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Preface

The volume of geometric objects has been studied by the ancient Greek mathematicians and it is quite
remarkable that even today volume continues to play an important role in applied as well as pure
mathematics. So, it did not come as a surprise to us that also in discrete geometry, which is a relatively
new branch of geometry, volume played a significant role in generating interesting new topics for research.
When writing this book, our goal was to demonstrate the more recent aspects of volume within discrete
geometry. We found it convenient to split the book into two parts, with Part I consisting of survey chapters
of selected topics on volume, and Part II consisting of chapters of selected proofs of theorems stated in
Part I. This means also that the chapters can be read quite independently from each other. Moreover, our
book provides a list of more than 30 open problems encouraging the interested reader to join in the recent
efforts to progress research on the topics discussed. Also, there are more than 60 research exercises to help
the reader with deeper understanding of the topics discussed. The prerequisite for Part I is rather modest,
any advanced undergraduate student should be able to follow the developments in those chapters.
However, Part II is of graduate level reading that intends to lead the interested reader to the frontiers of
research in discrete geometry. In what follows, we give a brief description of the topics discussed in our
book.

In Chapter 1 we investigate the volumetric properties of (m, d)-scribed polytopes, that is, d-dimensional
polytopes whose every m-face touches a Euclidean ball. Starting with a short historical overview of the
isoperimetric problem in Section 1.1, in Section 1.2 we examine a problem proposed by L’huilier in the
18th century, which asks about finding the minimum volume polytopes circumscribed about a ball. By the
famous Lindelof Condition in Theorem 4, these polytopes are the ones having maximal isoperimetric ratio
and a fixed number of facets. In this section, besides describing the results regarding L’huilier’s problem,
we present a ‘dynamic’ version of Lindelof’s theorem. This version offers a possible explanation of the
strange, elongated shape of the interstellar asteroid ’Oumuamua passing through the solar system. In
Section 1.3 we investigate the ‘dual’ of L’huilier’s problem, and deal with maximum volume polytopes
inscribed in a ball. A consequence of the Circle Packing Theorem is that every combinatorial class of 3-
dimensional convex polytope can be represented by a polytope, called Koebe polyhedron, whose every
edge is tangent to a unit sphere. In Section 1.4 we collect the properties of Koebe polyhedra and, in
particular, present results about the existence of Koebe polyhedra in every combinatorial class with
additional requirements. Just as in other chapters, the goal of stating open questions and problems in
Chapter 1 is to motivate further research on the topics discussed. The relevant selected proofs are
discussed in Chapter 6.

In Chapter 2 we examine results about the volume of the convex hull of a pair of convex bodies. In
Section 2.1 we introduce results of Rogers and Shephard, who in the 1950s in three subsequent papers
defined various convex bodies associated to a convex body, and found the extremal values of their volumes
on the family of convex bodies based on the convexity of some volume functional and Steiner
symmetrization. After this we present a proof of a conjecture of Rogers and Shephard about the equality
cases in their theorems, find a more general setting of their problems, and collect results about it. Section
2.2 describes a variant of the previous problems for normed spaces. In particular, using the notion of
relative norm of a convex body, we collect results about the extremal values of four types of volume of the
unit ball of a normed space. The problem of finding these values of one of these types leads to the famous
Mahler Conjecture. We extend these notions to the translation bodies of convex bodies, defined in Section
2.1, and determine their extremal values in normed planes. Hopefully, the problems and conjectures of
Chapter 2 will orient the reader towards new research directions. Chapter 7 contains the proofs of the
theorems selected from Chapter 2.

The monotonicity of volume under contractions of arbitrary arrangements of spheres is a well-known
fundamental problem in discrete geometry. The research on this topic started with the conjecture of
Poulsen and Kneser in the late 1950s. In Chapter 3 we survey the status of the long-standing Kneser-
Poulsen conjecture in Euclidean as well as in non-Euclidean spaces with emphases on the latest
developments. With the update given on the Kneser-Poulsen conjecture in Chapter 3, our hope is to
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encourage the renewed interest in settling this old conjecture of discrete geometry in higher dimensions as
well. The proofs of the most recent results of Chapter 3 are contained in Chapter 8.

The well-known kissing number problem asks for the largest number of non-overlapping unit balls
touching a given unit ball in the Euclidean d-space E?. Generalizing the kissing number, the Hadwiger
number or the translative kissing number H(K) of a convex body K in E¢ is the maximum number of non-
overlapping translates of K that all touch K. In Chapter 4 we study and survey the following natural
extension of these problems. A finite translative packing of the convex body K in E? is a finite family &
of non-overlapping translates of K in E. Furthermore, the contact graph G (&) of & is the (simple)
graph whose vertices correspond to the packing elements and whose two vertices are connected by an
edge if and only if the corresponding two packing elements touch each other. The number of edges of
G (&) is called the contact number of Z2. Finally, the contact number problem asks for the largest contact
number, that is, for the maximum number c(K, n, d) of edges that a contact graph of n non-overlapping
translates of K can have in E?. In the first half of Chapter 4 we survey the bounds proved for c(K, n, d)
using volumetric methods. Then we turn our attention to an important subfamily of translative packings
called totally separable packings. Here a packing of translates of a convex body K in E? is called totally
separable if any two packing elements can be separated by a hyperplane of E? disjoint from the interior of
every packing element. In the second half of Chapter 4 we study the analogues of the Hadwiger and
contact numbers for totally separable translative packings of K labelled by Hge,(K) and ¢ (K, n, d) and

survey the bounds proved for Hge,(K) as well as cgep(K, n, d) using volumetric ideas. Along the way we

call the reader’s attention to a number of open problems. Chapter 9 contains our selection of proofs of
some recent results of Chapter 4.

In Chapter 5 we continue our investigation of totally separable packings from a volumetric point of
view. First, we outline the recent solution of the contact number problem for smooth strictly convex
domains in E2. We discuss this approach in details based on angular measure, Birkhoff orthogonality,
Birkhoff measure, (smooth) Birkhoff domains, and approximation by (smooth strictly convex) Auerbach
domains, which are topics of independent interests as well. In the next part of Chapter 5, we connect the
study of totally separable packings of discrete geometry to Oler’s inequality of geometry of numbers.
More concretely, we discuss an analogue of Oler’s inequality for totally separable translative packings in
E2 and then use it for finding the highest density of totally separable translative packings (resp., the
smallest area convex hull of totally separable packings by n translates) of an arbitrary convex domain in
[E2. Finally, as a local version of totally separable packings, we introduce the family of p-separable
translative packings of o-symmetric convex bodies in EZ. In particular, we investigate the fundamental
problem of minimizing the mean i-dimensional projection of the convex hull of n non-overlapping
translates of an o-symmetric convex body C forming a p-separable packing in E? for given d > 1, n > 1,
and C. We encourage the reader to take a closer look of the open problems of Chapter 5. Last but not least
we encourage the reader to study the selected proofs included in Chapter 10.

Budapest and Calgary, January 12, 2019
Karoly Bezdek and Zsolt Langi
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Symbols

Symbol Description

k4 d-dimensional Euclidean space.

o The origin of E4.

H d-dimensional hyperbolic space.

bd(-) Boundary of a set.

int(+) Interior of a set.

relbd(-) Relative boundary of a set.

card(-), | - Cardinality of a set.

I

[p, q] Closed segment with endpoints p, q.

P, Q) Open segment with endpoints p, q.

Ipl Euclidean norm of p.

B¢ Closed unit ball in E¢ with o as its center.
S The boundary of B?; i.e., the (d — 1)-dimensional spherical space.
conv(-)  Convex hull of a set in E¢.

aff(-) Affine hull of a set in E¢.

lin(-) Linear hull of a set in E?.

voly ()  Volume of a set in E%.

area()  Area of a set in [E2.

svol,_1 (-)Surface volume of a set in E¢.

perim(-)
SVOld_l
)
Kq
KO
Sym(S)
)
L)
VG, .oy r)
Wi(K)
Iy
1(K)
I
NM)
F(M)
V(P)
P (n)
vq (n)
Cy(n)
skel; (P)
cmy, (P)
cc(P)
IC(P)

Perimeter of a set in [E2.
Spherical volume of a set in S%1.

The volume of BY.
The polar of the set K.

The symmetry group of the set S.
The (d — 1)-dimensional Minkowski content.

The d-dimensional Lebesgue measure.

Mixed volume.

The ith quermassintegral of K.

The rotated copy of B® by 7.

Isoperimetric ratio of K.

Maximum isoperimetric ratio of all convex polytopes in E? with at most n facets.
The set of outer unit normal vectors at the smooth points of M.

The form body of M.

The vertex set of the polytope P.

The family of polytopes with n vertices and inscribed in S 1.

The maximum of vol /(P) on the family & ;(n).

The cyclic polytope defined in Remark 20.

The k-skeleton of the polytope P in E¢.

The center of mass of the k-skeleton of the polytope P.

The center of the smallest ball containing P.
The set of the centers of the largest balls contained in P.
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ccm(P)  The circumcenter of mass of the simplicial polytope P.

pr (C)  The radius of the image of the spherical cap C under the Mobius transformation 7.
¢y (C)  The center of the image of the spherical cap C under the Mobius transformation 7.
Sy (K)  The Steiner symmetrization of K with respect to the hyperplane H.

V* (K, L) Maximum of the volume of the convex hull of two intersecting translates of K and L.
Ry(K)  The reflection body of K with respect to p.

R(K) A reflection body of K minimizing vol, (R, (K)) for all p € K.

R*(K) A reflection body of K maximizing vol, (Rp (K)) for all p € K.

TH(K) The translation body of K with vector p.

T(K) A translation body of K minimizing T}, (K) under the condition K N (p + K) # }X .

C(K) The associated body of K.
c(K,L) Maximum volume of the convex hull of two intersecting congruent copies of K and L.
(K1) Maximum volume of the convex hull of K and an intersecting congruent copy o(K) with ¢ € .

¢; (K))  The value of c¢(Kl| ) if & is the set of all reflections about i-flats.
¢ (K)) The value of c(KI &) if & is the set of all translations.

¢ (K)) The value of c(Kl &) if & is the set of all isometries.

volf/}“ (-) Busemann volume in the norm with unit ball M.

Volf,[T (-) Holmes-Thompson volume in the norm with unit ball M.

volyy (+) Gromov’s mass in the norm with unit ball M.

volfy (-) Gromov’s mass* in the norm with unit ball M.

cBus (K) Maximal Busemann volume of the translation bodies of K in its relative norm.

cAT (K) Maximal Holmes-Thompson volume of the translation bodies of K in its relative norm.
¢y (K) Maximal Gromov’s mass of the translation bodies of K in its relative norm.
¢ (K) Maximal Gromov’s mass* of the translation bodies of K in its relative norm.

Bd[pi, ril Closed Euclidean ball of radius r; and centered at p,.

By« [x, 7] Closed ball of radius r; and centered at p; in the space M,
X" The r-dual body of X in the space M¢.

k(d) Kissing number of B<.

c(n, d)  Maximum contact number in all packings of z unit balls in E¢.

c(K, n, d) Maximum contact number in all packings of n translates of the convex body K in <.

Csep(n, d) Maximum contact number in all totally separable packings of n unit balls in E<.

Cfee (M) Maximum contact number in all packings of n unit diameter balls in E¢ whose centers are
points in the face-centered cubic lattice.

deg,, (-) Average degree in the contact graph of a packing.

iq(K) Isoperimetric quotient of K.

H(K) Hadwiger number of K.

h(K) One-sided Hadwiger number of K.

o(K) Maximum density of a packing of translates of K.
o4 Maximum density of a packing of unit balls in E<.

dq (1, A)  Maximum density of a packing of n translates of B¢ with respect to their outer parallel domain
of outer radius /.
04(4) Upper limit of d4(n, L) as n — oo,

cz (n,d) Maximum contact number in all digital packings of n unit balls in E¢.
Hep(K)  Separable Hadwiger number of K.

hgep(K)  One-sided separable Hadwiger number of K.
Csep (K, n,Maximum contact number in all totally separable packings of n translates of K in E<.
d)
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Hsep(d)
hsep(d)
X-KYy
cir(A)
e(-)
m(-)
h(K,L)
(e
Mxk(G)
CBK)
LK)

Maximum of Hge, over the family of o-symmetric, strictly convex, smooth bodies in k<.
Maximum of A, over the family of o-symmetric, strictly convex, smooth bodies in <,
x is Birkhoff orthogonal to y in the norm of K.

Circular pieces of the A-convex domain A.

Euclidean angle measure.

The angle measure defined by (5.2).

Hausdorff distance of the convex bodies K and L.

The norm of a vector in the normed space with unit ball K.
The length of G measured in the relative norm of K.

A minimum area hexagon circumscribed about K.

A minimum area parallelogram circumscribed about K.

Jsep (K)  Maximum density of all totally separable translative packings of K.

Jsep(p, K) Maximum density of all p-separable translative packings of K.

M; (C)
R(C)
rC)

Mean volume of the i-dimensional projections of C.

Radius of a smallest Euclidean ball containing C.
Radius of a largest Euclidean ball contained in C.
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1

Volumetric Properties of (m, d)-scribed Polytopes

Summary. In this chapter we investigate the volumetric properties of (m, d)-scribed polytopes, that is, d-
dimensional polytopes whose every m-face touches a Euclidean ball. Starting with a short historical
overview of the isoperimetric problem in Section 1.1, in Section 1.2 we examine a problem proposed by
L’huilier in the 18th century, which asks about finding the minimum volume polytopes circumscribed
about a ball. By the famous Lindelof Condition in Theorem 4, these polytopes are the ones having
maximal isoperimetric ratio and a fixed number of facets. In this section, besides describing the results
regarding L huilier’s problem, we present a ‘dynamic’ version of Lindelof’s theorem. This version offers a
possible explanation of the strange, elongated shape of the interstellar asteroid ‘Oumuamua passing
through the solar system. In Section 1.3 we investigate the ‘dual’ of L’huilier’s problem, and deal with
maximum volume polytopes inscribed in a ball. A consequence of the Circle Packing Theorem is that
every combinatorial class of 3-dimensional convex polytope can be represented by a polytope, called
Koebe polyhedron, whose every edge is tangent to a unit sphere. In Section 1.4 we collect the properties of
polyhedra and, in particular, present results about the existence of Koebe polyhedra in every combinatorial
class with additional requirements.

1.1 The isoperimetric inequality

One of the fundamental inequalities in the theory of convex bodies is the so-called isoperimetric
inequality.

Theorem 1 (Isoperimetric Inequality) Among all convex bodies in E4 of equal volumes, Euclidean balls
have minimal surface volume.

The planar case of this problem was essentially solved by Zenodorus, who showed that a circle has
larger area than any polygon with the same perimeter. Clearly, in terms of rigorosity, his proof reflects the
standards of mathematics at his time. Zenodorus’s solution was lost; we know his work through Pappos
and Theon of Alexandria [234]. In Aeneid, Virgil describes a variant of this question, which might be one
of the first instances of a mathematical problem appearing in a literary work written for the general public.
In his epic, Dido, the daughter of the king of Tyre, after fleeing from her city, landed on the north coast of
Africa, and bargained for as much land as she could enclose with an oxhide. She cut the hide into thin
strips, and arranged them roughly into a semicircle.

Later, Steiner gave five different proofs for the planar case [224, 225]. Whereas all his proofs implicitly
assume the existence of an optimal solution, his work led to the discovery of Steiner symmetrization,
which presently plays an important role in optimization procedures in convex geometry. The first exact
proof of the planar case was found in the 19th century, due to Edler [94]. Since then, many different proofs
of this statement appeared in the literature (see, e.g., the paper of Carathéodory and Study [74], or that of
Lawlor [167]).

Nowadays the d-dimensional isoperimetric inequality is usually proved via the Brunn-Minkowski

inequality [102, 194]. In [102], a more general version appears, which states that for any set S C E4 whose
closure has finite Lebesgue measure,

dxTL4S) T < M1 (bdS),



where M2~ is the (d — 1)-dimensional Minkowski content, L4 is the d-dimensional Lebesgue measure,
and x4 is the volume of the unit ball in 4. Other proofs of the isoperimetric inequality were given, for

example, by Schmidt [215] and Gromov in the Appendix of [183].
A significant generalization of the isoperimetric inequality follows from a result of Alexandrov and
Fenchel [69].

Theorem 2 (Alexandrov-Fenchel Inequality) For any convex bodies K|, K,, ....K; C E<, we have

V(K1 Ks, ... K0)? >V (K, K, Ks. . KoV (K, Ko, K., Ky), (1.1)

where VK|, Ky, K3, ..., K,) denotes the mixed volume of the convex bodies K|, K,,....K,.

The necessary and sufficient conditions for equality in (1.1) is known only in some special cases [217].
wi+1(K)
wi(K)

quantity WiK), called ith quermassintegral of the convex body K < 9, is defined as

[ oétoo_obo ol
W, (K)=V I\K, ...,.K,Bd, ... ,Bd/:. A consequence of this fact is that for any 0 < i <j < ¢, among

The inequality (1.1) implies that the sequence { } is decreasing for i = 0,1,...,n — 1, where the

convex bodies with a given ith quermassintegral, Euclidean balls have minimum jth quermassintegral.
Here we note that the surface volume of a convex body K is dW,_(K), Wy(K) = vol 4(K), and W (K) =

vol 4(BY).

Schmidt [216] proved the isoperimetric inequality for convex bodies in spherical or hyperbolic d-space.
Variants for arbitrary Riemannian geometries can be found, e.g., in [186]. In [71], Busemann proved the
following isoperimetric inequality in normed planes. Let Mg(L) denote the perimeter of the simple,
continuous curve L measured in the norm with unit ball B for some origin-symmetric plane convex body
B. Let Ig denote the rotated copy of the polar reciprocal B® of B about the origin, with angle % Then, for
any convex body K with a given area in the normed plane with unit ball B, the Minkowski perimeter
Mg(bdK) is minimal if and only if K is a positive homothetic copy of Ig. A variant of this statement holds
in d-dimensional normed spaces for d > 2, with a suitable definition of surface volume [72].

It is clear that there are convex bodies in E¢ with fixed volume but arbitrarily large surface volume.

Nevertheless, Ball [16] proved the following very interesting theorem, which was the starting point of the
flourishing area of affine isoperimetric inequalities.

Theorem 3 Let K be a convex body in E%. Then K has an affine image K such that the quantity
VOld(K)

(v ()7

is not smaller than the corresponding quantity for a regular simplex in E%.

1.2 Discrete isoperimetric inequalities: volume of poly-topes circumscribed
about a sphere

Before proceeding further, following Pisanski et al. [201], we define the isoperimetric ratio of a convex
body in the following way.

Definition 1 Ler K € E¢ be a convex body. The isoperimetric ratio of K is the quantity

_d_
d—1

d
I(K) = volg(K) . (SVOldfl (B ))
( (SVOld—l(K))% vola(B%)

We note that for every convex body K, 0 < I(K) < 1, where I(K) = 1 if and only if K is a Euclidean ball.
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It 1s a natural question to ask about the maximum value of /(K) on subfamilies of the family of d-
dimensional convex bodies. The first result is due to Zenodorus, who proved that among convex n-gons in
E2 of a given perimeter, the regular one has the largest area. It was probably L huilier in the 18th century
who suggested to find the convex polyhedra in E® with maximal volume among those with a given surface
area and a given number of faces. This question is particularly interesting for polyhedra whose number of
faces is equal to that of one of the five platonic solids.

A significant step towards solving this question was made by Lindelof [171], which was later
generalized by Klee [153] for arbitrary dimensions.

Theorem 4 Let P be a convex polytope in E? with outer unit facet normal vectors Xy, X, ..., X,,. Let Q be

the convex polytope circumscribed about the unit ball B? with the same outer unit face normal vectors.

Then I(P) < 1(Q).

A consequence of Theorem 4 is that to maximize /(-) among convex polyhedra with n faces, it is
sufficient to minimize the volume (or surface area) of polyhedra with n faces circumscribed about the unit

ball B3.

Consider a convex polyhedron Q circumscribed about B3. If the center of mass of a face of Q does not
coincide with the point of tangency on the face, then a slight deformation of the face yields a convex

polyhedron Q’, combinatorially equivalent to Q and circumscribed about B3, with vol; Q' < vol /(Q). This

simple observation, appeared in [153], combined with Theorem 4, implies that among tetrahedra in E3, the
isoperimetric ratio is maximal for the regular ones. A similar argument can be applied to show the same
statement for simplices in E¢ with d > 3.

Theorem 5 For any n > d + 1, there is a convex polytope P in B¢ with n facets such that I(P) > I(Q) for
any convex polytope Q in E? with n facets. Furthermore, any such polytope P is circumscribed about a
Euclidean ball, and the point of tangency on each facet of P coincides with the center of mass of the facet.

Theorem 6 Among simplices in E? | the regular ones have maximal isoperimetric ratio.
L. Fejes Toth [109] proved the following theorem (see also [106]).

Theorem 7 Let F and V denote the surface area and the volume of a convex polyhedron in E* with n
faces, and set w,, = —=<. Then

E >54 (n — 2) tan (wy) (4 sin? w,, — 1),
where equality holds only for the regular tetrahedron, hexahedron and dodecahedron.

By Theorem 4, this result is based on considering only polyhedra circumscribed about B3 and applying
the so-called ‘moment lemma’ after centrally projecting each face of the polyhedron to S2.

Theorem 8 (Moment lemma) Let p(p) be a strictly increasing function for 0 < p < % Let py, po,--.. Py
be n points of S? not all of them lying on a hemisphere, and let pp = min{ppy, PPy, ..., PP,} denote the
spherical distance of a variable point p of S? from a closest point of the system {p;}. Then, for the

surface-integral of p(pp) extended over S2, we have

/SQ ¢ (pp)dw > (2n — 4)/ ¢ (pp)dw,

A

where A is an equilateral spherical triangle with vertices Ppi1,p2,P3 having area % and

pp = min {pp1, PP2, PP3} is the spherical distance of p from a closest vertex of A.
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Equality holds only if the system {p;} coincides with the system of vertices of a regular tetrahedron,
octahedron or icosahedron.

It is worth noting that by results of Lindelof [171] and Goldberg [121], a regular triangle, respectively
pentagon, based cylinder has maximal isoperimetric ratio among convex polyhedra in E3 with 5,
respectively 7, faces, but the problem is still open forn>7,n# 12 if d =3, and forn >d + 1 if d > 3. The
interested reader can find a list on possibly optimal convex polyhedra in E® on the webpage:
http://schoengeometry.com/a_poly.html, in [191] and in [170].

An asymptotic estimate for the isoperimetric ratio for any d > 2 can be found in [129].

Theorem 9 Let 1}, where n > d + 1, denote the maximum of the isoperimetric ratio of the family of all
convex polytopes in E¢ with at most n facets. Then there is a constant 5 > 0 depending only on d such that

asn — o0.

2d+1
I7 ~ 5§ svolg 1(B")dT 1
A~ vel(B) I
The isoperimetric ratio plays an important role, among other things, in the theory of geometric partial
differential equations (PDEs), in particular in curvature-driven flows, cf. e.g., [115, 137, 148]. We present
a result which yields a ‘dynamic’ version of Theorem 4 based on the monotonicity of the isoperimetric
ratio under the so-called Eikonal equation. The Eikonal equation is a non-linear PDE describing, among
other things, the evolution of surfaces. Restricting it to the evolution K() of a convex body K(0) = K c E¢

, where d > 1, we may define it as
v(p)=1, (1.2)

where p € bdK(?), and v(p) is the speed by which p moves in the direction of the inward surface normal of

K(7) at p. We note that by Alexandrov’s theorem, stating that the boundary of a convex body is C2-
differentiable almost everywhere, it can be shown that the condition in (1.2) uniquely determines K(¥).
The next two theorems were proven by Domokos and Léangi [89], where we use the observation, explained
more thoroughly in Section 6.2, that the set K(7) evolving under (1.2) is a convex body if and only if, 7 <
r(K), where r(K) is the radius of a largest sphere contained in K. We note that Theorem 10 offers a
possible explanation of the strange, elongated shape of the interstellar asteroid ’Oumuamua passing
through the solar system [90].

K

FIGURE 1.1
The form body of a convex body.

Theorem 10 For any convex body K c E¢, where d > 1, for the family K(t) evolving under (1.2), I(K(t))
is either strictly decreasing on [0, r(K)), or there is some value * €[0,r(K)) such that I(K(?)) is strictly
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decreasing on [0,t*] and is a constant on [t*, r(K)). Furthermore, in the latter case, for any t > t*, K(f) is
homothetic to K(1¥).

Definition 2 Ler M c E¢ be a convex body, where d > 1. Let NM) c S%1 denote the set of unit vectors
which are external unit normal vectors of M at a smooth point of bdM. Then we call the set

FM)={pecE*: (p,x) < 1lforeveryx € N (M)}
the form body of M [217] (cf. Figure 1.1).

Like in case of (1.2), by Alexandrov’s theorem it follows that F(M) is a convex body for every convex
body M c [E¢. Furthermore, if M is a convex polytope, then F(M) is the convex polytope, circumscribed

about Bd, whose set of external unit facet normal vectors coincides with that of M.

Theorem 11 Let K € E? be a convex body, where d > 1. Then the quantity I(K + t F(K)) is an increasing
Sfunction of t € [0, »).

The proof of the fact that among spherical or hyperbolic n-gons of a given area, the regular ones have
smallest perimeter can be found in [70]. Chakerian solved the same problem for arbitrary normed planes
in [75]. Nevertheless, almost nothing is known about extremal polytopes in these spaces in dimensions d >
2. We ask the following questions.

Question 12 Can Theorem 4 be modified for convex polytopes in S® or H4?

Open Problem 1 Prove or disprove that among simplices in S% or H4 of a given volume, where d > 2, the
regular ones have smallest surface volume.

We note that like in the Euclidean case, Theorem 8 implies that among tetrahedra in S® or in H3
circumscribed about a ball, the regular ones have smallest volume.

Open Problem 2 Prove or disprove that among simplices in S or H circumscribed about a ball, where
d > 3, the regular ones have smallest volume.

1.3 Volume of polytopes inscribed in a sphere

The dual of L’huilier’s problem can be put as follows.

Open Problem 3 Among convex polytopes in E¢ | inscribed in sa-1

has the largest volume?

and having n vertices, which polytope

This problem, with d = 3, was first mentioned by L. Fejes To6th in [106] in 1964, who proved the
following.

Theorem 13 Let P be a convex polyhedron in E3 with n vertices, insribed in B3, and let wp = 5 %.
Then

vols (P) < +(n — 2) cot wy, (3 — cot?wy).

Here, equality holds if and only if P is a regular tetrahedron, a regular octahedron, or a regular
icosahedron.

A systematic investigation of this question was started with the paper [20] of Berman and Hanes in
1970, who found a Lindel6f-type necessary condition for optimal polyhedra, and determined those with n
< 8 vertices. The optimal configurations are listed below.
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Theorem 14 Let P be a maximal volume polyhedron with n vertices and inscribed in S*.

(i) If n <7, then P is a double pyramid, with a regular (n — 2)-gon centered at the origin as its base,
and its two apexes lying on the line through the origin and perpendicular to its base.

(ii) If n =8, then P is congruent to the polyhedron with the vertices,

p1 = (sin 3¢, 0,cos 3p), ps = (0,— sin 3y, — cos 3y),
b2 = (Sin v, 0, cos QO), Ps = (O’ — sin ¢, — cos Q0)7

P3 = (_ sin 90707(305 SO)7 pP7 = (O>Sin ®, — COS 90)7
(

ps = (— sin 3¢, 0,cos 3p), ps = (0,sin 3¢, — cos 3¢),
T _ ./ 1544145
where 0 < ¢ < 5 and cos ¢ =\/ ——5—

Note that the average valence of a vertex of a convex polyhedron in E® with n vertices and triangular
faces is 6 — 12.

Definition 3 Let P be a convex polyhedron in E? with n vertices and triangular faces. We say that P is

12

medial if the valence of every vertex of P is at least L — 7J and at most ( — 171,_2} .

The next conjecture is due to Goldberg [121].

Conjecture 15 Let P be a convex polyhedron with n vertices and inscribed in B3. If there is a medial
polyhedron satisfying these properties, then volz(P) is maximal under these conditions for a medial

polyhedron.

It is an elementary exercise to check that all polyhedra in Theorem 14 are medial. Thus, Conjecture 15
is satisfied for n < 8.

In 2016, G. Horvath and Langi [145] extended the necessary condition for optimal polytopes in d-
dimensional Euclidean space in the following form. Here, for a d-dimensional polytope P, we denote the
set of vertices of P by V(P). We denote the family of d-dimensional polytopes, with n vertices and
inscribed in the unit sphere S¢1, by & (n). We set v (n) = max{vol (P) : P € & (n)}, and note that by

compactness, v (n) exists for any values of d and n.

Definition 4 Let P € &2 y(n) be a polytope with vertex set V(P) = {py, P2,..., P,,}- If for each i, there is an
open set U; C S such that p; € U, and for any q € U;, we have

volg ((conv (V' (P)\{p:})) U{q}) < vola (P),

then we say that P satisfies Property Z.

Let P € & (n) and let V(P) = {py, P2...., P,,}- Let €(P) be a simplicial complex with the property that
its support is | €(P)l = bdP, and that the vertices of €' (P) are exactly the points of V(P). We orient €' (P) in
such a way that for each (d — 1)-simplex (pi,, Pi,,---,Pi,) in €(P), the determinant |p;,,...,p;,| is
positive; and call the d-simplex conv covn {0, p;,,...,Pi,} a facial simplex of P. We call the (d — 1)-
dimensional simplices of &' (P) the facets of €(P).
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FIGURE 1.2
Notations for Theorem 16.

Theorem 16 Consider a d-polytope P inscribed in S~ and satisfying Property Z. For any p € V(P), let
F , denote the family of the facets of € (P) containing p. For any F € Z,, set A(F, p) = vol;_; (conv
((V(F) U {o)\{p})), and let m(F, p) be the unit normal vector of the hyperplane, spanned by (V(F) U
{o)\{p}, pointing in the direction of the half space containing p (cf. Figure 1.2). Then

(i) we have

P= 12—, wherem = Z A(F,p)m (F,p), and
FeZ,

(ii) P is simplicial.

Here we note that it has been long conjectured, but never proved, that for every n > 4, every minimal

volume convex polyhedron with n faces and circumscribed about B3 is simple.

By means of Theorem 16, we prove the following. Before stating the result, we remark that Theorem 16
yields possible candidates for an optimal polytope only within a fixed combinatorial class. Since the
combinatorial classes of d-polytopes with at least d + 4 vertices are unknown [239], it seems that to treat
this problem for polytopes with at least d + 4 vertices a new approach is needed.

Theorem 17 Let P € & (d + 2) have maximal volume over & (d + 2). Then P = conv(Py U P,), where

P, and P, are regular simplices of dimensions L%J and {%W, respectively, inscribed in S and

contained in orthogonal linear subspaces of EX. Furthermore,

Ld/2)+1 [d/2]+1
! 42 [

Recall that a d-polytope with n vertices is cyclic, if it is combinatorially equivalent to the convex hull of
n points on the moment curve y(f) = (t,tz,. . .,td),t € R.

Theorem 18 Let P € & (d + 3) satisfy Property Z. If d is even, assume that P is not cyclic. Then P =
conv{ P; U P, U P3}, where Py, P, and P are regular simplices inscribed in S and contained in
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three mutually orthogonal linear subspaces of E®. Furthermore:

(i) If d is odd and P has maximal volume over 2 (d + 3), then the dimensions of Py, P, and P5 are
|d/3] or [d/3]. In particular, in this case we have

k+1 z

3
(va (d+3) =)volg (P) = & - H Tk
=1

where k| + ky + k3 = d and for every i, we have k; € { {|d/3], [d/3]}}.

(ii) The same holds for the dimensions of P, P, and P, if d is even, and P has maximal volume over
the family of not cyclic elements of P [d + 3) satisfying Property Z.

In light of Theorem 18, it seems interesting to find the maximum volume cyclic polytopes in & (d + 3),
with d even. Using the method of the proof of Theorem 18, the following can be shown.

Remark 19 Let d = 2m be even and let P € &P (d + 3) be a cyclic polytope satisfying Property Z. Then,
for a suitable labeling p{, Py, ..., Pg43 0f the vertices of P, the value of Ip;,.; — p;l is independent of i.

Unfortunately, this method cannot be used to prove that for a suitable labeling p{, ps...., pg3 of the
vertices of P, the value of Ip;,; — p;l is independent of i for any value of k different from 1. Nevertheless,

in light of Remark 19, it seems reasonable to consider the possibility that if a cyclic polytope P with d + 3
vertices in an even dimensional space E? and inscribed in S%! has maximal volume within its
combinatorial class, then P satisfies the above property for all values of k; or in other words, P has a
dihedral symmetry of order d + 3.

A possible candidate for this property is the polytope C (d + 3) in Remark 20, obtained by choosing

suitable points on the trigonometric moment curve ¢ — (cost, sint, cos2t, sin2t,..., cos (%) sin (‘ét )),

where d is even.
Remark 20 Let d > 2 be even, andn >d + 3. Let

Ci(n)=conv{q;:i=0,1,...,n— 1},

where
qi:\/fl (cos 4=, sin T cos ZT ... cos 4T sjn 4ir)
Then Cy(n) is a cyclic d-polytope inscribed in S and its group of symmetries Sym(Cy(n)) is

isomorphic to the dihedral group D,,.

It is a straightforward computation to check that C4(7) satisfies Property Z. Furthermore, letting P, €

P4(7) be the convex hull of a regular triangle and two diameters of S3, in mutually orthogonal linear
subspaces, and Pg € Z4(9) be the convex hull of three regular triangles in S® in mutually orthogonal

linear subspaces, it is easy to check that

=

voly (P4) = = 0.43301
voly (C4 (7)) = o5 (cos =+ cos = ) = 0.38905.

volg (Pg) = 243 — 0,02435.

and
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volg (Cg (9)) = sin T — —X- sin 4 + = sin 2& = 0.01697.. .,

7
576 9 2880 1152 9
implying that
voly (P4) > voly (C4 (7)) and volg (Pﬁ) > volgg (CG (9))

These inequalities suggest that the optimal polytopes in Z4(d + 3) are not cyclic for any value of d.
A characterization of d-polytopes, with n vertices and symmetry group D,, can be found in [163]. For
stating it, we introduce some notation. Let d > 2,n > d,m = [d/2],0 < iy < iy < ... < i, < &

5 and
fork=1,2,...,n,let

qr = ﬁ(cos 2’;lk’r,sin 2fﬂL’“’r,...,cos k’;;”,sin 2’?“) € k¢
if d is even, and
o 1 2i1kmr . 2i1km o 2kigm k d
UG = == (cos = sin =5 L sin =%, (—1)") € E

if d is odd. Furthermore, set Q(iy, iy, ..., i,,) = conv{qy, q2...., q,,}. Note that as Iq;| = 1 for every value of
k, the vertices of Q(iy, i, ..., i,;) are qq, qa, -...q,-

Theorem 21 Let d > 2, and P ¢ E? be a d-dimensional convex polytope with vertices py, Pa» -.-» P,
where n > 5, and n > d. Then the following are equivalent.

(i) Fork, i=1,2, ..., n, the value of Ipy,; — Pyl is independent of the value of i.
(ii) There is some ¢ € Sym(P) such that ¢(p;) = pjy1fori=1,2, ..., n.
(iii) There are some 0 <ij <iy<...< ildp] < 5 such that P is similar to Q(iy, 0, i) dp |-

Unlike in the case of circumscribed simplices of minimal volume, it was proved by Boréczky [57] that
among simplices in the spherical space S? inscribed in a spherical ball, the regular ones have maximal

volume. The same statement for simplices in the hyperbolic space HY was proved by Peyerimhoff [200].
We finish this section with a question of G. Fejes Toth, which appeared in [32].

Open Problem 4 By Steiner symmetrization, it can be easily shown that the maximum volume of the
intersection of a fixed ball in E* and a variable simplex of given volume V is attained when the simplex is
regular and concentric with the ball. Show that the above statement holds true in spherical and hyperbolic
space as well.

1.4 Polyhedra midscribed to a sphere

In the last two sections we examined, in particular, convex polyhedra in E® whose every k-face, where k =
0 or k = 2, is tangent to the unit sphere S2. In this section we deal with the missing case k = 1, and
introduce one of the ‘gems’ in the treasury of geometric literature.

The famous Circle Packing Theorem [197] states that every simple, connected plane graph can be
realized as the intersection graph of a circle packing in the Euclidean plane, or equivalently, using a
stereographic projection, on the sphere. Here, by intersection graph we mean a graph whose vertices are
the centers of some mutually non-overlapping circles, and two vertices are connected if the corresponding
circles are tangent.

This theorem was first proved by Koebe [156], and was later rediscovered by Thurston [235], who noted
that this result also follows from the work of Andreev [11, 12]. The theorem has induced a significant
interest in circle packings in many different settings, and has been generalized in many directions. One of
the most known variants is due to Brightwell and Scheinerman [68]. By this result, any polyhedral graph
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(i.e., any simple, 3-connected planar graph [228, 230]), together with its dual graph, can be realized
simultaneously as intersection graphs of two circle packings with the property that each point of tangency
belongs to two pairs of tangent circles which are orthogonal to each other.

FIGURE 1.3
Representation of a polyhedral graph and its dual as intersection graphs of circle packings.

Figure 1.3 shows an example of this representation. Here, on the left, the edge graph of a cube C is
shown; filled circles are the vertices of the cube, edges connecting vertices are represented by continuous
curves. The vertices and the edges of the edge graph of the dual of C, an octahedron, are represented by
empty circles and dashed curves, respectively. The corresponding circle packings are shown on the right.
Here, circles drawn with continuous and dashed lines correspond to the vertices of C and its dual,
respectively. Note that even though here a dashed circle contains all other dashed circles in its interior,
using a suitable stereographic projection to S2, the corresponding spherical cap does not overlap the
images of the other dashed circles.

Such a pair of families of circles on the unit sphere S? centered at the origin o generate a convex
polyhedron midscribed to the sphere; that is, having all edges tangent to it. In this polyhedron, members of
one family, called face circles, are the incircles of the faces of the polyhedron, and members of the other
family, called vertex circles, are circles passing through all edges starting at a given vertex. This yields the
following theorem [68].

Theorem 22 The combinatorial class of every convex polyhedron has a representative midscribed to the
unit sphere S?.

Such representatives of combinatorial classes are called Koebe polyhedra. By Mostow’s rigidity
theorem [187], these representations are unique up to Mobius transformations of the sphere. Theorem 22
was significantly strengthened by Schramm [218], who proved the same statement for the boundary of any
strictly convex, smooth body K playing the role of S2.

It is an interesting question to ask if Theorem 22 holds for representatives of polyhedral classes
inscribed in or circumscribed about S2, or if not, which classes can be represented in this way. These two
problems are equivalent, as the polar of any convex polyhedron inscribed in S? is circumscribed about it
and vice versa. These questions were posed by Steiner [226]. The first part of this question was solved
only one hundred years later by Steinitz [229], who, using a variational principle and Lindel6f ’s result in
Theorem 4 gave the first example, an infinite family of convex polyhedra, whose combinatorial classes do
not contain representatives inscribed in S2. His result is a consequence of Theorem 23 from [229].

Theorem 23 Let P be a convex polyhedron in E3 such that its vertices are colored black and white
vertices such that it has more black vertices than white, and no two black vertices are adjacent. Then P
cannot be inscribed in a sphere.
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Observe that the condition about P in Theorem 23 is purely combinatorial, and thus it holds for every
polyhedron in the combinatorial class of P. We give an example of a convex polyhedron satisfying this
condition, described also in [114].

Example 1 Consider an octahedron Py and color its vertices white. Attach a tetrahedron to each face of
Py, and color the new vertices black. The so-obtained polyhedron P has six white and eight black vertices,

and no two black vertices are consecutive.

Whereas the condition in Theorem 23 is necessary for inscribability, it is not sufficient; it can be shown,
for example, that the triakis tetrahedron, obtained by attaching a tetrahedron to each face of a tetrahedron,
is not inscribable. Sufficient conditions for inscribability were given, e.g., by Dillen-cour and Smith [88],
who proved in particular, that every 4-connected planar graph is the edge-graph of an inscribable convex
polyhedron. The second part of Steiner’s problem was completely solved by Rivin [206] in 1996, who
characterized convex polyhedra inscribed in S2.

Higher dimensional analogues of Theorem 22 were examined by Schulte [219]. He called a convex
polytope P in E? (m, d)-scribable for some 0 < m < d — 1, if there is a convex d-polytope P’
combinatorially equivalent to P whose every m-face is tangent to some Euclidean (d — 1)-sphere. His
result states that if 4 > 4, then for every value of m, there is a convex polytope P in E? which is not (m, d)-
scribable. Thus, the property in Theorem 22 holds only for 3-dimensional polytopes whose edges are
tangent to a unit sphere. On the other hand, Padrol and Ziegler [198] proved the inscribability of certain
families of convex polytopes in E¢ with d > 4.

We note that using the projective ball model for H3 and central projection from E3 to S® for S3,

Theorem 22 can be stated in the same form for the combinatorial classes of convex polyhedra not only in
Euclidean, but also for hyperbolic or spherical spaces.

Remark 24 The question for midscribed polyhedra analoguous to those for circumscribed and inscribed
polyhedra would be the following: For any value e > 6, find the polyhedra of maximal/minimal volume
with e edges and midscribed to S®. Nevertheless, as we will see, the method of the proof of Theorem 28
yields that in every combinatorial class there is a Koebe polyhedron with arbitrarily small, and also one
with arbitrarily large volume.

In light of Remark 24, after proposing some related problems, we investigate Koebe polyhedra in a
different direction. In their famous paper [18], among other things, Bardny and Fiiredi gave an upper
bound on the radii of Euclidean balls in E?, centered at a point of a simplex S contained in B¢ and
satisfying the property that the k-skeleton of S is disjoint from the interior of the ball. They remarked that
it is very likely that the best upper bound is attained if S is a regular simplex with o as its center, and the
ball is centered at o and touches each k-face of S.

Open Problem 5 Prove or disprove that if S is a simplex contained in B, and for some X € S, X + de is

a Euclidean ball whose interior is disjoint from the k-skeleton of S, then p < 4/ ﬁ.

Question 25 Does the statement in Problem 5 hold for spherical or hyperbolic simplices?

Question 26 Consider a ball S in S® or in H3. What is the infimum and the supremum of volumes of the
tetrahedra midscribed to S?

Mani [175] strengthened Theorem 22 in a different direction. He proved that up to Euclidean
isometries, every combinatorial class can be uniquely represented by a polyhedron midscribed to S? such
that the barycenter of the tangency points is the origin (cf. also [239, p.118] and [131, p.296a]). This result
is an example of the problem of ‘centering’ via Mobius transformations, which was examined, from an
algorithmic point of view in [22]. Springborn [222] gave an elegant different proof of Mani’s statement,
based on the application of the following theorem.
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Theorem 27 For any mutually distinct points vy, vy,...,V, on the d-dimensional unit sphere S¢ centered at
n
the origin o, where n > 3 and d > 2, there is a Mobius transformation T of S® such that 22‘71 T (v;) = o.

Furthermore, if T is another such Mébius transformation, then T = RT, where R is an isometry of S¢.

A slightly more general approach of this problem can be found in [14], where the authors prove that the
discrete measure in Theorem 27 can be replaced by any reasonable measure defined on S2. Their argument
seems to work also for measures defined on S?. We note that in all the mentioned results some
configurations on S? are centered.

Léangi [162] examined a variant of this problem, namely the problem of centering Koebe polyhedra. It is
worth mentioning that this problem cannot be regarded as centering a suitable measure on S2. Indeed,
intuitively, whereas the measure on a certain subset of S is invariant under Mébius transformations, the
same cannot be stated about Koebe polyhedra. This difference is represented in Remark 30.

To state the results in [162] we introduce some notations.

Let P be a convex polyhedron in E3. For k = 0,1,2,3, let skel(P) denote the k-skeleton of P. Then the

center of mass of skel(P), which we denote by cm;(P), is defined in the usual way as

/ pduk
peskel,(P)

/ dvg,
peskel,(P)

where v, denotes k-dimensional Lebesgue measure. By cc(P) and IC(P), we denote the center of the

CInyg (P) =

)

(unique) smallest ball containing P and the set of the centers of the largest balls contained in P.

The next concept was defined for polygons in [1] and for simplicial polytopes in [231] (see also [3]).
Before introducing it, we point out that, unlike in the other parts of the book, by the circumcenter of a
non-degenerate simplex we mean the center of the unique sphere containing all vertices of the simplex,
which may be different from the center of the smallest ball containing the simplex.

Definition S Let P be an oriented simplicial polytope, and let 0 be a given reference point not contained
in any of the facet hyperplanes of P. Triangulate P by simplices whose bases are the facets of P and whose
apex is 0. Let p; and m; denote, respectively, the circumcenter and the volume of the ith such simplex.

Then the circumcenter of mass of P is defined as

cem (P) = %

The authors of [231] show that the circumcenter of mass of a simplicial polytope P is
(i) independent of the choice of the reference point,
(ii) remains invariant under triangulations of P if no new vertex is chosen from the boundary of P,

(iii) satisfies Archimedes’ lemma: if we decompose P into two simplicial polytopes Q; and Q, in a
suitable way, then ccm(P) is the weighted average of ccm(Q) and ccm(Q,), where the weights are
the volumes of Q and Q,,

(iv) if P is inscribed in a sphere, then its circumcenter of mass coincides with its circumcenter.

In addition, they use this point to define the Euler line of a simplicial polytope as the affine hull of the
center of mass cm3(P) of P and ccm(P). This definition is a generalization of the same concept defined for
simplices. They show that for polygons, any notion of ‘center’ satisfying some elementary properties (i.e.,
it depends analytically on the vertices of the polygon, commutes with dilatations and satisfies
Archimedes’s lemma) is necessarily a point of the Euler line.

In the following theorem, with a little abuse of notation, if P is a Koebe polyhedron and 7 is a Mobius
transformation, by 7(P) we mean the polyhedron defined by the images of the face circles and the vertex
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circles of P under 7.

Theorem 28 Let S = {cc(-),cmq(-),cm(-),cmy(+)}, and let P be a Koebe polyhedron. Then, for any g(-) € S,
there is some Mobius transformation T, such that g(Tg(P)) = 0. Furthermore, there is a Mobius
transformation T, with o € 1C(T;.(P)), and if P is simplicial, then for every A € [0, 1), there is a Mobius
transformation T, satisfying Aems(T;(P)) + (1 — &) ccm(T3(P)) = o.

In the next theorem, by a spherical cap on S? we mean a d-dimensional closed spherical ball of
spherical radius 0 < p < . Furthermore, if T : S% — S? is a Mobius transformation and C is a spherical
cap, then by p(C) and c¢;{C) we denote the center and the spherical radius of the spherical cap 7(C),
respectively.

Theorem 29 Let C|, C,, ..., C, C S¢ be spherical caps such that the union of their interiors is
disconnected. Fori=1,2, ..., n, let w; : (0, %) — (0, o) be C* -class functions satisfying limt,_, %—Owi(t)

= oo for all values of i. For any point q € S%, let I(q) denote the set of the indices of the spherical caps
whose boundary contains q, and assume that for any q € S, we have

i . i , 1.3
t_l)lén_o Z w; (t) cos t < tggr}ro Z w; (t). (1.3)
icl(q) i¢1(q)

Then there is a Mébius transformation T : S¢ — S® such that

iw (pr (Ci))er (C;) = 0. (1.4)

Remark 30 Let g() € {cc(-), cmq(-), cm;(-), cmy(-), cms(-)} and let P be a Koebe polyhedron. Then there

is a Mobius transformation T : S? — S? such that g(T(P)) & B3. Furthermore, if P is simplicial, the same
statement holds for g(-) = ccm(:).

The proof of Remark 30 can be found in [162]. We note that a similar argument works for
configurations satisfying the conditions in Theorem 29.

Remark 31 Using the idea of the proof of Theorem 28 for points of the Euler line, it is possible to prove

the following, stronger statement: Let P be a Koebe polyhedron, and let g(-) = Ay cmg(-) + A cmy(:) + Ay
3

cmy(-) + A3 cmy(-), where Zi:o i = 1, A; 20 for all values of i and \; > O for some i # 3. Then there is a

Mobius transformation T such that g(T(P)) = o. Furthermore, if P is simplicial, the same statement holds

for the convex combination g(-) = Apcmg(-) + Ajemy(-) + Ayemy(+) + Agema(-)+Agcem() under the same

conditions.

Open Problem 6 Prove or disprove that every combinatorial class of convex polyhedra contains a Koebe
polyhedron whose center of mass is the origin.

Open Problem 7 Is it possible to prove variants of Theorem 29 if the weight functions w; in (1.4) depend
not only on p(C;), but also on the radii of the other spherical caps as well?

Open Problem 8 As we already remarked in this section, Schramm [218] proved that if K is any smooth,
strictly convex body in IE3, then every combinatorial class of convex polyhedra contains a representative
midscribed about K. If K is symmetric to the origin, does this statement remain true with the additional
assumption that the barycenter of the tangency points of this representative is the origin? Can the
barycenter of the tangency points be replaced by other centers of the polyhedron?

31



1.5 Research Exercises

Exercise 1.1 (Zenodorus) Prove that if P is a convex n-gon with unit area and minimal perimeter for
some n 2 3, then P is equilateral (all its sides are of equal length) and equiangular (all its angles are
equal).

Exercise 1.2 (Dowker [91]) For any n 2 3, let A,, denote the minimum of the areas of convex n-gons

circumscribed about the unit circle S*.
(i) Prove that the sequence {A,} is convex; i.e., for every n 24, we have A, _ 1+ A, 11 2 24,
(i) Prove that the value A,, is attained, e.g., for regular n-gons circumscribed about St.

(iii) Use this statement to prove that among convex polygons with at most n vertices, regular n-gons
have maximal isoperimetric ratio.

Exercise 1.3 (Dowker [91] and L. Fejes Téth [106]) Formulate and prove variants of the statements in
the previous exercise in which area is replaced by perimeter, and/or circumscribed polygons are replaced
by inscribed polygons.

Exercise 1.4 Derive a formula between the volume and the surface volume of a convex polytope in E?
circumscribed about S*™'. Use this formula to show that among convex polytopes with a given number of
facets and circumscribed about S the ones with minimal volume coincide with the ones with minimal
surface volume.

Exercise 1.5 Let K c E? be a convex body. Let r(K) and R(K) denote the radius of a largest ball
contained in K, and the radius of the smallest ball containing K, respectively. Prove that

r(K) < —Sﬁgfdljfgg) < R(K).

Exercise 1.6 Prove that the average valence of a simplicial convex polyhedron in B3 with n vertices is
equal to 6 — 1n—2

Exercise 1.7 (Gale [116]) Let y(t;), wherei =1, 2,..., n, ty = t,,, and y(t) = (t, t2, oo td) be the vertices of a
d-dimensional cyclic polytope P. Prove Gale’s evenness condition, i.e., the vertices y(t;), t; € I, card(l) = d

are the vertices of a facet of P if and only if for any two indices not in I, there are even number of vertices
in I that separate them.

Exercise 1.8 Using the properties of Steiner symmetrization, prove that the maximum volume of the
intersection of a fixed ball in E® and a variable simplex of given volume V is attained when the simplex is
regular and concentric with the ball (cf Problem 4).

Exercise 1.9 Prove that any six-neighbor circle packing, that is, a packing of circles each being tangent to
at least six other circles, in the plane contains infinitely many circles.

Exercise 1.10 (L. Fejes T6th [111]) Let C, Cy, C,...., C,, be mutually non-overlapping circular disks
with radii r, 1y, 1y, ..., r,. Assume that fori = 1, 2, ..., n, C; touches exactly C, C;_| and C,, ;. Prove that
in this case

with equality if and only if ri =ry= ... =1,
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Exercise 1.11 (Osterreicher-Linhart [196]) Prove that there is no finite four-neighbor circle packing in
the plane in which all circles are congruent.
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2
Volume of the Convex Hull of a Pair of Convex Bodies

Summary. The aim of this chapter is to present results about the volume of the convex hull of a pair of
convex bodies. In Section 2.1 we introduce results of Rogers and Shephard, who in the 1950s in three
subsequent papers defined various convex bodies associated to a convex body, and found the extremal
values of their volumes on the family of convex bodies based on the convexity of some volume functional
and Steiner symmetrization. After this we present a proof of a conjecture of Rogers and Shephard about
the equality cases in their theorems, find a more general setting of their problems, and collect results about
it. Section 2.2 describes a variant of the previous problems for normed spaces. In particular, using the
notion of relative norm of a convex body, we collect results about the extremal values of four types of
volume of the unit ball of a normed space. The problem of finding these values of one of these types leads
to the famous Mahler Conjecture. We extend these notions to the translation bodies of convex bodies,
defined in Section 2.1, and determine their extremal values in normed planes.

2.1 Volume of the convex hull of a pair of convex bodies in Euclidean space

The volume of the convex hull of two convex bodies in the Euclidean d-space E¢ has been the focus of
research since the 1950s. One of the first results in this area is due to Fary and Rédei [99], who proved that
if one of the bodies is translated on a line at a constant velocity, then the volume of their convex hull is a
convex function of time. This result was later reproved by Ahn et al. [2], and is used in the literature in
various settings (see, e.g., the result of Alexander, Fradelizi and Zvavitch [4] on the maximal volume
product of d-dimensional polytopes with d + 2 vertices). Rogers and Shephard [209] proved a similar
result, stating that for any convex body K in E?,

2d

VOld (K — K) < ( d )Vold (K), (21)

with equality if and only if K is a d-dimensional simplex. Their proof was based on the observation that
for any convex body K c 4, the property that for any p € K — K, K N (p + K) is a homothetic copy of K

is equivalent to the fact that K is a d-dimensional simplex. Here, it is worth noting that from the Brunn-
Minkowski  Inequality, stating that for any two convex bodies K, L in R4

(volg (K+L))% > (volg (K))% + (volg (L))%, with equality if and only if K and L are homothetic, it
immediately follows that vol 4(K) > 2dvold(K), with equality if and only if K is centrally symmetric.

In two subsequent papers [210, 211], Rogers and Shephard generalized the result of Fary and Rédei to
prove volume inequalities on the convex hull of various convex bodies associated to a given convex body
K c E¢. To state their two main tools to find lower bounds, we first need to introduce some concepts.

Definition 6 Let & ={p,:i €L p; € E?} be a set of points with some arbitrary set of indices I, and let L
= {);:i €L, \; € R}. Assume that both P and L are bounded, and let e € E?. For every t € R, the convex

set K(t) = conv{p; + fA; e: i € I} is called a linear parameter system.

Theorem 32 The volume of a linear parameter system K(t) is a convex function of t.
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Definition 7 Let K be a convex body and H be a hyperplane in E¢. For any line L perpendicular to H, let
d; denote the length of the intersection K N L. Let [p;, q; ] denote the segment in L whose length is dj

and which intersects H at %(p L+ 4ar). Then the set
Sy (K) = U{[pr,qr] : Lisperpendicularto H and intersects K}

is called the Steiner symmetrization of K with respect to H (cf. Figure 2.1).

This symmetrization procedure, introduced by Steiner in 1838, has the property that for any convex
body K and hyperplane H in E?, S (K) is a convex body in E¢ of volume equal to vol ;(K) and symmetric
about the hyperplane H. We note that one way to prove the isoperimetric inequality is to use the facts that
surface volume does not increase under Steiner symmetrizations, and that applying subsequent, suitably
chosen Steiner symmetrizations to any given convex body K, the sequence of bodies obtained in this way
approaches a Euclidean ball of the same volume (cf. e.g. Theorem 10.3.2 [217], or Lemma 164 in Section
7.4). The latter fact and Theorem 32 can be used to prove Theorem 33, where, for any convex body K

E4, Bk denotes a Euclidean ball of volume vol 4(K).

Definition 8 Ler K and L be convex bodies in E? . By V*(K, L) we denote the supremum of the quantity
vol(conv(K U (p + L))) under the condition that K N (p + L) is not empty.

FIGURE 2.1
Steiner symmetrization of a triangle K with respect to the line H.

Theorem 33 Let K and L be convex bodies and let H be a hyperplane in E?. Then
(i) V¥(K, L) 2 V¥(Syx(K), Sy(L)), and
(ii) V¥(K, L) 2 V¥(Bg, By).

In [210, 211], Rogers and Shephard used Theorem 33 to examine the volumes of various convex bodies
associated to a given convex body K c ¢, which we define in Definition 9, and present the corresponding
results in Theorems 34-40.

Definition 9 Let K be a convex body in E¢, and let p € E? be a point.

(i) The convex body conv(K U (2p — K)), denoted by R,(K), is called the reflection body of K. with
respect to p. If a reflection body R,(K) with respect to p minimizes or maximizes vol (R(K)) under
the condition that p € K, then we denote it by R(K) and R*(K), respectively.

(ii) The convex body conv(K U (p + K)), denoted by Tp(K), is called the translation body of K with
vector p. If a translation body Tp(K) with vector p maximizes Vold(Tp(K)) under the condition that
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KNp+K) = ﬂ, then we denote it by T* (K).

(iii) Imagine B? as the hyperplane {x,; =0} in EH! and denote by €441 the last vector of the standard

orthonormal basis of EHL The (d + 1)-dimensional convex body conv(K U (e, — K)) is called the
associated (d + 1)-dimensional convex body of K. We denote it by C(K).

We note that some of the convex bodies in Definition 9, namely R(K), R*(K) and 7%*(K), may not be
well-defined. Nevertheless, we examine only their volumes, which are determined by K.

Theorem 34 For any convex body Kc E%and p € K,

vola(Rp (K)) d
1 < joldT < 2

with equality on the left if and only if K is symmetric about p, and on the right if and only if K is a d-
dimensional simplex with p as one of its vertices.

vola(R(K))
VOld(K)

left-hand side inequality is sharp if K is centrally symmetric, the exact quantity on the right-hand side is
not known; according to a conjecture of Fary and Rédei [99], the maximum of R(K) is attained if K is a d-
simplex. An elementary computation shows that in this special case

vol(R) _ () gt
volg(K) I_%J ~d '

Conjecture 35 Let K be a convex body in E?. Then there is a point x € K such that

voly(conv(KU(2x—K))) < d
volg(K) - L %J '

Recall that x; denotes the volume of the d-dimensional Euclidean unit ball.

By this result, the inequalities 1 < < 24 clearly hold for any convex body K. While here the

Theorem 36 For any convex body K c E,

k4 voly(R*(K)) d
R 2.2)

with equality on the left if K is an ellipsoid, and on the right if and only if K is a simplex. Furthermore, if
K is centrally symmetric, then

voly(R*(K))

2K q_
14 2o < MR gy g (2.3)

with equality on the left if K is an ellipsoid, and on the right if K is a centrally symmetric double pyramid
on a convex base.

Theorem 37 For any convex body K c E¢,

<d+1, 2.4)

ory . vola(T*(K))
1+ =52 < =m0

with equality on the left if K is an ellipsoid, and on the right if and only if K is a simplex.
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We note that by [211], equality occurs for some convex body K c E? on the right in 2.3 or in 2.4 if and
only if K is a centrally symmetric pseudo-double pyramid, or a pseudo-double pyramid, respectively, as
defined in [211].

The next conjecture was made by Rogers and Shephard in [211].

Conjecture 38 Equality holds for some convex body K € E® on the left in any of 2.2, 2.3 or 2.4 only if K
is an ellipsoid.

Conjecture 38 was proved almost 50 years later by Martini and Mustafaev [177], using measures
associated to normed spaces. In Subsection 7.3.1, we give a simpler proof of this conjecture, published in
[144] by G. Horvéth and Langi. The left-hand side inequality in Theorem 37 can be reformulated in a
different way.

Theorem 39 Let K c E¢ be a convex body. Then there is a cylinder F circumscribed about K such that
volq(F) > 2K41
voly(K) =  ka °

Theorem 40 For any convex body K c E¢, we have

1< volgy1(C(K))

<z
— volg(K) —

d+1?

with equality on the left if and only if K is centrally symmetric, and on the right if and only if K is a d-
dimensional simplex.

Apart from the equality cases, we present the proofs of Theorems 34, 36, 37 and 40 in Chapter 7.
In [144], the authors examined a more general variant of this problem. To present it, we extend
Definition 9.

Definition 10 For two convex bodies K and L in E?, let
¢(K,L) = max {vold (conv (K'UL)) : K/ ® K,L' =~ Land K’ N L' # ;{}

where = denotes congruence. Furthermore, if 7 is a set of isometries of E¢, we set

max{vold(conv(KUa(K))):Kﬁa(K);é 1 ,065’}
voly(K) )

c(K|) =

Definition 11 For any i =0,1..., d — 1 and convex body K c E¢, we denote by c¢,(K) the value of c(K| &)
if & is the set of all reflections about the i-dimensional affine subspaces of E?. Similarly, if 7 is the set of
translations or the set of all isometries, we denote c(K| ) by ¢""(K) or by c“°(K), respectively.

The first result, which we prove in Section 7.3, proves the conjecture of Rogers and Shephard for both
translation and reflection bodies.

Theorem 41 Let K ¢ E? be a convex body, where d > 2. Then
; tr 2K4_
(i) ¢ (K) > 14 ==,
i 2K4_
(”) Co (K) 2 1—|— #,
2641
(iii) ¢4 (K) > 1+ =L,

Furthermore, if we have equality in any of the inequalities in (i)-(ii), then K is an ellipsoid, and if we have
equality in (iii), then K is a Euclidean ball.
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This result readily implies the following.

Corollary 42 For any convex body K c E4, ¢ (K) > 1+
Euclidean ball.

2“‘:1 , with equality if and only if K is a

K,

Corollary 43 For any convex body K c E¢, there is a direction m € S*! such that the right cylinder
Fi(m), circumscribed about K and with generators parallel to m has volume

volg(Fx(m)) 2Kq_ 2.5
voly(K) > niz " (22)

Furthermore, if K is not a Euclidean ball, then the inequality sign in (2.5) is a strict inequality for some
direction m.

Corollary 44 For any convex body K c E, there is a direction m € S such that any cylinder Fy(m),

circumscribed about K and with generators parallel to m has volume

vola(Fx (m)) 264 1
vdold(K) > S 2.6)

Furthermore, if K is not an ellipsoid, then the inequality sign in (2.6) is a strict inequality for some
direction m.

Conjecture 45 Let d > 3 and 1 < i < d — 1. Prove that for any convex body K c E¢, ¢; (K) > 1 + 2';—‘2’1
Is it true that equality holds only for Euclidean balls?
Since the quantity %&(g» does not change if we apply an affine transformation to both K and p, it

follows that for any ellipsoid E, the quantity vol (T},(E)) is a constant under the condition that E and p + E
touch each other. It is an interesting question which other convex bodies satisty this property.

Definition 12 [f, for a convex body K c E?, we have that vol (conv((p + K) U (q+ K))) has the same

value for any touching pair of translates, we say that K satisfies the translative constant volume property.

To state the corresponding result from [144], we note that an o-symmetric planar convex curve is a
Radon curve, if, for the convex hull K of a suitable affine image of the curve, it holds that its polar K° is a

rotated copy of K by %I (cf. [179]). Furthermore, a norm is a Radon norm if the boundary of its unit disk
is a Radon curve.

Theorem 46 For any plane convex body Kc E? the following are equivalent.

(i) K satisfies the translative constant volume property.
(ii) The boundary of% (K - K) is a Radon curve.
(iii) K is a body of constant width in a Radon norm.

It is known (cf. [7] or [179]) that for d > 3, if every planar section of a d-dimensional normed space is
Radon, then the space is Euclidean; that is, its unit ball is an ellipsoid. This leads to Conjecture 47.

Conjecture 47 Let d > 3. If some o-symmetric convex body Kc E¢ satisfies the translative constant
volume property, then K is an ellipsoid.

We finish this section with a related problem.
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Open Problem 9 For any d >3 and 1 < i < d — 1, find the least upper bound of c(K) on the family of

convex bodies in E¢. Furthermore, find the least upper bound on c*°(K) on the same family.

2.2  Volume of the convex hull of a pair of convex bodies in normed spaces

Let us recall the well-known fact that any finite dimensional real normed space can be equipped with a
Haar measure, and that it is unique up to multiplication of the standard Lebesgue measure by a scalar
[132]. As a consequence, any ‘meaningful’ notion of volume is a scalar multiple of standard Euclidean
volume. Nevertheless, depending on the choice of this scalar, one may define more than one version of
normed volume. There are four variants that are regularly used in the literature [9, 10].

The Busemann and Holmes-Thompson volume of a set S in a d-dimensional normed space with unit ball
M, is defined as

volg¥s (S) = ~om iy vold (S) and volff” (S) = Mlc;ivl—olvold (S), (2.7)

respectively. Note that the Busemann volume of the unit ball is equal to that of a Euclidean unit ball. For
Gromov ’s mass, the scalar is chosen in such a way that the volume of a maximal volume cross-polytope,

inscribed in the unit ball M is equal to Z—?,

the volume of a smallest volume parallelotope, circumscribed about M, is equal to 24 (cf. [9]). We denote
the two latter quantities by voly;(S) and volyy (S), respectively.

In light of the previous paragraphs, it is clear that for any fixed normed space and volume, the Euclidean
result in Theorems 37 and 41 can be immediately applied.

and for Gromov’s mass* (or Benson’s definition of volume),

Theorem 48 Let .4 be a normed space with volume volyy. Then, for any convex body K in M , we have

g1 max{volM(conv(KU(p+K))):(p+K)ﬂK7€ﬂ} (2.8)
Rq - VOIM(K)

1+

We observe that there is equality on the left if and only if K is an ellipsoid (cf. [144]), and on the right if
and only if K is a pseudo-double pyramid (cf. [211]).

In the remaining part, we use a different approach. Before we present it, we collect estimates about the
area and the perimeter of the unit disk of a normed plane.

The first result of this kind is due to Golab [120] in 1932. We note that for any rectifiable curve y in a
normed plane with unit ball M, the arclength of y with respect to the norm can be defined in the usual way,
i.e., as the supremum of the normed lengths of all polygonal curves with vertices on y. We denote this

quantity by My (7).

Theorem 49 Let M be any o-symmetric plane convex body. Then 6 < Myy(bdM) < 8. There is equality on

the left if and only if M. is an affinely regular hexagon, and on the right if and only if M is a
parallelogram.

This result can be generalized for arbitrary convex bodies using the notion of relative norm [214] and a
result of Fary and Makai [101]. For any convex body K in E¢, we say that the relative norm of K is the
norm with the central symmetrization %(K — K) of K as its unit ball (cf. also [164] or [160]). Observe

that, up to multiplication by a scalar, the relative norm of K is the unique norm in which K is a body of
constant width. In the following, if K is not o-symmetric, for any rectifiable curve y, by Mk(y) we denote

the arclength of y measured in the relative norm of K.

Theorem 50 Let M be an o-symmetric plane convex body. Then Myy(bdK) = My; (bd( %(K - K))) for

any plane convex body K.
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Corollary 51 Let K be a plane convex body, and let M = %(K — K). Then 6 < Myy(bdK) < 8.

The next result is due to Schiffer [214].

Theorem 52 For any o-symmetric plane convex body M, we have Myg (bdM) = My (bdM®).

Note that by definition, if M is the unit ball of a d-dimensional normed space, vol{y* (M) = k4. The
following theorem was proven by Blaschke [54] in the plane, and was generalized for higher dimensions
by Santal6 [213]. The case of equality was proven, e.g., by Saint-Raymond [212]. Apart from the case of
equality, we prove Theorem 53 in Section 53.

