
..., (630, 12390), (840, 0), (840, 210), (840, 420), . .., (840, 12390), (5 - 60 = 300

pairs with both coefficients even), i.e. a total of 600 pairs. Coefficient g; can take

1 2 4 6
®(25200) = 25200 - 335 7= 5760 values. The total number of ZF 5-PPs is

equal to 20 - 600 - 5760 = 69120000, just the number we found by the formula we
determined. ]

Example 4.5 (Example 2 for Theorem 4.57) Let the interleaver length be L =
2400 = 2° - 3 - 5%, According to (4.175), the number of ZF 5-PPs will be equal to:

4.5-5 22-(1-1)+2-max{0;1-2 4.2—1
C2400,5-PPs,zF = 2 . 32:(=D+2max{0;1-2}  54-2=1),

.(25—3 . 3max{0;1—2} . 5max{0;2—2} _ 1) —

=32768-1-625-(4-1-1—1) = 61440000.

In this case, since 9 1 L and 600 | L, it is required that g5 < L/40 = 60, ¢4 <
L/8 =300, g3 < L/2 =1200 and ¢, < L/2 = 1200. Coefficients ¢s, g4, g3 and
g> have to be multiples of 3 - 5 = 15. The other conditions coefficients gs, g4, g3
and ¢, have to meet are the same as those for L = 25200 (in Example 4.4), and
coefficient ¢g; has to be relatively prime with 2400. Therefore, the pair of coef-
ficients (gs, g3) can take the values (15, 15), (15,45), (15,75), ..., (15, 1185),
(45, 15), (45, 45), (45,75), ..., (45, 1185) (2 - 40 = 80 pairs with both coefficients
odd) and (30, 0), (30, 30), (30, 60), ... (30, 1170) (40 pairs with both coefficients
even), i.e. a total of 120 pairs. The pair of coefficients (g4, g») can take the val-
ues (15, 15), (15,45), (15,75), ..., (15, 1185), (45, 15), (45, 45), (45,75), ...,
(45, 1185), (75, 15), (75, 45), (75,75), ..., (75, 1185), ..., (285, 15), (285, 45),
(285,75), ..., (285, 1185) (10 - 40 = 400 pairs with both coefficients odd) and
(0, 0), (0, 30), (0, 60), ..., (0,1170), (30, 0), (30, 30), (30, 60), ..., (30, 1170),
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(60, 0), (60, 30), (60, 60), ..., (60, 1170), (90,0), (90, 30), (90, 60), ..., (90,
1170), ..., (270, 0), (270, 30), (270, 60), ..., (270, 1170) (10 -40 = 400 pairs

with both coefficients even), i.e. a total of 800 pairs. Coefficient g; can take

1 2 4
®(2400) = 2400 - 235 = 640 values. The total number of ZF 5-PPs is equal

to 120 - 800 - 640 = 61440000, just the number we found by the formula we deter-
mined.

‘We note that the equivalence conditions for 5-PPs in this case are: g5 < L/120 =
20, q4 < L/24 =100, g3 < L/6 =400 and ¢, < L/2 = 1200. We note that every
ZF 5-PP having coefficient gs > 20 (i.e. 30 or 45) and/or coefficient g4 > 100
and/or coefficient g3 > 400 and/or coefficient g, > 1200 has a equivalent 5-PP
having coefficients gs < 20, g4 < 100, g3 < 400, and ¢, < 1200. For example,
ZFE5-PP1-x+0-x241185-x3 4270 - x* 445 - x> (mod 2400) is equivalent
to 5-PP 1041 - x 4200 - x> + 185 - x> +70 - x* +5 - x> (mod 2400) only by NP
2(x) = 1040 - x 4200 - x2 4+ 1400 - x> 4+ 2200 - x* + 2360 - x> (mod 2400). This
NP is not a ZF NP since 3 t 2360, 3 1 2200, 3 1 1400, and 3 1 200. |

4.7 Determining the Number of True Different
Permutation Polynomials of Degrees up to Five by
Weng and Dong Algorithm

Section 3.11 presents an algorithm from Weng and Dong (2008) for getting all PPs
of degrees up to five over Z, . It was derived on the base of normalized PPs given
in Dickson (1896), Theorems 3.8 and 3.7, Propositions 3.12 and 3.13 and on the
Chinese Remainder Theorem (Theorem 3.49).

We recall that if we consider ¢ = 0 and 7(x) any normalized PP from Table 3.7,
from Proposition 3.12 all PPs (mod p) of degree d (d < 5) are obtained with formula
am(x + b) foralla # 0,b € Z,, when p { d. When p | d, from Proposition 3.13 all
PPs (mod p) of degree d (d < 5) are obtained with formula a7 (x) for all a € Z;‘).
We recall that for primes 2, 3 or 5, Table 3.4 provides all PPs of degree smaller than
or equal to 5 modulo 2, 3 or 5. Further we consider the PPs obtained above where
7(x) is any normalized PP given in Table 3.8. To obtain all PPs (mod p”"t») with
nr,, > 1, wehave to add to the previously obtained PPs a polynomial p - p(x), where
p(x) is any polynomial over Z .. ,-1. This means that each coefficient of p(x) can
take p™+»~! different values. Then, for p(x) a polynomial of degree d, the number
of all different polynomials p(x) is pe.r=D,

The considerations above can be used to determine the number of all PPs of any
degree from one to five over Z; by means of the normalized PPs given in Tables
3.7 and 3.8, for p > 5. For p =2, p =3 and p =5 we can use the coefficient
conditions in Table 3.4. Tables 3.7 and 3.8 and the coefficient conditions in Table 3.4
are particularized for degrees up to five for every prime p. The numbers of PPs of
degrees d from one to five over Z, that permute Z ., denoted by C), 4 pps, With
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Table 4.5 Number of true different 5-PP-based interleavers under Zhao and Fan sufficient condi-

tions
Case Decomposition of L CL5-PPs.ZF Theorems
"L th (A -
@ L= l_[ p; . pj>5and CrL5-pPps,zF = H p; <442
j=1 j=1
nL,p‘Zl,VjZI,nL nL np.,, —1
' =) ([Ir, "™ -1
j=I1
nLpj nL 4-(ng, »j —-1)
@) =2 H p; '.pj>5and Crsprszr=]] p; - 443
: i3
n ’p.zl,V]_Z,nL ML -l
! pj—1)>~(]_[pj i —l)
Jj=2
n i ML.pj
3) L=3"w[]p; " nes=1, | CLs ppszr= 444
j=2 2. 32<(nL_3—1)+2-max(0;nL,3—2] .
i>5andng . > 1,¥j =201 | 15 ( +Grp,—D
P =t [1(e, """ -1)-
j=2
max{0;n; 3—2} nL ng.p; =1
3 nL3—2} l_[pj i
Jj=
nr
(4) L:4~l—[p’;L>pj,pj > 5and CLS PPs,ZF = 4.45
i 4(np p.—
npp; =2 LVj=2ng 2 1—[( ! '(pf71)>'
"L -1
(1)
j=2
nr
(5 L=5"5. 1_[ P;Lﬁpi ,nps =1, Crs—pps,zF =4~ s*0s=D . 4.46
; ny
= 4G, —1)
pj>Sandngp, > 1,Vj=2,ng H(pj ’(Pj_l))‘
j=2
. L npp;—1
Smax(O,nL'5—2) . l_[ pj J —1
j=2
n - L.pj
(6) L=2.3"2. l_[ rj s CL5-pPps,zF = 4.47
j=3 2. 320 3=D+2:max{0;nr 32} |
nps =1, e A, D
pj>5Sandng p > 1,Vj=3ng l_[(l’j ’ '(Pj—1)>'
j=3
<3max(0:nL,3 2} l_[ MLop T 1)

(continued)
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Table 4.5 (continued)
Case Decomposition of L CL5-PPs,ZF Theorems
nr
nLp; (npa—
(7) L =2"2. l_[ p; Yionpa >3, gf,S—PPs,ZF =24 (m2=2) . 4.48
j=2 411, —1)
pj>5andng p, =1,¥j=2,nL 1_[2<pj '(pj_1)>'
j=
np
<2ﬂL,2—3 . l—[ nLApjfl _ 1)
Pj
Jj=2
n
®) L=2.55 ][ p,"". CrLs_ppszr =4 505D 4.49
j=3 ML Ay, —1)
nps>1, l_[(pj K ‘(Pj_1)>‘
pj>Sandnp > 1LVj=3,ng | j=3
ny
max{0;ny, 532} nLp; =1 _
(5 L,53 J 1
j=3
3
&) L=4.3"3. 1_[ P?L.pjy Crs-pps,zF = 4.50
=3 4. 32<(nL_371)+2~max(0;nL'372} X
np3>1, (L 4, 1)
pj>Sandng , > 1,Vj=3n, I1 <pj T (py - U) :
j=3
np
<3max(0;nL,3—2} . 'f""’jil _ 1)
J
j=3
ny
(10) L =335, 1_[ P, CL5-PpPs,zF = 451
J : ’ .
e g . 32:(nz 3= D+2max{Oing 3-2) .
np3>1l,nps>1,p; >5and S5 l"_L[ i =1 (p; —
npp, = LYj=3n, LL\7; pj
Jj=3
])) . <3ﬂL,3—2 . 5""'5_2 .
ny
[1 P;L'”’_l - 1)
j=3
nr
(11) L=4.5"5. 1_[ P;Lypjs CrLs_pps.zr =8-5%@Ls=D. 4.52
j=3 e dp,, D)
nps =1, [1 (pj BV 1)> ‘
p_,~>5andnL,,,j >1,Vj=3,ng | j=3 .
L
max{0;ng 5—2} nl“l’.’71 _
e )
Jj=3

(continued)
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Table 4.5 (continued)
Case Decomposition of L CL5-PPs,ZF Theorems
nr
(12) | L=22.3m [, CLs—pPs.zF =
=3 24-nL,277 . 32-(nL'371)+2-max(0;nL'372} X
npp>3,np3>1,p; >5and i (A —1) |
npp; = LVj=3nL l_[3 Pj “pj=1)-
j=
(2nL12—3 . 3max{0;nL43—2] .
ng
”L,pj_]
Pj - 1)
j=3
nL
(13) L=2.3"3.5"5. 1_[ pr;L’p", CL5-pPps,zF = 4.54
j=4 ’ 8 . 32 3= D+2-max{0;np 3-2} |
ny
nLs3 = l,nL’5 >1, pj > 5 and 54‘(nL,5*1) . - 4<(nL.I’j_1) .
npp; = LVj=4nL L17)
j=4
(pj _ 1)) . (Smax[O;nLg—Z) .
max{0;ny 5—2} tk npp;—l1
smlOmLs=2 T p, " 1
j=4
nr
(14) | L=2m2.5ms T p"", CLs_pps.zr = 2¥1276. 455
j=3 i T 4D
npo>3,n.5>1,p;j>5and 5+ D'H(Pj " “(pj —
npp; =2 1LVj=3ng j=3
1)> . <2nL_273 . Smax{O;nL1572} .
nL n 1
L.pj*
pj - 1)
Jj=3
nL
(15) | L=4-32.55 [[p)"". | CLs—prszr = 4.56
=4 16 - 32-(11L13—1)+2»max[0;nL13—2} .
np3>1,nps>1,p; >5and - l"_L[ 4(npp;—D) i —
nLp; = LVj=4%n; LI\Ps bi
j=
1)> . <3max(0;nL'372} A
Ons—2) T 0!
gmax{0ing, 5 i 1_[ pj J 1
j=4
(16) L =2"2 .33 505, CL5-pPs.zF =

nr,
[1»
j=4

np2>3,np3>1nps>1,

pj > SandnL,p]. >1,Vj=4,np

nL.p;
j 5

24-)‘1[“275 . 32-(nL,371)+2-max{0;nL,372) 3

b sty T A0Lp—D

54(s—1) l_[ P; (pj —
j=4

1)) . <2nLv2—3 3 3max{0;nL13—2] .

n

L
Smax{O;nL_572} . 1_[ p'fL’l’j_1 _ 1)
J

j=
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Table 4.6 The number of all LPPs and QPPs over Z, that permute Z pLp withng , > 1

p npp =1 npp > 1

Cp.LPPs Cp,opPPs Cp.LPPs Cp.opPps
2 1 2 1 1
p>2 p—1 p—1 p—1 p—1

Table 4.7 The number of all CPPs and 4-PPs over Z, that permute Z PP withng , > 1

p npp=1 npp > 1

Cp.cPps Cpa—pps Cp.cPps Cpa—pPps
2 4 8 1 2
3 6 18 4 4
5 24 24 4 4
7 6 90 6 6
1 (mod 3), p—1 p—1 p—1 p—1
p>1
2 (mod 3), pr—1 p*—1 p—1 p—1
p>5

np.p =1orng, > 1, are given in Tables 4.6, 4.7 and 4.8 (Trifina and Tarniceriu
2018a). In these tables and in the algorithm from this section, by 1-PPs, 2-PPs and
3-PPs, we mean LPPs, QPPs and CPPs, respectively. In the following, we give an
example to show the computing of the value C,, 4_pps, when p =7 andd = 5.

Example 4.6 For p = 7, the normalized PPs of degree up to five are all normalized
PPs from Table 3.7, except those for p # 1 (mod 3) from the second line, and for
p = 13 from the last line.

From the normalized PP 7(x) = x, six 5-PPs result, namely the PPs of the form
a-x,VYa eZ;3.

As only 3, 5 and 6 are not square numbers in Zs, it results that 17 normal-
ized PPs remain, viz. x* + 3x2, x* —3x2, x°, x4+ 2x2, x° = 2x2, ¥+ ax +
x2 4+ 3a2x, witha € {3,5,6}, x> + ax? — x2 4+ 3a2x, witha € {3,5,6},and x> +
ax’ + 5 'a%x, witha € Z5. Each normalized PP 7(x) from the previous 17, leads
to 6 - 7 = 42 PPs, namely the PPs aw(x + b), Ya # 0, b € Z;. Totally, the 17 nor-
malized PPs lead to 17 - 6 - 7 = 714 5-PPs over Z.

Thus, overall, we have 714 4+ 6 = 720 5-PPs over Z.

To obtain the 5-PPs over Z; that permute Z;»..7, withny 7 > 1, we have to take into
account only the normalized PPs from Table 3.8, i.e. one normalized PP of degree
one (7(x) = x) and six normalized PPs of degree five (7(x) = x> + ax’® + 5 'a’x,
with o € Z3). They leadto 6 + 6 - 6 - 7 = 258 5-PPs. |

To determine the number of different PPs using the considerations above, we
have to take into account the equivalence conditions between PPs. These equivalence
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Table 4.8 The number of all 5-PPs over Z, that permute Z pLp

withnz , > 1

p npp=1 npp > 1
Cp5-pPpPs Cp5—pPps

2 16 4

3 54 16

5 120 56

7 720 258

13 2976 1884

1 (mod 15) p—1 p—1

11 (mod 15) pr—1 p—1

7 (mod 15) or P-p*+p-—1 pPP=2pt+2p—1

13 (mod 15)

2 (mod 15) or -1 p=2pr+2p—1

8 (mod 15)

4 (mod 15) pr—1 p—1

14 (mod 15) (p—D@2p+1) p—1

conditions were given in Theorem 4.8 in terms of NPs of any degree. Particular results
for QNPs and CNPs were given in Theorems 4.4 and 4.6, respectively.
According to Sect. 4.6, for 7(x) given in (3.1), we can consider only those coef-
ficients of different PPs for which ¢, < ; Vk =2,...,d. Then, we can
gced(k!, L)
obtain the number of different PPs of any degree d < 5, by dividing the number of
d

all PPs obtained with the above algorithm by the quantity l_[ gcd(k!, L).

Taking into account the equivalence conditions for QPIk’s 2from Theorem 4.4, for
CPPs from Theorem 4.6, and for 4-PPs and 5-PPs from Sect.4.6, a PP of degree
d <5, with the coefficient of the maximum degree term g, = ; < L, can

ged(d!, L)
be reduced to a PP of degree smaller than d. We remark that there are no NPs of
degree one, so that LPPs cannot be further reduced and thus, the number of true
different LPPs is equal to the number of different LPPs. The number of true different
PPs of a certain degree d, with 2 < d <5, is obtained by subtracting the number
of true different PPs of degrees smaller than d from the number of different PPs of
degree d.

Below, we give the algorithm for determining the number of all true different PPs
of any degree from one to five (Trifina and Tarniceriu 2018a).

1. Factor the interleaver length as

nry npi+ng

L=[]p- ] p™ (4.179)
k=1

k=np;+1
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whereny , > 1,Yk=np; +1,...,np, +npy,ny; > 0is the number of primes
at the power of one from the decomposition of L, ny, > 01is the number of primes
at power greater than one from the decomposition of L, and n +np, > 1.

2. According to the previous considerations from this section, compute the number
of all PPs of degree d with formula:

ny npytngy
d-(np , —1
Cr.d-Pprsal = l—[ Cpid—pPps * 1_[ Cppa—rps - (p)""n=D (4.180)
k=1 k=ny, +1

where C,, 4—pps are given in Tables 4.6, 4.7 and 4.8 for every prime type at the
power of one or greater than one and for any degree from one to five. Cj, 4—pps
in the first product from (4.180) is taken from columns with n; , = 1 in Tables
4.6,4.7 and 4.8 and C), 4_pp, in the second product from (4.180) is taken from
columns with n; , > 1 in Tables 4.6, 4.7 and 4.8.

3. Compute the number of different PPs of degree d, for 2 < d < 5, with formula:

CrL.a—pPs,al
d

]_[ ged(k!, L)

k=2

Cr a—pps,diff = (4.181)

4. Compute the number of true different PPs of degree d, for2 < d < 5, with recur-
sive formula:

d—1

Cra—pPs,wue difi = CL,d—pPps,dift — E CL - P Ps,true diffs (4.182)
k=1

where Cp 1_pps. e ditt = CL,1-PPps,all-

Reference (Number of 1-5-PPs 2016) is a link to a file where we posted the
number of true different LPPs, QPPs, CPPs, 4-PPs and 5-PPs, for any interleaver
length L < 100000, using the above algorithm.

Using the algorithm from this section we can determine the number of true differ-
ent ZF PPs for arbitrary degree d of PPs (Trifina and Tarniceriu 2018b). We denote
by Cp,.a—pprs,zr the values used in formula (4.180) in this case. To find the values
for Cp, 4—pps,zr» depending on the degree d of PPs, we consider the coefficient
conditions from Table 3.6.

For p =2 and n; , = 1 the conditionis (g + g2 + - - - + q4) # 0 (mod 2). It is
fulfilled for 2¢ /2 = 29~ combinations of coefficients (g1, g2, . . . , qa).

For p =2 and n; , > 1 the conditions are g; # 0 (mod 2), (g2 + g4 + g6 +
-++) =0 (mod 2) and (g3 + g5 + g7+ ---) = 0 (mod 2).

The condition ¢; # 0 (mod 2), with gq; € Z,, is fulfilled only for g; = 1.

For the other two conditions we consider the cases when the degree d is odd and
even, respectively.
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Table 4.9 The number of d-PPs (d > 3) under Zhao and Fan sufficient conditions over Z, that
permute anw, withny , > 1

)4 npp=1 np.p > 1
Cp.d—PPs,ZF Cp.d—PPs,ZF

2 2d—l 2d—3

p>2 p—1 p—1

For d an odd number (d > 3),i.e.d =2 -k + 1, with k € N*, each of the sums
(g2 +qa+ g6+ ---) and (g3 + gs + g7 + - - - ) contains k coefficients. Thus, each
of the sum is fulfilled for 2¥/2 = 2¢~! combinations of coefficients. It results that
C,,k,d_ppx,zp = 1.2k k=1 = p2%k=2 — 2d73, for d odd.

For d an even number (d > 4), iie. d =2 -k, with k € N, k > 2, the sum
(g2 + q4 + g6 + - - -) contains k coefficients and the sum (g3 + g5 + g7 + - - - ) con-
tains k — 1 coefficients. Thus, the first sum is fulfilled for 2¢/2 = 2¥=! combina-
tions of coefficients and the second sum is fulfilled for 2¥~! /2 = 2%=2 combinations
of coefficients. It results that Cp, 4_ppszr =1 - k=1 k=2 — 92k=3 — 2d=3 for g
even.

For p > 2andn; , > 1 the conditions are g; # 0 (mod p) and g, = g3 =--- =
ga = 0 (mod p). The condition g; # 0 (mod p), with g, € Z,, is fulfilled for p — 1

values. The condition ¢ = g3 = - -+ = g4 = 0 (mod p), withgq; € Z,,Vi = 2,d, is
fulfilled only for g, = g3 = - -- = g4 = 0. Thus, in this case C,, 4_pps,zr = (p —
H-1=p—1.

The values of C,, 4_pps used in formula (4.180) in the case of Zhao and Fan
sufficient conditions are summarized in Table 4.9.

We mention that for LPPs and QPPs, the Zhao and Fan sufficient conditions
become also necessary and, thus, we can use the same values of C, 4_pps; from
Table 4.6.

As we pointed in the beggining of Sect. 4.6 the NPs under Zhao and Fan sufficient
conditions have to fulfill the conditions from Eq. (4.109).

Therefore, the number of NPs of degrees up to d under Zhao and Fan sufficient
d

conditions will not be equal to l_[ ged(k!, N) as used in formula (4.181). In the

k=2
following we obtain the number of NPs of degrees up to d under Zhao and Fan

sufficient conditions. We know that the general form of NPs of degrees up to d is
that from (4.48).

We denote by g the quantity gcd(k!, L), k > 3. Let the prime factorization of g;
be of the form

s
Ngepj .
g = ged(k!, L) = 2"x2 . l_[pj";kp’, withng > 2,n40> 1,ng , > 1,
j=2

and p;, >2,Vj=2,3,...,ng. (4.183)
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We define the truth value function ||x e y||, with e an operator between two
positive integers x and y, as

1, if x e y is true;
llx oyl = { Y (4.184)

0, if x e y is not true.

In the following we will use the function in (4.184) with “equality operator” (==
and “greater than or equal to” operator (>).

Similarly as in the beggining of Section 4.6, if there exists a prime p < d so
that ny, , = ng p, then for NPs under Zhao and Fan sufficient conditions we have
to impose that p | 74, Vk = k', k' + 1, ..., d, where k' is the least integer so that
ng, p = Ny, p. Therefore this prime will reduce the number of NPs of p? K+ times.
If g, is factorized as in (4.183) with k = d, then the number of NPs under Zhao and
Fan sufficient conditions will be equal to

d
[T ecd:, Ly
Curszr = ; (4.185)
l_[(pk q’)(d_karl""l)"‘”,rzd,pk==n,”pk Il
k=2

where k/ is the least integer such that n,, , =ng, .

The quantity from (4.185) must be usedd in formula (4.181) when we compute the
number of true different ZF PPs using the algorithm from this section.

4.8 Determining the Lengths for Which the Number of
True Different PPs of Degree up to Five is Equal to 0

In this section we determine the prime factorization for the lengths for which the
number of true different PPs of degree up to five is equal to O, using the algorithm
from Sect.4.7 (Trifina and Tarniceriu 2018b). Firstly, we obtain below a formula
equivalent to (4.182) which is more convenient for this goal. For d = 2, using (4.181)
in (4.182), we obtain:

Cro—pPpsal

—CL1—Pps 4.186
2cd(2. L) L,1—PPs.all ( )

Cr,0PPs,true diff =

For d = 3, using (4.181) and (4.186) in (4.182), we obtain:

Cr3-pps,al _ Cro—ppsan
ged(2, L) - ged(6, L) ged(2, L)

Cr.cpPps,true diff = (4.187)
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Similarly, for d = 4 and d = 5, we obtain:

CL.4—pPsall _
ged(2, L) - ged(6, L) - ged(24, L)

C1L 4—PPs,true dift =

CL3-pPsal
— - . 4.188
ged(2, L) - ged(6, L) ( )
and
c - CL5-Ppsal _
LamPPs e dit = 0042, L) - ged(6, L) - ged(24, L) - ged(120, L)
CLapps
_ L.4—PPs.all (4.189)
ged(2, L) - ged(6, L) - ged(24, L)
We note that formula
Cra_pps Cr 1) pPs
CL.a—PPsame diff = — LA PRl df’l(d D_PPoal (4.190)
[Jecdk!, L)  []ecd!, L)
k=2 k=2

is valid for each degree d > 2, but we don’t know the quantities C,,, 4—pps and
Cp,,.a—pps in (4.180), as in Tables 4.6, 4.7 and 4.8, for each degree d.

Now, using equations (4.180) and (4.186)—(4.189) and Tables 4.6, 4.7 and 4.8 we
can obtain the lengths for which the number of true different PPs of degree up to five
is equal to O.

Before to proceed, we give in the following a lemma which states a necessary
condition to obtain Cp,_4—p ps. true ditf = 0.

Lemma 4.58 The number of true different PPs of degree d is equal to 0 only

Ch
if np.p, =1 and only if C,, 4—pps = Cp, (a—1)—PpPs OF at most —Pud=PPs
Pk,(d—1)—PPs
gcd(d!, L) for each py | L so that py  gcd(d!, L).
Proof Condition Cy 4 pps e dite = 0 in (4.182) is equivalent to
CL.a—Pps.al
———— =gcd(d!, L), (4.191)

CrL.(@-1)—PPps.all
or taking into account (4.180),

nr, np+ng,

Cp,.d—PPs Cp,,.d—PPs

o - (pa) iV = ged(d!, L),
kot Crn@=n=rps 5 0y Cpagta-n-rps

(4.192)
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Table 4.10 The values 72" ford = 2,3

p.(d—)—PPs
p npp=1 npp>1 npp=1 npp>1
Cp.oPPs Cp.oPPs Cpcpps Cp.cpps
Cp.LPPs Cp.LpPPs Cp.oprps Cp.orps
2 2 1 2 1
3 1 1 3 2
5 1 1 6 1
1 (mod 3), 1 1 1 1
p>5
2 (mod 3), 1 1 p+1 1
p>5
T&:Bli;‘;n The values P npp=1 npp>1
Cp.crps Cpa—pps Cpa—pps
Cp.crps Cp.crps
2 2
3 1
5 1
7 15 1
p>7 1 1

It is clear that Cka,d—PPs > Cplyk,(d—l)—PPs Vk = l,l’lLl, and szvk,d—PPs >
sz_k,(d—l)—PPs’ and (pqu)(nL”’z-“il) > 1 for nL pyy > 1 Vk = ng, + l,I’lLl +nyg,.
Then, if p;; f ged(d!, L) for some k € {np, +1,...,n, +ng,}, Eq.(4.192) can

. Cpy 1. d—PPs
be fulfilled only if 1., =1, and Cpypa-pps = Cpppa—ty-pps OF o2 |

ged(d!, L), and if p; 1 ged(d!, L) for some k € {1,...,n,}, Eq.(4.192) can be
fulfilled only if Cp, . 4—pps = Cpyp.@—1)—pps OF =2 | ged(dl, L). m

T
Cpy 4.(d=1)~PPs

We approach the cases when p; | L and py | ged(d!, L), for degrees of 2 up to 5,
separately in the next subsections. To help in this goal we give in Tables 4.10, 4.11

Cpy y.d—PPs Cpy 4.d—PPs
and 4.12 the values of =2 and 22 ,ford =2,3,4,5.
Cppk.d=1-PPs Cpyp.d=-pPps

4.8.1 Determining the Lengths for Which the Number of
True Different QPPs is Equal to 0

From Table 4.10 we see that the conditions from Lemma 4.58 are fulfilled for each
prime p > 2.
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Table 4.12 The values

Cp5—pPps p nLp =1 nep >
Cpa—pps Cp5-PPs Cp5-pPPs
Cpa—pps Cp.a—PPs

2 2 2

3 3 4

5 5 14

13 248 157

1 (mod 15) 1 1

11 (mod 15) 1 1

7 (mod 15) or P41 pPP—p+1

13 (mod 15),

p>13

2 (mod 15) or (P +p+ pPP-p+l1

8 (mod 15), D/(p+1

p>2

4 (mod 15) p+1 1

14 (mod 15) Cp+1D/(p+1) |1

If gcd(2!, L) = 2 it means that 2 | L. In this case we have two subcases.
C,0pPs
If p = 2andn; , = 1, the condition C;_p ps e airr = O is fulfilled if —227% —
2,LPPs
2, which, as we see in Table 4.10, is true.

C s
If p=2andn, , > 1, the condition Cp_op ps e air = O is fulfilled if —=222% .
2,LPPs
onea—l 2, or, equivalently, 1 - 21e2=b = 2 which is true for npo,=2.
Thus, we conclude that the number of true different QPPs is 0, for the lengths of
the form:

ny
L, prpmenno = 2" [ [ e Withnp o =0.2, pi > 2,Vk =2,n.,  (4.193)
k=2

as it was previously obtained in Eq. (4.56).

4.8.2 Determining the Lengths for Which the Number of
True Different CPPs is Equal to 0

From Table 4.10 we see that the conditions from Lemma 4.58 are fulfilled for primes
Cp.crps
poftype p = 1 (mod 3). Also, if gcd(3!, L) = 6, the condition =222 | gcd (31, L)

p,OPPs
is fulfilled for p = 5.
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If gcd(3!, L) > 1, we have the following cases.
(1) ged(3!,L) =2,ie.2| Land3¢L.

Cocpps
If p = 2andn; , = 1, the condition Cy. ¢ p py e aitr = Ois fulfilled if =222 =
2,0PPs
2, which, as we see in Table 4.10, is true.
C 5
If p=2andn;» > 1, the condition C ¢ p ps. true dise = O is fulfilled if 2CPPs
2,0PPs
onea—l — 2, or, equivalently, 1 - 2m2=1 =2 which is true for npo,=2.
(2) ged(3!, L) =3,ie.2fLand3 | L.
C 5
If p = 3andn, 3 = 1, the condition C; _cp ps ue it = Ois fulfilled if =225 —
3,0PPs
3, which, as we see in Table 4.10, is true.
Cscrps

If p =3andn; 3 > 1, the condition Cy, ¢ p ps. e dite = O is fulfilled if

3,0PPs
3mea—l =3, or, equivalently, 2 - 373=1 = 3 which is not true V np3 > 1.
(3) ged(3!, L) =6,ie.2| Land3 | L.
Since each of the cases when p =2 and ny; € {1, 2}, and when p =3 and
ny.3 = 1 have one solution, we have to consider only the case when n; , > 2
and npi3 > 1.
If np»>2 and ny3 > 1, the condition Cr cpps.iedir =0 is fulfilled if
Ca.cprps omea-l Ci.cprps
Caopps Cs.opps
3m3=1 = 2.3 which is not true V npp>2andVnps>1LIfS|L,nys=1,
Cacrps

.33~ =2.3 or, equivalently, 1.2%271.2.

nro > 2andn; 3 > 1, the condition Cy ¢ pps e aiee = 0 1s fulfilled if

2,0PPs

C 5 C 5 :
o=t Z2CPPS gt Z2CP 5.3 or, equivalently, 1-2M271.2.

