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INTRODUCTION

The goal of this workbook is to help
students develop fluency with the
following intermediate algebra skills.
e properties of functions like the even
function f(t) = 2t* — 3t2 + 7
e solving for variables in radicals like
Vx2 + 1 or like xvx

e simplifying irrational expressions like

V3 — = orlike 5x3v80x%
V3

e dealing with fractional or negative
2/3

exponents like x~
e performing calculations with complex
numbers like 5 — 2i
e finding complex conjugates
e completing the square

e solutions to the quadratic equation

that involve imaginary numbers



e elimination techniques for systems of

equations
e dividing polynomials

synthetic division

, including

e finding roots of polynomials like
p(x) = x3 + 23x% + 140x + 196

e the remainder theorem and the factor

theorem

e the fundamental theorem of algebra

e equations for parabolas, hyperbolas,

circles, and ellipses

e gsraphing functions lil

ke y(x) = 2%

e working with inequa

e and more

N . 27 X
ities like — — < =
X 3

The answer to every problem can be

found at the end of each

time to check the answe

chapter. Take the

rs and strive to

learn from any mistakes.



1 FUNCTIONS
1.1 What Is a Function?

A mathematical function satisfies two

conditions:

e The function relates two variables by a
mathematical rule. For any value of the
independent variable, the rule
indicates how to find the dependent
variable.

e For each value of the independent

variable, there is exactly one value of

the dependent variable.
An example of a function is f(x) = x* — 1.
In this example, the independent variable
is x and the dependent variable is f.
Given any value of x, the dependent
variable can be found by squaring x and

subtracting one. For example, when



x=3,wegetf(3)=3*—-1=9—-1=38,
and whenx = 4, weget f(4) =4% -1 =
16 — 1 = 15.

The notation f(x) is used to indicate that

the dependent variable f is a function of

the independent variable x. It is
important to realize that f(x) does NOT
mean to multiply f by x. Rather, f(x)
means that a rule exists for how to
determine f for any given value of x. The
variable in parentheses is called the

argument. The notation f(3) means to

evaluate the function when x = 3; it does
NOT mean to multiply f by 3.

It is not necessary to use the symbols f
and x. For example, g(t) means that g is a
function of the argument t and y(x)

means that y is a function of the argument



x. Note that sometimes the function is
referred to without using parentheses.
For example, f = +/x is short for f(x) =

vx and y = 5x — 2 is short for y(x) =
S5x — 2.

Functions can be described in different
ways:

e An equation like f(x) = x* — 5x + 6 is

one way to describe a function.

¢ A function can be represented by
giving a table of values for x and f.
This is common when the relationship
is determined by making

measurements.

e A function can be represented by

giving a graph.
e A function can be described in words.

For example, if a function is described



as being four less than a number

squared, this means that
f(x) = x* — 4.

Example 1. Is f a function of x if f =

vx + 37
Yes. For any value of x for which f is real,

there is exactly one value of f.

Example 2. For the table below, is y a

function of x? Is x a function of y?

X |y
2| 4
1] 1

0 | 0

1| 1

2 | 4

y is a function of x because there is
exactly one value of y for each value of x.
However, x is NOT a function of y because

there are multiple values of x for certain



values of y. For example, when y = 4, one
time x equals —2 and another time x
equals 2. Since x has two different values

when y = 4, x is NOT a function of y.

Example 3. For each graph below, is the
variable on the vertical axis a function of

the variable on the horizontal axis?
f g

For the left graph, f is a function of x
because there is exactly one value of f for
each value of x. For the right graph, g is
NOT a function of t because there are two
values of g for each value of t (except for
the point that lies at the origin). When t is
positive, there are both positive and

negative values for g.



Tip: The vertical line test can be used to

determine whether or not a graph
represents a function. On the left graph
above, you can’t draw a vertical line that
intersects two points on the curve. On the
right graph above, you can draw a single
vertical line that intersects multiple
points on the curve. The right graph fails

the vertical line test.



1.1 Problems

Directions: For each equation, table, or

graph, determine if f is a function of x.

(1) f =x

(2) f = +x (where + means plus or

minus)

(3)

W
@)
Q0
N
@)

X
fla b W2 b 7

(4)

X
f B 8 [0 9 5

(5) (6)




1.2 Domain and Range

The domain of a function refers to the

possible values of the independent
variable for which the function equals a
real value. The range of a function refers
to the possible values of the function.
Basically, the domain refers to the
possible input values while the range

refers to the possible output values. For

the function f(x), the domain refers to
the possible values of x while the range

refers to the possible values of f.

Interval notation is often used to indicate

the domain and range. Parentheses
indicate an open interval, whereas
brackets indicate a closed interval, like

these examples:



e |—2,5] is the closed interval from —2
to 5, including the endpoints. If [—2, 5]
is the domain of f(x), this means that
—2 < x < 5. Here, x can be equal to
—2, x can be equal to 5, and x can be
any value in between.

¢ (0,4) is the open interval from 0 to 4,
excluding the endpoints. If (0, 4) is the
domain of f(x), this means that
0 < x < 4. Here, x is greater than 0 and
less than 4; x can't equal O or 4.

¢ (3,6] includes 6 and all values between
3 and 6, but doesn’t include 3.

e|—1,1) includes —1 and all values
between —1 and 1, but doesn’t include 1.

o (—00,4) U (4, ) is the union of two

intervals. It is equivalent to x # 4.

e [0, o0) is nonnegative. It includes 0 and

every possible positive number. When



the symbol for infinity (o) is used, a
parenthesis is always used for that
limit.

The symbol R represents all real

numbers. It is equivalent to (—oo, ).

Example 1. What are the domain and
range of f(x) = Vx?

The domain is [0, ), meaning that x must
be nonnegative. The reason is that only a
nonnegative number has a real square
root. The domain is equivalent to 0 < x.
The range is also [0, o), meaning that f is
nonnegative. The range is equivalent to
0<f.



Example 2. What are the domain and
range of g(t) = %?

The domainis t # 0 since g would
involve division by zero if t were zero.
The domain can be expressed as

(—o0,0) U (0, 00); the “U” and both
intervals are needed; this is equivalent to
|t| > 0. The range is g # 0, which is

equivalent to (—o0,0) U (0, o), since no
real (and finite) value of t will make g

equal zero exactly.



1.2 Problems

Directions: Indicate the domain and range

of each function.

(D) f(x) = x*
2)gy) =y -2
B)y(x) = —

4 f(e) =t

(5) z(y) = y* +3y* + 6
(6) v(w) = —

(7) x(t) =4 -t

(8) g(x) = (x +5)*

9 f(y) = y+3><y 5

(10) z(w) = 9 — w*

(11) N(k) = %E



(12) p(q) = /3¢ — 6

(13) b(a) = —

a+1

(14) Q(r) = r3/2
(15) T(t) = Vt2 -9

2
x242x—-8

(16) h(x) =




1.3 Evaluating Functions

To evaluate a function at a specific value,

simply replace the independent variable
with the specified value in the function
and simplify the answer. For example,
consider the function f(x) = x? — 3. To
evaluate this function at a specific value of
x, simply plug the value into the
expression x* — 3. The notation f(4)
means to evaluate f(x) when x equals 4.
Similarly, the notation f(2) means to
evaluate f(x) with x equals 2. The
examples below show f(x) evaluated at
some different values of x.
of(4) =4>—-3=16—-3 =13
ef(2)=22-3=4-3=1
ef(0)=0°-3=0—-3=-3
ef(-1)=(-1)*-3=1-3=-2



Example 1. Given f(x) = vx + 5, find
f(2), f(4), and f(7).
Plug each value of x into vx + 5.
e f(2) =2 + 5 = +/7. This irrational
number can’t be simplified further.
e f(4) =V4+5=+9 = 3.0nly the
positive root applies because a
function is necessarily single-valued
(Sec. 1.1). Note: The single-valued
nature of a function is important in

higher-level mathematics (especially,

in calculus).

of(7)=V7+5=vV12=,/(4)(3) =
V4+/3 = 24/3. We factored out the

perfect square in order to express the

answer in standard form. We applied

the rule \/xy = \/E\/; Although V12 is

a correct answer, it isn’t in standard



form. The best answer is 2v3, which is
equivalent to v12.

Example 2. Given g(t) = E, find g(2)
and g(3).

. -1
Plug each value of x into ;—1

2—1 1

e g(2) = T This reduced fraction
can’t be simplified further.
eg(3) = E = % = % We divided the

numerator and denominator each by 2
1

. 2
in order to reduce ” to -



1.3 Problems

Directions: Evaluate each function at the

specified values.

(1) Given f(x) = x* — 3x + 8, find f(3),
f(2), f(1), f£(0),and f(-1).

(2) Given g(y) = 7y — 5, find g(2), g(1),
9(3) 9(=3) andg(-1)

(3) Given y(x) = V25 — x2, find y(5),
y(4), y(3), y(=1), and y(-3).

(4) Given v(t) = = — = find v(4), v(3),
v(2), v(1), and v(—12).

(5) Given f(x) = x?/3, find £ (27), f(8),
f(—8),and f(—27).




1.4 Multivariable Functions

Not all functions have a single argument
like g(x) = Vx or h(y) = % Some

functions have two or more arguments,
like f(x,y) = x* +y?orp(x,y,z) =
3x3y?z. A multi-variable function can be
evaluated by plugging in the values for

each variable.

Example 1. Given f(x,y) = x3 — 3y, find
f(2,4).

Plug x = 2 and y = 4 into the function:
f(2,4) =2°-3(4)=8-12 = —4.



1.4 Problems

Directions: Evaluate each function at the

specified values.
(1) Given f(x,y) = y* — x?, find £ (3, 2).
(2) Given g(x,t) = +/xt, find g(6,54).

(3) Given Q(p,r) = % % find Q(4, 3).

(4) Given d(a, b, c) = c* — ab, find
d(3,4,5).



1.5 Step Functions and Piecewise
Functions

A simple example of a step function is:

(0 if x<0
f(x)_{l if x>0

This step function equals one of two

values (0 or 1), depending on the value of
the argument. For negative values of x or
when x equals zero, the function equals 0,
while for positive values of x, the function
equals 1. The step function is an example

of a piecewise function. A piecewise

function equals different expressions in
different sections of its domain. Another
example of a piecewise function is:

(1 if t<—1

gt)=1t if -1<t<1
Ct2 if 1<t




Note that the domain of f(x) above is R,
whereas the domain of g(t) above
excludes the points x = +1 because the
definition of g(t) uses less than (<) signs,
but does not use less than or equal to

signs ().

A function with absolute values can be

expressed as a piecewise function. For
example, consider the function f(x) = |x]|.
The straight lines mean to take the
absolute value of x (which means to
ignore the sign of x). For example,

f(=2) =|-2| = 2.When x is
nonnegative, the absolute values have no
effect. For example, f(3) = |3| = 3. This
function is equivalent to the following

piecewise function:

_(—x if x<O0
f(x)_{x if x>0



When x is negative, —x equals a positive
number, and when x is positive, x also

equals a positive number.

Example 1. Find f(—2), f(0), and f(3) for

the function below.

(x3—1 if x<0
f(x)_{x2+1 if x>0

When x is negative or zero, use x> — 1,
and when x is positive, use x? + 1:
f(=2)=(-2)’-1=-8-1=-9,
f(0O)=03—1=-1,andf(3) =3%+1=
9+1=10.



1.5 Problems

Directions: Evaluate each function at the

specified values.

(1) For the function below, find f(—3),
£(0), £(2), f(3),and f(5).

_(x*=9 if x<3
f(x)_{B—x if x> 3

(2) For the function below, find g (— %),

9(0), g(1), ¢ (3), and g(2).

(1—t if t <0
gt)=142t+1 if 0<t<?2
. t2 if 2 <t

(3) For the function f(x) = |3 — 2x|, find
f(=3),1(0), f(1), f(2),and f(3).

(4) For the function g(x) = |2 — x#|, find
g(=3),9(-1), g(0), g(1), and g(3).

(5) For the function h(x) = |x — Vx|, find

h(0), h G) h(1), h (z) and h(4).




1.6 Composite Functions

The notation f (g (x)) indicates that f is a

composite function. To find f(g(x)), first

plug x into g(x), and then plug g(x) in as
the argument for f(x). The notation f o g
is an alternative way to write f(g(x)). In
order for the composite function f(g(x))

to make sense, the range of g(x) must lie

in the domain of f.

Example 1. Given f(x) = x + 8 and

g(x) =+V4x + 5, find f(g(11)).
Evaluate g(x) atx = 11toget g(11) =

J4(11) + 5 =44+ 5 =49 = 7. Now
use g(11) = 7 as the argument for f(x).

This means to replace x with 7 in f(x).

f(g(1) =f(7) =7+8=15




Example 2. Given f(x) = 2x* — 1 and
g(x) = 3x —2,find f(g(x)).
Use 3x — 2 as the argument of f. This
means to replace x with 3x — 2 in
2x% — 1.
flg() = fBx—2) =2(33x —2)* -1
=2(9x% - 12x+4) -1
flgx)) =18x? —24x +8—1
= 18x% — 24x + 7

Example 3. Given f(x) = 9 — 4x, find
F(F ).

Use 9 — 4x as the argument of f. This

means to replace x with 9 — 4x in 9 — 4x.
f(f(x)) = £(9 — 4x) = 9 — 4(9 — 4x)
=9 —-4(9) —4(—4x)
f(f(x)) =9—36+16x = —27 + 16x
= 16x — 27



1.6 Problems

Directions: Evaluate each composite

function.

(1) Given f(x) = 5x — 2 and g(x) = 4x +
3,find f(g(6)), g(f(6)), f(g(x)), and
g(f(x)).

(2) Given f(t) = 274 and g(t) = t* + 3,
find f(g(1)), f(9(3)),and f(g(®)).

(3) Given f(x) = V7x + 2, find f(f(l)),
f(f@), f(£(14)), and f(f (x)).

(4) Given f(x) = x* —4and g(x) = x +
8, find (f(3)), f(g(3)), 9(f(3)),and
9(g3).

(5) Given p(y) = =8 — y* and q(y) = —,
find p(q (4)) and q(p (4)).




(6) Given f(x) = 3x + 2, g(x) = 4x — 5,
and h(x) = 4x + 3, find f (g(h(x))).

1.7 Inverse Functions

Two functions, f(x) and g(x), are inverse

functions of one another if:
Of(g (x)) = x for every value of x in the
domain of g(x).
¢ g(f(x)) = x for every value of x in the
domain of f(x).
Basically, a function is “undone” by its
inverse function, meaning that when the
inverse function acts on the function, the
two effects essentially cancel out,
resulting in x. The notation f~1(x)

indicates that f~1 is the inverse of f.

Caution: The superscript of —1in f~1

does NOT mean to find % Instead, it



means to find the inverse of f. See below.

Not all functions have an inverse. If two
different inputs both result in the same
output, the function does NOT have an
inverse. For example, the function f(x) =
x? does not have an inverse because
f(=2) =(-2)? =4equals f(2) = 2% =
4. That is, the inputs of —2 and 2 both
result in the same output of 4. (We would
need to restrict the domain of this
functiontox = 0 or to x < 0 in order for

its inverse to make sense.)

Suppose that we know the function f(x)
and wish to find its inverse function,
f~1(x). One way to do this to use f 1 as
the argument of f(x), making the
composite function f(f~1). By the

definition of an inverse function,



f(f~1) = x.Isolate f~! in this equation to
determine the inverse function. This
technique is illustrated in the first

example.

Example 1. Find the inverse of f(x) =
2x + 3.
Use f~1 as the argument of f(x) and set
this equal to x because f(f~1) = x.

2f1+3=x
Now isolate f~1. Subtract 3 from both
sides: 2f~! = x — 3. Divide by 2 on both
sides:

x—3

) =——

Check: f(f~1) = f (£2) =2(52) +3 =
x—3+3=x.




Example 2. Does f(x) = (x — 3)(x — 4)
have an inverse?

No. There are two different values of x
that produce the same value for f(x)
because f(3) = 0 and f(4) = 0. When the
input is 3 or 4, the output is the same
value (zero). Although f(x) satisfies the
definition of a function, its inverse would

not.



1.7 Problems

Directions: Does each function have an

inverse? If so, find it. If not, explain why.
(1) f (x) = 5x — 4
(2) g(x) =8—7x

(3) h(t) = t*
D py) =y°
(5) f(x) ==
(6) q(t) = —
(7) g(x) ==
(8) h(k) = 5

(9) f(y) =3y +8
(10) f(x) = x* — 4x — 12



1.8 Even Functions and Odd
Functions

To determine whether a function is even,
odd, or neither, evaluate the function at
—x and compare f(—x) with f(x):
oIf f(—x) = f(x) for every value of x in
f’s domain, the function is even.
olf f(—x) = —f(x) for every value of x
in f’'s domain, the function is odd.
o [f neither statement above is true, the
function is neither even nor odd.
For example, f(x) = x“ is an even
function because f(—x) = (—x)? = x? is
the same as f(x) for any real value of x,
whereas g(x) = x° is an odd function
because g(—x) = (—x)3 = —x3 is the

negative of g(x).



[f every term of a polynomial has an even

power of x or a constant, like

3x* — 2x% + 5, the polynomial is an even
function. If every term of a polynomial
has an odd power of x (and no term is a
constant), like x> + 4x3 — 7x, the

polynomial is an odd function. If a

polynomial has both even and odd terms,
like x* — 6x (or has odd terms and a
constant term, like 3x3 + 8), the

polynomial is neither even nor odd.

Chapter 7 explores the graphs of even and

odd functions.

Example 1. Is f(x) = 4x? — 5 even, odd,

or neither?
[t is even because f(—x) = 4(—x)? — 5 =

4x% — 5 = f(x). Since every term of the



polynomial has an even power (or is a

constant term), the polynomial is even.

Example 2.1s g(x) = x> — 7x3 + 9 even,
odd, or neither?
It is neither because

g(—x) = (—20)° = 7(=x)? + 9 =

—x> 4+ 7x3+9

is neither equal to g(x) nor is every term
negated. When a polynomial contains
both even powers and odd powers (or
both odd powers and a constant term, as

is the case here), it is neither odd nor

even.

Example 3. 1s f(t) = % even, odd, or
neither?
[tis odd because f(—t) = _it = —% =

—f (0.



1.8 Problems

Directions: Indicate whether each

function is even, odd, or neither.
(D) f(x) = x°

(2) g(x) = x*

(3) h(t) = t® — 5t° — 3

B p(») =—4"+2y° -y
(5)q(r) =3r+8

(6) f(x) = Vx
(7) 9(y) =y* =9
8) v(t) = 5

(9 fx) =+ 7)(x—7)
(10) q(z) = (z —3)(z + 6)
A f») =1y

(12) y(x) = 4"



Chapter 1 Answers

1.1 Problems

(1) Yes. For every value x for which f is
real, there is exactly one value of f.

(2) No. For nonzero values of x, there are
two values of f for each value of x. For
example, when x = 2, f equals 2 and f
also equals —2 because f = +2.

(3) No. For x = 6, two different values of
f are given (7 and 9).

(4) Yes. For every value of x in the table,
there is exactly one value of f. (It's okay
that f = 5 appears twice. It’'s whether or
not f has multiple values for the same x
that matters.)

(5) Yes. For every value of x in the graph,

there is exactly one value of f.



(6) No. For each nonnegative value of x,
there are two different values for f. This

graph fails the vertical line test.

1.2 Problems

(1) Domain: R. Range: [0, ), which is
equivalent to f = 0. Note: The square of a

real number can't be negative.

(2) Domain: |2, ), which is equivalent to
y = 2.Range: |0, o), which is equivalent
to g = 0. Note: g equals its minimum

value of zero when y is 2.

Note: Although V4 could technically be 2
or —2 because 2% = (2)(2) = 4 and
(—2)? = (=2)(—2) = 4, in algebra only
the positive root is taken unless +
notation is used. That is, if we wanted /4

to mean both 2 and —2, we would write

++/4. Here, g(y) can’t mean +,/y — 2




because then g(y) wouldn’t be a function
(Sec. 1.1).

(3) Domain: (—o0, —3) U (—3, ), which is
equivalent to x # —3. Range: (—,0) U
(0, ), which is equivalent to y # 0. Note:

U is the symbol for the union of two sets.
It is equivalent to the word “or.” The
domain could also be expressed as

(—o0, —3) or (—3, ), meaning that x may
be any value in the interval (—oo0, —3) or
in the interval (—3, o). Both intervals
exclude the value —3.

(4) Domain: R. Range: R.

(5) Domain: R. Range: [6, ), which is
equivalent to z = 6. Note: Since y* > 0
and y* > 0, it follows that

y* + 3y% + 6 > 6.

(6) Domain: (—o0,0) U (0, ), which is
equivalent to u # 0. Range: (0, ), which



is equivalent to v > 0. Notes: The square
of a real number can’t be negative. For
finite values of u, v is always positive.
Although v approaches zero as u
approaches infinity, v never quite reaches
exactly zero. See the note to the solution
to Problem 3.

(7) Domain: (—oo, 4], which is equivalent
tot < 4. Range: [0, o), which is
equivalent to x = 0. Note: x equals its
minimum value of zero when t is 4.

(8) Domain: R. Range: [0, o), which is
equivalent to g = 0. The square of a real
number can’t be negative. Note: g equals
its minimum value of zero when x is —5.
(9) Domain: (—oo,—3) U (—3,5) U (5, =),

which is equivalent to y # —3 and
7

y # —b5. Range: (—00, —1—6] U (0, o),

which is equivalent to f < —116 or f > 0.



Note: (y + 3)(y — 5) = y* — 2y — 15,
which is a parabola. There are multiple
ways to show that this parabola has a
minimum value of —16 when y equals 1.
For example, you can complete the square
(asin Sec. 7.7) to write y% — 2y — 15 =

(y — 1)? — 16.

It follows that f(y) = oo

7
2y—15

can't lie

between 0 and — %. See the note to the

solution to Problem 3.

Tip: All of these answers can be verified

by making a graph. We'll learn about

graphs in Chapter 7. If you have a
graphing calculator (or graph the function
with an online program like Wolfram
Alpha or Mathematica), you can also
check the answers visually with the

graph.



(10) Domain: R. Range: (—oo, 9], which is
equivalent to z < 9. Note: z equals its
maximum value of 9 when w is zero.

(11) Domain: (0, ), which is equivalent to
k > 0. Unlike Example 1, this domain
doesn’t include 0 because the square rootis
in the denominator in this problem. Range:
(0, ), which is equivalent to N > 0.

(12) Domain: |2, o), which is equivalent
to g = 2. Range: [0, ), which is
equivalent to p = 0. Note: p equals its
minimum value of zero when q is 2.

(13) Domain: (—o0, —1) U (—1, o), which
is equivalent to a # —1. Range: (—,1) U
(1, ), which is equivalent to b # 1. See

the note to the solution to Problem 3.
Notes: b(a) = ﬁ is a hyperbola with two

branches. Whena > —1, b < 1 and when

a < —1,b > 1. Here is one way to see that



b # 1. Multiply both sides of b = ﬁby

a + 1togetba + b = a, subtract ba from
both sides to get b = a — ba, factor to get

b =a(1—b),and divideby 1 — b to get

b

— = a Since the denominator of this

equation is 1 — b, this shows thatb + 1

avoids a division by zero problem.

(14) Domain: [0, o), which is equivalent
tor = 0. Range: [0, o), which is
equivalent to Q = 0. Note: Q equals its
minimum value of zero when r is zero.
Note: r3/?2 = |r1|r1/2 = |r|\/r because

r1 = r and r/? = /r. See Chapter 2.

(15) Domain: (—oo, —3] U |3, o0), which is
equivalenttot < —3 ort = 3 (both
inequalities are needed, though these may
be condensed to the single inequality t* >
9, which itself is equivalent to [t| = 3).



Range: |0, ), which is equivalent to T >
0. Note: T equals its minimum value of
zero when t is —3 or when t is 3. See the
note to the solution to Problem 3.

(16) Domain: (—o0, —4) U (—4,2) U

(2, ©), which is equivalent to x # —4 and

x # 2. Range: (—00, —%] U (0, o), which is

. 2
equivalentto h < — 5 OT h > 0.

Note: x? + 2x — 8 can be factored as
x?+2x—8=(x+4)(x — 2), which

shows that h is a problem when x equals

—4 or 2. The expression x* + 2x — 8is a
parabola. There are multiple ways to
show that this parabola has a minimum
value of —9 when x equals —1.

For example, you can complete the square
(asin Sec. 7.7) to write x? + 2x — 8 =

(x + 1)? — 9. It follows that h(x) =



e s 2
can't lie between 0 and — 5 See

x%42x-8

the note to the solution to Problem 3.

1.3 Problems

(1)f(3)=32-3(3)+8=9-9+8=8
f(2)=24-3(2)+8=4—-6+8=1|6
f(1)=1°-3(1)+8=1-3+8=|6
f(0)=04-3(0)+8=0—-0+8=|8
f(-1)=(-1)*-3(-1)+8=1+3+8=
12
2)g9(2)=72)-5=14—-5=]9
g()=7(1)-5=7-5=2

o()-7()-5-3-2-[J-Exs
o(-)-7(-2)-5--1-%-

_ 1 -[=85
2

g(-1)=7(-1)-5=-7—-5=|-12




(3) y(5) = V25— 52 =+/25 — 25 =
y(4) =25 —42 =+/25-16 =9 =
y(3) =vV25-32 =+25 -9 =16 =

0

y(-1) =25-(-1)2=+25-1=

= /(4)(6) = V46 =

24/6

y(=3) = /25 — (-=3)2 =25 -9 =

JI6 =

4

(4) v(4) =

Nt < Nt
N\ VN 7~
p— (\®) &%)
N —/ -

Wlkr WwWIN wWwlw

v(—12) =

(5) f(27) = 27?13 =

4 4 4

3 4 3

4 1

3 3

4 2

2 3

4 1 12

1 3 3

12 4
—12

f(8) =8%*° =

(81/3) — 22 —

I
W N

11

3

12
3

1
3

= (271/3)2 — 32 —

4

11

3

9




f(=8) = (—8)3 = [(-8)/%] =
(=2)? = (-2)(-2) =4
f(=27) = (=27)%3 = [(=27)*/3]" =
(=3)? = (=3)(=3) =9

Note: Recall the rule x% = (x%)? =

1
(xb)a. Letb = ZtO see that x%/¢ =

(x)1/e = (xl/c)a. If needed, you can also
check the answer using a calculator. To

enter 27%/3 on most calculators, type
277(2/3). To enter (—27)?/3, type
(=27)"(2/3).

1.4 Problems

(1) f(3,2) =22-32=4-9=[-5]
Note: x = 3and y = 2.

(2) g(6,54) = {/6(54) = /6(6)(9) =
V369 = (6)(3) =[18]




1,4_3 16 _[19
(B)Q(4’3)_Z+§_12'12_12'

(4)d(3,4,5) =5*—-(3)4)=25-12 =
13]. Note:a =3,b =4,and c = 5.

1.5 Problems

(1) f(=3) = (-3)2-9=9-9=]0
£(0)=0%2-9=[=9
f(2)=22-9=4—-9=[=5
f(3)=32-9=9-9=/0
f(5)=3-5=[=2
@a(-2)=1-(-)=1+1=t+1o

5

4

g(0)=2(0)+1=[1
g =2D+1=2+1=[3
g(3)=2(03)+1=3+1=[4
g2)=2*=4




B)f(=3)=[3-2(-3)|=13+6|=
£(0) =13 -2(0)| =[3
f(H=13-2D|=3-2|=[1
f(Q)=13-22)|=3-4|=|-1| =
f3)=13-23)|=13-6|=]|-3| =
4)g(=3)=12-(-3)=12-9| =
=7 =17

gD =12-(-1)?*=2-1| =1
g(0) =]2-0% =2

gD =12-13=2-1]=[1
gB3)=12-3%=12-9|=|-7| =7
(5) h(0) = [0 —+0| =[0

6 R e Rl vt Bl e
-
h(1)=[1-V1|=]1-1] =0




Q)= i =F 2= -
h(4) =|4—-V4|=4-2| =2
1.6 Problems

(1) g(6) = 4(6) +3=24+3 =27
flg(6) =f(27)=5R27) -2 =

135 — 2 =[133
f(6) =5(6)—2=30—-2=28
g(f(6)) = g(28) = 4(28) + 3 =
112 + 3 =[115
flg(x)) =f(4x+3) =5(4x+3) -2 =
20x + 15 — 2 =[20x + 13
g(f(x)) =g(Gx—2) =4(5x—2)+3 =
20x —8+3=|20x—5
2)g(1)=12+3=1+3=4

flg))=f@ ===16

4

g(3)=324+3=9+3=12

B w




2

flgi®)=rfa2)===|2

12
f(g(®) = f(t? +3) = |5
@) f(D)=y7(1)+2=v9=3
ff()) =f3)=y73) +2 =23
f(2)=y7(2) +2=+16 = 4
f(f(2) =f4) =y7(4) +2 =30
f(14) = /7(14) + 2 = /100 = 10
f(f(14)) = £(10) = /7(10) + 2 =
V72 =|6v2
ff() =f(V7x +2) =
VIVTx + 2 + 2

Notes: We factored out a perfect square in

order to express V72 in standard form:

V72 = /(36)(2) = V36V2 = 6v2.1f you
plug 1, 2, or 14 into f(f(x)) =




V7V7x + 2 + 2, you will see that this
agrees with the answers for f(f(l)),

f(f(2)),and f(f(14)).
(4)f(3)=32—-4=9—-4=5

f(f(3))=f(5)=52-4=25-4=21

g(3)=3+8=11
flg3))=fA1)=112-4=121—-4 =
117
f3)=32—-4=9-4=5
9(f3) =g(5) =5+8=[13
g(3)=3+8=11

9(9(3) = g(11) = 11 + 8 =[19

12

(5) 9(4) = =3,p(q(4) =p(3) =
—8-32=-8-9=[=17
p(4) = —8—4% = —8— 16 = —24

12

q(p(4)) = q(—24) = == = |-2| =[=0.5

24 | 2




(6) g(h(x)) =4(4x+3)—5 =
16x +12—-5=16x+ 7
f(g(h(®)) = fF(16x +7) =
3(16x+7) +2 =48x + 21 + 2 =
48x + 23

1.7 Problems

(1)5f 1 —4=x
5fl=x+4

X+4

Frie0 =2

Note: Multiply the numerator and

. -8
denominator ofx_—7 by —1 to see that



(3) [no inverse| h(—2) = (—2)* = 16
equals h(2) = 2* = 16
(D) @)=y

pr ) =y =y

Note: To solve for p~! in Problem 4, take

the fifth root of both sides. For example,
the solution to x° = 32 is x = 321/° =

V32 = 2. Check: 25 = 32.

6

O) = =x
6 =xf"1

—1 _é
f(x) ==

9

(6)2q‘1+5_t
9 =2tq~ ! + 5t
9 — 5t = 2tq~1

104y — |20 |2 >
q— (1) = 2t | |2t 2




g t+2

(7) —13
g l+2=xg"1—-3x

3x +2=xg 1 —g !
3x+2=g9g"1(x—-1)

—1 _|3x+2
g (X)) =|—

ap~1
( )Sh 1+8 =k

A4h~—1 —7 =5kh~ 1 4+ 8k
Ah™'—5kh ' =8k +7
h™1(4 —-5k) =8k +7

_1(k) _ S8k+7 _ S8k+7
4—5k _5k+4
(9) |no inverse \/3f‘1+8 =Yy
3f71 +8 =172
3f71 =y2 — 8
frr=28

3’

Note: In Problem 9,

inverse of f(y). Why? In order for g(y) =



2_
yTS and f(y) = /3y + 8 to be inverse

2_
functions, g(y) = yTS and f(y) =

\/By + 8 both need to be inverses of each

2_
other. However, g(y) = yTS does NOT

7

have an inverse. Note that g(—1) = — .

and g(1) = — g, which shows that g(y)

has no inverse. If we restrict the domain
of g(y) toy = 0 or y < 0, then for this

y°=8 sould be the

restricted domain,

inverse of f(y).

(10) |no inverse| f(x) = x% — 4x — 12
f(x)=(x—-6)(x+2)
f(6)=0and f(—2) =0




1.8 Problems

(1) 0dd: f(—x) = (—x)> = —x> = —f (x)
(2) Even: g(—x) = (—x)* = x* = g(x)

(3) Even: h(—t) = (—t)® = 5(-t)° -3 =
t8 — 5t — 3 = h(t)

(4) 0dd: p(—y) =

—4(=y)° + 2(=y)°> = (=)

=4y’ = 2y° +y =-p¥)

(5) Neither: q(—r) = 3(—r)+8=-3r+8
Note: g(r) is a polynomial that has an odd

term and a constant term.

(6) Neither: f(—x) = v—x (which is
imaginary when x > 0)

(7) Even: g(—y) = /(—=y)? —9 =
V¥t =9=g)
(8) Odd: v(—t) =

—v(t)

5 5

(—0)3—6(—t)  —t3+6t




(9 Even: f(x) =(x+7)(x—7) =

x? —49, f(—x) = (—x)* — 49 =

x% —49 = f(x)

(10) Neither: q(z) = (z—3)(z+ 6) =
z*+3z—18

Note: g(z) is a polynomial with both even

and odd terms.

(11) 0dd: f(=y) = Y=y = =y = —=f )
(12) Neither: y(—x) = 47* = 4

X



2 RADICALS

2.1 Powers of Square Roots

When Vx is multiplied by itself, the effect
is to remove the radical: Vxvx = x. When

Vx is squared, the result is the same:

2
(Vx)” = x. If there is an expression inside

of the radical and the radical is squared,

the radical is similarly removed:

V3x + 2vV3x + 2 = 3x + 2. If a square

root is raised to an even power, remove

the radical and raise the expression inside

to one-half of the power. For example,

6
(V2x) = (2x)%/2 = (2x)3 = 23x3 = 8x3.
The reason is that a square root is
equivalent to a power of one-half: vx

= x1/2, Setm = %in the rule (x™)" = x™"



to see that (\/E)n = (x1/2)” = x™?, Note:
The rule (ax)™ = a™x™" explains why
(2x)3 = 23x3.

If a square root is raised to an odd power,
apply the rule x™ = x™ 1x to rewrite the

radical raised to an even power. For

example, (\/E)S = (\/37)4\/3? = x¥/2\[x =
x2/x.

Example 1. (vVx — 7)2 =x—7

Example 2. V/5xV5x = 5x

Example 3. (@)8 = (3x)8/2 = (3x)* =
3*x* = 81x*
Example 4. (vVx + 2)5 —

(Vx + 2)4\/x +2=(x+2)Vx+2=
(x% + 4x + 4)Vx + 2



2.1 Problems

Directions: Simplify each expression.
(1) (Vox)’

(2) V33

(3) V5x — 4v5x — 4

(4) (Vx + 6)2
(5) (V5x)'
(6) (V3x)’
(1) (Vx=9)’

@) (VZx +7)°

(9) (V5) (VI0x)’

(10) VX +6)' (Vx—6)°
(11) Vavavxvx




(12) Vx + 2vVx + 2vVx — 2vx — 2

(13) Vx — 4vV2x + 1Vx — 4V2x + 1
(14) (V3z)" (Vox)’

(15) (V8x) "V

(16) (V7x) (V2x)’

(17) (V2x)° (Véx) ' (V3z)’

(18) (V3x) (Véx) (V2x)

(19) (V52)' (V) (V7x)’

(20) (Véx)' (V7x)' (V2z)’



2.2 Factor Perfect Squares

The rule vuv = vuvv allows a perfect
square to be factored out of a radical. As

an example, the perfect square 36 can be
factored out of V108 because 108 =
(36)(3):

V108 = /(36)(3) = V363 = 63

A squared variable may similarly be

factored out of a radical.

V2x2 = V2./x% = x\/2

[f a variable is raised to an even power, its

power is cut in half when it is factored out

of a radical. For example, V3x12 = x%/3.
If a variable is raised to an odd power,
apply the rule x™ = x™ 1x to rewrite it in

terms of an even power. For example,

V7x9 = V7x8x = Va8/7x = x*7x.




Example 1. V18 = \/(9)(2) = V9v2 = 32

Example 2. V75x6 = ,/(25)(3)Vx6 =
x3v/25v3 = 5x3v/3

Example 3. V80x7 = ,/(16)(5)x6x =
V16Vx6/5x = 4x3+/5x

2.2 Problems

Directions: Factor the perfect squares out

of the radical.

(1) V50 (2) V45x*
(3) V12x7 (4) V98x8
(5) V63x2 (6) V192x11
(7) V1100x> (8) V288x16

(9) V567x° (10) V216x°



2.3 Factor Perfect Roots

Perfect cubes may be factored out of cube
roots similar to how perfect squares may

be factored out of square roots. For
example, V/54x6 = V27 (2) Vx6 =
V273/2Vx® = 3x23/2 because (x2)3 = x.

Higher roots work the same way. For
example, V96x5 = \/(32)(3) Vx5 =
V/323/3 Vx5 = 2x /3. For an odd root, a

minus sign inside of the root may be

factored out (whereas for an even root, a

minus sign inside of the root would result

in an imaginary number). For example,
V=x% = V—=x3x = V—x33Vx = —x Yx.If

the variable doesn’t factor perfectly,

rewrite it in terms of a lower power that
does. For example, V81x7 =
V81Vx4Vx3 = 3xV/x3.




Example 1. V48x15 = /(16)(3)x12x3 =
V163Vx123/3x3 = 2x3 V3x3

Example 2. V—135x8 =
V(—27)(5)xex? = Y=27Vx®V5x7 =

—3x2 3/5x2

2.3 Problems

Directions: Factor the perfect powers out

of the radical.

(1) V162x8 (2) V24x12
(3) V160x1* (4) V80x7
(5) ¥250x10 (6) Y192x27
(7) V/512x° (8) V—81x5

(9) V/—243x11 (10) 3/70,000x18



2.4 Rationalize the Denominator

Many algebra instructors prefer for
students to express their answers in
standard form, which means to reduce
any fractions, factor perfect squares out
of square roots, and rationalize the

denominator. A fraction with a radical in

. . . 6 . .
the denominator like NeT: has an irrational

denominator. To rationalize the

: 6 : V2x

denominator of T multiply by Nors

6 B 6 \/Zx_6\/2x_3\/2x
V2x  V2x+2x 2x X

Example 1. = = X V5 _ xV5
V5 V/5v5 5
Example 2 12 _ 12 ¥3x _ 12v3x _ 4V3x

V3x  3x+V3x  3x X



2.4 Problems

Directions: Rationalize the denominator

of each fraction.

O (2) %
(3) 57 (4) =
(5) = (6) ==
(7) 7= (8) ==
Ok (10) 2=
(11) 2= (12) 2



2.5 Multiply by the Conjugate

The expressions 3 —v2 and 3 + V2 are
conjugate expressions in the sense that
the product of these expressions doesn’t

have an irrational part:
(3 -v2)(3+V2)
= (3)(3) +3V2 —3V2 —V2v2

=9—-2=7
A denominator like 43 can be
44+/3

rationalized by multiplying both the
numerator and the denominator by the

conjugate of the denominator.

4—\/§_4—x/§(4—\/§)

443 44++3\4-+3
~4(4) —4V3 - 4V/3+3V3
4(4) — 43 + 43 —V3V3
_16—-8V3+3 19-8V3
16 — 3 13




3—V2  3—/2 (3-/5
Example 1. 3+\/\/; - 3+\/\/; (3—\/\/;) -
3(3)-3V5-3vV2+V2V5 _ 9-3V5-3v2+V10
3(3)-3v5+3V5-vV5v5 9—5
9—31/5-3v2+10
4
V6 V6 (5+V2
prample 2. 1% = % (:22) -
5V6+v6v2 _ 5V6+V12 _ 5V6+V4V3
5(5)4+5v2—-5v2—2+/2 25—2 23
5v6+2+/3
23

2.5 Problems

Directions: Rationalize the denominator

of each fraction.

2+/3
(1) 2—/3

V10
(2) 2++/5

3—/7
(3) 4—\7




3+/6
(4) 9++/2

V3++/2
(5) V3—+/2

x—/x
(6) xX+/x

1+V/x
Qb=

(8)

X—\V6

x++/3
Vx

(9) Vx—1

Vx+V3
Vx—+/2

(10)

xX+3

(11) 3+2V/x




2.6 Fractional Exponents

An exponent of the form x/" represents
the nthroot: x/™ = %/x. For example,

81/3 = /8 = 2and 81Y/* = V81 = 3.
Technically, an even root has both
positive and negative solutions. For
example, 41/? = \/4 = +2 because 2% = 4
and (—2)% = 4. However, in the context of
algebra, usually only the positive root is
desired because functions are single-
valued (recall Chapter 1). Yet there is an
important exception: When you need to
take a root of both sides of an equation to
solve for an unknown, in that case you
must consider all possible roots in order
to find every solution to the equation
(Sec.’s 2.9 and 2.11). For an odd root, the

answer has the same sign as what is



inside the radical. For example,

(—1000)1/3 = 3/=1000 = —10 because
(—10)3 = —1000.

