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Preface

We describe in this book recent developments on fuzzy logic and neural networks, as
well as their hybrid combinations, and their application in areas such as, intelligent
control and robotics, pattern recognition, medical diagnosis, time series prediction
and optimization of complex problems. There are papers with the main topics of
type-1, type-2 and type-3 fuzzy systems, which basically consists of papers that
propose new concepts and algorithms based on type-1, type-2 and type-3 fuzzy logic
theory and their applications. There are also papers that present theory and practice
of meta-heuristics in diverse areas of application. There are interesting papers on
different applications of fuzzy logic, neural networks and hybrid intelligent systems
in medical problems. In addition, we can find papers describing applications of fuzzy
logic, neural networks and meta-heuristics in robotics problems. There are a total of
14 papers forming the book in the above-mentioned topics.

In conclusion, the edited book comprises papers on diverse aspects of fuzzy logic,
neural networks and nature-inspired optimization meta-heuristics for designing and
implementing hybrid intelligent systems and their application in areas , such as intelli-
gent control and robotics, pattern recognition, time series prediction and optimization
of complex problems. We expect that the book will serve as reference for researchers
and graduate students working in the theory and applications of the computational
intelligence area.

Tijuana, Mexico Oscar Castillo
Tijuana, Mexico Patricia Melin
May 2022



About This Book

This book covers recent developments on fuzzy logic, neural networks and opti-
mization algorithms, as well as their hybrid combinations. In addition, the above-
mentioned methods are applied to areas such as intelligent control and robotics,
pattern recognition, medical diagnosis, time series prediction and optimization of
complex problems. Nowadays, the main topic of the book is highly relevant, as most
current intelligent systems and devices in use utilize some form of intelligent feature
to enhance their performance. In addition, on the theoretical side, new and advanced
models and algorithms of type-2 and type-3 fuzzy logic are presented, which will be
of great interest to researchers in these areas. Also, new nature-inspired optimization
algorithms and innovative neural models are put forward in the manuscript, that are
very popular subjects, at this moment. There are contributions on theoretical aspects
as well as applications, which make the book very appealing to a wide audience,
ranging from researchers to professors and graduate students.
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On Decision Making Applications m
via Distance Measures oo

Feride Tugrul and Mehmet Citil

Abstract Intuitionistic fuzzy sets are an area that has attracted the attention of many
researchers recently and is used in many application areas. Researchers have made
use of intuitionistic fuzzy sets because of their usefulness in all applications involving
decision making. In decision making problems including criteria and alternatives,
intuitive fuzzy sets are evaluated with distance measures defined, and more sensitive
results are obtained in application areas than many methods.

Keywords Fuzzy logic + Intuitionistic fuzzy set - Decision making - Distance
measure

1 Introduction

The notion of fuzzy logic was firstly defined by Zadeh in 1965 [1]. Then, Intuitionistic
fuzzy sets (shortly IFS) were defined by Atanassov [2, 3]. Intuitionistic fuzzy sets
form a generalization of the notion of fuzzy sets. The intuitionistic fuzzy set theory
is useful in various areas, such as artificial intelligence, engineering, education, alge-
braic structures, topologic spaces, algebraic structures, control systems, agriculture
areas, computer, economy and various engineering fields, real life situations [4—14].
Various applications of intuitionistic fuzzy set have been carried out through distance
measures approach [15-20].

Education has many components and is an important issue for the continuity
of societies. Each occupational group must complete the training process related
to their field. The talents of an individual belonging to a profession and the field
in which he/she specializes should be compatible with the needs of the society.
Although the basis of success is human, the most important factor affecting success
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is education. Education has a wide range of applications in many fields such as fuzzy
logic, intuitionistic fuzzy logic, decision making, multi-criteria decision making,
intercriteria analysis [21-23].

Choosing the most accurate and rational system while performing selection, eval-
uation and ranking in education; it is very important to achieve our goal. We used
the distance measure while determining the goals and enroll in the training. By
expressing the exam scores in intuitionistic fuzzy clusters instead of just a single
grade, we can observe the concepts of membership, non-membership and hesitancy
together. Therefore, it will give the most accurate result to be expressed with the
intuitionistic fuzzy sets given in education. Also, it is very useful to use the distance
measure when listing the intuitionistic fuzzy alternatives [14]. For this paper; high
schools in any province in Turkey have been researched. If it is desired to work with
these methods in the field of education, data can be obtained from the desired country
and the desired province. The data we used in our study were taken from Turkey.
For these papers, Approximately 42,000 students have been researched according to
official data from the Ministry of Education.

In our studies, we preferred the field of education as the application areas of
intuitionistic fuzzy logic. The methods we will use are useful methods that can be
applied in all areas. Thanks to these methods, many goals such as selection, ranking,
decision making, placement, and element selection can be achieved in the most
accurate way.

2 Preliminaries

Definition 1 : [1] Let X # (J. A fuzzy set A in X defined as:
A= {{x, pa(x))lx € X},

where p4(x) : X — [0, 1] is the membership function of the fuzzy set A.

Definition 2 : [2, 3] Let X # (. An intuitionistic fuzzy set A in X;

A= {{x, na(x), va(x))lx € X}

pa(x), v4(x), ma(x) : X — [0, 1]

defined membership degree, nonmembership degree and hesitation degree of the
element x € X respectively. In which,

ma(X) +va(x) +ma(x) =1
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Definition 3 : Let X # (. Intuitionistic fuzzy sets A, B, C € X. The distance
measure d between intuitionistic fuzzy sets A and B mappingd : X x X — [0, 1];
if d(A, B) sstisfies the following axioms:

Al.0<d(A,B) <1

A2.d(A, B)ifandonlyif A = B

A3.d(A,B) =d(B, A)

A4.IfAC B C Cthend(A,C)>d(A,B)andd(A,C) > d(B,C)

Distance measure is a term that describes the difference between intuitionistic
fuzzy sets and can be considered as a dual concept of similarity measure.

Definition 4 : [24, 25] Let A = {{x, ua(x), va(x), w2 (x))|x € X } and

B = {x, up(x),vp(x), rp(x)|x € X} be two intuitionistic fuzzy sets in X =
X1, X2, ..., %530 = 1,2,..., n. Based on geometric interpretation of intuitionistic
fuzzy set proposed the following four distance measures between A and B:

The Hamming Distance:

1 n
du(A, B) = > Z(LU«A(xi) — (x| + va(x) —vp(x)| + |mwa(x;) — wp(xi)])
i

The Euclidean Distance:

de(A, B)

1 n
= / 5 Dy LA G) = s (i) + (04 (i) = v (60))* + (74 () — 75 (x0))°]

The Normalized Hamming Distance:

1 n
dn—p (A, B) = — D (Al = ppG)l + va () — vpGi)l + A () — B (xp)1)
i=1

The Normalized Euclidean Distance:

dn-£(A, B)

1 n
= \/% Zi:l [(ax) = up(xi))* + 0a(x) — vp(x)* + (Ta(x) — m(x))]

Definition 5 : [26] M is set of options and C is a set of criteria.
M = {M,M,,....M,}, C = {C,C,,...,C,} where each option M; is
expressed via intuitionistic fuzzy description, namely

Mi = {(Clv Mit, vil)s (C27 Mi2, V,’2), e (Cnv Min, vin)}s i = 11 2a cee, M.

where p;; indicates the degree to which option M; satisfies criterion C;, v;; indicates
the degree to which option M; does not satisfy criterion C;. Our goal is to point out



4 F. Tugrul and M. Citil

the best option (to rank the considered options). The options should satisfy the criteria
C;,Ck, ..., Cporcriterion Cy, i.e.:

(CjandCgand, ..., and C,)or Cy (D
Definition 6 : [13]
) lirs(Ci, A)
Sim(Ci, A) = ————— )
lirs(Ci, B)

where 1;75(C;, A) is a distance from C;(uc,. ve,, 7c;) to A(1,0,0), l;rs(Ci, B)
is a distance from C;(uc;, ve,, 7c;) to B(0, 1,0). The distances I;r5(C;, A) and
l;rs(C;, B) are calculated from:

1 n

Lrs(Cio A) =53 (11— ne | +[0—ve | +]0 - mc ) (3)
i=1
1 n

Lrs(Ci BY= 5D (10— | + 1= ve | +]0 - mc ) “)

i=l1

For, 0 < Sim(C;, A) < oo.
The problem of finding an option M; satisfying in the best way condition (1) can
be solved by evaluating each option M;

E(M;) =Sim(A, M;)

=min{[Sim(A, C;), Sim(A, Cy), ...... . Sim(A, C,)], Sim(A, Cy)}
)

Condition (5) means that for each M; we look for the worst satisfied criterion W;
among C;, Cy, ..., and C,, and next we look for the better criterion between W; and
C,. The worst means the least similar and the least similar and the best means the
most similar.

The smallest value among E(M;),i = 1,2,...,m in (5) points out the option
which best satisfies condition in (1).

3 An Application of Intuitionistic Fuzzy Logic
with Distance Measure

The objective of this application is to determine the relationship between students’
official tests and the pilot tests by means of distance measures in intuitionistic fuzzy
sets [27]. The solution has been accepted by measuring the shortest distance between
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each student and each school by using distance measure. Owing to this application;
distance measures have been compared. The sequence of validity and reliability of
the distance measures has been determined. Also; this application has been carried
out on students who studied in two different years.

3.1 Comparison of Distance Measures with the Application
of Intuitionistic Fuzzy Sets

The official exam results of the students who were arbitrarily selected from one of
those years have been investigated. Let H = {H,, H,, H3, Hs, Hs} be set of high
schools. L ={Turkish, Mathematics, Science, Social, English, Religion} be set of
lessons,

S = {81, 52, S3, S4, S5, Se, S7, Sg, S, S10} be set of students.

High schools’ reference points have been calculated in one of those years for each
lesson in L, in Table 1.

Students’ official test scores in one of those years academic year have been
indicated in Table 2.

Shortest distance between each student (i.e. Table 2) and each high school (i.e.
Table 1) has been calculated using Euclidean distance method, in Table 3.

Shortest distance between each student (i.e. Table 2) and each high school (i.e.
Table 1) has been calculated using normalized Euclidean distance method, in Table
4.

Shortest distance between each student (i.e. Table 2) and each high school (i.e.
Table 1) has been calculated using hamming distance method, in Table 5.

Shortest distance between each student (i.e. Table 2) and each high school (i.e.
Table 1) has been calculated using normalized hamming distance method, in Table
6.

Distance between each student and each school has been calculated by four
different distance measures. Comparison of distance measures is in the following
table (Table 7).

If we want to interpret these tables, we can achieve the following results:

e The results of all distance measurements are consistent with each other.
¢ The most accurate distance measurement is the normalized measure of hamming.

According to Table 7; the sequence of validity and reliability of the distance
measures is this;

dn_]-] < dn—E < dE < d[.].
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Table 3 Values calculated using Euclidean distance

F. Tugrul and M. Citil

E H; Hz Hs Hy Hs
S1 0.0568 0.1107 0.2949 0.6491 0.9039
S2 0.0757 0.0987 0.697 0.6729 0.8889
S3 0.9633 0.8184 0.61004 0.4247 0.4119
Sa 0.7075 0.6225 0.4371 0.2585 0.3649
Ss 0.4002 0.2949 0.1704 0.4187 0.5935
Se 0.5424 0.0775 0.2141 0.5296 0.7993
S7 0.5507 0.0583 0.2142 0.6131 0.8261
Sg 0.6737 0.5254 0.3389 0.1012 0.3927
So 0.5839 0.4768 0.2972 0.1915 0.43001
S1o 0.8226 0.71707 0.6187 0.5204 0.53906
Table 4 Values calculated using normalized Euclidean distance
n—E H H, Hs Hy Hs
Si 0.0231 0.045 0.1204 0.2675 0.36903
Sz 0.0308 0.04279 0.27589 0.27471 0.365
S3 0.43412 0.391 0.3375 0.20901 0.13595
S4 0.29438 0.37369 0.17615 0.17789 0.14159
Ss 0.22332 0.1204 0.06946 0.17097 0.24231
Se 0.27333 0.0333 0.0815 0.22134 0.33569
S7 0.05085 0.03291 0.09209 0.2341 0.33903
Ss 0.27506 0.2168 0.13836 0.0415 0.16034
So 0.2383 0.1946 0.1213 0.07818 0.17555
N 0.33582 0.29274 0.25261 0.21248 0.2266
Table 5 Values calculated using Hamming distance
H H, H, Hj Hy Hs
S1 0.0261 0.0458 0.1125 0.2675 0.3623
S 0.0257 0.0363 0.107 0.2658 0.365
S3 0.434 0.4053 0.3375 0.1845 0.1315
S4 0.2872 0.2418 0.1625 0.0941 0.1183
Ss 0.1465 0.1101 0.056 0.1576 0.2308
Se 0.0692 0.0333 0.0701 0.2176 0.3184
Sy 0.0539 0.0163 0.08 0.2341 0.333
Sg 0.2519 0.2168 0.1375 0.0415 0.156
So 0.2539 0.2051 0.1258 0.0766 0.1513
S10 0.3139 0.2701 0.206 0.1341 0.2266
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Table 6 Values calculated using normalized Hamming distance

n—H H; H Hj Hy Hs

N 0.0043 0.0076 0.0187 0.0445 0.0603
S» 0.0042 0.006 0.0178 0.0443 0.0608
S3 0.0723 0.0675 0.0562 0.0307 0.0219
S4 0.0478 0.0403 0.027 0.0156 0.0197
Ss 0.0244 0.0183 0.0093 0.0262 0.0384
Se 0.0115 0.0055 0.0116 0.0362 0.053
S7 0.0089 0.0027 0.0133 0.039 0.0555
Sg 0.0419 0.0361 0.0229 0.0069 0.026
So 0.0423 0.0341 0.0209 0.0127 0.0252
S1o 0.0523 0.045 0.0343 0.0223 0.0377

3.2 Determination of the High School Where the Students
Will Enroll Using the Normalized Hamming Distance
Measure

This section was implemented using the normalized hamming distance measurement
in the light of the above results. The exams that are applied at regular intervals in the
educational institutions where students work outside of the school are determined
and their results are investigated [27]. At the end of the year, the official exam
results of the students were obtained from the institution. The results of the formal
exam and the exams in the education institution other than the school have been
compared and interpreted. Let H = {H,, H,, H3, Hy, Hs} be set of high schools.
L ={Turkish, Mathematics, Science, Social, English, Religion} be set of lessons,
S = {81, S2, S3, S4, S5, Se, S7, Sg, S, S10} be set of students.

High school base point has been calculated for each lesson in L, in Table 8.

Average of students’ who were randomly selected pilot tests score has been
determined in Table 9.

Distance between each student (i.e. Table 9) and each high school (i.e. Table 8)
has been calculated using normalized hamming distance method depending upon
average of students’ pilot tests, in Table 10.

Table 10 depicts that the shortest distance between each student and each high
school has given that the student will enroll in the high school depending upon
average of students’ pilot tests. According to Table 10; the student S is to enroll
in H, high school, the student S, is to enroll in Hs3 high school, the student S is
to enroll in H3 high school, etc. Official test scores of the students in 2016-2017
academic year has been determined in Table 11.

Distance between each student (i.e. Table 11) and each high school (i.e. Table
8) has been calculated using normalized hamming distance method depending upon
official test scores of the students’, in Table 12.
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Table 7 Comparison of distance measures values

F. Tugrul and M. Citil

H; H, H3 Hy Hs
Sy dg 0.0568 0.1107 0.2949 0.6491 0.9039
dng 0.0261 0.0458 0.1125 0.2675 0.3623
dy_E 0.0231 0.045 0.1204 0.2675 0.36903
dy—f 0.0043 0.0076 0.0187 0.0445 0.0603
S> dg 0.0757 0.0987 0.697 0.6729 0.8889
dg 0.0257 0.0363 0.107 0.2658 0.365
dy—E 0.0308 0.04279 0.27589 0.27471 0.365
dn_n 0.0042 0.006 0.0178 0.0443 0.0608
S3 dp 0.9633 0.8184 0.61004 0.4247 0.4119
dy 0.434 0.4053 0.3375 0.1845 0.1315
dy—E 0.43412 0.391 0.3375 0.20901 0.13595
dyn_pg 0.0723 0.0675 0.0562 0.0307 0.0219
S4 de 0.7075 0.6225 0.4371 0.2585 0.3649
dy 0.2872 0.2418 0.1625 0.0941 0.1183
dy_g 0.29438 0.37369 0.17615 0.17789 0.14159
dn—H 0.0478 0.0403 0.027 0.0156 0.0197
Ss dg 0.4002 0.2949 0.1704 0.4187 0.5935
dng 0.1465 0.1101 0.056 0.1576 0.2308
dn—E 0.22332 0.1204 0.06946 0.17097 0.24231
dn—n 0.0244 0.0183 0.0093 0.0262 0.0384
Se dg 0.5424 0.0775 0.2141 0.5296 0.7993
dy 0.0692 0.0333 0.0701 0.2176 0.3184
dn—E 0.27333 0.0333 0.0815 0.22134 0.33569
dy—pn 0.0115 0.0055 0.0116 0.0362 0.053
S7 dg 0.5507 0.0583 0.2142 0.6131 0.8261
dy 0.0539 0.0163 0.08 0.2341 0.333
dy_E 0.05085 0.03291 0.09209 0.2341 0.33903
dy—f 0.0089 0.0027 0.0133 0.039 0.0555
Sg dg 0.6737 0.5254 0.3389 0.1012 0.3927
dug 0.2519 0.2168 0.1375 0.0415 0.156
dy—E 0.27506 0.2168 0.13836 0.0415 0.16034
dn_n 0.0419 0.0361 0.0229 0.0069 0.026
So dp 0.5839 0.4768 0.2972 0.1915 0.43001
dy 0.2539 0.2051 0.1258 0.0766 0.1513
dy—E 0.2383 0.1946 0.1213 0.07818 0.17555
dn—g 0.0423 0.0341 0.0209 0.0127 0.0252

(continued)
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Table 7 (continued)
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H; H> H3 Ha Hs
S10 dg 0.8226 0.71707 0.6187 0.5204 0.53906
dn 0.3139 0.2701 0.206 0.1341 0.2266
dyn—E 0.33582 0.29274 0.25261 0.21248 0.2266
dn—n 0.0523 0.045 0.0343 0.0223 0.0377

Table 12 depicts that the shortest distance between each student and each high
school has given that the student will enroll in the high school depending upon official
test scores of the students’. According to Table 12; the student S; is to enroll in H,
high school, the student S is to enroll in H3 high school, etc. When Tables 10 and 12
are researched, coherent results have been obtained. But the results of two students
are different. According to the tables; it has been determined that two students (S4
and S;7) went to a different high school than expected. Comments on inconsistent
results may include:

e When school scores are too close together, even the slightest change in student
scores can change the school.

e Every student cannot be expected to be as comfortable in the real exam as in
normal life. There can be many factors that affect the day of the exam (health,
psychology, etc.).

4 An Application of Intuitionistic Fuzzy Logic
with Similarity Measure in Decision Making

In this section, we have implemented an application of decision making in the success
ranking of middle schools. For this application, similarity measures defined in intu-
itionistic fuzzy sets are used [28]. Each middle school point has been calculated
depending on the average student examination score.

The important thing in decision making is to determine the criteria. It is obvious
that the criteria affecting school success are courses. While ranking the success of the
schools, decisions were made according to these criteria. In this application, which is
based on the basic courses, both the ranking was made and the most successful school
was determined. For this application have been profited from similarity measures
that proposed new solution by Szmidt and Kacprzyk [29]. The utility of this method;
options have been compared to the positive-ideal solution and negative-ideal solution.
The best considered option should be as close as possible to the positive-ideal solution
and as far as possible to the negative-ideal solution. The best option taking into
account only positive-ideal solution can be misleading.

S = {81, S2, 83, S4, S5, S6, S7, Sg, S, S10} be set of hlgh schools.

L = {Ly, L,, L3, L4, Ls, Lg} be set of criteria. Set of criteria respectively are
L ={Turkish, Mathematics, Science, Social, English, Religion}.
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Table 10 Distance between students’ pilot tests and high school base points

F. Tugrul and M. Citil

H; H, Hj Hy Hs
Sq 0.0561 0.0358 0.0875 0.28 0.3258
S2 0.136 0.10667 0.06833 0.19 0.24333
S3 0.212 0.15667 0.0651 0.17166 0.195833
S4 0.30033 0.24592 0.2 0.14167 0.14667
Ss 0.0471 0.0391 0.0958 0.2608 0.3333
Se 0.63075 0.58833 0.49167 0.30667 0.29541
S7 0.04216 0.03583 0.13 0.29 0.3333
Sg 0.03966 0.075 0.13667 0.335 0.385
So 0.112 0.08833 0.1075 0.2175 0.27833
S10 0.30367 0.26333 0.18667 0.18333 0.235

The points of schools in 2014, 2015, 2016, 2017 years and the calculations of

each school are given in Tables 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27,28, 29, 30, 31 and 32.

The smallest value among E (M;) points out the option which best satisfies condi-
tion. According to the above calculations, each school’s from year to year ranking
of school success is as follows:

For Sl : 201651 , 201751 s 201451 , 201551

For S, : 2016g,, 20155,, 2017,, 20145,

For S5 : 20155, 20165,, 20175, 20145,

For S, : 20155,, 20165,, 20175,, 20145,

For S5 : 20175,,20155,, 20165, , 20145,

For Sg : 20165,, 20155, 20175,, 20145,

For S7 . 201557, 201657, 201757, 201457

For Sg : 20155,, 20165,, 2017, 20145,

For Sy : 20155,, 20175, 20164,, 20145,

For Syo : 20155, 20175,,, 20165,,, 20145,

According to the above calculations, for each year ranking of school success is
as follows:

For 2014: SQ,S4,S3,S5,S7,S6,Sg,59,S1,S]()

For 2015: Sz,S4,S3,Ss,Sﬁ,S7,Sg,S10,Sg,Sl

For 2016: Sz,S4,S§,Sﬁ,S3,Sg,S7,S],S]o,Sg

For 2017: Sz,Ss,S4,S3,SG,S7,58,S9,510,51

In this paper; each year ranking of school success and each school’s from year to
year ranking of school success have been made separately. For each year ranking of
school success has been varied. This situation has different causes: student change
at school, teacher change at school, difficulty or simplicity of examination, socio-
economic status and psychology of students.
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Table 12 Distance between students’ official tests and high school base points

H,; H, H; Hy Hs
S1 0.07367 0.06833 0.11 0.27166 0.36833
S 0.19466 0.18333 0.11166 0.22916 0.285
S3 0.1205 0.16333 0.07166 0.22666 0.27
Sa 0.325 0.2891 0.2008 0.15 0.1441
Ss 0.10017 0.1 0.10916 0.21833 0.255
Se 0.62142 0.58833 0.38 0.255 0.16167
Sy 0.067 0.07 0.10333 0.2833 0.31833
Sg 0.06133 0.07667 0.145 0.32667 0.385
So 0.15533 0.11833 0.14333 0.23667 0.2375
S1o 0.341 0.3 0.234 0.0375 0.1416
Table 13 The points of S| middle school
S1 2014 2015 2016 2017
L; ](0.461,0.486,0.053) |(0.535,0.419,0.046) |(0.519,0.433,0.048) |(0.41,0.531,0.059)
L, [(0.311,0.621,0.068) |(0.338,0.596,0.066) |(0.317,0.615,0.068) |(0.3,0.63,0.07)
Lz [(0.42,0.522,0.058) (0.484,0.465,0.051) | (0.502,0.449,0.049) |(0.54,0.414,0.046)
Ly [(0.448,0.497,0.055) |(0.566,0.391,0.043) |(0.512,0.44,0.048) (0.5,0.45,0.05)
Ls ](0.374,0.564,0.062) |(0.349,0.586,0.065) |(0.488,0.461,0.051) |(0.38,0.558,0.062)
Le 1(0.509,0.442,0.049) |(0.762,0.785,0.023) |(0.685,0.284,0.031) |(0.54,0.414,0.046)
Table 14 Calculations for S;
S1 2014 E(S1) =0.879
2015 E(S1) = 0.956
2016 E(S1) =0.439
2017 E(S1) =0.784
Table 15 The points of S> middle school
S, 12014 2015 2016 2017
Ly 1(0.979,0.019,0.002) |(0.929,0.064,0.007) |(0.93,0.063,0.007) (0.87,0.117,0.013)
Ly 1(0.915,0.077,0.008) | (0.871,0.119,0.01) (0.948,0.047,0.005) | (0.89,0.099,0.011)
Lz ](0.908,0.083,0.009) |(0.931,0.063,0.006) |(0.941,0.054,0.005) |(0.98,0.018,0.002)
Ly 1(0.922,0.071,0.007) |(0.907,0.084,0.009) |(0.932,0.062,0.006) | (0.95,0.045,0.005)
Ls {(0.895,0.095,0.01) (0.861,0.126,0.013) | (0.938,0.056,0.006) |(0.97,0.027,0.003)
Le |(0.901,0.09,0.009) (0.971,0.027,0.002) | (0.973,0.025,0.002) | (0.95,0.045,0.005)
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Table 16 Calculations for S,
S 2014 E(S2) =0.108
2015 E(S2) = 0.029
2016 E(S>) = 0.027
2017 E(S>) = 0.052
Table 17 The points of S3 middle school
S [2014 2015 2016 2017
L; ](0.739,0.241,0.02) (0.72,0.252,0.028) (0.673,0.295,0.032) | (0.752,0.223,0.02)
Ly 1(0.509,0.442,0.049) |(0.488,0.461,0.051) |(0.489,0.46,0.051) (0.559,0.396,0.04)
Lz ](0.608,0.353,0.039) |(0.628,0.665,0.037) |(0.651,0.315,0.034) |(0.65,0.315,0.035)
Ly ](0.653,0.313,0.034) |(0.658,0.308,0.034) |(0.646,0.319,0.035) |(0.745,0.229,0.02)
Ls 1(0.493,0.457,0.05) (0.482,0.467,0.051) | (0.608,0.353,0.039) |(0.636,0.327,0.03)
Le¢ 1(0.732,0.242,0.026) |(0.873,0.115,0.012) |(0.818,0.164,0.018) |(0.805,0.175,0.01)

Table 18 Calculations for S3

S3 2014 E(S3) = 0.353
2015 E(S3) =0.143
2016 E(S3) =0.217
2017 E(S3) = 0.236
Table 19 The points of S4 middle school
S4 12014 2015 2016 2017
L; [(0.788,0.191,0.021) |(0.768,0.209,0.023) |(0.736,0.238,0.026) |(0.69,0.279,0.031)
Ly (0.59,0.369,0.041) (0.546,0.409,0.045) | (0.608,0.353,0.039) | (0.67,0.297,0.033)
Lz [(0.682,0.287,0.031) |(0.698,0.272,0.03) (0.711,0.261,0.028) | (0.83,0.153,0.017)
Ly ](0.722,0.251,0.027) |(0.728,0.245,0.027) |(0.737,0.237,0.026) | (0.77,0.207,0.023)
Ls ](0.544,0.411,0.045) |(0.552,0.404,0.044) |(0.688,0.281,0.031) |(0.68,0.288,0.032)
Le [(0.756,0.22,0.024) (0.881,0.108,0.011) | (0.875,0.113,0.012) |(0.82,0.162,0.018)

Table 20 Calculations for Sy

S4

2014 E(Sy) = 0312
2015 E(Ss) = 0.133
2016 E(Sy) = 0.14

2017 E(Sy) = 0.214
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Table 21 The points of Ss middle school

F. Tugrul and M. Citil

Ss 12014 2015 2016 2017

Ly | (0.717,0.255,0.028) |(0.711,0.261,0.028) |(0.71,0.261,0.029) | (0.81,0.171,0.019)
Ly |(0.47,0477,0.053) |(0.494,0.456,0.05 |(0.522,0.431,0.047) |(0.63,0.333,0.037)
Ly (0.591,0.369,0.04) | (0.615,0.347,0.038) | (0.682,0.287,0.031) | (0.74,0.234,0.026)
Ly |(0.623,0.34,0.037) | (0.677,0.291,0.032) |(0.682,0.287,0.031) |(0.65,0.315,0.035)
Ls | (0.469,0.478,0.053) |(0.502,0.449,0.049) |(0.662,0.305,0.033) |(0.79,0.189,0.021)
Le |(0.728,0.245,0.027) |(0.854,0.132,0.014) |(0.85,0.135,0.015) | (0.88,0.108,0.012)

Table 22 Calculations for Ss

Ss 2014 E(S5) =0.36
2015 E(S5) = 0.168
2016 E(Ss5) =0.173
2017 E(Ss5) =0.134
Table 23 The points of S¢ middle school
S |2014 2015 2016 2017
L; ](0.603,0.358,0.039) |(0.583,0.376,0.041) |(0.603,0.358,0.039) |(0.5,0.45,0.05)
Ly 1(0.342,0.593,0.065) |(0.328,0.605,0.067) |(0.406,0.535,0.059) |(0.4,0.54,0.06)
L3 |(0.482,0.467,0.051) |(0.517,0.435,0.048) |(0.528,0.425,0.047) |(0.6,0.36,0.04)
Ly ](0.528,0.425,0.047) |(0.566,0.391,0.043) |(0.671,0.297,0.032) | (0.55,0.405,0.045)
Ls ](0.464,0.483,0.053) |(0.403,0.538,0.059) |(0.553,0.403,0.044) |(0.5,0.45,0.05)
Le¢ |(0.603,0.358,0.039) |(0.739,0.235,0.026) |(0.837,0.147,0.016) |(0.71,0.261,0.029)
Table 24 Calculations for Sg
Se 2014 E(Ss) = 0.618
2015 E(Ss) = 0.341
2016 E(Ss) = 0.191
2017 E(Ss) = 0.392
Table 25 The points of S7 middle school
S; 2014 2015 2016 2017
L; ](0.539,0.415,0.046) | (0.55,0.405,0.045) (0.51,0.441,0.049) (0.49,0.459,0.051)
Ly 1(0.36,0.576,0.064) (0.336,0.598,0.066) | (0.367,0.57,0.063) (0.46,0.486,0.054)
L3 |(0.481,0.468,0.051) |(0.487,0.462,0.051) |(0.529,0.424,0.047) |(0.65,0.315,0.035)
Ly [(0.464,0.483,0.053) |(0.498,0.452,0.05) (0.493,0.457,0.05) (0.59,0.369,0.041)
Ls ](0.368,0.569,0.063) |(0.365,0.572,0.063) |(0.485,0.464,0.051) |(0.45,0.495,0.055)
Le |(0.609,0.352,0.039) |(0.736,0.238,0.026) |(0.707,0.264,0.029) |(0.69,0.279,0.031)
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Table 26 Calculations for S7
S7 2014 E(S7) = 0.603
2015 E(S7) = 0.346
2016 E(S7) =0.398
2017 E(S7) =0.429
Table 27 The points of Sg middle school
Ss 2014 2015 2016 2017
L; ](0.56,0.396,0.044) (0.552,0.404,0.044) | (0.521,0.432,0.047) |(0.49,0.459,0.051)
L, 1(0.355,0.581,0.064) |(0.314,0.618,0.068) |(0.337,0.597,0.066) | (0.45,0.505,0.055)
Lz [(0.479,0.469,0.052) |(0.512,0.44,0.048) (0.52,0.432,0.048) (0.69,0.279,0.031)
Ly ](0.526,0.427,0.047) |(0.503,0.448,0.049) |(0.499,0.451,0.05) (0.52,0.432,0.048)
Ls |(0.368,0.569,0.063) | (0.36,0.576,0.064) (0.409,0.532,0.059) | (0.46,0.486,0.054)
Le¢ 1(0.6,0.36,0.04) (0.714,0.258,0.028) | (0.709,0.262,0.029) | (0.66,0.306,0.034)
Table 28 Calculations for Sg
S 2014 E(Ss) = 0.625
2015 E(Ss) = 0.385
2016 E(Sg) = 0.394
2017 E(Sg) = 0.489
Table 29 The points of S9 middle school
So 2014 2015 2016 2017
L; ](0.375,0.563,0.062) |(0.524,0.429,0.047) |(0.341,0.594,0.065) |(0.41,0.531,0.059)
L, [(0.278,0.65,0.072) (0.261,0.666,0.073) | (0.25,0.675,0.075) (0.38,0.558,0.062)
Lz {(0.393,0.547,0.06) (0.432,0.512,0.056) | (0.426,0.517,0.057) |(0.5,0.45,0.05)
Ly ](0.403,0.538,0.059) |(0.422,0.521,0.057) |(0.343,0.592,0.065) |(0.5,0.45,0.05)
Ls 1(0.334,0.6,0.066) (0.323,0.61,0.067) (0.33,0.603,0.067) (0.32,0.612,0.068)
Le ](0.518,0.434,0.048) |(0.657,0.309,0.034) |(0.528,0.425,0.047) |(0.59,0.369,0.041)
Table 30 Calculations for Sy
So 2014 E(S9) = 0.851
2015 E(S9) = 0.496
2016 E(S9) =0.82
2017 E(S9) = 0.649
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Table 31 The points of Sjop middle school

F. Tugrul and M. Citil

S0 |2014 2015 2016 2017

Ly ](0.427,0.516,0.057) |(0.392,0.548,0.06) (0.297,0.633,0.07) (0.27,0.657,0.073)
L, (0.336,0.598,0.066) |(0.21,0.711,0.079) (0.226,0.697,0.077) | (0.25,0.675,0.075)
Lz |(0.413,0.529,0.058) |(0.322,0.611,0.067) |(0.415,0.527,0.058) |(0.41,0.531,0.059)
Ly ](0.329,0.604,0.067) |(0.309,0.622,0.069) |(0.365,0.572,0.063) |(0.5,0.45,0.05)

Ls |(0.313,0.619,0.068) |(0.268,0.659,0.073) | (0.287,0.642,0.071) |(0.29,0.639,0.071)
Le |(0.501,0.444,0.055) |(0.663,0.304,0.033) |(0.53,0.423,0.047) (0.549,0.39,0.061)

Table 32 Calculations for Sjq

S10 2014 E(S10) =0.897
2015 E(S109) = 0.484
2016 E(S10) =0.814
2017 E(S10) =0.739

5 Conclusion

In all these studies, applications of decision making were made by using distance
measures defined in heuristic fuzzy logic. By comparing the distance measurements,
the most sensitive distance measurement was determined. As a result of the compar-
ison, the most sensitive distance measurement is the normalized hamming distance
measure. The applications made are applications made in the field of decision making
in education. Thanks to these methods that we have chosen and hope to develop, selec-
tion, placement, determination and decision-making in education will be made quite
regular. The application areas of these methods are not only education but also many
fields. There are and will continue to be applications in engineering, computers, agri-
culture, economy, medicine and many more. The methods we use in our work have
application areas in many areas. We preferred to apply these methods in the field of
education. Researchers who want to take actions such as sequencing, preferences,
and decision-making can use these methods in other application areas. In many appli-
cation areas of intuitionistic fuzzy logic, with these methods will be reached the right
goal. These are studies that shed light on many new application areas.
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Abstract The concept of abstract algebra on intuitionistic fuzzy sets introduced and
some basic theorems prove. Homomorphism between intuitionistic fuzzy abstract
algebras defined, intuitionistic fuzzy function examined and then intuitionistic fuzzy
congruence relations defined on intuitionistic fuzzy abstract algebra. First and third
isomorphism theorems on intuitionistic abstract algebras introduced.

Keywords Intuitionistic fuzzy sets + Intuitionistic fuzzy abstract algebra *
Intuitionistic fuzzy function * Intuitionistic fuzzy isomorphism theorems

1 Introduction

Fuzzy set theory was introduced as an extension of crisp sets by Zadeh [1]. As
a natural continuation of this study, the generalization of fuzzy set theory called
intuitionistic fuzzy set theory was propounded by Atanassov [2]. Both fuzzy sets and
intuitionistic fuzzy sets attract the attention of many researchers [3-9]. Intuitionistic
fuzzy sets have various application areas; like intuitionistic fuzzy expert systems,
intuitionistic fuzzy neural networks, intuitionistic fuzzy generalized nets etc. [10, 11].

Intuitionistic fuzzy group defined by Biswas as an generalized algebraic structure
in 1989 [12]. Intuitionistic M-fuzzy groups was introduced by Zhan and Than [13].
The concept of intuitionistic fuzzy rings was propounded by Yan [14]. Intuitionistic
L-fuzzy subgroups were studied in 2009 [15]. Intuitionistic fuzzy semigroups were
examined by Melliani and his colleagues [16]. Later years, different intuitionistic
fuzzy algebraic sturucters had studied by several authors.

Abstract algebra (or algebra) is a set with finitary operations defined on it. By
working on universal algbera, the common properties of algebraic structures can be
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examined. The generalization of universal algebra on fuzzy set theory was studied
by Murali, in 1987 [17].

In this study, the fundamental concepts on intuitionistic fuzzy abstract algebras
were introduced; these are intuitionistic fuzzy homomorphism, intuitionistic fuzzy
congruence relation on intuitionistic fuzzy abstract algebra, isomorphisim theorems
on intuitionistic fuzzy abstract algebras.

2 Preliminaries

Atanassov introduced the intuitionistic fuzzy set theory in 1983 [2] as an extension
of fuzzy sets by enlarging the truth value set to the lattice [0, 1] x [0, 1] is defined
as following.

Definition 1 Let L = [0, 1] then L* = {(a;, a») € L? : a; +a, < 1} is a lattice
with

(a1, ap) < (by, bp) 1 a; <bjand a; > b,.

The operations A and Vv on (L*, <) are defined as following;
For (aj, by), (a2, by) € L*, (a;, b)) A (a2, by) = (min(a, ap), max(by, by)).

(a1, by) V (a2, by) = (max(ai, az), min(by, bs))
ForeachJ C L*

supJ = (sup{a : (a, be L), ((a, b) € ))}, inf{b :a, be L)((a, b) €J)}) and
infJ = (inf{a : (a, b € L)((a, b) € J)}, sup{b : (a, be L)((a, b) € }).

Definition 2 [2] Let a crisp set X be fixed. An intuitionistic fuzzy set (shortly IFS)
in X is an object of the following form

A = {< X, pa(x), va(X), >: x € X}, where functions pa(X), (L : X —
[0, 1]) and vA(x), (va : X — [0, 1]) are called degree of membership and the
degree of non- membership of x € X to the set A, respectively, and 0 < pa(x) +
va(x) <1, forall x € X.

ma(x) =1 — pa(x) — va(x) is the definition of hesitation degree of x € X.

Basic definitions are given as following.

Definition 3 [2] Let a set X be fixed. An IFS A is contained in an IFS B (notation
ACB)ifand only if, forall x € X : pa(x) <pp(X) and va(x) > vp(X).

Clearly, A = B if and only if ACB and BCA.
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Definition 4 [2] Let a set X be fixed, A € IFS(X) and A = {< X, pa(X), VA(X) >:
x € X} then the complement of A defined as follow:

A° = {<x, va(X), pa(X) >: x € X}

Definition 5 [2] Let a crisp set X be fixed and A, B € IFS(X) is an intuitionistic
fuzzy set on X.

i. AMB = {< x, min(pa(X), pp(Xx)), max(va(x), vg(x)) >: x € X}
ii. AUB = {< x, max(jra(x), pp(X)), min(va(x), vg(x)) >: x € X}
ii. OA={<Xx, paX), I —paX) >: x € X}

iv. CA={<Xx,1—-vaX), vax) >: xe X}

Level sets have important role on intuitionistic fuzzy set theory. This concept was
defined by Atanassov and main properties were studied.

Definition 6 [2] Let a set X be fixed and A € IFS(X). The (t, s)— cut and strong
(t, s)— cut of A are crisp subsets A, ) and Ay ) of the X, respectively are given by

Aq s ={x : xeXsuchthat pa(x) >t, va(x) <s}
Arg =1{x : xe€Xsuchthat pa(x) > t, va(x) < s}
where t, s € [0, 1] witht+s < 1.

Burille and Bustince were introduced the definitions of intuitionistic fuzzy relation
and intuitionistic fuzzy equivalence relation.

Definition 7 [18] An intuitionistic fuzzy relation (shortly IFR) is an intuitionistic

fuzzy subset of X x Y that is, is an expression R given by

R={{(x, y), br(x, ¥), (X, y)) : x€X, yeY}

where ug : X XY — [0, 1Jvg : X XY — [0, 1] with0 < pr(X, y)+vr(X, y) <1
forany (x, y) e X x Y.

Definition 8 [19] Let X be a universal and R € IFR(X).

(1) For every x € X, wr(x, x) = landvg(x, x) = O then R is called an
intuitionistic fuzzy reflexsive.

(2) Forevery x, y € X, ur(X, y) < nr(y, x)and vg(X, y) > vr(y, X) then R is
called an intuitionistic fuzzy symmetric.

(3) Foreveryx,y, zeX,

“’R(Xv Y) A H/R(yv Z) = HJR(Xa Z) and\)R(X, y) \% \)R(ya Z) > \)R(Xv Z)
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then R is called an intuitionistic fuzzy transitive.
If an intuitionistic fuzzy relation satisfies the previous properties then it is called
an intuitionistic fuzzy equivalence relation (IFE(X)).

Theorem 1[20] Let X be a non-empty set and R € IFR(X). Then R € IFR(X) if and
only if Ry s is an equivalence relation on X for eachr, s € [0, 1] withr+s < 1.

Definition 9 [21] Let X be a non-empty set, R € IFE(X) and a € X.

[alr = {< X, g (). Vi () > x € X}

where W, (X) = WRr(a, X), V[a, (X) = Vr(a, X) is called an intuitionistic fuzzy
equivalence class of a w.r.t R.

Level sets of intuitionistic fuzzy equivalence relations were studied by different
authors. Here, following definition will be used for equivalence classes.

Definition 10 [22] Let X be a non-empty set and R € IFE(X). Let a € X and
r,se[0, 1]andr+s < 1;

L ilalg ={x€X : pE&x) =pr@, x) >r1}
2. Slalg =1x€X : V(X)) =vw(a, x) < s}
3. Malg = 1x€X 1 P (X) = Rr(a, X) =T, VR (X) = Vr(a, X) < s}
For each a € X, }[a]r denotes the crisp equivalence class containing a w.r.t R ).
The extension of functions on intuitionistic fuzzy sets is given as follow;

Definition 11 [20] Let X and Y be two non-empty setsandf : X — Y bea
mapping. Let A € IFS(X) and B € IFS(Y). Then f is extended to a mapping from
IFS(X) to IFS(Y) as.

f(A) () = (e ), via(y))

Vipa®) : x e f7'(y)}
0; otherwise
/\{\)A(x) I XE€ f"(y)}
1; otherwise

where pia)(y) = { and

VE(A)(y) = {

f(A) is called the image of A under the map f Also, the pre-image of B under f is
denoted by f~! (B) and defined as

£ (B) (%) =(lp1 () (X), Vi1 (x))Where i (x) = pp(f(x)) and
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Vi1 () (X) = v (f(x)).

Abstract algebras have a comprehensive study area on crisp sets. Murali intro-
duced the concept of fuzzy abstract algebra using Zadeh’s extension principle
[17, 23]. Fuzzy congruence relation was defined and some properties of fuzzy
congruence relations were studied by same author [16]. Here, the generalization
of abstract algebra to intuitionistic fuzzy abstract algebra is studied and theorems on
intuitionistic fuzzy abstract algebras are proved.

Let remember the definition of crisp abstract algebra.

Definition 12 [24] An abstract algebra (or algebra) A is a pair [S, F] where S is a
non-empty set and F is a specified set of operatians f,, each mapping a power S"®
of S into S for some appropriate nonnegative finite integer n(a).

Unless otherwise stated, each operation f, assigns to every n(a)— ple
(X1, ..., Xn@) of elements of S, a value fy(Xi,..., Xp@) in S, the result of
performing the operation f;, on the sequence Xi, . . ., Xp- If n(at) = 1, the operation
fy is called unary; if n(a) = 2, it is called binary; if n() = 3, it is called ternary,
etc. When n(a) = 0, the operation f, is called nullary; it selects a fixed element of
S.

A =[S,F] and B = [T, F] are called similar algebras if F and F' are same for
each a the types of f, and f,.

