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Greenberger-Horne-Zeilinger-state analyzer
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~Received 24 September 1997!

Using just polarizing beam splitters and half-wave plates, we present a practical experimental scheme, by
which one can conveniently identify two of the three-particle Greenberger-Horne-Zeilinger~GHZ! states. The
scheme can easily be generalized to theN-particle case. The GHZ-state analyzer is essential for multiparticle
generalizations of quantum dense coding, quantum teleportation, and entanglement swapping.
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PACS number~s!: 03.67.2a, 42.50.Dv
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Maximally entangled states of three or more particles,
called Greenberger-Horne-Zeilinger~GHZ! states@1#, have
been fascinating quantum systems to reveal the nonloc
of the quantum world. Most recently, the young quantu
information theory@2# has shown that quantum entangl
states can be exploited for information transmission and
formation processing, for example, in quantum dense cod
@3,4# and in quantum teleportation@5,6#. It is well known that
the preparation and measurement of Bell states is esse
for quantum dense coding and quantum teleportation.
extension to the GHZ case will thus allow us to general
the two to the multiparticle case. Also, in a generalization
entanglement swapping@7,8# a GHZ-state analyzer can actu
ally be used to prepare multiparticle GHZ states out of
tangled pairs.

Theoretically, using only single-quantum-bit~qubit! op-
erations and the controlled-NOT gates@9# one can construct a
suitable quantum network to produce and identify any of
maximally entangled states for any number of particles@10#.
However, until now such quantum networks have not
been built in the laboratory. On the experimental side, Kw
et al. @11# have reported a high-intensity source
polarization-entangled photon pairs, by which one can ea
prepare any of the four Bell states. Also, a general and r
izable procedure for producing three-particle entangleme
out of entangled pairs has been given recently@12#. Further-
more, while no complete Bell state measurement proced
exists, we can already experimentally identify two of t
four Bell states@13#.

In this paper, we present a universal scheme and pra
cally realizable procedures for identifying two of th
N-particle GHZ states based on the concept of quantum
sure. The basic elements of the experimental setup are
polarizing beam splitters~PBS! and half-wave plates~HWP!.
Meanwhile, we show that the scheme can also provid
conditional GHZ-state source by which one can experim
tally demonstrate GHZ correlations@1# and entangled en
tanglement@14#.

Before starting to discuss the GHZ-state analyzer, le
first give a modified version of the Bell-state analyzer, wh
is similar to but different from the former one shown in Fi
1 of Ref. @4#. Consider the arrangement of Fig. 1. Two ide
tical photons enter the Bell-state analyzer from modesA and
B, respectively. Suppose they are in the most gen
polarization-superposition state
571050-2947/98/57~3!/2208~4!/$15.00
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uc in&5auHA&uHB&1buHA&uVB&1guVA&uHB&1duVA&uVB&.
~1!

Because the PBS transmits only the horizontal polariza
component and reflects the vertical component, after pas
through PBSAB the incident state will evolve into

uc in&→auHA2&uHB1&1buHA2&uVB2&1guVA1&uHB1&

1duVA1&uVB2&, ~2!

where the subscripti j ( i 5A,B, j 51,2) denotes the transfor
mation from input modei to output modej . Suppose that
these two photonsA and B arrive at the polarizing beam
splitter PBSAB simultaneously, and therefore their spat
wave functions overlap each other. Then, according to
indistinguishability of identical particles, we can directly d
noteHA2 asH2, VA1 asV1, HB1 asH1, andVB2 asV2. Thus,
Eq. ~2! reads

auH1&uH2&1buH2&uV2&1guV1&uH1&1duV1&uV2&. ~3!

FIG. 1. A Bell-state analyzer. Two identical photons enter t
Bell-state analyzer from input portsA and B. PBSAB , PBS1, and
PBS2 are three polarizing beam splitters, which transmit the h
zontal polarization component and reflect the vertical compon
DH1, DV1, DH2, andDV2 are four trigger detectors.
2208 © 1998 The American Physical Society
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Note that for the termsuH1&uH2& and uV1&uV2& the two pho-
tons are in different output ports, and while for the term
uH2&uV2& and uV1&uH1& both photons are in the same outp
port. Therefore, we can identify statesucd&5auH1&uH2&
1duV1&uV2& and ucs&5buH2&uV2&1guH1&uV1& using the
coincidence between detectors in mode 1 and in mod
Obviously, in terms of the Bell states,Cd can be rewritten as

ucd&5
1

A2
~a1d!f11

1

A2
~a2d!F2, ~4!

where

uf1&5
1

A2
~ uH1&uH2&1uV1&uV2&),

uf2&5
1

A2
~ uH1&uH2&2uV1&uV2&).