Use the rule (x%)? = x2? to evaluate a

fractional exponent: x™/™ = (x1/")™ For
example, 4°/2 = (41/2)5 = (\/7})5 = 25 =

32 and 1252/ = (1251/3)° = (¥125) =
52 = 25,

A negative exponent involves a reciprocal:

m/n
x4 = iaand x~m/n — (1) . For
X X

example, 874/3 = (%)4/3 = (81—1/3)4 —

(%)4 - (%)4 - —and 972 = 1/2 =

1 1

E:



Example 1. 625'/% = 1625 = 5 because
*=(5)(5)(5)(5) = (25)(25) = 625
Example 2. (27x%)*/3 = (27)*/3(x%)*/3 =
@7 ()" = (V7)) =
3*x% = 81x8
1 1

3yv-2 — _ 1 _
Example 3. (7x°)~ T (7x3)2  49x6

1/3 — 1 — ! — —l
Example 4. (—8)~ o)1/ 35 2

Example 5. (%)_1/3 — (2_7)1/3 _ V27 _ %

8 V8
~1/2
Example 6. (——) = 100%/2 =100 = 10

3/4
Example 7. (16x*)~3/4 = (L)

16x4

() = (3m) =(3) =
161/4x4/4)  \x%16/  \2x/ = 8x3

Example 8. (Sx )_2/3 — (35)2/3 —

25 8x

2
( 1251/3 )2 [ Y125\ _ ( 5 )2 25
81/3x1/3) — \3/8x1/3)  \2x1/3)  4x2/3




2.6 Problems

Directions: Simplify each expression.

(1) 125%/3
3) (=32)°
(5) 163/2

(7) 813/4

(9) (4x°)>/?
(11) 1072
(13) 2567 1/4

125)_2/3

(15) (E

an ()"

—4/3

27x9/2)

19) (75

(2) 361/2

(4) (256x12)1/4
(6) 272%/3

(8) (—125)%/3
(10) (32x°)?/5
(12) (4x2/3)7

(14) (—27x)~1/3
ae ()
(18) (811x8)_1/4

@) (222) "

~-3/4




2.7 Distribute into Radicals

An expression gets squared when it is

distributed into a square root. For

example, 2xV3x3 — 4 =
\/(Zx)2(3x3 —4) = \/4x2(3x3 —4) =
V12x5 — 16x2. The reason for this is that

2x = +/(2x)2. Similarly, when distributing

an expression into an nth root, raise it to

the power of n. For example,
4x2 /2x2 + 3x = i/(4x2)3(2x2 + 3x)
= i/64x6(2x2 + 3x)
= 1/128x8 + 192x7
The reason is that 4x% = 3/ (4x2)3. To

distribute an expression into a fractional

power, raise it to the reciprocal of the

exponent. For example,



2/3

9x(5x2 + 3)2/3 = [(9x)3/2(5x% + 3)]
= [93/2.7(,'3/2 (SX + 3)]2/3
= |27x3/2(5x2 3)]2/3

= (135x7/2 + 81x3/2)*/°
31252 — 53/2+2

In the last step, x — x7/2

according to the rule x%x? = x%*?, Note

that [(9x)?/ 3] = 9x according to rule
b _ .ab o 2\ (3) _

(x%)°? = x%° since (3) (2) = 1. Also,

93/2 = (19)

Example 1. 10x3 v2x5 + 3x3 =
J(10x3)2(2x5 + 3x3) =
J100x6(2x5 + 3x3) = v/200x11 + 300x°

Example 2. 4x V3x% + 5x2 =
V (4x)3(3x* + 5x2) =
/64x3(3x* + 5x2) = V192x7 + 320x°




Example 3. 8x°(7x — 2)3/* =
[84/3x20/3(7x 2)]3/4
(112x23/3 — 32x20/3)3/ *
Note: 84/3 = (?i/_)

2.7 Problems

Directions: Distribute each expression

into the radical.

(1) 6x V3x3 + 5x

(2) 5x*V7x — 6

(3) 3x Vx* +2x2 +5

(4) 2x% Y/5x — 9

(5) 8x3 V5x7 — 3x* + x

(6) 7x* V2x3 + 7x

(7) 2x Vx* — 8x2 — 4



(8) 10x3 vV15x5 — 6x3 + 9x

(9) 3x(x? + 4x)1/3

(10) 5x%(3x — 2)1/4

(11) 4x*(5x2% + 6)?/3

(12) 32x5(4x3 — 8x)>/*

(13) 64x1?(x? + 3x — 7)3/5

(14) 125x°(9x3 — 6)3/2

(15) 256x2*(5x* + 8x)*/3

(16) 243x1°(2x8 — 3x° + 6x*)~>/2



2.8 Irrational Expressions

When multiplying irrational expressions,

note that vVxvx = x and Vx,/y = \/xy.

When dividing irrational expressions,

\/_
note that == =1 and — \f Express the

final answer in standard form by
rationalizing the denominator (Sec.’s 2.4-
2.5), factoring out any perfect squares

(Sec. 2.2), and reducing any fractions.

Example 1. 4x? + 5vx + 3x2 — 24/x =
(4 +3)x%2 4+ (5—-2)Vx = 7x% + 3/x

Note: 4x2 and 3x? are like terms, and 5vx

and —2+/x are like terms.

Example 2 \/_——3—\/_$ \/1—

zﬁzi




Notes: We multiplied v/3 by \/—\g in order to

make a common denominator and

;.
multlplled NG by 7 in order to rationalize

the denominator of the answer.

Example 3. (2 + \/5)(6 — \/§) =

2(6) — 2v3 + 6v/3 —/3V3 =

12 +4v3 —3 =9 + 44/3.

Note: —2v/3 + 613 = 4+/3 because these
are like terms (factor out the v/3).

Example 4. V6x7vV15x3 =
J(6)(15)x7x3 = v/90x10 =
x%\/(9)(10) = 3x510

\ 6x9 6x9
Example 5'@ = V2x6 = x3/2




2.8 Problems

Directions: Simplify each expression and

express each answer in standard form.
(1)9+2V3—4+7V3

(2) 6V5 + 5v6 — 2v/5 + 9/6

(3) xV2 + 4v/x + 8Vx — 3x/2

(4) x3/2 + x — x/x

(5) 5V2 + %

7Vx 4
(6) —— =

(7) (9 +5)(3 ~ V5)

®) (V3 - VZ)(v3 ~2)

(9) (x +V3)(x — Vo)

(10) (x + vx)(x + V)

(11) Vx(xvx — 4x + 3vx — 8)




(12) (x — 2Vx +V3)(Vx — V3)
(13) (x = Vx)’
(14) (3x +v2)

(15) V2x9v20x5

(16) V6x7vV10x5v15x3

V21x7
A7) 7

V30x21
Vex13

(18)




2.9 Equations with Exponents

To solve the simple equation x% = 5,
square root both sides: Vx2 = ++/5.
Simplify: x = ++/5. The + indicates that
x = —/5 and x = /5 are both valid

solutions. Observe that (—\/g)z = 5 and

(\/g)z = 5. For a higher power, like x> =
2, take the corresponding root of both

sides: Vx5 = ¥/2. 2. Simplify: x = V2. Check
the answer by plugging it into the original

equation: (F{/f)s = 2. If the exponent is
even, there are two solutions, indicated
by a * sign. If the exponent is odd, there is
one real solution, which has the same sign

as what is under the radical. Compare:

V27 = 3,3Y-27 = —3,and /81 = +3.



Not all equations are as simple as those
discussed above. Many equations can be
solved by isolating the unknown by
combining like terms. For example,

3x% —5 = 7 + x* can be solved by adding
5 to both sides and subtracting x* from
both sides to get 2x* = 12, dividing by 2
on both sides to get x* = 6, and taking the
square root of both sides: x = ++/6. Check

the answers with the original equation:
3(+v6)° = 5=3(6)—5=18—5 = 13
agrees with 7 + (i\/g)z =7+ 6=13.

Example 1. x* + 8 = 20. Subtract 8 from
both sides: x? = 12.

Square root both sides: x = +v12.
Factor: x = ++/4(3) = +2/3.



Check: (£2v3)" +8 = 22(3) + 8 =
4(3) +8 =12 + 8 = 20.

5
Example 2. — = =

1

.
Cross multiply: —5(2) = x3.
Simplify: —10 = x3.

Cube root both sides: —1/10 = x.

Check: > =2 = _ 1.

(—W)S ~10 2

Example 3. 21 — x* = 2x*.
Add x* to both sides: 21 = 3x*.
Divide by 3 on both sides: 7 = x*.

Take the fourth root: +3V7 = x.
Check: 21 — (£%7)" = 21— 7 = 14
agrees with Z(f{ﬁ)4 = 2(7) = 14.



2.9 Problems

Directions: Solve for the variable in each

equation.
(1) 6 + 5x% = 41
(2) 7x2 — 24 = 4x% + 30
(3) 10 — x3 = x3
(4) 2x°> — 59 = 6x°> — 15
(5) 9x* + 14 = 6x* + 62
(6) 140 — x* = 20 + 5x?

8
(7) = =3

2 x
85 =3

1
9 5+i=1
1

(10) - — — =

x3

N | =



2.10 Equations with Square Roots

If a variable is inside of a square root and
the radical can be isolated (by combining
like terms to place the square root by
itself on one side of the equation), after
isolating the radical, square both sides of

the equation to remove the radical. For

example, in the equation 5 + v3x = 17,

first subtract 5 from both sides to isolate
the radical: v3x = 12. Then square both

2
sides to remove the radical: (\/ 3x) =

12%. This simplifies to 3x = 144. Finally,

divide both sides by 3 to isolate the

variable: x = % = 48. Check the answer

by plugging it into the original equation:

5+ ./3(48) =5 + 144 = 17.



If the variable appears in two different
radicals, first see if you can combine like

terms. For example, the two radicals can
be combined in 2vx = 6 — +/x because
2v/x and —/x are like terms. Add /x to
both sides to get 3v/x = 6. Now divide

both sides by 3 to get vVx = 2 and square
both sides to get x = 2% = 4. Check the

answer by plugging it into the original
equation: 2v4 = 2(2) = 4 agrees with
6—Vi=6-2=4.

If the variable appears in two different

radicals and the terms can’t be combined,
you may be able to remove the radical by
squaring both sides of the equation twice,
but you may need to rearrange the terms
after squaring the equation the first time.

As an example, consider the equation



Vx + 19 + +/x = 19. First subtract vVx
from both sides to get vVx + 19 =

19 — +/x. Now square both sides. Apply
the FOIL method to the right side:

x 4+ 19 = 361 — 38vx + x. Now subtract
361 and subtract x from both sides to
isolate the radical term: —342 = —38+/x.

Divide by —38 on both sides: 9 = /x.
Square both sides: 81 = x. Check the
answer by plugging it into the original
equation: V81 + 19 + /81 = V100 + 9 =
10 + 9 = 109.

Example 1.5 + V11 — x = 12.

Subtract 5 from both sides: V11 — x = 7.
Square both sides: 11 — x = 49.
Subtract 11 from both sides: —x = 38.
Multiply by —1 on both sides: x = —38.




Check: 5+ /11 — (—38) = 5 + V49 =
5+7 =12

Example 2. 2v/3x = 12 — /3x.
Add V/3x to both sides: 3v/3x = 12.

Divide by 3 on both sides: v3x = 4.

Square both sides: 3x = 16.

Divide by 3 on both sides: x = ?.

Check: 2\/3 (1—6) = 216 = 2(4) = 8

3

3

agrees with 12 — JB (E) =12 —/16 =

12 -4 =8.

Example 3.Vx + 16 = 1 ++/x — 7. Square
bothsides:x +16 =1+ 2Vx -7+ x — 7.
Simplify: 22 = 2v/x — 7. Divide by 2 on
both sides: 11 = vVx — 7.

Square both sides: 121 = x — 7.




Add 7 to both sides: 128 = x.
Check: V128 + 16 = V144 = 12 agrees

with1++v128 -7 =1 ++121 =
1411 =12.

2.10 Problems

Directions: Solve for the variable in each

equation.

(1)Vv6x —3 =9

(2) 10 — vVx = +/x

(3) 14 +Vx —3 =20

(4) 72x +5 =37 + 3V/2x
G)V2x+7—4=7

(6) 15 = 21 — V45 — x2

12

DE=%



1

1
®) =1

0133
(10) V3 —Vx = -

(11) Vx + 45 = 2 + vVx — 23

(12)V/3x + 81 — 3 =+/3x
(13) V3 =+vx—+2

(14) 10 — v2x + 11 = v/2x + 31



2.11 Equations with Fractional
Exponents

If a variable with a fractional exponent is

isolated, like x2/3 = 9, raise both sides of
the equation to the reciprocal of the

exponent. For example, raise both sides of

3
x2/3 = 9 to the power of > to get

(x2/3)3/2 = 93/2 which simplifies to x =
+27. Recall from Sec. 2.6 that 93/2 =
(9/2)° = (+v9)” = (£3)? = +27. An
even root like 91/2 or like 161/* (where

the denominator of the exponent is even)
has both + answers, whereas an odd root
like 81/3 or like 243'/> (where the
denominator of the exponent is odd) has
one real answer which has the same sign

as the number being rooted. Compare



81/3 = 2 with (—8)!/3 = —2 and with
41/2 = 42 However, if the numerator is
even, there will only be a positive real

answer. For example, (—8)2/3 =

[(-8)1/3]" = (—2)2 = 4

Example 1. x3/?2 — 50 = 75.

Add 50 to both sides: x3/? = 125.

Raise both sides to the power of two-
thirds: x = 1252%/3 = (i/ﬁs)z = 5% = 25.
Check: 25%/2 = (251/2)° — 50 =

(V25)® - 50 = 5% — 50 = 125 — 50 = 75.

Example 2. 48 + 2x*/3 = 5x*%/3,
Subtract 2x*/3 from both sides: 48 = 3x*/3.
Divide by 3 on both sides: 16 = x*/3.

Raise both sides to the power of three-

fourths: x = 163/% = (i161/4)3 —



(+¥16)° = (2)% =
Check: 48 + 2x*/3 = 48 + 2(£8)*/3 =

48 + 2[(+8)1/3]" = 48 + 2(¥%8)"
= 48 + 2(£2)* = 48 + 2(16) =
48 + 32 = 80 agrees with 5x%/3 =
5(+8)*/3

= 5[(+8)/3]" = 5(VE8)" = 5(+2)* =
5(16) = 80.

Example 3. ———< = % Cross multiply:

x3/5
—8 = x3/5_ Raise both sides to the power
of five-thirds: x = (—8)°%/3 =

[(-8)] —(F) =(=2)° =

ChECk —m — ( 32)3/5 — [(_32)1/5] —

4 4 4 1
-

(8 —32)3 (=2)° -8




2.11 Problems

Directions: Solve for the variable in each

equation.

(1) 16 + x3/* = 80

(2) 8x2/5> — 12 = 5x2/5

(3) x°/3 + 500 = 14 — x°/3
(4) 3x3/? — 35 = 100 — 2x3/2
(5) 6x2/3 — 48 = 4x?%/3 + 50
(6) x\/x — 56 = 160

54 2
(7) x4/3 T 3

3 x1/3
() 7z =

1,01 _ 1
(9) x2/3 ' 18 12

5 16 1
(10) 12 %32 6




Chapter 2 Answers
2.1 Problems

1) (Vox)~ = [9x
(2)V3V3 =3
(3) V5x — 4V5x — 4 = |5x — 4

4) (Vx¥6) =[x+6
(5) (V5x)" = (5x)% = 52x2 = [25x2
(6) (V3x)” = (vV3x) V3x = [3xV3x
() (Vx=9) =[(x—9)*|=
x* — 36x3 + 486x% — 2916x + 6561
®) (VZx+7) = (V2x +7) VZx + 7 =
(2x + 7)*V2x + 7| =

(4x°% + 28x +49)V2x + 7




(9) (V5)"(VI0x)” = 52(vT0x) VI0x =
25(10x)1v/10x = 25(10x)vV10x =
250xv/10x
(10) (Vx 7 6) (Vx—=6) =
(x + 6)%(Vx — 6)4\/96T =
(x +6)%(x — 6)*Vx — 6 =
[(x +6)(x —6)]*Vx — 6 =

(x? —36)%Vx — 6| =

(x* —72x% + 1296)Vx — 6
Note: We applied the rule v2w? = (vw)?

withv=x+6andw =x — 6.
(11) Vxvxvxvx = xx = |x?
(12) Vx + 2vx + 2Vx — 2vVx — 2 =
(x+2)(x—2)=|x*—14
(13) Vx — 4vV2x + IWx — 4V/2x + 1 =
(x—4)2x+1) =|2x?—-T7x—4




(14) (vV3x) (V9x) " = (31)%(9) =
(9x%)(9x) =|81x3
(15) (V8x) 'Vx = (VBx) VBxx =
(8x)V8VxVx = 8xV4vV2(x) = 8x2(2)V2 =
16x2%+/2|Note: We applied the rule Vow =
VW to write v8x = v/8+/x. Also, V8 =
V42 = 242

(16) (V7x) (V2Zx)” =
(V7x) ' V7x(V2x) V2x =
(7)*N7x(2x)V2x =

(49x%) (22)V7VxV2vx = 98x3V14(x) =
98x*\/14
(17) (vV2x)° (V6x) ' (V3x)” =
(2x)3(6x)%(3x) = (8x3)(36x%)(3x) =
864x°




(18) (V3x) (Véx) (V2x) =
(V3x)“V3x(V6x) Vexy2x =
(3x)%V3x(6x)1V6xV2x =
(9x2)V3Vx(6x)V6VxV2Vx =
(54x3)VxvVx\VxV3VeV2 =

5423 (x)Vxy B (2)V6 =
54x*\/xV6vV6 = (6)(54)x*\x =
324x*\/x
(19) (V52) (V) (V7x) " =
(52)2(Vx) Vx(7x)! =
(25x2) () Vx(7x) = |175x*/x
(20) (Véx) (V7x) ' (V2x) =
(V6x) Vex (7x)2(VZx) 'V2x =
(6x)%v/6x(49x2) (2x)V2x =

(36x2%)V6x(98x3)V2x =
3528x°vV6/xV2V/x =




3528x°(x)V3V2V2 =|7056x°%\/3
2.2 Problems

(1) V50 = /(50)(2) = V25v2 =|5v2
(2) V45x* = \/(9)(5)Vx* = x2V/9/5 =
3x24/5
(3) V12x7 = /(4)(3)xbx = V4Vx6/3x =
2x3+/3x
(4) V98x8 = \/(49)(2)Vx8 = x*49/2 =
7x*\/2
(5) V63x2 = \/(9)(7)Vx2 = xVWT7 =
3x\7
(6) V192x11 = ,/(64)(3)x10x =
V64 x10y/3x = 8x°+/3x
(7) V1100x5 = /(100)(11)x*x =
V100Vx*V/11x = [10x2V11x




(8) V288x16 = ./(144)(2)Vx16 =
x8vV144~/2 = |12x82
(9) V567x6 = /(81)(7)Vx6 =
x3V817 = |9x3/7
(10) V216x° = 1/ (36)(6)x8x =

V36Vx8V6x = |6x*6X

2.3 Problems

(1) V162x8 = V/81V2Vx8 =|3x2 V2
Note that (x%)* = x8.

2) V24x12 = 3/83/3Vx12 = |2x* V3
(2)
Note that (x*)3 = x12.
(3) V160x1% = 3/323/53/x103/x* =
2x2 /5x%|Note that (x2)° = x1°,

(4) V80x7 = Y16V5Vx*Vx3 =|2x V5x3

Note: The x out front is not raised to a

pOWEer.



(5) V250x10 = Y/12532Vx%3/x =

5x3 3 2x | Note that (x3)3 = x°.

(6) Y192x27 = 3/643/3Vx24/x3 =

2x* 3/3x3|Note that (x*)6 = x24,

(7) V512x° = V/256V2Vx8%/x =

4x2 3/2x|Note that (x2)* = x8.

(8) V—81x5 = 3/(—27)V3Vx3Vx2Z =
—3x V/3x2|Note: The x out front has no

exponent.
(9) V—243x11 = 5/(—243) Vx10%x =

—3x2 /x| Note that (x2)° = x10.

(10) 1/70,000x18 =

A/10,00087Vx16/x2 = |10x* V7x2
Note that (x*)* = x1°.




2.4 Problems

1 _ 1v2 _|V2
(1)_2_ 22 | 2
6 _ 6V3 _6V3 _
(Z)E_\E 3 3 2V3
3) X _ X V7 _ N7 _ %7
()2\/7 2NTNT  2(7) | 14
24x _ 24xV6 _ 24xV6 _
(4)ﬁ_«/€\/€_ 6 = [4xV6
1 _ 1Vx_ |V
O) E=GFE>
6) 5 — 5 V10x _ 5V10x _ [V10x
()m_\/wx\/le_ 10x | 2x

SR

6

79_x_9x\/§_9x\/§_
()\/ﬁ_\/Sx\/Bx_ 3x
(S)L— 1 Vx _ Vx
xVx  xvxAx o x(x)
(9) @ _ @\/_E _ Vvi18x _ V(9)(2x) _
V6 V66 6 -
Vov2x _ 3v2x _ |V2x
6 6 | 2




V5 V5 V15x _ V75x _ /(25)(3x) _

(10) V15x - Ji5xV15x  15x 15x
V25+/3x _ 5V3x @
15x o 15x o 3Xx

2 x? x  x%x x\x

X
(11)75_2\/5\/5_ 2x | 2
12 V35 _ V35421 _ {(35)(21) _
( )m_mm_ 21

JOEDE) _ VAVI5 _ 75 _

21 21 21

2.5 Problems

Ul

2+vV3  2+V3 (2443
(1) 2—v3  2—/3 (2+\/§)
2(2)+2V3+2V3+V3vV3 _ 444343 _ 74+4+/3 _

2(2)+2v3-2V3-V3v3  4-3 1
7 + 443
V10 V10 [(2—V5\ _
@ 5= s o) =
2/10-v/10v5 _ 2v/10-v50 _

2(2)-2V5+2V5—V5V5  4-5
2VI0VENZ _ [_2\/T0 + 5v2

-1




3—V7 37 (4+V7\ _
B 7= (4+ﬁ) B
3(4)+3V7-W7—7N7 _ 12-7-7 _ [5-V7
4(4)+4\VT-T-NTVT  16=7 | 9
3+V6 _ 3+V6 (9—/2
(4) 9+V2  9+V2 (9—x/§)
3(9)-3vV2+9V6—V6v2 _ 27-3v2+9v6-V3V2v2 _

9(9)—92+9V2—V2V2Z 81—2
27-3v2+9vV6-2+/3
79

(5) V3+vV2 _ V3+v2 (\/§+x/§)

V3—V2  V3-v2 \V/3+V2
V3V3+V3V2+/2V3+V2V2  3+2V6+2  5+2V6
V3V3+/3v2—V2v3—V2v2  3-2 1

5+ 2/6
x—Vx _ x—x (x—/x
(6) x+vVx  x+Vx (x—\/f)
xZ—x\x—xVx+vxvx  x%—2x\x+x
x2—x\Vx+xvVx—avx x2%—x

x(x—2vx+1)  |[x—2vVx+1
x(x—1) - x—1

if x #0andifx # 1.

The special case x = 0 is indeterminate.

For the special case x = 1, the answer is



1-V1 _ 1-1 0

1+V/1 141

x—x
x+x
0 for this value of x.

(7) 1+Vx  1+Vx (2+\/§)

zero because equals

2—J/x  2—/x \2+V/x
12)+Vx+2Vx+Vxvx  243vVx+x | x+3Vx+2
2(2)+2Vx—=2vx—xvx  4-x | —x+4

x—V6 _ x—6 (x—/3
(8) x+v3  x+V3 (x—\/g)

x%—xv/3-x/6+V6+/3 _ x2%—xv/3—xV/6+v2/3/3 _

x2—xvV3+xvV3-3 x2-3
x%—xV6—-x\3+3V2
x2-3

VX VX (\/E+1) VXX +Vx

O) 5 = i \Er) = vt -
x+vVx

x—1

10 VX+v3 _ Vx+43 (\/§+x/§)
( )\/E—\/E V=2 \Vx+V2

VAVX+VXV2+V3VX+V3V2 _ [x+V3x+V2x+V6
VIV V22V —2V2Z xX—2




x+3 _ x+3 (3—
3_

(11) 3+2vx  3+2vVx
3x—2xVx+9—-6x

3(3)—6Vx+6Vx—4vVx\/x -

2.6 Problems

(1) 1253 = /125 =

(5)(5)(5) = 125

) =

—2xVx+3x—6/x+9

—4x+9

(2) 3612 =+/36 =

6

5|because 53 =

(3) (—32)1/5 = /=32 =[=2]because
(=2)° = (=2)(=2)(=2)(=2)(-2) = —32
(4_) (256x12)1/4 — 2561/4(x12)1/4 —

V256 x12/% = |43

(5) 1632 = (161/2)° = (VI6) =
(6) 27213 = (27%/3)" = (:{/*)2 —
(7) 8134 = (811/4)" = (V81) =
(8) (—125)53 = [(-125)/3] =

(V=125)" = (=5)° =

—3125

= (64

27




(9) (4x6)5/2 _ 45/2(x6)5/2 —

(#2) [T = (V3) ()" =
25(x3)5 — [3215
(10) (32x°)2/> = 32%/5(x>)*/> =
(322) [ = (¥32) (")* =

2%x% = |4x?

(11) 1072 = iz = |—| Alternate answer:
102~ |100

0.01

(12) (4x2/3) 7 = 473(x2/3) 7 =

11 1

— . (b — ,.ab
¥ sy |ear? Note: (x%) x%P,

-1/4 _ 1 _ 1 _ 1
(13) 256 2561/4 %256 |4
. -1/3 _ 1 _ 1 _
(A4) (=27)7° = s = T as =
1 x~1/3

Alternate answer:




19 () - (5)" - (5 -
2

16 x\ 4 5@
— | Note: (—) -
25 y »a

a0 () = (es) -
g1/t 13 48 \° [ 3 \3
[161/4(x6)1/4] - (Wx6/4) - (2x3/2) B

8x9/2|  8x*/x | 8x5

—-1/2

~1/4
— 811/4 —
(18) (81x8) (81x°)
811/4(x8)1/4 = 4/8T x8/4 = [3x2

N
» w

=
(@)

N
Ul B
N—

I
Vo
AR
N———
N

1

275 9/2 —4/3
(19>( ) (ZW)

641/3
271/3(x9/2)1/3 - ?i/_x3/2 3x3/2
256

81x©




Notes: (x9/2)1/3 — (91/(23) = ,9/6 —

+3/2 and (x3/2)4 _ 38/2 _ ,12/2 _ 46

according to the rule (x%)? = x%P, Also, ; :
1_2_3
3 6 2
32x~10 —2/5 243 \2/5

(20)( 243 ) - (32x-10) -

2435103 2/5 -2431/5(x10)1/5_2 352\ 2
( 32 ) - 321/5 — (_) =
2.7 Problems

(1) 6x V3x3 + 5x = \/(6x)2(3x3 + 5x) =

V36x2(3x3 + 5x) = [vV108x5 + 180x3
(2) 5x?V7x — 6 = {/(5x2)2(7x — 6) =
J25x4(7x — 6) = |V175x5 — 150x*
(3) 3x Vx*+2x2 +5 =




5;/(3x)3(x4 + 2x%4 4+ 5) =
?{/27x3(x4 + 2x% 4+ 5) =

\27x7 4+ 54x5 + 135x3
(4) 2x% /5x — 9 = /(2x2)5(5x — 9) =

V/32x10(5x — 9) =|3/160x11 — 288x10
(5) 8x3 V5x7 —3x* + x =
\/(8x3)2(5x7 —3x*+x) =
\/64x6(5x7 —3x* 4+ x) =

V320x13 — 192x10 + 64x7
(6) 7x* V2x3 + 7x = ?(/(7x4)3(2x3 + 7x) =
V/343x12(2x3 + 7x) =

V686x15 + 2401x13
(7) 2x Vx* —8x2 — 4 =

i/(Zx)‘*(x‘* — 8x% —4) =
i/16x4(x4 — 8x%2 —4) =

V16x8 — 128x6 — 64x*




(8) 10x3 V15x5 — 6x3 + 9x =
\/(10x3)2(15x5 — 6x3 4+ 9x) =
\/100x6(15x5 — 6x3 4+ 9x) =

V1500x11 — 600x° + 900x7
(9) 3x(x? + 4x)'/3 =
[(3x)3(x? 4 4x)]Y3 = [27x3(x? + 4x)]Y/3
=|(27x> + 108x*)1/3
(10) 5x%(3x — 2)1/* =

[(5x2)*(3x — 2)]¥/* = [625x8(3x — 2)]'/*
=((1875x° — 1250x8)1/4
(11) 4x*(5x% + 6)%/3 =
:(4X4)3/2(5x n 6)]2/3
_43/2X12/2(5x 6)]2/3

:(\/Z)Bx6(5x2 + 6)]

8x°(5x2 + 6)]%/3 = | (40x® + 48x6)?/3




(12) 32x°(4x3 — 8x)>/* =
(32x%)/5(4x% — 8x)] " =
:324/5x20/5(4x 8x)]

'(@)4x4(4x3 _ 8x)]
16x*(4x3 — 8x)]°/* =
(64x7 — 128x5)5/4
(13) 64x12(x% + 3x — 7)3/° =

:(64x12)5/3 (x2 + 3x — 7) 3/5

:645/3x60/3(x2 Iy — 7) 3/5

/3 5 3/5
(V64) x2°(x? + 3x — 7)] —
1024x%%(x%2 + 3x — 7)]3/° =

5/4 _

(1024x%2 + 3072x%! — 7168x20)3/°

(14) 125x°(9x3 — 6)3/2 =
(125x6)2/3(9x% — 6)]”/* =
'1252/3X12/3(9X 6)]3/2




:(m)zﬁ(()x?’ — 6)]3/2 —
25x%(9x3 — 6)]3/? =

(225x7 — 150x%)3/2
(15) 25622*(5x* + 8x)*/3 =

(256x24)3/*(5x* + 8x):4/3

:2563/4x72/4(5x4 n 8x): 4/3

:(%)3x18(5x4 + 8x)r/3 —
64x18(5x* + 8x)]*/3 =

(320x22% + 512x19)4/3
(16) 243x1°(2x8 — 3x° + 6x*)™>/2 =
(243x10)72/5(2x® — 3x% + 6x%)| 2

:243_2/535_20/5(236 3X _|_6x4)] 5/2

_(5\/ 243)_2x_4(2x — 3x% + 6x4)]_5/2

_3_235_4(2368 — 3x% + 6x*)]75/2 =
~5/2

(2x® — 3x° + 6x4)]



—5/2
= [ﬁ (2x8 — 3x° + 6x4)]

2x8  3x°  ex? 2 x2 2
_ I — |4 .4 L 2
— | — X |

2.8 Problems

(1)9+2V3—-4+7V3=(9—-4) +
2+ 7)V3 =|5+9V3
(2) 6V5 + 5vV6 — 2v/5 + 9/6 =

(6 —2)V5 + (5 + 9)V6 = [4V5 + 146
(3) xV2 + 4Vx + 8Vx — 3x/2 =

(x —3x)V2 + (4 + 8)Vx =

—2x\V2 + 12/x
(4) x3/2 + x — xvx = xVx + x — x\/x =
Note: x3/2 = x1x1/?2 = x+/x.

6 6 V2
(5)5\/§+5_5\/§ =

5\/§+6Tﬁ=5\/§+3\/§= 82




6 7Nx 4 7Vx 4 Wx  7TWx 4Vx
()x N Jxix  x X

3

X

Note: Although this answer is

. 3 3, .
equivalent to N the answer 7= 1S notin

standard form.

(7) (9+V5)(3-5) =
9(3) — 9V5 + 35 — V55 =
27 — 635 — 5 =(22 — 65
(8) (V3 —v2)(V3-v2) =
V3V3 = V3V2 —V2V3 + V2V2 =
3—vV6—vV6+2=|5-2V6
(9) (x +V3)(x —V6) =

x? — xvV6 + xV3 — V3V6 =
x% — xV6 + xvV3 —V/3V2V/3 =

x2 — x/6 + xvV3 — 3v/2|Note: V3V6 =
V3/(2)(3) = V3V2V3 = 3V2.




(10) (x + vax)(x + Vx) =
x2 + xvVx + xvVx + Vxvx =
x% + 2x\x + x
(11) Vx(xvVx — 4x + 3vx — 8) =
xVxvx — 4xvx 4 3vVxVx — 8vVx =
x% — 4x\/x + 3x — 8V/x
(12) (x — 2vx +V3)(Vx —V3) =

xVx — 23 — 2vxvx + 2vxV3 + V3vVx — V33
= xvVx —xV3 —2x + 2v/3x +V/3x — 3 =
xvVx — 2x — xvV3 + 3v3x — 3
(13) (x = Vx)" =
(x~VE)(x ) (x —VF) =
(x — V) (x? = 2xVx + x) =
x3 — 2x%x + x2 — x%/x + 2x%2 — x/x =
x3 — 3x%x + 3x% — x\/x

Note: Some of these answers can be

factored. For example, this answer can be



expressed as xvVx(xvx — 3x + 3vx — 1).
(14) (3x +V2)’ =
(3x +v2)(3x +v2)(3x + V2) =

(3x + \/i)(()xz + 6xV2 + 2) =
27x3 + 18x2V2 + 6x + 9x2v2 + 6x(2) + 22

=127x3 4+ 27x%V2 + 18x + 2V/2
(15) V2x9v20x5 = V2x920x5 =
V40x14 = x7v/40 = x7/44/10 = [ 2x7/10
(16) V6x7V10x5vV15x3 =

V6x710x515x3 = vV900x15 = |30x7/x
Recall Sec. 2.2.

v21x7  [21x7 z _ 1.3
(17) = /m = V3x6 =|x3V3

\/30 21 30 21
(18) \/6TxlB =\ 6xx13 = v5x8 = [x*V5




2.9 Problems

(1) x = |+V7|Check: 6 + S(i\ﬁ)z =
6+ 5(7) = 41.

(2) x = |+3V2|Check: 7(£3v2)" — 24 =
7(9)(2) — 24 =126 — 24 = 102 agrees

with 4x2 + 30 = 4(+3v2)” + 30 =
4(9)(2) +30=72+30 =102.
Notes: 3v/2 is equivalent to /18 since
V18 = /9(2) = 3v2, butV/18 isn’t in

2
standard form. Observe that (iB\/f) =
32(v2)" = 9(2) = 18.
(3) x = [3/5|Check: 10 — (%)3 =
10 — 5 = 5 agrees with (%)3 = 5.
(4) x =|—3/11|Check: 2(—%)5 — 59 =
2(—11) — 59 = —22 — 59 = —81 agrees
with 6(—¥/11)" — 15 = 6(—11) — 15 =




—66 — 15 = —81.

(5) x = |[+2|Check: 9(+2)* + 14 =
9(16) + 14 = 144 + 14 = 158 agrees
with 6(£2)* + 62 = 6(16) + 62 =

96 + 62 = 158.

(6) x = |+2v/5|Check: 140 — (iZ\/g)z =
140 — 4(5) = 140 — 20 = 120 agrees
with 20 + 5(+2v5)" = 20 + 5(4)(5) =
20 + 100 = 120.

Notes: 2+/5 is equivalent to /20 since

V20 = /4(5) = 25, but V20 isn’t in

2
standard form. Observe that (iZ\/g) =
22(V5)" = 4(5) = 20.

_ |3 . _8 _2
(7) x = | V12| Check: (B\/E)B =5 =5

Note: The answer /12 can’t be simplified

further because 12 is not a multiple of a
perfect cube like 8, 27, or 64.




_ 2 L2 Ve _
(8) x =|xV6 Check.i\/g—L\/g\/g—
iig— | 6agrees withig.

6 3 3

(9) x = |+2+/3|Check: x—lz + i =

1 1 1 1 1 3

|1___|___ 4+ - = |
4

(+2v3)° 43) 4 12 4 12 12
4 1
12 3

Note: 2+/3 is equivalent to V12 since
V12 = /4(3) = 2v/3, but /20 isn’t in

standard form.

10) x = |—3/3|Check: = — —— =
(10) e
1 1 1 1 1 2 3 1

6 3 613 616 6 2
2.10 Problems

(1) x = [24]Check: /6(24) — 3 =
V144 -3 =12-3 =09.
(2) x = (25| Check: 10 — V25 =10 — 5 =




5 agrees with 25 = 5.

(3) x =|39|Check: 14 + /39 — 3 =

14 + /36 = 14 + 6 = 20.

(4) x = [32]Check: 7,/2(32) + 5 =
7V64 +5=7(8)+5=56+5 =61
agrees with 37 + 3\/2(32) =

37 +3v64 =37 +3(8) =37+ 24 =61.
(5) x =|57|Check: \/2(57) + 7 — 4 =
V114 +7 -4 =+121-4=11-4=17.
(6) x = [+3]Check: 21 — /45 — (£3)2 =
21 —v45 -9 =21—-+/36 =21 -6 = 15.

25 6 6 2 12
(7) X = : Check: \/25/4 m =6 (E) = ?

1 1 1 1
(8) x =18 Check.m AT

1 1 3 1 2 1

6 18 18 18 18 9

25
(9) x = P Check: 4 N 4 — i




- —_3 _ 3 _q(X)_12
with 7= J25/16 5/4_3(5)_ 5
(10).7C:EChGCk:\E—iZX/Z L

2 1 _ 1
V3 V3 VB

(11) x =|279]|Check: V279 + 45 =
V324 = 18 agrees with 2 + V279 — 23 =
2 ++/256 = 2 + 16 = 18.

(12) x = [48] Check: /3(48) + 81 — 3 =
V144 +81 -3 =+225-3=15-3 =
12 agrees with \/3(48) = /144 = 12.

(13) x = |5 + 2v/6|Calculator check: V3 =

1.732 agrees with \/5 + 26 — /2 ~
V5 +2(2.449) — 1414 ~

V5 + 4.898 — 1.414 ~ 1/9.898 — 1.414 ~
3.146 — 1.414 ~ 1.732.




(14) x = > 2.5| Check:

2

10—\/2(§)+11=10—\/5+11=

10 —+v16 = 10 — 4 = 6 agrees with
J2(§)+31 — 5+ 31 =36 = 6.

2.11 Problems

(1) x =[256] Check: 16 + 256%/% =

16 + (256'/4)° = 16 + (¥256) " =
16 + 43 = 16 + 64 = 80.

(2) x = [+32|Check: 8(£+32)%/°> — 12 =
8[(£32)1/5]" — 12 = 8(VE32)" — 12 =
8(+2)2—12=8(4)—12=32—-12 =
20 agrees with 5(+£32)%/° =
S[(+£32)V5]" = 5(3/E32)" = 5(£2)? =
5(4) = 20.




(3) x =|—=27|Check: (—27)%/3 + 500 =
[(—=27)173]° + 500 = (¥=27) + 500 =
(—3)> + 500 = —243 + 500 = 257 agrees
with 14 — (=27)%/3 = 14 — [(=27)1/3]’

= 14— (Y=27) = 14— (-3)5 =

14 — (—243) = 14 + 243 = 257.

(4) x = 9| Check: 3(9)3/?2 — 35 =
3(9/2) - 35 = 3(v9)” — 35 =

3(3)3 —35 =3(27) —35=81—-35 =46
agrees with 100 — 2x3/2 = 100 — 2(9)3/2
=100 — 2(9/2)° = 100 — 2(v9)” =

100 —2(3)° =100 — 2(27) =

100 — 54 = 46.

(5) x = [+343]Check: 6(+343)?/3 — 48 =

6[(£343)1/3]" — 48 = 6(3E343)" — 48 =
6(+7)% — 48 = 6(49) — 48 = 294 — 48 =
246 agrees with 4(+343)%/3 + 50 =



4[(£343)3]" + 50 = 4(YE343)"

4(+7)% + 50 = 4(49) + 50 = 196
246.