Definition 13[24] LetA = [S,Fland B = [T, F']be two similar algebras. A function
¢ : S — Tis called a homomorphism of A into B if and only if for all f, € F and
x;€8,i=1,2,...,n(a),

£ (ex1), 9(x2), ..., 9(Xn@)) = o(fu(X1, X2, ..., Xn@))-
A crisp congruence relation on an algebraic system A = [S, F] is an equivalence
relation 6 on A = [S, F] which has the substitution property for its operations. It
means that, for allf, € Fand a;, b; € S,i=1,2,...,n(a),

i = bl(e) = fq(al, ay, ..., an(a)) = fu(bl, bz, N bn(a)) (6)

3 Intuitionistic Fuzzy Abstract Algebras

Algebraic structures extended on intuitionistic fuzzy sets by many author [25-30]
and main theorems were studied. The concept of intuitionistic fuzzy abstract algebra
defined as follows.
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Definition 14 Let S = [X, F] be an algebra where X is a non-empty set and F is a
specified set of finite operations f,, each mapping a power X" of X into X, for some
appropriate nonnegative finite integer n(a). For each f,, a corresponding operation
g on IFS(X) as follows;

wg,  IFS(X) x IFS(X) x ... x IFS(X) — IFS(X), (,l)fa(Al, Ay, ..., An(u)) =A
such that

AX) = { Sllp{Al XD AAX)A LA An(ot) (Xn(a))}; fa(Xla D G Xn(a)) =X
6= (0, 1); other wise
Shortly, A = wf, (A] , Ag, o, An(a))-
Let = { wy, : corresponding operation for each f, € F}then.# = [(I x DX, Q]
is called intuitionistic fuzzy abstract algebra (or intuitionistic fuzzy algebra).
If n(a) = 0O then f,(x) = e that e is a fixed element of X. So, wy, is defined as
following:

sup,.x A(X), x =¢

or, (A) = Ae, Ac(x) = { ©O.1). x#e

Definition 15 Let X be a non-empty setand A € IFS(X). A is called an intuitionistic
fuzzy subalgebra (IF— subalgebra) of . = [IFS(X), 2] intuitionistic fuzzy algebra
if and only if for nonnegative finite integer n(a), we, (A, A, ..., A)CA, for every
wg, .

o

Theorem 2 Let S = [X,F] be an algebra, f, € Fand A, Ay, Ay, ..., Ay be IF—
subalgebras.

wr, (Al, Ay, ..., An(u))EA if and only if A(fa(Xl, X2y eens Xn(u))) >
miny <i<n Ai(x;) is true for every (X, X2, ..., Xpe) € X"®.
Proof

(1) Letn(w) # 0and o, (Af, Ay, ..., Ayw) < A.

ors (A], As, ..., An(a)) x) < A(x), forallx € X.

.....

(Xl, ey Xn(u)) € Xn(u).

A(fa(xl, X2, o nny Xn(u))) EQOTS (Al, Ay, ..., An(oc)) (fu(Xl, X2y o unsy Xn(ot)))
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>A1(X1) A A2 (X)) Ao A Aney (Xnw))

= MiN| <j<n(o) Ai(X;)

Conversely, let f, (xl, X2, et xn(a)) = X. Itis clear that, since min; <j<n(q) for all
fo(X1. X2, ..., Xn) = x then

sup, (miny <i<n( Ai(xi)) < A(X).
That iS, wf, (Al’ Az, ey An(ot)) (X) < A(X), for all fa(xl, X2y euny Xn(a)) = X.

If for some x there exists no such n(a)— tuples then wy, (A1 , Ag, An((,)) x) =
0, 1) = AX.

(2) Ifn(a) = 0 then f,(x) = e, e is a fixed element of X.

o, (ADX) = AKX) < Ale) = o, (A)) = sup, Aj(X)
& A((L)fa (x)) > A;(x) forall x € X.
Example 1 A group S =[G, F] is an algebra where F = {., e} include one binary

operation and one nullary operation respectively. Let L = [IFS(G), Q]and A, A; €
IFS(G), x, X1, X2 € G then with corresponding operations defined as follow;

A1Ar(X) = (A, a, (X), Va, V4, (X))

such that

A A, (X) =sup_ o (a, (X1) A Ra, (X2))

VA, VA, (X) =infyox x, (Va, (X1) V VA, (X2))
L is intuitionistic fuzzy algebra.

Example 2 Let G be a group. A € IFS(G) intuitionistic fuzzy subgroup defined as
follow:

forall x, y € G,

A(xy) =A(x) A A(y)
A(x™) 2A®X)

that is,

a(Xy) >pa(X) A pa(y) and va(xy) < va(x) V va(y)
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pa(x™") >pa(x) and \)A(X_l) < vax).
So, this is an intuitionistic fuzzy subalgebra.

Proposition 1 Let S = [X,F] be an algebra and A is an IF— subalgebra of L =
[IFS(X), 2]. Foranyr, s € [0, 1] withr 4+ s < 1, A, is a crisp subalgebra of S.

Proof Let f, € F. If Xy, X2,..., Xn) € Agq,s then A(x;) > (1, s) for each
i=1,2,...,n(a) Since A is an IF— subalgebra,

A(fu (X1, X2, .+, Xn@)) =Minj<i<ne) A(X) > (I, s)

:>fu(X1, X2y ovny xn(oc)) S A(r, s)

hence, A, 5) is a crisp subalgebra of S.

Theorem 3 er L = [IFS(X), 2] be an IF— algebra. If {A;} is a family of IF—
subalgebras of L then

A= r]ieA Ai

is a [IF— subalgebra of L.

Proof Letf, € Fand (X, X2, ..., Xpe) € S"@ for the corresponding n(a).

A(fa(xl y X2,y e nn Xn(a))) = ﬂiEA A; (fa(xla X2y enns Xn(ot)))
= ()., (minine Ai(x;)
= min| <jn(w (infiea Ai(x;))
= min| <j<n A(Xj)
So, A is a IF— subalgebra of S.

Proposition 2 Let S =[X,F] be an algebra. If A is an IF— subalgebra of L =
[TFS(X), w] then so are [J A and <> A.

Proof If A is an IF— subalgebra then wy, (A, A, ..., A)EA for all wg,. So,

min
SUP fu(nivoevn) =M ) < < n(a)ua(xi) < uax)
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inffa(xl,xz ----- Yn@) T x( max )l — Mo (xi)

1<i<n(a)

=1- (Supfa(w2 ..... x,,(a))> = x(mini<i<pie))a(x)

%

1 —palx)
and

Sup g, (r1.x2,00s xn(a)) = x(minliiin(a) Mo (xi))

. <[0dA
T o (6162 tn(ay) = * (M1 <izne) 1~ Har (i)

<> A can be proved similarly.

Proposition 3 Let S = [X,F], T = [Y, F] be two similar algebras and ¢ be a
homomorphism of S into T. The exstention of ¢ from IF— algebra L = [IFS(X), 2]
toIF— algebraK = [IFS Y), Q/] is a homomorphism of intuitionistic fuzzy algebras
Lt K.

Proof LetZ = {¢(xX) : x € X}. Itis clear that [Z, F'] is a subalgebra of T.

Now, we can suppose that
or, (A1, As, ..., Ayw) = A where Ay, Ay, ..., Ayw), A € IFS(X)
and

or, ($(AD, d(A2), ..., ¢(Anw)) = B, B € IFS(Y).

We will prove that $(A)(y) = B(y) forally € Y.

D Ify ¢ Zthen $(A)(y) =6 = (0, 1). Thatis, if y = fa(yl, Vo enes yn(a)) then
dy;, i=1, 2,..., n(a) such thaty; ¢ Z.

Let for some j with I < j < n(a), y; ¢ Z. So, $(A) (yj) = 0. Furthermore,

SAD(y)) A DA (Y2) A -+ A d(An@) (Yoe) = 0

and
B(y) =or, ($(A1), d(A2), ..., (Anw)) (¥)

_ Waan (Y1) A Boan (¥2)
- Supy:ﬁi(YI*YZ’“"Yn(a)) Ao A WA )<y o ’
n(a) n(o;

Voan (Y1) A Vo (v2) })

inf
}’:fa(}’h}’zawv}’n(u))
VANAVAN \)¢(An(u)) yn(a)
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=0.

So, $(A)(y) = B(y).

(D) Ify € Z then ¢(A)(y) = supy_4) A(X) = (ai, az). without losing generality,
let (a;, ap) > 6.

Given small enough €, ¢ > 0 such that (a; — ¢, a + ¢')< (aj, @), there exsit
x € X with ¢(x) = y and A(x) > (a1 —€, a+ 8’).
So,

or, (A1, Ag, o Apw) (X) = AKX) > (a) — e, ay +¢).
Therefore, X1, . .., Xn@ € X such that fy (X, X2, ..., Xp@) = x and

Ar(X1) AAI (X)) A A A (Xnw) > (a1 — &, ap +€).
Because ¢ is a homomorphism,

y =0(x) = d(fu (X1, X2 - - ., Xn@))
=fo (d(x1), d(X2), - . ., (Xng)))-

Hence,

B(y) =, (¢(AD, $(A2), ..., d(Anw)) ()
> O(AD(GxD)) A P(A2)(P(x2)) A~ .. A D(Anie) (S (Xn@))
> A] (X[) A Az(Xz) VANPERVAN An(ot) (Xn(ecl)
> (a] —¢, @ —{—8’)
Since ¢, ¢ are small enough, we obtain that B(y) > (aj, a3) = ¢(A)(y).

Let i, ¥au -1 Yo € Y Withy = fu(y), ¥2. -+, Yo@) and B(y) = (c1, c2).
Then, given small enough 8, 8 > 0 such that (¢c; — 38, ¢; +8') <(cy, ¢2). Now,

(c1 =5, ca+8) < dAN(Y) A d(AD(Y,) A .. A (I)(An(u))(y"(u))

If B(y) = 0 then $(A)(y) = B(y).
Let 0 < B(y).

(c1 =8, c2+¥) < A(xD) A AKX A AAg (X))

If we use o(fy(X1, X2\ Xa@w)) = fu(d(x1), dx2), ..., $(Xn@)) and
d(A)(y) > (01 -3, ¢+ 6/) then ¢(A)(y) > (c1, ¢o) since 8, 3’ are small enough.
Therefore, $(A)(y) = B(y), forally € Z.
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Theorem 4 Let S = [X, F], T = [Y, F] be two similar algebras and ¢ be a
homomorphismof S intoT. Then ¢ extends to a homomorphism between intuitionistic
fuzzy algebras L = [IFS(X), Q] and K = [IFS(Y), Q']. If A is an intuitionistic
fuzzy subalgebra of L then &(A) is an intuitionistic fuzzy subalgebra of K. On
the otherhand, if B is an intuitionistic fuzzy subalgebra of K then $~'(B) is an
intuitionistic fuzzy subalgebra of L.

Proof Since A is an intuitionistic fuzzy subalgebra of L,

g, (A, A, ..., A)CA forallf, e F.

Also we know that ¢(wr, (A, A, ..., A)) < $(A). So we obtain that

Plog, (A, A, ..., A) =or, (D(A), d(A), ..., $(A)
= SUPE, (x1. %310 Xnay)=x (P KD A DA (x2) A - A $(A) (n(a))

= $(A)

and that is ¢(A) is an intuitionistic fuzzy subalgebra of K.
Here, f, € F and for every n(a)— tuples (xl, X2, et xn(a)) e X,

&~ B) (fu(x1. X2, - -+, Xn@w))

= B((I)(fa(xl, X2y vy xn(a))))

= B(fa(¢(x1), d(x2). ..., d(xn@)))

> B(d(x1)) AB(d(x2)) A -+ AB(¢(Xn@))
=¢7'B)x) A G B) (x2) - AT (B) (Xnw)
= o, (¢7'B), 7' B),.... o' (B))
<¢7'(B).

¢~ !(B) is an intuitionistic fuzzy subalgebra of L.

Definition 16 LetS = [X, Fland T = [Y, F] be two similar algebras. The intuition-
istic fuzzy function ¢ from S to T is called an intuitionistic fuzzy homomorphism if
and only if for each f, € F.

wfa(d)’ 4)’ R ¢)E¢

That is, ¢ is an intuitionistic fuzzy algebra of S x T. If S = T then ¢ called an
intuitionistic fuzzy endomorphism.
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3.1 Intuitionistic Fuzzy Congruence Relations on Abstract
Algebras

The definition of intuitionistic fuzzy congruence relation on abstract algebras is;

Definition 17 Let S = [X, F] be an algebra and f, € F. For any
(A1, As, ..., Ayw) € IFR(X)"™ and forany x, y € S, @, (A1, As, ..., Ayy) to
be an element of IFR(X) defined by

of, (Al, A, ..., An(q)) X, y) = supx,y(minlfifn(a) A; (xi, yi))

such that the supremum is taken over all representations of f, (x1 D T xn((,)) =x
and f, (yl, Voo e yn(a)) = y. Therefore, [IFR(X), 2] is an intuitionistic fuzzy
algebra on intuitionistic fuzzy relations.

Definition 18 Let S = [X, F] be an algebra. A € IFE(X) is an intuitionistic fuzzy
congruence relation on S if and only if, for each f, € F, o, (A, A, ..., A)EA.

Proposition 4 Let A be an intuitionistic fuzzy congruence relation on S = [X, F]
algebra then Ay (shortly ~) is a crisp congruence relation on S for each (rs) €
[0, 1] withr+s < 1.

The properties of intuitionistic fuzzy congruence relation were examined in
detailed and the following main results were obtained.

Theorem 5 Let S = [X, F] be an algebra, f, € F, and A;, A;, ..., A, A be
intuitionistic fuzzy relations on S.

O, (A1 Az, o An))EA SA(fa (X1, X2, - Xnw)s Fa(Y10 Yar -+ Vo)
> ming ;) Ai (xi» yi)
for all pairs of n(a)— tuples (X1, X2, ..., Xn@) and (Y1, Yo, - -+ Ynw)-

The proof of this theorem can be seen easily from Theorem 1 and following
Corollary is clear.

Corollary 1 Let S = [X, F] be an algebra. An intuitionistic fuzzy equivalence
relation A on S is an intuitionistic fuzzy congruence relation on S if and only if

A(fa(xl, X2, v, Xn(a))v fot(yl’ Yo, eens yn(a))) > minlsign(a) Ai(Xi, yl)

for all f;, € F, and for all n(a)— tuples (xl, X2, ..., Xn(u)), (yl, Yoreons yn(a)) €
X,
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Example 3 Let consider the group G = {e, a, b} determined by following opera-
tion *. It is clear that G is an algebra given by a binary operation, a unary opera-
tion(inversion) and a constant operation(the neutral element) satisfying well known
laws.

* e a b R @ a b
€ e a b e (1,0) 06,02 | (06,02
a a b e

a (0.6,0.2) (1.0) (0.6.0.2)

b b & a b | 06,02 | 06,02 (1,0)

R is an intuitionistic fuzzy congruence relation on G. That is, R is an intuitionistic
fuzzy equivalence relation on G and for any x;, X2, ¥;, ¥, € G,

R(x1 *Xp, Y ¥ yz) > R(xl, Y1) A R(xz, yz) and R(xfl, yfl) > R(xl, Y1)

Proposition 5 Let S = [X, F] be an algebra with subalgebra {e} and A be an intu-
itionistic fuzzy congruence relation on S. Then Ag is an intuitionistic fuzzy subalgebra
of S such that

e=1{x : A®X, e)=(1, 0), xe X}.

Proof Letf, € Fand (xi, Xa, ..., Xn@) € X"®. Then,

As(fa(x1, X2, ..y Xn@)) =A(fu(X1, X20 ..., Xn@), ©)
=A(fa(X1, X2, ..., Xn)s fales e, ..., @)
> MmN <i<n(@) A(Xi, €)
= MiN| <j<n(a) As(Xi)

SO,fu(Aév AE: RN AE) = AE'

Proposition 6 Ler S = [X, F] be an algebra. If A is an intuitionistic fuzzy
congruence relation on S then so are J A and <> A.

Proof Let A be an intuitionistic fuzzy congruence relation.

(i) Foralla e X,

HOoa(a,a) = pa(a,a) = land voa(a,a) =1 —pa(a,a) =0
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intuitionistic fuzzy reflexive property has been provided.
(i) Leta, beX,

moa(a,b) = pa(a,b) = pa(b,a) = ppa(b,a) and
VUJA(a,b) = 1 — pa(a,b) = 1 — pa(b,a) = vLJA(b, a)

intuitionistic fuzzy symmetric has been provided.
(iii) Leta, b and A is an intuitionistic fuzzy congruence relation then

sup,cx{ra(a c) Apale,b)} <pa(a,b) =inf {1 —pa(a,c) v1—pal,b)}
>1-pa(ab)

is proved.
(iv) For each oy,
A(a,b) > g, (A A, ..., A)(a,b) = supa7b(min1§i§n(u) A(aj, bi))and

sup( min

a,b\1<i<n@) //LA(ai,bi)) < na(a,b)

inf max
1 - is b1 2 1 - ) b
=>a’b<1§i§n(a) JINE! )> ua(a, b)
= o, (OAOA, ..., 0A) <A
So, proof is completed. The operator <> A can be examined similarly.

We obtained some results about intuitionistic fuzzy congruence relations under
homomorphsim.

Theorem 6 Let S = [X, F], T = [Y, F] be two similar algebras and ¢ be a
homomorphism of S into T. If B is an intuitionistic fuzzy congruence relation on T
then &' (B) is an intuitionistic fuzzy congruence relation on S.

Proof
(i) ForallaeX,

o' (B) (a, a) =B(¢(a), (a))
=(ug($(a), d(a)), ve(P(a), dp(a))) = (1, 0)
¢~ (B) is intuitionistic fuzzy reflexsive.

(i) Leta,beX,
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¢~ (B) (a,b) =B(¢(a), d(b)) = (ks(d(a), d(b)), vB(d(@), ¢(b)))
=(s($(b), ¢(a)), v(d(b), ¢(a)))
=B(¢(b), ¢()) = ¢~ ' (B) (b, a)

¢~ (B) is intuitionistic fuzzy symmetric.

(iii) Leta,be X,

(67" (B) o d™'(B)) (a,b) =sup_{d ' B) (a,c) A ¢~ (B) (c,b)}
= sup,x{B(d(a), () AB(d(c), ¢(b))}

:<SupceX{HB(¢(a)v $(c)) A s (P(c), ¢(b))},)
infeex {VB(P(a), $(c)) V ve(d(c), ¢(b))}

- (supyey{um(a), y) A ns(y, ¢(b)>},)
=\ infyey {ve(d(a), ¥) V v (y, d(b))}

=(BoB) (¢(a), ¢(b)) = ¢~ (B) (a,b)

So, $~!(B) is intuitionistic fuzzy equivalence relation.

(iv) Letf, e Fanda,be X,

o, (67'(B), o7'(B), ..., ¢~'(B)) (a,b)
TPy = o ) (T (67 (B) 00
b=1f,(bi, ba, ..., bn())
= sup q= fa(au . ..., an(a)) {mln1<1<n(a) B(d(a), d(b; ))}
b= fy(b1, ba, ..., b))
sup 4= fu(al , ..., an(a)) {m1n1<1<n(a) B ((I)(al) ¢(b ))}7
_ b=f,(bi, bs, ..., bn)
inf a=tu(an an.... o) {max; <i<niw vB(d(ai), ¢(b))}
b= fy(b1, ba, ..., b))
SUP 4 (a) — B (6@, b, ... (o)) {min <i<n@ e (d@), dbi)},
- d(b) = fu(d(b1), d(b2), ..., d(bn))
nf (a) = fa((b(al)a ba), ..., <|>(an(a))) {maxlsisn(w VB (d(ai), ¢(bi))}
d(b) = fo(d(b1), d(b2), ..., $(bnw))

= o, (B, B, ..., B) (¢(a), ¢(b))
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the substitution property has been provided.

Theorem 7 Let S = [X, F], T = [Y, F] be two similar algebras and ¢ be a
monomorphism of S into T. If A is an intuitionistic fuzzy congruence relation on S
then O (A) is an intuitionistic fuzzy congruence relation on T.

Proof

(i) Forallbe Y, ¢(A) (b, b) = sup, ccp1 Ala, ©) = (1, 0)

¢ (A) is intuitionistic fuzzy reflexsive and the symmetric relation is clear.

(i) Letby, by €Y,

((A) 0 9(A)) (br, b2) = supy, .y ($(A) (b1, b3) A G(A) (bs, by))

= SUPy, cy supal e o~ (by) A(a, a3) | A supaz € ¢~ (by) A(as, ap)
a3 € ¢~ (b3) a3 € ¢~ (b)

= SUPhey | SUP L e 6-I(hy), ay € &L (by) Aar, a3) A A(as, a2)

a3 € ¢~ (b3)
=< sup a, € q)—l(bl) (Supa3eX A(als a3) AN A(aB» aZ))
a € ¢~ (by)
=SUP, e o1 (by) A(ar, a2) = ¢(A) (by, b)
a € ¢~ '(by)

So, ¢(A) is intuitionistic fuzzy transitive.

(iii) Letf, e Fanda', b €Y,

@1, ((A), d(A), ..., d(A)) (4, V)

= su min; <i< A) (al, b
pa’ = fu(a/l, a, ..., al/"n(ot)) (minisizn $(A) (2} b))
b’ = (b}, b, ..., bl
=su ming <j<p su _1/.n A(a, by
pa/:fu(a’l, a, ..., a;(a)) I=izn(a) paiE¢ '(a)) (@i, bi)

b = (b}, By ..., blyg) bi € o7 (b))



On Intuitionistic Fuzzy Abstract Algebras 39

=P (B, D). {angy)) (T AL D)

(
b =fu (001 ¢, -+ d(buw))

a = (f(x(aly b 1 P, an(u))) (mlnlfifn((x) A(ai’bi))

¢
b = q)(fa(bl, ba, ..., bn(u)))
=i, (A, A, ..., A) (67 (), 7' (V).
= A7 (@). 07 (V)
Therefore ¢p(A) is an intuitionistic fuzzy congruence relation on T.

Theorem 8 Let {Aj jel } be a non-empty family of intuitionistic fuzzy congru-
ence relation on algebra S = [X, F]. Then

A= inijJ Aj = Ajel Aj
is an intuitionistic fuzzy congruence relation on S.

Proof
(i) Foralla e X,

A(a,a) = infjEJ Aj(a,a) = (infjEJ ha (2, a), SUP;cj Va, (a, a)) = (1, 0)

(ii)) Leta, b e X,

A(a,b) =inf,; Aj(a, b) = (inijJ b, (a,b), sup,; v (&, b))

:(infjEJ a, (b, ), sup;. v (b, a)) = inf_; Aj(b,2) = A(b,a)

(iii) Leta, b € X,

(Ao A) (a, b) =sup.cx(A(a, ©) A A(c, b)) = sup.cx (infjey Aj(a, ¢) A infjey Aj(c, b))

= supcex((infjej KA (@, ©), supjej v, (2, c)) A (infjej Ha; (c, b), sup;e; VA, (€ b)))

= supcex(infjej Ha; (a, ¢) Ainfjey Ha; (¢, b), supjey VA, (a, ©) V supjeg VA; (c, b))

= (Supcex (iﬂfjeJ Ha; (@, ©) Adnfiey pa, (c, b)), infzex (StueJ VA (3, €) V supjey v (c b)))

= (Supcex (infjeJ (iﬂfkeJ Ha;(@ ) Apay (e, b))), infeex (SUPjeJ (SupkeJ Va; (@, €) vV va (e, b))))
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< (supcex<infjej(uAj (a, ¢) A A (c, b))), infcex<supjej ("Aj (a, ¢) VvV VA (c, b))))

= (infjes 1aj @ b), supjes va; @ b)) = AGa, b)

(iv) Letf, € Fand (al, a,..., an(a)), (bl, by, ..., bn(a)) e X"®,
By corollary,
A(fu(al, Az, ..., an(a)), fa(bl, bg, e, bn(u)))
= Ajel Aj (fa(a] , A2y vty an(a)), fa(b] , by, s, bn(a)))
= inijJ(Aj (fa(al, az, ..., an(u)), foL(bla by, ..., bn(a))))
> infjes (miny <i<n Aj(a;, b))

= Min| <j<n(o (infjey Aj(a;, bi)) = min| <iznw) Aaj, by)

3.2 Isomorphism Theorems on Intuitionistic Fuzzy Universal
Algebras

3.2.1 Intuitionistic Fuzzy Functions

Before introduce the definition of intuitionistic fuzzy function we need to prove
following propositions. We will use ?[a] A = a presentation for A € IFE(X) and
define an intuitionistic fuzzy subset Az : X — I x I as follows:

Az(z) = A(a, z) forall z € X.

Proposition 7 A; : X — I x I defined as above is well-defined.

Proof Forallx € X, 0 < pa,(x) +va,(x) < 1. Ify € athen A(a, y) = (1, 0).

Az(x) = A(y, x) = (1, 0) and Az(x) = A(a, x) < (1, 0).
So, A(a, x) = A(y, x). That is A; is well defined.

Proposition 8 For each fixed ((rs)) such that (rs) € [ withr+s < 1,
{(Aa)((rs» i ae X} the set of (rs)— cuts of A is a crisp partition of X.

Proof

(i) Foralla € Xthere is at least one (rs) € [ withr+s < 1 such thata € (Ag) ).
S0.Uex (Aa) sy = X.
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(i) Leta, b€ Xanda € a, Suppose thata # b. If z € (Ag) (s N (Ag)«rs)) then

Aa(2) =((rs)) and Ag(2) = ((rs)) = A(a, 2) = ((rs)) and A(b, z) > ((rs))
=A(a, b) = ((rs))

If x € (Ag) (s then A(a, x) > ((rs)). Itis clear by symmetry that A(x, a) >
((rs)). So, A(b, X) > ((rs)) and x € (A;)((rs)). We obtain that (Az) s < (AE)

Similarly we can show that (Ag) w9 S ADq -
Therefore (Az) ) N (AE) = or (Az)ys) = (Ag)

(rs)”
(rs) (rs)”

Definition 19 Let X and Y be non-empty sets and f be an intuitionistic fuzzy relation
from X to Y. Each y € Y determines an intuitionistic fuzzy subset of X as follows:

Ay ¢+ X—=1IxI Ayx) =1(x, y) forall x € X.

The intuitionistic fuzzy relation is called an intuitionistic fuzzy function from X
to Y if.
1. Foreachx € X, 3!y € Y such that f(x, y) = (1, 0),
2. For each (rs) such thatrs € [ withr + s < 1 the set {(AY)<rs) I yE€ Y} isa
crisp partition of X.
If for each y € Y, 3x € X such that f(x, y) = (1, 0) then f called onto function.
If each pair x;, X, € X such that f(x;, y) = f(x2, y) = (1, 0)=x; = x; then
called one-to-one function.
After this definition we can give the following concepts.

Letf : X xY — I xIbe an intuitionistic fuzzy function then converse of f
defined as f : YxX—>1IxI, Tf(y,x):f(x,y)forxeX,er.
LetA : X—=IxTIandB : Y — I x I be two intuitionistic fuzzy sets then

image and preimage under f as follows:

f(A) (y) =sup,ex(AX) Af(X, y)), y € Y and
71 (B) (x) =sup,.xB(y) A (v, X)), x € X.

Example4 LetX = {a, b, c}and Y = {d, e} be universal sets then the intuitionistic
fuzzy relation f defined as follows;

o { ((a, d), 1, 0), ((a, e), 0.6, 0.3), ((b, d), 0.6, 0.3),}
- ((b, e), 1, 0), ((c, d), 1, 0), ((c, e), 0.6, 0.3)
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So, we can examine (Aq) and (A,) for all (rs) such thatrs € [ withr+s < 1.
If (rs) < (0.6, 0.3) then (Ag)s) = (Ae)(s) = X. For other situations of (rs), it is
clear that (Ag),s) = {a,c} and (A¢)(.5) = {b}. As aresult, for all ((rs)) such that
(rs) € [0, 1] withr+s < 1, {(Ay)((rs))
f is an intuitionistic fuzzy function from X to Y.

y € Y} is a crisp partition of X. Hence,

Proposition 9 Let X and Y be non-empty sets and f : X xY — I x1bean

intuitionistic fuzzy function The composition of f : X — Y and f @ Y>X
such that

f o f(x1, x2) = sup,(f(x1. y) A (v, X2)), forallx;, x, € X
is an intuitionistic fuzzy equivalence relation on X.

Proof Let A be the relation fof. Forallx € X, A(x, x) = (1, 0)so, Aisintuitionistic
fuzzy reflexive. From the definition A is intuitionistic fuzzy symmetric. Now, let for
X1, Xp € X,

(ar, B1) = (Ao A) (x1, X2) > 6

and let given small enough ¢, ¢ > 0 such that (0L1 —¢g, B+ 8’)< (a1, B1)-

There exist z € X such that A(xy, z) > ((x1 —¢&, B+ 8’) and A(z, x3) >
() —&, B +¢).

Hence, there are y, w € Y with

f(x1, Y)Af(z, y) > (o) — &, By +¢) and f(z, W) Af(x2, W) > (0 — &, By +€).
So,

ze (AY)((xlfg’ﬁl«H;’) N (Aw)(are, Bi+e) = (AY)@FE, Bite) (AW)(ure, Br+e’)
= X2 € (Aw) (g, ¢ p1erand f(x2, y) > (a1 — &, B1 +¢).

So, A(x1, x2) = f(x1, y) Af(x2, y) > (a1 —&, By +¢). Since ¢, ¢ are small
enough, A(xy, X2) > (ar, B1).

The intuitionistic fuzzy equivalence relation A, as defined above, is called kernel
of f.

Theorem 9 Let X and Y be non-empty sets,f : X xY — I x1be an intuitionistic
fuzzy function and A be the kernel of f. Then there is a decomposition of f given
by following diagram where X /A is the class of intuitionistic fuzzy subsets (Ax)xex,
fX) ={yeY :3IxeXwithf(x, y) = (1, 0)} and ¢ is a natural mapping given
by e(x, Az) = Ax(x). Also, {' and i are crisp mappings defined by f' (Az) =y where
X is the class given by x such that f(x, y) = (1, 0) and i is given by inclusion,
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Fig. 1 Decomposition
Diagram of Functions with
Natural Mapping

X— » Y

X/A T‘* fX)

i ¢ =Y, i(y) =yandg(x) =yis given by f(x, y) = (1, 0) (Fig. 1).

Proof It is enough to show that ' is well-defined. LetA(x, x/) =(1,0)andy, y €
T such that f(x, y) = f(x’, y') = (1, 0).

Alx, x)=(1,0=>x=X
=f(x, y) =f(x, y') = (1, 0)
=y =Y

Murali examined Isomorphism Theorems on fuzzy algebra[4] and our aim is
extend these theorems to intuitionistic fuzzy algebra.

Let S = [X, F] be an algebra and A be an intuitionistic fuzzy congruence relation
on S. X/A is the class of intuitionistic fuzzy subsets (Ag),cx such that ?[x] 4 =X,
x € X. Now, for f, € Flet Ag;, Ag, ..., Ag € X/A then f, on X/A is defined as
follow;

f'u(Ail, As, ..., Ain(a)) =Az, Az;(H) = A(z, )

where fq(xl, ). CYRN xn(a)) =z, x; €X;foreachi =1, 2,..., n(a). Suppose that
y; € Xjforeachi=1, 2,..., n(a) Then x; ~4, ,, y;. Itis clear that,
fa(xh X2y eens Xn(a)) ~Awo fa(yl, Yosooes yn@) = Z ™~Aq0 A

where fu(yl, Voo enns yn(a)) =7 So,
7/ 6(1) [z]a and A (t) = A(Z/, t) = A(z, t) = Az (t).
We obtain that, S/A =[X/A, F1is an algebra similar to S = [X, F].
Theorem 10 Let e be amapping fromStoS/A, e(x) = Ax thene is a homomorphism.

Proof IfZ =9 [fy(x1, X2, ..., Xa@)], then
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S(fu(X] y X2y een, Xn(a))) =A; = fa(Aﬂ, A@, ldots, Am)
=fa(8(X1), e(xa), ..., s(xn(u))).

So, € is a homomorphism.

Proposition 10 Ler S = [X, F], T = [Y, F] be two similar algebras and f is an
intuitionistic fuzzy homomorphism from S to T. The kernel of f is an intuitionistic
fuzzy congruence relation on S.

Proof Foranyf, € Fand (xi, ..., Xn@)s (Y1s -+ Vo) € X"@, we have to prove
the substitution property. From definition,

A(fa(xlv X2, ey Xn(a))v fa()’p Yo, oes yn((x)))

=fo f(fa(xl, X2, ey xn(u)), fu(yl, Yoo ens yn(a)))

= sup,cy (f(fa (X1, X200 -+ Xn)s 2) A (20 fu(Y10 Yoo o0 Vo))
supzeY(f(fa(xl, X2, .un, xn(a)), Z) A f(fa(yl, Yoo ens yn(a)), z))

and A; (xi, yi) =fo f(xi, yi)z SUp,cy (f(xi, Z) A f(yi, z)) Let presume that

A(fa(xi, X2, ..., Xn@)» fa(y1s Y2 -- - Yo@))Zmin; < i < n(@A(xi, y;)..
There exist (81, B2) such that B1, B € [0, 1] with B; + B, < 1,

A(fa(x1, X2, -5 Xaw)s Ta(Y1s Y20 -+ Ya@)) <B1, B2)
<A(xi, yi)

that is

sup, € Y(f(fu(xl, X2, ..., Xp(@)), Z) /\f(fu(yl, Youoens yn(ot)), Z)) < (B1, B2)

and foreachi =1, 2

supzeY(f(xi, zZ) A f(yi, z)) > (B1, B2).

It is clear that, there exist a z; foreachi = 1, 2, ..., n such that f(x;, z) >
(B1, B2) and f(y;, zi) > (B1, B2).
Letz = fu(Zl, Z2y o ey Zn(a))~
f(fu(x1, X2, -+, Xn@)» fal(21s 22, ., Zn@)) = Ming<izn@ f(Xi, zi)
>(B1, B2)

and
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f(fa(yl, Ao TR yn(u)), fa(zl, 70y, zn(a))) > minj <j<n(q) f(yi, zi).
Hence,

(f(fa(xl, X2y e ees xn(u)), z) A f(fa(yl, Yoo eees yn(a)), z)) > (B1, B2)and
supzeY(f(fa(xl, ) CYN xn(a)), Z) A f(fa(yl, Yoo eoes yn(u)), z)) > (B1, B2).

Theorem 11 (First Isomorphism Theorem) Ler S = [X, F], T = [Y, F] be two
similar algebras and f is an intuitionistic fuzzy homomorphism from S to T. If Ais
the kernel of f then there exist a decomposition of f defined by following diagram.

Proof Thanks to previous proposition and Theorem 1 it is enough to prove f' is an
isomorphism. f'(Ax) = y where X is the class given by x such that f(x, y) = (1, 0).
From definition f’ is bijective. Also (Fig. 2),

f'(fu(As. Az ---s Ang))
=t (f'(Ax). f'(Ag), ... F'(A%z))

that is ' is homomorphism.

Murali [17] proved that second isomorphism theorem could not extend to fuzzy
algebras. Likewise we need a restriction of an intuitionistic fuzzy congruence relation
to intuitionistic fuzzy subalgebra to introduced second isomorphism theorem on
intuitionistic fuzzy algebra. But, we could not define a natural way for this restriction.
So, we will deal on third isomorphism theorem.

Let S = [X, F] be an algebras and A, B be two intuitionistic fuzzy congruence
relations on S such that B < A. Let C(A) 4 o) and C(B) ;¢ denotes the crisp (1, 0)—
equivalence class of A and B, respectively. It is clear that C(B), ¢, is a refinement
of C(A)(y, ). We define a congruence relation on following set;

S/B={Bx : XeC(B)y. x € X}

Definition 20 Let S = [X, F] be an algebras and A, B be two congruence relations
on S such that B < A.

Fig. 2 Decomposition
Diagram for Similar
Algebras

S —  » T

S/A T’ f(S)
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A/B:S/BxS/B—>1x1I
A/B(By, By) =A(x,y) forxeXx,yey

is called the quotient intuitionistic fuzzy congruence relation.

Theorem 12 Let S = [X, F] be an algebras and A, B be two intuitionistic fuzzy
congruence relations on S such that B < A. The intuitionistic fuzzy quotient
congruence relation A/B is an intuitionistic fuzzy congruence relation on S/B.

Proof

(i) Ifx,xX e Xandy, y €y then x, X’ belong to the same (1, 0)— equivalence
class of A and also y, y’ belong to the same class. Since A(x, y) = A(x’, y’)
then

A/B(Bx, By) = A(x, y) = A(x', ¥).

We obtain that A/B is well-defined.

(i) Itis clear that A/B is reflexive and symmetric.
(iii) Shortly A/B=p.LetxeX,yeyandz €z,

po p(B;, B?) = SUPZGC(B)M)(P(B% By A P(Bi, By))
=SUPzecm),, {A(x, Z2) AA(z,y) : XEX,VET, Z2€7Z}
< sup,ex (Ax, 2) AA(z, y))
=AocAX, y) AKX, y) = p(Bi, By)

so, A/B transitive.

(iv) Let f, € Fand (Bx, Bg. ..., Bgy). (By. By..... By) € (S/B)"®.
Suppose that there exists a (81, B2) > 6 with 8, B, € [0, 1] with $;+ such

that

p(fq(B)Tl, Bg, ey BW)’ fa(BTl’ B%, PR Bm)) < (ﬁ], 62)
and

B1, B2) < p(Bxfi, B?a) foreachi =1, 2,..., n(a).
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From Theorem 2, fa(BX—], Bsg, ..., BW) = By and fa(By—], By, ..., Bm) =
By such that X =(,) [x]g and ¥ :? [y]B with x = fa(xl, X2, euns xn(u)), X; € X; and

Y =1fu(¥. Y2r- s Yo@w): Vi € foreachi = 1, 2 Now,

Ax, y) =A(fa(X1, X2y e uns Xn(u)), fu(yl, Yos e yﬂ(a)))
> min; <i<n@ A(Xi, ¥;)
=AX, ¥) > B1, B2)

Hence, p(fa(B)T], B@, P BW)’ fq(BT], B%, P Bm)) > (Bl, BZ)
This contradicted our acceptance.

Corollary 2 (Third Isomorphism Theorem) Let S = [X, F] be an algebras and
A, B be two intuitionistic fuzzy congruence relations on S such that B < A. Then

(S/B)/(A/B) = S/A.

Proof Lettake intoaccountthat{[Bg]as = {By € S/B : A/B(Bz, By) = (1, 0)}.
By the definition of A/B,? [Bg]ass = X as crisp set. Therefore,

(A/B)?[BX]A?B = Ax

as an intuitionistic fuzzy subsets. We obtain that (S/B)/(A/B) = S/A.

4 Conclusion

In this study, we studied intuitionistic fuzzy algebraic properties on intuition-
istic fuzzy algebra. Thus, the comman properties of intuitionistic fuzzy algebraic
structures like groups, rings were extended.
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Intuitionistic Fuzzy Submodules of a Module. Many researchers have used the defini-
tion of Atanassov’s (Fuzzy Sets Syst 20:87-96, [1]) Intuitionistic fuzzy sets definition
to move the definitions in classical algebra to intuitionistic fuzzy algebra. Davvaz
et al. (Inf Sci 176:1447-1454, [2]) defined the Intuitionistic fuzzy submodules of
a module. They used minimum and maximum operations to give that definition.
In this study we replace minimum operation with triangular norms and maximum
operation with triangular conorms for giving the definition of Intuitionistic (T, S)-
fuzzy submodule of a module. By using this definition, we move some definition
and theorems in classical algebra to Intuitionistic fuzzy algebra. In the second part It
is built on the definition of intuitionistic L-fuzzy rings and ideals. Many researchers
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1 Introduction

In 1965 Zadeh [7] introduced the notion of a fuzzy set as a method of representing
uncertainly in real physical world. Since then this definition has been used to many
mathematical branches. In 1971 Rosenfeld [8] applied the notion of fuzzy sets to
algebra and introduced fuzzy subgroups of a group. Negoita and Ralesque [9] intro-
duced and examined the notion of a fuzzy submodule of a module. Wang [10] gave the
definition of TL-submodules and TL-subspaces. As a generalization of a fuzzy set,
the concept of an intuitionistic fuzzy set introduced by Atanassov [1, 11]. By using
this definition Davvas [2] established the intuitionistic fuzzification of the concept
of submodules of an R-module. Then Isaac and John [5] studied the notion of an
intuitionistic fuzzy submodules and some related properties.

The definition of intuitionistic fuzzy sets is using in set theory, group theory, topo-
logical space, knowledge engineering, neural network etc. Wang and Yu [12] gave the
TL-subring and TL-ideal definitions. Meena and Thomas [6] gave the definition of
intuitionistic L-fuzzy subrings. In that study they used A-infimum and V-supremum
operations to give that definition. In this study we improve the definition to intu-
itionistic (T,S)-L fuzzy subrings. We use t-norm instead of A-infimum and we use
conorm instead of V-supremum as operations. By using this definition, we give and
prove some theorems similar to classic rings.

Throughout this paper we denote by R a commutative ring with unity 1 and by M
a unitary R-module. L always represents any given complete lattice with maximal
element 1 and minimal element 0.

2 Preliminaries

Definition 2.1 [13] A triangular norm (t-norm, for short) is a function.
T :10,1] x [0, 1] — [0, 1] satisfying the following properties: for all x, y, z €
[0, 11,

(i) existence of neutral element 1: 7'(x, 1) = x,
(i) monotonicity: x <y = T(x, 2) < T(y, 2),
(iii)) commutativity; 7'(x, y) = T (y, x),

(iv) associativity: T (x, T (v, z)) = T(T (x, ¥), 2)-

Conditions (i) and (ii) imply that for any t-norm 7 (x,y) < x and T(x,y) <y
hold,
thus T (x,y) <x Ay, forall x,y € [0, 1].

Example 2.2 [14]

(1) Standard intersection T-norm 7,,(x, y) = min{x, y}.
(2) Bounded sum T-norm 7, (x, y) = max{0, x + y — 1}.
(3) Algebraic product T-norm T),(x, y) = xy.
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(4) Drastic T-norm

y ifx=1,
Tp(x,y)=13x ify=1,
0 otherwise.

(5) Nilpotent minimum T-norm

min{x, y}ifx+y>1

Tl’l ’ .
M y){ 0 otherwise.

(6) Hamacher product T-norm

0 ifx=y=0,
THo(xa y) = { Xy f '

otherwise.
X+y—xy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the
pointwise largest t-norm: Tp(x, y) < T(x,y) < Thin(x, y) forall x, y € [0, 1].

Theorem 2.3 [13] Let T be a t-norm. Then.

T(T(x,y), T(w, 2)) = T(T(x, w), T(y, 2)),

for all x,y, w, z € [0, 1].

Definition 2.4 [13]

(i) A t-norm T on a lattice L is called Vv-distributive if

Tx,yvz)=T(kx,y)VvT(,?2).

(i) A t-norm T on a complete lattice L is called infinitely V-distributive if
T(a, \/Qbf) = \/QT(a, b.) for any subseta, b, € L, 7 € Qof L.
Theorem 2.5 [14] Let L be a triangular norm on lattice L then.

(i) T(x,0)=T(@O,x)=0forallx € L,

(i) ifa <bandx <y then T(a, x) <T(b,y),

(iii) if{a;]i € I}, {b;]i € I} C L then T(/\ielai, /\ie1bi) < Nie;T (@i, bi).
Theorem 2.6 [15] Let L be a complete lattice. If T is an infinitely \-distributive
t-norm then.

\ V T(a.b) =1\ a. \/ b

iel jeJ iel jeJ
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Definition 2.7 [14] A t-conorm is a mapping S : [0, 1] x [0, 1] — [0, 1] satisfying.
forall x, y, z € [0, 1],

H Sx,0 =x,

i) Sx,y) =S80, x),

(iii) S(x, S(y,2)) = S(S(x, y), 2),
(iv) S(x,y) < S(x, z)whenever y < z.

Conditions (i) and (iv) imply that for any t-conorm x < S(x, y)and y < S(x, y).
hold, thus x vV y < S(x, y), for all x, y € [0, 1].

Example 2.8 [14] The following are the four basic t-conorms, namely, the maximum
Swu, the probabilistic sum S, the Lukasiewicz t-conorm or (bounded sum) Sy, and
the drastic sum Sp which are given by, respectively:

(1) Sm(x,y) =max(x,y),
(i) Sp(x,y)=x+y—=x.y,
(i) Sp(x,y) = min(x + y, 1),

. 1 if (x,y) €0, 17,
@) Spx,y) = {max(x, y) otherwise.

Definition 2.9 [13]

(i) A t-conorm S on a lattice L is called A-distributive if
Sx,yAnz)=Skx,y) ASx, 2).

(i) A t-conorm S on a complete lattice L is called infinitely A-distributive if
S(a, /\Qbr) = NAoS(a, b;) for any subseta, b, € L,7 € Q of L.

Theorem 2.10 [14] Let S be a triangular conorm on lattice L then.
if {aj]i € I}, {bili € I} C L then \/;;S(a;, by) < S(Viqai, Vietbi)-

Theorem 2.11 [15] Let L be a complete lattice. If S is an infinitely A-distributive
t-conorm then.

/\/\S(a,-,bj)zS /\ai,/\bj
iel jeJ iel jeJ

Definition 2.12 [7] Let X be a non-empty set. A fuzzy set u of X is a function.
n:X—[0,1].