Theorem 53 (Blaschke-Santalé Inequality) If M is the unit ball of a d-dimensional normed space, then
volfil' (M) < kg, with equality if and only if M is an ellipsoid.

The best lower bound for the planar case was determined by Mahler [174]. Its generalization for
arbitrary dimensions is one of the most important conjectures of convex geometry. In Section 7.5 we
present a proof of the inequality in Theorem 54, but we examine equality only on the family of o-
symmetric convex polygons. This proof can be found in another paper of Mahler [173] (see also [142]),
preceding [174].

Theorem 54 If M is the unit disk of a normed plane, then volf\{IT (M) > %, with equality if and only if M

is a parallelogram.

Conjecture 55 (Mahler Conjecture) Prove that among d-dimensional, asymmetric convex bodies, the
minimum of volai (M) (M) is attained, e.g., if M is a d-cube.

The next result can be found in [9], and the estimates for the planar case in [10].
Theorem 56 Let M be a d-dimensional, o-symmetric convex body. Then
20 < ol (M) < volgy' (M) < 24,
where there is equality on the left if M is a cross-polytope, and on the right if M is a parallelotope.

We note that the best upper bound on voly; (M) and the best lower bound on voly; (M) are not known
ford > 2.

Theorem 57 Let M be an o-symmetric plane convex body. Then
2 <voly; (M) <,

with equality on the left if and only if M is a parallelogram, and on the right if and only if M is an ellipse.
Furthermore,

3 < volfy (M) < 4,
with equality on the left if and only if M is an affinely regular hexagon, and on the right if and only if M is
a parallelogram.
If we restrict our examination to Radon norms, we obtain other interesting questions [10].
Theorem 58 Let M be the unit disk of a Radon norm. Then
(i) 6< My(bdM) < 2,
(ii) 2 < volff (M) < =,

T
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(iii) 3 < voly (M) <,

(iv) 3 <volyf (M) <.

Here, in each case, we have equality on the left if and only if M is an affinely regular hexagon, and on the
right if and only if M is an ellipse.

It seems to be an interesting problem to examine the extremal values of these quantities for the volume
of any convex body K, measured in the relative norm of K. Nevertheless, we do not know of any such
result in the literature.

To continue our investigation on the volume of the convex hull of two convex bodies, we introduce the
following quantities.

Definition 13 Let K be a d-dimensional convex body and M be the space with its relative norm. For T €
{Bus, HT,m,m*}, let

cj, (K) = max {volh (conv(KU(p+K))): (p+K)NK # 4,p € ///} (2.9)

Observe that the quantities in Definition 13 do not change under affine transformations. These quantities
were examined in [161]. To present the related results, first we need to define the following plane convex
body.

Consider the square S with vertices <j:%, +-1

vz
horizontal edges of S by the corresponding arcs of the ellipse with equation

) in a Cartesian coordinate system. Replace the two

z2 y?
ot =1

where a = 1.61803..., b = —=.—. An elementary computation shows that the vertices of S are points of

V2a?2-1
this ellipse. Replace the vertical edges of S by rotated copies of these elliptic arcs by % We denote the

plane convex body, obtained in this way and bounded by four congruent elliptic arcs, by My, (cf. Figure

2.2). We remark that the value of a is obtained as a root of a transcendent equation, and has the property
that the value of area(M)) (area(M()) + 4) is maximal for all possible values of a > 1.

Theorem 59 Let K be a plane convex body. Then

(i) We have 2n < cﬁ“s (K) < 3m, with equality on the left if and only if K is a triangle, and on the

right if and only if K is a parallelogram.

FIGURE 2.2
The plane convex body M.
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(ii) We have % < cHT(K) < 7.81111..., with equality on the left if and only if K is a triangle, and
on the right if K is an affine image of M.

(iti) We have 6 < cB (K) < n+4, with equality on the left if and only if K is a (possibly degenerate)
convex quadrilateral, and on the right if and only if K is an ellipse.

(iv) We have 6 < cﬁ“s (K) < 12, with equality on the left if and only if K is a triangle, and on the right
if and only if K is a parallelogram.

It is a natural question to ask for the extremal values of these four quantities over the family of centrally
symmetric plane convex bodies. This question is answered in the next theorem.

Theorem 60 Let M be an o-symmetric plane convex body. Then

(i) We have n+4 < cﬁ“s (M) < 3, with equality on the left if and only if M is an ellipse, and on the
right if and only if M is a parallelogram.

(ii) We have % < cHT (M) < 7.81111..., with equality on the left if and only if M is an affinely
regular hexagon, and on the right if M is an affine image of M.

(iii) We have 6 < c" (M) < n+4, with equality on the left if and only if M is a parallelogram, and on
the right if and only if M is an ellipse.

(iv) We have 7 < ¢} (M) < 12, with equality on the left if and only if M is an affinely regular hexagon,
and on the right if and only if M is a parallelogram.

Observe that in Theorems 59 and 60, the plane convex bodies for which ¢7 (-) is maximal are not
determined. This naturally leads to the following problem.

Open Problem 10 Prove or disprove that if c2T (K) is maximal for some plane convex body K, then K is
an affine image of M.

Remark 61 For any d-dimensional convex body K and direction m € S®1, let d,(K) denote the length of

a maximal chord of K in the direction m, and let Kjm' be the orthogonal projection of K onto the
hyperplane, through o, that is perpendicular to m. Then the maximal volume of the convex hull of two

intersecting translates of K (that is, the numerator in the definition of c"(K)), is

volg (K) + max {dm (K)volg_1 (K|m*) : m € S*'} (2.10)

Note that for any m € S, the central symmetrization of Kjm* is ( %(K - K)) lIm*. Thus, by the Brunn-
Minkowski Inequality, the expression in (2.10) does not decrease under central symmetrization, with
equality if and only if K is centrally symmetric. This yields that if c, (K) is maximal for some convex
body K for any t € {Bus, HT,m,m*}, then K is centrally symmetric.

Remark 62 By Remark 61, to find the maximal value of cB** (K), it suffices to find the maximum of

c"(K) over the family of d-dimensional o-symmetric convex bodies. Thus, from Theorem 37 (see Theorem
3 of [124]) it follows that

cp' (K) <d +1,

with equality if and only if K is a centrally symmetric pseudo-double ‘pyramid in the sense of [211].
Similarly, by [211] and [144], over the family of d-dimensional o-symmetric convex bodies, we have
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e (K) > 14 52,
with equality if and only if K is an ellipsoid.

Open Problem 11 For d > 3 and t € {HT,m,m*}, find the maximal values of c},. (K) over the family of d-
dimensional convex bodies.

Open Problem 12 For d > 3 and t € {Bus, HT,m,m*}, find the minimal values of cj, (K) over the family
of d-dimensional convex bodies.

When finding the minimal value of ¢Z% (K) over the family of plane convex bodies, one had to

examine the smallest area convex disks of constant width two in a fixed normed plane. Nevertheless, for d
= 3, even for the Euclidean norm, this question has been open for a long while (cf. [150]).

Other problems arise if, instead of two translates of a convex body, we consider other families related to
the body as described in Section 2.1. Since for any convex body K, K — K is twice the unit ball of the
relative norm of K, the variant of our problem applied to difference bodies has already been examined in
Theorems 53-57. These results can be regarded as the normed variants of the inequality
(eq:differencebody) of Rogers and Shephard.

Another possibility is to examine the reflection bodies of K, defined in Definition 9.

2.3 Research Exercises

Exercise 2.1 (Steiner [223]) Prove that the Steiner symmetrization of any convex body is a convex body.

Exercise 2.2 Prove that if K is a convex body in E%, and H is a hyperplane, then diam(S #(K)) < diam(K),
where diam(S) stands for the diameter of the set S.

Exercise 2.3 Let K be a convex body in E%, and let L be a linear subspace of dimension k, with
orthogonal complement L*. Define S 1(K) in the following way: For any X € L, let B; _ 1(X) be the closed
(d — k)-dimensional ball in x + Lt, centered at x such that vol, _ 1(By _ (X)) = vol,; _ (KN (x +L1YY), and
let S;(K) = Uy By — 1(X). Prove that S;(K) is a convex body satisfying vol j(S;(K)) = vol K), R(S;(K))
< R(K) and diam(S; (K)) < diam(K), where R(S) is the radius of the smallest ball containing S.

Exercise 2.4 Prove that for any o-symmetric plane convex body K, the midpoints of the sides of any
minimum area parallelogram containing K belong to K.

Exercise 2.5 Prove that for any o-symmetric plane convex body K, and any boundary point p € bdK,
there is an affinely regular hexagon H inscribed in K such that p is a vertex of H.

Exercise 2.6 Prove that the previous property holds for not necessarily o-symmetric plane convex bodies
as well, for a suitably chosen boundary point p € bdK.

Exercise 2.7 (Golab [120]) Using the results in Exercises 2.4 and 2.5, prove Theorem 49.

Exercise 2.8 Let P be a convex polygon with vertices Py, P,,....P, = Py in counterclockwise order, where

the indices are understood mod n. For simplicity, we regard P as a polygon with < pairs of parallel sides,
where a side may have zero length, i.e., some of the vertices may not be distinct (cf. Figure 2.3). Let
qi = % (pi — p¢+n/2). Prove that the vertices of the central symmetrization %(P —P) of Pare qq, q,

...»q,, in counterclockwise order.
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FIGURE 2.3
The polygon P in Exercise 2.8.

Exercise 2.9 (Fary-Makai [101]) Using the results of the previous exercise, prove Theorem 50.

Exercise 2.10 (Estermann [97]) Prove the following, slightly stronger form of Conjecture 35 in the
plane: Let P € E2 be a convex polygon of unit area, whose center of mass is 0. Let T be a triangle of unit

area whose center of mass is 0. Then
area (conv (P U (—P))) < area (conv (T U (—T))).
(Hint: use induction on the number of vertices, and the properties of linear parameter systems.)

Exercise 2.11 (Martini-Swanepoel [178]) An o-symmetric convex curve I is called equiframed if for any
p € I there is a minimal area parallelogram P circumscribed about I whose boundary contains p. Prove

that every Radon curve is equiframed, but not all equiframed curves are Radon.
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3

The Kneser-Poulsen Conjecture Revisited

Summary. The monotonicity of volume under contractions of arbitrary arrangements of spheres is a well-
known fundamental problem in discrete geometry. The research on this topic started with the conjecture of
Poulsen and Kneser in the late 1950s. We survey the status of the long-standing Kneser-Poulsen
conjecture in Euclidean as well as in non-Euclidean spaces with emphases on the latest developments.

3.1 The Kneser-Poulsen conjecture

Recall that | - | denotes the standard Euclidean norm of the d-dimensional Euclidean space E<. So, if P, P
are two points in E¢, then Ip; — p;l denotes the Euclidean distance between them. It is convenient to denote
the (finite) point configuration consisting of the points py, p,..., py in Eby p= (P1> P2,---» PN)- Now, if
p=(p;, P2.---» Py) and q = (qy, qp.. .., qy) are two configurations of N points in E? such that for all 1 < <
J < N the inequality lIq; — q;I < Ip; — p;l holds, then we say that q is a contraction of p. If q is a contraction
of p, then there may or may not be a continuous motion p(?) = (p;(9), pa(?),..., py(1)), with p,(z) € E? for
all0<r<1and1<i<N such that p(0) =p and p(l) = q, and Ip;(¢) — pj(t)ll is monotone decreasing for all
1 <i<j< N. When there is such a motion, we say that q is a continuous contraction of p. Finally, let B¢
[p; r;] denote the (closed) d-dimensional ball centered at p; with radius 7; in E¢ and let vol /(-) represent

the d-dimensional volume (Lebesgue measure) in E?. In 1954 Poulsen [203] and in 1955 Kneser [155]
independently conjectured the following for the case when ry = ... = ry.

Conjecture 63 If q = (qy, q3...., qy) is a contraction of p = (p1, P2,-.., PN) in 9, then

N N d
voly ,L_JlB [pi,ri] | > volg ,L_JlB [qi, 4] |-
A similar conjecture was proposed for intersections of balls by Klee and Wagon [154] in 1991.

Conjecture 64 If q = (q;, Q»...., qy) is a contraction of p = (P, Pa».-.» Py) in B2, then

N nd N o
volg [ N B [pi,7i] | < volg nB CTRARE

For the sake of simplicity, we refer to Conjectures 63 and 64 as the Kneser-Poulsen conjecture.

3.2 The Kneser-Poulsen conjecture for continuous contractions of unions and
intersections of balls

For a given point configuration p = (p{, ps...., Py) in E? and radii 1, ..., 'y consider the following sets,
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V; = {x eEd‘forallj, Hx—pi 2—r?< HX_I)J'H2 —r?},

Vi = {x € Edfforallj, [x — pi||* 2 > [x — p[2— 12},

The set V; (resp., Vi) is called the nearest ( resp., farthest) point Voronoi cell of the point p;. (For a

detailed discussion on nearest as well as farthest point Voronoi cells, we refer the interested reader to [93]
and [221].) We now restrict each of these sets as follows.

V,; (ri) = ViN B4 [p;, i,
Vi(ri) = ViNB? [pi,ri].

We call the set V(r;) (resp., Vi(rl-)) the nearest (resp., farthest) point truncated Voronoi cell of the point

p;. For each i # j let W;; =V; N V; and W9 = VI N V/. The sets W;; and WY are the walls between the

nearest and farthest point Voronoi cells. Finally, it is natural to define the relevant truncated walls as
follows.

) = W% nB? [pi,ri]
= W97 nB?[pj,rjl.

The following formula discovered by Csikos [80] proves Conjecture 63 as well as Conjecture 64 for
continuous contractions in a straighforward way in any dimension. (Actually, the planar case of the
Kneser-Poulsen conjecture under continuous contractions has been proved independently in [21, 55, 73,
791.)

Theorem 65 Let d > 2 and let p(t), 0 < t < 1 be a smooth motion of a point configuration in B¢ such that
for each t, the points of the configuration are pairwise distinct. Then

d N d
arvola (| UB%[pi (), 7i]

d
= E —d;j -volg_1 (Wij (pi (), 7)),
1<i<j<N <dt (t)> a1 (Wij (pi (), 71))

d N nd
arvola ( N B [pi (), 7i]

d ..
1<i<j<N <dt (t)> d ( (p (t) ))

where di(1) = Ip(t) — p;(D)l.

On the one hand, Csikés [82] managed to generalize his formula to configurations of balls called
flowers which are sets obtained from balls with the help of operations N and U. This work extends to
hyperbolic as well as spherical space. On the other hand, Csikds [83] has succeeded in proving a Schlifli-
type formula for polytopes with curved faces lying in pseudo-Riemannian Einstein manifolds, which can
be used to provide another proof of Conjecture 63 as well as Conjecture 64 for continuous contractions
(for more details see [83]).

3.3 The Kneser-Poulsen conjecture for contractions of unions and
intersections of disks in [E2
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In [38] Bezdek and Connelly proved Conjecture 63 as well as Conjecture 64 in the Euclidean plane. Thus,
we have the following theorem.

Theorem 66 If q = (q;, qy,..., Qy) is a contraction of p = (py, P2, ---, Py) in E2, then
N o2 N 52
voly { UB%[pi,ri] | > vola [ U B [qi,ri] |;
moreover,
N o2 N 2
voly 'O1B [pi, ri] | < voly DIB (i, i |-

In fact, the paper [38] contains a proof of an extension of the above theorem to flowers as well. In what
follows we give an outline of the three-step proof published in [38] by phrasing it through a sequence of
theorems each being higher-dimensional. Voronoi cells play an essential role in the proofs of Theorems 67
and 68.

Theorem 67 Consider N moving closed d-dimensional balls B¢ [p(?), r;]with1 <i<N,0<t<1in E?, d
> 2. If F{1) is the contribution of the ith ball to the boundary of the union UY B [p; (t),7;] (resp., of the
intersection N B? [p; (t), ri]),then

iSVOldfl (F; (t)

1<i<n Ti

decreases (resp., increases) in t under any analytic contraction p(t) of the center points, where 0 <t < 1
and svol;_q(...) refers to the relevant (d — 1)-dimensional surface volume.

Theorem 68 Let the centers of the closed d-dimensional balls B¢ [p;, r;], 1 <i < N lie in the (d — 2)-
dimensional affine subspace L of %, d > 3. If F; stands for the. contribution of the ith ball to the boundary
of the union UY ;B? [p;, ;] (resp., of the intersection N B® [p;,7;]), then

N i 1
volg-2 (ingd 2 [pi,m]> =5 Y —svols 1 (F))

15<n T
N o d-2 1 1
resp. , volg_o z'QlB Pi,7i] | = 5 Z Fsvoldq (F3) |,
1<i<N ' ?

where B4[p,, r;] =Bp,, r;] N L, 1 <i<N.

Theorem 69 If q = (q;, q2,..., qy) is a contraction of p = (py, P2, ---» PN) in E%, d > 1, then there is an
analytic contraction p(t) = (p1(0),..., pp(#), 0<t<1in E24 such that p(0) = p and p(l) = q.

Note that Theorems 67, 68, and 69 imply Theorem 66 in a straighforward way.

Also, we note that Theorem 69 (called the Leapfrog Lemma) cannot be improved; namely, it has been
shown in [19] that there exist point configurations q and p in [E¢, actually constructed in the way
suggested in [38], such that q is a contraction of p in E? and there is no continuous contraction from p to
qin E2d-1,

In order to describe a more complete picture of the status of the Kneser-Poulsen conjecture, we mention
two additional corollaries obtained from the proof published in [38] and just outlined above. (For more
details see [38].)
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Theorem 70 Let p = (py, P2, ---,» PN) and q = (qy, qo,..., qy) be two point configurations in E? such that

q is a piecewise-analytic contraction of p in E4"2. Then the conclusions of Conjecture 63 as well as
Conjecture 64 hold in E?.

The following generalizes a result of Gromov [128], who proved it in the case N < d + 1.

Theorem 71 If q = (qy, qp...., qy) is an arbitrary contraction of p = (py, P2, ---» PN) it E?and N < d + 3,
then both Conjecture 63 and Conjecture 64 hold.

Thus, it is natural to conclude this section with the following special and still open case of the Kneser-
Poulsen conjecture.

Open Problem 13 Prove the Kneser-Poulsen conjecture (i.e., Conjectures 63 and 64) for d + 4 balls in
E? d>3.

3.4 The Kneser-Poulsen conjecture for uniform contractions of r-ball
polyhedra in E? , S and H¢

Let M9, d > 1 denote the d-dimensional Euclidean, hyperbolic, or spherical space, i.e., one of the simply
connected complete Riemannian manifolds of constant sectional curvature. Since simply connected
complete space forms, the sectional curvature of which have the same sign are similar, we may assume
without loss of generality that the sectional curvature x of M¢ is 0, —1, or 1. Let R, denote the set of
positive real numbers for ¥ < 0 and the half-open interval (0, %] for x = 1. Let distyg (x,y) stand for the
geodesic distance between the points x € M? and y € M¢. Furthermore, let By [x, ] denote the closed
d-dimensional ball with center xe€M? and radius r € R, in M?,  ie., let
By [x,7] := {y € M?|distp. (x,y) < r}. Now, we are ready to introduce the central notion of this
section.

Definition 14 For a set X C M%, d > 1 and r € R + let the r-ball body X" generated by X be defined by
X" := NxexBuua [x, r]. If X C M is a finite set, then we call X" an r-ball polyhedron.

We note that either X" = ﬂ , or X" is a point in MY, or int(X") = ﬂ . Perhaps not surprisingly, r-ball
bodies of E¢ have already been investigated in a number of papers however, under various names such as
“liberkonvexe Menge” ([176]), “r-convex domain” ([107]), “spindle convex set” ([46], [158]), “ball
convex set” ([164]), “hyperconvex set” ([113]), and “r-dual set” ([36]). r-ball bodies satisfy some basic
identities such as

(X")) =X" and (XUY) =X"NY",

which hold for any X C M? and Y C M. Clearly, also monotonicity holds namely, X CY C M
implies Y € X". Thus, there is a good deal of similarity between r-ball bodies and polar sets (resp.,
spherical polar sets) in E? (resp., S%). In this section we explore further this similarity by investigating a
volumetric relation between X" and X in M?. For this reason let V . (-) denote the Lebesgue measure in

M9, to which we are going to refer as volume in M. Now, recall the recent theorem of Gao, Hug, and
Schneider [117] stating that for any convex body of given volume in S? the volume of the spherical polar
body becomes maximal if the convex body is a ball. The following extension of their theorem has been
proved by Bezdek [36].

Theorem 72 Let A C M?, d > 1 be a compact set of volume Vypa (A) > 0 and r € R,. If B C M? is a
ball with Viga (A) = Viga (B), then Vyga (A7) < Viga (BT).
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Note that the Gao-Hug-Schneider theorem is a special case of Theorem 72 namely, when M? = S? and
r = 7, As this theorem of [117] is often called a spherical counterpart of the Blaschke-Santal6 inequality,

one may refer to Theorem 72 as a Blaschke—Santalé-type inequality for 7-ball bodies in M€,

From our point of view, the importance of Theorem 72 lies in the following application. For stating it in
a proper way, we recall the following definition from [48]. Note that in what follows, labelled point sets
play the role of point configurations whenever the contraction is a uniform one.

Definition 15 We say that the (labeled) point set {qy,....qy} C M¢ is a uniform contraction of the
(labeled) point set {py,..., py} C M¢ with separating value A >0 in M¢, d > 1 if

disty (q;,q;) < A < distye (P4, P;)
holds forall 1 <i<j<N.

The following theorem published by Bezdek [36] can be summarized by saying that the volume of an r-
ball polyhedron (generated by sufficiently many balls of radius r) increases under uniform contractions in
M. The more exact details are as follows.

Theorem 73

(i) Letd € Z and o6, A € R, be given such that d > 1 and 0 < A < V2. IfQ :=1{qp....qy} € E¢is a
uniform contraction of P := {py,..., py} € E? with separating value ) in E? and N > (1 + \/5) d, then
Viea (P?) < Vi (Q°).

(ii) Letd € Z and J, L € R, be given such thatd> 1,0 < § < %, and 0 < A<min {2—‘7{55,7r — 25}. If O

= {qqs....qy} € S%is a uniform contraction of P := {py,..., py} € S? with separating value ) in S® and

N > 2edn?®? (% + L)d, then Vsa (P°) < Vg (Q°).

2v2
(iii) Letd, k € Z and o, A € R be given suchd >1, k>0 and 0 < %X < 6<k. If Q :=1{qq,..., qy} C
H? is a wuniform contraction of P := {P1>---» PN} C H? with separating value L in H¢ and

. _ . d
N > (S2h) (L2 4 1) hen Vi (PP) < Vi (Q°).

It is somewhat surprising that in spherical space for the specific radius of balls (i.e., spherical caps) one
can find a proof of both Conjecture 63 and Conjecture 64 in all dimensions. The magic radius is 3§ and the
following theorem of Bezdek and Connelly ([39]) describes the desired result in details, which one should

compare to part (ii) of Theorem 73.

Theorem 74 If a finite set of closed d-dimensional balls of radius 3 (i.e., of closed hemispheres) in the d-

dimensional spherical space S, d > 2 is rearranged so that the (spherical) distance between each pair of
centers does not increase, then the (spherical) d-dimensional volume of the intersection does not decrease
and the (spherical) d-dimensional volume of the union does not increase.

The method of the proof published by Bezdek and Connelly [39] can be described as follows. First, one
can use a leapfrog lemma (similar to Theorem 69) to move one configuration to the other in an analytic
and monotone way, but only in higher dimensions. Then the higher-dimensional balls have their combined
volume (their intersections or unions) change monotonically, a fact that one can prove using Schlifli’s
differential formula. Then one can apply an integral formula to relate the volume of the higher-
dimensional object to the volume of the lower-dimensional object, obtaining the volume inequality for the
more general discrete motions.

Bezdek [30] has proved the following extension of Theorem 72 to intrinsic volumes in E“.
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Theorem 75 Let A C E%, d > 1 be a compact set of volume Vi(A)>0andletr>0.1IfB < E< is a ball
with volume V  (A) = V(B), then

Vi (A7) < Vi (B") (3.1
holds for all 1 < k < d, where V|(+) denotes the k-th intrinsic volume of the corresponding set in E<.

Using Theorem 75, one can give a rather short proof ([30]) of the following theorem, part (i) of which
has been published by Bezdek and Naszddi [48]. Furthermore, we note also that the following theorem is a
strengthening of part (i) of Theorem 73.

Theorem 76 Letd > 1, A >0, r >0, and 1 < k < d be given and let Q := {qy,..., qy} C E? be a uniform
contraction of P := {py,..., py} C E<¢ with separating value ) in E¢.

(i) Ifl <d<42and N > (1 + \/§>d, then
Vi (P") < Vi (Q7) (3.2)
(ii) Ifd>42 and N > ¢§(1 + \/§)d + 1. then (3.2) holds.

Theorem 76 leads to the following question (raised also in [48]).

Open Problem 14 Let 1 < k<d, 1 <N, and r > 0. Prove or disprove that if q = (qq, qo,..., qu) IS any
contraction of p = (p1, Pa.---» PN) in E?; then Vi(P") < Vi(Q).

In particular, the following conjecture has been put forward by Alexander [5].

Conjecture 77 Under an arbitrary contraction of the center points of finitely many congruent disks in the
plane, the perimeter of the intersection of the disks cannot decrease.

For the sake of completeness, we conclude this section with the following statement, which is a natural
dual of Theorem 76 for uniform contractions of unions of congruent balls in E¢. Also, it improves
Theorem 1.5 of [48].

Theorem 78 Let d > 1, A > 0, and r > 0 be given and let Q := {qy,..., qy} C E? be a uniform contraction
of P = {p,...., pny} < E¢ with separating value A in E¢ If N > 24 then
Vd (U?LIBd [pza T]) > Vd (Uﬁle [qza T])

3.5 The Kneser-Poulsen conjecture for contractions of unions and
intersections of disks in S? and H?

Let M, d > 1 denote the d-dimensional Euclidean, hyperbolic, or spherical space. Applying results on
central sets of unions of finitely many balls in M¢, Gorbovickis ([124]) has proved the following new
special cases of the Kneser-Poulsen conjecture in M.

Theorem 79 If the union of a finite set of closed disks in S? (resp., H?) has a simply connected interior,
then the area of the union of these disks cannot increase after any contractive rearrangement.

The following statement published by Gorbovickis [124] is a straightforward corollary of Theorem 79.
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Corollary 80

(i) If the intersection of a finite set of closed disks in S? is connected, then the area of the intersection of
these disks cannot decrease after any contractive rearrangement.
(ii) The area of the intersection of finitely many closed disks having radii at most L in S? cannot

2
decrease after any contractive rearrangement.

One can regard part (ii) of Corollary 80 as an extension of Theorem 74 in S2. Finally, we mention the
following recent result of Csikés and Horvath ([81]) that extends part (ii) of Corollary 80 to H? by
applying the method of Gorbovickis ([124]) to co-central sets, which one can regard as natural duals of
central sets.

Theorem 81 The area of the intersection of finitely many closed disks in H? cannot decrease after any
contractive rearrangement.

3.6 Research Exercises

Exercise 3.1 Prove that if = (qy, q,..., qu) is a contraction of p = (py, P2,---, PyN) in E? such that q; =
Ap;, 1 <i < Nwith0 <)< 1, then the inequalities Vol (Uﬁile [pi, rz]) > Vol, (Ufile [q;, rz]) and
Voly (ﬂfile [pi,ri]) < Voly (ﬂf\ile [qi,ri]) hold.

Exercise 3.2 (Kirszbraun-Alexander [6]) If q = (q;, qy...., Qy) is a contraction of p = (Py, P2.--., Py) in
E? and NY B [pi,ri] # M, then NN B [qi, 7] # 4.

Exercise 3.3 (Bollobas [55]) Prove that if q = (q;, qa, ..., qu) is a continuous contraction of p = (py, Pa,
..o Py) in B2, then Vol, (U2 B? [p;, r]) > Vol, (UX,B?[q;,7]). (Hint: Prove the analogue inequality
for the perimeter.)

Exercise 3.4 (Capoyleas [73]) Prove that if q = (qy, q, -...qy) is a continuous contraction of p = (py, P2,
<oess Py) in E2, then Vols (ﬁf\ile [pi, r]) < Vol (ﬂf\ile [qi, r]) (Hint: Prove the analogue inequality
for the perimeter.)

Exercise 3.5 (Alexander [S]) If {q;, qo...., qy} and {p{, P2, -... Py) are given in E< such that lg; — q; I <
clp; — pjl holds for all 1 < i <j <N with ¢ >0, then

Vi (conv ({qi|1 <i < N})) < Vi (conv ({pi|]l <i < N})),
where V|(-) denotes the first intrinsic volume of the corresponding set in E<.

Exercise 3.6 (Gorbovickis [122]) Prove that if q = (q1, q2, ..., Q) is a contraction of p = (P{, P2, ---» PN)

in B¢ and q and p are not congruent, then
Vi (conv ({q;i|1 <i < N})) < Vi(conv ({pi|]l <i< N})).

Exercise 3.7 (Csikos-Horvath [81]) Let the point set {qy,..., qy} be a contraction of the point set {py,...,
py} in M2 (and in case M?> = S? let UfilBMz [pi, 7i] be contained in a closed hemisphere of S*). Then

N N
per (conv <_U1BM2 [qi,ri]>> < per (conv <_U1BM2 [pi,ri])>,
1= 1=

where per(+) denotes the perimeter of the corresponding set in M2,
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Exercise 3.8 (Bezdek-Connelly-Csikds [40]) Prove that if q = (qy, Qp,-.., qy) is a contraction of p = (py,
P2 ..., P) for 1 <N <4 in E2, then per (N, B? [p;, 7]) < per (N, B?[q;,]) holds.

Exercise 3.9 (Gorbovickis [123]) Prove that if q = (qy, q2. ..., Q) is a contraction of p = (P1, P2, ---» PN)
in E?, then vol (Uf\ile Pi) ’rl]) > Vol, (Uf\Lle [qi, rz]) follows under the additional assumption that
the intersection of every pair of balls from {Bd[qi, r;]1 11 <i <N} has common interior points with no more
than d +1 other balls from {B? [q;, ;] 1 1 <i<N}.

Exercise 3.10 (Gorbovickis [122]) Prove that if q = (qy, q2,..., Q) is a contraction of p = (P{, P2.---> PN)
in E9, then there exists ro (depending on q and p) such that for any r > ry the inequalities
volg (Ufile [pi, 7)) > Volg (Ufile [qi,7i]) and  volg (ﬂf\ile [ps,7i]) < volg (ﬂfile (i, 7i])
hold. Moreover, if q and p are not congruent, then the inequalities are strict.

For the next problem, we fix an orthonormal basis (i.e., a Cartesian coordinate system) in E? and refer
to the coordinates of the point x € E4 by writing X = (x(l),..., x(d)). Now, if p = (py,..., py) and q = (qy,...,
qy) are two configurations of N points in ¢ such that for all 1 < k<d and 1 <i <j < N the inequality

(k) (k)

o - 4] < |

strong contraction of p, then q is a contraction of p as well. Furthermore, recall that a convex body K is

pgk) — pgk)H holds, then we say that q is a strong contraction of p. Clearly, if q is a

called an unconditional (or, 1-unconditional) convex body if for any x = (x(l),...,x(d)) € K also (ix(l), ey

+x(@) € K holds. Clearly, if K is an unconditional convex body in E¢, then K is symmetric about the
origin o of E¢.

Exercise 3.11 (Bezdek-Naszédi [48]) Let K;,..., Ky be (not necessarily distinct) unconditional convex
bodies in B¢ d > 2. If q = (qq,--., qy) is a strong contraction of p = (Py,..., Py) in E?, then
voly (U, (p;i + K;)) > voly (U, (q; + K;)) and voly (Y, (p; + K;)) < voly (MY, (q; + K;)).

Exercise 3.12 (Meyer-Reisner-Schmuckenschliger [181]) Prove that if for an o-symmetric convex body
K c E? and some > 0, vol; (K N (x + 7K)) depends on Ixlg only (where |-l denotes the norm of E¢

generated by K), then K is an ellipsoid.
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4

Volumetric Bounds for Contact Numbers

Summary. The well-known “kissing number problem” asks for the largest number of non-overlapping
unit balls touching a given unit ball in the Euclidean d-space E?. Generalizing the kissing number, the
Hadwiger number or the translative kissing number H(K) of a convex body K in E? is the maximum
number of non-overlapping translates of K that all touch K. In this chapter we study and survey the
following natural extension of these problems. A finite translative packing of the convex body K in E¢ is a
finite family & of non-overlapping translates of K in E?. Furthermore, the contact graph G( &) of & is
the (simple) graph whose vertices correspond to the packing elements and whose two vertices are
connected by an edge if and only if the corresponding two packing elements touch each other. The number
of edges of G( &) is called the contact number of &. Finally, the “contact number problem” asks for the
largest contact number, that is, for the maximum number c¢(K, n, d) of edges that a contact graph of n non-
overlapping translates of K can have in E?. In the first half of this chapter, we survey the bounds proved
for c(K, n, d) using volumetric methods. Then we turn our attention to an important subfamily of
translative packings called totally separable packings. Here a packing of translates of a convex body K in
4 is called totally separable if any two packing elements can be separated by a hyperplane of E¢ disjoint
from the interior of every packing element. In the second half of this chapter, we study the analogues of
the Hadwiger and contact numbers for totally separable translative packings of K labelled by H.,(K) and

Csep(K, 1, d) and survey the bounds proved for Hy.,(K) as well as cgep, (K, 7, d) using volumetric ideas.
This chapter is a revised and strongly extended version of [41].

4.1 Description of the basic geometric questions

The well-known “kissing number problem” asks for the maximum number k(d) of non-overlapping unit
balls that can touch a unit ball in the d-dimensional Euclidean space E¢. The problem originated in the
17th century from a disagreement between Newton and Gregory about how many 3-dimensional unit
spheres without overlap could touch a given unit sphere. The former maintained that the answer was 12,
while the latter thought it was 13. The question was finally settled many years later [220] when Newton
was proved correct. The known values of k(d) are k(2) = 6 (trivial), k&(3) = 12 ([220]), k(4) = 24 ([189]),
k(8) = 240 ([192]), and k(24) = 196560 ([192]). The problem of finding kissing numbers is closely
connected to the more general problems of finding bounds for spherical codes and sphere packings. For
old and new results on kissing numbers, we refer the interested reader to the recent survey article [64]. In
this paper, we focus on a more general relative of kissing number called contact number.

Let B be the d-dimensional unit ball centered at the origin o in EZ. As is well known, a finite packing

of unit balls in E? is a finite family of non-overlapping translates of B? in E%. Furthermore, the contact
graph of a finite unit ball packing in E? is the (simple) graph whose vertices correspond to the packing
elements and whose two vertices are connected by an edge if and only if the corresponding two packing
elements touch each other. The number of edges of a contact graph is called the contact number of the
underlying unit ball packing. The “contact number problem” asks for the largest contact number, that is,
for the maximum number c(n, d) of edges that a contact graph of n non-overlapping translates of B? can
have in [E<.

The problem of determining c(n, d) is equivalent to Erdds’s repeated shortest distance problem, which
asks for the largest number of repeated shortest distances among n points in E?. The planar case of this
question was originally raised by Erd0s in 1946 [95], with an answer conjectured by Reutter in 1972 and
established by Harborth [139] in 1974, whereas the problem in its more general forms was popularized by
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Erd6s and Ulam. Another way to look at the contact number problem is to think of it as the combinatorial
analogue of the densest sphere packing problem, which dates back to the 17th century.

Let K be a convex body, i.e., a compact convex set with non-empty interior in E. (If d = 2, then K is
called a convex domain.) If K is symmetric about the origin o in E?, then one can regard K as the unit ball

of a given norm in R In the same way as above, one can talk about the largest contact number of
packings by n translates of K in E? and label it by c(K, n, d). Here we survey the results on c(n, d) as well
as ¢(K, n, d).

The notion of total separability was introduced in [104] as follows: a packing of unit balls in E¢ is
called rotally separable if any two unit balls can be separated by a hyperplane of E? such that it is disjoint
from the interior of each unit ball in the packing. Finding the densest totally separable unit ball packing is
a difficult problem, which is solved only in dimensions two ([27, 104]) and three ([152]). As a close
combinatorial relative, it is natural to investigate the maximum contact number cgp(n, d) of totally

separable packings of z unit balls in EZ. In what follows, we survey the results on Csep(n, d) and include in
our overview the relevant aspects of totally separable translative packings as well.

4.2 Motivation from materials science

In addition to finding its origins in the works of pioneers like Newton, Erdds, Ulam and Fejes T6th (see
Section 4.3 for more on the role of the latter two), the contact number problem is also important from an
applications point of view. Packings of hard sticky spheres - impenetrable spheres with short-range
attractive forces - provide excellent models for the formation of several real-life materials such as colloids,
powders, gels and glasses [140]. The particles in these materials can be thought of as hard spheres that
self-assemble into small and large clusters due to their attractive forces. This process, called self-assembly,
is of tremendous interest to materials scientists, chemists, statistical physicists and biologists alike.

Of particular interest are colloids, which consist of particles at micron scale, dispersed in a fluid and
kept suspended by thermal interactions [176]. Colloidal matter occurs abundantly around us - for example
in glue, milk and paint. Moreover, controlled colloid formation is a fundamental tool used in scientific
research to understand the phenomena of self-assembly and phase transition.

From thermodynamical considerations, it is clear that colloidal particles assemble so as to minimize the
potential energy of the cluster. Since the range of attraction between these particles is extremely small
compared to their sizes, two colloidal particles do not exert any force on each other until they are
infinitesimally close, at which point there is strong attraction between them. As a result, they stick
together, are resistant to drift apart, but are strongly resistant to move any closer [13, 140]. Thus two
colloidal particles experiencing an attractive force from one another in a cluster can literally be thought of
as being in contact.

It can be shown that under the force law described above, the potential energy of a colloidal cluster at
reasonably low temperatures is inversely proportional to the number of contacts between its particles [13,
143, 146]. Thus the particles are highly likely to assemble in packings that maximize the contact number.
This has generated significant interest among materials scientists towards the contact number problem [13,
146] and has led to efforts in developing computer-assisted approaches to attack the problem.

4.3 Largest contact numbers for congruent circle packings

4.3.1 The Euclidean plane

Harborth [139] proved the following well-known result on the contact graphs of congruent circular disk
packings in E2.

Theorem 82 ¢ (n, 2) = [317, V20— 3J forallnz2.

This result shows that an optimal way to pack n congruent disks to maximize their contacts is to pack
them in a ‘hexagonal arrangement’. The arrangement starts by packing 6 unit disks around a central disk
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in such a way that the centers of the surrounding disks form a regular hexagon. The pattern is then
continued by packing hexagonal layers of disks around the first hexagon. Thus the hexagonal packing
arrangement, which is known to be the densest congruent disk packing arrangement, also achieves the
maximum contact number c(n, 2), for all n.

Interestingly, this also means that c(n, 2) equals the maximum number of sides that can be shared
between n cells of a regular hexagon tiling of the plane. This connection was explored in [138], where
isoperimetric hexagonal lattice animals of a given area n were explored.

In 1984, Ulam ([96]) proposed to investigate Erdos-type distance problems in normed spaces. Pursuing
this idea, Brass [66] proved the following extension of Theorem 82 to normed planes.

Theorem 83 Let K be a convex domain different from a parallelogram in E?. Then for all n > 2, one has
c(K,n,2) = {37@ —+/12n — 3J. If K is a parallelogram, then ¢ (K,n,2) = {471 —+/28n — 12J holds
foralln>?2.

4.3.2 Spherical and hyperbolic planes

An analogue of Harborth’s theorem in the hyperbolic plane H2 was found by Bowen [62]. In fact, his
method extends to the 2-dimensional spherical plane S?. We prefer to quote these results as follows.

Theorem 84 Consider disk packings in H2 (resp., S?) by finitely many congruent disks, which maximize
the number of touching pairs for the given number of congruent disks and of given diameter D. Then such

a packing must have all of its centers located on the vertices of a triangulation of H2 (resp., S?) by
congruent equilateral triangles of side length D provided that the equilateral triangle in 12 (resp., S?) of
side length D has each of its angles equal to 2—]\7; for some positive integer N > 3.

In 1984, L. Fejes Téth ([31]) raised the following attractive and related problem in S?: Consider an
arbitrary packing &, of disks of radius r > 0 in S2. Let deg,,,( £,) denote the average degree of the

vertices of the contact graph of &,. Then prove or disprove that lim sup, . (sup %degavr(,@r)) < 5.
This problem was settled in [31].

Theorem 85 Let &, be an arbitrary packing of disks of radius r > 0 in S. Then

lim sup <supdegeWr (3%)) < 5.
2,

r—0

We conclude this section with the still open hyperbolic analogue of Theorem 85 which was raised in
[31].

Conjecture 86 Let &, be an arbitrary packing of disks of radius r > 0 in H2. Then

lim sup (supdegawr (ﬁ’r)) < 5.
P,

r—0

4.4 Largest contact numbers for unit ball packings in E3

Theorem 82 implies in a straightforward way that

lim 2r=ed _ /19 —3.464. ... 4.1)

n—-+00 \/ﬁ

Although one cannot hope for an explicit formula for c¢(n, 3) in terms of n, there might be a way to
prove a proper analogue of (4.1) in E3.
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To this end, we know only what is stated in Theorem 87. In order to state these results we need an
additional concept. Let us imagine that we generate packings of z unit balls in E? in such a special way
that each and every center of the n unit balls chosen is a lattice point of the face-centered cubic lattice with
shortest non-zero lattice vector of length 2. Then let cg..(n) denote the largest possible contact number of
all packings of n unit balls obtained in this way.

The motivation for considering cg..(n) is obvious. Since in the planar case, the densest disk packing
arrangement also maximizes contacts between disks and the face-centered cubic lattice is the densest for
sphere packings in [E3 [135], it makes sense to consider cec(n) as a candidate for c(n, 3). Moreover, it 1s

easy to see that cq.(2) = ¢(2, 3) = 1, cg.c(3) = ¢(3, 3) = 3 and cg..(4) = c(4, 3) =6.
Theorem 87

(i) ¢(n,3) < 6n—0.926n7, foralln=?2.

(ii) cree (n) < 6n— Y0t — 6 — 3.665...n% foralln>2.

(iii) 6n — v 48617 < 2k (2k:2 — 3k + 1) < ¢fec (1) < ¢(n, 3), forallm = w with k > 2.

Recall that (i) was proved in [50] (using the method of [34]), while (ii) and (iii) were proved in [34].
Clearly, Theorem 87 implies that

6n—c(n,3)
—_—

0.926 < < V486 = 7.862..., (4.2)

n?

forall n = 225 with k2.

4.5 Upper bounding the contact numbers for packings by translates of a
convex body in E¢

One of the main results of this section is an upper bound for the number of touching pairs in an arbitrary
finite packing of translates of a convex body, proved in [33]. In order to state the theorem in question in a
concise way, we need a bit of notation. Let K be an arbitrary convex body in E?, d > 3. Then let 6(K)
denote the density of a densest packing of translates of the convex body K in E¢, d > 3. Moreover, let

. L (svold,l(bdK))d
iq(K) := (voly(K))*?

be the isoperimetric quotient of the convex body K, where svol ;_;(bdK) denotes the (d — 1)-dimensional
surface volume of the boundary bdK of K and vol K) denotes the d-dimensional volume of K.

Furthermore, let H(K) denote the Hadwiger number of K, which is the largest number of non-overlapping
translates of K that can all touch K (for more details, cf. Section 4.7). Finally, let the one-sided Hadwiger
number /2(K) of K be the largest number of non-overlapping translates of K that touch K and that all lie in
a closed supporting half space of K. In [37], using the Brunn-Minkowski inequality, it is proved that 4(K)
<2 3% 1 _ 1, where equality is attained if and only if K is an affine d-cube. Let K, := 3K+ (-K))
be the normalized (centrally symmetric) difference body assigned to K.

Theorem 88 Let K be an arbitrary convex body in E¢, d > 3. Then

HEK,) 1 d¢f iqB9) 4L _ _
c(K,nd) < Z&, M(KO)%\/MKO)M (H (Ko) — b (Ko) — 1)

391 kg 41
< 5 N — 5N,
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__n? d
where kg = T voly (B )

Since we are interested in contact numbers of sphere packings as well, it is interesting to see the form
Theorem 88 takes when K = B. Recall that k(d) denotes the kissing number of a unit ball in E?. Let o4

stand for the largest possible density for (infinite) packings of unit balls in E?. The following consequence
of Theorem 88 was reported in [34].

Corollary 89 Let n > 1 and d 2 3 be positive integers. Then

_d1
d

c(n,d) < Tk(d)n—Lé, " n'T.

Now, recall the well-known theorem of Kabatjanskii and Levenstein [149] that k(d) < 20.401d(1+o(1) 34
04 < 270-599d(1+0(1) 35 § — 400, Together with Corollary 89 this gives

c(n,d) < %20.401d(1+0(1))n — %20.599(1%(1))(01,1)71%,

forn>1, as d — +oo.
In particular, for d = 3 we have k(3) = 12 [220] and 3 = —= [135]. Thus, by combining these with

V18
Corollary 89, we find that for n > 1,

wfro

n¥ =6n—0.152...n7%.

c(n,3) < 6n— %(\/7[1_8)_

The above upper bound for c(n, 3) was substantially improved, first in [34] and then further in [SO]. The
current best upper bound is stated in part (i) of Theorem 87.

In the proof of Theorem 88 published in [33], the following statement plays an important role that
might be of independent interest and so we quote it as follows. For the sake of completeness, we wish to
point out that Theorem 90 and Corollary 91 are actual strengthenings of Theorem 3.1 and Corollary 3.1 of
[26] mainly because, in our case, the containers of the packings in question are highly non-convex.

Theorem 90 Let K, be a convex body in K9, d > 2 symmetric about the origin o of E¢ and let {c| + K, ¢
+K,..... ¢, + K, } be an arbitrary packing of n > 1 translates of K, in E?. Then

nvoly(K,)
volg (U?:l(ci—&-ZKo))

<0 (Ko).

For a generalization, see Lemma 235. The following is an immediate corollary of Theorem 90.

Corollary 91 Let &2,(K,) be the family of all possible packings of n > 1 translates of the o-symmetric
convex body K, in Ed, d >?2. Moreover, let

nvol °
§(Ky,n) i= max{ vold(ug’:jgiz)Ko)) (¢, + Ko,...,c, + K.} € 2, (Ko)}.

Then

lim supd (Ko,n) = § (Ko).

n—oo

Interestingly enough, one can interpret the contact number problem on the exact values of c(n, d) as a

volume minimization question. Here we give only an outline of that idea introduced and discussed in
detail in [43].

Definition 16 Let & : = {c; + B?|1<i<nwith le; — ¢l 22 forall 1 <j<k<n} be an arbitrary packing
of n > 1 unit balls in BE% The part of space covered by the unit balls of P" is labelled by
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P" .= U}, (ci + Bd). Moreover, let C" ;= {¢; | 1 <i < n} stand for the set of centers of the unit balls in
P™. Furthermore, for any & > 0 let P? := U {x + XBd|x eP"}=Ur, (ci+(1+ X)Bd) denote the
outer parallel domain of P" having outer radius \. Finally, let

nka _ nKd
min gnvoly (U™, (¢;+(1+1)B4))

5d (n’ ;L) = H.léa;‘x volg (P;)

and

dg (A) :=lim supdy (n,)).

n—-+o0o

Now, let & = {¢; + B?1i=1,2,... with le; — ¢l 2 2 for all 1 <j <k} be an arbitrary infinite packing of
unit balls in E?. Recall that the packing density 0,4 of unit balls in E¢ can be computed as follows:

. Zci+BchBd voly (ci+Bd)

04 = sup | lim sup =iy :

Hence, it is rather easy to see that d; < d4(A) holds for all A > 0,d > 2. On the other hand, it was proved in
[33] (see also Corollary 91) that 6, = d4(A) for all A > 1 leading to the classical sphere packing problem.
Now, we are ready to put forward the following question from [43].

Open Problem 15 Determine 5,(A) ford > 2,0 < A < % — 1.

First, we note that = — 1 < 4/-2% — 1 holds for all d > 2. Second, observe that as -% is the

V3 d+1 V3
circumradius of a regular triangle of side length 2, therefore if 0 < A < % — 1, then for any unit ball

packing " no three of the closed balls in the family {c; + (1 + X)Bd | 1 <i < n)have a point in common.

In other words, for any A with 0 < A < -% — 1 and for any unit ball packing &", in the arrangement {c;

V3
+(1+0)B?11 <i<n) of closed balls of radii 1 + A only pairs of balls may overlap. Thus, computing J ,(n,

A), i.e., minimizing voly (P;f) means maximizing the total volume of pairwise overlaps in the ball

arrangement {c; + (1 + MBY11<ics n} with the underlying packing £?". Intuition would suggest to

achieve this by simply maximizing the number of touching pairs in the unit ball packing &' Hence,
Problem 15 becomes very close to the contact number problem of finite unit ball packings for

0<A< % — 1. Indeed, we have the following statement proved in [43].

Theorem 92 Lern > 1 and d > 1 be given. Then there exists Ay, > 0 and a packing I of n unit balls in
E? possessing the largest contact number for the given n such that for all \ satisfying 0 < A < M n> Og(ns A)

is generated by 55", i.e., voly <P;L> > voly <f’;f) holds for every packing P" of n unit balls in E.

Theorem 92 leads us to the problem of upper bounding d,(n, A). The following statement proved in [43]
gives a partial answer to that question.

Theorem 93 Let d and \ be chosen satisfying Vd—1<A<V2—1.Then

< < 24 g —d < 42y -4 <. (4.3)
5d(7»)_sglp6d(n,7»)_ (Q(H)Q)M( +A) T <A1+ T L
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We note that Blichfeldt’s upper bound %2*% for the packing density of unit balls in E¢ can be

obtained from the upper bound formula of Theorem 93 by making the substitution A = V2 — 1. We close
this section by stating the following improvements on the estimates of Theorem 93 for d = 2,3, which have
been published in [43].

Theorem 94 Let A be chosen satisfying 0 < A < % —1=0.1547... and let H be a regular hexagon

circumscribed about the unit disk B® centered at the origin o in E2. Then

d; (X) = T

area(HN(1+1)B2) *
Definition 17 Ler T¢ := conv{ty, ty,..., ty.1} be a regular d-simplex of edge length 2 in B4, d > 2 and let
2d
0<A< \/d+—1—1.5et

(d+1)voly(TN(t,+B9))

04 (k) = vold(Tdﬂ(uﬁllti""(l"")‘)Bd)) <1

An elementary computation yields that if 0 < A < % — 1, then

o n—6¢0
o3 (M) = T+ (31— 960 )1+ (31— 18¢hg+ ) At 1—6¢by *

— 1
where ¢ := arctan 5= 0.615479....

Theorem 95 Ler 0 < A < % —1=0.1547.... Set 19 := — arctan (\/g tan (5¢0)) = 0.052438.. ..

NG
Then
53 (7\) < sup53 (n, 7\,) (4.4)
71:—6’1!)0
S o (B 1890 1890 (e bg ) O3 ()

Finally, we raise the following problem.

Conjecture 96 Prove that 6,(n, A) < 6 ,4(A) holds for alld 23,0 < A < % —landn>1.

4.6 Contact numbers for digital and totally separable packings of unit balls in
Ed
In this section, we use the terms ‘cube’, ‘sphere’ and ‘ball’ to refer to two- and three-dimensional objects

of these types. Consider the three-dimensional (resp. two-dimensional) integer lattice 73 (resp. 72), which
can be thought of as an infinite space tiling array of unit cubes called lattice cells. For convenience, we
imagine these cubes to be centered at the integer points, rather than having their vertices at these points.
Two lattice cells are connected if they share a facet.

We refer to a packing of congruent unit diameter spheres centered at the points of 73 (resp. 72) as a
digital sphere packing. These packings provide a natural means for generating totally separable sphere
packings. We denote the maximal contact number of such a digital packing of n spheres by cz(n, 3) (resp.

cy(n, 2)). Clearly, cy(n, 2) < csep(n, 2) and cy(n, 3) < csep(n, 3). The question is how large the maximum

digital contact number can be and whether it equals the corresponding maximum contact number of totally
separable sphere packings.
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A three-dimensional (resp. two-dimensional) polyomino is a finite collection of connected lattice cells

of 73 (resp. 73). Considering the maximum volume ball contained in a cube, each polyomino corresponds
to a digital sphere (circle) packing and vice versa. Moreover, since the ball (circle) intersects the cube
(square) at 6 points (4 points), one on each facet, it follows that the number of facets shared between the
cells of the polyomino equals the contact number of the corresponding digital packing.

It is easy to see that minimizing the surface area (resp., perimeter) of a three-dimensional (resp., two-
dimensional) polyomino of volume n corresponds to finding the maximum contact number of a digital
packing of n spheres. Harary and Harborth [138] studied the problem of finding isoperimetric
polyominoes of area n in 2-space. Their key insight was that n squares can be arranged in a square-like
arrangement so as to minimize the perimeter of the resulting polyomino. The same construction appears in
[8], but without referencing [138]. The three-dimensional case has a similar solution which first appeared
in [8]. The proposed arrangement consists of forming a quasicube (an orthogonal box with one or two
edges deficient by at most one unit) followed by attaching as many of the remaining cells as possible in
the form of a quasisquare layer. The rest of the cells are then attached to the quasicube in the form of a
row. The main results of [138] and [8] on isoperimetric polyominoes in E? and E® can be used to derive
the following about the maximum digital contact numbers (see [51]).

Theorem 97 Given n > 2, we have
(i) cz(n,2) = [2n—2y/n|.
(ii) cz (n,3):3n—3n% —o(n%>.

We now turn to the more general totally separable sphere packings in IE2 and E3. The contact number
problem for such packings was discussed in the very recent paper [51].

Theorem 98 For all n > 2, we have

(i) Csep (M,2) = LZn — 2\/@
(ii) 3n—3n% —o (n%> < Coep (1,3) < 3n — 1.346n7.

Part (1) follows from a natural modification of Harborth’s proof [139] of Theorem 82 (for details see
[51]). The lower bound in (ii) comes from the fact that every digital sphere packing is totally separable.
However, proving the upper bound in (ii) is more involved.

Theorem 98 can be used to generate the following analogues of relations (4.1) and (4.2).

. 2n—csep(n,2) 4.5)
Jm s =2
1.346 < el <34 5(1). (4.6)

n3

3n—csep(n,3)
T
exists as n — +oo. In fact, it can be asked if this limit equals 3. Furthermore, a comparison of Theorem 97
and Theorem 98 shows that csep(n, 2) = cy(n, 2) holds for all positive integers n. Therefore, it is natural to

Since the bounds in (4.6) are tighter than (4.2), it is reasonable to conjecture that the limit of

raise the following open problem.

Open Problem 16 Show that

lim 2n—ce®d) _ g
n—-+o0o n3
In particular, is it the case that csep(n, 3) = cz(n, 3), for all positive integers n?
Let us imagine that we generate totally separable packings of unit diameter balls in E? such that every

center of the balls chosen is a lattice point of the integer lattice 74 in E%. Then, as in Section 4.6, let cz(n,
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d) denote the largest possible contact number of all packings of n unit diameter balls obtained in this way.
Theorem 99 ¢z, (n, d) < Ldn . dn%J foralln>1andd>2.

Here we recall Theorem 97 and refer to [51] to note that the upper bound of Theorem 99 is sharp for d =
2 and all n> 1 and for d > 3 and all n = k4 with k > 1. On the other hand, it is not a sharp estimate for
example, ford =3 and n =5.

We close this section by stating the recent upper bounds of [51] for the contact numbers of totally
separable unit ball packings in E¢.

(11,1 n%,foralln> landd = 4.
2dT

Theorem 100 cep, (n,d) < dn —

4.7 Bounds for contact numbers of totally separable packings by translates of
a convex body in E¢ withd =1, 2, 3, 4

Generalizing the kissing number, the Hadwiger number or the translative kissing number H(K) of a
convex body K is the maximum number of non-overlapping translates of K that all touch K. Given the
difficulty of the kissing number problem, determining Hadwiger numbers is highly non-trivial with few
exact values known for d > 3. The best general upper and lower bounds on H(K) are due to Hadwiger
[133] and Talata [232], respectively, and can be expressed as

2¢d < H(K) < 3% -1, 4.7)

where c is an absolute constant and equality holds in the right inequality if and only if K is an affine d-
dirnensional cube [127].

A packing of translates of a convex domain, that is, a convex body K in E2 is said to be totally
separable if any two packing elements can be separated by a line of E? disjoint from the interior of every
packing element. This notion was introduced by G. Fejes Toth and L. Fejes Toth [104].

One can define a totally separable packing of translates of a d-dimensional convex body K in a similar
way by requiring any two packing elements to be separated by a hyperplane in E¢ disjoint from the
interior of every packing element [51, 152].

Recall that the contact graph of a packing of translates of K is the simple graph whose vertices are the
members of the packing, and whose two vertices are connected by an edge if and only if the two members
touch each other. In the recent paper [49] the authors investigate the maximum vertex degree (called
separable Hadwiger number), as well as the maximum number of edges (called the maximum separable
contact number) of the contact graphs of totally separable packings by a given number of translates of a
smooth or strictly convex body K in [E¢. This extends and generalizes the results of [42] and [51]. The
details are the following.

4.7.1 Separable Hadwiger numbers
It is natural to introduce the totally separable analogue of the Hadwiger number as follows [42].
Definition 18 Let K be a convex body in E¢. We call a family of translates of K that all touch K and,

together with K, form a totally separable packing in E® a separable Hadwiger configuration of K. The
separable Hadwiger number Hye,(K) of K is the maximum size of a separable Hadwiger configuration of

K.

Recall that the Minkowski symmetrization of the convex body K in E¢ denoted by K, is defined by
Ko:=5K+(-K))=1+(K-K)=3{x—y:x,y € K}. Clearly, K, is an o-symmetric d-
dimensional convex body. Minkowski [184] showed that if & = {x; + K, x, + K...., x,, + K} is a packing
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of translates of K, then &, = {x; + K,,, X, + K,,..., x,, + K} is a packing as well. Moreover, the contact
graphs of & and &, are the same. Using the same method, it is easy to see that Minkowski’s above

statement applies to totally separable packings as well. (See also [42].) Thus, from this point on, we only
consider o-symmetric convex bodies.
It is mentioned in [51] that based on [85] (see also [204] and [157]) it follows in a straightforward way

that Hsep(Bd) = 2d for all d > 2. On the other hand, if K is an 0-symmetric convex body in E¢, then each
facet of the minimum volume circumscribed parallelotope of K touches K at the center of the facet and so,

clearly Hge,(K) 2 2d. Thus,

2d < Hyep (K) < H(K) <391 (4.8)

holds for any o-symmetric convex body K in E¢. Furthermore, the affine d-cube is the only o-symmetric

convex body in E? with separable Hadwiger number 3d _ 1 [127].
We investigate equality in the first inequality of (4.8). First, we note as an easy exercise that H, as a

map from the set of convex bodies equipped with any reasonable topology to the reals is upper semi-
continuous. Thus, for any d, if an o-symmetric convex body K in E? is sufficiently close to the Euclidean

ball BY (say, B € K < (1 + ¢,)BY, where ¢, > 0 depends on d only), then H,(K) = 2d

Hence, it is natural to ask whether the set of those o-symmetric convex bodies in R¢ with Hgen(K) = 2d
is dense. In [49], the authors investigate whether H.,(K) = 2d holds for any o-symmetric smooth or
strictly convex K in E?. The first main result (Theorem 1) of [49] is a partial answer to this question.

Definition 19 An Auerbach basis of an o-symmetric convex body K in E? is a set of d points on the
boundary of K that form a basis of E® with the property that the hyperplane through any one of them,
parallel to the other d — 1 supports K.

Theorem 101 Let K be an o-symmetric convex body in E?, which is smooth or strictly convex. Then

(i) Ford € {1, 2, 3, 4}, we have Hsep(K) = 2d and, in any separable Hadwiger configuration of K with
2d translates of K, the half translation vectors are d pairs of opposite vectors, where picking one from
each pair yields an Auerbach basis of K. (ii) Hgep(K) < pd+l _ 3foralld>=5.

We note that part (i) of Theorem 101 was proved for d = 2 and smooth o-symmetric convex domains in
[42]. It is natural to finish this subsection with the following question.

Open Problem 17 Determine the largest value of Hge,(K) for o-symmetric smooth strictly convex bodies
inE? d>5.

4.7.2 One-sided separable Hadwiger numbers

Recall that the one-sided Hadwiger number i(K) of an o-symmetric convex body K in E¢ has been
defined in [37] as the maximum number of non-overlapping translates of K that can touch K and lie in a

closed supporting half space of K. It is proved in [37] that A(K) < 2 - 34=1 _ 1 holds for any o-symmetric

convex body K in E? with equality for affine d-cubes only.

One could consider the obvious extension of the one-side Hadwiger number to separable Hadwiger
configurations. However, a more restrictive and slightly more technical definition serves our purposes
better, the reason of which will become clear in Theorem 102 and Example 2.

Definition 20 Ler K be a smooth o-symmetric convex body in E?. The onesided separable Hadwiger
number hge,(K) of K is the maximum number n of translates 2x; + K,..., 2x,, + K of K that form a

separable Hadwiger configuration of K, and the following holds. If fi,..., f,, denote supporting linear
functionals of K at the points X,..., X,,, respectively, then 0 & conv{Xy,..., X,,} and o & conv{fi,..., f,,).
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Definition 21 For a positive integer d, let

hsep(d) = max{hsep(K) : K is an o-symmetric, smooth and strictly convex body in E%),
Hsep(d) = max{Hsep(K) : K 'is an o-symmetric, smooth and strictly convex body in E%),
and set Hgep(0) = hep(0) = 0.

The proof of part (i) of Theorem 101 relies on the following fact: for the smallest dimensional example
K of an o-symmetric, smooth and strictly convex body with Hge,(K) > 2d, we have hg,(K) > 2d. More

precisely, the following statement is proved in [49] (Theorem 2).

Theorem 102 (i) hsep(d) < Hsep(d) < max {2/ + hsep(d -0):¢=0,...,d}. (i) hsep(d) =dforde€ {1,2,3,4}.
(iii) hsep(B?) = d for the d-dimensional Euclidean ball BY with d € Z*.

According to Note 1, when bounding H.,(K) for a smooth or strictly convex body K, it is sufficient to

consider smooth and strictly convex bodies.

As a warning sign, it is shown in Example 2 (see Example 3.1 in [49]) that there is an o-symmetric,
smooth and strictly convex body K in [E®, which has a set of 6 translates that form a separable Hadwiger
configuration, and the origin is not in the convex hull of the translation vectors.

4.7.3 Maximum separable contact numbers

Let K be an o-symmetric convex body in E¢, and let 22 := {x; +K,..., x,, + K} be a packing of translates

of K. Recall that the number of edges in the contact graph of &2 is called the contact number of Z.
Moreover, c¢(K, n, d) denotes the largest contact number of a packing of n translates of K in E<. 1t is

proved in [33] (see also Theorem 88) that ¢ (K, n,d) < ﬂ?n —n'Tg (K) holds for all n > 1, where
g(K) > 0 depends on K only.

Definition 22 If dn € Z* and K is an o-symmetric convex body in E¢, then let Csep (K, n, d) denote the

largest contact number of a totally separable packing of n translates of K.

According to Theorem 101, the maximum degree in the contact graph of a totally separable packing of
a smooth convex body K is 2d, and hence, csep(K, n, d) < dn, for d € {1, 2, 3, 4}. The third main result

(Theorem 3 of [49]) is the following stronger bound.

Theorem 103 Let K be a smooth o-symmetric convex body in Ee withd € (1,2,3,4). Then
csep (K, 1, d) < dn — @D/ (K)

forall n> 1, where f(K) > 0 depends on K only.
In particular, if K is a smooth o-symmetric convex domain in E2, then

Csep (K’n72) < 2n — %\/ﬁ

holds for all n > 1.

4.8 Appendix: Hadwiger numbers of topological disks

A well-known theorem of Hadwiger [133] states that the Hadwiger number of a plane convex body K
satisfies 6 < H(K) < 8. Giving an affirmative answer to a question of Hadwiger, Griinbaum [130]
strengthened this result by proving the following theorem.
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Theorem 104 Let K be a plane convex body. If K is a parallelogram, then H(K) = 8. Otherwise, H(K) =
6.

To generalize this problem, we define a fopological ball as a subset of E¢ homeomorphic to the

Euclidean ball BZ. Furthermore, we call a set S a starlike ball if it is a topological ball which is starlike
relative to a point p € S; that is, if for any point q € S, we have [p, q] € S. If d = 2, we may call a
topological or starlike ball a topological or starlike disk, respectively. It is worth noting that the notions of
overlapping and touching, and thus, that of Hadwiger number, can be generalized for topological balls in a
natural way, and that Halberg et al. [134] proved that the Hadwiger number of every topological disk is at
least six.

In 1995, Bezdek, Kuperberg and Kuperberg [29] proved the following related result.

Theorem 105 For any topological disk S in B2, the maximum number of mutually touching translates of S
is at most four.

Furthermore, in this paper they proposed a conjecture and a question related to Hadwiger numbers.
These problems can be found also in [67].

Conjecture 106 The Hadwiger number of any starlike disk is at most 8.

Question 107 Is it true that the Hadwiger number of any topological disk is at most eight? If not, is there
a universal constant K such that the Hadwiger number of any topological disk is at most K ?

Question 107 was answered in the negative, in the strong sense, by a clever construction of Cheong and
Lee [77].

Theorem 108 For any positive integer k, there is a topological disk S with H(S) > k.

The first result about the Hadwiger numbers of starlike disks, based on estimating the area of certain
multiple packings, is due to Bezdek in [28].

Theorem 109 The Hadwiger number of any starlike disk is at most 75.

Langi improved this upper bound both in the general [160], and in a special case [159].
Theorem 110 The Hadwiger number of any centrally symmetric starlike disk is at most 12.
Theorem 111 The Hadwiger number of any starlike disk is at most 35.

Nevertheless, Conjecture 106 is still open.
A variant of Question 107 can be found in [160], where the author puts a restriction on the number of
the connected components of (convS)\S, where S is a topological disk. In particular, he proved Theorem

112.
Theorem 112 Let S be a topological disk such that (convS)\S is connected. Then H(S) < 8.

In this context, the following natural variant of Question 107 can be proposed [160].

Open Problem 18 Is it true that for every positive integer k there is an integer N(k) such that for any
topological disk S, if (convS)\S has at most k connected components, then H(S) < N(k)?

4.9 Research Exercises

Exercise 4.1 Prove that for any convex body K € E¢ and point set € < E?, the family {x + K : X € €} is
a packing if and only if{x - %(K -K):x¢€ ‘5} is a packing.
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Exercise 4.2 (Griinbaum [130]) Using Exercises 4.1 and 2.5, prove that the Hadwiger number of every
convex domain is at least 6 in E2. Moreover, show that the Hadwiger number of every convex domain
different from a parallelogram is 6 in E2.

Exercise 4.3 Prove that the separable Hadwiger number of every smooth convex domain is 4 in E2.

Exercise 4.4 (Bezdek-Kuperberg-Kuperberg [29]) Prove that for any positive integer N there is a
starlike ball Sy in B3 such that N < H(Sy).