(6) x =[36] Check: 361/36 — 56 =
36(6) — 56 = 216 — 56 = 160.
Note: xvx = x1x1/2 = x3/2,

54
(7) x =|£27|Check: G275 =
54 54 54 54

(k213" (3Fz7)" @) 81

5427 _ 2
81+27 3
(8) x = [64] Check: == =2
X = ec 1/2 = =5
., 6413 4
agrees with == 1.
1 1

(9) x =|x£216|Check: |

50

50

1 1 1 1 1

(+216)2/3 ~ 18

[(+216)1/3]% 18 (£6)2 © 18 36
3 1

36 12
(10) x = [16] Check: = =
12 16




5 16 5 16

12 (161/2)° 12 (y16)°
5 16 5 1 5 3
12 64 12 4 12 12

5 16
12 43

1
12 6



3 COMPLEX NUMBERS

3.1 Imaginary Numbers

The square of a real number is always
nonnegative. For example, 32 = 9, 02 = 0,
and (—1)% = 1. The equation x? = 1 has
two real solutions: x = +1 because 1 = 1
and (—1)? = 1. Similarly, the equation

x% = 0.25 has two real solutions: x = +0.5.

In contrast, the equation x? = —1 does
NOT have a real solution. The square of a
real number can’t be negative. However,
the equation x* = —1 does have an

imaginary solution. An imaginary number

is a number with a square that is negative.
We use the symbol i to represent the
imaginary number that solves the

equation x? = —1. That s, i* = —1, such



that x = i solves the equation x* = —1.If

you square root both sides of i* = —1,

you geti = v—1.

Other imaginary numbers can be

expressed in terms of i by factoring. For
example, vV—4 = \/4(—1) = V4/—1 = 2i
and V-3 =/3(-1) =V3V-1=iV3. 1t

may help to review Sec. 2.2. For example,

V=45 = ,/9(5)(-1) = v9V5V—1 = 3i+/5.

Example 1.V/—121 = \/121(-1) =
V121V-1 = 11i

Example 2. V=7 = {/7(=1) = V7V/-1 =
iv7

Example 3./—200 = /100(2)(—1) =
V100v2v—1 = 10iv/2




3.1 Problems

Directions: Express each answer in terms

of i. Factor out any perfect squares.

(1) V=25 (2)V-17
(3) V—49 (4)V-23
(5) V-8 (6) V-81
(7) V-15 (8) V—48
(9) V—144 (10) V—63
(11) V-6 (12) V=75
(13) V—64 (14) V—42
(15) v—24 (16) V—256
(17) V=72 (18) v—245

(19) V—53 (20) v-361



3.2 Complex Numbers

A complex number has both real and

imaginary parts. A complex number has
the form z = x + iy, where x is the real
part and y is the imaginary part. The
notation Re(z) means the real part of z,
while the notation Im(z) means the

imaginary part of z. For example, for the

complex number z = —6 + 2i, the real

and imaginary parts are Re(z)
= —6 and Im(z) = 2.

Example 1. For z = 5 + 9i, the real and

imaginary parts are Re(z) = 5 and
Im(z) = 9.

Example 2. For w = 3 — 2i, the real and

imaginary parts are Re(w) = 3 and
Im(w) = —2.



3.2 Problems

Directions: Find the real and imaginary

parts of each complex number.

(1) Given z = 4 + 5i, find Re(z) and Im(z).
(2) Givenw = 2 + i, find Re(w) and Im(w).
(3) Given u = —7 + 6i, find Re(u) and Im(u).
(4) Given z = —3 — 3i, find Re(z) and Im(2z).
(5) Given v = 8i, find Re(v) and Im(v).

(6) Givent = 5 — i, find Re(t) and Im(t).
(7) Given w = —10 + 2i, find Re(w) and
Im(w).

(8) Given z = 2 — %, find Re(z) and Im(2).
(9) Given d = 12,073, find Re(d) and Im(d).

(10) Given g = 0.4 + i+/2, find Re(q) and
Im(q).



3.3 Adding and Subtracting
Complex Numbers

To add or subtract complex numbers, add
or subtract their real and imaginary parts.
For example, (3 + 4i) + (8 + 2i) =
(3+8)+(4+2)i=11+ 6.

Example 1. (8 + 3i) + (9 — 7i) =
B8+9)+ (@B —7)i=17 —4i

Example 2. (5 + 2i) — (6 — 4i) =
G5-6)+[2-(-4)]i=—-1+Q2+4)i=
—1 + 6i



3.3 Problems

Directions: Carry out arithmetic with the

complex numbers.

(1) Whatis 5 4+ 9i plus 6 + 4i?

(2) Whatis 6 — 2i plus 4 + 7i?

(3) Whatis 14 + 7i plus 16 — 3i?
(4) Whatis 11 — 3i plus 6 — 6i?
(5) Whatis 15 — 8i plus —2 + i?
(6) What is 8 + 6i minus 9 + 3i?
(7) Whatis 4 + 7i minus 10 — 2{?
(8) Whatis 12 — 5i minus 3 + 4i?
(9) Whatis 16 — 12{ minus 9 — 7i?
(10) Whatis 11 + 14i minus —8 + 6i?



3.4 Multiplying Complex Numbers

To multiply two complex numbers, apply
the FOIL method. Note that i = —1. For

example,

(4 + 2i)(3+5i) =
4(3) + 4(5i) + 2i(3) + 2i(51) =
12 + 20i + 6i + 10i* =
12 4+ 260 + 10(—1) =
12 + 260 — 10 = 2 + 261

The powers of the imaginary number

form a repeating pattern: i° = 1, i! =i,
i“=-1,i>=—i,i*=1,i>=1i,i° = -1,
i’ =—i,i=1,i°=1i,i'° = —1, etc. In
this pattern, i" equals 1 whenever n is

evenly divisible by 4.
Example 1. (2 + 7i)(4 — i) =
2(4) +2(—i)+7i(4) + 7i(—i) =
8—-2i+28i—7(—1) =



8+ 260+ 7 =15+ 26i

Example 2. i%” = i**i{° = (i*)%i® =
(De(=i) = 1(—i) = —i
Alternative solution: Since 27 = 4 has a

remainder of 3, i%” = i% = —i.

3.4 Problems

Directions: Carry out arithmetic with the

complex numbers.

(D 6+3)B+4i)) (2)B+i)O9-1i)
3)(5-60)(3+2i) (4)(B-=5i)(9—-8i)
(5 (=5+9i)(7—3i) (6) =7i(4 — i)

(D A-)(-1+i) @B)A+6i)H4+60)
(9) (7 +9i)(7—9i) (10) (8 — 5i)>

(11) (3 + 2i)°

(12) i*° (13) {91



(14) i7° (15) i%8
3.5 Complex Conjugates

The complex conjugate of a complex

number changes the sign of the imaginary
part. An asterisk (*) is used to indicate a
complex conjugate. For example, for the
complex number z = 5 + 2i, the complex
conjugate is z* = 5 — 2i. The complex
conjugate is important because of its role

in the modulus squared (Sec. 3.6).

Example 1. Given z = 6 + 4i, the complex

conjugate is z* = 6 — 4i.

Example 2. Given w = 7 — 2i, the complex

conjugateisw” = 7 + 21.



3.5 Problems

Directions: Find the complex conjugate of

each complex number.

(1)z=9+7i
(2)w=5-8i
B)u=—-1+1
(4) z=—3 — 61
(5 v =16i
(6)t=4—1i

(7)z=+2+iV3
(8) w = 3.25 + 1.75i

(9)p=3-+V5+6i—iV5

(10) g = —i
(11)d =12

_ 1, 03
(12)Z—2+ x



3.6 The Modulus

The modulus squared is formed by

multiplying a complex number and its
complex conjugate together. The notation
|z|# refers to the modulus squared.
1z|? = zz* = z*z
For a complex number of the form z =
x + iy, the complex conjugate is:
z|? = zz" = (x + iy)(x — iy)

= x% —ixy + ixy — y*(—1)

= x?% + y*
The modulus squared equals the sum of
the squares of the real and imaginary
parts. Note that the modulus squared is
always a real number, since no i appears
in x* + y“. The modulus squared is also
nonnegative, since x* and y“ are each

nonnegative.



The modulus of a complex number refers

to the positive root of the modulus

squared:

z| = \/|z|2 = Vzz" = \/x? + y?

Example 1. Given z = 4 + 3i, the modulus
is |z| = V42 + 32 =+/16 + 9 = /25 = 5.

Example 2. Given w = 2 — 4i, the
modulus is |w| = \/22 + (—4)?% =
V4 + 16 =20 = /4(5) = V45 = 2+/5.

3.6 Problems

Directions: Find the modulus of each

complex number.
(1) z =8+ 61
(2)w =+3—i
(3)u=-3+6i



(4)z=—2-iV2
(5) v = 12 + 5i
(6) t = 7i
(7)z=+V6—iV3
@®w=—3+;
(9)p=-9—3i
(10) g = 8 — 15i
(1) d=+v11+i
(12) z = =5 + 10i
(13)w =12 — V6
(14)c=1—1i

(15) z = —3v2 — 4iV/5



3.7 Complex Fractions

[f a complex fraction has a complex
denominator, express the fraction in
standard form as follows. Multiply the
numerator and denominator by the
complex conjugate of the denominator in
order to make the denominator real.
(This is similar in spirit to Sec. 2.5, except
that with complex numbers you multiply
by the complex conjugate.) For example,

multiply the numerator and denominator

of 22 each by 5 — 2i:

5+21
4 —3i 4—3i/5-—2i
5——2i_5+2i(5—2i)

4(5) + 4(—2i) — 3i(5) — 3i(—2i)
- 52 + 22
20 — 8i — 15i + 6(—1)

B 25+ 4

- 20-23i—6 14— 23i
B 29 29




In the denominator, (5 + 2i)(5 — 2i)
forms the modulus squared. We applied
the rule (x + iy)(x — iy) = x? + y* from
Sec. 3.6 to the denominator. In the

numerator, note that —3i(—2i) = 6i% =
6(—1) = —6.

The rule for expressing a complex fraction
in standard form is also the rule for how

to divide two complex numbers. Observe

that (4 — 3i) = (5 + 2i) = :;;

Any

division problem can similarly be

expressed as a fraction.

4+5i 4451 (3+2i
Example 1. — = ( ) =

3—21 3—21 \3+21
4(3)+4(2i)+5i(3)+5i(2i) _ 12+8i+15i+10(-1)

32422 9+ 4
12+423i—-10 _ 2423i

13 13




7440 7441 (3-6i
Example 2. — = ( ) —
3+61 3+61 \3—61
7(3)+7(—6i)+4i(3)+4i(—6i)
32462 -
21-42i+12i-24(-1) _ 21-30i+24 _
9+36 - 45 -
45-30i _ 3-2i
45 3

We divided the numerator and

denominator by 15 to reduce the fraction.

3.7 Problems

Directions: Express each complex fraction

in standard form.

2+41 7+31
(1) 5431 (2) 2—-6i

9—4i 10—-151
(3) 57 SO Rrary

1+1 6
S (6) 755

6+31 2—1
(7) 4—8i (8) 3—-7i

8 6—51

)= (10) 5%



3.8 The Complex Plane

A complex number z = x + iy can be

graphed in the complex plane (also called

the Argand plane). The real part and

imaginary part form an ordered pair
(x, y).

e The x-axis is the real axis. A purely real
number lies on the x-axis.

e The y-axis is the imaginary axis. A
purely imaginary number lies on the y-
axis.

e A complex number with both real and
imaginary parts lies between the axes.

The modulus (Sec. 3.6) provides the

distance from the origin to (x, y).

z| = /2|2 = Vzz" = \/x% + y?




Example 1. Graph the point 4 — 3i in the
complex plane and determine the
distance from the origin to this point.
The real part is 4 and the imaginary part
is —3. Plot the point (4, —3). This point is
4 units to the right and 3 units down.

5 4

D = N W BWOi

The distance from the origin to (4, —3) is
equal to the modulus of the complex
number. This can be visualized as the

hypotenuse of a right triangle with a



horizontal side of 4 (the real part) and a

vertical side of —3 (the imaginary part).
|z = /x2 + y2 = /42 + (—3)2
=V16 +9=+v25=75

3.8 Problems

Directions: Plot each complex number in
the complex plane and determine its

distance from the origin.

1)z=9+7i

(2) w = 8 — 6i
(3)u = —-3v2 +3iV6
(4) v =8i
(5)t = —6 — 3i

(6) c = 2V2 + 2iV2
(7)d = -3

(8) q =4 - 8i



3.9 Complex Functions

If we allow the range of a function to
include complex numbers, the domain can
be expanded beyond what we had

considered in Chapter 1. For example, the

domain of f(x) = +/x can be expanded to
include negative values, provided that the

range allows for complex numbers. When
x = —9, for example, f(—9) = V-9 =

V9v—1 = 3i is an imaginary value.

The domain of a function can similarly be
expanded to include complex numbers.
For example, if the domain of f(x) = x?
includes all complex numbers, then the
range can include complex numbers like
f(24+30)=(2+30)*=

22 4+12i +9(—-1) = -5+ 12i.



Example 1. Given f(x) = V3 —x, f(7) =
V3 =7 =V—4 =+/4/-1 = 2i.

Example 2. Given f(x) = 5x — 2,
fF(3—4i)=5(3—4i)—2=
15 —-20i —2 =13 — 20i.

3.9 Problems

Directions: Evaluate each function at the

specified value.

(1) Given f(x) = V11 — x2, find f(6).
(2) Given g(y) = 4y + 9, find g(7 — 5i).
(3) Given y(x) = 8x? — 5ix, find y(2i).
(4) Given p(q) = 2q?, find p(9 — 61).

2t—5i
4t+3i

(5) Given h(t) = find h(5 + 2i).

(6) Given f(x) = x3/2, find f(—16).



3.10 Complex Solutions

An equation like x> = —4 doesn’t have a
real solution because the square of a real
number can’t be negative, but it has a
complex solution: x = +vV/—4 = +2i.
Check the answer by plugging it into the

original equation: (+2i)? = 2%i* =
4(—1) = —4.

Example 1. 2x% + 17 = —19. Subtract 17
from both sides: 2x* = —36.
Divide by 2 on both sides: x? = —18.

Square root both sides: x = +v/—18.

Factor out the perfect square: x =
+V/9V=-2 = +3ivV2.

Check: 2(+3ivZ)" +17 = 2(3)22(VZ)” +
17 = 2(9)(~1)(2) + 17 = =36 + 17 =
-19.




Example 2. 3z — 6i = 5z — 12. Add 12 and
subtract 3z from both sides: 12 — 6i = 2z.
Divide by 2 on both sides: 6 — 3i = z.
Check: 3(6 —3i) —6i =18 — 9i — 6i =
18 — 15i agrees with 5(6 — 3i) — 12 =
30—-15i — 12 =18 — 15i.

3.10 Problems

Directions: Solve for the variable in each

equation.

(1) 76 — 5x% = 256

(2) 9z + 14 = 7z — 18i

(3) 11i — 19 — 2z = 13 + 35i — 62
(4) 24 — x? = x* 4+ 120

(5) 350 — 4x? = 56 — 7x?

2+1

N
6% =3

(7)12 —3(6i —z) =6i—z



(8) 3x% + 300 = 57
(9) 6z" — 120 = 2z"

X

18
1095 =-4

3
(11) % = —32x

(12) 2x2 + 350 = 150

1 1 1
13) = —- =~
( )Zi A 3
3 7
Z+31 Z—51

(14)



Chapter 3 Answers

3.1 Problems
(1) V=25 = /25(—1) = V25v—1 =|5i

(2) V=17 = J17(=1) =V17V/-1 =|iv17

(3) V=49 = /49(—1) = V49V—-1 =[7i

(4) V—23 = /23(—=1) =/23V-1 =|iV23

(5) V=8 = /4(2)(—1) = V4V2V-1 =
2i/2
(6) V—81 = /81(—1) = V/81V—-1 =[9i

(7) v—-15 = \/15(-1) = V15v-1 =|iV15

Note: Although 15 = 5(3), neither 5 nor 3

is a perfect square.

(8) V=48 = /16(3)(—=1) = V16V/3V~-1 =
4iV3
(9) V—144 = \/144(—1) = V1441 =
121




(10) V=63 = /9(7)(-1) = VO7V-1 =
3ivV7
(11) V=6 = /(-1) = V/6v/—1 =|iV6
(12) V=75 = {/25(3)(—1) = V25vV3V-1 =
5iv3
(13) V=64 = \/64(—1) = V64V—1 = [8i
(14) V=42 = \/42(-1) = V42V-1 =
iv42|Note: Although 42 = 7(3)(2),

neither 7, 3, nor 2 is a perfect square.

(15) V—24 = /4(6)(—1) = V4V6 /-1 =
2i/6
(16) V=256 = 1/256(—1) = V256V/—1 =
16i
(17) V=72 = {/36(2)(—1) = V/36v2V/-1 =
6i/2
(18) V—245 = \/49(5)(—1) =
V49v/5vV—1 =|7iV/5




(19) V=53 = {/53(—1) = V/53V-1 =
iv/53
(20) V=361 = /361(—1) = V361V/-1 =
19i

3.2 Problems

(1) Given z = 4 + 5i, Re(z) = 4 and
Im(z) = 5.

(2) Givenw = 2 + i, Re(w) = 2 and
Im(w) = 1.

(3) Givenu = —7 + 6i, Re(u) = —7 and
Im(u) = 6.

(4) Given z = —3 — 3i, Re(z) = —3 and
Im(z) = —3.

(5) Given v = 8i,Re(v) = 0 and Im(v) =
8. This number is purely imaginary.

(6) Givent =5 —i,Re(t) = 5 and
Im(t) = —1.




(7) Givenw = —10 + 2i, Re(w) = —10
and Im(w) = 2.
(8) Givenz = 2 — é, Re(z) = 2 and

Im(z) = — %

(9) Givend = 12,073, Re(d) = 12,073
and Im(d) = 0. This number is purely

real.
(10) Given ¢ = 0.4 + iv/2, Re(q) = 0.4 or
%and Im(q) = V2.

3.3 Problems

(D) (5 + 9i) + (6 + 4i) =
(5+6)+ (9 +4)i =[11+ 13i
(2) (6 — 20) + (4 + 7i) =
(6+4)+ (=2 +7)i =[10 + 5i
(3) (14 + 7i) + (16 — 3i) =
(14 + 16) + [7 + (=3)]i =[30 + 4i
(4) (11 = 30) + (6 — 6i) =




(11+6)+[-3+ (=6)]i =[17 = 9i

(5) (15— 8i) + (-2 +1i) =

15+ (—=2)]+ (-8+1)i = |13 —=7i

(6) (8 + 6i) — (9 + 3i) =
(8—9)+ (6 —3)i =[—1 + 3i
(7) (4 + 70) = (10 = 20) =
(4—-10)+[7 - (—2)]i =
—6+(7+2)i=[-6+9i
(8) (12 — 5i) — (3 + 4i) =
(12-3)+(-5—4)i =[9—9;
(9) (16 — 120) — (9 = 7i) =
(16 —9) + [-12 — (=7)]i =
7+ (=124 7)i=[7 =5i
(10) (11 + 14i) — (-8 + 6i) =
[11 — (—8)] + (14 — 6)i =

(11 + 8) + 8i =[19 + 8i




3.4 Problems

(1) (6 + 3i)(8 + 4i) =

6(8) + 6(4i) + 3i(8) + 3i(4i) =
48 + 24i + 24i + 12(—1) =

48 + 48i — 12 =[36 + 48i
(2) B+ -1) =

39) + 3(=i)+i(9) +i(—i) =
27 —3i+9i — (—1) =
27 4+ 6i + 1 =[28 + 6i
(3) (5 = 60)(3 + 2i) =
5(3) + 5(2i) — 6i(3) — 6i(2i) =
15 + 10i — 18i — 12(—1) =

15 —8i + 12 =[27 — 8i
(4) (8 — 51)(9 — 8i) =
8(9) + 8(—8i) — 5i(9) — 5i(—8i) =
72 — 64i — 45i + 40(—1) =
72 —109i — 40 =[32 — 109i
(5) (=5 + 9)(7 — 3i) =




—5(7) — 5(=3i) + 9i(7) + 9i(=3i) =
—35 + 15 + 63i — 27(—1) =

—354+78i+ 27 =[-8+ 78i
(6) —7i(4 — i) = —7i(4) — 7i(=i) =

—28i + 7i2 = —=28i + 7(—1) =[=7 — 28i

(M A-D(1+10) =
1(=1) + 1) —i(—=1) —i(i) =

1+i+i—i%=

1+i+i—(—1)=—-14+2i+1=|2i
Note: This answer is purely imaginary.
(8) (4+6i)(4+6i) =
4(4) + 4(6i) + 6i(4) + 6i(61) =
16 + 24i + 24i + 36(—1) =
16 +48i — 36 =|—20 + 48i
(9) (7 +9i)(7 —9i) =
7(7) + 7(—9i) + 9i(7) + 9i(—9i) =
49 — 63i + 63i — 81(—1) =49 + 81 =
130| Note: This answer is purely real. See
Sec. 3.5.




(10) (8 — 5i)* = (8 — 5i)(8 — 5i) =
8(8) + 8(—5i) — 5i(8) — 5i(—5i) =
64 — 40i — 40i + 25(—1) =

64 — 80i — 25 =39 — 80i

(11) 3+ 2i) =B+ 2B +2i)(3+ 20)

= (3 + 2i)
= (3 + 2i)
(3 + 20)(9

3(3) + 3(20) + 2i(3) + 2i(20)]
9 + 60 + 60 + 4(—1)] =
+12i — 4) = (3 + 20)(5 + 120)

= 3(5) + 3(120) + 2i(5) + 2i(12i) =
15 + 36i + 10i + 24(—=1) = 15 + 46i — 24

=[—=9 + 461

(12) i6 =
(DM (-1)

l'4-4-l'2 — (i4)11i2 —

=1(-1) =[=1

Alternative solution: Since 46 = 4 has a

remainder of 2, i*® = i* = —1.
(13) i101 — ilOOil — (i4)25i1 — (1)25(1) —

1(0) =i

Alternative solution: Since 101 =~ 4 has a

remainder of 1, i1%! = il = |.



(14) l75 — l — (14)18 3 — (1)18( l) —
1(=i) =|—i

Alternative solution: Since 75 =+ 4 has a

remainder of 3,i’° = i3 = —i.

(15) l68 — (14)17 — (1)17 1

Alternative solution: Since 68 = 4 has a

remainder of 0, i°% = i° = 1.

3.5 Problems

(1) z* =9 — 7i (2) w* =5 + 8i
B)u' = —1—i (4) z* = —3 + 6i
(5) v* = —16i (6)t" =4 + 1

(7) z* =2 — i3
(8) w* = 3.25 — 1.75i
(9) p* =3 —+5—6i+iV5

(10) q" =1
(11) d* = 12
1 iV3

(12)Z :E—T



3.6 Problems

(1) |z] = \/(8 + 6i)(8 — 6i) =V82 + 62 =
V64 + 36 =+/100 = [10
Note: (x + iy)(x — iy) =
x2 + x(—iy) + iy (x) + iy(—iy) =

x? — i%y% = x? + y?% because x? — {*y? =

x? — (—1)y? = x* + y°. For every
problem, simply square the real and
imaginary parts and add these squares

together, then take the square root.

@) vl = [(VE-1)(V3 +1) =

J6B) +12 =VEFT=Vi=[2

Note: (\/§—i)(\/§+i) =
V3V3+iV3—iV3—i2=3—-(-1) =

3 + 1 = 4. As with every problem in this

section, the two terms get added:



(V3-0)(V3+i)=(¥3) +12
(3) lu] = /(=3 + 60) (=3 — 6i) =
V(=3)2+62 =19 +36 =45 =

V9(5) = V9v5 =[3V5
@ 12l = [(~vZ - /D) (2 + i¥2) =

(V2 + (V2 =VZFZ = Vi =[2

Note: Whether you write

L2 + () J(v2) + (—V2)"

or J (\/i)z + (\/E)Z makes no difference

in this or the other problems because the

minus sign gets squared.
(5) lv] = /(12 + 5i)(12 — 5i) =
V122 4+ 52 = /144 4+ 25 = /169 = [13




(6) It| =/ (7D)(—7i) = V—49iZ =
V=49(-1) = V49 =[7

7)1 = (V6 - V3) (V6 + 1V3) =

JWB) + (V3)* = V673 =5 =[3
@i =(-5+3)(-3-9)-
JE) () = firs=Jari-

9) Ipl = /(=9 = 3))(=9 + 3i) =
V(=92 +32=+/81+9=+90 =
V9V10 =[3+/10

(10) |q| = /(8 — 15i)(8 + 15i) =
V82 4+ 152 =+/64 + 225 =+/289 =17




(A1) 1d] = |(VIT +)(VIT - 1) =

\/(\/ﬁ)2+12=V11+1=\/T=

V43 =243
(12) |z| = /(=5 + 10i)(=5 — 10i) =

J(=5)% + 102 = V25 + 100 = V125 =
V25v5 = |5v5

(13) |W|=\/(12—i\/5)(12 iV6) =

\/122+(\/€)2 =144 + 6 = V150 =

V25v6 =|5V6
(14) [c| = /A = DA +i) =VIZ+ 12 =
Vi+1=|V2
Note: (1 —i)(1+i)=14i—i—i2=
1—(—1)=1+4+1 = 2. As with every




problem in this section, the two terms get
added: (1 —)(1+1i) = 1% + 12
(15) |z| =

(=3VZ — 4iv/5)(=3VZ + 4iV5) =

\
\/(—3x/§)2 + (4v5)" =

J32(ﬁ)2 + 42(x/§)2 =./9(2) + 16(5) =
V18 + 80 = V98 = V492 = |72
3.7 Problems

1 2+40  2+4i (5-3i
(1) 5+3i  5+3i (S—Bi)
2(5)+2(—=3i)+4i(5)+4i(-3i) _
52432 -
10-6i+20i—12(-1) _ 10+14i+12
2549 - 34 -

224140 _ 117! Note: Divide 22 + 14i and

34 17

22+14i | 1147i
34 each by 2 to reduce ;4 " to ;; -




(2) 7+3i _ 7+3i (2+6i) B
2—6i 2—6i \2+6i
7(2)+7(61)+3i(2)+3i(61)  14+42i+6i+18(—-1)
22462 - 4+36 -
14+48i—18  —4+48i [—-1+12i .
= = Note: Divide
40 40 10
—4 4 48i and 40 each by 4 to reduce
—44+480  —1+12i
to :
40 10

(3) 9—4i _ 9-4i (5—81’) _
5480  5+8i \5-8i

9(5)+9(—8i)—4i(5)—4i(-8i)

52482
45-72i—-20i+32(-1) _ 45-92i-32 _ [13-92i
25+ 64 o 89 | 89

(4) 10-15i _ 10-15i (5+2i)
5—2i 5-2i \5+2i
10(5)+10(2i)—15i(5)—15i(2i)

52422
50+20i—75i—30(—1) _ 50—55i+30 _ |80-55i
29 o 29 | 29
. 5(16—11i)
Alternative answers: - —

5 .
~ (16 — 110).



1+i  1+i 1+ _ 1(D)+1@)+i(1)+i)
®)55 =55 ) = -

1—i \1+i 12412
1+i4+i—-1 20 l
2 2

Note: (1—D(1+i)=1+i—i—i%=

1—(—1) =141 = 2. As with the other
problems in this section, the squares get
added in the denominator: 1% + 1% = 2.

6 6 (7-9i 6(7)+6(—9i)
(6) - = . -] = > > s
7491 7491 \7-91 7449
42-54i  42-54i [21-27i
= = (You could
49+81 130 65
factor outa 3...)
(7) 6+3i _ 6+3i (4+8i) B
4-8i  4—8i \4+8i
6(4)+6(8i)+3i(4)+3i(8i)  24+48i+12i+24(-1)
42 482 - 16+64 -
24+60i-24 _ 60i _ [3i
80 80 |4
Note: Divide 60i and 80 each by 20 to

60i  3i
reduce — to —.
80 4



2—i 2—i (3+7i
8) —=—-(32) =
3—71 3—71 \3+71
2(3)+2(71))-i(3)=i(7i) _ 6+14i-3i-7(-1) _
32472 9449

6+11i+7 _ [13+11i

58 58
3 8 [9+43i 8(9)+8(31)
(9) - = - - | = S p—
9-3i  9-3i \9+3i 9243
724240 724240 [12+4i
8149 90 | 15

Note: Divide 72 + 24i and 90 each by 6 to

724240  124+4i
reduce to
90 15

(10) 6—5i _ 6-5i (8—91’) _

8+9i  8+9i \8—9i
6(8)+6(—9i)—5i(8)—5i(-9i)
82492 -
48-54i—40i+45(—1) _ 48-94i—45 _ [3-94i

64+81 145 145




3.8 Problems

10 +Y
8 €0.0,8.0 1
30-42,73 4 -
6 9.0, 7.0
4
, 6928, 23
-3.0, 0.0 o
®/ O
10 -8 -6 4 2 0 ) 4 : . ey
5€-6.0,-3.0
-4
8.0, -6.0
6 *
2
-8 8€4.0,-8.0

10
(D) z=+(9+7)(9—7i) =V92 + 72 =
V81 + 49 = [130
2)w = /(8 — 6i)(8 + 6i) = V82 + 62 =
V64 + 36 = /100 = [10
Note: Whether you write /82 + (—6)2 or

V82 4+ 62 makes no difference since
(-1)2 = 1.



B)u= [(~3v2 +306) (~3VZ - 31E) =

Jc3v27 + 6ve) - T T -
J9(2) +9(6) = V18 + 54 = /72 =
V36v2 = |62
(4) v = /(0 +81)(0 — 8i) = V02 + 82 =
VO + 64 =64 =8
(5)t = /(=6 — 30) (=6 + 3i) =
J(=6)2 +32 =+/36 +9 = /45 =
V9V5 =|3v5

(6) ¢ = \/(2\/5 + 2iv2)(2V2 — 2iV2) =

\/ (2v2)" + (2v2)" =22 + 22(2) =
J4(2) +4(2) =V8+8 =16 =[4
(7) d = /(=3 +00)(—=3 — 0) =

J(=3)2+02 =19 =3




(8) g = /(4 —8i)(4 + 8i) = V4% + 82 =
V16 + 64 = /80 = V1615 = |45
3.9 Problems

(1) f(6) =V11 — 62 =11 — 36 =
V=25 =[5i
(2) g(7—5i) =4(7-5i)+9 =
4(7) +4(=50) +9=28-20i+9 =
37 — 20i
(3) ¥(2i) = 8(2i)? — 5i(2i) =

8(2)%i* — 101 = 8(4)(~1) — 10(-1) =
—32+10 =[=22
(4) p(9 — 6i) = 2(9 — 6i)* =

2(9 — 6i)(9 — 6i) =

2[9(9) + 9(—6i) — 6i(9) — 6i(—6i)] =
2[81 — 54i — 54i + 36(—1)] =

2(81 — 108i — 36) = 2(45 — 108i) =
90 — 216i




Alternative answer: 18(5 — 12i).
.~ __ 2(5+2i)-5i _ 10+4i-5i
(5) h(5 +2i) = 4(5+20)+3i  20+8i+3i

10-i _ 10-i (20—11i)
204+11i  20+11i \20—11i

10(20)+10(—11i)—i(20)—i(—11i)

2024112
_200-110i—20i+11(-1) _ 200-130i—-11 _
- 400+121 - 521 -
189—130i

521

Note: We multiplied the denominator by
the complex conjugate (Sec. 3.7) in order

to express the answer in standard form.
(6) f(~16) = (~16)*/? = [(~16)/*]" =
(V=16)" = (40)® = 4313 = 64(—i) =

— 641
Recall Sec. 2.6 and Sec. 2.11.




3.10 Problems

(1) x = |[+6i|Check: 76 — 5(+6i)* =

76 — 5(6)%i* =76 — 5(36)(—1) =

76 + 180 = 256.

(2) z=|—=7 —9i|Check: 9(—7 — 9i) + 14
= —63 — 81i + 14 = —49 — 81i agrees
with 7(—7 — 9i) — 18i = —49 — 63i — 18i
= —49 — 81i.

(3) z = [8 + 61 | Check:

11i — 19 — 2(8 + 6i) =

11i — 19 — 16 — 12i = —35 — i agrees
with 13 + 35i — 6(8 + 6i) =

13+ 35i —48 — 360 = —35 —i.

(4) x = |+4iV3|Check: 24 — (+4iV3)’ =
24 — 42i2(y3)" = 24 — 16(—-1)(3) =

24 + 48 = 72 agrees with (£4iv3)" + 120

= 422(v3)” + 120 = 16(—1)(3) + 120 =



—48 + 120 = 72. Note: The answer is
equivalent to +iv48, but +iv48 isn’t in
standard form.

(5) x = |+7iv2|Check: 350 — 4(%7iv2)"

=350 — 4(7)%i2(V2)" =
350 — 4(49)(—1)(2) = 350 + 392 = 742

agrees with 56 — 7(i7i\/§)2 =

56 —7(49)(—1)(2) = 56 + 686 = 742.
Note: The answer is equivalent to +i+/98,
but +iv/98 isn’t in standard form.

(6) z = 13;9l Check: % =(2+1)= AL
~ 5 1045  10+5i {13-9i
=(2+10) 13491 13490 13490 (13—9i) -
10(13)+10(-9i)+5i(13)+5i(-9i)
132492 -
130-90i+65i—45(—1) _ 130-25i+45
169+81 - 250 -

175-25i  25(7—-i)  7-i Ly 2—i
= = — agrees with — =
250 25(10) 10 3—i




2—1i (3+i) _ 2(3)+2i-3i-i%*  6-i—(-1)
3—i \3+i 32412 9+1

6—i+1  7—i

10 10
(7) z = |—3 + 61| Check:
12 — 3|6i — (=3 + 6i)] =
12 —3(6i+3—6i) =12 —-3(3) =
12 — 9 = 3 agrees with 6i — (=3 + 6i) =
6i + 3 — 61 = 3.
(8) x = [+9i|Check: 3(+9i)? + 300 =
3(9)%i% + 300 = 3(81)(—1) + 300 =
—243 + 300 = 57.
(9) z =|2 — 3i|such thatz* = 2 + 3i.
Note that z* is the complex conjugate
(Sec. 3.5) of z. Check: 6(2 — 3i)* — 12i =
6(2+3i)—12i =12+ 18i — 12i =
12 + 6i agrees with 2(2 — 3i)* + 8 =
224+ 3i))+8=4+6i+8=12+ 6i.




(10) x = |+6iv2|Check: — M

3 (ii\/i) _ +3iv/2 _ +3iv/2 _ F3ivV2

+iv2 \+iv2 i2(2) —2

J_r6i\/§ F3iv2
4 2

agrees

with

(where + means the

opposite sign compared to 1).
(11) x =|—=16i|,x = |0 orx = |16

Check: (+161)3 +163i3  +4096(—i)
8 8 8

+512i agrees with —32(+16i) = +512i.

To get x = 0 as a solution, factor the given

3 2
equation to get% + 32x = x (% + 32) =

2
0, such that either x = 0 or% + 32 = 0.

(12) x = |+10i|Check: 2(+10i)? + 350 =
2(10)2i2 + 350 = 2(100)(—1) + 350 =
150.

(13) z = | === =|= (=2 + 3i)| Check:
1 13 3(—2+3i) 13i

2i  6(=2+3i) 6i(=2+3i) 6i(—2+3i)



—6+9i—13i —6—4i —6—4i 1
_ = - = — = —, Note:
—-12i+18(-1)  —-18-12i 3(-6—4i) 3
1 13, . ~12+18i
- = -1s equivalent to z = .
z  —12+18i
, 3 3 1
(14—) z = |—9i| Check: S = = —
—91+31 —61 21

. 7 7 1
agrees with —— = - = ——,
—91-51 —141 21




4 QUADRATICS
4.1 The Quadratic Formula

A guadratic expression is a polynomial

with degree two. It has the form

ax* + bx + c. A quadratic equation

includes a quadratic expression and an

equal sign. The standard form for a

quadratic equation is ax? + bx + ¢ = 0. If
a quadratic equation is not yet in
standard form, put it in standard form by
combining like terms and rearranging the
terms so that the squared term is first, the
linear term is second, and the constant
term is third on the same side of the
equation. It is okay to write the equation
in the form 0 = ax? + bx + ¢. Once the

quadratic equation is in standard form,



one way to solve the quadratic equation is
to use the guadratic formula:
—b + Vb?% — 4ac

r T 2a

You can verify that the quadratic formula

correctly solves the quadratic equation by

—b+Vb2—4ac .
in the

replacing x with —

quadratic equation and simplifying. If you
do this correctly, everything will cancel

out such that ax? + bx + ¢ equals zero.

Example 1. 2x% — 7x — 30 = 0. This
quadratic equation is already in standard

form. Identify the coefficients: a = 2, b =
—7,and ¢ = —30.
—b +Vb?% — 4ac
X =
2a
_ =D £ (=7)% - 4(2)(=30)
2(2)




_7+V49+240 74289 7417

* 4 4 4
7+ 17 24 7 —17
X = 1 =T=6 or x = 1
—10 5
T4 2

Check: 2(6)? — 7(6) — 30 =

2(36) — 42 —30 =72 — 72 = 0 and
5 2 5

2(=3) —7(-3)-30=

’ (245) | 325 30 = 225 | 325 30 =

%—3():30—30:0.



Example 2. 4x — 3x% = 10x + 2. Subtract
4x from both sides: —3x* = 6x + 2. Add
3x? to both sides: 0 = 3x% + 6x + 2. This
is equivalent to 3x% + 6x + 2 = 0.
[dentify the coefficients: a = 3, b = 6, and

c = 2.

—b + Vb2 — 4ac
X =
2a
_—61+62—-4(3)(2)
a 2(3)
—6 + /36 — 24
X =
6
—6+V12 —6++4V3
x: p—
6 6
_—6+2V3  -3++3
YT e T 3
—3++/3
X = 3\/_z—0.4226
—3—+/3
or x = ~ —1.577



Calculator check:

4(—0.4226) — 3(—0.4226)% ~ —2.226
agrees with 10(—0.4226) + 2 = —2.226
and 4(—1.577) — 3(=1.577)% ~ —13.77
agrees with 10(—1.577) + 2 = —13.77.

4.1 Problems

Directions: Use the quadratic formula to

solve each quadratic equation.

(1) x2 —13x +40 = 0

(2) 3x% + 25x = 18

(3) 2x — 6 + 3x* = 8x
(4) 30x + 4x° = 7x — 28
(5)33x —9 = 18x% — 4
(6) 12x + 2x* = —8

(7) 5x2 + 24x = 4x — 10
(8) 9x% — 45x = 5x° + 36



(9) 4x% + 3 = 3x(x + 2)
(10) 11x + 18 = 40x? + 40x

(11) 15x% + 31x = 6x% — 12
(12) 2x +8)(x — 6) = —44



4.2 Factoring Simple Quadratics

The problems in this section are simple
because the coefficient of x? equals one.
(In Sec. 4.3, we'll factor quadratics where

the coefficient of x“ isn’t one.) For a

quadratic expression that has the simple

form x* + bx + ¢ (where a = 1), the
expression can be factored by finding two
numbers that have a sum of b and a
product of c. For example, b = 10 and ¢ =
24 in x* + 10x + 24. Which two numbers

have a sum of 10 and a product of 24?

Start by thinking about which numbers
multiplied together make 24. The pairs
are 24 x 1,12 x 2,8 X 3,and 6 X 4. For
which pair do the numbers add up to 10?

The answer is 6 and 4 because they have

a sum of 6 + 4 = 10 and a product of

6 X 4 = 24. Therefore, the expression



x? 4+ 10x + 24 factors as (x + 4)(x + 6).
Check the answer using the FOIL method:
(x +4)(x +6) =x°+ 6x + 4x + 24

= x4+ 10x + 24
If c is negative, one of the factors of ¢ will
be negative. For example, for c = —8, the
possible pairsare —8 X 1, —4 X 2, —2 X 4,
and —1 X 8. Note that —8 X 1 is different
from —1 X 8 because —8 and 1 have a

sum of —7, whereas —1 and 8 have a sum
of 7.

If c is positive, but b is negative, then both
factors will be negative. For example, for

c = 6 and b = —5, consider the factors
—6 X (—1) and —3 x (—2).