Thus, in order to finish the Bell-state measurement we n
only need to identify statesuf1& and uf2&, that is, we have
to determine the relative phase between terms ofuH1&uH2&
and uV1&uV2&. Let the angle between the HWP axis and t
horizontal direction be 22.50 such that it corresponds to a 450

rotation of the polarization. Therefore, for a photon pass
the HWP, its polarization state will undergo the followin
unitary transformation:

uHi&→
1

A2
~ uHi&1uVi&),

uVi&→
1

A2
~ uHi&2uVi&),

where i 51,2. Finally, uf1& and uf2& will thus be trans-
formed into

uf1&→uf1&5
1

A2
~ uH1&uH2&1uV1&uV2&), ~5!

uf2&→uc1&5
1

A2
~ uH1&uV2&1uV1&uH2&). ~6!

The above analysis shows that we can readily identify two
the four incident Bell states. Specifically, if we observe
coincidence either between detectorsDH1 and DH2 or DV1

and DV2, then the incident state was (1/A2) (uHA&uHB&
1uVA&uVB&). On the other hand if we observe coincidenc
between detectorsDH1 and DV2 or DV1 and DH2, then the
incident state was (1/A2) (uHA&uHB&2uVA&uVB&). The other
two incident Bell states will lead to no coincidence betwe
detectors in mode 1 and in mode 2. Such states are sign
by some kind of superposition ofuHA&uVB& and uVA&uHB&.
This concludes our demonstration that we can identify two
the four Bell states using the coincidence between mode
and 2.

The reason we discuss the modified version of the B
state analyzer is that the above scheme can directly be
eralized to theN-particle case. Making use of its basic ide
s
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one can easily construct a type of GHZ-state analyzer
which one can immediately identify two of the 2N maximally
entangled GHZ states.

For example, in the case of three identical photons,
eight maximally entangled GHZ states are given by

uF6&5
1

A2
~ uH&uH&uH&6uV&uV&uV&),

uC1
6&5

1

A2
~ uV&uH&uH&6uH&uV&uV&),

uC2
6&5

1

A2
~ uH&uV&uH&6uV&uH&uV&),

uC3
6&5

1

A2
~ uH&uH&uV&6uV&uV&uH&),

whereuC i
6& designates that GHZ state where the polari

tion of photon i is different from the other two. Conside
now the setup of Fig. 2 and suppose that three photons e
the GHZ analyzer, each one from modesA, B, andC, re-
spectively. A suitable arrangement can be realized such
the photon coming from modeA and the one coming from
modeB overlap at PBSAB and thus they are corresponding
transformed into mode 1 and into modeBC. Let us further
suppose that the photons from modeBC and modeC over-
lap each other at PBSBC . Thus, following the above demon
stration for the case of the Bell-state analyzer, it is easy
find that the eight GHZ states above will corresponding
evolve into

1

A2
~ uH1&uH2&uH3&6uV1&uV2&uV3&), ~7!

1

A2
~ uH1&uH3&uV3&6uV1&uV2&uH2&), ~8!

FIG. 2. A GHZ-state analyzer. Three photons incident one e
in modesA, B, and C will give rise to distinct threefold coinci-
dences if they are in the GHZ statesuF1& or uF2&. All the nota-
tions are the same as in Fig. 1.
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1

A2
~ uH2&uV2&uH3&6uH1&uV1&uV3&), ~9!

1

A2
~ uH1&uV1&uH2&6uV2&uH3&uV3&) ~10!

immediately after these three photons passed through PBAB
and PBSBC , and before they enter the half-wave plate
Here, e.g.,Hi denotes a photon with polarizationH in output
modei .

From Eqs.~8!–~11!, it is evident that one can observ
threefold coincidences between modes 1, 2, and 3 only
the state of Eq.~8!. For the other states, there are always t
particles in the same mode. We can thus distinguish the
states (1/A2) (uH&uH&uH&6uV&uV&uV&) from the other six
GHZ states. Furthermore, after the states of Eq.~8! pass
through the HWP, we finally obtain

1

A2
~ uH1&uH2&uH3&1uV1&uV2&uV3&)

→
1

2
~ uH1&uH2&uH3&1uH1&uV2&uV3&

1uV1&uH2&uV3&1uV1&uV2&uH3&), ~11!

1

A2
~ uH1&uH2&uH3&2uV1&uV2&uV3&)

→
1

2
~ uH1&uH2&uV3&1uH1&uV2&uH3&

1uV1&uH2&uH3&1uV1&uV2&uV3&). ~12!