Exercise 4.5 (Maehara [172]) Prove that the kissing number (i.e., Hadwiger number) of a ball in E? is
12, i.e., k(3) = 12.

Exercise 4.6 (Fejes Toth [103]) Prove that the one-sided kissing number (i.e., one-sided Hadwiger
number) of a ball in E3 is 9.

Exercise 4.7 (Talata [233]) Prove that the Hadwiger number (resp., separable Hadwiger number) of a
tetrahedron in E3 is 18.

Exercise 4.8 (Larman-Zong [165]) Prove that the Hadwiger number (resp., separable Hadwiger
number) of an octahedron in E3 is 18.

Exercise 4.9 (Musin [189]) Prove that the kissing number of a ball in E4 is 24, i.e., k(4) = 24.
Exercise 4.10 (Musin [188]) Prove that the one-sided kissing number of a ball in E4 is 18.

Exercise 4.11 (Odlyzko-Sloane [192]) Prove that k(8) = 240 and k(24) = 196560.

Exercise 4.12 (Talata [232]) Show that there exists an absolute constant ¢ > 0 such that HK) > pcd for
every positive integer d and every convex body K in E?.

Exercise 4.13 (Bezdek-Brass [37]) Prove that h(K) <2 - 341 — 1 holds for any o-symmetric convex body
K in E¢ with equality for affine d-cubes only.
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5

More on Volumetric Properties of Separable Packings

Summary. In this chapter we continue our investigation of totally separable packings from a volumetric point of view. First, we outline the recent solution of the
contact number problem for smooth strictly convex domains in E2. We discuss this approach in details based on angular measure, Birkhoff orthogonality,
Birkhoff measure, (smooth) Birkhoff domains, and approximation by (smooth strictly convex) Auerbach domains, which are topics of independent interests as
well. In the next part of this chapter, we connect the study of totally separable packings of discrete geometry to Oler’s inequality of geometry of numbers. More
concretely, we discuss an analogue of Oler’s inequality for totally separable translative packings in E? and then use it for finding the highest density of totally
separable translative packings (resp., for finding the smallest area convex hull of totally separable packings by n translates) of an arbitrary convex domain in E2.
Finally, as a local version of totally separable packings, we introduce the family of p-separable translative packings of o-symmetric convex bodies in E¢. In
particular, we investigate the fundamental problem of minimizing the mean i-dimensional projection of the convex hull of n non-overlapping translates of an o-
symmetric convex body C forming a p-separable packing in E¢ for givend > 1,n > 1, and C.

5.1 Solution of the contact number problem for smooth strictly convex domains in E?

This section is based on the results published in [42].

Definition 23 Let K, be an o-symmetric convex body in B¢, d > 2. A nonzero vector X in ®4,1- “Ko) is said to be Birkhoff orthogonal to a non-zero vector'y if

IIxIIKO <Ix+ tyIIKo,for allt € R [52], where HXHKD =inf{A>0:x € AK,} for every x € R, We denote this by x K, Y-

Note that in general, Birkhoff orthogonality is a non-symmetric relation, that is x K, ¥ does not imply y K, X-

Definition 24 Let K, S R2 be an o-symmetric convex domain in 2. An angular measure, also called an angle measure, in ®21- HKo) is a measure u defined
on bdK,, that can be extended in a translation-invariant way to measure angles anywhere and satisfies the following properties [66]:
(i) wbdKy =2m.
(ii) For any Borel set X S bdK, u(X) = u(=X).
(iii) For each x € bdK,, u({x})=0.
For any x, y € bdK,,, we write u([x, ylk,) for the measure of the angle subtended by the arc [x, ylk, ato, where [x, y]g denotes the smaller (in the norm |- \IKO)
of the two closed arcs on bdK,, with endpoints x and y. In [15, 92], angle measures are required to satisfy a fourth non-degeneracy condition, namely, for any x =
y € bdK,, u([x, ylk,) > 0. Here it suffices to adopt Brass’s definition. We refer the interested reader to [15] for a very recent expository treatment of angle

measures.

Note that the usual Euclidean angle measure in the plane satisfies these conditions. Moreover, for any angle measure in (RZ, IH\KO), the sum of interior angles

of any simple n-gon in R2 equals (n — 2)mt [66].

Definition 25 An angle measure u in the plane &2, 1- HKO) is called a Birkhoff measure in short, B-measure [98] if for any X, y € bdK,, XK, ¥ implies that
w(lx, ylg,) = /2.

Definition 26 Ler D S E? be an o-symmetric convex domain, then D is called a Birkhoff domain in short, B-domain if there is a B-measure defined in(R2, I-Ip).

The following statement has been proved in [42].

Theorem 113 If D is a smooth B-domain in E2 and n > 2, then we have
Csep (Dy1,2) = |2n — 2¢/n]. 5.1

Definition 27 Let A € E? be an o-symmetric convex domain, B a circular disk centered at o and ¢, —c, ¢', —¢' non-overlapping arcs on bdB N bdA such that for
any X € c there exists X' € ¢’ with x g X' and vice versa. Then we call A an Auerbach domain, or simply an A-domain.

Figure 5.1 illustrates Definition 27. Clearly, for any x € c there exist antipodes X', —x’ € bdB with x 4 x’ and x Hg —x'. From Definition 27, we must have x’
€ ¢’ and —x' € —¢'. Moreover, an analogous statement holds for any x’ € ¢'. Therefore, an A-domain A can be thought of as an o-symmetric convex domain in E?
such that bdA contains two pairs of antipodal circular arcs all lying on the same circle and with each pair being Birkhoff orthogonal to the other in 2. Note that
this definition does not exclude the case when more than one set of such arcs occurs on bdA, in which case we choose the set of four arcs arbitrarily, or even
when A is a circular disk. Given an A-domain A, we call the four circular arcs ¢, —c, ¢’, —¢' chosen on its boundary, the circular pieces of A and write
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FIGURE 5.1

Definition 27 illustrated. An A-domain A with circular pieces ¢, ¢’, —c and —c’ lying on the boundary of the circular disk B. Note that A is not
necessarily contained in B. However, due to convexity, A must lie in the shaded region determined by the tangent lines at the endpoints of the
circular pieces.

cir (A) =cU(—¢)Uc U (=C).

Clearly, if x, y € cir(A), then x 4, y holds if and only if x 4g y holds. We observe that any x € cir(A) belongs to an Auerbach basis of A. Furthermore, any

Auerbach basis of A is either contained in cir(A) or bdA\cir(A).
Let A be an A-domain with circular pieces ¢, —c¢, ¢’ and —¢’ lying on the boundary of a circular disk B and e denote the Euclidean angle measure. Then e(c) =
e(c¢") = e(—c) = e(—c’) holds and we define an angle measure m on bdA as follows. For any arc a € bdA, define

e(ancir(A)) 5.2)

m(a) =2n A)) -

Note that m assigns a measure of 1/2 to each of the designated circular pieces on bdA and a measure of 0 to the rest of bdA (including any circular arcs not
included among the circular pieces), that is, m(c) = m(c') = m(-c) = m(—c") = n/2 and m(bdA\cir(A)) = 0. It is easy to check (for more details see [42]) that m

satisfies properties (i-iii) of Definition 24, as well as the following property.

Lemma 114 Let A be an A-domain and m the angle measure defined on bdA by (5.2). Also, let X, y € bdA be such that X -5 y. Then

m([x,y]a) = 3 (5.3)

In other words, m is a B-measure in (Rz, I-15) and every A-domain is a B-domain.
As Csep(" n, 2) is invariant under affine transformations, Theorem 113 and Lemma 114 give:

Corollary 115 If A is (an affine image of) a smooth A-domain in E? and n > 2, we have Csep (A, 1,2) = LZn - 2\/@ .
Recall the definition of Hausdorff distance between two convex bodies.
Definition 28 Given two (not necessarily o-symmetric) convex bodies K and L in E%, the Hausdorff distance between them is defined as
h(K,L) =min{e: K C L+¢B% L C K +eB%}.
It is well known that A(-, -) is a metric on the set of all d-dimensional convex bodies [217, page 61]. The following results have been proved in [42].

Theorem 116Affine images of smooth strictly convex A-domains are dense (in the Hausdorff sense) in the space of smooth o-symmetric strictly convex domains.
Moreover, given any smooth o-symmetric strictly convex domain K, we can construct an affine image A’ of a smooth strictly convex A-domain A such that the

length of bdA" N bdK,, can be made arbitrarily close to the length of bdK,,.
Corollary 117 Let K be an o-symmetric smooth strictly convex domain in E? and n > 2. Then Csep (K1, 2) = L2n -2/ FLJ .

Open Problem 19 One may wonder whether csep (K, n,2) = \_211 — 2\/ﬁj holds for any o-symmetric smooth convex domain K in E? and n > 2.

5.2 The separable Oler’s inequality and its applications in .2

5.2.1 Oler’s inequality

Our goal is to bridge totally separable packings of discrete geometry and Oler’s inequality of geometry of numbers. Recall that the concept of totally separable
packings was introduced by G. Fejes Toth and L. Fejes Toth [104] as follows. We say that a set of domains is totally separable if any two of them can be
separated by a straight line avoiding the interiors of all domains. The main question investigated in [104] is to find the densest totally separable arrangement of
congruent replicas of a given domain. The paper [104] generated a good deal of interest in the density problem of totally separable arrangements and led to
further important publications such as [27] and [152]. Coming from this direction, the goal of Bezdek and Langi [44] was to find the densest totally separable
packing of translates of a given convex domain and then to extend that approach to the analogue question for finite totally separable packings. It turned out that
an efficient method to achieve all that is based on a new version of Oler’s classical inequality ([193]). So, next we introduce some basic terminology and then
state Oler’s inequality in the form which is most suitable for the presentation of the results of [44].

Let K be a convex domain, i.e., a compact convex set with non-empty interior in the Euclidean plane E2. A family % of n translates of K in E? is called a
packing if no two members of # have an interior point in common.

If K is an o-symmetric convex domain in E2, where o stands for the origin of E2, then let |-l denote the norm generated by K, i.e., let Ixlg = min{A : x €
AK} for any x € E2. The distance between the points p and q measured in the norm I-lg is denoted by Ip — qlk. For the sake of simplicity, the Euclidean
distance between the points p and q of E? is denoted by Ip — ql.

If P = U} [xi_1,%;] is a polygonal curve in E2 with [x_;, x;] standing for the closed line segment connecting x;_; and x;, and K is an o-symmetric plane
convex domain, then the Minkowski length of P is defined as Mk (P) = Z?:l |x; — xi—1llx. Based on this and using approximation by closed polygons one
can define the Minkowski length Mg(G) of any rectifiable curve G € E? in the norm I-lIg. If K is a not o-symmetric, by Mg(G) we mean the length of G in the
relative norm of K, i.e., in the norm defined by %(K — K) [193] (cf. also Section 2.2).

Finally, if K is an o-symmetric convex domain in E2, then let o(K) denote a minimal area circumscribed hexagon of K.

Now, we are ready to state Oler’s inequality ([193]) in the following form. Let K be an o-symmetric convex domain in E2. Let

F={x;+K:i=1,2,...,n}
be a packing of n translates of K in E2, and set X = {x}, Xy,..., X,,}. Furthermore, let IT be a simple closed polygonal curve with the following properties:

(i) the vertices of II are points of X

and
(i) X < IT* with IT* = I1 U intI], where intII refers to the interior of I1.

Then
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M+M‘Zm+lzn, (5.4)

area(o(K))
where area(-) denotes the area of the corresponding set. The formula (5.4) was conjectured by H. J. Zassenhaus and has a number of interesting aspects

discussed in [238] (see also [26] and [60]).

5.2.2 An analogue of Oler’s inequality for totally separable translative packings
We recall the following definitions from [44].
Definition 29 A closed polygonal curve P = U]"; [X;_1,X;|, where Xy = X,,, is called permissible if there is a sequence of simple closed polygonal curves

P =UL, [x} 1, x}], where X}y = X7, satisfying X} — X; for every value of i. The interior intP is defined as lim,,_,, intP".

Remark 118 By the properties of limits, if P = U, [xi—1,X;] is permissible and P" and Q" are sequences of simple closed polygonal curves with lim,,_,, P" =
lim,,_,, Q" = P, then lim,_,, intP" = lim,,_,., intQ", i.e., the interior of a permissible curve is well defined.
Definition 30 Let K be a convex domain in B2. Then let o(K) denote a minimal area circumscribed parallelogram of K.

The following totally separable analogue of Oler’s inequality has been published in [44].

Theorem 119 Let K be an o-symmetric convex domain in E?. Let

F={xi+K:i=1,2,...,n}
be a totally separable packing of n translates of K in E2, and set X = {x1, Xp,..., X, }. Furthermore, let I1 be a permissible closed polygonal curve with the
following properties:

(i) the vertices of Tl are points of X
and

(ii) X S IT* with IT* =TI U intI1.
Then

(IT*) Mx(ID
meaEy - tlzn G-

Remark 120 We note that unlike in Oler’s original inequality, equality in (5.5) of Theorem 119 is attained in a variety of ways. This is illustrated in Fig. 5.2,
where the polygon I1 consists of blocks of zig-zags and simple closed polygons having sides parallel to the two sides of a chosen o(K). Furthermore, we note
that characterizing the case of equality in (5.5) of Theorem 119 remains an open problem.

Remark 121 It is well known that the width of any convex body K in any direction is equal to the width of its central symmetrization %(K — K) in this direction.
This readily implies that 0(K) does not change under central symmetrization.

FIGURE 5.2
A totally separable packing of translates of K (with K being a circular disk for the sake of simplicity), which satisfies the conditions in Theorem 119
and for which there is equality in (5.5) of Theorem 119.

Remark 122 Let & = {x; + K : i = 1, 2,..., n} be a family of n translates of K in B2, where K is an o-symmetric convex domain of B2, and let K* be a convex
domain satisfying K = +(K*~K*) with o € intK*, and let F* = {x; + K* : i = 1, 2,..., n}. Then & is a packing if and only if F* is a packing, and F is a
totally separable packing if and only if F* is a totally separable packing. (For details see for example, [42].) Thus, Theorem 119 holds for any (not necessarily
o-symmetric) plane convex domain K* (with o € intK¥) as well.

5.2.3 On the densest totally separable translative packings

Theorem 119 and Remark 122 imply the following statement published in [44], which was proved for o-symmetric convex domains in [104] with a weaker
estimate than (5.6) for convex domains in general, namely, with 0(K) standing for a minimal area circumscribed quadrangle of K.

Theorem 123 If 6;,,(K) denotes the largest (upper) density of totally separable translative packings of the convex domain K in K2, then

6sep (K) __area(K (56)

— area(0(K)) ©
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Remark 124 It is worth mentioning here that by (5.6) of Theorem 123, the densest totally separable translative packing of a convex domain is attained by a
lattice arrangement.

Open Problem 20 Let K be a convex body in E%, d > 3. Prove or disprove that the highest density of totally separable translative packings of K in E? is
attained by the totally separable lattice packing of K generated by (any of) the smallest volume parallelotope (i.e., affine d-cube) circumscribed K.

Theorem 125 published in [44] is a totally separable analogue of the well-known theorem (which is a combination of the results published in [100], [110],
[108], and [207]), stating that the maximal density of translative packings of a convex domain in E? is minimal if and only if the domain is a triangle.

Theorem 125 For any convex domain K in E2, we have

1 <6 (K) <1, .7

with equality on the left if and only if K is a triangle, and on the right if and only if K is a parallelogram.

5.2.4 On the smallest area convex hull of totally separable translative finite packings

The following area inequalities have been published in [44].

Theorem 126 Let & = {¢; + K :i=1,2,..., n} be a totally separable packing of n translates of the convex domain K in E2. Let C = conv{ey, ¢y,..., ¢, }.

area (COIlV ( A
5

(ii) If K or C is centrally symmetric, then

(i) Then we have

Cs

(e + K))) = area (C + K) > 2(n — 1)area (0 (K))

+area (K) + area (C).

area (C + K) > (n — 1)area ( (K)) + area (K).

Remark 127 We note that equality is attained in (i) of Theorem 126 for the following totally separable translative packings of a triangle (cf. Figure 5.3). Let K
be a triangle, with the origin o at a vertex, and u and v being the position vectors of the other two vertices, and let T = mK, where m > 1 is an integer. Let F be

. .o . . . . L . . . . _ m(m+1)
the family consisting of the elements of the lattice packing {iu + jv + K : i, j, € Z} contained in T. Then F is a totally separable packing of n = ———
translates of K with conv (V] F) = T = C + K, where C = (m - DK. Thus,

area (T) = m?area (K) = [%m (m+1)— %+ +(m— 1)2] area (K) = 4 (n — 1)area (K) + area (K) + +area (C) = %(n — 1)area (0 (K)) + area (K

FIGURE 5.3
An example for equality in (i).

Remark 128 In (ii) of Theorem 126 equality can be attained in a variety of ways shown in Figure 5.4 for both cases, namely, when C is centrally symmetric
(and K is not centrally symmetric such as a triangle) and when K is centrally symmetric (such as a circular disk) without any assumption on the symmetry of C.

FIGURE 54
Totally separable translative packings of a triangle and a unit disk for which equality is attained in (ii) in Theorem 126.

‘We conclude this subsection with the following.

Open Problem 21 Let C be an o-symmetric convex body in 4, d > 3 and n > 1. Prove or disprove that the smallest volume of the convex hull of n translates of
C forming a totally separable packing in E? is obtained when the n translates of C form a sausage, that is, a linear packing.

5.3 Higher dimensional results: minimizing the mean projections of finite p-separable packings in E¢

The starting point is the following elegant theorem of Boréczky Jr. [58]: Consider the convex hull Q of n non-overlapping translates of an arbitrary convex body
C in E? with n being sufficiently large. If Q has minimal mean i-dimensional projection for given i with 1 < i < d, then Q is approximately a d-dimensional ball.
The main goal of [45] is to prove an extension of this theorem to p-separable translative packings of convex bodies in E¢. Next, following [45] we define the
concept of p-separable translative packings and then state the main result of [45].

Definition 31 Let C be an o-symmetric convex body of E%. Furthermore, let | - Ic denote the norm generated by C, i.e., let Ixl¢ := inf{\ | x € AC} for any x €
E¢. Now, let p > 1. We say that the packing
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Pisep = {ci + C|i € I with||c; — ci||c > 2forallj # k € I}

of (finitely or infinitely many) non-overlapping translates of C with centers {c; i € I} is a p-separable packing in E¢ if for each i € I the finite packing {c;+ Cl
¢;+ C S ¢;+pC} is a totally separable packing (in ¢;+pC).Finally, let ésep(p, C) denote the largest density of all p-separable translative packings of C in E?,
i.e., let

E) EC.+CCW;1 voli(ci+C)
C):=sup [ lim sup——
sep (pv ) Py A t00 voly (Wg) )

where W;‘f denotes the d-dimensional cube of edge length 2\ centered at o in B¢ having edges parallel to the coordinate axes of E* and voly(-) refers to the d-

dimensional volume of the corresponding set in E%.

Remark 129 Let 6(C) (resp., dsep(C)) denote the supremum of the upper densities of all translative packings (resp., totally separable translative packings) of
the o-symmetric convex body C in B%. Clearly, Osep(C) < Ogep(p, C) < 6(C) for all p = 1. Furthermore, if 1 < p <3, then any p-separable translative packing of C
in &9 is simply a translative packing of C and therefore, Fsep(p, €) = 5(C).

Open Problem 22 Let C be an o-symmetric convex body C in E%, d > 2. Then prove or disprove that there exists p(C) > 0 such that for any p = p(C) one has
Isep(C) = dgep(p, ©).

Recall that the mean i-dimensional projection M;(C) (i =1, 2,..., d — 1) of the convex body C in E¢, can be expressed ([217]) with the help of a mixed volume
via the formula

——~—
M; (C) = iV(C, LR C)7 (Bd, e 7Bd)7

Kd

where «; is the volume of B¢ in EZ. Note that M(B%) = x;, and the surface volume of C is svoly_; (C) = %Md,l (C) and in particular, svol, _ (BY) = dx,.

Set M 4(C) := vol,(C). Finally, let R(C) (resp., r(C)) denote the circumradius (resp., inradius) of the convex body C in E<, which is the radius of the smallest
(resp., a largest) ball that contains (resp., is contained in) C. The following is the main result of [45].

Theorem 130 Let d 22, 1 <i<d—1,p 2 1, and let Q be the convex hull of a p-separable packing of n translates of the o-symmetric convex body C in E¢ such

d
that M{(Q) is minimal and n > % . (p%) . Then

Q) o w 5.8
Ry =T ©8)

2
T

Jorw=2x(d) (%) ’ , where Md) depends only on the dimension d. In addition,

M (@) = (14 5 )M (BY) (249 ) Tt

&

2.25R(C)pdi 2.1R(C)pi
(Cbn(p.C) = 7 = T O)oup(0,0) *

where —

Remark 131 It is worth restating Theorem 130 as follows: Consider the convex hull Q of n non-overlapping translates of an arbitrary o-symmetric convex body
C forming a p-separable packing in E?® with n being sufficiently large. If Q has minimal mean i-dimensional projection for given i with 1 < i < d, then Q is
approximately a d-dimensional ball.

Open Problem 23 The nature of the question analogue to Theorem 130 on minimizing M Q) = vol Q) is very different. Namely, recall that Betke and Henk
[24] proved L. Fejes Téth's sausage conjecture for d > 42 according to which the smallest volume of the convex hull of n non-overlapping unit balls in E¢ is
obtained when the n unit balls form a sausage, that is, a linear packing (see also [25, 26]). As linear packings of unit balls are p-separable, therefore the above
theorem of Betke and Henk applies to p-separable packings of unit balls in B¢ for all p > 1 and d > 42. On the other hand, the problem of minimizing the volume
of the convex hull of n unit balls forming a p-separable packing in B¢ remains an interesting open problem for p 2 1 and 2 < d < 42. Last but not least, the
problem of minimizing M /Q) for o-symmetric convex bodies C different from a ball in E¢ seems to be wide openforp>1anddz=?2.

5.4 Research Exercises

Given an o-symmetric convex domain K, in E2, the normed plane (R2, I - I,) is called a Radon plane if for any x, y € bdK,, X 4k, ¥ implies y 4k, X. In other

words, a Radon plane is one in which the relation of Birkhoff orthogonality is symmetric. We define a Radon domain as the closed unit disk of a Radon plane. If
K, is an o-symmetric convex domain in E? that is not necessarily a Radon domain, then an (non-trivial) arc a E bdK,, is said to be a Radon arc if x 4K, ¥ for

any X € a and y € bdK, implies y 4g_x.

Exercise 5.1 (Fankhinel [98]) Show that if the boundary of an o-symmetric convex domain K, contains a Radon arc, then ®2,1- IK,) possesses a B-measure.

Moreover, if K, is a smooth Radon domain, then ®R21- IK,) possesses a strictly increasing B-measure.

Exercise 5.2 Show that the unit disk of the plane (Rz, [ - Hp’q), where 1 < p,q,< oo, = + % =1, and

1
P

(z,y)

{(|z|?+|y|p)1/p, 2,y > Oorz,y <0,

g = i
(127 + lyl%) Ya  otherwise.
is a Radon domain. Moreover, prove that a Radon domain is smooth if and only if it is strictly convex.

Let K, be a smooth o-symmetric convex domain in E2 and P any parallelogram (not necessarily of minimum area) circumscribing K, such that K, touches each
side of P at its midpoint (and not at the corners of P as K, is smooth). Let x and y be the midpoints of any two adjacent sides of P. Then —x and —y are also
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points of intersection of K, and P. It is easy to see that {x, y} is an Auerbach basis of the normed plane (Rz, I+ 1K,). We call the lattice Zp in (]Rz, I+ 1K, with
fundamental cell P, an Auerbach lattice of K, as we can think of Zp as being generated by the Auerbach basis {x, y} of (Rz,I\AHKO).

Exercise 5.3 (Bezdek-Khan-Oliwa [42]) Let R be a smooth Radon domain and let n = {({ + €) + k 2 4 be the decomposition of a positive integer n such that k =
1. Prove that if & is a totally separable packing of n translates of R with csep (K, n) (R, n,2) = \_271 - 2\/EJ contacts, then & is a finite lattice packing lying
on an Auerbach lattice of R.

A triplet of non-overlapping convex domains in E? is said to be separable if there is a straight line not intersecting the interiors of them, but containing both
sides at least one of them. Finally, we say that a packing of convex domains in E? is locally separable if any triplet of the convex domains is separable.

Exercise 5.4 (Bezdek [27]) Prove that the (upper) density of any locally separable packing of congruent circular disks in E? is at most %
Exercise 5.5 (Groemer [126]) Prove that if the compact convex set C contains the centers of n non-overlapping unit disks, then
1 1
marea(C) +gper (C)+1>n

Exercise 5.6 (Wegner [237]) Prove that if D,, is the convex hull of n non-overlapping unit disks in B2, then
area (Dy) > 2v3(n—1) + (2 - \/g) [\/12n7372“ +n

Exercise 5.7 (Fejes Toth-Fejes Téth [104]) Prove that if a totally separable packing of n congruent convex domains is contained in a convex quadrangle of
area A and a is the area of a convex quadrangle of least area containing a domain, then n < %.

Exercise 5.8 (Kertész [152]) Show that if a cube of volume V contains a totally separable packing of N balls of radius r in E®, then V 2 8NP,

Exercise 5.9 (Betke-Henk-Wills [25]) Let B denote the d-dimensional unit ball centered at the origin 0 in E?, and for a positive integer n, let C,, := {Xi,...,

X, } be a packing set ode, ie.,Ix;—xj1 22, 1 <i<j<n. Then show that for every p < V2 a dimension d(p) exists such that, for d > d(p),
volg (conv (Cr) + de) > volg (conv (S,) + de),

where S,, is a minimal linear packing set of n unit balls, i.e., a line segment of length 2(n — 1), holds.

Exercise 5.10 (Betke-Henk-Wills [25]) Show that for every convex body K in E¢ and p < ﬁ,

volg (conv (Cr) + pK) > volg (conv (Sy) + pK),

where C,, is a packing set with respect to n translates of K and S,, is a minimal linear packing set of n translates of K, holds.
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Part 11

Selected Proofs
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6

Proofs on Volumetric Properties of (m, d)-scribed Polytopes

Summary. In this chapter we present selected proofs of some theorems from Chapter 1 about the
isoperimetric problem and the volume of polytopes. In Section 6.1 we prove Ball’s famous reverse
isoperimetric inequality. In Section 6.2 we prove the monotonicity of the isoperimetric ratio under the
Eikonal equation, and a dynamic variant of Lindel6f’s Condition. In Sections 6.3 and 6.4 we determine the
largest volume of polytopes inscribed in the unit sphere of E® and E¢, respectively, with a small number of
vertices. In Section 6.5 we characterize polytopes with n vertices whose symmetry group is isomorphic to
the dihedral group D,,. Section 6.6 presents the proof of the realization of every combinatorial class of 3-

dimensional convex polyhedra by a midscribed polyhedron, that is, by a Koebe polyhedron. In Section 6.7
we prove that this realization is unique, up to Euclidean isometries, under the additional assumption that
the barycenter of the tangency points of the polyhedron is the center of the midsphere. Finally, in Section
6.8, we prove results about the general problem of centering Koebe polyhedra.

6.1 Proof of Theorem 3

The volume ratio of a convex body K c E¢ is defined as

|=

voly (K d
vr (K) = (VoleB)) ) ,

where B is the largest volume ellipsoid contained in K. We note that this ellipsoid, the so-called John
ellipsoid, uniquely exists, and that vr(-) does not change under affine transformations of E¢.

First, we show how Theorem 3 follows from the next theorem. We remark that an elementary
computation yields that the volume and the surface volume of a regular simplex S in E¢, circumscribed

about Bd, are

4 dil
volg (8) = LT 1 svoly 4 (S) =

dil

a7 .(d+1) 5 (6.1)
(-1 -

Theorem 132 The volume ratio of a convex body K is less than or equal to the volume ratio of a regular

simplex circumscribed about B<.

Proof of Theorem 3 Without loss of generality, we may assume that the largest volume ellipsoid contained
in K is BY. Then,

Vo. @) —vo
svolg—1 (K) = 51553 1d(KJrfBE) 1;(K)

< lig *EE) VoK) _ o) (K) Tim 2L — gyl (K).
e—0* e—0+

Note that if S is a regular simplex circumscribed about B<, then the largest volume ellipsoid contained in S
is BY, Thus, from Theorem 132 it follows that vol (K) < vol,(S). Combining it with the previous
inequality, we have
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vola(K) > 1 1
4 = _d_ L 4 L
(svoly_1(K))d-T dd-T (voly(K)) d-1 dd-T (voly(8S))d-1
_ voly(S) .

(svoly 1(8)) 7T

v

The proof of Theorem 132 is based on two lemmas. The first one determines the properties of John
ellipsoids (cf., e.g., [141]).

Lemma 133 Let K be a convex body in B¢, and assume that the maximal volume ellipsoid contained in K

is BY. Then there are contact points X, Xp, ..., X,,, in (bdK) N B< and positive values Ay, Ay, ..., Ay such
that
U 6.2
Z )\ixi =0, ( )
i=1
and

o (6.3)
Z )\ixi ® X; = Idd

1=1

Here Id,; denotes the d x d identity operator, and x & X is the rank-1 orthogonal projection of E¢ onto
the line spanned by x. The equality of the traces on the two sides of (6.3) yields that Z M A; =d. The
other lemma is a convolution inequality of Brascamp and Lieb [65].

Lemma 134 Let x|, Xy, ..., X,;, be unit vectors in E?, and A Ay, ..., Ay, positive numbers such that
m
=1

For each value of i, let f; : R — [0, «) be an integrable function. Then

T ovray < TT( [ 5 0a)
Ed 37 Uk

Proof of Theorem 132 Without loss of generality, we may assume that the largest volume ellipsoid

(6.4)

contained in K is BY. Then we need to show that

$aen
voly (K) < voly (S) = LT

By Lemma 133, there are unit vectors X, X, ..., X,,, € bdK and positive numbers 1{, 45, ..., 4, satisfying
the conditions in (6.2) and (6.3). Let us define the convex body C as

C={ycE’: (x;,y) <1,i=1,2,...,m}. (6.5)

Clearly, C < K. We show that vol;(C) < vol /(S). We prove this inequality by applying Lemma 134 to a

family of functions defined on E4+1,
Let us regard Edtl as B4 x R. Fori=1,2, ..., m, set

yi =y 7t (—x0 %),
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and

It is easy to see that for each value of 7, y; is a unit vector, Z M ; = d 4+ 1, and that the conditions in
(6.2) and (6.3) imply that

> piyi®yi =Tdg.
i=1

Fori=1, 2, ..., m, define the function f; : R — [0, «) as

_fet df t>0,
f"(t)_{o if t<O.

For any z € E¥*!, set
z) = H (fi (yir2))"
=1

By Lemma 134, we have

/Ed+1 F(z)dz < ﬁ (/R fi (t)dt) " 1. (6.6)

Consider some point z = (w,r) € E4*HL, Then, for each value of i, we have

<Yi7z> = \/ﬁ — 4/ dil <XzaW>

Since Z T Aix; = 0, there is some index j such that (x;, w) > 0. Thus, if r < 0, then (yj, z) <0 and the

definition of F yields that F(z) = 0. Furthermore, if > 0, then F(z) is non-zero if and only if for all values
of i,

u d
F(z —eXp< Zl <\/d+1 \/d+1<yi,W>)>

= exp (—\/d+ 1r + % <Z )\ixi,w>> = exp (—\/d + lr).
i=1

In this case

Hence, for any r > 0, the integral of F over the hyperplane {x;, | =r} is
d
e~ Vatiryol, (ﬁC) = e~ Va+lr (ﬁ) volg (C).
Then (6.6) yields that

d
V()ld / \/d_HT< r > dr — volg(C)d! . S 1,
Vd

4 drl
d2-(d+1)2
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from which the assertion readily follows.

6.2 Proofs of Theorems 10 and 11

Before proving the theorems, we need to find the geometric interpretation of (1.2). In the literature, there
are two different interpretations of this equation.

The Eikonal wavefront model, used for example in optics, starts with a smooth hypersurface at time ¢ =
0. In this model, one obtains the evolving hypersurface at time ¢ by translating every point of its boundary
in the direction of the inward surface normal by a vector of length ¢ (cf. Figure 6.1 (A)). If K(0) is a
smooth, convex body with minimal curvature radius r,;,(0) (i.e., the reciprocal of the maximal principal
curvature), then in the Eikonal wavefront model the evolving hypersurface will exhibit its first singularity
at t = ry;p(0) and for 7 > r,;,,(0) it will develop self-intersecting, non-convex parts.

In the Eikonal abrasion model, used for example in the investigation of the abrasion of particles,
starting with the boundary of a (not necessarily smooth) convex body K(0), one obtains the evolving
hypersurface at time ¢ by translating the supporting half space at every point of its boundary in the
direction of the inward surface normal by a vector of length 7 (cf. Figure 6.1 (B)). Obviously, in this model
the evolving hypersurface K(t) will remain convex; however, initially smooth shapes will also develop
singularities. The first such singularity appears, similarly to the wavefront model, at t = r,;,(0). The
singularities of the evolving hypersurface in the Eikonal abrasion model correspond to the self-
intersections in the Eikonal wavefront model.

(A)

FIGURE 6.1
Alternative interpretations of the Eikonal equation (1.2): (A) The Eikonal Wavefront Model
and (B) the Eikonal Abrasion Model.

Since our examination is restricted to not necessarily smooth convex bodies, we use the Eikonal
abrasion model. We start with introducing some notation.

Let K be a convex body in E?; that is, a compact, convex set with nonempty interior. Recall that the
support function hg : S~ 1 — R of K is defined by hg(m) = sup{ (m, p) : p € K} for all m € S [217].
For any 7 > 0, we let Hg(m,) be the closed half space defined by {p € E : (p, m) < hg(m) — ¢}. In the
Eikonal abrasion model, the evolving convex body at time ¢ is given by the formula
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K()= N Hg(m,¢).

meSda-1

We show that K(7) is the set of points in K at the distance at least # from bdK; that is, the so-called inner
parallel body of K at the distance ¢. Consider some point p € intK, and let q € bdK be a point closest to p
in bdK. Then the Euclidean ball p + Iq — pIB is contained in K. Let H be the hyperplane through q and
perpendicular to q — p. Since H is the only hyperplane that supports the ball p + Iq — pIIBd atq, and p + Iq
- pIIBd C K, it follows that H is the unique supporting hyperplane of K at . Clearly, the distance of p and
H is Iq — pl. Since every closed supporting half space of K contains K, it follows that the distance of p
from every supporting hyperplane of K is at least Iq — pl. Thus, the distance of p from bdK is equal to the
minimal distance of p from any of the supporting hyperplanes of K, which implies that K(¢) is indeed the
inner parallel body of K at the distance ¢. This property, proved also in [166] together with some other
elements of this proof, yields the following observation: If #(K) is the radius of a largest ball contained in
K, then for any 0 < 7 < r(K), K(7) is a convex body, for r = r(K), K(7) is a compact, convex set with no
interior point, and for # > r(K), K(¢?) = }X .

Now we turn to the proof of Theorem 10. As volume and surface volume are continuous with respect to
Hausdorff distance and are strictly increasing with respect to containment in the family of convex bodies,
both vol ;(K(#)) and svol;_(K(#)) are positive continuous, strictly decreasing functions of 7 on the interval

[0, n(K)). This implies that /(K(¢)) is also continuous on this interval.
Consider some 0 < 7 < r(K). For brevity, we set K(zy) = K, Ny = N(Ky), F(K(#y)) = F and I(K(?)) =

I(1). Let p € bdK|). By our previous observation, for any 0 < 7 < ¢, the minimum of the distances of p from
the supporting hyperplanes of bdK(?) is equal to 7y — z. Since this minimum is attained at some point q €

bdK(r), the ball p + (¢ — 5)B¢ touches bdK(z) from inside. Thus, Ky + (t5 — B € K(z). On the other
hand, we also have hK(t)(m) = hKO(m) + (tp — t) for any m € N, which yields that K(7) € K + (7 — HF,.
Note that if K is smooth, then K(¢) = K¢ + () — t)Bd for every 0 < t < 1, implying that K(7) is also

smooth on this interval. More generally, N(K(#)) decreases and F(K(#)) increases in time with respect to
containment; that is, for any 0 < #; < 1, < r(K) we have N(K(#,)) € N(K(#,)) and F(K(#))) € F(K(p)).

Set L(z) = Ky + (f9 - t)Bd, and M(?) = K + (19 — )F. By Minkowski’s theorem on mixed volumes
[217], we have

g | 6.7)
vola (8(0) = 3 () ¢ - )W, (o), and

(6.8)

<
o
=3
iy
<
—~
~
N—
N—
I
M&

(4) e torv; <o),

J=0

where  Wi(Kq) is the jth quermassintegral of Kg, and we denote the mixed volume
o A
V(Ko, - .., KoFo, ..., Fo) by Vi(Ky).
Observe that Wy(Ky) = V(K() = vol (K), and that dW{(K) = svol,;_;(K). We show that dV|(K) =

svol;_1(Kp) as well. Since both mixed volumes and surface volume are continuous with respect to

Hausdorff distance, it suffices to prove this equality for polytopes, and thus, assume for the moment that
K is a polytope. In this case F) is the polytope, circumscribed about B?, whose outer unit facet normal
vectors coincide with those of K. Thus, M(f) can be decomposed into K), cylinders of height 7, — ¢ with
the facets of K as bases, and sets in the (p(#; — #))-neighborhood of the (d — 2)-faces of K(;), where p is
the diameter of F(. The volume of this set is
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volg (M (t)) = volg (Ko) + (to — t)svolg_1 (Ko) + O ((to - t)2>,

implying —dVi(Ko) = -L-vols (M (t))‘t:to = —svolg_1((K (¢0))--
Let us define the quantity

l (t) _ volg(L(t))

d_
svol, 1 (M(£)) 7T

d
vola(B) —. We note that I (¢) depends on #; and it is defined only for 0 < 7 < ¢,
(SV01d71 (Bd)) T

Furthermore, as both volume and surface volume are strictly increasing with respect to inclusion, we have
I(t) < I(t)r;. Differentiating this quantity, the formulas in (6.7) and (6.8), and their connection with

svol;_1(Kq) yields that

and set 74 =

I' () = ————~ <V1(K0)2 — Vo (Ko)V2 (K0)>a

(svolg_1(Ky)) @-T

which is not positive by the Alexandrov-Fenchel inequality (cf. Theorem 2).
Even though there are only partial results to characterize the equality case in Theorem 2, these results
permit us to show that if I’ (ty) = 0, then K is homothetic to Fy. To do it, we introduce some concepts

from [217].
Let p be a boundary point of a convex body Q in E. We denote the set of external unit normal vectors
of the supporting hyperplanes of Q at p by Ng(p). This set is a spherically convex set in S for any

boundary point p of any convex body Q. Furthermore, the relative interiors of these sets cover S* !, and if
two of them intersect, then they coincide. In other words, for any m € S¢~! there is a boundary point p of

Q such that m is in the relative interior of No(p)s and if m is in the relative interiors of both Nq(py) and
No(p2), then No(p1) = No(p- If m € S%! is in the relative interior of No(p)s and the dimension of
No(p) is at most r, we say that m is an r-extreme normal vector of Q. Note that the set of 0-extreme

normal vectors of Q is exactly N(Q), defined in Definition 2. A supporting hyperplane H of Q is called r-
extreme if its outer unit normal vector is r-extreme.

A convex body L, containing the convex body K, is called an r-fangential body of K if every (d — r —
1)-extreme support hyperplane of L is a support hyperplane of K. By Theorem 2.2.10 in [217],if K € L
are convex bodies in E?, then L is an r-tangential body of K if and only if every supporting hyperplane of
L that is not a supporting hyperplane of K contains only (r — 1)-singular points of bdL, that is, points p in
bdL for which the spherical dimension of Ny (p) is at leastd — r.

By Theorem 7.6.19 in [217], since both K and F(, are d-dimensional, (VI(KO))2 = Vo(Kg)Va(Kp)
implies that K is homothetic to a (d — 2)-tangential body of F(. More specifically, K, has a homothetic
copy K’ such that Fy € K’, and every supporting hyperplane of K’ that does not support F(y contains only

(d — 3)-singular, or in particular, singular points of K'. Hence, every supporting hyperplane of K’ that
contains a smooth point of bdK' supports F as well. Thus, the definition of F( and the relation FyEK’

yields Fy = K'. This means that if I’ () = 0, then F; is homothetic to K. Note that the reversed
statement also holds: if F( is homothetic to K, then I’ (t;) = 0, and even more, in this case K(?) is
homothetic to K for any 7 > 1.

Let #* denote the smallest value of ¢ such that I’ (f) = 0. Then K(¢) is homothetic to K(#*) for any ¢ €
[, r(K)), and I(f) is a constant on this interval. To finish the proof, we need to show that I(¢) strictly
decreases on [0, £*].

Since [ I,(l()) <Oforany 0<1y< t*, for any such 1o there is some ¢ = &(K, #3) > 0 such that I(H)z; > I(¢) >
I(ty)z, for all t € (#y — &, 1(); that is, the function I(¢) is locally strictly decreasing from the left at every
point. This and the continuity of /(f) implies that I(¢) strictly decreases on this interval. Indeed, suppose for

78



contradiction that for some #; < t, we have I(#]) < I(t;). By continuity, /() attains its global maximum on
[#1.t>] at some ¢’ € [t1,t,]. Clearly, since I(¢) is locally strictly decreasing from the left at ¢, it follows that ¢/
=ty and [ (t]) > I(ty), a contradiction.

Now we prove Theorem 11. Let K be a convex body in E?, and let #, > 0 be arbitrary. Note that, in the
Eikonal abrasion model, with K + 7,F(K) playing the role of the initial body, at time # the evolving body is
K + (ty — H)F(K). Since I(K + (ty — t)F(K) is a decreasing function of 7; — ¢ on the interval [0, 7y], it
follows that /(K + tF(K)) is an increasing function of # on the same interval. Since 7y > 0 was arbitrary, we
have that I(K+¢F(K)) increases on ¢ € [0, «).

6.3 Proof of Theorem 14

6.3.1 Preliminaries

Let P € 3(n), and consider a triangulation €’ (P) of bdP such that all vertices of €' (P) are vertices of P.
We call the convex hull of a triangle in %’ (P) and o a facial tetrahedron of P. Note that the volume of the
facial tetrahedron conv{o, p, q, r} of P is %Ip, q, rl, where Ip, q, rl is the determinant whose columns are

the vectors p, q and r.
For simplicity, for any points py, py, ..., p,, we introduce the notation C(p{, ps, ..., p,) = conv{pj, po,

...» Py} In this case for any p;, p; we set m;; = % (p; X pj), S;j = [P;> pjl, and s;; = Ip; — p;l. Finally, we note

that for any fixed value of n, a polyhedron with 7 vertices and maximal volume inscribed in S? satisfies
Property Z in Definition 4.

We start the proof with two lemmas, which are the special cases of Theorem 16 and Lemma 142 for d =
3, proved in Subsection 6.4.1. These lemmas were first proved for d = 3 in [20].

Lemma 135 Let P = C(py, pps ---, P,) € P3(n) satisfy Property Z. Let € (P) be a triangulation of bdP
such that all vertices of € (P) are vertices of P. Assume that the vertices of € (P) adjacent to py are p,, p3,
..., Pr in cyclic order in bdP.

(l) Then,pl = _Z_ wherez=m23 +m34+ +mk2.

Nzl ?

(ii) Furthermore, every face of & is a triangle.

Lemma 136 Let P = C(py, py, ---, P,) € P3(n) satisfy Property Z. Let € (P) be a triangulation of bdP
such that all vertices of € (P) are vertices of P. Assume that the vertices of € (P) adjacent to py are p,, p3,
..., P5 in cyclic order in bdP. Then 5|, = 514 and 513 = s15.

We also need the next remark and another lemma. Here, by a double n-pyramid we mean a double
pyramid with n vertices.

Remark 137 If, using the notation in Lemma 135, the points py, p3, ..., P, lie in a plane H, then by (i) of
Lemma 135, p; is one of the two tangent points of the supporting planes of S? parallel to H. Thus, in this
case S1p =8S13= ... = 1+

Lemma 138 Let P = C(py, pys ---» P,) € H3(n) satisfy Property Z. If P is combinatorially equivalent to a

double n-pyramid, then P is a double n-pyramid, with a regular (n — 2)-gon centered at o as its base, and
the two tangent points of the supporting planes of S? parallel to the plane of its base as apexes.
Furthermore, in this case voly (P) = 222 sin 2.

Proof of Lemma 138. Since P is combinatorially equivalent to a double n-pyramid, it contains n — 2
vertices of valence 4, and two vertices of valence n — 2. Without loss of generality, we may assume that
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the edges of P are S(i(n—l)) and §;, fori=1,2,...,n -2, and Sy, S73, -.., S(n—z)l- Then, by Lemma 136,
we have Si(n—1) = Sin foralln=1,2,...,n—-2 Thus, fori=1, 2, ..., n — 2, p; is contained in the plane
equidistant from p,,_; and p,,, implying that the points py, py, ..., P,, — 2 are the vertices of a planar convex
(n=2)-gon P, where the plane of P contains 0. Furthermore, by Lemma 136, it follows that 5,5, = 593 =
.o+ = S(»=2)1, Or in other words, P is a regular (n — 2)-gon. Finally, Remark 137 implies that p,_; and p,,
are the two tangent points of the supporting planes of S parallel to the plane of Py. This proves the first
part of Lemma 138. The second part can be proved using elementary computations.

6.3.2 Proof of Theorem 14 forn <6

Consider the case that n = 4. Then P is a tetrahedron. Applying Remark 137 for P, we obtain that all edges
of P starting at any given vertex of P are of equal length. Thus, P is a regular tetrahedron inscribed in S2.

Now, assume that n = 5. Then P is a double 5-pyramid, and Theorem 14 immediately follows from
Lemma 138. If n = 6, then it is combinatorially equivalent to a double 6-pyramid. Thus, Lemma 138
implies that P is a regular octahedron inscribed in S.

6.3.3 Proof of Theorem 14 for n =7

It was shown by Bowen and Fisk [63] that up to combinatorial isomorphism, the only polyhedron with n =
7 vertices and triangular faces, and having no 3-valent vertices, is a double 7-pyramid. By Lemma 138,
there is a unique polyhedron satisfying Property Z and combinatorially equivalent to a double 7-pyramid,

and the volume of this polyhedron is volz(P) = % sin ZT” = 1.58510 .... Thus, it is sufficient to prove that
if P has a 3-valent vertex, then its volume is less than % sin 25—”

Let P = C(py, pas ---» P7) € H3(7), and assume that volz(-) is maximal at P on the family &?5(7). For
contradiction, suppose that p; is a 3-valent vertex of P. Let the vertices of P adjacent to p; be pj, p3, pP4-
Since P satisfies Property Z, the line through o and p; contains the circumcenter of the triangle T =
conv{p,, p3, P4}. Clearly, since P has maximal volume, it contains o, and thus, 7 contains its
circumcenter. Thus, by [106, p. 267], the area of T is at most 34ﬁ (1 — % tan? %), where 7 is the area

of the central projection of T onto S2. Let § = 47 — 7. Then the central projection of the seven facial
tetrahedra of P not incident to p; has total area 6. By [106, p. 275], the total volume of these seven facial

tetrahedra is at most

0 [’
7 2m— 1 2 2r—7\ _ 1 107+ 1 2 10m+T1
T tan =T (1 L tan® =T ) = I tan 251 (1 + tan® LT )

Thus, vol3(P) < f(r), where

Fr) =2 (1- 4 tan? 257) 4§ tan 105 (1 - tan? L07),

A direct computation shows that f is concave, and its maximum is less than % sin 2?7’ Thus, if P has a 3-
valent vertex, then its volume is not maximal on the family &5 (7).
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FIGURE 6.2
A medial polyhedron with 8 vertices.

6.3.4 Proof of Theorem 14 forn =8

If n = 8 then the average valence of any polyhedron P in &3(8) is 4.5. Bowen and Fisk [63] showed that
up to combinatorial isomorphism, there are two simplical polyhedra with n = 8 vertices that have no 3-
valent vertices. One of these is a double 8-pyramid, and the other one has four 5-valent, and four 4-valent
vertices, and thus, it is medial. A schematic view of the second polyhedron can be seen on Figure 6.2. By
Lemma 138, if P is combinatorially equivalent to a double 8-pyramid and satisfies Property Z, then it is

uniquely determined up to isometries, and its volume is v/3. In the next lemma, we consider the other
case.

Lemma 139 Let P € P3(8) be a medial polyhedron satisfying Property Z. Then P is congruent to the
L . co ] AT5+29VT45 _
polyhedron in (ii) of Theorem 14, and its volume is \/ ——z— = 1.815716....

Proof of Lemma 139. We denote the vertices of P with py, py, ..., pg in such a way that it is consistent

with the notation in Figure 6.2. Without loss of generality, we may assume that the vertices are distinct.
Lemma 135 implies that

P1 = ¢ (my; + myg, +mgr + myg + mygy),
P4 = ¢4 (Mgg + Mgy, +myzg + mgs + my3),
P5 = ¢5 (mg; + myy, +myg + msy + myg),

where ¢, ¢4, c5> 0. Taking the cross-product of the first expression with p; yields that

(P1,P5 — Ps)P2 + (P1,P6 — P2)P5 + (P1,P7 — P5)Ps (6.9)
+ (P1,Ps — P6)P7 + (P1,P2 — P7)Ps = O.

Similarly, by taking the cross-product of the second expression with p4, we obtain that

(P4, Ps — P5)P3 + (P4, P3 — P6)P5 + (P4, P5s — P7)Ps (6.10)
+ (P4, P6 — Ps)P7 + (P4, P7 — P3)Ps = O.

From Lemma 136, it follows that (py, p2) = (P2, P3) = (P3, P4), and that (ps, pPg) = (P> P7) = (P7, P3)-

Furthermore, we obtain in the same way that (pa, Ps) = (P2, Pg), (P3. Ps) = (P3, Pg); (P1> Pe) = (P4, Pe)
and (p;, p7) = (P4, P7)- Using these equalities for the sum of (6.9) and (6.10), we have
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(P1,P5 — Ps)P2 + (P4, Ps — P5)P3+ (6.11)
+ (P5, P4 — P1)P6 + (Ps, P1 — P4)P7 = O.

Note that the sum of the coefficients in (6.11) is zero, which implies that if at least one of them is non-
zero, then the vectors p,, p3, pg and p are affinely dependent, and thus, they lie on a plane H.

Assume that there are no zero coefficients in (6.11). Since p;, ps, P5. Pg are 5-valent vertices, at most

one of them is contained in H. Thus, if all of them are contained in one of the two closed half spaces
bounded by H, then S¢ or S»7 is an edge, a contradiction. If one of them, say pg, is contained in one open

half space bounded by H, and the other three vertices are not, then S¢g is an edge, a contradiction. Thus,

exactly two of them are contained in one open half space, and the other two are in the other open half
space. Note that each such pair is connected by an edge, implying that p5 and pg, and similarly p; and py,

are contained in different half spaces.
Without loss of generality, assume that p; and pg are on the same side of H. If S3¢ are adjacent vertices

of the quadrilateral conv{p,, p3, Ps, P7}, then S5 or Sgg is an edge. Hence, S3¢ is a diagonal of this
quadrilateral. Consider the case that p;, pg are contained in a component of S2\H not greater than a
hemisphere. Then (p;, pp) = (pPy, p3)implies that s;g < s15; that is, that (p;, pg) < (P, P5)- Thus, the
coefficient of p, in 6.11 is negative. Since S,7 is a diagonal of the quadrilateral of conv{p,, p3, Pg, P7}.
the coefficient of py is also negative; that is, (p;, pg) < (P4, Pg)- From the equality(pg, p7) = (P7, Pg) it
similarly follows that (p;, pg) > (P4, Pg); a contradiction. If p;, pg are contained in a component of S2\H

greater than a hemisphere, an analogous argument gives a contradiction. Hence, at least one of the
coefficients in (6.11) is zero.
Consider the case that exactly one coefficient in (6.11) is zero. Without loss of generality, let (p;, pg) =

(P4, Pg)- Since the sum of the coefficients is zero, we have that p,, py4, pg are collinear, which contradicts

the assumption that they are distinct unit vectors. Assume that exactly two coefficients are zero, then the
remaining two vectors are antipodal. If, say, the coefficients of pg and p; are zero, then p, and p3 are

antipodal, which, together with the equality s;, = 513 implies that p; = p3; a contradiction. If, say, the
coefficients of p, and p are zero, then (p;, Ps) = (P1, Pg) = (P4, Pg). Since in this case p3 and pg are
antipodal, from (6.11) it follows that the coefficient of pg is also zero. If three coefficients are zero, then so
is the fourth. Hence, we have

(P1,P5) = (P1,Ps) = (P4, Ps) = (P4, P5)-

This implies that py, py, p3, P4 lie in the plane bisecting Ss5g, and that ps, ps, p7, Pg lie in the plane
bisecting S14. Thus, py, p2, P3, P4 and ps, Pg. P7, Pg lie in orthogonal planes through o. Without loss of
generality, we may assume that for some 0 < ¢, 7< % , we have

p1 = (sin 3¢, 0,cos 3p), ps = (0,— sin 37, — cos 37),

)
p2 = (sin ¢,0,cos ¢), ps = (0,— sin 7, — cos 7),
p3 = (—sin ¢,0,cos ¢), pr = (0,sin 7, — cos 7),
)

ps = (— sin 3¢, 0,cos 3p), ps = (0,sin 37, — cos 37).
Substituting these into (6.9), we obtain
(cos 2¢p+ cos 3¢ cos T) sin 37— cos 3 sin 7 (cos 37— cos 7) = 0,
or
3 cos 3¢ sin 27 4 2 cos 2¢ sin 37 = 0.

Applying Lemma 135 for p5 yields an expression similar to (6.9), from which we have
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3 cos 37 sin 2¢p 4 2 cos 27 sin 3¢ = 0.
Rewriting these expressions we obtain

3 cos ¢ (4 cos? ¢ — 3) cos T + (2 cos? ¢ — 1) (4 cos? T — 1) =0, (6.12)
3cos7'(4cosz7'—3) cos ¢ + (2cos27'—1) (4cos2<p—1) =0.

Subtracting and factoring yields

(2 cos ¢ cos T+ 1) (cos® p— cos? 7) = 0.

From this, ¢ = 7, and the solution of this equation is cos ¢ = 15+4—0 145

Now we prove Theorem 14 for n = 8.
Let P = C(py, py, ---, Pg) be a polyhedron in £?5(8) that satisfies Property Z. Then P contains o and is

simplicial. By the argument in the first paragraph of this subsection and by Lemma 139, if P is a
polyhedron of maximal volume in £?3(8) not having 3-valent vertices, then P is congruent to the
polyhedron in (ii) of Theorem 14, and its volume is 4/ %gﬂ\/m = 1.815716.... Thus, assume that at
least one vertex of P is 3-valent. Using the idea of the proof of Theorem 14 for n = 7, we have that

volz (P) < @(1 — % tan? %) + % tan %(1 — % tan? %).

4754291145

This function is concave, and its maximum is strictly less than 350 .

6.4 Proofs of Theorems 16, 17 and 18

First, in Subsection 6.4.1, we prove Theorem 16 and derive some lemmas from it that will help us prove
Theorems 17 and 18. Then, in Subsection 6.4.2 we prove these two theorems.

6.4.1 Proof of Theorem 16 and some lemmas for Theorems 17 and 18

Proof of Theorem 16. We first recall some notation. Consider some d-polytope P inscribed in S¢~! and
satisfying Property Z, that is, assume that no perturbation of any of its vertices increases its volume. Let p
€ V(P) be a vertex of P, and let % » denote the family of the facets of the triangulation % (P) of bdP,

containing p. For any facet F € % p» We set A(F, p) = vol;_j(conv(V(F) U {o}\{p})), and let m(F, p) be

the unit normal vector of the hyperplane, spanned by V(F) U {o}\{p}, pointing in the direction of the half
space containing p. Recall that a facial simplex of &(P) is the convex hull of 0 and a face to €' (P).
To prove the first part of the theorem, we need to prove that p = ———, where m =

ZFE 2 A (F,p)m (F,p). Using the triangulation €(P), we have that for any p € V(P), the volume of P
P

can be written as

volg (P) =V + Y volg(conv(FU{0})) =V + 2 " A(F,p) (m(F,p),p),
Fesp Fesp

where V is the sum of the volumes of the facial simplices of €' (P), not containing p. From this it follows
that

volg (P) =V + % (p,m).
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Now, since p € S, if (p, m) Iml, then for any open set U € S?~! containing p, there is a point q € U
such that (p, m) < (q, m), implying that

volg (P) <V + z(q,m) < voly (conv ((V (P) U{a})\ {p}))),

which contradicts our assumption that P satisfies Property Z. Thus, we have (p, m) = Iml or in other
words, p = -

Now we prove the second part, and assume that P is not simplicial, that is, that some facet F of P is not
a simplex. First, we consider the case that F has d + 1 vertices, and, as a (d — 1)-polytope, it is simplicial.
Then F can be written in the form F = conv(S; U S,, where S| and S, are two simplices with dim S; +

dimS; =dimF=d -1, and S| 1 S, is a singleton {x} in the relative interiors of both S; and S, (cf.
[131]). Let V(S)) ={p; : i=1,2, ...,m},and V(Sp) = {q;: i =1, 2, ..., d + 1 — m}. Then, we may

triangulate F in two different ways:
Fi = {conv(V (F\{p:}):i=1,2,...,m}
and
F; = {conv(V (F\{q;}):i=1,2,...,d+1—m}.

Observe that the union of the elements of F; containing p; is the closure of F\conv (V(F)\{p}),

whereas for F, it is F. Recall that for any simplex in E°, with external unit facet normals m;, my, ..., mg |

belonging to the facets Fy, Fy, ..., Fy,, respectively, we have

s+1 (6.13)
Z vols_1 (Fi)m; = o.
i=1

On the other hand, since the quantity in (1) must be independent from the triangulation, by (6.13) we have
reached a contradiction. We remark that if F is not simplicial, then F is a (d — k — 1)-fold pyramid over a
k-polytope with (k + 2) vertices (cf. [131]), for which a straightforward modification of our argument
yields the statement.

Finally, we consider the case that F has more than d + 1 vertices. Choose a set S of d + 1 vertices of F.
Note that any triangulation of convS for any S € V(F) can be extended to a triangulation of F; this can be
easily shown by induction. Thus, the assertion follows by applying the argument of the previous paragraph
for convS.

We state three consequences of Theorem 16, the third of which will play a crucial role in the proofs of
Theorems 17 and 18.

Corollary 140 If P is simplex satisfying Property Z, then P is a regular simplex inscribed in sé-1,

Remark 141 Assume that P is a d-dimensional convex polytope satisfying Property Z, and for some p €

V(P), all the vertices of P adjacent to p are contained in a hyperplane H. Then the supporting hyperplane
of S at p is parallel to H, or in other words, p is a normal vector to H. Thus, in this case all the edges
of P, starting at p, are of equal length.

Lemma 142 Let P be a convex d-dimensional polytope satisfying Property Z, and let p € V(P). Let qy, qp
€ V(P) be adjacent to p. Assume that any facet of P containing p contains at least one of q; and q,, and
for any SCV(P) of cardinality d — 2, conv(S c{p, q1}) is a facet of P not containing q, if and only if
conv(S U {p, q»}) is a facet of P not containing q,. Then Ilq; — pl = Iq, — pl.

Proof.
Let
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U={SCV(P):conv(SU{p,qi})isafacet of P,butp,qi,qz ¢ S},
and let

W={SCV(P):conv(SU{p,q1,q9:})isafacet of P,but p,q;,qs € S}.

Note that by our conditions, U is also the family of subsets of V(P), not containing p, q;, (o, such that
conv(S U{p, q5}) is a facet of P.

Then, using a suitable labelling of the vertices of P, the total volume V of the facial simplices containing
p can be written as

V= % Z ([P, a1, Xiys - - -5 Xig | — [Py A2, Xis - - -5 X4, )
{lea 7xid_2}€U
+% Z |p7q17q27xi1>'-'axid73|’

where, for simplicity, we denote by X}, X5, ..., X, the determinant of the d x d matrix with the vectors x;
€ E¢ as columns.

Observe that for any {x;

ip> - Xiy, 53 € W, we have Ip, qp, qp, X | = 0, which, for every element

. X.
i et g3
of W, we may subtract from V without changing its value. Thus, for some suitable finite set X c ( REd)d-2
of (d — 2)-tuples of points in E¢, we have

V:% Z ‘p7q1_q2’y17"'7yd72|-
{y1,-. . ya2}eX
Let f: E? — R be the linear functional f(x) = % Z(y y )EX]x,ql— 42, Y1 ---» Y4_ol. Since P
’ 10 oY d-2

satisfies Property Z, we have that p is a normal vector of the hyperplane {x € E? : f(x) = 0}. On the other
hand, f(qy, — q;) = 0, due to the properties of determinants. Thus, q, — q; and p are perpendicular, from

which it readily follows that (p, q;) = (p, q»), and hence,lq; — pl = Iq, — pl.

6.4.2 Proofs of Theorems 17 and 18

In the proof of our results on d-polytopes with d + 2 or d + 3 vertices, we use extensively the properties of
the so-called Gale transform of a polytope (cf. [131] or [239]).
Consider a d-polytope P with vertex set V(P) = {p; : i = 1, 2, ..., n}. Regarding E¢ as the hyperplane

{xg41 =1} of Ed+1, we can represent V(P) as a (d + 1) x n matrix M, in which each column lists the
coordinates of a corresponding vertex in the standard basis of R+, Clearly, this matrix has rank d + 1,
and thus, it defines a linear mapping L : E" — E%*!, with dim ker L = n — d — 1. Consider a basis {wy, wy,
cees Wy_g_1} of ker L, and let L : E"4~1 _ E" be the linear map mapping the ith vector of the standard
basis of B4~ into w;. Then the matrix M of Lis an n x(n —d — 1) matrix of (maximal) rank n — d — 1,
satisfying the equation M M = O, where O is the matrix with all entries equal to zero. Note that the rows
of M can be represented as points of E"~4-1 For any vertex p; EV(P), we call the ith row of L the Gale
transform of p;, and denote it by p,. Furthermore, the n-element multiset { p, :i=1,2, ...,n} C T
called the Gale transform of P, and is denoted by P. If convS is a face of P for some S c V(P), then the

(multi)set of the Gale transform of the points of S is called a face of P. If S is a face of P, then P \§ is
called a coface of P.
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LetV={q;:i=1,2,...,n} C E"41 be a (multi)set. We say that V is a Gale digram of P, if for some
Gale transform P’ the conditions o € relintconv{q; : j € I} and o € relintconv{ p; : j € I} are satisfied for

the same subsets of {1, 2, ..., n}. If V C Sn‘d‘z, then V is a normalized Gale diagram (cf. [169]). A

standard Gale diagram is a normalized Gale diagram in which the consecutive diameters are equidistant.
A contracted Gale diagram is a standard Gale diagram which has the least possible number of diameters
among all isomorphic diagrams. We note that each d-polytope with at most d + 3 vertices may be
represented by a contracted Gale diagram (cf. [131] or [239]).

In the proofs, we need the following theorem from [131] or also from [239].

Theorem 143 We have the following.

(i) A multiset P of n points in E"=4"1

is a Gale diagram of a d-polytope P with n vertices if and only if
every open half space in E"41 pounded by a hyperplane through o contains at least two points of

P (or, alternatively, all the points of P coincide with o and then n=d + 1 and P is a d-simplex).

(ii) IfF is a facet of P, and Z is the corresponding coface, then in any Gale diagram P of P, Z is the
set of vertices of a (non-degenerate) set with 0 in the relative interior of its convex hull.

(iii) A polytope P is simplicial if and only if, for every hyperplane H containing o € E"41 ywe have o ¢
relintconv( P N H).

(V) A polytope P is a pyramid if and only if at least one point of P coincides with the origin o € E" ~ d
-1

Remark 144 We note that (ii) can be stated in a more general form: F is a face of P if and only if for the
corresponding coface Z of P, we have o € relintconv Z.

Proof of Theorem 17. Without loss of generality, we may assume that d > 3, as otherwise the assertion is
trivial. Let P be a polytope, inscribed in S%~1, with d + 2 vertices and satisfying vol;(P) =v,(d +2).
In the proof we use a contracted Gale diagram P of P. Since by Theorem 16 P is simplicial, and since d

+2 —d—1=1, (iii) of Theorem 143 yields that P consists of the points —1 and 1 on the real line. We may
assume that the multiplicity of —1 is k + 1 and that of 1 is d + 1 — k. From (i) of Theorem 143, it follows
that 2 < k < d. Without loss of generality, we may assume that k + 1 <d + 1 — k, or in other words, that k <

L %J. By (ii) of Theorem 143, the facets of P are the complements of the pairs of the form {-1, 1}.

Let V,(P) be the set of vertices of P represented by 1 in P, and let V_(P) = V(P)\V,(P). Consider any p
€ V,(P) and qq, q; € V_(P). Observe that both q; and q, are adjacent to p. Furthermore, for P and these
three vertices the conditions of Lemma 142 are satisfied, which yields that Iq, — pl = Iq; — pl. Hence,
there is some 0 > 0 such that for any p € V_(P) and q € V_(P), we have Iq — pl = 6. Thus, V,(P) and V_(P)
are contained in orthogonal linear subspaces. Since P is d-dimensional, it follows that these subspaces are
orthogonal complements of each other.

Let P; = convV_(P) and P, = convV_(P). Then Py is a k-dimensional, and P, is a (d — k)-dimensional
simplex, and we have

volg (P) = k!(ﬁk)! voli (P1)vols_ (P2).

To find the simplices of maximal volume inscribed in Sk1 and S4*1 we may observe that these

simplices satisfy Property Z. Thus, we can apply Corollary 140, which yields that P; and P, are regular.
It is well known (and can be easily computed from its standard representation in [EX) that the volume of
S (k+i)%
kTk!

a regular k-dimensional simplex inscribed in S¥~1 i . Hence, we have
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k+1 d—k+1
KAk (kD) (d—k+1) S
vola (P) = KSR (d—k) T (d—k)

or equivalently,

volg (P) = 5\/(1 + 0 0+ ) NVEFD @k +1).
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We need to maximize this quantity for k = 1, 2, ..., | %J. If d is even, the assertion follows from the
inequality for the arithmetic and the geometric means. If d is odd, we may use the strict concavity of the
function x = x log(1 + %), x>0.

Remark 145 The use of Gale diagrams in the proof of Theorem 17 can be avoided if we recall the fact
that any simplicial d-polytope is the convex hull of two simplices, having a single point, contained in the
relative interiors of both simplices, as their intersection (cf [239]). The vertex sets of these simplices form
the unique Radon partition of the point set.

Proof of Theorem 18. Assume that P is a d-polytope, inscribed in S9! and satisfying Property Z.

To prove the assertion, we use a contracted Gale diagram P of P. Since by Theorem 16 P is simplicial,
P is a multiset consisting of the vertices of a regular (2k + 1)-gon G(P), with k > 1 and the origin o € E?
as its center, such that the multiplicity of each vertex is at least one, and the sum of their multiplicities is d
+ 3.