Cs.opps Cs.opps
331, 6 =2 .3, which, is also not true V n; » > 2 and V nps3 > 1.

Thus, we conclude that the number of true different CPPs is equal to O for the
lengths of the form:

nr
— L2 3NL3
LCLCFPJ.Iruediff:O =2 3 l_[ Dk
k=3

withn; o =0,2,n,3=0,1, py >3, with py =1 (mod 3), k =3,n, (4.194)

as it was previously obtained in Eq. (4.106).
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4.8.3 Determining the Lengths for Which the Number of
True Different 4-PPs is Equal to 0

From Table 4.11 we see that the conditions from Lemma 4.58 are fulfilled for each
prime p > 7, and for prime p = 5.
If gcd(4!, L) > 1, we have the following cases.

(1) ged(@!, L) =2"2, withny, € {1, 2,3},1.e.2"2 | L.
If p=2 and np, =1, the condition Cp 4_ppsedir =0 is fulfilled if

Cry_
Z2AZPPs 2, which, as we see in Table 4.11, is true.
Cay.cpps
If p=2 and np, € {2, 3}, the condition Cyr 4—pp e dir = O is fulfilled if
Cru_pps
Z247PPs omia=l 22 or, equivalently, 2 - 2"2271 = 2”22 which is true both
Cay.cpps
fornp, =2andnp, = 3.

. . - Coa pps
If p=2andn; , > 3,thecondition Cy, 4—p ps e aisr = 01s fulfilled if —— -

2,CPPs

2"2=1 =23 or, equivalently, 2 - 2":2~! = 23, which is not true V n; » > 3.

(2) ged(4!, L) =3,ie.24Land3 | L.
If p = 3 and npi3= 1, the condition CL,4—PPs,true diff = 0 is fulfilled if
C34_pps . . .
3AzPPs 3, which, as we see in Table 4.11, is true.
Cs.crps
.. ) .. C34_pps
If p =3andn; 3 > 1,thecondition Cy, 4—p ps true gitr = O1s fulfilled if —— -
3,CPPs

3=l = 3 or, equivalently, 1 - 3m.3~1 = 3 which is true for np3=2.

(3) ged(@!, L) =2"2 .3, withny, € {1,2,3},i.e.2"2 | Land 3 | L.
Since each of the above cases have solutions, we have not to consider this case
because it will lead to the same solutions.

Thus, we conclude that the number of true different 4-PPs is equal to O for the
lengths of the form:

ny
n n n
Loy prmenne = 2707 - 3003 570 l_[pkv
k=4

withny; , =0,3,n,3=0,2,n,5=0,1,pr > 7, k=4,n;. (4.195)

4.8.4 Determining the Lengths for Which the Number of
True Different 5-PPs is Equal to 0

From Table 4.12 we see that the conditions from Lemma 4.58 are fulfilled for primes p
of types p = 1 (mod 15) and p = 11 (mod 15). Also, if 8 | gcd(5!, L), the condition
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C,s5_pps . . ..
p,5—PP | gcd(5!, L) is fullfilled for p = 7 and if 20 | ged(5!, L), the condition

Cp.a—pps

Cp5-Pps .

P3P 6cd (5, L) s fullfilled for p = 19.

Cp,4—PPs

If ged(5!, L) > 1, we have the following cases.

(1) ged(5!, L) = 2", withny , € {1,2,3},i.e.22 | L,34 L,and 5 L.

2

3)

“4)

If p=2 and np, =1, the condition Cp s_ppsuuedairr =0 is fulfilled if
Cyrs5_pps . . .
Z237PPs 2, which, as we see in Table 4.12, is true.

Caa-pps N . .
If p=2 and n., € {2, 3}, the condition Cy, 5_pp;sedir = 0 is fulfilled if

Cors_ . L
Z257PPs omia—l 2"L2 or,equivalently, 2 - 2"-2~1 = 2".2_which is true both

Crapps
fornp, =2andng, = 3.
. . .. Cas5_pps
If p =2andn; » > 3,thecondition Cy 5_pps true gite = Ois fulfilled if ——— -
2,4—PPs
2me2=l = 23 or, equivalently, 2 - 222~ = 23, which is is not true V ny » > 3.

If7|L,np7=1,andny » > 3, the condition Cy 5_p ps. true it = O is fulfilled if
Cor5-pps omia-l C75-Pps
Cra—pps Csa_pps
is also not true V ny , > 3.

ged(3!, L) =3,ie.2¢YL,3| L,and5¢t L.
If p=3 and np3=1, the condition Cp5_ppsuuedir =0 is fulfilled if
C35-pps

=23, or, equivalently, 2 - 2”2~ . 8 = 23, which,

= 3, which, as we see in Table 4.12, is true.

C34_pps )

If p = 3andny 3 > 1,thecondition Cy 5_p py ue aifr = Ois fulfilled if —2 "2 .
3,4—PPs

31371 = 3 or, equivalently, 4 - 3":3~! = 3, which is not true V ny 3 > 1.

ged(5!, L) =2"2 .3, withny 5 € {1,2,3},i.e. 2”2 | L,3| L,and 51 L.
Since each of the cases when p =2 and n; » € {1, 2, 3}, and when p = 3 and
ny 3 = 1 have one solution, we have to consider only the case when ny » > 3
andng 3 > 1.

If n,» >3 and ny3 > 1, the condition Cp 5_pp;suedir = 0 is fulfilled if
—Cz’S_PPS L=l —CS’S_PPS L3l =933 o, equivalently, 2 - 2271 . 4.
Crapps C34-pps

3m3=1 =23 .3 whichisnottrueVn;» > 3andVn, 3 > 1.
If7|L,np7=1,n.5>3andn; 3 > 1 the condition

Cr5-pps C35_pps

CL5_ppsueditt =0 is fulfilled if Lpmea=l L3measlh,
c 2,4—PPs C34-pps
ZI27PPs — 3.3, or, equivalently, 2 - 27:2=1 . 4. 3n3=1 . 8 = 23 . 3, which, is
Cs4_pps

alsonottrue Vny, >3 andVny 3 > 1.
ged(5!, L) =5,ie.2¢L,3tL,and5 | L.
If p=5 and nps=1, the condition Cp s5_ppsuuedr =0 is fulfilled if

Css5_pps
Z337PPs 5, which, as we see in Table 4.12, is true.

Cs4-pps



4.8 Determining the Lengths for Which the Number of True Different PPs of Degree ... 195

Css5_pps
If p = Sandny s > 1, thecondition Cr s ppy ue it = Ois fulfilled if —>—27% .
5,4—PPs

5=l = 5, or, equivalently, 14 - 57.5—1 = 5, which is not true V nps> 1.

We do not have to consider the cases of other combinations of prime factors 2, 3,
and 5, as they will lead to the same solutions.

Thus, we conclude that the number of true different 5-PPs is equal to O for the
lengths of the form:

np

Lo, o ppnn =223 .5 T p withng , =0, 3,
L,5—P Ps,true diff=0 i
k=4

np3= 0,1, nps= 0,1, pr > 5, with pr = 1 (mod 15) or

pr = 11 (mod 15), k = 4, ;. (4.196)

4.9 Determining the Lengths for Which the Number of
True Different d-PPs Under Zhao and Fan Sufficient
Conditions is Equal to 0

In this section we determine the prime factorization for the lengths for which the
number of true different PPs of any degree under Zhao and Fan sufficient conditions
is equal to 0, using the algorithm from Sect. 4.7 (Trifina and Tarniceriu 2018b). The
formula analog to (4.190) for the number of true different d — P Ps under Zhao and
Fan sufficient conditions is

ng,
T (Prg) @t D s ==rsl
k=2
CL’d—PPS,ZF,true diff = CL,d—PPS,ZF,all . - B
[]gedk!. L)
k=2
Ngq_
1_[ (Pk.gu 1)(d7k:’*‘)'””ﬁd—1,nk ==nrpl
G-
k=2

—CL (d—1)—PPs.all * (4.197)

d—1

[ ] ecdkt. L)
k=2

Cp,.d—PPs,ZF Cpyi.d—PPs,ZF

and
pii.(d—)—PPs,ZF Cpy i (d=1)—PPss

The values

Table 4.13 .

, for d > 3, are given in
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Table 4.13 The values

> nyp,=1 ny,p > 1
SBIE for g pPs(d = 3) 2 2
p.(d=D)—PPs . Cp.d—pps Cpd—pps
unde.r Zhao and Fan sufficient Cp(d—1)—PPs Cpd—)—PPs
conditions > ifd=3
, 1 > 2,
2 2 .
1, ifd =3.
p>2 1 1

Theorem 4.59 (Lengths for which Cy 4—pps,zF true aif = 0) Let the prime factor-
ization of d! be

na,

n nay, py
dv=2"2 T plie,

k=2
withng > 2, ng1o = 1, nayp, = 1, and?2 < Pr,d! = d,Vk=2,3,...,n4.
(4.198)

Then the number of true different PPs of degree d under Zhao and Fan sufficient
conditions is equal to zero (Cr 4—_pps, zF,mrue dif = 0) if L is of the form

nay ng
__nnL2 L py
LCL,FPP:,ZF,zmdiff:o =2 ’ Prav - 1_[ Pk
k=2 k=ng+1
withO <np, <ngaford >3 and0 <np, <2ford =3,
0< ng p. < ngyp, + 1,2 < Pr.ad < d,Yk =2,3,...,nq, and p; > d,

Vk=ng+1,...,nL. (4.199)

Proof Imposing that Cr. 4—pps. zF e air = 0 in (4.197), we obtain

Mgq_y
1_[ (Prgy )0 s ==ne |
CrL.d—PPs,zF.al _
—P PRI < ged(d!, L) - 5 0
CL’(d—l)—PPs,all 9 ,
l_[(Pk qd)(d*kﬁrl)'””ﬁavpk ==nr pl
k=2

In the following we will analyze the cases when d is a prime number and d is not
a prime number.

(1) d - a prime number
If d is a prime number then the prime factorizations of g;_; and g,/d(I"t.a=!1D
are the same. Further n,, = 1 and &/, = d. Thus we have
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Mga-1

1_[ (pk)(d_kj171)'Hngd,lpk::”L,pkH

k=2 _ 1
Ngq — dUlna==11D
H(pk)(d_k[/]""l)'l‘n_(/d‘pk::ank”

k=2

(4.201)

In this case condition (4.200) becomes

Cra-ppszran _ ged(d!, L)
= Jnea==1)

(4.202)
Cr.(a-1)-PPs,all

Taking into account Eq.(4.180) and the values from Table 4.13, we obtain for
d=3 CL,CPPs,ZF,true aite = 0 if L is of the form

nr
__nnL2 [ NL3 : —_0 0
LCL,CPP:.ZF.truediff:O =2 3 l_[ Pr, withng » =0, 2,
k=3

np3=0,2, pp >3,Vk=3,ng, (4.203)

asin (4.199) for d = 3. The same result was obtained in Eq. (4.124).
Then, if d is a prime number, d > 3, from (4.180) and the values from Table
4.13, (4.202) is equivalent to

npy e, na—1
2.2me 1_[ 1 (o) era ™) = 2% . H P
k=ny, +1 k=2
.d(H”L.dzlH)_(HHL.rI::lH)’ with O < ng[hz < na ., 0 < ”gd,pk < nd!,p“
and2 < pra1 <d,Vk=2,3,...,ng9 — 1. (4.204)

From (4.204) it results that for d a prime number, d > 3, Cr 4—pps.zF.true diff = 0
if L is of the form

ng—1 nr
— nnLo MLpy | gnpa
LCL,(I—PPA,ZFJruediff:O =2 ! l_[ Prar - d l_[ Pk
k=2 k=ngn+1

withO <np, <ng»0=<ny, <ng, +1, and
2<pra<d,VYe=2,3,...,nq—1,0<np4 <2, px >d,
Vk=ngp+1,...,np. (4.205)

Equation (4.205) is the same as (4.199) for d a prime number.
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d - not a prime number

If d is not a prime number then the prime factors from the prime factorization
of g4 are the same as those from the prime factorization of g,_;, possibly with
greater powers of some factors. The maximum powers of the primes py 4 in the
factorization of g4 are ng p,, Yk = 2,3, ..., ng.

If Dk.d! | 94, DPk.d! Td, and naype = ML pes then Ngo_i.pe = Mg pr = L, py and
k/,_, = k.. Thus the term corresponding to factor py 4 in the ratio from the

right hand side of (4.200) is ——. The same observation is valid if pi 41 | g4,
Pk.a!

Pra | d,and ng p —ng p = np p,.

If prarlga, prarld, and ng p, —ngp <npp < nap, then ng  , <

ngd,pk = nL,pkv ||ng,171,pk == nL,pkH = 09 ||ng4,pk == nL,pkH = 17 and k:j = d

Thus the term corresponding to factor py 41 in the ratio from the right hand side

1
of (4.200) is also —.

Dk.d!
If palga and npp >nap, then ng ., <npp, Ng.p <N p,
ng, ;o ==nr pll =0, and ||ngy, ,, ==ny || =0. Thus the term corre-

sponding to factor py 41 in the ratio from the right hand side of (4.200) is equal
to 1.

From those above it results that if d is not a prime number, then (4.200) is
equivalent to

Cr.a— 1
CL,d PPs,ZF,all — ng(d', L) . —
L.(d—1)—PPs.all H(Pk izl (4.206)
k=2
Similarly to (4.204), (4.206) is equivalent to
nay
Ngy.p
np, +ng, 1_[ pk,gé![k
2.mat. H 1 (po)tri= = 2" . ar = ,
k=np,+1 H(pk d!)\lnd!,kaﬂL,pkH
k=2
with 0 < Ng,2 < Nq12, 0< Mg, pe <N pes and 2 < Pr.d! < d,
Vk=2,3,...,nq4. 4.207)

From (4.207) it results that if d is not a prime number, Cr. 4—p ps. zF true ditft = 0
if L is of the form

nq

nr
— N, L. py .
LCL.(I—PPx‘ZF‘Iruediff=0 =2 l_[ P.an l_[ Pk
k=2 k=ng+1
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withO <np> <ng»,0=<ngp <ngp +1, and2 < py o1 < d,
Vk=2,3,....,nq,pr >d,Yk=ng+1,...,n. (4.208)

We note that formula (4.208) is also valid if d is a prime number. Thus the
theorem is proved. n

In the following we will give two examples for the form of L when d is a prime
number and when 4 is not a prime number.

Example 4.7 (Example of L for which C, 11— p ps.zF true ditt = 0) Ford = 11 we have
1 =2%.3*.52.7" . 11!, (4.209)

and CL,ll—PPs,ZF,true gitr = 0 if L is of the form

nr

Ly pmzrmans = 272 - 3108 - 505 a1 T p,
k=6
with0 <n;,<8,0<n,3=<50<n;,5<3,0<n;7<2,
0<npq1 <2, and py > 11,Vk =6,...,n;. (4.210)
|
Example 4.8 (Example of L for which Cp, 12— p ps. zF e ditt = 0) Ford = 12 we have
121=21.3.52.7". 11", (4.211)
and Cp 12— pps.zF e ditf = 0 if L is of the form
ny
| P LR LERE LR LR SN | 7
k=6
with0 <np, <10,0<n;3<6,0<n.5=<3,0<nr7;<2,
0<npi1 <2, and py > 11,Vk =6,...,n,. (4.212)

We note that for d = 4 and d = 5 we obtain the same results as in Eqgs. (4.142)
and (4.178), respectively, i.e.

nr

— HhL2  2NL3
LCL,4—PP5.ZF;truediff:(J =2 3 l_[ Pks
k=3
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withO <np, <3,0<np3<2,

and pp > 3,Vk=3,...,n;. 4.213)
and
nr
LCL.S—PPA,ZF.[ruediﬁ':O = 2”"'2 : 3”"'3 ’ 5”"'5 ’ l_[ pk’
k=4
with 0 = nr» = 3a 0 =< nrs < 2, 0 < nrs < 2,
and py > 5,Vk =4,...,n;. 4.214)
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Chapter 5 ®)
Minimum Distance of Turbo Codes with ek
Permutation Polynomial-Based

Interleavers

5.1 Inverse Permutation Polynomials of a QPP

First, in this section, the necessary and sufficient condition for a QPP to admit at least
one quadratic inverse is given (Ryu and Takeshita 2006). The necessary lemmas and
the main theorems along with their proofs follow the same pattern as in Ryu and
Takeshita (2006).

In the following lemma it is shown that for any QPP there exists at least one
quadratic polynomial that inverts it at three points x = 0, 1, 2. The reason for this
partially inverting polynomial is because it becomes the basis for the quadratic inverse
polynomial if it exists.

Lemma 5.1 Let L be a positive integer and let w(x) = q; - x + ¢» - x> (mod L)
be a QPP. Then there exists at least one quadratic polynomial p(x) =ry-x +1; -
x2 (mod L) that inverts 7(x) at these three points: x =0, 1,2. If L is odd, there is
exactly one quadratic polynomial p(x) = r| - x + ry - x> (mod L) and its coefficients
can be obtained by solving the linear congruences:

r2(q1 + g2)(q1 + 2¢2) (g1 + 392) = (—¢2) (mod L) 5.1

ri(q1 + g2) + ra(q1 + q2)* = 1 (mod L) (5.2)

If L is even, there are exactly two quadratic polynomials py(x) =ry1-x +ri2-
x% (mod L), pr(x) = X +r; -x% (mod L) and the coefficients of the poly-
nomial py(x) =r;1-x+7ri2 -x% (mod L) can be obtained by solving the linear
congruences:

L
12(@1 + 42)(@1 +202)(@1 +3q2) = (—g2) (mod ) (5:3)
ra(qr+ q2) +r12(q + ¢2)* = 1 (mod L) (5.4)
© Springer Nature Singapore Pte Ltd. 2019 203
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After computing coefficients (1,1, r1,2) of the polynomial py (x), coefficients (2,1, 722)
of the polynomial p,(x) can be obtained by ry; = (r;) + L/2) (mod L) and
rap = (r12+ L/2) (mod L).

Proof Let p o the operation of composing functions p and 7. Then p(x) = ry -
x + 7> - x* (mod L) inverts 7(x) at the points: x = 1 and x = 2 if and only if the
following two congruences have at least one solution set (7, 13):

=r-(q1+¢q)+r-(q+q¢)=1(@modL) .

(pom(2) = p(r(2)) = p2q) + 4q2) = (5.6)
=r1-(2q1 +4q2) +712- 2q1 +4q2)*> =2 (mod L) :

It is trivial that p(x) inverts 7(x) at the third point x = 0, because (p o 7)(0) =
p(r(0)) = p(0) = 0 (mod L).
By multiplying (5.5) by (291 + 44») and (5.6) by (g1 + ¢2), we get

- Qqr +442) (g1 + @) + 12 - Qg F4g) - (g1 + @)
= (2q1 +4q>) (mod L) (3.7

r-Qq+4) (g + @) + 12 - Qi F49)* - (1 + ) =
=2-(q1 +¢2) (mod L) (5.8)

By subtracting (5.7) from (5.8), we obtain

r2- Qg1 +4q2) - (g1 +q2) - Qg1 +4q2 —q1 — q2) =
= (291 +2q> — 291 — 4q>) (mod L) &

< 2r2- (g1 +q2) - (g1 +292) - (g1 +3¢2) = (—2q>) (mod L) (5.9)

It can be shown that there exists at least one r; that satisfies (5.9), as follows.
If either 24 L or 4 | L, from Table 3.1, cases 1(b) and (2), it results that for all
p’ssothat p | L,wehave p t ¢y and p | g». Thus p 1 (q1 + ¢2). Therefore ged(g; +

g2, L) = 1. Similarly, since p | (2¢») and p | (3¢g2), we have gcd(q, + 2q», L) = 1
and ged(q; + 3g2, L) = 1. Thus

ged (1 + 92)(q1 +292)(q1 +3g2), L) = 1 (5.10)
Consequently, if 2 1 L,
ged (2(q1 + 2)(q1 +292)(q1 +3g2). L) = 1 (5.11)

andif4 | L,
ged (2(q1 + 92)(q1 + 292)(q1 +3g2), L) =2 (5.12)
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If2| Lor44L,ged(2, L) =2 and, as above

ged ((q1 + ¢2)(q1 + 292) (g1 + 3¢2), p) = 1 (5.13)

for every p’s, with p # 2, so that p | L. Thus

ged (2(q1 + 92)(q1 +292)(q1 +3q2), L) =2 (5.14)

To summarize, from Theorem 57 in Hardy and Wright (1975), if L is an even
number, we have exactly two solution sets, and if L is an odd number we have
exactly one solution set.

When L is an even number, let (ry 1, 7 2) and (7,1, 12,2) be the two solution sets.
Then,

L
ri2(g1 + q2)(q1 + 292)(q1 + 3q2) = (—qz)(mod 5) (5.15)

and rp» = (r12 + L/2) (mod L) according to the same theorem.

When L is an odd number, let (|, r;) be the solution set. Then, according to
Theorem 55 from Hardy and Wright (1975), the congruence (5.9) can be rewritten
as

r2(q1 + q2)(q1 +2¢2)(q1 + 3g2) = (—¢2) (mod L) (5.16)

since ged(2, L) = 1.

After computing r; using (5.16), or (1 2, r22) using (5.15) and Theorem 57 from
Hardy and Wright (1975), we can compute the corresponding r; or (r} 1, 72,1) using
(5.5). Specifically, it can be verified that r, | = (r;,; + L/2) (mod L). Thus, for
a given QPP m(x), we can find at least one quadratic polynomial that inverts the
polynomial 7 (x) at three points: x =0, 1, 2.

It is well known that linear congruences can be efficiently solved by using the
extended Euclidean algorithm. We denote by s* the arithmetic inverse of s modulo
L,i.e. anumber s* so thats - s* = 1 (mod L). The Algorithm 2 provided at the end
of this section can be used to calculate such an inverse. Thus, given ¢; and ¢;, from
(5.1) we compute r,, as follows

r2={(=q2) - [(q1 + ¢2)(q1 + 242)(q1 + 3¢2)]*} (mod L), (5.17)

and then r, as
ri = {[1 = r2(q1 +42)*1 - (g1 + g2)*} (mod L). (5.18)
The congruences (5.3) and (5.4) are similarly solved. |

In the following lemma, it is shown that the polynomials p(x), p;(x), and p,(x)
obtained by solving the congruences (5.1), (5.2), (5.3) and (5.4) are PPs.
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Lemma 5.2 The polynomials p(x), p1(x), and p,(x) obtained in Lemmas.l are
permutation polynomials.

Proof In the proof we will use the obvious fact that, fromu = v (mod L) and K | L
it results ¥ = v (mod K).

Case (a) 21 L

If 2 1 L, for p a prime number so that p | L, we can reduce (5.9) to

2ry-q1-q1-q1 =0 (mod p), (5.19)
since, from Table3.1, g, = 0 (mod p). Thus r, = 0 (mod p), since g; # 0 (mod p)

and then gcd(2-¢q; - q1 - q1, p) = 1,Vpsuchthat p | L.
By multiplying (5.5) by (2¢; + 4g,)? and (5.6) by (g1 + ¢2)> we have

- Qqr +49)% (1 + @) + - Qqy +4q)? - (g1 + @)
= (291 +442)° (mod L) (5.20)

r- Qg+ 49)-(q1 + @) + 12 Qg1 +492)° - (g1 + @) =
= 2(q1 + ¢2)* (mod L) (5.21)

By subtracting (5.21) from (5.20), we obtain

r (g +q2) - 2q1 +4q2) - (g1 +3q2) =
= (4q7 + 1695 + 16¢192 — 247 — 2g; — 4q1q») (mod L) &
2r1 - (g1 + q2) - (g1 +292) - (g1 + 3g2) = (247 + 1443 + 12¢192) (mod L)
(5.22)
Considering Table 3.1 we can reduce (5.22) to

2r1 - q1 - q1 - q1 = (2¢7) (mod p), (5.23)

Since gcd(2-q1 - q1 - q1, p) = 1, if p | ry, from (5.23) we have that p | (2q12),
which contradicts the condition for ¢; from Table 3.1 when p # 2. Therefore p { r
or r; # 0 (mod p). Since r; #0 (mod p) and r, = 0 (mod p), from Table3.1 it
results that p(x) is a QPP.

Case(b)2| Land4 1L

For p a prime number so that p | L and p # 2, similarly to the previous case, it
can be shown that p; (x) and, thus, also p,(x), are QPPs modulo L /2.

Now we show that p; (x) and p, (x) are QPPs modulo 2. Since 7 (x) is a QPP, from
Table 3.1 it results that ¢; + ¢ is an odd number. Thus (g, + ¢»)? is also odd. Let us
assume that 71 | 4 r; > is even, i.e., both r;; and r ; are even or odd numbers. Then
the quantity ry ;- (1 +q2) +r12 - (g1 + g»)? from (5.5) becomes an even number,
being the sum of two numbers, both of them even or odd. But from (5.5) we have a
contradiction, since L is even and an even number modulo an even number is also
even, but 1 (mod L) is odd. Therefore, r; ; + r;» must be an odd number. Thus,
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from Table 3.1 it results that p;(x) is a QPP modulo 2. Because r; | 4 r; 5 is odd,
and rp1 = (r;1 + L/2) (mod L) and ry = (r;» + L/2) (mod L), we have that
r2,1 + 122 1s also odd, being the sum of an odd number (r;; + r;2) and an even
number (L/2 4+ L/2 = L). As aresult, p>(x) is a QPP modulo 2. Finally, since both
p1(x) and py(x) are QPPs modulo 2 and modulo L /2, from Theorem 3.8 it results
that they are QPPs modulo L.

Case (c)4 | L

This case is approached similarly to case (a). For p a prime number so that p | L
and p # 2 it can be shown that p; (x), and thus also p;(x), are QPPs modulo L /2"+2,
where ny , > 2 is the power of 2 from the factorization of L.

Now we show that p; (x) and p,(x) are QPPs modulo 2"+2. Since 7 (x) is a QPP,
from Table 3.1 it results that g; is an odd number and ¢, is an even number. Then
q1 + g2, 1 + 2> and ¢, + 3¢, are all odd numbers and the product (q; + ¢2)(q; +
2¢2)(q1 + 3¢-) is also an odd number. Consequently, from (5.3) r; » must be an even

. Ly .
number, since (—q,) (mod E) is an even number, and an even number modulo an

even number must be even. From (5.5) wehavethatr; | - (g +¢g2) + 112 - (g1 + qz)2
isodd. Since ry 5 - (g1 + q2)2 iseven and g; + g is odd, r,; must be an odd number.
Since r; ; is odd and r,  is even, from Table 3.1 it results that p; (x) is a QPP modulo
2"2_Since L /2 is even, itresults thatry | = (r1,; + L/2) (mod L) isodd and rp 5 =
(r12+ L/2) (mod L) is even. Thus p,(x) is a QPP modulo 2"-2. Finally, from
Theorem 3.8, p;(x) and p,(x) are QPPs modulo L. |

Considering Lemmas5.1 and 5.2, at least one QPP p(x) exists that inverts any
QPP 7(x) at three points x = 0, 1, 2. It does not necessarily mean that p(x) is an
inverse polynomial of 7(x).

Some exponents 7, ,s of 1, obtained in Lemma 5.1 are determined by exponents
Nz p, as the next lemma shows.

Lemma 5.3 Let the interleaver length be L = l—[ p'tr. Let m(x) =q1-x + qa -
peP
x2 (mod L) be a QPP and let p(x) =ry-x +ry-x> (mod L) be a QPP as in
Lemmas5.1 and 5.2. Then, g, = 1_[ p'rand r, = H p"rr satisfy the conditions
peP peP
from Table 3.1. Moreover, the following holds.
Case(a)2t L (i.e.ny,=0)
If p is a factor of L (i.e. ny , > 1), we have

Npp =Ngp, ifl <ng,<ng, (5.24)
n/),p 2 nL,pa lfnmp 2 nL,p

Case (b)2 | Land4t L (ie.np,=1)

p = 2 is a factor of L, but for the moment we make no considerations how n, »
is determined by n . . This will be explained in the proof of Theorem5.6.

If p # 2 and L contains p as a factor (i.e.ny , > 1), we have
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Rpp =1nNrp, ifl1=< Nrp <NLp (5.25)
Rpp ZNLp, ey =np,

Case (c)4 | L (i.e.npp > 2)
22 is a factor of L (i.e. np 2 > 2).

Ifp=2,
Npo =Ny2, ifl <nzr<npy—1 (5.26)
npo=npy—1, ifngp>npy—1 ’
If p #2 and p is a factor of L (i.e. ny , > 1), we have
Npp =Nzp, ifl <ng,<ng, (5.27)
np,p 2 nL,pa if”mp 2 nL,p ’

Proof Case (a) 21 L

We consider that n. , < ng , and n; , < n, ,, where p is a prime number so
that p | L. Reducing (5.16) modulo p™®.»"1.0) since r, = 0 (mod p™n.rn1.p)y,
we have 0 = (—gy) (mod p™ins.rne)y This is a contradiction since n, , <
min(n, ,, 1y p).

Now, we consider that n, , <nr , and n,, < n. ,. Reducing (5.16) modulo
p"~r, we have rp - q; - q1 - q1 =0 (mod p"~r). But, from Table3.1 gcd(q; - g1 -
q1, p"~») = 1, and then it would result that v, = 0, which is a contradiction. There-
fore, n, , = ny p.

If ny, >ng ,, reducing (5.16) modulo p"t», we have r»-qi-q1-q1 =
0 (mod p"-r), which forces n,, >n; ,, for rn, #0, since gcd(q: -q: - qi,
ptr) = 1.

Case(b)2| Land4 1L

The proof is similar to that in previous case, taking into account (5.15) instead of
(5.16).

Case(c)4 | L

The proof for p # 2 is similar to that in case (a), taking into account (5.15) instead
of (5.16).

Now we give the proof for p = 2.

Suppose that n> <npp—1 and n;; <n,>. Reducing (5.15) modulo

omin(np2.n12=1) - gince rzzO(mod Zmi“("ﬂl*”“’”>, we have 0= (—q)

(mod 2mi“(”ﬂv2'”«2’1)> (at exponent appears nz > — 1, and not ny, 5, since (5.15) is
evaluated modulo L /2). This is a contradiction since n, > < min(n,2, np» — 1).