Definition 2.13 [10] Let u, 9 € F(M, L) and M is a R-module. Define u +7
Y, —u € F(M, L) as follows:

(1 +7 D)) = \/IT @), # @)y, z € M,y +z=x)
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(—w)(x) = u(—=x),

where x is an arbitrary element in M. Then u 47 ¢ is called the T-sum of © and
¥ and —pu the negative of u. When T = A, u +7 ¢ is referred to as the sum of
W and ¥ and can be written as u + ¥

Clearly the operation +7 of L-subsets of M satisfies the associative and commuta-
tive laws. Hence, we can consider | +7 uy+7 -+ -+7 u, where u; € F(M, L), 1 <
i <nandn € N and abbreviate it as Z?ff Wi

Definition 2.14 [10] Letr € R and n € F(M, L) and M is a R-module. Define
ru € F(M, L) as follows:

rw) () = \/{nly e M, ry =x} VxeM.

Then ru is called the product of the scalar r and the L-subset w, or simply the
scalar product of » and u.

Definition 2.15 [10] Let M be a R-module. By a TL-submodule of M, we mean an
L-subset 1« of M which satisfies the following conditions.

(MDp@®) =1,
M2)u(rx) = u(x)Vr € Rand x € M,

(M3)pp(x +y) = T(n(x), u(y)Vx,y € M.

When T = A, a TL-submodule of M is called an L-submodule of M.

As usual when L = [0, 1], aT L-submodule and an L-submodule are referred
to as a T-fuzzy module and a fuzzy submodule, respectively. The set of all TL-
submodules of M and the set of all L-submodules of M are denoted by T L(M) and
L(M), respectively.

Theorem 2.16 [10] Let w € F(M, L). Then u € TL(M) if and only if u satisfies
condition (M1) and the following condition:
(MA)ppu(rx +sy) > T(u(x), u(y))Vr,s € Randx,y € M.

Definition 2.17 [6] An intuitionistic fuzzy set (in short IFS) A of a non-empty set
X is an object having the form.

A = {(x, pa(x), va())[x € X}

where the functions p4: X — [0,1] and v4: X — [0,1] denote respectively the degree
of membership (namely 14(x)) and the degree of non-membership (namely v4(x))
each of element x € X to the set A, and 0 < s (x) + va(x) < 1 for all x € X.

For the sake of simplicity, we will denote the set of all IFS’s of X as IFS(X).
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Definition 2.18 [6] Let X be a non-empty set and A = (4, va), B = (up, vg) be
IFS’s of X. Then for A and B some relations and operations can be defined as follows;

(1) ACBiffforall x € X, usa(x) < pug(x)and v4(x) > vp(x),
2) A=Biffforallx € X, ua(x) = up(x)and va(x) = vg(x),
AUB = {({x, (uaUpp)(x), (vaNvp)(x))|x € X}
(3) where (s Uup)(x) = pnalx) Vv up(x),
(va Nvp)(x) =va(x) Avp(x),
ANB = {(x, (ua Npp)(x), (va Uvp)(x))|x € X}
(4)  where (ua Nup)(x) = palx) A ppx),
(vaUvp)(x) =va(x) Vvg(x),
A+ B ={(x, na,, (x), va,, (x))lx € R}
(5)  where paip(x) = V{ua(y) Aup@ly,z € R,y +z =x}
and vayp(x) = Afva(y) Vp(@)ly, z € R, y +z=x},
(6) AC = (va, j1a).
Definition 2.19 [16] Let A;, i € J be an arbitrary family of IFS’s in X, where.
A; = ([ai, va;) foreachi € J. Then

®

o= ()2 (04)) = [ Py Vo) 5]

(ii)

o (U ) ey o)

Definition 2.20 [12] Let Rbearingand 4 : R — L,?9 : R — L. Define u +7
O, —u, u—7 0, w7 € F(R, L) as follows.

(e +r 9)(x) = \/{T(u(y), P@)ly.z€ R,y +z=x}
(=) (x) = pu(—x)
(=1 9)(x) = \/{T(M(y), v@)ly,z€ R,y —z=x}

(r?) () = \/AT (), # @)y, z € R, y.z = x}

where x is any element of R. u+7 9, u—7 9, p.r ¥ are called the T-sum, T-difference,
and T-product of u and ¥, respectively, and —pu is called the negative of ..
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Definition 2.21 [12] Let R be a ring. We call u : R — L L-subset of R TL-subring
if it satisfies the following conditions.

R 1) =1
R2) pu(=x) = pu(x) Vx eR
R3) p(x+y) = T(u(x), u(y)) Vx,yeR

R4)  p(xy) = T(u(x), u(y)) Vx,y € R

In particular, a TL-subring is simply called an L-subring whenT = A. The set of
all TL-subrings of R and the set of all L-subrings of R are denoted by the symbols
TL(R) and L(R), respectively.

Definition 2.22 [12] Let 4 : R — L and u satisfy conditions (R1), (R2) and (R3).
Then w is called a TL-left ideal of R if it also satisfies the condition.

(RS); n(xy) = u(y) Vx,y € R;

a TL-right ideal of R if it is also satisfying the condition
(RS), m(xy) = pu(x) Vx,y € R;

and a TL-two sided ideal or TL-ideal of R if it is also satisfying the condition

(RS)p(xy) = u(x) v u(y) Vx,y € R.

In particular, whenT = A, a TL-left ideal, TL-right ideal and TL-ideal of R are
referred to as an L-left ideal, L-right ideal and L-ideal of R, respectively we denote
by TLI(R), TLI,(R) and TLI(R), respectively, the set of all TL-left ideals of R, the
set of all TL-right ideals of R and the set of all TL-ideals of R.

3 Intuitionistic (T,S)-Fuzzy Submodules

In this section we denote by R a commutative ring with unit 1 and by M a unitary
R-module.

Definition 3.1 Let M be a module over a ring R and let T and S be respec-
tively a t-norm and a t-conorm on [0,1] and an intuitionistic fuzzy subset A =
{{x, pa(X), va(x))|x € X} of M is said to be an intuitionistic (T,S)-fuzzy submodule
of M (ITSFSM) if for all X,y e M and r € R,
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®  na(0) =Tand va(0) =0,

(i) pax+y) = T(ha(x), ka(y)),
(i) pa(rx) = pa(x),

(iv) va(x+7y) = SWa(X), va(y)),
(V) varx) < va(x).

Definition 3.2 [5] Let A = (w4, va), B = (g, vg) be IFS’s of M. Then the (7, S)—
intersection of A and B and the (7, S)—sum of A and B can be defined as follows
respectively.

(1) AnB = {{x, (ta M up)x), (va Uvp)x)) | x € X} where (ua M up)x) =
T(ua(x), up(x)), (va U vp)(x) = S(wa(x), vp(x))

(2) A® B = {{x, (taer)®), (Vagp)(X)) | x € M} where (Lagp)(x) = V{T (a(y),
up@) y.z € M, y + z = x} and (vagp)(x) = A{S(Wa(¥), vy, z €M, y + 2
=x}.

Definition 3.3 [5] Let A = (4, va) be IFS’s of M. Then.
—A = (it_a,v_a), an IFS in M is defined as.
—A ={(x, u_a(x), v_a(x)) : x € M} where,

Hoa(x) = pa(=x)and v_4(x) = va(—x),Vx € M.

Definition 3.4 [5] For an IFS A = (u4, v4) in M and for any r € R, we define the
IFS rA = (4, v;a) in M as rA = {(x, ,a(x), v,4(x)): x € M} where for each x €
M, pa(x) =V{uaQy):yeM, x =ry}and v,a(x) = A{va(y): y € M, x = ry}.

Proposition 3.5 [S] If A = (ua, va) is an IFS in a R-module M, then 1.A = A and
(—1)A= —A.

Proposition 3.6 [5] If A = (ua, va), B = (g, vg) be IFS’s of M with A C B, then
rA C rB forany r € R.

Proposition 3.7 [S] If A = (ua, va) is an IFS in M, then r(sA) = (rs)A for any 1, s
€R.

Theorem 3.8 Let A = (a4, va), B = (up, vg) be IFS’s of M and T be an infinitely
V-distributive t-norm and S be an infinitely N-distributive t-conorm then,
1(A & B) =1rA @ 1B for any r € R.

Proof We have (A @ B) = (ra @ B), Vra @ B)) and tA @ 1B = (s D B, Vra B

B ) .
Now,

traeB)®) = V{n(aeB) () 1y € M, x =1y}
= V{V{T(hAa(z1), LB(22)) : 21,20 e M,y =271 + 22} : Yy €M, x = 1y}
= V{T(na(z1), nB(22)) : 21, 22 € M, X =171 + 12}



Generalization of Intuitionistic Fuzzy Submodules of a Module ... 59

= V{T(V{na(z1) : 21 € M, x| =121},

Ving(z2) 1 22 €M, x3 =T122}) : X| + X2 = x}
= V{T(hra(x1), WrB(X2)) : X1, X2 € M, X| + X2 = x}
= WrA+B(X), VX € M.

Similarly we can show that vy a+B)(X) = vraB(X),VX € M. Hence r(A @ B) =rA
@ rB.

Proposition 3.9 [5]If A = (ua, va) is an IFS in M, then.
Mra(rX) > pa(x) and via (1x) < va(x), Vx € M.

Proposition 3.10 [5] Let A = (14, va),B = (up, vg) be IFS’s of M then,

(1) wp(rx) = pa(x), Vx e M & pa € g,
(2) vp(rx) S vs(x), Vx €M & vy D vp.

Theorem 3.11 Let A = (4, va), B = (g, vp) be IFS’s of M and T be an infinitely
V-distributive t-norm and S be an infinitely N-distributive t-conorm then,

(1) Wraem(rx + 8y) = T(Ra(X), LB(Y)),

(2) viaem(rx + sy) < S(va(x), ve(¥)), VX, y e M, 1,8 € R.

Proof

(1) pragss(x + sy) = V{T(wa(z1), WsB(22)): 21,220 € M, z; + 25 =1X + 8y} >

T(ea(rx), psp(sy)) = T(ua(x),1p(y)) VX, y € M, 1, s € R.
(2) Similarly we have,

VraasB(IX + 8Y) = A{ S(va(z1), vs8(22)): 21, 22 € M, 2 + 25 = 1X + sy}.
< S(Va(rx), Vvea(sy)) < S(Wa(x), ve(y)) VX, y e M, 1, s € R.

Theorem 3.12 Let A = (144, va),B = (up, vg)and C = (¢, ve) be IFS’s of M and T
be an infinitely Vv-distributive t-norm and S be an infinitely A-distributive t-conorm
then, Vr,s € R,

(1) pe@x +s8y) > T(pa(x), LB(Y) VX, y € M & ragss € e,

(2) ve(@x + 8y) < S(va(x), ve(¥)) VX, Yy € M & Viagss 2 Ic

Proof

(1) Suppose we have pc(rx + sy) > T(na(x),us(y)) VX, y € M. Then,

Mragss(2) = V{T(Wia(Z1), WsB(22)) @ 21,22 € M, 71 + 25 = 7}
= VIT(V{a(x) 1 x € M, 2y = 1x}, V{ug(y) 1 y € M, 25 = sy})
71,2 €M, z; + 2, = 7}
= V{T(pa(x), LB(Y)) : X,y € M, 1x + sy = 7}
< V{c@x+sy) : x,y € M, rx + sy = z}
< wc(z),Vz € M.
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Thus pragss S e. Now conversely suppose tagss S We. Then
(X 4 8y) > ags (X + 8y) = T(a(X),1p(y)) by Theorem 3.11.

(2) Similarly suppose
ve(rx + sy) < S(va(x), va(y)),Vx, y € M. Then,

Veagss(Z) = AS(a(Z1), VB (22)) : 21,20 € M, 2| + 25 = 7}
= AMS(A{vax),x e M,z =1x}, Alvg(y) 1y € M, 7, = sy})
121,20 €M, 21 + 7, = 7}
= A{S(a(x), vB(¥)) : X,y € M, 1X + sy = 7}
> Avc(x +sy) 1 X,y € M, 1x + sy = z}
> ve(z), Vz € M.Thus vags 2 ve.

Now conversely suppose Viagss = Ve. Then ve(rx + sy) < viagss(1X + sy) <

S(wa(x), vg(y)) VX, y € M by Theorem 3.11.

Proposition 3.13 [5] If A; = (iai, vai),i € J, is a collection of IFS’s on R-module
M, then,

r(UAi) =Jra vrer

ieJ ieJ
Proposition 3.14 [5] Let r € R and A = (144, v4) be an IFS in M. Then,

(D pra © o & palrx) = palx),
(2) via 2va & valrx) < va(x)Vx € M.

Proposition 3.15 Let r, s € R and A = (uua, va) be an IFS in M. Then,

(D) pragsa S ua € palrx +sy) > T(ualx), wa(y),
(2) Vragsa 2va & valrx +5y) < S(a(x), va(y), Vx, y € M.

Proof Proof follows from Theorem 3.11 and Proposition 3.10.

Theorem 3.16 Let A = (ua, va)and B = (g, vg)be IFS’s of M and T be an infinitely
V-distributive t-norm and S be an infinitely N-distributive t-conorm. Then A is an
ITSFSM of M if and only if A satisfies the following conditions.

(1) wa(0) =1,vA00)=0
A @X +8y) > T(a(x), pa(y))and

@ VA(rX 4+ 8y) < S(vA(X), vA(Y))VX,y € M, 1,8 € R.

Proof Let A = (La, va) be an IFS in M. Then obviously pa(0) = 1 and vo(0) = 0.
Now,

Ha(rx +8y) = T(ua(rx), na(sy)) = T(ua(x), pa(y)) and
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ua(0) = land va(0) = 0.

Now, va(rx + sy) < S(VA(rX), va(sy)) < S(va(x), va(y)) VX, y e M, 1, s € R.
Conversely suppose A satisfies the conditions (1) and (2). Then we have, p(0)
= land va(0) = 0, pa(x +y) = pa(l.x + 1y) > T(a(x), pa(y)),

vA(X +y) =va(l.x+ 1y) < S(wa(x), va(y)),
ma(X) = PA (X +10) > T(a(X), La(0)) = pa(x)and

VA(1X) = VA (rx + 10) < S(wa(x), vA(0)) = vA(X)VX,y € M, T € R.

Hence A = (jua, va) is an ITSFSM of M.

Theorem 3.17 If A = (ua, va) and B = (g, vg) be ITSFSM of M, then A N B is
ITSFSM of M.

Proof (na M wp)(0) = T(ka(0), up(0)) = 1 and (va U vp)(0) = S(va(0),v8(0)) =
0.

Now (a Mp)(X +y) =T(pa(x +y), u(x +y)) = T(T(ra(X), pa(y), T(p(X),
1B (y)))-

= T(T(ka(X), kX)), T(LA(Y), kB(Y)) = T((a M wB)X),(a M LB)(Y)).

Similarly, we can show that.

(va LUvp)(X +y) < S((va U vB)(X),(va U VB)(Y)VX,Yy € M.

Further (s M pp) (1X) = T(a(rx), pp(rx)) = T(pa(X), k(X)) = (ha M 1p)(X)
VxeM,reR.

Similarly we get (v L vg)(1X) < (va LU vg)(X) Vx € M, r € R.

Hence A 1 B is an ITSFSM of M.

4 Intuitionistic (T, S)-L Fuzzy Subrings

Definition 4.1 Let T and S be respectively a t-norm and a t-conorm on L and an
intuitionistic L fuzzy subset A = {x, wa(x), va(x)|x € X} of R is said to be an
intuitionistic (T,S)-L fuzzy subring of R ITSLFSR) if for all x, y € R,

@ na(0) = landva(0) =0,

(i) palx —y) = T(uax), wa(y)),
(i) palxy) = T(ra(x), pa(y)),
(iv) valx —y) = S(wa(x), va(y)),
(V) valxy) = S(a(x), va(y)).
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Lemma 4.2 If A ={x, ua(x),va(x)|x € X} is an ITSLFSR then.
na0) > pa(x) and va(0) < va(x)for all x € R.

Definition 4.3 Let T and S be respectively a t-norm and a t-conorm on L and an
intuitionistic L fuzzy subset A = {x, wa(x), va(x)|x € X} of R is said to be an
intuitionistic (T,S)-L fuzzy ideal of R (ITSLFI) if for all X, y € R,

(i) 1a0)=1and vs(0) =0,

(i) palx—y)=T(ax), pa(y)),
(iii) pa(xy) = pa(x),

(iv) valx —y) < S(a(x), va(y)),
(V) valxy) < va(x).

Theorem 4.4 Every ITSLFI is an ITSLFSR.

Proof Let A = {x, ua(x),va(x)|x € X }beanITSLFI then we proof the conditions
of ITSLFSR.

The conditions (i), (ii) and (iv) of ITSLFSR are equivalent the conditions (i), (ii)
and (iv) of ITSLFI. So we only proof the conditions (iii) and (v).

(i) wa(xy) > pa(x), and because of R is a commutative ring,

pa(xy) = pma(yx) = pa(x). Hence pa(xy) = T (pa(x), na(y)).
(v) v4(xy) < vus(x) and because of R is a commutative ring,

va(xy) = va(yx) < va(y). Hence va(xy) < S(va(x), va(y)).

Theorem 4.5 Let A = {x, ua(x),vax)lx €e X} and B =
{x, up(x),vg(x)|x € X} be two ITSLFI. Then A N B is an ITSLFI of R.

Proof Let’s proof the conditions of ITSLFI.

0 (haNpp)0) =pna0) Aup0) =1A1=1,
(vaUvp)(0) =v,40)vvg0)=0v0=0.
(i) Letx,yeR

(MaNup)(x —y) = palx —y) Aup(x —y)
> T(ax), pa() A T(up(x), wp(y))
>T(alx) A ppx), ka(y) A pp(y)
=T((na Npp)(x), (ka N up)(y))-

(iii) Letx, y € R

(aNup)xy) = pua(xy) Apup(xy) = pa(x) Apup(x) = (ua N pp)x)
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(iv) Letx,yeR

(waUvp)(x —y) =valx —y) Vvg(x —y)
< SWax), va(y) Vv S(p(x), v(y))

= S(a(x) Vvp(x), valy) Vvp(y) = S((va Uvp)(x), (va Uvp)(y)).

(v) Letx,y€eR

(va Uvp)(xy) = valxy) Vvp(xy) <va(x) Vvp(x) = (va Uvp)(x).

Theorem 4.6 Let A = {{x, ua(x),va(x)|x € X)} and. B =
{x, up(x),vg(x)|x € X} be two ITSLFL If T is an infinitely V-distributive t-
norm and S is an infinitely N- distributive conorm then A + B is an ITSLFI of
R.

Proof Lets proof the conditions of ITSLFI.

()
(fory=0andz=0pa(0) Apg(0) =1A1=1andva(0) Vv vg(0) =0V 0 =0 then)
(ra +1uB)(0) = V{pa) Aup@ly+z=0}=1
(na +1nB)(0) = A{na(y) Ang(2)ly +2z=0}=0
(i)
A +up)x—x)=v{pa® Ans@]y+z=x—-x"}
> V{H (y/ _y//) A MB(Z/ —z”)!y/ _y// +7 -7 =x _x/}
= VAT (kA (Y). ka(Y")) AT (1B (2). nB(2"))
= VAT (a(Y) A (). T(ka(y") A g (2"))}
=T(V{ua®) Aus(Z)y +7 =x},
V{pa") Aus()ly’ +2" =x'})
=T((na + 1B)X), (ma + 1) (X)),
(iii)

(ha + 1) (xx) = V{na(y) A ps@)ly +2 = xx'}
> VA X) Ay + 7 =x
= (kA + mB)(X)
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(iv)
A +vB)(x —X) = A{uay) V up@|y +z=x—x"}
< /\{UA(Y/ _ y//) v UB(Z/ _ Z//)|y/ _ y// + 7 —7 =x— X/}
< ASOVAY). va(y") v Stv(E@), vB NI +2)
_(y// + Z//) —x— X/}
<S{A{vay) v vB@) |y +7 =x}).
A {VA(y//) Vi VB (Z//)|y” + Z// — X/ })
= S((va + vB)(X), (va + vB) (X))
v)

(va + vp)(xx) = A{ia®) V @)y +2 = xx'}
< /\{vA(y'x’) \Y vB(z’x’)|y/x’ +7Zx = x— x’}
= M@A) Vs@)|y' +2 = x} = (va + vB) (%)
Definition 4.7 [6] Let f: R — S be a ring homomorphism. Let A =

{x, ua(x),vax)|x € X} and B = {x, up(x), vg(x)|x € X} be two ILFS. Then
C=1{y, f(ua)), f(wa)(y)|y € S} is called intuitionistic image of A, where.

F) = { Vialx < R f0) =) 17100 0,
otherwise.

FoN0) = {/\{”A(x)'x GOR’ f@ =y} iff o) #£9
otherwise.

forally € S;
and D = {x, F N (wp) (@), f’l(vB)(x)|x € R} is called intuitionistic inverse
image of B, where f ' (up)(x) = up(f(x))f~'(vp)(x) = vg(f(x)) forall x € R.
Here f(u4) and f(v4) are called the image of 14 and v, under f. Also £~ (up)
and f~!(vp) are called the inverse of g and vy under f.

Theorem 4.8 Let A = {x,ua(x),va(x)lx € X} be ban ITSLFI of R
and B = {x,upx),vp(x)lx € X} be an ITSLFI of S. If T is an
infinitely V-distributive t-norm and S is an infinitely A-distributive conorm
then C = A{y, f(ua)(y), fva))|y € S} is and ITSLFI of S and D =

%, F~ (up)(x), £ (vp)(®)|x € R} is an ITSLFI of R.

Proof First let proof for C the ITSLFI conditions.

(i) Since fis a ring homomorphism f(0) = 0 then f~'(0) # @;
since a(0) = 1 and vo(0) = O then;
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(ii)

(iii)

(iv)

Fa)©) = \/{a@)lx € R, f(x) =0} =

fODO) = A\va)lx € R, f(x) =0} =0.

for f~! (y — y’) =0fY(y) = Pandf~! (y’) = () because if both them don’t
be an empty set then f(x) = v, f(x/) =y = f(x)— f(x’) =y—y =
f(x —x') =y — y and there we obtain f~'(y — ') # 0.

if one of them is empty and the other isn’t then we obtain.

fad(y =) = T(f(rd)). f(ua)(y)) = 0 = T(0,a) = 0 the
inequality is satisfied. Now we consider that £~ (y - y’) # 0.

Fun( =) =\V{m®|fe@ =y -y}
{pale’ =x")[f(x" = x") =y - y'}
{u (x' =" |f ()= 1) =y =}
=y} Virab)r () = ')
(f(uA)(y),f(uA)( ).

IV [
/—\ < <

for f=1(yy') = 0" (y) = Pandf~"(y") = ¥ because if both them don’t be
an empty set then f(x) =y, f(x') =y = f)f(x) =yy' = f(xx) =
yy’ and there we obtain f~! (yy’) # (. Now we consider that f~! (yy’) # 0.

Fun) () = \V{a@| £ =y} = \/{ualx'x")| £ (x'x") = yy'}
= \/{na(x") () FE) =9} = \V{pa)| () =y} = Fra ).

Likewise when f~!(y — y') = ¥ the inequality is satisfied. Now we consider
that f‘l(yy/) # 0.
fud(y =) =\/{ma®| ) =y-y'}
Z\/{M ’ //|f(x/_x)_y_y/}
V{wa(x' =) | FO) = f") =y =y')
T(\V{a()] £) = v}V {ma ()] £(7) = ')
T(f(a) ), fwA)(y’))

/

I \/

(v) Likewise when f~! (yy’) = () the inequality is satisfied. Now we consider that

1Y) # 9.
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FOO () = /\{vA(x)If(x) = '} = Alvax")|f(x'x") = yy'}
= Aa@x)F @) ") =9 < Aloal)] () = v}
= f(va) ()

We show that intuitionistic fuzzy set C is an ITSLFI. Now let proof for D then
ITSLFI conditions.

(i)
£ 1) (0) = up(£(0) = up0) =1
1)) = vg(f(0)) = vp(0) = 0,
(ii)
e =x) = us(f(x = x) = us(f ) = f(x))
> T(us(f (). ns(f(x)))
=T(f "(up) @), f (up)(x)).
(iii)
F ) (xx') = up(f(xx)) = up(F ) F(¥) = np(fx) = F up) )
(iv)
) (x = x") = va(f(x =) = va(f(x) = f(x))
< S(vs(f()). ve(f(x)))
=S(f ' wp ), £ wp)(x)).
v)
) (xx') = vp(f(xx')) = vp(F () f () < ve(f (X)) = F (vp)(x).
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Enrique Lizarraga, Fevrier Valdez, Oscar Castillo, and Patricia Melin

Abstract Inspired by the flight behavior and mating process of mayflies, the Mayfly
algorithm combines the main advantages of swarm intelligence and evolutionary
algorithms, resulting in better performance than the particle swarm algorithm. So,
we proposed a modification of Mayfly algorithm by applying a fuzzy parameter
adapter to be able to apply this to neural network problems. We were able to observe
that the fuzzy adapter improves the speed of convergence of the mayfly algorithm and
when applied to a neural network for the Mackey glass series, it manages to detect the
optimal number of neurons of the hidden layer for the network architecture. However,
when using the Mayfly algorithm to optimize the architecture of neural networks,
the results do not improve much, so we can deduce that this metaheuristic method is
not recommended (for the moment) for this type of optimization, due to the fact that
the root mean square error did not get below 0.001 even using the modified Mayfly
algorithm with the fuzzy adapter.

Keywords Mayfly algorithm + Fuzzy logic - Dynamic parameter adaptation

1 Introduction

Optimization is a process of finding the best solution of a function (either its minimum
or maximum value). A lot of real-world problems are represented as optimization
problems, for the minimization of a single objective.

Inspired by the flight behavior and mating process of mayflies, the proposed
algorithm combines the main advantages of swarm intelligence and evolutionary
algorithms. In this work to evaluate the performance of the algorithm, 10 benchmark
functions were used [1] and also neural network optimization is considered.

Ephemera is a species of insects whose young would live in the water for several
years and when they mature, they will bark and fly through the air. However, these
mature insects only have the purpose of reproducing since their life span is short [2].
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In fact, this offers a powerful hybrid algorithmic structure, based on the behavior
of mayflies, for researchers trying to improve the performance of the particle swarm
optimization (PSO) algorithm using techniques, such as crossover, since it has been
shown that PSO needs some modifications to be improved [1].

Fuzzy logic is based on the fuzzy set theory proposed by Lotfi Zadeh, which
helps us model human knowledge through the use of fuzzy if-then rules. Fuzzy
logic provides a systematic computation for dealing with linguistic information and
improves numerical computation through the use of linguistic labels stipulated by
membership functions [3].

Solution search algorithms such as PSO, differential evolution (DE), genetic algo-
rithms (GAs), and firefly algorithm (FA) have proven to be efficient in terms of speed
of convergence for optimization problems, so we expect that the Mayfly algorithm,
being an improvement of the PSO algorithm, to work in an efficient manner. We also
expect that it will be efficient when applied to neural network optimization problems.

The structure of this work is as follows. In Sect. 2 we have the theoretical frame-
work, where we describe the background of the Mayfly algorithm (MA), as well as
the variants that have emerged from it so far. Then we have Sect. 3, in this section
the problem statement is shown as well as the main hypothesis. In Sect. 4 the devel-
opment of this research will be discussed, starting with the study of the impact of
the parameters on the performance of the Mayfly algorithm. In Sect. 5 the design of
the fuzzy adapter will be shown where we start with a fuzzy adapter with a single
input and a single output. In Sect. 6 we find the creation of the neural network for
the Mackey Glass time series. In Sect. 7 we have the statistical tests and the results
obtained from the optimization of the neural network for the Mackey Glass series
using Mayfly algorithm enhanced with fuzzy logic. Finally, we have the Conclusions
Section, where we discuss if the Mayfly algorithm with fuzzy adaptation turned out
to improve the performance in comparison with its original version and how efficient
its application to the optimization of network architectures was.

2 Theoretical Framework

First of all, we start by mentioning that genetic algorithms are mainly used to solve
problems in which classical algorithms would entail a large computational cost, and
these algorithms are based on the genetic evolution of Darwin’s theory. Therefore,
we start with a set of chromosomes, where each one represents a possible solution
to the given problem, this chromosome is randomly generated with the dimensions
that we consider appropriate for the specific problem that we seek to solve, as well
as the population number that we will have.

The mayfly is a species of insects in which the young would live in the water for
several years and when they mature, they will bark and fly through the air. However,
these mature insects only have the purpose of reproducing since their life span is
short [1].
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By observing male and female mayflies moving in search of a mate, the MA algo-
rithm is based on this behavior. Built similarly to the PSO algorithm [4, 5], mayflies
will also update their positions. However, they converge faster to the optimum, so
the Mayfly algorithm, in some way, is an improvement of the PSO algorithm.

ot ot
X = x! 4 vt (1)
+1
v = +dr 2)
v;;rl =vj; + aje P (pbest;; — xi’j) +aye P (gbest; — xfj) 3)

Parameters a; and a, will be adjusted with fuzzy logic, and these parameters
represent the constants of positive attraction that are used to scale the contribution
of the cognitive and social components, respectively.

Based on the mayfly literature by Konstantinos Zervoudakis, the recommended
value for the parameter a; is in the range of 1 to 2 and for the parameter a, it is in
the range of 1.5-2.

Research has shown that not only would the best candidates or best historical
trajectories work well in guiding people in swarms to find the best solution, but that
the worst and worst historical trajectories would also work well in doing so. Such
situations could be treated directly as pairs of oppositions and satisfy the ancient
Chinese Yin-Yang philosophy which shows us that there would be a strong relation-
ship between the Yin and Yang sides, or good and evil, negative and positive, fire and
water, dry and wet, then, the opposition-based learning (OBL) rule was proposed
[6].

This algorithm is a variant of the Mayfly algorithm in which, like its predecessor,
population is divided into two types, the male mayfly and the female mayfly, both of
which will update their positions with their velocities v;(t) [6].

pit+ 1) = p;(t) + vi(t) @)

op;(t+ 1) =a+b—p;(t) 5

The improved mayfly optimization algorithm.

This algorithm has been designed through the explained conception and modeling
of three algorithms, the particle swarm optimization algorithm (PSO) [7-9], the
firefly optimization algorithm (FOA) and the genetic algorithm (GA) that made it so
efficient due to to the use of the three popular advantages of the methods. With the
hybridization [10-14] of the algorithms, the exploitation of the PSO [15] algorithm
is combined with the exploration features of the other algorithms to achieve greater
efficiency in the modeling of mayflies, especially the reproduction model. This model
helps the fittest mayflies [9, 16, 17] survive after hatching from the eggs regardless
of their lifespan. We first look for the short-lived male with the lowest cost value in
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the population, then we select the number of seeds, followed by this the short-lived
females attract the elite males to spawn new offspring using this as their growth ratio,
updating their speed is given by the following form [18].
_en2 _en2
vith = vi 4+ c; e 5P gbesty — ply + coe 5Pz gbesty — pl (6)
Parameters c; and c, are the constants of positive attraction that represent

the participation of the cognitive and social elements, respectively. In addition, p
represents the position, v is the velocity, ¢ represents the iteration.

Algorithm NMO

This is a negative ephemeral optimization algorithm. In which the male mayflies
would update their speeds according to the worst candidates along with their worst
trajectories. Contrary to the normal positive interpretation, in the NMO algorithm,
male mayflies would flee their worst trajectories and global worst candidates, female
mayflies have a duty to reproduce, thus they are all in a rush to mate. Their speeds
would update according to their peers. That is, the speed of the i-th female mayfly
would be guided to update according to her fitness value f [yi (t)] and her partner
f [xi (t)], and the speed will be updated by the following equation well optimizing
the unimodal or multimodal reference functions, even for the non-symmetric one.
However, for unimodal reference functions, MO would perform better than NMO
[19].

g +are P [xl =y £ =] > )] 7
o = {gvf +dr , . f[xzt] = f[xitzz] (8)
: gvf +ae P [y — xf] + ase e [xg —x{] f[x]] > £,

The parameters a, and a3 are constant, r;, and rg represent the Cartesian distance
between the current individual and the best historical trajectory, d represents the
proportion of the wedding dance around the current position, r; it is another random
number in uniform distribution with interval of —1 and 1 and x;,; represents the best
historical trajectory.

Balanced Mayfly algorithm (BMA)

The algorithm has been designed by the explained conception and the modeling
of three algorithms, Particle Swarm Optimization (PSO) algorithm, Firefly Algo-
rithm (FA), and Genetic Algorithm (GA) that made it so efficient due to the use
of the advantages all three popular methods. With hybridizing of the algorithms,
the exploitation of the PSO algorithm is combined with exploration features of the
other algorithms for achieving higher efficiency in modeling the mayflies, especially
the model of breeding. This modeling helps the fittest mayflies to survive after egg
hatching without considering their lifespan.
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First we look for the ephemeral male with the lowest cost value in the population,
then we select the number of seeds, followed by this the ephemeral females attract
the elite males to generate a new offspring using this as the growth radius [18].

2 2
v = !, cre Prgbesty — pl, 4 cre$Pegbesty — ply 9

The parameters x}j and V}j represent the location and velocity of the i-th mayfly
in dimension j, B is a coefficient to make the ephemeral visible to others, r, and 1,
represent the restricted Cartesian distance in the range, x} and x; describe the mayfly
with the optimal position for the mayfly, b; and b, represent the constants of positive
attraction and social factors, respectively.

This chaotic time series is widely used to evaluate the performance of a neural
network, it was invented by mathematicians Michael Mackey and Leon Glass. It is
a differential equation and with lags, however it has a chaotic behavior at T = 17
which will be used to evaluate our neural network and will be calculated with the
following equation.

dx(t) _ 0.2x(—t—1)
d  1+X9% -1

—0.1,(0) (10)

3 Proposed Method

In this Section, we can see the flow diagram of the proposed method to improve the
convergence of the mayfly algorithm in Fig. 1,

In the original method first we start/initialize the female population,/find the best
global/evaluate solutions/we check the stop criteria, if its satisfied we find the solu-
tion, if not then update velocities and solutions of males and females, evaluate solu-
tions, Rank the mayflies/Mate the mayflies/evaluate offspring/separate offspring to
mate and female randomly/replace worst solutions with the best new ones, update
pbest and gbest and check the stop criteria again. In the proposed method after
checking the stopping criteria, we will add fuzzy adaptation of the parameters that
affect the algorithm performance the most.

4 Study of the Impact of the Parameters

We show in Fig. 2 a study of how the parameter values impact the behavior of the
algorithm, in this case for the sphere benchmark function.

In Fig. 2 we can see how the benchmark function of the sphere behaves, where the
a2 parameter stands out in the impact of the performance of the Mayfly algorithm.
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Fig. 1 Diagram of the proposed method
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Fig. 2 Impact of sphere benchmark function parameters

In Fig. 3 we analyze the impact of the Mayfly algorithm on the Rastrigin bench-
mark function, here we observe that al represents a greater impact when varying
it.

In Fig. 4 we analyze the impact of the Mayfly algorithm on the Griewank
benchmark function, where al and a2 represent a greater impact when varying them.
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Fig. 3 Impact of Rastrigin benchmark function parameters

GRIEWANK FUNCTION

Fig. 4 Impact of Griewank benchmark function parameters

5 Fuzzy Adapter Design

First, a fuzzy adapter was designed with parameter a, because it was the param-
eter that was most relevant in the performance of the Mayfly algorithm, although
parameter al was very close.

5.1 Fuzzy Adapter with 1 Input and 1 Qutput

The fuzzy rules for parameter adaptation are presented in Fig. 5.

In Fig. 5 we have the initial fuzzy rules in which we start with a, with high values
in the first iterations and as they progress a, will decrease, in the first fuzzy rule the
algorithm is just beginning, while in the last rule it is almost has finished, that makes
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Fig. 5 Fuzzy rules if iteration is very small then a: is very large
if iteration is small then a; is large
if iteration is median then a; is median
if iteration is large then a; is small
if iteration is very large then a: is very small

the fuzzy rules adjust the value of the parameter a, as the iterations go by, and thus
get closer to its optimal values for said parameter.

0, <a
boas a<X<
f(x;a,b,e)= ., b<x<c (11)
c—b’ ¢<
07

In Eq. 11 we have the triangular membership functions in which the values a, b
and c will be given by the tables below. Table 1 shows the parameter values for the
input membership functions.

Table 2 shows the parameter values for the output membership functions.

In Fig. 6 we have the initial fuzzy adapter which consisted of an input variable
and an output variable, in the input variable we only take into account the iterations.

As we can note in Table 3 we have the abbreviation of the benchmark functions.

Table 4 shows a summary of the results for the 10 benchmark functions.

Table 1 Input membership Membership function a b c

functions in the initial fuzzy

adapter IMP (very small iteration) 0 0 0.25
IP (small iteration) 0 0.25 0.5
IM (medium iteration) 0.25 0.5 0.75
1G (big iteration) 0.5 0.75 1
IMG (very big iteration) 0.75 1 1

Table; 2 (.)utput. nlle.mbership Membership function A B C

functions in the initial fuzzy

adapter A2MP (ap very small) 0 0 0.25
A2P (ap small) 0 0.25 0.5
A2M (ap medium) 0.25 0.5 0.75
A2G (aj big) 0.5 0.75 1
A2MG (a; very big) 0.75 1 1
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lteration a2
Fig. 6 Initial structure of the fuzzy adapter
Table 3 Representation of the benchmark functions
Abbreviation Name of function
F1 Sphere
F2 Rastrigin
F3 Ackley
F4 Dejong1
F5 Griewank
F6 Schwefel
F7 Styblinskitank
F8 Wood
F9 Hyper-ellipsoid
F10 Powell
Table 4 Fuzzy adapter applied to a; and a; individually
Benchmark function | Beta parameter/50 dimensions
Fuzzy adapter for ap Fuzzy adapter for a;
b3 S X S

F1 2.1415 x 10710 | 7.7240 x 10717 | 8.3797 x 1077 |5.2048 x 1077
F2 2.2920 x 10! 8.9131 x 10° | 2.2685 x 10! 8.5655 x 100
F3 3.0944 x 10°  |5.3400 x 102 |3.1116 x 10° 3.4500 x 1072
F4 1.9221 x 10718 [2.9649 x 10718 82611 x 10717 |4.5886 x 1077
F5 1.600 x 1073 3.6000 x 103 | 1.700 x 1073 3.600 x 1073
F6 2.0755 x 10*  |4.0579 x 10° | 2.0754 x 10* 2.8595 x 10°
F7 —1.7482 x 10° | 4.1381 x 10" | —1.7465 x 10®> |4.5256 x 10!
F8 1.074 x 107! 5.8840 x 1071 |4.6900 x 102 | 1.7930 x 107!
F9 6.5445 x 10717 | 1.0540 x 10710 |2.5736 x 10715 |2.1093 x 10713
F10 5.1923 x 10710 [ 1.2900 x 1071 |9.2123 x 1077 | 5.1465 x 10717
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As we can note in Table 4, the results of both initial fuzzy adapters were compared,
where it can be seen that there was not a considerable difference, however, it can be
seen that using the parameter a2 better results are achieved.

5.2 Fuzzy Adapter with 2 Inputs and 2 Outputs

Noting that the results of the initial fuzzy system did not significantly improve the
performance of the Mayfly algorithm, even when applying trapezoidal fuzzy rules,
it was decided to make a fuzzy adapter with 2 inputs and 2 outputs. In this case,
the parameters a; and a, were used together to improve their effectiveness, since
individually no difference was achieved between one parameter and another.

Figure 7 shows, in a general way, the design of the final fuzzy adapter, where we
have 2 inputs and 2 outputs respectively to control the parameters a; and a,

0, si(x <a)olx >d)
r—a sia <x<b

fx;a, b, c,d) =4 2@ b= = (12)
‘f,%f’ sic<x<d

Trapezoidal membership functions are shown in Eq. 12, in which the values a, b
and c d will be given by the tables below.

In Table 5 we can find the input membership functions for our final fuzzy adapter.

In Table 6 we can find the output membership functions for our final fuzzy adapter.

We can see that the Eq. 13 represents the diversity calculation.

1 s ng _
d= 3 \/ij1 (x50 — X;(1)° (13)

XX~ /XX
-

Iteration adaptbest_3trap "
‘; : ; (mamdani) \
Diversity Maz

Fig. 7 Two inputs and two outputs fuzzy adapter
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Table 5 Input membership functions in the 2-input, 2-output fuzzy adapter

Membership functions a b c d
IB (small iteration) 0 0 0.1 0.33
IM (medium iteration) 0.25 0.42 0.58 0.75
IA (big iteration) 0.67 0.9 1 1
DB (small diversity) 0 0 0.1 0.33
DM (medium diversity) 0.25 0.42 0.58 0.75
DA (big diversity) 0.67 0.9 1 1

Table 6 Output membership functions in the 2-in, 2-out fuzzy adapter

Membership functions a b c d

A1B (a; small) 1.094 1.241 1.78 1.427
A1IMB (a; medium small) 1.278 1.399 1.485 1.611
AIM (a; medium) 1.475 1.578 1.659 1.779
A1MA (a; medium big) 1.648 1.763 1.844 1.982
AlA (a big) 1.833 1.982 2.018 2.167
A2B (ap small) 0.42 0.58 0.62 0.7803
A2MB (a; medium small) 0.62 0.7803 0.8203 0.9797
A2M (a; medium) 0.85 0.9797 1.02 1.15
A2MA (ap medium big) 1.02 1.18 1.22 1.38
A2A (ap big) 1.22 1.38 1.42 1.58

6 Mackey Glass Neural Network Design

To design the neural network we went through several steps, firstly, we obtained the
training data for the Mackey Glass chaotic time series, this with the help of a data
generator previously programmed in Matlab, as input parameters we used T = 17,
X, = 1.2 and generate a sample from 0 to 1200.

As we can see in Fig. 8 we have the Mackey Glass chaotic series with a sample
of 1200 data from which we take 800 to train our neural network, without any
delay, therefore our network will only be able to predict a few steps ahead. of the
unknown data, however the fundamental thing about this neural network is to extract
the mean square error in order to determine how effective it is and determine how
many neurons the hidden layer requires, said information will be sent to the original
Mayfly algorithm and to which we have modified with the fuzzy adapter to verify
how efficient the method is and in turn maximize the performance of the previously
designed neural network.
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Fig. 8 Mackey Glass series

7 Results

In this section we will present the different results obtained in this investigation,
first we will show the evaluations of the fuzzy adapters, after that we will have the
statistical tests and neural network to predict the Mackey Glass time series.

As we can see in Table 7 the results for the different fuzzy adapters and the original
mayfly algorithm evaluated with benchmark functions are shown.

As we can see in Table 8 we have the results of the statistical tests applied in
comparison with the author of Mayfly for 50 dimensions and maximum iterations of
2000, as results we obtained 5 tests with significant evidence that the inclusion of the
fuzzy adapter improves the performance of the Mayfly algorithm in the benchmark
functions commonly used for this type of tests, of these tests the most notable was
the one carried out with the Powell function since it is the only one that passes the
statistical test with 95% confidence.