Example 1. x* + 10x + 16. The factors of
c=16arel16 X 1,8 X 2,and 4 X 4. The
pair 8 and 2 add up to b = 10. The answer
is (x + 8)(x + 2).

Check: (x + 8)(x + 2) =
x?+2x+8x+ 16 = x? + 10x + 16.

Example 2. x* — 2x — 15. The factors of
c=—-—15are—15%x1,—-5X%Xx 3,—3 X 5, and
—1 X 15. The pair —=5and 3addupto b =
—2. The answeris (x — 5)(x + 3).

Check: (x = 5)(x + 3) =

x?+3x —5x — 15 = x? — 2x — 15.

Example 3. x* — 5x + 6.Sinceb = =5 < 0
and c = 6 > 0, the factors of c = 6 are

—6 X (—1) and —3 X (—2). The pair —3
and —2 add up to b = —5. The answer is
(x —3)(x — 2).

Check: (x —3)(x — 2) =

x*—2x —3x+6 =x%—5x+6.




4.2 Problems

Directions: Factor each quadratic

expression.

(1) x*+8x—9
(2) x* + 13x + 30
(3) x% — 8x + 16
(4) x> —7x — 18
(5) x* 4+ 9x — 36
(6) x> + 12x + 32
(7) x* — 36

(8) x* — 14x + 40
(9) x* — 7x — 60
(10) x* + 17x + 16

(11) x* — 16x + 28

(12) x* + 17x — 60



4.3 Factoring Quadratics

Some quadratic equations can be solved
more efficiently by factoring than by
using the quadratic formula. When an
equation of the form ax? + bx + ¢ = 0
factors nicely (note that, unlike the
simpler quadratics of Sec. 4.2, in this
section a # 1), first think about the
factors of a and ¢, and then determine
which combination of factors for each of
these will make the correct b. For
example, for 10x? — 3x — 18, the factors
of a = 10 include 10 X 1 and 5 X 2 while
the factors of c include —18 X 1, —9 X 2,
—6X3,—3X6,—2%X9,and —1 X 18.
(Beware that the rules for the signs from
Sec. 4.2 do not always apply when a # 1.
You need to reason out the signs for each

problem.) Which pair of factors for a and



which pair of factors for ¢ combine
together to make b = —3? When we pair
the factors together, we match each factor
of a’'s pair with one factor of ¢’s pair, then
add these together. The answer involves
the 5 and 2 for a and the —3 and 6 for c:
5X(—=3)+2%x6=—-15+12 = —3.The
expression 10x? — 3x — 18 factors as
(2x — 3)(5x + 6). Check the answer using
the FOIL method:
(2x —3)(5x + 6)
= 10x% + 12x — 15x — 18
= 10x* — 3x — 18

When this is new to a student, it usually

seems more difficult than it actually is.
After enough practice, students who
become fluent with factoring quadratics
are usually pretty good at thinking of the

factors of a and ¢, and develop a good



intuition for how to combine them. When
a student finds this method to be difficult,
one way to try to work it is to try to FOIL
out different expressions using factors for
a and c. For example, for 10x% — 3x — 18,
you can try (10x — 1)(x + 18),

(5x — 1)(2x + 18), etc. If you do this

blindly, there can be several possibilities

to work out (especially if a and ¢ each
have many possible factors). When you
can use logic and reason to rule out some
of the possibilities (based on the value of
b), this helps to speed things up. What it
really takes to develop fluency with
factoring is practice (and attempting to
think through the logic even if you are
struggling).



Factoring can be used to solve a quadratic
equation. For example, given the equation
10x% — 3x — 18 = 0, we can factor this as
(2x — 3)(5x + 6) = 0, which means that
either 2x —3 =0o0or5x + 6 = 0. Now

. 3
solve for x for each case. Either x = > or

X = — g. To check the answers, plug them

into the original equation:

10(2)'=3() 18- 10(2)-1-16-
®_2_-2—-0and
2 2

(-3 ~3(-9) 10~

to(2) + 218

360 , 18 72 18 90
= | 18 = — A = 0.
25 5 5 5 5




Example 1. 8x* + 30x + 18 = 0. The
factorsofa = 8are8 X 1 and 4 X 2. The
factorsof c = 18 are 18 X 1,9 X 2, are

6 X 3. The pair 4 and 2 for a and the pair
6 and 3 for c make b = 30 since

4 x 6 + 2 X 3 = 30. The given equation
factors as (4x + 3)(2x + 6)

= (0. Either4x +3 =0o0r2x+ 6 =0,

. 3
which means x = —2 or x = —3.

Check: 8 (— z)z + 30 (— z) +18 =

8(9) 0 +18=2-5413_0and
16 4 2 2 2

8(—3)2 +30(=3) + 18 =
8(9) — 90+ 18 =72 — 90 + 18 = 0.

Example 2. 21x% — 47x + 20 = 0. The
factorsofa =21 are21 X 1and 7 X 3.
The factors of c = 20 are —20 X (—1),
—10 X (—2), and —5 X (—4). The pair 7



and 3 for a and the pair —5 and —4 for ¢
make b = —47 since 7 X (=5) + 3 X (—4) =
—47. The given equation factors as

(7x —4)(3x —5) = 0. Either 7x —4 =0 or

. 4 5
3x — 5 = 0, which means x =-orx =

Check: 21 (g)z _ 47 (g) +20 =

16 188 _ 48 188 | 140 _
21(49) 7 '20_7 7 7 =0

and 21 @2 _ 47 (g) 120 =
21 (25) 235 175 235 60

20 = F— = 0.
3 3 3 3




4.3 Problems

Directions: Solve each quadratic equation

by factoring.

(1) 6x2 — 36x + 48 = 0
(2) 15x% —27x —54=0
(3) 8x* +93x —36 =0
(4)9x* +33x+24=0

(5) 12x%* —16x—35=0
(6) 9x2 — 50x + 25 = 0
(7) 48x* +112x +9=0
(8) 60x2 + 4x — 45 = 0
(9) 9x* — 60x +36 =0
(10) 10x2 + 43x + 42 = 0

(11) 6x% + 4x — 16 = 0

(12) 10x“ +33x —72 =0



4.4 Completing the Square

Compare 4x% + 20x + 10 with

(2x +5)(2x +5) = 4x* + 20x + 25. It
would factor nicely if the 10 were a 25.
What we can do is replace the 10 with
25 — 15. This is called completing the
square.

4x% 4+ 20x + 10 = 4x% + 20x + 25 — 15

= (2x +5)% — 15

In general, the expression ax? + bx + ¢

can be expressed as:

ha 2+ b2
2a ‘T 1a

For example,a = 4,b = 20,and ¢ = 10
for 4x* + 20x + 10:

' 20v4]" 20?
x4 A @ + 10 D

ax2+bx+c=(x\/al




2

[y, 20 400
T s 16
= (2x + 5)% — 15

Example 1. x* + 8x + 7. Compare with
(x + 4)? = x? + 8x + 16. Rewrite 7 as
16 — 9.
x°+8x+7=x*+8x+16-9
=(x+4)?-9
Check: (x +4)? =9 =x*+8x+16—9 =
x%+8x + 7.

Example 2. 9x“ — 12x + 15. Compare
with (3x — 2)? = 9x% — 12x + 4. Rewrite
15as4 + 11.
9x% —12x + 15 =9x% — 12x + 4 + 11
= ((3x—-2)*+11
Check: (3x — 2)? + 11 =
9x% —12x + 4+ 11 = 9x% — 12x + 15.



4.4 Problems

Directions: Complete the square for each

expression.

(1) x*+16x+9

(2) 16x° + 24x + 20
(3) x* —12x + 18

(4) 49x% + 126x + 90

(5) 4x* — 20x — 6
(6) 25x% — 40x + 50
(7) 64x2 + 48x — 4
(8) 9x2 — 30x + 42
(9) 36x° + 84x + 48
(10) 81x2 — 36x — 4

(11) 49x2 — 112x + 76

(12) 16x% + 72x — 18



4.5 The Discriminant

The discriminant refers to the part of the

quadratic formula that is inside of the
radical: b?> — 4ac.If a, b, and c are real
numbers, the discriminant can be used to

determine the nature of the solutions to a

quadratic solution. If b — 4ac > 0, there
are two distinct real answers, if

b? — 4ac = 0, there is one distinct real
answer, and if b* — 4ac < 0, there are

two distinct complex answers.

Example 1. 2x“ + 5x — 3 = 0. Since
b? —4ac = 5% —4(2)(—3) =25+ 24 =
49 > 0, this quadratic equation has two

distinct real answers.



Example 2. 3x% — 12x + 12 = 0. Since
b% — 4ac = (—12)? —4(3)(12) =

144 — 144 = 0, this quadratic equation
has one distinct real answer (called a
double root).

Example 3. 5x% + 8x + 4 = 0. Since
b? —4ac = 8% —4(5)(4) = 64 — 80 =
—16 < 0, this quadratic equation has two

distinct complex answers.




4.5 Problems

Directions: Use the discriminant to

determine the nature of the answers.
(1)2x*—-7x+6=0
(2)x*+5x+7=0

(3)8x%2+12x —5=0

(4) 4x* —20x+25=0

(5) —3x*+10x —8 =0
(6)x*—2x—1=0
(7)7x*+14x+7 =0
(8) 2x2 — 9x + 11 = 0
(9) —8x2 — 8x +2 = 0
(10) -5x*—6x—2=0



4.6 Complex Solutions to the
Quadratic

The solutions to the quadratic equation
are complex when the discriminant (Sec.

4.5) is negative. In this case, factor outi =

v—1 (Sec. 3.1) to express the answer in

terms of the imaginary number .

Example 1. x? — 6x + 25 = 0. Identify
a=1b = —6,and c = 25.
—b + Vb2 — 4ac
X =
2a
_ —(=6) £/(—6)% — 4(1)(25)
- 2(1)
6136 —100
- 2




6+V—64 6+.(64)(-1)
-2 2
6 +V64V—1 6+ 8i
B 2 T2
The two answers, x = 3 4+ 4i and

X

=3+ 4

x = 3 — 4i, are complex conjugates of one
another.

Check: (3 + 4i)? — 6(3 + 4i) + 25 =

9+ 24i+16(—1) — 18 + 24i + 25 =
9—-16 — 18 + 25 = 34 — 34 = 0. Note:
+24i and +24i have opposite signs.



4.6 Problems

Directions: Use the quadratic formula to

solve each quadratic equation.
(D) x?>—2x+2=0
(2)x*—6x+13 =0
(3)x?+4x+29=0

(4) —4x*+4x—-5=0

(5) 2x* —24x+80=0

(6) 4x* +8x+5=0

(7) —4x*—12x—73 =0
(8) 3x2 — 30x + 102 = 0

(9) —9x% +12—5=0

(10) 25x2 + 100x + 104 = 0

(11) 2x* —28x+ 116 =0

(12) —6x% — 30x — 159 = 0



4.7 Cross Multiplying

X+3 X

An equation of the form —— = can be

solved by cross multiplying, which has the

same result as multiplying both sides by
the denominators: (x + 3)(x — 2) = 6x.
Use the FOIL method: x* — 2x + 3x — 6 =
6x. Simplify: x* + x — 6 = 6x. Subtract 6x
from both sides: x* — 5x — 6 = 0. This
quadratic factorsas (x — 6)(x + 1) = 0.
Either x = 6 or x = —1. Check the

answers by plugging them into the

. . 6+3 _ 9
original equation: — =

3 ., 6 6 3 ~1+3
= —agrees with— =-=-and
2 6-2 4 6

2 1 L. -1 -1 1

— = —agrees with =—=-

6 3 -1-2 -3 3
Example 1. —— = 2 Cross multiply:

3x%-10 7

7x = 6x% — 20. Subtract 7x from both



sides: 0 = 6x% — 7x — 20. You could use
the quadratic formula, but this equation
happens to be simpler to factor: 0 =

(3x +4)(2x — 5). Either3x +4 =0 or

2x — 5 = 0, which means that either x =

4 5
——0orx =-.
3 2
—4/3 _ -4/3 _ —4/3
Check: 3(-4/3)2-10  3(2)-10 16 307
®) 3 3
—4/3 4 14 4 3 4 2
/ :—+—:——:—:—and
~14/3 3 3 314 14 7
s/2 _ 5/2 _ 5/2 _ 5/2 _
3(5/2)2—-10  3(%23\_10 7°_40 " 35/4
(5/2) 3(4) 10 -2 /

5 35 54 20 2
-

2 " 4 235 70



4.7 Problems

Directions: Cross multiply and then solve

the resulting quadratic equation.

D3="
8 2X
B)m="%
2 5
() 5y = 352

X . 3

(7) 2x2-15 17

2
xX—3

(9) - =

(2) x%+2 139
D5 =13
0) 55 =75
®5mr="7%
(10) 35 = o




Chapter 4 Answers

4.1 Problems

(1) x =|5]|or x =|8]. Check:
54 —13(5)+40 =25—-65+40=0and
82 —13(8) + 40 = 64 — 104 + 40 = 0.

(2) x =|—9|orx = %.Check:

3(—9)% + 25(—9) = 3(81) — 225 =

243 — 225 = 18 and 3 @2 + 25 @ —

B(f)+2=f+ﬂ=ﬁ=18.
9] 3 3 3 3

(3)x =|1—+/3|=[=0.7321|or x =

1 + /3|~ (2.732/| Calculator check:

2(—0.7321) — 6 + 3(—0.7321)? ~ —5.856
agrees with 8(—0.7321) = —5.857 (within

reasonable round-off error: to reduce

round-off error, keep more digits) and



2(2.732) — 6 + 3(2.732)% ~ 21.86 agrees
with 8(2.732) =~ 21.86.

(4) x =|—4|orx = —Z.Check:

30(—4) + 4(—4)? = —120 + 4(16) =
—120 + 64 = —56 agrees with 7(—4) — 28

= —28 — 28 = —56 and 30 (— z) 4 (_ Z)Z

4
210 49 210 | 49 _ -161

= F4(—) = I} — = ——agrees
4 16 4 4 4

with7(~7) 28 = 4212 _ 161

4 4

(5) x = % or x = S.Check:BB(%)—():

33 54 21 7 .
— - agrees with

6 6 6

) - 4=10(2) -1=3-2-

and 33 (g) — 9 =55 -9 = 46 agrees with

18@2—4=18(%)—4=50—4=46.



(6) x =|—3 —+/5|~|=5.236|orx =

—3 4+ /5| ~[—0.7639|. Calculator check:

12(—5.236) + 2(—5.236)2 ~ —8 and
12(—0.7639) + 2(—0.7639)2 ~ —8.

(7)) x =|—2—+2|~[=3.414|orx =

—2 + /2|~ [—0.5858| Calculator check:

5(—3.414)2 + 24(—3.414) ~ —23.66
agrees with 4(—3.414) — 10 = —23.66 and
5(—0.5858)% + 24(—0.5858) ~ —12.34
agrees with 4(—0.5858) — 10 = —12.34.

(8) x =|—=|orx =|[12] Check:

o(-2) - 45(-2) =5 () + 2

81 = 540 621 . 3) 2
| = — agrees with 5 (— —) + 36 =
16 16 16 4

5(2)+36 =1+ ="and
16 16 16 16

9(12)% — 45(12) = 1296 — 540 = 756
agrees with 5(12)% + 36 = 720 + 36 =




756.
(9) x =|3 —/6|~|0.5505|or x =

3 4+ /6|~ |5.449|. Calculator check:

4(0.5505)% + 3 =~ 4.212 agrees with
3(0.5505)(0.5505 + 2) =~ 4.212 and
4(5.449)% + 3 ~ 121.8 agrees with
3(5.449)(5.449 + 2) ~ 121.8.

(10) x = —g or x = %.Check:

9 99 , 144 _ 45
11(—§)+18— -t = 5 agrees

with 40 (— 2)2 + 40 (— g) = 40 (

81) 360
64 8
405 360 45 90

= - =?and11(§)+18=zszl -

=15£agreeswith 40 (§)2+4O (§)=
40(4) 80 _ 32 80 _ 112
25 5 5 5 5

(11) x =|—3|orx = —%.Check:

15(—3)% + 31(—3) = 15(9) — 93 =



135 — 93 = 42 agrees with 6(—3)? — 12 =
6(9) — 12 = 54 — 12 = 42 and

15(~3) +31(=5) =15 (3) - ' 5

2
80 372 292 . 4
= ——agrees with 6 (— —) — 12
27 27 27 9

16 32 324 292
65(——)-— 12 = = ——.
81 27 27 27

(12) x =|1 — /3|~ [=0.7321]or x =

1

V3|~ [2.732| Calculator check:

[2(—0.7321) + 8](—0.7321 — 6) ~
(6.536)(—6.732) ~ —44 and
[2(2.732) + 8](2.732 — 6) ~
(13.46)(—3.268) ~ —44.

4.2 Problems

(

1)x°+8x—9={(x+9)(x—-1)

Cl

heck: (x +9)(x —1) =x?—x+9x — 9 =

x* 4+ 8x — 9.

(2) x* +13x + 30 =|(x + 10)(x + 3)




Check: (x + 10)(x +
x? + 3x + 10x + 30

3) =
= x? + 13x + 30.

(3) x2 — 8x + 16 =

(x—4)(x—4)

Check: (x —4)(x — 4) = x? —4x — 4x + 16

= x? — 8x + 16.

(4) x* —7x — 18 =

(x —9)(x + 2)

Check: (x —9)(x +2) = x* +2x —9x — 18

= x%? —7x — 18.

(5) x* +9x — 36 =

(x +12)(x — 3)

Check: (x + 12)(x —
x?—3x +12x — 36

(6) x>+ 12x + 32 =

3) =
= x? + 9x — 36.
(x +8)(x +4)

Check: (x + 8)(x + 4) = x* + 4x + 8x + 32

= x? + 12x + 32.

(7) x* — 36 =|(x + 6)(x — 6)

Check: (x + 6)(x — 6) = x? — 6x + 6x — 36

= x? — 36.
(8) x* — 14x + 40 =

(x —10)(x — 4)




Check: (x —10)(x — 4) =

x? —4x —10x + 40 = x% — 14x + 40.
(9) x*—7x—60=|(x—12)(x + 5)
Check: (x —12)(x +5) =

x% 4+ 5x —12x — 60 = x%? — 7x — 60.
(10) x* +17x + 16 = |(x + 16)(x + 1)

Check: (x + 16)(x + 1) =
x4+ x+16x+16 =x%+17x + 16.

(11) x? — 16x + 28 = |(x — 14)(x — 2)
Check: (x — 14)(x — 2) =

x? —2x — 14x + 28 = x* — 16x + 28.
(12) x?> + 17x — 60 = |(x + 20)(x — 3)
Check: (x + 20)(x — 3) =

x? —3x + 20x — 60 = x* + 17x — 60.

4.3 Problems

(1) x =|2]or x = |4]. Check:
6(2)* —36(2) + 48 = 6(4) — 72 + 48 =




24 — 24 = 0 and 6(4)% — 36(4) + 48 =
6(16) — 144 + 48 = 96 — 96 = 0.

(2) x = —g or x = |3} Check:

(-5 -21(-9)- 54 -

36) , 162 108 , 162 270 _
15(25)' 5 o4 = 5 5 5 =0

and 15(3)% — 27(3) — 54 =
15(9) — 81 —-54 =135—-81—-54 = 0.

3 . Check:
8

(3)x =|—12|orx =

8(—12)* +93(—12) — 36 =
8(144) — 1116 — 36 = 1152 - 1152 =0

and 8 (%)2 +93 (g) _ 36 =

9\ , 279 9,279 288 _
8(64). 236 =2+ — 0.

(4) x =|—=|orx =|—1/ Check:

9(—2)2 +33(—2) +24 =

9(%)—88+24=64—64=0and




9(—1)% +33(—1) + 24 =
9(1) —33+24=9—9 = 0.

(5) x = —% or x = E.Check:
(-2 ~16(-1) 35 -

49\ , 112 _ 49 56 105 _
12(36)' 6 35_3'3 3_0

and 12 (;)2 — 16 (g) _ 35 =

12(275)—40—35=75—75=0.

5

(6) x = S|orx = 5| Check:

o —50(3) +25-9(2) -+ 25~
295 230 | 235 = 0 and 9(5)* — 50(5) + 25

= 9(25) — 250 + 25 = 225 — 225 = 0.

(7) x = —2lor x = |——| Check:
4 12

48 (—3)2 +112 (—z) +9 =

48(2)—252+9 — 243 — 243 = 0 and
16



18(5)-2+9=;-=+2=0.
144 3 3 3 3
(8) x = —2|or x =|2| Check:

10 6

o0(-2) +4(-3) 45

60(81) 36 45 —

100 10

486 36 450

—Oand60( )2+4(5) 45

) _ 250 20 _ 270
2
3

—60( = 0.

6 6

(9) x =|-|or x =|6/[ Check:

9(%)2—60(5)+36=9(5)—4O+36=

4 —4 =0and9(6)* — 60(6) + 36 =
9(36) — 360 + 36 = 324 — 324 = 0.

(10) x = —2lorx = —%.Check:

5
10 (—%)2 +43( 154) L 42 =




196 602 392 602 210
10( ) L 47 = F20
25 5 5 5 5

and 10 (—2)2 +43(—2)+42=

10 (2) 129 L 4D = 45 129 | 84 -0
4 2 2 2 2

(11) x =|—2forx = %.Check:

6(—=2)° +4(-2)—16=6(4) —8—16 =

24—24=0and6(§)2+4(§)—16=

6(16)=16 16:32=16 4820.
9 3 3 3 3

24
5

10 (— 2?4)2 + 33( 254) 72 =

576 792 1152 792 360
10( ) 79 = =0
25 5 5 5 5

(12) x =

orx = % Check:

and 10 (%)2 + 33 @) _ 72 =

10 (2) | 99 77 :45 | 99 14-4: 0.
4 2 2 2 2




4.4 Problems

(1) (x + 8)2 — 55. Check: (x + 8)2 — 55 =
x* + 16x + 64 — 55 = x* + 16x + 9

(2) (4x + 3)? + 11. Check: (4x + 3)% + 11
= 16x* + 24x + 9 + 11 = 16x?% + 24x + 20
(3) (x — 6)? — 18. Check: (x — 6)? — 18 =
x?—12x +36 —18 = x* — 12x + 18

(4) (7x + 9)? + 9. Check: (7x + 9)? + 9 =

49x% 4+ 126x + 81+ 9 = 49x“ + 126x + 90
(5) (2x — 5)% — 31. Check: (2x — 5)% — 31
= 4x° — 20x + 25 —31 = 4x%? — 20x — 6

(6) (5x — 4)% + 34. Check: (5x — 4)* + 34
= 25x% —40x + 16 + 34 =

25x% — 40x + 50

(7) (8x + 3)? — 13. Check: (8x + 3)% — 13
= 64x° + 48x +9 — 13 = 64x° + 48x — 4
(8) (3x — 5)% + 17. Check: (3x — 5)% + 17
=9x2 —30x + 25+ 17 = 9x? — 30x + 42




(9) (6x + 7)* — 1. Check: (6x + 7)?* —1 =
36x% + 84x + 49 — 1 = 36x° + 84x + 48
(10) (9x — 2)* — 8. Check: (9x — 2)* — 8

= 81x?—36x+4—8 =81x%—36x—4
(11) (7x — 8)% + 12. Check: (7x — 8)% + 12
= 49x% — 112x + 64 + 12 = 49x? —

112x + 76

(12) (4x + 9)% — 99. Check: (4x + 9)% — 99

= 16x%2+72x +81 —99 = 16x2 + 72x — 18
4.5 Problems

(1) Since b? — 4ac = (=7)* —4(2)(6) =
49 —48=1>0,2x* —7x + 6 = 0 has
two distinct real answers.

(2) Since b? — 4ac = 5% —4(1)(7) =
25-28=—-3<0,x*4+5x+ 7 =0 has
two distinct complex answers.

(3) Since b* — 4ac = 12% — 4(8)(-5) =
144 + 160 = 304 > 0,8x*+12x —5=0
has two distinct real answers.




(4) Since b* — 4ac = (—20)? — 4(4)(25)
=400 —400=0,4x*> —20x+25=0
has one distinct real answer.

(5) Since b? — 4ac = 10% — 4(-3)(—8) =
100—96 =4>0,—-3x*+10x—8=0
has two distinct real answers. Note:
—4(—3)(—8) = —96 since there are 3
minuses.

(6) Since b* — 4ac = (—2)? — 4(1)(-1)
=44+4=8>0x%—2x—1=0hastwo
distinct real answers.

(7) Since b? — 4ac = 14% — 4(7)(7) =
196 — 196 = 0, 7x% + 14x + 7 = 0 has
one distinct real answer.

(8) Since b* — 4ac = (—9)? — 4(2)(11) =
81 -88=-7<0,2x2—-9x+11=0
has two distinct complex answers.

(9) Since b* — 4ac = (—8)? — 4(-8)(2)
=64+64=128>0,—-8x*—-8x+2=0




has two distinct real answers.

(10) Since b? — 4ac = (—6)* — 4(-5)(-2)
=36—-40=—-4<0,-5x?—6x—2=0
has two distinct complex answers. Note:
—4(—=5)(—2) = —40 since there are 3

minuses.

4.6 Problems

(1) x =|1 £ i| Check:
(1+i)?—-2(1+)+2=
1+2i—1—-2-2i+2=0.

Note: For this section, the checks only

show that one of the roots solves the
equation. The check for the complex
conjugate is nearly identical, except for a

sign change.

(2) x =|3 %+ 2i| Check:

(3+2i)? —6(3 +2i)+ 13
=9+12i+4(—1)—-18—-12i+ 13 =




9-4-18+13=22-22=0.

(3) x =|—2 %+ 5i| Check:

(=2 +5)?+4(—2+50)+29 =
4 — 20i + 25(—1) — 8+ 20i + 29
=4 —25—-84 29 =33 - 33 = 0. Note:
Recall that (—p + q)* = p% — 2pq + q°.

(4) x = %ii.Check:

2
—4(3+i) +4(;+i)-5=
—4(;+i—-1)+2+4i-5=
—1—4i+4+24+4i—-5=6—6=0.
(5) x =|6 %+ 2i| Check:
2(6 + 2i)% — 24(6 + 2i) + 80 =
2(36 + 24i — 4) — 144 — 48i + 80 =

72+ 481 — 8 — 144 —48i + 80 =
152 — 152 = 0.

(6) x =|—1 £ -| Check:

l
2




4(—1+é)2+8(—1+é)+5=
4(1—i—i)—8+4i+5=

4 —-4i—-1-84+4i+5=9-9=0.
Note: (—p + q)% = p? — 2pq + g°. Letp =

1andq =%toget(—1 +%)2 =

-2+ () 1145

(7) x =|—== 4i| Check:

2
—4(—§+4i) —12(—§+4i)—73:
—4(3—12i—16)+18—48i—73=
—9 +48i + 64 + 18 — 48i — 73 =
82 — 82 = 0.
(8) x =|5 % 3i| Check:

3(5+3i)%—-30(5+3i) +102 =
3(25 +30i —9) — 150 — 90i + 102 =




75 +90i — 27 — 150 — 90i + 102 =
177 — 177 = 0.
(9) x = 243 = £ Check:
3 3 3
240\ 2 2+i
_Q(T) +12(3) > =
—9(‘”‘“ 1) 42+ 1) =5 =
4 —4{4+14+844i—-5=9—-9=0.
(10) x =|—2 i%i.Check:
20\ 2 2i
25( 2 5) 100( 2 5) 104 =
8i 4 . B
25(4 5 25) 200 + 40i + 104 =
100 — 40i — 4 — 200 + 40i + 104 =
204 — 204 = 0.
(11) x =|7 + 3i| Check:
2(7 + 30)% — 28(7 + 3i) + 116 =
2(49 + 42i — 9) — 196 — 84i + 116 =

98 + 841 — 18 — 196 — 84i + 116 =
214 — 214 = 0.



—5191
2

i (—5;91')2 _ 30 (—5;91') 159 —

25-90i—81 . _
—6( ; ) 15(=5 + 9i) — 159 =

. Check:

5 9.1 _
(12)X— —Eizl =

—%(—56 —90i) + 75 — 135i — 159 =
84 + 1351 + 75 — 135 — 159 =

159 — 159 = 0.

Tip: Divide both sides of

—6x% — 30x — 159 = 0 by 3 to make the

numbers simpler.

4.7 Problems

(1) x = [=4]or x = 8] Check: = = —1

agrees with—— = = = —1 and > = 2
—4 -4 4

agrees with 8—:;8 = % = 2.

2
(2) x = % or x = [6]. Check: 23°*2

1/3




1 1 18

1/3  1/3 1/3 9 "3 971 9
19 6°+2 36+2 38 19
— and = =—=—
3 6 6 6 3
8
(3) x =|=4]orx =[=3| Check: — =
x+7
8 8 . 2(-4) 8
= — agrees with —and
—4+7 3
8 8 . 2(—3)
= — = 2 agrees with = 2.
—3+7 4 3
~9+3 _
(4) x =|[—9]|or x = [4]. Check:
—6 14 14
— = —2 agrees with—— = — = —2 and
—9+2 -
443 7 14 14 7
— = ;agrees W1th— =—=-
3 442 6 3
(5) x =|—2 orx =|-| : =
8 9(=2)
2 1 . 5
—— = — - agrees with =
~18 5 96 3—-12(-2)2
5 5 5 1
= ——=—=—-and
3-12(4) 3-48  —45 9
2 2 9 2 8 16
oy = 7Ty = 7 X5 = agrees with
9(_) 1 8 1 9
8
5 5 5 5 5 64
N T L 1z 192 12180 — 1% Tg0

2 312 192 12 180
3—12 (g) 64 64 64 6



180 9
2
2 3\3
(6) x =|=|or x =|3] Check: 2(3) =
3 4(3)-3
2 2 2 2
55 = 15 —6 agrees with Ay
3 3 3
3(3 9 9 .
—6and =L =2 =21 agrees with
4(3)-3 12-3 9
2 _Z2_
3-1 2
5 9
(7) x = —;|orx = E.Check:

-5/3 _ -5/3 _ -5/3 _ -5/3 _
TR CIRTI -
5.9 3 9/2  _  9/2
3785 17 2(9/2)2-15  2(%)-15

4
9/2 _ 9/2 _ 9 _ 3
81 30 " 512 51 17
2 2
3 1 1
8) x =|—-|orx =|—=| Check: =
(8) 4 8 8(—3)+7
1 1 . 4 3
= - =1 agrees with ——(— —) =1
-6+7 1 3 4
1 1 1

and = = — agrees with
8(_%)+7 “147 695



4( 1)_4_1
3 8] 24 6

(9) x =|3 — 23|~ [=0.4641|or x =

3 4+ 2v/3| ~ |6.464/| Calculator check:
~0.4641-3

~ —0.5774 agrees with

2 6.464—3

~ —0.5774 and ~ 0.5774

~0.4641-3
agrees with . ~0.5774.

6.464—
(10) x =[5 — 2i] or x =[5 + 2i] Check: ==
agrees with — =~ ==

10—(5-21) 10—-5+2i 5+2i

1 (5-2i 5-2i  5-2i 5+2i

5+2i (S—Zi) 52422 29 and AgTees
with - =— = =

10—(5+2i) 10-5-2i 5-2i

1 (5+2i 5+2i 5+2i
, ( ) = = . Notes: It may
5—2i \5+2i 52422 9

help to review Sec. 3.7. Be careful
distributing the minus sign in 10 — (5 — 2i)
=10—-5—-(—2i) =10—-5+ 2iandin
10 — (5 + 2i) = 10 — 5 — 2i.




5 SYSTEMS
5.1 Substitution

One way to solve a system of equations is
to first solve for one unknown in terms of
the other and then plug this into the

unused equation(s), as in the examples.

Example 1. 5x + 4y = 42

2x + 8y = 36.
Step 1: Isolate x in the second equation.

Subtract 8y in the second equation: 2x =
36 — 8y. Simplify: x = 18 — 4y.

Step 2: Use this equation to eliminate x

from the first equation.

Plug x = 18 — 4y into the first equation:
5(18 — 4y) + 4y = 42. Distribute:

90 — 20y + 4y = 42. Simplify: 90 — 16y =
42.Add 16y and subtract 42: 48 = 16y.
Divide by 16 on both sides: 3 = y.



Step 3: Plug y = 3 into the equation x =

18 — 4y from earlier.

x=18—-4(3) =18 —-12 = 6.

Check: 5(6) + 4(3) =30+ 12 =42 and
2(6) +8(3) =12 + 24 = 36.

Example 2. 2x — 5y + 6z =5
5x+3y—9z=11
O9x — 2y — 3z = 24.
Step 1: Isolate x in the first equation.
2x = 5+ 5y — 6z. Divide by 2:
X = ; | 52y 3Z.
Step 2: Plug x into each of the other two

equations.

5(E | 52y 32)+3y—9z=11and

5 5 2,
9(2+2-3z)—2y—32z=24
Distribute:
> +22 152+ 3y — 9z = 11 and
45 45y

» | » 27z — 2y — 3z = 24.



Tip: Multiply each equation by the LCD
(which is 2) to eliminate the fractions.
25+ 25y — 30z + 6y — 18z = 22 and
45 + 45y — 54z — 4y — 6z = 48. Simplity:
25+ 31y — 48z = 22 and
45 + 41y — 60z = 48.
Step 3: Isolate y in the equation
25+31y —48z = 22.

48z 3

31y = 48z — 3. Divide by 31: y = T ar
Step 4: Plug yinto 45 + 41y — 60z = 48.

45 + 41 (482 3) 60z = 48.
31 31
Distribute: 45 4 1968z 123 60z = 48.
31 31
Multiply by 31:

1395 + 1968z — 123 — 1860z = 1488.
Simplify: 1272 + 108z = 1488. Subtract

1272 from both sides: 108z = 216. Divide

by 108 on both sides: z = % = 2



Step 5: Plugz =2 intoy = 48z/31 —

3/31 from Step 3.
_48(2) 3 _ 96 3 _ 93 _

31 31 31 31 31
Step6: Plugy=3andz =2 intox =

5/2 4+ 5y/2 — 3z from Step 1.

x=5=5(3) 3(2)=5=15 6 —20_
2 2 2 2 2
6=10—-6 = 4.

Check: 2(4) —5(3) +6(2) =8 — 15+ 12 =
5,5(4) +3(3) —9(2) =20+ 9 — 18 = 11,
and9(4) — 2(3) —3(2) =36 —6 — 6 = 24.

5.1 Problems

Directions: Solve each system of

equations for all of the unknowns.
(1) 8x —4y =20
2x + 5y =59

(2) 5x+3y =16
4x + 7y = 63




(3) 4x — 9y =52

6x — 3y = —6
(4) —5x +9y =39
2x — 8y = —42
(5) 8x + 3y =22
4x — 6y = —9
(6) 5x —6y =28
7x +9y =17
(7)) 7x — 2y = —19
—x + 6y =7
(8) 8x +4y =
2x +9y =12
(9) 5x +3y =
10x — 6y =

(10) —3x — 7y = 15
—7x + 3y = —52



(11) 8x — 9y = 60
4x + 2y = =100

(12) 9x — 3y =

_ON e

5x+2y=?0
(13) 4x + 7y — 2z = 55
8x —3y—6z=9

4y = 20

(14) 3x — 8y + 5z = 27
Ix —4y -7z =11
6y + 3z = 27
(15) 8x + 9y + 6z = 27
6x + 12y — 3z =5

12x — 6y — 4z = —5

(16) 10x — 15y + 20z =71
25x + 5y — 10z =8
15x — 30y — 5z = 27



5.2 Simultaneous Equations

A pair of equations can often be solved
more efficiently by operating on both of
the equations simultaneously than by
using the method of substitution. The
main idea is to multiply both sides of each
equation by a number with the goal of

making opposite coefficients of the same

variable in each equation, as illustrated in

the examples.

Example 1. 5x — 6y = —32
4x + 9y = 2.
The 6 (in —6y) and the 9 (in 9y) each
evenly divide into 18. Multiply both sides
of the left equation by 3 and multiply both
sides of the right equation by 2 in order to
make opposite coefficients —18y and 18y.
15x — 18y = —96
8x + 18y =4



Add the two equations together. The sum
of the left-hand sides equals the sum of
the right-hand sides. In the sum of the
left-hand sides, 18y cancels out.
15x — 18y + 8x + 18y = —96 + 4
23x = —92

92
—o5 =
Plug x = —4 into any of the previous

X = —4

equations to solve for y.
5(—4) — 6y = —32

—20 — 6y = —32
—6y = —12
—12
Y=g = 2

Check: 5(—4) — 6(2) = —20 — 12 = —32
and 4(—4) +9(2) = —-16 + 18 = 2.

Example 2. 5x + 9y = 52
4x + 7y = 41.




Multiply both sides of the left equation by
4 and multiply both sides of the right
equation by —5 in order to make opposite

coefficients 20x and —20x. Every term of

the right equation changes sign.
20x + 36y = 208
—20x — 35y = —205
Add the two equations together. On the

left-hand side, 20x cancels out.
36y — 35y = 208 — 205
y =3
Plug y = 3 into any of the previous
equations to solve for x.
4x +7(3) =41
4x + 21 =41
4x = 20
20

-2 _5
* T

Check: 5(5) +9(3) =25+ 27 =52 and
4(5) + 7(3) = 20 + 21 = 41.




5.2 Problems

Directions: Solve each system of

equations for all of the unknowns.

(1) 2x + 6y =50

7x — 8y = 30
(2) 7x +9y = 30
3x + 5y = 22

(3) 7x —9y = 27
4x + 3y = 48
(4) 8x +7y = 15
—5x — 6y = 2
(5) 8x—12y = —60
7x — 9y = —42
(6) 15x — 8y = —6
12x + 9y = 26
(7)) 4x+8y =4
6x —4y = 26



(8) —9x + 25y =9
12x + 35y = 29

(9) 16x + 36y = 32
12x + 21y =17

(10) 11x — 5y = -2
15x + 7y = 18

77
(11) 4x — 7y = P

89

8x—5y=E

(12) —7x + 3y = 2

8
2x — 9y =12



5.3 Determinants

When parentheses surround an array of

numbers, this refers to a matrix. When

two vertical lines surround an array of
numbers, this means to find the

determinant of the matrix. To find the

determinant of a matrix that has 2 rows
and 2 columns, multiply along the

diagonals and subtract as indicated

below.

a; by _ (a1 b1) _ _

a, b,|” det @, b,) " a,b, — bya,
The letters a and b represent the columns

and the subscripts 1 and 2 represent the

rows. For example, a, is the element

(which is a number) of the matrix in the
second row of the first column. To find
the determinant of a matrix that has 3

rows and 3 columns, multiply along the



diagonals and subtract as indicated

below.

a; by ¢
a, b, c
as bz c3

— a1b2C3 + b1C2a3 + C1a2b3

— c1by,a; — bya,c3 — a,cybs
Example 1. |43L g| =3(8) —5(4) =

24 —20=4

4 5 3
Example2.|17 1 8
9 2

6
4(1)(2) +5(8)(6) + 3(7)(9) — 3(1)(6)
—5(7)(2) —4(8)(9) =
8 + 240 + 189 — 18 — 70 — 288 =
437 — 376 = 61




5.3 Problems

Directions: Find each determinant.

1) @)
9 7 5 8
6 8 | |
3) )

‘—76 —85|

(5)

N O
Ul =
w OO

(6)

N
S N
o1

(7)
2 3 4
1 -2 -3




(8)

N O I

M T O

<t N on

25 10

2
25
2

20

20 10

(11)

4.00_

o N 3

O "N O

(12)

MmN < o]

=l 00 I




5.4 Cramer’s Rule

Cramer’s rule provides formulas for
solving a system of linear equations that

have the following form:

ax+biy+ciz+ - =ng
a,x + b,y +c,z+ - =n,
azxX + b3y + c3z2 + -+ = ny

First, make the following matrices from
the coefficients. The equations below
apply when there are 3 equations with 3
unknowns, but the same idea applies if
there are n equations with n unknowns
(provided that they have the form shown
above). The main idea is that the matrices
for x, y, and z use the values of n{, n,, and
ns to replace one column of the matrix of

coefficients.



dq
a;
a3
aq
%)
a3

D, =

ns

C1
CZ ,Dx —
C3
C1
2|, D, =
C3

Cramer’s rule gives the following solution

to the system of equations.

D, D, D,

Db, 77D, "D
Example 1. 5x + 6y = 11
3x — 2y = 29.

Identifya, =5,b; = 6,n, = 11,a, = 3,
b, = —2, and n, = 29.

