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Preface

The International Conference on Differential Equations and Applications was held at the
Volksbildungshaus Retzhof in Leibnitz, Austria. It was a pleasurable and exciting conference, with
participants from all over Europe (Czechoslovakia, Finland, France, Germany, Italy, Netherlands,
Yugoslavia, Austria) as well as the United States, Canada and People’s Republic of China.

This volume provides an adequate record of this meeting. Since most of the papers are concerned with
more than one aspect of differential equations, it is rather difficult to give a one-to-one correspondence
between these papers and a catalogue of different areas in differential equations. In the following we
attempt to overcome this difficulty partially:

Population Dynamics

C. Castillo-Chavez, S. Busenberg and K. Gerow analyse pair formation, which is an important aspect
in modelling sexually transmitted diseases, in particular AIDS. J. Metz and 0. Diekmann address the
question *when do input-output maps corresponding to the infinite dimensional state linear system
arising in modelling structured populations allow equivalent finite dimensional representations?” A.
De Roos and J. Metz clarify the numerics of the escalator boxcar train, a method used for numerical
approximations.

Plate and Beam Equations

D. Ang, K. Schmitt and L. Vy study the problem of the contact of two elastic plates by formulating
this problem as a system of noncoercive variational inequalites. H.T. Banks and D.A. Rebnord analyse
the inverse problem for analytic semigroups describing the dynamics of flexible structures. The
stabilization problem for structurally damped wave and
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plate equations with Neumann boundary control is investigated by A. Lunardi. J. Lagnese and G.
Leugering prove uniform energy decay for a class of nonlinear beams.

General Theory

P. Charissiadis and R. Nagel investigate semigroups generated by operator matrices. In particular, they
characterize positivity and stability of these semigroups. K. Engel applies the theory of polynomial
operator matrices to a model for the transversal vibration of a string. Aspects of asymptotic
convergence are also the main topic of the papers by W.W. Farr, W.E. Fitzgibbon, J.J. Morgan and S.J.
Waggoner and R.H. Martin and H.L. Smith, respectively. A. Favini analyses a second order equation,
G. Rieder establishes the existence of limit solutions for a degenerate diffusion problem. J. von Below
derives a maximum principle for a semilinear parabolic network equation. In the paper by K. Ito and F.
Kappel the semigroup approach is used to study a class of integrodifferential equations with a weakly
singular kernel. Evolution equations with nondensely defined operators are treated in the contributions
by G. da Prato and E. Sinestrari, who consider time dependent equations and R. Grimmer and H. Liu,
who develop an approach to Volterra integrodifferential equations.

Applications in Physics

Several aspects of problems associated with Schrédinger and/or Dirac equations are investigated in the
papers by B. Najman, M. and T. Hoffmann-Ostenhof and B. Thaller. F. Gesztesy gives a
comprehensive review of recent developments on the modified Korteweg-de Vries equation and H.
Kaper and M. Kwong prove a result on the ground states of semilinear diffusion equations.

We gratefully acknowledge the financial support for the conference provided by the National Science
Foundation of the United States, the Fonds zur Férderung der wissenschaftlichen Forschung of
Austria, and the government of the state of Styria, Austria. The typing of this volume was done
efficiently and expertly by Gerlinde Krois. Providing great help with the local arrangements were
Wolfgang Desch, Michael Kroller, Gunther Peichl and Georg Propst. To these agencies and
individuals we extend our deepest appreciation.

JEROME A. GOLDSTEIN

FRANZ KAPPEL
WILHELM SCHAPPACHER

page_iv



Page v

Contents
Preface iii
List of Participants ix

Variational Inequalities and the Contact of Elastic Plates

D.D. Ang, K. Schmitt and L.K. Vy 1

Analytic Semigroups: Applications to Inverse Problems for Flexible Structures

H.T. Banks and D.A. Rebnord 21

A Maximum Principle for Semilinear Parabolic Network Equations

Joachim Von Below 37

Pair Formation in Structured Populations

Carlos Castillo-Chavez, Stavros Busenberg and Ken Gerow 47

Positivity for Operator Matrices

Panos Charissiadis and Rainer Nagel 67

page_v



Time Dependent Differential Equations in Non Reflexive Banach Spaces
Giuseppe Da Prato and Eugenio Sinestrari:

Towards a Numerical Analysis of the Escalator Boxcar Train

A.M. De Roos and J.A.J. Metz

An Application of Polynomial Operator Matrices to a Second Order Cauchy
Problem

Klaus-J. Engel

Asymptotic Convergence for a Class of Autocatalytic Chemical Systems
W.W. Farr, W.E. Fitzgibbon, J.J. Morgan and S.J. Waggoner
Second Order Parabolic Equations in Banach Space

Angelo Favini

On the Modified Korteweg-deVries Equation

F. Gesztesy

Integrodifferential Equations with Nondensely Defined Operators
Ronald Grimmer and Hetao Liu

On Nodes of Local Solutions to Schrodinger Equations

M. Hoffmann-Ostenhof and T. Hoffimann-Ostenhof

On Integro-Differential Equations with Weakly Singular Kernels
Kazufumi Ito and Franz Kappel

Ground States of Semi-Linear Diffusion Equations

Hans G. Kaper and Man Kam Kwong

Uniform Energy Decay of a Class of Cantilevered Nonlinear Beams with
Nonlinear Dissipation at the Free End

J. Lagnese and G. Leugering

Neumann Boundary Stabilization of Structurally Damped Time Periodic Wave
and Plate Equations

Alessandra Lunardi

page_vi

Page vi

79

91

115

121

129

139

185

201

209

219

227

241



Convergence in Lotka-Volterra Systems with Diffusion and Delay

R.H. Martin and H.L. Smith

Exact Finite Dimensional Representations of Models for Physiologically
Structured Populations. I: The Abstract Foundations of Linear Chain Trickery

J.A.J. Metz and O. Diekmann

The Nonrelativistic Limit of Klein-Gordon and Dirac Equations

Branko Najman

Spatially Degenerate Diffusion with Periodic-Like Boundary Conditions
Giséle Ruiz Rieder

Scattering Theory of a Supersymmetric Dirac Operator

Bernd Thaller

Index

page_vii

Page vii

259

269

291

301

313
327



List of Participants

Page ix

Includes those who attended the Conference but did not necessarily contribute to this volume. Individual
contributor’s addresses may be found at the conclusion of each chapter.

W. ARENDT

H.T. BANKS

J1.V. BELOW

R. BURGER

C. CASTILLOCHAVEZ

Equipe de Mathématiques
Université Besangon
F-25030 Besangon-Cedex, France

Center for Applied Mathematical Sciences University of Southern California
Los Angeles, CA 90089-1113, USA
E-mail: HTBANKS @USCVM.BITNET

Lehrstuhl fiir Biomathematik
Universitidt Tiibingen

Auf der Morgenstelle

10 D-7400 Tibingen 1, Germany

Institut fur Mathematik

Universitdt Wien

Strudlhofgasse 4, A-1090 Wien, Austria
E-mail: A8131DAH@AWIUNI11

Biometric Unit, Cornell University
341 Warren Hall

Ithaca, NY 14853-7801, USA
E-mail:(BITNET):NEP@CORNELLC

page_ix



G.DA PRATO

A. DE ROOS

W. DESCH

O. DIEKMANN

K.J. ENGEL

A.FAVINI

W.E. FITZGIBBON

F. GESZTESY

J.A. GOLDSTEIN

R. GRIMMER

Scuola Normale Superiore di Pisa

Piazza dei Cavalieri 7

1-56126 Pisa, Italy

E-mail: DAPRATO@IPISNSIB.BITNET

Department of Pure and Applied Ecology
University of Amsterdaml

Kruislaan 302

1098 SM Amsterdam, The Netherlands

Institut fiir Mathematik
KarlFranzensUniversitit Graz

Heinrichstrae 36, A-8010 Graz, Austria
E-mail: DESCH@EDVZ.UNI-GRAZ.ADA.AT

Institute of Theoretical Biology
University of Leiden

Kaiserstraat 63, NL-2311 GP Leiden

and

CWI, Kruislaan 413

NL-1098 SJ Amsterdam, The Netherlands

Mathematisches Institut

Universitét Tiibingen

Auf der Morgenstelle 10 D-7400 Tiibingen, Germany
E-mail: MINAOO1 @CONVEZ.ZDV.UNITUEBINGEN.DE

Dipartimento di Matematica
Universita di Bologna

Piazza di Porta S. Donato 5
1-40126 Bologna, Italy

E-mail: POST@DM.UNIBO.IT

Department of Mathematics
University of Houston
Houston, Texas 77204-3476, USA

Department of Mathematics

University of Missouri

Columbia, MO 65211, USA

E-mail: MATHFG@UMCVMB.BITNET

Department of Mathematics

Tulane University

New Orleans, LA 70118, USA

E-mail: MTONAMF@VM.TCS.TULANE.EDU
MTINAMFPOVM. TCS. TULANE.EDU

Department of Mathematics

Southern Illinois University
Carbondale, Illinois 62901, USA
E-mail: GA3582@SIUCVMB BITNET

page_x


CONVEZ.ZDV.UNITUEBINGEN.DE
mailto:POST@DM.UNIBO.IT
mailto:MTONAMF@VM.TCS.TULANE.EDU
MT0NAMF4JVM.TCS.TULANE.EDU

M. GYLLENBERG

J. HEJTTMANEK

J. HOFBAUER

M. HOFFMANN-OSTENHOF

T. HOFFMANN-OSTENHOF

M. IANNELLI

H. INABA

K. ITO

H.G. KAPER

F. KAPPEL

M. KRETZSCHMAR

Page xi

Department of Mathematics

Helsinki University of Technology
Otakaari 1, SF-02150 Espoo, Finland
E-mail: MAT-MG@FINHUT.BITNET

Institut fiir Mathematik
Universitit Wien
Strudlhofgasse 4, A-1090 Wien, Austria

Institut fiir Mathematik

Universitit Wien

Strudlhofgasse 4, A-1090 Wien, Austria
E-mail: A8131DAI@AWIUNI11

Institut fiir Mathematik
Universitit Wien
Strudlhofgasse 4, A-1090 Wien, Austria

Institut fiir Theoretische Chemie
Universitit Wien
Wihringer Strafie 17, A-1090 Wien, Austria

Dipartimento di Matematica

Universita di Trento

1-38050 Povo (TN), Italy

E-mail: IANNELLI@ITNCISCA.BITNET

CWI, Kruislaan 413

NL-1098 SJ Amsterdam

and

Institute of Theoretical Biology
University of Leiden, Kaiserstraat 63
NL-2311 GP Leiden, The Netherlands

Center for Applied Mathematical Sciences
University of Southern California

Los Angeles, CA 90089-1113, USA
E-mail: KITO@USCVM.BITNET

Mathematics and Computer Science Division
Argonne National Laboratory

Argonne, IL 60439-4844, USA

E-mail: KAPER@MCS.ANL.GOV

Institut fiir Mathematik

KarlFranzensUniversitit Graz Heinrichstra3e 36, A-8010
Graz, Austria E-mail:
KAPPEL@EDVZ.UNI-GRAZ.ADA AT

CWI, Kruislaan 413
NL-1098 SJ Amsterdam, The Netherlands

page_xi


mailto:KAPER@MCS.ANL.GOV

Page xii

F. KROLLER Institut fiir Mathematik
KarlFranzensUniversitit Graz
Heinrichstrale 36, A-8010 Graz, Austria

J.LAGNESE Department of Mathematics
Georgetown University
Washington, DC 20057, USA
E-mail: LAGNESE@NBS.BITNET

A. LUNARDI Dipartimento di Matematica
Universita di Cagliari
Via Ospedale 72
1-09124 Cagliari, Italy

R.H. MARTIN Department of Mathematics
North Carolina Staten University
Raleigh, NC 27695-8205, USA

J.LAJ. METZ Institute of Theoretical Biology
University of Leiden, Kaiserstraat 63
NL-2311 GP Leiden, The Netherlands

J. MILOTA Department of Mathematics
MFF UK, Sokolovska 83
CS-18600 Praha 8, Czechoslovakia

K. MURPHY Department of Mathematics
University of North Carolina
at Chapel Hill, CB 3250
Chapel Hill, NC 27599-3250, USA
E-mail: UKAMSW @UNC.BITNET

R. NAGEL Mathematisches Institut
Universitdt Tiibingen
Auf der Morgenstelle 10
D-7400 Tiibingen, Germany
E-mail: MINAOO1 @ CONVEX.ZDV.UNITUEBINGEN.DE

B. NAJMAN Department of Mathematics
[University of Zagreb
P.O.Box 187
YU-41000 Zagreb, Yugoslavia

E. OBRECHT Dipartimento di Matematica
Universita di Bologna
Piazza di Porta S. Donato 5
1-40126 Bologna, Italy

page_xii


CONVEX.ZDV.UNITUEBINGEN.DE

G. PEICHL

G. PROPST

J. PRUSS

G. RIEDER

W.RING

W. SCHAPPACHER

K. SCHMITT

J. WAL HUNG SO

B. THALLER

R.L. WHEELER

S. ZHANG

Institut fiir Mathematik
KarlFranzensUniversitit Graz

HeinrichstraBe 36, A-8010 Graz, Austria
E-mail: PEICHL@EDVZ.UNI-GRAZ.ADA.AT

Universitdt Graz Institut fiir Mathematik
KarlFranzensUniversitit Graz

Heinrichstrale 36, A-8010 Graz, Austria

E-mail: PROPST@EDVZ.UNI-GRAZ.ADA.AT

Fachbereich 17, GHS Paderborn
Warburgerstrale 100, D-4790 Paderborn, Germany

Department of Mathematics
Louisiana State University
Baton Rouge, Louisiana 70803, USA

Institut fiir Mathematik
Technische Universitit Graz
Steyrergasse 30, A-8010 Graz, Austria

Institut fiir Mathematik
KarlFranzensUniversitit Graz
HeinrichstraBe 36, A-8010 Graz, Austria

Department of Mathematics

University of Utah

Salt Lake City, UT 84112, USA

E-mail: MA.SCHMITT @SCIENCE.UTAH.EDU

Department of Mathematics
University of Alberta

Edmonton, Alberta, Canada T6G2G1
E-mail: JOSO@QUALTMTS

Institut fiir Mathematik

KarlFranzensUniversitit Graz

Heinrichstrale 36, A-8010 Graz, Austria

E-mail: THALLER@EDVZ.UNI-GRAZ.ADA.AT

Department of Mathematics

Virginia Polytechnic Inst. & State University
Blacksburg, VA 24061, USA

E-mail: WHEELER@VTVMI1.BITNET

Department of Mathematics
Anhui University
Hofei, China

page_xiii

Page xiii


mailto:PEICHL@EDVZ.UNI-GRAZ.ADA.AT
mailto:PROPST@EDVZ.UNI-GRAZ.ADA.AT
mailto:MA.SCHMITT@SCIENCE.UTAH.EDU
mailto:THALLER@EDVZ.UNI-GRAZ.ADA.AT

Variational Inequalities and
the Contact of Elastic Plates

D.D. ANG
K. ScaMmiITT
LK. Vy

Department of Mathematics, Ho Chi Minh City University
Department of Mathematics, University of Utah
Department of Mathematics, Ho Chi Minh City University

1. Introduction

Khludnev [K] has considered the problem of contact of two thin elastic plates
with clamped boundaries, placed one above the other, contacting each other.
He reduces the problem to one involving coercive variational inequalities. He
established existence and smoothness properties of the solution and furthermore
established topological properties of the contact surface in the case that these
plates have the same flexural rigidity.

It is the purpose of this paper to study the contact of two elastic thin plates
subjected to various boundary conditions. The boundary conditions assumed
are in a very general form to include unilateral boundary conditions, clamped
boundary conditions, etc. ... . In the case of clamped boundaries, our results
give extensions of that of [K] in the sense that our plates need not have the same
flexural rigidity.

The remainder of the paper consists of five sections. In sections 2, 3, 4, we
shall formulate the problem as a variational inequality (which is not necessarily
coercive) and investigate the problem of existence of solutions for the latter.

In section 5, we shall study smoothness properties of the solutions, and in the
final section 6, we shall study partially the case of clamped boundaries, establish
global smoothness properties and extend the result of [K] on the topological
property of the contact surface.

2. Formulation of the problem
Consider two thin plates P;, P, occupying a bounded horizontal domain €

1



2 Variational inequalities and the contact of elastic plates

of R? with smooth boundary and placed one above the other at a distance § > 0
apart. Let Dy > 0, D, > 0 be the respective flexural rigidities of the two plates.

It is assumed that P;, P, are subjected to the vertical forces F, G respectively.
We denote by u, v be the vertical displacements of P, P, and assume the
following boundary conditions:

F3(u) = —g1(u) on I' = 09,

M. (u) =0, (L)

F3(v) = —g2(v) on T,

M,(v) =0. (2)

where the g;’s are increasing, continuous functions with ¢;(0) = 0(: = 1,2), and
F3, M, are the normal Kirchhoff shear force and twisting moment respectively
(see §2.3, chapter 4, [DL]).

In what follows, we shall formulate, the problem as a variational inequality.
Call p the pressure exerted by P, on P;. We have p > 0. Then u, v satisfy the
equations

DiA*u=F + pon §, (3)
DyA%*v =G —p on (. (4)

Put

i(z) :/ g9:(§)d¢, z €R, (5)
0
Ji(v) = / Yi(v)dl, 1=1,2. (6)
r
Since g; is increasing, v; is convex and

vi(z) —vi(y) =2 gi(y)(z —y), z,yeR. (7)

Likewise v — J;(v) is convex and

Ti(v) = Ji(u) > / gi(u) (v — w)d. (8)

r

We adopt the following notation

(u,v)z/ uvdz, (u,v)pz/ uvdl.
Q r

Let u', v’ be given functions on Q such that



8 Variational inequalities and the contact of elastic plates

By (28) and (29), j is convex, and j < oo and is continuous on V. Let us
calculate jo, (cf. propositions 1, 2 of [ASV]),

joo(p7 q) == Jl,oo(p) + J2,00(q)7 (42)
where
) J
Jl,oo(p) = X 00 - )\h—>oo / l/)l

By proposition 1 of [ASV], (?-1%‘—'2))\ is an increasing family of functions (with

respect to A) .
We observe

P1(Ap(z))
A

1 (Ap(z))
A

Hence (since ¥1(0) = 0)

rooA (z€Tp(x)#0) A
(zelp(@>0) A (zelip(x)<0) A

= putar+ [ pb; dr,
{z€T:p(z)>0} {z€T:p(z)<0}

as follows from the monotone convergence theorem. We thus obtain

— ¢p(z) for A — oo, where p(z) >0, 3

— ¢ p(z) for A — oo, where p(z) < 0.

[wtogar [ wipg d =@t X cerge @)
Similarly we get
Joo(Ps @) = (0¥ X + 07 X, )r + (6,97 xT +v7 x7)- (45)
To prove necessity, let (26) have a solution. Then by theorem 1 of [ASV],
Joo(P:q) 2 (F,p) + (G, q), ¥(p,q) € reK N KerA. (46)

But by (40), (41) we have rcK N KerA = A. (38) follows then from (46) - (45).

Proof of sufficiency. Suppose (39) holds, then the resolvent set of (26) (cf.
definition 2 of [ASV]) is
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Rirc) ={(p,g) ercKNKerA: joo(p,q) < (F,p)+ (G, q)} = {(0,0)}.

Since by (39),

Joo(P, @) > (F,p) +(G,q), VY (p,q) € A\{(0,0)},

it follows from theorem 2 of [ASV] that (26) has a solution .

We next consider the variational inequality (32). We shall denote by |T'| the
measure of .

Theorem 2.

a) A necessary condition for (32) to have a solution is that

(1 +¥2)TI < (F+G,1) < (w7 + 9T,
YT > (F 1), (47)
¥y [T < (G, 1)
b) A sufficient condition for (32) to have a solution is that
(Y7 + )T < (F + G, 1) < (¥, +93)IT],
Y |7 > (F,1), (48)
¥e [T <(G,1).

Proof. For K' given by (33), we have

! !
TCKIZ{(UI’UI)E‘/i%-F%:O on ' andu' >v' on Q} (49)

Note that if p € P and —g—% =0on I' then p € R. Hence
reK'N KerA=rcK'N(PxP)={(p,q) eR*: p>gq}. (50)

Let p,q € R, then

Ji,0o(p) = lim /‘/’MP) dl' = lim ——-—l/"(;p) T
p

A— 00 A A—00

{t/)TPIPI if p>0
Yy plT| if p<O
= (FpT —yrp T,



10 Variational inequalities and the contact of elastic plates

(¢7, %) given by (36), and pt = max(p,0)p’ = max(—p,0). A similar calcula-
tion gives J2 00(q). We thus have

Joo(p, @) = ITII(1 PT = ¥7p7) = (¥ g™ — 3 a7)]. (51)
Let (32) have a solution. Then by (50), (51), theorem 1 of [ASV] gives

IT|[(fpt —vrp )+ (wfat — vy ¢7)] > p(F1) + ¢(G, 1),

52
VpgeR,p>gq (52)

Now in (52), we take various values of p,¢ and note the corresponding values
for (52)

p=gq=1:(7 +¢7)IT| > (F +G,1),
p=1,9=0:¢F|T| > (F1),

=q=-1:(37 +%;)IT| < (F+G,1),
p=0,g=-1:¢,|T| <(G,1).

This latter set of expressions is just (47).
Now for the sufficiency. Suppose (48) holds. We claim that the resolvent set
for (32) is given by

Rr,c) = {(p,9) € R*: p > g and joo(p,q) < (F,p) + (G, q)} = {(0,0)}. (53)
Indeed for p, ¢, € R with p > ¢ and (p,q) # (0,0) it can be shown that
Tl T p"T =7 p7 )+ (Y3 q" =4y a7)] > p(F 1) +q(G,1).  (54)

(This is shown by examining the various possibilites that occur if (p,q) €

{R?\{(0,0)} : p > q}). Since (53) holds, it follows from theorem 2 of [ASV]
that (32) has a solution.

4. Some special cases

If the plates were subjected to unilateral boundary conditions, then the func-
tions ; become

Yi(z) = —gizt —glz™, gl <0< g; (constants), =12, (55)
(cf.(4.3), §4.1 chapter 4 [DL]). Then
v =g;, and ] =gl (56)

Then theorems 1 and 2 assume the following special forms:



Ang, Schmitt and Vy 11

Theorem 1'. Let v; be given by (55) (i = 1,2). Then

a) A necessary condition for (26) to have a solution is that

(P Xy +91x; ) + (¢, 92x7 + 93x7)r = (F,p) + (G, q)
vV (p,g) €A

b) A sufficient condition for (26) to have a solution is that

(P, g1xy + 91x,)r + (0, 92xF + dhx; )r > (F,p) + (G, q)
vV (p,q) € A\{(0,0)}.

Theorem 2'. Let v; be given by (55), 1 = 1,2. Then

a) A necessary condition for (32) to have a solution is that

(91 + 92)IT| < (F 4+ G, 1) < (g1 + 92(IT)),
gllrl > (Fv 1)7
92T < (G, 1).

b) A sufficient condition for (32) to have a solution is that

(gi + g)|IT| < (F +G,1) < (g1 + 92)|T,
gllrl > (Fvl)v
9|l < (G, 1).

We next examine the cases ¢¥; =0, : = 1,2. In this case j = 0 on V and the
following holds.

Theorem 3. Let ¢; =0 (¢ =1,2) then

a) A necessary condition for (26) to have a solution is that

(G,¢) >0, V¢enD,

57
b) A sufficient condition (26) to have a solution is that
G,$) >0, V¢eD\{0},
(G, ¢) \{0} (58)

Here
D={¢ecP:6>0 on Q}.
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Proof. Note first that rcK N KerA as defined in (35) can be rewritten
reK NKerA={(p,p—¢):p€eP,¢p€D}. (59)
A necessary condition for (26) to have a solution is
(Fyp)+(G,q) <0, V (p,gq) €rcKnNKerA.
From (59) follows
(Fy,p)+(G,p—¢)>0, V peP, V ¢eD. (60)
Let ¢ =0 and p = +1, p = +z,,p = +z5 in (60) to get
(F+G,1)=(F+G,z;)=(F+G,z2)=0.

Next let p =0, ¢ € D. Then (G, ¢) >0, V¢ € D, proving (57).
Next suppose (58) holds, then one also has

Rera) = {(p,p) : p € P}. (61)

Indeed one has

Rre = {(p,q) €rcKN KerA: (F,p)+(G,q) 2 0}-

(cf. proposition 2 of [ASV]).
In view of (59) and (58), one has

{(p,p): p€P} CR(ra): (62)

For if (p,p— ¢) € rcK N KerA and ¢ # 0 one has (F,p) + (G,p — ¢) =
—(G, ¢) < 0. Hence (p,p — ¢) € R(rc)- Thus one has (61). Since P is a vector
space, so is R(r,g)- By theorem 2 in [ASV], (26) has a solution.

Theorem 4. Suppose ¥; = 0, ¢ = 1,2. Then a necessary and sufficient for
(32) to have a solution is

(63)
(G,1) > 0.

Proof. We already know that a necessary condition for (32) to have a solution
1s

(F,p)+(G,¢) <0, VYp,geR, p<q (63")

Taking p = ¢ = 1 and p = 0,9 = —1 we immediately have (63). Conversely
suppose we have (63). We distinguish several cases. If (G,1) > 0 then

R(rc)y = {(p,p) : p € R}. (64)



Ang, Schmitt and Vy 13

Indeed since (F + G,1) = 0, then clearly

{(p,r):p € R} C Rpe)-

If
(F,p)+(G,q) =p(F+G,1)+ (¢ —p)(G,1)=(¢—p)(G,1) <0

for p,geR and p>q,

then we have (64). Since {(p,p) : p € R} is a vector space, (32) has a solution.
Next, if (G,1) = 1 then (F,1) = 0. Put

W:{(u',v')EHZ(Q)XH2(Q):%:—+%%=0 on F}. (65)

Then W is a Hilbert subspace of H2(Q2) x H?(Q). Consider the variational

inequality.

A((w’t)a (ulavl) - (w’t)) > (F’ul - w) + (G7 v — t)v

(w,t) e W, V(u',v')eW. (66)

Let us consider the resolvent set of (66). Since rcW = W, one has

R={(u,v")e WnNKerAd:(F,u')+(G,v') >0},
WNKerA=WnN(P+P)=R%

By (65), we have at once R = R%. Hence (66) has a solution. If (w,t) is
a solution of (66) then (w + A,t) € W and is also a solution of (66). Since
w,t € C(£), then we have (w+z)—t > —§ on (, if we pick A > ||w —tllca) — 9.
Hence (w + A,t) € K'. Since K' C W, (w + A,t) is a solution of (32) and we

conclude that (32) always has a solution.

5. Smoothness properties of solutions of contact problems
Theorem 5. Let (u,v) be a solution of (26) (or of (32)). Then

u,v € HY (D) NH*(Q) Vee (0,1).

Proof. Consider (26) for instance. To prove that u,v € H} (), we use the
method of finite differences (cf. [K]). For each precompact subset Q, C C €2,
we shall prove that the restrictions ulg,, vla, € H*(f22). Choose ; so that
N CcC Y cCNand ¢ € CF(N),0<¢p<1land ¢ =1o0n N2 and ¢ =0

outside §2;. It is then sufficient to prove that

du, ¢v € H3(Q). (67)
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For small 7 € R, put h = 74; (: = 1,2 ¥£; is a standard unit vector of R?). Put

duwle) = 17 (e + 1) = w(2)]
Apw(z) = ]711_|5 [w(z + h)+ w(z — h) — 2w(z)].

Let ¢ = d(Q1,09) and let |7| < g. Choose 0 < z < 72/2 and put

u' = u+ A A,
=0+ A¢2Ahv.

Then clearly (u',v") € K. Substituting into (26) yields

Dia(u, \¢* Apu) + Dy a(v, A2 Apv)
+ Ji(u 4+ A% A0u) — Ji(u) + 2(v + A2 Apv) — Jo(v)
> (F, A¢2Ahu) + (G, )\(ﬁzAhv).

Since ¢ = 0 on I', one has
Ji(u + A2 Apu) + / 1 (u + A2 Apu)dl
r

:A%MH=MW
and similarly Jo(v + A¢2A4v) = Jo(v). On the other hand,
a(u, A ) = (A, MG Au).
Indeed, since ¢2Anu € H2(), we have

Up — U
in  H?*(Q),
vp — PEARu
since
un € C(0Q),v, € Cg2(02).
By Green’s formula ((4.2), §4.1, chapter 4 [DL])

(68)

(69)

(72)

a(Un,vn) = (A2un, Vn) + (F3(un), vn)r — (Mr(un), ——n—)p = (A2 Up, Uy ). (73)

But

0 0
A2 n,VUn) = A naAn A T Un - ny ~
(A Up,vn) = (Au vn) + (an,u )F (Au ,an(vn)>F

= (Aup, Avy,).

(74)
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Comparing (73), (74) and letting n — oo gives (72). From (70), (71), (72) and

similar equalities involving v', we deduce
D1 (Au, A(¢*Apu)) + Dy(Av, A($*Apv)) > (F, 2 Apu) + (G, *Apv).  (75)

The remaining part of this proof proceeds along similar lines as the proof of
lemma 1 of [K]. For the sake of completeness, we give below a sketch of it.

By direct computation, it is verified that for the expressions to follow, each
one either is equal to the preceding one or differs from it by a quantity

< c(llullir (@) + lullzz @) |da()] 12ca))
(where c is constant depending only on Q and ¢)

(Au, A($* Apu)) = (A(du), ApA(pu)) —
— —(A(¢u), d_pdpA(du)) —
— —(dn(A(¢u)), dn(A(pu)).

Hence
[A(dn($u))lF2(q) + (Au, A($*Apw))
< e(llullfzoy + llullae @)l dn(dn(du)ll m2(a))-
Since
ldn(¢u) %2y < cllA(dr(Bu)|| 72y, (da(du) € HF(S)),
we have

ldn ()| 32) + D1(Au, A($*Apu)) (76)
< e(l|ullfrzqay + el ldn(fu)l| H2(a));

and a similar inequality for v. Adding the two, we obtain using (75)

ldn (6u)ll7r + lldn(0) Iz
< c(llullzre + lwllZe + 1FIZ: + I GlIze
+ ull 2 dr{du)ll a2 + llvll m2llda(¢v)l| mr2)-

Applying Cauchy’s inequality to ||u||gz||dn(¢u)||g2 and to ||v||gz||du(dv)| 2,
we have

ldn(éu)| 52 + [ldn(d0)]72 < e,

where ¢ is a constant independent of 7. Hence ¢u, ¢v € H*(2) as claimed. We
now turn to the proof of u,v € H2+¢(Q) (Ve € (0,1)). Let ¢ € D(2),¢ > 0 on
Q. Then

(u',v")=(u+¢,v) € K.
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Call C; the contact surface for (87).
Ci={z€Q: u(z) —vi(z) = -6} (88)
By results in [K], 2\C is connected.

Applying theorem 6 to (87), we see that wy = u; — vy is a solution of the
variational inequality

(Z&lvl,lxt —-Z&lvl) 22 (fﬂ - C;l,t —-101)
wy € M, Vie M.

By the definition of F}, Gy (89) is precisely (79). By uniqueness of solutions of
(80), we have w; = w, that is u; —v; = u — v on €.
Whence C; = [u € Q : u(z) — v(z) = —4] is precisely the contact surface for
(78). Hence Q\C, the complement of the contact surface for (78) is connected.
The next result provides some smoothness properties of solutions of (78).

Theorem 7. Let § > 0 and 02 € C*. Then the solution (u,v) of (78) satisfies
u,v € H3(Q).

For the proof of this theorem, we rely on results in [A]. The computations
and verifications are lengthy and therefore we shall not give them here.

(89)
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1. Introduction

In this presentation we consider abstract inverse problems in a least squares
formulation for parameter dependent partial differential equations. We are in-
terested in approximation ideas which lead to viable computational techniques
for such problems. We pursue our investigations in the context of the general
framework for convergence and stability developed by Banks and Ito in [BI].
Motivated by questions related to the use of accelerometer data to estimate pa-
rameters in flexible structures, we focus on second order (in time) systems with
sufficient damping so that the system can be modeled by an analytic semigroup.

We state and prove a new approximation result (a Trotter-Kato type theorem)
for analytic semigroups. This theorem gives conditions under which a family
of approximating semigroups and all its time derivatives converges to a limit
semigroup and all its time derivatives, respectively. These theoretical results are
then stated in terms of simple, readily checked conditions on the sesquilinear
forms defining “stiffness” and “damping” in the abstract second order systems.
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Research Center, Hampton, VA, which i1s operated under NASA Contract NAS1-18605.
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22 Analytic semigroups: applications to inverse problems

We discuss several examples which indicate clearly the practical importance of
these new convergence results. In two of the examples presented (the damped,
cantilevered Euler-Bernoulli beam and the “RPL experiment” structure), we
can apply the abstract theorem to substantially sharpen results already found
in the research literature. In a third example involving a two dimensional grid
structure, we note that the theory can be applied to obtain new results for
acceleration data convergence in the least squares inverse problems.

2. Abstract inverse problems

In this section we formulate a class of inverse problems as abstract least
squares optimization problems constrained by evolution equations in a Hilbert
space and summarize some of our previous results for such problems [B], [BI],
[BK].

We assume we are given a parameter dependent system

a(t) = A(Qu(t) + F(t,q), 0<t<T,

u(0) = ofo) 2
for states u(t;q) in a Hilbert space H. The parameters ¢ are to be chosen from
an admissible parameter set () contained in a metric space (Q1,d). We assume
throughout that ) is a compact subset of 1 (a “regularization” assumption).

We are given observations {z;}, a set of points in the observation space Z,
along with an observation map C : C(0,T;H) — Z from the states to the
observations. The points z; are observations for Cu(t;;¢),: 0 < t; < T, and it is
this “data” to which we wish to fit the model by a best choice of the parameter
q. Formally, the problem can be stated as

Find ¢ € Q to minimize over () the
functional J(¢) = Z ICu(ti; q) — 2] 2. (P)

The observation operator C is of fundamental importance to the discussions
in this paper. For parabolic systems (2.1), a typical example for C arises from
pointwise evaluation in the spatial variables, e.g., Cu(t;q) = {u(t,a:j;q)}ﬁ-zl
where Z = R‘. For problems involving structures such as beams or plates, several
examples arise in practice. If one takes measurements with a laser vibrometer,
then one obtains measurements at specific points in space for the velocities
u¢(t;, Tj;q) so that the map C is a composite of time differentiation ?’% followed
by pointwise evaluation. If the measuring devices are accelerometers, one has

observations for the accelerations wy(¢;, z;; ¢) and thus C is time differentiation
(twice) 8%22— followed by pointwise evaluation.

The inverse problems outlined here are generally infinite dimensional in both
the states u(t) € H and the parameters ¢ € @ and, moreover, involve un-
bounded operators related to the states (A(g)) and the observations (C). Thus
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to develop efficient computational methods, one must make finite dimensional
approximations for both the state and parameter spaces, H and @, respectively.
For the discussions of this paper, we shall restrict our considerations to approx-
imations of the state space. In some cases (where the parameter sets () are
finite dimensional, either naturally or through some a priori parameterization)
no approximation of the parameter set is necessary. Methods for approximation
of Q by sets QM have been fully discussed elsewhere (see [BK]) and these ideas
could readily be incorporated in our presentation. Since this would add noth-
ing to either the difficulties or their resolution that are the focus here, to avoid
considerable notational tedium we do not consider such approximation ideas in
the discussions below.

Thus, we consider approximate (to be made precise below) state spaces H" C
H with associated approximate states u’¥(t; ¢) € H” satisfying the approximate
systems

aN() = AN (uN () + PV F(t, q)

uN(O) = PNuo(q) (2:2)

where A" is an approximation to A and P¥ is the orthogonal projection of H
onto HY. The corresponding approximate inverse problems are given by

Find ¢V € Q to minimize over Q the

N
functional JV(¢) = Z ICu™ (ti;q) — 2] 2. (P™)
J

Of course, there are a number of reasonable ways in which the approximations
may be made to arrive at the problems (P¥). In analyzing different methods
and their behavior in the context of inverse problems, a number of questions
related to parameter convergence arise naturally. For example, given a fixed set
of data # = {z;}, do optimal parameters " of (P") converge in some sense to
an optimal parameter ¢ for (P)? More generally, one might also incorporate the
continuous dependence of the estimates on the observations in the concept of
method stability [B], [BK]. For this, one denotes by ¢’ (%) optimal parameters
obtained from (P%) for observations % and requires that ¢V (%) — §(z°) in
some sense as N — oo and 2% — 7% in Z, where ¢(z°) is an optimal parameter
for (P) corresponding to observations z°. These issues are carefully discussed in
[B], [BK] where it is shown that for both parameter convergence and method

stability, it suffices to argue that
For arbitrary sequences {¢"} in Q converging
to ¢ € @, we have Cu®™(t;¢") — Cu(t;q) as N —» (2.3)
for each t € (0,T).

Thus, certain fundamental aspects of approximation in inverse problems can be

reduced to the convergence statement in (2.3) and we shall deal with conditions
under which (2.3) can be guaranteed in the subsequent discussions of this paper.
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with Rel > Ag; indeed Ry(A(q)) = (M — A(q))™? exists as a bounded operator
on H for all A in the complement of a sector with Ao as a vertex. The operator
A(q) generates an analytic semigroup 7'(¢; ¢) which can be used in defining mild
solutions of the system (2.4) or (2.1); i.e.,

u(tia) = Tltsgua) + | T(t=5:0)F (s, 0)ds. (2.5)

Galerkin approximations (e.g., systems (2.2)) for (2.5) can be developed in
the context of sesquilinear forms satisfying conditions (B) and (C). Let H" be a
family of finite dimensional subspaces of H satisfying HY ¢ V and the condition

For each ¢ € V, there exists qBN e HY such that

. (C1
|6 — ¢V ]y — 0as N — oo. )

(We note that many popular approximation schemes - e.g., linear splines and
more generally, many finite element schemes - satisfy condition (C1).) To define
AN(q): HY — HN we restrict o(q) to HY x HY and denote this restriction by
o™ (q). Then o¥ satisfies conditions (A), (B), (C) on HY x HY which implies
existence of a bounded linear operator A™(q) on H" satisfying o™V (q)(4,v) =
(—AN(q)¢, ) for all ¢,4p € HY. From (B) and (C) it follows that the A™(q)
are uniformly dissipative (sectorial) and generate analytic semigroups TV (t; q)
on HY. Solutions of the systems (2.2) are then given by

T
uN(t;q) = TN (t; ) PN up(q) +/0 TN (t — s;q)PN F(s,q)ds. (2.6)

It can then be established that under conditions (A), (B), (C) and (C1), we
have u(t; ¢V) — u(t; ¢) in V for arbitrary sequences {¢"} with ¢¥ — ¢ in Q.
Observe that this immediately yields (2.3) if the operator C possesses certain
boundedness properties. The focus of this note involves cases where the operator
C does not have such boundedness.

The arguments for the convergence u”™(t; ¢"V) — u(t; ¢) for the situation here
(complex Hilbert spaces V, H and complex valued sesquilinear form o) are es-
sentially the same as those in [BI]. Slight changes in the arguments for Theorem
2.2 of [BI] are necessary to treat the case of complex valued inner products and
sesquilinear forms (essentially one need only use Re o(-,-) and Re(:,-) in some
of the inequalities). In these arguments one does not use directly the analyticity
properties of the semigroups 7T(t; ¢), 7™ (t; ¢). Rather one relies heavily on resol-
vent estimates of Tanabe [T] depending on the V-coercivity of o along with a
resolvent convergence form of the Trotter-Kato approximation theorem of linear
semigroup theory (see [BI] for details).

Our interest here is mainly in second order systems of the form

i(t) + B(g)u(t) + A(g)u(t) = f(¢,q),
w(0) = uo, (2.7)
U(O) =y

?
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where A(q) is a generalized stiffness operator and B(q) is a generalized damping
operator. Again we consider this equation in a weak or variational sense defined
via parameter dependent sesquilinear forms in a complex Hilbert space V —
H = H* «— V*. We are given a stiffness sesquilinear form oy(q) : V x V —
C that is symmetric and satisfies the boundedness condition (C). Then there
exists A(q) € L(V,V*) such that 01(q)(¢,v) = (A(¢)¢,¢)v- v. We also have a
damping sesquilinear form o,(¢) : V x V — C which satisfies (C) so that there
exists B(q) € L(V, V™) with o2(¢)(#,¢) = (B(q)$,%)v~ v. We then reformulate
the system (2.7) and seek solutions u(t) € V satisfying for all ¢ € V

(i(1), ¢) + o2(g)(u(t), @) + o1 (g)(u(t), 8) = (f(t. ¢), ),

8
u(0) 0,u(0) = vy. (2.8)

As is standard practice, we rewrite this in first order vector formon H =V x H
and ¥V =V x V in the coordinates (u,u). To this end, define o(q) : ¥V xV — C
by

o(q)((w,v),(¢,¥)) = —(v,d)v + o1(9)(u, %) + 02(g)(v, ¥) (2.9)

so that (2.8) may be rewritten as

(w(1), x) + o(g)(w(t), x) = (F(t, 9), x) &, (2.10)

w(0) = (uo, o) '
for w(t) = (u(t),u(t)) and x = (¢,%) in V with F(t,q) = (0, f(t,q)). Or, if as in
the usual practice, we abuse notation and do not distinguish between row and
column vectors, we may write this in equivalent operator form

w(t) = A(qw(t) + F(t, ),
w(0) = (uo, o)

Alg) = [—f(l)(Q) —BI(Q)] '

For our treatment here (as for that in [BI]) we assume that oy(q) satisfies
conditions (A), (B), and (C). We further assume that oo(q) satisfies conditions
(A) and (C). Then the strength of the coercivity assumption on 03(¢) determines
the properties of the semigroup generated by A(q). For example, if 02 (q) satisfies
(B), then A(q) is strongly V-coercive and generates an analytic semigroup on H.
(Actually, A(q) is V4-coercive with Vg = Vg x V, where V, is V taken with the
equivalent inner product o1(g)(-, )— see [BI].) In [BI], it is assumed only that
o9 1s H-semicoercive: There exists b > 0 such that for all ¢ € ¥V we have Re
o(q)(¢,¢) > blg|3;. In this case one can argue only that A(q) generates a strongly
continuous semigroup on H. The theory for second order systems with this weak
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damping is developed in [BI] in order to treat several forms of damping (spatial
hysteresis, time hysteresis, bending rate damping) which are of physical interest
and yet do not satisfy the strong V —coercivity assumption. The convergence
theory obtained yields that u™(t;¢") — u(t;¢) in V norm, u™(¢;¢") — 4(t; q)
in H norm whenever ¢V — q.

As opposed to [BI], we wish to consider in this paper the case where o,(q) does
satisfy the strong V —coercivity condition (B) and hence .A(q) is the infinitesimal
generator of an analytic semigroup. We obtain immediately that o(q) of (2.9) is
V—coercive and the first order theory outlined above can be applied directly to
the system (2.10). This yields the convergence statement in V - i.e., u™(¢; ¢%V) —
u(t;q)in V, uN(t;¢") — 4(t;q) in V. A natural question arises as to whether we
can use the analyticity of the semigroups in this case to obtain stronger results.
The next section is devoted to results that yield an affirmative answer to this
question.

3. Analytic semigroups and approximation

We first give a general approximation theorem for analytic semigroups that
is a generalization of the well-known Trotter-Kato theorem [BK].

Theorem 3.1. Suppose we have complex Hilbert spaces X and XV, N =
1,2..., with X¥ C X. Let PV : X — XV denote the orthogonal projection
of X onto X satisfying PN — I strongly. Suppose that AN and A are the
infinitesimal generators of analytic semigroups SN(t) and S(t) on X" and X
respectively that satisfy the following:

There exists aregion =Y = {A € C: |arg(A — Xo)| < § + 6}, where § > 0,
such that STU{X\o} C p(4) N_, p(A") and
(i) there exists a constant M independent of N such that

M

RA(AM)| < ——

RA(AY)] < 7
forall A€ > and N=1,2,...;

(ii) for some A € Y and each z € X we have Ry\(AY)PNz — Ry\(A)z.

Then we have

(iii) for each z € X, SN(¢t)PNz — S(t)z uniformly in t on compact subin-
tervals of [0, 00);

(iv) for each z € X and integer k > 1,(AN)*SN()PNz — AFS(t)z uni-
formly in t on compact subintervals of (0,00).

Proof. The statement of (iii) under the given conditions is just a variant of
the well-known Trotter-Kato theorem and follows immediately from Theorem
11.1.14 of [BK]. To argue result (iv), we first note the convergence in (ii) for



28 Analytic semigroups: applications to inverse problems

some A € Y, implies that the convergence holds for all A € 3. In light of the
resolvent bounds of (i), this follows from the identity for p, A € 3

Ru(A")PN — R,(A) =[I + (A = w)Ru(AV)PY][RA(AV) P — Ra(4)]
[T+ (A — ) Ry(A)
which is readily established using the standard resolvent identity Rx(A)—R,(A)
= (p = A)RA(A)R,(A).

The analyticity of the semigroups S™(¢) and S(t) allow us to write for ¢ > 0
(e.g., see [P])

1
AFS(t) = T/A%“RA(A)CL\
Tl r
and .
(AMYESN (PN = o AN Ry (ANYPY AN,
r

Here I is a positively oriented contour through A lying in ) with arg(A—Xo) =
v for A # Ay where v is fixed in (§ + 6 — ¢, 7 + 6). The desired convergence
results follow immediately from the inequality

1
I(AMESN PNz — AFS()z) < 5 /F INF|eM] | RA(AN PN 2 — Ry(A)z|dA

using the resolvent convergence of (ii) by noting that the integrand in this inte-
gral is dominated by an integrable function.

We now return to the second order systems of Section 2 - see (2.8), (2.9),
(2.10) - and use Theorem 3.1 to obtain our main convergence results. As before

we take H = V x H and V =V x V. Let HYN = HY x HV and PV be the
orthogonal projection of H onto H™.

Theorem 3.2. Let o,(q) and oy(q) in (2.8) satisfy conditions (A), (B) and
(C) and let HY C V satisfy condition (C1). Let {¢"V} be arbitrary in Q with
¢V — ¢q. Then we have

(i) The sesquilinear form o(q) given by (2.9) satisfies conditions (A), (B),
(C) in the norms of V and 'H and the operator A(q) defined via o(q)(x, &)
= (—A(q)x, {)n for x € dom(.A(q)) is the infinitesimal generator of an
analytic semigroup 7 (t;q) on H.

(ii) Let AM(q) denote the operator obtained by restricting o(q) to H¥ x HN
and let TN (t;q) denote the corresponding analytic semigroups on H™.
Then we have

(a) For each x € H,: TN (t;¢V)PNyx — T(t;¢)x in H uniformly in t
compact subintervals of [0, 00);

(b) For each x € H and positive integer k, AN (¢ VTN (t: ¢V )PNy —
A(Q)*T (t;¢)x in H uniformly in t on compact subintervals of
(0, 00).
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one can differentiate twice, etc. (see [P]). Indeed, since we have analytic semi-
groups, we can weaken the conditions on f needed for this procedure by con-
sidering special regularity theorems for mild solutions of Cauchy initial value
problems in the case of analyticity (e.g., see Chapter 4.3 of [P]). For example, it
suffices to have f(-,q) € L'(0,7T; H) and locally Holder continuous in order to
differentiate w™ and w once in the above representations.

4. Examples

In this section we present briefly several examples to which the above theory
can be readily applied. In some cases this sharpens the convergence and stability
results currently available in the literature; in other cases it provides new results
for the associated inverse problems.

Example 4.1. We consider a cantilevered Euler-Bernoulli beam with Kelvin-
Voigt damping (i.e., stress proportional to a linear combination of the strain and
the strain rate). The beam is assumed fixed at @ = 0 and free at @ = £, with the
transverse displacement at time ¢ and position z given by u(¢, z). Typical obser-
vations consist of acceleration us(t,2;) or velocity w(t, z;) at several locations
z;. Balance of forces and moments yield the following system (we assume the
linear mass density p is normalized to unity):

Z;‘ + 88; {EIZZZ + chaizgt} = f(t,2) 0 <a < ?,
u(t,0) = g%(t,()) =0, (4.1)
[Efg% " CDIaizgt]“" =5
[%{Efg% + c,)faiz‘ét Voee = 0.

The parameters to be estimated in typical examples (see [BWIC], [BFWIC],
[BIn]) are the stiffness and damping coefficients, EI and ¢pl, respectively. For
a parameter set we choose () compact in

Qv ={g=(EI,cpl): g€ L>(0,€) x L>®(0,£), EI(z) > v > 0,cpl(z) > v}.
For the state spaces H and V we take H = H°(0,(), V = H2(0.£) = {¢ €

H?(0,€) : $(0) = ¢'(0) = 0}. Then in writing the system (4.1) in the form (2.8)
we take

o1(q)(¢,1) = (EID? ¢, D*h)y,
o2(q)(¢, ) = (epID*¢, D* i)y,
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where D? = ;9‘—91—2.; and (-,-)p is the inner product in H°(0,¢) = L*(0,£). For real
valued ¢ in V we have at once

oi(q)(¢,9) > v|D*d|o > c1]8]%

which, as we have noted, implies

Re 0:(q)(¢,¢) > c1|d|

for complex valued ¢ in V. It is equally trivial to argue that conditions (A)
and (C) of Section 2 hold for this o1(q),02(¢). For Galerkin schemes satisfying
condition (C1) we thus have Theorem 3.2 applicable, and hence parameter con-
vergence and method stability hold for the least squares problems (P) and (P")
whenever one formulates these with pointwise observations of either velocity or
acceleration.

Example 4.2 For this example we return to the so-called “RPL experiment”
discussed in some detail in [BGRW]. The focus of our attention is a cantilevered
Euler-Bernoulli beam with a flexible gas hose and thruster nozzle attached to
the free end as depicted in Figure 2.2 of [BGRW]. The structure is modeled as
a uniform cantilevered beamn with Kelvin-Voigt internal damping and tip mass
with a mass-spring-dashpot assembly attached at the tip. Along with the usual
damped Euler-Bernoulli beam equation

0%y 0*u Ou
— + FI— I =0 14 4.2
o T ggr TP g =0 0T b (4:2)
we have the force balance equation at the tip
0*u 0tu Fu
L T I - EI——_—‘ Tr=
mraE ~orlggg 5os = (4.3)

, Ou
= cn(y(t) = 5 (4,0) + ku(y(t) —u(t, £) + £(¢)
and the hose assembly state equation

i) + en(9(0) ~ So(0) + k(D) —u(t,0) =0, (44)
Here p, EI, and cpl are the usual beam parameters whereas m represents the
tip mass, my; is the hose mass, kg is the hose stiffness (the “spring” or restoring
force constant), cy is the hose damping coeflicient and f(¢) represents an exter-
nally applied force at the tip (firing of the tip mounted thrusters). Boundary
conditions for the coupled state equations (4.2) and (4.4) include the tip force
balance equation (4.3), the tip moment balance equation (assuming that the
hose assembly has negligible rotational inertia)

,]I:e =0, (4.5)
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and the zero displacement, zero slope conditions at the fixed end z =0

u(t,0) = gﬁ(t,()) = 0. (4.6)

T

The structure is assumed initially at rest so that initial conditions are given by

u(0,z) = %%(0,3:) =0,

y(0) = y(0) = 0.

The parameters to be estimated using accelerometer observations (see [BGRW])
include ¢ = (mp,EI, cpl,my,cy,kp), which is to be chosen from a compact
subset @ C R§.

To write the system (4.2)-(4.6) in weak or variational form, we use the state
variable 4(t) = (y(¢),u(t,£),u(t,-)) in the state space H = R? x H"(0,¢) with
inner product

(Cm ) (N b)) = C 4+ (@, %)o.

For the space V we choose V = {({,n,¢) € H : ¢ € H?(0,¢), ¢(0) = D¢(0) =
0,7 = ¢(£)} with inner product

(€, (), 0), (A, (), 1))v = (€ — ¢(O))(A — () + (D*¢,D*)o.

The stiffness and damping sesquilinear forms are given for ¢ = ((, $(0), ), ¢ =
(A 9(0),%¥) in V by

01(¢)(6,%) = kn(C = ¢(£))(A = $(0)) + EI{D*¢, D*p)o

72(0)(9,%) = (¢ = 9(O)A = $(0) + epI(D*¢, D)o,
We also need an operator M(q) € L(H) given by

M(q)(C,n, @) = (mu,mrn, pd).

This operator can be extended to £(V*) in an obvious manner. Then the system
(4.2)-(4.6) can be written in variational form for the state 4(t) € V to satisfy
for all gf; ev

(M), ) + o2(a)0(0),9) + r(a)a(0. D) = (PO,
4(0) = @,(0) = 0, '
where F'(t) = (0, f(t),0). Since, for my,mp, p positive, the operator M(q) is
invertible, equation (4.7) is obviously equivalent to an equation of the form (2.8).
Thus the theory of Sections 2 and 3 is applicable if oy and o, satisfy the requisite
hypotheses. If @ is bounded below in RS, it is readily seen that both o, and
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oy satisfy conditions (A), (B), and (C). For example, we see immediately for

¢=(¢,¢(0),m) eV

o2(g)($,9) = cu(C — ¢(€))* + cpI|D*¢|2
> e {(¢ — ¢(0))? + |D*¢|2} = 1|93

Similar arguments hold for o;(q).
Application of the theory in Sections 2 and 3 substantially sharpens the results
given in [BGRW]. In that paper the main results (see Lemma 3.1) yield

T
/ N (1 q™) — ualts )l srdt — 0 (4.8)
0

as N — oo. The arguments are rather tedious and require the assumption
a(q) € H*(0,T;V) on the limit function. Note also that (4.8) would require
continuous time acceleration observations be used in the least squares criterion.
In contrast, the theory of this paper yields (since H? embeds compactly in
C) uN(t,z;¢N) — u(t,z;q), a™(t,z;¢V) — u(t,z; ¢) uniformly in z € [0,¢] for
each t € [0, 7] as well as @1} (¢;¢") — Gu(t;¢") in V for each ¢, which permits
sampled time acceleration observations. The arguments are simple (given the
theory developed above) and do not require the a priori smoothness assumption
on 4(q).
Example 4.3 As a final example, we briefly describe the models for two dimen-
sional grid structures (“plates with holes”) developed and investigated in [R]
and [BR]. We use Love-Kirchoff plate theory with Kelvin-Voigt damping. The
“plate” is rectangular, e.g., on (2,y) € [0,4;] x [0,¢2], with rectangular holes
periodically placed to produce a thin planar grid. It is assumed to be hang-
ing vertically, clamped at the top, with the other threc edges free. The basic
equation for transverse displacements w(t,z,y) is given by

h82w N 9 M* +282M” N oMY f
P 542 Oz? Oz 0y oy?

where h is the thickness of the plate, the bending moments M*, MY about the
z and y axes, respectively, are given by

x EI 0w 0w cpl | 0w 03w
M _1—1/2{8:1:2 +V8y2}+1—1/2{('31:28t+V@y28t}’
EI  d%*w 0w epl | Pw Fw

MY =

T ilaye Vo T1o a8 T gt

and the twisting moment is given by

EI 8% w O*w cpl A w 8w
Y __ . .
M™ = 1—v? { Oz0y V@:c@y} + 1—02 {Oxayat V@x(’)y(’)t }
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Here v is Poisson’s ratio. For the boundary conditions at the top (clamped)
dw _

we have the essential boundary conditions w = 5y = (the top corresponds to
the z—axis). The plate is free on the other outer edges and on the edges of the
holes, where the natural boundary conditions of zero moment and zero shear
are required. For example, on a free edge parallel to the y—axis this results in

the conditions
oOM* oOM?=Y
M* =0 2 = (.
C or 7oy

As shown in [R], [BR], one can readily define the corresponding stiffness and
damping sesquilinear forms oy,00 on V x V, where V = {¢ € H*(Q) : ¢ =
%‘5 = 0 along y = 0}, Q is [0,4;] x [0, £,] less the holes, and argue the needed
V —coerciveness along with conditions (A) and (C). In this case, the state space
is H = H°(). The theory of Sections 3 and 4 can thus be shown to hold for
this example.
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A Maximum Principle for Semilinear Parabolic
Network Equations

JOACHIM VON BELOW

Lehrstuhl fur Biomathematik, Universitiat Tubingen

Reaction-diffusion equations and interaction phenomena on ramified networks
with Kirchhoff type connecting operators have been investigated recently by sev-
eral authors, cf. [1-11]. In this paper we present a strong maximum principle
and an a priori estimate for semilinear parabolic network equations with excita-
toric Kirchhoff laws in the ramification nodes. The results presented here extend
those of [3, Chap.2] and [6] and include the proofs of the Lemma and Theorem 2
in [6]. Existence results for semilinear parabolic network equations can be found

in [3] and [7].

Let G denote a C*-network with finite sets of vertices £ = {E;i1 < ¢ < n}
and edges K = {k;1 < j < N} as defined in [2, Chap.1]. Thus G is the union
of Jordan curves k; in R™ with arc length parametrizations 7; € C*([0,[;],R™).
The arc length parameter of an edge k; is denoted by ;. The topological graph
I' belonging to G is assumed to be simple and connected. Thus, by definition,
I' = (E,K) consists in a collection of N Jordan curves k; with the following
properties: Each k; has its endpoints in the set £, any two vertices in £ can
be connected by a path with arcs in K, and any two edges k; # kj satisfy
ki Nk, C E and |k; N ky| < 1. The valency of each vertex is denoted by
v: = v(E;). We distinguish the ramification nodes Int £ = {E; € Eiy; > 1}
from the boundary vertices 0G = {E; € Eiv; = 1}. The orientation of I is given

37



38 Semilinear parabolic network equations

by the incidence matrix D = (d;;), xn with
1 if Wj(lj)ZE,',
dij = —1 1f Wj(O):Ei,
0 otherwise.
Endowed with the induced topology G is a connected and compact space in R™,
We introduce t as the time variable and for 7' > 0
Q=Gx [Oa T]’
Q; =10,;] x 0,71,
2, = (G\oG) x (0,71,
ij = (Oa l]) X (OaT]a
wp = (G x {0}) U (96 x (0,TY),

03, = Q5 U ({€ € 0,]I(€) € Int B} x (0,T)),
and use the abbreviations u; = uo (7j,1d) : Q; — R for v :  —» R and

uj(Eit) = uj(n; ' (Ei),t) ete. Set C2H(Q) = {u € C(Q)fu; € C2H(Qy), 1<
i< Ny,

On each edge k; we consider the semilinear equation
uje = aj (25,605, W Jujesz; + Fi(250 8 wgs we;) = Djlug), (1)
subject to the strict parabolicity condition
Jui,pe e RV e{l,... N}, V(z,t,2z,p) € Q; x R*:

0<M1 Saj(l',t,Z,p)S/LQ- (2)

At the ramification nodes E; we impose continuity conditions and a classical

Kirchhoff law
N
> dijei(tyuje; (i t) =0 fory;>2 and1<i<n (K)
=1

with positive conductivity functions ¢;;, or more generally the excitatoric Kirch-
hoff condition with coefficient functions ¢;;, p;,0; : [0,7] — R

N
Vilu,t) := pi(t)u(E;, t) — ; dijcij(t)uje; (Bi t) = oi(t)ud(Eit) = 0 (GK)

for v>2 and 1<:<n
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subject to
¢ij(t) >0 fort € [0,7],i € {1,...,n} andj € {1,...,N}

and

o;(t) >0 for t€[0,7] and i€ {1,...,n}. (3)

Note that (3) plays the role of a parabolicity condition in Int > E. A max-
imum principle with respect to the parabolic boundary w, cannot hold, when
(2) is violated. An easy example is given by the solution v € C%1() with
uj(zj,t) = exp(t—z;) of uj; = ujz;., on the edges of a star graph I' with {E) } =
IntE, N > 1, dy; = —1 for all edges, and the condition (GK) Nu(E,,t) —
Zj.vzl dijuje; (E1,t) = 0. Furthermore, the coefficient of the flow term
Zdi]-c,'ju]’rj can be set equal to 1, since the condition o;u; = p;u corresponds
to a Dirichlet boundary condition at 7; boundary vertices. For o; # 0, (GK)
is not well-posed in sense of Solonnikov, cf. [5, Chap.8|, but, of course, it has
a natural physical interpretation, cf. [4], [8]. For function spaces on §2' C € let

the indices K and GK indicate the validity of K and GK in ), respectively.

The basic technique, analogous to the classical one for domains established
in {12, Chap.24], is comprehended in the following

Lemma. Let ¢, € C(2) N CH(Q,) satisty
Vi(y,t) < Vi(p,t) forall te€ (0,T) andforall E; e IntE, (4)
and the test point implication:

Ifo; =45, @je; =Vjz;, Pjejz; < Yjz;2; at a point in §,, then
wjt < 1y at this point.