Now we suppose that n; 5 <ny>—1 and n,, < n;». Reducing (5.15) mod-
ulo 2"~2, we have r; - q1 - q1 - g1 = 0 (mod 2"~2). But, from Table 3.1, gcd(q; - ¢ -
q1,2"?) =1, and then it would result that », = 0, which is a contradiction. Thus
Np2 =nNzgp2.

If nyp >np,— 1, reducing (5.15) modulo 2"2~!, we have r, - q1 - q1 - q1 =
0 (mod 2":2~"), which forces npo2 > npy— 1, for r #0, since ged(q; - g1 - g1,
2ma—ly = 1, |
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Before proceeding further, we need the following lemma.

Lemma 5.4 Let there be F(x) = fix + fox? + f3x° + fux* (mod L) and F(0) =
F(1)=F2) =0 (mod L). Then F(x) =0 (mod L), Vx € Z; ifand only if24 f4 =
0 (mod L) and 6 f3 + 36 f4 = 0 (mod L).

Proof “ =" Define
Fo(x) = F(x) = fix + fox* + fax® + fux* (mod L) (5.28)

and
F,x)=F,_1(x+1)—F,_1(x),VYn>1 (5.29)

If F(x) = Fy(x) =0 (mod L), Vx € Z;, then F,(x) =0 (mod L), Vx € Z;,
Vn > 0. We have

Fi(x) = Fo(x + 1) — Fo(x) = filkx + D + folx + D* + fs(x + 1)3+
+falx + D — fix — fox? — fax? — fax* =
=fik+ D+ fHr*+2x+ D+ f(x3 +3x2 +3x + 1)+

+fa(* + 40+ oxP +dx + 1) — fix — fox® — fix? — faxt =
=i+ L+ HL+)+FQCALHA3f/+H4f)x+

+(3f3 4+ 6f1)x* +4fax? =0 (mod L) (5.30)

Ex)=Fx+1)—F@=i+h+H+ 0+
+QRA+3f+4Ex+ D+ B +6 D)+ D2 +4fa(x +1)°—
—(fi+ L+ H+f)—QA+3fA+4f)x — Gfs+6f)x? —4fuix’ =
= QfH+6f3+14£1) + (6f3 +24f)x + 12 f,x% = 0 (mod L)

(5.31)
FEx)=hx+D)-FKhx)=Q2fH+6f3+14f)+
F(O6fs +24f)(x + D)+ 12f4x + D> — Qfo+ 615+ 14f1)—
—(6f3+24f)x — 12fix? =
= (6f3+36f4) +24f4x =0 (mod L) (5.32)
In order to demonstrate F3(x) = 0 (mod L), Vx € Z;, we must have
24 f4, =0 (mod L) (5.33)
and
6f3+36f, =0 (mod L) (5.34)

“ & We define Fy(x), F;(x), F»(x) and F5(x) as above. Then, we have F3(x) =
0 (mod L), Vx € Z;, and F>(0) = Fi(1) — F1(0) = Fy(2) — Fo(1) — Fo(1) +
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Fy(0) =F(2)—2F(1)+ F(0) =0 (mod L). Using the mathematical induction
method, we have F,(x) =0 (mod L), Vx € Zj, since Fo(x + 1) = Fo(x) + F3(x).
Similarly, F;(0) = Fo(1) — Fo(0) = F(1) — F(0) =0 (mod L) and F(x) =
0 (mod L), Vx € Z, since Fi(x + 1) = Fi(x) + F>(x). Finally F(x) = Fy(x) =
0 (mod L) as above. |

The following theorem results as a combination of Lemmas 5.1 and 5.4.

Theorem 5.5 Let w(x) be a QPP and let p(x) be a quadratic polynomial given in
Lemma5.1. p(x) is a quadratic inverse polynomial of 7(x) if and only if 12q,r, =
0 (mod L).

Proof We have (p o m)(x) = x (mod L) if and only if p(x) is the quadratic inverse
polynomial of 7(x).

(pom(x) = p(r(x)) =r - 7(x) + 12 (7(x))* =
=71 (qix + @xD) + 12 - (qix + @x?)* =
=r - (gix + q2x2) +r- (qlz)c2 + 2q1q2x3 + q22x4) =

= qinx + (qar1 + qlzrz)xz + 2q1garax® + q§r2x4 = x (mod L) (5.35)

p(x) results the quadratic inverse polynomial of 7 (x) if and only if the following
condition is satisfied:

(qir1 — Dx + (qar1 + qir)x? + 2q1garax® + g3rx* = 0 (mod L) (5.36)

Let there be
F(x) = (pom(x) —x =

= (@111 — Dx + (@211 + qir2)x* 4+ 2q1qarax® + g3rax* (5.37)

According to Lemma5.1, we have

F(0) =p((0)) —0=0 (mod L) (5.38)
F(1)=p(m(1)) =1 =0 (mod L) (5.39)
F2)=p(m(2)) —2=0 (mod L) (5.40)

According to Lemma 5.4, taking into account that f3 = 2¢q;q»r» and f4 = qzzrz,
F(x) =0 (mod L), Vx € Z,, if and only if

24431, =0 (mod L) (5.41)

and
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1219272 + 3631, = 0 (mod L) (5.42)

The congruence (5.42) is equivalent to
12g5r>(q1 +3¢2) =0 (mod L) (5.43)

which, considering Theorem 57 in Hardy and Wright (1975), is true only if 12¢g,r, =
0 (mod L), since gcd(q; + 3¢, L) = 1, from the conditions in Table 3.1. Since for
12gor, = 0 (mod L), (5.41) trivially holds, the congruences (5.41) and (5.42) can
be reduced to

12¢2r, = 0 (mod L) (5.44)

The next theorem states the necessary and sufficient condition for the existence of
a quadratic inverse polynomial for a QPP 7 (x), by simply checking the inequalities
involving the exponents for the prime factors of L and the second degree coefficient
of w(x).

Theorem 5.6 Let the interleaver length be L = H p'tr. Letm(x) =q1-x +qa -

peP
x? (mod L) be a QPP and let g, = 1_[ p"m? be the second degree coefficient of w(x).
peP
Then, 7(x) has at least one quadratic inverse polynomial if and only if
np,—2 .
ey > max(( 2 W 1)’ s> 1 (5.45)
07 l:fnL,z = O’
nr3—1 :
PEPEE S (( 2 W 1)’ fnis >0 (5.46)
0, l:fnL,3 = 0
nr.p .
nep = |52 i £ 2.3 (5.47)

Proof “ =" Considering Lemmas 5.1 and 5.2, there exists at least one QPP p(x) =
r1-x +ry-x? (mod L) that inverts a QPP m(x) at three points x = 0, 1, 2. As p(x)
must invert 7(x) at these points, we only need to check whether p(x) is a quadratic
inverse polynomial or not.

Now we show that if p(x) is a quadratic inverse polynomial, then the condition
on ny, , holds for p = 2.

Ifny » =0, 1, irrespective of whether p(x) is or not a quadratic inverse, 71,2 > 0
trivially holds and this is why we do not need to determine n, > in Lemma3.3, case
(b), whenny» = 1.
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npy—?2 . .
’T , 1] = 1. Since 7 (x) is a QPP, from

Table 3.1 it results that n, , > 1 and thus the condition in Theorem 5.6 is satisfied.
Assume that p(x) is a quadratic inverse polynomial, but

Ifny » =2, 3,4 we have max

-2
Nrp < [anT—‘ fornp, >5 (5.48)

Because p(x) is a quadratic inverse polynomial, according to TheoremS5.5,
12g,r, = 0 (mod L) holds, i.e.

(l—[ an,p> | <22 3. 1_[ prer l_[ p””*”) (5.49)

peP peP peP

‘We consider two cases

(1) ng o is odd
-2 —1 -1 -3
L2 = L2 and consequently, n, < B2z _ 1= Br2=>o
2 2 ’ 2 2
np»— 1.

Considering Lemma5.3, n,, =nzp, thus 2+n;o+n,o <npr,—1<np,
which is a contradiction, since L | (12gor2) impliesny o <2 +ny2 +n,5.

(2) np 2 is even
np»— 2 }’lL,z — 4

-2 -2
nL2 _ L2 and consequently, n,, < ——— — 1=
2 2 ’ 2 2

npa— 1.

Considering Lemma5.3, n,, =nz», thus 2+nzo+n,> <npr,—2 <npo,
which is a contradiction, since L | (12g,r;) implies ny 5 <2 +ny 5 +n,5.

Now we show that if p(x) is a quadratic inverse polynomial, then the condition
on ny , for p = 3 holds.

If ny 3 = 0, irrespective of p(x) is a quadratic inverse or not, n, 3 > 0 trivially
holds.

Ifny 3 =1, 2,3 we have max

np3—1 . .
’T , 1) = 1. Since w(x) is a QPP, from

Table 3.1 it results that n, 3 > 1 and thus the condition in Theorem 5.6 is satisfied.
Suppose that p(x) is a quadratic inverse polynomial, but

—1
Mg < ["“TW for ny » > 4 (5.50)

Since p(x) is a quadratic inverse polynomial, according to Theorem 5.5 12¢,r, =
0 (mod L) holds, i.e. (5.49) is true.

Then, when

(1) nrs is odd

nL,3—l nL’3—1 nL,3—1 nL,3—3
[ = ,thus, n; 3 < —1= <nrj3.

2 2 2 2
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Taking into account Lemma5.3, n,3 = ng3, thus 1 +n,3+n,3 <npz—2 <
np 3, which is a contradiction, since L | (12¢,r;) impliesny 3 < 1 +n;3 +n, 3.
(2) np 3 is even

nps— 1 nr.3 nr.3 nps—2
= | == thus,n,3 < —= —1=—""—" <n;3.
2 2 2

Taking into account Lemma5.3, n,3 = ng3, thus 1 +n,3+n,3 <np3z—1<
nr.3, which is a contradiction, since L | (12g,r;) impliesny 3 < 1 +ny3 +n,3.

Finally, we show that if p(x) is a quadratic inverse polynomial, then the condition
on ny , for p # 2, 3 holds.

In this case, we have n; , > 1.

If ny , = 1,2, we have ”LT" — 1. Since 7(x) is a QPP from Table 3.1, it

results that n, , > 1 and thus the condition in Theorem 5.6 is satisfied.
Assume that p(x) is a quadratic inverse polynomial, but

IlL’p
Ny p < ’77—‘, forng , >3 (5.51)

Since p(x) is a quadratic inverse polynomial, considering Theorem 5.5 12¢,r, =
0 (mod L) holds, i.e. (5.49) is true.

Then when

(1) ng,pis odd

)+ 1 1 —1
nep | _ nept ’thus’nﬂpfm_1=L<an_
2 2 ’ 2 2 ’

Taking into account Lemma5.3, n,, = ny ,, thus ny,+n,, <np,—1<
ng,p, which is a contradiction, since L | (12g,r;) implies ny , < nq , +n, p.
(2) ng,p is even

nL, n[‘,, I’ZL, i’lL, -2
=P = I,thus,nﬂ,l,f P_ 1= P <ngp.
2 2 2 2

Taking into account Lemma5.3, n, , = ny ,, thus n ,+n,, <np,—2 <
ng.p, which is a contradiction, since L | (12g,r;) implies ny , < nq , +n, p.

“ <" We show that if the conditions on n, , in theorem hold, then 12¢,r, =
0 (mod L), i.e. (5.49) is true. We will separately show that (5.49) holds for p = 2,
for p=3andfor p #2,3sothat p | L.

For p = 2 we have to show that 2"+2 | (22 - QM2 2”%2).

We consider three cases.

(Dnp2=0,1

Ifn;, >0,thenny, <2+ n,,. Thus, 2":2 | (22 <22 2”ﬂ~2).

(2) np»2= 2, 3, 4

If n;, > max (("Léfz—l, 1) = 1, then as it is required by Lemma5.3,n,, > 1.

Thus, n; » <2+ nz2 + n,, holds and, consequently, 2"+ | (22 QM2 2”/’2).
B)nr2=5

-2
In this case, FZLZT—‘ > 1.
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nL,Z -2

5 —‘ thenn,, = n,».Con-

Considering Lemma5.3,ifny, , — 1 > nyp > [

-2 -2
sequently, if ny» is even, ’711,,22 —‘ = nl"zz ,and then 2+ n.o +n,, =
-2 -1
242-n7p224n,,—2=nrp If ny5 is odd, nL,22 = nL,22 » and

then 2+n;r+n,o=2+2-n,2>2+n2—1=npo+1>n;,. Therefore,
22 | (22 LN, 27!,),2).

If nyo >ng,— 1, considering Lemma5.3, n,, > ny > — 1. Thus 2 +n,, +
n,» >2-np, > ng », and, consequently, 2"+ | (22 < QN2 2"ﬂv2).

For p = 3 we have to show that 3"%3 | (3 - 3w 3”ﬂ»3).

‘We consider three cases.

(DnLz=0

Ifn,;3>0,thenn; 3 <14 n,3. Thus, 3"3 | (3 - 3w 3";)‘3)_

@)nL3=1,2,3

If n; 3 > max ((%-‘, 1) = 1, then as it is required by Lemma5.3,n,3 > 1.

Thus, n; 3 < 1+ nz3 + n,3 holds and, consequently, 3" | (3 . 33 3”/'~3).
B)nrz =>4
17
In this case, ’7’“3—

2

> 1.

. . np3—1
Considering Lemma5.3, if ny 3 > n;3 > [%—‘, then n,3 = n,3. Con-

i —1
sequently, if ny 3 is even, VlLaT—‘ = %’3, and then 1 +n3+n,3=1+4+2-
—1 —1
ny3>1+np3>np3.Ifn, zisodd, ’7“‘32 —‘ = nL‘32 ,andthen1+4n,3 +

np3=1+2-n.3>1+n,3—1=ng3 Thus 33| (3.3 .3m3),
For p | L and p # 2, 3, we have to show that p"t» | (p"=r - p"er).
We consider two cases.
Mnpp,=12

If n,,> lrnLTp—‘ =1, then as it is required by Lemma5.3, n, , > 1. Thus,

ny.p < nrp+n,, holds and, consequently, p"tr | (p"~» - p"rr).
@np, >3

In this case, nLTp—‘ > 1.

. . . nr,
Considering Lemma3.3, if ny , > ny , > ’77”—‘, then n, , = n, ,. Conse-

. . ne,p nr.p
quently, if n; , is even, [T—‘ = > and then ny , +n,, =2 -ny, >np ,.

nr,p
2
np,p- Thus an'F | (p"”-l’ . pnp,p)'

1
If ny , is odd, ’7 —‘ = nL’p2+ ,andthenn, , +n,,=2-n.,>n; ,+1>
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Ifn; , > nr p,consideringlLemma5.3,n,, > ny ,.Thusn; , +n,, >2-ng , >
nr,p,and, consequently, p"t-» | (p”w : p"/w’). |

Algorithm 1: An algorithm for finding the inverse QPP(s) for a QPP 7 (x) =
q1-x +¢q>- x> (mod L)

1 Factor L and ¢ as products of prime powers and find the respective exponents of each prime
factor (i.e., find ny ,’s and nr,,’s for L = l_[ p'tr and g = l_[ pr);
PEP peEP
2 Using the ny, ,’s and ny ,’s obtained in step 1, determine if they satisfy the inequalities in
Theorem 5.6;
if yes then

3

4 Check if L is an odd or an even number;

5 if L is an odd number, then

6 There is exactly one inverse QPP for 7 (x);

7 Let the inverse QPP be p(x) = ry - x 4+ 2 - xZ (mod L);

8 r2 = {(=2) - (@1 + 42)(@1 +2¢2)(@1 + 3g2)17"} (mod L), where ()" (mod L) is

given in Algorithm2;

9 ri={[1—raq1 +q2)*1- (g1 +q2)~'} (mod L);

10 return p(x) and the algorithm ends;

11 else

12 if L is an even number, then

13 There are exactly two inverse QPPs for m(x);

14 Let the inverse QPPs be p1(x) =r1,1-x +7r12 -x2 (mod L) and

pp(x)=ry1-x+rp . x2 (mod L), respectively;
_ L
15 ria = {(=q2) - [@1 +92)(@1 +202)(q1 + 321"} (mod )
16 ra={[1-rz2- (@ +a)1 (@ +¢2)7'} (mod L);
L L

17 (r2,1,r2,2) is obtained by rp 1 = r11 + 7 (mod L), o =rio+ 7 (mod L);
18 return pj(x) and py(x) and the algorithm ends;

19 end
20 end
21 else
22 There exists no inverse QPP for 7 (x);
23 return no inverse QPP and the algorithm ends;

24 end

An algorithm for finding the inverse QPP(s) for a QPP 7(x) =¢q;-x + g2 -
x? (mod L) is Algorithm 1.

Now we give, without proof, a theorem from Ryu (2007), Ryu and Takeshita
(2011) which allows us to determine all inverse permutation polynomials of a QPP,
with the least degree d»_;,,,. We consider a QPP described by Eq.(3.37) and

px) =7 x) =r - x+r Xt 4t g, - x®m (mod L) (5.52)

its inverse polynomial of degree ds_p, .
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Algorithm 2: An algorithm for finding the arithmetic inverse s ! for s (mod L)

15 M =1;

2r=0;

3 while L # 0do

4 ¢ =5 (mod L);

S .
5 q:\‘zJ,
6 s=1L;
7 L=c
8 | rr=sl=gq-r
9 s_lzr;
10 | r=r
11 end

12 return s L.

Theorem 5.7 (Ryu 2007) Let the interleaver length be L = 1_[ ptr < 2% and
peP
2%—2
letitbe p(k) = [ | 1. Let m(x) = q1x + gox* (mod L) be a QPP.
I=k
Decompose ¢(k) into prime factors and denote each exponent of prime factors

dy—iny
as N, p- Then w(x) has 1_[ gcd(k!, L) inverse polynomials with the least degree
k=1
dy_iny if and only if there is a smallest integer dy_;y, so that
NL2=Ne(dy_jyy+1).2 .
}’lmg 2 max (’7 drinv —" l)’ UCnL’Z = l (5-53)
0, l:fnL,Z = 0’ 1
NL,p =Ny _jpy+D).p .
T q—d W 1)’ ifnep >0 (5.54)
0, l'fl’lL,p =0

‘We note that, if d>_;,, = 2, Theorem5.7 is reduced to Theorem 5.6.

5.2 Upper Bounds on Minimum Distance of Turbo Codes
with QPP-Based Interleavers

In 2006, in Rosnes and Takeshita (1992), Eirik Rosnes and Oscar Y. Takeshita tabu-
lated optimum QPPs (in terms of the induced minimum distance and its correspond-
ing multiplicity) for a large number of short interleaver lengths between 32 and 512
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and for conventional nominal rate-1/3 binary turbo codes with 8-state constituent
encoders (the turbo code from LTE standard 3GPP 2008) and 16-state constituent
encoders (the turbo code from CCSDS standard 2002).

In 2012 Eirik Rosnes continued the study reported in Rosnes and Takeshita (1992)
and gave some partial upper bounds on the minimum distance of turbo codes with
QPP-based interleavers dependent on the interleaver length and an general upper
bound independent on the interleaver length when QPP interleavers admit an inverse
QPP interleaver.

These upper bounds can be used in the selection of lengths of good QPP-based
interleavers and also to efficiently reject bad QPP candidates in a computer search.
For all partial upper bounds on minimum distance, we consider that the generator
matrix of the component convolutional codes of the turbo code is G = [1, 15/13]
(in octal form) and the turbo code is unpunctured (i.e. the turbo code used in the LTE
standard 3GPP 2008).

These upper bounds are given in Theorems 5.8-5.13 taken from Rosnes (2012),
but with more detailed proofs. They were obtained by identifying certain critical
interleaver patterns. An interleaver pattern I (') is a set {(i, w(i) : i € ')}, where
7(-) indicates the interleaver and I' is a subset of {0, 1,..., L — 1}. The inter-
leaver pattern size is the same as that of I". There are critical interleaver patterns
that generate small weight codewords for certain generator matrices of compo-
nent codes of the turbo code. As a result, the turbo codeword has ones in the
bit positions in I" and zeros elsewhere. For this reason, the bit positions in I" are
called systematic 1-positions in the upper constituent codeword, while the inter-
leaved bit positions in I are called systematic 1-positions in the lower constituent
codeword. The term systematic refers to the information sequence part of the code-
word. Figure5.1 shows an interleaver pattern of size six. In this figure, the points
X1, X1 + a, x2, X3 + a, x3, x3 + a in the upper layer represent the positions in I and
the points 7(x;), w(x; + a), m(x2), m(x + a), 7(x3), m(x3 + a) in the lower layer
represent the positions in 7w(I"). The arrows represent the actual interleaver operation
and the arcs represent a grouping of bit positions that generate an error event or a
Sfundamental path in a constituent trellis for certain generator matrices of component
codes of the turbo code. The index differences of bit positions from I" or 7w (I"), are
indicated in figures by horizontal lines. In Fig. 5.1, the horizontal line above the first
arc (or fundamental path) in the upper constituent codeword indicates that the differ-
ence between the bit positions x; and x| + a is a. In the same way, the first horizontal
line below the first arc in the lower constituent codeword indicates that the difference
between the bit positions 7(x;) and 7(x;) is b and the second horizontal line below
the first arc in the lower constituent codeword indicates that the difference between
the bit positions 7(x;) and 7(x3) is c.

All the critical interleaver patterns used in the derivation of the upper bounds in
Rosnes (2012) were identified by using a tailored version of the triple impulse method
(Crozier et al. 2004). This modified version gives the information words leading to
low weight codewords. Consequently, knowing the information words, we know the
positions of bits 1.
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BYEYR

x +a x;t+a
V+b 7(xy) Y+c 7(x,+a) (x,+a)=7z(x,+a)+b (xy;+a)=m(x +a)+
c c

Fig. 5.1 Ciritical interleaver pattern of size six for QPP-based interleavers

nL.p;

The prime decomposition of the interleaver length is of the form L = 1_[ Pris
i=1
where n; € N*, p; ;, withi =1, ny, are different prime numbers and n; , € N*,
Vi =1, ng, as in Sect. 3.6.

Theorem 5.8 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) with generator matrix G = [1, 15/13] is upper bounded by

din <38+ 121 (5.55)

for all nonnegative integers | and for all interleaver lengths L that satisfy

I+4, ifp=2
nLp <12 ifp=1 (5.56)
1, otherwise

when using QPP interleavers.

Proof Figure5.1 displays an interleaver pattern of size six. The interleaver pattern
generates an upper constituent codeword containing 3 input-weight 2 fundamental
paths, and a lower constituent codeword containing 2 input-weight 3 fundamental
paths. As it was explained previously, the interleaving of the systematic 1-positions
of the upper constituent codeword is indicated by arrows in the figure. For the input-
weight 2 fundamental paths in the upper constituent codeword, the index difference
between the second and first systematic 1-positions is denoted by a. For the input-
weight 3 fundamental paths in the lower constituent codeword, the index differences
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between the second and first systematic 1-positions and the third and first system-
atic 1-positions are denoted by b and c, respectively. For convenience, these index
differences are also indicated in Fig. 5.1 by horizontal lines.
The six elements of permutation 7(-) indicated in Fig.5.1 are written in detail
below
xp — m(x1)
x1+a— nw(x;+a)
Xy = w(xp) =mw(x)) +b
Xp4+a—>mx4+a)=m(x;+a)+b
x3 — m(x3) =7m(x1) +¢
X34+a—nm(x3+a)=7(x;4+a)+c

(5.57)

Writing x; = p(m(x1)), x2 = p(m(x2)) and x3 = p(mw(x3)), the equations corre-
sponding to points x; + a and x3 + a in (5.57) can be written

T(p(m(x2)) + @) = T(p(w(¥1)) + @) + b (mod L) (5.58)

m(p(m(x3)) +a) = w(p(w(x1)) +a) + ¢ (mod L) '

Considering the equations corresponding to points x, and x3 from (5.57), (5.58)
becomes:

m(p(m(x1) +b) +a) = w(p(w(x1)) +a) + b (mod L) (5.59)
m(p(m(x1) +¢) +a) = w(p(7(x1)) +a) + ¢ (mod L) '
With w(x;) = x in (5.59), we have
w(p(x + b) +a) = w(p(x) +a) + b (mod L) (5.60)
w(p(x +¢) +a) = 7(p(x) +a) + ¢ (mod L) '

where x € Z; denotes the first systematic 1-position (the point x; in Fig.5.1). When
x = 0, the two congruences in (5.60) are equivalent to

m(pb) +a) =7w(p(0)+a) + b =mn(a)+ b (mod L) 5.61)
m(p(c) +a) = ©(p(0) +a) + ¢ = w(a) + ¢ (mod L) '
g1-pD)+qr-a+q- (pb)>+2-a-q-pb) +qr-a* =
=m(a) + b (mod L) (5.62)

QP +aqr-a+a (PP +2-a g p@) +qr-ad= 7
=m(a) + ¢ (mod L)
w(p(b))+m(a) +2-a-q - p(b) =7(a)+ b (mod L)
———

W(;(bc)) +7T(a) +2.a- q2 - p(C) — 7T(Cl) +c (mOd L) < (563)
——

=c
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2-a-qy-p(b) =0 (mod L)
{ 2-a-qy-p(c) =0 (mod L) (5.64)
With (5.52), (5.64) is written as
2-a-b-qp-(ri+r-b+-+rg,, b =0 (mod L) (5.65)
2-a-coqr-(ri+r-ct+-+rgy,, 1)y =0 (modL) :
The two congruences from (5.65) are satisfied if
2-a-b-g; =0 (mod L)
{Z-a-c-q2=0(modL) (5.66)
Fora =2' .7, with! € N, and b = 8 and ¢ = 12 in (5.66), we have
244 .7. 4, =0 (mod L)
{2”3 -3-7-g, =0 (mod L) (5.67)

Then the two congurences from (5.67) are fulfilled only if

npy <ngr+I1+3
np7 <ng7+1 (5.68)
npp <Ng.p, Yp #2,7

Forny », = 1, the first inequality from (5.68) is always satisfied. From conditions 1.b)
and 2) in Table 3.1, we have n,, » > 1 whenny > > 2,andng, , > 1 whenn; , > 1,
for p > 2. Thus, the conditions from (5.68) are equivalent to

npa <Il+4
np7 < 2 (5.69)
npp, <1,Vp #2,7

The conditions from (5.69) are the same as those from (5.56).

The Hamming weight of the turbo codeword generated by the interleaver pattern
in Fig. 5.1 can be computed as the sum of the parity weight of the upper constituent
codeword, the parity weight of the lower constituent codeword, and the input weight.

The parity weight for an input-weight 2 sequence, as those from fundamental paths
of the upper constituent codeword, with a = 2.7, 1 € N, results from Table5.1,
where a constituent RSC code of LTE turbo code was considered. In Table 5.1 k is
the instant time, uy, is the input bit to the RSC encoder at time &, ¢ is the parity output
bit at time k, and B l(k), Bék), and Bék) are the contents of the three memory cells of
the RSC encoder at time k. From Table 5.1 we remark that, if / = 0, then the parity
weight (i.e. the weight of sequence cy) is equal to 6 = 14+4+1, and if / = 1, the parity
weight is equal to 10 = 1+4+4+1. In general, for / € N, the parity weight is equal
tol+(+1)-44+1=U+1)-44+2=4-]+ 6. Similarly, for an RSC encoder
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Table 5.1 Determining the parity weight for an input-weight 2 sequence with the two bits 1
separated by a = 2 - 7 positions

® ® ®
Bl BZ 83

k Ug Ck
1 1 0 0 0 1
2 0 1 0 0 1
3 0 0 1 0 1
4 0 1 0 1 1
5 0 1 1 0 0
6 0 1 1 1 0
7 0 0 1 1 1
8 0 0 0 1 0
9 0 1 0 0 1
10 0 0 1 0 1
11 0 1 0 1 1
12 0 1 1 0 0
13 0 1 1 1 0
14 0 0 1 1 1
15 1/0 0 0 1 1/0
16 0 0/1 0 0 0/1

with a primitive feedback polynomial of arbitrary degree v and a monic feedforward
polynomial, and fora = 2/ - (2” — 1), the parity weightis equalto (I 4 1) - 2/~ + 2.

The parity weight for an input-weight 3 sequence, as those from fundamental paths
of the lower constituent codeword, with b = 8 and ¢ = 12, results from Table 5.2,
where a constituent RSC code of LTE turbo code was considered. From Table 5.2
we note that the parity weight is equal to 7.

Finally, the input weight is six, since the size of the interleaver pattern is six. Thus,
the total Hamming weight of the turbo codeword generated by the interleaver pattern
in Fig.5.1is 64+3-(4-14+6)+2-7=12-1+ 38. Note that the aforementioned
argument for the calculation of the Hamming weight of the turbo codeword generated
by the interleaver pattern assumes that the fundamental paths of the constituent
codewords do not overlap. Otherwise, the calculated weight is an upper bound on
the Hamming weight of the generated codeword. |

Theorem 5.9 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) with generator matrix G = [1, 15/13] is upper bounded by

dmin = 51 (570)
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Table 5.2 Determining the parity weight for an input-weight 3 sequence with the first and the
second bits 1 separated by b = 8 positions, and the first and the third bits 1 separated by ¢ = 12
positions

k ui B B B oK
1 1 0 0 0 1
2 0 1 0 0 1
3 0 0 1 0 1
4 0 1 0 1 1
5 0 1 1 0 0
6 0 1 1 1 0
7 0 0 1 1 1
8 0 0 0 1 0
9 1 1 0 0 0
10 0 1 1 0 0
11 0 1 1 1 0
12 0 0 1 1 1
13 1 0 0 1 1
14 0 0 0 0 0
D S —_— —_
3 X X, +b nie ox

[PE—

Fig. 5.2 Critical interleaver pattern of size nine for QPP-based interleavers

for all interleaver lengths L that satisfy

6, if p="2
nLp = { 1, otherwise (5.71)

when using QPP interleavers.

Proof An interleaver pattern of size nine is shown in Fig. 5.2. The interleaver pattern
generates an upper and a lower constituent codeword containing 3 input-weight
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3 fundamental paths. The interleaving of the systematic 1-positions (of the upper
constituent codeword) is indicated by arrows. Now, let the index differences between
the second and the first and the third and the first systematic 1-positions of all the
fundamental paths in both the upper and lower constituent codewords be denoted by
b and c, respectively. For convenience, these index differences are also indicated in
Fig.5.2 by horizontal lines.