_ |41 _
De = | . —\3 °|=5(-2-6)
=—10—18=—28
D. — nq b1 _ 11 6‘
x ny bz 29 =2

=11(-2) — 6(29) = -22 - 174
= —196



_‘ 1 |_ 5 11
a
=5(29)—11(3)=145—33=112

D, _~196 __
X = — = —
T 28
Db, _m2__,
Y =D, T 28"

Check: 5(7) + 6(—4) =35 —24 =11 and
3(7) — 2(—4) = 21 + 8 = 29.

Example 2. 3x — 2y + 6z = 3

6x +7y —4z =56

5x — 3y —8z = —11.
Identifya, = 3,b; = —2,¢; = 6,n; = 3,
a, =6,b, =7,¢c, = —4,n, = 56, and
a, =5,b; =—3,c3; = —8,and n; = —11.

3 -2 6
D=6 7 —4
5 -3 -8
= 3(7)(=8) + (=2)(=4)(5) + 6(6)(-3)

—6(7)(5) = (=2)(6)(=8) — 3(—=4)(-3)



= —168 + 40 — 108 — 210 — 96 — 36

= —578
3 -2 6
D,=|56 7 —4
~11 -3 -8
= 3(7)(—8) — 2(—4)(—11) + 6(56)(—3)
—6(7)(—=11) — (=2)(56)(—=8) — 3(—=4)(-3)
= —168 — 88 — 1008 + 462 — 896 — 36
= —1734
3 3 6
D,=|6 56 —4
5 —11 -8

= 3(56)(—8) + 3(—4)(5) + 6(6)(—11)

—6(56)(5) —3(6)(=8) — 3(-=4)(~11)
= —1344 — 60 — 396 — 1680 + 144 — 132

= —3468
3 -2

D,=l6 7

5 —3

3
56
—11

= 3(7)(—11) — 2(56)(5) + 3(6)(—3)
=3(7)(5) = (=2)(6)(=11) — 3(56)(-3)



= —231—-560—-54—-105—-132 + 504

D, -1734

*TD. T —s78

D, —3468

Y =D, T "578 ~
D, —578

7 = — = =1
D. —578

Check: 3(3) — 2(6) +6(1) =9 — 12+ 6
=3,6(3) +7(6) —4(1) = 18 + 42 — 4
= 56,and 5(3) — 3(6) — 8(1) =

15— 18 —8 = —11.




5.4 Problems

Directions: Solve each system of

equations for all of the unknowns.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Sx +4y =7
9 + 8y = 19
7x — 2y =18
3x +4y = 66
8x — 6y = —12
4x — 9y = =20
7x +4y = —6
6x + 8y =0
2x + 8y = 28
9% — 4y = 16
Ox + 2y = —2
3x —6y =1
8x+5y—4z=3

3x—y+5z=7
—7/x —4y + 3z = —2



(8) 4x —9y =2
3y + 2z = 24
8x —5z=-5

(9) 6x+7y—3z=9
2x —9y—-7z=1
7x + 8y + 2z =44

(10) 4x — 6y

7x — 8y —
3x + 4y —

9z = 20
8z = 60
6z = 32

(11) 9x — 8y + 4z = 10

3x

6x + 4y —

+ 8z = 22

6z = —8

(12) 5x + 7y + 2z =9

8x — 5y —

4z = —12

4x — 2y +9z = 2



5.5 Nonlinear Systems

Many systems of nonlinear equations can
be solved using the method of
substitution, meaning to isolate one
variable in one equation and then plug
this into each of the unused equations
(like we did in Sec. 5.1 for systems of

linear equations).

Example 1.2 = 3and=+= ==,
X X y 3

Multiply by x on both sides of the first
equation: y = 3x. Plug this into the

.1 .1 1.
second equation: - + ponilie Tip: You can

avoid dealing with fractions by
multiplying both sides of the equation by
the least common denominator (LCD).

The LCD of x, 3x, and 3 is 3x, so multiply

by 3x on both sides: 3x , 3X _3X

X 3x 3




Simplify: 3+ 1 =4 = x. Plug x = 4 into

y =3xtogety =3(4) = 12.

12 1 1 3 1
Check:Z ==~ =3and-+— = I =
X 4 4 12 12 12

1

12

Example 2. y + vx = 22 and x — y = 20.
[solate the radical in the first equation:
Vx = 22 — y. Square both sides: x =
(22 — y)4. Apply the FOIL method: x =
484 — 44y + y2. Substitute this into

x —y = 20:484 — 44y + y* — y = 20.
Combine like terms and reorder:

y% — 45y + 464 = 0.

Now that the equation is in standard
form, we may use the quadratic formula
(Chapter 4). Note thata = 1, b = —45,
and ¢ = 464



y

—(—45) + /(—45)% — 4(1)(464)

2(1)
~ 45++/2025—-1856 45+ V169
- 2 2

45413

2
_45+13_58_
YT 2 T2 T

45—13_32_16
2 2

or y=

Plug each value into x — y = 20 to solve
forx:x —29 =200rx — 16 = 20.
Simplify: x = 29+ 20 =49 orx =

16 + 20 = 36. There are two possibilities.
Either x = 36 and y = 16 or x = 49 and

y = 29. Only one of these turns out to

correctly solve both of the original

equations. The only correct answer is x =
36 and y = 16.

Check: 16 + v36 =16 + 6 = 22 and



36 — 16 = 20. (If you try the other

possibility, you will see that it doesn’t

satisfy the equation y + Vx = 22.)

5.5 Problems

Directions: Solve each system of

equations for all of the unknowns.

(1) 3xy =108 (2) x+y =27
= = 288 xy = 180

3) y—x=9 (4) ===
§+§=§ X —6=3y

(5) x,/y =36 (6) 3x* —2y? =19
yVx = 48 x+7y =15

(7) x—.Jy = (8) 4x + 7y =11

x4+ vy =169 x4+ y4 =73



Chapter 5 Answers

5.1 Problems

(1) x =|7]andy =19
Check: 8(7) —4(9) = 56 — 36 = 20 and
2(7) +5(9) = 14 + 45 = 59.

(2) x =|—4|andy =[12
Check: 5(—4) + 3(12) = -20+ 36 =16
and 4(—4) + 7(12) = —16 + 84 = 68.
(3) x =|=5|and y =[-8
Check: 4(—5) — 9(—8) = —20+ 72 = 52
and 6(—5) — 3(—8) = —30 + 24 = —6.
(4) x =|3|andy = |6
Check: —5(3) +9(6) = —15+ 54 = 39
and 2(3) — 8(6) = 6 — 48 = —42.

7 8
(5) x = " andy = 3

Check: 8 (Z) +3 (g) — 14 + 8 = 22 and

4(2)-6(3)=7-16=-9.



(6) x =|2]and y = §

Check: 5(2) — 6 G) — 10 — 2 = 8 and

7(2)+9(§)=14+3=17.

W

(7) x = —g andy =

3
8
Check: 8() (—)—3+5=8and

2(5)+9(3)=3+7=7=12

4

(10) x = % andy = |—




Check: —3 (%)—7(—3) — 33,8 _
3’2—°=15and—7(§)+3(—§)=

77 27 104
—— = —52.

2 2 2
(11) x =|—15|and y =|—=20
Check: 8(—15) — 9(—20) =
—120 4+ 180 = 60 and 4(—15) + 2(—20) =
—60 — 40 = —100.

(12) x = § and y = Z
o) -3(0) #9232
was(@)+2() =242

(13) x =|9,, y =|5|,and z = |8
Check:4(9) +7(5) —2(8) =36+ 35—16
=55,8(9) —3(5) —6(8) =72—15—48
= 9, and 4(5) = 20. Note: The equation

4y = 20 has y; it does not have x or z.
(14) x =|6, y =|2) and z = |5




Check: 3(6) — 8(2) + 5(5) =

18 — 16+ 25 =27,9(6) — 4(2) — 7(5) =
54 —8 —-35=11,and 6(2) + 3(5) =

12 + 15 = 27. Note: 6y + 3z = 27 does
not have an x.

3 2
(15) x = by = g,and

YA
Check:s@ +9(§) + 6(2
276(3)+12(2)-3() -2
8—§=8—3=5,and

12(%)—6(%)—4(2)=9—4—10=—5.

(16) x = %,y= —g,andz= —

Check: 10 (Z) 15 (— g) + 20 (%) _
14 4+ 9 + 48 = 71,

25(2)+5(-) - 10(2) -

35 -3 —-24 =8, and

15(5) =30(=5) -5 (5)




21+ 18 —12 = 27.
5.2 Problems

(1) x =[10jand y = |5
Check: 2(10) + 6(5) = 20 + 30 = 50 and
7(10) —8(5) =70 — 40 = 30.

(2) x =|—6|and y = (8
Check: 7(—6) +9(8) = —42 + 72 = 30
and 3(—6) + 5(8) = —18 + 40 = 22.
(3) x =|9|andy = |4
Check: 7(9) —9(4) = 63 — 36 = 27 and
4(9) + 3(4) =36+ 12 = 48.

(4) x =|8landy =[—7
Check: 8(8) + 7(—=7) = 64 — 49 = 15 and
—5(8) —6(—7) = -40+ 42 = 2.

(5)x =|3|andy =|7
Check: 8(3) — 12(7) = 24 — 84 = —60
and 7(3) —9(7) = 21 — 63 = —42.

2

; andy = |2

(6) x =




Check: 15 @ —8(2) =10 — 16 = —6 and
12 (3) +9(2) =8+ 18 = 26.
(7) x =

2
Check: 4() (——)—14—10=4and
(

7

andy =|—-

6(5)—4 —Z)—21+5—26

2 3
(8) x = 3 andy = <

Check: 9(2) 25(3)= 6+15=09

andlZ()+35(§)—8+21=29.

5 7
(9) x = —g andy = "

3% - 17.
2

(10) x =

andy =




Check: 11()—5@):“ 15__32

2

—2and15()+7(§) Z+ 2= 18.
2
4

7

(11) x =|-|and y =

3

Check:4() G) 28 63 _ 112 11829

- Zanan()-5() - -2

224 135 _ 89
12 12 12

(12) x = Z and y = _2

4
Check: —7 (3) +3 (— Z) =2 B
Sy =—ad2(3)-9(-3) =
"+ 2=2=12
5.3 Problems

'| =98) - 7(6) = 72 - 42 = [30

(1)

4
3P
9
6

@3

4| = 5(—4) — 8(3) = —20 — 24



= |—44

7 S| _ 7/ N ar e\
@ | S|=75-8-6=
—35+48 =[13

(4) Z g‘ — 9(9) — 4(4) = 81 — 16 =[65

6 1 8
(5)[7 5 3|=6(5)4)+1(3)(2) +
2 9 4
8(7)(9) = 8(5)(2) — 1(7)(4) — 6(3)(9) =
120 + 6 + 504 — 80 — 28 — 162 =

630 — 270 = [360

1 2 3
6)[2 4 5[{=1(4)(6)+2(5)(@03)+
3 5 6
3(2)(5) =3(4)(3) —2(2)(6) —1(5)(5) =
24 + 30+ 30 — 36 — 24 — 25 =

84 —85=|-1

2 3 4
(7)1 -2 =3[=2(-2)(=5)+
0 -1 -5

3(=3)(0) + 4(1)(-=1) — 4(=2)(0) —




3(1)(=5) —2(—3)(-1) =20—-0—4 +
0+15—-6=35—-10 =25

4 3 3
B)[3 4 0
3 0 4

=4(4)(4) + 3(0)(3) +

3(3)(0) —3(4)(3) —3(3)(4) — 4(0)(0) =

64 + 0
4 -3 5
9)[-2 1 4
3 5 2

5(=2)(5) =5(1)(3) = (=3)(=2)(2) -

0-36—-36—0=64—-72=

—8:

= 4(1)(2) - 3(4H)(3) +

4(4)(5) =8—-36—-50—15—-12—-80 =

8 — 193 =
2

(10) |25
2

25(20)(2) + 10(25)(20) — 10(5)(2) —

—185

25 10
5 20
20 10

= 2(5)(10) +

25(25)(10) — 2(20)(20)

= 100 + 1000 + 5000 — 100 — 6250 —
800 = 6100 — 7150 =|—1050




6 9 4

(1) |5 2 8 |=6(2)(—4)+

8 23 —4

9(8)(8) + 4(5)(23) —4(2)(8) —
9(5)(—4) — 6(8)(23) = —48 + 576 +

460 — 64 + 180 — 1104 =
1216 — 1216 = |0

Side note: This determinant equals zero

because 3 times the top row minus 2

times the middle row equals the bottom

row. (One row is a linear combination of

the others.)
=12

2

(12) 8 :
> 6
4

3
2
4
3
4
)

SOIORECIOR

2®)©6) -2(2)(3) - 128) (3) -5 @) (6)

=24124+72—-—72-12 =
4 4

Challenge: Can you figure out w!

0

ny this



determinant is zero, using the idea from
the side note (which applies to rows or

columns) to Exercise 117

5.4 Problems

(1) x =|—=5|and y =8
Check: 5(—5) + 4(8) = —25+ 32 = 7 and
9(—5) + 8(8) = —45 + 64 = 19.

(2) x =|6landy = |12
Check: 7(6) — 2(12) = 42 — 24 = 18 and
3(6) +4(12) = 18 + 48 = 66.

(3) x = - andy = .

4 3

7

Check: 8 G) _6 (5) —2_-14=—12and

4(;)-9(2)=1-21=-20.

4

3 9
(4) x = - andy = .

Check: 7 (— g) + 4 (g) = 221 I




-2 —eande(-2) +5()-

—-94+9=0.

(5)x =|[3]landy = =

4

Check: 2(3) + 8 (%) — 6422 = 28 and

9(3) —4(%) —27-11 = 16.

(6) x = —% andy =|—-
e (1) +2(-) = 31
~2=—2and3(—1)-6(-7) =

(7)) x =|=2,y=|7,and z = |4
Check: 8(—2) + 5(7) —4(4) =
—16+35—-16=3,3(—2)— (7)) +5(4)
=—6—7+20=7,and
—7(—2)—4(7)+3(4) =14 —-28+12
= —2.




(8)x =|5,y=|2fandz = |9
Check: 4(5) —9(2) = 20 — 18 = 2,

3(2) +2(9) =6+ 18 = 24, and

8(5) —5(9) =40 — 45 = —5. Note: ¢; =
a, = b; = 0.
(9)x=|8,y=|—3[andz =|6
Check: 6(8) + 7(—=3) — 3(6) =

48 —21—-18=9,2(8) —9(—3) —7(6) =
16 + 27 —42 =1,and 7(8) + 8(—3) + 2(6,
=56 — 24 + 12 = 44.

(10)x =[8] y =|-}and z =[=1

1

Check: 4(8) — 6 (2

)+9(—1)=32—3—9

— 20,7(8) — 8 G) _8(=1) =

56 —4 + 8 = 60, and
3(8)+4G)—6(—1) —24+2+6=32.

3

2
(11) x = ShY =13

and z =




Check:9(§)—8e)+4(§)=6—6+10

=10,3(§)+8(§)=2+20=22,and

6(2)+4()-6(3)=4+3-15="-8

Note: b, = 0 (which is a coefficient of y).

(12) x =|—

, Y = 5,andz= —

5.5 Problems

(1) x = % andy =|72|orx = —% and




2(72) _
1/2

y = [=72] Check: 3(3) 72 = 108,

=144 -1 =144 x 2 = 288,
1/2 2

2(=72) _ 144 _
-1/2  1/2

3 (— %) (=72) = 108, and

144 +§ — 288.

(2) x =|12f{and y =|15forx =|15|and
y =[12|Check: 12 + 15 = 27 and
12(15) = 180.

(3) x =|9|and y =|18|orx =|—6]and
y =[3]Check: 18 =9 = 9, - + — =

“+—===-3-(-6)=3+6=09,

1,1 1,2 —-1+2 1
and —+-=—-+-= = -
-6 3 6 6 6 6

(4) x =|24|and y =|6]|or x =|—18|and
y = |—8]| Check: R agrees with °=2

24 4 8 4
and 24 — 6 = 18 agrees with 3(6) = 18,
, 18

.., —8
and —— = —1 agrees with i —1 and




—18 — 6 = —24 agrees with 3(—8) =
—24.

(5) x =|9]and y = [16] Check: 9v16 =
9(4) = 36 and 16v9 = 16(3) = 48.
(6) x =|7|and y =|8|orx =|—67|and
y = 82| Check: 3(7)% — 2(8)% =

3(49) — 2(64) = 147 — 128 =

19,7 + 8 = 15,3(—67)% — 2(82)% =
3(4489) — 2(6724) = 13,467 — 13,448 =
19,and —67 + 82 = 15.

(7) x =|12|and y = |25|Check: 12 — /25
=12 —-5=7and 122 + 25 = 144 + 25 =
169.

432
65

(8) x =|8landy =|—=3|orx = and

y = || Check: 4(8) + 7(=3) = 32 — 21 =

11,8% + (—=3)?2 =64 +9 = 73,

4( 432) | 7(349) 1728 | 2443 _ 715 _
65/ 65/ 65 = 65 65




11, and (— ﬂ)2 : (349)2 —

65 65
186,624 | 121,801 _ 308,425

4225 | 4225 4225




6 POLYNOMIALS
6.1 Multiply Polynomials

A polynomial is an expression where each

term has the form ax™. The highest power

of the polynomial is called the degree. For

example, 2x* + 7x3 — x? + 6 is degree
four and x> — 3x? is degree five. The
number that multiplies the variable is a

coefficient. For example, 8 and 3 are

coefficients in 8x? + 3x.

Two polynomials can be multiplied by
multiplying each term of one polynomial

by each term of the other polynomial.

Note: The method below organizes the
terms by their powers. This makes it easy
to find the coefficient of each term in the

answer. For example, —2x? — 12x? + 5x?*



= —9x* in the solution to Example 1 and

2x% — 18x% = —16x7? in the solution to

Example 2.

Example 1. (x% — 4x + 5)(x? + 3x — 2)
= x* + 3x3 — 2x°
— 4x3 — 12x% + 8x
=x*—x3—-9x% +23x — 10

Example 2. (2x* — 6)(x3 + 3x% —4x + 1)

= 2x°

6x* — 8x3

— 6x3 —

+ 5x% + 15x — 10

2x°

18x% + 24x — 6

=2x° + 6x% —14x3 —16x%2 +24x —6



6.1 Problems

Directions: Multiply the polynomials
together and combine like terms in the

answer.

(1) (5x + 2)(3x* — 6x + 4)

(2) (x — 1)(2x% + 8x — 5)

(3) (x*+6x+3)(x*+4x+7)
(4) (3x2 + 8x — 5)(4x% — 2x + 9)
(5) (2x% —5x + 6)(5x% + 7x — 4)
(6) (6x% — x — 8)°

(7) (x +3)(4x% +9x — 7)

(8) (2x — 5)(3x3 — 8x% + 5x — 2)
(9) (3x% +4)(2x3 + 6x% — 7x + 9)
(10) (8x% — 7x)(5x° — 4x* — 8x% + 3)



6.2 Polynomial Division

In the division problem 20 = 4 = 5, which
can be expressed as % = 5, the number

20 is the dividend, the number 4 is the

divisor, and the number 5 is the quotient.

.20 o
Note that the fraction - which is

equivalent to 5, may also be referred to as

the quotient.

Consider 8x3 + 24x% + 8x — 15 divided
by 2x + 3. Since the highest powers of the
dividend and divisor are x> and x, the
3
2

highest power of the quotient is x; = x“.

Since the lowest powers of the dividend
and divisor are constants, the lowest
power of the quotient is a constant. This
means that the quotient has the form

ax? + bx + c. This division problem can



8x3+24x%+8x—15
be expressed as =
2x+3

ax? + bx + c. To solve this division

problem, we need to determine a, b, and c.

One way to find a, b, and c is to multiply by

. 8x3+24x%+8x—15
2x + 3 on both sides of o —

ax? + bx + c. This gives 8x3 + 24x? +

8x — 15 = (2x + 3)(ax? + bx + ¢).
Multiply: 8x3 + 24x? + 8x — 15 =

2ax3 + 2bx? + 2cx + 3ax? + 3bx + 3c.
Combine like terms: 8x3 + 24x% + 8x — 15
= 2ax3 + (3a + 2b)x? + (3b + 2¢)x + 3c.

In order for both sides of this equation to

be equal for all possible values of x, the
coefficients on both sides must match up.
Setting corresponding coefficients equal,
we get four equations:
8 = 2a
24 = 3a + 2b



8 =3b+ 2c
—15 =3¢

The top equation gives a = 4 and the
bottom equation gives ¢ = —5.Pluga = 4
into the second equation: 24 = 3(4) + 2b.
Simplify: 12 = 2b, such that b = 6. Check
the third equation for consistency:
3b+ 2c =3(6) +2(—5) =18 —-10 = 8.
The quotient is therefore ax? + bx + ¢ =
4x% 4+ 6x — 5. Check the answer by
multiplying:

(2x + 3)(4x% + 6x — 5)
= 8x% + 12x% — 10x + 12x% + 18x — 15

= 8x> + 24x* + 8x — 15

Another way to divide two polynomials is

to use the method of long division. This is
very similar to long division for

arithmetic, except for using polynomials.



4x% 4+ 6x — 5
2x + 3 | 8x3 + 24x2% + 8x — 15

8x3 + 12x°
12x% + 8x
12x% + 18x
— 10x — 15
— 10x — 15
0

1. Multiply 2x + 3 by 4x? to make 8x3.

2. (2x + 3)4x? = 8x3 + 12x°.

3. Subtract 8x> + 12x? from the dividend.
4. Bring down the 8x from the dividend.
5. Multiply 2x + 3 by 6x to make 12x2.

7. Subtract 12x? + 18x from the dividend.
8. Bring down the —15 from the dividend.
9. Multiply 2x + 3 by —5 to make —10x.

10. The remainder is zero. The answer is
4x° + 6x — 5.



20x3—-38x%24+27x—6

Example 1. ——
4x* — 6x + 3
5x — 2 | 20x3 — 38x2 + 27x — 6
20x3 — 8x?
—30x=+ 27x
— 30x° + 12x
15x — 6
15x — 6
0

Notes: First multiply 4x2 by 5x — 2. It’s
easy to make mistakes when subtracting
with minus signs. For example,

—38x?% — (—8x?%) = —38x? + 8x~.
Check: (5x — 2)(4x%? — 6x + 3) =

20x3 —30x% + 15x — 8x% + 12x — 6 =
20x3 — 38x% + 27x — 6.

An alternative to long division is to solve

the problems like we did in the beginning

of this section.



10x%*+11x3-18x%2+20x-16
2x2+43x—4
5x%2 — 2x + 4

Example 2.

2x2 +3x — 4 | 10x* + 11x3 — 18x2% + 20x — 16
10x* + 15x3 — 20x?

—4x3 +2x% +20x
—4x3 —6x% + 8x

8x% +12x — 16
8x% +12x —16

0
Notes: First multiply 5x by 2x* + 3x — 4.

It's easy to make mistakes when

subtracting with minus signs:
o —18x% — (—20x?%) = —18x? + 20x2.
0 2x% — (—6x)% = 2x* + 6x°.
e Contrast the above subtractions with
11x3 — 15x3 = —4x3.

10x* + 11x3 — 18x% 4+ 20x — 16.



6.2 Problems

Directions: Divide the polynomials.

(1)

x34+10x2429x+20
x+4

4x3-21x%2-25x+42

X—6

(2)

18x°—48x*-27x3+72x24+15x—40
3x—8

(3)

10x%*+46x3-11x%2-81x-36
5x+3

(4)

4x*+32x3+19x2+56x+21
4x2+7

(5)

4x%+18x3+15x%2+37x+36
x24+5x+4

(6)

6x*+26x3-5x2—62x+35
2x2+6x-5

(7)

8x°+6x*—86x3+176x2—141x+40
4x2%2—-9x+8

(8)



6.3 Remainders

Just as in arithmetic, when dividing
polynomials, sometimes the answer
includes a remainder. In ordinary

arithmetic, the answer to 20 =+ 3 equals
2 . . .
6 + > In this example, the remainder is 2.

Check the answer by multiplying and
applying the distributive property:

3(6+§)=18+3(§)=18+2=20.

Note that we refer to the remainder as 2,

even though the answer includes the

.2 . .
fraction 5 The remainder is less than the

divisor. For example, in 20 +~ 3 = 6 + %

the divisor is 3 and the remainder is 2.

When the polynomial division ]g: gg has a

remainder (recall the notation for

functions from Chapter 1), the answer can



r(x)
g(x)

the quotient, f (x) is the dividend, g(x) is

the divisor, and r(x) is the remainder. To

be expressed as q(x) where q(x) is

be consistent with the language used in
ordinary arithmetic, we refer to r(x) as

the remainder, even though the answer
r(x)
g(x)
the remainder is less than the degree of

includes the fraction The degree of

the divisor, meaning that the highest
power of the remainder is less than the

highest power of the divisor.



6x3+23x24+18x+7

Example 1. g
3x° +4x —1
2x +5 | 6x3 +23x2 4+ 18x + 7
6x3 + 15x?
8x* + 18x
8x% + 20x
—2x +7
—2x —5
12
6x3+22;c:18x+7 = 3x2 4 4y — 1 4 Z;ers

It's easy to make mistakes when

subtracting with minus signs. For
example, 7 — (—=5) = 12.

Check: (2x + 5) (3x2 +4x — 1+ 2;35) =
(2x +5)(3x? +4x—1)+ 12 =

6x3 +8x% —2x + 15x%2 +20x -5+ 12 =
6x> + 23x% + 18x + 7.




ox*—3x3+4x%+2x-5

Example 2.

3x2—-2x
3x2+x +2
3x% —2x | 9x* — 3x3 + 4x* + 2x — 5
O9x* — 6x3
3x3 + 4x*?
3x3 — 2x*
6x% + 2x
6x° — 4x
6x — 5
4 3 2 _ B
9x 39;x:i9;x+2x 5 _ 3X2 Ly a2 Bij_zx

It's easy to make mistakes when
subtracting with minus signs:

o —3x3 — (—6x3) = —3x3 + 6x3 = 3x3.

o 4x? — (—2x)% = 4x* + 2x* = 6x°

Check: (3x% — 2x) (sz o+ 2 2 )

3x2-2x
= (3x%2 —2x)(Bx*+x+2)+6x—5 =

I9x* + 3x3 + 6x2 — 6x3 — 2x% — 4x +
6x —5 =9x* — 3x3 + 4x% + 2x — 5.



6.3 Problems

Directions: Divide the polynomials.

(1)

x3+11x2+38x+25
X+6

24x3—-34x%2-34x+50
4x—7

(2)

18x%-57x3+65x%+23x-8
6Xx—5

(3)

21x%+68x3+5x2-78x—40
3x+8

(4)

36x°+81x%*—2x3+36x2
Ox2+4

(5)

30x%+28x3-36x%+3x+9
5x2—2x

(6)

5x°+13x%—70x3+69x%2-51x+33
x2+4x—-9

(7)

6x°—59x3+85x2—65x+35
2x%2—-6x+3

(8)



6.4 Synthetic Division

Synthetic division is a variation of long

division that offers a more concise
solution when dividing by a binomial of
the form x — ¢ (where the coefficient of
the variable is one and the variable is not
raised to a power). There is one

important detail to note: The constant

term is being subtracted. This helps to

avoid sign mistakes during the division
process, but it will backfire if you forget
that the constant is subtracted. For
example, when dividing by x — 8, c is
positive 8, but when dividing by x + 6,

Cc is —6.

Synthetic division isn’'t really different
from ordinary division. It is just a more

concise way of writing the solution:



e Write the constant ¢ to the left instead

of the divisor x — c. Note the sign. For

example, to divide by x — 5, write
positive 5 to the left, and to divide by
x + 3, write —3 to the left. The sign is

opposite.
e Write the coefficients of the dividend

on the top row.

e Repeat the first coefficient in the third
row below the first coefficient.

e Multiply ¢ by the first coefficient. Write
the answer below the second
coefficient.

¢ Add the second coefficient to the
number below it. (In synthetic division,
we add these numbers, whereas in
ordinary division we subtracted. The
reason is that in synthetic division, we

work with the opposite sign as noted in



the first bullet point above. This allows
us to add numbers instead of
subtracting them, which makes it
easier to deal with minus signs.) Write
this sum in the third row below the
two numbers that you added.

e Multiply ¢ by the second number in the
bottom row. Write the answer below
the third coefficient. Add the second
coefficient to the number below it and
write this number in the third row
below these two numbers. Repeat this
step until you reach the last column.

o [f the last column of the third row isn’t
zero, there is a remainder. Draw a
vertical bar to the left of the remainder.

The easiest way to learn synthetic
division is to compare it with ordinary

division in the examples. As you study the



examples, return to this page and reread
the directions as needed. The directions
will make more sense when you study the

examples.

Note: Ordinary division is shown on the

left and synthetic division is shown on the

right.
5x3—7x%—14x+22 .
Example 1. — Note:c = 2 is
positive. It is opposite to the —2 in x — 2.
5x°+3x —8
x —2|5x3 —7x% — 14x + 22 2 5 -7 —14 22
5x3 — 10x° 10 6 —16
3x% — 14x 5 3 —-8| 6
3x°% — 6x
—dx+ 22
—8x + 16

6

5x3—-7x%-14x+22

The answer is — =

5x2 + 3x — 8 + —.

X—2
Compare: Subtract in ordinary division
(left), but add in synthetic division (right).



Notes: 2 X5 =10,2 %X 3 =6, and

2 % (—=8) = —16.

Check: (x — 2) (5x2 +3x -8+ x%) —
(x —2)(5x?*+3x—8)+ 6 =

5x3 4+ 3x*—8x—10x? —6x+16+6 =
5x3 — 7x% — 14x + 22.

2x%+14x34+21x%-7x+20

Example 2. Note: ¢ =
X+4

—4 is negative. It is opposite to the 4 in
x + 4.

2x3+6x% —3x +5

X+4 | 2x* + 14x3 4+ 21x2 — 7x 4 20 —4‘ 2 14 21 -7 20
2x* + 8x3 —8 —24 12 -20
6x3 + 21x2 2 6 -3 51 0
6x3 + 24x?
—3x2 —=7x

—3x%2 —12x
5x + 20
5x + 20
0

. 2x*+14x34+21x%-7x+20

The answer is —
x+4

2x3 + 6x% —3x + 5.
Notes: —4 X 2 = —8,14 + (—8) = 6,
4 X 6=—24,21+ (=24) = =3,



—4 X
—20,

(=3)=12,—-74+12=05,—4 x5 =
and 20 + (—20) = 0.

Check: (x + 4)(2x3 + 6x* —3x +5) =
2x* + 6x3 — 3x°% + 5x + 8x3 + 24x? —

12x -

- 20 = 2x* + 14x3 + 21x% — 7x + 20.



6.4 Problems

Directions: Use synthetic division to

divide the polynomials.

x3+6x%-34x+23

(1) _—

2) 7x3—51i:36x—32

(3) 6x3+26ij—;11x+44

(4) 3x4—17x3—xl_4;cz+43x+37
(5) 5x4—52x3;izx2—18x+5
(6)sm4+22xi:z;2—14x+8
C7)2x5+19x4+32x3—20x2—53

xX+7

9x°—43x*+28x3+9x2-40x+16
x—4

(8)



6.5 Synthetic Division with a
Coefficient

To divide a polynomial by a binomial with
the form ax — b, synthetic division can be
used if you factor out the a like the
example. At the end, remember to put the
answer to the synthetic division back into
the expression that you made by
factoring.

6x3-23x%429x—-5
Example 1. =

3x—4
6x3-23x%2429x—5 16x3-23x%2429x—5
7 =3 7 Note:
3(x—3) X3

1. i
C = 5 1S positive.

B =43 29 =5
8 —20 12
b —1a 3 7

A
3




Remember the § from the factoring. Plug

7 1 6x3-23x%+29x— 5
6x% —15x + 9 + — into - . .
X3 3 X3

1
3 x—é

xX——
3

6x3—-23x%+29x— 5 1
6
3

X —15x+9+—)

7
3x—4

2x% —5x + 34

Notes:fx6=2—4=8,—23+8=—15,

gx( 15) = —§= —20,29 + (=20) = 9,

§x9:?=12,and—5+12=7.

Check: (3x — 4) (2x2 — 5x + 34 3;_4) =
(3x —4)(2x?* —=5x+3) + 7

= 6x3 — 15x% +9x — 8x% + 20x — 12 + 7
= 6x3 — 23x% + 29x — 5.




6.5 Problems

Directions: Use factoring and synthetic

division to divide the polynomials.

14x%—-34x—19
(1) 2X—6

8x3—-28x%2+56x—64
4x—8

(2)

20x3+17x%2-27x-22
5x+3

(3)

18x3—-27x%+42x—-61
6x—9

(4)

56x*—67x3—-43x%+64x—16
7X—4

(5)

40x*+74x3+20x+5
8x+2

(6)

9x°+66x*—84x3+51x%2—-72x+39
9x—6

(7)

—6x*+26x3-33x%+34x-21
3—X

(8)



6.6 The Remainder Theorem

According to the remainder theorem, if

p(x)
X—C

is equal to p(c). Recall from Sec. 1.3 that

p(x) is a polynomial, the remainder of

p(c) means to evaluate the polynomial

function p(x) when x equals c.

p(x)

Why does the remainder of equals

p(c)? First write W) _ q(x) r(x), which

X—C X—C

p(x)

X—C

g(x) and remainder r(x) (review Sec.
6.3). Multiply by x — ¢ on both sides:

p(x) = (x —c)q(x) + r(x). The

p(x)
X—C

because the degree of the remainder must

states that the division == has a quotient

must be a constant

remainder for

be less than the degree of the divisor. Let

r(x) = d be the constant. Then p(x) =



(x — c)q(x) + d. Plug x = c into this to
getp(c) =(c—c)q(c)+d=0+d =d.
Since r(x) = d and p(c) = d, this shows

that p(c) equals the remainder.

If a polynomial is divided by ax — b

instead of x — ¢, the remainder equals
b
p (2)

Example 1. Determine the remainder for

x342x%2-21x+22
x—3 '

[dentify p(x) = x3 + 2x? — 21x + 22 and

¢ = 3. Compare x — 3 with x — c to see

that c is positive. Calculate p(3) like we
did in Sec. 1.3.
p(3) = (3)3 +2(3)* — 21(3) + 22
=27 +2(9) — 63 + 22
=49 + 18 — 63 = 4




Example 2. Determine the remainder for

X

X+5

[dentify p(x) = x> and ¢ = —5. Compare
x + 5 with x — ¢ to see that c is negative.
p(=5) = (=5)° =
(=5)(=5)(=5)(=5)(=5) = —3125

Example 3. Determine the remainder for

6x%2+13x—23
3x—4 '

Since the divisor has a coefficient, we will
work with a and b (rather than c).
[dentify p(x) = 6x* + 13x — 23,a = 3,
and b = 4. Compare 3x — 4 withax — b to
see that b = 4.

p(5)=6() +13(5)-23=F+3

23=‘2—4—23=28—23=5




6.6 Problems

Directions: Use the remainder theorem to

determine the remainder.
(1)
(2)
(3)

(4)
8x%+6x—5

)5

6x3+4x%-3x+7
(6)

2x+3
(7)
4%

(8) 6x—3

(9)x5—3x4—5x3+6x2—7x+10

4x+8
(10)

5x—7
X—4

x%2-9x+14
x—"17

2x34+8x%—7x+52
X+6

5x°—3x*+6x3-7x24+9x—15
xXx+1

16x°+64x*—80x3+48x2—72x+39
2xXx—5

8x3+3x+19
4x+5




6.7 Factors and Roots of
Polynomials

According to the factor theorem, if a
polynomial p(x) is evenly divisible by

x — ¢, then p(c) = 0 (since the remainder
must be zero), in which case x — cisa
factor of p(x). The number c is a root of
p(x) if p(c) = 0, and may alternatively be
called a zero of p(x). The same strategies
for finding roots (or zeroes) of a
polynomial may thus be applied to factor

a polynomial.

According to the fundamental theorem of

algebra, if the degree of polynomial p(x)

equals n (which means that its highest
power is x™), then p(x) has exactly n
roots. Note that some of the roots may be

complex numbers or irrational numbers



(or both). It is important to beware that
some of the roots might not be distinct,

which means that some of the roots might
be identical. For example, x? — 2x + 1
factors as (x — 1)? and has the double
root x = 1, meaning that both roots are

x = 1. In this case, therootx = 1 has a
multiplicity of 2 (which means thatitis a
double root).

A polynomial p(x) can be formed from its
roots cq, C,, ..., ¢, as follows:

p(x) =k(x —c))(x —c2) - (x — cy)
where k is a constant and the ellipsis (--+)
means “and so on.” You should be able to
see that when the right-hand side of the
above equation is multiplied out, the
leading term will have a power of x",
which helps to understand the reasoning

behind the fundamental theorem of




algebra (but this justification doesn’t

serve as a formal proof). You can also see
that p(c;) = p(c;) = - =p(cy) = 0in
the above equation, which agrees with the

factor theorem (and therefore also the

remainder theorem).

If x; and x, are real numbers and the
polynomial p(x) has different signs when
it is evaluated at p(x,) and p(x,), then
p(x) has aroot that liesin x; < ¢ < x,.
This can be useful in the following way. If
you evaluate p(x) at a variety of values
and find two values of x where p(x) has
opposite signs, then you know that one of
the roots lies in between these values of x.
(Some numerical methods for finding
approximate roots by writing code are
based on this simple idea.) First try

values of x for which it is easy to evaluate



p(x),suchasx =1and x = —1.

If a polynomial doesn’t have a constant

term, like x° — 4x? + 9x, one root is x = 0.

Sometimes, it is easy to restrict the
possible values of x which could be a root
of p(x). For example, x> + 7x% + 3x + 14
can’t have a real root that is positive. If x
is positive (and real), all four terms will
be positive. A negative value of x allows
the first and third terms to be negative,
which could potentially cancel the second
and fourth terms. (However, if x is
complex, the second term could be
negative in that case.) The rules below
can help you narrow down your search
for the roots of a polynomial:

o [f every coefficient has the same sign,

there are no real positive roots.



e [f the coefficients of the even powers
(and the sign of the constant term) all
have opposite signs compared to the
coefficients of the odd powers, there
are no real negative roots.

If c is a root of p(x), then divide p(x) by

p(x) _
X—C

X — ¢ to get q(x). The new

polynomial g(x) will be simpler than
p(x), and the roots of g(x) will also be
roots of p(x). Every time you find a root,
this technique helps to simplify the search

for additional roots.

If the coefficients of p(x) = a,,x™ +
A, 1 x" Tt a, x4+ ayx? +

a,x + a, are integers, if root x = c is also

an integer, then a, will be evenly divisible
by ¢ (meaning that a, will be a multiple of

¢). For example, consider x* — 5x + 6,



which easily factors as (x — 3)(x — 2)
using the method of Sec. 4.2. In this case,
therootsarex = 2andx = 3,anday, = 6
is evenly divisible by 2 and 3. As another
example, 3x% — 17x + 10 factors as

(3x — 2)(x — 5) using the method of Sec.

. 2
4.3. In this case, the roots are x = 3 and

x = 5,and ay = 10 is a multiple of the
root that is an integer. This fact about q
helps to narrow down the possible values

of x for which a root can be an integer.

If the coefficients of p(x) = a,,x™ +
A, 1 x" Tt a, x4+ ayx? +

a,x + ag are integers, if the reduced

fraction % isaroot (and if N and D are

each integers), then a,, will be evenly
divisible by D and a, will be evenly
divisible by N (meaning that a,, will be a



multiple of the denominator, D, and a,
will be a multiple of the numerator, N).

For example, 12x* — 23x + 10 factors as
(3x — 2)(4x — 5) using the method of Sec.

. 2
4.3. In this case, the roots are x = 3 and

X = Z. Observe that a, = 12 is a multiple

of each denominator (3 and 4) and that

a, = 10 is a multiple of each numerator
(2 and 5).

When there are irrational roots, if one

root has the form d + e\/f ,another root
will have the form d — e\/? (if the

polynomial has rational coefficients).
Similarly, when there are complex roots,
if one root has the form g + ih, where i is
the imaginary number (Sec. 3.1), then

another root will have the form g — ih (if



the polynomial has real coefficients). We

call these conjugate pairs.

Sometimes, sketching a graph of a

polynomial can help you find the roots

faster. (We will discuss graphs in Chapter
7.)