Then precisely one of the following cases holds:
(a) ¢ < In €,
(b) There exists a maximal t* € [0,T) such that ¢ < ¢ in (G\OG) x
(0,¢*]. Thus there is a sequence {(yk,tx)lk € N} C Q, with tx >
t* and ©(yk,tk) > Y(yk,tx) for all k € N with limy—, tx = t* and
lmg—oo(Yk, tk) € wp.

Proof. In the case IntFE = () the assertion is a special case of [12. Lemma 24.1].
Next, we consider the case

[' is astar graph with [0G| =N and IntE = {e}. (*)

Introduce

t* = sup{r € [0,T)i¢ < on (G\OG) x (0,7)}.
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Then ¢ < on H :=Q,N(G x {t*}). (Note that H = §§ is possible.) Suppose
that ¢(Z,t*) = ¢(&,t*) for some (&,t*) € H. Then 1 — ¢ attains a minimum at
T as a function on H and, by definition of ¢*,

Fot) — (&%) — (7,0 i 0 ,

g—t* 9<t* t* — 0

If Z is an interior point of some edge kj, then ¢;:(z,t) < 1;(Z,t) by condition
(5), which is a contradiction.

For # = e = E; we have d;j(¢jz; (e, t*) — ¢js,(e,t*)) <0 and by (4)
Ve(e,t™) = de(e,t™) and vy, (e, t") = ). (e,t") forall .

Regarding 1 —¢ as a function on each pair of incident edges, 1 —¢ is continuously
differentiable at Z = e and @jz,.,(e,t™) < Yjz;4,(e,t") for all 5. By (5) we
conclude @q(e,t*) < 1¢(e,t*), which again is a contradiction.

Thus we have shown that ¢ < 1 on H. Due to the maximality of t* either
case (a) or case (b) holds corresponding to t* = T or t* < 7.

In the case |IntE| > 2, we consider the stars

S = U k; for E; € IntE.
di; #£0

Applying the case (*) to S;, A; := 5, x [0,T),¢ |a, and 9 |a,, we find numbers
t¥ as obtained in (*) and set

t* = min{t]y; > 2}.

In the case t* = T, (a) holds. For t* < T there is a vertex E, € IntE and a
sequence {(yk,tx)k € N} C Ay, with

lim tp =t, =t* and tx > t", ¢(yx,t™) > Y(yk,t") forall keN,

k—co

such that limg—oo(yk, k) = (y,t*) lies on the parabolic boundary é,, of A,. If
t* > 0, then the construction of H and the continuity of ¢ and v imply that
y cannot be a ramification node. Thus y has to be a boundary vertex of I". If
t* =0, then (y,0) € wp. In both cases the assertion (b) is shown.

¢

Immediate applications are the comparison principle [6, Theorem 1] for gen-
eral parabolic network equations with condition (7) below and weak maximum-
minimum principles with respect to the parabolic boundary w,. Here we show
the following strong maximum-minimum principle.
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Theorem 1. Suppose there is some constant ¢ > 0 such that all f; : ; x R* —
R satisfy

fitetizp) Selpl  (fi(o,t0) > —clpl) in @ xRE(6)
Assume that all p; in (GK) vanish. Let u € C(Q) N CZ7(Q,) be a solution of
uji < Djlus] in 9y, (“jt > Djlu;] in ij)
forallj € {1,...,N}. Then

maxu = maxu (min U = min u)
Q Wy Q wy

More precisely: If u attains its maximum M (its minimum m) at some point

(zo,t0) in p, then u = M(u=m) in G x [0,1,).

Proof. Suppose u(zg,to) = M at some point (zg, o) € Q2.
Case 1: zo ¢ E. Thus z¢ is an interior point of some edge k;. Then by the
strong maximum principle for domains {12, Chap. 26] we find

uj(zj,t) =M forall (zj,t)€0,l;]x[0,¢].

For an arbitrary edge k;, with kxNk; = {E;} C E and for t € (0,ty] we conclude
(@) up(E;,t) = M, since u € C(Q).
(B) unen(Bi,t) = ujy; (Eit) =0 by (GK).
() Uhzpzn(Eiyt) < 0 (By (a) and (8) u is continuously differentiable at
(E;,t) as a function on k; U ky.)
(6) Uhzpz,(Fi,t) = 0. (Condition (6), u € C’Q’I(Qp) and up; < Dpluy]
imply lime_.o Upz, 2z, (lhl—“&?—di‘L — Edip,t) > O.)

Define
(6.0 (125 — gy t) for 0 < € <1y,
z(&,t) =
un(Ip M558 + Edip,t)  for 1y <€ <0.
Then z € C([~1),1;] x [0,T]) NC* ((—11,1;) x (0,T)) is a solution of the differ-

ential inequality
ze S aé,t, 2, 2¢)zee + f(E:t, 2, 2¢),

where a and f are defined with the same argument transformation in = by
aj foré >0, f;  for & >0,

a=1< ap for¢ <0, f=< fn foré& <0,
py for £ =0, c for £ = 0.
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(Note that p is replaced by —d;;p or d;p.)

At (0,tp), z attains its maximum, so that u, = M for ¢t < ¢y by the classical
strong maximum principle. Since I' is connected, the assertion is shown in the
case 1.

Case 2: 29 = E; € IntE. lfu= M in {E;} x[0,1,] then we can proceed as in the
case 1. Thus we may assume that there is t; € (0,%y) such that u(zg,t;) < M.
Using the case 1 we conclude that « < M in Uﬁ-\’:Iij. We may assume d;; = —1
for all edges k; with E; € k;. Choose a > 0 with a < min; /; and introduce

Y =A{(mj(z;),t) € Qity <t <ty, z;<a, dijj#0, 1 <j< N},
Yp = {(m(z;),t) € Qity <t <to, zj<a, dij#0, 1<j <N},
op = L\Zyp,

A(f)=a* — £, a = max{us,c},

w(é,t) = A% (£)e™ P

with B > max{1,4a ?«} sufficiently large such that
8uré? + BA*(£) —4A(E)a(14+£) >0 for 0<E<a.
Then w satisfies the strict differential inequality
wy < awge — ajwe| in [0,4a] x [0,T). (€)
Define ¢ = u |g and ¢ : ¥ — R via
Yi(zj,t) =M +¢e— Cw(zj,t —t;).

Then ¢ € C?‘ll(Z) and d;j1j,, = 0in {E;} X [t;,%]. Since u < M on ¢,, we can
choose ¢ > 0 sufficiently small such that

Y >M—Cw>u on Tp.
Then ¢ and 1 satisfy (4)
Vi(,t) = —Boi(t)a*e BT <0 = Vi(p,t) forall te [ty t).

Next suppose w; = ¥j,@jz; = ¥jr; and @jz;z; < tje, o, at some point (y,s) €

2p. If y 5 0 then by (¢)

wit(y,s) < Dilusl(y,s) < porbje;o; (y,8) + iz, (¥, 5)]
= —((powee(y,s —t1) — clwe(y, s — t1)])
< _th(ya s — tl) = wjt(y’ 5)'
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For y = 0 we have
lﬂjt(Ei,S) — BCa/-le—B(s—tl) > ﬂ2C4a26~B(8—~t1) — ﬂijIjIj(E'iaS) > 0.

In the nontrivial case 0 < wj:(E;, s), ¢jz;¢;(zj,s) has to be positive near E; due
to ¢ € C*Y(Z}), wje; (Fi,s) =0 and

(fojt(mjas) S/LQ(P]JSJJ:J(Q:]’*S)+a|(P]IJ((C]a8)I for all &y € (OaZ])a
and furthermore,
CP]'t(-EV'L')S) S a(PjIj IJ’(E'i;‘S) S az/)jl‘j Ij(Eia‘g) < d’jt(E'I:;S)'

Thus ¢ and @ satisfy the test point implication (5). Applying the Lemma to
w,1, and ¥ yields ¢ <1 in ¥y, and letting ¢ tend to zero shows

M—-C(w>u in X,

But at (E;, o) this leads to the contradiction M —(a*e™B(to=#1) > M. Therefore
u cannot attain its maximum M at (z,,%p) unless u = M in G x [0, ¢o].
The minimum case is shown similarly with ¢ = m — ¢ + (w.

%

In the case pi(ty) > 0 (pi(to) <0), u € Cip(,) cannot have a negative
maximum or a positive minimum (a positive maximum or a negative minimum )
at (F;,tg). More precisely: The following example shows that a maximum
principle with respect to w, cannot hold when p;(¢9) > 0, no matter what o;(¢p)
or pi(to)(oi(ty))”! amount to. On a star graph I' with IntE = {E,}, N >
1, di; = —1 consider v € C*1(§2) with uj(z;,t) = exp(At — va;). On the edges
u satisfies uj; = )\z/“2u]',:j «;» and at Ey the condition

N
9
0= (NI/ + S)U(El,t) — Zdljujrj (El,t) - Xut(E],t)

Jj=1

for arbitrary A > 0, v > 0 and ¢ > 0. Nevertheless, for p;(ty) < 0, the conclusions
() — (6) remain valid in the case 1, and V;(¢,¢) < 0 still holds in the case 2.
Thus we can prove in the same way the following result.

Corollary. Under the assumptions of Theorem 1 except that all p; need only to
be nonpositive, u cannot attain its positive maximum M (its negative minimum
m) at some point (zg,to) € §2p, unless all p;(¢o) = 0. In that case u = M (u =
m) in G x [0, ).

Another classical estimate can be carried over to parabolic network equations
with (GK) type connecting operators. Introduce the condition

03 >0V E;, € IntEVYte(0,T):pi(t) <byoi(?). (7
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Theorem 2. Let u € C(2)N C?J’;‘»(Qp) be a solution of
wjr = aj(T5, 8w, Uje; ey ey + Fi(25, 0 05, uje;) I QG
for all j € {1,..., N}, where all f; : 2; x R* — R satisty the Osgood condition
Fby,bp >0V el ..., N}V(z,t,z) € Q] xR: (8)

zfi(x,t,2,0) < biz* + by.
Let condition (7) be fulfilled. Then the following estimate holds

. by
max |u| <  inf M max{maxlul, } .
Q /\>b1,/\21)3 Wy /\ - b]

Proof. Apply the Lemma to ¢ = u (¢ = —u) and

Y =(r,t)=(1+ E)e/\tmax {max lul, \/—)\_82_1)-}
Wp J— 1

for A > b; and A > b3 and € > 0 in order to obtain the estimate from above
(from below). By (7) we obtain V;(¢,t) <0 = Vi(¢,t) in (0,7 and IntE. Using
the differential equation, condition (8) and the inequality 1? < e22by(\ — by )"
we conclude at a test point (zo,%) as defined in (5)

d)t — it = )‘77[) - aj(:L‘OatO,(fQj,O)(ferjzj - fj(:EO,tO;(fijo)
b .
> p(\— by — ;/)—25) > (1 = e\ = 0;) > 0.

Since ¢ was arbitrary and ¢ < 1 on wy, the desired estimate follows.

%

The proof shows that the assertion of Theorem 2 remains valid under the
condition of weak parabolicity, i.e. u; > 0 1in (2).
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1. Introduction

The grim scenario created by the AIDS epidemic has driven researchers to
develop mathematical models to improve our understanding for the mechanisms
responsible for HIV (the etiological agent for AIDS) transmission and of the
evaluation of possible intervention measures. Recent reviews of the literature on
models include those of [A1,A2], [CC1,CC2], and [SchCCH]. Some of the impor-
tant conclusions generated by mathematical models include the clear identifica-
tion of three key mechanisms which have the greatest effect on HIV transmission
at the population level: variable infectivity, mixing or pair formation, and long,
variable periods of infectiousness. For an extensive in depth study of some of
the most recent mathematical and statistical work in these and other areas to
AIDS epidemiology see [CC2].

This paper 1s organized as follows: in Section 2, we outline a unified axiomatic
approach to the problem of mixing which extends and generalizes the one-sex
framework of [BICC1] and [CCBIl] and provide an expression for the general
solution due to [BuCCl], as well as some numerical illustrations of particular
mixing functions; in Section 3, we formulate a two-sex mixing or pair formation
framework that is a natural generalization of the one—sex framework, and con-
struct some explicit solutions; in Section 4 we formulate a demographic model
that follows pairs and provide some preliminary analysis of this model.

2. Mixing framework

The formulation described in this section can be used in the modeling of so-
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cial or sexual mixing interactions. The mixing or pair formation function can
describe the proportion of “dates” between individuals in distinct groups, or it
can represent the proportion of sexual partnerships or sexual contacts between
these individuals. In addition, the mixing function can be generalized to in-
clude the geographical distribution or the geographical movement of individuals
through the use of “localized” mixing functions, i.e., functions that represent
the proportion of partnerships formed between individuals from clearly defined
groups (social, demographic, etc.) at a particular geographical location. The
local geographical heterogeneities can then be linked through the specification
of migration or movement matrices (see [Sal,Sa2] and [SaSi]). Therefore, our
approach allows from the specification of a spatial mixing framework. In this
paper, however, we concentrate in the study of localized mixing functions.

Since our work has been motivated by HIV dynamics, we concentrate on the
study of mixing functions in the context of SIR models where S represents the
class of susceptible individuals, I the class of infected individuals, and R the
class of removed or recovered individuals. We consider first the interactions of a
single, socially-homogeneous group of individuals who are structured according
to the following variables: a = age; 7 = time (or age) since infection, r = activity
or risk level. We let N(r,a, ,t) denote the total population density per unit age,
activity, and time since infection, at time ¢. This population is divided into the
following epidemiological classes: S = susceptible; I = asymptotic or slightly
symptomatic infective; A = highly symptomatic infective. This classification is
fairly general and includes implicitly the traditional exposed, but not infected,
class E (see [BuCC1]). In our dicussion, 7 is a hidden internal variable that
does not distinguish individuals other than through their level of infectivity,
and perhaps mortality. When modeling the sexual transmission of AIDS, we
assume that A-individuals (i.e. individuals with severe symptoms or “full-
blown” AIDS) are sexually inactive (i.e. this class represents the “removed”
individuals) and hence that

T(r,a,t) = S(r,a,t) + / I(r,a,7,t)dr
0

represents the total age and activity-level density of a population active in dis-
ease transmission contacts. Sexual mixing (or pair formation) is defined through
the mixing function p. Specifically,

p(r,a,r’ a’' t) = the proportion of partners of an (r,a) individual
(i.e., a person of activity level r at age a), with (', a’)

individuals at time t.

C(r,a,t) = the expected or average number of partners per unit time

of an (r,a) individual given at time ¢. We assume C > 0.
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The following natural conditions characterize the mixing function:

(i) 20,
(i1) fooo fooo p(r.a,r" a' t)dr'da =1,
(iii) p(r,a,r',a',t)C(r,a,t)T(r,a,t) = p(r',a',r,a,t)C(r', a', t)T(r'", d',t),
(iv) C(r,a,t)T(r,a,t)C(r",a",t)T(r'",d',t) =0 = p(r,a,r',a',t) =0.
Condition (i1) simply says that p is a proportion. Condition (iii) states that
the total number of pairs of (7, a) individuals with (r', a’) individuals equals the
total number of pairs of (7', a’) individuals with (r,a) individuals (all this is per
unit time, age, and time since infection). Condition (iv) says that there is no

mixing in the age and activity levels at which there are not active individuals;
l.e.; on the set

S=A{(r,a,r",d"): C(r,a,t)T(r,a,t)C(r',d' ,)T(r' a',t) =0},

where there is no mixing. Condition (iv) arises naturally in the study of the
solutions of the above framework (see [BuCC2}).

In some situations it is necessary to consider mixing functions p, which are
Dirac delta functions or, more generally, distributions or generalized functions.
Hence, we are forced to consider solutions to the axiomatic framework in the
space of distributions or generalized functions (see [Schw], [GS]). To accommo-
date this possibility the following modification to the interpretation of axioms
(1) and (iv) 1s necessary:

(1’) p > 0 1in the sense of distributions; i.e.,

// p(r,a,r' d' t)f(r',a' t)dr'da’ >0 forall f>0, and
0

(iv’) p(r,a,r',a',t) =0 on a set F', means
// plr.a,r', @, )f(r,d,t)drda’ =0 forall f.
F

Pair formations can involve selectivity by individuals according to age or
activity level, they can be random pairings without regard to these variables,
or they can be any combination or mixture of the two extremes. A detailed
discussion of these possibilities and of the restrictions they place on the mixing
function p is found in [BuCC2).

A solution of critical importance to the mixing framework is that of total (i.e.
in age and risk) proportionate mixing:

C(r',ad", )T(r',d,¢t)
[ Cr' a' t)T(r' a' t)da' dr'”

ﬁ(r,a, 7./’ ala t) -

(1)

This solution plays an important role in the determination of all possible
solutions to the mixing framework (1) — (iv). Note that proportionate mixing
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vacuously satisfies condition (iv). This condition prevents us from accidentally
dividing by zero, and hence prevents us from arbitrarily defining a mixing func-
tion for subpopulations that either are not sexually active or that have been
depleted of individuals by disease dynamics. Further examples of specific mix-
ing functions can be found in [BICC1] and [BuCC2]. We further observe that
convex linear combinations of mixing functions are mixing functions. Specifi-
cally, if @y, ..., an are positive constants such that Zfil a; =1and py,...,pN

are mixing functions, then Zfil a;p; 1s a mixing function. This last obser-
vation provides a recipe for the construction of a variety of mixing functions.
Furthermore, it clearly shows that preferred mixing (a convex combination of
two mixing functions), contrary to the suggestions of some researchers, does not
contain all reasonable possibilities. Specifically, (omitting age) preferred mixing
is given by

C(r)T(r)

[ C(u)T(u)du

0

p(s,r) =(1—a) +ab(s —r), (2)
where é§ denotes the Dirac delta (see [BICC1], i.e., it is the convex linear com-
bination of the Dirac delta (a mixing function) and proportionate mixing. The
two extreme points of this particular convex linear combination (when @ = 0 or
1) do not obviously represent sociological or mathematical mixing extremes —
this was pointed out to us by S. Gupta and R. Anderson.

A mixing function p is called separable if it can be written in the form

p(r,a, v d' t) = pi(r,a,t)pa(r',d, ). (3)
The total proportionate mixing function p is separable, and our first result states

that there are no other separable pairing functions.

Theorem 2.1. The only separable pairing function p satisfying conditions (i)
— (ii) — (iii) is the total proportionate mixing function p given by (1).

Proof. This result can be easily obtained by direct substitution of (3) into the
mixing axioms. Since the proof of this result to that of Theorem 3.1 (included
later) we omit the details.

All other solutions to the mixing framework are given by multiplicative per-
turbations of total proportionate mixing. The nature of the perturbations is
specified in the following theorem:

Theorem 2.2. Let ¢ : Ry — R be measurable and jointly symmetric:
é(r,a,r',a") = ¢(r',a',r,a), and suppose that

// p(r',a' )¢(r,a,r' a')dr'da’ <1,
0 .

//Ooo plr;a) (//Ooo p(r'.a')g(r,a,r, a')dr'da') drda < 1.

and



Castillo-Chavez, Busenberg and Gerow 51

Let e
pr(r,a) =1— // plr', aYo(r,a,r' a')dr'da', (4)
0
so that
T — 1 pl(raa)pl(rlaal) . 1o
p(r’a’r’a):p(r’a)l’ffoooﬁ(rl’al)¢1(’r‘l’al)d’rldal+¢(7’a’r’a) (5)

is a mixing function. Conversely, for every mixing function p there exists a ¢
that satisfies the hypotheses of the theorem such that p is given by (5) with p;
defined by (4).

Proof. That the expression given by equation (5) is a mixing function is im-
mediate. For the proof of converse, see [BuCC2].

The function ¢ provides us with a measure of the deviation from proportionate
mixing and therefore it is a measure of preference. We call this perturbation
the structural covariance of preference function (note that this covariance is
always positive). To illustrate the effects of ¢ on the shape of the mixing or
pair formation function, we look at some examples for situations in which the
mixing function is only a function of the age or risk (related to frequency and
type of sexual activity) of the individuals but not of both. The version that is
illustrated in our numerical corresponds to the following version of Theorem 2.2:

Theorem 2.3. Let ¢ : R — R™ be a measurable and jointly symmetric
function, and suppose that

/000 p(rYé(r,rYdr <1 and /000 p(r) {p'/:o(u)gt(u)du} < L
Defining p1(r) by N
() =1= [ psr,wn (6)

we obtain the following representation formula for a two dimensional one-sex
mixing function:

N _ = pl(T‘)pl(T‘l) o
p(r, ) = p(r) Looo ) (M) + ¢(r, 7 )} ~ (7)

where

C(r)T(r)
fooo C(u)T(u)du’

p(r) = (8)

i.e., we have a multiplicative perturbation of proportionate mixing. Also for ev-
ery mixing function p, there exists a structural covariance or preference function
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¢ satisfying the hypotheses of the theorem such that p is given by (7) with p;
defined by (6).

We now proceed to illustrate the effects of preference on the shape of the
mixing function. As a model for the distribution of activity levels in a pop-
ulation, the lognormal distribution has appeal due to its flexibility. Formally,
if In(R) has a normal distribution with mean p and variance 0%, then R has
a two—parameter lognormal distribution with parameters u, and o. For conve-
nience, define b = e#. The probability density function for the lognormal may
be written as

1

or\/2m

exp [——l—(ln(z))ﬂ = Prob[In(R) = r,], r > 0.

T(r) = 20° b

The mean and variance of R are

2

B(R) = ur = b exp (%),

and
2

Var (R) = 0% = b2a”2(e” —1).

A more natural parameterization for our modeling purposes is to describe the
distribution in terms of pug and ¢%. Given values of these two population pa-
rameters (either arbitrarily, or as suggested by data), we can easily determine
that

o =lInjokuyz' + 1),
and
b= ug exp(—0.5¢%).

We may further simplify our model prescription if we accept the empirical “power
law” of [AM]:
0% = 0.555u%2, (9)
whence
o? = In[0.555u%%*! + 1],

and
b= ugexp(—0.50%).
With C(r) = r, then (8) becomes
r'T(r')
[ uT(u)du’

plr') =

where the denominator is the expected value of a lognormal random variable,
1.e.,
1 1 r! ol

= s P 5“0—2(111(‘5))+("‘2—)
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T(r) is really a function of ¢, i.e. T = T(r,t), and its behavior is governed by
an appropriate partial differential equation (see [BuCC1}). Note however, that
the “power law” of [AM] suggests that the mean and variance of 7(r,t) (regard-
less of how we model it) has to satisfy equation (9): Further, since our purpose
1s to tllustrate the effects of the structural covariance or preference function on
the shape of p(r,r',t), we “bypass” the dynamic model and concentrate on the
effects of ¢ on p when pg and og satisfy (9) (for a more orthodox procedure to
test mixing frameworks is found in [CCBIl]. We observe that a population that
1s experiencing a decrease in sexual activity will have to do it in a restricted
fashion, i.e., by moving down along the line (in log-log scale) defined by equa-
tion (9). Finally, we remark that the “power law” of Anderson and May can be
explained through the processes of pair formation and dissolution (for details

see [BICC2].

In our numerical illustrations we take a fairly general ¢, namely:
¢(r, ') = exp [—(c1(r? +r"* + corr"))]. (10)

Recall that p,(r) = 1 — fo "Ydr' must be < 1; and note that for our
current choices for T and ¢, thls cond1t1on 1s met for a wide range of ug, ¢
and ¢y, including values which may be reasonable for human populations. The
denominator term of p(r,r') is fairly cumbersome, but can be cleaned up a little:

["smmimar= [ [FREOE (2] o
/ / 02b2 eXp [—(111(07‘2'/17))2 +o’ +e(r?+r%)+ 027‘7‘1:| dr'dr.

The second term can be reduced to a one-dimensional integral by use of the

change of variable defined by u = /2¢17 + —C\/é Then we have

/0°° m?ﬁe){p [_(Mf —0? —r%(er - ff—l)} (1— & \;;—%))dr',

where ®(-) is the standardized Gaussian cumulative distribution function.

In our set of simulations, we use all six combinations of two choices for 7'(r)
(determined by the Anderson and May’s (1988) power law, with values of 2 and
8 for ug) and three choices for ¢ : ¢; with a well-defined narrow ridge along the
line r = r' (determined by the pair (¢1,¢2) = (0.3,—-0.6)), ¢, with a somewhat
broader profile ((¢1,c2) = (0.05,—0.08)), and ¢3 = 0, representing proportional
mixing. We have plots also of the corresponding structural covariance functions

¢ and ¢s.

The plots*illustrate the interaction between the structural covariance function

and the degree to which the population exhibits proportionate mixing. For a
given mean activity level (2 and 8 in these simulations) the preference function

*See pp. 61-65.
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exhibiting the sharpest degree of preference (¢;, plot 1) has the mixing function
which is (visually, at least) furthest removed from proportionate mixing (plots
2,3). As the preference function gets less sharply peaked (¢, plot 4), the mixing
function (plots 5,6) is more similar to proportionate mixing (plot 7.8). Also, for
a given ¢, as the population mean activity level increases, the mixing function
look more and more like a simple additive combination of ¢ with proportionate
mixing (plots 2 — 3,5 — 6).

3. Two—sex mixing framework

In this section we provide an outline of our two—sex framework. Since an
extensive account will be provided later (see [CCBu]), we look exclusively at
our mixing framework in the context of a two-sex age-structured population.
We further concentrate on a framework suitable for a two-sex demographic
model. The modifications needed to transform this demographic model into an
epidemiological model for sexually—transmitted diseases are straightforward and
can be found in [CCBu].

We let M(a,t) denote the density of males of age a who are not in pairs at
time ¢; and let F'(a',t) denote the density of females of age o' who are not in
pairs at time ¢. Pairing is defined through the mixing functions:

p(a,a’,t) = proportion of partnerships of males of age a with
females of age a' at time t,
g(a,a',t) = proportion of partnerships of females of age a’ with

males of age a at time ¢,
and we let

C(a,t) = expected or average number of partners of a male of
age a at time ¢ per unit time,
D(d',t) = expected or average number of partners of a female of

age a' at time ¢ per unit time.

The following natural conditions characterize these mixing functions:
(a) p,g >0,
(b) fooo p(a,d ,t)da' = fooo p(d',a,t)da =1,
(¢) pla,d,t)C(a,t)M(a,t) = q(d',a,t)D(a',t)F(d',t),
(d) C(a,t)M(a,t)D(a',t)F(d',t) = 0= p(a,a',t) =q(a',a,t)=0.
Condition (ii) is due to the fact that p and ¢ are proportions. Condition (iii)
simply states that the total number of pairs of males of age a with females of

age a' equals the total number of pairs of females of age @’ with males of age
a (all per unit time and age). Condition (iv) says that there is no mixing in
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the age and activity levels where there are no active individuals, i.e., on the set
S(t) ={(a,d',t): C(r,a,t)M(a,t)D(d',t)F(a’' t) = 0}.

The pair (p, q) is called a two-sez mizing function iff it satisfies axioms (a-d).
Further, a two-sex mixing function is called separable iff

p(aaalat) = pl(aat)pQ(alvt) and Q(aaalat) - QI(aat)QQ(alat)'

If we let
hy(a,t) = C(a,t)M(a,t) (11)

and

hqe(a,t) = D(a,t)F(a,t), (12)
then, omitting ¢ to simplify the notation, we establish the following result:

Theorem 3.1. The only two-sex separable mixing function satisfying condi-
tions (a-d) is given by (p, q), where

ooy hg(a')
pla’) = ————————fooo hy(a)de’ (13)
hp(a) (14)

1) = hyfwydu

0

Proof. It is clear that the expressions given by equations (13) — (14) satisfy
the axioms (a - d), and hence, (p, ¢) is a two-sex mixing function. Let’s now
assume that (p, q) is separable, then using axiom (b), we see that

1

== tant
pi(a) fooo pa(1)du , (a constant)

and

=k, (a constant);

therefore,
pla,a’) = €pa(a’) and g(a,a’) = kga(a).

If we substitute the above expressions into axiom (¢) and integrate over all ages
a, then we arrive at

ﬁpg(a')/hp(n)dn = hy(a)

from which (13) follows. Equation (14) is obtained similarly.

Castillo-Chavez and Busenberg [CCBu] have established that all two—sex mix-
ing functions are multiplicative perturbations (with appropriate structural co-
variance functions) of the only separable two—sex mixing function given by (13)
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- (14). Although, the general solution may prove to be quite useful in theoret-
ical considerations, it is still of practical importance to provide modelers and
theoreticians with flexible families of two-sex mixing functions. The following
two—sex biased mixing familiy for N—-interacting subpopulations may fulfill this
need. To introduce it, we let u; (v;) denote the proportion of partnerships by
males (females) of group ¢ reserved for mixing with females (males) in group ¢;
necessarily 0 < u;, v; < 1. If Fi(¢) (M;(¢)) denote the number of males (females)
in group : at time ¢, and C; (D;) denote the average number of female (male)
sexual partners of males (ferales) in group z, and p;;(¢) (¢:;(t)) denote the pro-
portion of partnerships of males (females) in group ¢ with females (males) in
group j. Then

(1 —v;)D; F;
i (1) = uib;5 + (1 — u; , 15
pij(t) + ( )2116\121(1_%)%& (15)
qji(t) = vibji + (1 —v;) (1~ u))CM, (16)

Sy (1= ug)CL My,

{1 ife =
bij = e
0 if © #£

The above family of two-sex biased mixing functions is easily incorporated

into classical epidemiological models as well as into models that follow pairs.
This is the topic of the next section where we introduce the simplest demographic

where

model that follows pairs and that makes use of the framework of this section.

4. Demographic pair formation models

Demographic models that consider pairs and follow the dynamics of pairs
have been studied by [K], [F], [DH], [D], [H1], [H2] and [W]. Their approach
is based on the use of a nonlinear function ¢ to model the process (rate) of
pair formation. This mixing/pair formation function is assumed to satisty the

Fredrickson/McFarland ([F],[McF]) properties:
(e) (0, F) = (M, 0) = 0.

In the absence of either males or females there will be no heterosexual
pair formation.

(f) Y(aM,aF) = ap(M,F) for all «, M, F > 0.
If the sex ratio remains constant, then the increase in the rate of pair
formation is assumed to be proportional to total population size.

(g) Y(M +u,F+v)>¢(M,F) for all u,v, F,M > 0.
Increases in the number of males and/or females does not decrease the
rate of pair formation.

Condition (f) implies that all mixing functions are of the form

$(M, F) = Mg(52) = Fh(>5),
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where h and ¢ are functions of one—variable.
Mixing functions satisfying the above axioms, and that have been used in
demographic studies, include:

Y(M,F)=kmin(M,F), kisa constant
Y(M,F)=kvVMF,

and

MFE
M+ F

Let o denote the rate of pair dissolution, ¢ denote the natural mortality rate,
A denote the “recruitment” rate, and W denote the number of (heterosexual)
pairs. Then a simple demographic model is given by the following set of equa-
tions:

(M, F) = 2k

%{ZA—#MHML#)W—WM’F)
%?:A_ﬂp+(a+u)w~w(M,F>
igf = (0 +2u)W + (M, F).

If A, u, and o, are constant, then there is always a globally stationary solution

(M, F,W) and W is determined by the equation

o (G-Wa W) = (o + 20w
" "
(for references to this and related results see [W]).

If we now let f(a',t) and m(a,t) denote the age—specific densities for single
males and single fernales respectively, and assume that D (as defined in Section
3) and p,, and u s are functions of age (the mortality rates for males and females),
and assume that W (a, a',t) denotes the age-specific density of heterosexual pairs
(where a denotes the age of the male and a' the age of the female), then using
the two—sex mixing functions p and ¢ of Section 3, we arrive at the following
demographic model for heterosexual populations:

%T— + %—m = —C(a)m(a,t)/ p(a,d’,t)dd
@ 0 (17)

— pum(a)m(a,t) + /0 [ur(a) + oc]W(a,ad',t)dd,

8f 8f ! ! = !
e + P —D(a")f(a ,t)/o q(a',a,t)da "

— up(a)f(at) + / lm(@) + oW (a,d',1)da,
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ow N ow N ow
ot Oa oa'

= D(d')f(d't)q(a,d',t)
— [us(a') + pm(a) + 0]W(a, d', t).

(19)

To complete this model we need to specify the initial and boundary conditions.
To this effect we let A\, and Ay denote the female-age-specific fertility rates,
and let mg, fo, and wy denote the initial age densities. Hence, the initial and
boundary conditions are given by

m(0,¢) = /000 Am(a')Ng(d',t)dd, (20)
f(O, t) = /Ooo )\f(a')Nf(a',t)da', (21&)
w(0,0,t) =0, (21b)

f(a,0) = fo(a), m(a,0) =mo(a), W(a,da',0) = Wy(a,a'), (22)

where

Nf(a',t):/ W(a,d',t)da.
0

Further, we observe that Ny and f + Ny satisfy the following set of equations:

(a% + b%) (f + Ng) = —pg(a)[f + Nyl (23)

and
0 0
~+ = | Ny = D(d)f(d',t) — [ug(d) + o] Ny
<6t Ja ) N (24)
- /0 pn(a)W(a,d',t)da.

Note that if we let ¢ — oo (while fixing a, ¢, and p.,,(a) contant) then Ng(a',t) —
0% and (formally) equation (23) approaches the classical MacKendrick/Von Fo-
erster model. Further note that since in the model given by equations (17) -
(22) only pairs reproduce we do not recover the classical boundary condition
(nevertheless the boundary condition is consistent).

If we assume that pum, py and D are constants and look for solutions of the
form

Nf(a', t) = e”N(a'),

and

fla',t) =€ f(a), (25)

then in the usual fashion, we arrive at a characteristic equation for r of the form

H(r)=1
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where

D
ﬂm‘*‘D‘*‘a

e(_r'“‘f)a[l ~ e('""'"+”+D)a]da. (26)

H(T) = / )\f(a)
0
Since H(r) is decreasing, then (25) has a unique real root r.. Clearly
HO) >1s7r, >0,

and if r = a-+: 1s a complex root then one easily sees that & < r,. We observe
further that the above analysis is independent of p, however, note that in order
to recover W or to study the stability of product solutions we need to have
specific knowledge of the mixing function p.

Although further analysis 1s possible, we will not present it here, as one of
the main purposes of this article is to show an alternative approach to that
of Fredrickson/McFarland/Dietz/Hadeler for the formulation of demographic
models that follow the dynamics of pairs. Epidemiological models that fit into
our framework are easily formulated and the appropriate details will be discussed
elsewhere.

5. Conclusions

In this article we have presented a general solution to the one sex mixing/pair
formation problem. Our representation theorem states that any mixing func-
tion can be represented as a multiplicative perturbation of proportionate mixing.
This perturbation, through its structural covariance or preference function, pro-
vides us with a measure of divergence from proportionate mixing. Simulations
based on the “power law” of [AM] were provided to illustrate the role of pref-
erence in the shape of the mixing function. Our discussion of the simulation
results, combined with our previous studies (see [BICC1, CCBIl, BuCC1}), show
that to understand the role of preference in disease dynamics we need to develop
methods of estimating the effects to the structural covariance function on the
shape of the basic mixing function (1.e. proportionate mixing). Knowledge of
“realistic” mixing structures is needed in the evaluation of possible intervention
programs aimed at disease prevention.

We have also introduced a two-sex mixing framework and constructed a va-
riety of solutions that may prove useful in applications. We have introduced
a demographic model that follows pairs based on our mixing/pair-formation
framwork, and have shown that this model has nontrivial solutions. Further
analysis of this model is being carried out and will be published elsewhere.

Finally, we remark that in order for these results to be useful in applica-
tions we need to critically examine the assumptions behind our model (see
[BICC2],[BICC4], [SaCC]), we need to be able to determine ways of estimat-
ing parameters from data (see [BICCCa]), and we need to be able to explain the
available data (see [BICC3]).
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Positivity for Operator Matrices

PANOS CHARISSIADIS
RAINER NAGEL

Mathematisches Institut, Universitat Tubingen

1. Introduction

Systems of linear evolution equations can be written as
w(t) = Au(t), u(0) = uo, (*)
u()

where u(-) = takes values in a product £ = E; X ... X E,, of Banach
un )

spaces E; and A = (A;j)nxn 1s a matrix whose entries A;; are linear operators
from E; into E; (see [Be] or [Na 1], Sect. 3). In the one-dimensional case, i.e.,
if E; = C for all ¢, we obtain a complex matrix A and linear algebra yields
the appropriate tools for a detailed analysis of the initial value problem (). In
the general case, i.e., for arbitrary Banach spaces E;, the equation (*) seems
to be a notational trick with only few of the classical matrix results remaining
true. In fact, since we have to allow (for resonable applications) unbounded
and non-commuting entries A;; in the operator matrix A strange and difficult
phenomena occur:

— It is not clear how to define an appropriate domain D(A) of A.

— There is no way to define some of the basic concepts from matrix theory
such as "determinant”, "trace”, etc.

In contrast to these difficulties, the more general framework gives new flexibility
and allows to restrict attention to 2 x 2-matrices. In fact, the n X n-matrix

67
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A = (Aij)nxn can be succesively built up by submatrices Ag := (A;;)kxk each

of which 1s a 2 X 2-matrix
Ax—1  Bg )
A = ,
¢ ( Cr Ak
Ak

where By = ,Ck =(Ary ... Agk—1)and E; x...xE}is considered

Ak—1k
as the product (Fy X...x Egx_1) X Ex. Unfortunately many important properties
of matrices are not inherited or characterized by submatrices.

1.1. Example. Let A be the generator of a strongly continuous semigroup on
a Banach space E with spectrum equal to the left halfplane in C (e.g., A := d

on E := L?(R;)). Then
(1+472) fA

fA (1—-12)A

1s an operator matrix generating a strongly continuous semigroup on E X E
(see [Na 1], Thm. 2.3 or [E 1]). But none of its submatrices (i.e., entries) is a
generator on E.

z

In this paper we will show that positivity properties are extremly helpful in order
to overcome this drawback. They allow to a large extend (and in particular for
the investigation of stability properties) to concentrate on 2 x 2-matrices for
which the so-called ”Schur complements” yield appropriate tools even in the
unbounded, non-commutative case. But let us first review the corresponding
results for scalar matrices.

2. Positivity in the scalar case

We consider a complex matrix A = (ai;)nxn and its generated semigroup

(T(¢))e>0 = (e"4)i>0. The following results can be found in most books on
matrix theory (e.g., [Gal, [B-P], [L-T], [M]).

2.1. Characterization Theorem. The following assertions are equivalent:
(a) etA >0 for allt > 0.
(b) ai; € Randa;; >0 for: # j.

In order to state the basic spectral properties of positive matrix semigroups
and their generators we recall that the resolvent of A is denoted by R(), A) :=
(A — A)~! for A not in the spectrum o(A) while the spectral bound of A is

s(A) :=sup{Re): A € o(A)}.
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2.2. Perron-Frobenius Theorem. If the matrix A generates a positive
semigroup then its spectral bound satisfies

s(A) =inf{A € R: XA ¢ o(A) and R(\, A) > 0} € o(A).

The property most important for application is stability of the semigroup, i.e.,

lim et = 0.

t—o00
By Liapunov’s theorem this is characterized by the negativity of the spectral
bound s(.A). But the special structure of positive matrices and their spectral

properties mentioned above allow various other, quite useful characterizations.

2.3. Stability Theorem. If the matrix A generates a positive semigroup then
the following assertions are equivalent:

(a) There exists € > 0 such that lims . eftetA = 0.

) s(A) < 0.
) 0¢ o(A) and A7! <0.
d) (—=1)¥*1det Ay < 0 for each 1 < k < n and each submatrix Ay.

(b

(c

(
We remark that in that case —A is called an M-matrix (see [M], Chap. VI,
Sect. 6.4).

3. The characterization problem

We now tackle the problem of extending Theorem 2.1 to the infinite dimen-
sional situation. To that purpose we consider Banach lattices E,, ..., E, (such
as C(X)-or LP-spaces, see [S]) and an operator matrix A = (A;;)nxn With (pos-
sibly unbounded) linear operators A;; from E; into E;. In addition we assume
the reader to be familiar with the theory of strongly continuous semigroups of
linear (see [Go]) and positive (see [Na 2]) operators. Our approach will be based
on perturbation theory. More precisely we write A as the sum of the diagonal
matrix Ay := diag(A4i;) and the matrix B containing the off-diagonal elements
of A. Then Aj is simple to understand while we need appropriate assumptions
on B in order to discuss the sum

Since these assumptions prevail throughout this paper we state them explicitly.

3.1. Standard assumptions.

(A1) The diagonal operators A;; (with dense domain D(A4;;)) generate strong-
ly continuous semigroups (7;(t))t>0 on E;.



70

(A2)

(As)
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The off-diagonal operators A;;, ¢ # j, are relatively bounded with re-
spect to Ajj, i.e. D(Aij) D D(A;;) and AijR(\, Aj;) is bounded for
A > S(Ajj).

The off-diagonal matrix B is ”small” with respect to the diagonal A,.
More precisely, there exists Ay > s(Ap) (= max{s(4;;) : 1 < 5 <
n}) such that the (bounded) operator BR( Ao, Ag) has spectral radius
T(BR()\o,.Ao)) < 1.

A few comments on these assumptions might be helpful.

3.2. Comments.

(Ch)

(C2)

The diagonal matrix A with domain D(Ap) := D(A11) X ... X D(Ann)
generates the semigroup (7o(2))¢>0 := (diag(T;(%)))i>0 on £.

The assumption (Ajz) implies that A is a closed operator on the domain

D(A) = D(Ap). This follows from the decomposition
Ao — A= (1—-BER(X,Ao))( Ao — Ao)

and the fact that a product of an invertible bounded operator with a
closed operator remains closed.

If a certain off-diagonal matrix B satisfies (A3 ) then clearly all multiples
eB for |e] < 1 do the same. The easiest example is obtained from
bounded B, i.e., if all entries A;;, ¢ # 7, are bounded.

The assumptions (A4;)-(A3) do not automatically imply that A gener-
ates a strongly continuous semigroup. For that one needs some extra
condition (e.g. see [Go], Chap. I, Thm. 6.1) and we refer particularly
to the results of Voigt [Vo] and Arendt-Rhandi [Ar-R] on perturbation

of positive semigroups.

If we assume that A = Ay + B generates a semigroup on £ we are now ready to
give a characterization for the positivity of the generated semigroup in terms of
the entries of A.

3.3. Characterization Theorem. Let A = (A;;)nxn be an operator matrix
on £ = E| X ...Xx E, satisfying (A, )-(As) and generating a strongly continuous
semigroup (7T (t))¢>0. Then the following conditions are equivalent:

(a)
(b)

The semigroup (T (t))¢>0 is positive.
(i) The semigroups (T;(t))t>0 generated by the diagonal operators Aj;

are positive for 1 < j < n.
gi) The off-diagonal operators A;;, 1 # j, are positive from D(A;;) into
1-
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Proof. (b)=>(a): By decomposing A into the sum of 4, and B we see that
Ao generates a positive semigroup while B is a positive perturbation. It follows
from assumption (Asz) and the identity in (C;) that R()\y,.A) is positive. As in
[Ar], Thm. 3.1, this implies R(\, .A) to be positive for all A > )y, hence A has a
positive resolvent and therefore generates a positive semigroup by [Na 2], B-II,
Prop. 1.1.

(a)=>(b): We show first that (i) holds. For 1 < ¢ < n consider the family F;(¢),
t > 0, of bounded positive operators on E; given by

Fi(t)f := Pie™Jif, f € E;,

where P; : £ — E; (resp., Ji : E; — &) is the projection (resp., embedding).
For f € D(A;;) we have F/(0)f = A;; f. On the other hand, from the estimate

0< Fi(t)2f = P,'et'A(J,'P,')et'AJ,'f < P,'ezt'AJ,'f for 0L fekE,

we obtain

IF: )20 < [l
Proceeding by induction this yields
|F:()%) < ||e¥*Y|] for k=1,2,... and t>0.

Thus ||Fi()*|| < Me*™ for constants M, w and all k = 1,2,... and we have
shown that the family F;(t), ¢ > 0, satisfies the conditions of [Pa], Chap. III,
Cor. 5.4. Therefore

lim Fy(3)"f =Y f forall fc Ei.

n-—00
Since each Fi(%)", n = 1,2,...,is positive the limit e*4¥ is also positive and
statement (1) in (b) is proved.

We now proceed with part (ii). For each f € D(A;;)+ = D(A;) N (E;)+ we
consider differentiable functions ng, & : Ry — &, defined by

£4(t) := e Jif and n(t) := Fi(t)f.

££(0) and - since (e™)¢>g is positive — £4(¢) > ng(t) for

Obviously, n¢(0) =
1 < n. Consequently we obtain the following estimate for the

t>0and 1<
derivatives:
0 0
Anf : :
: =A| f | =¢€50)>n%0)=| Auf
Anif : :
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Since the order on € is defined coordinatewise we conclude A;;f > 0 for f €
D(A;ii)+ and j # @ and the proof is complete. .

The above theorem clearly generalizes in a natural and satisfactory way the
scalar Characterization Theorem 2.1. Two more examples are presented to show
1ts broad range of applicability.

3.4. Examples. (1) In the semigroup approach to Volterra integro-differential
equations (see [D-S], [D-G-S]) the operator matrix

a b
A= (4 %)
is considered on £ := R x L?(Ry) where a € R, D := &, D(D) := W!(R;),
o the Dirac measure in 0 and ¢ € L*(R4) is understood as an operator from
R into L?(R;). The diagonal operators a and D generate positive semigroups.
From R(\, D)f(t) = [7 e~ f(s)ds it follows that ||6, 0 R(), D)|| = (2))~%
becomes small for large A\. Hence A satisfies all the assumptions (A4, )-(A43) and,
in addition, generates a strongly continuous semigroup by [Na 3], Sect. 3, Ex.

1. Our theorem shows that the following statements are equivalent:

(a) The semigroup generated by A is positive.
(b) The function ¢ € L%(R) is positive.

(2) Consider A to be an elliptic differential operator (such as the Laplacian)
on E =LP(Q),1 <p< oo, CR™ For many natural boundary conditions
this operator generates a positive semigroup on E (see [Na 2], C-III, Ex. 2.14)
but clearly is never positive itself. Take now the system given by the operator
matrix

A= (aijA)nxn

on E™ with complex coefficient matrix (a;j)nxn. From the results in [Na 1] (or
more generally [E 1] and [E 2]) it can be decided when A is a generator on E™.
In that case this semigroup is positive if and only if a;; = 0 for ¢z # j and a;; > 0
for 1 < i <n. This explains the special case treated by [Ka], Thm. 2.1.

4. The stability problem

In this section we will show how the stability of the solutions of the Cauchy
problem

u(t) = Au(t), u(0) = uo, (*)

for an n x n-operator matrix 4 on a product space £ := E; x... X E, generating
a positive semigroup can be characterized by conditions for certain operators on
the factor spaces E;. Our approach combines results from the abstract theory
of positive semigroups on Banach lattices (see [Na 2], C-IV) with the analogue
of the Schur-complement for operator matrices (see [Na 3|, Sect. 2).
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We first recall the stability result for arbitrary positive semigroups on Banach
lattices based on the (infinite dimensional) Perron-Frobenius theory as developed
in [Na 2| (compare Thm. 2.2, 2.3 above).

4.1. Stability criterion (see [Na 2|, C-III, Thm. 1.1). Let A with domain
D(A) be generator of a strongly continuous semigroup (T'(t)):>o of positive op-

erators on some Banach lattice E. Then the spectral bound s(A) := sup{Re :
A € 0(A)} satisfies

s(A) =inf{} € R: R()\, 4) > 0} € o(A). (%)

As a consequence (use [Na 2], C-1V, Cor. 1.4) the following assertions are
equivalent:

(a) There exists € > 0 such that lim;—.o e*T(¢)f = 0 for every f € D(A),
ie., (T(t))t>o0 is exponentially stable.

(b) The spectral bound satisfies s(A) < 0.

(c) The generator A is invertible and its inverse A™! is a negative operator.

We are now interested in adding to this list an equivalent condition (d) taking
into account the matrix structure and generalizing condition 2.3.d. To that pur-
pose we again assume A = (A;; )nxn to satisfy the assumptions (4;)-(As) and,
in addition, to generate a positive semigroup (7 (¢))¢>o on the Banach lattice
£ .= FE; x...xE,. Since we want to apply the concept of Schur complements for
2 X 2-matrices we show first that these assumptions are preserved by considering
certain submatrices.

4.2. Lemma. Let (T (t))¢>0, resp. (To(t))s>0 be the positive semigroups on &€
generated by A = (A;j)nxn, resp. by Ao := diag(Aii)nxn. Write A = Ay + B
and take a matrix B satisfying 0 < Bf < Bf for all f € D(A)y. Then the
operator matrix A := Ay + B generates a positive semigroup ('j'(t))tzo such

that 0 < To(t) < T(t) < T(t) for allt > 0.

Proof. We have seen in (C3) how to compute the resolvent of the perturbed
operator Ay + B. Our assumption on B implies BR()\, Ao) < BR(A, Ap) for A >
Xo. Therefore r(BR(), Ay)) < r(BR()\, Ap)) < 1 and 0 < R(\, A) < R(), A)
for large A. But the domination of resolvents implies the domination of the
semigroups by [Na 2], C-1I, Prop. 4.1 . .

This lemma shows in particular that 4 generates an exponentially stable, posi-
tive semigroup on £ (i.e. s(\A) < 0) if and only if each submatrix Ax := (A4;;)kxk
on & := E; x ... x Ei, 1 <k < n, generates an exponentially stable, positive
semigroup. In fact one has s(A) > s(Ax) > s(Ag-1) for k = 2,... ;n. Hence
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stability for positive semigroups is a property inherited by submatrices (compare
Sect. 1) and we are able to concentrate on 2 x 2-matrices by decomposing each
A into a 2 X 2- matrix of the form

(At Bk
Ak = ( Ck Akk) ’

Ak

WhereBkZ( ),Ck:(Akl Akk_l)andc‘,'k:(Elx...xEk_l)x
A1k

E;.

To all these 2 x 2-matrices we shall apply the invertibility criterion developed in

[Na 3], Sect. 2 using (infinite dimensional) Schur complements. For the readers

convenience we repeat the relevant formulas from [Na 3], Lemma 2.1 and Thm.

2.4.

A B
¢ D

matrix on £ := E x F satisfying the assumptions (analogous to) (A;)- (As).

4.3. Lemma. Let E, F be Banach spaces and A := an operator

(1) If A is invertible on E the following assertions are equivalent:
(a1) The operator matrix A is invertible on £.
(b1) The Schur complement D — CA™' B is invertible on F.

In that case the inverse of A is obtained as

41— (A7'Id+ B(D-CA™'B)™'CA™!) —A~'C(D—CA™'B)™!
- —(D - CA-'B)~1CA™! (D—-CA~'B)™!

(2) These facts applied to the matrix A — A = (A__CA )\__BD) for A ¢ o(A)
yield the following equivalence:

(az) A ¢ a(A).

(b)) A¢ o(D + CR(A, A)B).

In that case the resolvent of A is obtained as

RO\, A) = ( R(\, A+ BR(\,D)C) R(\, A+ BR()\, D)C)BR(), D))
77 \R(A, D+ CR(A, A)B)CR(), A) R(\, D+ CR()\, A)B) -

With these concepts, applied to the submatrices Ax, we are now able to char-
acterize the operator matrices generating exponentially stable, positive semi-
groups.
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4.4. Theorem. Let A = (Ai;)nxn be an operator matrix satisfying the as-
sumptions (A;)-(As) and gencrating a positive semigroup (7 (t))¢>0 on € :=
E, x ... x E,, E; Banach lattices. The following assertions are equivalent:

(a
(b
(c
(d

The semigroup (7 (t))¢>0 is exponentially stable.
The spectral bound of A satisfies s(.A) < 0.
The operator matrix A is invertible with negative inverse on £.

The spectral bounds of A}, and A —Ck.A,:_llBk satisfy s(A11) < 0 and
S(Akk — Ck.A,:_llBk) <0Ofork=2,...,n.

)
)
)
)

(d') The operators Ay; and Agx — Ck.A,:_llBk are invertible with negative
inverses on Ey for k =2,... ,n.

bl

Proof. The equivalences (a) <= (b) <= (c) hold for each positive semigroup
on any Banach lattice (see Stability Criterion 4.1).

In the next preparatory step we show that for any u > s(A) > s(Ax) > s(Ag-1)
the operators Ay + CxR(u, Ax—1)By appearing in the Schur complement rep-
resentation of R(u, Ax) (compare Lemma 4.3 (2)) are resolvent positive (see

. Ar-1  eBg
[Ar]). All the matrices Ak, := ( Cr Ap
tions (A4, )—(As) and generate positive semigroups dominated by the semigroup
(7Tx(t))t>0 generated by Ag. The invertibility of u—Ax_; implies by Lemma 4.3.2
that the operators u — Agx — €Cr R(j1, Ax—1)B are invertible for all 0 < e < 1.

Moreover, the identity

), 0 < € < 1, satisfy the assump-

p— Axx — Cr R(p, Ak—1)Br = [1 — eCe R(p, Ak—1)Be R(p, Akr))(1 — Ak) (%)

shows that £ is contained in the resolvent set of the positive (bounded) operator
Ce R(p, Ak—1)Br R(p, Agx) for all 0 < e < 1. Since the spectral radius of a
positive operator is contained in its spectrum (see [S], Chap. V, Prop. 4.1) this
implies that the spectral radius r(Cr R(p, Ax—1)BrR(1t, Akx)) is smaller than 1.
For A > p we have R(\, Axr) < R(p, Axx) (observe that Ay generates a positive
semigroup and use [Ar], Sect. 2), hence

0 < CrR(p, Ax-1)BrR(\, Akr) < CeR(pt, Ak—1)Br R(pt, Akk) (%)

and a similar inequality for the spectral radii. We now decompose A\ — A —
Cr R(p, Ak—1)Bk as in (*) and obtain for its inverse

0 < R(A, Ark + CeR(p, Ak-1)Br) < R(p, Axk + Co B, Ak-1)Br) (% * %)

for A\ > u,i.e. App+CrR(p, Ak—1)B has a positive resolvent (see [Ar]). Since the
assertion (%) and hence the equivalence of (b) and (¢) in the Stability Criterion
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4.1 hold for any resolvent positive operator (see [Na 2], C-II1, Remark 2.15), we
have shown that (d) and (d') are equivalent.

(b) = (d'). By assumption the operator matrix A and all submatrices Ay are
invertible with negative inverses. If we take the matrix representation

Ax—1  DBi )
A =
¢ ( Cv Ak
we obtain that the Schur complement Axy — Ck.A;_llBk is invertible. Its inverse

appears as the lower right entry of .A,:l (use Lemma 4.3.1), hence is a negative
operator on Fk.

(d') = (¢). Again it follows successively from Lemma 4.3.1 that each submatrix
Ay is invertible. A careful inspection shows that this inverse has only negative
entries. For k = n we obtain the assertion. .

The above theorem extends [Na 4], Thm. 3.3 and Cor. 3.4 to operator matrices
with unbounded, off-diagonal entries. But clearly it contains the scalar Stability
Theorem 2.3 as a special case (use the identity

det A = (akk — Ck.A;_llBk) det Ax_,

valid for scalar matrices Ar = (aij )k xk)-

More examples demonstrating the usefulness of the above theorem can be found
in [Na 4], Sect. 4. Here we discuss an additional example with unbounded,
off-diagonal entries.

4.5. Example. Let us go back to the matrix

. a 60
-(25)

on R x L?(Ry) introduced in Example 3.4 (1). In order to obtain a positive
semigroup we assume ¢ € L2(Ry) to be a positive function. Since D generates
a contraction semigroup on L*(Ry) with s(D) = 0 it is clear that A will not
satisfy s(\A) < 0. Therefore we consider the matrix

— [ a7 H b0
A= (0" )

for ¢ > 0. Then s(D — ) = —p < 0 and condition 4.4.d yields stability if and
only if

0>s(a—p+ 8o R(0,D— p)oc)

:a—,u—f—éo(R(,u,D)c):a—,u—f—/ e *e(s)ds, or
0

p>a +/ e "c(s)ds.
0
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In terms of the original operator A this means that for any u > 0 the following
statements are equivalent:

(a) s(A) < pu.
(b) a+ [~ e #c(s)ds < p.

This extremely simple criterion allows estimates for the growth of the solutions
of the corresponding Volterra integro-differential equation

(see [D-G-S], [Na 3]). Moreover it can be generalized easily to vector valued and
even Banach space valued equations.

4.6. Concluding remark. Theorem 4.4 reduces the stability problem for
an operator on a product space £ = F; X ... X E, to n stability problems on
the factor spaces Ei,..., E,. This is essentially based on the positivity of the
generated semigroups. If this assumption is not satisfied one might change A
into a matrix A" generating a dominating semigroup (see [Na 2], C-II, Sect.
4). Since the stability of this dominating semigroup implies the stability of the
original semigroup our Theorem 4.4 is applicable by, e.g., verifying conditions

4.4.d for A*. This will be worked out in detail in [Ch].
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Time Dependent Differential Equations
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1. Introduction

We consider two Banach spaces, (E,|-|) and (D, || - ||) with D continuously
imbedded in £ and denote by D the closure of D in E.

If L : D(L) C E — E is a linear operator in E , we denote by p(L) the
resolvent set of L, and set for A € p(L), R(\,L) = (A — L)~}. Moreover L(E)
(resp.L(D)), resp. L(D; E)) represent the Banach space of all linear continuous
operators from E into E (resp. from D into D, resp. from D into E). The
norms in L(E), £(D) and £(D; F) are denoted by || - ||; if some confusion could
happen we shall write the suitable sub-scripts.

Given a mapping :

A [0,T] — £(D; ).t — A(t)
and chosen 7 € [0, T , we consider the Cauchy problem

u'(t) = fél(t)u(t) +f(t); T<t<T (1.1)

where f € L}'(7,T;E) and z € E.
If A is independent of ¢ and D is dense in E, problem (1.1) can be studied
by the classical semigroups theory (see for instance [8]). If D # FE this theory

was generalized in [3},[4]. When A depends on ¢, problem (1.1) was extensively
studied by T. Kato ([5]-[7]), (see also [2]), under the hypothesis of density of D.

79
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The goal of this paper is to extend these results to the case in which D is not
dense in F.
Our main hypotheses (H) are the following :
(i) There exists C > 0 such that §||z| < |z|+|A(t)z| < C|lz|| forallz € D
and t € [0,T].
(i1) There exist w < 0 and M > 0 such that p(A(t)) DJw, o], for all t €
[0,7]. In addition forn € N

n

[T RO, A))

=1

M
< —
—_ ()\———W)n’

whenT >ty >--->2t, 20, A > w.

When necessary we shall write (H)c,w,m instead of (H). We shall also suppose
that (at least).

(1) A € C([0,T); £L(D; E)).

But to get some of our existence results (see Theorems 3.3 and 4.1) we will
require that A can be suitably approximated by more regular operators Ag: in
future papers dedicated to the applications of this theory to partial differential
equations we will show how this condition can be verified under mild regularity

assumptions on the coefficients of the differential operator.
We say that u is a strict solution of (1.1) if

ue C'([r,T); E)n C([r,T); D),

u'(t) = A@)u(t) + f(t); t €[, T); u(r) = z. (1.2)

Let Wb (r,T; E) denote the usual Sobolev space: u € L!(7,T; E) is said to be

a strong solution of (1.1) if there exists a sequence {ug} such that :

(i) ur € WHi(r,T;E)Nn L (7, T; D).
(i) wur(:) = u(-) and ui(:) — A )ui(-) — f in L'(7,T; E). (1.3)

(1) uk(7) =z in E.

2. Uniqueness

It is useful to introduce two linear operators in L!(7,T; E), by setting

Bu=—u;

D(B) =Wy (r,T;E) = {u € WH (7, T; E); u(r) = 0}

and
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From (H) we deduce that

L'(7,T;D) = {u € L'(,T; E); u(t) € D,t € [r,T] a.c. (2.3)
and A(-)u(-) € L'(7,T; E)} |

p(A) D]w, oo and :
(RO, Mu)(t) = RO AD)u(t), t € [1,T], u € L7, T;E).  (24)

It is known that B is the infinitesimal generator of a contractions semi-group in
LY(r,T; E). We shall consider the approximating problem

Bo(un —2) + Aup + f =0, (2.5)

where B,, = nBR(n,B) = n?R(n, B) — n are the Yosida approximations of B.
Equation (2.5) can be written as an integral equation :

n? / e ") (uy(s) — 2)ds + n(z — un(t)) + A)un(t) + f(1) =0.  (2.6)

The following result can be found e.g. in Chapter 3 of [1].