The nine elements of permutation 7(-) indicated in Fig.5.2 are written in detail
below
x1 — w(xy)
x1+b— w(x; +b)
xXi1+c—>7mx+c)
Xy = m(x) =w(xy) + ¢
X2+b—> 7wy +b)=n(x1+b)+c (5.72)
Xo4+c—>7mxy+c)=n(x;+c)+c
x3 —> w(x3) =nw(x;) +b
x3+b—>mwx3+b)=7n(x1+b)+b
x3+c—>7mxs+c)=n(x;+c)+b

Writing x = p(7(x)), for x = x|, x = xp, and x = x3, the equations correspond-
ing to points x, + b, xo + ¢, x3 + b, and x3 + ¢ from (5.72) are written as

m(p(m(x2)) + b) = m(p(7(x1)) + b) + ¢ (mod L)
m(p(m(x2)) +¢) = m(p(m(x1)) +¢) + ¢ (mod L)
m(p(m(x3)) + b) = w(p(7(x1)) + b) + b (mod L)
T (p(m(x3)) + ¢) = w(p(w(x1)) + ¢) + b (mod L)

(5.73)

Using the equations corresponding to points x, and x3 from (5.72) in (5.73), and
then replacing m(x;) by x, we have

m(p(x 4+ ¢) + b) = w(p(x) + b) + ¢ (mod L)
m(p(x +¢) +¢) = m(p(x) +¢) + ¢ (mod L)
w(p(x + b) + b) = w(p(x) + b) + b (mod L)
m(p(x + b) + ¢) = w(p(x) + ¢) + b (mod L)

(5.74)

Thus, the interleaver pattern in Fig.5.2 generates a turbo codeword if the four
congruences from (5.74) are satisfied, where x € Z; denotes the first systematic 1-
position (the point x; in Fig. 5.2) of the first fundamental path in the lower constituent
codeword.

For x = 01in (5.74), we have

w(p(c) + b) = m(b) 4+ ¢ (mod L)
m(p(c) +¢) =m(c) +c (mod L)
w(p(b) + b) = w(b) + b (mod L)
w(p(b) +¢) = mw(c) + b (mod L)

(5.75)
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Similarly as in (5.61)—(5.64), we have
7(b) + 7(p()) +2-b - g2 - p(c) = w(b) + ¢ (mod L)
——

=c

m(c) + m(p(c)) +2-c-qs - p(c) = m(c) + ¢ (mod L)
——

=c
T(B) + (p(B) +2 - b - g2 - p(b) = 7(b) +b (mod L) < (576)
——
=b
m(c) +m(p(b)) +2-c - g2 - p(b) = m(c) + b (mod L)
——
=b
2-b-q-p(c) =0 (mod L)
2.c-qy-p(c) =0 (mod L)
2-b-gy-pb) =0 (mod L) (5.77)
2-c-q-p()=0(mod L)
2-b-c-qp-(ri+r-ct-+ra,, ¢y =0 (mod L)
2-2qa-(ri+ry-c+-+rg, ¢y =0 (mod L)
2 M e (5.78)
2-b -QQ~(}"1 +I‘2~b+~-~+l"d27iw - pa-inv ):O(modL)
2-b-c-qu-(ri+ry-b+---+rg,, -b%m"1)y =0 (mod L)

The four congruences in (5.78) are satisfied if
2:b-c-q;=0(mod L)
2-b%*-g, =0 (mod L) (5.79)
2.-¢%-q, =0 (mod L)

For b = 8 and ¢ = 12 in (5.79), we have
20.3.4, =0 (mod L)
27 . g, =0 (mod L) (5.80)
2°.3%.4, =0 (mod L)

The three congruences in (5.80) are satisfied if

25 .4, =0 (mod L) (5.81)

Equation (5.81) is equivalent to

{ npy <ngs+35 (5.82)

npp <ng.p, ¥p #2
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/\/\

x+c X, x7+b

7(x)+a 7(x +c) z(x,+b)=7(x,+c)+d

\J\J

Fig. 5.3 Critical interleaver pattern of size four for QPP-based interleavers

Taking into account the comments after Egs. (5.68), (5.82) becomes
np2 <6
{nL,p <1L,Vp#2 (5:83)

Conditions (5.83) are the same as those from (5.71).

From Table 5.2 it follows that the parity weight for the input-weight 3 error pat-
tern, as well as those from the fundamental paths of the upper or lower constituent
codewords in Fig.5.2 for b = 8 and ¢ = 12 is equal to 7. Then, because the input
weight is nine, the Hamming weight of the codeword generated by the interleaver
pattern in Fig.5.2 is equal to 9 + 6 - 7 = 51, i.e. the upper bound given in (5.70). B

Figure 5.3 shows an interleaver pattern of size four. Both the upper and the lower
constituent codewords generated by the interleaver pattern contain 2 input-weight
2 fundamental paths. The interleaving of the systematic 1-positions (of the upper
constituent codeword) is indicated by arrows. Furthermore, the index differences
between the second and the first systematic 1-positions of the first and the second
fundamental paths in the lower constituent codeword are denoted by a and d, respec-
tively. The corresponding index differences for the upper constituent codeword are
denoted by ¢ and b, respectively. These index differences are also indicated in Fig. 5.3
by horizontal lines.

The four elements of permutation 7(-) indicated in Fig.5.3 are written in detail
below

xp = m(x)

X1 +c— m(x;+c)

Xy = w(xy) =7(x1) +a

X24+b—> 7wy +b)=n(x;+c)+d

(5.84)

Writing x, = p(7(x2)), the equation corresponding to point x, + b in (5.84) can
be written as
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w(p(m(x2)) +b) =w(x; +¢) +d (mod L) (5.85)
Considering the equation corresponding to point x, from (5.84), (5.85) becomes:
m(p(m(x1) +a) +b) = w(x; +¢) +d (mod L) (5.86)

With x; = p(m(x;)) and then 7w(x;) = x in (5.86), we have
m(p(x +a)+b) =7w(p(x) +c)+d (mod L) (5.87)
where x € Zj, denotes the first systematic 1-position (the point x; in Fig.5.3) of the
first fundamental path in the lower constituent codeword. With a primitive feedback
polynomial of degree v, all the numbers a, b, ¢, and d are multiples of 2 — 1.
From the fact that the feedback polynomial of RSC encoder is primitive, of degree

v, and the feedforward polynomial of RSC encoder is monic, it follows that for
an input-weight 2 sequence, with the index difference between the second and the

v—1
first 1-positions equal to a, a multiple of 2 — 1, the parity weightis 1 + > 1 +
. 21/—1
1=2+ an T An example in this sense is shown in Table5.1 for ¥ = 3 and

a=14=2-(2%—1). Then the Hamming weight of the codeword generated by

b d) - 2u—1
the interleaver pattern in Fig.5.3 is at most 4 +4 -2 + (a+b+c+d) _

2 —1
b d) -2
py rbrerd 2

For x = 0, the congruence (5.87) is equivalent to

m(p(a) +b) =7m(p(0)+c)+d =m(c)+d (mod L) &
q1-(p@) +b)+q- (pa) +b)* =q1-c+q2- > +d (mod L) &
& q1-(p@) +b) +q2 - ((p(@)* +b*+2 - pa) - b)—
—g1-c—qr-c*—d=0(mod L) &

& q1-pa)+q- (p@)*+qi-b+q-b*+2-q2- pla) - b—
—g1-c—qr-c?—d=0(mod L) &

& m(p@) +q2 - 0 — ) +q1- (b—c)+

——

=a

+2-g2-pla)-b—d=0(mod L) &
Sqr- P =D +q - (b—c)+a—d+ (5.88)
_I_Z.qz.a.b.(rl +r2.a+...+rd2ﬂ_nv .adl—iln,'*]) EO(mOd L)

If we choose ¢ = b and d = a, (5.88) becomes

2oqp-a-b-(ri+r-a+--+rgy . a7 =0(mod L) (5.89)
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Table 5.3 Summary of conditions that make the interleaver pattern in Fig. 5.3 to be critical and the
upper bounds on the weight of the corresponding codewords generated by this interleaver pattern

(la’], 16']) Simplified congruence (5.91) Upper bound on the weight
(1, 1) 2-q2- (2 —1)2=0 (mod L) 12 4 2v+!
(1,2) 22.45- (2= 1)2 =0 (mod L) 1243.27
2, 1) 22.4- (2 —1)2 =0 (mod L) 12+3-2
2,2) 2 .q- 2 =1)>=0(mod L) 12 4 2v+2
(1,3) 2-3.¢- (2 = 1)2 =0 (mod L) 12 4 2v+2
3, 1) 2-3.-¢q2- (2 = 1)2 =0 (mod L) 12 4 2v+2

In the following, let therebea = (2" — 1) - @’ and b = (2" — 1) - b’, withd', b’ €
Z*. Then, the Hamming weight of the codeword generated by the interleaver pattern
in Fig.5.3 is (at most) 12 +2 - (|a'| + |]) - 2"~' = 124 (|@’| + |']) - 2 and the
congruence (5.89) is written as

2-qp-ld]- B2 =D (rixr- Q=D+ +
gy (27— DB (g )2 T) = 0 (mod L) (5.90)
The congruence (5.90) is true if
2.q5-1d'|- b (2" —1)> =0 (mod L) (5.91)

In Table 5.3, the simplified congruence in (5.91) with different values of the pair
(ld’], |b’]) is listed in the second column. The last column contains an upper bound on
the weight of the corresponding turbo codeword generated by the interleaver pattern
in Fig.5.3.

For v = 3 the simplified congruence (5.91) becomes

2-7*.qy-|d'| - |b'| =0 (mod L) (5.92)

For different values of the pair (|a’|, |¢’|), from the congruence (5.92) we can
get the conditions on L for which the congruence is true and thus, for which the
corresponding upper bound of the minimum distance is 12 4+ 8 - (|a’| + |6'|). The
conditions on L for the values of the pair (|a’|, |b'|) from Table5.3 are given in
Table5.4.

We show below how the conditions on L in Table 5.4 were obtained. If |a'| =
1_[ plair and |b'| = l—[ p"v'ir are the prime factorizations of |@’| and |b’|, respec-
PeP PeP
tively, then the congruence (5.92) is fulfilled if
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Table 5.4 Summary of conditions on L for various upper bounds on the minimum distance when
v = 3 (derived from the congruence (5.92) for different values of pair (|a’|, |b'[))

(la'l, 16D npo nr;3 nr7 ne.p, Upper bound
p#2,3,7 |ondyin

a,1n <2 <1 <3 <1 28

(1,2)or (2, 1) < <1 < <1 36

2,2) <4 <1 <3 <1 44

(1,3)or (3, 1) <2 <2 < <1 44

nps < ng2+hiw2+np2+1
np7 <ng7+ng7+np7+2 (5.93)
nLp < Ngyp+Majp +Mpp, VP #2,7

Taking into account the conditions for g, from Table 3.1, we have that ng, » > 1
when ny, > 2 and ng, , > 1 when n; , > 1, Vp > 2. Then the conditions from
(5.93) are equivalent to

npo < g+ np2+2
np7 < N7 +np7+3 (5.94)
npp <N|p + |, p + 1, Vp ;é 2,7

The conditions on ny, , from Table 5.4 result immediately taking into account the
factorizations of the values for |a’| and |6’| (i.e. of 1, 2 and 3).

If the QPP has an inverse QPP, then, taking into account the conditions from
Theorem 5.6, the conditions from (5.93) are equivalent to

L2 <2+ npj2 + 1+ max ((%_I 1)
nL3 = NMa)3 + )3 + max (PLE_l -‘ 1)
nLa < neig+np + 24 [’“ﬂ

NLp < Mjalp + M) p + [%]’Vl’ #2317

(5.95)

For ny » < 2, the first inequality from (5.95) is always fulfilled. For n; , > 3 we

npo,—2 npo,—2 .
have max (’7% 1) = % and we consider two cases.

Ifnp, =2k, withk € Nand k > 2, the first inequality from (5.95) becomes
2 k<nmg2+np2t+l+bk—1k=<ng2+npy.s

S 2k <2 (a2 +np2) (5.96)
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Ifny, =2-k+ 1, with k € N*, the first inequality from (5.95) becomes
2 k+1<nga+npo+1+ksk<ng+tny e
2 k+1=52 - (g2 +np2)+1 (5.97)
The last inequalities from (5.96) and (5.97) can be written as:
np2 <2- (g2 +np2) +1, forng, >3 (5.98)

Because for n; » < 2 the first inequality from (5.95) is always fulfilled, then the
first inequality from (5.95) is equivalent to

npp <max (2- (g2 +npp2) + 1,2) (5.99)
For ny 3 < 1, the second inequality from (5.95) is always fulfilled. For n 3 > 2
nrp3—1 np3—1 .
we have max T , 1) = : 5 and we consider two cases.

Ifnp 3 =2k, with k € N*, the second inequality from (5.95) becomes
2ok <ngztnpzt+k ek <ngs+nys <
&2 k=<2 - (g3 +nw3) (5.100)
Ifny 3 =2-k+ 1, with k € N*, the second inequality from (5.95) becomes
2 k+1<ny3z+np3t+ksSknyst+tnys—1<&
&2 k+1=<2 -(ng3+np3 —1 (5.101)
The last inequalities from (5.100) and (5.101) can be written as:
np3 <2- (3 +ny3), forng3>2 (5.102)

Because for n; 3 < 1 the second inequality from (5.95) is always fulfilled, then
the second inequality from (5.95) is equivalent to

ng 3 < max (2 . (I’l‘a/m =+ n‘b/‘,g,), 1) (5.103)
For ny 7 <5, the third inequality from (5.95) is always fulfilled. Fornz ; > 6 we
consider two cases.

Ifny7; =2k, with k € Nand k > 3, the third inequality from (5.95) becomes

2ok <nmgr+npa+2+kSk<ng+ny+2s
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&2 k<2 (}’l‘a/‘j + I’l‘h/‘j) +4 (5.104)

If np7=2-k+1, with k € N and k > 3, the third inequality from (5.95)
becomes

2-k+1<ng1+np7+2+k+1 o k<ng+npy1+2%
&2 k+1=2 -7 +np7)+5 (5.105)
The last inequalities from (5.104) and (5.105) can be written as:
np7 <2- (g7 +np7)+5, forn,7>6 (5.106)

Because for ny, 7 < 5 the inequality from (5.106) is always fulfilled, then the third
inequality from (5.95) is equivalent to

np7 <27 +np)7) +5 (5.107)
For ny , <1, the fourth inequality from (5.95) is always fulfilled, Vp # 2, 3,7.
Forn; , > 2 we consider two cases.
Ifn; , =2 -k, with k € N*, the fourth inequality from (5.95) becomes
2ok =maiptnpptk ok =ne,+tny, <
&2k <2 -(np+nw,p) (5.108)
Ifny , =2-k+1, with k € N*, the fourth inequality from (5.95) becomes
2-k+1<ngp+npptk+1Sk<ng,+ny., &
&2 k+1=52 - (,p+np)p) +1 (5.109)
The last inequalities from (5.108) and (5.109) can be written as:
np.p <2-(Mp+np,p) +1, forny, , >2and p #2,3,7 (5.110)

Because for n; , <1 the inequality from (5.110) is always fulfilled, then the
fourth inequality from (5.95) is equivalent to

nrp S2-(l’l‘a"!p+n‘bf‘7p)+1,vp752,3,7 (5.111)
Taking into account the factorizations of the values for |a’| and |b’| and the inequal-

ities (5.99), (5.103), (5.107), and (5.111), we can obtain the conditions on L for
different values of the pair (|a’|, |'|), when the QPP has an inverse QPP. For the
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Table 5.5 Summary of conditions on L for various upper bounds on the minimum distance when
v = 3 and when the QPP has an inverse QPP (derived from the inequalities (5.99), (5.103), (5.107),
and (5.111), for different values of the pair (|a’|, |0|))

(a’l, 15') ne2 nL3 nr7 nL,p, Upper bound
p#Z, 3:7 on dmin
(1,1 <2 <1 <5 <1 28
(1,2)0r (2, 1) < <1 <5 <1 36
2,2) <5 < <5 <1 44
(1,3)or (3, 1) <2 <2 <5 <1 44
X +a X, X, +2a  x, X;+a
=r(x)+a x(x+a) =7(x+a)+2a z(x,+2a) 7(x,+a)=r(x,+2a)+a

\j&/

Fig. 5.4 Ciritical interleaver pattern of size six for QPP-based interleavers

values of the pair (|a’], |b’]) from Tables 5.3 and 5.4, the conditions on L are given
in Table5.5.

Theorem 5.10 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) using primitive feedback and monic feedforward polynomials of degree
v and a QPP with a quadratic inverse is upper bounded by

dpin <2+ (2" +9) (5.112)

Proof In Fig.5.4, an interleaver pattern of size six is shown. Each of the upper
and the lower constituent codewords generated by the interleaver pattern contain
3 input-weight 2 fundamental paths. The interleaving of the systematic 1-positions
(of the upper constituent codeword) is indicated by arrows. The index difference
between the second and the first systematic 1-positions of the first and the third
fundamental paths in both the upper and lower constituent codewords is denoted by
a. The corresponding index difference for the second, i.e. the middle fundamental
path in both constituent codewords is 2a. For convenience, these index differences
are also indicated in Fig. 5.4 by horizontal lines.
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The six elements of permutation 7(-) indicated in Fig.5.4 are written in detail
below
x1 —> m(xy)
x14+a— w(x;+a)
Xy = w(x) =7w(x1) +a
X2 +2a — w(xy + 2a)
x3 = w(x3) =7(x; +a) +2a
x34+a— w(xzs+a) =7n(x+2a)+a

(5.113)

Writing x; = p(7(x,)) and x3 = p(7(x3)), the equation corresponding to point
x3 + a in (5.113) can be written as

m(p(m(x3)) +a) = w(p(7(x2)) + 2a) + a (mod L) (5.114)

Considering the equations corresponding to points x, and x3 from (5.113), (5.114)
becomes:

m(p(m(x) + a) + 2a) + a) = nw(p(n(x1) + a) + 2a) + a (mod L) (5.115)
With x; = x in (5.115), we have
m(p(m(x +a) + 2a) +a) = 7(p(n(x) + a) + 2a) + a (mod L) (5.116)

where x € Z; denotes the first systematic 1-position (the point x; in Fig.5.4). Now,
the congruence in (5.116) is equivalent to

4-a-qy-r- (1 42q; +2aqg> +4xg>) =0 (mod L) (5.117)
which again is equivalent to
4.a°-qy-ry- (1 4+2q; +2ag>) =0 (mod L) (5.118)

since 4 - q22 -rp =0 (mod L). This follows from Theorem5.5, which states that

12-¢> -, =0 (mod L). Indeed, if L = 2"t . HP?L'pi,with np,>0andng , >

i=2
np

1,Vi = 2, ny, then, because 7 (x) and p(x) are QPPs, we have g, = 2" . l_[ p?””"' .
i=2

np

n .

Ly, ro =2"2. 1_[ p;"" - Ly, wherengs,n,,>0ifn;, € {0, 1} andny o, n,, >
i=2

lifng 2 > 2,00y npp > 1,Vi = 2,n7,and L,,, L,, € N* are positive integers cor-
responding to other prime numbers than p;, withi = 2, ny. Then, from 12 - ¢ - r, =
0 (mod L), itresults that ny > +n,2 +2 > np o, Ny p +n,p >0, Vi =2,ng
with p; > 3,and,if3 | L,n;3 +n,3 + 1 > ny 3. Therefore, if 3 { L, the congruence
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4. q22 -1, = 0 (mod L) results immediately because 2 - n; > +n,> +2 > ny > and
20y p +n,p =0pp,, Vi =2,n;. If 3] L we have ny3,n,3 > 1 because 7(x)
and p(x) are QPPs. Then, because n;3 > 1 and n;3+n,3 >n; 3 — 1, we have
Nz3+ng3+n,3>14+n,3—1=ng; and, thus, the congruence 4-¢; -r, =
0 (mod L) is also true.

From Theorem 5.5, we know that 12 - ¢, - r, = 0 (mod L), and it follows that 4 -
q> - r» = 0 (mod L) if 27 is not a divisor of L. Indeed, if 3 L, the congruence 4 - ¢; -
r, = 0 (mod L) results immediately as we have explained above for the congruence
4. q22 -rp =0 (mod L). If 3 | L, for the congruence 4 - g, - r, =0 (mod L) to be
true, itis required thatn, 3 +n,3 > ny 3. Butfrom 12 - g5 - r, = 0 (mod L) we have
nz3+n,3>np3— 1,and because w(x) and p(x) are QPPs we have n,3,n,3 > 1.
Therefore, the inequality n. 3 +n,3 > ny, 3 isalwaysheldifny 3 < 2,i.e.if 271 L.
Thus, the congruence in (5.118) holds for all QPPs with a quadratic inverse, for a
given value of L if 27 is not a divisor of L.

Since the feedback polynomial is primitive, we can choose a = 2 — 1, and with
a monic feedforward polynomial of degree v, the parity weight for the first and
the third fundamental paths in both constituent codewords in Fig.5.4 is 2 + 2" ~!
(see the proof of Theorem5.8). The corresponding parity weight for the second,
i.e. the middle fundamental path in both constituent codewords is 2 + 2”. Then the
Hamming weight of the codeword generated by the interleaver pattern in Fig.5.4 is
atmost4 - (2+2"") +2-(2+2") +6=2- (2" 4+ 9). The equality holds if the
fundamental paths do not interfere with each other as in Fig.5.4.

Figure 5.5 presents another interleaver pattern of size six. Each of the upper and
the lower constituent codewords generated by the interleaver pattern contain 3 input-
weight 2 fundamental paths. The interleaving of the systematic 1-positions of the
upper constituent codeword is indicated by arrows. Furthermore, the index difference
between the second and the first systematic 1-positions of the first and the third fun-
damental paths in the upper constituent codeword, and of the second and the third
fundamental paths in the lower constituent codeword is denoted by a. The corre-

x+a x, x,+2a  x X, +a

7(x,+2a)=

«—
Bl

N

N
Bl

7(x) m(x+a)=m(x)+2a 7(x+a) (x,+a)+

2a a a

Fig. 5.5 Ciritical interleaver pattern of size six for QPP-based interleavers
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sponding index difference for the second fundamental path in the upper constituent
codeword, and for the first fundamental path in the lower constituent codeword is
2a. These index differences are also indicated in Fig. 5.5 by horizontal lines.
The six elements of permutation 7(-) indicated in Fig.5.5 are written in detail

below

x; — mw(xy)

X1 +a— 7m(x; +a)

Xy = m(x2)

X2+ 2a — w(xy +2a) =nw(x; +a)+a

x3 = w(x3) =7m(x2) +a

x3+a— m(x3+a) =n(x;)+2a

(5.119)

Writing x; = p(m(x2)) the equation corresponding to point x; 4 2a in (5.119)
can be written as

m(p(m(xz)) +2a) = w(x; +a) +a (mod L) (5.120)
Considering the equation corresponding to point x3 from (5.119), (5.120) becomes:
m(p(m(x3) —a) 4+ 2a) = m(x; +a) +a (mod L) (5.121)

Writing x3 + a = p(m(x3 + a)), the equation corresponding to point x3 + a from
(5.119) is equivalently written as

x3+a = p(r(x1) +2a) & x3 = p(r(x1) +2a) —a &
& m(x3) = w(p(m(x1) + 2a) — a) (5.122)
With (5.122), (5.121) becomes:

w(p(m(p(m(x1) + 2a) —a) —a) +2a) = n(x; +a) +a (mod L) &
p(m(p(m(x1) +2a) —a) —a) +2a = p(w(x; +a) +a) (mod L) &
p((p(m(x1) + 2a) — a) — a) = p(w(x; +a) +a) — 2a (mod L) <

m(p(m(x1) +2a) —a) —a = w(p(r(x; +a) + a) — 2a) (mod L) (5.123)
With x; = x in (5.123), we have
m(p(m(x) + 2a) — a) = n(p(m(x +a) + a) — 2a) +a (mod L), (5.124)

where x € Z is the leftmost systematic 1-position (the point x; in Fig.5.5) in the
upper constituent codeword. Now, the congruence (5.124) is equivalent to

4-a>-qp-r- (1 —2q1 —2aqg> — 4xqr) = 0 (mod L) (5.125)
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which again is equivalent to
4.4° ~qa -1y (1 —2¢g1 —2aq,) =0 (mod L) (5.126)

since 4 - qz2 -rp =0 (mod L). This follows from Theorem5.5, which states that
12 - g - r, = 0 (mod L), as we have explained after Eq. (5.118). As for the codeword
generated by the interleaver pattern in Fig. 5.4, the Hamming weight of the codeword
generated by the interleaver pattern in Fig. 5.5 is at most 2 - (2"+! 4+ 9).

Assume 27 | L. Then, g, = 3 - ¢, for some integer c, since, from Table 3.1, 3 | ¢».
Furthermore,q; = 1+ 3 - kor2 + 3 - k, for some integer k, since, from Table 3.1, 3 ¢
q1.If g1 = 1+ 3 - k, then the congruence in (5.118) reduces to 4 - a3 - g, -1, - (1 +
2.-(14+3-k)+2a-3-c)=12-a®> - qo-r,-(14+2-k+2a-¢)=0 (mod L),
which is always true, since 12 - g5 - r, = 0 (mod L) from Theorem 5.5. Furthermore,
if gy =2 + 3 - k, then the congruence in (5.126) reduces to 4 -a> - qy -r2 - (1 —2 -
Q24+3-k)=2a-3-0)=12-a>-qp-r- (=1 =2-k—2a-¢)=0 (mod L),
which is always true, since 12 - g5 - r, = 0 (mod L) from Theorem5.5. Thus, there
is an upper bound of 2 - (2**! + 9) on the d,,,;, for QPPs with a quadratic inverse for
all values of L. [ |

We note that Theorem 5.10 applies for all interleaver lengths L. It is achievable
for a range of values L, at least for v = 3. For v = 3, the degree of all inverse
permutations should be at least three, to achieve a d,;, strictly larger than 2 - (2V ! +
9) = 50.

Theorem 5.11 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) with generator matrix G = [1, 15/13] is upper bounded by
dpin <38+12-1 (5.127)

for all nonnegative integers | and for all interleaver lengths L that satisfy

2:1+5, ifp=2
nep <433, ifp=7 (5.128)
1, otherwise

when using QPP interleavers with a quadratic inverse.

Proof In this case the proof is based on interleaver pattern in Fig.5.1. When there
exists an inverse polynomial of degree two, the congruences in (5.65) reduce to

2-a-b-qy-(ri+ry-b)=0(mod L)
{2'0'0'612'(r1+r2oc)=O(modL) (5.129)
Fora =2'-7,b =28, and ¢ = 12 in (5.129), we have
21‘24'7'612'(1’1-|-23~r2)=0(m0dL)
{2]2337‘]2(”1+223r2)=0(m0dL)<:> (5130)
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l. . . . =
{2 112- g5+ (ry +8-r2) =0 (mod L) (5.131)

2. 168 -5 (r1 4+ 12 -75) = 0 (mod L)

From Theorem 5.5 we have that 12 - ¢, - r, = 0 (mod L) when a QPP admits an
inverse QPP. Using this congruence, the second equation from (5.130) or (5.131) is
equivalent to 2! - 23.3.7.¢,-r; =0 (mod L) or 2! - 168 - g, - r; = 0 (mod L). If
20 .23 -3-T7-q>-11 =0(m0dL)and22-3-q2 -7, = 0 (mod L), then also 2/ - 2% .
3-7-q2-r+2-2"-3-7-g5-r, =0 (mod L). The last congruence is equivalent
02 .24.3.7-g5-(r1 +2> 1) =0 (@mod L) or 2! -3.112- ¢ - (r1 + 8 - 1) =
0 (mod L), whence it follows that 2/ - 112 - g, - (r; + 8 - r,) = 0 (mod L) if 9 is not
a divisor of L, i.e. if ny 3 < 1. The congruence 2 -2%-3-.7.¢g, -r; =0 (mod L),
forng 3 <1, is satisfied if

npy <ng2+I01+3
np7 <ng7+1 (5.132)
np.p <ng p, Vp #2,3,7

Using Theorem 5.6, it follows that the congruences in (5.132) are satisfied for all
valid values of ¢, for a given value of L, if the following conditions are satisfied

l—l—3+max<{%-‘, 1), ifng o> 1

npo = (5.133)
[+ 3, ifny,,=0,1
ng <1+ 7 (5.134)
nep < F“T’ﬂ,vp £2,3,7 (5.135)
Ifnp,=2-k withk € N, (5.133) can be written as
2-k<l+3+max(k—1,1) (5.136)
For k < 2, (5.136) is obviously satisfied, and for k > 3 (5.136) becomes

2 k<l+k+26k<i+2&2-k<2-1+4 (5.137)

Ifnp,=2-k+1,withk € N, (5.133) can be written as
2 k+1=<!+3+max([k—1/2],1) (5.138)

For k < 2, (5.138) is obviously satisfied, and for k > 3 it results that [k — 1/2] = k.
Then, (5.138) becomes
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2 k+1<I43+kok<I+2&2-k+1<2-1+5 (5.139)

From (5.137) and (5.139), the first inequality in (5.128) results.
Ifnp7 =2k withk € N, (5.134) can be written as

2 k<l4+ksck<le2-k<2 (5.140)
Ifny7;=2-k+1,withk € N, (5.134) can be written as

2 k+1<14[k+12l 2 k+l<lt+k+lok<le

2-k+1<3 (5.141)

From (5.140) and (5.141) it follows that n; 7 < 3 always satisfies (5.134), which
is the same as the second inequality from (5.128).
Ifny , =2k, withk € N, (5.135) can be written as

2 k<ksk<0&sk=0 (5.142)
Ifn; , =2-k+1,withk € N, (5.135) can be written as
2. k+1<Tk+1/212 - k+1<k+1k<0&2-k+1=<1 (5.143)

From (5.142) and (5.143) it follows that ny , < 1 always satisfies (5.135), which
fits with the third inequality in (5.128).

From the proof of Theorem 5.8, the Hamming weight of the codeword generated
by the interleaver pattern in Fig.5.1 is at most 38 + 12 -/ and, thus, the theorem is
proved. ]

We remark that Theorem 5.11 is useful only when ! = 0, since the upper bound of
d,nin 18 at least 50 when [ > 1. This follows from Theorem 5.10 (with ¥ = 3), which
gives a general upper bound of 50.