In Fig. 9 we can appreciate a comparison between the chaotic series of Mackey
Glass and the results of our previously optimized neural network, in said optimization
result we obtained that the adequate number of neurons in the hidden layer is 73,
since with it the quadratic error mean is 0.0365.
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Table 7 Results of the fuzzy adapters

81

Benchmark function | 50 dimensions
Fuzzy adapter initial | Fuzzy adapter final | Mayfly original
Fl X 2.1415 x 10716 8.3455 x 10717 1.1777 x 1077
S 7.7240 x 10717 5.1033 x 10717 4.5203 x 1077
F2 b3 1.7254 x 10! 1.1270 x 10! 1.1900 x 10!
S 5.5900 x 10° 3.7928 x 10° 3.8200 x 10°
F3 X 3.1267 x 10° 3.1224 x 100 0.0000 x 10°
S 3.0100 x 1072 2.9100 x 1072 0.0000 x 10°
F4 X 1.1000 x 1073 9.0247 x 1074 4.1400 x 1073
S 4.0000 x 1073 3.8000 x 1073 1.2900 x 1072
F5 b3 2.0754 x 10* 2.0755 x 10* 3.8800 x 100
S 3.3438 x 10° 2.9589 x 10° 8.8300 x 107!
F6 X 1.8052 x 1071 3.9987 x 107127 5.2800 x 107
S 5.7657 x 10715 2.1902 x 107122 1.6500 x 1078
F7 b3 5.6907 x 10! 5.52105 x 10! 6.7703 x 10!
S 2.5495 x 10! 2.3000 x 10! 3.9877 x 10!
F8 X 3.6000 x 1073 7.9186 x 107* 3.3465 x 1078
S 3.0000 x 1073 2.1000 x 1073 1.6242 x 1077
F9 X 5.9987 x 10! 6.8769 x 10! 1.7130 x 107!
S 1.0816 x 10? 1.3059 x 10? 8.3733 x 1072
F10 X 2.7503 x 10710 3.6940 x 10715 7.3923 x 107°
S 3.8725 x 10710 5.6091 x 1071 2.5797 x 107

8 Conclusions

The a, parameter mainly affects the performance of the mayfly algorithm, it was
observed that its performance increases in values close to 1, so is one of the parameters
to which the fuzzy logic was applied. The parameter a; increases the performance
of the algorithm in values between 3 and 5, so it will be the other parameter to
take into account when applying fuzzy logic. As for the parameter B, it produced
the best results at a value of 1, however its variation affects the performance of the
algorithm very little, so it is not taken into account for the application of fuzzy logic.
The results improved when applying a fuzzy adapter with two input and two output
parameters. Applying fuzzy adaptation to parameters a; and a, together significantly
improves performance on mathematical functions compared to the original author of
the Mayfly method. Better results were obtained with the trapezoidal functions when
compared to the triangular ones. Using the Mayfly algorithm to optimize the neural
network architecture works well, however, the results do not improve much, so we
can conclude that this heuristic is not recommended for this type of optimization at
the moment, because the mean square error does not was able to drop below 0.001
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Table 8 Hypothesis test results

Benchmark | 50 dimensions Results statistical test
function Fuzzy adapter Mayfly original
X S X S Z S
F1 8.3455 x 5.1033 x 1.1777 x 4.5203 x —1.4270 | Pass test
10717 10717 1077 1077
F2 1.1270 x 3.7928 x 1.1900 x 3.8200 x —0.6410 | Does not
10! 100 10! 10° pass
F3 3.1224 x 2.9100 x 0.0000 x 0.0000 x 0 Does not
100 102 100 100 pass
F4 9.0247 x 3.8000 x 4.1400 x 1.2900 x —1.3186 | Pass test
1074 1073 1073 1072
F5 2.0755 x 2.9589 x 3.8800 x 8.8300 x 0 Does not
104 100 10° 107! pass
F6 3.9987 x 2.1902 x 5.2800 x 1.6500 x —1.7527 | Pass test
10—127 10—122 10—49 10—48
F7 5.52105 x 2.3000 x 6.7703 x 3.9877 x —1.4764 | Pass test
10! 10! 10! 10!
F8 7.9186 x 2.1000 x 3.3465 x 1.6242 x 2.0652 Does not
1074 1073 108 107 pass
F9 6.8769 x 1.3059 x 1.7130 x 8.3733 x 2.8771 Pass test
10! 102 107! 1072
F10 3.6940 x 5.6091 x 7.3923 x 2.5797 x —1.5696 | Pass test
10715 10715 1076 107
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even using the modified Mayfly algorithm with the fuzzy adapter. Optimizing the
architecture of a neural network has a high computational cost, however the cost is
lower than if we did it with a classic search method, it is difficult for us to obtain an
adequate number of neurons in the hidden layer since its complexity is different from
the optimization of mathematical functions, which is what this method has mainly
excelled at. As future work, the fuzzy adapter can be optimized by means of a GA
to maximize the performance of the fuzzy Mayfly algorithm by finding the optimal
values of the parameters in the membership functions.
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Fuzzy Classifier Using the Particle )
Swarm Optimization Algorithm i
for the Diagnosis of Arterial

Hypertension

Martha Pulido and Patricia Melin

Abstract The main objective of this article is the creation of a new fuzzy classifier,
using the optimization algorithm by means of particles, to optimize the structures of
the type-1 and type-2 fuzzy systems, (such as parameters and type of membership
functions, type of system, and number of rules). Tests were carried out with 40 patients
and the blood pressure readings of the patients were taken at a time interval for 24 h,
and these were taken through an ambulatory blood pressure monitor (ABPM). In this
work, good results for Classification and Diagnosis of Arterial Hypertension with
the proposed model are shown.

Keywords Particle swarm optimization + Hypertension - Classification -
Diastolic - Systolic *+ Blood pressure

1 Introduction

Computing is being incorporated into all branches of knowledge, and medicine has
been highly favored. One of the first uses was the processing of medical records,
epidemiological data, statistical analysis; Subsequently, medical diagnosis and treat-
ment instruments have been added, be it laboratory, imaging, [7, 8, 14, 15, 35], There
are also expert systems for medical sciences, we can talk about medical diagnosis
packages. Several expert systems have been developed to diagnose diseases and
recommend treatments [10, 12, 21, 24, 26].

Blood pressure increases with age. 66% of people > 65 years of age have high
blood pressure, and 128/5.000. 90% of 55-year-olds with normal blood pressure are at
risk of developing hypertension at some point in their lives, [27], Because high blood
pressure becomes so common over the years, age-related increases in blood pressure
may seem innocuous, but they actually increase the risk of associated diseases and
death [23, 28-30]. Hypertension is probably the most prevalent disease in the world
and affects approximately one-third of the population. It is the main cardiovascular
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risk factor. It is known as the “silent killer”, because in most cases it does not present
symptoms, so it is possible to develop heart, brain, or kidney problems without being
aware of having it [1, 2, 9, 32]. The main reason for the paper is the creation of ta
fuzzy classifier for experts to know and verify the behavior of a patient’s arterial
hypertension and from this give a diagnosis if the patient requires it. The blood
pressure readings of the patients were taken at a time interval for 24 h, and these
were taken through an ambulatory blood pressure monitor (ABPM) [4].

The fuzzy system consists of 64 rules, with 2 input variables each with 8 member-
ship functions, and these are called Systolic and Diastolic, also an output called clas-
sification which consists of 11 membership functions, and optimization of the fuzzy
system with the particle swarm optimization algorithm as soon as parameters and
type of membership functions, type of system, and a number of rules [13, 25, 26].

The Particle Swarm Optimization algorithm is an optimization/search technique.
PSO is normally used in search spaces with many dimensions. The Particle Swarm
optimization algorithm is inspired by the evolution in collective behavior, mainly
tries to imitate the social behavior of various groups of animals such as flocks herds,
etc.

Let x; (¢) denoted by the position of the particle i the search space at time step ¢;
unless otherwise indicated, ¢ denotes discrete time steps. The position of the particle
is changed by the addition of a velocity, v;(¢), for the current position, i.e.

xi(t+ 1) =x@)+v@+1) ey

Con x;(0) ~ U (Xmin, Xmax)-
For gbest PSO, the velocity of particle i is calculated as:

i (0 + 1) = v (1) + ciri [y (1) — xi; (D], +e2ara(O[F; (1) — xi;(1) ] (2)

where v;;(¢) Velocity of the particle i dimension j In passing time 7, c;yc, are
positive acceleration constants that serve to dimension the contribution of cognitive
and social capacities, capacitates cognitive y socials, y r1;(t), y r2;(t) ~ U(0, 1) are
random values in the range [0, 1], the sample of a uniform distribution. These values
randomly introduce a stochastic element for the algorithm. [11, 22].

The best personal position y;; is associated with particles best position the particle
has visited since the first step. Taking into account the minimization problems, the
best personal position in the next step of time t + 1 is calculated as the best position
the particle has visited since the first step. Taking minimization problems, the best
personal position in the next step of time ¢ 4 1 is calculated as:

yi(t) iff(xi(x@+1) = fyi()

3
W+ 1) > i) ©)

y[(f+l={

where f : R™ — R is the objective function:
The position of the global best, y;(¢), in time step ¢, is defined as:
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YO @), ..., O} f (¥ (@) = min{f (y,()), ... f(ys(t),} 4

The position of the global best can be selected from the particles of the current
cloud, in which case:

y(0) =min{ f (x, (1)), ... f(xns(1)),} (&)

The best overall PSO is summarized in the algorithm. In this algorithm, the
notation S.x; is used to denote the position of particle i in the cloud S.

The position of the glbest:

The velocity is calculated as:

vij (0 + 1) = v (1) + ciri [ yij (1) — xi; (D], +earn (D[P (1) — xi;(1) ] (6)

where J; is the best position, which is in the neighborhood of the particle i dimension
Jj - The position of the best local particle y;, Example the best position found in the
neighborhood N; is define as:

a4+ 1) € [Nl f(3:(r + 1) = min{f(x)}, Vx € N;} (N
With the neighborhood defined as:

N; = {)’i —nN;(t),y; —nN; + 1), ...y, = 1@), yi + 1), ..., ¥ +nN; (1)}
3

For neighborhoods of nN;. The position of the best local is also known as the best-
positioned neighborhood.
Fuzzy Sets and Membership Functions

If X is a collection of objects denoted by x, then a fuzzy set A in X is defined as a
set of ordered pairs [34].

A ={x, n_AKX) e x e X} €))

where A is the membership function for the fuzzy set A. The membership function
maps each element of X to a membership degree of between 0 and 1 [31-33].

Type-2 Fuzzy Systems

Type-2 fuzzy systems are an extension of type-1 fuzzy systems, the fuzzy rules are the
same, the difference is that the membership functions are used to model uncertainty
and inaccuracy in a better way, since they also have the ability to model complex
nonlinear systems, achieving better performance [3, 16].
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‘Gaussian Type-2

miff

Membership
Grades

Fig. 1 A type-2 fuzzy set represents a type-1 fuzzy set with an uncertain standard deviation

As an example: Consider the case of a fuzzy set characterized by a Gaussian
membership function with mean m and a standard deviation that can take values in
[o1, 02], ie.,

— 1 |x-m ’ .
p(x) = expy— /2[ 5 ] ;  o€loy, 0] (10)

Corresponding to each value of o we will get a different membership curve (as
shown in Fig. 1). So, the membership grade of any particular x (exceptx = m) can
take any of a number of possible values depending upon the value of ¢ i.e., the
membership grade is not a crisp number, itis a fuzzy set. Figure 1 shows the domain of
the fuzzy set associated with x = 0.7; however, the membership function associated
with this fuzzy set is not shown in the Fig. 1.

Gaussian type-2 fuzzy set

A Gaussian type-2 fuzzy set is one in which the membership grade of every domain
point is a Gaussian type-1 set contained in [0, 1].

Interval type-2 fuzzy set

An interval type-2 fuzzy set is one in which the membership grade of every domain
point is a crisp set whose domain is some interval contained in [0, 1].

Footprint of uncertainty

Uncertainty in the primary memberships of a type-2 fuzzy set, A, consists of a
bounded region that we call the “footprint of uncertainty” (FOU). Mathematically,
it is the union of all primary membership functions [18-20].

Upper and lower membership functions

An “upper membership function” and a “lower membership functions” are two type-
1 membership functions that are bounds for the FOU of a type-2 fuzzy set A. The
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upper membership function is associated with the upper bound of the FOU(A). The
lower membership function is associated with the lower bound of the FOU(A).

Operations of Type-2 Fuzzy Sets

Union of type-2 fuzzy sets

The union of A; and A, is another type-2 fuzzy set, just as the union of type-1 fuzzy
sets A; and A, is another type-1 fuzzy set. More formally, we have the following
expression:

A UA, =/ i uA, (X)/x an
xeX

Intersection of type-2 fuzzy sets

The intersection of A, and . A, is another type-2 fuzzy set, just as the intersection of
type-1 fuzzy sets A; and A, is another type-1 fuzzy set. More formally, we have the
following expression:

A NA, =/ KHF nA, (X)/x (12)
xeX

Complement of a type-2 fuzzy set

The complement of a set is another type-2 fuzzy set, just as the complement of type-1
fuzzy set A is another type-1 fuzzy set. More formally we have:

R = [ 00/x (13)

where the prime denotes complement in the above equation. In this equation,
is the secondary membership function [5, 6, 17, 20].

Type-2 fuzzy rules

Consider a type-2 FLS having r inputs x; € Xy, ..., x, € X, and one output y € Y.
As in the type-1 case, we can assume that there are M rules; but, in the type-2 case
the [ th rule has the form:

R':IFxjisAland...x,is AL, THEN yisY' 1=1,...M (14

The rules represent a type-2 rules relation between the input space X;x ...xX,,
and the space output set space Y, of the type-2 fuzzy system [30, 31].
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2 Proposed Type-1 and Type-2 Fuzzy Classifier

In this section, we explain the creation of the type-1 and type-2 fuzzy system, as
well as the particle for the type-1 and type-2 fuzzy system, rules and the objective
function to optimize the structures of the fuzzy system type-1 and type-2.

2.1 Blood Pressure

The design of the new type-1 and type-2 fuzzy logic system for the classification
of blood pressure consists of the two input variables of the fuzzy system have eight
linguistic variables (Low, Optimal, Normal, High Normal, Grade 1, Grade 2, Grade
2 and ISH)., (as shown in Figs. 2 and 3) The output variable called Classification
has eleven linguistic variables (Hypotension Low, Optimal, Normal, High Normal,
Grade 1, Grade 2, Grade 2 and ISH1, ISH2 and ISH3).

Type-1 Memberships Functions:

2
. _1fXx—=cC
gaussian = e 2 (15)
T
X, C, r
T T Ig T T T
Low Optimal Normal Normal Grade1 Grade2  Grade3 ISH

Degree of membership

50 100 150 200 250 300
Systolic

Fig. 2 Membership functions for input type-1 fuzzy system
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Low Optimal Normal HighNormal Grade1 Grade2 Grade3 ISH

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0 . f
0 50 100 150 200 250 300

Fig. 3 Membership functions for input type-2 fuzzy system

where c is of the center of the function and 7 is the implication of the function.

MF too high:
x — 234\
MFToohigh = e_2< 752 ) (16)
where ¢ = 234 and r = 25.2.
Gbell:
1
bell(a,b,¢c) = ——— 17
O T T "
MF Veryhigh:
MFYV high !
erynhigh = ~169.9
1+ [2=18212(2.479)
1
= (18)
x—169.0
1+ [%5557[4.96

where a =5.9,b =2.479 and ¢ = 169.90
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Triangle:
0, x<a
L a<x<b
triangle(x; a, b, ¢)={ ¥’ " =7 — 19
riangle(x; a c) E_TZ,bSXSC (19)
0, c<x
0 is when there is no membership, in the corners of membership.
0,x <a
Hia<x<b
triangle(x;a,b,c) = { *=b° " =7 —
riangle(x;a, b, c) ﬁ,bfxfc
0,c<x
MF high:
0,x <138
x—138
138 < x <149
MFHight(x) = 1> - =
ight(x) 162x 149 < x < 162
0,162 < x
where a = 138, b = /49 and ¢ = 162
The result of the denominators is the subtractions of the variables.
Type-2 Memberships Functions:
i(x) = [p(x), &(x)] = gausstype2(x, [0 m,, m;]) (20)

where “igaussstype2” stands for the Gaussian generalized type-2 membership
function with uncertain mean:

m, = m +m; Q21
2
1/x—m, 2
p, = gaussmf (x, [o,m;, m;y]) = exp 3 - (22)

P = gaussmf (X, [0, m,])

u(x, p) = gaussmf (i, [0, p,])
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= exp —( x) (23)
2 oy,

where = p, =is of the center of the function and o, is the implication of the function.

MF too high:

—234\?
MFToohigh = e%(x )

25.2 @4)

where p, =234 and 0, = 25.2.

2.2 Rules of Fuzzy Systems

In this section the 64 possible rules of the fuzzy inference system are shown (Fig. 4).

2.3 Particle Swarm Optimization for the Fuzzy System

The particle structure is composed of 390 parameters, of which 1-328 are real
numbers and represent parameters of the inputs and outputs of the membership func-
tions used are Gaussian, generalized bell, triangular, and trapezoidal. The Parameters
325-388 represent the number of rules of type-1 fuzzy systems (Fig. 5).

The PSO structure is composed of 720 parameters, of which 1-712 are real
numbers and represent parameters of the inputs and outputs of the membership func-
tions used are Gaussian, generalized bell, triangular, and trapezoidal. The Parameters
649722, represent the number of rules of type-2 fuzzy systems (Fig. 6).

Objective Function:

The main motivation for the optimize the structures of the fuzzy system type-1 and
type-2, (as soon as parameters and type of membership functions, type of system,
and a number of rules), to reduce the number of fuzzy rules and the classification
error on the base patient data.

Objective Function = ep, + (np, / mp,) (25)

ep. is the classification error of the PSO.
np; is the rules number obtained for PSO.

mp; he Maximum number of rules of the PSO.
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Fig. 4 Fuzzy rule base. Possible rules of the fuzzy system
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Gaussian

Triangular

Gbell

Traoezoidal

Fig. 5 PSO particle composition for the type 1 fuzzy system

3 Experimental Results

This part explains the experimental results of optimization of the type-1 and Type-2
classifiers.

Table 1 Summarizes all the experiments results of classifier type-1 where MFT
(Membership Function Type), FST (Type of the Fuzzy system), Rules Number,
Classification Error, and Time. Table 1 are also shown the best classification error
0.001045, where the best iteration was 8, in a time 01:17:15, with 22 fuzzy rules, the
membership function type is Gaussian, and shows the results of the 30 Iterations.

Table 2 summarizes all the results of the experiments of classifier type-2 where
MFT (Membership Function Type), FST (Type of the Fuzzy system), Rules Number,
Classification Error, and Time. Table 2 are also shown best the classification error of
0.001272, where the best iteration was 18, in a time 02:21:18, with 24 fuzzy rules,
the membership function type is Gaussian, and shows the results of the 30 Iterations.

Table 3 summarizes all the results of the 40 patients and from which to carry out
the experiments we have 45 samples of diastolic and systolic pressure and as a result,
we obtain the arterial classification with the type-1 fuzzy system.
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Gaussian

Triangular

Trapezoidal

Rules

Fig. 6 PSO particle composition for the type-2 fuzzy system

Table 4 summarizes all the results of the 40 patients and from which to carry out
the experiments we have 45 samples of diastolic and systolic pressure and as a result
we obtain the arterial classification with the type-2 fuzzy system.

4 Conclusion

In this paper, a fuzzy classifier for systolic and diastolic hypertension was developed,
with the type 1 fuzzy classifier optimization, with a classification error of 0.001045.
We obtained with 22 rules, Mamdani fuzzy system with Gaussian-type membership
functions. On the other hand, in the type-2 fuzzy classifier optimization, with a
classification error of 0.001275, we obtained with 23 rules, Mamdani fuzzy system
with Gaussian-type membership functions. Tests were carried out with 40 people
and we obtained excellent results with the type-1 and type-2 fuzzy classifiers. Fuzzy
systems and particle optimization algorithms are techniques that are effective and
efficient in providing good classification solutions.
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Table 1 Type-1 classifier results
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Iterations FST TMF Rules number Time Classification error
1 M Gau 62 01:03:13 0.00221

2 M Gau 18 00:54:26 0.002339
3 S Gau 22 01:15:34 0.0013887
4 M Gau 16 01:20:02 0.001425
5 M Tri 23 01:22:10 0.002714
6 S Gau 25 01:15:15 0.0023593
7 M Tri 33 01:15:15 0.002651
8 M Gau 22 01:17:15 0.001045
9 M Gau 22 01:51:22 0.002665
10 M Gau 35 01:50:24 0.001975
11 M Tri 38 01:14:12 0.002265
12 S Tri 22 00:54:26 0.002339
13 M Tri 34 01:15:34 0.0013887
14 S Gau 64 01:20:02 0.001295
15 S Gau 33 01:22:10 0.003214
16 M Gbell 26 01:15:15 0.003596
17 M Tri 28 01:15:15 0.002651
18 S Gau 39 01:17:15 0.001124
19 M Gau 27 01:51:22 0.002665
20 M Gbell 31 01:52:52 0.001978
21 M Tri 44 01:23:13 0.00222
22 S Gau 47 00:54:26 0.002339
23 M Gau 58 01:15:34 0.002388
24 S Tri 21 01:20:02 0.001555
25 M Gau 36 01:22:10 0.002714
26 S Gau 22 01:15:15 0.002366
27 M Gau 29 01:15:15 0.001261
28 M Tri 30 01:17:15 0.001735
29 M Tri 31 01:51:22 0.002133
30 M Tri 21 01:49:54 0.001836
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Table 2 Result of the classification with type-2

M. Pulido and P. Melin

Iterations ST TMF Rules number Time Classification error
1 M Gau 51 02:05:18 0.00346
2 M Gau 63 02:46:27 0.00329
3 S Gau 22 02:17:36 0.002387
4 M Gau 16 01:20:02 0.002125
5 M Tri 23 01:22:10 0.001896
6 S Gau 25 01:15:15 0.002187
7 M Tri 33 01:15:15 0.002651
8 S Gau 44 01:17:15 0.001756
9 M Gau 22 01:51:22 0.001366
10 M Gau 36 01:49:54 0.002190
11 M Tri 39 01:03:13 0.001887
12 S Tri 22 00:54:26 0.002339
13 M Tri 34 01:15:34 0.001638
14 S Gau 64 01:20:02 0.002195
15 S Gau 33 01:22:10 0.003214
16 M Gbell 26 01:15:15 0.002387
17 M Tri 28 01:15:15 0.002651
18 M Gau 24 02:21:18 0.001272
19 M Gau 27 01:51:22 0.002317
20 M Gbell 33 01:49:54 0.001976
21 M Tri 43 01:03:13 0.002123
22 S Gau 47 00:54:26 0.001878
23 M Gau 58 01:15:34 0.001977
24 S Tri 22 01:20:02 0.001457
25 M Gau 36 01:22:10 0.002156
26 S Gau 22 01:15:15 0.001745
27 M Gau 29 01:15:15 0.002261
28 M Tri 30 01:17:15 0.001283
29 M Tri 31 02:41:23 0.002178
30 M Gau 27 02:29:57 0.002083
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Table 3 Results with type-1 fuzzy classifier for the arterial hypertension
Persons | Systolic | Diastolic | Systolic classification | Diastolic classification | Classification
1 117 76 117 76 Optimal
2 118 77 115 75 Optimal
3 107 74 107 74 Optimal
4 122 75 122 75 Normal
5 114 66 115 61 Optimal
6 141 81 141 81 High
7 106 62 112 64 Optimal
8 120 81 120 81 Normal
9 107 61 112 58 Optimal
10 130 74 129 73 Normal
11 116 73 116 73 Optimal
12 134 62 130 62 Normal
13 135 82 136 81 Normal
14 121 77 120 72 Optimal
15 109 63 108 63 Optimal
16 123 71 124 71 Normal
17 125 77 126 76 Normal
18 106 65 106 65 Optimal
19 110 68 110 68 Optimal
20 123 76 123 76 Normal
21 115 72 112 71 Optimal
22 112 71 111 70 Optimal
23 122 76 122 73 Normal
24 117 68 116 67 Optimal
25 121 74 120 74 Optimal
26 129 82 129 80 Normal
27 121 63 120 61 Optimal
28 112 72 112 73 Optimal
29 123 82 121 82 Normal
30 95 61 95 61 Optimal
31 106 65 106 65 Optimal
32 110 69 116 75 Optimal
33 116 67 116 71 Normal
34 130 86 130 86 Normal
35 117 73 117 74 Optimal
36 117 54 117 58 Optimal

(continued)
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Table 3 (continued)

M. Pulido and P. Melin

Persons | Systolic | Diastolic | Systolic classification | Diastolic classification | Classification
37 113 72 113 70 Optimal
38 132 86 131 71 Normal
39 128 81 128 81 Normal
40 131 85 134 85 Normal
Table 4 Results with fuzzy classifier type-2 for the arterial hypertension

Persons | Systolic | Diastolic | Systolic classification | Diastolic classification | Classification
1 117 76 117 76 Optimal
2 118 77 115 75 Optimal
3 107 74 107 74 Optimal
4 122 75 122 75 Normal
5 114 66 114 61 Optimal
6 141 81 142 81 High

7 106 62 112 64 Optimal
8 120 81 120 81 Normal
9 107 61 112 58 Optimal
10 130 74 129 73 Normal
11 116 73 116 73 Optimal
12 134 62 130 77 Normal
13 135 82 136 81 Normal
14 121 77 120 72 Optimal
15 109 63 108 63 Optimal
16 123 71 124 70 Normal
17 125 77 126 76 Normal
18 106 65 106 65 Optimal
19 110 68 112 68 Optimal
20 123 76 123 76 Normal
21 115 72 114 72 Optimal
22 112 71 112 71 Optimal
23 122 76 122 76 Normal
24 117 68 116 68 Optimal
25 121 74 121 74 Optimal
26 129 82 130 82 Normal
27 121 63 121 63 Optimal
28 112 72 112 72 Optimal

(continued)
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Table 4 (continued)

Persons | Systolic | Diastolic | Systolic classification | Diastolic classification | Classification
29 123 82 122 82 Normal

30 95 61 95 61 Optimal

31 106 65 109 77 Optimal

32 110 69 115 75 Optimal

33 116 67 127 69 Normal

34 130 86 125 80 Normal

35 117 73 119 78 Optimal
36 117 54 117 61 Optimal
37 113 72 108 70 Optimal
38 132 86 123 80 Normal
39 128 81 127 81 Normal

40 131 85 133 84 Normal
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Methods for the Internet Shopping L
Optimization Problem
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and Claudia Guadalupe Gomez Santillan

Abstract The Internet shopping optimization problem (IShOP) is an NP-hard
combinatorial problem, which minimizes the total cost of shopping a list of products
available in a set of shops on the Internet, considering the product price plus the
shipping costs. With the advent of electronic commerce and the incredible popu-
larity of Internet transactions, IShOP has become a problem of great relevance today
in modern society with several variations of the practical problem application. This
chapter reviews the different approaches applied to solve the problem. We review the
used models, the solution methods, and the instances used to analyze the performance
algorithms. Finally, we identify the main current and future research trends.

Keywords Internet shopping optimization problem - Heuristic algorithms *
Metaheuristic algorithms

1 Introduction

Electronic commerce has revolutionized modern society today due to the important
advancement of information technologies [1].

Undoubtedly, the large number of transactions carried out every day are primarily
due to online purchases; users mainly make purchases of products and services that
find meager prices. The main advantage of suppliers when offering their products
on the Internet is that they are available to a broader public, and they do not have
to worry about associated expenses such as maintenance, rent, among others, better
prices, and a more comprehensive range of products and services [2].

The Internet shopping optimization problem (IShOP) [3] assumes a customer
wants to purchase a shopping list in a set of online stores with the least possible
expense. This problem is an Optimization problem formally modeled in [4]. However,
IShOP is known to be an NP-hard combinatorial problem [5]. Therefore, achieving
optimal solutions can be time-consuming, specifically for massive instances.
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Currently, there are many variants of IShOP, and this chapter reviews the different
approaches applied to solve the problem, the solution methods, and the instances used
to compare the algorithms and identify current research trends and future search
topics.

2 Literature Review

This section presents the works in the state-of-the-art related to the Internet Shop-
ping Optimization Problem. This section aims to diagnose the current situation and
available knowledge regarding the solution to the problem. Furthermore, the works
show a diversity of variants of the IShOP. Moreover, finally, an analysis is carried
out to identify the problems or open areas of interest.

2.1 Internet Shopping Optimization Problem with Shipping
Costs

Blazewicz et al. [4] formally define the IShOP problem for the first time. To define
the problem consider that a customer needs to buy a set of n products N online,
which he can buy in a set of m available stores M. The set N; contains the products
available in-store 7, for each product j € N; are given c;;, the cost of the product i in
the store j and the shipping cost d; from the store i. When a customer buys one or
more products in a store, is add the shipping cost of this store i. Table 1, show the
main parameters and variables used in the formal definition of the problem.

Formally, the IShOP problem consists in determining a partition of the products
X = (X1,..., X)), such that X; € N; and U/ | X; = N, and that minimizes the
following total cost objective function:

m

FX) =Y |o(Xihdi + ) cij ()

i=1 jex;

where | X;| is the X; cardinality, and 0 (X;) =0if i =0ando(X;) = 1if i > 0.

Multiple items of the same type shopping are not supported; also it is assumed that
all product is available in all stores. The instances used in the experiments consider
five products and six stores.

Authors formally prove that the IShOP is NP-Hard in the strong sense even when
the prices of the products are equal to zero and the shipping costs are equal to 1.
Also they propose two polynomial algorithms to exactly solve small instances, the
algorithm SHOP-ENUM has a O (n2™) time complexity and PRODUCT-ENUM has
a O(nm™) time complexity.
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Table 1 Variables and
parameters

Variable/parameter | Explanation

M Set of shops

N Set of products

m Number of shops, |M|

n Number of products, |N|

i Shop indicator

J Product indicator

N; Multiset of products available from shop
i

d; Delivery price of all products from shop i

Cij Cost of product j in shop i

Xij 0-1 Usage indicator for product j in
shop i

Vi 0-1 Usage indicator for shop i

T Cumulative value of all products bought
in all shops

T; Cumulative value of all products bought
from shop i

fi(Th) Piecewise function for all products (7})
bought from shop i

X = (X1,...,Xm) | Sequence of selections of products from
shops 1,...,m

F(X) Sum of product and delivery costs

o(X) 0—1 Indicator function for x = 0 and
x>0

X* Optimal sequence of selections of
products

F* Optimal (minimum) total cost

The asterisk represents the optimal value

Lopez Locés et al. [2] uses a matrix to represent the candidate solutions and three
sets of instances (small, medium and large) containing three subsets each one. The
following subsets 3n20m, 4n20m and 5n20m belong to the set of small instances,
the medium instances includes the subsets 51240m, 5n400m, 50n240m, and finally,
the large instances the subsets 50n400m, 100n240m, 100n400m. They proposes
the MinMin heuristic algorithm that goes through each store assigning a product
and determines if it has the lowest total cost. Also they propose a metaheuristic
cell processing algorithm which performs a simulation of multiple cell working in
parallel. This work has the best results compared to the state-of-the-art algorithms.
Multiple items of the same type shopping are not supported; also it is assumed that
all product is available in all stores.
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Table 2 Probability of

occurrence Occurrence (%) [ai;] [bij]

8 minimum minimum +

ref —minimum

3 minimum + minimum +
ref —minimum ref —minimum
4 2
9 minimum + minimum +
ref—minimum ref —minimum
1.25
21 minimum + ref

ref —minimum
1.25

24 ref ref_i_maximzimfref
9 ref+maximlj‘m—rgf ref+ maxim;m—r@f
10 ref+ maximLémfref r€f+maXI)?z?7re‘f
16 ref—i—% maximum

The product prices are randomly generated as described below. Starting with an
initial reference price (ref) for a given product j : ref € {2,4, ..., 100}, the price
is randomly chosen with the probabilities of occurrence of 40% from 0 to 20, 16%
from 22 to 30, 12% from 32 to 40, 16% from 42 to 60, and 16% from 62 to 100.
The price for the product j from store i, is p;; € [aij, bi;], where a;; > 0.75ref;,
b;j < 1.36ref; and the intervals between [aij, bij] are in Table 2 [6].

In this work authors propose an integer linear programming model (ILP) which
can obtaining exact solutions in a reasonable time for the small instances subset.
Table 1 show the main variables and parameters used in the ILP model.

In the ILP model the binary variable x;; indicates whether a product j is bought
at the store i, the binary variable y; indicates if at least one product is purchased at
the store i:

m n m
min Y Y cyxig+ Y diyi )
i=1 j=I i=1
st x;;€{0,1},Vie M,Vj e N, 3
yi €{0,1},Vi e M, “4)

DD wi=n 5)

i=1 j=1

inj:l’ VjEN, (6)

i=l1
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ny;— Y x; >0, VieM. (7)

j=1

The objective function is shown in (2), which is the total cost of purchasing a shop-
ping list from the selected shops, including delivery costs, subject to the following
constraints. The constraint (5) ensures that the number of purchased products is equal
to the number of products on the shopping list, while constraint (6) guarantees that
only one product of each kind is selected; the constraint (7) ensures that the variable
vi, takes the value of 1 when a product is purchased from shop i.

Wojciechowski and Musial [7] evaluated the best price comparison websites,
creates a realistic model considering the actual conditions of internet purchases as
possible and analyses the relationship between competitiveness, advertising, prices,
and price dispersion in online stores. This model focuses on purchasing books as the
product in most significant demand at that time and with a wide variety in virtual
stores. Specific formulas are used to randomly calculate product prices and divide the
price ranges into intervals. They propose a heuristic called 2-way basket optimization
(2WBO), which orders the list of products in descending order and searches for the
store with the lowest cost for each product. In this work, multiple items of the same
type of shopping are supported; also, they assumed that all products are available in
all stores. The instances used in the experiments consider 3, 5, 8, and 10 products
and 20 stores.

Lopez-Locés et al. [6] proposes two metaheuristics algorithms based on the
trajectory: Tabu Search (TS) and Simulated Annealing (SA). The objective of these
metaheuristics is to obtain an approximation of the optimal solution for the IShOP
problem. For this, they created instances from actual conditions of online book stores
such as Amazon, Barnes, and Noble. These instances are small (with ten instances,
with 20 instances) and large (with 30 instances). In this work multiple items of the
same type shopping are not supported; also it is assumed that all product is available
in all stores.

Verma et al. [8] propose a genetic algorithm (GA) to solve the IShOP, where a
chromosome represents a solution and where each gene represents the index number
of the store where they want to buy the product. The first generation of the solution is
randomized; the fitness value is calculated by adding the costs of the products stored
in the cost matrix of the stores and the products. The chromosome with the lowest
total cost is the most suitable. The computational experiments consider instances
created using the cost of 10 different products in 20 different virtual stores. They
carry out an extension of the proposed work dedicated mainly to users who do not
use smartphones. Multiple items of the same type shopping are not supported; also
it is assumed that all product is available in all stores.

Sayyaadi et al. [9] propose a discretization approach and the use of the water cycle
algorithm (WCA) to solve instances of the IShOP problem with a size of 10n30m
(10 products and 30 stores). In this work multiple items of the same type shopping
are not supported; also it is assumed that all product is available in all stores.
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Huacuja et al. [10] propose a new metaheuristic algorithm based on the memetic
algorithm methodology. The memetic algorithm uses a vector representation of the
solutions and incorporate a mechanism that speeds up the calculation of the objective
function. The computational experiments consider instances created randomly, three
sets of instances (small, medium and large) containing three subsets each one. The
following subsets 3n20m, 4n20m and 5n20m belong to the set of small instances,
the medium instances includes the subsets 51240m, 51400m, 50n240m, and finally,
the large instances the subsets 50n400m, 100n240m, 100n400m. Each subgroup
contains 30 cases. In this work multiple items of the same type shopping are not
supported; also it is assumed that all product is available in all stores. The compu-
tational experiments show that the memetic algorithm performance outperforms to
the cell processing algorithm.

2.2 Internet Shopping Optimization Problem with Shipping
Costs and Discounts

The notation used in the Eq. 8 is given in Table 3. Musial et al. [11] for the first time
approaches the IShOP with shipping costs and discounts and propose the following
model:

minZij(pijxij)+Zdjyj, (8)
j=1

i=1 j=1

sty xp=Lli=1....m )

j=1
O0<xj=<yji=1,....mj=1,...,n, (10)
xij€{0,1},y; €{0,1},i=1,...,m,j=1,...,n, (11)
where a customer wants to buy products from a given set M = {1, ..., m} in a given
set of Internet shops N = {1, ..., n} at the minimum total final price. These are the

following given parameters and decision variables:

d j—delivery price of all products from shop j,

y;j—usage indicator for shop j,

pij—standard price of product i in shop j,

x;j—usage indicator for product i in shop j,

fi (Tj)—piecewise function (discounting) for final price of all products T bought
in shop j.

Btazewicz et al. [12] associate problem location facilities to IShOP with discounts
and propose and develop simple heuristics to solve the IShOP with discounts. This



A Survey of Models and Solution Methods for the Internet Shopping ... 111

Table 3 Variables and Variable/parameter | Explanation
parameters

M Set of products

N Set of shops

m Number of products

n Number of shops

i Product indicator

J Shop indicator

M; Multiset of products available in shop j

dj Delivery price of all products from shop
J

yj Usage indicator for shop j

Dij Cost of product i in shop j

Xij Usage indicator for product i in shop j

T Cumulative value of all products bought
in all shops

T; Cumulative value of all products bought
from shop j

£i(T)) Piecewise function for all products
bought in shop j

X = (X1,..., Xn) |Sequence of selections of products in
shops 1,...,n

F(X) Sum of product and delivery costs

8(X) 0—1 Indicator function for x = 0 and
x>0

X* Optimal sequence of selections of
products

F* Optimal (minimum) total cost

The asterisk represents the optimal value

heuristics obtains better results than the book price comparison sites. In this work,
multiple items of the same type of shopping they supported also assumed that all prod-
ucts are available in all stores. Ten instances used in the experiments are generated
for each pair (n, m).

Jézefezyk and Lawrynowicz [13] consider the price-sensitive discounts of each
product (ISOPwD), and propose two metaheuristic algorithms: tabu search (TS) and
the simulated annealing (SA). Other possible discounts connected, for example, with
bundles of products and (or) coupons, are not considered. The main contributions of
this work are: First of all, a more overall version of IShOPwD they considered with an
arbitrary number of purchased products, the possibility to buy an identical product in
different stores when its quantity in the selected store is not enough and considering
the particular parameters in the decision making processes such as product weight,
amount and availability. In this work, multiple items of the same type shopping are
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supported; also, are assumed that all products are available in all stores. The instances
used in the experiments consider 5, 10, 15, 20, 25, 30, 35, 40, 45, 50 and 55 products,
and 50, 100, 150, 200, 250, 300, 350, 400, 450, 500, 550 stores, and ordered amount
of product 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110.

Musial et al. [11] consider the additional shipping costs to the prices of the products
for each store; in addition, the IShOP model is extended including discounts on the
prices of the products, a comparison of several optimization algorithms are made
(Greedy, Forecasting, Cellular, MinMin, B&B) to fix the IShOP issue with discounts.
They assume that there are no differences between the quality of the goods the web
stores sell besides their prices for the different products. They introduce a new set of
heuristic approaches to solve the problem. The heuristic comprise a new lightweight
metaheuristic based on a cellular optimization process, an extended greedy algorithm,
and two state-of-the-art algorithms. The instances used in the experiments consider
5,10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 85, 90, 95 products and 20,
40 stores. In this work, multiple items of the same type shopping do not supported
them; also, is assumed that all product are available in all stores.

Blazewicz et al. [14] consider the shipping costs and discounts sensitive to the
price of each product and in each store to solve the IShOP problem, a compara-
tive evaluation is carried out between several algorithms (BB, PCS, PCS+, Greedy,
Forecasting and a new implementation) to solve the IShOP problem with discounts
and shipping costs. In this work, multiple items of the same type shopping do not
support them; also, they assumed that all the products are available in all stores. The
instances used in the experiments consider 2, 3, 4, 5, 6, 7 products and 20, 30, 40
stores.

Sadollah et al. [15] assign a maximum budget per client for the IShOP problem; in
addition, discounts offered and the selection of multiple elements within the candi-
date solutions is added. In this work, the ISOP formulation is enhanced by consid-
ering several extra assumptions and constraints such as the maximum affordable
budget, discounts offered by Internet shops, and permission for multiple-item selec-
tions. An ISOP experiment with 300 Internet shops and 400 products is investigated.
Three metaheuristic optimization methods, including the genetic algorithm (GA),
the harmony search (HS), and the water cycle algorithm (WCA) have been utilized
to find the better optimal solutions; also, is assumed that all products are available
in all stores.

Orciuoli et al. [16] consider non-cumulative discount coupons in the IShOP solu-
tion, a new type of coupon that only applies to a single product, and a new way
of collecting discount coupons will be incorporated. This work aimed at system-
atically comparing three bio-inspired optimization approaches, genetic algorithms,
memetic ones, and ant colony optimization, to detect the best performer for solving
the shopping plan problem in a blended shopping scenario. The instances used in
the experiments consider 10, 15, 20 products and 10, 40, 80 number of items in the
wish list, and 15, 30 percentage of products subject to a coupon, also it is assumed
that all product are available in all stores.

D’ Aniello et al. [17] propose using a framework based on AmlI to solve the IShOP
problem, and mobile devices will be incorporated in scenarios with discount coupons
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to obtain candidate solutions. Moreover, the work defines a genetic algorithm to face
the shopping plan problem with a heuristic approach. A genetic algorithm is used
to solve various instances of the IShOP with discount coupons. The dataset for the
evaluation has been generated randomly with the following characteristics: number
of items in the wish list = 10, average number of product for each set of products =
100 and variance = 10 (generated by using a Gaussian probability distribution), the
probability to use a coupon for a single product = 0.5, the probability of generating
a coupon for a single product = 0.5, also it is assumed that all product is available
in all stores.

D’Aniello et al. [18] use a framework to build scenarios that support the user
to establish a purchasing plan to solve the IShOP problem, discount coupons they
have taken into account, and a memetic algorithm is used to solve the problem. The
algorithm uses a stochastic local search within the IShOP solution establishing a
purchasing plan for each user. The dataset for the evaluation has been generated
randomly with the following characteristics: number of items in the wish list = {10,
15, 20}, the average number of product for each wish = {10, 40, 80}, and number
of involved coupons = {15, 30}, the probability to generating a coupon for a single
product = 0.5, also it is assumed that all product is available in all stores.

Gaeta et al. [19] propose using a framework to solve the IShOP problem under
an intelligent environment, which defines purchase plans that allow minimizing the
total costs of purchases, taking into account discount coupons, also using a Genetic
algorithm for solving the IShOP problem with discount coupons. The dataset for the
evaluation has been generated randomly with the following characteristics: number
of items in the wish list = 20, average number of products for each set of products =
1000 and variance = 100 (generated by using a Gaussian probability distribution), the
probability to use a coupon for a single product = 0.06, the probability of generating
a coupon for a single product = 0.04, also it is assumed that all product are available
in all stores.

2.3 Internet Shopping Optimization Problem with a Budget
(B-ISOP)

The notation used in the Eq. 12 is given in Table 4. Marsza*kowski [20] for the first
time formulates the Internet shopping optimization problem with budget as follows.
The customer wishes to acquire a set M of m products, where for each product I the
user assigns its perceived value v;. Said purchase is limited by a budget P. From
the data collected in a Database we have the set N of n stores: for each store j, the
standard delivery price is d; and for each product i available in store j, your cost
in this store is p;. The objective is to maximize the amount of products that the
customer can buy in the stores considering the budget limitation. This can be stated
as follows:
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Table 4 Variables and Variable/parameter | Explanation

parameters
M Set of products
N Set of shops
m Number of products
n Number of shops

Product indicator

J Shop indicator

dj Delivery price of all products from shop j
yj Indicator variable for shop j

Dij Cost of product i in shop j

Xij Indicator variable for product i in shop j
v; User perceived value of product i

P Budget, limit of total cost

maxiix,‘jv,- (12)

i=1 j=1

s.t. ZZpijx,»j+Zdjyj <P, (13)
j=l1

i=1 j=1

where there are additional restrictions so that each product is chosen at least once
and that if any product is selected from a store j, this shops delivery cost will paid.
Finally, the indicators are binary.

n
E xijfl,i=1,...,m,
j=1

O0<x<yji=1,....m, j=1,...,n,
xije{O,l},yje{O,l},i:1,...,m,j:1,...,n. (14)

Marsza®kowski [20], for the first time, B-ISOP is defined as a problem in which
a customer wants to buy a list of products considering not exceeding an established
budget. Additional restrictions limit the selection of a product only once and, if so, add
the shipping cost from the store. Therefore, a mathematical formulation he carried
out for the B-ISOP problem in the case of budget limitations, and he considered to
maximizing the number of products that he can purchase with the established budget.
The BKP problem he used to test the NP-Completes of this problem, however, for
the particular case where the customer wants to maximize the number of products
he receives, a new transformation of this problem to the MC problem is carried out.
They include a relationship of the B-ISOP with other problems such as BKP, MCKEP,
WMC, BMC and GMC.
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2.4 Internet Shopping Optimization Problem with Price
Sensitive Discounts

Blazewicz et al. [17] conducted a study and optimization aspect to Internet shopping
with price-sensitive discounts from customer perspective. Specifically, they consider
a problem in which a customer would like to buy products of a given set N =
{1,...,n} in a given set of Internet shops M = {1, ..., m} at the final minimum
price. The show parameters and decision variables are in Table 5.

They denote the above problem as IShOPwD, where the abbreviation stands for
Internet Shopping with price sensitive discounts. The mathematical formulation of
the model is as follows:

min Y~ fi| diyi + ) pijxis (15)
i=1 jeN;
sty xj=1lj=1....n (16)
ieM;
O<xjj<y,i=1,....m,j=1,...,n (17
xij€{0,1},y;€{0,1},i=1,....m,j=1,...,n (18)

Blazewicz et al. [17] consider the IShOP study with price-sensitive discounts
from the customer’s perspective. Two sub-problems are defined and both consider

Table § Variables and parameters

Variable/parameter Explanation

d; Delivery price of all products from shop i to the customer

Dij Standard price of product j in shop i, p;; = p; if Standard prices of
product j are the same in all shops

N; Subset of products of the set N in shop i (eligible products for shop
i),Ni €N

M; Subset of shops in which product j can be bought (eligible shops for
product j), M; € M

Si Subset of products selected by the customer in shop i (basket of shop i,
decision variable), N = U;”:] Siand S; NS; =0,i # j, for a feasible
solution

Ti(S)) =di + Y pij | Total delivery and standard price in shop I for a given set of products

JESi S; C N;; if there is no ambiguity, notation S; in 7;(S;) can be omitted
fi(T) Discounting function for final price, a concave increasing differentiable

or concave piecewise linear function of total delivery and standard price
T in shop i at all points 7 > 0, f;(0) =0
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that all the stores have all the products and the opposite case where not all the stores
sell them. They implemented a branch and bound algorithm to calculate the optimal
solutions of the evaluated instances; for the experiments carried out, 50 small-size
instances are used.