Lemma 2.1. Let s € [0,T[, K € C([s,T]; L(E))

Then the initial value problem:

v € LY (s, T;E),z € E.

bl

Z(@)=K)z(t)+¢(t); s<t<T
(6) = K():(0) + (1) s St S o
z(s) ==
has a unique solution z € Wh!(s, T; E), given by the formula :
t
z(t) =U(t,s)x +/ U(t,o)p(o)do (2.8)
where : -~
U(t,s) =1+ z / K(tx)... K(ty)dtg...dt (2.9)
k=1 Ak(S,t)
and :
Ak(s,t) = {(t1,...,tx) ERF; s <ty <ty <o <ty <t} (2.10)

If, in addition, p € C¥([s,T); E), K € C¥([s,T}); L(E)) then z € C**}([s,T); E).

We can now prove the following result :
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Proposition 2.2. Let x € E and L'(s,T; E) .Then problem (2.5) has a unique
solution u, € L*(s,T; D) and the following estimate holds for t € [7,T] , a.e. :

[n(t)] € D) g
" —
2.11)
Mn2 t nw M (
e e (t—g) o
t oo [ @l + SIS0
Moreover if A € CY([r,T}; L(D;E)) and f € WHY(7,T; E), then
wn € WHi(r, T: D) and
un(7) = R(n, A(7))f(7) + nR(n, A(T))z. (2.12)

Proof. We follow here [4]. If u, € L*([r,T}; D) is a solution of equation (2.5),
we deduce from (2.6) :

t

nR(n, A(t))/ e " Dun(s)ds + ne ™ T R(n, A1)z — un(?) (2.13)
+R(n, A(2))f(t) =0

and this implies (2.12) and

t

n®R(n, A(t)) / e™un(s)ds + ne™ R(n, A(t))z + e™ R(n, A(t))f(t) = e™un(?).

Setting : t
wn(t)Z/ e un(s)ds (2.14)

we have , wp, € WH(7, T; D) and :

Wa(t) = Kn(t)wn(t) + wal(t)

wn(7) =0

(2.15)

where :
wn(t) = R(n, A(t))(ne™z 4+ ™ f(t)) Ki(t) = n2R(n, A(t)). (2.16)

Thus , by Lemma 2.1 | we know that w, must be given by the formula :

wn(t) = / U(t,o)R(n,A(0))(ne™ "z + " f(0))do (2.17)
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where

U(t,s)=1 S n?*R(n, A(ok)). .. R(n, A(cy ))dok . . . doy 2.18
(t,5) +k§:j]/m(5)t) (n, Aor)). .. R(n, A(o ))do (2.18)

and Ag(s,t) is defined by (2.10). It follows that:

= [ {1, 4)

+>: / n?* R(n, A(ok))R(n, A(o1))do .. . doy R(n, A(s))]}

Ak(s,t)
x[ne™ Tz + e f(s)]ds

(2.19)

which implies :
un(t) = n2e "™ R(n, A(t))wn(t) + nR(n, A(t))e™ ™ "Dz + R(n, A(t))f(2)

= nR(n, A(t))e™ ™ "Dz + R(n, A(t)) f(t) + n2e_"t/ {R(n, A(t))R(n, A(s))

+Z/ n?*R(n, A(t))R(n, A(ox)) . .. R(n, A(0y))dok . . . doy R(n, A(s))}

Ar(s,t)

X[z + €™ f(s))ds. (2.20)
Since the measure of Ag(s,t) is (t_,cf)k , we deduce from (H)
M e " T M —n
un(t)l < e e —— ()l +nfe™ (2.21)
t S t _ S M nr ns
X/T { (n —w) 2 +k2::1 — w)k+2 [ne™|z| + e™[f(s)]] ¢ ds

and (2.11) follows. Conversely, given z € E and f € L!(r,T;E) we get
from Lemma 2.1 a solution w, € WhH(7, T; E) of (2.15)-(2.16): then un,(¢) =
e~ "w! (¢) is a solution of (2.5). O

n

We give now an a priori estimate for the solutions of problem (1.1).

Proposition 2.3. Let z € E, f € L'(7,T; E), and let u be a strong solution of
(1.1). Then the following estimate holds :

t
()] < M=) || + M / (9| £(s)|ds. (2.22)
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Moreover, (possibly modifying u in a set of Lebesgue measure zero) we have
u € C([r, T} E), u(t) =2 (2.23)
and u(t) € D fort € [r,T).

Proof. We first assume that u is a strict solution of (1.1). Then we have

Ba(u—2z)+ Au=hy (2.24)
where
hn=(Bn—B)(u—z)—f (2.25)
By (2.11) it follows :
u(®)] < Un ) _’“LE/ e (7 hn(s)|ds
now (n—w)* Js (2.26)
M
+ [fon(s)]-
n—w

Since u — z € D(B),{hn} is bounded in L*(7,T; E). Thus (2.22) follows from
(2.26) letting n tend to infinity.
Let now u be a strong solution of (1.1) and let {ux} be a sequence such that
(1.3) hold. Setting
fr = up — Aug, 2k = ug(7) (2.27)

up — Uk is a strict solution of the problem :
(up —ug) — Alup —ur) = fn — fr,
(up, —ur)(T) =zp — Tk

and by (2.22) it follows

jun(t) w0 < 21 { [

Thus {ux} is a Cauchy sequence in C(7,T; F) and so there exists u € C(7,T; F)
such that ux — win C(7,T; E). Since, on the other hand, uy — win L'(7,T; E)
we have u(t) = u(t) a.e. and zx — u(7) = z. This proves (2.23). As (2.22) is
true for each ug, it holds also for w. O

(2.28)

t

e | fr(s) — fr(s)|ds + e |z, — ﬂfkl} . (2.29)

As an immediate consequence of Proposition 2.3 we obtain the main result
of this section.

Theorem 2.4. Problem (1.1) has at most one strong solution.

The following result can be proved as theorem 4.2 of [3].

Theorem 2.5. Ifu is a strong solution of (1.1) then limp_ o0 un = u In
LY(7,T; E), where un is the solution of (2.5).
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3. Existence of the strong solution

To prove the existence of the strong solution of problem (1.1), we will first
make stronger assumptions, then we prove the general result.

We set for n € N

?

CM[r,T;;E) ={f € C"7, T} E); fO(r)=0,k=0,1,....n}.

Lemma 3.1. Assume that A € C*([0,T); L(D; E)) and f € C3([0,T]; E)) . Let

un be the solution of the equation
Baun + Aun, + f = 0. (3.1)

Then u, € C3([r,T]; D) and, for k = 1,2,3, there exists ny € N and Cy > 0,
depending on C,M,w,T — 7 and || Al|ck([r,1);c(D;E)) Such that for n > ny :

[l err i) < Crll Fllcr )i - (3.2)

Proof. From the proof of Proposition 2.2 one deduces that u, € C3([r,T); D).

We set now v, = ul,; since un(7) = 0 we can write (3.1) as

—nR(n,B)vn + Aup + f =0 (3.3)
so that
un = nA ' R(n, B)v, — A7 (3.4)

Now, differentiating (3.1) with respect to ¢ and setting (A'u)(t) = A'(¢)u(t) we
have

Bpvp + Ave + Aun + f = 0. (3.5)
Substituting u, (given by (3.4)) into (3.5) we find :

Bovn + Avy +Thvn +9g =0 (3.6)
where
T, = nA'A—lR(n, B) (3.7)
and
g=f —AATf (3.8)

By (2.11) we have

on(®] <M [ Alo(6)] + [(Taoa)) ds + - {loO)] + (T} (3.9)
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and so, if we denote by C' and C, functions of C, M ,w,T — 7 and
I Allet (fr, 15005 ) > We get

t
lon(t)] < C {/ (lvnllcqrs:ey + Ifllcr (ra:8) ] ds

. (3.10)
+2 (onllograe + [ Albws o) |
From Gronwall’s lemma we deduce the existence of n; € N such that
lunlleqrmiey < Cillfller(r,m;E) (3.11)

1"

""" we obtain the other

for n > n,. By repeating the same argument for u!' and u
estimates of (3.2). O

Lemma 3.2. If A € C3([0,T); L(D;E)) and f € C}([7,T); E) then problem
u'(t) = A()u(t) + f(t); T<t<T; u(r)=0 (3.12)
has a strict solution u and

lullerr, i) + llulleqr,m;py < Callflles(r,miE) (3.13)

with Cy depending on the same variables of C}.
Proof. If u, denotes the solution of (3.1) given by lemma 3.1 we deduce from
(33) for n,m > ny ¢

Brp(un — um) + Aun — um) + (Brn — Bm)um = 0. (3.14)
Hence from (14) we obtain

[(un = um)llcrrE) < Cll(Br — Bm)um|ic(r1;E) (3.15)
where C' is independent on n and m. As u, € D(B?), by virtue of (3.2) we have

|(Bn — B )umlle(r,1y;5) = [[(m — n)R(n, B)R(m, B)B*um||c(r1;E)

5 m—n (3.16)
and so there exists u € C([r,T); E) such that
llm Hu - unHC([TyT];E) = 0. (317)

n—oo

Starting from (3.6), with the same procedure we deduce the convergence of {u},}
in C([r,T}; E) and so u € C}([r,T}; E).

As A(t) is a closed operator, u satisfies the equation (3.12) and so we have
also u € C([r,T}; D). By using the convergence of u, to u in C*([r,T]; E) we
deduce (3.13). O
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Theorem 3.3. Let us suppose that (iii) holds and that there exists A €
C3([r,T]; L(D; E)) verifying (H)c,w m and such that

Jim |4 = Akller mieoimy =0, sup Akl cr, 11D B)) < o0

Then problem (1.1) has a unique strong solution for each given f € L'(r,T; E)
andz € D.

= 0 : from lemma

Proof. Let us first suppose that f € CJ([r and
C([r, ]D),(k:l,Q,...)

3.2 we deduce the existence of uy € C*([r, T], E

N
solution of
uh(t) = Ax(Our(t) + f(t); T<EST

uk(7) = 0.

SN—’

(3.18)

Let us set

Fr(t) = up(t) — AQ@)ur(t) = (Ax(t) — A@))ur(t) + £(2)-
From estimate (3.13) we deduce that {ux} is bounded in C([7,T]; D): and so

kh—>nolo “f - kaC([T,T];E) =0 (319)
By using (2.22) we deduce also the existence of u € C([r,T]; E) such that
leIIolo Hu - ukHC([T)T];E) = 0. (320)

In conclusion u is a strong solution of problem (1.1). This result obtained
for the case f € C3([r,T}; E) and z = 0 can be generalized by density when
f € LY(7,T;FE) and z = 0; then we can pass to the case f € L!(r,T; F) and
z € D by substituting f with f — A(-)z and finally by density it is possible to
prove the general result corresponding to f € L'(7,T;E) and z € D. O

4. Existence of the strict solution

We are now in position of proving the existence and uniqueness of the strict
solution of problem (1.1) under suitable regularity assumptions ; this result is a
generalization of an analogous theorem proved in [3] for the autonomous case.

Theorem 4.1. Let us suppose that A € C'([r,T); L(D; E)) and that there
exist Ay € C*([r,T); L(D; E)) verifying (H)c,w m and such that

hm ”A Akllcl [r,T;L(D;E)) = 0.
If fe Whi(r,T; E) and z € D satisfy the compatibility condition

z, = A(T)z+ f(1)ED (4.1)
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then there exists a unique strict solution of (1.1).

Proof. Le u be the strong solution of (1.1) given by Theorem 3.3 and u, €
Whi(7,T; D) the solution of

Bp(up —z) + Aup + f =0. (4.3)
We know from Theorem 2.5 that

lim ||u — un||p1(r,7E) = 0. (4.4)

n—o0

By using (2.12) we deduce from (4.3)
nR(n, B)u!(t) + ne """ R(n, A(7))z; — A(t)un(t) — f(t) =0 (4.5)

and so

un(t) = A7 (t)(nR(n, B)u',)(t) (4.6)
ne” "D ATH O R(n, A(T))zy — ATHR)F(). '

Differentiating (4.3) we get
Bu(uly — 21)(t) + AW (t) + C(O(R(n, BL)(E) + ha() =0 (4.7)
where we have set
C(t)=A"(H)A™(¢

h(t) = f'(t) = C(t)f(¢) (4.8)
ha(t) = e ™" n [A(T)R(n, A(T))z1 + C(t)R(n, A(7))zy] + h(t).

N’ S

As C € C([r,T); L(E)), by using Theorem 5.2.3 of [8] we deduce that problem
2'(t) = (A(t) + C(1))z(t) + h(2),

z2(T) =z, (49)
has a strong solution and Theorem 2.5 implies
Jlim |z = zallL1(r,75) = 0 (4.10)
where z, is the solution of
Bn(zn —21)+ Az + C(+)zn + R = 0. (4.11)
From (4.7) and (4.11) we obtain
) )
Bn(uy, — zn) + A(uy, — zn) + C(-)[nR(n, B)(u), — zn) (4.12)

+nR(n,B)(zn — z) + nR(n,B)z — zp] + hp — h = 0.
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An application of the Gronwall’s lemma (as in the proof of lemma 3.1) and the
use of condition (4.1) let us deduce

lim Huln — Zn”Ll(T)T;E) = 0. (413)

Now (4.4), (4.10) and (4.13) imply v € W (7, T;E) and ' = z : but z is
continuous (see Proposition 2.3) hence u € C*([r,T}; E).
Writing
Bpun—Bu = —nR(n, B)u;,+ BoR(n, A(7))zy +nR(n, B)u'+ (B, — B)u (4.14)

we get

nler;o |Bu — Buun||p1(r;E) =0 (4.15)
and so from (4.3)
lim [[Aun + Bu + fll 11 (r1iE) = 0. (4.16)
As A is a closed operator we deduce u € D(A) and
Au = —Bu + f, (4.17)
i.e. u is a strict solution of (1.1) . O
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the Escalator Boxcar Train
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1. Introduction

Within a biological population individuals usually exhibit differences in their
population dynamical behaviour. Here we use the term behaviour to refer to
those processes that have an influence upon the dynamics of the total popula-
tion, as, for example, reproduction, mortality or the feeding on a limiting food
resource. The differences can first of all arise from the fact that individuals
occupy different positions in the space in which the population lives, and hence
experience a different local environment. Another source of observed variation
in behaviour is the fact that individuals are physiologically different. Finally,
differences in behaviour are also observed between individuals that seem phys-
iologically identical. In recent years developments in the field of modelling the
dynamics of biological populations have been largely aimed at accounting for
this variation in behaviour.

In this paper we will only consider the general class of models that are devel-
oped to account for variation in behaviour which stems from differences in the
physiological characteristics of an individual. These models are usually referred
to as physiologically structured population models. The term structure refers
to the subdivision of the population on the basis of traits that characterize the
individuals. The physiological traits of an individual often have a strong influ-
ence upon its behaviour. Body size is one of the most prominent example in
this respect [1]. Physiologically structured population models are suitable tools
to investigate the population dynamical impact of, for example, variations in

91
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individual body size within the population and the processes that are related
with it, such as growth. These models hence establish links between phenomena
that are observed at the level of the population and behavioural processes at the
level of the individual. An example of the type of insight gained from a detailed
investigation of a structured population model can be found in [2].

The theoretical framework for physiologically structured population models
has recently been described in some detail [3]. Physiologically structured pop-
ulation models always give rise to a first-order hyperbolic partial differential
equation (PDE) for the distribution of the population over its “space”-domain
(an exact description of this domain follows in section 2). The equations are
usually non-linear as the coefficients may depend on, for example, the total pop-
ulation size. Moreover, the boundary condition contains a linear functional of
the distribution itself, reflecting the reproduction process as a function of the
individuals present. Together these characteristics constitute the quite specific
nature of the equations.

Following the development of the theoretical framework, an efficient numerical
method, the FEscalator Boxzcar Train, has been developed to integrate numeri-
cally this type of PDE [4,5,6]. This method fully exploits the biological nature
of the equations and is hence rather unusual from a numerical point of view.
It can be shown, however, that the method is biologically very relevant, since
it links the class of continuously structured population models, as described by
Metz & Diekmann [3] with the class of Leslie matrix models, which describe
the dynamics of populations in a discrete fashion. Hence, the Escalator Bozcar
Train can be seen as a generalization of the (in biology more popular) Leslie
matrix models [5,6].

Despite its biological relevance, the numerical properties of the Fscalator
Bozcar Train are poorly understood. In this paper we will investigate to some
extent the numerical properties of the method. After a short introduction to
the class of physiologically structured population models and to the Escalator
Bozcar Train itself, we will show that the method consistently approximates the
original model equations in a weak sense. Subsequently, we will discuss some
results on the convergence of the method for a specific physiologically structured
model, for which an analytical solution can be obtained.

2. The model structure

2.1. The model on the individual level.

In physiologically structured population models individuals are characterized
by a set of variables, the i-state variables, together unambiguously defining the :-
state (here and below i- refers to individual properties). These variables contain,
by assumption, the information about the past of the individual, necessary and
sufficient to describe completely its future, as far as this is relevant for the
dynamics of the population. Examples of frequently used i-state variables are:
age, size, energy reserves, amount of foliage, etc. The i-state z = (a!,... ,29)7 of
an individual takes its value in the reachable i-state-space @ C RY, the set of all
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states that an individual might attain (the superscript 7 indicates the transpose
of a vector). In a similar way the environment, in which the population lives,
is characterized by a set of variables, E(t) = (E°(¢),... ,E*(¢))T € R®, the
environmental state variables. These variables can represent quantities like food
availability or the density of predators in the environment.

On the individual level a model has to be specified which mathematically
describes those processes that change the i-state and those which lead to creation
or destruction of individuals. The processes that change the ¢-state smoothly are
assumed to be completely deterministic. These smooth changes are described
by means of an ODE:

d
5 = v(E.2), (1)
where v = (v!,... ,v9)T:R®*x Q — R? describes the direction of and the velocity

along the trajectory followed by an individual. Examples of such smooth changes
are aging and growing. The processes which lead to the creation and destruction
of individuals are usually stochastic, any individual having a certain chance to
die or give birth. However, it will be assumed that the population is large
enough to describe the consequences of these chance processes as deterministic
rates. Examples of such stochastic processes are fission of unicellular organisms
and death of individuals due to predation.

2.2. The model on the population level.

To describe the dynamics of the population, a density-function n(¢,-) on Q
is introduced. This density-function can be interpreted as the mathematical
analogue of the biological population. More precisely:

JRCGLS

Q;

equals the number of individuals at time ¢ with an i-state in §2;, where Q; C 2.
Following the lines set out by Metz & Diekmann [3] it is possible to derive the
following hyperbolic partial differential equation (PDE) for n(¢, z) that summa-
rizes the impact of the processes on the individual level on the dynamics of the

population:
on(t
ML) | G o(B,2n(t.2)) = ~d(E.2)n(t,2), (2)
- (v(E, z0)n(t,z0)) = B(E,z0,7(¢,")) T, € 9T QL. (2b)

Here 07 denotes that part of 9, i.e., the boundary of the reachable i-state-
space §), where the vector v(E,xo) points inwards, z.e., the inner product of v
and the inward normal 1 is positive. In this formulation V-(vn), the divergence
of the flux vn at z, describes the convection of individuals through € due to the
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smooth changes in their i-state. B(E, zo,-) is a linear functional acting on the
density-function n and describes the entrance (creation) of individuals at the
boundary of 2. We have assumed that the age of an individual is one of the
i-state variables, which ensures that all individuals enter €2 across its boundary.
(Application of the Escalator Bozcar Train requires that all individuals enter
Q across its boundary; the latter is, however, not required in general.) The
product d(E, z)n(t, ) describes the removal (death) of individuals from €. The
function d(F, z):R?® x © — R denotes the death rate of individuals with :-state
T.

The linear operator B describing the birth rate on the boundary of the i-
state-space 0T is generally expressed as:

B(E,wn(t,) = [ (6 9UE,On(t.)de

N

with y € 07 Q and }l{ s(z,0)do =1, Ve € Q.
ot

In this formulation the function b(E, z): R® x €2 — R denotes the reproduction
rate of individuals with i-state z and s(z,y): 2 x 07 — R is a function describ-
ing the distribution of the offspring of parents with :-state x over the :-states
y € 0TQ.

The system of equations (2) is a general form of the PDE and boundary con-
dition occurring in structured population models. Note that (2a) represents the
“convection” of individuals through € along their trajectories, together with
the deaths occurring during this convection. Equation (2b) represents the in-
flow of new individuals across 07§ due to birth processes. Note also that the
trajectories of the individuals coincide with the characteristics of the hyperbolic
PDE.

Non-linearities are always incorporated in (2) by means of the environmental
variables F(t). The non-linearities occurring in structured population models
belong generally to one of the two following classes. The first class may be
referred to as direct density-dependence, in which case somnce population statis-
tic(s) directly influence(s) the coefficient functions. An example of a biological,
non-linear phenomenon that belongs to this category is cannibalism or intraspe-
cific predation. In this case the death rate depends, for example, on the total
population size. The second class of non-linearities may be referred to as envi-
ronmental feed-back loops. In this case the population itself induces changes in
its environment and hence indirectly in the behaviour of the individuals. An ex-
ample 1s the feeding of a population on an external food source, the abundance
of which in turn influences individual growth and reproduction.

In the case of direct density-dependence one or more of the environmental
variables E(t) can be conceived as a weighted integral of n(¢, z) over the i-state-
space §2, representing the density-dependent effects. In case of the environmental
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feed-back loops the dynamics of the environmental variables E(t) are described
by a separate system of ODEs, containing again one or more weighted integral
of n(t,z). These integrals now represent the influence of the population on its
environment.

3. The escalator boxcar train: A short derivation

To integrate the type of PDE and boundary condition (2), a special numerical
method was developed, the Escalator Bozcar Train or EBT-method [4]. This
method relies on the biological interpretation of the PDE, rather than on its
mathematical properties. The EBT-method only takes care of the discretiza-
tion of the “space”-domain €2 and hence gives rise to a system of ODEs which
subsequently have to be solved by a standard numerical method for ODEs. In-
stead of approximating the density-function n(t,z) at some nodal points in its
domain, the EBT-method deals with moments of this density-function over small
subdomains in 2. These moments have a biological interpretation as the total
number of individuals with an :-state in the subdomain, the mean i-state of the
individuals in the subdomain, the variance around this mean, etc. Another im-
portant aspect of the method is that it does not assume a certain smoothness
of the density-function itself, but only assumes that the coefficient functions in
the model (v(E,z), d(E,z), b(E,z) and s(z,y)) are continuously differentiable
up to a desired order.

In the following we will first give a short derivation of the method. In the
derivation we will implicitly make assumptions about the differentiability of the
coefficient functions. These assumptions will be explicitly stated when we prove
the consistency of the EBT-method in the next section. The EBT-method was
derived in a second and a third order form [4], in which the neglected terms
in the approximation contained, respectively, only terms that scaled with the
square or the cube of the mesh width in €2. In the rest of this paper we will
exclusively focus upon the second order version of the EBT-method. Since the
EBT-method deals with the discretization of the i-state-space €2, we will study
this part of the numerical solution of the system (2) only. Solving the resulting
systems of ODEs can be done, using any ODE time integration method. The
numerical properties of this time integration method will not be considered.

3.1. The internal subdomains.

Assume that equation (1), describing the smooth changes in the :-state gener-
ates a unique solution, such that z(¢,%y, z¢ ) represents the i-state of an individual
at time t > ¢, whose i-state at time g was equal to zy. Assume that the interior
of Q is subdivided into arbitrary domains ;(¢y) at the initial time ¢, and define
Q;(t) as:

Qi(t) = {x(t,t0,z0)|z0 € Qilto)}. (4)

The definition of £;(t) shows clearly that the domain is transported along the
characteristics of the PDE in time and is thus effectively closed to transport
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processes across its boundary. In the following we will focus for the time being
on one subdomain 2;(¢) in the interior of €.

To describe the evolution of n(t,z) within £;(¢) the following quantities are
defined:

(a) 0th moment of n(t,-) within Q;(¢):

A(t) = / n(t,€) de. (5)

Q:()
This moment equals the total number of individuals having an :-state
within €;(¢).
(b) 15% moment of the conditional distribution derived from n(¢,-) within Q;(#);

ot €)de
m(t)zf“'”/\Zi) ad (6)

The quantity wi(t) = (ul(2),...,u(#))T equals the mean i-state of the
individuals within Q,(¢).

These quantities together can be used to approximate integrals of n(¢,z) with
arbitrary, sufficiently smooth weight-functions ¢ over the -state-space €, which
are the kind of output usually required from this type of models.

The dynamics of the quantities A;(¢) and p;(¢) within £;(¢) can approximately
be described by the following system of ODEs [4]:

I. Second order EBT scheme: Internal subdomains

dX;
dt - _d(Evul)Alv
du;

= E. u).
7 v(E, pi)

Every subdomain £2;(¢) in € is characterized by a set of variables as defined
in equations (5) and (6). The dynamics of these set of variables (A;(t), wi(?))
characterizing every subdomain is hence described by a set of ODEs of the above
form.

The system of ODEs I represents a second-order approximation of the original
PDE (2a), when integrated for all the subdomains §2;(¢) within the interior of
Q. It is easily seen that scheme I exactly describes the dynamics of a group
of identical individuals (usually called a cohort of individuals) in a population
which is not continuously distributed over an :-state-space, but concentrated
into discrete classes (e.g. fish-populations with definite year-classes). In this
sense the discretization method, derived above, seems to be a very natural one.
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3.2. The boundary subdomains.

The system of ODEs I presented in the previous subsection only describes
the dynamics of the quantities A; and y; in an internal subdomain in Q, i.e.,
a subdomain that is transported along the characteristics of the PDE (2a) and
hence closed to transport processes across its boundary. These equations can
not account for the boundary condition (2b). At the instream boundary of €2
we have to carry out a different approximation procedure.

At the instream boundary of 2, 91, a collection of subdomains w;(t) is
defined such that each w; contains some portion of 97, and 67Q C U]‘ W
(throughout this section a subdomain bordering 97 will be denoted with w;(t)
and a subdomain in the interior of € with Q,(¢)). These domains are treated
as the domains in the interior of € in the previous section except that the part
of the boundary of w;(t) that constitutes 02, does not move along with the
convection defined by the PDE (2a), but stays put, until w;(¢) has reached a
certain threshold size. Upon reaching this threshold the subdomain w;(t) takes
off from the boundary 87§ and becomes a subdomain Q;(¢) in the interior. At
the same moment a new subdomain w;(t) is created, taking the place along 01 Q
which 1s left open by the leaver.

Within the subdomains w;(t) again a set of moments of the original density-
function n(t, z) 1s defined, though in a slightly different way. The reason for this
modification is that at the empty (i.e., A = 0) start of a boundary subdomain
the (now non-linear) system of ODEs needs to be carefully analyzed for the
correct initial condition and time-derivative. This problem is circumvented by
slightly modifying the definition of the moments. The analogues of equations
(5) and (6) now are:

MM=/MMW, (7)

wj (1)

= [ €-amed, (5)
w; (1)
where a; is some fixed point of 0tw;, the instream boundary of w;(t).
Upon reaching the threshold the subdomain w;(t) is closed and the following

transformation of moments is necessary due to the difference in definition of the
moments of an interior subdomain ©;(¢) and of a boundary subdomain w;(t):

Ao = Ao, (9)
po =12 +a;. (10)

The dynamics of the variables A;(¢) and 7;(¢) characterizing a boundary sub-
domain w;(¢) can now approximately be described by the following set of ODEs
[4]:
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II. Second order EBT-method: Boundary subdomains

d);
—1 = —d(E,a)); = Ded(E,a)mj + ) W(E, pip)hp S (1),
14
dm
7132]‘ = w(E,a;)\; + Dyv(E, a;)m; — d(E, aj)r; + Z b(E, 1tp)ApSL (pip)

p

in which D, is the total derivative with respect to z, w.e., if f(z) : R™ — R"
D, f is defined as:

aft  aft af!

dzx! oz? T ax™

afr  af? af?
Dxf(a) = ozt 8z2 T fzm

afr  afn afn

ozl ozx? T dx™ z=a

The summation over p in the ODEs above refers to a summation over all inter-
nal and boundary subdomains that produce offspring. To determine the con-
tribution of a boundary subdomain to this sum, 7;(¢), which characterizes the
subdomain, should first be transformed using equation (10) into its equivalence
¢5(t), characterizing an internal subdomain. (Obviously, if A;(¢) = 0 the repro-
ductive contribution of the boundary subdomain is 0 and the subdomain is not
included in the sum.) Evaluation of the function b(E,z) at © = pu,(t) for both
the internal and the boundary subdomains is necessary for the EBT-method to
be a consistent approximation to the system (2), as can be inferred from the
calculations in the next section.
The quantities SJ’-\ and S]’-l in these sums are defined as follows:

S]/'\(/“LP): j{ s(pp, o) do,

8t w;j

S i) = (0 = a5)s(ps ) do

ot w;

As opposed to the other coeflicients appearing in the approximation equations
which are all evaluations of known functions and derivatives of known functions
at some point y; (cf. b(E, u,), d(E, pu;)), the coefficients S represent moments
of the (known) density-function s(up,y) over the surface dtw;. The method
to determine these coefficients heavily depends upon the exact nature of the
density-function s(z,y). In some cases the moments can be determined analyti-
cally (see [4] for an example), but usually this has to be done by means of some
numerical integration method.
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The system of ODEs II 1s analogous with the system of ODEs I and describes
the time evolution of the moments (7) and (8) in a boundary subdomain w;(1).
The differences between the systems I and II are due to the slightly different
definition of the moments within the subdomain, and to the fact that the system
IT also contains a second-order approximation of the boundary condition (2b).

Together the systems of ODEs I and II constitute a numerical approxima-
tion of the original set of equations (2). If we assume, as is done hereafter,
that the initial distribution 7(0,z) has bounded support, the i-state-space 2
can initially be subdivided into a finite set of internal and boundary subdo-
mains. The dynamics of the local measures, characterizing the density-function
n(t,z) in these subdomains, are now given by the systems of ODEs I and II
for internal and boundary subdomains, respectively. These ODEs are subse-
quently solved on a time interval [0, 7], where 7 is that time at which one of
the boundary subdomains w;(#) has reached a certain threshold size wy,,,. The
boundary subdomains are subsequently closed off and transformed into internal
subdomains using the equations (9) and (10). Thereupon a new set of boundary
subdomains is created and the described integration cycle starts anew.

The choice of the threshold size wy,,, (or equivalently the threshold time 7) is
arbitrary, but ultimately determines the mesh width on €2. Smaller values of the
threshold can be chosen to yield a better approximation of the original system of
equations at the expense of increasing the number of subdomains and hence the
number of ODEs to solve. (Sce [4] for an illustration of how the threshold affects
the performance of the EBT-method.) At present we do not have a method to
select an optimal threshold size (time) wpyag (7), comparable to the procedures
for adapting the step size, which are used in some time integration methods.

It should be noted that the number of subdomains continuously increases
during the integration. Given a finite set of initial subdomains, however, the
total number of subdomains remains bounded over a finite time interval [0, 7.
We will exploit this feature in the analysis in the next sections. For practical
applications it is often desirable to restrict the total number of subdomains
that make up the population. If the smooth changes in the i-state, described
by equation (1), are such that the characteristics of the PDE (2a) converge,
the width of a subdomain ultimately decreases. This can result in two internal
subdomains having almost identical values of y;(t). These subdomains can then
be lumped into one new subdomain, with A;(#) of the new subdomain equal to the
sum of the old A;(?) values and p;(?) of the new subdomain equal to the weighted
average of the old y;(?) values (weighted with the old A;(?)). Alternatively, the
total number of subdomains can be kept within bounds by deleting subdomains
with negligible values of A;(t). Based on our experience both methods seem to
yield satisfactory results (see, for instance, [2}).

4. The consistency of the escalator boxcar train

As stated in the introduction, the EBT-method is rather unusual from a nu-
merical point of view and its properties are ill-understood. To prove that the
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EBT-method yields a consistent approximation to the set of equations (2) is also
not a standard procedure. First of all, the mathematical theory to provide a
rigorous justification and interpretation of the general framework of physiolog-
ically structured population models is still in its infancy (see [7] for a survey).
The existence and uniqueness of solutions to (2) cannot be proven in general and
the precise interpretation of the equations (2) is still beset with problems. Fur-
thermore, the density-function n(¢,z) cannot, even approximately, be retrieved
from the collection of its moments, without making further assumptions. Hence,
conventional methods to prove the consistency of a numerical method for PDEs,
which study the difference between the exact dynamics of the complete density-
function n(¢,z) and the discrete, approximate dynamics of n(t,z) at a set of
nodal points, are not applicable. We will therefore study the consistency of the
EBT-method, using the concept of approximation in a “weak” sense, i.e., we
will show that the exact dynamics of measures of the density-function n(?, z),
as specified by equations (2), are consistently approximated, when we apply the
EBT-method to these equations. (As an aside it should be noted that this weak
concept of approximation fits in well with the functional analytic underpinning
of the general framework [7].)

Our weak concept of approximation is inspired by the fact that the biologically
relevant output quantities from a structured population model are (weighted)
integrals of n(?, z) over the i-state-space 2. This output is thus generally of the
form:

T(t) = /Q ()t ) da (11)

where ¥(z): 2 — R is some arbitrary weighing function over the i-state-space
). These integrals usually have a clear biological interpretation, e.g. number of
individuals, total biomass, etec.

In the following it will be shown that (A) the output quantity ¥(¢) can be ap-
proximated consistently to a certain order of accuracy by a quantity @(t), which
is defined in terms of the local moments A and p of n(%,z) within the internal
subdomains and the local moments A and 7 of n(¢,z) within the boundary sub-
domains and (B) the dynamics of ¥(¢) as determined by the equations (2) are
approximated to the same order of accuracy by the dynamics of \’I\/(t), as governed
by the numerical schemes I and II, which characterize the EBT-method. From
these two observations we conclude that the EBT-method yields a consistent
approximation of the set of equations (2) in the weak sense that we introduced
in this section.

Let the total population size be denoted by

N:/Qn(t,z)dx

and assume that NV is bounded. Let n(%,z) at time ¢ have bounded support in
2 and let 2 be subdivided into a finite set of m internal subdomains Q,(¢), p =
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1,--- ,m, with V,Q,(¢) N 972 = 0, and n boundary subdomains wn(t), r =
1,--+,n, with Vrw,(2) N TR = 0Tw,, in which 7Q denotes the instream

Y

boundary of €2. Given the bounded support of n(¢,z) we may assume that
n(t,z) = 0 for z ¢ U;nzl Q,(t) U U, wr(t). (Here and in the following the
index p always refers to the subdomains Q,(¢) in the interior of the €, while the
index 7 always refers to subdomains w(t) along the boundary 07 of €.)

Let every internal subdomain 2,(#) now be characterized by quantities A, and
Kp, as specified by (5) and (6), and each boundary subdomain w,(t) by quantities
Ar and 7y, given by (7) and (8). Moreover, let u, denote the transformed moment
in a boundary subdomain w(%), i.e., after applying the transformation (10) to
7. Obviously,

dpr 1 dm, d\,
dt _)\r{dt ~(ur —ar) } (12)

The quantity ¥(¢) can be approximated by the quantity \/I;(t), defined as (see

[4]):

m n

‘/I\’(t) = El/’(/‘p))‘p + Zl/’(/‘r))‘r- (13)

p=1

Let h denote the maximum width of a subdomain in the i-state-space €2,

defined as:
h:= max(m}z}x 12, max ||wr(2)]] )

:max(max sup ||TC—y||oo, max sup ||33—y||oo)7
PozyeQ,(t) T oz,y€w.(t)

in which ||z — y||eo: = max; |z° — y*| is the maximum norm on €2.
If ¢ € C2 the following inequality can be derived for the difference between
(11) and (13) using the mean value theorem:

m

S / (0 — 1) "D ath(€(0)) (0 — pp)i(ty o) do

P=10, (1)

() - B(1)| = ;

+3° [0 = m) Desblr() o — prtioydo| )

r:lwr(t)

1
< §||Dxx7~/)”Nh2.

Here, D, is the (symmetric) ¢ X ¢ matrix with second order partial deriva-
tives of ¢ with respect to z and ||Dzz9|| := sup,cq || Dez¥(2)] oo is the matrix
norm of Dg,1(x) corresponding to the earlier defined maximum norm on €.
In the integrals above, (o) and 7(o) are arbitrary points in Q,(¢) and w(t),
respectively. These integrals represent the rest terms in the local expansion of
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¥(z) around the points u, and u, in every §,(¢) and wy(%), respectively, using
Taylor’s formula.

The difference between ¥(?) and \/I\/(t) is hence O(h?), if the following assump-
tion holds:

ASSUMPTION 1: The width of the subdomains in the :-state-space €2 and
the total population size stay bounded away from infinity, z.e., i < oo and
N < 0.

Because the internal subdomains are transported along the characteristics during
the integration, the assumed boundedness of all w,(t) and all £2,(#) requires that
the characteristics of the PDE (2a) do not diverge unlimited.

In the following an ordinary differential equation (ODE) for the quantity
U(t) will be derived using the equations (2) for n(t, ). Moreover, on the basis
of the numerical schemes I and II an approximate ODE will be derived for the
quantity (I}(t) It will be shown that the difference term between these two ODEs
is O(h?). From this observation it is concluded that the numerical schemes I and
IT constitute a consistent approximation of the PDE and boundary condition (2)
to the same order of approximation as the difference between the two quantities
U(t) and \/I\/(t) During the calculations also the basic assumptions underlying
the Escalator Bozcar Train will come into play and will be stated explicitly.

Differentiation of expression (11) for the quantity ¥(¢) and using the equa-
tions (2) leads to:

Cil\f = /('U(E,:r.)n(t,m))-V(/)(m)dx w/w(a:)d(E,:U)n(t,:r.) dz
Q

Q
' j{ $()B(E,y,n(t, ) dy
7 (15)
/ (E,z)n(t,z))-Vap(z)dz — /¢(1‘)d(E,:1:)77(t,:U)dz:

Q Q
+ j{ zp(y)/s(m,y)b(E,m)n(t,m) dzdy.
8+ Q2 Q

In this derivation is explicitly used:
ASSUMPTION 2: The i-state-space €2 contains no exit boundary 9~ 2.

Differentiation of the quantity \/I\/(t) (expression (13)) with respect to time
results in:

Zw(u ) Zwa ()7 d”p Ap

d Ty
xd)(ﬂr /1

+Zl/) /11" dt
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If we substitute the expression (12) for dur/dt and the numerical schemes I
and II that represent the EBT-method into the equation above, we obtain an
ODE for U that represents the EBT-approximation of the ODE (15) for ¥. Here
and in the following the simplifying assumption will be made that b(F, z) equals
0 in all boundary subdomains wr(t). (This assumption can easily be relaxed at
the cost of introducing a few additional, though messy terms in the resulting
formulas below.) The substitution yields:

d\I/
_ _Z¢ (1p)A(E, 1) A “Z‘/’ pr)d(E, ar)Ar

—Zl/)(ﬂr)Dxd(E’ ar) (pr — ar)Ar + ZDzl/’(ﬂp)U(E, fp)Ap

p=1

+Zsz/)(p,~)v(E,ar))\r + Y Detp(pr)Dov(E, ar) (ur — ar)Ar

r=1
+ZZ¢ ur)S2 (p)B(E, 1)\ +Z§:Du/) pr)SE(up)U(E, pp) Xy
p=1r=1 p=1r=1
—ZZDII/) pr) (e = ar)S7 (1p)D(E, p)Ap + Ry
1r=1
" (16)
in which Ry is defined as:
Ry :ZDH/’(/M") (r — ar)Dzd(E, ar) (ur — ar)Ar (17)

= |Ry| <|Dov|l||Dod|| N R

To show that the ODE (16) for U is a consistent approximation of the
ODE (15) for ¥, we will now expand the integrals in (15) around specific points
and determine the difference between the resulting expressions and the appro-
priate sums in equation (16). Each integral in the ODE (15) will be investigated
separately.

Given the discretization of the i-state-space Q2 the first integral in the ODE (15)
can be expressed as:

/(U(E,m)n(t,m))-vt/)(m) dz = /Drt/)(m)v(E,z;)n(t,:c)d:C

Q

Q
S / Dup(@(Eopn(t,0)de
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In the expression above, the product of the functions D,¥(z) and v(E,z) in
the integral for every internal subdomain is subsequently substituted by Tay-
lor’s formula around the mean :-state p, within that subdomain, while in the
integral for every boundary subdomain the function D, (z) is replaced by Tay-
lor’s formula around the mean i-state pu, within the subdomain and the function
v(E, z) by Taylor’s formula around the fixed point a, on the boundary 8w, of
the subdomain. These substitutions yield:

/(U(E, z)n(t,z)) V() dz IZDII/)(/LP)U(E, Up)Ap

Q p=1

+3 Do (s o E, ar)hr (19)

+Y Dotp(pr) Dav(E, ar) (pr — ar)Ar + Ry

r=1

in which R, is defined as:

Ro=>"5 [ (0= u)" Des Db (E@)ABE(D)] (0~ iyt ) do

p=1 2, (1)

+ZI% [ Dabtn) (0 = ar ) Dese(B.7(0) (0 — ary(t, ) do

wyr (1)

+i /(D”t/)(ur)(a - ﬂ7~))'<DrU(E,a1~)(a — ar))n(t,a)da (20)

wy (1)

r=1 w,.(t)

#3560 1) Duest(r10)) 0 = ) (B ar (e, ) do

r=1 wy (1)

*Z% [ (0 = 1" Dzl () 5 = 1)) (De(B,a0) (& — ), ) do

wr (1)

30 [ (0= i) Dacabr(@)) 0 — )
= w

X <(a — ar-)TDIIU(E,T(U)) (0 — ar))n(t,a) do.

In the expression above {(o) and 7(o) are again points within Q,(¢) and wy(¢),
respectively, that stem from the rest terms in Taylor’s formula. Note that the
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summation terms that occur in expression (19) are exactly the same terms incor-
porating the function v, which occur in the ODE (16) for ¥, In the expression
above D;,,% denotes the ¢ X ¢ X ¢ matrix with third order partial derivatives
of ¢ with respect to . D,,v is also a ¢ X ¢ X ¢ matrix containing, however, the
second order partial derivatives of v with respect to z, u.e., the element with
index (i,j,k) in this matrix is 322¢. Dyy [Dath(z)0(E, z)] is the ¢ X ¢ matrix
with second order partial derivatives of the product function D,¢v: R*x Q — R
and hence comparable with D, ., defined above.

If the following assumptions are made on the functions ¥ and v:
ASSUMPTION 3: ¢ € C3

and
ASSUMPTION 4: v € C2

the quantity R, satisfies the inequality:

1 1
[Ro| < {SIDMIDzzvll + Dt I Datll+ 5 |1 Dazst ol | VA +O(R). (21)

The assumptions 3 and 4 hence ensure that R, is bounded and O(h?). Moreover,
these assumptions also imply that all previous conditions on the differentiability
of ¥ and v are fulfilled.

In a similar way as was done above for the first integral in the ODE (15) the
second integral can be expressed as:

—/1/)(3:)d(E,3:)77(t,3:)d3: = —Z /t/)(ﬂ:)d(E,ﬂ:)?](t,m)dm
! (22)

Subsequently the product of the functions () and d(E, z) in the integral for
every internal subdomain is again substituted by Taylor’s formula around the
mean ¢-state p, within that subdomain, while in the integral for every bound-
ary subdomain the function ¥(z) is replaced by Taylor’s formula around the
mean i-state pr within the subdomain and the function d(E, z) by Taylor’s for-
mula around the fixed point a, on the boundary 8w, of the subdomain. These
substitution yield:

- / Y@)(E, 2)p(t,2)dz = =3 (up)d(E, i)y
Q
=Y “$(ur)d(E, ar)Ar (23)

_Zl/’(ﬂr)Drd(Ev ar) (pur —ar)Ar — Ry
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of the density-function n(¢,z), as defined by expression (11). More specifically,
to study the convergence of the EBT-method we assume that ¥(0) = ¥(0) and

compare the exact value of ¥(7T') at some ¢t = T with its approximation \/I\/(T),
which results from applying the EBT-method during the time interval [0; T'].

In the previous section it was proven that the difference between the exact
ODE (15) for ¥(t) and the EBT-approximation (16) for \/I\/(t) is O(h?). Given
that \/I\/(O) = ¥(0), this implies that the difference between ¥(¢) and \/I\/(t) would
remain O(h?) on the time interval [0; 7], if all the ODEs involved could be solved
explicitly. Here 7 indicates the threshold time at which the first boundary sub-
domain reaches the threshold size wmq. (see section 3). At ¢ = 7 the boundary
subdomains are transformed into internal subdomains, applying equations (9)
and (10), and replaced by a new set of boundary subdomains. Hence, if all
ODEs could be solved explicitly and if the (non-linear) transformation of the
boundary subdomains would leave the order of approximation unchanged, the
difference between ¥(7T') and T(T) would still be O(h?). This would imply that
also the global discretization error at ¢t = 7" would vanish if A — 0, proving the
convergence of the EBT-method.

We have not been able to prove the convergence of the EBT-method in such
a general sense. First of all, we cannot show that the transformation of the
boundary subdomains leaves the order of approximation unchanged. This is
all the more important, since, if A — 0, necessarily 7 — 0 and the number of
transformations on a finite interval [0;T] approaches co. Moreover, the sets
of ODEs I and II can usually not be solved explicitly and an additional time
integration method should be used to solve these equations numerically. Solving
the ODEs numerically could in principle interact with the errors, introduced by
the discretization of €2, or with the transformation procedure of the boundary
subdomains and cause the global discretization error to diverge.

As an alternative, we could focus on a model for which both ¥(7T") and \/I\/(T)
can be obtained and determine the global discretization error directly for such
a particular case. In general it is impossible to find the analytical solution
of (2) and hence the exact value of ¥(T'), especially if the model incorporates
non-linear interactions with the environment. For this reason, we will, as an
example, focus on a simple, linear model, in which the i-state-space €2 is one-
dimensional: € := [1,00). This implies that all individuals are born with an
i-state ¢ = 1. At the same time this value of z is the point at the boundary
of € that characterizes the boundary subdomain, 7.e., a;: = 1. Because of the
linearity, we will denote the coefficient functions describing the growth, death
and reproduction rate of the individuals by v(z), d(z) and b(z), respectively.
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The model can be described by the following equations:

On(t,z) | Gv(z)n(t,z) a
St g = ~d(@n(t, ), (34a)

n(t,1) = /b(m)n(t,x) dz. (34b)

A possible choice for the coefficient functions that constitute a model, for
which we can obtain an analytical solution, can be derived from example 2 in
the publication by Metz & Diekmann in this volume. The example is based
upon the following assumptions about the individual behaviour: (1) Individuals
acquire food at a rate ax, where z is the individual size. (2) The acquired food
1s partitioned into a fract1on x(x), which 1s spent on reproduction and a fraction
1 — k() spent on basal metabolism and growth. (3) The costs of producing
offspring biomass equals the costs of producing parent biomass, which means
that growth is as expensive as reproduction. Here, these costs are arbitrarily set
to unity without loss of generality. (4) Finally, metabolism is proportional to
size with proportionality constant m and the death rate + is size-independent.
The total biomass of the population will be the required output quantity of the
model and hence y(z): = z.

The assumptions above lead to the following choice for the coefficient func-
tions in the model equations (34):

v(z) =a(l —m — &(z))z
b(z) = ar(z)

d(z) =~

P(z) =2

and hence

U(t)= [ zn(t,z)dz.
/

Differentiating the expression for ¥(¢) and using the PDE (34a) to replace
On /Ot it turns out that the dynamics of ¥ can be described by the following

ODE:
dWv

dt
The quantity ¥ grows or decays exponentially, depending upon the sign of (o —
m — ).

=(a-m-7¥ =  YT)=Yeele™m T
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Since o(A) = 2miZ the operator G(A) is invertible by [E1}], Theorem 2.3 with
bounded inverse G7!(A) € L(£). Thus by [EN], Proposition 2.1 the restriction
Ag of Ato Eq :=[D(G(A))] = [D(A)] x E is similar to

Ao 1 = G(A)AG™Y(A)

(M4 aold  BId (1)
o ~vId pA+ 6Id

with domain D(A) := D(A) x D(A) on £ where
—2by/a (w + Vw? + a) +ﬁ<a+(w+\/m>2)

e a+ (w+vVw? +a) |
s T
a.__a+(w+\/my’
~2bv/a (w + Vi? +a) - Ve (a+ (w+ vV +a)°)
T a+ (w+vu?ta) |
5 2ba

_a—i—(w—i—\/w?—f—a)r

Since A, u € R and A generates a group on E the matrix Ay also generates a
group on £ by the bounded perturbation theorem (see [Gol], Chapter 1, 6.4).
Using that Ay and Ag are similar we obtain the following result.

Theorem 2. The restriction Ag of A to the Banach space £ := [D(A)] x E

with domain
D(Ag):={z€&c:G(A)z € D(Ap)}
= D(A*) x D(A)

is the generator of a strongly continuous group.

Once we have well posedness of (ACP) on £g we are interested in the asymp-
totic behavior of the solutions of this problem. As known from general semigroup
theory spectral theory yields the appropriate tools for this investigation (see e.g.
[N2], A-III, A-IV). Thus we have to calculate the spectrum o(Ag) of Ag which
coincides with o(Ap) since Ag and Ay are similar. From the spectral mapping
theorem for polynomial operator matrices applied to Ay (see [E1], Theorem 2.8)
we obtain the following result.
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Proposition 3. The spectrum of the operator matrix Ag is given by
o(Ag) = o(Ap)
= {—(w,u +0) 4 /(w2 4 a)u? + b2 — ¢+ 2wbp : p € 27rz'Z} .

Now a straightforward calculation using the fact that b2 — ¢ < 0 shows that
the function

R3s— ‘Re \/(w2 + a)(is)? + b? — ¢ + 2wbis

=:9(s)
is even and strictly increasing for s > 0. Hence a short calculation yields
bw
supg(s) = lim ¢g(s) = ————
supg(s) = lim g(s) = ===

and we obtain the following corollary.

Corollary 4. The spectral bound of the operator matrix Aq is given by

s(Ag) = —b (1 - —w\/%_;—a) .

In a final step we show that the growth bound w(Ag) coincides with the
spectral bound s(Ag). Since none of the usual results implying “s(A4) = w(A4)”
(see [N2], A-III, 6 and 7) is applicable in this situation we use the explicit formula
for the semigroup generated by Ay given in [N1], 5.1,

Lemma 5. The semigroup (7y(t)) generated by the operator matrix

A — A+ ald pgId
0= vId pA+81d

with domain D(Ay) = D(A) x D(A) is given by Ty(t) := (T;;(¢))

2 %2 where

be(s —t)

Ti(t): = S(t) - /Ot 7 (2v/besCs = 6)) /2 (e - )T (5)ds,

Ti2(t) : = ﬂ/ot Jo <2 bes(s — t)) S(s)T(t — s)ds,
Toi(t) - = 7/0t Jo <2 bes(s — t)) S(s)T'(t — s)ds,

Taa(t) : = T(t) - /t T (2 bes(s — t)) be(s — 1)

0 S

S(s)T'(t — s)ds.

Here J, denotes the v-th Bessel function (v = 0,1) and S(t) := et(AAt+ald)
T(t) := etlrA+8ld)
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Thus we have two families of steady states for (2.2a - b), one of which lies
along the A; axis and the other which is a line penetrating the interior of the
positive orthant R7*. Consequently we will have no global attractor. However
as the next result indicates we will have asymptotic convergence of solutions to
steady states.

Theorem 2.7. If A4y, >0 and1 <i<mand) " Ay, =k then for all t >0,
S Ai(t) = k. Moreover if ©* is such that

> 0% /2ei =k (2.7a)
=1

and

ici(AO; — 0%/2¢;)% < <k — *) + Z )2 J4c, (2.7b)

i=1
then for: =1 tom

tlim Ai(t) = 0% /2¢;. (28)

Proof. The first assertion is a direct consequence of the fact that the vector
field is balanced, i.e., Y 1", fi(A) = 0. For the second assertion we construct
the function

and argue that along solutions to (2.1a — b)
dV(A) <0
dt  —
with strict inequality holding if (Ao, ,. .., Ao,,) # (k,0,...,0) and (Ag,, ..., Ao,,)

# (0% /2¢y,...,0%/2¢m).

We point out that condition (2.7b) includes all points of the hyperplane
> A; = k which lie in the positive orthant except the point lying along the
A, axis. Thus the point (0*/2¢y,...,0%/2¢,,) is an attractor for all solutions
whose initial data does not lie on the 4; axis and satisfies Y.~ Ao, = k.

3. Reaction diffusion systems

We first observe that there exist higher order Lyapunov functions for our vec-
tor field. For each positive integer p we introduce a scparable convex functional

H,(A) defined by the formula

}:h p,A)—z HPTLAP (3.1)

=1

where the ¢;’s are specified via (2.4). Direct computation yields the following
result.
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Lemma 3.2. If A = (A,...,A,) € R?T then VH(p,A)f(A) =
ST hi(p, A fi(A) = S0 pE T AT fi(4) < 0.

We add diffusion to each component of our system of kinetic equations and
consider the spatially dependent system:

OAi = &iAA; + fi(A), i=1tom,ze€Q, t>0, (3.3a)
0A;/0, =0, t=1tom,z € 909, t >0, (3.3b)
Ai(z,0) = Ap,(z), t=1tom,z € Q. (3.3¢)

We remark that H,(A) will provide a generalized Lyapunov structure for the
reaction system. The utility of such a structure was recognized in [16] and it has
subsequently been exploited for elliptic systems in [6], [7], [8] and for parabolic
systems in [15], [9], [10]. Geometrically Lemma 3.2 implies that reaction vector
field f(A) = (fi(A))™, does not point out of the bounded convex region deter-
mined by level curves H,(A) = constant and the coordinate hyperplanes of the
positive orthant. Here we assume that € is a bounded Lipschitz domain with
C?*¢ boundary. The diffusivities d; are distinct and positive. The initial data
Ao(+) = (Ao, (+))™, is assumed to belong to C(2,R™). We have the following

theorem.

Theorem 3.4. If Ay(-) € C(Q,R7), then there exists a unique nonnegative
classical solution to (3.3a - ¢) for allt > 0. For each i, z € Q and ¢t > 0,
Ai(z,t) > 0. Moreover, solutions to (3.3a - ¢) can be uniformly bounded in
terms of the initial data.

Proof. Local well posedness follows from classical theory and global results
therefore will be predicated upon the establishment of a priori bounds. The fact
fi(A) > 0 when A; = 0 and A € RT implies that the positive orthant is an in-
variant region; hence solutions with nonnegative initial data remain nonnegative
on their interval of existence.

In order to obtain a priori bounds we multiply the ¢'* component of (3.3a)
by hi(p:,A:) and integrate on 2 to produce

d/dt/ﬂhi(p,A)dm—f—/Qd,-p(p—1)(c,~)p—l(A,-(3:,t))p—2|VA,-(3:,t)|2dm
< hi(p, A)fi(4).  (3.5)

Summing from 1 = 1 to m and invoking Lemma 3.2 we have

d/dt/ H(p, A)dz < 0. (3.6)
Q
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The above inequality can be integrated to produce a uniform bound for
|H(p, A)||1,0 and because the terms on the right hand side are polynomials
in the A;’s we can thereby produce L, bounds for any integer power of the
fi(A)’s. Straightforward adoption of Lemma 3.6, [15] yields the existence of
N > 0 so that for each 1,

4 Dllsoia < . (3.7)

We further add that the constant N may be explicitly computed in terms of the
initial data and the parameters c;.

We are able to produce analogous convergence results for the spatially depen-
dent system (3.3a — ¢). If A = (4;) is a solution we denote the spatial average
of the i** component by A;(t), namely

Ai(t) = ﬁ/ﬂfli(m,t)dm (3.8)

where |2] denotes the m—dimensional volume of 2. We state the following
theorem.

Theorem 3.9. For1 <i <m, lim¢_ || 4i(, 1) — Ai(t)]|co.0 =0. If 5" Ai(0)
k> 0and©* > 0issuchthaty.;» ©*/2c;=kand ) [~ ¢;(A;(0)—0O*(2¢;))?
(k—0*/2)2 + Y. ,(0%)?/4c;, then for 1 <i < m we have

<

lim | Ai( 1) = 0 /2cilcc = 0.

We point out that this result is consistent with thermodynamic reasoning
which indicated that a balanced reaction diffusion system with no flux boundary
conditions should converge to a constant solution. Moreover periodic solutions
or more exotic behavior of reaction diffusion systems obtained from the kinetic
mechanism (1.1) are artifacts of inhomogeneities arising from the boundary or
acting as source terms.

The proof of Theorem 3.9 proceeds by a lengthy argument consisting of lem-
mas and estimates and will not be given here. It will appear in a subsequent
paper by the authors which will deal with (3.3a - ¢) in greater generality.
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if A; is positive and has bounded imaginary powers, [D(A;),X]s = D(Ai—o).
See, for example [T, p.103].

We conclude that under the preceding hypotheses on A;, (4) holdsif D(AY) G
D(C) for a certain w € (0,1).

Let us describe a concrete case.

If 2 is a bounded domain in R®, n > 1, with a smooth boundary 09, it is
well known that the operator Aju = —(=A)™u, u € CZ™(2), m € N, has a self-
adjoint extension to X = L%(f2), which is positive and has H2™(Q)N H™(Q) as
its domain.

Let 0 < @ < 1, ma a positive integer. Then [H, p.29]

D((-A)™) C H*™*(Q2) N Hy"*(Q).
More generally, one finds in [LM, p.117] that if B; is a suitable differential
operator on the boundary 952, of order m; < 2m, 0 <j <v, and
Hi™ Q) ={ue H™(Q)/Bju=00n0Q,0<j<v},
with 0 < 8 < 1, 2(1 — §)m # integer +1/2, then
[HE™(Q), L* ()]s =
{ue HXO=O/™(Q)/Bu = 00n 8Q, m; < 2(1 —8)m —1/2}.

It follows from Proposition 1 that we could take as C' any generator of an
analytic semigroup on L?(Q) for which {u € H?**(2)/Bju = 0 on 99, m; <
2s -2/2} C D(C),1 <s<m.

Analogously, one can generalize these considerations to the case LP(Q)p # 2,
by means of the spaces H;%,n{lB,-}’ B;,’;{Bj}, [T. pp-320-321].

Let us go back to analyse the nonlinear equation in (1), seeking to make
precise regularity assumptions of f.

If the concerned Banach spaces are real, the hypothesis that f = f(¢,u,v) has
Fréchet—derivatives with respect to u and v doesn’t appear to be too onerous,
as it may become if the spaces are complex.

We recall that, with regard to the first order problem analogous to (1), K. Ma-
suda has studied its solvability, with an analytic f; see [M].

In order to avoid some complications, we shall suppose that our Banach spaces
are real, we shall linearize the equation and study the corresponding linear pencil
obtained by complexification.

Applying the definition itself of complexification of an operator, we shall
return to an X -valued solution corresponding to an X -valued function f = f(-).

If our function f in (1) has the partial derivatives g—g(t,u,v) and g%(t,u,v)
forall 0 <t < T,u €Yy, v €Y, that are bounded linear operators from Yj
into X and from Y; into X, respectively, let us

0
5{;—(0,110,1”) = —Ao,
0
—8—{_(03”0)”1) = _Ala

f(t,z,y) + Aoz + A1y = F(t,z,y).
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Then problem (1) takes the form

u'(t) + A1u'(t) + Aou(t) = F(t,u(t),u'(t), 0 <t <T™, (5)
u(0) = uo, u'(0) = u;.

Assume for a moment that there exists a ¢ € C?[0,T; X] such that ¢ €
C[O,T,D(Ao)] = C[O,T;Yo], L,DI € C[O,T,D(Al)] = C[O,T;Yl], LP(O) = UuUo,
(,OI(O) = Uy, L,D”(O) = F(O,uo,ul) — AoUo — A1u1 = f(O,uo,ul).

Putting u(t) — ¢(t) = v(t), (5) becomes

v"(t) + Ajv ( )+A0v( )= G(t,v(t),v'(t)), 0 <t < T,

(6)

where G(t,v(t),v'(t)) = f(t,v(t) + ©(1),v'(t) + ©'(t)) + Aov(t) + A1v' — ¢"(2).

Clearly it is then important to have an existence — uniqueness — regularity
theorem for the solution of the linear problem.

B*u 4+ A;Bu + Agu = h, (7)
where B is a suitable linear operator (in our case, B = j‘% in a certain function
space). This is achieved by the following

Theorem 1. Let Ay, A, B be closed linear operators in the complex Banach
space X such that D(B) = X and

(A) B~ 1P( ) = P(Z)—lB—l, z€ 3 :Rez>ag— bo‘ImZ‘, by > 0.

(B) |(B—2)71, L(X)]| <C(1+|2z))"!, Rez > a; — bi|Imz|, 0 < ap < ay,

by > aillbl

(C) [P(=)" S L(E) < C(L+ =), 2 € %, P(=) = 22 + 24y + Ao

(D) [l4oP(=) " L(E)| < C, s €%

Then for any 6 € (0,1) and all h € (E1D(B))s,o0c = Vo there is a unique
u € E such that (7) holds and Agu, A, Bu, B?u € V.