Theorem 5.12 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) with generator matrix G = [1, 15/13] is upper bounded by

dmin = 384121 (5144)

for all nonnegative integers | and for all interleaver lengths L that satisfy

3]
ny ., < 2. ifp=17 (5.145)
1, otherwise

when using QPP interleavers with a cubic inverse.
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Proof The proofis similar to the proof of Theorem 5.11. When there exists an inverse
polynomial of degree three, the congruences in (5.65) reduce to

2-a-b-qy-(ry+ry-b+r3-b*) =0 (mod L) (5.146)
2-a-c-qy-(ri+ry-c++r3-c*) =0 (mod L) '
Fora =2'-7,b =8, and ¢ = 12 in (5.146), we have
2l~24o7~q2~(r1+23-r2+26or3)=0(m0dL)
{21~23~3~7~q2~(r1+22~3~r2—|—24~32-r3)=0(m0dL) & G147
21112q2(r1+8r2+64r3)=0(m0dL) (5148)
2168 g2 - (r + 12 -7+ 144 - r3) = 0 (mod L) '

The two congruences from (5.147) or (5.148) are satisfied if

npy <ng,+I1+3
np7 <ng7+ 1 (5.149)
npp <Ng.p, Yp #2,7

For dy_iny = 3, ¢(dr_iny + 1) from Theorem5.7 is factorized as ¢(dr_iny +
1) = ¢(4) =4.5.6= 23 -3 -5 and thus Ny4),2 = 3, Ny4),3 = 1, Ny4),5 = 1, and
ne@y,p =0, Vp #2,3,5, p € P. Then, when a QPP admits a CPP inverse (i.e.
dy_iny = 3), from Theorem 5.7 we have

npo—3 .
Hyps = max ({—3 —‘, 1), ifng, > 1 (5.150)
0, ifi’lL,z = 0, 1
nps—l :
Ngps = max({ 3 ] 1)’ ifns>0 (5.151)
0, ifnL,3 =0
nps—1 .
Hgns > ma"q 3 W 1)’ ifns>0 (5.152)
01 ifl’lL,s =0

and for p #22,3,5

P maxq 3 ] 1)’ itng.p >0 (5.153)
0, lfnL,,, =0

With (5.150)—(5.153), the conditions from (5.149) can be written as
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nL,273 .
na < L3 max ([ 22 1), i > 1 5154
l+3, ifI’lL,ZZO,l
np3—1 .
nps < max({ 3 ]1> ifngs>0 (5.155)
07 ifnL,3:O
nps—1 .
nps < max([ 3 ]1) ifn,s>0 (5.156)
0, ifl’lL,5=O
ny .
o 1+max({ 3 -‘,1), ifnp 7 >0 (5.157)
1, ifnL,7:0
and for p #£2,3,5,7
nL_vP .
nep < maxq 3 ]1) ifng.p >0 (5.158)
0, ifng , =0
Forny, =3k, withk € N, in (5.154), we have
3-k<l+4+34+max(k—1,1) (5.159)
For k < 1, (5.159) is obviously satisfied. For k > 2, (5.159) is equivalent to
l
3~k§l+3+k—1©2-k§l+2©k§§+l©
I
3-k§3-§+3 (5.160)
Fornp, =3-k+ 1, withk € N, in (5.154), we have
3.k+1<i+34+maxk, )3 k+1<I+3+k<&
l I
2-k§l+2©k§§+1©3-k+1§3~§+4 (5.161)
Fornp, =3-k+2,withk € N, in (5.154), we have
3. k+2<i+34maxtk,1) &3 k+2<I+3+k &
[+1 I 7
2-k§l+1©k§%©3~k+253.5+5 (5.162)
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For [ =2 -5, with s € N, the last inequalities in (5.160), (5.161), and (5.162)
become

3-k <3.543 3k e{3-s4+3,3-5,...}
3k+1<3-5+4 & 13k+1eB-s+43-5+1,..) o
3.k4+2<3-5+3 k+2e(3-542,3-5—1,...)
3.1 3.1
nL,2§3-s+4=7+4©nL,2§ > +4 (5.163)

Forl/ =2 -5+ 1, withs € N, the last inequalities in (5.160), (5.161), and (5.162)
become

3.k <3543 3k €(3-543,3-5...)
3-k+1<3-544 & {3k+1€{3:-54+4,3-5+1,...} &
3-k4+2<3-5s+5 3k+2€e{3-s+5,3-5+2,...}

3.1 1 3.1
nL’2§3-s+5=T—§+4©nL.2§{TJ+4 (5.164)

Thus, (5.154) is equivalent to the first inequality in (5.145).
Forny s =3-kin(5.155)orn, s =3 -k in (5.156), with k € N, we have

3-k<max(k,1) 3 -k<ksk=0&n,3=00rn.5=0 (5.165)
Fornpz=3-k+ 1in(5.155)orn, 5 =3 -k + 1in(5.156), withk € N, we have
3-k+1<max(k,1) o k=0&n,3=1ornys=1 (5.166)
Fornps=3-k+2in(5.155)orn, s =3 -k +2in(5.156), withk € N, we have
3-k4+2<maxtk+1,1) 3 - k+2<k+12-k+1<0&keld
(5.167)
Thus, (5.155) and (5.156) are equivalent to the third inequality in (5.145), for
p =3 and p = 5, respectively.
Fornyp7 =3k, withk € N, in (5.157), we have
3-k<l4+k2-k<lsk=0&sn.7;=0 (5.168)
Fornp 7 =3-k+ 1, withk € N, in (5.157), we have
3. k+1<14+k+12-k<lok=0sn,=1 (5.169)

Fornyp7 =3-k+42,withk € N, in (5.157), we have
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3-k+2<14k+12-k<0sk=0&n,7=2 (5.170)

Thus, (5.157) is equivalent to the second inequality in (5.145).
Forn; , =3 -k, withk € N, in (5.158), we have

3. k<k&2-k<0&k=0&n,,=0 (5.171)
Forn; ,=3-k+ 1, withk € N, in (5.158), we have
3. k+1<k+162k<0&k=0&n,,=1 (5.172)
Forny , =3-k+2,withk € N, in (5.158), we have
3-k+2<k+12-k+1<0skel (5.173)
Thus, (5.158) is equivalent to the third inequality in (5.145), for p > 7.
From the proof of Theorem 5.8, the Hamming weight of the codeword generated

by the interleaver pattern in Fig.5.1 is at most 38 + 12 - [ and, thus, the theorem is
proved. |

Theorem 5.13 The minimum distance of a conventional binary turbo code (of nom-
inal rate 1/3) using primitive feedback and monic feedforward polynomials of degree
v and QPPs that have a cubic inverse is upper bounded by

dpin <2- 2" +9) (5.174)
for all nonnegative integers | and for all interleaver lengths L that satisfy

4, ifp=2
9(¥
{ " ”’J+z, ifp=35
np, =<

(5.175)

9n,
’7 nz'p—‘ + 2, otherwise

where a = 2¥ — 1 is a short-hand notation for the period of the feedback polynomial
of the constituent encoders.

Proof The proof is similar to the first part of the proof of Theorem 5.10. When there
exists a cubic inverse of QPP, the congruence in (5.117) (with x = 0) is generalized
to

4-a%-qr-(r2-(142q1+2aq) +3-r3-a-(1+q; +ag)*) =0 (mod L),
(5.176)
where a = a. Taking into account that for « = 2 — 1 always n, > = 0, the congru-
ence (5.176) is true if
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npa <Nga2+n,2+2

npa <Ngo2+np2+2

np3 <ng3+n,3z+3-nq.3

np3 <ng3+n,s3+ 4-no3+1

Nip <Ngp+nipp+3-nap Vp #2,3
NLp SNgyp+Nrp+4-nap, Vp#2,3

(5.177)

When a QPP admits a CPP inverse, from Theorem 5.7 it results that the inequalities
(5.150)—(5.153) are true.

Forny , = 0, 1 the first two inequalities in (5.177) are always true. If 4 is a factor
in L decomposition, i.e. if ny » > 2, then 2 is a factor in both r; and r3,i.e. n,, o > 1
and n,, » > 1 (see condition 1.b) in Table 3.2). In these conditions (i.e. fornz » > 2),
taking into account the inequality (5.150), the first two inequalities in (5.177) are

true if 3
ny > < max (VL%—‘ 1) +3, (5.178)

which is equivalent to n; » < 4, i.e. the inequality for p = 2 from (5.175).

In the following we consider the case when p =3 or p = 5.

We note that for p = 3, the third and the fourth inequalities in (5.177) are always
true when ny 3 = 1 and for p =5, the last two inequalities in (5.177) are always
true when n; s = 1. This follows from the fact that when 3 or 5 is a factor of L, then
it is also a factor of ¢, i.e. ng,3 > 1 whenn; 3 =1and ny,, s > 1 whenn; 5 =1,
because 7(x) is a QPP (see condition 2) from Table 3.1).

If3isafactorin L, i.e.if ny 3 > 1, then 3 is also a factor of r, i.e. n,, 3 > 1 (see
condition 2.a) or 2.b) Table 3.2). If 5 is a double factor of L, i.e.ifn; 5 > 2, then 5 is
a factor of both r, and r3, i.e. n,, s > 1 and n,, 5 > 1 (see condition 4.b) Table 3.2).

In the following, by p3 5 we understand only the prime 3 or only the prime 5. For
p3s =3 andny 3 > 2, we take into account the inequality (5.151) and we will write
the condition for which the third and the fourth inequalities in (5.177) are true. For
p35 = Sandng 5 > 2, we take into account the inequality (5.152) and we will write
the condition for which the last two inequalities in (5.177) are true, for p = 5. Thus
we have

n —1
NL pys < Max ([“’TW 1) F 143 n0,,,, (5.179)

n —1 n —1
If ny p,, > 2 we have that max <’7LPSTS—‘, 1) = IVLMTS—‘ We con-

sider three cases.
Ifng . =3k, with k € N*, (5.179) becomes

3-k<k+14+3-n4p2-k=<3-nyp,+1&

(5.180)

3.k < \‘—9.na’m'5+3J

2
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Ifng p,, =3 -k+1,with k € N*, (5.179) becomes

3ok+1<k+1+4+3-n4p,52-k=<3 n4p,5 &
9'”%1’3‘5
&3-k+1=< — +1 (5.181)

Ifng s =3-k+ 2, withk € N¥, (5.179) becomes

3-k+2<k+1+14+3-n4p,s & 2-k<3-n4p,5 &
9'"%1’3.5
&3 k+2< — +2 (5.182)

If ng,pys =2 -5, with s € N, the last inequalities in (5.180), (5.181), and (5.182)
become

3.k <9.s+1 3.k €{9-5,9-5—3,..
3.k+1<9-5+1 13- k+1e{9-5+1,9-5—2,...}  (5.183)
3.k+2<9-5+2 3. k+2€{9-5+2,9-5—1,...)

Thus, when ng ,,, =2 -5, with s € N, (5.183) is equivalent to

9'”'1,[73,5
NLps <98 +2&n,,, < — + 2, (5.184)

i.e. the second inequality from (5.175).
If ng p,s =254 1, with s € N, the last inequalities from (5.180), (5.181), and
(5.182) become

3.k <9-5+6 3.k €{9-5+69-5+3,..}
3.k+1<9.-5+5 & 3. k+1e{9-5+4,9-5+1,...}  (5.185)
3.k+2<9-5+6 3 k+2€{9-5+59-5+2,..}

Thus, when n,, ,,, =2 -5+ 1, with s € N, (5.185) is equivalent to

9- Na,pss

3
AL pys S9-5+6&np p5 < 5 _}_5 N

9- Mo, pss
AL pss = | — = + 2, (5.186)

i.e. the second inequality from (5.175).
We note that for p > 5 a factor of L, the last two inequalities from (5.177) are
always true whenny , = 1. This follows, as for p = 5, from the fact that when p > 5
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is a factor of L, then it is also a factor of ¢», i.e. ny, , > 1, because 7(x) is a QPP
(see condition 2) from Table 3.1).

If p > 5 1is at least a double factor in L, i.e. ny , > 2, then p is a factor of both
ry and r3, i.e. n, , > 1 and n,, , > 1 (see conditions 3) or 4.b) in Table3.2). In
these conditions, for n; , > 2, taking into account the inequality (5.153), the last
two inequalities in (5.177), for p > 5, are true if

nL.p smaxq'”T’ﬂ,l)HH.na,p. (5.187)
nL.p nr,p .
Ifn; , > 2, we have max = | 1) = = | We consider three cases.

Ifny, , =3k, with k € N*, (5.187) becomes

9-n, 3
3-k§k+1+3-na,p<:>2~k§3~na,p+1@3-/(5Ln'Tﬁ
(5.188)
Ifn; , =3 -k+ 1, withk € N*, (5.187) becomes
3o k+1<k+1+143-n4p2-k<3-n,p,+1%
9-n, 5
o3 ktl< {”T”J (5.189)
Ifny , =3 -k+2,withk € N, (5.187) becomes
3-k+2<k+1+14+3-n,, 2 k<3-n,, <
9.n, 6
©3~k+2§t—n’2p+ J (5.190)

If ng,p =2 -5, with s € N, the last inequalities in (5.188), (5.189), and (5.190)
become

3-k <9-s+1 3-k €{9-5,9-5-3,...}
3-k+1<9.-5s+2 & 13:-k+1€{9-54+1,9-5-2,...} (5.191)
3-k+2<9-5+3 3. k+2e€{9:-5+2,9-5—1,...}

Thus, when n, , =2 -5, with s € N, (5.191) is equivalent to

9.1,
np,<9-s+2&n.,< [ ; "’W +2, (5.192)

i.e. the third inequality from (5.175).
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Ifn,,=2-s+1, with s € N, the last inequalities from (5.188), (5.189), and
(5.190) become

3.k <9.546 3-k €{9-5s+6,9-5+3,...}
3-k+1<9-54+47 < {3-k+1€{9-54+7,9-5+4,...} (5.193)
3-k+2<9-5s+7 3-k+2€{9-5s+5,9-5s+2,...}

Thus, when n, , =2 -5 + 1, with s € N, (5.193) is equivalent to

9-nqp, S 9 na,p
npp,<9-s+7&n;, =< 3 ’ +§©nL,p§ > +2, (5.194)
i.e. the third inequality from (5.175).
Thus the theorem is proven. |

We note that the upper bounds from Theorems5.8-5.13 will appear generally
with high multiplicity, i.e. there will be many codewords of weight equal to the upper
bound when it is reached. This means that in many cases, when the d,,;, is slightly
below the bound, with low multiplicity, the turbo code error floor performance is
likely to be dominated by the bound instead of the d,,;,,. This is considered in finding
of good QPP interleavers by the method described in Sect. 7.5 (Trifina and Tarniceriu
2014).

In Rosnes (2012) is it remarked that the upper bounds on the d,,;,, in Theorems
5.8-5.13 can be shown to hold when the dual termination (Guinand and Lodge 1994)
(see Sect.2.3) is used and the length of interleaver, L, is sufficiently large.

In Rosnes (2012) the exact minimum distances for the turbo code with all lengths
from the LTE standard (3GPP 2008) and the corresponding QPP interleavers are
given when using dual trellis termination (Guinand and Lodge 1994).

Some d,,;,-optimal LTE QPPs (3GPP 2008), reported in Table IV from Rosnes
(2012), are given in Tables 5.6, 5.7, 5.8 and 5.9. For each QPP, the exact multiplicity
Ng,.. . 1.e. the number of minimum-weight codewords, is also enlisted.

LTE QPPs from Table 5.6 reach the upper bound of d,,;,, equal to 36 (from the third
row in Table 5.5), because for the lengths 312 = 23 . 3. 13,344 = 23 . 43,440 =23 .
5.11, and 488 = 23 . 61, we have npp=3,n;3=<1l,andn; , <1,for p #2,3.

LTE QPPs from Table5.7 reach the upper bound of d,,;, equal to 38 = 38 +
12 -1, for I = 0, from Theorem 5.8, because for the lengths 496 = 24.31, 624 =
24.3.13,656 =2%.41,688 =2%.43,752 =2%.47,816 =2%.3.17,848 = 2*.
53,880 =2%.5.11,912=2%.3.19, 944 = 2* .59, and 976 = 2* - 61, we have
npp=4=<l+4,forl =0,andn; , < 1,forp #2,7.

LTE QPPs from Table 5.8 reach the upper bound of d,,;, equal to 50 = 38 +
12 -1, for [ = 1, from Theorem 5.8, because for the lengths 1696 = 25.53,1760 =
2°.5-11,and 1952 =2%-61,we have n;, , =5 <l +4,forl =1,and n; , < 1,
for p # 2, 7. We note that LTE QPPs from Table 5.8 do not reach the upper bound
of d,,in equal to 50 from Theorem 5.9 because they have no QPP inverses, but CPP
inverses (given in the third column in Table 5.8).
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Table 5.6 Some d,,;,-optimal LTE QPPs that reach the upper bound of d,,;,, equal to 36 (from the

third row in Table 5.5)

L 7(x) dmin Ny
312 19x + 78x2 36 1654
344 193x + 86x2 36 1846
440 91x + 110x2 36 2422
488 91x + 122x2 36 2710

Table 5.7 Some d,,;,-optimal LTE QPPs that reach the upper bound of d,;,

Theorem 5.8, forl = 0

equal to 38 from

L 7(x) dmin Niyin
496 157x + 62x? 38 906
624 41x 4 234x? 38 1162
656 185x + 82x2 38 1226
688 21x + 86x2 38 1290
752 23x + 94x? 38 1418
816 127x + 102x2 38 1546
848 239x 4 106x2 38 1610
880 137x + 110x2 38 1674
912 29x + 114x2 38 1738
944 21x + 86x2 38 1290
976 59x + 122x2 38 1866

Table 5.8 Some d,,;,-optimal LTE QPPs that reach the upper bound of dpin

Theorem 5.8, forl = 1

equal to 50 from

L m(x) 7 1(x) dmin Nd,;,
1696 55x 4+ 954x2 | 663x 4 530x2 + 424x3 50 3264
1760 27x + 110x2 | 163x 4+ 990x2 + 1320x3 50 3392
1952 59x +610x2 | 579x + 1586x2 + 488x3 50 3776

Table 5.9 Some d,,;,-optimal LTE QPPs that reach the upper bound of dy,;,

equal to 51 from

Theorem 5.9

L m(x) din Na,in
4288 33x 4 134x2 51 4484
4544 357x 4 142x2 51 4476
5056 39x + 158x2 51 5300
5312 41x + 166x? 51 5244
5568 43x + 174x? 51 5500
6080 47x + 190x2 51 6012
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Table 5.10 Some d,,;,-optimal LTE QPPs that reach the upper bound of d,;, equal to 50, in the
class of QPPs with inverse QPPs, from Theorem 5.10

L m(x) ! (x) dmin Ndmin
2496 181x + 468x2 1117x + 1404x2 |50 9748
2624 27x + 164x? 1555x +2132x% |50 10259
2752 143x + 172x% | 943x + 1548x2 |50 10771
3264 443y 4 204x2 2483x +2652x2 |50 12819
3392 51x +212x2 3259x 4+ 1060x2 | 50 13331
3456 451x + 192x2 2539x 4 3264x2 |50 6802
3520 257x +220x2  |2753x + 1540x% |50 13843
3648 313x + 228x2 1993x + 3420x2 |50 14355
3712 271x +232x2 2671x 4+232x% |50 14611
3776 179x +236x2 | 443x + 1180x2 |50 14867
3904 363x + 244x2 1667x + 3172x% |50 15379
3968 375x + 248x? 455x +2232x% |50 15635
6144 263x + 480x2 5303x + 5856x2 |50 12179
Table 5.11 d,,;, - optimal QPPs with improved error performance for two particular interleaver
lengths

L m(x) ! (x) dmin Ndmm
1504 49x + 658x% | 353x +470x% + 1128x3 50 3241
2048 21x + 128x2 1853x + 1408x2 50 9198

LTE QPPs from Table 5.9 reach the upper bound of d,,;, equal to 51 from The-
orem 5.9, because for the lengths 4288 = 20.67, 4544 =26 .71, 5056 = 2° .79,
5312 =26.83, 5568 = 2°.3.29, and 6080 = 2°-5-19, we have n,, = 6 and
np.p <1,forp #2.

LTE QPPs from Table 5.10 reach the upper bound of d,,;,, equal to 50, in the class
of QPPs with inverse QPPs, from Theorem 5.10. The inverse QPPs for the reported
QPPs are given in the third column in Table 5.10.

In Rosnes (2012), for some lengths, there are also tabulated d,,;,-optimal or
improved QPPs found by computer search. To quickly reject bad QPPs during the
search, the special version of the triple impulse method (Crozier et al. 2004), men-
tioned at the beginning of this section, was used. Furthermore, the size of the search
space can be reduced by using Theorems 5.8-5.13. For instance, Theorems 5.8 and
5.9 can be used to terminate the search when a QPP has been found that led to a
minimum distance equal to one of the upper bounds provided in the theorems. Fur-
thermore, Theorems5.10 and 5.11 can be used to terminate the search within the
class of QPPs with a QPP inverse when a QPP achieving one of the upper bounds
provided by the theorems has been found. Similarly, Theorems5.12 and 5.13 can
be used to terminate the search within the class of QPPs with a CPP inverse. In the
final stage, the best QPP candidate can be checked using the exhaustive algorithm for
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Table 5.12 Some d,,;,-optimal QPPs with improved error rate performance which do not have an
inverse QPP

L 7(x) 1) din Ny,
2496 119x + 702x2 215x + 390x2 4 218x3 51 3034
2624 125x 4 1066x? 677x + 246x2 + 2296x3 51 2556
2752 21x + 430x2 557x + 1634x2 + 344x3 51 2853
3008 143x 4 94x2 1951x + 470x% + 11283 51 2940
3264 55x 4+ 102x2 2359x + 2958x2 + 2856x3 51 3396
3392 81x + 106x2 513x + 2862x2 + 2968x3 51 3324
3520 27x + 110x2 1923x + 2750x2 + 3080x3 51 3452
3648 43x + 114x2 403x + 1026x2 + 2280x3 51 3580
3776 1359x 4 826x2 1151x + 354x% + 1416x3 51 3708
3904 1283x + 854x2 2715x + 2806x% + 2440x3 51 3836

computing the distance spectrum of a turbo code from Rosnes and Ytrehus (2005)
or Garello et al. (2001).

In Table5.11, which is a part of Table V from Rosnes (2012), two d,,;,-optimal
QPPs are given for two medium interleaver lengths. For each QPP, the exact mul-
tiplicity Ng,,, is also listed. These polynomials were selected based on error-rate
performance through simulations. The inverse polynomial, denoted by 7~!(x), is
tabulated in the third column of the table. We can verify that the minimum dis-
tance for the QPP of length 2048 from Table 5.11 reaches the general upper bound
given by Theorem 5.10 above because this QPP has an inverse QPP and for v = 3,
dpin <2 - (23*! +9) = 50 results. The minimum distance for the QPP of length
1504 from Table 5.11 reaches the partial upper bound given in Theorem5.12 above

because this QPP has an inverse CPP, 1504 = 2° - 47 and for [ = 1, it follows that
3.1
{TJ +4=5,and d,,;,, <38+ 12-1=50.

Table5.12, which is a part of Table VI from Rosnes (2012), gives some d,;,-
optimal improved QPPs for medium-to-long interleaver lengths. For each QPP, the
corresponding exact multiplicity Ny, . is also listed. In the third column of the table,
an inverse polynomial, denoted by 7~!(x), is tabulated. Because for the lengths
2496 = 2°.3.13, 2624 =26 .41, 2752 = 2043, 3008 = 26 - 47, 3264 = 2°.3.
17, 3392 =26.53, 3520 =2°-5-11, 3648 =25-3.19, 3776 =2°.59 and
3904 = 26 . 61, the exponents of the factors from their prime decomposition meet
6, if p=2
1, otherwise.
Table 5.12 reach the partial upper bound given in Theorem5.9, namely 51. From
Table5.12 we note that QPPs of the same lengths as those from Table 5.10 have
significantly smaller multiplicities Ny, . This is due to the fact that the QPPs from
Table 5.12 have inverse CPPs, while QPPs from Table 5.10 have inverse QPPs.

Deriving a general upper bound on the d,,;, (if it exists) that holds for any

interleaver length without any constraints on the minimum degree of the inverse

the equality ny , = , the minimum distances for QPPs lengths from
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polynomials is still an open problem. Even finding a general upper bound when
the minimum degree of the inverse polynomials is three is also an open prob-
lem. At the end of the paper (Rosnes 2012) the author has remarked that the QPP
39x + 760x2 (mod 9728) (which has a CPP inverse) gives an estimated d,;,, of 56,
which indicates that 51 is probably not a universal bound on the d,,;,, when the min-
imum degree of the inverse polynomials is three. This fact is also indicated by the
QPP 59x + 1680x? (mod 6144), which has a CPP inverse, a minimum distance of
51 and a very low multiplicity of 94.

5.3 Upper Bound on Minimum Distance of Turbo Codes
with Interleavers Based on PPs of Any Degree

In this section we give an upper bound on the minimum distance of an interleaver
based on a PP of any degree, for lengths multiples of 8, that is of the form L = 23 - M,
with M a positive integer (Ryu et al. 2015).

Firstly, we define the notion of PLPP.

Definition 5.14 A PLPP interleaver is an interleaver 7(x) of length L so that

Pl’o-x+P0,(), forx(mod R):O
w = f e o med B = 6.195)
Py gr_1-x+ Pyog_1, forx (mod R) =R —1,
which can be also represented in the following form
Pio- Ry + Py, forx = Ry
Pi1-R P, fi =R 1
n(x) = | T Y Fo fore =Ry (5.196)

Pir_1-Ry+ Pé’R_l, forx =Ry+ R — 1,

Withl§R<L,R|LandP(;’,=P0,1+P].l~l,Vl=O,R—1.

The efficient address generation method in Ryu (2012a) can be used for imple-
menting a PLPP.

The following lemma from Ryu (2012a) is useful to show that all PPs are equiv-
alent to PLPPs when the interleaver lengths are of the form L = 2% - M, with M a
positive integer.

d

Lemma 5.15 (Ryu 2012a) Let w(x) = Zqixi (mod L) be a PP, where
i=1

gcd(qy, L) = 1 and all factors of L divide q;, Vi = 2.d. Then, 7(x) is a PP. Let
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d
m'(x) = Z iqix"*1 be the formal derivative of w(x) and let also R be an integer so
i=1

that L | (¢;R?),Vi =2, d. Then(x) is decomposed into a PLPP so that P, ; = 7' (I)
and P§; = w(l), with] =0,1,--- , R — 1.

Proof For x = Ry + [, the ith degree term of 7(x) can be written as

gix' = qi(Ry +1)' =gq; - ) CI"- (Ry)" - 1" =

m=0

=g U g (Ry) I g Y (Ryy" 1" (5.197)

m=2

Since L | (¢;R?),Vi = 2, d, it follows that L | (g; R"), where2 <i < d andn >
3. Thus g;x’ (mod L) =ig;l'""- Ry + ¢; - I' (mod L). Then, 7(Ry + 1) = (RY) -
d d d

Y gl + ) (qil) = 7'(1) - Ry + 7(l). Consequently Py, =Y igl'™' =

i=1 i=1 i=1

d
w'(lyand Py, =Y qil' =7(),1=0,1,--- ,R—1. [}
i=1
d
Lemma 5.16 (Ryu 2012b) Let w(x) = Zq,-x’ (mod L) be a PP. Assume that
i=l
L =23-M, with M a positive integer. Then, w(x) is equivalent to a PLPP and
R <L/2.
Proof We choose apositive integer R sothat L | R*and R | L. Assume that the prime
nL
decomposition of L is L = 2" . HPZL,ii’ with np» >3, n, e N*and np; > 1,

i=2
nr

Vi = 2, ny. Then, a valid choice for R is the value 2"#2 . 1_[ p?”“', where ng, =
i=2

Vi = 2, ny.

_ne. ifng; =1,
[ne.2/2] and ngi = { fnp./2, ifng;>2 "

For this choice of R,as 2 - [ny ; /2] > ny ;,forng ; > 2, we have L | R2?, and as
[ng /2] <np,;,forn,; >2,wehave R | L.

Because L | R%, we have L | (q,-Rz),forZ < i <d,andaccording to Lemma5.15
it follows that 7(x) can be decomposed into a PLPP so that Py ; = 7'(/) and P, =
w(l),withl=0,1,--- , R — 1.

The fact that R < L/2 follows fromng, <n;,— landng; <np;,Vi =2,n;.

[ |

Lemma5.17 gives the upper bound of minimum distance for an interleaver based
on PP of any degree, for lengths multiples of 8.
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m/\

X, +m- X, +m- T—l
= 2”—1
z(x,) H(XJ 7w+ ﬂ X, +m- 2 71 ( )
(27-1) =z x+m 2V—1 +n-(2" 1)

2”—1

Fig. 5.6 Ceritical interleaver pattern of size 4

Lemma 5.17 (Ryuetal.2015) Let there be a PP of arbitrary degree modulo a length
multiple of 8 and let the first coefficients of the equivalent PLPP be equal for all I,
ie, Plo= P =..= P r_1 = P. Let m and n be positive integers and R|(m -
(2 — 1)), where v is the degree of the primitive feedback and monic feedforward
polynomials of RSC codes, which are component codes of a conventional turbo code.
Under these conditions, there exists a critical interleaver pattern of size 4 as shown
in Fig.5.6 and the minimum distance of the turbo code with this PP (or PLPP)
interleaver is upper bounded by (m + n) - 2" + 12.

Proof Consider the codeword generated by the interleaver pattern shown in Fig. 5.6.
For both constituent codes the interleaver pattern contains two fundamental paths
with input sequences of weight 2. The difference between 1-positions in the two input
sequences of weight 2 ism - (2¥ — 1) for the upper constituent code, andn - (2" — 1)
for the lower constituent code, respectively.

The four elements of permutation 7 (-), indicated in Fig. 5.6, are written in detail
below

x; — w(x;)
xi+m-2Y—=1) > ax; +m-2"—-1))
xj—>mx;)=7x)+n-2"-1) (5.198)

xXj+m-Q2'—=1) > 7nx;+m-Q2"—-1)) =
=7m1xi+m-2"=1)+n-2"-1)

Since the distance between the first two points for the upper constituent code is
m- (2" —1) and R|(m - (2" — 1)), the two points are in the same ith component
LPP of the PLPP. Thus, the two points are mapped into 7(x;) = Px; + R; and
m(x;+m- Q2" —=1)) = P(x; +m- (2 — 1)) + R;, respectively.
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Since the input sequences for the upper and lower constituent codes are mapped
by an interleaver, there is a point in the input for the upper constituent code that is
mapped into the point Px; + R; + n - (2 — 1) in the input for the lower constituent
code. Let us call it x;, where j is the number of the corresponding component
LPP of the PLPP. Then, w(x;) = Px; + R; = Px; + R; +n - (2¥ — 1). Since the
distance between the last two points for the upper constituent code is m - (2 — 1)
and R|(m - (2¥ — 1)), the two points are in the same jth component LPP of the PLPP.