Musial et al. [21] investigate an extended version of the IShOP, considering price-
sensitive discounts. A new set of heuristic approaches to solve the problem is intro-
duced. The heuristics are composed of a new lightweight metaheuristic based on
a cellular optimization process, a new greedy algorithm, and two state-of-the-art
ones. They have designed different heuristics to consider a different solution quality
regarding computational time and results close to the optimum solution. The optimal
solutions for small problem instances are solved using a branch and bound algorithm;
they also assumed that all products are available in all stores. In computational exper-
iments assume that the number of stores is {20, 40} and the number of products is
{2,3,...,10,15,...,100}.

2.5 Trusted Internet Shopping Optimization Problem
(T-ISOP)

Musial and Lopez-Locés [22] propose for the first time a new, more sophisticate
model where all the variables and symbols are described in Table 6, which reflects
real shopping situations more accurately. Trusted Internet Shopping Optimization
Problem (T-ISOP) is presented in the following way:

m n - n

i=1 j=1

s.t. (19)
Y xij=1¥ieM (20)
j=1

m n

sz,-j =m Q1)

mxy;— Y xij =0Vj €N (22)

i=1

x;j€{0,1} Vie M,¥VjeN (23)

yj €{0,1} VjeN (24)
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Table 6 Variables and parameters

Variable/parameter Explanation
m Number of products to buy
n Number of shops
i Product indicator
j Shop indicator
d; Delivery price for all products from shop j
yj Usage indicator for delivery price from shop j
Dij Cost of product i in shop j
Xij Usage indicator for product i in shop j
OPay; Overpay trust function for shop j
vj Trust veto factor for shop j
OPay;=(1,...,max OP)Yj € N 25)
v;jef{l,o0} VjeN (26)

Musial and Lopez-Locés [22] formulate a new model to solve the IShOP problem
that includes trust and reputation for each of the stores to be evaluated; this model
named Trusted Internet Shopping Optimization Problem (T-ISOP), a genetic algo-
rithm (GA) is used to solve the IShOP problem that includes trust and reputation
of stores. In this work, multiple items of the same type shopping are not supported;
also, they assume that all products are available in all stores. The instances used in
the experiments consider two sets of 10 products and 20 stores, and 20 products and
20 stores.

Musial et al. [1] propose an expansion of the IShOP problem model considering
discounts among other variables; the recommendations are used so that the user can
make decisions in the selection of stores where each product should be purchased.
A mapping of the IShOP problem is carried out to the Cloud Brokering type and a
framework they also developed that allows optimizing the IShOP problem.

2.6 Bi-objective Internet Shopping Optimization Problem

The notation used in Eq. 27 is in Table 7. Chung [23], for the first time, formulated
the bi-objective Internet shopping optimization problem. The model considers the
purchase cost and delivery time limitation as targets at the same time. The bi-objective
model is the following:
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Table 7 Variables and parameters

Variable/parameter Explanation

M Set of shops

N Set of products

n Number of products

m Number of shops

Dij Price of product i at shop j

fi Delivery cost at shop j

dij Expected delivery time of product i from shop j

Xij Binary decision variable of product i is selected from shop j
Vi Binary decision variable of delivery cost at shop j

MinZZpijx,-j +ijyj
i J
Min max;, ; (d,'jx,'j)
s.t. inj =1VvVi=1,...,n
J
Zx,'j <nyj,j=1,...,m
i

)Cij:()/l,yj:()/l

27

(28)

(29)

(30)

€29

The objective function (27) means that you want to minimize the purchase cost,
including price of products and delivery cost. The objective function (28) means that
you want to minimize the delivery time of all products. Constraints (29) means that
all products to buy must be selected from available shops and constraints (30) means
that fixed delivery cost incurs whenever there is any product selection from shop.
Constraints (31) means binary decision variables.

Chung [23] proposes a bi-objective solution to the IShOP problem using the
costs of the products plus the shipping cost and adds the restriction of the product
availability time. To solve the problem, two heuristics are used to satisfy the two
objective functions to obtain the Pareto optimal set.



A Survey of Models and Solution Methods for the Internet Shopping ... 119

2.7 Research Open Issues

In this section, the main research issues for each variant of IShOP are described.

2.7.1 Internet Shopping Optimization Problem with Shipping Costs

This variant of the IShOP problem is the most studied [2, 4, 6-10]. The litera-
ture available can find several solution methods like linear programming algorithm,
heuristic algorithms, and various metaheuristics algorithms. This model considers
that the customers buy only one product of each type, and the stores have all the
products in the shopping list. Practically all the reviewed works in this overview
make this consideration which is a limitation for real application.

2.7.2 Internet Shopping Optimization Problem with Shipping Costs
and Discounts

Blazewicz et al. [12] propose the IShOP with discounts model and develop simple
heuristics to solve the problem. The only work with this IShOP variant where multiple
items of the same type shopping are supported, and they assumed that all product
are available in all stores. Solution methods are reported only for the variant that
considers that the customers buy only one product of each type and include: Simple
heuristics, Tabu search algorithm, and simulated annealing.

2.7.3 Internet Shopping Optimization Problem with a Budget (B-ISOP)

Future work could focus first on algorithms for the problem described. Including
at least: an analysis of the usability of the greedy approximation algorithm for a
more general GMC problem, a proposal for heuristic and metaheuristic algorithms.
Therefore an approach is also required that provides optimal solutions at least to
evaluate an optimization gap of the other algorithms in small instances. The ILP
model should be able to be developed in existing resolution software. Second, the
presented model simplifies reality that could they expanded to capture more real-
world situations. Some other ideas such as price-sensitive discounts or dual-discount
features have already are proposed above.

The areas of possible application of the presented problem are not limited to
optimizing purchases on the Internet. Similar problems can already are found, where
the user wants to buy the best set of cloud resources. It could be helpful in the future
in energy markets, where the user wants to buy electricity from different sources,
valuing even clean energy more than dirty energy.
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2.7.4 Internet Shopping Optimization Problem with Sensitivity
Discounts

The direction of future studies could focus on optimizing purchases from a supplier
perspective or from both points of view as customers and suppliers strive to maximize
their profits. The latter case assumes that, at the same time, stores are trying to sell
their supplies as soon as possible because the value of most products decreases during
the heuristic algorithms and potential customers delay buying while waiting for some
discounts. Finally, other versions of ISOPwD may require the use of metaheuristics
that have not they applied so far, e.g., ant colony optimization or particle swarm
optimization.

2.7.5 Trusted Internet Shopping Optimization Problem (T-ISOP)

Future work will involve a deep analysis of the trust factor and combine it with
optimization of the problem from a more technical point of view. In addition, the
intermediation problem in the cloud could enrich with the analysis of the trust factor.
Said topic is vibrant and, based on the knowledge base, it lacks and suffers from
adequate (or even absolute) influence from factors of trust and reputation in the
market. A work future research idea is to prepare computational experiments based
on actual data. A simple decision aid simulation tool could be another exciting
research point.

Moreover, it could be beneficial to use biology-inspired approaches, models, and
computations to tackle the problem. Furthermore, both OPay and functions could are
personalized to the user. This personalization process will are realized as a decision-
aided questioner tool. Allows to prepare experimental analysis dedicated to every
single user accordingly to his detailed needs and requirements.

2.7.6 Bi-objective Internet Shopping Optimization Problem

Currently, Internet search engine recommends a product based on a single crite-
rion such as price or reputation. However, more advanced search engines or shop-
ping robots will recommend multiple products based on multiple criteria such as
purchasing cost, delivery time, and various delivery options. Therefore, extending
the model to consider other delivery options is one of the other research topics.

3 Conclusions

This chapter reviews the most recent and relevant works related to the different vari-
ants of the Internet Shopping Optimization Problem. First, are identified the charac-
teristics of the used model, the proposed solution methods, and the used instances
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for each variant. Once the works are analyzed, a series of open research areas are
determined to give an overview to the researchers that want to work with the variants
of the IShOP problem.
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Abstract Speaker identification is the process through which a person can be identi-
fied by using the physical characteristics of his voice. In recent years, this identifica-
tion is done by using artificial intelligence algorithms along to feature extract methods
from the speech signal such as the MFCCs (Mel Frequency Cepstral Coefficients).
Text-independent speaker recognition consists of identifying a person by training
and testing of the model with voice signals where one speaker will say different
phrases. In the present research two types of audio features were extracted, on one
hand the MFCC and on the other hand the MSE (Multiband Spectral Entropy). For
the classification stage we use machine learning algorithms, such as k Nearest Neigh-
bors, Random Forest, Deep Neural Networks, and Decision Trees. Two important
databases of the literature were used in our experiments, LibriSpeech and ELSDSR.
Four different experiments were defined: speaker identification in a group of 20
participants, speaker identification between men, speaker identification between
women, and speaker identification by gender. Significant results were obtained
when using the ELSDSR database, obtaining 93.99% precision in the experiment
for speaker recognition by gender.

Keywords Text-independent speaker identification + MFCC - Multiband spectral
entropy

1 Introduction

A computational model is a mathematical model applied in computer science.
Usually, this model does not has a well-defined analytical solution but is based on the
idea of looking for parameters and favorable condition for the solution of a problem.
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An Automatic Speaker Recognition System (ASR) consists of a stage which studies
the speech and then it can interpret the speaker identity based on its features. Speech
signals contain useful information of the speaker like emotions, gender, and accent
[1].

In general, speakers can be identified using two different methodologies: text-
dependent and text-independent. In the first hand, the text used for training and
testing must be the same. In the second hand, the text used for training and testing is
generally different.

Speech signals generally can be considered as non-stationary time series. For
this reason, an ASR system faces various challenges as the following: speakers with
different language, human interaction is not limited to speech and it also uses corporal
movements and gestures, the vocal tract varies according to gender, accent, emotions,
and age.

The importance of voice signal analysis is observed in the technological tools
that work on these signals. ASR system has matured to the point of being robust
and reliable. However, a general rule has not been found that solves the problem
of identifying the speaker from the characteristics of his voice. Improving these
voice recognition systems will allow this technology to be applied in automotive
environments (autopilot systems, navigation systems, etc.) [2, 3], home automation
(smart home, energy savings, etc.) [4, 5] and banking systems (data security, access
to mobile applications, etc.) [6, 7].

Currently the ASR systems transform the message said by the speaker into text,
this implies that the way the system recognizes is according to what the speaker
says, namely, this is a text-dependent classification. Such is the case with Siri, Apple’s
personal assistant, which was introduced in 2010 by the brand. This personal assistant
is activated and works by recognizing the text mentioned by a speaker, this implies
that if any person gives instructions to the device, it will carry out those actions [8].

On the other hand, text-independent speech recognition analyzes the properties of
the voice beyond the text emitted by the speaker and even more so, regardless of what
the speaker says. For this reason, the need arises to use qualities and characteristics
of the voice signal that mutually contrast the speakers and thus define a pattern for
each of them.

1.1 Database Description

This section describes the different databases used in this research work, in order
to better understand the information that constitutes them for later use in the
methodology and results obtained.

ELSDSR

The Database ELSDSR (English Language Speech Database for Speaker Recogni-
tion) is a set of speech signals recorded in Denmark Technic University (DTU). This
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database contains samples from 30 Danish participants, 1 Icelander and 1 Canadian.
All the samples were recorded at 16,000 Hz of sampling frequency [9].

LibriSpeech

This database was proposed by Vassil Panayotov and it is based on LibriBox project,
an audiobooks project. It contains more of 1000 h of speech signals. All data were
recorded using 16,000 Hz of sampling frequency. For this work, a developer database
is used, and it contains 40 participants divided in 20 women and 20 men [10].

1.2 Literature Reviewed

Speaker recognition models can be divided in two phases: the feature extraction and a
classification model. Feature extraction plays an important role, because it affects the
performance of the classification model. For this research work, a search for previous
work in the-state-of-art was carried out, all of them based on the text-independent
methodology.

Ittichaichareon et al. [11] use MFCCs as a feature extraction method and a support
vector machine classifier on an own database obtaining 44 % of precision. MFCCs are
powerful features for speaker recognition since they use the spectrum of the speech
signal and a filterbank to generate frequency sub-bands.

Camarena et al. [12] use formants as a feature extraction method on speech signals
with vocalized sound, namely, sub-bands, where there is speaker voice. The authors
use two different datasets: a Spanish dataset and ELSDSR database obtaining a
precision of 90% using a k-nearest neighbors (kNN) classifier.

Luque Sudrez et al. [13] use Multiband Spectral Entropy (MSE) as a feature extrac-
tion model. The authors use a kNN classifier using a ball tree proximity index. They
obtain a 97% of precision on an uncontrolled environment and a 99% of precision on
a controlled environment. MSE are a novel methodology for speaker recognition, it
was proposed firstly for Misra et al. [14] and it’s based on the theory of information.

Jahangir et al. [1] use MFCCT (Mel Frequency Cepstral Coefficients and Time-
Based Algorithms) as feature extraction model. They use three different datasets:
LibriSpeech, VCTK and ELSDSR. As classifiers they use Support Vector Machine,
Random Forest, k-nearest neighbors, decision tree J48 and a deep neural network.
The more significant results are obtained in LibriSpeech, achieving an error of 0.06
in men and 0.08 in women.

In this work, it will be compared the efficiency of machine learning algorithms
in the classification task using MFCC and MSE as feature extraction methodology.
As a hypothesis, it is thought that multiband spectral entropy can generate better
precision in speech recognition task. The first part of methodology is the same for
MFCC and MSE, but in the last part there is a variation for MSE computing proposed.
The machine learning algorithms that were used are random forest, decision trees,
k-nearest neighbors and deep neural networks.
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2 Proposed Methodology and Feature Extraction

This section will review the different techniques used for feature extraction of multi-
band spectral entropy (MSE) and MFCCs. In addition, there is a description of
machine learning algorithms that were used during the work.

2.1 Preprocessing

Speech signals can be modeled as discrete functions sampled with a sampling
frequency f;. The ELSDSR and LibriSpeech databases use a sampling rate of 16 kHz.
All this speech signals have different length. This is not a problem in the feature
extraction phase, but in the classification.

Pre-emphasis: A pre-emphasis filter is a highpass type filter, which is used in speech
recognition. It can enhance the hidden patters in the human voice. A pre-emphasis
filter can enhance high frequencies of speech signals. The difference function of
pre-emphasis filter is showed in Eq. 1.

y[n] = x[n] —ax[n — 1] (D

where a is defined as an equalization number. This value is normally defined in a
closed set [0.9, 1]. In this work, a value of 0.95 is used to filter all speech signals.
Figure 1 shows a 3-secong-long speech signal, where red plot shows the filtered
signal. As can be seen, the amplitude of the signal is modified reducing its magnitude.

Framing: In the framing process, speech signals can be considered time series of N
points. This process consists of generating a group of subseries (also called frames)
of length n, which are overlapped in certain percentage. Framing results in a n x m
matrix, where m is the total number of frames. Figure 2 shows the framing process
in a speech signal of 1-second-long using frames of 250 ms and an overlapping of
50% between frames.
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0.0
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Fig. 1 Filtered signal using a pre-emphasis filter
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Fig. 2 Framing process of a 1-second-long speech signal using frames of 250 ms

Vocalized sound: Vocalized sound is defined as parts of the signal where there is
human voice (voiced sounds), namely where the vocal cords vibrate. Generally, a
speech signal contains certain intervals where the participant does not emit a sound.
These intervals can be found using an autocorrelation function. An autocorrelation
function estimates the periodicity of a signal and with it the vocalized sound [15]. The
Short-Time Autocorrelation Function (STAF) R;(k) of a frame starting in a sample
[ of a signal x is defined as

n—1
Rilk] =y x[l + mlx[l + m + k] @)

m=0

where n is the frame length. The autocorrelation function generates a new discrete
function. If the maximum value of this function is greater than 0.1 then the frame
contains vocalized sound. The selection of this value was the result of empirical
experiments using different values of threshold.
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Fig. 3 Audio signal obtained from the windowing process using a frame of 250 ms

Windowing: The windowing process is used to convert every frame into a pseudo
periodic function which facilitates the Fourier transform analysis. There are a lot
of different window functions, but in this work the Hanning window is used. This
window was proposed by Von Hann and it is defined as a cycle of a cosine function.
The Hanning window is defined in Eq. 3

27k
H(k)=0.5-0.5 cos( > 3)
n—1

where n is the frame length. Figure 3 shows the result of using the Hanning window
on a frame.

Fast Fourier Transform (FFT): The Fourier transform of a function is defined as
a mapping to a new space of functions in terms of frequency. The discrete form of
Fourier transform is defined in Eq. 4.

N-1
=2izkn

X[k] = Zx[n]e N

n=0

4)

The fast Fourier transform (FFT) is an optimized form of the discrete Fourier
transform. FFT is used in several physics and mathematics applications.

Following the proposed methodology, the FFT was used in each frame. This
results in a matrix called spectrogram of the signal. Figure 4 shows the spectrogram
of a speech signal sampled at 16 kHz and frames of 25.6 ms.

Sub-bands generation: The crucial part of the methodology is create frequency sub-
bands using a Mel filter bank. A Mel filter bank is defined as an array of triangular
bandpass overlapped filters. This filterbank uses a frequency scale named Mel scale,
defined by Stevens, Volkman and Newman in 1937.

In the experiments, 40 triangular filters were used, which were multiplied by each
of the frames of the signal, thus obtaining each frequency sub-band.
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2.2 Mel Frequency Cepstral Coefficients

MFCCs were proposed by David and Mermelstein in the eighties. These coeffi-
cients are used widely as a feature extraction method for a speech signal [16]. Each
coefficient can be defined as a sum of energies of each sub-band. Symbolically we
have,

N—-1
X'[m] = log(z X[k]H[k, m]) (5)

k=0

form=1,2,..., M, where M is the number of filters. The Mel filter bank, H(k, m),
is a set of triangular filters. This new result is a set of points in the frequency space.
Usually, discrete cosine transform (DCT) is used to map this points to the temporal
space. DCT is defined as

M
cll] = ;X’[m]cos[l%(m — %)] (6)

forl =1, 2, ..., L, where c[/] is the Ith MFCC. After DCT certain coefficients can
be used. In this work, 40 coefficients were used in our experiments. Each group of
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coefficients can be used as a 40-dimensional feature vector, assigning a label (target)
to it.

2.3 Multiband Spectral Entropy

This methodology presents a novel feature extraction method for speech recognition.
Unlike MFCCs the entropy can measure the information quantity contained in every
sub-band.

Shannon’s entropy is a real number that measures uncertainty of an informa-
tion source. This measure provides useful criteria to analyze and compare distinct
probability distributions. Shannon’s entropy is defined as

E=— Zpi -log(p:) (N
i=1

where p; is the occurrence probability of an event i with a probability distribution
P. Spectral entropy was presented originally as an additional feature for speech
recognition. Mirsa et al. [14] consider every point of sub-band as a distinct event
with a probability defined as

X[k]

= = ®)
3L XIk]

Pk

where X[k] is the energy of k-th component from spectrum and N is the total points
in the spectrum.

On the other hand, Camarena et al. [17] use a variation in the entropy computing.
They use the real and imaginary part of FFT to calculate a covariance matrix X and
then obtain the entropy as

E =1n(2me) + %ln[det(E)] ©)]

where e is the Euler’s number and det(X) is the determinant of covariance matrix,
.. 0,0,y — cfcy where o, and o, are the variances of the real and imaginary parts,
respectively, and o, is the covariance between the real and imaginary parts. Figure 5
shows an entropygram obtained from MSE method. As same as MFCCs this feature
vectors can be used on classification assigning a label to every vector.
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Fig. 5 Entropygram of a speech signal using frames of 25.6 ms

2.4 Machine Learning Algorithms

Machine learning is defined as the search for a general rule that allows explaining
the behavior or distribution of certain data (called variables or characteristics) given
a limited sample size.

Machine learning can be studied from different perspectives: supervised learning
and unsupervised learning. In supervised learning the characteristics have a target
vector, which is commonly called a class vector. This class vector allows to identify
each point of the set of characteristics in a different cluster. A cluster is an agglom-
eration of points with similar characteristics in a n-dimensional space. On the other
hand, if the data do not have a class vector, the learning is of the unsupervised type.

2.5 Decision Trees

A decision tree is a classification algorithm that is based on the structure of a tree.
The algorithm builds nodes (leaves) of the tree by performing different partitions of
the input variables. The decision tree is made up of the following elements: a) A root
node that has no input edges and has zero or more output edges. b) Internal nodes
which have an entry edge and two or more exit edges. c) Leaves or terminal nodes
that have exactly one input edge and no output edges.

Figure 6 shows the basic structure of a decision tree. In this algorithm, each leaf
node is assigned a class label. On the other hand, the internal nodes contain conditions
that separate each vector of characteristics and methods to measure the efficiency of
separation of classes such as entropy or Gini [18].

2.6 Random Forest

The random forest is an assemblage algorithm, composed of a specified number of
decision trees. The classification of this algorithm is based on the wisdom of the crowd
ideology that basically considers that the opinion of a large group of participants is
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Fig. 6 Basic structure of a decision tree

the correct answer. The output of the algorithm is determined from the vote of each
of the decision trees.

The assembly is initialized with N decision trees, which are defined as Tree (X

q:) withi=1,2,3, ..., N. Each tree works as a base classifier, where g; is a sequence
of random variables that are determined as follows:

1.

From the set X, training sets of the same size as X are selected and a decision
tree is generated for each training set. The number of sets is usually selected as
an odd number, this to avoid a tie in the vote of each tree.

Each node of the decision tree is divided, and a subset of characteristics is
extracted with the same probability. The generation of each decision tree is
defined as follows: (a) The training set is given the number of samples, K, and
the number of features m. (b) Then M characteristics of the set are randomly
selected, with M < m. (c) n samples are drawn from the given set, to form a new
set of samples to train the expansion of the tree. (d) For the division of the node,
the best characteristic is calculated, based on the set of M characteristics defined
previously. (e) All decision trees are expanded.

The random forest algorithm adjusts according to the number of characteristics

and the number of levels in the decision tree. Therefore, the greater the depth of the
tree (levels of nodes), the better the separation of data in space [18].

2.7 K-nearest Neighbors

The k-nearest neighbors algorithm was first proposed by Cover and Hant in 1967.
It is an algorithm that classifies feature vectors according to the spatial proximity
of the vectors. It is an unsupervised and non-parametric algorithm, which basically
estimates the value of the probability density function or directly the probability that
a vector x; belongs to aclass C; forj=1,2,3, ..., m.
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For each vector in the test set the distance d(x;, x;) to each vector in the training
set is calculated, forming a distance matrix D. This distance matrix is square and
symmetric. The distance metric is usually the Euclidean distance, although different
ones such as the Manhatan distance can be used [19].

2.8 Artificial Neural Networks

An artificial neural network (ANN) is a mathematical model used for classification
and regression. This model simulates the biological behavior of the human nervous
system and its neurons. The artificial neural network uses a transfer function that
transforms input variables and their weights into an output variable. Let x; be input
variables and let w; be weights assigned to each variable, the output variable is
calculated as

y= f(inwl) (10)
i=1

where f is the transfer function. Some frequently used transfer functions are: softmax,
ReLu, tanh, and sigmoid. ANN can have hidden layers and various output units.
Figure 7 shows the basic structure of a neural network. As can be seen, this algorithm
emulates the connection between the dendrites and the axons in its analogous human
neural net [20].

Input
Vectors

Qutput
Labels

Input First Second Output
layer hidden hidden layer
layer layer

Fig. 7 Structural graph of a neural network model



134 J. I. Ramirez-Hernandez et al.

2.9 Preprocessing for Classification

Regardless of the type of feature extraction method used, it is important to assign
a label to each vector before starting the classification. In this work, 40-dimesional
feature vectors are used for classification (MFCCs and MSE). To extract both MFCC
and MSE features, the next procedure was implemented. (a) First, stereo signals
are changed to monoaural by averaging both channels. (b) Frames of 30 ms are
used to divide the monoaural signal (we use a sampling frequency of 16 kHz).
(c) Consecutive frames have an overlap of 50%. (d) A Hann window function is
applied to each frame. (e) The FFT is computed for each frame. (f) A bank of 40
Mel filters is used to split the full band spectrum with f,;, = 0 Hz, f,,x = 8 kHz.
(g) Before computing FFT, we rule out unvoiced sounds from the speech signals
by using the autocorrelation function. With the FFTs, we are ready to compute
Mel Frequency Cepstral Coeffcients (Sect. 2.2), and the Multiband Spectral Entropy
Signature (Sect. 2.3).

Normalization: Is the process of reduce the magnitude of the audio dataset and can
be based on statistical methods. In this work, min—max feature scaling was used.
This normalization technique gets a new value using

. x — min(X)
"~ max(X) — min(X)

*

(1)

where x represents the i-th coefficient of the feature vector and X is the feature value.
This normalization converts the feature set to a closed set [0, 1]. After normalizing
the data, stratification is used to separate the set into two different sets, a training set
and a testing set. Stratification helps in cases where the data is unbalanced, such as
in speech recognition. In addition, 80% of the data was used for training each of the
models and 20% for testing.

2.10 Setup for Machine Learning Algorithms

In this work, 4 different machine learning algorithms were used: random forest, k-
nearest neighbors, ID3 decision tree and a deep neural network. The objective of
using these algorithms is to test their operation given the nature of each one of them
and how this can help in the task of speech recognition. Table 1 shows the parameters
for every machine learning algorithm, they were varied using a grid search algorithm.

To measure the efficiency and performance of the above classifiers, it is necessary
to use an evaluation metric that provides relevant information to evaluate and compare
the algorithms with each other.
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Table 1 Parameters for every machine learning algorithm

Machine learning algorithm Parameters
k-nearest neighbors Neighbors, starting in a defined value
Decision tree Criteria for a partition (gini or entropy)

Strategy for splitting (best, random)

Random forest Criteria for a partition (gini or entropy)
Estimators (number of trees)

Deep neural network Number of hidden layers, number of hidden neurons and
activation functions

2.11 Defined Experiments

The first of the experiments consists of determining whether a speaker is male or
female, that is, the gender of the speaker. This experiment is of the binary type and
can be considered the simplest of all. In the ELSDSR database there are 10 voice
recordings of women and 12 for men, while in the LibriSpeech database there are
20 recordings of men and 20 for women.

The second and third experiment consists of identifying a man or a woman from
the data sets of men and women respectively. For the ELSDSR database there are 12
classes for men and 10 of women. In LibriSpeech there are 20 classes for men and
20 classes for women.

The last experiment is the most complicated since it consists of identifying
a speaker from the total set of speakers. ELSDSR has a total of 22 classes and
LibriSpeech a total of 40 classes.

3 Results

This section presents the results obtained by implementing the machine learning
algorithms in the speech recognition problem. The results are presented according to
each of the experiments carried out and defined in the methodology section. Tables
are used to better understand the results obtained.

3.1 Speaker Recognition

The recognition of all speakers is the most complex task of this research work, since
it contains a greater number of classes (labels) to be classified. There are 22 different
classes in the ELSDSR database and 40 classes in the LibriSpeech database.

The results of the decision tree, random forest, artificial neural network, and k-
nearest neighbors algorithms are evaluated using the accuracy metric. The results
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Table 2 Obtained results in the experiment of recognition of all speakers in the ELSDSR database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)

MFCC 66.07 64.68 65.17 34.71

MSE 77.13 72.58 78.92 53.22

Table 3 Obtained results in the experiment of recognition of all speakers in the LibriSpeech

database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)

MFCC 59.69 64.62 67.52 34.86

MSE 63.91 68.18 74.73 46.81

obtained in each of the algorithms in this experiment are shown in Table 2. The
best results in accuracy are shown in bold, noting that for MFCC feature the best
performance was 66.07% by using a deep neural network classifier, on the other hand,
the best performance for multiband spectral entropy was 78.92% by using a random
forest classifier, above the Mel coefficients by more than 12 percentage points.

There are 40 speakers in the LibriSpeech database, so for this experiment 40
different classes (labels) will be obtained. Likewise, the evaluation metric to be used
in this experiment was accuracy. The results obtained in this experiment are shown
in Table 3 As can be seen, the best result was obtained in the random forest classifier
by using spectral entropy, with 74.73% in accuracy, whereas MFCC obtained 67.52%
with the same classifier. This represents 7 percentage points above Mel’s coefficients
using random forest. Something important to mention is that it was expected that
the accuracy results would decrease with respect to those obtained in ELSDSR. This
may be due to the number of classes that are held.

3.2 Speaker Recognition in Men

The results of this experiment are based on the voice identification task in men. This
experiment uses only 12 different classes in ELSDSR and 20 classes on LibriSpeech,
for which the algorithms previously described were used. Table 4 shows the accuracy
results for this experiment. With fewer classes than in the previous experiment, it
would expect the ranking results to be higher. However, as can be seen, the results are
lower than those found in the previous experiment. The best result was obtained with
the random forest algorithm using multiband spectral entropy with a percentage of
70.6%, whereas for MFCC was of 66.88%, 4 percentage points above the Mel coef-
ficients. Table 5 shows the results of the experiment in LibriSpeech using the metric
accuracy. As can be seen, the best result is obtained when using the random forest
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Table 4 Obtained results in the speech recognition experiment in men in the ELSDSR database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) neighbors (%)

MFCC 66.83 67.63 66.88 37.58

MSE 68.65 61.97 70.6 41.53

Table 5 Obtained results in the speech recognition experiment in men in the LibriSpeech database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)

MFCC 71.23 75.13 75.55 45.04

MSE 75.15 76.33 82.15 58.33

algorithm using multiband spectral entropy, with 82.15%, whereas that the couple
MFCC and random forest algorithm achieved the 75.55%. When comparing both
features using the same algorithm, a difference of 7 percentage points is observed.
This result is higher than that obtained in the ELSDSR database in the same exper-
iment, this may be since there is a greater amount of information from each of the
speakers.

3.3 Speaker Recognition in Women

The results of this experiment consist of recognizing female speakers. This experi-
ment uses a total of 10 different classes in ELSDSR and 20 for LibriSpeech, using
the algorithms described above. Table 6 shows the accuracy results of this exper-
iment. It is observed that the classification was higher than that obtained in the
two previous experiments, this may be since there were fewer classes, or else the
algorithms measure the characteristics of the female voice in greater detail. The
best result was obtained in the random forest algorithm using multiband spectral
entropy, obtaining a 79.03%. The result was very closed compared to the artificial
neural network. In respect to MFCC feature, a percentage of 75.11% is obtained by
using deep neural network. Table 7 shows the results obtained in this experiment
with LibriSpeech database. As can be seen, the best result was obtained using the
random forest algorithm and multiband spectral entropy with 90.79%. Comparing
this result with its analogue in the Mel coefficients, a difference of 2 percentage
points is obtained since MFCC had an accuracy of 88.78% by using deep neural
network classifier. Something important to mention is that this result is higher than
the one obtained in the ELSDSR database. This is not necessarily good, as there may
be a more contrasting pattern in the LibriSpeech database.
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Table 6 Obtained results in the speech recognition experiment in women in the ELSDSR database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)

MFCC 75.11 70.94 72.58 49.90

MSE 78.32 72.58 79.03 53.06

Table 7 Obtained results in the speech recognition experiment in women in the LibriSpeech
database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)

MFCC 88.78 88.26 86.67 77.36

MSE 87.42 86.62 90.79 82.49

3.4 Genre Recognition

The results of this experiment consist of the identification of the gender of the speaker,
so there are only two different classes. Table 8 shows the results obtained using
the implemented algorithms in ELSDSR. As can be seen, the results are superior
to previous experiments. This is because the experiment is binary, that is, of two
classes. The best result is obtained using the artificial neural network algorithm with
multiband spectral entropy extraction (93.75% and 93.99% for MFCC and MSES
respectively), although there is no significant difference to that obtained in the random
forest. One of the points that could break this little difference is the computational
cost of training the model, which could be analyzed in more detail. The results of
this experiment applied in the LibriSpeech database are shown in Table 9. As can be
seen, the best result was obtained using the random forest with multiband spectral
entropy, obtaining 90.79% in accuracy. For the case of MFCC feature, a accuracy of
88.78% by using deep neural network. This result is superior to its analogue in the
Mel coefficients by 2 percentage points. This difference is greater than that observed
in the ELSDSR database, where the difference in accuracy between the extractions
was smaller.

As in the ELSDSR database, the best results were obtained using multiband spec-
tral entropy. Also, the random forest algorithm is generally the best of the four
numerically speaking. The results obtained in these experiments show that the algo-
rithms find a contrasting pattern that allows them to reach that precision. To choose

Table 8 Obtained results in the gender recognition experiment in the ELSDSR database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) | neighbors (%)
MFCC 93.75 91.86 91.14 84.92

MSE 93.99 91.3 93.29 88.54
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Table 9 Obtained results in the gender recognition experiment in the LibriSpeech database

Audio feature | Deep neural k-nearest Random forest (%) | Decision tree (%)
network (%) neighbors (%)

MFCC 88.78 88.26 86.67 77.36

MSE 87.42 86.62 90.79 82.49

one of these algorithms, other factors such as computational time or computational
cost would have to be considered.

4 Conclusions

In this research work, the extraction of features based on multiband spectral entropy
shows superior results than the extraction of Mel coefficients. Each of the experiments
carried out shows a higher precision for multiband spectral entropy, even in some
cases 12% above the Mel coefficients. In this research, four classification algorithms
were considered, which are: random forest, decision tree, k-nearest neighbors and a
deep neural network. The most significant results are shown by the neural network and
the random forest algorithm, this may be due to the operation and the mathematical
foundation of each of these algorithms.

On the other hand, when comparing the results obtained with related work or
the state of the art, competitive results are shown in terms of accuracy. Jahanhir
et al. [1] obtained MFCCT (temporal spectrum characteristics) and obtained 92.9%
in their gender experiment applied in the ELSDSR database, while using multiband
spectral entropy an accuracy of 93.99% was obtained. Likewise, in the male voice
identification experiment in the ELSDSR database, the authors obtained 82% in
accuracy, while the multiband spectral entropy obtained 70.6%. Also, in this same
database, but in the voice identification experiment in women, the authors obtain an
accuracy of 78%, while the spectral entropy shows an accuracy of 79.03%. Something
important to mention is that for these last two experiments the authors use a double
check. They first use a pre-trained model that indicates the gender of the speaker
to later classify it according to the experiment of men or women. This has shown
better results according to the-state-of-the-art. On the other hand, in the LibriSpeech
database the authors show 94% in accuracy in men, which is above the 82.15%
achieved by multiband spectral entropy. In turn, in the female experiment, the authors
obtained 92%, which is also higher than the 79.03% obtained by multiband spectral
entropy. Although the extractions of characteristics of both works are different, it is
statistically comparable since the same databases are used.
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Forecasting Based on Fuzzy Logic )
of the Level of Epidemiological Risk L
for the Mexican State of Tamaulipas

Paula Hernandez-Hernandez and Norberto Castillo-Garcia

Abstract Nowadays, in Mexico there exists a traffic light monitoring system to
regulate the use of public space according to the risk level of infection with SARS—
CoV-2. The monitoring system is applied to each state in Mexico and consists of four
levels of risk encoded with four colors: green, yellow, orange and red. In this chapter
we propose a Fuzzy Time Series Model to forecast the next color to be assigned
to the Mexican state of Tamaulipas based on historical data from the monitoring
system. We conducted a computational experiment to measure the accuracy of the
model. The model accuracy was measured by the well-known Root Mean Square
Error (RMSE) index.

Keywords Fuzzy time series model + COVID 19 - SARS CoV-2 - Mexican
traffic - Light monitoring system -+ Public health

1 Introduction

Mexico has implemented a traffic—light monitoring system to indicate the risk level of
infection with the novel coronavirus SARS—CoV-2 [1]. A similar color—based moni-
toring system is also used in other geographic regions [2]. The Mexican monitoring
system is based on four different levels of risk, namely, maximal, high, medium and
low. Each risk level is represented by a specific color. More precisely, maximal risk is
represented by red, high risk is represented by orange, medium risk is represented by
yellow and low risk is represented by green. The risk level is determined by several
indicators such as the hospital occupancy rate, the COVID-19 test positivity rate and
the tendency of patients who require hospitalization, among many others [3]. The
goal of the monitoring system is to regulate the use of public space in order to miti-
gate the virus dissemination. Since the risk level varies over time, the validity period
of the monitoring system color is 15 days. According to the Mexican government
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Fig. 1 Colors assigned to the Mexican states by the traffic-light monitoring system valid from
January 24, 2022 to February 6, 2022 [4]

policies, the monitoring system is independently applied to each autonomous admin-
istrative division [4]. In Mexico there are 32 different autonomous divisions that are
called states. Figure 1 depicts the Mexican map with the states colored according to
traffic—light monitoring system valid from January 24, 2022 to February 6, 2022.

In this chapter we propose a fuzzy time series model (FTSM) to forecast the
color of the Mexican traffic—light monitoring system of COVID-19 for the state
of Tamaulipas (see Fig. 1). As far as we know, this is the first time that the color
assigned to Tamaulipas by the Mexican monitoring system is forecasted. Our FTSM
is a first-order model that uses the well-known average—based partition method to
divide the universe of discourse and the three principles proposed in [5] to perform the
defuzzification process. Since the colors are qualitative values, we assign a number to
each color in order for our FTSM to be able to process them. The time series consists
of 43 observations collected from June 8, 2020 to January 24, 2022 [6]. We conducted
a computational implementation to assess the accuracy of the model through the Root
Mean Square Error index. The experimental results show that the accuracy of FTSM
is about 6.73 units. This means that the predicted values fit relatively well to the real
values.

The remainder of this chapter is organized as follows. In Sect. 2 we briefly review
the fundamental concepts of fuzzy time series models. In Sect. 3 we describe our
proposed fuzzy time series model as well as the implementation. Finally, in Sect. 4
we discuss the main conclusions and further work of this research.

2 Fuzzy Time Series Definitions

A time series Y (¢) (fort = ...,0, 1,2, ...)is a set of real numbers (a.k.a. observa-
tions) chronologically ordered which describes the behavior of a variable over time.
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LetU = {uy, uy, ..., u,} be the universe of discourse defined from the observations
of the time series Y (). A fuzzy set A of the universe of discourse U can be formally
defined as follows [5]:

A= fa(u)/ur+ fa(ua)/uz + -+ fa(uy)/un,

where f4 : U — [0, 1] is known as the membership function of A and its purpose is
to associate an element of the universe of discourse U with a real number between
zero and one. Thus, f4(u;) indicates the level of membership of u; in fuzzy set A,
where fs(u;) € [0,1]andi = 1,2, ..., n. If F(¢) represents a collection of fuzzy
sets f1, fa, ... defined on the universe of discourse U, then F(¢) is called a fuzzy
time series defined on Y (¢) [7].

Now suppose that F (¢) is exclusively caused by F' (¢t — 1). This causal relationship
between F(¢) and F(t — 1) can be formally expressed as:

F(t)=F(@t—1)oR(t,t—1),

where R(t,t — 1) is known as the fuzzy logical relationship between F(¢) and
F(t — 1), and o represents a mathematical operator. If F(t — 1) = A;and F(¢) = A;
then the fuzzy logical relationship can be denoted by A; — A ;. In this notation, A;
is the left-hand side and A is the right-hand side of the fuzzy logical relationship
[7]. The previous fuzzy logical relationship can be interpreted as follows. If the value
at time ¢t — 1 is A; then the value at time 7 is A;. Thus, A; — A; is a fuzzy state-
ment in which A; is the antecedent and A ; is the consequent. Frequently, fuzzy time
series models have several fuzzy logical relationships with the same antecedent and
different consequent. For example:

A,‘ e A.]‘],A,‘ e Ajz,...,A,‘ — Ajk'

In the previous example, there are k fuzzy logical relationships with exactly the
same antecedent: the fuzzy set A;. In these cases, it is convenient to group the k
relationships into one single fuzzy logical relationship group:

A,‘ — Aj],Ajz, ...,Ajk.

In this group, the antecedent has only one fuzzy set (A;) and the consequent has k
fuzzy sets (A1, Aja, ..., Aji). The grouping process is performed on all the fuzzy

logical relationships with the same antecedent in order to obtain the fuzzy logical
relationship groups.
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3 Proposed Forecasting Model

As mentioned previously, the goal of our fuzzy time series model (FTSM) is to
forecast the color of the Mexican traffic-light monitoring system for the state of
Tamaulipas. Section 3.1 presents the first step of our FTSM, which consists in defining
the universe of discourse. Then, in Sect. 3.2 we describe the method used to parti-
tion the universe of discourse. The fuzzification process is explained in Sect. 3.3.
Section 3.4 describes how to compute the fuzzy logical relationships. Section 3.5
explains the defuzzification process. Finally, in Sect. 3.6 we report the computational
implementation and the model accuracy through the RMSE index.

3.1 Universe of Discourse

In order to define the universe of discourse, we collect the colors assigned to the state
of Tamaulipas by the traffic-light monitoring system from June 8, 2020 to January
24, 2022. This gives us a time series consisting of 43 observations. However, since
the elements in the time series are not numeric, we assign a number to each color in
order to be able to compute the data. Thus, we arbitrarily assign the number 10 to
color green (low risk), the number 20 to color yellow (medium risk), the number 30
to color orange (high risk) and the number 40 to color red (maximal risk). All the
observations of the time series are shown in Table 1. This table has four sections and
each section has two headings: the time (#) and the observation at time 7 (Y (¢)).
The universe of discourse is defined by the minimum (D, ) and maximum (Dpax)
values from the time series Y (¢). Clearly, in this research D, = 10 (observed at
t = 22)and Dy, = 40 (observed at t = 1). The domain of the universe of discourse

Table 1 Time series of the encoded colors assigned by the traffic—light monitoring system of
COVID-19 for the state of Tamaulipas, Mexico

t Y () t Y () t Y () t Y ()
1 40 12 20 23 10 34 30
2 30 13 20 24 20 35 20
3 40 14 30 25 20 36 10
4 40 15 20 26 20 37 10
5 40 16 20 27 20 38 10
6 30 17 30 28 30 39 10
7 20 18 30 29 30 40 10
8 20 19 20 30 30 41 10
9 20 20 20 31 30 42 30
10 20 21 20 32 40 43 20
11 20 22 10 33 30 - -
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is computed as U = [Dpin — D1, Dmax + D3], where D and D, are two positive
numbers conveniently determined [5]. In this study we set D; = D, = 0. Therefore,
the domain of the universe of discourse is U = [10, 40].

3.2 Partition of the Universe of Discourse

The partition process consists in computing a collection of n sub—intervals uy, . .., u,
from the universe of discourse U. In this research we use the well-known average—
based partition method. This method is deterministic and computes equally—sized
intervals. The first step is to compute the average of the absolute difference between
of each pair of consecutive observations. For our time series this value is computed
as follows:

130 — 40| + 40 — 30 + |40 — 40| + - - - + |20 — 30| 180
avg = = — | =4.
42 42

Once the average has been determined, the next step is to compute the half of
avg = 4, whichis half,,, = 2. Since the value of half,,, has one digit, the partition
length £ is precisely half,ve.i.€.,£ = half,,; = 2. With this information, we proceed
to compute the number of sub—intervals and the domain of each sub—interval as
follows. The number of sub—intervals is:

Dmx_Dmin 40 -1
n= : (=0
L 2

Now, the domain of each sub—interval can be computed by:

i = [Dumin + (i — 1) X £, Dpin+ix£€] Vi=1,...,n.

Thus, the n = 15 sub—intervals are: u; = [10, 12], up, = [12, 14], uz = [14, 16],
us = [16, 18], us = [18, 201, ug = [20, 221, u; = [22, 24], ug = [24, 26], ug =
[26, 28], u19 = [28, 301, u;; = [30,32], u;p = [32,34], u;3 = [34,36], uj4 =
[36, 38], u;s = [38, 40]. Notice that each sub—interval u; has a length ¢ = 2 and
their lengths are all equal.

3.3 Fuzzification

The goal of the fuzzification process is to determine the fuzzy sets and their member-
ship functions that constitute the fuzzification model defined on the universe of
discourse U. In this study we follow the approach proposed in [5] to construct the
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fuzzification model. This model exclusively uses triangular membership functions
to cover the universe of discourse.