Applying Remark 144, we have that p, q € V(P) are not adjacent if and only if there is an open half

plane, containing o in its boundary, that contains only the two points p , q of P. In this case we have one
of the following:

(1) k=2, and the points are two consecutive vertices of the pentagon G(P), with multiplicity one.

(i1) k = 1, and the points are either consecutive vertices of G(P) with multiplicity one, or belong to the
same vertex of G(P), which has multiplicity exactly two.

Now, consider the case that some point of P has multiplicity greater than one, and let py, p, ..., P,, €
V(P) be represented by this point. We set V| = {py, pp, ..., P} and V5 = V(P)\V;. From the observation in
the previous paragraph, it follows that each vertex in Vy is connected to every vertex in V5 by an edge, and
for any two vertices in V|, any facet contains at least one of them. Furthermore, if a facet of P contains
exactly s > 1 elements of V|, then, replacing them with any other s distinct vertices from V| we obtain

another facet of P. Thus, we may apply Lemma 142, which, by the simplicity of P, yields that the linear
hulls L; and L, of V| and V», respectively, are orthogonal. Clearly, we may assume that the sum of the

dimensions of these two subspaces is d, as P is d-dimensional. Hence, we have either dim L; =m — 1 and
dimLy=d+1—-m,ordimL; =m -2 and dim L, =d + 2 — m. Note that in the first case convV] is a
simplex, and in the second one convVj is a simplex.

Observe that since P satisfies Property Z, then both convV| and convV), satisfy it in their linear hulls, as
otherwise a slight modification of either V; or V, would yield a polytope P’ € inscribed in S?~!, having d
+ 3 vertices and satisfying vol;(P) < vol(P’), contradicting the definition of Property Z. Thus, by
Corollary 140 and Theorem 17, we have that one of convV| and convV) is a regular simplex, and the other

one is the convex hull of two regular simplices, contained in orthogonal linear subspaces. Hence, P is the
convex hull of three regular simplices, contained in pairwise orthogonal linear subspaces, and in this case
the assertion follows from the argument in the proof of Theorem 17.

Observe that since P consists of an odd number of points if we do not count multiplicity, if  is odd,
then some vertex of P has multiplicity strictly greater than one, and thus, in this case the assertion readily

follows. Assume that every vertex of P has multiplicity one. Then d is even, and P is the vertex set of a
regular d + 3-gon. We need to show only that P is cyclic.

We recall that every cyclic d-polytope is neighborly, that is, the convex hull of any at most % vertices 1S

a face of the polytope. Furthermore, every neighborly d-polytope with n > d + 3 vertices is cyclic if d is
even (cf. [131]), whereas in odd dimensions there are non-cyclic neighborly polytopes. Thus, we show

only that P is neighborly. Indeed, for any % vertices of P, it is clear that the convex hull of the points of P
corresponding to the remaining % + 3 vertices of P contains o in its interior, since every open half plane,

containing o in its boundary, contains either % + 1or %+ 2 points of P.
The rest of the assertion follows from the volume estimates in the proof of Theorem 17.
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6.5 Proof of Theorem 21

As in the formulation of Theorem 21, let d > 2, and P ¢ E¢ be a d-dimensional convex polytope with
vertices py, P2, ---» Py 1 25, and n > d.

First, note that (ii) or (iii) clearly implies (i). We prove that (i) yields (ii).

As a first step, we show that the points py, ..., pz4; are affinely independent; in particular, we show, by
induction on s, that for any 2 < s < d + 1, aff{py, pp, ..., Py} 1s an (s — 1)-flat. First, if p; = p,, then P is a
single point, a contradiction, and thus, the statement holds for s = 2. Now we assume that aff{py, ..., ps} is
an (s — 1)-flat for some 2 < s < d, and show that aff{py, ..., ps,1} 1s an s-flat. Observe that by (i), for every
integer j, aff{pj+1, . Pj+s} is also an (s — 1)-flat. On the other hand, if aff{py, ..., py4+1} 1s not an s-flat,
then aff{py, ..., pgr1} = aff{py, ..., py} = aft{po, ..., py41}, Which, by (i) yields that & c aff{py, ..., py}.

a contradiction. Thus, we have that py, ..., pg, are affinely independent.
Let ¢ : E¢ — E? be the affine transformation defined by ¢ (p,) = pyyy for s = 1, 2, ..., d + 1. Since
conv{py, ..., Pg+1} and conv{p,, ..., p44+2} are congruent, ¢ is a congruence. Note that as py, ..., Py are

affinely independent, for any q € E?, the distances of q from these points determine q. Thus, for any
integer j, we have ¢ (Pj) = Pj41, and (i1) holds.
Finally, we prove that (ii) yields (iii). Without loss of generality, let B be the unique smallest ball that

contains P. Then BY is the smallest ball containing #(P) as well. Thus, ¢ is an isometry preserving BY,
from which it follows that p; € S4-1 if and only if Pjs1 € S4-1. This implies that P is inscribed in S%~1.

We present two different arguments that finish the proof from this point.

First proof of (iii).

Let E be the unique smallest volume ellipsoid containing &. Since E is unique, Sym(P) < Sym(E). On
the other hand, the only ellipsoids whose symmetry groups contain an element ¢ of order n > 5 such that
for some p € E¢, the affine hull of the orbit of p is E?, are balls. Thus, without loss of generality, we may
assume that E = BY. We use the following, well-known properties of the smallest volume ellipsoid
circumscribed about P (cf., e.g., [141]).

Theorem 146 Let K c BY be a compact, convex set. Then B? is the smallest volume ellipsoid
circumscribed about K if and only if for some d < n < ﬂ%l and k=1, ..., n, there are v;, € S41 N bdK
and Ay > 0 such that

L n (6.14)
0= Z Ve, Id= Z ALVE ® Vi,
k=1 k=1
where 1d is the d-dimensional identity matrix, and for X,y € E%, x ® y denotes the d x d matrix XyT.
Thus, since P N B9 is the vertex set of P, there are some non-negative coefficients Ay, 45, ..., 4, which,

together with the points p{, p», ..., p,;, satisfy the conditions in (6.14). We show that these points, with the

ST

A ..

—— . By (ii),
n n

we have that ijl Aj+xPp; = 0 for every integer k, and thus, Zjﬂ Ap; = 0. Similarly, since Id =

coefficients A} =4, = ... =4, = % also satisfy the conditions in (6.14). Indeed, set 0 < 4 =

Z;L:l Aj+xP; ® p; holds for every integer £, it follows that Id = 4 Z;;l P; ® p;. Since Ip;l = 1 for

every value of j, this equality implies that d = tr(Id) = #A, that is, A = 4.

n

In the following we set py = \/%pk fork=1,2, ..., n, and observe that

(6.15)
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n n

Pr, Id=)» Pr® by,
=1 P

o
I

Let G be the Gram matrix of the vectors Py, that is, G = (P, Pr)- Then, using an elementary algebraic

transformation, from the second equality in (6.15) we obtain that G2 = G, and thus, that G is the matrix of
an orthogonal projection in E" into a d-dimensional subspace, with rank d. This yields that G has two
eigenvalues, 1 and 0, with multiplicities d and n — d, respectively, and, furthermore, we can write G in the
form AAT, where A is an (n x d) matrix, and the columns of A form an orthonormal system in E“.
Equivalently, G can be written in the form G = BDBT, where D is the diagonal matrix in which the first d
diagonal elements are equal to 1, and the last n — d elements are equal to 0, and B is an orthogonal matrix
in [E". Here, A is the matrix composed of the first d columns of B. Observe that p; is the jth row of A, or
equivalently, if we extend A to an orthogonal matrix B, then the coordinates of p; are the first d
coordinates of the jth vector in the orthonormal system formed by the rows of B.

By (i1), G is a circulant matrix. Let (¢, ¢y, ..., ¢,,_1) be the first row of G. Then the eigenvalues of G are
-1 i

Uy = Z?:o cjejk, where € =cos 272—” + ¢ sin %, and the corresponding eigenvectors are

Xy = ﬁ(l, e .., e("_l)k). Now all eigenvalues are O or 1, and hence, y; = 1 if and only if x,_; = 1.

Thus, the real 2-flat spanned by y; = %(xk +X,_) and y, = %(Xk — X,,_;) 1s contained in one of the two

eigenspaces. Let F be the eigenspace associated to 1. Then F* is the eigenspace associated to 0. The
.. n o _ . n
definition of G and the fact that Z g Pk= 0 yield that Z jy Ck = 0. Thus, un=0.
If n is even; that is, if u,,/, exists, then n — d is even if and only if d is even. Hence, uq = 0 implies that if
n is even, then u,,» = 0 if and only if d is even. This yields that if d is even, then F is spanned by pairs of
vectors of the form yy, y?c, where 0 < k < % , and if d is odd, then F is spanned by the vector (1, -1, ...,

(=1)™), and by pairs of vectors of the form yy, y}, where 0 < k < % . This shows that for some values 0 < k;

<kp <...<kgp| < %, the Gram matrix of the vertices of \/%Q (kl, koy. .., de/gJ) is equal to G. On the
other hand, G determines the pairwise distances between the points p1, P2, - - -, Prn. Thus, P is congruent

to \/%Q (kzl, ko, ..., de/zj), and the assertion readily follows.

Second proof of (iii).

Using the fact that P is inscribed in S¢! it follows that ¢ in (ii) is an orthogonal linear transformation. Let
its matrix be denoted by A. Since ¢ is invertible, the diagonal elements in the Jordan form of A are non-
zero, from which it easily follows that A is diagonalizable over C. As ¢ is a real matrix, its complex
eigenvalues are either real, or pairs of conjugate non-real complex numbers. Note that if z=x + iy € cd s
an eigenvector of A associated to the eigenvalue A & R, then the linear subspace in E?, spanned by x and y,
is invariant under ¢. Thus, in a suitable orthonormal basis, the matrix of ¢ is a block diagonal matrix,
where each block is either 1 x 1 (belonging to a real eigenvalue), or 2 x 2 (belonging to a pair of conjugate
complex eigenvalues). Let these blocks be By, B,, ..., By.

As ¢ is orthogonal, each 1 x 1 block is either 1 or —1 (corresponding to the identity, and to the reflection
about the origin, respectively), and since 2 x 2 blocks belong to non-real eigenvalues (that is, they are not
diagonalizable as 2 x 2 matrices), they are 2-dimensional rotation matrices. From the fact that the affine
hull of the vectors py, ..., p, 18 E?, it follows that there is no block equal to 1, and there is at most one
block equal to —1. Thus, if d is even, then each block is a 2-dimensional rotation, and if d is odd, then one
block is a reflection about the origin, and every other block is a 2-dimensional rotation. In the latter case,
we can assume that the last block belongs to the reflection, that is, B(z,1), = —1.

Clearly, without loss of generality, we may assume that each angle of rotation is strictly less than 7.

Thus, and since the order of each rotation is a divisor of n, fori =1, 2, ..., |d/2|, we have
cos == —sin ==
Bi=| 2%k, 2%k,
sin == cos ——
n n
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for some 0 < k; < 4. The fact that the affine hull of the points py, py, ..., py, is E< implies that the values k;

are pairwise different. Hence, setting p,, = L_ (1,0, 1, 0,...), which we can do without loss of

|5

generality, and observing that p; = qﬂi(pn), the assertion follows.

6.6 Proof of Theorem 22

Consider a 3-connected planar graph G = (V, E) with face set F. A primal-dual circle representation of G
is a collection of two families of circles {C, : x € V} and {Dy .y € F} in E2, called vertex circles and face

circles, respectively, satisfying the following conditions.

(1) The vertex circles C, have pairwise disjoint interiors.

(i1) All face circles Dy are contained in the circle D,, corresponding to the outer face o € F, and all
other face-circles have pairwise disjoint interiors.

Furthermore, for every edge xx’ € E, and the corresponding dual edge yy' in the dual graph of G (that is,
the edge connecting the faces in F separated by xx’)

(i) Circles C, and C, are tangent at a point p.
(iv) Circles Dy and D, are tangent at the same point p.

(V) The two tangent lines of the pairs C,, C,s and Dy, D, at p are perpendicular.

Theorem 22 can be formulated in a different form.

Theorem 147 Every 3-connected plane graph G admits a primal-dual circle representation. Furthermore,
this representation is unique up to Mobius transformations.

First, we show that Theorems 22 and 147 are equivalent. Recall the famous theorem of Steinitz [228]
that a graph is the edge graph of a convex polyhedron in E3 if and only if it is planar and 3-connected.
Thus, these graphs correspond to the combinatorial classes of convex polyhedra. Now, if Theorem 147
holds, then projecting a primal-dual representation of such a graph G to S? via stereographic projection
yields a similar representation of G on S2. It is easy to see that the planes through the face circles of this
representation are the face planes of a convex polyhedron P whose vertices lie on the rays all starting at o,
and each passing through the center of one of the vertex circles. Then the edge graph of P is G, and P is
midscribed to S2. On the other hand, if P is midscribed to S2, then the tangent points on the edges
generate two circle families on S2, one of them consisting of the inscribed circles of the faces of P, and the
other one consisting of all circles which pass through the tangent points of all edges adjacent to a given
vertex. Projecting these families to E? via stereographic projection, we obtain a primal-dual circle
representation of the edge graph of P. On the other hand, any Mabius transformation of E? or S? can be
written as the composition of finitely many stereographic projections from E? to S2, and from S? to E2.

Hence, to prove Theorem 22, it suffices to prove Theorem 147. The proof of Theorem 147 we present
here can be found in [112].

Consider any straight-line drawing of G. Using stereographic projection, this drawing can be projected
onto S2. Note that every planar graph, or its dual, has a triangular face. This, since on S? the roles of G
and its dual can be switched, we may assume that by projecting back the representation from a suitable
point, we obtain a representation in which the vertices of the outer face, which we call outer vertices, are
the vertices of a regular triangle. In other words, we may restrict the proof to planar graphs whose outer
face is a triangle.

Assume, for the moment, that we already found a primal-dual circle representation of G. This
representation gives rise to a straight-line representation of G as well as its dual graph G*. In the
representation of G* we imagine the dual of the outer face as the point at infinity, and edges adjacent to it
as rays. The superposition of these two straight-line representations tessellate the convex hull of the outer
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vertices into axially symmetric quadrangles with two opposite right angles, called kites. These kites are in
one-to-one correspondence with incident pairs (x, y), where x is a primal vertex, and y is a dual vertex. The
symmetry axis of this kite is the line through the centers of C, and Dy, and the sides are the radius r, of
C,, and the radius ry, of D,. Let a,, and a,, denote the angles of this kite at the center of C, and at the

center of Dy, respectively (cf. Figure 6.3). Then,
,
Qzy = 2 arctan :—z, and ay, = 2 arctan ., (6.16)

and o,y + ay, = 7.

We define the angle graph G* of G as the graph with vertices V U F, and whose edges are the incident
pairs (x, y) with x € Vand y € F. Note that it is a quadrangulation of the plane, and thus, it is bipartite. The

reduced angle graph G%0 of G is defined as the graph obtained from G by deleting the vertex
corresponding to the outer face of G (Figure 6.4 shows an example of such a graph). Let V' and E
denote the set of the vertices and the edges of G, respectively.

FIGURE 6.3
The kite corresponding to the vertex-face incidence pair (x, y).

In the proof we need the next lemma.
Lemma 148 For any S € V!, the subgraph of G induced by S has at most 2IS| - 5 edges.

Proof. Since G7 is bipartite, all faces of G are adjacent to at least 4 edges. Thus, Euler’s formula yields
that Ej < 2\V0“\ — 4, with equality if and only if G§j is a quadrangulation. But the outer face of G is a
hexagon, implying that Ej = 2‘VO‘I| — 5. Assume now that S € V|'. Since G is 3-connected, there is no
separating 4-cycle in G%. Thus, the outer face of the subgraph induced by S is not a quadrangle, yet this

graph is bipartite. Thus, the subgraph has at most 2IS| — 5 edges.
Before proving the theorem, observe that in a primal-dual circle representation of G, for any vertex x €

V', we have

Z % if zisanouter vertex of G,
Ay = .
4 27 otherwise.

zyeEg

Thus, we define the targer angles [ for x € Vi* such that f(x) = 3 if x is an outer vertex of G, and f(x) =

27 otherwise.
First, we assign some radii to the vertices of G§; that is, we consider an arbitrary positive function r :

Vi — R. The first step of the proof is to show that starting with these values and applying an algorithm to
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modify the radii, for any x € V/{*, the sum Zm oy converges to the target value B(x). Next, we show

yeEy
that, up to scaling, there are unique values of r(x) satisfying this condition. Finally, we prove that, up to
congruence, the kites defined by these values can be uniquely arranged in such a way that preserve the
prescribed incidence relations such that their union is the convex hull of the outer vertices of G, and show
that this arrangement satisfies the conditions in the definition of a primal-dual circle representation. Note
that since any primal-dual circle representation can be transformed into a representation where the outer
vertices are vertices of a regular triangle, the second part of Theorem 147 also follows from our argument.

- -

(a) (b)

FIGURE 6.4
(a) The edge graph G of a pentagon based prism. (b) The reduced angle graph of G. (c) The
primal-dual completion of the graph.

Constructing proper radii r. For any x € V', let a(z) = ZmyGEa Ozy. First, we observe that ‘in
0

average’, every choice of the r(x)s is suitable. Indeed,

Za(:c): Z (0tay + aye) = Z ™= |Ef|,

zcVy zycEf zycEf

and on the other hand,

> B(@) = (Vg ~3)2m+3- = = 2[V§| — 5)m = By

zeVy'
Thus, if a(x) # B(x) for some x € V', then both sets
Vi={zeVi:a(x)>p(x)} and Vo ={zeVi:a(z)<pB(z)}

are non-empty.
If we increase the radius r, for some x € V,, and keep the radius of the rest of the vertices, then by

(6.16), a(x) decreases, and for any y # x, a(y) may only increase. Thus, we define the following procedure.
repeat forever:
for all x € V:

if x € V, then increase r(x) to make a(x) = f(x).

We show that under this procedure, the radii converge to an assignment satisfying a(x) = f(x) for all x €
V. Since increasing r(x) does not decrease the value of a(y) for any y # x, during this process, a vertex
does not move from V,_ to V_. Thus, if the procedure does not terminate under finitely many steps
producing a suitable assignment, then some vertex x € V_ remains in this set indefinitely. Without loss of
generality, omitting the initial finitely many steps in this procedure, we may assume that the set V_ does

not change under the process.
It is easy to see that if all radii converge under the process, then the limit radii satisfy the required
conditions. Thus, suppose for contradiction that the subset D of V/* containing the vertices whose radii do

93



not converge is not empty.
Since radii do not decrease, if x € D, then r(x) — . Furthermore, D N V_ = }X . Let us denote the set of

outer vertices in D by D,,. If x € D and y & D, then a,, — 0 by (6.16). Thus, for any given ¢ > 0, the

€
. e . . <
process leads to an assignment satisfying the inequality E y¢D,oye Be Qzy < —‘ VO"\ for all x € D. Then the
following holds.

Z a(z) <e+ Z (Ozy + aye) = €+ Z T (6.17)
zeD kite with z,ye D zyedge of G§[D]

<e+ (2|D|-5)r.

Sa@= Y a@>Y pe) =2rD - D, (6.18)

zeD zeD\V_ zeD

Consider the case that DI > 5. Comparing these bounds, we obtain that ID | = 3, and G§ [D] has 2ID| - 5
edges. Thus, G§ [D] is an internal quadran-gulation. Since G contains no separating 4-cycle, it follows
that G¢ [D] = G&. Thus, D = V&, which contradicts our observation that V_= @',

Assume that 3 < IDI <4 and ID,| = 3. Then, by the argument above we have that G§ [D] has at most 2|DI
— 6 edges. But then, ¢ + (2IDI — 6)7 > (2IDI| — 5)7 = 271D - 53—”ID0I leads to a contradiction. If ID | < 2, then
e+ 2ID| = 5)r =2 27|DI — ‘%” ID,| 1s again a contradiction.

If 1 <IDI <2 and G§ [D] has no edge, then, D, € D yields a contradiction with & > 27lD| — 5—;TIDOI. If
there is an edge, then IDI =2 and ID | < 1, and ¢ + 7 > 47 - 5—; ID,| is a contradiction.

Uniqueness of radii up to scaling. For contradiction, suppose that there are some vectors of radii r and r’
satisfying a,(x) = a,/(x) = p(x) for all x € D§. Without loss of generality, we may assume that 7(z) = r'(z)
for some z € D§. Let S = {x € D§ : r(x) <7'(x)}. Assume that § = ﬂ, and observe that z € S. Then

0= Z (or () —ap (x)) = Z Z (aay (r) — azy ()

xeS z€ zyckEy

= Y (em) —an () <0

xS, y¢S,xycEf

Here, the second equality holds because if x, y € S, then Oyy + Oy = 70, and thus, the contribution of the
edge xy cancels out. The last inequality holds since r(x) > r'(x) and r(y) < r'(y) imply that axy(r) < axy(r'),
and the connectedness of G} implies that there is an edge xy with x € Sand y & S.

Arrangement of the kites. Assume that we manage to arrange the kites defined by the radii in the first step
satisfying the intended side-to-side contacts. We show that in this case the circles centered at the vertices
of the kites and with the prescribed radii satisfy properties (i) to (v) in the definition of a primal-dual circle
representation.

Note that the kites induce a straight-line drawing of G and a straight-line drawing of its dual G* such
that the outer vertex of G* is at «, and the edges ending here are represented by rays. Any two edges xx' €
E and yy' € E* meet perpendicularly, implying (v).

For a vertex x € V|, consider the set of kites containing x. These kites are put together in a cyclic order

around x, forming a convex polygon Py. If X is not an outer vertex of G, then since f(x) = 27, Py surrounds
x. All edges of the kites containing x have the same length r(x), and the circle Cy having radius r(x) is
inscribed in Py, and touches its sides at the right-angled vertices of the kites. If x is an outer vertex of G,
we have a similar configuration, but the union of the kites is a convex polygon whose angle is 3 at X,
Since the polygons Py are mutually non-overlapping, this implies (i) and (iii).

The union of all kites is a triangle T with all angles equal to 5. Thus, T is regular, and the radii
assigned to the vertices of T are equal. This yields that the three circles assigned to the vertices of T meet
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at the midpoints of the sides. Let D, denote the incircle of T. Since any polygon Py, associated to a vertex
of Vi distinct from the outer vertices of G, is contained in the convex hull of the three midpoints of T, D,,
contains all circles in the dual family. This implies (ii), and (iv) follows by an argument like the one for
(ii1).

The unique existence of the layout of the kites follows from the following, more general lemma.
Lemma 149 Let H be a 3-connected planar graph. For every inner face f of H let Pgbe a simple polygon
whose corners are labeled with the vertices of f in the same counterclockwise order. The vertex of Py
labeled with v is denoted by p(f, v), and the angle of Py at p(f, v) by o(f, v). Assume that the following
conditions are satisfied.

; k
(i) E e (fi,v) = 27 for every inner vertex v of H, with incident faces f|, f», ..., fi-
(ii) k o
g e (fi,v) < 7 for every outer vertex v of H, with incident faces f1, f>, ..., f;-

(iii) Ip(fy, v) — p(f1, w)I = Ip(fr, v) — p(fo, w)ll for every inner edge vw of H, with incident faces f| and f>.

Then, up to congruence, there is a unique crossing-free straight-line drawing of H such that the drawing
of every inner face f can be obtained by Py by a rigid motion.

Proof. Let H* denote the dual graph of H without the vertex associated to the outer face of H, and let S be
a spanning tree of H*. Then, by (iii), we can glue the polygons Py of all inner faces of H along the edges of
S, in a unique way. This determines the position of every polygon Py up to a global motion, which already

implies the uniqueness of the drawing.
We prove that the obtained configuration has no overlaps or holes. Since the pairs of faces
corresponding to the edges of S do not overlap, we need to show it for pairs corresponding to edges of the

complement S of S. Note that since H is planar, S contains no cycles, and thus, it is a forest. Consider a

leaf v of this forest which is an inner vertex of H, and let e be the unique edge in S incident to v. By the
construction, we have that all other edges e’ # e in H, incident to v, are attached in a proper way. But then,

by (i)-(iii), e is also attached in a proper way. Removing v from S again we obtain a forest, and hence, we
may continue this process until all inner edges of H are checked. After glueing the polygons Py the

positions of all vertices are determined, and by (i1), all angles on the boundary are convex. Let V,, be the

set of the outer vertices of H.
Note that if deg(f) = &, then the sum of the angles of Pris (k — 2)7. Summing up for all polygons Pyand

using Euler’s formula, we have Zf(deg(f) -2 =QIEI =2IF) 7 = (V| =2) 7= 2IVI = V,| = 2) n. On the
other hand, by (i) and (ii), we have Zf(deg(ﬂ -29r=(IV1=-1V,|) 27 + ZveVU Y; a(v, f;). Thus, it follows that
Lyev, Xi a(v, fp) = (IV, | = 2)m, which is the sum of the angles of a convex |V,|-gon. Hence, the boundary of

the union of the glued polygons is a simple polygonal curve, and therefore this representation contains no
holes.

6.7 Proof of Theorem 27

H4! in the Poincaré ball model. Then the

Imagine S¢ as the ‘sphere at infinity’ of the hyperbolic space
Mobius transformations of S¢ correspond to the hyperbolic isometries of 141 The main idea of the proof

is to show that in Hd+l, there is a unique point whose sum of ‘distances’ from the ideal points vy, v, ...,

v, 1s minimal. Since the hyperbolic distance of a point in H*! from any ideal point is infinity, we first
‘normalize’ these distances via horospheres in the following way.

Letp € HY pe arbitrary, and let H be a horosphere in HY! Note that then H is represented in the
model by a sphere touching S¢ from inside at p. We set
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(—dist (p, H) if pisinside the sphere representing H,
§(p,H) =10 ifp c H,
dist (p, H) if pisoutside the sphererepresenting H,

where dist(p, H) denotes the hyperbolic distance between p and H.

Lemma 150 Let vy, vy, ..., Vv, € S% be distinct points with n 2 3, and for i = 1, 2, ..., n, let H; be a
horosphere with ideal point v;. Then there is a unique point p € Hé+ for which the quantity
ijl 0 (p, H;) is minimal. Moreover, this point is independent of the choice of the horospheres.

Proof. Consider a horosphere H with ideal point v € S¢. Then the shortest geodesic segment from p to H
1s contained in a geodesic line with ideal point v. Furthermore, if H' is another horosphere with ideal point
v, then (-, H) — (-, H') is a constant function on Ha+L, Thus, the point p in Lemma 150 is independent of
the choice of the horospheres.

Letg:R— H be a geodesic line parametrized by arclength. It is a straightforward exercise to prove
that the function d(g(s), H) is a strictly convex function of s unless the ideal points of the geodesic line and
H coincide, and in the latter case, it is 0(g(s), H) = +(s — s) for some s € R.

Finally, observe that if H;, i = 1, 2, ..., n are horospheres with pairwise distinct ideal points, and n > 3,

Hd+ 1

then for any p € approaching S%, we have

n

lim 2 § (p, H;) = oo.

Thus, the function Z?:l d (p, H;) is strictly convex, and its limit is o at the boundary of H4! This

implies the unique existence of the point p in the lemma.
We note that our proof yields more than stated, as we also have that point p in Lemma 150 is the unique

stationary point of the scalar field Z?Zl d (p, H;) defined on B4 that is, p is the only point where the

gradient of this function is zero. We call the point p defined by Lemma 150 the point with minimal
distance from the ideal points vy, vy, ..., V,.

Hd+ 1

Lemma 151 Let vy, Vo, ..., v, be distinct ideal points of in the Poincaré ball model, where n > 3.

n
Then the point of minimal distance from vy, vy, ..., V,, is the origin if and only ifZ:i:1 Vi = 0.

Proof. It follows from the metric tensor of the Poincaré ball model that the gradient of d(p, H;) at o is — %
V;.

Now we are ready to prove Theorem 27. Let p € HY! be the point of minimal distance from vy, v, ...,
v,. Then there is a hyperbolic isometry 7 moving p into o. Thus, Lemma 151 implies that

Z?:l T (vi) = 0. On the other hand, as the Mobius group acts faithfully on S% as well as on Hd+1, we

have that if T is a hyperbolic isometry moving p to o, then T = RT, where R is an isometry.

6.8 Proofs of Theorems 28 and 29

First, in Subsection 6.8.1, we present some preliminary observations and notations, and introduce the main
idea of the proofs. In Subsection 6.8.2 we prove the main lemma of the proof of Theorem 28. In
Subsections 6.8.3 and 6.8.4, we prove Theorems 28 and 29, respectively.

6.8.1 Preliminaries and the main idea of the proofs
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In the following, let P be a Koebe polyhedron. The centers and the spherical radii of the vertex circles of P
are denoted by v; € S? and a;, respectively, where i = 1, 2, ..., n, and the centers and the radii of its face

circles by f; € S? and Bj, respectively, where j = 1, 2, ..., m. We note that by Theorem 27 (cf. [222]), we

may assume that the barycenter of the tangency points of P is the origin o, implying that o is contained
both in P and in its polar, or in other words, the radii of all vertex and face circles of P are less than %
Thus, for any vertex or face circle there is an associated spherical cap, obtained as the union of the circle
and its interior.

In the proof, we regard the sphere S? (or, in the proof of Theorem 29, S%) as the set of the ideal points
in the Poincaré ball model of the hyperbolic space H3 (or H4*). Thus, every circle on S? is associated to a
hyperbolic plane, and every spherical cap is associated to a closed hyperbolic half space. We note that
since the Poincaré ball model is conformal, the dihedral angle between two circles on S? is equal to the
dihedral angle between the two corresponding hyperbolic planes (cf. [147, Observation 0.1]).

For the vertex circle with center v; we denote the corresponding hyperbolic plane by V; and the

associated closed half space by V;. Similarly, the hyperbolic plane corresponding to the face circle with

center f; is denoted by Fj and the associated closed half space by F; We set D = H3\

((U?ZlVi) U (U;TLZIF j> ) Observe that as the radii of all vertex and face circles of P are less than g, we

have o € D, and thus, D is a non-empty, open convex set in H3.

LetpeDc H3 be a point. For any plane V;, consider the geodesic line through p and perpendicular to
V. Let vi(p) € TpH3 denote the unit tangent vector of this line at p, pointing towards V;, and let d(p)

denote the hyperbolic distance of p from V;. We define f;(p) and d;.c (p) similarly for the plane F;.

An important point of the proof is the following simple observation. Recall that the angle of parallelism
of a point p not lying on a hyperbolic hyperplane H is the hyperbolic half angle of the hyperbolic cone
with apex p formed by the half lines starting at p and parallel to H. Thus, Remark 152 is a consequence of
the fact that the Poincaré ball model is conformal, and of a well-known hyperbolic formula [151]. Even

though we state it for the 3-dimensional space H3, it also holds in any dimensions.

Remark 152 Let H be a hyperbolic plane in H3 whose set of ideal points is a circle C on S? with
spherical radius a. Then o is the angle of parallelism of H from the origin o (cf. Figure 6.5). In particular,
cos a =tanh d, where d is the hyperbolic distance between H and o.

FIGURE 6.5
The angle of parallelism from the origin of the model is the spherical radius of the circle C.

Among other things, it follows by Remark 152 that
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tanh d? (0) =cos o; and tanh df (0) =cos B,for all values of 4, j. (6.19)
Furthermore, the metric tensor of the Poincaré ball model yields (cf. [222]) that
v; (0) = 3v;and f; (o) = +f; for all values of 4, j. (6.20)

The idea of the proof of Theorem 28 in most cases is as follows. Let g(-) be one of the points in
Theorem 28. First, we compute g(P) in terms of the radii and the centers of its vertex and face circles; that
is, in a form g(P) = Z?:l w;v; + Z;nzl W f;, where the coefficients w; and W; are smooth functions
depending on the values 0 < a;, f; < % . Applying the formulas in (6.19) to the coefficients w; and W, we
obtain a smooth hyperbolic vector field 4 : D — TD. Since in this model Mobius transformations on S? are
associated to hyperbolic isometries of H3, this function has the property that if 7 corresponds to a
hyperbolic isometry that maps p into o, then /(p) = g(T(P)) for all p € D. It is well known that hyperbolic
isometries act transitively on H3. Thus, to prove the existence of a suitable Mobius transformation, it
suffices to prove that i(p) = 0p for some p € D. In the cases of cc(-) and IC(-) the function 4 is not C*-
class; here we use similar, geometric arguments. In the remaining cases % is smooth; here we examine the
properties of the integral curves of h. To prove Theorem 29, we use an analogous consideration.

In the proof we often use the following geometric observation.

Vi
cosq;

Remark 153 Fori=1,2,...,nandj=1, 2, ..., m, the ith vertex of P is
face of P is cos ;.

and the incenter of the jth

Most of the computations will be carried out in the Poincaré half space model.

In this model, we regard H3 embedded in E? as the open half space {z > 0}. Hyperbolic planes having
the ‘point at infinity’ as an ideal point are represented in this model by the intersections of the Euclidean
half space {z > 0} with Euclidean planes parallel to the z-axis, we call these hyperbolic planes vertical.
Hyperbolic planes not having the ‘point at infinity’ as an ideal point are represented by open hemispheres
in the Euclidean half space {z > 0}, with their centers on the Euclidean plane {z = 0}, we call these planes
spherical For any plane H in this model, we denote the set of its ideal points, different from the point at
infinity, by H*. We use the same terminology and notation for this model in any dimension.

The last remark in this section is the result of elementary computations using distance formulas from
the Poincaré half plane model.

Remark 154 Let p = (a, 1), a, t > 0 be a point in the Poincaré half plane model, and let m € TPH2 denote

the tangent unit vector of the geodesic line through p and perpendicular to the y-axis, pointing towards
the axis. Furthermore, let C be the hyperbolic line represented by the circle centered at the origin o and

Euclidean radius r, and let v € TpH2 denote the tangent unit vector of the geodesic line through p and

perpendicular to C, pointing towards C. Assume that r < v/ a? + t2. Then the hyperbolic distance of p

. . . 2 2_ 2 . ., . .
Jfrom the y-axis and from C are arsinh ¢ and arsinh a7 respectively. In addition, the y-coordinates

2rt
a t2+r’—a? .
and — respectively.
/2 2 ?
a”+t \/(r2+a2+t2)274r2a2

ofmand v are

6.8.2 The main lemma of the proofs

The main goal of this section is to prove Lemma 155. In its formulation and proof we use the notations
introduced in Subsection 6.8.1. We note that two hyperbolic planes V; and Fj intersect if and only if the ith
vertex of P lies on the jth face of P. In this case, the two planes have a common ideal point, coinciding
with a tangency point of P. This point is the ideal point of one pair of V;s and of one pair of Fjs, and these
two pairs are orthogonal.

If q is a boundary point of D in the Euclidean topology, by a neighborhood of q we mean the
intersection of a neighborhood of q with D, induced by the Euclidean topology of 3. Before stating our
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main lemma, we note that if 42 : D — 7D is a smooth vector field, then by the Picard-Lindel6f Theorem for
any p € D with A(p) # o there is a unique integral curve of & passing through p. These integral curves are
either closed, or start and end at boundary points of D or at points q with 4(q) = o.

Lemma 155 Let

n m

h:D—TD, h(p)= Zwivi (p) + Zijj (p),

i=1 j=1

be a vector field where the coefficients w; and W; are positive smooth functions of n + m variables,

depending on d}(p),i=1,2, ..., nand d; (p),j=1,2, ..., m. Assume that for any boundary point q of D,

(i) q has a neighborhood disjoint from any closed integral curve of h.

(ii) If q€ Fj for some value of j, then there is no integral curve of h ending at q.

(iii) If q€V; for some value of i and q & F; for all values of j, then q has a neighborhood in which the
integral curve through any point ends at a point of V.

(iv) If q € S? is a tangency point of P, then there is a codimension 1 foliation of a neighborhood of q in

D such that q is not an ideal point of any leaf, and for any point p on any leaf h(p) # o, the integral
curve through p crosses the leaf either in the direction of q or from this direction, independently of
the choice of p, the leaf and q.

Then h(p) = o, for some p € D.
First, we prove Lemma 156.

Lemma 156 Let X = (inth + 1)\(1 — Bt where 0 <e< 1, and d = 2. Let Z,, ..., Z; be pairwise
disjoint closed sets in X, where k > 1. If X\Z; is connected for all values of i, then X\( ﬂle Z) is
connected.

Proof of Lemma 156. We prove the assertion by induction for k. If kK = 1, then the statement is trivial.
Assume that Lemma 156 holds for any k — 1 closed sets. Let Z' = Uf:_llZl-. Then Zj, = X\Z;, and ARy VA

are open sets whose union is X. Consider the Mayer-Vietoris exact sequence [180] of these subspaces:
Hi (X) — Hy (z_k mT) — Hy (Z@T) — Hy (X) — 0.

Note that by the induction hypothesis, 7' is connected. On the other hand, since S is a deformation retract
of X, their homology groups coincide, implying that rankH(X) = 0, rankHy(X) = 1. Since X is locally

path-connected, any connected subset of X is path-connected, and thus, rankHy(X) is the number of
connected components of X, implying that rank(H, (Z_k &) T)) = 2, and rank(H, (Z_k N T)) = t, where ¢t

is the number of the connected components of Zj N Z'. The exactness of the Mayer-Vietoris sequence
yields that 1 —2 + ¢t =0, thatis, r = 1.
Proof of Lemma 155. We prove the lemma by contradiction. Assume that 4(p) # o for any p € D, and let S

denote the set of tangency points of P. Furthermore, let Z denote the set of the points of D belonging to a
closed integral curve. Fori =1, 2, ..., n, let Y, denote the set of points whose integral curve terminates at a

point of V;, and let Wy be the set of the points with their integral curves ending at s € S. By (iii), every set
Y, is open, and it is easy to see that every set Wy is closed.

First, assume that for any s € S, the integral curve through any point p on a leaf of the codimension 1
foliation in a neighborhood of s points away from the direction of s. This implies, in particular, that W =
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/0( for all s € S. For all q € bdD, let Uy denote a neighborhood of g satisfying the conditions of the
lemma. By the definition of induced topology, Uy = U; for some neighborhood of q in E3. We may

assume that UZ is open for all q € bdD. Since the sets U; cover the compact set bdD, we may choose a
finite subfamily that covers bdD. By finiteness, it follows that there is some ¢ > 0 such that the set D, of
points at Euclidean distance less than ¢ from bdD is disjoint from Z. On the other hand, D, is connected,
yet it is the disjoint union of the finitely many open sets Y; 1 D,, a contradiction.

Assume now that for any s € S, the integral curve through any point p on a leaf of the codimension 1
foliation in a neighborhood Ug of s points towards s. By this, if s € S is the tangency point connecting the
ith and jth vertices, then Ug © W U Y; U Y. On the other hand, by (iii), all Y;s are connected. Thus, for

any walk on the edge graph of P starting at the kth and ending at the /th vertex, there is a continuous curve
in D starting at a point of Y; and ending at a point of Y}, and passing through points of only those Y;s and

Wjs for which the associated vertices and edges of P are involved in the walk. In addition, the curve may
pass arbitrarily close to bdD, measured in Euclidean metric.

We choose the set D, as in the previous case. Note that D, is homeomor-phic to (intB3)\(1 - 8)B3, and
thus, we may apply Lemma 156 with the Ws playing the roles of the Z;s. Then it follows that for some s
€ S, D,\Wq is disconnected. Since the union of finitely many closed sets is closed, there are some Y, and
Y, in different components. By Steinitz’s theorem [228, 230], there is a path in the edge graph of P that

connects the kth and /th vertices and avoids the edge associated to s. Hence, there is a continuous curve in
D, starting at a point of Y; and ending at a point of Y; that avoids Wy; a contradiction.

6.8.3 Proof of Theorem 28

Proof of Theorem 28 for cc(+) and IC -.
First, we prove the statement for cc(-). During the proof, we set DV = H3\( U2 ; V). Observe that a ball B
is the smallest ball containing P if and only if it contains P, and its center belongs to the convex hull of the

vertices of P lying on the boundary of the ball.
Let I be the set of indices such that —— = max { 1 :j=1,2, ..., n}. Thus, by Remark 153, o0 =

COs ¢; Cos

cc(P) if and only if 0 € conv { ﬁﬂl v; i €1}, which is equivalent to o € conv{v; : i € I}. Furthermore, /
is the set of indices with the property that d¥(0) = min{ d}?(o) :j=1,2, ..., n}. We may extend this
definition for any p € DV, and let I(p) denote the set of indices with the property that d (p) = min{ d;?(p) :
j=1,2, ..., n}. Since Mobius transformations act transitively on H3, we need only to show the existence
of a point p € DV such that o, € conv{v,p) © TpH3 i €1(p)}.

For any plane V; and 7 > 0, consider the set V,(7) of points in D" at distance at most z from V. This set
is bounded by V; and a hypersphere, which, in the model, is represented by the intersection of a sphere
with the interior of S2, and having the same ideal points as V;. Hence, if 7 is sufficiently small, then the
sets V() and Vj(r), where i # j, intersect if and only if the ith and the jth vertices of P are connected by an
edge. On the other hand, if 7 is sufficiently large, then all V;(7)s intersect. Let 7y be the smallest value such
that some V(z) and V(1) intersect, where i # j and the ith and jth vertices are not neighbors, and let p €
Vi(zg) N Vj(ro). Note that vi(p) is an inner surface normal of the boundary of V(ry) at p. Thus, the
definition of 7 yields that the system of inequalities (X, v;(p)) > 0, i € I(p) has no solution for x, from
which it follows that there is no plane in TpH3 that strictly separates oy, from the v;(p)s, implying that o, €

conv{v;p) : i € I(p)}. This proves the statement for cc(-). To prove it for IC(-), we may apply the same

argument for the face circles of P.
Proof of Theorem 28 for cm(-).

We show that this case of Theorem 28 is an immediate consequence of Theorem 29.
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1

cos a;
conditions of Theorem 29 are satisfied for the family of vertex circles of P with the weight functions w;(f)

1

= oo for all is.

First, observe that if n = 4 (i.e., if P is a tetrahedron), then cmy(P) = o if P is regular. Thus, we may

assume that n > 5. Note that the weight functions w;(f) = ﬁ are positive smooth functions on (0, £) and

By Remark 153, we have cmy(P) = % le v;. Thus, it is sufficient to show that the

satisfy limH%wi(t) = oo, Furthermore, since 1/(q)l < 2 for all points q € S?, the inequality in (1.3) holds,
and Theorem 29 implies Theorem 28 for cmg(-).
Proof of Theorem 28 for cm(-).

Let E denote the set of edges of the edge graph of P; that is, {i, j} € E if and only if the ith and jth vertices
are connected by an edge. An elementary computation yields that if {i, j} € E, the length of the

corresponding edge of P is tan ¢; + tan ¢y, and its center of mass is % < — 4 COZ"a_ > Thus, letting A =
i J

X j) e £ (tan a; + tan a;), we have

cmy (P) = 57 Z (tan a;+ tan ;) < AL £ ) ©21)
GSmE cos o = COS Q;

Set DY H3\( U™ ,V,), and define the functions h;’j :DV — TDV and ¥ : DV — TDV as

hi; (p) = (Sinhtlif(p) + sinh(lz;(p)) (coth (d} (p))vi (P)+ coth (d; (P))v; (P))
and

h'(p)= >, hi;(p)- (6.22)

{i.j}eB

Then /¥ is a smooth function on D" and the coefficient of each vector v;(p) is positive. By Remark 152, it
follows that if there is a point p € DY such that 2'(p) = o, then, choosing a Mobius transformation T that

maps p into o, we have cm;(7(P)) = 0. We denote the restriction of 4" to D by A, and show that & satisfies

the conditions in Lemma 155.
Let q be a boundary point of D in some plane F; associated to a face circle of P. Assume that q is not

contained in V; for any value of i. Observe that if the ith vertex lies on the jth face, then v;(q) and fj(q) are

orthogonal, and otherwise v;(q) points inward to D. Thus, by the continuity of 4", there is no integral curve

of h that ends at q, and q has a neighborhood disjoint from the set Z of the points of the closed integral
curves of A. If q is contained in V; for some i, then a slight modification of this argument can be applied.
This proves (ii) in Lemma 155.

Let q be a point of some V; not contained in any of the Fs. Then, denoting the coefficient of v;(p) by

u;(p) for any j, we have that % — oo for all j # i, as p — o, which shows that if p is ‘close’ to q, then

h(p) is “almost orthogonal” to F}. This shows (iii), and the fact that a neighborhood of q is disjoint from Z.

Finally, let q be a tangency point of P. Without loss of generality, we may assume that q is the ideal
point of Vy, V,, F| and F5. To prove (iv), we imagine the configuration in the Poincaré half space model,

with q as the ‘point at infinity’; geometrically, it means that we apply an inversion to E® about a sphere
centered at q. Then D is contained in the half-infinite cylinder bounded by the four vertical planes V;, V5,

F| and F, (for the definition of vertical and spherical planes, see Subsection 6.8.1). Note that the cross-
section of this cyclinder is a rectangle, and that all other V;s and Fjs are spherical planes centered at ideal
points of D in the Euclidean plane {z = 0}.
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For any ¢ > 0, let D, denote the intersection of the set {z = t} with D. We remark that {z = ¢} is a
horosphere whose only ideal point is ¢, and thus, the sets D, where t is sufficiently large, form a
codimension 1 foliation of a neighborhood of q in D. Hence, to show that the conditions of Lemma 155
are satisfied, it is sufficient to show that if 7 is sufficiently large, then A(p) has a positive z-coordinate for
any p € D,.

For any {i, j} € E, denote the term in /(p) belonging to {i, j} by h; (p), and the z-coordinate of &; ;(p)
by z; j(p). Let {i, j} and {1, 2} be disjoint. Note that the closure of D, is compact. Thus, by Remark 154, if
t — oo, then A(p) uniformly converges to 0. Assume that {i, j} N {1, 2} is a singleton, say i = 1 and j = 2.
Then, by Remark 154, the z-coordinate of coth dj(p)v(p) is 1, and that of coth d;?(p)vj(p) is less than 1.
Thus, z; j(p) > 0 in this case. Finally, z; »(p) > Ct for any p € D, for some universal constant C > 0. Thus
h(p) has a positive z-coordinate for large values of 7, and Lemma 155 implies Theorem 28 for the case of
cmy(+).

Proof of Theorem 28 for cmy(-).

Let I denote the edge set of the vertex-face incidence graph of P; that is, (i, j) € I if and only if the ith
vertex lies on the jth face. Consider some (i, j) € I. Then there are exactly two edges of P adjacent to both
the vertex and the face. Let the tangency points on these two edges be denoted by e}yj and e?,j. Then, by
Remark 153, the points #al, ei j»€OS B;f; and ei ; are coplanar, and they are the vertices of a symmetric
right trapezoid Q; ; (cf. Figure 6.6). Note that bdP can be decomposed into the mutually non-overlapping
trapezoids Q; ; (i, j) € I. An elementary computation yields that the center of mass of Q; ;is

1 ( 2tan’q;+sin?p;

tan2ai+25in26j 1
X;i=7|——7——=7— ;
2 3 tan2a1-+s1n2ﬂj v

tanzai+sin2ﬁj cosq;

cos B;f; +
The area of Q; ;is tan ¢; sin ;. Thus, letting A = Y; ;e j tan ¢; sin f;, we have

cm; (P) = 55 Z tan o; sin B;x; ;. (6.23)
(i-g)€l

Let us define the smooth vector field 4 : D — 7D as

h(p)= Y hi;(p), (6.24)
(

i,j)el
where

i s (p) _ 1 2cosh2d]f-+sinh2d§’
bJ sinh dcosh d;.c costhf +sinh?d?

tanh d;fj (p)

Cosh2d£+2sinh2df
coshzdf +sinh?d?

coth djv; (p)) .
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FIGURE 6.6
The right trapezoid Q; ;.

Here, for brevity, we set d} = d!(p) and d;.c = d;.c (p). The function & is a smooth function on D with
positive coefficients. Furthermore, by Remark 152, if A(p) = o for some p € D and T is a Mobius
transformation mapping p into o, then cmy(7(P)) = o. Similarly like in case of cm;(-), we show that the

conditions of Lemma 155 are satisfied for A.
To prove (ii) and (iii), we apply the same argument as in case of cm(-). To prove (iv), we follow the

line of the same proof, and imagine the configuration in the half space model. Let q be the ideal point of
Vi, V5, Fj and F,. Then D is bounded by the vertical planes V;, V,, F| and F, which form a rectangle-

based half-infinite cylinder. We adapt the notations from the previous subsection, and set D, = D N{z =t}
for all 7> 0. We denote the z-coordinate of &; i(p) by z; ;(p), and show that their sum is positive if 7 is
sufficiently large.

By Remark 154 and an elementary computation, if i {1, 2}, then z; iP) uniformly tends to zero for all
p € D, as t — . To examine the remaining cases, for i = 1, 2, let x;(p) denote the Euclidean distance of
the point p from V;. Then x;(p) + x»(p) = x is the Euclidean distance of V| and V,. By Remark 154, there
is some constant C| > 0 independent of p, ¢, i and j such that forallp € D, j >3 and i € {1, 2}, we have zZ

ip) = —%. Similarly, there is some constant C, > 0 independent of p, ¢, i, j such that forallp € D, i, j €

Cik
Cy

where k is the maximal degree of a vertex of P), then the z-coordinate of A(p) is positive for all p € D,.

C,yt?

Z;

{1, 2}, we have z; j(p) > . This implies that if ¢ is sufficiently large (and in particular, if ¢ > \/
From this, Theorem 28 readily follows for cmy(+).

Proof of Theorem 28 for ccm(-).
During this proof, we assume that P is simplicial.
Like in the proof for cm,(-), we denote by I the set of edges of the vertex-face incidence graph of P, and

by ¥ j=1aj b; ¢;} the set of the indices of the vertices adjacent to the jth face of P.

Let the convex hull of the jh face of P and o be denoted by S;. To compute ccm(P), we need to compute
the volume and the circumcenter of Sj, which we denote by m; and p;. To do this, in the next lemma for
simplicity we omit the index j, and in addition denote tan a,; by 7, for x € {a, b, c}.

Lemma 157 The volume of S; is

mj = ++/tatpte (B + ty + tc — tatpl,). (6.25)
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The circumcenter of S; is

p; = Z N,v,, (6.26)
se{a,b,c}
where
N, — (totte) ((tptte)t2+ (2t 2+82+t2) ta—tot o (ty+tc))) (6.27)

Atatvte(tattotte—tatote) !
and Ny, and N, are defined analogously.

1

cos

Proof. Note that the three edges of §; starting at o are of length

1
cos Oz

can be computed from its edge lengths using a Cayley-Menger determinant. It is worth noting that since
the projection of the jth face onto S? is a spherical triangle of edge lengths a, + o, @, + a, and a, + o,

with x € {a, b, c}. Furthermore, the

edge opposite of the one with length is t, + 1, where {x, y, z} = {a, b, c}. Thus, the volume of §;

and such a triangle is spherically convex, its perimeter is a, + o + a,. < 7. From this, an elementary
computation yields that ; + t; + 1 — ;1 > 0, and the formula in (6.25) is valid.

We compute p;. Since the vectors v,, v, and v, are linearly independent, we may write this point in the
form p; =Y e (; j k) Ny Vg for some coefficients N, Np, N.. We multiply both sides of this equation by v,
with some r € {a, b, c}. Since all vis are unit vectors, we have that (v, v,) = cos(ag + a,) if s # r, and (v,,

v;) = 1. On the other hand, for any value of r, p; is contained in the plane with normal vector v, passing

V’l‘
2 cos a,

equations with coefficient matrix

through the point . Hence, it follows that [N, Np, NC]T is the solution of the system of linear

[ 1 cos (aq + ap) cos (aq + ac)-|
cos (aq + ap) 1 cos (ap + ac)
[cos (g + ) cos (ap + ) 1 J

2colsa , where r = a, b, c. The determinant of the coefficient matrix is 36(mj)2

(1 + t?l) (1 + tg) (1 + tg) > 0. Thus, this system has a unique solution, which can be computed by
Cramer’s rule, yielding the formula in (6.27).
1

Now we prove Theorem 28 for ccm(-). For s = 1, 2, ..., n, let us denote the value csch d? (p) = ERees)

> by 7,(p). Observe that Remark 152 implies that csch d%(0) = tan a,. For any p € D, let us define the

and with constants

vector field

m (6.28)
h(p)=>_) B:(p)vs(p),
J=1 se?¥;
where, using the notation ¥ = {a, b, c} and for brevity omitting the variable p, we have
B, (p) = “unin) (6.29)

VTaTbTe

T2 Ty +7e)+ s (2Tb27'62+7'b2 +TC2) —TpTe(Tp+7e)

(TaFTo+Te—TaToTe) !

and Bj(p) and B.(p) are defined similarly. If A(p) = 0p and T is a Mobius transformation that maps p into
0, then ccm(7(P)) = 0. Thus, to prove the statement it is sufficient to prove that for some p € D, h(p) = 0p.
To do this, we check that the conditions of Lemma 155 are satisfied.
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Let Z denote the set of points of D whose integral curve is closed. Since for any value of j, Fj is
perpendicular to any V; with (i, j) € I and does not intersect any other V;, like in the proof for cm (), it
follows that if q € F}; for some plane F} associated to a face circle of P, then ¢ has a neighborhood disjoint

from Z, and no integral curve ends at q.
Let q € V; for some value of i. It is an elementary computation to check thatif a + f+y =7, and 0 < a,

p, y < 4 >, then tan o + tan f§ + tan y = tan o tan § tan y. This and Remark 152 imply that if p — q and i €
{a, b, ¢}, then the denominator of B,(p) tends to zero. Since the numerator tends to a positive number if a
=i,and to zeroif i = b or i = ¢, it follows thatif i € ¥ i then the length of ¥ ¢ ijs(p)vs(p) tends to oo, and
its direction tends to that of v,(p). Since i € ¥; implies that X ¢ y; By(p)v,(p) can be continuously extended
to q, it follows that the angle of A(p) and the external normal vector of V; at q is ‘almost’ zero in a suitable
neighborhood of q. This yields (iii).

We prove (iv) in the Poincaré half space model with q being the ‘point at infinity’. Without loss of
generality, we may assume that q is the ideal point of V{, V,, F| and F,. Then these two pairs of

hyperbolic planes are represented by two perpendicular pairs of vertical hyperbolic planes. As before, let
D, denote the set of points in D with z-coordinates equal to . We show that the z-coordinate of A(p) is

positive for any p € Dy, if ¢ is sufficiently large. For any j and any i € ¥ J» let us denote the z-coordinate of
Bi(p)vi(p) by z;(p).

Let p € D,, and denote by x| and x, the Euclidean distance of p from V| and V), respectively. Consider
some value of j. If 7/j is disjoint from {1, 2}, then Remark 154 and (6.29) show that there is some C; > 0
independent of p such that ‘zf (p)‘ < % > if ¢ is sufficiently large. Assume that ¥ ; contains exactly one
of 1, 2, say 1. Then, an elementary computation and Remark 154 yield the existence of some C,, C3 > 0

t2
4(p)| <City

Finally, let ¥ i= {1, 2, i}. Note that in this case j = 1 or j = 2. Furthermore, since P is simplicial, we

T1+x2
2

independent of p, such that ‘zjl (p)| < 02 ,andfor 1 zi € ”//

have that the Euclidean radius of the hemisphere representing V; is , and the Euclidean distance of

the center of this hemisphere from the projection of p onto the {z = 0} plane is \/ (M) + y], where y;

is the Euclidean distance of p from Fj (cf. Figure 6.7). An elementary computation yields that by this and
3 (z1+20)y;
(t2+y§*$11}'2).’1}1$2

Remark 154, the denominator in (6.29) is Using this, we have

af:zt

— Tay;

2 (p)‘ § =3 t and z] ( ) > it t3 if ¢ is sufficiently large. Using these estimates,

‘zl 21Y; = 2a2aly;
C4t

we have z1 (p) + 22 (p) + z. (p) > for some C4 > 0 independently of 7 and p. Thus, there is some
C > 0 such that if ¢ is sufficiently large Z Zze v, z; p) > CP, and, in particular, this expression is

positive. The regions D, form a codimension 1 foliation of a neighborhood of q, and thus Theorem 28 for
ccm(-) follows from Lemma 155.
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FIGURE 6.7

The ideal points of hyperbolic planes associated to a simplicial polyhedron in the Euclidean
plane {z = 0}. Continuous lines represent planes associated to vertex circles. Dotted lines
represent planes associated to face circles.

Proof of Theorem 29 for points of the Euler line.
Again, we assume that P is simplicial. Using the calculations in the proof for cmy(P), we have that the

center of mass of P is

cm3 (P) = ¢ Z tan o sin B; cos §;
(i:4)€l

+

2 tan? a,;+ sin? 8,
( : i cos B,f;

2 .2
tan® a;+ sin” B,

.2
tan’o,;+2sin°B; 1 '
tan’q;+sin?B; cosai )’

where A =X; je s tan a; sin f§; cos f3;.
By Remark, 152, we define the smooth vector field 4, : D — TD as

hcm (p) = Z hi,j (p)7 (630)

(i,5)el

where

tanh djf f; (p)

h ( ) sinhd]f» 2cosh2d;t+sinh2df
i \P) = sinhd;’cosh2df coshzdf—&-sinh?df

cosh?d? +2sinh2d?
j i v
+———=———— coth dv; .
coshzd]f.—&-sinhzd;.’ it (p)

Furthermore, for any 4 € (0, 1), we set hy(p) = Ah.,(p) + (1 — Dh,..,,(p), where h..,, : D — TD is the
vector field defined in (6.28). We observe that if there is some p € D such that &) (p) = 0, and T is a
Mobius transformation moving p to o, then o = Acm3(7(P)) + (1 — A)cem(7(P)).

We show that the conditions of Lemma 155 are satisfied for h). Note that since 4 € (0, 1), all
coefficients in the definition of k) are positive. To check (1), (ii) and (iii), we may apply an argument
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similarly as before. To prove (iv), again we represent the configuration in the half space model. Let D, be
the intersection of D with the horosphere {z = t}, and z.,(p) and z)(p) denote the z-coordinate of 4,,(p)
and hy (p), respectively. Then an elementary computation yields by Remark 154 that there is some C' > 0
such that Iz,,,(p)l < C for all p € D,, if t is sufficiently large. Thus, by the estimates in the proof for ccm(:)
and since A < 1 it follows that if ¢ is sufficiently large, then z)(p) > O for all p € D,. Consequently, Lemma
155 can be applied, and Theorem 28 holds for the considered point of the Euler line.

6.8.4 Proof of Theorem 29

To prove Theorem 29, we follow the line of the proof of Theorem 28. To do this, we need a lemma for
polyhedral regions in Euclidean space.

Lemma 158 Let Sy, ..., Sy be closed half spaces in E4, with outer normal vectors my, ..., my. Then there
are unit normal vectors vy, ..., V,, such that (m;, Vj) <0,forall 1 <i<land 1 <j<m, and for arbitrary

closed half spaces S, ...,S!

m

(NE48:) 1 (M748}) is bounded.

with outer unit normal vectors vy, ..., V,,, respectively, the set Q =

Proof. First, observe that the property that Q is bounded is equivalent to the property that there is no unit
vector v € S~ ! such that (v,m;) <0 and (v, v;) <0 holds forall 1 <i<kand 1 <j < m. In other words, Q

is bounded if and only if the open hemispheres of S?= 1, centered at the m;s and the v;s, cover sd-1 1f

ﬂle S; is bounded, there is nothing to prove, and thus, we may consider the set Z of vectors in S9=1 not
covered by any open hemisphere centered at some m;. Note that since Z is the intersection of finitely

many closed hemispheres, it is compact. Let F(v) denote the open hemisphere centered at v. Then the
family {F(v) : v € Z} is an open cover of Z, and thus it has a finite subcover {F(Vj) ci=1,...,m}. Byits

construction, the vectors vy, ..., v, satisfy the required conditions.
Now we prove Theorem 29, and for any i = 1, 2, ..., n, we let p; denote the spherical radius of C;. We

imagine S¢ as the set of ideal points of the Poincaré ball model of He+ 1 Then each spherical cap is
associated to a closed hyperbolic half space. We denote the half space associated to C; by H;, and the

hyperplane bounding H; by H;. Let D = He+ 1 (U?ZlHZ-), and note that as p; < 5 for all indices, D is an
open, convex set in e+l containing the origin o.

For any value of i, let us define the function f;(d) = w; (arccos tanh d). Then f; : (0, ©) — (0, o) is a

positive smooth function on its domain satisfying lim; _, ¢ ; of{(d) = «. Let v/(p) € TpHd * 1 denote the
unit tangent vector of the geodesic half line starting at p and perpendicular to H;, and let d,(p) denote the
hyperbolic distance of p from H;. Finally, let the smooth vector field f: D — TDbe defined as

F) = fi s (B)vi (o)

By (6.19) and (6.20), if T"is a Mobius transformation mapping p into o, then f(p) = ¥;—1,, w;(p7(C)))e(C)).

Hd+1

Since hyperbolic isometries act transitively on , it is sufficient to show that f(p) = o, for some p € D.

We prove it by contradiction, and assume that f(p) # o, for any p € D. Consider the integral curves of

this vector field. Then, by the Picard-Lindel6f Theorem, they are either closed, or start and terminate at
boundary points of D. On the other hand, since f; is smooth for all values of i, f; has an antiderivative

function F; on its domain. It is easy to check that grad (— Z;l F; (d; (P))) = f(P), implying that f'is

a gradient field, and thus it has no closed integral curves.
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Our main tool is the next lemma. To state it, we define a neighborhood of a point q in the boundary of
D as the intersection of D with a neighborhood of q in E4*! induced by the Euclidean topology (cf.
Subsection 6.8.2). Recall from Theorem 29 that if q € S%, then I(q) denotes the set of indices of the
spherical caps C; that contain q in their boundaries.

Lemma 159 Let q be a boundary point of D, and if q & S¢, then let 1(q) denote the set of indices such that
q € Hi'

(i) If q & SY, then q has a neighborhood V such that any integral curve intersecting V terminates at a
point of H; for some j € 1(q).

(ii) Ifq € S¢, then there is no integral curve terminating at q.

Proof. First, we prove (i) for the case that /(q) = {i} is a singleton. Let v be the external unit normal vector
of bdD at q. For any p € D, if p — q, then fi(d;(p)) — o, and v;(p) tends to a vector of unit hyperbolic

length, perpendicular to H; at q and pointing outward. On the other hand, ¥;..f(d;(p))v;(p) is continuous at

q and hence it tends to a vector of fixed hyperbolic length. Thus, for every ¢ > 0 there is a neighborhood V
of g such that the angle between v and f{(p) is at most ¢, for any p € V. This implies (i) in this case. If /(q)

= {j{, ..., Ji} 1s not a singleton and the inner unit normal vectors of Hj1’ ey ij are denoted by Vi oo Vi,

respectively, then a similar argument shows that if p is ‘close to q’, then f(p) is ‘close’ to the conic hull of
these vectors.

Now we prove (ii). Our method is to show that q has a basis of closed neighborhoods with the property
that no integral curve enters any of them, which clearly implies (ii). For computational reasons, we
imagine the configuration in the Poincaré half space model, with q as the ‘point at infinity’. The region D
in this model is the intersection of finitely many open hyperbolic half spaces with vertical and spherical
bounding hyperplanes, where H; is vertical if and only if i € I(q) (cf.Figure 6.8).

Consider a neighborhood U of q. Then U is the complement of a set which is bounded in E%*!. Thus,
without loss of generality, we may assume that U is disjoint from all spherical H;s, and it is bounded by a

spherical hyperbolic hyperplane H. For any i € 1(q), let y; € S be the outer unit normal vector of H; in [E

d+1 \where we set S = S% N {x ,; = 0}.

Note that as q is an ideal point of D, D is not bounded in this model. Let D* denote the set of ideal
points of D on the Euclidean hyperplane {x;,; = 0}. This set is the intersection of the closed half spaces

H;, i € I(q) in the Euclidean d-space {x;,; = 0} (for the definition of Hi, see Subsection 6.8.1). Thus, if

D* is not bounded, Lemma 158 implies that there are some closed vertical half spaces in H* whose
intersection contains H, and whose outer unit normal vectors y},yb,...,y,. satisfy <y}, Yi> < 0 for any

y; and y;. Let the intersection of these half spaces with D be D', and their bounding hyperbolic
hyperplanes be Hy, H,, ..., H, , where y;- is the outer unit normal vector of H ]' for all values of j.
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K+ i

FIGURE 6.8
The configuration in the Poincaré half space model.

Let p be a boundary point of D’ in HY*! Thenp € H ]' N D’ for some js. Observe that if i € 1(q), then
the geodesic line through p and perpendicular to H;, which in the model is a circle arc perpendicular to the
hyperplane {x;,; = 0}, is contained in the vertical plane through p and perpendicular to H;. Thus, v;(p)

points strictly inward into D’ at every boundary point of D'. A similar argument shows the same statement
for any i € I(q) as well. As a result, we have that the integral curve through any point p € bdD' enters D' at

p.
Let X; denote the set {x,, = t} for any 7 > 0, and note that this is a horosphere in H™*! with q as its
unique ideal point. Set D, = X,N\D’. We show that if 7 is sufficiently large, then f(p) has a negative x4, |-

coordinate. We denote this coordinate by z(p).
Let p € D,. It follows from Remark 154 and an elementary computation that if i €/(q), then the x;, -

coordinate of v,(p) is tanh di(p), and if i & I(q), then it tends to —1 as d;(p) — oo. On the other hand, for
any ¢, K > 0 there is some value 7 such that if 7 > #(, then d(p) < ¢ for all i € I(q), and di(p) > K for all i &
I(q) and for all p € D,. This implies that

lim sup z (p) = lim Z ; (d) tanh d — (}i_}m Z fi (d).

=00 d—=0+0 ,
peD; icI(q) i¢I(q)

By the condition (1.3) and the relation (6.19), we have that this quantity is negative, implying that z(p) is
negative for all p € D, if ¢ is sufficiently large. Let #' be chosen to satisfy this property. Without loss of

generality, we may also assume that X, does not intersect the hyperplane H. Let V denote the set of points
in D' with x,,;-coordinates less than #, and let V = H**N\ V. Then V is a neighborhood of q in H!,

contained in U, and V has the property that the integral curve through any boundary point p of V leaves V
at p. This proves (i1).

Now we finish the proof of Theorem 29. By the conditions in the formulation of the theorem, the set
U, int C; C S?intC; c S? is disconnected. Let the components of this set be X|, X, ..., X,. By Lemma

159, the integral curve of every point p € D terminates at some point of these sets. Let Y; denote the
points of D whose integral curve ends at a point of X;. By Lemma 159, no Y; is empty, and it also implies
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that Yj is open in D for all js. Thus, D is the disjoint union of the r open sets Y, Y5, ..., Y,, where r > 1.