From those above, we have

P(xj4+m-Q2"—1)+Rj=Px;+R;+Pm-2"—1)=
=Pxi+Ri+n- 2" —=1)+Pm-Q2"—1)=

=Pxi+m-2"=1)+Ri+n-2"—-1) (5.199)

But (5.199) is the equation corresponding to the fourth point from (5.198). Thus,
an input sequence of weight 4, shown by the interleaver pattern from Fig. 5.6, exists
for PLPP with R LPPs, when R|(m - (2" — 1)).

It is easy to check that the parity weight of codeword generated by the upper
constituentcodeis2 - (m - 2"~ + 2) (see the proof of Theorem 5.8). Then, the weight
of the corresponding turbo codeword isatmost2 - (m - 2V~ +2)+2 - (n-2""! +2)
+4=(m+n) 2"+ 12. |

In Table5.13 upper bounds on the minimum distance for turbo codes with PPs
when v = 3 are shown. The result in Lemma5.17 is similar to Tables 5.4 and 5.5
(Tables II and III in Rosnes 2012). However, Lemma5.17 can also be applied to
higher order PPs.

Reference Trifina et al. (2017) gives up to five degree PPs of short LTE lengths
(from 40 to 512) with optimum minimum distances, when using LTE turbo codes
with dual trellis termination. Four CPPs and two 4-PPs obtained in Trifina et al.
(2017) reaching the upper bound of minimum distance equal to 36 (their PLPP rep-
resentations have R = 2) are given in Table5.14. Many PPs of degree greater than
two better than QPPs in terms of TUB(FER) at high SNR for AWGN channel (see
Eq.(2.22)), considering only the first term in the distances spectra, were found in
Trifina et al. (2017). For the PPs found in Trifina et al. (2017), the authors have
computed the number of component LPPs from their PLPP representation under the
constraint that the coefficients of linear terms of the LPPs are equal to each other (R).
From the results given in Tables I and II from Trifina et al. (2017) it can be observed
that if some PPs of a certain length have minimum distances close to each other, then,
for those with greater values of R for their PLPP representation, the multiplicities are
smaller. Thus, an important conclusion resulting from Trifina et al. (2017) is that the
value of R highlights a tradeoff between the error rate performance and implementa-
tion complexity. For very good error rate performance the values of R, and thus the
complexity, should increase, and for lower implementation complexity the values of
R should decrease, but in this case the error rate performance is compromised.
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Table 5.13 Upper Bounds (UBs) for the minimum distance of turbo codes using PP based inter-
leavers. Generator matrix of recursive systematic convolutional codes is as in the LTE turbo

code (3GPP 2008)

R
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R e
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The upper bound in Lemma5.17 shows some interesting points, specifically, for
R =4. In Rosnes (2012) (see Theorems 5.9 and 5.10 in this chapter), it was shown
that the upper bound on the minimum distance of turbo codes with QPP based
interleavers, when QPPs have a quadratic inverse, is 50 and for some QPPs with
non-QPP inverse, 51. In it is shown that for every PP, not just for QPPs, the upper
bound on the minimum distance is 52 when R = 4. Although the PPs that achieve
the upper bound 52 have not been identified Lemma5.17 shows that the upper bound
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Table 5.14 Four d,,;, - optimal CPPs and two d,;,;,, - optimal 4-PPs for some short LTE lengths,
which reach the upper bound of minimum distance equal to 36 for R = 2 (from Table 5.13)

L m(x) min Ndpin
288 211x + 36x2 + 24x3 36 1511
304 67x + 38x2 + 76x3 36 1607
320 47x + 40x2 4 80x3 36 1702
368 57x + 46x% + 92x3 36 1990
256 183x + 96x2 + 64x3 + 16x* |36 1422
288 79x + 120x2 4 0x3 + 6x* 36 1511

will increase only with 1 or 2 for any degree of polynomials when R = 4, i.e., no
large difference in terms of minimum distance.

Finally, we mention that, to avoid the limitation of PPs previously shown, dithered
LPP interleavers are proposed in Ryu et al. (2015). These interleavers are, actu-
ally, PLPPs as in (5.195), but the coefficients of the component LPPs are relaxed
(“dithered”) to allow improving the performance of a specific turbo code. In Ryu
et al. (2015) it is shown that for some short lengths, good dithered LPP interleavers
were found, which outperform good QPPs from 3GPP (2008), Rosnes and Takeshita
(1992) or Trifina and Tarniceriu (2014) or CPPs from Trifina and Tarniceriu (2013).
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Chapter 6 ®)
Parallel Turbo Decoding for Permutation | <o
Polynomial Interleavers

6.1 Preliminaries

The very good error correction properties of turbo codes make them an attractive
choice for all types of communication systems. However, in applications requiring
high data rate, there is a problem related to the overall large delay of the iterative
decoder. In fact, each frame must be processed through several iterations before
estimating the corresponding data. Consequently, the implementation of the decoder
should be optimized so that the delay should be kept as low as possible.

A direct way to increase the throughput of an iterative decoder consists in using
many parallel iterative decoders. The use of M iterative decoders leads to an increase
of M times of the throughput, but the complexity also increases M times. Particularly,
the memory used, that becomes a significant portion of the overall complexity for
the medium-to-long interleaver lengths, will increase linearly with M.

A more efficient solution to increase the throughput of an iterative decoder is
a parallelized structure where the operations for decoding a turbo-codeword are
performed at the same time by different processors.

The turbo decoder iterates for a certain number of iterations between two decoders
with a soft-input soft-output (SISO) decoding algorithm (Trifina and Munteanu
2008). At a given iteration, decoder 1 accepts at its input what decoder 2 supplies at
its output in the previous iteration (except for the first iteration, when there is no input
from decoder 2). Actually, decoder 1 sends its output to decoder 2, which accepts
it as input for the current iteration. Between the two decoders, an interleaver and a
de-interleaver rearrange the information corresponding to the permutation 7 and to
the inverse permutation 7!, respectively. In parallel concatenation the information
exchanged (called extrinsic information) belongs to input bits of both encoders.

When convolutional codes are constituent codes of the turbo encoder, the algo-
rithm carried in each SISO decoder is usually the Bahl-Cocke—Jelinek—Raviv (BCJR)
(Bahl et al. 1974). Ideally it requires two recursions on the code trellis, a forward
one, from the beginning to the end of the block, and a backward one, from the end to
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(a)
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I

(b)
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collision

Fig. 6.1 a Avoiding collisions; b A collision

the beginning of the block. Practically, in low delay implementations the algorithm
is “windowed” by dividing the entire block into sub-blocks and making some shorter
recursions within sub-blocks, all of them associated to distinct processors working
in parallel.

Since every processor performs the same algorithm, all of them access the mem-
ory at the same time. Then, collisions can occur, weakening the effectiveness of
implementation. It is assumed that the memory is divided into a number of banks. A
collision occurs when two (or more) processors access the same memory bank at the
same time. There are no collisions when processors access different memory banks
at the same time. If there are P processors and each of them accesses the memory
once at a time, then there will be at most P simultaneous accesses to memory. To
ensure an implementation without collisions, there must be at least P memory banks.
A schematic view of collisions is shown in Fig.6.1.

The memory access is performed when the SISO decoder reads input variables
and when it writes output variables. Actually, the output variables are an update of
input variables and it is assumed that the update of a given variable is written on the
same memory element where it has been stored. It is also assumed that the cost for
reading and writing operations of corresponding updates coincide, thus the reading
and writing operations are considered equivalent in terms of memory access.

The problem of parallelism consists in that there are two schemes of read-
ing/writing operations, one associated with decoder 1, which reads and writes vari-
ables in natural order, the other one associated with decoder 2, which reads and
writes in an interleaved (permuted) order. In other words, the two semi-iterations of
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turbo decoding algorithm impose different constraints on processing variables in the
memory banks. This is the main problem of parallelism in turbo decoders.

Thus, the interleaver has the main role in this scenario. If the interleaver is
defined by the identity permutation, i.e., w(i) =i, Vi € Z, the problem of paral-
lelism becomes considerably easier, since both decoder 1 and decoder 2 work in
the same way, at least in what concerns the memory access scheme. Both decoders
write/read in a natural order. But in this case the turbo code performance is weaker
compared to a well designed interleaver.

Many researchers have tried to find good interleavers that allow a parallel imple-
mentation of the turbo decoder without collisions. Out of these we mention: block or
multi-stage interleavers for parallel decoding (Giulietti et al. 2002), divisible inter-
leavers for parallel decoding (Kwak and Lee 2002), inter-window randomization
(IWR) interleavers for parallel decoding (Nimbalker et al. 2003). For more refer-
ences concerning collision-free interleaver design we refer the reader to Benedetto
et al. (2006).

When a specific permutation must be implemented in a parallel decoder, as it is
the case for standards as LTE (3GPP 2008) or Digital Video Broadcasting (DVB)
(DVB-RCS 2003), or if a decoder must work with multiple interleavers and/or with
different types of parallel processing, then particular collision-free interleavers as
those mentioned above are not viable. However, the solution of collision-free inter-
leavers has been successfully applied to LTE standard (3GPP 2008) since QPP inter-
leavers are contention-free for any number of processors divisible by interleaver
length (Takeshita 2006). We present the proof for this property of any degree PP
interleavers in Sect. 6.2. Almost regular permutation (ARP) interleavers (Berrou et al.
2004) can be designed so that they have high degree parallel processing and good
error correction performance.

Another method to solve the collision problem is to use a scheme which maps the
inputs to be read or written in the memory, in a desired order so that collisions are
avoided.

In Tarable and Benedetto (2004, 2005) and Tarable et al. (2004), the authors
proposed an algorithm based on the permutation decomposition which allows to
implement a parallel decoder based on an arbitrary interleaver with any parallelism
degree.

A method with the same approach to avoid collisions was proposed in Nieminen
(2014), but it uses a butterfly network of 2-by-2 crossbar switches for the mapping
scheme between processors and memories. The use of a butterfly network of 2-by-2
crossbar switches involves that the number of processors used in parallel iterative
decoding is a power of 2, but in this case the complexity is smaller than that for the
solution previously mentioned. Actually, the solution is optimal in terms of address
information. In Nieminen (2014) the control bits needed for routing the inputs in a
butterfly network are obtained in a quite complicated way. In Nieminen (2017) it is
shown that the control bits are obtained in an easier way for QPP interleavers. The
same easy way to obtain the control bits is proved to be valid for any degree PP
interleavers and ARP interleavers in Trifina and Tarniceriu (2017). This solution is
presented in Sect. 6.3 of this chapter.
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6.2 Maximum Contention-Free Property of Any Degree PP
Interleavers

In this section we show that PP interleavers are without collision for any number of
processors divisible by interleaver length (i.e. they are “MCF”). The condition for
collision-free interleavers for window size W and permutation 7 (-) describing the
interleaver is Nimbalker et al. (2004, 2008)

lm(j +tW)/ W] # |7(j +vW)/ W] and 6.1)
ln = G+ W)/ W] # (77 G+ W)/ W], (6.2)

where 0 < j < W,0<t<v<L/W, and 7r’1(~) is the inverse permutation. In
Nimbalker et al. (2004, 2008), it is shown that the number of collision-free inter-
leavers A(W, M) is lower and upper bounded by

WMDY + M- (WHM — M- W < AW, M) < (MDY - (WHM  (6.3)

The fact that the upper bound is smaller than (M W)! (the total number of inter-
leavers of length M W) shows that the fraction of collision-free interleavers is small.
This upper bound is represented in Fig.6.2 on a logarithmic scale. It is divided by
to the total number of interleavers for the first 17 lengths from LTE standard (3GPP
2008) when the number of processors for parallel decoding is M =2, M =4 or
M =8.

The fact that all PP interleavers are MCF is given by the following theorem
(Takeshita 2006).

Theorem 6.1 (MCF Property of PP interleavers) Let w(x) =qo+qi-x+q> -
X244 qa x? (mod L), 0<x<L—1, bea permutation polynomial inter-
leaver of degree d. Then, 7(x) generates an MCF interleaver.

Proof Firstly, we check condition (6.1) for this interleaver.

Let there be
| mG+W) |G+ W)
0, = {—W J and Q, = {—W J (6.4)
Then
T(j+tW)=Q, W+ (7(j + W) (mod W)) and ©5)

T(j +vW) = Q, - W+ (n(j + vW) (mod W))

We have to show that Q; # Q, fort —v # 0 (mod M) andany 0 < j < W.
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UB(A(W, M))/(LY) (M = L/W)
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L

Fig. 6.2 The upper bound of the number of collision-free interleavers from (6.3) (U B(A(W, M)))
divided by to the total number of interleavers of length L = MW, for the first 17 lengths of LTE
standard, when the number of processorsis M =2, M =4 or M =8

Assume that Q, = Q,. Then

0o, TUHW) - (ﬂi; W) (mod W) _
T W) - (W(‘J}'V +oW) mod W)) _ o (6.6)

But

T(j+tW)=qo+qi-j+qr j*+ - +qa-j* (mod W) and

. . .2 .d (67)
T(j+uvW)=qo+q1-j+q2-j +---+qq-j° (mod W),

since W = L/M is integer and, in this case, for x and y integers, fromx = y (mod L)
it follows that x = y (mod W). Thus

w(j+tW) (mod W) = n(j + vW) (mod W) (6.3)
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and the absolute value of (6.6) can be simplified as

Im(j +1W) —7(j +oW)|
- -

101 — Ol = 0 (6.9)

AsO < j < Wand0 <tW < vW < L,itfollowsthat) < j +tW < j+vW <
L + W. Obviously, we have (j +tW) (mod L) # (j + vW) (mod L). Therefore,
w(j +tW) #£ 7w(j + vW), because m(x) generates a permutation polynomial and in
this way a contradiction exists in (6.9).

To verify condition (6.2), we note that the permutation polynomials form a finite
group G under the operation of function composing, i.e. 7(7(x)) is a permutation
polynomial and the inverse function 7~ !(x) can be found by a sufficient number
of function composition of 7(x) to itself. Then, it is sufficient to show that each
element from G which includes the inverse function 7 !(x) satisfies (6.1). This
implies the same steps as in the first part of the theorem proof, replacing 7(j + tW)
by m(w(j +tW)) and w(j + vW) by (7w (j + tW)). We have:

m(wG+IW)) =qo+q1- TG+ W) + g0 - (x( + W)+ +
+qa - (7 + W) (mod W) (6.10)

or, using (6.7),

w7+ W) = qo +q1 - 7() + a2 - (1())* + - +

+qa - (1(j))" (mod W) ©.11)
Similarly
T(7(+oW)) = qo+ a1 - T() + g2 - (7())* -+
+qq - (w(j))d (mod W) = w(w(j +tW)) (mod W) (6.12)

Therefore, (6.9) becomes

|7 (7 (G +tW)) — (7 (j +vW))]|
w

As (j+tW) (mod L) # (j + vW) (mod L), and 7w(x) generates a permuta-
tion polynomial, it follows that w(j + ¢t W) # 7w (j + vW) and thus 7r(7r(j + tW)) #
77(7r(j + vW)). So, the assumption that Q, = Q, is not true.

Finally, we use the mathematical induction method to show that every function
obtained by successively composing 7(x) (which after a number of steps generate
inverse function 7~ (x)) generates a MCF interleaver. |
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6.3 Parallel Access by Butterfly Networks for Any Degree
Permutation Polynomials

Let the interleaver length be factorized as L = M - W for positive integers M and
W. In this section we denote by I, L € N*, the set {0, 1, ..., L — 1}. Let functions
aj(k) : Iy x Iy — I, be defined so that a; (k) # a;(k), Vk € Iy, Vi, j € Iy with
J #i,and Vx € I, there is a unique function a; , so thata; (k,) = x. For a parallel
turbo decoding implementation, the linear and interleaved accesses to the memory
banks at time k € Iy are defined by the address vectors (ag(k), a1 (k), . .., ay— (k)
and (7 (ag(k)), (@ (k)), ..., m(ay—1(k))), respectively. To avoid the collisions at a
certain moment in the same memory bank, there must exista function Fy, : I}, — Iy,
so that

(1) Fy (ai (k)) # Fy (a j (k)) (linear parallel access)
(2) Fu(m(ai(k))) # Fu(m(a;(k))) (interleaved parallel access)

Vi,j e ly,i # j,and k € Iy. If there exists a function F), for an interleaver over
I, then we say that the interleaver is contention-free for parameters M and W. We
note that this definition is different from that given by Eqgs.(6.1) and (6.2). In this
case, a parallel turbo decoding implementation is possible with M processors and
M memory banks, each of them with W memory cells.

The linear parallel access for any degree PP interleaver with functions a; (k) =
Jj - W + k was proved in Theorem 6.1 (Takeshita 2006).

In Theorem 6.3 it is proved that any PP interleaver of length L = 2" - W, with n
and W positive integers, is contention-free by the function

Fon(x) = x (mod 2"), (6.14)

and the function (6.14) provides exactly the same mapping of addresses as a 2" x 2"
butterfly network does.

In Fig.6.3 a 8 x 8-butterfly network and eight memories are shown. The 8 x
8-butterfly network consists of twelve 2-by-2 crossbar switches (i.e. log,(8) =3
columns multiplied by 8/2 = 4 switches per column). Each 2-by-2 crossbar switch
is controlled by one bit. If the bit is zero, a direct connection is performed, and if
the bit is one, a cross connection is performed. In Fig.6.3 the twelve control bits
X0, X1, - .., X1 are set to zero. Hence all 2-by-2 crossbar switches perform a direct
connection. To get from an input bit i to an output bit j, three control bits are required
(Lawrie 1975). If the binary representations of decimal numbers i and j are (i»i1ip)»
and (j» ji1 jo)2, respectively, then the control bits cby, with k = 0, 1, 2, are computed
by cby = ix D jir, where @ is the modulo 2 operator. The bit with index O in a binary
representation is the least significant bit. The first control bit used is cby, then cby,
and then cb;, i.e. the three control bits are applied from the left to the right side of
the butterfly network.

Before proving the main theorem in this section we give the definition of a uni-
formly p"-dyadic vector, where p is a prime number.
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0 Mem 0
X, X, Xg

£y |

2 4| Mem 2
X Xs X

3

4
% X6 *10

6
X3 X7 X1

7 jl Mem 7

Fig. 6.3 8 x 8-butterfly network with eight memories

Definition 6.2 Let p be a prime number. A vector (ao(k), ay(k), ..., ap_ (k)) of
integer components a; > 0,/ € I,,», is uniformly p”"-dyadic if

Apik+i F# Aparyj (mod p?), (6.15)

Vi, j € Lo withi # j,Vk € Inq,and¥g = 1,2, ..., n.

For example, the vector (ao(k), a; (k), ...,a3z,1(k)) =(0,1,2,3,4,5,6,7,8)
is uniformly 9-dyadic because ay(k) # aj(k) # ax(k) (mod 3) (i.e. 0#1#
2 (mod 3)), az(k) # as(k) # as(k) (mod 3) (i.e. 3 #4 %5 (mod 3)), ag(k) #
aj(k) # ag(k) (mod 3) (i.e. 6 # 7 # 8 (mod 3)), and ag(k) # a;(k) # - - - # ag(k)
(mod 3%) (ie. 0# 1 # .- # 8 (mod 9)). Vector (ao(k),al(k),...,a3z_1(k)) =
(3,7,11,6,4,5,9, 10, 2) fulfills the conditions azr1; 7# az+; (mod 3), Vi, j € I
withi # j,Vk € I3, butitis not uniformly 9-dyadic because a, (k) = ag(k) (mod 32)
(i.e. 11 =2 (mod 9)). Vector (ao(k), ai(k), .. .,a3z_1(k)) =(17,7,11,6,4,5,9,
10, 3) also fulfills the conditions az.o4; # az.04+; (mod 3%), Vi, j e Iy with i # j,
but it is not uniformly 9-dyadic because ay(k) = a»(k) (mod 3) (i.e. 17 =11 =
2 (mod 3)).

The classes on I;, modulo p" are denoted by

Ui(p) = {x € IL]x =i (mod p")} (6.16)
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for all i € I,». The Cartesian product of the sets U;(p) is denoted by U?", i.e.,
UP" = Uy(p) x Ui(p) x Us(p) x -+ x Upi_1(p).Obviously, from (6.16) it results
that the sets U; (p) are disjoint.

For the interleaver length L = 2" - W vectors A, (k) and A, (k) are written as

Aa(k) = (ao(k), a1 (k), ..., an_ (k) (6.17)

and
A (k) = (m(ap(k)), w(ar (k)), ..., m(ay_1(k))) (6.18)

for all k € Iy and components a;(k) € I.
The main theorem is given below.

Theorem 6.3 (Contention-free (CF) property of PP interleavers by the function
(6.14) Nieminen 2017) Let n and W be positive integers and L = 2" - W. Let 7(-)
be a PP interleaver on I of arbitrary degree, as in (3.1). Then it holds that

(1) A,(k) is uniformly 2"-dyadic
if and only if

(2) Ax(k) is uniformly 2"-dyadic
if and only if

(3) there exists the transition matrix By of a 2" x 2" butterfly network so that
BiAy (k) € U
if and only if

(4) there exists the transition matrix Cy of a 2" x 2" butterfly network so that
CiAr(k) € U*

foralk € Iy.

From Theorem 6.3 it follows that any PP interleaver on I, with L = 2" - W, is
contention-free by the function Fp» given in (6.14). On the base of this theorem
we may construct many kinds of vectors of component functions a; to access the
extrinsic memories without collisions for PP interleavers on I:),. We have only
to check that the designed vectors of component functions the a; are uniformly
2"-dyadic according to (6.15) for p = 2.

To prove the theorem, three lemmas are firstly stated and proved.

Lemma 6.4 Let n and W be positive integers and L = 2"W. Assume that A =
(ag, ai, ..., am_1) is a vector whose components a; € Iy, ¥l € In. Then A is uni-
formly 2"-dyadic if and only if there exists the transition matrix B of a 2" x 2"
butterfly network so that

BA belongs to U*". (6.19)

The assumption that a; € I, VIl € I, can be replaced by the requirement that a; are
non-negative integers, i.e. a; > 0, Yl € I,

Proof “=" For the direct proof, we assume that vector A is uniformly 2"-dyadic.
We show that, if a; is applied to the input pin / of the 2" x 2" butterfly network,
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then it is mapped to the output U;(2) with i = a; (mod 2"). Let ly, [y, ..., l,— and
ao, ar.1, - - -, ai,—1, be the least n significant bits of / and gy, respectively. From
Lawrie (1975) the n control bits c¢b;, with j € I,, which make an interconnection
along the 2" x 2" butterfly network from the input pin / to the output pin a; (mod 2")
are determined by the modulo 2 sums ¢b; = (I; ® a;;;), with j € I,,.

‘We begin with the least significant bit a;.( of the component a;. We denote the orig-
inal vector by Ay, that is, A=A = (ay,ay,...,am_;).Since A = Ais uniformly
2"-dyadic by assumption, from (6.15) for p =2 and ¢ = 1, we have that ay; #
aziy1 (mod 2), Vk € I.-1. We note that if / = 2k then [y = 0 and the first control bit
isap.o and if | = 2k + 1 then /p = 1 and the first control bit is a;.o @ 1. We derive the
vector A' = (al,al, ..., al,_,) from A° by the following rule: assign a), = ax; and
a21k+1 = A2k+1 if Ay = 0 (mod 2) (1e if Cb() = a:0 D0=06p0= A2k +1;0 ®1=
1@ 1 =0), otherwise (i.e. if chg = ay.0 D0 =1B0=ap4+1.091=001=1)
azlk = ay+1 and a%k 41 = G, Yk € I-1. We denote by By the permutation matrix
which permutes A° to get A! according to this rule, that is, A! = ByA°.

In Table 6.1 the two least significant bits are shown for the components a? and
a,l, for an arbitrary sequence of four successive components a;, ! = 4k, 4k + 1, 4k +
2,4k + 3, with k € I»—. By the fact that A is uniformly 4-dyadic, from (6.15) for
p =2 and g = 2, we have that as; # aary1 7 aar2 7 asr+3 (mod 4). For the case
shown in Table 6.1 this means that as,; # daks3:.1 and aagy1:1 7# Aaks2.1. From the
columna, (mod4) inTable 6.1 we have thatay,.q = a0 = 0: @l 1.0 = iyz.0 =

1. Thus, because a4 # darr1 7 Aari2 7 Aarys (mod 4),itresults thataik.1 * aik+2~1

1 1 - 1Ll — 0.4l _ 4l 14l
anday g # Ay s, BQuations dy, o = dgpyn0 = 0:dgp41.0 = g0 = Ly #

Agyyniy> and ayy . 7 a5 can be shown to be also fulfilled for the other three
cases of sequences dux.o, dax+1:0, dak+2:0, dak+3:0, consisting in the least significant
bit of the four successive components a;, namely 0101, 1001, and 1010. Thus we
have that aikﬂ =~ aikHH (mod 4) and aikﬂ. = aikﬂﬂ =i (mod?2),Vi € I,. Now
we derive the vector A2 = (ag, alz, el a%,,_]) from A! based on second least signif-
icant bits a;;; of the components a;, as follows. For i € I, we assign aj, ., = a .,
and a} o, = ayop; if ay,; =i (mod 4) (ie. if chy =ay,; ®0=060=
k121 P0=000=au;+1.1 1 =1® 1 = au431 ® 1 =1& 1 = 0) and other-
wise (1e if Cb] = A4; 1 @O =1 @0 = A4k+2;1 EBO =1 @0 = A4k+1;1 (&) 1= 0@
l=api31 ®1=0@ 1 = Daj,; =ay,,,; andaj ;= ay o, Yk € Lo We
note that condition aik 4+ =1 (mod 4) is equivalent to a4;; = a441;1 = 0 and
Qap42:1 = aaks3:1 = 1, and condition ajk 4+i 71 (mod 4) is equivalent to ag;; =
Q411 = 1 and A4f42:1 = QA4k4+3:1 = 0. So it follows that afkﬂ- = j (mod 4), Vk €

rl?abl.e 6.1 The two least 1 alo (mod 4) “ll (mod 4)
significant bits for the

components a,o and a 11 , for an 4k a4k;10 a4k;10
arbitrary sequence of four 4k +1 agk+1:11 asg+1:11
successive components a; 4k +2 ageio 1 dags3:10

4k +3 a4j+3;10 agi42;11
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I and Vj € I,. We denote by B! the permutation matrix which permutes A' to
get A%, Then we have A2 = B|A! = B, ByA°.

We continue in the same way by assigning the components of the vectors A7,
with g = 3,4, ..., n. In general, Yk € I and Vi € I-1, the components of vec-

q—l . .. (I—] (]—l q . . .
tor A satisfy conditions ay,;; # ey a1, (mod 29), since vector A is uni
1 q—1

q._ o q— _ o q—1 .
formly 29-dyadic, and ay;; = Gy 5e1,; =1 (mod 2977), by the construction of
vector A9~!. Therefore for i € I-1, we choose the components of A? from AY -1

q _ g1 q _ a1 e 4 _ a\ (i e ]
by ayopy; = papy; AN oy o1 ;= Aogpng1yy 1 Ay iy, =1 (mod 29) (ie. if

— g1 q —
= Dyapq20-14i and Drag2a-14i =

agqlii, Vk € I»-4. Then the components of vector A" will satisfy conditions a' =
i (mod 2"),i.e.a] € U;(2),Vi € I . As an example, in Table 6.2 the components alq
for g = 1,2, 3, for the 8-dyadic vector of eight components A = (ay, ay, ..., a7) =
(7,4,1,6,0,3,5,2) at the input of an 8 x 8 butterfly network (Fig.6.4) and the
corresponding control bits at each of the three columns of switches are given. In
parenthesis binary representations are shown. For each of the three columns consist-
ing in four 2-by-2 crossbar switches the values at the input of the top switch (xg, x4,
and xg in Fig.6.4) are colored in blue, the values at the input of the second switch
(x1, x5, and x9 in Fig.6.4) are coloured in red, the values at the input of the third
switch (x;, x¢, and xj¢ in Fig. 6.4) are coloured in green, and the values at the input
of the fourth (bottom) switch (x3, x7, and x;; in Fig.6.4) are coloured in magenta.
For each switch, the control bits in Table 6.2 and the routing paths in Fig.6.4 are
coloured in the same way. The corresponding permutation matrices By, By, By, and
B = B, B By are given below.

cby—y = 0) and otherwise (i.e. if cby—; = 1) ad,,

(010000007 (100000007
10000000 00010000
00010000 00100000
By — 00100000/ , 01000000
00001000 00001000|"
00000100 00000001
00000001 00000010
100000010 100000100
(000010007 (000010007
01000000 00100000
00000010 00000001
00000001 00000100
B2=110000000|"2=|01000000 (6.20)
00000100 00000010
00100000 00010000
100010000 110000000

As it was previously shown by the control bits, one choice of two new components
of A7 amounts to the permutation by one 2-by-2 crossbar switch in the gth column of
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Table 6.2 The components alq forg = 1, 2, 3, for an arbitrary 8-dyadic vector of eight components

a;, 1 =0,1,...,7, at the input of an 8 x 8 butterfly network and the corresponding control bits at
each of the three columns of switches. Binary representations are shown in parenthesis
l a; = a? chy all chy alz chy “13
0 (000) 7(111) 1 4(100) 0 4 (100) 1 0 (000)
1(001) |4(100) |1 7(111) |1 1(001) |0 1 (001)
2 (010) 1(001) 1 6(110) 0 6(110) 1 2 (010)
3(011) 6(110) 1 1(001) 1 7(111) 1 3(011)
4 (100) 0 (000) 0 0 (000) 0 0(000) 1 4 (100)
5(101) 3(011) 0 3(011) 1 5(101) 0 5(101)
6 (110) 5(101) 1 2(010) 0 2(010) 1 6 (110)
7(111) 2(010) 1 5(101) 1 3(011) 1 7(111)

7— Mem 0

Xy
4— x, Y Mem 1
1— Mem 2
Xg
6— % Xs Mem 3
0 Mem 4
X X6
3 Xio Mem 5
5— Mem 6
X1y
X3 X
2—] 7 Mem 7

Fig. 6.4 Routing the 8-dyadic vector A = (7,4, 1, 6,0, 3, 5, 2) by an 8 x 8-butterfly network with
eight memories

the 2" x 2" butterfly network. It holds that A? = B,_, A9~!_ Therefore we have that
A" = B,_1B,_»... ByA. The matrix B = B,,_| B,_» . .. By is the required transition
matrix of a 2" x 2" butterfly network and thus (6.19) holds.