Every triangular function can be fully described by three parameters: a < b < c.
On the one hand, parameters a and ¢ represent the points where the function reaches
its lowest value: zero. On the other hand, parameter b is the point where the function
reaches its largest value: one. Typically, this parameter is located in the middle of the
function, i.e., b = (a + ¢)/2. Given a real number x and a triangular membership
function T defined by parameters a, b and c, the fuzzified value of x can be computed

by Eq. (1):

0 x<a
X —a
a<x<b
T(x,a,b,c)=1{ b4 (1)
b<x<c
c—b
0 x>c

The fuzzification model followed in this research considers n + 1 fuzzy sets to
cover the universe of discourse. Since there are n = 15 sub—intervals, there will be
16 fuzzy sets Ay, ..., A defined as follows:

umn /3] us U4 Uuis Ule
0.5 1 0.5 0 0 0 0 0 0 0
AA=—+—F—"*F—"+F—HF—H“F—+—+—+—
uj Uz us Ug Us Ue uz usg Ug uio

ur /3 us Uig Uuis Ule

0 0.5 1 0.5 0 0 0 0 0 0
Aa=—F—H"++—"F+—"+F—“F—44F—+—+—4+—

Ui U us Ug Us Ue uz us Ug Ui

Ui up us Uig Uuis Ule
0 0 0.5 1 0.5 0 0 0 0 0
Ag=—F—F+—+—+—+—+—+—+—+—
up Uz us Ug Uus Ue uz ug Ug Ui
0 0 0 0 0
+—-t—+—+—+— 4+ —
Ui Uiz us U4 Uis Ule
0 0 0 0.5 1 0.5 0 0 0 0
As=—+—F+—F+—+—+—+—+—+—+—
up U us Uy Uus Ug uz usg Ug Ui

Uit U 23K} Uig Uis Uie
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0 0 0 0 0.5 1 0.5 0 0 0
As=—+—+—+—+—F+—F+—+—+—+—
uyp U U3z U4y Us U U7 U U9 Ul

U U us U4 Uuis Ule
0 0 0 0 0 0.5 1 0.5 0 0
Ar=—+—+—+—+—+—+—+—+—+—
upy Uy Uz Ug  Us Ue uz us Ug  Ujo
0 0 0 0 0
+—F—F—F—F—+ —
Z281 23] us U4 Uuis Ule
0 0 0 0 0 0 0.5 1 0.5 0
Ag=—+—+—+—+—+—+—+—+—+—
uy up uz U4 Us  Ug uy usg Ug 13T

upy U w3 Ul Ui Uge

0 0 0 0 0 0 0 0.5 1 0.5
Ay =—+—+—+—+—+—+—+—+—+—

uj U Uz U4 Us  Us U7 ug Ug Uy

o 0o o0 o0 O 0 O 0 0 O
Ap=—+—+—+—+—+—+—+—+—+—
uj us us Ug Us Ue uy usg Ug uio

0.5 1 0.5 0 0 0

o —t—+—+— + —

Ui 123V us U4 Uis Uie
o 0 0 0 0 0 0 0 0 0
Ap=—+—+—+—+—+—F—F+—+—+—
ujp us us Ug us Ue uz us Ug Uio

0 05 1 05 0 0

t—t—t—+—+—+—

Ui 23V us U4 Uuis Uie
o 0 0 0 0 0 0 0 0 0
Ay=—+—+—+—+—+—F+—+ —+ — + —
up U2 U3 U4 U5 Ue U7 U U9 U
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0o 0 0 0 0 0O 0 0 0 0
Als = o e e e
U U3 U4 U5 U U7 U U9 U
0 0 o0 05 1 05
+—+—+—+ =+ —+ =
Ui 123V us U4 Uuis Uie

0 0 0 0 0 0 0 0 0 0
Ale——+—+—+—+—+—+—+—+—+—
us Usg  Us Ue uz ug Ug uio
O 0 0 0 0.5 1
+—-+—+—+—+—+—
uyp U2 Uiz U4 U5 Uge
The graphical representation of the fuzzification model is depicted in Fig. 2.
From Fig. 2 we can observe that the universe of discourse U is entirely covered
by triangular membership functions that represent fuzzy sets Ay, ..., A. Table 2
shows the parameter values for each triangular membership function. In this table,
T4, stands for the triangular membership function of fuzzy set A; (Vi =1, ... 16).
Table 2 has two sections and each one has four headings: the membership function,
the value of parameter a, the value of parameter b and the value of parameter c.

I

Ay Az Az Ay Ay Ag Ay Ag Ay A An Ap A Ay A A

10 12 11 16 18 20 22 24 26 28 30 32 BE| 36 38 10

Fig. 2 Graphical representation of the fuzzification model defined on the universe of discourse U

Table 2 Parameter values for the triangular membership functions associated to fuzzy sets
Ay, ..., A

Membership function a b c Membership function a b c

Ta, 10 14 Ta, 22 26 30
Ta, 12 16 Tay 24 28 32
Ta, 10 14 18 T, 26 30 34
Ta, 12 16 20 Tay, 28 32 36
Tas 14 18 22 Tays 30 34 38
Taq 16 20 24 Ta,, 32 36 40
Ty, 18 22 26 Tays 34 38 42
Tag 20 24 28 Tas 36 40 44
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Once defined the fuzzification model, each element of the time series Y (¢) must
be fuzzified. Specifically, each observation in Y (¢) must be mapped to the fuzzy set
for which its membership value is maximal [7]. This is performed by computing
the degree of membership of all the observations to each fuzzy set by applying
Eq. (1) with their corresponding parameter values from Table 2. In order to illustrate
this process, let us consider the first observation of the time series, Y (1) = 40.
The membership levels of this observation for fuzzy sets Ay, ..., A4 are zero. The
membership level of x = 40 to A5 is:

—x 42-40 2

c
=Tx=40,a=34,b=38,c=42) = —— = —+ = - =05.
Ha = Tlx . e U I TRl
Similarly, the membership level of x = 40 to A is:
x—a 40-36 4
Has =T(x=40,a=36,b=40,c =44) = = =-=1

b—a 40-36 4

Since pa,, hays s ha, =0, a,; =0.5and py,, = 1, observation Y (1) = 40
is associated to fuzzy set for which its membership level is the largest, that is, Ajg.
As mentioned previously, this process must be performed on every observation of
the time series. Given the particular nature of the time series, only four fuzzy sets are
used. Specifically, value 10 (green) is mapped to A, value 20 (yellow) is mapped to
Ag, value 30 (orange) is mapped to Aj; and value 40 (red) is mapped to A6. Table
3 shows the result of the fuzzification process.

Table 3 Fuzzified values of the time series under study

Crisp value | Fuzzy set | Crisp value | Fuzzy set | Crisp value | Fuzzy set | Crisp value | Fuzzy set
40 Ale 20 As 10 Ay 30 An
30 Al 20 Ag 20 Ag 20 Ag
40 Ale 30 Al 20 Ag 10 Aq
40 Al 20 As 20 As 10 Ay
40 Al 20 As 20 As 10 Aj
30 Aq 30 An 30 An 10 Aq
20 Ag 30 Al 30 Al 10 Al
20 As 20 As 30 An 10 Ay
20 Ag 20 Ag 30 An 30 An
20 Ag 20 Ag 40 Ale 20 Ag
20 As 10 A 30 An - -
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3.4 Fuzzy Logical Relationships

Once all the observations of the time series Y (¢) have been fuzzified, the next step is
to formulate the fuzzy logical relationships. This is achieved by iteratively comparing
two consecutive fuzzified values A; and A; and stablishing the fuzzy logical rela-
tionship A; — A;. Thus, the fuzzy logical relationships for the fuzzified values of
our time series (see Table 3) are reported in Table 4.

Fuzzy logical relationship groups are obtained from the fuzzy logical relationships
reported in Table 4 by grouping those with the same antecedent. Table 5 shows the

fuzzy logical relationship groups for the time series under study.

Table 4 Fuzzy logical relationships of the time series under study

Aje = Aqy A — Ags Aje — Asg Ae — Ale Ajg — Aql
A1l — Ag Ag —> Ag Ag — Ag Ag — Ag Aeg — Ag
Ag — Ag Ag — Ag Ag —> Al A1l — Ag Ag — Ag
Ag = A1 Al = Aq A1l = Ag Aeg — Ag A = Ag
Ag — A Al —> A Al — Ag Ag — Ag Ag — Ag
Ag — Ag Ae —> A1l Al — An Al — An Al — An
Al — Ase Al —> Anl An — An A — As Ag —> Ay
Al — A Al — A Al —> Ay Al = Ay Al = A
Al —> Ay A1l — Ag - - -

Table 5 Fuzzy logical relationship groups for the time series under study

Group 1: Al — A1, Ag, A1, A1, A, AL AL Al

Group 2: Ay — 0

Group 3: A3 —> 0

Group 4: Ay —> 0

Group 5: As —> 0

Group 6: Ag — Ag, As, Ag, As, Ag, A6, All, A6, Al1, As, A6, A1, Ag, Ae, Ag, Al1, Al
Group 7: A7 —> 0

Group 8: Ag —> 0

Group 9: Ag —> 0

Group 10: Ajg— 0

Group 11: | Aj1 — Ajg, Ae, A6, A1, As, A11, A11, A11A16, A11, Ass Ao
Group 12: Ap— 0

Group 13: Az =0

Group 14: Ay —> 0

Group 15: Ais —> 0

Group 16:

A — A1r, Ae, Ale, Al1, Al
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3.5 Defuzzification

The goal of the defuzzification process is to compute the forecasted output. In this
research we follow the principles proposed by Chen to perform this process on
the time series of the colors assigned to Tamaulipas by the Mexican traffic-light
monitoring system. These principles state the following [5]:

1. If the fuzzy logical relationship is A; — A; then the output value is the middle

point of A;.
2. If the fuzzy logical relationship has more than one fuzzy set in the consequent,
ie,A; — Aji, Aj, ..., Aji, then the output value is computed as the average

of the maximal values of the fuzzy sets involved.
3. If the fuzzy logical relationship does not have any fuzzy set in the consequent,
i.e., A; — (J, then the output value is the middle point of A;.

Frequently, the output value computed by the Chen principles does not correspond
to any numerical code of color. For example, suppose that we want to forecast the
next color given that the current color is orange. Since the numeric code of orange
is 30, the fuzzy set associated with this observation is A, (see Table 3). Moreover,
from Table 5 we know that the fuzzy logical relationship of A;; has more than one
fuzzy set in the consequent, and hence, the second principle must be applied. The
output value is computed as follows:

40 + 20 4 20 + 30 4 20 + 30 + 30 + 30 + 40 + 30 + 20 + 20
Yt +1)= 3 =275

As we can observe, the output value (forecast) is Y (t 4+ 1) = 27.5, which does not
correspond to any color code (10, 20, 30 or 40). In order to overcome this drawback,
we propose to round the output to the nearest ten as follows:

Y@+1)

?(r+1)={ 10

+ O.SJ x 10.

Thus, Y (t + 1) = 27.5 is rounded to Y (s + 1) = 27.5/10 + 0.5 x 10 = 30.
Therefore, the forecasted color is orange.

3.6 Computational Implementation and Model Accuracy

The proposed fuzzy time series model (FTSM) was implemented in Java in order to
measure its accuracy. The accuracy of our FTSM can be obtained by the Root Mean
Square Error index (RMSE), which requires the actual values of the time series and
the forecasted values computed by the FTSM. Figure 3 shows the original time series
from the observed data (black line) and the forecasted time series by our FTSM (red
line).
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Fig. 3 Original time series (black line) and time series forecasted by the FTSM (red line)

As can be observed from Fig. 3, the forecasted time series fits relatively well to
the real data. In order to quantitatively measure the performance of our proposed
FTSM, we compute the RMSE index as follows:

T [Y(t) - ?(z)]2

RMSE = )
T

where Y (¢) stands for the actual observation at time ¢, f’(t) is the value forecasted
by our FTSM at time ¢ and T is the number of paired values, both observed and
forecasted. The RMSE value computed for our FTSM is 6.73. This value is relatively
low. Therefore, we conclude that the accuracy of the proposed FTSM is high.

4 Conclusions

In this chapter we propose a fuzzy time series model (FTSM) to forecast the color
assigned to the Mexican state of Tamaulipas by traffic—light monitoring system of
COVID-19. The proposed FTSM divides the universe of discourse by using the well—
known average—based partition method. Furthermore, it uses the three principles of
Chen along with a rounding process to forecast the next color of the monitoring
system.

We implement the FTSM in Java to quantitatively evaluate the accuracy. We use
the RMSE index and the obtained value was 6.73, which is relatively low. According
to the computational results, we conclude that the model proposed here can be used to
forecast the color of the traffic—light monitoring system for Tamaulipas. The proposed
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fuzzy time series model can be easily applied to other states, the entire country or
other geographical regions worldwide.
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Bio-inspired Flower Pollination )
Algorithm for the Optimization L
of a Monolithic Neural Network

Hector Carreon-Ortiz, Patricia Melin, and Fevrier Valdez

Abstract The Flower Pollination Algorithm (FPA) is a metaheuristic that is inspired
by nature and is based on the process of pollination of flowering plants and the
constancy of flowers associated with pollinating agents that can be insects, water or
the wind. This paper provides a study of the optimization of a multilayer monolithic
neural network for pattern recognition with the ORL face dataset, comparisons are
also made with other studies that used the ORL dataset and performed optimiza-
tion of the neural network with other metaheuristics such as PSO (Particle Swarm
Optimization) and GA (Genetic Algorithms).

Keywords Neural networks + Flower pollination algorithm - Optimization *
Metaheuristic + Bio-inspired algorithm

1 Introduction

Nowadays many people seem to be worried about the future arrival of machines
with artificial intelligence. Some people even propose to take measures to avoid it,
including the prohibition of certain developments, something that has historically
been shown not to work, since the advance in the research of intelligent computing
cannot be avoided, such as the utilization of Artificial Neural Networks (ANNs) and
Algorithms Inspired by Nature (Bioinspired Algorithms) [1].

ANN s have received considerable attention due to their powerful capacity inimage
processing, speech recognition, natural language processing, etc. The performance
of ANN models depends to a large extent on the quantity and quality of the data, the
calculation power and the efficiency of the algorithms [2].

In Evolutionary Computation (EC), stochastic optimization methods that have
been developed to obtain almost optimal solutions in complex optimization problems
are used, for which classical mathematical techniques usually fail.
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The methods of EC use as inspiration our scientific understanding of biological,
natural or social systems, which at some level of abstraction can be represented as
optimization processes.

In their operation, the search agents imitate a group of biological or social entities
that interact with each other on the basis of specialized operators that make up a
certain biological or social behavior.

These operators are applied to a population (or several subpopulations) of candi-
date solutions (individuals) that are evaluated with respect to their physical fitness.
Thus, in the evolutionary process, individual positions are successively close to the
optimal response of the system to be solved [3].

The Flower Pollination Algorithm (FPA) is a metaheuristic inspired by the polli-
nation of flowering plants, whose pollinating agents can be insects such as bees, but
also wind and water [4].

The goal of this work is the optimization of a monolithic multilayer neural network
using the metaheuristics represented by the Flower Pollination Algorithm, by opti-
mizing the parameters of the number of neurons in the hidden layers and the number
of epochs.

The motivation for this work is to obtain the maximum recognition of images
from the ORL database and compare the performance with other works where the
neural network is optimized with different metaheuristics.

This paper is organized as follows:

In Sect. 2 we described the Artificial Neural Networks (ANN) and its biological
inspiration, perceptron architecture, Sect. 3 is about FPA Algorithm, its inspiration
and structure, Sect. 4 is about Optimization Monolithic Neural Network using FPA,
network architecture and its integration with the FPA, Sect. 5 is about the simu-
lation with the proposal method, description of ORL database used in this work,
experiments with manual method and proposal method and statistical test between
methods, and Sect. 6 is about conclusions.

2 Artificial Neural Networks (ANNSs)

ANNS are traditional machine learning techniques that mimic the learning mech-
anism in biological organisms. The human nervous system contains cells, which
are known as neurons. Neurons are connected to each other by the use of
axons and dendrites, and the regions of connection between axons and dendrites
are called synapses Fig. 1. The strength of synaptic connections continually
changes in response to external stimuli; this change is how learning takes place
in living organisms [5, 6].

This biological mechanism is simulated in artificial neural networks, which
contain units of computation that are called neurons. Neurons are connected to each
other through weights, which fulfill the same function as the strengths of synaptic
connections in biological organisms. Each input to a neuron is scaled with a weight,
which affects the function calculated in that unit and this is illustrated in Fig. 2. An
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artificial neural network calculates a function of the inputs by propagating the calcu-
lated values from the input neurons to the output neurons and using the weights as
intermediate measures [7]. Learning occurs by changing the weights that connect the
neurons. Just as external stimuli are necessary for learning in biological organisms,
the external stimulus in artificial neural networks is facilitated by the training data
that contain the input—output data pairs of the function to be learned [8, 9].

2.1 Multilayer Perceptron (MLP)

The neuron (node) is the fundamental unit of a neural network. In the case of the
MLP, it includes an input layer, an output layer and at least one hidden layer.

The perceptron is a simple neuron model that takes input signals (patterns) coded
as (real) input vectors X = (xy, X2, .. ., X,+1) through the associated (real) vector of
synaptic weights w = (wy, Wy, ..., Wyy1) [10].

The layers consist of a set of nodes; in the case of the hidden layer, its inputs
come from units in the previous layer and send their outputs to the next layer [11].
The input and output layers indicate the information traffic during the training phase
where the learning algorithm is carried out [12].
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The MLP usually learns by means of the backpropagation algorithm that in itself
it is a gradient technique. Variants of the algorithm are also implemented to work on
the problem of slow convergence (momentum). Once the training process is carried
out, the weights of the network are frozen and can be used to calculate the output
values for the new input samples. Next, a brief explanation of the backpropagation
algorithm is provided [13, 14].

The learning of the network is a process in which the weights, w, are adapted
through a continuous interaction (k) with the environment, in such a way that (1):

Wnj(k + 1) = wy; (k) + Awy; (k) (D

where w(k) is the previous value of the weighting vector and w(x + 1) is the updated
value. The learning algorithm consists of a set of rules to solve the learning problem
and determine the values wy; (k).

One of the most important algorithms is that of error correction. Consider the nth
neuron in the iteration.

Let y, be the response of this neuron; x(k) is the vector of environmental stimuli,
and {x(k), d,(k)} is the training pair. Error signal Eq. (2):

en(k) = dy(k) — ya(k) 2

The goal is to minimize the objective function that takes this error into account.
After selecting the criteria, the problem of correction of errors in learning becomes
one of optimization. Consider a function e(w), which is a continuously differentiable
function of a weight vector. The function e(w) transforms the elements of w into real
numbers. We need to find an optimal solution w* that satisfies the condition (3):

e(w*) < e(w) (3)

Then, it is necessary to solve an optimization problem without restrictions posed
as: the minimization of the cost function e(w) with respect to the weight vector. The
necessary condition for optimization is given by (4):

Ve(w*) =0 )

where V is the gradient operator. An important class of unrestricted optimization
algorithms is based on the idea of iterative descent (gradient descent method and
Newton method). Starting with an initial condition w(0), it generates a sequence
w(l), w(2), ..., in such a way that the cost function ¢(w) decreases in each iteration
of the algorithm. It is desirable that the algorithm eventually converge on the optimal
solution (5) in such a way that:

e(wk+1)) < e(w(k)) (5)
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In the gradient descent method, successive adjustments are applied to the weight
vector, in the direction of gradient descent. For convenience, we will use the following
notation (6):

g=Vew (6)
The gradient descent algorithm can be formally written as (7):
wk +1) = wk) —ngk) )

where 1) is a positive constant called the learning rate, and g(k) is the gradient vector
evaluated in w(k).
Therefore, the correction applied to the weight vector can be written as (8):

Awk) =wk + 1) —wk) = —ng(k) (8)

This method slowly converges to an optimal solution w*. However, the learning
rate has a greater impact on this convergent behavior. When 7 is small, the trajectory
of w(k) on the plane W is smooth. When 1 is large, the trajectory of w(k) on the plane
W is oscillatory, and when 1 exceeds a certain critical value, the trajectory w(k) on
the plane W becomes unstable. Therefore, the backward propagation algorithm is
a technique for implementing the gradient descent method in a weight space for a
multilayer network. The basic idea is to efficiently calculate the partial derivatives
of an approximate function of the behavior of the neural network with respect to all
the elements of the adjustable vector of parameters w for a given value of the input
vector x [13].

3 Flower Pollination Algorithm (FPA)

The FPA was developed by Xin She Yang in the year 2012 [15-17], inspired by
the pollination of flowering plants, pollination of the flower involves the transfer of
pollen between the flowers. This is basically done in two ways:

1. Autopollination or local pollination, which is a biotic form and contributes 10%
of the global pollination, where pollinators are not required.

2. Cross-pollination or global pollination, which is an abiotic form and contributes
90% of global pollination, where pollinators such as insects, birds, bats and other
animals, wind and water are required [18, 19].

The FPA algorithm is governed by the following 4 rules:

1. Cross pollination occurs from the pollen of a flower of different plants [20].
Pollinators obey the rules of a Levy Distribution [21, 22] (10) by jumping or
flying distant passes, this is known as global pollination (9).
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2. Self-pollination occurs when pollen from the same flower or other flowers of the
same plant, this is known as local pollination [20] (11).
xi’“ =xf+€(x;- —x,l() (11)
3. The constancy of the flower is associated between flowers and pollinators; this
improves the pollination process of the flowers.

4. Global and local pollination are controlled by a probability between 0 and 1,
known as the probability of change [16, 23-25].

4 Monolithic Neural Network Optimization with FPA

Architecture of the Neural Network: A monolithic neural network Feed-Forward
Backpropagation Network [26-30] of 3 hidden layers with 300 neurons each is being
proposed, and according to the literature this is a good model for image recognition.
Figure 3 show the architecture of a Monolithic Neural Network.

Figure 4 refers to the flow diagram of the FPA Algorithm including the Neural
Network, it is the method that was used for the dynamic optimization of the Neural
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Fig. 3 Architecture of the monolithic neural network
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Network, the parameters that were optimized were the neurons of the 3 hidden layers
and the number of epochs [18].

[ Define FPA Parameters |

[ Initialize the population of flowers |

[ Evaluate the flower constancy |

L]
[ Find the best solution g: ]

[ Define switch probability pe[0,1] |

-

-
Draw step vector L from | Yes No Draw from € a uniform
Levy distribution distribution [0,1]
¥ 1]
Global Pollination } l { Local Pollination

’ Evaluate new flowers constancy ‘

’ Find the current best g« ‘

Y

’ Output the best solution I

Fig. 4 Flowchart of the proposal of the FPA-NN method
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Table 1 Characteristics of

the ORL DB ORL data base
No. persons 40
No. images for person 10
Total of images 400
Image size 112 x 92
Size of the vector by image 10,304

5 Simulation

In this section we summarize the simulation results with the proposed approach.

5.1 ORL Database

This is the Database of Data (BD) of faces that is being used for the realization of
the experiments, this BD belongs to the AT&T laboratories of Cambridge, and it is
formed by 400 images of the faces of 40 different people, 10 images for each person,
the images were taken at different times, varying the lighting, the facial expres-
sions (eyes opened/closed, smiling/not smiling) and the facial details (glasses/without
glasses). All images were taken on a dark and homogeneous background with people
in a vertical position, (with tolerance for some lateral movements). Table 1 shows
the basic characteristics of the ORL BD, such as the number of people, number of
images per person, the total number of images that make up the BD, among others
[31]. Figure 5 shows some examples of the ORL database images.

5.2 Method: Manual Adjustment of Parameters (MAN-NN)

Table 2 shows the setting of the proposed Neural Network Architecture for the method
of manual adjustment of parameters.

Table 3 shows the number of hidden layers, neurons per layer of the different
Architectures of the Neural Networks that were used with the method of manual
adjustment of parameters, each of these Architectures has an input layer and an
output layer.

Table 4 refers to the best four experiments of more than 100 that were performed
with the method of manual adjustment of parameters, the minimum and maximum
value, as well as the Mean and Standard Deviation obtained from each of the
Architectures are also shown of every one of them.
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Fig. 5 Sample of the faces of the ORL DB

Table 2 Neural network parameters used with the manual adjustment method
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Parameters

Modules 1

Hidden layers 2
Neurons hidden layer 100-400
Neurons output layer 40
Transfer function tansig
Training method trainscg
Epochs 1000
Meta error 1.00E—05
Learning rate 0.05

Table 3 Parameters of the different architectures used in the experiments

Neural network architecture

Architecture Hidden layers Neurons per layer Epochs
1 2 200 200
2 2 300 350
3 2 400 500
4 2 270 250
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Table 4 Experimental results with the manual parameter adjustment method

Exp/arch 1 2 3 4

1 68.75 68.75 63.75 83.75
2 78.75 82.50 77.50 65.00
3 63.75 72.50 68.75 80.00
4 81.25 76.25 87.50 67.50
5 88.75 80.00 85.00 63.75
6 71.25 60.00 71.25 81.25
7 77.50 57.50 76.25 73.75
8 71.25 81.25 72.50 63.75
9 33.75 70.00 53.75 76.25
10 73.75 70.00 71.25 71.25
11 82.50 75.00 70.00 72.50
12 32.50 81.25 68.75 83.75
13 72.50 83.75 77.50 63.75
14 78.75 67.50 66.25 62.50
15 67.50 72.50 68.75 62.50
16 85.00 72.50 70.00 83.75
17 72.50 71.25 62.50 76.25
18 82.50 85.00 68.75 77.50
19 76.25 76.25 73.75 77.50
20 77.50 76.25 52.50 65.00
21 63.75 66.25 65.00 61.25
22 73.75 76.25 71.25 73.75
23 76.25 71.25 70.00 82.50
24 77.50 68.75 76.25 52.50
25 75.00 53.75 70.00 83.75
26 72.50 68.75 68.75 70.00
27 85.00 76.25 77.50 70.00
28 68.75 71.25 85.00 76.25
29 71.25 72.50 61.25 86.25
30 80.00 73.75 73.75 80.00
> 2180.00 2178.75 2125.00 2187.50
Minimum 32.50 53.75 52.50 52.50
Maximum 88.75 85.00 87.50 86.25
Mean 72.67 72.63 70.83 72.92
o 12.33 7.25 7.90 8.67
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Fig. 6 Average of the experiments of the method manual adjustment of parameters

Figures 6, 7 and 8 show the graphical representation of the linear behavior of the
Mean and Standard Deviation [32, 33] respectively of the 4 Architectures of the best
Neural Networks obtained by the manual parameter adjustment method.
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5.3 Neural Network Optimized with FPA (FPA-NN)

Table 5 shows the number of hidden layers, neurons per layer of the different Archi-
tectures of the Neural Networks that were used with the FPA method, each of these
Architectures has an input layer and an output layer.

Table 6 shows the number of hidden layers, neurons per layer of the 13 different
Architectures of the Neural Networks that were used with the FPA method, each of
these Architectures has an input layer and an output layer.

Table 5 Parameters of the neural network that were used with the FPA method

Parameters

Modules 1

Hidden layers 3
Neurons hidden layer 100-400
Neurons output layer 40
Transfer function tansig
Training method trainscg
Epochs 1000
Meta error 1.00E—05
Learning rate 0.05

Table 6 Architectures of the neural networks that were used with the FPA method

Neural network architecture

Architecture Hidden layers Neurons per layer Epochs
1 2 3
1 3 361 362 361 800
2 3 391 390 343 1000
3 3 400 400 400 700
4 3 390 350 361 711
5 3 388 374 380 747
6 3 388 304 311 721
7 3 385 344 313 729
8 3 399 342 334 1000
9 3 369 322 342 714
10 3 359 343 379 711
11 3 400 306 329 733
12 3 370 311 301 1000
13 3 359 311 217 755
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Table 7 refers to the 13 best experiments of more than 1000 that were carried out
with the FPA method, the minimum and maximum value, as well as the Mean and
Standard Deviation obtained from each of the Architectures are also shown from
each of the Architectures.

Figures 9, 10 and 11 show the graphical representation of the linear behavior
of the Mean and Standard Deviation respectively of the 4 Architectures of the best
Neural Networks obtained by the FPA method.

After performing the statistical tests among all the experiments of the methods
of manual adjustment of parameters and FPA, Architecture 5 of the FPA method
obtained the best result, Figs. 12 and 13 show the probability and the dispersion of
the winning neural network.

5.4 Statistical Test Between Methods

Statistical tests [34, 35] were performed among the best experiments performed with
the FPA-NN, MAN-NN and SD + T1FIS methods [36-38].

SD + TI1FIS is a diffuse edge detection method optimized for image recognition
using a modular neural network [39] and the PSO algorithms [40—43] and GA [44],
in addition to using the ORL database [36].

Table 8 shows the best experiments done with the different methods described
above with which the statistical tests were performed, in the lower part we can find the
summation, the maximum and minimum values, the mean and the standard deviation
of each of the different methods.

Table 9 presents the results of the statistical tests between the different methods
and the proposed FPA-NN method, the result is that there was significant evidence
to accept that the FPA-NN method obtained better results (highlighted in bold) than
the other methods.

Figure 14 is a linear representation of the face recognition of the ORL database
that was obtained with the methods FPA-NN, MAN-NN and SD + T1FIS.

Figures 15 and 16 represent the linear graphs of the Mean and Standard Devia-
tion respectively of the methods FPA-NN, MAN-NN and SD + T1FIS, in the face
recognition of the ORL database.

6 Conclusions

We performed more than 100 experiments with the MAN-NN method and more than
1000 experiments with the FPA-NN method. In addition, statistical tests were also
performed among these methods and the two best experiments were obtained, that is,
with the manual method and the FPA method, statistical tests were performed with
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Fig. 11 Mean and standard deviation of the experiments with the FPA method

these two best winning methods and the SD + T1FIS method, the method with the
best result was FPA-NN. In all the experiments of the three different methods the
ORL face database was used for training and neural network test was used 70 and
30 percent of the database respectively.

Although the SD + T1FIS method used a 3-module neural network architecture
and the bio-inspired algorithms PSO and GA, and with the FPA-NN method, a
multilayer monolithic neural network was used, as well as the bio-inspired FPA
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Fig. 12 Probability of architecture A5
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Fig. 13 Dispersion of the A5 architecture experiments
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Table 8 Experiments of the
different methods

H. Carreon-Ortiz et al.

Exp/arch FPA-NN MAN-NN SD + TIFIS
1 90.00 68.75 82.86
2 87.50 82.50 83.93
3 87.50 72.50 77.86
4 83.75 76.25 85.36
5 88.75 80.00 87.14
6 88.75 60.00 81.07
7 88.75 57.50 81.07
8 92.50 81.25 86.79
9 88.75 70.00 86.79
10 91.25 70.00 82.86
11 85.00 75.00 80.71
12 87.50 81.25 73.93
13 86.25 83.75 80.00
14 88.75 67.50 83.21
15 90.00 72.50 84.29
16 87.50 72.50 85.00
17 90.00 71.25 83.93
18 87.50 85.00 88.57
19 87.50 76.25 81.43
20 87.50 76.25 87.50
21 90.00 66.25 90.00
22 88.75 76.25 80.00
23 91.25 71.25 83.21
24 90.00 68.75 75.00
25 90.00 53.75 86.43
26 90.00 68.75 77.50
27 91.25 76.25 81.43
28 92.50 71.25 77.50
29 88.75 72.50 84.64
30 87.50 73.75 86.43
> 2665.00 2178.75 2486.44
Min 83.75 53.75 73.93
Max 92.50 85.00 90.00
Mean 88.83 72.63 82.88
o 1.99 7.25 3.96
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Table 9 Statistical test between the different methods
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MAN-NN SD + T1FIS
Difference 16.208 5.952
Z (observed value) 11.800 7.358
Z (critical value) 1.645 1.645
Valor-p (unilateral) 1.000 1.000
Alfa 0.050 0.050
Evidence Evidence

Line graph of the FPA-NN, MAN-NN and SD + T1FIS Methods

Variable
%0 —@— FPA-NN
- - MAN-NN
--4-- SD+TTFIS
c
° 80
-
c
o
o 70
o
(]
o
60

50

1 4 7 10 13 16 19 22 25 28
Experiments

Fig. 14 Line graph of the methods FPA-NN, MAN-NN and SD + T1FIS

algorithm, that is, a neural network with a more complex architecture (SD + T1FIS)
versus a less complex (monolithic) neural network architecture, better results were
obtained, which leads us to conclude that the number of experiments performed
(1000) and the dynamic optimization of the neural network with the FPA algorithm

were determinant to obtain better results than with the other methods.
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Fig. 15 Linear graph of the mean of the methods FPA-NN, MAN-NN and SD + T1FIS
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Fig. 16 Linear graph of the standard deviation of the methods FPA-NN, MAN-NN and SD +
T1FIS



Bio-inspired Flower Pollination Algorithm for the Optimization ... 175

References

1.

2

3.

4.

18.

19.

20.
21.

22.

23.

24.

25.

26.

217.
28.

F. Berzal, Redes neuronales & deep learning (2018)

W. Cao, X. Wang, Z. Ming, J. Gao, A review on neural networks with random weights.
Neurocomputing 275, 278-287 (2018)

E. Cuevas, V. Osuna, D. Oliva, Evolutionary Computation Techniques: A Comparative
Perspective, vol. 686 (2017)

X.-S. Yang, Flower pollination algorithm for global optimization. Unconventional Computation
and Natural Computation. Lecture Notes in Computer Science, vol. 7445 (2012), pp. 240-249

. C.C. Aggarwal, Neural Networks and Deep Learning: A Textbook (2018)
. A. Krenker, J. Bester, A. Kos, Introduction to the artificial neural networks. Artificial Neural

Networks: Methodological Advances and Biomedical Applications (2011)

. D. Kriesel, A Brief Introduction to Neural Networks (2005), p. 244
. K. Gurney, An Introduction to Neural Networks (UCL Press Limited, 1997)
. LLA. Basheer, M. Hajmeer, Artificial neural networks: fundamentals, computing, design, and

application. J. Microbiol. Methods 43(1), 3-31 (2000)

. P. Tino, L. Benuskova, A. Sperduti, Springer Handbook of Computational Intelligence, vol. 8,

no. 3 (2015)

. K. Halawa, A New Multilayer Perceptron Initialisation Method with Selection of Weights on

the Basis, vol. 1 (2015), pp. 47-58

. R. Cassani, Multilayer perceptron example (2018) [Online]. Available at: https://github.com/

rcassani/mlp-example

. AN. Networks, H. Well, D. They, E.T. Series, R.N. Artificiales, A Review of Artificial Neural

Networks (2013)

. F. Amato, A. Lépez, E.M. Pefia-Méndez, P. Vanhara, A. Hampl, J. Havel, Artificial neural

networks in medical diagnosis. J. Appl. Biomed. 11(2), 47-58 (2013)

. S. Pant, A. Kumar, M. Ram, Flower pollination algorithm development: a state of art review.

Int. J. Syst. Assur. Eng. Manag. (2017)

. X. Yang, M. Karamanoglu, X. He, X. Yang, M. Karamanoglu, X. He, Flower pollination

algorithm: anovel approach for multiobjective optimization. Eng. Optim. 46, 1222-1237 (2014)

. X.S. Yang, M. Karamanoglu, X. He, Multi-objective flower algorithm for optimization.

Procedia Comput. Sci. 18, 861-868 (2013)

S.D. Madasu, M.L.S. Sai Kumar, A.K. Singh, A flower pollination algorithm based automatic
generation control of interconnected power system. Ain Shams Eng. J. (2015)

N. Sakib, A comparative study of flower pollination algorithm and bat algorithm on continuous
optimization problems. Int. J. Appl. Inf. Syst. IJAIS 7(9), 1-7 (2014)

D.P. Abrol, Pollination Biology: Biodiversity Conservation and Agricultural Production (2012)
A.F. Kamaruzaman, A.M. Zain, S.M. Yusuf, A. Udin, Levy flight algorithm for optimization
problems—a literature review. Appl. Mech. Mater. 421, 496-501 (2013)

X.-S. Yang, Random walks and optimization, Nature-Inspired Optimization Algorithms (2014),
pp. 45-65

S.M. Nigdeli, G. Bekda, X. Yang, Metaheuristics and Optimization in Civil Engineering, vol.
7 (2016), pp. 25-42

X.S. Yang, G. Bekdas, S.M. Nigdeli, Application of the flower pollination algorithm in
structural engineering. Model. Optim. Sci. Technol. 7, v—vi (2016)

H. Chiroma, N.L.M. Shuib, S.A. Muaz, A.I. Abubakar, L.B. Ila, J.Z. Maitama, A review of the
applications of bio-inspired Flower Pollination Algorithm. Procedia Comput. Sci. 62(Scse),
435-441 (2015)

C. Gershenson, Artificial neural networks for beginners. ICES J. Mar. Sci. 66(6), 1119-1129
(2009)

N. Comp, N. Comp, 4 Feedforward Multilayer Neural Networks—part I (2005)

I. Coding, M. Perceptrons, 5 feedforward multilayer neural networks—Part II. Training 1, 1-44
(2005)


https://github.com/rcassani/mlp-example
https://github.com/rcassani/mlp-example

176

29.

30.

31.
32.

33.
34.

36.

37.

38.

39.

40.

41.

42.

43.

44.

H. Carreon-Ortiz et al.

J. Bilski, J. Smolag, J.M. Zurada, The parallel approach to the conjugate gradient learning algo-
rithm for the feedforward neural networks, Lecture Notes in Artificial Intelligence (Subseries
Lecture Notes in Computer Science, vol. 9119, no. 1 (2015), pp. 3-14

J. Bilski, J. Smol, Parallel approach to the Levenberg-Marquardt learning algorithm for
feedforward neural networks, in International Conference on Artificial Intelligence and Soft
Computing (ICAISC 2015), Zakopane, Poland, June 14—18, 2015 Proceedings, Part I, vol. 1,
no. 1 (2015), pp. 1-1

A. Laboratories and Cambridge, The Database of Faces (1994) [Online]. Available at: https://
www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html

The BMJ, Mean and Standard Deviation (2019)

D.K. Lee, J. In, S. Lee, Standard deviation and standard error of the mean (2015)

Addinsoft, “XLSTAT” (2019) [Online]. Available at: https://www.xlstat.com/es/

Minitab Statistical Software, “Minitab” (2018) [Online]. Available at: http://www.minitab.com/
es-mx/

1. Espinoza, Desarrollo de un detector de borde difuso optimizado para el procesamiento de
imagenes en el reconocimiento de patrones utilizando redes neuronales (Instituto Tecnologico
de Tijuana, 2018)

Y. Becerikli, T.M. Karan, A new fuzzy approach for edge detection 2 detection of image
edges, in Computational Intelligence and Bioinspired Systems (LNCS, Springer, Berlin, 2005),
pp. 943-951

C.I. Gonzalez, P. Melin, J.R. Castro, O. Mendoza, O. Castillo, An improved Sobel edge
detection method based on generalized type-2 fuzzy logic. Soft Comput. 20(2), 773-784 (2016)
P. Melin, C. Felix, O. Castillo, Face recognition using modular neural networks and the fuzzy
Sugeno integral for response integration. Intell. Syst. 20, 275-291 (2005)

P. Melin, F. Olivas, O. Castillo, F. Valdez, J. Soria, M. Valdez, Optimal design of fuzzy clas-
sification systems using PSO with dynamic parameter adaptation through fuzzy logic. Expert
Syst. Appl. 40(8), 3196-3206 (2013)

B. Bhattacharyya, S. Raj, PSO based bio inspired algorithms for reactive power planning. Int.
J. Electr. Power Energy Syst. 74, 396-402 (2016)

B.A. Garro, R.A. Vizquez, Designing artificial neural networks using particle swarm
optimization algorithms. Comput. Intell. Neurosci. 2015 (2015)

M. Couceiro, P. Ghamisi, Fractional Order Darwinian Particle Swarm Optimization Applica-
tions and Evaluation of an Evolutionary Algorithm (2016)

Y. Maldonado, O. Castillo, Comparison between multiobjective GA and PSO for parameter
optimization of AT2-FLC for areal application in FPGA, in Comparison between multiobjective
GA and PSO for parameter optimization of AT2-FLC for a real application in FPGA, vol. 2
(2012)


https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
https://www.xlstat.com/es/
http://www.minitab.com/es-mx/
http://www.minitab.com/es-mx/

Rendezvous and Docking Control m
of Satellites Using Chaos Synchronization | %@
Method with Intuitionistic Fuzzy Sliding

Mode Control

Onur Silahtar, Fatih Kutlu, Ozkan Atan, and Oscar Castillo

Abstract In this study, two different controllers have been designed to perform the
rendezvous and docking tasks of two nonidentical and noncooperative cubic satel-
lites. Firstly, the motion of cubic satellites was modeled with chaotic equations.
After selecting suitable chaotic models, fuzzy sliding mode controller (FSMC) and
a new intuitionistic fuzzy sliding mode controller IFSMC), which are applied to
synchronization systems under the same initial conditions, have been designed. It has
been observed that both synchronizations reach stability by applying the controllers
designed by considering the Lyapunov stability criteria. After a while, a short-term
and random disturbance was applied to the synchronization systems and the response
of both controllers was observed. The numerical results showed that the synchroniza-
tion system with both controllers was stable, robust, efficient, fast and chattering-free.
However, synchronization system with IFSMC was found to be more robust, faster
and more efficient than synchronization system with FSMC.

Keywords Chaos synchronization + Fuzzy sliding mode control - Intuitionistic
fuzzy sliding mode control + Rendezvous and docking control

1 Introduction

Researchers have recently focused on rendezvous and proximity operation due to
increasing of space missions, such as refueling, the building of large space station
[12, 30, 32, 33, 56]. In classical rendezvous and docking operation, knowledges of
altitude, angular velocity and the mass of target are needed. However, in studies
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for approximation operation to unknown objects and meteorites, the satellite has
been needing noncooperative target scenarios. In literature, there are various studies
about noncooperative space target such as 6-DOF multi-constrained adaptive tracking
controller [32], angels-only navigation control scheme [55], the pose estimation algo-
rithm of rectangular structure [53], image-based visual controller for non-cooperative
rendezvous maneuvers [38], adaptive fuzzy control method for rendezvous and prox-
imity operation [43], nonlinear controller for tracking and rendezvous with a non-
cooperative target [14]. The aim of all these studies was to perform the rendezvous
and docking operation with minimum energy. Also, in all these papers, dynamic
behavior of the satellites was modeled by using complex dynamical models.

In addition, according to above-mentioned studies, chaos was used for satellite
dynamical model, such as chaos was analyzed in attitude dynamics of a flexible
satellite [9], qualitative behavior of satellite systems was studied using equilibrium
points, Poincaré section, bifurcation diagrams, Lyapunov exponents [20]. Moreover
asliding mode controller (SMC) was designed for synchronization of chaotic satellite
systems [21], projective synchronization and stability analyzes of fractional-order
satellite system were realized [50], chaos in spatial attitude dynamics of a satel-
lite in an elliptic orbit and its analytic and numerical solution method were studied
[10]. Additionally it was aimed to analyze of time-delay synchronization of chaotic
satellite systems [22]. These studies were focused on chaotic behaviors of altitude
dynamic of satellite and chaos synchronization. However, identical chaos synchro-
nization and identical satellite were used in these studies. But in this study, unlike
previous studies, it is focused on synchronization of non-identical chaotic satellite
systems.

Non-identical chaotic systems have different parameters and sensitivity to the
initial condition, so synchronizations of the chaotic systems are quite complex.
For these synchronization of non-identical chaotic systems, many novel control
methods were designed [13, 26, 35, 37, 41, 44, 49], and some of the studies
were to compare the performance of controllers [13, 26, 35]. There are effectual
applications of synchronization and control of non-identical chaotic systems in the
literature. In [44], a SMC was designed for synchronization of fractional-order
chaotic systems with non-identical orders, unknown parameters and disturbances,
and although simulation results were shown that system had high performance
against disturbance and uncertain parameters, the system had chattering problem.
A backstepping controller for synchronization of identical and nonidentical chaotic
and hyperchaotic systems of different orders was investigated [13]. A controller for
synchronization of fractional-order chaotic systems with non-identical dimensions
and different orders was designed using generalized synchronization method [37]. In
[41], multi-switching synchronization of non-identical chaotic systems was inves-
tigated. For phase synchronization among non-identical fractional-order complex
chaotic systems, a nonlinear controller was designed [49]. SMC and projective
synchronization method were used for synchronization of multiple non-identical
coupled chaotic systems [35]. Hybrid chaotic synchronization between identical and
non-identical fractional-order systems was investigated [26].
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In order to realize the synchronization of chaotic systems, the controller must have
ahigh performance in control of the nonlinear systems. Among these models, SMCis
considered a suitable method since it has robust performance against disturbance and
parameter uncertainties [35, 44]. However, main obstacle in the performance of the
SMC is chattering problem. Another control method, which has high performance in
nonlinear systems is the fuzzy logic control method, and when this control method
is combined with SMC, it is shown that it has the chattering free performance [11,
23, 36, 46]. An adaptive fuzzy SMC for synchronization of uncertain fractional-
order chaotic systems with time delay was designed [46]. Also a fuzzy terminal
SMC was designed for MIMO uncertain nonlinear systems [36]. In [23], an adaptive
fuzzy SMC for chaos synchronization was designed. A fuzzy fractional order SMC
was investigated for nonlinear systems [11]. With the definition of the intuitionistic
fuzzy logic concept [5], which is a wider generalization of the fuzzy logic concept,
intuitionistic fuzzy control (IFC) methods that are more applicable and functional to
many systems in real world were developed. IFC method is seen as an easier and more
effective way to design a controller for systems which involve uncertainties such as
disturbance. This new generation control method was studied in many fields, mainly
engineering and mathematics. Especially, in recent years, based on the concept of
new generation fuzzy logic, new systems were designed and various controllers were
produced [1, 2, 6, 7, 16—18, 31, 34]. Moreover, synchronization and applications of
various chaotic systems were realized by using various control methods based on
IFC [3, 4].

