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141] 

THE FOUNDATION QF THE THEORY OF PROBABILITY-ILI 

[From the 1)ublin Tnstitute for Advanced Studies.] 

BY ERWIN SCHRODINGER. 

[:Read 9 DECzMB9R, 1946. Published 30 JUNE, 1947.] 

To introduce the product-rule as an axiom, as we did in sect. 5, is 

iunsatisfactory. It is anything but self-evidelnt. Inideed it could niot be 
that. By adopting it straight away, we surreptitiously adopt a certain 
normalisation of the "measure of likelihood," a change of which would 
patently upset the rule. We shall investigate here how far we cani get 
in specifying this normnalizationi opelnly. It meanis completing the one 
contained in the " second convention," sect. 4, where we had enmphasized 
at the end that it was oilly a first step, capable of being consummated. 

By "how far we can get" I mealn to say: in, the way of splitting, as it 

were, the axiom in one part that is mere convention, and another one 

that, if it be deemiied axiomatic, at ]east stands to reason. 

Since the followilng consideratiolns bralnch off froms the end of sect. 4, 
they must igniore the later parts olf the first paper: neither the product 

rule nior the summationi rule must be made use of. 

8. Establishing a Lemma. 

If an event ,B can be exhaustively alnalysed into s nieatly separated 
(non-overlapping, mutually exclusive) different "manners in which it can 
happeni, which as "events" nmay be called I, ,, *.. fle, theni the 
conjectures we may miiake, given a certain state of our knowledge, about 

the cominig true of thie evenits /3, 2) . . . severally, conistitute, whel 

taken together, a conjecture about the evernt /3, uinder the same state of 

knowledge. Moreover the latter conjectuire will be at least as definite as the 

1 See Proc. Roy, I. Acad. 51 (A), 51, 1947. 
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vaguest of the s coinstituting conjectures. In particular, if our knowledge 
allows us to associate numerical probabilities p0, p0, . . .p with 

I), , /3,) . . separately, this must result in associating also a 

defiinite p with the event /. 
The numerical value of p0 can in this case only depend on the 

numerical values of the p, not on the particular nature of tJhe / l. 

Helnce it must depend on them in a uniiversal and symnmetrical way. 

Moreover (from the first convention, p. 55) p's must increase if any 

particular PS, is increase(d while the others are kept constant. Thus 

we must have 

p' s (P 0, P' X . * Pa ) 

wlhere every L, (s = 2, 3, 4 ...) is a universal symmetric function that 

increases monotoinically with each of its s arguments. 

We call this 'our Lemma. Somebody who refuses to admit the stringency 

of ouLr above deduction may prefer to call it-ani axiom. At any-rate I do not 

think muclh would be gained by trying to analyse it further into simpler 

statements. 
As an obvious Corrollary we add, that 

L, 5(x OO .O)= ' x (14) 

for any s. 

9. Completing- the Normalization. 

Now envisage ni mutually exclusive events a,, a2, ...-aa, of which the 

logical2 sum al + a2 + . a. constitutes the nil-event, thus 

P al + a2 + 1an 

From our Lenmma we draw 

PC1 + a2 L2 (Pal 2) 

P Pal4- C c a2=3 (Pal a2 (15) 

pa1i+... t21= L- +(P a2c ' 'et2 ' a2 

1 -L P'tta2* Pan) 

2 If you object to the term "logical" call it "factual." It means: either ax or aa ... or 

art conies^trae (airleasir; but our events-are^exelusive-. 

This content downloaded from 195.78.109.119 on Tue, 17 Jun 2014 02:29:45 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


Sca5OrDINGoR -The foundation of the Theory of Probability-II. 143 

We first fix our attention to the last equation. It is easily seen that it has 

one and only one solution for which 

= 
Pa,2 PanP 

Indeed (from the Corrollary (14)) 

iL(tg . M) (16) 

is zero for g- 0 . It increases monotonically witlh g and must reachi the 
value 1 before g does. For if we had 

Ln (1, 1, I ... 1.) < 1 

then a fortiori 
ln (1, O, O . ) < I 

But the latter equals 1, from the Corrollary. 
We call the valuie of y for which (16) reaches unity g,, moreover we call 

Ls (gy, 5l, ... g1) 
= 1,, (s = 2, 3,...n - 1). 