Keep in mind that there can be double

roots or triple roots, for example (that is,

where the roots are not all distinct; we
call this multiplicity). For example,
x? — 6x + 9 has a double root

(x — 3)(x — 3), meaning that both roots

are the same: x = 3.

Example 1. Find all of the roots of p(x) =
x3 + 23x% + 140x + 196.
There will be 3 roots because p(x) has

degree 3 (since its highest power is x3).



Since all four coefficients are positive, if
there are any real roots, they must be
negative. Since ay = 196, if there are any
integer roots, they must be factors of 196.
Note that 196 factorsas 2 X 2 X7 X 7 =
196. Combining both ideas together, the
possible integer roots include —1, —2, —4,
—7,—14, —28, —49, —98, and —196. Let’s
try some and see if any of these happen to
be roots:
op(—=1) = (=1)° +23(-1)* +
140(—1) + 196 = -1+ 23 — 140 + 196
= 78.
ep(—2) = (=2)3 +23(—-2)% + 140(-2)
+196 = -8+ 92 — 280 + 196 = 0.
ep(—4) = (—4)3 + 23(—4)% + 140(—4) +
196 = —64 + 368 — 560 + 196 = —60.
op(—7) = (=7)° + 23(=7)* + 140(-7)
+196 = —343 + 1127 — 980 + 196 = 0.



ep(—14) = (—14)3 + 23(—-14)* +
140(—14) + 196 = —2744 + 4508 —
1960 + 196 = 0.

We found all three roots already: x = —2,
x = —7,and x = —14 are roots since
p(—2) =p(-=7) =p(—14) = 0.
Check: (x +2)(x + 7)(x + 14) =
(x? +9x + 14)(x + 14) = x3 + 9x?
14x + 14x°% + 126x + 196 = x3 + 23x% +
140x + 196.

Example 2. Find all of the roots of p(x) =
12x3 + 65x% — 54x — 72.

There will be 3 roots because p(x) has
degree 3 (since its highest power is x3).
Get started by checking a few easy values:
p(0) =-72,p(1) =12+ 65—-54—-72 =
—49,and p(—1) = —12+ 65+ 54 — 72 =

35. Right away we know that at least one



root lies betweenx = —landx =0
because p(—1) is positive and p(0) is
negative. This root has to be a fraction
because there aren’t any integers

between x = —1 and x = 0. Note that

a; = 12 and ay = —72. If the fraction % is

aroot of p(x), a; = 12 will be evenly
divisible by D and ay, = —72 will be
evenly divisible by N. Since we reasoned

out that at least one fractional root lies

between x = —1 and x = 0, this fraction
1 1 1 1 1 2 3
could be , ——, ——, ——=, ——, ——, O ——.
12 6 4 3 27 3 4

(Why? The denominator D is a factor of
12, which could be 2, 3, 4, 6, or 12. The

numerator N is a factor of 72, but must be

. N .
less than D in order for - to lie between

x = —1 and x = 0. For example, when

N = 8and D = 12, the fraction is%



% = E.) Comparing p(0) = —72 with

p(—1) = 35 suggests that the root might

be closerto x = —1 thanitistox = 0, so

let’s start our search with — ” (and, if

necessary, get less negative from there):

(Y =12() vos(-Y -
54(—2) _72=0

3.
We found one root already: x = — Zisa

. 3
root since p (— Z) = (. Before we search

for additional roots, we will divide p(x)

by x — (— Z), which is the same as

dividing p(x) by x + z, using synthetic
division (Sec. 6.4). Recall from Sec. 64
that c = — 2 for x + >.

4 4



-=| 12 65 -54 -72

-9 —42 =72
12 56 —-96| 0
The synthetic division above shows that

g(x) = 2% = 12x2 + 56x — 96. Since 12,

X+Z

56, and 96 are each evenly divisible by 4,
we may factor it out: g(x) =

4(3x?% + 14x — 24). Factor 3x? + 14x — 24
using the method from Sec. 4.3 to get

qg(x) = 4(x + 6)(3x — 4). The roots of q(x)
arex = —6and x = %‘ We now know all
three roots of p(x). Theyare x = —6, x =

3 4

—=and x = -.
4 3

Checks: p(—6) = 12(—6)3 + 65(—6)2 —

54(~6) — 72 = 0,p (=3) = 12 (_%)3 L

4

65 (— z)z _ 54 (—z) _ 72 =0, and



(3= 12 + o) -0 -

72 = 0.

Observe that 4(x + 6) (x + Z) (B3x —4) =
(x+6)(4x+3)(3x —4) =

(4x% + 27x + 18)(3x — 4) = 12x3 +
81x% + 54x — 16x% — 108x — 72 =

12x3 + 65x2% — 54x — 72 = p(x).

Example 3. Find all of the roots of p(x) =
12x3 — 10x?% + 12x — 10.

There will be 3 roots because p(x) has

degree 3 (since its highest power is x3).
Since the odd terms (12x2 and 12x) are
both positive while even terms (—10x?
and —10) are both negative, if there are
any real roots, they won’t be negative.
Since p(0) = —10and p(1) =12 — 10 +
12 — 10 = 4 have opposite signs, we



know that at least one root lies between
x = 0and x = 1. This root must be a

fraction. Note thata; = 12 and ay, = —10.

[f the fraction % is arootof p(x), a; = 12

will be evenly divisible by D and ay =
—10 will be evenly divisible by N. Since
we reasoned out that at least one

fractional root lies between x = 0 and

111115

x = 1, this fraction could be— - = = =
12’6’ 4’ 3’ 2’ 12’

%, or g. (Why? The denominator D is a

factor of 12, which could be 2, 3, 4, 6, or
12. The numerator N is a factor of 10,
which could be 1, 2, 5, or 10, but must be

. N .
less than D in order for - to lie between

x = 0 and x = 1. For example, when N =
N 10 5

10 and D = 12, the fractionis — = — = -.)
D 12 6

Comparing p(0) = —10 with p(1) = 4



suggests that the root might be closer to

x = 1thanitistox = 0, so let’s start our

.5
search with -

()= 12) 10 +12(0)-

5 .
We found one root already: x = ~isaroot

since p (g) = (. Before we search for

additional roots, we will divide p(x) by

X — z using synthetic division (Sec. 6.4).

Recall from Sec. 6.4 that ¢ = Z is positive

5
for x — -
6

g 12 «18 13 I
10 0 10
12 0 12| 0




The synthetic division above shows that

q(x) = &2 = 12x%? +0x + 12 = 12x%* + 12

6

which factors as g(x) = 12(x?% + 1). As
always, the roots of g(x) are the values of x
that make g(x) zero. In this case, these are
the values of x that make x? + 1 equal to
zero. The roots of g(x) are complex
numbers (Chapter 3) because no real value
squared plus one can be zero. We can solve
the equation x* + 1 = 0 using the method
from Sec. 3.10 to get x> = —1, for which the
solutions are x = =+i. Itis easy to check that
x = +i satisfies x* + 1 = 0 because i* =

—1. The roots of g(x) are x = +i. We now
know all three roots of p(x). They are x = %

x =—i,and x = i.



Checks: p () = 12 (Z)3 — 10 (Z)z +
12(2) -10=0,

p(—i) = 12(=i)3 — 10(—=i)* + 12(—i) — 10
=12(-1)i® —10(-1) — 12i — 10 =
—12(—i)+10—-12i — 10 =12i + 10 —
12i — 10 = 0, and

p(i) =12()3 —10()?* + 12() — 10 =
12(=i) — 10(=1) + 12i — 10 = 0.

Recall from Sec. 3.4 that i® = —i such that
(—i)3 = (—=1)3i3 = (—1)(=i) = i. Here,
we used the rule (ab)?® = a3b3 with a =
—1and b = 1.

Observe that 12 (x — g) (x—1D(x+1i) =
2(6x —5)(x*+1) =

2(6x3 — 5x% + 6x —5) =

12x3 — 10x% + 12x — 5 = p(x), where

the 12 came from factoring q(x).




Example 4. Find all of the roots of p(x) =
6x* — 12x2.

There will be 4 roots because p(x) has
degree 4 (since its highest power is x*).
Since there is no constant term, x = 0 isa
root. Actually, x = 0 is a double root
because we can factor x2 out of p(x) to
get p(x) = x?(6x* — 12). Since

(x — 0)(x — 0) = x?, this is how two of
the four roots are x = 0. We can actually
factor 6x2 out to get p(x) = 6x%(x? — 2).
The other two roots are x = ++/2.

Checks: p(0) = 0 and p(+v2) =
6(+v2)" —12(+v2)” = 6(2)2 — 12(2) =
6(4) — 24 = 24 — 24 = 0. Recall from Sec.
2.1that (vV2)' = (2/2) = 2¢2 =22 = 4



6.7 Problems

Directions: Find all of the roots for each

polynomial.

(1) x3 — 15x% + 71x — 105

(2) 4x3 + 88x° + 460x + 600

(3) x3 + 3x2 — 22x — 24

(4) x* + 6x3 — 45x% — 122x + 360

(5) x* — 18x3 + 116x2 — 318x + 315
(6) x* — 8x3 — 36x% + 288«

(7) 30x3 — 23x% —7x + 6

(8) 15x3 — 41x2 — 44x + 96

(9) 12x3 + 7x% — 77x — 72

(10) 6x° — 30x% + 54x — 270

(11) 3x3 + 27x2 — 36x — 324

(12) 15x°> — 10x* + 30x3 — 20x?



Chapter 6 Answers

6.1 Problems

(1) (5x + 2)(Bx* —6x+ 4) =

15x3 — 30x% + 20x + 6x% — 12x + 8 =
15x3 — 24x°% + 8x + 8
(2) (x — 1)(2x2 + 8x — 5) =

2x3 +8x% —5x —2x% —8x +5 =
2x3 + 6x%—13x+ 5
B (x*+6x+3)(x*+4x+7) =

x* +4x3 + 7x% + 6x3 + 24x% + 42x +
3x% + 12x + 21

= |x* + 10x3 + 34x% + 54x + 21
(4) (3x* +8x —5)(4x* —2x +9) =
12x* — 6x3 + 27x% + 32x3 — 16x% + 72x
—20x% + 10x — 45 =

12x* + 26x3 — 9x?% + 82x — 45
(5) (2x* —5x + 6)(5x* + 7x — 4) =




10x* + 14x3 — 8x?% — 25x3 — 35x% +
20x + 30x% + 42x — 24 =

10x* — 11x3 — 13x2% + 62x — 24
(6) (6x% —x —8)* =

(6x%? —x —8)(6x* —x —8) =
36x* — 6x3 —48x% — 6x3 + x%? + 8x —
48x% + 8x + 64 =

36x* — 12x3 — 95x? + 16x + 64
(7) (x+3)4x*+9x—7) =

4x3 +9x% — 7x + 12x% + 27x — 21 =
4x3 4+ 21x* + 20x — 21
(8) 2x —5)(3x3 —8x%+5x —2) =
6x* —16x3 + 10x? — 4x — 15x3
40x% — 25x + 10

=[6x* — 31x> + 50x* — 29x + 10
(9) (3x% +4)(2x3 + 6x° —7x +9) =
6x°> + 18x* — 21x3 + 27x% + 8x3 +
24x% — 28x + 36 =

6x° + 18x* — 13x3 4+ 51x% — 28x + 36




(10) (8x* — 7x)(5x° — 4x* — 8x* + 3) =
40x% — 32x° — 64x* + 24x% — 35x7 +
28x° + 56x3 — 21x =

40x8 — 35x7 — 32x% + 28x°> — 64x* +
56x3 + 24x? — 21x

6.2 Problems

(1) |x? + 6x + 5| Check:

(x +4)(x*> + 6x+5) =

x3 4+ 6x% 4+ 5x + 4x% 4+ 24x + 20 =
x3 4+ 10x? + 29x + 20.

(2)|4x% + 3x — 7| Check:
(x—6)(4x“+3x—7) =

4x3 + 3x% — 7x — 24x% — 18x + 42 =
4x3 — 21x% — 25x + 42.

(3)|6x* — 9x* + 5| Check:

(3x — 8)(6x* —9x% +5) =

18x> — 27x3 + 15x — 48x* + 72x% — 40 =
18x> — 48x* — 27x3 + 72x? + 15x — 40.




(4)

2x3 +8x% —7x — 12

Check:

(5x +3)(2x3 + 8x% — 7x — 12) =
10x* + 40x3 — 35x% — 60x + 6x3 +

24x% — 21x — 36 =

10x* + 46x3 — 11x% — 81x — 36.

(5)

x*+8x+3

Check:

(4x% + 7)(x* +8x + 3) =
4x* + 32x3 + 12x°% + 7x?* + 56x + 21
= 4x* + 32x3 + 19x% + 56x + 21.

Tip: Write the divisor as 4x* + 0x + 7.

(6)

4x% —2x + 9

Check:

(x? +5x +4)(4x* — 2x +9) =
4x* — 2x3 4+ 9x?% + 20x3
—10x% + 45x + 16x% — 8x + 36 =

4x*

(7)

18x3

15x2

3x% 4+ 4x — 7

37x

Check:

36.

(2x% + 6x —5)(3x%? +4x —7) =

6x*

8x3

— 14x7?
42x — 15x% — 20x + 35 =

18x3

24x% —




6x* + 26x3 — 5x% — 62x + 35.

(8)|2x3 + 6x% — 12x + 5| Check:

(4x% — 9x + 8)(2x3 + 6x%> — 12x + 5) =
8x° + 24x* — 48x3 + 20x?% — 18x* —
54x3 + 108x% — 45x + 16x3 + 48x% —
96x + 40 =

8x> + 6x* — 86x3 + 176x% — 141x + 40.

6.3 Problems

(1) |x2 + 5x + 8 — == | Check:

X+6

(x——6)(x2+5x+8—ﬁ)=

xX+6

x3 4+ 5x% + 8x + 6x° 4+ 30x + 48 — 23 =
x3 4+ 11x% + 38x + 25.

(2) |6x2 + 2x — 5 + ——| Check:

4x—7

(4x—7)(6x2 2% — 5 4+ — )=

4x—7
24x3 + 8x% — 20x

—42x% —14x + 35+ 15 =
24x3 — 34x% — 34x + 50.



(3)[3x3 — 7x2 + 5x + 8 + —=—| Check:

6X—5

(6x—5)(3x3—7x2+5x+8 2 )=

6X—5
18x* — 42x3 + 30x% + 48x — 15x3 +
35x% — 25x — 40 + 32 =

18x* — 57x3 + 65x% + 23x — 8.

(4)|7x3 + 4x2 — 9x — 2 — 22| Check:

3x+8

(3x+8)(7x3+4x2—9x—2 24 )=

3x+8

21x* 4+ 12x3 — 27x% — 6x + 56x°
32x% —72x — 16 — 24 =
21x%* + 68x3 + 5x?% — 78x — 40.

(5)|4x3 4+ 9x% — 2x 4 82x Check:
9x4+4
2 3 2 _ L 8X ) _
(9x“ 4+ 4) (4x + 9x“ — 2x 4 9x2+4) =

36x° + 81x%* — 18x3 + 16x3 + 36x2% —
8x + 8x = 36x° + 81x% — 2x3 + 36x2.

—5x+49
5x2—2x

(6)|6x% + 8x — 4 1 Check:




(5x? — 2x) (6x2 + 8x — 4 1 _5x+9) =

5x%—2x
30x* + 40x3 — 20x2% — 12x3 — 16x? +
8x —5x+9 =
30x* + 28x3 — 36x% + 3x + 9.

(7)|5x% —7x*+3x— 6 2| Check:

xX24+4x-9

(x2+4x—9)(5x3—7x2+3x—6— = )

x%+4x—9
= 5x° — 7x* + 3x3 — 6x?% + 20x* —
28x3 + 12x% — 24x — 45x3 + 63x° —
27x + 54 — 21) =

5x° + 13x%* — 70x3 + 69x2% — 51x + 33.

4x+11

(8)|3x° +9x* — 7x + 8 + — Check:
2x“—6x+3
2 3 2 4x+11
(2x“ — 6x + 3) (Sx +9x° —7x + 8 + 2x2_6x+3)

= 6x° + 18x* — 14x3 + 16x% — 18x* —
54x3 + 42x% — 48x + 9x3 + 27x% —
21x + 24 +4x + 11 =

6x°> — 59x3 + 85x2 — 65x + 35.

Tip: Write 0x* in the dividend.




Note: There is no x* term in the dividend
(6x> — 59x3 4+ 85x% — 65x + 35). The x*
term cancels out when 2x% — 6x + 3 is

multiplied by 3x> + 9x% — 7x + 8 +

4x+11
2x2—6x+3

6.4 Problems

(D) |x*+9x—7+ é Check:

(x—3)(x2+9x—7+ﬁ) =

x3+9x% —7x —3x*—27x+21+2 =
x3 + 6x°% — 34x + 23.

(2)|7x* + 5x + 4| Check:

(x —8)(7x* +5x + 4) =

7x3 4+ 5x% + 4x — 56x% — 40x — 32 =
7x3 — 51x% — 36x — 32.

(3) |6x% — 4x + 9 — —|Check:

xX+5

(x+5)(6x2—4xl9 1)=

xX+5




6x3 — 4x% + 9x + 30x?
—20x+45—-1 =
6x3 + 26x% — 11x + 44.

(4)|3x3 +x*—8x—5+ x—i6 Check:

(x_6)(3x3+x2—8x—5+x—z6):

3x* + x3 —8x% —5x — 18x3 — 6x% +
48x + 30+ 7 =
3x* —17x3 — 14x% + 43x + 37.

(5)[5x° — 7x% + 2x + % Check:

_ 3 _ 72 2 ) =

(x—9) (Sx 7x% + 2x + x—9) =

S5x* — 7x3 4+ 2x% — 45x> + 63x* — 18x + 5 =
5x* — 52x° 4+ 65x% — 18x + 5. Note:

There is no constant term in the answer
5 .
(5x3 — 7x% +2x + E)' There is a zero

for this term in the table.

(6)|8x3 + 6x% — 9x + 4| Check:




(x +2)(8x3 +6x%—9x +4) =

8x* + 6x3 — 9x% + 4x + 16x3 + 12x? —
18x + 8 =

8x* + 22x3 + 3x% — 14x + 8.

(7) |2x* + 5x3 — 3x2 + x — 7 — —| Check:

xX+7

(x——7)(2x4+5x3—3x2+x—7—i)

xX+7

= 2x° + 5x* — 3x3 + x? — 7x + 14x* +
35x3 —21x% +7x —49 — 4 =

2x°> + 19x* + 32x3 — 20x? — 53. Note:
There is no x term in the dividend (2x° +
19x* + 32x3 — 20x? — 53). Write a zero
for this spot in the table (to the right of the
—20 and to the left of the —53).

(8)[9x* — 7x3 + 9x — 4| Check:
(x —4)(9x* —7x3 +9x — 4) =
9x° — 7x* 4+ 9x% — 4x — 36x* + 28x3 —
36x +16 = 9x° — 43x* + 28x3 + 9x?% —

40x + 16. Note: There is no x? term in the




quotient (9x* — 7x3 + 9x — 4). There is a

zero for this term in the table.

6.5 Problems

] ] 5 —_— ] 5
(1)|7x + 4 A | = 7x + 4 4 20e—3)

Check: (2x — 6) (7x 4+ — )=

2X—6
14x% + 8x —42x — 24 + 5 =
14x% — 34x — 109.

(2)|2x% — 3x + 8| Check:

(4x — 8)(2x? —3x + 8) =

8x3 — 12x?% + 32x — 16x?% + 24x — 64 =
8x3 — 28x% + 56x — 64.

4
5x+3

Check:

(3)|4x2 +x—6

(5x+3)(4x2+x 6 — — )=

5x+3

20x3 +5x% —30x +12x*+3x— 18— 4
= 20x3 + 17x% = 27x — 22.



2

6x—9

(4)|3x% + 7 4 Check:

(6x—9)(3x2+7 2 )=

6Xx—9
18x3 + 42x — 27x% — 63 + 2 =

18x3 — 27x% + 42x — 61. Note: There is

2

no x term in the answer (sz -7 A 6x_9).

There is a zero for this term in the table.

(5)[8x> — 5x% — 9x + 4| Check:

(7x — 4)(8x3 — 5x% —9x + 4) =
56x* — 35x3 — 63x% + 28x — 32x3 +
20x?% + 36x — 16 =

56x* — 67x3 — 43x?% + 64x — 16.

(6)|5x3 + 8x% — 2x + 3 ~_| Check:

8x+2

(8x+2)(5x3+8x2—2x+3 1)=

8x+2
40x* + 64x3 — 16x% + 24x + 10x3 +

16x% —4x + 6 —1 = 40x* + 74x3 +

20x + 5. Note: There is no x? term in the



dividend (40x* + 74x3 + 20x + 5). Write
a zero for this spot in the table (to the

right of the 74 and to the left of the 20).

(7) x*+8x3 —4x2 +3x — 6+ —— =

9x—6

x* +8x3 — 4x2 + 3x — 6 + ——| Check:

3x—2

_ 4 _
(9x 6)(x +8x3 —4x°+3x—6+ o 6)

= Ox° + 72x* — 36x3 + 27x% — 54x — 6x*
—48x3 +24x%2 —18x + 36 + 3 =

Ox° + 66x* — 84x3 + 51x2 — 72x + 39.

3 3

Note: = . We reduced
9x—6 3(3x 2) 3x—2

the answer to express it in standard form.

(8)|6x3 — 8x% + 9x — 7| Check:
(3—x)(6x3—-8x2+9x—7) =

18x3 — 24x° + 27x — 21 — 6x* + 8x3 —
9x% 4+ 7x = —6x* + 26x3 — 33x% +

34x — 21.




6.6 Problems

(1) p(4) =5(4)—7=20—-7=|13
Note: ¢ = 4. Compare x — 4 tox — c.
@) p(7) =(7*-9(7) + 14 =
49 — 63 + 14 =|0|Note: ¢ = 7. Compare
x—4tox —c.
(3) p(—6) = 2(—6)° + 8(—6)* — 7(—6) +
52 = 2(—216) + 8(36) + 42 + 52 =
—432 + 288 + 94 = |—50|Note: ¢ = —6.
Compare x + 6 to x — c.
(4) p(—1) = 5(-1)° = 3(-D* +
6(—1)° —7(-1)*+9(—1) — 15 =
5(-1)—-3(1)+6(-1)—7(1) —9—15 =

5—3—-—6—7—24 =|—45|Note: c =
—1. Compare x + 1 to x — c.

2

@p(2)=5()" +6()-5-

8 6 1 3

4
etz 5=5+5-5=--5=2-5




= |—3| Note: a—4andb—12 i

Q

Compare 4x — 1 to ax — b.
@r(-)=6(-3) +4(-2)'-
2(-2)47=6(-3)+4() 4347

81 36 18 . 28 1
I I I = [-1=1[0.25|Note: a =
4 4 4 4 4

2and b = —3.2 = —%. Compare 2x + 3 to

D)= 16"+ -0
48 (5)2 -72(3) +39=16(22)
64(22) —80 (=) +48(2) — 180 +

39 = 31225 2500 — 1250 + 300 — 141 =

"= 41409 = || = [2971.5] Note: a =
2 and b = 5. Z ; Compare 2x — 5 to

ax — b.



0.25

@)1 -2~

Note:a=6andb=3.2= = -
a 2

o | Ww

Compare 6x — 3 to ax — b.

(9) p(=2) = (=2)° —3(-2)* = 5(=2)° +
6(—2)?> —7(-2) + 10 = —-32 — 3(16)
—5(—8)+6(4) +14+ 10 =—-32—-48 +

40+ 24 + 14 + 10 = |8[Note: a = 4 and

b = —8.3 = _78 = —2. Compare 4x + 8 to

ax — b.

(10) 8x3+3x+19 ) (_ z) _g (_ 2)3 N

4x+5
3(—§)+19=8( 16245) 1 119 =

125 30 152

- 222 — | 2| =[Z0.375| Note:
8 8 8 8

a=4andb=—5.§

— Z. Compare 4x +

5toax — b.



6.7 Problems

(1) x =3,x =5,and x = 7. Check: p(3) =
33 —15(3)% + 71(3) — 105 =27 — 135 +
213 — 105 =0,p(5) = 5% — 15(5)% +
71(5) — 105 = 125 — 375 + 355 — 105 =
0,and p(7) = 73 — 15(7)% + 71(7) —
105 = 343 — 7354+ 497 — 105 = 0.
(x—=3)(x—=5)(x—7)
= (x*—-8x+15)(x—-7)
= x3 — 8x% + 15x — 7x?% + 56x — 105
= x3 —15x% + 71x — 105
(2) x = —15,x = =5, and x = —2. Check:
p(—15) = 4(—15)3 + 88(—15)% +
460(—15) + 600 = —13,500 + 19,800 —
6900 + 600 = 0, p(—5) = 4(-5)° +
88(—5)% + 460(—5) + 600 = —500 +
2200 — 2300 + 600 = 0, and p(—2) =
4(—2)3 +88(—2)% + 460(=2) + 600 =
—32+ 352 —-920+ 600 = 0.




Tip: This problem is simpler if you factor
the 4 out in the beginning.
4(x + 2)(x +5)(x + 15)
= 4(x*+ 7x +10)(x + 15)
= 4(x3 + 7x* + 10x + 15x% + 105x
+ 150)
= 4(x3 + 22x% + 115x + 150)
= 4x3 + 88x% + 460x + 600
(3) x = —6,x = —1, and x = 4. Check:
p(=6) = (=6)° + 3(=6)* — 22(—6) —
24 = —-216+ 108 + 132 — 24 =0,
p(=1) = (=1)° +3(=1)? = 22(-1) —
24 =—-1+4+3+22—-24=0,and p(4) =
(4)3 +3(4)? — 22(4) — 24 = 64 + 48 —
88 — 24 = 0.
(x+1)(x—4)(x+6)
= (x*—-3x—4)(x + 6)
= x3 —3x% —4x + 6x% —18x — 24
= x3 4+ 3x% —22x — 24




(4)x =—-9,x =—4,x = 2,and x = 5.
Check: p(—=9) = (—9)* + 6(—9)3 —
45(—9)% — 122(—9) + 360 = 6561 —
4374 — 3645 + 1098 + 360 = 0, p(—4) =
(—4)* + 6(—4)% — 45(—4)* — 122(—4) +
360 = 256 — 384 — 720 4+ 488 + 360 =
0,p(2) =2* +6(2)3 — 45(2)% —
122(2) + 360 = 16 + 48 — 180 — 244
360 = 0,and p(5) = 5* + 6(5)3 —
45(5)2 — 122(5) + 360 = 625 + 750 —
1125 - 610 + 360 = 0.
(x—2)(x+4)(x—5)(x+9)
= (x? + 2x — 8)(x? + 4x — 45)
= x* 4+ 2x3 — 8x% + 4x3 + 8x% — 32x
— 45x% — 90x + 360
= x* + 6x° — 45x% — 122x + 360
(5)x=3,x=3,x =5,and x = 7. Note:
x = 3 is a double root. Check: p(3) = 3* —
18(3)3% + 116(3)%? — 318(3) + 315 =




81 — 486 + 1044 — 954 4+ 315 =0,
p(5) = 5* —18(5)3 + 116(5)% —
318(5) + 315 = 625 — 2250 + 2900 —
1590 + 315 = 0, and p(7) = 7* —
18(7)3 + 116(7)% — 318x + 315 =
2401 — 6174 4+ 5684 — 2226 + 315 = 0.

(x—=3)(x—3)(x—5)(x—7)

= (x? —6x +9)(x? — 12x + 35)
= x* —6x3 +9x% — 12x3 + 72x% — 108x
+ 35x% — 210x + 315

= x* —18x% + 116x% — 318x + 315
(6) x =—6,x=0,x =6,and x = 8.
Check: p(—6) = (—6)* — 8(—6)> —
36(—6)2 + 288(—6) = 1296 + 1728 —
1296 — 1728 = 0, p(0) = 0, p(6) = 6* —
8(6)% — 36(6)% + 288(6) = 1296 —
1728 — 1296 + 1728 = 0, and p(8) =
8% — 8(8)% — 36(8)?% + 288(8) = 4096 —
4096 — 2304 + 2304 = 0.




x(x—6)(x+6)(x—8)
= (x3 —36x)(x — 8)

= x* — 8x3 — 36x% + 288x

(7) x = —1, X = E, and x = 2. Check:
2 5 3

4 4 4 @ 4

p(@)=30()' -2 -7()+o-

162 207 105 | 150 2
| =0,andp|-) =
25 25 25 25 3

50(3) -23(5) -7 (5)+6=7-3
42 54 _ o
9 9

(2x +1)(3x — 2)(5x — 3)
= (6x? —x — 2)(5x — 3)
= 30x3 —5x4—10x — 18x* +3x + 6
=30x3 —23x*—-7x+6




(8) x = —g,x = g, and x = 3. Check:

p(-2)=15(-3 - (- -

44 (_ §) 196 = 1536 2624 | 1760 |
5 25 25 25

e=0p(§)=15() ~41() -

44 (f) 196 = 320 656 528 | 864 _ O,
3 9 9 9 9

and p(3) = 15(3)% — 41(3)% — 44(3) +
96 = 405 - 369 — 132 4+ 96 = 0.
(3x —4)(5x 4+ 8)(x — 3)
— (15x2 + 4x — 32)(x — 3)
= 15x3 + 4x% — 32x — 45x% — 12x + 96
= 15x3 — 41x% — 44x + 96

(9) x = —z, x =—1,and x = g. Check:

p(-2)=12(-3 +7(-'-

9 2187 567 2772
77 (— —) _ 7 = | |
4 16 16 16

=2 =0, p(—1) = 12(-1)3 + 7(-1)? -



77(-1) —=72=-12+7+77-72 =0,

nip () =123 +7() - 77(2) -

2048 448 1848 648
9 9 9 9

(x+1)Bx—-—8)(4x +9)
= (x +1)(12x% — 5x — 72)
= 12x3 — 5x% — 72x + 12x% — 5x — 72
=12x3 + 7x* —77x — 72

(10) x = 5, x = —3i, and x = 3i. Check:
p(5) = 6(5)% — 30(5)% + 54(5) — 270 =
750 — 750 + 270 — 270 = 0, p(=3i) =
6(—31)3 — 30(=3i)% + 54(—3i) — 270 =
6(—3)3(i)3 — 30(—=3)%(i)* — 162i —
270 = —162(—i) — 270(—1) — 162i —
270 =162i + 270 —162i — 270 = 0, and
p(3i) = 6(3i)3 — 30(3i)? + 54(3i) —
270 = 162(i)% — 270(i)? + 162i — 270 =
—162i + 270 4+ 162i — 270 = 0. Note:
Recall from Sec. 3.4 that i®> = —i. Tip: This




problem is simpler if you factor the 6 out
in the beginning.
6(x —5)(x —3i)(x + 3i)

= (6x —30)(x* +9)

= 6x°> — 30x% + 54x — 270
(11) x = =9, x = —2+/3,and x = 2v/3.
Check: p(—9) = 3(—9)3 + 27(-9)? —
36(—9) — 324 = —2187 + 2187 + 324 —
324 = 0, p(-2v3) = 3(—=2v3) +
27(=2v3)" = 36(—2V3) — 324 =
3(=2)3(V3)” + 27(-2)2(V3)” + 72V3 —
324 = —3(8)(3V3) + 27(4)(3) + 72V3 —
324 = —72v/3 + 324 + 724/3 — 324 = 0,

and p(2v3) = 3(2v3)” +27(2v3)" —
36(2v3) — 324 = 3(2)*(V3) +
27(2)2(V3)" = 723 — 324 =
3(8)(3v3) +27(4)(3) — 72v/3 — 324 =



724/3 + 324 — 72+/3 — 324 = 0. Tip: This
problem is simpler if you factor the 3 out
in the beginning.
3(x + 9)(x — 2v3)(x + 2V3)
= (3x + 27)(x* — 12)
= 3x3 + 27x% — 36x — 324
(12) x =0, x=0,x =§,x = —iv/2, and

x = iv2. Note: x = 0 is a double root.

Check: p(0) = 0,p (g) = 15 (3)5 _

10(2)' +30(2)" -20 ()" = 202
% %= 0,p(~iv2) = 15(=iv2)" -
10(-iv2)" +30(=iv2)” - 20(~iv2)” =
15(i)5(—\/§)5 — 10(1')4(—x/5)4 +
30()3(—v2) — 20()2(—V2)" =
15i(2)%(—v2) — 10(1)(2)* +
30(—)(2)(—V2) —20(-1)(2) =




—60iv2 — 40 + 60ivV2 + 40 = 0, and
p(iv2) = 15(1\/?)5 — 10(1’\/5)4 +
30(ivZ)” — 20(iV2)" = 15()3(V2) —
10()*(v2)" +300)*(VZ)” -
20(1)2(v2)" = 15i(2)2(V2) —
10(1)(2)% + 30(-i)(2)(V2) —
20(—1)(2) = 60ivV2 — 40 — 60iV2 +
40 = 0. Tip: Factor out 5x2.

5x2(3x — 2)(x +ivV2)(x — iV2)

= (15x3 — 10x%)(x? + 2)
= 15x°> — 10x* 4+ 30x3 — 20x?



7 GRAPHS

7.1 Graphing Functions and
Equations

Recall from Chapter 1 that a function f(x)
has a single value of f for each value of x.
In this chapter, we will graph functions as
well as equations that aren’t functions.
The way that we graph functions and
other equations is the same; the only
distinction is that when graphing an
equation for y that isn’t a function (such
as the equation for a circle), the graph
may have multiple values of y for a single

value of x.

Whether graphing a function or an
equation that isn’t a function, a good place

to begin is to make a table of values, as



shown in the examples. It may also help

to identify key features, such as

intercepts, roots (recall Sec. 6.7),

minimum values, maximum values, or

asymptotes (Sec. 7.8 discusse
asymptotes for hyperbolas).

intercept is the point where t

S
‘he y-

1€ Curve

crosses the y-axis (meaning t

nat x i1s

zero), while the x-intercept is the point

where the curve crosses the x-axis

(meaning that y is zero).

Example 1. Graph f(x) = 3 —

x2.

Use the given equation to make a table.
For example, f(1) = 3 — 1% = 2. Recall

Sec. 1.3.

x|—=5[—4—-3—-2—-101]|2

y|—22—13—-6—-1 2|3 |2 |—1—-6—13—22




°1f

16

12

16

-20

Observe that the f-intercept (since in this
case, [ appears on the vertical axis; this
equation has x and f instead of the usual
x and y) is f(0) = 3 — 02 = 3. To find the
x-intercept, set f equal to zero to get 0 =

3 — x2. Solve this equation to find that
there are two x-intercepts: x = ++/3. On
the graph, the x-intercepts lie at (i\/§, O)
and the f-intercept lies at (0, 3). Like all
functions, the graph of f(x) passes the



vertical line test: You can’t draw a vertical

line that intercepts two different points
on the curve (because there is only one
value of f for any given value of x). As a
counterexample, see the graph in

Example 2.

Example 2. Graph x? + y% = 25.

We could make a table again, but this
graph is fairly easy to reason out. This
equation resembles the Pythagorean

theorem if we write it as x% + y* = 5%,

This means that \/x2 + y2 = 5 is the
distance from the origin to any point on
the curve, (x, y). What kind of curve is
always 5 units from the origin? A circle
with a radius equal to 5. Note that this
equation does not describe a function

because it doesn’t pass the vertical line



test. For most values of x on the circle,
there are two corresponding values of y.
For example, when x = 3, y can be 4 or
—4 since the points (3,4) and (3, —4)
both lie on the circle. The y-intercepts lie
at (0, £5) while the x-intercepts lie at
(5, 0).

R T



7.1 Problems

Directions: Sketch a graph for each

equation. For each graph, use the vertical

line test.

x2

Dy==-3

X3

(2)y =+

(3)y = x* — 2x3 — 13x% + 14x + 24

(4)y =Vx
G5 +5=1
(7)) y = (x — 3)2
9y = x°

(1) xy=1

2

y:  x*
(6)16 9_1

(8) x = y?
(10) y = [x]
(12) y = 27




7.2 Straight Lines

An equation of the formy = mx + b
represents a straight line where m is the
slope (which is a measure of the
steepness of the line) and b is the y-

intercept. Given the coordinates of any

two points on the line, slope can be found

from the rise over the run, which equals

Y2—YV1
X2—Xq

m = . The y-intercept (b) is the

value of y when x equals zero; this is the
point where the line crosses the y-axis.

The x-intercept is the value of x when y

equals zero; this is the point where the
line crosses the x-axis. To find the x-
intercept from the equation for the line,
set y equal to zero and solve for x. For the
line below on the left, the y-intercept is

b = 2, the x-intercept is —4, and the slope



. -2 2 1 1.
ism =_— =~ =-using the indicated

points (0, 2) and (4, 4). The rise is 2 (from
2 to 4) and the run is 4 (from O to 4).
y 5




A horizontal line has zero slope and has

the form y = b. A vertical line has infinite

slope and has the form x = c¢. For
example, the horizontal line aboveisy =
—1 and the vertical line coinciding with

the y-axisis x = 0.

The equation y = mx + b is the slope-

intercept form of a straight line. An

alternative is the point-slope form
y —y; = m(x — x;) where (x4, y,) are the

coordinates of any point on the line.

[f two lines intersect, the coordinates of
the point of intersection will satisfy both
of the equations. One way to solve for the
point of intersection is to set mx + b
equal for both lines (see Example 4) since
they have the same value of y where they

intersect. This allows you to solve for x.



The origin refers to the point (0, 0).

Note: This book focuses on intermediate
algebra skills. For students who need
more basic graphing practice (like
plotting points, graphing lines, finding the
slope of lines shown in graphs, or writing
the equations for lines shown in graphs),
the author has a book dedicated to this:

Basic Linear Graphing Skills Practice
Workbook. The examples and problems
in this chapter pick up where that book

leaves off.

Example 1. Find the equation for a line
passing through (3, 1) and (6, 13).
First use the given points to find the slope

of the line.

yz_yl 13_1 12
m = — :—:4
xZ_xl 6_3 3




Plug m = 4 into the equation for a line:
y = 4x + b. Plug either point into this to
solve for the y-intercept. Plugin x = 3
and y = 1 for the point (3,1) to get 1

= 4(3) + b. Simplify: 1 = 12 + b which
leadsto —11 = b. Plug thisinto y =

4x + b to gety = 4x — 11. Use the point
(6,13) to check the answer: 4(6) — 11 =
24— 11 = 13.

Example 2. A line with equation y = g — 4

passes through (¢, —1). What is ¢?
Plug x = c and y = —1 for the given point
into the equation: —1 = % — 4.Add 4 to

both sides: 3 = g Multiply by 3 on both

sides: 9 = c.



Example 3. A line with a slope of 2 passes
through (2,5) and (7,d). What is d?

Use the slope equation: m = 22=21 =
X2—X1

d—>5 d—>5 : d—5

— =—Pluginm =2toget2 = —.

7-2 5 5

Multiply by 5 on both sides: 10 = d — 5.
Add 5 to both sides: 15 = d.

Example 4. Where do the lines y =

7x + 10 and y = 3x — 6 intersect?

Since both lines have the same value of y
where they intersect, we may set the
right-hand sides of these equations equal:
7x + 10 = 3x — 6. Subtract 10 and

subtract 3x from both sides: 4x = —16.

Divide by 4 on both sides: x = — 1:6 = —4.

Plug x = —4 into either equation: y =
7(—4) + 10 = —28 + 10 = —18. The
point of intersection is (—4, —18). Check



that this point satisfies the other
equation: 3(—4) -6 =-12—-6 = —18.

7.2 Problems

Directions: Find the equation for the line

passing through each pair of points.
(1) (2,3) and (5,12).

(2) (—2,—6) and (1, 0).

(3) (—1,9) and (1, —3).

(4) (3,5) and (7, 7).

(5) (0,6) and (—5,—9).

(6) (—4,11) and (—1, —1).
Directions: Find the unknown coordinate.
(7) y = 2x + 3 passes through (a, 15).
(8) y = —x passes through (—4, ¢).
(9) y = 4x — 31 passes through (5, d).



(10) y = g + 8 passes through (e, 12).
(11) y = —g — 6 passes through (f, —9).

(12) y = %x passes through (—8, g).

Directions: A line with the given slope
passes through the given points. Find the

unknown.

(13) (5,3), (a,12), slope = 3
(14) (-2, 4), (5,¢), slope = —1
(15) (d,—10), (3,15), slope =5
(16) (1,e), (9, 4), slope = -
(17) (—=7,11),(5,f), slope =0

(18) (0,8), (g, —16), slope = —6

Directions: Find the x-intercept and y-

intercept for each line.