Cube satellites have high degree of uncertainty and dynamic behavior due to their
nature, so the prediction and control of their behavior are quite complex. The main
focus in this study is to determine how effective an IFC-based controller in cube
satellite operations, where uncertainty is quite high.

Motivated by the discussion in literature, in this paper it is aimed to use chaos
control and synchronization method for rendezvous and proximity operation of the
satellite systems. This study consists of a chaotic model of target and service satellite,
chaotic synchronization model and chaos control model of rendezvous and docking
operation. The reasons given below explain why this study is original among all the
other known studies the literature:

(1) Two cubic satellites were synchronized using an IFC-based controller.

(2) The target satellite and the service satellite can be not described with the identical
chaotic model, due to having generally different structures. Therefore, the target
and service satellites were modelled using non-identical chaotic systems in this
study.

(3) In this study, FSMC and IFSMC were used for synchronization of the satellites,
and the control methods were compared in terms of efficiency, settling time and
robustness etc.

The rest of the paper is organized as follows: Sect. 2 presents the analysis of
the dynamics and behavior of satellites and chaotic models of satellites. In Sect. 3,
mathematical expressions of FSMC and IFSMC methods to be designed are shown.
Section 4 consists of the application of the designed controllers to chaotic systems that
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are not identical, and the analysis and comparison of the results. Finally, conclusions
and potential future works are presented in Sect. 5.

2 Dynamic Behavior of Satellites

The motion of two satellites moving in different elliptical orbits can be consid-
ered, as shown in Fig. 1, for modeling of rendezvous and docking systems. In this
system, the distances of the service satellite moving around the ground and the target
satellite to the ground and the change of angular velocity between them are shown.
Accordingly, the dynamic behavior and relative motions of satellites have nonlinear
dynamic behaviors dependent on many parameters, and each satellite can be modeled
chaotically with its own dynamic model.

2.1 Chaos Dynamics of the Satellites

The satellites have complex nonlinear dynamics [40], and the dynamics are written
as

M=lw (D

Target
spacecraft

L 231

I
%< ™ >
€ la1=Ta2 > ’
<

< 2as >

Fig. 1 Movement of two satellites in elliptical orbit [29]
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where M, I, T,, T, T4, and w are total momentum, inertia matrix, fly wheel torque,
gravitational torque, disturbance and the angular velocity, respectively. The derivative
of the total momentum is written as

M=Ilo+twxlo=T,+Tc+ T, 2)

where T,, Tg, Ty are, respectively, satellite control torque, gravitational torque,
disturbance and x is symbolized cross product. According to the equations, angular
velocities of the satellite dynamics are obtained as follows [29, 39, 40, 45, 54]:

Wy = (Ix)_lwywz(ly - Iz) + Tax + Tox + Tax + ux

oy = (1) o, (I, = 1) + Ty + Toy + Tay +

o, = (1) ooy (I = 1) + Taz + Tz + Tuz + u. 3)

All perturbing disturbance torques (7, + T + T;) can be written as follows:

Wy = (Ix)_l [([y - Iz)a)ywz + proy + p2wz]'
. -1
ay = (Iy)" [(I. = Do, + psw,].
w, = (Iz)_l[(lx - Iy)wxwy + pawy + pSwz]- “4)
Using Eq. (4), we can construct master and slave chaotic systems that are not
identical, as in Egs. (5) and (6), to express the chaotic movement of target and
service satellites, respectively.
Wy = (le)il[(]yl - Izl)wy]wz] + priwy + Plzwzl]-
. ~1
Wy = (I_vl) [(Izl - le)a)xlwzl + P130)y1]-
@21 = (L)' [(Le — Iy)@x10y1 + prawy + prswei]. &)

@2 = (1) '[(Iy2 — L2)wy200 + priw + pows].
Wy = (Iyz)_l [(I2 — L)oo + prwy].

w2 = (I2) ' [(In2 = Li2)wx2wy2 + prawas + paswz]- (6)

If the constraints and initial conditions are selected as follows, chaotic behaviors
in Figs. 2 and 3 are obtained as follows:

[000) 01 0) 0] =[111]"

[02(0) 032(0) w2(0)]" =[1.050.650.87]". )
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T T
p1= [ P11 P12 P13 Pi4 Pls] = [ —-3040 12 —12 4.8]

T T
p2= [le P P23 P st] = [ 12122 245 —2.45 0.98] ©)

2.2 Synchronization of Two Satellites

Dynamic equations and relative motion of cube satellites have been discussed in many
studies in the literature. In this study, for the first time, the motion of two satellites
has been considered as two different chaotic systems and the angular velocities of
the satellites were synchronized with synchronization control. Satellite dynamics are
given for target and service satellites, respectively, as follows:
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) = Ayw + fi(w), w; eR (10)

Wy = Aywy + fr(w) + A(w) +u, w, € R (11)

where u is the control input, A(w) is parameter uncertainties and f(w) and f>(w)
are nonlinear functions. In order for the two satellites to move synchronously, the
following condition must be satisfied.

lim [fw; —wil| =0 (12)
—00
Synchronization errors of two satellites are defined as:

€1 = Wy2 — Wy]
€ = a)yz — a)y] (13)

€3 = Wz — Wy]
From Eq. (13), changing of synchronization errors is obtained as follows:

€| = Wy, — Wy, = A0y 0z — By, + 810, + Uy — awy, 0, + froy, — Sy,

€ = a)ys - ern = O'la)xswzs + Klwys + uy - Gza)xma)z/rx - szym ’

€3 = Wy, — Wy, = Ty Wy, — V1Wx, T P10z, + Uz — T2y, 0y, + 20y, — P20,
(14)

If it is assumed that the satellites are identical and the satellite parameters do not
change:

a=a1=0a, B=p=pH §=8=5
0O =01 =03, K=Ky =Ky,
T=T1=T, VU=V =U2 p=p1=P2

=00, f=00, f,=o0w0,
As a result, the following change of errors equations is obtained as:
ér =a(fy, — fr,) — Ber + 8es + uy,

é) = U(fyx - f).m) + ey +uy,
é3 = T(fzd- - fzm) —vey + pe3 + u;.

Lemma 1 For the above-defined system, Lyapunov stability criteria is satisfied.

Proof Let Lyapunov equation be chosen as follows;
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3
V() = Z
i=1

V(t) = e1é) +exér +e3¢3 <0 (16)

& (15)

| =

V(f) =e1é +exér+ezé3 <0
= el(a(fxs - fx,,,) — Ber + desz + ux) + -
+€2(U(fyx — fv) +Kkey + uy) + e3(r(fzv — fzm) — ve; + pes + uz)
(17

If control inputs are selected as follows, Lyapunov stability condition is fulfilled.

Uy = el(_aAfx - 833)
Uy, = 62(—O'Afy — Kez) (18)
u; = e3(—tAf; + ve; — pe3)

3 Design of Controllers

In this section, sliding mode controller (SMC), fuzzy sliding mode controller (FSMC)
and intuitionistic sliding mode controller (IFSMC) are designed, respectively.

3.1 Design of SMC

SMC is a robust control method often used in the control of nonlinear systems. The
overall sliding surface [48], which is important for the sliding mode controller is
generally defined as;

s = Ce(t) (19)

where C = [cy, ¢2, €3, ¢4...] is 1xn matrix. In classical SMC, control input is defined
as:

U=Uey + U (20)

where u,, is equivalent control input and u, is the reaching control input defined
as u, = k.u, with switching gain k. and u, = sgn(s). However as stated in [51]
the sign function causes chattering problem in the system. In order to eliminate this
problem, fuzzy or intuitionistic fuzzy systems can be used instead of sign function.
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U= Ueg + Kyl g (2D
or
U =Ueq + kipsltifs (22)
where u,, = [Meq1, Ueg2s Ueg3, ueq4...]T and ks, or k;r, is normalization parameter
of output variable and u ¢, or u;, is control output obtained from FSMC or IFSMC
that is described, respectively, as follows:
ups = FSMC(s,s) =[FSMC(sy, §1), ..., FSMC(s4, $4)...] (23)
or

uips = IFSMC(s,§) = [IFSMC(sy,51), ... IFSMC(sg, 35)...]  (24)

In this study, a Lyapunov function [15] is selected as follows:

V= Es2 (25)

In order to obtain u,,, the synchronization error is defined as:
e=w; — w (26)

and the error dynamics is obtained from Eq. (10) and Eq. (11) as:
é=1p— W = Are+ F(wy, wp) +u 27

where F(wy, wy) = fo(w) — fi(w) + (A2 — Aj)w; and A(w) = 0. Then control
law is defined as follows [47]:

u=—F(w;, w) + Kv (28)

where K is constant gain vector. The error dynamics is obtained from Eqs. (27) and
(28) as:

e =Aze+ Kv 29)

Thus, linear time-variant control system with single input v has been designed.
The following equation is obtained from Eqgs. (19) and (29) as follows:

§ = Cé(t) = C[Are + Kv] (30)
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For the synchronization system to be stable, the sliding surface must provide s = 0
and § = 0. Thus the equivalent control law is obtained from solution of Eq. (30) for
“v” as follows:

Vg = —(CK)™'(CAy)e 31)

where C is chosen to satisfy the condition that CK is invertible matrix. The closed-
loop dynamics is obtained from Eqgs. (29) and (31) as follows:

é=[1-K(CK)'C]Ase (32)

The matrix [1 —K(CK)'C ]Az has been selected as to fulfil Hurwitz condition
to obtain controllable system. Therefore, FSMC or IFSMC law is obtained as

V= Vg + kfvfs (33)
or

V= Vg + kfv,-fs (34)

3.2 Designing Fundamental Concepts of FSMC and IFSMC

In this section, the fundamental concepts of fuzzy and intuitionistic fuzzy systems
are presented, after that common and different structures of fuzzy and intuitionistic
fuzzy controller are introduced. A fuzzy set in a non-empty set X given by;

A={(x,pnax)): x € X} (35)

where p4(x) : X — [0, 1] is the membership function of the fuzzy set A [52]. An
intuitionistic fuzzy set in a non-empty set X given by a set of ordered triples

A ={(x, pa(x), na(x)) : x € X} (36)

where pa(x) : X — I, and na(x) : X — [ are functions defined such that 0 <
w(x)+n(x) < 1forallx € X, pu(x)and n(x) represent the degree of membership and
degree of non-membership of x in A respectively. For each x € X, the intuitionistic
fuzzy index of x in A can be defined as follows: w4 (x) = 1 — ua(x) — na(x).
is called the degree of hesitation or indeterminacy [5].

Fuzzy and intuitionistic fuzzy sets are used to linguistically model the structure
of the control system based on expert knowledge. These modellings consist of three
principal parts called fuzzification, fuzzy inference and defuzzification. Although
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these three parts are the same in the main idea, particularly significant performance
increases are observed in control applications due to differences in intuitionistic
fuzzy sets.

First of all, for both FSMC and IFSMC, 7 different triangular fuzzy sets (negative
big (NB), negative medium (NM), negative small (NS), zero (ZE), positive small
(PS), positive medium (PM) and positive big (PB)) for “s” and “s” inputs are chosen
as shown in Fig. 4. Additionally 7 different fuzzy sets (NB, NM, NS, PS, PM and
PB) are chosen for “v,” and “v;f,” as outputs as shown in Fig. 5.

After selecting input and output fuzzy sets, the common “if-then” rule base based
on expert knowledge [24] required for FSMC and IFSMC are chosen as follows;

Rl: If sis PBand§is PB, then (vs,/vif,) is NB
R2: If sis PMand §is PB, then (vs,/vif, ) is NB

R48: If sis NM and sis NB, then (vfs/vifs) is PB
R49: If sis NBand $is NB, then (vs/vis; ) is PB

The rule base consisting of 49 rules can be shown as in Table 1.

Membership i

NE NM NS ZERO Ps PM P8

]

N IVAAVALVALVALVALVALVAR
e L ALTALATA LA LALN
o/ g/\/\\/\/\/\/\ \

4 3 2 1 o 1 2 3

T30 T30 30 30 30 30 30

Membership i

&l

Fig. 5 Fuzzy sets for outputs of FSMC and IFSMC
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Table 1 Fuzzy sets for outputs of FSMC and IFSMC

Vs /Vifs K
PB PM PS ZERO NS NM NB

s PB NB NB NB NB NM NS ZERO
PM NB NB NB NM NS ZERO PS
PS NB NB NM NS ZERO PS PM
ZERO NB NM NS ZERO PS PM PB
NS NM NS ZERO PS PM PB PB
NM NS ZERO PS PM PB PB PB
NB ZERO PS PM PB PB PB PB

3.2.1 Design of FSMC

A FSMC consists of 3 parts called fuzzification, inference and defuzzification. Firstly,
in fuzzification block, the crisp input values are converted into membership degrees
by using the triangular functions in Fig. 4. The second part of the system is fuzzy
inference process which is defined with an if—then rules base, which is based on the
fuzzy modal operator, fuzzy implication and fuzzy aggregation function. Here, the
fuzzy values are subjected to intersection, implication and aggregation, respectively,
and the resulting fuzzy numbers are sent to the defuzzification block. In this study,
intersection and implication methods are chosen as “min T-norm” (Lee., 2004). Let’s
rewrite any rule base as follows.

Ri:If sis Aj and s is B}, , then (V) is C; where j = 1,2, ..., 49.

Then intersection and implication process can be performed respectively for all
rule base:

o) = fa,nm, = Min(is, ), i, ) (37)

Wimptiea = tc,(Ugs) = min(ej, pe; (V) (38)

The 49 fuzzy numbers obtained as a result of the implication process are
aggregated [27] as follows.

e Wrs) = pe;(Vps) U pey (U gs)... U ey (V)
= max(puc; (Vrs), ey, (U s)--thcy, (Vrs)) (39

Finally, defuzzification process was performed using the “center of area (COA)”
defuzzification method [42] and the crisp v, is obtained as follows.

_ S e (@gs) [Wyy).dUgs
[ (Wgs).dvgy

Vs (40)
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3.2.2 Design of IFSMC

As in FSMC design, although fuzzification, inference and defuzzification processes
are performed respectively in IFSMC design, the used methods in some processes
can differ. Firstly, intuitionistic fuzzy sets are chosen for inputs (s and §) and outputs
(vss) as Figs. 4 and 5 and degrees of membership are obtained by performing i-
fuzzification. Then intuitionistic fuzzy pairs (IFP), which is defined in Eq. (36), are
produced by obtaining degrees of non-membership of each element using “Sugeno
Generator” [8] as shown.

1 —palx)
= — 41
nalx) = 7 A (41)

where A € (—1, 00) is Sugeno constant.

In IFSMC, although the same rule base is defined in the inference part of the
system as in the FSMC design, the inference process is performed by using ordered
pairs, not just degrees of membership. In this study “Mamdani intersection and
implication” methods are chosen as shown respectively [28]. Let’s rewrite any rule
base as follows.

Ri: If sis Aj and § is Bj, then (vizs) is C; where j =1,2, ..., 49.

Intersection for a rule base;

(erj, Bj) = (ka;nB;> Na;np;) = min(pa, (s), wp; ($)), max(na,(s), ng;(s))) (42)
Implication for a rule base;
Ry, (s, 8, Vigs) = (min{e, puc; Wirs)}, max{Bj, nc,Wigs)}) = {Dy,, Dy;}  (43)

After the implication process is performed for the all rule base, obtained fuzzy
numbers are aggregated [19] separately as follows.

,LLC/(E,‘fS) = max(Dm, DMZ"'DM49) (44)

nc(igs) = min(Dy,, Dy,...Dy,,) (45)

Additionally, using the fuzzy numbers ¢ (V;s) and e (V;sy), the fuzzy number
e (Virs) showing the indeterminacy is found as follows.

e (Wigs) = 1 — per@igs) — ner(Wifs) (46)
After the inference process is completed, the IFSMC controller design is

completed by converting the intuitionistic fuzzy numbers obtained to the v;, crisp
output using a novel intuitionistic defuzzification method [25] as shown.
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B0 = me @) e (i) + e @) @) g
P T = we @i ) e Wigs) + e @ig) Wigs)) i

(47)

4 Numerical Simulation for Satellite Synchronization

In this section, FSMC and IFSMCs have been designed separately and applied to the
satellite synchronization system with the same initial conditions and system parame-
ters. The performance and efficiency of the satellite synchronization system have been
compared with each other under the proposed FSMC and IFSMC methods in terms
of steady state error, setting time, maximum overshoot, chattering and robustness.

The parameters used for investigation of satellite system as in Eq. (7) with initial
condition are given as follows:

[0:1(0) 0,1 (0) 0 0)] =[111]"
[0:2(0) ©,2(0) 02(0)]" = [1.050.650.87]"

(48)

The block diagram of the satellite synchronization system is shown as Fig. 6,
and all the numerical results for proposed controllers have been simulated in
Matlab/Simulink. In the simulation, 4th Runge—Kutta method is used with the step
size of 0.00001 s.

The detailed block diagrams of satellite synchronization systems are shown in
Figs. 7 and 8.

4.1 Numerical Simulation Results for FSMC

The designed FSMC block diagram is shown in Fig. 7, where k; = —30.

Controller - >

Target Salelite Senice Satellite

Fig. 6 Block diagram of satellite synchronization system
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0,,,0,,,0, e.e,
Master System N Controller R
(Target Satellite) ¥| (sliding Mode)
Sliding , Controller
__: Surface —V¥|(Fuzzy or |-Fuzzy)
5.8
N
u,,u,,u,
Slave System —_
(Service Satellite)
Fig. 7 Detailed block diagram of satellite synchronization system
a Fuzzy
Membership Degrees Numbers
$.8 (14 item) (49 item) Vg
g - M, g . .
C—)| Fuzzification )| Inference [————)) Defuzzification —p
b Membership and
Non-Membership Fuzzy
: Degrees Numbers ;
8,8 (28 item) (98 item) Vis

)} I-Fuzzification =——————) I-Inference ﬁ I-Defuzzification [——p>

Fig. 8 a Fuzzy controller. b Intuitionistic fuzzy controller

As shown Fig. 9, it is observed that FSMC reaches a stable performance in about
40th seconds for e;, e;, e3 and maximum overshoot is — 4.23 for e3, without noise
at beginning. However, when a random noise signal with duration of 1 s, as shown
Fig. 10, is applied to the system in the 50th seconds, it is seen that system reacts
hardly and loses its stability for a short time. When the effect of the noise disappears,
it is seen that the system is stable and the maximum steady state error is — 1.69 X
10~ for e3 at 90th seconds and chattering does not occur.

4.2 Numerical Simulation Results for IFSMC Method

The designed IFSMC block diagram is given in Fig. 7 with k; = —30 and A = 0.07.
The main difference of this design according to FSMC is that the intuitionistic
controller is added to the sliding mode controller instead of fuzzy controller. All
system parameters and initial conditions are selected the same with FSMC for
objective comparison.
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Fig. 10 Noise signal

As shown Fig. 11, it is observed that IFSMC reaches stable performance about in
34th seconds for e, €5, e3 and maximum overshoot is — 3.56 for ez, without noise
at beginning. However, when a random noise signal with duration of 1 s, as shown
Fig. 10, is applied to the system in the 50th seconds, it is seen that system reacts
softly and loses its stability for a short time. When the effect of the noise disappears,
it is seen that the system is stable and the maximum steady state error is — 4.72 X
10 for e3 at 85th seconds and chattering does not occur.
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Fig. 11 ey, e3, e3 for IFSMC

4.3 Numerical Simulation Results According to k¢

The simulation results are shown in Sects. 4.1 and 4.2 according to the fixed kg
constant. However, another issue to consider is how the simulation results change
according to the change in the k constant. These results are listed according to the
some k; values as shown.

Simulation results are compared with —60 < k, < —20. Because outside of this
range, both FSMC and IFSMC designs are observed to be unstable. According to
Table 2, as ks approaches — 20, it is seen that for both FSMC and IFSMC designs,
settling time and steady-state error decrease and maximum overshoot increases.
However, it is observed that as k ; approaches — 20, the steady-state error decreases
for FSMC design and increases for IFSMC design. It is noticed that for all —60 <
ky < —20 both designs reach steady state stability and no chattering occurs.

5 Conclusions and Future Works

When the simulation results are examined, basic results are obtained as follows.

1. At the same k; values, it has been observed that IFSMC gives better results
than FSMC in terms of maximum overshoot, settling time, steady state error and
response to noise.

2. It was observed that the response to noise is hard (triangular) in FSMC and soft
(parabolic) in IFSMC.

3. It has been observed that the system with [FSMC is faster and more robust than
FSMC.
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Table 2 Simulation results according to k ¢

ky | FSMC IFSMC
Max. Settling | State Max. response | Max. Settling | State | Max. response
overshoot | time steady | to noise for e | overshoot | time steady | to noise for e3
(for e3) (without | error at | (amplitude) (for e3) (without | error | (amplitude)
noise) 90th noise) at 85th
(s) sec. (for (s) sec.
e3) (for
e3)
- | =373 ~48 —15.47 1 0.379 —3.03 ~39 6.81 x | 0.069
60 x 1074 107
— | =385 ~44 —2.58 |0.250 —-3.19 ~36 5.43 x | 0.070
50 x 1074 107
— | =423 ~42 —1.69 |0.116 —3.56 ~34 4.72 x | 0.075
30 x 107 107
— | —4.67 ~41 — 1.10 |0.094 —3.94 ~33 3.39 x | 0.081
20 x 1074 10

Itis thought that the main reason why IFSMC design gives better results compared
to FSMC design is that system uncertainties are taken into account while designing
IFSMC, unlike FSMC. This can be seen as the main reason for system acceleration,
decrease of steady-state error and maximum overshoot. In addition, the smoother
response of the design and the quicker damping of the distorting effect of the noise
when noise is applied to the system can be seen as a great advantage. In this way,
since soft switching is achieved, less wear of the switching elements is provided,
especially in mechanical and electrical systems, and a more efficient control method
is obtained in general.

In this study, controllers were designed according to predetermined & y and Sugeno
coefficients. In future studies, it is aimed to use adaptive parameters instead of fixed
parameters such as k; and Sugeno coefficients in both FSMC and IFSMC designs
in order to make the system work more efficiently. In addition, introducing novel
AFSMC and AIFSMC designs by using adaptive fuzzy sets instead of fixed and
triangular fuzzy sets during the fuzzification process is another goal.
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Optimizing a Convolutional Neural m
Network with a Hierarchical Genetic oo
Algorithm for Diabetic Retinopathy

Detection

Rodrigo Cordero-Martinez ®, Daniela Sanchez ®, and Patricia Melin

Abstract One of the worse conditions caused by diabetes mellitus (DM) is diabetic
retinopathy (DR) and it can be irreversible if it is not treated in time. The patient with
this condition can be completely blind because DR does not have symptoms until
advanced stages. Because of this, some authors have been searching for a solution
to an early detection of DR. One of the most used technologies for the detection of
DR is the neural networks called: Convolutional neural networks (CNN). But design
a CNN model from beginning could be slow. Along this work, we proposed the
design of a hierarchical genetic algorithm (HGA) to find the best hyperparameters
for a CNN model for the detection of DR. Before designing the hierarchical genetic
algorithm, we applied pre-processing to the APTOS 2019 database. Then we executed
30 times the hierarchical genetic algorithm and achieved 0.9650 of accuracy mean
and 0.007665 of standard deviation. The best CNN model got an accuracy of 0.9781
for DR detection.

Keywords Genetic algorithm - Diabetic retinopathy - Neural networks

1 Introduction

Diabetic retinopathy (DR) causes a progressive decrease in visual acuity and
can lead to blindness [1]. This loss of vision decreases the quality of life of
the patient and his relatives and generates high economic costs for the family
and the country [2].

The probability that a person in the world in 2002 would go blind, because of DR,
was only 0.75% [3]. But due to the growth in the number of patients with Diabetes
Mellitus (DM), worldwide in 2013 there were 382 million people with approximately
35% of these patients had some level of DR, and by the year 2035 it is calculated
that there will be 592 million people diagnosed with DM, thus having more than 4
million people blind because of DR [4].
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One of the most used technologies in recent years for the detection of DR is the
use of neural networks [5]. Promising results have been obtained for the detection
of DR using this technology.

Our main objective for this work was the design of a hierarchical genetic algorithm,
with the goal to increase the precision of a convolutional neural network that detects
in photos of the retina if the patient has diabetic retinopathy. The chromosomes and
their genes of the hierarchical genetic algorithm modify the hyperparameters of the
layers of the convolutional neural network until the optimal results are found.

In this work is implemented the use of convolutional neural networks for the detec-
tion of diabetic retinopathy and the network is optimized with the implementation of
a hierarchical genetic algorithm. Works by other authors have already implemented
this algorithm to optimize neural networks, but no work has focused on the detection
or classification of diabetic retinopathy.

In Sect. 2, are described the basic concepts to fully understand this work. In Sect. 3,
are explained and described in detail the methods applied. In Sect. 4 the results
obtained by the experiments are presented, and finally, in Sect. 5 the conclusions are
presented.

2 Basic Concepts

To fully understand this work, it is important to have knowledge of the concepts
presented below.

2.1 Neural Networks

The use of artificial intelligence in the medical area is a widely used resource, being
neural networks a resource that is still used today for the detection of diseases, pattern
recognition and prediction [6]. To create a neural network model that can be used to
detect diseases or anomalies in photographs, it is best if the network has supervised
learning [7]. This means that the images in the database need to be tagged for training,
validation, and testing.

For a neural network to learn as much as possible, it often involves skilled techni-
cians extracting important features from images. However, in recent years a kind of
neural network has been used that performs this feature extraction without the need
for an expert technician. These are called: convolutional neural networks (CNN) [8].

The CNNs have different layers connected that are in charge of extracting these
characteristics from the images [9]. CNNs start with the input of the images and a
convolutional layer with an activation function. The recommended activation func-
tion is the Rectified Linear Unit (better known as ReLLU) but it is not the only one.
The first convolutional layers are straightforward and detect lines and curves, but the
more layers you use, the more complex the shapes it recognizes. Then a layer called
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Fig. 1 Graphic of how a CNN model works

MaxPooling is used to minimize the size of the images, keeping the maximum values
according to a kernel (2 pixels high and wide is the most used) that will be traversing
the images. Finally, there are layers of fully connected neurons and an output layer
that classifies the images. In this work, there are just 2 classifications: the patience
has DR or does not. A graphic example of a CNN model can be seen in Fig. 1.

2.2 Hierarchical Genetic Algorithms

Evolution is a topic in biology that has been widely discussed for many years [10], and
this process served as inspiration for the development of an optimization algorithm
called the genetic algorithm (GA). Simple genetic algorithms are based on Darwin’s
theory of evolution [11], in which he comments that a child will have characteristics
of his parents and will improve over the generations.

One of the extensions of simple genetic algorithms is hierarchical genetic algo-
rithms (HGA). The main difference is that in hierarchical genetic algorithms there
are two types of genes: control and parametric [12]. They were developed to solve a
particular class of hierarchical problems. It can be represented as a tree where genes
in higher levels (control genes) are in charge of controlling genes in lower levels
(parametric genes).

3 Proposed Method

For the development of this work, the pre-processing applied in the database and the
properties of the genetic algorithm are explained below.

3.1 Pre-processing Applied to APTOS 2019

Apply a pre-processing to the database images is a very important step that help the
CNN models to extract the important features. For this work, we used the APTOS
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Fig. 2 Images taken from APTOS 2019 after applying the pre-processing

2019 database. This database has 3662 tagged images with five different stages of
DR [13, 14]. There are 1805 images of healthy retinas and 1857 images that contain
some level of DR. Database images have different sizes and lot of noise that can
affect the learning of the CNN [15]. To solve this, we applied pre-processing to all
images.

First, we extracted the retina from the image. With this, we avoided the noise in
the black zones. Then, we added black pixels at the top and bottom (or on the left and
right edges) of the image and create an image completely square. With this shape,
the images are not deformed while they are inserted in the CNN. Examples taken
from database after apply pre-processing can be observed in Fig. 2.

3.2 Genes of the Chromosomes

As we mentioned before, the chromosomes used in hierarchical genetic algorithm
have control genes and parametric genes. The data inside each gen has a different
purpose. First, is necessary to about the genes for control to understand what
parametric genes do.

Control Genes. The first control gen has an integer value that decides how many
convolutional layers will be used in the CNN model, with a minimum value of 3
and a maximum of 6. The second gen also has an integer value and specify how
many fully connected layers will be after the convolutional layers and before the
classification layer. Finally, the third gen can have values of 10, 20, 30, 40, 50, 60,
70, 80, 90 or 100, and represents the number of epochs. A graphic representation of
the chromosome with control genes can be observed on Fig. 3.

Parametric genes for convolutional layers. As we mentioned before, the first gen of
the control genes decides how many convolutional layers will have the CNN model.
The first gen of the parametric genes, for convolutional layers, has an integer value
of 1, 2 or 3. The value 1 means that the layer will be just a convolutional layer using
ReLU activation function. Value 2 means all of value 1 and MaxPooling layer with a
kernel with 2 x 2 size and stride of 2. Finally, if the value is 3 means the convolutional
layer with ReLU activation function, MaxPooling layer as same as detailed before,
and a Dropout probability.
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The second parametric gen has the size of the filter that uses the convolutional
layer. The values can be one of the integers 3, 4 or 5. The third parametric gen has
the number of filters for the convolution layer. The minimum and maximum number
of filters depends on the number of the convolutional layer. If the convolutional layer
is the number 1 or 2, the number of filters will be between 16 and 32, inclusive. If
the number is 3 or 4, the number of filters will be between 64 and 128, inclusive.

Finally, if the number is 5 or 6, the number of filters will be between 256 and 512,
inclusive. The fourth and last parametric gen has the value used for the Dropout in
case the value of the first gen is 3. Dropout values are integer and can be 10, 20, 30,
40 or 50. Before entering the value in the CNN model, the Dropout value is divided
by 100. A graphic representation of the parametric genes for convolutional layers
can be observed in Fig. 4.

Parametric genes for fully connected layers. As we mentioned before, the second
gen of the control genes decides how many fully connected layers will have our
model. The first gen of the parametric genes, for fully connected layers, has an integer
value of 1 or 2. The value 1 means that it will adds a fully connected layer with its
ReLU activation function. Value 2 means all of value 1 and a Dropout probability.

Number of convolutional layers

I 1.- Convolutional
see 2.- Convolutional and MaxPooling
- I I I 3.- Convolutional, MaxPooling and Dropou

see Number for convolutional filters
I 1 | | |

esee Number of convolutional filters
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Fig. 4 Parametric genes for convolutional layers
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Fig. 5 Parametric genes for fully connected layers

The second parametric gen has how many neurons will have the fully connected
layer. Depending on the position of the fully connected layer, the minimum and
maximum number of neurons will be different. If the position is the number 1 or
2, the number of neurons will be between 64 and 128, inclusive. If the number is 3
or 4, the number of neurons will be between 128 and 256, inclusive. Finally, if the
number is 5 or 6, the number of neurons will be between 256 and 512, inclusive. The
third and last parametric gen has the value used for the Dropout in case the value of
the first gen is 2. Dropout values are integer and can be 10, 20, 30, 40 or 50. Before
entering the value in the CNN model, the Dropout value is divided by 100. A graphic
representation of the parametric genes for fully connected layers can be observed in
Fig. 5.

4 Experimental Results

One experiment was carried out using the hierarchical genetic algorithm using the
chromosomes detailed before. The experiment was executed 30 times. All the execu-
tions used the same image pre-processing for the database, and it was distributed as
follows: 72% of training images, 8% for validation and 20% for testing. For the
CNN properties, each execute used the Adaptive Moment Estimation Optimizer,
better known as Adam Optimizer, and in the last layer of the CNN the use of sigmoid
activation function.

For the hierarchical genetic algorithm properties, each execute begins with 10
individuals for the population. Also 10 generations, 80% for selection probability,
50% for crossover probability and 80% for mutation probability. The best children
replace the worst fathers. The binary crossover was used for this experiment and for
mutation, it was implemented by taking a random row of each parametric gen and
changing its value in the same way as detailed in previous section. The fitness for
each chromosome was the accuracy obtained for the CNN model using the testing
images. In Table 1 can be seen the best fitness obtained for the hierarchical genetic
algorithm in each run.
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Table 1 Results obtained by the hierarchical genetic algorithm

Number of the | Best fitness | Number of the | Best fitness | Number of the | Best fitness
execution obtained execution obtained execution obtained
1 0.9658 11 0.9713 21 0.9658
2 0.9399 12 0.9563 22 0.9686

3 0.9727 13 0.9590 23 0.9658

4 0.9563 14 0.9693 24 0.9549

5 0.9720 15 0.9618 25 0.9563

6 0.9597 16 0.9699 26 0.9631

7 0.9645 17 0.9713 27 0.9706

8 0.9781 18 0.9727 28 0.9686

9 0.9652 19 0.9631 29 0.9699
10 0.9604 20 0.9631 30 0.9747

As it can be seen in the execution #8, the best CNN model obtained by the
hierarchical genetic algorithm achieved an accuracy of 0.9781 using 100 epochs. We
achieved an accuracy mean of 0.9650. With the information of Table 1 we could also
achieved a standard deviation of 0.007665. In Fig. 6 can be observed the layers and
hyperparameters of the CNN model.

One of the works that has used APTOS 2019 [16] implemented a modification of
InceptionV3, CNN that was presented in 2015 [17]. It is one of the most recent works
for detection of DR and they got an accuracy of 0.9446 in their best experiment.

5 Conclusions

In this work, we designed a HGA for the creation of CNN models. Before that, we
applied pre-processing to the APTOS 2019 database to help in the extraction of the
features of DR. In the experiment we got a CNN model with good results for the
detection of DR. Recent works preferred the use of existing CNN models, but we
think that using algorithms for optimization could create better CNN models.

As future work, we could use the hierarchical genetic algorithm for classification
of DR and not just the detection. APTOS 2019 have 5 stages for classification of DR,
so we can use the same pre-processed images for that work. Other thing is adding more
hyperparameters to optimize, like changing the size of the kernel of the MaxPooling
layer or replacing the ReLU activation function with other function. Our results
improve the accuracy for the CNN models, but there is room for improvement, so we
could change the pre-processing applied in the database in addition of the mentioned
before.
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Fig. 6 CNN model with the best accuracy

Also, we could implement other optimization algorithm like Particle Swarm Opti-
mization to improve the accuracy of this work. There are many databases for DR
that can been used with the hierarchical genetic algorithm explained in this work,
but also it can be used to find a CNN model for any image database with just a few
modifications (like the size and shape of the input images).

One thing that could help the HGA, is an addition of different types of pre-
processing for the database. Some authors use more than one pre-processing
searching which one improve their accuracies. Also, combining different database
for DR could improve the training of the CNN models. APTOS 2019 is not the larger
database for DR, so using two or more databases at same time could offer better
results in less time with an appropriate CNN model.

As future work we plan to consider the proposed model in other different appli-
cations, like in optimization problems [18, 19], time series prediction [20-22] and
in medical problems [23-25].
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Abstract This article discusses the natural evolution that took place from type-
1 to type-2, and now recently is occurring from type-2 to type-3 fuzzy systems.
Prof. Zadeh originally proposed the idea of type-1 fuzzy sets in 1965 and later
of type-2 fuzzy in 1975. The goal was to model the uncertainty existing in the
real world, and it is well known now that type-2 fuzzy models are better to handle
the levels of uncertainty in the real-world, coming from noisy, dynamic, non-linear
environments and systems. In addition, subjectivity that is handled by humans is also
better represented by type-2 fuzzy sets. As a consequence, type-2 systems have been
able to overcome type-1 fuzzy systems in many application areas, such as, intelligent
control, pattern recognition, and diagnosis. More recently, we have witnessed the rise
of the interval type-3 fuzzy sets and their utilization in control and identification of
non-linear systems, showing better results than type-2 and type-1, so we expect that
also this pattern will continue to other areas of application. In this article, the main
differences among the concepts of type-3, type-2 and type-1 will be discussed and
then an account of the existing applications of type-2 will be highlighted and finally,
future areas of research will be outlined.
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1 Introduction

Within the field of artificial intelligence, it is well known that fuzzy systems can have
successful utilization in a plethora of areas, such as: Intelligent control, recognition,
and diagnosis. Originally, fuzzy sets (now called type-1) were proposed by Lotfi
Zadeh in 1965. Later fuzzy logic and fuzzy systems were also proposed by Zadeh,
and many applications follow, mainly in control [1]. Type-1 fuzzy systems evolved to
type-2 fuzzy systems with the works by Mendel in 2001 [2]. Initially, interval type-2
fuzzy systems were studied and applied to several problems [3]. These systems were
applied to many problems in areas such as: robotics, intelligent control and others [4,
5]. Simulation and experimental results show that interval type-2 outperform type-1
fuzzy systems in situations with higher levels of noise, dynamic environments or
highly nonlinear problems [6-8]. Later, general type-2 fuzzy systems were consid-
ered to manage higher levels of uncertainty, and good results have been achieved in
several areas of application [9—11]. Recently, is becoming apparent that type-3 fuzzy
systems could help solve even more complex problems. For this reason, in this paper
we are putting forward the basic constructs of type-3 fuzzy systems by extending the
ideas of type-2 fuzzy systems [12—-14].

The contribution is the proposal of mathematical definitions of interval type-3
fuzzy sets, which were obtained by using the extension principle on the type-2 fuzzy
definitions. In addition, the proposal of a way to define interval type-3 fuzzy systems
for the applications. A particular case of control is used to illustrate the proposed
ideas, showing that interval type-3 is able to outperform type-2 and type-1 in control.
We consider that these are is key contributions to fuzzy theory.

The remaining of the article is: Sect. 2 is presenting the proposed definitions of
interval type-3 fuzzy, in Sect. 3 we are presenting the proposed definition of the
footprint of uncertainty in type-3, Sect. 4 describes interval type-3 fuzzy systems,
Sect. 5 summarizes simulation results and in Sect. 6 we are presenting the conclusions
that we have reached with the research done in this work.

2 Interval Type-3 Fuzzy Sets

Interval type-3 fuzzy can be viewed as an extension of type-2 models. We offer basic
terminology of interval type-3 fuzzy sets to give an idea of the difference with respect
to their type-2 counterparts.

Definition 1 A type-3 fuzzy set (T3 FS) [15, 16], denoted by A®, is represented
by the plot of a trivariate function, called membership function (MF) of A®| in
the Cartesian product X x [0, 1] x [0, 1] in [0, 1], where X. is the universe of the
primary variable of A®, x. The MF of w4 is denoted by w40 (x, u, v) (or (e to
abbreviate) and it is called a type-3 membership function (T3 MF) of the T3 FS. In
other words,
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na» : X x [0,1] x [0, 1]—10, 1]
A® = {(x, u(x), v(x,u), pao (x,u,v))|x € X,u € U C[0,1],v e V C[0, 1]}
1

where U is the universe for the secondary variable # and V is the universe for tertiary
variable v. A T3FS, A® can also be formulated in continuous notation as:

A(3) — / / / MA(;)(x,u,U)/(x, u, U) (2)

xeX uel0,1] vel0,1]

A(3):/ / / o (x, u,v)/v | /u|/x (3)

xeX Luel0,1] elo,1]

where [[[ is notation for the union over all the admissible x, u, v values.

Equation (3) is represented as a mapping of the T3 FS MFs with the following
equations:

AG — / ;,LA?)(M, v)/x

xeX

Mao (, v) = / g )(v)/u
uel0,1]

MAg?m(v) = / Hao(x,u,v)/v
vel0,1]

where © e (u, v) is the primary MF, u AD (u, v) is the secondary function and
Hp® (v) is the tertiary function of the T3 FS.
X,u)

If go (x, u, v) = 1, the T3 FS, A®), is reduced to an interval type-3 fuzzy set
(IT3 FS) with the notation A, defined by Eq. (4).

A:/ / / 1/v | /u | /x @)

xeX |ugl0,1] vE[ﬁA(x,u).ﬁA(x,u)

where
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MA(x,u) (v) = / 1/U

velp, (x,u), iy (x,u)

M), v) = / / 1/v | /u

uel0,1] vE[EA(x,u),ﬁA(x,u)

A= / Ka, (U, v)/x

xeX

Assuming that v € [,u (x,u), ry(x, u)] and the lower and upper membership

functions 12N (x, u), ;s (x, u) are general type-2 membership functions (T2 MF) over
the plane (x u), Eq. (4) can be simplified as a bivariate isosurface simplifica with an

interval type-3 membership function (IT3 MF), fia(x, u) € [& A(x, u), a(x, u)],
defined by Eq. (5).

A:/ //:LA(x,m/(x,u) )

xeX uel0,1]

where the lower T2 MF 12N (x, u), is contained in the upper T2 MF 1, (x, u), this
s, ,uA(x u) C my(x, u), then 17N (x,u) < fty(x,u), and as a consequence, an IT3
FS is represented by two T2 FSs one inferior A with T2 MF p, (x, u) and another

superior A, with T2 MF 4 (x, u) defined by Egs. (6) and (7) (see Fig. 1)

- [ [ = [| [ zaom|m ©)

xeX uel0,1] xeX luel0,1] .

A= [ [ meaoson = f [ T )

xeX uel0,1] xeX luel0,1]

where, the secondary MFs of A and A are T1 MFs of T1FS given by the Egs. (8)
and (9)

a0 = [ £ @/ ®)
u€lJy
I’LZ(X)(M)Z /7x(u)/u (9)

ueJy;
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Fig. 1 IT3 FS with IT3MF /T~
f(x, u) where w(x, u) is the
LMF and Tt(x, ) is the
UMEF. The embedded
secondary T1 MFs in x’ of A
and A are ix, (u) and ?x/ (u)
respectively

3 Footprint of Uncertainty

Another simple way to represent the IT3 MF from IT3 FS, A, is like a bivariate
isosurface, fta (x, u), because of the union of vertical-slices in x, where each vertical
cut in x = x’ is an embedded secondary interval type-2 membership function (IT2

MF) [16, 17] £ (), in other words, fu(u) € 1/[EA(x’, u), Ty (¥, u)] or fulu) €
[ix, (n), Tx, (u)] . Asaconsequence, Eq. (5) can be simplified to Eq. (10), (see Fig. 2).

A= / / o, )/ Cx ) = f / fw|ix o)

xeX uel0,1] xeX €[0,1]

where fig(x, u) € [gA(x, u), fa(x, u)]-
Equation (10) can be expressed as Egs. (11) and (12)

b= [ = [ | [ Fwps (an

xeX xeX Luel0,1]

where () (1) is an Interval type-2 fuzzy set (IT2 FS), as shown in Eq. (11).
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Fig. 2 IT3 FS, A, with IT3
MF, [ip(x, u) and an
embedded vertical cut,
Ha (W) €

[ £, T (u)] with the

FOU in green color

ji(x, u)

pao = [ Fwm= [ (12)

uely uelf ). f, )
Definition 2 An Interval type-3 fuzzy set (IT3 FS), represented by A, is an isosurface
with a bivariate function, called MF of A (see Fig. 4) over the Cartesian product
X x [0, 1]1in [0, 1], where X is the universe for the primary variable of A, x. The MF

of A is denoted by fis(x, u), (or fi; for simplicity) and it is called Interval type-3
membership function MF (IT3 MF), in other words,

A=A{(x,u, ip(x,u)lx € X,u e U=10,1]}
In which fis (x, u) C [0, 1]. U is the universe for the secondary variable u, and in
this work is assumed that U is [0, 1].

An IT3 FS, A can also be formulated in notation of fuzzy sets as in Egs. (9) and
(10).

p= [ meoie= [wwwn= [ [ R

xeX uel0,1] xeX xeX €[0,1]

where (44 (#) is an Interval type-2 fuzzy set (IT2 MF).

M @) = / Felu)/u = / 1/u

u€[0,1] uelf ), f @)
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file, w)

file, u)

Crisp
Rules Defuzzifier Il— — >

- S Sm— Outputs
Cri I :

ri . Interval Type-3

Inputs Fuzzifier Type-reduction

Fig. 4 General structure of an interval type-3 fuzzy system

and [[ denotes the union over all the admisible x and u.