Moreover, w = Sh, Bu = S1h, h € Vg, where

S = (2m) ! / P(z)"Y(B — 2)" 'dz,

Sy = (2mi) 7! /zP(z)—l(B — z)7ldz,

~

and vy is the contour in the complex plane given by Rez = a; — by|Imz|, ag <
az < ai, oriented upwards.

For a proof of Theorem 1, we refer to [D,G]. We also note that 4yS and
A5 € ,C(Ve)
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1. Introduction

In this paper we review our earlier results on the modified Korteweg-deVries
equation in [Gesl], [Ge-Si], [GSS] and continue these investigations into sev-
eral directions. Specifically, in Section 2, we review the connections between the
Korteweg-deVries (KdV) and the modified Korteweg-deVries (mKdV) equations
based on Miura’s transformation [Miu], and commutation methods. Appendix A
summarizes the necessary commmutation formulas needed in Section 2. In Section
3 we study soliton-like solutions of the mKdV-equation (i.e., solutions that tend
to (time-independent) finite asymptotic values as @ — oo sufficiently fast). In
particular, due to our more general Hypothesis (H.3.1), Theorem 3.2 consider-
ably extends our earlier findings in [GSS]. Section 4 reviews our derivation of
pure soliton solutions in [GSS]. Both, Sections 3 and 4 are supported by Appen-
dix B which summarizes spectral and scattering properties of one-dimensional
Schrodinger and Dirac operators with nontrivial spatial asymptotics in the cor-
responding potential terms. Section 5 i1s devoted to spatially periodic solutions
of the mKdV-equation. While Theorem 5.3 summarizes our results on periodic
solutions in [GSS], the rest of this section presents new material.

In order to keep Section 5 within a reasonable length we decided to put all
necessary background material on periodic Schrodinger and Dirac operators into
Appendices C-G: Appendix C summarizes basic Floquet theory, Appendix D
treats spectra associated with various boundary conditions and the 1sospectral
manifold of periodic potentials for Schrodinger operators, Appendix E recalls
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trace relations, Appendix F utilizes the connection between the Schrodinger and
an associated Riccati-type equation, and Appendix G collects various formulas
in the special case where the Schrodinger operator has only finitely many simple
periodic and antiperiodic eigenvalues.

Finally, we would like to point out that our methods are by no means confined
to the mKdV-equation. In fact, they also have been successfully applied to the
modified Kadomtsev-Petviashvili equation [GHSS], [Ge-Sc] as well as to the
Kac-van Moerbeke system [GHSZ].

2. Connections between the KdV and mKdV-equation

In this section we review the main results of [Ges 1], {Ge-Si], [GSS] concerning
links between the Korteweg-deVries (I<dV) and the modified Korteweg-deVries
(mKdV) equation based on Miura’s transformation [Miul].

We start by introducing the hypothesis

(H.2.1). f € C°°(R?) real-valued, 9" f € L*(R?),n = 0, 1.
Then assumming that V, ¢ satisfy (H.2.1), the KdV and mKdV-equation are
defined by
KdV(V): =V, —6VVy + Vaze =0, (t,2) € R?, (2.1)

mKdV(¢) := ¢y — 6¢°¢s + duse =0, (t,2) € R?, (2.2)

and Miura’s transformation and identity read [Miu]

Vi(t,z) . = ¢(t,2)? + (=1) ¢.(t,2), § = 1,2, (t,z) € R?, (2.3)

KdV(V;) = [2¢ + (-1)70,] mKdV (¢), j =1,2. (2.4)

Evidently (2.4) implies that any solution ¢ of the mKdV-equation (2.2) yields
by (2.3) two solutions Vi,V, of the KdV-equation (2.1). In order to reverse
that process, i.e., starting with a solution, say V3, of (2.1) and then construct a
solution ¢ (resp. V1) of (2.2) (resp. (2.1)) such that (2.3) holds, we need some
preparations.

First we recall

Theorem 2.2. [Lax 1], [Tan]

(i) Suppose V satisfies (H.2.1), Vi(t,.) € L>®(R),t € R and KdV(V)=0.
Define in L*(R) the one-dimensional Schrédinger operator H(t)

H(t): = -0 +V(t,.) on H*(R), t € R. (2.5)

Then there exists a family of unitary operators U(t), t € R, U(0) =1,
in L?*(R) such that

U(t)"'H(t)U(t) = H(0), t € R. (2.6)
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Next, supposing V» satisfies (H.3.1)(i) and KdV(V;) = 0, we define
Hy(t) := —0% 4+ Va(t,.) on H*(R), t € R, (3.1)

and assume

£2; = inflo( H,(0))] > 0. (3.2)

Then, according to Theorem 2.7, we have to distinguish the cases & = 0 and
Ey, > 0. We start with the case

&2 =0 (i.e., Hy(t) is critical, t € R):
Since oess(H2(t)) = [V-,00), V- > 0,& = 0 implies

0 € oa(Hy(t)), t €R, (3.3)

and thus Hj(¢) is critical for all ¢ € R [Ge-Zh]. This yields the existence of
a unique (up to possibly ¢-dependent multiples of constants), positive distribu-
tional solution 0 < 12,0 € C°(R?) of

Ha(t)ip20(t) =0, 0 < thp0(t,.) € H*(R), t € R. (3.4)

Without loss of generality we may assume that 1, ¢ satisfies the time evolution
(2.15) with k =0, i.e.,

V2,0¢(t, ) = 2Va(t, )00 2 (8, ) — Va o (t, )0 0(t, 2), (t,2) € R?, (3.5)

(otherwise multiply v, o with an appropriate time-dependent factor). From (3.5)
and (B.7) one infers that

1 1
l/)Q’o(t,.’L') :i eq:V:ﬁ (z4+2V4t) +o (e¥vi2 I) : t e R, (36)
since .
ki(o) = Zvi} » W(f2,“(t7 0)’ f2,+(ta 0)) = Oa
3 (3.7)
l/)g,o(t,l') = e;2vi th,i(taOa$>a (t,.’L’) € R2-
According to (2.29) we then define
¢0(t,$) = l/)g,o,r(t,x)/l/)g,o(t,m), (t,ﬂ?) € R2. (38)

Next we consider the case

& > 0 (i.e., Hy(t) is subcritical, t € R):
Then 0 ¢ o(H3(t)) and hence H,(t) is subcritical for all t € R [Ge-Zh]. This

guarantees the existence of two linearly independent, positive distributional so-
lutions 0 < ¥y 1 € C®°(R?) of

Hy(t)hy +(1) =0, 0 < thpx(t,.) € LE(R), t € R, (3.9)
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and again we may without loss of generality (cf. Lemma 2.3) assume that 1, 4+
satisfy (2.15) with k =0, i.e.,

l/)Q,i,t(ta'r) = 2V2(t,$)l/)2,i,r(t,l'> - %,I(ta‘r)l/)Zi(ta'r)a (tax) S R2' (310)

From (3.10 and B.7) one infers

2
7-/)2,i(t,33) = 6;2‘/&2 tf2,i(t,33)a (t,ﬂ?) € R2, (311)
and ) l
Y2,4(t, ) = e~ Ve (z+2Vit) + o (e-vi2 I> ’
T (3.12)
i 1
7-/)2,——(t,.’13) :i evi2 (z+2Vyt) _+_O(evi2r)‘

In accordance with (2.29) we now define

l/)g,a(t,it) = 2_—1(1 — 0)1./)2,__(t,33) + 2“1(1 + 0)1/)2,+(t,33),
o€ [-1,1], (t,z) € R® (3.13)

(where o is t-independent) and

bo(t,2) = t202(t,2) /12 5 (t,2), 0 € [-1,1],(¢,2) € R (3.14)

Then we obtain the following characterization of soliton-like solutions of the
mKdV-equation.

Theorem 3.2. Assume V; satisfies (H.3.1) (i) and KdV(V2) = 0. Moreover,
suppose £, = inf [0(H,(0))] > 0. Then ¢,, defined in (3.8) resp. (3.14), satisfies
(H.3.1) (ii) and V1, defined by
Vio(t,z) = do(t,2)? — ¢o.(t,z), 0 =0 resp. o € [—1,1],(¢,z) € R?, (3.15)
satisfies (H.3.1) (i). Moreover,
mKdV(¢,) =0, KdV(V;,) =0, 0 =0 resp. o € [-1,1]. (3.16)

In addition,

(3.17)
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and
0€ ad(H2(t))’ 0 ¢ ad(Hl,U(t))a ¢a,+ <0< ¢0’,——a
0¢ oq(Hz(t)), 0€ 04(H1,6(t)), bpo— <0< g+, (3.18)
0 ¢ {oa(Hz2(t)) Uoa(H1,(1))}, sgn(¢o,—-) = sgn(¢s,+), '
o =0resp. 0 € [-1,1], t € R,
where
Hi ,(t) := —0% + V1 4(t,.) on H*(R), t € R. (3.19)

In the special case, where wi(z) = 1 + 2%, Theorem 3.2 first appeared in
[GSS]. Here, concentrating on that part in its proof that deviates from the one
given in [GSS], we formulate

Lemma 3.3. Under the hypotheses of Theorem 3.2 we get

Qba(ta :E) r—»zioo Qba,i + O(wi(m)_l )ha,i(ta :L'),
oc=0resp. o €[-1,1], te R, (3.20)

where
ho,+(t,.) € L'((0,£00)), 0 =0 resp. o € [-1,1],t € R. (3.21)

Proof. It suffices to consider the case 0 = & = 0 and 2 — +o00. Then (B.7),
(3.8) and (3.11) imply

.L

1 4+ d4(¢) Tdm'[e2v+2(r”rl) + 1] {Va(t,2') — Vile VEE i, o(t,z")

¢0(t,$) = —V_E Zo % l ’
1—dy(t) [ da'[e®+ ) — 1) [V(t,2') — Vi) ¥+ *apy o(t,2")
(t,z) € R?, (3.22)
where .
dy(t) =¥ /2V2 teR. (3.23)
Since
|e+ l/)20t33I<C ,CL'IZO,tGR,
(t,2) < C(1) 5o
|e2v+2(r"rl) +1] <2, r <z,
the integral terms in (3.22) behave like [ ... = o(1) as £ — +oco and hence we
may expand the denominator in (3.22) to obtain
L T 3
$o(t,z) = -V {1 +2d+(t)/dl"' 22 (e [Va(t,2") — Vi) e+ “'ipno(t,2')

x

+ 0(w4(z)7 )}, t € R. (3.25)
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Here we also used the monotonicity of w, in order to arrive at the estimate

2
1

? 1
d+(t)/d3:' {e2v+2(r~r ) 1} [Va(t,z') — Vi) e¥¥ % g o(t, 2')

< c(t)/da:'w+(3:')~1w+(3:') \Va(t,z') — V4| (3.26)

2

< c(tfus(a)? | [dauie) Valtia') = Vil | o 20t R

x

Finally we use the elementary fact that

fe LY ((R,»)), R e R implies g4 € L'((R, x0)), (3.27)
where -
ga(z) := /dm'eo‘(’:":l)f(m') for some o > 0. (3.28)

x

Then (3.25) together with w;’l e L1((0,00)),

xo
1 1
/da:'ewf(r““ Va(t,z") = Vil e * [ o(t,2")]
; (3.29)

e 1
< D(t)wy(z)™? /dm'e2v+2(r”r hwy (2') |Va(t,2') = Vil|, te R,z >0,

x

and (3.27) proves (3.20).
Given Lemma 3.3, one can now prove Theorem 3.2 in analogy to Theorem

7.14 of [GSS].

Remark 3.4. A comparison of (3.17) and (3.18) shows that, whenever sgn(¢, )
# sgn(¢s 4+) then & =0 and &, :=inf{o(H1,)] > 00r & >0 and & , = 0.
Hence either H;(¢) 1s critical and H; ,(t) is subcritical or vice versa. In par-
ticular, H; o(t) is critical for ¢ € (—1,1), & > 0. Only in the case where
sgn(py,—) = sgn(ds,+) one gets £, = &1, > 0 and thus both Hy and H; , are
subcritical iff o = 1.

Remark 3.5. If V;,7 = 1,2 in Lemma 2.12 actually satisfy (H.3.1) (i) then ¢
satisfies (H.3.1) (ii) and we obtain

by —d_ =271 /dx' [Va(t,2') — Vi(t,2")], t € R, (3.30)
R
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too
o(t,z) = px — 271 / dz'[Va(t,z') — Vi(t,z")], (t,z) € R?, (3.31)

in addition to (2.39).

4. Soliton solutions of the mKdV-equation

In this section we review the derivation of soliton solutions of the mKdV-
equation. Originally, these solutions have been constructed implicitly in [Ji-Mi]
(as a by-product of their study of the modified Kadomtsev-Petviashvili equation)
using vertex operator techniques and explictly in [Gro] on the basis of inverse
scattering methods. Here we follow [GSS] exploiting the commutation approach
outlined in Appendix A.

We start with an N-soliton solution V,(¢,z) of the KdV-equation (2.1) given
by the familar formula [Hir|, [Zak]

Va(t,z) = Voo —20%In {det[l + Cy y +(t,2)]}, N € N, (¢,z) € R,
(4.1)
Vo, 0 = lim Vo(t,z) =V >0,

z—too

where V, is t-independent,

N
CQ,N,i(f,l') = [C2,i,€,m(ta$)]e,m:1 ’

— 3 3
C2,i,€,m(t,$) _ ("3[ + Klm) 1C2’i’é(0)c2,i,m(0)e¥(nz+r~:m)(r+6Voot)ei4(nl+r~:m)t,

1<¢m<N, NcN, (t,z) € R? (4.2)
c2,4,0(0) >0, 1 <L <N 0<&kny <&N-1<... <K,

for N € N and
CQ,O,:t(t,.'L') = 0, (t,l‘) € R2, (43)

for N = 0. Define
Hy(t): = =02 + Vq(t,.) on H*(R), t € R, (4.4)

and let fp 4(t,z,2) be the Jost functions associated with Ha(t) (cf. Appendix
B). Then due to the fact that Vo4 = Vao,— = Vi, some of the formulas in
Appendix B simplify. In particular, we have

k(z) : = k(2) = (2 — Vo) ?, Imk(z) > 0, (4.5)
and
Ao = Voo — K} N—iv ’
ap(H2(t)):{; = Voo s }Zf? (4.6)
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As in Section 3 we need to distinguish between £ = 0 and £ > 0.
52 = 02

In this case we necessarily have N > 1, A, ; =0 and hence

<
Broim
—~
a
-
A

= Ki.

In order to construct H; o(t) we note that

Ha(t) = Ag() Ao (8)*, t € R, (4.8)
where
Ao(t) := 0 + ¢o(t,.) on H'(R), t € R, (4.9)
and
do(t,z) = fa,+.2(t,0,2)/ f2.4(¢,0,2), (t,z) € R? (4.10)

is uniquely defined since H(¢) is critical (cf. (3.7), (3.8)). Moreover,
oz = _lm ¢o(t,z) = FVed = Ty (4.11)

by (3.17) and (4.7). Thus
0 € oq(Ha(t)), 0¢ og(Hio(t)), t €R, (4.12)
by (3.18). Hence

o(Hio(t)) = o(H2,(t))\{0},

Moo =Ve — 2N, N>2 (4.13)

Combining Remark B.6, (B.29) and (4.13), V; o(¢,z) must be a (N — 1)-soliton
solution of the KdV-equation explicitly given by

Vl,o(tv‘r) = Voo — 282 In {det[l + CI,N—l,i,O(tax)]} , N € Na (t,ﬂ?) € R27
Vio+ = lirin Vio(t,z) = Vo, (4.14)
where
Cl,N_l,i,O(t,l') = [Cl,i,O,Z,m(tvm)]é\’/mzz )

(k1 £ ke)(K1 £ &m) 3

m(t — m(t (4.15)
c1,4,0,¢,m(t,2) TETCE TS c2,+¢,m(t, 2),
2<¢m<N, N>2 (tz)eR?
for N > 2 and
Cio0+(t,z) =0, (t,z) € R? (4.16)

for N = 1. It remains to compute ¢o(t,z). Before doing so we need



152 On the modified Korteweg-de Vries equation

Definition 4.1. Assume (H.3.1) (ii). Then a solution ¢ of the mKdV-equation
(2.2) is called an M -soliton solution, M € Ny iff §(¢, ) is a reflectionless poten-
tial for the Dirac operator Q(t) in (2.7) and Q(t) has M (discrete) eigenvalues
for some (and hence for all) t ¢ R.

Theorem 4.2. Assume &£, = 0 and let

Vj,(o)(t, :E) = Vs — 282 In {det {1 + Cj, N ,i,(o)(t,w)} } , (4 17)

(N—1)
j=1,2, NeN, (t,z) € R?

Vio),£ = Voo = 3

be the N (resp. N —1) soliton solutions (4.1) (resp. (4.14)) of the KdV-equation.
By construction, Vo and V1 o are related to ¢o by Miura’s transformation

x/j,(o)(t,m) = ¢0(ta$)2 + (_1)j¢0,r(ta$)a J= 1,2, (t,.’C) € R27 (418)
and one obtains

$o(t,z) = Fr1 — O In{det[l + Cy n +(t,2)]/ det[l + C1 y—1,40(¢,2)]},
(t,z) € R?, (4.19)
$o,4+ = FK1.
Moreover, ¢o(t,z) is a (2N — 1)-soliton solution of the mKdV-equation. In
particular, up to an overall sign ambiguity, the solutions (4.19) represent all

reflectionless potentials of the associated Dirac operator Q)(t) in (2.7) under the
assumption that ()(0) has a zero eigenvalue, i.e., 0 € g4(Q(0)).

For the proof one only needs to combine Remark 2.13, Theorem 3.2, Remark
3.5, Theorem A.1 (vi), (vii) and Remark B.6.

Finally we consider the case
Ey >0
In this case (4.7) turns into

Voo = )\2,1 + KJ? = 52 + KJ%. (420)

Combining Remarks 2.13 and 3.4 we may confine ourselves to the cases 0 = +1
in Theorem 3.2. Writing

Hy(t) = A () A ()", o = +1, t € R,

Ag(t): =0 + do(t,.) on H'(R), 0 = +1, t € R, (4.21)

we obtain 1
bot+ = ) lirinoo bs(t,z) = —oV3, 0 = +1, (4.22)
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and
o(Hy 4 () = o(Ha(t)), o = %1, (4.23)
oplHralt) = oy(a(e) = { ¢ = Voo T DL M2 00— iem

by (3.17) and (3.18). Combining Remark B.6, (B.29) and (4.23), Vi »(¢t,z), 0 =
+1 now must be an N-soliton solution of the KdV-equation explicitly given by
Vi,o(t,2) = Voo — 202 Indet{[1 + C1 N +0(t,2)]},0 = £1, N € Ny,

(t,z) € R, (4.24)
Viet = lim Vig(t,2) = Veo, 0 = %1,

where
N
Cl:N)iaU(t"r) - [cl;iaa:éam(t7$)]é,m:1 y
(aVoo + K:g) (aVoé + Klm)
cl,ia,f,m(tam) = 1 CQ,i,Z’m(t,QS),
( V2 T w) (aVoé T ffm) (4.25)
c=2411<¢m<N, NeN,(tz)cR?
for N > 1 and
Cl,O,i,o’(t;m) = Oa g = :tla (t,.’L‘) € sz (426)

for N = 0. It remains to compute ¢,(t,z), o = £1.
Theorem 4.3. Assume & > 0 and let

Vj,(‘,)(t, :E) = Voo - 283 ln{det[l -+ Cj,N,i,(a)(t; l)]},
j=12 0=%41,N€Ny,(tz) e R? (4.27)
Vio), + = Voo = &2 + K3

be the N -soliton solutions (4.1) and (4.24) of the KdV-equation. By construction
they are related to ¢, by Miura’s transformation

x/j’(a)(t,l') - ¢U(ta$)2 + (—1)j¢g’r(t,l‘), ] - 1a2a (tal) € R2a (428)
and one obtains

bo(t,z) = oV — 8, In{det[l + Cy n +(t, 2)]/ det[1 + Crn 2.0(t, 2)]},
o=+1, N € Ny, (¢t,z) € R?, (4.29)

1
bo4+ = —0Vd, 0 ==1.
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Moreover, ¢,(t,x), o = £1 1s a 2N -soliton solution of the mKdV-equation. In
particular, up to an overall sign ambiguity, the solutions (4.29) represent all
reflectionless potentials of the associated Dirac operator Q(t) in (2.7) under the
assumption that (0) has no eigenvalue zero, i.e., 0 ¢ 04(Q(0)).

The proof of Theorem 4.3 is analogous to that of Theorem 4.2. We conclude
with

Example 4.4. N =1, & =0.

Va(t, z) = k2 — 2k%[cosh(kiz + 263¢)] 72, (¢,2) € R?,
; 1 1 1

. 4.30
Voo = Kjf, Cz,i,1(0)2 =2r1, k1 >0. ( )

Then
Vio(t,z) = K:%,

4.31
do(t, ) = —k; tanh(k z + 2x3t); (¢, z) € R ( )

5. Periodic solutions of the mKdV-equation

Here we apply Theorem 2.7 in the case where V,(¢, 2) is periodic with respect
to z and construct periodic solutions ¢ of the mKdV-equation.
We start with hypothesis

(H.5.1). Let f € C°°(R?) be real-valued and suppose there is an
a>0st. f(t,x+a)=f(t,z), (t,z) € RZ
Assume that V satisfies (H.5.1) and define in L*(R)

H(t):=—-08%+V(t,.) on HXR), t € R. (5.1)

Then the Floquet theory sketched in Appendix C applies to H(t), t € R. In
order to apply Theorem 2.7, we first need to clarify the time-dependence of
the Floquet (Baker-Akhiezer) functions. Suppose V satisfies (H.5.1) and the
KdV-equation (2.1). We then define c(t,z,z,20),(t, 2z, @, 20), A(z), mi(z),
d+(t,z,20), un(t,z) and Yi(t, z,2,29) as in Appendix C replacing V(z) by
V(t,z). Evidently A(z),m4(2) are independent of (¢,z4) by Theorem 2.2 (i),
(C.6), C.22) and

'l,bi(t,z,mo,l‘o) = 1, (f,l‘()) € Rz, z € ﬁ+(t,$0) = H+\{ﬂ7¢(t7$0)}n€N- (52)
Since ¥4 are normalized by (5.2), they will not satisfy (2.15) (with z = k%) in
general. In fact, we have

Lemma 5.2. Suppose V satisfies (H.5.1) and KdV(V) = 0. Then

se(t,z,z,z0) =2[V (¢, 2) + 22]s,.(t, 2,2, 20)
— [Vo(t, ) + Vi(t,zo))s(t, 2,2, ) (5.3)
= 2[V(t,xp) + 22]c(t, =, x,2¢), z € C,
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ci(t,z,z,20) = 2[V (¢, 2) + 2z]c.(t, 2,2, 20) — Va(t, z)c(t, z, 2, 20)
+ Va(t,zo)e(t, 2,2, 20) (5.4)
+ { Ve (t,z0) — 2[V (¢, z0) + 22][V(t, o — 2]}s(t, 2,2, 20), 2 € C,

b4 1(t,2,20) = 2[V(t,20) + 22][V (¢, 20) — 2] — Vau(t, z0)
+{2V(t, z0) — 2]V (¢, 20) + 22]d+(¢, 2, 20) } P4 (¢, 2, 20), 2 € ﬁ+(t, To),

Vit z,z,20) = 2[V (¢, 2) + 22]9p+ 2 (t, 2, 2, 20)
—{Va(t,z) — Va(t, zo) + 2[V (¢, 20) + 22]04(t, 2, 20 ) }Yx (¢, 2,2,20),  (5.6)
z € ﬁ+(t,$0); (t,l‘,l’o) € Rg'

Proof. Since g := s; — By s satisfies Hg = zg by (2.10), we infer

9(t,z,z,z0) = Al(t, 2,20)s(t, 2, 2, Zo) (5.7)
+ B(taza$0)c(tazama$0)az € Ca (t,ﬂ?,ﬂ?o) € R®.

This equation and its z-derivative taken at r = z¢ yield

A(t,z,z0) = = Vi(t, zo), - g
B(t,z,zo) = =2[V(t,z0) +22], 2 € C, (t,z) € R?, (5-8)

since
se(t,z,20,20) = $12(t,2,20,20) =0, z € C,(t,20) € R2, (5.9)

by (C.2). Similarly one proves (5.4). Equations (5.5) and (5.6) then follow from
the definitions in (C.24), (C.26).

Thus equation (5.6) shows that a certain (¢, z, 2o )-dependent multiple of ¥4
always satisfies (2.15).

Next we note that the Green’s function G(¢, z,z,z') of H(t) (i.e., the integral
kernel of (H(t) — 2)™?!) is given by

y - - l/)_(t,Z,l',l' )l/) (t,Z,.’L‘I,.’L' )a msxl
Gt 2z, 2") = Wit 2). - (t,2)) {l/)_(t,z,m',moo)l/)i(t,z,x,moo), z >z,

z € I4\e(H(0))°, Imz >0, (5.10)

(A° the interior of A C R) where we define ¥4 (¢, A, ,20) on the cuts pg =
(—OO, Eo], Pn = [Egn_,l, Egn], nel by

Ya(t, A\, z, z9) = lilrgu/)i(t,)\ +1€,2,%0), A\ € pn,n € Ip,(t,z,20) € R?, (5.11)
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in order to guarantee

Yi(t,z,.,z0) € L2((0, £00)), z € Iy\o(H(0)), Imz > 0, (t,z0) € R? (5.12)

(see (C.32) and the paragraph following (C.15)). Introducing

N

p(t,z,2) i= —2[A(z) = 1} G(t, 2,2,2), z € C, (t,a) € R,

we obtain (see e.g., [Ge-Di])

Prr(t, Z,LL‘)p(t, Z,iE) - (1/2)px(t,z,m)2 - Q[V(ta :E) - Z]p(t, < $)2
= —2[A(z)2-1], z€C.

Taking into account (C.30) and (E.5) we get

p(t,z,z) = s(t, z,x0 + a,20)—(t, 2z, 2,204+ (¢, 2,2, 20)
=s(t,z,z +a,z) =a IEIN[,un(t,:L‘) —z|(a*/n?7?), z € C, (t,z) € R

Equations (5.14) and (5.15) imply
pr(t, pn(t,z),2)? = 4[A(pn(t,2))* = 1], n €N, (t,z) € R?

and

pnz(t, ) = (2n°7° [a®)[A(pa(t, 2))* — 1]

[

meN

x{ I [umu,r)—unu,xn(a?/m%r?)} mel, (o) € R
m#n

Similarly, using (5.6), (5.15) and (E.11)

pt(ta/‘n(tam)am) =
2V (¢, z) + 2un(t, ) pe(t, un(t,z),z), n e I,(t,z) € R,

and

pn,e(t,z) = 2[V(t,2) + 2un(t, 2) pn,e (¢, 2)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

= {QEO + 2 Z [Eom—1+ Eom — Qum(t, z)(1 — 6mn)]} fn,z(t, T),

mel
ne€l,(t,z) e R

Moreover,
pin(t,2) = Ean—1 = Eqn, n € N\I, (t,z) € R
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Now we are ready to apply Theorem 2.7. Suppose V2 satisfies (H.5.1) and
KdV(V2) = 0 and add the index 2 to all quantities defined in (5.1)-(5.20
Assuming that

we need to distinguish the cases & = 0 and £ > 0 (cf. Remark 2.9). Similar to
Section 3 we first start with the case

&y, = 0 (i.e., H,(t) is critical, ¢ € R):
In this case m4(0) = 1 and the Floquet solutions ¥ +(¢,0,z,z0) of Ha(t) are
linearly dependent and periodic with respect to  with period a > 0 (see (C.27)
and (C.30)). Since the second linearly independent solution of Hy(¢)2(t) = 0
is of the type

$p2,1(tam) +p2’2(f,33), p2,j(ta$ + a’) = p2,j(ta$)a ] = 1a2a (t,ﬂ?) € Rza (522)

(see (C.32)) we infer that H,(t) is critical [Ge-Zh]. Thus there exists a unique,
positive distributional solution 0 < 12 90 € C*°(R?) of

Hy(t)a,0(t) =0, 0 < hao(t,.) € L=(R),
aolt,z) = 2 +(t,0,2,20), (t,2) € R?,
satisfying the time-evolution (5.6). According to (2.29) we then define
Go(t,z) 1= h20,:(t, ) /1P20(t,2), (t,z) € RZ (5.24)
Next we turn to the case

&y > 0 (i.e., H2(t) is subcritical, t € R):
In this case H,(t) is subcritical [Ge-Zh] and Floquet theory (cf. (C.31)) guaran-
tees the existence of two linearly independent, positive distributional solutions

0 < tho.x € C(R2) of
Hy(t)ha,+(t) =0, 0 < g +(t,.) € Lig.(R),

(5.23)

Yo,(t, ) = 13%1 V2,4 (t, 16,2, T0) (5.25)
satisfying the time-evolution (5.6). In particular, one has (c¢f. (C.32))
Yo 4 (8, .’E)I_:_ioo 0(eT" %) (5.26)
for some x > 0. In accordance with (2.29) we now define
p2,0(t,2) :=(1/2)(1 — o), (¢, 2) + (1/2)(1 + 0 )2 + (¢, @), (5.27)

€ [—1’1]’ (t,ﬂ?) € R2a
(where o is t-independent) and
bo(t,2) 1= 12,0(t,2)/t20(t2), 0 € [-1,1], (t,2) € R”. (5.28)

By (C.32), only 0 = %1 yield spatially periodic functions ¢4, in (5.28) and
hence we restrict ourselves to these cases for the rest of this section. We have



158 On the modified Korteweg-de Vries equation

Theorem 5.3. [GSS] Assume V; satisfies (H.5.1) and KdV(V,) = 0. Moreover,
assume & = inflo(H2(0))] > 0. Then ¢,, 0 = 0,+1 (defined in (5.24) resp.
(5.28)) and V1,5 = ¢2 — ¢o,z, 0 = 0, %1 satisfy (H.5.1) and

mKdV(¢,) =0, KdV(Vi,,) =0, 0 =0, £1. (5.29)

(Here the fact that v, o, Y, + satisfy the time-evolution (5.6) instead of (2.15)
with k = 0 is irrelevant since by (5.6) a certain time-dependent multiple of
V2,0, ¥2,4 (which drops out in the definitions (5.24), (5.28) for ¢¢, ¢+1) does
satisty (2.15) with k = 0.)

Moreover, formulas (C.9), (F.10), (G.4) and (G.7) yield

Theorem 5.4. Assume V; satisfies (H.5.1) and KdV(V,) = 0.
(1) If & = 0 then ¢, defined in (5.24), reads

do(t,z) = (1/2)0; In [ IeII p2n(t, z)(a? /n27r2)} , (t,z) € R (5.30)
In the special case of finite genus g < oo, (5.30) simplifies to
$o(t,z) = (1/2)0; In { Iellm,n(t,x)] , (t,z) € R% (5.31)

(i1) If & > 0 then ¢+1, defined in (5.28), read
d+1(t,z) = {:i:.f{(())% +(1/2)0, [nIEII ugyn(t,m)(a2/n27r2)J }

-1
><{nIeljm,n(t,x)(&/n%r?)} (t,z) € R: (5.32)

In the special case of finite genus g < oo, (5.32) becomes
d+1(t,z) = {iRO(O)% +(1/2)0, [nglm,n(f,l‘)]}

~1
« { n m,n(t,x)} (t,2) € R (5.33)
In (5.30)-(5.33), the puy,’s satisfy the first order systems (5.17) and (5.19).
We conclude with the
Example 5.5. ¢ =1, & =0.

Va(t,z) = 2P(z + 6P(w)t + w') + P(w), (t,z) € R?,

Eo=0, Bl = P(w) = Plw+w), Er = Pw)—Pl). 0D
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Then . Pi( 6P(w) )
T+ w)t +w 2
t,r) = = , (t,z) € R, 5.35
Po(t,2) 2P(z +6P(w)t+w') —Plw) (t,) ( )
where P(:) := P(-,w,w') denotes the WeierstraB P-function with halfperiods
w,w'(w >0, —w' > 0).

Formulas (5.31) and (5.33) may be expressed in terms of Riemann’s theta
function associated with the hyperelliptic Riemann surface R similar to the Its-
Matveev formula in the KdV-case [It-Ma]. We shall report on that elsewhere.
An approach to periodic solutions for the AKNS-system similar in spirit to
Theorem 5.4 can be found in [De-Jo].

Appendix A. Commutation formulas

We recall some of the abstract results based on commutation needed at various
places in Sections 2-5.

Throughout this appendix let H be a separable, complex Hilbert space, A a
densely defined, closed linear operator in ‘H and introduce

Hy:=A"A H;:= AA” (A.1)
in H and
0 A* .
Q = (A 0 ) on D(A) @ D(A™) (A.2)

im H §H. We state
Theorem A.1. [Dei] (see also [GSS])

(i) o(H)\0) = o(H)\{0). (4.3)
(ii) Hyyp1 = Epy, By >0, ¢ € D(H))
implies(Ay1) € D(Hy), Ha(Ap1) = E(Ayy), (A.4)
Hayo = Eqtpa, Eq > 0,42 € D(H2)
1mplleb (A*l/)Q) c D(H]), Hl(A*l/)Q) = EQ(A*I/)Q) (A5)
(iii) A*Alger(a)r is unitarily equivalent to AA™ |ger(ax)L-
: Hy 0
(iv) @ = ( 01 H2> = H, @ H. (A.6)
1 0
(v) 03Qo3 = —Q, o3 := 0 1/ (A.7)
i.e., the spectrum o(Q) of @@ is symmetric with respect to zero on the
real line.
(vi) Hiyr = Evr, E1 >0, ¢y € D(H)
. . V1 1
implies <j:E1—1/2A'¢’1> c D(Q), @ (iEl_l/2A1/)1>
. 1/2 ?blr
= +E) (iE;l/2A¢’1> (A.8)

and
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Hapo =E21/)2,_11?/22> 0, ¥2 € D(H,) 12
implies (iE? " A*l/n) € D(@), Q (iE2 Aw&)
2

V2
— +E!/? iEQI;A*‘/’? (A.9)
2
(vil) 0 € 0p(Q) iff 0 € 0p(Hy) or 0 € op(H?). (A.10)

1 [ 2(Hy - 22)_1 A*(H, — 22)—1
(viii) (@ —2)7' = (A(Hl _ 22)—1 2(Hy — 22)—1 ) 5

Appendix B. Spectral and scattering properties for one-dimen-
sional Schrodinger and Dirac operators

We review basic spectral and scattering properties for one-dimensional Schro-
dinger operators needed in Sections 3 and 4.
We introduce hypothesis
(H.B.1).

(i) V € L*®(R) real-valued,
lim V(z)=Vi€R, 0< V. <V,

z—4+oo

+oo
+ [ dz(1+ [z])|V(z) — V4| < oo.

0
(ii) ¢, ¢' € L=(R) real-valued,
lim ¢(z)=¢s €R, 0< ¢ < ¢},
+co

+ [ dz(1 + [z])[|¢(z) — d+] + [¢'(2)]] < o0.

0

Assuming that V, ¢ satisfy (H.B.1) (i) resp. (H.B.1) (ii) we define in L%*(R)

2 ,
H:=———+Von H'R) (B.1)

(H™(Q), 2 CR, m € N the standard Sobolev spaces) and in L?(R) ® C?
Q= dz on H'(R) ® C*. (B.2)

Concerning spectral properties of H and () we state

Theorem B.2. [Co-Kaj, [Da-Si], [Ges 2], [Ru-Bo]
(1) Assume (H.B.1) (i). Then

Oess(H) = 0ac(H) = [V_,00), 05(H) = 0. (B.3)
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Moreover, H has simple spectrum in (V_,Vy) (ifV_ < V4, if V_ =V,
delete this assertion) and spectral multiplicity two in (V4,00). In addi-
tion, H has finitely many simple eigenvalues in (—oo, V_) and there are
no eigenvalues embedded into the essential spectrum and no threshold
eigenvalues, i.e.,

op(H)N[V_,00) = 0. (B.4)
(ii) Assume (H.B.1) (ii). Then

aeSS(Q) = aaC(Q) = (—oo, _|¢—|] U [|¢—-|voo)a USC(Q) =0. (B.5)

Moreover, () has simple spectrum in (—|¢4|, —|é=|) U (|o—|, |o+|) (iff
< gbi, if $2 = gbi delete this assertion) and spectral multiplicity two
in (—o00,—|¢4+|) U (|¢+|,00). In addition, ) has finitely many, simple
eigenvalues in (—|¢_|, |¢—|), symmetrically placed with respect to zero
and there are no eigenvalues embedded into the essential spectrum and
no threshold eigenvalues, i.e.,

op(Q) N{(—o00,=[¢—_[JU[I¢-],00)} = 0. (B.6)

Finally, (A.6)-(A.11) hold for our concrete realization Q.

(Here o(.), 0ess(.),0ac(.),05c(.),05(.) and o4(.) denote the spectrum, essential,
absolutely continuous, singularly continuous, point and discrete spectrum re-
spectively.)

Part (1) of this theorem follows e.g. from Jost function techniques (see e.g.

[Ges 2]) with

+oo
fi(z,z) = e*iher — / dz'k3" sinfky (e — )] [V(2") = Vi] fa(z,2"),
k:(z) = (z — Vi)'%, Tmky(2) >0, z€ C,z € R, (B.7)
the Jost functions associated with H and hence
Hfs(z) = zfs, z € C, (B.8)

in the sense of distributions. The eigenvalues Ay of H in (—oo,V_) are then
determined by

W(f-(Ae), f+(Ae)) = 0. (B.9)

Part (i1) is a consequence of part (i) above and of Theorem A.1 (iv)-(viii).
Next we turn to scattering theory for H and (). We start with H.
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Theorem B.3. [Co-Ka], [Da-Si], [Ges 2], [Ru-Bo] Assume (H.B.1) (i). Then
the unitary scattering matrix Sy () in C? for the triple (H, Ho + V_, Hy + V),
d2

Hy = —g5 on H?*(R) reads
(i) A>V.
' Su()) = Tu(A) Ry(A) (B.10)
TETARGON) Ta() ) |
where

) = 20 [k (MR- (V]2 /W (F-(N), fr (V)
RY(N) = =W (g=(N), f+ (V) /W (f=(N), F+(N),
)

(B.11)
Ry (A) = =W (f-(N), g+(N) /W (f-(}), f+(})),
k+(N) =N =V >0, A > V4.
(if) Vo < A<V (if Vo < V4)
Su(A) = =W(f- (), f+(A)/W(f-(A), f+(A)). (B.12)

Here fi()\,z) are given by (B.7) and g+(\, z) are defined by

oo
gi(z,z) = eFHhe? / de'ky ' sin (ki (z — 2")] [V(2") — Vil g+ (2, 2"),

x

ki(z) = (2 — Vi)%,lmki(z) >0, zeC, zeR. (B.13)

Next we turn to () and assume (H.B.1) (ii). Then the unitary scattering ma-

0 ——+ ¢4
trix So(E) in C? for the triple (Q, Qo,—, Qo,+), Qo + := ( d de )
— + b 0
dz
on H}(R) ® C? reads
(1) [E]> |¢4]:
_ (To(E) RyH(E)
So(E) = <Rg(f;> TQ(E>> ’ (B9
where

JUL(E)) /W (U_(E), U4 (E)), (B.15)
(B4 (E)) /W (Y_(E), ¥4(E)), |E| > |¢4].
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(ii) lo-| < |E| <lp4| Gf [6-] < [¢4]):

So(E) = —W(¥_(E), U1(E))/W¥_(E), V4(E)).

Here W ((3), (;)) := ad — b,

(E,z), E>|¢-|,

(—E,z), E<—|¢-|,
®,,4+(E,2), E>|¢_|,
®2,+(—E,z), E<—|¢_|,

B fi,4(z,7)
v(22): = (ol )
V24(Z,3): = (_Z_ J(cfl{i’,ix(f))(m)) ’

_ 91,+(2,7)
®1,4(Z,2): = (Z‘l(AgLi(Z))(l"))’
D34(2,2) = (_Z_ éfl??,ix(f))(m)) ’

Z* =z 2z € C\{0}, z e R.

fi+(z,z), gj,+(z,z) are the Jost functions associated with

d2
H;:= +V, on H*(R), j = 1,2,

da?

Vi(z):=¢(z)? +(-1)¢'(z), j=1,2, z €R,

and

d
A= —+¢on H'(R)

such that

H, = A*A, H, = AA*, Q:(S1 ’%)

Since ¢ is assumed to satisfy (H.B.1) (ii) we obtain

Vit := lim Vj(z) = ¢3.

z—+tco

163

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)
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This in turn yields (cf. also (A.4), (A.5))

fa,(z,2) = (£ike(2) + ¢2) 7 (Af1,4(2))(2),

fr,4(z,2) = (Fika(2) + ¢4) (A" f2,4(2))(2), (B.24)
zeC, zeR.

Moreover, applying the elementary identity
W(Af(z), Ag(z)) =W (f(z),9(2)), z € C, (B.25)

where f(z,z), g(z,z) are any distributional solutions of Hi91(2) = z¢1(2), we
infer

Theorem B.4. [GSS] Assume ¢ satisfies (HB 1) (ii) and denote by S (A
Su;()) the scattering matrix associated with (H;, Hy + #%, Hy+ ¢+) =1,
Then

(i) A > 42 :

2.

$
$-l[—ik-(N) + 617" R5(N), (B.26)
+

(i) @2 < X < ¢% (if % < ¢2):
S1(N) = [th—(N) + ¢-][=ik_(N) + 6-]7152(N). (B.27)

In addition, let A, := ¢4 — Kli,e, K+, > 0, denote the nonzero eigenvalues of H
and let

cjt,e = | fi,(Ae, )77 7 =1,2, (B.28)

be the associated norming constants. Then
_171/2
14,0 = (¢ t Kt e)(dt F rae) "] / 2,4 ¢ (B.29)

Finally, taking into account the simple identities

W (2_(E), ¥4+(E)) =W (f1,—(E*), fi,+(E®)) |E|7,
W(¥_(E),®(E)) =W (fi,-(E®), 01 4(E?) |E|"Y,
W (®-_(E), ¥+(E)) =W (g1,-(E?), fr +(E?)) |E]7Y, (B.30)
W(®_(E), ®+(E) =W (91,-(E*), g1 +(E?)) | E| 7,
|

and similarly for F < —|¢_|, we obtain
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Theorem B.5. [GSS] Assume (H.B.1) (ii) and let Sg(E) be the scattering
matrix introduced in (B.14)-(B.16). Then

SiI(E?), E>|¢-|,

S2(E?), E < —|¢_|. (B-31)

SQ(E) = {

Remark B.6. (B.26 and (B.31) prove, in particular, that if one of V4,V2, ¢
is a reflectionless potential (i.e., if one of Rf(r)()\), Rﬁ(’")(/\), Rgr)(E) vanishes
identically) then all three are reflectionless.

Appendix C. Floquet theory

We review some of the basic results in the theory of periodic, one-dimensional
Schrédinger and Dirac operators. General references for this material are e.g.

[Eas], [Lev], [Le-Sal, [Ma-Wi], [Mar], [Mc-Tr 1,2], [NMPZ], [RS III].

Starting with Schrodinger operators we introduce

(H.C.1). Suppose V € C°(R) is real-valued and periodic with period a > 0
and define in L?(R)

d2
H:=———+V on H*R). (C.1)
dx?

A fundamental system of distributional solutions for Hiy = 29, z € C 1s given
by solutions of the Volterra integral equations.

c(z,z,z9) = cosh [\/——_;(3: — 330)]

x

+ /dml(\/—_z)_l sinh [\/jzj(a: — 3:/)] V(z')e(z, 2", z0),
s(z,z,20) = (V/—2) ' sinh [v/—2(z — z0)] (C.2)
+ /dg;’(\/—_z)_l sinh [\/:;(3: — "c')] V(z')s(z,2'zg),

To

ze€C, z e R.

d
The corresponding fundamental matrix ®(z, z,zo) reads (/ = ;l;)

c(z,z,2z0) s(z,2,20)
c(z,z,z0) $'(2,2,20)

®(z,z,20) := < ) € SL(2,C), z € C, (C.3)

®(z,z0,20) =1, 2 € C,
®(z,z,20) = ®(2,2,21)®(2,21,20), 2z €C; z,20,21 ER,
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and the discriminant (Floquet determinant) of H is defined by

N(z) = %Tr [®(2, 29 + a,z0)]

(C.5)
= [e(z,z0 + a,z0) + 5 (2,20 + a,20)] /2, z € C.
We note p
—AN(z)=0, z € C. (C.6)
dﬂ?o

One has the product representation

A(z)? —1=d*(Ey — 2) nIeIN [(Ezn_l — 2)(E2n — z)a* /n47r4] ,z € C, )
—co< FEy<E,SEy<EBEs<Esf<..., '

where Ey, Eqn—1, E4n,n € N are the zeroes of A(z)—1 and Fsn41, Eany2, n € N,
are the zeroes of A(z) + 1 counting multiplicities.
The spectrum o(H) of H is then characterized by

Theorem C.2. Assume (H.C.1). Then the spectrum of H is purely absolutely

continuous of multiplicity two and has a band structure of the type

o(H) =0, (H)={Ne RIAN)| <1} = U Th,
neN

C.8
On = [EZ(n—l)aE2n—1] , N E Na ( )
op(H) = ose(H) =10
Next we introduce the Riemann surface R associated with
R(z)}/? . = [A(2)? - 1]1/2 resp.
(C.9)

R(2)'? . = [(Ey — 2) I (Ezn—1 — 2)(Ezn — 2)(a* /n'n" )z,

n

Denoting

(E2n—1,E2n), Eon_y < Epp

,n €N, C.10
O), E2n—1 = E2n " ( )

po = (—00, Ep), pn := {
we collect the spectral gaps of H in

pr =R\a(H) = | | pa, (C.11)
n€ly

where Iy := I U {0}, I C N indexes the open spectral gaps of H, i.e., those p,’s
such that p, # 0 iff n € Iy. Then R is realized as a branched Riemann surface
in the canonical manner: Form two copies I1.4 of the cut plane

II:=C\pyg (C.12)
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and paste them together such that the upper rims of the upper sheet Il are
connected with the lower rims of the lower sheet I1_ and vice versa. The genus
g of R is then determined by

g = card (I) (0 < g < o0). (C.13)

If g = 0o, R is punctured at oo and represents a noncompact Riemann surface.
If ¢ < 0o one adds the point {oo} to R and obtains a compact (hyperelliptic)
Riemann surface. Let

B = {Eo,E2n~1,E2n, n ¢ I} (C14)

then the set of branch points of R is given by B if ¢ = oo and by B U {oo} if
g < 00. Any point P # oo of R is represented by

P= (z,R(z)1/2) zeC, (C.15)

where z denotes the projection of P onto C and the value of R(z)!/? (for P €
R\B ) indicates on which sheet P is lying on. The upper sheet Il is characterized
by the fact that we define R(z)'/? and R(z)'/? to be negative (resp. positive)
on the upper rim (resp. lower rim) of the cut po = (—o0, Ey) and analytically
continue on I1; (the signs of R(z)'/?, R(z)'/? on I1_ are then just reversed).

The monodromy matrix M(z,zo) is defined by

M(z,x0) := ®(2,20 +a,z0) € SL(2,C), z € C, (C.16)
and hence
det[M(z,z0)] =1, Tr[M(z,z0)] = 2A(2), z € C, (C.17)
and
O(z,z +a,z0) = M(2,2)®(z,z,20),2 € C, z,20 € R, (C.18)

by (C.3)-(C.5). The so called Floquet multipliers m4(z), the eigenvalues of
M(z,z0), are then solutions of

m? — 2A(z)m+1=0, z € C, (C.19)
This yields an analytic map
m: R — Co, m(P)=A(z)+ R(2)"? P=(z,R(2)}?) (C.20)

(Coo := C U {00}, the one point compactification of C, homeomorphic to S?%)
and hence m4(z) are given by

m+(z) = A(z) £ [A(2)2 - 1)/2, z T, (C.21)
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We have
—imi(z) =0, z €14, (C.22)
o
mi(z)m_(2) =1, my(2) + m_(z) =240(2), zelly (C.23)
and

1 1

M(z,20) <¢i(z,l"o)> — ) <¢i(z’$°>> - ml(m)’ (C.24)

d+(z,x0) 1= [m(z) — c(z,z0 + a,z0)] $(z, 20 + a,20) ",
€ MT4(20) 1= T\ {an(@0)nen,
where p,(zo) are the zeroes of s(z,z0 + a,20), i.e.,

s(un(zo), o +a,z0) =0, n € N. (C.25)

The Floquet solutions (resp. Baker-Akhiezer functions) of H are then defined
by

Vi(z,z,20) 1= c(z,z,20)+ d+(z,20)s(2, T, 20), z € Iy (x0), z,20 € R. (C.26)
They satisfy
Yi(z,z +a,z0) = ma(2)x(z, 2, 20), 2z € My (z0), , 70 € R, (C.27)
by (C.23). Moreover, we have

l/)i(zal'Oa'rO) = 17 zZ € Ca Ty € Ra (C28)

V(A z, o) =_(Nz,20), AN €Eo(H), z,z0 € R, (C.29)

W (h-(2),$4(2)) = [m4(2) — m_(2)]s(z, 20 + a,20)”"

. C.30
= 2R(2)"?s(z,z0 + a,20) 7", z € M4 (o), (€30

and
Hl/)i(z,l',mo) = Zl/)i(z,m,mo), z € ﬁ+($o), z,z9 € R, (C31)

in the sense of distributions. In particular, (C.30) shows that _(z,z,z0) and
Y4 (z,z,z0) are linearly dependent precisely at the band edges, i.e., at the branch
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points in B. Moreover, one can show that Hi = M), A € R has two linearly
independent solutions of the type

AN >1 (me(N) =e ke R\{0}): e*"pi(z), e "*py(z),
AN <=1 (me(N) = —et*%, ke R\{0}): e*"pi(z), e "Cpy(z),
AN = 1(mge(A)=1):
p1(z), pa(z) if (N, 20 + a,20) =0 = s(\, 2y + a,x0),
p1(z),zp1(z) + p2(z) if ¢'(A,zo +a,z0) # 0 or s(A,zg + a,z0) # 0,
AN =—1 (mg(N)=-1):
e'™/%p (z), €™/ py(z) if '(N, 0 + a,z0) = 0 = s(\, 2o + a, z0),
ei”/apl(m), ei”’:/“[mpl(az) + p2(z)] if (A, 2o + a,20) # 0

or s(A,zo + a,z9) # 0,
(C.32)
where pj(z + a) = pj(z),  €R, j =1,2.
Finally we briefly discuss periodic Dirac operators. We introduce

(H.C.3). Suppose ¢, ¢' € C°(R) are real-valued and periodic with period a > 0.
Assuming (H.C.3) we define in L?(R)

A::i—i—gf)onHl(R),

dz
d? d?
H :=A"A=——+V), Hy:= AA" = —— + V3, (C.33)
dz? dz?

Vi(z) = ¢(2)* + (=1 ¢(2), j = 1,2, z €R,

and

Q:= 0-4%) on H'(R)® C? (C.34)
A 0

in L*(R) ® C*. Denoting by cj(z,z,20), s;j(z,2,%0) the fundamental system

(C.2) for Hj, 7 = 1,2, a fundamental matrix ®o(FE,z,zo) for () 1s defined by

1A, z,20) — d(z0)s1 (A, z,20) Esi(Az, o)

Bo(E,z,50) = | L2 %0 T JE>0

Q(E,z,0) < E-1A(er — ¢(zo)s1)(A,z,z0)  (Asy)(A,z,z0) =Y

[ —(ATs2) (N z,x0)  —ET[A%(e2 + ¢(xo)s2)](A, 2, 20)
@Q(E,m,xo) o ( Eso(X,z,20) c2(A,z, o) + ¢(z0)s2( N, z,20) ’
E <0,
Qo(E, zo,z0) =1, EFER; A = E? 2,20 €R.
(C.35)
The discriminant Ag of () is then defined by

No(E) =27'Tr[®q(E,zo + a,20)], E € R\{0}, (C.36)



170 On the modified Korteweg-de Vries equation

and both, (C.35) and (C.36) extend to all Z € C by analytic continuation. De-
noting the discriminant and fundamental matrix of H; by Aj(z) and ®;(z,z, zo),
j = 1,2 we infer that

co(z, 2, 20 ),
se(z,z,20),
C.37
ci(z,2,20) = A {27 ¢(z0)c2(z, 2, 70) — [1 — 27 ¢(z0)?]s2(2, 2, 20)}, (C.37)
si(z,z,z0) = A™{z a2, 2, 20) + 27 p(20)s52(2, 2, 20) }; 2 € C\{0},
are satisfying
Hjci(z) = zcj(z), Hjsj(z) =zs;(z), 1 =1,2, z € C\{0}, (C.38)
and
@j(z,l’o,.ro) =1, z € C\{O} (C39)

Thus (C.5) and (C.36) together with (A.3) and (C.8) (or Theorem A.1 (ii1))
1mply

Theorem C.4. [GSS] Assume (H.C.3). Then H, and H, are isospectral
o(Hy) = o(Hy) (C.40)
and Theorem C.2 applies. Moreover,
No(Z) = D(2) = Da(z), Z2 =2, z€ C. (C.41)

Finally, Theorem A.1 and C.2 combined yield

Theorem C.5. Assume (H.C.3). Then the spectrum o(Q) of Q is purely
absolutely continuous, symmetric with respect to zero and of multiplicity two

0(Q) = 0.(Q) = {E € R| |Ag(E)| <1} = U zn’
nem {0}

Zn T [E;(/j—l)’E;/f—l} , Z_n = - Zn, n€N, (C.42)

p(Q) = 04c(Q) = 0

with E,, n € Ng, Eq > 0 the zeroes of A(z) x 1, where A(z) := Aj(z), z € C
(cf. (C.41) and (C.7)).

Appendix D. (Anti) periodic, Dirichlet, and Neumann spectra,
Borg’s theorem, FIT-formula

2
Here we first consider the operator T2 + V on the periodicity interval
T

(zo,z0 + a) with various boundary conditions at zg,z¢ + @ and then discuss
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Borg’s theorem and the FIT-formula. In addition to the general references
quoted at the beginning of Appendix C we refer to [Po-Tr].
Throughout this appendix we shall assume

(H.D.1). V € CX(R) real-valued.
(Here C3°(R) denotes the C'*°(R)-functions of period a > 0.)
Introducing H? in L%((xo,zo + a)) with periodic boundary conditions by

d2
H? . = ) +V,
D(H?) : = {g € H*{(z0,0 + a)) | g((0)s) Db
= g((zo + a)-), 9'((z0)+) = g'((v0 + a)-)}
one obtains
o(H?) = {Eo, Esn-1, Esn}nen (D.2)

Similarly, HAF in L?((xq, 2o +a)) with antiperiodic boundary conditions defined
by

HAP _—E—-FV
D(HAT): = {g € H*((20,20 + a))| g((20)+) (D.3)
= —g((zo +a)-), g'(( 0)+) = —_C]/((a:o +a)-)}

has spectrum

o(HA) = {Esn+t1, Bant2}nen, (D.4)

where E,,,n € N, are given by (C.7). The corresponding Dirichlet and Neumann
operators HP and H" in L%((zo,y + a)) are then given by

HP = —
da? v (D.5)

D(HP):={g € H*((x0,2z0 +a)) | g((z0)+) =0 = g((zy + a)-)}

with simple spectrum

U(HD) = {pn(z0)}nen, #n(z0) € [Ean—1, E2nl, n €N, (D.6)
and
d?
N . — v,
C da? + (D.7)

DH"Y):={g € H*((z0,20 +a)) | ¢'((z0)+) = 0= g'((z0 +a)-)}
with simple spectrum

U(HN) = {Vn(mo)}nENoy UO(‘TO) S EO, Vn(-rO) € [E2n_1,E2n],’l’l - N. (DS)
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d
Denoting the zeroes of —CTA(z) by
z

{)‘n}nEN (D_Q)

one obtains

—o00 < vp(zo) £ By < By < pi(zo), vi(zo), M1 £ B2 < Es < pa(w0), va(zo),
)\QSE4<E5S...,

(D.10)
1 To+a
_ ot -3
E(zzzl) noo @ -+ o di(m) + O(TL ), (D.ll)
To-+a
Vi@ e e = St o [ V@0 (D2
Hn\Zo )y Un O;nn:ooa o x n 12
and for the asymptotic widths of gaps [Hoc 1]
|Eopn — Eon—1| = 0(n™?) for all p > 0. (D.13)
We also note the formulas
s(z,z0 +a,z9) = a IEIN[un(mo) — z](a*/n?7?), z € C, (D.14)
c'(z,z0 + a,z0) = alvo(zo) — 2] IEIN[z/n(mO) — 2)(a*/n*7r*), z€ C, (D.15)
a4 — 2 2/ 2 2

. N(z)=—(a"/2) nIEIN[)\n —z)(a” /n°7?), z € C, (D.16)

d

d—zs(z,xo + a,zo) =
_ 2/ 2 2 Y 2/ 2 2
a ) (@ /m*n*) I [pn(z0) = 2)(a*/n’n®),z € C, (D.17)
m=1 n#m
d

g;s(ﬂn(l"o),l"o +a,z0) =

— (@/n*7) T [um(z0) — pn(@o))(@ fm*e?), n €N (D.18)
m#n
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The normalized Dirichlet g,(z,z9) and Neumann h,(z,z) eigenfunctions of
HP and HV are then given by

gn(z,20) = cP(20)s(pn(z0),z,20), n €N, z € R, (D.19)

ho(z,20) = ¢ (z0)c(vn(zo), z,20), n € Ng, = € R, (D.20)
with the norming constants

zo+a

[eP(z0)]” / dzs(pin(z0), T, o )

(D.21)
, d
=S (/Ln(l'o),l'o + a7$0)—g{;—8(un($0)7‘r0 + a,CL’O), n € N
zo+a
[N (20)]72: = / dzc(vn(zo), z,20)*
Zo (D22)

= —c(vn(z0), 20 + a,z0) ' (vn(z0),z0 + a,z0), n € No.

dz

Remark D.2. In addition to (C.7) one also has the formulas

A(z) —1=a*(Ey — 2) nIEIN(E4n_1 — 2)(Egn — 2)[a*/(2n)*7?], z € C, (D.23)

Alz)+1= ngNO(E4n+1 — 2)(E4n — 2)[a*/(2n + 1)*7*], z € C, (D.24)

which together with
A(N) N cosh(|)\/?a) (D.25)

prove that A(z) is determined by o(H?) or by o(HAF) alone.
At a Dirichlet eigenvalue we have

s(pn(z0),z0 + a,20) =0, n € N, (D.26)
and hence
c(n(20), o + a,20) = 8'(n(20), zo + a,20) ™", n €N, (D.27)

since W(c(z), s(z)) = 1.
Given a fixed potential V; satisfying (H.D.1), we define the isospectral manifold
(Vo) of Vp by

I(Vo) ={V e C°(R)|E(V) =E,(Vo), n € No}. (D.28)

Borg’s theorem then reads
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Theorem D.3. [Bor] The map

I(Vo) 3V — {pa(20), cr (20)}nen (D.29)
is Injective, or equivalently, by (D.14), (D.21), the map
I(Vo) 3V — {pa(z0), $'(1n(20),20 + @,%0)}nen (D-30)
1S 1njective.
Remark D.4. Actually, s'(un(z0), 20 + a,z0) is determined from A(p,(zo))
up to a sign ambiguity since (C.5) and (D.27) yield
20 (pn(z0)) = 8" (un(z0), 2o + a,20) ™" + s'(un(x0), 20 + @, z0), n € N, (D.31)
and thus
s'(pn(zo), Zo + @, o) = Alpn(z0)) £ [A(un(z0))* — 1172, ne N.  (D.32)

It is precisely this sign ambiguity that is fixed by the norming constants ¢2(2)
since

s'(pn(zo), 2o + a,z0) =
d —1

d_zs(’un(mo)’ To + a,zo) [CT?(LL'())] _2’ neN (D.33)

(cf. (D.21)). (However, this sign ambiguity is a genuine one only if u,(zg) € pn.
In fact, if pn(zo) € Opn = {E2n—1, E2,}, this ambiguity vanishes since then
Apn(z0))* =1.)