(19) y = 6x + 8



X

(20)y = —~
(21) y = 12 — 3x
(22) y = 6x — 2
(23) y = —4x — 24
(24)y —8=4(x—3)

Directions: Find the x-intercept and y-
intercept for the line passing through the

points.
(25) (2,12) and (8, 0).
(26) (3,6) and (6, 3).

(27) (—4,8) and (8, —4).
(28) (0,24) and (6, 9).
(29) (—6,—3) and (2,5).
(30) (—=3,—9) and (1, —6).



Directions: A line with the given intercept
passes through the given points. Find the

unknown.

(31) (3,2), (9,a), y-intercept = 6
(32) (2,¢), (8,11), y-intercept = 3
(33) (d,18), (—4, 3), y-intercept = —3
(34) (6,3), (e,15), x-intercept = 9
(35) (1,1), (3,5), x-intercept = 4
(36) (g,10), (—3,4), x-intercept = —5

Pay close attention: Exercises 34-36 give

the x-intercept (NOT the y-intercept).

Directions: Find the equation of the line

that has the given intercepts.
(37) x-intercept = 4, y-intercept = 4
(38) x-intercept = —2, y-intercept = 4

(39) x-intercept = 3, y-intercept = —9



(40) x-intercept = 12, y-intercept = 3
(41) x-intercept = —6, y-intercept = 2
(42) x-intercept = —10, y-intercept = —5

Directions: Find the point of intersection

for each pair of lines.

(43) y=4x+5andy =7x — 16
(44)y =2x—9andy =6x—1
(45)y=§—83ndy=§+3

(46) y =5x —15andy =9 — x
(47) y = —3x +8and x = —3
(48)y —3=4(x—7)and y = 9x + 20



7.3 Parallel and Perpendicular
Lines

If two lines are parallel, they have the

same slope. For example, y = 7x — 4 is
parallel to y = 7x + 3 because both lines

have slope m = 7. If two lines are

perpendicular, their slopes satisfy the

equation mym, = —1, which is equivalent

1 2 .
tom; = ——. For example, y = SX+ 5is
1

. 3
perpendiculartoy = — ~X + 4 because
2 3 11

2 3 3 .
—1+§=—1x—=—5=m2.Thema1n

. . 2( 3
idea is that m;m, = 5(— E) = —1.

Another way to put it is that my; and m,

are negative reciprocals of one another.




N

4




Example 1. Find the line that is parallel to
y = 2x + 5 and passes through (4, 7).
For a parallel line, the slope is the same:
y = 2x + b. Plug in the given coordinates
to solve for the y-intercept: 7 = 2(4) + b.
Simplify: 7 = 8 + b. Subtract 8 from both
sides: —1 = b. The equation for the line is

y =2x — 1.

Example 2. Find the line that is
perpendicular to y = 2x + 5 and passes
through (4, 7).

Take the negative reciprocal of the slope

to get the new slope: m = — % The

equation for the lineis y = —g + b. Plug

in the given coordinates to solve for the y-
intercept: 7 = —% + b. Simplify: 7 =
—2 + b. Add 2 to both sides: 9 = b. The

equation for the lineis y = —g + 0.



7.3 Problems

Directions: Find the equation of the line

that satisfies the criteria.

(1) parallel toy = 6x — 3

and passes through (5, 9)

(2) perpendiculartoy = x + 2
with a y-intercept of 4

(3) perpendiculartoy = 3x + 7
and passes through the origin
(4) paralleltoy = —2x

with an x-intercept of 9

(5) paralleltoy = 9x + 5

with an x-intercept of 6

33X

(6) perpendicularto y = . 1

and passes through (12, —24)



(7) perpendicular to y = g — 8

and passes through (—3, 20)
(8) perpendiculartoy = 5
and passes through (—3, 7)

2X

(9) perpendicular to y = - 4

and passes through (2,9)

(10) perpendicular toy = —g

and passes through (—6, 4)
(11) paralleltoy =9 — 6x
with a y-intercept of —12

(12) perpendiculartoy = —7x

with an x-intercept of 14

33X

(13) perpendicular toy = — + g

1 5

and passes through (— < 5)



(14) parallel toy = —= + 3

. . 2
with an x-intercept of 3

(15) perpendiculartoy = 4x — 12
with an x-intercept of —4

(16) perpendicular toy = 0.4x
and passes through (0.8, —1.2)
(17) parallel to x = -3

and passes through (—1, —5)

(18) perpendicular to y = xv/3

with an x-intercept of V3



7.4 Linear Relationships

[f two quantities have a linear
relationship, they satisfy the equation y =
mx + b. We may apply what we know
about the equation for a straight line to
solve the problem. For example, any two

points on the line can be used to find the

Y2—YV1
X2—X1

slope:m = . The equation for a

straight line still has the same form even
if different variables are used. For
example, if a has a linear relationship

with t, we may write a = mt + b and find

the slope usingm = iz_?l. Note that a
27 t1

function may also be linear. For example,
f(x) = mx + b is alinear function of x
(recall Chapter 1). For this function, the

slopeism = f(x;)_i(xl) where f(x,) and
211




f (x;) mean to evaluate f at the respective
values of x (Sec. 1.3). They do NOT mean
to multiply f by a value of x.

Example 1. A car’s speed increases
linearly with time. At 3 seconds, the car’s
speed is 50 m/s. At 7 seconds, the car’s
speed is 74 m/s. What is the car’s speed at
10 seconds? What was the car’s speed at 0
seconds?

The speed v and time t have a linear
relationship: v = mt + b. (Itis common
to use the letter v for speed instead of s.
The reason has to do with the related

term “velocity.”) Use the given numbers

: V-V 74—50
to find the slope: m = =— = —
to—tq 7-3

24 .
— = 6. (In this case, the slope represents

the car’s acceleration, though itisn't

necessary to know anything about



acceleration or even speed to solve this
problem.) Plug in one of the coordinate
pairs to solve for the y-intercept (which
in this case is really the v-intercept). We
will use the point (3,50). Plugt = 3 and
v = 50 alongwithm =6intov=mt + b
to get 50 = 6(3) + b. Simplify: 50 =

18 + b. Subtract 18 from both sides: 32 =

b is the v-intercept. The equationis v =

6t + 32. Use this equation to answer the
questions.

e At 10 seconds, v = 6(10) + 32 =
60 + 32 = 92 m/s is the car’'s speed.

e At 0 seconds, v = 6(0) + 32 = 32 m/s
is the car’s speed. (In this problem, the
v-intercept represents the initial speed
of the car.)



Example 2. A scientist determines that
pressure is a linear function of
temperature, P(T), for some (non-ideal)
gas. The scientist records the following
data: P(40 K) = 300 Paand P(60 K) =
400 Pa. Determine the pressure when the
temperature is 90 Kand 120 K. Note: Pa
stands for Pascals and K stands for
degrees Kelvin.

Since the relationship is linear, we may

use the equation P = mT + b. Use the

data to find the slope: m = 2—* =

T,—T4

400—-300 _ 100

= — = 5. Plug one of the data
60—40 20

points into the equation to determine the

y-intercept (which in this case is really
the P-intercept). We will use the point
(40,300).Plug T = 40 and P = 300 along
withm = 5into P = mT + b to get 300 =
5(40) + b. Simplify: 300 = 200 + b.



Subtract 200 from both sides: 100 = b is
the P-intercept. The equation is P(T) =
5T + 100. Use this equation to answer the
questions.
eP(90) =5(90) + 100 = 450 + 100 =
550 Pa.
e P(120) =5(120) + 100 = 600 + 100
= 700 Pa.

7.4 Problems

Directions: Write an equation for each
problem and use it to answer the

questions.

(1) A train’s position varies linearly with
time. At 12 seconds, the train is 450 feet
from the station. At 20 seconds, the train
is 650 feet from the station. How far will
the train be from the station at 30
seconds? Where was the train at 0

seconds? How fast is the train moving?



(2) A vending machine’s daily profits
depend linearly on the number of cans
sold. When 25 cans are sold in one day,
the profit is $45. When 40 cans are sold in
one day, the profit is $90. What will the
profit be if 60 cans are sold in one day?
How many cans does it take to break
even? What would the loss be if 8 cans

were sold in one day?

(3) The sum of the interior angles of a
polygon depends linearly on the number
of sides. For a polygon with 5 sides, the
interior angles add up to 540°. For a
polygon with 7 sides, the interior angles
add up to 900°. What is the sum of the
interior angles for a decagon (which has
10 sides) and for a triangle (which has 3

sides)?



(4) A box of identical balls weighs 600
ounces when it contains 40 balls and
weighs 750 ounces when it contains 90
balls. How much will the box weigh if it
contains 200 balls? How much does the
empty box weigh? How much does one
ball weigh? If the box weighs 1500 ounces

when it is full, how many balls can the box
hold?

(5) Water drains from a tub at a linear
rate. The tub contains 48 gallons of water
at 10 minutes and contains 45 gallons of
water at 16 minutes. How much water
will the tub contain at 32 minutes? How
much water was in the tub at zero

minutes? When will the tub be empty?

(6) A store’s profit per item depends
linearly on the selling price. If an item

sells for 60 cents, the store makes a profit



of 15 cents. If an item sells for 90 cents,
the store makes a profit of 30 cents. How
much profit will the store earn if it sells
an item for $1.80? How much does an
item sell for when the store makes a

profit of 50 cents?

(7) A car slows down at a linear rate. The
car’s speed is 40 m/s at 9 seconds and 30
m/s at 12 seconds. What will the car’s
speed be at 18 seconds? When will the car
come to rest? What was the car’s speed at

zZero seconds?

(8) In the photoelectric effect, the
maximum Kinetic energy of the
photoelectrons is a linear function of the
frequency: K(f). Given that K(0) = —2 eV
and K(300 THz) = 0, find the maximum
kinetic energy of the photoelectrons

when the frequency is 800 THz and find



the frequency for which the maximum
Kinetic energy of the photoelectrons is 6
eV. Note: THz stands for terahertz and eV

stands for electron Volt.

(9) The mass of fuel in a rocket is a linear
function of the burn time: m(t). Given
thatm(7 s) = 500 kgand m(12 s) = 250
kg, when will the rocket run out of fuel?
How much fuel did the rocket have at zero
seconds? Note: s is a second and kg is a

kilogram.

(10) The value of stock A is increasing
linearly while the value of stock B is
decreasing linearly. Stock A’s value was
$55 on day 22 and $67 on day 28. Stock
B’s value was $141 on day 14 and $125
on day 30. At this rate, on which day will

the value of stocks A and B be the same?



7.5 Circles

The equation (x — a)? + (y — b)? = R*

represents a circle with radius R and with

its center at (a, b). Every point that lies on

the edge of the circle is equidistant from

the center. The radius is the distance from

the center to any point on the edge of the

circle. The diameter is twice the radius:

D = 2R. The circumference is the total

distance along the complete arc of the
circle and is related to the diameter and
radius by C = D = 2nR, where the
lowercase Greek letter pi approximately
equals T = 3.14159265. The area of the
circle is A = wR*. In the diagram below on
the left, the circle is centered at (3, 2) and
has radius R = 5, diameter D = 10, and
equation (x — 3)* + (y — 2)? = 25. Note
that R> = 5% = 25,a = 3,and b = 2.



K |

A chord is a line segment that has both of
its endpoints lying on the edge of the

circle. A diameter is a special chord that
passes through the center of the circle. A

secant is a line that intersects the circle at

two points; a secant is longer than a

chord. A tangent is a line that intersects
the circle exactly at one point only. In the
diagram above on the right, C lies at the
center, CD is a radius (as are AC and BC),
AB is a diameter, EF is a chord, Hl is a
secant, and JK is a tangent that intersects

the circle only at point G.



To solve for the points where two circles
intersect or where a line intersects a
circle, solve the (non-linear) system of
two equations for the values of x and y
that satisfy both of the equations. See
Example 3.

Example 1. What is the radius of

(x —7)? + (y — 5)? = 36? Where is its
center?

Compare (x — 7)? + (y — 5)% = 36 with
(x —a)?* + (y — b)? = R* to see thata =
7,b = 5,and R? = 36. The radiusis R =
V36 = 6 and the center is at (7, 5).

Example 2. What is the radius of
3x% + 3y% — 6x — 12y = 6? Where is its

center?

Rewrite the equation in standard form.
Divide by 3 on both sides:



x? + y% — 2x — 4y = 2. Use the technique
from Sec. 4.4 called “completing the
square.” We need to add 1 to x* — 2x
because (x — 1)? = x? — 2x + 1 and we
need to add 4 to y* — 4y because (y — 2)*
= y% — 4y + 4. Therefore, weadd 1 + 4 =
5 to both sides of the equation for the

circletogetx? —2x + 1+ y% —4y + 4 =
7, which equates to (x — 1) + (y — 2)?

= 7. You can use the FOIL method to
verify that (x — 1)? + (y — 2)% = 7 agrees
with x? + y% — 2x — 4y = 2. Compare

(x —1)? + (y — 2)? = 7 with

(x —a)?* + (y — b)? = R* to see thata =
1,b = 2,and R? = 7. The radiusis R =7
and the centeris at (1, 2).




Example 3. Find the points where y =
3x + 1 intersects x? + y? = 4.

Square both sides of the equation for the
line: y? = 9x2 + 6x + 1. Replace y* with
9x% + 6x + 1 in the equation for the
circle: x* + 9x2 + 6x + 1 = 4. Subtract 4
from both sides and combine like terms:
10x?% + 6x — 3 = 0. Use the quadratic

formula.
—6 + /62 — 4(10)(=3)
* T 2(10)

—6+V36+120 —6++156

- 20 20
—6+,/4(39) —6+2v39

* = 20 ~ 20
—3++/39
10

Plug this into the equation for the line to

solve for y.



y=3(_3i@> 1

10
- =94 3+/39 | 10 1+3v39
B 10 10 10

Calculator check: x = 0.3245 and y =~
1.973 orx = —0.9245and y = —1.773.
3x +1=3(0.3245) + 1 = 1974 = y
x* + y* ~ 0.3245% + 1.973% = 3.998 ~ 4
3x +1=3(—-09245)+ 1= -1.774 =y
x? +vy? = (—0.9245)% + (—1.773)?
~ 3.998 ~ 4



7.5 Problems

Directions: For each circle, determine the

radius and the coordinates of its center.
(1) (x—3)+(y—8)* =49

(2) x>+ y* =5
B)x+9)°+(y—4)°*=8

(4) x*+8x+y“=9

(5) x* — 16x + y* + 10y = 32
(6) 2x2 + 2y2 = 54 + 24y — 36x

Directions: Determine the points of

intersection for each pair of equations.
(7) x> +y*=37andy = 2x + 4
B)(x—1?+y*=4and(x + 1) +y* =9
(D x*+(y—3)>=45andy =x
(10) x>+ (y+2)*=25andy = —x—9



7.6 Ellipses

2 2

X

The equation — Y

2 ' p2

= 1 represents an

ellipse centered about the origin with a
width of 2a and a height of 2b. If a > b,

then a is the semi-major axis (such that

2a is the major axis) and b is the semi-

minor axis (such that 2b is the minor

axis). If a < b, then these are reversed. An
ellipse has two foci (which is the plural of
focus), such that the sum of the distances
from the two foci to any point on the

ellipse is the same. If a > b, the foci are

located at (+c¢, 0), where ¢ = Va? — b2.If
a < b, they are located at (0, +¢), where

¢ = Vb?% — a?. The eccentricity equals e =

2ifa>bore =§ifa<b.Thepointsat

the ends of the major axis are called

vertices (the plural of vertex). The area of



an ellipse is A = mab. In the diagram

below, the equation of the ellipse is

2 2
— 3; = 1, the semi-major axis is BC =

CE = a = 4 (such that a* = 4% = 16), the
semi-minor axisisAC=CD =b =3
(such that b%* = 3% = 9), points Band E

are vertices, points F and G are foci, point
C lies at the center, CF = CG = ¢ =

Va2 — b2 = /42 — 32 = /7, the foci lie at
(£V7,0), and FP + PG is the same for any

point P that lies on the ellipse.
-




2 2
Example 1. Where are the foci of xg | 3; =

1?

2 2 2
X | y

2
Compare — + =— = 1 with xz -2
9 4 a

> =110

see thata = 3 and b = 2. Use the formula

c =+vVa2 — b2 =+/32-22 =49 -4 =+/5.
The foci are located at (i\/g, O).

2
Example 2. Where are the foci of x4 |

1?

The only difference from this equation

yZ
9

and the equation in Example 1 is that the
roles of a and b are swapped. This time,
the semimajor axis lies along y instead of

x (since a < b). The foci are located at

(O, i\/g). Compare this to the previous

example.



7.6 Problems

Directions: Determine where the foci of

each ellipse are located.

(5) 10x% + 6y = 60

x? oyt
(6) 169 144 1

x? oyt
(7) 225 = 289 1

(x-3)* | (y-2)* _
(8) e =1




7.7 Parabolas

The equationy = a(x — b)? + ¢

represents a parabola with a vertical axis
of symmetry about thelinex = b.Ifa > 0,

the parabola opens upward and its vertex

is a minimum. If a < 0, the parabola opens

downward and its vertex is a maximum.

The focus lies at (b, c + ﬁ) and the

1

directrix is the horizontal line y = ¢ — "

Any point on the parabola is equidistant

from the focus and directrix. The equation
x = d(y — e)? + f represents a parabola
with a horizontal axis of symmetry. A
parabola that has the form

y = ux? + vx + w can be put into the
standard form y = a(x — b)? + c by
completing the square (see Example 3). In

the diagram below, the equation of the



parabolaisy = %(x —3)2+2,a= ib =
3, ¢ = 2, the parabola opens upward

. 1 . .
since a = - > 0), the vertex at point B is a
2 b

minimum, the line of symmetry is the
vertical line x = 3, the focus (point A) lies
at (3, 3), the directrix is the horizontal line
y = 1, and AP = CP (a similar relation
holds for any point P on the parabola
using the vertical distance to the

directrix).




Example 1. Find the focus, directrix, and
line of symmetry fory = 2(x — 5)% + 7.
Comparey = 2(x — 5)? + 7 with y =
a(x —b)? +ctoseethata =2,b = 5,

and ¢ = 7. The line of symmetry is the

1

vertical line x = 5. Since ¢ + — =74+ —
4a 4(2)

+i=Yandc—-—=7—— =
8 8 4a 4(2)

56
8
56 1 5

—_ = > , the focus lies at (5 57) and the
8 g g’ 8

. . . . 55
directrix is the horizontal line y = =

Example 2. Find the focus, directrix, and
line of symmetry for x = 2(y — 5)% + 7.
The only difference from this equation
and the equation in Example 1 is that the
roles of x and y are swapped. This time,

the line of symmetry is the horizontal line
57

y = 5, the focus lies at (? 5) and the



. o . . 55
directrix is the vertical line x = Y

Compare this to the previous example.

Example 3. Find the focus, directrix, and
line of symmetry for y = 3x? + 12x — 2.
This equation is not in standard form. To
put this equation in standard form, we
must complete the square using the
method from Sec. 4.4, but with an

important difference. Since the standard
form for a parabola, y = a(x — b)* + c,
includes a constant a out front, we first

need to factor out the 3 in the given

equation: y = 3 (xz + 4x — g) Now

complete the square inside of the

parentheses. Compare with (x + 2)? =

x? + 4x + 4. Rewrite—%as4—4—§,

12 2 14
S=4- =

3

which equals 4



2 14

‘Ha4x —-=x*+4x+4——
X X 3 X X 3
14
=(X+2)2—?

Substitute the above expression into y =

3 (xz + 4x — g) to get the following:

2 14
y=3(x2+4x—§)=3[(x+2)2—?

Now distribute the 3:

y =3(x+2)*—14
Comparey = 3(x + 2)? — 14 with y =
a(x —b)?> + ctoseethata = 3,b = -2,
and ¢ = —14. Note the signs of b and c.

The line of symmetry is the vertical line

x=—-2.Sincec+—=—14+— =

4a 4(3)
168 1 167 1 1
I = ——andc——=-10 — —
12 12 12 4a 4(3)
168 1 169

= ST the focus lies at

6 . .
(—2, — %) and the directrix is the



169

horizontal liney = — -

Check:y = 3(x + 2)? — 14 =
3(x* +4x+4) — 14 =
3x? +12x + 12 — 14 =3x% + 12x — 2.

Example 4. Find the points where y =
—2x + 4 intersects y = x% — 3x + 2.
Since each equation equals y, the
expressions on the right-hand side must
be equal: —2x + 4 = x* — 3x + 2.
Subtract 4 from both sides and add 2x:
0 = x2 — x — 2. This quadratic equation
can be factored using the method from
Sec.4.3: 0 = (x + 1)(x — 2). There are
two possible answers for x. Either x = —1
or x = 2. Plug x = —1 into the equation
for the linetogety = —2(—1) + 4 =

2 + 4 = 6 and plug x = 2 into the same

equationto gety = —2(2) + 4 =



—4 + 4 = 0. This shows that x = —1 and
y = 6isone solutionand x = 2andy = 0

is another solution. The two points of
intersection are (—1, 6) and (2, 0).

7.7 Problems

Directions: For each parabola, find the

focus, directrix, and line of symmetry.
(Dy=3x—-2)*-1

y+6)2

(2) x = -8
<my=—§
() x =7y* =5

(5)y = 6x%+24x + 5
(6) y =5x%—30x—9



Directions: Determine the points of

intersection for each pair of equations.
(7)y =x+6andy = x?
(8)y=3x+5andy =2x?+8x — 7
(y=2x+18andx = 3y*+ 6y —7
(10) y = 2x* — 11x + 13 and

y=—x*+8x—7

2

(11)x2+y2=9andy=%

(12) y = 4x% and x = 32y?



7.8 Hyperbolas

2 2

X

The equation - Y

2 b2

= 1 represents a

hyperbola centered about the origin with

its foci and vertices lying on the x-axis.

This hyperbola has two branches: one for

x = a and one for x < —a. Its vertices are

the two points closest to the y-axis:

(+a, 0). The difference (in absolute
values) between the distances from the
two foci to any point on the hyperbola is

the same. The foci are located at (+c, 0),

where ¢ = Va? + b2. The hyperbola has
two asymptotes, which are two lines that

the branches of the hyperbola approach

without ever quite reaching. The
asymptotes are y = + gx. The special

case a = b is referred to as a rectangular

hyperbola. For a rectangular hyperbola,



¢ = av/2, such that the foci lie at

(ia\/f, O). The equation y = Zisa

X

rectangular hyperbola witha = b = /2

that is rotated by 45°; it has the x- and y-
axes as asymptotes, vertices at (1, 1) and
(—1, —1) such that the distance from the

origin to a vertex equals a = b = /2, and

foci at (\/Z \/i) and (—\/Z —\/i) such that

the distance from the origin to a focus
equals ¢ = aVv2 = V/2v2 = 2 (consistent

Wlth\/(\/_) +(\/—) V2 +2 = 2).The

2

y?  x

— — 3 = 1 hastheroles of x

equation =

2 y—l
a2 pz

and y reversed compared to



In the left diagram above, the equation of
2 2

the hyperbola is )166 3; =1,a=4 b =3,

c=vVa?+b?=v42+32=+16+9 =
V25 = 5, vertices C and D lie at (+4, 0),
foci A and B lie at (£5,0), |AP — BP| is the

same for any point P that lies on either

3Xx

branch of the hyperbola, and y = + . are

asymptotes. In the right graph on the

previous page, the equation of the

2 2
hyperbola is i]e x9 = 1 (the roles of x

and y are reversed).



The ellipse, circle, parabola, and

hyperbola are called conic sections

because they can be formed by the
intersection of a plane and a double cone,
as illustrated above. The general equation
ax?+ by*+cx+dy+e=0can
describe any of the conic sections. For
example, if either a or b is zero (but not
both), this equation describes a parabola.
If a = b, it describes a circle. An ellipse
can result when ab > 0 and a hyperbola
can result when ab < 0. (The equation
can also produce a line, a pair of lines, or a

point.)



Example 1. Find the foci and asymptotes

2 2

X
of Y =1
5 4
2 2 2 2
X . X
Compare Y_ = 1 with Y =1to
5 4 a? b2

see that a = V5 and b = 2. Use the

formula ¢ = Va2 + b2 = \/(\/5)2 + 22 =

V5 + 4 = /9 = 3. The foci are located at

(£3,0). The asymptotes are y = + Sx =

 2xv5  , 2xV/5

42 - > In the last step,

we rationalized the denominator (Sec.
2.4).

Example 2. Find the foci and asymptotes

2 2

X
of 2 = 1.
5 4

The only difference from this equation

and the equation in Example 1 is that the

roles of x and y are swapped. The foci are



located at (0, £3) and the asymptotes are

x =420 VS , which are equivalent to y =
X , which simplifies to y = x\/E since
\/— 2

5o\

7.8 Problems

Directions: For each hyperbola, find the
foci and asymptotes.

2 2 2 2

x2  y? x? _y?

(1) 36 64 1 (2) 12 4 1
2 2 2

B G -5=1 B 5 -y =1
xZ yZ - y2 x2 -

(5) 144 25 1 (6) 64 225 1

(7) 4x* — 3y* = 12 8)y =—=



7.9 Graphs of Even and Odd
Functions

Recall the distinction between even and
odd functions from Sec. 1.8. In this
section, we will explore how these
functions differ visually. If a function is
even, the graph is unchanged if it is
reflected about the y-axis, meaning that it
is symmetric about the y-axis, like the
graph of y = x* (left figure). If a function
is odd, the graph is unchanged if it is
rotated through 180° about the origin,

like the graph of y = x3 (right figure).

y




Example 1. y(x) = x* is an even function
because y(—x) = (—x)? = x% = y(x).
This graph is symmetric about the y-axis
(left figure).

Example 2. y(x) = x3 is an odd function
because y(—x) = (—x)3 = —x3 = —y(x).
If this graph is rotated 180° about the
origin, the graph remains unchanged

(right figure).



7.9 Problems

Directions: Sketch a graph for each

equation. Is the function even, odd, or

neither?
(1) y(x) = x*
(2) y(x) = x°

(3) y(x) = x*—3x%+8
(4) y(x) = x> — 6x

(5) y(x) = -
(6) y(x) =
(7) y(x) = |x|

(8) y(x) = x* —4x + 3



Chapter 7 Answers

7.1 Problems

(1) pass

(2) pass




(3) pass

(4) pass



(5) fail

(6) fail



(7) pass

(8) fail




(9) pass

(10) pass




(11) pass

(12) pass




Notes: If a graph passed the vertical line
test, y is a function of x. If a graph failed
the vertical line test, y is not a function of
x. The equation in Exercise 3 can be
factored as x* — 2x3 — 13x% + 14x + 24
=(x—4)(x—2)(x + 1)(x + 3) using the
method from Sec. 6.7, showing that the
curve crosses the x-axisatx = —3, x =
—1,x = 2,and x = 4.

7.2 Problems

(1)|y = 3x — 3|Check:3(2) -3 =6—-3
= 3 agrees with (2,3) and 3(5) — 3 =

15 — 3 = 12 agrees with (5,12).

(2)|y = 2x — 2|Check: 2(—2) — 2 =

—4 — 2 = —6 agrees with (—2,—6) and
2(1) —2 =2 —2 = 0agrees with (1, 0).
(3)|y = —6x + 3|Check: —6(—1) + 3 =
6 + 3 = 9 agrees with (—1,9) and




—6(1) + 3 =—6 + 3 = —3 agrees with
(1,—3).
X+7

(4)|y = g + % Alternate answer: y = —

Check: % + % = % = 5 agrees with (3,5)
and

% + % — % = 7 agrees with (7, 7).

(5)|y =3x+ 6|[Check:3(0)+6=0+6
= 6 agrees with (0,6) and

3(—5) + 6 = —15 4+ 6 = —9 agrees with
(—=5,-9).

(6)|y = —4x — 5|Check: —4(—4) — 5 =
16 — 5 = 11 agrees with (—4,11) and
—4(—1) —5=4 -5 = —1 agrees with
(—-1,-1).

(7)|a = 6|Check: 2(6) +3 =12+ 3 =
15 agrees with (a, 15).




(8) [c = 4|Check: —(—4) = 4 agrees with
(—4,c).

(9)[d = —=11] Check: 4(5) — 31 = 20 — 31
= —11 agrees with (5, d).

(10)[e = 8] Check: -+ 8 = 4 + 8 = 12

agrees with (e, 12).
(11)[f = 9] Check: == —6 = =3 — 6 =
—9 agrees with (f, —9).

(12)[g = —10] Check: =2 = =22 = —10
agrees with (—8, g).
(13)[a =8 Check:m = == =2 =3,
8-5 3
—3-4 -7

(14) |c = —3|Check:m = T2 "5

— = —1.
— . 15-(-10) _
(15) |[d = —2|Check: m = )
15410 _ 25 _ ¢
5 5

(16)[e = 0]Check m =22=2=2
-1 8 2




11-11 0

(17) f = 11|Check: m = 5—(—7) — m

0

12

-16—-8  —24
(18)|g = 4|Checkim = el
—6.
(19) x-intercept = —% and y-intercept =

24

b=[8 Check:é(—§)+8= =48 =

—8 + 8 = 0 agrees with (— g, O) and
6(0) + 8 = 8 agrees with (0, 8).

(20) x-intercept = |0|and y-intercept =
b = |0]|Check: —% = 0 agrees with (0, 0).

(21) x-intercept = |4|and y-intercept =
b =[12|Check: 12 — 3(4) = 12 — 12 = 0
agrees with (4,0) and 12 — 3(0) =

12 — 0 = 12 agrees with (0,12).




(22) x-intercept = % and y-intercept =

b=[—2 Check:6(§)—2=2—2=o

agrees with (%, O) and 6(0) —2=0-2

= —2 agrees with (0, —2). Note: % - %

(23) x-intercept = |—6|and y-intercept =
b =|—24|Check: —4(—6) — 24 = 24 — 24
= 0 agrees with (—6,0) and —4(0) — 24
= 0 — 24 = —24 agrees with (0, —24).
(24) x-intercept =|1]|and y-intercept =

b =|—4|Check: Comparey —8=0—-8 =
—8with4(x —3) =4(1—-3) =4(—-2) =
—8 to see that this agrees with (1,0) and

comparey — 8 = —4 — 8 = —12 with
4(x —3)=4(0—-3)=4(-3)=—-12 to
see that this agrees with (0, —4). Notes:
y — 8 = 4(x — 3) is in point-slope form

instead of slope-intercept form. Distribute



togety — 8 = 4x — 12 and add 8 to both
sidestogety =4x — 12 + 8 = 4x — 4.
The given equation is equivalent to y =

4x — 4.

(25) x-intercept = |8|and y-intercept =
0-12 _ -12

b =|16|Checkssm = —— = — = —2 for
8—2 6

(2,12) and (8,0) agrees with m = e

—2 for (0,16) and (8,0). Also, y =

2x+16=-2(2)+16 = —4 + 16 = 12
agrees with (2,12) and y = —2x + 16 =
—2(8) + 16 = —16 + 16 = 0 agrees with
(8,0).

(26) x-intercept =|9|and y-intercept =

b =[9]Checks: m = 222 = =3 1 for
6-3 3

—16

(3,6) and (6, 3) agrees withm = % —

-9

- = —1 for (0,9) and (9, 0). Also, y =
—x +9 = -3+ 9 = 6 agrees with (3, 6)



andy = —x+9 = -6+ 9 = 3 agrees
with (6, 3).

(27) x-intercept = |4|and y-intercept =
b =[4|Checks:m = ——> = 22 =12 _
8—(-4) 8+4 12

—1 for (—4, 8) and (8, —4) agrees with
0—4 —4
=== —1 for (0,4) and (4, 0).
Also,y=—x4+4=—(—4)+4=4+4=
8 agrees with (—4,8)andy = —x + 4 =
—8 + 4 = —4 agrees with (8, —4).

48
5

(28) x-intercept = =19.6|and y-

. , 9—24
intercept = b = [24|Checks: m = — =

_715 = — g for (0,24) and (6, 9) agrees

. 0—24 48 5
?;—O 5 4.8

- g for (0, 24) and (9.6, 0). Also, y =

—2x+24=—2(0)+24=0+24=24



agrees with (0,24) and y = —gx + 24 =

—S(6)+24= 320 F24=-15+24=9
agrees with (6,9).

(29) x-intercept =|—3|and y-intercept =

b =[3]Checks: m = 223 =5+ _ 8 _ 4
2-(—6) 246 8

for (—6,—3) and (2,5) agrees withm =
> — 22 =1 for (0,3) and (=3, 0). Also,

-3-0 -3
y =x+3 =—6+3 = —3 agrees with

(—6,—3)andy=x+3=2+4+3=5
agrees with (2, 5).

(30) x-intercept =|9|and y-intercept =

b =|—2|Checks: m = =8==9) — Z6+9 _ 3
4 1-(=3) 1+3 4

for (—3,—9) and (1, —6) agrees with m =

27
O—\—F1 27/4 27 7 1
(4)=—/———9—— —=—f0r
9—0 9 4 4 9 4

(O ——)and(9 0). Also, y__x_24_7_




3 27 9 27 36
T

4 4 4
agrees with (—3,—9) and y = Zx — % =
3 27 3 27 24
Z(l) —— =, =—— = —b6agrees
with (1, —6).

—6-2 8

(31)|a = —6|Check: m = — 2 =
9-3 6

4 4 4
—g,y——gx 6——5(3) 6 =—4 6

= 2 agrees with (3,2),and y = — %x + 6

— —2(9) + 6 =—12+ 6 = —6 agrees

with (9, —6). Tip: First use (3, 2) and
(0, 6) to find the slope.
11-5 6

(32)|c =5|Checkm=——=-=1,y =

8-2 6
x +3 =2+ 3 =5agrees with (2,5), and
y=x+3 =8+ 3 =11 agrees with
(8,11). Tip: Firstuse (8,11) and (0, 3) to
find the slope.




(33)[d = —14]Check: m = —— =

_4—14

—15 —15 3 3
:—:——)y:——x—B:
—4+14 10 2 2

_%(_14) — 3 =21 — 3 = 18 agrees with

(—14,18),and y = —%x — 3=

_%(_4) — 3 = 6 — 3 = 3 agrees with

(—4,3). Tip: First use (—4, 3) and (0, —3)
to find the slope.

(34)[e = —=6]Check: m = 2222 = 12 =

-6-6 —12
—1,y=—x+9=-6+9 = 3 agrees
with (6,3),andy =—x+9=—(—6) + 9
= 6+ 9 = 15 agrees with (—6, 15). Tip:
First use (6, 3) and (9, 0) to find the slope.

Note: It is just coincidental that the x- and

y-intercepts happen to be the same in this
problem. You need to solve for b before

youset b = 9.



Note: Exercises 34-36 give you the x-

intercept (NOT the y-intercept).
5—15 —10

(35)|f = 15|Checkkm = —=—=

3—1 2
—5,y = —-5x+20=-5(1) + 20 =

—5 + 20 = 15 agrees with (1,15), and

y = —5x+4+20=-5(3)+20 =

—15 4+ 20 = 5 agrees with (3, 5). Tip:
First use (3,5) and (4, 0) to find the slope.

Note: The x-intercept is 4, whereas the y-

interceptis 20.

(36)[g = 0]Checkim === == =2,
y=2x+10=2(0)+10=0+10 =10
agrees with (0,10),and y = 2x + 10 =
2(—3) +10 = —6 + 10 = 4 agrees with
(—3,4). Tip: First use (—3,4) and (-5, 0)
to find the slope. Note: The x-intercept is

—5, whereas the y-interceptis 10.



(37)

y=—-x+4

Checkiy=—4+4=0

agrees with (4,0)andy =-0+4 =4
agrees with (0, 4). Tip: First use (4,0) and
(0, 4) to find the slope.

(38)

y=2x+4

Check:y = 2(—-2)+ 4 =

—4 4+ 4 = 0 agrees with (—2,0) and y =
2(0) +4 =04 4 = 4 agrees with (0, 4).

(39)

y=3x—9

Check:y =3(3) —9 =

9 — 9 = 0 agrees with (3,0) and y =
3(0) —9 =0 —9 = —9 agrees with
(0,—9).

y=—§+3

(41)

Check: y = 142 F3 =

-3 = 0 agrees with (12,0) and y =

-3 =0+ 3 = 3 agrees with (0, 3).

y=§+2 Check:y=_?6+2=

—2 + 2 = 0 agrees with (—6,0) and y =

g_|_ 2 = 0+ 2 = 2 agrees with (0, 2).



(-10)

(42)|y = = —5|Check: y = 5

=5 —5 = 0 agrees with (—10,0) and y =
_g —5=0-5 = -5 agrees with (0, —5).

(43)((7,33)|Check:y = 4x + 5 =
4(7)+5=28+5=33andy =

7x — 16 = 7(7) — 16 = 49 — 16 = 33.
(44)[(—2,—13)|Check: y = 2x — 9 =
2(-2)—9=—-4—-9=—-13andy =
6x—1=6(-2)—1=-12—-1=—13.
(45) | (—66, —30) | Check: y = g — 8=

—-8=-22-8=-30andy =2+3

:‘766+3=—33+3=—30.

(46)|(4,5)|Check: y = 5x — 15 =
5(4) —15=20—-15=5andy =9 — x
=9 —-4=05,




(47)((—3,17)|Check: y = —3x + 8 =
—3(-3)+8=9+8=17.
(48)[(—9,—61)|Check: y —3 =—-61—3
= —64 agrees with4(x —7) = 4(—9 — 7)
= 4(—16) = —64andy = 9x + 20 =
9(—9) + 20 = —81 + 20 = —61. Notes:
y — 3 = 4(x — 7) is in point-slope form

instead of slope-intercept form. Distribute
togety — 3 = 4x — 28 and add 3 to both
sides to get y = 4x — 25.

7.3 Problems

(1)|y = 6x —21|Check: y = 6(5) — 21 =
30 — 21 = 9 agrees with (5, 9).

(2)|y = —x + 4|Check: (1)(—1) = —1
and b = 4.

(3) |y = —Z|Check: (3) (— %) = —1 and

3

y = —g = 0 agrees with (0, 0).



(4)|y = —2x + 18| Check: y = —2(9) + 18

= —18 + 18 = 0 agrees with (9, 0).
Note: Exercises 4-5 give you the x-
intercept (NOT the y-intercept).

(5) |y = 9x — 54|Check: y = 9(6) — 54 =
54 — 54 = 0 agrees with (6, 0).

(6) |y == — 40|Check: (—3) (3) = -1

4(12)

andy = 40=4?8—40=16—40
= —24 agrees with (12, —24).
(7)|y = —5x + 5| Check: G) (=5)=-1

andy = —-5(—3)+5=15+5=20
agrees with (—3, 20).
(8) |x = —3|Check: y = 5is horizontal

and x = —3 is vertical, so these lines are

perpendicular, and x = —3 passes
through every point where the x-

coordinate is —3.



Note: y = 5 has zeroslope (y =0x + 5 =

5) while x = —3 is infinitely steep.

(9) |y = == + 14| Check: (—2) (2) = -1

5(2)
2

and y = 14 =-5+14=9
agrees with (2,9).

(10) |y = 8x + 52| Check: (— %) (8) =—1
andy = 8(—6)+52=-48+52=4
agrees with (—6,4).

(11) |y = —6x — 12| Check: b = —12.

Note: y = 9 — 6x is equivalentto y =
—6x + 9.

X

(12)|y = - 2|Check: (-7) (5) = -1

andy=%—2=2—2=0agreeswith

(14,0).
Note: Exercise 12 gives you the x-

intercept, whereas Exercise 11 gives you

the y-intercept.




(13) |y = 53x | g Check: (g) (—g) = —1
andy=—§(—%)+§=%+§ gagrees

+% Check: y = —%(§)+%

1,1 .
= I—=—5+3=OagreeSW1th

Note: Exercises 14-15 give you the x-
intercept (NOT the y-intercept).

(15)|y = =% — 1| Check: (4) (- ;) = -1

4
andy = (_44) 1=1-—1=0agrees
with (—4,0).

(16) |y = —2.5x + 0.8| Alternate answer:
y = — =+ 2| Check: (0.4)(-2.5) = —1,

which may alternatively be expressed as



(g) (— g) = —1,and y = —2.5(0.8) + 0.8

= —2 + 0.8 = —1.2 agrees with
(0.8, —1.2), which may alternatively be

expressed as = —E(f) +§ = -2 -|-§ =

2 \5

10 | 4 6 4 6
- =—-and (—,——).