The 3D plot of the IT3MF is an isosurface with volume in between the layers of
the Surface formed by all the secondary IT2MFs 1y () in green color in Fig. 3,
which forms the domain of uncertainty (DOU) of IT3 FS.

4 Interval Type-3 Fuzzy Systems

Here we offer an overview of how interval type-3 fuzzy systems can be defined
and applied in many possible areas. First, we can state that the general structure
of an interval type-3 fuzzy system is similar to the structures of type-2 and type-1,
consisting of fuzzifier, fuzzy rules, inference, type-reduction and defuzzifier. The
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Input 1
Type-2 Fuzzy
System 1 < G
NS
Input 2 i Global
P . Type-2 Fuzzy Output 2 . Interval Type-3 -
System 2 A Fuzzy System Output
3
Oo‘-“é-""
Input 3
2 Type-2 Fuzzy
System3

Fig. 5 Hierarchical architecture using an interval type-3 fuzzy system to combine the outputs of
simpler systems

main difference with respect to type-2 and type-1 is that now interval type-3 fuzzy
sets are used in the fuzzifier and also are the outputs of the inference and need to be
type reduced. In Fig. 4 the structure of an interval type-3 fuzzy system is found.

The structure of Fig. 5 can be used to build interval type-3 fuzzy systems for
different applications, in a similar way as it is done in type-2 and type-1, just the
difference would be that we need to now define the type-3 membership functions.
Of course, this would in theory enable the fuzzy system to deal with the uncer-
tainty for the problem at hand. It is also possible that for more complex problems
a modular structure could be used, meaning that the complete problem is divided
into subproblems that simpler fuzzy systems can handle and then fuzzy systems (as
aggregator) can combine the results to achieve a global result. If we assume that
three fuzzy systems can solve the three subproblems (maybe using type-2 systems)
then the aggregator could an interval type-3 system, as it is illustrated in Fig. 5. The
main idea of using an interval type-3 system for combining the outputs of the type-2
systems is to manage the uncertainty of the results produced by these systems.

This is just shown as an illustration of the possible form of this fuzzy system. In
general, we can say that there can be other possible architectures for the hierarchical
idea. For example, we could have individual models of type-1 providing inputs to the
type-3 aggregator, or the individual controllers could be neural networks or neuro-
fuzzy systems. It is even possible to have classical controllers combined with fuzzy
controllers. At the end, the main idea is that the type-3 aggregator should handle
the uncertainty coming out of the individual controllers. In particular, the interval
type-3 fuzzy systems can have a structure like the one shown in Fig. 6, where we can
find the three inputs and one outputs, showing interval type-3 Gaussian membership
functions.

In the following section we show simulation results to illustrate the results of an
interval type-3 system, as the one illustrated in Fig. 6, in a control application.
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Fig. 6 Example of an interval type-3 system

5 Simulation Results

In this section we consider a control problem in which three individual fuzzy
controllers are used to control simpler parts of the problem and then an interval type-
3 fuzzy controller is used to combine the outputs of the individual fuzzy controllers.
The particular problem is the one of controlling the flight an airplane [18].

In this problem the total flight control is achieved by combination of three indi-
vidual controllers (longitudinal, lateral and direction control). For obtaining the longi-
tudinal part, a system with one input and one output was put forward, the output is
the elevator action. In this case the linguistic values are push, pull or not move, and
the stick depending on the movement are, then the action in the elevator is obtained.
In lateral control, the outputs are the movements of the aileron because when they
are moved the aircraft can change the direction in the z axis and the input is the
stick of the pilot and when this is moved (right or left) the ailerons have a reaction
and the linguistic values are: move right, move left, center. In direction control the
output consists of the movements of the rudder and these determine if the aircraft
changes the trajectory in the x axis, in the input the pedals are consider (left and
right). The previously explained expert knowledge can be expressed as fuzzy rules
in the following form, for more details please check the work in [18]:

The fuzzy rules of longitudinal control are:

If wheel is push then elevator is down
If wheel is center then elevator is center
If wheel is pull then elevator is up

The fuzzy rules of lateral control are:

If wheel is left then aileron is left_up_right_down
If wheel is center then aileron is center
If wheel is right then aileron is right_up_left_down
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The fuzzy rules for direction control are:

If pedals is left then rudder is left
If pedals is center then rudder is center
If pedals is right then rudder is right

The fuzzy rules (we only show 3 rules as illustration to offer an idea of the global
controller) of the aggregator in Fig. 6 that combine the outputs of the three individual
fuzzy controllers are as follows [18].

1. If (Elevator is low) and (rudder is medium) and (Aileron is low) then (Nelevator
is low) (Nrudder is low) (Naileron is medium).

2. If (Elevator is high) and (rudder is medium) and (Aileron is high) then (Nelevator
is medium) (Nrudder is high) (Naileron is medium).

3. If (Elevator is high) and (rudder is high) and (Aileron is low) then (Nelevator is
high) (Nrudder is medium) (Naileron is medium).

After obtaining the rules of the aggregator, the outputs of the individual controllers
are combined with an aggregator using type-2 fuzzy and the results are summarized
in Tables 1, 2 and 3 based on the work in [18]. When the type-2 fuzzy aggregator
was applied in [18] the behavior was improved, but in this article we decided to also
use an interval type-3 fuzzy aggregator (like in Fig. 6) to test if the performance
could be improved even more for the behavior of the aircraft and this is also shown
in Tables 1, 2 and 3. The means are from 15 simulations of airplane control for each
case. It is important to highlight that this aggregator is an interval type-3 system to
achieve the global control by managing the uncertainties in this problem in a better
fashion.

The simulation results presented in Tables 1, 2 and 3, show evidence that there
exists a significant improvement when the interval type-3 system is used instead of
type-2 in the aggregator for the proposed approach for global control combining the
individual controllers. The main reason for the improvement is based on theoretical

Table 1 Comparison of

. Case | Comparison of results
results for the aileron

Controller Mean | Deviation
1 Type-1 fuzzy aggregator [18] 0.4100 |0.1070
Type-2 fuzzy aggregator [18] 0.2049 |0.0533
Interval type-3 fuzzy aggregator |0.1511 |0.0222

Table 2 Comparison of

. Case | Comparison of results
results for the elevator

Controller Mean | Deviation
1 Type-1 fuzzy aggregator [18] 0.4100 |0.1020
Type-2 fuzzy aggregator [18] 0.2053 |0.0510
Interval type-3 fuzzy aggregator | 0.1522 |0.0211
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Table 3 Comparison of

Case | Comparison of results
results for the rudder P

Controller Mean | Deviation
Type-1 fuzzy aggregator [18] 0.4070 |0.1310
2 Type-2 fuzzy aggregator [18] 0.2037 | 0.0655
Interval type-3 fuzzy aggregator |0.1507 |0.0202

fact that type-3 should be able to handle in a better way the inherent uncertainty in
controlling the nonlinear plant, in this case, the airplane. Of course, we also believe
that type-3 fuzzy should be able to handle other types of uncertainty arising in other
kinds of problems (different than control), such as in decision making, prediction,
diagnosis, monitoring, just to mention a few.

6 Conclusions

In this article, the main differences among the concepts of type-3, type-2 and type-1
fuzzy sets and systems are discussed and then an account of the existing applications
of type-2 were highlighted and future areas of research were outlined. The basic theo-
retical constructs of interval type-3 were outlined, as well as ways to design and build
interval type-3 fuzzy systems were put forward. The advantages of interval type-3
fuzzy logic have been illustrated with a control application. The case of airplane flight
control that was considered in previous works with type-1 and type-2 fuzzy control
[18] has now been considered with interval type-3 fuzzy logic, and a comparison
has been performed. The conclusion was that interval type-3 fuzzy control is able
to outperform type-2 and type-1 in the control errors, and we believe this is due to
the fact that type-3 is able to manage higher levels of uncertainty, which of course
this problem has. In future work, we plan to consider working on constructing better
algorithms for inference, type-reduction and defuzzification in type-3 fuzzy, as well
other approaches for fuzzy operations. In addition, we plan to consider a more exten-
sive analysis of this problem, including performing optimization of the membership
functions with a metaheuristic algorithm. In addition, we plan to apply interval type-3
fuzzy logic in other control problems, as well as in other kinds of application prob-
lems to test the possible advantages of this kind of fuzzy systems. It is also possible
to develop the theory of general type-3 fuzzy to extend the concepts and operations
of interval type-3 and then consider possible applications and comparison of results.
Finally, we have to say that we believe that interval type-3 could enhance the quality
of the solutions in other areas, such as in time series prediction [19], fuzzy clustering
[20] and diagnosis [21], by enhancing the management of the uncertainty in the
corresponding areas, and we envision working on these application areas in the near
future for the benefit of society and economy [22-27].
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A Comparative Study Between Bird )
Swarm Algorithm and Artificial Gorilla oo
Troops Optimizer

Ivette Miramontes and Patricia Melin

Abstract Nowadays, bio-inspired algorithms are one of the most widely used
existing soft computing techniques. Thanks to these methods we can help different
problems in improving the results provided. Because new metaheuristics are being
proposed more rapidly every day, it is in our interest to meet analysts with these
methodologies in order to identify and apply them according to the problem we face.
In this research, a new metaheuristic is analyzed, which is called Artificial Gorilla
Troops Optimizer, and compare the results obtained with a well-known algorithm that
we have used for different optimizations, this is known as Bird Swarm Algorithm. For
the present analysis, 10 mathematical benchmak functions were used in order to study
the results obtained. After the statistical study carried out, we were able to conclude
that according to the dimensions handled, the Artificial Gorilla Troops Optimizer
algorithm shows a significant improvement against the Bird Swarm Algorithm.

Keywords Optimization - Benchmark functions + Bio-inspired algorithms - Bird
Swarm Algorithm (BSA) - Artificial Gorilla Troops Optimizer (GTO)

1 Introduction

Today there are processes within the industry that allow a very small or null margin
of error, due to the delicate nature of the products that are manufactured, which
is why more and more different optimization methods are used that help to the
improvement and accuracy of these processes. In the area of soft computing, there are
metaheuristics or also known as bio-inspired algorithms, which take this inspiration
of different aspects, such as genetic-based [1], nature-based [2], swarm intelligence
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[3], physic-based [4] and human-based [5] designing these mathematical models
that help us to improve in different aspects. In the different studies carried out, it
has been of interest to analyze bio-inspired algorithms, where the Flower Pollination
Algorithm has been used for the optimization of neural networks, Chicken Swarm
Optimization has been used for the optimization of fuzzy systems, among others
[6-9].

Although it has well-known algorithms such as Genetic Algorithms [10] and
Particle Swarm Optimization [11], which have been shown to provide excellent
results when used in solving different optimization problems, it is in our interest to
give way to new metaheuristics, this in order to see in what area they specialize and
to know when or what problems can be solved in a better way to it.

The main contribution of this research is to make a comparison of the results
of a well-known algorithm such as the Bird Swarm Algorithm (BSA) and a new
metaheuristic, in this case the Artificial Gorilla Troops Optimizer (GTO), to test its
performance and analyze the results in order to determine if it can be used in the
future and even make some modification in order to obtain better results.

This paper has been organized as follows: the literature review is presented in
Sect. 2, in Sect. 3 the mathematical benchmark functions are presented, the results
are analyzed in Sect. 4 and, the conclusions for this work are presented in Sect. 5.

2 Literature Review

This section gives a brief description of the different methodologies to be used, as
well as their application to solve different problems.

2.1 Optimization

Understanding the concept of optimization is of the utmost importance, since it
clarifies what you want to achieve by performing it. Formally it can be said that
optimization is the search for the best solution to a given problem, and these problems
can be focused on different areas [12].

2.2 Bird Swarm Algorithm

Bird Swarm Algorithm [13], is a methodology which imitates the behavior of birds
within their habitat. This algorithm based on swarm intelligence was proposed by
Meng in 2015, imitating the behavior and social interaction in the swarm. The
behavior of the birds is imitated in different actions, which correspond to foraging
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and flight. This algorithm is based on 5 rules that generally cover how to search for
food and escape from predators.

2.3 Artificial Gorilla Troops Optimizer

The Artificial Gorilla Troops Optimizer [14] is proposed by Abdollahzadeh in 2021,
which uses five rules to imitate the behavior of gorillas within the swarm and thus
be able to carry out exploration and exploitation. The behaviors used to carry out
the exploration are the migration to an unknown place, that helps to increase the
exploration, the movement of the gorillas in order to have a balance between explo-
ration and exploitation. The third behavior taken into account for the exploration
phase is the movement of the gorillas towards known places, this in order to have
the ability to search in different spaces within the environment. In exploitation, it
is divided into two phases, which helps to significantly increase its search space in
which significantly increases the search performance in exploitation.

2.4 Optimization Problems Using BSA

The BSA algorithm has been used in different areas in order to obtain better results
in the problems being solved, among which are:

Signal processing for wind speed prediction [15], for the detection of unmanned
aerial vehicle objects [16], in the identification of polycyclic aromatic hydrocarbons
[17], for the joint planning of substations and lines in urban distribution systems [18]
and in obtaining a medical diagnosis of hypertension [19]. It should be noted that
several of the works mentioned have applied improvements to the original method.

2.5 Optimization Problems Using GTO

The GTO algorithm is relatively new, but by no means unused. This has been proposed
in applications such as:

In the search for the positions and classification of renewable distributed gener-
ators (RDG) [20], for power system stabilizer unit adjustment [21], the effective
extraction of the parameters of different photovoltaic models, in this work it is
also proposed a better one to the original method [22], in the prediction of crit-
ical genes obtained from genomic data [23], in the optimal adjustment of power
system stabilizer control parameters [14].



226 I. Miramontes and P. Melin

3 Mathematical Benchmark Functions

When experimenting with a new metaheuristic, it is common to use mathematical
benchmark functions, this with the aim of studying results produced by said meta-
heuristics and analyzing their performance, an example of these experiments can be
found in: Aquila Optimizer [24], Honey Badger Algorithm [25], Tunicate Swarm
Algorithm [26], Coronavirus Herd Immunity Optimizer [5], Dingo Optimizer [27],
among others.

To carry out the corresponding experimentation of this work, 10 classical bench-
mark mathematical functions are used, which are divided into unimodal (F1-F7) and
multimodal (F8—F10).

Unimodal functions are those that, in their search space, have only one optimal
value. This type of functions can be continuous or discontinuous, in addition to being
functions of simple analysis.

Multimodal functions are those that have numerous optima (either local or global).
In general, these types of functions are difficult in the sense that a global optimal
solution cannot be guaranteed in a finite number of steps.

The mathematical representation of the functions used, as well as their range and
minimum value, are listed as follows:

e F1: Sphere

fw =Y a2
i=1

Being x; € [—100, 100] and fiin (x*) = 0.0
e F2: Schwefel 2.22

fo) =Y Ixl+[]x
i=1 i=0

Being x; € [—10, 10] and fiin (x*) = 0.0
e F3: Schwefel 1.2

2

f(x)ZZ ij

i=1 \ j=1

Being x; € [—100, 100] and fin (x*) = 0.0
e F4: Schwefel 2.21

fx) =max{|x;|,1 <i <nj

Being x; € [—100, 100] and fiin (x*) = 0.0
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F5: Rosenbrock

n

00 = Y [100(xis1 = 22)° + (i — 1)?]

i=1

Being x; € [—30, 30] and fiin (x*) = 0.0
Fé6: Step

=Ll
i=1

Being x; € [—100, 100] and fiin (x*) = 0.0
F7: Quartic

n

f(x) = Z ix* + rand[0, 1)

i=1

Being x; € [—1.28, 1.28] and fiin(x*) = 0.0
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Being x; € [—500, 500] and fiin (x*) = —418.982887272433799n
F9: Rastrigin

fx) =[x} — 10cos2mx;) + 10]

i=I

Being x; € [—5.12,5.12] and fiin (x*) = 0.0
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f(X) — —208(72X a ic xi) _ e[; Yo cos(2mx;) | +20 + e(l)
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In Fig. 1 the mathematical functions used are presented graphically.
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Fig. 1 Graphical representation of benchmark functions
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4 Results

In this section, a comparison between the BSA and GTO algorithms is presented in
order to analyze the performance of both methods. The experimentation is carried
out using 10 mathematical functions, which implement 30 independent runs using a
population of 30 individuals and 500 iterations, in addition, the number of dimensions
is varied, using 30, 100, 500 and 1000 dimensions, respectively.

The parameters used in the GTO algorithm are:

e Beta: 3
e W:0.8
e P:0.03.

The parameters used in the GTO algorithm are:

al: 1
a2: 1
cl: 1.5
c2: 1.5
FQ: 3.

Itis worth mentioning that the parameters listed above were taken from the original
methods.

In Table 1, the results obtained from the different runs carried out with each of the
mathematical functions are presented, and from which the best and worst values, the
average of the 30 experiments and the standard deviation are listed. For this study,
different dimensions are analyzed. It can be observed that with this algorithm 3 of
the 10 functions reached their minimum value.

The results obtained from the experimentation carried out with the BSA algorithm
are presented in Table 2. In a similar way to the previous experimentation, the best
and worst value obtained are placed, in addition to the average of the 30 runs and
the standard deviation. It can be analyzed that with this algorithm larger values were
obtained and even only in one of the functions was the minimum value reached.

In order to clarify the comparison made, the results obtained are statistically
analyzed, for this, the Z test is used.

The parameters used are:

Ho: nl1 < p2.

Ha: p1 > p2.

Critical Value: —1.645.
Alpha: 0.05.

Confidence interval: 95%.

Table 3 shows the results of the Z test, where it can be seen that in 5 of the
10 mathematical functions there is significant evidence to conclude that the GTO
method provides better results when tested with 30 dimensions.
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Function Dimensions GTO
30 100 500 1000

Fl1 Best 0.00E00 0.00E00 0.00E00 0.00E00
Worst 0.00E00 0.00E00 0.00E00 0.00E00
Average 0.00E00 0.00E00 0.00E00 0.00E00
STD 0.00E00 0.00E00 0.00E00 0.00E00

F2 Best 8.67TE—207 1.21E-205 3.03E—200 5.53E—203
Worst 6.71E—192 4.87E—190 3.43E—187 1.79E—187
Average 2.44E—193 1.84E—191 1.14E—188 8.29E—189
STD 0.00E00 0.00E00 0.00E00 0.00E00

F3 Best 0.00E00 0.00E00 0.00E00 0.00E00
Worst 0.00E00 0.00E00 0.00E00 0.00E00
Average 0.00E00 0.00E00 0.00E00 0.00E00
STD 0.00E00 0.00E00 0.00E00 0.00E00

F4 Best 7.31E—208 4.32E—-205 3.92E—206 7.13E—-202
Worst 6.75E—192 3.29E—188 4.06E—183 5.21E—188
Average 2.57E—193 1.68E—189 1.35E—184 1.90E—189
STD 0.00E00 0.00E00 0.00E00 0.00E00

F5 Best 4.24E—06 3.01E-07 1.51E-05 3.20E—03
Worst 2.45E+01 9.49E+01 1.26E+01 1.60E+01
Average 1.58E+00 3.24E+00 1.69E+00 1.85E+00
STD 6.02E+00 1.73E+01 2.58E+00 3.09E+00

F6 Best 4.79E—10 2.06E—04 2.40E—04 3.08E—05
Worst 1.04E—06 2.82E—02 2.30E+00 3.11E+00
Average 1.48E—07 6.46E—03 3.87E—01 6.77E—01
STD 2.38E—07 6.92E—03 5.11E-01 7.02E—01

F7 Best 6.15E—06 1.53E-05 2.05E—05 6.62E—06
Worst 3.35E-04 5.11E-04 2.57E—04 3.56E—04
Average 7.55E—05 1.47E—-04 1.01E-04 1.04E—04
STD 7.09E—05 1.17E—-04 7.58E—05 8.01E—05

F8 Best —1.26E+04 —4.19E+04 —2.09E+05 —4.19E+05
Worst —1.26E+04 —4.19E+04 —2.09E+05 —4.18E+05
Average —1.26E+04 —4.19E+04 —2.09E+05 —4.19E+05
STD 1.11E-04 1.67E+00 3.10E+01 2.45E+02

F9 Best 0.00E00 0.00E00 0.00E00 0.00E00
Worst 0.00E00 0.00E00 0.00E00 0.00E00
Average 0.00E00 0.00E00 0.00E00 0.00E00

(continued)
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Table 1 (continued)

Function Dimensions GTO
30 100 500 1000
STD 0.00E00 0.00E00 0.00E00 0.00E00
F10 Best 8.88E—16 8.88E—16 8.88E—16 8.88E—16
Worst 8.88E—16 8.88E—16 8.88E—16 8.88E—16
Average 8.88E—16 8.88E—16 8.88E—16 8.88E—16
STD 0.00E00 0.00E00 0.00E00 0.00E00

The results of the Z test when experimenting with 100 dimensions are presented
in Table 4, for this case 4 of the 10 mathematical functions used have significant
evidence to conclude that the GTO method presents better results than BSA.

Analyzing the mathematical functions when tested with 500 and 1000 dimensions,
the mathematical functions F5, F6 and F8 present significant evidence to determine
that GTO provides better results than BSA. This results are presented in Tables 5
and 6 respectively.

5 Conclusions and Future Work

It is quite interesting and very helpful to carry out this type of comparison, since it
broadens the panorama of the performance of the metaheuristics, as well as knowing
which area they are more inclined towards in solving problems. In this case, a compar-
ison was made of a well-known algorithm in our work, such as the BSA, and a new
proposal for a bio-inspired algorithm was taken, which is the Artificial Gorilla Troops
Optimizer, which is based on the behavior of gorillas within their habitat. In the study
carried out, changing the dimensions of each of the mathematical functions used is
experimented with, in order to analyze the results obtained, when doing this, it was
observed that in certain functions the results were very similar and we can say that
the GTO was significantly better in half of the benchmark functions.

As future work, it is intended to continue working with the GTO algorithm,
performing a dynamic adjustment of parameters using fuzzy logic, with which we
can make other comparisons and even try other optimization problems to analyze the
performance of the method. We can also consider other optimization approaches, as
in [28-30].
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Function Dimensions BSA
30 100 500 1000
Fl Best 1.17E-232 9.16E—232 3.57E—234 1.09E—235
Worst 8.87E—211 5.10E-212 2.33E—-203 1.11E-214
Average 2.97E-212 1.72E-213 7.78E—205 4.22E-216
STD 0.00E00 0.00E00 0.00E00 0.00E00
F2 Best 1.67E—116 7.62E—117 3.36E—115 1.07E—16
Worst 3.58E—108 7.62E—117 1.83E—103 1.47E—01
Average 2.56E—109 2.13E—105 6.17E—105 5.93E-03
STD 7.11E—109 1.17E—104 3.33E—104 2.70E—02
F3 Best 4.49E—233 1.50E—231 2.76E—234 2.76E—240
Worst 3.28E-214 9.72E—210 2.76E—234 2.55E—209
Average 1.13E-215 6.43E—211 4.91E-210 8.61E-211
STD 0.00E00 0.00E00 0.00E00 0.00E00
F4 Best 1.65E—115 1.37E—116 7.80E—119 6.52E—114
Worst 3.12E—106 3.89E—108 1.41E—-104 2.55E—105
Average 1.66E—107 3.66E—109 5.49E—106 8.89E—107
STD 5.95E—107 1.09E—108 2.60E—105 4.66E—106
F5 Best 2.839E+01 9.88E+01 4.99E+02 9.99E+02
Worst 2.90E+01 9.90E+01 4.99E+02 9.99E+02
Average 2.89E+01 9.89E+01 4.99E+02 9.99E+02
STD 2.59E—02 3.74E—02 3.81E—02 3.16E—02
F6 Best 5.00E+00 2.09E+01 1.22E+02 2.46E+02
Worst 7.08E+00 2.46E+01 1.25E+02 2.49E+02
Average 6.15E+00 2.35E+01 1.24E+02 2.48E+02
STD 5.16E—01 8.48E—01 4.90E—01 7.72E—01
F7 Best 1.12E-05 9.54E—06 1.32E-05 6.94E—06
Worst 9.50E—04 4.92E—04 6.95E—04 3.36E—04
Average 1.92E—-04 1.32E—-04 1.37E—-04 1.36E—04
STD 1.84E—04 1.13E—04 1.37E—-04 9.23E—-05
F8 Best —7.24E+03 —1.57E+04 —4 43E+04 —5.68E+04
Worst —3.66E+03 —7.22E+03 —2.07E+04 —2.78E+04
Average —5.83E+03 —1.19E+04 —2.77E+04 —3.83E+04
STD 7.81E+02 2.07E+03 5.64E+03 7.43E+03
F9 Best 0.00E00 0.00E00 0.00E00 0.00E00
Worst 0.00E00 0.00E00 0.00E00 0.00E00
Average 0.00E00 0.00E00 0.00E00 0.00E00

(continued)
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Table 2 (continued)
Function Dimensions BSA
30 100 500 1000
STD 0.00E00 0.00E00 0.00E00 0.00E00
F10 Best 8.88E—16 8.88E—16 8.88E—16 8.88E—16
Worst 8.88E—16 8.88E—16 8.88E—16 8.88E—16
Average 8.88E—16 8.88E—16 8.88E—16 8.88E—16
STD 0.00E00 0.00E00 0.00E00 0.00E00
Table 3 Results of Z-test using 30 dimensions
Function | GTO BSA Ztest Result
Average StdDev Average StdDev
F1 0.00E00 0.00E00 2.97E-212 | 0.00E00 0 NS
F2 2.44E—193 | 0.00E00 2.56E—-109 |7.11E—109 | —-1.9721 S
F3 0.00E00 0.00E00 1.13E-215 | 0.00E00 0 NS
F4 2.57E—193 | 0.00E00 1.66E—107 |5.95E—107 | —1.5281 NS
F5 1.58E+00 6.02E+00 | 2.89E+01 2.59E-02 —24.8565 |S
F6 1.48E—07 2.38E—07 | 6.15E+00 5.16E—01 —65.2809 | S
F7 7.55E—05 7.09E-05 | 1.92E—04 1.84E—04 —3.236 S
F8 —1.26E+04 |1.11E-04 | —5.83E+03 |7.81E+02 —47.4786
F9 0.00E00 0.00E00 0.00E00 0.00E00 0 NS
F10 8.88E—16 0.00E00 8.88E—16 0.00E00 0 NS
Table 4 Results of Z-test using 10 dimensions
Function |GTO BSA Ztest Result
Average StdDev Average StdDev
F1 0.00E00 0.00E00 1.72E-213 | 0.00E00 0 NS
F2 1.84E—191 | 0.00E00 2.13E—-105 | 1.17E—104 | —0.9971 NS
F3 0.00E+00 0.00E00 6.43E—211 | 0.00E+00 0 NS
F4 1.68E—189 | 0.00E00 3.66E—109 |1.09E—108 | —1.8391
F5 3.24E+00 3.24E+00 | 9.89E+01 3.74E—-02 —161.7026
F6 6.46E—03 6.92E—03 | 2.35E+01 8.48E—01 —151.7935
F7 1.47E—-04 1.17E-04 | 1.32E—04 1.13E-04 0.5051 NS
F8 —4.19E+04 | 1.67E+00 | —1.19E+04 |2.07E+03 —79.3801 S
F9 0.00E00 0.00E00 0.00E00 0.00E00 0 NS
F10 8.88E—16 0.00E00 8.88E—16 0.00E00 0 NS
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Table 5 Results of Z-test using 500 dimensions

Function | GTO BSA Ztest Result
Average StdDev Average StdDev

Fl1 0.00E00 0.00E00 7.78E—205 | 0.00E00 0 NS

F2 1.14E—188 | 0.00E00 6.17E—105 |3.33E—104 | —1.0148 NS

F3 0.00E+00 0.00E00 491E-210 | 0.00E00 0 NS

F4 1.35E—184 | 0.00E00 549E—106 |2.60E—105 |—1.1565 NS

F5 1.69E+00 2.58E+00 | 4.99E+02 3.81E—02 —1.06E+03

F6 3.87E—01 S5.11E=01 | 1.24E+02 4.90E-01 —956.3352

F7 1.01E-04 7.58E—-05 | 1.37E—-04 1.37E—04 —1.259 NS

F8 —2.09E+05 |3.10E+01 —2.77TE+04 | 5.64E+03 —176.065 S

F9 0.00E00 0.00E00 0.00E00 0.00E00 0 NS

F10 8.88E—16 0.00E+00 | 8.88E—16 0.00E+00 0 NS

Table 6 Results of Z-test using 1000 dimensions

Function | GTO BSA Ztest Result
Average StdDev Average StdDev
Fl1 0.00E00 0.00E00 4.22E-216 | 0.00E00 0 NS
F2 8.29E—189 | 0.00E00 5.93E—-03 2.70E—02 —1.203 NS
F3 0.00E00 0.00E00 8.61E—211 | 0.00E00 0 NS
F4 1.90E—189 | 0.00E00 8.89E—107 |4.66E—106 | —1.0449 NS
F5 1.85E+00 3.09E+00 | 9.99E+02 3.16E—02 —1767.421
F6 6.77E—01 7.02E—01 |2.48E+02 7.72E—01 —1298.235 |S
F7 1.04E—-04 8.01E—05 | 1.36E—04 9.23E—-05 —1.434 NS
F8 —4.19E+05 | 2.45E+02 | —3.83E+04 |7.43E+03 —280.491 S
F9 0.00E00 0.00E00 0.00E00 0.00E00 0 NS
F10 8.88E—16 0.00E00 8.88E—16 0.00E00 0 NS
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of Convolutional Neural Networks oo
for Diabetic Retinopathy Classification

Patricia Melin, Daniela Sanchez, and Rodrigo Cordero-Martinez

Abstract This work proposes convolutional neural networks (CNNs) and particle
swarm optimization (PSO) for diabetic retinopathy classification. Particle swarm
optimization seeks to minimize the classification error, designing the convolutional
neural network using different preprocessing methods to compare results. The param-
eters optimized to design the CNN are the number of convolutional layers, filters
with their filters size, pool size, algorithm for the learning process, number of fully
connecter layers with their number of neurons, batch size, and finally the number of
epochs. Among the preprocessing applied are: extraction of the retina and applying
a histogram equalization to the red, green, and blue channels. The database used to
test the proposed method is APTOS 2019, where the best result achieved is 96.59%,
with an average of 95.33%.

Keywords Diabetic retinopathy + Convolutional neural network - Particle swarm
optimization - Classification

1 Introduction

In recent years, diabetes has become a public health disease. There are millions of
people in the world who suffer from it. Some research has been carried out seeking
its relationship with other conditions and how it can complicate them, as is the case
for heart failure, hypertension, obesity, pancreatic cancer [1]. Type 2 diabetes is also
related to retinopathy, nephropathy, and neuropathy [2]. The leading cause of blind-
ness and visual impairment worldwide is diabetic retinopathy. It is classification is
into non-proliferative and proliferative. A patient with a non-proliferative stage has
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retinal hemorrhages and hard and soft exudates. If the severity increases, the prolif-
erative stage occurs with ischemic with neovascularization and traction elevation of
the retina. Both stages are associated with diabetic macular edema, the most common
cause of vision loss [3]. Nowadays, intelligence techniques have tried to detect or
predict if a person has diabetes. In [4], novel diabetes classifying model based on
Convolutional Long Short-term Memory (Conv-LSTM) is proposed using the Pima
Indians Diabetes Database (PIDD). In [5], the author proposed a features extrac-
tion using stacked autoencoders and performing classification with a Deep Neural
Network framework. A virtual doctor using artificial intelligence, which can interact
with patients using speech recognition to predict type 2 diabetes mellitus, is proposed
[6]. Concerning diabetic retinopathy (DR), different works have also been developed
to perform its classification and association with other diseases. A study of the asso-
ciation of different degrees of damages of DR and hearing loss is presented in [7].
In [8], authors proposed the automatic DR detection using a deep learning hybrid
on pre-trained Inception-ResNet-v2. In [9], a design of the Source-Free Transfer
Learning (SFTL) method for diabetic retinopathy detection is proposed. The method
consists of 2 modules; the first one is the target generation module, and the second one
is a collaborative consistency module. Most of the proposed methods are based on
pre-trained models. For this reason, in this work, the use of an optimization method
that allows obtaining the optimal convolutional neural networks (CNNs) architec-
ture is proposed. In the literature, there are different optimization methods based on
different approaches [10], such as probabilistic, music, mathematical, human [11] or
swarm intelligence [12—14]. The main inspiration in the swarm intelligence is based
on the nature of fish schools, bird flocks, ant colonies, and other animals with self-
organization capabilities [15-17]. A hybrid system is proposed in this work, where
CNNss and particle swarm optimization are combined for diabetic retinopathy classi-
fication. The proposed PSO designs the convolutional neural networks architectures
to perform binary and multiclass diabetic retinopathy classification.

This work is structured as below: Sect. 2 contains the basic concepts applied to
perform the method, in Sect. 3, the general description of the method is shown,
Sect. 4 contains experiments results obtained with the proposed method. Finally,
Conclusions and References are presented.

2 Basic Concepts

In this section, the intelligence techniques used in the proposed method are presented.

2.1 Convolutional Neural Networks

Artificial neural networks (ANNs) are widely known as intelligence techniques that
simulate the learning process [18, 19]. An artificial neural network has 2 main
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attributes: its parallel distributed structure and its ability to learn what allows the
generalized producing outputs to inputs not learned by the artificial neural networks
[20, 21]. Convolutional neural networks (CNNSs) are based on conventional neural
networks [22]. This kind of neural network uses a convolution process, where inputs
are multiplied using a filter (also known as kernel) with a size m x m, where m is an
integer value, usually between 3 and 5 [23], producing an output map. The pooling
layer allows reducing information. There are different pooling layers such as max,
min, and average layers. Finally, the fully connected layers learn the information
[24, 25].

2.2 Particle Swarm Optimization

Particle swarm optimization (PSO) was proposed in [26, 27], and it is based on swarm
behavior, where a swarm is formed of particles, and each one has a certain number of
dimensions. These dimensions represent parameters that allow a possible solution to
a problem that moves stochastically in the search space [15, 28]. The next position
of each particle is calculated by:

Xig(t +1) = x;(t) + v (r + 1) (D

where X;q(t) denotes the actual position of the particle i, dimension d, at time .
A velocity vi(t 4 1) is set to determine the next position. The original algorithm
was improved using an inertia weight (w). With a big inertia weight value, a global
exploration is allowed. Meanwhile, a small value allows a local exploration [29].

3 General Description of the Proposed Method

The proposed method designs CNN architectures for diabetic retinopathy classifica-
tion. The proposed method can be applied to multiclass (healthy retina or with a stage
of damage) or binary classification (healthy retina or not). The optimal parameters
are found using particle swarm optimization. After each convolution layer follows a
max-pooling layer to reduce image size. The proposed optimization also determines
the pool size. The proposed method applied to multiclass classification is shown in
Fig. 1.

3.1 Description of PSO

The particle swarm optimization allows the designing of the CNN architectures: the
number of convolutional layers, filters with their filters size, pool size, algorithm for



240 P. Melin et al.

Particle Swarm Optimization Output

Input

Mealihy

i

I

1

: Mild stage

. .
—_— b B = o — Moderate stage

1 Severe stage

i

I

1

]

I

L

Max N Max
Pooling C on\‘:t:lrionnl Pooling
laver z layer Fully
Flatten  connected
layer layers

Convolutional
layer

Proliferative stage

Fig. 1 Proposed method for multiclass classification

the learning process, number of fully connecter, number of neurons, batch size, and
the number of epochs. The configuration of the PSO parameters can be observed in
Table 1. These values are based on a previous work where modular granular neural
networks were optimized [30].

The accuracy equation used in this work is given by the expression:

Accuracy =(TP+TN)/(TP+ FP+TN + FN) 2)

where TP is True Positive, TN is True Negative, FP is False Positive, and FN is False
Negative. The proposed optimization seeks to minimize the error of classification,
and the objective function is given by:

f=1—(TP+TN)/(TP+FP+TN + FN) 3)

The rectified linear activation function (ReLU) is used before the output layer.
The values shown in Table 2 determined the search of the algorithm. For the batch
size, the possible values are from 1 up to 4, which means 8, 16, 32, or 64. For the
algorithm used to training phase, the possible values are from 1 up to 6, to select one
of the six possible algorithms:

1. Adaptive Moment Estimation (Adam).
2. Adamax based on Adam and the infinity norm.
3. Nesterov-accelerated Adam (Nadam).

Table 1 Parameter values for Parameter Value
the PSO
Particles 10
Maximum iterations 30
Dimensions 13
C 1.5
Cy 2
w 0.8
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Table 2 Definition of the
search space
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Parameter Value

Minimum | Maximum
Convolutional layers (CL) 1 3
Number of filters CL #1 8 16
Number of filters CL #2 16 32
Number of filters CL #3 32 64
Size filter
Pool size
Max-pooling layer 1
Pool size 3 5
Max-pooling layer 2
Pool size 3 5
Max-pooling layer 3
Fully connected layers 1 3
Neurons of the fully connected layers | 10 300
Epoch 5 10
Batch size 1 4
Learning algorithm 1 6

4. Stochastic gradient descent method based on adaptive learning rate per dimension

5. Adaptative Gradient Algorithm (Adagrad).
6. Stochastic gradient descent (SGD).

Each particle has 17 dimensions with the information needed to design a CNN.

The structure of the particle is shown in Fig. 2. In Fig. 3, the flowchart of the proposed

method is shown.

3.2 Database

The APTOS 2019 database [31] contains 5590 images with noise and different sizes,
where only 3662 have a tag of its classification. These images are used to prove the
proposed method (training and testing phase), with a size of 200 x 200 pixels. A
sample of this database is shown in Fig. 4. The database contains 5 classes:

Healthy Retina

No Proliferative Mild Stage

No Proliferative Moderate Stage
No Proliferative Severe Stage
Proliferative Stage.
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Fig. 4 Sample of APTOS 2019 database

Table 3 Images per class (APTOS 2019 database)
Class 1 2 3 4 5
Images 1805 370 999 193 295

For both classifications: binary and multiclass, 72% of the images are for training,
8% for validation, and 20% for testing. The number of images for each class is shown
in Table 3.

Pre-processing #1: This pre-processing has been used before in [§8]. In this pre-
processing, the image has integer values in its pixels between 0 and 255. A new image
is created using the original image; if a pixel value is less than 20, the new pixel value
equals 0. On the contrary, it is equal to 1, generating a new binary image. This image
allows detecting the position of the largest object to obtain the central pixel of the
retina with its height and width. The original image is recut to delete unnecessary
information or noise with this information. A sample of this pre-processing is shown
in Fig. 5.

Pre-processing #2: This pre-processing is based on the first one to extract the retina
image. After the red, green, and blue channels are extracted, histogram equalization
is applied to each one to be joined to generate a single image finally. A sample of
this pre-processing is shown in Fig. 6.

4 Experimental Results

This section shows the results achieved using the two pre-processing previously
described. For each pre-processing and type of classification (binary and multiclass),
30 runs are performed.
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Fig. 5 Sample of pre-processing #1

Fig. 6 Sample of pre-processing #2

4.1 Pre-processing #1

In this section, the results achieved using pre-processing #1 are shown.
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Table 4 Best architecture
. . Parameters Values
(pre-processing #1, binary)
Convolutional layers 3
Number of filters and size per layer 8(5 x5)
16 (3 x 3)
64 (3 x 3)
Max-pooling filter size per layer 2x?2
4 x4
5x5
Fully connected layers (neurons) 1 (300)
Epoch 10
Batch size 8
Algorithm Nadam
Error 0.0341
Accuracy (%) 96.59
Table 5 Re§ults Best 96.59%
(pre-processing #1)
Average 95.33%
Worst 94.68%

4.1.1 Binary Classification

In Table 4, the best architecture for the binary classification using pre-processing #1
is shown. The best accuracy achieved is 96.59%, using 3 convolutional layers, with
their respectively max-pooling layers and one fully connected layer.

A summary of the results achieved with pre-processing # 1 for binary classification
is shown in Table 5, where the best, average, and worst accuracy values are shown.
The average of convergence is shown in Fig. 7.

4.1.2 Multiclass Classification

Table 6 shows the best architecture for the multiclass classification using pre-
processing #1. The best accuracy achieved is 77.35%, also using 3 convolutional
layers, with their respectively max-pooling layers, but this architecture uses 3 fully
connected layers.

A summary of the results achieved with pre-processing #1 for multiclass classi-
fication is shown in Table 7. The average of convergence using pre-processing #1 is
shown in Fig. 8.
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Fig. 7 Average of convergences (pre-processing #1, binary classification)

Table 6 Best architecture

. Parameters Values
(pre-processing #1,
multiclass) Convolutional layers 3
Number of filters and size per layer 8(4 x4)
22 (2 x 2)
64 (4 x 4)
Max-pooling filter size per layer 4 x4
3x3
4x4
Fully connected layers (neurons) 3 (276, 159, 179)
Epoch 8
Batch size 8
Algorithm Adam
Error 0.2265
Accuracy (%) 77.35
Tabl‘e 7 Results for Best 77.35%
multiclass
classification (pre-processing ~_Average 76.03%
#1) Worst 74.90%

4.2 Pre-processing #2

In this section, the results achieved using pre-processing #2 are shown.
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In Table 8, the best architecture for the binary classification using pre-processing #2
is shown. The best accuracy achieved is 95.36%, using 2 convolutional layers with
their max-pooling layers and one fully connected layer.

A summary of the results achieved with this pre-processing is shown in Table 9.
The average of convergence is shown in Fig. 9.

Table 8 Best architecture
(pre-processing #2, binary)

Table 9 Results
(pre-processing # 2)

Parameters Values
Convolutional layers 2
Number of filters and size per layer 16 (3 x 3)
312 x2)
Max-pooling filter size per layer 4 x4
5x5
Fully connected layers (neurons) 1(288)
Epoch 10
Batch size 16
Algorithm Adamax
Error 0.0464
Accuracy (%) 95.36

Best 95.36%

Average 93.58%

Worst 93.04%
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Fig. 9 Average of convergences (pre-processing #2, binary classification)

4.2.2 Multiclass Classification

Table 10 shows the best architecture for the multiclass classification using pre-
processing #2. The best accuracy achieved is 74.76%, also using 2 convolutional
layers, with their respectively max-pooling layers and 3 fully connected layers.

A summary of the results achieved with this pre-processing is shown in Table 11.
The average of convergence is shown in Fig. 10.

Table 10 Best architecture
. Parameters Values
(pre-processing #2,
multiclass) Convolutional layers 2
Number of filters and size per layer 8(2x2)
3212 x2)
Max-pooling filter size per layer per layer |3 x 3
4x2
Fully connected layers (neurons) 3 (249, 300, 76)
Epoch 6
Batch size 16
Algorithm Adam
Error 0.2524
Accuracy (%) 74.76
Table 11 Summary of Best 74.76%
results (pre-processing #2) -
Average 73.57%
Worst 72.58%
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Table 12 Comparison of

B A
results (binary classification) est (%) verage (%) | Worst (%)

Pre-processing #1 | 96.59 95.33 94.68
Pre-processing #2 | 95.36 93.58 93.04

4.2.3 Summary of Results

Table 12 shows a summary of results, where the results achieved for the binary
classification can be observed. The values are better using the first pre-processing.

A graphical comparison of the convergences for binary classification is shown in
Fig. 11, where a better convergence for the first pre-processing is observed.

Table 13 shows a summary of results, where the results achieved for the multiclass
classification can be observed. The values are better using the first pre-processing
with a wider difference than in the binary classification.

A graphical comparison of the convergences for multiclass classification is shown
in Fig. 12, where a better convergence for the first pre-processing is observed, even
it can be observed that pre-processing #2 is stagnated in some iterations.

5 Conclusions

The PSO is used to design the convolutional neural networks, where each particle
contains information: the number of convolutional layers, filters with their filters
size, pool size, algorithm for the learning process, number of fully connecter layers,
number of neurons, batch size, and the number of epochs. The proposed method
combines CNNs and PSO for retinopathy classification. The results show that the
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Table 13 Comparison of results (multiclass classification)
Best (%) Average (%) Worst (%)
Pre-processing #1 77.35 76.03 74.90
Pre-processing #2 74.76 73.57 72.58

0.280
0.275 1
0.270 1
0.265 1
"g’ 0.260
i}
0.255 1
0.250 1
0.245 4

0.240

—8— Pre-processing #1
~=— Pre-processing #2

15 20 25 30
Iteration

Fig. 12 Average of convergences (multiclass classification)

first pre-processing allowed for better results than the second one, for both kinds
of classification: binary and multiclass. The proposed method achieved 96.59% of
accuracy as the best results in the binary classification; meanwhile, for multiclass
classification, 77.35% of accuracy. It does not mean that the second pre-processing
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is no good, perhaps the search space must be increased, and better results can be
achieved. In future works, other pre-processing, and type of pooling layer will be
implemented to compare results and increase the accuracy in the classification.
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