Thus one can rephrase Theorem D.3 as

Theorem D.5. Assume (H.D.1). Then the map

I(VO) 5V — {ﬂn($0); an($0)|A(/‘n($0))2 - 1|1/2}n€[ (D'34)

is i;ljective, where o,(z¢) = % denotes the sign of R(pn(20))/? = [A(pn(z0))? —
1172 e,

 (1n(20), 20 + ,20) = Apn(20)) + oal20)| Aln(20))? — 1]'/2, n € T (D.35)

and I C N indexes all open gaps pp, n > 1 of H (ie., n € I iff p, =
(E2n—1, E2n) ?é O))

Remark D.6 Theorem D.5 implies in particular that the specification of
o(HP) = {pn(z0)}nen alone is insufficient to determine V uniquely. In ad-
dition one must specify the sheet II. or II_ on which the point P, := (un(zo),
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R(pn(20))/?) € R lies (unless pn(zo) € B). By opening up the cuts p,,, n € I
on C to circles S}(Vy), the right hand side of (D.34) may be realized as a g-
dimensional torus (¢ = card (I)) T9(V,)

Tg(%) = n?érsrll(x/o)’ Srll(%) = [EQn—l, EQn] X {+’ —"}’ (D36)

Pa(V) i = (pn(0), oa(20)) € Sa(Vo), on(w0) = sgn R, (w0))'/?, n € 1,
and hence the map
I(Vo) 2V = {pa(V)}ner € T?(W0) (D.37)

is injective. Actually, it has been proven by [Mc-Tr 1] that the map (D.37) is
bijective.

The torus 79(V, ) can be explicitly realized by the Finkel, Isaacson, Trubowitz
(FIT) formula.

Theorem D.7. [FIT] (see also [Bu-Fi], [Iwa], [McK1]) Let V € I(Vy), p; :=
(25(z0),65(z0)) € S}(Va), j € Jn €1, card (Jn) := N < g. Define

. 2

A d
VN(-'L',pj, J € ']N) L= V(.’L’) ~2EI‘~2—1HW <¢&jl(ro)agj1"" 7¢6’j‘,\,(ro)7gj1v> 3

reR,

(D.38)
where W (...) denotes the Wronskian, Jy = {j1,... < jn}, j1 < j2 < ... <
Ins and Yo, 2oy = s, (z0) (f5,(20),2,20) and g;, = g;, (15, (20),2) are the
Floquet functions (C.26) and Dirichlet eigenfunctions (D.19) of H and HP.
Then VN is the unique point in I(Vy) with coordinates

- ﬁn’ nE ']N7
n 1% =
Pa(Viv) {pn(V), ne I\Jn.

If g = o0, VN(x,ﬁj,j € Jn) and all its derivatives converge uniformly as N T oo

(D.39)

to a potential V(z) with torus coordinates

" ﬁ'n? n € ']a
pn<V>={ =1 JIn (D.40)
pa(V), ne I\J NeN

Consequently, (D.37) is bijective.

Remark D.8.

(1) If fin,(z0) € {E2ne—1, E2n, } then the specification of 6,,(zo) becomes
superfluous (see Remark D.4) which is reflected in the fact that
Vi (fing(20),Z,20) = ¥ (finy,(20),z,20) (cf. (C.30)) in this case.

(i) If fin,(20) = pn,(z0), then s (40)(2,2,20) has a pole at z = fi,, (z0)
and the right hand side of (D.38) is defined by a limiting process. (This
case occurs if one simply wants to flip the sign of o;(zo ), or equivalently,
if one changes p;(V') from one sheet to the other keeping the projection
pi(zo) of p; onto C fixed.)
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Appendix E. Trace relations

In this section we recall trace relations for H?, i.e., the connections between
V(zo) and a(HP) = {{tn(20)}nen and present the first order differential system
for pn(zo + t) corresponding to V(z + t), t € R.

Assuming (H.D.1) throughout this section, we first consider translates of V

Vi(z) :=V(z +1), (t,z) € R? (E.1)

and add the suffix ¢ to all the quantities associated with

2

ot = — L +V(-+1t)on D(HP), t €R, (E.2)

dzr?

such as u (zo), c*(z,z,20), s'(z,z,z0) etc. The following quantities are invari-
ant with respect to translations

E = E,, n €N,
ANY(z) = A(z), z €C, (E.3)
ml (z) = my(z), z € I4; t € R,

while
®(z,z,20) = ®(2,z +t,zo + 1),z €C, (t,z,z0) € R?, (E.4)

implies, in particular,

s'(z,z0 + a,z0) = s(2,20 + a,20)01 (2,20 + t,20)—(2,T0 +t,20)

E.5
=s(z,z0 +t+a, ro+1), z € C,(tzo) € R ()

Moreover,
pn(20) = pn(z0 +1), n € I,

E.6
E2n—1 == /‘:1(330) = E2n’ ne N\I ( )

The t-dependence of ut(zy) is governed by
Theorem E.1. [Tru] Assume (H.D.1). Then the system

JdEeERnel, (ET)

—d—u (zo +t) = (2n%72/a®)[A(pun(zo +1))? — 1]1/2
dt n 0
€

J_HN[ﬂj(ﬂfo +t) — pn(zo + t)](a?/j272)
i#n

with the initial conditions

(pn(20), R(pn(20))/?), ne I, att =0 (E.8)
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has a unique solution pn(zo + ) € C°(R) that does not pause at the simple
eigenvalues {Eyn_1, E2,}, n € I. The sign op(z0) of [A(un(z0))? — 1]1/2 in
(E.8) is chosen according to (D.35), i.e.,

d

[A(pn(z0))? — 1]7 = Es(ﬂn(%)’l"o +a,20)7"2cE (20) 7% — Apn(z0))

= [SI(/’I’TL(‘TO)?‘TO + a,.’L'o) - C(/,Ln(.’ll'o),l'o + a,mo)]/Q, n e I

[

(E.9)

Remark E.2. As ¢ runs through [0,a), pa(t) := (pn(zo +t)),0n(z0 + 1)), n €
I runs clockwise through the circle S}(V), changing sheets whenever it hits
Esn—1, Eyy, making n complete revolutions.

The trace relations for H? finally read

Theorem E.3. [Flaj, [Ge-Le], [Iwa], [Lev], [Le-Sa], [Mar], [Tru] Suppose V
satisfles (H.D.1). Then

Zo+a zo+a
1 - 1
Viz)=—= / dyV (y Z 272 /a?) — = / dyV(y) — pa(z)| , z € R,
a vt a
(E.10)
=Eo+ Y [Ean-1+ E2n—2un(z)], z €R. (E.11)
nel

Remark E.4. Theorems E.1 and E.3 not only provide a solution of the in-
verse, periodic problem (i.e., to recover V(z) given (un(zo), on(z0)), n €
I, pn(zo),n € N\I) but they also prove Theorem D.3 (resp. D.5) and the
fact that the map (D.37) is bijective [Mc-Tr 1].

Appendix F. Connections with a Riccati-type equation

Here we summarize some of the results in [Da-Ta] and [Bu-Fi].
We assume (H.D.1) throughout this section.
Given the definitions of ¢4 (z,zo) and Y1 (z,2,20) in (C.24) and (C.26), we also
introduce

dr(z,20): = 2_13(2,3:0 +a,z0)" " [s'(z,20 + a,z0) — (2,0 + a,z0)], (F.1)
z & C(mo) = C\{ﬂn($0)}n€N .
b1(z,x0) := —1s(z,z0 + a,z0) " A(2)2 — 1]1/2, z € T4 (z0) (F.2)
such that )
¢+(2,20) = dr(2,20) £ id1(2,70), 2 € 14 (20), (F.3)
__1d, C F.4
dR(2,T0) = ~ 5 dae n[@r(z,20)], z € C(zo). (F.4)
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This yields the Riccati-type equation

b+(z,2)% + ¢l (z,2) = V(z) — 2, 2 € C(z). (F.5)
Since also % In[yp4 (2,2, z0)] satisfies (F.5) we obtain
d R
d+(z,z) = 1o Inf¢pi(z,z,20)], z € (), (F.6)

(since it holds at z = z¢) and hence

Ya(z,2,20) = exp{/dyéi(z,y)}’ z € M4 (o). (F.7)

0

Together with (F.3) and (F.4), (F.7) implies

_ ¢1(z,z0)  s(z,z+a,z) .
V- (22, 20004 (2, 2,20) = ¢r(z,z)  s(z,z0 +a,z0)’ z € C(zo). (F.8)

We also note that

W (- (2),9+(2)) = 2i¢1(2,20), 2 € [} (zo), (F.9)
by (C.30) and (F.2). Combining (F.1)-(F.4) and (F.8) we finally obtain

+[A(2)? —1]1/% + %% {s(z,z0 + a,z0)_(2,2,20 )¢+ (2,2,20)}

3(2,330 + a,.’)ﬁo)l/)_(z,.’lf,.’lfo)l/)_}.(Z,CL',.’L'())

£AGP =11+ 57 {0 I unle) = 2l |

@ T [inl®) — #](a2 /n27?) ’

d+(2,7) =

LR+ T an(e) - e fnn?)
— o z n€ (@ min , z € 4 (x),
I [un(e) — z)(a? /n?7?) (F.10)

(cf. (D.14), (E.5) and (E.6)). It remains to study the behavior of ¢4(z, o) for

z near Dirichlet eigenvalues un(zo), n € N.

LemmaF.1. [Bu-Fi] Assume (H.D.1)andleto € {+,—}. Then ¢,(z,z), = €
R\{y € R|gn(y, zo) = 0} is continuous at points z = pup(zo), n € N. In fact,

lim  go(z,z) = S Knl0)2,0) (F.11)

2 pn(z0) s(pn(z0),z,20)
d

= % 1Il[gn(l',l'0)], n e N,.’L‘ S R\{y € R|gn(y,l’0) = 0}
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Formula (F.10) together with (A.7), (C.42), (D.37) and Theorem E.1 also
settles the isospectral manifold I(do)

I(¢o) == {¢ € CZX(R)|En(¢®> £ ¢') = En(d3 £+ ¢3), n € N} (F.12)

for periodic potentials ¢ in the Dirac operator @) given by (C.34). In fact, for
g > 1, the maps

I(¢0) 3 ¢ — ({pn(¢* £ ¢')}ner,0) € T(d5 £ ¢y) X Zy

if 0 e o(Q), g>1, (F.13)

and

I(¢o) > ¢ — ({pn(¢® £ ¢" )} ner,0,0") € T (5 £ ¢y) X Ly X Ly
if 0¢o(Q), g1,

are bijective. Here ¢ = +1 describes the overall sign ambiguity in ¢ (i.e.,

+¢(z) are isospectral due to (A.7)) and o' = £1 describes the +-sign in (F.10).
(For g = 0, I(¢o) = {0} for Eo(43) = ¢35 = 0 and I(¢o) = {|¢ol, —[dol} for
Eo(¢5) = ¢5 > 0.)

Example F.2. [Ges 1], [GSS] g = 1.

() has spectrum

(F.14)

o(Q) = (—o0,—E; P U —E}* —E 1 U E,? E{* U B}, o0),
P'(z +w' + o) — P (bo) (F.15)
Pz +w' +a)—Pb)

0<Ey< Ei < E; iff ¢(z) =(0/2)
where

a €R, 0 =41,0'=+1, Eg = P(by) — P(w),E1 = P(bo) — P(w +w'),
E; = P(by) — P(w') (F.16)
and P(.) := P(.,w,w") denotes the WeierstraB P-function with halfperiods w,w’
(w>0,—w' > 0).

Example F.2 extends Hochstadt’s result (see Example F.3 below) in the con-
text of periodic Schrodinger operators H to the case of periodic Dirac operators

0.
Example F.3. [Hoc 3] (see also [Fla]) g = 1.
H has spectrum

o(H) = [Eo, E1] U [Ez,00), Eo < Ei < Ej, F.17
iff V(2) = 2P(z + o' +a) +C, o

where

«€ER, Eg=C—Pw),Ey=C—Plw+w'),E,=C—Pw'). (F.18)
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Appendix G. The case g <

Since many expressions in Appendices C-F considerably simplify in the case
of finite genus 0 < g < oo, we list some of the relevant formulas in this appendix.

First of all (C.8) simplifies to

{ U [E2n—2, E2n—1] U [Ean,, 0), g > 1,
o(H) =< n€l

[Eo,00), g =0, (G.1)
g = card (I) < oo, Ny :=max(])
and
po = (—00,0), pn =0, ne N\I, (G.2)
Eon-1 = pin(z) = vp(z) = Ap = Ean, n € N\I, z € R. (G.3)
The Riemann surface R becomes a hyperelliptic one of genus g < oo, denoted
by R, associated with

1/2

Ro(2)Y/? := |(Ey — 2) I (Ean1 = 2)(Ezn — 2) (G.4)

by splitting off the double zeroes (G.3) in R(2)'/? = [A(2)? — 1]'/% (cf. (C.7)
and (C.9)). (F.2) and (F.8) turn into

61(z.2) = —iRo(D T fun(@) =27, z € Male),  (G)
b-(2,2, 204 (2,7,20) = 1L {a(®) — 2lfun(z0) ~ 217", 2 € Elz0).  (G.6)
(G.5) and (G.6) together with (C.25) imply

Lemma G.1. [Dub], [It-Ma], [NMPZ] Assume (H.D.1) and g < co. Then
(., z,20) : Ry = Co has g simple zeroes at {pn(z)}ner and g simple poles at
{tn(zo)}ner

Combining (F.3), (F.4) and (G.5), (F.10) becomes

d+(z,z) = E[[ﬂn(ﬂf) ] ,z € (). (G.7)

The system (E.7) turns into

d 2Ry (pn(z0 +))'/2
— pn(Tg + 1) = nelteR, G.8
7 Py Ry ) 69
J#n
(here I ...=1for I =0, 1ie., for g =0).
J.if
VEXD

Next we mention Hochstadt’s theorem.
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Theorem G.2. [Hoc 2] (see also [McK 2], [Mc-Mo]) Assume g = card (I) <
oo and let ) := {Eo, E2n—1,FEon}ner be the simple periodic and antiperiodic
eigenvalues of HP HAF (cf. (D.2), (D.4)). Then Y, determines the double

periodic and antiperiodic spectrum of H (i.e., all degenerate eigenvalues of H”

and HAF) as well as the roots {\, } nen of?d—A(z). In particular, ), determines
z
A(z), z € C.

Finally, adopting the notation in (C.42), ¢(Q) becomes

o@ =Y Ud U0, —ERIVIEL 00). (G.9)

nel
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Integrodifferential Equations
with Nondensely Defined Operators

RoONALD GRIMMER
HeTAO LiUu

Department of Mathematics, Southern Illinois University

1. Introduction

We are concerned with the equation

t

X(0) = AX(0) + [ (Fe— 94+ K= )X()ds +f6),

X(0)=X

in a Banach space X with A a not necessarily densely defined linear closed
operator defined on X, while ' and K are bounded linear operators on X.

There are many studies of (1.1) when A generates a Cy-semigroup, eg. [4],
[6-9], [11-12], but [2] is the only previous study of an integrodifferential equation
involving non-densely defined operators with which we are familiar. The initial
value problem

X'(t) = AX(t) + f(1),

X(0) = X (1.2)

with A not necessarily densely defined has been studied by Da Prato and Sines-
trari [5], Arendt [1] and Thieme [14]. Specifically, it was shown in [1] and in [5]

This work was partially supported by NSF.
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186 Integrodifferential equations with nondensely defined operators

that if A satisfies resolvent estimates of the Hille - Yosida type, then X € D(A)
and AX + f(0) € D(A) implies that (1.2) has a unique classical solution.

Also, it is shown in [5] that if A satisfies the estimates of Hille - Yosida type
then the equation

—ngfxm@+A%@@ (1.3)

has a unique D(A)-valued solution for any X € D(A) and f locally integrable.
(Solutions of (1.3) are called integral solutions of (1.2)).
For more general integrodifferential equations of the form

0t = [ Avt - sy ds) (14)

where n is of bounded variation and is exponentially bounded, Arendt and
Kellerman, [2], developed the theory of an n-times integrated solution family
so that under some Hille-Yosida type conditions involving the generalized resol-
vent (A — H(A)A)~! (with 7} being the Laplace transform of n ) it is proved that
there is an n-times integrated solution family for (1.4). Hence for appropriate
(X, f), (1.4) has a unique classical solution. Integral solutions of (1.4) were not
studied in [2].

In this paper, we shall only consider n-times integrated semigroups withn = 1,
that is integrated semigroups, and their application to (1.1). In Section 2, we
recognize that the integral solution of (1.2) agrees in some sense with the weak
solution of Ball [3]. This enables us to prove that the existence and uniqueness
of solutions to (1.3) and that A|[(A — A)7!|| < C < o0, A\ > w, is also sufficient
for A to satisfy the resolvent estimates of Hille - Yosida type. Thus one can
get a generation theorem for integrated semigroups analogous to the generation
theorem for semigroups. In Section 3, we look at (1.1) in the strong form. We
assume that A satisfies the Hille - Yosida type estimates and that f is contin-
uously differentiable. Then we can prove under certain smoothness conditions
on F'(-) and K(-) that (1.1) has a unique classical solution iff

X € D(A), AX +f(0) € D(A). (1.5)

That is, we get the same condition as required for (1.2). In doing this we use
methods as in [12] and [8] to write (1.1) as

(1)~ Crodny 22 (5
0, (f0Y (1.6)
X v
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and prove that A generates an integrated semigroup in an appropriate product
space .

Note that in case F(t) and K(t) are scalar functions, (1.4) is more general
than (1.1). The difference is that for this particular problem (1.1), if we set it
into the form of (1.4) and try to get the classical solutions, then we must check a
Hille - Yosida type condition involving the generalized resolvent to see whether
it generates an n-times integrated solution family. This is, in general, not easy.
Also, the sufficient conditions on initial data and f for (1.4) to have a classical
solution (when there is an n-times integrated solution family) in [2] are

X ¢ D(An+1), fe CnHH([O,T],X), f(k)(o) = D(An"k),

(1.7)
k=0,1,....n—1, n>0.

We only impose resolvent conditions on the operator A, and require the condition
(1.5) which is weaker than (1.7) with n = 1.
In Section 4, we look at (1.1) in the integrated form

X(t)— X = .A/;X d&+A%F@—sﬂb+K@—sDA%XWﬁMds

/f (1.8)

Note that Thieme [14, section 6] studied the integrated solutions of (1.2) by
integrating (1.2) twice to get

V(i) —tX = A‘/OVV(s)ds +/0 (t —s)f(s)ds (1.9)

and proved that if A generates a non-degenerate integrated semigroup S(t), then
the unique solution of (1.9) for any X € X is given by

V@:S@X+Asw—mﬂmm.

In addition, Thieme has shown (taking f = 0) that A generates a non-degenerate
integrated semigroup iff for any X € X,

A/ syds+tX, t>0,

has a unique solution V(¢) such that ||V (¢)||] < C(t)||X| with some C(¢) > 0
not depending on X. Since we consider the integral solution of (1.1), (that
is only integrate (1.1) once), and we want our integrated semigroup to satisfy
a Lipschitz condition in order to use a perturbation result we cannot use the
results of [14] here. However, in Section 4 we will see that if the strong derivative
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F'(t) exists the results of Section 2 will show that A satisfies the Hille - Yosida
estimates iff A|[(A — A)7!|| < C < oo, A > w, and (1.8) has a unique continuous
D(A)-valued solution for any X € m and f locally integrable. (Solutions of
(1.8) are called integral solutions of (1.1).) In doing this we write (1.1) as the
system

CORERDICH
(e)-(3)

and apply the results in Section 2 to (1.10).

Finally, in Section 5 we show that the one-dimensional wave equation with
Dirichlet boundary conditions can be written as a 2 x 2 system considered on
C[0,1] x C[0,1] and that when considered abstractly, the associated operator
generates an integrated semigroup. Thus one can apply this theory to certain

equations arising from problems in viscoelasticity. For further results concerning
symmetric hyperbolic systems we refer to [10].
2. Generation of Integrated Semigroups

Consider now the equation
W'(t) = GW (1) + () , W(0) = W, (2.1)

in a Banach space K with ¢ locally integrable and recall the following well known

results (cf. Pazy [13] and Ball [3] ).

Theorem 2.1. Let G be a densely defined closed linear operator. Then the
following statements are equivalent:

a) There exist M > 1, and o € R such that A\ > « implies A € p(A) and
[ = G)™ | < MJ(A— )", VA > a, n=1,2.3, ..

b) G generates a Cy semigroup.

c) (2.1) has a unique continuous weak solution W(t) for each W € K
and ¢ : [0,00) — K locally integrable. That is, for each V € D(G*),
(W(t), V) is absolutely continuous and

d

—d—t(W(t),V) = (W(t),G*V) + (¢(t),V), ae, W(0)=W.
where G* is the adjoint of G and (-,-) is the pairing between K and its
dual K*.

We now must formally define integrated semigroups.
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Definition 2.2. A family S(t), t > 0, of bounded linear operators on a Banach
space K is called an integrated semigroup iff the following properies are satisfied:

a) S(t)S(r fo (r+7r)—S(r))dr.

b) For any X € K, S5(t)X is a continuous function of t > 0 with values in
K.

c) S(0)=0.

Definition 2.3. An integrated semigroup S is called non-degenerate if and only
if S(¢)X =0 for all t > 0 implies that X = 0.

Definition 2.4. An integrated semigroup S is said to be of type (M,w) iff for
t, r>0

t+r
||S(t+r)—5(t)||§M/ e ds.
t

Definition 2.5. The generator G of S is defined by: Let XY € K, then
X € D(G) and GX =Y iff S()X € C'([0,00),K) and S'(+)X — X = S(¢)Y.

Definition 2.6. The part Gy of G in D(G) is

Go = G on D(Gy) = {W € D(G)|GW € D(G)}.

Remark. Note that the integrated semigroup as we have defined it is the once
integrated semigroup of Arendt [1].

We now can state the result parallel to Theorem 2.1.

Theorem 2.7. The following three statements are equivalent:

a) G is a (not necessarily densely defined) linear closed operator and there
exist constants M > 1, a« € R, such that A > o = )\ € p(G), and

(A= G) ™| < M/(A—a)",¥A>a, n=1,23,...

b) G generates a non-degenerate integrated semigroup S(t) of type (M, o).

c¢) For )\ sufficiently large, A € p(G) and limsup,_ . A||[(A — G)7}|| < oo.
In addition, for any W € m and q : [0,00) — K locally integrable,
(2.1) has a unique continuous m -valued ‘integral solution’ W(t),
ie, fort >0, W(t) € D(G) and

W(t)—W = GAtW(s)der/otq(s)ds.
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Proof. (a) <= (b) is proved in Arendt [1, Theorem 4.1 with n = 0]. (a) =
(c) is proved in Da Prato and Sinestrari [5, Corollary 7.3]. Thus, we need only
show (¢) = (b).

Suppose that (c) is valid. For X € D(G),

IMA =G X X[ =) -G GX]|
S ”)‘()"G)‘IX—X”**O, as A — oo.

As limsupy_ o A[(A — G)7!|| < oo, we conclude ||A(A — G)™'X — X|| — 0, as
A — oo, for X € D(G). Hence we see that Gy is densely defined in D(G). Note

that Gy is a closed operator in D(G) so the adjoint G§ of Gy is well defined on

(D(G))"
Next, for W € D(G), ¢ : [0,00) — D(G) C K locally integrable, we may

denote the unique D(G) - valued integral solution of (2.1) as W(t) = W(¢, W, q),
then fot W{(s)ds € D(Gg) and, hence, for each V € D(G}),

(W), V) = (W.V) + (G’/O W(s)ds, V) + </0 A(s)ds, V)
:(W,v>+/0 <W(s),G;;v>ds+/o (q(s), V) ds.

Therefore (W(t), V) is absolutely continuous and
d *
—(W(t),V) = (W(t),GoV) + (a(t), V) a.e.,

dt
W(0) =W

so W(t) is the weak solution of (2.1) in D(G). To prove the uniqueness of W (t),
let V(t) = V(t,W, q) be another weak solution corresponding to (W, q), then

(W)~ V(1)) = ( / (W(s) — V(s))ds,G3V), ¥ V € D(GS),
and, hence, [3],

/ (W(s) = V(s))ds € D(Gyp)

0

and

Go/o (W(s) — V(s))ds = W(t) — V(¢).
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Thus, W(t) — V(t) = 0 by the assumption that (2.1) has a unique integral
solution. Now it follows from [3] that Gy generates a Cy-semigroup on D(G).

Therefore (b) is valid as we know that if Gy generates a semigroup on D(G) and
lim supy_ o A[(A — G)7 Y| < oo then (b) is valid, [15]. In particular, if Ty(t) is
the semigroup generated on D(A) by Go then So(t) defined on D(A) by

t
So(t) :/ To(s)ds
0
can be extended to K by

S(t) = (A — Go)Se()(A — G) 7.

Remark. In D(G) ‘integral solution’ in the sense of Da Prato and Sinestrari
[5] agrees with the ‘weak solution’of Ball [3]. Thus, Theorem 2.7 is an extension
of Theorem 2.1 to the integrated semigroup setting.

Note that when G is densely defined , G = GGy, so we have :

Corollary 2.8. Let G be a densely defined closed linear operator. Then the
following are equivalent:

a) G generates a Cy semigroup.
b) Forany W € K and ¢q : [0,0) — K locally integrable,

t t
W(t)—W = G/ Wi(s)ds +/ q(s)ds
0 0
has a unique continuous solution in K.

3. Classical solutions of (1.1)

In this section we look at (1.1) in the strong form and write (1.1) as (1.6). We
first prove that A generates an integrated semigroup so that with appropriate
conditions on the initial data and function f, (1.6) has a classical solution. Next
we build some equivalent relations between (1.1) and (1.6) which enable us to
obtain classical solutions of (1.1).

Define F to be the space of bounded uniformily continuous functions on [0, c0)
into X with the usual sup norm and define Z = X x F with the usual norm.
Also, define 6 : F — X by 6f = f(0), and the operators F' and K on X into
F by (F()X)0) = F()X, (K(1)X)0) = K(6)X, 8§ > 0, X € X. Finally,

D = Ed(; is the generator of the Cy translation semigroup f(-) — f(t +-) on F.
Assumption 3.1. A: D(A) C X — X is linear and closed, (D(A) may not be
dense in X ), and there are w € R and M > 1 such that A\ > w = A € p(A) and

A=A S M/A—w) ™™, VA>w, n=1,23,...
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Assumption 3.2. Fort > 0, F(t) and K(t) are bounded linear operators on
X. ForXeX, F(WX € D(D), K(1) X € F.

Definition 3.3. Wesay that (U(t), ¢:) is a classical solution of (1.6) if (U(t), ¢¢)
is continuously differentiable in t, (U(t),¢:) € D(A) and (1.6) is satisfied for
t > 0.

Theorem 3.4. Let Assumptions 3.1 and 3.2 be satisfied and f : [0,00) — X
be continuously differentiable. Then (1.6) has a classical solution iff

(‘if) € D(A), A(§>+(f(()0>> € D(A).

Proof. Let Assumptions 3.1 and 3.2 be satisfied and consider
A= A o
- \F()A+K(-) D

:<Ff> 9)(3 %)(_}(,> ?)+(DF(.>°+K(.> 8)
= F + E,.

As D generates a Cy semigroup, it’s easy to show that diag(A, D) satisfies
Hille - Yosida type estimates. Thus, because F(-) is a bounded operator on
X — F by the Uniform Boundedness Principle, we see that E, satisfies Hille
- Yosida type estimates also. It follows from the Closed Graph Theorem that
E; is a bounded operator and so a standard argument from perturbation theory
shows that A satisfies the Hille - Yosida estimates. It now follows from Theorem
2.7 that A generates a non-degenerate integrated semigroup on Z. The result
now follows from [1] and [5].

Next we define Y to be the Banach space formed from D(A) with the graph
norm and use the following definition of a classical solution of (1.1).

Definition 3.5. X(t) is a classical solution of (1.1) if X(-) € C([0,00), Y) N
C1(]0,00),X) and (1.1) is satisfied for t > 0.

Theorem 3.6. Let Assumptions 3.1 and 3.2 be satisfied and let f : [0,00) — X
be continuously differentiable. Then (1.1) has a classical solution iff X € D(A)

and AX + f(0) € D(A). Moreover, (1.1) is wellposed. That is, X € D(A) and

AX + f(0) € D(A) implies that (1.1) has a unique classical solution X (¢, X, f).
For each T > 0, there is a constant M(T') so that for t € [0,T],

1X (6, X, )] < M(IX] + / 1£(s)]] ds).

Proof. One argues as in [9] that (1.6) has a classical solution iff (1.1) has a
classical solution and invokes Theorem 3.4.
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4. Integral solutions of (1.1)

In this section we look at (1.1) in the integrated form (1.8). Using the results
obtained in Section 2 and assuming that the strong derivative F'(t) exists, we
will prove that A satisfies resolvent estimates of the Hille - Yosida type iff (1.8)
has a unique continuous m - valued solution for any X € D(A) and f locally
integrable. First we consider the case when F(-) = 0 and use (1.6) in this case.

Then (1.8) and (1.6) become

X(t)—X:A/OtX(s)ds+/OtI\"(t—s)/OsX(u)duds+/Otf(s)ds, (4.1)

and
U(t) X A 6 /‘ U(s)) /‘ (q(s)
— = ., d ds. 4.2
( ¢t ) (¢0> (I‘(’) D) 0 ¢s ot 0 0 ’ (42)
Definition 4.1. Let f : [0,00) — X be locally integrable and X € D(A). Then
X (t) is said to be an integral solution of (1.1) if X(-) : [0,00) — X is continuous

and satisfies (1.8) fort > 0.

Lemma 4.2. The following two statements are equivalent:
a) For X € D(A), f:[0,00) — X locally integrable, (4.1) has a unique

continuous D(A) - valued solution.
b) For (X, ¢o) € D(A) x F and (q,0) : [0,00) — Z locally integrable, (4.2)

has a unique continuous D(A) x F - valued solution.

Proof. First assume b). For X € D(A), f:[0,00) — X locally integrable, we
have (X,0) € D(A) x F, and (f,0) : [0,00) — Z locally integrable. By b) we

know that (4.2) has a unique continuous D(A) x F - valued solution such that

U(t)_X:A/OtU(s)der(S/ot%dSJr/Otf(s)ds’ (4.3)

¢ = D/Ot $, ds + /OtK(~)U(s)ds.

Note that D generates the Cj translation semigroup 7(¢). Then from (4.3) and

[14],
/Ot% ds = /Ot(/otﬂ T(r)dr)K()U(s)ds

:/Ot/ot—sl((rJr-)U(s)drds
_ /Ot[((r+-)/0t—rU(s)ds dr

:/Otf((t—p+~)/pU(s)dsdp.

0
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Also,

6/0t¢sds:6/OtK(t—s+-)/osU(r)drds
:/OtK(t—s)/OsU(r)drds

Ut)— X :A/OtU(s)ds+/Otlx"(t~s)/osU(r)drds+/Otf(s)ds

and therefore U(t) is a solution of (4.1).
If V(t) is another solution of (4.1) corresponding to (X, f), then W =U -V

satisfies

thus,

W(t) = A/Ot W(s)ds + /OtK(t - s)/os W(r)dr ds.

Recall that D is the generator of a Cy semigroup. Thus, there exists ¥ such
that

e :D/Otz/)s ds+/0t K()W(s)ds

= D/Ot s ds+K(~)/0tW(s)ds.

)=, ) ()
wt B I(() D 0 ¢s
and therefore by the uniqueness assumption for solutions of (4.2), W(t) = U(t)—
V(t) =0, t >0, so the solution of (3.1) is unique.

Now assume (a). Let (X, ¢o) € D(A) x F and ¢ : [0,00) — Z be locally
integrable. Then (a) implies that

Thus,

Ut)— X = A/Ot U(s)ds+/0t1\"(t—s)/os U(r)dr ds

T / (do(s) + q(s)) ds,

¢t—¢o=D/0 ¢sd8+/0 K()U(s)ds

has a solution (U(t), ¢:). Again, as D generates a Cy translation semigroup 7'(t),

/Ot psds = /Ot T(s)do ds + /0‘(/;*8 T(r)dr)K()U(s)ds
:/Ot¢0(3+.)d8+Atl{(t_5+~)/osU(r)drd8
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6/0t¢sds:/Ot¢o(s)ds+/OtK(t—s)/osU(r)drds

and, hence, (U(t), ¢:) is a solution of (4.2). The uniqueness of the solution
follows easily.
Applying Theorem 2.7 to (4.2) we get

and

Theorem 4.3. The following three statements are equivalent:

a) A is a (not necessarily densely defined) linear closed operator and there
exist constants « € R, M > 1, such that A\ > a = X € p(A) and

IO — A < M/(A—a)", VA>a, n=1,2,3,...

b) A generates a non-degenerate integrated semigroup S(t) of type (M, a).
c) For A sufficiently large, A € p(A) and limsup, _, ., A||[(A — 4)7!|| < oo.
In addition, for any X € D(A) and f : [0,00) — X locally integrable,

X(t) - X =A/OtX(s)ds+/OtI\’(t—s)/osX(r)drds+/Otf(s)ds

has a unique continuous D(A) - valued (integral) solution whenever K (-)
satifies Assumption 3.2.

Proof. We know (a) <= (b) already. Note that (c) = (a) by taking K'(-) =0
and using Theorem 2.7. Thus we only need to prove that (a) = (¢). Now assume
(a) is valid. Then from the discussion in Section 3,

7= s ;i)

satisfies condition (a) of Theorem 2.7. Hence, Theorem 2.7((a) = (c)) implies
that (4.2) has a unique continuous D(A) x F - valued solution for each choice
of initial data. Therefore (c¢) is true by applying Lemma 4.2.

Now we are in position to get the integral solution of (1.1), i.e., the solution

of (1.8). We formally define V (t) by
Vi(t) = AX(t), V(0)=0,

and rewrite (1.1)

t

X(t) :AX(t)+/ F(t—s)V’(s)ds+/ K(t — $)X(s)ds + f(t),
V'(t) =AX(t).
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As we assume that the strong derivative F'(t) exists for ¢ > 0, integration by
parts with V(0) = 0 yields an equation whose integrated form is

(76) - () =(2 ") e [ ()
v (Ko s N (50 ) as (49

We now build some relationships between (1.8) and (4.4).

Lemma 4.4. (1.8) has a unique D(A) - valued solution iff (4.4) has a unique
D(A) x X - valued solution.

Proof. Integrate by parts.

Now assume that Assumptions 3.1 and 3.2 are valid and consider

(48 =)

Then for A > w, A >0,
-1 AN —A)! 0
A = Ay) _(,\(/\—A)~1—I I/

An easy estimate then shows that limsup,_, . A|(A — 4;) 71| < oo.

Now consider
(wh) (2 0)(ts)+ (26)

(v};&%)) :(@

Its integrated form is

(V};((tt)» - (vi) = (j 8)/; (v};((i))>d3 +/Ot (J;((g)ds (4.5)

Note that as A satisfies Assumption 3.1, the first equation of (4.5) has a unique
D(A) - valued solution Y'(t) so by setting

Y(s)ds+/0 q(s)ds

we get a unique D(A) x X - valued solution of (4.5). Now applying Theorem 2.7
((¢c) = (a)) to (4.5) we see that A; satisfies Hille - Yosida resolvent estimates,

Then from the discussion of Section 3, A; + A, also satisfies Hille - Yosida
estimates as A, is bounded. We next note that

(Ké.) F’O(~))

is bounded. Applying Theorem 4.3 ((a) = (¢)) we conclude that (4.4) has a

unique continuous D(A) x X - valued solution and, hence, by Lemma 4.4 we
have:

t

W(t):W+A/

0



Grimmer and Liu 197

Theorem 4.5. The following are equivalent:

a) A is a (not necessarily densely defined) linear closed operator and there
exist constants « € R and M > 1, such that A > a = )\ € p(A) and

(A=A <M/(A=—a)", VA>a, n=1,23, ...

b) A generates a non-degenerate integrated semigroup S(t) of type (M,w).
c¢) For A sufficiently large, A € p(A), and limsup, _ . A|(A — A)7 || < oco.

In addition, for any X € D(A) and f : [0,00) — X locally integrable,

X(t)—X = A/OtX(s)ds+/Ot(F(t—s)A+K(t—s))/osX(r)dr ds+/0tf(s)ds

has a unique continuous D(A) - valued solution whenever F and K
satisfy Assumption 3.2.

5. An example

In this section we shall examine a special case from [10]. Consider the wave
equation
Un(z,t) = Uge(z, 1), 0<z<1,t>0,

with initial data given for U, U, and Dirichlet boundary conditions. In order to
apply the theory of integrated semigroups we define the new variables V = U,
and W = U, then, we can write the system as

VN [0 0O V
W/, ~\0; O %%
with initial data and boundary conditions

V(z,0) = H(z), W(z,0) = F(z),

V(z,t)=0,t>0, z=0,1.

We now diagonalize to get the system

VN (0 O V
W/, -\ 0 -4, %24
with initial data and boundary conditions

V(z,0) = (H(z) + F(2))/2, W(z,0) = (H(z) — F(2))/2,

V(iz,t)+ W(z,t)=0,t>0, 2 =0,1.
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We now define X to be C[0,1] x C[0, 1] and

D(A) = {(;é) ceC'xC':V(z)+W(z)=0,2=0,1},

9 0
A:(O —8) (5.1)

It is clear that D(A) is not dense in X. To obtain a Hille - Yosida estimate for
the resolvent of 4 consider

AV -V'=f, (5.2)
AW + W' =¢. '

In order to fully take advantage of the diagonal form of A we define the norm
on X by

I (4 )1 = max(i e 17}

Now suppose that || (V“//) H = ||V |loo. If the max of |V(z)| occurs at an interior
point z € (0,1), then V'(z) = 0 implies

AV (2) = f(z) and [[Vleo < [[fllec/, A > 0.

If the max of |V] occurs at 0 we may assume V(0) > 0 (by considering — (V‘;)

if necessary). Then V'(0) < 0 and (5.2) yield AV(0) < f(0). Finally, if max
|V(z)| occurs at z = 1 we make use of the boundary condition V(1)+W(1) =0
to see that we may consider ||W||« instead of ||V||s. In this case, we assume
W(1l) > 0so W'(1) > 0. This and (5.2) give A\W(1) < ¢(1). In any case, we get

1 ) 0= (5

The case where we must consider |W ||« is clearly the same and we have

Theorem 5.1. The operator A associated with the wave equation given by
(5.1) generates a non-degenerate integrated semigroup of type (1,0) on X =
Clo, 1} x €10, 1].

One can actually show that much more general symimetric hyperbolic systems
will lead to integrated semigroups and we refer to [10]. It is an easy thing now
to construct an integrodifferential equation in X which fits our discussion and
which can be easily related to problems in viscoelasticity, for example.

For additional examples the reader is referred to Da Prato and Sinestrari [5]
and Thieme [14].
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We shall consider the behaviour of a real valued solution i of a Schrédinger
equation in the neighbourhood of a zero. Let

(-A+V)p =0in Q,
where Q is a domain in R”, n > 2 and V € C*°({2) with V real valued. (1)
Without loss we assume O € Q and ¥(0O) = 0.

Note that ¢» € C®(f) by elliptic regularity. Further let € > 0, B, = {z €
R"||z| < €} such that B, C . In the following we present some recent results
on the behaviour of the nodal set and the nodal domains of ¢ in B.. Most
of these results have just appeared in [9]. To prove some of these results we
suitably adapt techniques which have been developed in [7] to investigate the
nodal behaviour of local solutions of Schrodinger equations in a neighbourhood
of infinity. Those aspects just indicated in [9] are given in detail here.

Let N, = {z € B.|¢(z) = 0}, a component D of B, \ N, will be called a local
nodal domain (I.n.d.) of ¢ in B. and we define

D. = {ln.d. D of ¢ in B, with O € 9D}.

Let C. = {z € Bc|¥(z) = 0,Viy(x) = 0}. It is known (see [2,3,5]) that under

the above assumptions the manifold N, \ C. is as regular as the solution 1,

1 Partially supported by “Fonds zur Férderung der wissenschaftlichen Forschung in Oster-
reich”, Projekt Nr. P7011 at the Institut fir Theoretische Physik.
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202 On nodes of local solutions to Schrodinger equations

and that the Hausdorff dimension of C. < n — 2. So clearly the case O € C.
is the interesting one, and given D € D, one may ask whether it satisfies an
interior cone condition. Furthermore we shall also deal with the question of the
cardinality of D,. To investigate such problems we rely heavily on a result of

Bers [1]:

Proposition 1. Let ¢ satisfy (1). Then there exists a harmonic homogeneous
polynomial Pp(z) % 0 of degree M > 1 such that for 0 < v < 1

0% (1 — Py )(z)

Oz} ... 0z}

= O(|3:|M"€+") for |z| — 0 (2)
for4 =0,1,... M, where Z;L:léj =/,

Using polar coordinates ¢ = ry with r = |z]| and y = z/|z| € S™7!, S~ ! the
n — 1-dimensional unit sphere, we can write Pp(ry) = rMYM(y) with Y, some
surface harmonic, and (2) implies

r~Mp(ry) = Yy (y) forr—0, forye s (3)

We denote the nodal set of Yy with M(Y)s) and the set of nodal domains of
Yy with U(Yys). (The components of S™~ 1\ A (Y},) are called nodal domains
of Yyr.)

For dimension n = 2 Cheng [3] showed that the nodal lines of ) look locally
as the nodal lines of Pjps, which are straight lines intersecting in O and forming
an equiangular system. So for € small, D, and /(Y},) have the same number of
elements.

For dimensions n > 3 the situation is more delicate as can be seen from the
following harmonic function in R?

7./)(-'171,.'172,.’173) =T1T2 + .’17%.’1’,'3 - .’17%/3

which has a zero in O of order 2. The corresponding harmonic homogeneous
polynomial is Py(z1,22,23) = x122, so obviously #U(Y,) = 4. On the other
hand studying the intersection of the nodal set of ¢ with planes z3 = ¢ with
¢ < 0,=0and > 0, 1t is easily seen that ¥ has only 2 nodal domains.

To state our results we need the following definition: For D € D,, D arbitrary
but fixed, let

S(ry={ye S" ' rye D} for0<r <e.

Further we denote [{-}| = f{'} do, with do the surface measure on $™!.
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Theorem 1. Let n > 3, suppose ¢ satisfies (1), and let Y)s denote the surface
harmonic for which (3) holds. Let D € D., D arbitrary but fixed, with S(r),
0 < r < e given as above.

Let M C S™7! denote the union of all nodal domains U of Yy with the
property that there exists a sequence {r, ym } With ryyn, € D for allm, rp — 0
and y,, — y for m — oo for some y € U.

Then M # @ and ([ M\ S(r)US(r)\ M| -0 forr— 0.

This result, which implies |S(r)| — |M| # 0 for r — 0 in particular rules out
that S(r) “shrinks” for r — 0 into a subset of M (Yys). There are some rather
immediate consequences:

Corollary.

(i) There exists a cone K with vertex O and K C D.
(ii) #D. < #U(Ynm), furthermore #D. is constant for € small enough.
(#{} denotes the cardinality of{ 1)

(iii) Let ¥3(r js( Y2do and ¥?, fsn , ¥ido, then

r My — (/ Yido)'/? >0
M
and

Yo /ey — (/ YA%[da/ }"1\2/[da)1/2 forr — 0.
M Sn-1

These findings show that the local properties of ¢ in the neighborhood of a
zero are determined to a certain extent by global properties of the nodal set of
the corresponding surface harmonic.

Of course it would be desirable to study the local behaviour of the nodal
domains of 1 with weaker regularity assumptions on V. It would be also of
interest to extend the foregoing results appropriately to the case where the
Laplacian is replaced by more general elliptic operators.

Let us sketch the main idea of the

Proof of Theorem 1. (Compare also [7] and [9].) The difficult part of the
proof is to verify that M # (). For this purpose we investigate the asymptotic
behaviour of ¢y (r) = (fS(r) ?*do)!/? for r — 0 and proceed similarly as in [7]
where we studied the asymptotics of a solution ¢ of a Schrodinger equation for
r — o0o. We suppose indirectly that M = {}, which implies

|S(r)] = 0 forr — 0. (6)

Let for 0 < 7 < €, € small

)= _nt [ Lelda/ [ lods

peCH (S
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where —L? denotes the Laplace-Beltrami operator on $"~! then we obtain from
(6)
A\ (r) = oo forr — 0. (7)

The proof is essentially based on the following two lemmas:

Lemma 1. Let 12;0 = r(n=1)/24, then 12)/0 satisfies

d? : (n=1)n-3) A(r) ~
Y <
(-7 T, J0f V+ = + e S0 for0<r<c (8

in the distributional sense.

The proof of Lemma 1 is the same as of Lemma 3.1 in [7].

Lemma 2. For some C > 0
r
A(r)
n—1

with 2v = M + 7

VT forr <e

l/N)OZC(

(9)

The proof of Lemma 2 is analogous to that of Lemma 3.2 in [7] (where v(r)
and A(y) must be replaced by 7™ and Y, resp.). Since it is rather involved we
shall sketch the main idea here later on.

We take into account (7) and obtain from inequality (8) by standard com-
parison techniques that

12)/0 = O(r™) forr — 0forall m e N. (10)
On the other hand combination of (8) and (9) yields
—l + P12 <0 for 0 <7 < Ry (11)

for some a < (27)7! and some R, < e.

Define for R small

R
é(r) = e~ (") with p(r) = / Yo (t)”“dt,
then it is easily seen that for small r
—¢" 90 2% = g U > 0. (12)

(11) and (12) imply again via comparison techniques that @Zo ¢! < const for
r — 0. Therefore

a e ) = 1hy “¢™ > const > 0 for small r.
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Integration finally implies
e~ > const . for r small

which contradicts (10), hence M # §.
We finally give the main ideas of the

Proof of Lemma 2. For convenience we assume that S(r) “shrinks” for r — 0
into a single point § € S™~1. The general case which is a little more involved can
be treated in a similar manner. (The techniques in [7] can be easily adapted.)

Let B.(y) denote the geodesic disk centered in § with radius € > 0 small.
Then due to our assumption S(r) C B.(§) for r < r. for r. small enough. Using
local coordinates £ = ¢(y), y € Be(7), £ € R*™! as introduced in section 2 of [7]
and taking into account (6) it is easily seen that

M(r) > C. inf

> forr <r, (13)
rewlaiy 1112

for some 0 < C. < 1, where G(r) = ¢(S(r)), and || - ||* = fG(r) |- 12dE.
Next we apply a result of Davies (Theorem 1.5.3 in [4]) which tells us that

n—1

7 doo(r) ™2 (14)

inf  (IVAI*/IIFI%) =
fewy (G(r))

Thereby goo(r) denotes the L*-norm on G(r) of ¢(¢) which is defined by

(O = [ deydu(o
(1(e) denotes the normalized surface measure on S™~?) and where
d(é,e) = inf{|t]|é+te g G(r)} VEEG(r), Vee S"72

Combining (13) and (14) we obtain
Proposition 2. For some c¢(n,e) > 0

A1) > c(n,€)goo(r)”"  for small r. (15)
Obviously this implies that it suffices to show

o > const(rgeo(r))??  for small r (16)

instead of (9). To prove (16) we use the following one-dimensional inequality:
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Proposition 3. Let f € CM(J), M > 1, J C R a bounded interval with length
|J|, f bounded in J and inf,c 7 |f ™) (t)| = mp > 0, then

./|futz3~“W+M”ﬂLnM+%nM. (17)
J

This inequality is an immediate consequence of Prop. 4.3 in [7], which itself is
rather elementary.

Suppose without loss that ¥» > 0 in D. Making use of Proposition 1 it can
be shown that for v > 0 small and r < 7 small there exists £(r) € G(r) and
Jyr C S™ 2 with |J, .| > co(v) > 0 such that

)

g(r,t) = r—M /J ¢(r¢‘1(5(r) + te))du(e)

satisfies for ¢ € [0, vgeo(r)] and r < F ) (18)
k
g >0, 559 2const>0forsomek§M.J

Now we identify in Proposition 3 for each r, f with t"2?g(r,¢) and J with
[0, vqeo(T)], and obtain

Voo (T)
/ t""2g(r, t)dt > const qeo(r)* T, (19)
0

Let Cu,r = {6 € Rn—llé = 5(7‘) + teat € [07VQOO(7')],€ € JV,T}) then ‘Cu,rl <
const geo(r)" 71, and we conclude by Cauchy-Schwarz that

”00(7")
/ 2 (n )dt < const( / G (rg ™M (6))dE) P que(r) " D2, (20)
0 Cy.r

(19) and (20) together finally imply (16).

In connection with the results given here more detailed questions about the
local behaviour of nodal sets arise in a natural way. For instance one might ask
whether S(r) is connected for r > 0 sufficiently small. This we could not answer,
but for dimension n = 3 we obtained more detailed results about the set M.

Theorem 2. Let n = 3 and suppose that the assumptions of Theorem 1 hold.
Let {rmym} be a sequence with rmym € D, Vm andr,, — 0, ym — § form — oo
for some § € S™7!, then § € M. Furthermore M is connected (M denotes the
closure of M).

Proof of Theorem 2. The case Y () # 0 is trivial, so let Y3 (g) = 0, and
without loss we assume 1 > 0 in D.

(a) VPum(§) #0

Using the fact that there are only finitely many zeros of order greater
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(b)

one of Yy we choose a geodesic disk U.(y) C S? centered in 7 with
radius €, € small enough, where the nodal line of Yjs can be represented
by a C1'-function f: J — S2, J a compact interval, with f'(s) # 0, and

Us(9) \N(Yny) = Ut UU™ with Ut, U™ disjoint domains,

R S (21)

Yy >0mmUT and Yy <0inU".
Clearly there is a unique Dt € D, (and due to Theorem 1 a correspond-
ing M p+), where Ut is a subset of M p+. So if Dt = D, then §y € M.
Now let D* N D = §: Define for § > 0 small

Zs = {y € U(p)] jggly — f(s)] < 6}

and denote by 7,,, for m > ms (ms large enough) the geodesic on
S? which hits the nodal line f orthogonally and passes through y,,
with |y, (¢)| = |y5.(2)] = 1. Since y, € S(rn) N Zs for m > ms and
Ut \ Zs C St(r) for r < r,,, Rolle’s theorem implies for each m that
for some ¥, = Y (tm) € S(rm) N ym N Zs

d

3 P (rmym(2)) — 0.

This together with Proposition 1 leads to
Ytm) * VPur(yn ) = O(r?)) for large m.

Assuming that 7! (¢,n) — y for m — oo for some y € S? (otherwise
choose a convergent subsequence) the above leads for m — oo to

vy VPu(y) =0 (22)

On the other hand it is not difficult to see from the above construction
that -y = y- f'(3) = 0, where f(5) = ¢. Hence due to (21) y-V Py (y) #
0 contradicting (22). Therefore D = D and § € M.

VP (j) =0 L

Suppose indirectly § ¢ M. Choose geodesic disks Ul(y). U(y) with
0 < &' < ¢, with € so small that 3 is the only zero of Y}, of order greater
one in U.(7) and U.(y) N M = §. Further let y' € M be arbitrary but
fixed. Let B,, = {z € R*|{x| < r,,} and suppose without loss r,,, | 0
for m — oco. Since for m > m., m. large enough, y,, € S(rm) N U,
rmy’ € D and B,, N D is connected, we can find a path in B,,_1 N D
connecting r., Y, with r,,y' with the property that for some p,,, < r,,—;
there is a ym € S(pm) N Ue \ Uer. Choosing a subsequence {¥m(n)}
which converges to some y € 5% for n — oo we obtain p,,(,) — 0 and
y € U\ Uo. But if Ya(y) # 0 clearly y € M, and if Yi(y) = 0, then
VPp(Y) # 0 and (a) implies y € M. This is a contradiction.
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That M is connected is proven indirectly following essentially the idea of the

proof of (b).

Though we could not prove it we believe that Theorem 2 holds also for di-
mensions > 3.

As already noted the methods for the main part of the proof of Theorem 1
have been developed in [7] to investigate the asymptotic behaviour of nodes of
solutions of Schrodinger equations in exterior domains for dimension n > 3. We
remark that there the situation is much more complex than here, even for the
2-dimensional case it is rather delicate (see [6]). For a survey on these results
see also [8].
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1. Introduction

Consider the integro-differential equation of the form

%(/—Org(g)x(t +6) d9) =f(t), t=0,

z(6) = (), 0 <0,

where 0 < r < oo and f € L] _(0,00). Equations of this type appear as models
of certain aeroelastic systems [BCH]. Also Abel’s equation can be written in this
form [IT}. In this paper we develop a semigroup theoretic treatment for these
equations (in case of Abel’s equation see [BHS] and [KZ]). In [BI] the case was
considered when the kernel g satisfies

g>0 on (—r0), (A.1)
g € Hig(-r,0) and ¢>0 on (-r,0), (A2)
g € L'(=r,0). (A.3)

If there is no danger of confusion we shall denote with D the operator of differ-
entiation. It has been shown in [BI] that the linear operator 4 in the Hilbert

Research supported in part by NSI' under grant UINT-8521208 (K. [.) and by FWF
(Austria) under grant P6005 (F. K.).
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space L2(—r,0) (the weighted L,-space on (—r,0) with weight g) defined by

Ap=D¢, ¢ € domA,

dom A = {gf) € Lg(—r, 0) | ¢ is locally absolutely continuous in (—r,0)
0

with D¢ € L? and / g(8)D¢(0)d6 = 0}

bl

generates a Co-semigroup S(t), t > 0, on L%(—r,0).

The objective of this paper is twofold. First, we investigate the case when
g(8) = 1677, 0 < p < 1 and r < oco. We show that there exists a ¢ > 0
(depending on 7 and p) such that the semigroup is differentiable for ¢ > ¢,.
Next, the case when r = co and g € L'(—1,0) but g ¢ L'(—o00,0) is considered.
We establish that A generates a Co-semigroup on L (—0c0,0).

2. Differentiability of the solution semigroup

Assume that g satisfies (A1)-(A3). In order to compute the resolvent we
consider the equation

(M —-A)p=f€ Lg, ¢ € dom A4,

which is equivalent to

A6 — D = f, (2.1)
0
| st6xDaxe a6 =0 (22)
From (2.1) we get
0
0(6) = X0(0) + [ A0 f(e)ae (23)
6
For Re A > 0 we have f g(8)|e*]2df < f 6)df < co and

/GOT g(@‘/e RYCE f)f df‘ do < /_r /90 e(e—g)Re,\mlf(é)ldgrde
< /0 </ (9—€)Re>\d§) /0 e(G—E)ReAg(é)lf(é)Pdédg
6

( / " eo-OmeAdg) o) (o) e

2/09 &) de.
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Thus, ¢ € L2. Substituting (2.3) into (2.2) we obtain

A(X)¢(0) = —/ g(6)(D)(6) db =/ g(8)(f(8) — Ap(6)) db), (2.4)

- —r

and

$(8) = /9 A9 f(¢) de. (2.6)

Hence, we can state

Lemma 2.1. X € p(4) N C" if and only if A()\) # 0. Moreover, if r is finite,
then o(A) is only point spectrum and A € o(A) if and only if A(X\) = 0. If
A € p(4),

(M = 4)7F = A(0) + (), (27

where ¢(0) satisfies (2.4) and v is given by (2.6).

Throughout the rest of the discussions in this section, we assume that r is
finite and g(8) =[], 0 < p < 1.

Lemma 2.2. If ) is given by (2.6), then for Re A <0

" 1- L (14P\ a-py/2, —(rRe
l/ 6] P(Dt/))(@)d@ls\/i_*__p(l_p)r(l P/2, (RA)”fHLg-

Proof. First note that for e > 0,

/_ () (DW)(8) db = —g(—r)pl(—r) + g(—e)(—e) — / §(6)p(6) . (2.8)
We have the estimate

o(=r)u=nl < a(-n)( [ °r 20 /h"rg(g)| Heyfae) emrmes

1 r(l—p)/2e~rRe>\”f”L§

1+

<

3

and similarly,

5(1'—1’)/2

lg(—€)p(—¢)| < —\/‘—I————ﬁ

e*EREAHfHL?]HO as € — 0%,
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Moreover,

[ s < [ i /9 5 el pa) ageres

T

P T —(14p) /2,79 .—rReA
< 6 P)I%de
<L/ A £l
2

<P
“V1+pl—p

Hence, the estimate follows from (2.8). O

r(l——p)/Ze—rRe )\”f”Lg

Similarly, using Lemma 2.1, we have

Lemma 2.3. For Re ) <0,

O = 4 il < (= 21000 + i)

Proof. Note that . .
—p
/ g(9)|6>\9|2d9 S r e—ZTRe)\

l1-p
and
0 0 0 4 0
/_9(9)I¢(9)|2d95/g 9(9)</6 a%)(/e g({f)|f({f)|2d{f)d96_2’"Re>‘
° |6 2 .
S/_' 1_|:_+_|_pd9||f”2L§e-2rRe)\: 2(1_*_p)”f||i§e 2rR A.

Thus, the estimate follows from (2.7). O
Next we calculate lower bounds for |A(})].

Lemma 2.4. For each p € (0,1) there exist positive constants ¢, and C, such

that
_ Re A p 27
AN > CplIm AP — rRe A < = > ==
|AN)] > CplIm AP — cpe for Re A < 0, lIm)\l_Qw and |Im \| > =
(2.9)
and
Re A 1—p 27
|IA(N)] > Cp| M| [Tm A|P for Re A > 0, |Im/\| < - and IIm A| > — (2.10)

Proof. For A = a + ww with w > 0 we have

0 0
/ |9|*Pe*9d9=/ (=) PePeiqp

T bl

0 0
:/ F(9)cosw9d9+i/ F(8) sin w8 d6,

b
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where F(6) = (—6)"Pe*?. Since F'(8) = (—0)"1"Pe*%(p — af), F is monotoni-
cally increasing on (—00,0) in case @ > 0. For @ < 0 the function F'is decreasing
on (—oo, ) and increasing on (6y,0), where 8y = £. Assume that 6, € (—r,0)

and let
0 8o 0
JZ/ F(G)sinw@dﬁ:/ +/ =:Jy + Jo.
—r —r &9

Let jo be the largest integer such that wr > jor and j; be the smallest integer
such that j;7 > w|fo|. Then, we have

Jo—Jj1+1
Ji= ) ax with ak:/ F(8)sinwb d,
k=0 I

where [, = [—r,—%—t], I, = [—(&%ﬁl)w,—(&u—}&)w], 1 <k < jo— 71, and
Liy_ji4+1 = [-(&)7,80). Observe that (—1)*ax, k > 0, have the same sign and
that |ax|, £ > 1, is monotonically decreasing. Thus it is not difficult to show
that

€

2
|J1| < max(|a0[, lall) < _T"Pe—'rRe A.
W

Similarly, one can show that J; = ffi F(8) cos wf df satisfies

~ 2
|J1| S — T‘HpehrREA.
w

Next, we consider the integrals on (6o, 0),

0 n
Jo= | F(8)sinwfdf =) b with by = [ F(8)sinwbd6,
bo k=1 I

where I} = [—(E)r,— (L)), k=1,...,51 — 1, and I;, = [6o, —(11—;—1)7r] Note
that (—1)*bs, k > 0, have the same sign and that |bx|, £ > 1, is monotonically

decreasing. Thus in case fp < — 2

|J2| > |bo + b1] = |/ - F(—s)sinwsds| = |w|p"1p(—a/w),
0

where p(z) = foh g Pe *? sino do. Since

27 T
p'(z) = / o P e sinodo = / (6P — (o + ) "Pe" ™) e sino do,
0 0

we see that p'(z) < 0 certainly for z > 2= (a sharper bound would be £+ 1n2).

Thus p(z) is monotonically decreasing on (22:#1—, 00).



214 On integro-differential equations with weakly singular kernels

If g < —r then we put J; = Ji=0and J, = fEr F(f)sinwfh df. As long as
2T < r we obtain the same estimate for | Ja|.
We first consider A = a + 1w with @« < 0 and -2 < —21’; and w > 25 Then
6o =L < —25- and ——2£ > —r. Hence,
Re A P
- 27r
where Cy = p(£). From [AQV)| = (|72 —(J2+[ V) 5 o Pl
|j1|2)1/2 we see that (2.9) holds with ¢, = 2¢/2r7P4/1 + (%)2
Next suppose that o > 0, 2 < %B and w > 25 Then
0

AN > M| [ F(8)sinwb db)|

-Tr

|J2] > Cp|lIm AP~ for Re A < 0, l

> [\ 12 2 p(0)[A] [T AP,
i.e., (2.10) holds because p(0) > C,. O
Now, one can state
Theorem 2.5. There exist positive constants a, v and M such that
IO = 4)7 fll s < MJTmAP|| ]l

provided that rRe A > a — pln |Im A| and Re A <. The semigroup S(t) gener-
ated by A is differentiable for t > ty with ty = 2%2 r.