Theni we have, in that case, 

p1- a= = 

Pal + aE2 =g2 

Pa, + a2 + a, = 51 

Pal + a2 +-- + _= g1-1 

In this sequence every subsequienit line refers to an event that is included in 

the previous onie buit is obviously not equivalent to it. Hence (from the first 

convention, p. 55) we have: 

? < g,1 < g,k < @ < ys-I < 1 

Hence by a universal mionotonical tranisformationi of our " measLtre of 

likelihood '4, 
P~' = f(P) 

1 2 n- I 
we can shift g,, Y,, ... g,,, to - respectively. We 

need only demand 

f(g) = (s = 1, 2, 3..- 1). 
n 

A careful consideration shows that this normalizing procedure canl be 

applied successively to n = 2N with N = 1, 2, 3, 4 . . . in inf., no subse 

quenit steps interfering with the preceding onies. In this way the normali 

zation seizes ultimately on every rational point. 

This content downloaded from 195.78.109.119 on Tue, 17 Jun 2014 02:29:45 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


144 Proceedings of the Royal Irish Academy. 

The norm-alizationl of sect. 4 amounted to the first step (N 1), 
supplemented by a certain syimimetrizationi of the domiains p < X anld 

p > j, by which the theorem (2) (about complementary probabilities) was 
obtained at one go. It is easy to see that this synunetrization too is not 

destroyed by the later steps. 
We formulate thuis our 

3itr CONVENTION: flhe probability ps of the logical sum of anty s out of t 
mutually exclusive, equally_probable events with logical sum nil, can and shall, 

by normalization be allotted the numerical'value 

s -. 
n 

10. Proof of the product ru'le in a special case. 

Let 
a1, a,, . . .a, (16) 

be n muitually exclusive, equalluy probable events of logical sum nil. Construct 

from them the events 
a al + 2a2 + C A . ok 

/ - a1" + a2/" t ... at 

where the vf are anly k events, different from each other, out of the set (16), 

and the at' are anly I events, different from eaclh other, ouit of the same 

set (16). Then the logical prodtuct aft is 

(1 U + 02 + * + *Iq 

where the ai are the q events, different from each other, that belong bothi to 

the ai' and to the at'. From the third convenbioni 

: -#~I I q 

1P a = P = P1; X 
Hence 

7cq q 
P a 9nk P7 a k 

(17) 
q _ q 

* - ?& I ' P- / 

Now what is - If we received the additional information that a comnes 

true, this inforination (being symmetrical with respect to the at) leaves 

their probabilities equal, but changes them from n to ., since a has. 

now become the nil-event. Moreover with the adclitional knowledge /3 

becornes 
a- A A 

:9 - al1+a2 + '.'.'+Clq. 
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SCiSmODINqrR-The foundation of the Theory of Probability-II. 145 

Hence, in the notatioln explainied in sect. 5, 

k 
In the same way 

pa(: t) 

q 

So (1-7) reads 

Pa$ Pa PO Cl) 
(18) 

P. S P a 3) 

This proves the product rule in our special case. 
Write the first eqn. (18) olnce again-as an identify 

q _ kq 
n n kC 

Within linlits that stand to reason according to the first conlvenition and the 

neaninga these fractions have as measures of likelihood any two of them can 
be chosenl arbitrarily by choosing the numbers n, k, q appropriately. In other 
words, one can always construct anr "urn-example" in which two of the 
three probabilities appearing in the first equation (18) have any values 
prescribed in accordance with the first conivention cum reason.8 The third 
probability is then- for the urn-model-determnined by that equation. 

11. The General Product-Rule. 

Now envisage two arbitrary evenlts {, , anid suppose that under a given 

knowledge, two of the following thlree probabilities can be determined: 

Pa,,$ 7 Pa II,,(a) (19) 

Theni according to what hlas been said at the enid of the previouis section, we 
can construict a model couple of urn-evenits a', P' such. that of the following 

three equations 

P aa 
= P Pa paf p,, (a4+) = Pi (a +) 

two hold, while the remainiing one-nay even the existence of its first 
member-is to be establislhed. 