On the other hand, D is an open convex set, and thus, it is connected; a contradiction.
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7

Proofs on the Volume of the Convex Hull of a Pair of Convex
Bodies

Summary. In this chapter we collect selected proofs of some theorems from Chapter 2. In Section 7.1 we
investigate the properties of the volume of a linear parameter system, and the Steiner symmetrization of a
convex body. We use these theorems to prove sharp estimates about the volume of translation, reflection,
and associated (d + 1)-dimensional body of a d-dimensional convex body in Section 7.2. In Section 7.3 we
find similar estimates for c¢;(K) for certain values of K, and characterize the plane convex bodies satisfying

the translative constant volume property. In Section 7.4 we prove the Blaschke-Santalé inequality about
the maximum of the Holmes-Thompson volume of the unit ball of a normed space. In Section 7.5 we
examine the dual problem in the plane, and determine the minimum of the Holmes-Thompson volume of
the unit disks of 2-dimensional norms. In Section 7.6 we prove sharp estimates for the Gromov’s mass and
mass* of the unit disk of a normed plane, and also for the normed volumes of unit disks of Radon norms.
Finally, in Section 7.7 we determine the minimum and the maximum values of the normed variants of the

quantity ¢”"(K) both if K is an arbitrary plane convex body, and if it is assumed to be centrally symmetric.

7.1 Proofs of Theorems 32 and 33
7.1.1 Proof of Theorem 32

Observe that since the sets &2 and L are bounded, the volume function
V (t) = volg (K (t)) = volg (conv {P; + th;e:i € I})

is a continuous function of ¢. Thus, it is sufficient to prove that for arbitrary values 7, t, € R, we have
titt 1
V(252) < 3(V () + V (2)).

Furthermore, as the property in Theorem 32 is invariant under linear transformations of z, it is sufficient to
show that

V()< L(V(-1)+V (). (7.1)
Without loss of generality, let e = (1, 0, 0, ..., 0) € E¢, and let H denote the hyperplane {x; = 0}. For

any X € H, we denote by I(x, 7) the length of the intersection of the line {x + re : r € R} with K(#). Note

that it may happen that I(x, ) = O for some values of x and z. Since V (t) = / [ (x,t)dx, to prove (7.1),

xcH
it is sufficient to prove that

1(x,0) < +(1(—x,1) +1(x,1)) (7.2)

forall x € H.

If I(x, 0) = 0, the inequality in (7.2) trivially holds. Thus, assume that I(x, 0) > 0. Let ¢ > 0 be fixed.
Then, by the definition of a linear parameter system, there are some «, f € R such that x + fe, X + ae €

111



K@©)and f— a2 I(x, 0) —e.
Since K(0) = conv & = conv{p; : i € I}, by Carathéodory’s theorem there are some indices
Pi, - - "Pid+17Pj1" . e ,P'

jun € I and non-negative real numbers ay, ..., agz.1, By, ..., Pgs1 € R satisfying

d+1 d+1

x—l—ae:E asp; E a, =1,
s=1 s=1

and

d+1 d+1

x-+—6e :ZEE:;Bsij 2{:183:: 1.
s=1 s=1

Now, since the points p;, == A;,e and P;, =, e lie in the sets K(£1), it follows that

d+1 d+1
l(x,1) > <B + Z ,Bsxjs> — <04 + Z as%)
s=1 s=1

and

d+1 d+1
l(x,—1) (5 ZIBS ]5) - (04— Zasy\‘js>a
s=1

implying that
1%, -1+ 31 (x,1) > B—a<I(x,0) —e.

Since & > 0 is arbitrary, this yields 11(x,—1) + 31 (x,1) > I(x,0). From this, the assertion in Theorem
32 readily follows.

7.1.2 Proof of Theorem 33

By Theorem 10.3.2 in [217], for any convex bodies K, L c E¢, there is a sequence of hyperplanes such
that under subsequent Steiner symmetrizations with respect to these hyperplanes, the images of the convex
bodies K and L converge to Euclidean balls of volume vol (K) and vol L), respectively. Thus, it is

sufficient to prove (i) of Theorem 33.
To do this, without loss of generality, we may assume that H is the hyperplane {x; = 0}. Since during

the proof we are going to apply Theorem 32, we assume also that K and L are disjoint, as then we can
regard the index set / in Definition 6 as K U L.

Consider some point py € E? such that SgEK) N (py + SyL)) = }f , and vol J(conv(Sxg(K)U(py +
SyL)))) = V¥(K, L). Let xg € Sy(K) N (py + Sy (L)). Then xg € S(K), and yy = Xy — py € Sy(L).

As in the proof of Theorem 32, let e = (1, 0, ..., 0), and consider some point qg € K. Then, during the
symmetrization process, the image of any point qg + te takes the form qg + (t — o(qg))e, where o(qg) €
R depends only on qg and not on ¢. Similarly, for any point qy, € L, the image of every point qg, + fe takes
the form qg, + (¢ — o(qg,))e. In particular, there are points x € K and y € L such that xi =X — o(x)e and yy
=y —o(ye.

Let I = K U L. For any point qg € K, let pgx = qg — o(qg)e, and A\gy = 0qx — 0 (%), and similarly,
for any qg, € L, let Pq, = qp+py — o(qp)e, and Aq;, = 0gx — 0(y). Clearly, the sets & = {p: q € K U
L}, and L= {)q : q € K U L} are bounded, and hence, they define a linear parameter system. Using the
notation in the proof of Theorem 32, we consider the quantities V(1), V(0) and V(-1).
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The set K(1) is the convex hull of the points which are either of the form q — o(x)e, where q € K, or of
the form q + py — a(y)e, where q € L. Thus,

V(1) = volg (conv (K — o (x)e) U(L + pH — o (y)e))).

On the other hand, X — g(X)e = Xy =yy + Py =Y + Py — o(y)e € (K- a(x)e)N(L+py — a(y)e). This and
the definition of V*(-, -) in Definition 8 imply that

V(1) < V¥K,L).

Similarly, K(-1) is the convex hull of the points which are either of the form q — 2 a(q)e + o(x)e, where
q € K, or of the form q + py — 2 o(q)e + o(y)e, where q € L. On the other hand, the sets K' = {q — 2

o(qe : q € Kand L' = {q — 20(q)e : q € L are the reflections of K and L, respectively, about the
hyperplane H of the symmetrization. Thus,

V (—=1) = voly (conv ((K' — o (x)e) U (L' + pH — o (y)e))).
Since x — 2 o(x)e € K'and y — 2 o(y)e € L/, it follows that
x—20(x)et+o(x)e=xyg=yg+Pg=y—20(y)et+pH+o(y)e
is a common point of (K’ + a(x)e) N (L' + py — o(y)e), implying that
V(-1) <V¥K'L')=V*K,L).
Finally, K(0) is the convex hull of the sets Sy (K) and py + Sy(L). Hence, by our choice of py, we have
V (0) = voly (conv (Sg (K) U (py + S (L)) = V*(Sx (K), Sg (L)).

Thus, Theorem 33 follows from Theorem 32.

7.2 Proofs of Theorems 34, 36, 37 and 40

7.2.1 Preliminaries

In this subsection we prove two lemmas that permit us to prove the theorems.

Lemma 160 Let L| and L, be linear subspaces in E? that are orthogonal complements of each other. For
i =1, 2, let d; denote the dimension of L;, and let K; be a convex body in L;. Then

volg (conv (K1 UK3)) = 5% voly, (K1)vola, (Ko). (7.3)

Proof. For simplicity, we regard the points of E¢ as the pairs (x;, X,), where x; € L; and x5 € L,. Then,
K = conv (Kl U Kg) = {(txl, (1 — t)XQ) Xy € Kl,XQ S K2,0 <t< 1}

For any point p € L;, consider the intersection of K with the affine subspace through p and parallel to
L,. This intersection contains the points of the form

(p,q) = (txq, (1 — t)x,),

for some 0 <7< 1, x; € K| and x, € K. In particular, the intersection is not empty if and only if p € K;.
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Let #(p) denote the Minkowski functional of Ky; that is, #(p) = min{z : p € rK;}. Then, for any p € K|,
the point (p, q) is contained in K if and only if q = (1 — #(p))x, for some X, € K,, or equivalently, q € (1 -
#(p))K,. Thus, the volume of this intersection is (1 — ¢ (P))“volg, (Ka).

By definition, the value of #(p) is the constant 7 on the boundary of any homothetic copy K of K. This
yields that

voly (K) = /x GK (1 —t(p))™voly, (Ka)dx;

= volg, (K2) /01 (1-— t)d2 (tdlvold1 (Kl)),dt

1
= volg, (K1)volg, (K») / th(1 — t)dt = (jfifé!ﬁ volg, (K1)volg, (Kz).
0

Lemma 161 Let L| and L, be linear subspaces in E? that are orthogonal complements of each other. For
i=1,2, let d; denote the dimension of L;, and let K; be a convex body in L;. Let K be a convex body in E¢
such that its intersection with Ly is K|, and its orthogonal projection onto L, is K,, then

voly (K) > 4595 voly, (Ky)voly, (Ko).

Furthermore, in case of equality, every d-dimensional section of parallel to L, is a homothetic copy of
K.

Proof. For any q € K, let Vg, (q) denote the d|-dimensional volume of the section of K with the affine
subspace q + L;. Furthermore, let B(q) denote the d-dimensional ball in q + L, with center q and volume
Va, (q). Finally, let K* = Uqex, B (q). Note that vol ;(K*) = vol 4(K), and that starting with K, K* can be
approached by subsequent Steiner symmetrizations. Thus, in particular, K* is convex.

The section of K* with Ly is B(0), and with L, it is K,. Thus, we have conv(B(0) U K,) € K*, and, by
volg, (K1) = volg, (B (0)), Lemma 160 implies that

volg (K) = volg (K*) > %Vold1 (K1)volg, (K2). (7.4)

Finally, assume that equality holds in (7.4). Then conv(B(0) U K,) = K*. Since for any q € bdK, and 0
< t < 1, the volume of the section of K* with q + L; is V (tq), and the volume of the section of

conv(B(0) U Ky) with q + Ly is volg, (1 — t)B (0)) = (1 — t)% v, (0) = (1 — t)"volg, (K1), we have
Va, (ta) = (1 — t)"voly, (Ky).

Observe that for any fixed point q € bdK,, the volume in the formula above is the volume of the section
of the (d; + 1)-dimensional cone with apex q and base K. Thus, by the conditions of equality in the
Brunn-Minkowski Inequality, it follows that equality occurs in (7.4) if and only if K N (q + L) is a
homothetic copy of K N L; for all q € K.

7.2.2 Proofs of the Theorems

First, note that the lower bounds in Theorems 36, 37 and 40 follow immediately from (ii) of Theorem 33.
To prove the upper bounds, we apply Lemma 161 for suitably chosen convex bodies K; and K.

To show how our method works, first we prove the inequality in (2.1). Let K be an arbitrary convex
body in E4. We define the (2d)-dimensional convex body L as the set of points (X, X,) € E2d satisfying
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x; €K, x;+x5€ K.

EZd

Let L; and L, be d-dimensional linear subspaces of spanned by the first, respectively last, n unit

vectors of the standard orthonormal basis.
Note that for any x = (X}, 0) € Ly, the intersection (X + L) (1 L is nonempty if and only if x; € K, and

in this case the section is congruent to K. Thus,
volag (L) = / volg (K) dx = (volg (K))>.
xeK

On the other hand, x = (0, X;) € L, is on the projection of L onto L, if and only if there is some x| € K
such that x| + X, € K. Thus, setting y = x| +x, € K, x is on the projection if and only if x, can be written
in the form x, =y — x; for some y, x; € K. This occurs if and only if x, € K — K. As the intersection of L
with L is the set of points (X1, 0), where x; € K, applying Lemma 161 we obtain that

(voly (K))* = voly (L) > {537 voly (K)voly (K — K),

from which the inequality in (2.1) readily follows.
Proof of Theorem 40. Consider the (2d + 1)-dimensional convex body L defined as

L = {(x1,x2,t) : x1 € tK,x1 + x2 € (1 — t)K}.

Fix some 0 <7< 1 and x; € rK. Then the set of points of L of the form (x,-, 7) is congruent to —x; + (1

— 1K, and hence, its volume is (1 — t)d vol ;(K). Thus, we have

volagyr (L) = /0 1 < L . (1 —t)%volg (K)dx1>dt f

= /01 t2(1 — t)%dt(volg (K))* = %(VOM (K))>.

The section of L with the subsection{(xy, Xy, ) : t = %, X) =0} is
1 1
{(X, o, E) X € 7K},

and its volume is %vold(K).

The projection of L onto the subspace {(0, X, 1) : Xy € E<, t € R} is the set of points (0, X», #) such that
there is some x; € 7K satisfying x| + X, € (1 — K. Set y = x| + X,. Then (o, x,,) belongs to this
projection if and only if 0 <7< 1, and X, =y — x| for some x; € tK and y € (1 — #)K. The latter condition
is equivalent to saying that x, € (1 — 1)K + #(—K). Thus, this projection is congruent to C(K).

Based on these observations, Lemma 161 yields that

(an?
(2d+1)!

(vola (K))* = volaa-1 (L) > Gy 5 vola (K)vola (C (K)),

which implies
volg (C (K)) < 25voly (K).

Proof of Theorem 34. Without loss of generality, we may assume that p = o € K. Consider the body C(K)
in E%*!. We have
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C(K)={(x,t):x=1tx1+ (1 —t)(—x2)forsome0 < ¢t < 1,x1,x2 € K}.

Since o € K, the section of C(K) with the line {(o, 7) : t € R} is the segment {(o, ?) : t € [0, 1]}.
Furthermore, the projection of C(K) onto the hyperplane {(x, 0) : x € E?} is conv(K U (-K)) = Ry(K).
Now, Lemma 161 implies that

volg+1 (C (K)) > %vold (R, (K)),

or equivalently, that
vol (R (K)) < (d + 1)volyss (C (K)).

By Theorem 40, we have voly,; (C (K)) < %vold (K), which readily implies

voli (Ro (K)) < 2%voly (K).

Proof of Theorem 37. Without loss of generality, we assume that the translation vector x is not zero.
First, note that for any x € E?, the property that K N (x + K) # X{ is equivalent to saying that x is not
longer than a longest chord of K parallel to x. Let dg(x) denote the length of such a chord, x* the

hyperplane through o and perpendicular to x, and KIx* the orthogonal projection of K onto x*.

Furthermore, for any y € Kl x*, let [(y) denote the length of the intersection of K with the line through y
and parallel to x. Then, for any x = o satisfying K N (x + K) = Xf , we have

volg (conv (K U (x + K))) :/ IxIl +1(y)dy

yeK|xt

=vol; (K) + lixllvoly_; (K[x!) < voly (K) + dk (x) - voly_1 (K|x1).

Let L be a line parallel to x such that its intersection with K is a segment of length dg(x); such a line

exists since K has chords of maximal length parallel to x. Then, since KIx* is perpendicular to L, Lemma
161 yields that

volg (K) > LM e (x) - volg 1 (K|xb),

implying that
voly (conv (K U (x + K))) < vol, (K) + dvol, (K) = (d + 1)voly (K).

Proof of Theorem 36. The upper bound in (2.2) readily follows from Theorem 34, whereas the one in (2.3)
is a consequence of Theorem 37.

7.3 Proofs of Theorems 41 and 46

In this section, for any m € S%1 and any convex body K in E?, we denote by dg(m) the length of a
longest chord of K parallel to m and by wig(m) the width of K in the direction of m. Furthermore, by mt

we denote the hyperplane through the origin and perpendicular to m, and by Kim' the orthogonal
projection of K onto m* (cf. also Section 7.2).

7.3.1 Proof of Theorem 41

To prove the theorem, we need the next lemma, which appeared as Lemma 10 in [177].
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Lemma 162 If K is any not centrally symmetric convex body in E%, where d > 2, then there exist d

pairwise orthogonal vectors my, my, ..., my S~ such that applying subsequent Steiner symmetrizations
through mi,msy, ..., mj to K leads to an o— symmetric convex body Smj (Smj,l ( . 'Smf (K).. )) that

is not an ellipsoid.

Proof. First, let d = 2. We prove that there is some m; € S such that

voly (K|mf)dK(m1) _ wg(m;)dg(m;)
area(K) o area(K) >

(7.5)

4
—.

Let Ky = %(K — K). Then, since central symmetrization does not change the width and the length of a
longest chord in any direction, we have wg, (m)dg, (m) for any m € S!. On the other hand, by the
Brunn-Minkowski Inequality, we have area(K) < area(K(). Thus, replacing K by Ky, the left-hand side
quantity strictly decreases for any m; € S'. On the other hand, Theorem 39 implies that for some m; € S!
, we have

wk, (m1)dk, (m1) S 26 _ 4
area(Ko) — K2 ™’
This implies (7.5).

Note that for any m € S* ! and convex body L € E?, Steiner symmetrization through m* does not
change Vold_l(LIml), dy,(m) and vol /L). Thus, if we let m, € S! be orthogonal to mj, then, applying
Steiner symmetrization to K first through mlL and then through mzL, we obtain an o-symmetric convex
body K’ satisfying

wyr(my)dgs (m;)

4
area(K') >

Since for ellipses, the quantity on the left-hand side is equal to % for any direction m; € S!, it follows that

K' is not an ellipse.

Now, let d > 3. We show that there is a 2-dimensional linear subspace P of E? such that the orthogonal
projection KIP of K onto P is not centrally symmetric. Suppose for contradiction that KIP is centrally
symmetric for any plane P. Without loss of generality, we may assume that the origin o is the midpoint of
a diameter [p, q] of K. Then KIP is o-symmetric for any plane P satisfying [p, q] € P. Thus, K° N P is o-
symmetric for every plane P containing [p, q], where K° denotes the polar of K. This implies that K°, and
consequently also K, are o-symmetric, a contradiction.

Let P be a 2-dimensional linear subspace such that KIP is not centrally symmetric, and set L. = KIP. Let

m;, my, ..., my_; be an orthonormal basis in the orthogonal complement of P. Let K be the convex body
obtained from K by subsequent Steiner symmetrizations through mi, my,...,m7 ,. Then L = KIP.
Applying the result of the d = 2 case, there are orthogonal unit vectors m,;_;, md in P such that subsequent
Steiner symmetrizations of L in P through m7 ; and mj result in an o-symmetric plane convex body L’
in P which is not an ellipse. Now, applying Steiner symmetrizations to K through mjfl and mj, we

obtain an o-symmetric convex body K’ such that K'|lP = L. Thus, the fact that L’ is not an ellipse implies
that K’ is not an ellipsoid.
Now we prove (i) of Theorem 41.

Since for ellipsoids ¢ (K) = 1 +
ellipsoid.
Let K € be a convex body in E? such that ¢"(K) < 1 +

2vn—1

Un

2Kkg-1

==L, it suffices to show that if A"K) <1+ , then K is an

2K4_1

—.— . Consider the case that K is not centrally

symmetric. Let H © E¢ be any hyperplane. Then (i) of Theorem 33 yields that ¢"(K) > ¢ (Sg(K)). On the

other hand, Lemma 162 states that, for any not centrally symmetric convex body, there is an orthonormal
basis such that subsequent Steiner symmetrizations, through hyperplanes perpendicular to its vectors,
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yields a centrally symmetric convex body, different from ellipsoids. Combining these statements, we
obtain that there is an o-symmetric convex body K’ in E¢ that is not an ellipsoid and satisfies ¢”"(K) >
c"(K"). Thus, it suffices to prove the assertion in the case that K is centrally symmetric.

Assume that K is o-symmetric, and that ¢ (K) < 1 + % Observe that for any m € S 1 K and
dg(m)m + K touch each other and
voly(conv(KU(dx (m)m+K)) _ 1 , dxc(m)vols ,(K|m") (7.6)
volg(K) o volg(K) )

Clearly, ¢”"(K) is the maximum of this quantity over m € S¢1.
Letm — rg (m) = %m) be the radial function of K. From (7.6) and the inequality ¢"(K) < 1 + 2’;—’2*1
, we obtain that for any m € S9!

kaavola(K) ri (m). (7.7)

Kgvoly 1 (Kjmt) =

Applying this for the polar form of the volume of K, we obtain

vols (K) = 4 (rac (m))dm < 35 (volu (10))* |

Sd—l Sd—l

(volg_1 (K|m™t))?

which yields

I R —— 0

T (vl ) / (volar (Kjmt))*

On the other hand, combining Cauchy’s surface area formula with Petty’s projection inequality, we
obtain that for every p 2 — d,

vol K m P \ ’
RV (voly (K)) S < ko \dnd /( = | )) dm} |
with equality only for Euclidean balls if p > — d, and for ellipsoids if p = — d (cf., e.g., Theorems 9.3.1 and

9.3.2in [119]).
This inequality, with p = — d and after some algebraic transformations, implies that

/ - dm < —fd (7.9)
(volg—1 (K\ml))d kg1 (vola(K))
Sn—1

with equality if and only if K is an ellipsoid. Combining (7.8) and (7.9), we can immediately see that if

2’%{ 1

¢"(K) is minimal, then K is an ellipsoid, and in this case ¢"(K) =1 + , implying (i) of Theorem 41.

To prove (ii) of Theorem 41, it is sufficient to observe that, like in the proof of (i), by Lemma 162 we
may assume that K is o-symmetric, and apply (i).

Finally, we prove (iii).

For a hyperplane H c E¢, let Ky denote the reflected copy of K about H. Furthermore, if H is a
supporting hyperplane of K, let K_g be the reflected copy of K about the other supporting hyperplane of

K parallel to H. Clearly,

ci-1 (K) = ﬁ(K)maX {volg (conv(KUKp)) : Hsupports K}.
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For any direction me S?!, let Fg(m) be the right cylinder circumscribed about K and with generators
parallel to m. Observe that for any m € S¢~! and supporting hyperplane H perpendicular to m, we have
voly(conv(K U Kpg)) + volgconv(K U K_ g = 2volyK) + 2vol(Fg(m)) = 2voluK) +
2wK(u)Vold_1(KImJ'). Thus, for any convex body K in E,

max{wk (m)vols1(K|m')mesi1} . (7.10)

ci1(K)>1+ Vol (K)

Recall that dg(m) is the length of a longest chord of K parallel to m € S%~!. Observe that for any m €
S, dg(m) < wg(m), and thus for any convex body K,

Cd—1 (K) > ctr (K)

This readily implies that c;_1(K) > 1 + %, and if here there is equality for some convex body K, then K

d
is an ellipsoid. On the other hand, in case of equality, for any m € S?~! we have dg(m) = wg(m), which

yields that K is a Euclidean ball. This finishes the proof of the theorem.

7.3.2 Proof of Theorem 46

Recall that a convex body K is a body of constant width in a normed space with unit ball M if and only if
its central symmetrization %(K — K) is a homothetic copy of M. Thus, (ii) and (iii) are clearly equivalent,
and we need to show only that (i) and (ii) are equivalent.

Let K be a plane convex body. Like in Subsection 7.3.1, note that, using the notation m = ﬁ, for

any touching pair of translates v + K and w + K, we have
area (conv ((v + K) U (w + K))) = area (K) + dx (m)wk (m*). (7.11)

Since for any direction m € S!, we have dg(m) = d%(KfK)(m) and wg(m) = w%(KfK)(m), K satisfies
the translative constant volume property if and only if its central symmetrization does. Thus, we may
assume that K is o-symmetric. Now let x € bdK. Then the boundary of conv(K U (2x + K)) consists of an
arc of bdK, its reflection about x, and two parallel segments, each contained in one of the two common
supporting lines of K and 2x + K, which are parallel to x. For some point y on one of these two segments,
set Ag(x) = area(conv{o, X, y}) (cf. Figure 7.1). Clearly, Ak(x) is independent of the choice of y. Then we

have for every x € bdK, that dx (x)wk (xL) = 84k (x)

FIGURE 7.1
Touching translates of an o-symmetric plane convex body.

Assume that Ag(x) is independent of Xx. We need to show that in this case bdK is a Radon curve. It is

known (cf. [179]) that bdK is a Radon curve if and only if in the norm of K, Birkhoff orthogonality is a
symmetric relation. Recall that in a normed plane with unit disk K, a vector x is called Birkhoff
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orthogonal to a vector y, denoted by x -k y, if y is parallel to a line supporting IxlgbdK at x (cf.

Definition 23 or [7] for an equivalent formulation).
Observe that for any x, y 4 bdK, y 4k x if and only if Ag(x) = area(conv{o, X, y}), or in other words, if

area(conv{o, X, y}) is maximal over x € K. Clearly, it suffices to prove the symmetry of Birkhoff
orthogonality for x, y € bdK. Consider a sequence z Hg y -k X for some X, y, Z € bdK. Then we have
Ak(x) = area(conv{o, X, y}) and Ak(y) = area(conv{o, y, z}). By the maximality of area(conv{o, y, z}), we
have Ag(x) < Ak(y) with equality if and only if x 4k y. This readily implies that Birkhoff orthogonality is

symmetric, and thus, that bdK is a Radon curve. The opposite direction follows from the definition of
Radon curves and polar sets.

7.4 Proof of Theorem 53

In this section we prove the Blaschke-Santalé Inequality, apart from the case of equality. The proof
presented here follows the proof given by Meyer and Pajor [182] (cf. also [142]), and is based on Steiner
symmetrization, which we introduced in Definition 7.

We intend to examine the properties of Steiner symmetrization. To do this, recall that the Hausdorff
distance of the convex bodies K, L c E¢ (cf. Definition 28) is defined as

h(K,L) =min{e: K CL+eB%LCK+eB}.
Remark 163 Let K c E¢ be a convex body, and let H be a hyperplane. Then
(i) vol (Sy(K)) = vol /(K), and

(ii) Sy(K) is a continuous function of K, with respect to the topology on the family of convex bodies in
E?, induced by Hausdor{f distance,

where Sy(K) is the Steiner symmetrization of K to H.

Lemma 164 Let K be a convex body in E%, and let & denote the family of convex bodies in E® that can
be obtained from K by taking finitely many subsequent Steiner symmetrizations with respect to
hyperplanes containing o. Let B(K) denote the d-dimensional Euclidean ball centered at o and volume
equal to vol (K). Then J contains a sequence of convex bodies which converges to B(K) with respect to

Hausdorff distance.

Proof. Clearly, without loss of generality, we may assume that o € intK, and observe that in this case the
origin is contained in the interior of every convex body in J .

For any convex body L with o € L, let p(L.) denote the smallest positive number 7 satisfying L. © B
Let p = inf{p(L) : L € 2 }. For simplicity and without loss of generality, we assume that p = 1. Then there
is a sequence {K,,} of convex bodies in £ such that p(K,) — 1. Let J£" be the set of the elements of this

sequence.
Observe that if H is any hyperplane through o, then for every convex body L with o € L, we have

p(SyL)) < p(L). Applying this observation for %, it follows that for any L. € JZ" or in particular for any L
€ X, we have p(L) < p(K), or in other words, L. & p(K)Bd. Thus, £ is uniformly bounded, implying by
Blaschke’s selection theorem (cf. [217]) that £’ contains a convergent sequence with respect to Hausdorff

distance.
With a little abuse of notations we assume that {K,} converges to a convex body M in 4. Since the

functional p(-) is continuous on the family of convex bodies containing o, we have p(M) = 1, implying M
c B4
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We show that M = B, Suppose for contradiction that there is some point p € S?~1\M. Then there is an
open spherical cap C(p) € S?! centered at p such that C(p) N1 M = ﬁ( . For any q € S%1, let C(q) be the
spherical cap congruent to C(p) and centered at q. Then, since S%~! is compact and the family {C(q) : q €
S9-1} is an open cover of S471, there are finitely many points qq, ..., q; € S* ! such that {C(q;) : i = 1, 2,
..., k} cover S¢1.

Note that for any two congruent open spherical caps Cy, C, C S4-1 there is a unique hyperplane H
through o such that C, is the reflected copy of C; with respect to H. Furthermore, if L C B? is a convex
body disjoint from C; or Cy, then its symmetrization Sg(L) is disjoint from both C; and C;.

For any 1 < i < k, let H; be the hyperplane such that C(q;) is the reflected copy of C(p). Then, by the

previous observation, M’ = Sy, (S, (-..Sk, (M)...)) C B? is a convex body disjoint from S9-1.
Clearly, M’ is the limit of a sequence of convex bodies in K, and by the compactness of M, p(M') < 1, a
contradiction. Thus, M = BY.

Lemma 165 Let K be an o-symmetric convex body in E?, and let H be a hyperplane through o. Then
volg (K*) < vols ((Sr (K))°).

Proof. Without loss of generality, we may assume that H is the hyperplane {x; = 0}. Then each point p €
E4 can be uniquely represented in the form (x, 7) for some x € H and € R. Let KIH denote the orthogonal
projection of K onto H, and for any x € KIH, let (x, s1(X)) and (X, s5(X)) denote the endpoints of the closed
segment in K whose orthogonal projection onto H is x. We use the labeling in such a way that 5(X) < s,(X)

for all x € KIH. Then the Steiner symmetrization of K can be written as
S (K) = {(x, s)|x € K|H, |s| < (52 (x) —s1(x))},
and the polar of K is
K {(y,t)| (x,y) + st <1forallx € K|H,s1(x) < s <s2(x)}.
From these representations, we obtain that
(Se (K)) = {(y,t)| (x,y) + st < 1vx € K|H, |s| < $(s2(x) — 51 (x))}.

For any ¢ € R and convex body L in E?, we denote by L(f) = {x € LIH : (x, t) € L} the orthogonal
projection of the intersection of L with the hyperplane {x; = t}, and show that for all € R, we have %(Ko
(1) + K°(=0)) € Sp(K)°(®).

To do it, consider some y| € K°(?) and y, € K°(—#). Then, for any x € KIH and 5(X) < 51, 57 < 59(X), we
have

<x7yl> + Slt S ]-7 <X, }’2> - 32t S ].,
implying that
(%, 5 (y1+y2)) + 3(s1— 82) < 1,

holds for any x € KIH and ‘%(31 — 59)| < 3 (52 (x) — 51 (x)). Thus, by the formula for (Sg(K))°, it
follows that 5 (y; +y2) € Sg(K)°(0).

Now we have that for all r ER, we have %(Ko(t) + K°(-1)) € Sy(K)°(?). On the other hand, since K is o-
symmetric, so is K°, implying that K°(—f) = —=K°(—#). Thus, the Brunn-Minkowski Inequality yields that
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voly 1 (K° ) < vold 1 (%(K (t) + K°(-t)))
= voly 1 (3 (K" (¢) t))) < volg_1 (Sg (K)"(t)).

Using this inequality and by Cavalieri’s principle, we have

voly (K) = [ volus (K dt < /t vols (S (K)" (£))d = vola (S (K)),

and the assertion follows.

Now we prove Theorem 53.

Let M be an o-symmetric convex body in E¢. By Lemma 164, there is a sequence of convex bodies
{M,,}, each obtained from M by finitely many Steiner symmetrizations, such that M,, converges to the ball

d
(Ml”’ M ) B? measured in Hausdorff distance. Then the sequence { M2} converges to the ball

Kd
d
(LM)) B. Since both vol (L) and vol 4(L°) are continuous functions on the family of convex bodies

VOld(

containing o in their interiors, it follows that
c 2
voly (M,,)voly (Mn) — K3

On the other hand, by Remark 163 and Lemma 165, we have vol(M,,) = vol;(M) and vol ( M}) 2
vol (M®) for all values of n. Thus, vol(M)vol (M°) < limvols (M,)volg (M?) = n?l. Finally, by the
formula for Holmes-Thompson volume in (2.7), it follows that

vol 2T (M) = M) 61, (M) < kg,

Kd

which proves the assertion.

7.5 Proof of Theorem 54

We prove the following.

Theorem 166 For any o-symmetric convex polygon P with 2k sides, where k > 3, we have
area (P)area (P°) > 8.

Note that since for parallelograms area(P)area(P°) = 8, by the continuity of the quantities area(P) and
area(P°), Theorem 166 implies that for any o-symmetric plane convex body M, area(M)area(M°®) > 8. This
inequality, by the formula for Holmes-Thompson volume in (2.7), proves the inequality in Theorem 54.
Here, by Theorem 166, equality holds only for parallelograms within the family of o-symmetric convex
polygons. Nevertheless, the continuity argument cannot be used to investigate equality in the larger family
of o-symmetric plane convex bodies.

To prove Theorem 166, we momentarily use a modified notion of polarity for convex polygons. For any
point x = (x1, xp) € E2\{0}, the polar line Ly of x is defined by the equation 7;x; + f5x, = 1, and vice versa.

We note that this correspondence is a bijection between the points in E2\{0} and the lines not containing
o. Let P be a convex polygon with vertices Xy, X, ..., X; such that no sideline of & contains o. For any

edge [x;, X;] of P, let v; ; denote the polar point of line through [X;, x;]. Then the polar of the polygon P is
defined as

P*= conv {v;; : [x;,x,] isanedgeof P}.

122



Observe that if P contains the origin in its interior, then P* = P°. On the other hand, if o € P, then P* is
bounded, whereas P° is not.
In the following, for any x = (x1, x,), ¥y = (v, ¥2) € E? we set

1 Y

Dy y = det {
2 Y2

] = T1Y2 — T2Y1.

Lemma 167 Let x = (x1, x3), Yy = (y1, Y2). 2= (21, 20) € E2 be points such that no two of them are linearly

dependent. Let T* = conv{X', y', z'} be the polar of the triangle T = conv{x, y, z}. Then the (signed) area
of T* is

2(area(T))?
area (T*) = %, (7.12)

Proof. First, note that the property that no two of x, y, z are linearly dependent is equivalent to the
property that no sideline of T contains o, implying that T* exists. For any w € {x, y, z}, let w’ denote the

polar of the sideline of T not containing w. The coordinates of x', y', z' can be computed by solving
systems of linear equations. Hence, by Kramer’s rule we obtain

X/= Diy (y2 — 2,71 — y1)7

y'= 5 (22 — y2,51 — 21),

7= D#m(wg — 22,21 — T1).

After computing area(T*) via determinants, using these formulas, and simplification, we have

area (T*) = L|dety’ — x',2' — x']| = 1 |Dyxy + Dy + Do x
Dch,y+D§',z+D§,x+2nyyDy,Z+2DX,yDz,x+2Dy,zDz,x
|Dx,yDy,zDz,x|

_ 2(area(T))?
|Dx,yDy.aDux|’

finishing the proof.

Lemma 168 Let P be an o-symmetric polygon with 2k vertices, where k > 3. Then there is a polygon Q
with 2k — 2 vertices such that

area (P)area (P°) > area (Q)area (Q").

Proof. Let x, y and z be three consecutive vertices of P in counterclockwise order. Since any line through
o and not containing any vertex of P strictly separates exactly k vertices of P from their reflections about
o, the triangle T = conv{x, y, z} is disjoint from o, implying, in particular, that no two of x, y, z are
linearly dependent. Let P be the o-symmetric (2k — 2)-gon whose vertices are all the vertices of P but y

and —y. Then o € intPy, implying that P, = P is bounded.

The lines polar to x and z are sidelines of P;, whose intersections with the line polar to y are z' and X/,
respectively. The intersection point of these sidelines is the polar y’ of the line through x and z. Since y &
P, but [x, y] and [y, z] are sides of conv(Py\{y}), the line polar to y cuts off a triangle from P, or in other

*
words, X' and z’ are relative interior points of two consecutive sides of P,. The same argument can be

repeated for the polars of the vertices —x, —y and —z, implying that P; =P* U T* U (-T*), and the three
polygons in this union are pairwise non-overlapping.

Now we move y parallel to the segment [x, z]. This modification does not change the value of area(P).
We show that area(T*) is maximal, and thus area(P*) is minimal, if y is moved to a sideline of Py,.
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Replacing y with this point and —y with its reflection about o yields an o-symmetric (2k — 2)-gon Q such
that area(P)area(P°) > area(Q)area(Q°), implying the statement.

We show the maximality of area(T*) by two different, one algebraic and one geometric, arguments.

We first present an algebraic proof. Note that by our labeling of the points x, y, z, D Dy ,>0and

D, x <0. Thus, by Lemma 167,

XYy 7Y z

2
*\ 2(area(T))
area (T*) = DD,

Consider the point y(¢) =y + s(x — z), and let T(s) = conv{Xx, y(s), z}. Then, as area(T(s)) = area(T) for all
s € R, we have

2 T))2
area (T (5))*) = — gl —

Using the properties of determinants, we have

Dx,ys(x—z)Dy—f—s(x—z,z) = (Dxay + SDxax - S‘Dxaz) (DYaz + SDX7Z - s'Dzaz)
= DX,yDy,Z - DZ,X (Dx’y + Dyyz)s + Dg,xs2'

This function is strictly convex on its domain, and thus, it is maximal at an extremal value of s; that is, if
y(s) 1s on a sideline of P,. Thus, the inequality D, x < 0 implies that area((T(s))*) is minimal if y(s) is on
a sideline of P, which readily yields the assertion.

Next, we show the same statement using a geometric argument. Let X, Y and Z denote the lines polar to
X, y and z. Let L be the line through y and parallel to [x, z]. Then the point 1 polar to L lies on the line
polar to y, and on the ray starting at o and perpendicular to the line of [x, z]. Note that this ray passes
through y'. Furthermore, since L is a supporting line of P, it follows that 1 € P* particular, if R is the

convex angular region whose boundary consists of a half line of X and a half line of Z starting at y’ such
that o € intR, then1 € R.

The polar of any point of L is a line through 1. Thus, to maximize area(7*) we need to find a line L’
through 1 which cuts off a triangle of maximal area from R. It is an elementary computation to show that a
minimal area triangle is attained if 1 is the midpoint of the segment L' 1 R, and a maximal area triangle is

attained in an ‘extremal’ position, i.e., if the polar of L' is on a sideline of Py,. This finishes the proof.

Finally, to prove Theorem 166, consider any o-symmetric polygon P with 2k sides. Then repeated
applications of Lemma 168 yield a sequence of o-symmetric polygons Py, P, P», P _ 5 such that Py = P,

and forany i=1, ..., k-2, P; is a polygon with 2(k — i) sides satisfying
area (P;)area (P}) < area (P;_;)area (P;_,).

Since any o-symmetric quadrilateral is a parallelogram, this proves Theorem 166.

7.6 Proofs of Theorems 57 and 58
7.6.1 Proof of Theorem 57

First, observe that if M is an o-symmetric plane convex body, then for any planar set S,

volp(S) = ﬁ(pi) area(S), where P; is a largest area parallelogram inscribed in M. Since area(M) 2

area(P;), with equality if and only if M is a parallelogram, it follows that
voly; (M) > 2,

with equality if and only if M is a parallelogram.
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We obtain by a similar argument that
volyy (M) < 4,

with equality if and only if M is a parallelogram.
To show that the remaining inequalities hold, first we prove the next lemma.

Lemma 169 For any o-symmetric plane convex body M, we have

2ol (M) < My (bdM) < 2vol? (M). (7.13)

Furthermore, if bdM is a regular curve, then equality holds in any of the two inequalities if and only if
bdM is a Radon curve.

Proof. By the continuity of the quantities in (7.13), without loss of generality we may assume that bdM
is a regular curve.

Let ¢ = Myg(bdM), and let y : [0, c] — E2? be an arclength parametrization of bdM with respect to

Minkowski arclength, in counterclockwise direction. In other words, assume that for any 0 < s < ¢, 4(s) is a
vector of unit normed length, and y(s), 4(s) is a positively oriented basis of E2. Then, by Green’s theorem,
we have

area (M) :/Mda:dy: %/:cdy—ydw: %/0 det (v (s),7 (s))ds.
v

Let P denote the parallelogram with vertices *y(s), + (s). Since (s) is a unit vector in the norm of M,
P, is inscribed in M. Thus, area(P,) < area(P;), where P; is a maximal area parallelogram inscribed in M.
This implies that

area (M) = %/0 area (P;)ds < %/0 area (P;)ds = tarea (P;) - My (bdM),

and hence,

4area(M)

2voly; (M) = arca(P )

< My (bdM). (7.14)

To prove the other inequality, observe that since +y(s), + y(s) are two pairs of antipodal points of bdM,
the tangent lines through these pairs form a circumscribed parallelogram of M. The area of this
parallelogram is 2area(P;) = 4det(y(s), ¥(s)), and clearly, 2area(P;) > area(P_.), where P is a minimal area

parallelogram circumscribed about M. This implies that
area (M) = ¢ / 2area (Ps)ds > %/ area (P )ds = sarea (P.)Mm (bdM),
0 0

from which we have

8area(M)

area(p.)

2vol T (M) = > My (bdM). (7.15)

To examine the case of equality, note that in any of (7.14) or (7.15), area(P,) = area(P;) independently of
the value of 5. Recall the notation Ap4(x) from Subsection 7.3.2, which is one fourth of the area of a largest
area parallelogram, inscribed in M and having a vertex at x € bdM. By the definition of Py, now we have

area(Py) = 4App( y(s)). Since *(s) runs over all points of bdM as s takes all values s € [0, c], the property
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that area(P,) is independent of s is equivalent to saying that Ap4(x) is independent of x € bdM. As we have

seen in Subsection 7.3.2, this property holds if and only if bdM is a Radon curve.
For the proof, we also need a theorem of Mustafaev [190], which we do not prove here.

Theorem 170 For any o-symmetric plane convex body, 2v011\H/IT (M) < Mpq (bdM), with equality if and
only if M is an ellipse.

Now we prove the remaining inequalities.

By Lemma 169, My;(bdM) < 2volys (M) with equality if and only if bdM is a Radon curve. By
Theorem 49, 6 < Myy(bdM) with equality if and only if M is an affinely regular hexagon. Since affinely
regular hexagons are Radon curves, we have

3 < vol™ (M),

with equality if and only if M is an affinely regular hexagon.
By Theorem 170 and Lemma 169, it follows that VOIHT(M) < vol"™*(M) for all o-symmetric plane
convex body M. Observe that for any parallelogram P, P is a largest area parallelogram inscribed in M if

and only if its polar P° is a smallest area parallelogram circumscribed about M°. Thus, by the definition of
Holmes-Thompson volume and Gromov’s mass*, the above inequality yields that

area(M):Tea(Mo) < areajtPf) area (Mo)a

where P; is a largest area parallelogram inscribed in M. On the other hand, since the volume product of an
o-symmetric parallelogram is 8, we have

area(M)area(M")

area;(Pi) area (M"),

<
from which

volyr (M) = ﬁmarea (M) <.

Here, by Theorem 170, equality holds if and only if M is an ellipse.

7.6.2 Proof of Theorem 58

Let M be an o-symmetric plane convex body such that bdM is a Radon curve.
Lemma 171 We have 4area(M)area(M°) = (Myg(bdM))?.

Proof. Note that
volg; (M)voly;: (M”) = area (M)area (M").

On the other hand, by Lemma 169, 2voly (M) = Myg(bdM), and 2volZy, (M°) = Myo(bdM®), which, by
Theorem 52, is equal to Myg(bdM). This implies the statement.

Lemma 171, Theorems 49 and 53 immediately imply the following for the unit disk M of any Radon
norm:

6 < My (M) < 2, (7.16)
with equality on the left if and only if M is an affinely regular hexagon, and on the right if and only if M is

an ellipse. This proves (i) of Theorem 58.
Since for the unit disk M of any Radon norm we have
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2vol™ (M) = My (bdM) = 2volZ% (M)

by Lemma 169, (iii) and (iv) of Theorem 58 readily follows.
We prove the inequalities in (iii). By Lemma 171, we have

volHT (M) = area(M)area(M") __ (MM(M))Z.

g 47

Thus, (7.16) implies (ii).

7.7 Proofs of Theorems 59 and 60

Since the proof of Theorem 60 is a straightforward modification of that of Theorem 59, we present only
the proof of Theorem 59.

7.7.1 The proof of the left-hand side inequality in (ii)
Let K be a plane convex body, and M = %(K — K). From (2.7) and (2.8), one can deduce that

cHT (K) = % (area (K) + max {dx (m)wg (m"') : m € S'}), (7.17)

FIGURE 7.2
The construction of Reuleaux triangles in a normed plane.

where dg(m) is the length of a longest chord of K in the direction of m, and wK(ml) is the width of K in

the direction perpendicular to m (cf. also Section 7.3).

Observe that for any direction m, we have dg(m) = dyg(m) and wg(m) = wyg(m), which yields that

minimizing ¢3¢ (K), over the class of convex disks with a given central symmetrization, is equivalent to

minimizing area(K) within this class. For the special case that M is a Euclidean unit ball, this problem is
solved by a theorem of Blaschke [53] and Lebesgue [168], which states that the smallest area convex disks
of constant width two are the Reuleaux triangles of width two. This result was generalized by Chakerian
[76] for normed planes in the following way.

Let M be an o-symmetric plane convex body. Then, for every x € bdM, there is an affine-regular
hexagon, inscribed in M, with x as a vertex. Let y be a consecutive vertex of this hexagon. By joining the
points 0, X and y with the corresponding arcs in bdM, we obtain a ‘triangle’ T with three arcs from bdM
as its ‘sides’ (cf. Figure 7.2). These ‘triangles’, and their homothetic copies, are called the Reuleaux
triangles in the norm of M. Chakerian proved that, given a normed plane with unit disk M, the area of any
convex disk K of constant width two in the norm of M is minimal for some Reuleaux triangle in the norm.
It is not too difficult to see, and was also proven by Chakerian, that the area of such a triangle is equal to
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area(K) = 2area(M) — % area(H), where H is a largest area affinely regular hexagon inscribed in the unit
disk M.

Now, assume that a plane convex body K is a minimizer of ¢ZZ7(K); by compactness arguments, such a
minimizer exists. Then, from Chakerian’s result, we obtain that K is a Reuleaux triangle in its relative
norm, and that its area is area(K) = 2area(M) — % area(H), where H is a largest area affinely regular
hexagon inscribed in M. Now let P be a largest area parallelogram inscribed in M. Then, by (7.17) and the
equality

max {dg (m)wg (m*) : m € S'} = 2area (P),
we have

cHT (K) = % (2area (M) — Farea (H) + 2area (P)). (7.18)

It is easy to see that if K is a triangle, then M is an affinely regular hexagon, and vice versa, if M is an
affinely regular hexagon, then the smallest area Reuleaux triangles in its norm are (Euclidean) triangles.
Thus, we only need to show that the quantity in (7.18) is minimal if and only if M = H. Observe that
area(H) < area(M), and hence, it suffices to prove that

area(M°)(%area(M)+2area(P)) (7.19)

f(M): ™

is minimal if and only if M is an affine-regular hexagon.

Now we show that if f{M) is minimal for M, then its norm is a Radon norm (cf. [179] or [10]). Recall
that a norm is Radon if, for some affine image C of its unit disk, the polar C° is a rotated copy of C by 5 ;
in this case, the boundary of the unit disk is called a Radon curve.

Since f{M) is an affine invariant quantity, we may assume that P is a square, with vertices (+1, 0) and (0,
+1) in a Cartesian coordinate system. Note that as P is a largest area inscribed parallelogram, the lines x =
+1 and y = 1 support M. Thus, the arc of bdM in the first quadrant determines the corresponding part of
bdMP°. On the other hand, the maximality of the area of P yields that for any point p € bdM, the two lines,

parallel to the segment [0, p] and at the distance ﬁ from the origin, are either disjoint from M or

support it. Thus, the rotated copy of M° by 5 contains M, and the two bodies coincide if and only if bdM
is a Radon curve.

Let Qq and Q; denote the parts of M in the first and the second quadrants, respectively. We define Q9
and QJ similarly for M°. Then area( Q3) = area(Q;) + x| and area( Q?) = area(Q,) + x; for some 0 < x;,
x; < 5. Using this notation, we have fiM) = I (area (M) + 2z, + 2x,) (Zarea (M) +4). Let M,
denote the convex disk obtained by replacing the part of bdM in the second and fourth quadrants by the
rotated copy of the arc of bdM° in the first quadrant (cf. Figure 7.3). Similarly, let M, be the disk obtained

by replacing the part of bdM in the other two quadrants by the rotated copy of the arc of bdM° in the
second quadrant.
By our previous observations, we have that M| and M, are unit disks of Radon norms, and M c M,

and M c M,. On the other hand, the area of a largest area parallelogram inscribed in M or M, is equal to

area(P) = 2. Now an elementary computation shows that

f(M;) = L(area (M) + 2z,;) (2 (area (M) + 2z;,1) +4) fori=1,2,
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FIGURE 7.3
The extension of M to the unit disk of a Radon norm.

which, since 0 < xy, xp < % yields that

2f (M) — f (M) — f (M) = L (821 + 8z, — 32? — 323) >0,
with equality if and only if x; = x, = 0. From this, it follows that AM) > min{f{M;), fiM,)}, with equality
if and only if x| = x, = 0 and M; = M, = M. This readily implies that if M) is minimal for M, then M 1is
the unit disk of a Radon norm.

In the following, we assume that the norm of M is Radon. Observe that, under our assumption about P,
we have area(M) = area(M°), since M° is a rotated copy of M. On the other hand, since the volume
product area(M)area(M°) of M (cf., e.g., [61]) does not change under affine transformations, the definition
of Radon norm implies that, in general,

area (Mo) _ 4area(M)

(area(P))?
Since voly; (M) = are:(P) area (M) (cf. the definition in Section 2.2, this yields that
4area(M
f(M) = % (Zarea (M) + 2area (P))
= %(volﬁ (M))? + %volﬁ (M).

Hence, we need to find the minimum of voly; (M) under the condition that M defines a Radon norm.
This problem is examined in Theorem 58, which states, among other things, that for any Radon norm with
unit disk M, volyy (M) is at least 3, with equality if and only if M is an affinely regular hexagon. Thus,
the left-hand side of (ii) immediately follows.

7.7.2 The proof of the right-hand side inequality in (ii)

Assume that T (K) is maximal for some plane convex body K and let M = %(K — K). Note that by the

Brunn-Minkowski Inequality, we have area(K) < area(M), with equality if and only if K is centrally
symmetric. Thus, (7.17) implies that K is centrally symmetric and, without loss of generality, we may
assume that K = M.
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Let P be a largest area parallelogram inscribed in M. Since ¢ZT (M) is affine invariant, we may assume

that P is the square with vertices (x1, 0) and (0, 1) in a Cartesian coordinate system. Then the lines x =
+1 and y = +1 support M. Let M* = Sy (M) be the Steiner symmetrization of M to a symmetry axis of P.
Then, clearly, area(M*) = area(M). Observe that P is inscribed in M* as well, which yields that if P* is a

maximal area parallelogram inscribed in M*, then area(P*) > area(P). For the Euclidean version of the
problem (cf. Theorem 41), we have

cir (M) = 1 4 222l (7.20)

Then, (i) of Theorem 33 yields that ¢, (M) does not increase under Steiner symmetrization, which implies

that area(P*) < area(P). Thus, we have area(P*) = area(P).
Now we apply a result of Meyer and Pajor [182] about the Blaschke-Santalé Inequality, who proved
that volume product does not decrease under Steiner symmetrizations, which yields that area((M*)°) >

area(M°). Thus, since M maximizes ch (M), (7.17) implies that area((M*)°) = area(M°). Unfortunately,

no geometric condition is known that characterizes the equality case for Steiner symmetrization.
Nevertheless, we may apply another method, used by Saint-Raymond [212], which he used to characterize
the equality case of the Blaschke-Santal6 Inequality. This method, described also in [236], is as follows.
Let C be an o-symmetric convex body in E¢, and let H be the hyperplane with the equation xz=0. For
any t € R, let C; be the section of C with the hyperplane {x; = ¢}. Define C as the union of the (d — 1)-

dimensional convex bodies re; + % (C; = Cy), where e is the dth coordinate unit vector. Then we have the
following (cf. Lemma 5.3.1 and the proof of Theorem 5.3.2 of [236]).

(1) C is an o-symmetric convex body.

(i1) vol /( C) > vol /(C), with equality if and only if every t-section C, has a center of symmetry.
(iii) vol ( C”) = vol (C®).

(iv) 1f vol 4( C°)Vold( O) = vol (C°)vol ;(C), then the centers of symmetry of the sets C; lie on a straight
line segment.

We note that this symmetrization procedure in the plane coincides with the Steiner symmetrization with
respect to the second coordinate axis.

Since in our case area(M*) = area(IM) and area((M*)°) = area(M?°), it follows from the theorem of
Saint-Raymond that the midpoints of the chords of M, perpendicular to H, lie on a straight line segment.
On the other hand, as Sy (P) = P, we have that this segment is contained in H. Thus, M is symmetric to H.

Since H was an arbitrary symmetry axis of P, we obtain that the symmetry group of M contains that of P,
and, in particular, M has a 4-fold rotational symmetry.
Observe that in this case M € B2. Indeed, if for some p € M we have Ipl > 1, then, by the 4-fold

rotational symmetry of M, it follows that M contains a square of area greater than area(P) = 2, which
contradicts our assumption that P is a largest area parallelogram inscribed in M. Since it is easy to check

that ch (M) is not maximal if M = B2, this implies, in particular, that area(M) < 7. Note that in our case

the area of the part of M in each quadrant is equal.
In the next step, we use the following Proposition from [59].

Proposition 172 Let Q = conv{o, X, Yy, z} be a convex deltoid symmetric about the line containing the
diagonal [0, y]. Assume that X,y € S and that the lines containing [X, z) and [y, ] support B2. Let C be
any o-symmetric plane convex body such that X,y € bdC and the lines containing [X, z] and |y, z] support

C, and set K=C N Q and K° = C° N Q. Let area(K) = a < area(Q N B2) be fixed. Then A(K®) is
maximal, e.g., if C is an o-symmetric ellipse E satisfying area(E N Q) = o.
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Applying this theorem for the part of M, say, in the first quadrant, we have that, under our assumption
about P, M is a convex body bounded by four congruent elliptic arcs, having centers at 0. Then it is a
matter of computation to verify that f{M) is maximal for a rotated copy of the body M described in

Section 2.2.

7.7.3 The proofs of (i), (iii) and (iv)

First, we prove (i). Observe that for any plane convex body K,

cBus (K) = a,reaTEM) (area (K) + 2area (P)),

where M = %(K — K), and P is a largest area parallelogram inscribed in M. By the result of Chakerian
Bus

[76] described in Subsection 7.7.1, we have that if K minimizes c¢;,** (K) over the family of plane convex
bodies, then K is a minimal area Reuleaux triangle in the norm of M, and its area is

area (K) = 2area (M) — jarea (H), (7.21)

where H is a largest area affinely regular hexagon inscribed in M. Thus, we may assume, without loss of
generality, that

cBus (K) = are.fw(%rea (M) + 2area (P) — 3area (H)). (7.22)

Note that in this case K is a (Euclidean) triangle if and only if M = H.
From (7.22), it readily follows that

3area(P)—2area(H)
3area(M) '

cBus (K) = 2m + 2w

Observe that H contains a parallelogram whose area is equal to area (?) = %area (H). Since H € M,

this yields that area(P) > % area(H), with equality if and only if M = H. This means that ¢c2** (K) > 27,
with equality if and only if M = H, which proves the left-hand side inequality about Busemann area.

Now we prove the right-hand side inequality. The formula in (7.21) and the Brunn-Minkowski
Inequality shows, like in Subsection 7.7.2, that if ¢3¢ (K) is maximal over the family of plane convex
bodies, then K is centrally symmetric. Thus we may apply Theorem 34 about the maximum of ¢;(K),
which yields the assertion.

Next, we prove (iii). Let P be a largest area parallelogram inscribed in M = %(K — K). Then we have

m __ 2(area(K)+2area(P)) area(K)
Cir (K) - area(P) =4+ area(P) * (7.23)

Observe that for any plane convex body K, we have

area(K)+2area(P) 2area(P)
area(K) =1+ area(K) °

Cir (K) =

By Theorem 34, the latter expression is maximal if and only if K is a convex quadrilateral, and by
Theorem 41, it is minimal if and only if K is an ellipse. Thus the assertion readily follows.
Our next case is the left-hand side inequality of (iv). Observe that

m* 2(area(K)+2area(P
o () = Hemtigar, 020

where P is a largest area inscribed, and P’ is a smallest area circumscribed parallelogram in M = %(K -
K).

131



As in the previous sections, if cg}* (K) is minimal for some plane convex body K, then, by [76], we

may assume that K is a Reuleaux triangle in its relative norm, and its area is area(K) = 2area(M) — %

area(H), where H is a largest area affinely regular hexagon inscribed in M. Thus, area(M) > area(H)
implies that

m* 8(area(M)+3area(P
Cir (K) 2 ( :(%arg:(P') ( ))' (7.25)

On the other hand, we clearly have area(P) > % area(P’), where we have equality, for example, if M is
an affinely regular hexagon. Furthermore, Theorem 57 states that Gromov’s mass* of any o-symmetric
convex disk is at least three, with equality if and only if M is an affinely regular hexagon. This implies that
area(M) > % area(P’), and thus, we obtain cgf* (K) > 6. Here, we have equality if and only if M is an
affinely regular hexagon, which immediately implies that K is a triangle.

Finally, we prove the right-hand side of (iv). Like in the previous cases, we may assume that K = M.
But then, clearly, area(M) < area(P’), area(P) < area(P’) and (7.24) yields that ch* (K) < 12. Since in both
inequalities equality is possible only if M is a parallelogram; the assertion follows.
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3

Proofs on the Kneser-Poulsen Conjecture

Summary. In this chapter we present selected proofs of some theorems from Chapter 3 about the Kneser-
Poulsen Conjecture. In Sections 8.1,8.2,8.3 we prove this conjecture, both for unions and for intersections
of Euclidean disks in IE2. In Section 8.4 we prove a Blaschke-Santal6-type inequality for r-ball bodies in
spaces of constant curvature. In Section 8.5 we prove that the volume of the intersection of equal balls in a
space of constant curvature increases under uniform contractions. In Section 8.6, we drop the condition of
uniform contractions, and prove the Kneser-Poulsen Conjecture for unions and intersections of closed
hemispheres in S? under arbitrary contractions. In Section 8.7 we extend the result of Section 8.4 to all
intrinsic volumes of r-ball bodies in E?. In Section 8.8 we apply this result to prove the Kneser-Poulsen
Conjecture for intersections of sufficiently many equal balls in E¢ under uniform contractions. In Section
8.9 we prove the dual of this result for unions of sufficiently many equal balls in E¢ under uniform
contractions. Finally, in Section 8.10 we present the proof of the Kneser-Poulsen Conjecture for unions

(resp., intersections) of disks in S? or B2, under the condition that the first set has a simply connected
interior.

8.1 Proof of Theorem 67

As a first step in our proof of Theorem 67, we recall the following underlying system of (truncated)
Voronoi cells. For a given point configuration p = (py, Py, ..., py) in E¢ and radii 7|, o, ..., ry consider

the following sets,

V, = {x € E|forallj, |x — pill> — r? < lIx — pjli® — 7‘?}’

Vi = {x € E?|forall j, llx — pll?> — r? > lix — p;lI? —7’?}-

The set V; (resp., Vi) is called the nearest (resp., farthest) point Voronoi cell of the point p;. We now
restrict each of these sets as follows,

V., (ri) = ViN B4 [p;, i,
Vi (’I‘z) = Vz N Bd [pi, ’I‘i].

We call the set V(r;) (resp., Vi(r,-)) the nearest (resp., farthest) point truncated Voronoi cell of the point

p;. For each i # j let W;; = V; N V; and W9 = VI N V/. The sets W;; and WY are the walls between the

nearest point and farthest point Voronoi cells. Finally, it is natural to define the relevant truncated walls as
follows.

Wij (pi,ri) = Wiy N B4 [pg, ]
= Wij (pj,rj) = Wi; N B? [pj,7j],

Wi (ps,ri) = W9 N B9 [p;, ri
=W (pj,r;) = W39NB?[pj,ry].
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Second, for eachi =1, 2,..., Nand O < s, define r;(s) = \/ r? + s. Clearly,

%ri (s) = 2”1(8) . (8.1)

Now, define r(s) = (r{(s),..., ry(s)), and introduce

Vi (t, s) == volg (B¢ [p (t),r (5)]),
and
Ve(t,s) :=volg (BE [p(t),r(s)])

as functions of the variables ¢ and s, where

BY [p (t),r ()] == U B pi (1), 74 (5)],

and

N

B [p (), (s)] := N B[, (1),7: (5)].

Throughout we assume that all r; > 0.

Lemma 173 Let d > 2 and let p(f), 0 < t < 1 be a smooth motion of a point configuration in E?® such that
for each t, the points of the configuration are pairwise distinct. Then the volume functions V (t, s) and

Vi1, s) are continuously differentiable in t and s simultaneously, and for any fixed t, the nearest point and
farthest point Voronoi cells are constant.

Proof. Let t = t be fixed. Then recall that the point x belongs to the Voronoi cell V (1, s) (resp., Vi(to, s)),

when for all j, lIx — p,-(to)ll2 —lx — pj(to)ll2 - rl-(s)2 + rj(s)2 1S non-positive (resp., non-negative). But rl-(s)2
2
J
As p(¢) is continuously differentiable, therefore the partial derivatives of V(t, s) and Vd(t, s) with

- j(s)2 = r? — r% 1s constant. So each V(7, s) and Vi(to, s) is a constant function of s.

respect to ¢ exist and are continuous by Theorem 65. Each ball B¢ [p;(1), ri(s)], d > 2 is strictly convex.
Hence, the (d — 1)-dimensional surface volume of the boundaries of BY, [p (t),r (s)] and B [p (¢),r (s)]

are continuous functions of s, and the partial derivatives of V (¢, s) and Vd(t, s) with respect to s exist and

are continuous. Thus, V(¢ s) and Vd(t, s) are both continuously differentiable with respect to ¢ and s
simultaneously.

Lemma 174 Let p(f), 0 < 1 < 1 be an analytic motion of a point configuration in E?, d > 2. Then there
exists an open dense set U in [0, 1] x (0, «) such that for any (¢, s) € U the following hold.

5 Va(t,s) = >, < d dij (t)) - Evoly_1 [Wy; (pi (£),7: ()],

1<i<j<N dt

and

6?(; Vi(t,s) = Z — (idij (t)) . %vold,l [Wij (pi (t),7; (s))}

1<i<j<N
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Hence, if p(t) is contracting, then %Vd (t,s) is monotone decreasing in t, and %Vd (t,s) is monotone
increasing in t.

Proof. Given that p(7), 0 < ¢ < 1 is an analytic function of ¢, we wish to define an open dense set U in [0, 1]
x (0, =), where the volume functions V(z, s) and Vd(t, s) are analytic in f and s simultaneously. Lemma
173 implies that the Voronoi cells V; and Vi are functions of ¢ alone. Moreover, clearly there are only a
finite number of values of 7 in the interval [0, 1], where the combinatorial type of the above Voronoi cells
changes. The volume of the truncated Voronoi cells V; (r;(s)) and Vi (r;(s)) are obtained from the volume
of the d-dimensional Euclidean ball of radius r;(s) by removing or adding the volumes of the regions
obtained by conning over the walls W-j(pl-(t) ri(s)) or Wj(pi(t) ri(s)) from the point p,(¢). By induction on
d, starting at d = 1, each W; and WY is an analytic function of ¢ and s, when the ball of radius r;(s) is not
tangent to any of the faces of V; or Vi. So, for any fixed ¢ the ball of radius r;,(s) will not be tangent to any
of the faces V; or V! for all but a finite number of values of s. Thus, we define U to be the set of those (¢,
s), where for some open interval about ¢ in [0, 1], the combinatorial type of the Voronoi cells is constant
and for all i, the ball of radius r,(s) is not tangent to any of the faces of V; or V. We also assume that the
points of the configuration p(#) are distinct for any (¢, s) € U. If, for i # j and for infinitely many values of ¢
in the interval [0, 1], p;(?) = pj(t), then they are the same point for all ¢, and those points may be identified.
Then the set U is open and dense in [0, 1] x (0, «) and the volume functions V(t, s) and Vd(t, s) are

analytic in ¢ and s. Thus, the formulas for the mixed partial derivatives in Lemma 174 follow from the
definition of U and from Theorem 65. (Note also that here we could interchange the order of partial
differentiation with respect to the variables ¢ and s.)

To show that %Vd (t,s) and %Vd (t, s) are monotone, suppose they are not. We show a contradiction.
If we perturb s slightly to s, say, then us- ing the formulas for the mixed partial derivatives in Lemma 174

we get that the partial derivative of % Va (t,s) and %Vd (t,s) with respect to ¢ exists and has the
appropriate sign, except for a finite number of values of ¢ for s = 5. (Here we have also used the following

rather obvious monotonicity property of the walls: W,-j(pl-(t), ri(s)) C Wl-j(p,-(t), ri(s*)) and Wij(pi(t), ri(s)) €

W’j(pi(t), ri(s*)) for any s < s*.) Since %Vd (t,s) and %Vd (t, s) are continuous as a function of 7 at s =
so by Lemma 173, they are monotone. But the functions at s approximate the functions at s (again by

Lemma 173) providing the contradiction. So, %Vd (t,s) and %Vd (t,s) are indeed monotone. This
completes the proof of Lemma 174.
First, note that

F; (t) =V, (t,0)nbd (B [p (¢),r (0)]) (8.2)
and
(resp., F; (t) = V' (t,0) Nbd (BE [p (t),r (0)])). (8.3)

Second, (8.1), (8.2) and (8.3) imply in a straightforward way that

, R (8.4)
FY00], g =43 vl (5 0) =l 7500
i=1
2y & o (8.5)
resp., 5,V ( ‘ 0= 2 21 r_ svolg—1 (Fi (t)) = s(}foh%vd (t,s)‘s:s() )
i— 7

Thus, (8.4) and (8.5) together with Lemma 174 finish the proof of Theorem 67.
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8.2 Proof of Theorem 68

We start our proof with the following volume formula from calculus, which is based on cylindrical shells.

Lemma 175 Let X be a compact measurable set in E?, d > 3 that is a solid of revolution about E42. In
other words, the orthogonal projection of X N { E42 x (s cos 6, s sin 0)} onto E*2 is a measurable set
X(s) independent of 6. Then

vol, (X) = /0 " (2ns)volys (X (5))ds.

By assumption the centers of the closed d-dimensional balls Bd[p,-, r;]l, 1 <i < N lie in the (d — 2)-

dimensional affine subspace L of E?. Now, recall the construction of the following (truncated) Voronoi
cells.

Vi(d) = {x € Ellforall j, llx — p;lI? — 72 < llx — p;lI? —r?},

The set V;(d) (resp., Vi(cD) is called the nearest (resp., farthest) point Voronoi cell of the point p; in E“.
Then we restrict each of these sets as follows:

V; (’I"i,d) =V;N B? [pi,"’i]a
Vi (ri,d) = ViN B [p;, 7).

We call the set Vi(r;, d) (resp., Vi(ri, d)) the nearest (resp., farthest) point truncated Voronoi cell of the
point p; in E<. As the point configuration p = (P1> P2.---» Py) lies in the (d — 2)-dimensional affine
subspace L ¢ E? and as without loss of generality we may assume that L = E?~2; therefore, one can

introduce the relevant (d — 2)-dimensional truncated Voronoi cells V(r;, d — 2) and Vi(rl-, d—-2)in a
straightforward way. We are especially interested in the relation of the volume of V(r;, d — 2) and Vi(rl-, d

—2)in E%2 to the volume of the corresponding truncated Voronoi cells V(r;, d) and Vi(rl-, d)in Eq.

Lemma 176 We have that
voly (V; (ry,d)) = / (2ns)voly o (V; (s,d — 2))ds,
0
and

volg (V' (ri,d)) = /Ori (2ns)volg—s (V' (s,d — 2))ds.

Proof. It is clear, in both cases, that V(r;, d) and Vi(ri, d) are compact measurable sets of revolution (about

Ed_2). Note that the orthogonal projection of Bd[Pi’ ri] N A E42 x (s cos 6, s sin )} onto E42 is the (d-

2)-dimensional ball of radius \/ r2 — 52 centered at p;. Thus, by Lemma 175 we have that

i

voly (V; (s, d)) = /0 " (2ns)voly s (Vi <\/ "2 52 d— 2) ) ds.
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But if we make the change of variable u = \/ 72

works for vol (Vi(ri, d)).
The following is an immediate corollary of Lemma 176.