Proof. Let ¢ = (A — A)7'f, f € L%, Then, by Lemma 2.1, ¢(0) =

— sz\; ffr g D df. The estimates of Lemma 2.4 show that there exist constants
v > 0 and a > 0 such that

1
AN > §Cp|1m)\|p for A with ReA <y and rReX > a — pln|Im A|.

Thus we get from Lemma 2.2

1+p ~(1-p)/2 ~rRe X |Im/\l"”||f||L§

4(0 >|_ﬂ_+—

1 1+p (1 p)/2 -—allf”L2.
\/1‘*‘ 1_ Cp g

Therefore it follows from Lemma 2.3 that

_ 1 1+p ., 2 _, T —rRe
IO = 4) 7 e < ( R e e aed L Fi 1
< M{Im AP|| £l 22

1—p2l—p Cp 2(1+p)
for some appropriately chosen constant M > 0.
Note that for A = a + i1 satisfying ar = a — pln|7]
||)\€>‘t()\f _ A)—l ” < M|T|p+leat/r|7_|—pt/r — Meat/rl,’_ll-f—p—'pt/r.
Hence, using the arguments in the proof of Theorem 2.47 in [P, p. 54-57] one
can show that ¢t — S(¢)¢, ¢ € Lg, is differentiable for ¢ > ¢, = 2—:1? r. O
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3. A well-posedness result for non-integrable kernels

Throughout this section, we assume r = oo and that g satisfies the following
assumptions:

(i) g is locally absolutely continuous on (—o0,0),

(i1) g >0on (—00,0), g > 0 a. e. on (—c0,0),

0
(ili)  lim g¢(#) = oo and / g(8)df < oo.

g—0-— -1

We do not assume that ffoo g(6)df < oco. Consider the linear operator A on
L;(-oo, 0) defined by

0

domA={¢eL,|D¢e L, and / 9(6)(D¢)(8)d6 = 0},

-0

Ap =D¢ for ¢ € dom A.

Lemma 3.1. The operator A is dissipative.

Proof. We need to show that
7_(¢,A¢) <0 for all ¢ € dom A4,
where 7_(-,-) : L} x I} — R is given by (see [M])
m—(¢,%) = lim ¢ (16125 — ¢ — t¥lly)
-/ (s (0)p(@5(0) - | w@ae)d,

Yo ()

where
Y1(4) = {0 € (—o0,0] | 4(8) # 0},
Yo(¢) = {0 € (—00,0} | ¢(8) = 0}

Since ¢ € dom A is continuous on (—o0,0}, ¥1(¢) is a countable union of open
intervals (open with respect to (—o0,0]). These intervals are of the form («, )
with —co < @ < £ <0, (a,0] or (a,0) with —co < a < 0, or (—00,0) or (—o0, 0].
For intervals of the form (a, #) with —co < a < 8 < 0 we have ¢(a) = ¢(3) =0

and
B

B .
| Gens(@)dato)ds =~ [ ao)ee) s, (3.1)

«
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For intervals (—oo, #) with 8 < 0 we have ¢(8) = 0 and
B

5 , |
| Genoe) @) do = Jim (~o(-R)Io(-R)-

e -R

§(9)l6(9)|d6). (3.2)

We will consider the following three cases for Y1(¢).
Case 1. Y1(¢) = (—00,0) or (—o00,0]. In this case

r-(6,49) =seas | g(6)(6)a6 =0

Case 2. Y1(¢) contains only intervals of the form (o, 8) with —co < a < 8 <0
or (—oo, ) with # < 0. Then, obviously (because § > 0 a. e.) formulae (3.1)
and (3.2) 1mply 7_(¢4,A4) <0.

Case 3. Y1(¢) contains an interval of the form («,0) or («, 0] with —oco < a < 0.
Since ¢ € dom A, we obtain

| (520 6(0))6(6)9(6) 6 = senianyés [ d(6)g(6) at
~ —seniand [ o(6)3(6)d0

— —580(a,0)¢ $(6)9(8) d6 — sgn(a,0)® $(8)g(8) db.
Yo (o) Y1(¢)0(—o0,a)
Therefore,

r($,Ad) = — / (1(8)] + $(6)) 9(6) d

Yo(9)

+/ (sgn () £ 1)4(8)g(8) db.
Yi(¢)(—o0o,a)

Here Yi(¢)N(—o00, @) only contains intervals as considered under Case 2. Thus,
we have

B . B
/ (sen ¢(8) = 1)p(6)g(6) db = — / §(8)(|6(8)] £ 6(8)) db < 0

61

and

B
/_ (sgn () £1)¢(6)g(0) db

B
= }QEHM<“9(—R)(I¢(—R)I + ¢(—R)) — [R 3(0)(14(6)] + ¢(9))d9) <0.

Hence, we have shown that also in this case 7_(¢, 4¢) < 0. O



b
JEY
-]

Ito and Kappel

Lemma 3.2. dom A is dense in L;(—00,0).

Proof. Obviously C'*-functions with compact support in (—oo, 0] are dense in
L;. Let ¢ be a C*°~function with supp ¢ C [—7, —¢]. Define, for n sufficiently
large,

#(8) for § < -2

n’

n(8 + %)an for —L <9 <o.

n

u(6) = {

Obviously, ¢, is locally absolutely continuous with ¢, ¢, € L;. If we put

o — _/:Eg(e)d)(e)de(n/o g(9)d9)a1,

T _1
n

then aiso ffoo g(9)q§n(9) df = 0, and therefore ¢, € domA. We put a =
/75 9(8)¢(6) d8|. Then

16— dullry =a/0 (6 + %)de(/

- T
n

0
— 0

y8) ' <

SR

3

asn — oo. U

Lemma 3.3. Forall A >0

(Al — A)dom A = L;.

Proof. For A > 0 and f € L; we get from (A — D)¢ = f the representation

$(8) = e 4(0) + /0 MO f(r)dr, 6 <0.

8

Obviously, ¢ is locally absolutely continuous. We shall prove that ¢ € L;(—oo, 0).
Since A > 0, we have

-1 0
/0 g(8)er? df gg(—1)/ e’\9d9+/ g(8)db < o

— 00 —1

and, by Fubini’s theorem,

/_OOO g(0)] /90 MO~ f(7) dr|dé

<[ on [ aweeawar < [ gnimiar <o,
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where we also have used the monotonicity of g. This proves ¢ &€ L;. Since

D¢ = ¢ — f, we also get D¢ € L;. Finally, ¢(0) is determined so that
I°_ g(8)(D¢)(8)d6 = 0, which leads to

#0) =~ A 919)e>\9d9 /_Ooo 9(?) (’\ /90 MO () - f(g)) d6.

Here, [°_g(8)e*dd > 0 for A > 0. Thus, ¢ € dom A and (M — A)g = f for
given f € L. O

By Lemmas 3.1 — 3.3 the assumptions of the Lumer-Phillips theorem [P] are
satisfied. Thus we have

Theorem 3.4. The operator A defined by (3.1) and (3.2) generates a strongly
continuous semigroup S(t), t > 0, on L;(—oo,()).

References

[BCH] J. A. Burns, E. M. Cliff and T. L. Herdman, A state space model for an aeroelastic
system, Proc. 22nd IEEL Conference on Decision and Control.

(BHS] J. A. Burns, T. L. Herdman and H. W. Stech, Linear functional differential equations
as semigroups on product speces, SIAM J. Math. Analysis 14 (1983), 98-116.

[(BI] J. A. Burns and K. Ito, On well-posedness of solutions to integro-differential equations
of neutral type in a weighted Ly-space, preprint 1989.

[IT] K.ItoandJ. Turi, Numerical method for a class of singular integro-differential equation
based on semigroup approximation, submitted.

[KZ] F.Kappel and K. P. Zhang, On neutral functional differential equations with nonatomic
difference operator, J. Math. Anal. Appl. 113 (1986), 311-343.

[M] R. H. Martin, Jr., Nonlinear Operators and Differential Equations in Banach Spaces,
J. Wiley, New York, 1976.

[P] A. Pazy, Semigroup of Linear Operators and Applications to Partial Differnetial Fqua-
tions, Springer-Verlag, New York, 1983.

Kazufumi Ito
Center for Applied Mathematical Sciences

University of Southern California
Los Angeles, CA 90089-1113, USA

Franz Kappel
Institut fur Mathematik
Universitat Graz

Heinrichstrafle 36, A8010 Graz, Austria



Ground States of Semi—Linear Diffusion Equations

HAaNs G. KAPER
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1. Statement of results

Let f be defined on [0, 00), such that f is continuous on [0, 00) and Lipschitz

continuous on (0, 00), with f(0) = 0. We consider the boundary value problem

?

Au+ f(u) =0,z e RY(N >2); lim u(z)=0. (1)

|z|—eco

A ground state solution of (1) is a nontrivial solution that does not change sign.
(We assume that it is nonnegative everywhere.) We prove the following result.

Theorem 1. Let y
F(u) = v)dv, u >0 2
W= [ fwo,uzo, (2)
and
8 =inf{u >0: F(u) > 0}. (3)

If 3 >0 and u + f(u)/(u — B) is monotone nonincreasing on (3,00), then (1)
admits at most one ground state solution.

This result generalizes and extends earlier results of McLeod and Serrin [1],
Peletier and Serrin [2], and Peletier and Serrin [3].

This work was supported by the Applied Mathematical Sciences subprogram of the Office
of Energy Research, U.S. Department of Energy, under contract W-31-109-Eng-38.
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220 Ground states of semi-linear diffusion equations

In Section 2 we present a brief outline of the proof of the theorem; details
can be found in our article [4]. A further generalization for quasilinear diffusion
equations of the type V - (a(|Vu|)Vu + f(u) = 0 can be found in our article {6].

The proof of the theorem generalizes to the case of a bounded radially sym-
metric domain in the following sense. If f satisfies the conditions of the theorem,
then the boundary value problem

Au+ f(u) =0,z € Bg; u(z) =0, n-Vu(z) =0, z € Bp, (4)

admits at most one ground state solution. Here, By is the ball of finite radius
R centered at the origin in RY; 0Bp is its boundary, and n is the outward unit
normal at the boundary. Notice that the zero normal gradient condition at the
boundary must be specified in this case. (It is satisfied automatically in the
unbounded case.)

2. Proof of Theorem 1

2.1. Preliminaries.
Any ground state solution of (1) is radially symmetric (see [5]), so u depends
only on r = |z|. If ' denotes differentiation with respect to r, then u satisfies

N -1
u' + —u' + f(u) =0, 7 > 0; (5)
r

u'(0) = 0; lim u(r)=0. (6)

70

T'wo identities play a crucial role in the following analysis. They are obtained by
multiplying (5) by u' and r2N=1y! respectively, and integrating over (ri,72),

B(ul(r))2 + F(u(r))} o —(N — 1)/7r2 l(u/(s))z ds. 7

. S
™ 1

72

P (G + P )| =2 - [T Ry s (6)

™
One can show, using (7), that lim,_, ., u'(r) exists and

lim u'(r) = 0; (9)

T —CcO

and similarly, using (8), that lim, TQ(N“l)(%(u’(r))2 + F(u(r))) exists and

) 1

lim r2(N—1) <§(u'(r))2 + F(u(7))> =K, (10)
where K = 0if N = 2; if N > 2, then lim, oo V¥ 7 2u(r) = (N — 2)7'V2K.
Letting 7 — oo in (7), we obtain the identity
1

~(u'(s))*ds, r >0, (11)

S

1 ! 2
5w () + Flu(r) = (v =) |
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and similarly, from (8),

F2(N-1) (%(u’(r)f 4 F(u(r))> =K —2(N — 1)/00 82N—3F((u(8))d8, r > 0.

(12)
We observe that, whereas (9) follows from the definition of a ground state solu-
tion, the analogous condition u'(R) = 0 must be imposed if the domain under
consideration is the ball Bg: cf. (4).

Lemma 1. Ifu is a ground state solution of (1), then u(0) > S.
Proof. Taking r = 0in (11), we find that F(u(0)) > 0; hence, u(0) > 8. O

Lemma 2. Any ground state solution of (1) is monotonically decreasing on its
support.

Proof. Let u be a ground state solution of (1) and let R be the lowest upper
bound (possibly co) of the support of w.

Let a = inf{r € [0,R) : u'(s) < Oforall s € (r,R)}. We have u(a) > 0
and u'(a) = 0. Suppose a > 0 and u has a local maximum at a. Then there
exists a point b € [0,a), such that /(b)) = 0 and v’ > 0 on (b,a). Because
lim,_ g u(r) = 0, there must be a point ¢ € (a, R) where u(c) = u(b).

Taking r; = b and r2 = ¢ in (7), we arrive at a contradiction. We must
therefore conclude that either a = 0 or, if a > 0, then u"(a) = 0. The latter
configuration is impossible, because f is Lipschitz at u(a), so u(r) = u(a) is the
(unique) solution of (5) that starts at u(a) with zero slope. It must therefore be
the case that a = 0. O

2.2. Distinct solutions do not intersect.
We assume that u; and uy are two ground state solutions of (1) and show
that, if the graphs of u; and u, intersect, then u; and u, are identical.

Lemma 3. If uy(r) = uz(r) > 8 for some r > 0, then u; and uy are identical.

Proof. The lemma follows from the sublinearity of f. Suppose that u;(a) =
uz(a) = 7 for some a > 0, where 7 > 3, and that u; > uy on [0,a). The equality
uy(a) = uy(a) is ruled out, because f is Lipschitz at ui(a), so it must be the
case that u{(a) < uj(a). We have (ug — 8)f(u1) — (ur — 8)f(uz) < 0 on [0, al.
Since uy and ug satisfy (5), it follows that

(ug = B)(uy + (N = 1)/rjuy) 2 (w1 = B)(uz + (N —1)/r)uy),  (13)
and therefore
((uz = B)r™ up) > (v = B)r™ uy)', (14)
on [0,a]. Upon integration over [0, a], we find that u{(a) > uj(a), a contradic-
tion. O
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Lemma 4. If 0 < ui(r) = ue(r) < B for some r > 0, then u; and uy are
identical.

Proof. We prove the lemma in two steps. In the first step we rule out the
possibility that the graphs of u; and u,; have more than one point in common,
once they are at or below the horizontal line u = . In the second step we show
that they cannot even have a single point in common.

Suppose that there are two distinct points @ and b (a < b) such that § >
ui(a) = uz(a) > ui(b) = uz(b) > 0. Without loss of generality, we may assume
that u; > uz on (a,b). By continuity, there exists a pair of points (c,d), with
a < ¢ < d < b, such that u;(d) = uz(c) and uj(d) = uj(c). Applying (8) to u;
on [a,d] and to us on [a, c] and subtracting the two expressions, we arrive at the
identity

(d%N—D-—c“N‘”>(§ﬁd(d»2+JWumd»>"%““N‘”Kuua»Z—«uxa»ﬂ

oy [ ()P ()N
= 2N ”AM>(mwww» |%mmm>F(”'

(15)
Here, r; and ry are the inverse functions for w; and us, respectively (i.e.,
uj(r;(u)) =u for 0 <u < uj;(0), 7 =1,2). The expression in the left member is
positive, while the right member is negative, a contradiction. The possibility of
two points of intersection is thus ruled out.
Suppose that there is a single point a > 0 where 0 < u;(a) = uz2(a) < .
Without loss of generality we may assume that uq(r) > ua(r) for r > a.

Let
: - 1 .
K = lim O (L + Fur)) 5 = 1,2 (16)
Applying (8) to u; and uz on [a,r] and subtracting the resulting equations, we
obtain

SN D[ (@)? — (uh(a))?]

2
“(®) ((7‘1(“))2]\/—3 (ra(u))?N—°

(17)
=Ky Kp—av - [ (e - (R

» ) F(u)du.

The expression in the left member is negative. Under the integral sign, the
expression inside the parentheses is positive, while F'(u) is zero or negative,
so the integral is certainly negative. Hence, if K; > K, (which is certainly
true if N = 2), the expression in the right member is positive, and we have a
contradiction.

It remains to investigate those cases where N > 2 and K; < K,. Take
€ < %(Kz — K1) and choose r sufficiently large that

AN (L) + F(r)) < Ko+ (18)
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D (Zu3(r)) + Flaar) ) > K —e. (19
From (18) we obtain
w(r) < Y2 b e (20

(N —2)rN-2

By reducing e if necessary, we can certainly achieve that /2(K; +¢€) + € <

V2(K, —€). Thus,

2(]\’2 — 6)
ul(r) < (N — 2)7‘N’2 . (21)
On the other hand, it follows from (19) that
2(.[&’2 — 6)
ug(r) > (N — )iz (22)

These results imply that u;(r) < uy(r) for r sufficiently large. But this conclu-
sion contradicts the earlier assumption that ui(r) > uq(r) for all » > a. Thus,
the possibility that the graphs of u; and u, intersect is ruled out. O

On the basis of Lemmas 3 and 4 we conclude that distinct ground state solutions
of (1) do not intersect.

2.3. Distinct solutions must intersect.
According to Lemma 2, any ground state solution of (1) is (strictly) decreasing
on its support. Thus, if r — u(r) is a ground state solution, the inverse u — r(u)

is well defined on [0, u(0)] by the identity u(r(u)) = u. Let v be defined by the

expression

o(u) = 5(u'(r(w))?, 0 < u < u(0). (23)
Thus,

u'(r) = —v/2v(u(r)), r > 0. (24)

We now use the pair (u,v) as the coordinates for a phase plane analysis.
From (23) we obtain dv/du = u"(r(u)). As u satisfies (5), it follows that

dv N -1

du = ) V2u — f(u), 0 < u < u(0). (25)
Furthermore,
v(0) =0, v(u(0)) =0. (26)

We prove the following lemima.
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Lemma 5. If uy and u, are two distinct ground state solutions of (1), then
uy(r) = uq(r) for at least one value r > 0.

Proof. Let u; and uy denote two distinct ground state solutions of (1). The
graphs of u; and uy do not intersect; without loss of generality we assume that
u1(r) > uz(r) for all » > 0. Denoting the inverse functions for u; and uy by m
and ry, we then have r1(u) > ry(u) for all u € (0,u2(0)).

We now analyze the trajectories of the two solutions in the (u, v)-phase plane,
distinguishing them by their respective indices.

Because r1(u) > r2(u) near 0, v; and vy satisfy

W N e fu),w > 0; 0 (0) = 0; (27)
du ro(u)

and p
2 N L s fw) > 0: va(0) =0, (28)
du ro(u)

Notice that the right hand sides of the differential equations are not Lipschitz.
Hence, it is only possible to compare the mazimal solutions of these initial value
problems, unless we can somehow guarantee that there are no other solutions.
The condition 3 > 0 serves this purpose.
We refer to our article [7], where we investigated initial value problems of the
type
' =p(t)z® +q(t), t > 0; z(0) =0, (29)

where 0 < @ <1 and p and g are integrable near 0. We showed that (29) has at
most one nontrivial nonnegative solution if (i) p and the first integral @) of q are
nonnegative near 0; and (ii) for every t > 0, there is a point 7 € (0,t), where
Q(t) > 0.

In the case of (27) and (28), where & = 1, p(t) = (N — 1)v/2/r(t), and
q(t) = —f(t), the condition (i) is satisfied, and (ii) is satisfied if # > 0, unless f
vanishes identically near 0. If f vanishesidentically near 0, a trivial modification
suffices to establish uniqueness, again provided that 8 > 0.

The direct comparison yields the inequality

vl(u) S Ug(u), U € [0,'&2(0)] (30)

If u1(0) > u2(0), then vy(u2(0)) > 0, while v2(uz(0)) = 0. This would clearly
contradict (30), so at this point we must conclude that w;(0) = u2(0).

The inequality (30) implies that [uj(ri(u))] < |uj(r2(u))|. Furthermore,
ri(u) > ra(u), so

ua(ra(w))] _ Jua(ra(w))]

ri(u) T ra(u)

, u € [0,u2(0)]. (31)
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Next, we apply (11) to u; and uy at r = 0 and subtract the resulting equations.
We find
<1 <1
| smerar= [ st ar (32)
0

T 0 T

or, after a transformation of variables,

u1(0) ! 1 (u u2(0) u! ro(u
/ l_1_<_(_>>_ldu:/ lua(ra(u))l (33)

7‘1(u) ra(u)

We recall that u;(0) = u,(0) and conclude that the inequality (31) is compatible
with the identity (33) if and only if u|(r1(u)) = uy(r2(w)) for all u € [0, u1(0)].
This equality, in turn, implies that u; and wu, coincide everywhere. But here
we have arrived at a contradiction, since we had assumed that u; and u, were
distinct. Hence, if u; and u, are distinct, their graphs must intersect at some
point r > 0. [J

The Monotone Separation Lemma of Peletier and Serrin [2, Lemma 9] is an
immediate consequence of Lemma 5. We formulate it as a corollary.

Corollary 1. If u; and uy are two distinct ground state solutions of (1) and
uy(r) = uz(r) = 7 for some r > 0, then u — ri(u) — r(u) is monotone nonin-
creasing on [0, T].

2.4. Completion of the proof of Theorem 1.

In Section 2.2 we found that if the graphs of two ground state solutions of
(1) intersect at some point, then they coincide everywhere. On the other hand,
according to Lemma 5, the graphs of two distinct ground state solutions must
intersect at some point. Clearly, we have a contradiction, unless (1) admits no
more than one ground state solution, as asserted.
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Uniform Energy Decay of a Class
of Cantilevered Nonlinear Beams
with Nonlinear Dissipation at the Free End

J. LAGNESE*
G. LEUGERING**

Department of Mathematics, Georgetown University

1. Problem formulation and statement of result

We begin by briefly describing a derivation of a thin, uniform nonlinear,
dynamic beam model which is a prototype of the nonlinear equations to be
considered in this paper. The derivation is adapted from ideas appearing in
Rogers and Russell [3] and in Kane, Ryan and Banerjee [2].

Consider an elastic body whose points, in its reference state, are described in
rectangular coordinates by

{(z,y,2)|]0 <z <L, -1<y<1, —h/2<z<h/2}.

The line segment 0 <z < L, y = z = 0 is called the centerline of the body, and
the sets

A(z) ={(z,y,2)|lz =2, -1 <y <1, —h/2<2z<h/2}

are its cross sections. We shall henceforth refer to this body as a beam since the
assumptions that will be made below regarding the admissible motions of the
body characterize a class of motions which depend on z and ¢ only, ¢ denoting
the time variable.

Let r(z,t) denote the position vector at time ¢ of the particle which occupies
position (z,0,0) on the centerline in the reference configuration (so that r(z,t)—
{z,0,0} is the displacement vector of the particle).

*Research supported by the Air Force Office of Scientific Research through grant AFOSR
88-0337. **Research supported by the Deutsche Forschungsgemeinschaft.
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228 Uniform energy decay of a class of cantilevered nonlinear beamns

Assumption 1. The cross-sections move rigidly, i.e., if p(z,y, 2,t) is the vector
describing the displacement of the point (z,v, z), then p is determined by r(z, )
and two orthonormal vectors dz(z,t) and d3(z,t) through the formula

p(z,y,2,t) = [r(z,t) — {z,0,0}] + yda(z, ) + zds(z,1).

We set d; = d3 x d,. The orthonormal system (d;,dz,d3) may be visualized
as a moving coordinate system with d,(z,t) and ds(z,t) in the plane of the
deformed cross section A(z); one has d; = e; in the reference configuration,
where (e;, ez, e3) is the natural basis for R3.

Assumption 2. The centerline is constrained to move in the zz-plane, i.e.,
r(z,t) = [u(z,t) + zle; + w(z,t)es.

The quantities u and w represent, respectively, longitudinal and vertical dis-
placement of the point (z, 0, 0)

The strains of the beam consist of six quantities. The first three are the
components v; of dr in the d; basis (where 0 = 0/0z), that is

Vi = 81‘- d,‘.

Assumption 3. There is no shearing of cross sections, i.e., v = v3 = 0.
The remaining three components of strain are related to bending and twisting
motions and are defined as follows. Introduce the vector q by

8dk Zquk.

q exists and is unique since the d;’s form an orthonormal basis. The final three
components of strain are the components of q in the d; basis:

¢i =q-di.

Components g, and ¢3 measure the amount of bending about d; and d3, respec-

tively, while ¢; describes the amount of twist about d;. Assumption 2 implies
that q3 = 0.

Assumption 4. There is no twisting about d;: ¢; = 0.
We introduce the stretch s(z,t) at the point z of the centerline, induced by
the deformation, through

z+4u(z,t)
s(z,t) = /0 [1 + (Ow(€, 1)) /2 de — = (1.1)

Any set of forces acting on the particular cross-section located at z in the
undeformed state can be replaced by a couple of torque T and a resultant force

R such that
T = Tid; + M,d,; + Mzd;s,
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R = P d; + Vod; + Vads.

Here T is an axial torque, M; is a bending moment about d;, and V; are the shear
components of R. Assumption 3 requires that Vo, = V3 = 0, while assumptions
2 and 4 require T = M3 = 0. Following [2] we have

0s
Pl = EA—é‘;(l',t),
0w
M2 = —Ela?(it,t),

where the physical constants are A, the area of a cross section, I its moment
of inertia with respect to the z-axis, and Young’s modulus E. (These are as-
sumed to be constants only to simplify some of the computations below. This
assumption is inessential.) Therefore, the strain energy

L 2 L 2

(P) / (M)
U= [ VX g4 Y2 g
/0 sEAC T ) BT

can be expressed as

L L
U= / EA(@s)2dm+%/ EI(@w)dz.
0 0

N | —

From (1.1) we have

ds(z,t) = [1 + (Ow(z + u(z,t),1))2)*/?[1 + u(z,t)] — 1.

Assumption 5. The longitudinal deformation u(z,t) is small compared with
z and Qu(z,t) is small compared to 1, i.e., 8s(z,t) 1s well-approximated by

ds(z,t) = [1 + (w(z,1))?)/? - 1.
With assumption 5, the strain energy of the deformation is given by

_ 1 t w211/ 2 5 w)?
U_§/0 (EA[(1 + (0w)?]'? — 1 + EI(0*w)* }da,

The kinetic energy is given by

1 L
K = —/ pAw*dz,
2 Jo

where * = 9/0t, p (assumed to be a constant) is the mass density per unit
volume of the beam in the reference configuration and where we have neglected
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the rotational inertia of the cross sections (which would introduce the additional
term pAI(Ow)? into K). The total energy is then

E=U+ K.

We may derive the equations of motion together with appropriate boundary
conditions by requiring conservation of energy. The Lagrangian approach, of
course, works equally well. We assume the beam to be fixed at the end z = 0
and, if uncontrolled, to be free at x = L. Calculation of E(t) = 0 leads, after
routine integration by parts and variation arguments, to the nonlinear partial
differential equation

pAw + EI0*w — E{-l—@g(@w) =0, (0<z<ll), (1.2)

where

g(€) = 2 (1 - ﬁ) , (1.3)

and to the boundary conditions
w(0,t) = dw(0,t) =0, (1.4)

EIw(L,t) =0, EI0%w(L,t)— E;g(é‘w(L,t)) 0. (1.5)

In fact, the specific form of the function ¢ will not be important in what
follows, and we only assume (for the moment) that g : R — R satisfies

g is continuous, nondecreasing and ¢(0) = 0. (1.6)
We define a strain energy functional for this g through

L
U= %/0 (EAG(0w) + EI(0w)*)dz,

where

Note that
sg(s) > G(s) >0, VseR.

Setting £ = U 4+ K as before, the requirement that E(t) = 0 leads to the system
(1.2), (1.4) and (1.5). In (1.2), d¢9(dw) may be interpreted in the sense of
distributions on R if, say w € C'*'(0, L) in the = variable.
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We now introduce a feedback control into the system (1.2), (1.4), (1.5) through
the boundary condition

EIS*w(L,t) — EAg(Ow(L,t)) = f(w(L,t)). (1.7)

Physically, f represents a shear force (nonlinear friction) in the d3 direction
applied at the free end of the beam. If £(¢) is calculated with the boundary
condition (1.7) in effect, it is found that

E(t) = —i(L,t)f(u(L,1)).
Thus (1.7) will be a dissipative boundary condition if f satisfies
sf(s) >0, VseR.

If we rescale the time variable by making the change ¢t — t1/pA/EI, the closed-

loop system takes the form

W+ 0*w — y*9g(0w) =0, v* =A/2I, (0 <z < L), (1.8)
w(0,t) = Ow(0,t) =0, (1.9)
O*w(L,t) =0, 8*w(L,t)—~+*g(dw(L,t)) = f(w(L,1)), (1.10)

in which the notational change f — EIf has been made. To complete the
description of the system, initial data

w(0) = w®, w(0)=w', (0<z<lL), (1.11)
should be prescribed. The energy for the system (1.8)-(1.10) is

L
£(t) = %/0 (@ + (8%w)? + 242 G(Ow)]dz.

We now pose the problem to be considered in this paper.

Uniform Stabilization Problem. Determine those feedback laws

f=f(w(L,1))

for which £(t) — 0 as t — oo, uniformly on each bounded set £(0) < M of
initial data.

Remark 1.1. In the uniform stabilization problem, it is not only the decay of
energy that is to be established but also the rate of decay of £(¢) in terms of
elastic parameters and parameters associated with the particular feedback law
selected.

The result to be proved is as follows.
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Theorem. Assume that f and g are continuous, nondecreasing functions with
f(0) = ¢(0) = 0. In addition, suppose that g satisfies

s9(s) > (1 4+ a)G(s) (1.12)

for some o > 0 and that f has the following growth properties:

{ cols|P < |f(s)] < Cols|* if]s| <1, (1.13)

col€| < |F(s)| < Cols|? if|s| > 1,
where A € (0,1}, p > A and ¢ > 1. Let w be a classical solution of (1.8)—(1.10)

and let M > 0. There are constants C > 0 and w = w(M) > 0 such that the
following estimates hold provided £(0) < M: (i)ifp=X=¢=1,

E(t) < Ce™*E(0);
(i1) if p+1 > 2, then

g(t) < C[l +wt(g(o))(p—f—l—2>\)/2)\]—2>\/(P+1—2>\)g(0)‘

Remark 1.2. The constant C may be chosen independent of £(0) but w — 0
as M — oo at least as fast as M(PT1720/22 When p = ¢ = A =1, w is
independent of £(0).

Remark 1.3. It is easy to see that the function g defined in (1.3) satisfies (1.12)
with @ = 1. (1.12) is also satisfied if, for example, g(s) = s|s|*~! with a > 0.

Remark 1.4. In the case p = A < 1, Theorem 1 gives a decay rate £(t) ~
t~2P/(0=P)  This is in agreement with asymptotic energy estimates obtained by
Conrad, Leblond and Marmorat [1] for solutions of the Bernoulli-Euler beam
equation (i.e., g = 0) subject to the boundary conditions (1.9), (1.10), where f
satisfies (1.13) with p € [\, 1} and ¢ = 1.

Remark 1.5. Existence of global weak solutions of (1.8)-(1.11) may be proved
by the Faedo-Galerkin approximation method if, for example, f satisfies the con-
ditions of Theorem 1 and ¢ satisfies (1.6) and is locally Lipschitzian. However,
existence of classical solutions remains an open question.

2. Proof of Theorem 1
Let € > 0, § > 0 and define

F.(t) = £(t) + ep(t)(€(1))" (2.1)

where
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We are going to prove that for € sufficiently small and for the choice

p+1—2A\

/B = 2A 3

the function F.(t) is a Lyapunov functional for the system (1.5)-(1.7), specifi-
cally that

L) (g s, (23)

The choice of the particular functional F; as an appropriate Lyapunov func-
tional, and the calculation of F., is based on the following energy identity,
valid for classical solutions of (1.5)-(1.7) and arbitrary T > 0:

1 T L 3 T L
0=p(T)— p(0) + —/ / widzdt + 5/ / (0*w)*dadt
0 0

T
+ / / [Owg(Ow) G(@w)]dmdt—f—L/ f(w(L,))0w(L,t)dt (2.4)

-3 /0 w?( L, t)dt +72L/ G(Ow(L,t))dt.

Identity (2.4) will be proved at the end of this section. Let us see why it implies
(2.3).
From (2.1),

Eo(t) = E() + eBp(t)(E(1) 1 E(t) + ep(t)(E()”.
From the definition of p(t), it is seen that
p(t)] < L*E(2).
Therefore (since £(t) < 0)
Fo(t) < [1—eBL*(E(0))PJE(t) + ep(t)(E(2))7. (2.5)

The quantity p(¢) may be calculated from (2.4). One obtains

L
p(t) = _/0 {%Uﬂ + 2(5’210)2 + 72 [Owg(Ow) — G(aw)]] dz

N gu')Q(L,t) — Y2LG(0w(L,t)) — LF((L,¢)dw(L,¢)

L
< —/ {%u‘ﬂ + 2(5‘210)2 + a72G(5‘w)} dzx (2.6)
0

+ gu')z(L,t) — v LG(0w(L,t)) — Lf(w(L,t))0w(L,1)

< —min(1, @)E(t) + guﬂ(L,t) Lf(w(L,t))0w(L,t).
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The last term on the right side of (2.6) will be estimated next. To abbreviate
the notation, the argument (L,¢) will be omitted.
If [w(L,t)] <1 we have

|f(@)0w] < Colw|*|dw]

Co 12 - 2
< —
< lw|** + §|0w|

L (2.7)
< 99—|w|2* +6L/ (0*w)?dz
46 0
< 99-|w|2* + 26 LE(t)
— 46
where 6 > 0 is arbitrary.
If, on the other hand, |w(L,t)| > 1,
: 1 :
|f(w)Ow| = Mu} w| < —wf(w)+ 5@(01{))2. (2.8)
w 46 w

We assume that ¢ > 1 and leave the simpler case ¢ = 1 to the reader. The last
term in (2.8) is then bounded above by

6(¢—1) (f(lb)>(q+1)/(q_l) 4 ﬁ_(aw)qdﬂ
+1

qg+1 w
_ b= M)W‘” 26 o
= T wf(w)(lu,)lq +q+1(5w)
< LD ) + 2 D) ()
§(q — _
< (qq+ 11)03/(9 Do () + q?fl(QL)(Q+1)/2(5(0))(9—1)/2g(t).

Use of this last estimate in (2.8) yields, for |w(L,t)| > 1 and § < 1,
. C1 . . —
|F()0w] < < f(w) + bea(£(0)T~V2E(H) (2.9)

for suitable constants ¢; and c¢; which are independent of § and £(0). The
combination of (2.7) and (2.9) gives the estimate

Co . : 2
|f(w(L,t))5‘w(L,t)| < Z;S_X(lw(Lat)l)lw(Lat)l A

+ (= (L ) (L, ) f(( L, 1)) (2.10)

+ 8[2L + co(£(0)) 17 V21E (1),
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where x denotes the characteristic function of the interval [0,1]. If (2.10) is
substituted into (2.6), the following estimate for p(¢) is obtained:

p(t) < —{min(1,a) — L8[2L + c2(E(0))T™V/2]} (1)

O (L DI (L )

. | . . 2.11
EEL 1 — (o (L )DL, ) f (L, 1) o

L
+ 5102(L,t).

+

+

The inequality (2.11) is now used in (2.5), leading to the following estimate of
F(t) [recall that £(¢t) = —w(L,t)f(w(L,1))):

6LC]
)

— e{min(1,a) — L[2L + co(£(0))I71/2]}g(¢)P+1
45XHMIJNWMLﬂPV&wW
el .,

+ 5 (L, t)(E(1))P.

F.(t) < |1 —eBL*(£(0))° — —=(£(0))? | £(t)

+

The last two terms in (2.12) still have to be estimated.
We shall assume that p+ 1 > 2\ and leave the other possibility p= A =1 to
the reader. The inequality

65—1

S

1
< —lal" bl? 2.13
ab] < = lal” + =1t (2.13)

(6>0,7>1,s>1,1/r+1/s=1) will be needed.
We apply (2.13) with r = (p+1)/2  and s = (p+1)/(p+ 1 — 2X) in order to
obtain, for every n > 0,

x([w)|w*A(E(t))”

2\ ) p+1—2A _ _
p+1 P2 an 2X0/(p+1-2)) Blp+1)/(p+1-2X)
77(P | 1)|w| | p+1 n (E(t)) (2_14)

2N +1-2) B )
< wf(w) + 2_)—_772>\/(P+1 20(g(1))BeHD/(p+1-22),
n(p+1) p+1

<

To estimate the last term in (2.12), the two possibilities A < p < land p > 1
will be considered separately.
If A < p <1 we simply use the estimate

B (L, 1)E(1)P < —( L) f(ur(L, ) (E(0)), (2.15)

Co
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which follows from our assumptions, since [£[2 < [£[Pt! for p <1 and [£| < 1.
Suppose that p > 1. If |w| > 1 then (2.15) continues to hold. If, on the other
hand, |w| < 1 we apply (2.13) withr = (p+1)/2, s = (p+1)/(p—1) and obtain

—1 :
X B < (P DT 2 62/ (0=1) g (4)) B+ /(p=1)
W (E) < gl + (E(t))

2 ol P=1 /-1 (p+1)/(p—1
< — 2 () + 82D g Alp+1) /(p=1)

Substitute (2.14)—(2.16) into (2.12) to obtain

(2.16)

6[/61

B0 < [1-e(E(0)° - ZEHEO)
el eALCy el ] (

" 20 O T T T B e

— ¢ {min(l, o) — L6[2L + cQ(g(o))W—l)/?]} £(1)P+ (2.17)
eLCo(p+1—2)) 20/(p+1—-2X) -
g())BPr+1)/(p+1-22)
w1 (£(2))

4 eL(p— 1)62/(1)—1)(g(t))ﬂ(p—f—l)/(p—l)
p+1
with the understanding that the last term on the right, and the last term in the
bracket which multiplies g(t), are to be omitted if p < 1. To complete the proof
of (2.3), we suppose that p > 1 and leave it to the reader to make the minor
changes needed for the opposite case.
The inequality (2.17) is valid for every # > 0. We now choose § so that

Blp+1)
p+1—2)\_ﬂ+1’

that is, 8 = (p+ 1 — 2\)/2\. Then 8+ 1 = (p + 1)/2) and
(g(t))ﬂ(P+1)/(P—1) < (g(t))ﬂ+1(5(0))(1—,\)(1;_}.1)/,\(1,_1)'

The last three terms in (2.17) may therefore be combined to yield the estimate

5LC1

F(0) < |1-ep22(E0)° - SO

el el eALCy :
- j"«C_o(g(o))ﬂ S 6(p+1)co 2cobn(p + 1)] £)

— € {min(l, o) — L8[2L + co(£(0))1~D/2] (2.18)

_ ___L(p _ 1)52/(p—1)(g(0))(1—A)(p+1)/>\(p—1)
p+1
_LGy(p+1-2)) 2A/(p+1—2,\)} (1)1
46(p + 1)
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Suppose that £(0) < M. We choose 6 as follows:

SL[2L + CZM(q—-l)ﬂ] + E%52/(p—1)M(1—A)(p+1)/>\(p—1) < }lmin(l,a).
p

With é selected, choose n so that

LCo(p+1—2)) 20/(p+1-2X)
46(p +1)

1
< —min(1 .
_4m1n( , Q)

Having selected ¢ and n, choose ¢ so that

LCl L L )\LCO
pey Loy ——> MO <1
¢ [(ﬂ + 6 2¢co + 8(p+ 1)co + 2c06n(p+1)| —

Then we obtain from (2.18)

min(1, «)
2

+1
L B+1= pQ—A—. (2.19)

F.(t) < —ea(E(t)PT, o=

Since |p(t)| < L*E(t) we have
|[Fe(t) = E()] < LE(E()
< LPMPE(R).

Therefore
(1 —eL*MPYE(t) < Fu(t) < (1 4+ eLEMPYE®M).

Consequently,

= —K(F.(t))"*.

F.(t) < —eo(1 4+ eL*MPYB=Y(F,(¢))P+}

This yields, upon integration,

(Fe(t))” <

S 1T (F.(0)PKAt (2.20)

Since

0 < FL(0) < (14 eL2MP)E(0),

and since the function ¢ — £/(1 + k?¢) is strictly increasing on € > 0, it follows
from (2.20) that

(1 +eL*MP)3(£(0))?

1+ (14 eL2MB)B(E(0))B K Bt
(1 +eL2MP)B(£(0))P

1+ eo(l +eL2MB)-1(£(0))8 6t

(Fe(t))” <
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Therefore
278
Fn) < LHeLPMOE©O) 1 eof
(1 + wt(£(0))8]1/8 1+el?2MB
hence

E(t) < O+ wt(£(0)°) 7P E(0),

if e < L72M~#_ where

C— 1+el?M?A

Remark 2.1. Since ¢ < L72M~8 it

as fast as M. On the other hand, by insisting that ¢ < (1/2)L~

1—el2MB’

p4+1—2\

b=

i1s seen that w — 0 as M — oo as least

ZpB (for

example), we may bound C independently of M.

Proof of (2.4). Multiply (1.5) by z0w and integrate the product over (0, L) X

(0,7):
T L
/ / 0w + 0*w — v*0g(0w)]dzdt = 0. (2.21)
o Jo
We have
T L T L
/ / zOww dzdt = p(T —p(O)—/ / zwOw dzdt
o Jo
=p(T) — / / 5‘3:w )dzdt + = / / w?dzdt
(2.22)
= o(T) — p(0 +—/ / u')2d3:dt——/ w?(L,t)dt,
2/o Jo 2 Jo
and

T L
/ / zOwd* w dxdt =
o Jo

5] o

= L/O dw(L, )5

L/OTc?w(L,t)
- L/OT dw(L, )6

w(L,t)dt +/ / 0% (z0w)0%w dzdt

w(L,t)dt + = / / dmdt
(2.23)
dmdt
w(L, t)dt + = / / dmdt
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Finally,

T L T
—/ / zOwOg(Ow)dzdt = —L/ Ow(L,t)g(Ow(L,t))dt
T L
+/ / g(Ow)(z0*w + Ow)dzdt
_ _L/ dw(L, t)g(dw(L, t))dt
/ / B[z G(Ow)|dwdt (2.24)
+/0 /0 [Owg(Ow) — G(Ow)]dxdt
T
=L/0 (G(Bw(L,1)) — Bw(L, 1)g(dw(L, 1)]dt
T L
. /0 /0 [Bwg(dw) — G(Ow))dzdt.

Identity (2.4) follows upon substitution of (2.22)—(2.24) into (2.21) and use of
the boundary condition (1.10).

References

[1] Conrad, F., Leblond, J. and Marmorat, J.-P., Energy decay estimates for a beam with non-
linear boundary feedback, Proc. COMCON Workshop on Stabilization of Flexible Struc-
tures, Montpellier, France, January, 1989.

[2] Kane, T. R., Ryan, R. R. and Banerjee, A. K., Dynamics of a beam attached to a moving
base, J. Guidance, Control and Dynamics 10 (1987).

[3] Rogers, R. C. and Russell, D. L., Derivation of linear beam equations using nonlinear
continuum mechanics (to appear).

J.Lagnese

G.Leugering

Department of Mathematics
Georgetown University
Washington, DC 20057, USA



Neumann Boundary Stabilization of Structurally
Damped Time Periodic Wave and Plate Equations

ALESSANDRA LUNARDI*

Dipartimento di Matematica, Universita di Cagliari

1. Introduction

Let 2 C R™ be a bounded open set with C? boundary 92 and exterior
unit normal vector v . Let p be a T-periodic positive C! function, and let
A:D(A) ={p € H}(Q): %‘f =0} — L%*(Q),Ap = Ay be the realization of
the Laplace operator in L?(§) with homogeneous Neumann boundary condition.
We shall study the stabilizability problem for the strongly damped wave equation
and the proportionally damped wave equation in (0, +0c0) x 2 :

up(t,z) = Au(t,z) + p(t)Au(t,z), t > 0,z € £,
u(0,z) = uo(x), ui(0,2) = vo(z), = € Q,

(1.1)
2 u(t,2) = (B (1)), ¢ >0, = € O
wee(t,z) = Au(t,z) + p(t)(—A)Tus(t, z), t > 0,2 € 2,
u(0,z) = uo(z), ue(0,z) = vo(z), z € Q, (1.2)
2 u(t,2) = (Bga(t))(x). >0, @ €

where g1,92 : [0, +oo[— Z ( Z = Banach space of controls) are the controls, and
® is a linear bounded operator from Z into L%(0f2). Analogously, we consider

* The author is a member of G.N.A.F.A. of C.N.R., and was partially supported by the
[talian National Project M.P.I. “Equazioni di Evoluzione e Applicazioni Fisico-Matematiche”.
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two damped plate equations:

up(t,z) = —A%u(t,z) — p(t)A%u4(t,z), t >0,z € Q

u(0,2) = uo(z), ue(0,2) = vo(z), z € 1, (1.3)
—g;u(t,m) =0, %Au(t,m) = (®g3(t))(z), t >0, z € O
ue(t,z) = (=A)%u(t,z) + p(t)(—=A)%us(t,z), t > 0,2 € Q
u(0,2) = uo(z), ue(0,2) = vo(z), z € Q, (1.4)
—?—u(t,m) =0, —@—Au(t,m) = (®ga(t))(z), t >0, z € O

Ov

In the case F' = 0, systems (1.1),...,(1.4) are not stable, since they admit so-
lutions of the form u(¢,z) = a + bt. Interior stabilization of system (1.1) was
considered in [9] in the autonomous case p(t) = p, and in [4] in the nonau-
tonomous case. Several regularity results concerning equations (1.3) and (1.4)
(also with other boundary conditions) were given in [10]. Here we prove that sys-
tems (1.1), (1.2) (resp. (1.3), (1.4)) are exponentially stabilizable in the H' x L?

(resp. H? x L?) norm if and only if
3z € Z such that / (®z)(z)doy # 0 (1.5)
a9

The 1dea of the proof is the following. Setting u: = v, we reduce systems (1.1)
and (1.2) to first order systems in the product space X = H*(Q) x L%(Q) :

)= 18 woa] [2] >
o) = [5] o

= 1.7)
v(0) | vo |’ (
Ou
— = (Pg2(2)), t > 0;
v ( 92( ))a )
and we study the evolution operators G(¢,s) generated in X by the families

A(t) = [2 p(tl)A] and B(t) = [g p(t)(l—A)%]’ with domains D(A(t)) =

{[Z] € H'(Q) x HY(Q) :u+ p(t)v € D(A)}, and D(B(t)) = D(A) x H'(Q)
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respectively. Analogously, we reduce systems (1.3) and (1.4) to first order sys-
tems in the product space Y = D(A) x L*(Q) :

w'] [ o 1 ul Lo
o' | A% —p(t)A?] v ]’ =
w(0)] _ [wo (1.8)
v(0) | | vo |’
Ou 0Au
e o
ot =0, 22 (35(0)), > 0
u' 0 1 u
)= [ae s ] o
o) =[] .
Ou 0Au
5'; - Oa v - (¢g4(t))a t>0
and we study the evolution operators G(¢,s) generated in )} by the families

L) = [—212 —p(i)A2] and M(¢) = [ p(tl)A

Z] € HY(Q) x HY(Q): & =0,2% = 0,u+ p(t)v € D(A2)}, and D(M(t)) =

D(A?) x D(A) respectively.

The theories developed in [9]-[10] and in [1]-[2] are applicable to our sys-
tems, provided we reduce them to homogeneous boundary problems. This is
done in the usual way, by using the Neumann mapping N (defined by N¢ = z,
where z 1s the solution of the elliptic problem Az = z in Q, %fj = ¢ 1n 02), and
introducing the new unknown w(t,z) = u(t,z) — (N®g;(¢))(z) (i=1,2) in prob-
lems (1.1),(1.2), and the new unknown 2(t,z) = u(t,z)— (I — A)"' N®g;(t))(z)
(i=3,4) in problems (1.3),(1.4). Therefore, the couples ;Ut] zzt satisfy ho-
mogeneous systems, and they can be represented by the variation of constants
formula, provided that the g¢;’s are twice differenmable Once a function W has
a representation of the form W (¢ fo s)ds + G(t,0)Wy, ( F being an
exponentially decaying functlon) a necessary and sufﬁc1ent compatibility condi-
tion between Wy and F'is known ( [8], [5] ) in order that W decays exponentially
as t — 0o. After some computation, we find that such a condition is satisfied if
and only if conditions

(,
(‘)4 ] , with domains D(L(t)) =

= 00sp(s)),
Pug = [s — =5 —=]P'®gi(s)ds,
/0 9s (1.10)

Poo = [ 1) = 1P Bils)ds +(0) P B:(0
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(1 = 1,3) hold in the case of problems (1.1),(1.3), and conditions

Puoz/ sP'®g;(s)ds,
0

~ (1.11)
Puyy = —/ P'®g;(s)ds
0
(1 = 2,4) hold in the case of problems (1.2),(1.4). Here we have set
Pe = (meas ©) [ ¢(e)da, € LA
@ (1.12)

P'n = ( meas 5‘9)“1/ n(z)doy,n € L*(09).
1219]

Therefore, the stabilization problem for systems (1.1) and (1.3) (resp. (1.2) and
(1.4)) is reduced to the problem of finding a function g¢; satisfying (1.10) (resp.
(1.11)). Of course, if either (1.10) or (1.11) are solvable for arbitrary initial

values (up,vo), then (1.5) is necessarily satisfied; it is not difficult to see that
the converse is also true.

2. The abstract setting

Let @ C R™ be a bounded open set with C? boundary 9§ and exterior
unit normal vector v, and set D(A) = {v € H*(Q) : —g—f =0}, A: D(A) —
L%*(§)), Ap = Ay . Then the spectrum of A consists of a sequence of eigenvalues:

U(A) = {_)‘k}kEN;)‘O = O,klim A = 400 (21)

so that the spectrum of —A? : D(A?) = {p € H4(Q) : Q‘f = %‘5 = 0} consists
of the sequence of eigenvalues

o(—A?) = {=A} ken. (2.2)

Let {exn}renh=1,.m(k), be a complete orthonormal system spanning L*(Q)
and consisting of eigenvectors of A : Aerp, = —Aperp for each £ € N and
h = 0,..,m(k). We shall represent every function ¢ € L2%(Q) in the form
0= %0 ZZ;(];) @knekn. The fractional power (—A)7 : D((—A)3) = H(Q) —
L%(§)) is well defined by

(Me)? prnern Vip € HH(Q). (2.3)

0o m(k)
(~A)7p =
k=

0 h=1

Set moreover

X = H'(Q) x L*(N),Y = D(A) x L*(Q). (2.4)
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If p: R — R is a positive T- periodic C*! function, define

D(A(t)) = { [";] c H'(Q) x HY(Q) :u+ p(t)v € D(A)} .
2.5

A(t) : DIA()) — X, A(t) = [Sx p(tl)A] .

D(B(t)) = D(A) x H'(Q), B(t) : D(B(t)) — X,

0 1 (2.6)
B) = [A p(t)(—m%]

and

D(L(t)) = { M € D(A) x D(A) 1 u+ p(t)v € D(AQ)}

. 1 (2.7)
£ D) =¥ L0 = | S _iae]
D(M(t)) = D(4) x D(4) M(t) : DIM(1)) — .
0 1 (2.8)
M) = [—A? i)

It is well known that both A(t) : D(A(t)) — X,B(t) : D(B(t)) — X generate
analytic semigroups in &X', and both L£(t) : D(L(t)) —» Y, M(t) : D(M(t)) — Y
generate analytic semigroups in ) (see e.g. [3] ) for every ¢t € R. Since the
operators B(t) and M(t) have respective domains D = D(A) x H}(Q2) and
£ = D(A?) x D(A) independent of ¢ , and (as easily seen) ¢t — B(t) belongs
to CY{R, L(D,X)),t — M(t) belongs to C (R, L(£,Y)), then the family {B(¢)}
generates an evolution operator G(t,s) in X' | and the family {M(t)} generates
an evolution operator G a¢(¢,s) in Y (see [9], [10] ). On the contrary, the domains
of A(t) and L(t) depend on time, but it is easy to check that also the families
{A(t)} and {L(t)} generate evolution operators in X and in ) respectively, by
applying either the result of [7] or the following one (a simplified version of the
main theorem of [1] ):

Proposition 2.1. Let X be a Banach space, and let A(t) : D(A(t)) € X —
X(t € R) be linear operators such that there are w € R,6 > 7, ¢,e > 0 with

(a) p(A(®)) D{A€C: Re A > w},[|MA—AQ) o x) S MVteR,
(b) [[A()(A — A()TH(AR) — w)™! = (A(s) —w) ey < [ = sl
Vit seR.

Then the family { A(t)} generates an evolution operator Ua(t,s) in X.

By using the representation formula

- a0 = o YA -
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which holds for every A #£ 0, A\ # —;ﬁ, A #£ =3[ Aep(t) £ ((Aep(2))? _4)\k)%]’

and

L (A +p()A?) 1 __)‘2_ 2y—1
(A= L) = Ap(t) +1 —A? A ()\p(t) +1 +47)

one can check easily that the assumptions of Proposition 2.1 are satisfied by both
families {A(¢)} (with X = X ) and {£(¢)} (with X = ). We denote by Ug(t, s)
(resp. Ug(t,s) ) the evolution operator generated by the family {A(t)} (resp.
{L£(¢)} ) in X (resp. in } ). The asymptotic behavior of any evolution operator
H(t,s) (under the assumptions of either [9]- [10] or [1]-[2]) is determined by the
spectral properties of the families of operators {H(s+7,s) : s € R} (see [8] and
(5] ). The following proposition holds:

Proposition 2.2. The spectra of Gg(s+T,s) ,Gm(s+T,s) and of Ua(s+T, s),
Ue(s + T,s) are independent of s € R. Moreover:

(i) If G denotes either Gg or G a1 , then o(G(T,0)) = {0} U{nk }xen ,where
no = 1,|nk| < 1 for k > 1, limk_ o = 0, and ny is an eigenvalue for

each k;

(i1) If U denotes either Ua or Ug , then o(U(T,0)) = {0,e” o 7(177‘15} U
{x+(k)}ren,where X%(k) are eigenvalues, limp_.x-(k) = 0,
limy o0 x4 (k) = € Jo 57%, and x1.(0) = 1,x-(0)] < 1,[x2(0)] < 1
fork > 1;

(iii) For every s € R and for every sufficiently small circle v centered at 1,
we have

QM/(Z—G(HTS)) ldz—Qjm, L(z—U(s+T,s))_1dz: [g g]

where P (defined in (1.12)) is the projection on the space of the constant
functions.

Proof. Since D (resp.£) is compactly embedded in X (resp. in V), then G(s +
T,s) is a compact operator for every s, so that its spectrum (except the point
0 ) consists of a sequence of eigenvalues converging to 0. It is independent of
s because the eigenvalues of G(s + 7, s) do not depend on s. To estimate the

eigenvalues of G(s + T, s), we recall that G(s + T, s) l";ol _ [,:((887_:?’))] :
0 t -

where u is the solution of (1.2) (resp. (1.4)) with initial time s and ® = 0, and
u(t,-) = Zk 0 Zh ) ukh(t)ekh, where ugp(t) is the solution of

ugy(t) = —Akurn(t) — ()2 p(t)uln(2),

ukn(s) = (uo, exn), Ukp(s) = (vo,ern), (2.9a)
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or, respectively,
uka(t) = —Akura(t) — Aep(t)un(t),

2.9b
ukn(s) = (uo, exn), upp(s) = (vo,ern). (2.95)

From (2.9)(a)(b) we deduce easily that 1 is a double eigenvalue of G(s + T, s),
and the other eigenvalues have modulus smaller than 1. Therefore (i) is proved.
(ii) is a consequence of Theorem 2.3 of [4]. Now we have

U(s + T, s) [Z;’] = [L‘féﬁ,'-))] ’

where u is the solution of (1.1) (resp. (1.3)) with initial time s and ® = 0, and
u(t, ) =3 reo ZZ;(];) ukh(t)ekn, where ugp(t) is the solution of

upp(t) = —Apurn(t) — App(t)uin(t),

uka(s) = (uo, ekn), uka(s) = (vo, exn), (2.102)

or, respectively,
up(t) = =Ajurn(t) — M p(t)uin(t),

2.10b
ukh(s) = (o, exn), uka(s) = (vo, ekn). (2.10b)

Let us show (iii). Set

<v07 ekh>

G(s+T,s) [";2] = i

PinGin(s + T, 8) [<u0’ekh>] ,

and

PinUkn(s + T, 8) [Ezz’:::;] ,

U(s + T, s) [Z;’] - i

a| _ |aekn (uo,exn) | _ |ukn(s+T)
where Pyp, [b] = bekh] . Moreover, Gga(s+T, ) [<v0’ekh>] = [u,kh(s + 7))

where ugp is the solution of (2.9)(a)(resp. (2.9)(b)), and

thats + 1.9 [ forekn) | = [0+ D

where ugp is the solution of (2.10)(a) (resp. (2.10)(d)). From (2.9) and (2.10)
we find

Goi(t,s) = Upi(t,s) = [(1) tIS] (2.11)
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Then we have

1 -1
7ms /7(2 —G(s+1T,s)) dz

i3

Puk(z — Grn(s + T,3)) ™" [<“°e’°">] dz

<voekh>
1 1 T -1 P'LLO
—Tmlp°l(2‘{o 1D {on}‘”’

and, analogously,

1 —1 . 1 1 T ! P'U,O
%L(Z—G(S—FT,S)) dz—%[yP01(z—[o 1]) [onldz.

Statement (ii1) follows now easily. O

For representing the solutions of (1.1),..,(1.4) by means of the evolution oper-
ators considered above, we introduce the Neumann mapping, defined by N¢ = z,
where z i1s the solution of

Az=2 1n §)
2.12
—8—2— =¢ 1 0. ( )
ov

As well known, N is a bounded operator from L?(dS) to H3(Q) and from
H3(09) to H2(Q). Moreover, AN = N. Thisimplies that, if g1 € C2([0, +o0[, Z),
up € H'Y(R), vo € L*N), and u is a solution of (1.1), then, setting w =
u(t,z) — N®gi(t)(z), w satisfies

we(t,z) = Aw(t,z) + p(t)Awe(t,z) + NPgy(t)(z)
+ p(t)N®g;(t)(z) — N®g{(t)(z), t >0,z € 1,

’U)(O,Q?) = uo(m) - Négl(o)(x)a S Qa (213)
we(0,2) = vo(z) — N®gi(0)(z), = € Q,
wt2) _ o 45 0.2 € 00
ov
so that for every t > 0 we have
U U — N@gl(O) Nq)gl (t)
= Ua(t,0) [
u ] vg — N®g! (0 Nog!(t
t 0 91 ( ) g91(t) (2.14)

t 0
+/0 Ualt,s) {N@gl(s) + p(s)N®gi(s) — Néglll(s)} ds.
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Similarly, if u is a solution to (1.1), then w satisfies
wee(t, @) = Aw(t,z) + p(t)(—A) Twi(t, @) + NBga(t)(z)+

+ p(t)(=4): N®gy(t)(2) = NOgy/(t)(x), t > 0,z € Q,
w(0,2) = uo(z) — N®g2(0)(z),z € Q, w(0,2) = vo(z) — N®gy(0)(z),z € £,

owlhz) _ o v 0,0 € 00,
Ov
(2.15)
so that for every t > 0 we have
U ] Uy — NQQQ(O) Nq)gg(t)
= Ug(t,0) [ +
u ’ v — N®gh(0 Nodgh(t
t 0 95(0) 95(t) (2.16)

t 0
+ /0 UB [NCI>92(8) + p(S)(—A)%NQ)gé(S) — Nq)glzl(s)} ds.

The functions defined in formulas (2.14) and (2.16) are in fact solutions of prob-
lems (1.1) and (1.2), as the following proposition shows.

Proposition 2.3. Let g; € C*([0,400(;Z),i = 1,2, and let vy € H'(Q),
vo € L%(Q). If ® belongs to L(Z, L?(dN)), then the function u given by (2.14)
(resp. (2.16)) belongs to C*(]0, +oo[; L2(2)) N C([0,400[; H'()), u + pu' be-
longs to C(]0, 400[; H3(Q')) for every ' CC Q (resp. u € C*(]0, +oo[; LE(Q)) N
C([0, +oo[; HL(2))NC(]0, +o00[; H2(§Y')) for every Q' CC ), and u is a solution
of problem (1.1) (resp. (1.2)). If & belongs to L(Z, H(8Q)) , then u + pu’
belongs to C(]0, +oo[; H2(Q)) (resp. u € C(]0,+oo[; H*()).