Now the queried equation could fail to hold in either of two ways, viz. 

(i) its first member exists, but instead of equiality there is 
inequality ( ) 

(ii) its first member does not exist. 

'I mean to say, e.g.fthe demnd--, _.= 1 is unreasonab1e,_wth _the 

first oonvention. 
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The first submission can, I think, be rejected on the strength of the 
First Convenition (sect. 4, p. 55), according to which an event that is 

less likely than another one has: a smaller numerical probability and 

vice versa. But we must now separate the cases. 

If the second equation is in question, while the first and third one 
more 

hold, we say: if pa were < paf, this would mean that a is less. 

likely thain a'; this together with the inference drawn from the last 
equation, that the likelihood of /3, in case a happenis, is the same as 

increase 
that of /3' happeniing, in case a' happenls-must reduce the likelihood 

of both a and 13 happening as against the likelihood of both a' and 93' 

lhappening; so we would have to have P a> P rate''I in contradiction to 

the assumption, that they are equal. 

If the third equation is in question, the argulment is similar, we nieed 

not repeat it. 
The third case (first equation doubtful, the other two holding) ought, 

I think, to be reduced to one of the previous cases by poten'tialiy modifying 
the urin-example, thus: if p, were > pa,, it would certainly be possible 

to make them equal by keeping p ,,(a'+) costant and re g to co~~~~stant and 
~~~~reducing 

beyond bbelowd Pa; indeed Pq nuist lie betweeln 0 anid ps(a+) thus between 0 

and p,6, (a' +), and Pa',' canl reach both these limits, viz. for P 0 

and pa, - 1 respectively; in this manner the third case is reduced to the 

first one and it follows, that actually the potential -modification of the urn 

example amnounted to nothing. 
If one grants this ratiocination on the strength of the first convention, 

then, to establish tie general product rule, nothing more is needed, than the 

axiontatic postulZate; 

If our knowledge suffices definitely to exclude for the nunerical probability of 
a certain event all values save one, but definitely does not exclude that one, we 

admit it to have thts value. 

If one does not agree with or above deducton "from pure reason," one 
has to go a little further and admit axiomatically, that between the three 

probabilities (19) there is a universal dependence which does not depend on 
the nature of the two even:ts in question. 

Even this is much less than to admit the -quantitative product-rule 

straight away, as we did in sect. 5. 

This content downloaded from 195.78.109.119 on Tue, 17 Jun 2014 02:29:45 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 141
	p. 142
	p. 143
	p. 144
	p. 145
	p. 146

	Issue Table of Contents
	Proceedings of the Royal Irish Academy. Section A: Mathematical and Physical Sciences, Vol. 51 (1945 - 1948), pp. 1-250
	Front Matter
	Probability Problems in Nuclear Chamistry [pp. 1-8]
	The Calibration of a Photo-Electric Nucleus Counter [pp. 9-31]
	A Theorem in the Charge-Symmetrical Meson Theory [pp. 33-39]
	The General Affine Field Laws [pp. 41-50]
	The Foundation of the Theory of Probability: I [pp. 51-66]
	Stereographic Projection and the Linear Fractional Group of Transformations of Quaternions [pp. 67-85]
	Radiation Damping in the General Theory of Relativity [pp. 87-111]
	On the Representation of the Wave Function of a Quantized Field by Means of a Generating Function [pp. 113-122]
	Proton Isobars in the Theory of Radiation Damping [pp. 123-140]
	The Foundation of the Theory of Probability: II [pp. 141-146]
	The Relation between Metric and Affinity [pp. 147-150]
	The Study of Negative Ions by Extrapolation through Isoelectronic Series [pp. 151-161]
	The Final Affine Field Laws I [pp. 163-171]
	Production and Annihilation of Negative Protons: II [pp. 173-190]
	A Static Solution of the Equations of the Gravitational Field for an Arbitary Charge-Distribution [pp. 191-204]
	The Final Affine Field Laws. II [pp. 205-216]
	On the Production of Mesons by Nucleon-Nucleon Collisions [pp. 217-237]
	Observations on Atmospheric Condensation Nuclei in Stored Air [pp. 239-249]