“«=" For the inverse proof we assume that (6.19) holds with some transition matrix
of a2" x 2" butterfly network and we prove that vector A is uniformly 2" -dyadic. We
suppose that there exists four integers g, k, i, j, with g <n, i, j € I, i # j, and
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k € Ip-q, so that (6.15) does not hold for p = 2, i.e. axs4; = azax+; (mod 29). This
means that the least significant g bits of values a4; and a4 ; are identical. By
assumption (6.19) we have that the inputs @s4; and a4 j end up into two sets U;, (2)
and U, (2), with i; # j; (mod 2"). Since azi4; € U; (2) and axe4; € Uj, (2), from
(6.16) with p = 2, we have a4; = i1 (mod 2") and az4; = ji (mod 2"). Since
the least significant ¢ bits of values a4 and a4 ; are identical, we have ij,0 =
Ji:0 =05 11 = ji1 = 0{, ..., i1g-1 = jig-1 = 0,_;, where we have denoted by
og,ol, ..., 0371 these identical least significant g bits.

We consider now the (k + 1)th group, k € I»—, of the 29 inputs in the 2" x 2"
butterfly network. We note that the values ay«; and a4 ; belong to this set of inputs.
Since these values get to the outputs i; and j; of the network, from Lawrie (1975) it
results that the first ¢ control bits for input a4, are cb;.o = ip @ og, chiy =01 @
01, ..., chig_1 =41 ® o), and the first g control bits for input az j are cbj,o =
Jo®og, chbjii = j1 @ of,...,chbjq1 = -1 ® 0, . Inthe previous equations we
used the fact that the term 29k does not affect the least significant ¢ bits of the input
positions 29k + i and 29k + j. Without loss of generality we may assume i < j. If
i =2k and j = 2k; + 1, with k; € I, then the values a4 and ae; are at
the inputs of the same 2-by-2 crossbar switch in the first column of switches of the
network. Moreover, we have i) = 0 and j, = 1 and the control bit of the previously
mentioned switch is cb;.o = of, for the input ax; and cb ;.o = of @ 1 for the input
arapyj- If i € {4ky, 4ky + 1} and j € {4k + 2, 4k, + 3}, where k; € I, then the
values a4 and a4 get at the inputs of the same 2-by-2 crossbar switch in the
second column of switches of the network. Moreover, we have i; = O and j; = 1 and
the control bit of the previously mentioned switchis cb;.; = 0‘1’ for the input asq4; and
chj. = 0{1] @ 1 for the input @z ;. In general, if i € {29k, 29k + 1, ...,29k; +
2071 — 1} and j € {29k + 2971, 29k + 297 41, ..., 29k; + 29 — 1}, where
ki € Iya-ar, q1 € {1,2, ..., q}, then the values ay4; and a4 get at the inputs
of the same 2-by-2 crossbar switch in the g th column of switches of the network.
Moreover, we have iy, _; = 0 and j,_; = 1 and the control bit of the previously
mentioned switch is ¢b;.4,—1 = 03_1 for the input a4; and cbj,q 1 = 03_1 @1
for the input a4 ;. We see that in all previous cases we have two different control
bits for the same 2-by-2 crossbar switch. But this is not possible because, by the
construction of the butterfly network, each switch has only one control bit. Thus the
assumption dzex4; = a4 (mod 29) is not valid and the vector A is uniformly 2"-
dyadic. We note that if asex4; # asekqj (mod 29),Vi, j € Iy, i # j,and Vk € I,
then, according to direct proof, the routing to the outputs i; and j; of the 2" x 2"
butterfly network is possible. Thus the lemma is proved. ]

Before proceeding further, we prove a property of a PP of any degree.

Lemma 6.5 Consider a PP of degree d as in (3.1). Then, VN € I, so that N | L,
andVx € I, we have m(x) (mod N) = 7(x (mod N)) (mod N).

Proof Let x be
x=xy+k-N, (6.21)

sothat xy € Iy and k € N,i.e. xy = x (mod N).



270 6 Parallel Turbo Decoding for Permutation Polynomial Interleavers
Then we can write the ith power of x from (6.21) modulo N, with i € I, as

x' (mod N) = (xy + k- N)' (mod N) =

- Z C/ - (xn)! - (k- N)~/ (mod N) =
j=0

= iil C/ - (xn)! - (k- NY =7 (mod N) + (xy)' (mod N) =
=0

= (xy) (mod N) (6.22)

The last equality is true since Cij eNandi —j>0,Vj=0,1,...,i — 1, the
indexes in the sum from the second line of (6.22). With (6.22) and (3.1) the lemma
results immediately. |

Now we restate Lemmas 3, 4, and 5 from Nieminen (2017) for a PP of any degree
(Trifina and Tarniceriu 2017). In fact, in Lemmas 6.6 and 6.7 we prove more general
results for any degree PP.

Lemma 6.6 Letn and M be positive integers and L = p" - M, where p is any prime
number. Assume that  is a PP of arbitrary degree d on I, as in (3.1). Let x and y
be in 1. Then

x # y (mod p"), (6.23)

if and only if
m(x) # m(y) (mod p"). (6.24)

Proof Let ny,y be the greatest positive integer so that p™ | L. From Theorem 3.8
we have that 7 is a PP of degree d on /. If nmax > 1, from Theorem 3.7 we have
that 7 is a PP of degree d on I, and 7’(x) # 0 (mod p), Vx € I,. With the previous
considerations, from Theorem 3.7 it also results that 7 is a PP of degree d on I,
Vg € N with ¢ > 2. Taking into account Lemma 6.5 this means that Eqgs. (6.23) and
(6.24) imply each other, Vn € N*, so that p" | L. |

For p = 2, Lemma 6.6 gives the same result as Lemma 3 from Nieminen (2017),
but for a PP of any degree.

Lemma 6.7 Letn and M be positive integers and L = p" - M, where p is any prime
number. Assume that 7 is a PP of arbitrary degree d on Iy, as in (3.1). Assume that
a;j are in Iy foreveryi in Ipn. Then A, = (ao, ai, . .., api_1) is uniformly p"-dyadic
ifand only if A, = (7r(a0), m(ay),..., 7r(apn_1)) is uniformly p"-dyadic.

Proof As Lemma 4 from Nieminen (2017), Lemma6.7 is a direct consequence of
Lemma6.6.
If we detail Eq.(6.15) forany g = 1,2, ..., n, we have

Apk ;ﬁ Apk+1 ;é ;é Apk+p—1 (mod p),Vk € Ipn—l, (625)
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App # Qprpgr 7 - F Qpigpror (mod p?), Yk € Lys, (6.26)

a.s.o.
Aot # Apetjy) 7 - F Aperpy 1 (mod p" '), Vk € 1, (6.27)
ap #ay # -+ # a1 (mod p"). (6.28)

Taking into account Lemma 6.6, Eqs. (6.25)—(6.28) hold if and only if
m(apr) # m(apkr1) # -+ # T(@pkrp—1) (mod p), Yk € 11, (6.29)
Tapn) # T@piin) # o # mapig o) (mod p)Vk € Iy, (630)
a.s.0.
T(@p-1x) # T(@p1gs1) # -+ # T(@poiggp-1-1) (mod p"~1), Yk € 1, (6.31)
m(ag) # m(ay) # -+ # w(ap—1) (mod p"). (6.32)

But Eqgs. (6.29)—(6.32) mean that vector A, is uniformly p"-dyadic. Thus the
lemma is proved. n

For p = 2, Lemma6.7 gives the same result as Lemma 4 from Nieminen (2017),
but for a PP of any degree.

Now we can prove Theorem 6.3.
Proof of Theorem6.3. The equivalences (1) < (3) and (2) < (4) follow from
Lemma 6.4. Finally, the equivalence (1) < (2) follows from Lemma6.7. [ |

The next lemma allows an easy deriving of control bits of a 2" x 2" butterfly
network for a PP of any degree.

Lemma 6.8 Let n and M be positive integers and L = 2" - M. Assume that 7 is a
PP of arbitrary degree d on I, as in (3.1). Then for any x € I, we have

m(x +k2"") = w(x) + (k (mod 2))2"~" (mod 2"), Vk € I,. (6.33)
Proof We have

d ‘
T(x + k2" = 3 g - (x + k2771 (mod 27) =

i=1

=Y gq- ( lZ Cij cxd . (k2”—1)i—j> (mod 2") =
j=0

. i-1 . . L
=2 4qi- (x’ + Yl xi (k2"‘1)"/> (mod 2") =
; “o
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d i—-1 .
=71+ Y g - ( > Clxl <k2"*1>"*f> (mod 2") =
i=1 j=0

d i-1 .
=7(x)+q) k-2 Y g (lz ¢/ xi. (k2”_1)’_f> (mod 2™). (6.34)
i=2 j=0

If k =0 (mod 2),i.e. k =2 -1, with!/ € N, from (6.34) we have
7(x + k2" Y = 7(x) (mod 2"), (6.35)

i.e. (6.33) for k = 0 (mod 2).
Ifk=1(@mod2),ie.k=2-1+1,with] € N, from (6.34) we have

i=2

d i—1
T +k2 ) =1 +q -2+ g <Z cl.x/. (2"—1)"--f> (mod 2").
j=0

(6.36)
For i — j>2 and n > 2 we have (i — j)(n — 1) > n, and thus (2"~ 1)~/ =
0 (mod 2"). Then, for n > 2, (6.36) reduces to

d . .
T+ k2" =7(x) +q - 2"+ Y g - Cfl -xi=1. 21 (mod 2") =
i=2

d .
=7(x)+q 2"+ >gi-i cxi=1. 2771 (mod 27) =
i=2

d
=m(x)+2" 1. (ql +> gi-i -xi_1> (mod 2"). (6.37)
i=2

For x = 0 (mod 2), (6.37) becomes

d
m(x + k2" =m(x) 2" (ql +2qii- (Zl)i_l> (mod 2") =

i=2

=7(x) + 2" g; (mod 2") = 7(x) + 2"~ (mod 2"), (6.38)

i.e. (6.33) for k = 1 (mod 2). The last equality in (6.38) is true because 7 is PP on
I, and thus, considering Theorem 3.6, g; = 1 (mod 2).
For x = 1 (mod 2), (6.37) becomes

T+ k271 = w(x) + 201 <q1 + i gi-i-Ql+ 1)!‘1> (mod 2") =

i=2
d
=m(x)+2"". (6]1 +> qi ~i> (mod 2") =
i=2
:7T()C)—|—2”*1 . (ql +2qZ+3q3+...+dqd) (mod 2") =
=7m(x)+2"" (g1 +3¢3 +5g5 + g7 + -+ )+
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+2"7" (22 + 444 + 6g6 + -+ ) (mod 2") =
=0 (mod 2")

=1+ 2" (@t tas g+ )+

+2"" (2q3 + 495 + 647 + -+ ) (mod 2") =

=0 (mod 2")
=7 +2"" g A2 (@ +as g+ ) (mod 2 =
—~—
=1 (mod 2) =0 (mod 2)
= m(x) +2""" (mod 2"), (6.39)

i.e. (6.33) fork = 1 (mod 2). The last equality in (6.38) is true because 7 is PP on I,
and thus g; = 1 (mod 2) and (q3 +gs+qg7+-- ) = 0 (mod 2) from Theorem 3.6.
Equations (6.37)—(6.39) are valid for n > 2. For n = 1, (6.36) becomes

i1
T(x +k) =7m(x) +q1 + Zfzzqi . ( Y c/ -x-’) (mod 2) =
=0

i-1
=)+ g+ g+ Y, g ( > -xf) (mod 2) =
j=1

d d i-1 .
BT SUR SPs (zc,-f ) (mod 2) =
i=1 i= =

d i-1
=) +1+> qi- ( > c/ -xj) (mod 2). (6.40)
i= =l

d
The last equality in (6.40) is true because 7 is PP on I, and thus Z g; = 1 (mod 2)
i=1
from Lemma3.1.
For x = 0 (mod 2), (6.40) becomes

w(x + k) =m(x)+ 1 (mod 2), (6.41)

ie. (6.33)fork =1 (mod 2) and n = 1.
For x = 1 (mod 2), (6.40) becomes

d i-1
7T(x+k)=7r(x)~|—1+2q,~-(icij) (mod 2) =
i j=1

=2

d P
:7r(x)+1+2q,~~(ZCi]—l—l> (mod 2) =
i =0

=2

d
=7+ 1+ Y g ((1+ 1) —2) (mod 2) =
i=2
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=)+ 1+ f gi- (21 =2) (mod2) = 7(x) + 1 (mod2)  (6.42)
i=2

i.e. (6.33) for k = 1 (mod 2) and n = 1. Thus the proof is completed. |

The usefulness of Lemma 6.8 is shown in the following. Let there be x € I,.. Let
x = (Xp—1Xn—2 ... X1X0), and 7(x) (mod 2") = (Ty y_1Txn—2 ... Tx,17x0), be the
writing in base 2 of x and w(x) (mod 2"), respectively. The bit with index 0 is the
least significant bit and the bit with index n — 1 is the most significant bit. From
Lawrie (1975) we know that to get from an input pin x of a 2" x 2" butterfly network
to the output pin 7(x) (mod 2"), the control bits are obtained by equation

chyj=x;@m ;,Vj=0,1,....,n—1,Vx € I, (6.43)

where the control bits cb, ; for j =0, 1, ..., n — 1 are taken from the left to the right

of the butterfly network. The decimal value of the control bits (cby ,—1¢bx 2 ...

cby 1¢by o) for the input pin x and the output pin 7(x) (mod 2") is denoted by cb,.
From (6.33), we have

chyppmr = (m(x +2"7") (mod 2)), @ (x +2"" (mod 2")), =
= ((m(x) +2"7") (mod 2)), & (x +2"" (mod 2")), =
- ((’/Tx,n—l'/Tx,n—Z e 7rx,l7rx,0)2 + (1 0--- 00)2 (mOd 2”))69

n—1 bits 0
@ ((tn—1Xn—2 -+ x1X0)2 + (10---00); (mod 2")), =
n—1 bits 0
= ((Wx,n—l ] l)ﬂ-x,n—Z te 7Tx,l7rx,0)2 &) ((xn—l (&3] l)xn—z te X[.X())z =
= (7Tx,n717rx,n72 ce 7rx,17rx,0)2 @ (xnflxn72 ce X1X0)2. (644)
Using Eq.(6.44) forn =1, 2, ..., we have
cboo = cbig=---=cby_1,0 = mo,0,

cby,1 =cby1 =cby =+ =cbyp_ =1,

chbi 1 =cbyy =cbs) =---=cby_1| =1,

choy = cbyy =chgp =+ =cby_4 =T,

cbiy =cbsy =cbyy =---=cby_35 =72,

cbyy =cbsy =cbigp =+ =cbyp_2p =m0,

chbyp =cbry =cbip =+ =chbyp_12 =m3p,
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Table 6.3 The interleaved addresses for 5-PP interleaver 7 (x) = 65x + 38x2 + 16x3 + 10x* +
12x° (mod 112)

k w(l6k +1i) fori =0,1,..., 15
0 1 2 3 4 5 6 7 8 9 10 |11 (12 |13 |14 |15
0 29| 58103 | 52|97 46 | 91 8| 37|82 31 76| 25| 70|99
16 | 61| 10| 55| 4|49 | 78107 | 40|101 |34 | 95| 28| 57| 86|19
80 13| 74| 7| 36|65 |110| 59 |104 | 53|98 15| 44| 89| 3883
32 771106 | 23| 68 |17 62| 11| 56| 8| 2 47 108 | 411|102 |35
64 93| 26| 87| 208l 14| 43| 72 5/66 |[111| 60 |105| 22|51
96 | 45| 90| 39| 84| 1 300 75| 24| 6918 63| 92| 9| 54| 3
48 |109 | 42| 711|100 |33 94| 27| 88| 21|50 79| 12| 73 6|67

AN Nk |W | = O

cbop—1 = cby1 o1 = Mo -1, b1 p1 = Cbpipy | = Tt ...
chon-1 1 y1 = Cby 1 = T-1_1 p1- (6.45)

From (6.45) it results that, of all n - 2" control bits, only 2" — 1 values need to be
stored.

In the following we exemplify the determination of control bits of a 16 x 16
butterfly network for a 5-PP interleaver.

Example 6.1 We consider the five degree PP (5-PP) interleaver m(x) = 65x +
38x2 4 16x3 + 10x* 4 12x3 (mod 112) of length L = 112 found by the method
in Trifina and Tarniceriu (2014). This 5-PP interleaver also leads to optimum min-
imum distance as that given in Trifina et al. (2017), when using LTE turbo codes
(3GPP 2008), but offers better performance since it is optimized by distance spec-
trum with nine terms not only by the first term. For maximum degree of paral-
lelism M = 2* = 16. For address vectors a; (k) = 16k +i Vi € I, and Vk € I7,
the interleaved addresses are mapped to the memories 7(i) = 65i + 38i% + 16i3 +
10i* + 12i° (mod 16) = i + 6i + 10i* + 12i° (mod 16) Vi € I ¢. The interleaved
address vectors 7 (a; (k)) are given in Table 6.3 and the physical interleaved address
vectors are given in Table6.4. (i) in Table6.4 shows the index of the memory
accessed for physical interleaved addresses. In the last row “cb” gives the control
bits for the 16 x 16 butterfly network. We observe that these control bits follow
Eq.(6.45) for n = 4. For example, at time k = 4, the value 7w(16k + i) fori = 3, i.e.
m(67) = 87, is routed from the input i = 3 of the 16 x 16-butterfly network to the
output 7m(3) (mod 16) = 7. The control bits for this routing path are given by the
value (4);0 = (0100), (the value from the last row in the column corresponding to
i = 3 in Table 6.4), i.e. the first control bit is equal to 0, the second control bit is
equal to 0, the third control bit is equal to 1, and the last control bit is equal to 0. W
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Table 6.4 The physical interleaved addresses for 5-PP interleaver 7(x) = 65x + 38x2 + 16x> +
10x* + 12x5 (mod 112)

k |7 (16k +i)/16] fori =0, 1,...,15

o [t |2 ]3[4 [5]6 [7 [8 9o [10[11[12]13]147]15
0 o | 1]/3]6 [3 6 |2]5]0o 2|5 [1]4]1 |46
1 1 [ 3/0(3 0o (3 [4]6(2 6|2 |5]1[3 |5 1
2 5 10/4fo |2 |4 6|36 |36 |0]2]5 1215
3 2 [ alelt |41 [3]0l3 [5]o]2]6l216]2
4 4 |5/ 1/5 |t |5]0|2/4 |0o/4 6|3|6 |1 |3
5 6 | 2512 (5o |14/t [4]1 |[3]5/0 (3 |0
6 3/ 6l2/al6 2515 1[3]4/0/4 |0]a4
@) (mod16) |0 [13]10]7 |4 [1 [14]11|8 | 5]2 [15]12]9 |6 | 3
cb 0 /12|84 o |4 |[8]|12/0 |12/8 | 4|04 |8 |12
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Chapter 7 ®
Methods to Search Permutation oo
Polynomial Interleavers for Turbo Codes

7.1 Preliminaries

The main problem in finding an interleaver for a turbo code consists in that the number
of interleavers of a certain length is very large. The number of all interleavers of length
L is L! and the number of all true different PP of degree d interleavers, withd = 1,5,
was given in Chap. 4. Therefore finding metrics or methods that reduce the searching
complexity is a key issue in designing a turbo code.

In Sects.7.2 and 7.3, we present two metrics to search generic QPP interleavers
proposed by Takeshita (2007). Generic interleavers are those that are not tailored to
a specific component convolutional code of turbo code. The most part of Sect.7.2
is from Section II in Takeshita (2007) and Sect.7.3 is from Section III in Takeshita
(2007). In Takeshita (2007) an interleaver is represented by an interleaver-code,
which is the geometric representation of an interleaver by pairs of coordinates
(x, m(x)) forming points in the set Z3 .

In Sects. 7.4 and 7.5 we present some methods of searching PP interleavers adapted
to a specific component code of the turbo code. These methods aim to increase the
minimum distance or to improve the distance spectrum for turbo codes with PP
interleavers. Numerical results are given for the component code of the turbo code
from the LTE standard, whose generator matrix in octal form is G = [1, 15/13].

7.2 The Spread Factor of a QPP Interleaver

A well-known measure of merit in turbo coding applications is the spread factor
(Divsalar and Pollara 1995). The spread factor of an interleaver is defined as

Dg = Ill7lél]n {6(pi. Py},

i,jely

(7.1)
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where 6(p;, p;) is the L or Manhattan metric between the points p; = (i, 7(i)) and
pj =3, m()):
(pis pj) = li = jl+ 7@ — 7). (7.2)

The spread factor was initially proposed by Dolinar and Divsalar. The defini-
tion in (7.1) was introduced in Crozier (2000) to avoid self-terminating information
sequences which lead to low-weight turbo codewords. In Divsalar and Pollara (1995)
the authors have proposed a construction of linear interleavers achieving spread fac-
tors D equal to or close to +/2L. The minimum distance of turbo codes obtained
only for weight-two self-terminating information sequences grows approximately as
V2L when LPP interleavers are used. Further results show that the true minimum
distance grows asymptotically, at most logarithmically, along with the interleaver
length for all interleavers (Breiling 2004; Perotti and Benedetto 2004).

Takeshita gave in Takeshita (2007) an easily modified definition for the spreading
factor beside that from Crozier (2000), in the following way:

D = min {0.(pi, pj)i,
min {5, (pi. p))}
i,jJE€Zy

(7.3)

where 0 (p;, p;j) is the Lee metric (Lee 1958) between points p; = (i, w(i)) and
pj =3, m()):
oL(pi,p)) =i — jlo + 7@ —7(j)le (7.4)

and
li — jlo = min {(i — j) (mod L), (j — i) (mod L)} (7.5)

The upper bound of D, denoted by ubp, (L), was proved in Boutillon and Gnaedig
(2005) to be ~/2L. According to definitions of §( p;, pj) and 0. (p;, p;) in (7.2) and
(7.4), respectively, we have D < Dg. An upper bound of Dy was found in Takeshita
(2007). It is denoted by ubp, (L), and it is close to ubp (L). It is given below

M,L:sz,p=2,3,4,...
ubp, (L) = V2L -1 (7.6)
’ ML:[,2+(1,_1)2[,:234
V2L=1-1’ ’ R

In Fig. 7.1 the difference ubp (L) — ubp, (L), for the lengths in (7.6) smaller than
10,000, is plotted. It can be seen that this difference goes to 1 as L grows.
The definition of a maximum-spread interleaver is given below.

Definition 7.1 A maximum-spread interleaver is an interleaver which achieves a
spread factor D equal to the upper bound /2L, where L is the interleaver length. In
fact the maximum spread can be equal to |v/2L |, because the spread factor must be
an integer.
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Fig. 7.1 The difference ubp(L) — ubp, (L)

In Dolinar and Divsalar (1995) have stated that LPP interleavers either achieve
or closely approximate a spread factor of V2L for any L. When L is twice a perfect
square

L=2n>n=1,2,3,... (1.7)

then all maximum-spread interleavers are of the form
m(x) = ¢y - x (mod L = 2n?%) (7.8)
These maximum-spread interleavers are obtained for
@i =1-V2L+£1, (7.9)

for positive integers [ < /L /2 relatively prime to /L /2. The resulting interleavers
are not appropriate for turbo coding because of their high regularity. The linear in-
terleaver asymptote in Takeshita and Costello (2000) refers to this matter. It implies
the existence of low-weight codewords of input-weight four and a high multiplicity,
close to L. Consequently, they proposed an algorithm for construction of a semi-
random interleaver (Dolinar and Divsalar 1995), named S-random interleaver with
parameter S. The algorithm for generating S-random interleavers is Algorithm 1.

The searching time for the above algorithm increases with S, and it is not guar-
anteed to finish successfully. However, it was observed that choosing § < «/L/2
usually produces a solution in reasonable time.
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Algorithm 1: Algorithm for the generation of S-random interleavers

input : The interleaver length L and the value of parameter S.
output: The set {7(0), 7(1), ..., 7(L — 1)}, describing the S-random interleaver of length

L.
1 Select randomly an arbitrary integer i from the set Zy ;
2 w(0) < i;
3 k<1,
4 Ay < Zp —{i};
5 while (Ax # () do
6 repeat
7 bool_valid_i,es < true;
8 Select randomly an arbitrary integer i ,.s from the set Ay ;
9 for j < max{k — S,0}tok —1do
10 if (|7 (k) — w(j)| = S) then
11 bool_valid_i,res < false;
12 break ;
13 end
14 end

15 until (bool_valid_i,res = true);
16 m(k) = iprex N

17 k<—k+1;

18 Ap < Ap—1 — {iprex} N

19 end

The algorithm for S-random interleaver sacrifices the spread factor D, which typ-
icallyis D = S + 1 < /L/2 + 1, i.e., smaller than about 50% of the upper bound
ubp (L) = [+/2L]. Turbo codes using S-random interleavers have very good error
rate performance, becoming typical benchmark interleavers. Their main drawbacks
consists in expensive storage of a sequence of S integers that characterize the in-
terleaver. Due to the construction algorithm based on a pseudorandom number gen-
erator, the compression capability of the sequence is very low. This leads to the
imposibility to reproduct accurately other simulation results with S-random inter-
leavers because, in general, only parameter S is reported in literature. However, for a
given parameter S, different S-random interleavers perform similarly for error rates
that are not very low, which also reflects a good minimum distance of the associated
turbo codes. Thus the repeatability problem is not so critical.

In Crozier (2000) has proposed two interleaver construction algorithms for maxi-
mization of the spread factor, but avoiding or minimizing the regularity of linear inter-
leavers. They are high-spread construction and the dithered-diagonal construction.
For interleaver sizes given in (7.7) the dithered-diagonal interleavers are maximum-
spread and have large spread factors for others (Crozier 2000). n = /L2 integer
parameters are needed to define dithered-diagonal interleavers. In Crozier (2000)
it is shown a spectacular error performance that exceeds S-random interleavers
for L = 512. The progress of dithered-diagonal interleaver construction consists
in achieving a large spread factor D combined with sufficient irregularity leading to
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Table 7.1 The three stages for generating DRP interleavers

283

1. The input vector v;,, is dithered (permuted locally), using a small read dither vector r, of length

R (the vector r is a permutation of indexes 0, 1,..., R — 1)

2. The resulting vector v, is permuted using a relativelly prime interleaver (or an interleaver with

cyclic shift) to obtain a good spread

3. The resulting vector vy, is dithered using a small write dither vector w, of length W, to generate

the output vector v,

L=mR

read dither

RP interleaver

write dither

Fig. 7.2 Design approach of a DRP interleaver

L=nW

very high error performance. The number of integer parameters characterizing the

interleaver is much smaller compared with S-random interleavers.

In Crozier and Guinand (2001), Stewart Crozier and Paul Guinand proposed DRP

interleavers, which are among the best known ones in terms of error

rate perfor-

mance. The approach to design DRP interleavers consists of three stages (Crozier

and Guinand 2001) given in Table 7.1.
The DRP interleaver length L must be a multiple of both R and W.
The above approach is depicted in Fig.7.2.
The equations which describe the DRP interleaver are:

va(i) = vin(’]ra(i))v vb(i) = Ua(ﬂh(i))a vouz(i) = vb(ﬂc(i))»

(i) =R-|i/R]+r@ (mod R)),i =0,1,...,L—1
mp(A)=(@+i-p)(modL),i=0,1,...,L—1

1) =W - i/W]+w(i (mod W)),i =0,1,...,L —1

(7.10)
(7.11)
(7.12)

(7.13)
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Vour (1) = Vi (7)), i =0,1,...,L — 1 (7.14)
7(i) = ma(mp(7e(@))),i =0,1,..., L — 1 (7.15)

Thus, DRP interleavers require R + W + 2 integers for their specification, namely
values r(0),r(1),...,r(R—1), w(0), w(),...,w(W —1), s, and p. With the
above equations, for R = W = 4 they require 10 integers and for R = W = 8 they
require 18 integers for their generation.

It is shown that DRP interleavers are very efficient in terms of storage require-
ments. Let M be the least common multiple of R and W. It can be shown that the
following equation holds for a DRP interleaver:

7((i + M) (mod L)) = (w(i) + M - p) (mod L),i =0,1,...,L —1 (7.16)
It follows that the interleaver indexes can be recursively computed by equation:
w(i) = (w(i — 1)+ P(i (mod M)) (mod L),i =1,2,..., L —1, (7.17)

where 7(0) is arbitrary, and the M index increments in vector P are defined by (7.16)
and

P(i (mod M)) = (7(i) — (i — 1)) (mod L),i = 1,2,..., M. (7.18)

Thus, DRP interleavers require a much smaller number of integer parameters for
their specification compared to previous interleavers. If M = R = W, DRP inter-
leavers require M + 1 integers for their generation, namely 7(0), and values P (0),
P(1), ..., P(M — 1). Thus, considering Eq.(7.17), for M = R = W = 4 they re-
quire 5 integers and for M = R = W = 8 they require 9 integers for their generation.

Figure 7.3 shows an exhaustive search over true different QPP interleavers for the
largest achievable spread Dy (L) for 2 < L < 4096. From Fig.7.3 we see that the
majority QPP interleavers, more exactly 83.2%, with the largest spreads lie between
ubp(L) = V2L and /L (which means about 70% of the upper bound). For 2 <
L < 4096, there are 1190 values of L for which there exist true QPPs (Number of
LPPs/QPPs/CPPs 2015) (i.e. roughly 29% of lengths values). Due to several algebraic
and geometric properties of QPP interleavers, explained in Sect. 7.3, the exhaustive
search is efficiently completed in a very short time using Theorem 7.10.