— 52, we get the desired integral. A similar calculation

Corollary 177 We have that

4 voly (V; (r,d)) |r:r. = 2nrivolg—2 (Vi (ri,d — 2)),

7

and

%vold (Vi (r, d)) |T = 2nr;voly_o (Vi (riyd — 2))

=7r;

Moreover, it is clear that if F; stands for the contribution of the ith ball to the boundary of the union
uN B?[p;, r;], then

svolg_1 (F;) = “Lvoly (Vi (r, d))‘rzr_. (8.6)

Similarly, if F; denotes the contribution of the ith ball to the boundary of the intersection
ﬂi]\ile [pi, ’I'i], then

svoly 1 (F3) = %vold (Vi (r, d))‘ . (8.7)

Finally, it is obvious that
(8.8)
volg_s <U B 2 pz,m) Zvold 2 (Vi (ri,d —2)),
and
(8.9)

volg_2 ( N B42 pz,"'z> ZVOld 2 7"2ad 2))

Thus, Corollary 177 and (8.6), (8.8) (resp., (8.7), (8.9)) finish the proof of Theorem 68.

8.3 Proof of Theorem 69

Actually, we are going to prove the following even stronger statement. For more information on the
background of this theorem, we refer the interested reader to [38].

Theorem 178 Suppose that p and q are two configurations in E?, d > 1. Then the following is a
continuous motion p(t) = (p(®),....pN(1)) in EZd, that is analytic in t, such that p(0) = p, p(1) = q and for 0
<t< 1, 1IPy() - Pj(t)ll is monotone:

pi (t) = (5% + (cosmt) I (sinnt)RH4), 1 <i<j< N,
Proof. We calculate:

41p; (t) — p; ()I” = 1l (p; — p;) — (a; — a;)II”
1 (pi — p;) — (@ — q;)I* + 2 (cosxt) (Ip; — p;I12 — llg; — q;lI?).
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This function is monotone, as required.

8.4 Proof of Theorem 72

The following proof from [36] adapts the two-point symmetrization method of the proof of the Gao-Hug-
Schneider theorem from [117]. For this we need to recall the definition of two-point symmetrization,

2 (13

which is also known under the names “two-point rearrangement”, “compression”, or “polarization”. (For
more details on two-point symmetrization, we refer the interested reader to the relevant section in [117]
and the references mentioned there.)

Definition 32 Ler H be a hyperplane in M® with an orientation, which determines H* and H™ the two
closed half spaces bounded by H in M¢, d > 1. Let oy denote the reflection about H in M®. If K € MY,

then the two-point symmetrization ty with respect to H transforms K into the set
aK = (KNopK)U(KUogK)NHT).
If Ky : = K N oy K stands for the H-symmetric core of K, then we call
K =KpU(KNH")\Kg)Uog (KNH )\Kg) (8.10)
the canonical decomposition of tyK.

Remark 179 The canonical decomposition of ty K is a disjoint decomposition of ty K, which easily
implies that two-point symmetrization preserves volume.

Definition 33 Let K ¢ M¢, d > 1 and r € R,,. Then the r-convex hull conv, K of K is defined by
conv, K := N{Byu [x,7]| K C By [x,7]}.

Moreover, let the r-convex hull of M be M®. Furthermore, we say that K € M¢ is an r-convex set if K =
conv, K.

Remark 180 We note that clearly, conv, K = ﬁ( if and only if K = ﬂ .

Lemma 181 If K € M?, d > 1 and r € R, then

K" = (conv,K)". (8.11)

Proof. Based on Remark 180, the claim holds for conv, K = ﬂ( . Thus, in what follows, we assume that
conv, K # }X , that is, K'# }( . Then K € conv, K and therefore (conv, K)" € K’. On the other hand, we
show that K" € (conv,K)". So let y € K". Then clearly, K € By [y, r] and so, conv, K € By [y, 7]

implying that y € (conv, K)". Thus, (8.11) follows.
The core part of our proof of Theorem 72 is

Lemma 182 I[f K € M¢, d > 1 and r € R, then
7 (K") € (conv, (rgK))".

Proof. Lemma 181 implies that (conv, (ty K))" = (tygK)" and so, it is sufficient to prove that ty(K") S
(zyK)". For this, we need to show that if x € 75(K"), then x € (zyK)', i.e.,
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K C By [x,7]. (8.12)
Remark 179 implies that
Ty (K") = (K") g U(K"NHO)\(K") g) Vo (K" N H)\(K") )

is a disjoint decomposition of 7(K") with (K")y = K" N og(K"). Thus, either x € (K")y (Case 1), or X €
(K" N HY\(K") g (Case 2), or x € oy (K" N HO\K")g) (Case 3). In all three cases, we use (8.10) for the
proof of (8.12).

Case 1: As (K" gy = K" N oy(K") therefore x, oyx € (K")y. As x € (K')y € K" therefore Ky U (K N
HY)\Kp) € K € By [X, r]. On the other hand, as ogx € (K")y € K" therefore (K N H)\Ky € K € By
[oyx, r] and so, oy (K N H )\Kg) € Bya[x, r], finishing the proof of (8.12).

Case 2: Asx € (K" N HH\(K")y € K" therefore Ky U(K N HY)\ Kp) € K € By [x, 7]. So, we are left to
show that

on (KNH )\Kg) C By [x,7]. (8.13)

On the one hand, x €(K" N H)\(K")y € K" implies that (K N H)\Ky € K € By [x,7]. On the other
hand, for any y € (K N H)\Ky we have oy € o (K N H)\Ky). As X, oy € HY and y € H™ therefore
dist disty (oy.X) < distye < 7. Thus, (8.13) follows.

Case 3: 1t follows from the assumption that oyx € (K" N H)\K")y € K" and therefore (K N H)\Ky € K
C By [oax, 7] implying that oy ((K N H)\Kpy) S By [x, 7. So, we are left to show that

Ky U((KNHY)\Kg) C By [x, 7). (8.14)

As ox € (K" N HO\NK" )y € K" therefore Ky U (K N HY\Ky) € K € By [oax, r]. Moreover, as ogx €
H™ and x € H' therefore for all y € (K N H")\Ky S H* (resp., y € Ky N H" € H") we have
distype (x,y) < distye (0mx,y) < rimplying that (Kz N HY) U (K N HH\Ky) € By [x, 7). Finally, for
anyy € Ky N H- we have oy € Ky N HY S Ky with disty. (x, y)=distye (0%, ogy) < r implying
that Ky N H~ € By [x, r]. This completes the proof of (8.14).

Now, we are ready to prove Theorem 72. To avoid any trivial case, we may assume that Vja(A”) > 0 for
A € M4 with a := Vma(A) > 0. In fact, our goal is to maximize the volume Vg« (A”) for compact sets A ©
M of given volume Vi (A) =a > 0 and for given d > 1 and r € R,. As according to Lemma 181 we
have A" = (conv, A)" with A € conv, A, it follows from the monotonicity of Vi ((-)") in a
straightforward way that for the proof of Theorem 72 it is sufficient to maximize the volume Vya (A") for
r-convex sets A € M of given volume Vi« (A) = a with given d and r. Next, consider the extremal
family ¢, . ; of r-convex sets A € M? with Vi« (A) = a and maximal Vi (A") for given a, d and r. As

the Blaschke selection theorem ([217]) for non-empty, compact, convex subsets of M (using the
convenient Hausdorff metric) extends to non-empty, r-convex subsets of M in a rather straightforward
way; therefore, one obtains by standard arguments that €, 4 7 ﬂ .

Lemma 183 The extremal family ¢, ,. 5 is closed under two-point symmetrization.

Proof. Let A € ¢, ,. 4 be an arbitrary extremal set and consider Ty A for an arbitrary hyperplane H in M.
Lemmas 181 and 182 imply that 75(A") € (conv,(zyA)" = (ryA)" and therefore
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Ve (A") = Vypa (7 (A7) < Vi ((conv, (1 A))") = Vi ((TeA)"). (8.15)
Here tyA € conv,(ryA) implying that
a=Vyu (A) =V (TrA) < Vi (conv, (T A)). (8.16)

We are left to show that tyA € ¢, ,. ;. Based on (8.15) and (8.16) we need to prove only that tgA is r-
convex, i.e., 7yA = conv,(tyA). We prove this by contradiction, i.e., assume that 7yA # conv,(7yA). As
7,A € conv,(tyA), this means that tyA C conv,(tyA). Then there exists an r-convex set A" C conv,(tyA)
with Vja (A') = a. Thus, (conv(t5A))" < (A')" implying that Vi ((conv, (tgA))") < Vi ((A')"), a
contradiction via (8.15).

We finish the proof of Theorem 72 by adapting an argument from [117]. Namely, we are going to show
that B € ¢, 4, where B € M“ is a ball with @ = Vi« (A) = Vi« (B). By a standard argument there exists

an r-convex set C € ¢,,, for which Vi« (BN C) is maximal. Suppose that B # C. As
a = Vi (B) = Vjya (C) therefore there are congruent balls C; € C\B and C, S B\C. Let H be the
hyperplane in M? with an orientation, which determines H* and H™ the two closed half spaces bounded
by H in M%, d > 1 such that o5C; = C, with C; ¢ H™. Clearly, Vi« (B N 75C) > Vju (BN C);
moreover, Lemma 183 implies that 7z € ¢, . 4, a contradiction. Thus, B = C € ¢, ,. 4, finishing the proof of
Theorem 72.

8.5 8.5 Proof of Theorem 73

Following [36], our proof is based on estimates of the following functionals.

Definition 34 Let
fua (N, 1, 6) := min{ Vi (Q°)|Q := {a1,...,an} C M, (8.17)
distyp (g4, q5) < Aforalll <i < j< N}
and
gua (N, 4, 8) := max{ Vi (P°)|P :={p1,...,pn} C M4, (8.18)

A < distp (pi, pj) foralll <i < j< N}
(We note that in this proof the maximum of the empty set is zero.) We need also
Definition 35 The circumradius ctX of the set X € M, d > 1 is defined by
crX :=inf {r|X C Byu [x,7]}.

For the proof that follows, we need the following straightforward extension of the rather obvious but
very useful Euclidean identity (9) of [48]: for any X = {x{,..., X,,} C Mé n>1,d>1,r€ R,, r € R,

with r + r* € R, one has

n rtrt (8.19)
X" = <.U1BMd [Xi,'f'*]> .
1=

8.5.1 Proof of (i) in Theorem 73
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First, we give a lower bound for (8.17). Jung’s theorem ([87]) implies in a straightforward way that
2d X 1
aQ </ 372 <5

1
o — NG A > 0 As aresult, we get that

—=A and so, Bya [x, 0 — %k} c Q9 for some x € E?. (We note that by assumption

fi (N, %, 8) > Viga (BEd [x,a _ %x}) (8.20)

Second, we give an upper bound for (8.18). (8.19) implies that

N 2 5+ (8.21)
§d— -
pPo = <ingEd [pza 2]) ;
where the balls Bpa [pl, %] sy BRa [p N, %] are pairwise non-overlapping in E<. Thus,
N A 8.22
VEd <ig1BEd lpi, 5]) = NVEd (BEd [pl, %] ) . ( )

Let u > 0 be chosen such that NV (BEd [pl, %]) = Vga (Bga [p1, p]). Clearly

= %N%x (8.23)

Now Theorem 72, (8.21), (8.22), and (8.23) imply in a straightforward way that

N A1\ E i+ (8.24)
Vi (P‘s) = Vg ((ingEd |:pi, 5}) ) < Vg <<BE4 [pl, %N X]) )

5+ NY_1 _ . : N7-1
Clearly, <BEd [pl, %N?k]) = Bga |P1,0 — =5—A\| with the convention that if § — =5—X <0,

=

then By lpl, 0 — % ﬂ Hence (8.24) yields

gEd (Na }‘7 5) < V[Ed <BE4 lpl, J— Nz_l };|) (8.25)

N d 1
(with Vi ( &) = 0). Finally, as N > (1 + ¢2> therefore 2512 > L) and so, (8.20) and (8.25)

yield gga (N, A, 0) < fra (N, 2, ), finishing the proof of (i) in Theorem 73.

8.5.2 Proof of (ii) in Theorem 73

First, we give a lower bound for (8.17). Let R := crQ. Then Jung’s theorem ([87]) yields sin
R< d+1 sin % 2 By assumption 0 < A < % and so,

2 . 2d 2d_ L 1
0< ;R<st§ T sm2 <A aaz < ﬁk

implying that 0 < R < \/_ , Bga [ \/_ ] C Q° for some x € S% (We note that by

assumption § — %K > 0.) As aresult we get that

(8.26)
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foi (N4, 8) > Vi (Bgd [x, 5 x])

Second, we give an upper bound for (8.18). By assumption 0 < § + % < % and therefore (8.19) implies
that

5 N A R (8.27)
P° = <ingSd [pl7 5]) )
where the balls Bgq [pl, %] sy Bsa [p N, %] are pairwise non-overlapping in S¢. Thus,
N A 8.28
(£ ) o) -

Let u > 0 be chosen such that

NVas (Bos [p1,4]) = Vs (Bos [p1, 1) (8.29)

1
Proposition 184 If 0 < 4 < =, then ( — ) "NTA< p.

Proof. One can rewrite (8.29) using the integral representation of volume of balls in 54 ([78)) as follows:

Ndnd/ (cos t)dildt = dlﬂ',d/

T s

2 2 H

2

(cost)® 'dt,

_X
2

where k4 := Viga (Bga [%,1]), x € E4 Then Lemma 4.7 of [47] yields the following chain of inequalities
in a rather straightforward way:

d-1 7
N d N AM( . A d—1
A< ag(Sln 5) < N/n (cost)™ "dt
7T

2edn?!
T
= / (cost)?dt < p(sin )™t < pl.

From this, the claim follows.
Now Theorem 72, (8.27), (8.28), and (8.29) imply in a straightforward way that

Vs (P°) = Ve <<ZﬁlBSd {Pia %DM%) < Vs ((Bsd [p1,,u])5+%)

(8.30)

A
Clearly, (Bs¢ [p1, M])5+7 = Bgu [pl, o+ % — u] (with the usual convention that if § + % — p < 0, then
Bs. [pl, 0+ % — ,u] = Xf) By assumption 0 < § + % < % and so, if § + % — p > 0, then necessarily
O<u< g Thus, Proposition 184 and (8.30) yield

T 1 8.31
gst (N, 1, 6) < Vs (Bgd {pl,ts—((zgle)dN?—%)?»}) (83

d
(with Vsa (ﬂ/) =0).As N > 2edn® (% + 2%) therefore
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al—

1
1 a 1 b
<<2ednd1> N# - 7)}\'Z 2v/2

and so, (8.26) and (8.31) yield gs« (N, X, §) < fsa (N, 2, ), finishing the proof of (ii) in Theorem 73.

8.5.3 Proof of (iii) in Theorem 73
Let us give a lower bound for (8. 17) in a Way similar to the previous cases. Let R := crQ. Then Jung’s

theorem ([87]) yields sinh R < d 1 smh . By assumption we have 0 < < A < simhk) < § < k and so,

+ ek

0<R<sinhR< d+1 Slnh < \/2 sinh k %, (8.32)

where for the last inequality we have used 0 < z < sinhz < %m that holds for all 0 < x < k. From
(8.32) it follows that 0 < R < ShE) Thys, By [x,a Smh’fx] C Q° for some x € HY (We note that

. V2k V2k
by assumption 6§ — %X > 0 As aresult we get that
fuaa (N1, 8) > Viga (BHd [x,a — sinbk x]) (8.33)
Next, we give an upper bound for (8.18). (8.19) implies that
s N 2 i+5 (8.34)
P = <ingHd [Pi, 5]) ;
where the balls By [pl, %] ye ooy By [p N %] are pairwise non-overlapping in HY. Thus,
N A .
Viga (ingHd lpm 5]) = NVya (BHd [pla %]) (83
Let u > 0 be chosen such that
NV (BHd [Pl, %]) = Viga (Bye [P1, p]). (8.36)

Now Theorem 72, (8.34), (8.35), and (8.36) imply in a straightforward way that

. N AV (8.37)
VHd (P ) = VHd ((ingHd lpz, 2])

< Vi ((BHd [PI,N])M%) = Vi (BHd [P1,5+ 3 - M])

with the usual convention that if § + % — 1 < 0, then By [pl, o0+ % — ,u] = ﬂ

al—
| >

d-1
Proposition 185 [f0 < p < § + & then (g27) " NT5 < pu.

Proof. One can rewrite (8.36) using the integral representation of volume of balls in H4 ([78]) as follows:

2. d—1 4, "o d—1
Ndkg (sinht)™ "dt =dkq | (sinht)™ "dt.
0 0
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AsO < pu<d+ % therefore by assumption also the inequalities 0 < u < § + % < 20 < 2k hold. Hence
the following inequalities follow in a rather straightforward way:

d T B K
0 0

0
k / sinh 2k -1 inh 2k \ d—1 44
</< 2k t) =050
0

where for the last inequality we have used 0 < z < sinhz < 822k 3 that holds for all 0 < x < 2k. From

2k
this, the claim follows.
Thus, Proposition 185 and (8.37) yield
d-1
gpe (N, X, 0) < Vi (BHd [P1>5 — ((ﬁ) TNT - 1) %D (8.38)
. _ = d
(with Ve (/0() =0.As N > (sz};c% )d ! < V2 S];nhk + 1) therefore
(( % )%Ng _ 1)& > sinhky
sinh 2k 2 = Vo

and so, (8.33) and (8.38) yield gga (N, A, 6) < fua (IV, A, d), finishing the proof of (iii) in Theorem 73.

8.6 Proof of Theorem 74
8.6.1 The spherical leapfrog lemma

As usual, let S%, d > 2 denote the unit sphere centered at the origin o in E4*1 and let X(p) be a finite
intersection of closed balls of radius % (i.e., of closed hemispheres) in S? whose configuration of centers
1S p=(py,..., py ). We say that another configuration q = (q;,..., q,) 18 a contraction of p if, forall 1 <i <
J <N, the spherical distance between p; and p; is not less than the spherical distance between q; and q;. We
denote the d-dimensional spherical volume measure by Svol,(-). Thus, Theorem 74, which we need to

prove, can be phrased as follows: if q is a configuration in S? that is a contraction of the configuration p,
then

Svolg (X (p)) < Svolg (X (q)). (8.39)

We note that the part of Theorem 74 on the union of closed hemispheres is a simple set-theoretic
consequence of (8.39).
Next, we recall Theorem 178, which is called the Euclidean Leapfrog Lemma ([38]).

Theorem 186 Suppose that p and q are two configurations in E?, d > 1. Then the following is a
continuous motion p(t) = (p(?),..., py(?)) in Ezd, that is analytic in t, such that p(0) = p, p(1) = q and for
0<t<1,lp(t) - pj(t)ll is monotone:

p; (t) = (B5% + (cosnt) B (sinmt) PH%), 1<i<j< N.

We need to apply this to a sphere. Here we consider the unit spheres S¢ S#*l e s™2  insucha way

that each S? is the set of points that are a unit distance from the origin o in E%*! The following statement
is called the Spherical Leapfrog Lemma.
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Corollary 187 Suppose that p and q are two configurations in S®. Then there is a monotone analytic
motion from p to q in S*¥*1.

Proof. Apply Theorem 186 to each configuration p and q with o as an additional configuration point for
each. So for each ¢, the configuration p(?) = (p;(?),...,py(?)) lies at a unit distance from o in E2d+2, which

is just S+ o

8.6.2 Smooth contractions via Schlafli’s differential formula

We look at the case when there is a smooth motion p(7) of the configuration p in S%. More precisely, we
consider the family X(7) = X(p(f)) of convex spher-ical d-polytopes in S having the same combinatorial
face structure with facet hyperplanes being differentiable in the parameter ¢. The following classical
theorem of Schlifli describes how the volume of X(#) changes as a function of its dihedral angles and the
volume of its (d — 2)-dimensional faces.

Lemma 188 For each (d — 2)-face F l-j(t) of the convex spherical d-polytope X(¥) in S Jet ocij(t) represent
the (inner) dihedral angle between the two facets Ft) and F j(t) meeting at F l-j(t). Then the following
holds.

d

4 Svoly (X (t) = 744 ) Svoly_s (Fy; (t)) - =

Fij

(827} (t)a

to be summed over all (d — 2)-faces.

Corollary 189 Let q be a configuration in S® with a differentiable contraction p(t) in t of the
configuration p in S® and assume that the convex spherical d-polytopes X(f) = X(p(1)) of S¢ have the
same combinatorial face structure. Then

4 Svoly (X (t)) > 0.

Proof. As the spherical distance between p;(r) and pj(?) is decreasing, the derivative of the dihedral angle

4 o;; (t) > 0. The result then follows from Lemma 188.

8.6.3 From higher- to lower-dimensional spherical volume

The last piece of information that we need before we get to the proof of Theorem 74 is a way of relating

higher-dimensional spherical volumes to lower-dimensional ones. Let X be any integrable set in S". Recall
that we regard

X C S*=S" x {o} C En*l x EF+L,
Regard

{o} x Sk C Entl x EF+L,

Let X * SK be the subset of S"+k+1 consisting of the union of the geodesic arcs from each point of X to

each point of {0} X SK. (So, in particular, S" * Sk = gkl

Lemma 190 For any integrable subset X of S",
Svol,, x11 (X * Sk) = Znhil Syol, (X),
where @, = Svol,, (S"), @,1141 = Svol, 1441 (S"* sky = Svol 141 ( Sl
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Proof. Since the * operation (a kind of spherical join) is associative, we only need to consider the case

when k = 0. Regard {0} x S = S° = {n, s}, the north pole and the south pole of S"*1. We use polar
coordinates centered at n to calculate the (n + 1)-dimensional volume of X * S°. Let X(z) = (X * S®) N (E

n+1 % {z}), and let 0 be the angle that a point in S"*! makes with n, the north pole in S**!. So z = z(0) =
cos 6. Then the spherical volume element for S"(z) = sl N (E™ x {z)) s dV,(z) = (sin" 6)dV,(0)

because S"(z) is obtained from S"(0) by a dilation by sin . Then

Svol,;; (X S?) = / av,, (2)do (8.40)
XS0
" § (8.41)
— / / 4V, (2)d6 / (sin"0)V,, (X)do
0 Jx(:(0) 0
(8.42)

wy, !

= Svol,, (X) / (sin”@)df = Svol,, (X)L
0
where (8.42) can be seen by taking X = §", or by performing the integral explicitly. o

8.6.4 Putting pieces together

Now, we are ready for the proof of Theorem 74.

Let the configuration q = (qj,..., qy) be a contraction of the configuration p = (py,....py) in S%. By
Corollary 187, there is an analytic motion p(f), in S24+! for 0 < 1 < 1, where p(0) =p, and p(1) = q, and all
the pairwise distances between the points of p(¢) decrease in t.

Without loss of generality we may assume that Xd(p(O)) := X(p(0)) is a convex spherical d-polytope in
S?. Since p(?) is analytic in ¢, the intersection X2d+1 (p(?)) of the (closed) hemispheres centered at the
points of the configuration p(¢) in S2+1 s a convex spherical (2d + 1)-polytope with a constant
combinatorial structure, except for a finite number of points in the interval [0, 1]. By Corollary 189,
Svoly 41 (X2d+1(p(t))) is monotone increasing in .

Recall that Xd(p) and Xd(q) are the intersections of the (closed) hemispheres centered at the points of p
and q in S¢. From the definition of the spherical join *,

X?(p) xS = X (p) = X** (p (0))
X (q) #S? = X*"*! (q) = X** (p (1))

Hence, by Lemma 190,

Svolg (X% (p)) = —Svolza1 (X2*H (p (0)))

K2d+1

Rd SV012d+1 (X2d+1 (p (1))) = SVOld (Xd (q))

— Ka2dy1

This finishes the proof of Theorem 74.

8.7 Proof of Theorem 75

Let A c E%, d > 1 be a compact set of volume V4 (A) >0 and B c E¢ is a ball with V4 A) = V4B) and r >
0. Clearly, ift B" = ﬂ ,then A" = ﬂ and (3.1) follows. Similarly, it is easy to see that if B” is a point in E¢,
then (3.1) follows. Hence, we may assume that B” = Bd[o, R] and B = Bd[o, r — R] with 0 < R < r. Next
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recall that a special case of the Alexandrov-Fenchel inequality yields the following statement ([217]): if K
is a convex body in E? satisfying V;(K) < Vl-(Bd[o, R]) for given 1 <i < d and R > 0, then

V; (K) < V; (B?[o, R)) (8.43)

holds for all j with i <j < d. Thus, it is sufficient to prove (3.1) fork =1 and B" = Bd[o, Rl withO<R < r.
We need the following special cases of the corresponding definition, remark, and lemma from Section 8.4.

Definition 36 Let }/ # K c E% d>1and r> 0. Then the r-ball convex hull conv, K of K is defined by
conv, K :=N {Bd [x, r]|K C B?[x, r]}.

Moreover, let the r-ball convex hull of E? be E®. Furthermore, we say that K € E? is r-ball convex if K =
conv,K.

Remark 191 We note that clearly, conv,K = }f if and only if K" = )X . Moreover, }f + K C E? is r-ball
convex if and only if K is an r-ball body.

We need the Euclidean version of Lemma 181 (cf. also [36]).
Lemma 192 [fK € E¢, d > 1 and r > 0, then K" = (conv,K)".

Hence, using Lemma 192 we may assume that A c E¢ is an r-ball body of volume Vi(A)>0and B =

Bd[o, r — R] with 0 < R < r such that V,(A) = V4(B). Our goal is to prove that
Vi(A") <V (B") =V, (B%[o,R]). (8.44)
Next recall Theorem 1 of [73], which we state as follows.

Lemma 193 If A ¢ E? is an r-ball body (for r > 0), then A + A" is a convex body of constant width 2r,
where + denotes the Minkowski sum.

Thus, we have:

Corollary 194 If A c E? is an r-ball body (for r > 0), then
Vi(A) +Vi(A") = Gfr = Vi (B) + Vi (B),

where B = B0, r — R] and B = B0, R] with 0 < R < r and V; (A) = V(B).
Finally, recall ([217]) that (8.43) for j = d can be restated as follows: if A is a convex body in E¢
satisfying V(A) = Vd(Bd[o, r—R]) for givend > 1 and O < R < r, then

Vi(A) > V; (B¢[o,r — R)) (8.45)
holds for all i with 1 <i < d.

Hence, Corollary 194 and (8.45) for i = 1 imply (8.44) in a straightforward way. This completes the
proof of Theorem 75.

8.8 Proof of Theorem 76
8.8.1 Proof of Part (i) of Theorem 76
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Letd>1,4>0,r>0,and k € [d] := {1,..., d} be given. If 1 > 2r, then Vi (P") = Vi, (/zf) — 0 and (3.2)

follows. Thus, we may assume that 0 < 4 < 2r, and as in [48], we proceed by proving the following
theorem, which implies part (1) of Theorem 76 in a straightforward way.

Theorem 195 Let d > 1,4 >0, r >0, and k € [d] be given such that 0 < A < 2r. Let Q := {qq,..., qN} € E¢
be a uniform contraction of P := {py...., pn} € E? with separating value ) in E%. If

d
(i) N> <1+%) or

d
(ii) 0<Z<+/2rand N > (1 + j—jl> , then (3.2) holds.

Proof Following [48], our proof is based on proper estimates of the following functionals.

Definition 37 Let

frd (N, A7) :=min {V; (Q")| llq; — q;Il < Aforalll <i< j< N} (8.46)
and

gkd (N, A7) :=max {Vi (P")|A < llp; — pjliforalll <i< j< N} (8.47)

We note that in this paper the maximum of the empty set is zero. We need also
Definition 38 The circumradius ctX of the set X € E¢, d > 1 is defined by

crX :=inf {r|X C B?[x,r|}.

d
Part (i): By assumption N > <1 + %) and so
d d
W(E) ez (27 e @9

where x; denotes the volume of a d-dimensional unit ball in E4. As the balls p; +
B? [0, %],...,pN—FBd [o, %} are pairwise non-overlapping in E? therefore (8.48) yields in a

straightforward way that crP > r. Thus, P" = ﬂ( and therefore clearly gk,d(N, Ar)=0¢< fk’d(N, A, r) holds,

finishing the proof of Theorem 195, part (i).
Part (ii): For the proof that follows, we need the following straightforward extension of the rather
obvious but very useful Euclidean identity (9) of [48]: for any X = {Xx,..., X,,} C Efn>1,d>1,r>0,

and r* > 0 one has
n rrt (8.49)
X’I’ = <.U1Bd [Xi, 7’*]> .

First, we give a lower bound for (8.46). Jung’s theorem ([87]) implies in a straightforward way that crQ

2d A d 2d A d .
< /317 and so, B [x,r— \/m 5] C Q" for some x € E% (We note that by assumption

d
N2<1+ %) >landr — d2—f1%>r—%XZ0.)Asaresult,wegetthat

(8.50)
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frd (N,A7) >V (Bd {x,r— %%])

Second, we give an upper bound for (8.47). (8.49) implies that

A
N AT\ (8.51)
Pr:<UBd|:pi7_:|> )
i=1 2
where the balls B¢ [pl, %} ,...,B? [p N, %] are pairwise non-overlapping in E?. Thus,
N A 8.52
Vi <Z_Ule lpi, 5]) =NV, (Bd [Ph %D (82

Let u > 0 be chosen such that NV, (Bd [pl, %]) =V (Bd p1, ,u]) Clearly,

p=iNt (8.53)

Now Theorem 75, (8.51), (8.52), and (8.53) imply in a straightforward way that

Vi (P") =V, ((ingd {Pi, %:|)7‘+%) <V (Bd [p1, %N%k])T+%)

+2 1 T 1
X]) " —Bd |:p1,’r'— Ndzflk with the convention that if r — Nd{l A<0,

(8.54)

-

Clearly, (Bd [pl, %N

1
then B¢ {pl, r— Né_l A ﬂ Hence (8.54) yields

(8.55)

1
d Nd-1
gkd (N, A1) < Vj (B lpl,r - =5 k})

d
(with Vi () = 0. Finally, as N > <1 VT +1> therefore X217 > /2% and o, (8.50) and
(8.55) yield g 4(N, 4, r) < fi. 4(N, 4, r), finishing the proof of Theorem 195, part (ii).

8.8.2 Proof of Part (ii) of Theorem 76

The following strengthening of Theorem 195 implies Part (ii) of Theorem 76 in a straightforward way.
Thus, we are left to prove:

Theorem 196 Let d 242, 1> 0,r>0,and k € {1, 2, ..., d} be given such that 0 <A <2r. Let Q := {qq, ...,
qy} © E? be a uniform contraction of P := {py, ..., py} © E¢ with separating value . in E4. If

- d
(i) N> \/%(1+ﬁ) +1,0r
(ii) O<X<\/_randN>\/2d <1+\/d+1> + 1, then (3.2) holds.

Proof. We use the notations and methods of the proof of Theorem 195. Furthermore, we need the
following well-known result of U. Betke and M. Henk [24], which proves the sausage conjecture of L.
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Fejes T6th in E¢ for d > 42: whenever the balls B¢ [pl, %},...,Bd [pN, %] are pairwise non-

overlapping in E¢ then

\ a1 a 8.56
Va (COHV (ﬁle {Pz’, 5})) > (N - 1)7~(%) Kd-1 + (%) Kd, (80

where conv(-) denotes the convex hull of the given set. Using the inequality ”d; >4/ 2% ford > 1 (see

K,

Lemma 1 in [23]) we get in a straightforward way from (8.56) that

Vi (Conv (ingd {pi, %} )) > ((N 1),/ 2+ 1) (%)dﬂd. (8.57)

d d
Part (i): By assumption N > 2—’2(14—%) +1> %l(l—k%) —1]+1andso

((V=DyZ +1)(3) ka> (5 +7) ka (8.58)

As the balls p; + B¢ [o, %] y..., Py + B¢ [o, ﬂ are pairwise non-overlapping in E?; therefore, (8.57)

and (8.58) yield in a straightforward way that cr P > r. Thus, P" = ﬂ and therefore clearly, g; 4(N, 4, r) =
0 < fr a(N, A, r) holds, finishing the proof of Theorem 196, part (i).

Part (ii): In the same way as in the proof of Part (ii) of Theorem 195, one can derive that
fk,d(N,)\,,’l‘)>Vk <Bd lx,r—‘/%%])_ (8.59)

Next, recall that

+ 8.60)
r__ N od . & e (
P = <¢U1B {pl, 5 ,

where the balls B¢ [pl, %] ,...,B? [p N %] are pairwise non-overlapping in E?. Lemma 192 applied to

(8.60) yields
% 5 8.61)
r __ N d ) A i _ N d ) A " (
P’ = (ing Pir 5 = |conv,_ 1 ing Pi» 5

N N r+%
C (conv <.U B¢ {pi, —})) .
i=1 2

Hence, Theorem 75, (8.57), and (8.61) imply in a straightforward way that

Vi (P") < Vi ((Bd [o,u])"*%), (8:62)

— d
where V;B¢ [0, u] = ((N — 1)\/27‘1 + 1) (%) k4. Thus, (8.62) yields

gra (N, A7) <V (Bd [o,r - (((N . 1)\/2?_d+ 1)% _ 1) %D (8.63)
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(witth(}/)=O).Finally,asN2\/%(14— f—fl) +1>\/2d<1+\/d+1) ( \/;)

_ 1
therefore <<(N — 1)\/‘% + 1) T 1)% > 1/ 242 and so, (8.59) and (8.63) yield g 4N, 4, 1) < fi.
4N, A, r), finishing the proof of Theorem 196, part (ii).

8.9 Proof of Theorem 78

As the claim holds trivially for O < r < 2 , therefore we may assume that O < - < r. The diameter of
Ui]\i le [d;, 7] is at most 2r + A. Thus, the isodiametric inequality ([217]) implies that

d
Vi <i61Bd [qi,’)"]) < (T‘ + %) Kd- (8.64)

On the other hand, {Bd[p,-, M2]:i=1,..., N} is a packing of balls. Next, we are going to use the following
form of the isoperimetric inequality. Namely, the Brunn-Minkowski inequality ([118]) shows that if B C
E< is a ball of the same volume as A c E?, then

Vg (AE) >Vy (Be) (8-65)

holds for any ¢ > 0, where X, := X + Bd[o, €] is called the e-neighborhood of X © E?. Thus, (8.65) implies
in a straightforward way that

8.66
Vg (L]\J]Bd [Piﬂ‘]) =Vq ((.ngd |:pi7 %}) k) ( :

1

d d
By assumption N > 24 and therefore (r + (N — 1) %) Kq > (r + ) k4. This inequality, (8.64),

and (8.66) complete the proof of Theorem 78.

8.10 Proof of Theorem 79

8.10.1 Basic results on central sets of ball-polytopes

Recall that M denotes the d-dimensional Euclidean, hyperbolic, or spherical space. In this subsection, we
collect the definitions and the relevant basic statements that are needed for the proof of Theorem 79 and
hold in M for all d > 2. The proofs of these statements are not difficult but technical and lengthy and so,
for details on them, we refer the interested reader to Section 4 in [124] as well as the references mentioned
there.

Definition 39 Ler U € M be a compact set. We say that the closed ball B € U (possibly with zero radius)
is maximal in U, if it is not a proper subset of any other ball B' C U. The set Cyy C U that consists of the
centers of all maximal balls in U, is called the central set of U.

Definition 40 For a continuous map f: Cyy — M€ that rearranges the centers of the maximal balls in U,
we denote by Urc M the union of these maximal balls after their rearrangement by the map f.
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The following statement has been explained in [124] by saying that “if there is a counterexample to the
Kneser-Poulsen conjecture, then that counterexample can be chosen so that the centers of the balls before
the rearrangement lie in the central set of their union”.

Lemma 197 Let U € M? be the union of finitely many closed balls and let V.c M¢ be the union of the

same balls after a contractive rearrangement. Let f: U — M? be an arbitrary contraction (1 -Lipschitz
map), such that its restriction to the centers of the balls provides the considered contractive
rearrangement. Then the set Uris compact and V < Uy. In particular, if vol pa(Uy) < vol pga(U), then vol

ve(V) < vol pa(U), where vol yd(-) the Lebesgue measure in Me.

According to Lemma 197, in order to prove the Kneser-Poulsen conjecture, it is enough to rule out the
counterexample with (possibly infinitely many) balls, whose centers in the initial configuration lie in the
central set of their union. Thus, the following combinatorial and topological description of the structure of
the central set will be helpful for the proof of Theorem 79.

Definition 41 We say that a set U € M? is a d-dimensional ball-polytope, if it can be represented as a
union of finitely many closed balls of positive radii, and its boundary bdU is a codimension one
topological submanifold of M¢.

Lemma 198 Let U € M be a ball-polytope. Then the following holds:

(i) The central set Cy has a structure of a finite (d — 1)-dimensional cell complex whose k-dimensional

cells are k-dimensional convex polytopes;
(ii) The set U can be represented as the union of finitely many balls with centers at the 0-dimensional
cells of the cell complex Cyy ;

(iii) The sets Cy and U are homotopy equivalent.

The following statement is called the Splitting Lemma in [124] because it provides the basis for
applying the “divide and conquer” principle and constructing the inductive argument.

Definition 42 Let X € Cy be a closed non-empty subset. We denote by Uy the union of all maximal balls
in U that are centered at the points of X.

Lemma 199 Let U € M be a ball-polytope and let X, Y € C y be closed non-empty sets such that X U Y
= Cy. Then

UxNUy =Uxny.

The following statement formulates a version of the “divide and conquer” principle, which is sufficient
for the proof of Theorem 79.

Definition 43 For a closed set X © U and a contraction f: Cy — M that rearranges the centers of the
maximal balls in U, let Uy ¢S Uy represent the union of the balls that are obtained from all maximal balls

in U with centers in X after these balls are rearranged by the map f.

Proposition 200 Ler U € M be a ball-polytope and let X, Y € Cy be closed non-empty sets such that X
U Yy = Cy. If f Cy — M4 is a contraction such that
volya (UX’f) < volya (Ux), volyga (Uyyf) < volyu (Uy), and volya (U)myyf) = volyp (Ume), then

VOlMd (Uf) S VOlMd (U)

Finally, the following statement is a rather technical lemma, which is needed as well for the proof of
Theorem 79.
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Lemma 201 Let U € M4 be a ball-polytope and let X © Cy be a closed nonempty set and let Z S X be the
relative boundary of X in Cy. If Cu, C X, then Cuy, = X.

8.10.2 An extension theorem via piecewise isometries

Besides the central sets, the other core ingredient for the proof of Theorem 79 is generated by piecewise
isometries. For proofs of the following extension theorem via piecewise isometries, we refer the interested
reader to the relevant references mentioned in Subsection 2.4 of [124].

Definition 44 A map f: M¢ — M is called a piecewise isometry, if the map f is continuous and there
exists a locally finite triangulation of M¢ such that for any simplex T of the triangulation, the restriction
of fto T is an isometry.

Theorem 202 Any contraction f: X — M of a finite set X € M? can be extended to a piecewise isometry
d
on M.

8.10.3 Deriving Theorem 79 from the preliminary results

We follow the presentation of Gorbovickis’ proof published in Subsection 2.4 of [124]. Assume that there
exists a counterexample to the statement of Theorem 79. According to Theorem 202, the corresponding
rearrangement of the centers of the disks can be extended to a piecewise isometry f: M?% — M¢. We fix
this piecewise isometry f together with the associated triangulation of M?. Without loss of generality we
may assume that every interior point of the union of the disks in the initial configuration is also an interior
point of some disk. (Namely, if an interior point is not in the interior of some disk, then it lies in the
intersection of at least two boundary circles. There are finitely many such points and we can always place
new small disks that cover them.) We decrease the radii of the disks slightly, if necessary, so that the union
of the disks in the initial configuration of the counterexample is a simply connected ball-polytope. Let us
denote this ball-polytope by U € M¢. Since the perturbation of the radii can be arbitrarily small, we may
assume that the new configuration of the disks still provides a counterexample to the statement of
Theorem 79. Then Lemma 197 implies that

volyga (Uf) > voly (U) (8.67)

Let % be the set of all simply connected ball-polytopes U € M such that inequality (8.67) holds. As

we just noticed, the set % is non-empty. It follows from Lemma 198 that for every U € %, the central set
Cy has the structure of a tree with straight edges. Every edge intersects only finitely many simplices from

the triangulation associated to f, so it can be split into finitely many edges such that f restricted to each one
of them is an isometry.

For U € %, let I'(U) denote the tree structure on Cy such that f restricted to every edge of I'(U) is an
isometry and I'(U) has the smallest possible number of edges. Let II'(U)l > 0 denote the number of edges in
the graph I'(U).

We choose an element U € % with the minimal number I['(U)l. This number is strictly positive, since
otherwise U is a ball and inequality (8.67) does not hold. Now since II'(U)I > 0 and I'(U) is a tree, it has an
edge with a vertex of degree 1. Let us denote this edge by ¥ SCy and define X = C'y\Y, that is, let X be

the closure of Cy\Y. Since X 1 Y is a singleton, the sets Uy y y and Uy  y, pare congruent balls; hence,

their volumes are equal, and since fis an isometry on Y, it follows from Proposition 200 that
VOlMd (UXJ‘) > VO].Md (UX)

Moreover, it follows from part (ii) of Lemma 198 and Lemma 199 that the set U\Uy has the form
B\B,, where B, B, € M? are two closed disks centered at the vertices of the edge Y. The latter implies
that Uy is a simply connected ball-polytope, hence Uy € %.
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Finally, since the relative boundary of X in Cyj is the set X N Y that consists of one point, we have
Cuyy = XNY C X, and Lemma 201 implies that C'y, = X. Thus, II'(Uy)! < IT'(U)I, which contradicts
the choice of the ball-polytope U. This completes the proof of Theorem 79 also in the case when M?2= E2,
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9

Proofs on Volumetric Bounds for Contact Numbers

Summary. In this chapter we present selected proofs of some of the theorems in Chapter 4. In particular,
in Section 9.1 we prove estimates for c(n, 3) and cg..(n). In Section 9.2 we treat the general case, 1.e., we

examine the contact numbers of translative packings of an arbitrary convex body in E?. In Sections 9.3
and 9.4 we establish a connection between contact numbers of ball packings and the densities of packings
of soft balls, and prove a Blichfeldt-type estimate for the latter quantities, respectively. In Section 9.5 we
solve the maximum packing density problem for soft Euclidean disks. In Section 9.6 we prove a Rogers-
type bound for soft packings in E3. Then we turn our attention to totally separable packings. In Section
9.7 we determine the values of cgp(n, 2) and prove bounds for cgep(n, 3). In Section 9.8 we prove

estimates for cz(n, d), while in Section 9.9 we examine the general problem of finding cgep(n, d). In
Section 9.10 we determine the Hadwiger numbers of strictly convex and smooth convex bodies in E¢ for d
< 4, and apply these results to prove estimates for ¢, (K, n, d) with d < 4. In Section 9.11 we construct

topological disks with arbitrarily large Hadwiger numbers, and in Sections 9.12 and 9.13 we prove upper
bounds for the Hadwiger numbers of starlike disks in the centrally symmetric and in the general case,
respectively.

9.1 Proof of Theorem 87
9.1.1 An upper bound for sphere packings: Proof of (i)

The proof presented in this section follows the proof of (i) of Theorem 1.1 in [50] and as such it is based
on the recent breakthrough results of Hales [136]. The details are as follows.
Let B denote the (closed) unit ball centered at the origin o of E3 and let & := {c;+B,cp+B,....¢c, +

B} denote the packing of n unit balls with centers ¢, ¢y, ..., ¢, in E3 having the largest number C(n) of

touching pairs among all packings of n unit balls in E3. ( & might not be uniquely determined up to
congruence in which case & stands for any of those extremal packings.) Now, let 7 := 1.58731. The
following statement shows the main property of # that is needed for our proof of Theorem 87.

X X
0, p

FIGURE 9.1
The i1sosceles triangle conv{o;, p, q}.

Theorem 203 Let By, By, ..., B3 be 13 different members of a packing of unit balls in E3. Assume that
each ball of the family B,, Bs, ..., By3 touches B. Let ﬁ, be the closed ball concentric with B; having
radius 7, 1 <i < 13. Then the boundary bd( ]§1) of ]§1 is covered by the balls ]§2, ]§3, e ]§13, that is,
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bd (B1) c UK,B,.

Proof. Let o; be the center of the unit ball B;, 1 <i < 13 and assume that B is tangent to the unit balls B,
B3, ..., By3 at the points t; € bd(B;) N bd(B), 2 <j < 13.

Let o denote the measure of the angles opposite to the equal sides of the isosceles triangle conv{oy, p,
q} with dist(o, p) = 2 and dist(p, q) = dist(o, q) = 7, where dist(-, -) denotes the Euclidean distance
between the corresponding two points (Figure 9.1). Clearly, cos a = % witha < .

Lemma 204 Let T be the convex hull of the points ty, t, ..., t{3. Then the radius of the circumscribed

circle of each face of the convex polyhedron T is less than sin a.

Proof. Let F be an arbitrary face of T with vertices t;,j € I {2, 3, ..., 13} and let ¢z denote the center
of the circumscribed circle of F. Clearly, the triangle conv{oy, ¢, t;} is a right triangle with a right angle
at cg and with an acute angle of measure S at 0 for all j € /.. We have to show that Sz < a. We prove this
by contradiction. Namely, assume that & < fp. Then either 5 < Br or a < fp < <. First, let us take a
closer look of the case 5 < Br. Reflect the point 0; about the plane of F and label the point obtained by
0’1.

Clearly, the triangle conv{o{, 0’1, 0;} is a right triangle with a right angle at 0’1 and with an acute angle
of measure S at 0; for all j € I. Then reflect the point 0; about o’; and label the obtained point by 0"
furthermore, let B denote the unit ball centered at 0”1 (Figure 9.2). As 3 < B therefore dist(o;, 0"1)
< 2 and so, one can simply translate B”; along the line 0; 0”1 away from o; to a new position, say B"'1,
such that it is tangent to B;. However, this would mean that B is tangent to 13 non-overlapping unit balls
namely, to B”'1, By, B, ..., B;3, clearly contradicting the well-known fact ([220]) that this number cannot
be larger than 12. Thus, we are left with the case when o < Sr < 5. By repeating the definitions of
o'1,0"1 and By, the inequality Sr < % implies in a straightforward way that the 14 unit balls B, By,
B, Bs, ..., Bj3 form a packing in E3. Moreover, the inequality o < pp yields that

dist (01,0";) <4 cos a = 4 =2.51998... < 2.52. Finally, notice that the latter inequality contradicts

7

the following recent result of Hales [136].

o
0; 0
N, /"r
BN 't
. /
Cr ?
i}
0,

FIGURE 9.2
The plane reections to obtain o’y and 0”;.
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Theorem 205 Let By, By, ..., By, be 14 different members of a packing of unit balls in E3. Assume that
each ball of the family By, B3, ..., By3 touches By. Then the distance between the centers of By and B4 is
at least 2.52.

This completes the proof of Lemma 204.
Now, we are ready to prove Theorem 203. First, we note that by projecting the faces F' of T from the

center point 07 onto the sphere bd( ]§1) we get a tiling of bd( ]§1) into spherically convex polygons F.
Thus, it is sufficient to show that if F'is an arbitrary face of T with vertices t;, j € Ip {2, 3, ..., 13}, then

its central projection Fchbd (ﬁ1> is covered by the closed balls B »J €EIpc (2,3, ..., 13}. Second, in
order to achieve this, it is sufficient to prove that the projection Cr of the center ¢ of the circumscribed

circle of F from the center point 0; onto the sphere bd( ]§1) is covered by each of the closed balls B j»J €
Ipc{2,3,...,13}. Indeed, if in the triangle conv{oy, 0;, Cr} the measure of the angle at 0 is denoted by
BF, then Lemma 204 implies in a straighforward way that S < a. Hence, based on dist(0y, 0;) = 2 and
dist (ol,EF) = 7, a simple comparison of the triangle conv{oy, 0;, Cr} with the triangle conv{oy, p, q}
yields that dist (Oj, EF) < 7 holds for allj € Ip {2, 3, ..., 13}, finishing the proof of Theorem 203.

Next, let us take the union U} 4 (ci + f'B) of the closed balls ¢; + 7B, cy + 7B, ..., ¢, + 7B of radii
7 centered at the points ¢y, €, ..., €, in E3.

Theorem 206

nVOl3(B)
VOlg(ULl(Ci_’_ﬁB)) < 07547,

where vols(-) refers to the 3-dimensional volume of the corresponding set.

Proof. First, partition U}, (ci + fB) into truncated Voronoi cells as follows. Let P; denote the Voronoi
cell of the packing & assigned to ¢; + B, 1 < i < n, that is, let P; stand for the set of points of E3 that are
not farther away from ¢; than from any other ¢ with j 27, 1 <j < n. Then, recall the well-known fact (see
for example, [106]) that the Voronoi cells P;, 1 < i < n just introduced form a tiling of E3. Based on this, it
is easy to see that the truncated Voronoi cells P; N (¢; + 7B), 1 < i < n generate a tiling of the non-convex
container U} ; (ci + f’B) for the packing & (Figure 9.3). Second, as V2 < 7 therefore, the following

very recent result of Hales [136] (see Lemma 9.13 on p. 228) applied to the truncated Voronoi cells
P;n (ci + fB), 1 <i < nimplies the inequality of Theorem 206 in a straightforward way.
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FIGURE 9.3
Voronoi cells of a packing with black ¢; + B’s and dashed c; + 7#B’s.

Theorem 207 Let F be an arbitrary (finite or infinite) family of non-overlapping unit balls in E® with the
unit ball B centered at the origin o of E3 belonging to Z. Let P stand for the Voronoi cell of the packing
Z assigned to B. Let Q denote a regular dodecahedron circumscribed B (having circumradius
V'3 tan + = 1.2584...). Finally, let r := V2 = 1.4142... and let B denote the ball of radius r centered

at the origin o of E3. Then

vols(B) _ _voli(B) _ volu(B)
VO]Z(P) - VOlg(liﬁrB) < VOl;(Q) < 0.7547.

This finishes the proof of Theorem 206.
The well-known isoperimetric inequality [194] applied to U}, (ci + f‘B) yields:

Lemma 208

367rv01§ <1Q1 (Ci + f‘B)) < svolg <bd <1L=le (Ci + FB))),

where svoly(-) refers to the 2-dimensional surface volume of the corresponding set.

Thus, Theorem 206 and Lemma 208 generate the following inequality.
Corollary 209

15.159805n7 < 15.15980554 ...nF = — 4 _n7
(0.7547) 3

< svol, (bd (iﬁl (c: + f'B)) )

Now, assume that ¢; + B € & is tangent to ¢; + B € & for all j € T}, where T; {1, 2, ..., n} stands for

the family of indices 1 < j < n for which dist(c;, ¢;) = 2. Then let S; := bd (e; + #B) and let €;; be the
intersection of the line segment ¢;¢; with S; for all J € T;. Moreover, let Cg (€45, %) (resp., Cg (€5, )

denote the open spherical cap of ,/5'\1 centered at C;; € 5’\1 having angular radius ¢ (resp., a with0 <a < 5
and cos o = %). Clearly, the family { C'gi (Eij, %), J € T;} consists of pairwise disjoint open spherical

caps of .S;; moreover,

2 jer; SVola (Cﬁi (& ’%)) _ Xjer; Sarea(C(uy;, §)) 9.1)

SV012 (UJGTZC§Z (/c\”,a)) a Sarea‘(UjETiC(uiﬁa)) ’

where u;; == %(cj -¢;) € S? := bd(B) and Cluy, §) © S? (resp., Cluy, @) © S?) denotes the open spherical
cap of S? centered at u;; having angular radius ¢ (resp., a) and where Sarea(-) refers to the spherical area
measure on S2. Now, Molnar’s density bound (Satz I in [185]) implies that
> jer; Sarea(C (uiﬁ%))
Sarea (Ujer, C(uy5,0))

svoly <bd (ﬁ:ﬁl (c: + f*B)) )
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< 0.89332.

In order to estimate



from above, let us assume that m members of &2 have 12 touching neighbors in & and k members of &
have at most 9 touching neighbors in &. Thus, n — m — k members of & have either 10 or 11 touching
neighbors in &. (Here we have used the well-known fact that 73 = 12, that is, no member of & can have

more than 12 touching neighbors.) Without loss of generality we may assume that4 < k <n —m.

First, we note that Sarea (C(u ) = 2w (1— cos %) =27 (1 — @) and  svol,

ij

(C’g‘ (’éij, %)) =27 (1 — @)ﬁ Second, recall Theorem 203 according to which if a member of &,

say ¢; + B, has exactly 12 touching neighbors in &, then §Z C Ujer, (cj + fB). These facts together with
(9.1) and (9.2) imply the following estimate.

Corollary 210 svol, (bd (UL, (c; +7B))) < 22392 (n —m — k) + 24.53902k.

svols (bd ([j (Ci + fB)))
i=1
102r(1-4 )72 32m(1-4 )
< <4m«2 — %) (n—m—k)+ (47r7’2 - %)k

< 7.91956 (n — m — k) + 24.53902k < 2233902 (n —m — k) + 24.53902k.

Proof.

Hence, Corollaries 209 and 210 yield in a straightforward way that

1.85335n% — 3k <n —m — k. (9.3)

Finally, as the number C(n) of touching pairs in & is obviously at most

NI

(12n — (n — m — k) — 3k),
therefore (9.3) implies that
C(n) < +(12n— (n —m — k) — 3k) < 6n — 0.926675n7 < 6n — 0.926n7,

finishing the proof of (i) in Theorem 87.

9.1.2 An upper bound for the fcc lattice: Proof of (ii)

Although the idea of the proof of (ii) is similar to that of (i), they differ in the combinatorial counting part
(see (9.9)) as well as in the density estimate for packings of spherical caps of angular radii ¢ (see (9.8)).

Moreover, the proof of (ii) is based on the new parameter value 7 := v §(replacing 7 = 1.81383). The
details are as follows.
First, recall that if Az denotes the face-centered cubic lattice with shortest non-zero lattice vector of

length 2 in E® and we place unit balls centered at each lattice point of Afec, then we get the fee lattice
packing of unit balls, labelled by QZfCC, in which each unit ball is touched by 12 others such that their

centers form the vertices of a cuboctahedron. (Recall that a cubocta-hedron is a convex polyhedron with 8
triangular faces and 6 square faces having 12 identical vertices, with 2 triangles and 2 squares meeting at
each, and 24 identical edges, each separating a triangle from a square. As such, it is a quasiregular
polyhedron, i.e., an Archimedean solid, being vertex-transitive and edge-transitive.) Second, it is well
known (see [106] for more details) that the Voronoi cell of each unit ball in & is a rhombic

dodecahedron (the dual of a cuboctahedron) of volume V32 (and of circumradius \/5). Thus, the density
A
of gz fee i

™

§ 32— —
V32 Vis'®
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Now, let B denote the unit ball centered at the origin 0 € Ay, of E3 andlet & = {¢; +B,c;, +B, ..., ¢,
+ B} denote the packing of n unit balls with centers {cq, ¢, ..., ¢,} © Ag, in E® having the largest
number Cy..(n) of touching pairs among all packings of n unit balls being a subpacking of ngcc- (&
might not be uniquely determined up to congruence in which case & stands for any of those extremal
packings.) As the Voronoi cell of each unit ball in &, is contained in a ball of radius 7 = /2, therefore,
based on the corresponding decomposition of U}' ; (¢; + 7B) into truncated Voronoi cells, we get that

nvols(B)
vols (Ul’.‘zl (ci—&—FB))

n _ 9.4
< = =0.7404.... (9.4)

As a next step we apply the isoperimetric inequality ([194]):

36mvol2 (ﬁl (c; + FB)) < svol? <bd <_Gl (c; + FB))) . 9.5)
Thus, (9.4) and (9.5) yield in a straightforward way that
2 3 2 n _ (9.6)
15.3532...n% = 4v/18mn7 < svol, ( bd 9) (c; +7B) ) ).

Now, assume that ¢; + B € & is tangent to ¢+ B € #forallj€T;, where T; C {1, 2, ..., n} stands for
the family of indices 1 < j < n for which dist(c;, ) =2 Then let S; := bd (c; + 7B) and let c;; be the
intersection of the line segment CC; with S ; for all j € T;. Moreover, let CE— (Eij, %) (resp., CE- (Eij, % ))
denote the open spherical cap of S; centered at €;; € S; having angular radius % (resp., 7). Clearly, the

family { C’gi (Eij, %), J € T;} consists of pairwise disjoint open spherical caps of S;; moreover,

ZjeTisvolg(Cgi(Eij,%)) _ ZjeT,- Sarea(C (u;;, %)) (9.7)

SV012 (UjETicgi (é”,%)) o Sarea(UjETiC(uij7 %)) ?

where u;; = %(cj -¢) € S? and Cluy, %)< S? (resp., Cluy;, T)C S?) denotes the open spherical cap of
S? centered at u; having angular radius % (resp., 7). Now, the geometry of the cuboctahedron
representing the 12 touching neighbors of an arbitrary unit ball in &, implies in a straightforward way
that
ZjeTi Sarea(C’(uij,%))
Sarea(ujeTiC(uij,%))

(9.8)

<6(1-2)=08038...

s

with equality when 12 spherical caps of angular radius ¢
Finally, as svol, (C(u;;, %)) =2m(1—cos Z) and svol, (CE (€, %)) =27 (1 — ﬁ)FQ,
therefore, (9.7) and (9.8) yield that

are packed on S2.

U (¢; +7 < dnitp— — 1 __ BERY ©.9)
svol, <bd (zgl (c; + rB))) < AnTn 6<174) 2 (27r (1 4 )r )Cfcc (n)
= 8mn — 43—”C’fcc (n).
Thus, (9.6) and (9.9) imply that

4¢/187ns < 8mn — 4—;C’fcc (n). (9.10)
From (9.10) the inequality Cfe(n) < 6n— ?"D’/Tlﬂn% — 6n—3.665...n% follows in a
straightforward way for all n > 2. This completes the proof of (ii) in Theorem 87.
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9.1.3 Octahedral unit sphere packings: Proof of (iii)

lattice

It is rather easy to show that for any positive integer k > 2 there are n (k) := =

U3 +k k(2k2+1)
3 3

points of the face-centered cubic lattice A, such that their convex hull is a regular octahedron K < E3 of

edge length 2(k — 1) having exactly k lattice points along each of its edges (see Figure 9.4 for k = 4).
Now, draw a unit ball around each lattice point of Az N K and label the packing of the n(k) unit balls

obtained in this way by &r..(k). It is easy to check that if the center of a unit ball of &..(k) is a relative

interior point of an edge (resp., of a face) of K, then the unit ball in question has 7 (resp., 9) touching
neighbors in Py (k). Last but not least, any unit ball of &..(k) whose center is an interior point of K has

12 touching neighbors in ﬂfcc(k). Next we note that the number of lattice points of Az, lying in the
relative interior of the edges (resp., faces) of K is 12(k - 2) = 12k - 24 (resp.,
8 (%(k —3)+ (k- 3)) = 4(k — 3)* + 4 (k — 3)). Furthermore, the number of lattice points of Ay
in the interior of K is equal to 2 (k — 2)° + +(k—2). Thus, the contact number C( Ppo(k)) of the
packing Z..(k) is equal to

FIGURE 94
The Octahedral Construction for k = 4.

Z(30-2°+ 3(k-2)) + $(ak -3 +4(k-3)) + F(12%—24) + ¥
= 4k3 — 6k + 2k.
As a result, we get that
C (Pfec (k) = 6n (k) — 6Kk (9.11)

Finally, as %’“3 < n(k), therefore, 6k < +/ 48607 (k) and so, (9.11) implies (iii) of Theorem 87 in a
straightforward way.

9.2 Proof of Theorem 88
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Let {¢; + K, ¢, + K, ..., ¢, + K} be an arbitrary packing of n > 1 translates of the convex body K in E<, d
>3 with C,, = {c}, ¢, ..., ¢, }. Clearly, (¢; + K) U (¢, + K) U...U (¢, + K) =C, + K.

Recall that the Minkowski symmetrization of the convex body K in E? denoted by K, is defined by
K, :=2(K+(-K))=3(K-K)=1{x—y:x,y € K}. Clearly, K, is an o-symmetric d-
dimensional convex body. Minkowski [184] showed that if & = {x| + K, x, + K, ..., x,, + K} is a packing
of translates of K, then &, = {x] + K, xo + K,, ..., X, + K, } is a packing as well. Moreover, the contact
graphs of & and &, are the same. Thus, it is sufficient to give an upper bound for the number of touching
pairs in the packing " = {c; + K,,¢cs + K,,...,c, + K, }.

Notice that if ¢; + K, is tangent to H(K,) members of the packing %', then

c; +2K,C U (c;+2K,).
J#1<j<n
Hence, if m denotes the number of members of £~ that are touched by exactly H(K,) members of ¢,
then the (d — 1)-dimensional surface volume svol;_; (bd(C,, + 2K,)) of the boundary bd(C, + 2K,)) of the
(non-convex) set C,, + 2K, must satisfy the inequality

svoly 1 (bd (C, + 2K,)) < (n — m)2¢-1svoly_; (bdK,). (9.12)

On the other hand, the isoperimetric inequality applied to C,, + 2K, yields

. d . _ (svola_1(bd(Cn+2Ko)))" (9.13)
iq (BY) <iq(Ch +2K,) = (vola(Cn+2Ko))*

Finally, Lemma 235 with p = 1 implies the following inequality in a straightforward way:

voly(Cr+K,)
Ty < 0 (Ko) 9.14)

Hence, (9.12), (9.13), and (9.14) yield

1 [iq(Bd) ] T i (9.15)
20-1[5(K,)] T '

Finally, notice that the convex hull of C,, n > 1 must have at least two vertices in E¢, say, ¢; and cj.
Then, it is obvious that the number of members of % that are tangent to ¢; + K, (resp., ¢; + K,) is at most
h(K,). From this and (9.15), the first inequality of Theorem 88 follows in a straightforward way.

To prove the second inequality, we note that 6(K,) < 1, and (iq(Bd))l/ d— dvold(Bd). Next, according to
Ball’s reverse isoperimetric inequality [16], for any o-symmetric convex body K, there is a non-
degenerate affine map T : E¢ — E¢ with 1q(TK,) < (2d)d. Finally, notice that c¢(K,, n, d) = ¢(TK,, n, d),
and the inequality follows in a straightforward way. This completes the proof of Theorem 88.

9.3 Proof of Theorem 92

First, we show that there exists A’ 4, > 0 such that for every X satisfying 0 <X < X’ dn, 04(n, A) is generated

by a packing of n unit balls in [E¢ possessing the largest contact number c(n, d) for the given n. Our proof
is by contradiction and starts by assuming that the claim is not true. Then there exists a sequence A| > A, >

.. >Ny, > ... > 0 of positive reals with lim,,,_, ., A, = 0 such that the unit ball packing Z(A,,,) = {¢;(A,;,)

+B9 11 <i<nwith ||cj(Xm) — ¢ (A1 2 2 for all 1 <j < k < n} that generates J4(n, A,,) has a contact
number c¢( H(},,)) satisfying
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c(Z(Am)) <c(n,d)—1 (9.16)
for all m =1, 2,.... Clearly, by assumption

voly (P%,.) > voly (P (A,)) (9.17)

must hold for every packing " = {¢; + B? 11 <i<nwith Ie; — ¢l 2 2 forall 1 <j <k <n} of n unit balls
in E? and forallm =1, 2, ..., where

Py = U (ci+ (14 An)BY)andP (An) i= U (ci (Am) + (1 + An)BY).
By choosing convergent subsequences if necessary, one may assume that lim,, , ., ¢;(A,,) = ¢’; € E? for
all 1 <i<n.Clearly, 2 = { ¢/; + BY1 1 <i <n} is a packing of n unit balls in E%. Now, let 2" == { ¢"; +

BYl1<i<n}bea packing of n unit balls in E? with maximum contact number c(n, d). Finally, let 2 + 2\’
be the smallest distance between the centers of non-touching pairs of unit balls in the packings &' and &
". Thus, if 0 < A,, < A" and m is sufficiently large, then the number of overlapping pairs in the ball

arrangement {c;(A,,) + (1 + Xm)Bd | 1 <i < n}is at most c(n, d). On the other hand, the number of
overlapping pairs in the ball arrangement { ¢”; + (1 + Xm)Bd I'1<i<n}iscn d). Hence, (9.16) implies in
a straightforward way that vol (P(),,,)) > vol, (U?:l (c”i + (14 )\m)Bd)), a contradiction to (9.17). This
completes our proof on the existence of )\'d,n > 0.

Second, we turn to the proof of the existence of the packing 3/3" of n unit balls in E¢ with the extremal
property stated in Theorem 92. According to the first part of our proof, for every A satisfying 0 <A < X4,

there exist a packing Z(A) == {c;,(A) + B9 11 <i<nwith IICJ-(X) —c (Ml 22 forall 1 <j<k<n} of nunit
balls in E¢ with contact number ¢( 2())) = c(n, d) such that

volg (P7}) > volg (P (X)) (9.18)

holds for every packing &' = {¢; + B?|1<i<nwith le; —cxl 22 forall 1 < j <k <n} of nunit balls in k4
, where

P7 = Ql (ci+(1+ )\)Bd)andP (A) =

Ics

(ci (A) + (1 +A)BY).

1=

Now, if we assume that & does not exist, then clearly we must have a sequence A; > Ay > ... >}, > ... >
0 of positive reals with lim,,_, ., A, = 0 and with unit ball packings 2(\,,) = {¢;(A,,,) + B 11 < i < n with
||cj(km) —c (Al 22 forall 1 <j<k<n}in E? each with maximum contact number ¢( P(\,,) = c(n, d)
such that we have (9.18), i.e.,

vola (P} ) > vola (P (Am) (9.19)

for every packing & = {¢c; + B? 11 <i<nwith le; — ¢xl 22 forall 1 <j <k <n} of n unit balls in E< and
for all m =1, 2,.... In particular, we must have

voly (P (Aar)) = voly (P (An)) 9.20)

for all positive integers 1 < m < M. Last but not least, by the non-existence of P we may assume about
the sequence of the unit ball packings Z(A,,), m =1, 2, ... (resp., of volumes vol ;(P(Ay)), m =1, 2,...)

that for every positive integer N there exist m” > m' > N with
voly (P (M) > volg (P (A\)). (9.21)
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Finally, let 2 + 2 \/,,, be the smallest distance between the centers of nontouching pairs of unit balls in the
packing Z(A,,,), m =1, 2,.... We claim touching pairs of unit balls in the packing Z(A,,)),m=1, 2, .... We

claim that there exists a positive integer N’ such that
0< A, <X, forallm > N'. (9.22)

Indeed, otherwise there exists a subsequence \',, ,i=1,2,... with A,,. > X, > 0foralli=1,2,... and
so, with lim; , o, A’,,, = 0 implying the existence of a packing of n unit balls in E?¢ (via taking a
convergent subsequence of the unit ball packings & (A,,,), i =1, 2,... in E4) with contact number at least
c(n, d) + 1, a contradiction.

Thus, (9.22) and ¢ £O,) = cod n) imply in a straightforward way that
volg (P (Amr)) = volg (P (Any)) must hold for all m” >m' > N, a contradiction to (9.21). This completes
our proof of Theorem 92.