Thus, using threefold coincidences we can readily iden
the relative phase between statesuH&uH&uH& anduV&uV&uV&.
This is because only the initial stateuF1& leads to coinci-
dences between detectorsDH1, DH2 , andDH3 ~or H1V2V3,
V1H2V3, V1V2H3). On the other hand, only the stateuF2&
leads to coincidences between detectorsDH1, DH2 , andDV3
~or H1V2H3, V1H2H3, V1V2V3). Or, in conclusion, states
uF1& and uF2& are identified by coincidences between
three output modes 1, 2, and 3. They can be distinguis
because behind the half-wave platesuF1& results in one or
three horizontally, and zero or two vertically polarized ph
tons, whileuF2& results in zero or two horizontally polarize
photons and one or three vertically polarized ones.

Our GHZ-state analyzer has many possible applicatio
for example, the three photons entering via the modesA, B,
and C, respectively could each come from one entang
pair. Then projection of these three photons using the GH
state analyzer onto the GHZ stateF1 or F2 implies that the
other three photons emerging from each pair will be prepa
in a GHZ state. It is clear that our scheme can readily
generalized to analyze entangled states consisting of m
than three photons by just adding more polarizing be
splitters and half-wave plates. Also, identification of analo
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of our scheme for GHZ-state analysis of atoms or of mo
entangled states instead of polarization entangled one
straightforward.

Here, it is worth noting that an extension of the abo
scheme would provide us with a conditional GHZ-sta
source by which we can conveniently observe three-part
correlations and also demonstrate entangled entanglem
Consider two sourcesA andB ~see Fig. 3! each one emitting
a photon pair. Consider for simplicity that the state emitt
by source A is the maximally entangled stat
(1/A2) (uH&uH&1uV&uV&), and let us assume that one of th
two photons emitted by sourceB is projected into the state
(1/A2) (uH&1uV&) by inserting a simple one-channel pola
izer. The other photon from sourceB then serves as a trigge
in order to reduce unwanted backgrounds. Then, using v
analogous arguments as above we find that the state o
three particles immediately after passage through the po
izing beam splitter PBS will be the superposition

1
2 ~ uH1&uH2&uH3&1uV1&uV2&uV3&1uH1&uH3&uV3&

1uV1&uV2&uH2&). ~13!

Again, only for the superposition uH1&uH2&uH3&
1uV1&uV2&uV3& we would observe threefold coincidenc
Therefore, we then know these three particles are in the
perpositionuH1&uH2&uH3&1uV1&uV2&uV3& as soon as we ob
serve threefold coincidence. Note that here the GHZ stat
not directly prepared but we know that the three particles
in a GHZ state under the condition that one particle eac
detected in each of the outgoing beams 1, 2, 3. This i
much weaker condition than any postselection procedure
might be based on properties of the particles. In an exp
ment our case will not be distinguishable from the real si
ation occurring anyway because of finite detector efficie
cies. That is, from a practical point of view, even if on
definitely prepares a full GHZ state one only will obser
three or fourfold coincidences in a fraction of time anywa
Thus, we conclude that in the scheme of Fig. 3 one will

FIG. 3. A three-particle polarization-entanglement source. T
photon sources,A andB, pumped by short pulses, each one emit
photon pair. SourceA emits a pair of photons in the superpositio
HH1VV, and one of the two photons emitted by sourceB in the
state (1/A2)(H1V) by inserting a one-channel polarizer POL.F is
narrow filter, DT is a trigger detector. Then, one photon comi
from sourceA and the one coming from sourceB overlap at the
PBS.
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57 2211BRIEF REPORTS
able to experimentally demonstrate all features of a G
state including entangled entanglement.

Finally we would like to note that in all these schemes
have used the principle of quantum erasure in a way
behind our GHZ-state analyzer at least some of the pho
registered cannot be identified anymore as to which sou
they came from. This implies very specific experimen
schemes, because the particles might have been creat
different times. One theoretical possibility is to apply t
principle of ultracoincidence@7#. This means that the pho
tons must be registered within a time short compared to t
coherence time. For practical reasons, i.e., the unavailab
of sufficiently fast detectors, the scheme cannot be realize
rs
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present. Yet, alternatively, one can create the particles wi
a time interval small compared to their coherence times. T
in practice implies the use of pulsed sources and of filt
behind them, which introduce coherence times larger t
the pulse length@15#. Such a scheme has been successfu
used in the first experimental demonstration of quantum t
portation@6#.
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