5 5 5 5’ 5

(17) [x = —1|Check:x = =3 and x = —1

are both vertical lines (so they are

parallel) and x = —1 passes through

every point where the x-coordinate is —1.

(18) |y = I 1| Alternate answer:

X

y=-7

standard form with a rational

1| (but the first answer is in

denominator; recall Sec. 2.4). Check:
V3) _ W33
(\/g)(—?)——landy— S 1=

_§_|_ 1=-1+1 = 0 agrees with (\/5, O).




7.4 Problems

(1) 900 feet|from the station at 30

seconds; [150 feet|from the station at zero

seconds; |25 ft./s|;|d = 25t + 150|. Check:

d(12) = 25(12) + 150 = 300 + 150 =
450,d(20) = 25(20) + 150 = 500 + 150
= 650,d(30) = 25(30) + 150 =

750 + 150 = 900, and d(0) = 25(0) + 150
= 150. Note: In this problem, the speed of

the train is equal to the slope (since the

slope is the change in distance over the

change in time).

(2) |$150|for 60 cans; |10 cans|to break

even; |—$6/|is the loss for 8 cans;

P = 3c — 30| Check: P(25) = 3(25) — 30
=75 —30 = $45,P(40) = 3(40) — 30 =
120 — 30 = $90, P(10) = 3(10) — 30 =




30 —30=0,and P(8) = 3(8) —30 =

24 — 30 = —$6.

(3)|1440°|for a decagon;|180°|for a
triangle; [S = 180°N — 360°| which is
equivalentto S = (N — 2)180° (whichis a
well-known formula in geometry). Check:
S(5) = 180°(5) — 360° = 900° — 360° =
540°, 5(7) = 180°(7) — 360° =

1260° — 360° = 900°, S(10) =

180°(10) — 360° = 1800° — 360° =
1440°,and S(3) = 180°(3) — 360° =
540° — 360° = 180°.

(4) 1080 ounces|with 200 balls;

480 ounces|when empty; |3 ounces|is

the weight of one ball; |340 balls|is the

maximum capacity; |W = 3N + 480|.
Check: W(40) = 3(40) + 480 =

120 + 480 = 600, W(90) = 3(90) + 480
= 270+ 480 = 750, m = 3 ounces per




ball is the slope, and W (340) =
3(340) + 480 = 1020 + 480 = 1500.

(5)|37 gallons|at 32 minutes; |53 gallons

initially (at zero minutes); |106 minutes

is the time when the tub will be empty;

V = —% + 53| (where V is for volume and

where t is the time in minutes). Check:

V(10) = 120 53 = —5 + 53 = 48,

V(16) = 126 1 53 = —8 4+ 53 = 45,

V(32) = 322 53 = —16 + 53 = 37,

V(0) = -2+ 53 = 53,and V(106) =

106
2

(6) |75 cents|if an item sells for $1.80;

53 =-53+53=0.

$1.30|is the selling price if the profit is

50 cents; [P = g — 15| Check: P(60) =




= —15=30-15=15P(90) == — 15

=45—15=30,P(180)=%—15=

90 — 15 = 75, and P(130) = % — 15 =

65 — 15 = 50.
(7)|10 m/s|at 18 seconds; |21 seconds]|is

the time when the speed is zero; |70 m/s

initially (at zero seconds);

v =——t+ 70| Check: v(9) =

_1?0(9) +70 = —30 4+ 70 = 40, v(12) =

_1?0(12) +70 = —40 + 70 = 30, v(18) =
—?(18) +70 = —60+ 70 = 10, v(21) =
—§(21) +70 =—-70+ 70 = 0, and

(0) = —1?0(0) +70 = 70.



(8)|~ eV|at 800 THz; [1200 THz]is the

frequency for 6 eV; |K(f) = L >

150

where the kinetic energy is in eV and the

frequency is in THz. Check: K(0) =

= _2=-2K(300)=2-2=2-2
150 150

=0,K(800)=%—2=%6—§=1?0,and

K(1200) = 1125000 2=8-2=6

(9)|17 seconds]|is the time when the

rocket runs out of fuel; {850 kg|is the

initial fuel (at zero seconds);
m(t) = —50t + 850| Check: m(7) =

—50(7) + 850 = —350 + 850 = 500,
m(12) = —-50(12) + 850 = —600 + 850
= 250, m(17) = —=50(17) + 850 =
—850 + 850 = 0, and m(0) =

—50(0) + 850 = 850.




(10) |day 48|is when the stocks will both

have a value of $107; (A = 2t + 11|,

B = —t + 155| Check: A(22) =

2(22) + 11 = 44 + 11 = 55, A(28) =
2(28) +11 =56 + 11 = 67, B(14) =
—14 + 155 =141, B(30) = —30 + 155 =
125, A(48) = 2(48) + 11 = 96 + 11 =
107, and B(48) = —48 + 155 = 107.

7.5 Problems

(1)|(3,8)|, R =|7|Check: R* = 7% = 49,

)[(0,0)] R = |v5|Check: R2 = (V5) =
5.

(3)|(—9,4)|, R =|2v2|Check: R? =
(2v2) =22(V2) =4 =8
Notes: V8 = V4v2 = 2v2 and a = —9

becausex —a =x—(—9) = x + 9.




(4) x> +8x +y*=9((—4,0),R =5
Check: R? = 5% = 25. See below.
Notes: Add 16 to both sides of the given
equation: x* + 8x + 16 + y* = 25. Factor
the left-hand side: (x + 4)% + y* = 25.

a = —4becausex —a=x—4 =

x + 4.

R isn’t 3 because x* + 8x + y* = 9isn’tin

standard form. See Example 2.
(5) x? — 16x + y* + 10y = 32|(8,-5)|
R =|11|Check: R* = 114 = 121. See

below.

Notes: Add 64 and add 25 to both sides of
the given equation: x? — 16 + 64 + y? +
10y + 25 = 32 + 64 + 25. Factor and
simplify: (x — 8)% + (y + 5)? = 121.




(6) 2x2 + 2y? = 54 + 24y — 36x
(=9,6)| R =[12] Check: R? = 122 = 144.

See below.

Notes: Divide by 2 and rearrange terms:
x? 4+ 18x + y? — 12y = 27.Add 81 and
add 36 to both sides: x* + 18x + 81 +
y% — 12y + 36 = 27 + 81 + 36. Factor
and simplify: (x + 9)? + (y — 6)? = 144.

(7)[(1,6)]and|(-=, - Z)| Check:

5’ 5

x2+y?=124+62=1+36=37y =
20 +4=2+4=6x>+y*=

2 2
(_ 21) | ( 22) _ 441 484 925 _ o,
1 | )
5 25 25 25

and y = ( 251) 4 — 452 | 2502_%.
(8) (Z,—BT\/?) and (2,%7) Check:




42 16 = 16 16 16 16

(1)2 | 32(v7)° _ 1,97 _ 1, 63 _ 64
4 . 2 37 2
4and(x+1)2+y2=(z+1) +(iT)

_(2)2 32(v7)° 81  9(7) _ 81 , 63
~\4) ' 42 T 16 16 16 16
6 4 4 4

(9)[(—3,—3)|and|(6, 6) | Check:
x*+(y—3)=(-3) +(-3-3)=
9+ (—6)2=9+36=45y=x=-3,
x>+ (y—3)* =62+ (6—3)% =

36 +32=36+9=45andy = x = 6.
(10) [(—4,—5)|and |[(—3,—6)|Check:
x*+(y+2)2=(-0°+(-5+2) =
16+ (-3)*=16+9=25,y=—x—9 =
—(-4)—9=4—-9=-5,x%+ (y +2)?
= (=3 +(-6+2)* =9+ (-4)° =
9+16=25,andy =—x—9 =
—(-3)—9=3-9 = -6.




7.6 Problems

(1)[{(+3,0)|Notes:a=5,b=4,a > b,

¢ =va?—b%2=+52—-42=+25—-16 =
V9 = 3.

(2)[(0,%+1)|Notes: a = V3,b=2,a<b,

c=\/b2—a2=J (\/_)— — 3 =
V1 =1.
(3) (iZ\/Z O) Notes:a=3,b=1,a > b,

c=vVa2—-bh2=+32-12=+9—-1=
V8 = V42 = 22,
(4)|[(+2,0)|Notes: a = 22, b =2,a > b,

c =Va? — b2 =\/(2\/7)2—22 =

\/22(\/5)2 —4=,/42)-4=+8-4=



V4 = 2. Divide 10x? + 6y? = 60 by 60 to

X2 YR
get— .10—1

(5)((0,%+2)|Notes: a = V6, b = /10,

a<b,c=Vb2—a2=\/(VTO)2—(V€)2
=V10 — 6 = V4 = 2.
(6)|[(+5,0)|Notes:a =13,b =12,a > b,
c =va?—bh? =132 — 122 =

V169 — 144 = /25 = 5.
(7)((0,+8)|Notes: a = 15,b =17,a < b,
¢ =Vb? —a? =172 — 152 =

V289 — 225 = /64 = 8.
(8)[(—1,2)|and|(7,2)|Notes:a =5,b =
3,a>b,c=Va?—b2=+52-32=

V25 — 9 = +/16 = 4. This shifted ellipse is
centered at (3, 2); you can deduce this by

reviewing the equations for circles in Sec.



7.5. The distance from the center of the
ellipse to each focus is ¢ = 4, such that the
focilie at (3 — 4,2) and (3 + 4, 2), which
simplify to (—1, 2) and (7, 2).

7.7 Problems

(1) (2, —%) , X =2,and y = —1—2. Notes:

a=3b=2c=-1,-1+—==
4(3)

12 1 11 1
F—=——and -1 ———= =

12 12 12 4(3)

12 1

12 12
iny = a(x — b)?* + c.

(2)[(9,—6)|, y = —6,and x = 7. Notes:

= — 1—2 Note the signs of b and ¢

a = % (suchthat4a =1),b = —6,and ¢ =

8. The roles of x and y are reversed in this

problem (like Example 2).



(3) (O, —z),x =0,andy = Z. Notes: a =

—l(suchthatéla = —Zand — = —3),b =
3 3 4

4a
0,and c = 0.

(4) (—%,O) , Yy =0,and x = —ﬁ. Notes:

a=7,b=0,and c = —z. The roles of x

and y are reversed in this problem (like

3, 1 21, 1 _
Example 2). 2t T Tt m s
20 5 3 1 21 1
——=—-and —- = =
28 7 4 4(7) 28 28
_ 2z 1
28 14
455 457
(5) ( 2, 24),x = —2,and y = —
Notes:a =6,b = —2,c = —109,
—19+L= 456! - =—4—55,and
4(6) 24 24 24
19— —=-_2°_1 _ _ 57 Check:
4(6) 24 24 24

y=6(x+2)*—19 =



6(x*+4x+4)—19 =
6x% + 24x + 24 — 19 = 6x% + 24x + 5.

1081
20

(6) (3, 13(7)9) , X =3,andy =

Notes:a = 5,b = 3, c = —54,

1 1080 = 1 1079
—54 + — = = = ,and
4(5) 20 ' 20 20

Y S 1080 1 _ 1081.Check:
4(5) 20 20 20

y =5(x—3)"-54=

5(x? —6x +9) —54 =

5x% —30x + 45 — 54 = 5x* — 30x — 9.
(7)|(—2,4)|and |(3,9) | Check: y =
—2+6=4,y=x*=(-2)"=4y=
3+6=9,andy =x*=3%=0,

(8)[(=4, —7N]and|(%,2)| Check: y =

2’ 2

3(—4)+5=-12+5=-7,y =
2(—4)2 +8(—4) —7 = 2(16) — 32 — 7 =

32-39=-7,y=3(3)+5=2+"=



%andy=2(§)2+8(§)—7

=2(2)+12-7=245=2+"="
(9)( 347, %) and( 239, g) Check:
y=2(-7)+18=-T+ =—Jx=

» | 3=——andx=
3(_2)2_'_6(_%)_7_136 234 231_
29

(10) (é E) and |(5,8)|Check: y =

3’9
20 19 13=2(2) 4 13-
392 122=1$7:%’ :—(§)2+8(§)—7
16 . 32 _ 16,96 63 _ 17

— l 7 _ — )y =
9 | 3 o 79 9 T Y



2(5)2 — 11(5) + 13 = 50 — 42 = 8, and
y=—(524+8(5)—-7=-25+40—-7 =
8.

(11)|(—2v2,1)|and |(2V2, 1)|are the
real solutions. Note: V8 = V42 = 2+/2.
Check: x* + y* = (iZ\/i)z + 1% =

(+2)2(V2) +1=4(2)+1=8+1=09,

(+2v2)° _ (+22(v2)" _ 4(2) _
8 8 8

38
38

(12) (O; 0) and (é,%) Check:y — 4x2 —

4(0)2 = 0,x = 32y%2 =32(0)2 =0,y =

1\° _ 4 _ 1 a2
4(5) 64 16,andx— 32y° =

2(30) =5 =3



7.8 Problems

(1)((£10,0)|and |y = i%x . Notes: a = 6,

b=28,c=v62+82=+/36+64=
v100 = 10,§reduces to g.

(2)|(£4,0)|and |y = _xf . Notes: a =

V12 =vV4V3 =23, b =2,¢c =
J(zﬁ)z + 22 =\/22(\/§)2 + 4 =

JAB)+4=V12+4=V16=4,y =

v xVi_
tETIERT IS

(3) (O,i3\/§) and |x = +yv2|or

y=iT.Notes:a=3,b=\/18=

VOVE = 3VZ,c = |32+ (3v2) =




J9 +32(v2) =/9+9(2) =9+ 18 =
V27 = V93 = 3+/3. In this problem, the

roles of x and y are reversed (like

Example 2). We rationalized the

denominatoriny = +-= = + - V2 _
V2 V242
xV2
Tt
(4)|((£2,0)|and |y = ixf . Notes: a =

\/§,b=1,c=\/(\/§)2+12=\/3+1=

Vé=2,y=t==t-7==

(5)[(+13,0)|and |y = +>%| Notes: a =

12,b=5,¢c =122 + 52 =+/144 + 25 =
V169 = 13.



(6)[(0,%+17)|and |x = il%y or

y-ii?.Notes:azS,bzlS,cz

V82 + 152 = /64 + 225 =+/289 = 17.In
this problem, the roles of x and y are

reversed (like Example 2).

(7) 4x* —3y? = 12|(+V7,0)|and

_ i2x3\/§

\/(\/5)2 + 22 =+/3 + 4 = +/7. Divide

2

2 2 x? Yy
4x= — 3y =12by12toget3 4=1.

.Notes:a=+3,b=2,c =

We rationalized the denominatoriny =
. 2x V3 Zx\/_

t =t aa= 1

and b = 2 because in standard form the

.Note thata = V/3

. . X% y?
equation is —- — =~ = 1. If you make the

mistake of trying to identify a and b from



the given equation (instead of standard
form), you can easily get these

backwards.

(8)|(—v2,v2)}|(V2,-V2)}|x = 0] and
y = 0| Notes:a =v2,b =+2,c =

{62 + (2’
= /2 + 2 = V4 = 2. The distance from

the origin to either focus is

(W + (2 =vEFZ=Vi=2

- : : 1
which agrees with c. Note thaty = — "

has branches in Quadrants II and IV,

1, . .
whereas y = " (discussed in the chapter)

has branches in Quadrants I and III. This

problem features a rotated rectangular

hyperbola (discussed in the first

paragraph of the chapter).



7.9 Problems

(1) even (2) odd (3) even

(4) odd (5) odd (6) even

(7) even (8) neither (has both

even and odd powers; see Sec. 1.8)

4 3 2 1 [ 1



8 INEQUALITIES

8.1 Dividing Both Sides by
Negative Coefficients

When multiplying or dividing both sides

of an inequality by a negative number, the

direction of the inequality changes. For
example, if we divide by —2 on both sides
of —2x < 8, we get x > —4. Why? One
way to see the reason for this is to
consider the simple inequality 2 < 3,
which is obviously true. If we multiply
both sides by —1, the 2 becomes —2 and
the 3 becomes —3. Note that —2 > —3
(because —2 is closer to zero than —3 is),
which shows that the < sign turns into a
> in this case. (If you multiply or divide
by a positive number, the direction

doesn’t change. If you add or subtract a



negative number, the direction doesn’t

change.)

Example 1. —8x > —16. Divide by —8 and
reverse the inequality: x < 2.

Note: We could get the same answer
using more steps without dividing by a
negative number. We could add 8x to get
0> —16 + 8x,add 16 to get 16 > 8x, and
then divide by 8 to get 2 > x. Observe
that 2 > x is equivalent to x < 2. (The

vertex points to x in each case.)

Example 2. x < 12 + 4x. Subtract 4x from
both sides: —3x < 12. Divide by —3 and
reverse the inequality: x > —4.

Check: Again, we will check the answer
using more steps. Subtract x from both
sides: 0 < 12 + 3x. Subtract 12 from both
sides: —12 < 3x. Divide by 3: —4 < x.



Observe that —4 < x is equivalent to x >
—4. (The vertex points to the —4 in each

case.)

8.1 Problems

Directions: Isolate the unknown, dividing

by a negative number in the last step.
(1) —x < —11 (2)5>—x

(3) —3x > 21 (4) —6x < —12
(5) 5x < 9x + 24 (6) 3x — 56 < —4x
(7) —4x —20>-9x (8)35+8x =>x
9) x<-1+x

(10) 8x — 100 < —2x

(11) -3(x—5) > 6

(12) —-6(x — 5) < —2(9 — x)
(13)9 +5x + 6 < 2x

(14) —3x — 8x > —9x — 14



8.2 Taking Square Roots of Both
Sides of an Inequality

Recall from Sec. 2.9 that there are two
solutions to consider when taking the
square root of both sides of an equation.
For example, the solutions to x? = 4 are
x = +2 because both roots satisfy the
equation: (—2)? = 4 and 22 = 4. There
can similarly be two solutions when
taking the square root of both sides of an
inequality. For example, the solutions to
x? < 4 include x < 2 aswell as x > —2.
Both answers can be combined together

using absolute values: |x| < 2.

Although the equation x* = —9 only has
the imaginary solutions x = +3i (Sec.
3.10), the inequality x* > —9 has all real

numbers (R) as its solution since any real



number squared is nonnegative. In
contrast, x* < —9 doesn’t have any real

solutions.

Example 1. 2x% > 32. Divide by 2 on both
sides: x* > 16. Square root both sides.

Either x > 4 or x < —4. These two

inequalities are equivalent to |x| > 4.

Example 2. 5x° + 4 < 2x* + 19. Subtract
4 and 2x? from both sides: 3x* < 15.

Divide by 3 on both sides: x? < 5. Square
root both sides. Either x < v/5 or x >
—/5. These two inequalities are

equivalent to |x| < /5.

Example 3. x* > —2. Any real number will

satisfy this inequality: x € R.



8.2 Problems

Directions: Solve each inequality.

(1) x2 < 49 (2) 6x2 > 18
(3)20 <x2—16  (4)5x2 > —10
(5) 7x% > 2x*+20 (6)4x*—21<43
(7) —8x% > —200  (8) 24 — x* < x*
(9)5—7x*<9

(10) —4x% > —1

(11) 9x* — 12 > 24 + 5x*
(12) 7 — 2x2 < 2 — x2

(13) —3x% —83 > —6x° — 2

(14) 4x% — 29 < —6x2 + 71



8.3 Quadratic Inequalities

The equation (x — 2)(x — 3) = 0 is true if
x —2 =0orifx —3 = 0, which leads to
two solutions: x = 2 or x = 3. With an

inequality, it is a little different. For

example, consider (x — 2)(x — 3) > 0. We
are multiplying two numbers together:

(x — 2) and (x — 3). When multiplying
two numbers, there are two ways for the
product to be positive. For example,
consider that (5)(4) = 20 is positive and
(—=5)(—4) = 20 is also positive. This
means that (x — 2)(x — 3) > 0 has two
separate pairs of solutions:

e One possibility isthatx — 2 > 0 and
x — 3 > 0. These inequalities simplify
tox > 2 and x > 3. The only way for
both of these inequalities to be true is
if x > 3.



e The other possibility isthatx — 2 < 0
and x — 3 < 0. These inequalities
simplify to x < 2 and x < 3. These can
only both be true if x < 2.

The two possible solutions are x < 2 or
x > 3. We can express this as x €
(—o0,2) U (3,), where U is the symbol for

the union of two sets, the symbol € means

“is an element of,” and (—oo, 2) and (3, )

use interval notation (recall Sec. 1.2).

Now consider the inequality
(x —2)(x — 3) < 0. For the product to be
negative, one number must be positive
and one number must be negative. The
possibilities are:
ex — 2 > 0and x — 3 < 0, which simplify
tox > 2 and x < 3. We can combine
these together to get 2 < x < 3.



oex —2< 0andx — 3 > 0, which
simplify to x < 2 and x > 3. No value
of x will make both of these
inequalities true.
The only viable solutionis 2 < x < 3,

which can be expressed as x € (2, 3).

Example 1. x* — 3x — 4 > 0. First, factor
the quadratic using the technique from
Sec’s 4.2-4.3: (x + 1)(x — 4) > 0. For the
left-hand side to be positive, either both
factors must be positive or both factors
must be negative.
e One possibility isthatx + 1 > 0 and
x —4 > 0, for whichx > —1 and x > 4.
The only way for both of these to be
true is if x > 4.
e The other possibility isthatx +1 < 0
and x — 4 < 0, for which x < —1 and



x < 4. The only way for both of these
to be trueisif x < —1.

Combine these answers: x < —1 or x > 4,
which is equivalent to x € (—o0,—1) U
(4, 00).

Example 2. 6x“ + 5x — 6 < 0. First, factor

the quadratic using the technique from Sec.
4.3: (2x + 3)(3x — 2) < 0. For the left-hand
side to be negative, one factor must be

positive and one factor must be negative.
¢ One possibility is that 2x + 3 > 0 and

3x — 2 <0, for which x > —%andx <
%‘ Combine these together to write
—2cx<i
2 3
e The other possibility is that 2x + 3 < 0

and 3x — 2 > 0, for which x < —%and

x > % No value of x can make both of

these inequalities true.



. 3 2 .
Final answer: — . <x < > which is

. 3 2
equivalentto x € (— > 5).

8.3 Problems

Directions: Find the complete solution to

each inequality.
(D) x*—7x—18<0
(2) x> —13x + 40 > 0

(3)6x*+5x—4>0

(4) 15x* +34x+15<0
(5) 16x% — 46x + 15 > 0
(6) 20x2 — 9x — 20 < 0
(7) 8x% + 49x + 45 < 0
(8) 24x2 — 2x — 15 > 0
(9) 9x% — 42x +49 > 0
(10) 30x% +42x —36 < 0



8.4 Taking Reciprocals of Both
Sides of an Inequality

When taking the reciprocal of both sides,

there are four cases to consider:

1_ 1 L. .
o~ > Both sides must be positive.

Reverse the direction of the inequality
to get x < 5. Since x must be positive,
the complete solutionis 0 < x < 5.
(Why does the inequality reverse? You
can see this the long way. Multiply by 5

on both sides to getz > 1. Then

multiply by x on both sides: 5 > x.

Observe that 5 > x is equivalent to x <
5.)

ol < % This time, the left-hand side is

X

not necessarily positive. For positive x,

reverse the direction of the inequality



to get x > 5. Since all negative values
of x satisfy the given inequality, the

complete solutionisx < 0 or x > 5.

1 1 . .
- < - Both sides must be negative.

Reverse the direction of the inequality
to get x > —5. Since x must be
negative, the complete solution is —5 <
x < 0.

0§ > — % This time, the left-hand side is

not necessarily negative. For negative
x, reverse the direction of the
inequality to get x < —5. Since all
positive values of x satisfy the given
inequality, the complete solution is x <
—5orx > 0.

Example 1. % > %‘ Here, x must be less

than 9 and positive: 0 < x < 9. The



answer may also be expressed as x €
(0,9). Recall Sec. 8.3.

1 1
Example 2. ~ < - Here, x can be greater

than 9 or negative: x < 0 or x > 9. The

answer may also be expressed as x €
(=00,0) U (9, ).

Example 3. % < — %. Here, x must be

greater than —9 and negative: —9 < x <

0. The answer may also be expressed as
x € (=9,0).

Example 4. % > — %. Here, x can be less

than —9 or positive: x < —9 or x > 0. The

answer may also be expressed as x €



8.4 Problems

Directions: Find the complete solution to

each inequality.

1) > - (2) - <>
O (8>
®)5> ©) 3 <
(7) - = < - (8) ——>-
(9)->3 (10) — - < -



8.5 Cross Multiplying with
Inequalities

Cross multiplying is equivalent to

multiplying both sides of the equation by

both of the denominators. For example,
multiply by 6x on both sides of % = 2 to

get 24 = 8x. When there is an inequality,
if exactly one denominator is negative, the
direction of the inequality reverses when
you cross multiply, but if both
denominators have the same sign, the
direction remains unchanged. If there is a
variable in a denominator, you must
consider the possible signs of the

variable, as shown in the examples.

6 _ 9
Example 1. " > = Here, x must be

positive. When we cross multiply, the



inequality remains unchanged: 6(12) >
9x. Simplify: 72 > 9x. Divide by 9 on both
sides: 8 > x. Since x must be positive, the

answer is 0 < x < 8, which is equivalent
tox € (0, 8).

10 15 .
Example 2. — > Here, any positive

value for x satisfies the inequality. If x is
negative, when we cross multiply, the
direction of the inequality reverses
because one denominator (x) is negative
and the other denominator (9) is positive:
10(9) < —15x. Simplify: 90 < —15x.
Divide by —15. The direction of the
inequality reverses again when we divide
by a negative number (Sec. 8.1): —6 > «x.
The complete solutionis x < —6 or x > 0,
which is equivalent to x € (—o0,—6) U

(0, o).



8.5 Problems

Directions: Find the complete solution to

each inequality.

M5 >% @75 <5
@3> W<
OFta 5<%
MD-n<%  ®-5>7

X 4 27 X
(95>~ (10) — =<3

X



Chapter 8 Answers

8.1 Problems

(1)|x > 11|Check the long way: —x < —11
-»0<x—-11-11 < x.
Note: We are checking the answers the

long way, but you are expected to solve

the problems the short way by dividing

both sides by a negative number at some
point in your solution.

(2)|—=5 < x|Check the long way: 5 > —x
-»5+x>0->x>-5.

(3)|x < —7|Check the long way: —3x > 21
- 0>3x+21->-21>3x—-> -7 > «x.
(4) |x > 2|Check the long way: —6x < —12
—»0<6bx—12->12<6x - 2 <x.

(5)|x = —6|Check the long way: 5x <
Ix+24->0<4x+ 24 > —24 < 4x —>
—6 < x.




(6)

8 > x| Check the long way: 3x — 56 <

—4x > 7x —56<0->7x <56 - x<8.

(7)

4 < x|Check the long way: —4x — 20

>—-9x >5x—-—20>0-5x> 20 - x > 4.

(8)

—5<x

Check the long way: 35 + 8x

>x—>35+7x>0->7x>-35-> x> -5

(9) |x > -

- 0
(10)

< -1

Check the long way: —x < —1 + x

2x—>1<2x—>%<x.

10 > x

Check the long way: 8x — 100

< —2x-10x—-100<0 - 10x <100 —»

x <

(11)

10.

x < 3|Check the long way: —3(x — 5)

>6—>—-3x+15>6->—-3x4+9>0-
9>3x - 3> «x.

(12)

x > 6|Check the long way: —6(x — 5)

<-29—-—x)-> —-6x+30<—-184+2x >
48 < 8x — 6 < x. Tip: In the first step,
divide both sides by —2.



(13) |—5 = x| Check the long way:
9+5x+6<2x—->15+5x <2x -
15+3x<0->3x<-15->x < 5.
(14) [x < 7|Check the long way:
—3x—8x>-9x—14 - —11x >
—-9x—14-0>2x—-14 -5 14 >
2x > 7 > x.

8.2 Problems

(1)|x < 7|or|x > —7|, equivalent to
|x|] < 7| Note: (£7)? = 49.

(2)|x = +/3|or|x < —V/3| equivalent to

x| > V3| Note: 6(+v3)" = 6(3) = 18.

(3)|6 < x|or|—6 > x|, equivalent to

|x| > 6| Note: (+6)? — 16 =36 — 16 =
20.

(4) |x € R| Note: Any real value of x

satisfies x? > —2.



(5)|x > 2|or|x < —2];, equivalent to

|x|] > 2| Notes: 7(+2)? = 7(4) = 28 and
2(+2)2+20=2(4) +20 =8+ 20 = 28.
(6)|x < 4|or|x > —4| equivalent to

|x| < 4| Note: 4(+4)% — 21 = 4(16) — 21
= 64 — 21 = 43.

(7)|x < 5|or|x > —5|;, equivalent to

|x| < 5| Notes: —8(+5)% = —8(25) =
—200. —8x% > —200 becomes 8x% < 200
(recall Sec. 8.1).

(8) [2V3 < x|or|—2+v3 = x|, equivalent

2
to||x| = 2v3| Notes: 24 — (2V3) =

24 —22(v3) =24 —4(3) = 24— 12,
(2v3)" = 22(V3)" = 4(3) = 12, and
V12 = V43 = 2v3.



(9) |x

€ R|. Note: Any real value of x

- 4 .
satisfies —x? < ~, which is equivalent to

X > —=

—|. Notes: —4 (—)2 =

; equivalent to

)=

—4x% > —1 becomes 4x* < 1 (recall Sec.

8.1).

(11)

x =3

x| =

or

x < —3

; equivalent to

3| Note: 9(+3)% — 12 = 9(9) — 12

=81 —12 = 69 and 24 + 5(+3)? =
24 + 5(9) = 24 + 45 = 69.

(12)

\/§<x

x| >

or

—\/§>x

; equivalent to

V5| Note: 7 — 2(+v5)" = 7 — 2(5)

=7-10=-3and2— (+V5) =2-5
= -3,



(13)|3V3 < x|or|—3v3 > x|, equivalent

to||x| > 3v3] Note: —3(+3v3)" — 83 =

—3(3)2(v3) - 83 = —3(9)(3) — 83 =
—81—83 = —164, —6(+3v3) —2 =
—6(3)2(\/5)2 —2=—-6(9)(3)-2 =

—162 — 2 = —164, and V27 = V93 =

3v/3.
Tip: Multiply —3x% — 83 > —6x% — 2 by
—1 to get 3x% + 83 < 6x° + 2 (Sec. 8.1).

(14) (x < Vv10|or|x = —V10}|; equivalent
2

to||x| < V10| Note: 4(+V10) — 29 =

4(10) — 29 =40 —-29 =11 and

—6(+VI0) + 71 = —6(10) + 71 =
—60 + 71 = 11.




8.3 Problems

(1)|—2 < x < 9] equivalent to
x € (—=2,9)| Note: (x + 2)(x —9) =
x?* —9x +2x — 18 = x%? — 7x — 18.

(2)|x < 5|or|x > 8|, equivalent to
x € (—0,5) U (8,)| Note: (x —5)(x — 8)
= x% —8x — 5x + 40 = x* — 13x + 40.

(3)|x < —% or|x > %; equivalent to

X € (—00, —g) U (%,00) . Note:

Bx+4)2x—1) =6x? —3x+8x —4 =
6x% + 5x — 4.

5 3 .
(4)|— S <x<—2f equivalent to

5
x € (—2,—2)| Note: (3x + 5)(5x + 3) =

15x% + 25x + 9x + 15 = 15x2 + 34x + 15.



(5)

3 5 .
x < S|or|X > " equivalent to

X €

=)vC

OO) . Note:

(8x —3)(2x —5) = 16x% — 40x — 6x + 15
= 16x* — 46x + 15.

(6)

4 5 .
— <x< n; equivalent to

X €

4 5

(—-,-) _Note: (5x + 4)(4x — 5) =

20x% + 16x — 25x — 20 = 20x% — 9x — 20.

(7)

Sy < —2
8

; equivalent to

X €

(—5, —g) .Note: (8x + 9)(x + 5) =

8x% + 40x + 9x + 45 = 8x?% + 49x + 45.

(8)

5 .
x < —_lor|x>—f equivalent to

oo

5
-, 00) . Note:
6

(4x + 3)(6x — 5) = 24x% + 18x — 20x — 15
= 24x% — 2x — 15.



(9)

7 7 . .
x < S|or|x > Sha simpler answer is

x;tg.Note:(

3x —7)3x—7) =

Ox? — 21x — 21x + 49 = 9x% — 42x + 49.

(10)

3 .
—2<x< ! equivalent to

3

5

X E (—2,—) . Note: (6x + 12)(5x — 3) =

30x% — 18x + 60x — 36 =
30x% + 42x — 36.

8.4 Problems

(1)

O0<x<6

; equivalent to|x € (0,6)|.

1

Note:l>gisl

(2)

X

ike Example 1.

x < 0lor

x > 2|; equivalent to

1

x € (—0,0) U (2,0)[ Note: 2 < > is like

X

Example 2.

(3)

—4 < x <

0|, equivalent to|x € (—4,0)

Note: i < — % is like Example 3.



(4) |x < —3|or|x > 0}, equivalent to

x € (—oo0,—3) U (0, )| Note: % > —%is

like Example 4.

(5)|x < 0|or|x > 8], equivalent to

x € (—00,0) U (8,)| Note: % > Zis

X

. 1 1 4y ..
equivalent to -<3 which is like Example 2.

(6)|0 < x < 10}, equivalent to

x € (0,10) [ Note: 110 < Zis equivalent to

X

i > 1—10, which is like Example 1.

(7)|x < —=12|or|x > 0}, equivalent to

x € (—o0,—12) U (0, )| Note: —1—12 < %is

. 1 1 L1
equivalent to > which is like

Example 4.
(8)|—15 < x < 0}, equivalent to

x € (—15,0)| Note: — 1—15 > Zis equivalent

X

to i < — %, which is like Example 3.



1 . 1
(9)|10<x< " equivalentto|x € (O, 5) .

Notes: i > 3 is like Example 1. When we

take the reciprocal of both sides, the

reciprocal of 3 equals §

(10) [x < —5|or|x > 0}, equivalent to

x € (—oo,—5) U (0, 0) | Notes: First

multiply by —1 on both sides, which

reverses the direction of the inequality

(Sec. 8.1): % > — % This is like Example 4.

8.5 Problems

(1)|0 < x < 15|, equivalent to

xE(O,lS).Note:1—8=2—4=9.
15 20 5

(2)|x < 0Jor|x > 56|, equivalent to

16 10 2
X € (—00, 0) U (56, 00) . Note: % — E = o




(3)|x < —14]or|x > 0}, equivalent to

x € (—o0,—14) U (0, )| Notes: —ﬁ —

6

For x < —14, - is less negative than — o

X

3

. 6 .
meaning that —is closer to zero.

X

(4) |—9 < x < 0} equivalent to

12 72 4

x € (—9,0)| Notes: ST T Ty

54 3

For—9<x <0, L is more negative than

X
72 :

12 .
— ¢ meaning that — is farther from zero.

X

(5)|x <0for|x > 64

equivalent to

x € (—00,0) U (64, )

3 24
. Note: = = —.
8 64

(6)|0 < x < 20}, equivalent to

x € (0,20)| Note: = = =,

(7)|x < —28|or|x > 0}, equivalent to

39

x € (—o0,—28) U (0, )| Notes: - =

26 13

28 14

3

="



39

26 . .
For x < —28, — Is less negative than — oy

. 26 .
meaning that — Is closer to zero.

(8)|—99 < x < 0}, equivalent to

x € (—99,0)| Notes: e
9 99

121, .
For —99 < x <0, — Is more negative

11 121 .

than — 5 meaning that — s farther from

Z€Ero.

(9)|—6 < x < 0|or|x > 6], equivalent to
x € (—6,0) U (6,)|. Notes: It would be

incorrect to write that |x| is greater than
6. You must treat the two cases

separately:

olf x > 0,% > %becomes x? > 36, for

which x > 6.
olf x < 0, it becomes x? < 36 since the
inequality reverses direction when

multiplying both sides by a negative



number, for which |x| < 6. Since x is

negative in this case, |x| < 6 requires x >
—6. For example, when x equals -5,
observe that —5 > —6 (agreeing with x >
—6), | —5| < 6 (agreeing with |x| < 6),
(—5)? < 36 (agreeing with x? < 36), and

-5 4 : 1 X 4
<~ 2 (agreeing with 5> ;).

Calculator check:

—5.9
°

~ —(0.6556 is greater than % ~
—0.6780 (since —0.6556 is less negative)

and % ~ —(0.6778 isn’t greater than

il ~ —0.6558 (since —0.6778 is more

negative), which agrees with —6 < x < 0.

o% ~ 0.6778 is greater than i ~ 0.6558

and % ~ 0.6556 isn't greater than

% — 0.6780, which agrees with x > 6.



(10) [x > 0|, equivalent to|x € (0, 00)|.

Notes: Any positive value of x will satisfy

27 X

—— < 5 Here x can’t be negative because

the left-hand side would be positive while
the right-hand side would be negative,
and a positive number can’t be less than a
negative number. (As to the question of
whether or not x could be zero, the left-

hand side would be undefined.)



WAS THIS BOOK HELPFUL?

Much effort and thought were put into
this book, such as:
e Covering a variety of intermediate
algebra skills.
e Concisely introducing the main ideas at
the beginning of each chapter.
e Solving examples step by step to serve
as a helpful guide.
¢ Including checks or notes along with
the answers at the back of the book.

[f you appreciate the effort that went into

making this book possible, there is a

simple way that you could show it:

Please take a moment to post an honest

review.




For example, you can review this book at

Amazon.com or Goodreads.com.

Even a short review can be helpful and
will be much appreciated. If you are not
sure what to write, following are a few
ideas, though it is best to describe what is
important to you.

e Was it helpful to have checks/notes in
addition to the answers at the back of
the book?

e Were the examples useful?

e Were you able to understand the ideas
at the beginning of the chapter?

¢ Did this book offer good practice for
you?

e Would you recommend this book to

others? If so, why?



Do you believe that you found a mistake?
Please email the author, Chris McMullen,
at greekphysics@yahoo.com to ask about
it. One of two things will happen:
e You might discover that it wasn’t a
mistake after all and learn why.
e You might be right, in which case the
author will be grateful and future
readers will benefit from the

correction. Everyone is human.
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Put your intermediate algebra skills to the test with...

101 Involved

Problems with Answers

aw + bx = ay + bz
Given aw? + bx? = ay? + bz? Showthat w+y=z+«x
w#yandx # z

First, group coeflicients. Factor each coefficient.
aw — ay = bz — bx alw—vy) =b(z—x)
aw? —ay? = bz? — bx? a(w? —y?) = b(z? — x?)
[solate a/b in each eqn. 22 —x2=(z—2x)(z+x)
a_z-—x z% — x* 7 B () (R )
b w-y wi-y2 w-y W-y)Ww+y)
Compare the two sides. Cross multiply.

Z+X W+y=2Z+X

_W+y

Includes good variety and instructive solutions.
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ta“(i) =t 1+ cos@

sin® 0 + cos?8 =1

cos(a+ B) =
cosacosf —sinasinf
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Chris McMullen, Ph.D.

cos(28) = cos? @ — sin® @

Chris McMullen, Ph.D.

Chris McMullen, Ph.D. Essential
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Skills Practice Workbook

cosh(x-y)=7?
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Concepts

Chris McMullen, Ph.D.
Northwestern State University of Louisiana

Chris McMullen, Ph.D.
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Study Guide Workbook

Volume 1: The Laws of Motion

d 1TH NN

Zle=m1axﬁTL_f=m1ax
ZFly=m1ay=N—m1g=0

Z Fox = Maay = myg — Ty = Maay

Z T = Ipa = RpTRsin90° — RpT;, sin90° = L,a

=t DIMENSION




300+

MATHEMATICAL §

PATTERN
PUZZLES

NUMBER PATTERN RECOGNITION AND REASONING

CHRIS MCMULLEN, PH.D.

BALANCING
CHEMICAL ‘
EQUATIONS B  Scrambles with a Chemical Flavor

MEDIUM

WORKSHEETS Rearrange Symbols from Chemistry's

Periodic Table to Unscramble the Words
O O ©

Over 200 Reactions to Balance

Chemistry Essentials Practice Workbook with Answers

S+Ni+Ge+U > GeNiUS
2C2H6+702_>4C02+6H2() 2C+N+21+P 2> PICNIC
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Carbon Hydrogen Oxygen ) FOR WORD
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