9.4 Proof of Theorem 93

For simplicity, we set A= 1 + A. In the following proof of [43], we apply Blichfeldt’s idea to " within
the container U7"_; (ci + XBd> using the presentation of Blichfeldt’s method in [105].

Fori=1,2, ..., nletc;=(c, ¢, --., ¢jp)- Clearly, if i # j, we have l¢; — ch|2 > 4, or equivalently,

d
Z 1 (cik — Cjk)Z > 4. Summing up for all possible pairs of different indices, we obtain

2n(n—1) :4(Z> Snlzn; (jzd;c?]) —Zd; (izn;cij)z,

j:
which yields
” (9.23)
2n—1) <3 leill.
i—1

We need the following definitions and lemma.

Definition 45 The function

1—2uxn?, if ixi <A
px(x) = . <
0, if xIl > X

is called the Blichfeldt gauge function.
Lemma 211 For anyy € E4, we have

Y pay—e) <L
i=1
Proof. Without loss of generality, let y be the origin. Then, from (9.23), it follows that
zn:p ()= Y [1- Lien? <§n: 1= g2
L AR - 2 ) T & 2
i=1 lles Il <X i=1

1
— 1 2 —
_n_3¢:1 e, Il gn—52-(n—1)—1.
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Definition 46 Let

- o nkq _ ¢I(py)
I(p) = [E PG, = e A=l
Clearly, ( ) which yields that d(n, 1) < [(p 7
Now,

1 2 1
I(py) = / px (x)dx = /_ <1 -3 Ix Il 2) dx = / (1 — 57"2) r Yk adr
Ed B¢ 0

— d —

Hence, we have

) _ 2d44  y-d
) < ) T e

and the assertion follows.

9.5 Proof of Theorem 94

The following proof follows closely the relevant parts of [43]. Let " = {¢; + B2:i=1,2,..,n}bea
packing of n unit disks in E2, andlet 1 <A=1+A< %

Definition 47 The \-intersection graph of & is the graph G( ") with {¢; = 1, 2, ..., n} as vertices, and
with two vertices connected by a line segment if their distance is at most 2 A

it is not

Note that since 1 < A < —=, the A-intersection graph of 27" is planar, but if X > \/_

\/— b
necessarily so.
Definition 48 The unbounded face of the \-intersection graph G( ") is bounded by finitely many closed
sequences of edges of G( P"). We call the collection of these sequences the boundary of G( "), and
denote the sum of the lengths of the edges in them by perim(G( &)).

We remark that an edge of G( £?") may appear more than once in the boundary of G( £?") (for instance,
if the boundary of the unbounded face contains a vertex of degree one). Such an edge contributes its length

more than once to perim(G( &")).
We prove the following, stronger statement, which readily implies Theorem 94.

Theorem 212 Let 2" = {¢; + B> : i = 1,2, ..., n} be a packing of n unit disks in E?, and let 1 < X < 2=

Let A = area (U?:1 (ci + )\B2>) and P = perim(G( &")). Then ¢
A> (area (H N XB2)>n + <X2 arccos % — V2 - 1)P + N2 (9.24)
Proof. An elementary computation yields
area (H N XB2> =2 (71' — 6 arccos %) + 6V 2 _ 1. (9.25)

165



Let C denote the union of the bounded faces of the graph G( £?"). Consider the Voronoi decomposition
of E2 by &". Observe that as A < %, no point of the plane belongs to more than two disks of the family

{c; + ABZ:i= 1,2, ..., n}. Thus, if E = [¢;, cj] is an edge of G( £"), the midpoint m of E is a common
point of the Voronoi cells of ¢; + B? and ¢+ B2; more specifically, m is the point of the common edge of

these cells, closest to both ¢; and ¢;. Hence, following Rogers’s method [208], we may partition C into

triangles of the form T = conv {¢;, ¢’;, ¢”;}, where ¢’; is the point on an edge E of the Voronoi cell of ¢; +

B2, closest to ¢;, and ¢”; is an endpoint of E. We call these triangles interior cells, define the center of any
such cell T = conv {c;,c’;,c";} as ¢;, and its angle as the angle Z (c';, ¢;,¢”;). Furthermore, we define
the edge contribution of an interior cell to be zero.

Now, let [¢;, cj] be an edge in the boundary of G( £?"), with outer unit normal vector u and midpoint m.

Then the sets ([¢,, m] + [o, Au]) N (¢, + A B2), where ¢ € {i, j}, are called boundary cells, with center ¢,
(Figure 9.5). We define their angles as 7, and their edge contributions as %Ilcl- — ¢jl. Note that, even though

no two interior cells overlap, this is not necessarily true for boundary cells: such a cell may have some
overlap with interior as well as boundary cells.
The proof of Theorem 212 is based on Lemma 213.

Lemma 213 Let T be an interior or boundary cell with center ¢, edge contribution x and angle a. Then

area (T N (c + XB2)> (9.26)

pX %farccos,l +VA2-1 _ —
( 1A> a+ ()\Zarccos% — )\2—1>m.

3

First, we show how Lemma 213 yields Theorem 212. Let the (interior and boundary) cells of & be TJ-,
j=1,2, ..., k, with center ¢, angle o; and edge contribution Xj. Let T'; =T, N (Cj + XB2>. Since the

sum of the (signed) turning angles at the vertices of a simple polygon is equal to 277, we have

k
A= Z area (T';) + s,
=1

AN([¢m] + [o,Au]) Nc+ABY)

FIGURE 9.5
Boundary cells: the one with centre ¢; is denoted by crosses, and intC is represented by dots.

where s is the number of components of the boundary of G( £?""). On the other hand,
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Zaj = 2mn, and zk:mj = P.
j=1

J=1

Thus, summing up both sides in Lemma 213, and using the estimate s > 1 implies Theorem 212.
Proof of Lemma 213. For simplicity, let T' = T N (c +7\B2>. First, we consider the case that T is a

boundary triangle. Then o = 7, and an elementary computation yields that

area (T') = % (% — arccos %) + %\/j\z — z2 (9.27)

Combining (9.26) and (9.27), it suffices to show that the function

f(z) = —%arccos% + %\/Xz —z2+ (3 —z) (Xz arccos% - VA2 - 1)

is not negative forany 1 <x <A < % Note that

(@) = 7

and hence, fis a strictly concave function of x, from which it follows that it is minimal either at x = 1 or at
z =M\

Now, we have f(1) = 0, and f (X) = (% —X) (XZ arccos ; — vz — 1). Since \ < % < 3, the

first factor of f (X) is positive. On the other hand, comparing the second factor to (9.25), we can see that

it is equal to ¢area (XBQ\H> > 0.
Second, let T be an interior cell triangle, which yields that x = 0. Observe that if T = conv{c, X, y} is not

a right triangle, then both x and y are vertices of the Voronoi cell of ¢ + B2, from which it follows that Ix —
cl,ly —cl> ~2_In this case T is a circle sector, and area(T’) = A2, which yields the assertion. Thus, we

V3
may assume that T = conv{x, y} has a right angle at x, and that Ix — ¢l < % Moving y towards x
. ) T ..
increases the ratio %() , and hence, we may assume that ly — ¢l = % Under these conditions, we have
area (T') = 2 (a — arccos M) L cos a\/j@ — 4 cos?2 a
(T =% recosm ) T s 3 !
and, combining it with (9.26), it suffices to show that the function
22 2cosa
Q) = ——=-arccos —m—
— 32
+% coS a\/)\Q — % cos? a + )‘Tarccos %a — FVr2—1

2
V3
to the one in case of a boundary triangle.

is not negative if 1 < X < and arccos @ < a < . To do this, we may apply a computation similar

9.6 Proof of Theorem 95
First of all, recall that A=1+ A, and let

._ T—61
0= 7r76¢0+(37r718¢0))\7123¢0)\27(7r+6¢0))\3 <3 (A).
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Consider a unit ball packing &" in E3, and let V be the Voronoi cell of some ball of &", say B3. Let F
be a face of V, and denote the intersection of the conic hull of F with V, B> and bdB> = S? by Vj, B and

SF, respectively. Furthermore, we set Vg = VN ()\B?’). To prove Theorem 95, it is sufficient to show
that

vol3(Br) < 4. (9.28)

V013 (V'F) -

Recall the well-known fact (cf. [208]) that the distance of any (d — i)-dimensional face of V from o is at

least \/ Zi—ll Thus, X < % yields that the intersection of affF’ with AB3 is either contained in F, or

disjoint from it. In the second case :;l:((‘]?,‘; )) = _% < 4, and thus, we may assume that aff F N ( XB3) cF.
Let the distance of F and o be x, where 1 < z < XA < -%.. An ele-mentary computation yields that vols

V3
((XBF> \VF) =1 (%Xi” — A2z + %m?’) , from which it follows that

(%X3_5\2$+%m3) (929)
vol3(Br)

vols(V'p) 33
V013(BF) - >\

First, we intend to minimize vol3(By), while keeping the value of x fixed. Recall the following lemma
from [33].

Lemma 214 Let F; be an i-dimensional face of the Dirichlet-Voronoi cell of p + B, in a unit ball packing
in B4, Let the distance of aff F; from p be R < V2. If Fi_y is an (i — 1)-dimensional face of F;, then the
distance of affF;_; from p is at least

2
V4a-R?'

This immediately yields that the distance of o from any sideline of F is at least and from any

2
Va—z2’

= affF’ and denoting the projection of o onto H by ¢, we may

vertex of F at least \/ §j§§

rephrase this observation in the following way: F is a polygon in H, containing the circle C| with center ¢

and radius |/ = — 22 = 2L 2 such that each vertex of H is outside the circle Cy, with center ¢ and
-z Vi—z?
. 2
radius % . Observe that we have a similar condition for the projection of F onto the sphere S. Thus,
—T

to minimize vol3(Bf), or equivalently, Svol,(Sg) = 3vol3(Bg), we may apply the following lemma from
[?].

Lemma 215 (Hajos) Let 0 < r <R < 3, and let C,. and Cg be two concentric circles on the sphere S2, of
radii r and R, respectively. Let & denote the family of convex spherical polygons containing C,, with no
vertex contained in the interior of Cg. If P € & has minimal spherical area over all the elements of &,
then each vertex of P lies on Cp, and each but at most one edge of P touches C,.

Such a polygon is called a Hajos polygon of the two circles. By Lemma 215, we may assume that F is a
Hajos polygon, and compute Svol,(Sg) = 3volz(Bg) under this condition.

Let [p, q] be an edge of H that touches C;, and let m be the midpoint of [p, q]. Let the angles of the
triangle T'= conv{p, m, ¢}, at p, m ¢, be 8, y = 5 and a, respectively. Let T" be the central projection of T

onto S? from o, and denote the angles of 7" by a', p', y', according to the notation in 7. We compute
Svoly(T") = o' + f' + y' — n. First, we observe that, by the properties of the projection, we have o' = a, and

. 2 2 . .
y'=y=%.Since Ip — ¢l = % and Im - ¢l = % , an elementary computation yields Ip — ml =
— —
2—z?
———,and
(3—2%)(4—=?)’
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1
V3—z2 '

a' =arctan

In the following, we use Lemma 216.

Lemma 216 Ler H denote the tangent plane of the unit sphere S? at some point p € S2. Let T = conv{py,
Py, P3} withpy =p. Fori=1, 2, 3, let ¢; be the angle of T at p;, and p'; be the central projection of p; on

S? from o. Furthermore, let T' be the central projection of T, with p'; and ¢'; and d'; being the
projections of p; and ¢';, and the spherical length of the side of T' opposite of p';, respectively. Then

tan ¢, =tan ¢’y cos d’'3, and tan ¢3 =tan ¢'; cos d's.

Proof. Let q be the orthogonal projection of p; onto the line containing p, and ps, and let q' be the central

projection of q onto S2. Observe that the spherical angle p’;q'p’,Z is a right angle. Thus, from the
spherical law of cosines for angles, it follows that

1 =tan (q'p’1p’24) tan ¢', cos d's.

Now, we have q'p'ip'sZ = qpip24 = § — ¢2, from which the first equality readily follows. The
second one can be proven in a similar way.

From Lemma 216, we readily obtain that tan § = tan f'cos arctan ”p <L | which yields
B’ =arctan 47_’”2.
Thus,
Svol; (T') =arctan =+ arctan ~ 4;”"2 - 7. (9.30)
—x
Now, if 1 € x < \/_, then 6 < ¢o < a' <0.659058 < Z. Thus, F has either five or six edges,

depending on the values of x. More specifically, if 1 < x < \/ N_TM = 1.051462 ..., then F has six, and
otherwise five edges. Using this, vol3(Bp) = %Svolz(S ) can be computed similarly to Svoly(7"), which

yields that if 1 < x < \/ 22-2Y5 then

vol; (Br) = 3 arctan %

9 zvV3—z2tan <5arctan(ﬁ)) 9

—garccot T — .

10-2v/5 < ¢ < —= then the

\/_ b
area of the sixth triangle appears with a negative sign in f{x), which yields, using a geometric observation,
that in this case vol3(Bg) > f(x).

Let

Let us denote the expression on the right by f{x). We may observe that if \/

F (m,X) =f(z)—-Cr <%X3 — Az + %x?’),
where C = % Note that F(1, A) = 0 for every value of . Thus, by (9.28), (9.29) and the
T(3AT AT
inequality V013(B F) 2 flx), it follows that to prove Theorem 95, it is sufficient to show that F! (x /1) > 0 for
every 1 <\ <

\/_
this region, which yields that F(x, )\) is minimal at F(1, )\) or F( (?», K)). We may observe that F (K, X) =
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f(X) is greater than four times the value of the expression in (9.30) at x = X, which is positive. Thus, F(x, A
) is not negative on the examined region, from which Theorem 95 follows.

9.7 Proof of Theorem 98

The following proof is an analogue of the proof of Theorem 1.1 in [34] and as such it is based on the
proper modifications of the main (resp., technical) lemmas of [34]. Overall, the method discussed below
turns out to be more efficient for totally separable unit ball packings than for unit ball packings in general.
The more exact details are as follows.

Let & = {c| + B3, ¢ + B3, ..., c, + B3} denote the totally separable packing of »n unit balls with
centers ¢, €y, ..., ¢, in E3, which has the largest number, namely c(n, 3), of touching pairs among all

totally separable packings of 7 unit balls in E3. ( 42 might not be uniquely determined up to congruence in
which case & stands for any of those extremal packings.)

Lemma 217

tn

vol, (U;;l (c,—+\/§B3))

< 0.6401,

where vols(-) refers to the 3-dimensional volume of the corresponding set.

Proof. First, partition Ui (¢; + v/3B%) into truncated Voronoi cells as follows. Let P; denote the Voronoi
cell of the packing & assigned to ¢; + B3, 1 <i<n, that is, let P; stand for the set of points of E3 that are

not farther away from ¢; than from any other ¢; with j # i, 1 <j < n. Then, recall the well-known fact (see

for example, [106]) that the Voronoi cells P;, 1 < i < n just introduced form a tiling of E3. Based on this, it
is easy to see that the truncated Voronoi cells P; N (¢; + V3B, 1<is<n generate a tiling of the non-

convex container U" ; (¢; + V/3B?) for the packing &. Second, we prove the following metric properties
of the Voronoi cells introduced above.

Sublemma 218 The distance between the line of an arbitrary edge of the Voronoi cell P; and the center ¢;

is always at least iﬁ =1.299... forany 1 <i<n.

Proof. It is easy to see that the claim follows from the following 2-dimensional statement: If {a + B2, b +
B2, ¢ + B?} is a totally separable packing of three unit disks with centers a, b, ¢ in E2, then the
circumradius of the triangle conv{a, b, ¢} is at least 37‘/3. We prove the latter statement as follows. If some
side of the triangle conv{a, b, ¢} has length at least 2 v/2, then the circumradius of the triangle conv{a, b,
¢} is at least V2 > 37‘/5 =1.299.... So, without loss of generality we may assume that 2 < la — bl < 2 V2,
2<la—cl<2+/2,and 2 < Ib—cl <2 +/2 and so conv{a, b, ¢} is an acute triangle. Moreover, as the three
unit disks with centers a, b, ¢ form a totally separable packing, therefore, there must exist two unit disks
say, a + B2 and b + B2 such that their two inner tangent lines are disjoint from the interior of the third unit
disk ¢ + B2 separating the unit disks a + B2, ¢ + B2 (resp., b + B2, ¢ + B?) from b + B2 (resp., a + B2).
Finally, if necessary then by properly translating ¢ + B? and thereby decreasing the circumradius of the
triangle conv{a, b, ¢} one can assume that the two inner tangent lines of the unit disks a + B2 and b + B2
are tangent to the unit disk ¢ + B2 with 2 < la — bl <2 V2and2<la-cl=1Ib-cl<2+/2. Now, if x = %
la — bl, then an elementary computation yields that the circumradius of the triangle conv{a, b, ¢} is equal
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to fix) = 2\/22_1 with 1 < x < 4/2. Hence, f(x) = %

f <\/ i) — 3Y3 i5 4 global minimum of f(x) over 1< x < v/2. This finishes the proof of Sublemma 218.

implies in a straightforward way that

2 4

Remark 219 As one can see from the above proof, the lower bound of Sublemma 218 is a sharp one and it

should be compared to the lower bound % = 1.154...valid for any unit ball packing not necessarily

totally separable in E3. (For more details on the lower bound % see for example the discussion on page

29 in [35].)

Sublemma 220 The distance between an arbitrary vertex of the Voronoi cell P; and the center ¢; is always
at least /2 = 1.414.. forany 1 <i<n.

Proof. Clearly, the claim follows from the following statement: If P, = {¢; + B>, ¢; + B3, ¢3 + B3, ¢4 +
B3} is a totally separable packing of four unit balls with centers ¢y, ¢, €3, ¢4 in [E3, then the circumradius
of the tetrahedron conv{cy, ¢, €3, €4} 1s at least V2. We prove the latter claim by looking at the following
two possible cases. P4 is a totally separable packing with plane H separating either ¢ + B3, ¢+ B3 from
c3+ B3, cy+ B3 (Case 1) or ¢+ B3 from ¢+ B3, c3 + B3, cy+ B3 (Case 2). In both cases, it is sufficient
to show that if Ule(cl- +B%) c x + B for some x € E® and r € R, then r > 1 + v/2. Case I: Let H and
H™ denote the two closed half spaces bounded by H with ¢ + B> U c + B3 c H" and c3+ B> U cy+ B3
c H™. Without loss of generality, we may assume that x EH™. Now, if ¢’; (resp., ¢’5) denotes the image of
c; (resp., ¢,) under the reflection in H, then clearly &' = {¢; + B3, c + B3, i+ B3, c i+ B3} is a
packing of four unit balls in x + B3 symmetric about H. Then using the symmetry of &' with respect to
H itis easy to see that r> 1 + V2.

Case 2: Let H* and H™ denote the two closed half spaces bounded by H with ¢; + B3 c H* and ¢+ B’ U
c3 + B3 U cy+ B3 c H~. If one assumes that » — 1 < v/2, then using ¢; € (X + (r — 1)B3) N H* and {c,,
€3, ¢4} C(X+ (r— 1)B3) N H™ it is easy to see that the triangle conv{c,, €3, ¢4} is contained in a disk of
radius less than 24/v/2 — 1 = 1.287.... On the other hand, as the unit balls ¢, + B>, ¢3 + B>, ¢4 + B> form
a totally separable packing, therefore, the proof of Sublemma 218 implies that the radius of any disk

containing the triangle conv{c,, ¢3, ¢4} must be at least ?’4& =1.299..., a contradiction.

Remark 221 As one can see from the above proof, the lower bound of Sublemma 220 is a sharp one and it

should be compared to the lower bound \/g = 1.224...valid for any unit ball packing not necessarily

totally separable in E3. (For more details on the lower bound \/g see for example the discussion on page
29in [35].)

Now, we are ready to prove Sublemma 223. As the method used is well-known we give only an outline
of the major steps of its proof, which originates from Rogers ([208]). In fact, what we need here is a
truncated version of Rogers’s method that has been introduced by Bordczky [56] (also for spherical and
hyperbolic spaces). We recommend the interested reader to look up the relevant details in [56]. First we
need to recall the notion of an orthoscheme.

Definition 49 The i-dimensional simplex Y = conv{o, yy, ..., y;} C E< with vertices Yo=0,Y1, ..., y; IS
called an i-dimensional orthoscheme if for each j, 0 < j <i— 1 the vectory; is orthogonal to the linear hull
lin{y, —y;li+1<k<i}, wherel <i<d.
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Next we dissect each truncated Voronoi cell P; N (¢; + \/§B3), 1 <i < ninto 3-dimensional, 2-dimensional,
and 1-dimensional orthoschemes having pairwise disjoint relative interiors as follows. Namely, for each x
€ P; N bd(c; + v2 B?) we assign an orthoscheme in the following well-defined way. (We note that due to
Sublemma 220 the intersection P; N bd(c; + v/2 B3) is always non-empty.) We distinguish three cases. If x
€ intP;, then the assigned orthoscheme is the line segment conv{c;, x}. If X is a relative interior point of
some face F of P;, then we assign to x the orthoscheme conv{c;, f, x}, where f is the orthogonal projection
of ci onto the plane of F. (We note that f lies in F). If X is a (relative interior) point of some edge E of P;
with E lying on the face F of P;, then we assign to x the orthoscheme conv{c,, f, e, x}, where e (resp., f) is
the orthogonal projection of ¢; onto the line of E (resp., onto the plane of F). We note that e (resp., f)
belongs to E (resp., F). This completes the process of dissecting P; N (¢; + v/2B3) into orthoschemes.

As a next step we need to recall the so-called Lemma of Comparison of Rogers (for more details see, for
example, page 33 in [35]).

Proposition 222 Let W := conv{o, Wy, ..., W} be a d-dimensional orthoscheme in E?. Moreover, let U
= conv{o, uy, ..., uy} be a d-dimensional simplex of E? such that lu;l = dist (o, conv{u;, u;,q, ..., uy})
forall 1 <i<d, where dist(-, -) refers to the usual Euclidean distance between two given sets. If 1 <1 w;l <
lu;l holds for all 1 <i<d, then

vol4 (UﬂBd) volg (WﬁBd)
voly(U)  —  voly(W)

Finally, let W3 = conv{o, Wi, wp, w3} be the 3-dimensional orthoscheme with Iw;l = 1, lw,l = 34£, and

Iwsl = +/2. Clearly, Sublemmas 218, 220, and Proposition 222 imply that for any 3-dimensional
orthoscheme U3 := conv{c;, f, e, x} of the above dissection of the truncated Voronoi cell P; N (¢; + V2

B3) we have that

vols (U3ﬂB3) vols (W3HB3)
voly(U3)  —  voly(W3)

As each 2-dimensional (resp., 1-dimensional) orthoscheme of the above dissection of P; N (¢; + v/ 2 B3)

can be obtained as a limit of proper 3-dimensional orthoschemes, therefore, one can use the method of
limiting density exactly the same way as it is described in [56] to obtain the following conclusion.

Sublemma 223
voly ((Pin (ei+v2B%) )(e,+B%)) iz
volg(Piﬁ(ci+\/§B3)) a v013(Piﬁ(ci+ﬁB3))
< P < 0.6401.

Finally, as P; N (¢; + V2B?) © P; N (¢; + v/3B?), therefore, Sublemma 223 completes the proof of
Lemma 217.
As in Lemma 208, the well-known isoperimetric inequality ([194]) applied to U ; (c; + 3B3) yields
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Lemma 224

36w volg (ZQI (ci + \/§B3>> 2 < svolsy (bd (zgl (ci 4 \/§B3>>)3,

where svol,(+) refers to the surface area of the corresponding set.

Thus, Lemma 217 and Lemma 224 generate the following inequality.

Corollary 225

dm - n¥ < svolsy <bd < (ci + \/§B3>)>
(0.6401)3 i=1

Now, assume that ¢; + B3 e Zis tangent to ¢; + B3 € 2 for all JE€T; where T; c {1, 2, ..., n} stands
for the family of indices 1 <j < n for which dist(c;, ) =2. Then let Si = bd(c; + v/3 B) and let quj be the
intersection of the line segment [¢;, ¢;] with S; forallj € T;. Moreover, let C'g (Eij, %) (resp., C'A (Eij, a)
) denote the open spherical cap of S centered at C;; € S having angular radlus 7 (resp.,awithO<a< 5
and cos a = \/g)' As & is totally separable, therefore, the family { C’§i ( i) 1 ), J € T;} consists of

pairwise disjoint open spherical caps of S;; moreover,

S jer,svola (Cg (€05)) Xy, Sarea(C(uy, ) (9.31)

SV012 (UJGTzcgz (’él],a)) o Sarea‘(quTiC(uijva)) ’

j = +(cj — ¢) € S? := bdB?) and C(uy, I) < S? (resp., C(uy;

spherical cap of 82 centered at u;; having angular radius 7 (resp., a) and where Sarea(-) refers to the

where u; a) € S?) denotes the open

spherical area measure on S2.
Lemma 226

> jer, Sarea(C(uy;,)) L
Sarea(ujeTiC(uij,a)) < 3 (1 — ﬁ) = (0.8786....

Proof. By assumption &;( S?) = {C(uyj, 1) |j € T;} is a packing of spherical caps of angular radius 7 in
S?. Let V; i S?) denote the Voronoi region of the packing #,( S?) assigned to C(u,], 1)» that is, let Vi( S?)
stand for the set of points of S? that are not farther away from u;; than from any other uy withk = j, k € T;.

Recall (see for example [106]) that the Voronoi regions V( 82) J € T; are spherically convex polygons
and form a tiling of S2. Moreover, it is easy to see that no vertex of Vi S?) belongs to the interior of C(uyj,

@) in S2. Thus the Hajos Lemma (Hilfssatz 1 in [185], cf. also Lemma 215) implies that Sarea(VU( S%) N

C(u;,a)) 2 5 = because = 2“ is the spherical area of a regular spherical quadrilateral inscribed into C(u;;, @)

l]’
with sides tangent to C(uU, 7 )- Hence,
Sarea(C (uij,§)) <3 (1 . _) (9.32)
Sarea(V;;(S?)NC(u;j5,0)) — V2

As the truncated Voronoi regions VU( S N C(uy;, ), j € T; form a tiling of U eT C(u;;, a), therefore,

(9.32) finishes the proof of Lemma 226.
Lemma 226 implies in a straightforward way that

i i
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n 9.33
svols (bd <iU1 (ci + \/§B3))> < 127mn — Wl%’ (1 — %)c(n, 3) ( )

= 127n — 4mc (n, 3).

Hence, Corollary 225 and (9.33) yield

2
47 3

—n
(0.6401)3

< 127n — 4me (n, 3),

2
1 5

N
(0.6401)3

from which it follows that c(n, 3) < 3n — <3n-1.346 i%, finishing the proof of Theorem 98.

9.8 Proof of Theorem 99

The following short proof of Theorem 99 is taken from [51]. A union of finitely many axis parallel d-
dimensional orthogonal boxes having pairwise disjoint interiors in E¢ is called a box-polytope. One may
call the following statement the isoperimetric inequality for box-polytopes, which together with its proof
presented below is an analogue of the isoperimetric inequality for convex bodies derived from the Brunn-
Minkowski inequality. (For more details on the latter, see for example [17].)

Lemma 227 Among box-polytopes of given volume, the cubes have the least surface volume.

Proof. Without loss of generality, we may assume that the volume vol j(A) of the given box-polytope A in
E? is equal to 2d, i.e., vol(A) = 29, Let C¥ be an axis parallel d-dimensional cube of E? with VOld(Cd) =
24 Let the surface volume of C? be denoted by svold_lded). Clearly svol;_; (ded) =d 'VOld(Cd). On

the other hand, if svol;_;(bdA) denotes the surface volume of the box-polytope A, then it is rather
straightforward to show that

. 14(A+eC?%) —vola(A
svoly 1 (A) :611}%{ ol Ate 5) ol )a

where “+” in the numerator stands for the Minkowski addition of the given sets. Using the Brunn-—
Minkowski inequality ([17]) we get that
)d

=

1 1\ d 1
vola (A +£C?) > (voly(A)7 + vola(sC%) ¥ ) = (voly(A)7 + & - vola(C*)

Hence,
vol; (A +eC?%) > voly(A)+d- vold(A)% -& - voly(C%) T
= VOld (A) +e-d- VOld (Cd)
= voly(A) + ¢ -svol;_; (bdC?).
So,

voly(A+eC?)—voly(A)
€

> svol; (ded)
and therefore, svol;_j(bdA) > svold_l(ded), finishing the proof of Lemma 227.

Corollary 228 For any box-polytope P of E¢ the isoperimetric quotient of P is at least as large as the
isoperimetric quotient of a cube, i.e.,
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svoly_1 (bdP)?

volg(P)4 ! = (2d)d

Now, let P = {cl + Ed,w —|—§d, ...,Cnp —I—Ed} denote the totally separable packing of n unit

diameter balls with centers {¢q, ¢y, ..., ¢,} C 74 having contact number ¢;(n, d) in k¢ (P might not be
uniquely determined up to congruence in which case & stands for any of those extremal packings.) Let
U< be the axis parallel d-dimensional unit cube centered at the origin 0 in E?. Then the unit cubes {¢; +
v, ¢ + e, .. c, + U9} have pairwise disjoint interiors and P = U} ; (ci + Ud) is a box-polytope.
Clearly, svol ;_;(bdP) = 2dn — 2¢;(n, d). Hence, Corollary 228 implies that

d—1
d

2dn — 2cz (n,d) = svolg_1 (bdP) > 2dvolg(P) T = 2dn‘T .

So, dn — dn % > ¢y(n, d), finishing the proof of Theorem 99.

9.9 Proof of Theorem 100

Definition 50 Ler B= {x € E% IxI < 1} be the closed unit ball centered at the origin o in E, where | - |
refers to the standard Euclidean norm of E?. Let R > 1. We say that the packing

Psep = {ci + B?i € I'with ||c; — cpll > 2forallj #k e I}

of (finitely or infinitely many) non-overlapping translates of B¢ with centers {c; i € I} is an R-separable
packing in E? if for each i € I the finite packing { ¢ + B | it B c c; + RBd} is a totally separable
packing (in ¢; + RBY). Finally, let Osep(R, d) denote the largest density of all R-separable unit ball
packings in El, ie., let

Z -+Bd Q VOld(Ci+Bd)
o . c; C A
5SGP (R,d) = Se;;eI: (ll}{if;.p voly(Qy) ’
where Qy, denotes the d-dimensional cube of edge length 2\ centered at o in B having edges parallel to
the coordinate axes of E¢.

Remark 229 For any 1 < R < 3 we have that dsep(R, d) = 04 where 04 stands for the supremum of the
upper densities of all unit ball packings in E?.

The following statement is a special case of Lemma 235 and it is the core part of the proof of Theorem
100 published in [51] and discussed below.

Lemma 230 If {c; + B 1<i<n}isan R-separable packing of n unit balls in E® with R > 1,n > 1, and d
> 2, then

nvoly (Bd)
VOld (U?:10i+2RBd)

< Sep (R, d).

Next, let &Z = {c¢; + Bd, ¢+ Bd, R U B¢ } be a totally separable packing of n translates of B< with
centers at the points of C,, = {¢[, ¢, ..., ¢,} in E¢. Recall that any member of &2 is tangent to at most 2d

members of & and if ¢; + B?is tangent to 2d members, then the tangent points are the vertices of a regular

cross-polytope inscribed in ¢; + B and therefore
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c; + VdB? C U c;j+ VdB?.

1<j<n,j#i

Thus, if m denotes the number of members of &2 that are tangent to 2d members in &, then the (d — 1)-
dimensional surface volume svol; _ | (bd(C,, + Vd Bd)) of the boundary bd(C,, + Vi dBd) of the non-

convex set C,, + v/ dB4 must satisfy the inequality
svolg1 (bd (cn + \/EBd)> < (n — m)d‘T svola_1 (bd (BY)). (9.34)

Finally, the isoperimetric inequality ([194]) applied to C,, + Vv dB? yields
y P q y pp n y

svoly_; (bd(B9))*

B d?vol, (B?)

iq (Bd) =

svoly 1 (bd (cn+\/Zle))d (9.35)

voly (Cn—H/EBd) oo

<iq (C’n + \/EBd> _

Vd

where iq(-) stands for the isoperimetric quotient of the given set. As d > 4, & is a -5 -separable packing
(in fact, it is an R-separable packing for all R > 1) and therefore (9.34), (9.35), and Lemma 230 imply in a
straightforward way that

> svolZ (bd<0n+\/EBd)) _ svoly_; gbii(cn-&-\/EBd))
d™7 svoly 1(bd(B9))

4T voly(B4)
1 — N
iq(B9) 7vol, (C’n+\/dBd)

4% vol,(B)
d-1
iq (Bd) 7 nvoly (Bd) . 1 n %
T AT o) \ b (%) a7 asep(é,d>% |
Thus, the number of contacts in & is at most
1 1 a1 1 -1
3(2dn — (n —m)) <dn — — =n 7 <dn——=5n'7,
2T asep(é,d) a 2d°2
finishing the proof of Theorem 100.
9.10 Proofs of Theorems 101, 102, and 103
9.10.1 Linearization, fundamental properties
First, in order to give a linearization of the problem, we consider a set of n pairs (xy, f), ..., (X, f,,) Where

x; € E4 and f; is a linear functional on E? for all 1 < i < n, and we define the following conditions that they
may satisfy.
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fi (x;) = 1land f; (x;) € [-1,0] holdsforalll <i,j <mn,i # j. (Lin)
fi (x;) = —1,ifand onlyif x; = —x; holdsforall1l < i,j < n,i # j.

(StrictC)
fi (x;) = —1,ifand onlyif f; = — f; holdsforall1 < i,j < n,i # j.
(Smooth)
fi (x;) = land f; (x;) € (—1,0] holdsforalll < 4,5 < m,i # j.
(OpenLin)

Lemma 231 There is an o-symmetric, strictly convex body K in E? with Hep(K) 2 n if and only if there is
a set of n vector-linear functional pairs (Xy, f1), ....(X;, ;) in E¢ satisfying (Lin) and (StrictC).
Similarly, there is an o-symmetric, smooth convex body K in E? with Hgep(K) 2 n if and only if, there is
a set of n vector-linear functional pairs (Xy, f1), ....(X;, f,,) in E¢ satisfying (Lin) and (Smooth).
Furthermore, the existence of an o-symmetric, smooth and strictly convex body with Hsep(K) >nis
equivalent to the existence of n vector-linear functional pairs satisfying (Lin), (StrictC) and (Smooth).

Proof. Let K be an o-symmetric convex body in E¢. Assume that 2x; + K, 2x, + K, ..., 2x, + K is a
separable Hadwiger configuration of K, where xy, ..., x,, € bdK. For 1 < i < n, let f; be the linear
functional corresponding to the separating hyperplane of K and 2x; + K which is disjoint from the interior
of all members of the family. That is, f;(x;) = 1 and =1 < filg < 1.

Total separability yields that fy(x;)€ [-1, 1]\(0, 1), for any 1 <, j < n, i # j. Suppose that f;(X;) = 1. Then
2x; + K and 2x; + K both touch the hyperplane H := {x € E< fi{(x) = 1} from one side, while K is on the

other side of this hyperplane.
If K is strictly convex, then this is clearly not possible.
If K is smooth, then let § be a separating hyperplane of 2x; + K and 2x; + K which is disjoint from

intK. Since K is smooth, KN H N S = })(, and hence, K does not touch 2x; + K or 2Xj + K, a

contradiction.
Thus, if K is strictly convex or smooth, then (Lin) holds.
If K is strictly convex (resp., smooth), then (StrictC) (resp., (Smooth)) follows immediately.
Next, assume that (X1, f7), ..., (X, f;;) 1s a set of n vector-linear functional pairs satisfying (Lin) and

(StrictC). We need to show that there is a strictly convex body K with Hsep(K) > n. Consider the o-
symmetric convex set L = {x € E¢ : fi(x) € [-1, 1] for all 1 <i < n}, the intersection of n o-symmetric

slabs.
Fix an 1 < i < n. If there is no j # i with ]S-(x,-) = —1, then x; is in the relative interior of a facet of the

polyhedral set L, moreover, by (StrictC), no other point of the set {+x;, ..., #X,,} lies on that facet.

If there is a j # i with fi(x;) = -1, then X; is in the intersection of two facets of L, moreover, by (StrictC),
no other point of the set {+xy, ..., =x,,} lies on the union of those two facets.

Thus, there is an o-symmetric, strictly convex body K c L which contains each x;. Clearly, for 1 <i < n,
the hyperplane {x € E? : fi(x) = 1} supports K at x;. It is an easy exercise to see that the family 2x; + K,
2x, + K, ..., 2x,, + K is a separable Hadwiger configuration of K.

Next, assume that (xy, 1), ..., (X, f,,) 1s a set of n vector-linear functional pairs satisfying (Lin) and
(Smooth). To show that there is a smooth convex body K with Hy.,(K) 2 n, one may either copy the above
proof and make the obvious modifications, or use duality: interchange the role of the x;s with that of the
f;s, obtain a strictly convex body in the space of linear functionals, and then, by polarity obtain a smooth

convex body in E¢. We leave the details to the reader.
Finally, if (Lin), (StrictC) and (Smooth) hold, then in the above construction of a strictly convex body,
we had that each point of the set {+x;, ..., x,,} lies in the interior of a facet of L, with no other point
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lying on the same facet. Thus, there is an o-symmetric, smooth and strictly convex body K c L which
contains each x;. Clearly, we have Hye,(K) 2 n.

Note 1 Let K be an o-symmetric, strictly convex body in E¢, and consider a separable Hadwiger
configuration of K with n members. Then, by Lemma 231, we have a set of n vector-linear functional pairs

satisfying (Lin) and (StrictC).

If for each 1 <i < n, we have that —X; is not in the set of vectors, then (OpenLin) is automatically
satisfied. We remark that in this case, we may replace K with a strictly convex and smooth body.

If for some k # { we have Xy = =Xy, then by (Lin), f; (x¢) = 0 for all j € [n]\{k, ¢ }. Thus, if we remove (X,
fi) and (X, f7) from the set of vector-linear functional pairs, then we obtain n — 2 pairs that still satisfy
(Lin) and (StrictC), and the linear functionals lie in a (d — 1)-dimensional linear hyperplane. Thus, we

may consider the problem of bounding their maximum number, n — 2 in Ed-1,
The same dimension reduction argument can be repeated when K is smooth. Thus, in order to bound
Hep(K) for smooth or strictly convex bodies, it is sufficient to consider smooth and strictly convex bodies,

and bound n for which there are n vectors with linear functionals satisfying (OpenLin).
We will rely on the following basic fact from convexity due to Steinitz [227] in its original form, and
then refined later with the characterization of the case of equality, see [205].

Lemma 232 Let X, ..., X,, be points in E? with o € intconv{xy, ..., X,,}. Then there is a subset A S {X,
..., X, } of cardinality at most 2d with o € intconvA.

Furthermore, if the minimal cardinality of such an A is 2d, then A consists of the endpoints of d line
segments which span E®, and whose relative interiors intersect in o.

Proposition 233 Let (X, f1), ..., (X,,, f,,) be vector-linear functional pairs in E? satisfying (Lin). Assume
further that o € intconv{xy, ..., X,,}. Then n < 2d.

Moreover, if n = 2d, then the points Xy, ..., X, are vertices of a cross-polytope with center o.

Proof. By (Lin), for any proper subset A € {Xxy, ..., X,;}, we have that the origin is not in the interior of

convA. Thus, by Lemma 232, n < 2d.
Next, assume that n = 2d. Observe that it follows from (Lin) that if x; = Ax; for some 1 <i, j<n, i # j and

A € R, then A = —1. Thus, combining the argument in the previous paragraph with the second part of
Lemma 232 yields the second part of Proposition 233.

Proposition 234 Let (Xq, f1), ..., (X, [;,) be vector-linear functional pairs in E¢ satisfying (OpenLin).
Assume that 0 & conv{Xj, ..., X, }. Then for any 1 < k < { < n, the triangle conv{o, X;, X;} is a face of the
convex polytope P := conv{xy, ..., X;,, 0}.

Proof. By (OpenLin), we have that fy(x;) > —1 for all 1 <, j <n, i # j. Suppose for a contradiction that
COIIV{XJ- :J€{1,2,...,n}]\{k ¢}} contains a point of the form x = Ax; + ux, with 4, © 20,0 <A+ u < 1. By
(OpenLin), we have f(x).f; (x) < 0. Thus,

0> fr(x)+ fo(x) =2 (1+ fo(xx)) +p (L4 fr (x¢)) >0,

a contradiction.

9.10.2 Proofs of Theorems 101 and 102

To prove part (i) of Theorem 102, we will use induction on d, the base case, d = 1 being trivial. By the
dimension-reduction argument in Note 1, we may assume that there are n vector-linear functional pairs

(X1, f1)s ---» (X, f,) satisfying (OpenLin).
If o € conv{xy, ..., X, }, and 0 & conv{fi, ..., f,}, then, clearly, n < hsep(d).
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Thus, we may assume that o € conv{xy, ..., X,,}. We may also assume that ' = conv{xy, ..., X} is the
face of the polytope conv{xy, ..., X,,} that supports o, that is the face which contains o in its relative
interior. Let H := span F. If H is the entire space E?, then o € intconv{xy, ..., X,;} and hence, n < 2d

follows from Proposition 233.
On the other hand, if H is a proper linear subspace of £, then clearly, for any i > k, we have that fi1s

identically zero on H.
Applying Proposition 233 on H for {Xx; : i < k} with {f]ly : i < k}, we have

k <2dim H. (9.36)

Denote by H* the orthogonal complement of H, and by P the orthogonal projection of E¢ onto H*. It is
not hard to see that P is one-to-one on the set {X; : i > k}. Moreover, the set of points {PX; : i > k}, with

linear functionals {f;l;L : i > k} restricted to Ht, satisfy (OpenLin) in Ht.

Combining (9.36) with the induction hypothesis applied on H*, we complete the proof of part (i) of
Theorem 102.
For the three-dimensional bound in part (ii) of Theorem 102, suppose that 0 & conv{xy, ..., x4} € E3.

By Radon’s lemma, the set {o, Xj, ..., X4} admits a partition into two parts whose convex hulls intersect

contradicting Proposition 234. The same proof yields the two- and the four-dimensional statements, while
the one-dimensional claim is trivial.
We use a projection argument to prove part (ii1) of Theorem 102. Assume that xy, ..., X, is a set of

Euclidean unit vectors with ( x;, Xj) € (-1, 0] for all 1 <i, j <n, i #j. Furthermore, let y be a unit vector
with (y, x; } > 0 for all 1 <i < n. Consider the set of vectors x’; == x; = (y,X; ) y,i =1, ..., n, all lying in
the hyperplane y*. Now, for 1 <i, j < n, i # j, we have

(x'i,%'5) = (xi,%5) — (y, %) (¥, %) <0.
Thus, x';, i =1, ..., n form a set of n vectors in a (d — 1)-dimensional space with pairwise obtuse angles. It
is known [85, 157, 204], or may be proved using the same projection argument and induction on the

dimension (projecting orthogonally to (x’ n)L) that n < d follows. This completes the proof of Theorem
102.

Example 2 By Lemma 231, it is sufficient to exhibit 6 vectors (with their convex hull not containing o in
%) and corresponding linear functionals satisfying (OpenLin). Let the unit vectors vy, Vs, Vg be the

vertices of an equilateral triangle centered at 0 in the linear plane span{ey, es} of E®. Let X;=¢e; fori=1,
2,3,and let X; = (e + ey + e3)/3 + v;, fori =4, 5, 6. Observe that 0 & conv{Xy, ..., Xg}, as ( €| + e, + e3,
x;)>0fori=1,...,6.

We define the following linear functionals.

fl (X) = <e1 - %,X>, f2 (X) = <e2 - %,X>, f3 (X) - <e3 - %,X>, ana’fl(x) = <Vi’ X),fOV
i=4,5,6. Clearly, (OpenLin) holds.

Now, we are set for the proof of Theorem 101. First, we prove part (1). If the origin is in the interior of
the convex hull of the translation vectors, then Proposition 233 yields n < 2d and the characterization of
equality. In the case when o € intconv{x;}, Theorem 102 combined with Note 1 yields n < 2d.

The proof of part (ii) follows closely a classical proof of Danzer and Griinbaum [84] on the maximum
size of an antipodal set in E<,

By Lemma 231 and Note 1, we may assume that K is an o-symmetric smooth strictly convex body in
E<. Assume that 2x1 + K, 2x, + K, ..., 2x,, + K is a separable Hadwiger configuration of K, where x, ...,

X, € bdK. Let f; denote the linear functional corresponding to the hyperplane that separates K from 2x; +
K.
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For each 1 <i <n, let K; be the set that we obtain by applying a homothety of ratio 1/2 with center x; on
the set K N {x € E¢: fi(x) > 0}, that is,

K;,:=1(Kn{xecE*: f;(x) >0}) + %.

These sets are pairwise non-overlapping. In fact, it is easy to see that the following even stronger
statement holds:

(,uxi + int (%K)) N (

.U.Kj> =40
JF#i

for any u > 0 and 1 <i < n. On the other hand, vol (K;) = 2+ 1) vol ;(K) by the central symmetry of K,
where vol 4(-) stands for the d-dimensional volume of the given set. We remark that — unlike in the proof of
the main result of [84] by Danzer and Griinbaum — the sets K; are not translates of each other. Since each
K, is contained in K\int ( %K), we immediately obtain the bound n < 2d+1_o

To decrease the bound further, replace K by
Ki:=Kn{xecE’: f; (x) >1/2}.

Now, ﬁl, K,, ..., K, are still pairwise non-overlapping, and are contained in K\int ( % K). The

smoothness of K yields Kl 2 K, and hence, vol 4 KI) >2-(@d+1) vol ;(K). This completes the proof of
part (ii) of Theorem 101.

9.10.3 Proof of Theorem 103

We recall Definition 31 in the following form.

Definition 51 Let & = {x; + K : i € I} be a finite or infinite packing of translates of K, and p > 0. We say
that & is p-separable if for each i € I we have that the family {x;+K:j€eLx;+Kcx;+pK} is a totally
separable packing of translates of K. Let gep, (p, K) denote the largest density of a p-separable packing of
translates of K, that is,

> volu(xi+K)
irx;+KC[-A4

dsep (0, K) 1= sup lnil%:oup o ,

where the supremum is taken over all p-separable packings &2 of translates of K.
We quote Lemma 1 of [45].

Lemma 235 Let {x; + K : 1 <i<n} be a p-separable packing of translates of an o-symmetric convex body
Kin]EdwithpZ I,n=21landdz=?2. Then

nvolg(K) < 5sep (p’ K)
voly <1§Lijgn (xi+2pK)>

Proof. We use the method of the proof of the Lemma in [33] with proper modifications. The details are as
follows. Assume that the claim is not true. Then there is an ¢ > 0 such that

volg (U7, (c; + 20C)) = g;;’;;fgg —e (9.37)
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Let C,={c;li=1,...,n} and let A be a packing lattice of C,, + 2pC = U;_;(c; + 2pC) such that C,, + 2pC
is contained in a fundamental parallelotope of A say, in P, which is symmetric about the origin. Recall that
for each 4 > 0, ng\ denotes the d-dimensional cube of edge length 2/ centered at the origin o in E¢ having

edges parallel to the coordinate axes of E¢. Clearly, there is a constant 4 > 0 depending on P only, such
that for each 4 > 0 there is a subset L) of A with

Wi C L, +PandL, +2P CW{_. (9.38)

The definition of 5sep(p, C) implies that for each 4 > 0 there exists a p-separable packing of m(4) translates
of C in E? with centers at the points of C(1) such that

C(L)+CcWd
and

li m(A)voly(C) _ .
Ao volg (Wg) Osep (p, C)

Vol (Wfﬂl)
VOld (Wi)

in E¢ with centers at the points of C(¢) and with C(¢) + C Wg such that

As limj o = 1 therefore there exist ¢ > 0 and a p-separable packing of m(¢) translates of C

vol(P)dup(p,C) _ m(€)volu(C)

d nvoly(C) nvola(C)card(Le) (9.39)
vola(P)+e voly (Wgw)

volq(P)+e Vol (Wg+u) ’

where card(-) refers to the cardinality of the given set. Now, for each x € P we define a p-separable
packing of 7 (x) translates of C in E¢ with centers at the points of

C (x):={x+Le¢ + Cr}U{y € C(§)|y &€ x+L¢ + Cp, + int (2pC)}.

Clearly, (9.38) implies that C (x) + C Wg - Now, in order to evaluate / m (x)dx, we introduce
xcP
the function Xy for each y € C(¢) defined as follows: Xy(X) =1lifyéx+ Le+ Cy+ int(2 pC) and )(y(x) =0

for any other x € P. Based on the origin symmetric P, it is easy to see that for any y € C(¢) one has

/ Xy (x)dx = vol y(P) — vol (C,, + 2p C). Thus, it follows in a straightforward way that
xcP

/xepm(X)dX:/xeP ncard (L¢) + Y xy (x) | dx

yeC(§)
= nvoly (P)card (L¢) +m (§) (volg (P) — vol, (C), + 2pC)).

Hence, there is a point p € P with

i (p) = m (¢) (1 — 429 ) + ncard (L)

VOld(P)
and so
m(p)vola(C) ~, m(§)vola(C) (1 _ vold(C’n+2pC)) i nvoly(C)card(Ly) (9.40)
vold(WgﬂJ - VOld(Wg+”) voly(P) vold(Wg+M> '
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Now, (9.37) implies in a straightforward way that

volg(P)dsep(p,C) voly(C,+2pC) nvoly(C) 941
vola(P)-+e (1 N dvold(P) ) + vold(ii:’)Jrs = sep (p, C). ( )

Thus, (9.39), (9.40), and (9.41) yield that
m(p)volq(C) > 5sep (p, C)

volg (Wg +u)
AsC(p)+Cc Wg o this contradicts the definition of dep(p, €), finishing the proof of Lemma 235.

Lemma 236 Let K be a smooth o-symmetric convex body in ES withd € {1,2,3,4}. Then thereisa X >0
such that for any separable Hadwiger configuration {K} U {x; + K:i=1, ..., 2d} of K,

2d
MK C U (xi+1K). ©-42)

holds. In particular, (9.42) holds with A =2 when d = 2.

Definition 52 We denote the smallest ) satisfying (9.42) by ksep (K), and note that Xsep (K) = 2, since

otherwise U?il(xi + AK) does not contain o.

Proof. Clearly, A satisfies (9.42) if and only if for each boundary point b € bd(K) we have that at least one
of the 2d points b — % X;1s in K.

First, we fix a separable Hadwiger configuration of K with 2d members and show that for some A > 0,
(9.42) holds. By Theorem 101, we have that {x; : i = 1, ..., 2d} is an Auerbach basis of K, and, in
particular, the origin is in the interior of conv{x; : i = 1, ..., 2d}. It follows from the smoothness of K that
for each boundary point b € bd(K) we have that at least one of the 2d rays {b — rx; : > 0} intersects the
interior of K. The existence of A now follows from the compactness of K.

Next, since the set of Auerbach bases of K is compact (consider them as points in Kd), it follows in a
straightforward way that there is a A > 0, for which (9.42) holds for all separable Hadwiger configurations
of K with 2d members.

To prove the part concerning d = 2, we make use of the characterization of the equality case in part (i)
of Theorem 101. An Auerbach basis of a planar o-symmetric convex body K means that K is contained in
an o-symmetric parallelogram, the midpoints of whose edges are +x;, £X,, and +x{, +x, € K. We leave it

as an exercise to the reader that in this case, for each boundary point b € bd(K) we have that at least one

of the 4 points b+ 3+, b + 2 isin K

Finally, we are ready to state our main result, from which Theorem 103 immediately follows.
Theorem 237 Let K be a smooth o-symmetric convex body in E? withd € {1,2,3,4}. Then
csep (K, n,d) <

dn —

pld-1)/d iq(B9) ] 1/d

Q[XSep(K)}d—l[Jsep(xseg(x) 7K)](d—1)/d [ (&)

nld-1/d (yol, (B) ) *

< dn - — g w

foralln>1.
In particular, in the plane, we have
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Csep (K, m,2) < 2n — 4\/5
foralln>1.

Proof. Let & = C + K be a totally separable packing of translates of K, where C denotes the set of centers
C = {xq, ..., X;,;}. Assume that m of the n translates is touched by the maximum number, that is, by

Theorem 101, He,(K) = 2d others. By Lemma 236, we have

svolg 1 (bd (C 4 Asep (K)K)) < (9.43)
(n — m) (hsep (K))* svolg_1 (bd (K)).

By the isoperimetric inequality, we have

. (RA) < _ (svoly 1 (bd(Csep (K)K)))* (9.44)
iq (BY) <ia(C'+ e (K)K) = = a0

Combining (9.43) and (9.44) yields

n—m?> (iQ(Bd))1/d[vold(0+xsep(K)K)](dq)/d
2 (hsep (K)) T Tsvola_1(bdK)

The latter, by Lemma 235 is at least

. 1/d nvolg(K) (d-1)/d
(lq(Bd)) [ Ssep (rsep (K) /2.K)
(}&sep (K) ) dilSVOld—l (bdK)

After rearrangement, we obtain the desired bound on n completing the proof of the first inequality in
Theorem 237.
To prove the second inequality, we adopt the proof of [33, Corollary 1]. First, note that o

sep
<)‘S“’T(K), K) <1, and (iq(Bd))l/ d = dvold(Bd). Next, according to Ball’s reverse isoperimetric inequality

(see Theorem 3 or [16]), for any convex body K, there is a non-degenerate affine map 7 : E¢ — E4 with
1q(TK) < (2cbd. Finally, notice that csep(K, n, d) = csep(TK, n, d), and the inequality follows in a
straightforward way.

The planar bound follows by substituting the value Age;, (K) = 2 from Lemma 236.

9.10.4 Remarks

Lemma 236 does not hold for strictly convex but not smooth convex bodies. Indeed, in [E3, consider the o-
symmetric polytope P := conv{+e;, +e,, +e;, +0.9(e; + e, + e3)} where the e;s are the standard basis

vectors. The six translation vectors +2e, +2e,, +2e3 generate a separable Hadwiger configuration of P.
For the vertex b := 0.9(e| + e, + e3), we have that each of the 3 lines {b + re; : t € R} intersect P in b only.
Thus, there is a strictly convex o-symmetric body K with the following properties. P C K, and +e; is a
boundary point of K for each i = 1, 2, 3, and at +e;, the plane orthogonal to e; is a support plane of K, and
b is a boundary point of K, and the 3 lines {b + re; : t € R } intersect K in b only. For this strictly convex
K, we have Agep,(K) = co.

Thus, it is natural to ask if in Theorem 103 smoothness can be replaced by strict convexity. We note that
in our proof, Lemma 236 is the only place which does not carry over to this case.
The same construction of the polytope P shows that Ay, (K) may be arbitrarily large for a three-

dimensional smooth convex body K. Indeed, if we take K := P + ¢B9 with a small ¢ > 0, we obtain a
smooth body for which, by the previous argument, A, (K) is large.
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Thus, it would be very interesting to see a lower bound on f(K) of Theorem 103 which depends on d
only.

9.11 Proof of Theorem 108

In the proof we use the following concepts and lemma.
Let S denote the sequence whose jth element s; is the number of bits one needs to count from the right

to reach the first non-zero value in the binary form of j; in other words, s; is the smallest integer k such that

2K is not a divisor of k. The first few elements of this sequence are
1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,5,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,6 . ..

First, we prove a property of this sequence that we need in the construction of a topological disk with
large Hadwiger number.

Lemma 238 For any positive integer m, the sum of any m consecutive elements of S is minimal for the
first m elements of S. In other words, for any non-negative integer r, we have

m r+m
E S; < E S;.
=1 i=r+1

Proof. We prove by induction on m. If m = 1, then the assertion clearly holds, since s; = 1 < s, for all

values of r. Assume that m > 1, and the statement holds for any positive integer smaller than m. If m is
odd, then s, = 1, and thus, by the induction hypothesis,

r+m—1 r+m—1 r+m
E 31_1"‘5 i <1+ E 8i < Spym + g S = E 8.
i=r+1 i=r+1 i=r+1

Consider the case that m is even. Observe that s; = 1 if and only if 7 is odd, and if we remove all elements

with an odd index, and decrease the value of every element with an even index, the obtained sequence
coincides with S. Thus, if m is even, then

m m/2 m/2 r'+m/2 m r'+m/2
Zsz:% 2( m+zsz§m+ Zsz—? Z(Sz+1)
=1 =1 i=r'4+1 i=r'4+1
r+m
= Z Sis
i=r+1

where 1’ = L%J
To prove Theorem 108, for every positive integer m we construct a topological disk K,,, and m
translates of K, which are pairwise non-overlapping, and each touches K,,. To do it, first we introduce a

2-parameter family of topological disks.
Consider some arbitrary integers k > 2 and m > 1. To construct a topological disk Kﬁl corresponding to

these numbers, we use 2" rectangles of size k x 1, called bars, and 2™ —1 rectangles with unit base, called
connectors. We denote the bars by By, B,, ..., Bom, and the connectors by C, C,, ..., Cym_;. Here, the

height of the ith connector is s;.
From these pieces, we build up Kffn such that, starting with B, in each step we attach the bottom side
of C; to the top side of the rightmost square of B;, and the left side of B; , | to the right side of the

uppermost square of C;. More formally, we set
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B; = [(’L — 1)k, ’Lk] X [yi,yi -+ 1] and C; = [’Lk — 1,ik] X [yi + 1, yiv1 + 1],

i—1
where y; = Z s;j. Note that in this case the bottom, left corner of By is the origin.
j=1
Note that these disks can be constructed recursively as well by connecting two translates of Kfj%l by
sz—l.
First, we prove the next lemma.

Lemma 239 Let F and F' be two translates of Kfn, where m, k > 2, such that the first bar B’y of F' is
obtained by translating some bar B, of F with the vector (x*, y*), where y* < — 1, and 1 <x* <k — 1. Then

F and ¥' do not overlap.

Proof. Assume that F = K* | and consider the vertical strip determined by the bar B, _ | , ; for some 1 < i
< 2™ — r + 1. This strip may intersect only at most B/;_;,B’; and C’;_;. The maximum y-coordinate of
the points of B’;_; UB’; U C’;_1, measured from the bottom, left corner of F’, is y; + 1. Since the y-
coordinate of this corner of F' is y, + y* <y, — 1, the set B’;_; UB’; U C’;_; lies below the line y =y, +
Yi-

On the other hand, the y-coordinate of the points of the bottom edge of B, _ | , ;is y, _ | 4 ;> from which

ri—2 i1
Yr—1+i — (Yr +¥i) = (Yr—14i —Yr —¥i) = Z 85— Z 5520
j=r j=1

follows.
Now we return to the proof of Theorem 108. Let k > m > 1 be arbitrary. Consider the topological disk
X, = K% . We define the translates X5, X3, ..., X,, in the following way: The translate X; is obtained from

k
m-+1—1

right and by one downward we obtain the first instance of Kfn 41 from the left in X;.

Let 1 < i <j < m arbitrary. Then the first instance of K, , | _; from the left in X; is obtained by

X, _ j in such a way that by translating the second instance of K from the left in X; _ | by one to the

translating some instance of this set in X; to the right and downward by j —i. Since 1 <j —i < m <k,
Lemma 239 implies that X; and X; do not overlap.

Define X as the translate of X; downward by m + 1. To prove the theorem, it is sufficient to show that
X1, X, ..., X, touch X (cf. Figure 9.6).

Let i be fixed. Let K be the last instance of Kﬁ1 i from the left in X, and let K’ be the first instance of
K,, ; | _; from the left in X;. Then K’ is obtained from K by translating it first upward by m + 1, then both

to the right and downward by i — 1. Thus, K’ is the translate of K by the vector (i — 1, m + 2 — i). Since the
height of the middle connector of K is m + 2 — i, this yields that K and K’ touch. On the other hand, as K
1s the last, and K' is the first instance of Kfn i in X and X, respectively, X and X; do not overlap.
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FIGURE 9.6
The translates of Kg.

9.12 Proof of Theorem 110

Let S be an o-symmetric starlike disk. Let & = {S;:i=1, 2, ..., n} be a family of translates of S such that
n=H(S)and, fori=1,2,...,n,S;=c; +S touches S and does not overlap with any other element of .#.
LetK=convS,X={¢;:i=1,2,...,n}, C=convX and C = conv(X U(=X)). Furthermore, let R; denote
the closed ray R; = {Ac; : A € R and A 2 0}.

First, we prove a few lemmas.

Lemma 240 The disk S is starlike relative to the origin 0. Furthermore, 0 € intS.

Proof. Let S be starlike relative to p € S, and assume that p # 0. By symmetry, S is starlike relative to —p.
Consider a point q € S. Since S is starlike relative to p and —p, the segments [p, q] and [-p, q] are
contained in S. Thus, any segment [p, r], where r € [—p, q], is contained in S. In other words, we have
conv{p, —p, q} < S, which yields that [0, q] < S. The second assertion follows from the first and the

symmetry of S.

Before the next lemma, recall that the relative norm of a convex body K is the norm induced by the
central symmetrization of K. In the following, we denote the distance of two points X, y measured in the
relative norm of K by distg(X, y). An alternative definition of this concept is

distk (x,y) = 2
where [p, q] is a longest chord of K parallel to [x, y], and |-l denotes Euclidean norm.
Lemma 241 Ifx + S and y + S are non-overlapping translates of S, then we have distg(X,y) = 1.

Proof. Without loss of generality, we may assume that x = 0. Suppose that y € intK. Note that there are
points p, q € S such that y € intconv{o, p, q}. By the symmetry of S, [y — p, y] and [y — q, y] are
contained in y + S. Since y € intconv{o, p, q}, the segments [y — p, y] and [0, q] cross, which yields that
S and y + S overlap; a contradiction. Hence, y & intK. Since intK is the set of points in the plane whose
distance from o, in the norm with unit ball K, is less than one, we have distg(o, y) > 1.

Remark 242 The Hadwiger number H(S) of S is at most twenty-four.
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Proof. Note that, for every value of i, K and ¢; + K either overlap or touch. Since K is o-symmetric, it
follows that ¢; € 2K, and ¢; + %K is contained in %K By Lemma 241, {c; + %K i=1,2,...,ntU { %

K} is a family of pairwise non-overlapping translates of %K Thus, n < 24 follows from an area estimate.
Lemma 243 If j # i, then R; N intS; = }f Furthermore, R; 1 S; c(o, ¢;).

Proof. Since S and S; touch, there is a (possibly degenerate) parallelogram P such that bdP < (S U S;) and
[0, ¢;] © P (cf. Figure 9.7). Note that if int(x + S) intersects neither S nor S;, then x € P and int(x + S) N
(0,¢) = }f .

IfS;NR; = }f, we have nothing to prove. Let S; N R; = }f and consider a point ¢; + p € S; 1 R;. Since
0 €intS, ¢;+p # 0 and ¢; + p # ¢;. By the previous paragraph, if ¢; + p € (o, ¢;), then ¢; + p € intS;. Thus,
we are left with the case that ¢;+pE R)\o, ¢;]. By symmetry, ¢;,—p € S;. Note that (c;, ¢; — p) N(o, cj) # )@/
, which yields that intS; intersects (o, cj); a contradiction.

Lemma 244 We have o € intC, and X < bdC.

Proof. Assume that o & intC. Note that there is a closed half plane H, containing o in its boundary, such
that C c H. Let p be a boundary point of S satisfying S € p + H. Then, fori=1, 2, ..., n, we have S, C p
+ H. Observe that, for any value of i, 2p + S touches S and does not overlap S;. Thus, Z# U {2p + S} is a

family of pairwise non-overlapping translates of S in which every element touches S, which contradicts
our assumption that card # = n = H(S).

FIGURE 9.7
Touching pairs of translates of S.

Assume that ¢; € bdC for some i, and note that there are values j and & such that ¢; € intconv{o, ¢;, ¢}.

Since S; and Sy touch S + ¢;and %ck are contained in K. Observe that at least one of d; = ¢; - %cj and d,

s 92 ]
=¢;— %ck is in the exterior of the closed, convex angular domain D bounded by R; U Ry (cf. Figure 9.8).
Since d; and dy, are points of ¢; + K, we obtain (¢; + K)\D # ﬂ . On the other hand, Lemma 243 yields that

S; € D, hence, ¢; + K = convS; c D; a contradiction.
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FIGURE 9.8
The angular domain bounded by R; U R;.

Remark 245 The Hadwiger number H(S) of S is at most sixteen.

Proof. Gotab proved that the circumference of every centrally symmetric convex disk measured in its
norm is at least six and at most eight (cf. Theorem 49 or [120]). Fary and Makai proved that, in any norm,
the circumferences of any convex disk C and its central symmetral %(C — C) are equal (cf. Theorem 50 or

[101]). Thus, the circumference of C measured in the norm with unit ball %(C — () is at most eight.

FIGURE 9.9
An illustration for the proof of Theorem 110.

1
2

distk(c;, cj) > 1 foreveryi#j. Thus, X={c;:i=1,2, ..., n} is a set of n points in the boundary of C at

Since C c 2K we have dist¢c > distrg(p, Q) = 5 distg(p, q) for any points p, q. By Lemma 241,
pairwise C-distances at least % Hence, n < 16.

Now we are ready to prove our theorem. By [86], there is a parallelogram P, circumscribed about C,
such that the midpoints of the edges of P belong to C. Since the Hadwiger number of any affine image of
S is equal to H(S), we may assume that P = {(a, ) € E2 : lal < 1 and I8l < 1}. Note that the points e, = (1,

0) and e, = (0, 1) are in the boundary of C.

First, we show that there are two points r, and s, in S, with x-coordinates p, and o,, respectively, such
that e, € conv{o, 2r,, 2s,} and p, + 0, > 1.

Assume that e, = ¢; for some value of i. Since S and S; touch, there is a (possibly degenerate)
parallelogram P; = conv{o, r,, s, ¢;} such that ¢; =r, +s,, ([0, r,] U [0,s,]) U S and ([¢;, r,] U [c;, s,]) ©
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S; (cf. Figure 9.7). Observe that ¢; € conv{o, 2r,, 2s,} and p, + o, = 1. If e, = —¢;, we may choose r, and
S, similarly.

Assume that e, € (c;, ¢;) for some values of i and j. Consider a parallelogram P; = conv {o, r;, s;, ¢;}
such that ¢;=r; +s;, ([0, 1;] U [0, s;]) © S and ([c;, r;] U [c;, s;]) { S;. Let L denote the line with equation x
= % We may assume that L separates s; from 0. We define r; and s; similarly. If the x-axis separates the
points s; and s;, we may choose s; and s; as ry and s,. If both s; and s; are contained in the open half plane,
bounded by the x-axis and containing ¢; or ¢;, say, ¢;, we may choose r; and s; as r, and s, (cf. Figure 9.9).
If e, is in (=¢;, ¢;) or (—¢;, —¢;), we may apply a similar argument.

Analogously, we may choose points ry and s, in S, with y-coordinates p,, and oy, respectively, such that
e, € conv{o, 2ry, 2s,} and py, + 0, > 1. We may assume that p, < o, and that p, < 0,.

Let Qy, Q;, Q3 and Q4 denote the four closed quadrants of the coordinate system in counterclockwise
cyclic order. We may assume that X N Q # }/ , and that Q; contains the points with non-negative x- and
y-coordinates. We relabel the indices of the elements of # in a way that R|,Ry, ..., R, are in
counterclockwise cyclic order, and the angle between R and the positive half of the x-axis, measured in

the counterclockwise direction, is the smallest amongst all rays in{R;: i =1, 2, ..., n}.

of

FIGURE 9.10
The y-coordinate of ¢; is at least o;.