Proof. Let ® belong to L(Z, L2(09)) . Then the function

0

P EW = Nag (1) + p(t)N Bl (1) — Nagl ()

belongs to C([0, 4+00[; {0} x H2(12)). Since D(A)x D(A) is contained in D(.A(t))
for every t, then {0} x H3 (2) is contained in D 4(4)(,2) for every 8 < % . Hence,
suPg<i<a [l F (1) D 4hy(8,00) < +o0 for every a > 0 and 6 < 2. Now, theorem 6.6
of [2] ensures that the function

t 0
t — Up(t) = /0 Ualt,s) {N@gl(s) + p(s)N®gi(s) — N®gi(s)

ug — N®gy1(0)
TUL0) L}o - N@g} (0)
belongs to C([0, +o0o[; X) N C1(]0, +00[; X'), Uy belongs to the domain of A(t)
for each ¢t > 0, and A(¢)U1(t) belongs to C([0,+o0[;X'). This implies that,
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setting Uy(t) = [Z;E:;], then u; € C?(]0,+oo[; L2(Q)) N C([0, +o00[; H(Q)),

uy + pv1 € C(]0, +o00[; H%(£)), and

uy(t) = vi(?),

v () = uf(t) = Aua(t) + p(t)Au)(t) + N@gi(t) + p(t)N g (t) — N gy (1)
u1(0) = ug — N®g1(0), v1(0) = vog — N®g;(0)

ov '

(2.17)

Nog(t)

The function U (t) =
e function Uz (t) [Nq)g'l(t)

] belongs to

C2([0, +oof; HE(2)) x CY(J0, +oof; H? (),

uz(t) and v2(t) belong to C>°(') for every Q' C 2, and, setting uz(t) = N®gy(t)
and v,(t) = N®g!(¢) we have

up(t) = va(t), va(t) = up(t) = N@gy'(2)

u2(0) = N®g1(0), v2(0) = vo — N@g;(0) (2.18)
?(,% = ®g1(1)

Summing up, we find that u belongs to C%(]0, +-00[; L2(2))NC([0, +oo[; H(Q)),
u + pu' € C(]0,+oof; H3(Q')), for every Q' CC Q , and u satisfies (1.1).
If, in addition, ® belongs to L(Z, H(R)), then U, € C?(]0,+o0o[; H2(2)) x
C([0,4o00[; H%(Q)). Hence, u belongs to

C*(]0, +oo[; L*(2)) N C([0, +oo[; H (),

and u+pu' belongs to C(]0, +o00[; H*(2)), and the statement concerning problem
(1.1) is proved.

Let us consider now problem (1.2). If & belongs to L(Z, L?(91)), then N®g,
belongs to C2([0, +oo[; H3(§2)) C C?([0,4o0o[; D(—A)5~¢) for every e €]0, 3
so that the function

t— F(t) = (L)

N®ga(t) + p(1)(=A)2 N@gy(t) — Ngy(1)
belongs to C([0,40o[; {0} x D(—A)3~¢) C C([0, +00]; Dp(oy(3 —¢,2)). The rest
of the proof is similar to the proof in the case of problem (1.1), the unique
difference being that now U; € C([0, +o00[; X') N C1(]0, +o0o[; X) N C(]0, +00[; D)
(since D(B(t)) = D for every t), so that

u; € C*(]0, 4+o00[; L*(2)) N C([0, +oof; HY(2)) N C(J0, +00[; H}(R)). O
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Let us consider now problems (1.3), (1.4). If g3 € C?*([0,+0[,Z), ug €
D(A), vo € L%Q), and u is a solution of (1.3), then, setting z = u(t,z) — (I —
A)"IN®g3(t)(z), z satisfies

Zu(t,l') = —A2Z(t,ﬂ3) - p(t)A2zt(ta‘r) - [(I - A)_l - 2]N¢g3(t)
2(0,z) = ug(z) — (I — A) "' Ndg3(0)(z),z € Q, (2.19)
2(0,2) = vo(z) — (I — 4) ' NBgh(0)(z), € 9,
Oz(t,z) 0 0Az(t,z)
ov 7 v
so that

ul uo — (I — A)"1N®g3(0) (I — A) I N®gs(t)
M = Uelt,0) [ — (1~ 4) Nag(0) ] o {u - A>—1N<I>§Z<t>]

=0t>0,z € 09,

t 0
* / Ve [—[(I — A)! = 2][N®gy(s) + p(s)NBgh(s) } “

t
0
‘/o Ue [(I - A>-1N<I>gg'<s>] ds, t 2 0.

Similarly, if u is a solution to (1.4), then z satisfies

(2.20)

zu(t,z) = —A%2(t,z) + p(t)Az(t, z)
(= A~ 2NBG () + o) AT — 4) NEG(1)(2)
2(0,2) = ug(z) — (I — A) "' Ndgs(0)(z),z € Q, (2.21)
20(0,2) = vo(z) — (I — A) ' Ngy(0)(z),z € O,
Oz(t,z) 0 0Az(t, x)

Ov ’ Ov
so that

=0t>0,z € 00,

A Rl e R B st

' / !‘“I —A)T -2 ¢g4(3)0+ pls)A(I - A)‘1N<I>gé(s)] o
+/0 [—(I—A)—Olmg;'(s)] ds, £ 20 (2.22)

The functions defined in formulas (2.20) and (2.22) are in fact solutions of prob-
lems (1.3) and (1.4), as the following proposition states. Since the proof is very
similar to the one of Proposition 2.3, we omit it.
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Proposition 2.4. Let g; € C%([0,+00[; Z),1 = 1,2. If® belongs to L(Z, L*(f)),
then the function u given by (2.20) (resp. (2.22)) belongs to C*(]0, +oo[; L*(Q))N
C([0, +o00[; H*(2)), u + pu’ belongs to C(]0,+oo[; H*(Y')) for every ' CC
(resp. u € C*(]0,+oo[; LE(R2)) N C([0, +oo[; H*(R)) N C(]0, +oo[; H*(R')) for
every Q' CC Q), and u is a solution of problem (1.3) (resp. (1.4)). If ®
belongs to L(Z,Hz(0)) , then u + pu' belongs to C(]0, +oof; H4()) (resp.
u € C(]0, +oof; H*()).

Concerning asymptotic behavior, the following proposition holds true (see [8],

[5]).

Proposition 2.5. Let X be a Banach space, and let {A(t)} be a T-periodic
family of operators satisfying the assumptions of Proposition 2.1. Let H(t,s) be
the evolution operator generated by { A(t)}, and assume that the circle {z € C:
|z| = e7“*} does not intersect the spectrum of H(s + T, s) for every s. Fix any
Vo € X , and any function F € C([0,00[; X) such that sup,s, ||F(t)e*!||x < o0.
Then the function

V(t) = H(t,0)V, + /t H(t,s)F(s)ds, t >0 (2.23)

is such that sup,s ||V (t)e“?|| < +oo if and only if
+ o0

P0O)V, = — H(0,s)P(s)F(s)ds, (2.24)

where P(s) = 27” f (z— H(s+1T,s))"1dz, v being the circle centered at 0 with

radius e™7 . If in addition F(t) belongs to D (6,2) for some # €0,1[, with
sup,sq || F(t)e“ || pL(o,2) < +00 , and (2.24) holds, then V'(t) = A(t)V (t) + F(t)
for t > 0, sup;s, [|A()V(t)e*t]|x < +oo for every a > 0.

3. Stabilization

First we consider systems (1.2) and (1.4). We use notation from Section 1.

Proposition 3.1. Let ® € L(Z,L*(99)), and let 0 < w < —=x Insup{|z| : z €
o(Gp(T,0)) (resp. Gm(T,0),z # 1}) .The following statements are equivalent:

(a) For each (ug,vg) € X (resp.)) there is g € C*([0, +00[; Z) such that

sup||g(t)e*’||z + sup [[g'(t)e “llz +supllg"(t)e*! ||z < +oo
t>0 t>0

and

sup ||ue(t, ')GMHL?(Q) + sup ||u(t, ')em”Hl(Q) < 400
t>0 t>0
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(resp. sup [lug(t, e[| g2y + sup [[u(t, )e! | aay < +oo),
t>0 t>0

where u is the solution of (1.2) (resp. (1.4)).
(b) There exists z € Z such that [, (®z)(y)doy # 0.

If, in addition, ® belongs to L(Z, H>(dS)), and either (a) or (b) holds, then

for every a > 0 we have:

sup [|us(t, -)e“ | g1y + sup [|u(t, ) | w2 () < o0
t>a t>a

( resp. sup [|ue(t,)e || 2(ay + sup[lu(t,-)e” || ga(q) < +00).
t>a t>a

Proof. First we consider system (1.2). Since N®g and N®g' decay exponen-
tially in the norm of H%(Q), from Proposition 2.5 we get that

sup [|ue(t, ')GMHL?(Q) + sup [Ju(t, ')emHHl(Q) < t+oo
t>0 t>0

if and only if

P 0] [u—N®g0)] _ [T P 0
{o P] L’o _Nego)| =), G809y p
0 (3.2)

8 IN%(S) + p(s)(—A)E N&g'(s) — N@Pg”(S)] ds
Now, it is easy to see that PN = P’ and P(—A)3 N = 0 (recall that P and P’
are defined in (1.12)). By using also (2.11), we find that (3.2) is equivalent to

Pug — P'®g(0)] _  [®[—sP'®g(s) + sP'®g"(s)
[P’Uo — qu)gl(())} o _/0 [ P’Q)g.?s) _ qu)g//g(s) } ds. (33)

Let us show now that also system (1.4) leads to equation (3.3). Since N&yg
and N®g¢' decay exponentially in the norm of H%(Q), then (I — A)"!N®g and
(I — A)"'N®g' decay exponentially in the norm of H%(Q) From Proposition
1.5 we get that

sup [[ue(t, - )e“" || 2() + sup Ju(t, -)e* || g2y < 400
t>0 t>0

if and only if

Kb B R AR R
0

X lQNq)g4(s) — N(I — A)7'®(ga(s) — p(s)ga(s) + 9!{(8)} @
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holds. Using now the equalities P(I — A)"'N = P’ and, together with (2.11),
we find that also (3.4) is equivalent to (3.3).

After some integrations by parts, one can see that (3.3) is equivalent to (1.11).
Of course, if (1.11) is solvable for every couple (ug, vg), then condition (b) holds.
Conversely, if (b) holds, for each (ug,vq) one can find easily a solution of (1.11)
in the form ¢(¢) = y(t)z, where v is a scalar C* function with compact support
and ®z has nonzero mean value. The equivalence of (a) and (b) is so proved.

If & belongs to L(Z,H%(é‘ﬂ) , then for every g € C([0,00[; Z) such that
suP;so llg(t)e“ ||z + sup,sq llg'(2)e* || z < 400, the function

= [3220] o o= [

belongs to
C([0, +oo[; H*(Q) x H*(R)) (resp. to CH([0, +oo[; H*(Q) x H*(Q))

and decays exponentially in the H%(Q) x H%(Q) (resp. H*(Q) x H*(f)) ) norm
as t — oo. If (a) or (b) holds, by Proposition 2.2 we get that

Lah] (o - iR

decays exponentially in the D-norm (resp. in the £-norm). This implies that
sup [[ue(t, -)e*" | 2@y + sup |u(t, e || s(a) < +oo
t>a t>a

for every a > 0 . O

Let us consider now systems (1.1) and (1.3).

Proposition 3.2. Let ® € L(Z, L*(09)), and let 0 < w < —xinsup{|z| : z €
o(Ga(T,0)) (resp. G¢(T,0)),z # 1} .The following statements are equivalent:

(a) For each (ug,vg) € X (resp. V) there is g € C*([0,+o0[; Z) such that
sup [|g(t)e** ||z + sup [|g'(t)e** ||z + sup ||g" (t)e*"|| 7 < +oo
t>0 >0 >0
and
sup [|ue(t, -)e** | L2(a) + sup [|u(t, -)e* | mri(a) < +o0
>0 t>0
(resp.
sup [|u(t, -)e“ || L2(n) +sup [[u(t, - )e* | m2q) < +00),
£>0 >0

where u is the solution of (1.1) (resp. (1.3) ).
(b) There exists z € Z such that [,,(®z)(y)doy # 0.
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If, in addition, ® belongs to L(Z,H%(é‘ﬂ)), and either (a) or (b) holds, then

for every a > 0 we have:

sup ||u.(t, ')ew”Hl(Q) + sup ||u(t, ')GWHH?(Q) < 400
t>a t>a

(resp.
sup [lue(t, -)e* | 2 (@) + sup [lu(t, - )e** || maa) < +00).
t>a t>a

Proof. First we consider system (1.1). For every g € C%([0,+c0[;Z), Ndg
belongs to C%([0, +oo[; H3()). Since {0} x D(A) is contained in D, then {0} x
H3(Q) is contained in D 4(¢)(6,00) for every § < 2 (see [6]). Therefore, the
function
£(s) = :
N®g(s) + p(s)N®g'(s — N®g"(s))

belongs to C([0,00[; X') and sup,sq [|e** f(¢)llp.,(6,00) < o0. By Proposition
2.5 we get that

sup |lue(t, -)e” || 2 (@) + sup [lu(t, - )e*"|| 2y < +00
>0 >0

if and only if

o |- [ Ceawa ]y )
g !N%(S) +p(s)N0q>g'(3) _ Nq)//(s)] ds (3.5)

holds. Due to (2.11) and to the fact that PN = P’ (3.5) is equivalent to

Pug — P'®4(0)

Pvy — P'®gq,(0)
_ /Oo —sP'®g(s) — sp(s)P'®g'(s) + sP' ®g”(s) ds. (3.6)

0 P'®g(s) + p(s)P'®g'(s) — P'®g"(s) ' '

Let us show now that also system (1.3) leads to equation (3.6). For every
exponentially decaying g € C?([0,00[; Z), N®g belongs to C*([0,00[; H3()) ,
and (I — A)"!N®g belongs to C%([0, co[; H3(€2)). Moreover, (I— A)"!N®g and
(I — A)"! N®g decay exponentially in the norm of H%(Q)
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Since {0} x D(A?) is contained in &, then {0} x H32(f) is contained in
D 4(1)(8,00) for every 6 < 3 (see [6]). Therefore, the function

0
Fle) = [—[(z— A)™! = 2][N@gs(s) + p(s)NDgh(s) — N2y (s)]

belongs to C([0, +o00[; X') and sup,s [|€“  F(t)[| b, (8,00) < 0 . By Proposition

2.5 we get that l;‘ ] decays exponentially in the H?(Q2) x L%(Q) norm if and
t
only if

KNI e e it

_ _/Ooo UL(0, 5) [g g] F(s)ds (3.7)

holds. Due to (2.11) and to the equalities PN = P(I — A)"'N = P' | we find
that also (3.7) is equivalent to (3.6).

After some integration by parts, one can see that (3.6) is equivalent to (1.10).
In its turn, (1.10) is solvable if and only if condition (b) holds. Also in this case,
for each (ug,vg) one can find easily a solution of (1.10) in the form g¢(t) = v(¢)z ,
where @z has nonzero mean value, and v is a scalar C* function with compact
support, with 4(0) = 0. The equivalence of (a) and (b) is so proved. The proof
of the last part of the proposition is the same as the last part of the proof of
Proposition 3.1. O
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Convergence in Lotka-Volterra Systems
with Diffusion and Delay
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In this note we establish a basic result on the behavior of solutions as t — oo
to the diffusion-reaction-delay system having the form
5‘tui(m,t) = diAui(m,t) + biui(m,t)G,-(u(m, It) on £ x (0,00),

o . 1
Ou'(z,t)=0 on O x(0,00), u'(z,s)=xi(z,s)on Qx[-7,0]. )

where: =1,...,n, u=(ul,...,u"), and Qis a bounded region in R" with 9Q
smooth. Furthermore, A denotes the Laplacian on 2, 0, denotes the outward
normal derivative on 02, and d; and b; are positive constants. The initial
functions y; : © x [-7,0] — R are assumed continuous and nonnegative. Also
C[—7,0]™ denotes the space of continuous functions from [—7, 0] into R™ and for
each z € Q, u(z,-), = (u'(z,-);)T denotes the member of C[—7,0]" defined by
u(z,0)y = u(z,t + 0) for § € [—7,0]. The functionals G; in (1) map C[—7,0]"
into R and are assumed to have the form

Gi(¢) = 1 — aicii¢i(0) — Y _ c,-]-/ ¢;(8)dvi;(6) (2)
=1 I
for all ¢ = (¢;)} € C[—7,0]" and : = 1,... ,n, where

. 1
(a) c¢;j, r; and a; are real constants with 3 <a; <1,

(b) for i # j, v;j is a real-valued Borel measure with v;;([—7,0]) = 1, (3)

(c) vs; is a positive Borel measure with v;;([—7,0]) = (1 — a;).

259
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Finally, for notational convenience define the n X n matrix C by
A i = (2a; — 1)ci;
C = (¢&;) where { . ( )

éi; = —|cijl for ¢ # 7.

(4)

where v;; = |vi;|([=7,0]) and |v;j| is the total variation of v;;. Under these
circumstances we have the following result:

Theorem 1. Suppose that (2) and (3) hold and that each eigenvalue of the
matrix C in (4) has positive real part (or, equivalently, C is an M-matrix).
Then there is a unique n* = (n)7 € R™ such that

n

n
n; >0, Zcijn; >r; and nf(r,-—Zc,-jn;):O for 1=1,...,n. (5)
3=1 j=1

Furthermore, the solution u = (u!)? to (1) exists on Q x [0,00) and if
sup{x:(z,0) : z € Q} >0 whenever n’ >0,

then ' .
tlim max{|u'(z,t) —n;|:2€ 8, 1=1,... ,n} =0. (6)

Remark 1. Since C is a nonsingular M-matrix, there is a matrix D =
diag(é1,...,6n) such that 6; > 0 for all z and CD is strictly diagonally domi-
nant (see Berman and Plemmons [1, M35, p. 137]). In particular from (4) we
have

(2a; — 1) — 25i|cij|’)’ij5]-_l >0 for :=1,...,n. (7)
J#1
Since 1/2 < a; < 1 we see that ¢;; > 0 and (2a; — 1)¢i; < ¢i;. Also, ;5 > 1 by
(3b) so
C;; — Zé,-|c,-]-|6j_1 >0 for 2=1,...,n
J#t
and it follows from [1, Theorem 2.3, p. 134, M35 = A;]| that all of the principal

minors of C = (c¢;;) are positive. This implies in particular that the linear
complementarity problem: given ( € R™ there exists a unique n € R™ such that

n>0, Cn—(>0 and (Cn—-¢)-n=0 (LCP)

has a solution (see [1, Theorem 2.15, p. 274]). If (; = r; for all 7 and we let
n* be the solution n to (LCP), then it is clear that (5) holds. Therefore, the
hypothesis of the theorem guarantees a unique solution n* to (5) and also the
existence of §; > 0, + = 1,... ,n, such that (7) holds. Furthermore, since (7)
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continues to hold for small changes in the ¢;’s, we may assume without loss of
generality that

bin; #6;m; i i#j and n; >0 (8)

Remark 2. The results in Dunbar, Rybakowski and Schmitt [3] have consid-
erable overlap with our Theorem, but the reaction terms in [3] have no delays.
The crucial assumptions in [3] is that there is a diagonal matrix D with strictly
positive diagonal entries such that DC + C*D is negative semidefinite and that
the equilibrium n* to (1) has strictly positive components. Since a; = 1 is the
non-delay case, the assumption that C' be an M-matrix implies the existence of
such a diagonal D so that DC + C*D is negative indefinite [1, Theorem 2.3, p.
134]. However, the equilibrium n* need not have strictly positive components
in this case. In particular one can conclude from our theorem that if C is an
M -matrix then the solution to (1) is persistent, that is

inf lim u'(z,t) >0 forall 71=1,...

N
z€EN t—o0
if and only if
sup xi(z,0) >0 forall :=1,...,n and

€N

n = C71p has strictly positive components

where p denotes the member of R™ with the i-th component equal ;.

The result in Brown [2, Theorem 3.3], which considers system (1) without
time delays, is included in these techniques. A criteria analogous to that used
in [2] is

n
Ecij(c]-jaj)“l <2 for 2=1,...,n
j=1

(it is also assumed ¢;; > 0 in [2]). Taking 8; = a;c;; for 1 = 1,...n, shows that
this inequality implies that (7) holds, and Lemma 3.2 in [2] implies that n* > 0
for all + = 1,...,n. These ideas are expanded to the delay case in Martin and
Smith [6]. The important connection between the global attractiveness of an
equilibrium and the linear complementarity problem (LCP) was introduced in
Hofbauer [4], where a system of ordinary differential equations is analyzed.
Local existence and nonnegativeness of (mild) solutions to (1) follows with
standard techniques (see Martin and Smith [5]). If v = (u*)", is a solution on

Q x [-7,T] and
M, = sup{|Gi(u(z, Y : (x,£) € 8 x [0,7])

then _ _ _
d;Aut — by Miu; < Ou’ < d;Au® + b; Mg
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and it follows by comparison and the maximum principle that

(a) xi(z,0) =0 implies u’(z,t) = 0 and
(b) xi(z,,0) > 0 for some z, € §2 implies u'(z,t) >0forall z € Q, t > 0.
In particular by our assumptions we have )
u'(z,t) >0 forall z€Q, t>0 andallisuchthat n>0. (10)
Let 6;, 1=1,...,n, be asin (7) and for each £ € R™ define
ViE) = max{8il& —nil i =1,...,n} and N()=1{i: VIE) = &l —nil}.

Also let C(ﬁ)"_be the space of continuous functions y : @ — R™ and define W
and M on C(2)" by

Wyl = max{V[y(z)] : z € @} and My] = {z: W[y] = V[y(z)]}.

One may easily check that if

D W)= lim Wiy — h_zi]z— 4

for all y, z € C(Q)™, then for y(z) # n* on Q,

D_Wyl(z) = min{é; sgn (yi(z) — n]) zi(z) : ¢ € M(y), 1 € n(y(z))} (11)

where sgn (r) is 1 if r > 0 and -1 if r < 0.

Now let C[—7,0]™ be the space of continuous functions ¢ : [-7,0] — C(Q)"
and identify it with the space of continuous functions ¢ : Q x [-7,0] — R™.
Therefore, if ¢ € C[—7,0]™ then ¢(-,8) € C(Q)" for each § € [—7,0] and ¢(z,) €
C[—7,0]™ for each z € Q. Let the linear operator A be the closure in C(2)™ of
the linear operator B defined by

By = (didy:)} forall y=(y)" € D(B),
D(B)={y:y€C*f) and d,y=0 on 09}.

Also, define the map F = (F;)™ : C[-,0]" — C(Q)" by

[Fi(¢))(z) = bigi(2,0)Gi(¢(z,7)), z€Q, i=1,...,n, (12)
and observe that equation (1) can be written in the abstract form

O = Au+ F(uy), uo =x, (1)
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where u; € C[—7,0]" is defined by us(z,8) = u(z1t + 8) for (z,8) € Q x [—,0].

The results in Rothe [7, p.15] show that A is the generator of an analytic
semigroup T = {7T'(t) : t > 0} on C(2)™, and so by variation of constants (1)’
can be integrated and written in the form

u(t) =T(t — s)u(s) + /t T(t —r)F(uy)dr for t>s>0. ()"

Solutions to (1)" are called mild solutions to (1) and the results in [5] establish
the existence of mild solutions as well as the comparison results necessary to
show that (9) is valid (we may assume the solution to (1) is classical only when
t > 7 for general initial values x € C[—7,0]"). Noting that T'(¢)n* = n* fort > 0
and applying the maximum principle shows that

WI[T(t)y] < W[y] forall ¢>0 and ye C)™
Ift>0and 0 < h < ¢, we have from (1)" and the continuity of 7 and F' that
u(t) — hF(us) = T(R)u(t — h) + o( k)
where h=|o(h)] — 0 as h — 0+. Hence

Wiu(t) — hF(uy)] < W[T(h)u(t — h)] + o(h)
< Wlult — b)) + o(h)

and it follows that if d~/dt denotes the lower left Dini derivate, then

%W[u(t)] < D_Wu(®)](F(uy))

for all ¢ > 0 and all mild solutions u to (1).

(13)

Combining (13) and (11) gives the following:

Lemma 1. Suppose that t > 0 and u is a mild solution to (1) such that
Wiu(t)] > Wlu(t + 6)] for all —7 < 6 < 0. Then

%W[u(t)] <o. (14)

Moreover, if m € {1,... ,n} and z, € Q are such that W[u(t)] = m|u™(z,0,t) —
ne| > 0 and u™(z,,t) > 0, then
q-

—Wu(t)] < 0. (15)
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Proof. Assume Wu(t)] = ém|u™(zo,t) — 75| and define ¢ € C[—7,0]™ by
#(0) = u(zo,t +0) for —7 < 6 < 0. Then

Fm(u(xo, )t) == bm¢m(0)Gm(¢)
and formulas (11) and (13) show that

Cfl—;W[u(t)] < Sum 580 ($m(0) = 05)bim b (0)Gim ().

If $m(0) = 0 or if u(t) = n*, then clearly (14) must hold and so it suffices to
show that if ¢,(0) > 0 and ¢»(0) # 7}, then

sgn (¢m(0) = 7 )Gm(4) < 0.

If n;, = 0 we have sgn (¢:,(0) — ;) = 1 and 3 7, cmjnf > 1, and if 7, > 0
we have 3°0_; cmjn} = 1 [see (5)]. Thus (2) and (3b) imply

sgn (¢m(0) — 05 )Gm(9)

< sgn(¢m(0) — ) {z CmjN; — mCmmPm(0)

j=1

~ > cmj ¢j(9)dvm]‘(9)}
=1 J—r
= sgn(¢m(0) — nr ) {—amcmm(dm(0) — 1},

)
- Z Cmj (¢J(9 —nj )dvm;(8 }

i(
¢m(0) ~ Im
However, the assumption Wu(t + 6)] < W{u(t)] for —7 < 8 < 0 implies

—cmj [2 (6;(8) = n})dvm; < lemsl J2, 6m6" (65185(8) — nf1) dlvm;]
(¢m(0) —n3,) - om|dm(0) — 3|
1 fjr Wlu(t + 9]d|vmj|
Wu(t)]
< 6m|cmj|6]'_1/ d|vmj|

_ {6m|cm]-|6;wm]- it j#m,

(1 —am)lemm| if j=m.

— |¢ (0) _ 77* | {_a c _ ] 1 Cmj ffr(d) — 77;)dvm]-(9) } .

< 5m|cmj|5j_

Substituting into the preceding inequality and using (7) establishes the lemma.
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Lemma 2. Suppose u is a (mild) solution to (1) and
W(u,) = max{Wu(t +6)]: —7 <8 < 0}

for all t > 0. Then u exists on [0,00) and the map t — W]u,| is nonincreasing
on [0, 00).

Proof. Since W[u;] = W/{u(¢)] implies d~/dt W[u(t)] < 0 by Lemma 1, it fol-
lows from routine arguments that ¢ — W/[u,] is nonincreasing so long as u exists.
Since W[u;] < W[x| implies u remains uniformly bounded, the global existence
assertion also follows using standard techniques.

Proof of the Theorem. By Lemma 2 set

c = lim W[u,.

t—co

It suffices to show that ¢ = 0; so assume for contradiction that ¢ > 0. Since the
semigroup T in (1)" is compact, the w-limit set w(x) of u is nonempty, compact
and invariant for the dynamical system generated by mild solutions to (1). In
particular, if ¢ € w(x) and v is the mild solution to (1)" with & replaced by ',
then

0<c=W[v] forall t>0.

Now for each t > 0 select =, € Q and m(t) € {1,...,m} so that
W v(t)] = meylv™ P (20, t) — Mm(e)|-

If ¢ > 0 is such that W[v(t)] = ¢ and v"™ " (z4,t) > 0, then Lemma 1 implies

fo o W = b)) = Wo(t)

o ~ < 0.

But this implies that for some sufficiently small h,
Wive—n] > Wv(t — k)] > Wv(t)] = c.
Since this contradicts the fact that W[v,] = ¢, we have

if t > 0 and W{v(t)] = W|v,], then
16
vm(t)(a:,t) =0, and hence ¢ = b Nm(e)- (16)
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Because of (8) in Remark 1, there must exist exactly one m € {1,...,n} such
that m(t) = m in (16). Noting that

Wiva,] = max{Wv(t)] : 7 <t <27} =¢

shows there must exist some s € (7,27] such that v™(z,s) = 0, and hence
v™(z,t) =0 for all t > 0 [see (9)]. Therefore,

¢ =86mnk, and v™(z,t) =0 on Q x [0, 00). (17)
But (16) implies that

Silvi(z,t) — nf| < 8mni, forall (z,t) € Qx[s—T,s]
andi=1,... ,nwith: #m

and so by continuity and compactness we have
max{§;[v'(z,t) — n}|: (z,t) € A x[s—7,5] and i#m} <Emni. (18)

Also, vy € w(x) and so there is a sequence tx — oo such that u;, — v, in
C[—7,0]™. Therefore, (18) implies that there is a K such that

gr;ax{éi|ui(3:,tk —8)—nf:zeQ, -7 <0 <0} < émnpy

for all £ > K. Also, W[uy,] | émn}, by Lemma 2, so
(19)  mnr, < Wiuy, ] = max{ém|u™(z,tx — 0) —nk] 2 € Q, —7 <6 <0}

for all £ > K. But uj? — v = 0 as k — oo, and so we may also assume K is
sufficiently large so that 0 < u™(z,t; — 8) < nZ, for all (2,6) € Q x [-7,0] and
k > K. Furthermore, n?, > 0 so u™(¢,z) > 0 on  x (0, c0) by (10) and we have
an obvious contradiction to (19). This contradiction shows that ¢ must equal 0
and completes the proof.
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Exact Finite Dimensional Representations of
Models for Physiologically Structured Populations.|:
The Abstract Foundations of Linear Chain Trickery
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1. Prelude: A low dimensional representation of
the population dynamics of generalized ectotherms

Suppose we want to model a population of ectothermic animals, e.g. the wa-
ter flea Daphnia magna. Experimentally it appears that reproduction depends
on the size of the individual animals and this observation motivated KOOIIMAN
& METZ (1984) to introduce a size structured model. As the biological assurnp-
tions underlying the model are described already in some detail, in METZ &
DIEKMANN (1986; 1.3), METZ et al. (1988), DE ROOS et al. (preprint) and
DE Roos & METZ (preprint), we restrict ourselves here to its mathematical
formulation:

0 0
ot €) + 2(v(s, O)n(t, ) = —u(s, On(t,0),

brnax (1.1)
v(s,ly)n(t, ly) = /B(s,ﬁ)n(t,ﬁ)dﬁ.

19

Here ¢ denotes length and s substrate (more precisely: concentration of algae).
The individual growth, death and reproduction rates are denoted by, respec-
tively, v, u and 3. The density n describes the concentration of Daphnia as well
as their distribution with respect to length. All individuals are born with length
£y and fpay is the maximal attainable length under abundant food conditions.

269
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To describe some experiments one should consider s as a given function of
time but to describe others one has to specify the dynamics of s as well. In the
latter case we take

Lmax
g_j. _ h(s) — / 2 (s, €(n(t, 0)de, (1.2)
Ly

where h corresponds to the rate of change of the algae concentration in the
absence of daphnids and « is the per capita consumption rate. Under appropriate
assumptions on the ingredients v, u, 3,y and h, (1.1) and (1.2) together generate
an infinite dimensional nonlinear dynamical system.

Since daphnids are filters feeders it is reasonable to assume that the consump-
tion rate <y is proportional to the surface area which in turn is proportional to
¢?. So we put

(s, €) = f(s)€*. (1.3)

If a constant fraction of the ingested energy is allotted to reproduction we may
put

B(s,0) = af(s)f? (1.4)

(at this point we deliberately ignore the experimental fact that daphnids don’t
reproduce if they are still too small; see METZ & DIEKMANN, METZ et al. DE
ROOs et al. and DE Ro0OS & METz (op. cit.) for a formulation which does
take into account a juvenile period characterized by ¢ < ¢;). If the remainder
of the ingested energy is allotted to individual growth and maintenance and if
maintenance is proportional to weight, which in turn is propertional to £3, we
may take

d 3 _ 2 3
dte = 30 f(s)l" — 3el”,
and therefore
d
v(s,l) = aﬁ = 6f(s) — €. (1.5)
Finally we take
u(s,€) = pn, a constant. (1.6)

To anyalze (1.1) together with (1.2) for the special constitutive relations (1.3)
to (1.6) we introduce

Zmax
Ni(t) = / ¢'n(t, 0)dt
4y

i=0,1,2 (1.7)

? ? ? ?

and find, using (1.1) - (1.7) and some straightforward integrations (by parts),
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that (IV, s) satisfies the closed system of ODE’s

dN
dto = «f(s)Ny — uNy,
dNi
— = byaf(s)Noy — 6 f(s)No — (1 + €) N, 1.8)
%2” = Gaf(s)Na + 26f(s)Ny — (i + 26)No,
ds
= = h(s) = f(s)No.

The powerful qualitative theory of finite dimensional dynamical systems now
can be brought to bear on (1.8). Moreover one can choose from a multitude
of well established schemes to study (1.8) numerically. As one example of the
exploitation of these facts we point to DE R00s (1988), who uses the relationship
between (1.8) and (1.1) to investigate the accuracy of the ‘escalator boxcar train’,
a new, efficient method developed by him for the numerical solution of the usual
combinations of first order PDE’s and non-local side conditions appearing in
the theory of physiologically structured populations.

Of course neglecting the juvenile period has consequences, the main difference
between the present model and the full one being that the latter not only allows
the occurrence of predator prey oscillations due to the lag in recovery of the
food population, but in addition oscillations related to the development lag (see
METZ et al. 1988; DE R0OSs et al. 1988; DE R0OS et al. preprint, and DE
Ro0Os & METZ, preprint).

2. Introduction

The Daphnia example shows that it is sometimes possible to faithfully rep-
resent a full physiologically structured population model in a low dimensional
manner, provided an appropriate choice of the constitutive relations, viz. the
velocity and mortality functions and birth kernel, is made. The idea to search
specifically for modelling approximations allowing such low dimensional repre-
sentations is affectionately called ‘linear chain tickery’ by its practitioners. The
name arose in the context of delay differential equations, where particular dis-
tributed delays can be represented as linear, i.e. unbranched, chains of coupled
single ODE’s (see e.g. MAC DONALD, 1978).

The earliest references to a systematic use of linear chain tricks that we are
aware of are by VOGEL and by REPIN (1965) who applied them in the context of
respectively Volterra integral and delay differential equations. The first analysis
of necessary and sufficient conditions for linear chain trickability in the context
of systems with hereditary action scems to have been given by FARGUE (1973,
1974). Good general references in this context with a slant towards biological
applications are MAC DONALD (1978,1979). GURTIN & Mac CaMy (1974,
1979) were the first to use linear chain trickery for well specified age structured



272 Models for physiologically structured populations

population model. GURNEY et al. (1986) provided the extension to physiological
age, and MURPHY (1983) and EDELSTEIN & HADAR (1983), to size.

Another, practically very useful, extension of the idea of linear chain trickery,
which, however, is less amenable to an abstract characterization, is provided by
the stage structured models pioneered by the University of Strathclyde group of
ecological modellers. Basically these are physiologically structured population
models which can be represented in a fairly straightforward manner as systems
of delay differential equations with a few, though possibly variable, discrete de-
lays, and hence allow a rapid exploration of their dynamics using only slight
extensions of the standard numerical techniques for ODE’s. The advantage of
aiming at using delay instead of ordinary differential equations in one’s mod-
elling approximations is the greater flexibility allowed, in particular if one wishes
to keep the number of differential equations involved fairly small. A good in-
troduction to the biological assumptions underlying the stage structure concept
can be found in NISBET & GURNEY (1986). The first papers on the subject are
GURNEY et al. (1983), which treats the case of fixed delay only, and NISBET &
GURNEY (1983) which deals with the variable delay case (the symposium paper
GURNEY & NISBET (1983) provides a nice summary). Various useful further
extensions can be found in BLYTHE et al. (1984), GURNEY et al. (1986), and
NISBET et al. (1985).

In the present contribution we report our attempts at elucidating for gen-
eral population models the structural properties underlying the machinery of
deriving faithful finite dimensional representations. This work forms part of an
ongoing program, started in METZ & DIEKMANN (1986), aimed at clarifying
the abstract mathematical structure inherent in our ways of thinking about the
mechanistic basis of population dynamics. Some of the results reported in the
present paper, in particular the characterization results form subsection 5.1.2,
already appeared in DIEKMANN & METz (1988,89).

3. An abstract formulation of physiologically structured
population models

Let the individuals of a population be characterized by finitely many variables,
which together we call the i—state. So the set of feasible i—states € is a nice subset
of R™, for some n. At the individual level a model amounts to a specification of
(1) the rate of i-state change, v, (ii) the death rate, y, (iii) the birth rate, 8, and
in particular how (i), (ii) and (iii) depend on the i-state z and the prevailing
environmental conditions. The latter are described by a (possibly even infinite
dimensional) variable E. In the case of the birth rate we have to specify the
(distribution of the) state at birth as well.

Once we have a model at the individual level we can immediately derive
balance laws doing the necessary bookkeeping. These balance laws generate the
time evolution at the population level. There are two types of balance laws,
related to each other by duality. We can use duality since for E a given function
of time the equations are linear as a result of our previous assumption that
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for a given course of E individuals are fully state~determined. The Kolmogorov
backward equation is concerned with the clan mean of a continuous function on €2
(see below). The Kolmogorov forward equation describes infinitesimal changes in
the measure which assigns to every measurable subset of 2 the concentration of
individuals which have at that instant an i—state which belongs to that particular
subset. This measure is called the p—state (p for population) and the space M ()
of regular Borel measures on § is called the p-state space. Frequently (but not
always) we can restrict our attention to densities, as we did in the case of the
Daphnia example, and formulate the Kolmogorov forward equation for L;().
Let for a particular course of E the population state at ¢ deriving from an ini-
tial condition at ¢y corresponding to a unit mass at zo be denoted as n(t,to, 1z,).

Then the clan mean of ) : 0 — R is defined as

U(to,t, 1) (20) /w a(t,to, Lo )({dz}).

The Kolmogorov backward equation of a general physiologically structured pop-
ulation model is

— (o, ) = ACE(t))v(to, ) (3.1
with ‘final’ condition
v(t,t, ) =, (3.2)
where
A(E)= A¢(E)+ B(F) (3.3)
with
dy
(Ao(E)p)(z) = —-v(z, E) — p(z, E)y(z) (3.4)

the —state movement cum death operators, and

(B(E) / $(y)(a, E: {dy)) (3.5)

with birth operator. To derive this equation from first principles one only has
to consider what will and/or may befall an individual who at time ¢, — dt has
i—state o, during the next short time interval to ¢o, and then perform the usual
averaging at t of v, first within and then over the clans generated by (i) what
by to has become of her and (ii) her offspring present at ¢.

The Kolmogorov forward equation can best be introduced as the formal ad-
joint of the backward equation:

%(t7to,no) = A(E(t))"n(t, to, no). (3.6)
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The main use of the general decomposition (3.3) derives from the fact that for
B = 0 we can write down explicit solutions to either (3.1) or (3.6) by the simple
expedient of integration along characteristics. Biologically this is equivalent to
the following of cohorts.

The description of our population is completed by specifying any outputs,
such as total population size, total biomass, or total resources consumption, to
be derived from it:

y(t,to,no) = C(E(t))n(t,to,no). (3.7)

When the range of y is finite dimensional, as is usually, but not always, the case,
we can write

C(Eym = (D(E),m) = / D(E)(z)m({dz}) (3.8)

Q

with I'(E) : @ — R". Given any specific initial condition, tg, ng, the previous
description should be such as to enable us in principle to calculate y as a function
of t > ty for any sufficiently well behaved environmental input E.

From an applied point of view the main usefulness as well as interest of the
previous considerations derives from the fact that many environmental variables,
like food, are in turn influenced by the population, e.g. through consumption.
Thus nonlinear evolution problems arise in a natural manner through the spec-
ification of the feedbacks through the environment.

The mathematical theory of provide a rigorous justification and interpretation
of the general framework embodied in equation (3.1) to (3.8) is still in its infancy.
Some first steps towards a functional analytic underpinning have been made in
CLEMENT et al. (1987, 1988, 1989a, 1989b; see DIEKMANN, 1989, for a survey),
but much work remains to be done. In the present contribution we restrict
ourselves to formal manipulations, ignoring all problems related to the existence

and uniqueness of solutions and to the precise interpretation of the differential
equations (3.1) and (3.6).

4. An abstract formulation of linear chain trickery

From now on we shall always assume that the required output from the popu-
lation model is finite (possible zero) dimensional, and that E itself is the output
from a dynamical system allowing a finite dimensional state representation.

4.1. The most general case.

Since our population equations (3.6) and (3.7) are linear in the state we
do not loose any generality by assuming that any potential finite dimensional
representation of them is linear in the state as well, and that the full model and
its finite dimensional representation are related by a linear map P : M(Q) — R*
In order that

N(t) = Pn(t) (4.1)
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provides us with a fully selfcontained description of the dynamical relationship
between population input E and output y

dN
o= K(E)N, (4.2)
y=Q(E)N, (4.3)
we should have
C(E)=Q(E)P (4.4)
and
PA(E)* = K(E)P (4.5)

for some family of A X k matrices ) and some family of & X k matrices K.

Remark. It is not possible to attain greater generality by letting P depend on
E as this will lead to a additional term [#£P(E)%n in (4.2). O

If and only if (4.4) and (4.5) are fulfilled the dynamics of £ and N can be de-
scribed by a coupled finite dimensional system of ODE’s. Once F is determined
by solving this reduced system we can treat

dn

il A(E)'n (4.6)
as a non-autonomous (i.e. time dependent) but linear equation. If for example
one can conclude from the (N, E')-system that E approaches a limit (or a peri-
odic solution) for ¢ — oo, the linear equation for n is asymptotically autonomous
(periodic) and one can base further conclusions on the known asymptotic be-
haviour for these special cases.

If we are willing to assume that

Pm = (®,m) (4.7)

for some vector ® with components which are continuous functions of {2 we can
reformulate (4.5) as

A(E)® = K(E)?, (4.8)
provided ® € D(A(E)) for all E.

Remark. Actually NgD(A(E)) may be empty. However, within the context of
dual semigroups one can extend A(F) to an operator A(E)®* which has its range
in a larger space X©* and therefore has larger domain as well (see CLEMENT et
al. 1987, 1988, 1989a, 1989b, or DIEKMANN, 1989). One can then replace (4.8)
by

A(E)®*® = K(E)®.
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In the following we shall not go into the distinction between this formulation
and (4.8) (in fact we shall omit the precise definition of domains of unbounded
operators). [

Furthermore we can use (3.8), to replace (4.4) by
I'E) = Q(E)®. (4.9)

(4.8) and (4.9) together provide us with an easy practical recipe for checking
whether a particular combination of v, u, # and I" allows a finite dimensional rep-
resentation. First of all it should be possible to write I'(E')(z) as @1(E)®;(z) for
some vector ®; = (1,...,9k, )7 of linearly independent functions ¢; and some
h x k matrix family ;. If this is the case our problem is linear chain trickable
if and only if the space spanned by all possible combinations A(Ep)... A(E:)¢;
fori=1,...,k;,p=0,1,..., is finite dimensional.

4.2. Two examples.

Example 1. Consider a cell population with size structure and assume that a
mother cell divides into two parts without any mass loss, (see HEIIMANS, 1984
and METZ & DIEKMANN, 1986 (sub)section 1.4, I11.3.3.1, and VI.5, and the
references given there). Then

(B(EY)(z) = d(z, B)|—(z) + 2 / $(02)p(z, {d8})],

where d is the division rate and p(z, -) is the probability distribution of the sizes
of the daughters relative to the size of their mother. The assumption of no mass
loss implies that p(z,-) is symmetrical about § = 1/2. Now assume that the
uptake of nutrient £ by a cell is proportional to its biomass. In that case

with ¢(z) = z, 1.e. (4,-) is the total biomass functional. Next we observe that
necessarily

B(E)¢ =0

in accordance with the initial assumption that biomass is conserved in the divi-
sion process. Finally we observe that we get

A(E)¢ = Ao(E)p = ((f — (E) — u(E))¢
if we make in additional assumptions that

v(z,E) = f(E)r and u(z,E)=pu(E).
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The first condition is i.a. fulfulled when basal metabolism is proportional to
biomass, and cell growth is proportional to nutrient uptake minus loss through
basal metabolism:

f(E) = a(g(E) —m).

The second condition is 7.a. fulfulled when the only cause of cell loss is washout.
If finally we assume chemostat dynamics, so that u(F) = D, the dilution rate,
we arrive at

dN

_J; = a(g(E) — m)N — _DN,
dE -

— = D(E" = E) —g(E)N,

where E* is the concentration of the limiting substrate in the inflowing nutri-
ent both. Under appropriate conditions on ¢ the resulting ODE system has a
globally stable steady state. [

Example 2. This example is more contrived. Assume again that individuals
acquire food at a rate g(E)z where E is the surrounding food concentration
and z is their size. Assume moreover that the acquired food is partitioned
into a fraction x(z) which is spent on reproduction and a fraction 1 — x(z)
spent on basal metabolism and growth, and that the cost of producing offspring
biomass equals that of producing parent biomass. Finally assume agin that basal
metabolism is proportional to size and that the death rate is size independent.
In that case

(Ao(ENY)(z) = (9(E)1 — £(z)) — m)zyp'(z) — u(E)(z)

and

(B(E)$)(z) =z, g(E)r(z)zp(zs),

where z; is the size of the young. If we choose again ¢(z) to be equal to = we
find
A(E)p = (9(E) —m —u(E))¢. O

4.3. ‘Ordinary’ LCT.

Usually the term linear chain trickery if reserved for a special subclass of the
general class of tricks discussed in the previous subsections, the restriction being
that it should also be possible to calculate the birth rate into the population
from the resulting finite-dimensional representation. The reason for the special
importance of this smaller class of problems is that once we know the birth rate
as a function of time we can easily construct the full population trajectory by
using a variation of constants formula involving the explicit solution 7 of

dﬁ(t, to, no)

dt = Ao(E(t))*fl(t,to,no) with ﬁ(t07t0,n0) = Ng.
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The ‘ordinary’ LCT problem is characterized by the conditions that there exist
amap P : M(Q) - RF a family of maps R(E) : R* — M(Q), and families of
k x k matrices H and h X k matrices () such that

B(E)" = R(E)P, (4.10)
PAWE)" = H(E)P, (4.11)
C(E)= Q(E)P. (4.12)
The resulting system of ODE’s is
N _ H(E)N + PR(E)N. (4.13)

dt
If we may in addition make the special assumption (4.7), i.e P = (®,-), (4.10)
to (4.12) may be replaced by

ﬂ(l‘,E,') :Zbi(E;')d)i(m)a (414)
Ao(E)®(z) = H(E)®(z), (4.15)
IN(E)(z) = Q(E)®(z) (4.16)

for all z.

Remark. In the case of generalized LCT nothing can be said about the com-
ponent of the p—state in the kernel of the map P. This is unfortunate as a slight
perturbation of the model usually brings it out of the LCT class. If unpleasant
things happen in the kernel of P this would result is an extreme non-robustness
of the conclusions derived from the LCT variants. It is clear from the discussion
at the start of this subsection that the situation is much better for ordinary
LCT as usually it is quite easy to prove that (¢, ¢9,no) — 0 for all ny in a
very fast manner. As a consequence for example the local linearisation about an
equilibrium of a model in the ordinary LCT class always leads to a polynomial
characteristic equation, corresponding to a decomposition of the p-state space
into a finite number of (generalized) eigenvectors and a remaining component
consisting entirely of ‘fast descenders’. [

5. Necessary and sufficient conditions for linear chain trickery

We shall in this section proceed from (4.14) — (4.16) on the assumption that
v, u, B and v are sufficiently smooth in z. Moreover, we shall only consider
minimal representations, in the sense that £ is as small as possible.

5.1. One dimensional i—state spaces.
Assume that the i—state space is one dimensional. Then (3.4) reduces to

(Ao (E))(z) = v(z, EN'(2) — u(z, E)ip(z). (5.1)
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5.1.1. The case of but one single resulting ODE. We first restrict our-
selves to the special case where P has one—dimensional range, i.e. our population
model can be represented by just a single ODE. The question then is ‘Under
which conditions on v and p can we find a (continuous) function ¢(z) and a
function A(FE) such that

v(z, E)¢'(z) — u(z, E)p(z) = ME)$(2)?’ (5.2)
If we rewrite (5.2) in the form “(I;?JZZS(E) = ‘z)l((;)) we see that a necessary as

well as sufficient condition for the family Ao(F) to allow linear chain trickery
population models is that there exists a function A(E) such that

u(z, E) + ME)
v(z, E)

= f(z) (5.3)

independent of E. For the full population model to be linear chain trickable
moreover (4.14) and (4.16) should apply with

#(z) = exp] / £(6)de). (5.4)

Example 1. Let v(z, E) = v(F), i.e. z is physiological age. In the case A,
allows linear chain trickable population models iff

w2, E) = v(E)us(z) + us(E). (5.5)

Moreover ¢ should be of the form

6(2) = expl [ pa(€)ds] - expl-aa) (5.6)

where « still is a free parameter which can be chosen to comply with the condi-
tions on the birth and output operators. [

Example 2. Let u(z,E) = u(E), i.e. the i—state of an individual does not
influence its chances of dying. In that case A¢(E) allows linear chain trickable

population models iff
V(l'aE) = Vl(l')VQ(E)a (57)

which after a rescaling of = brings us back to the previous example, or
#(z)=1 and MNE)=—u(E). (5.8)

Note that in the latter case the conditions (4.14) and (4.16) imply that both
the per capitae birth rate and the ‘per capite resource consumption rate’ are
independent of the i—state, i.e. the classification of individuals by z 1s population
dynamically irrelevant. 0O
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5.1.2. Physiological age models. Let us now make the special assumption
that v(z, E) = vi(z)vz(z)E. Without loss of generality we may set vo(Ep) = 1
for some (arbitrarily chosen) Fy, and v1(z) = 1: Just rescale to physiological

age
x

L [ dE
i:= / (6 (5.9)

In this new variable condition (4.15) becomes (from now on we drop the index 2

and the tilda)

v(E)®'(z) — u(z, E)®(z) = H(E)®(z), (5.10)

from which we deduce that ® should take the form
®(s) = expl [ (e, Eu)de] - explH (Eo)a] - 2(0). (5.11)
0

Substitution of (5.11) and (5.10) gives
[(E)u(z, Eo) — p(z, E)|®(z) = [H(E) — v(E)H(Eo)]|®(2), (5.12)

i.e. ®(z) is an eigenvector of H(E) — v(E)H(E)). For fixed E the eigenvalues
of H(E)—v(E)H(Ep) form a discrete set. On the other hand it is reasonable to
assume that the map z — v(E)u(z, Ey) — u(z, E) is continuous. A continuous

function taking values in a discrete set is constant. Therefore we can conclude
that we should have

w(z, E) = A B)u(z, Bo) — \(E), (5.13)
where A(E) is only subject to the consistency condition A(Ep) = 0, and
H(E)=v(E)H(Ey) + AN(E)I, (5.14)

where H(Ey) may still be chosen freely to comply with (4.14) and (4.16).

As a final consideration we note that a function ¢(z) can be written as
qT exp[H(E,)z]®(0) if and only if it can be written as a weighted sum of poly-
nomials times (complex) exponentials. This tells us what freedom we have in
choosing birth and output operators.

5.1.3. Death rate independent of the :—state. If we try to generalize the

approach from the previous subsection to i—states moving in a less restricted
manner we end up with

v(z, E)

[______ vz, E)
v(z, Ey)

(o By) = e, B)|@(x) = [H(E) - TEEs H(E)] () (515
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as the analogue of (5.10), and our argument breaks down since the matrix on the
right hand side is no longer independent on z. The case of one resulting ODE
discussed in the previous subsection and the Daphnia example from section 1
make clear that this indeed makes an essential difference.

The results from subsection 5.1.1 indicate that there will always exist a pos-
sibility for a trade off between the rate of :—state change v and the death rate g,
mucking up any attempt at getting nice clean result. Except in certain special
cases, like the one of physiological age, it is difficult to see which biological mech-
anisms could ever cause in general precisely the required relationships. Therefore
we shall make our lives easy and stick here to the case where 1 does not depend
on z.

Result. If y(z, E') = u(E) the combinations

v(z,E) =v(E) with

5.16
®(z) = (e’\’x,xeA’x ( )

ki—1 X\z Az k.—1 Xz \T
T eVt et et e )

and
vz, E) = f(E)+ g(E)z with &(z)=(1,z,...,2F 17 (5.17)

are, up to a scale change for z and a change of basis for the range of P (or
rather a linear equivalence of the triples (P, R(E), Q(E)), the only one satisfying
condition (4.15), with respectively

H(E)=v(E)A — p(E)I (5.18)
with \
(7 )
- . ]
A= ki —1 X\ (5.19)
0 X
@ - '..
\ kr—1 A, )
and
0 )
H(E) = HE) g(E) . —u(E)I. O (5.20)
0 (k—=1)f(E) (k—1)g(E)

Note that (5.16) corresponds to the physiological age case with which we
dealt in the previous subsection, and that (5.17) is but a slight extension of
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the Daphnia example from section 1. Note also that (5.20) definitely does not
belong to the family (5.18), in accordance with the remark made at the start of
this subsection.

To prove our result we first choose a environment value Fy and rescale z so
that v(z, Ey) = 1 (we assume that a value of Fy exists such that v(z, Ey) > 0
on the whole interior of ). Next we rearrange (5.15) into

H(E)®(z) = v(z, EYH(E,)®(z) (5.21)
with
H(E)= H(E) + u(E)I. (5.22)
Moreover
®(z) = exp[H(Eo)z]®(0). (5.23)

As a next step we observe that our choice of ¢; is to a large extent arbitrary
as long as the set of @;’s spans one and the same subspace of the continuous
functions on ). Therefore we may without loss of generality write

B(z) = (M, zed, . gFr M T L R T (5.24)

where the \; are the eigenvalues of H(E,). Note that (5.24) corresponds to the
particular choice H(Ey) = A. Note also that all possible H(Ey) can be obtained
from this particular choice by a change of basis for V = Pn. Restriction of our
attention to minimal representations moreover guarantees that all the A; are
different.
Substitution of (5.24) into (5.21) yields
roki—1

v(z, E)(qz?™ ! +29),)et® = Z Z ﬁ(p’q)(,-,j)(E)mje’\‘x, (5.25)

=1 3=0

A

where the symbols (p, ¢) and (z,7) relate in an obvious manner to the indices
characterizing the components of ®. To proceed further we need several lemmas.

Lemma la. Let A\; € Cfori =1,...,r be all different and let U, := {A\p—X;]1 =
1,...,7} then N;_,U, = {0}.

Proof. N;_,U, # {0} iff there exists a complex number a # 0 common to all
Up. Assume that such an « exists. This allows us to define a relation — on
E.:={1,...,r} byi — p:& A\;—X, = a. Under — every element of E, connects
in the forward and backward direction to at most one other element of F, since
(1) )\,‘*)\pl = CU)\i——)\pn = )\p/ = >\p” and (11) )\,’l—>\p = = )\iu—}\p = )\,’I = )\,‘H.
Since we have r sets U, we should have at least r connections under —. As E,
has but r elements this would mean that there has to exist as least one cycle.
But this is inconsistent with the geometrical interpretation (in C) of the relation
—. (Note that the existence of a nonzero common element to only r — 1 of the
U, implies that the A; lie at fixed distance on a straight line in C.) O

Exactly the same argument yields
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Lemmalb. Let A\; € Cfor: =1,...,r be all different and let U, := {A\,—\;|1 =
1,...,r}. Assume \; = 0. Then either

ﬂ Up: {0}

or, possibly after renumbering the \;’s,
Xi=(1—1)a and ﬂ Up{0, +a}
p=2
for some a € C.
Lemma 2a. Let k > 1 be a given integer. Suppose there exist complex numbers
A #0 and a,q, 7,9 € {0,...,k — 1} such that

k-1

_ @jo? _
R(an)_zqmq_1+>\xq7 q_07"'7k_17

5=0
is independent of q. Then R is independent of ¢ as well.
Proof. By taking ¢ = 0 we find that R is a polynomial in z of degree < k£ — 1.

By taking ¢ = k — 1 we obtain that ((k—1)zF~2 4 \z*"1)R(q, z) is a polynomial
degree < k — 1. Therefore the degree of R is necessarily zero. [

Lemma 2b. Let k > 2 be a given integer. Suppose there exist complex numbers
&jq, 7,9 € {1,...,k — 1} such that

k—1

is independent of q. Then R is necessarily of the form a + bx.

Proof. By taking ¢ = 1 we find that R is a polynomial in z of degree < k — 1.
By taking ¢ = k — 1 we obtain that (k—1)z¥"2R(g, z) is a polynomial of degree
< k — 1. Therefore the degree of R is necessarily < 1. [
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Lemma 3. Let for j,qe N, 8 € C
xj e&x
qri~! + fat

then a necessary condition for U(jo,qo,Bo,00) to be in the linear span of

{U(j,-,q,-,ﬂ,—,@,—)ﬁ =1,...,k— 1} 1s that 8y € {9,|l =1,...,k—1}.

U(j,q,8,0) :=

Proof. Suppose that U(jo, qo, 5o, ) = Zi-:ll &U (G4, qs, Biy 8:). Multiply both
sides with Hf_;ol(q,-xq*’_l + B;x%). At the left and right hand side we now only
have polynomials times exponentials in z. Any collection of functions z™: e
for which the pairs (m;, 6;) are all different are linearly independent. Therefore

the factor €% has to appear on both sides of the equal sign. 0O

If either A, # 0 or ¢ # 0 we can rewrite (5.25) in the form

r k;—1

T ‘,Ej Ai—Ap)Z
V(:E’E) = z z h(p>q)(la.})(E) ql.q—l _+_ xq}\p 6( P) * (5‘26)

=1 y=0

If for all p either A, # 0 or k, > 1 we thus find at least r (in fact £ = > ._, k)
expressions for v.

First assume that for all p either A, # 0 or k, > 1. In that case (5.26),
Lemma 3 and Lemma la together imply that

]N’(p,q)(i,j)(E) =0 for v#p

and therefore that
k,—1

. 2
I/(Q?, E) = Z h(p,q)(p,j)(E) qa:q_l + ,’Eq)\p. (527)

We can now apply Lemma 2a to conclude that v is independent of z provided 0
is not the only A\. We are then in the situation described by (5.16) and (5.19).
When A = 0 is the only eigenvalue we apply Lemma 2b to conclude that v is
linear in z. This brings us to the situation described by (5.17) and (5.20).
Next we assume that r > 2 and, say, A} = 0, k&; = 1. We still obtain (5.26)
for p=2,...,7. When not A\; = (2 — 1)« for some « # 0 Lemma 1b tells us that
we are in the first of the two situations encountered before. When, on the other
hand, A; = (: — 1)a we deduce from Lemma 3 together with Lemma 1b that

kp—1 '
s z’
v(z,E) = Z h(p,0)(p, i) (F) qui=t + 29,

—1—1

+ Z h(Pq)(p L) (E)

(5.28)
gple—o¥

gri—! 4+ A et
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for p > 2. Applying Lemma 2a to each of the sums we infer that

(2, ) = —(s(E) + f(E)e™") (5.29)

(the reason for this particular ‘parameterization’ with ¢, f and 1/« will become
clear below). We claim that in this situation necessarily k, = 1 for all p. We
proceed by induction. Suppose k; > 1 then we can take p = 2, ¢ = 1 in (5.28)
to obtain

—-Qar

—~ = z/ . e
Z henen(E)T 5= HhenaolB) 5

Since Az # 0 this is incompatible with (5.29). We conclude that k; = 1. We
then use the same argument for p = 3 etc.

Finally we transform to & = e*®. This yields 0(&, F) = f(F) + g(E)Z and
®(z) = (1,%,...,271) which, modulo tilda’s and r — k, is precisely (5.17). O

Remark 1. When judging the generality of the linear growth low (5.17) one
should keep in mind that one can still employ an F-independent change of
i—state variable to bring a particular biological growth law in that form. For
example, the growth laws most commonly encountered in the literature

(i)  von Bertalanffy: ‘:it = ay?/? — By

(ii) logistic: %};— = ay — By?
(iii) Gompertz: %}Z— = ay — Bylogy
can all be linearized:

B sy & = Ha - po)
(ii) xzi:> %’fzﬂ—am

(iii) z =logy = 42 — o — Bz

(we thank Y. Iwasa for reminding us to (ii) and (iii)). O

Remark 2. If we set u(z, F) = v(z, E)ui(z) + p2(E) the combinations (5.16)

and (5.17) with the old ®(z) replaced by ¥(z) = exp( [ u1(£)dé)®(z) still satisfy
(4.15) with the same H(E) as when y; =0. 0O

5.2. Higher dimensional :—state spaces.

We do not have any general results for the case where € 1s higher dimensional.
What we do have is a whole zoo of weird and wonderful examples. We just give
three of them.

Example 1. Let € be two—dimensional and let v be given by

v(z,E) = [“(E)JEZJZ()E)“} |
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Define
r 1 1
L1
2
_ Ty
@(.’L‘)— e"‘kIZJQ
mle_k“
_$%€_kx2_l
and
r0 0 O 0 0 0 7
a b 0 0 0 0
0 2a 2b 0 0 0
L(E) = 0 0 0 —kc 0 0
0 0 O a (b—kc) 0
Lo 0 0 0 2a 2b — ke

A straightforward calculation then shows that

d®

Z (@) v(z, E) = L(E)(2)

which is the required relation 4¢(E)® = H(E)® for x = 0. When u is nonzero
but still independent of z, L( E) has to be replaced by H(E) = L(E) — u(E)I.