A few of the polynomials for some interleaver lengths (smaller than or equal to
1024) are given in Table 7.2. Some of the QPPs in Table 7.2 result in very good
turbo codes. Section7.5 presents QPPs that do not simply attempt maximization of
the spread factor. To compare these interleavears with those found by methods from
Sect. 7.5, in Table 7.2 we also give the first term in the distance spectra of turbo codes
of 1/3 nominal coding rate using these interleavers, generator matrix G = [1, 15/13]
and post-interleaver trellis termination. In Table 7.2 the nonlinearity degree { and the
refined nonlinearity degree ¢’ are also given for the reported QPPs. These metrics
are defined in the next section.
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Fig. 7.3 Maximum achievable spreads Dp,x (L) with true QPP interleavers for lengths in the range
2 < L <4096

Table 7.2 QPP interleavers with the largest spread (LS-QPP) (Takeshita 2007) and the first term
in the distance spectra of turbo codes of 1/3 nominal coding rate using these interleavers, generator
matrix G = [1, 15/13] and post-interleaver trellis termination

L 7(x) D ¢ ¢ dmin!Nai! Wi,
40 x + 10x2 4 2 2 11111
80 9x + 20x2 10 2 2 14/1/2
128 15x + 32x2 16 2 2 16/1/2
160 19x + 40x2 16 2 2 19/2/4
256 15x 4 32x2 16 4 3 16/1/2
320 19x + 40x? 20 4 3 20/3/6
400 17x + 100x2 20 2 2 23/1/2
408 25x + 102x2 24 2 2 251111
512 31x + 64x2 32 4 3 27/1/1
640 39x 4 80x2 32 4 3 31/4/8
752 31x + 188x2 32 2 2 28/2/4
800 17x + 80x2 32 5 5 31/3/9
1024 123x + 256x2 34 2 2 27/112

From Fig.7.3 we note that the fraction of maximum-spread QPP interleavers is
very small. The range between ubp (L) = V2L and +/L contains the most of QPP
interleavers with the largest spreads. We note that the value +/L is about 70% of the
upper bound and S-random interleavers typically achieve only 50% of ubp (L).
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The minimization of the number of low-weight codewords caused by self-
terminating weight-2 input sequences or by short bursts of self-terminating input
sequences is useful and it is related to the maximization of the spread factor D. To
understand if we should always maximize the spread factor, the following observa-
tions are done in Takeshita (2007):

e many linear interleavers are maximum-spread, but undergo high-multiplicity low-
weight codewords (Takeshita and Costello 2000).

e at least one dithered diagonal interleaver (Crozier 2000) is maximum-spread and
assures a significant error performance.

e DRP interleavers which maximize error performance are typically not maximum-
spread (Crozier and Guinand 2001).

Considering the second observation, from an error rate perspective the best in-
terleavers may be those that achieve or closely approximate a maximum-spread
interleaver and simultaneously have a large degree of “randomness”. The same prin-
ciple was used to find the Welch—Costas permutation-based interleavers from Trifina
et al. (20064, b). Interleavers with a certain degree of regularity or of low entropy,
such DRP or PP interleavers, require a decrease of the spread factor to increase their
entropy or “randomness”.

The following theorem, given without proof, provides an infinite sequence of
maximum-spread QPP interleavers (Takeshita 2007).

Theorem 7.2 (Theorem 2 from Takeshita 2007) The following sequence is an infi-
nite sequence of QPPs that generate maximum-spread interleavers:

m(x) = (2 = 1) - x + 2" x*(mod 2% 1), k= 1,2,3, . .. (7.19)

There are true QPPs in (7.19) only when k > 3. For k = 1 and k = 2, the second
coefficientof 7(x) in (7.19)is g, = 4 (mod 2) = 0and ¢, = 8 (mod 8) = 0. Fork =
3,wehaveg; = 16 (mod 32) = 32/2andsince7(x) = 16-x + 16 - x% (mod 32)isa
QNP (see Theorem 4.4), then (x) in (7.19) can be reduced to a LPP. Fork > 3, w(x)
in (7.19) cannot be reduced to a LPP because it has a degree of nonlinearity ¢ > 1
(see Sect.7.3). The first six terms of maximum-spread QPP sequence in Theorem
7.2, that are not reducible to first-degree polynomials, are shown in Table 7.3.

Table 7.3 QPP interleavers with maximum spread (MS-QPP) (Takeshita 2007)

k L 7(x) D =ubp(L) ¢ ¢ €

4 128 15x + 32x2 16 2 2 64
5 512 31x + 64x2 32 3 128
6 2048 63x + 128x2 64 8 4 256
7 8192 127x + 256x2 128 16 7 512
8 32768 255x 4 512x2 256 32 12 1024
9 131072 | 511x + 1024x2 | 512 64 23 2048
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7.3 ' Metric for Searching QPP Inter-leavers

The following concepts, well known in the context of geometrically uniform codes
(Forney 1991), are useful for finding the metric in this section.

A symmetry of a metric space 7 = (Z%, ) L) is amapping of 7 to itself so that the
distance between points is preserved. The set of symmetries which present interest
are those obtained by translations of the space Z?, meaning circular “slides” in
the vertical, horizontal directions, and their combinations. The symmetries obtained
by translations are exactly those tied by the multiplicity of codewords in a turbo
code. Other possible symmetries, but not allowed for our situation, are rotations
and reflections. The algebraic equivalent of a translation A (ko, k1) : Zi — Z% that
circularly “slides” to the right by k¢ and upwards by k; is given by:

Acko, k1) @ (x0, x1) = (xo + ko, x1 + k1), ko, k1 € Zyp, (7.20)

The set of symmetry functions forms a group G under function composition. As
translations are the only allowed symmetries, G is a commutative group isomorphic
to gi ;. (the Cartesian product of two cyclic groups of order L). An isometry of an
interleaver code Q is a symmetry A of 7 inducing A : Q — G sothat Q = G. The
set of isometries of Q form a subgroup H of G. Two points p,, € Q and p,, € O
are equivalent when there exists an isometry A of F so that p,, is mapped into p,,.

We give below the definitions for the orbit of a point from the interleaver code and
those of the nonlinearity degree and of the degree of shift-invariance of an interleaver.

Definition 7.3 The orbit of a point p, € Q is the set of points O, equivalent under
the action of the isometry group H.

The next two definitions are valid because there is just one way to express Q as
the disjoint union of a family of orbits and all orbits have the same size.

Definition 7.4 The number of distinct orbits represents the degree of nonlinearity ¢
of an interleaver.

Definition 7.5 The degree of shift-invariance e of an interleaver represents the size
of the orbits.

Because the number of points from Q is equal to L, all orbits have the same size
and there is just one way to express Q as a disjoint union of a family of orbits, it
results that

(=1LJe (7.21)

The next theorem gives a formula for computing the degree of nonlinearity of a
QPP interleaver.

Theorem 7.6 (Theorem 3 from Takeshita 2007) The degree of nonlinearity of a
QPP interleaver given by m(x) = q1 - x + q> - x% (mod L) is

¢=L/ged(2gs, L) (7.22)
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Proof 1If A(ko, ky) is an isometry of the interlevear code Q for a QPP interleaver
described by m(x) = q1 - x + q» - x? then, from (7.20), we must have 7(x + ko) =
w(x) + k; (mod L). Developing it, we have

G- (x+ ko) +q1-(x+ko) =gr-x*+q1-x+k (mod L) &
Sq@ X+ (@2 g ko) x4+ q1 kot g kg — k=
=g %" +q-x (mod L) &

& (2-qko)-x+qi-ko+qr -k —ki =0 (mod L) (7.23)

Thus, we just need to ensure that 2 - g, - kg = 0 (mod L). This is a linear congru-
ence and its solution is given by Theorem 57 from Hardy and Wright (1975)

L-i

NP T
o) = e D)

=0,1,2,...,gcd(2¢>, L) — 1 (7.24)

With ky determined from (7.24), k; results from (7.23) as

ki) = g1 - ko) + ¢ - (ko)) (7.25)

There are exactly gcd(2g;, L) distinct solutions, meaning that each point in
O belongs to an orbit of size gcd(2¢,, L), i.e., the degree of shift invariance is
€(Q) = ged(2g,, L). Using (7.21), the degree of nonlinearity for QPPs is ((Q) =
L/gcd(2g,, L). |

Considering the proof of Theorem 7.6, and because py = (0, 0) € Q, under the
assumption that a QPP has ¢y = 0, the set

Op, = {(ko(i), k1 ())li =0, 1, ..., ged(2q>, L) — 1} (7.26)

is exactly one of the orbits in Q.
The next theorem gives a lower bound for the Lee metric between two different
points of the interleaver code.

Theorem 7.7 (Theorem 5 from Takeshita 2007) Let there be py,, px, € O0,0) and
Dx, 7 Dx,- A lower bound on the distance 01,(py,, px,) is 2L/ gcd(2q2, L).

Proof From (7.24) it follows that the minimum distance in the set {ko(i)|i =
0,1,...,gcd(2gy, L) — 1} is L/ gcd(2g,, L). From the proof of Theorem 6.1 it fol-
lowsthatw(j +tW) #n(j + vW),for0 < j < W,0<t <v < L/W,where W |
L.Then,because L/ gcd(2q, L) is a valid value for W, it follows that L / gcd(2g», L)
is the minimum distance in the set {kl(i)|i =0,1,...,gcd2qs, L) — 1}. Be-
cause the points from the same orbit are equivalent under the isometry group
of translations, it results that there is a pair of values (ko(i), k1(i)), with i €
{0,1,2,...,gcd(2g2, L) — 1}, so that for two points py,, px, € Ow.0), wWe have
Xy = X1 + k()(l) and 7T()C2) = 7T(X]) + k] (l) Then
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Fig. 7.4 The interleaver 7(x) = 29x + 168x2 (mod 448) and its four orbits

O0L(Pxys Pxy) = 1X2 — x1|L + [T (x2) = w(x)|L = ki (D] + ko) <
L L 2-L (7.27)
< + =
gcd(2q2, L) ged(2g2, L) ged(2q2, L)

This is even the result in the theorem. |

To find the other orbits except (7.26), we only need a representative from each
one.

Theorem 7.8 (Theorem 6 from Takeshita 2007) A complete set of representatives
for the distinct orbits of Q is

{(i, 7@)Ii=0,1,...,L/ged(2q>, L) — 1} (7.28)

Proof Theset (7.28)1is acomplete set of representatives because the orbits are disjoint
and in order to have a point belonging to the same orbit, they must be no closer than
L/ gcd(2g», L) in each coordinate, as results from Theorem 7.7. These must cover
all representatives because the number of distinct orbits is L/ gcd(2¢», L). ]

The interleaver defined by 7(x) = 29x + 168x? (mod 448) can be decomposed
into € = 448/ gcd(2 - 168, 448) = 448/112 = 4 disjoint orbits, shown in Fig.7.4.
‘We note that the placements of the points in plots in Fig. 7.4a, b are exactly the same.
The regularity (linearity) of the interleaver gets clearly emphasized on the plot in
Fig.7.4b.

The next definition is for local spread of a point p, in an interleaver code Q.

Definition 7.9 Let Q be an interleaver code generated by an arbitrary PP. The local
spread of a point p, € Q is

D,, = min {6, (px, py) | 61(px. py) < V2L, 2L} (7.29)
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The following theorem gives an efficient computation procedure for the spread
factor D of PP interleavers.

Theorem 7.10 (Theorem 7 from Takeshita 2007) Let Q be an interleaver code
generated by an arbitrary PP and let {p.} be a set of representatives for each orbit
in Q. The spread factor Q can be computed by

D = min {D,,y | py € {px}}. (7.30)

Proof All points are equivalent under translations in a particular orbit and a local
spread cannot exceed the upper bound on D. ]

The randomness of an interleaver was assessed in Heegard and Wicker (1999)
by a quantity named dispersion, denoted I'. It is given by the number of distinct
displacement vectors (A, A,) (Heegard and Wicker 1999):

F:“mwAﬁeZﬂyzj—LAyzﬂﬁ—ww,

0§i<j5L—uy (7.31)

The normalized dispersion is the value of I' normalized to its maximum value,

ie.:
2T

v

The dispersion of an interleaver influences the multiplicities of the low weight
code words; therefore a high dispersion is desirable. This desideratum was relieved
in Trifina et al. (20064, b), where interleavers with high dispersion have been pro-
posed. However, this is not enough for a good performance, a good spread being also
necessary.

In Takeshita (2007) the notion of randomness is replaced by degree of nonlinearity
¢ (see Definition 7.4 and Eq.(7.22)). The nonlinearity metric { was shown to be
inversely related to the degree of shift-invariance e of an interleaver (see Eq. (7.21)).
For QPP interleavers, the degree of nonlinearity ¢ is computed in closed form as a
function of the second-degree coefficient (see Eq.(7.22)), which gives a complete
control of this parameter. When tail-biting convolutional codes are used as constituent
codes, turbo codes using QPP interleavers become quasi-cyclic; for those codes,
it is predicted that the multiplicity of many low-weight codewords is typically a
multiple of the degree of shift invariance €. Thus, for low multiplicities, the degree
of nonlinearity ¢ should be high.

It was shown in Sect.7.2 that the maximization of the spread factor D is bene-
ficial in the minimization of the number of low-weight codewords caused by self-
terminating weight-2 input sequences or by short bursts of self-terminating input
sequences. Thus, this parameter controls the effective free distance of the turbo code.
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Taking into account that the minimum distance of a turbo code grows at most loga-
rithmically with the interleaver length, the following metric is proposed in Takeshita
(2007) to be maximized for a good interleaver:

Q=In(D) ¢ (7.33)

The nonlinearity metric  does not capture the notion of orbits that are disjoint
but there exists a linear curve that interpolates them. This can represent a problem.
Consequently, in Takeshita (2007) the author proposed another nonlinearity metric
¢’ < ( that fixes part of this problem. A QPP can be decomposed in two monomials,
one corresponding to the first degree term g - x (mod L) and the other to the second
degree term g - x% (mod L). In most cases, gcd(gy, L) = 1 for a valid QPP, which
means that ¢; - x (mod L) is a LPP. When gcd(q;, L) # 1, a generalization is possi-
ble. Therefore, a QPP can be viewed as a LPP that is “affected” by ¢, - x> (mod L)
at every position x. For example, the point at coordinate x = 0 gets affected by
g» - 0> = 0, the point at coordinate x = 1 gets disturbed by ¢, - 12 = ¢», and so on.
Considering Theorem 7.8, the periodicity of the disturbance is at most . The refined
nonlinearity degree (' simply measures how many distinct elements are in the set
{q2x2 (mod L) | x =0,1, ..., — 1}. Itis a very simple measure. From the values
of ¢’ in Table 7.3 we see that they do not grow as fast as (. With refined nonlinearity
degree, the metric 2 becomes:

Q =In(D)- ¢ (7.34)

To minimize edge effects in the case of post-interleaver trellis termination, named
uninterleaved dual termination in Takeshita (2007), the following metric is desirable

to be maximized: .
C=mind((L —1,L — 1), (x, 7(x))), (7.35)

XEZL

where d(p;, p;) is the Manhattan metric, given by relation (7.2).

The metric C is called the corner merit of an interleaver because geometrically it
means avoiding points in the right upper corner of code interleaver Q.

Table 7.4 lists polynomials for which €’ is maximized and with a spread factor
D larger or equal to (3 - ubp(L); the associated interleavers will be called ©2'-QPP
interleavers. The threshold 5 makes sure that the spread factor does not get too small
for small block lengths. A reasonable threshold has been determined experimentally
in Takeshita (2007). For the lengths given in Table 7.4, 8 = 0.45. For lengths greater
than or equal to 2048, 3 = 0.30 is suggested in Takeshita (2007). In fact, as the
block size increases, [ is allowed to become smaller; this means that a maximization
of the spread factor is considered less important for larger block lengths. When
multiple polynomials with the same product merit Q' exist, the one with the smallest
coefficient g, and then g is listed in Table 7.4.
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Table 7.4 QPP interleavers with the best &’ metric and D > 0.45 - ubp (L) ('-QPP) (Takeshita
2007) and the first term in the distance spectra of turbo codes of 1/3 nominal coding rate using these
interleavers, generator matrix G = [1, 15/13] and post-interleaver trellis termination

L q0 (x) D ¢! Q' C dmin! Na,;,! Wa,,;,
40 14 x + 10x2 4 2 277 | 16 12/24/96
80 72 9x + 20x? 10 2 461 | 16 1412
128 89 7x + 16x2 8 3 624 | 21 12/172
160 115 9x 4 20x2 10 3 691 |23 16/2/4
256 240 15x + 32x2 16 3 832 |30 16/1/2
320 304 19x + 40x2 20 3 8.99 |34 20/3/6
400 375 7x + 40x2 16 5 13.86 | 39 16/1/2
408 273 25x +102x2 | 24 2 6.36 | 37 28/1/2
512 433 15x + 32x2 16 4 11.09 | 45 20/1/2
640 549 19x + 40x2 20 4 11.98 | 49 24/1/2
752 619 23x + 94x? 26 3 977 | 51 25/1/3
800 786 17x + 80x2 32 5 17.33 | 50 25/1/3
1024 | 992 31x + 64x2 32 4 13.86 | 62 28/2/4

As in Table 7.2, to compare these interleavears with those found by methods
presented in Sect. 7.5, we also give in Table 7.4 the first term in the distance spectra
of turbo codes with these interleavers, 1/3 nominal coding rate, the generator matrix
G =[1, 15/13] and post-interleaver trellis termination.

7.4 A Method for Searching QPP Interleavers That
Improve the Distance Spectrum of Turbo Codes Using
the Spread Factor and Garrelo’s Method

In Tarniceriu et al. (2009) two methods to obtain QPP interleavers with minimum
distances superior to those given in Takeshita (2007) are proposed. The aim of these
methods is to find QPP polynomials which lead to superior minimum distance and,
concurrently, require less computation time than the exhaustive search over all QPP
polynomials. The methods consider the spread factor, 2" and corner merit metrics to
reduce the search space for QPP interleavers. However, these methods only consider
the minimum distance to enhance the performance of a QPP interleaver matched to
the component codes of the turbo code.

In Trifina et al. (2011) a method for searching QPP interleavers which extends the
second method in Tarniceriu et al. (2009) is presented. The search method of QPP
interleavers for lengths up to 512, consists firstly in selecting polynomials with max-
imum D. In the second method in Tarniceriu et al. (2009), in the second step, QPPs
with the highest minimum distance and lowest multiplicities were chosen, but in Tri-
finaetal. (2011) QPPs with the best distance spectrum are chosen. The best spectrum
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of turbo codes is considered that which minimizes the truncated upper bound of frame
error rate (TUB(FER)) for the independent Rayleigh fading channel with known
channel state information (Eq.(2.25) in Chap.2). SNR is considered high enough,
so that TUB(FER) is a good approximation for real FER. In (2.25) more than one
term in distance spectrum is considered (i.e. M > 1), because only the minimum
distance and its multiplicities have proved to be insufficient in some cases, leading
to polynomials with weaker performances. For example, for the interleaver length
equal to 40, searching QPPs with the distance spectrum with only one term leads to
the polynomial 7(x) = 19x + 30x2, for which the minimum distance is d,,;, = 14
and the multiplicities are Ny, = 2 and w,,,, = 4. This polynomial, for 9 terms
in distance spectrum, leads to TUB(FER)-10° = 0.8106. Searching QPPs with 9
terms in distance spectrum leads to the polynomial 7(x) = 13x + 30x2, for which
TUB(FER)-10° = 0.6539, a value smaller than the previous one.

The complexity of the methods presented in Tarniceriu et al. (2009) can be reduced
if in finding PP interleavers the equivalence between PPs is taken into account, thus
avoiding to compute the distance spectrum more times for the same interleaver. This
approach was used in Trifina and Tarniceriu (2013) for finding good CPP interleavers
for LTE lengths up to 352.

7.5 Improved Method for Searching Interleavers
in a Certain Class Using a Modified Version
of Garrelo’s Method

In Trifina et al. (2011) it was shown that there are lengths in the LTE standard for
which the chosen QPP-based interleavers can be improved. The lengths considered
in Trifina et al. (2011) are up to 512. The method used to find QPP interleavers
consisted in minimizing the TUB(FER) metric in the class of interleavers with the
largest spreading.

However, for medium and large lengths, the complexity of this method has to be
reduced in order to find better QPPs in a reasonable time. In this section we present a
method from Trifina and Tarniceriu (2014), which is an improvement of the method
in Trifina et al. (2011), by reducing its complexity, allowing also to be applied for
longer lengths.

The method consists in the calculation of TUB(FER) (or TUB(BER)), based on the
distance spectrum calculated with Garello’s algorithm, described in Sect. 2.4, for each
j=L,L—1,...,1. Steps (1)—(5) calculate the complete distance spectrum and
this algorithm is done in the C program given in Garello (C program) (2001), by the
function named gamma. In the presented algorithm, some modifications of step (4) of
gamma function are operated, resulting in the function named modified_gamma.
This modification allows to stop the distance spectrum calculation for j > 0. In the
algorithm of the improved method both functions gamma and modified_gamma
are used.
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The search of interleavers based on the above mentioned method consists in:

e For the first set of interleavers, identical in terms of the distance spectrum, the
complete distance spectrum is calculated with the original gamma function and we
denote FERyi, = TUB(FER).

e For the following sets of interleavers we call the modi fied_gamma function, as
follows:

(1) Ateachdecrementof j, we compute 7U B (F E R) with the spectrum computed

for sequences u'/).

— IfTUB;(FER) < FE Ry, the calculation of the spectrum continues on the
base of sequences u¥/ 1,

— IfTUB;(FER) > FE Ry, we check if there are next spectra possibly lead-
ing to lower TU B;(FER). Since the M distances in the spectrum are dif-
ferent, we choose the most optimistic case. Since for a smaller TU B(FER)
the distances should be as big as possible and the multiplicities as small as
possible, the most optimistic case is when the real possible minimum distance
is smaller only by 1 and its multiplicity is the smallest, i.e., 1.

Thus in the first step, the temporary spectrum update is made as

dlftemp = dl - 17 dZJemp = dl’ ey dMJemp = dM—l (736)

The multiplicity for the first distance is set to the most favorable case, i.e. 1,
and the other M — 1 multiplicities are updated similarly to the distances, i.e.

Nljemp = 1’ NZJemp = Nl, ceey NM?temp = NM—I (737)
Fora TUB;j(FER) > FE Ry, the spectrum update continues until
dlftemp = dl - M, dZJemp = dl - (M - l), ey
dMJemp = dl -1 (738)
with multiplicities
letemp =1, N27z‘emp =1,..., NMJemp =1 (7.39)
This is the last from the most optimistic cases of spectrum update.
If, finally, TUB;(FER) > FE Ry, we quit the loop for calculating the
distance spectrum for the initial sequences #/~", uU=2 ... and so on. In
this way the search time is reduced, especially if TU B;(FER) > FE Ry,
for j as close to L as possible.

(2) Continue similarly for the other sets of interleavers. Finally, we obtain the set
of interleavers with the lowest TU B(F ER).
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The method used in Trifina et al. (2011) to find QPPs with improved performances
involved calculation of distance spectra using Garello’s basic method (Garello et al.
2001). This was done for each QPP, as in the second method in Tarniceriu et al.
(2009), or for a group of QPPs, leading to identical permutations, with the largest
spreading factor D. This was done according to the condition provided in Trifina
et al. (2011) and Zhao et al. (2010).

A reduction of the number of permutation polynomials, also including QPPs, for
which the distance spectrum is calculated, has been given in Trifina and Tarniceriu
(2013), where CPPs interleavers of small lengths have been found. One can note
that for classical symmetric turbo codes the inverse interleaver results in the same
distance spectrum. Thus, if a QPP admits an inverse QPP (Ryu and Takeshita 2006),
different from the initial one or from one equivalent to it, then the distance spectrum
was calculated only once for each group of such four QPPs. These are the groups of
interleavers for which we apply step (1) in this section.

Furthermore, the complexity reduces especially if the QPP set with the lowest
TUB(FER) is among the first in the search.

The method above was applied in Trifina and Tarniceriu (2014) to QPP interleavers
able to outperform those chosen for the LTE standard, for lengths up to 1504. A model
of independent Rayleigh fading wireless channel has been considered. Three classes
of interleavers have been analyzed. They are described below.

For short lengths, maximizing the parameter D leads to better performance, there-
fore the first class examined was the one that maximizes the spread (denoted LS-
QPP).

For longer lengths (greater than approximately 450), the simulation results did
not show any improvement for the LS-QPP class. Therefore, it has been required to
consider another class of QPP interleavers. Since the goal was to find interleavers
better than those in LTE standard, the QPP class with the parameter as in the LTE
standard (D7 g-QPP) and the highest ¢’ was considered. The condition to have the
highest ¢’ ensures a lower multiplicity in the distance spectrum and reduces the
number of QPPs from the class. However, it can also affect the performance for
smaller lengths.

The third class, consisting of all QPP interleavers, can be considered only for
not too large lengths (up to 1008); it has been considered to verify if the metric
TUB(FER) is sufficient to find the best interleavers.

Large tables with QPP interleavers found from the three classes were given in
Trifina and Tarniceriu (2014). These results show that for lengths up to approximately
450, the best interleavers were found in the first class. For longer lengths, the second
class contained the best ones.

Table 7.5 below displays QPP interleavers with minimum TUB(FER) from the
class of largest spread, for the same lengths as in Tables 7.2 and 7.4, smaller than
or equal to 408. The values of spread (D), nonlinearity degree ((), refined nonlin-
earity degree (¢’) and corner merit (C) for the reported interleavers are also given in
Table 7.5.

Table 7.6 displays QPP interleavers with minimum TUB(FER) from the class of
QPPs with parameter D as in the LTE standard (D7 g-QPP) and the highest (’, for
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Table 7.5 QPP interleavers with the largest spread and minimum TUB(FER) (LS-QPP-
TUB(FER)min) (Trifina and Tarniceriu 2014) and the first term in the distance spectra of turbo
codes with these interleavers, 1/3 nominal coding rate, the generator matrix G = [1, 15/13] and
post-interleaver trellis termination

L 7(x) D ¢ ¢ C dmin/Nai, | Wai,
40 33x 4 10x2 4 2 2 10 12/1/2
80 11x 4+ 20x2 10 2 2 14 19/3/5
128 17x + 32x2 16 2 2 14 18/172
160 99x + 40x2 16 2 2 18 19/111
256 159x + 64x2 16 2 2 30 27/2/4
320 21x + 80x2 20 2 2 28 25/1/3
400 47x 4 100x2 20 2 2 26 24112
408 229x + 102x2 24 2 2 30 27/2/4

Table 7.6 QPP interleavers with D = D;7r and minimum TUB(FER) (Dy7g-QPP-
TUB(FER)min) (Trifina and Tarniceriu 2014) and the first term in the distance spectra of turbo
codes with these interleavers, 1/3 nominal coding rate, the generator matrix G = [1, 15/13] and
post-interleaver trellis termination

L 7(x) D ¢ Q C dmin! Ny, ! Wat,,
512 289x + 192x2 32 3 10.40 30 27/1/1
640 359x + 240x2 32 3 10.40 38 31/2/6
752 165x + 94x2 26 3 9.77 46 26/1/2
800 17x + 80x? 32 5 17.33 48 31/3/9
1024 | 31x + 192x2 32 4 13.86 30 29/1/1

the same lengths as in Tables 7.2 and 7.4, greater than or equal to 512. The values of
spread (D), refined nonlinearity degree ('), ' metric and corner merit (C) for the
reported interleavers are also given in Table 7.6.

Comparing the interleavers of the same lengths from Tables 7.5 and 7.2 we observe
that in all cases, with the method from this section, higher minimum distances (except
the length of 160, for which the minimum distance is the same, but with smaller
multiplicities) are obtained. It is interesting to observe that for the lengths of 256 and
320, we have obtained smaller values for ¢ or ', but significantly higher minimum
distances for the same maximum spread. The same effect can be observed comparing
the interleavers of lengths 256 and 320 from Tables 7.5 and 7.4, even if the corner
merit is maximized by the coefficient gy for the QPP in Table 7.4. This shows that,
for the same spread, smaller values of the nonlinearity degree may lead to increasing
the minimum distance. We have to mention that this effect is beneficial only for
relatively short lengths.

Comparing the interleavers of lengths 128, 160 and 400 from Tables 7.5 and
7.4 we observe that a greater value of the spread (D) leads to a higher minimum
distance. For length of 408 we observe that, for the same spread and the same refined
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nonlinearity degree, maximizing the corner merit by the coefficient g, for the QPP
in Table 7.4, leads to a slightly higher minimum distance. However, this is not the
case for the lengths of 40 and 80.

Comparing the interleavers of lengths 512 and 640 from Tables 7.6 and 7.2 we
observe that, even if the spread and the refined nonlinearity degree values are the
same, the interleavers from Table 7.6 have a better distance spectrum. For lengths of
752 and 1024, decreasing the spread and increasing the refined nonlinearity degree
lead to a better distance spectrum for interleavers from Table 7.6.

Comparing the interleavers of lengths 512 and 640 from Tables 7.6 and 7.4, we
observe that increasing the spread leads to higher minimum distance and a better
distance spectrum for the interleavers from Table 7.6. The interleavers of lengths
752, 800 and 1024 from Tables 7.6 and 7.4 have the same values of ' metric (the
same spread D and the same nonlinearity degree ('), but those from Table 7.6 have
a better distance spectrum, considering the first three terms.

Tables 7.7 and 7.8 display some good QPP interleavers, with minimum TUB(FER),
from the class of largest spread and from the class of QPPs with the parameter D as
in the LTE standard (D7 g-QPP) and the highest (', respectively. These good QPPs
found have the simulated FER, for AWGN channel at high SNR, at least two times
smaller compared to the simulated FER of LTE-QPP, as shown in Tables 7.7 and
7.8.

Finally, in Table 7.9, we give some CPPs better than some good QPPs or LPPs in
terms of FER at high SNR for AWGN channels. The spread factor (D parameter),
the refined nonlinearity degree (¢") and the minimum distance with its multiplicity
are also listed in Table 7.9. These QPPs/LPPs and CPPs were reported in Trifina and
Tarniceriu (2017) and they were found using the method from this section applied
for two different classes of interleavers, as follows:

e for lengths smaller than or equal to 448, by maximizing the spread factor and then
by minimizing the TUB(FER) value;

e for lengths greater than or equal to 592, by maximizing the €’ metric among
the interleavers with spread factor greater than or equal to 0.45 - /2L (Takeshita
2007) and then, by minimizing the TUB(FER) value.

From Table 7.9 we observe that CPPs of medium lengths can achieve a FER
at high SNR of approximately 3 up to 9 times smaller than for QPPs. For these
lengths, the spread factor of CPPs is always greater than or equal to that of QPPs,
while the refined nonlinearity degree of CPPs is always greater than that of QPPs.
This fact togheter with smaller TUB(FER) values for these CPPs explains the FER
performance differences (Takeshita 2007). For small lengths, the FER for CPPs is
slightly smaller than the FER for good QPPPs or LPPs.
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