If card(Q; N X) < 3 for each value of i, the assertion holds. Thus, we may assume that, say, j = card(Q;
N X) > 3. By Lemma 243, [¢;, ¢; — sy] does not cross the rays R| and RJ- fori=2,3,...,j— 1. Thus, the y-
coordinate of ¢; is at least o, (cf. Figure 9.10, note that ¢; is not contained in the dotted region). Similarly,
the x-coordinate of ¢; is at least o, fori =2, ..., j — 1. Thus, 6, < 1 and oy < 1, which yield that p, > 0 and
Py 2 0. Since 6, > 1 - p, and oy 2 1 = Py each ¢;, with 2 <i<j— 1, is contained in the rectangle T = {(a, )
€EE*:1-py<as<landl-p,<f<1}.

Let B={(a, ) € E%:lal < p, and Ifl < py}. Note that if S and p + S are non-overlaping and x, y € S
then the parallelogram conv {0, X, y, X + y} does not contain p in its interior. Thus, applying this
observation with {x, y} C {irw, ig—zsm, +ry, j:g—Zsm}, we obtain that p € intB (cf. Figure 9.11, the
dotted parallelogram show the region ‘forbidden’ for p).

Furthermore, if r, and s, do not lie on the x-axis and ry, and s,, do not lie on the y-axis, then the interiors

of these parallelograms cover B, apart from some points of S, and thus, we have p € B. If p is on a vertical
side of B, then ry or s, lies on the y-axis (cf. Figure 9.12). Note that if r, lies on the y-axis, then e, €
conv{o, 2ry, 2s} yields p, > %, or that also sy, lies on the y-axis. Thus, it follows in this case that % e, €
S. Similarly, if p is on a horizontal side of B, then %ex € S. We use this observation several times in the

next three paragraphs.
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NotethatT:( —%, —%)—F%B.Sinceforany2$i<ksj—l,ci+%Bandck+%Bdonot

overlap, it follows that ¢; and ¢;, lie on opposite sides of T. By Lemma 4, we immediately obtain that j < 5.

Assume that j = 5. Then, we have card(X N T) = 3, which implies that two points of X N T are
consecutive vertices of T. Without loss of generality, we may assume that ¢4 = (1 — p,, 1), ¢3 = (1, 1) and
c=(r,1- py) for some 7 € [1 — Py» 1]. Since ¢3 — ¢4 lies on a vertical side of B, we obtain that %ey € S.

From the position of ¢3 — ¢,, we obtain similarly that %ex € S. Thus, if ¢ is not on the x-axis or €5 is not

1
2
e, €8S, it follows that ¢| = e, and ¢5 = e,. By Lemma 244, we have that ¢; = (1, I — p,), which yields that,

on the y-axis, then Ry  intS, # }X or Rs N intSy # ﬂ , respectively; a contradiction. Hence, from % e,

for example, S; and S, overlap; a contradiction.

FIGURE 9.11
The regions ‘forbidden’ for p.

FIGURE 9.12
p is on a vertical side of B.
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FIGURE 9.13
The case j = 5.

We are left with the case j = 4. We may assume that ¢, and c¢3 lie, say, on the vertical sides of T. Then
we immediately have %ey € S. If ¢4 is not on the y-axis, then R4 N intSj3 # ﬂ , and thus, it follows that ¢4
= e,. We show, by contradiction, that card((Q; U Q) N X) < 6.

Assume that card((Q U Q,) N X) > 6. Note that in this case card(Q, N X) = 4, and both ¢5 and ¢¢ are
either on the horizontal sides, or on the vertical sides of T' = (-2 + p,, 0) + T. If they are on the horizontal
sides, then %ex €S, c5=(-1, 1), ¢; = —e,, and, by Lemma 244, ¢ = (-1, 1 - py). Thus, S¢ overlaps both
S5 and S7; a contradiction, and we may assume that ¢5 and ¢g are on the vertical sides of T"'.

Since the y-coordinate of ¢, is at least %, and since (¢3, €3 — % ey) does not intersect the ray R,, we
obtain that the y-coordinate of ¢ is at least %. Similarly, the y-coordinate of ¢5 is at least % Note that c3
— s, and ¢5 + s, are on the positive half of the y-axis. Then it follows from Lemma 243 that ¢3 — s, and c5
+ s, lie on the open segment (o, ¢4) (cf. Figure 9.13). If ¢35 — s, & ( %c4, €4) Or ¢5 + S, & ( %c4, c4), then
we have ¢5 + 5, & (0, ¢4) Or €3 — s, & (0, ¢4), respectively. Thus, both ¢5 + s, and ¢3 — s, belong to ( %c4,
¢y), and a neighborhood of % ¢4 intersects S, in a segment, which yields that S4 is not a disk; a

contradiction.
Assume that card(Q4 N X) > 3. Then card((Q; U Q4) N X) > 6 yields that card((Q3z U Q4) N X) < 6,

and the assertion follows. Thus, we may assume that card (Q4 N X) < 3.

Finally, assume that card(Q3 N X) > 3. Then we have card((Q3 U Q4) N X) < 6 or card((Q, U Q3) N X)
< 6. In the first case, we clearly have card X < 12. In the second case, by the argument used for Q; N X, we
obtain that —e, € X and card(Q, N X) < 3, from which it follows that card((Q1 U Q, U Q3) N X) < 9.
Since card(Q4 N X) < 3, the assertion holds.

9.13 Proof of Theorem 111

The proof of Theorem 111 is a variant of the proof of Theorem 110. Again, let S € E? be a disk that is
starlike relative to the origin, and let & = {S;:i =1, 2, ..., n} be a family of pairwise non-overlapping
translates of S, with n = H(S), such that each S; = x; + S touches S. Let K = convS, K; = conv§; fori = 1,
2,...nX={x;:i=1,2, ..., n}, and C = convX. Furthermore, let R; = {Ax;: L € R and A > 0}.

First, we prove a few lemmas that we use in the proof.

Lemma 246 We have o € intC, and X c bdC.
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Proof. Note that if 0 € bdconv (X U {o}), then there is a supporting line L of F = conv (S U (U}, S)))

that passes through a point of S. Thus, there is a translate of S, on the other side of L, that touches S and
does not overlap F. Since n = H(S), we have a contradiction, which proves the first statement.
For contradiction, suppose that x; € intC for some value of i. Note that if i # j, then x; € [0, X;]. Thus,

there are indices j # k such that x; € intconv{o, X;, X }. Since H(S') = H(S) for any affine image S’ of S, we
may assume that X; = e, and x; = e,.

Consider points p € SjﬂS and q € S;NS, and note that [o, p], [0, q], [0, p — x;l, [0, q — x;] © S. Our
aim is to show that for any such starlike disk S, S; overlaps S, S; or §;. In our examination, to help the
reader follow the arguments, the segments in the figures belonging to S, S; or Sy are drawn with
continuous lines, and all the other lines are dotted or dashed.

Observe that X; is not contained in the open parallelograms P; = intconv{o, X;, p, X; — p}, as otherwise
the segment [X;, X; + p] crosses [Xj, pl, and thus, S; and Sj overlap (note that this argument is valid also in
the case that p € [o, X;]). Similarly, x; is not contained in P; = intconv{o, x;, q, X; — q}, since otherwise S;
and Sy overlap. We set T = [0, X;, X;] and Q = (intT)\( ,@j U &)). So far, we have that x; € Q.

Let f: E?2 — R be defined by f((a, ) = a + . We show that 0 < fip) < 1 and 0 < fiq) < 1.

For contradiction, suppose first that f{(p) < 0 or f(q) < 0. Without loss of generality, we may assume that

fip) <0 and f(p) < f(q) (cf. Figure 9.14), which yields that Q < [o, j — p) + ([0, q] U [q, x;]). If x; € ([o,
X; — p) + [0, q)), then [x;, x; + X; — p] crosses [0, q], and thus, S; overlaps S; a contradiction. Similarly, if

x; € ([0, x; — p) + (g, X]), then [X;, X; + X; — p] crosses [q, X], and S; overlaps S;. Finally, if x; € [q, q + X;
— p), then q lies in the relative interior of a segment in S;, from which it readily follows that S; is not a

disk; a contradiction.
Next, suppose that f(p) > 1 or fiq) > 1. Without loss of generality, we may assume that f(p) > 1 and that
0 < filq) < fip). Then Q S [o, p) + ([0, x; — q] U [x; — q, X;]). From here, the assertion follows by an

argument similar to the one in the previous paragraph.
In the following, we denote the line with equation x + y =1 by L.

Case 1: both the y-coordinate of p and the x-coordinate of q are negative. Without loss of generality, we
may assume that f(q) 2 f(p). Then, since fis linear, we have that f(x; + ¢ — p) 2 1, or in other words, that L
separates X; + q — p from the origin. Note that Q is covered by the union of the sets U; = [x;, X; — p) + [o,
@), Uz = [0, @) + [0, X~ p), U3 = [X;, @) + [0, X; — P), [, X; + q — p) and [} — p, X; + q — p) (cf. the left-
hand side of Figure 9.15). If x; € Uy, then [x;, X; + p] and [xj, X; + q] cross, and thus, S; and Sj overlap; a
contradiction. If x; € U, or x; € U3, then [x;, X; + X; — p] crosses [0, q] or [q, X;], respectively, and thus, S;
overlaps S or S;. If x; € [, X; + q — p), then S and Sy touch each other in a relative interior point of [x;, X;
— pl, which yields that S; is not a disk; a contradiction. Finally, if x; € [x; - P, X; + q — p), then S; meets
the segments [0, q) and [Xj, X; + q) from different sides. Since [Xj, X + q) is the translate of [0, q) in Sj,

from this it follows that S is not a disk; a contradiction.

Case 2: either the y-coordinate of p or the x-coordinate of q is negative. Without loss of generality, we
may assume that the y-coordinate of p is non-negative and that the x-coordinate of q is negative. First, we
examine the case that f(p) > f(q), which yields that L separates o0 and x;, + p — ¢ (cf. the right-hand side of

Figure 9.15). Then Q is covered by the union of the sets V| = [x;, X; — q) + [0, p), V, = [0, X; — q) + [0,
P). V3 =[x, p) + [0, X, — q), [P, X + P — q) and [x; — q, X; + p — q). I X; € V}, X; € V, or x; € V3, then §;
overlaps Sy, S or S;, respectively. If x; € [p, X; + p — @) or X; € [X; — ¢, X; + p — q), then S is not a disk.
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FIGURE 9.15
Ilustrations for Cases 1 and 2 of Lemma 246.

FIGURE 9.14
An illustration for Lemma 246.

If f(p) < f(q), then the assertion follows by a similar argument.
Case 3: both the y-coordinate of p and the x-coordinate of q are non-negative. The proof in this case is
similar to the proof in the previous two cases, hence we omit it.

With reference to Lemma 246, we may relabel the indices of the elements of % in a way that Xy, X, ...,

X, = X( are in counterclockwise order on bdC.

Lemma 247 Consider points w; € S N S; for i = 1, 2, ..., n. Then Wy, Wy, ..., W, are in this
counterclockwise order around o.

Proof. Note that as o € intC, and the points Xy, X», ..., X,, are in this counterclockwise order on bdC, they
are in the same order around o. We define the points X; as follows: If w; € intC, then X; = x;, and
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otherwise it is the intersection point of [0, w;] and bdC. Let R; = {AX; : A € R and A > 0}, and let Q; =
intconv(R; U R;).

First, we show that if X; € Q; for some j # i, then X; ¢ conv{o, w;, X;}, W; € conv{o, w;, xj} and W; ¢
intC. Consider some i # j with X; € Q;. Then w; € intC, as otherwise R; = R;. If X; € intconv{o, W;, X;},
then [Xj, X; + w;] crosses [x;, w;], and S; and Sj overlap; a contradiction. If X; € (w;, X;), then [xj, X; + (w; —
x;)] C Sj, which, since this segment is the translate of [x;, w;] by X; — X; and since their relative interiors
intersect, yields that S is not a disk; a contradiction. If X; ¢ conv{o, w;, X;}, then [Wj, xj] n T%i * )X , as
otherwise [o, wj] crosses [w;, X;] or x; € intconv{o, w;, Xj} (cf. Figure 9.16). Thus, in this case w; €
conv{o, w;, xj}, which, as X; € bdC, yields that W; ¢ intC.

QXj tw

FIGURE 9.16
An 1illustration for Lemma 247.

Next, we show that X;,X,, ..., X, are in this counterclockwise order around o. To do this, it suffices to
show that there are no values of i # j such that X;, X; and X; 1 are in this counterclockwise order around o.
Suppose for contradiction that there are such values.

First we consider the case that x;, w; and X;,1 are in this counterclockwise order around o. Since X;, X;
and x;, 1 are not in this counterclockwise order, we have x; € Q; or x;;| € Q;, say x; € Q;. Then, clearly,
X;+1 € Qj, and, by the argument in the second paragraph of this proof, we have x; & conv{o, X;, W;}, w; &

intC and w; € conv{o, w;, x;}. Thus, w; & intC, which yields that x;, w; and x;,; are in this

J
counterclockwise order. Since x;, w; and w;,| are in this counterclockwise order, it follows that so are
)_Cj, }_{i and )_(Z'+1.

Now we examine the case that x;, w; and x;,1 are not in this counterclockwise order. Then, since neither
are x;, X; and x;, |, we have that w; € Q; or w; € Q; 1, say w; € Q;. From this, we obtain that w; € conv{o,
W;, X;}, and as X; & conv{o, wW;, X;}, we have that [w;, X;] intersects both [0, X;] and [0, X;,]. Since x;, X; &
conv{0, W;,1, X;;1}, this implies that w; € conv{o, w;,y, X;;;} and w;;; € conv{o, W;, X;}. From this, it
readily follows that w;, w;, w;,| € intC, and thus, X;, X;;; and X; are in this counterclockwise order

around o.

We have shown that X1, X, ...,X,, are in this counterclockwise order around o. Since these points are
in bdC and they can be connected to o by mutually non-crossing polygonal curves in intC, their
counterclockwise order around o is the same as that of the points w, wo, ..., wW,,.

We need the next lemma of A. Bezdek to prove Lemma 249 (cf. Lemma 3 in [28]).

Lemma 248 Foranyi=1, 2, ..., n, ntK; contains at most one element of X\{x;}.
We call S; and S; separated, if x; & intK, and x; € intK;.

Lemma 249 There is a subfamily #' of F, of cardinality at least L"TJJ , such that any two elements of F'
are separated.
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Proof.Fori=1, 2, ..., n, we choose points w; €S 1 S;, and set I'; = [0, w;] U [w;, X;]. By Lemma 247, the
points W, W», ..., W, are in counterclockwise order around o.

By Lemma 248, intK; contains at most one point of X different from x;. Hence, if X N intK; C {x;_;, Xx;,
X,;,1} for every value of i, the assertion immediately follows with #' = {S,,, : m=1,2, ..., |n/2|. Thus, it
suffices to show that X N intK; & {x;_;, X;, X;;1} for at most two values of i, as in this case, after removing

these elements of %, we may choose the elements of %" like in the previous case.
Consider the case that X; € intK; for some j € {i — 1, i, i + 1}. Without loss of generality, let i = 2. Since

o € intC, we have that the line L, = Ry U (-R) separates x| and x3. Without loss of generality, we may
assume that x; and x3 lie in the same closed half plane H bounded by L,, which yields that L3 = R3 U
(—=R3) separates X, and X;.

Since x; € intK,, there are points p, q € S such that x; € intconv{x;, X, + p, X, + q}. Note that by
Lemma 248, we have that x3 € intconv{x,, X, + p, X, + q}. For contradiction, suppose that o &
intconv{x,, X, + p, X + q}. Considering the cases that the line, passing through x, + p and x, + q,
separates X; from o, x3 or neither, it readily follows that at least one of [x;, X, + p] or [X), X, + (] crosses
both [0, x3] and the ray emanating from x3 and passing through x;. Since I'; does not cross [Xp, X + p]
and [x», X, + q], we obtain that X; € conv{o, X3, W3} or X, € conv{o, X3, w3}, which, like in the proof of
Lemma 247, immediately yields that S; or S, overlaps S3; a contradiction. Hence, we obtain that o €
intconv{x,, Xy + p, X» + q}. Without loss of generality, we may choose our notation so that q € H, which
implies that R5 crosses the segment [X5, X + q].

Let Q = int (conv{xjy, 0, X, + p} U conv{x,, 0, X, + q}), and consider the case that w; € Q. Since S,
and S do not overlap, we have that x| € intconv{q, p + q, —q, p — q}. By Lemma 248, x; € intconv{x,, X,
+ p, X, + q}, from which it readily follows that x; = ap + fq with a > 1. Thus, the segment [x,, X, + ]
crosses [0, w; — xq] (cf. Figure 9.17). As [0, w; — x;] C S, it follows that S and S, overlap; a
contradiction. We may show similarly that w3 & Q.

We obtained that, from x; € intK, and x; & {x;, X, X3}, it follows that the angle £(wy, 0, w3) measured
from [0, w{] to [0, W3] in the counterclockwise direction is strictly greater than 7. Note that Z(wy, 0, Wy, »)
<mif k € {n, 1,2}, and that 2(w,,, 0, Wy) < 7 or £(W», 0, Wy) < . Thus, £(w;_;, 0, w;;1) > 7 holds for at
most two values of i, and hence the as- sertion immediately follows.
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FIGURE 9.17
An illustration for Lemma 249.

Now we are ready to prove Theorem 111. In the proof we use the notion of relative norm, described for
example in Section 9.12, and apply an argument similar to the one in the proof of Remark 245.

Note that since S; touches S for every i, K and x; + K intersect. Thus, distg(o, x;) = dist g(0, X;) < 2,
where K = %(K — K). In other words, we have X c 2 K = K - K, which yields that distc(x;, X;) 2 disty
K(X; X)) = %distﬁ(xi, X;) for any i #.

By Lemma 249, we may choose a subfamily .#' of at least {”T‘QJ pairwise separated elements of Z.
Let X’ denote the set of the translation vectors of the members of #’. Note that if y + S and z + S are
separated, then y + %K and z + %K are non-overlapping. In other words, we have distg(y, z) > 1 for any
distinct y, z € X', which yields that dist g(y, z) = distc(y, z) 2 5, with C = £(C - C).

Golab [120] proved that the circumference of every centrally symmetric convex disk measured in its

norm 1is at least six and at most eight (cf. also Theorem 49). Fary and Makai [101] proved that, in any
norm, the circumferences of any convex disk C and its central symmetrization %(C — C) are equal (cf.

also Theorem 50). Thus, the circumference of C measured in the norm with unit ball C is at most eight.
Since X' is a set of points in bdC at pairwise C-distances at least %, we have L"T_ZJ < card X' < 16, from
which the assertion immediately follows.
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10

More Proofs on Volumetric Properties of Separable Packings

Summary. In this chapter we present selected proofs of some of the theorems in Chapter 5. Continuing
our investigation of the contact numbers of totally separable translative packings, in Section 10.1 we
determine csep(D, n, 2) for any Birkhoff domain D. In Section 10.2 we prove that Birkhoff domains are

dense in the family of o-symmetric, smooth strictly convex domains, and use this result in Section 10.3 to
determine cgn(K, n, 2) for any o-symmetric, smooth strictly convex region. In Section 10.4 we prove an

Oler-type inequality for totally separable translative packings. Based on this result, we determine the value
of dep(K) for any plane convex body K in Section 10.5, and prove sharp bounds for this quantity in the

family of plane convex bodies in Section 10.6. We apply these results to find the minimum area of the
convex hull of a totally separable packing of n translates of a plane convex body in Section 10.7, showing
that the minimum is attained for example for linear packings. In Section 10.8 we prove that for p-
separable packings, which can be regarded as local versions of totally separable packings, the same does
not hold for the mean i-dimensional projection for any i < d if n is suffficiently large, since in this case the
minimal mean projection is attained if the convex hull is close to a Euclidean ball.

10.1 Proof of Theorem 113

Before getting to the main proof of this section, we take a detour to introduce some ideas that will be

needed later. Consider the two-dimensional integer lattice 72, which can also be thought of as an infinite
plane tiling array of unit squares called lattice cells. For convenience, we imagine these squares to be
centered at the integer points, rather than having their vertices at these points.

Definition 53 Two lattice cells of 72 are connected if they share an edge. A polyomino or n-omino is a

collection of n lattice cells of 72 such that from any cell we can reach any other cell through consecutive
connected cells.

Definition 54 A packing of congruent unit diameter circular disks centered at the points of 72 is called a
digital circle packing [41, Section 6]. We denote the maximum contact number of such a packing of n
circular disks by cz(n, 2).

Recall that cgep(n, 2) stands for csep(Bz, n, 2). Clearly, every digital circle packing is totally separable
and therefore c(n, 2) < csep(n, 2). Consider a digital packing of n circular disks inscribed in the cells of an
n-omino. Since each circular disk touches its circumscribing square at the midpoint of each edge and at no
other point, it follows that the number of edges shared between the cells of the polyomino equals the

contact number of the corresponding digital circle packing.
Through the rest of this section k, ¢ and € are integers satisfying € € {0, 1} and 0 < k < ¢ + €. We note

that any positive integer n can be uniquely expressed as n = ¢({ + ¢) + k (as in [8]). We call this the
decomposition of n.

Harary and Harborth [138] studied minimum-perimeter n-ominoes and Alonso and Cerf [8]
characterized these in Z2. The latter also constructed a special class of minimum-perimeter polyominoes
called basic polyominoes. Let n = (¢ + €) + k. A basic n-omino in 72 is formed by first completing a
quasisquare Q4 (a rectangle whose dimensions differ by at most 1 unit) of dimensions a x £ with {a, §}
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= {{, { + €} and then attaching a strip Sy, of dimensions 1 x k (resp. Sy of dimensions k X 1) to a

vertical side of the quasisquare (resp. a horizontal side of the quasisquare). Here, We assume that the first
dimension is along the horizontal direction. Moreover, we denote any of the resulting polyominoes by
Quxp + Sixk (resp. Quup + Spx1). The results from [8, 138] indirectly show that cx(n, 2) = [2n — 2¢/n.

On the other hand, Bezdek, Szalkai and Szalkai [51] showed that ceep(n, 2) = [2n — 2¢/n|. Thus, ceep(n,
2) = cy(n, 2) and therefore maximal contact digital packings of n circular disks are among maximal

contact totally separable packings of n circular disks.
In order to make use of these ideas, we present analogues of polyominoes and digital circle packings in
arbitrary normed planes.

Definition 55 Let K, be a smooth o-symmetric convex domain in B* and P any parallelogram (not
necessarily of minimum area) circumscribing K, such that K, touches each side of P at its midpoint (and
not at the corners of P as K, is smooth). Let X and'y be the midpoints of any two adjacent sides of P. Then
—Xx and =y are also points of bdK,, N bdP. It is easy to see that {X,y} is an Auerbach basis of the normed

plane (Rz, ||-||K0). We call the lattice Lp in (Rz, ||-||K0) with fundamental cell P, an Auerbach lattice of K,

as we can think of ZLp as being generated by the Auerbach basis {x,y} of (Rz, ||-|IK0).

On the other hand, any Auerbach basis {X, y} of a smooth o-symmetric convex domain K, generates an
Auerbach lattice Zp of K,,, with fundamental cell determined by the unique lines supporting K, at x, y,

—x and -y, respectively. In the sequel, we will use Zp to denote the tiling of R? by translates of P as well

as the set of centers of the tiling cells. Indeed, the integer lattice 72 is an Auerbach lattice of the circular
disk BZ.

(do.y /

FIGURE 10.1
Some realizations of the basic polyomino Q.4 + Sjx> in some Auerbach lattice and the

corresponding graphs.

Given an Auerbach lattice #p of a smooth o-symmetric convex domain K, € [E? corresponding to the
Auerbach basis {x, y}, we define polyominoes in Zp as in Definition 53. We also define basic n-ominoes

in £p on the same lines as in 72 with the first dimension along x, while the second dimension along y.
The left and right rows of an Zp-polyomino F are defined along x-direction, while the fop and bottom

rows are defined along y-direction in the natural way. The base-lines of F are the four sides of a minimal
area parallelogram containing F (and having sides parallel to the sides of the cells of F) and are designated
(in a natural way) as the top, bottom, right and left base-line of F. The graph of F, denoted by G(F), has a
vertex for each cell of F, with two vertices adjacent if and only if the corresponding cells share a side.
Figure 10.1 shows some basic polyominoes and their graphs in some Auerbach lattice. We refer to the
translates of K, centered at the lattice points of £’p (inscribed in the cells of Lp) as Lp-transiates of K,,.
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Any packing of such translates will be called an Zp-packing of K. Since Zp is a linear image of 72, the
results of [8, 138] also hold for £p-polyominoes.

Lemma 250 Let K, be a smooth o-symmetric convex domain, n = {({ + €) + k be the decomposition of a
positive integer n and F be an n-omino in an Auerbach lattice Lp of K,,.
(i) If @ is a packing of n translates of K, inscribed in the cells of F, then G(F) is the contact graph of &

and therefore, the number of edges in G(F) is equal to the contact number c( L) of 2.
(ii) If in addition F is a minimum-perimeter (or basic) n-omino, then c¢( &) = L2n — 2\/@ .

Proof. Since K, is smooth, no Zp-translate of K, meets the cell of .Zp containing it at a corner of the
cell. Also any Zp-translates of K, touches the cell containing it at the midpoints of the four sides of the
cell. Therefore, two Zp-translates of K, touch if and only if the cells of #’p containing them share a side.
This proves (i).

Statement (ii) now follows from (i) and [8, 138].

We now show that csep(D, n,?2) = L2n — 24/ ﬁj, for any smooth B-domain D. The existence of a B-

measure plays a key role in the following proof as it provides us a Euclidean-like angle measure to work
with. The proof also heavily relies on the Z’p-packing ideas discussed above.

Remark 251 As D is a smooth B-domain, therefore by part (i) of Theorem 101, we have that Hsep(D) =4,

First, we establish the lower bound whose proof neither uses smoothness nor the B-measure. Consider
an Auerbach lattice Z’p of D corresponding to an Auerbach basis {x, y} of (Rz, I-ID). Then Lp = T(Zz),

for some linear transformation T : B2 — R2. Now for any n > 2, consider a maximal contact digital
packing € of n circular disks and let F be the corresponding polyomino in 72. Then T(F) is an ZLp -
polyomino with n cells. Let &2 be the packing of Zp -translates of D inscribed in the cells of 7(F), then
by Lemma 250, the contact number of & is at least as large as the contact number of €. Thus ce,(D, n,

2)> |2n — 2¢/n].

Our goal is to show the reverse inequality

Csep (D, 1, 2) < 20— 2¢/n]. (10.1)

for any smooth B-domain D in E2? and n > 2. Since (10.1) clearly holds for n < 3, for proving it, we
proceed by induction on n, the number of translates in the packing. For the sake of brevity, we write
Csep() = Csep(D, 1, 2). Suppose (10.1) is true for totally separable packings of up to n — 1 translates of D.

Let G denote the contact graph of a maximal contact totally separable packing & of n > 4 translates of D.
Since n 22 and ¢gep(n — 1) + 1 = {2 (n—1) —2v/n— 1J +1< [271 — 2\/@, we can assume without

loss of generality that every vertex of G has degree at least 2.
Proposition 252 If G is not 2-connected, then the number of edges of G is at most \_2n — 2\/ﬁj .

Proof. To prove Proposition 252 suppose that G has two subgraphs G; and G, with only one vertex in
common and with n| and n, vertices, respectively. Then nj, ny 22 and n; + np = n + 1, and by induction
the number of edges of G is at most (2n; —2 /n1) + (2n, — 2 \/n5), which is easy to estimate from above

by 2n — 2 4/n. This completes the proof of Proposition 252.
Thus, by Proposition 252 we may assume that G is a 2-connected planar graph with cge,(n) edges

having minimum vertex degree at least 2 and so, every face of G — including the external one — 1s bounded
by a cycle. Thus G is bounded by a simple closed polygonal curve P. Let v denote the number of vertices
of P. By Remark 251, the degree of each vertex in G is 2, 3 or 4. For j € {2, 3, 4}, let v be the number of

vertices of P of degree j. By definition of B-domains, there exists a B-measure m in (R?, |- Ip) so that using

199



the total separability of our packing, the internal angle of P at a vertex of degree j is at least i%ﬁ Since

the internal angle sum formula holds for angular measures, the sum of these angles will be (v — 2)n.
Clearly v = v, + v3 + vy, and thus we get the inequality

vy + 2v3 + 3vg < 2v — 4. (10.2)

Now let g; be the number of internal faces of G that have j sides. By total separability and smoothness, j
> 4. It follows from Euler’s polyhedral formula that

n—cep(n)+ga+gs+...=1 (10.3)

In the process of adding up the number of sides of the internal faces of G, every edge of P is counted
once and all the other edges are counted twice. Therefore,

4(ga+9gs+...) <4gs+5g5+ ... = v+ 2(csep (N) — v). (10.4)
This, together with (10.3), implies that 4(1 —n + csep(n)) <v+ 2(csep(n) — V), and thus we obtain
2¢sep (N) —3n+4<n-—w. (10.5)

From G, delete the vertices of P along with the edges that are incident to them. From the definition of
csep(n - V), we get csep(n) —v—=(v3+2vy) < csep(n —v), which together with (10.2) implies that csep(n) <

csep(n —v) + 2v — 4. By induction hypothesis, csep(n —v)<2(n-v)—-2+4/n —v,and so

Csep (M) < (2n —4) — 24/n —v. (10.6)

Using (10.5) it follows that cgep(n) < (2n —4) =2 \/2¢sep (1) — 3n + 4, and so

Cep(N)” — Ancgep (n) + (402 — 4n) > 0.

Finally, since the solutions of the quadratic equation X2 —dnx+(4n* —4n)=0arex=2n =2 v/n and
Csep(n) < 2n, therefore, it follows that ceep(n) < 2n =2 y/n.

10.2 Proof of Theorem 116

Let K, be a smooth o-symmetric strictly convex domain and ¢ > 0 be sufficiently small. We describe the
construction of a smooth strictly convex A-domain A with the property that 2(A’, K,) < ¢, for some image
A’ =T(A) of A under an invertible linear transformation 7 := E? — E2. Let K',, == T‘l(KO). We note that

K', is a smooth o-symmetric strictly convex domain in E2. It is sufficient to show that bdA lies in the

annulus bdK',, + ¢éB? (see Figure 10.2) and the length of bdA N bdK’, can be made arbitrarily close to
the length of bdK', during the construction.
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FIGURE 10.2
Replacing a part of the boundary of the smooth o-symmetric strictly convex domain K’, in
the proof of Theorem 116 by a circular arc. The circular arc connecting x and x; is on bdB,

while the one connecting x and p belongs to the boundary of K',. The arcs 0U* and 0U™~
represent the outer and inner boundary of the annulus bdK', + eB2, respectively. The
construction is independent of whether x; € K', or not.

We choose T so that the minimal area parallelogram P containing K', is a square. Let X, y, —X, -y €

bdK', be the midpoints of the sides of P. Then {x,y} is an Auerbach basis of (RZ, Il - 1lks,) [202] and,
by strict convexity, bdK’, intersects bdP only at points x, —x, y and —y. Let B be the circular disk
centered at o that touches bdP at the points x, y, —x, —y. Without loss of generality, we may assume that
the side of P passing through x is horizontal and y lies on the clockwise arc on bdK’, from x to —x.

Let U, = bdK', + ¢B2 be the ¢-annular neighborhood of bdK', with outer boundary curve 0U* and

inner boundary curve oU~. Let x* be the unique point of intersection of dU" and x + ¢B2. Moving

clockwise along 0U™ starting from x*, let u be the first point where 0U" intersects bdP. Starting from x
and moving along bdK', clockwise, choose a point p € bdK’, so that the tangent line supporting K’, at

p intersects (x, u). This unique point of intersection is represented by v in Figure 10.2. Note that by the
strict convexity of Ko, such a point p necessarily exists (for example, choose the point on bdK', directly
below u) and any such p can be replaced by any point on the open arc (X, p) g’_. Now choose a point x| €

bdB close to x in clockwise direction so that the line tangent to B at x; intersects (p, v). In Figure 10.2, q
denotes this point of intersection. Again note that such a point X; necessarily exists as the line supporting
B at x is horizontal. Moreover, X; can be replaced by any point on the open arc (X, x;)g. Therefore, we
may assume that x; # q and so p, q and x; form a triangle A. Thus there exists a (actually, infinitely many)

smooth strictly convex curve § € A with endpoints x; and p such that the convex domain
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X, X

FIGURE 10.3

Construction of a smooth strictly convex A-domain approximating the smooth o-symmetric
strictly convex domain K’ in the proof of Theorem 116. The circular arcs are drawn with
solid lines, while the dashed-dotted arcs represent parts of the boundary of K',. The dashed
arcs represent smooth strictly convex connections.

A, = conv ((bdK'o\ ([x, ]k, U[—%,—Plg.)) USU [x,x1]g U (—5) U [—x, —x1])

obtained by replacing the antipodal boundary arcs [x, p] g/, and [-X, — p] g’  of K', with the antipodal
circular arcs [X, X;]g and [—X, —X;]g and the smooth and strictly convex connecting curves S and =S is a

smooth o-symmetric strictly convex domain with bdA; € bdK’, + ¢éB%. Repeat the procedure for A, but
this time move counterclockwise along bdA; starting from x. The result is another smooth o-symmetric

strictly convex domain A, with bdA, € bdK', + ¢éB2.

Let [X, Xo]g € bdA, be the counterclockwise circular arc containing X (but not necessarily centered at
x) obtained in this way. We say that [X{, X,]g is a replacement arc for K’ at x (and therefore, [-X{, —X,]p
is a replacement arc for K’ at — x). Let y;, y, € bdB be such that x; 4g y; and x, g y, (and so y; -
X1, Y2 1B X»). By choosing [Xx;, X;]g small enough, we can ensure that [y, y,]g is a replacement arc for
K', aty. Let A be the resulting convex domain as illustrated in Figure 10.3. Then A is a smooth strictly
convex A-domain with circular pieces [X{, X5Ig, [=X2, —X5]g, [¥1, YoIg and [-y{, —=y>]g. Clearly, h(A, K',
) < &. Furthermore, we can make the length of bdA N K’ as close to the length of bdK',, as we like.
Therefore, h(A', K,) < ¢ and we can make the length of bdA’' N K, as close to the length of bdK,, as We
like.

10.3 Proof of Corollary 117

Let K, be a smooth o-symmetric strictly convex domain. It is not hard to see that csp(Kg, 1, 2) 2
L2n — 2\/ﬁj (for details see [42]). Let & be a maximal contact totally separable packing of n translates
of K, and J# be a finite set of lines in E2 disjoint from the interiors of the translates in & such that any

two translates are separated by at least one line in 7. We will construct a smooth strictly convex A-
domain A such that csep(Ko, n,2) < csep(A’, n, 2), for A’ = T(A), where T : E2 > E2isa properly chosen

invertible linear transformation.
Let K, + ¢ € &, By the strict convexity of K, there exist finitely many points ¢;..., ¢,, € bd(K, + ¢)

where K, + ¢ touches other translates in & and the lines in . Then we call the points ¢; — ¢ € bdK,, i =
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1, ..., m, the contact positions on K, corresponding to K, + x € &. Let Con( &) denote the set of all
contact positions on K, corresponding to all the translates in Z.

Let x, y, P and B be as in the proof of Theorem 116. Using Theorem 116, construct a smooth strictly
convex A-domain A with circular pieces ¢ = [Xq, Xp]A = [X], Xplg, =€ = [-X|, =Xp]A = [-X|, —Xplg, ¢’ =
(Y1, ¥2la = [y1, Y21 and —¢" = [-yy, =¥y2]a = [-¥1, —Y2lB-

Using Theorem 116, we can make ¢ = [X{, Xp] A sufficiently small so that

Con (£) C (bdA' NbdK,) U {+T (x),£T (y)}- (10.7)

(Recall that both B and K',, = T'l(Ko) are supported by the sides of P at the points {+x, +y}.) Thus from

(10.7), the arrangement obtained by replacing each translate in & by the corresponding translate of A’ is a
totally separable packing with at least cse, (Ko, 7, 2) contacts.

10.4 Proof of Theorem 119

For any permissible closed polygonal curve ][ in Theorem 119, we set

aea(Il) | ()
F(ID = waOK) 4 + 1.

We prove the assertion by induction on n. Clearly, if n = 1, then F(I[) =0+ 0+ 1 = 1, and Theorem 119
holds.

Assume that for any n’ < n, Theorem 119 holds for any totally separable translative packing of K with n’
elements and for any permissible polygonal curve associated to it. We prove that it holds for n element
packings as well.

Let L be a line intersecting [ and separating the elements of .%#. We present the proof for the case only
when L intersects [[ at exactly two points, as the proof in the other cases is similar. Let these intersection
points be p and q. Then p and q are points in the relative interiors of some edges p € [py, p>] and q € [q;,
q»] of II whose vertices are not contained in L + intK. For simplicity, we imagine L as a horizontal line, p
to the left of ¢, and p; and q; to be above L. Let L; and L, be the upper, respectively lower, line bounding
L+ K Fori=1,2,letp’; and q'; be the intersection points of L; with [p, p;] and [q, q;], respectively.

Observe that if ¢ : E2 — E? is an (invertible) affine transformation, then the translates #(x; + K), where

i=1,2...,nform a totally separable packing, the polygon ¢(II) satisfies the conditions in Theorem 119,
and the quantity on the left-hand side of (5.5) remains invariant under ¢. Thus, without loss of generality,
we may assume that the parallelogram P; circumscribed about K and having the property that its area is

minimal among the circumscribed parallelograms, under the condition that it has a pair of sides parallel to
L, is a square of edge length 2, implying that area(P;) = 4.

Observe that the lines L; and L, decompose ]I into four components: one above L, one below L,, and
the last two ones being the segments [ p'y,p’5] and [ q'1,q’5]. We define [['; as the union of the
component above Ly and the segment [ p’1,q’1], and we define H'2 similarly. Clearly, these polygonal

curves are permissible. Finally, fori = 1,2, we let [[’; = [[; U U int [T'; (cf. Figure 10.4).
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FIGURE 104
Notations in the proof of Theorem 119.

Then we have

area (H*) — area (H'l *) + area (le *) + area (conv{p’y,p’s,q’2,q'1}) = (10.8)

area ([]'; *) + area (], *) +2|jp — qll = area ([T, *) + area (], *) +2llp — qllk.

Furthermore, since the normed distance of L and L, is two, we have

Mg (IT) = Mk (IT') + Mk (IT') — p'1 — d'1llg — 1’5 — a5l + 1P’y — P'alik (10.9)
+ia'y — d'ylig > Mg (IT',) + Mk (IT',) — 2P —allg +4.

Now we define a polygonal curve in H'I Consider the points of X in the region R; bounded by [p;, P’y
I,[p'y,d'1], [ d'y. qq] and [q;, p;]. Note that this region is a (not necessarily convex) quadrangle. If Ry is
not convex, we assume, without loss of generality, that p; € conv{ p'y, q1, Q’;}. Consider the ray starting
at p; through p’; and begin to rotate it counterclockwise until it hits the first point p; of X in R;. Then

rotate this half line about p; counterclockwise until it hits the next point of X. Continuing this process we
end up with a simple curve C| in Ry, starting at p; and ending at q, which divides R into two connected

components one of which contains all points of X in R;. We remark that if R; is convex, then C; is a

convex curve.
Let II; denote the closed polygonal curve

(IT: \ ([p1,P" ] U [Pp'1,d1] U a1, qi])) U Ch.

It is easy to see that [[; is a permissible polygonal curve whose vertices are points of X above L, and

whose interior contains every other point of X above L. Let [[; = II; U intlI;. Clearly, area( [],) < area(

[1',)- We show that Mg(IT}) < Mg([]'))-
Case 1: R is convex. Note that in this case C; U [py, qq] is a convex region contained in the convex
region Ry, and thus, Mg(Cy) + Ip; — q;lg £ Mg(bdR;), which readily implies our claim.
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FIGURE 10.5
The points p1,p’y,q1,q’; are not in convex position as in Case 2.

Case 2: Ry is not convex. Then, according to our assumption, the line through p’; and p; intersects [q;,
q’1] (cf. Figure 10.5). This line intersects C; at exactly one point z, and there is a line L, through z which
supports Cy at z. Let L, intersect [qy, g'1] at x, and [ p’1,q1] at y. The point z decomposes C; into two
convex polygonal curves Cy and Cy such that p; € Cy and q; € Cy. Then we have

Mx (C1) = Mx (Cy) + Mk (Cx)
<Ilpy,p'illg +1Ip'y —yllx + Iy —zllx + ||z — x|/ + llx —qyllg
< lpy,p'yllx +Ip'y —d'y Ik + 119’y — q; k.

This implies that Mg(Il;) < Mg( []'))-

To construct a permissible polygon [I, in le with the same properties, we may apply an analogous

process.
Thus, we have obtained two permissible polygons [I; and [I, associated to totally separable translative

packings of K, with strictly less elements than n, say k¥ and n — k. Now, by (10.8), (10.9),
area (0 (K)) < 4, area ([[;) < area (H':),MK (IT:) < Mk (IT';) (for i = 1, 2), and the induction

hypothesis, we have

area HI +area H* +2llp—qlig
F(H) > ( ) area(é(lzz)

+ MK(H1)+MK(T£2)—2“P—Q“K+4 +1

> F([1) + F(IL) 2 kt+n—k=n.

This completes the proof of Theorem 119.

10.5 Proof of Theorem 123

Clearly, 6., (K) > %. To show the opposite inequality, without loss of generality we may

assume that o € intK.
Set C = min{u >0 : K - K € 4K}, and ¢’ = 2=t
translates of K in E2. For any ¢ > 0, let #, denote the subfamily of # consisting of the elements that

Consider any totally separable packing # of
intersect 7K, and let X; denote the set of the translation vectors of the elements of %, and n; the cardinality

of &#,. Note that if y € (x + K) N 7K, then x + K € y + (K — K) and therefore x + K € (1 + O)K, implying
that U F, € (t + C)K. On the other hand, by Theorem 119 and Remark 122, it follows that
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area(conv(Xt)) Mx (bdconv(X:))

Nt S rea®) T 1 +1
This yields that

(t+C)'area(K) | 1C'+0C'+1
—  tlarea(0(K)) t?

Y

from which the claim follows by letting ¢ — +oo.

10.6 Proof of Theorem 125

The right-hand side inequality in (5.7) is an immediate consequence of Theorem 123. We prove only the
left-hand side inequality. Let P be a minimum area parallelogram circumscribed about K. Without loss of

generality, we may assume that P is the square [0, 112 in a suitable Cartesian coordinate system. Let the
sides of P be Sy, S, S3, S4 in counterclockwise order such that the endpoints of §; are (0, 0) and (1, 0).

Since P has minimum area, each side of P intersects K.
We show that S, N K and S4 N K contain points with equal y-coordinates. Suppose for contradiction

that it is not so. Then (1, 0) + (5S4 N K) and S, N K are disjoint, implying that there is some point p, € S,
separating these two sets. Set py = (=1, 0) + p,. Then we may rotate the line of S, around p,, and the line
of S, around py4 slightly, with the same angle, to obtain a parallelogram containing K, with area equal to

area(P) and having two sides disjoint from K, which contradicts our assumption that P has minimum area.
Thus, there are some points p4 = (0, #) € S4 N K and p, = (1, ) € S, N K for some ¢ € [0, 1]. We obtain

similarly the existence of points p; = (s, 0) € §§ N K and p3 = (s, 1) € S35 N K. Hence, area(K) 2
area(conv{pi, P2, P3. P4}) = % area(P), which yields the left-hand side inequality in (5.7).

Now we examine the equality case. Note that, using the notations of the previous paragraph,
% = 5sep (K) implies that K = conv{py, p,, P3. P4}. Consider the case that s, r € (0, 1). Let P’ be the
parallelogram obtained by rotating the line of S, around p, and the line of S4 around p,4, with the same
small angle. Then P’ is a parallelogram circumscribed about K, having area equal to area(P). Let the sides
of P be S',585,583,8y such that for i = 1, 2, 3, 4, p; €S’;, Observe that
S'1NK={pi1},5'sNK = {ps}, and [py, p3] is not parallel to S’y and S’4. Thus, applying the
argument in the previous paragraph, it follows that P’ is not a minimum area circumscribed parallelogram,

a contradiction. Thus, s or ¢ is equal to 0 or 1, which implies that K is a triangle. This completes the proof
of Theorem 125.

10.7 Proof of Theorem 126

We start with proving the following inequalities.

Lemma 253 Let K be a convex domain in E? and let Q be a convex polygon. Furthermore, let A(Q, K)
denote the mixed area of Q and K.

(1) Then we have

124(Q,K)

area((K)) 2 MK (bdQ)

Here, equality holds, for instance, if Q = K is a triangle.
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(1) IfK or Q is centrally symmetric, then

SAQK) > e (bdQ).

area(lJ(K))

Furthermore, if K is centrally symmetric, then equality holds for every convex polygon Q if and only if
bdK is a Radon curve.

Proof. Without loss of generality, we may assume that area (O (K)) = 1.

Let k denote the number of sides of Q, and fori =1, 2, ..., k, let /; and x; denote the (Euclidean) length
and the outer unit normal vector of the ith side of Q. Note that for every value of i, wg(x;) = hg(X;) +
hg(—x;), where wi(X;) is the width of K in the direction of x; and hg(x) = sup{(x, k) : k € K} is the
support function of K evaluated at x € E? with “” standing for the standard inner product of E2.
Furthermore, observe that

a (10.10)
A(QK) =5 Lhx(x

i=1

First, we prove (i) for the case that K is centrally symmetric. Since a translation of K or Q does not
change their mixed area, we may assume that K is o-symmetric, which implies that Ak (x;) = %WK(XI-) for

every i. Let r; be the Euclidean length of the radius of K in the direction of the ith. side of Q. Then the
normed length of this side is f_— On the other hand, since 2rwk(x;) is the area of a parallelogram

circumscribed about K having minimum area under the condition that it has a side parallel to the ith side
of Q, therefore, for every value of i we have rwg(x;) 2 % Combining these observations and (10.10), it

follows that

.

b (k) 2 1Y~ Laa (@)
) > 1 .

7 =1 "1

k k
_1 _1
K)=7;> lLwk(x)=71)

=1 i=1

ﬁ

Here, equality holds for every convex polygon Q if and only if for any v € S = {x € E? : Ix| = 1}, there is
a minimum area parallelogram circumscribed about K, which has a side parallel to v. In other words, for
any v € S!, we have that [ K(v)wK(vl) is independent of v, where [g(v) is the length of a longest chord of

K in the direction of v, and WK(VJ‘) is the width of K in the direction perpendicular to v. The observation

that this property is equivalent to the fact that bdK is a Radon curve can be found, for example, in the
proof of Theorem 2 of [144] (see also the proof of Theorem 46).

Now consider the case that Q is o-symmetric, but K is not necessarily. Note that in this case k is even,
and for every i we have l;,;/» = [;, and X;,;/» = —X;. Thus, by (10.10)

k/2 k/2

k
A(Q>K):%Zli(hK(x)+hK —2leK %Zlin(Xi)-

i=1 =1

From this equality, the statement follows by a similar argument using the relative norm of K whenever K
is not centrally symmetric.

Finally, we prove (i) about the general case. Let K = %(K — K). Without loss of generality, We may

assume that the origin o is the center of a maximum area triangle inscribed in K. Then, clearly,
— é K C K, from which a simple algebraic transformation yields that %K C K. This implies that for any
unit vector X we have

hx (x) > 2hg (x). (10.11)

Then, by (10.10), we have



k
AQK) > 13 g (x —%A(Q,K).

i=1

Thus, our inequality readily follows from (253.2). The fact that here equality holds if Q = K is a triangle
can be shown by an elementary computation.

First, we prove (ii). Note that bdC satisfies the conditions in Theorem 119, and thus (using Remark 122
if K is not centrally symmetric), we have

area(C) MK(de)
area(0(K)) +

+ 1> n.

Thus, (253.2) of Lemma 253 yields that

area(C) 2A(C,K)
area(lJ(K)) + area(LJ(K)) +12n.

From this, it follows that

area (conv ( Ql (c; + K)>> = area (C + K) = area (C) + 24 (C,K) + area (K)
> (n — 1)area (O (K))+area (K).

Now we prove (126.1). In this case, Theorem 119 applied to bdC in the same way as above followed by
(253.1) of Lemma 253 implies that

(n — 1)area (0 (K)) < area(C) + 34 (C,K)
= 3area(C + K) — tarea (C) — 2area (K).

This inequality yields

area (C + K) > 2(n;1) area (J (K)) + area (K) + %area (C),

finishing the proof of (126.1).

10.8 Proof of Theorem 130

We start recalling Lemma 235 in the following form.

Lemma 254 Let {¢; + C | 1 < i <n} be an arbitrary p-separable packing of n translates of the o-symmetric
convex body C in Ed withp21,n21,andd22. Then

nvoly(C)
vola (U} ci+2pC

< G (01 ©).

Definition 56 Let d > 2, p 2 1, and let K (resp., C) be a convex body (resp., an o-symmetric convex body)
in E¢. Then let v «(p, K) denote the largest n with the property that there exists a p-separable packing {c¢;

+ Cl1<i<n}suchthat {c;|1<i<n}cK

Lemma 255 Let d>2,p > 1, and let K (resp., C) be a convex body (resp., an o-symmetric convex body) in
E<. Then

20R(C) \ % voly(C)vc(p.K) voly(C)ve(p.K)
(14 2557) ™ < vola (K) < 4 Tocp®)
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Proof. Observe that Lemma 254 and the containments K + 2pC S ( 1+ %Ig)) K yield the lower bound

immediately.
We prove the upper bound. Let 0 < & < dgep(p, C). By the definition of dgep(p, C), if A is sufficiently

large, then there is a p-separable packing {¢; + C|1<i<n}suchthat C,:= {c;| 1 <i<n} C Wg and

nvoly(C)

_ (10.12)
vold(Wg) = 5sep (p, C) =

Sublemma 256 If X and Y are convex bodies in E® and C is an o-symmetric convex body in E%, then

voly(Y)ve(p,X
ve (p,Y) > —v’f)(ld()Xi(\p() L. (10.13)
Proof. Indeed, consider any finite point set X := {x}, ..., Xy} € X. Observe that the following are

equivalent for a positive integer k:

* kis the maximum number a point of X — Y is covered by the sets x; - Y, x; € X,
* kis the maximum number such that card((z + Y) N X) = k for some pointz € X - Y.

Thus, N vol (Y) < card((z + Y) N X)vol (X - Y) for some z € X — Y. Hence, if {x;+ Cl1 <i<N}isan
arbitrary, p-separable packing with X = {x, ..., Xy} € X, then

ve (p,Y) > card (2 +Y) N X) > Q07

which implies (10.13).
Applying (10.13) to X = Wg and Y = -K and using (10.12), we obtain

v (p, K) > —moll®) 5 vola(K) ,vold(Wﬁ)féseé(p,C)a)’
vold(Wg+K) VOld(WngR(K)) vol,(C)

which finishes the proof of Lemma 255.

Definition 57 Letd>2,n> 1, p > 1, and let C be an o-symmetric convex body in E?. Then let Rc(p, n) be
the smallest radius R > 0 with the property that v (p, RBY) > n.

Clearly, for any ¢ > 0 we have vc(p, (Rc(p, n) — S)Bd) < n, and thus, by Lemma 255 (for K = R¢(p,
n)Bd), we obtain

Corollary 257 Letd>2,n> 1, p > 1, and let C be an o-symmetric convex body in E?. Then

d voly(C)n d
Re(p,n)! < 39855 < (Re (p,m) +2pR (C))". (10.14)
d
Lemma 258 Let n > POV RON g = 1,2,...,d - 1. Then for R = Rc(p, n),

r(C)

M; ((R+ pR(C))BY) <
d vol, (C)n % 25sep(pyc)%pR(C) 1 i
M; (B )(55@(;,0)%) <1 T r(C) ' _§> :

Proof. Set t = R + 2pR(C). Then the first inequality in (10.14) yields that
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t—pR(C) voly(C)n 7
R + pR (C) S t—2pR(C) < JSep(i’vc)Hd )

Thus, by the second inequality in (10.14) and the condition that
4d65ep(p7c)de(C)d 4d5sep(p7c)de(C)dK'd
= r(C)* = vol,(C)

, we obtain that

L
d

t—-pR(C) . -1 205ep (p,C) T PR( )Kd
t—2pR(C) — 1+ (pR(C) 2) =i+ vold(C)d

3
P L

<14 2asep(p,c(:>%pR(C)

-
T -
d

\_/

In the proof of Theorem 130 that follows, we are going to use the following special case of the
Alexandrov-Fenchel inequality ([217]): if K is a convex body in E¢ satisfying M;(K) < Ml-(rBd) for given 1
<i<dandr>0, then

M; (K) < M; (rB9) (10.15)

holds for all j with i < j < d. In particular, this statement for j = d can be restated as follows: if K is a
convex body in E4 satisfying M (K) = Md(rBd) for given d > 2 and r > 0, then M;(K) > Ml-(rBd) holds for
alliwith 1 <i<d.

Letd>2,1<i<d-1,p21,and let Q be the convex hull of the p -separable packing of n translates of
the o-symmetric convex body C in E? such that M;(Q) is minimal and

4dgid R(C)\ ¢ (10.16)
nz e (rher)
By the minimality of M;(Q) we have that
M; (Q) < M; (RB?+ C) < M; ((R+ pR(C))BY) (10.17)

with R = R¢(p, n). Note that (10.17) and Lemma 258 imply that

e

60O TORO) 1\ nr (rmd) [ voli©) \T
M;(Q) < <1+ (C) n_%) M; (B )(6P(Z—C)m> e

We examine the function x — (1 + x)’ where, by (10.16), we have x < x = . The convexity of this

function implies that (1 + 0P <1+ i+ xo)’ Ix. Thus, from the inequality (1 + o )d ! < % < 1.05,
where d > 2, the upper bound for M,(Q) in Theorem 130 follows.

On the other hand, in order to prove the lower bound for M;(Q) in Theorem 130, we start with the
observation that (10.15) (based on (10.17)), (10.16), and Lemma 258 yield that

svoly 1 (Q) < svold 1 ((R +pR(C))B ) (10.18)
d—1 -1
nvoly(C) \ ¢ 2(555p(p,
S K:d( Jsep(p?C)K/d ) (1 + % )

Thus, (10.18) together with the inequalities svol; _ 1(Q)r(Q) = vol Q) (cf. [195]) and vol(Q) 2
nvol /(C) yield

(10.19)

210



al~

L —(d-1) 1 1
24, (p,C)dpR(C) 1 volg(C) 44, (p,C) 4
n%

sep(
r(Q) = (1 + mC) 3 e
d

Applying the assumption (10.16) and vol 4(C) > Kdl’(C)d to (10.19), we get that

d—1
—(d—1) 6., (p,C) T (C) L (10.20)
r(Q) > (Lt gp) T
> 4 _R(C) > 31R(C).
(1+#)
Let P denote the convex hull of the centers of the translates of C in Q. Then, (10.20) implies
d—1
880, (p,C) T 7(C 1 (10.21)
r(P)>7(Q) - R(C) > £r(Q) > =D .53
Hence, by (10.21) and Lemma 255,
—d (10.22)
9dpR(C) 1 nvoly(C)
ol >volg(P)> 1+ - - = . ,
vola(Q) 2 vola(P) 2 ( 16,4, (p,C) T r(C)  nd ) b (2C)
which implies in a straightforward way that
9dpR(C) 1) % nvely(C) (10.23)
volg (Q) > (1 T B, (hOr(C) n%) "5 (C) "
Note that (10.15) (see the restated version for j = d) implies that M;(Q) > (%2“”) Tni. Then, replacing

vol ;,(Q) by the right-hand side of (10.23), and using the convexity of the function x - (1 + x)_i forx>-1
yields the lower bound for M;(Q) in Theorem 130.

Finally, we prove the statement about the spherical shape of Q, that is, the inequality (5.8). As in [58],
let

0(d) = — L min { ——— , —6 }
(4) 2% \/2nVd(d—1)(d+3) {“d(d“)zd (dn) T

Using the inequality HZ—;I >4/ % (cf. [23]) and (6) of [125], we obtain

(2 )d(vold(Bd> )dl 120 (1- 12 )—

svoly_;(B4) vola(Q) R(Q)

(see also (5) of [56]). Substituting (10.18) and (10.22) into this inequality, we obtain

N d(d—1) d(d—1)
(1 | (ORI | 1 ) (1 R 7 (= . )
n© nd 464p(p,C) T 7(C)

> ( svolg-1(Q) )d ( VOId(Bd) )dl
— SVOld,l(Bd) VOld(Q) ’

By the assumptions d > 2 and (10.16), it follows that

3
==

4d? (d — 1)—2BC)__ . L >9(d)<1_ﬂgl)# (10.24)
5 OM(©) T 2 :
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Note that by [199], ésep(lp,C) < 14 3 This and (10.24) implies (5.8), finishing the proof of
Theorem 130.
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11

Open Problems: An Overview

Summary. In this chapter we collect the open problems, questions and conjectures presented in the book.
In particular, Sections 11.1,11.2,11.3,11.4,11.5 contain these problems from Chapters 1,2,3,4,5,
respectively. For more information, the interested reader is referred to the appropriate place in the
corresponding chapter, or the papers cited there.

11.1 Chapter 1

Theorem 4 by Lindeldf states that among polytopes in E¢ with given outer facet normals, the ones with
maximal isoperimetric ratio is circumscribed about a ball, implying also the same statement for polytopes
with a given number of facets.

Question 12 Can Theorem 4 be modified for convex polytopes in S® or H4Y

Open Problem 1 Prove or disprove that among simplices in S or H4 of a given volume, where d > 2, the
regular ones have smallest surface volume.
Open Problem 2 Prove or disprove that among simplices in S¢ or HY circumscribed about a ball, where
d > 3, the regular ones have smallest volume.
Open Problem 3 Among convex polytopes in E?, inscribed in S*' and having n vertices, which polytope
has the largest volume?

Recall that a simplicial convex polyhedron in E3 with n vertices is called medial, if the valence of each
of its vertices is at least Lﬁ — 1n—2j] and at most Lﬁ — %J

Conjecture 15 Let P be a convex polyhedron with n vertices and inscribed in B3 If there is a medial
polyhedron satisfying these properties, then voly(P)is maximal under these conditions for a medial

polyhedron.

Open Problem 4 By Steiner symmetrization, it can be easily shown that the maximum volume of the
intersection of a fixed ball in E? and a variable simplex of given volume V is attained when the simplex is
regular and concentric with the ball. Show that the above statement holds true in spherical and hyperbolic
space as well.

Open Problem S Prove or disprove that if S is a simplex contained in B, and for some X € S, X + de is

d—k
d(k+1) *

Question 25 Does the statement in Problem 5 hold for spherical or hyperbolic simplices?

a Euclidean ball whose interior is disjoint from the k-skeleton of S, then p <

Question 26 Consider a ball S in S® or in H3. What is the infimum and the supremum of volumes of the
tetrahedra midscribed to S?
Open Problem 6 Prove or disprove that every combinatorial class of convex polyhedra contains a Koebe
polyhedron whose center of mass is the origin.

For Theorem 29 and the notations in the next problem, see Section 1.4.
Open Problem 7 Is it possible to prove variants of Theorem 29 if the weight functions w; in (1.4) depend

not only on p(C;), but also on the radii of the other spherical caps as well?

Open Problem 8 As we already remarked in this section, Schramm [218] proved that if K is any smooth,
strictly convex body in E3, then every combinatorial class of convex polyhedra contains a representative
midscribed about K. If K is symmetric to the origin, does this statement remain true with the additional
assumption that the barycenter of the tangency points of this representative is the origin? Can the
barycenter of the tangency points be replaced by other centers of the polyhedron?
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11.2 Chapter 2

Conjecture 35 Let K be a convex body in E?. Then there is a point x € K such that

vola(conv(KU(2x—K))) < d
Vol (K) = Ld J ’

2

Recall that for any i = 0, 1 ..., d — 1 and convex body K c E¢, we denote by c,(K) the maximal volume
of the convex hull of K and one of its reflections about an i-dimensional subspace of E? intersecting K,
divided by vol 4(K). We obtain the quantity ¢“°(K) in the same way by replacing the reflected copy of K by
any congruent copy of K.

Conjecture 45 Let d > 3 and 1 < i < d — 1. Prove that for any convex bodyK c E¢, ¢; (K) > 1 + 2';—”;’1 Is
it true that equality holds only for Euclidean balls?

If, for a convex body K c E¢, we have that vol (conv((p + K) U (q + K))) has the same value for any
touching pair of translates, we say that K satisfies the translative constant volume property.

Conjecture 47 Let d > 3. If some o-symmetric convex body K C E? satisfies the translative constant
volume property, then K is an ellipsoid.
Open Problem 9 For any d 23 and 1 <i <d — 1, find the least upper bound of c;(K) on the family of

convex bodies in B, Furthermore, find the least upper bound on c“°(K) on the same family.
Four variants of volume in a d-dimensional normed space with unit ball M appear in the literature, each
of which is a scalar multiple of standard Lebesgue measure. In these variants, denoted by

volB¥s (), vol&l (-), voly: (+), and vol§¥ (-), the scalar multiple chosen in such a way that the volume of
volg(M)volg(M°) 24
K,

M is «,, the volume of M is e

, the volume of a largest cross-polytope inscribed in M is

and the volume of a smallest parallelotope circumscribed about M is 24, respectively.
Conjecture (Mahler Conjecture) 55 Prove that among d-dimensional, o-symmetric convex bodies, the
minimum of voliil' (M) is attained, e.g., if M is a d-cube.

For any 7 € {HT, m, m*} and convex body K, the quantity c] (K) denotes the maximum of voly,
(conv(K U (p + K))) for any translate p + K of K intersecting K, where M = %(K - K).
Open Problem 10 Prove or disprove that if ch (K) is maximal for some plane convex body K, then K is
an affine image of M.
Open Problem 11 For d > 3 and 7 € {HT, m, m*}, find the maximal values of c},. (K) over the family of d-
dimensional convex bodies.
Open Problem 12 For d 23 and © € {Bus, HT, m, m*}, find the minimal values of cj, (K) over the family
of d-dimensional convex bodies.

11.3 Chapter 3

Conjecture (Kneser-Poulsen Conjecture - Part 1) 63 If q =(qy, q», ..., qy) is a contraction of p = (py,
Py, ...,P,) inE% d >3, then

N N
voly (.Qle [Piﬂ’i]) > voly (.Qle [qiari])'

Conjecture (Kneser-Poulsen Conjecture - Part 2) 64 If q = (q, qo, ..., qy) is a contraction of p = (py,
Py, ...,Py) in E%, d >3, then

N N
voly (Dle [Piﬂ“i]) < voly <.Dle [%’Wi])-
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Open Problem 13 Prove the Kneser-Poulsen conjecture (i.e., Conjectures 63 and 64) for d + 4 balls in
E?, d>3.
Open Problem 14 Let 1 < k< d, 1 <N, and r > 0. Prove or disprove that if q = (qy, qa, ..., qy) is a

contraction of p=(py, Py, ..., P,) in E<, then

N N
Vk <‘m1Bd [pz’ T]) < Vk <.m1Bd [qza T])a

where Vi(-) denotes the k-th intrinsic volume.

Conjecture (Alexander Conjecture) 77 Under an arbitrary contraction of the center points of finitely
many congruent disks in the plane, the perimeter of the intersection of the disks cannot decrease.

11.4 Chapter 4

Recall that deg,,( &?,) denotes the average degree of the vertices of the contact graph of an arbitrary
packing &, of circles of radius r > 0. It was proved in [31] that for packings &, in S2, lim sup,_,q

(sup »,deg,; (1)) < 5.
Conjecture 86 Let &2, be an arbitrary packing &, of disks of radius r > 0 in H2. Then

lim sup (supdegaLvr (3%)) < 5.
r—0 P,

The next problem refers to the packing densities of packings of unit balls in E¢ with respect to the
Union of balls of radius 1 + A centered at the centers of the elements of the packing.

Open Problem 15 Determine o (\) ford > 2,0 < A < % -1

Recall that the maximum contact number of a totally separable packing of z unit balls in E? is denoted
by ¢gep(n, 3), and the maximum contact number of a packing of n unit diameter balls in E? whose centers

are points of 74 is denoted by cy(n, d).
Open Problem 16 Show that

3n—ceep(n,3)

3.

lim >
n—+00 n3

In particular, is it the case that csep(n, 3) = cz(n, 3), for all positive integers n?

Recall that if K be a convex body in E?, then a family of translates of K that all touch K and, together
with K, form a totally separable packing in E? is called a separable Hadwiger configuration of K.
Moreover, the separable Hadwiger number Hg.,(K) of K. is the maximum size of a separable Hadwiger
configuration of K.

Open Problem 17 Determine the largest value of Hge(K) for o-symmetric smooth strictly convex bodies
inE? dz>5.

Conjecture 106 The Hadwiger number of any starlike disk is at most 8.

Open Problem 18 Is it true that for every positive integer k there is an integer N(k) such that for any
topological disk S, if (convS)\S has at most k connected components, then H(S) < N(k)?

11.5 Chapter 5

Corollary 117 states that for any o-symmetric smooth strictly convex domain in E? and n > 2, CsepK, 1, 2)

= L2n — 2\/ﬁj.
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Open Problem 19 One may wonder whether Csep (K, 1, 2) = L2n — 24/ ﬁj holds for any o-symmetric

smooth convex domain K in E% and n > 2.
Open Problem 20 Let K be a convex body in E¢, d > 3. Prove or disprove that the highest density of
totally separable translative packings of K in E¢ is attained by the totally separable lattice packing of K
generated by (any of) the smallest volume parallelotope (i.e., affine d-cube) circumscribed K.
Open Problem 21 Let C be an o-symmetric convex body in E%, d > 3 and n > 1. Prove or disprove that
the smallest volume of the convex hull of n translates of C forming a totally separable packing in E¢ is
obtained when the n translates of C form a sausage, that is, a linear packing.

Recall that 5sep(C) < 5sep(p, C) < 4(C) hold for any o-symmetric convex body C in E?, d > 2 and for all
p=1.
Open Problem 22 Let C be an o-symmetric convex body C in E¢, d > 2. Then prove or disprove that there
exists p(C) > 1 such that for any p > p(C) one has 5sep(C) = 5sep(p, O).

Open Problem 23 The nature of the question analogue to Theorem 130 on minimizing M ;(Q) = vol 4(Q)

is very different. Namely, recall that Betke and Henk [24] proved L. Fejes Toth’s sausage conjecture for d
> 42 according to which the smallest volume of the convex hull of n non-overlapping unit balls in E? is
obtained when the n unit balls form a sausage, that is, a linear packing (see also [25, 26]). As linear
packings of unit balls are p-separable, therefore, the above theorem of Betke and Henk applies to p-
separable packings of unit balls in B¢ for all p > 1 and d > 42. On the other hand, the problem of
minimizing the volume of the convex hull of n unit balls forming a p-separable packing in E® remains an
interesting open problem for p > 1 and 2 < d < 42. Last but not least, the problem of minimizing M Q) for

o-symmetric convex bodies C different from a ball in E¢ seems to be wide open for p > 1 and d > 2.
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