The biological interest of this example is that we may interpret z; as size and
zo as physiological age. Moreover @ is chosen in such a way that we can choose

Bz, E) = f(E)(1 - e™"*2)a}

as an age and size dependent birth rate of individuals. O

The next two examples do not allow immediate biological applications. They
do show, however, that in the case of higher dimensional :-state spaces there
exist also cases with nonlinear 1—state dynamics which are yet linear chain trick-

able.

Example 2. Let again 2 be two dimensional, and let

coa o
B
Q
B
<
cooo
U
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Example 3. Let 2 be three dimensional and let

a1(E)
I/(-'L',E) = GQ(E) ’
Cl(E)eA1I1 + 52(E)e>\2x2 + Cg(E)GAlIl'FA?I?

e)\ll:
e)\zl:
@(.’L‘) - 6A1I1+A2I2 ?
L3
)\1611 0 0 0
. 0 )\2612 0 0
L(E) - 0 0 )\1611 + )\202 0 .
C1 C2 C3 0

6. Discussion

Understanding the precise nature of the necessary and sufficient conditions for
linear chain trickery to be possible is of interest of three reasons. First of all there
is the intrinsic esthetic appeal of the problem. Secondly its solution amounts to a
complete catalogue of cases for which a reduction of finite dimension is possible.
No doubt this catalogue will contain useful cases which thus far escaped our
attention (like the first example from section 5.2). Thirdly solving the general
linear chain trickery problem will tell us which (classic) ODE models can be
reinterpreted reduced structured models. (In our, admittedly somewhat biased,
opinion the justification of any ODE population model should derive from the
fact that such an interpretation is possible).

In this paper we to a large extent have solved the ordinary, or special, linear
chain trickery problem for the case of a one-dimensional :—state space. A full
characterization of linear chain trickable models with higher dimensional i—state
spaces is still lacking. And we have only scratched the surface of the general-
ized linear chain trickery problem. However, we plan to keep working on these
problems.

Acknowledgments. Hans Metz wishes to thank the Department of Physics
and Applied Physics of the University of Strathclyde, Glasgow, for its hospitality
during part of the research reported here.

Note added in print. In the meantime we have also solved the ‘ordinary’ LCT
characterization problem for one dimensional i-state spaces in a general manner,
i.e., without assuming any restrictions on either the rate of i-state change v or
the death rate u. The result is bizarre.
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The Nonrelativistic Limit of Klein—Gordon
and Dirac Equations

BRANKO NAJMAN

Department of Mathematics, University of Zagreb

The two linear equations of relativistic quantum mechanics to be considered
are

1. the Klein~Gordon equation

1 1 c? ~
é;l/)tt — §Al/) + '51/) = f(t), (0.1)

and

2. the Dirac equation
iy = —icaVih + 2y + Fi(t). (0.2)

In both equations c is the speed of light and the physical measurement scale
has been adjusted so that both the Planck constant A and the mass m are equal
to one. The functons f. and F, have no physical meaning in the linear case;
however, it is useful to consider them as a preparation for the nonlinear theory.

Throughout this note, all the functions are defined on R™ and ¢ varies over
R. In case of the Klein-Gordon equation n is arbitrary and in the case of the
Dirac equation n = 3.

The nonrelativistic limit of the equations (0.1) and (0.2) is the limit ¢ — oo.
It is known ([2],[8],[13]) that under appropriate assumptions on the initial data
the solutions of these converge to the solutions of the appropriate Schrodinger
equation; cf. also [3],[4],(7],[10],[11],[12] and the references therein for related
results.

291
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The purpose of this note is twofold. First, by using the explicit solution
operators from [2] we extend to convergence results to the spaces H? (for any
function space X stands for X(R")); in all the previous references only L? (i.e.
s = 0) convergence was proved. Moreover, the obtained results are useful in the
treatment of the nonrelativistic limit of the nonlinear Dirac equation, which will
be given elsewhere ([6]). We briefly mention the results in Section 3. It turns
out that the nonrelativistic limit of the nonlinear Dirac equation is a coupled
system of nonlinear Schrodinger equations.

For the nonrelativistic limit of the nonlinear Klein—-Gordon equation, we refer

to [5] (see also [9)).

1. The linear Klein—Gordon equation

Consider the equation (0.1); substituting ¢ = 5163, A = ——;—A, fe(t) =
e~ 2 fo(t), p(t) = ez y(t), we find the equation for ¢:
Epu — 1pe + Ap = fe(1) (1.1)

which we consider together with the initial conditions

¢(0) = poe,  @e(0) = p1e. (1.2)

The formal limit as € — 0 of the initial value problem (1.1) and (1.2) is the
initial value problem

i = Ap — fo(t)

©(0) = ¥o0- (13)

In the next theorem a mild solution of an inhomogeneous initial value problem
i1s the function given by the variation of parameters formula; it is a classical

solution if the initial data and the inhomogeneous term are smooth enough. As
mentioned before, H® stands for H°(R").

Theorem 1.1. Let I C R be a bounded interval containing zero, A\ and s
nonnegative numbers such that A < min{1,s}. Assume that

©oe € H: (6 >0), p1. € H* ™ (e > 0), (1.4)
fe€ LYI,H?) (¢ > 0), (1.5)

111’% Yoe = Yoo in Hs, (16)
imel”%g&le = 01in HS”A, (1.7)

lim f. = fo in L'(1, B?). (1.8)
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Then the initial value problems (1.1), (1.2) and (1.3) have mild solutions . and
@0, respectively, which belong to C(I, H®). Moreover

lirr%)goezgoo in C(I,H®). (1.9)

Proof. The existence of ¢, and ¢y is well known.

Let A. = 1(eA + 1)1/% with the domain H' in the space L?. We define
following bounded operators on L?:

I(t) = e%(cos tA, — 22_€A;1 sintA.,

Je(t) = e%t?A'E‘l sintA.,

Io(t) = €~iAt.
Then (see [2] or [5]) 5
pelt) = wolt) = 3 €9(0),
with
€9() = [1.(t) - Io(®))oo,
ED(t) = L(t)(¢oe — @o0),
(1) = J(t)pe,
€90 = [1Z04t - 5) = iRolt - ) fo(s)ds,
€90 = = [ 1.0t = 9)[f(s) - fals)ds.

Instead of (1.9) it is sufficient to prove

lim £ = 0in C(I,H?) (1.105)

e—0
for:=1,...,5 From

1 Olle < NIe(t) = DT +24) 200l 12,
162Nl e < ML) + 24" (00 = p00)ll 22,
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from the results of [2] and from the assumptions (1.4) and (1.6) it follows that
(1.10;) holds for 2 = 1 and 2. Further

1€l < 1L+ 24N Te(t) | o llerell e-».

Since
1+ p)M?sin & /Aep + 1
(I + 24)*2 Je(t)] 12y = sup l( ) i = ]
u eV4depn+1
sup|2€( 14 4p >)\/2 1 | <2€1~>\/28up|1+4#‘>\/2 < 9gl=A/2
u 1+4dep”  (1+4ep)t=220™ woebdl T

the identity (1.10;) is a consequence of (1.7). Further (1.104) follows directly
from [2] and (1.5).

Finally ||3Jc(t)llz(z2) < C independently of € and ¢, hence (1.105) follows
from (1.8).

Theorem 1.2. Let I C R be a bounded interval containing zero, A and s
nonnegative numbers such that A < min{1,s}. Assume that in addition to (1.6)
the following conditions are satisfied:

v1e € H® (¢ 2 0), (1.11)
T s dff 1 s

fe€ O(LHY), =% € NI, H*) (¢ 2 0), (112)
Apoe — fo(0) € H* ™ (e > 0), (1.13)
lir% p1e = —1Apoo + tfo(0) in H?, (1.14)
111%5*/2(@15 + iApoe —if<(0)) =0 in H* ™, (1.15)

. dfe . dfO . 1 s
21_{% ety inL*(I,H?). (1.16)

Then . € CY(I,H?®). Moreover
lirr%)goe-—-goo in CY(I,H?). (1.17)

Proof. Note that (1.12) and (1.13) imply wo. € H*™*, hence @o. € H*t27 A It
follows that all the assumptions of Theorem 1.1 are fulfilled. The differentiability
of ¢, 1s well known, so we only have to prove (1.17). Let 6, = i'd“’t—‘; from (1.1),
(1.2) and (1.3) it follows that 6. (¢ > 0) is the (mild) solution of the following
initial value problem:

(i) if € > 0 then 6. is the solution of

69“ — ’lgt + Af = ge(t),

B8(0) = boe; 0:(0) = b1 (1.18)
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where ge(t) = %, Boe 1= Ple, b1 = %(fe(o) - A‘POE + i@le)}
(i1) if € = 0 then 6 is the solution of

ity = A — go(2), (1.19)
6(0) = 6po, ’
where g¢o(t) := %‘1, oo := —1Apoo + 2fo(0).

Now we can apply Theorem 1.1 to the initial value problems (1.18) and (1.19).
Note that (1.11) and (1.13) reduce to (1.4), (1.12) to (1.5), (1.14) to (1.6), (1.15)
to (1.7) and (1.16) to (1.8). From Theorem 1.1 we conclude that —d—d‘ef converge

to —d—d‘%‘l in C(I,H*). Together with the convergence of ©. to ¢ (already proved

in Theorem 1.1) this proves (1.17).

Remark. Without any additional effort we can treat the case of the Klein-
Gordon equation with a potential V', replacing A = —%A by A = —1A+V. Al
the statements, as well as the proofs, hold true if H? is replaced by ’D(/i“’ﬂ).
In particular, if V' is bounded then ’D(/i“’ﬂ) = H?® for s > 2; if V is smooth
with bounded derivatives then this identity holds for large s too. Hence the
convergence results hold as stated if a sufficiently smooth V 1s added into the
equation.

2. The linear Dirac equation

Consider the Dirac equation (0.2); as mentioned in the introduction, we con-
sider it in R3 only. In (0.2) aV = 23:1 «;0;, ¥ is a function from R® into C*
and «a; , f are 4 x 4 matrices satisfying the anitcommutation rules

ajar + ara; =261, ajf+ Pfa; =0, g =1.

By substitution € = 2—‘1:2— and & = 2¢%e Bv we are led to consider the initial
value problem
[ 1 ise .
¢, = 2t aVe® — i F. (1), (2.1)
@(0) - @05,

where F.(t) = %e“%ﬂﬁ’l/\/ﬁ(t). Differentiating (2.1) we obtain the initial value
problem

1 .
@tt — %[A@ + 22ﬂ¢t + Bg(t)] = 0,
®(0) = ®pe, Pu(t) = ®1.

(2.2)

with Be(t) := —28F(t) —1 e aVFe(t) — 210, Fc(t), ®1c :=
\/ iaV@Os - ZFE(O)
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The limit (¢ = 0) problem is

1
;= ifAR —iF(t),
@(0) == @00.

(2.3)

The space H*(R3)* will be denoted H?.

Theorem 2.1. Let I C R be a bounded interval containing zero, A and s
nonnegative numbers such that A < min{1, s}.
Assume that

®p. € H> M1 (e > 0), (2.4)
@00 6 Hs, (25)

1 s+1 8F€ 1 L]
FEGL(I,H ), WGL(I,H)(€>O), (26)
Fy e LY(I1,H?), (2.7)
111'% @05 = @00 n HS, (28)

1

lim e17% [/ -a Vo, —iF.(0)] = 0in H*™, (2.9)
lim F, = Fy in LY(I,H?®), (2.10)
lim e?F, = 0in L}(I,H®Y), (2.11)

. OF. . .

Then the initial value problems (2.1) and (2.3) have mild solutions ®. € C(I, H®).
Moreover

lir% ®. =®,inC(I,H"). (2.13)

Proof. The existence part is easy; for € > 0 one shows the existence of the
mild solution of the initial value problem (2.2) and then shows that this solution
actually solves (2.1). We shall not go into details here; we proceed to prove
(2.13). Since # and A commute, the proof of Theorem 1.1 can be repeated.
However, in estimation of eff), t = 1,...,4, we can not use the results from
[2]. Instead we use a variation of Fattorini’s results: Let A be the “diagonal”
operator —3A on L2(R*)*; i.e. D(A) = HX(R*)*, (Ay)i = —3A¢;, 1 =1,...,4
for v = (1, v¥2,v3,%s) € D(A). Let I.(¢) and J.(t) be defined as in Section 1

and let
Io(t) — e BAL _ e%iﬂAt.
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Lemma 2.2. Let T >0, [ = [-T,T).
(a) If ® € L? then

li_rf%) ||[I€() - IO(')CI’HC(I‘,L?) =0

&€

(b) Let f € L'(I,L?) and denote

t

lt) = [[Z0u0t = 9) = iBluft - ) F()ds

0

Then
lirr%) ge = 0in C(I,L*).

We omit the standard proof.

Once we have this result, we can repeat the proof of Theorem 1.1 in the
present situation. The assumptions (2.4) — (2.12) imply that the assumptions of
Theorem 1.1 are satisfied: (2.4) and (2.5) imply (1.4) (noting that (2.6) implies
F.(0) € H*), (2.6) and (2.7) imply (1.5) and finally the convergence assumptions
(2.9) - (2.12) imply (1.6) — (1.8).

Remark. In a similar way, Theorem 1.2 can be applied to find sufficient con-
ditions in order that

lirr%) b, = &) in Cl(f,H“’).
The details are left to the reader.

3. The nonlinear Dirac equation

The nonlinear Dirac equation

iy = —icaVip + ¢* By + 2X(BY[¥) B (3.1)

was investigated in the physical literature; it was considered in mathematical
literature only recently by L. Vasquez, T. Cazenave and their co-workers (see
e.g. [1] and the references therein).

In (3.1) the parameter A is a positive constant.

1
2¢2»

3, = \/:e e aVd— —(ﬂ<1>|<1>) (3.2)

¢Oe

Introducing € = ¢ = Qe%ﬂt/) as in Section 2, we obtain the initial value

problem
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Differentiating we find the second order (Klein-Gordon type) initial value
problem

Buo— oA+ 2% — NFP|2)] = F.(1,9),
®(0) = o, P:(0) =2,

Where q)le = \/ %;avq)% — %(ﬂ@05|¢05)ﬂ¢05 and

(3.3)

)\2
F.(t,®) := — 7(ﬂd>|c1>)2c1>
iA

3 {e“’— 0;(83|®))a;® + 2Re(ﬂq>|e‘-‘3—‘a,-a,-q>)ﬂq>} .

J
The formal limit as € — 0 of the initial value problems (3.3) is the coupled
system of nonlinear Schrodinger equations

o, = —;—iﬂA@ - %M(ﬂ@l@)ﬂ@,
®(0) = ®oo.

We state without proofs the local existence result for the problems (3.3) and
(3.4) and the convergence result for the solutions ®.:

(3.4)

Theorem 3.1. Let ¢q > 0. Assume &, € H? (0 < € < &) and

sup ||Poel| g2 < oo.

e<ep

There exists T > 0 such that for every ¢ with 0 < € < gy there exists a unique
solution

®. € 02([_T3T]3L2) n Cl([_TaT]aHl) n C'([_Ta T]>H2)
of the initial value problem (3.2).

Theorem 3.2. Assume ®,y € H?. Thereexists T > 0 such that the initial value
problem (3.3) has a unique solution ®, € C*([-T,T|, L) N C([-T,T), H?).

Theorem 3.3. Let ¢g > 0. Assume ®,. € H2 (0 < e <¢p) and

sup [ ®ocll g2 < oo;

e<eg
moreover for some « € [0,1] it holds
hrn @05 = @00 mn Ha.

e—0

Let T > 0 be such that there exist unique solutions ®. of the initial value
problem (3.3) for € > 0 and ®, of the initial value problem (3.4). Then

lim ®o. = &g in C([-T, 7], H®).

The proof of these theorems can be found in [6].
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Spatially Degenerate Diffusion with
Periodic-Like Boundary Conditions

GISELE RUIZ RIEDER

Department of Mathematics, Louisiana State University

1. Introduction

We wish to study the following initial boundary value problem
uy = o(t, T, u, Uy )ugy + P(E, 2, u,uy), 0<2z<1,0<8t<T,

u(0) —u(1) = g1(t);  u'(0) — /(1) = ga(2), (1.1)
u(0,2) = up(z).

Here T > 0, ©,% : [0, T] x [0,1] x R? — R are continuous, and g¢; : [0,7] - R
is continuously differentiable for z = 1,2. In addition we make the following
assumptions on ¢ and :

(1) @(t,z,p,q) = @o(z) for 0 < # < 1 where ¢, € C[0,1], p,(z) > 0 for
0<:x<1andp;' e L0,1].
(2) There exist constants K, L > 0 and a continuous nondecreasing function

H :[0,T] — R such that

o(t,z,p,0) — (s, 2,5, 9)| < Koo (2){[H(t) — H(s)| + |p — pl} (1.2)

and

¥(t,2,p,9) — ¥(s,2,p,¢)| < L{|H(t) — H(s)| + |p — pl}. (1.3)

Partially supported by a LaSER grant.
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302 Spatially degenerate diffusion with periodic-like boundary conditions

(3) There exist nondecreasing nonnegative functions M and £ on {0,0oc)

with @ — 0 as r — oo such that
[W(t, z,p, )l < M(IpD(1 + ¢t 2,p,9)) £(1a)- (1.4)

If g;(t) = 0 for 7 = 1,2, the solution, as a function of z, can be viewed as
a periodic function of period one defined on all of R; for this reason we call
such boundary conditions “periodic-like boundary conditions.” In this case the
problem may be viewed as a nonlinear heat conduction problem (with a source
as convection term in a circular rod).

The following theorem is the main result.

Theorem. Let ¢ and ) be as above. Then the initial boundary value problem
(1.1) has a unique solution (in the sense of a limit solution).

We actually study the Banach space version of (1.1) using the Banach space
C[0,1] of real continuous functions on [0, 1]. Define the operator A(t) on C[0, 1]
by

A(t)u = o(t, - u,u " + (¢t -, u,u’)

with domain

D(A(t)) ={ueC?0,1)nC*0,1]:
At eCl0,1] ,u(0) —u(1)=g1(t), u'(0) — u'(1)=g2(2)}.

Then for any uo € D(A(0)), (1.1) is equivalent to the problem

u'(t) = A(H)u(t),
e 15

We shall use techniques from the theory of nonlinear evolution equations in
Banach spaces to solve (1.5); the work of Evans [5] and Dorroh and Rieder [4]
will be crucial to many of our arguments.

Theorem 1 was proven by Goldstein and Lin [8] in the special case where ¢
1s independent of ¢ and the diffusion u, ¥ = 1, and time-independent boundary
conditions, that is g1(t) = g¢2(¢) = 0. In [4] Dorroh and Rieder solved the
problem with the linear time-dependent boundary conditions

u(0) — au'(0) = g1t u(1) + Bu'(1) = g2 (2).

With the dependence of the diffusion coefficient on the function u, the techniques
of [8] no longer apply; A(t) is not quasi-dissipative on all of D(A(t)).
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We denote the LP[0,1] norm by || - ||, for 1 < p < oo; the supremum norm is
denoted by || - ||. For f € L'[0,1] we define

wr(f,8) = sup {||fllr1qy : 2 is a subinterval of [0, 1] with |Q] < §}.
For 0 < § <1 we define

we(f,8) =sup{|f(z) — f(y)l: z,y €[0,1], |z —y| < 6}.

Clearly, if f € C'[0,1] N C?%(0,1) and ||f"||; < oo, then we(f',6) < wr(f",9).
We shall often use the following lemma proven by Dorroh and Rieder [4].

Lemma 1. Let f € C'[0,1] N C?(0,1) and f" € L'[0,1]. Then for 0 < § <1

11 < 2011+ 11
2
1P < <A+ wr(£7,6).

We denote the duality map on the Banach space X by J,ie. J: X — 2%
1s defined by

J(z) ={z7 € X7 27| = 1,(z,z") = |z[]}.

For f € X = C[0,1], J(f) 2 £6¢ where ||f|| = £f(£). If, in addition, f €
C10,11Nn C?%(0,1) f(0) = f(1) and f'(0) = f'(1) and we regard f as a periodic
function on all of R with period one, every point is an interior point, and by the
maximum principle.

fi(§)=0 and f7() <0

if ||f|| = f(€) and 0 < € < 1. If £ = 0, we may conclude f'(0) = 0 and f'(e) <0
for ¢ small, whence f/(0) < 0. Similarly if £ = 1, we have f'(1) = 0 and
<o |/l = —7(n), we have

f(n)=0 and f"(n) >0,

again with the second derivative replaced by the appropriate one-sided derivative
ifn=0o0rn=1.

Finally, we define the sets

JH(f) ={€€ 0,1} Ifll = £(&)},
I {01 Ifll = =)}

Since f is a continuous function on [0, 1], either J*(f) # @ or J~(f) # 0.
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2. Reduction to a problem with time independent boundary
conditions

Definition 2.1. Let {B(t) : 0 <t < T} be a family of multivalued operators
in a Banach space X, and let f € L}, ([0,T];X). A function u € C([0,7T];X)
is a limat solution of

u'(t) € B(t)u(t) + f(2),

£(0) = ug (2.2)

on [0,Tp], 0 < Tp < T if foreveryn € Nand k = 0,1,... ,N(n), (i)t =0 <
i<ty < < tﬁ,(n)_l < 7Ty < tT](,(n) < T and lim max(t} —t}_;) =0, (ii)

n—co

N(n)
there exist =7, fit € X such that sukp 2% < oo, nlirrgo kzl (tr —t2_DIfEl =0
n, =
and
l';cl - :L'Z_l ny n n
T € Btk + i (2.3)
kT k-1

and (iii) the sequence of functions {un(t)} defined by

332 1ft € (tz—lat;cl]
Ty ift=0

converges uniformly to u(t) on [0, 7).
One can show that (1.1) has a limit solution if and only if

v'(t) € B(t)v(t) — wo(t),

v(0) = uo — 2(0) (24)

has a limit solution where

v(t) =
B(t)v(t)

“u(t) — 2(1),
S’b’(t7 -”U”Ul)vll + {/;(t7 -”U”Ul)’
@(t,z,p,q) = @(t, z, e (p+ 2(t,2)), e (g + 2 (2, ﬂf))),

b(t,2,8,0) = (1,2, (p + 2(1,2)), ¢ (¢ + 22(1,2)) ) 24 (2)

+ e—wtlp(t’m’e“ﬂ (p + z(t,g:)),e‘”t (q + Zx(tam)))
— z(t,z) —wz(t, z),

o

z(t) = z0 + Z(t,) — Z(0,-), Z is the solution of

Z,(t,z) =0,
2(4,0) - 2(8,1) = e“'an(1),
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and the function zp € D(A(O)) is arbitrary. The functions ¢ and 17; satisfy the
same sort of conditions as ¢ and ¥ do, but with different K, L, M, £ and H.
One can easily verify that the function v satisfies the homogeneous boundary
conditions

v(t,0) = v(t,1), wv.(t,0)=0.(¢,1)

for each ¢t > 0. Henceforth we replace ¢ by ¢ and ¥ by J, 1.e. we replace u and
(1.1) by v and (2.4), but for typographical convenience we do not show it in the
notation.

3. Quasidissipativity and properties of A(t).

The preceding section we showed that the boundary conditions in (1.1) may
be replaced by the homogeneous boundary conditions

u(0) = u(l); u'(0)=u'(1). (3.1)

In this section we find sets on which the operators A(t) are quasidissipative and
on which we have some control on the resolvents J(t). (This will be made more
precise later.)

For each v € C[0, 1] define the operator

A¥(H)u = o(t, - v, u " + (L, v, u) (3.2)
with domain
D(A%(t)) = {u € C'[0,1] N C?*0,1):

A’(tu € C[0,1], u(0) = u(1), u'(0) = u'(1)}.
We consider the initial value problem

W'(t) = A (t)u

u(0) = ug

for ug € D(A%(0)).

Lemma 2. The operator A¥(t) is dissipative.

Proof. Let uy, ug € ’D(A”(t)), and assume J*t(u; —uq) # 0. If £ € J 7 (uy —uy)
and 0 < € < 1, then

(A% (t)uy — A% (t)uz, be) = @(t, € v(€),u1(€))ui(€)
+t/)(t £, v(€),ui(€)) —(t,€,v(E),us(€))uy(€)
— (t, €,v(€),uy(€)) <0

since u{(£) = uh(€) and uf(€) < uy(€). If £ € {0,1}, we replace the second
derivative by the appropriate one-sided second derivative, and the same proof
works. A similar argument holds if J " (u; —uqg) # 0. O
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Proposition 1. The operator A¥(t) is m-dissipative.

We must show R(I — AA¥(t)) = C[0,1] for some A > 0. Let ap = ei2nTE
Clearly, {an}32 ., is an orthonormal basis for L?[0,1]. If we define Bu = u",

then Bay, = —(27n)%an,, (I — AB) 'a, = (1 + 4 7?n?)"'a, and

O

(I B )\B)—lf - Z (1 +4)\7r2n2)“1 < faan > Qp
for f € C[0,1]. Define
ga(z,y) = Y (1+4n2an?) te?nm=y),

Then g, is the Green’s function for
Cu=u— "u(0) =u(1), u'(0)=1u'(1) (3.3)

that is, if Cu = f and u(0) = u(1), «/(0) = u'(1), then

u(z) = / ax(z, )£ (v)dy. (3.9)

From (3.4) it is clear that (I — AB)~! is continuous and compact on C[0, 1] for
A > 0.

For each h € C[0,1] and t € [0,T] we define the operator S;\l’v : C10,1] —
C0,1] by
u—h— Xt v,u')
@(ta'avaul)

(Sx"u)(z) = /Olgx(w,') {u = (3.5)

Then R(I — AA¥(t)) = C[0,1] is equivalent to Sf’v having a fixed point. Hence,
Proposition 1 follows immediately from the next lemma.

Lemma 3. Choose \ > 8(362- + 1)(1 + |l¢g*ll1). Then for each h, v € C[0,1]
andt € [0,7), S;\"v has a fixed point.

Proof. Let u € C'[0,1], and let w = S}"u. Recall that i n~? =" An

n=1

. 2
elementary calculation shows ||gx|| < &x. Furthermore,

ol < Ngall{llell + lull + 121D 1eg I + AMAIIN + lleg DL (1)} (3.6)
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and

u—h— (¢, -, v,u')
)“10(77 7ul) ’

w' = A" w —u)+

It follows that
lw" |1 < A7 (lgall + D{llwll + (el + 12DIes

+AM([lv]D + lleo 1)L}
hv

Since we(w',§) < wr(w”,é) < ||lw|l1, we have that {(Sy"u)' : u € A} is an
equicontinuous collection for any bounded set A in C1[0,1]. We seek a closed,
convex bounded set A such that S;\l’v(A) C A. By the Arzela-Ascoli theorem

it will follow that S;\l’v(A) is compact in C'[0,1]; hence by the Schauder fixed

point theorem we will conclude that S;\l’v fixes a point of A.

Choose Ny so large that Ny > 3||A|], (162- + DYM(|JvID(L + |leg 1) L(No) <
s No, and Mo = ||| + No. We define the set A by

A={ueC0,1]: lul] < Mo, |lu'l| < No}.

Then A is closed, bounded and convex. Moreover, using (3.5) and (3.6) foru € A
we have

(3.7)

2

1
Jwl] < A7 (g + 1)(1 + [lg (Mo + [[R]]) + g Vo
1
< g(Mo + ||k + No = “Mo,
L1 1 1
< (M h Ny = =M.
"l < §(Mo -+ Al + 3No = 7 Mo

Hence, by Lemma 1 it follows that

3
[’ = 2flwl] + [lw"{l < 7 Mo

3
= Z(Hh” + Ny) < Nq.

Consequently w € A. O

By the dissipativity of A”(t), we see that JJ(t) = (I — )\A”(t))_l is nonex-
pansive and onto for every A > 0.

Next we prove that for some h € C[0, 1], we can solve the nonlinear elliptic
problem

u — Ap(t, -, u,u)u' — Ap(t, -, u,u’) = h, (3.8)
This is a key step in the proof of local existence for the problem (1.1). We solve
(3.8) via another fixed point argument. For each h € C[0,1] and t € [0,T],

define the map S;\l’v : C[0,1] — C[0,1] by
Stv = JY(t)h.
Then finding a fixed point of S} is equivalent to solving (3.8).
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Proposition 2. Let ry > 0, and let

o

2= M) (1 + Q(ro)) £(0)

where Q(s) = sup{y(t,z,p,0) : t € [0,T], = € [0,1] and |p| < s}. Then for each
t€[0,7]) and 0 < A < Ao, S;\‘ has a fixed point in the ball of radius ry for each
h satisfying ||h|| < 2.

Proof. Assume |[A|| < 22, A € (0,X0], t € [0,T], [[v]]| < ro and u = S}, ie.
u = Jy(t)h. Suppose Jt*(u) # 0, say £ € J*(u) and 0 < £ < 1. Then

[u| = R(E) + Ap(t, €,0(€),u'())u"(€) + Ev(t, €, v(€),u'(£))
< IR + AM(70) (1 + Q(ro)) £(0) < ro.

(If £ € {0,1}, we must replace u'(§) by the appropriate one-sided derivative in

the preceding equality.) Let E,, be the closed ball of radius rq in C[0,1]; we

u—h—)\w(t,-,v,u')
No(t,van o SO that

have shown S¥(E,,) C E,,. Moreover, u" =

wr(u",6) < :;L;)WL(%lﬁ)ﬁLM(To)(WL(% ,6) + ) L(J|u']]). (3.9)

Choose N so large that
L(ry<r if r>N, (3.10)

and choose § > 0 so small that NM(ro)(wr(¢g*,8) +6) < 3. Then

37‘0 _ 1
wr(u",8) < 7 (%o 16) + 5
and by Lemma 1
2 2ro 3o 1
"N < £ "osy < 220, 270 5 L

Hence {Sfv : v € E,,} is a pointwise bounded equicontinuous set in C[0,1].
By Arzela-Ascoli it follows that this set is compact in C[0,1]. Hence, by the
Schauder fixed point theorem, S¥ fixes a point of E,,. [

Let A\(t) = A(t)] p(A®)NE,’ and let Ji(t) = (I — )\A\(t)) Then for each
A € (0, ] and t € [0, T] we have shown that Jy(t) exists, B(Z) C D(J\(t))
and R(JA(t)) € B(ry). Here B(r) is the ball of radius r. We now seek a set
on which Jy(¢) 1s smgle valued. Since A(t) and A\(t) agree on D(A(t)) N E,,,

we write A(t) for A( ) in the remaining portion of the paper. The remainder of
the arguments in the paper follow closely those in Dorroh and Rieder [4]; hence
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we do not include the details here. For the full proofs the reader may see the
aforementioned paper.

Choose a > 0 so that
[¥(t,z,p,0)] < a (3.11)
for t € [0,T], z € [0,1] and p € [—7, 10]. Next we choose b € R and a §, > 0 so

that r
0<b< 5‘1 (3.12)

(3.13)

N —

NM(b) (wr, (pg 5 60) + 60) <
where N is as in (3.10).

Lemma 4. Let h € D(A(t))NB(b) with |lp,h"|| < M andux € Jx(t)h. Choose
w> MK + L. Then for all X satisfying 0 < A < min{o,w ™, a™1(b— ||k|])}
() 4] < (1 - o) AGR]
(1) [luall < [|~]l + Aa <b
Git) JJull < 1+ 2+ 2(1 - do) ™ [ AE)bllor(p3” , bo).

Parts (i) and (ii) follow primarily from the maximum principle; part (iii)
follows from (1.2), (1.4) and Lemma 1.
Let d > 0, and choose ¢ so that

4h
c> 1+6_+4de( 1 60). (3.14)
0

Increase a (if necessary) so that
[¥(t,z,p,q)| < a (3.15)

for t € [0,7T], z € [0,1], p € [=b,b] and ¢ € [~c,c]. Finally, choose M and w so
that
M>2d+a and w>MK+ L. (3.16)

Lemma 5. Let h € D(A(t))NB(b) with ||A(t)h| < d, ||A'|| < canduy € JA(t)h
for 0 < A < min{(2w)™*, Xo,a™ (b — ||R|)}. Then |p,h"]| < M, ||uxl < qa,
lusll < e, lleuill < M, and

IA)urll < (1= X)) AR (3.17)
The proof of this lemma is a simple calculation using Lemma 4 and the choice
of a, b, cand d. Fort € [0,7] and 0 < A < min{Xo,(2w)™ !, ;l:—}, define
Di(t) ={u € D(A®)) : Jull <b—a), [W'] < e, JAM#)u] < (1 - Aw)d}.

By Lemma 4,
JA( YDA (t) C Do(t). (3.18)

Let g(t) = t)[DO(t) and Jy\(t = (I - AA(t )_1. In particular, (3.18) holds
with Jx(t) replaced by Ja(t) and D(t) C "D(JA( )).
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Lemma 6. A(t) is w-dissipative for w > MK + L.

This lemma is a simple consequence of the maximum principle and assump-
tions (1.2) and (1.3). It follows that Jx() is single-valued, and for u, v € Dy (¢)

I7x(yu = Ia(toll < (1= dw) ™ u—o.

Define

~

A¥(t) = A(t) —wl,
TS = (= 2a%() "

Clearly, A“(t) is dissipative, and Jy°(¢) is single valued, nonexpansive and a
simmple calculation shows that

JY#) = Ju()(1 + ) ™!

for u = A(1 + Aw)~!. Choose

g a(b”' - K)-L
B 2K ’

M =2d+ a,

w=MK+ L.

Then w = ¢ and d > bw = a. Choose T small enough that

w(H(T) - H(0)) < d—bw
and d > 0 so that N
d+w(H(T) - H(0)) < d — wb.
Combining the previous estimates and observations we obtain the next lemma.

Lemma 7. Let 0 < A < Ao and |lu|]| < b. Then ||J¢(t)u|] < b. If0 < A <
min{o,w ™'}, |lul| < b, ||'|| < ¢ and ||A¥(¢)u|| < d, then

1(J8) || < e,
175 ()w) " ol < M,
JA“(#)TL () < |A“($)u]| < d.

We define the sets

D“(s) = {u € Do(t) : ||ull < b, [|u']] < ¢, [|[A°(t)ul < d+w(H(t) — H(0))
for s <+ < T}.
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If 0 < A < min{Ag,w™'}, it is clear that
JY(s): D¥(r) — D¥(s) for 0<r<s<T. (3.19)

Moreover, one can readily show that if 0 < A < min{Ao,w ™'}, u € D¥(s) and
v € D¥(r)

172(s)u = I (r)o]| < [|lu = ol + Aw|H(s) — H(r)}; (3.20)
if0<r<s<t<T, then
1A“(@) TS (sl < d +w(H(t) - H(0)). (3.21)

4. Existence of a limit solution

By the discussion in section 2 it suffices to prove the existence of a limit
solution for the transformed initial value problem

u'(t) = A%(t)u(t)
u(0) = ug — 2(0).

9

The complication is that the operator A“(t) is dissipative but not m-dissipative.
However, as Dorroh and Rieder [4] proved the results of Evans [5] may be ex-
tended to obtain a limit solution in this more general case.

We briefly describe the construction of the limit solution. For each n we
choose

(i) apartition {t5,... ,t}(,} of [0,T(n)] for To < T(n) < T with 0 = t§ <7 <
o< t’i,(n) = T(n) such that 67 =1} —t7_, < Ao A w™! and nli_rg() m]?x op = 0;
(i1) {z§} € D“(0) such that lim z§ = uo — 2(0) = uo.

Forn=1,2,... and k =0,1,... ,N(n) define
o = T ()epy. (4.1)
Since z§ € D“(0) and by (3.18), the mapping in (4.1) is well-defined. More-
over (4.1) is equivalent to

k—1
k k—1

n
Ty — T

By Lemma 7, ||z}|| < b for all n, k. If we define the step functions

on (t;cl—bt;cl]’
ift=20

I~y
3
—
o~
S’
I
—N—
8
a3

8
o3
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we must show that lim u™(¢) = u(t) and that u(¢) is continuous.
n—co

This part of the proof requires that we check several technical conditions
which follow essentially from (3.19) and (3.20). The interested reader should
refer to [4], [5]. Various properties of limit solutions, such as uniqueness, Lip-
schitz continuity, differentiability, continuous dependence, etc., are well known
and can be found primarily in Benilan [1].

The author is very grateful to Bob Dorroh for many helpful conversations.
The author gratefully acknowledges the partial support of Louisiana Education
Quality Support Fund, contract number 86-LBR-01604.
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1. Introduction

We are interested in relativistic scattering theory for a spin-1/2 particle mov-
ing in an external magnetic field. One of the basic problems is proving the
existence of the wave operators

Q+(H,Hp) = s-lim it —iHot Peont(Hop), (1)

t—+toco

where the self-adjoint operator H, which i1s to be defined in a suitable Hilbert
space, generates the quantum mechanical time evolution under the influence of
the external field, and Hy generates the “free motion”. Pconi(Ho) denotes the
projection operator onto the subspace belonging to the continuous spectrum of
Hy, which is usually assumed to be absolutely continuous. Existence of (1) says,
that any free motion is for ¢t — oo asymptotic to the motion of an interacting
particle.

In three space dimensions the magnetic field strength B is usually described
by a vector field B(z) satisfying divB = 0. Hence we can write B = rot A
with a “magnetic vector potential” A(z). We have to use this vector potential
in order to set up a quantum mechanical description. The time evolution of a
relativistic charged particle with mass m in a magnetic field is generated by the
following Dirac operator

HA)=d-(p—A)+ pm, m>0, (2)

313
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where p = —iV, and where @ = (a1, a2, a3) and 3 are the famous 4 x 4 “Dirac

matrices”,
1 0 0 o, :
ju— , — ¢ ju— 2 .
ﬂ (O _1)7 al (O_i 0)7 t 17 73 (3)

The 2 x 2 “Pauli matrices” are defined by

we(@2) = (0F) =Gl e

If we assume that the fields B and A are infinitely differentiable functions on
R3, then the Dirac operator (2) is essentially self-adjoint on C§°(R3)* which is
a dense subspace of the Hilbert space H = L2(R?*)* [6]. This result is true even
without restriction on the growth of B or A at infinity. We want to stress that
the vector potential is not directly observable. If we replace A by A + Vg with
g € C*(R?), then the magnetic field strength remains unchanged and the new
Dirac operator 1s unitarily equivalent to the original one. Eventually, we shall
use this gauge freedom to make the formalism as simple as possible. Therefore
we choose H(0) as the Dirac operator for a free particle, although the operator
H(Vg) would also describe a free motion, but obviously in a more complicated
way.

Calculating the square of the Dirac operator we find

HA? =(p—A? - -B+m’

=p +m? —24 p+idivA+ 4>~ 5. B, (5)
H(0)" = p* + m?, (6)
with
ag; 0 .
Zi:<0 0:‘)’ 1 =1,2,3. (7)

We see that H(A)%2 and H(0)? (apart from the trivial summand m? describ-
ing the rest energy) are just the operators for the corresponding nonrelativistic
scattering problem, which usually is casier to handle. H(A)? is called “Pauli
operator” in contrast to the Schrodinger operator (p— A)? for a spinless particle.
We want to use this close relation between Dirac and Pauli operators to obtain
some Information on the relativistic scattering problem.

2. Supersymmetry

The general structure of our problem is given by supersymmetric quantum
mechanics. In the Hilbert space H of our system a unitary involution 7 is defined,
1.e., a bounded operator satisfying

T =rr*=71%=1. (8)
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In our case 7 = 3. Moreover, there is a self-adjoint operator @ (here given by
& - (p— A)) which anticommutes with 7,

TDQ)=D(Q), {7,Q}=7Q+ 7 =0o0nDQ) (9)

A supersymmetric Dirac operator is a self-adjoint operator H of the form
H=Q+mr, DH)=DQ), m>0. (10)

The square of a supersymmetric Dirac operator is simply given by H? = Q% 4+m?
and commutes with 7.

The unitary involution 7 can only have the eigenvalues +1 and the Hilbert
space decomposes into a direct sum of the corresponding eigenspaces

H=H, dH_ . (11)

With respect to this decomposition all operators in H with domain left invariant
by 7 are most naturally represented by 2 x 2 matrices. We have

1 0 0 D f
T:<0 _1>> QZ(D 0>> (12)

_[(m Dr o [ D*D +m? 0
H_(D —m)’ H _< 0 DD*—f—m?)' (13)

Here, D is a suitable closed operator, densely defined in A4 with range in H_.
In fact, any densely defined closed operator D defines via (12) a self-adjoint
operator () in a larger Hilbert space.

The supersymmetric Dirac operator can be diagonalized by a suitable unitary
“Foldy-Wouthuysen” transformation.

Theorem 1. Let H = Q + m7 be a supersymmetric Dirac operator. The
unitary transformation U given by

1
U=a4 +7(sgnQ)a_, ai:E\/limHﬂ—l, (14)

brings H to the diagonal form

_ VD*D + m? 0
UHU 1 = ( 0 77L _m :T|H|. (15)

Proof. It is easy to verify the following formulas for the bounded operators a4

at +d®> =1, d} —a® =m|H|™', 2a4a_ =|Q||H|". (16)
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Furthermore we note that |H| = (Q% +m?)!/? commutes with 7 and @, and the
following commutation relations hold on D(H) = D(Q)

[H>ai] = [Q>ai]> Hr (SgnQ) = -7 (SgnQ) H. (17)
Now we can verify Eq. (14) in the following way

UHU™' = (a4 +7(sgnQ)a-)H(ay — 7(sgnQ)a-) =

= (

= (ai + 27 (sgn Q) ara— — a> ) H
=
(

m|H|™' + 7 (sen Q) Q| H| ™) H
=(m+rQ)H|T'H =1(mr + Q)|H| ' H
= rH*H|™' = 7|H|. (18)

The matrix form of 7|H| immediately follows from (12), (13) and |H| = V H?.
This completes the proof of Theorem 1.

On Ker () = Ker D @ Ker D* we have ay = 1, a_ = 0, hence U is just the
identity on Ker (). We also note that U* is just the Cayley transform of iQ7/m
(see Ref. [12]), hence U can also be written in the form

U= G% arctan(iQr/m). (19)

For some special examples of supersymmetric Dirac operators H the Foldy-
Wouthuysen transformation has been known since the 1950’s [5], and has been
studied intensively in the context of relativistic quantum mechanics (see, e.g.,
Ref. [1] for a review).

Since the operator D is densely defined and closed, D*D and DD* are both
densely defined, self-adjoint, and positive by von Neumann’s theorem. By
polar decomposition we may write D = S(D*D)'/? = (DD*)'/%S, where S
is a partial isometry from (Ker D)* to (Ker D*)1. Therefore we find easily
DD* = SD*DS* which implies that D*D and DD* have the same spectrum
except possibly at 0. From this we conclude immediately the following result

Corollary. The spectrum of any supersymmetric Dirac operator H is symmet-
ric with respect to 0 (except possibly at &=m ), has a gap from —m to +m, and
is determined by the spectrum of the “nonrelativistic” operator D*D (except at
—m ). The point +m (resp. —m) is an eigenvalue of H, iff 0 is an eigenvalue of

D (resp. D*).

We finally note that Dirac operators have supersymmetry in a number of cases
including the neutron in an electric field, a particle in a Lorentz-scalar field or,
most important, in case of the hydrogen atom in a subspace with fixed angular
momentum, see Ref. [12]. Our results can be applied to all these examples.
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3. Supersymmetric scattering theory

Next we solve the problem of concluding existence of the relativistic wave
operators from the existence of the corresponding nonrelativistic operators. The
supersymmetric structure can be used to reformulate the existence problem in
such a way that the invariance principle of wave operators ([10], p.49ff) can be
applied (The calculation in [10] on p.53f does not take into account the negative
energy subspace of the Dirac operator. In the standard representation the Dirac
operator is not an admissible function of the Pauli operator). The following
result is similar to Theorem 4 in Ref. [12], but is proved here under different
assumptions, which are more convenient for the applications. By F' we denote
the projection operator to the subspace belonging to the indicated region of the
spectrum of a self-adjoint operator.

Theorem 2. Let H = Q + mt, Hy = Qo + m71 be two Dirac operators with
supersymmetry. Assume that for all 0 < a < b < oo and for ¥ 1n some dense
subset of F(a < Q% < b)'Ha,c,(Qg) the following condition is satisfied with
k=172

I(Q* — @F) e 9" W[ < const.(1 + [¢)' 7+~ (20)x

Then the wave operators Q4 (H, Hy) exist, and

Q4 (H, Ho) = 1(Q°, Q5) F(Ho > 0) + Q5(Q",Q0) F(Ho < 0).  (21)

Proof. The assumption (20), implies existence of the “nonrelativistic” wave
operators 21" = Q4(Q*, Q3) by the following argument due to Cook (see [10],
p.20). First note that the set of states ¥ € H, . (Q2%) for which there exist
constants @ and b such that ¥ = F(a < Q% < b)V is a dense subset of Hy ¢ (Q3).
For ¥ in this subset we have

lim sup ||(e'Q2te”'Q§t — eiQ256_iQ§5) ||
800 430

t
= lim sup|| eiQ2tl(Q2 — Q%)e—ngtl || at’

8O tZO g
< lim [ (Q* - @)% Ul dt' = 0. (22)

S

We have used that by (20), the integrand in the last expression decays inte-
grably in time. But (22) is just the Cauchy criterion for the existence of Q7".
A similar arguinent proves existence of 27", The operators UHU™* = 7|H| and
UoHoU; = 7|Hy| are admissible functions of Q* and Q3, respectively, if we re-
strict them to the subspaces %(1 + 7)H. Therefore, we can apply the invariance
principle to conclude the existence of the wave operators

O = Qu(r|H|, 7| Ho|) = QY 3(1+7)+ QF (1 — 7). (23)
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It remains to show that for all ¥ € H, . (Ho) we can find &4 € H such that

0= lim [lee™ 000 — gy (24)
< lim |eiTH It emirlHolt & — U@y || (25)
+ lim [|(UUg — e~ mHelty, g, (26)

From the existence of (23) we conclude that (25) vanishes, if we choose
dL =U"QF Uy 0. (27)

Using the explicit forms of U and Uy given in Eq. (14) we can estimate the term

(26)

(U = Ug) e~ el g

(28)
< s —a%) e THIY|| 4 [|(az — a®) il (29)
+ li(sgn Q@ — sgn Qo) e "5l o w. (30)

The operators a are bounded functions of |[H| = [UHU |, and a% are defined
in the same way with |Hy|. Hence we can apply the intertwining relations ({10],
p.17)

ar Q7 = Qe 6l (31)

where Q7! is either Q7¢' or Q"¢ to conclude that (29) vanishes, as [t| — oc.
Since in (30) the operator sgn @) is not simply a bounded function of 7|H|, we
have to be a little bit more careful. First we note that for y = |Qo|¥

|(s8n @ — sen Qo) ™5 x| (32)
< Q= Qo) e™ U || + [|(1Q] — |Qo]) e~ *%0t ||, (33)

Here the last summand of (33) vanishes for ¥ € D(|Qo]) in the limit |t] — oo
because of the intertwining relations for 27”. The first sunmand vanishes by
assumption (20); for ¥ € F(a < Q% < b)Hq.. The set of all vectors of the form
X = |Qo|¥, ¥ € Fla < Q3 < b)YH,. with arbitrary 0 < a < b < oo is dense in
Hac, hence we have shown for all ¥ € H,.

0= lim ||(sgn @ — sgn Qo) e ™' ¥

[t|—o0

= [|(sgn QL — Q% sgn Qo) V| (34)

or

sgn QNG = Q1" sgn Q. (35)
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With the help of (23) we can express Q%" in terms of Q%¢'. Taking into account

sgnQL(147) = L(1F r)sgnQ (36)
and the same result with @y, we obtain from (35)
sgn Q Q! = Q’;l sgn Qo. (37)
But this implies almost immediately for all ¥ € Hq.

lim ||(sgn @ — sgn Qo) e~ T1Holtg® y|| = 0. (38)

|t|—c0

This completes the proof of existence of Q4+(H, Hp). In order to show (21) we
note that by (31) and (35)

UQl" =Qi"Ug. (39)
Now we calculate, using (27)

Q4 (H, Hy) = U QU
= QY Ugd(147)Up + QX UG (1 — 1)U, (40)

Finally, the relation
Us3(1£7)00 = 3(1 £ H/|H|) = F(H20) (41)

completes the proof of Theorem 2.

Remark: Instead of assuming (20);, it would have been sufficient to require
vanishing of (32) in the limit of large times. In the applications, however, it is
usually easier to verify (20);.

4. Application

Now we apply Theorem 2 to the special case of the Dirac operator in an
external magnetic field. The condition (20), in Theorem 2 is not very restrictive.
In case of the magnetic field scattering problem it just says that we have to

choose a gauge in which the vector potential decays at infinity like |2| =% . Then,
since H(A) — H(0) = —& - A, (20); simply becomes

|A(z) e ' ¥|| < const.(1 + [¢[)° (42)
for suitable ¥, which can easily be shown by stationary phase arguments (see

[10], Appendix 1 to XI.3, and [3]). The condition (20)2 is more restrictive. It
can be satisfied by the following assumption [7].
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Let the magnetic field strength B decay at infinity, such that for some 6 > 0
B(z) < const.(1 + |z])73/%7°, (43)

Choose the transversal (or Poincaré) gauge
1
Az) = / sB(zs) Nz ds. (44)
0

Then we have A(z) -2 = 0, and A(z) decays like |2|7!/?27% as |z| — co. Hence
the expressions divA, A%, ¥ B occurring in Q% — Q3 are all of short-range. Hence
the crucial long-range term is A(z)-p. It can be written as A(z)-p = G(z)-(zAp),
where

G(:z:)z/o sB(zs)ds (45)

satisfies,

|G(2)] < const.(1 + |z])2/279 (46)

and since the angular momentum L = z A p remains constant under the nonrel-
ativistic free time evolution exp(—iQ3t), we easily obtain by a stationary phase
argument for ¥ in a suitable dense set

| A(z) -pe"ip2t ¥|| < const.(1 + |t|)"3/2—6, (47)

so that all assumptions of Theorem 2 are satisfied. Hence we have proven the
following theorem

Theorem 3. Let H(A) and H(0) be given as in (2) and assume that the mag-
netic field strength B satisfies (43). Then both the relativistic and the non-
relativistic wave operators exist in the transversal gauge, and are related by
(21).

Remark: In order to appreciate the use of Theorem 2 let us briefly discuss the
direct proof of the existence of relativistic wave operators in the magnetic field
example, which has been given in Ref [8]. There is the following difficulty. In

order to apply the Cook argument, which worked well in the nonrelativistic case
(see Eq. (22), together with Eq. (47)), one would have to verify, that

la- Az)e O @ (48)

decays integrably in time for ¥ in a suitable dense subset of H,.(H(O)). But
this is wrong, because A(z) decays only like |z|~1/27%  at least if we choose the
transversal gauge. In general, A(z) cannot be made short-range by some other
clever choice of gauge. This can be seen already in very simple cases. Consider,
for example, in two dimensions a magnetic field which has compact support and
nonvanishing flux. Now, apply Stoke’s Theorem to a large circle surrounding the
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support of B to find that for this perfectly short-range situation A(z) cannot
decay faster than |z|~! (which is of long-range).

For a long range potential matrix of the form « - A the Cook argument does
not work, because it cannot take into account an effect which is known as “Zit-
terbewegung”. This means that the operator a(t) = eiffo! o e~ ot ogcillates
whithout damping around a mean value pHo—l, which corresponds to the classi-
cal relativistic velocity v = p/E.

5. Asymptotic completeness

Asymptotic completeness is the statement that the range of the wave op-
erators Ran Q4 equals H,.(H ), the absolutely continuous spectral subspace of
H. This means that every state ¥ in the continuous spectral subspace of H is
an asymptotically free scattering state. A consequence is that the continuous
spectrum of H is purely absolutely continuous. By [10}, p.19, asymptotic com-
pleteness is equivalent to the existence of the adjoint wave operators 24 (Hy, H).
Hence we simply have to exchange the roles of H and H, in Theorem 2 in order
to get conditions for the asymptotic completeness of the relativistic supersym-
metric system, which are formulated entirely in terms of the nonrelativistic time
evolution.

Unfortunately, these conditions are of little use for long range magnetic fields.
In particular, in order to verify condition (20), we would have to show decay in
time of the expression

|A(z) - pe i HA=mI G| = ||G(z) . L HAD=mDt g (49)

This cannot be done as before, because magnetic fields are usually not spheri-
cally symmetric (in three dimensions, a singularity free magnetic field is never
spherically symmetric). Hence the angular momentum L does not commute
with the time evolution exp(—tH(A)t) in a magnetic field. In fact, the time
decay of Eq. (49) is not at all obvious (see Ref. [7]). Nevertheless, the desired
result can be obtained using a different method.

Theorem 4. Let H(A) and H(0) be given as in (2) and assume that the mag-
netic field strength B satisfies

DVB(z) < const.(1 + |z|)7*/2, (50)
for some § > 0 and multiindices v with |y| = 0,1,2. Then the relativistic wave

operators in the transversal gauge are asymptotically complete.

Proof. Since a detailed proof appeared in Ref. [8] we only give a sketch here
and show how the Zitterbewegung can be controlled. To prove asymptotic com-
pleteness for §24 it suffices to show for a sequence of times 1, — oo

lim sup ” {e——iH(A)t . e——iH(O)t} e——iH(A)Tn U ” — 0’ (51)

Tn—00 ¢>0
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For all ¥ in the continuous spectral subspace Heont(H). We write Heone(H) as
an orthogonal direct sum of M7 . and H__,,, the subspaces of positive, resp.
negative energy scattering states. It is sufficient to prove (51) on each subspace
separately. Assume that ¥ € M . the proof for H_ ,, is completely anal-
ogous. In Ref. [8] it is shown that one can approximate exp —iH(A)r, ¥ by
a sequence of states ®;(7,) with the following properties. ®(7,) consist of a
finite sum of well localized states which have all positive kinetic energy, and an-
gular momentum slowly increasing with 7,. More precisely, let P;" denote the
projection onto the positive energy subspace of the free Dirac operator H(0),
and let u(p) = p|H(0)|~! = P; aP;" be the velocity operator for a free particle
with positive energy. Then we have the following result.

We can choose a sequence of times 7, £ = 1,2,... such that for each ¥ €
HT . there are N functions f; € C§°, each with support in a ball away from the

cont

origin, and N states ¢}(7,) with the following properties.
1. For any € > 0 there exists k = k(e) such that for all 7, > 74

N
e M g =S di(r) | < e (52)
where _ _
@ (mn) = Py filu(p)) fi(x/7n) %(1n). (53)

2. Each component of the angular momentum L = z A p satisfies
| L®%(rn)|| < Ce7t?7%, i=1,... N, (54)

where C is a constant which may depend on k. The functions f express a
localization in phase space. Due to f(u(p)) each of the approximating states has
velocities in a small region (away from the origin) around some mean velocity u;.
Furthermore, the states are approximately localized in the support of f(z/7),
which is far away, if 7, is large. The conditions on the derivatives of B are
needed in the proof of 1 and 2. This proof uses the asymptotic observable
theory, which has been developed for the Dirac equation in Ref. [4], and the
idea of an approximating time evolution which has been applied to the case of
long-range magnetic fields in Ref. [7]. By the asymptotic observable theory, one
can replace a scattering state by a finite sum of well localized states. On each of
these localized states one replaces the true time evolution by an approximating
time evolution, which is similar to a Trotter product, but with increasing time
intervals. The approximating time evolution leaves the states localized in phase
space and allows to estimate the increase in time of the angular momentum
operator with the help of the Gronwall lemma. See Refs. [7] and [8] for details.
Using (52) we can prove (51) by showing vanishing as n — oo of

I {e—iH(A)t _ e—iH(O)t} o —iH(A)T, @Z(Tn) I (55)
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for all k, ¢, and t > 0. Writing {...} in (55) as the integral of its derivative, we
see that we have to estimate

t
/ ds e H(A)s 4. o~ tH(0)s @i(rn)
0

(56)
Next we choose a cut-off function g € C§° with ¢g(z) = 1 for |z| > 1, and

g(z) =0, for |z| < 3. Let up < dist(suppf;, O), all ¢, and define

A4(z) = A(z) g(a/u?). (57)

By the stationary phase method we can find a constant Dy for all positive
integers K, such that

{1 = g /uo(rm + )} =500 Bi(ra)l < Drc(1 45+ )%, (58)
Hence we can replace A in (56) by A™ %2, Next we write
ae tHos — omtHos prgy 4 e oS, (59)
The operator F(s) = exp(1Hps) F exp(—tHps), where
F=a-pH;! (60)

describes the difference between the velocity operator a of free Dirac particles
and the classical velocity operator pH; ', which corresponds to the classical

expression for the velocity of a relativistic particle. From FHy, = —HyF we
obtain . )
F(s)=e*M° F, / F(s')ds' = —— {**°* —1}F. (61)
0 QZHO

These operators are all bounded uniformly in s. According to (59), Eq. (56)
splits into two parts. The second summand is

Here we have used A-p= G- L, |[Hy || = &, and LHyP)" = |Hy|LP; . Hence
by (54) and (46) we can estimate (62) by C! 7,72 with some suitable constant
C;.. It remains to control

=

t
/ ds esz Arn-f—s . pHo—l e——zHos q);c(’rn)
0

= °°“St‘/ ds |G +|[ | L @L(7a) |- (62)
0

t
/ ds eiHs Arn+5 e——iHo.s F(S)
0

t
etH? AT"+te"iH°t/ F(s)ds (63)
0

t d ) ) 8
/ ds — <61H5 Arn+5 e—lHoS) / F(Sl)dsl
0 ds 0

. (64)
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Since (61) is bounded, we can estimate (63) by

const.|[A™ V|| < const.r, */?7° (65)

n

for all t > 0. The term (64) is easily seen to be bounded by

t
const./ ds{ll[Ho’ATn+5H+||a'AATn+sl|+HE%ATn+5H}
0

< const. 7, 2%, (66)

Now, since § > 0, all the expressions (62), (65), and (66) vanish, as n tends to
oo. This proves (51).

6. Discussion

The usual formalism of scattering theory is expected to hold for “short-range
potentials”, where (each component of) the potential matrix V satisfies

|V ()] < const(1 + [¢])*7°. (67)

A famous counter example is the electrostatic Coulomb potential, where |V (z)|
decays like |z|™!. In this case the wave operators do not exist [2] and one has
to introduce modifications of the asymptotic time evolution. For the magnetic
fields in Theorem 4 the potential matrix —&@- A has a much slower decay. Indeed,
previous results in the literature have been obtained only by introducing mod-
ifications of the wave operators (sce, e.g., Ref.[11] and the references therein).
Asymptotic completeness in the sense of Theorem 4 is obviously due to the
transversality of A. In another gauge (e.g., if Vg is long-range), the unmodified
wave operators (1) possibly do not exist. Instead, our considerations show that
the correspondingly modified wave operators 24 (H(A), H(Vg)) exist and are
asymptotically complete. These remarks might be of importance, because in
physics for time independent problems the Coulomb gauge div A = 0 is used
almost exclusively instead of the transversal gauge, which is best adapted to
scattering theory. Note that although the wave and scattering operators depend
on the choosen gauge, the physically observable quantities like scattering cross
sections are gauge independent.

In situations like the Aharonov Bohm effect one has used the free asymptotics
(e.g., plane waves for the asymptotic description of stationary scattering states),
together with the Coulomb gauge, although the vector potential is long-range.
But in this case the calculations are justified, because in two dimensions and for
rotationally symmetric fields the Coulomb gauge happens to coincide with the
transversal gauge (see also Ref. [9], for a discussion).
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Under weaker decay conditions on the magnetic field strength the wave op-
erators would not exist in that form, because then the term A? occurring in
Q? — Q2% would become long-range. In this case one really needs modified wave
operators, similar to the Coulomb case.

Asymptotic completeness is also true in relativistic and nonrelativistic quan-
tum mechanics, if one adds a short-range electric potential to the magnetic field
[4]. Of course, the resulting Dirac operator has no supersymmetry, but the
method of the proof in Theorem 4 still works.

The scattering problem is nontrivial even in classical mechanics. From special
examples we know that classical paths of particles in magnetic fields satisfying
our requirements even do not have asymptotes. It is easy to see that the velocity
of the particles is asymptotically constant. But if we compare the asymptotic
motion of a particle in a magnetic field with a free motion, one would have
to add a correction which is transversal to the asymptotic velocity and which
increases for § < 1/2 like [¢t|*/?7%. Thus the situation seems to be worse than
in the Coulomb problem. There the interacting particles also cannot be asymp-
totically approximated by free particles, but at least the classical paths do have
asymptotes. (The correction in the Coulomb problem increases like In [¢| and is
parallel to the asymptotic velocity). A discussion of classical scattering theory
with magnetic fields is given in Ref. [7].
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